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ABSTRACT

The branch of mathematical analysis that involves the
determination of trajectaries (flight paths) of projectiles is known as
ballistics. Historically, ballisties has been applied to designing
weapons of war. The shape of the trajectory of a projectile is uniquely
determined by the velocity and angle at which it is launched. In this
thesis, ballistics is applied to determine if the trajectory of a
basketball shot from a particular location, relative to the rim, will be
successful, i.e., will pass through the rim. The determination of
whether a basketball shot launched from a particular .location is
successful depends on relationships between the shape of the trajectory
and geometrical constraints imposed by the spherical shape of the ball

\and the circular shape of the rim.

A computational methodology is developed to generate the solution
of all trajectories for which a basketball released from the hand of the
shooter at a particular location would be sgccessful. Numerical results
are presented that illustrate. the application of this computational
methodology for a sampling of cases. These include the case where
gravity is the only force acting on the projectile and also the case
where the drag force due to air resistance is included in the

formulation.
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1.0 Introduction

My interest in this topic originated with‘a book I purchased at
the Smithsonian Institute in 1986 entitled “Newton at the Bat.” The
book is a collection of essays about the physics of various sports.
The essays are directed at the layman and therefore are primarily
descriptive and qualitative, rather than gquantitative and full of
equations. In any case, there 1is an éssay in this book entitled

“In Search of the Perfect Jumpshot.” Being a former basketball player,

I found the essay to be quite interesting, although I thought that the
author had drawn general conclusions from what I perceived to be a
rather simplified analysis. I decided that a more rigorous analysis of
this topic was challenging and interesting enough mathematically to be
worthy of some intensive analysis. The requirement to write a thesis
to complete the requirements for this degree provided the opportunity
to pursue this topic.

A basketball shot is analyzed by considering the basketball to be
a projectile moving in a gravitational field. The trajectory
(flight path) of a projectile in a gravitational field is a parabola
that resides in a two-dimensional vertical plane. The wvariables that
determine the shape of the trajectory in the vertical plane are the
launch velocity (Vo) and a launch angle (6). 0 is the angle between the
velocity vector (with which the projectile is 1launched) and any
horizontal plane (in this- context any horizontal plane parallel to the

gym floor). Therefore, each pair of Vo and 0 determine uniquely the



shape of a particular trajectory. o is an angle that defines which
vertical plane (perpendicular to the gym floor.) that the trajectory
resides in, relative to some reference vertical plane.

An objective of this thesis .is to develop a computational
methodology to solve for all trajectories, each uniquely determined by
a pair of Vo and 6, that result in a successful shot launched from a
specified distance from the front of the rim, some height above the
floor, and at an angle 0. A successful shot is defined as one that has
a trajectory such that the basketball successfully passes through the
rim on the downward part of the trajectory, i.e., that part of the
trajectory after the maximum height has been achieved. Success in
these analyses does not include bank shots or cases where the ball hits
the rim, bounces around, and finally falls through the rim.

It will be shown that all pairs of Vo and 0 that produce
trajectories which result in success for a shot 1launched from a
specified distance and height, and in a vertical plane defined by a,
when plotted in the 6-Vo plane, can be defined by two curves; a lower-
bound curve and an upper-bound curve. All ordered pairs of (0, Vo) that
reside on these curves or inside of the region encompassed by these two
curves result in a successful shot as previously defined. In the
context of this thesis, the lower-bound curve, the upper-bound curve
and the region in the 9-Vo plane encompassed between these two curves
are collectively referred to as the solution envelope. All pairs of

(0,Vo) that reside inside of the solution envelope result in a



successful shot whereas all pairs that reside outside of the solution
envelope result in an unsuccessful shot. ~Thg determination of the
lower-bound and upper-bound curves will be discussed in detail.

This analysis is necessarily developed incrementally using models
of increasing realism and subsequently increasing complexity. The
generation of the rigorous solutions for envelope the lower-bound
launch velocities Vo and launch angles 6 that result in a successful
shot includes the repeated solution of a system of nonlinear algebraic
equations.

After the analysis that determines the solution envelope for a
successful shot, there is a discussion regarding the definition of the
best shot. There is also a discussion of possible directions for

further development.



2.0 Problem Definition - Modeling Assumptions and Nomenclature

This analysis neglects air resistance,_ the effects of the
Coriolis effect due to the earth’s rotation and any three-dimensional
rigid-body dynamic effects due to the rotation of the basketball [1].
The effect of the earth’s rotation would be infinitesimal. The
frictional (drag) force due to air resistance is proportional to thé
square of the velocity of the projectile [2]; however, initially the
drag force will be neglected. Since this analysis does not include
bank shots, neglecting the rotation of the ba;ketball should introduce
a very small amount of error into the analysis.

Figures 1-2 illustrate some of the variables involved in the
analysis of the trajectory of a basketball shot launched from a
specified distance (d) from the front of the rim and a specified height
h above a horizontal plane representing the gym floor. Figure 1
illustrates the origin of the global coordinate system. The launch
location is the location at which the ball is released from the hand of
the shooter. From the launch location, gra§ity is the only force
acting on the ball. x=0, y=h, and z=0 at the launch location. The top
of the rim is ten feet above the gym floor.

The nomenclature illustrated in figures 1 and 2 is as follows:

x is the global horizontal cartesian coordinate direction along a
straight line from the launch location to the center of the rim as
illustrated in figures 1 and 2. The global x axis is always along a

straight line from the launch location to the center of the rim,
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> _1_ ---- Floor (y=0)

2

Figure 1. Illustration of global variables
involved in trajectory analysis.




Local rim coordinate system

fora=0:
xrim = 0 at front of rim
xrim = dljim at back of rim

acceptable xrim for successful shot:
Rb < xrim < (drim - Rb)

d = distance along global x-axis from
launch location to front of rim

Y=10

—>

> 7

Figure 2. Illustration of local rim
coordinate system relative to the global
coordinate system.




regardless of the angular position on the shooting perimeter from where

the shot is launched.

z 1s the global cartesian coordinate direction that forms a right-

handed coordinate system as illustrated in figure 1.

y is the global vertical cartesian coordinate direction. y=0 at the
horizontal plane representing the gym floor and y=h at the launch

location. The rim lies in the x-z plane at y=10.

d is the horizontal distance from the launch location to the front of

the rim measured along the global x axis.
h is the height above the gym floor at which the ball is launched.

Vo is the magnitude of the initial velocity vector at which the ball is

launched.

0 is the angle between the initial velocity vector and the horizontal x-

z plane.

o is the angle between the initial velocity vector and the vertical x-y
plane. 0 is a measure of the deviation of the flight path of the ball

¢

from the global x cartesian axis.

drim is the diameter of the rim and Rb is the radius of the ball. drim

and Rb are assumed to be 1.6 and 0.375 feet, respectively.

Figure 2 illustrates a local coordinate system (xrim,zrim) for

the rim relative to the previously defined global coordinate system.
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Figure 2 is a view looking down at the top of the rim. The rim
resides in a horizontal x-z plane (parallel to ;he gym floor) ten feet
above the floor (y=10). This local coordinate system is introduced
because it is easier to quantify the geometry of the rim in this local
coordinate system as opposed to the global coordinate system previously
defined, which had its origin at the launch location. The origin of
this local coordinate system is at the frént of the rim. The variable
xrim is oriented in the same direction as the global x-axis and varies
from the front of the rim where xrim=0 to the back of the rim where
xrim=drim, It should also be noted that zrim=0 at the front of the
rim.

The inner circle illustrated in figure 2 has a radius of

(drim/2)-Rb, where drim is the inner diameter of the rim. For a shot

to be successful, the centroid of the ball must pass through the rim on
or inside of this inner circle in the x-z plane at y=10. For the case
where the flight path of the ball is along the global x axis (a=0), the
values of xrim for which the centroid of the ball can successfully pass
through the rim (the x-z plane at y=10) are:
Rb < xrim < (drim - Rb) (1)

When the centroid of the ball is in the interval (0 < xrim < Rb),
the front of rim would interfere with the trajectory of the spherical
ball. In other words, the shot would be short. When the centroid of
the ball is in the interval ((drim-Rb)< xrim < drim), the back of the

rim would interfere with the trajectory of the spherical ball. In




other words, the shot would be long. In either of these cases, the

interference of the flight path of the ball and Fhe rim would result in
the sphericallball being deflected and consequently an unsuccessful
shot.

For the case where 0#0, the values of xrim for which the centroid
of tﬂe ball could successfully pass through the rim would become
smaller and therefore more restrictive. This will be considered in
detail later in this thesis.

In figure 3, the variables ¢1 and @2 are introduced. The
definition of these variables allows relationships to be developed
between variables that determine the trajectory of the ball (Vo and 6)
and the variables that express the geometry of the ball (Rb) and rim
(drim) . There are certain relationships between the trajectory
variables and the rim and ball variables that must Be satisfied for a
shot to successfully pass through the rim. These variables and
relationships will be discussed below.

Figure 3 illustrates the position of the ball at two locations
along the downward part of the trajectory. The second location of the
ball in figure 3 corresponds to where the centroid of the ball is
successfully passing through the x-z plane containing the rim at the
coordinates x = d + xrim, y = 10. @2 is defined as the angle between
the velocity vector of the centroid of the ball and the horizontal x-z
plane at this location. The negative of the tangent of ¢2 is

equivalent to the derivative of the trajectory evaluated at this point,



ball at time =t

RN

% ball at time =t + dt

d /1 > drim >

Figure 3. Illustration of ¢1 and @2
corresponding to the flattest trajectory
successful shot for a specific allowable
value of xrim



since the trajectory has a negative slope. For each value of xrim

satisfying equation 1, there is some limiting m?nimum value of @2 for
which the ball can successfully pass through the rim. For any value of
®2 less than this limiting wvalue, the trajectory would be short, i.e.,
the ball would be deflected by the front of the rim. For any value of
¢®2 equal to or.greater than this limiting wvalue, the shot would be
successful. The solution of Vo and 6 corresponding to this limiting
minimum value of @2 will be referred to as the flattest trajectory
successful shot and will be discussed in detail. It will be shown that
the solution for the flattest trajectory successful shot is required to
accomplish the objective of defining the solution envelope of
trajectories as previously defined.

The need to analyze the flattest trajectory successful shot
illustrated in figure 3 requires defining the variable ¢l. The first
location of the ball in figure 3 corresponds to an earlier time during
the flight of the ball where the ball is at a higher point on its
. downward trajectory. For each value of xrim satisfying equation 1 and
its 1limiting minimum wvalue of @2 corresponding to the flattest
trajectory successful shot, there is a corresponding value of ¢l as
illustrated in figure 3.. @1 is defined as the angle between the
velocity yector of the centroid of the ball and the horizontal x-z
plane at the location where the ball is touching the front of the rim
but has no component of velocity along the radius vector between the

centroid of the ball and the front of the rim (in the plane containing

11



the flight path of the ball). This location will be referred to as the
limiting front rim location. Therefore, £from Fhe limiting front rim
location at which ¢l is defined, the ball can successfully complete its
trajectory and pass through the rim. without being deflected by the
front of the rim. The global coordinates of the centroid of the ball

at this location are x = d + Rb sin(¢l),y=10 + Rb cos(@l).

12



3.0 Trajectory Analysis for Two-Dimensional Model

Recalling from chapter 1, the solution eqvelope was defined as
all ordered pairs of (0, Vo) that reside on the lower-bound curve or
upper-bound curve or inside of the region in the 0-Vo plane encompassed
by these two curves. The objective now is to determine the upper-bound
and lower-bound curves.: The first analysi; will be for the two-
dimensional model where a =IO ,yi.e., thé fiight path of the ball is
assumed to remain in the vertical plane that contains the launch
location and the center of the rim.

The strategy is to derive models of increasing complexity as
follows:

(1) Derive two equations of which the simultaneous solution will yield
the Vo and 6 for an arbitrary value of @2, without any consideration
as to whether the value of ¢2 is greater than or equal to the
limiting minimum value of ¢2 corresponding to the flattest
trajectory successful shot. For values of @2 greater than or equal
to the limiting value of @2, these equations yield valid solutions
of Vo and 6 that result in a successful shot. It will be shown that
these equations can be applied to generate the upper-bound curve to
the solution envelope.

(2) Use a simplified method to determine the limiting minimum value of
@2 that corresponds to the flattest trajectory successful shot.
Using this simplified method to approximate the limiting minimum

value of @2, derive two equations of which the simultaneous

13



solution will vyield an Iapproximate solution of Vo and 0
corresponding to the flattest trajectory succgssful shot.

(3) Use a rigorous method to remove the simplifying assumption
previously made in the determination of the flattest trajectory
successful shot. It will be shown that these equations can be
applied to generate the lower-bound curve to the solution envelope.
The analysis of the trajectory for the two-dimensional model begins

with the application of a pair of differential equations expressing

Newton'’'s second law of .motion. F is the force vector acting on a

particle of mass m at time t.

Since air resistance is being disregarded, there are no forces
acting on the ball in the x direction; therefore, applying Newton'’s

second law [3,4] in the x direction results in:

S Fy = m d&°x = 0 (2)

Integrating equation 2 and applying the initial condition that
dx/dt = Vo cos{(6) when evaluated at t=0 results in a constant velocity
in the x direction that is equal to the initial launch wvelocity in the

x direction.

dx = Vo cos(8) (3)
dt

Integrating equation 3 and applying the initial condition that
x = 0 when evaluated at t=0 results in an equation for x as a function

of time (t):

14




x(t) = (Vo cos(0)) t (4)
The force of gravity is acting on the ball in the y direction;

therefore, applying Newton’s law in the y direction results in:

YF =mdy =-nmg d’y = -g (5)
dt? - dge?
where g is the acceleration due to gravity [3,4]. Integrating equation
5 and applying the initial condition that dy/dt = Vo sin(0) when

evaluated at t=0 results in an equation for the velocity in the ¥y

direction as a function of t:

dy = Vo sin(8) - gt (6)
dt
Integrating equation 6 and applying the initial condition that
yv=h when evaluated at t=0 results in an equation for y as a function of

t as follows:

2
y(t) = (Vo sin (0) )t — -9% +h (7)

An equation for y as a function of x can be obtained by solving

for t in equation 4 and substituting it in equation 7 as follows:

y(x)= x tan(0)-{g x*/2Vo’cos?(8)} + h (8)
Equation 8 is a quadratic equation in x; therefore, the
trajectory is parabolic. Solving equation 8 for x results in the

following two solutions for x as a function of y:

x(y) = Vo?cos(8)sin(8) - Vo cos(8) {Vo’sin?(8) - 2g(y-h)}/? (9a)
g g

x(y) = vo? cos (0)sin(B) + Vo cos(6) {Vozsinz(e) - Zg(y-h)}l/2 (9b)
g g

15



The trajectory of the ball consists of two parts; the upward
trajectory of the ball from the launch locat%on up to the maximum
height and the downward trajectory from the maximum height. Equation
9a is applicable to the upward trajectory and equation 9b is applicable
to the downward trajectory. By definition, a successful shot passes
through the rim on its downward trajectory; therefore, equation 9b is
applicable for th;s analysis.

As illustrated in figure 3, for a successful shot, the centroid
of the ball is at the coordinates y=10 and x = xrim + d when the
centroid of the ball passes through the x-z plane at y=10, where xrim
satisfies equation 1. Substituting these values into equation 9b

yields the following equation:

Vo’cos (8)sin(B) + Vo cos(8) {Vo’sin®(8) - 2g(10-h)}*2 - (xrim+d)=0  (10)
g g
Since there are two unknowns (Vo and 0), another equation is

required. The tangent of the angle (with the horizontal x-z plane) at
which the velocity vector of the centroid of the ball passes through
the coordinates (x = xrim +d, y=10), previously defined as ¢2,
corresponds to the derivative of the trajectory evaluated at x=xrim+d,
y=10. The derivative of trajectory in equation 8 evaluated at x = xrim
+ d is as follows:

dy = tan(0) - (g (xrim + d) / Vo?cos?(0)} (11)
dx

16



The derivative of the trajectory will be a negative wvalue on the

downward part of the trajectory; therefore, it can be equated to the
negative of the tangent of the angle of the velocity vector with the x-

z plane at y=10 resulting in the following equation:
tan(@) - {g (xrim + d) / Vo’cos’(8)} + tan(g2) =0 (12)

The simultaneous solution of equations 10 and 12 provides a
solution of Vo and 0 for a successful shot from a distance of d and a
height of h for a given acceptable value of xrim from equation 1 and an
arbitrary angle 2. The arbitrary value of @2 gives no consideration
to the fact that there is some minimum wvalue of @2, corresponding to
the flattest trajectory shot, below which the shot would be
unsuccessful. ‘

Proceeding to solve equations 10 and 12 simultaneously by
substitution, equation 10 can be manipulated to solve for Vo? as
follows:

2 _ (g/2) (xrim + @)%
{sin(B) cos (B) (xrim + 4) — cos%B)(lO - h)}

Vo (13)

Substituting equation 13 into equation 12 and solving for 0 yields

a solution for the launch angle as follows:

8 = tan~t (xrim+d)tan((p2)+2(10—h) (14)
- xrim+d

)

Equation 14 solves for the value of 6 as a function of the spatial

variables d, h, xrim, and for an arbitrary value of 2. The resulting

17




value of 0 can be substituted into equation 13 to solve for the

magnitude of the launch velocity Vo.

This solution of Vo and 0 generated by equations 13 and 14 is a
mathematical solution for an arbitrary value of ¢2. Thus far, this
general solution treats the basketball as a particle, when in reality
the ball is a sphere of radius Rb; however, in this two-dimensional
development, the ball may be considered as a circular disk. As
previously discussed, there is some minimum value of @2, corresponding
to the flattest trajectory successful shot, for which values of @2 less
than this minimum value would result in the shot falling short, i.e.,
would result in interference between the front of the rim and the
spherical ball resulting in an unsuccessful shot. For values of ¢2
greater than the limiting wvalue of @2 corresponding to the flattest
trajectory successful shot, there is no interference between the
spherical ball and the rim; therefore, the solution of Vo and 8
generated by equations 13 and 14 will result in a successful shot for
acceptable values of xrim from equation 1, except for the case where @2
= 90 degrees. For this particular case, the solution requires an
infinite velocity. The cosine terms in the denominator of equation 13
cause Vo to tend to infinity as 0 approaches 90 degrees.

Consideration will now be’given to the determination of the
limiting value of @2 corresponding to the flattest trajectory shot.
Figure 3 illustrates the flattest trajectory for a specified acceptable

value of xrim from equation 1.

18



As an initial approximation to solving for the flattest
trajectory successful shot, a simplifying assumption is made that the
limiting angle of @2 = @1, as illustrated in figure 4. This assumption
ignores the amount that the slope (derivative) of the trajectory
changes while the centroid of the ball travels from x = d + Rb sin (@l)
to x = xrim+d. From figure 4 and the assumption that ¢2 = @1, the
limiting minimum value of @2 for the fiattest trajectory successful
shot is:

@ = ¢2 = @1 = sin ' (Rb/xrim) (15)

Two equations are required to generate a solution for Vo and 0 for
the flattest trajectory successful shot if it is released from a
specified distance d, a height of h, and passes through the riﬁ at a
specified acceptable value of xrim from equation 1. Again, equation 9b
is applicable when it is evaluated at x = xriﬁ + d, y=10, which results
in equation 10. The tangent of the angle between the velocity vector
and the x-z plane at x=d+Rbsin(@l) is equal to the negative of the
derivative of the trajectory since it is on the downward part of the
trajectory; therefore, another equation can be obtained as follows:

tan(0) - g(d + Rb sin(@®)) + tan(@) =0 (16)
2 2
Vo“cos” (0)

Substituting equation 15 into equation 16 results in the

following egquation:

tan(0) - g(d + (Rb%/xrim)) + tan(sin '(Rb / xim)) = 0 (17)
2 2
Vo“cos” (0)

19




ball at time =t

ball at time =t + dt

rim

Y=10

d -———1/4————.><“* drim >

Figure 4. Illustration of simplifying
assumption that ¢l=¢2.
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Substituting equation 13 for Vo2 into equation 17 and solving for
0 yields the following solution for 6.

2(d + Rb sin(@))(10 - h) + (xrim + @)* tan(o)
2(d + Rb sin(p))xrim + &) - (xrim + @)*

-t (18)

0 = tan

Equation 18 solves for the value‘of 0 és a function of the spatial
variables d, h, xrim, as did equation 14; however equation 18 also
includes a parameter related to the geometry of the ball, i.e., Rb.
The resulting value 6 can be substituted into equation 13 to solve for
the magnitude of the launch velocity Vo. These values of Vo and 6 would
produce the flat;est trajectory successful shot for a shot launched
from a specified distance from the front of the rim (d), a specified
vertical distance above the gym floor (h), and an acceptable value of

xrim from equation 1. This solution includes the assumption that @ =

o1 = ¢2.
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4.0 Relaxation of the Assumption that ¢l = 02 for the Two-Dimensional

Model

A model of increasing complexity and realism for determining the
flattest trajectory successful shot is to remove the assumption that ¢l
= @2, i.e., to include the change in trajectory that occurs when the
ball moves from the limiting front rim location as previously defined
(x = & + Rbsin(gl), y = 10 + Rb cos (@l)) to the location where the
centroid of the ball passes through the rim (x = xrim +d, y=10). This

is illustrated in figure 3. The change in the trajectory is:

Ap = 02 - @1 (19)
Removing the assumption that ¢l = @2 means equation 15 is no longer
valid; therefore, ¢1 and @2 must be treated as unknown variables. The

model now has four unknowns rather than two as in the simplified case;
therefore, four eguations will be required to solve for the four
unknowns (Vo, 0, @1, ¢2). This will require the simultaneous solution
of a system of four nonlinear algebraic equations.

Two equations can be obtained by applying equation 9b with the
appropriate boundary conditions. Equation 10, which is an application
of equation 9b, evaluated with x = xrim +d, y = 10, 1is still wvalid;
however, in this case, equation 10 requires rearranging to avoid
potential numerical difficulties associated with taking the square root
of a negatﬁve number during the iterative numerical solution of the

system of nonlinear algebraic equations. Rearranging equation 10 to

remove the square root results in the following equation:
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~{ (xrim+d) - (Volcos (0)sin(8) /g) }? +

(Vo?cos? (0) /g°) (Vo®sin?(0) - 2g(1o'-h))_ =0 (20)

Equation 9b can also be applied at the limiting front rim
location x = d + Rb sin(¢l) when y = 10 + Rb cos(¢l). Again, the
equation is rearranged to avoid potential numerical difficulties

associated with the square root resulting in the following equation:

-{ (d+Rbsin (¢l) - (Vo’cos (8) sin (0) /g) }*+

(Volcos?(0) /g®) (Vo*sin?(8) -2g (10+Rbcos@l-h)) =0 (21)

The derivative of the trajectory previously derived in equation 8
evaluated at the limiting front rim location (x = d + Rb sin(¢@l), y=10
+ Rb cos (¢l)) can be equated to the negative of the tangent of ¢l

resulting in the following equation:

tan(6) - g(d + Rb sin(@l)) + tan(@l) =0 (22)
2 2
Vo cos” (0)

Thus far, there are three equations (20,21, and 22) relating Vo,
0, and ¢l1. Another equation is required to relate the fourth variable
@2 to the other three variables. This can be done by the application
of equation 19. Solving equation 22 for @l results in the following

equation:

(23)

0l = — tan—lI:tan 0y - g(d + Rb sin (@) ):|

Vo? cos?(0)

Applying equation 8 again to determine the derivative of the

trajectory at the location where the centroid of the ball successfully
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passes through the rim (x = d + xrim, y=10) and equating it to the

negative of the tangent of ¢2 results in the following equation:
tan(0) - g(xrim + d) + tan(@2) = 0 (24)
2 2
Vo“cos”(0) .

Solving equation 24 for @2 results in the following equation

(25)

-1 .
¢®2 = — tan [tan (0) - gixrim + d)jl

Vo? cos?(0)
Now equation 19 can be applied by subtracting equation 23 from
equation 25 resulting in the desired fourth algebraic equation which

relates all four unknown variables as follows:

-1
g{xrim + d)
2-¢l=-t tan () - =————
¢ ¢ an ': an (6) Vo? cosz(e)}
(26a)
_ (d + Rb sin (¢1)
tan l|:tan (0) — g > 2n @ ):|
Vo“ cos®(0)
- g(xrim + d)
2-0l+t tan(f) - —5————| -
¢ ¢ an l: an(©) Vo? cosz(B)}
(26Db)

tan'l[tan 0) — gld + 2Rb si2n (1) ):I =
Vo° cos“(0)

Equations 20,21,22, and 26b form a system of four nonlinear
algebraic equations with four unknowns. Solution of these equations
yields the Vo, 0, @1, and @2, for the flattest trajectory successful
shot from a specified distance (d) and height (h) such that the
centroid of the ball successfully passes through the rim at the
coordinates x=xrim+d, y=10, and also passes through the limiting front
rim location x = d + Rb sin(¢l), y=10 + Rb cos (¢l), such that the

spherical ball is not deflected by the front of the rim.
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The Newton-Raphson numerical technicue [5-7] is used to solve for
tl;.e values the Vo, 0, ¢1l, and @2 that simultanec?usly satisfy equations
20,21,22, and 26b. This system of equations must be solved for
selected discrete values of xrim that satisfy equation 1. The
solutions  for Vo and 0 obtained from equations 13 and 18, using the
simplified assumption that ¢l = ¢2, are used as starting guesses in the

appiication of the Newton Raphson numerical method. The value of ¢

obtained from equation 15 is used as the starting guess for ¢l. A
value of @1 - 0.01 radian is used as the starting guess for ¢2. This

insures that the starting guess vector is reasonably close to the
solution. This scheme for generating a starting guess vector has
resulted in convergence for all cases examined thus far. In the
implementation of the Newton-Raphson algorithm, the partial derivative
of each of the four equations with respect to each variable is
calculated numerically using the finite difference method [5]. Each
variable 1s perturbed by 0.0l when calculating the partial derivative
of each equation with respect to each of the four variables.

If insurmountable 'convergence problems had been encountered using
the Newtpn—Raphson scheme, we would have implemented the method of
steepest descent to solve the system of n01;11inear algebraic equations,
since the convergence of this scheme is not dependent on the starting
guess vector being within a certain proximity to the solution vector

[5-71.
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Figures 5a-c illustrate the comparison of flattest trajectory

successful shot solutioné for Vo and 8 for the approximate (simplified)
and rigorous solutions for wvarious wvalues of d. The inte?val of
acceptable values of xrim was equally divided into 100 discrete points.
Equations 13 and 18 were solved for each of the 100 discrete points to
generate the approximate solutions whereas the nonlinear system of
algebraic equations 20-22, and 26b was solved 100 times to generate
each of the rigorous solution curves. The curves illustrate that the
accuracy of the approximate solution increases with increasing distance
(d). In figure 5c¢, for d=10, there is a small difference between the
two solutions; however; in figure 5a, for d=3, there is & dramatic
difference between the two methods of solution. It is noted in these

illustrations that the minimum value of 0 corresponds to the maximum

value of xrim.
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Figure 5. Comparison of flattest trajectory
successful shot solutions between the

simplified and rigorous models for wvarious
values of d and h.
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Figure 5 continued.
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5.0 Determination of the Solution Envelope of Vo and 6 for Successful

Shot for the Two-Dimensional Model

Figure 6 illustrates solutions of Vo and 0 for ¢2 greater than or
equal to the limiting minimum value for the flattest trajectory
successful shot, calculated for various values of xrim, for d=10 and
h=7. The top curve is for xrim = drim - Rb = 1.225 feet, which is the
maximum allowable value of xrim for which the ball could successfully
pass through the rim. The other curves are generated for smaller
acceptable values of xrim. The left-most point on each of these
curves, corresponding to the minimum value of 0 (and also the limiting
minimum value of @2) corresponds to the flattest trajectory successful
shot.

It can be concluded from the above illustration that the upper-
bound curve of the solution envelope of Vo and 0 for a successful shot
corresponds to solutions for the maximum acceptable value of xrim =
drim-Rb in equation 1 for values of @2 greater than or equal to the
limiting minimum value of @2 (for the flattest trajectory shot). It
can also be concluded that the lower-bound curve of the solution
envelope of Vo andve is the locus of points for the flattest trajectory
successful shots corresponding to each of the acceptable values of xrim
that satisfy equation 1. A more detailed discussion regarding the

solution envelope for a successful shot follows.
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Figure 6. Illustration of solutions of Vo
and 0 for discrete acceptable values of xrim
for values of ¢2 2 limiting minimum value
corresponding to the flattest trajectory
successful shot for d=10 and h=7.
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Figure 7 illustrates the envelope of solutions of Vo and 6 for a

successful shot for the conditions illustrated in figure 6, i.e., a

shot launched from d=10 feet and h=7 feet. The envelope consists of

two parts:

(1)

(2)

The upper-bound curve in figure 7 1is as discussed above. It
corresponds to solutions for the maximum acceptable value of xrim =
drim-Rb=1.225 feet in equation 1 with{values of ¢2 ranging from the
minimum value of ¢2 (for the flattest trajectory shot) to the
maximum value of ¢2 at which the maximum height of the trajectory
(ymax) is less than some designated value. vymax=25 was arbitrarily
chosen; however, higher wvalues would be of 1little practiqal
interest because rapidly increasing values required for Vo and 0
would result in poor accuracy and subsequently a low probability of
actually executing a successful shot. The solution corresponding
to the minimum value of 6 on this curve was generated using the
Newton-Raphson algorithm to solve the four nonlinear algebraic
equations 20-22, and 26b for the maximum acceptable value of
xrim=drim-Rb. The remaining points on the curve were solved using
equations 13 and 14 for increasing values of @2 up to where the
maximum height of the trajectory exceeds 25 feet. For this curve,
increasing values of 0 correspond to increasing values of ¢2.

The lower-bound curve in figure 7 corresponds to solutions of Vo

and 6 for the flattest trajectory successful shots for acceptable
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Figure 7. Illustration of solution envelope
for all successful shots for d4=10, h=7,
ymax=25.
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values of xrim, and a maximum trajectory height less than the

maximum allowable value ymax. The solution aF the minimum value of
0 corresponds to the maximum allowable value of xrim = drim-Rb.
Increasing values of 0 correspond to the flattest trajectory successful
shot at decreasing allowable values of xrim in equation. For selected
discrete acceptable values of xrim, the Newton-Raphson algorithm solves
the four nonlinear algebraic equations 26—22, and 26b. Fach solution
vields values for Vo and 0 as well as ¢l and 2.

The lower-bound curve and the upper-bound curve coincide at a
single point in the envelope of acceptable values of Vo and 0, i.e., at
the minimum value of 6 in the solution envelope. In both cases, this
point represents the solution for the flattest trajectory successful
shot at the maximum acceptable value of xrim =(drim-Rb). If there is
no restriction of ymax imposed on the solution envelope, the two curves
would also converge £oward the single point where 6=90 degrees and Vo
tends to infinity. For the upper-bound curve, convergence toward this
point occurs as the increasing value of @2 approaches 90 degrees. For
the 1lower-bound curve, convergence toward this point occurs when
determining the flattest trajectory shot as xrim approaches the minimum
allowable value of xrim in equation 1, i.e., Rb, where ¢2 would have to
be 90 degrees for a successful shot.

All points that are inside of the solution envelope correspond to

solutions Vo and 0 for values of xrim in the interval
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Rb < xrim < (drim-Rb) for values of @2 greater than the limiting
minimum value corresponding to the flattest trajectory successful shot.
As discussed above, for the analysis to be of practical interest,

solutions should be limited to those that might be expected to have a

reasonable probability of being successfully executed. For the
specified problem discussed above (d=10 and h=7), one mathematical
solution is Vo=111.06 feet per second and 0=89.16 degrees. The

trajectory of this shot would reach a height of 198.63 feet. It is a
mathematical solution; however, it is not a practical solution with
regard to successfully executing it.

The maximum height of the trajectory can easily be calculated by
first determining the value of x at which the maximum height will be
reached. This is done by determining the location at which the
derivative of the trajectory is equal to zero. This K can be done by
differentiating equation 8 with respect to x, equating the derivative

to 0, and solving for x as follows:

2

xXymax = Vo? sin(0) cos (0) (27)
g
where xymax is the value of x when y is a maximum. The maximum value

of v may be calculated simply by substituting the wvalue of xymax into
equation 8, which yields the following:

ymax = Vo?sin®() + h (28)
29

A numerical integration scheme similar to the trapezoid rule [7]

was developed to calculate the area inside of the solution envelope.
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Figure 8 is a plot that compares the area inside of the solution

envelopes for a free throw with d=15, h=7, and a three point shot with
d=18, h=7, while imposing a maximum trajectory height of ymax=18. The
value of ymax=18 is arbitrary; however, the intent is to limit the
solution envelope to solutions of Vo and 6 that have a chance of
actually being executed. The area of the solution envelopes are 13.3
and 11.1, respectively. The size of theASolution envelope is reduced
by approximately 17 per cent when the launch location is moved from
d=15 to d=18.

Figure 9 is a plot of the area inside of the solution envelopes
as a function of d for arbitrary values ymax = 18, 25, and 50. It
should be noted that the Newton-Raphson algorithm to solve the system
of nonlinear equations had to be solved thousands of times to generate
the data contained in figure 9. The rate at which the size of the
solution envelope decreases with respect to d declines with increasing
d. It appears that the rate at which the solution envelope decreases
with respect to distance is not sensitive to the value of ymax imposed
on the solutions.

Figure 10 is a plot of the area inside of the solution envelope
as a function of d for various values of h. In this case, an arbitrary
value of ymax =18 was imposed on the solution envelope. The area of
the solution envelope is quite sensitive to h for smaller values of d,
however, the sensitivity decreases for increasing values of d. In

practical terms, this means that taller players definitely have an
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advantage when shooting from close range; however, the advantage

diminishes as the distance from the rim increases.
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6.0 Three Dimensional Model

A model of increasing complexity is a thrge-dimensional model in
which the flight path of the ball is allowed to deviate from the global
x axis, i.e., allowed to deviate from the vertical x-y plane that
contains the launch location of the ball and the center of the rim. 1In
other words o is not restricted to zero, as was the case in the two-
dimensional model. As previously diséussea, for the case where 0#0, the
range of values of xrim for which the centroid of the ball could
successfully pass through the rim becomes smaller and therefore more
restrictive. This is illustrated in figure 11.

The previous two-dimensional model considered the two-dimensional
aspects of the ball and treated the rim as one-dimensional. The
trajectory was defined in terms of two coordinates x and y. The three-
dimensional model considers the three-dimensional aspects of the ball
and treats the rim as two-dimensional. The & dimension of the rim is
not relevant. ’fhe'trajectory of the ball is defined in terms of three
coordinates x, y, and z.

Again, the objective is to determine the solution envelope of Vo
and O that result in a successful shot; however, in the three-
dimensional case, a specified shot of d, h, and o, will be considered
rather than a shot involving only d and h as was the case for the two-
dimensional model. As in the two-dimensional case, a range of
acceptable values of xrim must be found such that the centroid of the

spherical ball with radius Rb can successfully pass through the rim in
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dimensional model
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the x-z plane where y=10. In the three-dimensional case, the
acceptable values of xrim are dependent on «.

The same strategy will be applied as was utilized in the
development of the two-dimensional models, i.e., the derivation of
models of increasing complexity. A requirement for all equations
derived for the three-dimensional models is that they must reduce to
the corresponding counterpart equations for the two-dimensional models
when o= 0.

Clearly, the three-dimensional model requires more complex
geometrical relationships than the two-dimensional model. The
following analyses are a derivation of geometrical relationships

required in the trajectory analysis for the three-dimensional models.
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7.0 Determination of Acceptable Values of xrim foxr the Three-

Dimensional Model

As defined earlier, xrim is a variable in the local coordinate
system for the rim. xrim is along the global x-axis and varies from
xrim=0 at the front of the rim to Xrim=drim at the back of the rim.

For the two dimensional case, the acceptable values of xrim for a
successful shot, as expressed in equation 1, were relatively simple;
however, for the three-dimensional case, the acceptable values of xrim
are also a function of oa. As in the, two-dimensional case, the
basketball can successfully pass through the rim only if the centroid
of the ball passes through the x%z plane at y=10 on or inside of the
inner circle that has a radius of Rrim-Rb. Figure 11 illustrates that
when the fligh; path of the ball deviates from the global x axis by an
angle o, the ball must pass through the x-z plane at y:lO between the
local coordinates (xriml,zriml) and (xrim2,zrim2). Otherwise, there
would be interference between the spherical ball and the rim, in which
case the ball would be deflected resulting in an unsuccessful_shot.

For a specified shot with variables d, h, and a, a determination
must be made of the acceptable coordinates in the local xrim, zrim
coordinate system in the x-z plane at y=10 for which the shot can be
successful, i.e., (xriml,zriml) and (xrim2,zrim2) as illustrated in
figure 11. , This is a problem in analytical geometry consisting of the
solution of the coordinates where a circle and a straight line

intersect. The straight line originates from the launch location. The
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circle is the inside circle of radius Rr-Rb as illustrated in figure

11. 1In figure 11, P is the complementary angle of . For a coordinate
system with its origin at the center of the rim, an equation for the

straight line originating from the launch location can be written as:

x =1z tan B - (Rr + d) (29a)
z = (X + Rr + d) cot(f) ' (29b)
Since o and [ are complementary, cot(B) = tan(a). The equation

for the straight line may therefore be written in terms of o as
follows:
z = (x + Rr + d) tan(a) (29¢)
For the same coordinate system with its origin at the center of
the rim, an equation for the inside circle in figure 11 with a radius
of Rr-Rb can be written in terms of x and z as follows:
x* + z2 = (Rr - Rb)? (30a)
z = ((Rr - Rb)? - x°)1/2 (30b)
To determine the coordinates where the straight line and circle
intersect, equations 29c and 30b are equated as follows:
(x + Rr + d)tan(o)= ((Rr - Rb)* - x?)/2 (31)
After squaring both sides of this equation, it is quadratic in x.
éolving equation 31 for x results in the following two solutions for
the x coordinates where the inside circle in figure 11 and straight
line interseéct:

x1=- (Rr+d) tan’ (o) +{ tan? (0,) [Rb*-2RrRb-2Rrd-d?] + [Rb*- 2RrRb+Rr?] } /2 (32a)
1 + tan®(q)
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x2=- (Rr+d) tan® (&) - { tan? (&) [Rb?*~2RrRb-2Rrd-d?] + [Rb?-2RrRb+Rx?] }*/2 (32b)

1 + tan®(d)
~These coordinates are relative to the coordinate system with its
center at the center of the rim. These coordinates can be transformed
to the local xrim coordinate systeﬁ which, by definition, has its
origin at the front of the rim (with o = 0) as follows:
xriml = Rr + x1 (33a)
xrim2 = Rr + x2 (33b)

Therefore, for the three-dimensional model, the acceptable range
of values of xrim where the ba;l can successfully pass through the x-z
plane at y=10 are:

(Rr ; x1l) < xrim < (Rr + x2) (33c)
where x1 and x2 are as defined in equations 32a and 32b, respectively.
This is analogous to the acceptable range of values in equation 1 for
the two-dimensional model.

Equations 33a and 33b reduce to xriml=Rb and xrim2=drim-Rb for
a=0, respectively, which is compatible with the acceptable values of
xrim in equation 1 for the two-dimensional model.

The question arises: for a shot of specified d, what 1is the
maximum value of « for which that shot can be successful? As O
increases, there is some maximum value of ¢, beyond which the straight
line would fail to intersect the circle. In this case equations 32a
and 32b wo;ld not yield real solutions (the discriminant would be less

than zero). For the maximum wvalue of o which does not result in a

negative discriminant, the discriminant would be equal to =zero. In
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this case, there is a double root (Rr—d)/tanz(a). Geometrically, for

this case, the straight line intersects the circle at a single point of
tangency.

The value of d which causes the discriminant in equations 32 to
go to 0 can be determined by equating the two terms in the discriminant
and solving for o as follows:

2 2 2 2 2
tan” (o) [Rb"-2RrRb-2Rrd-d”] - (Rr°-2RrRb-Rb”) = 0 (34)
Solving equation 34 for o yields the maximum wvalue of o that

would permit a successful shot from a specified distance as follows:

o = tan"1|: (Rx ~ Rb) :I (35)

max (3® + 2RrRb + 2Rrd — Rb?)'/?
This is the angle at which the straight line (flight path) and
circle of radius Rr - Rb intersect at a point of tangency. In this

case xriml = xrim2 = (Rr—d)/tanz(a). Therefore for a specified shot
from a distance d, acceptable values of o are as follows:
“Ohaxe < O £ Olpay (36)

For a shot of specified d and subsequently an acceptable value of
o specified in equation 36, the range of values of xrim for which a
shot can be successful without being deflected by the rim are as
specified in egquations 33c. This completes the determination of
acceptable values of xrim for the three-dimensional case.

There are some additional geometrical relationships required for

1

the three-dimensional model; therefore, before proceeding to the
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analysié of the trajectory in the three-dimensional model,

additional geometrical relationships will be derived.
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8.0 Derivation of Additional Geometrical Relationships Required for the

Three-Dimensional Model

Figure 12 illustrates the intersection of the trajectory of the
centroid of the ball and the front of the rim in the x-z plane at a
height of y=10 for some acceptable value of o from equation 36. x* is
the coordinate in the global x coordinate system of the intersection as
follows:

x*= d + Ax (37
where Ax is the coordinate in the local xrim coordinate system of the
intersection of the flight path of the ball and the front of the rim.

From figure 12, the following geometrical relationship can be derived:

tan o = zrim/ (d + Ax) ; zrim = (d + Ax) tan Qo (38)
where zrim is the z coordinate in the local xrim coordinate system of
the intersection of the flight path and the £front of the rim.
Application of the Pythagoreon theorem in figure 12 results in the

following equation:

2

(Rt - Ax)? + (zrim)? = Rr? (39)

Substitution of zrim from equation 38 into equation 39 and

expansion of the result produces the following equation:

Ax?(1 + tan®a) + Ax(2dtan’o. - 2Rr) + d’tan’a = 0 (40)

H
Equation 40 is quadratic in Ax. Solving equation 40 results in

the following solutions:
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Figure 12. Tllustration of x*, global x
coordinate of the intersection of the
trajectory with the front of the rim (x* = d
+ Ax)
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(Rr—-tan®(a)) + {Rr? - tan®(a) (d® + 2drr)}*’?

Ax =
1 + tan?(a) (41a)
Ax = (Rr-tan®(a)) - (Rr? - tan’(a) (d° + 2dRr)}*’?
1 + tan?(o) (41b)

Equation 41b yields the relevant solution since it reduces to
Ax=0 for a = 0. Substituting equation 41b into 37 yields an equation

for x* for a specified d and o as follows:

x* = d + (Rr-tan’(0)) - {Rr’ - tan’(a) (d° + 2dRr)}*’?
1 + tan®(a) (42)
For o = 0, equation 42 reduces to the two-dimensional case where
x* = d

In.figure 13, x** is the x coordinate in the global coordinate
system of the centroid of the basketball when the ball is in the

limiting front rim location and is equal to:

X** = x* + Rb sin(¢@l)cos (o) (43a)

x** = d + (Rr-tan®(q)) - {Rr? - tan®(a) (d®> + 2dRr)}*? (43b)
1 + tan®(q)

+ Rb sin(@l)cos(Q)
For o = 0, equation 43b reduces to the two-dimensional case where
x**= d + Rb sin(¢1).
As in the two dimensional case, an analysis will be made that
uses the simplifying assumption that ¢ = @1 = @2; therefore, a
relationsh?p is required. that solves for ¢, analogous to the
relationship in equation 15 for the two-dimensional case. A

relationship for ¢ may be derived as follows:

51



x** = x* + Rb sin (¢1) cos ()

(Rr - tan2 (0)) - (Rr2 - tan2 (0) (d2 + 2dRr)1/2 + Rbsin (¢1) cos (o)
1 + tan2 (o)

x**=d+

Figure 13. Illustration of x**, global
coordinate of the centroid of basketball
where the ball just misses being deflected
by the front of the rim (flattest trajectory

successful shot).
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© = 01 = ¢2 = sin™ (Rb / k) where k =m - n (44a)

where n (d + AxX)sec(at) and m = (d + xrim)_sec(a) (44Db)

Substituting Ax from equation 41b in equation 44b and simplifying

yvields the following solution for ¢ = @1 = @2.

- Rb
¢ = sint - (45)

1/2
(Rr - d tan® o) — [Rr2 - tan® a(@® + 2dRr)]
1+ tanz(OL)

sec (0)yxrim —

As required, this equation reduces to the two-dimensional
counterpart in equation 15, i.e., ¢ =sin™® (Rb / xrim) when a = 0.
This completes the derivation of geometrical relationships

necessary for performing the three dimensional trajectory analysis.
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9.0 Trajectory Analysis for the Three-Dimensional Model

As in the case of the two-dimensional modgl, the analysis begins
with an application of differential equations expressing Newton’s
second law; however, in this case Newton’s law is applied in all three
cartesian coordinate directions.

For the x direction, as in equation 3, the velocity is constant
and is equal to the initial launch veloeity in the x direction. In
this case, the component of velocity that projects into the horizontal
x-z plane at y=h must be resolved into components in the x and =z
direction; therefore the constant velocity in the x direction is as
follows:

dx = Vo cos(0)cos (o) (46)
dt

Integrating equation 46 and applying the initial condition that

x(t=0) =0 results in an equation for x as a function of t as follows:

x(t) = (Vo cos(B)cos(a)} t (47)
Similarly, there are no forces acting on the ball in the =z
direction; therefore, the velocity is constant and is equal to the

initial launch velocity in the z direction as follows:

dz = Vo cos(0)sin(a) (48)
dt

Integiating equation 48 and applying the initial condition that

z(t=0) =0 results in as equation for z as a function of t as follows:

z(t) = {Vo cos(0)sin(a)} t (49)
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Equations 6-7 are still applicable to determine the velocity and

location of the ball in the y direction as a function of t. An
equation for y as a function of x can be obtained by solving for t in
equation 47 and substituting it into equation 7 as follows:
2 2 2 2
v(x)= x tan{0)sec(a) - g x°/2Vo cos“(0)cos”(a)+ h (50)
Equation 50 is a quadratic equation in x. Solving equation 50
for x results in the following two solutions for x as a function of y:

function of y:

x(y) = Vo’cos(0)sin(0)cos(a) - (51a)
g
Vo cos (0) cos (a) {Vo®sin?(0) - 2g(y-h)}*/
g
x(y) = Vo? cos(0)sin{0)cos(a) + (51b)
g
Vo _cos (0) cos (a) {Vo?sin?(0) - 2g{y-h)}*/?
g

As in the two-dimensional model, only the second of these
equations (51b) is applicable to the analysis of a successful shot on
its downward trajectory.

For a successful shot, the centroid of the ball passes through
the x-z plane at y=10 when x = xrim+d. Substituting these wvalues into

equation 51b yields the following equation:

vo® cos{0)sin(B)cos(a) + (51c)
g
Vo cos(0)cos(a){Vvo®sin?(0) - 2g(10-h)}¥? - (xrim+d)=0
f g

where xrim is an acceptable value as defined in equation 33¢ and o is

an acceptable value as defined in equation 36.
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Since there are two unknowns (Vo and 8), another equation 1is

required. The tangent of the angle with the hprizontal x-z plane at
which the velocity vectqr of the centroid of the ball passes through
the coordinates (x=xrim+d, y=10), again designated as ¢2, can be
determined as the ratio of the magnitude of the velocity vector in the
y direction to the magnitude of the velocity vector in the x-z plane.
This is equivalent to the tangent of the angle that the velocity vector

makes with the horizontal x-z plane at y=10, which is equivalent to the

derivative of the trajectory at this point. This can be expressed as
follows:

dx v,

= = —Y (52)

dy x=xrim+d (V2 V202 x=xrim+d
From egquation 6:

4 .
vy = d—lt’ = Vo sin(@) — gt (53)

Solving for t from equation 47, evaluating at x=xrim + d, and

substituting into equation 53 yields an equation for Vy as follows:

Vy = Vo sin(9) — glxrim + d) (54)
Vo cos (8) cos (o)

The denominator of equation 52 can be determined by substituting
equations 46 and 48 into the denominator of equation 52 as follows:
(Vx? + vz?)¥? = (Volcos?(0)cos?(a) + Vo’cos?(0)sin®(a))?’? = Vocos(0) (55)
The derivative of the trajectory evaluated at x=xrim+d, y=10 may
be written as équation 54 divided by‘equation 55. It may be equated to

the negative of the tangent of @2. After simplifying, the result is:
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tan(0) - g(xrim + d) + tan(@2)=0 ' (56)
Vozcos(e)cos(a)

This equation reduces to the two—dimensionai counterpart in
equation 12 when o=0.

The simultaneous solution of equations 5lc and 56 provides a
solution of Vo and 0 for a successful shot from a distance of 4, a
height of h, and an arbitrary angle of ¢2 for an acceptable value of
xrim from equation 33c and an acceptable value qf a from equation 36.

Proceeding to solve equations 51lc¢c and 56 simultaneously by
substitution, equation 5lc can be manipulated to solve for vola s
follows:

2 (g / 2) (xrim + &)
Vo = — - > 2 (57)
sin (0) cos () cos (a) (xrim + d) — cos®(B) cos“(a) (10 — h)

Equation 57 reduces to the two-dimensional counterpart in
equation 13 when «o=0. Substituting equation 57 into eguation 56 and

solving for O yields a solution for the launch angle 0 as follows:

(58)

6 = tan_1|:tan (92) (xrim + d) + 2(10 - h) cos(a):|
(xrim + d)

Equation 658 reduces to the two-dimensional counterpart in
equation 14 when «=0. Equation 58 solves for the value of 0 as a
function of d, h, xrim, o, and 2. The resulting Qalue 0 can be
substituted into equation 57 to solve for the magnitude of the launch
velocity.

Equations 57 and 58 yield successful solutions for Vo and 0 as

long as @2 is greater than the 1limiting minimum value of @2
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corresponding to the flattest trajectory successful shot.
Consideration will now be given to the determine?.tion of this limiting
minimum value of @2, making use of the previously derived geometrical
relationships for the three-dimensional model.

As in the case of two dimensions, an analysis will be performed
which makes the simplifying assumption that @1 = 2. Again, this
solution has two unknowns (Vo and 0) ana will therefore require two
equations. Equation 51c is one of those equations. Another equation
can be derived by evaluating the derivative of the trajectory of the
centroid of the ball at x**.

The derivative of the trajectory at x** can be evaluated as the
ratio of the magnitude of the vertical component of the velocity to the
magnitude of the component of the velocity vector in the x-z plane

evaluated at x=x** as follows:

dy

dx

(59)

= VY
N o) L

x=x**
where x** is as expressed in 43b and as illustrated in figure 12.
Solving for t from equation 47, making use of equation 55, and

simplifying results in the following equation:

Qx_l_ = tan(0) - g x**) (60)
dx|x=x** ‘ vo? cosz(e)cos(a))

Equation 60 can be equated to the negative of the tangent of
angle ¢, where ¢ is as derived in equation 45, resulting in the

following equation:
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tan(0) - (g x**) + tan (@) =0 (61)
Vo? cos?(8)cos (a)

which is analogous to equation 17 for the two-dimensional model.
Substituting equation 57 for Vo? into equation 61 yields the

following solution for the launch angle 06 as follows:

(62)

0 = rap-l 2x"" cos(a) (10 - h) + (xrim + d)° tan (@)
(Xxrim + d)(2x"-—(xrim + d))

where ¢ and x** are as expressed in equation 45 and 43b, respectively.
Equation 62 solves for 6 as a functiqn of the spatial coordinates
d, h, xrim, the angle o, and parameters related to the geometry of the
ball and rim, i.e., Rb and Rr. Substitution of 0 into equation 57
vields the solution for the magnitude of the launch velocity.
Equations 57 and 62 are analogous to equations 13 and 18 for the two-

dimensional model and reduce to these equations for the case when a=0.
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10.0 Relaxation of the Assumption that ¢1 = ¢©2 for the Three-

Dimensional Model

As in the two-dimensional model, an analysis will now be
performed which removes the assumption that ¢l = @2, i.e., to include
the change in the trajectory that occurs when the centroid of the ball
moves from the limiting front rim location (x=x**, y=10 + Rbcos(@l)) to
the location where the centroid of the ball passes through the x-z
plane at y=10 (x=xrim +d,y=10).

Two equations can be obtained by applying gquation 51lb at
appropriate locations. Equation 51c, which is an application of
equation 51b, evaluated at x=xrim+d, y=10 is still wvalid. As in the
two-dimensional case, equation 5lc requires rearranging to remove the
square root to avoid potential numerical difficulties during the
iterative numerical solution c;f the system of nonlinear algebraic
equations. Rearranging equation 51b to remove the square root results
in the following equation:

-{ (xrim+d) - (Vo’cos () sin (@) cos (a) /g) }?+

(Vo’cos?(8) cos? (a) /g*) (Vo’sin?(B) - 2g(10-h)) = 0 (63)
Equation 51b can also be app_lied to satisfy the conditions x=x** when
y= 10+Rbcos(¢l). Again, this equation is rearranged to avoid the
potential numerical d;fficulties .associated with the square root
resulting in the following equation number 64:

- [x**- (Vo’cos (0)sin(0)cos (a) /g) 1%+

(Vo?cos?(8) cos? (o) /g?) (Vo’sin?(0)-2g (10+Rbcos (¢l) -h))=0 (64)
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reiterating that x** is from equation 43b and the stipulation that

values for o satisfy equation 36.

The method for calculating the trajectory derivative previously
derived in equation 61 can be appiied to the limiting front rim
location (x = x**, y= 10 + Rbcos(@l)). The result can be equated to
the negative of the tangent of angle ¢l resultigg in the following
equation:

tan (@) - gx** + tan(@l) = 0 (65)
Vozcosz(e)cos(a)

Solving equation 65 for @l results in the following equation

1 = - tan™| tan(@) - g% 66
¢ an [ an (0) Vozcosﬁe)cos(a)] (66)

Thus far, there are three equations (63,64, and 66) relating Vo,
0, and ¢l. Another equation is required to relate the fourth variable
@2 to the other three variables. Following the same strategy used in
the development of the two-dimensional model, the application of
equation 19 in this case can be used to quantify the change in the
derivative of the trajectory that occurs as the centroid of the ball
moves from the limiting front rim location (x=x**, y=10 + Rbcos(pl)) to
the location where the ball passes through the rim in the x-z plane at
x=xrim+d, y=10.

Again, applying the method for calculating the trajectory

derivative previously derived in equation 61 at the location where the

centroid of the ball passes through the rim (x = d + xrim, y=10) and
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equating it the negative of the tangent of @2 results in the following
equation:

tan(0) - g(xrim+d) + tan(@2) =0 (67)
Vozcosz(e)cos(a)

Solving equation 67 for ¢2 results in the following equation:

g(xrim + 4) } (68)

2 = — tan™Y tan(@) -
¢ an [ an(0) Vo? cos?() cos (o)

Applying equation 19 results in subtracting equation 66 from

equation 68 as follows:

) (xrim + 4)
2- 9L = -tantan (@) - —5
0 " an [ an (6) Vozcosae)cos(aj
© (69a)
+ tan™|tan(@) - — %f
Vo* cos®(0) cos (a)
. (xrim + 4)
2 - @l + tan™ | tan(8) ~ —> )
92 - @ an [an() Vo? cosz(e)cos(OU]
(69b)

gxﬁﬁ
Vo? cos?(0) cos (o)

tand{tan(e)—

Equations 63,64,66, and 69b form a system of four nonlinear
algebraic equations with four unknowns. Solution of these equations
yield; the Vo, 0, ¢1, and ¢2, for the flattest trajectory successful
shot from a specified distance (d) and height (h) and launch angle o
such that the centroid of the ball passes through the rim in the x-=z
plane at the coordinates x=xrim+d, y=10, and also passes through the
limiting front rim location x = x°, y=10 + Rb cos (¢l), such that the
spherical ball is not def}ected by the front of the rim.

This completes the derivation of the equations required to

generate the solution envelope of the Vo and 0 for a shot launched from
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specified variables d, h and a. As required, all of the equations for

the three-dimensional model reduce ¢to their two-dimensional
counterparts for the case when a=0. The same methodology would be used
to generate the solution envelope for the three-dimensional model as
was previously discussed for the two-dimensional model.

Figure 14 illustrates how the size of the solution envelope
decreases from 11.8 for a=0 to 2.1 fo% a=1.27 degrees for a shot
launched from d;18 and h=7 with ymax=18 imposed on the solution
envelope. It appears from figure 14 that the solution envelope for the
two-dimensional model includes the solutions for all acceptable values

of o in equation 36.
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11.0 Discussion Regarding the Best Shot

Intuitively the best shot would certainly bg one in which a=0,

As discussed in reference 8, the best shot is considered to be
the shot that has the largest margin of error to be suécessful.
Reference 8 makes the qualitative statement that for a specified shot
cf d and h, there is a single value of O that has the minimum Vo.
Referenée 8 further concludes that the value of 0 corresponding to the
minimum Vo is itself a minimum. The author in reference 8 refers to
this value 0 as the golden arc. He reasons that this is the best shot
since it requires the smallest velocity and subsequently the smallest
force; therefore, there is less chance of error in executing the
minimum velocity shot. s

The analyses performed in this thesis do not support the
contention of reference 8 that the value of 0 corresponding to the
minimum Vo is itself a minimum. As previously discussed and as
illustrated in figures 5 and 6, the minimum value of © in the solution
envelope does not correspond to the minimum velocity. The minimum
value of 0 corresponds to the flattest trajectory successful shot for
the maximum allowable value of xrim = drim-Rb. This corresponds to the
point Where the upper and lower-bound solution envelope curves are
coincident in figure 7.

It seems to this author that the conclusions reached in reference
8 were based on a simplified trajectory analysis that treated the ball

as a particle and did not consider the three-dimensional aspects of the
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ball, and therefore did not rigorously determine the flattest
trajectory successful shot solution. Without the determination of the
flattest trajectory successful shot solution, it is not possible to
envelope the range of solutions of Vo and 6.

These analyses support the contentioﬁ that best shot would be the
shot that has an average of the minimum velocities for the upper and
lower-bound curves that envelope the solugions. This combination of Vo
and 0 appears to have the largest margin for error for both the velocity
and launch angle 0, i.e., the solution envelope encompasses the largest
amount of perturbation about this point than any other point in the
solution envelope.

Using the above logic, from figure 8, for a free throw, the best
shot is Vo=24.9, 6=51, a=0. At this point, there is a margin for error
of 0.5 feet per second for the velocity and a margin for error of
nearly 10 degrees for 6. The best shot from the three-point distance is
Vo=26.7, 0=49, 0=0. At this point, there is a margin for error of 0.4
feet per second for the velocity and a margin for error of nearly 9
degrees for 6. Clearly, there is a considerably larger margin for error
for 0 than for Vo where the shot will still be successful. As expected,

the margin for error decreases as d increases.
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12.0 Effect of Including Drag Force Due to Air Resistance

Thus far, the models have neglected the @rag force due to air
resistance. The drag force is a retarding force acting in the
direction opposite the direction in which the projectile is moving
assuming the motion is pure translation with no rotation. As discussed
earlier, the retarding force due to air resistance is proportional to
the square of the velocity in the velocity regime corresponding to a
basketball shot.

The differential equations in equations 2 and 5 which did not
include the drag force due to air resistance were second order linear
differential equations. Inclusion of £he drag force due to air
resistance results in second order nonlinear differential equations.
These nonlinear differential equations can be solved by making the
appropriate transformations and applying the appropriate boundary
conditions; however, the solutions are rather complicated. The
differential equations and their solutions will not be included here;
however, some numerical results generated from the solution of the
nonlinear differential equations that included tHe drag force will be
included.

Figure 15 illustrates the impact of including the drag force for
a free-throw (d=15 feet) and a three-point shot (d=18 feet). In both
cases, h 77 feet. The curves in figure 15 are the upper-bound

solutions to the solution envelope. As explained earlier, the upper-

bound solutions correspond to solutions for the maximum acceptable
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value of xrim=drim-Rb with values of ¢2 greater than or equal to the
limiting minimum wvalue. As illustrated in figure 15, including the
drag force shifts the curves to higher launch velocities and launch
angles. For the free throw, the required values of Vo for a successful
shot were increased by 0.60 feet per second, or approximately 2.5%.
For the three-point shot, the required values of Vo for a successful

shot were increased by 0.77 feet per second, or approximately 2.9%.
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13.0 Summary

Systems of equations were derived and a copputational methodology
was developed for determining the solution envelope o0f the launch
velocity Vo and the launch angle 0 that result in a successful shot
launched from a specified distance from the rim, height above the gym
floor, and at an angle o with the vertical plane that contains the
launch location and the center of the rim.

Equations were derived for models of increasing complexity. The
determination of the lower-bound curve to the solution envelope for the
flattest trajectory successful shot is generated by the repeated
solution of a system of four nonlinear algebraic equations. The
equations for the two-dimensional model are a special case of the more
general three-dimensional model. As required, the equations for the
three-dimensional model reduce to the system of equations for the two-
dimensional model when o = 0. The. solution envelope generated using
the two-dimensional model contains all .solutions of Vo and 6 for which

the shot would be successful.
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1l4. Topics for Further Development

The size of the solution envelope is a measure of the chance of
executing a successful specified shot from a particular launch
location, but it obviously does not tell the entire story. Everyone
familiar with basketball knows that tbe ;hooting percentage for free
throws is considerably higher than for a three-point shot. A good
shooter typically has shooting percentages of 75% or higher for free
throws from a distance of 15 feet while the same shooter is considered
a good outside perimeter shooter if they can shoot 40% from the three-
point distance of 18 feet. The rate at which the solution envelope
decreases with increasing distance does not alone account for
difference in percentages. For example, as previously discussed and
illustrated in figure 8, the size of the solution envelope decreased by
17 percent when the shooter moved from the free throw line to the
three-point perimeter. According to this, an individual that was a 75%
free throw shooter should be nearly a 60% shooter from the three-point
perimeter, but we know from experience that this is not the case.

Another reason that the shooting percentage decreases with
distance was alluded to earlier. As the required launch velocity
increases, so does the required force and subsequently the chance of
not properly executing the shot increases. Another way of expressing
this concept is to simply state that the chance of error of the three
launch variables (Vo, O, and o) increases with the amount of energy with

which the shooter must use to launch a successful shot.
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The quantification of the above concept could be realized by
performing Monte Carlo probabilistic analyses. in which the launch
variables of Vo, 0, and o for each shot from a specified location are
stochastically sampled from Gaussian distributions [9]. The mean
values of the three launch values could be considered as the best shot
in the solution envelope and the standard deviation for each variable
defined as some fractional part of the mean value. For each simulated
shot, a determination could be made whether the shot is successful or
not. The shooting percentage is simply the number of shots that are
successful divided by the total number of simulated shots. It was
originally intended to include this formulation as part of this
analysis, but it was eventually realized that this is beyond the scope
of this thesis.

A rigorous analysis of bank shots, even those that do not include
the effects of the rotation of the ball would add another dimensional
aspect to the three-dimensional analysis derived in th;s thesis. The
geometrical relationship of the location of the shooter to the
backboard and rim would have to be considered. There are angles
between the shooter aﬁd the backboard that .are more favorable, than
others. Also, the three-dimensional rigid-body dynamic aspects of the
rotation of the basketball would have a more significant effect on the
solution s}nce intuitively, it seems that the interaction of the
rotating ball with the backboard could be significant in some cases.

Basketball players intuitively know to impart a rotation on the ball
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for some bank shots, sometimes referred to as putting english on the
ball. In any case, a rigorous formulation of tbe generalized case for
bank shots would be quite a mathematical challenge.

The biémgchanics aspects of the -shooter to optimize the
probability of executing a particular shot would also lend itself to a
challenging and interesting theoretical mechanics analysis.

Suffice it to say that the complete quantification of shooting

basketball is not trivial.
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