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Abstract

The detection of gravitational wave during the neutron star merger event GW170817 [53]

greatly enhanced our ability to probe the interiors of neutron stars. Future measurements of

similar events will put further constraints to the equation of state (EOS) of nuclear matter.

Also, uncertainties in the EOS create variations in the results of astrophysical simulations of

core-collapse supernovae and neutron star mergers. In order to quantify the uncertainties,

we construct a probability distribution of equations of states (EOSs). The EOS respects

experimental, observational and theoretical constraints on the nature of matter in various

density and temperature regimes. It matches (i) the virial coefficients expected from nucleon-

nucleon scattering phase shifts, (ii) experimental measurements of nuclear masses and charge

radii, (iii) observations of neutron star radii, (iv) theory results on the equation of state of

neutron matter near the saturation density, and (v) theory results on the evolution of the EOS

at finite temperatures near the saturation density. At sub-nuclear density, inhomogeneous

phase tends to form, where in general a full ensemble of nuclei emerged in nucleonic gas exist.

In this regime, we add selected light nuclei including deuteron, triton 3He, 4He, 4Li and a

full ensemble of heavy nuclei in nuclear statistical equilibrium using an excluded volume

approach. We present our results in tabular form in typical conditions that are found for

the early stages of core-collapse supernova and neutron star mergers.
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Chapter 1

Introduction

1.1 Formation of neutron stars

Stars generate energy through thermonuclear fusion. The Big bang nucleosynthesis took

place in the interval from roughly 10 seconds to 20 minutes after the Big bang left us a

universe with 75% of hydrogen and 25% of helium. Most of the hydrogens exist in forms of

molecules in interstellar clouds. As the cold clouds collapse under the influence of its own

gravity, hydrogen atoms are heated up and gravitational potential is converted to kinetic

energy. Once the temperature (kinetic energy) is large enough to overcome the Coulomb

repulsion, the fusion begins. Stars in lower mass limit around 0.08 M� or 80 MJupiter are

barely able to support fusion to deuterium. These failed stars are called brown dwarfs.

More massive stars will successfully ignite and burn hydrogen into helium and then

heavier elements. This basic process involves converting four hydrogens to helium and losing

0.7% of its initial mass. The mass loss yields 26.73 MeV, where Einstein’s equation E = mc2

comes into play, and powers up the burning of stars ranging from millions to billions of years.

The actual reaction is a little bit more complicated. For stars with masses less than 1.0 M�,

the dominant reaction is p-p chain, whereas, for stars heavier than 1.3 M�, it is CNO cycle.

Stars with different masses usually have different lifespans. Low mass stars (below 8 M�)

burn at a slower rate and usually live more than 10 billion years. Progressively heavy elements

are created and accumulated in the core until carbon and oxygen are reached. At the final

stage, the outer mantle is ejected slowly over hundreds or thousands of years. Stars with low
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masses form the so-called “planetary nebula”. Planetary nebulae consist of carbon/oxygen

white dwarfs at the center roughly the size of earth with glowing shells of ionized gas. These

tiny fossils have masses around 0.5 to 1.0 M� and are supported by electron degenerate

pressure.

More massive stars have shorter lifespans but much more spectacular deaths. These stars

reach higher temperatures, therefore enable carbon burning to neon, magnesium, and then to

silicon, sulfur, calcium and argon, then to iron and its isotopes near the peak of the nuclear

binding energy curve. The iron group nuclei are the final products of fusion in stars since the

reaction to elements after iron is endothermic. When a star with mass between 8 M� and

2 M� burns out its fuel after millions of years of evolution, the iron core of star gradually

cools down. The pressure from degenerate electrons is not able to support the gravitational

attraction, so the star begins to collapse within one second. During this process, the iron

core falling freely at the speed of one fourth of the speed of light. From the size of the

earth, it soon collapses to a proto-neutron star of only 30 km. Nothing stops the process

until its core reaches saturation density where the strong force in nuclear matter prevents

the nucleons from getting closer to each other. Once it’s halted at the core, the wave front

bounces back which creates a strong shock wave. The shock wave carries away the mantle of

the massive star and somehow triggers a supernova explosion. These are called core-collapse

or Type-II supernova. Typical type-II supernovae will radiate 10% of its rest mass, releasing

some ∼3×1053 ergs, where almost 99 percent are radiated in terms of neutrinos [9, 93]. The

remaining 1% is converted to the kinetic energy of the mantle. However, one major unsolved

problem in most supernova simulations for the last 40 years is that the shock wave stalls

because of photo-disintegration and neutrino loss, causing failed explosions [8, 55]. The

possible solution seems to be related to the neutrino driven wind. The neutrinos generated

in neutrino-sphere are partially trapped. It means they are absorbed and re-emitted again

due to the cross-section of weak reaction p + v̄ → n + e+ and n + v → p + e−. The neutrino

mean free path is on the orders of meters at moderate density (nB = 1011 g/cm3 or 6× 10−5

fm−3) and temperature (T = 5 − 10 MeV) [12]. The neutrinos in the core must propagate

and deposit their energy at outer layers, reviving the shock and revitalizing the explosion.

Since the energy released in the explosion is dominated by neutrino loss, the efficiency of
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the absorption and re-emission depend on the properties hot and dense medium which are

described by the equation of state (EOS) of the nuclear matter. One purpose of this work

is to systematically quantify the uncertainty of the EOS, which enable us to pin down the

extent to which these uncertainties contribute to the supernova explosion mechanism. Other

contributors to the explosion mechanism include revisions to neutrino physics, fluid stability,

rotations, magnetic fields and convection in multidimensional simulations that will probably

reduce neutrino losses. There is approximately one supernova in our galaxy around every 30

to 50 years and perhaps 100 million supernova explosions during the lifetime of our galaxy.

However, except for 200 known in the Milky way, most of the remnants faded and are too

dim to be detected. During the last one thousand years, six supernovae have been observed

and recorded in human history. Some of them are visible to the naked eye, such as Crab,

Tycho, Kepler and Cas A.

Not all the supernova explosions are the result of the collapse of the stellar core. If a

white dwarf happens to have a binary companion, for example, a giant star in its late phase

of evolution, the white dwarf could accrete matter from the companion when its outer shell

exceeds the dwarf’s Roche lobe. Upon reaching the “Chandrasekhar” mass near 1.4 M�,

the carbon/oxygen core of the white dwarf is re-incinerated, leading to a drastic explosion.

This scenario is often referred to as Type Ia supernova. Type Ia supernovae are about

ten times brighter than core-collapse supernovae. However, they are also ten times less

prevalent. Because type Ia supernovae have light curves belong to a one-parameter family,

they can be used it as ’standard candles’ to measure the Hubbard constant of the universe.

Observationally, astronomers classify supernovae by their spectrum. Type II has hydrogen

lines while type I does not. In contrast to type II, type I supernovae explosion completely

blow up the star, leaving nothing behind.

The enormous amount of energy released in the supernova explosion also enables the

creation of approximately half of the atomic nuclei heavier than iron through r-process or

the rapid neutron-capture process [92]. In the hot and neutron rich environment of ejecta,

the nuclei capture neutrons in succession and forms abundance peaks near mass numbers A

= 82 , 130 and 196. This process occurs in supernova explosions and also in neutron star

3



Figure 1.1: Overview of phases of neutron star mergers and the relative timescales form
Ref. [65].

mergers and enriches our galaxy with heavy elements that are essential to human lives, for

example, calcium, zinc and gold.

1.2 Neutron star mergers

Neutron star mergers recently show great promise to be the main sources of r-process

elements. The detection of gravitational wave during the neutron star merger event

GW170817 [53] and its counterpart in electromagnetic wave [1] opened up a new channel on

constraining properties dense matter and also started the era of multi-messenger astrophysics.

Long-standing questions like origin γ-ray bursts could be hopefully resolved with more data

in the near future.

Fig. 1.1 shows an overview of phases of neutron star mergers and the relative timescales.

In general, the phases could be divided into three parts, the inspiral, merger and postmerger

evolution. During the inspiral, the stars rotate around each other for several minutes, or

thousand of orbits. The eccentricity is radiated in the early evolution. Therefore, the

motion could be well described by circular orbits when they are detected by the ground-

based gravitational wave interferometers with frequency range ∼10 − 2048 Hz. The quasi-

adiabatic motion, namely the radiation timescale is longer than the orbital timescale, radiates

gravitational wave with low frequency signal (. 50 Hz), which encodes the chirp mass that

4



could be measured. Subsequently, as the binary neutron stars merge close enough, the nuclear

matter undergoes gravity-driven compression and centrifugally-driven expansion periodically.

In the merger phase, while the cores of binary neutron stars rotate and fuse, the nuclear

matter at the surface could be heated up to 70 − 110 MeV, while the core remains cold (T

. 10 MeV, entropy per baryon s̃ < 1 kB). A thick accretion disk forms out of materials

expelled from the center with mass around 0.001 − 0.2 M�. The accretion disk eventually

cools down after expansion from ∼10 MeV (10−2 fm−3) to ∼0.1 MeV (10−11 fm−3). The

precess features a significant emission for the first ∼10 − 20 ms after the merger called the

gravitational wave dominated phase.

The outcome of binary neutron star mergers relies on the neutron star EOS and binary

parameters, especially the total mass and the maximum mass for non-rotating neutron stars

Mmax. Sufficiently massive binary form black holes promptly during the merger phase.

Otherwise, the remnant might go through transient phases ranging from ∼10 − 20 ms to

more than 10s. The differential rotation supports a higher maximum mass than non-rotating

neutron stars. Thus some remnants might survive until they slow down and achieve uniform

rotation due to viscosity, before they collapse to a black hole or form a stable neutron star.

It is like that neutron star mergers produce at least some r-process nuclei from the

observation of GW170817 [17], even though it is not clear whether or not they produce all

of them. The ejecta in poster merger phase synthesizes heavy elements and the radioactive

decay of by-product of the r-process generates a thermal spectrum known as a kilonova,

observed along with GW170817.

The observation of neutron star merger has now become a fundamental tool to study the

dense nuclear matter. The gravitational wave signal during the inspiral phase could be used

to constrain the nuclear EOS up to twice saturation density.

1.3 Neutron star structure

Neutron stars are remnants of supernova explosions, which contain the densest matter in

the universe. Typical neutron has mass from 1.2 to 2.2 M� and radius from 10 to 13 km.

Stars more massive than 20 M� are believed to collapse to black holes [82]. The nascent
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proto-neutron star has temperature around 1011 K (8.62 MeV), but soon it cools down to 106

K (tens of KeV) after months of radiation. Even though the temperature is high in human

terms, it is much smaller compared to the Fermi energy pfc = ~c (3π2ρ0)
1/3 ∼ 330 MeV, so

T � µ and Fermi distribution [exp (Ek − µ)/T + 1]−1 ∼ 1. Therefore it is considered cold

and T = 0 is a good approximation.

The basic structure of cold neutron stars can be divided into four parts, outer crust, inner

crust, outer core and inner core. The outer crust is comprised of a lattice of body-centered

nuclei in iron region immersed in uniform electron background. As density increases inward,

the neutron begins to drip out of nuclei as its chemical potential surpasses zero. In the inner

crust, the nuclei coexist with neutron gas in so called nuclear statistical equilibrium, where

nuclear abundances are determined by Saha equations. Between the inner crust and outer

core, an exotic phase called “pasta phase” may represent lower energy level and appear before

reaching saturation density 0.16 fm−3 (3×1014 g/cm3), where a sequence of simplified shapes

from cylindrical, slab, cylindrical hole and spherical hole may appear as the ground state [67,

33]. It is a result of competition between Coulomb energy and surface energy of the nuclear

matter. However, sophisticated molecular simulations [70] or Hartree-Fock modeling [58]

may show more complicated structures in this regime. The outer core has uniform nuclear

matter begin with saturation density. The composition of the inner core is largely unknown

but many postulate pion condensate, hyperons [54] or even quark deconfinement [2] that

might appear beyond twice saturation density. In the last case, the neutron star has a quark

core and a nuclear mantle. Fig. 1.2 shows a schematic plot of neutron stars, where several

related properties are listed. Fig. 1.3 shows the phase diagram relevant for neutron stars.

Once given the microscopic description of the dense nucleonic matter P (ε), it is possible

to find out the mass radius (M-R) relation of spherical non-rotating neutron stars by solving

the Tolman-Oppenheimer-Volkoff (TOV) equations.

dP

dr
= −G [m(r) + 4πr3P/c2] [ε+ P/c2]

r [r − 2Gm(r)/c2]
(1.1)

dm

dr
= 4πεr2
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Figure 1.2: Structure of neutron stars with selected properties are given in Ref. [31]. The
observational limit on the frequency [19, 39] and surface magnetic fields [91, 47] are given
on the top left of the figure. The basic composition of each layer of the neutron star is given
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left of the figure. The red dots are nucleons and the blue dots are nuclei. Range of tidal
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given on the bottom right of the figure [77, 80].
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Figure 1.3: Phases in dense stellar matter form Ref. [49]. The cold neutron star matter(tens
of KeV) corresponds to bottom region of the plot. From left to right , the matter passes
through mixed phase, pasta phase and high density uniform phase.
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where two boundary conditions are necessary: m(r) = 0 and P (r = 0) = P0. Then, the

solution of the equations will give a mass and pressure profile m(r) with the pressure being

zero at some point when r = R, giving the radius of the star. The equations also offer a

one-to-one correspondence between the EOS and the M-R relation, thus providing a way to

test the underlying nuclear physics through astronomical observations. There are a limited

number of observations which lead to constraints on neutron star masses and radii. First,

precise measurements of neutron star masses around 2 solar masses [20, 3, 18] set up a

lower limit for maximum neutron star mass. Secondly, simultaneous datasets on neutron

star mass and radius can be measured through either X-ray bursters with photospheric

radius expansion or transient low-mass X-ray binaries [61, 79]. Lastly, recent detection of

gravitational wave [53] and its electromagnetic counterpart [1] from binary neutron star

merger, GW170817, put constraints on the tidal deformability

Λ̃ =
16

3

(M1 + 12M2)M4
1 Λ1 + (M2 + 12M1)M4

2 Λ2

(M1 +M2)5 (1.2)

where separately

Λ1,2 =
2

3
k2

(
R1,2c

2

GM1,2

)5

(1.3)

The k2 here is the Love number depending on the structure of the neutron star. Analysis of

LIGO and Virgo results yield the chirp mass M = (M1M2)3/5 /M1/5 = 1.188+0.004
−0.002M� and

total mass M = M1 + M2 = 2.74+0.04
−0.01M�, where M1 and M2 are the companion masses.

Therefore, the way is two-folded. On the one hand, we confirm the results of our calculation

by checking with astrophysical data. We also use the astrophysical input to understand the

theory of nuclear matter.

1.4 The Equation of State of Hot and Dense Matter

The equation of state (EOS) relates pressure or free energy density to baryon densities (nB),

proton fraction (Ye), and temperature (T). in the following, we first express free energy

density as function of nB, Ye and T as f(nB, Ye, T ) and then compute energy density, pressure,

entropy and chemical potentials using thermodynamical relations. The reason is that the
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Figure 1.4: Temperatures and density profile (left panel) during a core-collapse supernova
simulation at 1s post bounce. The color-coding shows the electron fraction from Ref. [26].
Histograms of the thermodynamics conditions (right panel) experienced by matter during a
BNS merger from an equal mass merger simulation extending up to 40ms postmerger and
employing the DD2 EOS from Ref. [65]. Note nuclear saturation density n0 = 0.16 fm−3 =
2.7× 1014 g/cm3.

10



function form is consistent with df = µndnn + µpdnp − sdT . The weak equilibrium is not

assumed since the reaction timescale of weak interaction is longer compared to the thermal

equilibrium in the environment of simulations of core-collapse supernova and neutron star

mergers. The (nB,Ye,T) forms a three-dimensional parameter space and has to covers the

range explored by simulations. For supernova [25] and neutron star merger [50] simulations,

profiles show T varies from 0 to 100 MeV, baryon density from 10−12 to 2.0 fm−3 and proton

fraction from 0 to 0.6. Fig. 1.4 shows the temperature, density and proton fraction reached

for a supernova simulation in 1s post bounce. In general, astrophysical simulations use EOS

of dense matter as microscopic input in tabular form, which cover the range mentioned

above.

There are several tabulated general purpose EOS available currently from CompOSE

(CompStar Online Supernova Equations of State) database [86]. The first set of EOSs,

developed by Lattimer and Swesty (LS) [52], was based on the liquid droplet model with

single-nucleus approximation. The parameters of the liquid droplet model come from three

different non-relativistic Skyrme interactions. Two of the three Skyrme interactions have

nuclear incompressibilities (K) far outside of modern constraints [94, 75]. The third, with

K = 220 MeV, has a combination of symmetry energy (S) and slope of the symmetry energy

(L) that are only slightly outside of current constraints ([24, 51, 41, 83]). The LS EOS with

K = 220 MeV also produces a 2 M� neutron star and is still important for simulations of

core-collapse supernovae and neutron star mergers.

The second set of EOSs came from H. Shen et al. [74] (STOS) (also using the single-

nucleus approximation) and was based on the NL3 relativistic mean-field Lagrangian. The

values of K and L for NL3 are much larger than current neutron star observations (see the

analysis in e.g., [79]) and nuclear theory [35] suggests.

While the single-nucleus approximation is sufficient to describe the bulk thermodynamics,

it does not in general accurately describe the composition [10, 40, 7, 59, 4, 76] and the

associated weak reaction rates. More modern EOS tables often include a more complete

nuclear distribution as a result.

The third set from G. Shen et al. [73] (SHT) includes an EOS table based on a more

modern relativistic mean-field model, “FSUGold” [84], and goes beyond the single nucleus
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approximation to include a full distribution of nuclei in nuclear statistical equilibrium (NSE).

This model has values of K, L and S that are within recent constraints from experiments

and (in later versions) produce a neutron star maximum mass larger than 2 M�. These

EOSs based on FSUGold include more modern nuclear physics input, including a proper

treatment of nearly non-degenerate matter that matches the virial expansion.

The fourth set of EOS tables was based on the work of Hempel (HS) and others [36] that

built upon several nucleon-nucleon interactions which produce reasonable values of K, S and

L and generate 2 M� neutron stars, including FSUGold, DD2 [87], IUFSU [23], SFHo [78]

and SFHx [78]. The latter two interactions were designed to simultaneously match laboratory

nuclei and give neutron star radii that match astronomical observations of neutron stars [79].

The fifth set is from Furusawa et al. [28] (FYSS) with a full distribution of nuclei in

NSE. Phase transitions are considered by subtracting Coulomb terms out of nuclear masses

from an empirical mass table and geometric functions are used for interpolation between

nuclei phase and spherical hole phase. In a later paper [27], in-medium effects are taken into

account phenomenologically.

In Chapter 4, we will compare our EOS with the other EOS mentioned above and examine

the nuclear distributions at sub-nuclear densities.
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Chapter 2

Homogeneous model for nuclear

mater

2.1 Introduction

Over this large three-dimensional (nB, Ye, T ) space, there are several different physical

regimes each constrained by different observables and theoretical approaches. The first

regime, zero temperature nuclear matter at nuclear saturation density, is closely connected

to nuclear masses, charge radii, giant resonances, and other laboratory observables. Global

fits to experimental data have been performed with Skyrme (e.g., Ref. [48]) and covariant

mean-field models (e.g., Ref. [69]). The second regime, cold neutron matter below nuclear

saturation density, is difficult to probe experimentally but is well-constrained by theoretical

calculations based on semi-phenomenological nuclear forces or microscopic chiral effective

field theory-based interactions [30, 34, 15]. The third regime, strongly-interacting high-

temperature matter, is best described by interactions and many-body approaches similar to

those applied to cold neutron matter near saturation density [57, 89, 13, 21]. The fourth

regime, low-density and high-temperature matter that is nearly non-degenerate, is best

described by the virial expansion. The equation of state in this regime is determined from

nucleon-nucleon scattering phase shifts [45, 44]. Finally, neutron-rich matter at densities

above twice saturation density is most strongly constrained by observations of neutron star

masses and radii, particularly the observation of neutron stars with M ' 2M� [20, 3].

13



In this chapter, we construct a phenomenological free energy density that is consistent

with observational and theoretical constraints in the five aforementioned physical regimes.

This is in contrast to works that attempt to describe matter over the entire density and

temperature range with a single detailed model of the nucleon-nucleon interaction. Many

previous works proceed this way using a Skyrme-based or relativistic mean-field model to

describe matter at all densities and temperatures. The principal problem is that these models

are guaranteed to work well only for isospin-symmetric nuclear matter at zero temperature.

Extrapolating these models to other density and temperature regimes may lead to inaccurate

EOS results or may introduce unphysical correlations between the nature of matter across

different regimes. For example, given a Skyrme model it is common to observe that the

nuclear incompressibility is correlated with the maximum mass of neutron stars. Such a

correlation has little physical meaning, however, since the neutron star maximum mass is

determined by interactions in high-density matter that likely have little similarity to nucleons

in the laboratory (see a similar argument in Ref. [64]). We avoid extrapolations where

possible, but some extrapolation will still be required where experimental and theoretical

guidance is lacking. Fig. 2.1 shows a schematic plot of the five different regimes we mentioned

above and source of uncertainties associated with them.

Our second advance is in the treatment of uncertainties. The most relevant parameters

which describe the uncertainties in different density and temperature regimes are not clearly

related. The virial expansion provides a clear path forward for describing uncertainties at

low-density and high-temperature, but higher-order virial terms are not necessarily useful

for quantifying uncertainties at higher densities. In this chapter, through the construction

of a phenomenological model one can vary uncertainties in different regimes independently,

without spoiling agreement elsewhere.

2.1.1 Choice of parameters

The EOS table is constructed by combining an EOS for homogenous nucleonic matter

consisting only of neutrons and protons. The EOS is written in the form of the Helmholtz

free energy (including only the contribution from nucleons) fnp(nB, Ye, T ). In the discussion

below, we remove the nucleon rest mass contributions from the free energy densities and
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Figure 2.1: Schematic plot of uncertainty from five different regimes and uncertainties.

chemical potentials and use a tilde when these rest mass contributions are included, i.e.

f̃np(nB, Ye, T ) ≡ fnp(nB, Ye, T )

+nB [(1− Ye)mn + Yemp] , (2.1)

where mn and mp are the neutron and proton masses. When electrons are included, their

rest mass contribution to the free energy is also included. We ignore muons because they

are rarely included in simulations [60]. We also ignore exotic particles at higher densities.

Thus the proton fraction, xp, is always equal to the electron fraction, Ye.

15



2.2 Virial expansion for nuclear matter at high tem-

perature

2.2.1 Thermodynamic quantities

The virial expansion is a model-independent way of describing systems of dilute gas. It in

general treats both bound states and scattering resonances by including mixed terms among

different constituents. [45, 44, 72]. With a system consists of protons and neutrons, the

grand partition function Q can be expanded as a series of fugacities, which are defined by

zi = exp(µi/T ) i = n, p. The validity of the expansion is justified when zi � 1. The

thermodynamic pressure, which is related to the logarithm of the grand partition function

is
P

T
=

logQ

V
=

2

λ3

[
zn + zp +

(
z2
n + z2

p

)
bn + 2zpznbpn +O(z3

i )
]

(2.2)

where λ is the thermal wavelength of nucleons λ ≡ [4π/ (mnT +mpT )]1/2. The difference

caused by the mass of protons and neutrons is ignored for simplicity.

The number densities of nucleons are obtained by taking derivatives with respect to zn

and zp, separately.

ni = zi

(
∂

∂zi

logQ
V

)
V,T

(2.3)

Therefore the system is described by the equations,

nn = 2λ−3 [zn + 2z2
nbn(T ) + 2znzpbpn(T )]

np = 2λ−3
[
zp + 2z2

pbn(T ) + 2znzpbpn(T )
] (2.4)

Following from thermodynamics, the entropy, energy density and free energy density can be

written as

s =
5P

2T
− nn log zn − np log zp +

2T

λ3

[(
z2
n + z2

p

)
b′n + 2zpznb

′
pn

]
ε = Ts+

∑
i=n,p

niµi − P

=
3

2
P +

2T 2

λ3

[(
z2
n + z2

p

)
b′n + 2zpznb

′
pn

]
f = ε− Ts

(2.5)
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2.2.2 Virial coefficients

The second virial coefficients describing z2 terms, bn ≈ bp and bpn, can be computed by

integrating over all partial waves of two-body elastic scattering phase shifts. The integrals

are given by

bn(T ) =
1

21/2πT

∫ ∞
0

dEe−E/2T δtot
n (E)− 2−5/2 (2.6)

and

bpn(T ) = bnuc(T )− bn(T )

bnuc(T ) =
1

23/2πT

∫ ∞
0

dEe−E/2T δtot
nuc(E)− 2−5/2

(2.7)

Here the term −2−5/2 comes from contributions of the quantum effect of free Fermi gas.

Different from Ref. [45] , here the term 3
21/2

(
eEd/T − 1

)
is taken out since it represents

the deuteron contribution. It will be added back when the full ensemble of nuclei are

included through nuclear statistical equilibrium. The estimation of phase shifts has to include

spin/isospin degeneracy factors of 2J + 1 or 2T + 1 for each separate state and are given by

δtot
n (E) =

∑
S,L,J

(2J + 1)δ2S+1LJ
(E) (2.8)

δtot
nuc(E) =

∑
S,L,J

(2J + 1)(2T + 1)δ2S+1LJ
(E) (2.9)

The third virial coefficients are related to nucleon-deuteron and three-nucleon interactions

and are not well known. However, they correspond to higher order contributions and are

relatively small.

Numerical results can be computed with NN or NP phase shifts from the Nijmegen partial

wave analysis. In order to gain continuous expressions, we employ analytical fits similar to

those in Ref.[46], but in order to their divergence behavior at T → 0, we constrain the fit to

match the finite-range expansion results for T < 1 MeV. The values of the virial coefficients

at high temperature are not well-known, so we arbitrarily constrain the fits so that the virial

coefficients give the value expected for noninteracting fermions at T = 150 MeV. For neutron

17



Table 2.1: Virial coefficient bn obtained from partial wave analysis used for the virial EOS
in this work.

parameter value
b0 0.28745
b1 2.2006 × 10−3 MeV−1

b2 −2.6210 × 10−5 MeV−2

b3 6.0617 × 10−8 MeV−3

b4 1.0595 × 10−2

b5 5.6734 × 10−2 MeV−2

b6 3.4925 MeV
b7 −2.7106 × 10−3

b8 3.1405 MeV−1

b9 1.2010 MeV

matter virial coefficient, three points were added at T= 0.1, 0.5 and 150 MeV, separately.

k cot δ = −1

a
+

1

2
reffk

2 (2.10)

For T = 0.1 and 0.5 MeV, only 1S0 is significant. Scattering length a = −18.9 fm and

effective range reff = 2.75 fm are determined from Ref. [32]. For T = 150 MeV, non-

interacting quantum result is used. The bn is fitted to a 10-parameter functional form.

bn(T ) =b0 + b1T + b2T
2 + b3T

3 + b4e
−b5(T−b6)2

+ b7e
−b8(T−b9)

(2.11)

where the coefficients are showed in Table. 2.1.

The dominant contribution of phase shift comes from both 1S0 and 3S1. Therefore the

higher-order phase shift are ignored in finite-range expansion. We use the scattering length

−23.74 fm and effective range 2.77 fm for 1S0 channel[32] and the scattering length 5.418 fm

and effective range 1.833 fm for the 3S1 channel from Ref.[63]. The fit for bpn is

bpn(T ) = c0e
−c1(T+c2)2 + c3e

−c4(T+c5) (2.12)

where the coefficients are showed in Table. 2.2. The data and the fit are shown in Fig. 2.2.
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Table 2.2: Virial coefficient bpn obtained from partial wave analysis used for the virial EOS
in this work.

parameter value
c0 1.5273
c1 1.7488 × 10−4 MeV−2

c2 1.7550 × 101

c3 0.45104
c4 0.27513 MeV−1

c5 −1.1250 MeV

(a)
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Figure 2.2: Fit of virial coefficients to data. The points at T=0.1, 0.5 MeV are computed
through effective range expansion.
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2.3 Symmetric matter at saturation density

For symmetric matter at saturation density, one of the most commonly used potential models

is called the Skyrme model [88]. In this model, a three-body contact interaction is employed

v
(3)
123 = t3δ (~r1 − ~r2) δ (~r2 − ~r3) . (2.13)

The two-body interaction comes from a gaussian central force with exchange terms in

coordinate space.

V12 = e−(r12/µ)2 (W +BPσ −HPτ −MPσPτ ) (2.14)

The Pτ , Pσ stand for isopsin exchange and spin exchange operator defined as Pτ = 1
2
(1+τ̂ ·τ̂ ′)

and Pσ = 1
2
(1 + σ̂ · σ̂′), separately. The asymmetric requirement of fermion wave function

also demands the spacial exchange operator PrPτPσ = −1. Therefore, in fact PτPσ = −Pr.
With the recognition of formula (τ̂ · τ̂ ′)2 = 3 − 2τ̂ · τ̂ ′ (similar for spin), the above four

terms exhaust all possible terms one could come up with, which preserving usual invariance

requirements.

In momentum space, this becomes

v
(2)
12 =t0 (1 + x0Pσ) δ (~r1 − ~r2)

+
1

2
t1
[
δ (~r1 − ~r2) k2 + k2δ (~r1 − ~r2)

]
+ t2~k

′ · δ (~r1 − ~r2)~k + iW0 (~σ1 + ~σ2) · ~k′ × δ (~r1 −~r2)~k .

(2.15)

By applying time reversal invariance, the energy density is evaluated to be a functional

form [81].

H = HB +HG +HC +HJ (2.16)
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The first term, HB, which represents the bulk term, is density dependent.

HB =
~2

2mn

τn +
~2

2mp

τp + n (τn + τp)

[
t1
4

(
1 +

x1

2

)
+
t2
4

(
1 +

x2

2

)]
+ (τnnn + τpnp)

[
t2
4

(
1

2
+ x2

)
− t1

4

(
1

2
+ x1

)]
+
t0
2

[(
1 +

x0

2

)
n2 −

(
1

2
+ x0

)(
n2
n + n2

p

)]
+
t3
12

[(
1 +

x3

2

)
n2 −

(
1

2
+ x3

)(
n2
n + n2

p

)]
nε

(2.17)

HG is associated with the gradient of nuclear density and surface tension of the nucleus

HG =
1

2

[
Qnn

(
~∇nn

)2

+ 2Qnp
~∇nn · ~∇np +Qpp

(
~∇np

)2
]

(2.18)

where

Qnn = Qpp = 3
16

[t1 (1− x1)− t2 (1 + x2)]

Qnp = Qpn = 1
8

[
3t1
(
1 + x1

2

)
− t2

(
1 + x2

2

)] (2.19)

HC represents Coulomb interaction analogous to free electron gas. Since it is only related to

proton density, this part is directly added to the sum. The second part is exchange Coulomb

interaction.

HC(~r) =
e2np(~r)

2

∫
d3r′

np (~r′)

|~r − ~r′| −
3e2

4

(
3

π

)1/3

np(~r)
4/3 (2.20)

HJ is spin-orbit interaction

HJ = −W0

2

(
nn~∇ · ~Jn + np~∇ · ~Jp + n~∇ · ~J

)
+
t1
16

(
~J2
n + ~J2

p − x1
~J2
)
− t2

16

(
~J2
n + ~J2

p + x2
~J2
) (2.21)

The neutron spin-orbit density is defined as

~Jn =
neutron∑

i

ψ†i~σ × ~∇ψi (2.22)

and the total spin by

~J = ~Jn + ~Jp (2.23)
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Table 2.3: Parameters for Skyrme Hamiltonian iSkyrme = 738 from ∼1000 parametrization
in Ref. [48], where iSkyrme is the index.

t0 t1 t2 t3 x0

−2719.7 MeV fm3 417.64 MeV fm5 −66.687 MeV fm5 15042 MeV fm3(1+α) 0.16154
x1 x2 x3 α

-0.047986 0.027170 0.13611 0.14416

Since only homogeneous matter is considered, HC , HJ evaluates to be zero. The Skyrme

model can be fit to nuclear masses, charge radii and pair energies with Bayesian inference.

In this paper, a set of 1000 Skyrme parameterizations are selected from the posterior

distribution [48]. Table 2.3 shows one typical parameter set for the Skyrme Hamiltonian.

There is little information for symmetric nuclear matter above saturation densities both

in theory or experiment. For this reason, the Skyrme model is also extrapolated to higher

densities and temperatures naively. It is not guaranteed the model still holds in the

regime. The effective mass for nucleons could become negative for nB < 2 fm for some

parameterizations. These models are removed for consistency.

m∗/m = (1 + βn0)−1 , β =
M

2~2

[
1

4
(3t1 + 5t2) + t2x2

]
(2.24)

2.4 Pure neutron matter at/beyond saturation density

2.4.1 Quantum Monte Carlo method near saturation density

The Skyrme model is accurate in describing symmetric nuclear matter but it is not precise

enough for neutron matter. With realistic two-nucleon and three-nucleon interactions, the

non-perturbative many-body Hamiltonian of neutron matter can be solved with auxiliary

field diffusion Monte Carlo techniques [29]. In this model, the Hamiltonian is,

H = −∇
2

2m
+ V2n + V3n (2.25)
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The 2n potential uses Argone AV8’ , which is a phenomenological interaction constructed

to describe scattering data up to 600 MeV. The 3n potential includes s and p wave 2π

exchange forces, an intermediate-range 3π loops force and a spin-independent short-range

repulsive term. The ground state wave function and energy can be determined by evolving

the many-body Schrödinger equation in imaginary time in which Hubbard-Stratonovich

transformations are used to sample spin-isospin states. The method is first tested on light

nuclei like 16C and larger systems containing more than 100 nucleons are allowable later.

The predictions of quantum Monte Carlo result (hereafter GCR)can be fitted with a four-

parameter functional form.

εQMC (nB) = fQMC (nB)

=nB

[
a

(
nB
n0

)α
+ b

(
nB
n0

)β] (2.26)

The range for the parameters 0.47 < a < 0.53 and 12 MeV< α <13 MeV is chosen to include

the limits caused by different combination of 2n and 3n potentials similar to [77].

The symmetry energy S and its slope L strongly constrains the relation of symmetric

matter and pure neutron matter. The allowed region of S and L can be described by

(9.17S − 266MeV) < L < (14.3S− 379MeV) (2.27)

where the limit of L is between 44 and 65 MeV and the limit of S is 29.5 and 36.1

MeV as [77]. The region is derived from various independent sources including heavy ion

collision, giant dipole resonance, Sn neutron skin, 208Pb dipole polarizability and neutron

star observations. The Skyrme parametrization allowing computing S and L. some of them

are certainly too large and failed to account for such corrections and also make correlating

Skyrme results and quantum Monte Carlo results impossible. Those models are ignored for

simplicity. The coefficient b and β are determined by

b = S − a+ (E/A)sky

β = 1
b

(
L
3
− αa

) (2.28)
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where (E/A)sky is the binding energy per particle of nuclear matter from the Skyrme

interaction. The results will be combined by assuming the symmetry energy is quadratic in

xp.

2.4.2 Pure neutron matter at high densities

For neutron matter above saturation density, the uncertainty from quantum Monte Carlo

gradually accumulates, yet neutron star observations provide further constraints in that

region. The EOS here [79] is determined by a dataset of six neutron stars including three

type I X-ray bursters with photospheric radius expansion and three transient low-mass X-ray

binaries. Several Markov chains were constructed randomly via using GCR and Model A

(which models high-density matter using polytropes) based on the dataset mentioned above.

The Markov chains are fit to the form below.

εNS (nB) = fNS (nB) =p0nB
√
nB + p1n

2
B + p2n

2
B

√
nB

+ p3n
3
B + p4n

4
B

(2.29)

A set of 1000 fits are selected from the posterior distribution. In order to combine

the information from QMC near saturation density and information from neutron star

observations, we used a function h

h =
1

1 + exp
[
γ
(
nB − 3

2
n0

)] (2.30)

where γ = 20.0 fm−3, to interpolate between the two regimes.

2.5 Forcing the neutron star EOS to be causal

Simple extrapolation to higher density regime beyond neutron star data ends up breaking

causality. For zero temperature neutron matter, the speed of sound should be below 1.

c2
s =

(
dP

dε

)
nB

< 1 (2.31)
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Below the largest density plausible be reached by astrophysical simulations nB = 2 fm−3,

we employ a simple prescription from Constantinou and Prakash(hereafter C&P)[14]. The

EOS is determined by first choosing appropriate functions of c2
s between two end points,

the largest density nBf in the Markov chain dataset and nB = 2 fm−3. The function has

to be integrable since c2
s is related second order thermodynamic quantities. An additional

parameter φ, is added therefore c2
s(nB = 2 fm−3) = φ.

If the speed of sound is larger at nB = nBf , the c2
s is chosen to be a monotonic increasing

function,

c2
s = 1− a1 +

a1a2n
a1
B

1 + a2n
a1
B

(2.32)

the coefficient a1 and a2 is solved by matching c2
s(nBf ) and c2

s(nB = 2 fm−3) at both ends.

The function has property of c2
s → 0 for nB →∞. Integrating twice results in

εNS = −mnnB + c1

(
1

2
a2n

2
B +

n2−a1
B

2− a1

)
+ c2 (2.33)

where

c1 =
εf +mnnBf + Pf

n2
Bf

(
a2 + n−a1Bf

)
c2 =

1

2

[
(εf +mnnBf − Pf ) + a1

εf +mnnBf + Pf

(a1 − 2)
(
1 + a2n

a1
Bf

)] (2.34)

If on the contrary, the speed of sound is smaller at nB = nBf than nB = 2 fm−3, the c2
s is

c2
s = a1 −

a1a2n
a1
B

1 + a2n
a1
B

(2.35)

so when nB →∞, β → 0. The energy density is reconstructed to be

εNS =
c1nB2F1

(
1,− 1

a1
, 1− 1

a1
,−n

−a1
B

a2

)
a2

+ c2 −mnnB (2.36)
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where 2F1 hyper-geometric function after Pfaff’s transformation. The coefficients c1 and c2

are defined as

c1 = n−a1−1
Bf

(
a2n

a1
Bf

+ 1
) (
εf +mnnBf

+ Pf
)

c2 = n−a1Bf

[
a2n

a1
Bf

(
εf +mnnBf

)
−
(
a2n

a1
Bf

+ 1
)

2
F1

(
1,− 1

a1
, 1− 1

a1
,−n

−a1
B

a2

)
(
εf +mnnBf

+ Pf
)]

1
a2

(2.37)

When a rare case c2
s (nBf ) = φ = c2

s

(
nB = 2fm−3

)
happens, the c2

s is set to be a constant

then. In such case,

εNS =−mnnB +

(
εf +mnnBf

+ Pf
)(

1 + C2
sf

) (
nB
nBf

)1+C2
sf

+
C2
sf

(
εf +mnnBf

)
− Pf

1 + C2
sf

(2.38)

The speed of sound is constrained to be no larger than the speed of light through the above

procedure. In section 2.8, we will enforce casuality similarly for the whole EOS for a finite

temperature and multiple components system. It is equivalent to solving a partial differential

equation in three-dimensional space subject to arbitrary boundary conditions. No analytical

solution exists in that case, therefore numerical solutions are used instead.

2.6 Hot nuclear matter near saturation density

Nuclear two- and three-body forces based on chiral effective theory have shown great progress

in computing the EOS of matter near nuclear saturation. In such case, the usual imaginary-

time Matsubara sum based on the grand canonical ensemble does not apply since the system

is unstable with phase mixing. The Kohn-Luttinger-Ward formalism is constructed through

the canonical ensemble [90, 89]. The results is calculated separately for symmetric nuclear

and pure neutron matter. It is fitted with the Skyrme interaction. Table 2.4 shows the

coefficient of the interaction. In order to preserve the uncertainty at zero temperature, we fit

only the finite-temperature correction from the chiral EOS. The finite temperature correction
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Table 2.4: Skyrme parameters obtained from the chiral EOS used for the finite-temperature
corrections in this work.

parameter value
x0 4.19756 × 101

x1 −6.94792 × 10−2

x2 4.19202 × 10−1

x3 −2.87797 × 101

t0 9.99928 × 105 MeV fm3

t1 3.54185 × 102 MeV fm5

t2 −9.31632 × 101 MeV fm5

t3 −3.83996 × 107 MeV fm3(1+α)

α 1.44165 × 10−1

is therefore added on top of our EOS.

∆fhot (nB, xp, T ) ≡ fhot (nB, xp, T )− fhot (nB, xp, T = 0) (2.39)

The results contain only two proton fraction, namely xp = 0 and xp = 1/2. We assume

the correction is quadratic in isospin asymmetry, δ. As is showed in Ref. the quadratic

approximation is a good approximation in most nB and T regimes. Similar to the zero

temperature case, the EOS of hot nuclear matter at saturation density is extrapolated to

higher densities. This might lead to unphysical results in some regimes, as will be shown in

Fig. 3.2 , some of the high density and high temperature region, ds/dT < 0. Fortunately,

this is fixed by the speed of sound correction there.

2.7 Full combined EOS

First, we combine the virial EOS for non-degenerate matter at subnuclear densities and the

EOS for degenerate matter through

fnp (nB, xp, T ) =fvirial (nB, xp, T ) g

+ fdeg (nB, xp, T ) (1− g)
(2.40)

27



fvirial is the virial free energy density and fdeg stands for the free energy density when either

neutrons or protons are sufficiently degenerate. The function g is defined by

g ≡ 1/
(
1 + 10z2

n + 10z2
p

)
(2.41)

The interpolation ensures when virial expansion holds and zi � 1, fdeg has leading terms in

order of O(z6
i ), since fdeg ∝ z2

i and 1 − g ∝ z4
i . The second term in consequence does not

alter the virial results. The coefficient 10 enables a relatively fast transition so the entropy

is positive in the entire region. The free energy density of degenerate matter can be divided

into two parts, the zero temperature EOS and finite temperature correction from Chiral

effective field theory.

fdeg (nB, xp, T ) =fSkyrme (nB, xp = 1/2, T = 0) + δ2εsym (nB) +

+ δ2∆fhot (nB, xp = 0, T ) +
(
1− δ2

)
∆fhot (nB, xp = 1/2, T )

(2.42)

Previously, the EOS for zero temperature pure neutron matter is a combination of quantum

Monte Carlo results at saturation density and neutron star EOS. This is included in the

symmetric energy density to ensure the correlation relation between symmetry energy S and

its slope L.

εsym (nB) =h (nB) εQMC (nB) + [1− h (nB)] εNS (nB)

− fSkyrme (nB, xp = 1/2, T = 0)
(2.43)
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Using this formalism, the chemical potentials and entropy can be computed directly:

∂fdeg

∂nn
=

1

2
µn,Skyrme (nB, xp = 1/2, T = 0)

+
1

2
µp,Skyrme (nB, xp = 1/2, T = 0)

+ δ2∂εsym

∂nB
+

2δ(1− δ)
nB

εsym

+
2δ(1− δ)

nB
∆fhot (nB, xp = 0, T )

+ δ2∆µn,hot (nB, xp = 0, T )

− 2δ(1− δ)
nB

∆fhot (nB, xp = 1/2, T )

+
(
1− δ2

)
∆µn,hot (nB, xp = 1/2, T )

(2.44)

∂fdeg

∂np
=

1

2
µp, Skyrme (nB, xp = 1/2, T = 0)

+
1

2
µn, Skyrme (nB, xp = 1/2, T = 0)

+ δ2∂εsym

∂nB
− 2δ(1 + δ)

nB
εsym

− 2δ(1 + δ)

nB
∆fhot (nB, xp = 0, T )

+ δ2∆µp,hot (nB, xp = 0, T )

+
2δ(1 + δ)

nB
∆fhot (nB, xp = 1/2, T )

+
(
1− δ2

)
∆µp,hot (nB, xp = 1/2, T )

(2.45)

s =
∂fdeg

∂T
=− δ2 − shot (nB, xp = 0, T )−(

1− δ2
)
shot (nB, xp = 1/2, T )

(2.46)

and
∂εsym

∂nB
=h′ (nB) εQMC (nB) + h (nB) ε′QMC (nB)

− h′ (nB) εNS (nB) + [1− h (nB)] ε′NS (nB) +

− 1

2
[µn, Skyrme (nB, xp = 1/2, T = 0)

+µp, Skyrme (nB, xp = 1/2, T = 0)]

(2.47)
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2.8 Results of homogeneous matter

In sum, there are five parameters in total in this model. The a and α come from QMC

functional form. Symmetry energy S and its slope L constrict the relation between symmetric

nuclear matter and pure neutron matter. The quantity φ determines the form and asymptotic

value of c2
s in C&P prescription. Besides, two indices are used to selected models from

UNDEF2 parameterizations and Markov chains constructed on neutron star data.

2.8.1 Comparisons to limiting forms

Fig. 2.3 compare the result of EOS with its various limiting forms. One single parameter

set is chosen randomly for the three cases. The left panel shows free energy per nucleon

labeled as ftotal/nB compared to virial expansion at low density, high temperature in the non-

degenerate limit. zn and zp are plot in the same panel. It is clear when both zn and zp → 0,

the full results smoothly match the virial EOS. The middle panel shows ftotal/nB compared

to Quantum Monte Carlo results and neutron star EOS. The yellow curve corresponds to

h function 2.30 mentioned before. Again ftotal/nB transits from fqmc/nB to fns/nB as nB

increases. The right panel compares the full results at T = 10MeV with zero temperature

results only from Skyrme model. Small corrections due to finite temperature are presented

which corresponds to the terms in the second line of Eq. 2.42.

2.8.2 Probability distributions from Monte Carlo simulations

Once the uncertainty of EOS is determined in each regime above, we can generate a

distribution of EOSs by randomly selecting the 7 parameters α, a, S, L, index for Skyrme

model and index for neutron star model. The Skyrme model is fitted to reproducing the

charge radii and masses of various nuclei using Bayesian inference, but only the bulk matter

terms are retained since we are only interested in the homogeneous matter. The neutron

star model reproduces statistically allowed polytropic EOSs simultaneously matching data

from photospheric radius expansion X-ray bursts and quiescent low-mass X-ray binaries.

Fig. 2.4 shows the variation of free energy per nucleon in the non-degenerate matter

where the dominant contribution comes from virial expansion. The uncertainty is relatively
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Figure 2.3: Three figures which show how the full EOS compares to the limiting forms.
The left panel compares the full free energy to the result from the virial expansion and
shows that they match at lower densities where the fugacities are much smaller than 1. The
middle panel shows that the result for neutron matter matches the QMC free energy at low
densities, the neutron star free energy at densities reached in the neutron star interiors, and
is softened at high densities to ensure a speed of sound less than the speed of light. The
right panel shows that free energy starts to deviate from the Skyrme interaction at higher
temperatures as the corrections from the chiral EOS begin to contribute. These panels show
the result from one of many EOSs generated in this work.
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Figure 2.4: The probability distribution for the free energy per baryon at nB = 0.004 fm−3,
Ye = 0.5, and T = 10 MeV.
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Figure 2.5: The probability distribution for the free energy per baryon at nB = 0.16 fm−3,
Ye = 0.01, and T = 0.1 MeV.
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Figure 2.6: The probability distribution for the free energy per baryon at nB = 0.16 fm−3,
Ye = 0.01, and T = 10 MeV.
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Figure 2.7: The probability distribution for the free energy per baryon at nB = 0.48 fm−3,
Ye = 0.10, and T = 0.1 MeV.
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Figure 2.8: The probability distribution for the free energy per baryon at nB = 0.48 fm−3,
Ye = 0.5, and T = 0.1 MeV.
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Figure 2.9: Density plots showing the free energy per baryon for matter at Ye = 0.1 and
Ye = 0.4 over the full range of densities and temperatures considered in this work for one
parameterization. Points with a free energy per baryon less than −1000 MeV are set equal
to −1000 MeV to make the high-density behavior more clear. The main variation in the
free energy per baryon from the lower-right region to the upper-left region in these plots is
dominated by the virial contribution to the EOS. The degenerate part of the EOS is clear in
the large increase in the free energy per baryon on the right-hand boundary (at large baryon
densities).
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small in this region. The distribution is not completely continuous on the right side, which

originated from the limited sampling size of Skyrme fits.

Fig. 2.5 shows the variation for nearly pure neutron matter in the limit of zero

temperature. The distribution is centered around 16 MeV, ranging from 13 to 18 MeV.

The vertical lines showing results of other EOSs are plot also, including LS220, SFHo, SFHx

and IUSFU. Those models less than 13 MeV are excluded by our model because they have

symmetry energy less than 29.5 MeV.

Fig. 2.6 shows the distribution in the free energy per baryon at a slightly larger

temperature, and the entropy contribution drops the free energy per baryon in each case. In

comparison to the results from Fig. 2.5, the LS220 free energy per particle drops more than

SFHo or SFHx because its effective mass (equal to the nucleon mass) is larger than that in

SFHo/x (about 0.7 times the nucleon mass). The effective mass can be computed from the

chiral interaction directly [43, 42], and close to the Fermi surface it is found to be nearly equal

to the free-space nucleon mass. Second-order many-body perturbation theory contributions,

however, produce a strong momentum dependence in this region, and averaging around

k = kF the effective mass is about 0.85 times the free-space nucleon mass. The distribution

in Fig. 2.6 is thus larger than LS220 because of the smaller symmetry energy (S = 28.6 MeV)

and larger effective mass in the LS220 EOS.

Fig. 2.7 shows the probability distribution for the low-temperature neutron-rich matter

free energy per baryon at higher densities. There is clearly a much larger spread in the free

energy per baryon, corresponding to our larger ignorance regarding the nature of matter

at higher density. While all models LS220, SFHo, SFHx and IUFSU are inside the region

suggested by our parameterization, our distribution leans towards smaller values of the free

energy because of the constraint from relatively small neutron star radii.

Fig. 2.8 shows low-temperature nuclear matter at higher densities. The non-smooth

nature of the distribution is due to the small statistics afforded by the limited number

of Skyrme models we have employed. IUFSU suggests a larger free energy here because

it originates in a relativistic mean field model which tends to give larger pressures than

the non-relativistic models like Skyrme. This region of parameter space is almost entirely

unconstrained by experiment, since it is not possible to make cold isospin symmetric matter
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at this density. However, dense isospin-symmetric matter is not as relevant for this work

since simulations are typically neutron-rich at high density.

Fig. 2.9 shows the free energy per baryon for one of our parameterizations as a

function of baryon density and temperature for two electron fractions. Using the formalism

presented in this work, thousands of similar density plots can be generated with alternate

parameterizations. The largest variation between parameterizations is in the free energy per

particle at high density which changes with the “stiffness” of the EOS.
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Chapter 3

Enforcing causality at high density

The speed of sound, cs temperatures. When this is condition is violated, we say that the

EOS is “acausal”. When non-relativistic models are naively extrapolated to high density,

most models are acausal by the time nB exceeds 10 n0. Hydrodynamic simulations not

only generate unphysical results but also could crush when the EOS is “acausal”. In the

previous chapter, we applied a prescription for zero temperature pure neutron matter with

C&P prescription [14], which contains only one variable nB. This is equivalent to solving

an ordinary differential equation. Integrate the equation twice gives Eq. 2.38, where the

integral constants were chosen to match the boundary condition at nB = nBf .

To generalize to a multi-component finite temperature system, an essential step is to

ensure at each proton fraction and temperature, the speed of sound is less than the speed

of light. Thus at each Ye and T, a similar step has to be performed. However, the entropy

and free energy density have not yet been recovered. Thermodynamic consistency must be

preserved in Ye and T direction so that µn, µp and S are continuous in those two directions.

Solving the problem is equivalent to solving a partial differential equation with three variables

nB, Ye and T subject to the boundary condition c2
s(n
∗
B, Ye, T ) = 1.0. An analytical solution

does not exist in general, so we solve these equations numerically. The following section is

taken from Ref. [22].
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3.1 Numerical methods

We denote the baryon density as n∗B, whenever the speed of sound is larger than the speed

of light. To allow for finite precision errors in astrophysical simulations, a more conservative

limit is applied, namely c2
s < 0.9. The simplest case in C&P prescription would be setting

the c2
s to be a constant, equivalent to the case described in chapter 2.5.

We replace the EOS with such a casual EOS and the modified free energy density can

be expressed as

f̃all = f̃npeγΘ (n∗B − nB) + f̃C&PΘ (nB − n∗B) (3.1)

where the electron and photon contribution is included along with neutrons and protons in

fnpeγ and the free energy density is added a tilde on top denoting we added the rest mass

term. The Θ function guarantees that the old Helmholtz free energy density is replaced by

C&P solutions after n∗B. A couple of new symbols are introduced here to distinguish different

thermodynamical quantities. We were using ε for energy density, ε is used when rest mass

is included. S denotes for entropy, s for entropy density and s̃ for entropy per nucleon. The

speed of sound is

c2
s =

(
dP

dε

)
s̃,NB ,Ne

=

(
dP

dε

)
s̃,NB ,Ye

(3.2)

where s̃ = S/NB = s/nB, Ye = Ne/NB.

As is showed in the appendices, it can be computed by

c2
s =

[∑
i

∑
k

nink
(
fnink

− fnkTfniTf
−1
TT

)
−2
∑
i

snifniTf
−1
TT − s2f−1

TT

](
Ts+

∑
i

µini

)−1

. (3.3)

where i sums over n,p,e,γ. The C&P derivation begins by noting that

P = −ε+ nB

(
∂ε

∂nB

)
s̃,NB ,Ye

. (3.4)
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To see this we can write

(
∂ε

∂nB

)
s̃,NB ,Ye

=

[
∂(E/V )

∂V

]
S,NB ,Ye

[
∂(NB/V )

∂V

]−1

S,NB ,Ye

=

(
−P
V
− E

V 2

)(
−NB

V 2

)−1

=
(P + ε)

nB
. (3.5)

Taking the derivative of Eq. (3.4), we can also rewrite the pressure as a second derivative

(
∂P

∂nB

)
s̃,NB ,Ye

= −
(
∂ε

∂nB

)
s̃,NB ,Ye

+

(
∂ε

∂nB

)
s̃,NB ,Ye

+nB

(
∂2ε

∂n2
B

)
s̃,NB ,Ye

(3.6)

= nB

(
∂2ε

∂n2
B

)
s̃,NB ,Ye

. (3.7)

Thus we can proceed as C&P do,

(
∂2ε

∂n2
B

)
s̃,NB ,Ye

− c2
s

nB

(
∂ε

∂nB

)
s̃,NB ,Ye

= 0. (3.8)

Following the analytical continuation, at every value of s̃, NB, and Ye in the acausal

region, we can use the C&P solution

εC&P (s̃, nB, NB, Ye) =

[
ε∗(s̃, NB, Ye) + P ∗(s̃, NB, Ye)

β + 1

]
×
[

nB
n∗B(s̃, NB, Ne)

]β+1

(3.9)

+

[
βε∗(s̃, NB, Ye)− P ∗(s̃, NB, Ye)

β + 1

]
. (3.10)

If we assume that ε∗, P ∗, and n∗B are volume independent, then since they are determined

at a fixed value of nB, they cannot separately depend on NB. Thus the full energy density
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also does not depend on NB. To show this explicitly, we start from

E = µBNB + µLNBYe + TS − PV,

dE = (µB + µLYe + T s̃) dNB + µLNBdYe

+TNBds̃− PdV. (3.11)

where µL ≡ µp + µe − µn. On the right hand side,

dV =
1

nB
dNB −

NB

nB2
dnB (3.12)

and on the left hand side,

dE = d

(
ε
NB

nB

)
=
NB

nB
dε+

ε

nB
dNB −

εNB

nB2
dnB. (3.13)

Substituting the above two equations back into Eq. (3.11), we find

dε = µLnBdYe + TnBds̃+ (µB + µLYe + T s̃) dnB (3.14)

and the NB dependence disappears. Therefore εC&P (s̃, nB, NB, Ye) = εC&P (s̃, nB, Ye):

εC&P (s̃, nB, Ye) =

[
ε∗(s̃, Ye) + P ∗(s̃, Ye)

β + 1

] [
nB

n∗B(s̃, Ye)

]β+1

+

[
βε∗(s̃, Ye)− P ∗(s̃, Ye)

β + 1

]
. (3.15)

We also find (
∂εC&P

∂Ye

)
s̃,nB

= µLnB, (3.16)

(
∂εC&P

∂s̃

)
nB ,Ye

= TnB, (3.17)

(
∂εC&P

∂nB

)
s̃,Ye

= µB + µLYe + T s̃. (3.18)
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We choose to use this solution above the value of nB, denoted n∗B(s̃, Ye), for which c2
s = β.

From Eq. (3.17) the temperature is

T =
1

nB

(
∂εC&P

∂s̃

)
nB ,Ye

. (3.19)

We choose to use this solution above the value of nB, denoted n∗B(s̃, Ye), for which c2
s = β.

Thus computing the temperature using the method in Ref. [14] requires evaluating

derivatives of the form (∂n∗B/∂s̃)Ye . These derivatives are computed along the surface

for which the speed of sound is equal to its largest possible value (which we set to 0.9).

Because the speed of sound requires two derivatives of the free energy, these derivatives

(derivatives along a line of constant c2
s) require third derivatives of the free energy. The

chemical potentials require a similar calculation based on Eqs. (3.16) and (3.18) which we

do not explicitly show here.

The numerical evaluation of third derivatives introduces quite a bit of noise. Our

phenomenological formalism ensures that these derivatives can be computed analytically.

We leave this calculation to future work. In the mean time, we can more easily compute

the temperature by an indirect approach. Presuming we would like to compute the EOS at

some fixed values of the baryon density n̂B, electron fraction Ŷe, and temperature T̂ , one

needs to solve the five equations

c2
s,DS(n∗B1, Ŷe, T1

∗) = β ,

c2
s,DS(n∗B2, Ŷe, T2

∗) = β ,

s̃DS

(
n∗B1, Ŷe, T1

∗
)

= s̃ ,

s̃DS

(
n∗B2, Ŷe, T2

∗
)

= s̃+ δs̃ ,

1

n̂B

εC&P(s̃+ δs̃, Ŷe, nB)− εC&P(s̃, Ŷe, nB)

δs̃
= T̂ (3.20)

for the five values n∗B1, n
∗
B2, T

∗
1 , T

∗
2 , and s̃ given some small fixed stepsize in the entropy per

baryon, δs̃. Here “DS” denotes our EOS while “C&P” denotes Eq. (3.9) from Ref. [14]. The

required numerical derivatives to compute the temperature in the last equation of Eq. (3.20)

can then be computed directly from finite differences. By solving the five equations above,
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Figure 3.1: Values of nB and cs
2 explored by the EOS at Ye = 0.1 and s̃=0.5, The different

curves represent models which differ only by a different value of the parameter φ.

we get s̃C&P

(
n̂B, Ŷe, T̂

)
, and then

f̃C&P

(
n̂B, Ŷe, T̂

)
= εC&P − T̂ n̂B s̃C&P

(
n̂B, Ŷe, T̂

)
. (3.21)

3.2 Results

Since accurate neutron star radii have not yet been measured for large mass neutron stars, the

speed of sound of matter at the highest densities probed in supernova and merger simulations

is not constrained by experiment. We have parameterized this variation with φ. However, the

speed of sound must increase at moderate densities in order to reproduce the observation

of a two solar mass neutron star. Fig. 3.1 shows the behavior of the speed of sound in

neutron-rich matter between nB = 0.1 fm−3 and nB = 2 fm−3 and demonstrates these two

regimes. The speed of sound must increase quickly below 1 fm−3 to ensure that the neutron
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Figure 3.2: Values of nB and cs
2 explored by the EOS at Ye = 0.4 and s̃=0.5, The different

curves represent randomly selected models. Most of them have two kinks. The first one
(often very slight) is the residual impact of fixing the speed of sound in neutron matter at
high densities to φ as shown in Fig. 3.1. The second kink between 1.3 < n∗B < 1.8 fm−3 is
due to the use of the C&P prescription to decrease the speed of sound above nB = n∗B.
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Figure 3.3: Contour plot of ds/dT as a function of nB and T explored by the EOS for one
of our EOS parameterizations. The speed of sound correction from the C&P prescription
has not yet been applied. The blue line indicates the value nB = n∗B. The region above this
line is replaced with the C&P EOS (including the region where ds/dT < 0).
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star maximum mass is sufficiently large [6], and the speed of sound at higher densities varies

considerably depending on the value of φ. We restrict the speed of sound to be less than

c
√

0.9 to ensure finite-precision errors in simulations do not create unphysical sound speeds.

In high-density isospin-symmetric matter, the speed of sound is dominated by the

Skyrme model used for isospin-symmetric matter near the saturation density. This region is

principally constrained to have a speed of sound less than c
√

0.9 by our implementation of

the prescription from Ref. [14] as described in section 2.5. This is shown in Fig. 3.2. There

is also a slight residual impact from the modification in the speed of sound from φ at values

of Ye which are nearly but not exactly equal to 1/2, so there are some slight kinks in the

curves in Fig. 3.2 near nB = 1 fm−3.

At sufficiently high density, the entropy from the chiral EOS begins decreasing with

increasing temperature. Because of the presence of ds/dT in the speed of sound (see fTT

in the denominator of Eq. (13)), this unstable region implies a large speed of sound. Our

use of the C&P prescription thus cures this instability in the extrapolated form of the finite-

temperature corrections from the chiral EOS. This is demonstrated in Fig. 3.3, which shows

contours of fixed ds/dT . This derivative becomes negative in the upper right region, but

this is always at a density larger than n∗B where the C&P EOS takes over.

As a final demonstration that our implementation of the C&P prescription generates a

continuous EOS, we show the entropy as a function of density for several fixed temperatures

in Fig. 3.4. Our EOS above is used for densities below n∗B (indicated by the red dot) and

the C&P EOS is used for densities above n∗B. It appears in this plot that n∗B is independent

of temperature, but this is not exactly true as there is a weak temperature dependence

as shown in Fig. 3.3. We have found that solving Eqs. (3.20) is numerically challenging

because of the numerical derivatives involved in computing the speed of sound (we use exact

expressions for the entropy and chemical potentials but numerical differentiation for the

number susceptibilities and other second derivatives of the free energy). The combination of

the numerical derivatives plus the numerical noise in the Newton-Raphson method used to

solve Eqs. (3.20) leads to a bit of noise in the entropy at large densities. Future work will use

exact expressions for second derivatives of the free energy and thus facilitate the correction

to the speed of sound.
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Chapter 4

EOS with nuclei

4.1 Introduction

Nuclear matter at subnuclear densities is unstable and tends to form clusters. Virial

expansion describes the cluster formation through nucleonic interaction in terms of bound

and resonance states in equal footing [45, 44]. However, this requires knowledge of computing

higher order termsO(z6) poorly known at the moment [62], where three-body and even many-

body terms start to play roles in the expansion. The cluster formation also can be introduced

explicitly by adding a full ensemble of nuclei in the system with binding energies from either

experimental measurements or theoretical calculations in dilute gas, when interactions among

nucleons and nuclei can be safely ignored. In such case, nuclear statistical equilibrium (NSE)

is reached thermodynamically in the system. NSE works as long as fugacities of nuclei are

small enough zi � 1, which approximately holds for nB < 0.001 fm−3 .

When baryon density gets larger, inter-particle spacing is comparable to the size of nuclei.

The interaction among nuclei and the nucleonic gas is significant. One common solution is

to simplify the interaction by only considering the size effect through the excluded volume

approach. In the excluded volume approach, each Winger-Seitz cell has one representative

nuclei or a full ensemble of nuclei surrounded by dilute nucleonic gases. The gases outside

could not explore the space occupied by the nuclei. The force in the model is similar to

a repulsive force by hard spheres. However, counting states is simplified and it is not

exactly equivalent to the case of hard sphere scattering scenario. The Wigner-Seitz cell
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approximation claims the inter-cell interaction could be safely ignored where the size of

the cell is determined by the sphere of electron gas presuming charge neutrality is reached

individually in each cell. Experiments show such approximation works well for densities large

enough when the neutrons and protons begin to drip out of nuclei.

At zero temperature, the inhomogeneous matter outside nuclei has lower neutron/proton

chemical potential than neutron/proton separation energy, such that dripped out nucleons

enable the system to stay in lower energy state. It is expected no nuclei outside neutron

and proton dripline would exist in zero temperature in which case the chemical potential of

neutrons and protons are positive then. For hot nuclear matter, unstable nuclei also exist

in a small amount following from Fermi distribution. It is easy to see the excluded volume

approach has the correct limit at zero temperature.

When nucleons get even closer right below saturation density, the nuclear matter could

exist in an exotic phase known as pasta phase, when nuclear matter would turn itself inside

out. Shapes from cylindrical, slab, cylindrical hole, spherical hole start to form in nuclear

matter sequentially when finally saturation density is reached. In this method, we will not

explore the possibilities of nuclear pasta while using a Maxwell construction for a transition

from inhomogeneous to homogeneous matter. The pasta phase in the phase diagram is

limited to a relatively small regime nB = 0.06 − 0.11 fm−3 and T = 0 − 12 MeV therefore

will not affect the behavior of astrophysics simulation greatly.

4.2 Basic formalism

We track light nuclei explicitly in addition to a full ensemble of heavy nuclei. The existence

of light nuclei helps to shape the neutrino transportation and cooling rate in supernova and

neutron star mergers. The nuclear matter at sub-nuclear density can be described by a gas

consists of neutrons, protons, α particles, deuterons, tritons, 4Li, 3He and a full ensemble of

heavy nuclei [38]. Our canonical partition function therefore can be written as

Z (nn, np, {ni} , T ) = ZnZp
∏
i

ZiZCoulZe (4.1)
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where i represents all light and heavy nuclei. The Coulomb contribution between the uniform

electron background and the nuclei is temperature independent and can be decoupled from

others as is showed above. The Helmholtz free energy density then is obtained by taking the

logarithm.

f (nn, np, {ni} , T ) = fnp +
∑
i

fi + fCoul + fe (4.2)

In the following context, we will compute them separately and then take derivative with

respect to the number density of each constituent.

Baryon number conservation and global charge neutrality implies two constraints, which

we write as

nB = nn + np +
∑

i niAi

nBYe = ne = np +
∑

i niZi
(4.3)

The free energy density of nucleons outside the nuclei is given by our homogeneous model

from the previous chapter which is denoted as DSH EOS. Due to the volume excluded

effect(which is only turned on between nucleons and nuclei), the volume available to the

nucleons is reduced by the nuclei. We denote the volume available to nucleons as V ′ ≡ V −∑
iNiVi where Ni ≡ niV is the number of nuclei of type i in the Wigner-Seitz cell of volume v

and Ni = niV is the volume occupied by one nucleus of type i and n0 is the saturation density,

0.16 fm−3. The volume fraction which nucleons explore is ξ = V ′/V = 1−∑iAini/n0. Thus,

the free energy density of nucleonic gas is tuned by

fnp = ξf ′DSH

(
n′n, n

′
p, T
)

(4.4)

where the n′n and n′p are local densities and are defined by n′n ≡ Nn/V
′ = nn/ξ, n

′
p ≡

Np/V
′ = np/ξ separately. Same as before, we ignore rest mass contribution here and put a

tilde on top when it is added back.

The free energy density of the light nuclei and heavy nucleus are treated as classical

Boltzmann particles.

fi = −niT
[
ln

(
ΩiV̄

Niλ3
i

)
+ 1

]
(4.5)
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where λi is thermal wave length and given by,

λi =

(
2π

miT

)1/2

, (4.6)

Ωi is the temperature-dependent partition function. The prescription we use follows from

Fowler et al. and will be addressed in the next section. V̄ ≡ κV is the volume fraction

explorable to the nucleus of type i, where κ ≡ 1− nB/n0. Using these definitions

fi = −niT
[
ln

(
Ωi

niλ3
i

)
+ 1

]
− niT lnκ (4.7)

The relation

ξ = κ+ (nn + np)/n0 (4.8)

is also useful below.

The Coulomb energy in the Wigner Seitz cell is following from Baym et. al.

ECoul
i = −3

5

Z2
i α

Ri

(
3

2
xi −

1

2
x3
i

)
(4.9)

where

xi ≡
(
nBYe
n0

Ai
Zi

)1/3

=
Ri

RWS,i

(4.10)

where R3
i = (3Ai)/(4πn0) is the nuclear radius, and the size of the Wigner-Seitz cell, RWS is

given by

Zi =
4π

3
R3

WS,inBYe . (4.11)

The radius of nuclei is constrained by Ri ≤ Rws,i which limits xi ≤ 1.

We take into account all charged particles here except protons, the advantage is the

Coulomb energy is merely a function of charge and atomic number given nB and Ye. After
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applying charge neutrality, the total free energy density becomes

f(nn, np, {ni}, T ) = ξfDSH(n′n, n
′
p, T )

−
∑
i

niT

{[
ln

(
Ωi

niλ3
i

)
+ 1

]
+ lnκ

}
+
∑
i

niE
Coul
i + fe(nBYe) (4.12)

4.2.1 Homogeneous matter EOS

We slightly modify the DSH EOS to no longer enforce a quadratic expansion for the finite-

temperature contributions. The free energy is separated into a contribution from the virial

expansion and a contribution from degenerate matter

fDSH(nB, xp, T ) = fvirial(nB, xp, T )g

+fdeg(nB, xp, T )(1− g) . (4.13)

The free energy density for degenerate matter is

fdeg(nB, xp, T ) = fSkyrme(nB, xp = 1/2, T = 0) + δ2εsym(nB) + ∆fhot(nB, xp, T ) (4.14)

The derivatives of the degenerate free energy density are

∂fdeg

∂nn
=

1

2
µn,Skyrme(nB, xp = 1/2, T = 0)

+
1

2
µp,Skyrme(nB, xp = 1/2, T = 0)

+δ2∂εsym

∂nB
+

2δ(1− δ)
nB

εsym

+∆µn,hot(nB, xp, T ) (4.15)
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∂fdeg

∂np
=

1

2
µp,Skyrme(nB, xp = 1/2, T = 0)

+
1

2
µn,Skyrme(nB, xp = 1/2, T = 0)

+δ2∂εsym

∂nB
− 2δ (1 + δ)

nB
εsym

+∆µp,hot(nB, xp, T ) (4.16)

and
∂fdeg

∂T
= −shot (nB, xp, T ) (4.17)

where

∂εsym

∂nB
= h′(nB)εQMC(nB) + h(nB)ε′QMC(nB)

−h′(nB)εNS(nB) + [1− h(nB)] ε′NS(nB) +

−1

2
[µn,Skyrme(nB, xp = 1/2, T = 0)

+ µp,Skyrme(nB, xp = 1/2, T = 0)] . (4.18)

4.2.2 The Saha equations

In order to fix the densities of the nuclei, we solve the equations

(
∂f

∂ni

)
nB ,Ye

= 0 . (4.19)

Before we begin, it is useful to define

fi,Cl = −niT
[
ln

(
Ωi

niλ3
i

)
+ 1

]
(4.20)

as the classical part of the nuclear free energy.

We can rewrite the full free energy from Eq. 4.12 in terms of nB and Ye

f [nn(nB, Ye, T ), np(nB, Ye, T ), {ni}, T ] , (4.21)
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to re-express the derivative (T is implicitly held constant)

(
∂f

∂ni

)
nB ,Ye

=

(
∂f

∂ni

)
np,nn

+

(
∂f

∂nn

)
np,{ni}

(
∂nn
∂ni

)
nB ,Ye

+

(
∂f

∂np

)
nn,{ni}

(
∂np
∂ni

)
nB ,Ye

=

(
∂f

∂ni

)
np,nn

−
(
∂f

∂nn

)
np,{ni}

Ni

−
(
∂f

∂np

)
nn,{ni}

Zi . (4.22)

Thus, we obtain the Saha equations

µi = µnNi + µpZi , (4.23)

with the chemical potentials defined by

µi ≡
(
∂f

∂ni

)
np,nn,T

, µn ≡
(
∂f

∂nn

)
np,{ni},T

, and

µp ≡
(
∂f

∂np

)
nn,{ni},T

. (4.24)

We also define µe ≡ (∂fe)/(∂ne). These chemical potentials can be written analytically. For

the nuclei, we define

PCoul
i ≡ −ni

3

5

Z2
i α

Ri

(
1

2
xi −

1

2
x3
i

)
. (4.25)

as in Ref. [38] and this definition implies

ni

(
∂ECoul

i

∂ni

)
nn,np

=
PCoul
i Zi
ne

(4.26)
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For the nuclei, this definition gives

µi = −
(
Ai
n0

)
fDSH + µn,DSH

(
Ainn
ξn0

)
+ µp,DSH

(
Ainp
ξn0

)
+µi,cl − T lnκ+

TniAi
κn0

+ ECoul
i

+
ZiP

Coul
i

ne
+ Ziµe . (4.27)

where µi,cl ≡ (∂fi,cl)/(∂ni). For the nucleons

µn = µn,DSH +
Tni
κn0

(4.28)

and

µp = µp,DSH +
Tni
κn0

+ µe +
PCoul

ne
(4.29)

where µx,DSH ≡ (∂fDSH)/(∂nx) and PCoul ≡ ∑
i P

Coul
i . Note that because we have not

included electrons as separate degrees of freedom in Eq. 4.12, the electron chemical potential

appears in 4.29. Thus, our chemical potentials above match those in Ref. [38]. Using the

Saha equation, we find

µi,cl =

(
Ai
n0

)
fDSH + µn,DSH

[
Ni −

(
Ainn
ξn0

)]
+µp,DSH

[
Zi −

(
Ainp
ξn0

)]
+ T lnκ− ECoul

i (4.30)

which gives us a recipe for computing the free energy for each nucleus. Using PDSH ≡
−fDSH + µn,DSHn

′
n + µp,DSHn

′
p, we can rewrite this result slightly

µi,cl = −ViPDSH +Niµn,DSH + Ziµp,DSH + T lnκ− ECoul
i . (4.31)

The excluded volume effect reflected in the T lnκ and −PDSHVi terms suppresses the number

density of nuclei near saturation densities.

At a fixed grid point in (nB, Ye, T ) space, given nn and np, we can compute κ and ξ using

their definitions above, compute the DSH EOS, and ECoul
i and thus use Eq. 4.31 to compute
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µi,cl. This is then used to compute ni and then we can solve Eqs. 4.3 to obtain the correct

value of nn and np.

4.2.3 First derivatives of thermodynamic quantities

After having solved the Saha equations for ni(nn, np), it is useful to define new “effective”

chemical potentials for the nucleons which include the nucleons both inside and outside nuclei

νn ≡
(
∂f

∂nn

)
np,T

and νp ≡
(
∂f

∂np

)
nn,T

(4.32)

(note that these differ from Eq. 4.24 in that they no longer hold ni constant) which gives a

new thermodynamic identity

f(nn, np, T ) = −P (nn, np, T ) + νnnn + νpnp . (4.33)

Rewriting the free energy again

f [nn, np, {ni(nn, np, T )}, T ] , (4.34)

which implies that the effective chemical potentials can be computed in terms of the

definitions above

νx = µx +
∑
i

µi

(
∂ni
∂nx

)
nx̂

(4.35)

for both {x, x̂} = {n, p} and {x, x̂} = {p, n}. Defining

gj ≡ µj − µnNj − µpZj (4.36)

we can take advantage of the fact that all the gj are constant to write

(
∂ni
∂nx

)
nx̂,gj

= −
(
∂gi
∂nx

)
ni,nx̂,gj 6=i

(
∂ni
∂gi

)
nx,nx̂,gj 6=i

(4.37)
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The first derivative on the RHS can be obtained directly from Eqs. 4.27, 4.28, and 4.29. The

second derivative is just an element along the diagonal of the inverse of the matrix

Mij ≡
(
∂gi
∂nj

)
nx,nx̂,nk 6=j

. (4.38)

The numerical errors associated with inverting this large matrix decreases the benefit of the

analytical formalism. Thus we compute νn and νp numerically for now. The entropy is easier

to compute

s = −
(
∂f

∂T

)
nn,np,{ni}

= se +
∑
i

si +
∑
i

ni lnκ+ ξsDSH (4.39)

where se = ∂fe/∂T and

si = ni

(
ln

Ωi

niλ3
i

)
+

5

2
+
T

Ωi

dΩi

dT
. (4.40)

4.2.4 Nuclei

We use the nuclear masses from experiments [5] wherever they are available. The atomic mass

tables usually include an empirical bounded electron contributions term aelZ
2.39. They are

subtracted from the binding energy since we only include bare nuclei. We use the theoretical

masses from Ref. [56] for nuclei which do not have experimental mass measurements up to

the neutron and proton drip lines. For nuclei beyond the drip lines, we use the spherical

and macroscopic part of the mass formula from Ref. [56], refitting some of the parameters to

match the predictions from Ref. [56]. This refit helps ensure that there are no spurious edge

effects beyond the drip lines. In addition, we limit our nuclear distributions to Z < 2.25N

and N < 2.25Z because our extrapolation of the model from Ref. [56] is unlikely to be

accurate far from stability. This allows nuclei slightly outside neutron and proton drip line

to existing in our EOS. Also, we limit maximum A to be 200.

4.2.5 Partition function

The partition function for light nuclei and the representative heavy nucleus we use follows

from Ref. [73]. The continuum subtraction is ignored since it is only important above 1011 K.

The nuclear partition function can be expressed as a sum of discrete states and an integral
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of level density

Ωi = (2J + 1) +

∫ Et

Ed

ρ(E) exp(−E/T ) , (4.41)

where the level density ρ(E) is the backshifted Fermi-gas formula given below. The limits

on the integral in the partition function are determined from

Ed =
1

2
min(Sn, Sp) and (4.42)

Et = min(Sn + ER, Sp + ER +
1

2
Ec) , (4.43)

where Sn and Sp are the neutron and proton separation energies. The quantity ER ≡
1/(2MiR

2) is the zero-point energy and with the nuclear radius approximated by R =

1.25(A − 1)1/3. The quantity Ec ≡ (Z − 1)α/R is the Coulomb barrier. When either

Sn or Sp are negative, the contribution of the level density is neglected.

The expression for the level density begins by defining a backshift parameter δ for each

nucleus. The prescription from Fowler et al. is

Z 6 30 : δ = δp − 80/A (4.44)

Z > 30 : δ = δp − 80/A− 0.5 (4.45)

with δp = (11A−1/2 MeV)[1 + (1/2)(−1)Z + 1/2(−1)N ]. We will also need the level density,

a, for which an approximate model is

Z 6 30 : a = 0.052 MeV−1 A1.2 (4.46)

Z > 30 : a = 0.125 MeV−1 A (4.47)

Finally, different expressions are used for the level density depending on the relative size

of δ and Ed. When δ is smaller Ed, the level density has the expression

ρ(E) =
π

12

exp(2
√
aU)

a1/4U5/4
(4.48)

where U = E − δ.
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When δ is larger than Ed, δ is set to Ed and the level density is ...

ρ(E) =

 C exp(U/Tc) Ed < E < 2Ed

π
12

exp(2
√
aU)

a1/4U5/4 2Ed < E < Et
(4.49)

where the expressions for the parameters Tc and C are chosen to ensure that both the level

density and the derivative (as given in Eq. 4.48 and Eq. 4.49) match at δ = Ed. This

requirement implies that

1

Tc
=

5

4

1

Uc
+

√
a√
Uc

, and (4.50)

C =

√
π

12
a−1/4Uc

−5/4 exp

(
5

4
+
√
aUc

)
.

Additionally, since we took out the deuteron contribution from bpn in the previous paper.

It should be put back here. This makes Ωdeut = 3 and the continuum part of partition is

included equivalently in bpn.

4.3 Results

In this section, we discuss various thermodynamic quantities and the composition of matter in

the EOS. Thousands of EOSs can be computed by selecting random parameter sets which are

mentioned in our previous paper. For the first two parameters, iSkyrme is the index for a set of

∼1000 Skyrme parameterizations of posterior distributions from UNDEF2 collaboration [48].

iNS is the index for a set of ∼1000 polynomial EOS fitted to Markov chains based on neutron

star mass and radius measurements [79, 77]. a and α are two parameters from quantum

Monte Carlo functional form for pure neutron matter near saturation density [29]. S stands

for symmetry energy and L is the slope of symmetry energy. The quantity φ is a random

number between 0 and 1 generated for speed of sound squared for causality enforcement [14],

when baryon density nB = 2.0 fm−3 for pure neutron matter. In this paper, we computed

six representative EOSs with each of them labeled by their special characteristics, i.e. large

maximum mass, small radius or large S and L, etc. The parameters are listed in Table 4.1.

The fiducial EOS is the one consistent with the most probable neutron star mass and radius
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Table 4.1: Parameters for our fiducial EOS.

iNS iSkyrme α a L (MeV) S (MeV) φ
Pfiducial 470 738 0.5 13.0 62.4 32.8 0.9
PlargeMmax 783 738 0.5 13.0 62.4 32.8 0.9
PsmallR 214 738 0.5 13.0 62.4 32.8 0.9
PsmallerR 256 738 0.5 13.0 62.4 32.8 0.9
PlargeR 0 738 0.5 13.0 62.4 32.8 0.9
PsmallSL 470 738 0.5 13.0 23.7 29.5 0.9
PlargeSL 470 738 0.5 13.0 100.0 36.0 0.9

and has moderate S and L. The Skyrme parameters for our fiducial EOS are listed in

Table 2.3. In the following, the figures are demonstrated for our fiducial EOS.

4.3.1 Mass fractions of nucleons and light nuclei

In Fig. 4.1, the mass fraction of free neutrons, protons, light nulcei and heavy nuclei are

plotted as a function of baryon density for Ye = 0.1, 0.3 and 0.5, respectively. The system

consists of only protons and neutrons at low densities. For Ye = 0.1 and T = 1.0 MeV,

as density increases, the fraction of light nuclei rises to around 0.2 for nB between 10−7

and 10−6 fm−3, in contrast the proton fraction drops to zero and neutron to around 0.7

due to excess of neutrons in the system. The NSE becomes important for the density

range. In this range, α particles dominate over other light nuclei since they have larger

binding energies. Above nB = 10−6 fm−3, the light nuclei are gradually replaced by heavy

nuclei. The transition density from light to heavy nuclei increases as temperature increases.

For Ye = 0.3, the protons and neutrons drop to almost zero right before the transition to

homogeneous matter, since the formation of heavy nuclei is favored in order for the system

to gain lower free energy density. It is also because the neutron and proton separation

energy are smaller than their chemical potentials, respectively. The excluded volume effect

dominates approaching saturation density, so the nuclei are expelled by the volume pressure

and nucleon fractions get back to their original fractions in the system. For Ye = 0.5, the

protons and neutrons are almost zero from 10−6 to 10−1 fm−3 indicating an earlier formation

of light and heavy nuclei for symmetric nuclear matter. The highest point for the peak of
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α particles is almost one, which is easy to understand since all nucleons bind in terms of αs

for symmetric nuclear matter. For higher temperatures, the rise of light nuclei is pushed to

higher densities since the nucleons are more energetic and therefore are less inclined to form

clusters. The light nuclei are soon replaced by heavy nuclei because they have larger binding

energies. For all three proton fractions, the NSE will be replaced by homogeneous matter

before reaching saturation density.

4.3.2 Average A and Z of heavy nuclei in non-uniform matter

Fig. 4.2 shows mass fractions Xn, Xp, Xα and Xd as a function of baryon density and

temperature for Ye =0.01, 0.1, 0.3, 0.5, separately. For temperature below 1 ∼ 2 MeV, the

system consists of entirely heavy nuclei at subnuclear densities. At high temperature and

low density, the nuclear matter exists in forms of nucleonic gas. Either increasing density

or decreasing temperature would favor forming clusters. The dark region for top panels

shows when nuclei are abundant in the system. The light nuclei represented by α particles

and deuterons are found at moderate temperatures. αs primarily exist in a narrow band

above tens of MeV in temperature heavy nuclei are not yet able to appear. Deuterons with

smaller binding energies appear in small amounts in higher temperatures around 100 MeV.

As density increases further, the non-uniform clusters transform to uniform matter, where

no nuclei could be found on the right. The transition density is observed to be above 1/3 n0
B

or 0.06 fm−3. It is roughly independent of temperature and proton fraction Ye. The critical

temperature of the gas-liquid phase transition is around several to tens of MeV depending

on the proton fraction.

Fig. 4.3 shows the average mass/proton number Ā/Z̄ as a function of baryon density and

temperature. The maximum A for our EOS is limited to 200. The number 200 is set due to

the limited computation power of CPUs. For symmetric nuclear matter, Ā reaches the upper

limit we set upon reaching saturation density. Therefore, a larger maximum A in general

would just allow the EOS to have heavier nuclei in this region. For comparison, Fig. 4.5

shows that STOS and FYSS have an average mass up to 1800 and 1400, respectively. FYSS

set maximum A to be 3000. SRO is based on the same liquid droplet model with LS220 and

they limited maximum A to be around 300. HS based on NSE also has a similar upper bound.
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Figure 4.1: From top to bottom: Ye = 0.1, 0.3 and 0.5. Mass fractions of nucleons and light
nuclei for T=1.0, 3.16, 6.31, 10.0 MeV, respectively. Baryon density nB is in logarithmic
scale. For Ye=0.1 and T=1.0 MeV, nucleonic gas dominated below nB=10−8 fm−3. Light
nuclei appear as baryon density increases until 10−8 fm−5, which are gradually replaced by
heavy nuclei. When temperature increases, both mass fractions of light and heavy nuclei
decreases until 10 MeV, indicating the critical temperature is reached. For Ye=0.3 and
Ye=0.5, mass fractions of nuclei increases as stable nuclei are favorable for more symmetric
matter.
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Figure 4.2: Xn (top left), Xp (top right), Xα (bottom left) and Xd (bottom right) as
functions of baryon density and temperature for Ye=0.01, 0.1, 0.3, 0.5, respectively. Baryon
density nB and temperature T are in logarithmic scale. The α particles and deuteron exist
primarily at several to dozens of MeV. The region where α exists indicate they are dominant.
The deuteron exist at slightly higher temperature with other light nuclei not shown in the
figures.
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SHT is based on a different model in different regions. For the nuclear matter at subnuclear

densities, it adopts Hartree approximation and has the highest average A around 5000.

Though different EOSs predict different mass numbers in the region, the thermodynamic

quantities are not much affected [11]. For nearly pure neutron matter at Ye = 0.01, the

maximum Ā rises to ∼40. The shell structure of nuclei could be clearly distinguished in

the figures, divided by different color coding of Ā. As baryon density increases, Ā rises to

several plateaus in sequence. It can be observed for symmetric matter, the plateaus have

narrower width since the distribution favors sharp transition among doubly shell nuclei in

the situation. The vertical line on the right indicates the transition to homogeneous matter,

where the fraction of nuclei is identical to zero.

Fig. 4.4 shows the average mass/proton number Ā/Z̄ as a function of baryon density and

proton fraction. The dark blue region indicates the “island” of heavy nuclei. For symmetric

matter, heavy nuclei tend to form at higher densities due to shell effects, rendering a notch

on the left around Ye = 0.5. The asymmetric shape above and below Ye = 0.5 is because

of Coulomb symmetry breaking. The transition density from inhomogeneous matter to

homogeneous matter also depends on proton fraction. For Ye < 0.2 , the transition density

slightly decreases with proton fraction, while it is almost kept a constant above Ye = 0.2. The

exception between Ye = 0.3 ∼ 0.4 is due to the close values of free energy density between

homogeneous matter and inhomogeneous matter. The system would favor the state with

lower free energy density.

4.3.3 Comparison with other EOSs

Fig. 4.5 shows average mass number Ā as functions of baryon density and temperature for

other EOSs used frequently in supernova simulations. Not surprisingly, significant differences

can be found among these plots for the predictions of mass numbers in the inhomogeneous

phase. The figures fall into two categories. STOS, SHT and FYSS allow nuclei with a

maximum mass number around several thousand, while LS220, SRO and SFHo limit A below

several hundred. For Ye <0.5, the first category features a decreasing transition density as

proton fraction decreases, while for Ye >0.5, the transition density tends to be roughly

invariant. However, all three EOSs included pasta phase before transiting to homogeneous

66



0.0

1.5

lo
g 1

0[
T(

M
eV

)] Ye=0.01

04
0

80

Ye=0.1

06
1

121

10 5 0
log10[nB (fm 3)]

0.0

1.5

lo
g 1

0[
T(

M
eV

)] Ye=0.3

0
65

13
1

10 5 0
log10[nB (fm 3)]

Ye=0.5

06
7

133

0

25

50

75

100

125

150

175

200

A

0.0

1.5

lo
g 1

0[
T(

M
eV

)] Ye=0.01

01
3

25

Ye=0.1

01
9

37

37

10 5 0
log10[nB (fm 3)]

0.0

1.5

lo
g 1

0[
T(

M
eV

)] Ye=0.3

0
20

41

10 5 0
log10[nB (fm 3)]

Ye=0.5

03
3

67

0

20

40

60

80

100

Z

Figure 4.3: Average mass number (left), proton number (right) as functions of temperature
and baryon density for Ye=0.01, 0.1, 0.3, 0.5, respectively. Baryon density nB and
temperature T are in logarithmic scale. For symmetric nuclear matter, the average mass
number reaches the upper limit of 200. For neutron rich matter the avarage mass number is
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matter, which adds more complications. The inclusion of pasta phase in general decreases

binding energy therefore favor a late transition to homogeneous matter. STOS and FYSS

use the same nuclear EOS. Nuclei is added with Thomas-Fermi approximation for STOS,

while FYSS adopted NSE with geometric interpolation to incorporate pasta phase. SHT uses

Hartree approximation in this subregion and has highest average mass number. The second

category, e.g. LS220, SFHo and SRO, also has decreasing transition density for small Ye.

But as Ye increases above 0.5, the transition decreases drastically on the contrary. LS200

has a roughly constant transition density at high Ye, but it is because it has a relatively

smaller Ye range 0.1− 0.5, One notable feature is the EOSs in the first category have closed

contour of mass number say 200 for around Ye = 0.5, while the second doesn’t. A possible

explanation for the higher average mass number above Ye > 0.5 in our EOS is we included

a large ensemble of nuclei in the nuclei chart. The prescription Z < 2.25N and N < 2.25Z

allows nuclei go beyond neutron and proton drip line modified by the Coulomb energy shift

[66], while at high Ye the nuclear distribution tends to lie across the border. This relaxes the

constraints compared to some EOSs only including nuclei within drip lines. For the nuclear

matter at zero temperature, this is not energetically favored. But at finite temperatures

unbounded nuclei could exist in the ensemble without such limitations.

The primary uncertainty of mass number for different EOSs comes from the nuclear

EOS it adopts, which symmetry energy S, its slope L and incompressibility K could differ

greatly among different EOSs. The secondary source is whether it uses single nucleus

approximation or full ensemble when nuclei are added. Obviously, without any limits, the

mass number could go to a few thousand. Although the difference in mass number does not

affect thermodynamic quantities as much [11].

4.3.4 Nuclear distribution

Fig. 4.6 shows the nuclear distribution for selected points in the EOS as in [73]. The behavior

is similar. The top left panel shows nB = 0.0001 fm−3, T = 1 MeV and Ye = 0.2, the nuclei

distribution is a gaussian peak around N = 50 and Z = 35 . For the same density and

temperature but Ye = 0.4, a double peak showed around N = 50, Z = 35 and N = 50

and Z = 45, separately. At this density, the proton and neutron fugacities should be much
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Figure 4.5: From left to right, top to bottom: LS220, STOS, SFHo, SHT, SRO, FYSS.
Average mass number as functions of baryon density and proton fraction for T=1.0, 3.0, 5.0,
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smaller than one, so the dominant contribution comes from virial expansion and NSE. Fig. 4.7

showed the distribution by summing up all nuclei corresponding to the same proton number.

The light green curve illustrates the case for Ye = 0.4. The small peak appears on the lower

left indicates the mass fraction of light nuclei is also significantly present in the region. There

is a slight cut off on the left edge of the distribution due to the constraint we use to limit

N < 2.25Z and Z < 2.25N but its influence on the results is negligible, since the nuclei not

included have mass fraction less than 10−10. Similarly, the bottom left panel shows results

for a slightly larger density nB = 0.001 fm−3 and Ye = 0.4, but for two different temperature

of 1.0 and 3.16 MeV, respectively. Both of them has a double peak of nuclei, reflecting

that single nucleus approximation is not applicable in these regions. For nB = 0.001 fm−3,

Ye = 0.4 and T = 3.16 MeV, the two peaks are at N = 20, Z = 15 and N = 30, Z = 25,

separately. For nB = 0.001 fm−3, Ye = 0.4 and T = 1.0 MeV, the two peaks are at N = 60,

Z = 40 and N = 80, Z = 60, separately.

4.3.5 Monte Carlo results

Fig. 4.8 shows four Monte Carlo figures of average mass number Ā for some selected points

when the seven parameters in our EOS is randomly selected. Each figure is based on 10000

samples of Monte Carlo simulation. The variation gives an uncertainty of the full EOS in

subnuclear density at relatively low temperatures. The plots show that the uncertainty of

the EOS in these regions is relatively small. It demonstrates the uncertainty from DSH EOS

actually has quite a minimal impact on the uncertainty of the ensemble of nuclei. The largest

uncertainty is ∼ 1% for low temperature, neutron rich matter at nB =0.03 fm−3, Ye=0.1 and

T =3.0 MeV.
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a single peak appears around N = 50 and Z = 35 . For the rest panels, all of them indicate
double peaks. Slight cutoff shows for the point nB =0.0001 fm−3, Ye =0.2 and T =1.0 MeV
due to the limited nuclei that are included.
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Figure 4.7: Mass fraction of nuclei as a function of fixed proton number Z for several
selected points of nB, Ye and T . The mass fraction is in logarithmic scale. The peaks on
the bottom left are light nuclei. A single peak is favored for nB = 0.0001 fm−3, Ye =0.4,
T = 1.0 MeV. Double peaks are favored for nB = 0.0001 fm−3, Ye =0.2, T = 1.0 MeV
and nB = 0.001 fm−3, Ye =0.4, T = 1.0 MeV. Continuous distribution is favored for
nB = 0.001 fm−3, Ye =0.4, T = 3.16 MeV.
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Figure 4.8: The probability distribution for several selected points of nB, Ye and T at
subnuclear densities. The uncertainty are relative small on all selected points, reflecting a
minimal impact from the uncertainty of homogeneous matter. The largest uncertainty is
found for nB = 0.03 fm−3, Ye =0.1, T = 3.0 MeV.
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Chapter 5

Conclusions

In this work, we have constructed a new class of phenomenological EOSs for astrophysical

simulations. The nucleonic part of the EOS is built to simultaneously match five different

regimes that are consistent with both experimental and observational constraints. The major

advantage is one can vary uncertainties in different regimes independently, without spoiling

agreement elsewhere. We added a full ensemble nuclei using the excluded volume approach

and Wigner-Seitz cell approximation. It both has the correct limit at zero temperature and

is thermodynamically consistent when baryon densities approach saturation density. The

light nuclei are separately included in the table so it is possible to track neutrino dynamics

on each component.

While we have attempted to explore the allowed EOS space as much as possible, there

are several regions in which our parameterization is limited.

Compared to other EOSs, our EOS predicts lower transition density of 0.06 fm−3. One

way to increase the transition density is to perform Maxwell construction on top of the EOS

table following Ref. [37]. The Maxwell construction also ensures the stability of the EOS,

which requires dP/dn ≥ 0. This involves solving for the equation

pI = pII , (1− Yp)µIn + Yp
(
µIp + µIe

)
= (1− Yp)µIIn + Yp

(
µIIp + µIIe

)
(5.1)

where I and II represent low density and high density phase, separately. Equivalently, we

could include pasta phase in our EOS following the prescription in Ref. [28]. The inclusion
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of pasta phase also guarantees the stability of EOS. The exotic matter may appear above

twice saturation density, for example, hyperons or quark matter. One of the advantages

of our analytical form for the EOS is that our work can be easily generalized to an EOS

which includes exotic matter at high densities if desired. The hyperon or quark EOS, once

constructed, could be incorporated conveniently by matching to the old EOS using Maxwell

or Gibbs construction.

Variations in the functions g and h could be explored, but modifications of these functions

cannot be too large or they are likely to create small regions where the EOS has an acausal

speed of sound. Better quantification of the uncertainties in the finite temperature part of the

chiral EOS will be performed in future work. We have also naively extrapolated the Skyrme

model used in isospin-symmetric matter at zero temperature near the saturation density to

higher densities. There is some experimental constraint on matter in this region from heavy

ion collisions [85], but the associated systematic uncertainties are not well-understood. In

any case, dense and isospin-symmetric matter is not often explored in the neutron-rich

matter encountered in neutron stars. Uncertainties in the EOS may be relevant for the

timescale for core-collapse supernovae to explode after bounce [16] and also, for example,

in determining the amount of r-process nucleosynthesis which occurs in the neutrino-driven

wind [68]. EOS uncertainties are also relevant for neutron star mergers, as they dictate the

lifetime of hypermassive neutron star remnants and also the amount of r-process material

ejected [71].

Because we use the Markov chain from “Model A” in Ref. [77], our EOS specifically

prefers more moderate phase transitions, which is appropriate to our assumption that matter

consists only of nucleons and no exotic matter. Thus our uncertainties at high-density may

be underestimated because strong phase transitions are disfavored.

Finally, the EOS uncertainties must be propagated through to the neutrino opacities.

As this uncertainty quantification matures, the comparison of simulations with data points,

such as GW170817 [53] and future nearby core-collapse supernovae will provide more insight

into what models might be ruled out.
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Thielemann, F.-K., Käppeli, R., Mart́ınez-Pinedo, G., and Liebendörfer, M. (2011b). Core-

collapse supernova explosions triggered by a quark-hadron phase transition during the

early post-bounce phase. The Astrophysical Journal Supplement Series, 194(2):39. viii, 9

[27] Furusawa, S., Sumiyoshi, K., Yamada, S., and Suzuki, H. (2017). Supernova equations

of state including full nuclear ensemble with in-medium effects. Nuclear Physics A,

957:188–207. 11

[28] Furusawa, S., Yamada, S., Sumiyoshi, K., and Suzuki, H. (2011). A new baryonic

equation of state at sub-nuclear densities for core-collapse simulations. The Astrophysical

Journal, 738(2):178. 11, 72

[29] Gandolfi, S., Carlson, J., and Reddy, S. (2012). The maximum mass and radius of

neutron stars and the nuclear symmetry energy. Phys. Rev. C, 85:032801. 21, 59

[30] Gandolfi, S., Gezerlis, A., and Carlson, J. (2015). Neutron matter from low to high

density. Annu. Rev. Nucl. Part. Sci., 65:303. 12

79



[31] Gandolfi, S., Lippuner, J., Steiner, A. W., Tews, I., Du, X., and Al-Mamun, M. (2019).

From the microscopic to the macroscopic world: from nucleons to neutron stars. Journal

of Physics G: Nuclear and Particle Physics, 46(10):103001. viii, 6

[32] G̊ardestig, A. (2009). Extracting the neutron–neutron scattering length—recent

developments. Journal of Physics G: Nuclear and Particle Physics, 36(5):053001. 17

[33] Hashimoto, M., Seki, H., and Yamada, M. (1984). Shape of nuclei in the crust of a

neutron star. Progress of Theoretical Physics, 71(2):320–326. 6

[34] Hebeler, K., Holt, J. D., Menendez, J., and Schwenk, A. (2015). Nuclear forces and

their impact on neutron-rich nuclei and neutron-rich matter. Annu. Rev. Nucl. Part. Sci.,

65:457–484. 12

[35] Hebeler, K., Lattimer, J. M., Pethick, C. J., and Schwenk, A. (2010). Constraints

on neutron star radii based on chiral effective field theory interations. Phys. Rev. Lett.,

105:161102. 10

[36] Hempel, M., Fischer, T., Schaffner-Bielich, J., and Liebendörfer, M. (2012). New

equations of state in simulations of core-collapse supernovae. Astrophys. J., 748:70. 11

[37] Hempel, M., Pagliara, G., and Schaffner-Bielich, J. (2009). Conditions for phase

equilibrium in supernovae, protoneutron, and neutron stars. Physical Review D, 80(12).

72

[38] Hempel, M. and Schaffner-Bielich, J. (2010). A statistical model for a complete

supernova equation of state. Nuclear Physics A, 837(3-4):210–254. 49, 54, 55

[39] Hessels, J. W. T. (2006). A radio pulsar spinning at 716 hz. Science,

311(5769):1901–1904. viii, 6

[40] Hix, W. R., Messer, O. E. B., Mezzacappa, A., Liebendörfer, M., Sampaio, J., Langanke,

K., Dean, D. J., and Martinez-Pinedo, G. (2003). Phys. Rev. Lett., 91:201102. 10

[41] Holt, J. W. and Kaiser, N. (2017). Phys. Rev. C, 95:034326. 10

80



[42] Holt, J. W., Kaiser, N., and Miller, G. A. (2016). Phys. Rev. C, 93:064603. 37

[43] Holt, J. W., Kaiser, N., Miller, G. A., and Weise, W. (2013). Phys. Rev. C, 88:024614.

37

[44] Horowitz, C. J. and Schwenk, A. (2006a). Nucl. Phys. A, 776:55. 12, 15, 48

[45] Horowitz, C. J. and Schwenk, A. (2006b). The virial equation of state of low-density

neutron matter. Phys. Lett. B, 638(2–3):153 – 159. 12, 15, 16, 48

[46] Horowitz, C. J., Shen, G., O’Connor, E., and Ott, C. D. (2012). Phys. Rev. C, 86:065806.

16

[47] Karako-Argaman, C., Kaspi, V. M., Lynch, R. S., Hessels, J. W. T., Kondratiev, V. I.,

McLaughlin, M. A., Ransom, S. M., Archibald, A. M., Boyles, J., Jenet, F. A., and et al.

(2015). Discovery and follow-up of rotating radio transients with the green bank and lofar

telescopes. The Astrophysical Journal, 809(1):67. viii, 6

[48] Kortelainen, M., McDonnell, J., Nazarewicz, W., Olsen, E., Reinhard, P.-G., Sarich, J.,

Schunck, N., Wild, S. M., Davesne, D., Erler, J., and Pastore, A. (2014). Phys. Rev. C,

89:054314. vii, 12, 21, 59

[49] Lalit, S., Mamun, M. A., Constantinou, C., and Prakash, M. (2019a). Dense matter

equation of state for neutron star mergers. Eur. Phys. J. A, 55(1):10. viii, 7

[50] Lalit, S., Mamun, M. A., Constantinou, C., and Prakash, M. (2019b). Dense matter

equation of state for neutron star mergers. Eur. Phys. J. A, 55(1):10. 9

[51] Lattimer, J. M. and Steiner, A. W. (2014). Constraints on the symmetry energy using

the mass-radius relation of neutron stars. Eur. Phys. J. A, 50(2):40. 10

[52] Lattimer, J. M. and Swesty, F. D. (1991). A generalized equation of state for hot dense

matter. Nucl. Phys. A, 535:331. 10

[53] LIGO Scientific Collaboration, . and Virgo Collaboration, . (2017). Gw170817:

Observation of gravitational waves from a binary neutron star inspiral. Phys. Rev. Lett.,

119:161101. iv, 4, 8, 73

81



[54] Lonardoni, D., Lovato, A., Gandolfi, S., and Pederiva, F. (2015). Hyperon Puzzle: Hints

from Quantum Monte Carlo Calculations. Phys. Rev. Lett., 114:092301. 6

[55] Mezzacappa, A., Calder, A., Bruenn, S., Blondin, J., Guidry, M., Strayer, M., and Umar,

A. (1998). Investigation of neutrino driven convection and the core collapse supernova

mechanism using multigroup neutrino transport. Astrophys. J., 495:911–926. 2
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Using ε for energy density, S for entropy, s for entropy density, and s̃ for entropy per

baryon, and assuming neutrinos are not trapped, the speed of sound is (all chemical potentials

and energy densities below include the rest mass contribution even though not explicitly

indicated)

c2
s =

(
∂P

∂ε

)
s̃,{Ni}

. (2)

In infinite matter, it is useful to rewrite this derivative in terms of fixed volume rather than

fixed number.

c2
s =

(
∂P

∂ε

)
S,{Ni}

=

(
∂P

∂V

)
S,{Ni}

(
∂ε

∂V

)−1

S,{Ni}
, (3)

where the second derivative on the right-hand-side of this expression is

(
∂ε

∂V

)
S,{Ni}

=

[
∂(E/V )

∂V

]
S,{Ni}

= − 1

V
P − E

V 2

= −P + ε

V
= −Ts+

∑
i µini

V
(4)

and the first derivative on the right-hand side is

(
∂P

∂V

)
S,{Nj}

= −
(
∂ε

∂V

)
S,{Nj}

+ S

[
∂(T/V )

∂V

]
S,{Nj}

+

∑
i

Ni

[
∂(µi/V )

∂V

]
S,{Nj}

(5)

= −
(
∂ε

∂V

)
S,{Nj}

+S

[
− T

V 2
+

(
∂T

∂V

)
S,{Nj}

]

+
∑
i

Ni

[
− µi
V 2

+

(
∂µi
∂V

)
S,{Nj}

]
(6)

=
P + ε

V
+ S

[
− T

V 2
−
(
∂P

∂S

)
{Nj},V

]

+
∑
i

Ni

[
− µi
V 2
−
(
∂P

∂Ni

)
S,{Nj 6=i},V

]

= −S
(
∂P

∂S

)
{nj},V

−
∑
i

Ni

(
∂P

∂Ni

)
S,{nj 6=i},V

(7)
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Putting these two results together gives

c2
s =

[
s

(
∂P

∂s

)
{nj},V

+
∑
i

ni

(
∂P

∂ni

)
S,{nj 6=i},V

]
(
Ts+

∑
i

µini

)−1

. (8)

To re-express this in terms of derivatives of the free energy,

c2
s =

{
s

[
∂(
∑

i µini − f)

∂s

]
{nj},V

+
∑
i

ni

[
∂(
∑

k µknk − f)

∂ni

]
s,{nj 6=i},V

}(
Ts+

∑
i

µini

)−1

. (9)

For the sum over k, all densities are constant except for ni, thus

∑
i

ni
∂

∂ni

(∑
k

µknk − f
)
s,{nj 6=i},V

=
∑
i

ni
∂

∂ni

(∑
k 6=i

µknk + µini − f
)
s,{nj 6=i},V

=
∑
i

[∑
k

nk

(
∂µk
∂ni

)
s,{nj 6=i},V

+ µi

−
(
∂f

∂ni

)
s,{nj 6=i},V

]
. (10)
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To compute this we need

(
∂f

∂ni

)
s,{nj 6=i},V

=

(
∂f

∂ni

)
{nj 6=i},T,V

+

(
∂f

∂T

)
nB ,{nj 6=i},V

(
∂T

∂ni

)
{nj 6=i},s,V

= µi − s
(
∂T

∂ni

)
{nj 6=i},s,V(

∂µk
∂ni

)
s,{nj 6=i},V

=

(
∂µk
∂ni

)
{nj 6=i},T,V

+

(
∂µk
∂T

)
ni,{nj 6=i},V

(
∂T

∂ni

)
{nj 6=i},s,V

= fnink
+ fnkT

(
∂T

∂ni

)
{nj 6=i},s,V

(11)

which requires

(
∂T

∂ni

)
{nj 6=i},s,V

= −
(
∂s

∂ni

)
{nj 6=i},T,V

(
∂s

∂T

)−1

{n},V

= −fniT/fTT (12)

Finally, we get

c2
s =

{
−
(

s

fTT

)(∑
i

nifniT + s

)

+
∑
i

ni

[∑
k

nk
(
fnink

− fnkTfniTf
−1
TT

)
− sfniTf

−1
TT

]}
(
Ts+

∑
i

µini

)−1

=

[∑
i

∑
k

nink
(
fnink

− fnkTfniTf
−1
TT

)
−2
∑
i

snifniTf
−1
TT − s2f−1

TT

](
Ts+

∑
i

µini

)−1

. (13)
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