July 23, 1956

To the Graduate Council:

I am submitting herewith a thesis written by William
C. McCorkle, Jr., entitled "The Lateral Vibrations of an
Axially Rotating Bar"™, I recommend that it be accepted in
partial fulfillment of the requirements for the degree of
Doctor of Philosophy, with a major in Physics.

Major Professor

We have read this thesis and
recommend its acceptance:

‘é?PifégﬁdGQJXQ“““hww
E}Ey{vw%ig (A)‘/WW&'/
Fo A e,

Accepted for the Council:

Dean o? t;e Graduate School



THE LATERAL VIBRATIONS OF AN AXIALLY ROTATING BAR

A THESIS

Submitted te
The Graduate Council
of
The University of Tennessee
in
Partial Fulfillment of the Requirements
for the degree of
Doctor of Philosophy

by
William C. MeUorkle, Jr.
August 1956



ACKNOWLEDGEMENT

It is a pleasure for the author to acknowledge the
assistance and encouragement given him by the members of his
doctoral committee, and to thank particularly Dr. W. E. Deeds
for his part in the direction of the work, and Drs. F. A.
Ficken, R. D. Present, and S. Brooks for the correction of
numerous errors,

This work was performed partly at The University of
Tennessee and completed at Tulane University under the ause
pices of a contract for ballistic research held successively
by these institutions with the Redstone Arsenal. The author
wishes to express his gratitude to Redstone Arsenal ﬁnd to
Dr. R. R. Newton, Project Director, for the opportunity to
perform this research, He especially appreciates the
guidance and counsel—aand‘gheat patience~-~-of Dr. Newton,

who with Dr. Deeds, jointly directed this research.



CHAPTER

I.

II.

III,

TABLE OF CONTENTS

INTRODUCTION o o ¢ ¢ ¢ & o o s o o o s o &

Natwure of the problem. . . . « « «+ « « .

Scope of the werk. . . . . . « « ¢« « « &

DERIVATION OF THE EQUATIONS OF MOTION. . .

The Buler-Lagrange equations . . . . .
The Lagrangian density . . « . . . . . .
Coordinate system. e o o o o o o o s

. Potential ehergy density . . . . . .
Bending potentisl energy dernsity . .
- Twisting potential energy density. .
Inclusion of SheaT « o « o ¢ o + o
Kinetic energy density « . . « . . ¢

The equations of metion. . . . . « « . &

SOLUTION OF THE EQUATICONS OF MOTION FOR

CERTAIN SPECTAL CASES. o o o o ¢ o ¢ o o
Conditions for ignoring torsional motion
Reduetion to ordinary differential
equationss « . ¢ ¢ o ¢ o o o 8 e & o .
‘The lateral vibrations . « ¢« « &« o « o«
'fhe rotaticnal metion. « .« ¢« « + o o &
Solution of the econservative case. . . .
The period as a funetion of the initial

Qﬁ)ndit 10118 [ ] [} . ® e L] L] ° L[] o [ o o

PAGE

® o o

13
13
18
17
23
25
a7
30

38
38

42
43
55
64

70



iv

CHAPTER | PAGE
III. (continued)

The amplitude as a function of the initial

conditions « « « & v . 4 e 0 e 0 e e e e .o 73

Typical values of R ¢« « ¢« « ¢« o« o &+ s & o« o 14

Numerical integration for a typical case . . 79

The lateral vibrations « . « « « ¢ ¢« « « « « 79

Constant torqus aceeleration « ¢« + « +» « « . «» B84

IV, SWMMARY . . . v ¢ ¢ ¢« o ¢ o o o o o o o o« « o« 9

Review of aims and results « « +« « « o« +» « + » 90

Further research . . o+ « « o o « ¢ o o ¢ ¢ o o 92

Experimental verification. « . « ¢« ¢ ¢ ¢ o o« o 93

BIBLIOGRAPHY o & v ¢ ¢ ¢ ¢ o o o o o o o s o s o o o« o o 96

APPENDIX ® 0 s 8 8 o s a s s s 4 s s e s s e s s . s . 98



LIST OF FIGWRES

FIGURE

1.
2.
3.
4.
5.

6o

7.
8,

9.

The eoordinate system. .
Analysis of bending. . .
Analysis of torsiem. . .
Possible forms of {H . .
Qualitative graph of the

of & for fixed R . .
Qualitative graph of the

of I for fixed R . .

Numerical integration of

Computer solution of equation (III-38) for con-

-

L]

period as

.

3

.

L]

amplitude

.

a funetion

.

L]

*

*

.

(3

as a fTunetion

equation (III-38} ., . .

stant torque M near the sritical torque Aﬂe .

The sritical torque A4¢:vs.'the eoupling

constart R o o « . .

L4

*

L]

PAGE
18
18
23
66

72

73
80

88



CHAPTER I

INPRODUCT ION

SN

i€ haé long been known that the rdtatioﬁal“ﬁmtton“wf
a bar or shaft =t certain speeds i% capable of exciting
lateral vibrations of‘the shaft. klmaét invariably these
vibrati@ns“are“ﬁn&estrable‘er even déatruotivc, and for this
reason eagstderable'&ttentimn hasvbeen given to their stu&y.
The subjeef‘hns\a‘fairiy‘extensive literature dating back to
1869 whea'Raﬁkinal'a“rirst treated the stability of a shaft,
running true and im perfaet,balance;.againﬁt‘umall distur-
" bances. ‘His Tesults were erroneous because he assumed that
$he plane of vibration always rotated with the shaft, whieh -
is equivalent to neglseting the Coriolis Torce. ’xﬁazingly,
fhia assumption has proved irresistible ‘o many authors
since his time, dating wall'intO'fye‘présent‘aqntﬁry. |

When an unbaianead shaft is running at a constant
speed near one of its eritiecal speéds, as the spgbds which

cause very large oscillatien are termed, the steady state

: 1w. Je M'Q Rankine, The Engineer xxvii’ (1869),
Pe 219 ff. ) .

‘ B%he papers of ‘D. Robertson on the’ subject epntain a
fairly oomplete historical summary and bibliography of the
work done through 1935 on both whirling and trsmsient whirl-
ing at constant speed ¢f. D. Robertson, Phil, Mag. 20,
(1935}, pp. 683-825 and 21, (1938}, pp. 495-500, and The
Engineer, elvi, pPp. 153~153, elviii, pp. 179~181 and
pp. 213-214, (1933},



. e
~ motion is called whirling. Exaet;y;at‘the crit%ggl speed, .
no stéédy stegte motion axists unless there -is ffiétioﬁ. T
the frictional forces are larée énough‘in relatien te_thé un-
Ealanced“forees,*the“éhart“may n@t be destreyed,‘butwgenerallj -
operation very nsar this point 1is a?oidéd. ¥When the shaft
'iSvdﬂsttrbed“rme its stea&y sfate‘whirl,'thé subssguent mo-
tion, which deocays becausse of frietion to the steady étate,'
" 1s termed the transient whirl. | ; |
': As‘might ke expeected, the eriticgl speads oeéuﬁ at
the natural frequemsies of latera¥'vibrafion‘®f the’sﬁ&ft;
“Phis dissovery 163 %®Vmﬂre'1ntensive.1nvestigatiep of the
lateral vibrations af a bar with the aim eof prédiéti;g thev
>natufal frequenaies frem the oonfigﬁrati@n and other phyﬁieal
parametérsqfaf,the‘bar; “Meny aspeets. of Whirlihg ere now well «
unde:a%oaa; sEd most aﬁgineering texfs.mn v1hratiﬁnsvgive ‘
good %raa@iémﬁs of %hé ﬁ@nstaﬁt<speed behaviar of shafts aﬁd
methods;fér predieting the eritieal sbeéds‘ef many types of
configurations of r@tqting"méuhinery3 under'variauS‘types'@f
é@natréinté; ’ . - ‘ o |
Raﬁkine?s'old‘theary erroneously predicted a eritieél V

condition at Pﬁfg"times“the ratural frequency and also
predisted that the shaft would be unstable against small os-

cillations ut rotational Bpecds*higher‘than‘aritinal} For

- 3gee, for example, S. Timoshenke, Vibration Problems
in Engimeering (D, -Van Nostrand & Co., New York, 1928),
ps 60 ff, and p. 189 ff, . o ,
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a long time enginsers ﬁéliaved‘tﬁﬁs true, but the deve;epmént
of the De Laval turbine in 1889, which eperated far above 1ts
Tirss critiéﬁl‘speeﬁ,’shewed this to be false;*“Thns,»while.
a shaft may develop vibrations at or mear the rotational
speeds marreapendingAfo'the natural vib;#tion frequén@leé, 1%
'runs‘smcmtﬁiy“and*sfaﬁiy*whem‘eonsiderahly awayffram‘ﬁhések
frequencies, and designers try to consiruet rot&ting'mabhinery
p{s) @perate“in”these.safe'regiﬁns, “Névertheiéss,‘ihen start-
ing up or siawimg down, the retational speeds must pass
through any eritiecal speﬁﬁé which are lower than the operating
speed. This led %o the investigati@n of the behavier duging
acesleration through s erfitieal spee&. Lewis? treated this
problem, and suceesded in selving it analytieally for the
‘ease of conshtant eseeleration in 1932, Binoe Lewis' results
are somewba® hard %o applyi*ﬁékerﬁ‘also sreated the preblam
with a type of subomatis eomputer in '1939. "Baker's ireat-
ment also aasmmei_aoné%ant agzeleration, but he meptioned
the desirability of examining the cass for consgtant torque,

for whieh the equations were unknown.

#

Nafurq ofthe Problem -
I¥ is met hard to ses that eonstant accele:ati@n'may ’
not represemt?the abtual_aase."‘In“er&er“f@r‘1ﬁawangular

acceleration to remain constant, the driving torque for the

4F, M. Lewisg"Transe'E&&E,'S4ﬁ(19®3}\APE454-3&;--

85, G. Baker, Trans. ASME, 61

(1939) APM-61-145.
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system must change to compemnsate for the varying load caused
by the growth and deoay‘ér the lateral vibrationslihen the ro-
tationai speed is' passing thfdagh the neighborhood of a eriti-
cal speed. The vibrations, as they grow, present a load to
the driving mechanism whioh is beyond that necessary to main-
tain a eonstant‘aaceleraticﬁ;‘aﬁd congsegusntly the sccelera-~
tion will decrease during this period 1f the mechanism pro-
viding the power fer acoceleration is eharacterized dy a con-
stant torque outputb or is one that varies slowly with the
speed, as dc nearly all prime movers. When the resonance is
passed, the vibrations tend to deecay, returning their energy
and mementum to the pure retational motién and eguéing an
aceeleration eabove that which the externasl torque alone could
provide, 7Tke reverse pro&ss@ ogours ﬂuiingiéanatant decelera-
tion, The approximation 1nfwhieh'a eonstant acceleration
replacas avaanstant torque is goed enly ir thé total inertial
mass ef‘tha system is large gompgxea to that which may per-
form lateral vibrations, | ‘ | -

' The purpose of this wurk:;siio‘1nvestigafat€ﬁa ﬁroblem
of asgelération through a‘réeehant'spaed’nsing an arbitrary

external torque rather than a constan$ acceleration.

Sodpe of the Work

It will be seen in CGhapier TII that the‘dgtarptnation
of the eorrest egquations of motiom is im itself a Tairly
" long prooeess, and this 18 prebably the reasvn the problem

has not besn approached from this diré«tion"previausly. In
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this chapter, the equations of motion are obtalhed in a fairly
general Torm. GOhapter TIT is devoted to the adaptation of the
basic equations obtained in Chapter I1 to some ﬁartioular
oasea‘and'ta'the aolﬁtion of some of these cases, I% will be
seen that one important case turns out “to be soluble analyti-
cally. This oase, which is the friotionless, torque free
motion in the neighborhood of a critical speed, was actually
" the problem"whiehfprompﬁed“this‘investigation. "The case with

constant torque was treated with an analogue computer.

Th Chapter IV the conclusions end results are reviewed,
and some heretofore unexplainedvexperimental results are dis-
cussed in the 1ight of the results of this investigation.

' S0 far the terms bar and shart‘héve been employed.
‘Neither of these is quite satisfactory, since both imply a
more or less regular or uniform long objeet, whereas it is de-
sirable to uss a broafer concept whieh can include such
fhings a8 shaft and pulley assemblies, armatures, turbines,
and even more irregularly shaped ob jects which have one
moment of inertia which is small compared to the other two.
The term”*fotor” is used in this sense 'in some of the lrﬁera-

ture and will be employed for that purpose here.



CHAPTER II
DERIVATICN OF THE EQUATIONS OF MOTION

The geéneral naturé” of the problem has been outlined

in Chaptsr I. "2he problem of the rotation-vibration inter-
~ action of a'retdr is a speecial case of the genefal-problum
6r'th9 couﬁled‘bendingstorsional vlbraﬁionsnpr“aAbar;‘fhere-‘
fore, ths eﬁuationa whieh govern this type‘br“mmt1¢n‘w111_be
obtained and adapted to the present case. o |

‘ In“rorming“thasa equations, an attempt will be made
Ato be as ‘general aa'possiﬁlegih an:eitensive sense, but léss
important intensive refinements will usuially be:pasaed over
'ﬁ;thbqualitative observétiené en the fesult of'tpéir iholu--
sion. TThus, the theorylis made applicable to a rotor of
arbitrary shape, but such things aé‘the kinetic energy
.associated witk the def@rmation'ofia ¢ross seotion are nég-
lected sinea'thﬁy.aentribute‘nqﬁhing essential and wsually
complicate the amalysis far out of proportion to their
“effect.
| "Ih obtalning’thé equatién fdr thé simple 1ateralvvi-
bration of a bar, D*Alembert's prineiple as applied to a
eontinuous‘sjsteml1s;usla11y'am§leybd. "This procedure re-
quires knawlque'df'all'the‘foraés which act on an element
or'the‘bar;‘and"might~be risky ih“the presént eaga,'sineo

the ro:ces”béeome’much‘mdre complicated with the introduction
of two more degrees of freedom.  As‘remarked‘in'chapter;lg'

theAhistory of the problem of the whirling of shafts reoofdn
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many errors in obtaining the eguations of motien, chiefly be-
cause of difficulty with the rotetional inertia forees. Thus
a method 1s scught which does not invelve knowing explicitly
the internal forces.' ”

The Euler-Legrange differentinl equations extended to
a continuous system provide sueh a method, since it is neces-
sary to kmow, in addition %o the externdl forees, only the
Lagrangian dsnsity fTunction for the system, which 1s gemsrally
much easier to diseover than the internal force system. How-
ever, it appears -that no one has obtained these e@uatiens
for a system in which the potemntial energy demsity is a fTune-
tion of the seoond spatial derivative of the displascement
e@ordiﬁate. Rayleighl and Love® beth treat sueh:systamé,but'
both apply a variational principle &irestly to the Lagrangian
density of their partvicular problems without bothering to ob-
ﬁain ths gensral Euisr-Legrange equations for such systems,
Their procedurse souid be followed here, but Instead, for the
sake of both generality and completeness, and béeause it
turnas out te be eaéier,'the Euler-Lagrange equations are de-
termined from Hémilten®s principle. “Phree eeardi@ates are
involved (motually, of course, ?hree infinite seté,'sinée the
bar is a sontinuwous system}, ané the variational proocedure

would have to be repeated for each, whereas obtaining the

. v of Sound (Meemillan and
Ce., London, @nd ed. 1887); p. @58, 7. 1.

24, E, H, Love, The Mathematical Theory of Blasticit
(Dover Publications, New York, 4th ed. 1944), p. 430.
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Ehler-Lagrange eguations does it oﬁee”rbr'all. “Thus the Euler-
Lagrange equations are de;ived'rirst,“then*tne Lagrengian den-
sity, and“finally“the"equétions of motion which résult from -
substituting the Lagrangian density into the Euler-Lagrange

equations.

The Euler-Lagrangg Equations

Bamilton's principle Tor a corservative, holonomie,

continuous system takes the form®

5!7{[ dvdt = 0,

where § is the standard variatien symbdlfé df is the

(T1-1)

Lagrangian density and the volume integration is taken over
the equilibrium cenfiguration of the system. "The sndpoints
in time, 7, and I, are mot permitted to vary. The system
is taken-from some ‘fTixed conTiguration at 7, to some other
rixed configuration at {, wnd hence the configuration varia-
“tion must “vanish at these time endpoints and at the corres~
ponling space wndpoints in configuration space. This does

not mean that the configuration variation must vanish at the

SH. Goldstein, Classical Mechanics (Addison-Wesley
Press, Inc., Cembridge, Mess.,, 1981}, pe 00 -

4For a discussion of the variation procedure and the
‘propertiss of & the reader is referred to any of the
standard wotks on advenced dynemics or the ealoulus of varia-
tions. See, for exam?le, ibid., Chapter II.
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spatlial tntegrution boundaries, and in faect, as will be seen
latar;'tmpwrtunt'hvun&ary“condiv1ons-are obtained by paying -
sareful sttaﬁtion“tO'thiS"pointgs‘”The Lagrangian dsnsity 1s
the excess of a-Xinetic ‘emergy density I~ over a potential
‘energy deusity \/. “For the type of vystem we contemplate,
two dimensions will be negligibly small ecompared-to +the
third, which we 3jake in the '3— direction of a Cartesian sys-
tem. Thus, the volume integration in (II-1) becomes, for our
aystem, a line integration over the length L ot fhe rotér.
We want to perform the variation in {II-1) for a funetion L
of the quantities Z"”’ j.{ ,j.( ’ je'c pj;a( ,5 and T, where primes
~denote differentiation with respect te g, ineluding both im=-
plicit and explicit dependencs onk?,and a dot denptes the
same for time. The quantities Z.( r--j,(@)t) denoteé the dis-
placements of points along the rotor from some initial or
equilibrium configuration. The &« lebels the type of dis-
plaaapent, anéd % 1s assumed the various types are inde-
pendaﬁt. Thus

J-V =I(Z£}j&)§‘wg«/ ;}M&“J t) .
(II=2)

If some ©f the “forces are non-conservative, they can

5The author’s treatment is similar to that found in
Love {op. cit., pp. 165-8)., The difference is that the
treatment here 1s for only one dimension, but is extended to
ineclude the dependence of L on the second spatial derivatives
of the coordinates and om certain other terms. A more general
type of generalized forse is also included. Thse treatment
of Goldstein (op.cit., pp. 351-2) uses a type of variation
which vanishes at the spatial integration boundaries and 1is
therefore too restricted to be usagul here, .
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be included as well, since Hamilton's principle applies also

to non-conservative systems. The principle then is stated

tz_ £ N '
[ {s0+2 (@50 0 50+ 0ug2) [y dt = o,
t, ‘o oz
(II-3)

where Q‘, ’ Q“_ ) Q 3 are generalized non-gonservative force
densities associated with the displacement coordinates j,, and
their spatial derivatives. To write them in this way takes
account of the fact that some generalized forces, such as t'ose as-
sociated with bending an twisting, produse shanges in the derivatives of
the coordinates, rather than direstly affecting the coordinates
themselves,

The variation (II-3)} 1s thus

N t. 2
;Ll{(iﬁ*@a)ggﬂ +~§-§§;"j

oL :
*(33:; *a) *%%«H(%ff*@»)% hdt =0
(I1I-4)
‘It is necessary to express the terms in the integrand
as a multiple of SZ"’ and we do this by means of a series
of integrations by parts, using the preoperty of 5 of com-

mutation with partial derivatives. The Z»intagration of the
first term in the integrand of (II-4) mey be written as

y / / ¢
[8 ey - 55 algp ety
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]( m“@ 3—;4 5

Similarly, the other term not involving time derivatives may

be written in the form

/g@f‘ Qs = G5+ go@(] /(a,%) iy

For those terms invelving time derivatives we recall
that the variation g%‘ must vanish at the endpoints of time

for all a; henace 5{ also vanishes at the time endpoints,

Thus

j/ Jf JJJt—o {[ a;,( %, a}a/f
[/ 2 5y = o [/fo e dy dt

It the above results are colleeted, we find that the

variation (II-3) is now

3 ({18 g (51 3% (2]

+/ '. af{ ax az 40:(5%5/5}0& —o,

(II-5)
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where we have put |
— ! —_ / oAt
/Wx==£)3 ’ F:'* Q% Qg 9 G& “4%1*<Q2'+ GLZ -

The j& 'have been assumed to be independent; hence
each term of the summation must vanish separately. Since the
interior and boundary values of 53& are arbitrary, and at the
boundary 5?‘ and 52& may be independently specified, the
integral and integrated parts must vanish separately. Thus
we obtain the following é%urwenﬁﬂccnditiéns:

o Jx‘ P 20

D&? 5 (II-8)
( ) f)“%}f*ﬁ"‘o. |
in order that the 1ﬁtegrated terms of (II-B) vanish, and the'

Eul er-Lagrauvge equation

(éé;)y (;;) (;;) ()fz) 5?;*@ (11-7)

in order that the integral venish, We have permitted varia=
tions of the benndaries, wh1ch.1eads to the requirement that -
the end céndifions (IT=-6) be satisfied., These eonditions
sﬁate that the terminal values of certain quéntitiéa must be
HBQual;to the terminal forces and moﬁents acting on the bar,

If we had not permitted variations of a coordinate or its
derivative at the boundaries, we would have reguired that

ggn( = SZ; =0 at the ends and could not obtain equation
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(IT-6). “However, de—- f(-—() implies that %, and i.(/ are
oonstant at the ends, which are sometimes convenient boundary
conditions., Other combinations inm which either éi?d or:
52; vanish on the boundaries are possible. We see that
Hamilton*s principle not only yields the differential egue-
tions governing the rotor, but also yields the boundary condi-
tions to mest specified terminal torques and mowents, the
conditions for fixed boundaries, and evem the condition for a
combination -of the two types of end conditions, i.,e., the two
types resuliing from having either a variation vanish or the
coefficient of the variatiecn vanish at the boundary.
The boundary conditions {(II-8) and the EﬁiernLagrange
equation (II-7) will serve to produee the equa%ians of motion

and the termixnal conditions from the Lagrangien density.

The Lagrangian Density

It 1s necessary to define preeisely the coordinate
system in order to proceed with the development of the kinetie

and potential emergy densities.

Coordinate System

The rotor is assumed to lie with one end at the origin
of a right~handed Cartesian inertial system and toc extend a
distance Qf along t@e -axis. The lime passing"fhfuugh“the
centrolds of the oross seotions of the rotor is ealled the
eentral line, and is not in general straight, although it

will be assumed to be nearly so. If the vibrations of the
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free rotor are to be considered, it is necessary to agsume fua-
ther that the axis of the minimum mement of inertia of the
rotor considered ms a rigid body lies parallel to the Z-axia.
The reason for this is that if rotation about the Zf-axis is
permitted and the body is not rotating about one of the prin-
cipal axes, the precessional motion of the free rigid body will
take place In addition to the motion of'interest, &nd this
will eomplicate matters beyond the scope of this work. If the
kinetie snd potential energy densities were rigorously formed,
however, this complication would of course include itself in
the equations of motion. TIT the ends are constrained in
some fashion, as by bearings, this trouble dees not arise
whether er not the principal axis lies along the é% -axis,

Figure 1 illustrates the coordinate system. Displace-
ments of the eentral line in the X~ and ~directions are
given by ¥ (3,{-) and Q(}} t ), respeetively. If the rotor
is natwrally bent, the egquilibrium eentral iine displacements
are denoted by ¥, and /], . With respeet to areal moments
of inertia, each oross section will have two prinecipal axes
lying in the ssotion. Rotation of’the section is measured
from the ga — plane to the minor prineipal axis and is de-
noted by e(éj-t’) +o(( ) « The angle of measures the rota-
tion of the minor axis along the rotor in the equilibrium
state with respect to some line fixed in the roter, say the
minor axis at the origin. Thus « measures the natural
twist of the rotor. TIn the equilibrium state, or in rotation

where no twisting occurs, all cross sections have the same
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fixed Iime (n ¥

votor of origin

T
- T
77 2 f
- 1 7
, L= Keosle+B) Trate of 2
Trace of central 7 i ¢ contral fme on
line om 7-3 'pluuet.

~ Yo = §simlpta) X~ plere

(a) Coordinates of centrsal line cf rotor, in equili-
brivm position.

% N

WINOr axis

fixed line 1n Fotor
gt Origin

x

(b) Coordinates of cross section of rotor, in equili-
brium position. '

Figure l. The coordinate system



value of & . Tt will also be convenient to consider § end |

N. 1in a similar way. "These quantities rotate with & and
their angular dependenoe is most simply given by a polar form
Y= Seoslowp) s o= 0 5m (849, wnere § = (T.1+ n2)A
and (6 measures the angle of S to the same PTixed line in
the rotor deseribed above.

This completes the assignment of eoordinates, but the
reader is cautioned”that the above system, however simple, may
be deseptive. Tor eiample, apparent rotation of the retor can
oceur, by virtue of the 5 and '[ motion, while & remains
constant. The angle of rotation of the sentral llne about the
5 -axis is tanf‘@/f while the rotation of the eross section
is denoted by & .

~ Potentiel Energy Density

_ E@téntialvenergy is stored in the roter by bending,
twisting and shearing deformation. The last is usually neg-
lected because the bending moment at any point is the integral
of moments generated by forces acting all along the roter,
whereas the lateral shear deformatien is caused by the deriva-
tives of these forces at the point considered. The former may
be expeeted to be much larger than the latter unless the for-
ees change sign rapidly along the rotor, indicating a more
sinuous c¢entral line and a higher mode of oscillation.

Timoshenko® has treated the effect of shear, and from this 1%

68. Timoshenko, Vibration Preblems in Engineerimg (D..
Van Nestrand Cc. Inc., New York, 3rd ed. 19551, pp. 354-330.
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cen be csoncluded that for the present purposes this effect is
- negligible unless the wavelength of vibration alomg the roter
approaches the thickness ¢f the roter. A method Tor including
it will be indicated.

Bending potential energy density. IT the rotor is zon-

sidered to be made up of a bundle of ‘filaments, and i neo
part is deformed beyond its elmstio limit, the filmment -which
lies along the eemtral line will be umextended and 1s called
the neutral filament, In“faot,‘thefe will be a'SHrfa§O'of neu-
tral filements, and the line lying in this surfade and perpen-
dicula; to the aentral line is called the hénding‘axis at

that point. “The curvature veetor’ of the central line due to
bending lies along this axis. The other filements are
stretched of compressed in proportion to their distance away
from or toward the center of curvature of the neutral surface,
aﬁdAthis g#llows the curvature of the central line to be used
to measure the bending energy demsity. With the aid of
Figure 2 on the fellowing page, the relation between bending
moment and eurveture is disecovered. Oonsider a wafer-like
slice 6r the rotor of thickness J: « Let a. denote the dis-
tanoe frbm'the-neut?al surface to an arbitrary’filamant,

- which is stretched @h amountcﬂﬂsj,and‘let /ﬂ be the radius

" of ecurvature of the neutral surface.

TPhe curvature vector is often defimed differently.
This definition 1s the one used by Love:. A. E. H. Love,
‘OPe Gito, Pe 388,
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Figure 2. Analysis of bending

smen #= A2

The quentity 4*%” ‘is the ‘extension. If F 1s force per
unit area, € ‘the extension, and E Young's modulus, then

Hookes'’ law states

T JA 1s the eross sestion of the Tilament, the elemental

bending moment is

and

Mz%ansz )

where A 1s the eross seetion of the rotor. The quantity
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2 ' .
an JA 1s Just the equared radius of gyration 7€ about the
bending axis inul»tiplied by the arees; hence

—
/W = E A éa‘ (/‘7[‘ ) ’
| (11-8)

where the supersoript arrow 'deno'ted a vesctor quantity. “The
bending mumrent ahd curvature are direateg;al’on‘g the bending
axis. A]:th‘ouéh it will not matter in this case, the sense of
(;} is chosen s0 that, for suscessive points alo’;{g the cen-
tral line, the tangent to the central line rotates so as to
drive a right-handed serew in the direction of (;) .

N If the central line has a slight natural ourvature
(7%), the bending moment is proportional to the difference

in the original and deformed curvatures:

~ o—
M = EA él((;-} -%) .
SR (II-9)
Since for any given element the deformation is proportional
to the bending moment, the jvork done per unit length, or
energy density assoeiated irith bending the rotor from the

equilibrium to the final curvature, is Just

— I 2 ) /Ty -1 Th*

Vo =HEA D) -
| (II-10)

~ The quantity EA &2 is called the stiffness. It is the
actual measured stiffness, which will bedenoted-by S y sexcept -
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where A or ﬁ} change abruptly. Then the &bove analysis
cbviously does not hold, for the rotor cannoet be sonsidered as
a bundle of eontinusus filaments at suweh & point. The actual
stiffness .S will change shaothly across a discontinuity in
EA /{‘, assuming the value of £ A#4* again at a little dis-
tanee to each side, asecording to St, Vemant's pr:lneiple.B
A more exact expression could be obtained by solving the fun-
damental equations of elasticity Tor the appropriaté boundary
conditions, but ‘this is another problem. The stiffpeéss can be
obtained in several ways, and S will be used to denote its
actual value,

I the ecentral line is proJjected on the y; -plane, the
curvature of the projection will be the ap~somponent of the
curvature veoctor. TFrom elementary kinematies its value is
exaotly‘. f§/0+~?J{?&;& Similarly the projectien on the -
plane has curveture Q”/éul"‘)% whiech is the negative J—-
component of the curvature, If the slope ¢f the central line
is small, then‘tpe'ﬁenwminat@rs are very c¢lose to unity, and

the curvature is very nearly

(;;) = - nfv ]: :+ ¥:: iF' .

85t. Venant's principle states that lecal stresses in
a oontinuous medium which result from points of attachment
or similar sources guickly smooth out and have meglimible
effect on the stresses distant from the source. A.E.H. Love,
ipid., p. 131. :
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. lazfly,

where Z and :d" ére the usual carteaian unit vestors. Simi~
 ——

TV o e
Cao) - "2" A‘ ;* }.J Z 9
and the bending energy density begomes

=73 {(? f (n-nf},

An expression for the stiffness about en arbitrary

{TI=-11)

- bending axis is needed. S transforms like the moment of inertia
~and in a given eross sestion has the same prineipal axes,

S', 18 taken as the value of the stirrneaa a‘oout the minor
pr.in.eipa_l axis. Tt will be canvenient to use S, = (1),
F'_'fér;‘the' sther '_prinoipal axis in the plane, where £ ‘measures

‘what is oﬂled the skew S'yirtnqss,; ‘or deviation from 'iyﬁet-

- rical stifTness, | | o '

o ‘The principal axes ef‘the stifrnesa tensor are assumedt
‘known 1n ﬁhe body-tixed system, and the components in the in-
ertial system are Tound by uperatmg on this diagonal tensor
with the mtatlea matrix which retates the oaorainate system
jith axes alang the prineipal axes to one with axes alang the ‘

‘inertial axes. Thus

aﬁ@wo e«ﬂ\ r+8&4%%u) ~£sweuuagwﬂ
Y =3

| Siape) c}qu)_o HE" - Sanl) C«s@w)/ n -am@a)cdgw :+eas'

(1I-12)
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1s the desired stiffness tensor.

In order to obta;n the stiffness about the bending axes,
the above tensor must be contracted twice by the unit veotor
in the direction of the bending axis. The survature vector
due te bending bas this direction, and normalizetion gives the
desired unit vector. Henee
HE Sinllprl) € sinPhlladB)\ -1t o'

A S ,,
O = T yz)z((n ) (" }j)

\-ESubrl)tosipnl) 1+ & eospra [\ 1 [

{I1-13)
where the sum of squares im the demoninator results from the
normalization. “If the indisated matrix multiplications are

performed, (II-13) beccmes

(3" -1y +(gin, f;t ag (3 cqsw-@'mmw)
- 'L")z

(I1-14)

This 1s imserted into /g 4 (II-1l}) , which then reads

Vs = 7S¢ (:" 28 " 1)’ + 8(@" 12)osed) + (LAY Mé#d)”} )
. (}Il'_‘.-ﬂ-l‘ﬁ)
In t%ams of ‘the polar forms of 3, amd .Vb . which

will be convenient later,
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rs

W =4[5 swen]* + - Fennd
+ 8 L(g -5 rs(00p) ersletet) + (V[- ) M@P))USW(%)T} )

(II-18}
Twisting potential energy demsity. For twisting, oon-

sider a oylindrical shell element of length 6‘3« shown in
Figure 3. f

Figure 3. Analysis of torsion

One end of the ocylindrical shellx is twisted ‘threugh an angle
d 6 with respect to the other énd. For shearing deforma-

‘tiom,‘ the relationV:[s that the angle of shear (§) +times the
shear médulus (/L) is equal to the éhearing foree per unit
oross sectien (E) . Por the element in Figure B3, ‘the net
éhearing*‘i’m:ue asting to shear one end relative to the other

is F;'éld,‘henae :
f:_slolé =MS .

Also we note that S Ja-_—.}-o/g, izenoe

Fs."d’a = pre,
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The elemental twisting moment is

M. = F”"*a"m = p8'rtdA
where c!ﬂ is the area of the end of the element. Thus

M- = Vit 91.1; rrda .

‘The integral is just the areal moment of inertia about

the perpendicular to the sec¢tion at the .oentreid. 8ince

% - [ > = - _.’.. )
fAr da JA<¢+6)JA = E(S+S,),
it follows that

M-r = X 5'5,<2+2) 0
{1I1-17)
 where X "‘-“./“/ﬁ .

“Ii"the v‘cross sestion 1s not nearly c¢ircular, then the
above analysis fails. “This Hhappens because of the implicit
assumption that the rotation of one aross sec‘t’i’ohreia‘ﬂ've '
to another is pure transverse shear at every point, “which 18
the case only if the oress sestion is bounded by concentrie
oi';-cleq. “In-gemeral, the deformation at any poimt due to
twisting of the rotor is compounded of a shearing between con-

tiguous cross sections and a shearing between eontiguous
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longitudinal seetions, and the eross sestion is distorted into
a curved surface. The problem of finding the exact deformation
for a given shape of eross sestion is known as the torsion prob-
lem for that shape, and is generally a considerable problem in
itself., As in the case of bending, the actual twisting stiff-
ness will be denoted by T , and

My =To".
(II-18)

Again, since each element ié deformed in proportionm to A4T ’

- . -L 120
Lo=1To

(11-19)
In spite of the faet that the derivation of twisting
stiffness hoidz only for neafly circular seetions, it does
show the relative magnitude of bending and twisting stiffness

coefficlients. Thus

T & 2 Sk,

(II-20)
and this information will be useful in estimating the degree
to which lateral and torsipnal vibrations affect each othér.

Inclusion of shear, Because the lateral foreceg change

along the roter, the eross mections also undergo small lateral
shearing motions with respect to each other, and the slope of

the central line is changed at a given point beyond that due to
bending alone. The lateral displacement at this point is the sum
of three parts. Consider the displacement in the ¥ directionr

¥
i
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T= 5.+ %5+ is,

where ?O and ‘7’3 denote the equilibriwm and bending displace-
ments already econsidered, and ?s denotes the extra displace-
ment due to shear. As before, the derivative of the lateral

/
forece gives the shear angle, whieh 1s Jjust ‘fs e« Thus,
/ /

where K 1s a constant depending oﬁ the shape of the section
and A 1is the area. Thus, if Pé 1s included also,
V= wHA[E)T )]
o : (II-21)
"This has the effect of introdueing another displace-
ment ecordinate. Where previously ?-'f, was used, it would be
Teplaced by ?'fa*‘fs 1f shear were included, The doordinates
%z amd g are independent, and each will have its equa-
tion of motion, which will have both coordinates in it. How-
~ever, the only observable displacement 1s still 7 ‘and
thus \is and }'B ‘must be combined by ‘proper“manipulgtmn of
the equatiens to obtain | alene. This ;somplioation 18 ul=-
timately the reason shear 1s negleocted in most eases, although
it is the ‘1a“rgest of the group of small effects, being several
timeg 1arger9" than kinetic energy correotions which will be

.98, Timoshenko, ep. oit., p. 231.
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discussed below,

Kinetie Energx‘Donsitx.

First, an elemental cross seoction has the kinetie
energy associated with the translations of its centroid. This
will be prineipally in the 4.~ and -directions, since the
longitudinal motieon asscciated with SQight bending 1s extremely
"small, Th additlon, there is the very small kinetiec emergy
associated with the distortion of the eross section in bending
and twisting in which the section both changes its shape and
becomes n@ﬁ—planar.m ‘Finally, there is the rotation of the
¢ross seetlon about a line throvgh its sentroid approximately
parallel toc the ia ~axis. Because the rotor is bending and
rotating simultzneously, the sestion will perferm a slight
wobbling motien which has a somewhat complex kinetic energy.
However, the la%ier ean he obtained by writing the inertia
tensor for a vross seoction in terms of the imertial system
components and contracting this tensor twice with the angular
velocity with somponents 1in tpe seme system, This has been
done, To the first order in %' and W', which are assumed

very small, the inertia tenser is, in the inertial system,
1+ & S (@rt) € SO oo )  §- g[f'(:-g;i(am+ W e ers(4ar)

z
/4 £ ; 1 4 £ Cos{(B4«) ﬁf+£[»c('-05’(ﬂd)+¥'ﬂ¥(wl o5 o))
(S:,mmd"ria.) | 2+ € 9

104, E. H. Love, op. 6it., pe 430.

o
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where /’ 1s the linear density of the roter. This tenser myst
now be contracted twiece with the angular velecity, W =
-9 ¥ -3) . Phe result is the rotational kinetic

energy:

2 T w? = p H(R* + 3% e2¥ 6 -y 6

-+ Zéz + fél—f* £ coefficrents O—f-é’).

(11-22)
A1l of the terms which result, except /ﬁg;@}ﬁ) 92; are very
small since they are assumed to be of the second ader of small quan-
titiescompared with ¥ and A « Their interest lies in the
faet that the eoupling between the various equatiens, as will
be apparent shortly, depends in the potential energy on }’,,
Wo and £ . If these all vanish, as for a straight eir-
eular rotor, ther the only eoupling terms bBetween the vibratien
snd rotatien are the smsll gyrsseopic terms L%’ Vt/é and
ZVU }o" é above, It is commonly thought thet if any rotor
is run at or near the speed of the angular frequency cof its -
natural vibratien, large vibrations will develep., This is
not so if the roter is perfectly symmetrie, and in that case
ﬁhe rotor will perform rotation anw vibratiem very nearly
independently, coupled only by the very small terms above.
If it is net vibrating initially, nene will develop since
even this small coupling vanishes with the vibratien. A rotor
must péssess some aﬁymme‘try to couple the retatioﬁ with the

vibration, and in aetual practice it 1is véry diffieult to.
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eliminate all asymmetry. ,

There 1s one case of practical imp@rtanﬁe in which the
gyroscoplc ocoupling is appreciable, "If a flywheel is Tixed
te one end of a ahatt, and the bearings supporting the shaft
are some distance away, then the wobbling of the flywheel due
to bending of the shaft can introduee strong gyrossopic terms.
The'equatiwna“for“this oase can be obtained by inelnsion of
the gyroséopie terms. Tlis case was treated for the ease of
constant speed by Eeaa.ll We negleot the slight wobbling ef-
fest (whioh in the umrotated bar is ocalled the effeet of"
rotary imeftia besause of the slight rotatien of the sestion
about the hending axis), and the total kinetic‘éner@y denaity

besomes
— 1 5 (%% L p? LT 4%
T"'*{f’(‘f' *"t) 1+ ZIQ )
{I1+23)
where I is the moment of inertia of the eross sestion per

unit length about the perpendicular axis of the sestion. The
complete Lagrangian density 1s expressed by I: j—- UB-‘U,'-,

=‘{'/(Tz+ Wt) o+ %Iéz -5 Y {(7-5’@5@4’5))'»’2,

+(- 5 sl 4 2 (5 - 5oty Vomtora) - 5:;.(5,?4)&;(%1)}2} %Tf?'-f |

(II-24) .

113, Lees, Phil. Mag. (6) 45 (1923), pps 689-71d.
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The necessary Lagrangisn density has now been obtainéd,

ahd it remains only to substitute this into the Buler-Legrange
equatior previously derived in order te obtain the equations

of motion,

Equations of Motion

By inspection of the Lagrangian density, equation
(II-24), and from the Euler-Lagrange equations (II-7), +he

equations of motion in terms of the coordinates are seen

te be:
(al‘ff)” : (%‘) = -0 ;
('g;i) - @7) = G

AL 1L | 0L "  Df _ .
Y YA (5?/ ”(5?) = G (1I-25)

where we have dropped,terma sush as ')%é" s Which have not
been included 1in the Lagrangian density. , .
The first two equations,‘whieh govern the lateral vi-
brations, suggest a formnlation using a eomplex dependent
'variable when the differentiation is ear;ied @ufr
| be : ) | " "o
.{; = -3 [(Y -5@5(975)) + g[(? —ans(z»(s)) Crslgiot )

"'Gl - 3 soloHy %)I:&;« @M)] s 6 +o()}
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%f; = ‘_.' S, { (1-? w(eavf;)) Ry [ (3-8 %(é}(g))"% (644)

+ (-3 Mm(&))”ws (640)] Sim(8 +4 )j- .

) ' .
G5 =t 5=/t .
(I11-26)

Let ;'-:- “p,;»[' and combine equations (II-26) to
obtain ‘

. i? L Y . "4 )
R i [ R G

257 oy V
(5 reere ))né;;(efaz{}e;(w)} .

(I11-27)

% ‘ .

where g’ is used to denote the complex conjugate of éf .
Further simplification is obtained by the subsﬁ?pu;ion
— i(6+@)

=4 -5, ‘

(II-28)

Hote that

I

= 41-4,3’9’6;'@76)
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and
F:J = {o + 5( "48‘) ’L(eﬂ@

The lateral motlon equatiom is

( R [ Hf g/Z ( E:* //5"'(9“) + El ”é,«‘,@fdl)ei(g.;,?)a
) /(:; - 7(6%46) P = -Q:::(J,f),

Steen) 5+ p 2
= p 10%8)e®P- (s 4 7)1 ot

{II-29)

In the imertial system the ccordinate E measures

the deviation of the eentral line from 1ts equiliprium posi-

tion. For example, if T=0 , and OF 0 , the equi-

—_— =

1librium central i’ine is merely rotating without bending or

twisting.
For the 6 equation, the derivetives %‘ P

/ 1
(5%1,?) , and /D,zf) are needed, The first is

—Ba_;é = -3 {@ -3 00—5(94(4))”(5 W+F))"

- 75 040) (s’ + £~ ws(or



8
+(n -a‘wg))"m(wﬂ ‘ [-.. (7- 7 costots) St (B4
+ (-3 w(mp))”aas(em) + (5 M(e»r(s))"m‘(mau

- (5’ m(9+‘zs))”m (9%()]} .
In terms of 5" = 3¢ 1(9*73), this can be written in

the form

) 1" . ”
oe = S{em s e ]

3 53 5 e"’*@“’j}
(1I-30)
o0&

ean be seen by partially 'p‘e;tormmg the indicated differen-
tiations. For (za.‘..{); the ;ésult is
e

1
(..QL{ / and (,a%‘,é:- are very complicated terms. This

(% ) = - [ 25,1 5t & OPLsoyR H et

| o+ ¢ [R.z 5: bé(e?éﬂ( 3 Sam (e~ 3640 'cas(a-@ - 7’6’}] l. |

(II-31)
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Feor %é)”the result. is
ae” [ S X{im =" #(9'*({3)
+ (B s s p0)]]

(11~32)
Fortunately both the terms ('aéé'é;- / and (Z&—g—')” , which
contain much of the torsion flexure interastion between higher -
modes of ogcillation of both types, can be integrateéd as they
stand in"sfhe ‘cases 0T interest here, and the remaining differ-

entlation need not be explicitly carried out,
Tae O egustion, ineluding (M) Ié' , oan thersfore

be written in the follewing form:
-S{Gwl b2 o ot [ (s
N (Ye‘@*’))"é”w)_]} . [25’ {Slgm E:'é-;(w(g
S S R EE B+ L é{& e O] x
< o/
(850 -5®+(s)’cas(a(-/s))} —Ta'] + [ S 5[1»«.:3 e
o -
* £(Ra e W’)(%@*,@)'S«'M(ew‘p))}]- Io = Qa3 t) .

(11-33)
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_ The equaticons of motion have now been obtained in a
fairly general form, negleeting only the following very small
gquantities: the correetion due to lateral shearing motion,
the contribution to the rotation of the eross section caused
by the bending motion, the kinetie energy associated with the
deformation of the cross sestion during bendimg, and the longi-
~tudinal mution.
I¥will bes convenient to work with dimensionless quan-

tities, so the following transformations are made:
Ho=ALw
g =t
wt =T
S, = S.kw
/ /0 a“) )

I

((11-3%)
where the value of W 1is left to :be ehosen later, amnd S,
and /. denote, resp'eatively, the stiffness and density at
some chosen referenge point on the roteor, and /((u.) and -
D(u.) express their variation along the rotor. The lateral

motion equation (II-29) beecomes

(ko G+ 8a) W) + b Dy W =
b o 06 Dy (624 6 ] €€ (w4 W 69) s F(uT)

(II-356)



36
where primes and dots now mean differentietion with respect to

w and T , and

o o
1>—.§—:_,a

43
fwT = T Qo T) .
° (IT-36)

In terms of the dimensionless variables, the & equa-

tion, (II-33), becomes
K {0 ) [ W (0 0Y T+ 84 b [l
+ Ae‘(&+€))”e‘2‘ @’L"Q_]} + [2K{A'9m W
- A(G;é)'& WP e | Re W]

(A' Sam(otp) - A(9+§)'azs(o<—(s)>]- B @’] + [ KA { 4, W//e—i(af-p)

+&(Re W"é‘(‘f’*@)(waprwem))j (g = -a(u,t) ,

(11-37)
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where

£30&) — fgilflki.
S,

7 S
Cw = £ ]é(u)w
o

g%r) = _é;_ QD ,

(II-38)
‘The dimensionless equations (II=35) end (IT-37) oan now
serve as a starting point for the examination of the partieular
cases whish imibtieated this investigation. This will be done

in the next ehapter,



CHAPTER III

SOLUTION OF THE BQWATICNS OF MOTION FOR
CERTAIN SPECIAL CASES

It 1is mpparent upon inspection of the general egqua~
tions (II-35) and (II-37) that little useful information can
be obtained from them in their present form, and their appli-
caation to the partieular problems will require considerable
reduetion &nd mdaptation. 'One advantage of having such
general equations i1s, of course, that they cover a very wide
range of problems, and often serve to unify apparently di=-
verse consepts. A second advantage is that one cen readily
ocompare ‘the sizes ¢f varicus terms for a partioular problem
and thus more readlly determine which ones ean safely be
neglected than if approximate eguations were derlved from less
general assumptions. When the preblem which initiated this
research was first eonsidered, it was thought that torsional
vibrations might be important. Therefore terms depending on
twisting were Inecluded in the potential energy to see 1f per-
haps they could he treated without excessive difficulty.
.Equations (II-35) and (IT-37) show that the tersional motion
may be quite important and may interact with the lateral
motion to a econsiderable extent because of the extensive
mixing of‘ the lateral ard torsional displacement coordinates.
‘Moreover, O often oceurs as an exponent, and the compli-

cations which arise because of this when & 1is a funoction
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of W as well as 7 , while not imnsurmountable, nevertheless
present sueh formidable difficulties as to Justify seeking

seme method for eliminating the (L dependence of & from
consideration in our treatment. A method which suggests itself
is to integrate the 6 \aquatibn'ever U ,‘whieh"eltminates
the troublesome terms <b f)’ and (%5 displayed in equations
(II~31) and (II-32}, and then “to make the appraximatian of re-
placing '@@g@) by éLm@j ‘everywhere. ¥e discuss the validity

of this below.

Conditions for Ignoring Torsional Motion

The proeedure indicated above can be justified most
easily.on the basis of physieal reasoning from what is known
about coupled vibrating systems in general.

Examinetion of equations {II-35) and (II-37) shows
that they reduse to independent equatiohs for lateral and
torsione} motion when the parameter functions £« and &)
vanish everywhere. However, as A and £ depart from zero,
the modes of vibration associated with the natural fregquen-
cies of both types of motion begin to interaect with each
other, and therefore the pure lateral modes beglin te involve
torsional motion, and vice versa for the torsional modes.

If the coupling is weak, which means A and £ very small
everywhere compared to unity, most of the modes of the two
types of vibration will preserve to a high degree their

essential torsional or lateral character, ©nly when twe
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modes of different type have their frequencies close together
in the uneoupled state would the small ceupling be expeected
to alter their shape or shift their frequencies appreciably.
It will be seen later that we cam consider the behavior of
the rotor at each rescnant spegd separately, and therefore we
need only to-know whether or not the partienlar mode comsidered
has appreelable torsional motion associated with 1%,

There 1s no mpproximation invelved in averaging over
the 6 eguastiem (II=37), The approximation consists of sub-
stitusing Q&éi? for 6%9{7 , and this will be permissible if

£ does not vary frem 1ts average position more than a few
degrees along the entire rotor. The greater the exeursion

of © ' from the average position, the less exact is the analy-
sis. Physileally, the spproximation 1s equivalent to negleect-
ing the energy of the torsienal vibrations, and this approxi-
mation will bs a gpod one 1f the torsional vibration energy
is negligibly'amall compafed to the energies of the rotational
and lateral motion., Thus we restrict the analysis whieh
follows to modes of oseillation which are essentially laterel
in charaeter, which will ususlly be assured by having Awywm,
and £(u)m small mmpa‘réd to unity.

The eases in which A and £ are large do, however,
constitute a very important class of problems. For example,
the wing of a multi-engine aircraft is characterized by large
values of A at the engine locationz, and the vibrational

modes of this structure invelve extensive lateral and
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torsional motions. Gertain types of crankaharta and turbine
blades pose similar problems. In prinei'ple,",all can be
treated with equations (II-B35) and (TI<37).

By averaging the torsional motien over the length,
and replaeing & 1T) by GM(I> , all torsion-bending 1inter-
action is removed from consideration except “that Gf bending-
with the rotaticn of the ro‘tsbr as a whole. The result on
qquatien (Ii-‘-ﬁ?) of this averaging by integration over WA is

{

L ‘K{(H'Z/z)‘ Egm n/:l‘ U(A e:.' (9;{5));7 ;

+ % 4, [ w"( w +‘A:e“(6*(” )’/ézi@ﬁi]} di

L o o
",( 6 du = -6 - 6@,
o «

(III-1)
where we have put Gs('c) equal te the Integral over the exter-
nal torque density 8@.}1}, and Q-,-CC) represents the terminel

/ g
torques arising frem the integration of (%) and- (%fﬁr .

- : A ‘a.e) ad” eaf)'

A, . : y-DEeOmE . L and ) b1

These terms,. when integrated over U-y-become {W .and D&/

evaluated at ‘the ends of the rotor, and inspec¢tion.of . the

second condition of (II.-;',6) shows they must ,.t,epréx,eg;. ters-.
‘m,i_n'al ngt;ational torques,’ The quantities Gstt) -and Gr(c) are

just.space average _tdrques per unit length. Also, note that
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f“ ,e ! zL"f
[C@J!A - QMLCJH:: aw/fiﬁlrw,

{II1-8)
where we have used (II-36) and (II-38) in the e"xpre'ssion for
(W . Besause the limits of integration are constant,
(Qa:n,) = éa,m . Hereafter we use & where we mean
Oove  8RA drop the subseript. The O eqﬁation (III-1) be-

comes, using {III-g),

5 + R, j: K {4 o W (2 e CY
t 5 b [ W+ 0 ) T

- Rleo+6:0) = o,

(I1II-3)
where 2
R, = 24
w* b9 Toe (I1II-4)

The lateral motiem equation (II-34) 1s unehanged by
the ‘substitution of & . for 6 .

Reduetion te O@rdinary Differemtial Equations

The lateral motion equation,(II=-35}. cennowbs. separated
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in the usual fashionl into ordinary &ifferential eguations.

The Lateral Vibrations
'~ "The homcgeneous part of the lateral motion equetion

(II~35) 1is

Q’(Q*’ %)W”)U—;- ¥ 2D W = o

The solution to the homogeneous eguation can be made a little
'moré general’by‘inelnaing in the homogeneous equation a term
representfng'a'trictionai“foroe~pr0p0rtiona1't0~the_1ateral
velocity. "The equation will still be soluble providing we are
willing to aceept a distribution of the'force glong the rotor
which is proportiondl to the mass distribution. This, of

~ eourse, is not strietly true, but the frietional force does
‘tend to vary in this faghion. The constant 4; is the frie-
tion foree taken at some oconvenlent reference point., We there-

fore take the homogeneocus equation to be

(K (+ %) W")" + 24, wDW +b' DW = 0
| (ITI-5)
We assume W = UwH(®) , and (III-5) becomes

(KG+4) U")'H + 26w DUH +b'W*DUH = o

Now we divide by DUH , apd obtain.

| 18ee 7. D. Temarkin and ¥, Feller, Partial Differen-
tial Equations (Brown University, Providence, R. Il., 1941),
p. 88, - . * ‘



fyi(u-%)U”)” __ _- zf,u)l:l + b"’w"}}l:
D, 4 # (I11-6)

Since each side of (IIieé) is a function of e‘single4different

independent variable, the equation can be satisfied only 1if
each side is equal to the same constant. We choose this con-

stant to be h*, and (III-6) splits into

f / ; ’
(NHE/ZJU,)’ — NbU =0, (I11-7)

and

2 +o W':l + bqbt)l f
H + = X L =0. (I111-8)

Equation (III-7) and the boundary conditions (1I1-6)
constitute an eigenvalue preblem. Solutions, which are termed
eigenfurictions, exist only for certain values of /A , which
are called eigenvalues. Because the operator (Kﬂ#%)()gju
is in the self-adjoint form, and D is positive for 05;L$ !/,
the values of A are both real and posibiveu2

W 1is a complex quantity, and the four boundary con-
ditions expressed by (II-6) hold for each component, hence
there will be a different set of eigenvalues and eigenfunctions
for each direction of deflection, if the boundary conditions ’
for the two directions oftdeflection are different. We shall

assume that theibeﬁﬁdary conditions are the same for each

2Ibid, p. 72.
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component of deflection since it is only a slightly restrict-
ive assumption, and allows considerable simplification of
the aﬁalysis, In"this v}éy we can assume the W ~dependent part
 of W to be real, and the T -dependent part complex,

y The case in which D, K and & are constants is
thé familiar one of the uniform bar, In thls case the eigen-
functions are linear combinations of the circular and hyper-
bolic sines and cosines and, therefore, relatively simple.
The general case in which P and !’f(h‘-%/are arbitrary non-
negative functions with no zeroes or singularities for OSUZ]
is, of course, much more difficult. The problem of the deter-
mination of the eigenfunctions of equation (III-7) is one
which has received much attention because of the numerous
engineering applications, and several good metheds exist for
approximating the eigenfunctions to any desired accuracy.
When the problem differs only slightly from one whose solu-
tions are knowa, then the method due to Rayleigh3 can be used
which obtains the desired eigenfunctiohs as an expansion in
terms of the eigénfu:ictions of the soluble problem. This
procedure when adapted to quantum mechanics is familiar as the
Schrédinger perturbation method. A method developed by W. T.

Whitek appears to be very powerful when the functions [ and

K(/_f-%) are more general.

3Lord Ra leigh The Theory of Sound (Macmillan & Co.,
London, 1877), p. 87 ff.

by. T. white, J. Franklin Inst. 245, pp. 25-36;
pp. 117-134 (1948).
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In what follows it will be assumed that the eigenfunc=
tions have been obtained to sufficient accuracy for the re-
quirements of the problem considered and that they form a
complete orthonormal set with a weighting function. Let the
eigenvalues be denoted by ,Xw, the eigenfunctions by (J“ s
and the weighting function is the previously defined density
funetion, [XyQo Assume that there is only one eigenfunction
for each Ap}o iThe orthonormality is expressed by the con-

dition

i
[D De) Unl) Ut) die = T

(III-9)
where Smm is zero if W #w and one ifAV\;:mo The four boundary
conditions (IIméj determine only the ratios of the four con-
stants of integratiom which result when equation (III-7) is
integrated, therefore the additional condition (III-9} is re-
quired to fix the amplitudes of the eigenfunctions,

For each value of Ah there exists a - ~-dependent homo-
geneous equation (III-8), Adding a subscript n  to (III-8),

we obtain

Hw% :_(21[5 M'QM t+ waa /-?y) X:l =0 ., (I1I-10)

This is just the equation for a dampedyharmonic oscillator,

and the solution is

g LT AT 1T~
He = €A™+ 8,65 ™7), (11-11)
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where

£

ST
N N
() - gi'gj .

(III-12)
Recall that we have.not fixed the value of wW . It will
be convenient when considering the behavior of }Ih in the

neighborhood of the rnT* frequency, @0, , to take w =

v‘ﬁ. b*--ﬂz/b", which makes Ga =/ . We can then write

H = éPT(Ae,«;Z +88“Lt)

’

| (III-13)
where we have dropped the subscript with the understanding
that = 1is always chosen as stated above for the resonance
being considered. This means time is measured in units of the
natural angular period of the mode of vibration considered.

The inhomogeneous equations can now be treated. We

assume

W = %:_ U, T,(z)

(I1I-14)
where the L)w= are as'before, but a different time de-
pendence is assumed. The function -4ﬁym, which represents
now all’the external force density except the linear damp-

ing term included in the homogeneous equation, must be
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expanded in a series of UM with time-dependent coefficients.
Thus

fov =2 Uwlo.

(I1I-15)
The function Aé'p which locates the equilibrium cem=
ral line can be expanded in the following fashion:

acf=> a1 w,
v

(II1I-16)

Lp,
where A,2(™1s the complex expansion coefficient.
The complete lateral motion equétion (II-35) can now

be written:

S {(xer6) U)'To + 2 0D0cF, + Bi2DuT]

= %{Xﬁ. DA,2f U, wz(éz__/; §) o

- +82) Unm & ey T+ U ﬁmct)} .

(III-17)
If we multiply (III-17) by [|J,., and integrate over W,
we obtain, using (III-7) and (III-9},

T+ NefeT+EST)
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A " . L g A-é ~ %* A
= AP0 (550 6)é +/\:MZ(-%7; &% o L)

{I11-18)
vhere J,,, end N;m are dpfined by o
2 A W
Jom = L (24 Un €4) du
I A .
NhM == f UM UM d“» »
b B | (III-19)
Note that, if £ and o« are opmstanta,
]- — Aq' c‘./z ?».C(
. r T, Onm
(III-280)
and, if ‘D(:A) is a onnataat,
th - Sh W (III-81)

Solutions of the homogenzous part of (III-18) are the
H.lz‘}; end ve oen write the complete solution as an inte-
gral.b If two 1gdepenﬂ“§nt solutiona, a, and ‘U" s Of |
(a +ft)u t f) % = O ware kmown, then the solution of 8‘»‘-&() a’

+3@a= (t) is
<y (S o (S ,‘
’ a a fg,a'a.aaa-‘("% 32L%,€¢.a|a,‘_ 0’#

(III-28)

B8¢s H, and B, Jeffreys,
Phyalgs (Cambridge University Press:r Campridge, :
Ps 494, B ‘
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where the lower 1limit is an arbitrary conastant which introducesa
a constant multiple of the compleremtary function. 7Tf we apply
(III-22) to (III-18) we obtainm ’ -

' ‘-— ~Va T+ e
77\'1'62;. 'A,,, iz i(em-' do)e** ”&Mo'@»at) dy

- I) 2i6
+0 A ”""Z{ VA X s O e-x) £

o [V o sumende ¢+ H,

(II1-23)
where we have written explicitly the complementary function Hh
nesessary ts x:_zeét arbitrary init 1-ai :oonditicns.

Furﬁher rednotien of (IIT-33) is ‘pbs'sibleb'y observing
that -(e 9) (Q,._,dg . We perform two integrations by
parts on ths term n@ntaining (érl,;“ e;G ,.and obtain, if we
set 6@ =0 and é{o): é,, ’ '

LS o
- j’;—,,(e‘ %) & s @) oy

_ L0+, T Dy
= -0ne + G s TnT + (Ut B) S G T

RS L ‘ 491“’"?‘[@—}. 12\1 )Sm 0?(1“-#;)-7-%071 MGR(‘E"X_)]O(&.

(II1-24)
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Parts of (III-24) belong to the éolution of the homogeneous
equation, but we retain them since they meet initial condi-
tions we shall need later. Substituting (III-23) in (III-22),

we obtain:

T. = 4w S (”’4.@ Teosor T o;"(—Wﬁé.)&'an]}
~ LTy
+p,efGHT J: e"® W 2 RSutile-0-2 Wi s THE) g
+ 7 A et Z[ Tom Jt AL ST ot

T .
-+ Nmn L e‘)u ’(—Lm@) STy T-2) Jl%} + Hy, .

(III-25)

If the forcing applied to the lateral motion has a frequency
range which is narrow compared to the spaciné of the natural
frequencies of the rotor , and the J;,.Qt;tm) are sufficiently
small, only one of the T, will be large compared with the
others, and it will be that one for the mode whose natural
frequency is near the forcing frequency. The J,,(h# ) re-
present the coupling between the various modgs T and, if
sufficiently large, pr;event the‘ excit#t.ion of one mode withe
out. exciting others appreciably. It is pot sufficient that .
&&| ; inspection of (III-19} shows that- 8’<<I and £"<</
are required as well if Im Q\ ;‘m) are to be very small,

Assuming the above restrictions are satisfied, we:

can write, as a good approximation,

T = -.Ac_(ew +évt[cz5t +4 Q-V-&Q)% tj)‘
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L =pT | e+ Vg i
+ 8087 4 sutrr) Ve d

X4
F X (7 T Nl dy + H,

| (IrI-2s)
where we ‘have used our freedom ih the choiee of «w in (TTI-12)
to make On =/ and have dropped the subseript 11 , so that
(ITTI=E%) is appIicable to any réaenanoo, “provided the quanti-
ties formerly leheled with ] are chosen with the cprroct
values f'or the ressnsnce eonsidered. "The subseript C on the
constant /i, 18 Yo avoid oonfusiom with the /ZYv) fumetion
used previously. "Wé have also set (f! =0 , which is permissible
sinee we 2ensidex emskh resonanee separstely and thelr relatilve
phases ars unimpertant.

Reasll shat | 18 wmot the eséffisient ¢t the eigen-
Tunsvion for ths ohserved moviou, but only for %the deviatiéﬁ
from the equiiivrium ecnfiguratilom. This fact results from
substituting 5_:’:.- é‘-a-géiwjint@ equation "(’Hﬁa'l)‘. If the
first term on the right 1s (III-26) is transferred to the

left side, we have

L — ’ ‘_ Pl
L) =T = T+a.e ",
(III-27)
whioh 18 the time-dependent cceffieient whioch, whem multiplied
by the proper eigenfunction, gives the astual dlisplasement:

{
of the rotor as a funoction of W eand T . The JZ arises
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from the non-dim ensionmalization of the original equations in
Chapter IT, while § end i are the time’dependent parts of
the 7 amd }{ wused in Chapter II,

Equation {III-B5) gives the general response of the
rotor to rotation which ocours near the resonance considered,
plus that which arises from foreing by other socurces denoted
by J{Qc) » and “includes the effect of skew stiffness. An in-
teresting consequence of skew stiffness which has been known
for some %tiwme 1s that "‘i‘-‘.::ciat;‘ses a regonance response for a
rotation speed of one half “the resonance freuuency, if there
is a constant space~fixed lateral forge, such as gravity.
Phgrsioaily the explaration is simple and comsists of the ob-
gservation %hat the roter, because of fhe rotatlon, presents
a varying stiffress %o this foree, ard the variafion has a
period half %ukst of the rotation period. Hence a reacvnance
respanse oseirs at half tha usual critical speedd when the
abhove eeﬁﬁ.z‘;tmms are met,

This behavior can also bhe deduced from equation
(III-86). For simplicity, suppose ANs=0 and A L&) 1is
constant. Bxpand / 1in powers of /\"{T =1 , which is a
quantity of the order of &£ , from equatien (III-20). Thus

. r
[ =T, +T,v + 0+ ...
(I11~28)
Substituting this in equation {III-28), we obtain an equation

for each powsr of V1



T, = €Nk [ intrrdy + H
T, = - WAL TF & it dy

2 - 8 s ’ ete.
(ITI=-29)

If the integral 1in the first eguation is evaluated ,
T, =

L . VT
(III-30)

wkere everyihing exaept the constant belongs to the complementary
functions 'f %his is subsiituted in the 7, equation, the

constant ipitroduces the integral
K = “%fépritew; 2”95‘4;4 -2 sz )
(I11-31)

If é-.-:. % o and V is sufficlently small; then the amplitude
of |K wiil become large. In the absence of friction,V=0,the
ahplitude of K grows linearly with T, which is éharacteristic
of the amplituds growth of an undamped oseillator being forced
at its natural frequency. OFf course, thig demongtretes only
the initial behavier of / , and more terms must be eomputed
if the motion 1s desired for a longer perioed.

The ‘existence of whiriing in certain cases Tor & rota-
tional spwed one half that expested from the natural frequenoy
puzzled obgervers for some time until the correot physisal

explangtion depending on skew stiffness and a oonstant lateral
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force was a&vanced by Robertson.® F. M. Lewis, as mentioned
‘in Chapter I, selved equatiom (III-26) for G-‘-‘ﬂ zzand: |
T—":/-/-fo , Which is the oase of constant acceleratiom, but
the equation inoluding skew stiffness (T30 )has not been
previocusly reported in the literature as far as this writer

¢an aseertain.

The Rotatioral Motion

| The integral cver ({ Iin equatioen (III-3) can be eval-
vated with the aid of the lateral motion eigenfunctions. If two
sucsessive imvesrations by parts are performed om the imntegral,
the necessary steps fer the evalustion of the remeining in-
tegral will ba more apperent. Thus the integral in (III-3)

1s readily sesn te be
l o
/O i, e G W06 0y
+ g/,z “‘LM [WH(W +Aeﬁ‘-(94ﬂ))”é24’(9+o(ﬂ} JU.
= [ [ (KW )R + [k W’@itwo)(mw@ﬂ"’ﬂ}]
_ )

, | ' ‘ ' / e '
T [gwr {(K(H%) w4 e‘w)) + (k& W' e (Wmfw))]}]a

6p, Robertson, The Engiheer, glvi, pp. 158-153, 179~ ‘
181, 213-214, (19033). .
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I ' . .
+ 1 ‘ [él-m {(K(’z‘ W) "nb (Kep w8 +Aé'(9'ﬁ))ﬂ .

(III-32)
The identification of the integrated terms in equation
(III-32)'is~somewhat complicated. Since equation (III-32)
governs the rotational motion, it is apparent that the in-
tegrated terms must represent rotational torques, but their
sources and magnitudes are not immediately apparent. In
the first integrated term in (III-32}, (W+£l6£@“f9))’ can be
identified, by referring to (II-28} and (II-34), as the de-
rivative of the dimensionless complex displacement coordinate
6#@ 4. The termﬁﬁquﬁ&v is the derivative of the equilib-
rium displacem=nt. ?hese terms thus represent the slope of
the central line at the ends for, respectively, a general
.fdzsplacemene and the equil‘bzium displacement, and may be
- regarded as small angles. The sum of the coefficients of the
of the terms (Wiﬁ.c‘(e P)) and (A(J‘(g‘kp)y may be identified as
{.g.f,-fﬁ%;J §" by referring to (I1I-27), (II-28) and (II~34).
From the boundary conditions given by (II-6), it is seen
that (33& A%ﬁ%“ is just the dimensionless complex terminal
bending moment. It is thus readily seen that the product
ef the terminal bending moment and the terminal slope of
the central line produces the component of the terminal
bending moment which lies along the Zi=axis and therefore
contributes to the rotational torgue.
‘Examination of'thelseccn&.integrated‘term in,(IIl—32)

shows that it is obtained from the first simply by switching
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the prime from the displacement terms to the moment terms.
The derifative of the bending moment is the lateral force,
as may be verified from (II-6), and this force, acting about
‘the Zr—axis with the displacement as a moment arm, also con-
tributes to the rotational torque.

The displacement and its derivative are assumed small,
therefore both integrated terms are small. Moreover, they
vanish entirely for the boundary conditions of greatest inter-
est, namely the case of the free rotor, in which the terminal
forces and moments vanishk, and the case in which the ends are
constrained by bearings, rigidly aligned along the Z’-axis,
causing the terminal displacements and slopes to vanish. In
any case, the torques arising from the integrated terms may
be considered te be lumped into one quantity é%;), which in-
cludes all the rotaticnal torque from whatever sburces, in-
cluding the previcusly defined GSL‘C) and G,tc) .

The iategral on the right side of equation (III=-32)

can be evaluated. We note that
W=Z Wl ,

(KI+€)00)" = Mo DUW
st = Z AP Y 3

and we make use of these relations.to obtain

[K@"'% [3’" W*”(A L@+,3)) ]+ £ ﬁm[W” ZA(MJ(W+A'(9HJ:7]}J



- Zon M andr T

+ S =TT To &%+ To Dn e‘9ﬂ}
. 9

h

(TTI-33)
where we have mede use of squatiops (III-8) and (III-10).
The complete & equatien, (IIZ-3} is now

o + R, %[ﬁm L/\z A&n’eié““n*

- g =240 . 2 <6
+ ;E:pﬂjmm (lm‘!hff + Ah e'ﬁne ‘ﬂ}
b e

- {III-34)

If we rwsirlet the motion to the neighporhoed of one

. rﬁesonanee as Was done for the lateral motion, equation

(II 1-34) beeomes

Q + Rz[gm [AQ—T-*LLQ 3-(7—2 246 +T—Ac849)ﬂ

-R 6 =0 » ‘ (III-35)

where | /90 2/\44‘/
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Equations (III=35) and (III-26) now constitute a set of
ordinary non-linear integro-~-differential equations whigh, when |
solved simultaneously, yield both the rotation and lateral
motion of a rotor im the neighborhood of a eritical spee&s ‘The
inifial conditions are arbitrary, as are the end conditions
with the restriction that they be the same in all planes con-
taining the axis of rotation of the rotor, l.e., that they be
axielly symmetrioc. The accelerating torgque and the lateral
f@fces. may be arbitrarily specified, and the effeat of skew
stiffness 18 inecluded.

The term arising from skew stiffness prevemis reduo-
tion of equations (TII-35) and (ITI-26) to a single equation.
The expression fer | , equation (III-26), cannot be solved
explicitly for T tbecemse 6f ) , Therefore if we assume

T =0 s 6quation (III-35) can be redused to an equation
involving & ‘alone. In doing this we set /7/=‘-¢’) s resulting
in the initial conditions 7}{0):-":7"(_5) = O, which will be use-
ful later. Also we assume )= , which meéns no other non=-
conservative latefal forees are acting, except the friotion
previously inoluded, By substituting equation (III-28) in
equation (III-35) we obbain, after some menipulations

L Ré{é‘él}z P ) | R . "'-‘
6 + 22— (8. 456D - (BotV-1) SinBrT)

N ‘ D
+ ] [ eslon--0-3 - oo T-Gw-d])
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_ zp( s [6-T)- Bw) x:zﬂ + Su[ew-7)- (&leﬂﬂ‘oéx} ‘

-R| G‘@)-_—; o o

-(I71~37)
"The terms in &+ arise frem the "mirror™ resonance
which oecurs if %the shefv is rotated at the same speed in the

oppesite direstion, These terms should be neglected to be

consistent with the neglest ¢f other resonanees..

(II1I-37) thep hecomes

Equation

'

6+ R (brmsie 0+ [ usfer -6

- Sua[@0-0) - 03 -])) oim} - Mo = 0,

(II1-38)
where
2\t Y A2
i :RZ Ai' —_ /9&2 A A Ac
R 7 2 M - PV Te
4
) el
Adﬁﬂ &fﬁﬂ:awg 62@3 .
(III=-39)

Equation {ITI-38) describes the £ wmotion of a rotor
with nec skew stiffness initially rotating with angular velos-

ity 6, , with no initial lateral vibratiom (measured from

the equilibrium eonfiguration), under the action of a torque
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function M(‘c) , and the laeteral vibration damping represented

by YT | R measures the soupling between the rotation and
vibration. Our choiss of the time scale has placed the resonance
at =/ .

Equation (III-38) has been .solved numérically for sev-
eral values of K end ég , Tor M=))=0 . I% has also been
solved on an analegue computer fer a number of econstant values
of M for each of saveral vaiues of /~ , all with V=20,
The e¢onservativs sasa‘,/“fxi/“’i'ﬁ, ig socluble amalytically in-
terms of elliptic functiouns. These cases are diseussed below,
but first we aonyert equasion {TIT-38B) to a differential

equation from its present intesgro-differentiel form., Let

Then equation (III-38) basomes
S vt (4 Ve s p [
S +Ke z(.m:m.j Sinn § -f-jof” (=% Cos (S() S

=2V s (S0 -5@)] J/)L} - Mg) = 0.
{IT1-40)

Differentiation of equation (III»&Q) yields

s

S+ yE-M) + RS e’i’f{('s,,-f-mz)coss

+ j Cedh (1LY Simn (Sttj-~se) -2y Ces (ST S@ﬁf&}
) R
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+ RV -M = o,

(III-41)

€

Differentiation of equation (III-41) yields

Mes rXxi »

Er v (E - E-)E-uEm)- R

ooy

| e | . |
- R éze”(((sm-fz) S S +?fc""[(;—u9 Gas{siT) - 3))
U

=2V Sén (St 5t5) | c!/pl_r - M = 0.
| ( TI1-28)
We substitute Teor the integral in equation (III-4Z2) the expres-
sion obieined for it from equation (III-40), apd obtain

(III-43)
and we have succeeded in converting equation (III-38) into
a differential equatien, Solutions ef (III-38) must satisfy
(III-43). Ir V=6 and A] is a constant, then equation
(III-43) ‘becomes

L 13

-
-
-
-

("’+R) + S‘Z(’S‘“M) 20’

’

(II1~44)
Multiplying byvyg?- mekes equation (III-44) a perfect differen=-

tial, whese primitive is
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$+R) .2
or P
& + 14 8% -Mss +R-4,$ =o. (III-45)

If equation (III-45) is multiplied by -(§-M),. the result
is again a perfect differential, whose primitive is
W $% ~ME + 8% 16 MsE* + HMP &R
+R$ - MRT + C,(MS—/8%) = KC, .
(III-46)
Attempts to find an integrating factor for (III-46)
when ﬂﬂ;ﬁoihave not been successful, and for many purposes
it appears that (III-46) is no more useful than (III-38),
We started with an integro-differential equation, and by
differentiating twice and substituting appropriately, we
obtained a fourth order differential equation. By assuming
V=0 and M constant, we succeeded in performing two suc-
cessive integrations, obtaining (III-38). Thus we have per=-
formed an equal number of differentiations and integrations,
and, in addition, made restrictive aésumptions, so that it
appea;s we have made no net gain, or perhaps have lost on
the exchange. Moreover, it appears that (III-46} is more
convenient for numerical integration. The great value of
(III-46) lies in the fact that for M=¢, it can be for-
mally solved with an elliptiec integral, and the motion
analyzed in considerable detail. This case, in which M=) =9,

is the conservative case,
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Selution of the Conservative Case
‘We make the substitution § = p in equation (III-48), and
set M=10: »

3

%2. — "'/4 rt{_*_c'r?.__zﬁr"_ cz .

1I11-47)
The formal sclution to equation (III-47} is
ia
‘Z‘— e — j f (5‘—%—‘2
T T ) Gt -aRer Gy
(11TI-48)

whioh is an eéliiptie integral of the first kind. It cen be

put in Legendre’s stapdserd form

VDI
(ITI-49)

where O<f ¢ /,by a bilinear transformation of the form’

_ dt+s
= Yyt+s

where the constants  , (6 y ¥ and > depend on the
roots of the gquartie in Fr . *!i?he integral ts Tully tabuwlated.,
Agtually it is unneoessai:'y to perform the transformation

since most of the vharaeteri st:’Loazi of . the sclution oan be

7H. and B. Jefferys, op. ¢it., p. 650.
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discovered simply by investigation of the funectior

fiy=¢*=-LrlpCr2-2Rr +0, .
(T1I-43)
Since I is real, the motion 1s restricted to those
values of |~ for which -F(r) is positive. ‘SuprSe K end 17
are two simple roots of f{r) , ‘and '{(_H>D between these roots.
Suppose Turther that t:' starts with a given sign, say posi-
tive, and ¥, <Y < I .« “Then \"' will remain positive. until
¥ reaches Y; .+ At this point the motion will reverse,
and ¥ will retrace its path toward [} , with F  now
having a negative sign,since y* oeannot be negative. It is
also impossible for ¥ to remain zero at £ | s 8ince
r = {’Q,-) ‘18 'n'é't zero at A L » Which 1s a simple root of
-{‘Lv-) . Thus the motion will be periodis between the simple

roots ¥, emd Y; , with period.

P"Zf,_,mr -

" There are’ several possibilities for a qnprt.iob such as

{III-50)

-FLF); "It can have zero, twe, or four real roots. Since
4@:@)-_-_- - o ', the case of no real roots is impossible for
‘FU) » since this would imply the motion could not ®xist any-
~where, whereas in any actual case 1t must at 1ea§t exist for
the 1nit ial oconditions., “Hense -F(r) ‘has the Tord shown in
Figure 4 (a) or 4 (b).
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) {&)

8, < &, 8, > 6.

/TN

/* d\ v /'i/\b\//\x\ .

(a) Case 1. Two real roots (b) Case 2 Four real roots
Figure 4. “Possible forms of {(r)

If {{¥) has two real roots, the motion will be periodie
between I and o{ in Figure 4(a), and if () has four real
roots, the motion couid exist either in the regiom XA =x rkb s
or 02 px {)t in Figure 4(b), but eould not move from one
region to the other. There exists the interesting possibility
that chenging the initial conditicns and other parameters in
the proper fashion may cause -ﬂ\r) to change from case l to
case 2, with an abrupt change in period., This 1Adeed does ‘
oceur , as we now proceed to demonstrate by exemining the posi-
tions of the roeots of -FQ-) as a funetion of the initial con-
ditions emd | , ‘the coupling constant,

We assume the lateral vibrations to vanish initially,
and the rotoy to have an initial angular velocity éa =R+l .
Phis situation van be obtained by the sudden release of con-
straints at ocertain points on a rotating shaft. With these

initial eonditions, 1t 1s obvious from physical considerations
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that % must be the largest root of -F(r) , 8inoe the roter
certainly will not increase lts speed as the lateral vibrations

begin to grow.

We now evaluate C, and CQ_ in terms of the initial
conditions, using equations (III-45) and (III-46). Thus

Lﬁfi?. (S‘;L;?) ’

(ITI-51)
We want C, and 02 in terms of Ya=§g and R o« Thus S'a

L]

and So
(ITI=-41)

are needed, and can be obtained from (III-40) and |

|
;

& =-R-Runtz)

‘e

So :::0

: (ITI-52)
Substituting (III-58) in (III-Bl), we obtain
C, = /6" - Rrt2)
= -4 R Elet2) + 2Rk
{I1I-53)

Let Y, Q -402_ , then



68

C; = -1 +4R klniz) + $R.
(I1I-54)

Thus

fo) =4 r 1+ R 2)r2- 2Rr + 4G 1 .
" {I11-53)
One root of (III-55) is |5 . Note that, if [R=p,
(5 = #4[ER)Yr+ri)? , and there 1s a double root at f=i .
This means the rotation remains constent, which is not sur-
prising if “the ocoupling vanishes.

Consider the equation

) = i o 45k (@ 4R+ 2)r + ;= 0.

-Ye
{III-586)
1t C3=0, then =0 is a root, and
g
'-F—'-——r) =r%-rb ‘(GZ—LI.R(I?,-i-Z)) = 0 .
tTI1-57)

a3 ,
From (;=0 we obtain [§ = e I which, when subsbi-

tuted in (ITI-57), yields an equation with roots approximately
at -%¥r, and % , . Thus, for (3=(, the roots are at
-'%r;,,o,f/zn and Y, ; and this is an example of case 2,
Figure 4{(b).

The oase when the two .inner rdi:ots are equal is termed
the er.ﬁ;ioal oage. We denote the oritical initial mngular
veloscity by éc=m-; « 7This is not to be confused with the
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oritioal‘ speed, which will always be lower. For K, <I[; , the
motion will be between the roots C and d in Figure 4(b),
and, for Y,<l. , the motion will be between (A end d in
Figure 4(a) and will have a longer peried. 4lss, the lateral .
vibrations will have a much larger meximem —~amplitwde because
of the greater swing in I 1in Figure 4(am).

We denote the double root of the eritisal case vy ¥,
and it 1s easy to prove that it is always positive if . 1is.
The proof oen’sists first in obsefving “that -F@—) has ﬁo*-cubio
term, and therefore the sum of the roots of #@*) 1s zero. Ve

put -y for ¢ in -Fcr) -» and cheeck the resulting sign

of -C(r) :

Fo = 4t + (2 - ) 2

t 2Bk + Rré(et2) + 2Rt

= 4 ch. .
[III-ﬁB)

Thus, «F@(L)zo 1t .= 0 , since : ]} 1s never negative,
But {@b):mg » hense the one remaining root, A , satis-
tie.s,‘ “();__d-rz._ « DBecause of the absenceVof the eubie term in
-FQr) ,;{r’é"have 04 2Y +¥;=(0, henece Y must be=() if d4-\. .
It w‘ill}ba seen shortly that >0 for all R>(0 , which 1s
certainly expected physically, The fact that ¥ >0 means that
the rotational speed of the rotor never 'reaches the critiecal
s'pcod Y= 0O 1n any case in‘*which Yo >I%

| It is desirable to know the relation which exists
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between K and I for the eritical ecase, i.e., when -F’(}-)
has the double reot ¥ . TUsing the theory of cubie equa-

tions, we show in the appendix that

4.3
R = 27 4360 + #4yF -4r’ -

(IT1-89)
is the desired relation, where (, 1is the value of o which

gauses -F(‘r) tc have a docuble root.

The Feriod Bs a Fumction of the Initial Condition

‘The question arises as to vwhether the period (III-50)
approaches fiifinity as t, >z from either direction., This
question can he answered by eonsidering the contribution te
the integral in the neighborhood of ¢ as the minimum ap-
proaches the axis from above or telow.

When the minimum approaches the axis from above, i.e.,
Y, > Il from the right, we integrate over I° between
and ¥+¢& , where ) 1is the value of |, -at whiech the mini-
mum eventually touches the axis. In this:oas:e -{:(y-) will have
two real Toots at O and ¢l as in Figure 4(a), and two
con jugete complex roots, which we denote by a’—b‘c‘ﬁ and ¥-if .
Then

fry = (- - b (F -G+ - G-4p))

= (r-0)(r-b) (F*- zer+52+g%).,
(III-60)
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From (III-80), we consider

5 §té dx
R = (X V2% -2y x 8157
: {II1-861)

as /39 0. Pa denotes the contribution teo the period over
the interval y<YV <5+£ » We chose & =mall enough that
X= @»a)éx -b)  has no roots in the interval, hence ”ﬁ,’:

has a lower bound M in the interval. Thus,

D
Tﬁ""Mf \/? 2\(}/—)"&’2 ’5*" .

The integrel (III-62) cam be evaluated if /5 # 0 and

(IT1-62)

has the value

R = M. (’L@z L)

(I11I-63)
As /3—) 0, /?._900. Thus the period of the motion begomes in-
Tinite as | ->[, from the right.
We now examine the opposite case, where the minimum
approaches the axis from below, or Q—r(é from the left. If
we let g:;fg', then (III-62) becomes

¥4p e 0{4

B2p gy %
546/ \/ ¢ (III-64)

Rz M

where we Integrate from the larger real root K+ﬂ/'*btbward B .
Evaluating (III-64), we have
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P 2 m(*@’ e

end again P> oc as B’-a O , or [s>k from the left.

(IIT1-85)

‘Thus we see that P>cc ag Yo->\o from either direstion.
"However, the period falls off more slowly as [. moves %o the
left away from fo. than when maving to the right away from

. . ‘This oceurs for two reasons: the representative point
has farther %o go between tke roots 4 and 0!. in TFigure 4(3)
than between ( and J. in Figure 2(b), and it must traverse
a longer reglon of low velocity F o If we plot the iperiad
against I for a givem X , we obtain a graph of the general
form indiestead in ?ig‘ure Be

|
z

|

0 YC. : ra —

oo

Figure B. Qualitative graph of the period as a
function of r; for fixed R .

'The‘*pari-cod Tises very steeply mear Yec , since it goes
to infintty ‘ln“éarit‘mninally, end hence dves not attain high
values until 4 1is very small, or Y, is very slose to Ve o

It 1s doubtful whether the sharp rise in pericd eould even be
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detected experimentally, sinee the slightest disturbance would
tend to alter the system to a state which could he attained
from a different, shorter period, set of 1n1t1.a1 conditions.
Even the effect on the metion from other rescnances would

probably prevent very long periods.

Amplitude as a Funetion of Initial Gonditions
IT we plot amplitude of the rotational motion against
rr for a given R , we obtain a graph 1ike that displayed

in Figure 6.
A ,
A mfhj’q}d 2
.——4'//('4
i T ——
/ o 03 = -
- 0 e Fo >

Figure &, Qualitative graph of the amplitude as
a8 funotion of V., for fixed R .

There 1is a Tinite discontinuity, or “jump,™ in the
emplitude at t,=VY. because the motion changes its turning
points from (. and o,. in Figure 4(a) to C and 0[ in
Pigure 4(b). ‘The motion must vanish at I;=-| sincé there is
no rotetion at this point, and above Ve “the mmplitude ap~
proaches 4R as I, be‘came.sﬂzveryl large. This can be seen
by examining the function fir), (III-56), after substituting
for {, from (III-54):

) =+ e gt -3 12\ +F) + §R.
f) , r = r3 4 SR+ 2 +?R(HI_66)
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We make the substitution ¢ =13 ~¢ , and obtain the cubic :
Qt) = (16 R~44 )™ + 41o*~ o5~ §R(6+2)t + §R
As F>»oo, the coefficient of ¥:* approaches zero for that
root of ;é}@()::‘a corresponding to the root & .in Figure 4{bl.’
Hence 0oi->4R as fz-»00 . = o .
Typieal values of K . In order to have a better idea

of the magnitude of the coupling constant R , it is desirable
to calculate its wvalue for several typical cases. Before doing
this however, we point out a relationship between the initial
energies of rotation and vibration and R whieh may be of use
in finding "M in some cases. It was shown in equation
(III-27) that, for T19=Ti0)=(, there is still a residusl
lateral motion which occurs because of the rotation of the
equilibrium configuration. From (III-27), the energy of this

initial mction, for the mode of wvibration being considered, is

L

r .
Ev, = %f (%%+ W) po D) Vimdu -w?

I
~p
B

e
™S

RS

S
N
S
™

(I11-67)

(I11-88)
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The ratio of the guantities £, and Eg; 18

EV&: -_— Ag .faz !v‘}

- Erg g .
e (III-89)
It we compare (III-69) with (III-39) we find
Evi = 2R
Ere (ITI-70)

ir 'Fo , the lateral motion damping ferece, vanishes.

Some emplification of the exact meaning of the guanti-
ties EV and ER may be helpful. We expand the funetion
giving the central line of the rotor in terms of the lateral
motion eigenfunctions and consider the eigenfunetion of the
mode near whonse frequency the rotor is turming. Consider all
of the mass of the rotor to be sondensed on the line of this
eigenfunction and the line to be rotated rigidly. The kinetis
energy of this motion, plus the potential emergy (which van-
ishes 1in Ey, A') involved in bending the retor te this shape,
is E, . Yow consider the entire oentral line (not the eigen-
function component) to be fixed rigidly in space, and the
elemental wafers which compose the rotor to rotate about this
line. The total energy of this motion is £, which is en=-
tirely kinetic energy.

Unfortunately, it is not easy to determine [y; for a
single mode. Sometimes the vaiue of % Eydn s Where the sum-
mation is over all the modes, can be determined, and thus an

upper limit to KR can be established. K , of eourse, may be
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different for each mode, and the estimate zinEiQH/ﬁth is an
estimate of Zan « Tf one /R 1is very much larger then the
12

rest, then g_ Eva /ERL & 2R |

As an.e xample we calculate. the value of R for a
naturally bent circular shaft. TFor simplicity, assume the
shaft to be bent in the shape of its first eigenfunction for
vibretion with both ends free. Referring to Rayleigh6 we
find the eigenfunstion to be, for the first mode,

U = (&M473—.smﬁdﬂﬂﬁﬁ¢n3u+&%£¢Nu}

- (s 473 "%44»73)[$w«4;73u t+ siulmsa} .

, : (III-71)
Normalization of (III-?1) gives us
U = (wsfmzu + lec;.?su)
102366 (w73 u +sud d73u)
(I1I-72)

We teke as a measure for the deviation from straightness the

quantity Am, y d8fined by

AWM:ACIUW—UW’“/ ’

(III-93 ]

8Lord Rayleigh, op. cit., p. 218,
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The quantity A"“?"is thus the ratio of thre meximem dsparture
of the eigenfunction from a straight line coineiding with it
at the ends to the length £ . Let us consider a shaft which
is one hundred inches long, and is one tenth of an incech out of

line. Then4,,=.c0/ for this case. From (III-72), we find
l% = vawx ,:‘2.77” - Thus

2
(2 2711 1302 Dy .

(II1-74)
For Qwy=.00/ »

2 -
Ae = .1302x 70 ¢,

Assume the shaft has a diameter of three inches and,thus, has
a radius of gyration 3,{2'_ units. Then I ave :../é %_ units,
and the soupling eonstant /< has the value

R = ﬁ(/wjzf #1202 X/lfC

f)o 9/2
= .0002%89

It the deviation from straightness is doubled, K is quadrup-
led. Hence R~.00) may be taken as a typieal value,

As a second example, consider the seme shaft with a
small massw attached at the midpeint twe inches from the ocen-
tral line. S8uppose Mi<<M , w;:‘ere M is the mass of the shaft.
If we compute R by (III-70), we obtain
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m ¢
R= 4/,
This 1s actua‘llngh , since we have not attempted to find
Ey: for the first mode alone. We now find the correct value

of R, for the first mode. Suppose

Aw) =2 for %‘T—<u< ‘e-,i—{
and Al = for O0ZWUg '%J-, dzu = %{ .

Also, letw= 4%, where /m is constant.
Then

; |
be=pum [ 80) Uty du .

How let S—ao,/ﬁm—)w in such a fsshion thet M remalns con-
stant. Then £\, becomes |

Do = "{‘5-2"5'0% =2m U4 .

From (IIT=72), V&) = 7721 .
Thus, from (III=39),

Ro= 80t G,

or R, = .59 HZ Ry o

We see thatthe-value of R -from (III-?0) is +06 large by
1/0.59, or nearly 70 percent. However, it does give a good
upper bound on K without knowing ‘the eigemfunctiens. If the

small mass M 1s at some other point besides the middle of
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the rotor, R will be less, and higher modes will have more
eoupling. |

R has been considered here for the conservative case,
but it does not change when external forces are app’lied, ex-
oept very slightly, as indicated by (III~3%9), when there 1s
demping of the lateral motion. This change can readily be
seen to arise from the slight shift in natural frequency caused
by demping.

Numerieal integration for a typical case. Eguation

(1II-38) has been integrated numerically for R=,o#/ and
R=000333 for several values of I , all with M=V=o0 ,
These integrations were performed before the solution was dis-
covered. ForR=00/, 1t was found that 2<1 <.22, and, fer
R=.000333, Y: was slightly less than .14. PFrom (III=39),
the exact values of |, are ealculated to ber R=,00! ,

Yo = 20683, and [{= ,000338, Iz = .13906. The cases for
R=.001, ¥, := ,20 and .22 are displayed in Figure 7(a) and
(b). Prom Figure 7(a) we note that the peried for [;,=.22

is about 41,0 T , end for F,=.20 is about 99T , or 2.43
times longer. Also, the amplitude of the rotational metien
for I, = .28 is about .09l} while for |, = .20, the ampli-
tude 1is 517, or 5.68 times as great. The amplitudes can also
be caleulated by solvimg (III=56) for the appropriate root,
and the results agree almost exactly, ‘indicat'i'ng" that the
numerical integrations are fairly acocurate.

The lateral vibrations, In order te cbtain the lmteral

motion, we could take the solution for & frem equation
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k] .
I'ZZ'
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k| y
1291
o--
= T

Pl T 160

(a) K =.001, Ig = .22, [z= .20603 .,

H— t
P=%tr 700

(b) R =.001, = .20, VYe= ,20603.

Figure 7. Numerical integration of equation (III-38} .,
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(ITI-38), invert io obtain elliptie funetions, substitute it
in T 1in equatien {III-28), and solve the'resulting equation,
In view of the fact that elliptic functions are hard to manage
and, moreover, weuld appear in the equation for T @ms arguments
of trigonometric funetions, this procedure could probably be
followed oaly with nrumerical methods. There is, however, a
much easisr method which ylelds the envelope of the lateral
motion axnd 1z b&seévaa conzervation of energye.

Let £ we the tetal energy. Then

Eo= .E.V + ER 3
(I1I-75)

where E, end [, ave tle vibrational and retational emergies
which we heve previouwsiy defined. Also,5%2{ =2R from equa-
tion (IIL=%0., e

- We wmui o 7izd the amplitude of the vibration in a
particular mods xa s multiple of the eguilibrium displacement
of the mode, <:¢ . Because of the axial symmetry of the end
conditions, the vibration may be econslidered as twokequal per-
pendicular bharmonie vibrations ninety degrees out of phase,
which produse a eirgular motion of the ecentral line, For the
oase in which the equilibrium configuration 1s a straight
line, and the vibratioms are of constant =smplitude, the
kinetic and petential energles are equal and constant sinece
the kinetic energy does not change for circular motion and
the average kinetiec and potential energies are equal for

simple harmenic motior. If the radius ¢f the circle varies
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slowly compared to the rotation speed, the kinetic and poten-
tial energies are slowly varying,but still approximately equal.
‘The total energy of vibration, for a straight equilibrium con-
trol line, is proportional to the square of the‘amplitude.

For a curved equilibrium central line,this is-also: very .nearly
true if the amplitude is large compared to the equilibrium cen-
tral line amplitude., Since we wish to obtain the ratis of vi-
brational aemplitude to the equilibrium amplitude, we must com-
pare the enesrgies of vibration of a rotor with a straight cen-
tral line (er one whose eigenfunction component for the par-
ticular rescnance examined is zero) which has the same ampli-
tude as the rotor with the curved equilibrium ceptral line.
A straight rotor vibrating with amplitude zlc_ Has energy
7LE51; a rotor with the egquilibrium central line amplitude
zge_ has snsrgy E;VL' since it has no potential energy.
Thus

Ve = Ev

REy.

(III=-76)
is the expression we seek, where |/ 1is the ratio of the am-
plitude to the eguilibrium emplitude, It 1s not correet for
EVNZEV;_, but is correct for EV»QEV;. Generally the dis-
placements will be sufficiently large to make (III-76) a good
* approximation., -

Using (III-75) and (III-70) we obtain
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vZ:_:_ E-Ep = E-Eg
2Bvi  AREw; (T11-77)

Also, E-—"-‘E%v'fER( 2 Ep; + Hence (III-77) becomes

4Ex,
or
I_,Vz_ — éoz - 9'7.
4RO {II1I-78)

¢

Using 8=tr+), we obtaln

— (m-i?'jfw)“‘
v =yt

for the labeéeral motion amplitude in terms of the initlal amp-

(ITI-79)

litude, The maximum amplitude is attained when " reaches the
root of f() which is next to |, . “Thus, if we eall this

root ¥ ,

' — (raﬂ!‘—(ﬁrz
VW — \/ 4 R @rt)* -

The greatest value of VM ocours when J§ ochanges from the

(ITI-80)

" double root of ‘the oritiecal ocase to the root (. 1in Figure 4(a).
We denote wa 1in this e¢ase by VMC, ﬁiah“is‘ ‘the largest
possible ‘Emplitude for a given [ . For R=,001,

= .20608, then Y =—,.38, approximately. Hence

ch. = YXj705 = 13.07 o
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which means, in the critical case, that the time-dependent
coefficient of the eigenfunction inereases periodically to a
value 13,07 times its initial value. Since A, is the initial
value, 13.07 A, is the maximum value of the coefficient for
R‘:- «001, Lower maximum values of the coefficient will be

obtained for initial rotation speeds different from [z .

Constant Torque Acceleration

The 5 equation, (III=38) apparently cannot be treated
enalytically when M#9 or Y= ¢ . The case whenM is a
constant, represeunting a consgtant ‘éorque ‘applied to a rotor,
is falrly impertant since it approximates the actual eondi-
tions under which many types of roters are brought to their
operating speed. Therefore the behavior of equation (IIT=38)
for several values of /M and /R has been examined with an
analogue asomputer,

The quantity M is a dimensionless torque, and it is
desirable to examine the de¢finition in order te deterinine:the

size of the units of M ., From equation (III-39), we have

2z
M:ﬁi Q).

Wb Tove
We recall that @(r)in equation (III-1) was cbtained by
integrating a@.,t), which was defined in (II-38), and adding
‘to it the terminal torques arising from the evaluation of
certain small terms at the emdpoints. 8ince a@,t};g%@,?)

from equation (II-38), we have
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2 .
M= ,é@;é__ ] :Q%. nqavt
W b Tae S 2
(ITI-81)
where n4m¢¢15 the average external torque per unit lemngth.

We use 6": é{zﬁ" from equation (II-36), and (III-81) becomes
[+

m
M = =~
To 0> °

(ITI-B2)
8ince bol has been chosen to be the resonant frequency, we
see that V| is just the ratio of the total external torque to
twice the kinetie energy of rotation at the ocritical speed.,

A constant torque acting on the rotor means that there:
is an energy imput proportional to the speed. 8ince there 1s
a continuous energy input, either the rotational motion or‘the vi~-
brational motion 'is unbounded if there is no frietion., Because
the rotational speed must remain near a eritieal speed if
the vibrativnal motion Is unbounded, retational and vibra-
tional motion cannet both be unbounded.

‘The computer analysis shows that, for a given value of
IR and for the system starting from rest or a speed well
below the critical speed, there exists a critical positive
value of M , ‘denoted by M, , sueh that, if o<M<M,, the
vibrational motion 1s unbownded, and, if ﬂ4‘>ﬁ4c , the rota-
tional moﬁtbn"is‘unﬁonnﬂed.

‘This phenomenon can be qualitatively understood from
physical reasening., "The amplitude of an undemped harmonie

oselllator increases linearly with time when 1t is driven
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at its natural frequency, and the amplitude becomes large, but
is bounded, at speeds near the natural fregquensy. Sinsce the
total energy 1s proportional to the square of the aqplitude,
this means that the rate of energy absorption at resonance is
proportional to the amplitude. Thus, 1if the torque is suffi-
ciently large or the coupling is sufficiently amall, the rotor
acoelerates through the eritical speed without execiting the
lateral vibrations to the point where their power abserption
is greater than the input power, and the rotor continue s to
ascelerate monotonically. 1If, oh the other hand, the torqué
is suffielentiy small or the eoupling sufficiently large, then
the vibrations grow to the pecint where their power abserption
is greater than the input power. When this happens, the accel~-
eration becomes negative, and the lateral vibrations grow
at the expense of the rotational energy as well as the input
power, until the rotational speed is sufficiently different
from the exritieal spsed to stop the growth of the viprations,
‘The computer solutions show that if Q0L M<M, , the rotational
speed becomes “trapped™ in the neighborhood of the eritiecal
spéed and appears to oscillate about the 6ritical épeed with
a varying smplitude. .

Figure 8 i1llustrates the solution with their values
of M and /R , as teken from the computer.

Figure 9 13 a graph of /\4c vs. R sy plotted from the
approximate values of M, taken from Figure 8.
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for constant torque M near the critical torque M, .
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Figure 9. The oritiscal torque A4¢ vs. the
coupling constant R .

There 1s still a question as to whether or nét the ro-
tational speed, after becoming trapped, might not subsequently
break out of the resonanse neighborhood and continue to in-
orease. Several solutions appeared to do this when /W:?YME .
Unfortunately, the limitations of the computer prevented an "
analysis of this poinﬁ. The : several times that 1t dAid happen
might well Nave beem due to an ascumulation of errors by the
computer, which was not partieularly ascurate. The value of
M o was taken to be the velue at whish the speed Talled to
increase monotonically through the resonancé, since this was
. usually as Tar as the computer's limited range of variables
would allow, ‘?or”praotioal'purposoa th1s is probmably a good
ochoice, since the lateral vibrations bescome guite large if"
the speed has a loeal maximum in the meighborhood of the
sritiscal speed, and ‘it is generally the smallest value of"
the torque which will avoid large vibrations. that it is useful
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to know. Whether or not this value of A4¢1s the value for
which the speed is permamently trapped in the neighborhood of

the oeritical speed has not been answered.



CHAPTER IV

SUMMARY

Review of Aims and Results

We set out at the beginning of Chapter II to derive
the proper equations of motion for an unbalanced rotor being
accelerated through a critical speed. The approach employed
differed from ethers on the subject in that the equations
were desired for the case in which the torque, rather than
the acceleration, is specified. In order to obtain these
equations, Lagrange's equations for a continuous medium
were employed, after first being extendéd slightly to include
a system in which the potential energy density depends on the
second spatial derivative. The potential and kinetic energy
densities were developed in a fairly general form and substi-
tuted in the extended Lagrange's equations to obtain three
partial differential equations of motion: two which govern
the lateral motion and one which governs the rotational motion.
The rotational motion equation was reduced to an ordinary
differential equation by assuming the torsional motion negli-
gible and averaging over the length. This averaging permitted
the separation of the-lateral motion equations into time- and
space-dependent ordinary differential equations. The spatial
equation was the same as the well known one representing the
lateral vibrations of a non-rotating bar.

The time-dependent equations for the displacement
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coordinates were then examined in some detail. The equations
for the lateral motion were obtained in a slightly more general
form than previously reported since they ineluded the effect
of skew stiffness. 7The third equation, whiech governs the
rotational motion, is new. It allows the external torgue to
be specified. It was found that in the general case each
equation Involved all three displacement coordinates, but that
if the rotor d4id not possess skew stiffness, the rotational
motion equation could be obtained, by substitution from the
iateral motion equations, as an integro-differential equation
in the rotation coordinate, & , alone., This equation was
examined and numerieally integrated for several sets of ini-
tial conditions in the conservative case, in which there is

no frietion or external torque. An analogue computer was em-
ployed te examine the bhehavior in the sase of a eonstent ex~
ternal toryus with no frietion.

, It was discovered the the non~linear integre-differen-
‘tial equation in 6 could be reduced to a fourth order differem-~
tial equation, which could be integrated twiee if the external
torque were constant and there were no damping ©of the lateral
vibrations. It was found that in this (conservative) case,
the differential eguation c¢ould be ccompletely solved in terms
of an elliptic integral. This gase was examined in scms de-
tail, without evaluating the integral, since every property
of the motion except the period can be deduced by dinspection
of the difrerential equation whose formal solution is the

elliptic integral;
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The motion in the conservative case consistas of a
periodie variation in the rotatiom speed coineciding with the
growth and decay of the lateral vibrations. The solution,
conslidered as a funetion of the initial conditions, exhibits
a remarkeble behavior, It was found that there exists a eori-
tical initial angular velocity, above which the rotational
speed variations have a small amplitude ani below which they
have a large emplitude, with a finite discontinuity in the
aﬁplitude at the sritieal value. A4lso, the period of the mo-
tion approaches infinity as the eritical initial angular veloc~
ity is approaahe&.

Ih the case of a oconstant external torque, the analysis
with an analogue computer shows that there exists a critical
torque fer & rotor with given unbalansae to accelerate mono-
tonically through a eritical speed., For terques less than the
eritical tergue, the rotational aeceleration is at least tem=
perarily ®irapped™ in the meighborhood of the eritieal speeﬁ
with the consequent growth of large lateral vibrations. For
torques greater than the eritieal torque, the rotor increases
rotafienal speed monotonically through the oritical speed and,
therefore, has muech less time to build up lateral vibrations.
Knowledge ©of the eritieal torque is of value in designing

rotating machinery.

Further Researah

Purther Investigation is indicated in several direo-~

tions. 1In the conservative sase, an sxamination of the motion



. 93
should be made for a rotor in which the lateral vibrations are
not assumed to vanish initially, as they were in the present
work. This extension should be fairly easy and should result
in a different dependence of the oritical initial rotation
speed on the initial ceonditiens,

In the non-conservative ecase, torque functiops other
than constants may be examined and are directly applisable to
actual mechanical systems. Also, the effect of demping of the
lateral vibrations should be inecluded. The effeoct of skew
stiffness should be examined, although the complications which
result from 1is inelusion appear formidable. Tn addition, the
case of axially asymmetric end oconditions might be examined 1in

both the conservative and non-sonservatiye cases.

Experimental Verification

*

Tt would be of interest to know if the motion predieted
for the conservative case could be physically realized in an
experiment., Something approachiiig this has alreadj been done,
Robertsonl reported an experiment whish, although it does not
meet the conditions of the conservative case exactly, never-
theless elosely approximates the type of motion predicted.
| His apparatus consisted of a =mall D. 0, motor driving a long
shafs suppmrtéd‘in‘bearinQSat each end. ~‘The motor speed ceuld
be regulatsd“with a rheestat. It was fTound that, for certain

settings of ‘the rheostat for which the speed of the motor was

1p. Robertson, Phil. Mag. 21 (1938), p. 492 ff,
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in the meighborhood of the oritical speed, the speed varied
periodically. As the rheostat resistance was reduced, the
period first increased, then became shorter as the average
speed approached'the critical speed. .

The justification for considering the experiment to ap-
proximate the conservative case consists in observing that when
the motor and shaft are running at a steady speed, the power
from the motor Jjust equals the power lost in frietion. If the
speed varies periodieally, and the motor terque rempins approxi-
mately ceconstant over the period, them the system is approxi-
mately conservative in the sense that, if the torque nearly
balanses the frietional forees at all speeds, the energy of mo-
tion remains nearly eonstant over the period, The degree to
which the meoter torgque balances the frictional forces through-
out the peried is the degree to which the motion should approxi=-
mate the sonservative case., If the average speed remains con-
stant, thex the torque averaged over the period must balance
the frictienal forces averaged over the period, but this of
course does not mean the'system is conservative in the sense
that the torque just balances friction at all times. In
nearly all D. 0. motors, the torque does vary with the speed,
therefore the approximation of a conservative system is
fairly orude,

Robertson reports that the lower limit of the speed
oscillations must always be below the eritical speed, while
the upper limit may lie either above or below the critical
speed. This is in accord with the theory, if large amplitude
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oscillations oc eur. ‘But the theory also predicts speed os-
cillations with both limits above the ecritical speed. These
oscillations would have small amplitude in both the lateral
and rotational motion, which may account for the fast that
they were not observed, or it may be that the system differs
sufficiently from the conservatiye case to cause this feature
to vanish entirely.

Robertson offers an explanation which he eorsiders une
satisfactory, since it implies the speed oscillatiens should
die out, whereas they apparently persist indefinitely, There
seems littie doubt that the motion 1s quite similar to that pre-
dicted in the conservative case.

Another exsmple of apparently the same type of motion
has been reported by er.g’ A shaft running in three bearings
and elesirigaily driven was observed to have lateral vibrations
whose amplitmde varied with a period aboqt twenty times the
natural peried of the shaft., No explanstion is offered, and
épparently the concomitant variatipns in rotation speed es-
caped notice sinve they were not mentioned.

In “the case of sonstant torque acceleration, the phemom-
enon referred to as "trapping,” in which the rotational speed
remains in the neighborhood of the oritical spesd if the torgue
1s below the critical value, should be experimentally verified.
Of course, in any actual system the lateral vibratidns canmnot
be perm;ttad‘te inorease indefinitely, 5ut 1t‘éhould be possible

to establish the existense of the phenomenon,

B, MoF. Orr, Phil. Mag. (8) 45 (1923), p. 712,
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APPENDIX

We now proceed to develop the relation between A and
., which causes 4%d to have the double root ¥ , which is
the ariticai cases The cubis -E(y) has the same roots as ‘F(rj,
except Yo » From the theory of cubic equations, the condition
that a cubte 3+ 1947‘1- § #+r =0 bave a doyble root is

that the diseriminant D should vanish:

= S .2 IRV S
D=gzm*+zn =0,

(a-1)
where -
m = K (33 - pz)
no= Z(2p- gt 27¥),
Thus for £ (r) in (III-58) ,
n = ’/2.,(2@-9&0—44'27(‘-3),

(a-2)

where we have defined

Cp =~ +4R(r.+2).
(a-3)
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Thus

=i - it r st -5t

and
2
27 m* = 77‘;' ke + 302G + 27 C

+4C3 rt'.é‘ 1803C4|’}_ - %Yé_ch.

(A-4)
The condition (A-l) for a double root is, therefore:
407 -1 2605 (262 -9¢,) +27¢8 = 0.
’ (A-5)
From (III-54) and (A-3) we obtain
;o= C3-BR
4‘ r L]
< (A=8)

and substituting this in (A-5) yilelds
e3 +205(r2-12R) + 0, (192 R* +40 R 13 + 14

~512R3 - (R = 0.
(A=7)

We note that (3 is of the form

0.3 —_— AR - rt‘.s s
(A-8)

and, substituting this into (A-7), we obtain
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2
(A3-2402+ 192 A-S12)R+ (83A-A*-R08)R1 - C4RIE =0,
(A-9)
Fortunately, R=0 1s one root of (A-9), and we have only to
solve a quadratic to obtain the desired relation between /?

and Ye¢ . 7The solution is

R = ~@, i’k(@f+(ﬂdﬂ?,

20 g

(A=-10)
where ), and (), denote the coefficients of R° amd K433,
respectively, in (A-9). We must take the positive sign in
(A-10) besause R is a positive quantity. 4Also, it turns
out that Q:N 1000 (/G)ZQ, , hence

V@ErOsre = Qo (+ L)

2
(A=11)
with very high preeision. Thus,
64 .3 4r3
K=tk = + 2 3
@, 27 +3C e+ rE 4 - 4
(A-123)

when the expression (J, is evaluated.

'Equation (A-12) expresses the relation between the
oritiocal '11ii“t:ial angular veloelty QQ-‘-‘ K+l and “the coupling
constapt R .



