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Abstract

In this dissertation, we present new constructions of commuting squares, and we investigate
finiteness and isolation results for these objects. We also give applications to the classification
of complex Hadamard matrices and to Hopf algebras.

In the first part, we recall the notion of commuting squares which were introduced by
Popa and arise naturally as invariants in Jones’ theory of subfactors. We review some of the
main known examples of commuting squares such as those constructed from finite groups and
from complex Hadamard matrices. We also recall Nicoara’s notion of defect which gives an
upper bound for the number of continuous deformations in the space of commuting squares.
Finally, we prove new formulas that lead to computations of defects.

In the second part, we prove a finiteness result for circulant core Hadamard matrices (and
thus, for their associated commuting squares). We show that the number of such matrices
is finite when the order of the matrix is p 4+ 1 with p a fixed prime number. We then discuss
concrete examples of these matrices of small orders.

In the third part, we give an explicit construction of multi-parametric analytic families
of commuting squares obtained as deformations of group commuting squares. In the
particular case of cyclic groups of non-prime orders, this gives multi-parametric families
of complex Hadamard matrices containing the Fourier matrix. This result expands on the
work of Nicoara and White. We then give bounds on the number of parameters in any
family stemming from our construction method. We also discuss other parametric families
containing the Fourier matrix, some of which include our families as (equivalent) sub-families.

In the last part, we construct a new class of commuting squares which we call bismash
commuting squares. They are obtained from bismash product Hopf algebras based on exact

factorizations of finite groups, L. We then investigate the defect of a bismash commuting



square which leads us to the conjecture that the defect of the commuting square is equal
to the defect of the group L. We prove this conjecture when L is the direct or semidirect

product of two proper subgroups.
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Chapter 1

Introduction

Throughout this dissertation, we study commuting squares of finite dimensional von
Neumann algebras. We present new construction and finiteness results of commuting squares.
Commuting squares were introduced in [29] as invariants and construction data in Jones’
subfactor theory [12]. From a given commuting square, one can construct a subfactor by

repeating a procedure known as the basic construction.

1.1 Commuting Squares and the Span Condition

We begin by recalling the definition of a commuting square.

Definition 1.1. A commuting square of matriz algebras is a square of inclusions of the

following form.:

P, C F
U u 7
Q-1 C Qo

where P_1, Py, Q_1, Qo are finite dimensional von Neumann algebras of the form @ My, (C),

J
and T a positive faithful trace on Py such that 7(1) = 1 satisfying the condition that

(PoioQo1) L (QooQ-1),



i.e. the algebras P_1 and Qo are orthogonal modulo their intersection. The inner product on

Py is defined by the trace on Py via (z,y) = 7(xy*).

An important class of commuting squares are the so called group-type commuting square
(or just group commuting square) which we recall. Let G be a group with n elements. For
each g € G, let e, € C" be the column vector with a 1 position g and 0 otherwise. Then
we have that the group algebra C[G] = span{u, : ¢ € G} where u, € M,(C) satisfies the

relationship wu,(ep) = e, for each h € G. In other words, we have that u, = Zeh,gqh
heG
where {e,; : a,b € G} is the set of standard matrix units of M, (C) indexed over G' x G.

Each finite group G with n elements can be encoded in a group commuting square:

D < M,C)
Cc=| U U
Cr, ¢ C[qG]

where D = (*°((G) is the algebra of n x n diagonal matrices, and C[G| denotes the group
algebra of GG. In this case, 7 = %Tr where Tr is cannonical matrix trace. Throughout this

thesis we will refer to this commuting square as the group-type commuting square.

1.1.1 The Span Condition

Nicoara introduced a sufficient condition for a commuting square to be isolated in the class

of all non-isomorphic commuting squares, which he called the span condition.

Definition 1.2. (Span Condition [21]) We say a commuting square as in 1.1 satisfies the

span condition if
[P1, Qo] + (Q 1N P1) +(Q,NQo) + (PN Fy) +(QyN Ry) = F.

Recall that Q' NP ={a € P :ab=ba for allb € Q}.

In the case of the group commuting square, we have that the span condition can be read

as

[D,C[G]] + C[G] + C|G] + D = M,,(C)

2



where C[G] = {a € M,(C) : au, = uya for all g € G} and [D, C[G]] = span{du — ud : d €
D.u € C|G]}. Furthermore, Nicoara in [21] and [23] showed where all possible directions
of convergence of sequences containing €4 lie when it is not isolated. From this work, all
possible directions of convergence of sequences converging to €; must be contained in the

vector space

M,(C) & [D, C[G]]

and all possible directions of convergence of sequences of non-isomorphic commuting squares

converging to the group commuting square is contained in the vector space
M,(C) o ([D,C[G]] + C[G] + C[G] + D).

Recall that P © Q = P N Q* where the orthogonal complements are given by the inner
product defined by 7, the normalized trace on M, (C) when ever P and ) are subalgebras
of M, (C).

In general, finding commuting squares can be a difficult but important task. With
Jones’ Basic Construction in [12], we can generate a subfactor from each commuting square.
However, it may be the fact that the subfactor found via the basic construction is equivalent
to a subfactor generated from a different commuting square. In Chapter 4, we find a new
class of commuting squares which involve two groups which we call bismash commuting
squares. These commuting squares rely on groups, L, which can be exactly factored by two

subgroups, F' and G.

1.2 Defect of Group-Type commuting Squares

In [25], Nicoara and White defined the undephased and dephased defects of a group G as

the dimensions of the previous two vector spaces above.

Definition 1.3. The undephased defect of a finite group G with |G| = n is

d(G) = n® — dime([D, C[G]]),



and the dephased defect of G is
d'(G) = n* — dime([D, C[G]] + C[G] + C[G] + D).

Nicoara and White also showed that

Theorem 1.1. For G a finite group,

d(G) :Z@

)
= lal

and

d(G)=d(G) —3n+1+cG)
where |g| is the order of the element g € G, cl(G) denotes the class number of G.

Remark 1.1.1. The span condition is equivalent (in the case for a finite group G)
to d(G) =0. Thus, for a finite group G, if d'(G) =0, then €g is isolated in the class of all

non-isomorphic commuting squares.

Remark 1.1.2. For G = Z,, we can easily find the defect by using the Fuler Phi function.
It follows that

ae ==
dln

= lal

where the last sum is taken over all divisors of n. Recall that p(d) can be interpreted as
the number of relatively prime numbers less than d, but it will also give us the number of

elements of order d in the group G.

Example 1.1. For p prime, the defect of Z,, is

i) = (242 o)) =+ (-1 =201

Remark 1.1.3. Let G be a finite abelian group with n elements giving us that cl(G) = n.
Then we have that d'(G) = d(G) —2n+ 1. If G = Z,, for some prime p, then

d(Z,) = (2p—1)—2p+1=0.

4



In fact, Nicoara showed that d'(G) = 0 if and only if G = Z, for prime p.

Example 1.2. Let G = Z, where p is prime and r € N. Then it follows that

d(G)=p p(r+1)—r).

This follows directly from Remark 1.1.2 and the fact that the Euler phi function of power of
a prime is @(p*) = p* — pF~1.

Example 1.3. The defect of the quaternion group, Qs, is d(Qs) = 24. This is easily
calculated since there is one element of order 1, one element of order 2, and sixz elements of

order 4.
We will need the following theorem from group theory:

Theorem 1.2. (Schur-Zassenhauss) Let H be a normal subgroup of a finite group G such
that the order of H and |G : H| are relatively prime. Then there ezists a subgroup K of G,
called the complement of H in G, such that the order of K is equal to [G : H]|. Furthermore,
K is isomorphic to the group G/H, and all such subgroups of G of order equal to [G : H|

are conjugate to each other.

It should be noted that this implies that GG is isomorphic to the semidirect product of H
and K, H x K. In the case, when K is also a normal subgroup of GG, then G is isomorphic to
H x K (really Hx G/H). The Schur-Zassenhaus Theorem allows us to prove a nice property

about the defect in a large class of finite groups.

Theorem 1.3. Let G be a finite group. Let H be a normal subgroup of G. Suppose that the
order of H and the index of H in G, |G : H|, are relatively prime with G/H isomorphic to
a normal subgroup of G. In this case, we have that G is isomorphic to H x G/H. Under

these conditions, it follows that
d(G) =d(H)d(G/H).

Proof. Let G be a finite group with H a normal subgroup of G. Suppose that H and [G : H]|

are relatively prime. Then by the Schur-Zassenhaus Theorem, there exists a subgroup K of

5



order [G : H|. Then for each g € G, we can write g = hk for some h € H and k € K and
lg| = |hk| = lem(|h], |k|) = |h||k| (see section 4.3.1 for more information on groups of this

form). Hence, by Theorem 1.1

G H||G: H

geG |g| heH
keK

"L S

heH keK

— d(H)d(G/H).

]

Example 1.4. Using this theorem, we can now easily find the defect of the group G = S3XxZs,.
Since Sz is a normal subgroup of G (as a direct factor) and since the groups Ss and Zs have

coprime orders, we have that
d(G) = d(S3)d(Zs5) = 19(9) = 171.

Remark 1.3.1. Let G be a finite nilpotent group. In this case, G = P; X --- x P, where P,

is a Sylow p;-subgroup for primes p; # p; when 1 # i # j <r. Then it follows that

d(@) =[] ap).

Clearly we can use the same idea in remark 1.1.2 in order to find the defect of any cyclic
group, but if we can also use the previous remark to calculate the defect of the group. For

example, we can easily calculate the defect of the group Zsg.
Example 1.5. Using Remark 1.1.2, the defect of the group G = Zsq 1s

30 30 30 30 30 30 30 30
dG) ==+ 4+ 24+ 2 4424 44 .84+ 2.8 =135
e T T A R TR T-A T



Similarly, using Remark 1.5.1, we have that the defect of G = Z3g s
d(G) = d(Zs)d(Z3)d(Zs) = (2-2—-1)(2-3—1)(2-5—-1)=3-5-9 =135.

Example 1.6. We calculate the defects of the group Z, and Zy X Zs. It follows that from
Ezxample 1.2
d(Z4) = 8 and d(Ze X Za) = 10 > 9 = d(Zs)d(Zs).

Notice that Zo x {0} is a normal subgroup of Zo X Ze and (Zg X Zs)/(Za x {0}) is isomorphic
to Zy. Since the index [Zo X Ly : Zs X {0}] = 2 is not relatively prime to 2, we do not have
a contradiction to Theorem 1.3. Also, recall that since Zy X Zo 1S a p-group, we have that
Lo X Lo 1s itself a Sylow 2-subgroup. In cases such as this, if G is a p-group, we will not be

able to reduce the calculation of d(G) by subgroups of G as in Remark 1.3.1.

Example 1.7. (Defect of groups of order pq) Let G be a group of order pq for primes p and
q. Suppose that ¢ < p. If ¢ /J(p — 1), then it is an easy exercise to show that G must be
cyclic. In this case it is easy to show that G is isomorphic to Z, x Z,, hence, G is nilpotent

and therefore we have that
d(G) = d(Zy x Zg) = (2p — 1)(2q — 1) = d(Zp)d(Zy).

If q|(p — 1), then we have that G is isomorphic to Z, X Z, where 6 is any non-trivial
automorphism. We know that there is only one element of order 1 (namely the identity) and
no elements of order pq since the group G is not cyclic. Using the Sylow theorems, we know
that there is only one Sylow p-subgroup of order p (by normality of Z,). In this case, we
have that there must be p — 1 elements of order p. This gives us the fact that there must be
p(q—1). We can also use the fact that there must be p Sylow q-subgroups each of which has
q — 1 elements of order q. Therefore, we have that the defect of G in this case is

d(G)Zd(ZpNZq)=pq4r%~p(q—1)+%~(p—1)+§—z-0=pq+p2(q—1)+Q(p—1)'



Notice in the case when q|(p — 1), G is not a product of its Sylow subgroups since there is

more than one Sylow q-subgroup.

Using the above properties for defect, we can prove the formula for the defect of Z, for
any n. The formula attained matches exactly the formula found by Tadej and Zyckowski

found in [36] in calculating the defect for the Fourier matrix of order n.

Theorem 1.4. Let n = pi*p5? - - - p2 where py < py < --- < p, are prime numbers, co; > 1

for all 1 < i <r. It follows that the dephased defect

d’(Zn)—n<ﬁ(ai—%+l)—2)+l.

i=1 v

Proof. Recall from above that the dephased defect can be found via
d'(Zy) = d(Z,) —3n+1—cl(Z,) =d(Zy) —2n+ 1

since Z, is an abelian group. By the Chinese Remainder theorem, we have that Z, =

Zpivl X -+ X Zyer. By Theorem 1.3 and Remark 1.3.1, we have that

Recall from Example 1.2 that

d(Z,05) =P’ (il +1) — ;) = pj’ (Oéj -+ 1) :

p; p]

Therefore, the undephased defect of Z,, is

Finally, the dephased defect is

d’(Zn):nﬁ(aj—a—erl)—2n+1:n<ﬁ(ai—ﬁ+1)—2>+1.

i=1 Pj i=1 pi



It should be noted that if n = p for some prime p, using this formula, we do in fact get that

d(Z,) = 0. m

1.3 Hadamard Matrices

1.3.1 Introduction to Hadamard Matrices

One of the simplest and nicest examples of commuting squares is the group commuting

square, €g, when G = Z,. In this case, we have that C[G] = F,,DF where F, is the Fourier

n—1 2mi

matrix of size n. We have that F,, = - (ejk)j 4o Where € = e’». This gives us the fact that

NG
C[G] is the set of circulant matrices of size n.

Suppose we have a commuting square of the type

D c M,C)
] U
CI, c UDU*

where U is a unitary matrix. Then the commuting square property reads for each i, j that

1 1 |2 1
0=7((di — Ejn)Ude*) = 7(d;Ud;U*) — Ef(dj) _Juig® 1

n n?

where d; = e;; is one of the canonical basis elements of the diagonal matrices. We can
renormalize so that the entries of the matrix are unimodular, and in this case, we have that
U must be a Hadamard matrix. When we have a commuting square of this type, we call the

commuting square a spin model commuting square (see [3], [23], [38]).

Definition 1.4. A (complex) Hadamard matriz is a matric with unimodular entries and

whose rows are mutually orthogonal.

In this case, we have that if H € M,(C) is a Hadamard matrix, then HH* = nl,. We

have a few basic immediate examples.

Example 1.8. For each n € N, the Fourier matriz of size n, F, = \/Lﬁ (ejk);l;io, where

27i

e =en is an example of a (complex) Hadamard matriz.

9



Since we require the entries of a Hadamard matrix to be unimodular, we have that the
entires of a real Hadamard matrix are +1. For a matrix H to be a real Hadamard matrix,
we have that the size of the matrix is either 1, 2 or a multiple of 4.

It is an obvious fact that the size of a real Hadamard matrix is even since the entries are
+1, it is necessary that there are the same number of 1’s as there are —1’s. Since we require
the rows of the matrix to be mutually orthogonal, we have that the size of the matrix must

be divisible by 4. Because of this fact, we have the following

Conjecture 1.4.1. (Hadamard Conjecture [27]) There ezists a real n x n Hadamard matriz

for n = 4m for every m € N.

1.3.2 Construction and Examples of Hadamard Matrices

We can construct Hadamard matrices of larger orders based on Hadamard matrices of smaller

orders. For instance, we have the following:

Lemma 1.4.1. If A € M,,(C) and B € M,,(C) are Hadamard matrices, then it follows that
their Kronecker product A ® B € M, (C) is also a Hadamard matriz.

Proof. Since A and B are Hadamard matrices, we have that AA* = nl,, and BB* = ml,,.
So, it follows that

(AR B)(A® B)" = (A® B)(A* ® B*)
= AA* ® BB*
=nl, ® ml,,
=nm(l, ® I,)

=nml,m,

O

Recall that the Kronecker product of two matrices A and B, A® B, will be a block matrix
whose (7, 7)™ block is (A); ;B. The above method allows us to find the following example
due to Sylvester [32] in 1867:

10



Example 1.9. We may construct a Hadamard matriz of order 2% for every k € N. Let

m= ]
1 1
Hy =
1 -1
Hgkfl H2k71
Hy. = = Hy® Hox1 forall2<keN
HQkfl —HQk—l

Hadamard gave examples of Hadamard matrices of order 12 and 20 in 1893 [11]. In 1933,
the Payley construction [27] gives Hadamard matrices of order p+1 when p = 3 mod 4 and
prime, and of order 2(p + 1) when p is a prime equivalent to 1 mod 4. His method uses
finite fields. We will revisit this construction in the next chapter.

The smallest order not given by Sylvester or Payley is 92 = 4 - 23. A Hadamard matrix
of order 92 was found in 1962 by Baumart, Golomb, and Hall using computers. In 2005, a
matrix of order 428 was found [13]. By 2008, there were 13 multiples of 4 less than 2000 for

no Hadamard matrix is known for that order. Those were

668, 716, 892,1004, 1132, 1244, 1388, 1436, 1676, 1772,1916, 1948, 1964

1.3.3 Properties of Hadamard Matrices

Let H be a Hadamard matrix of order n. Since the rows of H are mutually orthogonal, we
have that
HH* =nl,.

This follows from the inner product defined on C". We should also note the following

property:

Proposition 1.4.1. Let H be a Hadamard matrix of order n. Then it follows that

| det(H)| = n"/2.

11



Proof. 1t follows that

n" = det(nl,) = det(HH*) = | det(H)|*.

We can always find “new” Hadamard matrices given a Hadamard matrix H.
Proposition 1.4.2. If H is a Hadamard matriz, then so too is H*, H”, and H.

These are fairly straightforward. Notice that if HH* = nl,. Then %H is a unitary matrix,
therefore it is normal, meaning that it commutes with its conjugate transpose. Therefore,
H*H = nl,. The other two are straightforward as well.

There is a notion of equivalence of Hadamard matrices defined by H ~ K.

Definition 1.5. The complex Hadamard matrices H and K are called equivalent if there are

permutation matrices Py and P, and unitary diagonal matrices D1 and Do such that
PiDIHD,P, = K.

In this case, we say that H ~ K.

This notion of equivalence uses the fact that the rearrangement of rows and columns
and multiplying each element in a given row or column by an element of absolute value 1
does not change the properties of the Hadamard matrix. The rows and columns will still be
mutually orthogonal and the elements will still have values on the unit circle. We usually

write the Hadamard matrix in its dephased form.

Definition 1.6. A Hadamard matriz, H, of order n is dephased if every entry of the first

row and column of H is equal to 1. The lower right (n — 1) X (n — 1) submatriz is called the

core of H.
It is clear to see that

Lemma 1.4.2. FEvery Hadamard matriz is equivalent to a dephased matriz.

12



Due to this lemma, we will mainly consider only dephased Hadamard matrices. Most
examples are of permutation type meaning that the core is determined by the first row (of
the core) and a set of permutations. In fact all real Hadamard matrices are of this type. This
is due to the fact that each row of the core must contain (n—1) 1’s and n (—1)’s. The nicest
example of permutation type matrices is when the core is circulant. In the next chapter, we
will show that the number of Hadamard matrices with a circulant core of a particular size
is in fact finite.

As mentioned at the beginning of this section, when G is a cyclic group of order n, we
have that the group algebra, C|G| = F,,DF} where D is the algebra of diagonal matrices of
order n. Recall from group theory that G = Z,, can be decomposed as Z,, = Zy, X -+ X Ly,
(when n is non-prime). There are at least two ways that we can write this decomposition.
One way is for each n; to be coprime to n; when 7 # j and 1 <14,j <r. We may ask when
can we decompose F), as a Kronecker product of Fourier matrices of smaller order. We have

the following theorem:

Theorem 1.5. (Tadej [3}]) Let F = F,, ® --- ® F,, be a Kronecker product of Fourier
matrices. Then F' is equivalent to F,,, ® --- ® F,,. if and only if the sequence (my,--- ,my)

is obtained from the sequence (nq,--- ,n,) using a series of operations from the list below:
1. permuting a sequence;
2. replacing a subsequence ng,ny by n. = ngny if n, and ny are relatively prime;

3. replacing a sequence element n. by a subsequence ng, Ny, if n. = ngany and ng, Ny are

relatively prime.

This allows to see immediately that the Fourier matrices F; and F, ® F5 are inequivalent.

Recall that

1 1 1 1 1 1 1 1

1 ¢+ -1 — 1 -1 1 -1
F4 = and F2 &® F2 =

1 -1 1 =1 1 1 -1 —1

1 —2 -1 ¢ 1 -1 -1 1

13



Without the use of this theorem, it would be difficult to determine if these two matrices are
not equivalent. Later in Chapter 3, we will introduce another method for determining that

the matrices F; and F, ® F; are in fact inequivalent using the Haagerup-set.

1.3.4 Hadamard Matrices of Order 4

We have seen that there are at least two examples of Hadamard matrices of order 4. We may
ask if Fy and Fy ® F, are the only two Hadamard matrices of order 4. If H is a Hadamard
matrix of order 4, we may assume that it is in dephased form. Therefore, H will have the

form

1 1 1 1
1 29 =1 x9

I o w1 w2

1 Z0 R1 X2

Lemma 1.5.1. Let xg,x1,29 € T with 1 + xo + x1 + 22 = 0, then xo € {—1, —x1, —x2}.

Proof. 1t follows that

(2o + 1)(z0 + 1) (T0 + T2) = T + 231 + T2T2 + ToT T2 + TE + ToT1 + ToTy + 1172
= 25(1 + 29 + 71 + 22) + Tox122(1 + Tg + ZT7 + T3)

:93(2)-0+x01:1:v2-0:0

Hence, we have that zy € {—1, —21, —x2}. O]

Therefore, we may assume in H that xo = —1 which would imply that x9 = —x; since
the second row of H must be orthogonal to the first row of H. Let x; = a. Substituting

these values in H, we have that

1 1 1 1

1 -1 a -—a
H =

L v v v

1 20 <1 Z9
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In the third row, we can play the same game. Set yp = —1. In this case, we need row three

and row one giving us that y; = —y,. Since the third row must be orthogonal to the second
row as well, it must be the case that y; = —a. This yields the matrix
11 1 1

At this point, we cannot play the same game with the last row. Notice first that since H is
Hadamard, then so too is H*. This tells us that the columns of H must be orthogonal as well
as its rows. Therefore, zo must be equal to 1. Using the fact that row three is orthogonal to
row one yields

21 +ZQ = —2,

and furthermore using the orthogonality to row two yields

az1 —azg =0 = 21 = 29.

In this case, we have that z; = z9 = —1. Therefore, the matrix is
11 1 1
1 -1 a -—a
H—
1 -1 —a a
11 -1 -1

1 1 1 1 1 1 1 1

1 a -1 —a 1 -1 1 -1
H ~/ ~Y

1 -1 1 -1 1 a -1 —a

1 —a -1 a 1 —a -1 a

15



In order for H to be a Hadamard matrix, we need a to be an element of absolute value equal
to 1. It is clear to see that if a = 4, then H is equivalent to F}y, and if a = 1, then H is
equivalent to Fy ® F5.

We have shown that there are infinitely many Hadamard matrices of order 4. In fact, we
have found a one-parameter family of Hadamard matrices. In fact, each of the matrices in the
above family are inequivalent. This is not an easy fact to immediately see, but as mentioned
earlier we will see a method to show that all matrices in this family are inequivalent. In
Chapter 3, we will show explicit construction methods for finding multi-parameter families
containing the Fourier matrix of non-prime sizes.

Notice that we can always create a parametric family that contains any Hadamard matrix

that we choose. For instance, we have the following example.

Example 1.10. Let F3 be the Fourier matriz of order 3. We have that F3 belongs to the
family
1 1 «

Fy(a, )= | B Bw afw?
1w aw

It is clear however that for each value of «, 8 the matrix is equivalent to the Fourier
matrix Fj. Therefore, we really haven’t gained any new information. For this reason, each
time we find a new family we will write it in its equivalent dephased form.

In fact, it is a well known that there is no family of Hadamard matrices containing the
Fourier matrix of order 3. This is due to a result found by Petrescu and independently
proved by Nicoara. This is due to the fact that the Fourier matrix of order 3 is isolated in

the class of Hadamard matrices.

Definition 1.7. A Hadamard matriz H is isolated in the class of Hadamard matrices if

there is no parametric family of Hadamard matrices containing H.

Theorem 1.6. (Petrescu [28]) Let F,, be the Fourier matriz of order n. Then F, is isolated

in the class of Hadamard matrices if and only if n is prime.

This result follows from the following fact:

16



Theorem 1.7. The dephased defect of Z,, is 0 if and only if n is prime.

Why do we look at the defect in this case? We us Nicoara’s result that the undephased
defect of 7Z, gives an upper bound for the number of parameters in a parametric family
containing F;,. In fact, we also have that the dephased defect gives an upper bound for the

number of parameters in a parametric family of inequivalent Hadamard matrices containing

F, [25].
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Chapter 2

Circulant Core Hadamard Matrices

In this chapter, we prove a finiteness result for circulant core Hadamard matrices. This
result is interesting due to the fact that we will be able to construct only finitely many spin
model commuting squares where the upper left corner has a certain dimension. We start by

recalling the definition of circulant core matrices.

2.1 Circulant Core Matrices

Definition 2.1. A circulant core matriz is a matriz with all entries in the first row and
column equal to one and whose submatrix formed by deleting the first row and column is

circulant.

A typical circulant core matrix has the form

1 1 1 1
1 xy 21 -+ Tpa
I xp2 w0 Tn-3
1 T To - To

18



1 1

Let A’ be a circulant matrix, then the matrix A = is a circulant core matrix.
1 A
Then it follows that A* = is a circulant core matrix since (A’)* is circulant
1 (A/)*

whenever A’ is circulant.

For our purposes, we will only examine the circulant core matrices whose elements in the
second row sum to 0. We will call this set, Q. It can be shown that elements of Q@ commute,
and are therefore simultaneously diagonalizable. Let X be a circulant core matrix with core
defined by the vector (zg,-- ,z,_2). Unless otherwise noted, all subscripts are to be taken

modulo n — 1 for n the order of the matrix. It follows that for 1 < j <n —1

n—1 n—1 n—1 n—2
X)oj =D XgXuj =Y Xy =14 Y TG k) moann) =1+ @
k=0 k=0 k=1 k=0

If we require that X is Hadamard, then it must be the case that (X*X)y; = 0. Hence, when

n—1
X is Hadamard, then Z xr = —1, or in other words, the sum of the elements in the second

k=1
row (every row but the first). If we can show that the number of matrices in Q is finite,

then we have that the number of Hadamard circulant core matrices is finite since they are

contained in Q. If X € Q, then X e Q since X* is a circulant core matrix by the above

2
argument and ank =-1 = Zwk Zwk
k=0 k=0

Example 2.1. (Paley Construction [27], see [33] as well) We want to construct a Hadamard
circulant core matrix of order p + 1 where p is an odd prime. For p =3 mod 4, define the

core of the matriz Circ(x), the circulant matriz with first row x, where x has the following

form:
-1 ,n=0
Ty =
(2) s1gn<p-1
where (”) 1s the Legendre symbol modulo p. Specifically, if n is a quadratic residue modulo p,

p
then (%) =1, and otherwise (%) = —1. (Note that there are the same number of quadratic

residues as nonresidues modulo p.)
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For p=1 mod 4, define the core by the vector x where

-1 ,n=0
Ty =
z<§) 1<n<p—1

where 1 = v/—1.

Note that the sum of the elements of vector z is in fact -1 since it is a well known fact that

—

Z (E) = 0. For these matrices to be Hadamard, we also need the second row (the first row
b

n=1

that isn’t all 1’s) to be orthogonal to the remaining rows. In other words for 1 <k <p—1,

p—1
1+ anxn_k = 0.
n=1

Let X,Y € Q with circulant cores X’ and Y respectively. Since X’ and Y’ are circulant
matrices, we know that XY’ = Y'X".
If i # 0 # j, then we have

n—1
= E TikYkj
k=0
n—1
=1+ E Th—ilj—k
k=1

=1+ (XY

=1+ (Y'X');
= (YX);
Ifi=0,5 # 0, then
n—1
(XY)o; = Zl’owm Zyk] =1+ Zyj
k=0

X)oj = Zy()kxkj = Zxkj =1 +ij7k
k=0 k=0 p
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A similar calculation can be shown when i # 0, j = 0, the difference being that (XY); is
based on the sum of the z;’s and (Y X)), is based on the sum of the y;’s. Note that

n—1 n—1 n—1 n—1
(XY)oo = Z%k?/ko = Z I=n= Z L= youzro = (Y X)o0.
k=0 k=0 k=0 k=0
n—1 n—1
Therefore, if we want the matrices X and Y commute, then we need Z Yi—k = Z ZTj_p. In
k=1 k=1
n—1 n—1
particular, all elements of Q will commute since we have that Z Tj_j = Z Yi—k = —1.
k=1 k=1

In the rest of this section, we will prove a technical result that we need in later sections.
We find the diagonal form of a circulant core Hadamard matrix. To diagonalize the elements

of Q, we use the following matrix:

1y 140 0 o - 0 |
1 1 1 1 e 1
1 1 A1 Ao e An—2
w = 1 1 (A)2 (A2 o (Ae)?
1 1 )t ()t (An—1)"?
1 L ()" (W) ? (An—2)" 7]

where \; = eizmi/(n—1)

In other words, the matrix which diagonalizes Q is

l—vn 14+yn 0 - 0
1
anl
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where F,,_; is the Fourier matrix of size n — 1. Throughout, unless otherwise noted, we will

take #; to be the j™ entry of the Fourier Transform of the vector x = (xg, 1, , T, 2).
Note that
n—2
j:j _ Zeﬂwkj/(n—l)xk.
k=0
Note

Fr):leiag(‘r)anl = Diag(‘an 52.17 T 7£n72)-

An interesting property of the matrix w is that

det(w) = (1 — v/n)det(F,—1) — (1 ++v/n)det(F,_1) = —2y/ndet(F,_1).

We calculate the determinant using the first row. Since the first and second columns are
filled have a one in every position except for the the first, when we delete the first row with
either the first or second column, we are left with the Fourier matrix of order n — 1.

We will now examine the elements of w, wjy.

woozl—\/ﬁ
wor = 14+ +/n
wor, =0for2<k<n-1
wjo=1for1<j<n-1

Wi = 2 (i=1)(k=1)/(n=1) o1 1 <jk<n-1

Let w = u|w| where u is a unitary matrix and |w| = v/w*w. This is the polar decomposition
of the matrix w. In this case, u = w|w| ™" (if |w|™! is well-defined). Clearly, by using a simple
calculation, we can see that u*u = uu* = I.

Since |w|™! is a diagonal matrix (see the calculation for w*w that follows shortly), we

have that uj, = w;i|w|,;. We now examine the elements of u*u.
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Notice that if w diagonalizes a € Q, then the matrix u also diagonalizes a. This follows

by

wau = u tau

= (wlw|™) " aw|w|™

= |w|w taw|w| ™!

= |w|d|w|™"
= |wllw|™d
=d

where d is the diagonal matrix obtained by conjugating a by w and since |w| is a diagonal
matrix, we have that |w|, |w|™!, and d all commute.

Notice also that if v diagonalizes the matrix a, then w also diagonalizes a since (using

the same notation as above)

taw = (ulw]) " a(ulw])

-
= |w| 'u " au|w|

= |w| " v au|w|

= |w| " d|w]
= |w| ™ |w|d
=d.

Hence, w diagonalizes a € Q if and only if v diagonalizes the matrix a.
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We need to examine the matrix w*w. It follows that (w*w)* = w*w, and

(w'w)o = (1 VY + (n— 1) = 2(n — yi)
(w'w)io = (ww)or = (1 ++v/n)(1 = vn) +(n—1) =0

n—1
(w W)k = (W*w)op = 0+ Zeﬂ”k/(”_l) =0for2<k<n-1
k=1
(w*w)1 = (1++v/n)*>+ (n— 1) = 2(n + v/n)
n—2
(Ww)gey =0% 0+ Z ei2mh/ =l p=i2mk/n=1) — p _ ] for 2 <k <n—1
k=0
n—1 n—1
(w'w)a = (w'w)iz = Z(W*)mwﬂ =0(1++vn) + Z R T
=0 jfl
n—1
(w*w)2k _ (lU*’LU)kQ _ j2w]k _ Zw]2w]k _ 26—127r j—1)/(n-1) | eZZTF(k—l)(j—l)/(n—l)
7=0
—1
:Z 2r(j-1)(k=2)/(n—1) =(n—1)jy for2<k<n-1
j=
n— n—1 n—1
m= m=1 m=1
( 1)dj, for 2 < j bk <mn-—1

Hence, we have that

2(n — \/n) 0 0 0 0
0 2n++vn) 0 0 0
) 0 0 n—1 0 0
w w =
0 0 0
0 0 0 n—1 0
0 0 0 0 n-1

Therefore, the matrix |w|™! is in fact well-defined meaning that we can actually find the

matrix u using the method described. Given the matrix w*w, we may now explicitly right
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down the matrix u as the following

1-vn Ltyn 0 -~ 0
Van—vin) /200ty
1 1 1 L 1
V2—vi)  y/20+ym) Vil -l
u = 1 1 A1 )
V2n—vn)  2+ym) VTl -l
1 1 A2 g
V2(n—v)  y/2(n+ym) Vil 1]

where \; = e?2m3/(n=1),
We want to show that u diagonalizes a € Q. This is will be equivalent to showing that
w conjugates a by multiplying by w* on the left and w on the right. Then by using the

definition of u, we will find the "nice” entries of the diagonalization. Notice first that
n—1 n—1
w (IU) Z Z mrn,jamr'wrka

m=0 r=0

and define djj, := (u*au);, = (w*aw)|wl;, 1|w|kk

It follows that

n—1 n—1 n—1 n—1
[wmoamOwOO + Z wmoamerOI [wmo ( \/ﬁ) + Z amr‘)]

S

=)

S

I
M

) 5 oo )
(1—f)<<1—f)+(n—1>)+:Z_11< —ﬁ){éi}_‘;amr
(1= V(1 = V) + (n — 1) +:1<1 — ) +mzz<m> ot
<1—f><<1—ﬂ>+<n—1>>+<1—ﬂ)<n—1)+<n—1>:2:zxk
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Therefore,

We continue with

(wraw) = ; W1 AmoWor + Z@mamrwrl]
-y Wy ((1+\/ﬁ)+z_:amr>]

(14 v/n) +Za07” +n23n2:wm1 1+ +/n) +nzznz:wm1amr
=(1+VR)((14+vVn)+n—1)+0+vn)(n—1)+ Z Zwmlamr
=1+ Vn)((1+vn)+(n-1))+0+Vn)(n—1)—(n-1)
=2n(1+ /n)

(14 +/n)
= M= Srvm V"
and
w aw Z_O WinoAmoWo1 + lemoamr
= WopagoWo1 + Z WooGor + Z WinoAmoWo1 + z:l Z:l Win0 Ay
= (1= vn) (A +vn)+ (1= vn)(n—1)+ (1 +Vn)(n—1)+ (=1)(n - 1)
=0

= dp1 =dip=0
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Let 2 < j <n —1, then we have that

3
—

n—1 n—1 [n—1
* p— J— —
(wraw)y; = wmoamow0j+§ Wiy Wyj | = E E Wi U W

m=0 r=1 m=0 [r=1
n—1 n—1 n—1
= § OOCLOrwm + E § wmoamrwm
r=1 m=1 r=1
n—1 n—1 n—1
o 2 (r—1)(j—1)/(n—1)
- € + E wmoamrwr]
mzl m=1 r=1

i
—_
3
|
—
3

|
—
3

|
—

6i27r(7"—1)(j—1)/(n—1)

=1r=1

n—1
T(r—m) mod ( ] Zez2vr(r 1)(5—1)/(n—1) -0

Wino G Wyj =
=1

Z(r—m) mod (n—1)

—

2 s
3

1 1

r

m

o [6127rr 1)(j-1)/(n—1)

— dOj: j020f0r2§j§n—1

n—1 n—1
?,U aw E wmlamOwOj + E wmlamrwrj

m=0 r=1

n—1 n—1 n—1
- w01a00w0] + E w[)la()rwr] + E wmlamOwOJ + E wmlamrwr]
r=1 m=1 m=1 r=1

,_.

n—

= (1+ V(D0 + 3 (1 V) (1)errbun/o-

r=1
n—1 n—1 n—1
+ ) (M)O0) + D (Damw,
m=1 m=1 r=1
n—1 n—1 n—1 n—1
- Ay Wy = Z [wrj Z amr]
r=1 m=1 r=1 m=1
n—1
_ (_1) 67L27r(7”—1)(j—1)/(n—1) -0
r=1

— dlj: j120f0r2§j§n—1

Note that ap, = a@ni1)@r+1) for m,r > 1. For 2 < 5,k <n — 1, we have that

27



3
L

n—1
* —— J—
(U} aw)jk = M Qo Wok, + E Wi Omyr Wrk

r=1
n—1 n—1
wOjaOrwrk—i_ E E wmjamrwrk
m=1

3
Il
=)

n—1
E wmjamrwrk =
L r=1

n—1

i
L

I
(]

m=0 r=1 r=1
n—1 n—1 n—1 n—1 n—1
= Z ].)U)rk + Z mmja'mrwrk = Z meja'mrwrk
r=1 m=1 r=1 m=1 r=1
n—2 n—2
= Z Z ei2rl=m—D+r(k=1)]/(n— 1)x(r—m) mod (n—1)
m=0 r=0
(TL 1) 16]]6
n—1)x; .
eSS d]k = dk] = ( ) I 16]’{,’ - mjflajk
(n—1)
Thus, we have that u*au is a diagonal matrix, and
—/n 0 0 0 - 0
0 vn 0 0 0
§ 0 o z 0 --- 0
uwrau =
0 0 0 Tp_s O
0 0 0 0 Z,_2

2.2 A Finiteness Result for Circulant Core Hadamard
Matrices

In this section, we prove that the number of circulant core Hadamard matrices of order p+ 1
for p a prime number is finite. We first recall the following lemma which is adapted from a

result found in a paper of Tao [37]:

Lemma 2.0.1. (Uncertainty Principle [37]) Let n = p+1 where p is a prime number. Then

for a € Q with core x = (xg,- -+ ,Tp—1), u as above, and T = u*au (realizing T as a vector in
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C", we have that

|supp(Z)| + |supp(z)| > n + 1.

Proof. By simple calculation, we see that & = (—/n, /n, %1, &g, - ,Zp—1). It follows from

Tao that
|supp(Z)| + |supp(z)| = 2 + |supp(z)| — 1+ |supp(z)| >2—-1+p+1=n+1.

]

Theorem 2.1. The number of circulant core Hadamard matrices of ordern=p+1 forp a

prime number is finite.

Proof. This proof imitates the Haagerup’s proof of finiteness of cyclic p-roots [10]. Let a be a
circulant core Hadamard matrix. Then it follows that a € Q. Then we have that aa™ = nl,.
It follows that (a*);; = %, and if ¢ = 0, or j = 0, then we have that a,; = 1. So we have
that both a and a* are circulant core matrices of order n. Diagonalizing the matrices, we
have that a ~ Z = (—v/n,v/n, &1, ,&p_1), and a* ~ y_ = (—/n, /1, 9-1,- -+, J—(p-1)),
where @ = (g, -+ ,2,-1) defines the core of a and zyy, =1 for k =0,--- ,p — 1. Since a is

Hadamard, we have the following system

yp =1 for k=0,--- ,p—1

Ty =n fork=1--- ,p—1

where the indices are taken modulo p. Since we are interested in the Hadamard Matrices,
we know if a is defined by x and a* is defined by y, we have that a* is also a Hadamard

matrix, so we must have the normalization that

Therefore, we are interested in the solutions to the following system:
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Ty =1 fork=0,--- ,p—1

Ty_p=mn fork=1,--- ;p—1

Let W be the set of solutions to the above system. We want |I¥| to be finite. Suppose
that |[WW] is infinite. Then we have that |W| is unbounded since it is a complex algebraic
variety [30]. We may choose a sequence (2™ y(™), where 2™ = (xém), e ,xl(ff)l) and

Hx(m) ||§ + ||y(m) ||§ — 00. Notice that by Cauchy-Schwartz, we have the following inequalities

for every m:

IN

=1,

IN

ly™ 1,

= %||H§|H

< [l 11y,

Suppose that no subsequence of Hx(m) H2 Hy(m) H2 converges to infinity. Then we have that

Hx(m)||2 Hy(m)H2 < M for some M > 0 and for all m > 0. Then we have that

=1, 1y ™1, < M

M
m)|| <
771 = o,
=], < My

Likewise, we have that for all m, ||y(m)||2 < M,/p. Hence, it would be the case that

™y + ™Il < 202
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which contradicts the fact that ||x(m)||§ + ||y(m)H; — 00. Therefore, there is at least one
subsequence where Hx(m) H2 Hy(m) H2 — o0. Note that we have renamed the sequence as the

subsequence here for simplification purposes. We will use this notion throughout the rest of

the proof.
Working with this subsequence, we may also find at least one subsequence such that
][5 = o
2 2 - -
Define u(™ = W, and v(™ = “;’(T)H Since u(™ and v(™ are both in the unit
2 2

sphere, we have by compactness and by passing to a subsequence if necessary, that the limits

2(m) y(m)

of both sequences exist, and we define u = lim,,,_, I and v = lim,,, oo W
2

z(m) H ?
2

It follows that for k =0, --- ,p — 1,

. x Yp .
URUE = lim k = lim =0.
e N Y N

By a similar method, for k=1,--- ,p—1,

Hence, we have that

supp(u) Nsupp(v) = 0
supp(t) N —(supp(?)) = 0
giving us that

|supp(u)| + [supp(v)| < p

|supp(u)| + [supp(0)| < p — 1+ 2, we add 2 from our normalization

implying
[supp(u)| + [supp(v)| 4 [supp(a)| + [supp(?)| < 2p + 1.
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We know that

2p + 4 < [supp(u)| + [supp(v)[ + [supp(@)| + [supp(?)]
= [supp(u)| + [supp(v)| + [supp(@)| + [supp(?)] + 2(2 — 1)

<2p+1+42=2p+3,

which is impossibile.

Note that in the second line we must add 2(2-1) since the first two entries of @ are
constant +4/n so we add 2 to supp(a), but because of our normalization, we have that
@ = —1 meaning that we must subtract 1 as well from supp(@) which will then give us
supp(u). The same holds for v. Therefore, we have that [I¥| must be finite since we reached

a contradiction using the fact that |[JV| was infinite. O

Corollary 2.1.1. The system

(

ZEOZ—l—l’l—IQ—"'—ZL‘p_l
Z1 z2 o — _
e 1

2 x3 A ——
e R e

Tpol | Zo ... o2
| o Tt +%71

has finitely many solutions.

Proof. Let © = (xo, -+ ,2p_1). Let A be the circulant core matrix with core Circ(x). Note
that the off diagonal entries of AA* yield the equations of the system. Then by the previous
theorem, there are only finitely many such matrices. Thus, there are only finitely many

T’s. O

2.3 Circulant Core Hadamard Matrices of Small Order

We will now look at the Hadamard circulant core matrices of small order. Recall that we
e

must have that for matrices of order n > 2, Zxk = —1. For n = 2, we have only one
k=0
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matrix, namely the Fourier matrix of order 2, F3,

1 -1
For n = 3, we have look at a typical circulant core matrix,

1 1 1
a= |1 x9 21

11‘1 Zo

For this matrix to be Hadamard, we have the following system which follows from aa* = 31

where [ is the identity:

1+$0+JI1:0
.%'0.%’1"‘.1'1"—1’0:0

l’oIEl—i‘ng—‘—flf% =0
It follows that

0 =z0z1 + 1 + 1o = —20(1 + 20) — (1 + 30) + 19 = — (22 + 70 + 1)

which implies g = €273, ¢727/3 and z; = e~*>7/3, ¢27/3. This gives us that there is only

one non-equivalent Hadamard circulant core matrix of order 3, namely for w = €?>7/3

1 1 1
1 w w?
1 w? w

which is the Fourier matrix of order 3.
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For n = 4, we again have only one solution. This follows from the fact

1+JIO+ZL‘1+JI2:0

2 2 2
ToT1T2 + T5T1 + ToTy + w72 = 0

We want to determine the possible solutions on the unit circle to above system.

By Lemma 1.5.1, we have that g € {—1, —z1, —x2}. If 1y = —1, then we have that
r1 = —x9 from the first equation. Substituting what we know into the second equation and
simplifying, we have that

Ty — x5 =0

implying that zo = £1 and z; = F1. The other cases follow a similar method, since if

r9 = —x1, we have that xo = —1 from the first equation implying that xy = +1 and
r1 = F1. So up to equivalence of the matrix, we really have one solution. g = —1, z; = 1,
and xy = —1 yielding the matrix

-1 1 1 1 ]

1 -1 1 -1

1 -1 -1 1

11 -1 -1

Notice that this matrix is equivalent to Fy ® Fy (seen by interchanging the second and fourth
columns).

At the n = 5 level, we would expect the matrix F; to be (at least equivalent to) a
circulant core matrix. From Haagerup [10], we know that any dimension five Hadamard

matrix is equivalent to the matrix Fy. Clearly, we see that in its original form Fj is not a
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circulant core matrix, but we have that

1 000©O0O(1 1 1 1 1 10000 11 1 1 1

010001 w w?>w> w* |01 000 1 w w w' w?
0010 0|1 w* wt w3 {0000 1|=1]1 v w w w
0000 1|1 w w w* w? |00 100 1wt w? w?
00 01 0_ _1 wt w w? w 00 010 1w wt w? w

where w = ¢27/5

giving us that P, F5P; is a circulant core matrix. Here P, and P, are
permutation matrices. Hence, we have shown that Fj is equivalent to a circulant core
matrix. Therefore, up to equivalence, we have that for 2 < n <5, the Hadamard circulant

core matrices of order increasing in n are Fy, F3, Fy ® Fy, and F5.
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Chapter 3

Construction of Multi-Parametric

Families of Commuting Squares

Through the Fourier Matrix

In this chapter we construct new multi-parametric deformations of group-type commuting
squares and Hadamard matrices expanding on the results of Nicoara and White [26]. This is
particularly interesting when G is a cyclic group of order n as it gives us families of Hadamard

matrices containing the Fourier matrix of order n (for n nonprime).

3.1 Preliminaries

Let G be a finite group with n elements. Throughout this chapter, we will reserve g, ¢’, h, h’ to
be elements of the group G, and we will use 7, j as natural numbers. For each g € G, we define
eg € C" to be the column vector with a 1 on position g and 0 otherwise. (Here the the vectors
are indexed by the group elements.) Then the group algebra of G is C|G] = span{u, : g € G}
where u, € M, (C) satisfies the condition uy(e,) = €4, for all h € G. In this case, we may

write u, = Z eng-1n, where {eg : g, h € G} is the set of matrix units in M, (C). Throughout

heG
this section, we will follow the methods laid out by Nicoara and White in [26].
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3.2 Construction of Multi-Parametric Families
We begin by giving a natural basis for [D, C[G]]* as in [26].

Theorem 3.1. Let G be a finite group with |G| = n, and g,h € G be fived. Define a9 €
My (C) by

hg 1 ifp=h¥g and q=h*"*tg fork=1,--- |h|
(@")pq = ,
0 otherwise

For each h € G, let gh, - - s Gy be a choice of representatives of the right cosets of G/(h),
where n(h) = |G|/|h| is the number of elements in G/(h). Then the matrices {a™% : h
G,1 <i<n(h)} form a basis for M,(C) & [D,C|G]] where n = |G]|.

Remark 3.1.1. Note that if h' € (h) then for g € G,

I
a9 = g9

This follows from the fact that b/ = h™ for some m, then as k runs through the set
{1,---,|h|} so too does k + m.

Remark 3.1.2. Let b/, ¢' € G. Then it follows that

(a™9 " Jpa = Z (a™9 Jo,r (ah,y, )ra

reG

Note that the product will have a 1 ezactly when (a"9),, = 1 = (a"'9"),,. Hence, we have

the following relations

p=h*g and r = h**tg for some k € {1,--- ,|h|}

r="h'g and g = K"y for somel € {1,--- |W|}
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So we may define

(ahoah ), — 1 ifp=h¥g and g =HWh g fork=1,---|h]
P

)

0 otherwise

Using this, we can determine the powers of a’™9.

Theorem 3.2. Let h,g € G andn € N. Then

hovn 1 ifp=htg and g = h*"g fork=1,--- |h]
((@™)")p,g = .
0 otherwise

Proof. This follows directly from the definition of a9 for h, g € G and matrix multiplication.

O
may write a™? in matrix n ion for ler ulations.
We ma; te a9 at otation for easier calculations

Remark 3.2.1. Let h,g € G. Then a9 can be written in matriz notation as
|h]

Clh’g: E ehkg,hk+1g
k=1

where e, 4 s the matriz with 1 on position p,q and 0 otherwise.

Remark 3.2.2. This form allows us to determine (a™9)*. It follows that

|h| |h|

h
(a ’g)* = E ehk+1g’hkg = E €hkg,hkflg.
k=1 k=1

Then we can determine that (a™9)* = (a™9)M=1 = "9 in alternate forms.

Remark 3.2.3. Note that for h,g € G,

|hl

(a™9)0 .= a9 (a™9)* = Zehk‘%hflhkv%g
k=1
|h|

= § : Chkg,hkg
k=1
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Corollary 3.2.1. For h,g € G, it follows that (a™9)° is the identity in M,(C) if only if
(hyg = G. We also have that

(ah,g)ﬂah,g — ah,g — ah,g(ah,g)o‘

Proof. (Idea) We have that (a™9)° is a diagonal matrix with entries equal to 1 or 0 for each

h,g € G. m

Remark 3.2.4. It must also be noted that for h,g € G
(ah,g)\h\ — (ah,g>0'

We may express negative powers of a matrix a™9 by a similar method. The inverse of a9

may not exist as a matrix on the full space, but a9 will be invertible on a certain subspace.

Theorem 3.3. Let h,g € G and n € N, then
|h|
(ah’g)_” = Zehk%hk—ng.

k=1

Note that the left-hand side may not make sense, but the right-hand side will make sense
since group elements are invertible. Therefore, we can actually raise the matriz a™9 to a
negative power. Note that we can always replace —n with m|h| — n where m € N such that

m|h| —n > 0.

Theorem 3.4. (Nicoara [26]) Let h,g € G be fized, and I, g € G such that || = |h| and
g € (h)g, then

a9 = o9
We would like to know when two such matrices commute. We have the following;:

Theorem 3.5. Let h,h',g,¢ € G.

1. For a9 to commute with a9 with nonzero product, we need |h| = |h'| and hh' = h'h.
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2. If (hygn (h)g =0, then

a9V =0 = g9 .
In particular, they commute.
Proof. 1. We have that (a"9a"9"),, = 1 when p = h¥g and ¢ = h'h¥*'g for some k €

{1; ) |h|} For ahﬁgahl’gl - a[h’,g’ah,g’ we would need

hkg — h/mg/

h/hk+lg — hh/m+lg/

where k is as above, m € {1,--- | |W/|}. We would need |h| = |h/| so that we have the

same number of nonzero entries in each product. The above equations give us that

(hygn (h')g' # 0, and we need h'h = hl'.

2. Let h, I/, g,g' € G and suppose that (h)gN(h')g' = 0. Then it follows that h*g # h'™¢g’

for any k € {1,--- ,|h|} and m € {1,--- ,|h/|}. It follows that
Al |h]
ah’gah g = Z Z ehkg7hk+1g€h/mg/7h/m+1g/ =0
k=1 m=1

since h¥*t1g # h'™g’ for k and m described above. Reversing the roles of h with A’ and
g with ¢/, we have that a9 commutes with a""9".

]

We would like to know when these matrices commute so that we can construct unitary
matrices of the form U, = ¢ for ¢t € R and h, a Hermitian matrix. These matrices will
give us a one parameter family. Our ultimate goal is to find multiparametric families. For
instance, we wish to find U; 5 = eilthitsh2) where ¢ and s the parameters, and hy and hs are
hermitian matrices.

Nicoara [26] showed that U; = €™ for h = a™9 + (a™9)* produces a one parameter family

which gives a commuting square. We want to show the following theorem:
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Theorem 3.6. Fiz [k, ',k € G such that the cyclic subgroups generated by | and ' are
equal to each other, and k' € (k. Let a = a"* and b = a"¥. Fort,s € R, let U,, =

eitlata)+is(b+b") - Then U, , produces a commuting square.

Proof. Let g, h € G, and p,q € Z. From above we know that a and b and their respective

powers (and hence a* and b*) commute by choice of [ and . Then it follows that

(it(a + a*) +is(b+ b*)) m( m r—m e
U= 143 - eyl Z( )t (a+ 0" (b + b°)

r>1 r>1 'm 0

From Nicoara [26], we know that we can use the binomial theorem again to show that U, ,
is in the linear span of I, a”, ", (a*)", and (b*)" for n > 0. However, we have shown
that a* is a power of a, and likewise b* is a power of b. Hence, to show that U, s yields a
commuting square, we need to calculate 7(d,U; supUy,) and 7(dyunUs Uf,), but from the

previous statement about U; s we need only show that
T(dgaPupb?) = 1(dgupa®b?).

It follows that

Il |

(d GPthq —T d E eljklj+Pk g emh 1m, E el/zklqu

meG

Calculating this trace, we need g = I’k (implying only one j), m = [?TPk (also fixed),
h='m = I"k (implying only one i since there can only be one j), and g = """k’ (which by

assumption such a ¢ exists). It then follows that

h=tm = 1"k
WL (PE) = P,
R Pg =1"4g

Pl =h
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Hence,

7(dgaPupb?) = 6" [{g} N (DkIHg} 0 {IOK .
O

Lemma 3.6.1. Let G be a finite abelian group of order n. For each h € G, let gh, -+ - ng(h)

be a choice of representatives of the right cosets of G/{h), where n(h) = |G|/|h| is the number
n(h)

of elements of G/(h). Then Z a9 e C[aq).
j=1
Proof. First notice for each 1 <i < j < n(h), (a"%'),, = 1 implies (ah’gf}'b)m = 0. Otherwise
if (a"9'),, =1 and (ah’g-?)p,q =1, then h*g = p = h"g! for some 1 < k,r < |h| which would
imply that gjh € (h)gh, a contradiction.
This fact implies that
n(h

) hgh 1 ,p=~h"gl, and q = h"*'g} for some k
a9

=1 0 , else
p,q

Notice as well that for each ¢ € G, we have that multiplying the elements of the set
{gt,--- ,g,’i(h)} by g will permute the element of the set. This implies that

n(h) n(h)
S| (S
= P:q =t pg~t.q97"
n(h)
Therefore, it must be the case that Z a9 e Clq). O
j=1

3.3 Construction based on elements of order > 2

Our goal is to construct multi-parameter families of non-equivalent Hadamard matrices
containing the Fourier matrix of any given size. In this case, we will let our group be
G = 7Z, and for each m which divides n, we know that there are exactly ¢(n) where ¢ is the
Euler Phi function. Since we want non-equivalent matrices, we want proper divisors of n,

i.e. m # 1,n. Since in the case when m = 1, we have that the identity is the only element
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of order 1 and the matrices a®9 for any g € GG are diagonal. In the case where h € G and
|h| = |G|, then a™9 € C|G] which will lead us to equivalent matrices. For the time being, we

will look only at elements that do not have order 2. We will revisit this case later.

Theorem 3.7. Let G = 7, with n square free. Let h € G with |h| = m > 2. Then there

exists a M(% — 1)-parameter family of Hadamard matrices containing the Fourier matriz,

2
F,.
Note that when n is prime, we have no parametric family containing F,.

Proof. Let m # 2 be a divisor of n. Consider the set
S = {]’LI c G : |hz| :m,hi #hj fOI'i;éj, and hz §é h;l}

Since G is a cyclic group, we have that there are p(m) elements in G of order m. Thus, S must
have ¢(m)/2 elements. Our goal is to construct a multi-paramter family with these h € S.
In order to do so, we need to take advantage of the matrix a9+ (a9)* = a9 49 =: A9
for each h € S. Note that A™9 = (AM9)* = A" 9. Since we need A"9' to commute with
AM292 we need |hy| = |hy|. This tells us that S will allow us find the largest set of h € G
with the same order that will give us different A"9. For h; € S, let {g;1 11 <j<|G|/m}

be representatives of the right cosets of G/(h;). From the previous theorem, we know that
n(h)

hq
Z a9 e C[G)]. Using a linear span of the elements a"%" will be equivalent to choosing
j=1

another matrix a™9 for some h, g € G. However, this is not the case if we only use n/m — 1
elements in the set {gé“ :1 < j <n/m}. Therefore, we can construct a family with at most
w elements. It may be the case that some of the parameters may collapse, or it
may be the case that the family that we attain are all equivalent. The explicit construction

for the unitary matrix is
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One may ask what is the maximal number of parameters we may choose for G = Z,,. We

need to find a proper divisor m of n (so that m # 1,n) which maximizes @(% —1).

Example 3.1. We can construct a family of Hadamard matrices containing the Fourier
matriz Fg. It can be shown that each time we construct try to construct a multi-parameter
family using group elements which do not have order 2, we find that each family is equivalent

to a 1-parameter family. An example of a family that we would like to be a 2-parameter

family is i i
Ay A v A vy
1 €5 eF —1 % %
1 e % 1 F e
Fs(\,7) = (LA =1).
A =y A — A —
1 e % 1 e %5 X
1 e % % 1 % e

However, it is easy to see that this family is equivalent to the 1-parameter family

1 v 1 v 1 ot
1 e3 62? -1 e 5 e
1 e % 1 T e
Fs(vy) = (Il =1).
1 —x 1 —y 1 —y
1 6_% 62? 1 6_2? e%
1 e 5 e %% —1 % es

Theorem 3.8. Let G = Z,, with n = pgqr and p > q > r. Then if m > 2 is a divisor of n,

% is mazximized when m = p.

Proof. Let m be a divisor of n = pgr. First assume that m is prime. Let m € {p,¢,r} and

let m # s € {p, q,r}. Without loss of generality, we may assume that m > s. Then it follows
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that

sm < pqr

m—s

m —s < pqr
sm

(m—s) <pgr(l/s—1/m)
m+ pgr/m < s+ pqr/s
—m — pqr/m > —s — pqr/s
pqr —m —pqr/m—+1>pgr — s —pqr/s+ 1

(m —1)(pgr/m —1) > (s = 1)(pgr/s — 1)

Therefore, we have that the largest value that % can attain when m is a prime

(p=D(gr=1) _ @) (n/p-1)
2

divisor is = 5 .

Suppose now that m is a product of two primes. If m = ps for s = ¢, r, we have that

2<qr/s+s
gr—s—qr/s+1<qr—1
(s—=1)(gr/s—1) <qr—1

(p—=D(s=D(gr/s —1) < (p—1)(gr — 1)

p(m)(n/m —1) _ ¢(p)(n/p —1)
2 2

If m = gr, we have that “"(m)“;/m_” = (q—l)(r;l)(p—l) < (p_l)éqr_l) - (p(p)(?’;/p—l)‘ Note that

this follows since (r — 1)(¢ — 1) < gr — 1. Therefore, we have that the maximal value of

% is attained when m is the largest prime divisor. O]

Theorem 3.9. Let n be a square free integer with at least two prime divisors. Then for

e(m)(5:—1)
2

m > 2 a diwisor of n, 1s mazximized when m s the largest prime divisor of n.

Proof. We proceed by induction on the number of prime divisors of n. We have seen that the
base cases are held true when the number of prime divisors is 2 or 3. We will assume that the

hypothesis is true when n has k prime factors for some k > 3. Suppose that n = py -+ - priq
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where p; < p;y1 for 1 <4 < k. From the proof of the previous theorem, we see that if m is

. .. m)(2—1) . ..
prime divisor of n, then % is maximized when m = pj1.

Assume that m is divisor of n such that m = p;r for some p; and r > 1. It follows that

pm)(2 —1) e —1)

2 - 2

Since pﬂj has k factors, the induction hypothesis holds true, and since r is a divisor of pﬂj, we

have that

Pi _

()2 —1) _ o) = 1) _ o) — 1)
2 - 2 2

where p; is the largest prime divisor of 1%. Therefore, we have that
J

pm) (e —1) _ p(pipi) (5 — 1)
2 = 2 '

Note that the Euler Totient function splits over distinct primes.

If we can show that

pip) G — D _ i) (G — 1)
2 = 2 ’

then we would be done. Without loss of generality, we may assume that p; > p;. If p; = prya,

then we have that

w(pipi) (55 — 1) _ e(Pe+1) (55 — 1)
2 - 2
n n
= ©(prt1)e(Pi)( —1) < o(pey1)(— —1
k+1D: Pr+
— (pi —1 no_ 1) < oy
Pr+1Pi Pk+1
PR - 1<
Pr+1Di
<= 2<p;+
Pr+1Di
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We have that the last statement is true since p; is a prime, so p; > 2 and pkflp' > 0.

Therefore, we have that

p(pipi) G = 1) wlor) (5 — 1)
<

Pk+1

2 - 2

is true when p; = pp41.

Assume now that p; < pj41. It follows that

pip) (G =1 epipk) Gy — D
<

jPk+1

P
2 - 2

by the induction hypothesis since ]% has k divisors and p; < p; < pg41. It follows that
J

—1)

oPirer1) G — 1) o(Pry1)(G"

PjPk+1 < Pr+1
2 - 2
> (p; —1)( —1) < 1
! PjiPrk+1 Pr+1
PiPr+1
— 2<p;+
PjiPrk+1

where the last statement is true since p; > 2 and —— > 0.
PjiPk+1

Thus, we have that

—1)

Pr+1

2 - 2 - 2

pm) (G —1) _ p(pipi) (55 — 1) _ P(pr1) (52

when m is any divisor of n = p; - - - pry1. Therefore, by induction it must be the case that
% is maximized when m is the largest prime divisor of n whenever n is a square free

positive integer. ]

Using our method of constructing multi-parametric families, we have shown that we can
construct a family with at most % parameters when n is square-free and p is its
largest prime divisor. We claim that this is an upper bound on the number of parameters

since it may be the case that some of the parameters may ”collapse” meaning that a family
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with more than one parameter may be equivalent to a family with less parameters as was
seen in the n = 6 case above.
One can ask if n has to be square-free to achieve this bound. For certain numerical

examples, it seems that this bound holds for most n. In fact, we have the following:

Conjecture 3.9.1. Let n be any integer with at least two prime divisors. Then for m > 2

p(m)(n/m-1)
2

a diwvisor of n, 18 maximized when m s the largest prime divisor of n.

We do have the following

Theorem 3.10. Let G = Z,, with n = p* for some p, prime, and 2 < o € N. If m = p® is

(m)(—1)
2

a divisor of n, then Z 1s mazximized when m = p.

Proof. Let n = p® for some prime p and a > 2. Let m = p” be a proper divisor of n so that

1 < B <a-—1. We have that

2 S 2
= P - - < p-HE - 1)
— prt=pf < p— 1
<~ p’B_l >1
The last statement is true since 5 — 1 > 0. O]

This theorem is true for any prime p, but when p = 2 the bound we get is not an integer

using this method.

3.4 Construction based on an element of order 2

We will know look at what happens when we use elements of order 2. We have the following

theorem which is similar to Theorem 3.7:

Theorem 3.11. Suppose that n = 2p for p an odd prime. Then we can construct a family

of Hadamard matrices containing the Fourier matriz F,, with p — 1 parameters.
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Proof. Note that in the group G = Z,, there is only one element of order 2. Let h € G be the
element, of order 2. It follows that a9 = a" "9 = (a™9)* for all g € G. Since |G/(h)| = p,

we choose p representatives of the right cosets of G/(h). Let {g} : 1 < j < p} be these

p

representatives. Recall Lemma 3.6.1 which states that Z a9 is a circulant matrix (being
j=1

an element of C[Z,]). This sum will give us a family of equivalent matrices. Therefore,

dropping one of the a9 from the sum will give us a family of non-equivalent matrices
giving us a total p — 1 matrices in the sum. Note that we can not increase this sum any
further since there is no other element of order 2. In this case the explicit construction for
this family is

p—1
. § h.gh
i tj(l J
= € j=1

p—1

Ut1,-~~t

which yields the family

Fygp_l)(th”' atp—l) - Ut1,- Fn

tp_1

This construction tells us for n = 6, we in fact get 2 parameter family.

Example 3.2. One of the 2-parameter families that we construct for n =6 is

ezt efzt ezt efzt 6175 efzt
eis e Z;" is eis+% _e—is _eier%" _e%fis
2in in 2ir in
@) 1 es —es 1 es —e’s
F6 (t’ S) - t t t ot t t
e’ —e" e’ —e" e —e"
eis _e%rfis eis+2% e~ _eier%r 627‘%715
2 i 2
1 —e3 —e% —1 e s es

where t,s € R. Note that it is possible for us to construct other families which may or may

not be equivalent to this family. Writing this family in its equivalent dephased form (one of
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the equivalent forms) and renaming, we have that

1 1 1 1 1 1
1 e-list2it+ JET O 2it—2is T —2ist2it+ 2T
) 1 p2it+ 2" s 2t i _p2itt
Fﬁ (tv 5) -
1 —1 1 -1 1 —1
1 _€—2is+2it+%r e% 2it—2is _e%’f €—2is+2¢t+%
1 _pRit+ 3T P _p2it . e2it+
In this case, we have that
cos(t) 0 0 dsin(t) 0 0
0 cos(s) 0 0 isin(s) 0
0 0 1 0 0 0
Ut,s =
isin(t) 0 0 cos(?) 0 0
0 isin(s) 0 0 cos(s) 0
0 0 0 0 0 1

Remark 3.11.1. Note that the 2-parameter family found is equivalent to another well-known

2-parameter family (see [33]). It is clear after a change of variable that the family Fé2) (t,s)

is equivalent to (and so we will rename the family)

[ 1 1 1 1 1 1 ]
1 w Wy yw  qw?
Féz) (7.0) = 1 w? wl| XA A? Aw
1 1 1|-1 -1 —1
1 w w?|—y —w —qw?
1 wow | = =dw? —dw |

where w = e*™/3 and the parameters A\ and v are complex valued with absolute value equal

to 1.
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Theorem 3.12. Let n = 2py - - - pi, for some k > 1 be square-free. Then the maximal number
of parameters in any family of Hadamard matrices containing the Fourier matriz F,, using

our construction method is % — 1.

Proof. Let m > 2 be a divisor of n = 2p; - - - p,. In this case, the largest number of parameters
(=) (2= ~1)

5 . If we choose to construct

in a family that we can construct using our methods is

a family using a element of order 2, we will get § — 1 elements in a family. It follows that

w1
2 2
n
— n—2>n—-—p,——+1
Pk

n
— pp+—>3
Pk

The last statement is true since p; > 2 for each 1 < j < k. Then p;, + pﬂk > 2+ 2% > 3 since
kE>1. O

This tells us that we cannot increase the number of parameters in our construction. The
max number of parameters that we get when n = 6 is two parameters! We would like to have
a four parameter family since the dephased defect of Zg (which gives us the max number of
one-parameter families) is 4. It is natural to ask if after finding the 2-parameter family, can
we increase the parameters by using one of the elements in Zg of order 37 The answer is no.
Introducing the third parameter into the matrix using our construction, yields a family that

is in fact equivalent to the two parameter family.

Theorem 3.13. Let n = 2% for some a > 2. Then we can construct a family of Hadamard

matrices containing the Fourier matriz F,, with 22~ — 1 parameters.

(Sketch of proof) See Theorem 3.10. The proof is much the same. Since the prime we

have is 2, we need to use the expression 27! — 1.
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Example 3.3. Forn = 8, we construct a 3-parameter family containing the Fourier matrix:

1 1 1 1 1 1 1 1

1 1 -1 —1] 8 —ip 13 —if3

1 -1 i —i| oaw aw?® -—aw —aw?
Fé?’)(a,ﬁ,v): 1 -1 —i i | yw® @ qw —w —qw

1 1 1 1 -1 -1 -1 -1

1 1 -1 —1| —ip 0 —if3 13

1 -1 ¢ —i| —oaw —aw® aw aw?

1 -1 =i - -y W qw |

where the parameters all have absolute value equal to 1 and w = e™/4.

There are many questions that we can ask about these bounds on the number of
parameters. First of all does the bound % — 1 hold for all n using our construction
method? We know that there are other methods for constructing multi-parametric families
of Hadamard matrices containing the Fourier matrix F,. Using our method, we can only
construct a 3-parameter family containing Fg. Interestingly, we can superficially introduce a
fourth parameter into our family FS(?’) (e, B,7). If we replace ¢ with id in the left-hand blocks,

it is easy to check that we have a family of Hadamard matrices.

Example 3.4. (A family of Hadamard matrices containing the Fourier matriz Fg with four

parameters)
1 1 1 1 1 1 1 1
1 1 -1 -1 13 —if3 i3 —if3
1 -1 i —id| aw aw?  —aw —aw?
1 -1 —i6 0 | wP  yw  —ywd —qw

F8(4)(a7 /67 77 6) =

1 1 1 1 -1 -1 -1 -1
1 1 -1 -1 —ip 13 —if3 13
1 -1 6 —id| —aw —aw® aw aw?




Using a change of variables and writing the family in an equivalent form, we have that

RV (@, 8,5,¢) =

11 1 1 1 1 1 1
11 -1 =16 & =0 =9
1 -1 g -6 a —a ia —i«
1 -1 -8 p € —€ —i€ 1€
11 1 1 {-1 -1 -1 -1
1 1 -1 =1|-=6 =0 9 4]
1 -1 g —-pB|—-a a —ia i«
1 -1 =8 B | —e € e —le

It is also well known that Fg belongs to a 5-parameter family. This can be found in the

Complex Hadamard Matrices Catalogue [35].

Example 3.5. It is know that the Fourier matrix Fy belongs to the 5-parameter family

FP(a, B,x,0,€) =

1 1
10 e%x
-1 —i0
—if3 e%exéz

1 —1
13 e’%x

. _ 3im _ 3im . im _
—if e"texa —1 ed1e i erexa

1 1 1 1
—1 e Ta —if e iy
1 ) —1 —10
1 e Te i e %exa
1 —1 1 -1

~1 efa —i  e1yx

1 —i0 -1 20

3im

where a, 3, x, 0, € € C with absolute value 1. Using a change of variables, and rewriting this

family into an equivalent form (and once again renaming), we have that
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1 -1 g -] a -« X —X
F8(5)(a B b6) = 1 -1 -3 p € —€ —€exa exa
1 1 1 1 |-1 -1 -1 -1

1 =1 =B [ | —€e € exa —exa

It should also be noted that the family F8(4)(oz, B,0,€) is a member of the family
F8(5) (o, B, x,9,€). In fact, FS(A‘)(a, B,d,¢€) = F8(5)(04, B, i, 0,€). This tells us that F8(4) (o, B, 0,€)
is not a maximal family, and for the same reason, Fg(g)(oz, B,7) is not a maximal family.

We know that the above family contains the maximum number of parameters since the

dephased defect of Zs, d'(Zg), is 5. Recall that
d(Z,) = d(Z,) —2n + 1.

In the case when n = 6, we have that d'(Zg) = 4. To date, it is known that there are
four 1-parameter families of Hadamard matrices containing the Fourier matrix Fz. We have
shown that there is at least one 2-parameter family. There are two 2-parameter families
containing Fj listed on the Complex Hadamard Matrix Catalogue. It is possible that our
family is equivalent to one of the families listed on the catalogue. What is unknown to date
is if there exists a 4-parameter family of Hadamard matrices containing the Fourier matrix
Fs. There is numerical evidence of the existence of such a family in a paper written by
Skinner, Newell, and Sanchez [31], but it is unknown to the author at the time if this family
has been explicitly written.

Beyond the n = 6 case, our method provides parametric families with the same number of
parameters of families that are already known when n = 2p for p > 2 prime. For n = pq odd
and square-free, our method seems to give a parametric family with half as many parameters

as currently known families containing F),. In fact for small values of n when n = pq for any
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primes, the known multi-parameter families containing F,, have exactly ¢(n) parameters.
Therefore, it remains to be seen if there is a method similar to our construction which will
allow us to construct a ¢(n)-parameter family for any n = pg with p and ¢ distinct primes.
We can also ask if the bound we gave before on the number of parameters can be increased
using a similar method for any square-free number n.

Of course the ultimate goal would be to construct a multi-parametric family with exactly
d'(Z,,) parameters for every n. Once again we have for small values of n that this bound is
achieved when n is divisible by p? for some prime p. However, when n is square free, there
is no known d'(Z,)-parameter family containing F,, for small values of n.

Most of the families that we have given when n = 2m for some m > 3 have all had the
same form following the Kronecker product of F, ® F;,, with some modifications. This allows

us to construct the following family:

Example 3.6. For n = 12, we can construct a 7-parameter family of Hadamard matrices

containing Fio. The family is

w w| Y Yw Yw

o
1 w? w| A 2w B Bw?  Bw | BA B Bl
X
)

oaw ow ary ayw ayw

2

1 w Wy —yw —w dw  ow? | =y —ydw  —viw

. 1 w? wl| =N =X? =\ € ew? €w —eN  —edw?  —e\w
O _
12
1 1 1 1 1 1 -1 -1 -1 -1 —1 -1
1 w W vy Yw Yw? || —a —aw —aw? | —ay —oyw  —ayw?

1 w2 w| A M w || -8 —Bw? —Pw |—-Br —BI? —Blw

1 w? wl| =N =X? M| — —ew —€ew e EAw EAw

where w = e2™/3
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Of course, this construction method is based on using the 2-parameter family Fé2) (v, \)

and following the ideas laid out in the previous examples.

3.5 Inequivalence of Matrices in a Family

In order to show that the families that we have constructed give inequivalent Hadamard
matrices, we will make use of the following invariant introduced by Haagerup in his search

for classification of the 5 x 5 Hadamard matrices.

Definition 3.1. The Haagerup-set of a complex Hadamard matriz H of order n is the set
A(H) = {hljhklhzlhkj : i)j? k)l - 17 o 7n}'

It is clear that if H and K are equivalent Hadamard matrices, i.e. there exist permutation

matrices P;, P, and diagonal matrices with unimodular entries Dy, Dy such that
PiDIHD,P, = K,

then

This follows from the fact that elements in the same row are multiplied by the same number,
and elements in the same column are all multiplied by the same number. Since a permutation
of the set {1,---,n} is the set {1,--- ,n}, it is clear that A(H) = A(K). Recall that when
a € C is unimodular & = é Recall that Fy, ® Fy and Fy are two inequivalent Hadamard

matrices belonging to the family

1 1 1 1

1 -1 a -—a
Ula) =

1 1 -1 -1

1 -1 —a a
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We have that U(1) = F>®F5 and U (7) is a matrix equivalent to Fy. Calculating the Haagerup
set for U(a), we have that
A(U(a)) = {£1, +a, +a}.

Since the Haagerup-set of U(a) depends on the parameter a, it must be the case that any two
matrices in this family are inequivalent. In fact, we have that A(Fy ® Fy) = {£1} whereas
A(Fy) = {=£1, £i}.

Using the Haagerup-set to show that two Hadamard matrices are inequivalent is one of
the most common methods. Our goal is to use the Haagerup-set to determine if we can reduce
the number of parameters in any of our families. Recall Example 3.2 and Remark 3.11.1
with the family F()@()\, ) which contains two parameters. We have that the Haagerup-set

for this family is

A(FG(Q)()\v ’7)) = {ila _e%ia 6%7 :I:)‘a :I:Xa -, _77 :i:)\77 iX’%

mi 2mi mi~ | 2mi~ mi mi_
+es )\ tes A\, tes \ e s \esy,es7,

—e%’y, —6%7, :l:e%iwx, :l:e%yx, +e¥ N, +e’5 )\7} .
Using this fact, we find that the Haagerup-set for Fg (which corresponds v = A = 1 in the

above family) is

A(Fy) = {ﬂ,ie%’i,e%}.

Notice in A(Fg(A,7y)) both parameters v and A appear in the Haagerup-set. This gives us
hope that this is in fact a two-parameter family.

In Example 3.1, we saw that the 2-parameter family was actually equivalent to a 1-
parameter family. (Instead of using Fﬁ@()\, v), we will use F{(A,~). It should be noted that
we have already shown in the example that this family is equivalent to a 1 parameter family.)

Indeed using this family, we see that

A(FE(N\, ) = {:I:l,:l:e%i7 ie%, +07, £, :te%i)ﬁ, :I:e%ivx, j:e%/\ﬁ, :i:e%7X} )
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Notice in this Haagerup-set, we can replace v\ with a which would imply that the Haagerup-
set relies only on one parameter, not both. Thus, the family in Example 3.1 is indeed
equivalent to a one parameter family of Hadamard matrices containing Fg. Therefore, using
a change of variable in the Haagerup-set will allow us to determine if a family with m
parameters is equivalent to a family with & parameters where & < m as we did in the case

of Example 3.1.
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Chapter 4

Bismash Commuting Squares

In this chapter, we construct a new class of commuting squares based on the bismash product

Hopf algebra. Part of this chapter is based on joint work with Ian Francis and Remus Nicoara.

4.1 Introduction to Hopf Algebras

We will begin by giving the definition of a Hopf algebra and give a few examples. We
will then generalize the idea of the commuting square associated to one group using Hopf
algebras. For an introduction and construction of algebras, coalgebras, bialgebras, and Hopf

algebras refer to [7].

Definition 4.1. A K-algebra structure is a triple (H,V,n), where H is a K-vector space,
V:H®H — H (the multiplication map) and n: K — H (the unit map) are morphisms of

K -vector spaces such that the following diagrams are commutative:

HoHQHY _geH HoH
e
V®id v K@H - H@K
HoH v H \ /
H

It should be noted here that for the first diagram to commute the multiplication of the
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algebra must be associative. In the second diagram, the bottom two arrows are the canonical

1somorphisms.

Definition 4.2. A K-coalgebra structure is a triple (H, A, ), where H is a K-vector space,
A:H — H®H (the comultiplication map) and ¢ : H — K (the counit map) are morphisms

of K-vector spaces such that the following diagrams are commutative:

H A Ho H /H\
A des Ko H A HoK
HoH—CHeoHeH k %
HeH

As before, the commutativity of the first diagram shows that the coalgebra is coassociative,

and the unnamed maps in the second diagram are the canonical isomorphisms.

Definition 4.3. A bialgebra is a K-vector space H, endowed with an algebraic structure
(H,V,n) and a coalgebra structure (H,A e). In this case, we also need V and n to be

morphisms of coalgebras (this will also show that A and € are morphisms of algebras, Prop

4.1.1in [7)).

Definition 4.4. A Hopf Algebra, H, is a bialgebra over a field K together with a K-linear

map S : H — H such that the following diagram commutes.

HoHYY meH
H 2 K 1 H

where S is called the antipode map, A is the comultiplication of the bialgebra, € is the counit,

1 1s the unit, and V s the multiplication map.
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The following information can be found in [7]. In a Hopf algebra, the antipode is unique
since it is the inverse of the element I in the algebra Hom(H¢, H*) where H¢ is the coalgebra
structure of H, and H® is the algebra structure of H. To say that S is the antipode is that
Sx I =1x%S =ne (here x is the multiplication in the algebra Hom(H¢, H*)), and using the

common sigma notation for any h € H:

> S(hi)ha = hiS(ho) = e(h)1.

Remark 4.0.1. (Sigma Notation) Let (H,A,¢) be a coalgebra. For h € H, we denote

A(h)=> hi @ hy

where by standard notation the index of the summation is suppressed.
We now give some of the properties of the antipode S.
Proposition 4.0.1. Let H be a Hopf algebra with antipode S. Then TFAE:
1. > S(h1)hy = e(h)1 for any h € H
2. > h1S(he) =¢e(h)l for any h € H
3. 8% = I namely the composition of S with itself is I.
Proposition 4.0.2. Let H be a Hopf algebra with antipode S. Then we have the following:
1. S(hg) = S(g9)S(h) for any h,g € H
2. 5(1)=1

3. A(S(h) = X S(hs) ® S(hy).

The first two properties mean that S s an antimorphism of algebras, and the last two

properties mean that S is an antimorphism of coalgebras.
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4.2 Examples of Hopf Algebras

We will now give some examples of Hopf algebras that are of importance to us. For more

examples and properties see [1], [2], [16], [17], [18].

Example 4.1. Let G be a group, and C[G] the associated group algebra. Then C[G| is a
Hopf algebra.

For C[G] to be a Hopf algebra, we need to describe the maps S, A e, V, and n and
determine whether the diagram at the beginning of the chapter commutes. Recall that C|[G]
is a C- vector space with basis {g| ¢ € G}. Usually we write C[G] as the linear span of the
elements u, € M,(C) described in the previous chapter. However, for convenience , we will
write C[G] as the linear span of the elements of G for ease of notation. In this case, we have

a typical element of C[G] is Z a,g where only finitely many of the «,’s are nonzero (in the

geG
case that G is infinite). Note that we may use the left regular representation of the group

elements (u, where g € G) in order to realize C[G] as a subalgebra of the full matrix algebra.
We define A : C[G] — C[G]® C|G] only on the basis elements by A(g) = g®g. Likewise,
for S : C[G] — C[G], it is defined on the basis elements by S(g) = g~ '. Let t € C[G] ® C[G],
thent =) a,0® Byh, and V(t) = > a,0,gh. In other words, for simple tensors of the form
g®h, V(g ®h) = gh. For the counit, e, we have £(g) = 1¢, and lastly, for & € C, we have
n(a) = alg where 1¢ € G is the identity element.
It follows then that

(Vo(S®@id)oA)(g) = (Vo (S®id)(g®g) =V(g ' ®yg) =1
(noe)(g) =n(lc) =1g

(Vo (id®S)oA)(g) = (Vo (ides))(g®yg) =V(gog ') =1g

Hence, the diagram commutes giving us that C[G] together with the maps defined is a Hopf
Algebra. Note that for S defined above S? is the identity map giving us that S is indeed the
antipode of C[G].
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There is another well known example of Hopf algebras that we have already encountered

as well.

Example 4.2. The dual of C[G], (C[G])* when G is a finite group is a Hopf Algebra where
{pgl py(h) = 0} Yg,h € G} is an orthogonal (idempotent) basis for (C[G])* with the maps

Alpg) = (pgn—r @ pn), €(pg) = 016, and S(py) = py-1.
heG

Recall that when |G| =n < oo, (C|[G])* = Hom(C[G], C) is isomorphic to the algebra of

n x n diagonal matrices. It is standard notation to use C¢ instead of (C[G])*.

Example 4.3. ([17]) Let H be a semisimple Hopf algebra and p an odd prime number such
that the dimension of H over C is p* then H is isomorphic to C[Z,2] or C|Z, X Z,).

For the purposes of this paper, an important example of a Hopf Algebra associated to

an action of a Hopf Algebra H on another algebra A is given by the following

Definition 4.5. If A is an H-module algebra (A is a (left) H-module), the smash product
of A and H, denoted A#H, is, as a vector space A#H = A® H, together with the following

operation

(a#h)(b#tg) = D _ a(ha - b)#thag
where A(h) = > hy ® hy. We denote the element a#h instead of a ® h to emphasize the
Hopf algebra structure.

We will now explore some examples of smash products A#H where H is either C[G] and
(C[G))* for G a finite group.

Let G be a group acting on an algebra A by a group homomorphism
a: G — Autc(A). It is standard practice to denote a(g) = ay : A — A for g € G. We have

the following propositon:

Proposition 4.0.3. Any action of G on an algebra A makes A into a C|G|-module algebra.
Conversely, if A is a C[G|-module algebra, then there is an action of G onto A.

Let G be a group acting on an algebra A via a. Then we have that the smash product

A#C[G] has multiplication determined by

(a#tg)(b#th) = aay(b)#gh
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for a,b € A and g, h € G since the comultiplication of C[G] has the property
A(g) = g® g for all g € G. In this case, we have that A#C[G] = A x G the skew group ring

with multiplication

(ag)(bh) = alg - b)gh
for all a,b € A and g,h € G.

Example 4.4. Let G be a group acting on the group F via o : G — Aut(F). Then we have
that G acts on the group algebra C[F] and therefore it makes C[F| a C[G] module. Hence,
we may define the smash product C[F|#C|[G] which has multiplication defined by

(f#9)(['#9") = fay([")#g9

for f,f'€ Fandg,g € G.

In this case, we have that C[F|#C]G] is isomorphic to the group algebra C[F' x,G] where
F %, G is the semidirect product of F' and G. Because of this fact, the smash product A#H
is sometimes referred to as the semidirect product.

Instead of using C[G] as our Hopf algebra, how are things different if we use (C[G])*?
We need to find an algebra A which is a (C[G])*-module. In this case, we need to have A to
be graded by G [19] (see [5] as well). When A is graded by G, we define the multiplication
in A#(C[G])* for a,b € A and pg, p, € (C[G])* by

(attpg) (b#on) = > alpgr - D)#(pipn) = abgr—1#pn

leG

using A(py) = Z(pgh—l ® pp) for p, a basis element of (C[G])*. Note that p, - a signifies the

heG
action of (C[G])* on A, and it is essentially the projection onto a subspace of A determined

by g since A being graded by G means that each a € A can be written in the form a = Z Qg.
geCG
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4.3 Hopf Algebras from a matched pair of groups

In this section, we will recall an important class of Hopf algebras, namely the bismash
product C¥#C[F] where G and F are both finite groups that form a matched pair. We
introduce some results from group theory and provide the exact definition of the bismash
product. Later in the next section, we will introduce the commuting square associated to a

matched pair of groups by using the bismash product C¢#C|[F].

4.3.1 Matched Pair of Groups

We will begin by recalling the definition and properties of groups that can be exactly factored
by two proper subgroups. These properties can be found in many exercises in graduate
algebra textbooks. They are also recalled in many papers that construct the so called

bismash product Hopf algebra which we introduce in Section 4.3.2.

Definition 4.6. An exact factorization of a group L is a pair of proper subgroups F,G such

that L = FG and FNG = {e}. We say that F and G factor L exactly.
We have the following theorem to test for exact factorization:

Theorem 4.1. Let F and G be proper subgroups of a group L. Then F and G factor L
exactly if and only if |L| = |F|- |G| and F NG = {e}.

Corollary 4.1.1. If L = F'G is an ezact factorization of L, then so too is L = GF.

Corollary 4.1.2. L = FG is an exact factorization of L if and only if for eachl € L, 1 = fg

for some uniquely determined f € F and g € G.

Example 4.5. Let L = As the alternating group with 60 elements. We may embed Ay,
the alternating group with 12 elements, into As, and we have the subgroup generated by
the 5-cycle (12345) which is isomorphic to Zs. Then it follows that Ay N Zs = {(1)} and
|Ay| - |Zs| = 12 -5 = 60 = |As|. Therefore, we have that A4Zs is an exact factorization of
As. Also, note that since A, is a simple group (no non-trivial proper normal subgroups) for

n > 5 neither Ay nor Zs are normal subgroups of As.

65



Let L = F'G be an exact factorization. Then we may define set maps
<:GXF — Gand > :G X F — F in the following manner: every [ € L may be written
uniquely as [ = f'¢’ for some f’ € F and ¢’ € G, but since F' and G are both subgroups of L
we have that the element gf € L. We want to find the unique elements f’ € F, ¢’ € G such
that gf =1 = f'¢g’. So we define gi> f := f' and g < f := ¢’. Since an exact factorization of

each element of L is unique, the maps are well defined.

Lemma 4.1.1. For an exact factorization L = FG, the set maps < : G x F — G and

>:GXF — F,wehaveg>e=cande<f=e foral feF and g € G.

Proof. Let f € F and g € G for F and G satisfying the above conditions. Then it follows
that

eg=g=ge=(g>e)(g<e)

where e € L = F'G is the identity element. By the uniqueness of the factorization of the

elements of L, we have that g > e = e. A similar method works for e < f = e. m

Corollary 4.1.3. For an exact factorization L = FG, the set maps < : G X F' — G and
>:GEXF —F, wehaveer> f=fand g<e=gqg forall f € F and g € G.

Theorem 4.2. For an exact factorization L = FG, the set maps < : G X F' — G and
>:Gx F — F defined via (9> f)(g < f) =: gf € L for every g € G and f € F are group

actions. Furthermore, we have that for every a,b € F and x,y € G,
1. x> (ab) = (z>a)((x < a)>b)
2. (xzy) Qda=(z<(y>a))(y<a)

Proof. We will prove part 1 here only. Part 2 will follow in a similar manner.

Let x € G and a,b € F'. Then it follows that

z(ab) = (z > ab)(xz < ab)
(xa)b = ((x>a)(x <a))b=(x>a)((x <a)b)

=(xr>a)((z<a)>b)(r<a<b)=(x>a)((r<a)>b)(z<ab)
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Equating z(ab) and (za)b and multiplying by (z t> ab)~! on the right, we have

Definition 4.7. Let F', G be groups with group actions <: GX F — G and>:GX F — F
satisfying the conditions in Theorem 4.2. We say that (F,G,>, <) form a matched pair of

groups.

Example 4.6. We saw above that for each odd n € N, we have that A, = A,_1Z, is an
exact factorization of the alternating group A, where in this case Z, is isomorphic to the
cyclic subgroup generated by the n-cycle (12---n). Note that we need n to be odd so that the
n-cycle (12---n) is an element of A,. We also have that (A,—1,Zn, >, <) is a matched pair
of groups. We need to define the maps > and <, since we know that gf = (9> f)(g < f) for
all g € Z,, and f € A,_1. With the help of Mathematica, we can find g > f and g < f for

(x> ab) = (x>a)((r<a)>b).

the matched pair (A4, Zs, >, <) using the code:

= AlternatingGroup [n];

n
L
F = AlternatingGroup [n — 1];
G

= PermutationGroup [{ Cycles [{ Table[i, {i, 1, n}]}]}];
wlg-, f_] := Module[{gf, gfPos, index, FPos, GPos},

gf = PermutationProduct [f, g];

gfPos = GroupElementPosition [L, gf];

index = Position [Table | GroupElementPosition L,
PermutationProduct [ Part [GroupElements [G], i],
Part [ GroupElements [F], j]]],
{j, 1, GroupOrder[F]}, {i, 1, GroupOrder[G]}],
gfPos];

FPos = index[[1, 1]];

GPos = index [[1, 2]];
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{GroupElements [F|[[FPos]|], GroupElements[G][[GPos]]}]

For eazmple, if we wish to know (14253) t> (14)(23) and (14253) <1 (14)(23) for the matched
pair (A4, Zs, >, <), we input the cycles into the function. The first value it prints will give
us the element in Ay and the second element the function prints will be in the subgroup

generated by (12345). Hence we have that

w[Cycles[{{1, 4, 2, 5, 3}}], Cycles[{{1, 4}, {2, 3}}]]

{Cycles[{{1,4},{2,3}}], Cycles[{{1,3,5,2,4}}]}

It follows that (14253) > (14)(23) = (14)(23) and (14253) <1 (14)(23) = (13524).

Lemma 4.2.1. Let (F,G,>,<) be a matched pair of groups with L = FG with F normal
in L. Then it follows that gt> f = gfg~' and g< f = g for all g € G and f € F.

Proof. Let g € G and f € F with L = F'G so that F'is a normal subgroup of L. Then there
exists an f’ € F such that f'g = gf since F is normal in L. Then f'g = gf = (9> f)(9 < f),
we have that f' = g f and ¢ = g < f by uniqueness of the factorization of the elements of

L. Furthermore,

1

gf = fllg<f)=@g>flg = gfg =g> [

O

Lemma 4.2.2. Let (F,G,>, <) be a matched pair of groups with L = FG and G normal in
L. Then forg€ G and f € F, g> f = f. Furthermore, g <1 f = f~lgf.

Proof. Similar calculations as in the previous proof. O
Combining the previous two lemmas, we have the following theorem:

Lemma 4.2.3. Let (F,G,r>, <) be a matched pair of groups with L = FG with both F and
G normal subgroups of L. Then it follows that for all f € F and g € G, gt> f = f and
g <1 f=g. Namely, L is a direct product of F' and G.
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Proof. The statement of this theorem is really asking that L be a direct product of F' and
G. Let f € F and ¢g € G with both F' and G normal subgroups of L. Then fgf~! € G and

gfg~t € F. Hence g(fgf™') = (gfg™ ") f~' € FNG = {e} implying that

(g Nlg<f)=gf=fg

and by uniqueness of the factorization of elements in L by F' and G, we have g > f = f and

9<f=y. O
We will need the following lemma for future calculations.

Lemma 4.2.4. Let (F,G,1>, <) be a matched pair of finite groups with L = FG. Leta € F,
x,y € G, then x = y <a~ ! implies y = x < a. In addition, if f,a € F and g € G such that
f=g>a, thena=qg 1> f.

Proof. Since L is factorizable, we can write each [ € L as the product of an element of F'

and G. Then it follows that

1 -1

r=y<a’l = (ypar= (y>aHy<al)=ya
= za=(y>a )y
= (z>a)(z<a)=ra=(y>a )y

— r<da=y

where the last line follows by the uniqueness of the product decomposition of elements in L.

For the second statement, we continue in a similar method.

f=g>a = f(g<a)=(9>a)(g<a)=ga

1

= g_lf:a(g<1a)_ — ¢ !'>f=a

by uniqueness. O

Lemma 4.2.5. Let (F,G,>,<1) be a matched pair of finite groups with L = FG. For g € G
and f € F, we have that (9> f) ' = (g f)>ftand (g f) =g t<(gr> f).
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Proof. Since for any g € G and f € F, gf = (9> f)(g < f) we have that

J(g<f)<f g™
g ff Ny
)
)

) f
g< > Hg<eg™
) > f

In a similar fashion,

(g<af) " =f"g 9> f)
=g ' Hlg " <(g> 1))
=g 9> g < (g f)))
=fHexfllg™ < (g 1))
=T flg < (g 1)

=g ' <Q(g>f)

]

How should we view the actions <1 and > for L = F'G? Throughout this dissertation,
we view the groups F' and G as being isomorphic to subgroups of L. In actuality, we should
really look at F' x {1.} and {1,} x G as the subgroups of L so that L = F' X G as sets and

not necessarily as groups. The multiplication of L will be defined via:

(L)' 9) = (f1e) (e, 9)(f 16)(1r, g')
=(f.1le)g> fL16)Ar,g < (1, g')
=(flg> 1), (g<fNd)
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for all f, f' € F and g,¢" € G. This is the same multiplication rule when L = F' X G as groups
(in this case <, are trivial), when L is the semidirect product of F' and G (L = F x G
or L = F x G), or when L is the Zappa-Szép Product of F' and G, L = F 1 G. For more

information of the Zappa-Szep product, also known as bicrossed product or knit product see

[1].

4.3.2 The Bismash Product Hopf Algebra

Let (F,G, 1>, <) be a matched pair of finite groups with L = F'G. Then we have that the
maps [>, <! induce actions onto C" and C% from C[G] and C[F] respectively. Let {p,| g € G}
be a basis for C%, and let {p;| f € F'} be a basis for CI'. In both cases, we use p, as a basis
for the algebras C% and C*' using the index  to know which algebra we are using. We need
to induce left actions onto C¥ and C% using the actions > (which is a left action) and <
which is a right action. We have for all g € G and f € F, CI' is a (left) C[G]-module via the

action

9 Pf = Pg>f

and CY is a (left) C[F]-module via the action

[ pg = pgap—1-

Definition 4.8. Let (F,G,>, <) form a matched pair of finite groups with L = FG. Then
the bismash product associated to the matched pair of groups is the Hopf algebra CE4C[F)|
and has dual (CC#C[F))* = CF#C[G].

Theorem 4.3. Let (F,G, >, <) form a matched pair of finite groups with L = FG. Then it
follows that the dual of CY#C[F] is (CE#C[F])* = CF#C|G].

Proof. Let (F,G,>,<) and L be as above. Then we have that the bismash product algebra

CY4#C[F] is an example of abelian extension, i.e. there is a short exact sequence of the form

0 — C® — CE#C[F] — C[F] — 0.
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The dual of the above short exact sequence is
0« (CY* « (CEH#C[F))* + (C[F))* « 0.

Applying the definition of the duals of the group algebras of C[G] and C[F] and a similar

short exact sequence to the first one, we have the following diagram:

0 — (C[F])* — (CE#C[F])* — (C%* — 0

| ]

0 - CI' — Cr#Cclgl — C|G] — 0

Since the top and bottom rows are both short exact sequences and the left and right vertical
maps are isomorphisms (they are the identity morphism), by the Short Five Lemma, we

have that the the middle morphism is in fact an isomorphism. O]

The multiplication on CY#C[F] is defined using the usual smash product multiplication

(see Definition 4.5) and is given explicitly as

(px#a)(py#b) = prla - py)#ab = prpyae-1#tab = 647 pattab

for all z,y € G and a,b € F where 0 is the Kronecker delta function.

Example 4.7. Let L = Zg =~ Zy x Zs. Then (Zo,Z3,1>,<1) forms a matched pair with >

and <1 both trivial actions.
We want to construct the multiplication table for the bismash product CZ2#C|Zs].

Example 4.8. Let L = Ds the dihedral group of 6 elements. We have that L = Z3 X Zs is an
exact factorization, so (Zs, Zs,>,<1) is a matched pair. Since Zz has index in L equal to 2, we
have that Z3 is normal in L. Therefore, we have that the action < s trivial. Therefore, the

multiplication table in Figure 4.1 is the multiplication table associated to L = D3 ~ Z3 X Zs.

In the previous, examples we found that the bismash product CZ2#C|Zs] associated

to the groups Zg ~ Zs X Zy and D3 = Z3 X Zs have the same structure. In fact, if the
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Po#0  po#tl  po#2 pi#0 p;iF#FL  pr#f2
po#0 | po#0  po#l  po#2 0 0 0

po#l| po#l po#2 po#0 0 0 0

Po#g po#2  po#0 po#l O B 0 B 0 ~
/)1#9 0 0 0 01#9 ,01#1 p1#2
Pl#} 0 0 0 Pl#} ;01#2 P1#Q
pi#2] 0 0 0 pi#2 pi#0  pr#l

Figure 4.1: Multiplication Table for the bismash product CZ2#C|Z3] associated to the
group Zg (using trivial actions).

action necessary for the multiplication of elements in the algebra is trivial, we have that the
bismash product is the tensor product. Where the two bismash products in the example

above will differ will be in their duals. We have that the dual algebras CY'#C|[G] will have

the multiplication defined via

(pa#t) (po#y) = pal@ - po)#ay = 62 pattay

for all z,y € G and a,b € F.

Note that the group Z, acts on the group Zs in two ways: trivially, and by conjugation.
In the case of L = Zg, x> b = b for all x € Zy and b € Z3. In the case of L = Dg, x> b
has two possibilities. If z = 0 € Zy, then x> b = b for all b € Zs. If x = 1 € Zy, then
x>b=>b""1for all b € Zs. Hence, the two bismash products are different. Since the action
> is trivial for the L = Zg example, we have that C%#C|Zy] = C?* ® C|Z,]. In figure 4.2,
we give the multiplication table for the bismash product CZ#C|Z,] associated to the group
L = D3 = Zs3 X Zs.

P00 po#tl  p1#0  pi#l paFF0 po#fl
po#0| po#0  po#l 0 0 0 0
po#l| po#l po#0 0 0 0 0
p#0| 0 0 ;m#0 p#l 0 0
pi#l| 0 0 0 0 pr#l p1#0
Pz#Q 0 0 0 B 0 B P20 pafl
paAFl| 0 0 P2l pa#0 0 0

Figure 4.2: Multiplication Table for the bismash product CZ#C|[Z,] associated to the
group Ds.
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4.3.3 Some Bismash Products that are Group Algebras

When one first starts looking at bismash products associated to a matched pair of groups,
one may ask if in fact you get something other than a group algebra. It turns out that in

some cases, the bismash product is in fact a group algebra. The following proposition can

be found in [4].

Proposition 4.3.1. Let L = FG be an exact factorization with (F,G,>,<) forming a
matched pair of groups with L = F x G. Then the bismash product C¢#C[F] is isomorphic
(as algebras) to the group algebra C[Zq x F.

An immediate example is

Example 4.9. We have that the dihedral group of 2n elements, D, = Z, X Zy. Then it

follows that the bismash product C224C|Z,) is isomorphic as algebras to the group algebra
C[ZQ X Zn]

Theorem 4.4. ([19]) A finite-dimensional semisimple Hopf algebra over C is a group Hopf

algebra if and only if it is cocommutative.

Corollary 4.4.1. Let (F,G,>,<) be a matched pair of finite groups with L = FG. Then
we have that the bismash product C¢#C[F] is a group algebra if and only if G is an abelian

normal subgroup of L.

Lemma 4.4.1. ([}]) Let (F,G,1>, <) be a matched pair of groups with L = FG. Then we
have that the bismash product CE#C[F) is semisimple.

Proof. (of Corollary 4.4.1) We have that CE#C[F] is a finite-dimensional semisimple Hopf
algebra. To show that C#C[F] is a group algebra, we will show that it is cocommutative.
Let g € G and f € F, let A be the comultiplication and o be defined via o(a ® b) = b ® a,
then

Alpg#f) =Y pgn1#(h > )@ pr#tf =D pgnr#f @ pui#tf

heG heG
o (A(pg#f) = Y ot f @ pgnr#f =Y pnrg#tf © pr#tf
heG heG
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Since G is abelian, we have that 0 o A = A. Hence, C¢#C|[F] is cocommutative a hence a

group algebra. O
We have the following theorem of Masuoka [17]:

Theorem 4.5. A semisimple Hopf algebra of dimension p* with a prime p is isomorphic to

the group algebra C[Z,2] or C[Z, x Z,).

Therefore, we immediately know that the bismash product CZ#C|Z,] (which is self-dual)
is isomorphic to a group algebra, specifically C[Z, x Z,).

Recall from basic group theory that there are only two groups of order p? (both of which
are abelian). In fact, both groups must be abelian, and the groups are Z,2, and Z, x Z,, which
is an exact factorization of a group with both maps >, < trivial (since abelian). We also
have that both copies of Z, in Z, x Z, are normal since the group is abelian, and therefore

we have that

CP#C[Z,) ~ C[Z,) ® C|Z,) = C|Z, x Z,).

4.4 Commuting squares from bismash products

In this section, we associate to any bismash product a commuting square, similarly to
constructing commuting squares from groups. We begin by defining the bismash commuting

square.

Definition 4.9. Let (F,G,<,1>) be an exact pair of finite groups with L = FG and n =
|L| = |F||G|. We construct a new class of commuting squares called the bismash commuting
square given by
Cr#C[G] ¢ M,(C)
C((LJG#C[F} = ) U
CI, C CCE#C[F)

Note that one has to keep track of the original group L associated to the bismash product
CY4C[F] due to what was seen in the examples in the previous section with the groups Zg
and D3 which both can be exactly factored with the subgroups isomorphic to Zs and Zs.

We will prove that this construction does in fact give a commuting square.
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In order to construct the commuting squares, we need to represent the elements in the
bismash product algebra with elements in M, (C) where n = |F||G| < co. We will use the
same idea as group algebras, namely the left regular representation. So for a typical element

pottf € CE#CIF], we have Upysf = (Z(z’a)7(y7b))x7g60 € M, (C) where
a,beF'

L, (Pg#f) (py#b) = p.Fta

A(z,a),(y.b) = 0 |
, else

It follows from the multiplication of the elements in the bismash product and from Lemma

4.2.4 that we may write u(, ) (we use this abbreviated version for ease of notation) as

upg#f :: u(ng) = Z e(g,fa),(gqf,a)'
ack

The bismash product CZ2#C|[Zs] associated to the groups Zg and D3 (the Dihedral group
of 6 elements) has the same representation. In fact, since the action < is trivial in both
groups, we have that wu, sy for both groups will be a block circulant matrix. This tells us
that a typical element in the bismash product algebra will look like a block diagonal matrix

whose entries are circulant matrices.

Example 4.10. For the bismash product C?24#C[Zs] associated to the group Zg, we have

that the element w, 41 will have the form

0 1 0

0 0 1 | 0l

1 0 0

I 013 013 |

Example 4.11. Let L = A5 = FG where F = Ay and G = Zs. A typical element in the
bismash product CE54C[A,] where the larger group is As can be depicted using Mathematica
to achieve a matrixz plot. The code below will help represent the simple elements as matrices.
Note that it makes use of the Mathematica code used above to find the maps > and <. The

code used to find u, 4y is
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uu|g-, f_] := Module[{gPos,a,fa,h faPos,wgf2Pos, eG,eF eFG},
gPos= GroupElementPosition [G, g];

a[k_]:= GroupElements[F][[k]];
fa[k_]:= PermutationProduct[a[k], f];
faPos[k_]:= GroupElementPosition [F, fa[k]];

wgf2Pos= GroupElementPosition [G, w[g, f][[2]]];
eGli_,k_]:= Table[Piecewise[{{0, s != 1 || t != k},
{1, s =1 & t = k}}],{s,1,GroupOrder[G]},
{t, 1, GroupOrder[G]}];
eF[j_,l_]:=Table[Piecewise [{{0, s =] || t != 1},
{1,s = j & t = 1}}],{s,1,GroupOrder[F]},
{t,1,GroupOrder [F]}];
eFGli_,j-,k_,1_]:=KroneckerProduct [eG[i k], ,eF[j,1]];
Sum [eFG[gPos, faPos [k] ,wgf2Pos k| ,{k,1,GroupOrder [F] }]]

Since a typical element will be a linear combination of the elements u,, 4y, we see that a
typical element will have the form seen in Figure 4.53. In the figure, the same number is
represented by similar shading. The value of 0 is represented by the white areas.

We also need to represent the dual bismash product algebra C*#C[G] in much the same
way. Note that the multiplication in the dual algebra is

(pr#9) (ou#ty) = pr(g - po)Fgy = 65" pr#tay.

Recall that if g> b= fthenb=¢g '1> fforallge Gand b, f € F.

Let F,G be a matched pair of groups with L = FG. A typical element in C'#C[G]
looks like ps#g for g € G'and f € F'. Note that we can make sense of the element g#p; in
C[G]#C! (note that we should change the multiplication so that multiplication is the same

as in the original smash product). We have that

C[G]#CF ~ CF#C[G]
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Figure 4.3: A typical element in the bismash product CZ5#C[A4] associated to the group
As.

by ps#g — g#ps-15. We define the multiplication in C[G]#CF by

—1
(g1#05) (g2#ps,) = 62,57 NG Py g -

-1 _—1
9o 91 > f1

The multiplication rule is not entirely important for what we want to do. We really can
deal with the multiplication in CF'#C[G] and then map into C[G]#CF. It should be noted
that this is the same multiplication since if we look at the image of the typical element and
then multiply, we achieve the same result as we do as we multiply first and then look at the

image. This is due to the fact that

= fo=g7' > fi

<:)f1292|>f2 < 5?f>f2:1
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which is the factor that is need for the multiplication to be nonzero in CF#CJ[G].
The main reason that we wish to change the coordinates is so we can make sense of the
multiplication of embeddings of typical elements as matrices. Recall that we can represent

an element py#g € CF#C[G] as an element in Mp)((C) by

Upp#tg = Z Cr#gy,g~ > fH#y = Z €rg-ief @ Cgyy
yeG yeG

and similarly for p,#f € CY4#C[F] as Vpgttf = D wep Cobfrgafa

Example 4.12. Let L = A5 = FG where F = Ay and G = Zs. A typical element in the
bismash product CA44tC[Zs] can be found using Mathematica much as we did for the algebra
CZ#C[A4]. The code below will find the representation for simple elements as matrices.
Figure J./ shows the form of a typical element in the dual algebra. Again, similar shading

represents the same number. The white area represents the value of zero.

vv|[f_,g_]:=Module[{x,wxInvflPos, glnvxPos,eG, eF eFG, glnv , glnvx },
x[k_] := GroupElements [G][[k]];
wxInvflPos [k_]:=GroupElementPosition [F,
w[InversePermutation [x[k]],f][[1]]]:

glnv = InversePermutation|g];

glnvx [k_]:=PermutationProduct [x[k], glnv |;

glnvxPos [k_]:=GroupElementPosition [G, glnvx [k]];

eGli.,k_]:=Table[Piecewise [{{0, s =1 || t != k},
{l,s =1 & t = k}}],{s,1,GroupOrder[G]},
{t,1,GroupOrder [G] }] ;

eF[j_,1_]:=Table|[Piecewise [{{0, s =] || t != 1},
{1,s = j & t = 1}}], {s,1,GroupOrder[F]},
{t,1,GroupOrder [F]}];

eFG[i_,j-,k_,1_]:=KroneckerProduct [eG[i , k] ,eF[j,1]];

Sum [eFG [k, wxInvflPos [k], gInvxPos k], wxInvflPos [k]],
{k,1,GroupOrder [G] }|]
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Figure 4.4: A typical element in the bismash product C44#C|Zs] as the dual to CZ#C[A,]
associated to the group As.

Let A = CF#C[G] and A* = CY4#C[F] =~ C[F]#CC¢. Then we can represent an element

in the dual as

oottt = Y Cfatigafratigats = Y Cfra ® Cgafrgafa-
zeF zeF

Theorem 4.6. Let L = FG be a finite group such that (F,G,<,r>) is a matched pair of

groups.. Then it follows that
CE#C[F] N CF#C[G] = ClI,

where n = |F| - |G].

Proof. (Sketch) Typical elements in CY#C[F] and CF#C|[G] will be linear combinations of
elements of u,,4, and Vp 11" for f, f' € F and ¢g,¢ € G. In order to determine when an
clement in is in the intersection, we need only to find when v, 4y = w44 It is easy to

check that when this happens ¢ = 15 and f' = 1. In this case, we have an element in the
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intersection must be constant along the diagonal on the matrix. So the intersection must be

CI,. [l

Theorem 4.7. Let L = FG be a finite group such that (F,G,<,1>) is a matched pair of

groups. It follows that

C'#C[G] ¢ M,(C)
CéG#C[F} = U U
CI, C CCE#C[F)

18 @ commuting square.

Proof. In order for Cf ey to be a commuting square, we need to show that (CE#C[F)) &
CI, L (CT#C|G])©ClI,. So we want to calculate the inner product between a basis element

of H and H*. So we calculate the following trace:

(Upg#fupf/#g = (Z Z CreaCy—infr 1 & €gafrgafeCy,y y>

zeF yeG
= T(ef(g-11).f' ® Egaf(g—1f").a' (g0 (g1 "))

= T(es(g—10).1)T(Cgar(g—101) .0/ (g2 f (a1 1))

1 5f’ 59<f (¢t f")
= RG] e teare o)
|FiG|5J{Eg’ ) 51G
|F||G|‘5§}'5IG
=

Note that if we want these elements to be orthogonal to C we need f to not be the identity
in I and ¢’ to not be the identity element in G. Hence, we have that H6 C L H*6 C. O
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4.5 The Undephased Defect of a Bismash Commuting
Square

We now give some computations of the undephased defect of the newly constructed bismash
commuting squares. Recall from Nicoara [23] that the defect is an upper bound for the
number of parameters in a family of commuting squares containing the given bismash
commuting square.

Let A = span{ug,y) = Yacr €(g.sarigata s A = 5pan{vrg = 3 peq Caatof g aa 100 )
and [A, A*] = spanfe,s((ga)-1o)(a (99 (g9f) o) — Claa.g- g o) (g9f. 0 g e ) ]
Then A is the representation of the algebra C¢#C[F], and A* is the representation of the
algebra CF'#C[G]. Note that the dimensions of A and A* are both n, where n = |F||G].
Then the defect of A is defined as

d(A) :=n? — dim¢[A, A*] = dimc[A, A*]* = dime V,

where

Vo= (2000 ) g.g'e

Jg"? ?E Ma(C Z Xg g ) U(g.), V(sr.gH] = 0
f'e

9.9'€
f.f'e
It follows that

Z (g, (-1 [ W1 Vsr.gn] = O
9,9'€G

f.f'eFr
<—

Z “(9.0):(9" ) (g, F ((g=f) 71 1)), (9"~ Hg <) (9 ) L)

7

= E: 2(g,.).(g" ) E(g' 9,97 gt ), (9<f, f g~ tg' 1> f"))
9,9'€G
f.f'er
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4.5.1 Defect Computations

With the use of a computer, we can calculate the number of distinct coefficients in V. First,
we use the bismash product coming from L = A5 = F'G where F' = A, and G = Zs, namely
CLs4C[Ay].

Example 4.13. Using a computer, we can calculate the defect of CL5#C[A,] coming from
the group As = AyZs. It follows that

d(CH#C[A4]) = 1168.

It should be noted that the defect of the group As is d(As) = 1168. The defect was calculated
by finding the number of distinct coefficients z(g 5) (.5 for 9,9" € Zs and f, f' € Ay satisfying

> gt Vi) = 0.
9,9'€Zs
Fif'eAs

Another way that we could calculate the defect using a computer is a method discussed

in [25] by Nicoara and White. We can find the dim¢ (W) where
W = span{[ug,p), v g)) 1 9,4 € G, and f, [ € F}.

We have that if s is the n? x n? matrix indexed by (G x F) x (G x F) whose ((g, f), (¢, f'))*™
row is given by [u(g f), V(s ] (really we are flattening the n x n matrix, [uy f), v(pr ], to be
a vector of length n?). Recall n = |L| = |F||G|. Tt follows that rank of s will give us the

dimension of W. Therefore,
dime (V) = dime (W) = n? — rank(s).

Therefore, we also have that dimg(V) is the nullity of the matrix s.

Example 4.14. We have that L = S5 can be exactly factored as S3 = ZoZs3. Note that

one of the actions is trivial while the other is conjugation. This follows from the fact that
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Ss = Zz x Zy. The defect of the algebra CZ3#C|Zsy] is d(CP*#C[Zs]) = 19 as found using
the method described before this example. In fact, we already know that d(S3) = 19 as well.

Example 4.15. Using any of the methods from the previous two examples, we find that the
defect of CE24C|Zs] when Zg = Z3ly = LoZs is

d(CP24#C[Zs3)) = d(CH#C[Zy)) = 15 = d(Zs).

In all the examples that we have seen so far, the defect of the bismash product algebra has
been equal to the defect of the group that forms the algebra. This leads us to the following

conjecture:

Conjecture 4.7.1. Let L = FG be an ezact factorization of a group L. Then the defect of
CYH#C[F) is
d(CE#C[F]) = d(L).

This gives us another reason why we should keep track of the original group that forms
the bismash product. Notice that for groups that are decomposable as L = ZyZ3, we know
that L can be equal to Zg or S3. In the first case, the defect is 15, and in the second case
the defect is 19. Due to this fact, it may be necessary to write CY#,C[F] where L = FG
unless it is clearly stated what group L determines the actions <1, and >. Throughout this
dissertation, we will forgo writing the group L in the algebra as we clearly state which groups
we have in each example.

It may be the case that Conjecture 4.7.1 is only true for certain groups. Since we know
the actions > and < for certain factorizable groups L = F'G, we can calculate the defect the

bismash product coming from L. The following example seems to give us a problem.

Example 4.16. Let L = S3 = Z3Zy. We know that S = Z3 X Zo. Proposition 4.5.1 tells us
that C*24C|[Z3) is isomorphic as an algebra to C[Zy x Z3]. Recall that d(Zy x Z3) = 15. We
should expect d(C%24C[Zs)]) to be equal to d(CE#C[Zs]) = 19 = d(Ss). We do not have a
problem in this case since the defect takes into its calculations the corners of the commuting

square. Recall that when we calculate the defect in the group algebra case, one corner is
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isomorphic to the diagonal matrices. In the case of the bismash algebra commuting squares,

both corners are bismash algebras not necessarily isomorphic to the diagonal matrices.

4.5.2 Calculating d(C“#C[F]) when L =F x G

In this subsection, we would like to prove Conjecture 4.7.1 when L = FG is the direct

product of F' and G.

Theorem 4.8. Let L = F'G be an exact factorization of a finite group, L, where both I and
G are normal subgroups. In this case, L = F x G. Then it follows that

d(CE#C[F]) = d(L).

Proof. Let L = F x G be a finite group. From Lemma 4.2.3, we have that both < and >
are trivial, i.e. g> f= fand g< f =g for all f € F and g € G. In other words, every
element in F' commutes with every element in G (this does not say that L is abelian).

Notice from the calculations above and using the our specific actions, we have that

D" Zaig s . vigrg) =0
g9,9'€G

f.f'eF
— Z 2(g,0)(g" ) (g, f F) (g Lg f") — Z 2.1, (g' 1) (g0, f (0 f-157)) = O
9,9'€G 9,9'€G
fper 1 er

Using the change of variables, where in the first sum z = g,a = ff’,y = ¢ 'g, and b = f’
and in the second sum = = ¢'g,a = f',y = g, and b = f~1f’, we get that

/

Using another change of variable with ¢ = z, f = ab™!, ¢’ = zy~! and f’ = b, we get that

(g,.0)(gf) = g g, £):(g f )
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[terating this relationship, we have that

(9,09 ") = (g9, 0).(g' f )

= Z(g'2g.1),(¢'.f2 ")

= (g9, (g ff")

The smallest n that will give us g = ¢""g and f’' = f"f" is n = lem(|d'|, |f|) for each g € G

and f’ € F'. Therefore, the number of distinct values of 2 5) (. is equal to

GIIF|
2 Tem(g, 1)

f'eF

Recall that |L| = |G||F| and since for each [ € L [ = fg, we have that |[| = lem(]g|,|f]) for
some g € G and f € F whenever L = F' X (G. Therefore, we have that

_GIEL 1]
d(CO#C[F]) =
P lem(lg']. | f1) ZGZL

This result allows us to have the following:

Corollary 4.8.1. Let L = FG be an exact factorization of a finite group, L, where both F'
and G are normal subgroups. In this case, L = F' X GG. Suppose further that the orders of F

and G are coprime. Then it follows that
d(CE#C[F)) = d(G)d(F).

Proof. Use Theorem 1.3. We have that d(C¢#C[F]) = d(L) = d(G)d(F). O
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4.5.3 Calculating d(C“#C[F]) when L =F x G

The next more complicated example for which we want to calculate the defect of the bismash

product is when the group L is the semidirect product of two subgroups.

Theorem 4.9. Let L = F xG. In this case, we have that the undephased defect of CE#C|[F]
18

d(CC#C[F]) = d(L).

Proof. Let L = F x G. By Lemma 4.2.1, we have that g> f = gfg ! and g < f = ¢ for
all f € F'and g € G. Using this fact, we can begin calculating the defect as in the previous

proof. It follows that

D" e . vigrgn) =0
g9,9'€eG

Lf'eF
<=

E , 2(9,0),(g ) g, f (g2 '9).(g' 29,971 f'g) = E : g9 (9.9 9 g’ 9).(9.£ (g7 g1 F'g'9))
9,9'€G 9,9'€G
Lf'er Lf'er

Replacing g with ¢’"!g in the second sum, we get that the above is true if and only if

§ : 2(g.1),(g" . f)C(g.f (g7 f'9).(¢' 19,97 f'g) = § : (g 1g,1). (' f)E (9,971 f'9). (¢ Lg.f (g™ 1 f'g))
9,9'€G 9,9'€G
Lf'er Lf'er

Replacing f’ with ¢gf’¢~! in both sums, we have

§ : 2(9.1):(g9f'97 ) C (g, £).(g' g, ") = § : (g 1g,0).(g 9t 97V C(g.f) (g Lg. f 1 F)
9,9'€G 9,9'€G
f.f'er f.f'er

We will use the change of variables x = g, a = ff', y = ¢ g, and b = f’ in the first sum,
and in the second sum, we use x = g, a = f', y = ¢""'g, and b = f~1f’. This gives us the

relation that

§ , Z(z,ab=1),(zy =L @b 1) E(z,a),(y,b) = E Z(y,ab=1),(zy=t,zaz—1)€(z,a),(y,b)
z,yeG z,yeG
a,beF a,beF
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This allows us to move the relationship to the coefficients. In other words, we have that the

above is true if and only if

A(a,ab= 1), (ay~ 1 ebe—1) = F(y,ab=t),(zy~t waz 1)

for all x,y € G and a,b € F. Using one more change of variable with ¢ = z, f = ab™!,
¢ =xy~ !, and f' = xbxr~! yields for all g,¢' € G and f, f' € F

2(g,0):(g" ") = (g9, £):(g'(gf g~ ) ")

Iterating this relationship gives us

Fg:. g ) = Ag g, ).(g (g Vg fgmlgm 1) (afg ) f):
We need to know what value of n gives us
9" =1gand (¢ " Vgfg g ") (gfg") = 1r.

Let [ = (gf g7t ¢'') € L. If follows that
™= (g g g g ) (g g g ) g,

If m = |If, then (gf'g~") (g 'gf "9 g) -+ (¢ Vg f g~ g™ Y) = 1p which implies
that (¢~ Vgfg~tg™ V). (¢'gfg7'¢)(9fg™") = 1p by taking the inverse of the
previous relationship. Therefore, finding the number of distinct coefficients for fixed g € G
and f' € F, is equivalent to finding the order of an element [ € L. This gives us that the
defect is

d(CELCIF] Z \FHG\ Z ‘|l|

leL leL

We also have that
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Theorem 4.10. Let . = F x G. In this case, we have that the undephased defect of
CF#C[G] is
d(CF#C[G]) = d(L).

Proof. This follows from the previous case. Since [u(g f), V(. gn] = —[V(p g, U, p)] for all

9,9 € Gand f, f' € F, it follows that

> gt v =0 = ) 2. ine) tg.n] = 0.
9.9'€G 9.9'€G
f,f'eF f.f'er

Therefore, the restrictions on the coefficients in the first sum are exactly the same as they

are in the second sum. O

4.5.4 Towards calculating d(CY#C[F]) when L = F 1 G

Notice in both proofs of calculating the defect of CE#C[F] so far have included essentially the
same change of variables at some point. This could mean for a positive result of Conjecture
4.7.1 for any finite group L = F'G. Currently, calculating the undephased defect of CE#C[F]
when L = F 1 G has proven to be complicated. However, it is our hope that 4.7.1 is true
for any finite group L = FG.

We can use similar change of variables to calculate d(CY#C[F]) when L = F x G, but
the problem arises in finding an element of L which has the correct order needed to finish

the proof of the conjecture for general groups L = F' > G.
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