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Abstract

In this dissertation, we present new constructions of commuting squares, and we investigate

finiteness and isolation results for these objects. We also give applications to the classification

of complex Hadamard matrices and to Hopf algebras.

In the first part, we recall the notion of commuting squares which were introduced by

Popa and arise naturally as invariants in Jones’ theory of subfactors. We review some of the

main known examples of commuting squares such as those constructed from finite groups and

from complex Hadamard matrices. We also recall Nicoara’s notion of defect which gives an

upper bound for the number of continuous deformations in the space of commuting squares.

Finally, we prove new formulas that lead to computations of defects.

In the second part, we prove a finiteness result for circulant core Hadamard matrices (and

thus, for their associated commuting squares). We show that the number of such matrices

is finite when the order of the matrix is p+ 1 with p a fixed prime number. We then discuss

concrete examples of these matrices of small orders.

In the third part, we give an explicit construction of multi-parametric analytic families

of commuting squares obtained as deformations of group commuting squares. In the

particular case of cyclic groups of non-prime orders, this gives multi-parametric families

of complex Hadamard matrices containing the Fourier matrix. This result expands on the

work of Nicoara and White. We then give bounds on the number of parameters in any

family stemming from our construction method. We also discuss other parametric families

containing the Fourier matrix, some of which include our families as (equivalent) sub-families.

In the last part, we construct a new class of commuting squares which we call bismash

commuting squares. They are obtained from bismash product Hopf algebras based on exact

factorizations of finite groups, L. We then investigate the defect of a bismash commuting

v



square which leads us to the conjecture that the defect of the commuting square is equal

to the defect of the group L. We prove this conjecture when L is the direct or semidirect

product of two proper subgroups.
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Chapter 1

Introduction

Throughout this dissertation, we study commuting squares of finite dimensional von

Neumann algebras. We present new construction and finiteness results of commuting squares.

Commuting squares were introduced in [29] as invariants and construction data in Jones’

subfactor theory [12]. From a given commuting square, one can construct a subfactor by

repeating a procedure known as the basic construction.

1.1 Commuting Squares and the Span Condition

We begin by recalling the definition of a commuting square.

Definition 1.1. A commuting square of matrix algebras is a square of inclusions of the

following form: 
P−1 ⊂ P0

∪ ∪ , τ

Q−1 ⊂ Q0


where P−1, P0, Q−1, Q0 are finite dimensional von Neumann algebras of the form

⊕
j

Mnj(C),

and τ a positive faithful trace on P0 such that τ(1) = 1 satisfying the condition that

(P−1 	Q−1) ⊥ (Q0 	Q−1),
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i.e. the algebras P−1 and Q0 are orthogonal modulo their intersection. The inner product on

P0 is defined by the trace on P0 via 〈x, y〉 = τ(xy∗).

An important class of commuting squares are the so called group-type commuting square

(or just group commuting square) which we recall. Let G be a group with n elements. For

each g ∈ G, let eg ∈ Cn be the column vector with a 1 position g and 0 otherwise. Then

we have that the group algebra C[G] = span{ug : g ∈ G} where ug ∈ Mn(C) satisfies the

relationship ug(eh) = egh for each h ∈ G. In other words, we have that ug =
∑
h∈G

eh,g−1h

where {ea,b : a, b ∈ G} is the set of standard matrix units of Mn(C) indexed over G×G.

Each finite group G with n elements can be encoded in a group commuting square:

CG =


D ⊂ Mn(C)

∪ ∪

CIn ⊂ C[G]


where D ≈ `∞(G) is the algebra of n × n diagonal matrices, and C[G] denotes the group

algebra of G. In this case, τ = 1
n
Tr where Tr is cannonical matrix trace. Throughout this

thesis we will refer to this commuting square as the group-type commuting square.

1.1.1 The Span Condition

Nicoara introduced a sufficient condition for a commuting square to be isolated in the class

of all non-isomorphic commuting squares, which he called the span condition.

Definition 1.2. (Span Condition [21]) We say a commuting square as in 1.1 satisfies the

span condition if

[P−1, Q0] + (Q′−1 ∩ P−1) + (Q′−1 ∩Q0) + (P ′−1 ∩ P0) + (Q′0 ∩ P0) = P0.

Recall that Q′ ∩ P = {a ∈ P : ab = ba for all b ∈ Q}.

In the case of the group commuting square, we have that the span condition can be read

as

[D,C[G]] + C[G] + C[G]′ +D = Mn(C)
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where C[G]′ = {a ∈ Mn(C) : aug = uga for all g ∈ G} and [D,C[G]] = span{du − ud : d ∈

D, u ∈ C[G]}. Furthermore, Nicoara in [21] and [23] showed where all possible directions

of convergence of sequences containing CG lie when it is not isolated. From this work, all

possible directions of convergence of sequences converging to CG must be contained in the

vector space

Mn(C)	 [D,C[G]]

and all possible directions of convergence of sequences of non-isomorphic commuting squares

converging to the group commuting square is contained in the vector space

Mn(C)	 ([D,C[G]] + C[G] + C[G]′ +D).

Recall that P 	 Q = P ∩ Q⊥ where the orthogonal complements are given by the inner

product defined by τ , the normalized trace on Mn(C) when ever P and Q are subalgebras

of Mn(C).

In general, finding commuting squares can be a difficult but important task. With

Jones’ Basic Construction in [12], we can generate a subfactor from each commuting square.

However, it may be the fact that the subfactor found via the basic construction is equivalent

to a subfactor generated from a different commuting square. In Chapter 4, we find a new

class of commuting squares which involve two groups which we call bismash commuting

squares. These commuting squares rely on groups, L, which can be exactly factored by two

subgroups, F and G.

1.2 Defect of Group-Type commuting Squares

In [25], Nicoara and White defined the undephased and dephased defects of a group G as

the dimensions of the previous two vector spaces above.

Definition 1.3. The undephased defect of a finite group G with |G| = n is

d(G) = n2 − dimC([D,C[G]]),
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and the dephased defect of G is

d′(G) = n2 − dimC([D,C[G]] + C[G] + C[G]′ +D).

Nicoara and White also showed that

Theorem 1.1. For G a finite group,

d(G) =
∑
g∈G

|G|
|g|

,

and

d′(G) = d(G)− 3n+ 1 + cl(G)

where |g| is the order of the element g ∈ G, cl(G) denotes the class number of G.

Remark 1.1.1. The span condition is equivalent (in the case for a finite group G)

to d′(G) = 0. Thus, for a finite group G, if d′(G) = 0, then CG is isolated in the class of all

non-isomorphic commuting squares.

Remark 1.1.2. For G = Zn, we can easily find the defect by using the Euler Phi function.

It follows that

d(G) =
∑
g∈G

|G|
|g|

=
∑
d|n

|G|
d
ϕ(d)

where the last sum is taken over all divisors of n. Recall that ϕ(d) can be interpreted as

the number of relatively prime numbers less than d, but it will also give us the number of

elements of order d in the group G.

Example 1.1. For p prime, the defect of Zp is

d(Zp) =

(
p

1
+
p

p
· ϕ(p)

)
= p+ (p− 1) = 2p− 1.

Remark 1.1.3. Let G be a finite abelian group with n elements giving us that cl(G) = n.

Then we have that d′(G) = d(G)− 2n+ 1. If G = Zp for some prime p, then

d′(Zp) = (2p− 1)− 2p+ 1 = 0.

4



In fact, Nicoara showed that d′(G) = 0 if and only if G = Zp for prime p.

Example 1.2. Let G = Zpr where p is prime and r ∈ N. Then it follows that

d(G) = pr−1(p(r + 1)− r).

This follows directly from Remark 1.1.2 and the fact that the Euler phi function of power of

a prime is ϕ(pk) = pk − pk−1.

Example 1.3. The defect of the quaternion group, Q8, is d(Q8) = 24. This is easily

calculated since there is one element of order 1, one element of order 2, and six elements of

order 4.

We will need the following theorem from group theory:

Theorem 1.2. (Schur-Zassenhauss) Let H be a normal subgroup of a finite group G such

that the order of H and [G : H] are relatively prime. Then there exists a subgroup K of G,

called the complement of H in G, such that the order of K is equal to [G : H]. Furthermore,

K is isomorphic to the group G/H, and all such subgroups of G of order equal to [G : H]

are conjugate to each other.

It should be noted that this implies that G is isomorphic to the semidirect product of H

and K, HoK. In the case, when K is also a normal subgroup of G, then G is isomorphic to

H×K (really H×G/H). The Schur-Zassenhaus Theorem allows us to prove a nice property

about the defect in a large class of finite groups.

Theorem 1.3. Let G be a finite group. Let H be a normal subgroup of G. Suppose that the

order of H and the index of H in G, [G : H], are relatively prime with G/H isomorphic to

a normal subgroup of G. In this case, we have that G is isomorphic to H × G/H. Under

these conditions, it follows that

d(G) = d(H)d(G/H).

Proof. Let G be a finite group with H a normal subgroup of G. Suppose that H and [G : H]

are relatively prime. Then by the Schur-Zassenhaus Theorem, there exists a subgroup K of
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order [G : H]. Then for each g ∈ G, we can write g = hk for some h ∈ H and k ∈ K and

|g| = |hk| = lcm(|h|, |k|) = |h||k| (see section 4.3.1 for more information on groups of this

form). Hence, by Theorem 1.1

d(G) =
∑
g∈G

|G|
|g|

=
∑
h∈H
k∈K

|H|[G : H]

|hk|

=
∑
h∈H

H

|h|
∑
k∈K

|K|
|k|

= d(H)d(G/H).

Example 1.4. Using this theorem, we can now easily find the defect of the group G = S3×Z5.

Since S3 is a normal subgroup of G (as a direct factor) and since the groups S3 and Z5 have

coprime orders, we have that

d(G) = d(S3)d(Z5) = 19(9) = 171.

Remark 1.3.1. Let G be a finite nilpotent group. In this case, G = P1 × · · · × Pr where Pi

is a Sylow pi-subgroup for primes pi 6= pj when 1 6= i 6= j ≤ r. Then it follows that

d(G) =
r∏
i=1

d(Pi).

Clearly we can use the same idea in remark 1.1.2 in order to find the defect of any cyclic

group, but if we can also use the previous remark to calculate the defect of the group. For

example, we can easily calculate the defect of the group Z30.

Example 1.5. Using Remark 1.1.2, the defect of the group G = Z30 is

d(G) =
30

1
+

30

2
+

30

3
· 2 +

30

5
· 4 +

30

6
· 2 +

30

10
· 4 +

30

15
· 8 +

30

30
· 8 = 135.
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Similarly, using Remark 1.3.1, we have that the defect of G = Z30 is

d(G) = d(Z2)d(Z3)d(Z5) = (2 · 2− 1) (2 · 3− 1) (2 · 5− 1) = 3 · 5 · 9 = 135.

Example 1.6. We calculate the defects of the group Z4 and Z2 × Z2. It follows that from

Example 1.2

d(Z4) = 8 and d(Z2 × Z2) = 10 > 9 = d(Z2)d(Z2).

Notice that Z2×{0} is a normal subgroup of Z2×Z2 and (Z2×Z2)/(Z2×{0}) is isomorphic

to Z2. Since the index [Z2 × Z2 : Z2 × {0}] = 2 is not relatively prime to 2, we do not have

a contradiction to Theorem 1.3. Also, recall that since Z2 × Z2 is a p-group, we have that

Z2 × Z2 is itself a Sylow 2-subgroup. In cases such as this, if G is a p-group, we will not be

able to reduce the calculation of d(G) by subgroups of G as in Remark 1.3.1.

Example 1.7. (Defect of groups of order pq) Let G be a group of order pq for primes p and

q. Suppose that q < p. If q 6 |(p − 1), then it is an easy exercise to show that G must be

cyclic. In this case it is easy to show that G is isomorphic to Zp × Zq, hence, G is nilpotent

and therefore we have that

d(G) = d(Zp × Zq) = (2p− 1)(2q − 1) = d(Zp)d(Zq).

If q|(p − 1), then we have that G is isomorphic to Zp oθ Zq where θ is any non-trivial

automorphism. We know that there is only one element of order 1 (namely the identity) and

no elements of order pq since the group G is not cyclic. Using the Sylow theorems, we know

that there is only one Sylow p-subgroup of order p (by normality of Zp). In this case, we

have that there must be p− 1 elements of order p. This gives us the fact that there must be

p(q− 1). We can also use the fact that there must be p Sylow q-subgroups each of which has

q − 1 elements of order q. Therefore, we have that the defect of G in this case is

d(G) = d(Zp o Zq) = pq +
pq

q
· p(q − 1) +

pq

p
· (p− 1) +

pq

pq
· 0 = pq + p2(q − 1) + q(p− 1).
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Notice in the case when q|(p − 1), G is not a product of its Sylow subgroups since there is

more than one Sylow q-subgroup.

Using the above properties for defect, we can prove the formula for the defect of Zn for

any n. The formula attained matches exactly the formula found by Tadej and Zyckowski

found in [36] in calculating the defect for the Fourier matrix of order n.

Theorem 1.4. Let n = pα1
1 p

α2
2 · · · pαrr where p1 < p2 < · · · < pr are prime numbers, αi ≥ 1

for all 1 ≤ i ≤ r. It follows that the dephased defect

d′(Zn) = n

(
r∏
i=1

(
αi −

αi
pi

+ 1

)
− 2

)
+ 1.

Proof. Recall from above that the dephased defect can be found via

d′(Zn) = d(Zn)− 3n+ 1− cl(Zn) = d(ZN)− 2n+ 1

since Zn is an abelian group. By the Chinese Remainder theorem, we have that Zn =

Zpα11
× · · · × Zpαrr . By Theorem 1.3 and Remark 1.3.1, we have that

d(Zn) = d(Zpα11
) · · · d(Zpαrr ).

Recall from Example 1.2 that

d(Z
p
αj
j

) = p
αj−1
j (pj(αj + 1)− αj) = p

αj
j

(
αj −

αj
pj

+ 1

)
.

Therefore, the undephased defect of Zn is

d(Zn) = n

r∏
i=1

(
αj −

αj
pj

+ 1

)
.

Finally, the dephased defect is

d′(Zn) = n
r∏
i=1

(
αj −

αj
pj

+ 1

)
− 2n+ 1 = n

(
r∏
i=1

(
αi −

αi
pi

+ 1

)
− 2

)
+ 1.

8



It should be noted that if n = p for some prime p, using this formula, we do in fact get that

d′(Zp) = 0.

1.3 Hadamard Matrices

1.3.1 Introduction to Hadamard Matrices

One of the simplest and nicest examples of commuting squares is the group commuting

square, CG, when G = Zn. In this case, we have that C[G] = FnDF
∗
n where Fn is the Fourier

matrix of size n. We have that Fn = 1√
n

(
εjk
)n−1

j,k=0
where ε = e

2πi
n . This gives us the fact that

C[G] is the set of circulant matrices of size n.

Suppose we have a commuting square of the type
D ⊂ Mn(C)

∪ ∪

CIn ⊂ UDU∗


where U is a unitary matrix. Then the commuting square property reads for each i, j that

0 = τ((di −
1

n
In)UdjU

∗) = τ(diUdjU
∗)− 1

n
τ(dj) =

|ui,j|2

n
− 1

n2

where di = ei,i is one of the canonical basis elements of the diagonal matrices. We can

renormalize so that the entries of the matrix are unimodular, and in this case, we have that

U must be a Hadamard matrix. When we have a commuting square of this type, we call the

commuting square a spin model commuting square (see [3], [23], [38]).

Definition 1.4. A (complex) Hadamard matrix is a matrix with unimodular entries and

whose rows are mutually orthogonal.

In this case, we have that if H ∈ Mn(C) is a Hadamard matrix, then HH∗ = nIn. We

have a few basic immediate examples.

Example 1.8. For each n ∈ N, the Fourier matrix of size n, Fn = 1√
n

(
εjk
)n−1

j,k=0
, where

ε = e
2πi
n is an example of a (complex) Hadamard matrix.

9



Since we require the entries of a Hadamard matrix to be unimodular, we have that the

entires of a real Hadamard matrix are ±1. For a matrix H to be a real Hadamard matrix,

we have that the size of the matrix is either 1, 2 or a multiple of 4.

It is an obvious fact that the size of a real Hadamard matrix is even since the entries are

±1, it is necessary that there are the same number of 1’s as there are −1’s. Since we require

the rows of the matrix to be mutually orthogonal, we have that the size of the matrix must

be divisible by 4. Because of this fact, we have the following

Conjecture 1.4.1. (Hadamard Conjecture [27]) There exists a real n×n Hadamard matrix

for n = 4m for every m ∈ N.

1.3.2 Construction and Examples of Hadamard Matrices

We can construct Hadamard matrices of larger orders based on Hadamard matrices of smaller

orders. For instance, we have the following:

Lemma 1.4.1. If A ∈Mn(C) and B ∈Mm(C) are Hadamard matrices, then it follows that

their Kronecker product A⊗B ∈Mnm(C) is also a Hadamard matrix.

Proof. Since A and B are Hadamard matrices, we have that AA∗ = nIn and BB∗ = mIm.

So, it follows that

(A⊗B)(A⊗B)∗ = (A⊗B)(A∗ ⊗B∗)

= AA∗ ⊗BB∗

= nIn ⊗mIm

= nm(In ⊗ Im)

= nmInm

Recall that the Kronecker product of two matrices A and B, A⊗B, will be a block matrix

whose (i, j)th block is (A)i,jB. The above method allows us to find the following example

due to Sylvester [32] in 1867:

10



Example 1.9. We may construct a Hadamard matrix of order 2k for every k ∈ N. Let

H1 =
[
1
]

H2 =

1 1

1 −1


H2k =

H2k−1 H2k−1

H2k−1 −H2k−1

 = H2 ⊗H2k−1 for all 2 ≤ k ∈ N

Hadamard gave examples of Hadamard matrices of order 12 and 20 in 1893 [11]. In 1933,

the Payley construction [27] gives Hadamard matrices of order p+ 1 when p = 3 mod 4 and

prime, and of order 2(p + 1) when p is a prime equivalent to 1 mod 4. His method uses

finite fields. We will revisit this construction in the next chapter.

The smallest order not given by Sylvester or Payley is 92 = 4 · 23. A Hadamard matrix

of order 92 was found in 1962 by Baumart, Golomb, and Hall using computers. In 2005, a

matrix of order 428 was found [13]. By 2008, there were 13 multiples of 4 less than 2000 for

no Hadamard matrix is known for that order. Those were

668, 716, 892, 1004, 1132, 1244, 1388, 1436, 1676, 1772, 1916, 1948, 1964

1.3.3 Properties of Hadamard Matrices

Let H be a Hadamard matrix of order n. Since the rows of H are mutually orthogonal, we

have that

HH∗ = nIn.

This follows from the inner product defined on Cn. We should also note the following

property:

Proposition 1.4.1. Let H be a Hadamard matrix of order n. Then it follows that

| det(H)| = nn/2.

11



Proof. It follows that

nn = det(nIn) = det(HH∗) = | det(H)|2.

We can always find “new” Hadamard matrices given a Hadamard matrix H.

Proposition 1.4.2. If H is a Hadamard matrix, then so too is H∗, HT , and H.

These are fairly straightforward. Notice that ifHH∗ = nIn. Then 1
n
H is a unitary matrix,

therefore it is normal, meaning that it commutes with its conjugate transpose. Therefore,

H∗H = nIn. The other two are straightforward as well.

There is a notion of equivalence of Hadamard matrices defined by H ∼ K.

Definition 1.5. The complex Hadamard matrices H and K are called equivalent if there are

permutation matrices P1 and P2 and unitary diagonal matrices D1 and D2 such that

P1D1HD2P2 = K.

In this case, we say that H ∼ K.

This notion of equivalence uses the fact that the rearrangement of rows and columns

and multiplying each element in a given row or column by an element of absolute value 1

does not change the properties of the Hadamard matrix. The rows and columns will still be

mutually orthogonal and the elements will still have values on the unit circle. We usually

write the Hadamard matrix in its dephased form.

Definition 1.6. A Hadamard matrix, H, of order n is dephased if every entry of the first

row and column of H is equal to 1. The lower right (n− 1)× (n− 1) submatrix is called the

core of H.

It is clear to see that

Lemma 1.4.2. Every Hadamard matrix is equivalent to a dephased matrix.

12



Due to this lemma, we will mainly consider only dephased Hadamard matrices. Most

examples are of permutation type meaning that the core is determined by the first row (of

the core) and a set of permutations. In fact all real Hadamard matrices are of this type. This

is due to the fact that each row of the core must contain (n−1) 1’s and n (−1)’s. The nicest

example of permutation type matrices is when the core is circulant. In the next chapter, we

will show that the number of Hadamard matrices with a circulant core of a particular size

is in fact finite.

As mentioned at the beginning of this section, when G is a cyclic group of order n, we

have that the group algebra, C[G] = FnDF
∗
n where D is the algebra of diagonal matrices of

order n. Recall from group theory that G = Zn can be decomposed as Zn = Zn1 × · · · ×Znr
(when n is non-prime). There are at least two ways that we can write this decomposition.

One way is for each ni to be coprime to nj when i 6= j and 1 ≤ i, j ≤ r. We may ask when

can we decompose Fn as a Kronecker product of Fourier matrices of smaller order. We have

the following theorem:

Theorem 1.5. (Tadej [34]) Let F = Fn1 ⊗ · · · ⊗ Fnr be a Kronecker product of Fourier

matrices. Then F is equivalent to Fm1 ⊗ · · · ⊗ Fms if and only if the sequence (m1, · · · ,ms)

is obtained from the sequence (n1, · · · , nr) using a series of operations from the list below:

1. permuting a sequence;

2. replacing a subsequence na, nb by nc = nanb if na and nb are relatively prime;

3. replacing a sequence element nc by a subsequence na, nb, if nc = nanb and na, nb are

relatively prime.

This allows to see immediately that the Fourier matrices F4 and F2⊗F2 are inequivalent.

Recall that

F4 =


1 1 1 1

1 i −1 −i

1 −1 1 −1

1 −i −1 i

 and F2 ⊗ F2 =


1 1 1 1

1 −1 1 −1

1 1 −1 −1

1 −1 −1 1

 .
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Without the use of this theorem, it would be difficult to determine if these two matrices are

not equivalent. Later in Chapter 3, we will introduce another method for determining that

the matrices F4 and F2 ⊗ F2 are in fact inequivalent using the Haagerup-set.

1.3.4 Hadamard Matrices of Order 4

We have seen that there are at least two examples of Hadamard matrices of order 4. We may

ask if F4 and F2 ⊗ F2 are the only two Hadamard matrices of order 4. If H is a Hadamard

matrix of order 4, we may assume that it is in dephased form. Therefore, H will have the

form

H =


1 1 1 1

1 x0 x1 x2

1 y0 y1 y2

1 z0 z1 z2

 .

Lemma 1.5.1. Let x0, x1, x2 ∈ T with 1 + x0 + x1 + x2 = 0, then x0 ∈ {−1,−x1,−x2}.

Proof. It follows that

(x0 + 1)(x0 + x1)(x0 + x2) = x3
0 + x2

0x1 + x2
0x2 + x0x1x2 + x2

0 + x0x1 + x0x2 + x1x2

= x2
0(1 + x0 + x1 + x2) + x0x1x2(1 + x0 + x1 + x2)

= x2
0 · 0 + x0x1x2 · 0 = 0

Hence, we have that x0 ∈ {−1,−x1,−x2}.

Therefore, we may assume in H that x0 = −1 which would imply that x2 = −x1 since

the second row of H must be orthogonal to the first row of H. Let x1 = a. Substituting

these values in H, we have that

H =


1 1 1 1

1 −1 a −a

1 y0 y1 y2

1 z0 z1 z2

 .
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In the third row, we can play the same game. Set y0 = −1. In this case, we need row three

and row one giving us that y1 = −y2. Since the third row must be orthogonal to the second

row as well, it must be the case that y1 = −a. This yields the matrix

H =


1 1 1 1

1 −1 a −a

1 −1 −a a

1 z0 z1 z2

 .

At this point, we cannot play the same game with the last row. Notice first that since H is

Hadamard, then so too is H∗. This tells us that the columns of H must be orthogonal as well

as its rows. Therefore, z0 must be equal to 1. Using the fact that row three is orthogonal to

row one yields

z1 + z2 = −2,

and furthermore using the orthogonality to row two yields

az1 − az2 = 0 =⇒ z1 = z2.

In this case, we have that z1 = z2 = −1. Therefore, the matrix is

H =


1 1 1 1

1 −1 a −a

1 −1 −a a

1 1 −1 −1

 .

Rearranging the columns and rows of H to write it in an equivalent form, we have that

H ∼


1 1 1 1

1 a −1 −a

1 −1 1 −1

1 −a −1 a

 ∼


1 1 1 1

1 −1 1 −1

1 a −1 −a

1 −a −1 a

 .
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In order for H to be a Hadamard matrix, we need a to be an element of absolute value equal

to 1. It is clear to see that if a = i, then H is equivalent to F4, and if a = 1, then H is

equivalent to F2 ⊗ F2.

We have shown that there are infinitely many Hadamard matrices of order 4. In fact, we

have found a one-parameter family of Hadamard matrices. In fact, each of the matrices in the

above family are inequivalent. This is not an easy fact to immediately see, but as mentioned

earlier we will see a method to show that all matrices in this family are inequivalent. In

Chapter 3, we will show explicit construction methods for finding multi-parameter families

containing the Fourier matrix of non-prime sizes.

Notice that we can always create a parametric family that contains any Hadamard matrix

that we choose. For instance, we have the following example.

Example 1.10. Let F3 be the Fourier matrix of order 3. We have that F3 belongs to the

family

F3(α, β) =


1 1 α

β βω αβω2

1 ω2 αω

 .
It is clear however that for each value of α, β the matrix is equivalent to the Fourier

matrix F3. Therefore, we really haven’t gained any new information. For this reason, each

time we find a new family we will write it in its equivalent dephased form.

In fact, it is a well known that there is no family of Hadamard matrices containing the

Fourier matrix of order 3. This is due to a result found by Petrescu and independently

proved by Nicoara. This is due to the fact that the Fourier matrix of order 3 is isolated in

the class of Hadamard matrices.

Definition 1.7. A Hadamard matrix H is isolated in the class of Hadamard matrices if

there is no parametric family of Hadamard matrices containing H.

Theorem 1.6. (Petrescu [28]) Let Fn be the Fourier matrix of order n. Then Fn is isolated

in the class of Hadamard matrices if and only if n is prime.

This result follows from the following fact:
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Theorem 1.7. The dephased defect of Zn is 0 if and only if n is prime.

Why do we look at the defect in this case? We us Nicoara’s result that the undephased

defect of Zn gives an upper bound for the number of parameters in a parametric family

containing Fn. In fact, we also have that the dephased defect gives an upper bound for the

number of parameters in a parametric family of inequivalent Hadamard matrices containing

Fn [25].
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Chapter 2

Circulant Core Hadamard Matrices

In this chapter, we prove a finiteness result for circulant core Hadamard matrices. This

result is interesting due to the fact that we will be able to construct only finitely many spin

model commuting squares where the upper left corner has a certain dimension. We start by

recalling the definition of circulant core matrices.

2.1 Circulant Core Matrices

Definition 2.1. A circulant core matrix is a matrix with all entries in the first row and

column equal to one and whose submatrix formed by deleting the first row and column is

circulant.

A typical circulant core matrix has the form



1 1 1 · · · 1

1 x0 x1 · · · xn−2

1 xn−2 x0 · · · xn−3

...
...

. . . . . .
...

1 x1 x2 · · · x0


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Let A′ be a circulant matrix, then the matrix A =

1 1

1 A′

 is a circulant core matrix.

Then it follows that A∗ =

1 1

1 (A′)∗

 is a circulant core matrix since (A′)∗ is circulant

whenever A′ is circulant.

For our purposes, we will only examine the circulant core matrices whose elements in the

second row sum to 0. We will call this set, Q. It can be shown that elements of Q commute,

and are therefore simultaneously diagonalizable. Let X be a circulant core matrix with core

defined by the vector (x0, · · · , xn−2). Unless otherwise noted, all subscripts are to be taken

modulo n− 1 for n the order of the matrix. It follows that for 1 ≤ j ≤ n− 1

(X∗X)0j =
n−1∑
k=0

X∗0kXkj =
n−1∑
k=0

Xkj = 1 +
n−1∑
k=1

x(j−k) mod (n−1) = 1 +
n−2∑
k=0

xk.

If we require that X is Hadamard, then it must be the case that (X∗X)0j = 0. Hence, when

X is Hadamard, then
n−1∑
k=1

xk = −1, or in other words, the sum of the elements in the second

row (every row but the first). If we can show that the number of matrices in Q is finite,

then we have that the number of Hadamard circulant core matrices is finite since they are

contained in Q. If X ∈ Q, then X∗ ∈ Q since X∗ is a circulant core matrix by the above

argument and
n−2∑
k=0

xk = −1 =⇒
n−2∑
k=0

xk =
n−2∑
k=0

xk = −1.

Example 2.1. (Paley Construction [27], see [33] as well) We want to construct a Hadamard

circulant core matrix of order p + 1 where p is an odd prime. For p ≡ 3 mod 4, define the

core of the matrix Circ(x), the circulant matrix with first row x, where x has the following

form:

xn =

 −1 , n = 0(
n
p

)
, 1 ≤ n ≤ p− 1

where
(
n
p

)
is the Legendre symbol modulo p. Specifically, if n is a quadratic residue modulo p,

then
(
n
p

)
= 1, and otherwise

(
n
p

)
= −1. (Note that there are the same number of quadratic

residues as nonresidues modulo p.)
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For p ≡ 1 mod 4, define the core by the vector x where

xn =

 −1 , n = 0

i
(
n
p

)
, 1 ≤ n ≤ p− 1

where i =
√
−1.

Note that the sum of the elements of vector x is in fact -1 since it is a well known fact that
p−1∑
n=1

(
n

p

)
= 0. For these matrices to be Hadamard, we also need the second row (the first row

that isn’t all 1’s) to be orthogonal to the remaining rows. In other words for 1 ≤ k ≤ p− 1,

1 +

p−1∑
n=1

xnxn−k = 0.

Let X, Y ∈ Q with circulant cores X ′ and Y ′ respectively. Since X ′ and Y ′ are circulant

matrices, we know that X ′Y ′ = Y ′X ′.

If i 6= 0 6= j, then we have

(XY )ij =
n−1∑
k=0

xikykj

= 1 +
n−1∑
k=1

xk−iyj−k

= 1 + (X ′Y ′)ij

= 1 + (Y ′X ′)ij

= (Y X)ij

If i = 0, j 6= 0, then

(XY )0j =
n−1∑
k=0

x0kykj =
n−1∑
k=0

ykj = 1 +
n−1∑
k=1

yj−k

(Y X)0j =
n−1∑
k=0

y0kxkj =
n−1∑
k=0

xkj = 1 +
n−1∑
k=1

xj−k
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A similar calculation can be shown when i 6= 0, j = 0, the difference being that (XY )i0 is

based on the sum of the xk’s and (Y X)i0 is based on the sum of the yk’s. Note that

(XY )00 =
n−1∑
k=0

x0kyk0 =
n−1∑
k=0

1 = n =
n−1∑
k=0

1 =
n−1∑
k=0

y0kxk0 = (Y X)00.

Therefore, if we want the matrices X and Y commute, then we need
n−1∑
k=1

yj−k =
n−1∑
k=1

xj−k. In

particular, all elements of Q will commute since we have that
n−1∑
k=1

xj−k =
n−1∑
k=1

yj−k = −1.

In the rest of this section, we will prove a technical result that we need in later sections.

We find the diagonal form of a circulant core Hadamard matrix. To diagonalize the elements

of Q, we use the following matrix:

w =



1−
√
n 1 +

√
n 0 0 · · · 0

1 1 1 1 · · · 1

1 1 λ1 λ2 · · · λn−2

1 1 (λ1)2 (λ2)2 · · · (λn−2)2

...
...

...
... · · · ...

1 1 (λ1)n−1 (λ2)n−1 · · · (λn−1)n−2

1 1 (λ1)n−2 (λ2)n−2 · · · (λn−2)n−2



where λj = ei2πj/(n−1).

In other words, the matrix which diagonalizes Q is

w =


1−
√
n 1 +

√
n 0 · · · 0

1
... Fn−1

1


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where Fn−1 is the Fourier matrix of size n− 1. Throughout, unless otherwise noted, we will

take x̂j to be the jth entry of the Fourier Transform of the vector x = (x0, x1, · · · , xn−2).

Note that

x̂j =
n−2∑
k=0

ei2πkj/(n−1)xk.

Note

F ∗n−1Diag(x)Fn−1 = Diag(x̂0, x̂1, · · · , x̂n−2).

An interesting property of the matrix w is that

det(w) = (1−
√
n) det(Fn−1)− (1 +

√
n) det(Fn−1) = −2

√
n det(Fn−1).

We calculate the determinant using the first row. Since the first and second columns are

filled have a one in every position except for the the first, when we delete the first row with

either the first or second column, we are left with the Fourier matrix of order n− 1.

We will now examine the elements of w, wjk.

w00 = 1−
√
n

w01 = 1 +
√
n

w0k = 0 for 2 ≤ k ≤ n− 1

wj0 = 1 for 1 ≤ j ≤ n− 1

wjk = ei2π(j−1)(k−1)/(n−1) for 1 ≤ j, k ≤ n− 1

Let w = u|w| where u is a unitary matrix and |w| =
√
w∗w. This is the polar decomposition

of the matrix w. In this case, u = w|w|−1 (if |w|−1 is well-defined). Clearly, by using a simple

calculation, we can see that u∗u = uu∗ = I.

Since |w|−1 is a diagonal matrix (see the calculation for w∗w that follows shortly), we

have that ujk = wjk|w|−1
kk . We now examine the elements of u∗u.
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Notice that if w diagonalizes a ∈ Q, then the matrix u also diagonalizes a. This follows

by

u∗au = u−1au

= (w|w|−1)−1aw|w|−1

= |w|w−1aw|w|−1

= |w|d|w|−1

= |w||w|−1d

= d

where d is the diagonal matrix obtained by conjugating a by w and since |w| is a diagonal

matrix, we have that |w|, |w|−1, and d all commute.

Notice also that if u diagonalizes the matrix a, then w also diagonalizes a since (using

the same notation as above)

w−1aw = (u|w|)−1a(u|w|)

= |w|−1u−1au|w|

= |w|−1u∗au|w|

= |w|−1d|w|

= |w|−1|w|d

= d.

Hence, w diagonalizes a ∈ Q if and only if u diagonalizes the matrix a.
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We need to examine the matrix w∗w. It follows that (w∗w)∗ = w∗w, and

(w∗w)00 = (1−
√
n)2 + (n− 1) = 2(n−

√
n)

(w∗w)10 = (w∗w)01 = (1 +
√
n)(1−

√
n) + (n− 1) = 0

(w∗w)k0 = (w∗w)0k = 0 +
n−1∑
k=1

ei2πk/(n−1) = 0 for 2 ≤ k ≤ n− 1

(w∗w)11 = (1 +
√
n)2 + (n− 1) = 2(n+

√
n)

(w∗w)kk = 0 ∗ 0 +
n−2∑
k=0

ei2πk/(n−1)e−i2πk/(n−1) = n− 1 for 2 ≤ k ≤ n− 1

(w∗w)21 = (w∗w)12 =
n−1∑
j=0

(w∗)2jwj1 = 0(1 +
√
n) +

n−1∑
j=1

e−i2π(k−1)/(n−1) · 1 = 0

(w∗w)2k = (w∗w)k2 =
n−1∑
j=0

wj2wjk =
n−1∑
j=1

wj2wjk =
n−1∑
j=1

e−i2π(j−1)/(n−1) · ei2π(k−1)(j−1)/(n−1)

=
n−1∑
j=1

ei2π(j−1)(k−2)/(n−1) = (n− 1)δ2k for 2 ≤ k ≤ n− 1

(w∗w)jk =
n−1∑
m=0

wmjwmk =
n−1∑
m=1

wmjwmk =
n−1∑
m=1

ei2π(m−1)(k−j)/(n−1)

= (n− 1)δjk for 2 ≤ j, k ≤ n− 1

Hence, we have that

w∗w =



2(n−
√
n) 0 0 0 · · · 0

0 2(n+
√
n) 0 0 · · · 0

0 0 n− 1 0 · · · 0

0 0 0
. . . . . .

...

0 0 0 · · · n− 1 0

0 0 0 · · · 0 n− 1


Therefore, the matrix |w|−1 is in fact well-defined meaning that we can actually find the

matrix u using the method described. Given the matrix w∗w, we may now explicitly right
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down the matrix u as the following

u =



1−
√
n√

2(n−
√
n)

1+
√
n√

2(n+
√
n)

0 · · · 0

1√
2(n−

√
n)

1√
2(n+

√
n)

1√
n−1

· · · 1√
n−1

1√
2(n−

√
n)

1√
2(n+

√
n)

λ1√
n−1

· · · λn−2√
n−1

...
...

... · · · ...

1√
2(n−

√
n)

1√
2(n+

√
n)

λn−2
1√
n−1

· · · λn−2
n−2√
n−1


where λj = ei2πj/(n−1).

We want to show that u diagonalizes a ∈ Q. This is will be equivalent to showing that

w conjugates a by multiplying by w∗ on the left and w on the right. Then by using the

definition of u, we will find the ”nice” entries of the diagonalization. Notice first that

(w∗aw)jk =
n−1∑
m=0

n−1∑
r=0

wmjamrwrk,

and define djk := (u∗au)jk = (w∗aw)|w|−1
jj |w|−1

kk .

It follows that

(w∗aw)00 =
n−1∑
m=0

[
wm0am0w00 +

n−1∑
r=1

wm0amrwr0

]
=

n−1∑
m=0

[
wm0

(
(1−

√
n) +

n−1∑
r=1

amr

)]

= (1−
√
n)

(
(1−

√
n) +

n−1∑
r=1

a0r

)
+

n−1∑
m=1

[
wm0

(
(1−

√
n) +

n−1∑
r=1

amr

)]

= (1−
√
n)((1−

√
n) + (n− 1)) +

n−1∑
m=1

(1−
√
n) +

n−1∑
m=1

n−1∑
r=1

amr

= (1−
√
n)((1−

√
n) + (n− 1)) +

n−1∑
m=1

(1−
√
n) +

n−1∑
m=1

n−1∑
r=1

x(r−m) mod (n−1)

= (1−
√
n)((1−

√
n) + (n− 1)) + (1−

√
n)(n− 1) + (n− 1)

n−2∑
k=0

xk

= (1−
√
n)((1−

√
n) + (n− 1)) + (1−

√
n)(n− 1) + (n− 1)(−1)

= −2n(1−
√
n)
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Therefore,

d00 =
−2n(1−

√
n)

2(n−
√
n)

= −
√
n.

We continue with

(w∗aw)11 =
n−1∑
m=0

[
wm1am0w01 +

n−1∑
r=1

wm1amrwr1

]

=
n−1∑
m=0

[
wm1

(
(1 +

√
n) +

n−1∑
r=1

amr

)]

= w01((1 +
√
n) +

n−1∑
r=1

a0r) +
n−1∑
m=1

n−1∑
r=1

wm1(1 +
√
n) +

n−1∑
m=1

n−1∑
r=1

wm1amr

= (1 +
√
n)((1 +

√
n) + (n− 1)) + (1 +

√
n)(n− 1) +

n−1∑
m=1

n−1∑
r=1

wm1amr

= (1 +
√
n)((1 +

√
n) + (n− 1)) + (1 +

√
n)(n− 1)− (n− 1)

= 2n(1 +
√
n)

=⇒ d11 =
2n(1 +

√
n)

2(n+
√
n)

=
√
n

and

(w∗aw)01 =
n−1∑
m=0

[
wm0am0w01 +

n−1∑
r=1

wm0amr

]

= w00a00w01 +
n−1∑
r=1

w00a0r +
n−1∑
m=1

wm0am0w01 +
n−1∑
m=1

n−1∑
m=1

wm0amr

= (1−
√
n)(1)(1 +

√
n) + (1−

√
n)(n− 1) + (1 +

√
n)(n− 1) + (−1)(n− 1)

= 0

=⇒ d01 = d10 = 0
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Let 2 ≤ j ≤ n− 1, then we have that

(w∗aw)0j =
n−1∑
m=0

[
wm0am0w0j +

n−1∑
r=1

wm0amrwrj

]
=

n−1∑
m=0

[
n−1∑
r=1

wm0amrwrj

]

=
n−1∑
r=1

w00a0rwrj +
n−1∑
m=1

n−1∑
r=1

wm0amrwrj

= (1−
√
n)

n−1∑
m=1

ei2π(r−1)(j−1)/(n−1) +
n−1∑
m=1

n−1∑
r=1

wm0amrwrj

=
n−1∑
m=1

n−1∑
r=1

wm0amrwrj =
n−1∑
m=1

n−1∑
r=1

ei2π(r−1)(j−1)/(n−1)x(r−m) mod (n−1)

=
n−1∑
r=1

[
ei2π(r−1)(j−1)/(n−1)

n−1∑
m=1

x(r−m) mod (n−1)

]
= −

n−1∑
r=1

ei2π(r−1)(j−1)/(n−1) = 0

=⇒ d0j = dj0 = 0 for 2 ≤ j ≤ n− 1

(w∗aw)1j =
n−1∑
m=0

[
wm1am0w0j +

n−1∑
r=1

wm1amrwrj

]

= w01a00w0j +
n−1∑
r=1

w01a0rwrj +
n−1∑
m=1

wm1am0w0j +
n−1∑
m=1

n−1∑
r=1

wm1amrwrj

= (1 +
√
n)(1)(0) +

n−1∑
r=1

(1 +
√
n)(1)ei2π(r−1)(j−1)/(n−1)

+
n−1∑
m=1

(1)(1)(0) +
n−1∑
m=1

n−1∑
r=1

(1)amrwrj

=
n−1∑
r=1

n−1∑
m=1

amrwrj =
n−1∑
r=1

[
wrj

n−1∑
m=1

amr

]

= (−1)
n−1∑
r=1

ei2π(r−1)(j−1)/(n−1) = 0

=⇒ d1j = dj1 = 0 for 2 ≤ j ≤ n− 1

Note that amr = a(m+1)(r+1) for m, r ≥ 1. For 2 ≤ j, k ≤ n− 1, we have that
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(w∗aw)jk =
n−1∑
m=0

[
mjam0w0k +

n−1∑
r=1

wmjamrwrk

]

=
n−1∑
m=0

[
n−1∑
r=1

wmjamrwrk

]
=

n−1∑
r=1

w0ja0rwrk +
n−1∑
m=1

n−1∑
r=1

wmjamrwrk

=
n−1∑
r=1

(0)(1)wrk +
n−1∑
m=1

n−1∑
r=1

wmjamrwrk =
n−1∑
m=1

n−1∑
r=1

wmjamrwrk

=
n−2∑
m=0

n−2∑
r=0

ei2π[−m(j−1)+r(k−1)]/(n−1)x(r−m) mod (n−1)

= (n− 1)x̂j−1δjk

=⇒ djk = dkj =
(n− 1)x̂j−1

(n− 1)
δjk = x̂j−1δjk

Thus, we have that u∗au is a diagonal matrix, and

u∗au =



−
√
n 0 0 0 · · · 0

0
√
n 0 0 · · · 0

0 0 x̂1 0 · · · 0
...

. . . . . . . . . . . .
...

0 0 0 · · · x̂n−3 0

0 0 0 · · · 0 x̂n−2


2.2 A Finiteness Result for Circulant Core Hadamard

Matrices

In this section, we prove that the number of circulant core Hadamard matrices of order p+1

for p a prime number is finite. We first recall the following lemma which is adapted from a

result found in a paper of Tao [37]:

Lemma 2.0.1. (Uncertainty Principle [37]) Let n = p+1 where p is a prime number. Then

for a ∈ Q with core x = (x0, · · · , xp−1), u as above, and x̃ = u∗au (realizing x̃ as a vector in
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Cn, we have that

|supp(x̃)|+ |supp(x)| ≥ n+ 1.

Proof. By simple calculation, we see that x̃ = (−
√
n,
√
n, x̂1, x̂2, · · · , x̂p−1). It follows from

Tao that

|supp(x̃)|+ |supp(x)| = 2 + |supp(x̂)| − 1 + |supp(x)| ≥ 2− 1 + p+ 1 = n+ 1.

Theorem 2.1. The number of circulant core Hadamard matrices of order n = p+ 1 for p a

prime number is finite.

Proof. This proof imitates the Haagerup’s proof of finiteness of cyclic p-roots [10]. Let a be a

circulant core Hadamard matrix. Then it follows that a ∈ Q. Then we have that aa∗ = nIn.

It follows that (a∗)ij = 1
aji

, and if i = 0, or j = 0, then we have that aij = 1. So we have

that both a and a∗ are circulant core matrices of order n. Diagonalizing the matrices, we

have that a  x̃ = (−
√
n,
√
n, x̂1, · · · , x̂p−1), and a∗  ỹ− = (−

√
n,
√
n, ŷ−1, · · · , ŷ−(p−1)),

where x = (x0, · · · , xp−1) defines the core of a and xkyk = 1 for k = 0, · · · , p− 1. Since a is

Hadamard, we have the following system

xkyk = 1 for k = 0, · · · , p− 1

x̂kŷ−k = n for k = 1, · · · , p− 1

where the indices are taken modulo p. Since we are interested in the Hadamard Matrices,

we know if a is defined by x and a∗ is defined by y, we have that a∗ is also a Hadamard

matrix, so we must have the normalization that

p−1∑
k=0

xk =

p−1∑
k=0

yk = −1.

Therefore, we are interested in the solutions to the following system:
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p−1∑
k=0

xk =

p−1∑
k=0

yk = −1

xkyk = 1 for k = 0, · · · , p− 1

x̂kŷ−k = n for k = 1, · · · , p− 1

Let W be the set of solutions to the above system. We want |W | to be finite. Suppose

that |W | is infinite. Then we have that |W | is unbounded since it is a complex algebraic

variety [30]. We may choose a sequence (x(m), y(m)), where x(m) = (x
(m)
0 , · · · , x(m)

p−1) and∥∥x(m)
∥∥2

2
+
∥∥y(m)

∥∥2

2
→∞. Notice that by Cauchy-Schwartz, we have the following inequalities

for every m:

1
√
p
≤
∥∥x(m)

∥∥
2

1
√
p
≤
∥∥y(m)

∥∥
2

p ≤
∥∥x(m)

∥∥
2

∥∥y(m)
∥∥

2

Suppose that no subsequence of
∥∥x(m)

∥∥
2

∥∥y(m)
∥∥

2
converges to infinity. Then we have that∥∥x(m)

∥∥
2

∥∥y(m)
∥∥

2
≤M for some M > 0 and for all m > 0. Then we have that

∥∥x(m)
∥∥

2

∥∥y(m)
∥∥

2
≤M∥∥x(m)

∥∥
2
≤ M

‖y(m)‖2∥∥x(m)
∥∥

2
≤M

√
p

Likewise, we have that for all m,
∥∥y(m)

∥∥
2
≤M

√
p. Hence, it would be the case that

∥∥x(m)
∥∥2

2
+
∥∥y(m)

∥∥2

2
≤ 2M2p
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which contradicts the fact that
∥∥x(m)

∥∥2

2
+
∥∥y(m)

∥∥2

2
→ ∞. Therefore, there is at least one

subsequence where
∥∥x(m)

∥∥
2

∥∥y(m)
∥∥

2
→ ∞. Note that we have renamed the sequence as the

subsequence here for simplification purposes. We will use this notion throughout the rest of

the proof.

Working with this subsequence, we may also find at least one subsequence such that∥∥∥x̂(m)

∥∥∥
2

∥∥∥ŷ(m)

∥∥∥
2
→∞.

Define u(m) = x(m)

‖x(m)‖
2

, and v(m) = y(m)

‖y(m)‖
2

. Since u(m) and v(m) are both in the unit

sphere, we have by compactness and by passing to a subsequence if necessary, that the limits

of both sequences exist, and we define u = limm→∞
x(m)

‖x(m)‖
2

, and v = limm→∞
y(m)

‖y(m)‖
2

.

It follows that for k = 0, · · · , p− 1,

ukvk = lim
m→∞

x
(m)
k

‖x(m)‖2

y
(m)
k

‖y(m)‖2

= lim
m→∞

1

‖x(m)‖2 ‖y(m)‖2

= 0.

By a similar method, for k = 1, · · · , p− 1,

ûkv̂−k = 0.

Hence, we have that

supp(u) ∩ supp(v) = ∅

supp(û) ∩ −(supp(v̂)) = ∅

giving us that

|supp(u)|+ |supp(v)| ≤ p

|supp(û)|+ |supp(v̂)| ≤ p− 1 + 2, we add 2 from our normalization

implying

|supp(u)|+ |supp(v)|+ |supp(û)|+ |supp(v̂)| ≤ 2p+ 1.
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We know that

2p+ 4 ≤ |supp(u)|+ |supp(v)|+ |supp(ũ)|+ |supp(ṽ)|

= |supp(u)|+ |supp(v)|+ |supp(û)|+ |supp(v̂)|+ 2(2− 1)

≤ 2p+ 1 + 2 = 2p+ 3,

which is impossibile.

Note that in the second line we must add 2(2-1) since the first two entries of ũ are

constant ±
√
n so we add 2 to supp(û), but because of our normalization, we have that

û1 = −1 meaning that we must subtract 1 as well from supp(û) which will then give us

supp(ũ). The same holds for v. Therefore, we have that |W | must be finite since we reached

a contradiction using the fact that |W | was infinite.

Corollary 2.1.1. The system

x0 = −1− x1 − x2 − · · · − xp−1

x1
x0

+ x2
x1

+ · · ·+ x0
xp−1

= −1

x2
x0

+ x3
x1

+ · · ·+ x1
xp−1

= −1
...

xp−1

x0
+ x0

x1
+ · · ·+ xp−2

xp−1
= −1

has finitely many solutions.

Proof. Let x = (x0, · · · , xp−1). Let A be the circulant core matrix with core Circ(x). Note

that the off diagonal entries of AA∗ yield the equations of the system. Then by the previous

theorem, there are only finitely many such matrices. Thus, there are only finitely many

x’s.

2.3 Circulant Core Hadamard Matrices of Small Order

We will now look at the Hadamard circulant core matrices of small order. Recall that we

must have that for matrices of order n ≥ 2,
n−2∑
k=0

xk = −1. For n = 2, we have only one
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matrix, namely the Fourier matrix of order 2, F2,1 1

1 −1

 .
For n = 3, we have look at a typical circulant core matrix,

a =


1 1 1

1 x0 x1

1 x1 x0

 .

For this matrix to be Hadamard, we have the following system which follows from aa∗ = 3I

where I is the identity:

1 + x0 + x1 = 0

x0x1 + x1 + x0 = 0

x0x1 + x2
0 + x2

1 = 0

It follows that

0 = x0x1 + x1 + x0 = −x0(1 + x0)− (1 + x0) + x0 = −(x2
0 + x0 + 1)

which implies x0 = ei2π/3, e−i2π/3, and x1 = e−i2π/3, ei2π/3. This gives us that there is only

one non-equivalent Hadamard circulant core matrix of order 3, namely for ω = ei2π/3
1 1 1

1 ω ω2

1 ω2 ω


which is the Fourier matrix of order 3.
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For n = 4, we again have only one solution. This follows from the fact

1 + x0 + x1 + x2 = 0

x0x1x2 + x2
0x1 + x0x

2
2 + x2

1x2 = 0

We want to determine the possible solutions on the unit circle to above system.

By Lemma 1.5.1, we have that x0 ∈ {−1,−x1,−x2}. If x0 = −1, then we have that

x1 = −x2 from the first equation. Substituting what we know into the second equation and

simplifying, we have that

x2 − x3
2 = 0

implying that x2 = ±1 and x1 = ∓1. The other cases follow a similar method, since if

x0 = −x1, we have that x2 = −1 from the first equation implying that x0 = ±1 and

x1 = ∓1. So up to equivalence of the matrix, we really have one solution. x0 = −1, x1 = 1,

and x2 = −1 yielding the matrix 
1 1 1 1

1 −1 1 −1

1 −1 −1 1

1 1 −1 −1

 .

Notice that this matrix is equivalent to F2⊗F2 (seen by interchanging the second and fourth

columns).

At the n = 5 level, we would expect the matrix F5 to be (at least equivalent to) a

circulant core matrix. From Haagerup [10], we know that any dimension five Hadamard

matrix is equivalent to the matrix F5. Clearly, we see that in its original form F5 is not a
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circulant core matrix, but we have that

1 0 0 0 0

0 1 0 0 0

0 0 1 0 0

0 0 0 0 1

0 0 0 1 0





1 1 1 1 1

1 w w2 w3 w4

1 w2 w4 w w3

1 w3 w w4 w2

1 w4 w3 w2 w





1 0 0 0 0

0 1 0 0 0

0 0 0 0 1

0 0 1 0 0

0 0 0 1 0


=



1 1 1 1 1

1 w w3 w4 w2

1 w2 w w3 w4

1 w4 w2 w w3

1 w3 w4 w2 w


where w = ei2π/5 giving us that P1F5P2 is a circulant core matrix. Here P1 and P2 are

permutation matrices. Hence, we have shown that F5 is equivalent to a circulant core

matrix. Therefore, up to equivalence, we have that for 2 ≤ n ≤ 5, the Hadamard circulant

core matrices of order increasing in n are F2, F3, F2 ⊗ F2, and F5.
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Chapter 3

Construction of Multi-Parametric

Families of Commuting Squares

Through the Fourier Matrix

In this chapter we construct new multi-parametric deformations of group-type commuting

squares and Hadamard matrices expanding on the results of Nicoara and White [26]. This is

particularly interesting when G is a cyclic group of order n as it gives us families of Hadamard

matrices containing the Fourier matrix of order n (for n nonprime).

3.1 Preliminaries

Let G be a finite group with n elements. Throughout this chapter, we will reserve g, g′, h, h′ to

be elements of the group G, and we will use i, j as natural numbers. For each g ∈ G, we define

eg ∈ Cn to be the column vector with a 1 on position g and 0 otherwise. (Here the the vectors

are indexed by the group elements.) Then the group algebra of G is C[G] = span{ug : g ∈ G}

where ug ∈ Mn(C) satisfies the condition ug(eh) = egh for all h ∈ G. In this case, we may

write ug =
∑
h∈G

eh,g−1h where {eg,h : g, h ∈ G} is the set of matrix units in Mn(C). Throughout

this section, we will follow the methods laid out by Nicoara and White in [26].
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3.2 Construction of Multi-Parametric Families

We begin by giving a natural basis for [D,C[G]]⊥ as in [26].

Theorem 3.1. Let G be a finite group with |G| = n, and g, h ∈ G be fixed. Define ah,g ∈

Mn(C) by

(ah,g)p,q =

 1 if p = hkg and q = hk+1g for k = 1, · · · , |h|

0 otherwise

For each h ∈ G, let gh1 , · · · , gnn(h) be a choice of representatives of the right cosets of G/〈h〉,

where n(h) = |G|/|h| is the number of elements in G/〈h〉. Then the matrices {ah,ghi : h ∈

G, 1 ≤ i ≤ n(h)} form a basis for Mn(C)	 [D,C[G]] where n = |G|.

Remark 3.1.1. Note that if h′ ∈ 〈h〉 then for g ∈ G,

ah,g = ah
′,g.

This follows from the fact that h′ = hm for some m, then as k runs through the set

{1, · · · , |h|} so too does k +m.

Remark 3.1.2. Let h′, g′ ∈ G. Then it follows that

(ah,gah
′,g′)p,q =

∑
r∈G

(ah,g)p,r(a
h′,g′)r,q

Note that the product will have a 1 exactly when (ah,g)p,r = 1 = (ah
′,g′)r,q. Hence, we have

the following relations

p = hkg and r = hk+1g for some k ∈ {1, · · · , |h|}

r = h′lg′ and q = h′l+1g′ for some l ∈ {1, · · · , |h′|}
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So we may define

(ah,gah
′,g′)p,q =

 1 if p = hkg and q = h′hk+1g for k = 1, · · · , |h|

0 otherwise

Using this, we can determine the powers of ah,g.

Theorem 3.2. Let h, g ∈ G and n ∈ N. Then

((ah,g)n)p,q =

 1 if p = hkg and q = hk+ng for k = 1, · · · , |h|

0 otherwise

Proof. This follows directly from the definition of ah,g for h, g ∈ G and matrix multiplication.

We may write ah,g in matrix notation for easier calculations.

Remark 3.2.1. Let h, g ∈ G. Then ah,g can be written in matrix notation as

ah,g =

|h|∑
k=1

ehkg,hk+1g

where ep,q is the matrix with 1 on position p, q and 0 otherwise.

Remark 3.2.2. This form allows us to determine (ah,g)∗. It follows that

(ah,g)∗ =

|h|∑
k=1

ehk+1g,hkg =

|h|∑
k=1

ehkg,hk−1g.

Then we can determine that (ah,g)∗ = (ah,g)|h|−1 = ah
−1,g in alternate forms.

Remark 3.2.3. Note that for h, g ∈ G,

(ah,g)0 := ah,g(ah,g)∗ =

|h|∑
k=1

ehkg,h−1hk+1g

=

|h|∑
k=1

ehkg,hkg
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Corollary 3.2.1. For h, g ∈ G, it follows that (ah,g)0 is the identity in Mn(C) if only if

〈h〉g = G. We also have that

(ah,g)0ah,g = ah,g = ah,g(ah,g)0.

Proof. (Idea) We have that (ah,g)0 is a diagonal matrix with entries equal to 1 or 0 for each

h, g ∈ G.

Remark 3.2.4. It must also be noted that for h, g ∈ G

(ah,g)|h| = (ah,g)0.

We may express negative powers of a matrix ah,g by a similar method. The inverse of ah,g

may not exist as a matrix on the full space, but ah,g will be invertible on a certain subspace.

Theorem 3.3. Let h, g ∈ G and n ∈ N, then

(ah,g)−n =

|h|∑
k=1

ehkg,hk−ng.

Note that the left-hand side may not make sense, but the right-hand side will make sense

since group elements are invertible. Therefore, we can actually raise the matrix ah,g to a

negative power. Note that we can always replace −n with m|h| − n where m ∈ N such that

m|h| − n > 0.

Theorem 3.4. (Nicoara [26]) Let h, g ∈ G be fixed, and h′, g′ ∈ G such that |h′| = |h| and

g′ ∈ 〈h〉g, then

ah,g = ah
′,g′

We would like to know when two such matrices commute. We have the following:

Theorem 3.5. Let h, h′, g, g′ ∈ G.

1. For ah,g to commute with ah
′,g′ with nonzero product, we need |h| = |h′| and hh′ = h′h.
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2. If 〈h〉g ∩ 〈h′〉g′ = ∅, then

ah,gah
′,g′ = 0 = ah

′,g′ah,g.

In particular, they commute.

Proof. 1. We have that (ah,gah
′,g′)p,q = 1 when p = hkg and q = h′hk+1g for some k ∈

{1, · · · , |h|}. For ah,gah
′,g′ = ah

′,g′ah,g, we would need

hkg = h′mg′

h′hk+1g = hh′m+1g′

where k is as above, m ∈ {1, · · · , |h′|}. We would need |h| = |h′| so that we have the

same number of nonzero entries in each product. The above equations give us that

〈h〉g ∩ 〈h′〉g′ 6= ∅, and we need h′h = hh′.

2. Let h, h′, g, g′ ∈ G and suppose that 〈h〉g∩〈h′〉g′ = ∅. Then it follows that hkg 6= h′mg′

for any k ∈ {1, · · · , |h|} and m ∈ {1, · · · , |h′|}. It follows that

ah,gah
′,g′ =

|h|∑
k=1

|h′|∑
m=1

ehkg,hk+1geh′mg′,h′m+1g′ = 0

since hk+1g 6= h′mg′ for k and m described above. Reversing the roles of h with h′ and

g with g′, we have that ah,g commutes with ah
′,g′ .

We would like to know when these matrices commute so that we can construct unitary

matrices of the form Ut = eith for t ∈ R and h, a Hermitian matrix. These matrices will

give us a one parameter family. Our ultimate goal is to find multiparametric families. For

instance, we wish to find Ut,s = ei(th1+sh2), where t and s the parameters, and h1 and h2 are

hermitian matrices.

Nicoara [26] showed that Ut = eith for h = ah,g + (ah,g)∗ produces a one parameter family

which gives a commuting square. We want to show the following theorem:
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Theorem 3.6. Fix l, k, l′, k′ ∈ G such that the cyclic subgroups generated by l and l′ are

equal to each other, and k′ ∈ 〈l〉k. Let a = al,k and b = al
′,k′. For t, s ∈ R, let Ut,s =

eit(a+a∗)+is(b+b∗). Then Ut,s produces a commuting square.

Proof. Let g, h ∈ G, and p, q ∈ Z. From above we know that a and b and their respective

powers (and hence a∗ and b∗) commute by choice of l and l′. Then it follows that

Ut,s = I +
∑
r≥1

(it(a+ a∗) + is(b+ b∗))r

r!
= I +

∑
r≥1

ir

r!

r∑
m=0

(
r

m

)
tm(a+ a∗)msr−m(b+ b∗)r−m.

From Nicoara [26], we know that we can use the binomial theorem again to show that Ut,s

is in the linear span of I, an, bn, (a∗)n, and (b∗)n for n ≥ 0. However, we have shown

that a∗ is a power of a, and likewise b∗ is a power of b. Hence, to show that Ut,s yields a

commuting square, we need to calculate τ(dgUt,suhU
∗
t,s) and τ(dguhUt,sU

∗
t,s), but from the

previous statement about Ut,s we need only show that

τ(dga
puhb

q) = τ(dguha
pbq).

It follows that

τ(dga
puhb

q) = τ

dg |l|∑
j=1

eljk,lj+pk
∑
m∈G

em,h−1m

|l′|∑
i=1

el′ik,l′i+qk


Calculating this trace, we need g = ljk (implying only one j), m = lj+pk (also fixed),

h−1m = l′ik (implying only one i since there can only be one j), and g = l′i+qk′ (which by

assumption such a g exists). It then follows that

h−1m = l′ik

h−1(lj+pk) = l′−ql′i+qk

h−1lpg = l′−qg

lpl′q = h
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Hence,

τ(dga
puhb

q) = δl
pl′q

h |{g} ∩ 〈l〉k||{g} ∩ 〈l′〉k′|.

Lemma 3.6.1. Let G be a finite abelian group of order n. For each h ∈ G, let gh1 , · · · , ghn(h)

be a choice of representatives of the right cosets of G/〈h〉, where n(h) = |G|/|h| is the number

of elements of G/〈h〉. Then

n(h)∑
j=1

ah.g
h
j ∈ C[G].

Proof. First notice for each 1 ≤ i < j ≤ n(h), (ah,g
h
i )p,q = 1 implies (ah,g

h
j )p,q = 0. Otherwise

if (ah,g
h
i )p,q = 1 and (ah,g

h
j )p,q = 1, then hkghi = p = hrghj for some 1 ≤ k, r ≤ |h| which would

imply that ghj ∈ 〈h〉ghi , a contradiction.

This fact implies thatn(h)∑
j=1

ah,g
h
j


p,q

=

 1 , p = hkghj , and q = hk+1ghj for some k

0 , else

Notice as well that for each g ∈ G, we have that multiplying the elements of the set

{gh1 , · · · , ghn(h)} by g will permute the element of the set. This implies that

n(h)∑
j=1

ah,g
h
j


p,q

=

n(h)∑
j=1

ah,g
h
j


pg−1,qg−1

.

Therefore, it must be the case that

n(h)∑
j=1

ah,g
h
j ∈ C[G].

3.3 Construction based on elements of order > 2

Our goal is to construct multi-parameter families of non-equivalent Hadamard matrices

containing the Fourier matrix of any given size. In this case, we will let our group be

G = Zn and for each m which divides n, we know that there are exactly ϕ(n) where ϕ is the

Euler Phi function. Since we want non-equivalent matrices, we want proper divisors of n,

i.e. m 6= 1, n. Since in the case when m = 1, we have that the identity is the only element
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of order 1 and the matrices ae,g for any g ∈ G are diagonal. In the case where h ∈ G and

|h| = |G|, then ah,g ∈ C[G] which will lead us to equivalent matrices. For the time being, we

will look only at elements that do not have order 2. We will revisit this case later.

Theorem 3.7. Let G = Zn with n square free. Let h ∈ G with |h| = m > 2. Then there

exists a ϕ(m)
2

( n
m
− 1)-parameter family of Hadamard matrices containing the Fourier matrix,

Fn.

Note that when n is prime, we have no parametric family containing Fn.

Proof. Let m 6= 2 be a divisor of n. Consider the set

S = {hi ∈ G : |hi| = m,hi 6= hj for i 6= j, and hi 6= h−1
j }.

SinceG is a cyclic group, we have that there are ϕ(m) elements inG of orderm. Thus, S must

have ϕ(m)/2 elements. Our goal is to construct a multi-paramter family with these h ∈ S.

In order to do so, we need to take advantage of the matrix ah,g+(ah,g)∗ = ah,g+ah
−1,g =: Ah,g

for each h ∈ S. Note that Ah,g = (Ah,g)∗ = Ah
−1,g. Since we need Ah1,g1 to commute with

Ah2,g2 , we need |h1| = |h2|. This tells us that S will allow us find the largest set of h ∈ G

with the same order that will give us different Ah,g. For hi ∈ S, let {ghij : 1 ≤ j ≤ |G|/m}

be representatives of the right cosets of G/〈hi〉. From the previous theorem, we know that
n(h)∑
j=1

ah,g
h
j ∈ C[G]. Using a linear span of the elements ahi,g

hi
j will be equivalent to choosing

another matrix ah,g for some h, g ∈ G. However, this is not the case if we only use n/m− 1

elements in the set {ghij : 1 ≤ j ≤ n/m}. Therefore, we can construct a family with at most

ϕ(m)(n/m−1)
2

elements. It may be the case that some of the parameters may collapse, or it

may be the case that the family that we attain are all equivalent. The explicit construction

for the unitary matrix is

Ut1,1,··· ,tϕ(m)
2 ,(n/m−1)

= e

i
ϕ(m)

2∑
k=1

n
m
−1∑

j=1

tk,jA
hk,g

hk
j


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One may ask what is the maximal number of parameters we may choose for G = Zn. We

need to find a proper divisor m of n (so that m 6= 1, n) which maximizes ϕ(m)
2

( n
m
− 1).

Example 3.1. We can construct a family of Hadamard matrices containing the Fourier

matrix F6. It can be shown that each time we construct try to construct a multi-parameter

family using group elements which do not have order 2, we find that each family is equivalent

to a 1-parameter family. An example of a family that we would like to be a 2-parameter

family is

F6(λ, γ) =



λ γ λ γ λ γ

1 e
iπ
3 e

2iπ
3 −1 e−

2iπ
3 e−

iπ
3

1 e
2iπ
3 e−

2iπ
3 1 e

2iπ
3 e−

2iπ
3

λ −γ λ −γ λ −γ

1 e−
2iπ
3 e

2iπ
3 1 e−

2iπ
3 e

2iπ
3

1 e−
iπ
3 e−

2iπ
3 −1 e

2iπ
3 e

iπ
3


, (|γ|, |λ| = 1).

However, it is easy to see that this family is equivalent to the 1-parameter family

F6(γ) =



1 γ 1 γ 1 γ

1 e
iπ
3 e

2iπ
3 −1 e−

2iπ
3 e−

iπ
3

1 e
2iπ
3 e−

2iπ
3 1 e

2iπ
3 e−

2iπ
3

1 −γ 1 −γ 1 −γ

1 e−
2iπ
3 e

2iπ
3 1 e−

2iπ
3 e

2iπ
3

1 e−
iπ
3 e−

2iπ
3 −1 e

2iπ
3 e

iπ
3


, (|γ| = 1).

Theorem 3.8. Let G = Zn with n = pqr and p > q > r. Then if m > 2 is a divisor of n,
ϕ(m)( n

m
−1)

2
is maximized when m = p.

Proof. Let m be a divisor of n = pqr. First assume that m is prime. Let m ∈ {p, q, r} and

let m 6= s ∈ {p, q, r}. Without loss of generality, we may assume that m > s. Then it follows
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that

sm < pqr

m− s < pqr
m− s
sm

(m− s) < pqr(1/s− 1/m)

m+ pqr/m < s+ pqr/s

−m− pqr/m > −s− pqr/s

pqr −m− pqr/m+ 1 > pqr − s− pqr/s+ 1

(m− 1)(pqr/m− 1) > (s− 1)(pqr/s− 1)

Therefore, we have that the largest value that (m−1)(pqr/m−1)
2

can attain when m is a prime

divisor is (p−1)(qr−1)
2

= ϕ(p)(n/p−1)
2

.

Suppose now that m is a product of two primes. If m = ps for s = q, r, we have that

2 < qr/s+ s

qr − s− qr/s+ 1 < qr − 1

(s− 1)(qr/s− 1) < qr − 1

(p− 1)(s− 1)(qr/s− 1) < (p− 1)(qr − 1)

ϕ(m)(n/m− 1)

2
<
ϕ(p)(n/p− 1)

2

If m = qr, we have that ϕ(m)(n/m−1)
2

= (q−1)(r−1)(p−1)
2

< (p−1)(qr−1)
2

= ϕ(p)(n/p−1)
2

. Note that

this follows since (r − 1)(q − 1) < qr − 1. Therefore, we have that the maximal value of

ϕ(m)(n/m−1)
2

is attained when m is the largest prime divisor.

Theorem 3.9. Let n be a square free integer with at least two prime divisors. Then for

m > 2 a divisor of n,
ϕ(m)( n

m
−1)

2
is maximized when m is the largest prime divisor of n.

Proof. We proceed by induction on the number of prime divisors of n. We have seen that the

base cases are held true when the number of prime divisors is 2 or 3. We will assume that the

hypothesis is true when n has k prime factors for some k ≥ 3. Suppose that n = p1 · · · pk+1
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where pi < pi+1 for 1 ≤ i ≤ k. From the proof of the previous theorem, we see that if m is

prime divisor of n, then
ϕ(m)( n

m
−1)

2
is maximized when m = pk+1.

Assume that m is divisor of n such that m = pjr for some pj and r > 1. It follows that

ϕ(m)( n
m
− 1)

2
=
ϕ(pjr)(

n
pjr
− 1)

2

Since n
pj

has k factors, the induction hypothesis holds true, and since r is a divisor of n
pj

, we

have that
ϕ(r)(

n/pj
r
− 1)

2
≤
ϕ(pi)(

n/pj
pi
− 1)

2
=
ϕ(pi)(

n
pjpi
− 1)

2

where pi is the largest prime divisor of n
pj

. Therefore, we have that

ϕ(m)( n
m
− 1)

2
≤
ϕ(pjpi)(

n
pjpi
− 1)

2
.

Note that the Euler Totient function splits over distinct primes.

If we can show that

ϕ(pjpi)(
n
pjpi
− 1)

2
≤
ϕ(pk+1)( n

pk+1
− 1)

2
,

then we would be done. Without loss of generality, we may assume that pj > pi. If pj = pk+1,

then we have that

ϕ(pjpi)(
n
pjpi
− 1)

2
≤
ϕ(pk+1)( n

pk+1
− 1)

2

⇐⇒ ϕ(pk+1)ϕ(pi)(
n

pk+1pi
− 1) ≤ ϕ(pk+1)(

n

pk+1

− 1)

⇐⇒ (pi − 1)(
n

pk+1pi
− 1) ≤ n

pk+1

− 1

⇐⇒ −pi −
n

pk+1pi
+ 1 ≤ −1

⇐⇒ 2 ≤ pi +
n

pk+1pi
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We have that the last statement is true since pi is a prime, so pi ≥ 2 and n
pk+1pi

> 0.

Therefore, we have that

ϕ(pjpi)(
n
pjpi
− 1)

2
≤
ϕ(pk+1)( n

pk+1
− 1)

2

is true when pj = pk+1.

Assume now that pj < pk+1. It follows that

ϕ(pjpi)(
n
pjpi
− 1)

2
≤
ϕ(pjpk+1)( n

pjpk+1
− 1)

2

by the induction hypothesis since n
pj

has k divisors and pi < pj < pk+1. It follows that

ϕ(pjpk+1)( n
pjpk+1

− 1)

2
≤
ϕ(pk+1)( n

pk+1
− 1)

2

⇐⇒ (pj − 1)(
n

pjpk+1

− 1) ≤ n

pk+1

− 1

⇐⇒ −pj −
n

pjpk+1

+ 1 ≤ −1

⇐⇒ 2 ≤ pj +
n

pjpk+1

where the last statement is true since pj ≥ 2 and n
pjpk+1

> 0.

Thus, we have that

ϕ(m)( n
m
− 1)

2
≤
ϕ(pjpi)(

n
pjpi
− 1)

2
≤
ϕ(pk+1)( n

pk+1
− 1)

2

when m is any divisor of n = p1 · · · pk+1. Therefore, by induction it must be the case that
ϕ(m)( n

m
−1)

2
is maximized when m is the largest prime divisor of n whenever n is a square free

positive integer.

Using our method of constructing multi-parametric families, we have shown that we can

construct a family with at most ϕ(p)(n/p−1)
2

parameters when n is square-free and p is its

largest prime divisor. We claim that this is an upper bound on the number of parameters

since it may be the case that some of the parameters may ”collapse” meaning that a family
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with more than one parameter may be equivalent to a family with less parameters as was

seen in the n = 6 case above.

One can ask if n has to be square-free to achieve this bound. For certain numerical

examples, it seems that this bound holds for most n. In fact, we have the following:

Conjecture 3.9.1. Let n be any integer with at least two prime divisors. Then for m > 2

a divisor of n, ϕ(m)(n/m−1)
2

is maximized when m is the largest prime divisor of n.

We do have the following

Theorem 3.10. Let G = Zn with n = pα for some p, prime, and 2 ≤ α ∈ N. If m = pβ is

a divisor of n, then
ϕ(m)( n

m
−1)

2
is maximized when m = p.

Proof. Let n = pα for some prime p and α ≥ 2. Let m = pβ be a proper divisor of n so that

1 ≤ β ≤ α− 1. We have that

ϕ(m)( n
m
− 1)

2
≤
ϕ(p)(n

p
− 1)

2

⇐⇒ pβ−1(p− 1)(pα−β − 1) ≤ (p− 1)(pα−1 − 1)

⇐⇒ pα−1 − pβ−1 ≤ pα−1 − 1

⇐⇒ pβ−1 ≥ 1

The last statement is true since β − 1 ≥ 0.

This theorem is true for any prime p, but when p = 2 the bound we get is not an integer

using this method.

3.4 Construction based on an element of order 2

We will know look at what happens when we use elements of order 2. We have the following

theorem which is similar to Theorem 3.7:

Theorem 3.11. Suppose that n = 2p for p an odd prime. Then we can construct a family

of Hadamard matrices containing the Fourier matrix Fn with p− 1 parameters.
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Proof. Note that in the group G = Zn there is only one element of order 2. Let h ∈ G be the

element of order 2. It follows that ah,g = ah
−1,g = (ah,g)∗ for all g ∈ G. Since |G/〈h〉| = p,

we choose p representatives of the right cosets of G/〈h〉. Let {ghj : 1 ≤ j ≤ p} be these

representatives. Recall Lemma 3.6.1 which states that

p∑
j=1

ah,g
h
j is a circulant matrix (being

an element of C[Zn]). This sum will give us a family of equivalent matrices. Therefore,

dropping one of the ah,g
h
j from the sum will give us a family of non-equivalent matrices

giving us a total p − 1 matrices in the sum. Note that we can not increase this sum any

further since there is no other element of order 2. In this case the explicit construction for

this family is

Ut1,···tp−1 = e

i
p−1∑
j=1

tja
h,ghj



which yields the family

F (p−1)
n (t1, · · · , tp−1) = Ut1,···tp−1Fn

This construction tells us for n = 6, we in fact get 2 parameter family.

Example 3.2. One of the 2-parameter families that we construct for n = 6 is

F
(2)
6 (t, s) =



eit e−it eit e−it eit e−it

eis e
iπ
3
−is eis+

2iπ
3 −e−is −eis+ iπ

3 −e 2iπ
3
−is

1 e
2iπ
3 −e iπ3 1 e

2iπ
3 −e iπ3

eit −e−it eit −e−it eit −e−it

eis −e iπ3 −is eis+
2iπ
3 e−is −eis+ iπ

3 e
2iπ
3
−is

1 −e 2iπ
3 −e iπ3 −1 e

2iπ
3 e

iπ
3


where t, s ∈ R. Note that it is possible for us to construct other families which may or may

not be equivalent to this family. Writing this family in its equivalent dephased form (one of
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the equivalent forms) and renaming, we have that

F
(2)
6 (t, s) =



1 1 1 1 1 1

1 e−2is+2it+ iπ
3 e

2iπ
3 −e2it−2is −e iπ3 −e−2is+2it+ 2iπ

3

1 e2it+ 2iπ
3 −e iπ3 e2it e

2iπ
3 −e2it+ iπ

3

1 −1 1 −1 1 −1

1 −e−2is+2it+ iπ
3 e

2iπ
3 e2it−2is −e iπ3 e−2is+2it+ 2iπ

3

1 −e2it+ 2iπ
3 −e iπ3 −e2it e

2iπ
3 e2it+ iπ

3


.

In this case, we have that

Ut,s =



cos(t) 0 0 i sin(t) 0 0

0 cos(s) 0 0 i sin(s) 0

0 0 1 0 0 0

i sin(t) 0 0 cos(t) 0 0

0 i sin(s) 0 0 cos(s) 0

0 0 0 0 0 1


.

Remark 3.11.1. Note that the 2-parameter family found is equivalent to another well-known

2-parameter family (see [33]). It is clear after a change of variable that the family F
(2)
6 (t, s)

is equivalent to (and so we will rename the family)

F
(2)
6 (γ, λ) =



1 1 1 1 1 1

1 ω ω2 γ γω γω2

1 ω2 ω λ λω2 λω

1 1 1 −1 −1 −1

1 ω ω2 −γ −γω −γω2

1 ω2 ω −λ −λω2 −λω


where ω = e2πi/3 and the parameters λ and γ are complex valued with absolute value equal

to 1.
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Theorem 3.12. Let n = 2p1 · · · pk for some k ≥ 1 be square-free. Then the maximal number

of parameters in any family of Hadamard matrices containing the Fourier matrix Fn using

our construction method is n
2
− 1.

Proof. Let m > 2 be a divisor of n = 2p1 · · · pk. In this case, the largest number of parameters

in a family that we can construct using our methods is
(pk−1)( n

pk
−1)

2
. If we choose to construct

a family using a element of order 2, we will get n
2
− 1 elements in a family. It follows that

n

2
− 1 >

(pk − 1)( n
pk
− 1)

2

⇐⇒ n− 2 > n− pk −
n

pk
+ 1

⇐⇒ pk +
n

pk
> 3

The last statement is true since pj > 2 for each 1 ≤ j ≤ k. Then pk + n
pk
> 2 + 2k > 3 since

k ≥ 1.

This tells us that we cannot increase the number of parameters in our construction. The

max number of parameters that we get when n = 6 is two parameters! We would like to have

a four parameter family since the dephased defect of Z6 (which gives us the max number of

one-parameter families) is 4. It is natural to ask if after finding the 2-parameter family, can

we increase the parameters by using one of the elements in Z6 of order 3? The answer is no.

Introducing the third parameter into the matrix using our construction, yields a family that

is in fact equivalent to the two parameter family.

Theorem 3.13. Let n = 2α for some α ≥ 2. Then we can construct a family of Hadamard

matrices containing the Fourier matrix Fn with 2α−1 − 1 parameters.

(Sketch of proof) See Theorem 3.10. The proof is much the same. Since the prime we

have is 2, we need to use the expression 2α−1 − 1.
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Example 3.3. For n = 8, we construct a 3-parameter family containing the Fourier matrix:

F
(3)
8 (α, β, γ) =



1 1 1 1 1 1 1 1

1 1 −1 −1 iβ −iβ iβ −iβ

1 −1 i −i αω αω3 −αω −αω3

1 −1 −i i γω3 γω −γω3 −γω

1 1 1 1 −1 −1 −1 −1

1 1 −1 −1 −iβ iβ −iβ iβ

1 −1 i −i −αω −αω3 αω αω3

1 −1 −i i −γω3 −γω γω3 γω


where the parameters all have absolute value equal to 1 and ω = eπi/4.

There are many questions that we can ask about these bounds on the number of

parameters. First of all does the bound n
2
− 1 hold for all n using our construction

method? We know that there are other methods for constructing multi-parametric families

of Hadamard matrices containing the Fourier matrix Fn. Using our method, we can only

construct a 3-parameter family containing F8. Interestingly, we can superficially introduce a

fourth parameter into our family F
(3)
8 (α, β, γ). If we replace i with iδ in the left-hand blocks,

it is easy to check that we have a family of Hadamard matrices.

Example 3.4. (A family of Hadamard matrices containing the Fourier matrix F8 with four

parameters)

F
(4)
8 (α, β, γ, δ) =



1 1 1 1 1 1 1 1

1 1 −1 −1 iβ −iβ iβ −iβ

1 −1 iδ −iδ αω αω3 −αω −αω3

1 −1 −iδ iδ γω3 γω −γω3 −γω

1 1 1 1 −1 −1 −1 −1

1 1 −1 −1 −iβ iβ −iβ iβ

1 −1 iδ −iδ −αω −αω3 αω αω3

1 −1 −iδ iδ −γω3 −γω γω3 γω


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Using a change of variables and writing the family in an equivalent form, we have that

F
(4)
8 (α, β, δ, ε) =



1 1 1 1 1 1 1 1

1 1 −1 −1 δ δ −δ −δ

1 −1 β −β α −α iα −iα

1 −1 −β β ε −ε −iε iε

1 1 1 1 −1 −1 −1 −1

1 1 −1 −1 −δ −δ δ δ

1 −1 β −β −α α −iα iα

1 −1 −β β −ε ε iε −iε


It is also well known that F8 belongs to a 5-parameter family. This can be found in the

Complex Hadamard Matrices Catalogue [35].

Example 3.5. It is know that the Fourier matrix F8 belongs to the 5-parameter family

F
(5)
8 (α, β, χ, δ, ε) =



1 1 1 1 1 1 1 1

1 e
iπ
4 α iβ e

3iπ
4 χ −1 e−

3iπ
4 α −iβ e−

iπ
4 χ

1 iδ −1 −iδ 1 iδ −1 −iδ

1 e
3iπ
4 ε −iβ e

iπ
4 εχᾱ −1 e−

iπ
4 ε iβ e−

3iπ
4 εχᾱ

1 −1 1 −1 1 −1 1 −1

1 e−
3iπ
4 α iβ e−

iπ
4 χ −1 e

iπ
4 α −iβ e

3iπ
4 χ

1 −iδ −1 iδ 1 −iδ −1 iδ

1 e−
iπ
4 ε −iβ e−

3iπ
4 εχᾱ −1 e

3iπ
4 ε iβ e

iπ
4 εχᾱ


where α, β, χ, δ, ε ∈ C with absolute value 1. Using a change of variables, and rewriting this

family into an equivalent form (and once again renaming), we have that
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F
(5)
8 (α, β, γ, δ, ε) =



1 1 1 1 1 1 1 1

1 1 −1 −1 δ δ −δ −δ

1 −1 β −β α −α χ −χ

1 −1 −β β ε −ε −εχα εχα

1 1 1 1 −1 −1 −1 −1

1 1 −1 −1 −δ −δ δ δ

1 −1 β −β −α α −χ χ

1 −1 −β β −ε ε εχα −εχα


It should also be noted that the family F

(4)
8 (α, β, δ, ε) is a member of the family

F
(5)
8 (α, β, χ, δ, ε). In fact, F

(4)
8 (α, β, δ, ε) = F

(5)
8 (α, β, iα, δ, ε). This tells us that F

(4)
8 (α, β, δ, ε)

is not a maximal family, and for the same reason, F
(3)
8 (α, β, γ) is not a maximal family.

We know that the above family contains the maximum number of parameters since the

dephased defect of Z8, d′(Z8), is 5. Recall that

d′(Zn) = d(Zn)− 2n+ 1.

In the case when n = 6, we have that d′(Z6) = 4. To date, it is known that there are

four 1-parameter families of Hadamard matrices containing the Fourier matrix F6. We have

shown that there is at least one 2-parameter family. There are two 2-parameter families

containing F6 listed on the Complex Hadamard Matrix Catalogue. It is possible that our

family is equivalent to one of the families listed on the catalogue. What is unknown to date

is if there exists a 4-parameter family of Hadamard matrices containing the Fourier matrix

F6. There is numerical evidence of the existence of such a family in a paper written by

Skinner, Newell, and Sanchez [31], but it is unknown to the author at the time if this family

has been explicitly written.

Beyond the n = 6 case, our method provides parametric families with the same number of

parameters of families that are already known when n = 2p for p > 2 prime. For n = pq odd

and square-free, our method seems to give a parametric family with half as many parameters

as currently known families containing Fn. In fact for small values of n when n = pq for any
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primes, the known multi-parameter families containing Fn have exactly ϕ(n) parameters.

Therefore, it remains to be seen if there is a method similar to our construction which will

allow us to construct a ϕ(n)-parameter family for any n = pq with p and q distinct primes.

We can also ask if the bound we gave before on the number of parameters can be increased

using a similar method for any square-free number n.

Of course the ultimate goal would be to construct a multi-parametric family with exactly

d′(Zn) parameters for every n. Once again we have for small values of n that this bound is

achieved when n is divisible by p2 for some prime p. However, when n is square free, there

is no known d′(Zn)-parameter family containing Fn for small values of n.

Most of the families that we have given when n = 2m for some m ≥ 3 have all had the

same form following the Kronecker product of F2⊗Fm with some modifications. This allows

us to construct the following family:

Example 3.6. For n = 12, we can construct a 7-parameter family of Hadamard matrices

containing F12. The family is

F
(7)
12 =



1 1 1 1 1 1 1 1 1 1 1 1

1 ω ω2 γ γω γω2 α αω αω2 αγ αγω αγω2

1 ω2 ω λ λω2 λω β βω2 βω βλ βλω2 βλω

1 1 1 −1 −1 −1 χ χ χ −χ −χ −χ

1 ω ω2 −γ −γω −γω2 δ δω δω2 −γδ −γδω −γδω2

1 ω2 ω −λ −λω2 −λω ε εω2 εω −ελ −ελω2 −ελω

1 1 1 1 1 1 −1 −1 −1 −1 −1 −1

1 ω ω2 γ γω γω2 −α −αω −αω2 −αγ −αγω −αγω2

1 ω2 ω λ λω2 λω −β −βω2 −βω −βλ −βλω2 −βλω

1 1 1 −1 −1 −1 −χ −χ −χ χ χ χ

1 ω ω2 −γ −γω −γω2 −δ −δω −δω2 γδ γδω γδω2

1 ω2 ω −λ −λω2 −λω −ε −εω2 −εω ελ ελω2 ελω


where ω = e2πi/3.
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Of course, this construction method is based on using the 2-parameter family F
(2)
6 (γ, λ)

and following the ideas laid out in the previous examples.

3.5 Inequivalence of Matrices in a Family

In order to show that the families that we have constructed give inequivalent Hadamard

matrices, we will make use of the following invariant introduced by Haagerup in his search

for classification of the 5× 5 Hadamard matrices.

Definition 3.1. The Haagerup-set of a complex Hadamard matrix H of order n is the set

Λ(H) := {hijhklhilhkj : i, j, k, l = 1, · · · , n}.

It is clear that if H and K are equivalent Hadamard matrices, i.e. there exist permutation

matrices P1, P2 and diagonal matrices with unimodular entries D1, D2 such that

P1D1HD2P2 = K,

then

Λ(H) = Λ(K).

This follows from the fact that elements in the same row are multiplied by the same number,

and elements in the same column are all multiplied by the same number. Since a permutation

of the set {1, · · · , n} is the set {1, · · · , n}, it is clear that Λ(H) = Λ(K). Recall that when

α ∈ C is unimodular α = 1
α

. Recall that F2 ⊗ F2 and F4 are two inequivalent Hadamard

matrices belonging to the family

U(a) =


1 1 1 1

1 −1 a −a

1 1 −1 −1

1 −1 −a a

 .
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We have that U(1) = F2⊗F2 and U(i) is a matrix equivalent to F4. Calculating the Haagerup

set for U(a), we have that

Λ(U(a)) = {±1,±a,±a}.

Since the Haagerup-set of U(a) depends on the parameter a, it must be the case that any two

matrices in this family are inequivalent. In fact, we have that Λ(F2 ⊗ F2) = {±1} whereas

Λ(F4) = {±1,±i}.

Using the Haagerup-set to show that two Hadamard matrices are inequivalent is one of

the most common methods. Our goal is to use the Haagerup-set to determine if we can reduce

the number of parameters in any of our families. Recall Example 3.2 and Remark 3.11.1

with the family F
(2)
6 (λ, γ) which contains two parameters. We have that the Haagerup-set

for this family is

Λ(F
(2)
6 (λ, γ)) =

{
±1,−e

πi
3 , e

2πi
3 ,±λ,±λ,−γ,−γ,±λγ,±λγ,

± e
πi
3 λ,±e

2πi
3 λ,±e

πi
3 λ,±e

2πi
3 λ, e

πi
3 γ, e

πi
3 γ,

−e
2πi
3 γ,−e

2πi
3 γ,±e

πi
3 γλ,±e

2πi
3 γλ,±e

πi
3 λγ,±e

2πi
3 λγ

}
.

Using this fact, we find that the Haagerup-set for F6 (which corresponds γ = λ = 1 in the

above family) is

Λ(F6) =
{
±1,±e

πi
3 , e

2πi
3

}
.

Notice in Λ(F6(λ, γ)) both parameters γ and λ appear in the Haagerup-set. This gives us

hope that this is in fact a two-parameter family.

In Example 3.1, we saw that the 2-parameter family was actually equivalent to a 1-

parameter family. (Instead of using F
(2)
6 (λ, γ), we will use F ′6(λ, γ). It should be noted that

we have already shown in the example that this family is equivalent to a 1 parameter family.)

Indeed using this family, we see that

Λ(F ′6(λ, γ) =
{
±1,±e

πi
3 ,±e

2πi
3 ,±λγ,±γλ,±e

πi
3 λγ,±e

πi
3 γλ,±e

2πi
3 λγ,±e

2πi
3 γλ

}
.
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Notice in this Haagerup-set, we can replace γλ with α which would imply that the Haagerup-

set relies only on one parameter, not both. Thus, the family in Example 3.1 is indeed

equivalent to a one parameter family of Hadamard matrices containing F6. Therefore, using

a change of variable in the Haagerup-set will allow us to determine if a family with m

parameters is equivalent to a family with k parameters where k ≤ m as we did in the case

of Example 3.1.
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Chapter 4

Bismash Commuting Squares

In this chapter, we construct a new class of commuting squares based on the bismash product

Hopf algebra. Part of this chapter is based on joint work with Ian Francis and Remus Nicoara.

4.1 Introduction to Hopf Algebras

We will begin by giving the definition of a Hopf algebra and give a few examples. We

will then generalize the idea of the commuting square associated to one group using Hopf

algebras. For an introduction and construction of algebras, coalgebras, bialgebras, and Hopf

algebras refer to [7].

Definition 4.1. A K-algebra structure is a triple (H,∇, η), where H is a K-vector space,

∇ : H ⊗H → H (the multiplication map) and η : K → H (the unit map) are morphisms of

K-vector spaces such that the following diagrams are commutative:

H ⊗H ⊗H

∇⊗id

��

id⊗∇ // H ⊗H

∇

��
H ⊗H ∇ // H

H ⊗H

∇

��

K ⊗H

η⊗id
88

&&

H ⊗K

id⊗η
ff

xx
H

It should be noted here that for the first diagram to commute the multiplication of the
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algebra must be associative. In the second diagram, the bottom two arrows are the canonical

isomorphisms.

Definition 4.2. A K-coalgebra structure is a triple (H,∆, ε), where H is a K-vector space,

∆ : H → H⊗H (the comultiplication map) and ε : H → K (the counit map) are morphisms

of K-vector spaces such that the following diagrams are commutative:

H

∆

��

∆ // H ⊗H

id⊗∆

��
H ⊗H ∆⊗id // H ⊗H ⊗H

H

xx
∆

��

&&
K ⊗H H ⊗K

H ⊗H
ε⊗id

ff

id⊗ε

88

As before, the commutativity of the first diagram shows that the coalgebra is coassociative,

and the unnamed maps in the second diagram are the canonical isomorphisms.

Definition 4.3. A bialgebra is a K-vector space H, endowed with an algebraic structure

(H,∇, η) and a coalgebra structure (H,∆, ε). In this case, we also need ∇ and η to be

morphisms of coalgebras (this will also show that ∆ and ε are morphisms of algebras, Prop

4.1.1 in [7]).

Definition 4.4. A Hopf Algebra, H, is a bialgebra over a field K together with a K-linear

map S : H → H such that the following diagram commutes.

H ⊗H S⊗id // H ⊗H

∇

��
H

∆

FF

∆

��

ε // K
η // H

H ⊗H
id⊗S

// H ⊗H

∇

FF

where S is called the antipode map, ∆ is the comultiplication of the bialgebra, ε is the counit,

η is the unit, and ∇ is the multiplication map.
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The following information can be found in [7]. In a Hopf algebra, the antipode is unique

since it is the inverse of the element I in the algebra Hom(Hc, Ha) where Hc is the coalgebra

structure of H, and Ha is the algebra structure of H. To say that S is the antipode is that

S ∗ I = I ∗ S = ηε (here ∗ is the multiplication in the algebra Hom(Hc, Ha)), and using the

common sigma notation for any h ∈ H:

∑
S(h1)h2 =

∑
h1S(h2) = ε(h)1.

Remark 4.0.1. (Sigma Notation) Let (H,∆, ε) be a coalgebra. For h ∈ H, we denote

∆(h) =
∑

h1 ⊗ h2

where by standard notation the index of the summation is suppressed.

We now give some of the properties of the antipode S.

Proposition 4.0.1. Let H be a Hopf algebra with antipode S. Then TFAE:

1.
∑
S(h1)h2 = ε(h)1 for any h ∈ H

2.
∑
h1S(h2) = ε(h)1 for any h ∈ H

3. S2 = I namely the composition of S with itself is I.

Proposition 4.0.2. Let H be a Hopf algebra with antipode S. Then we have the following:

1. S(hg) = S(g)S(h) for any h, g ∈ H

2. S(1) = 1

3. ∆(S(h)) =
∑
S(h2)⊗ S(h1).

4. ε(S(h)) = ε(h).

The first two properties mean that S is an antimorphism of algebras, and the last two

properties mean that S is an antimorphism of coalgebras.
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4.2 Examples of Hopf Algebras

We will now give some examples of Hopf algebras that are of importance to us. For more

examples and properties see [1], [2], [16], [17], [18].

Example 4.1. Let G be a group, and C[G] the associated group algebra. Then C[G] is a

Hopf algebra.

For C[G] to be a Hopf algebra, we need to describe the maps S,∆, ε,∇, and η and

determine whether the diagram at the beginning of the chapter commutes. Recall that C[G]

is a C- vector space with basis {g| g ∈ G}. Usually we write C[G] as the linear span of the

elements ug ∈ Mn(C) described in the previous chapter. However, for convenience , we will

write C[G] as the linear span of the elements of G for ease of notation. In this case, we have

a typical element of C[G] is
∑
g∈G

αgg where only finitely many of the αg’s are nonzero (in the

case that G is infinite). Note that we may use the left regular representation of the group

elements (ug where g ∈ G) in order to realize C[G] as a subalgebra of the full matrix algebra.

We define ∆ : C[G]→ C[G]⊗C[G] only on the basis elements by ∆(g) = g⊗g. Likewise,

for S : C[G]→ C[G], it is defined on the basis elements by S(g) = g−1. Let t ∈ C[G]⊗C[G],

then t =
∑
αgg⊗βhh, and ∇(t) =

∑
αgβhgh. In other words, for simple tensors of the form

g ⊗ h, ∇(g ⊗ h) = gh. For the counit, ε, we have ε(g) = 1C, and lastly, for α ∈ C, we have

η(α) = α1G where 1G ∈ G is the identity element.

It follows then that

(∇ ◦ (S ⊗ id) ◦∆)(g) = (∇ ◦ (S ⊗ id))(g ⊗ g) = ∇(g−1 ⊗ g) = 1G

(η ◦ ε)(g) = η(1C) = 1G

(∇ ◦ (id⊗S) ◦∆)(g) = (∇ ◦ (id⊗S))(g ⊗ g) = ∇(g ⊗ g−1) = 1G

Hence, the diagram commutes giving us that C[G] together with the maps defined is a Hopf

Algebra. Note that for S defined above S2 is the identity map giving us that S is indeed the

antipode of C[G].
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There is another well known example of Hopf algebras that we have already encountered

as well.

Example 4.2. The dual of C[G], (C[G])∗ when G is a finite group is a Hopf Algebra where

{ρg| ρg(h) = δhg ∀g, h ∈ G} is an orthogonal (idempotent) basis for (C[G])∗ with the maps

∆(ρg) =
∑
h∈G

(ρgh−1 ⊗ ρh), ε(ρg) = δ1G
g , and S(ρg) = ρg−1.

Recall that when |G| = n <∞, (C[G])∗ = Hom(C[G],C) is isomorphic to the algebra of

n× n diagonal matrices. It is standard notation to use CG instead of (C[G])∗.

Example 4.3. ([17]) Let H be a semisimple Hopf algebra and p an odd prime number such

that the dimension of H over C is p2 then H is isomorphic to C[Zp2 ] or C[Zp × Zp].

For the purposes of this paper, an important example of a Hopf Algebra associated to

an action of a Hopf Algebra H on another algebra A is given by the following

Definition 4.5. If A is an H-module algebra (A is a (left) H-module), the smash product

of A and H, denoted A#H, is, as a vector space A#H = A⊗H, together with the following

operation

(a#h)(b#g) =
∑

a(h1 · b)#h2g

where ∆(h) =
∑
h1 ⊗ h2. We denote the element a#h instead of a ⊗ h to emphasize the

Hopf algebra structure.

We will now explore some examples of smash products A#H where H is either C[G] and

(C[G])∗ for G a finite group.

Let G be a group acting on an algebra A by a group homomorphism

α : G→ AutC(A). It is standard practice to denote α(g) = αg : A→ A for g ∈ G. We have

the following propositon:

Proposition 4.0.3. Any action of G on an algebra A makes A into a C[G]-module algebra.

Conversely, if A is a C[G]-module algebra, then there is an action of G onto A.

Let G be a group acting on an algebra A via α. Then we have that the smash product

A#C[G] has multiplication determined by

(a#g)(b#h) = aαg(b)#gh
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for a, b ∈ A and g, h ∈ G since the comultiplication of C[G] has the property

∆(g) = g⊗ g for all g ∈ G. In this case, we have that A#C[G] = A ∗G the skew group ring

with multiplication

(ag)(bh) = a(g · b)gh

for all a, b ∈ A and g, h ∈ G.

Example 4.4. Let G be a group acting on the group F via α : G→ Aut(F ). Then we have

that G acts on the group algebra C[F ] and therefore it makes C[F ] a C[G] module. Hence,

we may define the smash product C[F ]#C[G] which has multiplication defined by

(f#g)(f ′#g′) = fαg(f
′)#gg′

for f, f ′ ∈ F and g, g′ ∈ G.

In this case, we have that C[F ]#C[G] is isomorphic to the group algebra C[FoαG] where

F oαG is the semidirect product of F and G. Because of this fact, the smash product A#H

is sometimes referred to as the semidirect product.

Instead of using C[G] as our Hopf algebra, how are things different if we use (C[G])∗?

We need to find an algebra A which is a (C[G])∗-module. In this case, we need to have A to

be graded by G [19] (see [5] as well). When A is graded by G, we define the multiplication

in A#(C[G])∗ for a, b ∈ A and ρg, ρh ∈ (C[G])∗ by

(a#ρg)(b#ρh) =
∑
l∈G

a(ρgl−1 · b)#(ρlρh) = abgh−1#ρh

using ∆(ρg) =
∑
h∈G

(ρgh−1 ⊗ ρh) for ρg a basis element of (C[G])∗. Note that ρg · a signifies the

action of (C[G])∗ on A, and it is essentially the projection onto a subspace of A determined

by g since A being graded by G means that each a ∈ A can be written in the form a =
∑
g∈G

ag.
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4.3 Hopf Algebras from a matched pair of groups

In this section, we will recall an important class of Hopf algebras, namely the bismash

product CG#C[F ] where G and F are both finite groups that form a matched pair. We

introduce some results from group theory and provide the exact definition of the bismash

product. Later in the next section, we will introduce the commuting square associated to a

matched pair of groups by using the bismash product CG#C[F ].

4.3.1 Matched Pair of Groups

We will begin by recalling the definition and properties of groups that can be exactly factored

by two proper subgroups. These properties can be found in many exercises in graduate

algebra textbooks. They are also recalled in many papers that construct the so called

bismash product Hopf algebra which we introduce in Section 4.3.2.

Definition 4.6. An exact factorization of a group L is a pair of proper subgroups F,G such

that L = FG and F ∩G = {e}. We say that F and G factor L exactly.

We have the following theorem to test for exact factorization:

Theorem 4.1. Let F and G be proper subgroups of a group L. Then F and G factor L

exactly if and only if |L| = |F | · |G| and F ∩G = {e}.

Corollary 4.1.1. If L = FG is an exact factorization of L, then so too is L = GF .

Corollary 4.1.2. L = FG is an exact factorization of L if and only if for each l ∈ L, l = fg

for some uniquely determined f ∈ F and g ∈ G.

Example 4.5. Let L = A5 the alternating group with 60 elements. We may embed A4,

the alternating group with 12 elements, into A5, and we have the subgroup generated by

the 5-cycle (12345) which is isomorphic to Z5. Then it follows that A4 ∩ Z5 = {(1)} and

|A4| · |Z5| = 12 · 5 = 60 = |A5|. Therefore, we have that A4Z5 is an exact factorization of

A5. Also, note that since An is a simple group (no non-trivial proper normal subgroups) for

n ≥ 5 neither A4 nor Z5 are normal subgroups of A5.
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Let L = FG be an exact factorization. Then we may define set maps

C : G × F → G and B : G × F → F in the following manner: every l ∈ L may be written

uniquely as l = f ′g′ for some f ′ ∈ F and g′ ∈ G, but since F and G are both subgroups of L

we have that the element gf ∈ L. We want to find the unique elements f ′ ∈ F, g′ ∈ G such

that gf = l = f ′g′. So we define g B f := f ′ and g C f := g′. Since an exact factorization of

each element of L is unique, the maps are well defined.

Lemma 4.1.1. For an exact factorization L = FG, the set maps C : G × F → G and

B : G× F → F , we have g B e = e and eC f = e for all f ∈ F and g ∈ G.

Proof. Let f ∈ F and g ∈ G for F and G satisfying the above conditions. Then it follows

that

eg = g = ge = (g B e)(g C e)

where e ∈ L = FG is the identity element. By the uniqueness of the factorization of the

elements of L, we have that g B e = e. A similar method works for eC f = e.

Corollary 4.1.3. For an exact factorization L = FG, the set maps C : G × F → G and

B : G× F → F , we have eB f = f and g C e = g for all f ∈ F and g ∈ G.

Theorem 4.2. For an exact factorization L = FG, the set maps C : G × F → G and

B : G× F → F defined via (g B f)(g C f) =: gf ∈ L for every g ∈ G and f ∈ F are group

actions. Furthermore, we have that for every a, b ∈ F and x, y ∈ G,

1. xB (ab) = (xB a)((xC a)B b)

2. (xy)C a = (xC (y B a))(y C a)

Proof. We will prove part 1 here only. Part 2 will follow in a similar manner.

Let x ∈ G and a, b ∈ F . Then it follows that

x(ab) = (xB ab)(xC ab)

(xa)b = ((xB a)(xC a))b = (xB a)((xC a)b)

= (xB a)((xC a)B b)(xC aC b) = (xB a)((xC a)B b)(xC ab)
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Equating x(ab) and (xa)b and multiplying by (xB ab)−1 on the right, we have

(xB ab) = (xB a)((xC a)B b).

Definition 4.7. Let F , G be groups with group actions C : G×F → G and B : G×F → F

satisfying the conditions in Theorem 4.2. We say that (F,G,B,C) form a matched pair of

groups.

Example 4.6. We saw above that for each odd n ∈ N, we have that An = An−1Zn is an

exact factorization of the alternating group An where in this case Zn is isomorphic to the

cyclic subgroup generated by the n-cycle (12 · · ·n). Note that we need n to be odd so that the

n-cycle (12 · · ·n) is an element of An. We also have that (An−1,Zn,B,C) is a matched pair

of groups. We need to define the maps B and C, since we know that gf = (gB f)(gC f) for

all g ∈ Zn and f ∈ An−1. With the help of Mathematica, we can find g B f and g C f for

the matched pair (A4,Z5,B,C) using the code:

n = 5 ;

L = AlternatingGroup [ n ] ;

F = AlternatingGroup [ n − 1 ] ;

G = PermutationGroup [{ Cycles [{ Table [ i , { i , 1 , n } ] } ] } ] ;

w[ g , f ] := Module [{ gf , gfPos , index , FPos , GPos} ,

g f = PermutationProduct [ f , g ] ;

gfPos = GroupElementPosition [ L , g f ] ;

index = Pos i t i on [ Table [ GroupElementPosition [ L ,

PermutationProduct [ Part [ GroupElements [G] , i ] ,

Part [ GroupElements [F ] , j ] ] ] ,

{ j , 1 , GroupOrder [F ]} , { i , 1 , GroupOrder [G] } ] ,

gfPos ] ;

FPos = index [ [ 1 , 1 ] ] ;

GPos = index [ [ 1 , 2 ] ] ;
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{GroupElements [F ] [ [ FPos ] ] , GroupElements [G ] [ [ GPos ] ] } ]

For eaxmple, if we wish to know (14253)B (14)(23) and (14253)C (14)(23) for the matched

pair (A4,Z5,B,C), we input the cycles into the function. The first value it prints will give

us the element in A4 and the second element the function prints will be in the subgroup

generated by (12345). Hence we have that

w[ Cycles [{{1 , 4 , 2 , 5 , 3}} ] , Cycles [{{1 , 4} , {2 , 3 } } ] ]

{Cycles [{{1 , 4} ,{2 , 3}} ] , Cycles [{{1 , 3 , 5 , 2 , 4}} ]}

It follows that (14253)B (14)(23) = (14)(23) and (14253)C (14)(23) = (13524).

Lemma 4.2.1. Let (F,G,B,C) be a matched pair of groups with L = FG with F normal

in L. Then it follows that g B f = gfg−1 and g C f = g for all g ∈ G and f ∈ F .

Proof. Let g ∈ G and f ∈ F with L = FG so that F is a normal subgroup of L. Then there

exists an f ′ ∈ F such that f ′g = gf since F is normal in L. Then f ′g = gf = (gBf)(gCf),

we have that f ′ = g B f and g = g C f by uniqueness of the factorization of the elements of

L. Furthermore,

gf = (g B f)(g C f) = (g B f)g =⇒ gfg−1 = g B f.

Lemma 4.2.2. Let (F,G,B,C) be a matched pair of groups with L = FG and G normal in

L. Then for g ∈ G and f ∈ F , g B f = f . Furthermore, g C f = f−1gf .

Proof. Similar calculations as in the previous proof.

Combining the previous two lemmas, we have the following theorem:

Lemma 4.2.3. Let (F,G,B,C) be a matched pair of groups with L = FG with both F and

G normal subgroups of L. Then it follows that for all f ∈ F and g ∈ G, g B f = f and

g C f = g. Namely, L is a direct product of F and G.
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Proof. The statement of this theorem is really asking that L be a direct product of F and

G. Let f ∈ F and g ∈ G with both F and G normal subgroups of L. Then fgf−1 ∈ G and

gfg−1 ∈ F . Hence g(fgf−1) = (gfg−1)f−1 ∈ F ∩G = {e} implying that

(g B f)(g C f) = gf = fg

and by uniqueness of the factorization of elements in L by F and G, we have gB f = f and

g C f = g.

We will need the following lemma for future calculations.

Lemma 4.2.4. Let (F,G,B,C) be a matched pair of finite groups with L = FG. Let a ∈ F ,

x, y ∈ G, then x = y C a−1 implies y = xC a. In addition, if f, a ∈ F and g ∈ G such that

f = g B a, then a = g−1 B f .

Proof. Since L is factorizable, we can write each l ∈ L as the product of an element of F

and G. Then it follows that

x = y C a−1 =⇒ (y B a−1)x = (y B a−1)(y C a−1) = ya−1

=⇒ xa = (y B a−1)−1y

=⇒ (xB a)(xC a) = xa = (y B a−1)−1y

=⇒ xC a = y

where the last line follows by the uniqueness of the product decomposition of elements in L.

For the second statement, we continue in a similar method.

f = g B a =⇒ f(g C a) = (g B a)(g C a) = ga

=⇒ g−1f = a(g C a)−1 =⇒ g−1 B f = a

by uniqueness.

Lemma 4.2.5. Let (F,G,B,C) be a matched pair of finite groups with L = FG. For g ∈ G

and f ∈ F , we have that (g B f)−1 = (g C f)B f−1 and (g C f)−1 = g−1 C (g B f).
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Proof. Since for any g ∈ G and f ∈ F , gf = (g B f)(g C f) we have that

(g B f)−1 = (g C f)f−1g−1

= ((g C f)B f−1)((g C f)C f−1)g−1

= ((g C f)B f−1)(g C ff−1)g−1

= ((g C f)B f−1)(g C e)g−1

= ((g C f)B f−1)gg−1

= (g C f)B f−1.

In a similar fashion,

(g C f)−1 = f−1g−1(g B f)

= f−1((g−1 B (g B f))(g−1 C (g B f)))

= f−1((g−1g B f)(g−1 C (g B f)))

= f−1(eB f)(g−1 C (g B f))

= f−1f(g−1 C (g B f))

= g−1 C (g B f)

How should we view the actions C and B for L = FG? Throughout this dissertation,

we view the groups F and G as being isomorphic to subgroups of L. In actuality, we should

really look at F × {1L} and {1L} ×G as the subgroups of L so that L = F ×G as sets and

not necessarily as groups. The multiplication of L will be defined via:

(f, g)(f ′, g′) = (f, 1G)(1F , g)(f ′, 1G)(1F , g
′)

= (f, 1G)(g B f ′, 1G)(1F , g C f
′)(1F , g

′)

= (f(g B f ′), (g C f ′)g′)
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for all f, f ′ ∈ F and g, g′ ∈ G. This is the same multiplication rule when L = F×G as groups

(in this case C,B are trivial), when L is the semidirect product of F and G (L = F o G

or L = F n G), or when L is the Zappa-Szép Product of F and G, L = F ./ G. For more

information of the Zappa-Szèp product, also known as bicrossed product or knit product see

[1].

4.3.2 The Bismash Product Hopf Algebra

Let (F,G,B,C) be a matched pair of finite groups with L = FG. Then we have that the

maps B,C induce actions onto CF and CG from C[G] and C[F ] respectively. Let {ρg| g ∈ G}

be a basis for CG, and let {ρf | f ∈ F} be a basis for CF . In both cases, we use ρx as a basis

for the algebras CG and CF using the index x to know which algebra we are using. We need

to induce left actions onto CF and CG using the actions B (which is a left action) and C

which is a right action. We have for all g ∈ G and f ∈ F , CF is a (left) C[G]-module via the

action

g · ρf := ρgBf

and CG is a (left) C[F ]-module via the action

f · ρg := ρgCf−1 .

Definition 4.8. Let (F,G,B,C) form a matched pair of finite groups with L = FG. Then

the bismash product associated to the matched pair of groups is the Hopf algebra CG#C[F ]

and has dual (CG#C[F ])∗ = CF#C[G].

Theorem 4.3. Let (F,G,B,C) form a matched pair of finite groups with L = FG. Then it

follows that the dual of CG#C[F ] is (CG#C[F ])∗ = CF#C[G].

Proof. Let (F,G,B,C) and L be as above. Then we have that the bismash product algebra

CG#C[F ] is an example of abelian extension, i.e. there is a short exact sequence of the form

0→ CG → CG#C[F ]→ C[F ]→ 0.
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The dual of the above short exact sequence is

0← (CG)∗ ← (CG#C[F ])∗ ← (C[F ])∗ ← 0.

Applying the definition of the duals of the group algebras of C[G] and C[F ] and a similar

short exact sequence to the first one, we have the following diagram:

0 → (C[F ])∗ → (CG#C[F ])∗ → (CG)∗ → 0y y y
0 → CF → CF#C[G] → C[G] → 0

Since the top and bottom rows are both short exact sequences and the left and right vertical

maps are isomorphisms (they are the identity morphism), by the Short Five Lemma, we

have that the the middle morphism is in fact an isomorphism.

The multiplication on CG#C[F ] is defined using the usual smash product multiplication

(see Definition 4.5) and is given explicitly as

(ρx#a)(ρy#b) = ρx(a · ρy)#ab = ρxρyCa−1#ab = δyCa
−1

x ρx#ab

for all x, y ∈ G and a, b ∈ F where δ is the Kronecker delta function.

Example 4.7. Let L = Z6 ≈ Z2 × Z3. Then (Z2,Z3,B,C) forms a matched pair with B

and C both trivial actions.

We want to construct the multiplication table for the bismash product CZ2#C[Z3].

Example 4.8. Let L = D3 the dihedral group of 6 elements. We have that L = Z3oZ2 is an

exact factorization, so (Z3,Z2,B,C) is a matched pair. Since Z3 has index in L equal to 2, we

have that Z3 is normal in L. Therefore, we have that the action C is trivial. Therefore, the

multiplication table in Figure 4.1 is the multiplication table associated to L = D3 ≈ Z3 oZ2.

In the previous, examples we found that the bismash product CZ2#C[Z3] associated

to the groups Z6 ≈ Z3 × Z2 and D3 ≈ Z3 o Z2 have the same structure. In fact, if the
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ρ0#0̄ ρ0#1̄ ρ0#2̄ ρ1#0̄ ρ1#1̄ ρ1#2̄

ρ0#0̄ ρ0#0̄ ρ0#1̄ ρ0#2̄ 0 0 0
ρ0#1̄ ρ0#1̄ ρ0#2̄ ρ0#0̄ 0 0 0
ρ0#2̄ ρ0#2̄ ρ0#0̄ ρ0#1̄ 0 0 0
ρ1#0̄ 0 0 0 ρ1#0̄ ρ1#1̄ ρ1#2̄
ρ1#1̄ 0 0 0 ρ1#1̄ ρ1#2̄ ρ1#0̄
ρ1#2̄ 0 0 0 ρ1#2̄ ρ1#0̄ ρ1#1̄

Figure 4.1: Multiplication Table for the bismash product CZ2#C[Z3] associated to the
group Z6 (using trivial actions).

action necessary for the multiplication of elements in the algebra is trivial, we have that the

bismash product is the tensor product. Where the two bismash products in the example

above will differ will be in their duals. We have that the dual algebras CF#C[G] will have

the multiplication defined via

(ρa#x)(ρb#y) = ρa(x · ρb)#xy = δxBba ρa#xy

for all x, y ∈ G and a, b ∈ F .

Note that the group Z2 acts on the group Z3 in two ways: trivially, and by conjugation.

In the case of L = Z6, x B b = b for all x ∈ Z2 and b ∈ Z3. In the case of L = D6, x B b

has two possibilities. If x = 0̄ ∈ Z2, then x B b = b for all b ∈ Z3. If x = 1̄ ∈ Z2, then

xB b = b−1 for all b ∈ Z3. Hence, the two bismash products are different. Since the action

B is trivial for the L = Z6 example, we have that CZ3#C[Z2] = CZ3 ⊗ C[Z2]. In figure 4.2,

we give the multiplication table for the bismash product CZ3#C[Z2] associated to the group

L = D3 ≈ Z3 o Z2.

ρ0#0̄ ρ0#1̄ ρ1#0̄ ρ1#1̄ ρ2#0̄ ρ2#1̄

ρ0#0̄ ρ0#0̄ ρ0#1̄ 0 0 0 0
ρ0#1̄ ρ0#1̄ ρ0#0̄ 0 0 0 0
ρ1#0̄ 0 0 ρ1#0̄ ρ1#1̄ 0 0
ρ1#1̄ 0 0 0 0 ρ1#1̄ ρ1#0̄
ρ2#0̄ 0 0 0 0 ρ2#0̄ ρ2#1̄
ρ2#1̄ 0 0 ρ2#1̄ ρ2#0̄ 0 0

Figure 4.2: Multiplication Table for the bismash product CZ3#C[Z2] associated to the
group D3.
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4.3.3 Some Bismash Products that are Group Algebras

When one first starts looking at bismash products associated to a matched pair of groups,

one may ask if in fact you get something other than a group algebra. It turns out that in

some cases, the bismash product is in fact a group algebra. The following proposition can

be found in [4].

Proposition 4.3.1. Let L = FG be an exact factorization with (F,G,B,C) forming a

matched pair of groups with L = F oG. Then the bismash product CG#C[F ] is isomorphic

(as algebras) to the group algebra C[Z|G| × F ].

An immediate example is

Example 4.9. We have that the dihedral group of 2n elements, Dn = Zn o Z2. Then it

follows that the bismash product CZ2#C[Zn] is isomorphic as algebras to the group algebra

C[Z2 × Zn].

Theorem 4.4. ([19]) A finite-dimensional semisimple Hopf algebra over C is a group Hopf

algebra if and only if it is cocommutative.

Corollary 4.4.1. Let (F,G,B,C) be a matched pair of finite groups with L = FG. Then

we have that the bismash product CG#C[F ] is a group algebra if and only if G is an abelian

normal subgroup of L.

Lemma 4.4.1. ([4]) Let (F,G,B,C) be a matched pair of groups with L = FG. Then we

have that the bismash product CG#C[F ] is semisimple.

Proof. (of Corollary 4.4.1) We have that CG#C[F ] is a finite-dimensional semisimple Hopf

algebra. To show that CG#C[F ] is a group algebra, we will show that it is cocommutative.

Let g ∈ G and f ∈ F , let ∆ be the comultiplication and σ be defined via σ(a⊗ b) = b⊗ a,

then

∆(ρg#f) =
∑
h∈G

ρgh−1#(hB f)⊗ ρh#f =
∑
h∈G

ρgh−1#f ⊗ ρh#f

σ(∆(ρg#f)) =
∑
h∈G

ρh#f ⊗ ρgh−1#f =
∑
h∈G

ρh−1g#f ⊗ ρh#f
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Since G is abelian, we have that σ ◦∆ = ∆. Hence, CG#C[F ] is cocommutative a hence a

group algebra.

We have the following theorem of Masuoka [17]:

Theorem 4.5. A semisimple Hopf algebra of dimension p2 with a prime p is isomorphic to

the group algebra C[Zp2 ] or C[Zp × Zp].

Therefore, we immediately know that the bismash product CZp#C[Zp] (which is self-dual)

is isomorphic to a group algebra, specifically C[Zp × Zp].

Recall from basic group theory that there are only two groups of order p2 (both of which

are abelian). In fact, both groups must be abelian, and the groups are Zp2 , and Zp×Zp which

is an exact factorization of a group with both maps B,C trivial (since abelian). We also

have that both copies of Zp in Zp × Zp are normal since the group is abelian, and therefore

we have that

CZp#C[Zp] ≈ C[Zp]⊗ C[Zp] ≈ C[Zp × Zp].

4.4 Commuting squares from bismash products

In this section, we associate to any bismash product a commuting square, similarly to

constructing commuting squares from groups. We begin by defining the bismash commuting

square.

Definition 4.9. Let (F,G,C,B) be an exact pair of finite groups with L = FG and n =

|L| = |F ||G|. We construct a new class of commuting squares called the bismash commuting

square given by

CLCG#C[F ] =


CF#C[G] ⊂ Mn(C)

∪ ∪

CIn ⊂ CG#C[F ]

 .

Note that one has to keep track of the original group L associated to the bismash product

CG#C[F ] due to what was seen in the examples in the previous section with the groups Z6

and D3 which both can be exactly factored with the subgroups isomorphic to Z3 and Z2.

We will prove that this construction does in fact give a commuting square.
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In order to construct the commuting squares, we need to represent the elements in the

bismash product algebra with elements in Mn(C) where n = |F ||G| < ∞. We will use the

same idea as group algebras, namely the left regular representation. So for a typical element

ρg#f ∈ CG#C[F ], we have uρg#f =
(
z(x,a),(y,b)

)
x,y∈G
a,b∈F

∈Mn(C) where

z(x,a),(y,b) =

 1, (ρg#f)(ρy#b) = ρx#a

0, else

It follows from the multiplication of the elements in the bismash product and from Lemma

4.2.4 that we may write u(g,f) (we use this abbreviated version for ease of notation) as

uρg#f := u(g,f) =
∑
a∈F

e(g,fa),(gCf,a).

The bismash product CZ2#C[Z3] associated to the groups Z6 and D3 (the Dihedral group

of 6 elements) has the same representation. In fact, since the action C is trivial in both

groups, we have that u(g,f) for both groups will be a block circulant matrix. This tells us

that a typical element in the bismash product algebra will look like a block diagonal matrix

whose entries are circulant matrices.

Example 4.10. For the bismash product CZ2#C[Z3] associated to the group Z6, we have

that the element uρ0#1 will have the form


0 1 0

0 0 1 0I3

1 0 0

0I3 0I3


Example 4.11. Let L = A5 = FG where F = A4 and G = Z5. A typical element in the

bismash product CZ5#C[A4] where the larger group is A5 can be depicted using Mathematica

to achieve a matrix plot. The code below will help represent the simple elements as matrices.

Note that it makes use of the Mathematica code used above to find the maps B and C. The

code used to find uρg#f is

76



uu [ g , f ] := Module [{ gPos , a , fa , faPos , wgf2Pos , eG , eF , eFG} ,

gPos= GroupElementPosition [G, g ] ;

a [ k ] := GroupElements [F ] [ [ k ] ] ;

f a [ k ] := PermutationProduct [ a [ k ] , f ] ;

faPos [ k ] := GroupElementPosition [ F , f a [ k ] ] ;

wgf2Pos= GroupElementPosition [G, w[ g , f ] [ [ 2 ] ] ] ;

eG [ i , k ] := Table [ P i ecewi se [{{0 , s != i | | t != k} ,

{1 , s == i && t == k }} ] ,{ s , 1 , GroupOrder [G]} ,

{t , 1 , GroupOrder [G] } ] ;

eF [ j , l ] := Table [ P i ecewi se [{{0 , s != j | | t != l } ,

{1 , s == j && t == l }} ] ,{ s , 1 , GroupOrder [F ]} ,

{t , 1 , GroupOrder [F ] } ] ;

eFG [ i , j , k , l ] := KroneckerProduct [ eG [ i , k ] , eF [ j , l ] ] ;

Sum[ eFG [ gPos , faPos [ k ] , wgf2Pos , k ] ,{ k , 1 , GroupOrder [F ] } ] ]

Since a typical element will be a linear combination of the elements uρg#f , we see that a

typical element will have the form seen in Figure 4.3. In the figure, the same number is

represented by similar shading. The value of 0 is represented by the white areas.

We also need to represent the dual bismash product algebra CF#C[G] in much the same

way. Note that the multiplication in the dual algebra is

(ρf#g)(ρb#y) = ρf (g · ρb)#gy = δgBbf ρf#gy.

Recall that if g B b = f then b = g−1 B f for all g ∈ G and b, f ∈ F .

Let F,G be a matched pair of groups with L = FG. A typical element in CF#C[G]

looks like ρf#g for g ∈ G and f ∈ F . Note that we can make sense of the element g#ρf in

C[G]#CF (note that we should change the multiplication so that multiplication is the same

as in the original smash product). We have that

C[G]#CF ≈ CF#C[G]
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Figure 4.3: A typical element in the bismash product CZ5#C[A4] associated to the group
A5.

by ρf#g 7→ g#ρg−1Bf . We define the multiplication in C[G]#CF by

(g1#ρf1)(g2#ρf2) = δ
g−1
2 Bf2
g−1
2 g−1

1 Bf1
g1g2#ρg−1

2 g−1
1 Bf1

.

The multiplication rule is not entirely important for what we want to do. We really can

deal with the multiplication in CF#C[G] and then map into C[G]#CF . It should be noted

that this is the same multiplication since if we look at the image of the typical element and

then multiply, we achieve the same result as we do as we multiply first and then look at the

image. This is due to the fact that

δ
g−1
2 Bf2
g−1
2 g−1

1 Bf1
= 1 ⇐⇒ g−1

2 B f2 = g−1
2 g−1

1 B f1

⇐⇒ f2 = g−1
1 B f1

⇐⇒ f1 = g2 B f2 ⇐⇒ δg2Bf2f1
= 1
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which is the factor that is need for the multiplication to be nonzero in CF#C[G].

The main reason that we wish to change the coordinates is so we can make sense of the

multiplication of embeddings of typical elements as matrices. Recall that we can represent

an element ρf#g ∈ CF#C[G] as an element in M|F ||G|(C) by

vρf#g =
∑
y∈G

ef#gy,g−1Bf#y =
∑
y∈G

ef,g−1Bf ⊗ egy,y

and similarly for ρg#f ∈ CG#C[F ] as vρg#f =
∑

x∈F eg#fx,gCf#x.

Example 4.12. Let L = A5 = FG where F = A4 and G = Z5. A typical element in the

bismash product CA4#C[Z5] can be found using Mathematica much as we did for the algebra

CZ5#C[A4]. The code below will find the representation for simple elements as matrices.

Figure 4.4 shows the form of a typical element in the dual algebra. Again, similar shading

represents the same number. The white area represents the value of zero.

vv [ f , g ] := Module [{ x , wxInvf1Pos , gInvxPos , eG , eF , eFG, gInv , gInvx } ,

x [ k ] := GroupElements [G ] [ [ k ] ] ;

wxInvf1Pos [ k ] := GroupElementPosition [ F ,

w[ InversePermutat ion [ x [ k ] ] , f ] [ [ 1 ] ] ] ;

gInv = InversePermutat ion [ g ] ;

gInvx [ k ] := PermutationProduct [ x [ k ] , gInv ] ;

gInvxPos [ k ] := GroupElementPosition [G, gInvx [ k ] ] ;

eG [ i , k ] := Table [ P i ecewi se [{{0 , s != i | | t != k} ,

{1 , s == i && t == k }} ] ,{ s , 1 , GroupOrder [G]} ,

{t , 1 , GroupOrder [G] } ] ;

eF [ j , l ] := Table [ P i ecewi se [{{0 , s != j | | t != l } ,

{1 , s == j && t == l }} ] , {s , 1 , GroupOrder [F ]} ,

{t , 1 , GroupOrder [F ] } ] ;

eFG [ i , j , k , l ] := KroneckerProduct [ eG [ i , k ] , eF [ j , l ] ] ;

Sum[ eFG [ k , wxInvf1Pos [ k ] , gInvxPos [ k ] , wxInvf1Pos [ k ] ] ,

{k , 1 , GroupOrder [G] } ] ]
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Figure 4.4: A typical element in the bismash product CA4#C[Z5] as the dual to CZ5#C[A4]
associated to the group A5.

Let A = CF#C[G] and A∗ = CG#C[F ] ≈ C[F ]#CG. Then we can represent an element

in the dual as

vρg#f =
∑
x∈F

efx#gCfx,x#gCfx =
∑
x∈F

efx,x ⊗ egCfx,gCfx.

Theorem 4.6. Let L = FG be a finite group such that (F,G,C,B) is a matched pair of

groups.. Then it follows that

CG#C[F ] ∩ CF#C[G] = CIn

where n = |F | · |G|.

Proof. (Sketch) Typical elements in CG#C[F ] and CF#C[G] will be linear combinations of

elements of uρf#g and vρg′#f ′ for f, f ′ ∈ F and g, g′ ∈ G. In order to determine when an

element in is in the intersection, we need only to find when vρg′#f ′ = uρf#g. It is easy to

check that when this happens g = 1G and f ′ = 1F . In this case, we have an element in the
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intersection must be constant along the diagonal on the matrix. So the intersection must be

CIn.

Theorem 4.7. Let L = FG be a finite group such that (F,G,C,B) is a matched pair of

groups. It follows that

CLCG#C[F ] =


CF#C[G] ⊂ Mn(C)

∪ ∪

CIn ⊂ CG#C[F ]


is a commuting square.

Proof. In order for CLCG#C[F ] to be a commuting square, we need to show that (CG#C[F ])	

CIn ⊥ (CF#C[G])	CIn. So we want to calculate the inner product between a basis element

of H and H∗. So we calculate the following trace:

τ(vρg#fu
∗
ρf ′#g

′) = τ

(∑
x∈F

∑
y∈G

efx,xeg′−1Bf ′,f ′ ⊗ egCfx,gCfxey,g′y

)

= τ(ef(g′−1Bf ′),f ′ ⊗ egCf(g′−1Bf ′),g′(gCf(g′−1Bf ′)))

= τ(ef(g′−1Bf ′),f ′)τ(egCf(g′−1Bf ′),g′(gCf(g′−1Bf ′)))

=
1

|F ||G|
δf
′

f(g′−1Bf ′)δ
gCf(g′−1Bf ′)
g′(gCf(g′−1Bf ′))

=
1

|F ||G|
δf
′

f(g′−1Bf ′)δ
1G
g′

=
1

|F ||G|
δf
′

ff ′δ
1G
g′

=
1

|F ||G|
δ1F
f δ1G

g′

Note that if we want these elements to be orthogonal to C we need f to not be the identity

in F and g′ to not be the identity element in G. Hence, we have that H 	C ⊥ H∗ 	C.
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4.5 The Undephased Defect of a Bismash Commuting

Square

We now give some computations of the undephased defect of the newly constructed bismash

commuting squares. Recall from Nicoara [23] that the defect is an upper bound for the

number of parameters in a family of commuting squares containing the given bismash

commuting square.

LetA = span{u(g,f) =
∑

a∈F e(g,fa),(gCf,a)}, A∗ = span{vf,g =
∑

x∈G e(x,x−1Bf),(g−1x,x−1Bf)},

and [A,A∗] = span{e(g,f((gCf)−1Bf ′)),(g′−1(gCf),(gCf)−1Bf ′) − e(g′g,g−1g′−1Bf ′),(gCf,f−1(g−1g′−1Bf ′))}.

Then A is the representation of the algebra CG#C[F ], and A∗ is the representation of the

algebra CF#C[G]. Note that the dimensions of A and A∗ are both n, where n = |F ||G|.

Then the defect of A is defined as

d(A) := n2 − dimC[A,A∗] = dimC[A,A∗]⊥ = dimC V,

where

V :=

(z(g,f),(g′,f ′))g,g′∈G
f,f ′∈F

∈Mn(C) :
∑
g,g′∈G
f,f ′∈F

z(g,f),(g′,f ′)[u(g,f), v(f ′,g′)] = 0

 .

It follows that ∑
g,g′∈G
f,f ′∈F

z(g,f),(g′,f ′)[u(g,f), v(f ′,g′)] = 0

⇐⇒∑
g,g′∈G
f,f ′∈F

z(g,f),(g′,f ′)e(g,f((gCf)−1Bf ′)),(g′−1(gCf),(gCf)−1Bf ′)

=
∑
g,g′∈G
f,f ′∈F

z(g,f),(g′,f ′)e(g′g,g−1g′−1Bf ′),(gCf,f−1(g−1g′−1Bf ′))
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4.5.1 Defect Computations

With the use of a computer, we can calculate the number of distinct coefficients in V . First,

we use the bismash product coming from L = A5 = FG where F = A4 and G = Z5, namely

CZ5#C[A4].

Example 4.13. Using a computer, we can calculate the defect of CZ5#C[A4] coming from

the group A5 = A4Z5. It follows that

d(CZ5#C[A4]) = 1168.

It should be noted that the defect of the group A5 is d(A5) = 1168. The defect was calculated

by finding the number of distinct coefficients z(g,f),(g′,f ′) for g, g′ ∈ Z5 and f, f ′ ∈ A4 satisfying

∑
g,g′∈Z5

f,f ′∈A4

z(g,f),(g′,f ′)[u(g,f), v(f ′,g′)] = 0.

Another way that we could calculate the defect using a computer is a method discussed

in [25] by Nicoara and White. We can find the dimC(W ) where

W = span{[u(g,f), v(f ′,g′)] : g, g′ ∈ G, and f, f ′ ∈ F}.

We have that if s is the n2×n2 matrix indexed by (G×F )× (G×F ) whose ((g, f), (g′, f ′))th

row is given by [u(g,f), v(f ′,g′)] (really we are flattening the n× n matrix, [u(g,f), v(f ′,g′)], to be

a vector of length n2). Recall n = |L| = |F ||G|. It follows that rank of s will give us the

dimension of W . Therefore,

dimC(V ) = dimC(W⊥) = n2 − rank(s).

Therefore, we also have that dimC(V ) is the nullity of the matrix s.

Example 4.14. We have that L = S3 can be exactly factored as S3 = Z2Z3. Note that

one of the actions is trivial while the other is conjugation. This follows from the fact that
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S3 = Z3 o Z2. The defect of the algebra CZ3#C[Z2] is d(CZ3#C[Z2]) = 19 as found using

the method described before this example. In fact, we already know that d(S3) = 19 as well.

Example 4.15. Using any of the methods from the previous two examples, we find that the

defect of CZ2#C[Z3] when Z6 = Z3Z2 = Z2Z3 is

d(CZ2#C[Z3]) = d(CZ3#C[Z2]) = 15 = d(Z6).

In all the examples that we have seen so far, the defect of the bismash product algebra has

been equal to the defect of the group that forms the algebra. This leads us to the following

conjecture:

Conjecture 4.7.1. Let L = FG be an exact factorization of a group L. Then the defect of

CG#C[F ] is

d(CG#C[F ]) = d(L).

This gives us another reason why we should keep track of the original group that forms

the bismash product. Notice that for groups that are decomposable as L = Z2Z3, we know

that L can be equal to Z6 or S3. In the first case, the defect is 15, and in the second case

the defect is 19. Due to this fact, it may be necessary to write CG#LC[F ] where L = FG

unless it is clearly stated what group L determines the actions C, and B. Throughout this

dissertation, we will forgo writing the group L in the algebra as we clearly state which groups

we have in each example.

It may be the case that Conjecture 4.7.1 is only true for certain groups. Since we know

the actions B and C for certain factorizable groups L = FG, we can calculate the defect the

bismash product coming from L. The following example seems to give us a problem.

Example 4.16. Let L = S3 = Z3Z2. We know that S3 = Z3 oZ2. Proposition 4.3.1 tells us

that CZ2#C[Z3] is isomorphic as an algebra to C[Z2×Z3]. Recall that d(Z2×Z3) = 15. We

should expect d(CZ2#C[Z3]) to be equal to d(CZ3#C[Z2]) = 19 = d(S3). We do not have a

problem in this case since the defect takes into its calculations the corners of the commuting

square. Recall that when we calculate the defect in the group algebra case, one corner is
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isomorphic to the diagonal matrices. In the case of the bismash algebra commuting squares,

both corners are bismash algebras not necessarily isomorphic to the diagonal matrices.

4.5.2 Calculating d(CG#C[F ]) when L = F ×G

In this subsection, we would like to prove Conjecture 4.7.1 when L = FG is the direct

product of F and G.

Theorem 4.8. Let L = FG be an exact factorization of a finite group, L, where both F and

G are normal subgroups. In this case, L = F ×G. Then it follows that

d(CG#C[F ]) = d(L).

Proof. Let L = F ×G be a finite group. From Lemma 4.2.3, we have that both C and B

are trivial, i.e. g B f = f and g C f = g for all f ∈ F and g ∈ G. In other words, every

element in F commutes with every element in G (this does not say that L is abelian).

Notice from the calculations above and using the our specific actions, we have that∑
g,g′∈G
f,f ′∈F

z(g,f),(g′,f ′)[u(g,f), v(f ′,g′)] = 0

⇐⇒
∑
g,g′∈G
f,f ′∈F

z(g,f),(g′,f ′)e(g,ff ′),(g′−1g,f ′) −
∑
g,g′∈G
f,f ′∈F

z(g,f),(g′,f ′)e(g′g,f ′,(g,f−1f ′)) = 0

Using the change of variables, where in the first sum x = g, a = ff ′, y = g′−1g, and b = f ′

and in the second sum x = g′g, a = f ′, y = g, and b = f−1f ′, we get that

z(x,ab−1),(xy−1,b) = z(y,ab−1),(xy−1,a).

Using another change of variable with g = x, f = ab−1, g′ = xy−1 and f ′ = b, we get that

z(g,f),(g′,f ′) = z(g′−1g,f),(g′,ff ′).
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Iterating this relationship, we have that

z(g,f),(g′,f ′) = z(g′−1g,f),(g′,ff ′)

= z(g′−2g,f),(g′,f2f ′)

...

= z(g′−ng,f),(g′,fnf ′)

The smallest n that will give us g = g′−ng and f ′ = fnf ′ is n = lcm(|g′|, |f |) for each g ∈ G

and f ′ ∈ F . Therefore, the number of distinct values of z(g,f),(g′,f ′) is equal to

∑
g∈G
f ′∈F

|G||F |
lcm(|g′|, |f |)

.

Recall that |L| = |G||F | and since for each l ∈ L l = fg, we have that |l| = lcm(|g|, |f |) for

some g ∈ G and f ∈ F whenever L = F ×G. Therefore, we have that

d(CG#C[F ]) =
∑
g∈G
f ′∈F

|G||F |
lcm(|g′|, |f |)

=
∑
l∈L

|L|
|l|

= d(L).

This result allows us to have the following:

Corollary 4.8.1. Let L = FG be an exact factorization of a finite group, L, where both F

and G are normal subgroups. In this case, L = F ×G. Suppose further that the orders of F

and G are coprime. Then it follows that

d(CG#C[F ]) = d(G)d(F ).

Proof. Use Theorem 1.3. We have that d(CG#C[F ]) = d(L) = d(G)d(F ).
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4.5.3 Calculating d(CG#C[F ]) when L = F oG

The next more complicated example for which we want to calculate the defect of the bismash

product is when the group L is the semidirect product of two subgroups.

Theorem 4.9. Let L = FoG. In this case, we have that the undephased defect of CG#C[F ]

is

d(CG#C[F ]) = d(L).

Proof. Let L = F o G. By Lemma 4.2.1, we have that g B f = gfg−1 and g C f = g for

all f ∈ F and g ∈ G. Using this fact, we can begin calculating the defect as in the previous

proof. It follows that ∑
g,g′∈G
f,f ′∈F

z(g,f),(g′,f ′)[u(g,f), v(f ′,g′)] = 0

⇐⇒∑
g,g′∈G
f,f ′∈F

z(g,f),(g′,f ′)e(g,f(g−1f ′g)),(g′−1g,g−1f ′g) =
∑
g,g′∈G
f,f ′∈F

z(g,f),(g′,f ′)e(g′g,g−1g′−1f ′g′g),(g,f−1(g−1g′−1f ′g′g))

Replacing g with g′−1g in the second sum, we get that the above is true if and only if

∑
g,g′∈G
f,f ′∈F

z(g,f),(g′,f ′)e(g,f(g−1f ′g)),(g′−1g,g−1f ′g) =
∑
g,g′∈G
f,f ′∈F

z(g′−1g,f),(g′,f ′)e(g,g−1f ′g),(g′−1g,f−1(g−1f ′g))

Replacing f ′ with gf ′g−1 in both sums, we have

∑
g,g′∈G
f,f ′∈F

z(g,f),(g′,gf ′g−1)e(g,ff ′),(g′−1g,f ′) =
∑
g,g′∈G
f,f ′∈F

z(g′−1g,f),(g′,gf ′g−1)e(g,f ′),(g′−1g,f−1f ′)

We will use the change of variables x = g, a = ff ′, y = g′−1g, and b = f ′ in the first sum,

and in the second sum, we use x = g, a = f ′, y = g′−1g, and b = f−1f ′. This gives us the

relation that

∑
x,y∈G
a,b∈F

z(x,ab−1),(xy−1,xbx−1)e(x,a),(y,b) =
∑
x,y∈G
a,b∈F

z(y,ab−1),(xy−1,xax−1)e(x,a),(y,b)
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This allows us to move the relationship to the coefficients. In other words, we have that the

above is true if and only if

z(x,ab−1),(xy−1,xbx−1) = z(y,ab−1),(xy−1,xax−1)

for all x, y ∈ G and a, b ∈ F . Using one more change of variable with g = x, f = ab−1,

g′ = xy−1, and f ′ = xbx−1 yields for all g, g′ ∈ G and f, f ′ ∈ F

z(g,f),(g′,f ′) = z(g′−1g,f),(g′,(gfg−1)f ′).

Iterating this relationship gives us

z(g,f),(g′,f ′) = z(g′−ng,f),(g′,(g′−(n−1)gfg−1g′n−1)···(gfg−1)f ′).

We need to know what value of n gives us

g′n = 1G and (g′−(n−1)gfg−1g′n−1) · · · (gfg−1) = 1F .

Let l = (gf−1g−1, g′−1) ∈ L. If follows that

lm = ((gf−1g−1)(g′−1gf−1g−1g′) · · · (g′−(m−1)gf−1g−1g′(m−1)), g′−m).

If m = |l|, then (gf−1g−1)(g′−1gf−1g−1g′) · · · (g′−(m−1)gf−1g−1g′(m−1)) = 1F which implies

that (g′−(m−1)gfg−1g′(m−1)) · · · (g′−1gfg−1g′)(gfg−1) = 1F by taking the inverse of the

previous relationship. Therefore, finding the number of distinct coefficients for fixed g ∈ G

and f ′ ∈ F , is equivalent to finding the order of an element l ∈ L. This gives us that the

defect is

d(CG#C[F ]) =
∑
l∈L

|F ||G|
|l|

=
∑
l∈L

|L|
|l|

= d(L).

We also have that
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Theorem 4.10. Let L = F o G. In this case, we have that the undephased defect of

CF#C[G] is

d(CF#C[G]) = d(L).

Proof. This follows from the previous case. Since [u(g,f), v(f ′,g′)] = −[v(f ′,g′), u(g,f)] for all

g, g′ ∈ G and f, f ′ ∈ F , it follows that

∑
g,g′∈G
f,f ′∈F

z(g,f),(g′,f ′)[u(g,f), v(f ′,g′)] = 0 ⇐⇒
∑
g,g′∈G
f,f ′∈F

z(g,f),(g′,f ′)[v(f ′,g′), u(g,f)] = 0.

Therefore, the restrictions on the coefficients in the first sum are exactly the same as they

are in the second sum.

4.5.4 Towards calculating d(CG#C[F ]) when L = F ./ G

Notice in both proofs of calculating the defect of CG#C[F ] so far have included essentially the

same change of variables at some point. This could mean for a positive result of Conjecture

4.7.1 for any finite group L = FG. Currently, calculating the undephased defect of CG#C[F ]

when L = F ./ G has proven to be complicated. However, it is our hope that 4.7.1 is true

for any finite group L = FG.

We can use similar change of variables to calculate d(CG#C[F ]) when L = F o G, but

the problem arises in finding an element of L which has the correct order needed to finish

the proof of the conjecture for general groups L = F ./ G.
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