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Abstract

In this work we consider perturbations of a first-order differential operator with matrix

coefficients known as the Dirac operator. Our main results involve perturbations B

of Dirac operators T and L. These operators have the form

Ly =
0 -1 Pi P yiVi

+
-1 V y2P2\ i/2^2 y

(  -
ViWi

; and

V ^2 y
/  _

9i 94 yiw

-1
y2 I93 92 yw

;

Ty

By =

where the coefficients p,PuP2,9i, 92,93, and 94 are assumed to be real, locally Lebesgue

integrable functions. The operators T and L have one singular point which is allowed

to be either zero or infinity. Unitary transformations are used to apply results for an

operator with a singularity at infinity to one with a singularity at zero.

After introducing notation and several preliminary results, we give necessary and

sufficient conditions for the perturbation B to be relatively bounded or relatively

compact with respect to T or L. These conditions involve explicit integral averages

of the coefficients of B. Results are given for both limit point and limit circle type

operators. One application involves a Dirac operator which arises in the study of the

relativistic electron. We then focus on several examples in order to show how the

conditions for relative boundedness and relative compactness affect the £|^^-decay of

eigenfunctions.
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Preface

In this dissertation we develop a theory on perturbations of a first order ordinary

differential operator known as the Dirac operator. The Dirac operator has its origins

as a partial differential operator which arises in the study of relativistic quantum

mechanics. A detailed explanation is given in Thaller [14]. If we assume a spherically

symmetric potential, then we can obtain the ordinary differential Dirac operator

via a separation of variables argument. This separation argument can be found in

Weidmann [15]. We focus on two general forms of the Dirac operator, L and T, which

are given by (1.1) and (1.2), respectively.

As seen in Goldberg [7], Reed and Simon [13], and Kato [10], certain perturba

tion results involving bounded or compact perturbations still hold if the perturbing

operator is only relatively bounded or relatively compact. For example, the essential

spectrum is preserved under a relatively compact perturbation. Also, a relatively

bounded, symmetric perturbation with relative bound less than one preserves self-

adjointness.

We define relevant terms in Chapter 1 as well as introduce notation and theorems

which will be used throughout this work. In Chapters 2 through 4 we develop nec

essary and sufficient conditions for perturbations B of a given Dirac operator to be

relatively bounded or relatively compact. These conditions involve explicit integral

averages of the coefficients of B. In Chapter 5 we focus on several examples in order to

study how the conditions for relatively bounded and relatively compact perturbations,

which are given in Chapters 2 and 4, yield results on the decay of eigenfunctions.
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Chapter 1

Preliminaries

The purpose of this chapter is to introduce notation and theorems which will be used

throughout this work. We use definitions given by Goldberg [7] and Weidmann [15].

Let X and Y be Banach spaces and let B and T be linear operators, each having

domain in X and range in Y. Denote the domains of B and T by D(B) and D(T),

respectively.

By definition the graph norm of T on D(T), denoted || • ||t, is given by

IMlr=IMI + lM.

We say that B is relatively bounded with respect to T (or T-bounded) if D[T) C

D{B) and B is bounded on D(T) with respect to || • ||r, i.e., there exists a constant

C > 0 such that

\\By\\ < C{\\y\\ + llTyll) for all y € D(T).

A sequence {yn}^i is T-bounded if there exists a constant C > 0 such that

||yn||r < C for each n.

We say that B is relatively compact with respect to T (or T-compact) if D(T) C

D{B) and B is compact on D(T) with respect to || • ||r, i-e., if {yn}^=i is a T-bounded

sequence, then contains a convergent subsequence.



We use the separable, weighted Hilbert space I an interval, which is the

space of (equivalence classes of) Lebesgue measurable functions y : I such that

+ W2\y2f)< 00,

/

where y =

I.

', and Wi and W2 are positive measurable functions on the interval
V 2/2

For y,z e define

{y,z)^ = ̂ z*{t) Wi{t) 0

0  W2{t)
y{t) dt

and llyll^ = {y,y)w We will omit the subscript w when there is no ambiguity.

Let us consider the differential expressions L, T, and B which satisfy on I

(1.1) Ly

(1.2)

0

0  W2-

Ty =

1

0 -1

1  0

\ / > \ /'2/1
+

0
\

V2/2

Pi p

\P P2

\
2/1

y2 j

(1.3) By =

0  1^2^

Wi ̂ 0

0 -1

/

; and

\y^J

-1

9i 94

V 93 92 y

2/1

2/20  W2

where the coefficients p,Pi,P2, Qi, 92> 93? and Qa are assumed to be real, locally Lebesgue

integrable functions.

The maximal operator L\ is the differential operator defined by L with the largest

possible domain in £^(7) which is mapped into £^(7), i.e.,

D(Lx) = {y € £^(7) : y G ACUI). Ly G £^(7)},

where ACioc{I) is the set of functions which are absolutely continuous on compact

subsets of 1.



We define the minimal unclosed operator L'q to be the restriction of L to the

functions with compact support in the interior of I. The minimal operator Lq is

defined to be the closure of L'q.

Similar definitions and statements hold for the maximal operators (Ti and Bi) and

minimal operators (To and Bo) associated with the operators T and B, respectively.

Since B is a multiplicative operator, Bi = Bo- If 93 = Q4, then Bi is self-adjoint.

The operators above are special cases of the more general formal differential ex

pressions r [15, sections 1,3] of the form

ftf]
(1.4) ry(i) = W-\t) { y; (-1)' (P,■(«)!/<''('))<"

\]=0

+ E (-iy(Wi(f) W)®1
J=0

where [a] denotes the largest integer less than or equal to a, the functions y are
defined on (a, 6), —00 < a < b < 00, the coefficients W, Pj, and Qj are m x m-matrix
valued functions on (a, 5), and W(t) is positive definite. Each coefficient is assumed
to be locally Lebesgue integrable on I. The natural number n is the order of the
differential expression T. If the m x m-matrix valued functions Pj are hermitian, then
these expressions are formally self-adjoint, i.e., for "sufficiently smooth" functions
y, z : (o, 6) -> C"' with compact support

r {W{t)ry{t),z{t)) dt= f {W{t)y{t),Yz{t)) dt
Ja

where ( . , - ) denotes the usual inner product in <CP. Hence, F generates a hermitian
operator which is densely defined (i.e. symmetric) in the separable, weighted Hilbert
space £^(a, b).

Associated with the formal differential expressions F are maximal and minimal

operators (F1 and Fo, respectively) on the Hilbert space £^(a, b), which are defined in
a similar manner as the maximal and minimal operators associated with the operator

L. For example, the maximal operator F1 defined by F has domain

D(Fi) = {ye Clr{a,b) : ^ ^ ACiocia,b),Ty e £^(a,6)}.



where each yW, for i = 0,1, n - 1, is a quasi-derivative (see [15, pages 26,29]).

We note several well-known facts [15, pages 41,46] for formally self-adjoint T ;

1. D{Ti) is dense in Cy^{a,h) and Fi is closed.

2. Fg = Fi and F* = Fg.

3. Any self-adjoint extension A of Fg satisfies Fg C A C Fi.

Notice that if n = 1, then

(1.5) Fy(t) = W-\t) {Po{t) y{t) + [Qo{t) y{t)]' - Ql{t) y'{t)} .

Equation (1.5) is a more general case of equation (1.1). In order to see this, we let

J = I ^ ^ 1. Then J = -J* and Jy'{t) = |{[Jy(t)]' - J*y'{t)} so that the
W 0 )

operator L takes the form of F (with m = 2 and n = 1) when

Wi{t) 0
W{t) =\

0  W2{t)

\ (  /.N ..N \
P

, m) = , and Qg(t) = ̂J-\{t) P{t)

/  V P{t) P2{t) )

We say that F is regular at a if a > — oo and the assumptions on the coefficients

are satisfied on [a,b) instead of (a, 6). We define regular at b similarly. If F is regular

at a and regular at b, then we say that F is regular. Otherwise, F is singular.

Since Fg : D(Fg) C C^ia.b) -> C'^{a,b) is a closed, symmetric operator,

(1.6) D{Tl) = D(Fg) © N{iE - FJ) © N{-iE - FJ),

where N{±iE - Fg) = {y € D{Tl) : ±iEy -Ty = 0} and E denotes the identity

operator. Equation (1.6) is referred to as the first formula of Von Neumann and can

be rewritten as

(1.7) D(Fi) = D(Fg) © N{iE - Fi) © N{-iE - Fi),

since Fg = Fi.



The deficiency indices of To, denoted by d±(ro), are given by

d+(ro) = dim R{iE - ro)-*- = dim N{-iE - Ti)

and

d-lTo) — dim R{—iE — Fq)"'' = dim N{iE — Fi).

If the coefficients of Fq are real, we have d+(Fo) = d-(Fo)- It is well-known [15,

page 52,55] that

(1.8) d±(Fo) < n X m,

and if F is regular at a and singular at b, then

(1.9) d+(Fo) -f d-(Fo) > n X m.

If F is regular at a and singular at b, we say that F is limit circle at b if d±(Fo) = n x m

and F is limit point at b if ̂ ^.(Fo) -I- (i_(Fo) = n x m. This notation stems from the

geometric method of Weyl for the second order equation (see [4, Chapter 9]).
As an example, we compute the deficiency indices for the minimal operator Fq

corresponding to the differential expression (1.5) with

( f 0 \ 1 f 0
W{t)=\ , Fo{t) = 0, a.nd Qo{t) = - \

[of) 0

for some constants 7 and a. Since the coefficients are real, (i+(Fo) = d_(Fo).

We know (see [2, Theorem 9.11.2]) that if there exists a A € C such that each

solution of Ty{t) = Xy{t) , t G 7, is square integrable, i.e.,

I^V*{t)W{t)y{t)dt<^ ,

then for every A each solution of Fy(t) = Xy{t) , t G 7, is square integrable. Thus,

to determine ̂ ^.(Fo) and d_(Fo) it is enough to consider dimA'^(Fi). Notice that

inequalities (1.8) and (1.9) imply that the deficiency indices are either one or two



since d+(ro) = d-{To). Now, we determine conditions on 7 and a for which we have

£^(J)-solutions to

rt/(t) = 0,

I.e.,

^  0

V 0

0  -t"

0  J

\ / \' yi ^

\y2 J\
+

0

r  0

\ / N
/>.

yi

/ V 2/2
j

0

0

(1.10)

Via equation (1.10) we need y =

system:
^ V2 j

€ D{Ti) which satisfy the following

-2t°'y2{t) - at" ̂ t/2(t) = 0

2t"y((t) + at"-^yi(t) = 0

By solving each equation, we obtain the general solutions

y\{t) = cirt and y2{t) = for constants Ci,C2.

Thus, two linearly independent solutions to equation (1.10) are

(1.11) Yi(t) = I I and ¥2(1) =
0

ft

If we take the interval I = [a, 00), a > 0, then Yi € D{Ti) iff

r°° ^ r°°/  (t) W{t) Yi{t) dt = / dt < 00,
Ja •'a

i.e., 7 - a < -1. Similarly, y2 e -D(ri) iff 7 - a < -1. Therefore, d+(ro) =

d_(ro) = 2 (implying that T is limit circle at 00) iff 7 - a < -1. We also have, via

[2, Theorem 9.11.2], that T is limit point at 00 iff 7 - a > -1.

On the other hand, if we take the interval I = (0, a], o > 0, then Yi € D{Ti) iff

r Y^{t)W{t)Yi{t)dt = r f'-'^dt
Jo Jo

< 00,



i.e., 7-q; > -1. Similarly, ¥2 € D(ri) iffj-a > -1. Therefore, d^lTo) = d-(ro) = 2

(implying that F is limit circle at 0) iff 7 — a > —1. Moreover, F is limit point at 0

iff 7 — a < —1 (via [2, Theorem 9.11.2]).

Now, we establish some general properties of operators. As above the subscript 0

denotes a minimal operator, and the subscript 1 denotes a maximal operator.

Theorem 1.1 Let F and G be closed linear operators in a Banach space B with

D{F) C D{G). Then G is F-bounded.

Proof:

Let G ; graph F -> S be defined by

G[y, Fy) = Gy.

Then G is linear since G is linear. Let {(y„, Fyn)}^i C D{G) be such that

{Vn, Fyn) {y, z) and G{yn, Fyn) C as n 00.

Now, we show that G is closed, i.e., {y-,z) £ graph F and G{y,z) — C- Since F is

closed, graph F is closed. Thus, {y, z) € graph F where z = Fy; hence,

{Vn^Fyn) -> {y,Fy) in D{G).

Since G is closed, yn y and Gyn = G{yn,Fyn) C imply that Gy = Q. So, we

have ( = Gy = G{y,Fy). Thus, G is closed. By the Closed Graph Theorem, G is

F-bounded. □

Theorem 1.2 Let F and G be formal differential expressions on an interval I where

F is symmetric, the order of G is less than the order of F, and the coefficients of F

and G are sufficiently smooth so that D{Fq) C D{Gq).

(i)If G'q is FQ-bounded, then Go is Fo-bounded.

(ii) If G'o is FQ-compact, then Go is Fo-compact.

7



Proof:

(i) Let y G D{Fo). Then there exists a sequence {yn}n=i ̂  ̂iK) such that

yn-^y and F'^yn Foy as n -> oo.

Since G'q is F^-bounded, {yn}n=i ̂  ̂(<^o) ̂ nd there exists a constant Ci > 0 such

that

(1.12) W^Qyv. ~ G'^ymW — ||^o(y" ~ y"i)ll

^ Gi (llj/n ~ VrnW + llFo(yn — ym)!!)-

Since {yn}^i and {F^ynj^i are convergent sequences, they are Cauchy. Hence, by

inequality (1.12), {G'^ynj^^i is a Cauchy sequence in the complete space £^(a, b) and,
therefore, converges. By definition of Go, y G D{Go). Since y G D{Fo) is arbitrary,

we have D{Fq) C D{Gq). By applying Theorem 1.1 we conclude Gq is Fo-bounded.

(ii) Since G'o is F^-compact, G'q is F^-bounded. By part (i), Gq is Fo-bounded. Let

{yn}n=i D{Fo) be an Fo-bounded sequence, i.e., there exists a constant G2 > 0
such that for each n

(1.13) llynll + llFoynll < G2 .

Since Fo is the closure of F,(, there exists & Zn £ D{F^) such that for each n

(1.14) \\yn - Zn\\ + ||Foyn " F^z^ll < ̂  ■
Then C D{Fq) is an Ffl-bounded sequence since, via the triangle inequality

and inequalities (1.13) and (1.14),

lkni|F|5 = IknII + llFo.Zn||

<  (Ikn - ynll + lIF^^n - Foy.||) + (||yn|| + ||Foy„l|)

< - + G2
n

< 1 -I- G2 for each n.

Since Gq is Fo-compact, there exists a subsequence of such that

{GoZnJ'k^i converges as A: 00, say to C- Thus, via the triangle inequality, the



Fo-boundedness of Go, and inequality (1-14), we have that{yn}^i C D{Go) and for

some constant G3 > 0

ll^02/nfc ~ Cll ^ l|Goynfc ~ ̂O^jifcl l d" HGo^rifc ~ C||

=  !|Go(yni --^njll + llGoZnt - Cl l

<  <^3 (Ibrifc - ̂nJI + ll-^Oynfc " -^O^nJI) + IIGoZn,^ - Cll
Co

<  1- IIGoZnfc - Cll 0 as 00.
nk

Therefore, {Goyn}^i contains a convergent subsequence. By definition, Go is Fq-

compact. □

Theorem 1.3 Let F and G be as in Theorem 1.2 and let D{Fi) C D{Gi). Then

(i) Gi is Fx-bounded.

(a) Go is Fo-bounded.

(Hi) If Gx is Fx-compact, then Go is Fa-compact.

Proof:

(i) Apply Theorem 1.1.

(ii) Let y € D{F().
Then via part (i), there exists a constant G > 0 such that

IIG'oyll = WGxvW

< C-dlyll + llF.yll)

= C(|Ml + ||F^y||).

Since y £ D{Flf) is arbitrary, we have that G'q is FQ-bounded. Apply Theorem 1.2 (i)
to complete the proof.

(iii) Let {yn}^i C D{Fo) be an Fo-bounded sequence. Then {yn}^i C D{Fx) and is
an Fi-bounded sequence. Since Gx is Fi-compact, there exists a subsequence {ynk}'k=x
of {yn}^i such that the sequence converges as k ^ oc. Now, part (ii)



implies that D(Fo) C D(Go). Hence, Got/n = GiVn for any n. Therefore, the sequence

{GoUnkjkLi converges as A: —> oo. By definition. Go is Fo-compact. □
The following lemma is stated and proved in [1, pages 65-67]:

Lemma 1.4 Let X and Y be subspaces of a Banach space B, where X is closed, Y is
finite dimensional, and X DY = {0}. Then there exists a constant K > 0 such that

\\x + y\\> K | |y|| for all X £ X and y £Y.

Theorem 1.5 Let F and G be as in Theorem 1.2, Gq be Fo-compact, and

D{Fi) C D{Gi). Then Gi is Fi-compact.

Proof:

Let {z/n}^i C -D(Fi) be an Fi-bounded sequence, i.e., there exists a constant Gi > 0
such that for each n

(1.15) \\yn\\ + ||Fiy„| l < Gi .

Since D{Fi) = D{Fo) © S where S is finite dimensional [see equation (1.7) and in
equality (1.8)], y„ can be written as

yn ~ yn,0 "h 2/n,c

where y„,c ^ D{Fo) and y„,c ^ S for each n. Thus, we have

Gi^n = Giyn,o 4- Giyn,c

= Goyn,o + Giyn,c

for each n since D{Fo) C Z>(Go) C P(Gi). Since Fq C Fi and Fi is bounded when
acting upon a finite dimensional space, there exists a constant C2 > 0 such that for
each n

(1.16) llFiy„^c|| ^ G2 l|yn,cll ■

10



Thus, via the triangle inequality and inequalities (1.15) and (1.16), we have

(1.17) lli^i2/n,o|l = WFlVn - Fiyn,c\\

<  ||.?^iynll + ||-^iyn,c||

< Ci+ C2 l|y„,el l for each n.

Via Lemma 1.4,

(1.18) llyn,c|| ^ ||yn,cl|Fi

^ ̂  WUnfi + yn.dlFi

=  llynllFi for each n.

Thus, via inequalities (1.15), (1.17), and (1.18), we have that

Co
(1.19) llJ^oyn,o|| = ll-P'iyn,o|| <Ci + — Ci for each n,

i.e., {Foy„.o}~=i is bounded in Cl{I).

Also, via the triangle inequality and inequalities (1.15) and (1.18), we have that for

each n

(1.20) ||yn,oll — l|yn ~ yn,c\ \

—  I|yn|| + l|yn,c|l

<  IWI + fcllF.

< Ci + — Ci .

Thus, {yn,o}^i is bounded in £^(7). Via inequalities (1.19) and (1.20), {yn,o}^i is

an Fo-bounded sequence. Since Go is Fo-compact, {Goyn,o}^i contains a convergent

subsequence, say {Goynjt,o}^i- When acting on a finite dimensional space, Gi is

bounded. Thus, there exists a constant G3 > 0 such that for each k

11



Via the above inequality and inequalities (1.15) and (1.18), we have that

||Git/n„c|l < Y for each k,

i.e., {Giynk,c}'k=i is bounded in a finite dimensional subspace of Cl{I). Hence,

{G\ynk,c}T=i contains a convergent subsequence. Therefore, contains a
convergent subsequence since Giyn = Goyn,o+Giyn,c- By definition, Gi is Fi-compact.

□

Theorem 1.6 Let F and G be as in Theorem 1.2. If F is regular at a and limit

point at b, then Go is Fo-bounded (Go is Fo-compact) if and only if Gi is Fi-bounded
(Gi is Fi-compact).

Proof:

Via equation (1.7) and inequality (1.8), we can write D{Fi) = D{Fo) © 5, where S is
finite dimensional. Since F is regular at a and limit point at b, dim S = n x m. We
know [15, page 62] that there exists n x m-functions which are in the domain of Fi,
have compact support in {a,b), and are linearly independent modulo D{Fo). Let us
call this span of functions So. WLOG, we can take S = So. Since the order of G is
less than the order of F, we have So C D{Gi). Thus, D{Fo) C D{Go) implies that
D{Fi) Q D{Gi). Suppose that Go is Fo-bounded. Then D{Fo) C D{Go). Hence, Gi
is Fi-bounded via Theorem 1.3 (i). Suppose that Go is Fo-compact. Then D[Fo) C
D(Go). Hence, Gi is Fi-compact via Theorem 1.5. Moreover, if Gi is Fi-bounded
(Gi is Fi-compact), then Go is Fo-bounded (Go is Fo-compact) via Theorem 1.3 (ii)
(Theorem 1.3 (iii)). n

The following theorem and lemma [3, pages 570, 575-6] are essential in the proofs
of later theorems.

Theorem 1.7 Let I = [a, oo) and let N, W, and P be positive measurable functions
such that N,W~^, and P~^ e Aoc(7). Suppose there exists an eo > 0 and a positive

12



continuous function f = f{t) on I such that

1  -n r ^S
and

r{e) sMf [jj I P-]ljjl

1  rt+ef 1 rt+efS,(s):=snp{ljjl W-^ljjl
for all £ € (0,£o)- Then there exists a constant A: > 0 such that for all e € (0,£o) 0''^d

y ̂  D,

I Af|yP <k{S2{e) I W|s,p + e^S,(E) f P\vf}
where

D = {y:y£ AQodl), ̂  ̂|yP < oo, ond ̂  P\yf < oo}.

Note that if 5i(£), 52(e) < oo for e = ei, then 5i(e), 52(e) < oo for all e e (0,ei].

Lemma 1.8 Let f,g e ACioc{I) he positive functions on an interval I satisfying

l/'(t)i < No and \f{t) ̂ '(t)! < Mq g{t) a.e. on I for some constants No and Mq.

Then for fixed tel,0<£<^, and t<r<t + ef{t), we have that

{l-£No)f{t)<f{T)<{l+£No)f{t)

and
Mf) Mf)

e ^0 g{t) < g{T) < e g{t).

This lemma implies that both positive and negative powers of /(r) and g{T) are

essentially constant for t < r < 14- £:f{t) and fixed t.

In the proofs of several results in this work, we will use unitary transformations.

Here, we develop sufficient conditions for a unitary change of dependent and inde

pendent variables for a maximal (or minimal or self-adjoint extension of a minimal)

operator of the form

(1.21) Mz = °  ̂ ̂ ^[(04+ 0i] ^ e X,
0  H 2̂-' !

13



. 0 ^ 1 .
where 0=1 \ , Jv =

-e 0

/
V

\v m
, and • =

Let t = f{x) where / : X -> T is a strictly increasing (decreasing) C^^^-function, and
let

'
{Uz){t) =

^i{x) 0 \ Zi{x)
for z =

 zi{x) ̂
0  H2{x) y \ Z2ix) J \ Z2{x)

where Hi G C{X), for li = 1,2, are never zero on X.

If the weight functions Wi satisfy on T

Wiit) = for i = 1,2,(1.22)

G C^{X),

then we have for z G £^(X)

(c/f.i7z>^y^ = j^vuzmr

- L
zi{x)

^  ̂ Z

At?(^) 1/(^)1

\

{Uz){t)dt

2{X)

-L

-L

' Zl{x) ̂
V ^2(2:) j

Zl{x)

Z2[X)

Wi ̂{t) 0

0  W2\t) J

f4{x)w:[\t) 0

0  pl'2i.^)W2^

fj,l{x)w^\t) 0

0  t4{z:)w2^

W{:\x) 0

0  W2\x)/

Z2{x)

^ ^ h{x) ̂

/ V

Zi{x)

h{x)

h{x) j
\

dx

dt

\f{x)\dx

(X)

I.e.,

(1.23) {^X^Uz') — (•^) Z, Z G Hy^iX^-

Thus, 17 is a unitary naap from C\^{X) onto £^(T). Let L = UMU~^,y = Uz e

D{L) for z G D{M), and ' = | .

Then

{MU-^y){x) = W-^ \l{{eix-^y)'f{x)+e[{n-^)'y + ii-^y'

= W |i{(0/i-^y)' fix) + e[-{x-'[itx-'y + fi-W fix)]} + ffy,-'y]
14



where W{x) =
^ Wi{x) 0 ^

V 0  W^ix)
and ̂ {x)

^ ̂ i(x) 0 ^

\
0  //2{a:)

/

Hence, we have, suppressing independent variables.

Ly = UMU-^y

= fx W~^ !^^{eix-^y' f + {Qfx-^)'y f - QyT^lxfx'^y + QfT^y' /}

= fxW-^fxf !^^{fx-^efx-W + ix-\Gfx-^yy - J fx-^Qfx-^[xfx-^y
+fx~^Qfx~^y'} + j //~W/x~v|

f  J )

= y? } W-^ + {y~^Qyi~^)'y + j y-^jxfx-^Qfx'^y

-J y,~^Qy~^ixy,~^y + fx~^Qfx~^y'} + j
= y" fW-' l-[Qy' + {eyy] +

where

(1.24)

and

Q{t) = {y ^Gy ^)(a:)

(1.25) M{t) = -^ {l[y-^ix{y-^Gy-') - {y ^Gy ̂ )yy '] +/i ̂ ^fy '
fix) U

Thus, via equation (1.22)

0
(1.26) {Ly)it) = (sign /)

\

0  1^2^

Also, for y = Uz, z G D{M) we have

i[(e!,)' + et,'] + V!,}, t€T.

(1.27) (Lv,Lv)cim = {UMU-h,UMU-'y)ci,^r)

15



= {UMz,UMz)^,^^r)

= {Mz,

where the last equality follows by equation (1.23). Therefore, if we have the conditions

on the weight functions (1.22) and on 0 and which are given by (1.24) and (1.25),

then

Mcu^) = \\y\\ci{T) and \\Mz\\c-^^x) = \\Ly\\ci{T)

via equations (1.23) and (1.27).

16



Chapter 2

Perturbations of T:

Limit Point Case

In this chapter, we consider perturbations B of the higher-ordered differential operator

T, where T and B are defined by (1.2) and (1.3), respectively. We develop necessary

and sufficient conditions for the perturbations to be relatively bounded or relatively

compact with respect to T. These conditions involve explicit integral averages of

the coefficients of B. In Theorem 2.1 we consider the maximal operators Ti and Bi

associated with the differential operators (1.2) and (1.3), respectively. The proof

relies heavily upon Theorem 1.7 and Lemma 1.8 and follows an argument similar to

the one found in [2, Theorem 1.1].

Corollaries 2.2 and 2.3 apply Theorem 2.1 to perturbations of an operator of the

form (1.5) with

x''' 0 \ I ( ̂
, Pq{x) = 0, and Qoix) = -

0  xf J 2 3,a 0

for some constants 7 and o;. Each proof makes use of a unitary transformation.

Corollary 2.2 considers the operators on the interval [a, 00), a > 0, with 7 - a > -1

so that the unperturbed operator is limit point at 00; whereas. Corollary 2.3 considers

the operators on the interval (0,a],o > 0, with 7 - a < -1 so that the perturbed

\ /

17



operator is limit point at 0.

Theorem 2.1 Let I = [a,oo) for some a > 0 and let wi = W2 = where
f e ACioc{I) is positive and \f'{t)\ < No a.e. on I for some constant Nq. Then

(i) Bi is Ti-bounded if and only if

1  r^+ef(t) „

(2.1) sup -jj-r I f {r)qi{T)dT<oo, i = l,2,3,4,
tei f{t) -It

for some £ G (0, ;

(a) Bi is Ti-compact if and only if

1  rt+ef{t) „

(2.2) / f {T)Qi{'^)dr = 0, z = 1,2,3,4,
^  f{t) Jt

for some e G (0,^).

Proof:

By applying Lemma 1.8 with ̂  = 1, we know that positive and negative powers of f

are essentially constant on intervals of length ef. Thus, we may replace

f{t) Jt

with either
rt+efU) „ rt+£f(t) „

I  or ^ f{r)qi{T)dr.
(i) Sufficiency

Let us first consider any y e D{Ti) whose second component is zero. Then we have

(2.3) \\yf = ̂  f~\r)\yi{T)\'^ dr,
(2.4) \\Ty\\^ = f{r)\y[{T)\'^ dr, and

(2.5) \\By\\^ = f{T)[ql{T) + ql{r)]\yi{T)\^ dr .

Now, we show that the hypotheses of Theorem 1.7 hold for some e G (0, j^) with
N = f{q{ + ql),W — f~^ ,and P = f. Since positive and negative powers of f are

18



essentially constant on intervals of length ef, we have for some constants Ci, C2 > 0

j 1
= sup 1 72

t€/

<
Ci
— sup
£  tei

/

sup i ,2
ta [£

<
C2
— sup
£  tei

+  and

dr

/•t+£f{t) ] r ft+ef{t) .. , r 9, < 2/ \T J^  /(r)dr f{rM{T)+ql{r)]dT

for some £ € Inequalities (2.1), (2.6), and (2.7) give us 81,82 < 00 for some

p p (0 —1^). Therefore (via Theorem 1.7), there exists a constant ki > 0 such that
V  ' 2Nq ' * ^

(2.8) f{rM{r) + qUr)]\yi{T)f dr

< k, r'(T)|yi(r)p dT + £^l^ f{r)\y[{T)\'' drj .
By substituting (2.3)-(2.5) into (2.8), we obtain for some constant ki

(2.9) \\By\\'<kr{\\yr + e'\\Tyf).

Thus, y € D{Bi). Since y is arbitrary, inequality (2.9) implies that Bi is Ti-bounded
on those y G D{Ti) with 1/2 = 0-

Let us now consider any y G D{Ti) whose first component is zero. Then we have

(2.10) \\yf = [ f~\r)\y2{r)\^ dr,
I

(2.11) \\Tyf = f{r)\y2{r)\^ dr, and

(2.12) WByW^ = f{r)[ql{T) + ql{T)]\y2{T)f dr .

Following an argument similar to the one above, we show the hypotheses of Theo

rem 1.7 hold for some e G (0, ̂ ) with N = /{ql^ ql), W = f ̂  , and P = f- For
some constants C3,C4 > 0 we have

(2.13) = sup dr ^ f{r)[ql{r) + ql{r)] dr |
19



< —suvir'^^^^f{r)[ql{r) + ql{T)]dT\ and
£  t€l [-/t )

(2.14) 52 = sup 1^2^^ ̂  f{T)dr ^ f{r)[ql{r) + ql{r)]dT
< — sup j f{rM{r) + ql{r)] dr]|

£  tei (•/< J

for some e € (0,^). Inequalities (2.1), (2.13), and (2.14) give us 5i,52 < oo for
some e € (0,2^)- Therefore (via Theorem 1.7), there exists a constant k2 > 0 such
that

(2.15) f{r)[ql{T) + ql{T)]\y2{r)f dr

r'(r)|?/2(r)|' dr + e^l^ f{r)\y2{r)f drY
By substituting (2.10)-(2.12) into (2.15), we obtain for some constant k2

(2.16) \\Byf < k2 (llyll^ + £'^\\Tyf).

Thus, y € D{Bi). Since y is arbitrary, inequality (2.16) implies that Bi is Ti-bounded
on those y € D{Ti) with yi = 0.

Finally, we consider any y € D{T\). Note that a shorter argument is possible,

but estimates obtained here will be useful later. Then we have, suppressing the

independent variable,

(2.17) llyll' = r'[|yir + |y2n ,

(2.18) \\Tyf = /[lyil^ + |y2fl > and

(2.19) \\Byf = Y /{[?? +93]bil^ + [7i94 + y2g3]yiy2
+[yi94 + y2y3]yiy2 + [ql + ql]\y2?}

< Y + 2 151^4 + 92531 |yiy2|
+[92' + 9l]|y2n-

We make use of the inequality 2ab <a^ + b'^ in inequality (2.19) to obtain

(2.20) ||By|p < /{[?? +g3]l?/iP + l9i94 +9293! [|yiP + |y2p]

+[92 + 94]|y2p} •

20



Claim 2.1.1 There exist constants kz,k4 > 0 such that

(2.21) ^ / lgi94 + ?293| lyil^ < ̂3
and

(2.22) ^ / |gi94+ 9293I |?/2p < ̂4
Proof of Claim 2.1.1:

Using the Cauchy-Schwarz inequality and the inequality (o + 6)^ < 2(a^ + 6^), we
have

rt+ef{t) rt+efit) ft+efit)
/kl94 + ?293| < f - Q2)\ + / 192(91 + ?3)|

2 / rt+ef{t)

< / [94 - 92]^

/•t+£/(t)

(2.23) ^ u
( f

fql

/9iV (2

2  / rt+efit)

f [91 + 93]'

t+efit) ^ 2^ ̂  f n r r 2 , 2^
f [94' + 92^]

rt+efit)

+ f 92
•t+efit)

f [qI + ql]
It "J \ Jt

Now, we show that the hypotheses of Theorem 1.7 hold for some e G (0, ̂ ) with

T!' = /I9194 + 9293I) W = /"\ and P = f. For some constants C5, Ce > 0 we have

(2.24) Si = sup ̂ —
tei \e^

rt+efit) l r ft+efit)
/|9i94 + 92931

Jt

n ft+efit)

I
C5 I f f^+^fW ^ 2\ '' ir, ^ r„2 , „21

/9( / [9< — sup
t€l I

4' + 92^]

(ft+^m ( /-t+e/ii) ,, 2 2m I+ (y^ / 9|j (2 y / [g? + 9i]) }> and

(2.25)

< — sup
£  t€l I V-'t

't

ft+efit) ft+efit)
y  / y /19194+9293I

^t+e/(t)

+e/(t)

/9?
■t+efit)

f [ql + 92^]

+
/ ft+efit)

[I f 92
■t+efit)

f [ql + 93']
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for some e € (0,2^). Inequalities (2.1), (2.24), and (2.25) give us 81,82 < 00 for
some e e (0, 5^). An application of Theorem 1.7 gives us inequalities (2.21) and
(2.22). #

Therefore, via inequalities (2.8), (2.15), (2.21), and (2.22) we obtain from inequal

ity (2.20) that

(2.26) Pj/IP < lh + h)y^r'\yi? + ̂'lf\v'i\
+{k2 + ki)^J^f ^\y2\^ + f Wil

Hence, there exists a constant C > 0 such that for each y e D{Ti)

\\By\\'<C{\\yf + \\Tyf).

Thus, y € D{Bi). Since y is arbitrary, we know that Bi is Ti-bounded.

Necessity

Let 4> he a, function in C^(l) such that (j) = 1 on [0,1] and supp(0)=[—2,2]. Fix

e e (0, ̂ ). For each r > a we define

(2.27) Mt) = ^ - "•

Then, (j)r = I on [r,r + ef{r)] and supp((^r)=['" - 2£:/(r),r -I- 2ef{r)].

For each r > a we define

/^ 0 0
(2.28) ^r{t) =

r(t) ̂

\  0 / \
.(t)

,  for t > a.and ̂ ^r(t) =

Via Lemma 1.8 there exists a constant Ci > 0 such that for each r > a

(2.29) ll$r|P = dt

=  {^) dt
Jr-2ef{r)

< c, r\r)
Jr-2ef{r) \ef{r))

dt.

22



By a change of variables (letting u =

(2.30)

t — r
in (2.29)),

£f{r)

\\^rf<Cisf (j)'^{u)du.
J —2

Since cj) is continuous, inequality (2.30) implies there exists a constant C2 > 0 such

that for r > a

(2.31) |l$rlP<C2.

Similarly, for r > a

(2.32) ||^r|P<C2.

Via Lemma 1.8 there exists a constant C3 > 0 such that for each r > a

(2.33)
d , , ,= Im

rr+2ef(r)

= / fit)
Jr-2sf{T)

fT-

< Czfir)j_
•r+2£

t2

dt

dt

/(r)

'r-2sf{r) Him dt.

By a change of variables (letting u =

(2.34)

t — r
in (2.33)),

ef{r)

mA? <Cze-^ jj^'(v)fdu.

Since <j)' is continuous, inequality (2.34) implies there exists a constant C4 > 0 such

that for r > a

(2.35) < C, .

Similarly, for r > a

(2.36) ||T^,i|2<C4.

Since (j)r = \ on [r, r + ef{r)] and supp((^r)=['' — 2e:/(r), r + 2£-/(r)],

rr+efH) /•r+2e/(r)rr+ef{T) fr+2sf(r)
(2.37) / f{t)[qiit) + qz{t)]dt < / fit)[qiit) + qlit)](l>Ut)

-fr Jr—2€f(r)
dt

=  IIS$.
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Thus, via the Ti-boundedness of Bi and inequalities (2.31), (2.35), and (2.37), there

exists a constant Cg > 0 such that

+ qlit)]dt < Cg.

Since the right-hand side of the above inequality is independent of r, inequality (2.1)

holds for z = 1,3.

Moreover,

(2.39) + Ql{t)] di < f{t)[ql{t) + ql{tM{t) dt
Jt Jr-'2ef{r)

=

Via the Ti-boundedness of Bi and inequalities (2.32), (2.36), and (2.39),

/•r+e/(r)

(2.40) f{t)[ql{t) + 94(^)] dt<C^.

Since the right-hand side of the above inequality is independent of r, inequality (2.1)

holds for i = 2,4.

Note that the proof of necessity shows that (2.1) holds for every e € (0, ̂ ).
(ii) Sufficiency

By the previous argument B\ is Ti-bounded. Thus, D{Ti) C D{Bi). For every

positive integer N > a, define Bj^ on D{Ti) by

[ By on [a, N]
BnV = <

0  on (AT, oo)

In order to simplify the proof, we break the argument into two Claims.

Claim 2.1.2 B^r —)■ Bi in the space of bounded operators on D{Ti) with the Ti-norm.

Proof of Claim 2.1.2:

By a note in Chapter 1, we know that Ti is closed since it is a formally self-adjoint
maximal operator of the form (1.4). Therefore, D{Ti) is complete under the Ti-norm.
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Using the inequality 2ab < + 6^, we have for y € D{Ti)

fOO

(2.41) \\By-Bj^yf = / f {[ql + ql]\yi\'^ + [qiQA + Q2q3]yiy2
JN

+[qiq4 + 9293]yiy2 + [ql + (^]\y2\^]

<  f{[ql + ql]\y\?^'^\q\q4 + q2qz\ \y\y2\

+\ql + ql]\y2?}

< I /{[gi+93]l2/lP+l9l?4 +92^31 [|2/lp + l?/2p]
+[ql + ql]\y2\'} .

We apply the sufficiency argument in part (i) with /;v = [N, oo) to the last in

equality in (2.41). Via Theorem 1.7 and inequalities (2.6), (2.7), (2.13), (2.14), (2.24),

and (2.25), there exist constants ki,k2,ks, and A:4 > 0 such that

(2.42) \\By - Bj^yW2

< —supjy f[ql + ql]\if f^\yi\'^+s^[ f\y'i?]
k2 if 2\^ fr. , r 2 2^ '-1- — sup < I / / 9i I ( 2 / / [?4 + ̂2] I
^ teiN \ /

/ rt+sf{t) 2 / rt+ef{t)

+ (/ f llj hj^ /[?1+93][I

{/„

^ t^iN [ V-'t y V

( ft+ef{t) rt+ef{t)
+ { f qU 2 / f [ql + qsl

+ ̂  sup (f f g?)' (2 f [qi -f

•{/ r'\y2?+e'l m
W/;V •'/n

+ —supj/" V[?2+94]| {/ /"^|y2p /b^p}-
^ t6/iv (•'' J •'rN 1

Adding nonnegative terms to the right-hand side of inequality (2.42) gives

{2A3)\\By - B^yf < ks snp F{t) I [ / + iy2|^] + / f[\y[\
t€lN JInt€lN

25
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for some constant A:5 > 0 where

F(t) = I fli + i]

.(r'v.o'W"""'!-!*--!)'
j-t+efit)

+  IIqI + Q4] n

Via inequality (2.43) there exists a constant kg > 0 such that

(2.44) \\By- < he sup F{t) • {||y|| + ||ry||}^
teiN

Therefore, inequality (2.44) implies that for y ̂  0

(2.45) E»^<4(supF(,))'.
Since /jv = oo)? equations (2.2) imply that sup F{t) 0 as V —> 00 so that, via

te/jv

inequality (2.45), we have

||B — 5jv|| —^OasA'^ —>00. ̂

Claim 2.1.3 Each Bn is Ti-compact.

Proof of Claim 2.1.3:

Let C D{Ti) be a Ti-bounded sequence where

\
yn,\

yn ~

yn,2 J
for each n.

We need to show that for each N the sequence {B;vyn}n=i Las a convergent subse

quence. We make use of the Arzela-Ascoli Theorem.

Let us consider the sequence of the first component functions We

show that this sequence is uniformly bounded on [o, V]. Partition [a,N] by
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Ji = [ti,ti+i], 1 < i < k with ti = a, U^i = + SfiU) and 5 € (0,e) chosen so

that N = tk+i = tk + Sf{tk). Via equation (2.12) of [3, page 571] in the proof of

Theorem 1.7, we know there exists a constant C\ > 0 such that for t E Ji

(2.46) IVnM' <

+ f f~H'^)dT [ f{r)\yn,i{r)\'^ dr \ .

By applying Lemma 1.8, we obtain

(2.47) |yn,i(i)P < Ci I^C25-^ f-\r)\yn,i{T)f dT
+Cz5 f{T)\y'n,i{r)\UT I

for some constants C2,C3 > 0 and for t € Ji- Thus, there exists a constant C4 > 0

such that for t G [o, N]

(2.48) lyn,i(t)|' < C4 |^°°r'(r)|yn,i(r)|2dr + ̂°°/(T)ly;^i(r)|2dr]
< C4 {\\yn\? + WTynf)

<C,{\\yn\\ + \\Tyr.\\)'.

Since {yn}^=i is a Ti-bounded sequence, inequality (2.48) implies that the sequence

is uniformly bounded on [o, V].

Now, we show that is equicontinuous on [a, N]. For s,t G [a, V] we have

via the Cauchy-Schwarz inequality

(2.49) |yn,l(s) - yn,lWI = dr

<

<

[y'nAr)
/"^(r)/^(r)l?/;,i(r)ldr

l'f~\r)dr' ̂  f{r)\yn,i{r)\'^dr

Since f is a positive, continuous function on [a, 00), / ̂ is bounded above and below

on [a, V]. This fact along with inequality (2.49) implies that there exists a constant

27



C > 0 such that for $,t e [a, N]

(2.50) |yn,i(5)-2/n,i(i)| < [ /(r)ly;,i(r)l2dr
J t

< C\s-tfy\Tyn\\

< c\s - t\^\yn\\T, n

Since {yn}^=i is a Ti-bounded sequence, inequality (2.50) implies that the sequence

{yn,i}^i is equicontinuous on [a, iVj.

Therefore, via the Arzela-Ascoli Theorem we conclude that there exists a sub

sequence {ynk,i}'k=i of which converges uniformly on [a,N]. By repeat

ing the above arguments [inequalities (2.46)-(2.50)] on the subsequence of

{yn,2}^i) we conclude that there exists a subsequence of {yn^,2)^1 which converges
uniformly on [o, A"]. Hence, there exists a subsequence of {yn}'^=i which converges

uniformly on [a,N]. WLOG, we assume the sequence {yn}^i converges uniformly

on [a. A].

Now, suppressing the independent variable and using the inequality 2ab < + b'^

we have for each N

(2.51) \\Bi^yn — B^ymW'^ = f /{[?!+93] |yn,l — ym,lP
J a

+ [9194 + 9293] (yn,l ~ ym,l)(yn,2 Urn,2)

+ [9194 + 9293](yn,l "" ym,l)(yn,2 " ym,2)

+ [9l+9|]|yn,2-ym,2p}

— [ /{[9l "b 93]lyn,l ym,l|
J a

+2 |gi54 + 5293! |(yn.l ~ ym,l)(yn,2 ~ ym,2)|

+ [92 + Q4]\yn,2 — ym,2p}

— [ /{[9l d" 93]1?/ti,1 ~ ym.ll
J a

+ I9194 + 9293I (|yn,l - ym,\? + lyn,2 - ym,2p)

+ [92 + 94]l2/n,2 - ym,2^) n
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By adding nonnegative terms to the right-hand side of inequality (2.51), we obtain

WBNVn - Bnymf < r filQl + qI] WVn " VrnWl + l9l?4 + WVn ' VmWl
Ja

+ [92 + 94] WVn - VrnWl)
rN<  sup WVn - VmWl I [ / [9l + 93]

a<t<N [-/a

+ y / |9l94 + 9293I + ̂ /[92 + 94]}
where

WUn - VrnWl = [yn,l{t) " + [VnA't) " ym,2{t)f n

By applying the argument used in inequality (2.23) to the inequality above, we see

that the integrals on the right-hand side are finite on [a, N]. Hence, there exists a

constant C > 0 such that

WBnVu - B^VrnW'^ < C sup WVn " VmWl n
a<t<N

Since {yn}^i is a Cauchy sequence in the uniform norm, the above inequality implies

that the sequence is Cauchy in £^(7) for each N. Therefore, {B^ynj^^i

converges for each N as n —> 00 since C^{I) is complete. Hence, each B^ is Ti-

compact. #

Since Bi is the uniform limit of Ti-compact operators, Bi is Ti-compact.

Necessity

We use contradiction arguments to show that each equation in (2.2) must hold.

Suppose that for some £ G (0, 5^) there exists a p > 0 and a sequence {rn}^i of
positive numbers such that r„ 00 as n —> 00 and for each n

rrn-\-ef(rn)
(2.52) / f{'t)Qi{t)dt>p for some z G {1,2,3,4}.

JTn

Suppose i = 1. Let {$r}r>a be defined by (2.28). Then via inequalities (2.31) and

(2.35) there exist constants C21C4 > 0 such that for each n

(2.53) = (ll-frJI + |1T$.J|)^

<  (C| + c|p.
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Thus, is a Ti-bounded sequence. Since Bi is Ti-compact, has

a convergent subsequence. WLOG, we assume {5$^} converges, say to some yo-

Now, since (j)r„ = 1 on [r„,rn + £/(r„)] and supp(0r„)=[''n — 2£/(rn),r„ -I- 2ef{rn)],

we have for each n

rrn+£f{rn)rTn-r€j\Tn) ^

(2.54) p < /
JTn

<  f{t)[ql{t) + ql{t)] dt
Jr-n

<  !{t)[q\{t) + ql{t)]<t>lS^) dt
./r„-2£/(r„)

Notice that a contradiction is reached if we show that yo = 0 a.e. in [a, oo).

Let Jo be a finite subinterval of [o, oo). Since —> oo as n —> oo and supp((;/>rn)=

[r„ - 2sf{rn),rn + 2£/(r„)], we conclude that (j)r^ = 0 on Jq for sufficiently large n.

Hence, $r„ = 0 and = 0 on Jq for sufficiently large n. For such n

ilyolUo = \\yo-B^rJjo

<  \\yo-B^rJ

Since B^m yo as n —> oo, and the left-hand side of the above inequality is

independent of n, we have ||yo|Uo ~ Thus, yo = 0 a.e. in [a, oo) since the interval

Jo is arbitrary. This contradiction implies that equation (2.2) holds for i = 1. If we

begin with q^ instead of qi in inequality (2.54), then the above argument shows that

equation (2.2) holds for i = 3.

Moreover, by repeating the above argument with qi replaced by either ya or q4

and replaced by (as defined by (2.28)), we conclude that equation (2.2) holds

for i = 2 and i = A.

Note that the proof of necessity shows that (2.2) holds for every e € (0, j^)-
Next, we prove two corollaries of Theorem 2.1. We consider the maximal operators
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associated with the following differential expressions on the interval I:

(  -

{Tz){x) = -
0

0  x-'^

(2.55)

and

(2.56) {Bz){x) =

0  -x"

x" 0

0 \

Z2

bi bi

bz b2

+
0  —X

x" 0

. \ /

/

Zl

\Z2

( Z \Z\

\Z20  x-T

where the coefficients 6i,62,i'3, and 64 are assumed to be real, locally Lebesgue inte-

grable functions and ' =

Corollary 2.2 Let I = [a, 00) for some o > 0 and let 'y - a >

A^o = la — 7|a"~'''~^. Then

(i) B\ is Ti-bounded if and only if

fx+ex" '

(2.57) sup X
rx-tex"-^ '

/  u bi{u) du < 00, f = 1,2,3,4,
J

—1 and

x€l

for some e € (0, ̂ ) ;
(ii) B\ is Ti-compact if and only if

x

(2.58) lim X L u 62(u) du = 0, z = 1,2,3,4,

for some e € (0, ■^)

Proof:

We begin by applying an argument in Chapter 1 to transform the differential ex
pressions unitarily. Notice that T is of the form (1-21) with Wi{x) = W2(x) = x'^,

0 =
0  -Xa  \

0 /

, and Af = 0. Let pi{x) = ^2(2:) = x^ so that y{x) = x^z(x) and,

via equations (1-22), (1.24), (1.25), and (1.26),

x"-^ 0 0 -1 m
(2.59) (Ty)(x) =

0  x"-^ 1  0 \hj
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and

^ x°'~^ 0 1 I Vi
(2.60) {By){x) = ^ , _ _

X Hz X °'b2 J \y2 J

Now, we apply Theorem 2.1 (with f{x) = and qi{x) = x °'bi{x), for i =

1,2,3, and 4) to the maximal operators Ti and Bi associated with the transformed

differential expressions (2.59) and (2.60), respectively. Notice that for x € /

|/(x)l =

<  \a —

since a - 7 - 1 < 0. Thus, the sharpest constant Nq in Theorem 2.1 is given by

iVo = |a-7|a"-^-^

Hence, Bi is Ti-bounded if and only if

fx+ex°'~~'

/
xei

for some e £ (0,2^), i.e., B^ is Ti-bounded if and only if

fx+ex'^ T

sup x"^"" / 6i(u)] du<cx

2No'

), z = 1,2,3,4,
x^I Jx

fx+ex" '/'X'^SX

sup
x€/

x'^~°' / u~^''bi{u) du < 00, z = l,2,3,4,
Jx

for some e € (0,^). Since the transformation is unitary, inequalities (2.57) hold if
and only if Bi is Ti-bounded.

Similarly, Bi is Ti-compact if and only if

/*X^SX^ ~~

lim x'''"" / bj{u) du = 0, z = 1,2,3,4,
x-yoo Jx

for some e € (0, 2^). Thus, via the unitary transformation, equations (2.58) hold if
and only in Bi is Ti-compact. □

Corollary 2.3 Let I = (0,^] for some a > 0 and let ^ — a < —1 and
ATo = |7 - a + 2|aT-"+^ Then
(i) Bi is Ti-bounded if and only if

(2.61) sup x'^"""'"^ [ bf{u) du < 00, z = l,2,3,4,
xel Jx-e'x"-''
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for some sufficiently small e';

(ii) Bi is T\-compact if and only if

(2.62) lim ^ bf {u) du
X—^00 J

= 0, i = l,2,3,4,

for some sufficiently small e'.

Proof:

We prove this result by using a unitary transformation to transform the singularity

at 0 to a singularity at oo and then applying the Theorem 2.1 to the new operators.

Again, we use the argument in Chapter 1 to transform the operators Ti and B\

unitarily. Let /Lii(x) = = xa" so that y{t) = x^z{x),t = j and, via equations

(1.22), (1.24), (1.25), and (1.26),

\ / . . \ \-a+2
V

(2.63)

and

(2.64)

{Ty){t) = -

iBy){t) =
/ ̂7-a+2

\ 0

0  r

0

^7-a+2

^

-a+2

/

i

1  0 i/2 /

 ̂ t^-%4 \ (
[y2/ t''-% ^-^2 j

Note that if
0 -1

\

0

/

/

0

-1 0

, then the results of Theo-is replaced with

rem 2.1 hold. Let us call this version Theorem 2.1*.

Now, we apply Theorem 2.1* (with f{t) = and qi{t) = x2-"{)i(x), t for

z = 1,2,3, and 4) to the maximal operators Ti and Bi associated with the transformed

differential expressions (2.63) and (2.64), respectively. Notice that for t € [a, cxd)

\f'{t)\ = \^ - a + 2\t'^-'^^'

<  |7-Q; + 2|a^-"+'

since 7 - a + 1 < 0. Thus, the sharpest constant Nq in Theorem 2.1 is given by

No = |7-a + 2|a^-°+^
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Hence, Bi is Ti-bounded if and only if

Y—Q:+2
f 1/ I wvta-y-2 I

0<t<00

for some £ £ (0, ̂ ), i.e., Bi is Tj-bounded if and only if

yt+etT-«+'^ I^a-7-^ /
a<t<oo

sup

sup 6?(-)dr < 00,

i = 1,2,3,4,
i<t<oo 't

z = 1,2,3,4,
l<t<00 -/t

for some £ G (0, j^). By a change of variables (letting u = ̂),

T^''bj{^)dT= [' ̂ u ^ h\{u) du.

Again, we apply a change of variables (letting a: = |) to obtain

Thus, is Ti-bounded if and only if

(2.65) sup 5-(u) du < oo, i = 1,2,3,4,

for some e G (0)^)- Now, we show that (2.65) is equivalent to (2.61). Suppose
(2.65) holds. We seek an s' > 0 such that

X

1 + £X"-T

i..e..

< X - e'x°' ,
a-7-l

e' <
1 +

Since 0 < re < o and a - 7 - 1 > 0, the above inequality holds if we choose

e' <
1  +

Thus, for z = 1,2,3, and 4

[  u '^b'^(u)du> [ u '^bf{u)du
J  -r Jx-e'x"-''
l+ex®' T—l
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so that (2.65) implies (2.61) holds for all e' £ (0, i+ga^-y-')• suppose (2.61)

holds for some e' € (0, ^ ̂  (0) ̂ )- We seek an e" > 0 such that

^  > X - ,
1 + e"x°'-'y-^

I.e.,

IIs" <
1 -

If we choose s" < e', then the above inequality holds. Hence, for i = 1,2,3, and 4

[  h1(u) du < [ bf {u) du

SO that (2.61) implies (2.65) holds for all e" G (0,£:')- Therefore, (2.65) is equivalent

to (2.61). Since the transformation is unitary, inequalities (2.61) hold if and only if

Bi is fi-bounded. □
We conclude this chapter with an argument to show that the operator T of The

orem 2.1 is limit point at oo. Since T is a formally self-adjoint operator of the form

(1.5), T is limit point at oo iff d+(To) -h d_(ro) = 2. Hence, T is limit point at oo iff
d+(To) = d_(To) = 1 since the coefficients of T are real. In order to determine d+(To)
and d_(To), it is enough to consider dim (see [2, Theorem 9.11.2]). Note that
inequalities (1.8) and (1.9) imply that the deficiency indices are either one or two

since d+{To) = d_(To). Suppose that d+(To) = d-(To) = 2. Then every solution to
Ty = 0 is in Hence, we consider y G D{Ti) which satisfy the following system;

y[{t) = 0

y(,(t) = 0

By solving each equation we obtain the general solutions yi{t) = ci and y2{t) =

for constants Ci,C2. Thus, each solution of Ty = 0 is a linear combination of

nw = and y2(^) =
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Let Yz be a nontrivial solution of Ty = 0. Then for some constant C > 0

rsir =
J a

( f-\i) 0

\ 0  r\i)
Yz{t)dt

= C [ f ̂ {t)dt.
Ja

Via the hypothesis on f, we conclude that f{t) < Not+ b fox some constant b. Hence,

roo roo

/  f~^{t)dt> / {Not + b) dt = oo
Ja Ja

so that Yz ̂  D{Ti). Since Yz is arbitrary, there exist no nontrivial £^(/)-solutions

to Ty = 0, i.e., d+(To) = d_(To) 7^ 2. This contradiction implies that the deficiency

indicies are one. Therefore, T is limit point at 00.
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Chapter 3

Perturbations of T:

Limit Circle Case

In this chapter, we consider perturbations B of the higher-ordered differential operator

T, where f and B are defined by (2.55) and (2.56), respectively. In Theorem 3.1 we

consider the minimal operators To and Bq associated with the differential expressions

(2.55) and (2.56), respectively, on the interval [o, oo),a > 0, with 7 — a < —1.

The proof follows a similar argument as that of Theorem 2.1 and applies the Hardy

inequality:

(3.1) [ t^^'lvWdt,
where —00 < a < b < 00, /? 7^ —1, and y{a) = 0 = y{b).

As an application of Theorem 3.1, Corollary 3.2 deals with the maximal operators

Ti and Bi associated with the differential expressions (2.55) and (2.56), respectively,

on the interval [a, (x^), a > 1, with 7 - a < -1. We make use of several results of

Chapter 1 in the proof. In this chapter we let ' =

Theorem 3.1 Let I = [a, 00) for some a > 0 and let ^ - a < -1. Then

(i) Bq is To-bounded if and only if

(3.2) sup - / bf{u) du < 00, i = 1,2,3,4,
x£l X Jx
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for some s G (0, ;

(a) Bo is fo-compact if and only if

(3.3) lim - / 62(«)dw = 0, i = 1,2,3,4,
^  ̂ x-^oo X Jx

for some e 6 (0, ̂).

Proof:

(i) Sufficiency

As in Corollary 2.2, we make a unitary transformation. Thus, we can consider T and

B to be of the form (2.59) and (2.60), respectively. We begin by showing that Bq is

f^-bounded if inequalities (3.2) hold. Let us first consider z G D(f^) whose second
component is zero. Since z has compact support in the interior of I, there exists a

b < oo such that the support of zi is contained in [a, 6]. Then we have

(3.4) l|z||^ = [ u^""1zi(m)P dw,
Ja

(3.5) WTzW^ = f
Ja

(3.6) l|.Bz||^ = [ u~^-"[6i(u)^ + 63(w)^]ki(u)P dw .
Ja

Now, we show that the hypotheses of Theorem 1.7 hold for some e G (0, |) with

N = + bj), W = P = and f = x. By applying Lemma 1.8

with g = 1 and f = x, we know that positive and negative powers of x are essentially

constant on intervals of length ex. Thus, we have for some constants Ci,C2,Ci, and

4 >0

C 1 r rx+£x 1 r rx+ex „ „(3.7) Si = sup|^ J u'^"°duj l^y u"^ °[bi{u) +b3{u)]du
< — sup [ u~''~^[bi{u)^ +

e xei < Jx )

< — sup(- [ u'^~'^°'[bi{uf + bz{u)'^]du\ and
£ xGl Jx J

rx4-ex 1 r rx+ex

j  / u"^~°'[bi{u) +bs{u)]du
Jx J Ux

(3.8) S. = sup{j^

38



< — supjx'"' [ u °'[bi{u)'^ + bziu)"^] du]
£ ig/ I Jx

< — supj- [ u'^~'^°'[bi{uf + bz{uf] du]
£ x&l ^ -Ix

for some e € (0,^). Inequalities (3.2), (3.7), and (3.8) give us SuS2 < oo for some
^ ̂  (0, |). Therefore (via Theorem 1.7), there exists a constant ki > Q such that

[ u~'^~°'[bi{uf + 63(u)^]|2:i(u)|^ du
J a

<A:i|y" ■u°~^"^|zi(u)|^ + u°'"^\z[{u)\'^ du^ .
Applying the Hardy inequality (3.1) to the first integral on the right-hand side of the
above inequality gives

(3.9) [ u~'^~°'[bi{uf + b3{uf]\zi{u)\'^ du
J a

< A:i j7 rr u'^-^\z[{u)\'^ du + £^ f u"-^|z'i(u)p du\ .( (a — 7 — 1) 7a Ja J

By substituting (3.5) and (3.6) into inequality (3.9), we obtain for some constant
ki > 0

\ \Bzr < k\\fz\\'
< k{\\z\\ + \\fz\\)'.

Thus, .2 e Since z is arbitrary, the inequality above implies that B'q is 7^-
bounded on those 2: £ D{Tq) with Z2 = 0.

Let us now consider any 2 £ D{Tq) whose first component is zero. Since z has
compact support in the interior of I, there exists a 6 < 00 such that the support of
Z2 is contained in [a, 6]. Then we have

(3.10) 11^11^ = [ u'^~'^\z2{u)\'^ du,
J a

(3.11) du, and
Ja

(3.12) WBzW^ = [ u-^-'^[b2{uy + b4{u)^]\z2{u)\'^ du .
Ja
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Following an argument similar to the one above, we show the hypotheses of Theo

rem 1.7 hold for some e € (0,|) with N = -f- h\), W = P = x'^''',

and f = X. For some constants 0^,04, Cs, and C4 > 0, we have

(3.13) Si = sup
1 n  rx+ex

/  du
Jxxei

— sup|a:^-"+^ / + b4{uf]du
E x€l ^

< — sup(- [ u'^~'^°'[b2{uf + hiu)"^] du\ and
£ xGl IX Jx J

n  rx+ex „ „

/  u~'^~°'[b2{u) -t- b4{u) ] du
.J X

(3.14)5, = supjjlj
C4<

n px+ex

Jx du

fX+SX

' pX^EX

/  u~''~°'[b2{uY ■\-b4{u)^]du
Jx

 — sup u-'^-^'Muf + b4{uf] du]
£ xei ^ J^

< — sup(- [ u^~'^°'[b2{uf + b4{uf] du
£ x£l 1.2; Jx

x€l

C4 r 1
sup
x€l

for some £ G (0, |). Inequalities (3.2), (3.13), and (3.14) give us Si,S2 < 00 for some
£ G (0, 5). Therefore (via Theorem 1.7), there exists a constant k2 > 0 such that

f u~^~"[62(u)^ -1- b4{u)'^]\z2{u)\'^ du
Ja

< A:2 jy u"~'^~^|z2(u)p du + £'^ j ^""^14(^)1' du

Applying the Hardy inequality (3.1) to the first integral on the right-hand side of the
above inequality gives

rb(3.15) f u "[62(u)^-I-64(u)^]|z2(w)1^ du
J a

^ ^2 j7 —77 [ ^i""^l4(«)P du + £'^ [ u""^l4('")|^ du\ .( (CK — 7 — Ij ./o Ja J

By substituting (3.11) and (3.12) into inequality (3.15), we obtain for some constant
4 > 0

\\Bz\\' < k2\\fz\ \'
< k2{\ \z\\ + \ \fz\\)\
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Thus, z G D{Bq). Since z is arbitrary, the inequality above implies that Bq is To-

bounded on those z G T'(To) with Zi = 0.

Finally, we consider any z G T'(To). As before there exists a 6 < oo such that the

support of zi and the support of Z2 are contained in [a, b]. Then we have, suppressing

the independent variable,

(3.16) l|z||^ = f + \z2f] ■,
Ja

(3.17) \ \fzf = [ u"-^[lz(|2 + |z^|2] , and
Ja

(3.18) \ \Bz\f = [ u~'^~"{[bl + bl]\zif+ [bib4 + b2b3]ziZ2
Ja

+ [bib4 + 6263]ZiZ2 + [^2 + ^4]l^2p}
<  f u~'^~°'{[bl + b1]\zi\'^ + 2\bib4 + b2b3\ \ziZ2\

Ja

+ [bl + bl]\Z2\'}.

We make use of the inequality 2ab <a^ + b'^ in inequality (3.18) to obtain

(3.19) ll-6z|p < f -H tojjzip-f- 16164-I-62^3! [kiP + |z2p]
Ja

+[bl + 64]|2:2p} •

Claim 3.1.1 There exist constants ^3,^4 > 0 such that

(3.20) j \b1b4 -I- 62^3! kiP

and

(3.21) [ 1^)164 + ^2^3! I•22P
Ja

Proof of Claim 3.1.1:

By following the argument in Claim 2.1.1, we know that

(3.22) f u'^~'^°'\bib4 + b2bz\du
Jx
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<  d-aj ^2 j u^~'^°'[bl + bl] du

+ (^j ̂  dv^ ' (^2 J + 63] du
Now, we show that the hypotheses of Theorem 1.7 hold for some e £ (0,5) with

N = x-^-°|6i64 + 62^3!, ̂  P = x"-^, and f = x. Via Lemma 1.8 and

inequality (3.22) we have for some constants C5,Cq,C5, and Ce > 0

f 1 r rx+ex ■] /•x-\-ex
(3.23) Si = sup|— / u'^-^du / u"^""|6i64+

xei ^ I-./1 J Ux
(  rx-\-ex

< ^sup 0:^-"+' / u-^-"|6i64
s xei t Jx

< ysupji l^^'\''-^°'\bib4 + b2b3\du^
x6/

+ {-j / u^~'^°'[b'l + bl] du) ^ and
r  1 r rx+ex „ "I r rx+ex 1 1(3.24) S2 = supj^^ J u'^~°''^^du J u '' °'\bib4 + b2b3\du j

d- ( rx+ex
< ^sup u-^-"16i64

£■ i€/ 1 ■^x

< £isup(i r'V=-^|6,64 +
£ xGl Ix Jx

■9 / 9 rx+ex _ _
[64 + bl] duCe 1  rx+ex

u^ ^"6? dusup
X J£ xei Vx Jx x

\X Jx / Jx

for some £ G (0, |). Inequalities (3.2), (3.23), and (3.24) give us 5i, 52 < oo for some
£ G (0,|). An application of Theorem 1.7 gives us

r u-^-" |6i64 + M3lkl|'
J a

<h |£ +e'l' u'-M?]
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and

[' \bib4 + b2h\ \z2f
J a

<h U' w-'-'M' +e'I' «°-'I4I'}
for some constants ks, > 0. Inequalities (3.20) and (3.21) follow by applying the

Hardy inequality (3.1) to the first integral on the right-hand side of each inequality

above. #

Therefore, via inequalities (3.9), (3.15), (3.20), and (3.21) we obtain from inequal

ity (3.19) that

<  (h + h) n-VA'

+(fc2 + *:.)

i.e., there exists a constant C > 0 such that

\\Bzf < C\\fz\\'

< C{\\z\\ + \\fz\\)'.

Thus, z G D{Bq). Since z is arbitrary, the inequality above implies that B'q is Tq"

bounded. Via Theorem 1.2, Bq is To-bounded.

Necessity

Fix e € (0,1). For each r > a define and to be the vector-valued functions,

with compact support, given by (2.28) where /(r) = r. Then via Lemma 1.8 there

exists a constant Ci > 0 such that for each r > a

(3.25) ll^rlP = j^x'^ °'(j)l{x)dx
=  x''-''4>'^ dx

Jr-2sT \ er J
rr+2£T

< Ci / (j)
Jr—2er

'•+2er fx-r\

Ir—2sr \ ET

,
'  ' dx.
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X — r

By a change of variables (letting u = in (3.25))
er

(3.26) ll^rlP < Ci er'^ j ̂ du.

Since (j) is continuous, inequality (3.26) implies there exists a constant C2 > 0 such

that for r > a

(3.27) ||$r||'<C2r^-"+^

Similarly, for r > o

(3.28) ll^r||'<C2r^-"+^

Via Lemma 1.8 there exists a constant C3 > 0 such that for each r > a

(3.29)

/•r+2er

= / X-
Jr—2er

dx

d  . /X — r
1-9
dx V er

/•r+2er

Jr—2er

X — r

d  , /X — r
irv
dx \ er

dx

2

dx.

By a change of variables (letting u = in (3.29)),
er

(3.30) < C^e-'r'"-''-' IJcl>'{u)]^du.

Since (j)' is continuous, inequality (3.30) implies there exists a constant C4 > 0 such

that for r > o

(3.31)

Similarly, for r > o

(3.32) lIT^rlP

Since = 1 on [r, r + er] and supp((^r)=['" - 2£r, r + 2£r],

rr+er fr+2er

(3.33) / x"^""[6i(x) + 63(x)] dx < / x~'^~°'[b^{x) + b^{x)](l)j.{x) dx
Jr Jr—2er

=  \mr\\^.
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Thus, via the To-boundedness of Bq and inequalities (3.27), (3.31), and (3.33), there

exists a constant 0$ > 0 such that

+ bl{x)] dx < Cs + r""^"').

After multiplying the above inequality by we apply Lemma 1.8 to the left-

hand side and obtain a constant Q > 0 such that

(3.34) - / a;2-2"[6?(rE) + bl{x)] dx < Ce -f-1)
T Jt

Since 7 - a -I-1 < 0, the right-hand side of the above inequality is bounded on I.

Hence, inequality (3.2) holds for z = 1,3.

Moreover,

(3.35) r^^\"^~'^[bl{x)^bl{x)]dx < [ x~^~°[bl{x) + bl{x)](t)l{t) dx
Jr JT-2er

=

Via the To-boundedness of Bq and inequalities (3.28), (3.32), and (3.35),

I  x-^-''[bl{x) + blix)] dx < C5 + r"-^-^).

After multiplying the above inequality by we apply Lemma 1.8 to the left-

hand side to obtain a constant C7 > 0 such that

(3.36) - / dx < C7 (r2(T-°+^) + 1)
r Jr

Since 7 — a + 1 <0, the right-hand side of the above inequality is bounded on 1.

Hence, inequality (3.2) holds for z = 2,4.

Note that the proof of necessity shows that (3.2) holds for every e € (0) |)-

(ii) Sufficiency

By the previous argument Bq is To-bounded. Thus, T>(To) C D{Bq). For every

positive integer N > a, define Bjv on D(To)by

Bz on [a, N]
BnZ = {

0  on {N, 00)
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Notice that each Bn is fo-bounded with the same norm as Bq since \\Bisfz\\ < \\Bz\\.

In order to simplify the proof, we break the argument into two Claims.

Claim 3.1.2 Bn Bo in the space of bounded operators on D{To) with the To-norm.

Proof of Claim 3.1.2:

By definition To is closed. Therefore, D{fo) is complete under the To-norm.

Let z G D{fo). Since Tq is the closure of fj^, for each positive integer n > 1 there

exists a Zn ̂  •C'(To) such that

(3.37) \\z-Zn\\ + \\fz-fzn\\<-,
n

where =

I

'  for each n.

V -^".2
Using the inequality 2ab < 4- 6^, we have for each Zn G Tq

—V XV ^00

(3.38) \\BZn — Bj^ZnW^ — / n~''~'^{[bl+bl]\Zn,i\'^+ [b\b4+b2b3]Zn^iZn,2
JN

+ [^>1^4 + b2b3]Zn^iZn,2 + [^>2 + ̂'4]kri,2r}
TOO

<  / U~'^~°'{[bl + bDlZn^il"^ + 2\bib4 + b2b3\ \Zn,iZn,2\
J N

+ [bl 4- bl]\Zn^2\'^}
roo

<  / u-^-^ilbl + b'^WA'
JN

+ \bib4 4-62^3! [kn.lP 4- |2n,2p] + [^2 + ̂4]kn-,2p} •

Since each has compact support in the interior of I, there exists a, b < oo such

that the support of Zn,i and the support of Zn,2 are contained in [a, 6]. Thus, we can

apply the sufficiency argument in part (i) with /^v = [-^,00) to the last inequality in

(3.38).

Via Theorem 1.7 and inequalities (3.7), (3.8), (3.13), (3.14), (3.23), and (3.24),

there exists a constants Ki, K2,Kz, and T'4 > 0 such that

^  ̂ r 1 rx-\-ex
\Bzn-Br^Zn\\^ < Ki sup I- u^~'^''[bl + bj] du

X € Jn ^ ̂  ̂
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u' ' + duj
+ if, sup ic- r\^-HUuy C- r"u^-'ihi+bi]du]'

x^In I •'^ ' ®

(i IT ''")' (I IT ''"'
£  +£^/; «<"-i4.p)

+ fsTs sup I (- /" ̂  f- [ u^ T^l + bl]dv)
xeiN I ^

■" (; IT "")' (I IT "'1

+ K4 sup 1^ j u^~'^°'[bl + bl]du^
'kn,2p du + e^ w""^kn,2p •

xSIn

rb ^a-7-2|

We apply the Hardy inequality (3.1), as before, to obtain constants Ki^K^iKz,
and ^4 > 0 such that

\\Bzr,-BNZnf < .^i sup ^ + 63] rfuj • |^ du|
+ K, sup \ fi r\^-b\iu)' a r'u^-^'ibUbW'

x€In -^a: / X

+ (- [ u^~'^°'blduY (- [ Tbl + bl]dY
\X Jx J \X Jx

■{II
+ K, sup I a r'\--^b\du)' y r'\-'--"[bUb-Mu^'

X^If^ I X / X

+ (; IT ''")' Q IT ■" '■'1 '
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•{/,
+ K4 sup (- / "*" u^~^°'[bl + bl]du\ n I [ •

xg/jv Ix Jx J (^-/a J

Adding nonnegative terms to the right-hand side of the above inequality gives

(3.39) \\Bzn-BNZnf < ATs sup F(x) [ u''"'[\z'„^t_\'^ + \z'^^2?] du
0,

|2<  sup F(x) \\TZn

< Fs sup F(x) \\Zn\\f,
x€In °

for some constant F5 > 0, where

fx+ex

xGlff

f  I /*X"^£X

F(x) = sup I - / -I- 63] du
xGlff tX Jx

1  rX+SX _ 1

H— I u^~'^°'[bl + bl]du\ .
CC •f X J

Therefore, via the the triangle inequality, the 7))-boundedness of Bq, and inequal

ities (3.37) and (3.39), we have for each n

\\Bz - Bnz\\ < \\Bz - BznW + \\Bzn - BffZnW + WBnZu - Bnz\\

< 2Kq {\\z - Zn\\ -b \\fz - fznW) -b \\BZn - B^^Z^W

2Kr i /
<  b Ki sup F(x) li^nilf' fo'" some constant Ke > 0.

n  \x€In j °

By applying the triangle inequality and inequality (3.37) again, we obtain for each n

2Kr i / \ ̂
\\Bz - Bnz\\ < + Kl sup F(x) {\\zr, -

fl \x€In /
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We let n ̂  00 to obtain for each N

\\Bz - Bj,z\\ < Ki sup F{x) l|zl
<x€In

iTo •

Since In — [N,oo), equations (3.3) imply that sup F{x) 0 as N
x€/jv

the above inequality, we have for z 7^ 0

\\B — Bn11 —^ 0 3S N —^ 00. ^

Cledm 3.1.3 Each Bn is To-compact.

00 so that, via

Proof of Claim 3.1.3:

Let {zn}^=i C D{fo) be a To-bounded sequence where =
^n,\

Zn,2

for each n. We

need to show that for each N the sequence {BNZn]^=i has a convergent subsequence.

We make use of the Arzela-Ascoli Theorem.

Let us consider the sequence of the first component functions We

show that this sequence is uniformly bounded on [a,N]. Partition [a,N] by

Ji = I < i < k with Xi = a, Xi+i = Xi ixi and i € (0,e) chosen so

that N = Xk+i = Xk -h ixk- Via equation (2.12) of [3, page 571] in the proof of

Theorem 1.7, we know there exists a constant Ci > 0 such that for x & Ji

(3.40)
I S CCx L*' Ji j lJ Ji

+[  °'du [ u°' ^(u)l^(i'U
.Jji J VJji ' J

Via Lemma 1.8 and inequality (3.40), there exists a constant C2 > 0 such that for

X £ Ji

< C, (i xr''-' l u'-'Mu)\Hu + ixr'*' .
Since rr, 6 [a, N], the inequality above implies that for x £ Ji

(3.41) M^)\'<Coi\\zAA + \\TzA\')
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for some constant C3 > 0. Since {zn}n=i is a fo-bounded sequence, inequality (3.41)

implies that the sequence is uniformly bounded on [a,N].
Now, we show that {2n,i}^=i is equicontinuous on [a, N]. For s,t € [a, A^] we have

via the Cauchy-Schwarz inequality

(3.42)

<

du

I 14,1 (w) I

< f: du du

Since u'^~°' is a positive, continuous function on [a, N], there exists a constant C > 0

such that for s,t e [a, N] we have via (3.42)

(3.43) kn,l(s) - 2n,l(i)| < C\s-t\^\\fzn\\

< C \S - t\^ \\Zn\\f^

for each n. Since is a To-bounded sequence, (3.43) implies that the sequence

is equicontinuous on [a,N].

Therefore, via the Arzela-Ascoli Theorem we conclude that there exists a sub

sequence of which converges uniformly on [a,N]. By repeating

the above arguments (inequalities (3.40)-(3.43)) on the subsequence of

we conclude that there exists a subsequence of {znk,2}T=\ which converges

uniformly on [a,N]. Hence, there exists a subsequence of {zn}^i which converges

uniformly on [a, N]. WLOG, we assume the sequence converges uniformly

on [a, N].

Now, suppressing the independent variable and using the inequality 2ab <0^ + 1^

we have for each N

(3.44) \\Br,Zn-B!,Zm\\^ = T
Ja

+ [6164 -f b2bz]{Zn,i — Zm,l){Zn,2 ^m.z)
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+ [6164 + i'2^3]('2^n,l ~ Zm,\){,Zn,2 ^171,2)

+ [bl + &4]l2fi,2 ~ •2^m,2l^} du

< [ U-'^-''{[bl + bl]\Zn,l - ̂m,lP
Ja

+2 \b\b4 + 62^'3| \{^n,1. ~ ̂Tn,l){Zn,2 ~~ -2^771,2)1

+ [^2 + 64]|Zn,2 — Zm,2\'^}

<  f + bl]\Zn,l - Zm,l\'^
Ja

+ I6164 + 62^3! (1^1,1 ~ + 1^71,2 ~ ■2^771,2! )

+ [bl + ^'4]|^71,2 — •2^771,2!^} .

By adding nonnegative terms to the right-hand side of inequality (3.44), we obtain

WBnZti — B^Zmlf < [ u~''~°'{[b\ 4- bl] l|z„ — ZmWl + 1^1 ^4 + ^>2^31 — -2^777112
J a

+ [b2 -+- 64] ll^n — 2:^112}

<  sup \\Zr, - ZmWl \ / + ^1]
a<x<N I. ■'a

where

\\Zn ~ 2TO|i2 ~ [■^7i,l(^) ~ Zm,l{z:)] 4" [2^n,2(^) " ■

By applying the argument used in inequality (3.22) to the inequality above, we see
that the integrals on the right-hand side are finite on [a,N]. Hence, there exists a
constant C > 0 such that

WB^Zr, - B^ZraW^ < ^ SUp H^n - Z^Wl ■
a<x<N

Since {zn}%,i is a Cauchy sequence in the uniform norm, the above inequality implies
that the sequence {Br^Zn}^^^ is Cauchy in >C^(/) for each N. Therefore,
converges for each N as n —> oo since is complete. Hence, each B^ is To-
compact. #

Since Bq is the uniform limit of To-compact operators, Bq is To-compact.
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Necessity

We use contradiction arguments to show that each equation in (3.3) must hold.

Suppose that for some £ e (0, |) there exists a p > 0 and a sequence of

positive numbers such that —>■ oo as n -> oo and for each n

(3.45) — / x^~'^°'h1{x) dx> p for some i € {1,2,3,4}.
Tji Jtu

Suppose i = 1. Let {$r}r>a he defined as in (2.28) with /(r) = r. Then via
inequalities (3.27) and (3.31) there exist constants €2,04 > 0 such that for each n

(3.46) = (ll^^rJl + ||f $rJl)'

< 2C2rr""^^ + 2C4rr''"'-

For each r > a define

(3.47) ^r{x) = for x > a.

Via inequality (3.46) we have for each n

(3.48) WKWi =
< 2C2r2(^-°+') + 2C4.

Since 7 — 01 + 1 <0, inequality (3.48) implies that is a To-bounded

sequence. Via the To-compactness of Bq, has a convergent subsequence.
WLOG, we assume converges, say to some zq- Now, since (^r„ = 1 on

[r„, Tn + ern] and supp((^rJ=K - 2£r„, r„ + 2ern], we have for each n

(3.49)
1 fTn+ern ,

VI

/  ̂Tji .JTn

1 rTn+STn
< /  ̂

Tn ■Jvn
1 /•r„+2er„

< /  ̂
Tn Jr-n-'iSTn

2

2

-2a 1.2 /

-2ar;.2/

'[bl{x) + bl{x)](l>l^{x) dx.
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We apply Lemma 1.8 to the above inequality to obtain for some constant C > 0 and

for each n

(3.50) — + bl{x)](j)'^^^{x) dx
^71 •^7*n~2£rn

< Cr^-^+W" ^ x-'^-"[bl{x)+bl{x)]4>lJx)dx
JTn-2eTn/r„-2er„

i.e., ll.B$r„|| > (c) ' > 0 for each n.
By an argument similar to the one used in the proof of Theorem 2.1 (ii), we

conclude that = 0 a.e. in [a,oo). This contradiction implies that equation (3.3)

holds for f = 1. If we begin with 63 instead of bi in inequality (3.49), then the above

argument shows that equation (3.3) holds for i = 3.

Now, for each r > a define

^^(x) = r^^'^~"'''^^^r(2:) for a: > o

where {^'r}r>o Is given in (2.28) with /(r) = r. Via inequalities (3.28) and (3.32) we

have for each n

= rro+Ml^rJll,
< 2C2ry^-°'^'' + 2C4.

Thus, is a To-bounded sequence.

By repeating the above argument with bi replaced by either 62 or 64 and $r

replaced by we conclude that equation (3.3) holds for f = 2 and z = 4.

Note that the proof of necessity shows that (3.3) holds for every e € (0, |). □

Corollary 3.2 Let I = [a, 00), a > 1, and 7 — a < —1. Then the following three
statements are equivalent.

(i) x~'^~°' bj{x)dx < 00, for i = 1,2,3, and 4.
(ii) Bi is Ti-bounded.

(Hi) Bi is Ti-compact.
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Proof;

We break the proof into two cases.

Case I: a = 0

We consider the maximal operators, Ti and Bi and the minimal operators, To and

Bo, associated with the following differential expressions on the interval I:

X  0

0  x-^

\ /

(3.51) (fz)(x) =

and

(3.52) {Bz){x) = ,
0  x-T'

(i) (iii): Since 7 < -1 and x > a > 1, we have

0

X
-7 0

\

/

bi

63

 -1

1  0

\

64

62 y

(  / \

V4 )

I r

xh]{x)dx < '^h\{x)dx.

Hence, (i) implies that Bq is fo-compact via Theorem 3.1. Therefore, D{fo) C D{Bq).
Via equation (1.7) we can write

(3.53) D(fi) = D{fo) e 5,

where S has dimension four since T is regular at a and limit circle at 00.

Claim 3.2.1 S C D{Bi).

Proof of Claim 3.2.1:

Let zi and Z2 be functions in C^^)(R) such that 2:1(0) = 1,

supp(zi) = [o — 1,0 + 1], Z2{x) = 0 for X < o, and Z2{x) = 1 for x > a + 1.
^( zi{x) \ I ^

For X > a we define Zi(x) = , Z2{x) =
\  0 ) \ zi{x)/

, Zsix) =
 Z2{x) ̂

\ 0
/

and Z4{x) —
' 0 ^

Zi{x)
Notice that these four vector-valued functions are linearly

/
independent. Since z\ has compact support,

ra+lro-ri

yZilP = IIZ2IP = / a:^l2:i(x)| dx,
J a
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which is finite since zi is continuous. Moreover,

roo _

||.^3|P = |1.^4||2 = / X'^\Z2{X)\ dx
J a

ra+1 poo

=  / x''\z2{x)\'^dx+ x'^dx,

which is finite since 22 is continuous and 7 < -1. Thus, each Zi e with

weights x'^.

We show that each fZi 6 with weights so that each Zj € D(fi). Since

zi has compact support,

||fZi|| = ||fZ2|l<oo.

Moreover, since 22 (^) = 0 0^ [a + 1,00),

\\TZ^f = \\TZ,f= / i-TlziWI'di,
Ja

which is finite since z'2 is continuous.

Define S = span{Zi, Z2, Z3, Z4}. We now prove that

D(fi) = D(fo)©5,

i.e., we show that no linear combination of the Zi is in D{fo). Suppose to the contrary
that there exist constants ci, 02,03,04 (not all zero) such that

(3.54) Z ;= OiZi + O2Z2 + 03Z3 + O4Z4 G D(To).

Since T is regular at a and Z G D{Ti), we have that Z G D{To) if and only if Z{a) =0

and [Z,Y]{x} -> 0 as re 00 for every Y G D{fi), where the Lagrange identity is
defined by

[y,y](x) = iym-y2yi){x)

for real vector-valued functions Y and Y (see [15, Theorem 3.12]). Since 21(a) ̂  0,

we must take 01 = 02 = 0. Therefore, Z = 03Z3 -I- O4Z4. In order to satisfy the

second condition of [15, Theorem 3.12], we must have [Z, Z3](x) —0 as rr —> cx) and

[Z, Z4](rc) 0 as X -> 00, where

[Z, Z3](x) = 03[Z3, Z3](x) -I- 04[Z4, Z3](x) = 04[Z4, Z3](x)
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and

Since

[Z, Z4{x) = C3IZ3, Z4]{x) + C4[Z4, Z,]{x) = C3IZ3, Z,]{x) .

lim [Z3, ZAlx) = lim
X-fOO ' X-^00

we must have C3 = 0. Moreover, since

lim [Z4, Z3](x) = lim
^  ' T-Arv^X-¥00 '

\ fo\
/

1

0

f o\ f I0

= 1,

LV^ y
= 1,

we must have C4 = 0. Hence, no linear combination of the Zi is in D{Tq).

Since zi has compact support,

\\BZ,\\ = \\BZ2\\<oo.

Moreover,

roo

\\BZ3f = / x-''[bl{x) + bl{x)]\z2{x)\'^dx
Ja

=  x-^ [bl{x) + bl{x)] \z2{x)\'^ dx+ f x'^ [b1{x) + bl{x)] dx
Ja •'a+1

and

/*00

\\BZ4f = / x-^[bl{x)+bl{x)]\z2{x)\'^dx
Ja
/•a+l roo

=  / x"^ [bl{x)+bl{x)]\z2{x)\'^ dx + x~''[bl{x) + b4{x)]dx,
Ja Ja+l

which are finite by (i). Therefore, each Zi € D(B\). #

Equation (3.53) and Claim 3.2.1 imply that D{Ti) C D{Bi). Via Theorem 1.5 Bi

is T\-compcict.

(ill) (ii): Since Bi is Ti-compact, D{Ti) C D{Bi). Via Theorem 1.3 Bi is

Ti-bounded.

(ii) (i): Since Bi is fi-bounded, D(fi) C D{Bi). Via equation (3.53) 5 C D{Bi).

Therefore, \\BZi\\ < 00 for each i, i.e.,

j x'"' bi{x) dx < 00, z = 1,2,3,4.
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Case II: a ̂  0

As in the proof of Corollary 2.2, we transform the differential expressions T and B

unitarily into T and B, respectively, where

/

(Ty)(x) =
x"-'' 0

0

\
0 -1

1  0

and

{By){x) =
(

\
X
,a—7

X "6i X "64

X~%z X~°'b2

(y'A
[y'J

\ / \
2/1

/ V 2/2 y

Replacing 7 with j — a, bi with x "'bi, and z with y in Case I, we have that the

following three statements are equivalent;

(i') J bf{x) dx < 00 for i = 1,2,3, and 4.
(ii') Bi is Ti-bounded.

(iii') Bi is Ti-compact.

Since the transformation is unitary, (ii') holds iff Bi is f\-bounded, and (iii') holds

iff Bi is T\-compact. □
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Chapter 4

Perturbations of L

In this chapter, we consider perturbations B of the higher-ordered differential operator

L, where L and B are defined by (1.1) and (1.3), respectively. We assume that the

functions Wi,W2,p,Pi,P2 ^ -ACioci^)- Again, we develop necessary and sufficient

conditions for the perturbations to be relatively bounded or relatively compact with

respect to L. As in Chapter 2 these conditions involve explicit integral averages of the

coefficients of B. In Theorems 4.2 and 4.4 we consider the maximal operators Li and

Bi associated with the differential operators (1.1) and (1.3), respectively. Each of the

proofs follows the general pattern of Theorem 2.1 but requires additional estimates

on \\Ly\\.

Corollary 4.5 applies Theorem 4.4 to perturbations of an operator of the form

(1.5) with

/

W{x) =
0
\

V 0
, Po{x) =

ri r

r  r2

, and Qo{x) = -
0  -X

x°' 0

a \

/

where 7 and a are constants which satisfy 7 — 0; < —1; whereas. Corollary 4.6 applies

Theorem 4.4 to perturbations of an operator of the form (1.5) with

W{x) =
^1 0^

0  1
, Po{x) =

a k+o
X  X

^ + 4 z-d

\

, and Qo{x) = -
0 -1

1  0
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where a, b, c and d are constants and c 0. This operator arises from the study of

the relativistic electron (see [14, page 129]). The proof of each corollary makes use of

a unitary transformation.

We need the following lemma in the proof of Theorem 4.2. In this lemma, we

consider the minimal unclosed operators, L'q and B'q, associated with the differential

expressions (1.1) and (1.3), respectively, where the weight functions wi = W2 = I and

the coefficient functions pi and pa satisfy the relationship pa = —Pi on an interval I.

We establish a lower bound on the £^(/)-norm of L on D{L'q).

Lemma 4.1 Let 0 < 5 < ^ and suppose wi = W2 = I and pa = -pi- If

1Pi(^)I < ond |p'(t)| < d[Pi(t) +p^(t)] on an interval I, then there
exists a positive definite matrix Ai such that for y € D{L'q)

(4.1) ||L!/||^ > +

where Ai = (1 - 26)\pl{t) +p^(t)]
^1 0^

\0

Proof:

Let y € D{L'q). Then after some simplification we have

(4.2) ||L!,||' = fl(Lymn(Ly){t)]dt
= ̂  {Is/lWP + +p(') [|yi(')i' - lyzWPl'

-2pi(t) [5Re(pi(t)ya(t))]'

+\pl{t) + p"myi{t)\' + \y2{t)\']}dt.

Now, by integration by parts

(4.3) ^ {p(t) [|yi(t)l^ - ly2(t)P]' - 2pi(t) [3^e(yi(t)pa(i))]'} dt
= ̂  {-p'{t) [\yi{t)f - lP2(t)l1 + 2p'i(t) Re{yi{t)y2{t))} dt.
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Therefore, if we suppress the independent variable, we have

(4.4) \\Lyf = + \y'2?-p'Wvi?-\V2?]

+2p; Ue{yiy2) + [Pi (bil^ + bsP]} dt

-2 \p[\ \dte{yiy2)\ + \pl+P^] [|yiP + baP]} dt

> l{\y[\' + \y'2\'-\p'\[\yi\' + \y2\']
-\p[\M' + \y2\'] + [pl+p'][\y.\' + \y2\']}dt

where the last inequality in (4.4) follows from the inequality

2 |5Re(yiy2)| < 2 \yi 2/2I < I2/1P + baP •

Use of the hypotheses in (4.4) implies that

iiivii' > I{[y'mYv'm+(1 - 26M{t)+p\t)]v'mt)}dt. □
Theorem 4.2 Let I = [0,00) for some a > 0, Wi = W2 = I, P2 = —Pi, o,nd

f{t) = \pi{t)+p'^{t) + l]~^ on I, where Pi andp satisfy the conditions of Lemma 4.1.
Suppose L is limit point at 00. Then

(i) BI is Li-bounded if and only if
1  rt+ef{t)

(4.5) sup — / / (r) (r) dr < 00, i = 1,2,3,4,
t€l fit) Jt

for some e e (0, ■^) ;
(a) Bi is Li-compact if and only if

1  ri+sfit) „
(4-6) / (r) (r) dr = 0, i = 1,2,3,4,

for somes G (0,^).

Proof:

Via the triangle inequality and the bounds on |p^| and \p'\ on I, we have

Pi{l)p'i{l)^P{l)p'{l)
\pi{t)+p'^{t) + l]--
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<

<

s\pl{t) + p^jt)] [bi(Ol + b(t)|]
\pl{t)+p^{t) + i]l

<^[|piWI + bWI]

Since [lpi(i)| + \p{t)\]'^ < 2[pf(f) +p'^{t)], we obtain the inequality

\nt)\<V2 6.

Hence, the hypotheses of Lemma 1.8 hold with A^o = \/2 5.

Now, we show that Bq is Lo-bounded if and only if inequalities (4.5) hold. Note

that D{Lq) C D{Bq) since the order of B is less than the order of L and the coefficients

are sufficiently smooth.

(i) Sufficiency

Let us first consider any y € D{Lq) whose second component is zero. Then we have

(4.7) ||y||^ = ̂  \yi{r)f dr,
(4.8) \\Byf = j^ [qi{r)^+ q3{rf]\yi{T)f dr, and via Lemma 4.1
(4.9) \\Ly\\^ > l^{\y[{r)\^ + {l-25)\pl{T)+p'^{r)]\yi{r)\^}dT

= I {bi(7-)P + (1 - 25)[/"^(r) - l]lyi(r)|2}dr .
Now, we show that the hypotheses of Theorem 1.7 hold for some e £ (0, with

N — + ql,W = {1 — 2J)/"^ + 26 and P = 1. By applying Lemma 1.8 with g = 1,

we know that positive and negative powers of f are essentially constant on intervals

of length ef. Thus, we have for some constant Ci > 0

(4.10) Si = sup I ^  [9i(^) +q3{r)]dT
1  f r*+ef(t) „ „ 1= - sup'^/(t) / [gi(T) +q3{r)]dT\ and
€  ter [ Jt j

(4.11) 52 = sup ,
te/

rt+£f(t)

"
/

(t) [l
dr

<
Ci

(1 - 25)/-2(r) + 2(5

\qip? + qzp?]dr

t+ef{t)

e{l-25)
sup I f[t) ̂  [qipf + 93(r) ] dr]
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for some £ e

Inequalities (4.5), (4.10), and (4.11) give us 81,82 < 00 for some £ G (0,^)-
Therefore (via Theorem 1.7), there exists a constant ki> 0 such that

(4.12) ^ [qiirf + qzir)^] iyi(r)P dr
<  [{l-26)f-\T) + 25] \yx{T)f dr + \y[{T)\'^ dr} .

By substituting (4.7)-(4.9) into (4.12) and applying Lemma 4.1, we obtain for some

constant > 0

(4.13) ||B!,||= < (WP + lli!/|p)-

Since y is arbitrary and D{L'q) C D{B'q), inequality (4.13) implies that B'q is L'q-

bounded on those y G D{Lq) with 2/2 = 0.

Let us now consider any y G D{Lq) whose first component is zero. Then we have

(4.14) llyll^ = ̂  iy2(r)P dr,
(4.15) lIBylP = ̂  [92(r)^ + g4(r)^]|t/2(r)|^ dr, and via Lemma 4.1
(4.16) \\Lyf > ^ {\y2{r)\'^ + (1 - 2<5)[p?(r) +p2(r)]ly2(r)P} dr

== / {12/2^1'+ (l-2d)[/-'(r)-l]|2/2(r)l'} dr.
I

Following an argument similar to the one above, we show the hypotheses of Theo

rem 1.7 hold for some £ G (0,^) with N = qj + q^W = {1 - 26) + 26, and
P = I. For some constant C2 > 0 we have

(4.17) 81 = sup < -X
tei

1  /
= - sup«^

£  t€l [

t+ef{t)

I dr

t+ef(t)

+ qi{T) 1 dr

(4.18)

rt-\-sf{i)

j  [
I

[g2(r)^-t-g4(r)^]dT[ and

<+£/(*) dr

(l-25)/-2 + 2(5

Q2{r)^ + q4{r)^]dr
<

Co sup ] / W / ̂ ^[g2(r)^ + 94 (r)^] dr]
£(1 - 2d) til
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for some e £ Inequalities (4.5), (4.17), and (4.18) give us 81,82 < 00 for

some 6 e (0, Therefore (via Theorem 1.7), there exists a constant k2 > 0 such

that

(4.19) ^ [q2{rf + q4{rf] \y2{r)f dr
< k2 [(1 - 2Sf-^{T) + 26] ly2(r)p dr + e'^ n

By substituting (4.14)-(4.16) into (4.19) and applying Lemma 4.1, we obtain for some

constant ̂ 2 > 0

(4.20) ||B!/ll'<fe(li!/ll'+l|t!/lft-

Since y is arbitrary and D{L'q) C D{B'q), inequality (4.20) implies that B'q is L'q-

bounded on those y G D{Lq) with yi = 0.

Finally, we consider any y G D{L'q). Then we have, suppressing the independent

variable,

(4.21) II# = [iM' + M'].
(4.22) jjByjj^ = f {[gf + 9|]|vil' + [9i94 + S253bl!/2

+[?i94 + q2q3]yiy2 + [ql + ilWy'i?')

< I {[?! + ?3]|yii^ + 2 1?i94 + 92^31 lyml
+[ql + ql]\y2\'^}, and via Lemma 4.1

(4.23) jjLyjj' > ^ {|!/;P + |!/2p + (l-2fl(P?+p')[l!/il' + l!/2fl}
= I {i!/;p+iM'+(1 - mr' - i)ii!/ip+IS2P1} •

We make use of the inequality 2ab < + 5^ in inequality (4.22) to obtain

(4.24) \\Byf < ^ {[gi+9|]lyiP +19194+ 52^31 [|2/iP + ly2p]
+[qI + qlun.

Claim 4.2.1 There exist constants kz,k^ > 0 such that

(4.25) ^ |9i94 + 9293I iyiP < ̂3 [(1 - 2(5)/"'^ + 2(5] lyil^ + ^ ly(l'
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and

(4.26) ^ |9i?4+ g2g3| |y2p < ̂4 '^ + 25] \y2\'^ + e'^ 1^/2^}
Proof of Claim 4.2.1;

By following the argument in Claim 2.1.1, we know that

(4.27) I?i?4 + ®J3| < (2 j* "'\9l + <i]]

Now, we show that the hypotheses of Theorem 1.7 hold for some e € (0)^^^)
with N = \q1q4 + g2g3l,f^ = (1 - 2<5)/"^ + 25, and P = 1. Via inequality (4.27) and

the definitions of Si and S2, we have for some constant C3 > 0

f 1 r rt+ef(t) 1 r rt+£f{t) 1 1(4.28) Si = sup<^ 1 Igig4 + g2g3| |

-;'s { r"'" '0' '

f  1 r rt+ef{t) 1 1 r rt+ef{t)(4.29)5, = sup I ^,_2i)f-2 + 2s\[l

/  ri+e/W „V / /-t+e/W^ _ „A+ (/(t)^ \ Jt [^1 5'3]J
for some e G (0,^^)- Inequalities (4.5), (4.28), and (4.29) give us Si,S2 < 00 for
some £ G An application of Theorem 1.7 gives us inequalities (4.25) and

(4.26). #

Therefore, via inequalities (4.12), (4.19), (4.25), and (4.26) we obtain from in

equality (4.24) that

(4.30) ItBi/ll' < {h + h) {y [(1 - 26)r^ + 26] b,|' + f, f Isii
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+(^2 + k4) [(1 - 25)/ '■ + 25] |t/2p jj ^ l2/2p| •
Hence, via Lemma 4.1 there exists a constant C > 0 such that for each y G D{Lq)

\\Byf<C{\\yf + \\Ly\n

Since y is arbitrary and D{Lq) C D{B'q), we know that B'q is L'Q-bounded. Via
Theorem 1.2 we have that Bq is Lo-bounded.

Necessity

Fix e G (0, For each r> a define and to be the vector-valued functions,
with compact support, given by (2.28). Then for each r> a

(4.31)

-i:
r+2e/(r)^2

r-2ef{r) \ef[r)J

t — T
By a change of variables (letting u = —7777 in (4.31)),

^f{r)

(4.32) W^rf = ef{r) [ (l)^{u)du.
«/—2

Since (j) is continuous, inequality (4.32) implies there exists a constant Ci > 0 such
that for r > a

(4.33) m\'<C^f{r).

Similarly, for r > a

(4.34) \\%\\'<C,f{r).

Via the hypothesis on p' and Lemma 1.8, there exists a constant C2 > 0 such that
for each r > a

fT+2£f(r)

lr-2ef{r) \ dt^ \ef{r)^

IIMriP = I

= rJr—I

+ bl(t) + - P'(0] <Arb) \ dt
d  . f t - r
tA + b?(t)+p^W -p'b)]

t — r
dt
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rr-

s L
rr-

^ L

<- i:

T+2e/(r)

r-2sf{T)

■r+2ef{r)

r—2ef{r)

r+2ef{r)

r-2ef{r)

Miw< + [Pl{t) + P\t) + \P'{'t)\]

+ {i + 5)r\t) <^2

t - r

dt

dt

Mm dt

rr-

+C2 (1 + 5)f ^(r) r-2sf(r) \2"/(^)y
t — r

By a change of variables (letting u = above inequality),

(4.35) ||L®,1I' < £, ■
Since (j) and (j)' are continuous, there exists a constant C3 > 0 such that for r > a

(4.36) \ \L^r\V<Csf-'{r) .

Similarly, for r > a

(4.37) \\L^r\? <Czf-\r).

Since = 1 on [r,r + sf{r)] and supp((^r)=[^ - 2ef{r),r + 2sf{r)],

(4.38) r^'^^'\ql{t) + ql{t)]dt < ^^\ql{t) + ql{i)Wr{t)dt
Jr Jr-2€f{r)

=  imrf.

Thus, via the Lo-boundedness of Bo and inequalities (4.33), (4.36), and (4.38), there
exists a constant C4 > 0 such that

rr^sf (t)(4.39) /(r) I [qUt) + qM dt < C4 f{r) + C3] .
Since f{r) = \p\{r) +p^(r) + 1]"2 < 1 on I, equation (4.39) implies that inequality
(4.5) holds for i — 1,3.

Moreover,

pr4-ef(r) /*7'-t-2£/(r)(4.40) [ [ql{t) + ql{t)]dt < / {ql{t) + ql{t)](j)r{t) dt
Jr Jr-2£j{r)

=  \mrf.
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Via the Lo-boundedness of Bq and inequalities (4.34), (4.37), and (4.40),

+ Qli^)] dt < Ca [C2 /^(^) + Cz].

is bounded on I, inequality (4.41) implies that inequality (4.5) holds for i = 2,4.

(Note that the proof of necessity shows that (4.5) holds for every e e (0, ■^^)-)
Therefore, we have shown that Bq is Lo-bounded if and only if inequalities (4.5)

hold. We apply Theorem 1.6 to conclude that Bi is Li-bounded if and only if in
equalities (4.5) hold.

Now, we show that Bq is Lo-compact if and only if equations (4.6) hold,
(ii) Sufficiency

By the previous argument Bq is Lo-bounded. Thus, D{Lq) C D{Bq). For every
positive integer N > a, define on D{Lq) by

BnV = <
By on [a, V]

0  on (W, 00)

Notice that each Bn is Lo-bounded with the same norm as Bq since WBnvW < \ \By\\.
In order to simplify the proof, we break the argument into two Claims.

Claim 4.2.2 B;v Bq in the space of hounded operators on D{Lq) with the Lq-
norm.

Proof of Claim 4.2.2:

By definition Lq is closed. Therefore, D{Lq) is complete under the Lo-norm.
Let y € D{Lq). Since Lo is the closure of Lq, for each positive integer n > 1 there

exists a yn € D{Lq) such that

(4.42) \\y - ynW + \\Ly - LynW < ,
n

where yn =
/  \

Un,!

\ yn,2 j
for each n.

67



Using the inequality 2ab < + 6^, we have for each yn € D{L'q)
roo

(4.43) WByn-B^Vnf = / M + ql]\yn,l\'^ + [QiQ^ + Q2q3]yn,iy^
J N

+ [9i94 + q2q3]yn,\yn,2 + [qi + 94]|2/2r}

< ^ + ql]\yn,if + 2 |gig4 + |yn,i2/n,2|
+ [^2 + g4]iyn,2p}

^  {[g? + g3]l?/n,l|^ + |gig4 + g2g3| [i2/n,l|^ + \yn,2f]

+[g2 + qlWynM"^} n

We apply the sufficiency argument in part (i) with = [N, oo) to the last in

equality in (4.43). Via Theorem 1.7 and inequalities (4.10), (4.11), (4.17), (4.18),

(4.28), and (4.29), there exist constants Ki,K2,K3, and K4 > 0 such that for

each n

{4.U)\\Byn-Bj,yn\\'' < ̂  sup |/(t) + gs'lj
[(1 — 25)/ ^-I-25]|yn,lp

K2 If ft+^fW 2]' f /-t+VO) 2 21

+ (^/W glj (^2/(t) 'b? + <i[
■(/ [(1 - 25)/"^-I-25]|2/„,ip Ir

UIn

-f ^ sup I g? j (2f{t) l^'^^^\ql + ql]
+ (/{t) ql^ (^f {t) ^ [ql + g|]
■{/ [(1 - 25)/"^-t-25]|y;i,2p \y'n,2

w/w '' *N
. .. . - ,. • yn,2
'In

Ka { 2 , 21+ — sup f{t) / [ql ql\
£ t€lN I

[(1-25)/ ^-1-25]|yn,2p |yn,2p}-
68



Adding nonnegative terms to the right-hand side of inequality (4.44) gives for

each n

(4.45) \\Byn - BNVnf < ^5 sup F{t) [ [ [(1 - 26)f ^ + 25][|y„.il^ -H lr/n,2p]
teiN ^•'^N

[  [\yn,\f + \yn,2\
J In

+e
I In

for some constant > 0 where

ft+ef{t)

H
m = fit) I ' [9?+93]

Via Lemma 4.1 and inequality (4.45) there exists a constant Kq > 0 such that for

each n

(4.46) \\Byn - < ̂6 sup F{t) (|ly„ll + llLy„ll)^.
teiN

Therefore, via the the triangle inequality, the Lo-boundedness of Bo, and inequal

ities (4.42) and (4.46), we have for each n

\\By-BNy\\ < \\By - Byn\\ + \\Byn-BNyn\\ + \\BNyn-BNy\\

< 2Ki (||y - yn\\ + \\Ly - Lyn\\) + \\Byn - B^ynW

2K ^
<  -f K} sup F{t) llynlU' for some constant Xy > 0.

n  \t^iN )

By applying the triangle inequality and inequality (4.42) again, we obtain for each n
1

2K i / \ ̂
\\By - BNy\\ < —- + Ki sup F{t) (H^/n - yWio + II2/IU0)

H  \t€lN j

< — +Ki (sup F{t)\ (i-h llr/lUo) •
\t^iN y Vri /
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We let n —> oo to obtain for each N

WBy-B^vW < fsup F(t)l ||2/1|lo •
Hence, the above inequality implies that for y 7^ 0

Since /jv = [N, 00), equations (4.6) imply that sup F{t) -> 0 as A/' —> 00 so that, via
t^lN

inequality (4.47), we have

||B — B;vll 0 as A'' —> 00 . #

Claim 4.2.3 Each B^ is Lo-compact.

Proof of Claim 4.2.3;

Let C D{Lq) be an Lo-bounded sequence where

Vn —

/  \
Vn,!

for each n.

Y yn,2

Since Lq is the closure of L'q, for each n there exists a yn € D{L'q) such that

(4.48) Wvn - VnW + \\Lyn - LynW < -.
ft

Notice that {yn}^i is an Lo-bounded sequence since there exists a constant C > 0

such that for each n

l lynll + IILynli < (||yn - ynll + ||Lyn - Ly„ll) 4-(llynll + ||Ly„||)

1  ̂
< - + c

n

< 1 + C

via the triangle inequality, inequality (4.48), and the Lo-boundedness of the sequence

We need to show that for each N the sequence {Bi\[yn}^-i Las a convergent
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subsequence. First, we make use of the Arzela-Ascoli Theorem to show that the

sequence a convergent subsequence.

Let us consider the sequence of the first component functions We

show that this sequence is uniformly bounded on [a, AT], Partition [a,N] by

Ji = [thU+i], I < i < k with h = a, U+i = U and e G (0,£) chosen so
that N = tfc+i = tfc + ef{tk). Via equation (2.12) of [3, page 571] in the proof of

Theorem 1.7, we know there exists a constant Ci > 0 such that for t € Jf

(4.49) \yn,i{t)\' < c.
J'PiU) L (1 -Jj, (1 -

dr

+

= Cx
dr

25)/-2(r) + 26_

[ [{l-26)f-\r) + 26]\yn,i{r)\Ur
yJi

[ dr f \y'^^i{r)\
Ji J L*' Ji

L~2S)f-^{T) + 2S_
n  [ [{1- 26)f-\r) + 2(5]ly„,x(r)P dr
.J Ji

By applying Lemma 1.8, we obtain

(4.50) lyn,i(i)r < C-i [ [(1 - 2(5)r'(r) + 2^]|y„,i(r)|'dr
£  JJi

J Ji

for some constant C2 > 0 and for t G Jj. Since f is continuous on [a,N], there exists a

constant C3 > 0 such that for t G [a, N]

(4.51) |yn,i(i)P < <^3 I/^^[(l - 2d)/~^(r) + 2d]ly„,x(r)P dr + ̂ \y'n,iP)\^ dr^
so that via Lemma 4.1 there exists a constant C4 > 0

(4.52) \ynAt)\' < C,{\\ynf + \\LyJ')

< C,m\ + \\Lyn\\)P
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Since {yn}n=i is a Lo-bounded sequence, inequality (4.52) implies that the sequence

{yn,i}^i is uniformly bounded on [o, A'"].

Now, we show that {yn,i}^i is equicontinuous on [c, N]. For s,t e [a, N] we have

via the Cauchy-Schwarz inequality

(4.53) IVnAs) - yn,l{t)\ = [ yn,l{'r)dT
J t

<

< I dr' ̂  \yn,i{r)fdT
<  \s-t\^\Lyn\\

<  |s-tl^llynlUo •

Since {yn}^i is a Lo-bounded sequence, inequality (4.53) implies that the sequence

{yn,i}^i is equicontinuous on [a,N].
Therefore, via the Arzela-Ascoli Theorem we conclude that there exists a sub

sequence of which converges uniformly on [a,N]. By repeating

the above arguments (inequalities (4.49)-(4.53)) on the subsequence of

we conclude that there exists a subsequence of which converges

uniformly on [a,N]. Hence, there exists a subsequence of {yn}^i which converges

uniformly on [a,N]. WLOG, we assume the sequence {yn}^i converges uniformly

on [a, A'].

Now, suppressing the independent variable and using the inequality 2ab < -1- 5^

we have for each N

(4.54) ll^ivyn --Bivymir = / {[Qi + <l3]\yn,l - ym,l\
J a

+ [?i94 + 5293](yn,l - ym,l){yn,2 " ym.z)

+ [9194 + 9293](yn,l ~ ym,\){yn,2 ~ ymfi)

+ [92 + 94]|yn,2 - ym,2p}

<  / {[il + ̂]\yn,i - ym,l?
J a
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+2 \qiqi + q2qz\ \{yn,i - ym,l){yn,2 - ym,2)\

+[Q2 + Q4]\yn,2 - yTO,2p}

< [ M + <il]\yn,i - ym,i\'^ n
J a

+ |9i94 + q2qz\{\yn,l - ym,l\'^ + \yn,2 - ym,2p)

+[ql + ql]\yn,2 - ym,2?} n

By adding nonnegative terms to the right-hand side of inequality (4.54), we obtain
rN

\\BNyn-BMym\f < / {[ql + qI] \\yn - ym\\l + \qiQ4 + Q2q3\ \\yn - ymWl
Ja

+ [92+94] \\yn-ym\\l}

<  sup \\yn{t) - ym{i)\\l \ ! [91+93]
a<t<N I.-/a

+ j |9i94 + 9293I + ̂ [92 + 94]}|
where

\\yn{t) - ym{t)\\l = \yn,l{t) - ym,l{t)f + lyn,2(t) - ym,2(i)P •

By applying the argument used in inequality (4.27) to the inequality above, we see

that the integrals on the right-hand side are finite on [a. A/"]. Hence, there exists a

constant C > 0 such that

\\BNyn- BNymf <c sup \\yn(t) - ym{t)\\l n
a<t<N

Since {yn}^i is a Cauchy sequence in the uniform norm, the above inequality implies

that the sequence {BNyn}'^=i is Cauchy in for each N. Therefore, {Bjvyn}^i

converges for each N as n —> 00 since >C^(7) is complete. Let ̂  = ̂i^ B^y^-

Via the triangle inequality, the Lo-boundedness of Bq, and inequality (4.48), there

exists a constant C > 0 such that for each n and for each N

\\BNyn - ̂li < \\BNyn " Br^yn\\ + WB^yn - ̂11

< C (l|l/„ - + \\Lyn - LynW) + \\BNyn - '^11

< —I- WB^yn - ̂11 •
n
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Since the right-hand side of the above inequality converges for each N as n —> oo,

we conclude that converges for each N as n —> oo. Hence, each Bn is

Lo-compact. #

Since Bq is the uniform limit of Lo-compact operators, Bq is Lo-compact.

Necessity

We use contradiction arguments to show that each equation in (4.6) must hold.

Suppose that for some e € (0, there exists a p > 0 and a sequence

of positive numbers such that r„ —)■ cxd as n —> oo and for each n

rrn+ef{r„)
(4.55) /(fn) / q}{t) dt> p for some i € {1,2,3,4}.

Jrn

Suppose i = 1. Let {^'r}r>o be defined as in (2.28). Then via inequalities (4.33)
and (4.36) there exist constants Ci,C3 > 0 such that for each n

(4.56) = iW^rJ + WL^rJ?

< 2Ci/(r„) + 2C3r'(rn).

For each r > a define

(4.57) l>r(f) =/2(r)$r(i) for f > a.

Via inequality (4.56) we have for each n

(4.58) = /(r„)

< 2C1/VJ+2C3.

Since f is bounded on I, inequality (4.58) implies that is aii Lo-bounded

sequence. Via the Lo-compactness of Bq, has a convergent subsequence.

WLOG, we assume converges, say to some yo- Now, since (j)^ = 1 on

[r„, rn + e/(rn)] and supp((/)r„)=[r„ - 2£/(r„),r„ + 2ef{rn)], we have for each n

rrn+e/(rn)fTn'vtjyrn) -(4.59) p < f{rn) / qi{t)dt
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< f{rn) [ + Qzit)] dt
JVn

< f{rn) [ + ?3(0]</'r„(^) dt
Jrr,-2e/frn.1rn-2e/(r„)

=  iibI "2rj

By an argument similar to the one used in the proof of Theorem 2.1 (ii), we

conclude that yo = 0 a.e. in [a, oo). This contradiction implies that equation (4.6)

holds for z = 1. If we begin with 53 instead of qi in inequality (4.59), then the above

argument shows that equation (4.6) holds for z = 3.

Now, for eax:h r > a define

(4.60) ^r(i) = fHr)<ifr{t) fovt>a

where {^r}r>a is given in (2.28). Via inequalities (4.34) and (4.37) we have for

each n

(4.61) li^rnllio = /(^n) ll^rJlL

< 2C,f{rn) + 2Cs.

Thus, is an Lo-bounded sequence.

By repeating the above argument with qi replaced by either q2 or 94 and

replaced by we conclude that equation (4.6) holds for z = 2 and z = 4. (Note that

the proof of the necessity shows that (4.6) holds for every e € (0, ■^^)-)
Therefore, we have shown that Bq is Lo-compact if and only if equations (4.6) hold.

We apply Theorem 1.6 to conclude that B\ is Li-compact if and only if equations
(4.6) hold. □

We need the following lemma in the proof of Theorem 4.4. In this lemma, we
consider the minimal unclosed operators, Lq and Bq, associated with the differential
expressions (1.1) and (1.3), respectively, where the weight functions wi = Let
u) = wi = W2- We use a completing-the-square technique, as in [8, pages 371-2], to
establish a lower bound on the £^(7)-norm of L.
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Lemma 4.3 Let 0 < S < 1 and u = Wi - W2 n There exists an i > 0 and

positive definite matrices Ai,A2 such that if \pi{t)\ < £|p(t)|, for i = 1,2, and

|[a;~V]'WI < i'^u:~'^{t)p^{t) on an interval I, then for y e D{L'q)

(4.62) IILj/lP > {l!/'(t)]-Ai!/(t) + s,*(t) Ajj/lt)} dt

where A2 > duj ^{t)p^{t)

spectively.

^1 0^

0  1

and Ai, A2 are defined by (4-64) o,nd (4-65), re-

[ [{Ly){t)\dt
Y 0 w

121/

Note: By the matrix inequality A > B, we mean that the matrix A — B is positive

semi-definite.

PROOF:

Let y € D{L'q). Then after some simplification we have

/

=  + 'y"'Wp(')[|yiWI^ - teWP]'

-oj-\t)pi{t) [yi{t)y2it) + yi{t)y2{t)]

+uj~'^{t)p2{t) [y'i{t)y2{t) + y'i{t)y2{t)] + uj~'^{t)\pl{t) +p^{t)] \yi{t)f

+2co-\t)p{t)[pi{t) + p2{t)] [Ke(yi(t)y2W)]

+uj-\t)\pl{t) + p'^ft)] lt/2(t)p}dt

After integrating the third term of the integrand by parts, we obtain

IILyip = ̂ {a,-'(i)|y;(t)l' + i.'-'Wly;WP-('^"V)'(()[|yiWP-ly2Wn
(4.63) -u}~\t)pi{t) [yi{t)y2{t) + yi{t)y2{t)]

+uj~'^{t)p2{t) [y'i{t)y2{t) + y[{t)y2{t)] + +p^(t)] lyi(t)l'

+2oj~\t)p{t)[pi{t) + p2{t)] [Re{yi{t)y2{t))]

+u}-\t)\pl{t)+p'^{t)] \y2{t)\'^} dt.
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Now, define

(4.64) Ai = w-if 1-/^1 0
0  l-Plj

where 0 < /?i < 1, for i = 1,2, and

Ao —

(4.65)

^ ' '"Hi - /?2 ̂ )Pi + ̂ V - (w V)'a;

a;
-1Pbi + Pa] UJ

u Vbi + P2]

■1(1 - /?i-2)p1+w-y - (wy y

Notice that Ai is positive definite. Now, we show that for sufficiently small f > 0,

A2 > H^)p^b)
'^1 0^
VO Ij

Via the hypotheses on pi and {u> ^p)' we have, sup

pressing the independent variable,

a;-i(l - I3^^)pI + a;-y - (Wb)' > - /?2~^)^V +
(4.66)

LlI

(4.67)

>  (5a;"y iff f < (1 - 5)2/52 •

Also, via the hypotheses on p2 and (wb)' we have

-1(1 - + uj-^p^ - {uJ~y > u;-^(l - /5i"^)fy + Wb^ - w~bV

> 5a;~y iff i<{l-S)^Pi.

Hence, via (4.66), (4.67), and the hypotheses on pi and P2,

det A2 = [a;-i(l - p2^)pl + w'V - (a;-b)']b"^(l " A"^)P2 + V "
-a;"V(Pi +P2)^

>  [co-Vil - ̂ 2-y)]b-y(1 - - u;-V(4fV)
> c-y(1 - PT'e' -

> 5'^u>~'^p^ for sufficiently small i.

(1 0
Therefore, A2 is a positive definite matrix which satisfies A2 > 5u {t)p {t)

y 0 1
for sufficiently small f > 0.
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Via equation (4.63)

IliylP = lW-\■^-Pl)\v[\' + o,-\^-/3|U\■'+w-'|3M\'+^-'|3|\V2\''
-[{uj-^pY +

+[{Lo-^py - w"Vr^pl]|y2p+^^"Vr^pil?/2p]

-a;"Vi (2/1^2 + yiy2) + {y[y2 + y'lm) + +p^) I2/1P
+2a;"V(Pi + P2) [3*^6(^1^2)] + '^~^(P2 +P^) 12/2!^}

= ^ {(y')*^i2/' + + ^^"^2 (^1^2 + y'iy2) +
+[a;-^^||y2l^ - ̂ ~^Pi (2/1^2 + ^12/2) + ̂ ~^02h\\y\?] + y*^2y] dt

=  {{y'YAiu' + uj~^\Piy[ + /?rV22/2p + w~^|/?22/2 + /^2 Vi2/iP
+y*A2y} cit

> j^{{y')*Aiy'+ y*A2y}dt . □
Theorem 4.4 Let I = [a, 00) for some a > 0 and let f{t) = [w^(t) + dp'^{t)]~^- In
addition to the hypotheses of Lemma 4-3, suppose L is limit point at 00 and suppose

there exists a constant ATi > 0 such that l[p~^(t)]'i < Ni o,.e. on I. Then
(i) Bi is Lx-hounded if and only if

(4.68) sup 77-7/ f {t) qi{T)dT < OQ, i = l,2,3,4,
t€/ j{t) Jt

for some e € (0, ;

(a) Bx is Lx-compact if and only if
I  /•<+£/(*) „(4.69) /i^7(t) Jt / ('^) ^ = 1>2,3,4,

for some e € (0, 5^); where No is defined below.

Proof:

Remark: There exists a constant N2 > 0 such that |w'(t)| < N2Uj{t)\p{t)\ on I since
via the triangle inequality and the bounds on l(w~V)'| and |(p~^)'|

uj{t)p{t)
<

w{t)p{t) + l[p-n^)]1
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u'{t)p{t) p'{t)

- p'it)

p^(t)
< i^ + Ni =: N2,

U){t)

[u;-'p]'it) + iVi

+ Ni

where £ is as in Lemma 4.3.

Let No = max < N2, + \h^i > • Now, we state and prove two claims.
[  V25 V d J

Claim 4.4.1 Positive and negative powers of f are essentially constant on intervals

of length ef, where e G (0, ̂ ).

Proof of Claim 4.4.1:

We show that the hypotheses of Lemma 1.8 hold with f{t) = [ui'^{t) + 5p'^{t)]~-^ and

g = I. Notice that the hypotheses on co and p imply that / G ACioc{I)- Via the

triangle inequality and the inequality (a + 6)^ < 2(a^ + 6^), we have

u>{t)u'{t) + 6p{t)p'{t)

[u}^{t) + 6p'^{t)]i
uj{t)\uj'{t)\ + 6\p{t)\ \p'{t)\

[w2(t) + iSp2(t)]}

lw^t)+6p^l.t)]i
V2{\^{t)\ + Si\pm

[a>2(t) + 6f{t)]

1

l/'WI =

<

<

<

<

Applying the inequality „ < —;—the remark above, and the bound on I(p ^)'|,
-\-b^ 2 |o6|

we conclude from the above inequality that

, J2\p'{t)\
-  [uj^{t) + 6p^{t)]'^\l 6 p'^it)

<

<

W{t)\

y/^\ui{t)p{t)'
+
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Hence, Lemma 1.8 implies that positive and negative powers of / are essentially

constant on intervals of length £/. #

Claim 4.4.2 Positive and negative powers of w are essentially constant on intervals

of length ef, where e € (0, j;^).

Proof of Claim 4.4.2:

Note that since exists on I, either p > 0 or p < 0 on I. Suppose p > 0. Now,

we show that the hypotheses of Lemma 1.8 hold with f of the lemma replaced by

= 5~ip~^ and g = to. (If p < 0, then we take /i = —5~^p~^.) Notice that

the hypotheses on w and p imply that fi,uj € AQocU)- Via the bound on |(p~^)'|,

\f{{t)\ = 5"2|[p"H^)]'| < Vi < No; and via the above remark

^ S N2 •—

Uj'{t)

git)
— 0 *

w{t)p{t)

Hence, Lemma 1.8 implies that positive and negative powers of w are essentially

constant on intervals of length efi. Since w'^{t) + dp^{t) > Sp^{t), we have that

[cj'^(t) + 6p'^{t)]~^ < 5~ip~'^, i.e., / < fi- Thus, positive and negative powers of u are

essentially constant on intervals of length ef. #

Now, we show that Bq is Lo-bounded if and only if inequalities (4.68) hold. Note

that D{L'q) C D{Bq) since the order of B is less than the order of L and the coefficients

are sufficiently smooth.

(i) Sufficiency

Let us first consider any y G D{L'q) whose second component is zero. Then we have

(4.70) IIpII^ = a;(r)lyi(r)|2 dr,

(4.71) ||Bp|p = ̂  a;~^(r)[£?i(r)^ + ?3(r)^]|pi(r)|^ dr, and via Lemma 4.3
(4.72) ||Lp||^ > to-\T){{l-l3l)\y[{T)f+ 5p'^{T)]\yi{T)f}dT

Now, we show that the hypotheses of Theorem 1.7 hold for some e G (0,2^) with
N = + ql), W = u + du'^p"^ and P = a;~^(l — Pi).
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Via Claims 4.4.1 and 4.4.2 we have for some constants Ci, C2 > 0

(4.73) 5i = sup<-^
te/ [£^

Ci
<

I,
't

tel

+sf(t) Uj(t) 1 [ 1 , sr / \0 / \2n J
^ L dr / ^~\r)[qx[Tf ̂ qz(rf]dT

(1 - /5f) J \Jt

supUW / ^ + 93(T)^]drl and

I
•t+£f{t) dr

uj{t) + 5w-^(r)p2(r)_

I
■t+ef(t)

CJ
-1 (r)lgi(rf + q3(rf]dr

■t+£f{t)

1:

rt+ef{t)^  Cj(r)/ (T)dT
U)

-1

< — sup j/(t) + 93(t)^] dr]
£  tei [ Jt

for some e € (0, j^).
Inequalities (4.68), (4.73), and (4.74) give us 81,82 < 00 for some e € (0,2^^).

Therefore (via Theorem 1.7), there exists a constant A:i > 0 such that

(4.75) ^ co-\T)[qi{rf + qsir)^] |yi(r)|^ dr
< ki [u;(r) +da;-^(T)p2(r)] \yi{r)\^ dr

+e^ - I3^)\y[{r)\'^ dr

By substituting (4.70)-(4.72) into (4.75) and applying Lemma 4.3, we obtain for some
constant ki > 0

(4.76) \\By\?<h{\\yr + \\Lyn
Since y is arbitrary and D{L'q) C D{B'q), inequality (4.76) implies that B'q is Lq-
bounded on those y € D{L'q) with y2 = 0.

Let us now consider any y € D{L'q) whose first component is zero. Then we have

(4.77) \\yf = a;(r)ly2(r)P dr,

(4.78) llBylp = ^ a;-^(r)[?2(r)^ + ?4(T)^]|?/2(T)P dr, and via Lemma 4.1
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(4.79) \\Ly\\^ > - PIM{t)\'^ + Su \T)p\T)\y2{T)\'^} dr.

Following an argument similar to the one above, we show the hypotheses of Theo

rem 1.7 hold for some £ e (0,^) with N = + ql),W = a; + and
P = - /3|). Via Claims 4.4.1 and 4.4.2 we have for some constants C3, C4 > 0

(4.80) Si = sup<^-^
fg/

a
<

i
ni+f/(0 co(t)

dr
(1 - PI)

/•t+£/(t)

Jt+efi) + q4{r)^] dr

sup

(4.81) 52

e(l - PI) t€/

rt+ef(t)

It
t+ef{i)

[Q2{t)^+ qA{r)^]dT\ and

dr

 uj{t)

u \T)[q2{Tf+ qA{r)'^]dr

[ i f rt+ejlt)^  w(r)/ (r)dr

^  a;-^(r)[g2(r)^ + 94(T) ]dr

< — sup
£  t€l

■t+efit)
[q2{r)^ + 94(r)^] dr]

for some e € (0,^)- Inequalities (4.68), (4.80), and (4.81) give us 81,82 < 00 for
some e £ (0, 5^). Therefore (via Theorem 1.7), there exists a constant A:2 > 0 such
that

(4.82) ^ w-^(r)[92(r)^+ 94(7-)^] \y2{r)\'^ dr
< k2 [w(r) + 5u-\t)p'^{t)] l7/2(r)|^ dr

+£^ ^ - /?|)lyUr)|2 _
By substituting (4.77)-(4.79) into (4.82) and applying Lemma 4.3, we obtain for some
constant ^2 > 0

(4.83) \\Byf<k2{\\yf + \\Lyf).

Since y is arbitrary and D{Lq) C D{Bq), inequality (4.83) implies that B'q is Lq-
bounded on those y G D{L'q) with yi = 0.
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Finally, we consider any y G D{L'q). Then we have, suppressing the independent

variable,

(4.84) llyll^ = ̂  w[l2/il^ + |t/2p] ,
(4.85) \\Byf = u}-^{[ql + ql]\yi\'^+ [qiq4 + Q2q3]yiy2

+ [9i?4 + 9293]yi?/2 + [ql + 94]l2/2| }

< ^ + qlWyil"^ + 21^194 + 92531 lyml
+[ql + 94]1?/2|^}, and via Lemma 4.3

(4.86) ||Ly|p > j^{{y'y^iy' + y*^2y}-

We make use of the inequality 2ab < in inequality (4.85) to obtain

(4.87) \\Byf < ^ a;-^{[9^ +93]lyi|^ + |9i94 +92931 [|yi|^ + |y2l^]
+[92' + 9|]|2/2p}-

Claim 4.4.3 There exist constants ̂ 3,^4 > 0 such that

(4.88) ^ w~^l9i94+ 9293I |2/il^
< kz + \yif + e'^ u) ^{'^ — Pi)\yiY

and

(4.89) ^ uj~'^\qiq4 + 92931 1^21^
< ̂4 |^[a; + 5a;~y] |t/2p + ̂̂ ^ ^(1 ~/^2)lJ/2l'

Proof of Claim 4.4.3:

By following the argument in Claim 2.1.1, we know that

(4.90) f{t) \q1q4 + 92931 < 9?j (^2/(i) + 32]
t+£/(t) 2 / rt+£f{t)+  2/wr
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Now, we show that the hypotheses of Theorem 1.7 hold for some e € (0, with

N = u~'^\qiq4 + 92^31,1^ = w + (5a;~V) and P = w~^(l - p^). Via inequality (4.90)

and Claims 4.4.1 and 4.4.2 we have for some constants C5, Ce > 0

(4.91) 5i = sup<^^
t l

t+ef{t) to

< •sup

e/

C5

I  - Jt

C5 if...

ft+sf(t)

It

/•

rt+ef(t)
to 19194+^2931

t+e/(0
I9194 + 9293I

< fsup{(/wf'"%?)'(2/wf'«"[d + ,l]
/  ft+sf(t) 2 / r+ (ml 92 2/w/t+ef{t)[9? + 9|]

'I
u

t

t

+ef{t) 1

ui +

t+£/{t)
to 19194 + 92931

+ef(t)

tof
rt+efit)

a; '19194 + 92931

<
Ce
— sup
s  tei

a

rt+ef(t)

19194 + 92931

< ^snvllmf
^  t€/ V •'*

t+£/(t)

9? 2/(i) ̂  [94 + 92]

+
'' f

/w/
t+ef{t) 2/(^) I [Qi + 93]

for some e € (0,^)- Inequalities (4.68), (4.91), and (4.92) give us 51,52 < 00 for
some e £ (0, j^)- An application of Theorem 1.7 gives us inequality (4.88). Replacing
Pi with P2 in the above argument and applying Theorem 1.7, we obtain (4.89). #

Therefore, via inequalities (4.75), (4.82), (4.88), and (4.89) we obtain from in

equality (4.87) that

(4.93) IIRyll^ < {ki + kz) [uo + [yip + W(1 - /^i )|2/(p|
+ {k2 + k4) [to -1- 5u) |y2p ~ /^2)|y2l^| •

Hence, via Lemma 4.3 there exists a constant C > 0 such that for each y G D{L'q)

\\Byr<Ci\\yr+\\Lyf).
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Since y is arbitrary and D{Lq) C D{B'q), we know that B'q is Lg-bounded. Via

Theorem 1.2 we have that Bq is Lo-bounded.

Necessity

Fix e G (0) 2^)- For each r > a define and to be the vector-valued functions,
with compact support, given by (2.28). Then via Claim 4.4.1 we have for each r >a

(4.94)

Jr—2r-2ef{r) ' ' \ef{r)j

By a change of variables (letting u

rr+2£f{r) ^ f f - y
< Ciu}{r) /

Jr—2ef{r)

t — r
in (4.94)),

ef{r)

ll^rlP < £CiUj{r)f{r) (l)^{u) du.

Since a;(r)/(r) < 1, we conclude from the above inequality that for r > o

(4.95) <sCi j ^(j)'^{u)du.
Since (j) is continuous, inequality (4.95) implies there exists a constant C2 > 0 such

that for r > o

(4.96) ||$r|P<C'2.

Similarly, for r > a

(4.97) ||«'r|P<C'2.

Via integration by parts and the bounds on |(w~V)'l and [pil, there exists a

constant C3 > 0 such that for each r > a

(4.98) \\L^r

{u) ^py{t)(i);{t) + u) \t)\pl{t) + p {t)](i)^{t)} dt

4- {2e + 1)0; ^{t)p'^{t)(j)l{t) ̂  dt
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Now, via Claims 4.4.1 and 4.4.2 there exists a constant C4 > 0 such that for

each r > a

d  , , s rr+zsj{r) _

dt= uj {t)
Jr—2e/(r)

rT'

< C,u,-\r)
r+2ef

dt

(r)

r-2gf{r) Mm dt.

t — r
By a change of variables (letting u = . . in the above inequality),

^fir)

(4.99) ^ u-\t) d  , , .
dt <—u) ̂(r)/ ^(r) [ [(l)'(u)fdu.

e  J-2e  J-2

Moreover, via the inequality 5p^ < /"^ and Claims 4.4.1 and 4.4.2, there exists a

constant Cs > 0 such that for each r > a

fr+2ef{r)f  fr+iej{T]

j  U}~^{t)p^{t)<j)l{t)dt = / U)~^{t)p {t)(i>^{t)dt
Jl Jr-2ef{r)

. C, _
< -u,

1/ N ,.-2/ N f t-r'
Jr—2gf{T) y

dt.

t — r

ef{r)

g^5 -1

in the above inequality).By a change of variables (letting u =

(4.100) J u)~^{t)p'^{t)(j)l{t)dt <^^uj~^{r)f~^{r) j ^(f)'^{u)du.
Substituting (4.99) and (4.100) into inequality (4.98) gives

(4.101) [ [(l)'{u)fdu
£  J-2

+(2f + l)^^w~^(r)/~^(r) /" (jp'{u)du.
0  J-2

Since (t> and are continuous, inequality (4.101) implies there exists a constant Ce > 0

such that for r > a

(4.102) \\L^rf<C,uj-\r)r\r).

Similarly, for r > a

(4.103) \\L%f<Ceu;-\r)f-\r).
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Since (;^>r = 1 on [r, r + ef{r)] and supp((/>r)=[r - 2£/(r), r + 2£/(r)],

/*7'-i-£'f(r)
(4.104)/ + +g|(t)](^^(t)d^

yr JT-2ef{r)

=  imrf.

Via Claim 4.4.2 and inequality (4.104) there exists constant Cy > 0 such that for

each r > a

/r+£/(r)
[ql{t) + ql{t)]dt < C7u{r)f{r) u-\t)[qf{t) + ql{t)]dt

< Cju;{r)f{r)\\B^A\'-

Thus, via the Lo-boundedness of Bq, (4.96), (4.102), and the inequality uf <1, there

exists a constant Cg > 0 such that for each r > a

/r-\-€f(r)
[Oiit)+ ql{t)]dt < C8u{r)f{r)[C2 + C6U}-\r)f-\r)]

< C8[C2Co{r)f{r) + C8]

< Cg [C2 + Cg].

Since the right-hand side of inequality (4.105) is independent of r, we conclude that

inequality (4.68) holds for f = 1,3.

Moreover,

rr-^-efM rr+2ef(r)
(4.106)/ u~^{t)[ql{t)+ ql{t)]dt < / a;"^(t)[g|(t) + g|(i)](/)^(f) df

Jr Jr-2ef{r)

=  llB^rl"

Via the Lo-boundedness of Bq and inequalities (4.97), (4.103), and (4.106),

rr+sfir)
(4.107) J uj~'^{t)[ql{t)+ qi{t)]dt <C7[C2 + C6UJ~'^{r)f~'^{r)].

Using an argument similar to the one above, we conclude from (4.107) that inequality

(4.68) holds for i = 2,4. (Note that the proof of necessity shows that (4.68) holds for

every £ e (0,2^;).)
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Therefore, we have shown that Bq is Lo-bounded if and only if inequalities (4.68)

hold. We apply Theorem 1.6 to conclude that Bi is Li-bounded if and only if in

equalities (4.68) hold.

Now, we show that Bq is Lo-compact if and only if equations (4.69) hold,

(ii) Sufficiency

By the previous argument Bo is Lo-bounded. Thus, D{Lo) C D{Bo)- For every

positive integer N > a, define B^ on D{Lo) by

BnV
By on [a,N]

0  on {N, oo)

Notice that each Bn is Lo-bounded with the same norm as Bq since ||Bvy|| < ll-^yll-

In order to simplify the proof, we break the argument into two Claims.

Claim 4.4.4 Bj^ Bq in the space of bounded operators on D{Lo) with the Lq-

norm.

Proof of Claim 4.4.4:

By definition Lq is closed. Therefore, D{Lo) is complete under the Lo-norm.

Let y G D{Lo). Since Lq is the closure of Lq, for each positive integer n > 1 there

exists a. yn ̂  ̂i^'o) that

(4.108) ||?/-y„|l4-||Ly-Ly„|| <

where Pn = '  for each n.

\ yn,2
Using the inequality 2ab < 4- 6^, we have for each y^ € L'(Lq)

too

(4.109) \\Byn-BNyn\? = / + ?3]l2/n,lP + [9l94 + 9293]yn,lP^
JN

+ [9194 + 9293]j/n,l2/n,2 + [92 + 94]l2/2p}

< ^ {[g? + ql]\yn,l? + 2 lgig4 + 9293I \yn,iyn,2
+ [<ll + ql\\yn,2?}
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<  uj ^ {[g? + + |gig4 + 9293! [|yn,il^ + Ivn,:

+[Ql + ql]\yn,2?} -

21']

We apply the sufficiency argument in part (i) with In = [-^,00) to the last in

equality in (4.109). Via Theorem 1.7 and inequalities (4.73), (4.74), (4.80), (4.81),

(4.91), and (4.92), there exist constants Ki,K2,K3, and K4 > 0 such that for

each n

2 / -^1 , .211{4.U0)\\Byn-BNVnW < —sup^/(t) / [gi+gs]
£  teiN [

+  y)|yn.lP ^ ̂(1 - /5?)l?/n,lP}

f s { '0' ^ '
+ (/w_{ It
•{/ {u; + 6u-V)\yn,i? + e'f {1 -/3'Mn,i

■If (a; + 6uj-Y)\yn,2\'^ +e^ f u;-^(l - /5|)|?/;,2l

'{In '^^^In ~ ^2)1^^,2!^} •
Adding nonnegative terms to the right-hand side of inequality (4.110) gives for

each n

(4.111) WByn-BNVnlf < A's sup F(t) j / (w + Jw V)[|?/n,ll^ + i2/n,2
t€/jv

I a;-^[(l-/??)!<,r + (l-/3|)|t/;,2
In
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for some constant /C5 > 0 where

ft+sf{t)

It

ft+£f{t) _\ 2 / ft+sfit)

F(t) = fit) I [«f + 93l

+/Wf'""[9? + dl.
Via Lemma 4.3 and inequality (4.111) there exists a constant Kq > 0 such that for

each n

(4.112) \\Byn - BNVnf < Ke sup F{t) (||j/„|| + ll-Lynll)^-
te/iv

Therefore, via the the triangle inequality, the Lo-boundedness of Bq, and inequal

ities (4.108) and (4.112), we have for each n

\\By - BNy\\ < \\By - Byn\\ + ||%n - B^ynW + \\BNyn - BNy\\

< 2K7 (||y - ynW + \\Ly - Ly„l|) -I- \\Byn - B^^ynW

2K7 i /
<  h Ki sup F{t) WynWi' for some constant K7 > 0.

n  \teiN J

By applying the triangle inequality and inequality (4.108) again, we obtain for

each n

WBy-B^yW < — +Ki (sup F{t)^ (i|yn - 2/|Uo + ll^/IUo)
\t£lN )

< ̂  + -^6' (sup F(t)') (i + ||y||Lo) -^  \telN J /

We let n —> 00 to obtain for each N

\\By-BNy\\ < Ki (sup F{t)\ MIlo-
\t€lN J

Hence, the above inequality implies that for y 0

(4.113) i ' n
l lyllLo \t€lN J
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Since In = [^,00), equations (4.69) imply that sup F{t) —> 0 as > 00 so that,
teiN

via inequality (4.113), we have

||B - Bjvll 0 as iV —^ 00. #

Claim 4.4.5 Each Bn is L^-compact.

Proof of Claim 4.4.5;

Let C D{Lq) be an Lo-bounded sequence where

Un
^ yn,l ^

for each n.

\ yn,2

Since Lq is the closure of Lq, for each n there exists a € D{Lq) such that

(4.114) \\yn - yn\\ + \\Lyn - Ll/nW < ̂  .
I V

Notice that is an Lo-bounded sequence since there exists a constant C > 0

such that for each n

||y„|| + ||Ly„|| < {\\yn - yn\\ + \\Lyn - LUnW) + {\\yn\\ + \\Lyn\\)

< - + c
n

< l + C

via the triangle inequality, inequality (4.114), and the Lo-boundedness of the sequence

We need to show that for each N the sequence {BNyn}'^=\ has a convergent

subsequence. First, we make use of the Arzela-Ascoli Theorem to show that the

sequence {BNyn]'^=\ has a convergent subsequence.

Let us consider the sequence of the first component functions We

show that this sequence is uniformly bounded on [a, N]. Partition [a,N] by

Ji = [ti,L+i], 1 < i < k with ti = a, U+i = U + if{ti) and i € (0,£) chosen so

that N = tk+i = tk + ef{tk). Via equation (2.12) of [3, page 571] in the proof of
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Theorem 1.7, we know there exists a constant Ci > 0 such that for t G Ji

(4.115)
i'Piti) Ljji

dr

+

=

u}{t) + 5a;-^(r)p2(r)_

[ [co{t) + du-\T)p'^{T)]\yn,i{T)f dr
y Ji

•  f [a;(r) + Suj-^pp"^{T)]\yn, dr
JJi

+[LjPwp] [/.,(! n
By applying Claims 4.4.1 and 4.4.2, we obtain

(4.116) |S„,,(t)|' < +

for some constant C2 > 0 and for t G Jj. Since cof <1, there exists a constant C3 > 0

such that for t G [a, N]

(4.117) iyn,i(i)P < C3 [u}{T) + 6uj-\r)p^{T)]\yn,i{T)\'^dT

+ Ja - Pl)^~\P\yn,lP)f drj
so that via Lemma 4.3 there exists a constant C4 > 0 such that for t G [a, N]

(4.118) IS».i(i)P < C4(l|S.|p + ||iy»|p)

< C4(|!S.|| + ||LyJ)^

Since {yn}^i is an Lo-bounded sequence, inequality (4.118) implies that the sequence

is uniformly bounded on [o. A'"].

Now, we show that {yn,i}^i is equicontinuous on [o, N"]. For s,t G [a,N] we have

via the Cauchy-Schwarz inequality

(4.119) \ynAs) - ynAt)\ = ^ y'nAP^'^
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<

['{{l - /?2)-ia;^(r)][(l - /?i)^a;-^(r)]|y;,i(r)| dr
*/1

< i:
u{r)

dr I (1 -AV ̂(^)|yn.l(^)l'dr
(1 - /3?)

Since u; € ACioc{J), w is bounded above and below on [a, A'']. This fact along with

(4.119) and Lemma 4.3 implies that there exists a constant C > 0 such that for

s, t e [a, N]

I (l-/3i)w \r)\y'^^^{T)\'^ dr(4.120) |yn,l(5)-yn,lWI < C-ls-tl^

< C\s-t\HLU

< C\s-t\^\yn\\Lo-

Since is a Lo-bounded sequence, inequality (4.120) implies that the sequence

is equicontinuous on [a,N].

Therefore, via the Arzela-Ascoli Theorem we conclude that there exists a sub

sequence {ynk,i}'k=\ of which converges uniformly on [a,N]. By repeating

the above arguments [inequalities (4.115)-(4.120)] on the subsequence {yni,2}^i of

{yn,2}^=i, we conclude that there exists a subsequence of {^7^,2)^1 which converges

uniformly on [a, AT]. Hence, there exists a subsequence of {yn}n=i which converges

uniformly on [o. A"]. WLOG, we assume the sequence {yn}^i converges uniformly

on [a. A'].

Now, suppressing the independent variable and using the inequality 2ab < + b'^

we have for each N

(4.121) \\B^yn- BNymW^ = f ^~^{[Qi+<ll]\yn,l-ym,l\'^
J a

+ [91 ?4 + 9293](yn.l - ym,l){yn,2 " W)

+ [9194 + 9293](yn,l - ym,l)(yn,2 " ym,2)

+ [92 + <l4]\yn,2 — ̂771,2^}

< / + Qt]\yn,\ - ymA"^
J a
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+2 1^194 + ?2g3| \{yn,\ - ym,l){yn,2 - yma)\

+ [?2 +?4]|yn,2-ym,2p}

< [ w"M[gi+ 33]|y7i,i
J a

+ |gig4 + g2g3| {\yn,l - ym,lf + \yn,2 - gm,2p)

+ [g2 + g4]|yn,2 — ym,2f} n

By adding nonnegative terms to the right-hand side of inequality (4.121), we obtain
fN

ll-Bjvyn - -SwymlP < / 4-gg] ||y„ - ym|l2 + lgig4 + g2g3| ||yn - ymll2
J a

+[g2 + gl] \\yn - ymWl]

<  sup \\yn{t) - ymit)\\l \ j ̂"^[g^ + gs]
a<t<N (•'a

rN rN 1

+ y u; ^lgig4 + g2g3| + J ^[g2 + gl]} r

where

Wilnit) - ym{t)\\l = \yn,l{t) - + \yn,2{t) " ym,2{t)f •

By applying the argument used in inequality (4.90) to the inequality above, we see

that the integrals on the right-hand side are finite on [a,N]. Hence, there exists a

constant C > 0 such that

\\BNyn - BNymf < C sup Wvnit) - ym{t)\\l n
a<t<N

Since {yn}^i is a Cauchy sequence in the uniform norm, the above inequality implies

that the sequence {BNyn}n=i is Cauchy in Cl{I) for each N. Therefore, {BNyn}n=i

converges for each N as n —> oo since >C^(7) is complete. Let ̂  = Jir^ Bj^yn-

Via the triangle inequality, the Lo-boundedness of Bq, and inequality (4.114),

there exists a constant C > 0 such that for each n and for each N

\\BNyn - ̂11 < ll^JVyn - B^ynW + \\BNyn " ^11

< C {llVn - ilnW + \\Lyn " Lyn\\) + \\BNyn " ^||

< — + \\BNyn- ̂\\ -
n
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Since the right-hand side of the above inequality converges for each N as n —^ oo,

we conclude that {Sivyn}^i converges for each N as n —> oo. Hence, each is

Lo-compact. #

Since Bq is the uniform limit of Lo-compact operators, Bq is Lo-compact.

Necessity

We use contradiction arguments to show that each equation in (4.69) must hold.

Suppose that for some e € (0, there exists a p > 0 and a sequence {rn}^i of

positive numbers such that r„ —> oo as n --4 oo and for each n

rrn+ef(r„)
(4.122) /(r„) / qf{t) dt> p for some i e {1,2,3,4}.

Jrn

Suppose i = \. Let be defined as in (2.28). Then via inequalities (4.96)

and (4.102) there exist constants Ci^Cz > 0 such that for each n

(4.123) = (li^rJI + lILf.JI)^

< 2(l|$,Jl2 + ||L$,jn

< 2C2-H 2C6a;"^(rn)/"^(r„).

For each r > a define

(4.124) "^r(^) = {t) for t > a.

Via inequality (4.124) we have for each n

(4.125) ll^rnllio = ̂ i^n)f{rn)\\^rj\l,

< 2C2Uj{Tn)f{rn) + 2C^.

Since w/ < 1, inequality (4.125) implies that Lo-bounded sequence.

Via the Lo-compactness of Bq, has a convergent subsequence. WLOG, we

assume converges, say to some yo. Now, since = 1 on [r7i,r„-|-s/(r„)]

and supp(^r„)=K - '^̂ f{Xn),rn 4- 2e/(r„)], we have for each n

rrn+sf{rn)pTn'rSjyTn) ^

< /(^n) / qi{t)dt
Jru
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rrn+ef(rn) „

< /(^n) / klW +931^)]^^^
■'Tn
/•rn+2£/{r„) o o

-  j9iW + 93W]<?^r„W^^^'Jr~—2sf(r,,)/r„-2e/(r„)

Via Claim 4.4.2 and the inequality uf < 1, there exists a constant C > 0 such that

for each n

rr„+2e/(r„)_

hn-2ef(rn)

/•rn+^SJ(rn) „ o r,
(4.126) f{rn) [q^{t) + dt

Jrn-2ef{rn)
/•r„+2£/{r„) . „ o o< Ca;(r„)/(rn) / w {t)\q^{t) + q^{t)](l)^^{t) dt

Jrn-2sf{Tn)

fTn+2sf{Tn)

-2£/{rn)

< Ca;(r„)/(r„)||B|.,J

< cmrjw

i.e., llS^r^l l > (^)2 > 0 for each n.
By a similar argument to the one used in the proof of Theorem 2.1 (ii), we conclude

that Vo = 0 a.e. in [o, oo). This contradiction implies that equation (4.69) holds for

i = 1. If we begin with q^ instead of qi, then the above argument shows that equation

(4.69) holds for z = 3.

Now, for each r > a define

(4.127) ^r(i) = a;2(r)/2(r)^r(0 for t > a

where {^^r}r>a is given in (2.28). Via inequalities (4.97), (4.103), and uf < 1 we have
for each n

(4-128) ll^rJlio = ^{rn)f{rn) \\^rj\l,
< 2C2w(r„)/(r„)-1-2C6

< 2C2 + 2C6 .

Thus, is an Lo-bounded sequence.

By repeating the above argument with qi replaced by either 92 or q^ and $r

replaced by we conclude that equation (4.69) holds for z = 2 and z = 4. (Note

that the proof of the necessity shows that (4.69) holds for every e G (0,2^)-)
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Therefore, we have shown that Bq is Lo-compact if and only if equations (4.69)

hold. We apply Theorem 1.6 to conclude that Bi is Li-compact if and only if equations

(4.69) hold. □
Remsirk: If we drop the hypothesis that L is limit point at oo, Theorem 4.4 holds

for the minimal operators, Lq and Bq.

Next, we prove a corollary of Theorem 4.4 which concerns the minimal operators
associated with the following differential expressions on the interval 7 = [a, oo), o > 0:

(4.129) {Lz){x) =
^  - 0  -2;" z\

-7 Z2

0  —X ZiZi n
+-

r  r2 V ^2 /Z2

and

(4.130) (Bz)(x) =
^ x- 7̂ \

\

/

/

bi 64

&.■? bo\ "3 \Z2 J

 0

0  x-T

where the coefficients r, ri, r2,61,62, bz, and 64 are assumed to be real, locally Lebesgue

integrable functions and ' =

Corollary 4.5 Let 0 < 6 < I and f{x) = x°'[x'^'^ + (5r^(x)]~2. Suppose there exist a
sufficiently small i — i{5) > 0 and a constant N > 0 such that

(1) \ri{x)\ < i\r{x)\,
(2) |[x~'^r(x)]'| < £^x~^"'^r^(x), and
(3) |[x~"r(x)]'| < Nx~'^°^r^{x). Then
(i) Bq is Lo-bounded if and only if

X+£f{x)
(4.131) - ■—rfx) Jsup . , f {u)u bf{u) du < 00, i = 1, 2,3,4,xx€l /(^) Jx

for some e € (0, ;

(ii) Bq is Lo-compact if and only if
rx-\-ef{x)

 /'(4.132) lim
/(X)-fx) Jx f'^{u)u bf{u) du = 0, i = 1,2,3,4,
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Ni [2for some e G (0, ̂ ), where Nq = -y= + y j ~
that (2) and (3) imply Ni exists.

x€l

X
,a—1

(7 — a)r{x)
Note

Proof:

We begin by applying an argument in Chapter 1 to transform the differential expres

sions unitarily. Notice that T is of the form (1.21) with Wi{x) = W2{x) = x'^,

0 =
0  —x° ri r

, and N =
r  ro

Let pi{x) = ia2{x) = x^ so that

y(x) = X2z(x) and, via equations (1.22), (1.24), (1.25), and (1.26),

/

(4.133) (Ly)(x) =
^  .

0 -1Of—7
yi

0 V y2

( „-a
X - V\n X r

X °r X "ro \y2 n

and

(4.134)
(

{By){x) =
X
Q—7 0

/  \
yi

v \y2 J

x~°'b\ x~°'hi

0  1 \ x'^^bz x~°'b2

Notice that conditions (l)-(3) imply that the hypotheses of Theorem 4.4 hold with

u){x) = a;'''"®, p{x) = x~®r(a:), pi{x) = x~°'ri{x) for i = 1,2, and qi{x) = x~°'bi{x) for

z = 1,2,3,4. The result follows. □

In Corollary 4.6, we consider the maximal operators associated with the following

differential expressions on the interval Iq\

0 -1

1  0

\  f a , ^ b
(4.135) {Lz){x) =

/ \i2j
+

+ d i + ^
1 -I- S:. — r!

Zl

Z2

and

(4.136) (Bz)(x) =
Si S4

53 S2 j

Zi

Z2

where a, b, c and d are constants, c ^ 0, lo = (0,a:o] for some 2:0 > 0 such that
b  c—1—- 0 on To, the coefficients s, Si, and S2 are assumed to be real, locally Lebesgue
X  x^
integrable functions on Iq, and ' = ■£.
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Corollary 4.6 (i) Bi is Li-bounded if and only if

1
(4.137) sup — / vfs1{u)du < oo, i = l,2,

Xg/o ^ Jx-£"x^

for some sufficiently small e".

(ii) Bi is Li-compact if and only if

(4.138) lim [ u'^shu) du = 0, i = l,2,
^  ' a:->0 Jx-s"x^

for some sufficiently small e".

Proof:

We prove this result by using a unitary transformation to transform the singularity

at 0 to a singularity at oo and then applying Theorem 4.4 to the new operators.

Again, we use the argument in Chapter 1 to transform the operators L\ and B\

unitarily. Let yi\{x) = ia2{x) = 1 so that y{t) = z{x), t j and, via equations (1.22),

(1.24), (1.25), and (1.26),

(4.139) {Ly){t) =
B 0

0 B

0 -1

1  0

Vi

y'2

+

_a__d b _
t  t ^

\

I ^
\  t ^

and

(4.140) {By){t) =
^ B 0

0 B

t  t ^S4

t~^S3

Note that if
0 -1 ̂

1  0

is replaced with
0  1

-1 0

\

yi{t)

y2{t) J ̂

f
yi

^ y2

then the results of Theo

rem 4.4 hold. Let us call this version Theorem 4.4*.

Now, we apply Theorem 4.4* (with t = ̂, f{t) = [t~^ + dt~'^{b + ct)^]~2, p{t) =

—bx — c, pi{t) = —ax — dx^, p2{t) = —ax + dx^, and qi{t) — x'^Si{x), for i = 1,2,3, and

4) to the maximal operators Li and Bi associated with the transformed differential
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expressions (4.139) and (4.140), respectively. Notice that f{t) > 0 on [to, oo), to =

and

^lim /(t) = > 0.

Hence, there exists constants ki,k2 > 0 such that ki < /(t) < ̂2 for to < t < oo.

Since c 0, we have that L is limit point at zero via [9, page 116]. Thus, L is limit

point at oo. In order to satisfy the hypotheses of Theorem 4.4*, we need

(4.141)
cut d

bt + ct^
and

at — d

bt 4- ct^
to be sufficiently small.

(4.142) + 2ct| sufficiently small, and
(o + ct)^

2
(4.143) t; r fo be bounded.
^  ̂ \b + ct\

Notice that (4.143) holds since 6 + ct 7^ 0 on [to, 00), by the choice of Xq. Clearly,

we can choose a ti > to large enough so that the quantities in (4.141) and (4.142)

are sufficiently small on [ti,oo). An application of Theorem 4.4* gives that Bi is

Li-bounded if and only if

I  ̂t+ef{t)

m

for some e G (0,

(4.144) sup -7^ [ f{r) T '^)dT < 00, 1 = 1,2,3,4,
t, <t<oo t \t) Jt

Claim 4.6.1 Inequality (4-144) w equivalent to

rt+e'

I
ti<t<oo

for some sufficiently small e'.

(4.145) sup / r~^s?(T"^) dr < 00, t = 1,2,3,4,
tl<t<0O It

Proof of Claim 4.6.1:

Via the bounds on f
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1^ r-Sf(r-i)dr = J^uhUu)du.

Thus, if (4.144) holds for some e G (0)^}) then (4.145) holds for all e' € {0,kie).

Moreover,

Thus, if (4.145) holds for some e' e (0, kis), e G (0, then (4.144) for all e G (0, |^).
Therefore, (4.144) is equivalent to (4.145).

By a change of variables (letting u = ̂), we have that

T-''si{T-^) dr =

Thus, (4.145) is equivalent to

(4.146) sup [ u^Si{u)du < oo, i = l,2,3,4,
o<x<xi

for some sufficiently small e', where Xi = #

Claim 4.6.2 Inequality (4-H6) is equivalent to

rx

(4.147) sup / u'^sf{u)du<oo, i = 1,2,3,4,
0<a:<xi Jx-e"x'^

for some sufficiently small e".

Proof of Claim 4.6.2:

Suppose (4.146) holds. We seek an e" > 0 such that

^  It 1
<x - ex ,

l+e'x

i..e.,

1 + e'x

Since 0 < x < xi, the above inequality holds if we choose

e" <
1 + e'xi
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Thus, for i = 1,2,3, and 4

/X rx
V? Si (u) du> . j (u) du

1+e'x

so that (4.146) implies (4.147) holds for all e" G (0, Now, suppose (4.147)

holds for some sufficiently small e". We seek an f > 0 such that

^  -"^2> X
1  + ex

i.e.,

i <

— e X ,

e"

1 — e"x

If we choose e < e", then the above inequality holds. Hence, for i = 1,2,3, and 4

f  u^sl{u)du< f u'^Si{u)du
T+i^ ■'x-s"x'

SO that (4.147) implies (4.146) holds for all e' G (0, e"). Therefore, (4.146) is equivalent

to (4.147). #

Since the transformation is unitary, inequalities (4.147) hold if and only if Bi is

Li-bounded.

Now, we show that Bi is Li-bounded on (0, Xq]- We consider the transformed
operators Bi and Li on [to, oo). Let y G D{Li). Then y can be written as

y = y-X[to,h) + y-X[tuoo},

where the characteristic function

{1 for X G [a, b)
0  for X ^ [a, b).

The triangle inequality yields

12 ^ ... ,M,2 , MO... ... )||2(4.148) llBvf < ||B(».x|w.))lr + l|B(!/-X[...c

= / [{By){t)]*{By){t)dt+ I t-^[{By){t)]*{By){t)dt,
^tn JU
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where the second integral is finite since y-X[ti,00) € -^^(-^1) by the preceding argument.

Since y € ACiocito, 00), there exists a constant C > 0 such that

r t ^[{By){t)]*{By){t)dt < t 2{[sf(t ^) + s^(t ^)]|yi(i)l'
Jto ■'to

+ Si{t ^)S4{t ^)+S2{t ^)S3{t [\yi{t)\^ + \y2{t)\|2 , |„. /'+m2i

+ [S2(^ ) + S4{t )]\y2{t)\ }dt

to

+ [ Si{t~^)S4{t~^) + S2{t~^)S3{t~^) dt
•/to

+1 ■
fto

By applying the argument used in inequality (4.90) to the inequality above, we see

that the integrals on the right-hand side are finite on [to,ii]- Hence, (4.148) implies

that | |By|| < 00 for each y G D{Li), i.e., D{Li) C D{Bi). We apply Theorem 1.3 to

conclude that Bi is Li-bounded on [to, 00). Since the transformation is unitary, Bi

is Li-bounded on (0, xq]. Therefore, (i) holds.

(ii) Let ti > to be large enough so that the quantities in (4.141) and (4.142) are

sufficiently small on [ti,oo). For y G D{Li) we write

(4.149) By = B{y ■ X[toA)) + ' X[ti,oo)) •

An application of Theorem 4.4* gives that Bi is Li-compact on [ti, 00) if and only if

1  rt+e f{t)
fir) r-^s,^(r-^) dr = 0, 2 = 1, 2,3, 4,

for some e G (0, ^). Via an argument similar to the one in (i), we conclude that Bi
is Li-compact on (0, a:i] if and only if (4.138) holds for some sufficiently small e".

Moreover, via Claim 4.4.5 and Theorem 1.6 we conclude that Bi is Li-compact on

[to,ti]. Hence, via (4.149) and a unitary transformation, we conclude that (ii) holds.
□
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Chapter 5

Exponential Decay of

Eigenfunctions

In this chapter we consider £^(/)-solutions of the differential equation

(5.1) Ty-Xy, A G C,

where F is a formally self-adjoint differential expression of the form (1.5) and

I = [o, oo), a > 0. By note 3 in Chapter 1, we know that any self-adjoint ex

tension >1 of Fo satisfies Fq C ̂  C Fi. Hence, if A is an eigenvalue of A, then A is

an eigenvalue of Fi and the corresponding eigenfunction y is in the domain of the

maximal operator Fi. Since y € and the weights are positive, ||y(t)l|2 has

some average decay, where

lly(i)lll = |yiWP + teWP. ie/.

We focus on several examples which show how the conditions for relatively bounded

and relatively compact perturbations of F affect this decay of eigenfunctions. First,

we introduce notation and definitions taken from Goldberg [7].

The kernel index of a linear operator A, denoted q:(A), is given by

a(A) = dim W(A),
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where N{A) is the null space of A. The deficiency index of A, denoted /?(A), is given

by

/?(A) = dimi?(A)-^,

where -R(A) is the range of A. [See further explanation of deficiency indices d± in

Chapter 1.] If not both q;(A) and /?(A) are infinite, then A has a Fredholm index

defined as

k{A) ;= o;(A) — /5(A).

Note that for any real number r we take

oo — r = oo and r — oo = —oo .

A closed linear operator with a finite index is called a Fredholm operator.

We note several well-known facts :

1. R{T) is closed iff 0 ̂  cress (T), where the essential spectrum of T

<7ess(r) := {A : R{XE — T) is not closed} .

2. The essential spectrum is conserved under a relatively compact perturbation

[10, Theorem rV-5.35].

3. Since the deficiency indices of Fq are equal and finite, all self-adjoint extensions

of Fo have the same essential spectrum, which is the same as the essential

spectrum of Fi and the essential spectrum of Fq. [See [15, pagel62]and [6,

page 10].]

4. For a minimal operator Fq with a regular endpoint a, Q!(Fo) = 0. [See [15,

Theorem 3.12] and [7, Lemma VI.2.4].]

We need the following two lemmas in the proof of Theorem 5.3. Lemma 5.1 is

taken in part from [11, Lemma 2.19] as well as the method of Lemma 5.2.
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Lemma 5.1 Let F and G be formal differential expressions on the interval I where F

is regular at a, the order of G is less than the order of F, the coefficients of F and G

are sufficiently smooth so that -D(-Fq) C D{Gq), and Fq and Gq satisfy the following

two conditions:

(1) R{Fq) is closed.

(2) Either Go is Fo-compact or there exist constants b,c> 0 such that

llGyl l < b II2/I I + c IIFyil for every y € D{Fo)

and

b + C7(Fo) < 7(Fo) ,

where ̂ {Fq) = \\Fq^\\. Then

(i) D{{F + G)o) = D{Fo) and (F + G)o = Fq + Go\d{Fo)-

(a) R{{F + G)o) is closed.

(Hi) a{{F'^ + = a((F+)i), where F^, G'^ denote the formal adjoints of F,G,

respectively, and (F + G)'^ = F''' + G''". The infimum of such constants c is called the

relative bound of G.

Proof:

Note that Fq is one-to-one since q:(Fo) = 0. Since Fq is closed and condition (1) holds,

we conclude Fg"^ is bounded [7, page 98].

(i) Let Q = Go|r)(Fo)- Then Lemma V.3.5 or Corollary V.3.8 of [7, page 122-3] implies

that Fq -H ̂  is closed. Since Cff" C D{Fo -I- G) and (F -f G)o is the minimal closed

extension of (F + G)o, we have

(F + G)o C Fq + G.

Hence,

(5.2) D((F -1- G)o) C D(Fo + G) = D{Fo).

Now, let y G D{Fo). Then there exists a sequence {y^j'^^-i C D{F(f) such that

(5.3) yn^y and Fy„ Fy as n -> 00.
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The Fo-boundedness of Go implies that D(Fo) C D{Go). Hence, there exists a con

stant G > 0 such that

\\Gyn - Gy\\ < C{\\yn - t/|| + \\Fyn - Fy\\).

Via (5.3) and the above inequality, we have

Gyn Gy as n oo .

Therefore the sequence {(F -1- G)2/n}^i converges to (F + G)y. By definition,

y G F((F + G)o). Thus,

(5.4) D{Fo)CD{{F + G)o).

Via (5.2) and (5.4) we have that (i) holds.

(ii) By note 4 , we know that Q!(Fo) = 0 since Fq is a minimal operator with a

regular endpoint a. Thus, Fq has an index. Theorem V.3.6 (i) or Corollary V.3.8 of

[7, page 122-3] implies that F((F -f- G)o) is closed.

(iii) Since R(Fo)-^ = N{F;) (see [10, IV-(5.16)]) and F; = (F+)i (see [5, page 139]),

= Af((F+)i).

Hence,

(5.5) /3(F„) = a((F+)i).

Similarly,

(5.6) /3((F+G)„) = q((F + G)+).

Theorem V.3.6 (ii) or Corollary V.3.8 of [7, page 122-3] implies that

k{Fo) = k{{F + G)o).

Via note (4) and the above equation, we have that

(5.7) l3{Fo) = P{{F + G)o).

Equations (5.5) - (5.7) imply (iii) holds. □
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Lemma 5.2 Let F be a formal differential expression on the interval I with smooth

coefficients satisfying F = F'^. Let

(5.8) G = gFg-^-F,

where g is a smooth positive function on I and g~^ = Then the order of G is less

than the order of F and {gFg~'^y = g'^Fg.

Proof;

For simplicity, we show that if F is of the form (1.5), then the order of G is less than

the order of F. The argument for F of the form (1.4) is similar. Let y G £|j^(7). Then

{Gy){t) = {gFg-'y){t) - {Fyfft)

= 9(t)W-\t) {p„(«) {g-'vm + lgo(<) (s-'B)(t)l' - Q'M {s-'!/)'(«)}
- W-'(t) {P„(i) y{t) + [0„(t)»(()]' - <2;(0!/'(')}

= w-'(t) |[Qo(i)y(<)l' - ̂l<3oW»Wl - Q'oWv'i*) +
- w-'W{[«o(<) »(<)]'-<3;Ws'(t)}

!/(«)]}
9{t)

For y,z e ̂ ^{1) of class with compact support in the interior of 7, we have

{gFg-^y,z) = j^z-(t)W(t) {gFg-'y)(t)I dt

= fl(gzm-W{t){Fg-'y)(t)dt
J I

= i[(F*gz)(t)\'W(t)(g-h)(i)dt
I

= ll{g-'F*gzm]'W{t)y(t)dt
= {y,9~'^F^9z) n

Since F = F"*",

{gFg ^y,z) = {y,g ^Fgz),

i.e., {gFg ^)+ = g ^Fg. □
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Theorem 5.3 Let E be the identity operator and let F and G be as in Lemma 5.2.

Suppose {F — XE)o and Go satisfy conditions (1) and (2) of Lemma 5.1. If g is

bounded above on I, then the map y ̂  gy is one-to-one from N{{g~^{F — XE)g)i)

onto N{{F-XE)i).

Proof:

Since g is bounded above,

I^W{t)[\yi{t)\'^-{- \y2{t)\'^]dt < oo

implies that

j^W{t)g^{t)[\yi{t)\'^-{- \y2{t)\'^]dt < oo.
Moreover, if we let g~^{F — XE)gy = 0 for ?/ € £"^{1), then {F — XE)gy = 0.

Therefore, gy G N{{F — XE)i). Hence, the map y ̂  gy maps N{{g~^{F — XE)g)i)

into N{{F — XE)i) and is one-to-one since g is positive. By Lemma 5.2

G+ = {gFg-' - F)+ = {gFg-y -F = g-'Fg - F.

Via Lemma 5.1 (hi) we have

a{{F-XE)i) = a{{F - XE-\-G+)i)

= a{{g-\F - XE)g),)

since {F — XE)'^ = F — XE. Since the null spaces have the same finite dimension and

the map y gy is one-to-one, the map is onto. □

Note that if A is a self-adjoint operator and Qm X 0, then A ^ aess{A) [13,

page 136].

Remark: We conclude from Theorem 5.3 that the inverse map ^ g~^z is one-to-

one from N{{F — XE)i) onto N{{g~'^{F — XE)g)i). Therefore, z G N{fF — AJE^)i)
implies that g~^z G N{{g~'^{F — XE)g)f), i.e.,

(5.9) j^W{t)g-'^{t)[\zi{t)\^-\- \z2{t)\^]dt < oo.
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Now, we examine several examples to obtain upper bounds on the rate of eigen-

function decay.

Example 1

Consider the differential operator T defined by (1.2) with wi{t) = W2{t) = t^, 13 > -1.

,  c > 0. Suppose A ̂  cre5s(Fo) so that R{Fo — XE) is closed.Let F — T -\-

/  n \c  0

0 -c/
Notice that A ̂  aess{Fi) via note 3.

Let B = gTg~'^ - T, where g{t) = for some sufficiently small a > 0. Then

after some computation, we have for y e D{Ti)

{By){t) = [gTg-'y){t)-{Ty){t)

0

0  r

\ /

/

0

0V  9{t) ^ / y2{t)

The proof of Theorem 2.1 shows that the quantities Si{s) and S2{s) are proportional

to

sup
t€l

pt+st'

''I r-2^
9'{r)

gir)
dr,

where

t
-2/? 9'{t)

9{t)
= a\P + l)'.

Hence, -S'i(£) and S2{6) are proportional to ea'^{P + 1)^. Therefore, via Theorem 1.7

we can choose a > 0 sufficiently small so that there exist constants bo, Cq > 0 such

that

\\By\\ < bo \\y\\ + Cq \\Ty\\ for every y € D{Ti)

and

(5.10) + Co (|A| + c)] + Co 7('^o ~ ̂•^) ^{Fo — XE).

Notice that B = gFg~^ — F and

\\By\\ < [6o + Co (|A| + c)] ||yll + co ||(F - AE)yl| for every y £ D{Ti),
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where constants bo,co satisfy (5.10). Therefore, F and B satisfy the hypotheses of

Theorem 5.3.

Now, we apply the remark following Theorem 5.3 to conclude that if

y £ N{{F - XE)i), then

(5.11) \\y{t)\\ldt < oo.

Hence, if A is any self-adjoint realization of T, then every eigenfunction y of ̂  asso

ciated with an eigenvalue A ̂  a^ssiA) decays exponentially as in (5.11).

Let us consider the special case oip-O. In this case we have, via [15, pages 248-9],

C^essiE) = (-00, -c] U [c, oo) .

We determine the Cl{I)-so\vLtions to Fy = Ay, where A G (-c,c), i.e., we seek

y = e D{Ti) which satisfy the following system:

\y^)

-y^(t)+ cyi(t) = Ayi(t)

y[{t)-cy2{t) = Ay2(t).

By solving the system of equations, we obtain the £^(/)-solution

yi{t) = ci * and y^it) = C2 e * for constants Ci, C2.

Hence, the eigenfunction y associated with the eigenvalue A satisfies for t £ I

Il2/(0ll2 = lyi(^)P +

=  (c?4-cl)e-^^%

which is consistent with (5.11), /? = 0. We can use a similar argument for the case

'^m A ̂  0.

Example 2

Consider the differential operator L defined by (1.1) with Wi{t) = W2{t) = 1 and

P2{t) - Let pi{t) = bt^ and p{t) = where /? > -1 and the constants b
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and c are such that the hypotheses of Lemma 4.1 are satisfied. Suppose A ̂  aess(Lo)

so that R{Lo - XE) is closed. Notice that A ̂  aess{Li) via note 3.

Let B = gLg~^ - L, where g{t) = for some sufficiently small a > 0. Then

after some computation, we have for y G D{Li)

{By){t) = {gLg-^y){t) - {Ly){t)

(
0 ■<?'(*) \

9{t)

0\  git) ^ J

' yi(^) ^
V 2/2(0

The proof of Theorem 4.2 shows that the quantities 5i(£) and S2[e) are proportional
to

^''P Tmt€/ / (0
P'(^)

where

Now, if /? > 0,

.sW,

/(t) = [(6' + + IJ-i .

dr,

1  ̂t+£/(t) ,, .2 9'ij) ' j 1 f
(i) I ^ W) i9'{r) 1  r

t6/ Jit)

t+efit) a2(/?+l)V^
(6^ + + 1 dr

< £
c72(/3 + 1)^
(62+c2) ■

Hence, via Theorem 1.7 we can choose a > 0 sufficiently small so that there exist
constants 60, co > 0 such that

and

(5.12)

Notice that

ll^yll < 60 \\y\\ + Co \\Ly\\ for every y G D(Li)

[bo + cq |A|) + Co 7(^0 ~ A.E) < 7(-^o ~ A£^).

Il^yll < (i'o + Co |A|) llyll + Co 1|(L - XE)y\\ for every y G D{Li),
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where constants 60, cq satisfy (5.12). Moreover, if —1 < /? < 0, then

lim
1  rt+ef{t)r"f(r? 9'{r)

ai'^)

2

dr = 0
f{t) Jt

which implies that Bq is Lo-compact; and hence, Bq is (Lq — A£')-compact. Therefore,

L and B satisfy the hypotheses of Theorem 5.3 for /5 > —1.

Now, we apply the remark following Theorem 5.3 to conclude that if

y G N{{L — XE)i), then

(5.13) \\y{t)\\ldt < 00.

Hence, if A is any self-adjoint realization of L, then every eigenfunction y of A asso

ciated with an eigenvalue A ̂  cfess{A) decays exponentially as in (5.13).

Let us consider the special case of /? > 0 and 6 = 0. Note that 0 ̂  cress(Ti) [9,

(vATheorem 2]. We determine the £^(/)-solutions to Ly = 0, i.e., we seek y = \ €
\y2 )

D{Li) which satisfy the following system:

+ ct'^yiit) = 0

y[{t) + ct^yiit) = 0.

By solving each equation, we obtain the £^(J)-solution

— ci e~^ for constant Ci, and y2{t) = 0.

Hence, the eigenfunction y associated with the eigenvalue zero satisfies for t G /

i|y(01li = \yiit)\' + \y2{t)\'
2  2s- t^+i= c^e 3+1 ,

which is consistent with (5.13).

Exaunple 3

Consider the differential operator L defined by (1.1) with Wi{t) = 'W2{t) = t°', for

Q G M, p{t) = ct^, for 0 > —1, and the positive constant c and the functions pi,P2
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are such that the conditions of Lemma 4.3 are satisfied. Suppose A ̂  c^ess{Lo) so that

R{Lo - XE) is closed. Notice that A ̂  aess{Li) via note 3.

Case I: a < P

Let B = gLg~^ — L, where g{t) = for some sufficiently small a > 0. Then

after some computation, we have for ye D{Li)

iBy){t) = {gLg-^y){t) - {Ly){t)

r° 0

0  r"

^  s{t) 2/1W

0\  9{t) ^ / 2/2 (i)

The proof of Theorem 4.4 shows that the quantities Si{e) and S2{e) are proportional

to

m
—  ffit) Jt

t+ef{t)

fir?
g'ir)

where

Now,

9ir)

/(t) = +

dr,

1  rt+^f{t) 2 g i^) . 1 /"
7T / fir) —TT ^r = sup -rj-rit) Jt gir) t€i fit) Jt

g'ir)

g{r)

1

t€i fit) Jttei fit)

 +
dr

1  ft+^m a^{p + l)^T^g-^''
i:= sup

ta fit) 1 +
dr

< e
<7\I3 +1)=

5c

Hence, via Theorem 1.7 we can choose a > 0 sufficiently small so that there exist

constants 6o,co > 0 such that

||-By|| < bo llyll + Co l|Ly|| for every y e Dih)

and

(5.14) (^>0 + Co |A|) + Co ̂ iLo — XE) < 7(Lo — XE)
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Notice that

\\By\\ < {bo + Co lA]) ||y|| + co \\{L - XE)y\\ for every y e D{L{),

where constants bo,Co satisfy (5.14). Therefore, L and B satisfy the hypotheses of

Theorem 5.3.

Now, we apply the remark following Theorem 5.3 to conclude that if

y € N{{L — AjE')i), then

(5.15) J t"' \\y{t)\\ldt < oo .
Hence, if A is any self-adjoint realization of L, then every eigenfunction y oi A asso

ciated with an eigenvalue A ̂  aess{A) decays exponentially as in (5.15).

Case II: CK > /3

Let B = gBg~^ — L, where g{t) = for some suflBciently small cr > 0. Then

after some computation, we have for y G D{Li)

{By){t) = {gLg-^y){t) - {Ly){t)

(  0

0 f

\

/

0 ^ \
^  9{t)
9'(t)

9{t)
0

(  A

/ 2/2 (i) )
The proof of Theorem 4.4 shows that the quantities Si{£) and ̂ 2(5) are proportional

to

fU\ .t€l j{t) -It
^ f
■(t) Jt

t+ef{t)
firf g'i-^)

where

Now,

g{T).

f{t) = [e''+ .

dr,

'eF f{t)- fit) Jt
t+ef(t)

fir)'
g'ir)
jir)_

w  1 fdr = sup —
tei fit) Jt

t+ef{t) cr^(^Q, -I- 1)2.7-:2a

dr

tei fit) Jt
,L f
(t) Jt

t+efit) + l^2^2a-20
^2a-2P _|_ dr

< e a^ia. -f-1)^ .
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Hence, via Theorem 1.7 we can choose a > 0 sufficiently small so that there exist

constants 60, co > 0 such that

\\By\\ < bo \\y\\ + co \\Ly\\ for every y e D{Li)

and

(5.16) (5o + Co |A|) + Co 7(^0 — AE') < j{Lo — XE).

Notice that

||By|| < {bo + Co |A|) ||y|| + Cq\\{L - XE)y\\ for every y G D{Li),

where constants bo,co satisfy (5.16). Therefore, L and B satisfy the hypotheses of

Theorem 5.3.

Now, we apply the remark following Theorem 5.3 to conclude that if

y G N{{L - A£^)i), then

(5.17) ^ ||y(t)||2dt < 00.
Hence, if A is any self-adjoint realization of L, then every eigenfunction y oi A asso

ciated with an eigenvalue A ̂  Oess{A) decays exponentially as in (5.17).

Let us consider the special case of /5 > a and P\ — P2 = ̂P- Note that 0 ̂  aess{Ei)

(vA[9, Theorem 2]. We seek £^(7)-solutions to Ly = 0, i.e., we seek y = G E>{Li)
\y2)

which satisfy the following system:

-2/2('^) + +'^^^2/2(^) = 0

y[{t) + ct^yi{t) + ̂t^y2{t) = 0.

Although we can not obtain an explicit >C^(7)-solution to the above system, we know

via [9, equation (3.6)] that this solution is asymptotic to

K  , constant A: > 0, constant vector K,

as t —^ 00. Hence, the behavior of the eigenfunction y associated with the eigenvalue

zero is consistent with that implied by (5.15).

116



In this chapter we have presented three examples to show how the necessary

and sufficient conditions for relatively bounded and relatively compact perturbations,

which are given in Chapters 2 through 4, yield results on the £^-decay of eigen-

functions. Further work is needed to obtain pointwise estimates on eigenfunction

decay.
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