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Abstract

In this work we consider perturbations of a first-order differential operator with matrix
coefficients known as the Dirac operator. Our main results involve perturbations B

of Dirac operators T and L. These operators have the form

Ly = wit 0 0 -1 1" + D1 P Y1 ‘
0wy 1 0 )\ v P D Yo
-1 1
w 0 0 -1
Ty = ! u ; and

0 wy' 1 0 s

wi' 0 Q1 G4 Y1

0wy a3 g2 Yo
where the coefficients p, p1, P2, 41, ¢2, @3, and g4 are assumed to be real, locally Lebesgue

integrable functions. The operators T and L have one singular point which is allowed
to be either zero or infinity. Unitary transformations are used to apply results for an
operator with a singularity at infinity to one with a singularity at zero.

After introducing notation and several preliminary results, we give necessary and
sufficient conditions for the perturbation B to be relatively bounded or relatively
compact with respect to T or L. These conditions involve explicit integral averages
of the coefficients of B. Results are given for both limit point and limit circle type
operators. One application involves a Dirac operator which arises in the study of the
relativistic electron. We then focus on several examples in order to show how the
conditions for relative boundedness and relative compactness affect the L}, -decay of

eigenfunctions.
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Preface

In this dissertation we develop a theory on perturbations of a first order ordinary
differential operator known as the Dirac operator. The Dirac operator has its origins
as a partial differential operator which arises in the study of relativistic quantum
mechanics. A detailed explanation is given in Thaller [14]. If we assume a spherically
symmetric potential, then we can obtain the ordinary differential Dirac operator
via a separation of variables argument. This separation argument can be found in
Weidmann [15]. We focus on two general forms of the Dirac operator, L and T, which
are given by (1.1) and (1.2), respectively.

As seen in Goldberg [7], Reed and Simon [13], and Kato [10], certain perturba-
tion results involving bounded or compact perturbations still hold if the perturbing
operator is only relatively bounded or relatively compact. For example, the essential
spectrum is preserved under a relatively compact perturbation. Also, a relatively
bounded, symmetric perturbation with relative bound less than one preserves self-
adjointness.

We define relevant terms in Chapter 1 as well as introduce notation and theorems
which will be used throughout this work. In Chapters 2 through 4 we develop nec-
essary and sufficient conditions for perturbations B of a given Dirac operator to be
relatively bounded or relatively compact. These conditions involve explicit integral
averages of the coefficients of B. In Chapter 5 we focus on several examples in order to
study how the conditions for relatively bounded and relatively compact perturbations,

which are given in Chapters 2 and 4, yield results on the decay of eigenfunctions.
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Chapter 1

Preliminaries

The purpose of this chapter is to introduce notation and theorems which will be used
throughout this work. We use definitions given by Goldberg [7] and Weidmann [15].

Let X and Y be Banach spaces and let B and T be linear operators, each having
domain in X and range in Y. Denote the domains of B and T by D(B) and D(T),
respectively.

By definition the graph norm of T on D(T), denoted || - ||z, is given by

lllr = llyll + 1Ty}

We say that B is relatively bounded with respect to T (or T-bounded) if D(T) C
D(B) and B is bounded on D(T) with respect to || - ||r, i.e., there exists a constant
C > 0 such that

1Byl < Cllyll + [ITyll) for all y € D(T).

A sequence {y,}2, is T-bounded if there exists a constant C' > 0 such that
llynllr < C for each n.

We say that B is relatively compact with respect to T (or T-compact) if D(T) C
D(B) and B is compact on D(T) with respect to || - ||, i.e., if {yn}52; is a T-bounded

sequence, then {By,}3, contains a convergent subsequence.
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We use the separable, weighted Hilbert space £2(I), I an interval, which is the

space of (equivalence classes of) Lebesgue measurable functions v : I — C2 such that

[ il + walal?) < oo,

where y = ( n ), and w; and w, are positive measurable functions on the interval
Yo

L
For y,z € L2(I), define

(Y, 2)w = /1 Z*(t) (wlo(t) wf(t) ) y(t)dt

and ||y]|2, = (¥, y)w- We will omit the subscript w when there is no ambiguity.

Let us consider the differential expressions L, T, and B which satisfy on I

o o= (T GG )G
0 wy! 1 0 Yo P P2 Yo
(1.2) Ty = (w{'l 0 ) (0 —1) (y{ ); and
0 wy' 1 0 vh
(1.3) By=(w1_1 0 )(91 fh)(%)
0 ws' g Q2 Yo

where the coefficients p, py, P2, 41, @2, g3, and g4 are assumed to be real, locally Lebesgue
integrable functions.
The mazimal operator Ly is the differential operator defined by L with the largest

possible domain in £2(I) which is mapped into £2,(I), i.e.,
D(Ly) = {y € LL(I) : y € ACuc(I), Ly € Ly,(D)},

where ACj,(I) is the set of functions which are absolutely continuous on compact

subsets of 1.



We define the minimal unclosed operator Ly to be the restriction of L to the

functions with compact support in the interior of I. The minimal operator Lo is
defined to be the closure of Ly,

Similar definitions and statements hold for the maximal operators (71 and B,) and
minimal operators (Tp and By) associated with the operators T and B, respectively.
Since B is a multiplicative operator, By = By. If g3 = ¢4, then B, is self-adjoint.

The operators above are special cases of the more general formal differential ez-

pressions T [15, sections 1,3] of the form
(3]

po =W X (Y EePoP

(23]
+3 (F17 (@) ¥ @) - (@50 y (t))“"]}
j=0

where [o] denotes the largest integer less than or equal to , the functions y € C™ are
defined on (a,b), —oo < a < b < 0o, the coefficients W, P;, and Q; are m X m-matrix
valued functions on (a,b), and W (t) is positive definite. Each coefficient is assumed
to be locally Lebesgue integrable on I. The natural number n is the order of the
differential expression I'. If the m x m-matrix valued functions P; are hermitian, then
these expressions are formally self-adjoint, i.e., for "sufficiently smooth” functions

v,z : (a,b) — C™ with compact support

/a b (W(t) Ty(t), z(¢)) dt = / b (W () y(t), Tz(t)) dt

a

where (., . ) denotes the usual inner product in C™. Hence, I generates a hermitian
operator which is densely defined (i.e. symmetric) in the separable, weighted Hilbert
space L% (a,b).

Associated with the formal differential expressions I' are maximal and minimal
operators (T'; and Ty, respectively) on the Hilbert space L%, (a, b), which are defined in
a similar manner as the maximal and minimal operators associated with the operator

L. For example, the maximal operator I'; defined by I" has domain
D(T1) = {y € L3 (a,b) : 1%,y ..,y € ACie(a,b), Ty € Liy(a,0)},
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where each y, for i = 0,1,...,n — 1, is a quasi-derivative (see [15, pages 26,29]).

We note several well-known facts [15, pages 41,46] for formally self-adjoint I" :
1. D(T,) is dense in £%,(a,b) and I is closed.
2. Tg=T1and I =T.
3. Any self-adjoint extension A of Ty satisfies I'o C A C I'.
Notice that if n = 1, then
(1) Ty(t) = W () {R(t) y(t) + [Q() v(®)] ~ Qa0 V(D)}

Equation (1.5) is a more general case of equation (1.1). In order to see this, we let

1 0
operator L takes the form of T' (with m = 2 and n = 1) when

W) = (“’1(’” NNCE (pl(t) P )  and Qo) =
0 wa(?) p(t)  pa(t)

0 -1
J = ( . Then J = —J* and Jy'(t) = 3{[Jy(t)] — J*¥'(t)} so that the

J.

N =

We say that T is regular at a if a > —oo and the assumptions on the coefficients
- are satisfied on [a, b) instead of (a,b). We define regular at b similarly. If T is regular
at a and regular at b, then we say that ' is reqular. Otherwise, I is singular.

Since Ty : D(Ty) C L% (a,b) = L2,(a,b) is a closed, symmetric operator,
(1.6) D(T?) = D(Ts) @ NGE — T%) ® N(—iE — T}),

where N(+iE —T}) = {y € D(I}) : £iEy — T'y = 0} and E denotes the identity
operator. Equation (1.6) is referred to as the first formula of Von Neumann and can

be rewritten as
(1.7) D(T,)=DIy)®NGE -T,) @ N(—iE - Iy),

since I'y =T'.




The deficiency indices of T, denoted by ¢+ (T'o), are given by
d4(To) = dim RGE — To)* = dim N(—iE —T)
and
d_(To) = dim R(—iE — Tg)* = dim N(iE - T).

If the coefficients of T'y are real, we have dy(To) = d-(To). It is well-known [15,
page 52,55] that
(1.8) d+(To) < nxm,

and if T is regular at a and singular at b, then
(19) d+(I‘0) + d_(r‘o) >nXm.

If T is regular at a and singular at b, we say that T is limit circle at b ifdi(To) =nxm
and T is limit point at b if d,.(To) + d_(To) = n x m. This notation stems from the
geometric method of Weyl for the second order equation (see [4, Chapter 9]).

As an example, we compute the deficiency indices for the minimal operator T'g

corresponding to the differential expression (1.5) with

vwa=(” 0),fww=mmmauw=§(o 4Q)
0 ¢ 0

for some constants v and o. Since the coefficients are real, d. (To) = d_(T)-
We know (see [2, Theorem 9.11.2]) that if there exists a A € C such that each

solution of Ty(t) = Ay(t) , t € I, is square integrable, i.e.,
[ v oWy d <o,

then for every )\ each solution of Ty(t) = My(t) , t € I, is square integrable. Thus,
to determine d4(Tp) and d_(T) it is enough to consider dim N(T';). Notice that

inequalities (1.8) and (1.9) imply that the deficiency indices are either one or two



since d4(To) = d-(T). Now, we determine conditions on « and ¢ for which we have

L%, (I)-solutions to

G-

Via equation (1.10) we need y = ( u € D(T;) which satisfy the following

Y2
system:

—2toy5(t) — at*lyp(t) = 0
21 (t) + at*~'yu(t) = 0

By solving each equation, we obtain the general solutions
n(t)=a % and 3(t) = c t=% for constants ¢y, Cs.

Thus, two linearly independent solutions to equation (1.10) are

(1.11) Yilt) = (t_%) and Yg(zf):( 0 )
0 -

If we take the interval I = [a,00),a > 0, then Y1 € D(I'y) iff

wi

/oo YT ()W (t) Ya(t) dt =/°° 7% dt < oo,

a
ie, v—a < —1. Similarly, Y, € D(T) iff v — o < —1. Therefore, d4(I'0) =
d_(Ty) = 2 (implying that T is limit circle at oo0) iff ¥ — a < —1. We also have, via
[2, Theorem 9.11.2], that T' is limit point at co iff v — a2 —1.

On the other hand, if we take the interval I = (0,a],a > 0, then Y, € D(T') iff

/a YEQ)W(E)Ya(t) dt = /oa "% dt < oo,

0



ie., y—a > —1. Similarly, Y, € D(T) iff y—a > —1. Therefore, d.(T'o) = d_(Ty) =2
(implying that T is limit circle at 0) iff ¥ — o > —1. Moreover, I is limit point at 0
iff v — a < —1 (via [2, Theorem 9.11.2]).

Now, we establish some general properties of operators. As above the subscript 0

denotes a minimal operator, and the subscript 1 denotes a maximal operator.

Theorem 1.1 Let F and G be closed linear operators in a Banach space B with

D(F) C D(G). Then G is F-bounded.

Proof:
Let G : graph F — B be defined by

Gy, Fy) = Gy.
Then G is linear since G is linear. Let {(yn, Fyn)}32; C D(G) be such that
(> Fyn) — (y,2) and G(yn, Fyn) = ( as n — o0,

Now, we show that G is closed, i.e., (y,2z) € graph F and G’(y, z) = (. Since F is
closed, graph F is closed. Thus, (y,z) € graph F' where z = F'y; hence,

(4> Fyn) — (y, Fy) in D(G).

Since G is closed, y, — v and Gy, = G’(yn, Fy,) — ¢ imply that Gy = (. So, we
have ( = Gy = G(y, Fy). Thus, G is closed. By the Closed Graph Theorem, G is
F-bounded. O

Theorem 1.2 Let F and G be formal differential expressions on an interval I where
F is symmetric, the order of G is less than the order of F, and the coefficients of F
and G are sufficiently smooth so that D(F3) C D(Gy).

()If Gy is Fj-bounded, then G is Fy-bounded.

(i) If G}y is F§-compact, then Gy is Fy-compact.



Proof:
(i) Let y € D(Fp). Then there exists a sequence {yx}nz; C D(Fp) such that

yn — y and Fyy, — Fyy as n — oo.

Since G} is Fj-bounded, {y,}%; C D(Gj}) and there exists a constant C; > 0 such
that

(1.12) 1Goyn — Goymll = 1Go(¥n — ym)

S Cl (”yn - ym” -+ ”F[;(yn - ym)“)

Since {5}, and {Fjyn}2, are convergent sequences, they are Cauchy. Hence, by
inequality (1.12), {G4y. }52, is a Cauchy sequence in the complete space L%, (a,b) and,
therefore, converges. By definition of Gy, y € D(G). Since y € D(Fy) is arbitrary,
we have D(Fy) € D(Gy). By applying Theorem 1.1 we conclude Gy is Fy-bounded.
(ii) Since G} is Fy-compact, Gy is Fg-bounded. By part (i), Go is Fy-bounded. Let
{yn}2, C D(Fy) be an Fy-bounded sequence, i.e., there exists a constant Cy > 0
such that for each n

(1.13) yall + | Foynll < Ca .

Since Fy is the closure of F}, there exists a z, € D(Fp) such that for each n

1
(114 v = zall + [[Fovn — Fozall < —

Then {z,}%2, C D(F;) is an Fj-bounded sequence since, via the triangle inequality

and inequalities (1.13) and (1.14),

lzallry = llzall + | Fpzall

(llzn = ynll + 1 Foza — Foynll) + (llvall + || Foyall)

1
—+Cy
n

IN A

IA

1+ C, for each n.

Since G} is Fj-compact, there exists a subsequence {zn, }72; of {zn}nz, such that

{Gozn, }2, converges as k — 00, say to (. Thus, via the triangle inequality, the
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F,-boundedness of Gg, and inequality (1.14), we have that{y,}32, C D(G,) and for

some constant Cs > 0

1Goym, — <l

Therefore, {Goys}3; contains a convergent subsequence. By definition, Go is Fo-

compact. O

Theorem 1.3 Let F and G be as in Theorem 1.2 and let D(Fy) € D(G1). Then

(i) Gy is Fi-bounded.
(1) Go is Fy-bounded.

IN

<

”Goynk - GOznk” + ”GOan - C”
|Golyn, — zn )l + |Gozn, — (||

Cs (llyny = 2l + 1 Foyn, = Fozmi[l) + |Gozn, = Cll

%+||Goznk—(||—>0 as k — oo.
k

(iii) If Gy is Fy-compact, then Gy is Fy-compact.

Proof:
(i)Apply Theorem 1.1
(ii) Let y € D(Fy).

Then via part (i), there exists a constant C' > 0 such that

Since y € D(F}) is arbitrary, we have that G} is Fj-bounded. Apply Theorem 1.2 (i)

to complete the proof.

(iii) Let {ys}32, C D(Fp) be an Fy-bounded sequence. Then {yn}72, C D(F1) and is
an Fi-bounded sequence. Since G, is Fj-compact, there exists a subsequence {Yn, }o24

of {y,}, such that the sequence {Giyn, }52, converges as k — oo. Now, part (ii)

n=1

IGoyll

G|
C (lyll + I1Fyl)
C (llyll + I Foyll)-




implies that D(Fy) € D(Gy). Hence, Goyn = G1yn for any n. Therefore, the sequence

{Goyn, }32, converges as k — oo. By definition, Go is Fo-compact. O

The following lemma is stated and proved in [1, pages 65-67]:

Lemma 1.4 Let X and Y be subspaces of a Banach space B, where X is closed, Y is

finite dimensional, and X NY = {0}. Then there ezists a constant K > 0 such that
|lz+yll > K |lyl| for allz € X andy €Y.

Theorem 1.5 Let F and G be as in Theorem 1.2, Go be Fy-compact, and
D(F,) C D(G1). Then Gy is Fy-compact.

Proof:
Let {yn}22, C D(F}) be an Fi-bounded sequence, i.e., there exists a constant ¢y >0
such that for each n

(1.15) lynll + [ Frgmll < Cr

Since D(Fy) = D(Fy) @ S where S is finite dimensional [see equation (1.7) and in-
equality (1.8)], y, can be written as

Yn = Yn,0 + Yn,c

where y, o € D(Fp) and y, . € S for each n. Thus, we have

Glyn = Glyn,0+G1yn,c

= Goyn,o + Glyn,c

for each n since D(Fy) € D(Go) C D(G,). Since Fy C Fy and F is bounded when
acting upon a finite dimensional space, there exists a constant C, > 0 such that for

each n

(1.16) 1 F1tnell < Co |[Ynell -

10



Thus, via the triangle inequality and inequalities (1.15) and (1.16), we have

(1.17) 1Fignoll = [IF1yn = Fitngll
”FlynH + “Flyn,c”
< Ci+ Cs ||yn,ll for each n.

IN

Via Lemma 1.4,

(1.18) lvnell < Nynellm
1
S % Ym0 + Yn.ell 7
1
= = |ynll for each n.

Thus, via inequalities (1.15), (1.17), and (1.18), we have that
Cy
(1.19) | Foynoll = || Fi¥noll £ C1 + —I—(—Cl for each n,

i.e., {Foyno}, is bounded in L£2(I).
Also, via the triangle inequality and inequalities (1.15) and (1.18), we have that for

each n

(1.20) [gnoll = 11¥n = Ynell

[Ynll + llgn,cll

IN

1
< lall + 3 lonlls

IN

1
C]_+’I‘('Cl.

Thus, {yn0}2, is bounded in £2(I). Via inequalities (1.19) and (1.20), {yn,0}7%; Is
an Fp-bounded sequence. Since Gy is Fo-compact, {Goyn0}5>, contains a convergent
subsequence, say {Goyn,0}3:- When acting on a finite dimensional space, G1 is

bounded. Thus, there exists a constant C3 > 0 such that for each k

”Glynk,cu < C3“ynk,0|| .

11



Via the above inequality and inequalities (1.15) and (1.18), we have that

NG 1y ell < % C, for each k,

ie., {G1Yn,c}; is bounded in a finite dimensional subspace of L2(I). Hence,
{G1Yn, c}22, contains a convergent subsequence. Therefore, {Giyn}oe, contains a
convergent subsequence since G1yn = Go¥Yn,0+G1Yn,c- By definition, GG; is F1-compact.

d

Theorem 1.6 Let F and G be as in Theorem 1.2. If F is regular at a and limit
point at b, then Gy is Fy-bounded (Gy is Fy-compact) if and only if Gy is F1-bounded
(G, is Fy-compact).

Proof:
Via equation (1.7) and inequality (1.8), we can write D(F;) = D(Fp) ® S, where S is
finite dimensional. Since F is regular at a and limit point at b, dim S =n x m. We
know [15, page 62] that there exists n x m-functions which are in the domain of F,
have compact support in (a,b), and are linearly independent modulo D(Fp). Let us
call this span of functions Sy. WLOG, we can take S = Sp. Since the order of G is
less than the order of F, we have Sy C D(G1). Thus, D(Fy) C D(Gy) implies that
D(F,) € D(G:). Suppose that Gy is Fy-bounded. Then D(Fp) € D(Go). Hence, G
is Fy-bounded via Theorem 1.3 (i). Suppose that Gy is Fo-compact. Then D(F,) C
D(G,). Hence, Gy is Fi-compact via Theorem 1.5. Moreover, if G, is Fi-bounded
(G, is Fy-compact), then Gy is Fy-bounded (G is Fo-compact) via Theorem 1.3 (ii)
(Theorem 1.3 (iii)). O

The following theorem and lemma [3, pages 570, 575-6] are essential in the proofs

of later theorems.

Theorem 1.7 Let I = [a,00) and let N, W, and P be positive measurable functions

such that N,W~=', and P~' € Li,c(I). Suppose there ezists an g¢ > 0 and a positive

12



continuous function f = f(t) on I such that

+ef

1 t+ef _ 1 t
Si(e) := S;lely{ﬁ [;7 P ] [;7 N} <

and

ef t+ef
Sy(e) := sup{ af/H '1][5/:- N]} <o0

tel
for alle € (0,0). Then there ezists a constant k > 0 such that for all e € (0,&9) and

yeD,
2 2 2 ’2
[ NP <kS:e) [ WhhiP+eSi(e) [ PlT)

where
D={y:ye€ AC,OC(I),/I W|y|2 < 00, and /1 P|y’|2 < oo}

Note that if S1(€), Sa(e) < oo for £ = €1, then Si(g), Sa(e) < oo for all € € (0, &1].

Lemma 1.8 Let f,g € ACic(I) be positive functions on an interval I satisfying
17(6)] < Ny and |f(t) ¢'(t)] < My g(t) a.e. on I for some constants Ny and M,.
Then for fitedt € I, 0<e < 0, andt < 7 < t+ef(t), we have that

(1—eNo)f(t) < f(r) < (L +eNo)f(2)

and
Mg My

e Mog(t) < g(r) SeMog(t).
This lemma implies that both positive and negative powers of f(7) and g(r) are
essentially constant for ¢t <7 < t+¢ef(t) and fixed t.
In the proofs of several results in this work, we will use unitary transformations.
Here, we develop sufficient conditions for a unitary change of dependent and inde-
pendent variables for a maximal (or minimal or self-adjoint extension of a minimal)

operator of the form

Wit 0 N1 s
(1.21) Mz=( . Wz_l){i[(ez)+@z]+/\/z} , z€X,

13



0 4
where © = JN = o ,and " =L
-6 0 n "

Let t = f(z) where f : X — T is a strictly increasing (decreasing) CV-function, and

let

pi(z) 0 z1(z) z1(z) )
U = for z = Ly (X),
U2 ( \ #2@)(2«2@)) (zm))e (%)

where p; € C(X), for i = 1,2, are never zero on X.
If the weight functions w; satisfy on T
Wi(SC

) fori=1,2,

(1.22) wilt) = #(z) [f (@)l

then we have for z,z € £%,(X)

U2, Usyzy = [(Uz)(t)]*(

(
| a@ \ [ Wils) o (El(x
X (

= (2,z>/;§v(x) )

le.,
(1.23) (U2,Uz) a0y = (£, 2) 3, x) for 2,2 € Liy(X):

Thus, U is a unitary map from £2,(X) onto £2(T). Let L = UMU™ ',y = Uz €
D(L) for z € D(M), and ' =& .
Then

(MU 'y)(z) = W {%{(@#_ly)' F@)+ 0l Vy+uty f@)} +Nu'1y}
= W™ {%{(@lfly)' Flz) +O—p ity + u7y F@)])} + Nu'ly}

14



where W(z) = Wiz 0 and p(z) = mi@) 0 .
0 Wyz) 0 pa(z)

Hence, we have, suppressing independent variables,
Ly = UMU'y
-1 1 -1,/ 1 -1\, 1 -1s -1 -1, 7
= uW {5{@u y F+O©u Ny f-0u Tty +0uTy f}
+Nuly}
' _ < [1, _ _ _ _ 1 _ 1.
= uWiluf {g{u fouTly + uTH(Op 1)'y—7u o ity
1A — 1 _ -
+u O 1y’}+? N ly}
S & I L _ _
= pfw {§{u tou™ly + (uTtep™'y — (uTH'euty

1 . 1. - A — 1 _ _
—— pteu Tty + e Y Y 4+ = T N 1y}

f f
y - 1 - -1, - —1\/ 1 5. - -
= it fwW {§{u 'ouly + (utou 1)y+-]-;u MwTtepTy
1 oy U S
“FH 'O Tty + uTOu 1y}+-J-;u "Ny 1y}
. 1, = o
= P fw {5{@3/ +(@y)]+/\/y},
where
(1.24) O(t) = (u'ep™")(z)
and

(1.25) () = }% T R e 1)

Thus, via equation (1.22)

(1.26)  (Ly)(¢) = (sign f) (wl_ | ) {l[(@y)'+@y’]+/\7y}, teT.

0  w;

Also, for § = UZ,Z € D(M) we have
(1.27) Ly, Li)gary = (UMU™5,UMU™G) 3 )

15



= <UMZ, UM2>C,2‘,(T)
= (Mz, ME)E%V(X)’

where the last equality follows by equation (1.23). Therefore, if we have the conditions
on the weight functions (1.22) and on © and N, which are given by (1.24) and (1.25),
then

I2llc2, ) = lyllca(my and [|M2llzg, x) = [[Lyllez r)

via equations (1.23) and (1.27).
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Chapter 2

Perturbations of T

Limit Point Case

In this chapter, we consider perturbations B of the higher-ordered differential operator
T, where T and B are defined by (1.2) and (1.3), respectively. We develop necessary
and sufficient conditions for the perturbations to be relatively bounded or relatively
compact with respect to T. These conditions involve explicit integral averages of
the coefficients of B. In Theorem 2.1 we consider the maximal operators 71 and B;
associated with the differential operators (1.2) and (1.3), respectively. The proof
relies heavily upon Theorem 1.7 and Lemma 1.8 and follows an argument similar to
the one found in [2, Theorem 1.1].

Corollaries 2.2 and 2.3 apply Theorem 2.1 to perturbations of an operator of the

form (1.5) with
0 —z¢
z¢ 0

for some constants v and o. Each proof makes use of a unitary transformation.

N |

0 =z7

7 0
W(z) = ( ) , Po(z) =0, and Qo(z) =

Corollary 2.2 considers the operators on the interval [a,00),a > 0, with vy —a > -1
so that the unperturbed operator is limit point at oo; whereas, Corollary 2.3 considers

the operators on the interval (0,a},a > 0, with v — a < —1 so that the perturbed

17



operator is limit point at 0.

Theorem 2.1 Let I = [a,00) for some a > 0 and let w1 = wy = f~' where
f € ACioe(I) is positive and |f'(t)] < No a.e. on I for some constant No. Then
(i) By is Ty-bounded if and only if

t+e f(t)
(2.1) sup ! / 1) (1) dr < o0, 1=1,2,3,4,
t

e ()
for some € € (0, -2%0-) ;
(i3) By is Ty-compact if and only if

1 t+e f(t) 5 0 _ -
(22) tll)oo f(t) /t f (T) g; (T) dT - 07 1= 172)374,

for some € € (0, 537)-

Proof:
By applying Lemma 1.8 with g = 1, we know that positive and negative powers of f

are essentially constant on intervals of length € f. Thus, we may replace

= [ g

with either
t+ef(t t+ef(t)
t) d 2(r)dr.
o [ @@ar o [T i) g dr

(1) Sufficiency

Let us first consider any y € D(T}) whose second component is zero. Then we have

(2.3) Il = [ Ol dr,
(2.4) ITyP = [ SOl dr, and
(25) 1Byl = [ )] q1<f>+q§<r>1|y1<r>12 dr .

Now, we show that the hypotheses of Theorem 1.7 hold for some ¢ € (0, 7%= SN ) with
N = f(¢2 + ¢3),W = f~! ,and P = f. Since positive and negative powers of f are

18



essentially constant on intervals of length £f, we have for some constants Cq,Cy > 0

(26) S1 = stlel? {212_ {/ttﬁf(t) f—l(’r) del |:/tt+ef(t) f(,,-)[q%(’r) + q%('r)] dT]}

< S| [ rlate) + Ao | one

(2.7) S, = Stlel?{g_qlT(ﬂ [ /t e f(7) dr} { /t e FO)g(r) + g5 ()] dr]}
G { [ it + i)

for some £ € (0, 5%~ sv;)- Inequalities (2.1), (2.6), and (2.7) give us S1, > < oo for some

TAN

|
2
s

e € (0,5 ) Therefore (via Theorem 1.7), there exists a constant k; > 0 such that
23) [ 101E®) + E@ln)P dr
<k1{/ FHO N (n)? dr + €2 / FEOw () dT}

By substituting (2.3)-(2.5) into (2.8), we obtain for some constant kq
(2.9) IBy|I* < ki (lylf® + €2ITy]?).

Thus, y € D(B;). Since y is arbitrary, inequality (2.9) implies that B; is Ty-bounded
on those y € D(T}) with yo = 0.

Let us now consider any y € D(T}) whose first component is zero. Then we have

(2.10) lwi? = [ SOl dn
(211) ITyir = [ 1 <T>|y2<f>|2 dr, and
(2.12) 1Byl = [ FOIBE) + Gl dr

Following an argument similar to the one above, we show the hypotheses of Theo-
rem 1.7 hold for some ¢ € (0, 537) with N = fl@@+¢),W=f"1,and P=f. For

some constants C3,Cyq > 0 we have

219 s = s (L[ o] [T el + e ar| |

tel g2

19



IN

& tel

218 5 = sup{ s [ [ ] | [ s + e jar
< Qo [*" sto1de) + il

€ tel

%oy | [ se) + i) dr ) and

for some € € (0, z3-)- Inequalities (2.1), (2.13), and (2.14) give us Sy, S, < oo for
some ¢ € (0, 2—}\,—0) Therefore (via Theorem 1.7), there exists a constant k3 > 0 such

that
@15) [ fOBE) +dOllen)l dr

<k{[ SOl dr e [ @B ar)
By substituting (2.10)-(2.12) into (2.15), we obtain for some constant ko
(2.16) 1Byl < k2 (Jlyll® + €2 ITyll?).

Thus, y € D(B;). Sincey is arbitrary, inequality (2.16) implies that By is T;-bounded
on those y € D(Ty) with y; = 0.

Finally, we consider any y € D(T1). Note that a shorter argument is possible,
but estimates obtained here will be useful later. Then we have, suppressing the

independent variable,

(2.17) bi? = [ £l + el
(2.18) ITyl? = [ flwiP+1y;P, and
(2.19) IByl* = /1f{[qf+Q§]|y1IZ+[Q1Q4+qz(J3]y1§z

+[g194 + @203)T1Y2 + (g3 + qz]|y2|2}
/1 f{[Q% + Q§]|y1|2 + 2194 + 9293 ly192|

+[g3 + ¢2)|val?} -

IA

We make use of the inequality 2ab < a® + b? in inequality (2.19) to obtain

(2.20) IByl* < /1 FIE + Ellyal* + 19194 + 23] [l3a1? + w2l

+la5 + aillval*} -

20



Claim 2.1.1 There erist constants ks, ks > 0 such that

ea) [ floatanlml <k ([ nf e 4P

and
_ 2 < {/ “1),, 12 4 .2 /2}
e2) [ flaa+eslnP <k {[ Pl e [ Al

Proof of Claim 2.1.1:
Using the Cauchy-Schwarz inequality and the inequality (a + b)* < 2(a% + %), we

have

te f(t) t+e f(t) t+ef(t)
/t fla1gs+ 2q3] < /t fla(gs — @)l +/ flg2(q + g3)l
< (/tt+€f(t)fo>l (/fw f lga — @] >-
+ ( /t A q%)% ( /t O+ Q3]2>%
(2.23) < ( /t T qf)% (2 /t T g+ q2]>
+ ( /t T q2>% (2 /t T [af + q3]>

Now, we show that the hypotheses of Theorem 1.7 hold for some ¢ € (0, %~ 5N ) with

N

N = f|g1qs + q2gs|, W = !, and P = f. For some constants C5, Cs > 0 we have
1 t+ef(t) y t+ef(t)
(2.24) S = sup{= / f / fla1gs + q245|
tel (€7 [Vt t

% sup {( /t T qf>% (2 /t T p e+ q2]>

([ q§>% [ e+ 3) } and

(2.25) S = sup {sTflE@ [/tmm f} [/tt+ef(t) flogs + qml”

is ur {( /t Y q?f (2 /t T 2+ QS]Y

+ ( /t w9 q%)é (2 /t T o} + tﬁ])%} ;

21
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for some € € (0,35). Inequalities (2.1), (2.24), and (2.25) give us 51,52 < oo for

some € € (0, 21T0) An application of Theorem 1.7 gives us inequalities (2.21) and

(2.22). #
Therefore, via inequalities (2.8), (2.15), (2.21), and (2.22) we obtain from inequal-
ity (2.20) that

(2.26) 1Byl < (k) { [ 77l + e [ f il
k) { [ 1l 2 [ 1 1P}

Hence, there exists a constant C > 0 such that for each y € D(T1)
IByl? < C (lyll* + ITwl®)-

Thus, y € D(B,). Since y is arbitrary, we know that By is Ti-bounded.
Necessity
Let ¢ be a function in C{°(R) such that ¢ = 1 on [0,1] and supp(¢)=[-2,2]. Fix

e € (0, 537)- For each r > a we define

(2.27) b(t) = ¢(-j7‘(—,%>, for ¢ > a.

Then, ¢, =1 on [r,7 + £ f(r)] and supp(¢,)=[r — 2 f(r), 7 + 2ef(r)].

For each r > a we define

(2.28) ®,(t) = ( (1) ) and ¥.(t) = 0 , for t > a.
0 r(t)

Via Lemma 1.8 there exists a constant Cy; > 0 such that for each r > a
(2.29) led = [ ek d
r+2¢ f(r) t—r7r
= ~1(t)¢? (——) dt
/r—2ef(r) f= )¢ ef(r)

-1 r+2¢ f(r) 5 t—r
Cy f~H(r) /r—2ef(r) ) <5f(r)> dt.

IN

22



t—r
By a change of variables (letting u = in (2.29)),
y g (letting 70 (2.29))
2
(2.30) 18, ]1% < 015/2 $2(u) du.

Since ¢ is continuous, inequality (2.30) implies there exists a constant C; > 0 such
that for r > a
(2.31) 19,2 < Cs.

Similarly, for r > a

(2.32) 1%,)* < C,.

Via Lemma 1.8 there exists a constant Cs > 0 such that for each » > a

e el = [ 10 [%@(t)}zdt

r+2¢f(r —r 2
/r—-:f‘(fr()) ft) [%¢ (ﬁ f(r))] at
aie) [ 5o (55 )| e

t—r
By a change of variables (letting u = —— in (2.33)),
y a chang (tting u = 1 in (2:39)

IN

(2.34) IT®,[|2 < Cye? /_22[d>'(u)]2 du.

Since ¢’ is continuous, inequality (2.34) implies there exists a constant Cy > 0 such
that for r > a
(2.35) 17,12 < C.

Similarly, for r > a

(2.36) IT, | < Ci.

Since ¢, =1 on [r,7 +ef(r)] and supp(¢,)=[r — 2¢f(r),r + 2ef(r)],

ean [ rw@o+dme < [T e + doio

= [|B&|*.
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Thus, via the Ti-boundedness of B; and inequalities (2.31), (2.35), and (2.37), there

exists a constant Cs > 0 such that

(2.38) [ s + @l < s,

Since the right-hand side of the above inequality is independent of r, inequality (2.1)
holds for : =1, 3.
Moreover,

726 f(r) 2
7 o + el a

= ||BY, 2.

es9) [ sl + @) o

IN

Via the Tj-boundedness of B; and inequalities (2.32), (2.36), and (2.39),

(2.40) [T s + gl < s,

Since the right-hand side of the above inequality is independent of r, inequality (2.1)
holds for i = 2, 4.

Note that the proof of necessity shows that (2.1) holds for every € € (0, 5}\,—0)
(ii) Sufficiency
By the previous argument B; is Ty-bounded. Thus, D(Ty) € D(B,). For every
positive integer N > a, define By on D(T1) by

By on [a,N]
BNy =
0 on (N,o0)

In order to simplify the proof, we break the argument into two Claims.
Claim 2.1.2 By — B in the space of bounded operators on D(Ty) with the Ty-norm.

Proof of Claim 2.1.2:
By a note in Chapter 1, we know that T is closed since it is a formally self-adjoint

maximal operator of the form (1.4). Therefore, D(T}) is complete under the 73-norm.
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Using the inequality 2ab < a? + b%, we have for y € D(T1)

(241)  [IBy - Byll®

/Noo g + @lnl + (g + ealnie

+la10s + 2slTiye + (65 + Gilleel*}

< /1 g + @llnl® + 210194 + 0203] [1132]

+a3 + ¢illvel?}

[ Hig + Bl + logs + goasl [l + 192/’

+[a + afllwal’} -

IA

We apply the sufficiency argument in part (i) with Iy = [N, 00) to the last in-
equality in (2.41). Via Theorem 1.7 and inequalities (2.6), (2.7), (2.13), (2.14), (2.24),
and (2.25), there exist constants ki, ko, k3, and kg > 0 such that

(2.42) ||By — Bwylf?
k t+ef(t)
< B {/ f[q{"+<.J§]} {/ Sl +62/ fly{lz}
g teln t In In

1 1
k t+ef(t) 2 t+ef(t) bl
+ —Esup{(/ ra) (o[ rd+a)
€ telny t t
1 1
t+e f(1) 2 t-+e f(t) 7
+</t fq%) <2ft f[cﬁ+q§]> }
Al e [ s
In In
1 1
k t+e f(t) 2 t+ef(t) 3
+ isup{(/ qu) <2/ f[q§+q§]>
€ teln t t
1 1
t+e f(1) 2 t+ef(t) 3
+(/t fq%) (2/t f[q%+q§]) }
. {/ f—lly2|2 +82/ fly;|2}
In In

k t+ef(t) ~
+ —Eisup {/ f[q§+<1§]} {/ 7 wel? +€2/ f|y£|2}-
teln t In In

Adding nonnegative terms to the right-hand side of inequality (2.42) gives

2.43) 1By~ BuvlP < ks sup FO { [ 57l + 1ol +° [ 51k +10aP1)
tely In In
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for some constant ks > 0 where

t+ef(t)
Fo) = [ g +dl

1 1
t+ef(t) 2 t+ef(t) 2
+ </t f q?) (2/t fld +q§]>

'y
2

1
t+ef(t) 2 t+ef(t) p
- (/t f q%) (2/t f ot +q§]>

t+e f(t)
+[ flé +43].

Via inequality (2.43) there exists a constant kg > 0 such that
(2.44) |By — Byyll* < ks sup F(t) - {llyll + ITyll}*
N

Therefore, inequality (2.44) implies that for y # 0

By-B 1 :
(2.45) 1By = Buyll _ 4 (sup F(t))
”y”Tl tely
Since Iy = [N, 00), equations (2.2) imply that sup F(t) — 0 as N — oo so that, via
teln

inequality (2.45), we have
|B—-Bn||—=0asN—ooo. #
Claim 2.1.3 FEach By is Ti-compact.

Proof of Claim 2.1.3:
Let {y,}3%, C D(T}) be a Ti-bounded sequence where

Yn = Ynal for each n.
yn,?

We need to show that for each N the sequence {Byyn}32, has a convergent subse-
quence. We make use of the Arzela-Ascoli Theorem.
Let us consider the sequence of the first component functions {yn1}52,. We

show that this sequence is uniformly bounded on [a,N]. Partition [a, N] by
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Ji = [ti,ti+1]> 1 S 1 S k with t, = a, ti+1 = {; + (5f(tz) and ¢ € (0,6) chosen so

that N = tgq1 = & + 6f(tx). Via equation (2.12) of [3, page 571] in the proof of
Theorem 1.7, we know there exists a constant C; > 0 such that for ¢ € J;
246) i < O { gz [ S ] [ £ i
i
/ if(T)IyL,l(T)IQdT b

+ [/J fHr)dr

By applying Lemma 1.8, we obtain

(2.47) i (P < Ci {025- U FH) yma (72 b
+Cas [[ £ lyn,l(f>|2df }

for some constants Cy, C3 > 0 and for ¢ € J;. Thus, there exists a constant Cy > 0

such that for ¢ € [a, N]

0 sl < 0" Pt [P
< Ca (llyall® + ITyalI*)

< Co (llyall + ITwall)?-

Since {yn}2, is a Ty-bounded sequence, inequality (2.48) implies that the sequence
{yn1}5, is uniformly bounded on [a, N].
Now, we show that {y, 1}, is equicontinuous on [a, N]. For s,t € [a, N] we have

via the Cauchy-Schwarz inequality

(249)  [tma(s) —vma(®)| = /sy;”(T dr
< |[ ol
< |[ £rmar] \ [ Fla ()P ar]

Since f is a positive, continuous function on [a,00), f~! is bounded above and below

on [a, N]. This fact along with inequality (2.49) implies that there exists a constant
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C > 0 such that for s,t € [a, N|

[ f@laar)Par)’
< Cls=t1*|Tl

Cls—t|?

(2.50) |Yn,1(8) = Yn,1(8)]

IN

1
< Cls—t2llymllz: -

Since {yn}%%, is a T1-bounded sequence, inequality (2.50) implies that the sequence
{¥n1}52, is equicontinuous on [a, N].

Therefore, via the Arzela-Ascoli Theorem we conclude that there exists a sub-
sequence {Yn, 1}82, of {yn1}3, which converges uniformly on [a, N]. By repeat-
ing the above arguments [inequalities (2.46)-(2.50)] on the subsequence {yn,2}32, of
{yn2}2,, we conclude that there exists a subsequence of {y, 2}72; Which converges
uniformly on [a, N]. Hence, there exists a subsequence of {y,}s2; which converges
uniformly on [a, N]. WLOG, we assume the sequence {y,}n%, converges uniformly
on [a, N].

Now, suppressing the independent variable and using the inequality 2ab < a® +b°

we have for each N

251) 1Brvo—Brval? = [ g+ @lons = vl

+[0194 + 0203} (Yn1 — ym,l)m
+q1q4 + %%]M(ymz — Ym,2)
+(6 + ¢)l¥n2 — Ymal®}

/aN @ + Blyn1 = Ymal®

+2 |Q1Q4 + Q2Q3| I(yn,l - ym,l)(yn,Q - ym,2)|

AN

+[gs + qZ]Iyn,z - ym,2|2}
N
/a FIE + @llyns = Ymal?

+lg1as + 023} ([Yn1 = Yma > + [Yn2 — Um2l®)

IA

+(a + g3)|yn2 — Ymol’}-
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By adding nonnegative terms to the right-hand side of inequality (2.51), we obtain

N
|Bnyn — Byyml® < /a FE + 62 19 = vmll? + 0105 + 2205] lyn — Umll3
+{g? + ¢3] |lyn — ymll3}

N
< sup ||yn — Ymll {/ flat+ 4]
a<t<N a

+/aN f lq1q4+rJ2qsl+/aN f [q§+fﬁ]}}

where
llyn — ymH§ = [yn1(t) — ym,l(t)]2 + [Yn2(t) — ym,Z(t)]2 .
By applying the argument used in inequality (2.23) to the inequality above, we see

that the integrals on the right-hand side are finite on [a, N]. Hence, there exists a

constant C > 0 such that

”BNyn - BNym“2 <C sup ”yn - ym”%‘
a<t<N

Since {y,}%2, is a Cauchy sequence in the uniform norm, the above inequality implies
that the sequence {Byy,}22, is Cauchy in L2(I) for each N. Therefore, { Bnyn}ni
converges for each N as n — oo since L2 (I) is complete. Hence, each By is T3~
compact. #

Since B is the uniform limit of T;-compact operators, B is T1-compact.
Necessity

We use contradiction arguments to show that each equation in (2.2) must hold.

1

Suppose that for some ¢ € (0, 55~

) there exists a p > 0 and a sequence {r,}52; of

positive numbers such that r, — co as n — oo and for each n
7'n+£f(’f'n) o i
(2.52) / f(t)g2(t)dt > p for some i € {1,2,3,4}.

Suppose i = 1. Let {®,},>, be defined by (2.28). Then via inequalities (2.31) and
(2.35) there exist constants Cy, C4 > 0 such that for each n

(2.53) 18,12, = (@]l + TS, 1)
(CF +C2)2.

IN
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Thus, {®,,}%.; is a Ti-bounded sequence. Since B is Tj-compact, {B%,,}%2, has

a convergent subsequence. WLOG, we assume {B®, } converges, say to some %p.
Now, since ¢y, = 1 on [ry, 7y + &f(rs)] and supp(@y, )=[ra — 26f(rn), 7n + 26 (72)};

we have for each n

(2.54) o< [T g
< [T g + e

[ folai + e ) de

Tn=—2¢f(rn)

= ||B&.,|*.

Notice that a contradiction is reached if we show that yo = 0 a.e. in [a,00).
Let Jo be a finite subinterval of [a,00). Since r, — 00 as n — oo and supp(¢r, )=
[rn — 2ef(rp),Tn + 2¢ f(r5)], we conclude that ¢, =0 on Jo for sufficiently large n.

Hence, ®, = 0 and B®,, =0 on J, for sufficiently large n. For such n

lvolle = llvo — B, lls
S ||y0 - BQTn”

Since B®,, — yo as n — 0o, and the left-hand side of the above inequality is
independent of n, we have ||yo||s, = 0. Thus, yo = 0 a.e. in [a, 00) since the interval
Jo is arbitrary. This contradiction implies that equation (2.2) holds for i = 1. If we
begin with ¢; instead of ¢, in inequality (2.54), then the above argument shows that
equation (2.2) holds for ¢ = 3.

Moreover, by repeating the above argument with ¢, replaced by either ¢, or ¢4
and ®, replaced by ¥, (as defined by (2.28)), we conclude that equation (2.2) holds
fori =2 and 1 =4.

Note that the proof of necessity shows that (2.2) holds for every ¢ € (0, 571\,;) c

Next, we prove two corollaries of Theorem 2.1. We consider the maximal operators

30



associated with the following differential expressions on the interval I:

o)) = 3 ( xo xO ) {[( : _:a ) ( )

(2.55)

2]
+
z° 0 Z29
and
(2.56) (B2)(z) = (W 0 ) (bl b“) (zl )
0 z77 bs b ¥9)

where the coefficients by, by, b3, and by are assumed to be real, locally Lebesgue inte-

. . _d
grable functions and ~ = .

Corollary 2.2 Let I = [a,00) for some a > 0 and let v — a > -1 and
Ny = |a — v]a®**"t. Then
(i) By is Ty -bounded if and only if

T+ex™—7
(2.57) sup z7°% / u™? b (u)du < oo, 1=1,2,3,4,
zel T

for some € € (0,55) ;

(11) By is T, -compact if and only if

THex*"7
(2.58) lim aﬂ-a/ W B(u)du=0, i=1,234,
x

=0

1
for some € € (0, 33-)-

Proof:
We begin by applying an argument in Chapter 1 to transform the differential ex-
pressions unitarily. Notice that T is of the form (1.21) with W(z) = Wa(z) = 27,

0 z¢ o o

0= ( ) ,and N = 0. Let u;(z) = po(z) = 22 so that y(z) = z22(z) and,
¢ 0

via equations (1.22), (1.24), (1.25), and (1.26),

(259) (Ty)<x>=(xa_7 ] )(0 "1)(y)
0 zo77 1 0 U
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and
7 0 7% 7%, (3}
(2.60) (By)(z) = :
0 =z 7%z 7%, ()
Now, we apply Theorem 2.1 (with f(z) = z*77 and ¢(z) = 27%(z), for ¢ =

1,2,3, and 4) to the maximal operators T} and B associated with the transformed

differential expressions (2.59) and (2.60), respectively. Notice that for z € T

a—y—1

f@)| = le-1le

< la—qla®

since @ — v — 1 < 0. Thus, the sharpest constant Ny in Theorem 2.1 is given by

Ny =la—7a* ",

Hence, B; is Ti-bounded if and only if
T+ex®T7
sup "¢ / w2 N[y bi(u))Pdu < 00, 1=1,2,3,4,
zel z
for some ¢ € (0, ﬁl\,;), i.e., B; is T1-bounded if and only if
T+ex®™Y
sup "¢ / w2 (u)du < o0, 1=1,2,3,4,
zel z
for some ¢ € (0, 5}\,—0) Since the transformation is unitary, inequalities (2.57) hold if
and only if B, is Ty-bounded.
Similarly, B; is Ti-compact if and only if

ez~
lim z7~¢ / u B (u)du=0, 1=1,2,3,4,

TR0 T

for some ¢ € (0, 5}\,;) Thus, via the unitary transformation, equations (2.58) hold if

and only in B, is ’f‘l-compact. m|

Corollary 2.3 Let I = (0,2] for some a > 0 and let v — o < -1 and
Ny = |y — a+2|a”**'. Then
(i) By is Ty -bounded if and only if

T
(2.61) sup z?7°*? / w2 P2(u)du < o0, i=1,2,3,4,
el -z

32



for some sufficiently small €';

(1) By is Ti-compact if and only if

(2.62) lim z7-%+2 / w2 Bw)du =0, i=1,2,3,4,
T—e'ga—7

TR0

for some sufficiently small €.

Proof:

We prove this result by using a unitary transformation to transform the singularity

at 0 to a singularity at co and then applying the Theorem 2.1 to the new operators.
Again, we use the argument in Chapter 1 to transform the operators T and By

unitarily. Let p(z) = po(z) = £% so that y(t) = 2%2(z),t = 7 and, via equations

(1.22), (1.24), (1.25), and (1.26),

et 0 0 -1 Y]

(2.63) (Ty)(t) = -
o v Jl1 0 )\

and

pr-ot? 0 te=2p, t*2h, n
(2.64) (By)(t) =

0 t"/-—a+2 ta—2b3 ta—2b2 Yo

0 0 1
Note that if ( is replaced with ( ), then the results of Theo-
1 0 -1 0

rem 2.1 hold. Let us call this version Theorem 2.1*.
Now, we apply Theorem 2.1* (with f(t) = t7~°*% and ¢;(t) = z2~b;(z),t = 3, for
i = 1,2, 3, and 4) to the maximal operators Ty and B, associated with the transformed

differential expressions (2.63) and (2.64), respectively. Notice that for ¢ € [a, 00)

IF'(®)] = |y—a+2t ot

IN

Iy — o+ 2|a7 "%
since 7 — a + 1 < 0. Thus, the sharpest constant Ny in Theorem 2.1 is given by
Ny = |y — o+ 2[a?™ .
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Hence, B; is T1-bounded if and only if

g [T, 2 2, 12
sup o1 / P2 p )2 dr < oo, i=1,2,3,4,
a<t<oo t T

for some ¢ € (0, 5—;,—0), i.e., By is T1-bounded if and only if
tety—ot? 5 1
sup 1072 / 21 B(2)dr < 00, i=1,2,3,4,
a<t<oo t T

for some € € (0, 53). By a change of variables (letting u = ),

1

tety—o+? 1 1
/ 7 B (=) dr = w2 B2 (u) du.
t T thetT—o+2

Again, we apply a change of variables (letting z = -}-) to obtain

by 4
2 (¥ —oy— _ oy
te-7-2 .U "-2p2(y) du = 772 / w272 p2 (u) du .
thetT- G2 1+ez‘-‘x_7'x

Thus, B, is Ti-bounded if and only if

X
(2.65) sup z7ot? w2 hi(u)du < oo, i=1,2,3,4,
z€l TreasaT

for some ¢ € (0,51\,;). Now, we show that (2.65) is equivalent to (2.61). Suppose
(2.65) holds. We seek an &' > 0 such that

— _ W Eole 4
Tfega1 780

, €
£ < T————-
1+ ex*7-

Since 0 < z < a and o — v — 1 > 0, the above inequality holds if we choose

e < 2
1+eae11"

Thus, for 7 =1,2,3, and 4

4 z

w72 b2 (u) du > / u” 2252 (u) du

— el pa—y
1+exS— Y1 T—ex
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so that (2.65) implies (2.61) holds for all & < (0, ==f==r). Now, suppose (2.61)

? 14e0%- 71

holds for some &’ € (0, Trms==1); € € (0, 3;)- We seek an €” > 0 such that

z _
— > - g'z®,
1+ &llga—7-

i..e.

’ !
e < £

1 —glge—r-1°
If we choose €” < &', then the above inequality holds. Hence, for i =1,2,3, and 4
X T

w22 p (u) du < u~"2 b2 (u) du

— —! p—
1+¢I/Ic¢—-y—1 z—e'zeTT

so that (2.61) implies (2.65) holds for all " € (0,&’). Therefore, (2.65) is equivalent
to (2.61). Since the transformation is unitary, inequalities (2.61) hold if and only if
]§1 is ﬁ—bounded. O

We conclude this chapter with an argument to show that the operator T of The-
orem 2.1 is limit point at oo. Since T is a formally self-adjoint operator of the form
(1.5), T is limit point at co iff d4(Ty) + d—(Tp) = 2. Hence, T is limit point at oo iff
d4(Ty) = d_(Tp) = 1 since the coefficients of T are real. In order to determine d (Tp)
and d_(Tp), it is enough to consider dim N(T3) (see [2, Theorem 9.11.2]). Note that
inequalities (1.8) and (1.9) imply that the deficiency indices are either one or two
since dy(Ty) = d_(Tp). Suppose that d;(Ty) = d_(Tp) = 2. Then every solution to
Ty = 0isin £2(I). Hence, we consider y € D(T}) which satisfy the following system:

n(t) = 0
w) = 0

By solving each equation we obtain the general solutions y;(t) = ¢; and y2(t) = ¢

for constants c;, ¢co. Thus, each solution of Ty = 0 is a linear combination of

(o) == (3)
Yi(t) = and Yy(t) = .
0 1
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Let Y3 be a nontrivial solution of Ty = 0. Then fcr some constant C' > 0

Ik

0 f)
= C/wf‘l(t)dt.

/‘1°°Y3*<t>(f— ol )mt)dt

Via the hypothesis on f, we conclude that f(¢) < Nyt+b for some constant b. Hence,

/oof“l(t)dtz/oo(Not+b)“1dt=oo

so that Y3 ¢ D(T}). Since Ys is arbitrary, there exist no nontrivial £2 (I)-solutions
to Ty =0, ie., dy(Tp) = d_(Tp) # 2. This contradiction implies that the deficiency

indicies are one. Therefore, T is limit point at oc.
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Chapter 3

Perturbations of T:

Limit Circle Case

In this chapter, we consider perturbations B of the higher-ordered differential operator
T, where T and B are defined by (2.55) and (2.56), respectively. In Theorem 3.1 we
consider the minimal operators To and EO associated with the differential expressions
(2.55) and (2.56), respectively, on the interval [a,00),a > 0, with v — o < -1
The proof follows a similar argument as that of Theorem 2.1 and applies the Hardy
inequality:

4

) [ #wtre < o [ erwre,

where —o0 < a < b < 00,8 # —1, and y(a) =0 =y(b).

As an application of Theorem 3.1, Corollary 3.2 deals with the maximal operators
T, and B associated with the differential expressions (2.55) and (2.56), respectively,
on the interval [a,00), a > 1, with v — & < —1. We make use of several results of

Chapter 1 in the proof. In this chapter we let ' = 4.

=.
Theorem 3.1 Let I = [a,00) for some a > 0 and let v — o < —~1. Then
(i) By is Ty-bounded if and only if
1 I+ET
(3.2) sup — / w2 p(u)du < 00, 1=1,2,3,4,
zel T Jz
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for some e € (0,3) ;
(i) By is Ty-compact if and only if

+
(3.3) lim ~ /: T () du=0, i=1,234,

=0 T

for some e € (0,3).

Proof:

(i) Sufficiency

As in Corollary 2.2, we make a unitary transformation. Thus, we can consider T and
B to be of the form (2.59) and (2.60), respectively. We begin by showing that E{, is
Ti-bounded if inequalities (3.2) hold. Let us first consider z € D(T}) whose second
component is zero. Since z has compact support in the interior of I, there exists a

b < oo such that the support of z, is contained in [a,b]. Then we have

(5.4 e = [ vl du
(3.5) ITz|> = /ab u®| 2} (uw)|?* du, and
(3.6 1Bl = [ u el (w? + bo(wlla(w)l du

Now, we show that the hypotheses of Theorem 1.7 hold for some ¢ € (0, %) with
N =77 b2 +b2), W = 2277"2 P = z*77, and f = z. By applying Lemma 1.8
with g = 1 and f = x, we know that positive and negative powers of z are essentially

constant on intervals of length ez. Thus, we have for some constants Ci, Cy, ¢y, and

ég>0

37 S5 = sup{1

z€l g2

/:+ex ue du] [/zz+e$ U_7_"[b1(u)2 + b3(u)2] du]}

T+ez

< &sup {m"“""’l/ ) w7y (u)® + bs(u)?] du}

€ zel T

C’l 1 T+ET 9—9 9 2
< —_ — ¢4
< = ilé?{ﬂf /x u*%¥by (u)” + bs(u) ]du} and

1 T4eT o T+ExT —a
(3.8) Sy = Szléfl){grxz- /x w2 dy [/m u™" [bl(u)2+b3(u)2]du]}
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T+eT
< C sup {:ﬂ'"+1 / w”Tby (u)? + b3(u)? du]}

£ zel

Co 1 [o+es o oa 2 2 }
< _ —
< = sxléll){x /x u [b1 (u)? + b3 (u)*] du]

for some £ € (0,3). Inequalities (3.2), (3.7), and (3.8) give us 51,52 < o0 for some

e € (0,3). Therefore (via Theorem 1.7), there exists a constant k1 > 0 such that
b
[ @) + bWl (u)? d
b b
<k {/ u* 2|21 (u)|? du +£2/ w2 (u)f? du} :

Applying the Hardy inequality (3.1) to the first integral on the right-hand side of the

above inequality gives
b 2 2 2
(39) [ wlbs(w)® + bo(u)?]lz (u)P d

<k {(07—%)’——_5 / " N ()2 du + €2 / "N )2 du} .

By substituting (3.5) and (3.6) into inequality (3.9), we obtain for some constant
]%1 >0

I1Bzl* < K |2
< R (el + 1202

Thus, z € D(B}). Since z is arbitrary, the inequality above implies that By is Ti-
bounded on those z € D(T}) with z; = 0.

Let us now consider any z € D(T}) whose first component is zero. Since z has
compact support in the interior of I, there exists a b < oo such that the support of

2y is contained in [a, b]. Then we have

(3.10) el = [ v ele)l du,
(3.11) \Tz|? = /b u®7|25(u)|? du, and
(3.12) 1Bz? = /ab Wby ()2 + b ()| 22 (W) du
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Following an argument similar to the one above, we show the hypotheses of Theo-

rem 1.7 hold for some ¢ € (0,3) with N = z=7=%(b3 + b3), W = 2°7"7%, P = 277,

1

T+eT
= / ur¢ du]
z

and f = z. For some constants C3, Cy, Cs, and € > 0, we have
(3.13)5; = sup {s

[ sacnal)

o+
g_:i sup {x"y‘—&+1 / * u—'Y_a[bz( ) + b4 2] du}
€ zel z

INA

A T+ET
G sup {l / w2~ 2%[by (1) + ba(u)?] du} and

£ zel T

(3.14) S, = sup{-l— [/:+€m y Yot du] [/x+£z w7 by (u)? + by(u)?] du}}

xel 52272 z

Ca sup {x"“"“ /:z: e w7 %(bs(u)? + ba(u)’] du]}

& zgel

< gémm{l Lﬂﬂ%ﬂﬂﬂ%()'+m )ﬂdﬂ}

& zelI \T

IN

A

for some ¢ € (0, 3). Inequalities (3.2), (3.13), and (3.14) give us 51, Sz < oo for some
e € (0,3). Therefore (via Theorem 1.7), there exists a constant k; > 0 such that

/ab Wby (u)? + by(u)?]|22(w)]? du

Applying the Hardy inequality (3.1) to the first integral on the right-hand side of the

above inequality gives
b
(3.15) / U™ by () + b (u)?)|22(u) |2 du

4 b b
<k, {m/a u®7|zp(u)|? du +s2/a w7z (u)|? du} .
By substituting (3.11) and (3.12) into inequality (3.15), we obtain for some constant
ky >0

1Bzl < ko |IT=

<

ka (1211 + IT21)*
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Thus, z € D(E{)). Since z is arbitrary, the inequality above implies that I§6 is ’fé-

bounded on those z € D(T}) with z; = 0.

Finally, we consider any z € D(T}). As before there exists a b < oo such that the

support of z; and the support of z; are contained in [a, b]. Then we have, suppressing

the independent variable,

b
(3.16) l2I? = [ welal + 12,
[
N b
617) TP = [ w 0P 41, and
- b
(3.18) 1Bl = [ wmo (i + bllaal + [bube + babo) a7
+[b1b4 -+ b2b3]5122 + [bg =+ b3]|22|2}
b
S / U_’Y_a{{b% + b§]|21|2 + 2 |b1b4 -+ b2b3| |2122|

+[b5 + B3|’} -
We make use of the inequality 2ab < a? + b® in inequality (3.18) to obtain

(619) B2 < [ w{ + Wl + I+ babel [ 4 Lol

+[b3 + 3|2} -
Claim 3.1.1 There exist constants k3, kg > 0 such that
b
(3.20) / w7 |biby + babsl |21 [?

4 b b
<k ___/ a—ry| /|2 2/ a—y| ) |2
= {(a—v—l) VAl e Al

and

b
(3.21) / u=T" |brbs + babs| |22

4 b a— b a—
< ky4 {(a_——'y_—_l)/a U 7|z’2|2 +52/a U 7[2&[2}
Proof of Claim 3.1.1:

By following the argument in Claim 2.1.1, we know that

T+eT
(3.22) / w22 byby + bobs| du
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THET % T+ET %
< ([Twman) (277 w4 o)

T

T o 2aj2 3 THET o a2 o 12 3
+ ( / u“"*%b; du) (2 / u®"%by + b3) du)

Now, we show that the hypotheses of Theorem 1.7 hold for some ¢ € (0, %) with
N = z77=%|bybs + bobs|, W = z%~7"2, P = %77, and f = z. Via Lemma 1.8 and

inequality (3.22) we have for some constants Cs, Cj, Cs, and Cs >0

(3.23) S,

(3.24) Se

IN

IN

IN

IN

IN

IN

T+ET T+ET
/ u' ¢ du} [/ u” "%\ byby + babs) du] }

T+ET
S sup {mv—aﬂ / u“""|b1b4+b2b3|du}
& zer z
> 1 T+eT
%sup{—/ u2'2°‘|blb4+b2b3|du}
E zel \T Jz

A +ex 3 +ex 3
%sup{(l / T ey duy (% / T dU)

su {1
:ceII) g2

€ gel X z

T+ET : THET -l
L (2 w2 du)’ (2 w25 + 82 du)” § and
T 2 T Jzx ! 8

X
1 T+ex y—at? Tt+ez —r—a
ilé];){gz—xg [/ﬂ; U du [~/:c U |b1b4 +b2b3|du]}

C z+ex
=2 sup {x"""“ / u” "% by by + bobs] du]}

€ gel

é’ 1 T+ET
=% sup {-— / u?~2%|byby + bobs| du]}
€ zelI \T Jz

A T+ex 1 T+ET .l
Ce sup { (l / u?~%p? du> i (% / w262 + b2 du) ’
T T

€ zel x

1 potez 3 /0 [a+ez _ 1
+ (; /a5 u?2ep2 du> (E /m w2 b2 + b2 du) }

for some ¢ € (0, 3). Inequalities (3.2), (3.23), and (3.24) give us S, Sz < oo for some

e € (0,2). An application of Theorem 1.7 gives us

b
/ u"”‘a |b1b4 + b2b3l |21|2

b b
< k3 {/ N P +52/ u"“7|z{|2}
a a
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b
/ e |b1b4 + b2b3| l22l2
a

b b
< k4 { / w2 P + €2 /I u“‘*lzélz}
a

for some constants k3, ks > 0. Inequalities (3.20) and (3.21) follow by applying the

Hardy inequality (3.1) to the first integral on the right-hand side of each inequality
above. #

Therefore, via inequalities (3.9), (3.15), (3.20), and (3.21) we obtain from inequal-
ity (3.19) that

(=7

4 b b
+ (ka2 + k4) {(a_——’y_—_l)/a i PAL +€2/| u°‘_7|z§|2} ,

i.e., there exists a constant C > 0 such that

- 4 b b
B < (k) { ey [ ol et [ el

1Bzl < C ||T2|?
< C (Il +1T=D)*.

Thus, z € D(B}). Since z is arbitrary, the inequality above implies that B’[’) is ’fé-
bounded. Via Theorem 1.2, Eo is T, o-bounded.

Necessity

Fix £ € (0,1). For each r > a define &, and ¥, to be the vector-valued functions,
with compact support, given by (2.28) where f(r) = r. Then via Lemma 1.8 there
exists a constant C; > 0 such that for each r > a

(3.25) jedt = [ 2763 ) ds

T+2€T -7
= [ e () da
r—2er ET
r+-2er -7
< 017”7_0‘/ ¢2< ) dz .
r

—2er ET
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-7,

By a change of variables (letting u =

2
(3.26) 1@,]|2 < Cper™ott / S(w)du.

Since ¢ is continuous, inequality (3.26) implies there exists a constant Cy > 0 such
that forr > a
(3.27) 18,12 < Cyr7™oth,

Similarly, for > a
(3.28) [ T,]° < Cor7=ot.

Via Lemma 1.8 there exists a constant C3 > 0 such that for each 7 > a
d 2
3.29 7,2 = / a7 L
(3.29) o = [ o | 2onta)| oo
7r+2 — 2

/ T 77 [i¢ (:E T)jl dz

r—2er dx ET
4261 — 2

Cgr“"’/ [id) (:1: T)} dr.
r—2er |dT Er

-r

IN

By a change of variables (letting u = z in (3.29)),

(3.30) 7.7 < Coe™r1" [ 19/l du.

Since ¢ is continuous, inequality (3.30) implies there exists a constant Cy > 0 such
that forr > a
(3.31) IT®.|)? < Cyro—r L.

Similarly, for r > a

(3.32) |IT®.|* < Cyro-1.

Since ¢, = 1 on [r, 7 + er] and supp(¢,)=[r — 2er, 7 + 2¢7],

633) [T e Bl < [ e ) + Ble)dia) ds

T —2er

= [IB&|*.
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Thus, via the Ty-boundedness of By and inequalities (3.27), (3.31), and (3.33), there

exists a constant Cs > 0 such that
T+ET 2 9 1
/ 77 bi(z) + b3(z)] dz < Cs (r7metl 4 o).
.

After multiplying the above inequality by rY~o+1 we apply Lemma 1.8 to the left-
hand side and obtain a constant Cg > 0 such that

r+er
(3.3 L[ e + B(e)] de < Ca (20 4 1)

Since v — o + 1 < 0, the right-hand side of the above inequality is bounded on L
Hence, inequality (3.2) holds for ¢ = 1, 3.

Moreover,

r+2er

(335) [ o) +Balde < [ e B(e) + Bi@)e) do

T —2er

= HE\IITH2
Via the Ty-boundedness of By and inequalities (3.28), (3.32), and (3.35),
r+er
/ 27T b2(x) + b2(z)]dz < Cs (X7t 4 177

After multiplying the above inequality by r*~**!, we apply Lemma 1.8 to the left-
hand side to obtain a constant C; > 0 such that

r+er
(3.36) L[ ) + B de < O (0 +1)

Since v — o + 1 < 0, the right-hand side of the above inequality is bounded on L.
Hence, inequality (3.2) holds for ¢ = 2,4.

Note that the proof of necessity shows that (3.2) holds for every € € (0, 3).
(ii) Sufficiency
By the previous argument By is To-bounded. Thus, D(T,) C D(B,). For every
positive integer N > a, define By on D(’f“o)by

~ Bz on [a,N]
BNZ =
0 on (N, o0)
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Notice that each By is Th-bounded with the same norm as B since ||Bw2|| < ||Bz||.

In order to simplify the proof, we break the argument into two Claims.
Claim 3.1.2 By — B, in the space of bounded operators on D(Ty) with the To-norm.

Proof of Claim 3.1.2:
By definition To is closed. Therefore, D(To) is complete under the Ty-norm.
Let z € D(fo). Since 7}, is the closure of T s, for each positive integer n > 1 there

exists a 2z, € D(T}) such that

~ =~ 1
(3.37) Iz = zall + T2 = Tanl) <

Zn,2

zn,l
where 2, = for each n.

Using the inequality 2ab < a2 + b?, we have for each z, € T

(3.38) [|Bzm — Brzl® = /N T (62 4 5|2 |2 + [babs + bobs)zni s
+[b1bs + bob3|Z1zn2 + [03 + B3)|2n2l*}

< /Noo w™ [0 + b3)| 21 |2 + 2 |brba + babs| [2n,120,2

+[b5 + bF] 12,0/}

[ {8 + el

+|b1bs + baobs| [|Zn,1|2 + Izn,2|2] + [bg + bﬁ]lzn,le} .

IN

Since each z, has compact support in the interior of I, there exists a b < oo such
that the support of 2,1 and the support of 2z, are contained in [a,b]. Thus, we can
apply the sufficiency argument in part (i) with Iy = [IV, 00) to the last inequality in
(3.38).

Via Theorem 1.7 and inequalities (3.7), (3.8), (3.13), (3.14), (3.23), and (3.24),
there exists a constants K;, K, K3, and K4 > 0 such that

o~ ~ 1 T+eT
|| Bz, — BNan2 < Kj sup {-— / u2'2"[bf + bg] du}
zely \ X Jz
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b b
. {/ u* T 21 P du + 52/ u"""lzg’ﬂ2 du}
a Q

1 prztez '12' 2 +ex %
+ K sup {(— [ e du) (E / T e 4 bl du>
T T

z€ln z

+ (l / T ey du)% (3 / T e 4 g2 du)}
X Jz T Jz

b b
AL w2 [ el
a a

1 THET % 2 T+ET 3
+ K3 sup {(— [ e du) (E [T g+ by du)z
x T

z€ly T

1 T+ET 1 2 rztez 3
+ (- [T ey du>2 (— [ w6 du)’}
T Jz T Jx
b b
AL wrtnalt 4 [ vz
a

1 THET
+ K4 sup {; / u?~2%[b2 + b3 du}

z€ln
b b

: / U722, )% du +€2/ w7z |2 du} .
a a

We apply the Hardy inequality (3.1), as before, to obtain constants K, Ko, Ks,
and Iﬂ > 0 such that

-~ ~ “ 1 T+ET b
1B Buml < Ko sup {1 [t e ) { [ we P o)
z a

zcly \ T
1 jztex 3 /9 rates 1
+ K, sup{{-— w22 dy (2 u? 2% (b2 + b3) du ’
z€lN T Jz Tz

1 rz+ex 3 2 rztez %
+ (2 [Tuegan) (2 [T w4 du>}
b
-{/a ua-nz;,m}

T+ET 1 T+ 1
+ K; sup {(l/ U2_2ab% du)l (;2;/ ez uz"za[bi-i-bg] du>z

z€lN T J:

1 T+ex %‘ T+ET %
+ (— / ) u?~2ep2 du) <2 / : w2 b + B3] du) }
Tz Tz
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b
AL war
a

T4+ b
v goswp (2 [T iad [ ui o}

zeln \ T

Adding nonnegative terms to the right-hand side of the above inequality gives
_ ~ b
(339) 1Bz - Buaml® < Kssup Fla) [ u={ich +|zh,l? du
z€ln a

< K;s sup F(z) ||Tzn[12
ze€ln

< Ks sup Fla) [lzal%
z€ly Y
for some constant Kz > 0, where

1 T+eT
F(z) = sup {— / w2 b2 + B3] du
zely \T Jz

1 pztez 3 9 rztex 3
(2 [Tweia)” (2 [T v+l a)

1 rzt+ez § 2 rztez 3
+ (; /z u?2ep? du) ’ (; /z u?~2o[p? + b2] du) ’

1 T+ET
= / w2252 1 B2] du} .

Therefore, via the the triangle inequality, the To-boundedness of Bo, and inequal-

ities (3.37) and (3.39), we have for each n

|Bz — Byzl| < Bz = Bzal| + ||Bzn — Bnzall + || Byza — Bzl
S 2K6 (”z - zn“ + HT‘Z - Tzn”) + ”an - ENzn”

1
2K 1 2
< 224K (sup F(z)) llznll7 for some constant K¢ > 0.
n zElN 0

By applying the triangle inequality and inequality (3.37) again, we obtain for each n

Sl

182~ Bzl < Z2 i (sup F@) (lon sl + elg)

€Iy

<« 2o k3 (sup F(x)>% (;1;+||z||fo) .

z€lN




We let n — oo to obtain for each N

N

-~ ~“ l
Bz — Byz|| < K2 (sup F(x)) 12l -
z€ln

Since Iy = [N, oc), equations (3.3) imply that sup F'(z) — 0 as N — oo so that, via
z€ly

the above inequality, we have for z # 0
IB-—By|| 20 as N> o0. #
Claim 3.1.3 Each By is Ty-compact.

Proof of Claim 3.1.3:

~ ~ Zn
Let {2,122, C D(Ty) be a Tp-bounded sequence where z, = for each n. We
Zn,2

need to show that for each N the sequence {ENzn}ff:l has a convergent subsequence.
We make use of the Arzela-Ascoli Theorem.

Let us consider the sequence of the first component functions {zn1}5%,. We
show that this sequence is uniformly bounded on [a,N]. Partition [a,N] by
Ji = [z, i), 1 <1 < k with 21 = a, 2341 = z; + éz; and € € (0,¢) chosen so
that N = zp41 = Zx + éxx. Via equation (2.12) of [3, page 571} in the proof of

Theorem 1.7, we know there exists a constant C; > 0 such that for z € J;

(3.40) |Zn,1(93)|2 < G {71—5 [/J u® du} [/J; 1[’""|zn,1(u)|2 du]

£2z;

+ [/J u’™® du] [/J u"‘"’lz;’l(u)lzdu]} .

1 3

Via Lemma 1.8 and inequality (3.40), there exists a constant Cp > 0 such that for
T € J;

1 gene o -
@) < o {32877 [ Wz @P du+ 2 a7 [ w e )P auf

i %

Since z; € [a, N], the inequality above implies that for x € J;

(3.41) 201(2)* < Cs (lzall® + 1T 20l?)
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for some constant C3 > 0. Since {z,}52, is a To-bounded sequence, inequality (3.41)
implies that the sequence {2,,1}2%; is uniformly bounded on [a, N].
Now, we show that {z, 1}, is equicontinuous on [a, N]. For s, € [a, N] we have

via the Cauchy-Schwarz inequality

Ba2)  lemale) = a0l = |[ Aa)ay
$ !
< [ Vhaldu
_ /t " w30 3o |2 ()| dul
< T a—y ,, 2 |
< tu du‘ I/ u)|® du

Since w7~ is a positive, continuous function on [a, N], there exists a constant C > 0

such that for s,t € [a, N] we have via (3.42)

(3.43) 2m(8) = 2a1(®)] < Cls—t|2 | Tzl
Cls —t7 llzallz,

N

for each n. Since {z,}22, is a Ty-bounded sequence, (3.43) implies that the sequence
{2n1}22, is equicontinuous on [a, N].

Therefore, via the Arzela-Ascoli Theorem we conclude that there exists a sub-
sequence {zn, 1}, of {2z1}52, which converges uniformly on [a, N]. By repeating
the above arguments (inequalities (3.40)-(3.43)) on the subsequence {zn,2}f=; of
{2n2}%,, we conclude that there exists a subsequence of {2, 2}32, which converges
uniformly on [a, N]. Hence, there exists a subsequence of {z,}7Z, which converges
uniformly on [a, N]. WLOG, we assume the sequence {2,}5%; converges uniformly
on [a, N].

Now, suppressing the independent variable and using the inequality 2ab < a? + b?

we have for each N
~ ~ 5 N
(3.44) Bz~ Buzall = [ w7 {0} + Eill2n1 = 2
+[b1bs + b2b3](zn,1 - Zm,l)(zn,z — Zm2)

50




+[b1bs + bobs)(zn,1 — Zm,1) (202 — 2m.2)

+[8 + 03| 20,2 — 2m,2|*} du
N
[ w6+ Blen = 2l
/3

+2 Ib1b4 + b2b3[ |(zn,1 - Zm,l)(zn,Z - zm,2)|

IA

+[b2 + b3)|zn2 — Zm2|?} du
N
[ w8 + Bl = zmal?

+]b1bsg + b2bs| (|2n,1 — Zm|? + |Zn2 — Zm2|?)

IN

+[02 + 021202 — Zme2l*} du.
By adding nonnegative terms to the right-hand side of inequality (3.44), we obtain

~ N N
|Bnzn — BNZm”2 < / u—’y_a{[bg + bg] l|zn — zm“% + {b1bg + babs| ”zn - Zm”g
+[03 + 03] ||z — 2mli3} du

N
< sup ||z — zmll3 {/ w”77b? + b2] du
a<z<N a

N N
+/ u” "% by by + bobs| du + / wTTT[b2 + b] du}

where
20 = 2mll3 = [2n,1(2) = 2m1 (2)]? + [2n2(2) = 2Zma2(2)]*.

By applying the argument used in inequality (3.22) to the inequality above, we see

that the integrals on the right-hand side are finite on [a, N]. Hence, there exists a

constant C > 0 such that
HBNZn - Bszuz <C sup Hzn - zm”% .
a<z<N

Since {2}, is a Cauchy sequence in the uniform norm, the above inequality implies

that the sequence {Byz,}%, is Cauchy in £2(I) for each N. Therefore, {Bnz}2,

i
| _ -
i converges for each N as n — oo since £2(I) is complete. Hence, each By is Top-
1 compact. #

|

Since By is the uniform limit of To—compact operators, E’O is f’o-compact.
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Necessity

We use contradiction arguments to show that each equation in (3.3) must hold.
Suppose that for some £ € (0,1) there exists a p > 0 and a sequence {rz};2, of

positive numbers such that 7, — oo as n — oo and for each n

L fratemn o 9a;2
(3.45) — 2%72p2(z) dz > p for some i € {1,2,3,4}.

Tn Tn

Suppose i = 1. Let {®,},>, be defined as in (2.28) with f(r) = r. Then via
inequalities (3.27) and (3.31) there exist constants Cy, Cy > 0 such that for each n

(3.46) 18- 05 = (1@l + 1T, 1)°
2 (1@, 1 + 1T, 1I%)

IN

< 20, 11Tt 4 20 P2
For each r > a define

(3.47) 3,(z) = ri0-et)@ (z) for z > a.
Via inequality (3.46) we have for each n

(3.48) 1803 = e

< 20, P21+ 4 oc, .

Since v — a + 1 < 0, inequality (3.48) implies that {@,n xiisa T,-bounded
sequence. Via the To-compactness of Eo, {E@M};’f:l has a convergent subsequence.
WLOG, we assume {Eci,n}s;;l converges, say to some 2p. Now, since ¢, = 1 on

[Ty Tn + €7y) and supp(¢r, )=[rn — 2e74, T, + 2e7,}, We have for each n

1 Tn+ETn
(3.49) p <= > 2P (1) dzx
1 Tn+ETn
< — 227283 (z) + b ()] da
< 1 et o sapr2 2 2
= 22 [by(z) + b3()] ¢, (z) dz .

Tn Jrn—2ern
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We apply Lemma 1.8 to the above inequality to obtain for some constant C' > 0 and

for each n
Trn+26Tn
(3.50) L [T ) + B, (a) do
n JTn—2ETn
Tn+26Tn
< orent [T e @) + B(@))6], (@) do
Tn—2ETn
= C|B%..IP,

ie., ||B®,,| > (%)% > 0 for each n.

By an argument similar to the one used in the proof of Theorem 2.1 (ii), we
conclude that zp = 0 a.e. in [a,00). This contradiction implies that equation (3.3)
holds for i = 1. If we begin with b3 instead of b; in inequality (3.49), then the above
argument shows that equation (3.3) holds for ¢ = 3.

Now, for each r > a define
¥, (z) = r30~tY () forz > a

where {¥, },>, is given in (2.28) with f(r) = r. Via inequalities (3.28) and (3.32) we

have for each n

”‘IITnHZfO = Tg_a—i-l ||\Il7'n.”2f0

< 20y rHretl) L oC,.

Thus, {¥,,}2, is a Ty-bounded sequence.

By repeating the above argument with b, replaced by either by or by and 3,
replaced by T, we conclude that equation (3.3) holds for ¢ = 2 and i = 4.

Note that the proof of necessity shows that (3.3) holds for every £ € (0,3). O

Corollary 3.2 Let I = [a,00),a > 1, and v — o < —1. Then the following three
statements are equivalent.

(i) /1 77" b(z)dz < oo, fori=1,2,3, and 4.

(11) By is Ti-bounded.

(iii) B, is T)-compact.
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Proof:

We break the proof into two cases.
Case I =0
We consider the maximal operators, Tl and B; and the minimal operators, To and

B, associated with the following differential expressions on the interval I:

- (:c‘”’ 0)(0 —1)(2’1)
(3.51) (Tz)(z) =
0 z77 1 0 25

and
~ -0 by b
(3.52) (Bo)a)=| " v
0 =z b3 by 22
(i) = (iii): Since y < —1 and z > a > 1, we have

2 =7 p2
/I:cbz(a:)dacg/lx b (z)dz .

Hence, (i) implies that B, is Ty-compact via Theorem 3.1. Therefore, D(T 0) C D(Bo).

Via equation (1.7) we can write
(3.53) D(T) =D(Ty) &S,
where S has dimension four since T is regular at a and limit circle at oo.
Claim 3.2.1 S C D(B,).

Proof of Claim 3.2.1:
Let 2z and 2 be functions in CM(R) such that z(a) = 1,

supp(z1) = [a—1,a+ 1], z(z) =0 forz < a, and zp(z) =1forz 2 a+1.

For z > a we define Z,(z) = ( 21é$) ), Zy(z) = ( (() ) ), Zs(z) = ( z5(z) ),
AR 0

). Notice that these four vector-valued functions are linearly

and Z4(z) = (
2 ()

independent. Since z; has compact support,

a+1
122 = 1ZalP = [ & (@) da,
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which is finite since z; is continuous. Moreover,
2 2 *® 2
12602 =12l = [ &7 |zale) de
a+l o]
= / 27 |zp(z) 2 da +/ 17 dz,
Q a+1

which is finite since 2, is continuous and 7y < —1. Thus, each Z; € L2(I), with

weights z7.
We show that each TZ; € £2(I), with weights z7, so that each Z; € D(T}). Since

z1 has compact support,
1T 2] = ITZal| < .

Moreover, since z5(z) = 0 on [a + 1,00),
o2 17 (|2 Sl (2
IT2P = I1TZP= [ &7 (@) de,

which is finite since z; is continuous.

Define S = span{Zi, Zs, Z3, Zs}. We now prove that

i.e., we show that no linear combination of the Z; is in D(f’o). Suppose to the contrary

that there exist constants cy, ¢z, c3, ¢4 (not all zero) such that
(354) Z =012, + oy + C3435 + CcsZ4 € D(To) .

Since 7 is regular at a and Z € D(T}), we have that Z € D(T}) if and only if Z(a) =0
and [Z,Y](z) — 0 as £ — oo for every Y € D(Ty), where the Lagrange identity is
defined by

[V, Y)(2) = (1182 — v201) (%)
for real vector-valued functions Y and ¥ (see {15, Theorem 3.12]). Since z;(a) # 0,
we must take ¢; = ¢ = 0. Therefore, Z = c3Z3 + ¢4Z4. In order to satisfy the
second condition of [15, Theorem 3.12], we must have [Z, Z3](z) — 0 as £ — oo and

(Z, Z4)(z) — 0 as z — oo, where
[Z, Zg](IL') = C3[Z3, Zg]((l?) + C4[Z4, Zg] (.’E) = C4[Z4, Z3] (IL')
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[Z, Z4](£E) = C3[Z3, Z4](IE) + C4[Z4, Z4](SL') = C3[Z3, Z4](.’L‘) .

Since

(1 0]
zlLr{.lo[Z3)Z4](x) =x1LnQO ( 0 ) ’ ( 1 ) = 17

we must have ¢z = 0. Moreover, since

' [0 1]
lim [Z,, Zs)(2) = lim (1>(0) =1,

we must have ¢, = 0. Hence, no linear combination of the Z; is in D(Ty).

Since z; has compact support,
182 = 182 < oo
Moreover,
1BZl? = [ a7 (&) + )] feale) P
= [T e+ BElaEl s [T s BE) + B ds
and
1BZ? = [ a7 (@) + @)l fmale) P
= [T B B a P+ [ T BE + @) de,

which are finite by (i). Therefore, each Z; € D(Bl). #

Equation (3.53) and Claim 3.2.1 imply that D(T,) C D(B,). Via Theorem 1.5 B
is T 1-compact.
(iii) = (ii): Since B is Ti-compact, D(T)) € D(B;). Via Theorem 1.3 B is
’fl-bounded.
(ii) = (i): Since B, is T3-bounded, D(Ty) C D(B,). Via equation (3.53) S C D(B,).

Therefore, ||BZ;|| < oo for each i, i.e.,

/Ia:'”’b?(x)dx <o0,1=1,2,3,4.
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Case II: a#0

As in the proof of Corollary 2.2, we transform the differential expressions T and B

unitarily into T and B, respectively, where

(Ty)(x)=(xa_7 0 )(0 —1)(%)
0 z {1 0 Y
%7 0 7% 27, u
; _ :
(By)(z) ( 0z ) (z“’bs 7%, ) (y2 )

Replacing « with v — ¢, b; with 7%b;, and z with y in Case I, we have that the

and

following three statements are equivalent:
(i') / 77 %b%(x)dz < oo fori=1,2,3, and 4.
(ii') él is T1-bounded.
(iii") By is Ti-compact.
Since the transformation is unitary, (ii') holds iff B is Ti-bounded, and (iii’) holds

iff B, is T,-compact. O
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Chapter 4

Perturbations of L

In this chapter, we consider perturbations B of the higher-ordered differential operator
L, where L and B are defined by (1.1) and (1.3), respectively. We assume that the
functions wy, W, P, p1, P2 € ACie(I). Again, we develop necessary and sufficient
conditions for the perturbations to be relatively bounded or relatively compact with
respect to L. As in Chapter 2 these conditions involve explicit integral averages of the
coefficients of B. In Theorems 4.2 and 4.4 we consider the maximal operators L; and
B, associated with the differential operators (1.1) and (1.3), respectively. Each of the
proofs follows the general pattern of Theorem 2.1 but requires additional estimates
on ||Ly]|.

Corollary 4.5 applies Theorem 4.4 to perturbations of an operator of the form

(1.5) with

W(:L‘)=(x7 0)’Po(m)=(7‘1 T),andex):%(O —3;0‘),
0 =z7 roTy ¢ 0

where  and o are constants which satisfy ¥ — a < —1; whereas, Corollary 4.6 applies

7)

Theorem 4.4 to perturbations of an operator of the form (1.5) with

10
W(ff)=( ) Po(x)=(
0 1

d -+

—-d

N | —

) , and Qo(z) =

+
+

|8l 8l

Hlo 8l

£
z2
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where a, b, ¢ and d are constants and ¢ # 0. This operator arises from the study of

the relativistic electron (see [14, page 129]). The proof of each corollary makes use of
a unitary transformation.

We need the following lemma in the proof of Theorem 4.2. In this lemma, we
consider the minimal unclosed operators, Ly and By, associated with the differential
expressions (1.1) and (1.3), respectively, where the weight functions wy = w2 =1 and
the coefficient functions p; and p, satisfy the relationship p; = —pi on an interval L.

We establish a lower bound on the £2(I)-norm of L on D(Lg).

Lemma 4.1 Let 0 < 6 < -é- and suppose w; = wy; = 1 and p, = —p1. If

IPL(t)| < §[p2(t) + p2(t)] and |p'(¢)] < 6[p3(t) + P*(t)] on an interval I, then there
eTists a positive definite matriz Ay such that for y € D(Lyp)

(4.1) Izl 2 [ {01y (@) +v" (M)} de

where Ay = (1 — 20)[p3(t) + p*(2)] ( (1) (1) )

Proof:
Let y € D(L}). Then after some simplification we have

(4.2) I Zylf?

i

[ @ @ricy )

= [P + 1O + 20 (30 = lwalt) )
—2p1(t) [Re(y:(1)32(2)))

HPHE) + PO [ (O + 3o ()]} .

Now, by integration by parts

@3) [ OIn@F - e - 200 Re@(OfR0)] ) d
= [{=P O (5O = [12()] + 261(0) Re(w (052(0)} .
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Therefore, if we suppress the independent variable, we have

(4.4) I Zyl?

/1 {al? + lwal - o' [loal® = lgel’]

+2p; Re(y182) + [P} + 17 [l + [9al]} dt

/1 {utl? + wsl” = 12/ 3 * + lgel”]

—2|p}| [Re(w182)| + [P} + P°) (w11 + Iv2|]} ot
J A + 18317 = 1P (3al? + el

— 18] [lwal? + lwal?] + [0 + 0] [lnl® + [vel?]} dt

v

v

where the last inequality in (4.4) follows from the inequality

2 [Re(1172)| < 2|v1 92l < |l + 1wl

Use of the hypotheses in (4.4) implies that

ILyl* 2 /1{[y'(t)]*y'(t) + (1= 20)[p}(t) + P*(Wly" W)y ()} dt. O

Theorem 4.2 Let I = [a,00) for some a > 0, wy = wy = 1, po = —p;, and
F(t) = [p2(t) + p*(t) + 1]7% on I, where p; and p satisfy the conditions of Lemma 4.1.
Suppose L is limit point at co. Then

(1) By is Li-bounded if and only if

(4.5) sup =
ter  f(?)

1Ly .
for some £ € (0,577) ;

t+e f(t) ) 0
[ dmdr <o, i=1,2,3,4
t

(ii) By is Li-compact if and only if

1 t+ef(t) 0 ,
(4.6) tl-l-fgm /t fo(m) ¢ (r)ydr =0, i=1,2,3,4,

for some € € (0, 5757)-

Proof:

Via the triangle inequality and the bounds on |p}| and [p'| on I, we have

p1(t)py (1) + p(t)p'(¢)
[p3(t) + p2(t) + 1]
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3[p}(t) + P*(®)] llp1 ()] + Ip()]]
B [p3(8) +p?() + 1]
S[lp ()] + ()]
[P2() +p2(0) + 12
Since [|p1(t)| + [p(¥)]]? < 2[p?(t) + p?(t)], we obtain the inequality

If'(1)] < V24.

Hence, the hypotheses of Lemma 1.8 hold with Ny = V256,

Now, we show that By is Lo-bounded if and only if inequalities (4.5) hold. Note
that D(Lj) C D(Bj) since the order of B is less than the order of L and the coeflicients
are sufficiently smooth.

(i) Sufficiency

Let us first consider any y € D(Ly) whose second component is zero. Then we have

@n WP = [ P
(4.8) |By|> = /1_[111(7)2-+—q3(7')2]|yl(7')|2 dr, and via Lemma 4.1
(49) ULyl 2 [ AW+ = 20)pkr) + Pl (r) Y

= [ {sOr + - 2)[57() - () PYr
Now, we show that the hypotheses of Theorem 1.7 hold for some ¢ € (0, 2\/'#) with
N=g+q¢,W=(1-2§)f"2+26 and P = 1. By applying Lemma 1.8 with g =1,
we know that positive and negative powers of f are essentially constant on intervals

of length £f. Thus, we have for some constant C; > 0

(4.10) S, = sup {E_ [ /tt+ef(t) dT} [ /tt+ef(t) (g1 (7)? + gs(7)7] dT]}

tel g2

= % Stlel? {f(t) /tt+€f(t) [01(7)? + g3(7)%] d’r} and

1 t+ef(t) dr
(411) S = stgg{m[/t (1—26)f-2(r)+25]

A e+ e}

o {f o [ i + gl dr]}

tel

IN
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for some £ € (0, 5757)-
Tnequalities (4.5), (4.10), and (4.11) give us 51,52 < oo for some ¢ € (0, 57—5)
Therefore (via Theorem 1.7), there exists a constant k; > 0 such that
(412) [ (a0 + ()] ()l dr
<k { [ 10-20)72() +.20) () dr +¢* [ 1h(r)" ).

By substituting (4.7)-(4.9) into (4.12) and applying Lemma 4.1, we obtain for some

constant 1;1 >0
(4.13) IByll® < kx (lyl® + 1 Lyll?).

Since y is arbitrary and D(Lj) C D(B)), inequality (4.13) implies that By is Lg-
bounded on those y € D(Lg) with yo = 0.

Let us now consider any y € D(L}) whose first component is zero. Then we have

@1yl = [ el
@18)  IBy? = [ [0(r) +a(0?ua(r) dr, and via Lemma 4.1
(@16)  ILyl® 2 [ {s()E+ (@ - 20)phr) + 2 )laa(r) P} dr

= [ Q)P+ (1= 20)[2() = Dalr) P} .

Following an argument similar to the one above, we show the hypotheses of Theo-
rem 1.7 hold for some € € (0,5753) With N = ¢ + ¢, W = (1 - 26)f~% + 26, and

P = 1. For some constant C, > 0 we have

(4.17) S = sup {21; [ /t et dT] [ /t e [g2(7)? + ga(7)?] d'r} }

_ 1o {f(t) /tt+ef(t)[q2(7_)2 + aa()?] dr} and

€ tel
1 t+ef(t) dr
(4.18) S = suwp {gz_fz‘(t—) [/t (1-26)f~%+ 25}
) [/tt%f(t) [g2(7)® + qa (7)?] d'l’:l }

i {10 [ e+ a1

IA
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for some £ € (0, 2f5) Inequalities (4.5), (4.17), and (4.18) give us Sy, Sz < oo for

some ¢ € (0, m) Therefore (via Theorem 1.7), there exists a constant k2 > 0 such

that

(4.19) / [g2(7)? + qa(7)?] g (7)|? dr

<k { /] [(1 = 2672(r) + 26] |yo(r)[? dr + €2 /1 (7)1 dT} .

By substituting (4.14)-(4.16) into (4.19) and applying Lemma 4.1, we obtain for some
constant ]}2 >0
(4.20) IByll® < Ea (llyll* + IZyl1%).
Since y is arbitrary and D(Lj) € D(B}), inequality (4.20) implies that By is Lg-
bounded on those y € D(Ly) with y; = 0.

Finally, we consider any y € D(L{). Then we have, suppressing the independent

variable,
@) i = [ el el
(4.22) IByl* = /1 {[¢} + Bllw1 > + (194 + @2a3]v172

+lg1as + @alive + (@ + a2llv2[*}

< / {[‘11 + q3]|y1 + 2 |q1ga + ¢293] |y192]

+[g2 + ¢Z)|y2|*}, and via Lemma 4.1
(23) Il 2 [ P+l + (0= 20)@E + 2wl + bl
= [P+ + (1= 287 = Dl + el

We make use of the inequality 2ab < a® + b? in inequality (4.22) to obtain

(4.24) IByll* < /1 {lg? + Alni|* + |gs + gogsl [ln]® + lyal?]

+g3 + @2)lwel?} -

Claim 4.2.1 There exist constants ks, kg > 0 such that
@25) [ loa+awlnl <k {[ (02077 <2 mP+e [ Wi
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and

2 _ -2 2, .2 112
(4.26) /1 |q194 + g2g3] |v2]”° < ks {/{ [(1—28)f72+26] ||* +¢ /1 |y2|}

Proof of Claim 4.2.1:

By following the argument in Claim 2.1.1, we know that

t+ef(t) t+e f(2) ) 3 t+ef(t)
(4.27) /t lq1qs + qogs] < /t g {2 /t ¢} + CI2]
t+¢ f(1) 0 3 t+ef(t) 7
+ ( /t q2> (2 /t ¢} + qﬂ)

Now, we show that the hypotheses of Theorem 1.7 hold for some € € (0,5\—}%)
with N = |q1gs + qoqs|, W = (1 - 26)f~%+ 24, and P = 1. Via inequality (4.27) and

the definitions of S; and Sy, we have for some constant C3 > 0

(4.28) S = Stlé}) {512 ‘:/tt+€f(t) 1 } [/tt+€f(t) s + q2q3|]}

tap{(ro 4] (e [ +8)
w7 q%) (210 [t + ) } and

29 5, = s [ ] [ o o
;(1—0_37;—) sup { (f (t) /twm q%)é <2f(t) /t " q%])é

N (f(t) /tt+ef(t) q§>% <2f(t) /tt+ @) @ q3]>%}

for some € € (O \/- ). Inequalities (4.5), (4.28), and (4.29) give us 51,52 < oo for

IA

IA

some ¢ € (0, ) An application of Theorem 1.7 gives us inequalities (4.25) and
(4.26). #

Therefore, via inequalities (4.12), (4.19), (4.25), and (4.26) we obtain from in-
equality (4.24) that

(4.30) ||Byll®? < (k1+ks) {/1 [(1 —26)f~2 + 26] | ] +52/1 f Iy’llz}
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e+ k) { [ (0= 20087+ 28] I+ < [ 1 4P}
Hence, via Lemma 4.1 there exists a constant C > 0 such that for each y € D(Ly)
IBylI> < C (lyll* + I Lyll*)-

Since y is arbitrary and D(L}) C D(Bj), we know that By is Lj-bounded. Via
Theorem 1.2 we have that By is Ly-bounded.

Necessity

Fix € € (0, 2—\}—2—5) For each r > a define ®, and ¥, to be the vector-valued functions,
with compact support, given by (2.28). Then for each r > a

(4.31) le.? = [ gyt
r+2e f(r) 9 t—r
/r—26f(f) ¢ <Ef(7‘)> .

By a change of variables (letting u = gf;(r% in (4.31)),

2
(4.32) 18, ]1% = ef(r) /_ () du.

Since ¢ is continuous, inequality (4.32) implies there exists a constant Cy > 0 such
that forr > a
(4.33) 1@.11* < Cy £(r).

Similarly, for r > a

(4.34) 1.2 < Cyf(r)

Via the hypothesis on p’ and Lemma 1.8, there exists a constant Cp > 0 such that

for each r > a

[p-l

/, {[%w)} +[pi() +p°(t) — P (t)] ¢3(t)} dt

/r _ZT)) { [ad?b (z f—(;"))] T [P2(t) + p2(t) — P/ (8)] &° <:_f-(:)> } dt
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'r+25f(r
r 2ef(r)

E +{p1 ) +2°0) + P (O] ¢ (Ef(:))}dt
r+25f(7') d
E

(140 ()¢2(§f_(:)>}dt

—25 f(r)

¢
r 2f(r) [ d
o [ 7

()
()
[ (5 )]
+C (14 8)fr )/TTZ;ZT (zf—(r)> *

IN

t —_
By a change of variables (letting u = " in the above inequality),

ef(r)

2 1 2 / 2 (1+6) 2
@3) L < o [ e G [ #wau.

Since ¢ and ¢’ are continuous, there exists a constant C3 > 0 such that forr>a

(4.36) 1L, < C3 f7H(r).

Similarly, for 7 > a

(4.37) 12|12 < Cs f7Hr).

Since ¢, = 1 on [r,7 +£f(r)] and supp(@,)=[r — 2cf(r),7 + 2¢ f(r)],

wse)  [worgoa < [ a0+ ol e

= [|B%|*.
Thus, via the Lo-boundedness of By and inequalities (4.33), (4.36), and (4.38), there

exists a constant C4 > 0 such that

1

|

r+ef(r)

(4.39) 1) [0 + @) < GG ) + Cal.
Since f(r) = [p?(r) + p*(r) + 1]72 < 1 on I, equation (4.39) implies that inequality
(4.5) holds for i = 1, 3.

Moreover,

wi)  [@o+doie < [T @0+ dose

IBL,|*.
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Via the Lo-boundedness of By and inequalities (4.34), (4.37), and (4.40),

(441 50y [0 + G0l e < GG £20) + Gl

is bounded on I, inequality (4.41) implies that inequality (4.5) holds for ¢ = 2,4.
(Note that the proof of necessity shows that (4.5) holds for every € € (0, Wlfﬁ))
Therefore, we have shown that By is Lo-bounded if and only if inequalities (4.5)
hold. We apply Theorem 1.6 to conclude that By is Li-bounded if and only if in-
equalities (4.5) hold.
Now, we show that By is Lo-compact if and only if equations (4.6) hold.
(ii) Sufficiency
By the previous argument By is Lo-bounded. Thus, D(Ly) € D(B,). For every
positive integer N > a, define By on D(Lg) by

By on [a,N)
Byy =
0 on (N,o00)

Notice that each By is Lo-bounded with the same norm as By since ||Bny|| < [|Byll-

In order to simplify the proof, we break the argument into two Claims.

Claim 4.2.2 By — By in the space of bounded operators on D(Lg) with the Lo-

norm.

Proof of Claim 4.2.2:
By definition Lg is closed. Therefore, D(L,) is complete under the Lo-norm.

Let y € D(Ly). Since Ly is the closure of Lj, for each positive integer n > 1 there
exists a y, € D(Ly) such that

1
(4.42) Iy = all + 1Ly = Lynll < —,

where y, = Ynl for each n.
Yn,2
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Using the inequality 2ab < a® + b%, we have for each y, € D(Ly)

(4.43) ||Byn — BNynH2 _/N { ‘h + q3]|yn 1|2 + [q194 + ©283)Yn1Tn2

+q10s + 0| TniVne + (05 + 63)|v2]*}

AN

> /1 {[‘1% + Q§]|yn,l|2 + 2|q19s + q23] |Yn,1Yn.2|
+[g5 + ¢3lym, 2?}
[ A1 + Blamal® + l01gs + goal [wmal® + lnel”

+{e2 + afllyn2l®} -

IN

We apply the sufficiency argument in part (i) with Iy = [N, 00) to the last in-
equality in (4.43). Via Theorem 1.7 and inequalities (4.10), (4.11), (4.17), (4.18),
(4.28), and (4.29), there exist constants K, K», K3, and K4 > 0 such that for

each n

(049 1500 - Bunl? < s [10) [+ 1)

€ tely

A =292+ 28l +* [ il

In

v By {(f(t) [ qff (2 [ i+ q2]>
+ (f (t) /t e q%)é <2f (t) /t e +43]> }

A 1a-29r  28mal® +¢ [ whal?]

In

v Koo { (s [ )" (200 [+ at))
w0 [ a) (s [ ) }

{10287+ 28nal® +* [ Il
+ K sup {f(t) /tt+ef(t) 43 + qf]}
{[ =201+ 28l +8 [ lunal®)
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Adding nonnegative terms to the right-hand side of inequality (4.44) gives for

each n

(4'45) ”Byn - BNyn”2 S KS sup F(t) {/ [(1 - 26)f_2 + 26][Iyn,ll2 + lyn,2[2]
telny In
2 I2 ro2
+2 [ (al + hal'l}

for some constant Ky > 0 where

Foy = £ [ ¢+l

t+ef( 7 t+e 2
+(f(t)/t+ft ) ( /H(t q4+q2)
NOBAY: ef(t) 3
+(f(t)/:+ t ) ( /t+ tq1+q3>

ef(t)
w10 [ 1+l

Via Lemma 4.1 and inequality (4.45) there exists a constant K > 0 such that for

each n
(4.46) 1By — Brunl* < Ko sup F(2) (lall + | Lynll)?.
N

Therefore, via the the triangle inequality, the Lo-boundedness of By, and inequal-

ities (4.42) and (4.46), we have for each n

”By - BNy” < ”By - Byn” + HByn - BNyn” + “BNyn - BNyH
< 2K7(l|ly = ynll + |ILy — Lyall) + ||Byn — Byual|

1
2K 2
< =14 Ks <sup F(t)) lynllL, for some constant K7 > 0.
teln

By applying the triangle inequality and inequality (4.42) again, we obtain for each n

2K :
By~ Buoll < 2wk} (sup FO) (e = slho + 9o
N
2K ? 1
< Mook (sup ) (5+10ls)
teln n

69




We let n — oo to obtain for each N

1

1 2
1By — Bayll < Kb (sup F(t)) il
teln

Hence, the above inequality implies that for y # 0

[T

By — 1
(4.47) 1By = Buyl| < K¢ (sup F(t))
Hy“Lo teln

Since Iy = [N, 00), equations (4.6) imply that sup F'(t) — 0 as N — oo so that, via
teln
inequality (4.47), we have

|IB—Bnll—=0as N—oo0. #
Claim 4.2.3 Each By ts Ly-compact.

Proof of Claim 4.2.3:
Let {yn}32, C D(Ly) be an Lg-bounded sequence where

Yn = Yn.1 for each n.
ynﬂ

Since Ly is the closure of Lj, for each n there exists a ¢, € D(Lj) such that
R . 1
(4.48) 1yn = Gnll + | Lyn — Linl| < n

Notice that {§,}52, is an Lo-bounded sequence since there exists a constant C' > 0

such that for each n

IA

(19n = yall + [1L9n — Lyall) + (lyall + | Zyall)
1
—+C

n
1+C

19nll + [ Ll

A

AN

via the triangle inequality, inequality (4.48), and the Ly-boundedness of the sequence

{yn}2,. We need to show that for each N the sequence { Byy,}2, has a convergent
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subsequence. First, we make use of the Arzela-Ascoli Theorem to show that the

sequence { By{n 152, has a convergent subsequence.

Let us consider the sequence of the first component functions {Jn1}oz;. We
show that this sequence is uniformly bounded on [a,N]. Partition [a, N] by
Ji = [ti,ti], 1 < ¢ < k with 81 = a, tip1 = ¢ + £f(t;) and € € (0,¢) chosen so
that N = tgs1 = tx + £f(tx). Via equation (2.12) of [3, page 571] in the proof of

Theorem 1.7, we know there exists a constant C; > 0 such that forte J;

(4.49) |gn,1(t)|2 < ¢ {é2fi(ti) [/J; (1 _.25);1-2(7_) +25}
’ U (1 = 28)F72(r) + 20)|gn (7) [ dr

el cred)

= C; {Azfz( %) {/ (1 —25)]?;(7')'*'25]
([ 10 = 28)720) + 28]l (7)

+éf (i) /J,. |1 (T2 dT} '

By applying Lemma 1.8, we obtain

450) i@ < 6 { L [ [0- 2070 + 2l

+8f(t) [ 1aa(r) |2dT}

for some constant Cy > 0 and for ¢ € J;. Since f is continuous on [a,N], there exists a

constant C3 > 0 such that for t € [a, N]

@@ < | [10 =200 + 2l ar 4 [ (e )

so that via Lemma 4.1 there exists a constant Cy > 0

(4.52) 9n 1P < Ca(lall® + 11 LGalI%)
= C4 (1!@n‘|+|IL3}nII)2

N
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Since {9n}52, is a Lo-bounded sequence, inequality (4.52) implies that the sequence

{Gn1}2, is uniformly bounded on [a, N].
Now, we show that {{y 1}, is equicontinuous on [a, N]. For s,t € [a, N] we have

via the Cauchy-Schwarz inequality

$
(4.53) 901(5) = Gma®)] = |[ Gna(r)dr
< [ lgnao)ldr
< Al 2
< |[ ar] | [ toaarPar

< s = t|3||Lgal)

PRTEN
< |s—t|2”yn”L0'

Since {{j,}%2, is a Lo-bounded sequence, inequality (4.53) implies that the sequence
{#n1}32, is equicontinuous on [a, N].

Therefore, via the Arzela-Ascoli Theorem we conclude that there exists a sub-
sequence {fn, 1132, of {Jn.1}5%, which converges uniformly on |a, N]. By repeating
the above arguments (inequalities (4.49)-(4.53)) on the subsequence {fn,.2}iz, Of
{9n2}22,, we conclude that there exists a subsequence of {f, 2}fZ, which converges
uniformly on [a, N]. Hence, there exists a subsequence of {,}52, which converges
uniformly on [a, N]. WLOG, we assume the sequence {§,}s2, converges uniformly
on [a, N].

Now, suppressing the independent variable and using the inequality 2ab < a® +b°

we have for each N

(458) |Byga—Bumll® = [ {ig} + &g~ Gmal’
0194 + 0295 (Gt — Frm1) G2 — Gm2)
+a194 + ©205] Gt — Gm1) (G2 — Frm2)
+[@ + af]l9n2 — Im2l’}

N
[ 406+ Mg = Gmal?

IN
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+2 |14 + ¢203] |(In,1 — Gm,1) (G2 — Jm2)]
+[qg + QZ]lﬁn,z - gm,?‘z}

N
/a {[Q% + qg]lgn,l - gm,ll2

+|Q1Q4 + 23| (lgn,l - ?]m,1|2 + lgn,2 - ﬁm,2l2)

IA

+[@ + ¢3)lin2 = mal’} -
By adding nonnegative terms to the right-hand side of inequality (4.54), we obtain

N
”BNan - BN@m”2 < /a {[qi? + qg] ”gn - gm”% + |QIQ4 + Q2Q3| ”gn - Qm“g
+[Q§ + QZ] “'gn - ﬂmng}

N
sup 1) = g3 { [ 1+
a<t<N a

N Noo o
+/a Iqlq4+qzq3|+/a [q2+q4]}}

IN

where

19(2) = Gm )3 = lGn1(2) = Gm1 ) + [Gn2(8) = G2 ()]’
By applying the argument used in inequality (4.27) to the inequality above, we see
that the integrals on the right-hand side are finite on [a, N]. Hence, there exists a

constant C > 0 such that
||BNgn - BNgm”2 <C sup “gn(t) - @m(t)H%
a<t<N

Since {§,}; is a Cauchy sequence in the uniform norm, the above inequality implies
that the sequence {Bn7,}S, is Cauchy in L£2(I) for each N. Therefore, { BnTn}az:
converges for each N as n — co since £2(I) is complete. Let £ = T}l_)ngo Bnin.

Via the triangle inequality, the Ly-boundedness of By, and inequality (4.48), there

exists a constant C > 0 such that for each n and for each N
IBnyn — &l < || BnYn — Brinll + || BnTn — €]
C (Hyn - @n“ + ”Lyn - Lgn“) + ”BN'gn - é”

C
= +1|Bwga - €]l

IN

A
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Since the right-hand side of the above inequality converges for each N as n — oo,
we conclude that {Bnyyn}%, converges for each N as n — oc. Hence, each By is
Lg-compact. #
Since By is the uniform limit of Ly-compact operators, By is Ly-compact.
Necessity
We use contradiction arguments to show that each equation in (4.6) must hold.
Suppose that for some € € (0, ;\}—53) there exists a p > 0 and a sequence {r,}o>;

of positive numbers such that 7, — oo as n — oo and for each n
rntef(rn) ,

(4.55) f(rn)/ g; (t)dt > p for some ¢ € {1,2,3,4}.
Tn

Suppose ¢ = 1. Let {®,},>, be defined as in (2.28). Then via inequalities (4.33)
and (4.36) there exist constants C}, C3 > 0 such that for each n

(4.56) I@r iz, = (12rll + 1227, 11)?
2(12r, |17 + 1 22-,11%)

< 201 f(rp) + 2Cs f~H(r0)-

i

IN

For each r > a define
(4.57) &, (t) = f2(r)®,(t) fort> a.

Via inequality (4.56) we have for each n

(4.58) 1913, = f(ra)[1@rallE,
_<_ 201 f2(’l”n) + 203 .

Since f is bounded on I, inequality (4.58) implies that {®,_}2, is an Lo-bounded
sequence. Via the Lo-compactness of By, {B&%n % , has a convergent subsequence.
WLOG, we assume {B®, 1%, converges, say to some . Now, since ¢,, = 1 on

[T, T + €f(rn)] and supp(@y, )=[rn — 26f(72),7n + 26 f(rn)], we have for each n
rn+ef(rn)
(4.59) p < f(rn) / g1 () dt
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< o) [0 + donas

:n+2€f(rn)
< . 2(¢) + g2(t)]$2 () dt
< S [ I + 40180
1B&, I

By an argument similar to the one used in the proof of Theorem 2.1 (ii), we
conclude that yp = 0 a.e. in [a,00). This contradiction implies that equation (4.6)
holds for i = 1. If we begin with g3 instead of ¢; in inequality (4.59), then the above
argument shows that equation (4.6) holds for ¢ = 3.

Now, for each r > a define
(4.60) F,.(t) = f2(r)¥,(t) fort>a

where {U,},>, is given in (2.28). Via inequalities (4.34) and (4.37) we have for

each n

(461) ”\il'f'n”%o = f(rn) “\Ilrn.”%o
< 2C; f2(ra) +2Cs.

Thus, {¥,, }2 is an Lo-bounded sequence.

By repeating the above argument with ¢; replaced by either go or g4 and 3,
replaced by ¥, we conclude that equation (4.6) holds for ¢ = 2 and i = 4. (Note that
the proof of the necessity shows that (4.6) holds for every ¢ € (0, 5—}2—6))

Therefore, we have shown that By is Ly-compact if and only if equations (4.6) hold.
We apply Theorem 1.6 to conclude that B is L;-compact if and only if equations
(4.6) hold. O

We need the following lemma in the proof of Theorem 4.4. In this lemma, we
consider the minimal unclosed operators, Lj and By, associated with the differential
expressions (1.1) and (1.3), respectively, where the weight functions w; = w,. Let
w = w, = ws. We use a completing-the-square technique, as in [8, pages 371-2], to

establish a lower bound on the £2(I)-norm of L.
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Lemma 4.3 Let 0 < 6 < 1 and w = w, = wy . There exists an € > 0 and
positive definite matrices Ay, Ay such that if |pi(t)] < Elp(t)], for ¢ = 1,2, and
[w™tp) ()] < 2w (t)p%(t) on an interval I, then for y € D(Lp)

(462) 12yl > [l @7 Aw/@) + v () Aay() de

10

) and Ay, D, are defined by (4.64) and (4.65), re-
01

where Ay > Sw™(t)p?(¢) (

spectively.

Note: By the matrix inequality A > B, we mean that the matrix A — B is positive

semi-definite.

PROOF:
Let y € D(L}). Then after some simplification we have

izlp = | [(Ly)(t)]*(“’ O)KLy)(t)]dt
0 w
= /{w'l(t ()12 + 0 @)@ + o @)p() [ @) — @)

“Ht)pa () [ () F2(2) + T ()92 (2)]

“L6)pa(t) 75 (8)p2(t) + i (B)(8)] + 0T AL () + PP O] v (O
+2w™H (t)p(8) [P (1) + p2(1)] [Re(y1 () 72(2))]
+w () [P3(t) + p*(1)] lu2(2) 1%} dt.

After integrating the third term of the integrand by parts, we obtain

ILyl* = /{w"l(t O+ Ol = (@) () (1) = lr(t)]
(4.63) “HOp () [ (O)F() + (v (2)]
“()pa(t) [71(Dw2(t) + B (0)F2(0)] + 0T BPE(R) + " O] [ ()

+2w7 ()1 (2) + p2(t)] [Re(y1(t)72())]
+w ™ (B)[p3(t) + p°(1)] |y (t) |} dt.
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Now, define
1-8 0
(4.64) A =w—1( g ) ,

0 1-8

where 0 < 3; <1, fori=1,2, and

A | W8 2o} +w Pt — (wp) w™'plp1 + o]
2 = :
w='p[py + P2 w1 = B7%)p3 + wip® = (wp)
(4.65)
Notice that A, is positive definite. Now, we show that for sufficiently small £ > 0,
10
Ay > SwH(t)p?(2) . Via the hypotheses on p; and (w™'p)’ we have, sup-
01
pressing the independent variable,
w1 =GP+ - (i) > w1 - GR)E WP —w T
(4.66) = wp?(1- G577 ‘
> fwlp? iff £<(1—6)3f. ‘
Also, via the hypotheses on p, and (w™'p)’ we have
w1 = Bpg+w T - (W) 2 w1 FNE TP —wTE

(4.67) = W1 - A7)
> dwlp? if €< (1-6)15;.
Hence, via (4.66), (4.67), and the hypotheses on p; and ps,
detAy = [w'(1= G720} +w P’ = (w7p) w1 = TP + TP - (WD)

—w™2p?(p1 + p2)®

> [w PPl - %) w P (1 - B %)) — wp?(4€%p%)
_>_ w—2p4(1 _ ,3;2é2 — /32—2é2 + 6’:4/81—2 ;2 _ 45':2)
> §%w™?%p* for sufficiently small £.

10
Therefore, A, is a positive definite matrix which satisfies Ay > dw™(t)p*(t) ( )

01
for sufficiently small € > 0.
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Via equation (4.63)
|Lyll® = / (w1 = Bl +w™ (1 - B + w T B + w T B lal?
—[(w™p) 2D
+(w™p) = w B P lel? + w7 B vl
(

—wpy (1T + Tath) + WP (Trye + ¥iFe) + w NPT + P7) [

+ 7B gl + ™ B

|2
+20w7 p(py + p2) [Re (11 f)] + w™ (P53 + P°) |y2|?} dt
= / (W) Ay + [w B 12 + w™pe (Frye + ¥iF2) + w872 p3lya ]
Flw B3 — w iy (T + Tuvs) + w8 PR Y] + vt Mgy} dt
= /1 {(y) Ay + w—llﬂwi + ﬁflpzyzlz + w_llﬁzyé + ﬁ{lpﬂlllg

2 /I{(y')*Aly'+y*A2y}dt. .

Theorem 4.4 Let I = [a,00) for some a > 0 and let f(t) = [w(t) + sp2(t)]7%. In
addition to the hypotheses of Lemma 4.3, suppose L is limit point at 0o and suppose
there exists a constant Ny > 0 such that |[p~'(¢)]'| < Ny a.e. on I Then
(i) By is Lyi-bounded if and only if

1 ref®) R .
(4.68) sup —/ F2(r) @(r)dr < o0, i=1,2,3,4,

ter  f(t) )2

for some € € (0, ﬁ) ;
(11) By is L1-compact if and only if

1

469 y t+e f(t) o 0 ‘
( ' ) ti)rgof() ~/n‘: f(T) Qi(T)dT=O) 2—1,2,3,4,

for some € € (0, 5= 737 )» where Ny is defined below.

Proof:
Remark: There exists a constant N, > 0 such that |[w'(¢)] < Naw(t)|p(t)| on I since

via the triangle inequality and the bounds on |(w~!p)'| and |(p~!)'|

_wi(t) PR D
w(t)p(2) P @1 + P~ O]

w'(2)

w(t)p(t)
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o(t) Wpt) )

S 70 [0 <t>‘ N
wit 1

= S ]+

S é2+N1 = NZ,

where € is as in Lemma 4.3.

2 .
Let Ny = max {Nz, \/_ Nl} . Now, we state and prove two claims.

Claim 4.4.1 Positive and negative powers of f are essentially constant on intervals

of length ¢ f, where & € (0,55)-

Proof of Claim 4.4.1:
We show that the hypotheses of Lemma 1.8 hold with f(t) = [w?(t) + p*(t)]"% and
g = 1. Notice that the hypotheses on w and p imply that f € AC)o.(I). Via the
triangle inequality and the inequality (a + b)? < 2(a? + b?), we have
w(t)w'(t) + op(t)p' {t)

[w2(2) + 6p2(1))?

£ (@)l

< YW@+ dlp®)] ()]
B [w2(t) + p2(1)]3
(|w' ()] + 6310/ (1)) (w(t) + 82 [p(£)])
- [w?(t) + 6p2(2)]2
< (w'(®)] + 839 (@)D (W(t) + 3p°()]*
B [W2(2) + 6p2(8)]3
V2 (['(t)| + 53 1p' (1))
- [w?(t) + 6p%(2)]

: : ! 1 _
Applying the inequality g < 5Tab)” the remark above, and the bound on |(p™!)’,

we conclude from the above inequality that

Aol 2l

@l <

[wz()+6p 2(t)
\/—Iw [l R
< \]/_V?_ N1 < Ng.
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Hence, Lemma 1.8 implies that positive and negative powers of f are essentially

constant on intervals of length ef. #

Claim 4.4.2 Positive and negative powers of w are essentially constant on intervals

of length ef, where £ € (0, 5—};,3)

Proof of Claim 4.4.2:

Note that since (p~!)’ exists on I, either p > 0 or p < 0 on I. Suppose p > 0. Now,
we show that the hypotheses of Lemma 1.8 hold with f of the lemma replaced by
fi =6 ipland g = w. (If p <O, then we take f; = —5‘%p‘1.) Notice that
the hypotheses on w and p imply that fi,w € ACiuc(I). Via the bound on |(p™'),
If1(®)] = 6=3|[p~2(®))'| < 6% Ny < Np; and via the above remark

AOFW)] _ 51 | 2@ ‘ < 5d

0 l S| ST

Hence, Lemma 1.8 implies that positive and negative powers of w are essentially

1

constant on intervals of length efi. Since w?(t) + dp*(t) > dp*(¢), we have that
[w?(t) +0p2(t)]"% < 6-7p7 Y, i.e., f < fi. Thus, positive and negative powers of w are
essentially constant on intervals of length ef. #

Now, we show that By is Lo-bounded if and only if inequalities (4.68) hold. Note
that D(L}) € D(BY}) since the order of B is less than the order of L and the coefficients
are sufficiently smooth.

(i) Sufficiency

Let us first consider any y € D(Lj) whose second component is zero. Then we have

470) |l = | o@ln(n) dr,
w™H )@ (1) + g3(7)?]ly1(7)|* dr, and via Lemma 4.3

wH{(1 = B () + 9 ())lga (7)]*}dr

(4.71) [IByl* =

(4.72) |ILyl* 2

—

Now, we show that the hypotheses of Theorem 1.7 hold for some € € (0, 57—{,;) with
N=wg?+¢@),W=w+dw'p’and P=w (1 - F?).
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Via Claims 4.4.1 and 4.4.2 we have for some constants Cy,Cs > 0

(473) S = sup{_l_ [/tt+sf(t) w(r) dr] [/tt+€f(t)w—l(7)[Q1( 72 4+ g5(r)?] dT:\}

tel g2 (1 - ,3%)
iy {0 [ e ot}
t+ef(t)

(474) 5% = p{Tl@‘)’ [/t ' wlr )+5f_1 P }
. [/t»t+sf(t) w'l(T)[th + q3 2] dT]}
= awp{ i [ e
. [/tt+sf(t) w_l(T)[QI (7_)2 + Q3(T)2] dT:l}

< @ supl 0 [0+ wtren)

€ tel

for some ¢ € (0, 537)-
Inequalities (4.68), (4.73), and (4.74) give us 51,52 < oo for some € € (0’511\1_0)'

Therefore (via Theorem 1.7), there exists a constant k; > 0 such that
(475) [ o Ola ) + a0 ()P dr
<k { [ W) + 8 O] () dr
+e [ wTn) - B ar}.

By substituting (4.70)-(4.72) into (4.75) and applying Lemma 4.3, we obtain for some
constant 7c1 >0

(4.76) IByl* <k (llyll® + 1 Zyll®).

Since y is arbitrary and D(L)) € D(B}), inequality (4.76) implies that By is Lg-
bounded on those y € D(L;) with y» = 0.

Let us now consider any y € D(Lj) whose first component is zero. Then we have

@m) Il = [ e dn

(4.78) ||By||* = /1 w7 [g2(7)% + ¢a(7)?)|y2(7)|?* d7, and via Lemma 4.1
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(@19) 1l 2> [ {70 - Bl + 8™ (OF ()l dr

Following an argument similar to the one above, we show the hypotheses of Theo-
rem 1.7 hold for some ¢ € (0,5y-) with N = w g + ¢3),W = w + dw™'p?, and
P = w™}(1 — #2). Via Claims 4.4.1 and 4.4.2 we have for some constants Cj3,Cys >0

(480) 5, = sup { 1 [ /t+ef(t) w(r) dr} [ /tt+ef(t) W () [ga(r)? + qa(r)?] dv'}}

ter € (1-53)

< 2 sl [+ a rPlar} and

R ig?{g_z;z)_(t) [/tt+sf(t) w(7)+5j:(7)192(7)]
[ /tt+€f(t) w11 [ga()? + qa(7)?) dT]}

- s (o [0
. |:/tt+ef(t) w—l(T)[QZ( ) +Q4 2] dT]}

< & sl 0 [ et + a1 en)

€ tel

for some ¢ € (0, 3+~ sv;)- Inequalities (4. 68), (4.80), and (4.81) give us 51,53 < oo for
some ¢ € (0, m) Therefore (via Theorem 1.7), there exists a constant k; > 0 such

that

(+82) [ o Ol + alr)?] () dr
< B { [ ) + 87 OF ) )P dr
+e? [ WD - B dr )

By substituting (4.77)-(4.79) into (4.82) and applying Lemma 4.3, we obtain for some
constant 122 >0
(4.83) IBy|I* < ka2 (Ilyll® + I Zyl*).

Since y is arbitrary and D(L,) C D(B}), inequality (4.83) implies that Bj is Lg-
bounded on those y € D(Lj) with y; = 0.
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Finally, we consider any y € D{(Lj). Then we have, suppressing the independent

variable,

(484) li? = [ ol + el
(4.85) 1Byl = [ oI + @il + (g + welnd:
+Hargs + asltiy: + (6 + &1y}
< /[ W[ + @llnl® + 21019 + 25l [912]
+[a? + ¢2]ly2I°}, and via Lemma 4.3
(486) Izl > [ @) aw +v"dw}.

We make use of the inequality 2ab < a® + b? in inequality (4.85) to obtain

(4-87) ||By||2 < /1 w—l{[Q% + q§]|y1|2 + IQ1Q4 + Q2QS| [|y1|2 + |y2|2]

+(g3 + a3’} -

Claim 4.4.3 There ezxist constants k3, kg > 0 such that

(4.88) /1 wq1as + @203 [0l

<k {[ o+ P +e [ w0 - 8D}

and

(4.89) /1 w106 + g2s| |vel®

<k [ s Il +e [ w00 - B3I}

Proof of Claim 4.4.3:

By following the argument in Claim 2.1.1, we know that

e f(t) t+e '} £ %
590 70 [ vl < (100 [ ) (er00) [+ )

; (f o [ q%) (2f<t> R q%]) 2
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~Now, we show that the hypotheses of Theorem 1.7 hold for some ¢ € (0, 33-) with

N =w g + q2q3|, W = w + éw™lp?, and P = w~i(1 - (2). Via inequality (4.90)

and Claims 4.4.1 and 4.4.2 we have for some constants Cs,Cg > 0

1 t+ef(t) w t+ef(t)
491) S = S = g4 +
(4.91) S Sup {52 [ t = ﬁ%)] [ t w™ | q14a + gogs|

Cs t+ef(t)
£(1— 62) stg? {f(t)/t lq194 + QZQ3|}

ef®) .\ 2 1) 7
% sy { (s [ @) (o) [t + )

192) S 1 t+ef(2) 1 /t+sf(t) ge +
. = _ _— w
(4.92) 5, ilel? €2 f2(¢) /t w+ ow-lp?| |t DT Dl

1 /t+ef(t) f2 /t+ef(t) ‘1l + |
= SuUp{ ——
te? 2f2(8) | J; w A W {q194 T g243

C t+ef(t)
=& sup {f(t)/t 194 +Q2Q3|}

€ tel

C: tel {(f (t) /t t+e () qg)% (2 f(t) /tt'*'ef(t) 2+ q§]>%
+ (f (t) /t t+ef(t) q§>'3' (2 f(®) /tt+ef(t) e q§]> %}

for some € € (0, :—2—11;,;) Inequalities (4.68), (4.91), and (4.92) give us S1, S, < oo for

IN

IN
|

e

S

IA

IA
|

&

]

some ¢ € (0, ﬁ) An application of Theorem 1.7 gives us inequality (4.88). Replacing

B1 with B, in the above argument and applying Theorem 1.7, we obtain (4.89). #
Therefore, via inequalities (4.75), (4.82), (4.88), and (4.89) we obtain from in-
equality (4.87) that

@93) 1Bu < (ks + ko) { [ o+ 609 P +° [ w1 - BIAPP)
(ko4 k) { [ o+ 6079 ol + 2 [ w7 (1= BDIuAI?)
Hence, via Lemma 4.3 there exists a constant C' > 0 such that for each y € D(Lg)
IBYII® < C (lyl + | ylP).
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Since y is arbitrary and D(L}) € D(Bj), we know that By is Lj-bounded. Via
Theorem 1.2 we have that By is Lo-bounded.

Necessity

Fix £ € (0, 377)- For each 7 > a define &, and ¥, to be the vector-valued functions,

with compact support, given by (2.28). Then via Claim 4.4.1 we have for each 7 > a
(4.94) e = [ wt)ena

r+2¢ef(r) 9 t—1
/r—2ef(r) w(t)e <sf(r)) at

r+2¢ f(r) t—r
< Cu(r / 2( ) dt.
! ( ) r—2¢f(r) ¢ Ef(’l”)
t—r
By a change of variables (letting u = in (4.94)),
y g (letting =70 (4.94))

2
8.1 < eCro()f(r) [ 6w du.
Since w(r)f(r) < 1, we conclude from the above inequality that for r > a
2
(4.95) 18,12 < C, / $(w)du.

Since ¢ is continuous, inequality (4.95) implies there exists a constant C; > 0 such
that for r > a
(4.96) 1@,[1* < Cs.

Similarly, for r > a

(4.97) 2, < G,

Via integration by parts and the bounds on |[(w™!p)/| and |p|, there exists a

constant C3 > 0 such that for each r > a

(4.98) [|L&|f?

= [ {w-1<t> £0] - R )+ OB +p2<t>1¢3(t>} d

IN

/ {«r%t) [;j‘%mw] r e+ 1)w-1<t>p2<t>¢3<t>} at
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Now, via Claims 4.4.1 and 4.4.2 there exists a constant C; > 0 such that for

eachr > a

r eEfr 2
[ )| 0] e

~2¢f(r)
r+2ef(r) | d t—1r 2
_1 _ =
Cow (T)/r—Zsf(r) [dtd) (sf(r))] a.

t— .
By a change of variables (letting u = " in the above inequality),

ef(r)

—
I
—
—
4w
~—
r
&
A
<
—~~
e
~—r
| SEE— |
M
&
It

IN

(4.99) /Iw'l(t) [%d)r(t)rdt<—w “Hr) Y / [¢' (u

Moreover, via the inequality dp? < f~2 and Claims 4.4.1 and 4.4.2, there exists a

constant Cs > 0 such that for each r > a

[otwresna = [ e e d

~2¢£(r)
Cs

r+2¢ f(r) t—17r
= w Y r) f3(r / 2(——) dt .
] ( )f ( ) r—2ef(r) ¢ Ef(T)
By a change of variables (letting u = if;(:) in the above inequality),

@100 [ W @RO80d < o)) [ @) du

IN

Substituting (4.99) and (4.100) into inequality (4.98) gives

@101 L < ) [ 18w

+(2¢ + 1)8—5Cé w () 7 r) /22 #*(u) du .

Since ¢ and ¢’ are continuous, inequality (4.101) implies there exists a constant Cg > 0
such that forr > a
(4.102) IL®.||? < Cow™ (r) f2(r).

Similarly, for 7 > a

(4.103) ILY, )2 < Cow™ () f~H{r).
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Since ¢, = 1 on [r,7 +ef(r)] and supp(¢,)=[r — 2ef(r), + 2ef(r)],

w10 [ oo +dole < [0 0l + 0 a

= HB@rllz-

Via Claim 4.4.2 and inequality (4.104) there exists constant C7 > 0 such that for

eachr > a

o) [*gw +gola < Gomie) [T 00RO + @)
< ol () 1BEIP.

Thus, via the Ly-boundedness of By, (4.96), (4.102), and the inequality wf < 1, there

exists a constant Cg > 0 such that for each 7 > a

(4.105) f(r) / O + 2] dt < Cow(r) F)Co+ Cow (r) 1)
Cs [Cow(r) f(r) + Cs)
< Cg [CQ + Cﬁ] .

IN

Since the right-hand side of inequality (4.105) is independent of r, we conclude that
inequality (4.68) holds for s =1, 3.
Moreover,

r+2¢ f(r)
-/r—25f(r) Wt ()[g3(t) + g5 (1)) 03 (t) dt

= BT

@oe) [ w0l + o) e

IA

Via the Lo-boundedness of By and inequalities (4.97), (4.103), and (4.106),
) 2 2 —1/,) p-1
(@10 [T w0l + @) dt < Cr[Co+ Cow )
T

Using an argument similar to the one above, we conclude from (4.107) that inequality

(4.68) holds for 7 = 2,4. (Note that the proof of necessity shows that (4.68) holds for

every ¢ € (0, 537)-)
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Therefore, we have shown that By is Lo-bounded if and only if inequalities (4.68)

hold. We apply Theorem 1.6 to conclude that B; is Li-bounded if and only if in-
equalities (4.68) hold.

Now, we show that By is Lo-compact if and only if equations (4.69) hold.
(ii) Sufficiency
By the previous argument By is Lo-bounded. Thus, D(Ly) € D(Bo). For every
positive integer N > a, define By on D(Lg) by

By on [a, N]
BNy =
0 on (N,00)

Notice that each By is Ly-bounded with the same norm as B, since ||Byyl|| < || Byl|.

In order to simplify the proof, we break the argument into two Claims.

Claim 4.4.4 By — By in the space of bounded operators on D(Lg) with the Lqo-

norm.

Proof of Claim 4.4.4:
By definition Ly is closed. Therefore, D(Lo) is complete under the Lo-norm.

Let y € D(Ly). Since Ly is the closure of Ly, for each positive integer n > 1 there
exists a y, € D(Lj) such that

1
(4108) ly = vl + 12y = Lyl < =

where y, = Y.t for each n.
Yn,2

Using the inequality 2ab < a® + b%, we have for each y, € D(Lg)
o0
(4.109) ||Byn — Byuml® = /N w (@ + @)Yn1l? + (0194 + ©0)Yn1Trz
+[q104 + 0205]Tmiyn,2 + 195 + G202’}

/1 w™! {[Q% + qg]lyn,1|2 + 2 |q1gs + 9243 |[Yn,1Un 2l

IA

[Q2 + ‘h”yn 2l }
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< /1 wTH{(G + BlYnal? + |010s + 2208] [1Yn1[* + [Yn2l?]
+a3 + gi]lynal’} -
We apply the sufficiency argument in part (i) with Iy = [V, 00) to the last in-
equality in (4.109). Via Theorem 1.7 and inequalities (4.73), (4.74), (4.80), (4.81),

(4.91), and (4.92), there exist constants Ki, Ko, K3, and K; > 0 such that for

each n

K t+ef(t)
(4.110)[|Byn — Byual? < =L sup {f(t)/ [q%+q§]}
£ tely t

A @+ P lnal + [ w1 - Bl

N N

+ o { (169 [ )’ (ost0 [t + )
* (f (¥ /tt+€f(t) qg)% <2f (t) /tmf(t) g7 + q§]>%}
' {/IN (w+0w™'p")yma[* +€® /IN w1 - A, 2}
- o { (10 [ )" (os00 [t +at)’
N ( £ /tt+6f(t) q§>% (2f(t) /tt+ef(t) . +q§]>%}

A @ s Pl +e [ w0 - Bk

N In

K t-+ef(t)

+ = sup {f(t)/t [q§+q§]}
] -1,2 2 2
{/IN (@ + 60~ 192)|ynal +e/1

w1 = Byl )

N

Adding nonnegative terms to the right-hand side of inequality (4.110) gives for

each n

(@111) By = Butal® < Ko sup PO { [ @+ 8078l + ol
N N

+52/, W1 = BD)lyna P + (1 - 522)|y;?2|2]}

N
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for some constant Ks > 0 where

F(t) = f(t) /t mf(t)[ql + 3]
+ (f(t) | e q%) ’ <2f(t) / O qz])
w10 [ qs)% (et [+ qsl)%

bhef(t)
+f(t)/t+ft[q§+q3]-

Via Lemma 4.3 and inequality (4.111) there exists a constant K¢ > 0 such that for
each n

(4.112) 1BYs — Bryall* < Ko sup F(t) (lyall + I Lyall)”.

Therefore, via the the triangle inequality, the Ly-boundedness of By, and inequal-

ities (4.108) and (4.112), we have for each n

1By — Bwyll < 1By = Byall + | Byn — Brtnll + || Bnya — Buyl|

< 2K7(|ly = yall + |Ly — Lyall) + [|Byn — Byyall

1
2K 2
< —n—z + Ks (sup F(t)) |ynllz; for some constant K7 > 0.
teln

A

By applying the triangle inequality and inequality (4.108) again, we obtain for

each n

[ o]

2K,
By - Bl < 2okl (sup Pt )) (1 = vll2o + )

tely
oK T
< =7 +K6 (sup F(t)) (—+ ||yHL0> )
n teln n

We let n — oo to obtain for each N
1
2

|By— Bwyl < K} (sup F(t)) Wl
teln

Hence, the above inequality implies that for y # 0

(4.113) 1By = Buyl| < Ké (sup F(t) | :
Iyl tely
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Since Iy = [N, o), equations (4.69) imply that sup F(t) — 0 as N — oo so that,
teln

via inequality (4.113), we have

|IB-By||]20as N—=o00. #
Claim 4.4.5 Fach By 1s Lg-compact.

Proof of Claim 4.4.5:
Let {y,}, C D(Lo) be an Ly-bounded sequence where

Yn = for each n.

Since Ly is the closure of L}, for each n there exists a g, € D(Lg) such that
N . 1
(4.114) lyn = Gnll + | Lyn — L.l < n

Notice that {§,}2%, is an Lo-bounded sequence since there exists a constant C' > 0

such that for each n

9]l + 1120l < (I1dn = all + 11L8n = Lynll) + ([9all + [|Lyall)
1

—+C
n

1+C

A

INA

via the triangle inequality, inequality (4.114), and the Lo-boundedness of the sequence
{y.}22,. We need to show that for each N the sequence { Byyn}5z; has a convergent
subsequence. First, we make use of the Arzela-Ascoli Theorem to show that the
sequence { BNyUn}52, has a convergent subsequence.

Let us consider the sequence of the first component functions {gn1}52,. We
show that this sequence is uniformly bounded on [a,N]. Partition [a, N] by
Ji = [tiytin], 1 <1 < k with ty, = a, tip1 = t; + £f(t:) and € € (0,¢) chosen so
that N = tg41 = t + £f(tx). Via equation (2.12) of [3, page 571] in the proof of
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Theorem 1.7, we know there exists a constant C1 > 0 such that for t € J;

(4.115) o1 (B> < G {ﬂf?( )[/ (7)+6w‘1( )p° (T)]
U 7) + 6w ()P (T))|Gn,1 (T )isz]

[ 1—51 “ )lyn1<>x2df}}.
= { >f2(>]

[/[ ) + 6w (T)p* ()]G, (7)[* d

# [ 72 o] [ 0 - s eanarrer] |

By applying Claims 4.4.1 and 4.4.2, we obtain

(4.116) |gua(®)* < O {L—d—(ﬁ)—éﬁéﬁ Ji[w(T) + 6w ()P ()] |Gn,1 (T)|? dT
HEUOIE) [ (1 g ltalr)F

for some constant C, > 0 and for ¢ € J;. Since wf < 1, there exists a constant C3 > 0

such that for ¢t € [a, N]
(4.117) i@ < Cs { / N[w(f) + 6w ()P ()G (1) P dr

+ [0 B P ar |

so that via Lemma 4.3 there exists a constant Cy > 0 such that for ¢ € [a, N]

(4.118) a1 < Calllgall® + 11 Lnll*)

= C4 (“gn” + ”Lgn“)2

A

Since {§,}2, is an Lo-bounded sequence, inequality (4.118) implies that the sequence
{Gn1}3; is uniformly bounded on {a, N].
Now, we show that {, 1}, is equicontinuous on [a, N]. For s,t € [a, N] we have

via the Cauchy-Schwarz inequality

(119) [us(s) = ua(] = | [ dhalr)ar
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IN

[ alar
= | [ 10 - 8 Rl - B (g ()l dr

1
; !

< Asu—w_ffﬂ)—%)dT

Since w € ACo(I), w is bounded above and below on [a, N]. This fact along with

[ = B Ol ()P ar

(4.119) and Lemma 4.3 implies that there exists a constant C' > 0 such that for
s,t € [a, N]

Cls—t[3

IN

(4120)  [gna(s) = Gna(t) [ 0= 8w g ar]

< Cls—t|%||Linll

ERTEN
< Cls = 2|l Lo

Since {§,}%; is a Ly-bounded sequence, inequality (4.120) implies that the sequence
{On,1}%, is equicontinuous on [a, N].

Therefore, via the Arzela-Ascoli Theorem we conclude that there exists a sub-
sequence {7n, 115 of {fn,1}3, which converges uniformly on [a, N]. By repeating
the above arguments [inequalities (4.115)-(4.120)] on the subsequence {fn, 2}%2; of
{2}, we conclude that there exists a subsequence of {fy, 2}%2; which converges
uniformly on [a, N]. Hence, there exists a subsequence of {J,}s2; which converges
uniformly on [a, N]. WLOG, we assume the sequence {f,}s>; converges uniformly
on [a, N].

Now, suppressing the independent variable and using the inequality 2ab < a® + b

we have for each N
. .2 N 2 s .2
(4.121) “BNyn - BNym“ = /a w {[‘h + Q3]|yn,1 - ym,ll
+[q194 + 9293)(Tn,1 — Im,1) (Gn2 — Um,2)
+010s + 293} (In1 — Tm1) (Gn,2 = Gm.2)
+[q§ + qg“?)nﬂ - gm,2|2}

N
< /a w (@ + @3]l — Gmal®
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+2 |Q1Q4 + Q2Q3| |(Z7n,1 - @m,l)(ﬁn,z - ?Jm,:z)l

+[@2 + ¢}z — Gmol’}
N
/; w_l{[q% + qg]lgn,l - ﬁm,l'z

+|q1gs + g2gs| (|Jn1 — ?)m,1|2 + |On2 — Z?m,2|2)

IA

+g5 + @3)lIn2 — Gm2l’} -
By adding nonnegative terms to the right-hand side of inequality (4.121), we obtain

N
”BNgn - BN?]m”2 S /a w-l{[‘ﬁ + qg] ”gn - gm”% + IQ1Q4 + QZQ31 “ﬁn - gm“%
+[@ + ¢3] 9 — Tmll3}

N
< sup im0 = 3a@I { [ w7t + a8
a<t<N a

N N
+/a wq1gs + gags| +/a w’l[q§+q§]}}

where
19 (2) = Gm @15 = [Gn,1(8) = Gma @O + Fn2(8) = Im2 (O] -
By applying the argument used in inequality (4.90) to the inequality above, we see

that the integrals on the right-hand side are finite on [a, N]. Hence, there exists a

constant C > 0 such that
| Bnin — Briml> < C sup |[Ga(t) — dm (613 -
a<t<N

Since {9}, is a Cauchy sequence in the uniform norm, the above inequality implies
that the sequence {Bn{»}, is Cauchy in £2Z(I) for each N. Therefore, { Bnn}nz
converges for each N as n — oo since £2(]) is complete. Let & = T}l_)rrolo Bnin.

Via the triangle inequality, the L¢-boundedness of By, and inequality (4.114),

there exists a constant C > 0 such that for each n and for each N

|1Bnyn —€ll < By — Brdall + || Bnin — £l
< C(llyn = Gnll + 1Ly — Linll) + 1By in — £l

C 5
=+ |1Byn— €Il

N

AN

94



Since the right-hand side of the above inequality converges for each N as n — oo,

we conclude that {Byyn}32, converges for each N as n — oo. Hence, each By is
Lg-compact. #

Since By is the uniform limit of Ly-compact operators, By is Lg-compact.
Necessity

We use contradiction arguments to show that each equation in (4.69) must hold.

L

, ;) there exists a p > 0 and a sequence {ra}72, of

Suppose that for some € € (0

positive numbers such that r, — oo as n — oo and for each n
rn+ef(rn) 5 .

(4.122) f(rn)/ g (t)dt > p for some i € {1,2,3,4}.
Tn

Suppose ¢ = 1. Let {®,},>, be defined as in (2.28). Then via inequalities (4.96)
and (4.102) there exist constants Cy, C; > 0 such that for each n

(4.123) 12rl12, = (1%l + L2, 11)?

< 2(/|®, 1P + 11285, 11%)
< 20y + 2C w~1(7'n)f_1 (Tn)-

For each r > a define
(4.124) &,(t) = wi(r)f3(r)®,(t) fort>a.
Via inequality (4.124) we have for each n

(4.125) 187,112 = w(ra)f(ra) 127,113,
S Zng(Tn)f(T'n)+206.

Since w f < 1, inequality (4.125) implies that {®, }°° is an Ly-bounded sequence.
Via the Lo-compactness of By, {Bérn }52., has a convergent subsequence. WLOG, we
assume {B(i)rn }o2, converges, say to some yo. Now, since ¢,, =1 on [ry, 7 +£f(r0)]

and supp(@,, )={r, — 26 f(ry), Tn + 2 f(r,)], we have for each n
Tn+ef(Tn)
p< S [T g
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Frtef(rn) ,
sfva[ [ (t) + g5(t)] dt

ra+26f(rn)
< " 2(8) + @2(t)] @2 (t) dt.
< S [ lad + )67,

Via Claim 4.4.2 and the inequality wf < 1, there exists a constant C' > 0 such that

for each n

@i6) 7l [ gk + 0162, (0

n—2¢f(Tn)
rn+26f(Tn)

Cu(ra)f(ra) [ T NGE() + ()6, (1) at

Tn—2ef(Tn)

CW(rn)f(rn)”Bc‘i)rn”2
S C”Bé"'nllz’

IN

IN

i.e., |B®,,[| > (£)% > 0 for each n.

By a similar argument to the one used in the proof of Theorem 2.1 (ii), we conclude
that yo = 0 a.e. in [a,00). This contradiction implies that equation (4.69) holds for
i = 1. If we begin with ¢; instead of ¢, then the above argument shows that equation
(4.69) holds for i = 3.

Now, for each r > a define
(4.127) T,(8) = wi(r)f3(r)0,(t) fort>a

where {¥, },>, is given in (2.28). Via inequalities (4.97), (4.103), and wf < 1 we have

for each n

(4128) ||\il’rn ||%0 = w(Tn)f(T‘n) ”\Ij"'n ||%0
S 202 w(rn)f(rn) -+ 206
< 2C, +2Cs.

Thus, {¥, }%2, is an Ly-bounded sequence.

By repeating the above argument with ¢; replaced by either ¢» or ¢4 and &,
replaced by ¥,, we conclude that equation (4.69) holds for i = 2 and i = 4. (Note
that the proof of the necessity shows that (4.69) holds for every ¢ € (0, -2170))
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Therefore, we have shown that By is Lo-compact if and only if equations (4.69)

hold. We apply Theorem 1.6 to conclude that By is Li-compact if and only if equations
(4.69) hold. O
Remark: If we drop the hypothesis that L is limit point at oo, Theorem 4.4 holds
for the minimal operators, Ly and By.

Next, we prove a corollary of Theorem 4.4 which concerns the minimal operators

associated with the following differential expressions on the interval I = {a,0),a > 0:

o o= (7 7))
0 z77 ] ¢ 0 2o
V +l 0 —z« 21 .+ Ty T 2
2 % 0 29 T T 29
and
~ 77 0 by by 21
(4.130) (Bz)(z) = ( ) ( ) ( )
0 ot b3 b2 Zo

where the coefficients r, 71, 79, b1, bo, b3, and by are assumed to be real, locally Lebesgue

integrable functions and ~ = £.
Corollary 4.5 Let 0 < § < 1 and f(z) = z®[z% + 6r%(x)]%. Suppose there ezist a
sufficiently small € = &(6) > 0 and a constant N > 0 such that
(1) Iri(z)| < €lr(2)],
(2) [z 7r(z)]’| < %2~ *r%(z), and
(8) |[z=%r(z)]'| £ Nz~22r2(z). Then
(i) By is Lo-bounded if and only if
1 i@ 2a 2 :
(4.131) sup —/ felu)u™ bj(u)du < oo, i=1,2,3,4,
zel (.’E) z
for some € € (0, 571\,—0) ;

(ii) By is Lo-compact if and only if

1 z+e f(z)
m ——/ P Bu)du=0, i=1,23,4,

(4.132) Jim <
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a-—1

(v —e)r(z)

. Note

1
for some € € (0, EN—O), where Ny = \/_ N and Ny = ilé?
that (2) and (8) imply Ny exists.

Proof:
We begin by applying an argument in Chapter 1 to transform the differential expres-
sions unitarily. Notice that T is of the form (1.21) with Wi(z) = Wy(z) = 27,

0 —z¢ TnOT o
0 = ( ), and N = ( ) Let pi1(z) = po(z) = 22 so that
0

z¢ T T2
y(z) = r7z(z) and, via equations (1.22), (1.24), (1.25), and (1.26),

o (7 228
0 z 1 0 Yo
N ™% 7% 1
7% 7% Yo
and
w134 (Bo)e) - (m"‘"’ 0 ) (:1:“’61 c=ab, ) (m ) |
0 2z ™% ; x7%, Yo

Notice that conditions (1)-(3) imply that the hypotheses of Theorem 4.4 hold with
w(z) = 2779, p(z) = 7% (), pi(z) = 27 (x) for i = 1,2, and ¢;(x) = z~*b;(z) for
1=1,2,3,4. The result follows. DO

differential expressions on the interval Ij:

(4.135) @@@):(0 “1)(h)+(
1 0 2

In Corollary 4.6, we consider the maximal operators associated with the following
and

(4.136) @@w=(“'“)(“)
83 89 Z9

where a, b, ¢ and d are constants, ¢ # 0, Iy = (0,,] for some z; > 0 such that

b C .
= + = # 0 on Iy, the coefficients s, s;, and s, are assumed to be real, locally Lebesgue

.

+

+
+ _—

b
z
a
T

SHICAS

a
z
by ¢
z ' z?

—d

integrable functions on [y, and =
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Corollary 4.6 (i) B, is L,-bounded if and only if

1 T
(4.137) :161}) o /x eumzu“sf(u) du < oo, i=1,2,
5 -

for some sufficiently small €”.
(i1) By is Ly-compact if and only if

1 T
(4.138) 1m1——/ wis?(w)du =0, i =1,2,

220 2 Jp_eng?

for some sufficiently small €”.

Proof:

We prove this result by using a unitary transformation to transform the singularity

at 0 to a singularity at oo and then applying Theorem 4.4 to the new operators.
Again, we use the argument in Chapter 1 to transform the operators Iy and B,

unitarily. Let ui(z) = pa(z) =1 so that y(t) = z(z), t = < and, via equations (1.22),

(1.24), (1.25), and (1.26),

(4139 o = - ) {( O _1) (y)
0 ¢ 1 0 Vs
. —e_4 b )(yl(t))}
e 244 )\ »@
and
(4.140) (By)(t) _ ( t= 0 ) ( t‘281 t_2S4 ) ( A ) )
0 £ t‘233 t_2$2 Y2

0 0 1
Note that if is replaced with ( ), then the results of Theo-
1 0 -1 0

rem 4.4 hold. Let us call this version Theorem 4.4*.

Now, we apply Theorem 4.4* (with t = L, f(t) = [t7* + 6t72(b + ¢t)?]"7, p(t) =
—bz—c, ;(t) = —az —dz?, pp(t) = —az+dz?, and ¢;(t) = z2s4(z), for i = 1, 2,3, and

4) to the maximal operators L; and B, associated with the transformed differential
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expressions (4.139) and (4.140), respectively. Notice that f(t) > 0 on [tg, 0), to = 7=

xo’

and
im f(t) = (6¢8)7% >0.

t—ro0
Hence, there exists constants ki, ky > 0 such that k; < f(t) < kg for ¢ <t < 0.
Since ¢ # 0, we have that L is limit point at zero via [9, page 116]. Thus, L is limit

point at co. In order to satisfy the hypotheses of Theorem 4.4%, we need

at +d at —d ‘ i
(4.141) o T o2 to be sufficiently small,
2
(4.142) '{%—c—j—% to be sufficiently small, and
2
(4.143) to be bounded.

1b + ct|

Notice that (4.143) holds since b + ct # 0 on [t,00), by the choice of zo,. Clearly,
we can choose a t; > t large enough so that the quantities in (4.141) and (4.142)
are sufficiently small on [t;,00). An application of Theorem 4.4* gives that B is

Li-bounded if and only if

1 thef(t) a1 '
(4.144) t s<1t1£)‘)o f_(t)— /t fAr)y 7% (77 ) dTr < o0, 1=1,2,3,4,
1>

for some € € (0, 3-)-

Claim 4.6.1 Inequality (4.144) is equivalent to

t+e! 49, 1 )
(4.145) sup T74s{(17 ) dr < 00, 1 =1,2,3,4,

t1<t<oo Y1

for some sufficiently small €'.

Proof of Claim 4.6.1:
Via the bounds on f

1 treflt) , —4.2/ -1 kPt 4o
—_— ; > = ¢ .
D) /t fe(r)y 732 (7™ ) dr > T /t T4 (1) dT
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Thus, if (4.144) holds for some & € (0, 5;-), then (4.145) holds for all &’ € (0, ki£).

Moreover,

HEr 2 4k
-‘% / fZ(T) 7_48?(7.—1) dr < & / 27__482(7-_1) i
‘ t

Thus, if (4.145) holds for some €’ € (0, ki€), € € (0, 5115)’ then (4.144) for all € € (0, %)
Therefore, (4.144) is equivalent to (4.145).

By a change of variables (letting u = -}), we have that

B 4 -1 P
/t T 488 (T )d7'=/_]_u s; (u) du.
t+e’
Thus, (4.145) is equivalent to
T
(4.146) sup u?s?(u) du < o0, i =1,2,3,4,

0<e<z1 1

for some sufficiently small ', where z, = ;11- #
Claim 4.6.2 Inequality (4.146) is equivalent to

T
(4.147) sup u®s?(u) du < o0, i =1,2,3,4,

O<z<zy Jx—e'2?

for some sufficiently small €".

Proof of Claim 4.6.2:
Suppose (4.146) holds. We seek an €” > 0 such that

2
<z-€'z
1+4+¢ezx ’
i.e.,
14 E'J
1+

Since 0 < = < z1, the above inequality holds if we choose

!
n €

1+¢z,
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Thus, for i =1,2,3, and 4

T
u? 52 (u) du > / u?® s2(u) du
'1—'4:'_1 z—e''g?

so that (4.146) implies (4.147) holds for all €” € (0, T+€el_/z1) Now, suppose (4.147)

holds for some sufficiently small €”. We seek an £ > 0 such that

>z —¢e'z?,

~

1+ éx

ie.,

8I/

1-¢e'z’

If we choose € < €”, then the above inequality holds. Hence, for i = 1,2, 3, and 4

/J_ u? s (u) du < Y s2(u) du

T+5s z—¢''z2
so that (4.147) implies (4.146) holds for alle’ € (0,"). Therefore, (4.146) is equivalent
to (4.147). #
Since the transformation is unitary, inequalities (4.147) hold if and only if B is
L:-bounded.
Now, we show that B, is L;-bounded on (0, zo]. We consider the transformed

operators B; and L; on [ty,00). Let y € D(L;). Then y can be written as

Y=Y Xtotr) T Y - X[t1,00)>

where the characteristic function

1 forz € [a,bd)
X[a.b) (3:) =
0 forz ¢ [a,b).

The triangle inequality yields

(4148) 1IBYI® < 1BW - Xpo)I® + 1B X))
= [ CUB)Or @@ [ BYEr B¢,

0
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where the second integral is finite since y- X(t,,00) € D(B1) by the preceding argument.

Since y € AC{to, 00), there exists a constant C > 0 such that

[ eEnerenme < [ esen) s sener

+ s (t7)sa () + 52t )ss (7] [ (&) + ()]
Hs3Y) + s3] aa0)]} dt

¢ {[ sty + e

+ : £72 |51 (¢ sa(t™) + s2(t71)ss(t7)| dt

+/t:1 t72[s2(¢7Y) + s2(t7h)) dt} .

IN

By applying the argument used in inequality (4.90) to the inequality above, we see
that the integrals on the right-hand side are finite on [to,¢;]. Hence, (4.148) implies
that ||By|| < oo for each y € D(L,), i.e., D(Ly) C D(B;). We apply Theorem 1.3 to
conclude that Bj is L;-bounded on [tg,00). Since the transformation is unitary, B,
is L1-bounded on (0, zo]. Therefore, (i) holds.

(ii) Let ¢; > ¢ be large enough so that the quantities in (4.141) and (4.142) are
sufficiently small on [t;,00). For y € D(L;) we write

(4.149) By = B(Y - Xtotr)) + B(Y * Xftr,00)) -

An application of Theorem 4.4* gives that B, is L-compact on [t;, 00) if and only if

. 1 t+e f(t) 9 a4 1 .
tll)rgo m/t FAr)y 77% (77 )dTr =0, 1 =1,2,3,4,

for some ¢ € (0, 2172) Via an argument similar to the one in (i), we conclude that B,

is L,-compact on (0, ;] if and only if (4.138) holds for some sufficiently small £”.
Moreover, via Claim 4.4.5 and Theorem 1.6 we conclude that B; is L;-compact on

[to0,t1]. Hence, via (4.149) and a unitary transformation, we conclude that (ii) holds.

O
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Chapter 5

Exponential Decay of

Eigenfunctions

In this chapter we consider £%,(I)-solutions of the differential equation
(5.1) T'y=My, AeC,

where T is a formally self-adjoint differential expression of the form (1.5) and
I = [a,0), a > 0. By note 3 in Chapter 1, we know that any self-adjoint ex-
tension A of T'y satisfies 'y C A C I';. Hence, if ) is an eigenvalue of A, then ) is
an eigenvalue of I'; and the corresponding eigenfunction y is in the domain of the
maximal operator T';. Since y € £%,(I) and the weights are positive, ||y(¢)||. has

some average decay, where

Iy = ln@OF + l@®)?, tel.

We focus on several examples which show how the conditions for relatively bounded
and relatively compact perturbations of I' affect this decay of eigenfunctions. First,
we introduce notation and definitions taken from Goldberg [7].

The kernel indez of a linear operator A, denoted «(A), is given by
a(A) = dimN(A),
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where N(A) is the null space of A. The deficiency indez of A, denoted 3(A), is given
by

B(A) = dim R(A)*,

where R(A) is the range of A. [See further explanation of deficiency indices dy in
Chapter 1.] If not both a(A) and S(A) are infinite, then A has a Fredholm indez

defined as

Note that for any real number r we take
co—r=00 and r-—00=-—00.

A closed linear operator with a finite index is called a Fredholm operator.

We note several well-known facts :

1. R(T) is closed iff 0 ¢ 0.(T), where the essential spectrum of T’

Oess() :={A: R(AE —T') is not closed}.

2. The essential spectrum is conserved under a relatively compact perturbation

[10, Theorem IV-5.35].

3. Since the deficiency indices of I'y are equal and finite, all self-adjoint extensions
of Ty have the same essential spectrum, which is the same as the essential
spectrum of I'; and the essential spectrum of T'y. [See [15, pagel62]and [6,
page 10].]

4. For a minimal operator I'y with a regular endpoint a, a(I'y) = 0. [See [15,

Theorem 3.12] and [7, Lemma V1.2.4].]

We need the following two lemmas in the proof of Theorem 5.3. Lemma 5.1 is

taken in part from [11, Lemma 2.19] as well as the method of Lemma 5.2.
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Lemma 5.1 Let F and G be formal differential expressions on the interval I where F
is reqular at a, the order of G is less than the order of F, the coefficients of F and G
are sufficiently smooth so that D(F) C D(Gy), and Fy and Gy satisfy the following
two conditions:

(1) R(Fy) is closed.

(2) Either Gy is Fy-compact or there exist constants b,c > 0 such that
IGyll < bllyll + cl|Fyll for every y € D(Fo)

and

b+ cy(Fy) < v(Fo),

where v(Fy) = ||F5Y||. Then

(i) D((F + G)o) = D(Fy) and (F + G)o = Fy + Go| p(ry)-

(i1) R((F + G)y) s closed.

(ii3) a((F¥ + G*)1) = a((F*)1), where F*, Gt denote the formal adjoints of F,G,
respectively, and (F+ G)t = F++G*. The infinum of such constants c is called the
relative bound of G.

Proof:

Note that Fj is one-to-one since a(Fy) = 0. Since Fj is closed and condition (1) holds,
we conclude Fy ' is bounded [7, page 98].

(i) Let G = Go|p(ry)- Then Lemma V.3.5 or Corollary V.3.8 of [7, page 122-3] implies
that Fy + G is closed. Since C§° C D(Fp + G) and (F + G)g is the minimal closed

extension of (F' + G);, we have
(F+G)oCF+6G.

Hence,

(5.2) D((F + G)o) € D(Fo +G) = D(Fy) .

Now, let y € D(Fp). Then there exists a sequence {y,}5>, C D(Fy) such that
(5.3) Yo — vy and Fy, — Fy as n — oo.
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The F,-boundedness of G implies that D(Fy) € D(Go). Hence, there exists a con-
stant C > 0 such that

1Gyn — Gyll < Cllyn = yll + |Fyn — Fyll) -
Via (5.3) and the above inequality, we have
Gy, =» Gy as n — 00.

Therefore the sequence {(F + G)yn}3%, converges to (F + G)y. By definition,
y € D((F + G)p). Thus,

(5.4) D(Fy) € D((F +G)a).

Via (5.2) and (5.4) we have that (i) holds.

(ii) By note 4 , we know that a(Fy) = 0 since Fp is a minimal operator with a
regular endpoint a. Thus, Fy has an index. Theorem V.3.6 (i) or Corollary V.3.8 of
[7, page 122-3] implies that R((F + G),) is closed.

(iii) Since R(Fp)* = N(Fy) (see [10, IV-(5.16)]) and Fy = (F*); (see [5, page 139)),

R(Fy)* = N((F*)1).-

Hence,

(55)  BFR)=o(FM)).
Similarly,

(5.6) B((F + G)o) = o((F + G)T).-

Theorem V.3.6 (ii) or Corollary V.3.8 of [7, page 122-3] implies that
k(Fo) = &((F + G)o) -

Via note (4) and the above equation, we have that

(5.7) B(Fo) = B((F + G)o) -

Equations (5.5) - (5.7) imply (iii) holds. O
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Lemma 5.2 Let F be a formal differential ezpression on the interval I with smooth

coefficients satisfying F' = F*. Let
(5.8) G=gFg'-F,

1
where g 18 a smooth positive function on I and gt= E Then the order of G is less

than the order of F and (gFg~)* = ¢"'Fy.

Proof:
For simplicity, we show that if F is of the form (1.5), then the order of G is less than
the order of F. The argument for F of the form (1.4) is similar. Let y € £,(I). Then

(Gy)®) = (gFg'y)(t) — (Fy)(t)
= gOW (1) {Polt) (67 0) (1) + [Qo(t) (67 W) ()] - Q5(8) (970)' (1)}
—W-lt{Po ()+[Qo() y(@) - Q) v (1)}
- { 0 1au(0 v - @31y ) + S50 (t)}
1) {[Qo() y(®) - Qo() {O);

=%) (){Qo()y()“‘[Qo()y()]}-

For y,z € L3, (I) of class CV) with compact support in the interior of I, we have

(9Fg™'y,2) = [ 2() W(e) (9Fgv)(t) dt
= / [(92)(¢ ) (Fg~'y)(t) dt
= [I(Fr o)) W) (g7w)() et
= /,[<g-lF+gz><t>r W) y) dt

Since F = F'T,
(9Fg7'y,2) = (y,g" ' Fygz),

ie., (gFg~ )T =g 'Fg. O
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Theorem 5.3 Let E be the identity operator and let F and G be as in Lemma 5.2.
Suppose (F — AE)y and Gy satisfy conditions (1) and (2) of Lemma 5.1. If g is
bounded above on I, then the map y — gy is one-to-one from N((¢7*(F — AE)g)1)
onto N((F — AE)y).

Proof:

Since g is bounded above,

[ WOl OP + @l d < oo

implies that

| WOSOIn@F + k@ d < oo
Moreover, if we let g~'(F — AE)gy = 0 for y € L% (), then (F — AE)gy = 0.
Therefore, gy € N((F — AE),). Hence, the map y ~— gy maps N((¢”(F — AE)g)1)
into N((F — AE);) and is one-to-one since g is positive. By Lemma 5.2

=(gFg™ ~F)* = (gFg )" -F=g7'Fg-F.
Via Lemma 5.1 (iii) we have

o(F~AE)) = o(F-AE+GH))
= o((g7'(F = AE)g))

since (F —AE)* = F — \E. Since the null spaces have the same finite dimension and
the map y — gy is one-to-one, the map is onto. O

Note that if A is a self-adjoint operator and Sm A # 0, then A ¢ oe55(A) (13,
page 136].
Remark: We conclude from Theorem 5.3 that the inverse map z — g~z is one-to-
one from N((F — AE)1) onto N((¢7*(F — AE)g)1). Therefore, z € N((F — AE),)
implies that g~z € N((¢7"(F — AE)g)1), i.e

(5.9) [ WOl R + @O d < oo
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Now, we examine several examples to obtain upper bounds on the rate of eigen-
function decay.
Example 1
Consider the differential operator T defined by (1.2) with w1 (t) = wa(t) = ¢%, 6 > 1.

0 —c
Notice that A & gess(F1) via note 3.
Let B=gTg '—T, where g(t) =€

¢c 0 - -
Let F =T+ ( ) , ¢ > 0. Suppose X & gess(Fp) so that R(Fy — AE) is closed.

-ot**! for some sufficiently small o > 0. Then

after some computation, we have for y € D(T})

(By)(t) = (679 'y)(t) - (Ty)(®)

[P0 0 L8[y
Clo e 28 o w() |

The proof of Theorem 2.1 shows that the quantities Si(g) and Sa(¢) are proportional

to

tet—B ()12
sup t° =28 [9_@] dr
tel t g(7)

where

426 [gg,(%)r =2 (f+1)%.

Hence, S;(g) and Sy(e) are proportional to ea?(8 + 1)2. Therefore, via Theorem 1.7

we can choose ¢ > 0 sufficiently small so that there exist constants by, cy > 0 such

that

1Byl < bo llyll + co | Tyl| for every y € D(T1)
and
(5.10) [bo + co (A] + ¢)] + cov(Fo — AE) < y(Fo — AE).

Notice that B = gFg~! — F and

1Byl < [bo + co (1Al + )] llyll + co[I(F = AE)yl| for every y € D(Th),
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where constants by, co satisfy (5.10). Therefore, F and B satisfy the hypotheses of
Theorem 5.3.
Now, we apply the remark following Theorem 5.3 to conclude that if

y € N((F — AE)), then
(5.11) /1 8 2 Iy |2 dt < oo.

Hence, if A is any self-adjoint realization of T, then every eigenfunction y of A asso-
ciated with an eigenvalue \ ¢ o,ss(A) decays exponentially as in (5.11).

Let us consider the special case of § = 0. In this case we have, via (15, pages 248-9],
Oess(F) = (=00, —¢] U [c,00).
We determine the £2(I)-solutions to Fy = Ay, where A € (—c,c), i.e., we seek

y= ( n ) € D(T1) which satisfy the following system:
Y2

—yp(t) +cnlt) = dn(d)
yi(t) —cwa(t) = Ape(t).

By solving the system of equations, we obtain the L2 (I)-solution
n(t) =cre VMt and yot) = cre™ =Mt for constants ¢, co.
Hence, the eigenfunction y associated with the eigenvalue A satisfies for t € 1

ly®l5 = @) +lu@)

= G+ e

which is consistent with (5.11), 8 = 0. We can use a similar argument for the case
Sm A # 0.

Example 2

Consider the differential operator L defined by (1.1) with w;(t) = w,(t) = 1 and
pa(t) = —p1(t). Let pi(t) = bt? and p(t) = ctP, where 8 > —1 and the constants b
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and c are such that the hypotheses of Lemma 4.1 are satisfied. Suppose A ¢ Gess(Lo)
so that R(Lo — MAE) is closed. Notice that A ¢ oess(L1) via note 3.

Let B =gLg™! — L, where g(t) = e~?*' for some sufficiently small ¢ > 0. Then

after some computation, we have for y € D(L,)

(By)®) = (9Lg 'y)(t) — (Ly)(®)

_ 0 ‘qgﬂ(%)‘ %i(t) .
—%% 0 ya(t)

The proof of Theorem 4.2 shows that the quantities Si(e) and Sz(¢) are proportional

to
1 t+ef(t) ) ng_) 2
e ) /t f(r) [9(7)] dr,
where
F(t) = (07 + )2 + 1%
Now, if 8 > 0,
_L t+e f(t) . [4'(1) 2 _ _1_ t+ef(t) 02(ﬁ+1)27’2ﬂ
stlEI? f(t) /t T [g(r)] ar = Stlel? F(t) /t (2 + c2)728 + 1
0B+ 1)
< E—(b2+c2) .

Hence, via Theorem 1.7 we can choose ¢ > 0 sufficiently small so that there exist

constants bg, ¢g > 0 such that
|Byll < bo llyll + co | Lyl for every y € D(L1)

and

(5.12) (bo + co |A) + cov(Lo — AE) < (Lo — AE).
Notice that
[1By|l < (bo + co |A) llyll + co (L = AE)yl| for every y € D(L1),
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where constants by, ¢y satisfy (5.12). Moreover, if —1 < 8 < 0, then

' 1 t+ef(t) o [ 4'(7) 2 _
lim __t) /t f(7) [——] dr = 0

oo f( g(7)
which implies that By is Lo-compact; and hence, By is (Lo — AE)-compact. Therefore,
L and B satisfy the hypotheses of Theorem 5.3 for 8 > —1.

Now, we apply the remark following Theorem 5.3 to conclude that if
y € N((L — AE),), then

(5.13) /I 2P ly@)l2dt < oo.

Hence, if A is any self-adjoint realization of L, then every eigenfunction y of A asso-
ciated with an eigenvalue A ¢ 0,.s(A) decays exponentially as in (5.13).

Let us consider the special case of 3 > 0 and b = 0. Note that 0 ¢ oe.s(L1) [9,
Theorem 2]. We determine the £2(I)-solutions to Ly = 0, i.e., we seek y = ( u ) €

Y2
D(L,) which satisfy the following system:

~yh(t) +ctPya(t) = 0
yi (@) +ctfu(t) = 0.

By solving each equation, we obtain the £2(I)-solution
n(t)=a e BH tﬁ“, for constant ¢;, and yq(t) =0.

Hence, the eigenfunction y associated with the eigenvalue zero satisfies for ¢t € I

Iyl = 1@+ lua@)?

_2c_ B+1
= C%e B+1 k

which is consistent with (5.13).
Example 3
Consider the differential operator L defined by (1.1) with w;(t) = ws(t) = t*, for

a € R, p(t) = ct?, for B > —1, and the positive constant ¢ and the functions pi, ps
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are such that the conditions of Lemma 4.3 are satisfied. Suppose A ¢ 0,s5(Lo) so that
R(Ly — AE) is closed. Notice that A ¢ 0ess(L1) via note 3.
Case . a < f

Let B = gLg~' — L, where g(t) = =" for some sufficiently small & > 0. Then

after some computation, we have for y € D(L1)

(By)(t) = (9Lg™'y)(t) = (Ly)(t)

o [te0 0o 8 i (t)
0 =)\ =28 o wt) )

The proof of Theorem 4.4 shows that the quantities Si(g) and Sz(¢) are proportional

to
1 ety z[g'mr
sup —— T dr,
teIID f(t) /t i) g(7)
where
F(&) = [ + 6ct®)" 1.
Now,
1 t+ef(t) . [g'(7) 2 B 1 thef() g2(f + 1)27%
Stlel? f(®) /t fr [g(T) ar = St‘é? f(t) /t T2 | fcT2h ar
1 t+ef(t) 0.2(’3+ 1)27,25—2:1
=) /t 1+ ocra 9T
(B +1)?
- dc

Hence, via Theorem 1.7 we can choose ¢ > 0 sufficiently small so that there exist

constants bg, ¢y > 0 such that
1Byl < o llyll + co liLyl| for every y € D(L1)

and

(514) (bo + ¢y lj\l) + ¢ ’Y(Lo - S\E) < "y(Lo - S\E) .
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Notice that

IByl| < (bo + co|A]) llyll + co [I(L = AE)yl| for every y € D(L1),

where constants by, co satisfy (5.14). Therefore, L and B satisfy the hypotheses of
Theorem 5.3.

Now, we apply the remark following Theorem 5.3 to conclude that if

y € N((L — AE);), then
(5.15) / 12 2P 1y ()2 dt < o0,

Hence, if A is any self-adjoint realization of L, then every eigenfunction y of A asso-
ciated with an eigenvalue A ¢ 0.4(A) decays exponentially as in (5.15).

Case [I. a >

Let B = gLg~! — L, where g(t) = e=**"" for some sufficiently small ¢ > 0. Then

after some computation, we have for y € D(L;)

(By)(t) = (9Lg™'y)(t) - (Ly)(¥)

_ (=0 0o <4 (1)
0 t« —-‘5% 0 Y2 (t) |

The proof of Theorem 4.4 shows that the quantities S;(g) and Sy(e) are proportional

to
1 e g{g'mr
su T)" |—=1| dr,
kO o
where
F(t) = [+ 6ct™) 7z
Now,
1 e, [g(n)]? 1 el 020+ 1)2r2
dr = d
Stlellj) f() / 1(r) {g(T) T S;‘é? f(t) / e 1 gerB T
B 1 /Hef(t) o%(a + 1)2720-2
- Stlel? (t) Ji T20=28 4 ¢ 7

< e (a+1)%.
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Hence, via Theorem 1.7 we can choose ¢ > 0 sufficiently small so that there exist

constants by, co > 0 such that
1Byl < bollyll + col|Lyl] for every y € D(L1)

and

(516) (bo + ¢ |5\|) + ¢ ’}’(Lo - XE) < ’)’(LQ - S\E) .
Notice that
1Byl < (bo + co | M) llyll + co (L = AE)y|| for every y € D(L1),

where constants by, ¢y satisfy (5.16). Therefore, L and B satisfy the hypotheses of
Theorem 5.3.
Now, we apply the remark following Theorem 5.3 to conclude that if

y € N((L = AE)1), then
(5.17) /I 122 ly(@)|I2dt < oo.

Hence, if A is any self-adjoint realization of L, then every eigenfunction y of A asso-
ciated with an eigenvalue ) ¢ o.,(A) decays exponentially as in (5.17).
Let us consider the special case of 8 > « and p; = p; = 3 p. Note that 0 ¢ oes(L1)

u ) e D(L)

[9, Theorem 2]. We seek £2(I)-solutions to Ly =0, i.e., we seek y = (
Y2
which satisfy the following system:

—yy(t) + £tPys(8) + ctPip(t) = O
vi(t) + ctPu(t) + §74(8) = 0.

Although we can not obtain an explicit £Z(I)-solution to the above system, we know

via [9, equation (3.6)] that this solution is asymptotic to

K e ** constant k > 0, constant vector K,

as t — oo. Hence, the behavior of the eigenfunction y associated with the eigenvalue

zero is consistent with that implied by (5.15).
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In this chapter we have presented three examples to show how the necessary
and sufficient conditions for relatively bounded and relatively compact perturbations,
which are given in Chapters 2 through 4, yield results on the £2,-decay of eigen-
functions. Further work is needed to obtain pointwise estimates on eigenfunction

decay.
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