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ABSTRACT

This thesis concerns the computation of the cosine of a matrix.
To approximate the matrix cosine various approaches involving matrix
series, matrix characteristic polynomials, differential equations,
matrix eigenvalues and matrix decomposition are described. In partic-
ular, we develop the double angle method and discuss the effectiveness
of this technique when applied to certain approximation schemes.
Computations are done primarily with three algorithms, those being in
the form of rational approximants or truncated Taylor series. Further,
we deal with a method developed by B. N. Parlett to calculate the
functions of a matrix. It is of interest to us to see how the double
angle method compares with Parlett's method. Results of our experi-

ments are presented and analyzed.
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INTRODUCTION

In recent years there has been extensive work done to develop
new algorithms and improve existing algorithms which would enable one
to approximate more accurately the matrix exponential. An excellent
survey of the many approaches to this problem has been done by Moler and
Van Loan [5]. Of the many successful methods, one which proceeds
without the determination of the eigensystem is the scaling and squaring
method proposed and analyzed by Wérd [10]. One important interest in
the computation of the exponential matrix is in thé solution of the

first-order differential system

(1.1) y'(t)
y(0)

Ay(t)

Yo

where A is a given N X N matrix of constants and y is an N vector.
Such a system might arise, for example, in the semi-discretization of
the heat equation.

In this thesis, we are interested not in the first order system,

but in the second order system

(1.2) y"(t) + A%y(t) = 0

2(0) =y, y'(0)

which may arise, for example, from the semi-discretization of the wave
equation. In theory, the solution of this second order system is given
by

y(t) = cos At'z0

1
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where we define cos At to be the power series

© 003 < os
(1.3) cos At = ) ¢ %) ,tZJAgj

convergent for all t. In order to express this solution in some ap-
plicable form we must therefore be able to compute the matrix function
cos At. Consequently we address ourselves to the problem of computa-
tion of the cosine of a matrix A.

In principle there are many ways the cosine of a matrix could
be computed. 1In practice, consideration of efficiency, stability and
accuracy indicates that a few of the methods are preferable to others.
In Chapter I we outline some approximation techniques for the cosine.
These techniques may be classified as series methods, polynomial
methods, ordinary differential equations methods, and matrix decomposi-
tion methods. Effectiveness of the algorithms is concerned with
stability, accuracy, efficiency, ease of use and simplicity.

In Chapter II we elaborate on some specific methods. More
particularly, we discuss the validity of the double angle method and
develop error bounds for this method. Chapter III -contains outlines
of the methods we have used for computation in this thesis, those
being Taylor series, rational approximation and a method developed by
B. N. Parlett. Programming aspects and effectiveness of these
algorithms are also discussed.

Lastly we provide numerical results involving some particular
methods in Chapter IV. Observations are made with regard to the

results obtained in our tests. Any comments or conclusions



contained in Chapter IV are based solely on the data produced from

the test matrices.




CHAPTER I

SURVEY OF METHODS

Let us consider some methods in general for computing the matrix
cosine. As mentioned earlier, Moler and Van Loan have examined many
approaches to compute the matrix exponential. Analogously, we want to
apply some of these methods to the calculation of the matrix cosine.

We may categorize the approximation schemes under consideration as
series methods, polynomial methods, matrix decomposition methods and
differential equation methods.

At this time it is convenient to review some conventions and def-
initions. Matrices will be denoted by capital letters. The following
types of matrices will be referred to in our discussion:

A Hermitian © A* = A
. A normal € A%A = AA*
P unitary ¢ P*P = T
T wupper triangular ¢ t, = 0, i>

i3

D diagonal e.dij =0, i#3j

We shall work with the vector Euclidean, or 2-norm defined as

Xl'}
- N ,]1/2 *2
Izl = | } e s x =1
i=1 .
xN-

For a matrix A the 2 norm is

IAI = max lAxl = [p(aTay; /2

Ixll=1
Note that if A is symmetric, lAll = p(A), the spectral radius of A.

4



5

The common characteristic of series methods for the exponential
is the application of an approximation scheme for the scalar function
et being adapted to matrices. Similarly we would like to utilize
approximation techniques for the scalar function cos t to obtain
approximations for the cosine matrix. These methods also do not depend
upon the eigensystem of the matrix. To begin, one approach is simply a
Taylor series approximatiom. That is, we take the defining series
expansion

2 4 2m

A A A
cos A=1 -~ 5T + T + (--1)m

—(z—m-j—!—-i'...

truncated at some designated point and accept this as an approximation.
One may encounter a problem of inefficiency due to repeated matrix mul-
tiplications. That is, the order 2m may have to be large before we ob-
tain a good approximation. The accuracy of the method may be affected
by the norm lAl. For example, if IAl is large, the approximation may
not be accurate. Also, there may be a problem with subtractive
cancellation.

A second series method involves the Pade approach to determine

coefficients {ai} and {Bi} in the rational approximation

2 2m
aOI + alA + .. .+ amA Pmn(A)

Rmn(A) = 2 2n =
301 + BlA + ...+ BnA an(A)

which would be interpreted rigorously as an(A)-len(A). Replacing
the operator A by the scalar z, one can analyze the error in this

approximation by considering



© k
E(Z) = [KZ 2512(3! ] an(Z) - Pmn(z) - O(Z\))

0

for some v [8]. Normally we try to make v as large as possible to pro-
vide greatest accuracy. Although accuracy plays an important role it
may also be of interest to examine methods for which v is not optimal
but for which there are other desirable features. For example, smaller
computational effort or less restrictive stability requirements may
outweigh increased accuracy provided by making v as large as possible.

Thirdly, we may approximate cos A by the quotient of poly-
nomials of a special form

a 2.'.
X 45 (8)A J
3=0

(1.4) R(A) =
(1 + ga)®

= 2
Q

For our purposes we will limit the discussion to cases where vy < 2.
Information on schemes for approximate solution of differential equa-
tions of the form (1.2) corresponding to (1.4) may be found in [2].
This .reference .contains. some numerical results in addition to an
analysis of the stability and accuracy of these schemes.

As HAll increases or as the spread of the eigenvalues increases,
difficulties in computing the Pade and Taylor approximants also in-
crease. For the exponential matrix a reliable method has been suggested

to control these difficulties by exploiting the property

eA - (eA/m)m'

A/m

The idea is to choose m to be a power of 2 for which e can be accu-

/m

rately computed and then form (eA )m by repeated squaring. This
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property is unique to the exponential function, but it does suggest the
possibility of applying another identity. The trigonometric identity
which we shall employ is the double angle formula applied to matrices,
i.e.

cos 2A = 2 cos2 A-1
which we shall prove later. Again, the principle would be to choose m
as an appropriate power of 2 so that cos A/m can be efficiently com-
puted and then form c¢os A by repeated use of the double angle formula.
Practical criteria for choosing m may be based upon the norm lAl, i.e.
choose m such that JA /mll <1. Validity of this method will be estab-

lished and various error bounds will be developed and discussed.
Polynomial Methods

By means of interpolatory polynomials we may offer certain ap-
proximations for the cos A. Let the characteristic polynomial be

n~-1

n k
- z C.z .
k=0 &

(1.5) C(z) = det (2zI - A) = z
The Cayley Hamilton theorem gives us C(A) = 0 so that

n
A COI + ClA + ...+ Cn___1
From this result it is possible to express any power of A in terms of

I, A, . . ., Ap-lg in particular

n-1 s
2k _ b
(1.6) AT =} o, 5%
=0
By definition
£ k 2k 2k
- (-1)t™A
(1.7) cos At = X (K1



so replacing A2k with the expression (1.6)

® k. 2k [n-1
T (1)t j]
cos At = ) ——t— Z ] LA
k=0 (2k)! [j=0 2k, ]

n-l [ = k 2k
(-1) 't h|
[ I =m0 BZk,j] A

k=0

L]
o~

n-1
} o (t)Aj.
j=0 1

Polynomial methods we shall mention involve a similar use of the
characteristic polynomial.
Lagrange interpolation yields an approximating polynomial such as

n n A- )T

cos At = ) I (————:—%——) cos thA.
k=l §=1 kTN
j#k
where Al’ . ey An are the eigenvalues of A.

Newton's form of the interpolating polynomial is

% k-1
t)I + n (A - A I)¢ [A 3 + o ey )\ ]
k=2 i=1 1 1 k

cos At = (cos')\1

where ¢[A1, e ey Ak] is the divided difference of order k -1
which uses data points Al, o o ey Ak. This expression is more econom-
ical in terms of matrix multiplications, requiring (n - 1) matrix mul-
tiplications and one extra matrix array for temporary storage of the
partial products [7].
There are several ways to evaluate the matrices
n A - I
j#k



which are required in Lagrange interpolation. One method involves the

Vandermonde matrix of eigenvalues

1 1 1]
1 >‘2 An
V=
n-1 n-1 n-1
Lkl Az e o s An

If v, 1is the (j,k) entry of V-1 then

ik
n .
Ak = 7 vk.AJ'l
=1
and

o k

cos At = ) (cos tkk)A .
k=1

Techniques based on interpolation have several disadvantages.
These techniques require O(n4) basic arithmetic operations and extra
storage needed for A and cos A. So except for small n these methods
become quite expensive. Another weakness is that the eigenvalues of
A must be known and problems may arise when the eigenvalues are nearly
confluent even though there are special forms for interpolatory poly-

nomials in the confluent case.
Matrix Decomposition Methods

Matrix decomposition methods are based on similarity transforma-

tions of the form

A = SBS
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In this case it follows from the definition of cos At that

cos At = S cos Bt S—l
so we want to find an S for which cos Bt is fairly simple to compute.
These methods may be found to be quite efficient, but they suffer the
difficulties involving confluent or nearly confluent eigenvalues.

One possibility is to take S as the matrix whose columns are

elgenvectors of A, that is

5 = {s; | oo ] s}
where

Asj = A,s i=1 ..., n.

33

Then by writing these equations as
AS = SD,

where D = diag (Al, e« o ey An), we may define cos At by

cos At = S cos Dt S_l.

Note that S must be nonsingular. In theory, A must therefore have a
complete set of linearly independent eigenvectors. If a complete set
of linearly independent eigenvectors does not exist then S is not
invertible and the whole algorithm breaks down.

With regard to the differential equation
.- 2
(1.8) x+Ax =0

we may express the solution in terms of the eigenvectors. First the

initial condition is written as a linear combination of the eigenvectors

n
(1.9) x(0) = izl a8,
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11

and then the solution x(t) is given by

n
(1.10) x(t) = )} a,(cos A,t)s,.

§=0 J J 7]
The coefficients aj are found by solving a set of linear equatioms
Sa = x(0). The solution (1.10) may be verified by substituting x(t)
into (1.8). 1In theory, difficulty occurs when A does not have a
complete set of linearly independent eigenvectors. For then there is
no invertible matrix of eigenvectors S and the algorithm breaks down.

Any square matrix A, whether complex or real, is unitarily

similar to an upper triangular complex matrix C [6]:

A = UCU*.
The matrix C will be upper triangular if A has real eigenvalues.
Otherwise we ask for a modification of C, called the real Schur form,
which is block upper triangular or quasi-triangular. Today standard
programs are available for effecting the Schur decomposition. Since
f(A) = U£(C)U*, for any regular function f, the usefulness of this
decomposition depends on the cost of forming f(C). Computing functions
of triangular or quasi-triangular matrices is dealt with in a recent
paper by Parlett [5]. Again, trouble occurs in the case of nearly
confluent eigenvalues. Parlett develops the method in greater detail,

covering the treatment of multiple eigenvalues.
Differential Equation Methods

Sophisticated and powerful methods for the numerical solution

of general nonlinear differential equations have been developed in
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recent years. These methods are easy to use when computing etA and
require very little additional programming or other thought [5].

It is possible to reduce the system (1.2) to (1.1l) by defining

the 2N-vector

(1.11) [z(t) ]
u(t) =
y'(t)
so that
(1.12) 0 1
u'(t) = 2 u(t).
-A 0

Then we can apply any of the o.d.e. programs available for solving
(1. 1) .
Another approach that is a standard idea in differential equa-

tions is to approximate cos A by using a linear recurrence relation.

We define
= LY -
Zj cos N Z0 I
Then,
(1.13) zj+l - Zzlzj + Zj—l = Q.

The Zj's are generated by (1.13), and we may verify this identity

using basic trigonometric: .identities. for.: cos (o * B):
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(3 + A JA (3 - DA
cos N 2 cos N cos 5 + cos S
- Ja LAy A Ja Ja _ A
cos (= + ) - 2 cos i cos 5 *ocos (= =)
=cos—jAcosé-—sinﬁ-sinA—2cosAcos£
N N N N N N
Ja A Ja A
+ cos N cos sin N sin ( N )
- LY A Ja o A A LY
cos N cos N sin N sin N 2 cos N cos 5
JA oo Ay gn A oA
+ cos N cos N + sin N sin N
= 0.

Now we approximate Z. by R(%—) = W,, some rational approxima-

1 1
tion, and generate Wj 's with the linear recurrence
(1.14) Wj+l = 2WlWj - Wj-l
_’I'-he'n_W‘N approximates ZN = cos A.

The accuracy of this technique depends on the accuracy of Wl
and on the value of N. If N is large then the arithmetic operations
needed to calculate WN will be costly. In addition, repeated matrixmulti-

plications increase the effects of round-off error.
Other Methods
As discussed earlier, the solution of (1.2),

(1.15) y(t) = cos At Yo
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can be obtained by noting that the second order matrix differential
system is equivalent to a first order system as in (1.12), for which

the solution is

y(0)
(1.16) u(e) = ePu(0) u(0) =[ ]

y'(0)
Lo ]
B = .
-A2 0

To calculate cos At we compute the exponential series etB then

where

substitute in (1.16), from which we find cos At. There is a procedure
described by T. M. Apostol [1l] for calculating cos At without the
need of computing the exponential in (1.16). The method is much
simpler than computing u(t) because the matrices in (1.16) are twice
the size of those required by this procedure. Explicit formulas for

solutions of the second-order matrix differential equation
3'(e) = AZy(t)

with prescribed initial values y(0) and y'(0) are given by Apostol. It
should be noted that this method may be extended for the matrix dif-

ferential equation of order r,
v () = av(e)

with prescribed initial values Y(0), Y'(0), . . ., Y(r-l)(O).

We shall consider the matrix differential system (1.2). In

particular, let us outline Apostol's procedure where A is either 2 x 2




or 3 x 3. First, suppose A is 2 x 2 having eigenvalues Al, A

9
Then the solution to (1.2) is given by

(1.17) T(t) =y, (O + yz(t)(Az - 221y = c(r)

1

where Yy and y, are determined by the following triangular system of

second-order linear differential equations with constant coefficients

i
=
il
o

(1.18) v+ A 2

Y1'<0)

0.

I
o

" 2 = - = t
V" XYy =¥y ¥,(0) y," (0

Now, let us show that C(t) determined by (1.17) and (1.18) satisfies
the differential equation C'(t) + AZC(t) = 0 and the initial condi-

tions C(0) = I and C'(0) = 0. Differentiating C(t) yields
C'(t) = v, (8) + v, () (a2 - A %T)
1 2 1
and
C"(t) = y,"(6)T + y,"(t) (A% - A1)
1 2 1 :

Then
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¢"(2) +4%C(e) = y,"(OT+y,"(®) 4% - 3, "D +421y (&) +y, () a7 - 2 7D)]

2
1 D

-2

2 2
1 le + (-yl(t) - A yz)(A -2

2

+ Azyl(t) + A2y2(t)(A2 - 2D

@ - 2Dy @ - @ - oy @

2

2 2 2 2
- @ - fony,m + Ay, 6 - D

@ -2 @? - 3y, m

by Cayley Hamilton theorem. Using the conditions in (1.18) we have
C0) = 7, (I + y,(0 &% - 3’1y =1
1 ARG 1
and
C'(0) = 3, (0T +y," (0 @&% - 1,°n = 0
1 2 ' 1

so that C satisfies the initial conditions. Further, this approach
also handles the case of multiple eigenvalues; we suppose that

Xl = Az = A # 0. The solutions to (1.18) are

yl(t) = cos )\t

t
yz(t) - ﬁ sin At

Hence we have




(1.19) C(t) = (cos At)I - th sin >\t(A2 - AZI).

To verify that this C satisfies (1.2) differentiate C(t) to get

C'(t) = -A sin AtI - L cos At(A2 - XZI) --—]-'— sin M:(A2 - AZI)

2 2X
and
c'"'(t) = —>\2 cos AtI - -%‘- cos )\t(Az - AZI) + —5-2}‘— sin )\t(A2 - AZI)

- %— cos )\t(A2 - AZI).

Substituting in the differential equation yields

c"(t) + AZC(t) = __)‘2 cos AtI - %- cos )\t(A2 - )\ZI)

+ % sin At(A2 - AZI) - % cos }\t:(A2 - AZI)

+ A2(cos At)I—-ft)\— A2 sin }\t(AZ - AZI)

(A2 - XZI) cos At - (A2 - AZI) cos At
AZ

+ (t sin it) (A2 - AZI) (LZI— - T)\-)

-;—:}l\'-t sin)\t(Az - AZI)(AZ - xZI)

= 0.

At t =0,
C(0) = 1, C'(0) =0

satisfying the initial conditions. Thus, (1.19) is a solution to (1.2)

when )\1 = )\2 # 0.
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In the case where A is 3 x 3 the solution to (1.2) is given by

(1.20)

C(r) =y, (OT+y,(6) (472 *D +y, (@& -2 "D @” - 3D

2

with Y12 Vo0 Y3 being determined by

. 2
(1.21) oy Aty =0 y,(0) = 1 y,'(0) = 0
yr+ a2y = oy ) = 0 y.7(0) = 0

2 2 72 1 72 2
v Alya = -y, 7.(0) =0 y,'(0) = O.

3 373 2 3 3

To show that such a C actually works, differentiate (1.20) and substi-

tute in the following equation using the conditions in (1.21)

2

C" + A"C 2

2 D

AR A TS Ve SIS Whe ST

+ Azy1 + AZyZ(A2 - 1121) + A2y3(A2 - 1121)(A2 - AZZI)

2
1 D

2 2 2
“Ap vyt Gy - ATy (AT - A

2 2 2 2 2 2
+ (—y2 - A3 y3)(A - Al I@i" - Az I) + A v1

2

+ A yZ(A2 -—Alzl) + A2

2

2 2 2
y3(A - Xl I)(A" - AZ I)

2 2 2 2 2 2,2 2
A% - "Dy, - @ - Dy, + (7 -3, DA -3, Dy,

2

2 2 2 2 2
+ (A" - A3 y3I - sz)(A - Al I)(A" - Az I)

2 2 2 2 2 2
@A - A3 I)(@A" - AZ I)(A" - Al I)y3

0.
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Also, at t = 0, we have
c(0) =1, c'() =0
so the initial conditions are satisfied. We see then, that C(t)
defined by (1.19) and (1.20) provides a solution to (1.2).
Further, let us suppose that X, = i, = A, = X # 0.

1 2 3

In this particular case, Yi» Yo» y3 are given by
yl = cos At

Yy = - - sin At

2\
2
Yq = t3 sin At - t2 cos At.
8 8X
The solution C(t) becomes
X t 2 2
(1.22) C(t) = cos AtI - T sin At(A” - A\7I)

2
+ t3 sin At - tz cos xu] ? - 222,
8 8\

Again, as in the 2 x 2 case, the solution may be verified by simply
substituting C(t) into (1.2).

This method may be extended for an n x n matrix A and offers
an alternative to those methods with computational problems when A has
multiple eigenvalues. However, for n very large it seems impractical

to solve the triangular system of second-order equations analytically.




CHAPTER II
APPROXIMATIONS AND THE DOUBLE ANGLE FORMULA

Now, let us focus our attention on some particular methods
chosen to compute the cosine of a matrix. The first method is a Taylor
series approximation. We take the series expansion

2 4 6 2j
—1-A_ A _ A -1y _A
cos A I 71 + A Z1 + ...+ (-1 RN

+ . . L]

and truncate this series at a predetermined point and accept this
finite sum as an approximation.

Our second approach leads us to rational approximations. We
shall use the Pade approach to determine the coefficients {ai} and {Bi}

where 2 4
aOI + alA + azA

R(A) = 5
BOI + BlA + 82A

4 .

The second rational approximation we shall consider takes the general

form {2]
a .
I ¢, (8)a%d
(1 + B2A2)cx

Lastly we will compute the cosine using an algorithm developed
by B. N. Parlett [7] and compare these results with other approxima-
tions discussed above.

The Pade and Taylor approximants involve the idea of scaling
the matrix A by Z_j for some j € 7? and then using an extension of

the double angle formula applied to matrices

20



cos 2A = 2 coszA -1

to obtain cos A( So we first form the matrix {E where we choose

m = 2j for some appropriate j. Next the matrix cos f% is calculated
by one of the methods discussed and finally we employ the double angle

formula to obtain our approximation cos A. Therefore the question of

convergence of the double angle method arises and so we direct our

attention to this point.
Convergence of the Double Angle Method

Let A be a normal matrix, and denote
o(A) = spectrum of A.
As before
p(A) = spectral radius of A
IIAxll2
Al = IIAH2 = vp (AA*) = sup —jﬁan;— .
The significance of normality is in the following result [4]:
Let £ be any function which is analytic on a

neighborhood of ¢(A). Then

(2.1) NEA) = sup|£(N) |

A e o(A).

Now we compute our approximation as follows: Let

Y. = cos p——
2 ]

-

where in this section m is used to denote a power of 2. Then
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Although this last statement is true for scalars, it may not be quite

so obvious for matrices so this will be our first lemma.
LEMMA 1: Let A be a matrix. Then
2.2) cos 2A = 2 coszA -1

PROOF: Let cos At be defined by the power series

3
(-t 23

(2.3) o a1

i~ 8

3

and sin At be defined by the power series

o -0y 2441
(2.4) jZO @ + DT A

Define

) j .
- (-1) 2j 23
(2.5) = ——te Y AT,
x j=12<+1 (23!
Then

v 1 23
(2.6) IR I < ) =7 (thAl).
X j=R41 (B!

But the series

°z° (elaly23
L Tant

converges for all t to cos (tlAll); thus "RKH + 0 as K'* o
and so the series (2.3) converges for all t. Similarly it may

be shown that (2.4) also is convergent for all t.




Since these are convergent power series, term-by-term

differentiation of (2.3) and (2.4) yields

(2.7) Dt(cos At) -A sin At

A cos At.

Dt(sin At)
First we want to show the more gemeral property
(2.8) cos (A + B)t = cos At cos Bt - sin At sin Bt
when AB = BA. Let
F(t) = cos (A + B)t - cos At cos Bt + sin At sin Bt.
Then using (2.7)

F'(t) = Dt[cos (A + B)t] - [Dt(cos At)] cos Bt
+ cos (At) [Dt(cos Bt)] + [Dt(sin At)] sin Bt

+ sin At [Dt(cos Bt)]

= —(A+B) sin (A+B)t+A sin At cos Bt+B cos At sin Bt

+ A cos At sin Bt + B sin At cos Bt

=~(A+B) sin (A+B)t + (A+B) sin At cos Bt

+ (B+A) cos At sin Bt

And



(2.9)

(2.10)

(2.11)

24
F'"(t) = -(A + B)2 cos (A + B)t + A(A + B) cos At cos Bt
- B(A + B) sin At sin Bt + B(B + A) cos At cos Bt

- A(B + A) sin At sin Bt

-(A + B)2 cos (A + B)t

+ [(A + B)2 cos At cos Bt - (A + B)2 sin At sin Bt].

Hence

F'(t) + (A + B)2F(t) = (A + B)Z cos (A + B)t

+ (A+B)2[cos At cos Bt - sin At sin Bt]
+ (A + B)2 cos (A + B)t

- (A+ B)z[ccs At cos Bt — sin At sin Bt]

Then by the uniqueness theorem for second order equationms,

since F(0) = 0 = F'(0), we may conclude F(t) = 0. Therefore
cos (A + B)t = cos At cos Bt‘— sin At sin Bt.
Now as a special case let t =1, B =A so that
cos 2A = coszA - sinzA
and with t =1, B = -A
cos 0 = (cos A) cos (-A) - sin A sin (-A).

By definition




° 3
e § oy am
sin (-4) jzo ernr A

@ _ j .
= ] G2 (—1)23+-l a23* o gin Al

420 3D

Thus (2.11) becomes

cos 0 =1= coszA + sinzA
or

cosZA -I= —sinzA.
Using this identity in (2.10) yields
cos 24 = coszA + coszA -1
= 2 cosZA - I. u
Having obtéined the lemma, now we use the approximation
U, = R(4/2%)

where R(z) is some rational approximation to cos z, and then define

the nonlinear recurrence

(2012) U, = 2U. - I j = 0, e o ey m - l
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Note that the Chebyshev polynomial of the first kind is
2

(2.13) Tz(x) = 2x" -1

so0 we have

(2.14) Uj+1 = TZ(Uj).

The Chebyshev polynomial of degree r is given by

(2.15) Tr(x) = cos (r cos—lx).

From this, it follows that in [-1,1] Tr(x) has r zeros at

(2.16) X = cos _ﬁE%%;Zz_ j=0,...,c-1

and r + 1 extrema of magnitude 1 at
(2.17) x = cos jn/r j=0, ..., 1

where (2.17) includes the r - 1 places where T'r(x) = 0 and the two
endpoints. We see that
(2.18) max |T,(x)| = 1.

~-1<x<1

Each Uj is an approximation to

Y. = cos -
J Zm‘J

In order to develop certain error bounds we would like to show that
HYj" <1l and HUjH < 1. First we must introduce some lemmas to aid

us in our proof.
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LEMMA 2: Let U be a unitary matrix. Then
IlUAll2 = HAH2 = HAUHZ.

PROOF: By definition

Iual,, = o/ 2r wayxua] = o2 (arurua) = o172 (a%a) = 1Al

Again by definition

, HAUtz
e T T,
lIAyll2
) ;:8 To%yT,

where y = Ux. Since U is unitary

HU*yH2 = Hyﬂz
so that
HAyﬂ2 Ayl
AU, = sup = = sup = llAll,. n
2 740 i} yﬂz s "yﬂz 2

LEMMA 3: Let A be a normal matrix. Then
IIAlI2 = p(A).

PROOF: Since A is normal there exists U unitary such that A = UDU%,

and D is a diagonal matrix. Now

lIAlI2 = IIUDU*lI2 = HDU*I!2 = HDH2

-~

by lemma 2. By definition




p1/

Dy, = 2 p*D).

But D is diagonal so D*D has eigenvalues ]Ailz. Thus,

1/2 / .
o (D*D) = V/max |A |2 = mag»lkij = o(D).

i

Since the eigenvalues of D are the eigenvalues of A
= . [ ]
HAH2 p (A)

Now let f be an analytic function defined on the spectrum of A. For
simplicity assume that A is normal so it has a complete set of ortho-
normal eigenvectors, i.e. the columns of U where A = UDU*. We shall
have occasion to use the following well-known result, whose proof we

included for completeness.

THEOREM 1l: If f is an analytic function defined on the spectrum of a

normal matrix A, then £(A) is a notrmal matrix.

PROOF: One way to define the function f(A) is via the interpolating

polynomial. We define £f(A) = g(A) where

n
g(d) = £(A )2, (})
KZl KK

and
n A = A,
L.(A) = T =
K 1=1 *x "M
i#K

is the fundamental Lagrange polynomial (assuming distinct
eigenvalues; the confluent case may similarly be treated).

Suppose AuK = AKuK' Then
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f(A)uK

g

(

f

Therefore the eigenvalues of g(A) are f(AK) with corresponding

eigenvectors Up-

are the eigenvectors, that

g

(A)uK
n
)
j=0
Oglug

(XK)uK.

£(A)U = g(A)U = Ug(D) = U£(D)

or

f(A) = Uf(D)U*

so £(A) can be diagonalized by a unitary transformation and is

thereby normal. n

Note that since f(A) is normal, by (

(2.19) Hf(A)ll2 = p(f(A)

THEOREM 2: Suppose further now that A has real eigenvalues (e.g.

2.1)

) = sup
Aeo (A)

[£(0)

A Hermitian). Then, for j =0, . . ., m,

vy, <1
J ——

where

j n
C,A)u, = () ¢
7K a0

k|
jAK)uK

This implies, recalling that the columns of U



and, assuming that we can make

A
Up = R(5g

for some rational approximation R(z) to cos z.

PROOF: For each j, Yj is an analytic function of the normal matrix

A —. Therefore from (2.19)
2=
Iy, I = lcos I = sup |cosA] = sup |cos —E—| < 1,
2" 3 Aeo ( A.) ueo (A) 2 3
2™~

since pu 1s real. Assume that HUOH < 1. Recall that

= oy 2 -
Ujpp = 2057 - 1= T,(0,).

For suitable choice of R, namely that no eigenvalue of A is a

zero of the denominator of R, U, is an analytic function defined

0

on the normal matrix A/2" and is thereby normal. From (2.18),

since o(UO) C [-1,1] (the eigenvalues of U, being real), by

0
appropriate choice of m for the particular R(z)

lu I = IT, (@) = sup T, < 1.

0
Aso(Uo)

Assume, inductively, that lU,ll < 1. Then

3

Uj+l = TZ(Uj)

so that Uj+l is an analytic function of the matrix Uj which
implies by Theorem 1 that

-

lu, .0 =T, (W)l = sup [T, ()] < 1.
j+1 2 o (U,) 2



In conclusion we have for each 3 =0, . . ., m

fu.l < 1. n
it =

Error Bound

Let Ej =Y, - Uj’ that is, Ej represents the error at the jt

h|
step. Then
Eipr = Uy~ Uy
- (2Yj2 - 1) - (ZUjZ - 1)
- 2(Yj2 - sz)
= 201, + U, - V).

Note that Ujand Y. are both analytic functions of the matrix A so

3

YjUj = Uij {7]. Thus it is possible to factor (Y 2 _ sz) as

3

above. So

E =2, +U )Ej.

3+l 3 3

Taking norms on both sides, we obtain

(2.20) e, 0

341 h2(y

+ U E
5

3 3

< 2ly, + U, i HE I
- h| h hi

Il i
< 45,

h

since HYjH <1 and HUjH < 1. We recognize that this bound may be

very pessimistic, but it appears to be the best we can do.
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THEOREM 3: For every j >1
(2.21) IE, 1 < 2234 1.
j - 0
PROOF: We will show (2.21) by induction. For j = 1 we have
IE I < 4IE I = 221E, |
1 - 0 0

which shows that the error bound (2.21) holds for j = 1.
Secondly let us assume that HEjH 5_22JHEOH. By (2.20)

we have

12,1 < 41,
<4 2Mig
= 2228 iE 1
= 229 .
Consequently, for all j we have
I, < 22ig 1. n

Hence when j = m, lcos A - U| E.sz"Eou.

As stated, the error bound first obtained may look quite
pessimistic, but suppose we have an approximation r(z), ze IR, such

that

(1) |r@=)| <1 V|z] < n some constant (stability)
and

(i11) |cos z - r(z)]| j_Cvlz]v for |z| < ¢ some constant (accuracy)
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then this error bound may still prove to be useful in telling us how
to choose the approximation and number of steps.

THEOREM 4: Suppose we have an approximation satisfying (i) and (ii)
above. Then
(2.22) leos & - Ul < ¢ 2"V (om)1",
PROOF: By definition
IES) = leos < - (=)l
2 2
A
= llcos — - U.l.
oM 0
Therefore if we desire
lugl = Ie(20 = sup  fr(=2)] <1
2 Aeo (A) 2
we must make ]p(—ﬁ;)l < n to satisfy (i). Further we also
require for (ii) ]-9-%-2-] < ¢, L some constant determined by the

scheme. Since

A A A
f(—) = cos — - r(—)
2 2 2

is an analytic function of —%—, from (2.1) and (ii)
2




A

lcos — - r(—%;)" = sup |cos —%; - r(—A—)l
2 2 Aeo (A) 2 i
< ¢ |=|"
2
< C I_Q (A) '\)
—_— v m
Thus
- A A £(a) v
HEOH lcos i r(zm)ﬂ f_Cv] = 7.

Recalling that
leos A - U_I < 2°™IE_|
m - 0
we see that
llcos A = Upll < 22 I&Iv
- v m

22m

2m\)

- v
=C, [p(A)]

= ¢ "V @Y. .

We remark that for A not normal, with real eigenvalues, this double-
angle technique may still work, but the technique of proof will have to
be altered.

With appropriate choices of m and v the term (2.22) may be made

small. For example, suppose we have

-1

(2.23) 2B < pa) < 2P
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and we would like to make

22m 8
(2.24) lcos A - U_II < =— 2°V
m = ,vm
- 22m+(8—m)v < e
for some ¢ > 0. We want
(2.25) 2m + (B - m) < O

in order for (2.24) to hold for small €. This requires
(2.26) (2-vVim+B8v<O0

or

Bv

v -3 v > 2,

m >

Observe that if B < 0, this holds for any positive m. Suppose v > 2
is fixed and B > 0. We would expect that as v increases, m may de-

crease. That is, as the accuracy increases, m may decrease. Clearly

g(v) = B_\’ 5

decreases. Since

g'(\))'-' (V-Z)S"BV

v - 2)*
= _:2—8— <0
(v-2)2




Now returning to (2.24) let us see how we need to pick m in

order to insure llcos A - Umﬂ < g3
(2.27) 2 + (8 - m)v < log,e,

(2 - v)m < logze - Bv,

Bv - logze
m > v - 2
. -10
For example, if B =5 and & = 2
o > 5v + 10 .

v -2

Under these conditions we have the following chart to illustrate what

has been shown above

To consider some specific approximations, let us examine first
the Taylor method with matrix A being hermitian so that all its eigen-
values are real. By Taylor's theorem stated below, the cosine func-

tion may be put in the form

S

where
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THEOREM (Taylor): Let I be an interval containing the number 0. If

f has n continuous derivatives on I then for each x in I

" &l—])
£(x) = £(0) + £'(0)x + E%%;D_ + .4 in_;f? a1 R

where the remainder is given by the formula

n-1

1 X
Rn = m (f) f(n)(t)(x - t) dt.

In general it is more convenient to write the remainder in Lagrangian

form

- f(n)(c) n
n n! X

where ¢ is some number between 0 and x.
Let us take x as a fixed real number and let
f(t) = cos t.

Differentiating yields
f(Zk)(t) = (—l)k cos t
e oy o C1y%sin .

Clearly f has n continuous derivatives on any interval containing O, for any n.

The Taylor coefficients are
£ 6y = 0 ana £ (0) = -k

Therefore, letting n = 2k + 2,




For all =xc¢ R, lf(n)(x)] < 1, so Lagrange's form of the remainder

satisfies
[R | _ 'f(2k+2) () | |x|2k+2 o lx 2k+2
2k+2 (2k+2)! — (2k+2)!

Taking the approximation r(A) to be the truncated Taylor series

k Ay
(-1) 2j
r(A) = Z - AT,
=0 (23!
we have for x¢ R
(2.28) @ Jr@| <1 Vx| <n,
and (ii) |cos X - r(x)| = [R(X)I < (ZkiZ)! IX|(2k+2),

|x] < 6§, some constant.

To show that there exists an n such that (i) holds, look at the expanded

series r(x)

X2 X4
@ =l- T
X2 X4 X6 X8
=l-Gr-7 -GG oEr)

For x2 < 12, each of the terms in parentheses is positive so
r(x) < 1.
On the other hand

2 4 6
X X X

r(x)=(l—-ﬁ)+(—4—!---6—!)+..

implies



since each of the terms is parentheses is positive for xz < 2.
Further, r(x) > -1 for x2 <2,80 |rx)| <1 for |x| <n=2.

Note that we must choose m to satisfy (from Theorem 4):
EIONISETIC N
m | — m | =

There v = 2k + 2 while

C =__l-—
v (2k+2)! °

Thus

lcos A - Um“ < _('2_12-}-—2')'!_ 2m(-2k) [p (A)]2k+2

where Cv decreases as k increases or v increases.

Next let us consider the Pade approximant

T + o A2 + .. .+ A2m
1 m

R (4) = .
mn I+BlA2+...+BA2m

For the Pade approximant we determine the coefficients {ai} and {Bi} in

a~ *t a 22 + ... +a z2m
R (z) = 0 1 m
mn 2 2m

BO + Blz +. ..+ Bmz

so that

© k
B < 1 LE) 0@ - 2@ = 0GY)

for some v. Actually we are looking at the product

E(z) = Tﬁ%ﬁ' [Q(z) cos z - P(2)] = O(zv).




Since theterm is of order 0(1) for small z, it suffices to

1
Q(z)

consider [Q(z) cos z - P(z)]. Consider, for example, the case

m=n = 2, Expanding the left side of [Q(z) cos z - P(2)] gives

B
~ 1,2 1 1. 4
B(z) = (1 -og) + By = oy = )2+ (By = 5= = )2

B B.
2 1 6 2 1 1 8 10
+ (- — - =—==)z + (_.2._4_ - 520 + 40320)2 + 0(z7 ).

We can see then that with appropriate choices of {ai} and {Bi} that the
truncation error may be 0(210). However we may also choose {ai} and
{Bi} such that v may not be optimal but these methods may have features
which make them attractive computationally even though some accuracy is
given up.

Lastly, for the rational approximation of the form
%’ 3. (8)a%
j=0
(1 + B2A2)a

R(A) =

we can find a satisfying the conditions in Theroem 4. The results we

needed are developed in [2] and listed below.

PROPOSITION 2.1: Let o > 1 be an integer. Then there exists a set

(a)}
n

of polynomials {¢n >0 of the real variable x, with real

coefficients given by

@, _ 3 DI a0 209
b " () J.ZO DT a-g*

such that for x > 0

a1 + xzzz)a cos z = z ¢éa)(x)zzn, all z ¢ C.
n=0



If we define the rational function

a
rin) - (L 0P @e™ 1 @+’ for |mmz| < x
n=0

then there exists a constant C = C{a,x) such that

lra(x;z) - cos z| i_CIzI2a+2, for |z| < x-l.
. (@) (@)
Furthermore, there exists x > 0 such that for all x > x
|ru(x;r)| <1, all 1 > 0. 3

For our purposes, then v = 20 + 2.



CHAPTER III

DEVELOPMENT OF METHODS

Thus far we have examined approximation techniques in general.
Now we would like to describe in more detail those methods used in
this thesis to approximate the cosine of a matrix A. For each
algorithm, we generate the matrix A in such a way to allow for compari-
son of our approximation to the actual cosine of A.

First, suppose we want to generate a normal matrix A. We

generate an orthogonal matrix of the form

(3.1) P =1~ 2w

where w is a vector

lwif = 1 = (wTw 1/2.

Recall that P orthogonal means

PT =P or PPT = I.

To verify that such a P is orthogonal simply note that

T

PPT = (I - 2wwi)(I - 2wwi)T®

(I - 2wab)

I- 4wa + 4w(wTw)wT =TI,

Obtaining P in such a manner allows us to find a normal matrix

A by the similarity transformation

42



PAPT = A

where A = (Al, 12, . e ey An) is a real diagonal matrix.

In fact, we see that

so not only is A normal, but it is also symmetric.

For any similarity transformation A = PAP_l we have
-1
(3.2) $(A) = Po(M)P

where ¢ is an analytic function defined on the spectrum of A [7]. To
compute ¢ (A) we only have to take the functional values of the diag-
onal elements so (3.2) is easily computed. The matrix P cos AP_l is
the one compared to our approximation.

There are also some examples included in which A is generated
by a similarity transformation but the matrix A is not normal. We

use a matrix S and its known inverse to generate

A = sas”L.

The specific S and S_1 are:



where N is the order of the matrix [3].
In each case the diagonal matrix A is read in along with the
vector w or the value of N as the case may be.
With our calculations we compare the approximation to the actual
cosine in the infinity norm which is defined below:
N

lAle = max llAxll, = max )
xlo=1 1<i<N j=1

oy, |

where N is the order of the matrix A [6].

Method I

For the first approximation technique we take a given N-by-N

matrix A, let m be an appropriate power of 2 to form the matrix A/m. Then
the matrix cosine A/m is calculated by a Taylor approximation. By

repeated use of the double angle formula
2
cos 2A = cos” A -1

we find our approximation to cos A.
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An important step is the calculation of the matrix cos A/m by

a Taylor approximation. There are two ideas which parallel methods

A/

used in the computation of e n by a Taylor series, that may be

applied to the calculation of cosine A/m. One way is to fix the order

of the Taylor approximating polynomial. Fix a positive integer q and

approximate cosine A/m by

A2 Ab A, 2q
(3.3) I - (;) + (m) _ + (m)
2! 4! Tt (2q)! °
In the second way we take
2%
A k(D)
(3.4) T T LT

and denote by fz[Tk({%)] the matrix obtained after computing Tk(ﬁ? in
floating point arithmetic on the computer. Performing the approximation

(3.4) for increasing integral values of k until
A A
lIf!L[Tk(;-)] - f“Tk+1(E')]"°° < g

for some small e, insures that the order of the Taylor approximation
yields accurate results [6]. However, to obtain this accuracy, the
number of operations may be increased greatly since the order of the
approximating polynomial may be large. In this way, a valid compari-
son could not be made with the other methods.

Let us mention some programming aspects of this method. Given
the N-by-N matrix A we form A/m with m = Zj for some given integer j.
The matrix cosine A/m is formed using the Taylor series with predeter-
mined value of q, as in (3.3). Then the approximation cosine A is

found by repeated use of the double angle formula. It is compared




with the actual cosine in the infinity-norm and accepted as our

approximation if close enough. Otherwise, the value of j is increased
and the program is repeated.

One measure of the efficiency of such a computation would be to
count the number of arithmetic operations necessary for the calculation.
We are concerned normally only with the number of multiplications and
divisions used. Let N be the order of the matrix, j be the power of 2
being used and p the order of the approximating polynomial.

To form the matrix f% requires N2 multiplications. A Taylor
approximation of order p, using nested multiplication, requires
(N3 + Nz)p multiplications. Then the double angle formula requires
jN3 operations. So the total operation count for Method I is approxi-

mately
(p + j)N3 + pN2.
Note the important role of p.
Method II

In the second method we employ rational approximations to the
cosine of a given matrix A. As mentioned earlier, we shall use the
Padé approach to determine the coefficients {ai} and {Bi} in the
approximation

a+ a2z + ... +az Pmn(z)

(3.3) R (z) =
mn 2 2n
60 + Blz + ...+ an an(z)

so that the error is




k 2k v
(2k) ! Z ] an(Z) - Pmn(z) = O(Z )

(3.4) ges[)] U

I o~18

k=0
for some v. Here we shall consider only the cases m,n < 2. We then
formally replace the scalar z by the matrix A to obtain the approxima-
-1
tion Rmn(A) an(A)Pmn(A).

Expanding the left side of (3.3) yields, as before

8
- - - g, - 1y22 S A L,y,4
(3.5) E = (30 ao) + (Bl oy 2)z + (82 5 a, + 24)2
B B B B
1 2 1 .6 2 1 1 .8 10
tlg -7 - 7007 Y T e st Yot )

We begin by normalizing so that Bo = 1. Then leaving Bl and 82

arbitrary we specify that

0 @y Bl - 1/2.
This dictates that v is at least 2 in (3.4).

Specifically, for the first method we have

21 = = 2 =
(3.6) By =17> B, =0 oy 7 % =0

With these choices we also eliminate the z4 term in (3.4). This is
the optimal (1,1) Pade approximation, also known as the Stormer-Numerov

method.

Proceeding to the general (2,2) approximation we specify that

g
1 1
@ =By -3t 37

so that v > 6 for all Bl and 62. Our second method requires that

1 - =_ 1 I
(3.7 By =% By =05 oy 2 %2 i)



The stability behavior of certain rational approximants of the Padé

type have been analyzed in [8].

A brief description of the program used for Method II follows.
We generate the N-by-N matrix A and for a given positive integer j we
form the matrix A/m, m = Zj. Afterwards we form the numerator P and
the denominator Q of the approximation R. Then using Crout reduction
with pivoting [9], we compute an LU decomposition of Q. To find R we
solve the system

LUrj = pj

where

R = [rl, Tos oo s rN]

by solving in respective order the system
Lz, =
j p
Ur, = z,.
J

We thereby produce the approximation R column by column.

As in Method I, the double angle formula is applied j times to
the matrix R to obtain our approximation to cosine A. We compare this
approximation to the actual cosine A in the infinity norm, and if our
approximation is not close enough we increase the value of j and repeat
the program.

As a measure of efficiency we offer an operation count of

Method II. 1In the first case (3.6), the calculation of P and Q require

%+ N
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operations. For Crout reduction, that is to obtain an LU decomposition
of Q, it takes approximately N3/3 multiplications. To backsolve
requires N2 operations for each column so we have in addition 2N3

‘ multiplications. Applying the double angle formula to R takes jN3

operations. Thus, for a given j, the approximate operation count is
w4 (F+ DY,

In second case (3.7), the calculation of P and Q requires
ZN3 + 3N2 multiplications. Therefore the operation count is

approximately

e+ (2 + PN
when {ai} and {Bi} satisfy (3.7).

Method III

The third approximation scheme also uses a form of rational

approximation. 1In general, the idea is to approximate cosine A by

o 2.
(3.8) I oy(8)A J

j=0
R(A) =
(1 + gay®

o|r

for some u.

Specifically we choose o = 2 and try the following schemes

1.,4

(3.9) P=1+ (28 - 3)80 + (8% - 8+ o)A

(3.10) Q= (I+ BA2)2




with

(3.11) 8= 1/4 + Y1/24
or
(3.12) 8 = (5 + v15)/60.

This choice of parameter is discussed in [2]. The value of 8 in (3.11)
gives an unconditionally stable fourth order approximation, while that
in (3.12) gives a conditionally stable sixth order approximationm.

An outline for Method III is given by the following. We form
the matrix A/m for some appropriate m, as a power of 2 and then form
the numerator P as in (3.9) replacing A with A/m. Next we form the
matrix I + B(A/m)z. Again using Crout reduction with pivoting we

find an LU decomposition for [I + B(é})zl. Then we have the system
A2 A2, _
[T + 3(;;) HI + B(;;) IR =P
to solve. We do this by solving each of the following linear systems

1+ s(%)z]y =P
and

1+ 8(5 21 = ¥

as in Method II. After obtaining R(f&), repeated use of the double
angle formula gives us our approximation to the cosine of A.

Once more let us use the number of multiplications as a measure

of efficiency. To form P and Q requires approximately ZN3 + 3N2

3
operations. The LU decomposition takes 3%— multiplications. Solving
the linear systems of equations requires 4N3 operations. Lastly, use

of the double angle formula takes jN3 multiplications for a given j



where m = 2J. Therefore the operation count is approximately

2
N’ + (13—3 + PN
for Method III.
Parlett's Method

Lastly, we use a method developed by B. N. Parlett for the
computation of functions of triangular matrices [7] in calculating an
approximation for the cosine matrix. In our case we will assume that

we can find that Schur decomposition of a matrix , i.e.,

B = PTP*, pk = p1

and then employ Parlett's method to find cos T. We find cos B
using the definition cos ﬁ = P cos T P*.

Let ¢ represent an analytic function on the spectrum of B. A
simple relation exists among the elements of ¢(T) which allows us to

build up ¢(T), one super-diagonal after another, going away from the

main diagonal. A comparable relation exists for block upper triangular

matrices. In our discussion we do not deal with matrices having
multiple eigenvalues, but the confluent case is included by Parlett.
There are two important lemmas used in the development of

Parlett's algorithm.

LEMMA 4 (Parlett): Let ¢(z) be an analytic function which is regular
inside and on some contour ' which contains T's spectrum where

T is an upper triangular matrix. Then frs = ¢(T)rs is
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completely determined by ¢ and those elements tij of T satisfying
r<ic<jc<s. [7]
The matrix F = ¢(T) 1is well defined and also upper triangular. Any
element frs’ r <s of F is related to the elements in its row and
column which are closer to the main diagonal and which have already

been computed. The following diagram illustrates this relationship [7]:

rowr |X X X X |4

column S

The result is a consequence of the following lemma:

LEMMA 5 (Parlett): Any square matrix B commutes with ¢(B) for any
scalar function ¢ for which ¢(B) is well defined. [7].
From these lemmas Parlett proves this theorem which gives us a formula

for computing F = ¢(T):

THEOREM (Parlett): Let F = ¢(T) be an analytic function of an upper

triangular matrix T. For r < s,

(3.13) (t._ -t J)Ef__ = (f " frs)t

Ir S8° Irs r rs

s-r-1
+ ) (f
k=0

r,r+ktr+k,s - tr,s-kfs—k,s)'

The main diagonal elements are found by

frr = q>(tr:r)'




For r >

The idea of the proof given by Parlett is that F is upper triangular
by lemma 4 and

FI -TF =0
by lemma 5. If we write out the (r,s) element of the left hand side
and rearrange terms, then (3.13) is obtained.

If T is complex then we have an alternative so that real func-
tions of real matrices with complex eigenvalues may be evaluated in real
arithmetic. If the Schur decomposition of B yields a complex matrix
T we have a modification of T called the real Schur form % which is
block upper triangular, and the diagonal blocks are either 1 x1 or
2 x 2, Each complex conjugate pair of eigenvalues )\ and A in S has
a corresponding real 2 x 2 diagonal block in % whose eigenvalues are
A and A. It may be convenient to standardize the real Schur form by

requiring the 2 x 2 diagonal blocks to have the form

p B 9
sy Y 2 0’ g > 0’ =By = u
Y P

where vy = p+ip, u > 0. Generally, we cannot arrange that y = -8 = u.
When T is block upper triangular we have the following corollary

to compute cosine of T.

~

COROLLARY: Let T = Ty

#(T) will have the same block structure and for r < s,

) be block upper triangular. Then

F

R s-r-1 R R
(F

rrFrs FrsTss kZO r,r+kTr+k,s - Tr,s-sz—k,s)'

>
1
|

(3.4)




PROOF: By lemma 5 we know that

Writing out the (r,s) block of (3.15) we get

+ +
TrrFrs Tr,r+lFr+l,s Tr,r+(s-l)Fr+(s-l),s *+ Trsts

+ . . . + F

FrrTrs + Fr,r+lTr+l,s r,r+(s-l)Tr+(s-l),s + FrsTss

+...+F

F +
Trr rs FrsTss FrrTrs Fr,r+lTr+l,s r,r+s—lTr+s-l,s

- Tr,r+1Fr+l,s IR Tr,r+s-lFr+s—l,s
- F
rs ss
: s~r-1
= - = - . ]
TrrFrs FrsTss kZO (Fr,r+kTr+k,s Tr,s—sz—k,s)

Now let us consider in particular the cases:

(3.16) (1) T _ and T _ both 1x1, so F is 1x1
Y ss rs

(3.17) (2) Trr being 2x2, TSS being 1x1 so that Frs is 2x1

(3.18) 3 T and T both 2x2 so F is 2x2.
rY ss TS

The solutions for each of these cases are

s-r-1 1

CASE 1: Frs = k§0 (Fr,r+kTr+k,s-Tr,s—sz—k,s)](trr - tss)

s-r-1
CASE 2: F__ =1{ ) (F

s - tssl)—;
t k=0 &

r,r+kTr+k,s - Tr,skos—k,s)](;rr



CASE 3: Let

- =C= c12
rr rs rs ss c c
21 22
where
s-r-1
¢= z (Fr,r+kTr+k,s - Tr,s-—sz-k,s)'

k=0

We have the linear system
(b - Wy = o)y + BEy = ey
mafyy t (e - WEy B8Ry = ey

vEpp + (o - Wy - 0f,, = ey

[
[¢]

vEip = afy) + (o - Wy, = ¢y

Using the elimination method we obtain

£f,, = {ac21[-(p - u)z - Y8 + a¢] + (p - u)lad (p - u)2 + YB]c22

22
2 2 .2
+ [(p=u)" - yB + a¢]Yc12 + 2a(o-u)Ycll}/{(p—u) [2yB +2a¢ = (p-u)"]

- Y232 - a2¢2 + 2vyBad}

£, = {(p-u)c21 = veyy ey, F 2¢(p-u)f22} / [(p-u)2 - YB + a¢]
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£ = {

12 +vey, - ct(p-u)f21 + (y8 + Y¢)f22} / y(p-u)

ac21
£19 = (eqp * 0fy5 = BEy)) / (o-wdfy;.

To utilize Parlett's method we must compute the real Schur
form of a N-by-N matrix A. To obtain the real Schur form requires
about 10N3 + 30N2 multiplications using well known routines im the

EISPACK library. Then the building up of the cosine matrix takes

3
only I%— operations. So the total operation count is about
3
308 + 108° + ‘N:T

for Parlett's method.



CHAPTER IV

NUMERICAL RESULTS

Each of the methods discussed in Chapter III has been applied
to calculate the cosine of various matrices. Data tables have been
constructed to show the numerical results. The test matrices will be
identified by the order N of the matrix and its eigenvalues. Recall
that normality played a significant role in our discussion, but we
have included normal as well as non-normal matrices in our tests. 1In
fact the normal matrices are symmetric.

Methods I, II, and III involve a scaling factor m which is a
power of 2, e.g. m = 2j for some positive integer j. The value of
j will be important. For method I the number 2p denotes the order of
the matrix polynomial used in the Taylor approximation.

DIFF represents the difference in the matrix infinity norm
between the actual cosine matrix and the cosine matrix computed by
other methods. When DIFF became less than 10_10 in double precision
or DIFF began to increase the program was ended. Blanks in the table
indicate that one of these conditions has occurred.

We wish to examine the results and make some comments on the
data. Any observations or conclusions are based solely on the test
matrices used. We have considered matrices of order N = 2, 3, 4, 10.

Note that no matrices having confluent eigenvalues have been included.
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Let us look at Tables 1 - 10. Each table contains five values
of DIFF, for certain values of j, corresponding to the methods as below:

DIFF 1--METHOD I

DIFF 2-~METHOD II Bl = 1/12
DIFF 3--METHOD II 81 = 1/4
DIFF 4--METHOD III = 1/4 + V1/24

DIFF 5--METHOD III 8 = (5 + v15)/60

The aim here was to demonstrate the effectiveness of the double angle
formula with various choices of approximation schemes and strict
comparison was not intended.

First of all, for j selécted sufficiently large each of the
methods provide a reasonably accurate approximation. Secondly, if the
number of steps, j, is adequate, we obtain increasingly better results
as the order of the Taylor approximation increases. However, this in-
creased accuracy is at the expense of higher cost. Thirdly, for the
problemsrun, the choice of parameter Bl = 1/12 in Method II and
B= (5+ /E§3/60 in Method III afford greater accuracy at the same
expense than the other choices given. Lastly, the Taylor methods
compare favorably with any of those tested when we have large enough p.
However, a fair comparison of these approaches would also involve
consideration of cost as well as accuracy.

Observing Table 4 we see that as expected no method gives a
reasonable approximation until Al = p(A) < 1. That is, convergence

does not begin uatil |£é%lﬂ.il. Once this condition is satisfied,

with g = (5 + /I5)/60 in Method III we obtain a better initial




TABLE 1

COMPARISON OF THREE METHODS WITH
N=2 AND POSITIVE EIGENVALUES

N=2 EIGENVALUES 1,2
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3 P=2 B,=1/12 B =1/4 1/4+V1/24 (5+v/15) /60
DIFF 1 DIFF 2 DIFF 3 DIFF 4 DIFF 5
1 .3500(-2) L4707 (<2) .1773(-1) .7381(~1) .9793(-3)
2 .1943(-3) .2835(-3) .1182(-2) .7362(-2) .2245(=5)
4  .7324(-6) .1097 (~5) L4741(-5) .3461(~4) .4321(-8)
6 .2855(-8) .4281(-8) .1856(-7) .1369(-6) .1012(-11)
8  .1121(-10) .1574(-10) .6789(-10) .5336(-9)
10  .6241(-10) .1418(-9) .1078(-9) .2003(~9)
j P=3 P=6 P=8
DIFF 1 DIFF 1 DIFF 1
1 .6304(-4) .2939(-10) .4996 (-15)
2 .8715(-6) .6328 (-14)
4 .2051(-9)
6  .1258(-12)




TABLE 2

COMPARISON OF THREE METHODS WITH
N=2 AND NEGATIVE EIGENVALUES

N=2 EIGENVALUES -1,-2

60

.1258(-12)

j P=2 1/12 1/4 1/4+/1]24 (5=/15) /60
DIFF 1 DIFF 2 DIFF 3 DIFF 4 DIFF 5
1 .3500(-2) .4701(~2) .1773(-1) .7381(-1) .9793(~3)
2 .1943(-3) .2835(-3) .1182(-2) .7362(~2) .1702(-4)
4 .7324(=6) .1097 (-5) L4741(=5) .3461(~4) .4321(-8)
6 .2855(~8) .4281(-8) .1855(=7) .1369(-6) .1011(-11)
8 .1121(-10) .1574(~10) .6789(~10) .5336(-9) .1062(-10)
0 .6241(-10) .1418(-9) .1078(~9) .2003(=9)
j P=3 P=6 P=8
DIFF 1 DIFF 1 DIFF 1
1 .6304(-4) .2939(-10) 4996 (~15)
2 .8715(-6) .6328(~14)
4  .2051(-9)
6




TABLE 3

COMPARISON OF THREE METHODS WITH

N=2 AND MIXED EIGENVALUES

N=2 EIGENVALUES -1,1

j 1/12 1/4 1/4+/1/24 (5+v15) /60
DIFF 1 DIFF 2 DIFF 3 DIFF 4 DIFF 5
1 .7584(-4) .1107 (-3) .1316(-3) .2869(-2) .6624(=5)
2 ,4608(-5) .6865(-5) .2165(~5) .2079(-3) .1068(-6)
4 ,1783(-7) .2675(-7) .1159(-6) .8531(-6) .2627(-10)
6  .6955(-10) .1044(-9) .4521(-9) .3342(-8) .3027(-12)
8  .1426(-11) .1632(-11) .7758(-11) .1695(-10)
10 .9635(-10)
12
j P=3 P=6 P=8
DIFF 1 DIFF 1 DIFF 1
1 .3391(-6) .2591(~14) .3009(~15)
2 ,5145(-8)
4 ,1257(-11)
6




TABLE 4

COMPARISON OF THREE METHODS WITH

N=2 AND WIDESPREAD EIGENVALUES

N=2 EIGENVALUES -100,100

i P=2 1/12 1/4 1/4+/1]24 (5+v15) /60
DIFF 1 DIFF 2 DIFF 3 DIFF & DIFF 5
1 .1343(12) .4757(2) .1388(7) 12749 .2763(2)
2 ,5197(18) L4372(4) .1497 (11) .2089(+1) .1535(4)
4 ,9403(31) .1811(14) .1332(23) .1748(1) .6840(12)
6 .1060(1) .2545 .1301(1) .7562 .1366
8 .1680(-2) .2461(-2) .1028(-1) .7724(-1) .9206(-4)
10 .6406(-5) .9598(-5) .4153(-4) .3047(-3) .2303(~7)
12 .2498(-7) .3748(-7) .1624 (-6) .1199(-5) .1639(-11)
14 .6923(-10) .8211(-10) .3843(~9) .4824(-8)
i P=3 P=6 P=8
DIFF 1 DIFF 2 DIFF 1
1 .9195(15) L4679 (24) .8821(28)
4 .5528(30) .1425(11) .2312(2)
6  .2648(-1) .1903(-6) .1555(-10)
8  .4570(-5) .4218(-13) .4354(-13) (3=7)
10 .1091(-8)
12 .1640(-11)
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TABLE 5
COMPARISON OF THREE METHODS WITH
N=3 AND POSITIVE EIGENVALUES
N=3 EIGENVALUES 1,2,3
j P=2 1/12 1/4 1/4+v/1]24 (5+Y15) /60
DIFF 1 DIFF 2 DIFF 3 DIFF 4 DIFF 5

1 .5587(-2) .5392(-2) .1837(-1) .9609(-1) L2164 (-2)
2 .2424(-3) .3401(-3) .1341(~2) .8181(-2) L4021 (~4)
4 .8752(-6) .1308(-5) .5639(-5) L4071 (~4) .1071(-7)
6 .3403(-8) .5104(-8) .2211(=7) .1630(-6) .2539(-11)
8 .1369(-10) .2109(~10) .8656(-10) .6389(~9)
10 .5257(-10) .1413(-9) .1602(-9) .1993(-9)
12 .1721(-8)

3 P=3 P=6 p=8

DIFF 1 DIFF 1 DIFF 1

1 .1970(=3) .5156(-5) .7669(~13)

2 .2285(-5) .1475(=7)

4 .5116(-9) .2064(~12)

6 .1727(-12)




TABLE 6

COMPARISON OF THREE METHODS WITH
N=3 AND NEGATIVE EIGENVALUES

N=3 EIGENVALUES -1,-2,-3

j pP=2 1/12 1/4 1/4+/1/24 (5+v15) /60
DIFF 1 DIFF 2 DIFF 3 DIFF 4 DIFF 5
1 .5487(-2) .5392(-2) .1837(-1) .9609(-1) .2064(-2)
2 .2424(-3) .3401(-3) .1341(-2) .8181(-2) L4021 (-4)
4  .8752(-6) .1308 (-5) .5639(-5) L4071(-4) .1071(-7)
6  .3403(-8) .5104 (-8) .2211(-7) .1630(-6) .2539(-11)
8  .1369(-10) .2109(-10) .8656(-10) .6389(-9) .1421(-10)
10 .5257(-10) .1413(-9) .1602(~10) .1993(-9)
12
j P=3 P=6 P=8
DIFF 1 DIFF 1 DIFF 1
1 .1970(-3) L1104 (-8) .7769(-13)
2 ,2285(~5) .1984(-12)
4 .5116(-9)
6 .1727(-12)
8




TABLE 7

COMPARISON OF THREE METHODS WITH
N=3 AND MIXED EIGENVALUES

N=3 EIGENVALUES 10,-5,10
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j p=2 1/12 1/4 1/4+/1/24 (5+v15) /60
DIFF 1 DIFF 2 DIFF 3 DIFF 4 DIFF 5
1 .4961(3) .2153(2) .1460(3) L1607 (1) .1528(2)
2 L4137 .3329(1) .2755(2) .1415(1) L1547 (1)
4 ,1421(-2) .2052(-2) .8447(-2) 4473(-1) .1871(-3)
6  .5260(-5) .7869(=5) .3397(-4) .2463(-3) .4848(-7)
8  .2048(-7) .3071(-7) .1330(-6) .9812(-6) .1048(~10)
10 ,8021(-10) .1165(-9) .5168(-9) .3838(-8) .1337(-9)
12 ,2651(-9) .1015(-8) .7895(-9) .2123(-9)
j P=3 P=6 P=8
DIFF 1 DIFF 1 DIFF 1
1 .,1201(3) .9363(-1) L7444 (=3)
2 ,1854 L1776 (<4) .9538(-8)
4 ,1002(-4) 2774 (-12) .4918(~13) (3=3)
6  .2308(-8)
8  .8183(-12)




TABLE 8

COMPARISON OF THREE METHODS WITH
N=4 AND NEGATIVE EIGENVALUES

N=4 EIGENVALUES -1,-2,-3,-4

3 P=2 1/12 1/4 1/4+V1/24 (5+Y15) /60
DIFF 1 DIFF 2 DIFF 3 DIFF 4 DIFF 5
1 .1241 .1536 .5425 .3322 .77802(-1)
2 .4897(-2) .6643(-2) .2536(-1) .9618(-1) .1373(-2)
4  .1658(-4) .2470(-4) .1060(-3) .7478(-3) .3840(~6)
6  .6419(~7) .9624(-7) .5375(-9) .3069(-5) .9566(-10)
8  .2502(-9) .3731(-9) .1629(-8) .1203(-7) .4710(-11)
10  .4019(-10) .3088(-9) .3117(-10) .9661(~10) (3=7)
12 .3376(-8) .1048 (-8) .1235(-8)
i P=3 P=6 P=8
DIFF 1 DIFF 1 DIFF 1
1 .1019(-1) .3077(-6) .6745(-10)
2 .8824(-4) .4110(-10) .3719(-14)
4  .1851(-7) .8893(-14) (j=3)
6  .4531(-11)




TABLE 9

COMPARISON OF THREE METHODS WITH

N=4 AND MIXED EIGENVALUES

N=4 EIGENVALUES -1,1,-2,2

3 p=2 1/12 1/4 1/4+/1/24 (5+v15)/60
DIFF 1 DIFF 2 DIFF 3 DIFF 4 DIFF 5
1 .2952(-2) .3972(-2) L1496 (-1) .6247(-1) .8237(-3)
2 .1639(-3) .2393(-3) .9978(-3) .6218(-2) .1432(-6)
4 .6181(-6) .9256(-6) .4001(-5) .2921(-4) .3634(-8)
6  .2409(-8) .3613(-8) .1566(-7) .1155(~6) .2057 (~11)
8  .8497(-11) .1301(~10) .6330(-10) .4571(-9) .2903(~10)
10  .3883(-10) .1026(-10) .3858(~10) .4575(~10)
12 .2077 (-8) .1293(-8)
3 P=3 P=6 P=8
DIFF 1 DIFF 1 DIFF 1
1 .5301(-4) .2469(-10) L4441 (-15)
2 .7330(-6) .4552(~14)
4 .1725(-9)
6 .9853(-13)




TABLE 10

COMPARISON OF THREE METHODS WITH
N=10 AND NEGATIVE EIGENVALUES

N=10 -1,-2,-3,-4,~5,-6,-7,-8,-9,-10
i P=2 1/12 1/4 1/4+/1/24 (5+/15) /60
DIFF 1 DIFF 2 DIFF 3 DIFF 4 DIFF 5
1 .1017(4) .2562(2) .1771(3) .2592(1) .1829(2)
2 .2881(1) .4142(1) .3421(2) .29516(1) .1925(1)
4 .8957(~2) .2583(-2) .1064 (-1) .5648 (~1) .2341(-3)
6 .3341(-4) .9906 (-5) .4276(-4) .3101(-3) .6063(~7)
8  .1302(-6) .3866(~7) .1675(=6) .1235(-8) .1780(~10)
10 .1234(-7) .1397 (-9) .6504 (=9) .4843(-8) .2899(-9)
12 .1316(-6) .2831(-8) .2741(-8)
h| P=3 P=6 P=8
DIFF 1 DIFF 1 DIFF 1
1 .2562(3) .3224 .2368(-2)
2 .7218 . 5844 (~4) .2939(~7)
4 .5267(-4) .5441(-11)  .1075(-11)(§=3)
6 .1224(-7)
8  .7213(-9)
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approximation. Observe that we are looking for the lowest value of j
for which we have a reasonable approximation.

As N increases the initial approximation becomes worse, and a
higher value of j is required to obtain a more accurate approximation,
and therefore more operations are required. Note that the effect of
round-off error becomes significant as j increases. We will see this
demonstrated in Table 11. With larger N we still get more accurate |
results in Method I by increasing P.

Returning to the problem of round-off error, we see that even
though:desired accuracy may not have been obtained, DIFF begins to
grow as j continues to increase. Table 11 contains both DIFF and
HR(A/Zj) - cos (A/ZJ)H,‘Where R(A/Zj) is the rational approximation
before applying the double angle method, for certain values of j.
Notice that although ||R(A/2j - cos (A/Zj)ﬂ improves as j gets
larger, the value of DIFF becomes worse. We therefore conclude that
the problem lies in repeated use of the double angle method required
by using larger j. Round-off error takes over at some point and DIFF
starts to increase. This provides another reason for wanting to find
a reasonably accurate approximation with j as small as possible.

Now let us concentrate on the data involving the Taylor approxi-

mation, Method I. We would like to compare the results for different

values of j and p. Being more specific, we ask if it would be more
practical to use a higher order polynomial and small j or a larger j and
a smaller order polynomial. Recall that the key to the operation

count for this method is (j + p). Tables 12 and 13 show DIFF for



ILLUSTRATION OF ROUND-OFF ERROR
IN DOUBLE ANGLE METHOD

N=4 EIGENVALUES -1,-2,-3,-4

TABLE 11

j IIR(-L.) - cos (i) | DIFF 2
23 2

1 .8385(-1) .1536

2 .1841(-2) .6643(-2)
4 5046 (-6) .2470(-4)
6 .1241(-9) .9625(-7)
8 .3005(-13) .3731(-9)
10 .4565(-15) .3088(~9)
12 .3608(-15) .3376(-8)
14 «2634(-15) .3848(-7)
16 .2363(~15) .7783(-6)
18 .2360(-15) .1282(~4)
20 .2360(-15) .2054(-3)




TABLE 12

RESULTS OF METHOD I FOR VALUES

OF j+p WITH N=2

N=2 EIGENVALUES 1,2

j+p i p DIFF 1
4 2 2 .1943(-3)
4 1 3 .6304(-4)
5 1 4 .7035(-6)
5 3 2 .4570(-7)
5 2 3 .8715(-6)
7 1 6 .2939(-10)
7 4 3 .2051(-9)
7 5 2 .4569(-7)
9 1 8 .4996 (~15)
9 7 2 .1779(-9)
9 6 3 .1258(-12)
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TABLE 13

RESULTS OF METHOD I FOR VALUES
OF j+p WITH N=4

N=4 EIGENVALUES -1,-2,-3,-4

j+p j P DIFF 1

4 2 2 .4897(-2)
4 1 3 .1019(-1)
5 1 4 .4557(-3)
5 3 2 .2728(-3)
5 2 3 .8824(=4)
7 1 6 .3077(~6)
7 4 3 .1851(-7)
7 5 2 .1029(=5)
9 1 8 .6745(-11)
9 7 2 .4010(-8)
9 6 3 .4531(-11)
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matrices of order N = 2 and 4 using different values of j and p to
obtain a given value of j + p.

Based on the data we have, we cannot determine which case pro-
vides the greater accuracy. However, considering the operation count
it would be less expensive to choose a small p and larger j rather than
taking a large p and a small j, until round-off becomes a factor.

These conclusions are based only on our tests.

Let us focus our attention on comparison of Parlett's method to
the other methods. For an upper triangular or block upper triangular
matrix, Parlett's method offers an accurate means to calculate the
cosine. Inorder to compare Parlett's method with the other methods, we
have computed the cqsine of an upper triangular matrix T using Parlett's
method, .then multiplied ¢(T) by P and P* to obtain the matrix.

Po(T)P*
where P =1 - 2wa. We compared this to cos (PTP*) computed by
Methods I and III. ;Our purpose here is not to see whether Parlett's
method works, but rather to see how well our double angle approach
agrees with that ob;ained by his method. DIFF represents the difference
in the infinity norm between the approximation R and the cosine found
by using Parlett's ﬂethod. In particular, the upper triangular

matrices of order N = 2, 3, 4 and 10 are
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1 17 5 3 -1 -4 1 5 10
9
0 2 0 -50 =2}, 0 -3 1 -6

0 0 0 0 0 0O O 9 1

0 0 0 0 0 0 0 0 O 10

Observing Table 14, for small j and p not too large in Method I,

Method III affords tﬁe greatest agreement with the Parlett computation.
Further, as j gets lbrge, all methods give about the same agreement and
in particular the order of Taylor approximation in Method I is not
important.

Recall that the error bounds developed in Chapter II relied
upon the matrix A being normal, with real eigenvalues. As stated
earlier, this does not imply that these errér bounds are incorrect for
other matrices, but another technique of proof is needed to verify

this. In Tables 15-18 we have included examples of non-normal matrices.




COMPARISON OF PARLETT'S METHOD TO

TABLE 14

METHOD I AND METHOD III
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j P=2 P=3 P=6 P=8 1/4+/1/24 ,(5+/15)/60
DIFF 1 DIFF 1 DIFF 1 DIFF 1 DIFF 3 DIFF 3
N=2 2 .2496(-3) .1129(-5) .5736(-8) .5736(-8) .9449(-2) .2200(-6)
4 .9364(-6) .5590(-8) .5736(-8) .5736(-8) .4445(-4) .4510(-7)
6 .7798(-8) .5735(-8) .5736(-8) .5736(-8) .1714(-6) .4445(-7)
8 .5741(-8) .5734(-8) .5734(-8) .5734(-8) .6110(-8) .4221(-7)
10 .5720(-8) .5720(~8) .5735(-8) .5720(~-8) .5733(-8) .4220(-7)
N=3 2 .6105(18) .1024(24) .1002(34) .3607(37) .5999 . 1864 (4)
4 .1105(32) .6494(30) .1054 .2716(2)  .2421(1)  .8036(12)
6 .1244(1) .3109(-1) .2205(-6) .5814(-8) .8860 .1062
8 .1968(-2) .5367(-5) .5815(-8) .5815(-8) .1113(1)  .1114(1)
10 .7501(-5) .5995(-8) .5797(-8) .5797(-8) .3569(-3) .3008(-7)
N=4 2 .1670(-1) .3060(-3) .7405(-7) .7392(-7) .3263 - 4772(-2)
4 .5636(-4) .7404(-7) .7392(-7) .7392(-7) .2538(-2) .1323(-5)
6 .2779(-6) .7390(-7) .7391(-7) .7391(-7) .1044(-4) .7358(-7)
8 .7383(-7) .7388(-7) .7388(-7) .7388(-7) .1121(-6) .7383(-7)
10 .7382(-7) .7380(-7) .7380(-7) .7380(-7) .7348(-7) .7195(-7)
N=10 2 .1244(1)  .2537 .2310(-4) .1290(-6) .3899(1)
4 .2805(-2) .1575(-4) .1318(-6) .1318(-6) .1049
6 .1058(-4) .1335(-6) .1318(~6) .1318(-6) .4994(-3)
8 .1276(-6) .1318(-6) .1318(-6) .1318(-6) .1980(-5)
10 .1317(-6) .1318(-6) .1318(-6) .1318(-6) .1277(-6)




TABLE 15

RESULTS OF THREE METHODS ON NON-NORMAL
MATRIX OF ORDER N=2

N=2 EIGENVALUES 3,2

j p=2 1/12 1/4 1/4+/1]24 (5+/15) /60
DIFF 3 DIFF 4 DIFF 5

1 .1019(-1) .5955(-2) .2528(-1) .1388 4911 (-2)

2 .3231(-3) .4185(=3) .1445(-2) .8335(-2) .1017(-3)

4 .1068(-5) .1590(-5) .6813(-5) L4794 (=4) .2751(=7)

6 .4133(-8) .6194(-8) .2682(-7) .1974(-6) .5297(-10)

8 .2571(-10) .3087(-10) .8555(~10) .7990(-9)

P=3 P=6 P=8
DIFF 1 DIFF 1 DIFF 1
1 .5396(-3) +3681(-8) .2602(-12)
2 .5974(-5) +6652(-12)
4  .1318(-8)
6 .2709(-11)

|
|
|
|
|
|
DIFF 1 DIFF 2



TABLE 16

RESULTS OF THREE METHODS ON NON-NORMAL
MATRIX OF ORDER N=3

N=3 EIGENVALUES -5,10,20
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i P=2 1/12 1/4 1/4+/1726  (5+/15) /60
DIFF 1 . DIFF 2 DIFF 3 DIFF 4 DIFF 5
1 .8102(6) .1027(3) .6273(4) .6396(1) .7267(2)
4 .2428 .3235 .1197(1) .2059(1) .9085(-1)
6 .7713(-3) .1145(-2) .4892(-2) .3368(-1) .2688(-4)
8  .2974(-5) .4458(-5) .1930(-4) .1419(-3) .6830(-8)
10 .1218(-7) .1819(~7) .7531(-7) .5570(~6) .1962(-8)
11 .2845(-8) .1570(-8) .4869(-8) .3301(-7) .1187(~7)
i P=3 P=6 P=8
DIFF 1 DIFF 1 DIFF 1
1 .6257(7) .3752(7) .8894(5)
4 4226 .1197(-7) .4696 (~12)
6 .1300(-5) 4374 (-11)
8  .3158(-9)




TABLE 17

RESULTS OF THREE METHODS ON NON-NORMAL
MATRIX OF ORDER N=4

N=4 EIGENVALUES -1,-2,-3,-4
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j pP=2 1/12 1/4 1/4+/1/24 (5+v15) /60
DIFF 1 DIFF 2 DIFF 3 DIFF 4 DIFF 5
1 .4087 .5092 L1754(1) .1680(1) .2457
2 .1646(-1) .2246(~1) .8632(-1) .3516 .4350(-2)
4 .5626(~4) .8385 (~4) .3601(-3) . 2549 (~2) .1214(-5)
6 .2180(-6) .3268(~6) L1415(-5) .1042(=4) .3029(=9)
8 .8996(-9) .1272(-8) .5510(~8) L4094 (-7) .1859(~9)
10 .1361(-8) .1302(-8) .2294(-8) .2193(-8) .4049(-8)
p=3 P=6 P=8
DIFF 1 . DIFF 1 DIFF 1
1 .3715(-1) .9305(~6) .2029(~9)
2 .2782(-3) .1246(-9) L4274(-13)
4  .5851(-7) 12038 (~12) *3
6 .2096(~10)




TABLE 18

RESULTS OF THREE METHODS ON NON-NORMAL
MATRIX OF ORDER N=10

| N=10 EIGENVALUES -1,1,-2,2,-3,3,-4,4,~5,5

79.

j p=2 1/12 1/4 1/4+/1]24 (5+v/15) /60
DIFF 1 DIFF 2 DIFF 3 DIFF 4 DIFF 5
1 .4556(1) .5435(1) .1835(2) .8810(1) .3239(1)
2 .1292 .1657 .5932 .2091(1) .4522(-1)
4  .4068(-3) .6043(-3) .2585(~2) .1790(-1) .1329(-4)
6 .1569(-5) .2353(-5) .1019(-4) .7490(=4) .3427(-8)
8  .6422(-8) .1063(~7) .4028(-7) .2944(-6) .2916(-8)
10 .2368(-7) .3972(-7) .3815(-7) .3884(-7) .5382(=7)
j pP=3 P=6 P=8
DIFF 1 DIFF 1 DIFF 1
1 .6235 6797 (=4) .3610(-7)
2 .3337(-2) .5405(-8) .5154(~12)
4  .6470(-6) .1313(-10)
6 .2900(-9)
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The matrices are generated as explained in Chapter III and compared to
the actual cosine. Test matrices of order N = 2, 3, 4, and 10 are
considered.

Based on this data we obtain reasonably accurate results for
non-normal matrices. Again Method I with a high value of p proves to
be more accurate. As N increases a larger value of j is required for
convergence. Method III gives a better initial approximation than
Method II. Keeping in mind that we are looking for the lowest value
of j for which we have a reasonable approximation, Method III seems
to be the more efficient.

Although we have not proven any results for matrices which are
not normal with real eigenvalues, it seems that the same observations
may be made in Tables 15-18 as in Tables 1-~10. These comments are
based entirely on the matrices that were used;-perhaps further investi-
gation computationally and theoretically might address these questioms.

We might also try to compare the different methods by fixing a
desired accuracy and then trying to determine which scheme obtains
this order with least work. Here, the role of the ratiomal type
approximations might become more important for problems with widely
separated eigenvalués. Our investigation demonstrated the potential
of the various double angle methods for accurate computation of the

cosine and has opened the way for further study.
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