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Abstract

This dissertation deals with optimal control of mathematical models described by partial
differential equations and variational inequalities. It consists of two parts. In the first part,
optimal control of a two dimensional steady state thermistor problem is considered. The
thermistor problem is described by a system of two nonlinear elliptic partial differential
equations coupled with some boundary conditions. The boundary conditions show how the
thermistor is connected to its surroundings. Based on physical considerations, an objective
functional to be minimized is introduced and the convective boundary coefficient is taken to
be a control. Existence and uniqueness of the optimal control are proven. To characterize
this optimal control, the optimality system consisting of the state and adjoint equations is
derived.

In the second part we consider a variational inequality of the obstacle type where the
underlying partial differential operator is biharmonic. This kind of variational inequality
arises in plasticity theory. It concerns the small transverse displacement of a plate when
its boundary is fixed and the whole plate is subject to a pressure to lie on one side of an
obstacle. We consider an optimal control problem where the state of the system is given by
the solution of the variational inequality and the obstacle is taken to be a control. For a
given target profile we want to find an obstacle such that the corresponding solution to the
variational inequality is close the target profile while the norm of the obstacle does not get
too large in the appropriate space. We prove existence of an optimal control and derive the
optimality system by using approximation techniques. Namely, the variational inequality
and the objective functional are approximated by a semilinear partial differential equation

and a corresponding approximating functional, respectively.
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Part 1

Introduction



Optimal control of partial differential equations

The development of optimal control theory began in the early 1950’s in response to
great demands for modelling of real life applications in different branches of engineering, eco-
nomics and applied mathematics. Optimal control of ordinary differential equations (ODEs)
was developed by Pontryagin and his students Boltyanskii, Gamkrelidze and Mishchenko
(see [45]) and is a fruitful interaction between developments in pure mathematics and ap-
plications, a synthesis of concrete special problems with general theories. It culminated in
what is now known as the Pontryagin Maximum Principle which is considered to be the
cornerstone of deterministic optimal control for finite dimensional systems. This principle
is a set of necessary conditions that must hold along an optimal trajectory. While gener-
alization to distributed systems is not immediate, a general framework for optimal control
of partial differential equations (PDEs) was developed during 1960’s by J.-L. Lions where
such problems can be properly formulated and their solution systematically attempted [39].
Even though, in general, there is no universal “maximum principle” for such systems, the
techniques for studying optimal control of PDEs are somewhat similar to the ones used for
ODEs [37].

In control problems, variables are divided into two categories, state variables and control
variables. As a simple example, consider a car moving along a straight line. At each moment
of time, the state of the car can be characterized by two numbers: distance s covered by
the car and its velocity v. These two quantities change in time at the will of the driver who
controls the car by increasing or decreasing the engine’s power F. Hence, in this particular
example, the quantities s and v are state variables and F' is the control variable. In optimal
control problems one is concerned with adjusting controls, within prescribed restrictions,
to achieve the desired objective.

Now we consider, in general terms, a typical setting of an optimal control problem with

a single PDE state equation [39].

(i) A control 8 belongs to a set of admissible controls U.



(ii) The state u = u(B) of the system solves the equation

Lu = f(u,B)

in an appropriate weak sense, where £ is a known PDE operator.

(iii) The objective is to maximize or minimize a functional J(3) defined in terms of u(3)

and g, i.e., find 8* € U such that

J(57) = inf J(B) or J(5) = sup J().
BeU BeU
The solution technique can be outlined as follows. First, if the state system is nonlinear,
the existence and uniqueness of the solution to the state system are proven using an itera-
tion scheme or a fixed point theorem. After obtaining a priori estimates in an appropriate
solution space, the existence of an optimal control is shown through a maximizing or mini-
mizing sequence argument. The next step is to derive the optimality system which consists
of the state system coupled with the adjoint system together with a characterization of the
optimal control. To obtain necessary conditions for the optimality system, the objective
functional is differentiated with respect to the control. We calculate the Gateaux derivative

of J with respect to § in the direction ¢ at 3%, i.e.

o I+ =I5

e—0t 5

As the objective functional J may contain the state variable u, it follows that u must also

be differentiated with respect to the control 5. The difference quotient

o (8 4 20) — u(3)

e—0 IS

should be shown to converge to some function 1, called sensitivity, in the appropriate
solution space. A priori estimates are also needed for the convergence of this difference

quotient to ¥. As a result, the “sensitivity” function v solves a PDE which is linear in 1.



The adjoint of the operator of the sensitivity equation is determined. Having analyzed the
objective functional and used the relationships between the state and adjoint equations, an
explicit form of the optimal control is determined by standard techniques involving choices
of the variation function ¢. This representation gives necessary conditions for the optimal
control in terms of the state and adjoint variables. Existence of solution to the optimality
system follows from the existence of solution to the state and adjoint system, coupled with
the existence of optimal control. Finally, uniqueness of solutions to the optimality system
will imply uniqueness of the optimal control. In the parabolic case, uniqueness for the
optimality system holds only for sufficiently small time (see [21,32,35,36]) whereas in the
elliptic case we will have to assume “smallness” of boundary data and/or “largeness” of
other coefficients [33, 34].

In part IT a two dimensional steady-state thermistor problem is considered

V- (o0(u)Ve) =0 in 0,
Au + o(u)|[Ve? =0in Q,
ou

— + Bu =0 on 09,
on

¢ = @o on O,

where ¢(x) is electric potential, u(x) represents temperature, and o(u) is electrical conduc-
tivity. Here n denotes the outward unit normal and 9/9n = n - V is the normal derivative
on 9. The first equation represents the conservation of charge and the second equation
describes the steady diffusion of heat in the presence of Joule heating due to the electric cur-
rent. Boundary conditions show how the thermistor is connected thermally and electrically
to its surroundings.

It is known that large temperature gradients may cause thermistor to crack. Numerical
experiments indicate (see [22,54]) that low values of the heat transfer coefficient 5 will
result in small temperature variations. On the other hand, low values of the heat transfer
coefficient lead to high operating temperatures of a thermistor. This motivated us to take

the heat transfer coeflicient as a control and to consider the optimal control problem of



minimizing the heat transfer coefficient while keeping the operating temperature of the
thermistor not too high. These physical considerations lead us to the following objective

functional

J(ﬁ):/gudx+ 52 ds.

o0N

Denoting the set of admissible controls by
Uy ={BeL>®00):0< A<M}
we arrive at the following optimal control problem:

Find 8* € Uy such that J(8*) = min J(3).
BeUnm

Optimal control of variational inequalities

Since its birth in the sixties, the theory of variational inequalities has received a great
deal of attention from many mathematicians. It has experienced a phenomenal growth in
recent years and is now considered a field in its own right. Variational inequalities arise in
continuum and fluid mechanics, free boundary value problems, optimal control problems
etc [8-10,23,29,39,46,49]. The simplest meaningful model problem which leads to variational
inequalities is that of finding the shortest path between two given points on the plane with
obstacles. This shortest path is decomposed into two parts: rectilinear motion where the
path comes up to and joins the obstacle and parts of moving along the obstacle. The theory
of variational inequalities deals with multi- and infinite-dimensional generalizations of such
minimization problems. The minimizing function in this case takes values on the sections of
the obstacle which are not known in advance and satisfies some partial differential equation
off the obstacle. This leads to consideration of the partial differential equation with a
free boundary. Such situations are typical for many problems in physics, mechanics, and
engineering. The theory of variational inequalities gives general methods and techniques for
solving these kinds of problems. It was created at the meeting point of functional analysis,

partial differential equations, calculus of variations, and convex analysis. As a result a deep,



meaningful and elegant theory was developed which finds numerous applications in various
branches of science and engineering.

As an illustrative example, we consider an obstacle problem which leads to a variational
inequality (see [7,46]). In this obstacle problem, we need to determine the equilibrium

position of an elastic membrane which
(i) passes through a closed curve I', the boundary of a planar domain;
(ii) lies above an obstacle of height v; and

(iii) is subject to the action of a vertical force of density 7f, where 7 is the elastic tension

of the membrane and f is a given force.

The unknown quantity here is the vertical displacement u of the membrane. We assume in
this example that ¢ < 0 on I'. Physical considerations lead to the following set of admissible

displacements

K={ve H}Q): v>1ae inQ}.

The principle of minimal energy from mechanics states that the displacement u is a mini-

mizer of the total energy,
ue K:E(u) <E{), VYvelkK, (1)
where the energy functional is given by

E(v) = /Q (%\V@]Q — fv> dx.

It can be shown that the minimization problem (1) has a unique solution. Assume that
u is the configuration solving (1) and let v € K. Since u + a(v —u) = av + (1 — a)u >

a)+ (1 —a)p =9 € K for any o € [0, 1], the function

he) = E(u+ a(v - u))



has a minimum at @ = 0. Consequently,

0< lim E(u+a(v—u))—

a—0t «Q

E
(v) :/ Vu-V(vu)dm/ flv—u)dx.
Q Q
Hence, if u is the minimizer of (1) then it must also solve
uEK:/Vu-V(v—u)dacZ/f(v—u)dw, Vove K. (2)
Q Q

The inequality (2) is an example of an elliptic variational inequality. Conversely, if u satisfies

the variational inequality, then

E(v):E(u+(v—u)):E(u)+/ﬂVu-V(v—u)dx—/Qf(v—u)dx

+;/’V(U—U)!2dw2E(u), Vv e K.
Q

It is possible to derive the corresponding boundary value problem for the above varia-
tional inequality. For this, assume f € C(Q2), ¢ € C(Q2), and the solution of (2) satisfies

u € HY(). We take v = u + ¢ in (2), where ¢ € C$°(Q) and ¢ > 0 to get
/Q(Vu-V¢—f¢)dx > 0.
Thus, we see that u must satisfy the differential inequality in the weak sense
—Au— f>0a.e. in Q.

Now suppose that for some zy € Q, u(zg) > 1(x9). Then there exists a neighborhood
U(zo) C Q of 29 and a number 6§ > 0 such that u(z) > ¥ (z) + § for x € U(xp). In (2) we

choose v = u £ §¢ with any ¢ € C5°(U(zo)) satisfying ||¢|lcc < 1 to get

(=Au = f)(z0) = 0.



Summarizing, we can write a corresponding “strong” formulation of (2) in the following

form

u—19 >0, (“Au—f)>0, (u—v)(—Au—f)=0a.e. in Q.

Consequently, the domain 2 is decomposed into two parts. On the first part, denoted by
N, we have

u>1Yand (—Au—f)=0in N,

where the membrane has no contact with the obstacle. On the second part, denoted by I,

we have

u=1 and (—Au—f)>0in I,

and there is contact between the membrane and the obstacle. Observe that the region of
contact, {z € Q : u(z) = ¥(x) a.e.} is not known a priori. For this reason, it is called the
free boundary of the problem.

We can consider an optimal control problem in the framework of the given variational
inequality. For example, we may take f as the control. This means that we are designing
the shape of the membrane by choosing a suitable external force load f. In this case, one

may try to minimize the following objective functional

J(f) =/Q{|u—z|2 ) da,

where z is the desired profile. This means that we want to make the shape of the membrane
close to the desired shape z in some average “least squares” sense while keeping the L?
norm of f not too large. It is also possible to take the obstacle i) as a control and formulate
an appropriate optimal control problem. Optimal control of sources and various coefficients
in variational inequalities can be found in [9].

The general ideology of optimal control of variational inequalities is similar to that of
optimal control of PDEs [9,10]. The main difference arises when one tries to derive necessary
conditions for optimality since one can not differentiate directly the map f — wu, solution of

the variational inequality. As a result, a family of approximation problems is introduced and



approximate necessary conditions are derived. The semilinear PDE which is employed to
approximate an obstacle type variational inequality is standard and was used to approximate
variational inequalities before control of variational inequalities started [16,29]. Finally, one
needs to show the convergence (in the appropriate space) of the optimal controls for the
approximate problems to the optimal control for the original problem. This allows one to
derive necessary conditions for the optimality system to the original problem. This method
of deriving necessary conditions via approximations was first introduced by Barbu [9, 10].

In part III we consider the following problem. Let 2 C R"™ be a bounded domain
with a smooth boundary 92 and let z € L?(f) be a given target profile. Denote V aef
H3(Q) N HE(Q). Given 1 € V define the closed convex set

K@) ={ve HZQ): v>1 ae in Q}
and consider the following obstacle problem for the biharmonic operator
findu € K() such that/AuA(v—u)deO Vo e K(v). (3)
Q

Equivalent strong formulation of (3) is

findu € H3(Q) :

u > a.e. in €,

A%u >0 ae. in Q,

(A%u)(u —1p) = 0 a.e. in €.

We consider an optimal control problem for (3) in which we view 1 as the control and

u T'(1) as the corresponding state. We introduce an objective functional

Iw) = 5 [ A7) == + VAP s



and formulate the following optimal control problem:

Find ¢* € V such that J(¢*) = én{’/ J ().
€

In other words, for a given target profile z € L?(f2), we want to find an obstacle ¢* € V
such that the corresponding solution u* = T'(1)*) is close to z in L? norm while ¥* is not

too large in H3(Q).
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Part 11

Optimal Control of a Thermistor

Problem
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Chapter 1

Introduction

Thermistor is a generic name for a device made from materials whose electrical conductivity
is highly dependent on temperature. Thermistors are often used as temperature control
elements in a wide variety of military and industrial equipment ranging from space vehicles
to air conditioning controllers. They are also used in the medical field for localized and
general body temperature measurement, in meteorology for weather forecasting as well as
in chemical industries as process temperature sensors. The advantages of thermistors as
temperature measurement devices are low cost, high resolution, and flexibility in size and

shape. The applications of thermistors can be summarized as follows [30]:

(i) temperature sensing and control: thermistors provide inexpensive and reliable tem-

perature sensing for a wide temperature range;
(ii) thermal relay and switch: voltage regulation, surge protection;

(iii) indirect measurement of other parameters: when a thermistor is heated its rate of
change of temperature depends on its surroundings. This property can be used to

monitor other quantities such as liquid level and fluid flow; and
(iv) long-wavelength detector.
History of thermistors and more detailed accounts of their applications in electronics and

other related industries can be found in [42].

12



We consider a two dimensional steady-state thermistor problem

V- (o(u)Ve) =0 in Q,

Au+o(u)| Ve =0in Q,
(1.1)

@—I-ﬁu:()on@ﬁ,
on

© = g on 0,

where o(z) is electric potential, u(x) represents temperature, and o(u) is electrical conduc-
tivity. Here n denotes the outward unit normal and 9/9n = n - V is the normal derivative
on 9. The first equation represents the conservation of charge and the second equation
describes the steady diffusion of heat in the presence of Joule heating due to the electric
current. Boundary conditions show how the thermistor is connected thermally and electri-
cally to its surroundings. For a more detailed discussion about the physical justification of
equations (1.1) the reader is referred to [22,25,47].

It is known that large temperature gradients may cause thermistor to crack. Numerical
experiments indicate (see [22,54]) that low values of the heat transfer coefficient 5 will
result in small temperature variations. On the other hand, low values of the heat transfer
coefficient lead to high operating temperatures of a thermistor. This motivated us to take
the heat transfer coefficient as a control and to consider the optimal control problem of
minimizing the heat transfer coefficient while keeping the operating temperature of the
thermistor not too high. These physical considerations lead us to the following objective

functional

J(,B)—/Qudm—k 32 ds.

o0N

Now denoting the set of admissible controls by

U ={BeL®00):0<\<B< M}

13



we arrive at the following optimal control problem.

Problem C. Find * € Uy such that J(8*) = ﬁm[ijn J(B). (1.2)
€eUm

Everywhere below we use the standard notation for Sobolev spaces. In what follows we
denote || - ||, = || - [ zr(q) for each p € [1, 00] and other norms will be clearly marked.

Theoretical analysis of both the steady-state and time-dependent thermistor equations
with different types of boundary and initial conditions has received a significant amount
of attention. The reader is referred to [6,17-19,22,25,47,50,51], where existence of weak
solutions, existence/nonexistence of classical solutions, uniqueness and related regularity
results were established in different settings with various assumptions on the coefficients.
For example, existence of a weak solution to a stationary problem with Dirichlet boundary
conditions was proven by Cimatti and Prodi in [18] whereas the time-dependent case in two
dimensions was first considered by Cimatti in [17]. This restriction on the space dimension
was eliminated by Shi, Shillor, and Xu in [47]. Asymptotic results for the time dependent
thermistor problem can be found in [22]. So far, the only known optimal control paper on a
thermistor problem is a time dependent case by Lee and Shilkin in [31] where the source is
taken to be the control. Thus our work is the first work on optimal control of the thermistor
problem for the steady state case.

In chapter 2 we derive a priori estimates under assumptions of small boundary data. In
chapter 3 we prove existence of an optimal control. Also, in chapter 3 we explain why the
space dimension has to be restricted to N = 2. The optimality system is derived and an
optimal control is characterized in chapter 4. Uniqueness of the optimal control is proven
in chapter 5. In chapter 6 we solve the optimality system numerically for a simple case of

optimization of a parameter, i.e., when 3 is a constant.

14



Chapter 2

A Priori Estimates

We make the following assumptions:
(i) © C R? is a bounded domain with a smooth boundary;
(ii) o(s) € CYR), 0 < C1 < o(s) < Oy for all s € R;
(iii) o(s) is Lipschitz: |o(s1) — o(s2)] < K |s1 — so| for all s1,s9 € R;
i W™ (09); and
(v) @] €W (09); an

(v) extending g to the whole domain € and using the same notation, i.e., o € W' (),

we assume that [|¢ol[yy1,00(q) is sufficiently small.
We will need a result due to N. Meyers [44].

Theorem 2.1. Let 2 C R"™ be a bounded domain with a smooth boundary and suppose that

A: HY Q) — HYQ) is an operator given by

A=- i ;:Ci(aij(f)aij)

1,5=1

with a;; € L*(Q) and Y, ; aij&&5 > a2, ;&€ ae. in Q for some o> 0.

Consider the Dirichlet problem

Av=f,v e HNQ),f e HYQ). (2.1)

15



Then there exists r > 2 (which depends on o, L* norm of the coefficients ai;’s, 1, and
on the dimension) such that if f € WJI’T(Q) then v € WOM(Q) where v solves (2.1) and
satisfies

”UHWOLT(Q) < CHf”WO_l’T(Q) (2.2)
and C' depends on the same quantities as r.
Proof. See [12,44,48]. O

To derive a weak formulation for (1.1) we follow Lemma 1 from [25] and the discussion

preceding it. We say that {u, ¢} is a weak solution to (1.1), if

/Vu-Vvda:—i—/ Buvds:/a(u)|V<p|2vdx Vo e HY(Q),
Q 89 Q (2.3)

/U(U)V(p-V’wda}:O 0, — v € H}(Q),Yw € HY ).
Q

The quadratic term on the right hand side of the first equation in (2.3) creates a difficulty
because |[V¢|? is only known to belong to L!'(Q). Therefore, for an arbitrary v € C(Q),

take ¢ = (¢ — po)v € HL(S) as a test function in the second equation of (2.3). Then

/ U(u){|V<p|2v — oV Vo + (¢ — ¢o)Ve - Vo) dz = 0.
Q

By the density argument, the weak formulation of (1.1) is: find u € H'(Q2) and ¢ € H'(Q)

such that

/ Vu - Vodz + Buvds = /(gpo —p)o(u)Ve - Vodx + / (o(u)Ve - Ve,)vde
Q Q Q

o0 (2.4)

/U(u)ch~dea::0 0, — ¢ € HY(Q),Yw € H}(Q),Yv e H'(Q).
Q

We explain why the terms on the right hand side of the first equation in (2.4) make sense.
By Theorem 2.1, there exists 7 > 2 such that ¢ € W1(Q). Therefore, since Vo € L"(9)

and Vo € L2(9), it follows that there exists s’ such that Ve - Vg € L (Q) and

16



Next, since 2 C R? it follows v € HY(Q2) cC L¥() for s € [1,00), conjugate of s’ in (2.5).

This implies that the integral

[ ewve-e,)vds
Q

in (2.4) makes sense since o(u) is bounded and (o(u)Vy - V,) € L*¥ (), where s’ is the
conjugate of s:
1 1

— 4+ -=1. 2.6
s’+s (2:6)

If we denote M := esssupgg |¢o| then by the weak maximum principle (see formula (16)
in [25])
sup || < 1. (2.7)
Q

Therefore the integral
[0 = 01 Vs

in (2.4) also makes sense. Thus, any solution of (2.3) is a solution to (2.4) and vice versa.
Note that r > 2 is chosen from the Meyers estimate, then s’ is determined by (2.5), and
finally s is obtained from (2.6). Also, observe that s’ < s.
Existence of solution to (2.4) was proven by Howison, Rodrigues, and Shillor in [25] by
using Schauder’s fixed point theorem. It is also shown in [25] that the solution is unique

provided the boundary data are sufficiently “small”. Namely, A > 0 implies (see [7,53])
Al < / Vol da + )\/ V2 ds. (2.8)
Q G19)
Assume that (u, ) is a solution to the state system satisfying
Vel <@ < oo, (2.9)
where ® depends on [|@o||y1.00(0)- If the boundary data are sufficiently small, i.e., if
2C:
K<I>2(1 + —2) <& (2.10)
Ch

17



where & = £(s) is the constant from (2.8) and & is the constant from (2.9), then the solution

is unique. Note that we will show next that ¢ satisfies (2.9) with a bound depending on

o llw.0 (02)-

In what follows, given § € Uy, we denote the solution of (2.4) by u(5) and ¢(3). Note
that solutions to (1.1) satisfy u > 0 on Q as a result of the maximum principle. Now we

proceed to the derivation of a priori estimates.

Theorem 2.2. Let 3 € Uy be given. Then u(B) and p(B) solving (2.4) satisfy

[ellwir@) < ® for some r > 2, and
(2.11)

ull iy < C,

where ® and C' are some positive constants.

Proof. We show the estimate for ¢ first. We are given the solution of a nonhomogeneous
Dirichlet problem

V- (o(u)Ve)=0 inQ,
(2.12)

w=p on L.

Note that because of the assumption (i) we treat o(u) in (2.12) just as a bounded coefficient.

Consider the following Dirichlet problem with zero boundary data

=V (e(W)V@) =V - (6(u)Vipo) inQ,
(2.13)
$=0 on 0N

Since the right hand side of (2.13) is in H~1(2), by the standard theory for elliptic equations
in divergence form, there exists ¢ = (¢ — o) € H}(£2) that solves (2.13).

Since for any given 1 < p < oo, the mapping div: (LP(2))? — W~1P(Q) defined by

p— V- (2.14)

18



is onto, it provides W ~1P(Q) space with a “quotient” norm associated with (2.14), namely

I fllw—1p(0) = Vlgif 9l (zr ()2 (2.15)

(see expressions (4.10) and (4.11) in [12]). Taking into account the above facts it follows
that V - (o(u)Veo) € Wy "4(Q) for any ¢ € [1, 00) since Vg € L®(9).

By Theorem 2.1, there exists r > 2 such that ¢ € Wol’T(Q) and

H@HWOI’T(Q) <C|V- <U(u)(’00)”WO_1’T(Q)
< Cllo(w)Veollr

< CCo|| Vol

where we have used (2.15). Since

lellwrr @) < lle = vollwrr ) + llollwir ()

and

le = ollwrri) = 1Blwir@) < ClIGllyrr gy < C'CCalIVeollr,

we obtain
lellwrr) < C'CC2lVeollr + llvollwrr -
We also have
[Veollr < C3[[Veolloo
lpollwrr) < Calleollwro (o)

whence

[ellwrr @) < @ for some r > 2, (2.16)

19



where

o X "0y 05| Voo + Callpollwos (@) (2.17)

Thus, (2.16) gives the desired estimate for .
We show that ||ul|z1(q) < C. Use u € H'(Q) as a test function in the first equation of

the weak formulation (2.4) to get

/ |Vu|? dz + /a Bu? ds = / (0o —@)o(u)Ve - Vudr + / o(w)uVe -V, dr (2.18)
Q 9] Q Q

Taking into account that 3(z) > A > 0 we have

/|Vu2dx+/\/ uzdsg/]Vu\de+/ Bu? ds

Q o9 Q o0

:/(goo —gp)a(u)Vgp-Vudx—i—/ (w)uVe - Vo, dz
Q

o
Q
< /Q o)y — ¢l - [Vl - [Vl da + /Q o)l - Vol - [Vigy | da
sca/ﬂm ol V|- |Vudx+c2/Q|U! Vel - [V, | da
< 20,11 / V| - [Vl di + Ca| Vegol].. / jul - V| da

Q Q

< 2CoM||Vell2 - [|Vaullz + Col| Veol|. llull2 - [ Vell2
< 205 M C5®||Vul|s + Cal[ Vo | . C5®||ull

< Chllull (o

where we used (2.7), [|[Vell2 < Cs||[Vell, and C; = max(2CoMCs®, Cy||[ V|| C5P). We

obtained

/Q \Vul|? dz + )\/{m u?ds < él”u”Hl(Q). (2.19)

It can be shown (for example, see [7,53]) that the quantity

o)) d:ef/ |Voldz+ X [ v?ds
Q onN
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defines a norm on H'(Q) which is equivalent to || - || H1(Q) norm.

k > 0 such that

Ellullt ) < llull? < Cullull gy,

whence (2.19) and (2.20) give

ull iy < C,

where C = Cy /k. O
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Chapter 3

Existence of an Optimal Control

Having obtained a priori estimates we proceed to the proof of existence of an optimal

control.
Theorem 3.1. There exists a solution to Problem C.

Proof. Using the estimate from Theorem 2.2,

J(ﬂ)Z/udaz—I— ﬁQdSZ/ud:EZ—/|u|dx2—u,
Q El9) Q Q

where > 0 is some constant, it follows that we can choose a minimizing sequence
{68152, C Ups such that

Jim 7(8,) = inf J(5)

Let u, = u(f,) and ¢, = ¢(5,) be the corresponding solutions to

/ Vu,Vvdr + Bpupvds = / (0o — ¢n) o(un) Ve, Vodr + / o(un)Ver Vo, vdr
Q o0 Q Q
/ o(un)Vepn -Vwdr =0 @, —pn € Hi(Q),Yw € H}(Q),YVv e HY(Q).

0

(3.1)
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By Theorem 2.2 we have

[unll ) < €

[enllwir@y < C for all n,

where C' > 0 denotes a generic constant which does not depend on n. Therefore, on a

subsequence

U, = u* in HY(Q),
©n = o in WH(Q).

Also, B, € Uy for all n implies that £, € L>(9S2) and |8, a0) < M for all n. Hence,

on a subsequence (3, X 3 in L>(09Q), i.e.,

Brw ds — fwds Ywe L'(9Q) as n — oc. (3.2)
o0 o0

On the other hand, 8, € L*(8Q) and ||3,| 12(90) < M for each n implies 3, & g% in L2(09)
which means

Bnvds — B*vds Yve L*(00N) as n — oo. (3.3)
o oN
We justify that 3 = 3* a.e. Indeed, let v € L2(9Q) be arbitrary. Then by (3.2) and (3.3)
‘/ vds ’ ﬁ ﬂnvd$‘+’/ B vds| — 0 as n — oc.
[2/9) o0

Thus
/ (B—Bvds=0 Yve L*HQ)
o0

whence ﬁ~ = 3* a.e. Note that §* € Uj; because Uy being a closed convex set of a Hilbert

space ‘H implies that Uy, is closed with respect to weak convergence.
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Since r > 2, we have Wb(Q) cc C(Q) and Wh(Q) € HY(Q2) cC L*(R), where s is

conjugate of s’ (see (2.5) and (2.6)). Hence, on a subsequence

Pn = " in C(Q),

Uy, > u* in L5(9).
All in all, we obtain

Uy, = u* in L5(Q),
Vu, 2 Vu* in L*(Q),
pn = ¢* in C(Q),
Vi, = Ve* in L"(Q),
B, 2 % in L?(99), and

B 2 B in L°(09Q).

Next, we want to show that v* = u(8*) and ¢* = p(5*) solve (2.4) with control g*, i.e.,

pass to the limit as n — oo in (3.1). Notice that (2.6) and (2.5) imply

T 55
s r 2 '
From (3.4) it is immediate that
/Vun‘VvdxH/Vu*-Vvd:c as n — 0. (3.6)
Q Q
We show that
/ Brunv ds — f*u*vds asn — oo. (3.7)
o0 oN
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Indeed, by the trace inequality u* € H(Q) implies v* € L%(9€). Similarly, v € L?(09).
Hence u*v € L'(99Q) and we get

‘ Bnupvds — / B*u*v ds‘ < / |Brunv — Bpu*v]ds + ‘ / Bpu*v — *u*vds

o0 oN o0 oN
< [ =] folds | [ (8 = 8utvds| < Ml — iz - Iolzzom
oN [2/9]
+‘/ (ﬁn—ﬂ*)u*vds‘ —0 asn— o0
o0

where we have taken into account that H*(Q) cc L?(9Q) and £, X 8* in L>°(99). This

proves (3.7).

Next, we show

/ o(un) vV, - Vo, dv — / o(u*)vVe* - Ve,dr asn — oo. (3.8)
Q Q
We have

‘ / o(up) vV, - Vo, dr — / o(u*)vVe* -V, dm‘ < ‘ /[a(un) —o(u")] vV, - Ve, dx
Q Q Q
+] [ oo (V9u =96 Vg do| < KIViull [ fun =] 1ol - [Vigul da

+ /ﬂa(u*)v(v%—vw*)'v%dfﬂ < K[[Veolloo - llun = u*lls - [oll2 - [Vl

+ /U(u*)U(VLpn—Vgo*)-Vgoodx —0 asn— oo
Q
since u, — u* in L3(Q), Vo = Ve* in L?(Q), and ||V, < C. This completes the proof

of (3.8).

Now we show

/(gpo — ¢n) 0(up)Vey, - Vodr — /(«po — ") o(u")Ve* - Vodr asn — oo. (3.9)
Q Q
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Indeed, we can write

‘ /Q(SDO - (pn) U(UR)VQO” -Vodr — /Q(SOO - SD*) O'(U*)VQD* - Vo dl"

< ‘ /Q[U(Un) (g — ©n)Ven - Vo —a(u*) (¢, — on)Ve* - Vo] dx‘

def

+ ‘ / [o(u*) (@, — n)Ve* - Vo —o(u®) (p, — ¢*)Ve" - Vo]dz| = A+ B.
Q

We deal with the term B first:

B [1ow') (6, 90V - Vo = o(u") (9, — ")Ve" - Vol daf
Q

_ / o(u") V" - Vol(p, = n) = (9, — 9*)] da]
Q

— /Qa(u*)Vgo* Vo (¢* — gon)d:r’ < CQ/Q V™| - |Vl - |¢* — pn| dx
<Colle™ = @nlle@ - IVoll2 - IVe™]l2 = 0 as n — oo.

Now we look at the term A:

A / [0(un) (0o — ¢n)Ven - Vv —o(u”) (g, — on) V™ - Vo] da
Q

| [0 = ea)lotua) Vion = o) V) - Vo

<| [ (0= eu)lotun) Viu = (') Vi) - Vuds

! /Q(% ~ u) (0(u") Vipu = o(u) V") - Vv da|

| [ (@0~ a)lotun) — o) V- Tuda]
Q

# [ (@0 = n) o) (Vion = V) - Toda] 2 a4 s
Q

where

def
A=

/9(900 —n)(o(un) —o(u*))Ve, - Vo dx‘
< [ 1o = eul o) = o) Vil - [ol da
<2MK/ |un, — u*| - [Vn| - |Vu|dz

Q

SQMKHun —u*|ls - IVenllr - [[Vv]l2 = 0 asn— oo
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because ||u, —u*||s — 0 as n — oo and [|[Vy,||, < C. For Ay we get

def * *
4] [ (0= n) o) (Ve — V) - Tuda]

= /Q(% — "+ " =) o(u)(Von — Vi) - Vo dx‘

<| [(e =)o) (Ve = V5) - Voda]

H [ = on) o) (Von = V) Ve * oy + A
Q

Notice that ¢y € W1H°(Q) implies ¢y € C(Q). Also, ¢* € L"(Q), Vy* € L"(Q) implies
©* € WLT(Q). Since r > 2 it follows that ¢* € C(£2). Thus we conclude (¢g—¢*) o(u*) Vv €
L?(Q) and therefore

def
Ao =

/(% — ") o(u*)(Ve, — Ve©) - Vvda:’ —0 asn— oo
Q

by the weak convergence Vi, — V* in L*(Q). Similarly,

def
A22 —

/Q(SD* —n)o(u)(Ve, — Ve*) - Vo d:v‘
<Collp" — ‘PTLHC’(Q) NVen = Ve'|a - | Vul2

<Colle” = ¢nllo@) - IVenlls + IVE™l2) - [Volla = 0 as n — oo

This proves (3.9).

Finally, we obtain

’ / o(un)Ve, - Vwdr — / o(u*)Ve* - Vw dx’
Q Q

< ’ /(U(un)Vgpn -Vw — o(u*)Ve, - Vw) d:n)

—i—’/ uw )V, - Vo — o(u *)V@*-Vw)dx‘

=| [ )~ o) Ven - Vwds] + | [ o) Tion = V) Vi

<K/ |up, — u*| - [Ven] - |Vw\d:r—|—‘/ N (Vn — V) - dex’

< Kllup —u*||s - [Veon]lr - |Vw||2+‘/ (Vo — Vgo*)-de:n} —0 asn— oo.
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This proves that
/ o(up)Ven - Vwdr — / o(u*)Ve* - Vwdr asn— oo.
Q Q

We have verified the convergence of each term in (3.1) and letting n — oo in (3.1), we
obtain

/ Vu* - Vudr + Bru*vdr = / (p, — " )o(u*)Ve* - Vodz +/ o(u*)Ve* -V, vde
Q oN Q Q

/ c(u)\Ve* - Vwdr =0 ¢, — ¢, € HY(Q),Yw € H}(Q),Yv € H(Q).
Q

Therefore (u*, ¢*) is a weak solution associated with 8%, i.e., u* = u(f*) and ¢* = o(5%).
We show that 3* is optimal. As u, — u* in L2(9) it follows that lim,, e fQ Uy, dx exists
and

lim Uy, do = / u* dx.
Q Q

n—oo

Also, since limp o J(Bn) and limp oo [ un d exist, we conclude that lim, .o [5, 52 ds

exists and

/(ﬁ*)zdsg lim 32 ds.
oN

Therefore, we can write

Jinf J(8) = lim J(5,)

= lim [ wu,dz+ lim (2 ds (3.10)

E/Qu*dm—I—/m(ﬁ*)stzJ(ﬁ*)-

This implies that 8* is an optimal control. [
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Chapter 4

Derivation of the Optimality

System

In order to characterize an optimal control, we need to derive an optimality system which
consists of the original state system coupled with an adjoint system. To obtain the necessary
conditions for the optimality system, we differentiate the objective functional with respect
to the control. Since the objective functional depends on u, and u is coupled to ¢ through

the PDE, we will need to differentiate v and ¢ with respect to control S.

Theorem 4.1. (Sensitivities) If the boundary data ¢, are sufficiently small, i.e., if
ol () is small enough, then the mapping B — (u, ¢) is differentiable in the following

sense:

u(f + el) —u(f) B by in Hl(Q),

: (11)
(B + 6? — ) oy in BIQ) as e — 0

for any B € Uy and £ € L>®(0Q) such that (8 + el) € Upy for small €. Moreover, the
sensitivities, 1 € HY(Q) and 1y € HE(Q), satisfy
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Ay + o' (u) |Vl + 20(u)Ve - Vipa = 0 in Q,

V- [0 (W1 Vip + o(u)Vebs] = 0 in ©,

(4.2)
(?;/}1 + B + fu = 0 on 01,
o =0 on 0N.

Proof. Recall that we had the following notation: u = u(f) and ¢ = ¢(5). Now we also

€

denote u® = u(5°), ¢* = p(5°), where 3° ot B+ ef. The weak formulation for (u®, ¢%) is

/ Vu*Voudz + Bfuvds = /(gpo —¢°)o(u)Ve*Vodr + / o(u)VeVe, vdx
Q Q Q

o0

/ c(u¥)VeVwdr =0 ¢, — ¢° € HY(Q),Yw € H}(Q),Vv € H(Q).
Q

(4.3)

Similarly, for (u, ) we have

/ Vu-Vodr + Puv ds = /(gpo —¢)o(u)Ve - Vodr + / o(u)Ve - Ve, 0dx

/a(u)Vgp-Vﬂ)dm:O 0, — € HY(Q),Vw € Hj(Q),Y0 € H'(Q).
Q

o0

Take test functions v = (u® —u)/e, 0 = (u° —u)/e, w = (¢° — @) /e, and W = (¢° — ) /e,

subtract corresponding equations in (4.4) from (4.3), and divide by e:

=) (:“>dw+/mﬁ<“€§“>(“€§“)ds

/ Eus w —u ds
o0

+1 [ [t Ve~ (g~ )0V V(U )
+i/Q o(u)Ve® —o(u )W)} -V%(utu>d9«“v

£

L E_Spﬂd:v:().

i Q[o YVp© - V(SD s_(p) (u)Vgp-V(
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We derive H(€) estimate for (¢° — ) /e first. Since (¢° — p)/e € HE(Q) it follows from

Poincaré’s inequality that it is sufficient to have a bound on ||V (¢° — ¢)/e]|2.

The second equation in (4.5) implies

Jyoo9(2) 9 (552 ae = [ (2) -9 (55 o

Taking into account (4.6) we can write

We obtain

( =)l

where we used (4.7). Thus

allv (5

o)l <

(==,

whence

P
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Since HY(Q) C L*(2) we have

u® —u

u® —u
<M H . 4.10
|==1, =22 =] n0 (4.10)
By the Meyers estimate, Theorem 2.1,
IVe|r < @. (4.11)
Substituting (4.11) and (4.10) into (4.9) we get
€ — KM ||uf —
G | A o e (@12
€ 2 Ch H(Q)
Then Poincaré’s inequality implies
£ — £ — KM ® |ju® —
5y < l¥ (), < = (4.13)
H(Q) € 2 4 € H(Q)

Now we proceed to H' norm estimate of (u® — u)/e. We obtain from (4.5):
/‘v “ daz+>\/ (“:_“)Qng/Q‘v(“:_“)‘de+/mﬁ(“t“)2ds
= |- [ e () ase 1 [ [ - @) o)V — (o, = ) o] V() da
1 [ [t = otuve] - Ve, () e

_( aﬂzu - ds+C+D‘
where
¢ 2 [ o= )0V — (0~ p)o)Ve] -V (**) do
/ - Vs —0( ey | (E=E oty we] - v () aa,
and
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We have

1< [ le =l \ W\ V(s
# [ [EE ewrve 1V( )|as
< [ [TV w\ v ()
+C/“p 90‘ V|- ‘v( )‘dm

—QM/’ )+ o(u Vgo — o Vg&’ ’V(
+O/"P *0‘ |V<py ‘v( )‘dw

<2M/} |v el )V(
+2M/ (

+C/!“” “”\ Vel \V(

)(dx

4| do
)| ae
)
—)|da
”MCZ/Q : )\ \V( : ))df

A€ e _
#C | [P 1919 ()
Q € 9

Similarly, for D we obtain

o(u 6)

i< [ 19l |22 ) [ o
+ [ i v(*‘i >\ \“ =l
< K|V, |l / =p

st [T (E2 ) P
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Thus we have

g _ 2 g _ 2 g _
/‘v(“ “)’ da;+)\/ (“ “) dsg/ 0 1) - [ ds + ¢ + D)
Q € o0 € o0
u® —u u® —u
[ e S P50+
=M |uf| I 22(50) = oo IC| + |D|
< MM ey |2 el I
— Hl(ﬂ) ?
where we have used the trace inequality |[u®||r2a0) < Ma|lu|| g1 (o)
Taking into account the expressions for |C| and |D| we get
ug—u 2 u® —u\2? 9 ut —u
< o .
/‘v dx+)\/m< - ) ds < MM2[[w® || q ‘ - HH1<Q)
yw\ ‘v( )‘dw+2]\~402/ gO)HV(“ 7u)‘dw
Q
g u u g
+02/]¢ -rvw-\v( ") da+ K19, | v [
Q € Q
e __ u —u
+02|ywouoo/ V(=] da.
0 9 9

Using Hoélder’s inequality, a priori bounds (2.11), (4.10), and (4.13) we have

/‘v “ d:c+)\/89(u:_u)2ds

o=

u® —u

HY(Q)

+ 2MKH@H Vel - HV(UE - u)”z

+2Mc2uv(¢ =) e (- =,

R e R )H
u‘E —u

+ K[| Vylos H e R

U —Uu
+ 0ol oo [V (£ )H 1=

_ 2
< 9 &l U ut —u
s MMy H(Q) HHl(Q)
N QMCQKM@‘ uf — uH2 N CQCGKM1<I>2‘ uf — uH2
4 € Q) C4 € H(Q)
KM{®|u® — w2

+ K1V qloc My e e e PP
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Due to the equivalence of norms expressed by (2.20) we get

o T E T
e 1) e Sz e())
- € w2 2MCo K My ® | uf — w2 CoCe K My D2 || uf — u |2

e I e e R e |
€ H(Q) Ch € H(Q) Cy € H(Q)
ut — u||2 KM{®u® —uy?2

K|V M(I)‘ H Col|V ‘ H .

+ ” SOOHOO 1 c Hl(Q)+ 2” (POHOO Cl c H(Q)

By definition, @ includes [[Vo|loo and [|po|[yw1.00(q) (see (2.17)). Therefore, if [[¢o ||y, ()

is chosen sufficiently small so that

IMCy KM, ®  CoCyK M, ®2

ki=k—2MKM;® —

1 - 1 (4.14)
= KIV@ullood1® = G| Vigy oo == > 0
then
e _ 2 A
‘u uH SMMQC, (4.15)
€ H(Q) k1

where the constant in (4.15) does not depend on . Consequently, (4.13) yields

HSOE _ SDH _ GeKM @ ’ U — uH _ CeKM,® MM3C (4.16)
e llmvo — C1 e MHvQ) — 4 ke '

These a priori estimates justify the existence of ¥ and 1y, and the convergences in (4.1).
Note that [|¢®||yy1r@ < @, and WL (Q) cC C(Q2) imply ¢° — ¢ in C(Q). On the other
hand,

€ _
= <
e llm@)

implies that [|¢° — ¢|lr2) < [|¢° — @llg1(Q) — 0 as € — 0. Therefore,

16— @llzz@) < 19 = ¢°llzz@ + l¥° = @llzz @

<cllg = ¢ lle@) + 1¥° = @llr2@) — 0ase — 0.

This justifies that ¢ = ¢ a.e.
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Next, we show that the sensitivities satisfy system (4.2). Observe that now we have

£

u —u

Loapy in HY(Q),

ut —u

Zapy in L5(9),

9
€ _
€ _

P TP sy in L5(Q),

g
uf 2w in L5(Q),
Vut 2 Vu in L*(Q),
¢ = o in C(Q),
Vy© 2 Ve in L7(Q),

ut —u

L9y in L2(09),

£

# & Bin L2(0Q), and

3B in L(09)

as € — 0. Note that (o — ¢)/e = —1by in L3(Q).
Subtract (4.4) from (4.3), and divide by e:

/ (u ) Vvdx+[995<u6;u)vds—i—/mfuads

<l

1
/ u® )V - Vo — (¢, —gp)a(u)Vgp-Vu} dz
€Ja
1
+€/ )V — o)V - Vigude Vo e H'(Q),
Q
1

1 /Q (o) Vo = o() Vi Vu| de =0 Vw € H}(S).

9

It is immediate that for the left hand side of (4.18) we get

e _
/v(“ u)-Vvdm%/le-Vvdx,
Q € Q

e _
/ ﬁ(u u)vds — Bvrvds, and
o0 € o0

ufods — luvds ase — 0.
15)9) 15)9)
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We write the first term on the right hand side of (4.18) in the form

1

L [t 01ve 9o (- ot wo]

— i /Q(SDO - (,05) [O‘(UE)VQO€ _ U(U)V(p Voudz + i/(@ - SDE)O'(U)V@ Vo da (4‘20)

Q
=G+7F,
where
def 1 € € €
= 8/Q(goo — )[o(u )WV —o(u)Ve| - Vudz
def 1

= - / (o — ¢ )o(u)Ve - Vudz.
Q

e

First, we show

F - —/ Yo o(u)Vy - Vudr as e — 0. (4.21)
Q

Indeed, we can write

3

‘/Q<¢_%ﬁdguov¢'V”d$‘1A¥—¢ﬁU@0Vw-Vvdﬂ

e __ g _
< 02/ T2 — |l Vol do < Co| 22 — | - 9l - V0l — 0 as € — 0.
Q s
This proves (4.21).
Next, we have

g= 1/9(900 —¢°) {a(ug)chE — a(u)Vgo} -Vudzx

== / (0, — ¥°) {a(ug) - a(u)}V@a -Voudz
Q

+2 [ (@ =)0w)|ve - Vo] - Vuds =G+ 0o
Q

where
def 1 . R .
612 [ (0 - %) [olu) - 0(u)| V* - Voda,
0
e 1
G, &= / (p, — ¢°) o(u) [chs — Vgo] -Vvdzx.
€Ja

37



First, we show

Ga — / uw)Vipy - Vodz ase — 0. (4.22)
We write
1
6=~ [ (4~ 9oV ~ ) Vodo
U (4.23)
42 [ (=)o — ) Toda = G + Gy
where
o 1
Gox d—f/Q(%—sO) (W)V (¢ — @) Vvda
o 1 )
02 [ (0= ) 0T (¢ — ) Vudo
We show
Go1 — / u)Vipy - Vo du, (4.24)
Ga2 — 0 ase—0. (4.25)

Indeed, for (4.24) we can write

’%1t/w-—)()vw-wm4
)/ (po — ¢ (soa_SO)'vv_@o—@)U(U)VQﬁz-Vv dx

3

)/ 90 _‘P V@bz}(@o—w)U(U)Vde —0 ase—0

since V(¢° — ¢)/e = Vb in L*(Q) and (¢, — ) o(u)Vo € L?(Q) because r > 2 implies

0, —p € WLT(Q) cc C(Q).
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Now we prove (4.25). We have

|Goa| = ‘/Q(SO—cpe)a(u)V((p:_(P> -Vvda:‘

0 —
< C - 5.‘v ‘-v d
< z/leo ©°| ( 6 ) |Vv|dx

e _
Ld . 90)H2'HV'UH2—>0 ase — 0

< Gallp = ¢*logm - |7 (
since || — ©*[lo@) — 0 as e — 0, and [[V(¢° — ¢)/e)l|2 is bounded. Hence (4.25) follows.

This ends the proof of (4.22).
Now we deal with the term G;. First, we need to prove the following claim:

U(UE)E_U(U) — o'(u)py in L¥(Q) ase — 0 . (4.26)
We know that
lim 2 =) iy,
e—0 Uus —u
uag_u KX Yy in LS(Q)7 and (4.27)
7))
uf —u
Note that the first limit in (4.27) is pointwise a.e. We can write
o(w)—olu) . | _jolu)—olw) w-u
T | = [F rww]
_ ‘J(uez_U(U) _ (us—u _¢1+w1> —a'(u) ¢1‘ (4.28)
ut —u 3
[ () (-

where we denoted

def o(uf) —o(u) ' (us —u %)’

f= uE — u €
g (‘w —o/(u) ).
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We have ||f + glls < [|flls + [lg]ls- We show that || f||s — 0 and ||g||s — 0 as ¢ — 0. Indeed,
s [|oWw)—ou) (uf—

I = [ [T () /\

€ _

—1/11

<Ks/ Y
o Q

For the ||g||s term we use Lebesgue Dominated Convergence Theorem. Observe that

8 u® —u

— da

u_

dx—KS

o' (w)] < K.

It is clear
/Q ‘(w - 0/(U))¢1‘ dz < C

where C' > 0 denotes a generic constant, and we also have

’(ff(“)—ff(“) _ g/(u))%‘ <2K|1| Va,¥e >0,

ut —u

where 11 € L'(2). Therefore we obtain

iy | (= =)l e [ | (=T o) a0

whence ||g||s — 0. This proves the claim.

Now we are ready to show that

Q1E/Q(<Po_@a)<a(us)_a(m>Vgoa Vvdm—>/ w)1Vo - Vodr. (4.29)
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Indeed,

’/ o =¥ )V<P -Vudr — /(«po—sa)o’(u)wlvgo-vq)dm‘

—‘/Q (o — <p Uu . )>V90€~Vvd:L‘+(gp—goa)(g(us);du))Vgps~VU

o(uf) —o(u)

—(py — @) o' (w1 Ve - Vv}dx‘ < ’/Q(% 2] ( 6 )Vsos
/Q(SO — %) <M>V¢E -V dx‘

< ‘ /Q(soo - 50){ [U(UE)E_U(U) — o' (u)r + o"(u)ﬁq]Vgo8 — a’(u)¢1V<p} -Vv d:n’

— 0’(u)¢1ch} Vv da:’ +

+ ‘ /{l(gp_sos)((f(ug)s—ﬂ(u) —UI(U)T/Jl —l—U’(u)wl)VgOE'Vvdx‘
= ‘ / (po — <P) M - U’(“)%]Vgog Vv
+ (py — ) ' (u le( ) Vv}dx’

+ ‘ / ©—¢°) J v ’(u)wl)chE Vo + (p — ¢°) o’ (w1 V© - Vo da

< Il — #leo / \

+’/{% ) o' (w1 V(e — ) - V’v}dﬂf(

Y o'y V7| - V0] d

Fllp - MCQ/Q\ “N - [V Vo] d

+ [l — "lle@y /Q o’ (w)n ] - [VeF| - Vo] da

(u )* o(u)

< ey = ¢lloo H — o/ pr]| - 196 - IV ole

+‘/ o — ) 0 (W1 V(" — ) - de‘

—o(u)

— o' (u)yh

+ e = ¢"llo@ - llo' (W irlls - IVEEllr - [Volla — 0 as e — 0,

+lle = lle H R
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since

T =) 2, oty in L7(@)

¢° = in C(Q),
Ve© A Ve in L™(Q) as € — 0,

IVe|lr < @.

We also used the fact that (p, — @) € C(Q), o’(u) € L¥(2), Vv € L*(Q) will imply

(po — )0’ (u)y1 Vo € L7 (Q) (because L + 1 +1 =1 implies 1 + 1 = L1). This completes
the proof of (4.29). Note that without the assumption Q C R? we would not be able to
justify convergence of the integral fQ(w — %) o' ()1 V¢*© - Vodz to zero as we need the
imbedding W17 (Q) cc C(Q).

Now we show that the second term on the right hand side of (4.18):

1
B /Q [U(ue)ng - a(u)Vgo} -Vyvdr — /Qa'(uﬁngo -Vp,vdr + /Q o(u)Vie - Vo, v dr.
(4.30)
To this end, we write
1 g (3
=y [a(u YV — a(u)Vnp} -Vepvdz
_ o(uf) — o(u) . / i
—/Q (76 )ch -V vdr + QO’(U)V( . ) -V, vdx
and then we show
€y _
/ (M)Vﬁ -Vp,vdr — / o' (u)1 Ve - Ve, v dr, (4.31)
Q € Q
€ _
/ a(u)V(gO 4,0) -Vp,vdr — / o(u)Vipg - Vo, v de. (4.32)
Q € Q
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We show the limit in (4.31):

‘/ )ch Vgpovdx/gol(u)¢1ch-chovdx‘
< ]/ﬂ - o) =olw) _ )¢1>Vg0 Vgoovd:r‘—i—’/ W VE - Vip,v
— oV - V0] da| < Vg loe - [ LT oy | 1wl ol

+’/ w1 V(p® — @) - Vgpovdx‘—>0as5—>0.

This proves (4.31). Note that (4.32) is obvious from the weak convergence of (¢° — ¢)/
This completes the proof of (4.30).

Finally, we show that the terms of (4.19) satisfy

é /Q [a(us)Vg&E -Vw —o(u)Ve - Vw] dx — /Qa'(u)¢1V<p -Vwdzr + /Qa(u)vqu -Vwdzx.
(4.33)
Indeed, we have
! / [a(us)Vgps -Vw —o(u)Ve - Vw} dx
g€Ja
_ (o) —o(u)\g - -y
—/ﬂ(g)V(p -dea:—l—/ga(u)V(E) -Vwdz,
and therefore it suffices to prove
€y _
/ ("(“)Ea())w Vwdz — / WiV - Vo dz, (4.34)
Q
/U(u)V( -Vwdz —>/ u)Vipg - Vw dzx. (4.35)
Q

Note that (4.35) is immediate. To show (4.34) we write
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T — S| - IV - 19wl

+ ‘ / o' (W) 1V (p° — @) - deq:‘ —0ase—0,
Q

by (4.26) for the first term and Ve 2 Vg in L"(Q) and o’ (u)1Vw € L™ (Q) (because
(1/s) + (1/2) = (1/r")) for the second term. This completes the proof of (4.33). Conse-

quently, letting e — 0 in (4.18) and (4.19) we obtain

/ Vi1 - Vodz —I—/ (BY1 + lu)vds
Q o0N

= /(% — ) o’ (w1 Ve - Vodz + / (p, — @) o(u)Vipg - Vv dx
! “ (4.36)

— / Py o(u)Vey - Vodr + / o' (w1 Vo - Vv dr + / o(u)Vipg - Vv dz,
Q Q Q

/J’(u)@ZJlVgO-Vw+/J(u)Vd)qu}dsz Vo€ H(Q),Yw e Hi(Q).
Q Q

To determine the “strong” formulation corresponding to (4.36) we differentiate (1.1)
with respect to § (remembering that in a Gateaux sense (Ou/005) = 91, (0p/0f) = 12, and
(00 (u)/0p) = o' (u)yn)

Apr + o' (W) [Vepl? + 20 (u) Vo - Vb = 0 in €,

V- (o' (u)1 Vo + o(u)Vipe) = 0 in Q,

(4.37)
1o = 0 on 011,
O

—— 4+ B + fu =0 on 01,
on
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and write a weak formulation for (4.37). Multiply by test functions, integrate over (2, and

integrate by parts to get

/ Vb1 - Vo da + / (Br + bu)v ds
Q i)
= / o' (u)i1 |Vl ?v dx + 2/ o(u)Ve - Vipvdr Yove HY(Q), (4.38)
Q Q
/(U’(u)d}lVgp +o(u)Vi) - Vwdr =0 Yw € H}(Q). (4.39)
Q
To deal with the quadratic term on the right hand side of (4.38) we again follow Lemma

1 from [25]. Take w = (¢, — ¢)v € HE(Q) in (4.39), where v € C*(Q) is arbitrary. Then

Vw = vV — vV, + (¢ — ¢,) Vv and we obtain

o
Il

[a’(u)iﬁlVgo + a(u)V@bg] -Vwdx

o' (u)r Vi - [uVp — vV, + (= 9, V0 da

o(u)Viy - [vVgo — oV, + (¢ — @O)Vv] dx

+

o' (W1 Vil 'v = o ()1 Vg - Vg da

(¢ — @) o' (W1Ve - Vo + o (u)Vips - Vgov} dz

+

— T —

— o(u)Viiz - Vg + (9 — p) o(u) Viiz - Vo da,

+

I
S — S — 5— 5 5— 55—

whence

/a’(u)wl\Vgolzvdx—l—/U(u)V¢2-V¢vdx:/a’(u)@DlV@-V%vdw
Q Q Q

+/ o(u)Vipy - Vvdr + / (0o — @) o' (u)p1 Ve - Vo dr + / (0o — @) o(u)Vapy - Vo da.
Q Q Q
Hence, adding “o(u)” term to both sides gives

/ o' ()1 |Vl ?v dx + 2/ o(u)Vie - Vovdr = / o (w1 Vo - Vv dz

Q Q Q

+ / o(u)Vipe - Vo vdr + / (0, — @) o' (W1 Ve - Vodz (4.40)
Q Q

+ / (0o — @) o(u)Vapy - Vo dx + / o(u)Vipy - Voude.
Q Q
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By the density argument and taking into account (4.40), we can rewrite (4.38) and (4.39)

as follows

/ Vi - Vodx + / (BYr + bu)vds = / o' (u)y1 Vo - Vv dr
Q o0 Q

+ / o(u)Vipa - Vo, v dx + / (0, — @) o' (w1 Ve - Vv dz
“ @ (4.41)

+ / (o — ) o(u)Vipg - Vo dz —i—/ o(u)Vipy - Vovdr Yove HY(Q),
Q Q

/Q(a’(u)wlw +o(u) Vi) - Vwdr =0 Yw € Hy(Q).

If we compare (4.41) with (4.36) we see that these two weak formulations coincide since

/ o(u)oVipy - Veodr = / o(u)paVu - Vo dz
Q Q

if we integrate by parts to get the gradient off ¢» and use the fact that V - (o(u)Vp) =0
in Q. O

In order to derive the optimality system and to characterize optimal control, we need
to introduce adjoint functions and the adjoint operator associated with 1 and .

We have formally

/pAwldx:—/Vp'ledx—i- %pds
Q 0 an On

:/wlApd:U+ 8wlpds—/ @wlds
Q o On a0 On

0
. / P1Apdx — / Y1 (£ + ﬁ*p) ds — lupds.
Q o \On o0

Therefore, if we set g—ﬁ + 6*p = 0 on 02 we will get pr Ay dr = fQ Y Apdr — faﬂ Llup ds.

Next, we have

/ po’ (w)| Vel do = / Py o' (u) [ V|2 da.
Q Q
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Now, we look at the term

/ po(W) Vi - Vipy dz = / P () par (2)ar det + / PO (1) Py (Y2)zs dt
Q Q Q
__ / (p (1) Py oy r i — / (7 (W) 2y )oa 2 d
0 Q

+/ pa(U)%wzmder/ po(w)pg,hans ds
o0 o0

- [0V oV it [ ot w22 s
Q o0

—/ oV - (po(u)Vy)dz
Q

since 1o = 0 on 0f). Hence

2/ po(u)Ve - Vipgdr = —2/ YoV - (po(u)Vy)dx.
Q Q
Next, we have

/QqV-[a(u)Vl/Jg]dx:/ﬂ [o(u)(¥2)a, |, do+

- / 4z 0 ¢2 331

+/ ¢2 171 ds +/ qa’ ¢2 2712 ds
o0

oN

- / (Gr 0 (W))r 2 d + / 4oy (1)) g e
Q Q

Oy Jq
+/ qo(u )Bn ds—/aQU(u)q/)gands
/wgv u)Vq] dx—i—/m qa(u)%lff ds,

since Y9 = 0 on 0f2. Thus, if we set ¢ = 0 on 02, we obtain

q ¢2 J:g

Qe O wQ $2

:3\95\

/ qV - [o(u)Vipg] dx = / oV - [o(u) V] dx.
Q Q
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Finally, using ¢ = 0 on 0f), we can write

/qu : [a’(u)zblVgo] dx = /Q [ ( )1#19%1 T1 dx + / q wl()@m T2 dx

Q

= - /Q qwlal(u)¢l¢x1 dx — /quz W)Y Pz, d +

+/d q o’ (u)1pz,ne ds = —/ Y10’ (u)Vy - Vadz.
90 o)

q o' (w)h1pz,m ds

S—

o0

All in all, using the notation £ for the operator in the sensitivity system acting on )1, 1o

/(p q)ﬁ V1 dx:/pAwld:c—l—/pa'(u)Vgo]Zwlda:
Q W Q Q

2
Lo / po(wW) V- Vi dz + / 4V - [0 () Vo] di + / 4V - [0 (wir Vo] da
Q Q Q
- / i Apda + / o’ (w)|Vpl2p di — 2 / 2V - [po(u) V] da
Q Q Q

—/wla’(u)Vgo-qux—i-/¢2V~[a(u)Vq] da::/ (1/,1 ¢2> L g dx
Q Q Q

where

o P (At o' (u)|Vel’p — o' (u)Ve - Vg
q V- [=2po(u)Ve + o(u)Vq]

gp + *p =0 on 09,

g = 0 on 092.

Thus, the adjoint system is given by

Ap+ o' (u)|Vol*p — o' (u)Vy - Vg=11in Q,
V- [—2po(u)Ve+ o(u)Vgq =0 in £,

o (4.43)

a—+ﬂp—00n8§2,

q = 0 on 09,
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where the nonhomogeneous term “1” comes from differentiating the integrand of J(3) with

respect to the state u.

We have the following

Theorem 4.2. Let ||| w1, (q) be sufficiently small. Then, given an optimal control 3* €

Uy and corresponding states u, @, there exists a solution (p,q) € HY(Q) x HE(Q) to the

adjoint system

Ap + o' (u)|Vo|*p — o' (u)Ve - Vg =1 in Q,
V- [2po(u)Ve+o(u)Vq] =0 in Q,

(4.44)
Op + 3*p =0 on 09,

on
q =0 on 0N).

Furthermore, 5* can be characterized by

B (z) = min (max(— u2p,)\>,M>.

Proof. We rewrite the operator in (4.2) with zero Robin boundary conditions as follows:

Dy 0
L =
by 0
where
. o A®; + o' (u)|Vp|?*®1 + 20(u) Ve - VO
oy V[0 (u)®1Ve + o(u)VPy|
4.45)
o (

0%, + B*®1 =0 on 99,
on
(132 =0 on 0.
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Note that the boundary conditions in (4.45) are part of the definition of the operator L.

We define the adjoint system as

cr = (4.46)

where L£* is a formal Hilbert space adjoint of £ and the components on the right hand side of
(4.46) are the derivatives of the objective functional with respect to each state, respectively.

The weak formulation of (4.43) is

—/Vp-Vvda:— ﬁ*pvd8+/0/(u)|Vg0|2pvdx

Q oN Q

—/Ul(u)(Vgo-Vq)vd:c—/vdx Vo e HY(Q), (4.47)
Q Q

Q/pa(u)VgO-dex—/a(u)Vq-dex:O Yw € H} (Q).
Q Q

We justify that the integral [, o’(u)|Ve|*pv dz in (4.47) makes sense. Recall (2.6) and

(2.5):
1 1
g + 5= 1,
11 N 1 (4.48)
s 2 r
Then obviously,
1 1 1
-+ 4= =1,
s r 2
whence
1 1 1
-4 == 4.49
S + r 2 ( )

Adding 1/r on both sides of (4.49), we obtain

1 1 1 1
-t —— = =+ —. 4.50
s+7‘/2 2+T‘ (4.50)

Now, comparing the second equation in (4.48) with (4.50) we get

S=t . (4.51)



Since p € H(Q) implies p € L*() and taking into account that [Ve|? € L'/2(Q) it follows
from (4.51) that o’(u)|Vy|?p € L¥(Q). Therefore, the integral [, o’ (u)|Ve|?pvdz makes
sense as v € HY(Q) C L¥(Q).

Next, we show that the solution to the adjoint system (4.44) exists. Define a map

F: HYQ) x HY Q) — HY(Q) x H}(Q) with F(V,W) = (p,q) in the following way

Ap+ o' (w)|Vp|*V — o' (u)Ve - VIV =1 in Q,
V- [-2Vo(u)Ve +o(u)Vg =0 in Q,
op (4.52)

— + ("p =10 on 99,
on

q =0 on 092.

Standard L?-theory for elliptic problems and the Lax-Milgram Lemma imply that this is a

well-defined map. The weak formulation of (4.52) is

—/Vp-V@dx— ﬂ*p@ds—i—/ '(u)|V|*V © dx
0

o
o Q
- / o' (u)(Vep - VW)Odx = / Qdr VO e H(Q),
Q Q
2/ Vou)Ve - V¥dr = / o(u)Vq-VUdr YU c HNQ).
Q Q
We use the Banach fixed point theorem. Let F'(Vi,W1) = (p1,¢q1) and F(Va, Wa) = (p2, ¢2).

We show the contraction property

Ipr = pellmo) + llas = lyey < 5(IV2 = Vallnoy + W1 = Wallyey)  (4:53)
for some 0 < § < 1. Indeed, for F(Vi,W1) = (p1,q1), we have

—/Vp1~V@dac— ﬂ*p19d3+/ "(u)|V|*V) © dx
Q

g
oN Q
—/0'(u)(Vgo-VW1)@dx—/®dw Ve e HY(9), (4.54)
Q Q

2/ Vio(u)Ve - VU dz = / o(u)Vq - VUdz VYV e H&(Q)
Q Q
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Similarly, for F'(Va, Wa) = (p2, q2), we can write

—/Vp2'V@dl‘— ﬂ*pg@ds+/a'(u)|V<p|2V2®dw

Q o0 Q

—/al(u)(Vgo-VWQ)@dx:/@dx Ve c H'(Q), (4.55)
Q Q

Q/VQU(u)v(p.v\pdx:/a(u)vqg-V\I/d:c VU € HYQ).
) Q

Let us denote p d:efpl D2, q = q1 — g, W= dof Wi — Wy, and V def Vi — Vs, Take ©® = p in

(4.54) and (4.55)

/Vpl'Vpdx—k ﬁplpds—i—/ :/0 )| Vel led:c—/a/(u)Vgp-VVledx,
Q Q Q

/Vpg-Vpd:r—i- ﬂpgpds—l—/ :/a )| Vel Vgpdg:—/g’(U)V@-Vngd:U,
Q Q Q

and subtract the second equation from the first one to get

/|Vp| dx+/ B p* ds—/ ,(U)|V@|2‘7ﬁd$/QO”(’LL)V(,O'VV_VﬁdCE. (4.56)

Thus, we obtain

/yvp|2dx+A/ prds <
Q o0

We estimate the first term on the right hand side of (4.57). Note that adding 1/s to both

o (u)Ve - VW pdx|.  (4.57)

/ o' (uw)|Vo|* Vpdz| +
Q

sides of (4.51) gives

l=-4+-4+—. 4.58
s+s+r/2 (4.58)

Now taking into account that p € H*(Q) C L3(Q), |Ve|? € L"/2(Q2), and (4.58) we have

/a'(u)|V<p|2Wpdx SK/ |V<p|21_/ﬁdx
Q Q

o (4.59)
< K[Vl [l 2V 1151151l

< KM |[pll s o 1V |11 )
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where we have used [|plls < Mi|p[|f1(q) and 1IVeP |2 = [[Vel? < ®*. Recall that @

depends on the boundary data ¢p from (2.17). We also estimate:

/ o' (u)(Vep - VIV) pda| < K / Vel - VW] - || da
Q Q

< K|Vl VW l2||p] s (4.60)
< KM || VW 2llpll o

< KM ®||W | g 18] 2 02)-
Taking into account (2.20), (4.59), and (4.60) we rewrite (4.57) as
k[IPl1 31 ) < KMO2 (V|| g2y 18] 1 ) + K ML@IW || 1 1P 111 -

This implies

_ KM2®2  _ KMo -
HPHHl(Q)STlHVHHl(Q)Jr k Wl e (- (4.61)

To derive an estimate for ||| 71 (q), take ¥ = ¢ in (4.54) and (4.55) to get

2/ Vio(u)Ve-Vgdr = / o(u)Vaq - Vqdz,
Q Q (4.62)

2/ Voo (u)Ve - Vide = / o(u)Vqa - Vgdx.
Q Q
Subtract the second equation in (4.62) from the first one
2/ V o(u)Ve - Vide = / o (u)| Va2 de,
Q Q

whence

o / Va2 do < / o ()| Vgl dr = 2 / ¥ o(u) Ve - Vade < 2057Vl | Vall.
Q Q Q

(4.63)
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Consequently,

2050, . 2050M;
Vs < —7—

qlle <
IVale < “= IVl < =2

IV k() (4.64)

Recall Poincaré’s inequality

1all 3 0) < C6lIValla- (4.65)

Thus, taking into consideration (4.65), we obtain from (4.64)

2CsCy® My

1all 3 0) < CollValla < o

VIl - (4.66)

Now if we add (4.61) and (4.66) we get

_ _ KM2®%2  2CsCL®M; \ | - KM ® -
HP\|H1(Q)+HQ||H3(Q)§< kl + Cr Va9 + —— Wz o)

KM2®%?  2CsCo®M; KM;® _ _
< max { =+ ST S LW ) + 1V o).

(4.67)

Recalling that ® = ¢1||Volloo + c2[l@ol[w1.00(2), Where c1,co > 0 denote generic constants

(see (2.17)) and choosing ¢g so that |[¢o||yy1.00 () is small, we obtain

KM%(I)2 + KM ® QCGCQ‘I)Ml} <1

5:max{ k: ) Cr

This proves (4.53), the contraction property, which gives the desired fixed point of the map
and therefore the existence of solutions to the adjoint system.
Recall that for variation £ € L>(2), with 8"+l € Uy for € small, the weak formulation

of the sensitivity system (4.2) is given by
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/ Vi - Vodx — ﬁwlvds+/ "(u)p1 | V| ?v da
Q o0

o
Q
+2/vdeMpV¢Mﬁi/€mdSVUEH%m, (4.68)
Q oN
/ o' (w1 Vo - Vw dx —|—/ o(u)Vipg - Vwdr =0 Yw e Hy(Q). (4.69)
Q Q

Now we are ready to characterize the optimal control. Since the minimum of J is achieved
at f* and for small ¢ > 0, 5* + el € Uy, and denoting u® = u(B* + €f), p° = p(B* + €f),

we obtain

o< i JB D =T

e—0t 5

zsli%{ri[/QuedxwL/aQ(ﬂ*nLd)st/Qu*dx/89(ﬂ*)2ds]

o u — (8" +£0)? — (8
g [ [ [

£ o % *)2 * 202 *\2
= lim v-u dr + lim (F)" + 25" et + ¢ (57) ds
e—0t Jo £ e—0% Jo0 €
5/mm+/2mws
Q o0

_/Q<¢1 ¢2> (1) dx+/892ﬁ*€ds

—— [ Vp-Vordo~ [ Bpvids+ [ oo @IVePpds— [ ooV Vads
Q 80 Q Q

—l—2/ﬂpa(u)Vg0-V1/12 dx—/ﬂa(u)Vq‘Vng da:—i—/(m?ﬁ*ﬂds

~{ _/Qwvwl dx—/mﬂ*pwl ds+/ﬂw1 a’(u)\prda:+2/Qpa<u)ww2 dr}

+ [—/le a'(u)V@-qu:r—/Qa(u)Vq-Vv,/Jgd:r} —i—/(m2ﬁ*€ds

= Eupd8+/ 26%0ds,
o0 o0
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where we integrated by parts and used the sensitivity system (4.68), (4.69) with test func-

tions p, q. Thus, we obtain

/ (28" 4 up) ds > 0. (4.70)
o0

i) Take the variation ¢ to have support on the set {z € 9Q : A < 8*(z) < M }. The variation
¢(x) can be of any sign, therefore we obtain

2605 +up =0

whence

g* = up

5
ii) On the set {x € 90 : *(x) = M}, the variation must satisfy ¢(z) < 0 and therefore we

get

26" +up <0

implying

iii) On the set {z € 9Q : §*(z) = A}, the variation must satisfy ¢(z) > 0. This implies
268" +up <0

and hence

Combining cases (i), (ii), and (iii) gives

-2 A< - <M,

B(x) = § M, if "2 > M, (4.71)

A, if =42 <.

\
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We can write (4.71) compactly as
ﬂ*(m)zmin(max(?,A),M). (4.72)

This yields our desired characterization of optimal control g*. [

Substituting (4.72) into the state system (1.1) and the adjoint equations (4.43) we obtain

the following optimality system:

Au* + o(u")|Ve* > = 0in Q,
V- (o(u")Ve*) =0in Q,
Ap + o' (u)|Ve*|*p — o’ (u*)V* - Vg =1in Q,

V- [2po(u")Ve* +o(u*)Vq] =0 in Q,

g—p + min(max(—u*p/2,\), M)p = 0 on 01,
n

q =0 on 09,

ou*
on

(4.73)

+ min(max(—u*p/2,\), M)u* = 0 on 09,

©* = o on IN.

Remarks. We make the following observations concerning the system (4.73).

(1) If we take into account the second equation in (4.73) then the last equation in (4.73)

can be rewritten as

—20(u")Ve*-Vp+V - [o(u")Vq] = 0.

(2) We show that if g = constant then 5* = \. Indeed, the maximum principle for weak
solutions implies that ¢* = constant and therefore Vyp* = 0. This simplifies (4.73)

significantly. Namely, we obtain
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Au* =01in Q,
Ap =1in Q,

V-[o(u)Vq =01in Q,

\ (4.74)
Ou + f*u* =0 on 09,
on

@—Fﬂ*p:Oon@Q,
on

q =0 on 09.

Applying the maximum principle to ¢ gives ¢ = 0 in , and the system becomes

Au* =0in Q,
Ap=1in Q,
) (4.75)
Ou + B8*u* = 0 on 092,
on
@—i—ﬁ*p:Oon@Q.
on

Now if we integrate the first equation in (4.75) over 2 and integrate by parts we obtain
Joq BFu*ds = 0. Since §*(x) > 0 and u*(x) > 0 for all z € I it follows that u* = 0
a.e. on 0f). Hence, we can write
Au* =01in Q,
(4.76)

u* =0 a.e. on ON.

This implies that ©* = 0 a.e. in . Thus, if we take into account (4.72) we get 5* = A

and

Ap=1in Q,

(4.77)
@ + Ap = 0 on 0.
on

o8



Observe that for (4.77) to be solvable we have to have a compatibility condition

which implies

—)\/ pds = meas(Q).
[2}9]
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Chapter 5

Uniqueness of the Optimal Control

In this chapter we prove that the solution to the optimality system (4.73) is unique under

some additional assumptions. We assume that o/ € C%!(R) with Lipschitz constant R > 0,
lo'(s1) — o' (s2)| < R|s1 — s3] for all 51,52 € R. (5.1)

We have the following

Theorem 5.1. In addition to all the standard assumptions from chapter 2, let (5.1) hold.
If X is large enough while |||y, (q) is sufficiently small, then solution to the optimality
system (4.73) with u and p components being in L>°(QQ), is unique, and therefore the optimal

control 5% is unique.

Proof. Weak formulation of the first two equations in (4.73) is

/Vu‘Vvdx—i— Buvds:/o(u)|Vg0|2vd:c Vo e HY(Q),
Q Q

o0N
/ o(u)Ve - Vwdr =0, ¢ — @y € H}(Q), Vw € Hy(Q).
Q

The weak formulation for the adjoint system is given by (4.47):

—/Vp-Vf)d:U— ﬁpﬁds+/ '(u)\Vgp|2p1~)d:E—/0'(u)Vg0-qu7d:1::/z7dx,
Q

g
o0 Q Q Q

2/pa(u)Vgp-Vﬂ)dm—/U(u)Vq-VzI)d:Jc:O Vi€ H(Q),Vo € Hi(Q).
Q Q
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Observe that since p € L*°(Q) it follows that Vg € L"(£2) by the Meyers estimate. Let

(u1,¢1,01,q1) and (u2, p2, p2,g2) be two solutions to the optimality system. We have

/Vul-Vvdac—i— Blulvds:/a(ul)\Vgol\%da:, Vo e HY(Q),
Q Q

N
/ o(u1)Ver - Vwdz =0, pg — @1 € HY(Q), Yw € HY(Q),
Q
/ Vp1 - Vodz +/ Bip1vds +/ vdr = / o' (u1)| V1 |*p1 0 da (5.2)
Q o0 Q Q
— / o' (u1)Vy - Vg vde, Yo e HY(Q),
Q

Q/pla(ul)wl~vwda::/a(u1)vq1-vwdx Vo € Hy(Q),
Q Q
where (1 = min(max(—uip1/2, ), M). We write a similar system for (us2, ¢2,p2, ¢2):

/ Vuy - Vodz + Baugv ds = / o(ug)|Vo|*vdz, Yve HY(Q),
Q Q

o
/ o(ug)Vepz - Vwdr = 0, oo — a2 € Hy(2), Vw € Hy (),

Q
/Vp2 -Vodz + B2p2v ds+/ vdr = / o’ (u2)|Vipo|*p2 ¥ da (5.3)

Q o9 Q Q
- / o' (ug)Vo - Vo vodx, Yo HY(Q),

Q
2/ p1o(u2)Ves - Vo dr = / o(uz)Vaq - Vindr Y € HYH(Q).
Q Q

We set 4 = u1 —u2, ¢ = @1 — 2, P = p1 —p2, and ¢ = q1 — q2. Now, taking w = @1 — 2

in (5.2) and w = ¢1 — 1 in (5.3) yields

/ o(u1)Vepr - V(g1 — p2) dz = / o(u2)Vpz - V(g1 — @2) dx. (5.4)
Q Q

Adding — [, 0(u1)Ves - V(g1 — @2) dz to both sides of (5.4), it is easy to check that the

following relation holds

/ o) Vel do = | (o(u2)  o(ur))Vien - Vi
Q Q
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Hence,

a1Vl = ¢ / Vo da
Q
S/U(ul)\ngz\zdaﬁ
Q
:/(O'(UQ) —o(u1))Vpse - Vo dx
Q
<K [ Jal [V Vo do
Q
< Ko|la|s||Vell.

This implies the following estimate

Ko
Vel < 7IIUHs (5:5)

which will be used throughout the proof.

Take v =@ and © = @ in (5.2) and (5.3) to get

/Vul'Vud:c—F ﬂluluds—/a U1 \Vg01| wdx
Q Q

/ Vus - Vudx + ﬁguw ds =
Q

@\

o(u2)|Vpo|*u dx

Subtract second equation in (5.6) from the first

/ ‘Vﬂ|2d.%' +/ (ﬁlul — 52’&2)1] ds = / (a(ul)\vwl\z — J(U2)|V(p2|2)ﬁdiﬁ.
Q 0N Q

We can write

/Vﬂ|2dac+/ 51E2ds+/(ﬁ1—ﬁ2)uQﬂds:/ (0(u1)|V<,01|2—a(uz)|V<p2|2>Ud:L‘.
Q 09 Q Q
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Thus, we obtain

/\vu|2dx+A/ u2ds§/\Vu]2da:+/ Bru? ds
Q o0 Q o0

[ = ouwnas + [ (o<u1>|w1|2a<u2>|w2|2)udx
o0 Q

< / 11— Bl - Jua| - ] ds + / (1) [Veor |? — o(u)| Vipa?| - ] de
o0 (9]

1
<5 [ Jnpr =l fual el s+ [ otu)|Ver P = o) Feal?| -Ja
o0 Q

1
2

2
1

IA

1 _ _ 1 _
< 2l ooz / - 9] ds + 5 lpall ol / a? ds
o0 o0
4 / o () [V ? — o(uz) [ Vipal?| - [a] da
Q
1 _ _ 1 92
< 5”’“1Hoo”UQHooHUHL2(aQ)HPHL2(39) + 5||p2Hoo”u2||oo||U”L2(aQ)

4 / o () [Vepr ? — o (uz) [ Vipal?| - [a] de,
Q

def
where |81 — (2] < %|u1p1 — ugps|. Denote = |1 ]oo lltu2]|co and aq

Taking into account Cauchy’s inequality, for any a,b € R

2 b2
p<
a5ty

we can write

_ Q2 a1 _9
Val?de + (N — = — — / u” ds
it (=55 [

ag _
< 1Bl o0y + /Q |o(u1)[Vr[? = a(u2)[Vepa|?| - [a] da.

We deal with the last term
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dx

= / luipr — uipa + uipe2 — uepa| - |uz| - |u|ds +/ ‘U(u1)|Vg01|2 — a(u2)|Vg02|2’|ﬂ\ dx
o0 Q
1
= / [urp + apa| - [uz| - u| ds +/ | (w1)|Vepr|* = o(u2)|Vipa|?| - [ d
o0 Q

1
! / far| - fuzlll - 9l ds + 2 / pali®luz) ds + / () [Ver |? — o(u2)| Vips 2| f] de
2 Joa 2 Jon Q

def
= [[p2llsolluz||so-

(5.7)



/Q |0 (u)[Ver|* — o(u2) [ Veoal?| - il dw < [lo(ua)|Vior|* = o (ua)[Vipa |||

< |lo(u1)Ve - Vipr +2)lollalls + [ (o (ur) — o(u2)) Ve[l [l s

=< CzW@IIz Vo1 +2)ll - llalls + K@ Ve[l - llalls

02
< 22190+ o)l -l + K|Vl
2CQK<I> i} _
< =5l + Kol
1
20, K9 M}
< = lllin + K@Ml ),

where we used (4.48), (4.51), (5.5), and where we have taken into account that ||Vo|, < ®

and |[alls < Ml g(o)-

Consequently,
al?de+ (A- 2 -2 a* ds

|Val|? d A

Q 2 47 Joa
aq ., _ 20, K2 M?

< ZHPH%%@Q) + %Hu”Hl + K®2ME a3 g

1
Therefore,
_ oy _
[vardo s (v 2= G) [ atds < Plpliaon + Ml (53)
Q o9

def
where My & QC’A’KCﬂ + KO2M2,

To derive an estimate for p we take test functions in the equations for p to be p, namely:

/Vp1Vﬁdx+ ﬁlplﬁds—i-/ﬁdw—/
Q o0 Q

U’(u1)|ch1|2p1ﬁdac—/J’(ul)VngVqlﬁdx
0

Q

/szvﬁder/ 52p2]5d8+/]3d1‘=/0/(U2)|V¢2|2p2}5d$—/U'(uz)V@VC]zﬁdl‘-
Q o0 Q Q Q
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Subtracting the second equation from the first yields
/ Vp|? dx +/ (Bip1 — Pap2)pds = / (o' (u1)|Vepr|*p1 — o’ (u2)|Vipo|*p2) p da
Q o0 Q
+/ (0’ (u2) Vo - Vo — o' (u1)Ver - Vi) p da.
Q
We have

/ |Vp|? dz + /(9 (Bip1 — Bip2 + Bip2 — Bap2)pds
Q Q

= / (0/(U1)!V901’2P1 - U/(UQ)\sz\sz)ﬁdx +/ (0’ (u2) VoV — o' (u1)Vp1 Vi ) pda,
Q Q
whence

/ Vp2dz + / B ds + / (B — fo)papds
Q o0 o0

B / (o' (w)|Ver*p1 — o' (u2)|Vipa|*pa) p da: + / (0 (u2)Vip2Vaz — o' (ur) Vior Var ) pda.
Q Q

Therefore, we obtain

/|Vﬁ|2daz+>\/ desg/ ]Vp|2d:v+/ G1p? ds
Q oN Q 0N

(5.9)
ngm—@wm«mw+A+&

where

def _
A:=AJHOMNV¢H%1—U%WNV¢ﬂ%ﬂ-@Mm

B d_ef/ 0" (u1) Vo1 - Var — o' (u2)Vipa - Vgl - [pl da.
Q

Denote as < |utllool|P2lcc and au e lp2]lco- We estimate the first term on the right hand

side of (5.9):
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_ 1 _
[ 18—l el lplds < 5 [ s — wapal - el ol s
o0N o0N

1 _ _ _
=5 | [wp+apa - |pa| - |pl ds
o0

IN

1 . 1 _ _
! / ] - [pol 5% ds + / @) - 1ol p3 ds (5.10)
2 Jon 2 Jon

IN

2
asg | _ [0 _ _
7”1’”%2(39) + 74 /asz |ul - [pl ds
2 2
Q3,19 Q4 1112 Q4 1212
< 7||p||L2(aQ) + ZHUHLQ(QQ) + ZHPH]}(@Q)-

Let us estimate A:

A d:ef/Q }UI(m)W%Ppl — J'(UQ)\VS@\QP?‘ - |pl

< o’ (u1)|Veor1 Pp1 — o' (u2) |V * 2|+ 17| s
= ||’ (w1)|V1)*p1 — o (u1) V1| *pa + o’ (u1) | Vo1 |*p2 — o' (u2)|[Veoa*p2 s ||D]l s
< |lo’(u)|Ver *ll s IBlls + | (o (w1) Vo1 |* — o’ (u2) [V |*) pal| s 1D

< K|||[Vei*p

SNPlls + eallo’ (u) Ve - V(er + p2)lls 1Pl

+aul (0 (ur) = o' (u2)) Vo2l [l 121 s

- - 205K P20y o
< K|lplls|[IVer]? gllplls + THUHSHPIIS + R®%ayl|al|s||plls
_ 202[(@2@4 _ _
< Ko?|p|2 + <01 + R®%ay |||al|s||pl s

202K(I)2a4M12

20721512
< KOQ“M7|plli o) + ( C,

+ R<I>20z4M12> ]| ) 1Pl 21 (02

where we have taken into account that (4.51) allows us to write

[IVe1]?p

o S Bl |1V

T

and s > s’. Thus, we obtain

20 K 9%y M?

A < KO M?||pl o) + ( Ci

+ R‘I’2Q4M12> ]| e ) 121l e ) - (5.11)

66



Finally, we estimate B:

B d—ef/ 0" (u1) V1 - Vi — o' (u2) Vs - Vol - [p| da
Q

< [lo’(u1)Ver - Var = o' (u2)Vipa - Vol 1]l s

= ||o’(u1) V1 - Va1 — o' (u1) V1 - Vo + o' (u1)Ver - Vo — ' (u2) Vo - V||« |17 s

< lo’(u1)Ver - Valls [1B]ls + [[(0" (u1)Vier — o’ (u2) Vipa) - Vaa| ||l

< K[[VerValls[1plls + (o' (u1)Vipr — o' (u1) Vipa + 0’ (u1) Vs — o' (u2) Vp2) Vo | (1]l

< K| Vo1 VillslIplls + llo'(u1) Ve - Vaa|l«[Iplls + (0" (u1) — 0’ (u2))Veor - Vaal s [1p]ls-

Note that Vi1 € L™(Q2) and V§ € L?(€) implies
Vi -Vge L¥(Q). (5.12)

since é = % + % Also, Vg € L"(Q2), Vgo € L"(Q2) implies

Vo - Vo € L'?(Q) (5.13)
because r/% = % = % + % Hence, we conclude @V - Vo € L¥ () (since é = % + %)
By the Meyers estimate

IVal, < & < oo. (5.14)

Therefore, taking into account (5.5), (5.12), (5.13), and (5.14) we obtain

B < K| Vel IVallalplls + K[Vl Vazll-lIplls + Rllulls[ Vo2 - Vazl £ [Pl
< KOMi |1l ol Valla + KMV @l2)1bll 10 + Rllallsl| Vel Vaallr15]ls
_ _ = Ko = _
< KOMi||pl g (o)l Vallz + KCI)MIFIHUHSHPHHWQ) + RM®®||u .o 1 1110

whence

K2pdM? ~\ _
B < KM ||pll g1 IVall2 + ((711 + RM12<I><I>> %] 1 ) 121l 11 (02 - (5.15)
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Collecting all the terms from (5.10), (5.11), and (5.15) gives

/|Vﬁ|2d$+)‘/ 152d8§/ 61 — Ba| - |p2| - [Pl ds + A+ B
& 09 89
2

2
%3152 X2 Y5012 2072|1512
< EHPHH(aQ) + ZHUHLz(aQ) + ZHPHLQ(E)Q) + K@M (Pl
20, K &2y M? B ) . i
+ (oll + Ry M7 | [[all g o 1Bl 1.0y + K M| eyl Vall2
K2®dM? 2\ )
(Cwll + RM%‘P‘I)> @l 7 @) l1Pll ()

which implies

2
/|Vp|2d:z:+( —C;?’—OZ‘)/ *ds
Q o0

2
Qy _ _ _
< fHUH%?(aQ) + K2 ME||p 1 ) + K@M|p] 1 (e V2 (5.16)

K200 M?

205 K ®2 vy M?
+ (2 U | R2aaM2 + -
1

Cr + RM%‘I@> %]l 7 o) 12 e )

. def def 20, K®2aq M2 K20dM?2
Setting My < K®2M7? and Ms = 222l i

1

+ R®%a M7 + + RM?®d we

rewrite (5.16) as follows

_12 (oF:] 04421 ) 043 —12 112
Vol de+ (A= 52 = 21) | p2ds < Sl + Malol g
Q o0 (5.17)
+ KM [|p|l oy IVall2 + Ms||all g o 12] 1)
This gives the desired estimate for p.
Note that the estimate for ¢ is given by (5.5):
_ KM ®
IVoll2 < ]l 162y (5.18)

where we have taken into account that ||u|[s < Millu|| g1 o). We proceed to the derivation
of an estimate for ||Vql|l2. If we use ¢ = @ as a test function in the equations for g we will

have
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2/ pro(u1)Ver - Vgdr = / o(u1)Vqr - Vgdz
Q Q

2/1?2 o(u2)Vs - Vadz Z/U(W)V(Jz-védl‘-
Q Q

After subtracting we get

2 / (pro(u1)Ver — pro(uz)Ves) - Vide = /(U(ul)Vql —o(u2)Vqa) - Vadu.
Q Q
Claim:
2 [ (1 0()Vior — p2o(u2) Vi) - Vad
Q
= QA{pla(ul)Vw + p1(o(ur) — o(uz)) Vs + po(uz)Va} - Vqda.

Indeed,

2 [ (1 0u)Vier — p2o(u) Vi) - Vad
Q
= 2/9(191 o(u1)Ver —p1o(ur) Vs + p1o(u1) Vs — pao(u2)Ves) - Vide
=2 /Q{pl o(u1)Ve + [p1o(ur) — pao(u2)|Vea} - Vada
- /Q (91 0(u1) V% + [pr o (1) — pr o (uz) + p1 o (uz) — po o (us)]Viga} - Vada

—o /Q (91 0(u) Vo + pilo(ur) — o(us)] Vs + po(us)Via)} - Vada.

This proves the claim. On the right hand side of the equation for ¢, we have

/Q(U(ul)VQ1 —o(u2)Vae) - Vgdz

(o(u1)Vaqr — o(u1)Vaa + o(u1)Vaa — o(u2)Vq) - Vqdx

S

:/U(ul)V(j-V(jd:L‘—l—/(a(ul)—a(uz))VqQ-V(jd:r.
Q Q
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Consequently,

2 /Q (91 0(w)V + prlo(ur) — o(us)| Vs + po(un)Vipn} - Vada

—/a(ul)]Vq_\z dx—i—/(a(ul)—a(ug))ng'V(jdx.
Q Q

This implies

IVl = ¢ /Q Vgl do < /Q () [V de
= 2 [ (o) +pilo(ur) — o)V + po(ua) Via} - Vada
+ [ (olu2) = o)) Vaa - Vads
<2 [ otw)lpi|- 1941 [Valda+2 [ Ipil-lo(ur) = o(u)] - [Vica] - Vi do
+2 [ otw)lpl- [Vgal [Vl da+ [ lo(uw) = olw)] - |V - V] da
<20, [ o1l V41 Val da+ 2K [ |oi]- [l [V - V] da
+202/Q\py.\w2\-yvq| dx+K/Q\uy-\vqu-\vqydx

< 2Co[lp1]lo[VR2lVall2 + 2K [p1 ool s [V 2l V]2

+2C|Ip[|s[ Vo2l [ Vall2 + K|als||Vazll -Vl
KM®
C1

+ 202 M1®||pl| 111 () IV all2 + K M1 @@l 111 () [ Va2

< 2C:|lp1loo 1]l i1 ()| Vall2 + 2K M1 ®@|[p1 ool @ll 711 0 [ Vll2

Thus

1Pl 1) (5.19)

_ 205Co KM1® 205 KMi® KM® Y\, 209 M P
\V4 < + +
Va2 < ( 012 y Ci ||U||H1(Q) + Cy

def def & .
where we have set a5 = ||p1|loco. Now put Mg = 20‘5020}2(]\/[1@ + 20‘5?{%@ + K]gllé and rewrite
1

(5.19) in the following form

_ _ 205M1D
IValle < Mgl|ul| g o) + 2TIIHPHM(Q)- (5.20)
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This gives us the estimate for V4.

All in all, we have

aq _
[ivap e+ (3= 2 =) [ ads < il + Mallil o
_12 04421 —2
Vit de+ (A= %2 = %) [ 5ds < Ll g, + Ml
Q 8Q
+ KOM|p| g0y Va2 + Ms @l i o 19111 ) (5.21)
_ 20, M ®
Va2 < THPHHl ) + M|t 1o
KM ®

IVolla <

%] 1 ()

Adding the first two estimates in (5.21) gives

2
+(A_0‘3_0‘4_0‘1>/ 72 ds (5.22)
o0

< M|l ) + Mallpl ) + K@Milpll o) | Vall2 + Ms||all g o) 1]l 0

Using the estimate for Vq from (5.21) allows us to rewrite (5.22) in the following way

2
il? I R R 72 512
/Sz]Vu\dx—i—(/\ 2 4>/aQuds+/Q|Vp\dx
2

(5.23)
< M3H@H12ql(sz) + M4Hﬁ”%{1(9) + THﬁH?{l(Q)

+ KSMy Ms|[all o) 1Pl ) + Msllall g 1P o)
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Using Cauchy’s inequality, we obtain

205K M2®? KoM Mg, _
< Ml + Mallplnge) + =2 g e + g i
K@MlMﬁ _ 5 — 5=
#HPH%I(Q) + 7”””%{1(9) + 7”1’”%{1(9)'

From (5.24) we conclude

kllallz o) + KBl ) < Mallallin ) + Mallpl 3 g
+2€2KM1¢>2 ) K®M Mg KOM; Mg

cr 1P () + =Nl @) + ———— 1Pl (0

M5 — 112 M5 _112
+ 7”“”}11(9) + THPHHl(Q)
and consequently,
K®M Mg  Msy,, _
(k= Ms = === = 3l

205 KM2®?  K®M; Mg Ms) |

<0
Ch 2

T (k: — My — 1% (g

We remind the reader the definitions of some constants.

dof 205Co KM ® 205 KM ® KM ®
6 = 5 + + ,
Ci Ch Cq
A 4 20, K @2y M3 K20 M?
Cl Cl
def 2
My = K&2M?,
def 202 K 2 M

My < == — "1 4 K2 M?
3 Cl 1>

+ R®2a M} + + RM? 0,

def
o5 E |1l s = [[p2llocs a3 < uallool[p2l]oos

def def
@z = [[p2/loolluzlloo; 1 = [Juloollu2]lco,
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Therefore if the boundary data (g are chosen so that

KoM Mg Ms

k— Ms — 5 7>O, and
205K M?2®? K®M,; M, M,
b My - 2 L7625 5,
4 2 2

then . = 0,p = 0,Vg = 0, and V@ = 0. Then it follows that § = 0 and @ = 0 (since
Vi=0,Vy=0and § =0, g =0 on the boundary) which gives the uniqueness of solutions
of the optimality system. This uniqueness implies the uniqueness of the optimal control,
since we have the existence of an optimal control and corresponding states and adjoints,

which satisfy the optimality system. [
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Chapter 6

Case of a Constant Heat Transfer

Coeflicient

In this chapter we look at optimization of a constant heat transfer coefficient in the thermis-
tor problem. Namely, let the state system be described by (1.1) and the objective functional

be given by the following expression

J(ﬁ)z/ﬂud:t%—ﬂz, (6.1)

where now the set of admissible controls is given by Upy = {f € R: 0 < A < 3 < M}. Note

that now the system (1.1) has a constant heat transfer coefficient 3. We have the following

Problem P. Find 3* € Uy such that J(5%) = ﬁm[i]n J(B). (6.2)
eUm

In other words, we need to adjust the parameter 5 € Uy in such a way that the functional
(6.1) is minimized. For other examples of this technique applied to optimizing a parameter,
see [28]. Observe that all the theory from the previous sections (existence of optimal control,
derivation of optimality system, etc.) carries over to this case. As for the characterization

of optimal control, if we repeat all the steps from chapter 4 and take into account the new
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form of the objective functional (6.1), we obtain

J(B* +et) — J(B7)

0 < lim
e—0t+ e
o1 ) * 2 * N
_81_1%&5[/011(5 +el)dx + (8" + el) —/Qu(g )dz — (8) ]
* . % . 2 e
~ i [/“W ) (), (5 e (ﬂ)]
e—0t 0 c -
= lim w - dr + lim (ﬂ*)2 +2ﬂ*6f+52€2 _ (B*)Q
e=0% Jo € e—0t c
:/wldmmﬁ*e
Q

1
:/ (1/,1 ¢2> dx + 26%¢
Q 0

—— [ Vo Vundo— [ pundst [ oo @IVePpdo— [ 10T Vods
Q o9 Q Q
+2/pa(u)Vgo-Vz/zgd:c—/U(u)Vq-Vz/Jde+25*€

Q Q
o _ . _ * / 2 .
~{ = [vo-vinda— [ goviast [ono@iVelpde+2 [ potTe- Vo)
+ [—/ngl 0'(u)Vgp-qu$—/Qa(u)Vq-Vi/)gdx} +206%¢

= E/ upds + 234,
o0

where we integrated by parts and used the sensitivity system (4.68), (4.69) with test func-

tions p, q. Thus, we obtained

E(/ upds + 25*) > 0. (6.3)
onN

Now repeating similar arguments as those leading to formula (4.72), the optimal parameter

(% = min (max ()\, _;/fm upds),M). (6.4)

Hence, optimality system is given by (1.1), (4.43) and (6.4).

characterization is

We present a numerical example for a test problem. We consider a square domain with

a side of unit length which is approximated by a uniform mesh of size h and the optimality
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system is discretized by finite differences. In what follows, j € N marks a grid point on the
z—axis and is changing from from 0 to M + 1 with increment 1, where h(M + 1) = 1 (that
is, the interval from 0 to 1 on the z—axis is divided into M + 1 subintervals). Similarly, for
k € N along the y—axis. The grid points with j =0, j = M +1, k=0, and k = M + 1
correspond to the boundaries of the square.

For each internal grid point (j, k) the state equation for u is discretized as follows

1

ﬁ(uwrl,k + i1k + Ujg—1 — dugg)

2 2
Pi+1k — Pi-1k Pik+1l — Pjk—1
+ U(W,k)( ! A : ) + o (ujk) (j%]> = 0.

Thus, for j =1,...,M and k= 1,..., M, we have

U1k + Uj—1k + U1 + U1 — AUk

1 1
+ Zf(%k)(%ﬂ,k —@i_1k)’ + ZU(Uj,k)(SDj,lHl — @ir-1)? =0

For j=1,...,M and k = 1,..., M, the rest of the discrete equations approximating the

optimality system looks like this

(0j+1k + 05 R) P41k — (Oj41k + 205k + 0j—1k)P5k + (Tj-1k + T k) Pj—1,k
+ (0 k1 + 0jk) k41 — (i1 + 2055 + 05 k—1)@jk + (Tj -1 + Tjk)@j k-1 =0,

1
Dj+1k +Pj—1k T Pjk+1 + Pjk—1 — 4Pk + 109’1“ (Pi+1,6 — <Pj4,k>2pj,k

1, 2 L
300k Baket = ik )ik — 0% (ivik — 2510 @1k — 41) (6.5)
; .

= 1%k (Piki1 = 9ir-1) ki1 = djp-1) = n?,
— 0 k(Pir1k — Pj—1k6)Pj+1.k — Pi—1k) — Tik(Pjk+1 — Pik—1)Pjk+1 — Gik-1)
+ (0j+1k + 05 6) Gtk — (05416 + 205k + 05-1k) Gk + (0516 + 0jk)T—1k

+ (k1 +050)0 k1 — (O k41 + 2055 + 05 k—1)0k + (k-1 + 05 k)T k-1 = 0.
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We illustrate discretization of the boundary conditions along the boundary y = 0. We have

—@—l-ﬁu:Oony:O,
Jy
0
——p—l—ﬁp:()ony:O,
Ay
q=0ony=0,

¢ = wo(z,0) = fi(z) on y = 0.

We use the first order approximation for the derivatives:

ou . Uj,1 — Uj,0

oyljo h
Therefore, we get

Uj1 — Uj0

_% _|_ ﬁujp = O
which allows us to solve for u;q:
Uip — Uj1
A T

Thus, on the boundary y = 0, we obtain

u-]’]‘

Ujo = 1 +I3h7
Pj,0 = bil

o 1+ Bh’ (6.6)
g0 =0,

©j0 = p(r;,0) = fi(z;),

where z; = jhand j =1,... , M. Also, for example, 75,0 def o(ujpo) = a(lij’ﬁlh)

Similarly to (6.6), we can write for the boundary z = 0:
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Uk

Uug k= 1 +ﬁh7
Dok = P1k

T 14 BR (6.7)
q0,k = Oa

wor = ¢(0,yk) = g1(yr),

Whereyk:khandkzl,...,M. Ony=1:

o Ym
i N1 = 1+ Bk’
Pj vt
P v = )
7,M+1 1 —l—ﬂh (6.8)
Gar+1 =0,

@, i1 = ¢(25,1) = fa(zj),

Wherexj:jhandjzl,...,M. On x =

Uik
Uni1k T 7 T
Dyt ke
Prri1k )
+ 1+ Bh (6 9)
U1 = 05

Crrerr = (L yk) = 92(yk),

where yr = kh and k=1,...,M.

We solve the system consisting of (6.5), (6.6), (6.7), (6.8), and (6.9) by an iteration
scheme with an initial guess for the values of 3, w;x, @jk, Pjr, and g;r. With M = 50,
A=1, M =10, o(u) = e 0% fi(z) = 2, folx) = 1, g1(y) = y, and g2(y) = 1 the

consecutive values of 3 converge to the lower bound A\ = 1.
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Part 111

Optimal Control of a Biharmonic

Obstacle Problem
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Chapter 7

Introduction

Let © C R” be a bounded domain with a smooth boundary 9Q and let z € L?(Q2) be a

given target profile. Denote V' L s (Q) N HE(Q). Given ¢ € V define the closed convex

set

K@) ={ve HZQ): v>1 ae. in Q}

and consider the following obstacle problem for the biharmonic operator
findu € K(¢) such that/ AulA(v—u)de >0 Vv e K(¥). (7.1)
Q

Equivalent strong formulation of (7.1) is

findu € H3(Q) :
u > P a.e. in €,
A%y >0 ae. in Q,

(A2u)(u —1p) = 0 a.e. in Q.

The bilinear form

a(u,v) d:ef/ AuA(v —u)dz
Q
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can be shown to satisfy the coercivity condition and consequently (see [29]), problem (1)

admits a unique solution u € H2(2) which is also the minimizer of the functional

v / |Av|? dz
Q

over the set K(1). We will show in the next section that if u solves (7.1), then there exists
a nonnegative Borel measure u € H~2(f2) such that A%u = y in the sense of distributions.
We consider an optimal control problem for (7.1) in which we view 1 as the control and

u® T (1) as the corresponding state. We introduce an objective functional

1
Iw) = 5 [ A7) == + VAP s (72)
and formulate the following

Problem C. Find ¢* € V s.t. J(¢*) = din%/ J(). (7.3)
€

In other words, for a given target profile 2 € L?(2), we want to find an obstacle ¢* € V
such that the corresponding solution u* = T'(1)*) is close to z in L? norm while ¥* is not
too large in H3(Q).

Any ¢* satisfying (7.3) is called an optimal control, the corresponding state u* = T'(¢)*)
is called an optimal state and (u*,1*) is referred to as an optimal pair.

Theoretical analysis of variational inequalities has received a significant amount of at-
tention, see [8,9,16,23,29,46,49]. The motivation for this paper is threefold. First, the
obstacle problem (7.1) arises in elasticity theory when, for example, a two dimensional plate
is bent so that it must stay above the obstacle 1. More specifically, it concerns the small
transverse displacement of a plate when its boundary is fixed and the whole plate is simulta-
neously subject to a pressure to lie on one side of an obstacle. Secondly, use of the obstacle
as the control is a novel feature for this operator. Thirdly, a very “rough” obstacle in the

framework of the given optimal control problem leads to the consideration of fine pointwise
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properties of functions from the Sobolev spaces, in particular, the need for “capacity of a
set” [2].

The fundamental work on optimal control of variational inequalities was done by Barbu
[9,10]. Various coefficients and source terms were taken as the control but not the obstacle.
The first work to consider the obstacle as a control was by Adams, Lenhart and Yong
in [3]. It was found there that the optimal obstacle is equal to its corresponding state,
ie., ¥* = T(¢*). The results from [3] were generalized in [4,5,13-15, 40, 41] to include
source terms, bilateral problems as well as semilinear, quasilinear, and parabolic operators.
Recent work on semilinear elliptic variational inequalities with control entering in lower
order terms can be found in [14,20]. A general framework for analysis of optimal control of
elliptic variational inequalities using an augmented Lagrangian technique was developed by
Ito and Kunisch in [26,27]. For results on other types of control of variational inequalities,
see [9-11].

To derive necessary conditions on an optimal control, we would like to differentiate the
map v — J(1), which would require differentiation of the map ¢ +— T'(). Since the map
¥ — T'(¢) is not directly differentiable, an approximation problem with a semilinear PDE is
introduced. The approximation map v — T5(1)) will be then differentiable and approximate
necessary conditions will be derived. This method of deriving necessary conditions through
this approximation was first used by Barbu [9].

This part of the dissertation is organized as follows. In chapter 8 we review some
results from the theory of Sobolev spaces and derive an estimate that shows explicitly the
dependence of u on 1 in the H? norm. Existence of an optimal control is proven in chapter
9. Chapter 10 introduces and deals with a family of approximation problems which is the
main tool in the derivation of optimality system. These problems have the regularized state
equations with the same cost functional (7.2). We prove that the optimal control for the
approximation problems converges strongly in H2({)) to the optimal control for Problem
C. This allows us to obtain necessary conditions for the optimal control which is given in

chapter 11.
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Chapter 8

Preliminaries

Recall the definition of Cs 2-capacity. For a given compact subset e C R", define the closed

convex set

Ke={veC(f): v>1one}.

Then the Cy2-capacity of e is defined by
— 2
Can(e) = inf [[Av]3ag

For history and relevant information on capacity, the reader is referred to [2,29,43,46]. We
will need the following result concerning pointwise comparison of functions from Sobolev

spaces.

Lemma 8.1. Let u,v € H?(Q). If u > v a.e. (with respect to Lebesgue measure) then

@ >0 Cop-a.e., where U denotes a precise representative for u defined Ca2-a.e. and

u(x) = i d 1

where the limit exists Ca 2-a.e.

Proof. See [2]. O

In what follows, we will use the precise representatives and for the sake of notational

convenience we drop the “hats” which denote precise representatives.
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Lemma 8.2. Let u = T'(¢) solve (7.1). Then there exists a nonnegative Borel measure

€ H2(Q) such that

Ay = p in Q, (8.2)

where u denotes a precise representative defined Ca2-a.e. in §2, and A%y = is understood

in the sense of distributions, i.e.

/AuA&dx:/§d,u VE € HZ (). (8.3)
Q Q

Proof. We follow [16,29]. Let & € C5°(€2), £ > 0 be arbitrary. Clearly, for an arbitrary

e >0, we have v = u + £ € K (). Substituting this v into (7.1) we obtain

/ AuA¢ dx > 0. (8.4)
Q

This implies that there exists a nonnegative Borel measure u € H~2(Q) (see [38]) such that
p= A%,
where A2u is taken in the sense of distributions. By density of C§°(Q) in HZ(9), (8.3) also

holds for any £ € H3(Q). O

Lemma 8.3. Let u = T(3) solve (7.1) and let u € H=2(Q) be the Borel measure from

Lemma 8.2. Then:

(1) there exists a positive constant such that p(e) < constant - C2(e) for each set e C

whose distance from the boundary 0S) is positive, and
(i1) uw =1 p-a.e., where u and 1) are the representatives defined Ca2-a.e., respectively.

Proof. (i) We follow Kinderlehrer and Stampacchia (see [29], Theorem 6.11), with appro-

priate modifications. Take an arbitrary ¢ € C5°(£2) with ¢ > 0 on Q and ¢ > 1 on e. Since
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A%y = g in Q in the sense of distributions, we can write
pe) = [ xedn< [ Cln= | Acude < Aol Aul o
Taking infimum over all { we obtain
w(e) < const - cienlge IAC][2(q) = const - Caa(e)

with const = ||Aul|z2(q) < o0.

(ii) Take v = ¢ in (7.1) to get [, AuA(y) — u)dx > 0. This implies

/w —u)dp > 0. (8.5)
Q
It follows from (8.5) that
uf{r € Q:u>yae} =0, (8.6)
and we will show
p{r e Q:u> Cyz-ae} =0. (8.7)

Indeed, to show (8.7) write

{reQ:u>9 Copae}t={xeQ:u>pae}UuqQ,

where

Co2(Q)=0and QN{z € Q:u > ae.} =10.

Therefore, taking into account (8.6) and part (i) of Lemma 8.3, we obtain

p{r e Q:u>y Cogaet=p{z e Q:u>yae}l+pu@) =0.

This proves (8.7) which gives (i7). O
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Remarks.

1. Let N ={z € Q :u(z) > ¢¥(zr)ae} and I = {z € Q : u(zx) = ¢(x) a.e.} denote
the non-coincidence set and the coincidence set, respectively. Then by Lemma 8.1 we

obtain I = {z € Q: u(z) = ¢(z) Cyp-a.e.} and Caa(Q\(N UI)) = 0.
2. Observe that Cyo{z € Q : u(x) = ¢Y(z) Cy-a.e.} > 0if ¢ > 0 on a set of positive
capacity.

Indeed, if Coof{r € Q : u(z) = ¢(x) Cr2-a.e.} = 0 then since suppp C {u =
1 C9-a.e.} it follows that Cyo{supp u} = 0. Therefore, by part (i) of Lemma 8.3 we
get pu{supp p} = 0. This would imply that x4 = 0 which gives A%u = 0 on €. Hence, we
conclude that v = 0 which implies ¢ < 0 Cy2-a.e. Thus, if ©» > 0 on a set of positive

capacity we get that u is nonzero and Cy2{z € Q : u(z) = ¢(z) C2-a.e.} > 0.

The next lemma gives the key estimate which will be used in the proof of the existence
of solution to Problem C. Even though this estimate (for a smooth obstacle) can be found
in [1], a more detailed proof is presented here. Also, in what follows, we denote by || - ||2,

the L2 norm on €.

Lemma 8.4. Let u solve (7.1) with obstacle ¢ and uy solve (7.1) with obstacle 1by,. Then

there exists C > 0 such that

lu = ugll 20y < Cllv — Vil a2(0)- (8.8)

Proof. Since u and wy are the solutions to (7.1) with obstacles 1 and v, respectively, it

follows that there exist nonnegative measures y, p, € H~2(Q) such that

A%u = pin Q,
u =1 p-a.e.,

A%y, = i in €, and

ug = Y plg-a.e.
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By Lemma 8.1, we have u > ¢ Cyg-a.e. Thus, Coof{r € Q:u < ¢ a.e.} = 0. Hence, by

part (i) of Lemma 8.3, we can write
pr{r € Q:u <y ae}=0.

Therefore,

—/uduké—/wduk-

0 0

—/ukduﬁ—/?ﬁkdu-
Q Q

Taking into account (8.9), (8.11), and (8.12) we have

Similarly, we obtain

o — w2 gy = /Q A — ug)Pde
_/A(u—uk)A(u—uk)dx
Q

—/(U_Uk)d(,u_,uk)
0

:/udu—}—/ukduk—/ukdu—/uduk

Q Q Q Q

— [wdut [ vedu [ wau— [ wd
Q Q Q Q

§/¢du+/¢kduk—/¢kdﬂ—/¢dﬂk
Q Q Q o)

2/9(1/}—%)(1(#—%)
:/QA(@Z)—z/Jk)A(u—uk)d:c
< ClAY — Al ]| Au — Augy

< Cllvp = Yrll gzollu — wl 20y O
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Chapter 9

Existence of an Optimal Control

Now we are ready to prove the main theorem of part III.
Theorem 9.1. There exists a solution to Problem C.

Proof. Since the objective functional J(1) > 0 for all ¢» € V' it follows that there exists a

minimizing sequence {¢,} C V such that

Jim J(¢n) = nf J ().
Let u,, = T'(¢,) be the corresponding solutions to the problem:
find u,, € K () s. t./QAun Al —uy)dz >0 Yv € K(t¢y). (9.1)
We have (from (9.1) with v = 1)y,):
oty < 1ol o (9.2)

Since the sequence {1, } is bounded in H3(Q) from the format of J(1), we can write

Wl oy < Calldl oy < o V. (9.3)
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Thus

HUTLHHQ(Q) < Hwnan<Q> <C; Vn. (9.4)

The estimate in (9.3) implies that there exists * € V such that on a subsequence 1, — 9*
in H3(Q). Since H?(Q) cc H%*(Q) it follows v, > ¢* in H*(Q). By Lemma 8.4 for
ut =T(Y")

1" = w2y < ClIY* = a2 - (9.5)

We have

Y > Y% in HA(Q),
(9.6)
u, > u* in HA(Q).
We show that 1* is optimal. Indeed, since 1, — * in H3(Q) and H3(Q) cc L*(Q) it
follows that
lim [ |VAY,[*dz > / |V Ap* | da.
Q

n—oo JN

Also, T(¢y,) = up — u* = T(¢*) in H?(Q) implies that

lim |T(¢n) — z|*dz

n—oo

exists and

lim \T V) — z|* dx —/ 1T (") — 2|2 d.

n—oo

lim 2(/ |T (1) —22d$+/ |VA¢n‘2d$>

exists and lim, oo [, [T(¢n) — z|? dx exists it follows that lim, .. Jo |VA,|? dz exists.

Since

Therefore we obtain
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1 1
38}, ) = Jim o) = i 5 [ (Tn) = 5F e+l [ 1980 o

1 1
> lim o T(n) = 2P do+ lim o | [VAY, [ do
Q

n—oo 2 Q N—co

v

1 1
3 [ W = et [ [vAw P =), O
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Chapter 10

Approximation Problems

To derive necessary conditions for the optimal control, we need to differentiate the map
¥ +—— J(¢) which depends on T'(v)). The map 1) — u = T'(¢)) cannot be differentiated
directly thereby necessitating introduction of a family of approximation problems. Appro-
priate necessary conditions will be derived as in [9]. We follow the basic structure of the
derivation of the necessary conditions in [3,16] with appropriate modifications. We define

a non-negative function

0, r € [0,00),

2
—~
=3
~—
I

—

i e [-1,0], (10.1)

2+ Ir+ 55, 1€ (=00, —3),
and its derivative [ (which is non-positive)

0, r € [0,00),

1.0, (10.2)

B(r)=~"(r) = —r?, r € [-3,

r+ %, r € (—oo, —%)

\
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For an arbitrary § > 0, the problem

minimize/ 1|Av[2 + 1v(v —1)| dx (10.3)
veH2(Q) Jo |2 0

has a unique solution u®. It can be shown that u? solves

A% + %B(u‘S —1) =0 in Q,

u® =0 on 99, (10.4)
é
88% =0 on 0f2.

Taking into account that B(u’ — ) € HA(Q), by the standard elliptic theory for this
semilinear case (see [24]), it follows that there exists a solution u’ € H2(Q) N H*(Q) to

(10.4). Set Ts(1)) = u® and define the following approximate objective functional

1
Js() = 2/9{|T5(¢) — 2P + [VAY)de.
Now we can state our approximation problem.

Problem Cj;. Find ¢° € V s.t. Js(¢?) = di)nfv Js(1)).
S

With the help of this approximation, we can derive necessary conditions for corre-
sponding optimal controls. As it was already mentioned in chapter 7, the existence and
uniqueness of solution to the variational inequality (7.1) follows from the coercivity of the
bilinear form a(u,v) = [ AuA(v—u)dz (see [29]). For the sake of completeness, we give a
more constructive proof of the existence of solution to (7.1) by incorporating approximation

techniques. Also, it will be used in the proof of Theorem 10.2.

Theorem 10.1. Let ¢y € H3(Q) N HZ(Q) be arbitrary. If u® = T5(¢)) is a solution to (10.4)

then there exists u € H3(Y) such that
Ts(v) = w in Hy(Q),
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as & — 07, where w = T(+)). Furthermore, the following estimate holds

AT (¥)]l2 < | A2 (10.5)

Proof. First, we derive (10.5). We know that given ¢ € V there exists a solution Tj5(¢)) =
u® € HZ(Q) N HYQ) to (10.4). Let v € K(¢) be arbitrary. Multiply (10.4) by v — u’,

integrate by parts and use properties of 3 to get

/AuéA(v—u‘s) dx = —1/ B’ — ) (v —ud)dx > 0.
Q 0 Jo

Thus we can write

/ AW AW - u®) dz > 0. (10.6)
Q
Now if we take v = ¢ in (10.6) we obtain

1|3 Z/Q(AU‘;)Zdl’S /QAU‘SA@Z)d:cS 1A |12 Al

whence

IATs(§)ll2 < [|A]l2. (10.7)

This proves (10.5).

By a priori estimate (10.7) there exists u € HZ() such that on a subsequence
u? 2w in H2(Q) (10.8)
as § — 0. For an arbitrary p € H3(Q) we obtain from (10.4)
5 [ 8 —v)eds = [ MAgds < |82l AGl < ClAIIAGE:  (109)

First, we show that u > v a.e. in Q. Take an arbitrary ¢ € HZ(2), ¢ > 0 a.e. in Q.
Rewrite (10.9) as
0<— [ B = v)pds < OBl AV Agl (10.10)
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Letting § — 07 in (10.10) we obtain

/ﬂ(u¢)<pd:v:0 Vo € HE(Q),p >0 a.e. in Q.
Q

This implies u > v a.e. in Q. Hence, u € K(v).

Next, we show that u satisfies
/AuA(v—u)d:cZO Vv e K(v), (10.11)
Q

i.e., we need to show that u minimizes

/|Av|2dx, v e K(@).
Q

Indeed, let v € K(v) be arbitrary. Taking into account (10.3) and the definition of v we

can write

1
/‘AU’le‘—/
0?2 Q

S
Q
Lo o502

> |Au’|® dx.
Q2

Using (10.8), (10.12), and lower semicontinuity of weak convergence we get

1., 1
§\Avl +57(v—w)] dz

1 1
i‘Au(S’Q + g’}’(u(s o 17/})] dx (10.12)

/‘AU’Q dr > lim |Au§\ diL‘>/ |Aul? dx. (10.13)
Q

6—0t

Hence, u satisfies (10.11). Thus, we have shown that u = T'(¢), i.e., u is a solution to (7.1)

associated with the obstacle . [

Now we prove the following
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Proposition 10.1. Problem Cs admits an optimal pair (a’,°), where @® = T5(¢°). More-
over, we have

a2 < c/ﬂ VA2 dz < C|2|I2. (10.14)

Proof. Let {43}, C V be a minimizing sequence for Js. Since [, |VAy|? dz is bounded
(because {t} is a minimizing sequence) it follows that [[¢x|3(q) < C. This implies that

there exists ¥° € V such that on a subsequence
U 20 in H3(Q).
Let uf = T5(¢),) be the corresponding solution to (10.4) (with ¢ = t). Then by (10.5)
[ATs (V)2 < [[A¢glla < Cy (10.15)

and it follows that there exists @’ € H2(Q) such that on a subsequence uf ~ @° in HZ(Q)

as k — oo. Thus we obtain on a subsequence

Yr =9 in H3(Q),

(10.16)
ud = @ in H2(Q) as k — oo.
Note that convergences in (10.16) imply that on a subsequence
vk =90 in HY(Q),
(10.17)

ul 5 in HY(Q) as k — oo.
After multiplying (10.4) by a test function v € HZ(f) and integrating by parts we get

/ Aud Av dx = —1/ Bul — i)v da. (10.18)
Q 0 Jo
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Taking into account (10.17) and the fact that § is continuous we have

/ﬂ(uiiﬁk)vdl/‘%/ﬁ(ﬁéwé)vdx
Q Q

as k — oo. Now, letting k¥ — oo in (10.18) we obtain

/ AT’ Avdx = —1/ B — ¢°)vda. (10.19)
Q 0 Jo

This implies that @° is the solution associated with 9?, i.e., @9 = T5(¢®). We show that ¢°

is optimal for Js. Indeed, we have

1 1
inf () = fim Js(w) = 5 [ (1509~ o)’ dat ;5 lim [ [VAGPds

1 9 1
> 2/ (Ts5(v°) = 2)" d + 2/ (VA2 da = J5(°).
Q Q
This proves that ¢° is optimal. Now we prove (10.14). Denoting du’ dof —%ﬂ(ﬁ‘s — %) da,

we estimate

1
/|Aa5|2da::/Aa5Aa5dx:—/a5 (@) — ¢°) dx
Q Q Q d
= / a’ dp® < / U dpd (10.20)
Q Q
= / AYAT de = — / Vil - VAY dx
Q Q

=< < Va2 - [|VAY|| (10.21)

/ V@ - VAYS dx
Q

< C5[| A || - [VAY |2
where we used properties of 3 in (10.20) and the Poincaré inequality in (10.21). Hence,

|AT|3 < CIVAY|E = C /Q VAW da

< CJs(¥°) < CJs(0) = C|2)|3. O
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Now we prove the main result of this chapter, namely the convergence of the optimal

controls for the approximation problems to the minimizer for the original problem.

Theorem 10.2. Let (7%, v°) be an optimal pair for Problem Cs. Then there exist u € HZ (1)

and v € V such that on a subsequence

where i = T (1) and (,1)) is an optimal pair for Problem C.

Proof. By a priori estimates (10.14), there exist @ € HZ(Q2) and ¢ € V such that on a

subsequence

as § — 0. Since H3(Q) cC H%(Q) it follows that on a subsequence

Y0 S 4p in H2(Q).

For an arbitrary ¢ € H2(Q) we obtain from (10.4) (with ¢ = ¢?)

1 _ _ _
5 | 8@ —uhpdo = | MiApds < |87 o] Al < CllellalAgl

This implies that there exists 1 € H~2(f) such that
1l =A% X pin H2(Q).

Convergence in (10.25) means that for an arbitrary function f € HZ(Q)

/Qfduh/gfdn.
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(10.24)

(10.25)

(10.26)



First, we show that 4 > ¢ a.e. in Q. Take an arbitrary p € HZ(€2), ¢ > 0 a.e. in Q. We

can rewrite (10.24) as follows

0< - / B — )pdz < C82 ]2l Agle. (10.27)
0

Letting 6 — 07 in (10.27) we obtain

/ﬂ(u—d})gpdmzo Vo € HX(Q),p >0 a.e. in Q.
Q

This implies @ > v a.e. in . Hence, @ € K (3)).

Next, we show that u satisfies
/ AuA(v—u)dr >0 Vv € K(y), (10.28)
Q
i.e., we need to show that 4 minimizes

/|Av|2d$, v e K(1).
Q

Indeed, let v € K (1)) be arbitrary. Taking into account (10.3) and the definition of v we

can write

1
/|AU|2d$:/
Q2 Q

A
0

2/1]Au6\2dx.
a2

Using (10.22), (10.29), and lower semicontinuity of weak convergence we get

1, 1 _
§|Av! +57(v—¢)] dz

SIATE + 5o —w>] d (1029)

/\Avadm> lim |Au5| d,a:>/ |Au|? dz. (10.30)
Q

6—0+
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Hence, u satisfies (10.28). Thus, we have shown that 4 = T(¢)). Let us show that 1)
minimizes J(¢). To this end, denote Ts(¢)*) := ul where ¢* is an optimal control from

Theorem 9.1 (see formula (9.6)). Note that by Theorem 10.1
ul A ut =T (%) in H3(Q) as § — 07, (10.31)
and the optimality of 1% implies

Js(°) < J5(4). (10.32)

Taking into account (10.31), lower semicontinuity of weak convergence, Theorem 10.1, and
(10.32) we can write

J() < lim Js(y°) < Jim, Js (%) < i J5(47)

6—0t

2 *12
2611%1+/ {ITs(v*) = 21> + [VAY*|*} dw

_ * —2’2 *|2 T
=5 [ A7) =P + [vau ) d
= J(*) = inf J(0).

Ppev

Thus
J(@D) = inf J().

YpeV

This proves that ¢ minimizes .J(v)).

Recollect that we obtained (see (10.25))

Taking f € HZ(Q2) in (10.26) we get

/fdﬂ— lim /fd,u‘sz lim /Af'Aﬂdd:U:/Af'AﬂdSL’.
Q Q

6—0t 6—0t
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This implies
A% = i in Q. (10.33)

Since i’ is a nonnegative Borel measure for each § > 0 and the set of all nonnegative Borel
measures supported in 2 is convex and weak- closed in H~2(1) it follows that i > 0 (as
a weak-* limit of (u?)’s).

Before we proceed to the proof of strong convergence of @° to @ in Hg (©2) we make the

following observation. Since @ = T'(1)) solves the variational inequality (7.1) it follows that

there exists a nonnegative measure uf € H~2(Q) such that

>
(V)
|
Il
t—n—
3
el

That is, we have

/gdmz/AaAgdx VE e H2(Q).
Q Q

On the other hand, we conclude from (10.33)

/gdu:/AuAgdx V¢ e HA(Q).
Q Q

Hence,

[ ein= [ canl veem@)
Q Q

Therefore, we can write

1" = il =20 = sup [(u" = (O] =0,

where the supremum is taken over all £ € H3(Q) with 1€l z2(2) = 1. Thus pt = [
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Now we are ready to prove that, in fact, @ converges strongly to @ in HZ(Q) asd — 0.

Indeed,

/Q(Au — Aq) dx—/A ) A(@® — u) dx
- [@-wdu’ -
:/Qafsdu%rfgadﬁ—/gadu&—/gaédﬁ
/(u5—¢ dpd +/¢‘5du +/udu /Qadu‘s—/ga‘sdﬁ
/¢6du+/wdu /ud,u/Qﬂdﬂ

(10.34)

where we have taken into account that [,,(@’ — ¢°)du’ < 0 (by properties of 3) and

=1 pi-a.e. Letting § — 07 in (10.34) and taking into account convergences in (10.23) and

lim ||ﬂé—ﬁ\|?p(mS/&dm/zﬁdﬂ—/adﬂ—/udﬂ
6—0 0 Q Q Q

This shows that @ - @ in H3(Q) and the proof of the theorem is complete. [J

We will use this convergence in the next chapter (actually, we will need only strong

L?-convergence of 4° to ).
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Chapter 11

Characterization of the Optimal

Control

In order to characterize an optimal control we need to derive necessary conditions which
include the original state system coupled with an adjoint system. We must first obtain nec-
essary conditions for the approximate problems. To this end, we differentiate the objective
o

functional Js(1) with respect to the control. Since the objective functional depends on u

we will need to differentiate u® with respect to control 1). We will make use of the following:

Lemma 11.1. (Sensitivity) The map ¥ — u® = ud(¢) is differentiable in the following

sense: given 1, £ € V, there exists a £ € HZ(Q) such that

S 6
u (zp+ae€) —u’(¢) W i H2(Q) as e — 0. (11.1)

Moreover, £ solves

N 4 B = )€ - ) =0 in D

£ =0 on 09, (11.2)
o
—= = Q.

- 0 on d
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Proof. The proof is similar to the one in [3], Lemma 5.1. We have

;

A2 (e + 0) + %mw bel)—p—el) = 0in Q,

u® (1 4 ef) = 0 on O, (11.3)
5
7(3“ W +ef) =0 on 012,
\ on

and

A2 () + S () ~ ) = 0in ©,

u®(¢)) = 0 on 09, (11.4)
0u’(¥) =0 on 0N
on '

Subtracting (11.4) from (11.3) gives

2w + <) ~ () = 5B (W +el) — 9 — ) + £ (W)~ ¥) in O,

1)
ud (¢ +el) — u’(p) = 0 on 99, (11.5)
AW +2h) () _
\ an '

If we multiply (11.5) by the test function ¢ = u®(v) + ef) — u%(¢)), integrate over €, and

integrate by parts twice we get

[ (a0 - ) do =
=—//ﬁ S+ 20) — b — ) + (1 — ) (u () — )] db -
(W (0 + 2) — (1) — D) (¥ + 20) — ' (1)) d

3 [ [ w0 - by
+‘;/Qe/olgf(.)de[uts(wﬂe)—u5(¢)] da

< Sl (0 + ) = ()]l

< g||€||2\|V( (¥ +6) —u’ ())]]2

< THeHzHA(u (& + ) — u ()2
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where we used the Poincaré inequality twice. Thus we obtain

o (FEF2=EE)], < Gra

g

which gives the desired a priori estimate of the difference quotients and therefore justifies
the weak convergence on a subsequence to a limit which we call £€°. To see that &° satisfies
(11.2), take an arbitrary ¢ € HZ(f2) and let € — 0 in the equation below

/QA(uéw—i-eé)—u‘S(w Agpdx——// F% d9 ¢+6€)—u(¢)_€)¢dm 0

9

We prove a theorem which gives necessary conditions for optimal pairs of Problem Cs.

Theorem 11.1. Let (@®,1)°) be an optimal pair for problem Cs. Then there exists an
adjoint function p° € HZ(Q) such that the triple (a’,p°,v?) satisfies the following system

of equations:

A2 + %B(ﬂ‘s — %) =0 inQ,

1
AP+ 3 (@ — )’ =ad — 2 in Q,

)
AN 4 @ ) =0 in 0,
L ow (11.6)
== 0 on 09,
P’ = %Z; =0 on 019,
é 6
wé:aain: 8(§;f ) =0 on 0.

Proof. Let (4°,4°) be an optimal pair for problem C;. Take an arbitrary ¢ € V. First, we
derive a system which is adjoint to (11.2). Rewrite (11.2) as follows (with v replaced by
¥°)

Y (Y (11.7)
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where

Ny (G

€ =0 on 9Q, (11.8)
g
87 =0 on 0N.

Note that the boundary conditions in (11.8) are part of the definition of operator £. We

determine a Hilbert space adjoint of £. If we set p? = 0, ap = 0 on 0f) we will have

§ 2#0 _ . 9 1)
/Qp (Af)dm—/Q;p (AL)y o, da
RS 5 STV NN
/Qzlp (aeb),, d“/m;p (AED),, o ds
- ipii (A, da
- [ me addr— [ pr A&, ds

/ApAg‘de—/ A§5ds—/ApA§5dm

where we integrated by parts twice. Similarly, taking into account that & = 0, %—f =0 on
0%}, one can show
/ Ap? AL dx = /(A2p‘;) & dx.
Q Q
Consequently, the adjoint function p® will satisfy
1
A% + 28 (@® — )p? =’ — 2 in Q,
o
5 (11.9)
5_ o _
p° = —=—— =0 on 09,
on

where on the right hand side of (11.9) is the derivative of the integrand of the objective

functional J(;(w‘s) with respect to the state @%. The standard elliptic theory (for example,
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see [24]) implies that there exists a solution p? € HZ(Q) N H*(Q) satisfying (11.9). We have

Js(w? +et) = o | {1 + ) 22 + VAW +e0) | de

{
/Q{(“‘S(WJFEQ)Q_2“5(¢6+€5)Z+22+\VA¢5|2}dx
{

whence

0< lim Js(° + &) — Js(¢°)

e—0t €

~ lm - { (ﬂ(s(wé reb) - ﬂ6(¢6)> (@@ + e0) + @ (u"))
Q

e—0t+ €

=0 (2,0 =0 (0),0
—2<“ W +el) W )>z+2VAw5-VAE+5]VAE|2}dx

3

{ @ — 2)E0 £ VAY - VM} da
{(a%° + B P y)p )€l + VAY - VAL da
{AﬁAgé + 6 (@ — O)ped + VAY’ - VM} dz

- / {g'(aé — ) + VA VM} dz
Q

where we have taken into account (11.7) and (11.9). Since ¢ € V is arbitrary, taking

O(AY?)/On = 0 on O and using £ = % = 0 on 0f, we obtain
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o _ - 5
/Q VAY - VAL dz /Q ;(Aw o, (Al)y, da

_ [ 5 - 5 ,
_ /Q ;(M} ora AL da + /a Q;(Aw Ve, (ALY ds

_ / (A2 Al da + / O(BY) pyas
Q

o0 n

= — / (A2 Al dx:
Q
_ /Q S (A20), £, do - /a > (@ mids
i=1 =1
RS 5 5y 0
:/zn:(ﬂw)z/% dz
Q=1
S nA”Hed nA”Mid
/Q;( e “/m;( 40, s ds
= - / (A30) ¢ d.
Q

Therefore, we conclude

A% L - =0 0

W 9(AY)
 9on On

(11.10)
=0 on 0f2.

¢(5
This completes the proof of the theorem. [

Next, we proceed to a theorem which gives necessary conditions for an optimal control

for our original Problem C.
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Theorem 11.2. Let (u,) € HZ(Q) x V be an optimal pair for Problem C. Then there

exist p € HZ(Q) and g € H=2(Q) such that:

u="T(),
A5+ g=u—zinQ,

A3 +q=0inQ,

) = gzﬁ = 8({@;@ =0 on 09, (11.11)
_ou

U= e 0 on 09,

op

p= o 0 on 09,

(4.9 ) 2 g2 2 0.

Proof. In order to pass to a limit in (11.6) we need to show an a priori estimate for p° first.
Multiply (11.9) by a test function v = p?, integrate over Q, and integrate by parts twice to

get
. | Had — ) (052 doe 5 — S d
[t in =5 [ 9 =)o+ [ @ 2 de

Since (@ — %) > 0 we can write

5 _ 1 b — Y (02 doe 0 — b da a0 — b da
[@rPae=—5 [ 96—t do+ [ @ —opfdo< [ @ =2 da, (1122)

Q

and, therefore

189713 = [ (A0 do < 10 = 2l 15 (11.13)

The fact that p? € HZ(2) and (10.14) give us the desired H? estimate on p?. It follows

from (11.13) that there exists p € HZ(Q) such that on a subsequence

p° = pin HG(Q).
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Denote ¢° := %ﬂ’(ﬂé —®)p? and let p € HZ(Q) be arbitrary. From (11.9) we obtain

1
|4 ()| = 5/6'(ﬂ5¢5)p5wdw = ‘ /(A2p5)s0dm+/(ﬂ5~2)<pdx <
Q Q Q
:‘/ApaAcpder/(a‘sz)gpdx < /Ap‘;Agod:L" + /(ﬂ6z)<pdx
Q Q Q Q
< AP |12 [|Aglle + [[2° = zll2 - el < Clla® = 2|12 - el 2o
whence

16l -2y = sup @’ ()] < C|lz]l2

where supremum is taken over all ¢ € HZ(f) such that [|o]| m2(o) = 1. This implies that

there exists ¢ € H~2(Q) such that

We know by Theorem 10.2 that (@9,1%) converges to an optimal pair (@,7)) as § — 0%,
Letting 6 — 07 in (11.6) gives the first six lines in (11.11). To show that <(j,ﬁ>H_27Hg >0
we note the following. By the lower semi-continuity of L?-norm with respect to weak
convergence we obtain from (11.12)

p)> u—z)pdr. .
/Q(Ap) dwﬁ/(u )pd (11.14)

Q

Using p as a test function in the weak formulation of the second equation in (11.11) we have

/Q(Aﬁ)2 dx + <q_,13>H,2’H§ = /Q(ﬂ — z)pdz. (11.15)
Now combining (11.14) and (11.15) gives (4, )5 g2 > 0. O
)
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