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Abstract

Continuum robots, which are bio-inspired ’trunk-like’ robots, are characterized

for their inherent compliance and range of motion. One of the key challenges

in continuum robotics research is developing robots with sufficient strength and

stability without adding additional weight or complexity to the design. The

research conducted in this dissertation encompasses design and modeling strategies

that address these challenges in strength and stability. This work improves three

continuum robot actuation paradigms: (1) tendon-driven continuum robots (TDCR),

(2) concentric tube robots (CTR), and (3) concentric push-pull robots (CPPR). The

first chapter of contribution covers strategies for improving strength in TDCRs. The

payload capacity and torsional stiffness of the robot can be improved by leveraging

the geometry of the backbone design and tendon routing, with design choices

experimentally validated on a robot prototype. The second chapter covers a new

bending actuator, concentric precurved bellows (CPB), that are based upon CTR

actuation. The high torsional stiffness of bellows geometry virtually eliminates the

torsional compliance instability found in CTRs. Two bellows designs are developed for

3D printing and the mechanical properties of these designs are characterized through

experiments on prototypes and in static finite element analysis. A torsionally rigid

kinematic model is derived and validated on 3D printed prototypes. The third chapter

of contribution covers the development and validation of a mechanics-based CPPR

kinematics model. CPPRs are constructed from concentrically nested, asymmetrically

patterned tubes that are fixed together at their distal tips. Relative translations

vii



between the tubes induces bending shapes from the robot. The model expands the

possible design space of CPPRs by enabling the modeling of external loads, non-planar

bending shapes, and CPPRs with more than two tubes. The model is validated on

prototypes in loaded and unloaded experiments.
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Chapter 1

Introduction

1.1 Background and Motivation

Inspired by natural entities like octupus tentacles, snakes, and elephant trunks,

continuum robots can achieve continuous curved shapes and can traverse complex

trajectories. Their slender and compliant architecture enables them to work inside

constrained and compact workspaces. These characteristics of continuum robots have

shown great promise for a range of applications, which include minimally invasive

surgery (MIS)[13, 14, 15, 16, 17, 18], search-and-rescue operations [19, 20], in-situ

aerospace inspection [21, 22, 23, 24, 25], underwater manipulation [26, 27], and

delicate material handling [28, 29, 30].

As reviewed in [13], the primary motivation in continuum robotics research medical

applications. Advancements in robot design [4, 31], kinematic and statics modeling

[32, 33, 34], force sensing [35, 36, 37], and control [38, 39, 40] have been investigated

for a range of different actuation designs, which include tendon-driven [41], fluid-based

(i.e. pnuematics and hydraulics) [42, 43, 44, 45], concentric tube robots [46], eccentric

tube robots [47, 48]. Across all the actuation paradigms of continuum robots, one

of the key challenges in continuum robot implementation is creating robots with

sufficient strength and payload capacity. This can be a difficult problem to solve

1



without compromising the desired aspects of continuum robots such as compactness,

weight, and range of motion. In addition, strategies for improving the strength and

stability can be dependent on continuum robots with specific actuation architectures.

The research in this dissertation investigates modeling and design strategies that can

improve the strength and stability of continuum robots.

This introduction provides an overview on the three continuum robot actuation

methods that are investigated: tendon-driven continuum robots (TDCRs), concentric

tube robots (CTRs), and concentric push-pull robots (CPPRs). The working

principles behind each actuation method and a brief state-of-the-art in improving

the strength and stability of these robots are described for each actuation design.

1.2 Tendon-Driven Continuum Robots

TDCRs, in their simplest form, consist of a flexible backbone structure with tendons

routed along the backbone as shown in Figure 1.1. When a tendon is pulled or

actuated, it induces bending in the robot. The geometry of the backbone and tendon

routing dictate the kinematics of the robot. TDCRs are one of the most widely used

continuum robot designs [41] in the literature, as the actuation principle is highly

scalable. The robots are capable of being fabricated from millimeter scales to the size

of elephant trunks [32].

Developing TDCR manipulators capable of achieving wide ranges of motion while

also having sufficient strength to perform load-bearing operations is challenging.

There is a general trade-off in design choices; aspects that improve the overall range of

motion oftentimes can limit the strength and stiffness of the robot (and vice versa).

The range of motion is largely dictated by the slenderness and compliance of the

TDCR backbone structure. Using materials with high elastic strain limits, such

as hyperelastic nitinol and elastomers, and using long, slender backbones improve

the range of motion but mitigate strength. Kinematically, continuum robots possess

infinite degrees of freedom but only a few are controlled and actuated. The remaining
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degrees of freedom in the system are thus dictated by actuation and external loading.

There are two passive modes of deformation that limit the strength of slender TDCRs

when external loading is applied:

1. In curved poses, out-of-plane transverse loads cause significant deflection due

to the torsional deformation at the base and along the length (in addition to

bending deflection).

2. In straight, cantilevered poses, the robot typically deflects in an s-shape

deformation mode when a transverse load is applied [49]

These passive modes of deformation typically occur from a combination of the under-

constrained actuation of TDCRs as well as a lack of torsional strength from the overall

robot structure. Research has primarily focused on developing novel TDCR backbone

designs (as shown in Figure 1.2) and manufacturing methods to improve payload

capacity and strength. Utilizing endo- and exo-skeleton designs has been shown to

prevent buckling and improve overall strength [50]. Backbones using rigid interlocking

vertebrae were investigated by Castledine et al. to assess design choices and resultant

range of motion and payload capacity [4]. Bellows, which have high torsional rigidity

in comparison with its flexural rigidity, have also been used in pneumatic [51, 52, 53]

and concentric-tube robots [54] which can drastically improve the torsional strength

of the overall robot.

A number of groups have investigated origami structures, which can be tuned from

geometric parameters and can be made on a wide range of scales [55, 56, 57, 58, 59, 60].

Active stiffening elements that enable control of the overall stiffness such as granular

jamming [61, 62], can be housed inside manipulator structures. Shape memory alloys

(SMA), which provide local stiffness control when heated, have also been integrated

into backbones [6, 63]. Additionally, using combinations of actuation designs, like

combining tendon and pneumatic actuation in [5], also enables local stiffness control.

While many of these design strategies can improve TDCR strength, they can also

introduce adverse effects which can include increasing the overall weight of the robot
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Tendon 
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Figure 1.1: General design of a tendon-driven continuum robot (TDCR) consisting
of a flexible backbone, tendons, and spacer disks that guide the tendons.

(a) (b) (c) (d)

(e) (e)

Figure 1.2: Backbone designs used in TDCRs to improve strength and range of
motion, which include origami-inspired designs as shown in [1](a), [2](b), and [3](c),
stacked vertebrae backbones [4](d), and active stiffening designs using combinations
of pneumatic-tendon actuation [5] (e), and SMA-based heating [6](f).
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and difficulty in fabrication and assembly; some designs may be limited in scale as

well.

Another method for improving TDCR strength is leveraging the actuation path

routing [64, 65, 66] which has recieved less attention than the design of the backbone.

Case et. al. [64] used coupled cable configurations that reduce the actuator count and

reduced the actuator effort. Utilizing helical tendon routing alongside straight tendon

routing can greatly increase the achievable workspace as demonstrated in [65]. The

majority of tendon- and rod-driven continuum robots utilize parallel actuation path

routing, where the tendons or rods are parallel to the centerline of the backbone.

Oliver-Butler et al. investigated the effects of using converging tendon routing in

TDCRs, in which the tendon routing begins as an offset from the backbone and

terminates at the distal end closer to the center of the backbone [67]. The converging

tendon routing design can significantly reduce translational compliance at the end-

effector of the robot, as well as altering the kinematics.

1.3 Concentric Tube Robots

Concentric tube robots (CTR) consist of precurved, concentrically nested tubes.

Relative rotations of the concentric tubes enable new bending shapes. For a pair

of concentric precurved tubes, as shown in Figure 1.3, a range of bending angles in

a single plane can be achieved by rotating the two tube bases in opposite directions,

if the tubes have equal flexural rigidities. The plane of bending can be changed by

rotating the tube bases equal amounts in the same direction. Because CTRs can be

constructed with thin-walled medical tubing such as hyperelastic nitinol, which allows

for an inner lumen to pass tools through, the primary motivation of CTR research

is their implementation in minimally invasive surgery (MIS) applications. Over the

past fifteen years, a wide range of research has been investigated on these robots.

The initial concept and kinematic models were first introduced by Webster et al.

[68] and Sears et al. [69] in 2006. CTR kinematics and statics models expanded into
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Outer Tube 
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Outer Tube Rotated CW 

Inner Tube Rotated CCW 

Precurved
Tubes

Figure 1.3: Concentric Tube Robot (CTR) consisting of two precurved tubes.

(a) (b) (c) (d) (e)

Lee 2015 Xin Jue Luo 2018
Cellular 
patterning 
determined 
through 
topology 
optimization, 
minimizing 
EI/GJ ratio

Developed 
analytical 
models that 
predicted 
stiffness 
properties

Azimian 2014
Introduced the 
concept of using 
tube patterning for 
reducing EI/GJ. 
Hypothesized the 
use of multi-layer 
helical tubing, 
auxetic patterning,  
and cellular based 
designs 

Rucker 2022
Transverse anisotropy 
greatly reduces  

Hur 2021

Figure 1.4: Examples of tube patterning used to reduce the flexural to torsional
rigidity of the tube, using repeated slotted patterns in [7](a) and [8] (b), cellular
patterns based on topology optimization results in [9](c), and asymmetric patterning
in [10](d). Auxetic patterns also enable control over flexural and torsional rigidity
values of the tube [11](e).
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more general models that account for multiple tubes, external loading, and friction

[70, 71, 72, 73], control methods [74], actuation design [75, 76, 77, 78], path-planning

strategies [79, 80, 81, 82], patient-specific optimized designs [83, 84, 81], and shape

estimation [85, 86, 87].

However, one of the fundamental challenges of this robot is the problem of

‘snapping’ - an instability that arises due to the torsional compliance of the tubes.

When a CTR is actuated to a ‘snapping’ configuration, the CTR will ‘snap’ to a

more stable energy state. Webster et al in [88] developed a model to study the

energy landscape, demonstrating the need for including torsion in kinematic models.

Elastic stability tests for CTRs in free space [89] and while loaded [90] have been

developed, as well as dynamic models [91, 92]. In addition to the snapping problem,

torsional compliance also allows static friction to affect the robot configuration in a

hysteretic way, which further complicates the kinematics. For a thin-walled tube,

the torsional rigidity GJ is much smaller than its flexural rigidity EI, solely by the

geometry of the tube (where E represents the Young’s modulus of the tube material,

I is the second moment of area of the tube, G is the shear modulus of the tube, and J

is the polar moment of area). [89, 93, 90]; there is even one paper that has leveraged

this instability for high-force application [94].

To mitigate the problem of snapping, research into control strategies and novel

tube designs (with examples shown in Figure 1.4) have been investigated. Path

planning algorithms have been developed to achieve stability while traversing an

intended goal or trajectory. Bergeles et al. utilized a rapidly exploring random trees

algorithm for planning a desired clinical trajectory (minimimilly invasive cauterization

of hydrocephalus in the brain using a patient CT-scan) while maintaining local

stability during path traversal [79]. Hendrick et al. used bifrucation theory to design

precurvatures of CTRs consisting of arbitrary number of tubes, that are globally stable

[95]. Fellmann et al. evaluated synchronous and asynchronous actuation velocities

for path-planning to design collision free trajectories [96]. Leibrandt et al. used a

multi-processor approach to design stable CTRs in collision free trajectories [82, 97].
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In terms of tube design strategies, the goal of tube patterning to reduce the flexural

rigidity EI, relative to the tube’s torsional rigidity GJ . The ratio EI/GJ has been

widely used as a common reference metric in the literature. Azimian et al. initially

hypothesized the use of leveraging the mechanical design of the tube, proposing the

use of multi-layered helical tubing and laser-machining auxetic and cellular patterns

onto tubes to achieve a lower EI/GJ ratio [7]. Kim et al. in [98] investigated the

role of using anisotropic patterning, using a series of overlapping slot patterns down

the length of the tube, to alter the EI/GJ [98] and Lee et al developed analytical

models that predicted the resultant EI and GJ of their anisotropic patterning [8].

Xin Jue Luo et al. investigated the use of topology optimization that minimized

EI/GJ , using the ratio of torsional compliance to flexural compliance as the objective

function [9]. Finally, Rucker et al. explored the design of tranverse anistropic

patterning (i.e. direction-dependent flexural rigidities) in which stability can be

achieved while retaining more tube stiffness. However, even though patterned tube

design approach can mitigate the effects of ‘snapping,’ the tube patterns can still

suffer from torsional lag and kinematic inaccuracies due to frictional hysteresis.

Furthermore, even with patterning, tubes can still poses unstable configurations at

sufficiently large precurvatures.

1.4 Concentric Push Pull Robots

Concentric push-pull robots (CPPR) are continuum manipulators that consist of

concentrically nested, asymmetrically patterned tubes that are fixed together at their

distal ends as shown in Figure 1.5. Relative translations of the tubes generate

bending in the overall CPPR structure. Such asymmetrically patterned tubes

can be fabricated using a number of different methods, including laser machining

[99, 100, 10, 8, 7], conventional milling [101, 102, 103], and 3D printing [104],[99].

Like pre-curved concentric tube robots (known as CTRs), CPPRs can be fabricated

at millimeter scales and are capable of traversing complex and tortuous pathways,
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Tube 1

Tube 2

Distal tips are 
fixed together

Pulling 
Tube 2

Pushing 
Tube 2

Tube 1 
Fixed 

Tubes are 
concentrically aligned

(a)

(b) (c)

Figure 1.5: Concentric Push-Pull Robot (CPPR) consisting of two asymetrically
patterned tubes.

Figure 1.6: CPPRs can be fabricated at needle-sized scales (left). Ch. 4 details the
derivation and validation of the first kinematics model for CPPRs in the literature,
which can account for external loads (middle) and robots using more than two tubes.
This model will be useful in the design and analysis of CPPRs for MIS applications
(image from [12]) (right).
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making them suitable manipulators for minimally invasive surgery (MIS) applications

[13]. However, unlike CTRs, CPPRs are able to achieve a wide bending range of

motion without the elastic instabilities found in CTRs [89],[105].

For CPPRs, the additional tube is capable of withstanding tension and extension,

enabling bending in both directions through relative translations (i.e. pushing and

pulling) of the tubes. Using thin-walled tubes enables a large inner lumen space

for passing through surgical tools such as grippers, cameras, and illumination. The

additional tube in CPPRs increases the overall stiffness of the manipulator, enhancing

its strength and capabilities for load-bearing surgical applications such as tissue

traction. In previous CPPR research, Euler-Bernoulli beam theory was used to model

the bending of small ‘notched’ sections of the tube to create a forward kinematics

model for CPPRs. The parameters of the design, which includes the spacing and

size of the rectangular notches, dictate the overall bending shape of the CPPR when

actuated [99]. However, this existing work is limited to large rectangular notches,

planar shapes, and CPPRs consisting of pairs of distally attached tubes (not more

than two attached together). CPPRs with large rectangular notches can interlock

between the inner and outer tube when actuated, can cause Brazier buckling (an

unmodeled deformation effect) at large bend angles, and create a source of pinching

when interacting the environment, a potential safety hazard for MIS applications. In

addition, the influence of external loading and the overall stiffness of the device has

yet to be modeled. CPPRs have successfully demonstrated tumor resection in a ex

vivo models [12]. The ability for the model to account for external loading is key in

designing these robots for load-bearing applications. Novel design opportunities in

CPPRs, such as using more than two tubes, have yet to be investigated and modeled.

In addition, more advanced slot patterns with improved mechanical properties could

greatly improve the overall performance of CPPRs [11, 106] but these patterns

cannot be modeled with previous kinematic models. Having a model that includes

these additions are important for analyzing more general designs, expanding the

possible design optimization of CPPRs and developing the technology further for
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MIS applications. Mechanics models such as Kirchhoff rod and Cosserat rod models

have been used to model a range of continuum robot designs, including tendon-driven

continuum robots [107, 34, 108, 33], CTRs [109, 110, 71, 74, 70], parallel continuum

robots [111, 112], fluid-actuated continuum robots [113],[114] and new eccentric tube

robots [47, 48]. These models are useful in that the kinematics can be efficiently

computed [112] and can capture external loading and arbitrary numbers of additional

tubes and rods. However, the CPPR actuation paradigm presents a number of unique

challenge not present in other continuum robots. The stiffness centers of the tubes

used in CPPRs are not coincident with the centerline, which is the case for CTRs,

and the stiffness centers can vary along the length of the tubes. The modeling

derivation in Ch. 4 shows how the concentricity constraint for tubes with offset

and varying stiffness centers introduces additional modeling complexity. Casting the

kinematics as an energy minimization problem has also been used on tendon-driven

[107], concentric tube [88], and parallel continuum robots [115], where the shape and

pose of the continuum robots are parameterized. The energy minimization method

also enables the inclusion of conservative external loading into the system.

1.5 Outline and Contributions

This dissertation covers modeling and design advancements to improve the strength

and stability of the previously discussed continuum robot actuation paradigms.

Chapter 2 investigates the implementation of a novel backbone design and tendon

routing that can improve the strength and stability of TDCRs. A novel backbone

design is investigated and an FEA-based model is used to analyze the axial, torsional,

flexural, and shear rigidities of the backbone. A robotic platform is created to

validate the proposed strength-improving strategies by experimentally characterizing

the compliance of the robot at pertinent poses. The strength-improving concepts used

in the backbone design and the tendon routing are then successfully demonstrated

experimentally by having the robot perform a pick-and-place task, with minimal
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oscillatory vibrations while the robot was performing the task, carrying a payload

that is over 5 times the weight of the backbone.

Chapter 3 covers the development of a new bending continuum robot, concentric

precurved bellows, that are based on the concentric tube robot actuation paradigm.

The work in this chapter greatly mitigates the torsional compliance in CTRs, a key

instability for this actuation paradigm. This instability from torsional compliance

allows a dangerous phenomena called ‘snapping’ to occur when sufficient elastic

energy is stored and released. The use of bellows tubing enables high torsional

stiffness while enabling low flexural stiffness which virtually eliminates instability.

Two novel bellows designs are developed and analyzed. Parameter characterization of

bellows prototypes are conducted through static FEA simulations and on 3D printed

prototypes. A torsionally rigid kinematic that accounts asymmetric flexural rigidity

is derived and validated on experimental prototypes. Fabrication techniques are

explored that enable fabrication at large- and small-scales of these robots are also

explored and a soft robotic gripper is constructed using concentric precurved bellows

to demonstrate its effectiveness in payload tasks.

Chapter 4 covers modeling advancements of CPPRs and validation experiments

therein. While previous kinematic models have been accurate for CPPRs under

limited assumptions, this modeling will expand the analysis of the load bearing

capacities of these robots as well enable modeling of more complex CPPRs that

are capable of non-planar bending, large deflections, and constructed from more than

two tubes. The model will be used to analyze how varying tube properties can affect

the CPPRs resistance to tip forces.
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Chapter 2

Improving Strength in

Tendon-Driven Continuum Robots

2.1 Disclosure of Previously Published Material

The work presented in this chapter has been published in Frontiers of Robotics and

AI [116]. The dissertation author served as first author on this publication and D. C.

Rucker, the chair of this dissertation’s committee, was second author and provided

guidance and support throughout the paper writing process.

2.2 Overview

The research in this chapter addresses the problems of the under-constrained nature of

tendon-driven continuum robot (TDCR) actuation and insufficient torsional stiffness

by investigating (1) a novel flexible backbone design and (2) novel actuation routing

paths. The specific geometry of both these design choices helps to increase the

load bearing capacity at the end effector without sacrificing actuatable range of

motion. The backbone is designed using an extruded thin-plate rhombus pattern

for the backbone that is lightweight, torsionally stiff, and simple to manufacture.
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Additionally, actuation rods are routed through the backbone in both parallel and

converging paths to eliminate the main underactuated bending modes. This creates

a 5-DOF robot, as shown in Figure 2.1(a) and (b), capable of both bending and

translation motions with high output stiffness throughout its workspace. This robot

concept can be fabricated at both large scales with conventional fused filament

fabrication and at small scales with stereolithography as shown in Figure 2.1(c).

2.2.1 Novel Backbone Design with High Torsional and Shear

Stiffness

The backbone structures of continuum robots are a fundamental component in the

bulk mechanical properties and performance of the robot. The novel backbone design

is shown in Figure 2.2 (a). The backbone consists of a repeated rhombus unit cell

which has a height h, width w, wall thickness t, and extruded depth a as shown in

Figure 2.2 (b). The modes of deformation that occur within this unit cell arise due

to bending and warping from the individual plates that connect the structure into

a rhombus. Investigating the deformation in a single plate of the unit cell as shown

in Figure 2.2 (c), one can intuitively understand the performance using conventional

stiffness characterizations from mechanics of materials. If a single thin-walled plate

is considered as a beam, the flexural rigidity about x2 is far greater than the flexural

rigidity about x1 if the extruded depth a is far greater than the thickness t. In

addition, if the plate has small thickness relative to its width, it is relatively compliant

when a torque is applied about the x3 axis. With these beam deformations in mind,

we can intuitively see that the unit cell should be able to easily bend about the x and

y axes, but it will resist torsional deformation about z with high rigidity (because

this would require the individual plates to bend about the x2 axis in Figure 2.2(c)).

To verify that this intuitive design achieves our purpose, experiments were

conducted on 3D printed unit cells and in simulation using the FEA package Nastran

In-CAD, a Nastran plug-in for Autodesk Inventor, to determine the mechanical
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properties of the unit cell. The dimensions of the unit cell that was analyzed are

tabulated in Table 2.1.

Six loading cases were conducted to determine the effective flexural rigidities EI,

the axial rigidity AE, torsional rigidity GJ and shear rigidities GA of the unit cell.

The FEA and experimental setups are shown in Figure 2.3 along with the model

equations used to estimate the effective rigidity values of the unit cell. For the axial

and flexural tests, the distal vertex of the unit cell is free to rotate and translate. For

the torsional test, the distal vertex is constrained from translating in the z-direction.

For the shear tests, the distal vertex is constrained to only translate in the direction

the tip load is applied in; this vertex is also constrained from rotations about the x-

,y-, and z-axes. For the effective AE, (GA)x, and (GA)y rigidity values, a linear force

Fi is applied to the distal end of the unit cell and the resultant displacements δi are

recorded. For the effective GJ , (EI)x, (EI)y rigidity values, a moment Mi is applied

and the resultant rotations θi are recorded. Forces at 0.1N and moments of 0.005

Nm were applied in the simulation to ensure the small deformation assumption and

stay within the linear elastic region. The FEA model in Nastran uses shell elements

of parabolic order and the element size was selected to be 1mm. Both FEA and

experimental setups assume linear elastic material behavior and small deformation.

For a backbone that utilizes multiple unit cells, while the overall structure is capable

of large bending angles and translations, the individual unit cells remain in the

small deformation regime. Due the anisotropic nature of 3D printing [117], the FEA

simulations used a calibrated Young’s modulus E of PETG, the print material used

in the physical prototypes. The Young’s modulus was calibrated using a three-point

flexural test on a sample printed PETG beam:

E =
L3m

4bd3
(2.1)

where L is the supported length of the beam, m is the slope of the load-deflection

curve, b is the width of the beam, and d is the depth of the beam. The PETG sample
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(a) (b) (c)

Figure 2.1: Strength-improved TDCR using a torsionally strong backbone and
converging tendon routing (a), capable of lifting significant payloads relative to the
weight of the robot (b). The design can be easily fabricated through 3D printing and
accurately fabricate at small-scales (c).

Table 2.1: Dimensions of unit cell design used in experiments

Parameter Value

Unit cell width, w 50 mm
Unit cell height, h 12 mm
Extruded depth, a 50 mm
Wall thickness, t 0.8 mm
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beam used in the three-point flexural test had a length of 40 mm, a depth/thickness

of 0.8 mm and a width of 15 mm. To find the slope of the load-deflection curve,

we apply a range of small deflections to the midpoint of the beam using a manual

linear rail with an attached digital displacement scale and record the corresponding

force readings using a force gauge (Beslands HF-50). The Young’s modulus E was

calculated to be 1.22GPa, similar to other reported 3D Printed PETG [117].

For the experiments with unit cell prototypes, the design was 3D printed specified

in Table 2.1 using MatterHackers PETG on a MakeIt Pro-M 3D printer. The unit

cells were fabricated using a nozzle temperature of 245oC and a bed temperature of

60oC. Ultimaker Cura was used to slice the part and allowed control over the number

of wall layers in the part. Because the nozzle diameter of the printer was 0.4mm, two

wall layers were used to achieve our 0.8mm wall thickness.

A manual force stand, displacement scale and force gauge used in each of the

experiments are labeled in the experimental setup for determining the effective axial

rigidity of Figure 2.4 (a). This is the same equipment used in the three-point

flexural test to calibrate the Young’s modulus of the PETG that was used. For each

mechanical property case, the load-displacement relationship is generated by applying

a range of deformations to the unit cell and measuring the resultant reaction force

using a force gauge (Beslands HF-50). A linear fit is performed for each set of load-

displacement data using the method of least squares. The slopes of the linear fit lines

correspond to the Fi/δi and Mi/θi (where i = x, y, z) in the equations in Figure 2.3.

The experimental mechanical properties are then found by multiplying these slopes

by the height h of the unit cell. To constrain the unit cell to only rotate about its z-

axis, a bearing mount is attached to the unit cell’s distal plate. For the torsional and

flexural rigidity experiments, an 8020 aluminum extrusion frame is attached to the

tip and used as a moment arm for the force gauge. A rectangular cap that is attached

to the 8020 frame is used as a contact point for the force gauge tip and is positioned

to set the moment arm distance from the center of the unit cell, which are denoted as

rGJ and rEI in Figure 2.4 (b)-(d). The moment arm in the torsional experiment rGJ
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Figure 2.2: Backbone design with repeated rhombus sections (a), a unit cell rhombus
which is dictated by its width w, height h, wall thickness t and extruded depth a, (b)
and a single plate model from the unit cell (c).

Table 2.2: Mechanical properties of unit cell from FEA and experimental setups.

Unit Cell Mechanical Property FEA Value Experimental Value

Axial Rigidity, AE 77 N 77 N

Torsional Rigidity, GJ 4.68 Nm2 1.79 Nm2

Flexural Rigidity about x, (EI)x 0.029 Nm2 0.024 Nm2

Flexural Rigidity about y, (EI)y 0.016 Nm2 0.015 Nm2

Shear Rigidity in x, (GA)x 178 N 195 N

Shear Rigidity in y, (GA)y 7,600 N 589 N
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Figure 2.3: Finite element analysis of a unit cell rhombus with loading cases needed
to calculate the axial rigidity (a), torsional rigidity (b), flexural rigidity about x (c),
flexural rigidity about y (d), shear rigidity in x (e), and shear rigidity in y (f).
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Figure 2.4: Experimental setups used to determine the effective axial rigidity (a),
torsional rigidity (b), flexural rigidity about x (c), flexural rigidity about y (d), shear
rigidity in x (e), and shear rigidity in y (f) of the unit cell.
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has a length of 150mm and the moment arm in both flexural experiments rGJ have a

length of 100mm. The applied moments for the torsional and flexural are computed

as Mz = rGJFm and Mx = My = rEIFm where Fm is the measured force applied by

the force gauge. Using a small angle assumption, these moment arm lengths are also

used to calculate the angular deflections θi exhibited by the torsional and flexural

cases which is simply θi = riδm where δm is the displacement applied to the 8020

frame at the moment arm distance location.

For the physical shear rigidity experiments, two unit cells are attached together at

their end plates. The base plate of the two unit cells are fixed within in a U-shaped

jig as shown in Figure 2.4 (e) and (f). Applying a force at the midpoint between the

attached two unit cells plates enforces translation in the direction of force without

additional rotation or translation deflections. It should be noted that because two

unit cells are connected in parallel for the shearing experiments, the resulting load-

deflection data would correspond to the shear rigidity of two unit cells. The effective

shear rigidity values (GA)x and (GA)y for a single unit cell are simply half the shear

rigidity values of the two combined unit cells.

The mechanical properties predicted by FEA were in close agreement with

experimental results, as tabulated in Table 2.2. While the FEA simulation predicted

that the torsional rigidity GJ and shear rigidity (GA)y to be much greater than what

was experimentally determined, the discrepancy is likely due to small deflections in

the support fixtures for these experiments. Furthermore, both FEA and experiments

confirm that the stiffness of these modes is very high, so that continuum robot

deformations will be primarily caused from bending and axial deformation, which

was the design goal of this research. The experimental torsional rigidity is greater

than the flexural rigidities (EI)x and (EI)y by factors of approximately 75 and 119

respectively. Additionally, we can see that the experimental shear rigidities (GA)x

and (GA)y are approximately 2.53 and 7.65 times greater than the axial rigidity AE.

For comparison, a rod with a simple circular cross section has torsional rigidity of just

1/(1 + ν) times its flexural rigidity, and a shear rigidity of 1/[2(1 + ν)] times its axial
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rigidity, where ν is Poisson’s ratio of the example backbone. If this rod was made

of steel (ν=0.3), the torsional rigidity would only be 0.77 times its flexural rigidity

and the shear rigidity would only be 0.38 times its axial rigidity. These experiments

confirm the assumptions that the rhombus unit cell design enables a backbone high

torsional rigidity relative to its flexural rigidity. In addition, when using calibrated

material properties, FEA can be used as design tool to achieve a rhombus backbone

design with desired mechanical properties.

2.3 Tendon Routing for Tip Load Resistance

While having a backbone with high torsional rigidity can greatly improve its payload

capacity, the design of the actuator routing paths can also be used to increase output

stiffness. As shown in Figure 2.5 (a), continuum robots with parallel actuator routing

exhibit an s-shaped deformation mode when a transverse tip force is applied to the

end-effector. However, the parallel actuator routing resists moment loads with high

stiffness. Conversely, as shown in Figure 2.5 (b), robots with converging routing paths

exhibit deformation when tip moments are applied, but resist direct tip force loading

with high stiffness because the non-parallel actuation forces (tension or compression)

are capable of producing a resultant in the opposite direction of the tip load. Thus,

using both converging and parallel actuation routing simultaneously provides high

stiffness with respect to both forces and moments at the tip.

If the backbone has a high torsional rigidity that is much greater than its flexural

rigidities, this also means that the angular twist degree of freedom about the robot’s z-

axis (direction of backbone length) will be constrained. Therefore, only five actuation

rods are necessary to control the remaining five degrees of freedom - translations in x,

y, and z angles about the x- and y-axes. The converging actuation rods enable three

translation motions of the tip while the parallel actuation rods enable two bending

motions at the tip as shown in Figure 2.6.
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(a)
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(c)

Deflects from moments

Deflects from forces

Figure 2.5: Prototype robot actuation pathway (a), which utilizes (b) converging
actuation rod routing, which enables strength against tip forces end-effector and (c)
traditional parallel actuation rod routing that enables strength against tip moments.
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Figure 2.6: Converging actuation rods enable translation of the tip (a) and parallel
actuation routing enable bending at the tip (b). The dashed lines represent the
actuation rods, with the green rods representing the parallel routing rods (3 and 5),
the blue representing the converging routing rods (2 and 4) and the black dashed line
is rod 1, which acts in both parallel and converging routing.
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If the actuation rods are able to withstand both compression and tension, then

the robot can achieve symmetric motions within its workspace. Furthermore, the

actuation routing is designed such that none of the actuation rods pass through the

centerline of the backbone. This allows inner channels to be created within the

backbone which would allow devices at the end-effector such as grippers, sensors or

cameras to have their cables pass through the backbone.

2.4 Robot Embodiment

An actuation setup was designed and fabricated to experimentally test the proposed

design paradigm for leveraging backbone and actuation routing geometry. There are

four sections of the robot: (1) the rhombus backbone, (2) the cannula guides, (3)

the anti-buckling structures, and (4) the actuation pack assembly. The complete

actuation setup and details of its sections are shown in Figure 2.7. NEMA 17 non-

captive linear stepper actuators translate the spring-steel actuation rods. Relative

to the mechanical properties of the backbone, the actuation rods contribute an

insignificant amount of bending stiffness to the structure. For the backbone, we

used 13 repeated unit cells of equal dimension were used, resulting in a backbone

bounded by a 50x50x165mm rectangular prism. The repeated unit cell dimensions

are tabulated in Table 2.1. Using an Ohaus CS 5000 weight scale, the mass of the

backbone was measured to be 73 grams (without actuation rods inserted).

2.4.1 Tendon Pathway Guides

To achieve the parallel and convergent actuation routing paths that run in straight

lines from the base of the backbone to the tip, a set of curved rigid cannula guides

were designed that allow the actuation rods pass through on their way from the pack

of linear actuators to the backbone. These rigid cannula guides solve three challenges:

(1) they allow converging actuation rods 2 and 4 to enter into the backbone at their
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Figure 2.7: Actuation platform used for experiments with each component labeled.
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prescribed angles, (2) they prevent rod buckling between the actuation base plate

and the backbone base plate, and (3) they allow the linear actuators to be spaced

without interference. Cubic Bézier curves were used to design the guides to satisfy the

point-slope entry and distal conditions. Figure 2.8 shows the Bézier curves that route

each actuation rod through the actuation base plate and into the backbone base plate

where the tendons are then inserted through the backbone. Each curve was designed

by specifying the entry and distal point and slope conditions for each rod as shown

in Figure 2.8. The entry conditions for a single actuation rod consist of the entry

location on the actuation base plate pa in the Oa reference frame and the entry slope

p′a. For each rod, the entry slope condition is always straight i.e. p′a = [0, 0, 0]>. The

distal condition pb specifies the rod entry locations into the backbone base plate (in

the Oa frame) and p′b specifies the slope of the rod as it enters the backbone base

plate.

2.4.2 Anti-Buckling Tendon Mechanism

To allow for push-pull actuation, there is a free length of the actuation rods between

the stepper motor carriage and the actuation base plate. To prevent the rods from

buckling in this region before entering the cannula guides, a smaller version of the

rhombic backbone structure was used to create an anti-buckling mechanism between

the actuators and the robot backbone. The schematic of this diagram is found in

Figure 2.9. The mechanism consists of a small-scale version of the rhombus backbone

that allows the actuating rod to pass through the center of the structure. Two steel

rods are routed through the miniature backbone structure to increase its resistance

to buckling when in compression. These support rods are fixed between the plates

attached to the backbone structure and the actuator base plate.
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Figure 2.8: Cannula guides designed using cubic Bézier curves (a) that are
generated from specifying entry and distal conditions (b). Cannula guides are printed
individually and attached to the actuation and backbone base plates (c).
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Figure 2.9: Actuation mechanism used to enable compressive actuation rod loads
and prevent buckling.
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Figure 2.10: Experimental setup for calculating the compliance matrix for each
pose. The ‘Translation in Y’ pose is shown with a 200 g pre-load attached to the
end-effector that is applied in the negative y direction in OR.
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Straight Pose Translation in X Translation in Y Bending
About X

Bending
About Y

Actuated 
Pose

Rod Lengths
(mm)

160 165 160 165 160 160 165 160 185 160 160 145 160 165 160 160 140 120 165 140 160 165 135 140 110

Compliance 
Matrices 
(mm/N)

1.13 −0.41 −0.04
−0.47 1.08 0.07
−0.34 0.09 0.29

0.36 −0.37 −0.05
−0.34 1.09 0.03
−0.31 0.30 0.28

1.87 −0.44 0.08
−0.41 0.67 −0.06
−0.27 −0.04 0.24

1.43 −0.48 0.11
−0.50 1.05 −0.10
−0.42 −0.38 0.08

0.51 −0.22 −0.06
−0.34 0.62 0.02
−0.02 −0.10 0.06

Figure 2.11: Candidate robot poses used in compliance analysis. The actuation rod length configurations necessary to
achieve the pose and resultant compliance matrix for that pose are shown.
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2.5 Robot Compliance and Payload Capacity

The strength performance of the robotic prototype was assessed using end-effector

compliance matrices that were experimentally calculated while the robot was actuated

in straight, tip-translated, and bending poses. The compliance matrix relates the

applied force at the end-effector F and its resultant displacement ∆ p in the global

reference as follows:

∆p = CF
∆px

∆py

∆pz

 =


C11 C12 C13

C21 C22 C23

C31 C32 C33



Fx

Fy

Fz

 (2.2)

To calculate the compliance matrix for each pose, end-effector tip loads are applied in

the x, y, and z directions relative to the base frame of the robot OR as shown in Figure

2.10 and measure the change in tip position using a stereoscopic camera. Markers

are attached to the distal end and base of the robot to measure the deflections at the

end-effector (in the base frame of the robot OR). For each loading case, a pre-load

of 200g is applied to mitigate the backlash that can occur in the actuation setup and

then marker positions and orientations are recorded after loading. An additional 200g

is applied at the tip (total of 400g tip load) and the resultant marker positions are

recorded after this loading. The displacements from when the robot is loaded with

200g to when it’s loaded with 400g are used for ∆px, ∆py and ∆pz. This process is

performed for the five pose cases as shown in Figure 2.11, containing the results of

the experimentally determined compliance matrices for each of the poses. The robot

exhibits low compliance at the tip for all configurations. From both inspection of

the robot loading scenario and the compliance matrix results, the traditional s-shape

mode of deformation found in near-straight poses is virtually eliminated; significant

torsional deformation in the bending cases with out-of-plane loads has also been

mitigated.
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Inspired by the results of the compliance experiments, the robot’s load capacity

was demonstrated by pouring a glass of water into another cup. Figure 2.12 shows

the timestamps of the carrying task. In this demonstration, the robot is loaded at

its end-effector with the payload. The cup assembly without any water added is

160g. 8oz of water is added (227g) to the cup assembly for a combined 387g tip

load (stage 1). Then, the robot lifts the payload in the positive y-direction (stage

2) and then translates in the negative x-direction (stage 3). Finally, the end-effector

smoothly rotates to pour the water into the coffee mug on the (stage 4). This task was

accomplished by actuating a single motor at a time within 15 seconds. No oscillations

were observed, and none of the water spilled from the cup assembly while in transit.

The results of the compliance characterization and carrying demonstrations show

how a strong continuum robot can be developed out of common materials by

leveraging the geometric design improvements for the backbone and actuation rod

routing without introducing additional stiffening components or weight into the robot

design.

33



(2)
t = 6s

(3)
t = 12s

(4)
t = 15s

(1)
t = 0s

387g Payload

Figure 2.12: Payload carrying task with time-stamped steps.
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Chapter 3

Concentric Precurved Bellows:

Improving Stability in Concentric

Tube Robots

3.1 Disclosure of Previously Published Material

The work presented in this chapter has been published in IEEE Robotics and

Automation Letters [54]. The dissertation author served as first author on this

publication and D. C. Rucker, the chair of this dissertation’s committee, was second

author and provided guidance and support throughout the paper writing process.

3.2 Overview

Torsional flexibility and frictional hysteresis continue to be difficult aspects of

concentric-tube actuation regardless of robot size. Torsional flexibility can introduce

undesired complexities into the behavior of these robots, including non-constant

curvature shapes and “snapping” behavior in which the robot can rapidly release

stored elastic energy and transition to a different configuration [88, 74]. A
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fundamental parameter that affects the stability of concentric precurved tubes is

the ratio of effective flexural rigidity, EI, to effective torsional rigidity, GJ which

will be referred to as the ratio EI/GJ throughout this chapter (where E is Young’s

modulus, I is the cross sectional second moment of area, G is the shear modulus,

and J is the polar moment of area). Lowering this ratio can mitigate or eliminate

undesired torsional effects.

Cutting a pattern of notches into the tubes (i.e. “patterning”) can reduce the

effective EI/GJ ratio, and a variety of notch patterns have been investigated [98, 7,

8, 9]. As shown in Table 3.1, while solid tubes have a ratio of around 1.3 (assuming

Poisson’s ratio ν = 0.3), the various notch patterning strategies in the works cited in

the table created tubes with EI/GJ ratios ranging from 0.344 to 0.95.

This chapter addresses two existing limitations of the concentric tube robots: (1)

torsional compliance limitations, and (2) small diameter limitations by investigating a

new concept for bending actuators for soft and continuum robots based on precurved

concentric bellows. While bellows structures are often used as flexible pressure vessels

for fluidic actuation strategies [52], the bellows are used as the tubes for CTRs. A

range of bending angles in a single plane can be achieved by rotating the two bellows

bases by the same angle in opposite directions, if the bellows have equal flexural

rigidities. The plane of bending can be changed by rotating the bellows bases equal

amounts in the same direction as shown in Figure 3.1. The geometry of typical

convolution bellows designs exhibits high torsional rigidity relative to flexural rigidity

which virtually eliminates the negative effects associated with torsion. As recorded

in Tables 3.1 and 3.3, 3D printed prototype bellows tubes exhibited experimental

EI/GJ values between 0.016 and 0.078, which is (1) an order of magnitude lower than

typical EI/GJ values achieved so far through laser machined cutout patterns, and

(2) low enough to effectively eliminate any torsional lag during actuation, such that

torsionally rigid kinematic models become accurate. In addition, the bellows concept

exhibits a large bending range of motion within reasonable material strain limits. This

enables the fabrication of large diameter robots and allows for large precurvatures
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Table 3.1: Flexural to Torsional Rigidity Ratios

Reference Design EI/GJ
– Solid Tube 1.3 (if ν = 0.3)

[98] Horizontal Notches (120◦) 0.4
[7] Horizontal Notches 0.48
[8] Horizontal Notches (120◦) 0.344 to 0.587
[9] Cellular Hole Pattern 0.94

This work Bellows Tube 0.016 to 0.078

Inner Bellow

Outer Bellow

Combined Bellows

𝜃! = 0°
𝜃" = 0°

𝜃! = −90°
𝜃" = 90°

𝜃! = −60°
𝜃" = 60°

3 cm

Figure 3.1: Improved strength and stability of concentric tube robots using
bellows.The concentric bellows pair is actuated by axially rotating the base of each
individual bellows. Rotating equal amounts in opposite directions changes the
bending angle in a single plane, while rotating equal amounts in the same direction
changes the plane of bending. Torsional rigidity is high relative to flexural rigidity
due to the bellows geometry, such that a torsionally rigid modeling assumption is
accurate.
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relative to the bellows diameter. One identified trade-off is that bellows geometry is

not as compact as thin-walled tubes since the bellows convolutions alternate between

two different inner and outer diameters which can be challenging to scale to extremely

small diameters. However, using bellows enables a new actuation method for large-

scale soft robots that can serve as an alternative to tendon-driven or fluidic actuation.

This chapter covers the design and fabrication of 3D printed pairs of CTR bellows.

Parameter identification is performed through FEA simulation and experimental

tests on prototypes. The torsionally rigid concentric-tube kinematic model originally

developed in [88] is expanded to handle the possibility of direction-dependent flexural

rigidities. Finally, the torsionally rigid behavior during concentric-tube actuation is

experimentally validated as well as the model shape accuracy for bending angles up

to 120◦.

3.3 Bellows Design and Fabrication

Low-cost methods for additive manufacturing of concentric bellows pairs through 3D

printing (fused-deposition modeling) were developed for this work. These methods

are suitable for research and the rapid iterative development of soft robot actuators.

Typical bellows design consists of a convolution geometry, with examples shown in

Figure 3.2, that is revolved around a central axis to form a “revolute bellows.” In

order to minimize overhangs and provide a stable interface with the print bed, a v-

shaped inner geometry and a flat outer geometry, as shown in Figure 3.3, were used.

The plate width (the difference between a bellows inner and outer radii) and the

wall thickness are the dominant factors in influencing the flexural rigidity, while the

overall diameter is relatively less significant (in contrast to solid tubes). This enables

an inner/outer balanced stiffness pair of bellows [74] to be designed. In the example

design as shown in Figure 3.3, the inner bellows is just slightly stiffer than the outer

because it has a smaller plate width and the same wall thickness.
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(a) (b) (c)
Figure 3.2: Possible convolution geometries using circular (a), flat (b) or v-shaped
convolutions (c). Bellows can be designed to have elements from all three variations.
Our 3D printed prototypes use flat outer convolutions and v-shaped inner convolutions
to improve printing feasibility.
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Figure 3.3: Convolution geometry schematic and design parameters (a) used for revolute (b) and helical bellows (c). 3D
printing layer orientation along with side references used in parameter estimation and kinematic experiments are shown
for both bellows. A revolute bellows pair cannot be disassembled and must be printed and precurved in the assembled
state. Helical bellows can be printed and precurved separately and subsequently assembled
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3.3.1 Revolute Bellows Design

Revolving an inner and outer convolution geometry about a central axis results

in a concentric pair of revolute bellows that cannot be assembled or disassembled

because they are interlocked. One way to construct such an assembly is to additively

manufacture the two bellows tubes simultaneously in the assembled (interlocked)

state, as shown in Figure 3.3 (b). While dissolvable support material can be used to

support and separate the two bellows surfaces during printing, it is very challenging to

subsequently dissolve the support material due to the winding convolution geometry

and small clearance between the parts. To avoid this difficulty, an extruded cut,

which makes an angle µ from the outer tangent, can be applied to either side of the

assembled bellows CAD model as shown in Figure 3.3 (b). The geometry of each

individual bellows can then be independently anchored to the build plate, and the

pair can be printed in the assembled state without support material.

3.3.2 Helical Bellows Design

It is also possible to create a bellows tube geometry by specifying a helical extrusion of

the convolution geometry (with pitch h) instead of a revolved extrusion. This allows

easy assembly and disassembly of a bellows tube pair by simply threading them into

or out of each other. Thus, individual helical bellows can be printed and precurved

separately and subsequently assembled. Actuation of a helical bellows pair is then

achieved by combined translation and rotation of each base with pitch h.

3.3.3 Pre-curving bellows via Heat Treatment

After either a revolute bellows pair or an individual helical bellows is printed, the

bellows can be pre-curved by constraining it to a desired shape via a jig and heating

it to the glass transition temperature of the material. After glass transition, the

part is allowed to cool in its fixtured precurved state and is subsequently removed. It

should be noted that it is also possible to eliminate the heat treatment step by simply

41



printing the concentric bellows pair in the pre-curved state, but this requires much

more effort and complexity in the CAD modeling of the design, whereas an uncurved

bellows design is very straightforward to generate.

3.3.4 Example Bellows Specifications and Fabrication

The dimensions of the bellows prototypes for both revolute and helical designs used

in experiments are tabulated in Table 3.2. These dimensions were selected iteratively

such that bellows could smoothly rotate within one another and feasibly be fabricated.

Prototypes were 3D printed out of PLA on a Makerbot Replicator 2 at 230◦C and

a layer height of 0.15 mm. Single wall (shell) print settings with no infill and a

floor/ceiling height of 0.4 mm were used to achieve a finished part with roughly

uniform wall thickness. A curvature jig was inserted through the bellows inner lumen

to enforce a desired precurvature on the bellows as shown in Figure 3.4 (b). To ensure

jig shape is maintained through the heating process the jigs were 3D printed using

a co-polyester material (ColorFabb HT) with a higher glass-transition temperature

greater than the bellows material (PLA). The jig-constrained bellows were placed in

an oven (Quincy Lab Model 10 Oven) at 60◦C for 20 minutes. After heating, the

bellows were ambiently cooled to room temperature (approx. 24◦C) while leaving the

curved jig within the bellows for at least 20 minutes. After removal of the jig, the

inner and outer precurved bellows are each connected to a drive mechanism, shown

in Figure 3.4 (c), which allows coupling to a manual actuation system which axially

rotates and translates their bases.

3.4 Bellows Modeling

3.4.1 Bellows Parameter Characterization

In order to develop accurate kinematic models and predict concentric-tube manip-

ulator performance, it is necessary to calibrate the effective flexural and torsional
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(b)

(a) (b) (c)
Figure 3.4: Components used to fabricate a pair of helical bellows (a). The curvature
jig is inserted through the inner lumen of the bellows and enforces the new shape onto
the bellows in the precurving process (b). Once precurved, inner and outer bellows
attachments can be used to mount bellows onto actuation systems (c).

Table 3.2: Bellows dimensions of 3D printed prototype used in kinematic and
bending experiments

Parameter Value
Inner radius, ri 7.5 mm
Outer radius, ro 15 mm
Wall thickness, t 0.3 mm

Clearance, c 1.2 mm
Convolution pitch, h 9 mm
Convolution gap, a 2.5 mm

Inner convolution angle, ϕ 135◦

Tangent angle at cut, µ 45◦
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rigidities of a bellows design. In this section, model parameters are calibrated for

the prototype bellows by fitting the rigidity parameters to deflection data from

small-deflection loading scenarios. Calibration data from (1) FEA simulations of

the bellows, and (2) experimental tests on the physical prototypes are compared.

These parameters are then used in a constant-curvature kinematic model.

The FEA simulations were produced using Abaqus/Standard (Simulia, Dassault

Systems). Each bellows design was modeled using quadrilateral shell elements

(element type S4R) with a thickness of 0.3 mm. Young’s modulus for 3D printed

PLA can vary between 1.8 to 3.3 GPa based on a variety of material factors and

testing standards [118]. A Young’s modulus of 3.15 GPa was used for all FEA

simulations which is reported in the data sheet of a commonly used PLA (Ultimaker).

Typical simulation run time was around 10 seconds. The experimental setup used a

stereoscopic camera and markers attached to the bellows prototypes to measure tip

deflections and rotations from bending and torsion experiments as show in Figure 3.5

(a).

To determine the effective flexural rigidity, a range of tip loads are applied at the

distal bellows end and with the deflection measured at each load. The max tip load

was 5 grams in order to remain in the small deflection range. The effective flexural

rigidity EI is then fitted to the small deflection data using the Euler-Bernoulli tip

deflection formula:

w =
PL3

3EI
(3.1)

where w is the tip deflection, P is the applied tip load, and L is the length of the

beam. The deflection data and the linear fit are plotted in Figure 3.5 (b) and (c).

In the FEA tests, tip masses of 1, 2, 3, and 4 grams were applied to the distal end

while the experimental trials include an additional 5 gram load as well as the mass

of the tip marker. These tests were performed with loads applied in the direction of

Sides 1 and 2 for both the revolute and helical designs to account for the direction-

dependent properties that are caused from 3D printing. After linearly fitting the
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Experimental Setups Revolute Bellows Helical Bellows

(a) (b) (c)

Bending Setup – Side 1

Bending Setup – Side 2

Torsion Setup

Figure 3.5: Flexural and torsional rigidity calibration of helical and revolute bellows designs. The experimental and FEA
setups are shown in (a) with the flexural and torsional calibration results for the inner and outer bellows for the revolute
(b) and helical (c) designs.
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deflection data versus PL3/3 (as outlined in ASTM D790-17, the standard test

methods for determining flexural Properties of plastics), the slope of this fitted line

then corresponds to 1/EI, the inverse of the estimated flexural rigidity. The linear

fit R-squared values for all flexural rigidity trials were at least 0.99 or greater.

The effective torsional rigidity GJ was estimated in a similar process by measuring

the angular twist of the bellows φ from an applied torsional load T to a bellows of

length L. The twist angle can be calculated as follows:

φ =
TL

GJ
(3.2)

The angular twist φ versus TL is plotted in Figure 3.5 (b) and (c) and a linear fit

of the FEA and experimental angular twist data was performed. The slope of these

fitted lines then correspond to 1/GJ , the inverse of the effective torsional rigidity.

Masses of 10, 20, 30, 40, and 50 grams were placed at the end of the arm which is

75 mm in length from the centerline of the bellows to the location of the loading

mass. An aluminum tube was inserted through the center of each bellows prototype

to mitigate any bending that could occur in the measurements. The FEA trials use a

similar loading condition where moments of 0.0074, 0.0147, 0.0221, 0.0294 Nm were

applied. The R-squared values for all torsional rigidity trials were greater than 0.97.

The results of parameter characterization are compiled in Table 3.3. In general, FEA

predicted slightly stiffer flexural rigidity values and slightly less stiff torsional rigidity

values than those that were experimentally determined. Experimentally determined

EI values for side 1 of each design were expected to be lower since 3D printed parts

typically have a lower flexural rigidity in the direction of print orientation, due to layer

effects [118]. Considering the uncertainties in 3D printed wall thickness, the range

of uncertainty in Young’s modulus, and the complexity of bellows geometry, FEA

predicted reasonable bending and torsional rigidity values. It should be noted that

even though there is some error in the FEA predicted parameters, this accuracy is
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Table 3.3: FEA and experimental characterization of revolute and helical bellows
prototypes.

EI (Nm2) GJ (Nm2) EI/GJ

Bellow Type Side FEA Experiment FEA Experiment FEA Experiment

Revolute

Outer 
Side 1 0.0032 0.0025

0.104 0.115
0.031 0.022

Side 2 0.0085 0.0090 0.082 0.078

Inner
Side 1 0.0057 0.0035

0.235 0.215
0.024 0.016

Side 2 0.0097 0.0097 0.041 0.045

Helical

Outer
Side 1 0.0118 0.0081

0.300 0.322
0.039 0.025

Side 2 0.0118 0.0093 0.039 0.029

Inner
Side 1 0.0101 0.0074

0.168 0.172
0.060 0.043

Side 2 0.0101 0.0089 0.060 0.052

7-8-19 Update: E = 3.15GPa, thickness = 0.3mm
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sufficient for using FEA as an initial design tool, while more accurate experimentally

calibrated parameters can be used for kinematic prediction and control.

The EI/GJ ratios from the physical experiments ranged from 0.016 to 0.078 which

is an order of magnitude lower than previous methods for reducing this ratio based on

laser cutting notches into metal tubes as listed in Table 3.1. Ratios this small can be

considered effectively zero because they produce a concentric tube robot exhibiting

virtually no torsional deformation or lag between the proximal and distal ends (i.e.

actuator angles are transmitted down the length without loss, even to friction). Thus,

kinematic models that assume infinite torsional rigidity can be reasonably used for

CTRs using bellows.

3.4.2 Kinematic Modeling

A prior torsionally-rigid concentric-tube kinematic modeling framework [88] was

modified to account for concentric structures that can exhibit direction-dependent

flexural rigidity (such as 3D printed bellows as demonstrated in the previous section).

Let mi = [mx my]
> ∈ R2 be the vector of the internal bending moment (about

the x and y cross-sectional axes) carried by the ith bellows expressed in a material

reference frame attached to the ith bellows. Let θi be the angle relating the material

frame of the ith bellows to a common robot “backbone” reference frame (defined as a

“Bishop frame” that is fixed at the robot base and slides along the backbone without

torsional rotation [119],[74]). Assuming zero torsional deformation along the length

of the bellows, θi is constant and equal to the axial rotation of the ith bellows at its

base. Then, a moment balance on a segment of n concentric bellows expressed in the

common backbone frame yields

n∑
i=1

R(θi)mi = 0, where

R(θi) =

cos(θi) − sin(θi)

sin(θi) cos(θi)

 (3.3)
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A linearly elastic constitutive law relates the internal bending moment to the change

in curvature of each bellows as

mi =

EIxx,i 0

0 EIyy,i

ux,i
uy,i

−
u∗x,i
u∗y,i


= Ki(ui − u∗i )

(3.4)

where Ki is the bending stiffness matrix, ui is the curvature vector containing the

precurvature components about the bellows’ own x and y cross-sectional axes, and

u∗i is the initial precurvature vector of each bellows. Note that the flexural rigidities

within Ki are allowed to be different in the x and y direction. The equilibrium

curvature components in the robot backbone frame are then expressed as

u = [ux, uy]
> = R(θi)ui ∀i (3.5)

since the bellows must share a common curvature when expressed in the same

reference frame. By substituting this into (3.4), the result can be manipulated to

obtain the equilibrium curvature vector:

u =

(
n∑
i=1

R(θi)KiR
>(θi)

)−1 n∑
i=1

R(θi)Kiu
∗
i . (3.6)

The constant-curvature transformation matrix T(s) of the robot backbone frame

along the arc-length s of a segment of overlapped bellows tubes with respect to its
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base is then computed as

T(s) = eξ̂s =

R p

0> 1

 , where ξ̂ =

[ 0 0 uy 0
0 0 −ux 0
−uy ux 0 1
0 0 0 0

]

R(s) =


u2x+u

2
yCβ

U2

uxuy(1−Cβ)
U2

uySβ
U

uxuy(1−Cβ)
U2

u2y+u
2
xCβ

U2

−uxSβ
U

−uySβ
U

uxSβ
U

Cβ


p(s) =

[
uy(1− Cβ)

U2

−ux(1− Cβ)

U2

Sβ
U

]>
(3.7)

where U =
√
u2x + u2y (the magnitude of curvature), β = sU (the total bending angle

at s), and Cβ and Sβ are symbols that represent cos(β) and sin(β) respectively. Note

that (3.7) is written in terms of the Cartesian components of the curvature vector.

This is equivalent to the commonly used constant-curvature transformation reviewed

in [120] (which is expressed in terms of the polar angle and magnitude of the curvature

vector) but (3.7) has the advantage that it does not suffer from an artificial singularity

in the straight configuration which is inherent to the polar representation.

If m segments exist in series, the transformation at the tip of the robot is then

Ttip(s) =
m∏
j=1

Tj(lj) (3.8)

where lj is the arc-length of the jth segment.

Note that in the case of a helical bellows pair, the overlapped section length

changes as a function of actuation angles due to the helical pitch of the bellows, and

there is an additional segment at the tip in which only one bellows is present (in

which case (3.6) reduces to u = R(θi)u
∗
i ). In the case of a pair of helical bellows

tubes, the length of this additional segment l2 can be calculated as l2 = h|θ2 − θ1|

where θ2 and θ1 are the outer and inner bellows base angles (defined such that θ2 = θ1

when the bellows are fully overlapped) and h is the helical pitch of the bellows design.
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Depending on the handedness of the helix, and the direction of base rotation, the tip

segment could consist of either the inner bellows or the outer bellows.

3.5 Validation Experiments

Validation experiments are conducted to confirm (1) the torsionally rigid assumption

used in the kinematic model and (2) validate the kinematic model presented in

subsection 3.3.2, as well as the accuracy of the parameters calibrated in subsection

3.3.1.

3.5.1 Validation of Torsional Rigidity Assumption

To validate the torsionally rigid model assumption (and the implication that friction

does not affect the shape), the prototype is actuated over its entire workspace and

the relative angle between the two bellows at the segment tip αtip = θ2,tip − θ1,tip is

measured and compared with the value of the relative angle of the two bellows bases

αbase = θ2,base − θ1,base. If the bellows pair exhibits torsional rigidity with no loss to

friction, the tip angle should equal the base angle for all base rotations. The inner

bellows rotates through 180◦ in both clockwise and counter clockwise directions in

10◦ increments. A graduated disk with a resolution of 1◦ was attached at the distal

tip of the outer bellows, and a wire pointer attached to the inner bellows was used to

indicate angle readings. Figure 3.6 (c) shows the experimental setup and results of

this experiment. Figure 3.6 (a) shows the result for an unmodified, hollow tube CTR

and Figure 3.6 (b) shows the result for a patterned tube. It should be noted that a

direct comparison cannot be made between these results, as they come from CTRs

that have different diameters, wall thicknesses, and precurvatures from the bellows

prototype. However, this comparison shows how bellows can improve the effects of

frictional hysteresis and torsional lag. The maximum difference between actuated

and measured tip twist angle of the bellows pair was only 4◦, which confirms the
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assumptions of torsional rigidity and negligible frictional effects by exhibiting virtually

zero torsional lag.

3.5.2 Validation of Kinematic Model

A manual actuation system was constructed that enables rotation and translation

of two concentric bellows as shown in Figure 3.7. The setup uses two rotary stages

which allow independent rotation of each bellows base with a micrometer for fine

angular adjustments with a readable resolution of 0.083◦. Because helical bellows

require simultaneous rotation and translation with a specific pitch, a single dovetail

linear stage was used to allow relative translation as the tubes are rotated.

To validate the accuracy of the full kinematic model of Section IV, the prototype

bellows pair is actuated by equal angles in opposite directions (i.e. θ1 = α/2, θ2 =

−α/2 for relative input angles ranging from α = 0◦ (precurvatures aligned) to α =

180◦ (precurvatures diametrically opposed) which actuates the bellows from maximum

curvature, to almost completely straight as shown in Figure 3.8 (right). The radii of

precurvature for both bellows tubes are 0.055 m in the direction of side 1.

A stereoscopic camera and a stylus pointer were used to measure points on the

surface of the outer bellows as shown in Figure 3.8 (left). An adjustable desktop

tripod with a camera mount attachment held the stylus pointer to provides reliable

and steady measurements. The camera frame was rigidly registered to the robot base

frame using a separate symmetric data set using MATLAB’s ‘pcregistericp()’ from

the Camera Vision Toolbox. The repeatability of the actuation and measurement

procedure were evaluated by recording the distal tip position of the bellows coming

from both α = 0◦ and from α = 180◦ configurations for the α = 40◦, α = 60◦

and α = 80◦ cases. 10 individual tip positions were taken at each configuration,

with 5 from each direction. The largest standard deviation of tip position for each

configuration was 0.7 mm.
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The experimental surface shape data was then compared to predictions made by

the torsionally-rigid kinematic model in Figure 3.9. Two different kinematic model

predictions are shown: (1) the kinematic model using the flexural rigidities calibrated

from FEA simulations, and (2) the kinematic model using the flexural rigidities

calibrated experimentally (which are direction-dependent). The direction-dependent

experimental calibration of flexural rigidity in subsection 3.3.1 improves shape

prediction accuracy versus the FEA calibrated parameters. The shape validation

results additionally verify the assumption of torsional rigidity and the implication

that frictional forces, while present, do not significantly affect the shape because of

the high stiffness of the torsional transmission.

The root mean square error (RMSE) for both models is tabulated in Table 3.4.

These results demonstrate that concentric precurved bellows are feasible as continuum

robot actuators. Whereas friction limits the kinematic accuracy and bending range

of tendon/cable-driven continuum manipulators [121, 18], the concentric-bellows

strategy is largely unaffected by frictional forces at large bending angles due to the

high torsional stiffness of the transmission. Fluid-driven and material-based actuation

may entail other trade-offs in terms of actuation bandwidth and safety (e.g. high

pressures).

3.5.3 Payload Demonstration

To demonstrate payload capacity (and further confirm that friction does not hinder

performance), Figure 3.10 shows a prototype lifting a 100g tip load, which is 4 times

the mass of the bellows pair, while mostly retaining its desired shape across the

bending range. Payload capacity can be tailored to the application by selecting

the wall thickness and other dimensions of the convolution geometry. In general,

increasing the wall thickness increases the effective EI while minimally affecting

EI/GJ , thus increasing payload capacity while maintaining robot performance and

53



Figure 3.6: The plot shows the angle between the inner and outer bellows at the tip
over a range of relative base actuation angles. The experimental setup is shown in on
the left. Torsional rigidity would imply the base and tip angles to be equal (dashed
line). Thus the data (right) confirms the torsionally rigid assumption of our model.

Table 3.4: Kinematic modeling error of concentric precurved bellows prototype

with FEA Param. with Experimental Param.
Configuration RMSE RMSE

(mm) (mm)
α = 0◦ 1.28 1.28
α = 80◦ 2.30 1.12
α = 120◦ 3.89 1.99
α = 160◦ 4.28 2.72
α = 180◦ 4.27 2.78
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Coupling
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Linear 
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Inner rotary 
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Bellows 
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system 

Outer rotary 
stage

Figure 3.7: Manual actuation setup used in model validation experiments. The
system provides rotation for both the inner and outer bellows and allows translation
of inner bellows.
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𝛼 = 0°

𝛼 = 80°

𝛼 = 120°

𝛼 = 160°

𝛼 = 180°

𝜃! = −𝛼/2
𝜃" = 𝛼/2

Actuated Configurations

Stage Angles

Figure 3.8: Experimental setup for measuring points along the curvature of
thebellows pair (left). The outer curvature of the bellows pair were measured
infive configurations in which the angles of the inner and outer bellows wereequal
in magnitude but opposite in direction (right).
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(a)

(b)

Figure 3.9: Experimental validation of torsionally-rigid kinematic model. The
manual actuation setup is shown in (a) and the actuated configurations that are
compared with the model are shown in (b). Experimental measurements of helical
bellows at the actuated configurations are compared with the kinematic model
using (i) FEA determined mechanical properties and (ii) experimentally determined
mechanical properties.
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overall diameter. For example, doubling the wall thickness of the outer helical bellows

to 0.6 mm increases EI by a factor of 5 while only increasing EI/GJ by 25% to 0.05.

Applications of concentric-bellows actuation include manipulation tasks at scales

appropriate for human cooperation. As a demonstration, a soft gripper was fabricated

using revolute bellows as fingers that can grasp and lift a baseball ( 150g, 75mm

diameter) as shown in Figure 3.10. It is also feasible to use concentric bellows

actuation in surgical tools that require a high amount of angulation. For example,

Figure 3.11 demonstrates a 5 mm diameter bellows precisely fabricated by nickel

electroforming which is capable of at least a ±135◦ degree bending range in a short

compact size. This new actuation strategy exhibits good performance over large

bending angles due to an EI/GJ ratio much lower than what prior strategies have

exhibited, eliminating the issue of unstable snapping and allowing the use of constant-

curvature kinematic models.
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3 cm3 cm

Corrected for color

5 cm

Figure 3.10: Payload capacity of prototype helical bellows pair with and without
100 g tip load (left) and a soft gripper demonstration (right).

Figure 3.11: Bellows can fabricated at scale suitable for minimally-invasive surgical
applications (left) and retain large bending angles at this scale (right).
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Chapter 4

Model-Based Design of Concentric

Push-Pull Robots for High

Strength

4.1 Disclosure of Published Material

The work presented in this chapter is being submitted to IEEE Transactions in

Robotics. The dissertation author will serve as the first author on this publication

and D. C. Rucker, the chair of this dissertation’s committee, will be second author

and provided guidance and support throughout the paper writing process.

4.2 Overview

In this chapter, we derive our forward statics model for CPPRs and compare our

model predictions with experimental results on several prototypes. Each tube is

modeled as a classical Kirchhoff rod with an offset stiffness center and constraints

of concentricity are derived and embedded in the model. A series of polynomial

basis functions then approximates the curvatures of the common centerline and the
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unconstrained degree of freedom of each tube. The coefficients of this polynomial

series are then found via energy minimization (accounting for external loads) and

used to construct the tube shapes and robot pose. Section 4.3 details the derivation of

our energy-based kinematics model, beginning with the derivation of the kinematics

of a single tube constrained to a centerline and ending with the implementation

of the full kinematic model. Section 4.4 details an example design of a laser cut

pattern that offsets the stiffness center of the tubes and demonstrates our parameter

characterization process for estimating the mechanical properties of the tubes, which

are inputs to the model. Section 4.5 covers our experimental validation of the

model, in which we compare model kinematics and loaded deflection predictions with

experimental prototypes. We investigate three pertinent CPPR design cases: (1)

a two-tube, constant-curvature CPPR where the stiffness centers of each tube run

parallel with the centerline, (2) a two-tube, ‘converging’ CPPR in which the stiffness

centers taper toward the center of the tube down the length, and (3) a three-tube

CPPR with parallel stiffness centers. Section 4.6 concludes with a discussion on our

validation results and on potential future work.

4.3 Modeling

In this section, we derive our mechanics-based kinematic model for CPPRs. First we

outline the overall model framework, mathematical conventions, and the assumptions

used in the model. Then, we detail the modified Kirchhoff kinematic equations that

can accommodate the kinematics of patterned tubes used for CPPRs. We show

how the concentricity constraints between the tubes are embedded into the model,

revealing the independent unconstrained variables that can be parameterized. We

then detail an energy minimization procedure that accounts for external loading and

actuation, and summarize the full model implementation.
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4.3.1 Conventions and Modeling Assumptions

Each tube is kinematically modeled as a Kirchhoff rod in which the tube can only

deform through bending and torsion. The Kirchhoff kinematic equations are a set

of differential equations that describe how the tube position and orientation evolves

down the length of the tube. We parameterize the curvature components of each tube,

and these components are determined by applying the principal of minimal potential

energy, which includes external loading.

For our model, the following assumptions are made:

1. Only conservative loads are applied. This includes point forces at the end

effector and distributed forces along the length, expressed in the global frame.

2. The stiffness center offsets are continuous for each tube in the CPPR system.

3. We assume friction is negligible in our model. To mitigate the effects of friction,

each tube is sanded after being laser machined.

4. Under the Kirchhoff tube assumption, axial and shear deformations are

neglected.

5. Tubes are nested in perfect concentricity.

4.3.2 Kinematics of Tubes with Offset Stiffness Centers

We define the stiffness center of a tube as the location of the neutral axis in a cross

section of the tube when the tube cross section carries a pure bending load. We attach

a reference frame containing position pi ∈ R3 and orientation Ri ∈ SO(3) along the

stiffness center of each tube, where the z-axis of Ri is parallel to the tube center

axis, and the x-axis passes through the tube center. Subscript i denotes the tube

number, with tube 1 the outermost tube. The location of the tube center relative to

the stiffness center is expressed in body-frame coordinates by a vector ri ∈ R3 in the
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Table 4.1: Kinematic NomenclatureKinematic nomenclature 
 

 ( ̇ ) Derivative with respect to 𝑠! 
(	′	) Derivative with respect to 𝑠 
( ' ) Mapping that converts ℝ" to	𝔰𝔬(3) 
∨ Inverse	of	the		( ' )	operation,  (𝒖;)∨ = 𝒖 
𝑠 Arc length along common centerline 
𝑠$ Arc length along stiffness center of the 𝑖%& tube 
𝑛 Number of tubes in CPPR 
𝑁 Highest polynomial order in parameterization 
𝐩' Global position of stiffness center of the 𝑖%& tube 
𝐑' Orientation of tube material cross-section of 𝑖%& tube 
𝐫' Stiffness center in cross-section in body-frame  
𝑥$ Local 𝑥-coordinate of stiffness center location 
𝐮' Angular rate of change of 𝑹$ with respect to 𝑠$ 
𝐩 Centerline position in global coordinates 
𝐑 Orientation of Bishop frame attached to centerline 
𝐭 Tangent vector of centerline position 𝒑  
𝐮 Angular rate of change of 𝑹 
𝑘 Index of polynomial for parameterized curvatures 
𝑎( Coefficients for x-component of parameterized 𝒖  
𝑏( Coefficients for y-component of parameterized 𝒖  
𝑐((,$) Coefficients of 𝑖%& tube parameterized curvature 
𝐚 Vector of polynomial coefficients of 𝑎( 
𝐛 Vector of polynomial coefficients of 𝑏( 
𝐜𝐢 Vector of polynomial coefficients of 𝑐((,$) 
𝐱 Coefficients vector of parameterized curvatures 
𝐿 Length of outermost tube (tube 1) 
𝑞$ Actuated linear displacement of 𝑖%& tube  
𝐲 Vector of state variables 
𝐸- Elastic energy of Kirchhoff tube 
𝐸. Energy from applied distal tip force 
𝐅 Distal tip load in global coordinates 
𝐸/ Energy from distributed force  
𝐟 Distributed force applied to tube 1 
𝐸 Total potential energy of CPPR  
𝛼$ Initial angular offset of 𝑖%& tube at base in CPPR 
𝛽$ Distal angular offset of 𝑖%& tube at tip in CPPR 
𝐠 Nonlinear constraint function  

(𝐸𝐼)0,$ Flexural rigidity of 𝑖%& tube about tube x-axis 
(𝐸𝐼)1,$ Flexural rigidity of 𝑖%& tube about tube y-axis 
(𝐺𝐽)$ Torsional rigidity of 𝑖%& tube 
𝐊$ Stiffness matrix of 𝑖%& tube 
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Figure 4.1: Illustration of a single tube with offset stiffness center with pertinent
kinematic parameters labeled.
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cross section of the tube. Figure 4.1 illustrates these definitions and relationships.

The stiffness center location can vary down the length of the tube, as shown in Figure

4.2, where we can see examples of constant and varying ri.

The differential equations defining the evolution of the tube stiffness center frame

(a function of the arc length along the undeformed tube si) are

dpi(si)

dsi
= Ri(si)

(
e3 −

dri
dsi

)
dRi(si)

dsi
= Ri(si)ûi(si)

(4.1)

where of pi(si) ∈ R3 is the global position of the stiffness center, Ri(si) ∈ SO(3) is

the orientation of the tube cross section, e3 = [0 0 1]>, ui ∈ R3 is the angular rate of

change of Ri with respect to si, and thêoperator maps R3 to so(3), the Lie Algebra

of SO(3) [122] (also note that ()∨ denotes the inverse mapping of ̂, i.e., (û)∨ = u).

In addition, ri(si) ∈ R3 defines the tube’s center with respect to the frame attached

at the stiffness center at si:

ri = [xi(si) 0 0]>

dri
dsi

=

[
dxi(si)

dsi
0 0

]> (4.2)

where xi is the displacement from the ith tube’s stiffness center origin to the centerline

origin in the local frame coordinates. In this model, xi can vary along si, the

undeformed length of the tube. Note that defining ri with zero y component does

not limit the generality of this model, because ri is expressed in coordinates of Ri.

Stiffness centers that form helical paths, or even more general paths can be described

simply by attaching the stiffness center reference frame such that its x axis passes

through the tube center.
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4.3.3 Model Structure Overview

Our goal in the following subsections is to determine the kinematic constraints

imposed by the enforcement of concentricity on multiple tubes with offset stiffness

centers. While tubular concentricity constraints are well-understood for precurved

concentric-tube robots (e.g. as detailed in[70],[71]), the concentricity constraints

become more complex when the tubes have stiffness centers that are not located at

the common tube center. Our high-level modeling approach will be to parameterize

a framed curve along the common tube centerline (i.e. with a set of basis functions

that determines centerline curvature), and then use the constraints of concentricity

to determine certain components of curvature for the individual tubes. If there are

remaining components of the individual tube curvatures that are not fully determined

by the concentric constraints, we will additionally parameterize them with a set of

basis functions. Thus, we aim to arrive at a set of free parameters (basis-function

coefficients) that fully determines the multi-tube configuration with the constraints of

concentricity embedded. After determining the free variables to be parameterized and

embedding the constraints, we will use the principle of minimum potential energy to

determine the basis function coefficients, thus predicting the mechanical response of

the collection of tubes to actuation and external loading, which come into the energy

minimization framework as global constraints and work-energy terms respectively.

4.3.4 Embedding the Constraints of Concentricity

When two or more tubes are concentrically nested within one another and fixed

at their distal ends, the tubes will share a common centerline position in global

coordinates p(s) ∈ R3, parameterized as a function of arc length s along the curve.

For modeling convenience we attach a reference orientation R ∈ SO(3) along this

centerline curve. The centerline frame is fixed at the robot base and slides along the

centerline without torsion, forming what is known as a “Bishop Frame” [119],[74].
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The equations governing the centerline Bishop frame are then:

p′(s) = t(s) = R(s)e3

R′(s) = R(s)û(s)
(4.3)

where s is the arc length along the centerline curve, t(s) denotes the tangent vector of

the centerline, and (′) denotes a derivative with respect to s. It should be noted that

u = [ux uy 0]> since the frame is a Bishop frame and has no torsion by definition.

The centerline curvature functions ux(s) and uy(s) will eventually be parameterized

by a set of basis function coefficients. We next seek to constrain the individual tubes

to follow this common reference centerline. In the tube material cross section located

at si, the position of the stiffness center pi and the centerline position p are related

by

p = pi(si) + Ri(si)ri(si) (4.4)

To determine how this concentric constraint determines the individual tube

curvatures, we first take the derivative of (4.4) with respect to si (i.e. perform index

reduction):
dp

dsi
= Ri

(
e3 −

dri
dsi

)
+ Riûiri + Ri

dri
dsi

= Ri (e3 + ûiri)

(4.5)

The differential relationship between the centerline arc length s and the individual

tube reference parameter si is by definition

ds

dsi
=

∥∥∥∥ dpdsi
∥∥∥∥ (4.6)

Because the rotation of a vector does not affect its magnitude, the norm of dp
dsi

is

equivalent to
ds

dsi
= ‖e3 + ûiri‖ (4.7)
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Figure 4.2: Examples of constant and varying stiffness center locations in relation
to the tube profile.
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Now knowing the differential relation in equation (4.7), we can use the definition of

t in (4.3) to write the constraint as:

t =
dp

dsi

dsi
ds

= Ri(e3 + ûiri)
dsi
ds

= Ri
(e3 + ûiri)

‖(e3 + ûiri)‖

(4.8)

Upon further inspection of the ûiri term in equation (4.7) and (4.8), we find:

ûiri =


0 −uz,i uy,i

uz,i 0 −ux,i
−uy,i ux,i 0



xi

0

0

 =


0

uz,ixi

−uy,ixi


where we see that ux,i does not affect the concentricity constraint equation at

all. Therefore, we are free to parameterize the function ux,i(si) as a configuration

variable along with the centerline curvature functions ux(s) and uy(s). The

remaining curvature components uy,i(si) and uz,i(si) should then be determined by

the concentricity constraint (4.4).

At first glance, it might seem that given t and Ri, uy,i and uz,i could be

straightforwardly determined from (4.8). However, taking the dot product of (4.8)

with Riri we find:

t>Riri =
(e3 + ûiri)

‖e3 + ûiri‖

>

ri = 0 (4.9)

Interpreted geometrically, this result says that the x axis of Ri is orthogonal to the

centerline tangent t. This result presents a difficulty because neither uy,i nor uz,i

appear in this component of the constraint. Considering this, combined with the

fact that (4.8) is normalized, we find that (4.8) by itself cannot be used to directly

determine both uy,i and uz,i. Further, (4.9) reveals a constraint on Ri itself which must

be true for all si. Both these challenges are resolved by performing an additional index

reduction by taking a derivative. This provides the additional information needed to
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solve for both uy,i and uz,i, while also satisfying (4.9) (i.e. it’s derivative will be

satisfied everywhere, and Ri can be chosen to satisfy (4.9) at si = 0 as a boundary

condition). Thus, differentiating (4.9) with respect to si,

ds

dsi
(t′)>Riri+t>Riûiri + t>Ri

dri
dsi

= 0 (4.10)

where t′ = Rûe3. Furthermore, we can use the original constraint equation (4.8) and

the fact that t is a unit vector to write

t>t = 1

t>Ri (e3 + ûiri) =
ds

dsi

t>Rie3 + t>Riûiri =
ds

dsi

(4.11)

Substituting (4.10) into (4.11), we can then eliminate ui from equation (4.11):

t>Rie3 −
ds

dsi
(Rûe3)

>Riri − t>Ri
dri
dsi

=
ds

dsi

which enables us to express ds
dsi

in terms of the stiffness center and centerline kinematic

variables:

ds

dsi
=

t>Ri

(
e3 − dri

dsi

)
1− e>3 ûR>Riri

(4.12)

Substituting this result into (4.8), we find that we can now determine the remaining

curvature components uy,i and uz,i of the stiffness center in terms of the centerline

curvature u, the known stiffness center ri and other integrated quantities such as R,

Ri, and t.

ui,y =
1

xi

1−
e>3 R>i tt>Ri

(
e3 − dri

dsi

)
1− e>3 ûR>Riri


ui,z =

e>2 R>i tt>Ri

(
e3 − dri

dsi

)
xi
(
1− e>3 ûR>Riri

)
(4.13)
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As discussed previously ux,i is not constrained by the concentricity relationship.

4.3.5 Parameterization of Free Variables

Now that we have determined the free variables and embedded the constraints of

concentricity, we now outline our parameterization of these free variables and how

they are implemented in our energy minimization framework. The parameterization

provides an approximation of the two components of the centerline curvature u and

the free curvature component ux,i of each tube frame. We parameterize these functions

as polynomials of order N in the variable s1. For the centerline curvature u =

[ux uy 0]>, we have

ux =
N∑
k=0

aks
k
1 uy =

N∑
k=0

bks
k
1 (4.14)

where ak and bk are the polynomial coefficients for the parameterized ux and uy

respectively. Similarly for ux,i, we have

ux,i =
N∑
k=0

c(k,i)s
k
1 (4.15)

where c(k,i) are the polynomial coefficients for the ith tube. Thus, starting with

a set of polynomial coefficients for ak and bk for the centerline and c(k,i) for each

tube, we can construct the entire robot configuration by integrating the stiffness

center kinematic equations in (4.1) (using (4.13) to enforce the concentricity) and

the centerline kinematic equations (4.3). A detailed solution procedure including

boundary conditions is discussed in the following subsections.

4.3.6 Principal of Minimal Potential Energy

To determine the robot configuration, we employ the principle of minimum potential

energy. The potential energy sources we take into account include the potential energy
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from elastic bending and twisting of the tubes and the energy from conservative

external loads. Specifically, these include (1) total elastic potential energy, (2) the

work of distal tip forces, and (3) the work of distributed forces applied to the outer

most tube. The elastic potential energy Ee from bending and torsion of the ith tube

is
dEe
dsi

=
1

2
(u>i (si)− u∗>i )Ki(si)(ui(si)− u∗i ) (4.16)

where u∗i =
(
R∗>i dR∗i /dsi

)∨
is the curvature associated with the stiffness center frame

when the tube is straight (and R∗i is the orientation when the tube is straight), and

Ki is the stiffness matrix that contains the flexural rigidity values (EI)x,i(si) and

(EI)y,i(si) about the x and y axes and the torsional rigidity (GJ)i(si) of each tube:

Ki(si) =


(EI)x,i(si) 0 0

0 (EI)y,i(si) 0

0 0 (GJ)i(si)

 (4.17)

In Section 4.5, we will outline our process of estimating the components of (4.17) for

laser cut tubes.

The elastic energy derivative in (4.16) for each tube is written in with respect to its

respective arc parameter si. For convenience of implementation, we wish to integrate

all differential equations with respect to a common integration variable, which we

choose as s1 (where tube 1 is the outermost tube). To facilitate this, we express each

tube’s energy derivative with respect to s1 by multiplying (4.16) by

dsi
ds1

=
dsi
ds

ds

ds1
(4.18)

where Equation 4.12 defines both ds
ds1

and dsi
ds

. Thus, we write the derivative of total

elastic energy with respect to s1 as

Ėe =
n∑
i=1

dEe(si)

dsi

dsi
ds1

(4.19)
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Next we consider the work done by conservative external forces at the distal tip

and along the length of the tubes. For both types of loading, we assume they are

applied to the outermost tube in the collection (i.e. tube 1). The energy associated

with the distributed loading can be written as

Ėf = −f>(s1)p1(s1) (4.20)

where f(s1) ∈ R3 is the force per unit s1. Similarly, the energy associated with the

work done by an external force F ∈ R3 applied to the distal end of tube 1 can be

written as:

EF = −F>p1(L) (4.21)

where F = [Fx Fy Fz]
> is expressed in global coordinates. Thus, the total potential

energy E of the CPPR system is

E = EF +

∫ L

0

(
Ėe + Ėf

)
ds1 (4.22)

and (4.22) will serve as the objective function in the minimization problem that

defines the robot kinetostatic model.

4.3.7 Model Boundary Conditions

Model boundary and initial conditions are used to express the physical constraints of

CPPRs imposed by actuator displacements and tube tip the attachments.

Proximal Boundary Conditions

As shown in Figure 4.3, the variable s1 is taken to be zero at the proximal end of

the laser cut potion of tube 1, and L is the length from s1 = 0 to the tip where all

tubes are attached. When all tubes are straight and attached at their tips, si is also

defined as zero when s1 is zero, even though tube i may contain additional laser cut
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length in the proximal direction. The displacement of the base of tube i away from

this reference state is denoted qi.

The initial arc lengths along the stiffness center of the ith tube and the centerline

are then

si(0) = qi − q1, i = 2, ..., n

s(0) = −q1
(4.23)

considering both si and s to be functions of s1. The arc length along the centerline

s is attached at the base of the slotted section of tube 1. As shown in Figure 4.3, a

positive actuation displacement qi is in the global -z-direction.

The initial position and orientation of each tube at its proximal base are

implemented into the model as initial conditions to the kinematic equations for (4.1)

and (4.3) as

pi(si(0)) = −Rz(αi)ri(si(0))− [0 0 q1]
>

Ri(si(0)) = Rz(αi)
>I3×3

(4.24)

for i = 1, ..., n where I3×3 is a 3× 3 identity matrix and Rz(αi) ∈ SO(3) is a rotation

matrix about the z-axis by an angle θ

Rz(αi) =


cos(αi) − sin(αi) 0

sin(αi) cos(αi) 0

0 0 1

 (4.25)

For the centerline, the initial position and orientation is aligned with the global

reference frame:

p(0) = [0 0 − q1]>

R(0) = I3×3

(4.26)
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Figure 4.3: Actuation and arc length variables for a two tube CPPR. The base of
the slotted section of Tube 1, the outermost tube, is considered s1 = 0. The distal
arc length s1 = L is set to where the slotted section of Tube 1 terminates.
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Distal Orientation Boundary Constraint

Because the distal ends of the tubes are fixed together in CPPRs, this creates a distal

orientation constraint for each tube. These distal constraints are implemented as

boundary conditions on the kinematic equations as follows:

[log(Rz(βi)
>Ri(L)]∨ = 0, i = 1, ..., n (4.27)

where Rz(βi) is the prescribed distal orientation offset for the ith tube. In Section

4.3.8, we will show how (4.27) is implemented in our energy minimization.

Because the tips of all tubes are attached at the tip, and because of our definition

of the si zero position, si must be to L at the tip s1 = L, thus we have an additional

distal constraint enforcing the fact that the tube tips never translate in and out of

each other:

si(L) = L, i = 2, ..., n (4.28)

4.3.8 Summary of Solution Procedure

We now summarize the solution procedure to our kinetostatics problem using all

of the previously derived model equations. First, the kinematic derivatives of

the stiffness centers and the centerline need to be expressed with respect to s1

to facilitate simultaneous integration of all variables. Expressing the centerline

differential equations in (4.3) with respect to s1 can be achieved by multiplying

equation (4.12) to the set of equations:

ṗ =
dp

ds

ds

ds1
= Re3

ds

ds1

Ṙ =
dR

ds

ds

ds1
= Rû

ds

ds1

(4.29)
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Figure 4.4: High-level flowchart the overall kinematics solutions. The dimensions, slot pattern, and material of the
tubes are inputs to the FEA-based Parameter Characterization from Section 4.4 which outputs the bulk parameters of the
slotted pattern. The tube parameters are used in the kineto-static model derived in Section 4.3. Actuation and external
loads are inputs into the kineto-static model and the resultant shape and pose of the CPPR are the model outputs.
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Expressing the kinematic differential equations of the stiffness centers with respect to

s1 is achieved by multiplying equation (4.18):

ṗi = Ri(si)

(
e3 −

dri
dsi

)
dsi
ds1

i = 1, ..., n

Ṙi = Ri(si)ûi(si)
dsi
ds1

i = 1, ..., n

(4.30)

We define a state vector y = {p,R,p1,R1, ...,pi,Ri, si} for i = 1, ..., n which contains

the kinematic state variables of the CPPR system and has corresponding derivatives

with respect to s1, which are ẏ = {ṗ, Ṙ, ṗ1, Ṙ1, ..., ṗi, Ṙi, ṡi} (see equations (4.18),

(4.29), and (4.30) ) which are integrated over s1. The polynomial coefficients for the

free variables in (4.14) and (4.15) and the curvatures associated with the stiffness

center frames of the tubes when straight (used in equation (4.16)) are concatenated

into a single vector x as

x = [a,b, c1, ..., cn]> (4.31)

where a = [a0, a1, ..., ak], b = [b0, b1, ..., bk], and ci = [c(0,i), c(1,i), ..., c(k,i)] for

i = 1, ..., n. Using the principal of minimum potential energy, the curvatures of

the centerline and the tube stiffness centers along s1 can be found by finding x that

minimizes E, the total potential energy in the CPPR system. Thus, we have a

minimization problem subject to nonlinear constraints:

min
X

E = EF (yL) +

∫ L

0

Ėe(x,y, s1)ds1

subject to g(yL)

(4.32)

where yL = y(L) is the final state vector at L which is a function of x, and g(yL) is

the constraint function that contains the actuation boundary constraints (4.28) and

the distal orientation boundary condition of (4.23), which implicitly is a function of

x.
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The flowchart in Figure 4.4 provides a high-level walkthrough of the model.

The following steps are taken to evaluate the objective function and the constraint

violation residuals during a general iteration of the numerical optimization algorithm

given tube actuator displacements qi and external tip force F:

1. Initial conditions y0 are provided based on initial stiffness center locations of

each tube and their alignment at the base. The actuation displacements qi are

implemented into the initial conditions in (4.24) and (4.18).

2. An initial guess for the parameterized curvature x is provided to begin the

optimization.

3. The state derivative ẏ that contains the kinematic differential equations of

(4.18), (4.29), and (4.30), (which are calculated using equations (4.1)-(4.3),

(4.13), (4.12), and (4.18)) are integrated for s1 ∈ [0 L] to determine y.

4. The total energy E is calculated by 4.22 where elastic energy Ee and distributed

load energy Ef are computed by integrating (4.19) and (4.20) over the range

s1 ∈ [0 L], and tip load energy EF is calculated by (4.21).

5. The residuals of the actuation and orientation constraints of (4.28) and (4.27)

respectively are evaluated.

6. The optimization algorithm evaluates Jacobians and Hessians and chooses a

new guess for x returning the process to step 2 until the termination criteria

are met.

In our implementation, we used MATLAB’s fmincon(), a packaged numerical

solver for general constrained nonlinear optimization problems, using the interior-

point method. All differential equations in the model are integrated with a fourth-

order, adaptive stepsize, Runge-Kutta integration routine.
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4.4 Tube Pattern Design and Parameter Charac-

terization

In this section we discuss the design of the laser cut tubes with offset stiffness centers

and characterization of their elastic parameters. For our parameter characterization,

we use static finite element analysis (FEA) simulations to calculate the rigidity

parameters used in the stiffness matrix Ki of equation (4.17) and the stiffness center

locations xi of the patterned tubes.

4.4.1 Tube Pattern Designs

We use a pattern of narrow slots cut into the tube walls with a fiber laser to shift the

stiffness center away from the center of the tube cross-section and alter the flexural

and torsional rigidity of the tube. The slot pattern contains interleaved slots such

that a winding path of solid material remains, similar to so-called “serpentine” beams

in MEMs literature [123]. The slotted pattern can vary along the length in order to

change the mechanical properties. Three slot patterns, one designed for two-tube

CPPRs with constant ri (Figure 4.5), one designed for two-tube CPPRs with varying

ri (Figure 4.6) and another designed for 3D three-tube CPPRs with constant ri

(Figure 4.7) were used for our validation experiments. In Figures 4.5 (a) and 4.7

(a), the dark regions in the cross-section views are solid material. For the two tube

CPPRs, we use a linear pattern of overlapping slots, forming a single serpentine

pattern along the length of the tube as shown in Figure 4.5. The slot dimensions

include the slot overlap angle αi, backbone angle φi, slot pitch hi, kerf λ and the

length of tube that contains the slotted pattern Li

For tube pattern used in our three tube robot, we used additional overlapping

sections in the unit cell pattern that generate serpentine sections on three sides of

the tubes. As each tube is required to bend in more than one plane in a three-tube

CPPR, having large stiffness asymmetries can make actuation difficult, thus a tube
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Figure 4.5: Slotted-tube pattern used to generate tube with offset stiffness centers.
Slot parameters for a unit cell are shown in (a) with the ‘unfolded’ pattern design
that is wrapped onto a nitinol tube (b). The resultant patterned tube is show from
top (i), side (ii), and bottom (iii) views (c).
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Figure 4.6: Converging tube design used for the Case 2 CPPR in which the backbone
angle φi of each tube linearly tapers down the length of each tube as a function of si.
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pattern that can achieve near symmetric flexural rigidity values for each tube (i.e.

(EI)x,i u (EI)y,i) alleviates this issue. For all tube designs, a pulsed fiber laser was

used to machine the slot patterns onto the tubes. The tubes in each prototypes were

glued together to their tips using a cyanoacrylate glue.

4.4.2 Young’s modulus calibration

In order to provide accurate FEA results for parameter characterization, we calibrated

Young’s modulus for each tube. The Young’s modulus is found by fitting small

deflection force-displacement data from a three-point flexural setup, as shown in

Figure 4.8 and using the Euler-Bernoulli beam equation for a simply supported beam

with a midpoint load applied:

δ =

(
1

Ei

)
FEL

3
E

48I
(4.33)

where Ei is the Young’s modulus of the ith tube, FE is the applied midpoint force,

LE is the length of the simply supported beam , I is the second moment of area

of the tube, and δ is the midpoint displacement of the beam. For our validation

experiments, we use three different tube sizes, which are tabulated in Table 4.2. The

length LE used for all tube cases was 90mm. Each tube is simply supported with

rollers at each end. A linear actuator (Thorlabs MTS50-Z8), controlled by a DC

servo motor controller (Thorlabs KDC101), is used to apply a displacement δ at the

midpoint along the beam. The midpoint force FE at each displacement is recorded

with a force gauge (ATI Mini40) at each applied displacement. A displacement range

from 0 to 2mm in 0.1mm increments was used for the modulus calibration. A linear

fit is performed on the dictated midpoint displacements as the dependent variable

and FEL
3
e/48I as the independent variable. The slope of the linear fit corresponds

to (1/Ei). The calibrated Young’s moduli for each tube is tabulated in Table 4.2,

which are within the expected Young’s modulus range for nitinol. The coefficient of

determination for each fit of (4.33) was 0.99, ensuring displacements to the tubes were
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Figure 4.7: Slotted-tube pattern used for three-tube CPPR experiments. Slot
parameters for a unit cell are shown in (a) with the ‘unfolded’ pattern design that is
wrapped onto a nitinol tube (b). The patterned tube is shown from a top (i), side
(ii), and bottom (ii) views in (c). Note that the additional overlaps from γi create
additional slots on the side of the tube, thus enabling improved design of both flexural
rigidity values of the tube.

Table 4.2: Nitinol Tube Dimensions and Calibrated Mechanical Properties

ro ri Ei ν Gi

(mm) (mm) (GPa) (GPa)
Tube 1 1.25 1.18 56.27 0.33 21.15
Tube 2 1.095 1.016 73.43 0.33 27.61
Tube 3 0.900 0.811 68.48 0.33 25.74

84



Force 
Sensor

𝐿!

𝛿

Nitinol
Tube

Figure 4.8: Three point flexural test setup used to calibarate the Young’s modulus
E of each nitinol tube. The moduli values are then used in our FEA simulations to
determine the flexural and torsional properties of our patterned tubes.
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within the linear elastic region of deflection. The experimentally determined Young’s

moduli are then implemented into the FEA material model for each tube.

4.4.3 Parameter Characterization

This subsection details our procedure for calculating the flexural and torsional rigidity

values used in (4.17) and the stiffness center offset ri for each patterned tube using

FEA. Solidworks Simulation Premium was used as our FEA package, using a linear

elastic material model and shell elements. The proximal base of the tube is rigidly

fixed in translation and rotation while tip moments are applied at the tip, as shown

in Figure 4.9.

To calculate the effective flexural rigidity values (EI)x,i and (EI)y,i in FEA, we

apply apply moments at the distal tip of the patterned tube of length LFEA and

record the resultant bend angle:

(EI)x,i =
MxLFEA

θx

(EI)y,i =
MyLFEA

θy

(4.34)

where LFEA is the length of the patterned tube used in the FEA simulation, Mx and

My are applied tip moments about the global x- and y-axes respectively, and θx and

θy are the resultant bend angles about the x- and y-axes respectively. Moments at

the tip are created by applying two point forces at the tip, each with equal magnitude

but opposite directions, separated by a distance of outer diameter of the tube, (i.e.

Mx = 2Fxro and My = 2Fyro). The value of each point force was 0.01N and the

bend angle is calculated using a small angle approximation from the maximum and

minimum z-displacements from the applied moment, θx = (Zmax − Zmin)/(2ro).
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Figure 4.9: FEA Setups for calculating the flexural rigidity about x (EI)x,i (a),
flexural rigidity about y (EI)y,i (b), and torsional rigidity (GJ)i) (c).
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To estimate the effective torsional rigidity (GJ)i, we apply a torque Mz about the

global z-axis at the tip of the patterned tube and record the resultant rotation θz:

(GJ)i =
MzLFEA

θz
(4.35)

To generate the torque Tz, we apply four distal forces at the tip to generate a torque

about the tube z-axis. Each point force has a magnitude of 0.01N and the proximal

base is fixed in translation an rotation. The rotation angle θz is similarly calculated

using the resulting displacements.

To calculate the stiffness center location xi, we use the maximum and minimum

z-displacements, Zmax and Zmin respectively, from the (EI)y,i test:

xi = ro −
2ro

1 + |Zmax
Zmin
|

(4.36)

4.5 Experimental Validation

To validate our model, we compare our model predictions with laser cut nitinol CPPRs

for three design cases. Case 1 uses a pair of patterned tubes with constant stiffness

center locations along the length of the tube, Case 2 uses a pair of patterned tubes

with varying stiffness center and mechanical properties down the length of the tube,

and Case 3 uses three tubes with constant stiffness center locations as shown in Figure

4.7. The tube alignment for each design case is shown in Figure 4.10. For the two

tube designs, the backbones are aligned 180o apart from each other about the center

of tube pair. For the three tube design, the stiffness centers are 120o apart in the

cross-section. We actuate each CPPR design across its workspace and compare model

predictions with the tip positions from the physical robots. For cases 1 and 2, we also

analyze the deflection under a tip load across the workspace.
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Figure 4.10: Tube alignments for the two-tube CPPRs (top) and three tube CPPRs
(bottom). The principal axes at the center for both alignments indicate the origin of
the centerline in relation to the stiffness center locations of each tube.
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Figure 4.11: Actuation setups for 2-tube CPPRs (top) and 3-tube CPPRs (bottom).
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4.5.1 Experimental Setups

We developed two actuation setups for our model validation experiments, a motorized

setup for 2-tube CPPRs and manual setup for the 3-tube CPPR. The our 2-tube

CPPR uses a motorized linear stage (Thorlabs MTS50-Z8) to actuate the inner tube

while the outer tube remains fixed. Through-hole drill chucks (Accupro 55162614) are

used to grip the inner and outer tubes to the actuation setup. The distal tip positions

of the CPPR prototypes are tracked using an electromagnetic tracker system (NDI

Aurora).

For our 3-tube CPPR experiments, we use manual linear stages (Optics Focus

MDX-4090-60) to translate tubes 2 and 3 while keeping tube 1 fixed. The drill

chucks and electromagnetic tracker system from the 2-tube actuation setup are also

used in the 3-tube setup.For each of our experiments, we perform a rigid point-set

registration of corresponding experimental and model actuation poses for each case.

4.5.2 Case 1: Two-Tube, Constant Stiffness Center Location

Tube 1 serves as the outer tube and Tube 2 is the inner tube from Table 4.2. The

slot parameters of the design are shown in Table 4.3 and the resultant mechanical

properties of both tubes are listed in Table 4.4. An additional 3mm is added to

the tip of the tube pair to accommodate the EM sensor attachment. We assess

the model accuracy by actuating the robot across its workspace and recording the

tip pose at each actuation pose. We compare model predictions with experimental

results in free space and with a distal tip loads applied in the plane of bending and

out of the plane of bending. For the free workspace, we actuate the robot across a

±3mm displacement range of the inner tube, actuating the inner tube in 0.25mm

increments and recording the distal tip position at each pose. Figure 4.12 shows the

range of motion at ±3mm actuation limits and in the straight, unactuated case. We

performed a rigid registration of the experimental data to the model data. The largest
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Figure 4.12: Case 1 CPPR (constant ri) workspace while unloaded while actuated
to ±3mm (left). Tip position of the CPPR are recorded at each pose and compared
with model predictions (right).
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pose error in the unloaded case occurred at q = −3mm, where the error was 1.12mm,

approximately 3.6% of the overall active length of the robot.

For our tip load, we use attach a 50g weight (0.49N) and record the tip position

at each pose. The in-plane loading cases use an inner tube displacement range of

±1.25mm in 0.25mm increments. The in-plane loading data set is shown in Figure

4.13. The maximum error occurred at the maximum pulling displacement of tube 2,

q2 = 1.25mm, which had a tip error of 0.9mm, approximately 3% of the robot length.

The out-of-plane tip loading cases use an inner tube displacement range of ±1mm,

recorded poses in 0.25mm increments. The out-of-plane loading data set is shown

in Figure 4.14. The tip position error statistics for the loaded and unloaded cases

are recorded in Table 4.5. As we can see from comparing the results of the in-plane

and out-of-plane loading results, the stiffness of the CPPR is much greater in the

out-of-plane bending direction. In the straight, cantilevered cases for each loading

case (q2 = 0), the transverse deflection while loaded in-plane was 3.72mm and the

transverse deflection while loaded out-of-plane was 1.36mm.

4.5.3 Case 2: Two Tube, Varying Stiffness Center Location

In this design case, we analyze the accuracy of the kinetostatic model over a wide

range of actuation values, with and without tip loads, on a CPPR with tubes having

varying stiffness center locations and mechanical properties along the length of the

tube. The tube pattern begins with a stiffness center offset from the center at the

base and linearly converges toward the centerline at the distal tip. The rationale

behind this design choice stems from the results of [67] and [116] in which a tendon-

actuated continuum robot uses converging tendon routing to improve its resistance

to tip loads. To create a patterned tube with a varying stiffness center, we use the

slotted serpentine pattern shown in Figure 4.6 and vary the backbone angle φi down

the length of each tube. The remaining slot parameters are kept constant down the

length of the tube as tabulated in Table 4.6.
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Table 4.3: Slot parameters used for Case 1 CPPR

φi ψi λ h Li
(deg) (deg) (mm) (mm) (mm)

Tube 1 90 120 0.15 1.5 30
Tube 2 90 90 0.15 1.5 37.5

Table 4.4: Mechanical Properties of Case 1 Sheaths

(EI)x,i (EI)y,i (GJ)i xi(si) αi βi
(Ncm2) (Ncm2) (Ncm2) (mm) (deg) (deg)

Tube 1 17.83 1.25 1.08 -1.09 0 0
Tube 2 20.70 1.85 1.71 0.94 0 0

Table 4.5: Tip Position Error Statistics of Case 1

Loading Max. Error Min. Error Mean Error Std. Dev.
Case (mm) (mm) (mm) (mm)

Unloaded 1.12 0.07 0.54 0.24
Loaded In-Plane 0.90 0.14 0.47 0.29

Loaded Out-of-Plane 2.81 0.36 1.24 0.7
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50g 
Tip load

Figure 4.13: Case 1 CPPR with 50 gram load applied in the plane of bending while
the inner tube is actuated at 1.25mm (top). Actuated configurations from -1.25mm
to 1.25mm in 0.25mm increments (bottom).
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We use the following linear function to taper the backbone angle down the length

of the tubes:

φi(si) =

(
φf − φo
Li

)
si + φo (4.37)

where φo is the backbone angle at si = 0, φf is the backbone angle at si = Li.

Tubes 1 and 2 use φo = 80o and φf = 120o in this design case. In addition, the rigidity

parameter values will also be affected by the changing backbone design and will need

to be functions of si as well. To characterize (EI)x,i, (EI)y,i, (GJ)i, and xi over

the range of backbone overlap angles, we perform a parameter sweep of the constant

slotted tube design in Figure 4.5 using a constant φi using the calibration process

used in Section 4.4 for Tubes 1 and 2. In these parameter sweeps, φi is the only

varied parameter while the remaining slot parameters remained unchanged, as listed

in Table 4.6. The parameter sweep results are plotted in Figure 4.15 for the flexural

and torsional rigidity values and stiffness center locations. A polynomial regression

of the parameter sweep data is performed to generate polynomial functions of the

rigidity parameters and the stiffness center locations as functions of the backbone

angle of the tube. For the rigidity parameters, we use a quadratic polynomial and

use a linear fit for the stiffness center locations.

The coefficient of determination of all fits was greater the 0.98, confirming our

polynomial order for each case is a good fit for the data. The quadratic fits for the

rigidity parameters are implemented into the stiffness matrix Ki for each tube in

equation (4.17) and the stiffness center linear fits are implemented into ri for each

tube in equation (4.2) for the energy minimization in (4.32).

For the free and in-plane loaded pose data sets of the Case 2 CPPR, we actuated

tube 2 ±1.25mm in 0.25mm increments. Like the Case 1 CPPR, we use a 50g weight

at the tip. The free workspace result is shown in Figure 4.16 and the loaded workspace

in Figure 4.17. The tip error statistics of the free and loaded data sets are tabulated in

Table 4.7. In free space, the largest error occurred at q2 = −1.25mm and while loaded,

the largest error occurred at q2 = 1.25mm; the second largest error for the loaded
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workspace was q2 = 1.25mm. In future applications and designs, the mechanical

properties could vary down the length either as a means for increasing the strength

of the overall structure or for making the tip more flexible to enable tip-first bending.

4.5.4 Case 3: Three Tube, Constant Stiffness Center Loca-

tion

For our patterned tubes, we use the three serpentine pattern shown in Figure 4.7

with the design parameters tabulated in Table 4.9 and mechanical properties for each

tube are listed in Table 4.8. The stiffness center locations of each tube are 120o apart

from one another about the global z-axis which is inspired by the actuation setups of

many tendon-driven [124] and pressure-driven [125] continuum robot designs.

Tube 1 remains fixed for all workspace poses. When either tube 2 or 3 is actuated

and the two other tubes remain fixed, the robot bends in the direction of the stiffness

center location of the actuated tube. When tubes 2 and 3 are actuated at the same

magnitude and direction, the robot undergoes bending in the direction of tube 1.

These actuation poses are shown in Figure 4.18. For our model validation, we actuate

tubes 2 and 3 over a ±1mm range in 0.5mm increments. The result comparing the

three tube prototype with the model prediction is shown in Figure 4.19. The tip

error statistics are tabulated in Table 4.10. The largest tip error occurred for the

q2 = 0mm, q3 = 1mm configuration and the second largest tip error occurred for the

q2 = 1mm, q3 = 0mm configuration (which was a 1.21mm error).

4.5.5 Error Sources

As in the case for CTRs, friction can play a role in model accuracy. As the clearance

between the tubes gets smaller and the length of the tubes is larger, it’s more likely

to see the effects of friction. In addition to friction, other sources of model error can
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Figure 4.14: Case 1 CPPR with 50 gram load applied out of the plane of bending
while the inner tube is actuated at 1.00mm (left). Actuated configurations are from
-1mm to 1mm in 0.25mm increments (right).

Table 4.6: Constant slot parameters used for Case 2 CPPR

ψi λ h Li
(deg) (mm) (mm) (mm)

Tube 1 90 0.15 1.0 30
Tube 2 90 0.15 1.0 35
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Figure 4.17: Case 2 CPPR prototype shown with 50g tip laod (top) and the
resultant workspace with the tip load applied (bottom).
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Table 4.7: Tip Position Error Statistics of Case 2

Loading Max. Error Min. Error Mean Error Std. Dev.
Case (mm) (mm) (mm) (mm)

Unloaded 1.05 0.06 0.35 0.26
Loaded 1.21 0.13 0.51 0.36

Table 4.8: Slot parameters used for Case 3 CPPR

φi ψi γi λ h Li
(deg) (deg) (deg) (mm) (mm) (mm)

Tube 1 10 70 30 0.15 1.0 30
Tube 2 10 70 40 0.15 1.0 34
Tube 3 10 70 40 0.15 1.0 34

Table 4.9: Tube Parameters of Case 3 Sheaths

(EI)x,i (EI)y,i (GJ)i xi(si) αi βi
(Ncm2) (Ncm2) (Ncm2) (mm) (deg) (deg)

Tube 1 1.96 1.78 2.73 -1.12 0 0
Tube 2 1.81 1.78 2.78 -0.983 120 120
Tube 3 1.83 1.89 2.91 -0.764 240 240
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Actuation Tube 2

Figure 4.18: Three tube robot actuation poses showing displacements of just tube
2 (left), just tube 3 (middle) and both tubes in equal direction and displacement
(right).
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Figure 4.19: Workspace of three tube CPPR showing model predictions compared
with experimental results.

Table 4.10: Tip Position Error Statistics of Case 3

Max. Error Min. Error Mean Error Std. Dev.
(mm) (mm) (mm) (mm)

Unloaded 1.98 0.22 0.83 0.44
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occur error in the parameter characterization process, the CPPR fabrication process,

and in unmodeled physical effects such as shear and axial deformations.

Errors in the actual span length LE used to calibrate the Young’s modulus plays

an important role, as the span length term in equation (4.33) is cubed. Tube mis-

alignment , which can occur from the gluing process. If the clearance between the

tubes is too large, the inner tube(s) may be glued to the walls of the outer tube during

the glueing process, nullifying the concentricity constraint.

Thermal effects from laser machining have also been found to play a role in altering

the microstructure and mechanical properties of Nitinol [126], thus the actual Young’s

modulus of the laser patterned tubes may be slightly altered from the uncut tube.

In addition, the Kirchhoff tube assumption used in the model does not account for

shear and axial deformations. The role of these effects should be further studied in

future work as model accuracy would decrease for CPPRs with low axial stiffness and

under large axial forces, either from actuation or from external loads. Some of these

errors could be mitigated through simultaneous calibration of the rigidity and stiffness

offsets of the tubes with the registration of the experimental pose data. Furthermore,

these errors can be mitigated, depending on the operation of the CPPR. In robotic

applications, errors can be mitigated from the operator in a tele-operated system

or through a model-based controller in closed-loop control. However, based on the

low errors in the current set of experiments, the influence of these error sources are

negligible in the calibration and experimental setups.

4.6 Conclusion

In this paper, we developed a general kinematics model for CPPRs, expanding

the capabilities for design and analysis of these tubular robot actuators. The

kinematics-statics model was derived, starting with the kinematics of a single tube

and culminating with the solution of the overall CPPR kinematics using the principal

of minimal energy. An FEA-based parameter characterization was demonstrated to
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estimate the mechanical properties of patterned tubes with offset stiffness centers.

Two- and three-tube CPPR design cases were created to test the capabilities of the

model. The model shows good agreement for all case designs and has similar levels

of accuracy to the state of the art models for other types of continuum robots.

We envision that this model will be useful for the design of CPPRs toward

future surgical applications, providing kinematic analysis that can account for

manipulator interactions with the environment and allow the design optimization of

generally patterned tubes for procedure-specific workspaces and force requirements.

Furthermore, the model we developed here can be the basis for the development of

intrinsic force sensing and control algorithms in future robotic implementations of

CPPRs.
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Chapter 5

Conclusions

Continuum robots are characterized by their dexterity, ability to traverse complex

pathways, and compactness. These characteristics largely motivate continuum

robotics research toward the development of surgical robots that can traverse tortuous

pathways in the body and perform surgical tasks. Having continuum robots with

these desired traits, while having sufficient payload capacity, are challenging to create,

especially for long, slender robots. The work presented in this dissertation aims to

address these challenges in improving strength and stability in continuum robots

through the development of novel robot designs and derivation of new statics models

that can analyze robot response to external loads. While many continuum robot

design and modeling advancements have been made over the past 20 years, there

are still a number of challenges in fabrication, modeling, and control that still need

to be addressed in order to develop these robots for surgical applications. We hope

the work presented in this dissertation will serve as a stepping stone for these future

developments.

5.1 Tendon-Driven Continuum Robots

The contributions in Chapter 2 include the development of a novel high-strength

continuum robot which uses a torsional stiff backbone and a hybrid parallel-converging
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tendon routing that improves the resistance to tip loads. Based on the minimal

oscillations in the payload carrying task in Chapter 2, the backbone and routing

design choices could be used for future real-time control of TDCRs. In addition, novel

actuation elements such as the tendon pathways and anti-buckling sub-assemblies

could be used to improve the performance of future TDCR actuation designs.

In terms of future work for the TDCR contributions, there are additional design

updates that can be applied to the backbone and tendon routing design as well as

the addition of kinematic modeling. One addition to the backbone design can include

adding a thin-walled backbone down the center of the rhombus pattern, which creates

an axially stiff structure that can bend in a single plane. In addition, the derivation

of a low-level mechanics model could be derived to predict the mechanical properties

based on the geometry of the backbone, which could be computationally efficient for

use in design optimization.

5.2 Concentric Tube Robots

The results in Chapter 3 showed how using bellows tubes virtually eliminates the

instabilities and kinematic errors from friction found in CTRs, having the lowest

flexural-torsional rigidity ratio for symmetric tube designs in the CTR literature to-

date. In addition, CPBs also introduce the first soft robot actuation scheme based

on concentric tube robots. Soft robotics have received great attention in the robotics

research community over the past decade for their potential in safe human-robot

collaboration, rehabilitation, and minimally invasive surgical applications. There are

a number of benefits of the CPB actuation in regards to soft robot safety and utility.

CPBs offer inherently safe actuation, as you cannot ‘over-actuate’ (e.g. putting too

much pressure in a hydraulic-actuated soft robot could rupture the robot) and the

inner lumen of the bellows provides space for tools, sensors, and cameras at the tip.

Future work in CPBs are primarily focused on fabrication techniques both for

small and large scales and design for specific applications. The fabrication and
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modeling work developed in Chapter 3 provides the groundwork for this future

work. At small-scales, the high torsional rigidity of bellows tubes are ideal for

long transmission sections used in long medical scopes such as colonoscopes where

torsional lag continues to be a major issue in the field. At large-scales, traditional

manufacturing techniques such as blow molding could be explored to create arbitrarily

large CPBs for soft fingered grippers. Since friction was shown to have a minimal

effect on kinematic accuracy, CPBs could be useful for real-time control of CTRs

through the use of computationally-efficient constant-curvature kinematic models.

5.3 Concentric Push-Pull Robots

As a new sub-field within the continuum robotics research field, there are many

exciting opportunities for CPPRs, primarily motivated for the development of surgical

robots. The kineto-static model derived and validated in Chapter 4 is the first general

model for CPPRs that can account for external loads, and CPPRs using multiple

tubes, expanding the capabilities of this robot design. This model can be useful for the

design of CPPRs, providing kinematic analysis and interactions with the environment,

and can serve as a first step toward the intrinsic force sensing and control of these

robots. This dissertation also demonstrates the first three tube CPPR, which has the

potential of improving surgeon dexterity, simplifying actuation design, and expanding

the degrees of freedom for CPPRs.

The overlapping slotted designs presented in Chapter 4 demonstrate effective

payload capacity, for loads applied in-plane and out of the plane. Further design work

in tube patterning could further the strength and range of motion capabilities of these

devices. Mathematical models that can predict the low-level mechanical properties of

the tube pattern (i.e. flexural rigidity, stiffness center offset, etc.) could be achieved

through FEA-based parameter sweeps that estimates the mechanical properties or

through the derivation of analytical equations of the mechanical properties based on

the geometry of the cut pattern. This low-level model could then be used alongside
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the derived statics model from Chapter 4 within a larger design optimization scheme

to design CPPRs with optimal strength and range of motion.
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