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ABSTRACT 

An algorithm is presented whereby permutation matrices P and 

Q are found such that a rectangular matrix A of dimensions 

m X n , m ̂ n , is permuted to block upper trapezoidal form as shown 

next 

All ^12 
Ik 

0 

0
PAQ 

where the A., have dimensions m. x n, , m, > n. for each 
11 1 1 1—1 

1^ i k . This algorithm extends the work of I. S. Duff and J. K. 

Reid who have provided algorithms and codes in the Harwell sparse 

matrix package MA28 , for block triangularizing square matrices. 

A special case of the block upper trapezoidal form, called the 

dual angular form, is discussed and an algorithm presented to find a 

permutation matrix which may be incorporated into the equation 

above to yield a pexrmutation of A to dual angular form as shown 

next 

IV 



 

11 \ k+1 

2 k+1 

P'AQ' = 

hk \k+1 

where the . have dimensions m. x n. , m. > n. , for each 
ii i 1 1 — i 

1 i _< k . Each of these two forms facilitate the block orthogonal 

decomposition of sparse matrices involved in least squares computa 

tions. 

The first two appendices contain examples showing permutations 

of sparse rectangular matrices to block upper trapezoidal form. 

FORTRAN codes of the main program and of subroutines used to implement 

these algorithms are given in the remaining appendices. 
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INTRODUCTION 

The primary purpose of this thesis is to develop and discuss an 

algorithm for permuting a rectangular matrix A of dimensions m x n , 

m > n, and column rank n , into a block upper trapezoidal form given 

by 

^11 ^12 Ik 

22 

PAQ = 

° •" ^ck 

In the above equation P and Q represent permutation matrices, while 

the A^^ , 1 ^ rectangular matrices of dimensions 

m. X n, , with m. > n. . 
1 X 1—1 

The square case, where m = n and m^ = n^ for 1 ^ i > is 

examined in Chapter 1. An algorithm developed by Duff [1979] for 

permuting a matrix to obtain a zero-free main diagonal is presented. 

Also an algorithm by Duff and Reid [1978] for permuting a matrix with a 

zero-free main diagonal to block upper triangular form is presented. 

The rectangular case, where m > n and m^ ̂ n^ for 1 £ i 

is examined in Chapter 2, where the algorithms presented in Chapter 1 

are modified to accomodate a rectangular matrix. An algorithm, 

MIN , is provided to select the rows with fewest nonzero entries when 

obtaining the zero-free diagonal mentioned above. A heuristic justifi 

cation is given for this algorithm. Also an algorithm ABSORB is 

1 
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presented. This algorithm incorporates the rows not included in the 

intermediate block upper triangular structure to effect a final block 

upper trapezoidal structure. Following the presentation of this 

algorithm is a brief discussion on uniqueness. 

Chapter 3 deals with a special case of the block upper trape 

zoidal final form, called the "dual angular" form. A heuristic 

algorithm by Weil and Kettler [1971] for permuting a matrix A of 

dimensions m x n , with m < n to a similar form called "block 

angular" is presented. Problems with the implementation of such an 

algorithm are discussed. Finally, an algorithm PRMBLK is presented. 

PRMBLK permutes the blocks of a matrix in block upper trapezoidal form 

to possibly achieve a dual angular form. Limitations of PRMBLK are 

discussed. 

Chapter 4 summarizes the thesis and presents a number of related 

topics for future investigation. Appendix 1 and Appendix 2 contain 

some examples of dimension 75 x 50. Appendix 3 contains a listing of 

Harwell subroutine MC21A with slight modifications. Appendix 4 con 

tains a flowchart and computer listing of subroutine MIN . Appendix 5 

contains a computer listing of a slightly modified Harwell subroutine 

MC13D . Appendix 6 contains a flowchart and computer listing of sub 

routine ABSORB . A flowchart and computer listing for PRMBLK is 

found in Appendix 7. Appendix 8 contains the computer listing of the 

PRINT and optional LPRINT subroutines, and finally, the main program 

is listed in Appendix 9. 



CHAPTER 1 

THE SQUARE CASE 

The problem of permuting a square matrix A to block upper 

triangular form with square, indecomposable, diagonal blocks is 

reviewed in this chapter. Algorithms for determining certain permuta 

tion matrices R and Q such that Q^'RAQ is block upper triangular 

have already been developed [Duff and Reid, 1979]. 

The advantages of expressing a square sparse matrix A in a 

block upper triangular form have to do mainly with the following facts: 

1. The eigenvalues of A are those of the diagonal blocks A.. 

and hence those of A can be computed more easily. 

2. When solving Ax = b with A block upper triangular by 

Gausian Elimination, the elimination process can be 

restricted to the diagonal blocks. 

3. A matrix in block upper triangular form can be stored by 

blocks. Depending upon the sizes of the diagonal blocks, 

storage of only the nonzero upper blocks can reduce storage 

requirements by nearly one-half in many computational problems. 

Advantages also exist for permuting rectangular matrices to block upper 

trapezoidal form. These advantages involve least squares computations 

and will be described later. 

The following definitions will facilitate the remaining discus 

sion. A matrix A is said to be decomposable is there exist permuta 

tion matrices P and Q such that 



rA A12I 
11 

PAQ = 
0 

22 

where A^^^^ and A22 are square. Otherwise A is indecomposable. 

A matrix A is said to be reducible if there exists a permutation 

matrix Q such that 

11 12Q^AQ = 
0 

'22 

where A^^^ and A22 are square. Otherwise A is irreducible. 

Thus a decomposable matrix can be asymetrically permuted to block 

upper triangular form, while a reducible matrix can be symmetrically 

permuted to such a form. Indecomposability implies irreducibility, 

but the converse of this statement is not true. 

A transversal of a matrix is a set of nonzero elements of the 

matrix, no two of which are on the same row or column. The length 

of a transversal refers to the number of elements included in it. A 

maximal transversal of a matrix is a transversal of greatest length. 

Of course a matrix can have more than one maximal transversal. A 

matrix A with full column rank n must have at least one transversal 

of length n . This fact can be shown in the following way. Suppose 

A has full column rank n and has a maximal transversal of length 

k < n . Then there exist n - k columns of A that do not include a 

transversal element. If the rows and columns of A are now permuted 

by P and Q so that 



 

 

 

All Ai2 
PAQ = 

A A 
21 22 

where An is a k x k matrix with main diagonal consisting of the 

12 
k transversal elements, then the n - k columns of do not 

\.^li 

contain any transversal elements. It follows from the assumption that 

the maximal transversal has length k, that all entries of the 

(n - k) X (n - k) matrix A22 are zero. Now form the set V of the 

k columns of 
11 There exists a subset S of V consisting of 

1-^21j 

columns which contain the transversal element in a row in which one of the 

no nonzeroes below their k entry, otherwise the assumption that the 

"a. 
columns of 

12 
has a nonzero entry. The columns in S contain 

22-" 
til 

maximum transversal is of length k is violated. The columns of S 

are linearly independent and form a basis for a vector space of which 

A,
12 

the columns of are vectors. Therefore the columns of P.AQ 

'22-1 

are not linearly independent and A cannot have column rank n . A 

contradiction has been reached. Thus every matrix A of full column 

rank n must have a transversal of length n . It should be noted 

that this transversal is generally not unique, and also that a matrix 

of column rank less than n may still possess a transversal of length 

n . Once a transversal is selected, row permutations are sufficient to 

bring the transversal elements to the main diagonal. 
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A simple proof of the following well-knoTO theorem can be found 

in Duff and Reid [1978]. 

Theorem jL. If a square matrix A has a zero-free main diagonal, 

then A is irreducible if and only if it is indecomposable. 

Thus given that a square matrix in block upper triangular form has a 

zero-free main diagonal, irreducible diagonal blocks are also indecom 

posable. The usefulness of Theorem 1 will become apparent momentarily. 

The Duff-Reid algorithms for transversal selection and block 

triangularization of square matrices are briefly summarized below. A 

more complete description can be found in Duff [1978] and Duff and 

Reid [1978]. 

The Duff approach to the selection of a transversal consists of 

two phases. In the cheap assignment phase, each row is examined and 

within that row the locations of the nonzeroes are determined. As soon 

as a nonzero is found in a column with no transversal element assigned 

to it, that nonzero is included in the transversal, and the next row is 

examined. After completion of the cheap assignment phase, the trans 

versal is generally not of maximum length. The task of selecting a 

maximal transversal falls to the second phase of the algorithm, the 

depth first search. In the depth first search phase, each row i^ 

not already containing a transversal element is examined and a graph 

theoretical reassignment chain is constructed as follows. The chain of 

row indices 



implies that element a. . is currently a transversal element and 
H^l 

a. . IS nonzero: a. is currently a transversal element and 
Vl ^2^2 

a, . is nonzero: etc. If such a chain can be formed such that there 
1112 

exists a nonzero a. . which is in a column i- not currently con-
Vo ° 

taining a transversal element, a reassignment is performed. This 

means that the elements {a. . , a, . ,••• ,a. . } belonging to the 
Vl ^2^2 Vk 

previous transversal are deleted from the transversal and the elements 

{a. . , a. , ,••• ,a. . } replace them, thereby increasing the length 
Vl V2 Vo 

of the transversal by one. For a matrix of full column rank n , suf 

ficient repetitions of this scheme will produce a transversal of length 

n . Finally a row permutation is performed, bringing the transversal 

entries to the main diagonal. 

In the example given by (1.1), the circled elements illustrate 

a transversal of length eight which might be selected during the cheap 

assignment phase. 

"o ® 0 0 0 1 0 0 0 

0 1 0 0 0 0 0 0® 
0 0 0 0 0 1 0 0® 

® 0 0 1 0 0 0 0 0 

A = 0 0 1 0 0 0 0 1 (1.1)® 
0 0 1 0 0 0 0 ® 1 

0 0 0 1 0 0 0 0® 
0 0 0 0 0 0 0 1 0 

1 1 0 0 0 0 00 @ 



 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

During the depth first search phase the reassignment chain 

would be constructed and a reassignment performed, yielding the maximal 

transversal of length nine depicted in (1.2). 

"o @ 0 0 0 1 0 0 0 

0 1 0 0 0 @ 0 0 0 

0 0 0 0 0 0 1 0 0 

0 1 0 0 0 0 0® 0 

A = 0 0 1 0 0 0 0 0 1 (1.2) 

0 0 1 0 0 0 0 1 0 

0 0 0 © 1 

0 0 0 0 0 0 0 0 0 

1 1 0 0 0 0 0 0 0, 

Finally, a row permutation matrix R brings the transversal elements 

to the main diagonal in (1.3). 

00 0 1 0 0 0 0 

000 0 0 1 0 0 

0 000 0 0 1 0 

0 0 0 0 1 0 0 0 

RA = 1 1 0 0 0 0 0 0 (1.3) 

0 1 0 0 0 0 0 0 

0 0 1 0 0 0 0 0 

0 0 0 0 0 0 000 

0 0 1 0 0 0 0 10 
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The Duff and Raid [1978] implementation of the Tarjan algorithm 

for permuting a matrix to block lower triangular form is easily adapted 

to the task of permuting a matrix to block upper triangular form. The 

algorithm is best applied to matrices already permuted so that the main 

diagonal is zero-free. For such matrices, Theorem 1 implies that a 

sjmraietric (rather than an asymmetric) permutation will be sufficient to 

put the matrix in block triangular form with indecomposable diagonal 

blocks. To construct the permutation matrix, a directed graph of the 

matrix A is formed with one vertex of the digraph corresponding to 

each row of the matrix. Edges of the directed graph are defined in the 

following way. The edge means a^^ 0 , so that a one-to-

one correspondence exists between off-diagonal nonzeroes of the matrix 

and edges of the graph. A set of vertices any one of which may be 

reached from any other in the set by travelling along a set of edges is 

said to be a connected component. If no other vertex may be added to 

a component without destroying its connectedness, the set is said to be 

a maximal connected component. Every directed graph has a unique set 

of maximal connected components and once these are found for the 

directed graph under consideration, a symmetric permutation is formed 

to relabel the vertices such that all vertices within a maximal con 

nected component are labelled consecutively and such that if there 

exists an edge from a vertex in component i to a vertex in component 

j , then all vertices in component i are labelled before all those in 

component j . 

In the following example, the directed graph of the matrix RA 

in (1.3) is presented in (1.4). 
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(1.4) 

These vertices are relabelled in (1.5) 

© (1.5) 

This relabelling leads to the row permutation matrix Q given in (1.6) 

1 0 0 0 0 0 0 0 0 

0 0 0 1 0 0 0 0 0 

0 0 0 0 1 0 0 0 0 

0 1 0 0 0 0 0 0 0 

0 0 0 0 0 1 0 0 0 (1.6) 

0 0 1 0 0 0 0 0 0 

0 0 0 0 0 0 1 0 0 

0 0 0 0 0 0 0 0 1 

0 0 0 0 0 0 0 1 0 

Finally the symmetric permutation is performed, leading to the block 

upper triangular form given by (1.7). 
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1 1 0 0 0 0 0 0 0 

0 1 1 0 0 0 0 0 0 

1 0 1 1 0 0 0 0 0 

0 0 0 1 1 0 0 0 0 

Q^RAQ = 0 0 0 1 1 0 0 0 0 (1.7) 

0 0 0 0 0 1 0 1 1 

0 0 0 0 0 1 1 0 0 

0 0 0 0 0 1 1 1 0 

0 0 0 0 0 0 0 0 1 

To give a block lower triangular form, the order of the components would 

be reversed when performing the relabelling in (1.5). The original 

algorithm by Duff and Reid gives a block lower triangular form. 

Although Theorem 1 implies that the diagonal blocks are already 

indecomposable and thus no permutation of the final form O^RAQ given 

in (1.7) would result in smaller diagonal blocks, this does not mean 

that the final form is unique. This can be shown using the previous 

example. There are two different methods by which alternative final 

matrices can be produced. First, the consecutive labels within each 

maximal connected component can be permuted. This will result in a 

symmetric permutation within the diagonal blocks of Q^RAQ , but will 

not affect the block structure. Secondly there may sometimes be 

several ways to satisfactorily choose the order of the components them 

selves in the ordering. Changing this order would change the order of 

the blocks on the diagonal from that shown in (1.7). 
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Shown below is an alternate relabelling of the vertices. 

U8J 

(1.8) 

The resulting final form is shown in (1.9). The permutation matrix 

used to effect this form would, of course, be different from the 

matrix Q in (1.7). 

1 0 1 1 0 0 0 0 0 

1 1 0 0 0 0 0 0 0 

1 1 1 0 0 0 0 0 0 

0 0 0 1 0 0 0 0 0 

Q^RAQ^ = 0 0 0 0 1 1 0 0 0 (1.9) 

0 0 0 0 0 1 1 0 0 

0 0 0 0 1 0 1 1 0 

0 0 0 0 0 0 0 1 1 

0 0 0 0 0 0 0 1 1 

Thus, although the final block upper triangular form is not 

unique, it is unique up to symmetric permutations within diagonal 

blocks and order the diagonal blocks along the diagonal. Another 

important fact is that the final form is independent of which maximum 

transversal is selected. This is because if rows (or columns) i and 

j can be interchanged in RA and a zero-free diagonal maintained, 

then vertices i and j will be in the same connected component and 

all four elements a a.. , a.. , a..'will end up in one of the 
XI iJ Ji JJ 
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diagonal blocks regardless of which transversal is utilized. The 

scheme discussed here for permuting a square matrix to block upper 

triangular form is modified in the next chapter to produce a scheme for 

permuting rectangular matrices to block upper trapezoidal form. 



CHAPTER 2 

PERMUTING A RECTANGULAR MATRIX TO 

BLOCK UPPER TRAPEZOIDAL FORM 

In this chapter an algorithm is given which permutes a matrix 

with more rows than columns to block upper trapezoidal form. One 

area where such a permutation is desirable is in solving the linear 

least squares problem mini Ax - bi2 » where A is m by n , 

m ̂ n and is assumed to have full column rank. The classical 

approach to solving this problem is by forming and solving the system 

of normal equations A^Ax = A^b . The matrix A^A , being symmetric 

and positive definite, can be factored using Cholesky's method into 

R^R , where R is upper triangular. The solution x is then 

computed by solving the two triangular systems R^y = b and Rx = y . 

The following features make the normal equations approach 

attractive (see George and Heath [1980]); 

1. No pivoting is required for numerical stability during the 

Cholesky factorization, therefore the columns of A can be 

14 
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ordered so as to promote sparsity in A^A . There exists 

well developed software for exploiting sparsity in such 

systems. A "symbolic factorization" can be performed in 

advance of the actual factorization, allowing use of a 

static data structure. 

2. The row order of A is irrelevant. Therefore the rows of 

A may be processed sequentially from an auxiliary input ' 

file in arbitrary order, with only one in fast storage at 

any given time. 

3. The explicit computation of the Cholesky factor R provides 

access to the matrix (A^A) ̂  = (R^'R) ^ » called the variance-

covariance matrix, which contains valuable statistical 

information. 

The normal equations approach also has the following unattractive 

aspects, however: 

1. Unless extended precision is employed, a serious loss of 

information may result from forming and processing the 

normal equations. 

2. The condition number of A^A is the square of the condition 

number of A , so the normal equations may be quite ill-

conditioned. 

3. Sparsity in A does not imply sparsity in A^A . 

The best known stable alternative to the normal equations is 

orthogonal factorization. An orthogonal matrix Q , usually either a 

Gram-Schmidt orthogonalization matrix or a product of House 

holder or Givens transformations, is applied to A and b resulting in 
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R 

QA = 

0 

where R is upper triangular, and 

Ob = 

Since the application of an orthogonal matrix does not change the two-

norm. 

y
X -I Ax - bll 2 = II QAx - Qbll 2 

0

R 

z 

and the x minimizing may be found by solving the- [0! 
triangular system Rx = y . 

The fact that the use of Householder transformations or Gram-

Schmidt orthogonalization can cause severe intermediate fill-in has 

led to some reluctance in using these methods of orthogonal factoriza 

tion for solution of sparse linear least squares problems. However, 

George, Heath and Plemmons [1980] have developed a method based upon 

Givens rotations whereby a sparse least squares problem is solved 

by first permuting the matrix A to block upper trapezoidal form, shown 

below. 

11 12 Ik 

0 
22 

A = (2.1) 

kk-" 
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Here each A., has dimension m. x n. with m. > n. The matrix is 
11 1 1 1—1 

orthogonally factored to A = QR in the following manner: 

1. The matrix A^ consisting of A^^ and all non-null columns 

of A,. , 2 < i < k , is formed, 
li _ ' 

2. A^ is orthogonally factored using Givens rotations into 

^11Ai = Q,R, = Q, = Qi 
0 R. 

12 

The first n^ rows of R^ are labelled R^^ and form the 

first n^ rows of R . The remaining upper triangular 

submatrix in the "southeast" corner of R^ is labelled 

R,
12 • 

3. Each column in R^^ originally came from one of the sub-

matrices A^^ , 2 £ i k . Each is now appended to the 

top of the corresponding column of , 2 i £ k . 

4. A^ is formed from A22 together with the non-null columns 

from A2^ , 3 i k , and the process is repeated, 

gradually forming the matrix R . 

This scheme of first permuting A to block upper trapezoidal 

form and then orthogonally decomposing A by the above technique can 

permit a savings in work as well as permitting A to be stored by 

blocks, most of which can be in auxiliary storage at any given time 

during the QR decomposition. The method used by George, Heath, and 

Plemmons for permuting A to block upper trapezoidal form is called 



18 

incomplete nested dissection partitioning which is described more fully 

in George, Heath, and Plemmons [1980], 

This thesis presents an alternative algorithm for permuting a 

matrix A of dimension m x n , m ̂ n with full column rank, to block 

upper trapezoidal form. The algorithm consists of four main steps. 

The first and third steps are modifications of the two steps of the 

algorithm given in Chapter 1 for permuting square matrices to block 

upper triangular form. The four steps are as follows: 

1. A transversal of length n is chosen and a permutation 

matrix R formed so that 

RA = 

where A^ is a square n x n matrix with a zero-free 

main diagonal. 

2. In general, matrix A can have more than one transversal 

of length n . This implies that the matrix A^ chosen 

above is not unique. In this step the rows of RA are 

permuted so that A^ is replaced by Aj^ which contains as 

few nonzeroes as possible and still maintains a zero-free 

main diagonal. At this point in the algorithm 

A'
^1 

R'(RA) = R' 
A'^2 J ^2 

where A^ consists of the n rows of the original matrix 
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A which contain the fewest number of nonzeroes and can 

still be permuted to yield a zero-free diagonal. 

3. In this step a permutation matrix Q is formed to sjnnmet-

rically permute the square matrix to block upper 

triangular form, 

AJ 
R'RAQ = 

0 A* 
m-n

J 

where A* is block upper triangular with indecomposable 

diagonal blocks. 

4. Finally, a block upper trapezoidal form is achieved by 

forming a permutation matrix P such that 

11 12 Ip 

0 

Q 0 
R'RAQ = 

0 I 
m-n 

PPJ 

where each A^^ is a rectangular block of dimension 

m, X n. , with m. > n. . 
1 1 1—1 

Each step is now examined in more detail. 

Selecting an A^ 

Selection of a transversal for A is achieved by slightly 

modifying the Harwell subroutine MC21A (Duff [1978]) so that all m 
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rows may be scanned during the cheap assignment and depth first search 

phases. Selecting a transversal of length n is generally faster for 

an m X n matrix of rank n with m > n than for an n x n matrix 

of rank n ;for, since there are more rows to scan during the cheap assign 

ment phase, one would expect a greater number of transversal elements 

to be found during cheap assignment in the rectangular matrix, thereby 

reducing the number which must be found by the more expensive depth 

frist search. Output of the modified MC21A subroutine is an m-vector 

"A, 

defining a row permutation of A to 
1 

The permutation matrix 
A„ 

R is, of course, never foraed. 

Selecting an A^ 

The matrix Aj^ , as noted earlier, is a member with fewest non-

zeroes of the set of all possible n x n matrices with zero-free 

diagonal which may be formed by choosing n rows of A . A| is not 

unique, a fact that will be discussed later. 

The selection of Aj^ is motivated by heuristic considerations. 

If it is agreed that a final block upper trapezoidal structure with 

more zeroes below the diagonal blocks is more desriable than an 

alternate block upper trapezoidal structure with fewer such zeroes, 

then it is often better to have narrower (and thus more) diagonal 

blocks. Since the width of the diagonal blocks is completely determined 

by the size of the square diagonal blocks in A* at the end of step 

three, it follows that one would like to promote, if possible, small-

ness of these blocks. This may be done, in a heuristic sense, by 
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choosing a matrix A| for block upper triangularization in step three 

for which the associated graph has few edges and therefore tends to 

have more, smaller, connected components rather than a few large ones. 

The size of the connected components determines the size of the diagonal 

blocks. Using an arbitrary rather than Aj^ can have a drastic 

effect on the block structure of the final form, as shown in the 

examples in the first two appendices. 

In the example below, the rows of RA in (2.2 ), are permuted 

to yield R'RA in(2.3'). The effect of this permutation is to 

replace an A^ submatrix with the Aj^ submatrix. 
H-

1

10
 

01
 

1 0
 

0 1
 

10
 

RA = 

1 1 0 0 

0 1 0 0 

1 0 1 0 

(2.2) 

10
 

R'RA = 

0 0 0 1 

(2.3) 

1 1 1 0 

0 1 1 1 

Note that the A^ submatrix in (2.2) is in block upper triangu 

lar form, with one 3x3 diagonal block and one 1x1 diagonal block. 
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The Aj^ submatrix in (2.3) is not yet in indecomposable block upper 

triangular form. This form is shown below. Note the four 1x1 

diagonal blocks. 

1 1 0 0 

Q 0 
0 1 1 0 

0 1 
m-n_ 

R'RAQ = 0 0 1 0 (2.4) 

0 0 0 1 

1 1 1 0 

1 0 1 1 

The subroutine MIN listed in Appendix 4 finds an Aj^ using 

a graph theoretical technique; In the discussion below, a path is 

sought in a directed graph with m vertices, each corresponding to one 

of the m rows of the matrix RA , and where the edge cor 

responds to a nonzero entry a^^ . Note that the existence of an edge 

from i to j means that if row i is currently in A^ , row j 

could replace row i and A^ will still have a zero-free main diagonal. 

If row j had previously been in A^ and had fewer nonzeroes than row 

i , then exchanging row i and row j would have the desired effect 

of reducing the number of nonzeroes in A^ while preserving the zero-

free main diagonal. 

In general, a path corresponding to a desirable row permutation 

is of the form 

where all vertices except i^ correspond to rows in A^^ and row i^ 

has fewer nonzeroes than row i^ . The cyclic row permutation defined 



 

 

 

 

 

 

23 

by this path would replace each row by the row after it on the path 

and would replace row i^^ by row i^ . This would result in a net 

exchange of one row between and A2 . The permutation corre 

sponding to each such path is performed as the path is found. 

The path can end without defining a desirable permutation. 

This can happen either of two ways. The path may reach a vertex cor 

responding to a row in A^ from which there are no leaving edges, or 

the path may reach a vertex corresponding to a row in A2 which does 

not contain fewer nonzeroes than the row at the beginning of the path. 

If either event occurs, the last edge on the path is removed and a 

replacement sought. This process is called backtracking. 

The following path could be constructed using the matrix in 

(2-2),(iTTirtirti) The path ends at 5 since 5 > 4 = n , 
and the fifth row contains fewer nonzeroes than does the first row. 

Performing the reassignment indicated by this chain involves replacing 

row 1 by row 3, row 3 by row 2, row 2 by row 5, and row 5 by row 1. 

The resulting matrix is shown below. 

1 0 1 0 

1 1 0 0 

0 1 1 1 

R'RA = (2.5) 

0 0 0 1 

1 1 1 0 

0 1 0 0 

Performing the permutation results in a net gain of one zero for A^ . 

At each stage in the construction of a path, MIN will attempt to add 
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a vertex corresponding to a row in A2 before adding one corresponding 

to a row in , thus tending to find the shortest and simplest permis 

sible path. A flowchart for subroutine MIN can be found in 

Appendix 4. 

Block Triangularizing A| 

The square submatrix Aj^ can be permuted to upper block trian 

gular form by the modified Harwell subroutine MC130 (Duff and Reid [1978]) 

discussed in Chapter 1. No special modifications need be made for the 

rectangular case since Aj^ is square. The user must remember, how 

ever, not only to symmetrically permute the rows and columns of Aj^ , 

but also the columns of A* as well. 

Row Permutation to Final Form 

After the matrix has been permuted so that A* is block upper 

triangular with square indecomposable diagonal blocks, the rows of the 

lower submatrix A* must be permuted into the A* matrix in such a 

manner as to obtain the block upper trapezoidal form. This will make 

some of the diagonal blocks rectangular and will remove all nonzeroes 

from beneath the diagonal blocks. The subroutine ABSORB , listed in 

Appendix 6, determines the row permutation. Each row in A* is 

examined to determine the column index of its first nonzero. The row 

is then inserted into A* just above the row containing the transversal 

element in that column. If another row in A* has its first nonzero 

in the same column, this row is inserted into A* just above the row 
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previously inserted. For example, ABSORB would permute the matrix in 

(2.4) in the following manner. 

1 0 1 1 

1 1 0 

Q 0 1 0 0 

R'RAO = (2.6) 

0 I„ 0 1 1 0 

0 0 1 01r—1— 

0 0 0 1 

Uniqueness of Final Block Structure 

The final block upper trapezoidal structure of a given matrix 

is of course not unique. -In general there are several possible 

maximal transversals yielding several different submatrices, each 

having the minimum number of nonzeroes possible. Another cause for 

lack of uniqueness of the final block structure is the fact that in 

general there may be more than one way in which the diagonal blocks 

may be permuted among themselves and still preserve the block upper 

trapezoidal form. Some of these permutations are more desirable than 

others, as they result in a "dual angular" form discussed in the fol 

lowing chapter. 



CHAPTER 3 

DUAL ANGULAR FORM 

Although this thesis is concerned primarily with developing an 

algorithm for permuting amatrixto a general block upper trapezoidalform, 

there is a special case of this form which has also received attention, the 

dual angular form. A matrix in dual angular form has rectangular diagonal 

blocks with no nonzeroes either above or below the diagonal blocks,followed 

by a block bordering the right side of the matrix as in (3.1). 

77 

11 

/f 7.1 
/
/A 

/
A = (3.1) 

'^k 

Matrices of this type arise in situations where a large problem 

may be defined in terms of several smaller problems (each resulting in 

an A^^ submatrix) tied together in a well-defined mathematical way 

(the D matrix). An example can be found in geodetic adjustments 

where an observation matrix can be expressed in dual angular form by a 

process known as "Helmert blocking," described by Golub and Plemmons 

[1980] and Joyner [1980]. A dual angular representation of a matrix 

is attractive for the same reasons a block upper trapezoidal represen 

tation is—even more so. Savings in time and core storage requirements 

during solution of a linear least squares problem with dual angular 
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observation matrix result by limiting orthogonal decomposition to the 

diagonal blocks and some rows of the border block D , as described by 

Golub and Plemmons [1980] and Joyner [1980]. 

A form similar to the dual angular form, called block angular 

form is achieved by an algorithm developed by Weil and Kettler [1971]• 

Their algorithm was motivated mainly by consideration of underdeter-

mined systems of linear equations in mathematical programming problems, 

but it can be modified to make it applicable to least square problems 

as well. The block angular form is different from the dual angular 

form in that the dense block D lies across the top border of the 

matrix as shown in (3.2) rather than along the right border. 

t: 

:Z A 

yw 

A = (3.2) 

A brief examination of Weil and Kettler's algorithm is justifiable at 

this point since it may provide insight into a similar algorithm for 

permuting a matrix to dual angular form. 

The Weil and Kettler algorithm consists of five steps. The 

original matrix A is of dimension m x n with m £ n and no condi 

tion is put on the rank of A . In the first step, a maximal trans 

versal, which might be of length p < m , is selected and the matrix A 
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is permuted so that a p ^ p submatrix exists in the "northwest 

corner" of the resulting matrix and has the transversal elements on 

its main diagonal. In the second step, is block upper triangu-

larized obtaining indecomposable diagonal blocks. The matrix now has 

the form shown in (3.3). 

7 

A A „ 
11 12 

(3.3) 

A„, 0 
21 

In the third step, each column of A^2 proces'sed in one of the fol 

lowing ways; 

1. The column is permuted into one of the diagonal blocks. 

This may only be done if the permutation introduces no 

nonzeroes to the left of the diagonal blocks of A^^ . 

2. The column is permuted into A^^^ and used to merge two 

diagonal blocks. Once again, this is only permissible if 

it leaves no nonzeroes to the left of the new diagonal 

blocks. 

3. The column is left where it is and the nonzeroes dealt with 

in step 5. 
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In the fourth step the modified rows of are processed. 

Each of these is processed in one of three ways: 

1. The row is permuted into one of the diagonal blocks above, 

if such a permutation introduces no nonzeroes to the left of 

any of the diagonal blocks. 

2. The row is used to merge two of the diagonal blocks above, 

if such a permutation introduces no nonzeroes to the left of 

any of the diagonal blocks in the resulting block structure. 

3. The row is permuted above the diagonal block structure into 

D , forming an upper border block. 

The block angular form is now nearly achieved. There are no 

rows below the diagonal blocks at this point and all that remains is to 

deal with the nonzeroes to the right of the diagonal blocks. Each of 

these nonzeroes is dealt with in two possible ways in the fifth step: 

1. The entire row containing the nonzero is permuted up into 

D . 

2. The nonzero is "absorbed" into the diagonal block structure 

by the merger of two of the diagonal blocks. 

Once all these nonzeroes are processed, dual angular form is achieved. 

There are some obvious difficulties associated with a computer 

implementation of such an algorithm. Step two, the permutation of A*^ 

to block triangular form, is the only step in which no arbitrary 

decisions are apparently made, but even here the order of the k blocks 

along the diagonal may be chosen k! different ways. In step one, 

while Weil and Kettler note the choice of transversal influences the 

final form, no basis for making this choice is given. In steps three 
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through five there are generally at least two ways to deal with a 

particular row, column or nonzero, and the final form is certainly 

influenced by the alternative chosen. The question of when it is 

worthwhile to merge diagonal blocks is particularly difficult, since 

each merger incorporates more zeroes into the diagonal blocks, which is 

contrary to the general aim of the exercise. Weil and Kettler [1971] give a 

criterion function shown in (3.3) which assigns a value to a block 

angular matrix based on its block structure. 

k 

f= I (d + n )2 (3.3) 
i=l 

Here n^ is the number of rows in diagonal block i , 1^ ^ 

d is the number of rows in D . This gives a method for comparing 

alternative block structures for a given matrix, with lower f values 

being perhaps more desirable in linear programming applications. The 

function f , however, is of limited value since it allows only after-

the-fact comparisons and is of little help in making the decisions 

which must be made during the permutation. 

An algorithm for permuting a matrix A of dimension m x n 

with m ̂ n and column rank n to dual angular form might parallel 

Weil and Kettler's and consist of the following four steps. 

In the first step a maximal transversal is chosen and A per 

muted to bring the transversal elements to the main diagonal of A^ , 

^1 
the n X n upper submatrix of A = In step two the A^^ 

^2 

matrix is block upper triangularized. 
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In step three, each row of A2 is processed in one of three 

possible ways: 

1. The row is permuted into one of the diagonal blocks of , 

if such a permutation could be performed without introducing 

nonzeroes below the diagonal blocks. 

2. The row is permuted into A^ and used to merge two diagonal 

blocks, if such a permutation would not introduce nonzeroes 

below the diagonal blocks. 

3. The row is left below A^ and the nonzeroes in it dealt 

with in step four. 

In step four, the nonzeroes not in the diagonal blocks A^^ are 

dealt with in one of the following two ways: 

1. The entire column containing such a nonzero is permuted to 

the extreme right of the matrix. These columns form the D 

block. 

2. Some such nonzeroes are incorporated into the 

diagonal blocks by the merger of two diagonal blocks. 

After each of the nonzeroes not in an A,, or in D have been dealt 
11 

with, the algorithm is complete, and the matrix is in a dual angular 

form. 

Just as with Weil and Kettler's method, such an algorithm 

would be difficult to implement due to the many decisions which must be 

made arbitrarily and which influence the final block structure. The 

most difficult such decision is whether or not to merge blocks in 

steps three and four. Merging blocks seems heuristically to be a poor 

choice unless the blocks are small. The merger of large blocks 
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potentially incorporates into the new block a number of zero entries 

equal to the total number of entries in the original blocks. 

There is a method for modifying the algorithm discussed in 

Chapter 2 so that it selects a special dual angular form when 

permuting A to a general block upper trapezoidal form. In step 

three of the algorithm, where the submatrix is block upper tri-

angularized, the decision of order along the diagonal of the diagonal 

blocks was made arbitrarily. It may, however, be possible to examine 

the order chosen and reorder the blocks to achieve a dual angular form. 

The subroutine PRMBLK , listed in Appendix 6, is designed to be 

called after MC13D and before ABSORB . PRMBLK examines the order 

of the diagonal blocks and rearranges it if a rearrangement is more 

desirable. The method used by PRMBLK is simple. Each column of 

the matrix is examined and "marked" if it contains a nonzero which 

will not be in a diagonal block after ABSORB is applied. Next the 

diagonal blocks are examined and divided into two sets. One set con 

tains the diagonal blocks whose columns are all unmarked, and the other 

set contains those diagonal blocks which contain at least one marked 

column. The matrix is then symmetrically permuted so that all diagonal 

blocks in the first set occur on the main diagonal before all those in 

the second. The subroutine ABSORB is then called. The matrix is now 

in a dual angular form if the columns of all the diagonal blocks in 

the second set are considered to be the border block D . 

Of course, since block merger is not considered, the dual angular 

form of the matrix may not be "optimal." The advantage of PRMBLK is 

that it is an inexpensive way to examine a matrix which is being 
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permuted to block upper trapezoidal form and see if it may be easily 

permuted to block upper trapezoidal form. If there is an inherent 

dual angular form due to the nature of the problem, PRMBLK will dis 

cover it. Otherwise, the matrix is permuted to a general block upper 

trapezoidal form. It should be noted that although the dual angular 

form would seem more attractive as a starting point for the orthogonal 

QR decomposition in the solution of a least squares problem, the 

algorithm developed by George, Heath, and Plemmons for QR decomposi 

tion of a block upper trapezoidal matrix takes advantage of sparsity 

in the portion of the matrix above the diagonal blocks. Therefore, 

unless a dual angular form is "natural" for the particular problem 

under consideration, it is probably unwise to try to force the matrix 

into any special form beyond general block upper trapezoidal. 



  

 

 

 

 

CHAPTER 4 

SUMMARY AND COMMENTS 

The subroutine MIN discussed in Chapter 2, takes a rectangular 

A, 

matrix A = where A^ has a zero-free main diagonal and permutes 
lA2 j 

A' 

A so that in RA = 
^1 , the Aj^ submatrix not only has a zero-free 
A' 

I- 2 

main diagonal but also contains the greatest possible number of zeroes. 

Hopefully, Aj^ will eventually yield a more desirable block structure 

than A^ . Sometimes, however, A| yields a less desirable block tri 

angular structure than some other A^ . For example, in the matrix A 

given by (4.1), block triangularization of A^ would yield a 1x1 

block and a 3x3 block. 

1 0 1 1 

0 1 1 0 

A = 0 0 1 1 (4.1) 

1 0 0 1 

However, block triangularization of the A^ submatrix shown below 

would yield a single 4x4 block. 
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1 1 0 0 

0 1 1 0 

A' 

RA = 0 0 1 1 

A' 
2 

1 0 0 1 

Therefore, the justification for MIN given in Chapter 2 is only 

heuristic. In general, however, finding Aj^ is worthwhile. This can 

be readily seen in the examples in the first two appendices. In 

Illustration 1 of Appendix 1, a random matrix A of dimension 75 50 

and nonzero density of approximately 6.2% is permuted to block upper 

trapezoidal form, calling MIN as in the algorithm presented in 

Chapter 2. The final form consists of one diagonal block with 11 

columns and 39 diagonal blocks with one coliynn each. For comparison 

purposes, the same matrix is again permuted to a block upper triangular 

in Illustration 2 of Appendix 1. This time, however, the subroutine 

MIN is omitted from the algorithm. The resulting final form has only 

12 diagonal blocks with single columns and one diagonal block with 38 

columns. Heuristically, the effect of deleting MIN from the 

algorithm is to make the graph of A^ have more edges and, as in the 

case of this example, also have larger connected components. This 

leads to fewer and larger diagonal blocks. The final form found in 

Illustration 1 is clearly more desirable, having 1414 zeroes below 

the diagonal whereas the final form in Illustration 2 has only 761 

such zeroes. In Illustration 3 of Appendix 1 the same matrix is block 

triangularized without first finding a zero-free main diagonal. The 
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final block upper trapezoidal form consists of only 2 diagonal blocks 

and is clearly little improvement over the original unpermuted matrix. 

So for this example,finding is important and finding is also worth 

while. In Appendix 2 the above procedure is repeated for a random 

matrix of nonzero density approximately equal to 8.3% and dimension 

75 X 50 . The results are similar although the greater density results 

in fewer and larger blocks in each case. In Illustration 1 of Appendix 

2 where MIN is called, the final form has 11 diagonal blocks with 

single columns and one diagonal block with 39 columns. In Illustration 

2 of Appendix 2 final form has only two diagonal blocks with one column 

each and one diagonal block with 48 columns. In Illustration 3 of 

Appendix 2 the final form has only one diagonal block and once again 

is little improvement over the original unpermuted matrix.* 

The subroutine MIN is thus shown to be a useful component of 

an algorithm for permuting a general matrix to block upper trapezoidal 

form. It should be noted, however, that the subroutine MIN requires 

additional computer time. Depending on the particular qualities of the 

matrix being permuted, MIN can require more time than either MC21A or 

MC13D (both ABSORB and PRMBLK are relatively inexpensive), partic 

ularly for matrices with many more rows than columns. Furthermore, for 

matrices in which the number of nonzeroes per row is constant or nearly 

constant the A| matrix is not significantly different from A^ , and 

calling the MIN subroutine is ill-advised. Therefore, the subroutine 

MIN should be called only if variation in row density is significant. 

Matrices where the row density is nearly constant are common in least 
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squares problems associated with the adjustment of geodetic data and 

with other network related problems. 

The minimal amount of variation necessary to justify calling 

the MIN subroutine is a question that should be investigated further. 

The justification should be a function not only of the dimensions of 

the matrix, but probably also of the nonzero density of the matrix. 

The subroutine MIN selects a transversal which minimizes the 

number of nonzeroes in the square submatrix A|. There could be 

other motivations for choosing a particular transversal, however, 

which would lead to a different . One such motivation might be to 

pick an A^ so that each row of A^ , defined in Chapter 2, has its 

first nonzero as far to the right as possible. This would mean more 

of the zeroes in A* would end up to the left of the diagonal blocks 

than would if the rows of A* had nonzeroes in the first few columns. 

The expected value of c, the column index of the first nonzero in a 

row of a random matrix of nonzero density p is shown in (4.2)• 

E(c) = 
n
I tp(l - p)'' 

_ 
■" + (n + 1)(1 - p)"" (4.2) 

t=l 

This expected value is fairly sensitive to changes in p , as shown by 

(4.2), 

9E(c) _ p(n + 1)(1 + p)"^ + (1 - p)^"^^ - 1 

and its value for the rows of A^ could hopefully be increased by 

choosing the rows of Aj^ as dense as possible. Of course this choice 

of Aj^ is completely contrary to the choice of Aj^ performed by the 
MIN subroutine, and would probably only be advantageous in situations 
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where A is extremely sparse and has little variation in row density. 

Another area in which future work should be done is the incorpo 

ration of some scheme for block merger into the subroutine PRMBLK. 

The ability of PRMBLK to optionally merge blocks would make it much 

more powerful and in certain instances would allow a matrix to be 

permuted into a "better" dual angular form than would otherwise be 

possible. Block merger would probably only be effective if the blocks 

involved are small. 

Finally, although this thesis has dealt only with permutations 

of matrices where the maximal transversal has length n , a similar 

algorithm for the permutation of matrices with a maximum transversal 

of length k < n should be developed. Applications of this situation 

occur in mathematical programming problems and in solving rank deficient 

least squares problems. 
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APPENDIX 1 

EXAMPLE A 

This appendix contains three illustrations. In each illustra 

tion a different algorithm is used to permute a rectangular matrix to 

an upper block trapezoidal form. The same matrix is used for all three 

illustrations and has dimensions 75 x 50, a transversal of length 50 , 

and nonzero density of approximately 6.2%. This matrix is labelled A. 

In Illustration 1, the algorithm which involves MIN given in 

Chapter 2 is employed. In Illustration 2, the subroutine MIN is not 

employed during the permutation, leading to a different (and inferior) 

final form. In Illustration 3, both subroutines MC21A and MIN are 

omitted from the algorithm. Hence, a zero-free main diagonal is never 

found during the permutation. The resulting final form is little" 

improvement over the original matrix. 
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AFIEK CALLING THE SURROLTINF MC130: 
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AFTE* CALLIUG THE SUBROLTINE ABSORB THE FINAL FORM IS: 
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Illustration 2 

THE INITIAL FORM OF THF MATRIX A IS:
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Illustration 3 

THE INITIAL FORM OF THF MATRIX A IS: 
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GOOOOODD01010OOOOOOCCOoOCO10000000000cccoococccoc 
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00COOOOO0000000coo1101000301000000000OOOOC00GOcoo 
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APPENDIX 2 

EXAMPLE B 

This appendix contains three illustrations. In each illustra 

tion a different algorithm is used to permute a rectangular matrix to 

an upper block trapezoidal form. The same matrix is used for all 

three illustrations and has dimensions 75 x 50 , a transversal of 

length 50 , and nonzero density of approximately 8.3%. This matrix 

is labelled B. 

In Illustration 1, the subroutine MIN is employed, as 

described in Chapter 2. In Illustration 2, the subroutine MIN is 

not employed during the permutation, leading to a different (and 

inferior) final form. In Illustration 3, both subroutines MC21A and 

0 

MIN are omitted from the algorithm. Hence, a zero-free main diagonal 

is never found during the permutation. The resulting final form is 

no improvement over the original matrix. 
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Illustration 1 

THf initial P0R« of THE HATBIX B IS: 
000TO000JOT30001000TOO0CO00I0000010000000000010000 
11000000000000000ooococoCO0001 OOOOOOOOOOOO0010000 
10001000100000or0:100cooCCC003"00000I CCloocccoioooo 
000100000000000oooI0O03C0icoooooooooooooocooiioooo 
1001000100010010010ICIOC100000000001000COCC0000000 
00001000003000031300000COcoo0001000ooo00OCCC000000 
00003000300000000000000COOOOOOOl00000ooco000001100 
0000000300003010000coo3COOOOOOOOOOOCCOOOOCClCO1000 

000100000000COOOOOl000011000001OOOOOOOOOOOO1003000 
010130300000OOOOCOOoocoCOOOIIOOICOOOCICOOcccoooooo 
OOOOOOOOOOOOOOOCOlOOOOOCOOOOOOOllCOOOOOOloccoooooo 
00000003000010000300cooCOCCCOO00010100003COOOOO000 
0000300300100000000CcooC00000000330000coo 100000 100 

00001 003303000030000103030000330131000coooccoooooo 
001OOOOIOOOOOOOCCOOCCOOCC01C00000010130OOCCcoil000 
10003000333301000310033C00300100000300000CCCOOO000 
0000300030003000000COO3C30003000011000303000000100 
000030000100OOOOOOICC30C3COCOOOOOOOOCCOOOCC1000110 
00100003000000000100001C303030003000000oooI0000000 

• 0001000010030001COICCOO10CIC000003101llOOCCCOOOOl1 
0000000000300010003130101COC3000000000000CCCOOOOOO 
0000000310000000000COOO000030300001000000COOOOO000 
0000000300100003000CcooC00000010000COCOCOCCCOOO001 
00033000001000031000003:30000300000003003000003100 
0000000300300003330CCOCCOCCO1000ICooco000cccoooooo 
00033000003000003330131C300C301OOOOOOOOOOCCC100000 
00000003000000000000003C30000000130ICCOOOCCOOOO000 
000000000030310QCIOOOOOCOCCOOOOC0300010COCCC100010 
00000000001000000301103C30300000300000000CC1100000 
100001001000OOOOOOOCCOCCCCOCOOIOOOOIOIOOOCOCCI1000 
00003000010000000330013C00030000300100000COCQOiaOO 
0000100300000000COl0cooCOOCO0000300010000lOOOOl100 
OOOOOOOOOOOO0001300031OCOOOCO30O3OOO10300CCOOOOOOO 
00003000300000000000cooC30000001000300003CIClOO000 
000000103000000CCOOOCO3CCCOOOOOO000001001CCCOOOOlO 
01303000010000000330031C30030300030030303C1COOO000 
00030000001010000000000COOOC0010000301000010000000 
10000000000001030000cooCO000000001000cccccccoooooo 
00031000300000030130003C10003301300000000COOOOO100 
000001010001OOOCOOOCCOCCO coolOOOOOOOCOOOOCOOOOO000 
0000000001000003000OCOO 11C100300300000003CCCOOOOOO 
00000000003000101030CCCC3CC00000030301100000000030 
00000030301030031000030CO0000000030000000COOOOO300 
00330010001000000301031C00033000300300003cccoooooo 
000310031003000connCCOCC00000031003oooococccoooooo 
30033300303031033133333Cl0333300130313330cccoooooo 
00000333000030031300100310300303000030310010033000 
00030013000100000330C33COCOOOC333300100031CC000300 
00333033033033033333330333001030010330010COCOOO000 
0300100001000000000CC1CCOOCOC000000030303C00030000 
00033003300000030300033C31303030130330003CCC100000 
000000030003000C0000133C303300300003113110CC100001 
00301010003000000033COOC0000033000000CCCOCCCOOOOOO 
10030000003310110330003030003000000003303000000000 
00003003001OOOOOOOOCCClCOCOlCOOOOOOOCl000COCOOO000 
00j0j0j)031000033303c00c30ic3l00030333300c30330100 

000030010000000300300333000030300003030001CC100030 
000031000000001COC1CC33C303C30000100000CCCCC001000 
0301330330030303333030133000333300333100303COOOOOl 
0003001000010000C30CCCCCCCCO030003000000CCCCOl3030 
00330030333300030030011COOO13000333303011 ICCOOO030 
003000013030C0000330C33COCOOC300OOOOCOO30010100301 
03110003000000000033COC030030011313303333C10000300 

001 J30000010000C30O0033C13000330000330103COCOOO003 
303300030001 13300003COCCCO1C03003030COOC3CCC010000 
03300103300030033333033C33311330313000COOCCC130030 
000030010300000COOO0103COOOOO1-100030300030031030000 
00333003030000300300303COCOOOOOOOOOCOOCOOIC1133000 

Oil 30033003300033333C33CO0303300031300130COOOOO030 
0030000033000101030000CCO 100300003COOOCCOCCCOOO000 
00303003003031030333333CO 131313331 I333003CCC033303 
00003301313J0003C30033JC10330330000300003CC0130303 
00300003030030010000033CO03313003033CCCC3CCCOOOOO1 
00300003000030030331C1OC30O03113013033O031CC010000 
00303003103000100100003COC000300000100001CCCOOOOOO 
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001OtCOOOOCCCCCOCGlOoOOCOlOOCCOOlOCOOCofcccooirnoo 
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noOOOOOOOO11101COOCOOOIOOI0000lOO1000cCO1000CICOC 
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OlOCClOOOOOOlCCCOOOOCOOOOOOtOOCClOCCl0coococcccccc 

00000000111OOOOOOOO000100JO110c0000000COCCCCO00000 
COOOCOlDO0000COOOC01000001100001000000coco00001000 
OOOOCO033O00O01000OOuOOOO13010100001001CCOl0001CO! 

coonCOOOOOOlOlOCCOlOoOOOCOCOOOOCOCOOOOCOlOOlCOCOl 

00000110300000COOOOCCOOCOOOC011OOOCCOC0icrccccoooo 
00000001001000000000000001300100010000000000000000 
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OOOClOOOOOOlCOlOCCOOOCOOCOOCOOOOOCOCOCCOOICOCIOOOI 
OOOO11O0CCO0O00OCCDOUOOO103OC0010000000OOCOOOC1000 
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OOOOO00D3O0000COCCOGCOO00131OO1OUOOl00CCCCCOOCCCOO 
lOOOOlOlCCOCOOCOCOOCOCOOOCOOCOOOOCOOOCC.coolOOOOOOC 
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001COOO00OOOOOOOCOOOCOC0003000000100000ICCO0000000 

00110000000COQOOCClcoo00000cooOOOOOOOOCCOCOOOC0000 
COOOIOOOO00000001000001C00300000001000coocooocoooc 

000001001OOOCCOOCCOCCO00000CCOOOOOOOOOOcoo100CCCOO 
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00010030300c001c0000000c0c30100coc0000cci000cccc0c 

001OOOOOOOCOOOC110coooooooocoooooooooococccocooooc 
OOC000330000000010000000003COOOcccco10cOOCOOCCCCOT 

coo000333COOOOIOCI000000003003OOOOOOOO000000000000 

OOCCOOO000000000001COGOC0000OOCOOCCOOCCOO100010000 

10000033D000000000010000000COOOOOOOOOOO1000oocccoo 

001CCCDOOOOCCD0O0COC1CO1OO3COC0COOOOOOC'lOCCOOOOCOC 
C000003D3COCCOOOCICCCI000COCCCOOCOOOOOCCCOGOOCCCOO 

OOC00030DCOO1CGCCCCOOO100031000OOOOOOOOlOOCOOCOOOO 

000010000000000cocoOOC01003coo000000onOOCcooCCOOO 

000001003OOCCCCCC1COC000103COOOOOOOCOCCCOCCOOCOCOO 

OOOCO1003CODOO00CCOCOOOO313COCO0000000COT000000000 
COOOOOOCOOOCOCCCCOOOCOO10IICCCOOOCCOOCCOICCOOCOCOC 

000001303COOOOCOOOO10c00003101OCCCCCOCCCCOCCCCCCOO 

000OCOOOOOOOC100000CoOOCOOOClCO0001OOCOCCOCOCCCOOO 

COCCCCOCOOCOCCClCU'CCOOCCQCCOlCcOCOOOCCCOCrOCICCOC 

OOCOCC003O3OOOCOOOCOOOOO33310310030003ClOCClOCOOOO 

CCCOOO0OOCOOOOCOCCOO1COCO03CCCOlOOCOlOCCCOCOOCOCC1 

COC000313COOCO0OCC0cooOCC031000CICOOOCOCOCOOOOC10c 

cooOOGOCCCOOCOOcoo1coco0003CCOOO010000cocoCOOICCOC 

ICOOCCOOOtOCuOCOCCCCClOOOOOCCCOOCClCOCOCCOOOCCCCCO 

0001001OOCOCCoCCOOCOCOOOOO3OOOOOOOO10c0000000COOCO 
000OOC003CC000CCCCOC0CO0103CCOO0001010OOOC000cococ 

OOCOOOO33033CD10100000000030000conooolOCOCOCOCCCOO 

000OICOOOcooCCOOOOOOOOOOCCOOOOCOOOCCOC1000010c0000 

OCCCCC3C3CCOOCOOCCCCCOOCOCOOCCCCOlCOOCO10cocoCCCOO 

0000003IDCOCCOOCOOOOCouOOO310330000000OOlOOOOCCOlO 

OC00000030000001OOCOOC00003COOUOOCCCOO0001000CCOOO 

000000103COOC00OO0C0OCCOO03001OOCO0O00CCGO1000OOOC 
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COC1OO3C0C0COCCC1CC0O0UOO03CCCCcocolocoCCOOO10CCOO 
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IOCCOOOOOOOCCO1000001000003COO000000000lore01OOOOC 

001COOOO:010001001OOCCO1003cocoC3CC00CCcocoOCCClie 
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OCOCClOCOllOOOOOCOCCOCCOOOlOOOOC000000OOOOCOCCC000 
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ooccoiioooiiciiiooioococotocococcooonccnccccccioo 

coc000000 00 GOOCCIOCOcoo100j00000000OOOC00000100000 
O'OOcoco00OOOCOO001CCCOO1000CCO000100000COcccccoc00
DOCOOOOOOOOOOOOCinOOOOlOOOCOOOCOOOOOOCCOlOlCOCCOC 
OCC000300coco00OCCOICOCOO10001OOOOOOOCOOCCCCOICC.OO 
OOlICCOOOCOCtOOOCCOCIOOOOCDCCOOOOOOOOOOCOCCCCCOCoc
uOCClOOCOOOCCOOllCniOuOOOJCCOOOuCCOlCOCCOCCCCtCOO 
oCOCClOCOOOlCOCOCOCOUlCOCCOCCCCOCOOCCOCCCCOCCCCCOO 
ooccooooocoooocccocccioooco1CCOccooooooccoccccccoc 
OCCCOOOOOCOOCOCO00COOIICOCOcccccocoIOCCCCOC00CCCOC 
000coco00COCCOCcccCOCCClCoOcocooilCOCOccoccccccc00 
ocooooooocooooocccoocccnoocooooocoooooooocniococ 
000000000OOOuCCOccccCCI0110C1COOICCCCOOOCOCCOCOCOC 
OCCClCOOOCOOCtCCClCCCOCcool000000000GOCCCOCCCCOCoc 
000011000COOCOCOOOC00OOCO110000OOOOOOOcocCCCOCOCOc 
OOO00001000COCO001COOCOOOOIOCCCCCCCOCOCCCOCccccccc 
OCOOOOOOOOODOOCOOOOCOOOOOIIocooccccococccocoiccroo 
OOO00000000CCOOOOOOOCC000CO1000COOOOCO100cocoCCCOC 
1 GOCOl330COCCIcocci0001CO010100OCOOOCCCOOOCCOCCCOC 
00001001000CCCOO000000000C3C1000000000oooccccccc00 
OOOCOOOOOCOOCOOOOOOCOCCOOCOlIOCCCCOO10CCCOCIOCccoc 
0000003330030oooco000000001Oil010000000COCOCOCCC30 
000000003OOOOOOOOOOOCCOCCTO101100000000OOCTCOOCC30 
OOOOOOOOOOOOCOOOOOOOICOOOCOCOOIIOOOOOOCCCCCCCCCICC 
00000033003000000000000000000300100000oooco1100coo 
OOC000330COonC0CC0C0000003C0100010000CCCCCCCCOC30 

30000000301OOOOOCOOlOOCOlOOOCOOOOIOOOOOCOCCOOCOCoc 
ooocooooocoooococcoocoooooocoooonoooocooccoocococ 
0CO100003000OOO1C00C10CC003coc00001000CCCCC00CCCOC 
00000333300C31000000COC0313C000ionOOOCCOCCCOCCCCO 
KC00033lOCO000100CC000CC3ccoooooo100COOCOCOOCC00 

«10000300coo13OCCCO00100001CCO030001OOCCCCOCOOCcoo 
000000003c000000003000000c30030000n00ic0ccc0ccc00 
300COOOOD01CGOCCOOOlOOCCCC3000100000TOCCCCCCOCCCCC 
OOC0003330300300QOOOCC010C3C033CC0011CCCOCCCOCCCOO 
000COOOC3COOOOOOCCOOOOC0003COCOCCCOOnCOCCCCOCcoco 
00000003CT0O0COC00C1COCCC3C0OGO0OOO011CCOCICCCICC 
10000033303013OOCIOCCO10303001000000000IOCCCOCCC00 
30COOOOC3C0000001CCCCOCC003CCCOCCC00031IOC1CCCCC00 
DOCCC1C03COCOltOCCCCCOOOjOOC010OOOOOOOCCICOCOCCC00 
oconooollOCOOOOCOOOOD0313300030000003111CCCOCCIOC 
300000113OOOCOOOCOOCOOCOl030000ICCOOOCconCCCCCcoc 
OOC00033DCOOCOCOOOCCCOC.C1C1O030OOOC000OCC01CCCCC0 0 
300000013OOCOClOO0OCCOOlCC3C000OuCjOO3COOnCOCCCOC 
001coco33030030000OOOC00003CU3COOOOOOOCCOCCIOCOCCC 
ICOOOOOCOOOOCOOOOCOOOOOCOCOCOCOOOuOCOOCIOCnrcccCO 
OOOOOOODOOCOOCCOCOlOOOCOlOCOCOlCCClOCCClCCClCfCCC 
0C0CC03D3C0300C00C0C00oCu3D0C330000001OCC0011CCCOC 
1OOOCOOOOIOCOOCOOOOCOOOCOODOCCOCOOCDCIICCCCCCICCOC 
1COOOOD03COOOJCOOCOCOOOCO03103OOOOCOOOCOCCCClICCOC 
oooioooDoooooooooDicooocic3TOOCcoocoococccCCC 1 ujoc oocoocoooioiococcocccococoococcccoioccCCCClCCCCICC 
300OCC333C333jCOOOCOL.CL33O0CO3SOC3mOOOCOOCCOCnpc 
boOCCOOOOOOOOOOOCOOCCGOCOOlICC'OOOOCQUJCGCCCCCI oc1 
COCOOCOCDOOIOOOCOCCOOOOOOODOOOOCOOOCCOCCCOCCOCIC1 
0000000030000DCOOD0010000010030CG30003C011CCOOOCU 
OOOCOOOODCOCCOOICOOGCOOICCOCCCOCOTCOOCC'COCCCGCCCC 
OOOOCODD30000300COOC0000303000300C0110CCOCCCC01C1 
000000031OOOOOOO0100TOO0303OOC01000100ClOCCOOCOCC 
00000000300000COGOOOCGCCOCOCoocoooooocccoiccccnq 

isi KdOi nvNid 3Hi HMOsav sNinotians jhi SNinvo vauv 
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OOOOOOODD lOOOOIOOOOOCOOCiOODOCaOOlOOtOOOCOlcoococoo 
0000lODOlCOOCCCClot)ncooocooID ICCOOOOCOOOOCOCOOCOO 
looccco00DODOoc0000001ucococcoo0001000occoroocccoo 
oooociooooooooooucooooucoiooccoocoooooocioroccccoo 
oocooooooooococncocucoicoccocoooooicccrcccoccroc 
OCOOOCOOOOOCOOOOOOOOOCOOICOCCOOOCOlOlOOOCCOOOCCCOC 
ooc00000000ICOClOOOOOCOCOOOCCOCOLCCCOCCCCCCrCCCno 
ococon010000000000ocooo0000000oooooococcocoocrroo 
ooooooicoooocooocoooooooooocoTooooooouoorolOOCccoo 
coo001000OOO0000ICOOonC0000cooOCOCOOOOCCGCOlfOCOC 
000010000000000cocoOCO0100300000000001lOOOOCOCOtOO 
OCOOOOOOOOOIOCOOOOOCODOCClOCCOOOOCOOOOOloocoorr100 
CCCOOOOIOCOOOOCCICI10000000OOOOCOOOOOOcocoCCOO1100 
lOCOOlOlOOOOCOOCGOOOOOOOOOOOOOOUOOOOCOOCOOlOOCOCOn 
OCOOCCOOliiococcoooocciocooiicor.ccocooccccocccccoo 
000010000ooococcccoooooooooCOOOOCOCOOO1coo01coccoc 
uocccooocooiccoocoooooocooiccccooooccocccocccicco 

000ICCO0000ooocolOOOOOOOOOO000000001000ocooo1CO000 
000001001coo0000OOOOCOOOOOOOCCC00000000000icocccoo 
OOlOCCOOOoocOCCOCCOOlOO1000000000000000ICOCcoroccc 
coo000000ooc10ocooocoo10003103000000000lOOCOOC0000 
ooccooooococoocoooooocococoocooccoi101cccccoccrcci 
OCOCC0303COOOOOOOOOCOU00000003COOOOOCOOCOOC1010COO 
lOOCOlOOOllClICooocoCODCOCOCClOCcOOOOOCCOCCOCCOOCD 

OCO001000COOCCC001COCCOClcoccoc0000000CCOOCOOCCcoo 
oooocoooocococcoocoocoooacooiooouoocooooioccoiocco 
OCCCCOOOOOlCrCCCOlCOCOlOCOCOCCCCCCOCOOOCCCOCCCCfCCO 
OOOCC0001C0001C0CCCOCOO0003CC0O00O0OCO1CCOCICCCCOO 

000ccoolOOlCCCCOOCCOCOOCOlOCOlOCClCOCOCCOOCOCCCCOC 
cooocooooooocicocioocccccnccccciocoicococooocccco 
OOOOOOOOOCDOCCCCOOICCOOCOOOOOOOOUOCOOOOCCICOOICCDO 
OOOCCODOOCOOOOCOOOOCOOCOOOOlCOlOCOCOOOOlOOCICCCCOO 
000OCOO00COOOOCCCOO000000000000001COOCOICCOCCOOCOC 

t'OOOCOOOOOOTlCCOCOOOOCOOOCO000000101COCCOOCOOOOCOC 
CCCOCOOOOCOCCCCCOCOOCOOlOllOCOOOOOCOOCCCIOCOOOOCOO 
OOOCOOOOOCOOCOOOOCOOOIOOOOOCOOOOCOOOOOlOOClClOOCOO 

001COOOOOOOCCCCOOCIOCCCCOIOCOCOClOCOOOOCOCCOOlCCCO 
OOOCCOO00000000OlOOOOOOOOOOCOOC0000010CCOCCCCOCCCl 
OOCOCOO100001OCOCOO10000000ooocoOOOCO10lOOCOCOCOOO 
OOOOCCOIOCOCOCCOCOCOCCOOOCOICOOCCOOCOCOCICCOOCCCIO 

C10coco00lOClCCOCOOCCCOOOOOCOOCOCOOOOCCCOCOlOCOCOO 
000001010COCCOC0001OCOooococoo00000000ooooooooococ 
OCOCCOODOCOOCicoccoccoocooocioocooioooccocccoccooc 

0011000010000lOOOCOO00ooocoOCOO10000000ooc0001OCOO 
OOOUOOOOCOCOCIOOCOOOOCOOOOOIOCOCOOOOOCCIOCCOCCCCO 
000110300000101OCOOIOCOOO3000D0OCOCOOCoocIC01CO001 
00000110000000COOCOOOOOOOCDC01100000000lOOCCO00COC 
CIoocTO00coolOOOCOOOOOOOOOOCCOOOIOOO10OOOOCOOOCCOO 
OOCCOOOOOCOCOO10010000OOOCOCCCOOOOOOOOCCOOCOOCOCOO 
OOOCCIOOOQOOOOOOOCOIOOOCOCOICIOOOCOOOOCCOOCCOCCCOO 

CCOOOOO030000300010001OOOOOOCOOOOOOOOC0000000OOCOO 

001COOOCOCOCCCooocoOCOCOOOO0000COICOOOOIOOCOCCC000 
1000000000000000000100ooocoOOOOCOOOOOO01ooocoCOCO0 

000000000OOOCOC1000OCOCOOOOooc00000000cooICOOocooo 
OCOGOOD00COCOCCCOOOCOC00010ICClcoo01ooccocccccccoo 

IlOOCCOOOOOllIClOCOCOOOlOOl00001001000000100001000 
oocCOOO10COCOOCOCCOCOCocooo100001000000OOOCOC00IOC 
onQCOIOOOOOOOOOCOOOOOCOOOOOOOOlOOOOCOOOlCCOOCCCOO 

0010000coco00001100OOC0000OCCOOOOCCOOC0000COOCOCOO 
cooOCOO00000OCC0000010OOOCOcoco10000100COCCOOOcool 
000110000CO0010lOOOOCOU100OCOOOOCOOOCO00001OOCC100 
ooc000000000000101OuOOCOOCO00100000000OCOCOOOICOCC 

001 OOOOOl000ooc00coo000000OCOO0000000001ocooo00OCO 
OCOOOOOOOocooo1010000003000OOOOOCOOOO10coot00CO000 

000OCOO00100000 00 noCOOOCOOICOOO100000OCCOCOCOccoo 
ccuoooooouooiococol0011oococooocoocooccccoccoricio 

OOOCCOIODOCOCOOOOCO10000011COOOlOUOOCOOOOCCOOC1000 

coo100100OOOOOOOOOOOOCOOOCOOOOO00001OCOCOOCCOCCCOO 
001100000COCCOC000TOOOOOOOOOCC0OCOCOOOCCOOOOOcococ 

ccccooooococcocacoiccccoococcoccciooocccccocoICCOC 

OOOOCOOOOCOCOOlCOOOCCCO&OlOulO1OuOulOO10001ooc1001 

OCOCnOOOCCOCOOOOOOOOCOOlOOCCOO IOCC000CCOOCOOC1000 

000010000001001OOOOOOCOOOOOOOOOOuOOOOOCCOlCCOlOOCT 
OOCClOODOOOOCOOOOOOlUUOuOOJOOOOOOOCOOoOCCCOOOOrO11 
OOOOICOOOCOCOCCOlOOCOOlOOCOCOOOOCOlOOCCCOOCOOCCOOO 
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AFTER CALLINC, THC SUPROLTINF .MCl3n: 
0100000003000003010OC',10CICOO0300000001nOOOOOOlO 100 

IJl001000000OOOC011CC30CCCOOOOOOOOOOCOOC3CCC003001 
000130000330030l0100000c00330030130000100cicn0000 
1030100000000010000OCIOCOOOO110001OOOOl00lOOOOOOOO 

003011000000OOOCOOOOOOOCrO10lOOOOOOOCOOOICCCOl3010 

00303013001 OCOCOOO3CC33C01010010000300000CCCOOO003 

103100010000OOOOOOOCC33C000011OOOOCOOOCClOOCOIOOOO 

003311001300010030001O1C0C000003000011100ICCOOO000 
000030000130ooocoooccooircolonooooooooooocoooooooo 
3330000000100003010CcooCC0303000000001103C1000I000 

000301000001 OOOC0000330C00310300001010000000000000 

000310000000lOOOOlO0003CCOOOOOOOOOOl00300CCl000100 
10300033033011000033303C0C303033030030000330010300 

00003000300100100C3C30ICOOOO3100000030300000000000 

0030003100030001033OOOOCCC3303000000000COCCCOOO000 

30333300330000301300001C3000000000130330003IOOI000 

00330001300300000100001coon C300000000003COOOOO300 

00313100J00030000010131C00010100030033333COOOOOOOO 

0030000301300100000ICOOCO1333000000003003CO1000000 

0000000301000000000Cl00C0001000000300C000CCCOOO000 

00033000333000030330310100300300000300001331000000 
00303013000000010010031000333000000000100000110000 
00303033000030000300COO 131300100lOOOC13031CCOOOOOO 

33333033333330310003333013313000003033000000000030 

003030000000000001OCCOOCO1130000030303303COOOOO000 

30003000013000000100000130300033030300303000000030 
30010001300030000100C03C00330033000000303CO0030000 
00003030000300031010103COCOO1000033001CC3COCOOOOOO 

30033003303000000031333C10300103330303003CCC000030 

00300000000110000000030C0130001O0OO0OOOCO00OO3O300 
0030303031333100000CC33C00030301003000300C00000300 

003100030001 0010303000300033003000,0303300000000000 
0000300030000000003CCl3COOOOOO100100030CCIOCOOOOOO 

01331101133330013010333C30300031331300001CO1130030 
00030003000030000000003C10333000000101000000000000 

oooooooooioooooooooncoocooioooooiiooicococccoooooo 

00333030310330031333033COOOOOO13010300000000000300 

000030000300100C000CcooCOcm030000103113000000003 
3000300003030000000001ICCOOO3000000010300CCCOOO030 

00013003030000000lOOCOO130003300000003000CO0000000 
00013000331300030100030cocci03000000C100010COOOOOO 
03003003330030003030033COO333030003103303010030000 
0100000033000010001CCOOCOCOO003OOOOOCOOOOCOOOOO000 
10130000330000003030303C10003000000003300CCCOOO300 
00000000030300000330003CO0300130303333300C10000003 

30103303001030000013COOCO03011003000000CO11COOOOOO 
003300031331 30000330303CO0103333303330003100103030 

001CO030301000003030003030130300001000000CO1000300 
00000300J30031000030C03COCtCOO10100OCOOOOCCCOOO000 
10333001030301033003301C00003130303330110CO 1010300 
0000000033030000000C003COCl0CO30000000000Cl3000010 
30003033333330000010303COCIO3011103301103CQ1031000 
3001003303030000ICOOOOOCOOOO000OOOOOCOOOO000000000 
1100 0 30003000000033IC13C0C333300030 0 00CCO CCCOOO003 
00003030013030000330003C0033331303000OOOOCO1000100 

00000000010000000000CO 3COC313000000033003000100301 
00000303330000000000103033133330000300100000003000 
000000030030OOOOO^O0011010300300000000010000000000 

OOOOl000030030000000CO3CCCO30011003COC303CO1003003 
00003000003000001001330003331000000003000000010003 

00000000003000130300103C3C30301033C031003CCC001100 

000000000000COOOOOOOCOOOO1100301003300103COCOOOOOO 

000010100300010001OOCOCC1iniOOOOOOOOQCOOOCOCOOOOOO 
00000010010000000000300033300000000330001ICCOOO000 

0000300000000300000100003C3C1000300000000000110000 
000000000030OOOOOOOOOOOCICIOOOOOOOOIOOOIOCCCOOO100 

00000000000000003000001000033000100310100000030300 

0000000003030003030C113CO010033000001 CO00COCOOOOOO 

0003301000001001303033)0OC030300330003001CC0000003 

0110000000030000030OCO 3C3'^330n003003C3000330000110 

OC100300J3003001P310C30CIC31P3003000C30C3CCCOOOOI1 

000030000031 3000C300CO KOOl00300300300003100000000 

0100000n000000010300C33COC330001000100003COOOOO300 

00003000033331 100300133C10030303010003003CO001300I 

3030300103100001000OCl3C0C0CO130000000000000001300 



APPENDIX 3 

THE MODIFIED MC21A SUBROUTINE 

This appendix contains an argument list and FORTRAN listing 

for the Harwell subroutine MC21A , modified slightly to accommodate 

a rectangular matrix. 

ARGIDIENT LIST 

M must be set to the row index of the matrix. It is not altered 

. by MC21A . 

N must be set to the column index of the matrix. It is not 

altered by MC21A . 

LION must be set equal the number of nonzeroes in the matrix. It 

is not altered by MC21A . 

ICN is an integer array of length LION which must be set by the 

user to contain the column indices of the nonzeroes. Those 

belonging to a single row must be contiguous, but the order 

of rows and the order of column indices within each row is 

irrelevant. ICN is not altered by MC21A . 

IP is an integer array of length M which must be set by the 

user so that IP(I) contains the position in ICN of the 

first column index of a nonzero in row I , for I = 1,2,...,M 

It is updated by MC21A to reflect the row permutation R . 

LENR is an integer array of length M which must be set by the 

user so that LENR(I) contains the number of nonzeroes in 
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row I , for I = . It is updated by MC21A to 

reflect the row permutation R . 

IPERM is an integer array of length M in which the row permutation 

is output. IPERM(I) gives the position in the original 

matrix of row I in the permuted matrix for I = 1,2,...,M . 

NUMNZ is an output variable which gives the number of nonzeroes on 

the main diagonal of the reordered matrix. If the matrix has 

full column rank, MC21A will set NUMNZ to N . 

LEN, IPP, and IW are work arrays. 
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SU3RJU riNE MC21a(M,N,LEN,IPPfICN,LiCNtIH,LcNR,IPEkRI 

1 > 1W } 

C 

C all i)ECTIUi\b OF THiS SUaROUflNE 8CL(\DED AECVE EY 
C A Lli'^E * * ̂  and bounded ocLCW BY A LINE 
C CONTAIN MOOIFICATIGNS IN THE OKIGINAL HARWELL 
C iUBRQUTINE. 

C 

INTEGER LENIM),IPPIN) 
INTEGER IPtM),ICN(LICN),LENKIM J,IPERM(iM),IW(M,4) 

CALL MC21B<M,N,L£N,IP?»ICN,LlCN,IP,LENRtIPERM » 
i inUMNZ»IW(i»l)flrtCifZ)fIw(i»3)»IW(I»4)) 

C This SECTION OF THE PROGRAM hILL MAKE IPERM INTO 
C A "COMPLETE" ROW PERMUTATION. 
C 

MM=N+i 

00 2 K=1,M 

2 oENCKi = 0 

5 K=i 

10 int=o 

□0 2U 0=I,N 
IF(IPERMIL).EQ.K) GO TO 15 
GO TO 20 

.15 iNT=i 
GO TO 25 

20 CONTINUE 
25 IF(INT.EQ.O.ANO.LENIK).Ec.O) GO TO 30 

K=R-H 
GO TO 10 

30 IPERMiMM) = K 
LEN(i<) = l 
IFIMM.EQ.M) GO TO 35 
MM=HM+1 
GO TO 5 

35 CCNTiNJE 
C 
C this SECTION UPDATES LENR AwD IP 
C 

UG 40 K=ltM 
OEN(K)=LENK(IPERM(K)) 

40 iPP(K)^IPlIPERM(K)J 
00 45 K-1,M 
lENRIK}=LENIK) 

45 IP{Kj=IPP(K) 

R £ T U Ri'') 
EiWD 
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iUiiKUjriME flC2ib i M r N jL EN» IPP1 I!-iN t LICN jIP 11-ENR jIP ERA*» 
i PR f ARP »C V » QijT] 

INTcGER lP(ri) 

INTEGER LENIM),IPP(N) 
INTEGER iCN{LiCNJ » LENR(M),1?ERN(M),PR{M),CV(M)f 

1 ARPiMJfOUTlM) 

DC 10 1=1,M 

ARP(l) = LENRUJ-l 

CV(n=J 

10 IPERN{i)=0 
NUNNZ = 0 

00 130 JuR0=1,M 

J=J uRO 

PR{J)=-l 

DO 100 K=L,JORO 
INi=AKP{J) 

IF IlNl.Ll.O) GO TO 60 
iN2=IPiJ)<-LENR(J)-l 

iNi=iN2-iNl 

00 50 II=INl,IN2 

1 = ICN(II) 
IF!i?ERM{I).Ew»0) GO TO 110 

50 CONTINUE 
ARPIJ)=-1 

60 OUT(JJ=LENRlJ)-l 
DO 90 KK=l,JURO 

IN1=0UT(J) 

IF(IN!.LT.O) GO TO 30 
1N2=IPIJJ+L£NR(J)-l 
IN1=IN2-IN1 

00 70 i I=iiNl,IN2 
i=iCN(in 

IF ICVd).EG.JuRO) GO TO 70 
01 = J 

J=IPERM(I) 

CVin=JGRD 

PR!J)=J1 

auT(jn = IN2-II-1 

GO TO 100 

70 CONTINUE 

80 J=PR(J) 
IFIJ.Ei.-n GO TO 130 

90 CONTINUE 
100 CONTINUE 
110 IPERMin=J 

ARPlJ)=IN2-II-l 

i\UNN2=NUNNZ+l 

00 120 K=l,JuRO 
J =PR(J) 



IFIJ.E,. -L) GU TU i3J 
ll=iFi J )+LdiMK(J)-UUTlJ)-2 
i=IC.N»(ID 

IP5R.M(n=j 

120 CC.UINUE 
IFi NUMNZ-Eii-N) RETURN 

130 CCNTINUE 
IF(NUrtN2.EQ«N) RETURN 

DO 140 1=1 »N_ 
140 ARP(I)=0 

K=0 

DO 160 l=l»N 
IF(IPERMd).NE.O) GO TO 150 

K=K+i 

OUT(K)=I 

GO TO 160 

150 0= IPERMd) 
ARP(J)=l 

160 CCNTINOE 
i<=0 

00 170 1=1,N 

IF lARPd ).N£.0) GO TO 170 
R=R+l 

ICJTK=CUT(K) 

iPERM(IOUTK)=I 

170 CONTINUE 
RETURN 

ENO 



APPENDIX 4 

THE MIN SUBROUTINE 

This appendix contains an argument list, FORTRAN listing, and 

flowchart of the subroutine MIN . The argument list is shown below, 

followed by the FORTRAN listing and flowchart. 

ARGUMENT LIST 

NN is an output variable set by MIN to be the number of passes 

around the main loop required to find the desired permutation. 

LINK, RLINK, MARK are work arrays of length M . 

The remaining arguments are defined in Appendix 3. 
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SUb ROo r11'lE MIi-J(MN f Nf jLiCriILII'll K f R L IMK f 71 
I LcNR » iP » i Ci'^ f MARK) 

IMtGcR RLINK(M),MAKKIM) 

QIMcNSION LINK(MJ,LtMR(M),IPi.M),ICiN(LICN) 

INfcGcR CHANoc»dESTiPATH 

NN=0 

1 JJ = i 

NN=NN+i 

CHANGE = 0 

5 DC 10 L=1,M 

LINKID = 0 

10 kLINK(L) = 0 

12 PATH = dJ 
length = LENR(JJ) 

C 

C IN FORMING A 5U8R0UTINE "MAX" NHICH MAXIMIZES 
C RATHER THAN MINIMIZES THE NUMdER CF NC.NZERCES 
C IN THE Al* MATRIX, THE FOLLOWING LINE SHCLLC 
C BE OELETED-

C 

IFILENGTH.EQ.l) GO TO 30 
IFILINKIJJ),NE.O) GO TO dO 

13 il = M 

MNNO 

C 

c 

C THE FOLLOWING SECTION SEARCHES A2 FOR * 
C A ROW WITH FEWER NGNZEROES THAiN ROW JJ. 
C IF SUCH A ROW EXISTS, IT IS EXAMINED TO 
C DETERMINE IF IT CAN d£ ADDED TO THE PATH. 
C 

C 

C THE "G£" IN THE FOLLOWING LINE ShCOLD 8£ 
C changed to "L£" in a SUdRQUTlNE MAX. 
C 

15 IFILENR111).GE.LENuTH) GO TO 25 
MM=1 

IPL = iP(II) 

IPLL = IPL + LENRIIi) - 1 
00 20 L=IPL,IPLL 

20 IFIICNID.EQ.PATH) GO TO 35 
25 li = II-l 

IF(II.GT.N) GO TO 15 

C 

C 

C IF A ROW IN A2 HAS FEwER NCNZEROES THAN 
C RUrt JJ dUT CAN'T BE ADDED TO THE PATH, THE 
C PROGRAM ATTEMPTS TO ADD A ROW IN Ai TC 
C THE PATH. 

C 

IF i M .E0.0) Go TO 30 

2o IF!LINK!II).ME.Q) GO TO 28 



 
 
 

 

 

 

 

 
 
 

 

 

IFl lUt^.PATh) GO TO 28 

iPL = IPlin 

IPLL = IPL + LENRIID - i 

00 27 L=IPL,IPlL 

27 Irl luMlL).Ew.PATH) GO TO G5 
28 11 = 11 - i 

IF(ll.GE.I) GO TO 2o 

C 

C 

C IF NO RC.J CAN BE AODEJ TO THE PATH, 
C THE FOLLOWING SECTION PERFuRMS A 
C "BACRTRAOR" STEP. 
C 

C 

IFlPATH.Ew.JJ) GO TO 30 
LINRIPATH) = Path 

PATH = RLINKIPATH) 

II = N 

GO TO 26 

30 LlNK(JJ) = jj 
IFIOJ.EO.N) GO TO 90 

JJ = JJ+1 

C 

C THE "LE" IN THE FOLLCrtlNG LiNt SHOULD 

C BE CHANGED TO "GE" IN THE SUBROUTINE MAX. 

C 

IFILENRIJJ).LE.LENGIH) GO TO 12 

GO TO 5 

C 

c 

C THE FOLLOWING SECTION ADOS A ROW IN 

C A1 TO THE PATH. 

C 

C 

35 IFIII.GT.N) GO TO 40 

LINK(PATH) = II 

RLINRI11) = PATH 

PATH = 11 

GO TO 13 

C 

C 

C IN THIS SECTION, OF ALL ROWS IN AI WHICH MAY 
C BE ADDED TO THE PATH, THE ONE WITH FEWEST 
C NCnZERuES is FOUND AND ADDED. 

C 

c 

40 BEST = 11 

45 II = 11 - 1 

IFl11.EQ.N) GO TO 60 

C 

C THE "GE'» IN THE FOLLO«ING LINE ShCULO BE 

C "LE" IN THE subroutine MAX. 

C 



 
 
 
 

iF i LifwK(I I).ijc.LENK I i3cST}) ow Tu 45 

IPL = IP( II) 

IPLL = iPL + LENRdIi - 1 

50 
□0 5u 
IF ( I 
00 TO 

L=IPL,IPLL 
{L ) • EQ «P ATH) 
45 

BEST = II 

60 LliMK(PATH) 
LINK.! BEST) 
CHAtNlOE = 1 

= 
= 

BEST 
JJ 

C 
c 
C 
C 

AT THIS POINT, LINKIIJ CtNTAlNS 
RC.^ INOEX CF THE RuW rt HiCH rt ILL 

THE 
REPLACE 

C nCR I IN THE REASilONi-lENT WHICH IS 
C PERFORMED IN THE FQLLGwiNi, SECTICN. 
C 
c 

65 

70 

75 

80 

35 

DC 65 L=1,M 
IF( UNKIL) .EQ.Oi LINKILJ 
00 70 L=i,M 
iMARK(L) = IPIlINKID) 
00 75 L=i,M 
IPILJ = MARK(L) 
DO 60 L=1,M 
MARKIL) = LENRILINKIL)) 
DC 35 L=LiM _ 
LENKIL} = MARK(L)
IFIJJ.EQ.N) GO TC-90 
JJ = JJ + L 

= L 

GO TO 5 
90 IF(CHAiNGE.EQ«U 

return 
GO TO I 

END 
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FLOWCHART FOR MIN 

JJ = 1 CHANGE = 0 Start a new path 
NN = 0 letting JJ be 

the first vertex 

20 
10 

/ Is\ 
there a /Is \ 

ytav! II, II^nV there a /Do any \ 
25 

N such that II has\ /fow II, II > of the rows I 

—<^never previously bee such that vertex II >N , have fewer 
\^n the path, but/" II can be added/ onzeroes tha 

Nnay be adde^y^ \to the pathV^ \row JJ?/^ 
\now? 

Add vertex II Y © 
to the path 

JJ th Of the vertices II> N 

only vertex on which may be added 
the path to the path, add the one 

with the fewest nonzeroes 

in the associated row 

Remove from the 
path the most Perform the reassignment 
recently added by updating LENR and IP 

20 
vertex 

NN = NN +1 

change = 1 

JJ = JJ + 1 JJ < N? CHANGE = 0? 

Row JJ can't 

be replaced 15 



APPENDIX 5 

THE MODIFIED MC13D SUBROUTINE 

This appendix contains an argument list and FORTRAN listing 

for the Harwell subroutine MC13D modified slightly to accommodate 

rectangular matrices. 

ARGUMENT LIST 

TON is defined in Appendix 3 and is altered by MC13D to reflect the 

column permutation. 

lOR is an output array of length M which is set by MC13D so that 

lOR(I) contains the position in the input matrix of row (and 

column) I in the symmetrically permuted output matrix for 

I = 1,2 N . For N < I £M , lOR(I) = I . 

NUM is an output variable set to equal the number of diagonal blocks 

.found. 

IB is an output array of length NUM set by MC13D so that IB(I) 

is the row number in the permuted matrix of the beginning of 

diagonal block I , for I = 1,2,...,NUM . 

The remaining arguments are defined in previous appendices. 
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3UoaQOTlN6 MC13L)IM,im,LcN» IPP,iCi\,LlCNf IP,LENB,ICR, 76 
i ia,NUM,lW) 

INTEGER LENiMJ,IPP{rt) 

INTEGER IP(M) 

INTEGER ICNI LICN),LENR(MJ,IGRi.»)),IBIM),U{M,3) 

CALL MC13£(M,N,L£N,IPP,ICN,LICN,IP,LENft,ICR,ie,NUM, 
I IWlIti),IW(1,2),Im(1,3}) 

IBID = 1 

RETURN 

END 

SUBROUTINE MC13E(M,N,LEN,IPP,ICN,LICN,I?,LEKR,ARP, 
i I3,NUN,L0WL,NUMB,PR£V) 

INTEGER STP,OUNMY 

INTEGER IPPIM),L£NIM) 

INTEGER IP(M) 

INTEGER ICNILICNJ ,LENR IM J,ARPIM),IB {.M),LCWL(M), 
I PREVINI,NUM6(M) 

iCNT = 0 

NUM=0 

NM1=N+N-1 

OU iO U = 1 ,N 

NUMBtJ)=0 

ARP(J)=LENR(J)-1 

10 CONTINUE 

00 90 ISN=1,N 

IFiNUMBIISN).NE.O) GO TO 90 

IV = ISN 

1ST = 1 

LUrtLd V)=l 

NUMB(IV)=1 

IB(N}=IV 

00 80 DUMMY=I,NNM1 

11=AR?IIV) 
IF(ll.LT.OJ GO TO 30 

12 = IPtlVJ + LENRIiVJ - i 

II = 12-11 

00 20 11=11,12 

Ii«=ICN(II) 

IFlNJrtBIIRJ.EQ.OJ GO TO 70 

IFILOkLllW).LT.LGWLI IVJJ LCWH IV)=LCWH Iw) 

20 CONTINUE 

ARP(IV}=-1 

30 IFlLOrtLII VJ.LT.NUMbUVJ J GC TO 60 

NUt'l=NuN+l 

ISTl = N+L-IST 

LCNT = ICNT+i 

OG 40 GTP= iSTl,N 



 

Iw = ij(iTP) 

LJWL11 .i< J=N+i 

lC.4T=iCNT+l 

N Ui'i511 v(i J =ICI-i T 

IF(irt.EQ.IV) GO TO 50 

40 OCiNiTINUE 

50 IGT = N-STP 
i8lNUM)=LCNT 

IF(IST.N£.0)G0 TO 60 

IF (ICiTT.LT.N)GU TO 90 

GO TO 100 

60 Iyi=IV 
iV=PK£V(IV) 

iF(LOwLlIW).LT.LOwK 
GO TO 30 

70 ARP(iV) - I2-II-I 
PRtVlI Vi)=IV 

Iv-lw 

IST=1ST+1 

LCwL(IV)=IST 

N0M3(IVJ=IST 

K=iH-l-iST 

I3U)=IV 

30 CONTINUE 

90 CONTINUE 

100 DO 110 1=1,N 
II=NUHa{I) 

II=N-II+i 

ARPdl)=I 

110 COiUINUE 

DO 120 KMK=1,N 

^NK=AkP(KMK) 

L£N{KNK)=LENR(KNK) 

IPP((<Mi<)=lP(KNK) 

120 CONTINUE 

DO 130 K0K=1,N 
LENRlKOK)=LEN(KOK) 

IP(K.OK.)=IPP(KQK) 

130 CONTINUE 
00 150 K=l,i.ICN 

ICNK=ICN(K) 

DO 140 J=1,N 

IV)) LOWLI I V)=LG«L(IV*) 

* 

IFIICN<^.£Q,ARP(J)) ICNIKJ=J 

140 CCNTINUt 
150 CONTINUE 

C 

C THESE LAST LINES wILL REASSIGN VALUES TO 13. 
C 

IF(NUi'l.Gc•2) GO TG 16U 

IBID =■ 1 
GO ro 190 



16J NU.^M = imUM - 1 

LUinLliJ - M — I6(i\UMJ + 1 
Ju 170 LM=1,NJMM 

I'ii'i = LM + L 

L = NUM-LM+i 

LL = NUM-LM 

170 LUWL(MHJ = IQiLi ~ L6lLLi 

00 180 LM=2iNUM 

180 ia(LMJ=IB(HMJ+LOWL(>JM) 
190 CC.->1TIN0E 

i^ETUKN 

END 



APPENDIX 6 

THE PRMBLK SUBROUTINE 

This appendix contains an argument list, FORTRAN listing, and 

flowchart for the subroutine PRMBLK . Below is the argument list, 

followed by the FORTRAN listing and flowchart. 

ARGUMENT LIST 

NUORD is an output array of length NUM set by PRMBLK so that 

NUORD(I) contains the order in the input matrix of diagonal 

block I in the permuted matrix. 

MARK is an output array of length M set by PRMBLK so that 

MARK(I) contains the position in the symmetrically permuted 

output matrix of row (and column) I in the input matrix for 

I = 1,2,...,M . 

The remaining arrays are defined in previous appendices. 
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iUuKuu r i .~J E P Ri'l&L K(iM} N f LiEN »NU.'i t I b f I bR f iP > 80 
i L ENK 11 c.i\ f M4h K f i\UuKuji.cN» IPP) 

i;M 1 £oE R iB(iM)jIP(i'4)jLci'<KiM)»lLi'j(LICN)»i''IAKK(P) 

I.mTcEER ,LENiMJ ,IPP(M) 

Itt{.NJM+1)=N+i 

OU 180 K=i,M 

130 MARK(KJ = 0 

LM=i 

C 

C 

C SEaRCH EaOH row in the upper oOUARE SOdiMATRIX. 

C IF IT CONTAINS A NGNZcRU QOTSIOE CRE CP THE 

C DIAoLNAL BLOCKS* MARK THE COLUMN CCNTAINING 

C THAT iiuNZERO. 

C 

190 DC 208 L=1,NUM 

IF(IB(L).GT.LM) go to 210 

205 oCNTlNUE 

210 IbL=lb{L) 

C 

C loi. IS THE INDEX OF THE FIRST CCLUMN IN 

C THE liExT BLOCK AFTER THE BLOuR CLMAINIiNG ROW LM« 

C 

K= IP(LM) 

JJ=K+L£NR(LM}-1 

00 230 L=K,JJ 

IF(ICNIL).LT.I6LJ GO TO 230 

MAKKdCNd)) = 1 

230 CONTINUE 

LM=LM+1 

IFILM.LT.I3(NUM)i GO TO 190 

C 

C 

NN=N+1 

DO 237 L=NNjM 

LL^IPiLJ 

LLL=iP(L) + LENRiLI - I 

DO 235 LM=LL,LLL 

235 MARK!ICNILM)) = 1 

237 CONTINUE 

C 

C 

L=1 

K=1 

C 

C NUORDll) IS THE ORDER IN THE ORIGINAL MATRIX 

C OF THE i-TH BLOCK IN THE PERMUTED MATRIX. 

C 

C IF NONE OF THE COLUMNS IN THE I-TH BLOCK 

C ARE MARKED, MOVE THiS BLOCK "UP" THE 

C uIaGONAL. 



 
 

 
 
 

 
 

240 loL=lDtL) 81 
LL=L+i 

IbLL=iuj(LL) -i 

Go 250 KK=IbLtiBLL 

iF(nAKK(KKJ•£0•1) Gb TO 2o0 

250 COiMriNbE 
iNOORD I R)=L 

K=t<+1 

260 L = L+i 
IFU.Lc.NUM) GO TO 240 

C 

C IF LNc OF THE COLUMNS IN A B<.OuK IS MAKKEC, 
C MOVE that 8LCCK "DOwN" THE OIAGLNAL. 
C 

L = i 

270 IBL = IBtL) 
LL = L+i 

IBLL = Io(LL)-i 

00 230 KK=i3L,IBLL 
IF{MARR(RK).E^.iJ Gb TO 290 

280 CCNTINOE 

GO TO 235 

290 NUOROU) = L 

K=K+i 

285 L= L+1 
IFIL.LE.NUM) GO TO 270 

C 

C DEFINE ARRAY MARK SUCH THAI MARK(I)=K 
C MEANS THAT ROW (AND COLUMNJ K wILL 
C REPLACE ROW (AND CbLUMN) I. 
C 

K = 1 . 

UO aOO L = IfNUM 

IBL = Ib{NUURO(L)) 
LL = NUORU(L) + I 

IBLL = Ib(LL) - 1 

00 295 MM = IBLtlbLL 
MARK(MM) = K 

295 K = K+I 

300 CONTINUE 

C 

C 

C PERFORM THE PERMUTATIuN BY UPDATING THE 
C ARRAYS IP AND LENR. 
n 

DO 44 K=1»M 

44 1F(MARK(K).EQ.O) MARK(KJ=K 
DO 43 K-=l»LiCN 

43 ICKK) = MARK(ICN(K)) 
DO 45 K=ltM 
LEN(MARK(K))=LENR(K) 
IFIK.uE.NUM) IbR(MARK(Kn = Ib(K] 

43 IPPtMAKR(K)) = IP(KJ 

https://IF{MARR(RK).E^.iJ


OC 47 N = 1»M 
LC:iK(K) ^ lENIK) 
IP(K) = IPPIK) 

47 iF(iN.Lc.NUi'l) I D(K)=I BR(KJ 
RETURN 

ENJ 
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II 

FLOWCHART FOR PRMBLK 

Cstart) 

II = 1 

Doe 

row II 

contain 

nonzero not in II = II + 1 II 

diagonal 
> >> 

block 

V 

Mark the columns con 

taining such nonzeroes 
/ Does N. 

row II contain n. 

^ a nonzero which wiljN 
II = II + 1 be outside all diagonal 

K blocks after 

ABSORB is 

^vcalled? 

Mark all columns con 

taining such nonzeroes 

Symmetrically permute the upper square 
submatrix so that the diagonal blocks 
containing only unmarked columns appear 
first along the diagonal 



APPENDIX 7 

THE ABSORB SUBROUTINE 

This appendix contains an argument list, FORTRAN listing, and 

flowchart of the subroutine ABSORB . The argument list is below, 

followed by the FORTRAN listing and flowchart. 

ARGUMENT LIST 

IFR is an integer output array of length M set by ABSORB such 

that IFR(I) contains the location in the permuted output matrix 

of row I in the input matrix for I = 1,2,...,M . 

All other arrays are defined in previous appendices. 
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FLOWCHART FOR ABSORB 

(!ED 

II = N + 1 

Find the column index, 
J, of the first nonzero 
in row II. 

Permute the rows of the 

matrix so that row II 

is inserted just below 
the row that was in 

position J-1 in the 
input matrix 

II = II + 1 

II 

'r 



APPENDIX 8 

PRINT AND LPRINT SUBROUTINES 

This appendix contains the FORTRAN listings for the PRINT 

and optional LPRINT subroutines. The PRINT subroutine gives out 

put in the matrix form shown in the first two appendices. For 

matrices too large to be output in this manner, the LPRINT sub 

routine gives only the column indices of the nonzeroes in each row. 
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SUd klJoT i NE Pk I N T(IU » H » N j IPR » Io:M » L i CiN t If'» LE NH) 88 
0LiENjiC.J iCN(L I Ci^l j f IP 1,1)f LEwK(M J ,I PR(M) 

IFlIu.Ew*!) GO TO iO 

IF(iG-EO.2) GO TO 20 
IFIIG.EO.3) Go TO 00 

iFllu*Ew«^) GO TG 45 

IF(IG*£G*IOI oU Tu 47 

10 rtRITEI6,luU) 

GO TU 35 

20 wRITE(6,20G) 

GO TO 05 

00 rtRIr£(6,300) 

GO TO 35 

45 «Ki TE{Of 350} 

GO TU 05 

47 wKl TE( t),355) 

GO TU 05 

100 FORMATt'1•,'THE INITIAL FORM OF THE MATRIX B IS:') 
200 FORMATi'1S'AFTER CALLING THE SUBROUTINE MC21A:') 
300 FURMATCl','AFTER CALLING THE SUBRCUTINE HC13C:') 
350 FORMAT!'1'f'AFTER CALLING The SUBRCUTINE ABSCRB ThE' 

final form IS:') 

355 FORMATI'l','AFTER CALLING THE SUBRCUTINE WIN:') 
35 00 60 L=I,M 

IPL = IP(L) 

IPLL = iPL + LENRIL) -1 

DO 65 K = 1»N 

65 IPRIK) = 0 

00 70 K = IPL,IPLL 

70 IPRIICnIK))^1 

rtRITEI6,400)(IPR I MM),MM=i,N) 
400 FORMAT! iX,100III 

60 CCiIIINoE 

RETORn 

ENJ 

iUBkuOTINE LPRINT!LcNR,IP,ICn,L1CN,M,NJ 
OIMENSIUN LENR!MJ,IP!M),iCN!2iCN) 
00 10 11=1,M 

LENGTH = L£NR!II) 

iPL=lP!lI) 

1PLl=IPL + LENGTH - i 

RRITE!o,100) il 

100 format!1X,'THE NCNZEROES lNKurt',15,' ARE ' 
1 t'FOUNO IN THE FOLLOWING COLUMNS:•) 

RRI IE!6,200)!iCiMlL),L=1PL,IPLL) 
200 F0RMAT!1X,100I5) 

10 CCNTINUE 

RET URN 

ENO 

https://IFlIu.Ew


APPENDIX 9 

MAIN PROGRAM 

This appendix contains the FORTRAN listing for the main 

program which calls all subroutines in Appendices 3 through 9 to 

permute a rectangular matrix to a block upper trapezoidal form. 
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90 

"..I -ItKSlL-v {( v'j-j),j(>50),lC'-;{ '*50)-,ItM 75) ,LEiVPt73) , 
I 7 r, \.;-c:r, -A 10) ,1 Ua t 75) ,i w(75,A) ,1 o { 7} 

,iPf.(75) ,If F{75) ,'lEN(75) ,IPPI75) ,.MUUH0(75), 
-iAK.K{ ,'5i ,I :• !■ ( 75) ,L I\5(75) 
i 5] E Lt r- A L I ' i K ( 7 5 } 
i o = 1 

f H ^0 T r't I ,\OtA A.50 CCLu.-IN IN06X OF THH MATRIX. 

{ 5 , ] EG) , A 
p u K \ r i c. ii> ) 
0-^ 5 I 1 

A , K. I 1 i ; - G 
L iR ( 1 i ) — 0 
LIuM^O 
K = i 

.vLAi) The RCa I ivGEX' Mf-:0 CCLUM,\ InDEX 
!jF T i :L AtXT AJNZE-ij. 

I T r. t /T J ( ^ ./ 'J ) i { K ) f J ( <. ) 
1F I I ( •< ) . t: A . 0 ) Go T C 2 5 

AS Tht i 'TUiCFS Gr IhE NG\Z FREES ARE REAC, THE 
V L C T E r S f G i' f L LI Gn t A M G IF A (\ E F I L L E 0 • 

FGPMAT(2I5) 
LlCN-LiC:\+l 
I G M K ) = J ( K ) 
EE-OK ( i (N ) ) = LEMF (I { K) ) + 1 
IF (K.^ b. i ) Gj TO 15 
iPI I {^) )■ = R 
Go T. 20 
IF { i 1 G ) .,\c , I ( i<-l ) ) I ? ( I ( .<) ) = N 
K = -■ + I 

G. I '. 10 ■ 

PhIGI Iff IXITIAL FuRV of THF ''iATRIX. 

/. 5 I F ( G .uT . L5G ) I-ALL L H R I NT ( L ENS , I ? , I G N , L I C N , M , ) 
IF ( r; .1 t. 1 50) CALL RS.INT t IG, M ,M , IPR , I CN, L IC N r I P , L EM R ) 

PF'-HUiF TKt GAiRIX TG ACHlcVE A ZFKC-FSEE MAIM 
GlAGLS-nL AGO PAINT ThE ^ATKlX. 

GalL IA( ,LtN , IPPt I GM, L iCM, I ? , L E M R , I P £R M , 
i'J G N i- t i V. ) 

IG = 2 
IFIN.vIT . 15GI CALL LP a I N'T I LENR , I ? t ICN ♦ L ICM , M, iN > 
ii ( N.l, f . IS--^ ) GALL PkiNT ( If,.: -. ,M, I^R , IgN.LIC.I, IPtLENK) 
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L t-' I .' iD Tr:L i^iSSIb-'Lif cPPE:'". SQUARE SUsMATRIX; 

. 

c A i_ L 'I N I ^ f \ » y » L i CI-.» L I X'R » R L I I'n » L E Rr, » I?j Ic N f ■'IAkK ) 
13 = IC 
IE ( ,\.GT . L5J) CALL. LPRINT (LENk, IP, ICN,L ICN, «1, N ) 
li- (N.LE. 150) CALl PRINiT( IG,M,N,IPfi ,ICN,LIC\, IPtLcNR) 

L 
L 

-■ J 
1 

CLCC:< :JP,^tP TRiANOLiLARIZe THE UPPER SQUARE SUuMATRIX. 
-

lALL RCI3.J { N' , \ ,LES , IPP , ICRfllC.M, IP ,LENR, I0« , 
i b , .\ U , i .*1 ) 
IG = 3 
I P { R .G T . 1 5 J ) CALL L PR I .NiT ( L E-R , I P , I uN , L ICN , , N } 
lF{ i ><»L c»i!!3u) uALL PR ( Iu,:'^tN,l^'P,IC^lfLILi\f IP»LENk) 
IPINlJM.EC.iJ 3C T: 93 ■ • 

C 
-

PERCuTE T-'c AlLLxS ALU.NG T ,^6 ' 01 AGGGAL TG 
EVE.virUAL GCAL ANGULAR PCk,'" IF PGSSIBLE. 

ACHIEVE AN 

L 
call .p V '' i L X ! , N , L I u : ^, NU ""I, I G , 
NU JrvC , L 6 .R , 11-\P ) 

13 H , I P , L E rj R , IC';, M A R K , 

u 
PR..CESS FmE kCwS GELCW THE UPPER SQUARE SU3MATRIX 
rC ACh IEV5 A FINAL 6L0CK UPPER TRAPEZGIOAL FORM. 

v3 

1 
i-ALL «i^SGRO( M, ,x,lE\k, IP , 13 ,1 CM, L I G.N, iNU M, IF .R, i 3R , I P P , 
LEU). 
IG = A ■ 
IFIM.GT.I5U) CALL LPRINT(LENR,IP,I CM,LICN, fS N ) 
IF(N.LE.150) GALL PR IM T( IG ,M , IPR , ICN , L IC N, I P , LEiMR) 
CGNTINUE 
STCP 
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