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ABSTRACT

An algorithm is presented whereby permutation matrices P and
Q are found such that a rectangular matrix A of dimensions
mXn, m>n, is permuted to block upper trapezoidal form as shown

next

11 42 77T Ak

0 Ay "7 T Ay
pag = 0o o0 . ,

0 0o - - - AkkJ

where the Aii have dimensions m, X n, , m > n, for each

i i
1 <1<k . This algorithm extends the work of I. S. Duff and J. K.
Reid who have provided algorithms and codes in the Harwell sparse
matrix package MA28 , for block triangularizing square matrices.

A special case of the block upper trapezoidal form, called the
dual angular form, is discussed and an algorithm presented to find a
permutation matrix which may be incorporated into the equation

above to yield a permutation of A to dual angular form as shown

next

iv
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where the A,., have dimensions m, xn, , m for each

ii 1M 1200
1l <i <k . Each of these two forms facilitate the block orthogonal
decomposition of sparse matrices involved in least squares computa-
tions. -
The first two appendices contain examples showing permutations
of sparse rectangular matrices to block upper trapezoidal form.

FORTRAN codes of the main program and of subroutines used to implement

these algorithms are given in the remaining appendices.
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INTRODUCTION

The primary purpose of this thesis is to develop and discuss an
algorithm for permuting a rectangular matrix A of dimensions m x n ,

m > n, and column rank n , into a block upper trapezoidal form given

by
Ayp Ay, Tt Ay
0 Ay, Ut Ay
0 0
PAQ =
N
|0 o A

In the above equation P and Q represent permutation matrices, while

the Aii » 1 <i<k, are rectangular matrices of dimensions

m, xn, , with m, >n, .
i i i—"1i

The square case, where m = n and m, =mn, for 1 <i<k, is
examined in Chapter 1. An algorithm developed by Duff [1979] for
permuting a matrix to obtain a zero-free main diagonal is presented.
Also an algorithm by Duff and Reid [1978] for permuting a matrix with a
zero-free main diagonal to block upper triangular form is presented.

The rectangular case, where m > n and m, >, for 1 <ic<k
is examined in Chapter 2, where the algorithms presented in Chapter 1
are modified to accomodate a rectangular matrix, An algorithm,

MIN , is provided to select the rows with fewest nonzero entries when
obtaining the zero-free diagonal mentioned above. A heuristic justifi-

cation is given for this algorithm. Also an algorithm ABSORB is

1



presented. This algorithm incorporates the rows not included in the

intermediate block upper triangular structure to effect a final block
upper trapezoidal structure. Following the presentation of this
algorithm is a brief discussion on uniqueness.

Chapter 3 deals with a special case of the block upper trape-
zoidal final form, called the '"dual angular" form. A heuristic
algorithm by Weil and Kettler [1971] for permuting a matrix A of
dimensions m xn , with m <n to a similar form called "block
angular'" is presented. Problems with the implementation of such an
algorithm are discussed. Finally, an algorithm PRMBLK is presented.
PRMBLK permutes the blocks of a matrix in block upper trapezoidal form
to possibly achieve a dual angular form. Limitations of PRMBLK are
discussed.

Chapter 4 summarizes the thesis and presents a number of related
topics for future investigation. Appendix 1 and Appendix 2 contain
some examples of dimension 75 x 50 . Appendix 3 contains a listing of
Harwell subroutine MC21A with slight modifications. Appendix 4 con-
tains a flowchart and computer listing of subroutine MIN . Appendix >
contains a computer listing of a slightly modified Harwell subroutine
MC13D . Appendix 6 contains a flowchart and computer listing of sub-
routine ABSORB . A flowchart and computer listing for PRMBLK is
found in Appendix 7. Appendix 8 contains the computer listing of the
PRINT and optional LPRINT subroutines, and finally, the main program

is listed in Appendix 9.



CHAPTER 1
THE SQUARE CASE

The problem of permuting a square matrix A to block upper
triangular form with square, indecomposable, diagonal blocks is
reviewed in this chapter. Algorithms for determining certain permuta-
tion matrices R and Q such that QtRAQ is block upper triangular
have already been developed [Duff and Reid, 1979].

The advantages of expressing a square sparse matrix A 1in a
block upper triangular form have to do mainly with the following facts:

1. The eigenvalues of A are those of the diagonal blocks Aii

and hence those of A can be computed more easily.

2. When solving Ax = b with A block upper triangular by

Gausian Elimination, the elimination process can be

restricted to the diagonal blocks.

3. A matrix in block upper triangular form can be stored by
blocks. Depending upon the sizes of the diagonal blocks,
storage of only the nonzero upper blocks can reduce storage
requirements by nearly one-half in many computational problems.

Advantages also exist for permuting rectangular matrices to block upper
trapezeidal form. These advantages involve least squares computations
and will be described later.

The following definitions will facilitate the remaining discus-

sion. A matrix A 1is said to be decomposable is there exist permuta-

tion matrices P and Q such that




A A

PAQ = 11 12 ,
0 A22
where All and A22 are square. Otherwise A 1is indecomposable.

A matrix A 1is said to be reducible if there exists a permutation

matrix Q such that

A A
t 11 12
QAQ = ’
0 A22
where A and A are square. Otherwise A is irreducible.

11 22

Thus a decomposable matrix can be asymetrically permuted to block
upper triangular form, while a reducible matrix can be symmetrically
permuted to such a form. Indecomposability implies irreducibility,
but the converse of this statement is not true.

A transversal of a matrix is a set of nonzero elements of the
matrix, no two of which are on the same row or column. The length
of a transversal refers to the number of elements included in it. A
maximal transversal of a matrix is a transversal of greatest length.
Of course a matrix can have more than one maximal transversal. A
matrix A with full column rank n must have at least one transversal
of length n . This fact can be shown in the following way. Suppose
A has full column rank n and has a maximal transversal of length
k <n . Then there exist n - k columns of A that do not include a
transversal element. If the rows and columns of A are now permuted

by P and Q so that



where All is a k X k matrix with main diagonal consisting of the

A
k transversal elements, then the n - k columns of 12 do not
A
22

contain any transversal elements. It follows from the assumption that

the maximal transversal has length k, that all entries of the

(n - k) X (n - k) matrix A22 are zero. Now form the set V of the
A1
k columns of . There exists a subset S of V consisting of
A
21

columns which contain the transversal element in a row in which one of the

A
columns of 12 has a nonzero entry. The columns in S contain

422
no nonzeroes below their kth entry, otherwise the assumption that the
maximum transversal is of length k is violated. The columns of S

are linearly independent and form a basis for a vector space of which

A
the columns of 12 are vectors. Therefore the columns of PAQ

oY)

are not linearly independent and A cannot have column rank n . A
contradiction has been reached. Thus every matrix A of full column
rank n must have a transversal of length n . It should be noted
that this transversal is generally not unique, and also that a matrix
of column rank less than n may still possess a transversal of length
n . Once a transversal is selected, row permutations are sufficient to

bring the transversal elements to the main diagonal.



A simple proof of the following well-known theorem can be found

in Duff and Reid [1978].

Theorem 1. 1If a square matrix A has a zero-free main diagonal,

then A is irreducible if and only if it is indecomposable.

Thus given that a square matrix in block upper triangular form has a
zero-free main diagonal, irreducible diagonal blocks are also indecom-
posable. The usefulness of Theorem 1 will become apparent momentarily.

The Duff-Reid algorithms for transversal selection and block
triangularization of square matrices are briefly summarized below. A
more complete description can be found in Duff [1978] and Duff and
Reid [1978].

The Duff approach to the selection of a transversal consists of

two phases. In the cheap assignment phase, each row is examined and

within that row the locations of the nonzeroes are determined. As soon
as a nonzero is found in a column with no transversal element assigned
to it, that nonzero is included in the transversal, and the next row is
examined. After completion of the cheap assignment phase, the trans-
versal is generally not of maximum length. The task of selecting a
maximal transversal falls to the second phase of the algorithm, the

depth first search. 1In the depth first search phase, each row io

not already containing a transversal element is examined and a graph

theoretical reassignment chain is constructed as follows. The chain of

row indices




implies that element a; . is currently a transversal element and
11

a, . is nonzero; a, , is currently a transversal element and
143 1,]
01 2-2

ai i is nonzero; etc. If such a chain can be formed such that there
1-2

exists a nonzero a; j which is in a column jO not currently con-

k-0
taining a transversal element, a reassignment is performed. This

means that the elements {a .. } belonging to the

13,7 %13, 77 0%
11 272 k- k
previous transversal are deleted from the transversal and the elements

{a

150 85 5 0"t say } replace them, thereby increasing the length
ol1 *1'2 k30

of the transversal by one. For a matrix of full column rank n , suf-
ficient repetitions of this scheme will produce a transversal of length
n . Finally a row permutation is performed, bringing the transversal
entries to the main diagonal.

In the example given by (1.1), the circled elements illustrate

a transversal of length eight which might be selected during the cheap

assignment phase.

0o D 0o 0o 0 1 0 0 0
1

0

(=]
o
o
C)
o
(=]
o

0
A=10 0 1 0 0 0 C) 0o 1 (1.1)
0
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During the depth first search phase the reassignment chain

would be constructed and a reassignment performed, yielding the maximal

transversal of length nine depicted in (1.2).

(0o @ 0 o o 1 0o o0 O]
0o 1 0 0o o (@ o o o

00@000100

a={0o o 1 0 0o o (@ o 1 (1.2)

0
ooooooo@o
0

1 1.0 0@ o o 0_|

Finally, a row permutation matrix R brings the transversal elements

to the main diagonal in (1.3).

@ o o 1 0 0 0 o O]
o @ o

o @
0

0 0o 0 0 1 0 0
0 o ® 1 0 0o 0 o

rRa=]1 1 0 o0 @ 0o o o o (1.3)
o 1 0 0o o @O 0 o
0 0 1 0 0 0 1




The Duff and Reid [1978] implementation of the Tarjan algorithm
for permuting a matrix to block lower triangular form is easily adapted
to the task of permuting a matrix to block upper triangular form. The
algorithm is best applied to matrices already permuted so that the main
diagonal is zero-free. For such matrices, Theorem 1 implies that a
symmetric (rather than an asymmetric) permutation will be sufficient to
put the matrix in block triangular form with indecomposable diagonal
blocks. To construct the permutation matrix, a directed graph of the
matrix A 1is formed with one vertex of the digraph corresponding to
each row of the matrix. Edges of the directed graph are defined in the
following way. The edge means aij # 0 , so that a one-to-
one correspondence exists between off-diagonal nonzeroes of the matrix
and edges of ;he graph. A set of vertices any one of which may be
reached from any other in the set by travelling along a set of edges is

said to be a connected component. If no other vertex may be added to

a component without destroying its connectedness, the set is said to be

a maximal connected component. Every directed graph has a unique set

of maximal connected components and once these are found for the
directed graph under consideration, a symmetric permutation is formed
to relabel the vertices such that all vertices within a maximal con-
nected component are labelled consecutively and such that if there
exists an edge from a vertex in component i to a vertex in component
j , then all vertices in component i are labelled before all those in
component j .

In the following example, the directed graph of the matrix RA

in (1.3) is presented in (1.4).
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y//’{:) (2)
@\> 9
These vertices are relabelled in (1.5).

This relabelling leads to the row permutation matrix Qt given in (1.6).

(1.4)

® (1.5)

=10 0 0 0 0 1 0 0 O (1.6)

Finally the symmetric permutation is performed, leading to the block

upper triangular form given by (1.7).




To give a block lower triangular form, the order of the components would
be reversed when performing the relabelling in (1.5). The original
algorithm by Duff and Reid gives a block lower triangular form.
Although Theorem 1 implies that the diagonal blocks are already
indecomposable and thus no permutation of the final form QtRAQ given
in (1.7) would result in smaller diagonal blocks, this does not mean
that the final form is unique. This can be shown using the previous
example. There are two different methods by which alternative final
matrices can be produced. First, the consecutive labels within each
maximal connected component can be permuted. This will result in a
symmetric permutation within the diagonal blocks of QtRAQ , but will
not affect the block structure. Secondly there may sometimes be
several ways to satisfactorily choose the order of the components them-
selves in the ordering. Changing this order would change the order of

the blocks on the diagonal from that shown in (1.7).
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Shown below is an alternate relabelling of the vertices.

g y’\\@ ({\@S@ oo

The resulting final form is shown in (1.9). The permutation matrix
Ql used to effect this form would, of course, be different from the

matrix Q din (1.7).

QERAQ1=000011000 (1.9)

L ol

Thus, although the final block upper triangular form is not
unique, it is unique up to symmetric permutations within diagonal
blocks and order the diagonal blocks along the diagonal. Another
important fact is that the final form is independent of which maximum
transversal is selected. This is because if rows (or columns) i and
j can be interchanged in RA and a zero-free diagonal maintained,
then vertices i and j will be in the same connected compomnent and

all four elements a,, , a,, , a

a,,  will end up in one of the
ii ij

ji * Tii
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diagonal blocks regardless of which transversal is utilized. The
scheme discussed here for permuting a square matrix to block upper
triangular form is modified in the next chapter to produce a scheme for

permuting rectangular matrices to block upper trapezoidal form.



CHAPTER 2

PERMUTING A RECTANGULAR MATRIX TO

BLOCK UPPER TRAPEZOIDAL FORM

In this chapter an algorithm is given which permutes a matrix
with more rows than columns to block upper trapezoidal form. One
area where such a permutation is desirable is in solving the linear
least squares problem m%n" Ax - b"2 , where A is m by n,

m >n and is assumed to have full column rank. The classical
approach to solving this problem is by forming and solving the system

of normal equations AtAx = Atb . The matrix AtA , being symmetric

and ﬁositive definite, can be factored using Cholesky's method into
RtR , where R is upper triangular. The solution x 1is then
computed by solving the two trianéular systems Rty =b and Rx =y .

The following features make the normal equations approach
attractive (see George and Heath [1980]);

1. No pivoting is required for numerical stability during the

Cholesky factorization, therefore the columns of A can be

14
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ordered so as to promote sparsity in AtA . There exists
well developed software for exploiting sparsity in such
systems. A '"'symbolic factorization" can be performed in
advance of the actual factorization, allowing use of a
static data structure.

2. The row order of A 1is irrelevant. Therefore the rows of
A may be processed sequentially from an auxiliary input
file in arbitrary order, with only one in fast storage at
any given time.

3. The explicit computation of the Cholesky factor R provides
access to the matrix (AtA)_l = (RtR)"l , called the variance-
covariance matrix, which contains valuable statistical
information.

The normal equations approach also has the following unattractive
aspects, however:

1. Unless extended precision is employed, a serious loss of
information may result from forming and processing the
normal equations.

2. The condition number of AtA is the square of the condition
number of A , so the normal equations may be quite ill-
conditioned.

3. Sparsity in A does not imply sparsity in AtA .

The best known stable alternative to the normal equations is

orthogonal factorization. An orthogonal matrix Q , usually either a
Gram-Schmidt orthogonalization matrix or a product of House-

holder or Givens transformations, is applied to A and b resulting in
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R
QA = >
0
where R 1is upper triangular, and
b4

Since the application of an orthogonal matrix does not change the two-

lax - b, = loax - qbl, = " [ﬁ] * T H |

and the x minimizing ’iﬁﬂ X - [Z]“ may be found by solving the

norm,

s

triangular system Rx =y .

The fact that the use of Householder transformations or Gram-
Schmidt orthogonalization can cause severe intermediate fill-in has
led to some reluctance in using these methods of orthogonal factoriza-
tion for solution of sparse linear least squares problems. However,
George, Heathand Plemmons [1980] have developed a method based upon
Givens rotations whereby a sparse least squares problem is solved
by first permuting the matrix A to block upper trapezoidal form, shown

below.

A A A ]
11 %2 1k
0 Ay Box
0 0 .
A=| . . . (2.1)
0 . . . A
- 0 Kk -
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Here each Aii has dimension mi X ni with m, > n, . The matrix is

1 1

orthogonally factored to A = QR in the following manner:

1.

The matrix A, consisting of A and all non-null columns

| nd

11

of A, , 2 <1<k, is formed.
1i - -

Al is orthogonally factored using Givens rotations into

R
- o e LU _ 11
R L ] 3 U, .
: 12
The first n, rows of Rl are labelled Rll and form the
first n, Tows of R . The remaining upper triangular
submatrix in the 'southeast” corner of Rl is labelled
R12 L]
Each column in R12 originally came from one of the sub-
matrices Ali » 2 <1< k. Each is now appended to the

top of the corresponding column of A 2<ic<k.

21 °

A2 is formed from A22 together with the non-null columns

from AZi » 3 <1<k, and the process is repeated,

gradually forming the matrix R .

This scheme of first permuting A to block upper trapezoidal

form and then orthogonally decomposing A by the above technique can

permit a savings in work as well as permitting A to be stored by

blocks, most of which can be in auxiliary storage at any given time

during the

QR decomposition. The method used by George, Heath, and

Plemmons for permuting A to block upper trapezoidal form is called
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incomplete nested dissection partitioning which is described more fully

in George, Heath, and Plemmons [1980].

This thesis presents an alternative algorithm for permuting a

matrix A of dimension m Xxn , m >n with full column rank, to block

upper trapezoidal form. The algorithm consists of four main steps.

The first and third steps are modifications of the two steps of the

algorithm given in Chapter 1 for permuting square matrices to block

upper triangular form. The four steps are as follows:

1.

A transversal of length n is chosen and a permutation

matrix R formed so that

where A1 is a square n x n matrix with a zero-free

main diagomnal.
In general, matrix A can have more than one transversal

of length n . This implies that the matrix Al chosen

above is not unique. In this step the rows of RA are

1

1 1

few nonzeroes as possible and still maintains a zero-free

permuted so that A, 1is replaced by A] which contains as

main diagonal. At this point in the algorithm

A Al
R'(RA) = R 1_!= L,

4 | )

where Ai consists of the n rows of the original matrix
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A which contain the fewest number of nonzeroes and can
still be permuted to yield a zero-free diagonal.

3. In this step a permutation matrix Q is formed to symmet-

t

rically permute the square matrix Al

to block upper

triangular form,

" o A%
R'RAQ = ,
0 Im_n-1 A%

where Af is block upper triangular with indecomposable
diagonal blocks.
4. Finally, a block upper trapezoidal form is achieved by

forming a permutation matrix P such that

- T
81 Bp Ao
0 Ayttt Ay
t
Q 0 0 0
P R' RAQ = ’
0 I . :
m-n .
O 0 . . . A
L PP

where each Aii is a rectangular block of dimension
m, xn, , with m, > n,
i i i-"4

Each step is now examined in more detail.

Selecting an Al

Selection of a tramsversal for A 1is achieved by slightly

‘modifying the Harwell subroutine MC21A (Duff [1978]) so that all m
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rows may be scanned during the cheap assignment and depth first search
phases. Selecting a transversal of length n is generally faster for
an m X n matrix of rank n with m > n than for an n x n matrix
of rank n ; for, since there are more rows to scan during the cheap assign-
ment phase, one would expect a greater number of transversal elements
to be found during cheap assignment in the rectangular matrix, thereby
reducing the number which must be found by the more expensive depth
frist search. Output of the modified MC21lA subroutine is an m-vector

A
defining a row permutation of A to 1 . The permutation matrix

A2 .

R 1is, of course, never formed.

Selecting an Ai

The matrix Ai , as noted earlier, is a member with fewest non-
zeroes of the set of all possible n xn matrices with zero-free
diagonal which may be formed by choosing n rows of A . Ai is not
unique, a fact that will be discussed later.

The selection of Ai is motivated by heuristic considerations.
If it is agreed that a final block upper trapezoidal structure with
more zeroes below the diagonal blocks is more desriable than an
alternate block upper trapezoidal structure with fewer such zeroes,
then it is often better to have narrower (and thus more) diagonal

| blocks. Since the width of the diagonal blocks is completely determined
by the size of the square diagonal blocks in Af at the end of step

three, it follows that one would like to promote, if possible, small-

ness of these blocks. This may be done, in a heuristic sense, by
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1

for which the associated graph has few edges and therefore tends to

choosing a matrix A for block upper triangularization in step three
have more, smaller, connected components rather than a few large ones.
The size of the connected components determines the size of the diagonal
blocks. Using an arbitrary Al rather than Ai can have a drastic
effect on the block structure of the final form, as shown in the
examples in the first two appendices.

In the example below, the rows of RA in (2.2 ), are permuted

to yield R'RA in ( 2.3). The effect of this permutation is to

replace an A, submatrix with the A! submatrix.

1 1
1 1 1 0]
o 1 1 1
1 0 1 0 A
RA = = | — (2.2)
0o 0 0 1 A
2
1 1 0 0
0 1 0 o]
1 1 o0 0]
O 1 0 0
1 0 1 0
R'RA = (2.3)

0 1 1 1]

Note that the Al submatrix in (2.2 ) is in block upper triangu-

lar form, withone 3 x 3 diagonal blockand one 1 x 1 diagonal block.
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The Ai submatrix in (2.3) is not yet in indecomposable block upper

triangular form. This form is shown below. ©Note the four 1 x 1

diagonal blocks.

1 1 0 0]
0 1 1 o0
Q" o
0 R'RAQ = 0 0 1 0 (2.4)
m-11
0o 0 0 1
1 1 1 o0
1 0 1 1]

1

1

a graph theoretical technique:. In the discussion below, a path is

The subroutine MIN listed in Appendix 4 finds an A! using

sought in a directed graph with m vertices, each corresponding to one

of the m rows of the matrix RA , and where the edge cor-

responds to a nonzero entry aji . Note that the existence of an edge
from i to j means that if row i 1is currently in Al , TOW j

could replace row i and Al will still have a zero-free main diagonal.

If row j had previously been in A2 and had fewer nonzeroes than row

i , then exchanging row i and row j would have the desired effect

of reducing the number of nonzerces in A, while preserving the zero-

1

free main diagonal.
In general, a path corresponding to a desirable row permutation

is of the form

where all vertices except 1 correspond to rows in A, and row ik

k 1

has fewer nonzeroes than row il . The cyclic row permutation defined
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by this path would replace each row by the row after it on the path

and would replace row ik by row il . This would result in a net

exchange of one row between Al and A2 .

sponding to each such path is performed as the path is found.

The permutation corre-

The path can end without defining a desirable permutation.
This can happen either of two ways. The path may reach a vertex cor-

responding to a row in A, from which there are no leaving edges, or

1
the path may reach a vertex corresponding to a row in A2 which does
not contain fewer nonzeroes than the row at the beginning of the path.
If either event occurs, the last edge on the path is removed and a
replacement sought. This process is called backtracking.

The following path could be constructed using the matrix in
(2.2), . The path ends at 5 since 5 >4 =n ,
and the fifth row contains fewer nonzeroes than does the first row.
Performing the reassignment indicated by this chain involves replacing

row 1 by row 3, row 3 by row 2, row 2 by row 5, and row 5 by row 1.

The resulting matrix is shown below.

1 0 1 o0

1 1 0 0

0o 1 1 1
RIRA - (2'5)
6 0 0 1
1 1 1 O
0 1 0 O

Performing the permutation results in a net gain of one zero for Al .

At each stage in the construction of a path, MIN will attempt to add
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a vertex corresponding to a row in A, before adding one corresponding

2

to a row in Al » thus tending to find the shortest and simplest permis-
sible path. A flowchart for subroutine MIN can be found in

Appendix 4.

Block Triangularizing Al

]

1
gular form by themodified Harwell subroutine MC130 (Duff and Reid [1978])

The square submatrix A] can be permuted to upper block trian-
discussed in Chapter 1. No special modifications need be made for the
rectangular case since Ai is square. The user must remember, how-

ever, not only to symmetrically permute the rows and columns of A! ,

but also the columns of Af as well.

Row Permutation to Final Form

After the matrix has been permuted so that Af is block upper
triangular with square indecomposable diagonal blocks, the rows of the
lower submatrix Ag must be permuted into the Af matrix in such a
manner as to obtain the block upper trapezoidal form. This will make
some of the diagonal blocks rectangular and will remove all nonzeroes
from beneath the diagonal blocks. The subroutine ABSORB , listed in
Appendix 6, determines the row permutation. Each row in Ag is
examined to determine the column index of its first nonzero. The row
is then inserted into Af just above the row containing the transversal
element in that column. If another row in Ag has its first nonzero

in the same column, this row is inserted into Af just above the row
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previously inserted. For example, ABSORB would permute the matrix in

(2.4) in the following manner.

1o 1 1
111 1 o
ot o 11 o o
P R'RAQ = (2.6)
0 1 ol1]1 o
2
o oj1]o
o 0 o0]1

Uniqueness of Final Block Structure

The final block upper trapezoidal structure of a given matrix

is of course not unique. .In general there are several possible

' submatrices, each

1

having the minimum number of nonzeroes possible. Another cause for

maximal transversals yielding several different A

lack of uniqueness of the final block structure is the fact that in
general there may be more than one way in which the diagonal blocks
may be permuted among themselves and still preserve the block upper
trapezoidal form. Some of these permutations are more desirable than
others, as they result in a '"dual angular" form discussed in the fol-

lowing chapter.



CHAPTER 3

DUAL ANGULAR FORM

Although this thesis is concerned primarily with developing an
algorithm for permuting amatrix to a general block upper trapezoidal form,
there is aspecial case of this form which has also received attention, the

dual angular form. A matrix indual angular formhas rectangular diagonal

blocks with no nonzeroes either above or below the diagonal blocks, followed

by a block bordering the right side of the matrix as in (3.1).

-~
o7

(3.1)

“

L

=N

3

Matrices of this type arise in situations where a large problem
may be defined in terms of several smaller problems (each resulting in
an Aii submatrix) tied together in a well-defined mathematical way
(the D matrix). An example can be found in geodetic adjustments
where an observation matrix can be expressed in dual angular form by a
process known as '"Helmert blocking," described by Golub and Plemmons
[1980] and Joyner [1980]. A dual angular representation of a matrix
is attractive for the same reasons a block upper trapezoidal represen-
tation is--even more so. Savings in time and core storage requirements
during solution of a linear least squares problem with dual angular

26
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observation matrix result by limiting orthogonal decomposition‘to the
diagonal blocks and some rows of the border block D , as described by
Golub and Plemmons [1980] and Joyner [1980].

A form similar to the dual angular form, called block angular

form is achieved by an algorithm developed by Weil and Kettler [1971].
Their algorithm was motivated mainly by consideration of underdeter-
mined systems of linear equations in mathematical programming problems,
but it can be modified to make it applicable to least square problems
as well. The block angular form is different from the dual angular
form in that the dense block D lies across the top border of the

matrix as shown in (3.2) rather than along the right border.

7
A= V') 2

A

N N

(3.2)

[

N

A brief examination of Weil and Kettler's algorithm is justifiable at

7/
’Akk./_j

this point since it may provide insight into a similar algorithm for
permuting a matrix to dual angular form.

The Weil and Kettler algorithm consists of five steps. The
original matrix A 1is of dimension m x n with m < n and no condi-
tion is put on the rank of A . In the first step, a maximal trans-

versal, which might be of length p <m , is selected and the matrix A
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is permuted so that a ﬁ X p submatrix Afl exists in the 'morthwest
corner' of the resulting matrix and has the transversal elements on
its main diagonal. In the second step, Afl is block upper triangu-

larized obtaining indecomposable diagonal blocks. The matrix now has

the form shown in (3.3).

/A"' VA

11 12
(3.3)

N

| A

In the third step, each column of A

12 is processed in one of the fol-
lowing ways:
1. The column is permuted into one of the diagonal blocks.
This may only be done if the permutation introduces no
nonzeroes to the left of the diagonal blocks of All .
2. The column is permuted into All and used to merge two
diagonal blocks. Once again, this is only permissible if

it leaves no nonzeroes to the left of the new diagonal

blocks.

3. The column is left where it is and the nonzeroes dealt with

in step 5.




In the fourth step the modified rows of A21 are processed.

Each of these is processed in one of three ways:

1. The row is permuted into one of the diagonal blocks above,
if such a permutation introduces no nonzeroes to the left of
any of the diagonal blocks.

2. The row is used to merge two of the diagonal blocks above,
if such a permutation introduces no nonzeroes to the left of
any of the diagonal blocks in the resulting block structure.

| 3. The row is permuted above the diagomal block structure into
‘D , forming an upper border block.

The block angular form is now nearly achieved. There are no
rows below the diagonal blocks at this point and all that remains is to
deal with the nonzeroes to the right of the diagonal blocks. Each of
these nonzeroes is dealt with in two possible ways in the fifth step:

1. The entire row containing the nonzero is permuted up into
D .

2. The nonzero is "absorbed'' into the diagonal block structure

by the merger of two of the diagonal blocks.

Once all these nonzeroes are processed, dual angular form is achieved.
There are some obvious difficulties associated with a computer
implementation of such an algorithm. Step two, the permutation of Afl
to block triangular form, is the only step in which no arbitrary
decisions are apparently made, but even here the order of the k blocks
| along the diagonal may be chosen k! different ways. 1In step one,
while Weil and Kettler note the choice of transversal influences the

final form, no basis for making this choice is given. In steps three
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through five there are generally at least two ways to deal with a
particular row, column or nonzero, and the final form is certainly
influenced by the alternative chosen. The question of when it is
worthwhile to merge diagomnal blocks is particularly difficult, since
each merger incorporates more zeroes into the diagonal blocks, which is
contrary to the general aim of the exercise. Weil and Kettler [1971] give a
criterion function shown in (3.3) which assigns a value to a block
angular matrix based on its block structure.
k
£= ) (@+n)? (3.3)
i=1
Here n, is the number of rows in diagonal block i, 1< i<k, and
d 1is the number of rows in D . This gives a mgthod for comparing
alternative block structures for a given matrix, with lower £ values
being perhaps more desirable in linear programming applications. The
function f , however, is of limited value since it allows only after-
the-fact comparisons and is of little help in making the decisions
which must be made during the permutation.

An algorithm for permuting a matrix A of dimension m x n
with m > n and column rank n to dual angular form might parallel
Weil and Kettler's and consist of the following four steps.

In the first step a maximal transversal is chosen and A per-
muted to bring the transversal elements to the main diagonal of Al s

A

Ay

the n x n upper submatrix of A = In step two the A

1

matrix is block upper triangularized.
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In step three, each row of A, 1is processed in one of three

2
possible ways:
1. The row is permuted into one of the diagonal blocks of A1 ,
if such a permutation could be performed without introducing
nonzeroes below the diagonal blocks.

2. The row is permuted into A, and used to merge two diagonal

1
blocks, if such a permutation would not introduce nonzeroes
below the diagonal blocks.

3. The row is left below A and the nonzeroes in it dealt

1
with in step four.

In step four, the nonzeroes not in the diagonal blocks Aii are
dealt with in one of the following two ways:

1. The entire column containing such a nonzero is permuted to

the extreme right of tle matrix. These columns form fhe D
block.

2. Some such nonzeroes are incorporated into the

diagonal blocks by the merger of two diagonal blocks.
After each of the nonzeroes not in an Aii or in D have been dealt
with, the algorithm is complete, and the matrix is in a dual angular
form.

Just as with Weil and Kettler's method, such an algorithm
would be difficult to implement due to the many decisions which must be
made arbitrarily and which influence the final block structure. The
most difficult such decision is whether or not to merge blocks in

steps three and four. Merging blocks seems heuristically to be a poor

choice unless the blocks are small. The merger of large blocks
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potentially incorporates into the new block a number of zero entries
equal to the total number of entries in the original blocks.

There is a method for modifying the algorithm discussed in
Chapter 2 so that it selects a special dual angular form when
permuting A to a general block upper trapezoidal form. 1In step

three of the algorithm, where the A, submatrix is block upper tri-

1
angularized, the decision of order along the diagonal of the diagonal
blocks was made arbitrarily. It may, however, be possible to examine
the order chosen and reorder the blocks to achieve a dual angular form.
The subroutine PRMBLK , listed in Appendix 6, is designed to be
called after MC13D and befofe ABSORB . PRMBLK examines the order
of the diagonal blocks and rearranges it if a rearrangement is more
desirable. The method used by PRMBLK 1is simple. Each column of
the matrix is examined and "marked" if it contains a nonzero which
will not be in a diagonal block after ABSORB is applied. Next the
diagonal blocks are examined and divided into two sets. One set con-
tains the diagonal blocks whose columns are all unmarked, and the other
set contains those diagonal blocks which contain at least one marked
column. The matrix is then symmetrically permuted so that all diagonal
blocks in the first set occur on the main diagonal before all those in
the second. The subroutine ABSORB is then called. The matrix is now
in a dual angular form if the columns of all the diagonal blocks in —
the second set are considered to be the border block D .

Of course, since block merger is not considered, the dual angular
form of the matrix may not be '"optimal.' The advantage of PRMBLK is

that it is an inexpensive way to examine a matrix which is being
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permuted to block upper trapezoidal form and see if it may be easily
permuted to block upper trapezoidal form. If there is an inherent
dual angular form due to the nature of the problem, PRMBLK will dis-
cover it, Otherwise, the matrix is permuted to a general block upper
trapezoidal form. It should be noted that although the dual angular
form would seem more attractive as a starting point for the orthogonal
QR decomposition in the solution of a least squares problem, the
algorithm developed by George, Heath, and Plemmons for QR decomposi-
tion of a block upper trapezoidal matrix takes advantage of sparsity
in the portion of the matrix above the diagonal blocks. Therefore,
unless a dual angular form is "natural"” for the particular problem
under consideration, it is probably unwise to try to force the matrix

w0

into any special form beyond general block upper trapezoidal.
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CHAPTER 4
SUMMARY AND COMMENTS

The subroutine MIN discussed in Chapter 2, takes a rectangular

A

matrix A = 1 where Al has a zero-free main diagonal and permutes
A
2 A
A so that in RA = 1 , the Ai submatrix not only has a zero-free
Al
2

main diagonal but also contains the greatest possible number of zeroes.

Hopefully, A! will eventually yield a more desirable block structure

1
than A1 . Sometimes, however, Ai yields a less desirable block tri-
angular structure than some other A1 . For example, in the matrix A

given by (4.1), block triangularization of A, would yield a 1 x 1

1
block and a 3 x 3 block.

1 0 1 1
O 1 1 0
A )
a=l_tl =lo o 1 1 (4.1)
A
2 1 0 0 1
1 1 0 o

!

1 submatrix shown below

However, block triangularization of the A

would yield a single 4 x 4 block.
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Therefore, the justification for MIN given in Chapter 2 is only

1

be readily seen in the examples in the first two appendices. 1In

heuristic. In general, however, finding A] is worthwhile. This can
Illustration 1 of Appendix 1, a random matrix A of dimemsion 75 * 50
and nonzero density of approximately 6.27% is permuted to block upper
trapezoidal form, calling MIN as in the algorithm presented in
Chapter 2. The final form consists of one diagonal block with 11
columns and 39 diagonal blocks with one colymn each. For comparison
purposes, the same matrix is again permuted to a block upper triangular
in Illustration 2 of Appendix 1. This time, however, the subroutine
MIN is omitted from the algorithm. The resulting final form has only
12 diagonal blocks with single columns and one diagonal block with 38
columns. Heuristically, the effect of deleting MIN from the
algorithm is to make the graph of A1 have more edges and, as in the
case of this example, also have larger connected components. This
leads to fewer and larger diagonal blocks. The final form found in
Illustration 1 is clearly more desirable, having 1414 zeroes below

the diagonal whereas the final form in Illustration 2 has only 761

such zeroes. In Illustration 3 of Appendix 1 the same matrix is block

triangularized without first finding a zero-free main diagonal. The
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final block upper trapezoidal form consists of only 2 diagonal blocks

and is clearly little improvement over the original unpermuted matrix.

1

1 1

while. In Appendix 2 the above procedure is repeated for a random

So for this example, finding A, is important and finding A! is also worth-
matrix of nonzero density approximately equal to 8.3% and dimension

75 x 50 . The results are similar although the greater density results
in fewer and larger blocks in each case. In Illustration 1 of Appendix
2 where MIN is called, the final form has 11 diagonal blocks with
single columns and one diagonal block with 39 columns. In Illustration
2 of Appendix 2 final form has only two diagonal blocks with one column
each and one diagonal block with 48 columns. In Illustration 3 of
Appendix 2 the final form has only one diagonal block and once againl

is little improvement over the original unpermuted matrix.

The subroutine MIN is thus shown to be a useful component of
an algorithm for permuting a general matrix to block upper trapezoidal
form. It should be noted, however, that the subroutine MIN requires
additional computer time. Depending on the particular qualities of the
matrix being permuted, MIN can require more time than either MC21lA or
MC13D (both ABSORB and PRMBLK are relatively inexpensive), partic-
ularly for matrices with many more rows than columns. Furthermore, for
matrices in which the number of nonzeroes per row is constant or nearly
constant the Ai matrix is not significantly different from A1 , and
calling the MIN subroutine is ill-advised. Therefore, the subroutine

MIN should be called only if variation in row demnsity is significant.

Matrices where the row density is nearly constant are common in least
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squares problems associated with the adjustment of geodetic data and
with other network related problems.

The minimal amount of variation necessary to justify calling
the MIN subroutine is a question that should be investigated further.
The justification should be a function not only of the dimensions of
the matrix, but probably also of the nonzero density of the matrix.

The subroutine MIN selects a transversal which minimizes the
number of nonzeroes in the square submatrix Ai . There could be
other motivations for choosing a particular transversal, however,
which would lead to a different A! . One such motivation might be to

1

i so that each row of A§ , defined in Chapter 2, has its

first nonzero as far to the right as possible. This would mean more

pick an A

of the zeroes in A§ would end up to the left of the diagonal blocks

than would if the rows of A§ had nonzeroes in the first few columns.

The expected value of ¢, the column index of the first nonzero in a
row of a random matrix of nonzero density p is shown in (4.2).
2 t-1 n
E(c) = ]} tp(L-p)" "+ (m+ 1)( - p) (4.2)
t=1

This expected value is fairly sensitive to changes in p , as shown by

(4.2),

3E(e) _ pln+ DA +pt+ @ -p™t o1

L) .
P pZ

(4.3)

and its value for the rows of A§ could hopefully be increased by

' as dense as possible. Of course this choice

1

of Ai is completely contrary to the choice of Ai

MIN subroutine, and would probably only be advantageous in situations

choosing the rows of A

performed by the
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where A 1is extremely sparse and has little variation in row demsity.

Another area in which future work should be done is the incorpo-
ration of some scheme for block merger into the subroutine PRMBLK.
The ability of PRMBLK to optionally merge blocks would make it much
more powerful and in certain instances would allow a matrix to be
permuted into a 'better'" dual angular form than would otherwise be
possible. Block merger would probably only be effective if the blocks
involved are small.

Finally, although this thesis has dealt only with permutations
of matrices where the maximal transversal has length n , a similar
algorithm for the permutation of matrices with a maximum transversal
of léngth k < n should be developed. Applications of this situation
occur in mathematical programming problems and in solving rank deficient

least squares problems.
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APPENDICES




APPENDIX 1

EXAMPLE A

This appendix contains three illustrations. In each illustra-
tion a different algorithm is used to permute a rectangular matrix to
an upper block trapezoidal form. The same matrix is used for all three
illustrations and has dimensions 75 x 50, a transversal of length 50 ,
and nonzero density of approximately 6.2%. This matrix is labelled A.

In Illustration 1, the algorithm which involves MIN given in
Chapter 2 is employed. In Illustration 2, the subroutine MIN is not
employed during the permutation, leading to a different (and inferior)
final form. In Illustration 3, both subroutines MC21A and MIN are
omitted from the algorithm. Hence, a zero-free main diagonal is never
found during the permutation. The resulting final form is little’

improvement over the original matrix.
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Tllustration 1

THE INITIAL FURM OF THE MATRIX A IS:

00009000000092010000021000010900010300009200010C00C
11003000000200009000C00C00000N010000000003CCCALIIND
10001300103201000070300C20007M07930107192272001)33)
000100000000923000010C00€I13000000009¢2000700119009
1000000000212910C00100CC100032003000079303C800027300
000019000000700210000070000205010000000090C00209Y)
0000000999200007000CC00€0C00200100002¢0000CCCO0L1LID
000000000322301237290003€00020000030100302271091979
0001000000007900001 000011C00001 0000000000001 00000N
01030009320000027000007¢C300013010300C3903C0CNNI 23T
00000000000000000100807CN000C00L1NNNONN0TL CCO00N00N
000000000000 10001M100C0JCA00NN0000L01C072CICLCCO0ICID
00000720331070031979€2220000000000000072000106000 1102
0000100000007000600C100€030000001 71 000200C70007009
00100002003099032000CCICNCO020000000030070C0003NDD
10000000030001000010003C000020102000000002CC00000N02
0000000202090260000CC07C0002000011009902CCC0001LND
00000000012200000010997700000903200200390022199311)
0010000000020000003CC01C0CO00NIN000000000900002009
000100030030929020C0CC0010000029739010030303C230209319
00000000009030100001001C1LN000000000002002C00097329
00000000103249200000CCCOCA0000CH0001I07000CCC0NII09D
00000002201292009700300€%0000219099000203CCCN00II1
00200002001 000001000€00COCH000000000000000C0000100
00901002000000030000€02€0202190012090070032303207)
000000020200000000001010700N0001000000900020C1107272
00000000000200C00C0AC0NCCONNN00NL001C00CICCCO00D2D
00000000002091000100007€20000000039040100732¢190019
000000000013C2C0000CCNNCICC0I300000000002001009000
1000010000007000790£203€00002010000000200CC0000020
00000000010000000700012£90000000000102009C200010932
000010000033900CC01C020CNCO000000000100071CCO0LL0D
000232000092200019200913¢CAN0N00000001300000300300)
00000000090000030000CACOCENNI03000000002010000009
00300012092020000000200€1007070600002010319020C901)
010000000100000039932301€20000000030000209C10000700
000000000010100C0700C00CIC0000010020001C03C1C000307
1002000000220100500000903000020991000109030CC00I099
00007000000000000100002¢99000000000000000030000 109
00002001000300000900C03000000909000029€07CCCO00022
0000000202239900909399001203020000000000093CC000000
0000000000000010100QCCICOCCNANBI00Q00001LQACCCONI0ND
00300029023132000103300300000000007032090228C003209
00000300020002090099021€0000000030970000000C0007023
0000130901030000C2C20002€10000001000023002CCC0O0000D
0000000000292210201289097£1002292001002199000C0000000
000009000000N00001000100€10C00000030002013C10072097
000000100001 000C2700000C00N000090729100071200007209
00000000000370000000000€20001320010000010CC0002700
00001000010200000000C12C0000N00N0INI0NN2ICCCONN0ON
00003000003000000000307€312800200132209002C20100209
000000000000390000C00200CNCO00000000909911 020000000
002010100300700000300000€002C00000002C00C3CCLC00020D
100000007033300232097907£90000000000000000290000009
00000000001 0000040NCLO1CNCOLI00000000010090CCOCNNDD
000000000013400000CCCONLNAL0O01IN000000100980000010N0
00000001 00009300C0030000CHQN00000200200000130000399
000001000000201C0OND0COACNH0ONNN0NCLIOVCO0COCCLCOOL 20N
00302300000229900020032300000092990000970028C027071
000000100001 10000NNECCICCCCB0000N0300N0007CCCOLD2DD
20000900003099000030001CN2N10NN9000200272C200033229
000000009009030000000902<2300C0000000000003010122I0°
00113020003000097C3NC02CICANNNDN0Q02020C2CLCLINNIN
001020002022200250721092%23C7090203200090000700G600000)
00000000000019500003CL0ICNCAN0N0N00000000970900000N09)
0009710000230300212007222C20011179001200C30NCCC1279010
Q0000000000200CI211CJ07CO0I00000000907900C21000009
000000090003 C0CNHCNIC2CCCCA00ONNNINNNCIACOTICCLIONIND
010000000202320079317C33CA32001000399220107C70009I39)
0000000092900910107°2000NCCENNNNNNAN0ICN00NIN0007NNN
0000000000333102700CC0NCT 1371107011001 0CI2C2C0D0DM)
00300030012272002CC0022CLANANNINNN0000900CCI100210)
000300000000170410090033CNCAC10000020C70009CC00I0L
000000002303000C717711700)000000000003900707 133019919
000002300000000100107007€0000000000000020NA0B00DINN
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AFTER] CALLING THF SUBRCLTINE MIN:

100003023000300702007207G10700072030200900C30000009
01909210000330002000000002C€0C2010910000CNONTCC0000000
09120009003020000000C20COCNON0NIND0NA002CICCLCONQ0ND
2231109002503210000000322200009300000007300000000000
003019000032000£1000808CNCL20000100037270N02G0000000
1029710302002000970C£29C20000019090000303C20000093)
00001 010000000007000003070300799000002001C00009729
00220001000300072200090C000NCN00000000300CCCOND000
0330220010000009003009)£022702309001900207C2C0N2090
3100900301090000720002323120070C000000000000010000000
00920000901300000005C03C000MONON000200000CC1000000
023239130221 29000000202£70200090000200000:309010000
0000000320001000900CC00CI07000000009970C0000000000
302030000207991012200007€23119500390000022070€0000000
00009030202230102100003C33N000090200000092000000209
9020 3000300300012701C00CIC2010000200C0CGASCCONTI001
033J219223001930001000229C203000300402000022CC0900900
09200000300000099100339€00200000030900800000000190
000090000100000CIC1CLOACOCTONTII0000000C0O0CCL000110
20200000000200109201001C10300009020000000600000000
00001000920000002000100€33000002131000300CC0000200
29031903312319079000213€300000000307C0700CCI000000
00002300900000003000301€J002€00000000000200000000
0030000000090000000060C10C0C0N002200020000C20000330
20039000012090009000993C10902000000070000200100000
00309000000000000000C0NICI17200000100300000000100000
0330232233139903019303013C"1100193029003000C00007100
93293030900390C02000023¢0021C200000002000000000000
203310007000000007°0CC20C000010031003C2100CCC000002
10323209322301099012090209900190000000000000000009
§02290200012362000000C00C0C0000LNCION00NCAECCCO00001
09201009173390009920003C22200001000000000000000000
00000000000009002000CN0C00C000001001 C0000CAC0002000
19302002000091902000090C9C20009001030000022C€000009
000000030299030002000007€002000099110000000CC000129
20200000000310000C00C30C00000000010L0C000CCCA00000
29233002002200012000012C99252000000310000000000000
0000000020000010100C€G1CCCE0000000000110000€000099
01023000€00300090000003£00009000030000100£00000000
000J92000000300009900002CC0001000010002010000000000
000022020000C0002000C00C00000000000000011 CCCO00000
93032001000200000000097€200%00902009000001CC000000
00003000300000000070€23C00CANN000D000NAN00CLO000000
330922003002070000220097C000C0000000009200C01002009
00300002000000000000207200209000000000200100100029
09220003000090200000232€C32C000000000N0001CCOL0000
030700932027900007009203€00000001902000000C0€001109
0002J0000001000801000C03CECONNNN0000000000000007100
0025901900200000009C203€000C0000090201001000000010
200000000009 00000006C32C200000000023000000CC000001
03100000002000200200C€01C000070000C000000ICCCO0000
023019000902310000910077€012220000003000000001193009
000200090000010C013€0NIACIECCANO0100012000CC0000000
09099000910000000000C1IC000C00003000100000€00001090
00200002030392000C00CLOLCNH0300017030020000CCCLOOG0D
20000909001050000000C01CC00100000000010COCCCO00000
00200209001 3090030000500€00379295900300902100030130
000001000000001€ACACCOICAOCNN00NAL CCLI00NCAIN0L 00T
007300120001 0000000400NC0N009309370013109100009999
100000000001 20130001 CA1CLEN000000000900006N0N0000D
032000030072 9C090120003C0CO0C01137N032701CCC07099
00000900300230000700909€300000000302300703C10103900
0001990002007002001 ¢CO011C0ONND1NCN000000NCC1C00300
0912227003079009200000031€007000000000007307¢3C0330990
000000002000 0001909C003800712000910000007700010000
00037 10000330000M30007CNCOL1000010009GCICCC100000
32313007202970992090990100200009931009309€3€000311
100010001 00300000000CNICNATCIL00020100102000010700
L1J00OUOODOOQOOCOOOCCOOCOOO“9010300000000070010000
20090000230071 09010002 7CI00000003I0001000200100019
002233002030001200703003¢010001000110020CCECC000009
20373903923070021739193C1070I000020007017010C00009
00000000001 010090000CISCACONN0L 0030001000C10000000
03031 000003070083001709320000900900031000)1C0001100
00000020J00000109000€0CAC000000000000000001001000
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AFTER CALLING THE SURRGLTINF MC13D:
11213392092929900000000233¢20000701000009301C00203090
))9610000000000000C00CA020900090001 1199000900000

923002210090100232C20102000000000201 000000100
230701930000N00€20€30000000000100000000000001

009204:{2322000000000120C0200C0L0N0000NNT00000000000
0020230201002 N00090000000C0CN09010210009109CCCO00000
00023023:{13070001290001€29203000000000000000000000
00200020 {J2NN0N0CN00100CACO0NI0000000099213C000000
002321020311 70000000192€CCI000799703017001 €00090210
000920000341]L01000200001900C20000000020090C0000000
0002009022001 00CN00€09CC0C002990000000C0CCCO00N000
000326902007 300IC000007C00900100991009103CCL002100
00000293309000({1 1000000€00C00000000000000090031 100
002090000020000(]2200000€00C010200200C07007CCC000000
09392023302292901179992000209720030000000C00000900
003U2000000000000(}N0CCNCHCEONN000000000CL 200000000
0£2000000020200027{10001CC000030300000900C00000009
00003300002300000031{002CNC0N0020020000000C10000000
00009020000020000"03R11€00001090CI00C0CO0CCCO00000
9909270200902 230093920CUIC00200000300000000C00000000
00000000200907009170CCCCO0C000000020000300C30000000
00332000300200009220CCO0ICCCCNILONONI03000C00000009
00000020003090000000392Q110C00000000070000CC000901
00000050002250000700000CY10ON000000200C0CCAN10100
090309423203919009000223¢07{12009000000007000000000
000000000000C0000NN3003CCNCYIN000000000090C0C020200
00022090930300000000023C002011101220922020C0002000
00000020030000000700003€N05301109202021Q2€00200000
00020000000000900000C03€CCCO0QI110700020Qq0CCC001 200
20920000300009000000207€203002111300020G2£C0000J00
00000000000000000320C2ICI02200001100000() 200000000
000020200932920000300€02€000N00011000CAL CCCO0Q000
030230039932929000000092€202000021100000000000001
000000200209 00€00000C03CNC0GIN0000111000000000000
00003000030000000000027€2000410003091990(20C0010000
00000000000000090000093C23000¥0200000011 (M 1009000990
00002000003200009002020C00970N 2030000011 000000000
000000000000 0000000CCOICCCCORNN001ANNNIN 30CL100000
00003000030002000200993C0090020303000032(j200001100
000200003000900007200029C€00000000000000000{110000000
00003000002000000900093CCC20000000C000000 11 020000
009279990033200092070137000009232030900902CCLY200 200
000020200000000000000220007030300300000000CQNI200
000000000920 2200000CC02C00C0D200020000000CCCC{N0D
900020200023230003290090C99900000020000001300000{1{120
00000803000700000070CC00C0CCNH00C0303000000000001LD
000003020232070000120050608200000020990200CCC003 3})
000030600900009000200093€992090030000092000000000

00300390000300000700CI1LCOCHL0IN000000C000CCC000%00
00000000001 00000030 100000010009200G001003100000000
0100000001000009010C£23CN00002000301001£CCCCCON000
10200010023009000000107C00003900730009012CC00030900
000000010000000060000031€010002000000000001(00000000
00100000202000100300091C007000003006C2000CCCO00100
00000999000000000000009C20300000030007001 10000100
10090 00090009000100CC0IC1C220000CQ10C00CHCTCO0000D
310000703970230000310099100700000320007207610903909
00000030110300000101 0C0ICNCANNANNN030300003CC0000001L
00002220007010000100203€04912701000000100€C0000000
Q0009000000000000020C11CNECN0N00030000000100000200
00200130011900000000C0NCI111700000000€02C00CCCO00010
00000000002000030000033C00010000200000003C00000000
0010000000200000C001C03ICOCINNN0NN0L0L0000CC0000090
001000330030000001770097C10000109331200909710C0902300
000001000001 0090000043330901000000100003C0000000000
000020000000200010M001009C000N2210100002013CC2C00001
000000330020 000000C1CNNCIES01020030009000C0C000001
00000007003100100100000€C0CI000000201000001C0000000
000010270030000002%0890C20009909011101200£0C000000
00000031010701000000212€30022000000000000C00001 000
00000000003000109C000C€12C01CCNI90000CACCOCCCINDL00

11000000001 0O000099CI0I0NN000010000000001 C10000000 .

10000000000000001000€0J3C0CC00000000000000CCC0000L0
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AFTER CALLING THE SUBROUTINE ABSORB THE FINAL FORM 1S3

EDOO10030000OOOOODOOOOOCOOOO0000000000001000000100
o000 620000 0000090002CIC0C000701000000901 CCO000000
olth00909000230001900030C7020000090003092074CC000010
100000001 299C00000299C00000010092000001 €10009000
1000000000000001000300C1CCO00020710000CICLC000000
0RO 00L0000000200232192€00020002900000019C00000000
OCn001 00000 00000000CA0CNCANNN3000001 0D00CA0000000
001}0909090339000071 0000 103000073020000700€¢10003000
1179090919090090120093€000000000201001 00000209000
063115 0000000000000002303€N00000009700000C0CCC0000%0
000i1{7002003700007390002€10709100071000009100000000
occliln002000000000001€00€0C200000001 91 0000000000000
00017 0020CI0N019C00C001€00700030703000900033C000100
000311000001 000000000009€0000000222010000003000009L
0000l11000002200090220000€C3900000C61110100CCCLLO0000
00990112032 109099790997£09200399090200000C00000000
0060d1[700001 0000CC20C00CACL00N002L0I0000000C000020
0020210011 000000730/09901193000270002000CCC0000190
000000120002 0000C2001000003070100290000002C000000
3110000 0000000CC0ICN3000010010000100CCCCO0020
312231030700012€29000000012022007CCC001 300
n000 00000300001 C0100000000000000019€000000
10790001000001€00000909003900300CC0000000
1220000101 0009C00000020030000000C00000001
000000005 200020000109€C000000000200000€01€0000090
000000030’lu3000000010)COOOOOOOOOQOOOOOO[000000010
00000000001L{2 00000001 €0I€0C1000000000C1 000100000000
0000000000J(1]11010€02020C100202009930000009CC2000000
00000000005{1}00100100009C009200000920102000100000009
OOOOOOOOOOOGHIOOOOOOCOCCOOOOOOOOOOOOOOOCGCCCOOOOOO
0009300000232 0001390900C00000901700900199C10000990
000300090002 000000302¢90999100001 000900000000000
000030000032 03}1]11000003€CC000000000006000CCCCI1000
00000000009 0091{000000¢13€21000000000000000€00109100
000000000009 000}050060IC0C001000020000C00CCL000000
000000000202000 1901900€9930001912920000120£0000001
0000000020039000[}100C00€C0CNSA00000000900000000000
0029000000271000¢[]00607£00000000300000001 00000000
00070000002000000A1}1 GO0 160000000200000000000009200
009000000020 000005C{}C03€000000000000000€0C1L 000000
0020200000022200020 103£019010000302000002300000001L
GOOOOOOOOOOOOOOOCOOCﬂl1COOOOIOO0010000000000000000
0€03200000320C000000C 3C000009000000009000000009090
000000000007 00000003c1}2€20000091020000000 100000090
00000000000200000030CC €00002200000J3000060CCC000000
0002200030030200020900] ©0C0107000939902009CCC000000
00000000000090000000000100000010000000000600000000
00003000003000000000000(llOOOOOOCOOOGOOCOCCCOOOOOl
00000000000000000000003C08700000000300000000010100
00009000000000000000C00C0 11 1001000000206CCC000000
000030000030000000000000000lOOOOOOOOOOOOOCCOOOOOOO
000200000000000000000030CI001
000300000000 00000000c00¢o00cil01£09200700CCC0O00000
00900000002090030300003€323091100039001¢C 00000019
0000000000030000000CC00CCG04I11920070900C00001 000
0090200000030000000CA0ICCI0N 1113900000 €C0000000
0000600000003 000000C0003C30000p00110C0200] £26000020
002000000000 70400¢00€00CCCO000000110000 €0C000000
000070033030750096790393CC000:0099311009 #1C0C000001
00003000000000000000£39C0000MN0N0J0LEL0 0 CCC000030
020010000
000000000000000C0AANACNCCACOOM000300011L 100009000
00303000OOOOQOOOOC?OQOOCOOOO“OOOOQOOOOIIOCOOOOOOOO
00000000000200000200003C0000000230130091 £00100090¢
00209000000000000200€00€0C0020003700000C ceccoolton
00300003332309000300003C0000173023030909C 1091090
OOOOOOOOOOC0OOOOOﬂOCCOOCOCOOOOOOOOOOOOOOﬁE10000000
0030303000030000070OCOWOWOOOOOOOOOOOOOOOQCE1900000
OOOOO000000000000000600COOOOOOOOOOOOOOOOOQCEOOOOOO
00007007002000000000203€00N0INJ00730CCCOLL 10000
50722000201200990170C09923CN0I0IN03030087190000 [1hooa
000000000000OOOOOOOOGOCCGCHOOOOOO)OOOOOO@CCCOUB100
00330000303)000)0“0000)0000O00000700000000C0003El1
OOOOOOOOOOGJOQOOOOOOCOOCOCCOGOOOOGOOOOOOQGOOOOOJDG
0000000000300000030000DCODOOOOO000000000000000007“




) I1llustration 2

THE INITIAL FOURM OF THE MATRIX A [S:

000030000002 7001300C030020010000010302002000019000
110020000002300000090C00CA0I00MNLOCV0A02000CCC0LII0N
10001000100207007°03000027000170097010710730C21370D
0001000000009700001 0600CY LN0A0GC3303CI0009C0LL0000
100000030091 7710000102CC100003003300077008C0097700
00001 002000000031000003C0007000100000030202C0020770
000000092920000070000C00CC000000107000000GCCCIVLL00
000000002332 30199270003¢I0720000330100203221C21090
0001000000001900001 000011C0000L 0990900000001300000
01300000320300077000003€700013010000C23006CC00 330D
00000000020000000100C07C00000C01100N0000L 050000007
0000003000000 10000900009CN0N0N00N0101C0CCICCC00IA00
00000790521 07002973¢2020000000003503070071035000 109
00001 000000070000000100C0CANNN00111000300090000200
001900002003079002009€02¢200000300000030017000003090
1000000099009100001 6003€00000100030000300€C0000000
00000009090080000000€00C0009900001100790CCLC000100
000000000122300500010992020000032009202300021203119
001000000000 00000090C01 C0CO00200GD0000000000009009
000100030020 70000000C0015002099901009902000000719
000000000000331 00001001 C1¢0000029902002008C0032202
000000201003 2000000CC0O0CT00000000013070902CC029939
000005072301 7232009300200€300007120317003209€CC022931
00000000001 090001000COCCOCNONA000000003000C0000100
00001 000000000000000C02€022013001002€0N00020033009
00000000020000000000101970090010000002380030C120301
000000000007 00800000C07CC00NNC001N01(I000CCC000009
00000009003091000100093€2000020002000123072090120019
00000000001 0000G0C000C00CI0CCN000000000000001000900
10000103000070000000C07C0C0C02210030001200C20000930
00000000010000000000012€00000000000100090CI0001090
00001 000005390000010000C0CO000000000190091CC00L100
00032000092320010900913CC0N0N000000012000200000000
00000000000900000070C00CICEN0200030000003010000009
00000019092070000000100€00000703000201001000000019
010000000100000000000010200000060020000200C10000300
00000000001910000500€00€70000010C30201003C1C€000090
10000000003301000000000030000901731030000200C0027092
00009000000020002100003€200000000000000000000203 100
00009001003000000900C0I0N0000209000902€07CCLCO0000D
00000005000290000929300170000000000009200000000000
00000000000000101000€03COCCAN000020301100CCC000000
000000990231 73900102030030000000000003093022CC00I20D
00000000020000000090091£00000000009000000000000999
00001300103300002070009€200600301000902009CCC000209
00000000009321000190007C1072220019031290020C0000000
00000000000000001n00100C1CC00000020000210C100991090
000000100001 00000000400C0O0NC0309079510007100000309
00000000000970000000002€300013000100009120C0003709
00001000010300000000613C0000N002037300392C8C0ON000N
00000 0000903000000003073€0190030213020129020C0100707
000000090009 950000000200CNCONGN00000235011 000000007
00301010000290000000C00CN00000000092C20CACCC00020D
100000009009 50000700909€20020000300000009026000200
00020000001 300006000€01CNCO100000000010002000C9009
00000000001 200000000€02CNO10010002008795240000109
000000010000 00000000300C20000000220079000 180200200
000001009000 70160000C02€300007000192C09CCCLCCA0L 209
000000000029300000000070000002002)03092998C3009991

000000100001 170000006CACCCCA00NNI020000000L8CCOL020D

900000000303N9000000003C2N010N00700300720820002909
000000000000300060000009€300000300N0200001010103327
001100200202000020C017CNACICINN0220002020C0CCC000797
00102000902990020710022220972000900000007000000309
00000000000010000000802€NCANANN0N030003207920000009
00000100002320007M00G202€20211700010030CCNICCLLQ090D
000000000000000007200307€N0I00000200009300C21000099
0000000900009000000C20CLC00NNNOGA0NN00IC01CCINNNAN
0100000009%0290007000002€232002027792001957C20907307
9000000030090101072000N7CL1500700070730000720C007NN
009000000003310070000807CA2 1291107211370 CI2CC0DI07)
002093930013979009900029CLA2000NNI0000700 7301091907
000000700000 7CCLONNACEACNACNNLIN00LIDNEINNNNCONNANNL
000000009907330037°13000)18300009010020300907123013979
00000900020000120197602£00000000000000500CN000NINO




AFTER CALLING THE SUBROUTINE "1C21A:

100000000060N100000307C0CNHCONNN0NALONNNACQNC000000N
01000002000000000290200€90901291999000907C00033000
0010000000000000000C200C00099020202093009C0C003300
0021000000000000C310C0011000001L0000000002CC10000N0
00001000010009030300317C01100700000309307CCC00J000
105001000070000£0000202C0000901 0020000000000000000
00000010002100000000200C00500992000010¢0C21CC000200
00000001009399090020070¢20300700000000000000000000
00000000100000002000£03CNONNCNAO0CIL 020700000000000
012200000120n00020000201C0020NIIN0003A0200C1C0ONDIN00
00000000001 000031000303€00000000290300103000000000
10C00000000100100001C€09C13000C030000000C0CCLONT000
000030070000 1910000909223€07730793010102002¢CC029700
Q0000000000001 000100393C02020000790001007000100010
00039000002¢00100C00209C0C02730990000000CCC1001000
000300000000000100093213€00002000320010000CCC000000
000010000000020C01000CHNCO0207321070302000CCCN02000
00000000002030000193302€00320720930200902C00050100
00000000019CC0000010CNACACNN0020C00000300€6C1000110
00000000000000100002031C1C090902090300700€3C003300
000010000020000000C0C123€0NC30923121000907€00000000
00G00000010000800000CL13€60000700000100000CCC0I1000
00100000002C0000005020100000032397209022002C007920
06009000000000090000€301092000900000000006000000990
00000000000001000102CC3C10CC00001000129CICCCCO0000
002120077203007020010007€01070300000003000000110000
00000000001 000000000£002C€C0100107C00002000020000100
00703000009210010002009C22019232010000000C000102709
00001 0000000 000007200202€2290123001000€0203000030000
10000000000021000010CN2CO00001300000000C0CCC000000
00200000001 21000000CC03IC00307313030301900C10099000
0020100010000700000CC97€00000331030000300€CC020000
00302033002920000000993C00000000120100202€C0020900
00000000000000000000C02€00001000310000210000002000
00200000000000000000C09C€000C0220CLL000NC0CCCO0T 100
100010001 00000600C00200C03000290000100100000013000
0000100070004000001 0€COC0C2000703090100001CC00L 100
00370019002090000000037CNC9177399999019010CC00I010
0003000000000010170CC0NCOCCO00000000011 00000000000
009290007002090001000190C1CC20200020000010C1£003300
0000000000000003G100093€00090031100007001C000003000
00000000001 000000000C39CC00000000000000071CC000100
003J3000003090090900992C03700209990000303C1€020900
00909099001 000009090202€97000919070000000€91000070
00309000000099000C00101€000N2210C200203C0CCCI00000
110020020029000201720320€000092100300000000000106009
0000000000030000000CCCIC05C00991000002000€0000L100
00260009001 2000013025207€00570702900219305€0000I 100
02919000000900000290290100220720001 600000000000910
0000300000100000900CC03C0000921000090300CCCC000001
020030000000000006020C01C20200003000000300€0C000000
0C0000090000000000CC09€C10907071300C2CCICCCLOI000
00722000000000000080320€10900000070200311230030290
00001 010000000300000302€003003000300C0000C00000000
102000000030000009C0C20C3C0007002900€72CCOCCCLOI000
003030000010792300950¢31¢20312200099001000030000000
002000010000 £0000000C0CCHCNN0002000090200100200000
000001000039 0012003C1399C20030033I31030030070300310090
0020000000203000600007393€00700930300200003000000071
000200100001900000C0CI0C00709003320992009CCCCL0000
00702003209390000000330690110020370022000CCC000009
0070000700000000C304C30£300070700900609C0C1C100000
00113002092312000990323€00737970039009207000000000
00100000093 00000000CC01CACI00000070300000€00000:)00
0000200000230 100N793CC0ICICH0225003000000NCO0000009
00000102000000000000C)ICA09110000100003C0CCCL00020
000000000000 00000003¢22¢3¢200270009000C00CL1000330
00002000003000000000027€301005999300¢97021C0102070
010090000305 99000090¢39€00N000793)0C011 00 CEC003000
002¢2000003001016000803¢010007120992026C0CCC000000
00023200203291002020133€31700137011000000000000000
00000000010000000000CICCL ¢100730900QCNAI0NJ00100000
002020000000000102CNCINCLN0N12I2I00CHICNNI00000N]
000030009300C0000000¢20CN02007390)7200002 180010000
0022000000300010C100C0ICCCO0COI00000C00CNCLCO0D000




AFTER CALLING THE SUBROUTINF MC130:

NH003000000010000000CONCO000AII1000030000DCNO000009
Q0010009179 N00CHNI0C01CICA0NN000900G0NNICCL00N000
2dilt 00002051 100929900003C28N02NI7090090C0ICCA000000
0041170001130 0002090C200C002199000200000070000001700
002410000000 00000000323CAN01091002000C20NCC1010000
0225311 72922020003003020320100030020000007€00170000
0022001190000 09002000C00COCCINGNN002072000020070000
9027239011532322091020492€0011019731030039603CC0NN000C
00000004L10070000%900010033010200290309003C000%
0020300271100000009CC00CNACO00100010CCACLCACCLOL
09952032P2119000900022009000973999070000020090
020020002091 11000320093€30000036020000000C0000
9C927200/002011C9020C339¢2C00702000090CC00CCCO0
00232202093 301190201207¢22997900020000103C0000
0036000000200011000€CCICOCENN00000000090200C10
003923000002703011120323¢30920731070301003CC0N0L 100
09003000002020001100912€09300000030300102C0000
00032000P03900120011€207C000N39000000C09C3CCCA0
99902092207232309001 10270901703300000200003CCCO0
000030093107010100001192C0C000900000300000C1100
209720021032390020070111£020997000000097009300C
200000003001 0000070CCL1€2070010000000090C0C0000
3000323020220000C910€001190000080000000333CC000
20002000202001 0000009001110000020000030CCC0OCO0
0002000702323001073710010C133000000003C0CCACLCAO,
3020932211200327710097C21192000930203100C0000
00000000[392100100700C€CNCOCL1000000000100100C00
00299302033100201C700CCICI0211190020100000CC000
00009003202010090000001€¢N0231909070200309C00IC
00033003000900€20000310C0NAN0110900030607COCCLOY
0090300323000%00090992707191101133030900020C09
000000074000010600000827€2C00000111 000000030000 000
00027003337000000C1€21€02000002120700900C£000)000
0200702d302000000099023C0000010901120023C010C000000
000000092070900170000C70€20100020001100001 CCCCCO 000D
00302099]103000000000000€312009232301120102CC00P 200
000020000023 00000200002€00001000030011703C0000p000
2002900000001 20000000CC0CA300000230020110CCCLCONOTD
003223009202910100250100600000020900003103C0003
00030007099900000020CNSCI1000200000010010CCON0
000027007/023110000900303¢100001770070900701CC000
00002007091 00000001 0932€0090020000000010010000
00030000009901000000C32C0CI30070019C100C3C1CAC
290070091020200017902379€29%02001900700309CC 100
0000000:4700960010721£33C33CNNMI209903210097°CC10
00032007)29906900100992C12000001000707900C0901
000220099200 6001C00CI09C300000009263CIN0CICACAN
005700020030°000073CL0ICOCN0NDIN0000CCO0NCCCCOVIL D
79932003023300079900903€301722000000290000C00009 O3
00J200060000000069N0ACNIC05CNN0009000CN00717C089900
003230920022 30973330730)7€200%23230209970¢
00901 30930302000001 CCOICHCNNNN00NITICI000900010900
00330001000000000000009lOC090000000000000lCCOOOOOO
0000002202001701000003006CN0N0CNI0001000000 2CGC000000
000000001000000C000CENICCCO00000200000000CCCOC0000
010000303000100000300000000000000lOOOOOOOCOCOOOlOO
9099901 700000000000M0CACCO0NC0000C00007001 600000009
200200010030C0000020001C00N00009339011009C8C2000999
1 0000099900 C00UA000000CIBNCII00030000009CCE000000
009290030000 M0000N0C00ICCONONNI000119CC00CCLA00000
01220022092300330030033€00029200000900793€00000300
000300000000 00000000800CNCNNNNN0000002907CNCOLLOND
30700000093030030000003€90009910601900003C0L00010
03022003202070030000092€000107°000030000701000000012
0003300000200000000C070C00N0N001000CCICICCC000009
31932001933319000170021C203030090900030020CC010300
0010000003300 COMNNGENNCARA0TN008300CC000CCC00NINT
900000000930000093¢C023£0070907902009003016680101700
003300000270000C10000230006700009909000200C16000009
6001 10001006000090CCO3C00009200000020000CCC009030
09711002912970020700211000290020002053002C€C2009720
20220 009039010017000093CI100000C0NN00IN0NNIC0L0NAN
109701000030000001C0001C7C000000909003CC0CCC000300
20222009002970079C0070)£03799000020000001 11000030
00000000001 03000009CCQICNCCO0000000010090CCI000000
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AFTER CALLING THE SUBROLTINF ABSORB THE FINAL FORM IS
TH717009932115000220907C10990919322019000€2C002009
300030000901 0000970005€2000009120000000%€C0200000
02 1090C0020000100C37€CNOCLON002000CCOCOCCCO00000
h30000393000019020339030200000300300000C20000000

)73012033190009190101£307093309359170000CC201LN000
1000800920 00000700033£20000010300960907€00000000
)0099000010000000000C2000002991070020000€000 100
7003110200000003003€00010702002302200CCC000000
10070106N1C0N2202C11CCO0NINVO0I0200C0COCLC0002000
2030232990070000022800019219%030001007C 1210900
100919090000020000£93200000200000000C00002000
90000000000C010C0ONC0CHN0N009000000C0CCCOLO00N
11003029000092072092C13109909000000900€00100000
700030000001 CC0OCCCO0N03000009C070N00C000000
3293000000990 092C00000200300700301C20000000
0UOCO00aL 00090090500C003CON0N00211002070000CC000000
000000ck}r02000027000001€262710090000110€CACCCO00000
000235203[[13090090CJ9001CH20030302239n0000043COCD 200
000000071 09000000020007€0000200000000000090000D 000
30720000P110000CNNN0COICICONILI00100CNN00CLCIIPO0D
007023202P0119002000030)€5€203009900000000C3300p 000
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Illustration 3

THE INITIAL FURM OF THE MATRIX A IS3
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AFTER CALLING THF SUBROLTINE MC130:
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AFTER CALLINS THE SUBRCUTIME ABSIRB THE FINAL FNRY [S:
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00322001903102009001223€20301099990230097023CLC023907
009010022190100020200022C220290000000N9709CC000000
00033002000000000001203€000000000000C0CCHCLCO0009
203200213030922290200217C29290002200000090C0002009
000000020000000C0N000100CCQ000N200220009900C00001 0N
0023330232323900002003311009037201922200200C€CC02009
3002000903902000000000132C3000000002C003920002000000)
200200330020000000000012C0CNC00000200010CCCCCOOLNY
00000002000200000009001C20000102100000000CCO0N00Y
00090092303000000CCCCOCCLON10000300010000CC1 0000
209333322000 20000000233C310C3901100002202C2C000 20
00001 300202302910C000002201C100110C0092209200000000
3093290112091 030000001C3COCO19703000090CCCCCO0000Y
210122923922229000720039991€20003000392032702€000000
00302003000020C0000CCL2CN0T101LCO200000C0C2023000
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APPENDIX 2
EXAMPLE B

This appendix contains three illustratiomns. In each illustra-
tion a different algorithm is used to permute a rectangular matrix to
an upper block trapezoidal form. The same matrix is used for all
three illustrations and has dimensions 75 x 50 , a transversal of
length 50 , and nonzero density of approximately 8.37%. This matrix
is labelled B.

In Illustration 1, the subroutine MIN is employed, as
described in Chapter 2. In Illustration 2, the subroutine MIN is
not employed during the permutation, leading to a different (and
inferior) final form. 1In Illustration 3, both subroutines MC21A and
MIN are omitted from the algorithm. Hence: a zero-free main diagonal
is never found during the permutation. The resulting final form is

no improvement over the original matrix.
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Illustration 1

THE INITIAL FORM CF THE MATRIX B IS:

0000009200937001009730329001053001122312099340L0300
11030000200020057000CN072CN0NDL C03000I2001700010000
10G0103310200000070NCIICLCO0ININON0LCLCACLCOL0N09
000100020000000%2010C23201000020000000200CCCL1I900
1001000100010017€M01C1NCL0200020000102003CC0000000
00081 000923900021030032€0C00N23102013019004£C007099
003500000200000000000090C002C000L030008700NCA0001100
000090220030701009970003€200030000050C200CCCLCOL00D
00013000200700020210000110307019090003000C21003020
0131)0200000300200000€28300711221C300C1C0NCCCO00009
00000003932020002122097€90203001100007001CCCCI0000
00000092)7020100007CCC0OCCICCO0N0001010200972C0000000
000020072010 200000002I9C20000000270900C00 100000 100
00001 007302000070000107€30003790121000C000CC000000
001000013300 000CCN0CCIICC010030000101790002CC01L 000
100030009939010003195027€30170910080009090037CC020900
00003000209020022000C37€70002000011000932000000100
0020200001000008001£C€20C2CCON00000NCCLI00CCL000110
001002002000000C0100031£20%00220300900209C10000000
00010000100002001791CC0010C1C203C271011200CCCA00011
000090000020001032217312100C7000000000793CCC020009
0000000210000000300C 3000700300001 000000C00000000
8000200090105009000CC0C<20900010030C000C0CCCCO0001
00095009001 000031035C073300€CI20000090002CCC00I100
0000000399309007309C0C33COCCOLN091000CNCCICLCCO00039
00037003002200003770121€30009910900990000CCC100000
00090902000030000000803C309C70001001CC202CCA000NCAO
00000000902071000100090C0CC000000300210€2CCC10001D
00000000001 000000201103€90760000300003000CC1100990
100001031900 0000020CCNACCCCOCCCL0000L01NO0CCCCCLL 000
00000099010000000220013€000170200200170009C0C02I10209
0000100220000000C010C39€0C0NC200200010700100001 100
000923C00200000019000213€900C0390300017902C2C000030
00002001300000000000¢23CI0000201000203207C1C100000
000000103000000C0000CCICCC000220000001001CCCI000L0
019020003100009003792091£30000700020030707C1C200000
0007000030101009000909002000C9010000901000010000000
10000090000001020000C02€0000900001000CCCCCCCO00000
89021 009000200097°1232307210029201300000000300000100
000C01319001 000CCNOCCOZCACL0L0002000C0000CC0007000
00200000013000070000¢0011£100700300099007¢CC0002090
00000000002000101000CJ2C3CCCN000070201100000030009
00000000391090071020320C0000C200020000000CCC030200
00230010001000020901071£20022000292200007CLC023009
0009100319030003000¢20CCOCI000910090000¢1CCCO00000
09093009902071039130923€10992700130212000CCC0I0099
00290993000090021700100C107027200000090910013032090
00330917000100000090C32CCCT00NN2I9CAL03001CCCI0000
00299293322090079029930C£392901000910320010C3C030000
0200100901000000000CC1CCI0COCINCON0IN020ICA00I0000
005720099002 00020000073521202359130300039CCC130000
000090000009000C0020193C303002002002112110CCL100001
00201019003000000023C00CN000022007000CCCICCCOI00I0
122200029322 10115979230¢79903000020900903060000300
0000200200100000000CC21CIC0O1CO000002C1300C0C000000
90032923031000000030CN0C20102190970333200C20330 100
00003001 00000006302790027900000700002090201CC109290
0009010000000010007CCA2CN0ICNODCOL0Q000CCCCLCIIL 000
033102079002 09029932031230009322000331060262C0373)1
300000100001 0000020CCCCCCCCO0C00007030300CCCCOLI0T0
003723300323000322)001157201720292220221112C3)0090
00209001900040C0CAN04A3COCOCCH00000002000010190901
00112002000000000900C0CEI03290011012000900C1C000390
00103009001 0000C2000023819000900202030102€0C0200099
207200070001 10000000C0CLCOLCNI009090C008I0CCO0L 0000
99235210790000022597033¢903117702129263520C2C129000
00039001 030000020020102C00007790930000070021070000
0020000903200000CN002922CC020290000000CC01C1192000
01122003323900029722807220907000001200100C00000920
00300000900001010700C32¢210090000200003€0CCC00000
00223003332271035779333€91973123971137290€IC22099300
0009300 312000038300333109097909000300072C60120009
00303002300000013000C23€3CINTI0CI023CTCCICLCII0NIL
0030090200007200)0221C13CI00021100100930821CC010030
00203002102000100100C00C0C000700000100001 C2C000000

55



AFTER CALLING THF SURROLTINE MIN:

1029220000001 0110003073830000000000000007C2C000000
110020000000170002200C02COCO0NCTNQ00C0NIVOACCCOLO00N
9110000933209000220C32132¢0G00009090130919742CN00990
00019900000000020720221£20000003200001900000020001L
00001000010030000200C10CC0O000N000020CLACNCLCO0000N
00230100023010102322300CN0000%0901070000703€C001 1709
0000101009009200C£200CCOACHCCOIN00000I2020N220000000
20027001092202000720C192C0ONCNI309N0N0002IN0ACCLO0NIAD
000000001000000923700093€20000072001000009C0G000090
010020000100000C2002COLCOCNNANAN0OQ0000N3NCICLCN00000
00002000001170071092232C00909232300029092C3C3707299
0020201092001 20000003C3030200020N000070003000910000
00023000000010002C0900233C900009029CL01CA2COCCCCO0D00
J90013000303233190179900023C21000000920300033C20700200
00002000020017012000CGC02C0GRC0200002371200NCNLN0L D00
00203000030070213200733C000010332900L7702CCCOND021
303210092300000CC1990C837C0N00207120090230071020000000
001900302000620000100091CC2292007022002203009C1C000C00
123039090223710727010023C€209091003303200030900200999
0030J0172010C€0C0CO01CALCCCOOC0O0000020C0COCCCO20200
00301301320229200023173103230307C0533121992022C€20022200
900300000090200L0090012C00300°00200012030CC0020000
000090000923370902%20191C€220C00100209222C3CCC100000
2030300920109220099970220113102000000222207030000000
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0029390029230010020£230CCO00020I300300309801301300
020220038090000C092€03)C70320%010200300000C10100900
3013000173900 000C0N0CCO3LCOLNANI02001910ICICCLCLLI00
70733292399990099390533€00370791200291992CCL¢II1 10T
00003909001 00000190€€0IC2CCNA0770700CON0ICCOCIO0 10D
2003)00099220100010€003€303003330320017073C8100319
00093702351 370820IC 0262390071 9000309900C01N100001
00297000320 0000003CC09C010003071200CC2ICICCCL00000
903230273272790003270123€203902020003112110CC100201
000J101003000000C00CCOCCICENNI0507000200C00000900
100220930920 10116300C93CCC033320933999320CCC000300
00019302001 00000003CCOLC0ODI100079222010002CC002000
2000000090100000000GC0ICCOLANINACI009300CCLA0010D
20332001092200000030937€2077939333090309312010009
0032)3192330030100000207C297170000010003030762C6201000
00919002309090090040CC01€0CI093290)92C1707CCCNIT001
002230120301 0000CCA0CCICTEIN0IVNIICICHOCO000019900
30222990000000700790011C3291099099099009111¢C000200
0002001 3900 200C079G20:3029770020330003909C01C137901
9011700200200007°030991€I01)0)119103000¢2C1€2009C)
10132239001 370295970907£10320731279207100€33092000
000353002201 16600000C01€0C1 000000300030073C0012000
500031970003000C0020C09CACILLNIIILII0I00)ICLCL00000
09037901 2002000€970010)€00309379030009000CC1000909
000)2303920008000000C03€ 2300709930960 CT1C113000D
011 )3390322300070000C09CN0777720331900122C0C030109
0007120000300 91 01020062 ICI1202000070301032060000I00
£0003200070 301000100 C00C010N01000L1COCCCCCAL0I0200
90213202212330009000073C13193000000300030 20120700
000210079000 00C10000C6IC0CCAT00707090300070C0)0991
0002130001270000907018190005021139132023C01€CNLII00
0000003103 30010010000)€03203000079100001 €30920300
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AFTER CALLING THE SUBROLYINE MC13D:
T53112909102350070700393C20909933070770007CCC000 009

590000}
3112323293730090700201£912003010230C0220023030000
311020007900%0000691€0GI0CIN0000900990 710000001

J3021991109020570032€309993209199300C2CCC079700
nA1700100001100200007333€N0202100300300010030000000
02099900211000C96G273C0032G290000C02CLCCLLONI00
00(230022393301190029917)C170132322030000290CC000000
002007273001 0011000CC02CCCONCN00990C0170700G003000
QOb)OOOODODJOOOX101COQOCICOOO?UOOOOOlONOQCCCDOOOOO
OQJOOOOODOOJOOOO[10000)COOCOOO)OOJOOOOOOJCOCOOOOOO
OJPJOLI00000000001OCCOCCCOOODOOOOOOOCOOCOCCCOOOOOO
201 939033922000070311997000200170039392397€2€039399
237090001290370990901100€1€20379302006n0020€3C200700
00DC293099220009CH101101000702999903C09€ICL2C000909)
0013300192000001000C0LL1C00009000300000703C€0C2I000N]
03)300000001000OOOOOCCICCOOOOJOOOOOOOOCCOCCOOOOOOQ
92203170202320000030099112303330299997000LC 0000200
33300209200000000100210C11019233C00CC00300000000030
CoPo111000002000000C203CN11909000023C2CCCHCLCLO000D
029230223023900971190727€09130920072700300C2003000)
02&0300?OOOOOOlOOOOCCOQCOCUIlﬁOOC?OOOOOOOCOOOOOOOO
bl 33003300920000070201C0930170332292002€7C2C003000
00d337000320201020000990€30292111011900060°3C010997
29091900000300000000122C1C3029100292330C2CCCEINI0Y
Oj)D)OLO103000009?00303C00100?31110000003000000000
0332000000000002100CCA3CACL002301000C0905CAC00000N,
02931022000020CNI00C02CC01007993120000€0230630004
OJJOJGOOLIOOLIODOOOOCO)COOOOCOOLOJlllO[lOCCIIOOOOG
0d)1130220000002200020€190090902000112002CCC000000,
02772102213000000721993004303129993137113€7328C972007
¢ J3250000003000100000200C90200103029001100C0CCN0020
0 .30300001000OOOOOCCOOCOO300)O10330001C3CCC00000ﬂ
OGJJ)OODJOOO033001303030003000000300109llCOOOOOOOd
00 00097300000000002103CC120070C025200201 10000300
20002000002079001000C101309001990230100390110000309
33)3400029000008090000C03630370109010020901CLCO03INT
203020010000700C0M0NCI3CALNI03900910CC212CC1003090
Qd)JJJOJOOJOQOOOlOlOOO)COOOOOJOOODOOGOOO)CCO100000
SQDJJOOOOOOOOOOCO?OOOOOCﬁ03017000000000030000110lﬁ
000039903000 300970720920C9920100110202C303CCCO0L 107
JQJOJOO?OOOOOOOQlCOOIOGCOOJ30300030300000lCOOOOlOﬂ
CAL0I000399110000010CNCCOCINALIA0L0ILI0COCCCOM0IL Y
N3339330323130007707399£9229299997112003683029191
J1303030ud0) "110C000000033300803C2909:)901
03303023000000C0900231019921232010)03190070C€C130991
00730210000 CN0002G0202€H0900290030032900230002100
5013300330300001050CC€23€£00003230070004101CCCCC000D
2333390729232002108012322022139000001100906C0000009
103223007920300021000€07CCCL0CI00001 000021 CNC000I0N
30609303330009009CM10C0Q1LCLTICI321I099270032I0L0399
0002000:300000130000003£70010330010033701CCCI0I010
0030000021007002090C102€0002020093991C0CHCCC10000D
00032993000J00037C00003C300720100I00000000L8J000L 100
00JJ2200901070000700103C3CA1CN00L000CLICCRCCCON000L
00392000032030030709000110930392070230000000119190
002J21002132991C001CI03CL0CHNN10030I0C0CNCLCLNDIND
003J3009003030021090997C21790310090000310CCC8200092
2007300033000 0001000CCE3CCANN010CEI1030001CI0001 COD
3030170)2220921200009991907712000700C123302CX 391D
0032300730009 00000000010C90000702000307300910013000
002 3920039207000200000C 17CCNN2001903000037C1CAN00CH
923333033332910379901331€20099713070703912CC0000200
0121330090000 0000000¢33CACONCINACINANCLOICI0000309
113179073939011C00000992C2070009200010200123C20 3990
209929013995 ¢N000000220101390003070300101€30N00200
000J00030920000CCCI00C0CCONNILICH000°0LCICCCLO0I00
1033959333123212991999)3C2007719017)79909C)1C2950 303
002019030001 1 00D0000009CHVGI0200000070301 2C2003201




AFTER CALLING THF SUBRCLTINE ABSOKB THE FINAL FOPM 1S3

i 11399310327009070930)03032030009722¢1007CC0070900
1 200003001 29010001 0300¢NC3931291020000031C0909000
11317003302001100000200€CC0I00000ICIC00CICLCCO009
333023793920071790373¢29170390031000302€C0093909
OlP0NN321100€£0000N30CA01000001000003CN000000209000
St 1997307209209€000279€13900700330020100€3C0I0009
al1h9922739990009002030111£300990990709703€C0233099
(1903000000016 I00CNICAZEINNNN000Ir0CCICCCINING
22k 32 3272732739010993207€29029733079399101€C0203709
90p1L L 303200090030009601CI1000031 CT0030307CA020I00Y)
3110230097000000CC01€2CINN0202000C60CICCCO00001
313733001 10C20092£27€00900000000700001000000072 1
09 11003201000001CCI0C20IN0000900370200£CCII000
33133312900190210709C10790010399200907C€20009907
Q9011201 0C0009900303€20200900300002000CI09N0020
39p0I019203990000093203C0900I7020009CC0CICLCI0I 100
30p320311007C0NCON0IC00)IC29100230000100000C100000C0)
200910700€9090090£001912700000009C0CC03CLCO000N,
33337112331700921€009C0107939002309309901C11500000
930070111 C000000CC00CC1200002120000701 100011070
330207109290000700193¢08700239070710907C€C0139999
232210011 CO0C2000009C20200329910700007C3€000300)
230722301000000000100€009109201200€100CCCC000001
339139921 10000999003€39399132070000012CC0000209
33032030011000290303€20002000020000007020003000
20009903230110C20C202€3C173202009CCCOCOCCCO0000N
33092330901000001200€0097031€002200910€00002000
200920001 C0110000CCOCICN0CNNCON3000000C0CANIICN
200709022001700C0C201200012900939C1002CCC003I1Y
200000000601 00900009€0900032001000C201CCC00II1 )
3002000390001 1010C02C1CCO020900001 C00CCCCO0I0Y]
132093022009010007303€003231230031000000C00031090
03000900900C60110CCEICO0CSCIN0920000007C00002N00
0304200900000100C"20CA 103001 0079900710C0000000G
20037032000001600103€000000000300119¢2CCC0O0030C
0011200000000010CC00C00000000000000CCICCC009900
3309230393000091 1993€390091000000923C020C€020000
00001 000200000001107£12302000020000920L80000000Y)
9703000309000001611012000000022090CCCICCCO00020
O)Ol70)30010030000[l09003000OOOODOODOOOOOOOOOOd
303030000000000008lQCOOOOOOO000003000001001000d
370320003930009700101009190913303120072CCL0IC01
203000090901 00020090001C20992000020000900 COCI0000N
000 3919202322000000000091100020900203€2CCCCCCCO00I0
220206300030090091700091000023009100000700C1500000
¢ 000320300 0C00CI90C0C11 COCC0090003030C7I0001L0000
acC 09033902000000900000190530700130917003CC0I0300)
ple £09703000303010031)C11010709300990009CCA000209)
20 01ll)OOOOOOOOOQOCCOJCOllOOOOOOOQOCCCCOCCCOOOOOG
00)0)0333033000311003030“31DOQOOOOOOCOOCOGOOOOOOOd
370020939701 00609933€200110902000C7000070000090
9300203000000020C271€I€0NN1909090:ICCCCICCCIVTIO0
33979032302900709390£3003 1009000903107 €20100029
39090002091009000£22(000n011101100392000700L000Y
20D03330002000000000439C2010001303200123000C00971 100
oohol 009920030600000193C1 0000010300009000€2C020099
2c¢b3091010097200C00NCC0ICCCLOMD011100C00CICCCO00I00
20033392992000001917923C2C10099I1002€2300CCC029007
000001000OOOOOOCOOOGCOOCOOLCOOOOOIOOOOOCOOOCOOODOO
00023339110011007290993€30002901001119110CC11039200
110300000000000000001909000000001IOOOOGCOOOOOOO
30 1205193300000001C00C007012090000110C02CC000000
9323325333201300902910900991009902011 30000029957
00000301 0600ANNDCCANCCCCONN010320001790000070900
0000000391000CN100000CI2720700700217011 000000090
60b0200200029002003C12ICC1000002200300001 17000000
0¢h000333300000910300101500000000300090C011C)00000
2bn300990329000129939)7€220097990192993201 1300299
00021000320000070€N3C21CH3700301000000€01000900
09030000G000001019090C€20790707932907009CI1033I7
000200000¢007030009007079190€93000000002C011010
239302030 20000000 EI0CI12NNAN01100200503CCCO01 100
0000900000000 1030197C209032079307030097129000 100
093009701 1000001 CCOACINANTLONIL02100CCCCCI0NNT0
1122233022.300299005225832220322000 1790056939219




Illustration 3

THE INITIAL FORM OF THE MATRIX 8 [S:

00C23002002217001000000227001000201033920293C010009
11000000C000%0020200CI45CCONNNANALCCI0NTIN20000017N00
10001230142300000000COICCCO00000NCLCTLCICCCOL0N00
0001900209%0600920010C22C0100N0000000032997000113000
100100010001 0010CNC1ICINCLCI020200072187000C2Q0007200
000010309232000012230237€3L0N79210202223032CC00I020
000030000023 0000C002200€00000001C00002702C00001 100
0600209220010 70100000037€200020000000020072CC1CO1000
0001000223000 000002100031100C7010220000020C821000000
0101300000203000CC20C0ICI0N1120LCICICLCONCCCO00NDND
00330003932090002129097C309030311035207001CCC0I0Q00
00002300170201000092CC00CICCLONO0010109297220000090
00C 0200179010 2000000C229€20000000970003L0010C000 100
09001 002202000020000107C20000270101902C020CCCN00000
001000010090800C0NICCIICC0100700001012020C2CCL1 000
100030079229910002710023C0000019000723723C22CC020002
900223009902020090000023€20003000011023202000020100
0023200001200000001£€20CAC00N000009CC200CCC10001L10
0013030J0200000000100401Co09C020039C3C3092C10020000
0001000010000901001CCON1I0CIC00000719111C0CCCI00CL1L
002929920020201009217°31C190C017020002030222CCL000030
000000031000000000CC300000000300001302000C00000000
0020200000310 2000090CC0CC2002001009220309C0CCC000001
000023003001 00000103CC0IC000CCI0020023900233C000 100
000000070987090000900C92€0C0C1IN001C0ICICCICCCOI0009
00002007002000009970131€22907201090022229C0CCC100029
0007300900209000000C303C3092000010C1€CI0ICCO002200
002000000030921000100023C0CC000000200212CICCLI0001D
903020000001 020000993110)€0020000030C007000CC1100000
1000010919900009090CCAICCCICOCLA00N1LOL0A0CCCCOLL 000
092020090120000002395019C0007000022012309C2C€0C2I1000
0000100290000000C21 1L00€00C0C000290919000100001 100
20022¢02002200010090019€000€9330000313903520000000
J00020017000090000000C€033C30000201020202203C1C€100009
00202010I000200€2002003C€C20007000000310CLCCCII00L0
01202003J10000200%70091£300909090202339297C1C200000
00099000001010920%03900C090C0001 00007010C0010000000
102900090002001030000C03C€0000090001020C0CCCCC0O00020
00791902003000090120303£103932013002233003C0000100
092C0a131290100€C0700203€0CC0OL0000000€23000£C0002000
002090000120730070002C0011C100700300329009CCC000909
20000000003000101909€00€3CC0N00C030230110000C020009
00200300001017002100000C€000000000230200009C30030209
007303120010200030001¢21€000200900002300007CCC002000
0099100319307007000400CC0C0000010009030CACCCO00000
02332009902071079130920€1992779012320310900C£C020009
003020020072900310901000107099020009707120180397090
0092091303310000009060232CCCO03700990910C301CCCI0000
033329930923900023299932€30001000010230010C0C0I0000
0200100701000000000CC10CI0CO030C020370202CC0020000
00232902000200000200CIICA1I023001291220220CC1030000
02002002002900000030133C3039090000023112110CC100001
00301019003009000003C00€7000002000000CCCICCCO00000
122J2909933710110972030C23903000020002207C000900300
0000200001 00000000CC21C0C0103000092C109NCAC00000D
00022922031000000000C0N0CACIC0100330I32309C20930100
00093001900009003020339029017007900003070201€0100090
00222100000000100096003€N0ICNN000103020CCCCCIIL000
0391233379520 0900073223102700¢99920300)321092€CC22)0I1
303000100201 0009C200CCTCCCCO0NR00D000I00CCCCALITT0
002202300093000000370011€0901330009220721112€220090
0090730010000€9000NN0LNICCCOOCHN00000CI0INNALA1N0I0L
0011309200000C000000C0CNI02000110123929C2C1C00039D
001 42002001 000002000037C12000700002979107C9C000099
207000000001 10000000C05G(C015002002070C2082CCCOL0000
203C0J103920000696297037€293117903132326299€12C132200
000230010J00000C0000109C0N00CNNNN00N02090021000000
00232900909209000¢N00000C2CC00200007000C00LC11I0000
01132222933000037%792007C20702000001307100C¢€0030929
00290000000001010000C33¢210800000900C03COLCCO00000
00297033332091900999323¢2127I31392113799CIC2C032300
000330030190C80092203339C10000090900220707L001291900
003230030330 0001000080I€0CIN10000023CCCCICCLII0001
0020C202000000090531010CHD071100100930C71CC0L0000
0030200910200010010CC30CCCACO%000001000C1 CSCO00000
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AFTER CALLING THE SUBROLTINF MC13D:
010000000300000230700290C1CNO0N0N000007900300010100
1010710000000%0C0NNCCIOCLCIN00000900C02C2CTCN0I021
00012909223390010700023€0202200921309292700C14£772000
10301003000630100900C10CI0901100010000100100200000
002011000000000CN00C000CO0OLCINNA0Y00CO000TCCCIALIOL0
20303012031 0C0C00NICCINCOLONN0L0N00I00000CCC002009
1021300100000000000CCI0CCOCCN10000C00NCCLACCOINNNO
0923211001232091003990597€0€00201200922172001CC020I09
00303000019C200C000CCON1CCO10N00000200007C00000000
92200903201 09009010CCIIC02I072020000009703C 10001200
0002301000901 900C003C290C00910)00021010290CCGC000000
00221000200010000102C03CC0N0NN000001C09200CCL000100
10200023722220110200097133£2€¢203092020070200220012900
000000003201 00103C2C201C00003100000020200C30000000
000300210902200107200002CC2027000092009C0CCLCO0000
20799009220090901700027C23300000031202202C31C01000
00032007300200000100C01C0OCI1C300000930009CC3020700
00J12100J00090000210121€0C010700030329923400020000
0030000J2120010C0001C20CN1232000000209007CC100092909
0036000391000000000C109CC0O1010000200CCCCCRCON0J00
00002000223000032022023101903523000000200001231002200
2070201220000901C010021000329290C70200170000110000
0093207530930720000200C201010007001000C12C21CCO00000
309990333323929010009939012219000030009020300200090
00207000900000000L0CC00€O11020002090902205¢N0000000
200020000130000001720000100200923020000003C00000000
23019901303090000100£323€C222000920C00032302C€C200200090
00227023900200031010102C0C0010000023CICCICLCON0000
900372003303000000021323£10300109920902002CL£C000020
0030303090001 10000000000C011793010000300060CC0920000
00209000J1230100000C233€0CC20201000000300200000000
900100030001 0010002300039C£00900020000003000C0C002000
30007000200000C0000CC13C€000020100100000CCLCC000000
01201101132930012210923C20700931201320001€011000129
00009003900020003000003C10292000000101000000000000
000020092210000000200C29C0C10N00011001COCICCC0O00200
097230003103900911792923€9900901201070020000C230200
3090200000001700C009€C00CACH21920000199110900000009
90020000209199900002011£C00300002300210200CCC020090
00012099320:20000100C00190002209000909000C20000000
00317000901000C00100€22C€2C2100000000CINCOLCC000000
00007007333900000030003€09992090909109202€10020093
0100000323000010001€C0CBCA020930000C0000C2C000000
10120000270000002790902C1000M32300009200CCC000300
309203000020200009020007€20950120900390000C10020009
20103009001000C20010C20€00I02DC0000C02C011C000090
209300021921300909307902¢28707230003320200120102900
001G00099901 300000003302¢0010999000190C200C31000000
00203000J30041000020€03€0CLCO01010NICCNCOCCLO00009
10000991200201000220201C00002100209230710C91010000
00000000320000000000007C0C10CN3000000C000C10000010
J020200920209000001029)C3€1930711003C1709CC1001000
J36010002030090001000000C€20920099000002002000000000
110009032900000729971€12€2C221990000920¢CCCCC000009
0000309031001000C200009€3097922119000000000C01000 100
00%00000010000C00000C03ICICA1N003000099002C00100901
002C3000220000000030103C221030000007001000C0000000
200000020079000030°70011€109¢23200000000010C040N0000
0035010000220 7000000CCIICLCIIC01100NCICNI0ICCLO0I00D
00002000C020000010071200007210039000C87000000013300
00003200092300019207200102€3C200N1Q0NJ0021007CCCOAL 100
00000000000020C20N0NCIICIILC0201000900100C2CL00000
00001010020001000100C0CCL10NC00000070C003CCCONQ000
00209319310000000002799CN291300000C02200011CL002000
00003090390900000001C2930502°1N0200C3000000C0L110000
002000002332917°0000000332C1C100AND0002100010CCCO00100
000000022000309000000007C0COCN000100710109£C0000000
00300020J3093000600C1L2ICCCLONMDND000012000CCC0O00CON0
00232301232321001179902%)00€000220791703070C1CC0002009
011099202¢3020000C000CHICIMMOOD000009C700INNGO00N10
0012390033009001017190C30C1CAI0N000000CNECICCCO000LL
000023000031 9000C0N90€2ICHCICONN0200200007100000000
0122C00002000009C000C3COCATN00LA00100007CCC0I0000
00822900233371100700122C1C02970201090200223CC1L0001L
J020J001001000000000C13€0C0C010N00000000000000L 100



APPENDIX 3

THE MODIFIED MC21A SUBROUTINE

This appendix contains an argument list and FORTRAN listing
for the Harwell subroutine MC21A , modified slightly to accommodate

a rectangular matrix.

ARGUMENT LIST

M must be set to the row index of the matrix. It is not altered
. by MC21A .
N must be set to the column index of the matrix. It is not
altered by MC21A .
LICN must be set equal the number of nonzeroes in the matrix. It
is not altered by MC21A .

ICN 1is an integer array of length LICN which must be set by the
user to contain the column indices of the nonzeroes. Those
belonging to a single row must be contiguous, but the order
of rows and the order of column indices within each row is
irrelevant. ICN 1is not altered by MC21A .

IP is an integer array of length M which must be set by the
user so that IP(I) contains the position in ICN of the
first column index of a nonzero in row I, for I =1,2,...,M .
It is updated by MC21A to reflect the row permutation R .
LENR 1is an integer array of length M which must be set by the

user so that LENR(I) contains the number of nonzeroes in
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row I, for I=1,2,...,M . It is updated by MC21A to
reflect the row permutation R .

IPERM is an integer array of length M in which the row permutation
is output. IPERM(I) gives the position in the original
matrix of row I 1in the permuted matrix for I =1,2,...,M .

NUMNZ is an output variable which gives the number of nonzeroes on
the main diagonal of the reordered matrix. If the matrix has
full column rank, MC21A will set NUMNZ to N .

LEN, IPP, and IW are work arrays.
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SUSROUTINE MC2LA(MyNSLENIPPyIUNsLICNy [P LENRy IPERIK,
NUMNZy IW)

ALL SECTIUNS OF THIS SUBRuUTing BCUNDEUD ABCVE EY

A LINE #* % % #, AND BUUNDEU oclLCW 8Y A LINE *=x%xx,
CUNTALN MODIFICATICNS IN ThE ORIGINAL HARWELL
SUBROUTINE.

¥ % X ¥ ¥ % % X X ¥ ¥ ¥ ¥ ¥ ¥ ¥ ¥ ¥ ¥ ¥ ¥ ¥ ¥ ¥ ¥ ¥

INTEGER LEN{M),IPP{4)}
INTEGER IP(M) o ICNC(LICN) JLENR{M) s IPERM (M), IW(NM,s4)

C YRR E R R AR SR RS RREREF KRR RERFERREFLEREARFERTFERIRE SR

CALL MU21B{MsNsLENIPP s ICNsLLIUNy[P,LENRyIPERM,
NUANZs ITWlLal) g In(is2) o lvtio3)slnllya))

¥ % % % % % X &k X Xk x X Fx x k & ¥ ¥ % ¥ X % ¥ ¥ ¥ X
THIS SECTION OF THE PRUGKAM wILL MAKE IPERM INIGC

A "CUMPLETE"™ ROW PERMJTATICN

MM=N+1
0G 2 K=1,0
LEN(K) = 0
K=1

INT=0

D0 20 L=1,nN

IFCIPERMIL) LEQ.K)  6G TO 15
GG Ty 20

INT=1

GG TU 25

CONTINUE

IF{INT eEQeQe ANDSLENI{K) sEweQ) U TC 30
K=K+l

GG Tu 10

IPERM{A4AM) = K

LENIK)=1

IFIMM.EQM) GO T3 55
MM=rli1+ 1

ou Tu 3

CCNTINJE

THIS SECTIGN UPDATES LENR AwD IP

ul 40 K=11M
LEN{K)=LENK{ [PERMIK))
IPP(K)=IP(LIPERM(K])
DC 45 K=1,1
LENR{K)=LEN(K)
IP(K)=[PP(K)

C L T T T T T e e s P e R R e 2 R L S e e s L it

RETURN
Civo




68
SUSKUJTINE ML210 (M N LENy IPP, IUNSLICN,IP,LENR,IPERM,

L NUMNZs PRIARP LY 0UT
C****#**v****#*****#*#***#*##3

INTEGER 1P(M)
INTEGER LEN(M),IPP i)
INTEGER ICN(LICN) sLENR (M)y IPERMA(M) PRIM),CVIM),
1 ARP (M) ,0UT(M)
DC 10 I=1,M
C ***#*******#******#****#***#***********######**#*#*##***#
ARP (1) = LENR({II=-1
CV(1)=D -
10 IPEAM(1)=0 :
NUANZ = 0
C***#**********##*#**#*****#**
DG 130 JORD=1,M
C #******#*******#****#**#***#****-#****#*##**#*########**#3
J=JGRD
PRIJI=-1
DA 100 K=1,JORD
INL=ARP (J)
IF (INl.LT.0) GO TQ o0
IN2=IP{J)#LENR(J)=1
CINi=INZ=INL
DO 50 II=INL,IN2
I = ICNC(II)
IF(IPERM{I).EQ.0) GU TO 110
50 CONTINUE
| ARP (J)=-1
60 OUT(J)=LENR(J) -1
DO 90 KK=1,JURD
INL=UUT(J)
IF(INL.LT.0) GO TG 80
IN2=IP(JI+LENR(J =1
INL=IN2-INL
UG 70 1I=InNLyIN2
I=ICN(II)
IF (CVII).EQ.JURD} GG TU 70
Jl = J
J=IPERM(I)
CVE 1)=JCRD
PR{J)=J1
QUT(J1) = IN2-1I-1
GG TG L00
70 CONTINGE
80 J=PR(J)
IF(JeEde-1) GG TO 130
90 CUNTINUE
100 CONT INUE
110 IPERM(I)=J
ARP (J)=IN2-11-1
NUANZ=NUMRNZ+1
DO 120 K=1,J0RD
J =Pr(J)




120

130

140

150

160

170

[I=IP J)+LENRIJI-0OUTLIJI-Z
i=1CN{IT)

IPERM(TL)=J

CCWTINUE

[F{NUMNZoEQeN) RETUKRN
CCNTINUE

IF(NUMNZ.EQeN) RETURN

00 140 I=1,N_

ARP(I)=0

K=y

DQ 16U I=1sN

IF(IPERM(I) «NEWLU) GuU TO 150
K=K+l

OUT(K)=1

GO Ty 163

J= IPERMII)

ARP(JI=1]

CONTINJE

K=0

00 170 I=1,N

IF (ARP(I}NE.OQ) G0 TO 170
K=K+1

[CUTK=CUT(K)
L1PERMIIGUTK)=1]

CONTINUE

RETURN

END
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APPENDIX 4

THE MIN SUBROUTINE

This appendix contains an argument list, FORTRAN 1listing, and
flowchart of the subroutine MIN . The argument list is shown below,

followed by the FORTRAN 1listing and flowchart.

ARGUMENT LIST

NN 1is an output variable set by MIN to be the number of passes
around the main loop required to find the desired permutation.

LINK, RLINK, MARK are work arrays of length M .

The remaining arguments are defined in Appendix 3.
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SUBROUTINE MIN(NNgNe ity LICH )LINK o RLINK,
LENR 1P 10Ny MARK)

INTEGER RLINK{ M) yMARK{ M)

DIMENSION LINK (M) LENR{M)pIP{M) ICN{LICN)
INTEGER CHANOGE3ESTPATAH

NN=0

JJd = 1

NN=NN+1

CHANGE = 0

00 10 L=1,M

LINK(L) = 0

KLINK(L} = O

PATH = JJ

LENOTH = LENR(JI)

IN FORMING A SUBROUTINE "MAX™ NHICH MAXIMIZES
RATHER THAN MINIMIZES THE NUMSER CF NCNZERCES
IN THE Al' MATRIX, THE FOLLGWING LINE SHCLLC

OO0

13

CGCOOOOOOOO0O0

20
25

OO0

20

BE OcLETED.

IF(LENGTH.EQ.L) GJ TO 30
IF(LINK{JJINESC) GC TO 50
iI1=n

MM=0

THE FOLLOWING SECTIUN SEARCHES A2 FGR

A ROW WITH FEWER NGNZERGES THAN RCW JJ.
IF SUCH A ROW EXISTS, IT IS EXAMINED 1O
DETERMINE IF IT CAN B8E ADUED TOJ THE PATH.

THE "GE" I[N THAE FOLLOWING LINE SHCLLD BE
CHANGED TG "Le"™ IN A SUohGUTINE MAX.

IF(LENR{IT) e GESLENGTH) UL TU 25
MH=1

IpL = IP(11)

IPLL = IPL + LENR(IL) -1

DG 20 L=1IPL,IPLL
IF(ICN(L)EQPATH) GU Tu 35

i =11-1

IF(II.GT.N) GO TG 15

IF A ROW IN A2 HAS FEWER NCUNZERUGES THAN
RUW JJ BUT CAN'T BE ADDED TGO THE PATH, ThE
PROGRAM ATTEMPTS TG AOD A RCa IN ALl TC

THE PATH.

IF{M4.EL.0) Gu TU 30
IF(LINK(II)eNGe0) Gu TO 28



27
28

OO N

30

NaXaXaks

OOOOOO

35

OO0 O

49
45

OO0

IF({IleEwesPATH) GO TO 28 R
IPL = [P(ID) ,

[PLL = IPL + LENR(II) = 1

DG 27 L=1PL,IPLL

[F{ICNIL) +EQ«PATH) GO TO 35

II = 11 -1

IF{Il.GE.Ll) GO TO 20

IF NO RCW CAN BE ADLDED TG THe PATH,
THE FULLOWING SECTILN PERFGRMS A
"BACKTRALK" STEP.

IF(PATH.Ed.JJ) GU Tu 30
LINKIPATH) = PATH

PATH = RLINK{PATH)

II =N

oG Ty 26

LINK{Jd) = JJ
IF{yJeEG.N) GU TGO 90

Jd o= Jdd+l

THE "LE™ IN THE FOLLGOWING LiNe SHCULD
BE CHANGED TG "GE" IN THE SUSARUOUTINE MAX.

IF(LENR{JJ) «LESLENGIH) GO TU 12
60 Ta 5 .

THE FULLOWING SECTIOGN ADCS A RdW IN
Al TO THE PATH.

iF(I11.GTeN) GO TO 40
LINK{PATH) = 11
RLINK{II) = PATH
PATH = 11

GG TU 13

IN THIS SECTIGN, OF ALL RGWS IN Al WHICH MAY
BE ADUED TO THE PATH, THE ONE WITH FEWEST
NCNZERCES IS FCUND ANJ ADDED.

BEST = 11
I1 =11 -1
IFlilegueN) GG TC 60

THE *GE®" IN THE FOLLOWING LINt SRCULD BE
Wt IN THE SUSRUUTINE MAX.



50

69

OOO0OOCOOO0

990

D0 85 L=1l,M

IF{LENKII L) o GELLENR(BEST)) oo TC 45

S IeL = IP(II)

[PLL = iPL + LENK(II} = 1

D3 S5u L=1PL,IPLL

[IFCILN{L) eEQePATH) BEST = 11
o0 TU 45

LINK(PATH) = BEST
LINK{BEST) = JJ
CHANGE = 1

AT THI5 POINT, LINK(I) CLNTAINS THE

RCd INOEX UF THE RuW #HICH wllLL REPLACE

04 I Iiv THE REASSIGNMENT wdllH IS
FERFORMED IN THE FOLLOwINL SeCTICN.

0C o5 L=14M

IF(LINK(L) «EQeD) LINK(L) = L
DO 70 L=1.d

MARK(L) = IP{LINK(L))

DO 75 L=1l.M

IP{L) = MARK(L)

D3 839 L=1,M

MARK(L) = LENR(LINK{L))

LENRI{L) = MARK(L) - ’ ’ C—-
IF{JJeEQeN) GO TG-90Q

Jd = JdJd + 1

60 Tu 5

IF{CHANGE.EQ.1l) GO TC 1

RETURN

ENO
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FLOWCHART FOR MIN

0 Start a new path
letting JJ be
the first vertex

Y

of the rows I
II >N , have fewer
onzeroes tha

ow II, II >N,
such that vertex
II can be added
to the path?

' Add vertex II
to the path

Of the vertices II> N
which may be added

‘to the path, add the one
with the fewest nonzeroes
in the associated row

s JJ the
only vertex on
the path?

iN
Remove from the ‘}
(:)4‘ path the most Perform the reassignment
recently added by updating LENR and IP @
vertex

(:) yRow JJ can't
be replaced




for

APPENDIX 5

THE MODIFIED MC13D SUBROUTINE

This appendix contains an argument list and FORTRAN 1listing

the Harwell subroutine MC13D modified slightly to accommodate

rectangular matrices.

ICN

ICR

IB

ARGUMENT LIST

is defined in Appendix 3 and is altered by MCl3D to reflect the
column permutation.

is an output array of leﬁgth M which is set by MC13D so that
IOR(I) contains the position in the input matrix of row (and
column) I in the symmetrically permuted output matrix for
I=1,2,...,N. For N<I<M, IOR(I)=1.

is an output variable set to equal the number of diagonal blocks
.found.

is an output array of length NUM set by MC13D so that IB(I)
is the row number in the permuted matrix of the beginning of

diagonal block I, for I=1,2,...,N0M .

remaining arguments are defined in previous appendices.
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SUSROUTINE MCL3D(MyNyLEN IPPoiCNyLICNoIP,LENRyICR, 76
1 I3,NudyIn) ’
C * % ¥ % % % % % % ¥ ¥ % ¥ ¥ ¥ ¥ ¥ x ¥ ¥ 2 X B ¥ ¥ X & X X
INTEGER LEN(M),IPP(i4)
INTEGER IP(M)
INTEGER ICNILICN),LENR(M),ICR{M),IB(M)yIniM,s3)
C RS R FIEILEFIRFTELILIIL IS LIS IILEIL R P E RIS IR P LY 7 2
CALL MCL3E(MsNJLENSIPPLICNyLICNyIPJLENR,yICRyIBsNUM,
1 Iwllel)sIw(1,2)41uw(1,3))
I8{L) =1
RETURN
END

SUBROUTINE MCL3E(MyNyLENsIPP,ICN,LICN,IP,LENR,ARP,
1L I8sNUMsLOWL , NUMB yPKEV)
INTEGER STP,DUMMY
C * & ¥ £ % % % * % T ¥ ¥ ¥ ¥ ¥ ¥ F ¥ ¥ ¥ ¥ ¥ ¥ ¥ ¥ ¥ ¥ ¥ ¥
INTEGER IPP(M) ,LENIM)
INTEGER IP(M)
INTEGER ICN(LICN) sLENR (M) ARP{M) 4 IBIM)LCALIM),
1 PREV(M),NUMB(M)
C R R R RS RE R SRR R EE R REEE EFRXFIESE R XXX I BRI REIRRKXK
ICNT = 0
NUM=0
NNML=n+N-1
DU 10 J = 1 4N
NUMB (J)=0
ARP (J)=LENR(J) -1
10 CCNTINUE
0G 90 ISN=1,N
IFINUMB(ISN) LNE.O) GQ TG 90
IV = ISN
IST = 1
LWL (Iv)=1
NUMB(IV)I=1
I3(N)=1V
D0 80 DUMMY=1,NNM1
[1=ARP{IV)
IF(11.LT.0) GO TG 30
12 = IPLIV) + LENRLiIV) = 1
IL = I[2-11
00 20 II=I1,12
Iw=ICNCII)
IF(NUMB{IW).EQ.0) GG TO 70
IF(LOWL(IW) eLToLOWL(IV)) LCWL(IV)=LOWLIIn)
20 CONTINGE .
ARP (IV)=—-1
30 IF(LOAL(IV)LT.NUMB(IV)) GL TO 60
NUH=NU A+ 1
ISTLl = N+1=IST
LCNT = ICNT+1
JG 40 53TP= ISTL,N



Loal{ladl=N+l

ICNT=1CNT+1

NUAB LI w)=1CnT

IF{In.E3.IV) GO TO 50

ONTINUE

IST = N-=STP

IBINUM)=LCNT

IF(ISTNELOIGO TO 60

IF (ICNT.LT.NIGU TO 99

o8 TU 100

In=1V

Iv=PxeVviIV)

IFCLOALlIW) e LTLOWLIIV)) LUnbiiV)I=LCnl{IW)

o0 Tu 30

ARP(1IV) = [2-11-1

PREV(Iw)=IV

Iv=1w

IST=15T+1

LChl{Iv)=1IST

NMBLIV)=I3T

K=in+l=-IST

I8(K)=1iVv

CGNTINUJE

CONTINJE

D3 119 I=1,4N

[I=nNUMB(I)

II=N-[I+1

ARP(II)=1

CONTINUE .
X % % % ¥ ¥ % 3 % %X ¥ £ ¥ k %k X x ¥ ¥ ¥ ¥ ¥ ¥ X % ¥ ¥ %

00 120 KMK=1,?

KNK=ARP(KMK)

LEN{AMK)=LENR{KNK)

IPPIKMKI=IP(KNK)

CONTINUE

DU 130 KGK=1,N

LENRIKIK}=LEN(KUOK)

IPIKUOK)=IPP(KCK)

COCNTINUE

00 150 K=1sLICN

ICNK=ICN(K)

00 140 J=1:N

IF{ICNREQ.ARP (J)) ICNIKI=J

CCNTINUE )

CONTINUE

THESE LAST LINES wiLL REASSIGN VALUES TQ {8.
IF(NUA.GE.2) 50 TG 16y

i8(1) =1
GU Td 199

Iw = [5(3TP) . 77



160

179

130
190

NUAM = NJM - 1

LSalll) = N = JolnuM) + 1

DG LT0 LM=1l,NJUMM

M1 = LY + 1

L = NUM-LM+1

LL = NUM"LM

LuwLiMH) = IB(L) - IBILL)
I8(l)=1 '

DG 180 LM=2,NUM

MM=Li4-1 ‘
Io(M)=IB(MM)+LCWL (MM)

CCNTINJE

78
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RETURN
END



APPENDIX 6

THE PRMBLK SUBROUTINE

This appendix contains an argument list, FORTRAN listing, and
flowchart for the subroutine PRMBLK . Below is the argument list,

followed by the FORTRAN listing and flowchart.

ARGUMENT LIST

NUORD is an output array of length NUM set by PRMBLK so that
NUORD(I) contains the order in the input matrix of diagonal
block I in the permuted matrix.

MARK is an output array of length M set by PRMBLK so that
MARK(I) contains the position in the symmetrically permuted
output matrix of row (and column) I in the input matrix for

I=1,2,...,M.

The remaining arrays are defined in previous appendices.
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180

- OO0

O
<

NN
- O
[@/IRS

cCcCoOoOe

230

235
237

OOOOOOO

L
K

SUOGRUUTINE PRABLKAMy Ny LICNyNUM» ID 9 I3R 1P,
LEVRyICNyMARK ) NUCRULEN IPP)

INTEQER IB8(M) o IP (i) s LENKLMA )y ILHILICN) g MARK (M)
InTecoeR IBR(M)LENIM) IPP (M), NUCRD(M)
IB{NUM+1l)=N+]

DU 130 K=1l,M

MARK(K) = O

LM=1

SEARCH EACH RUW IN THE UPPER oL«uUARE SUSMATRIX.
IF IT CUNTAINS A NUNZERU UUTSIDE CGNE CF ThE
DIAGUNAL BLUCKSy MARK TrdE CuLUMN CONTAINING
THAT NGNZERG.

DC 2U5 L=1,NUM
IF(IB{L)«GTaLM) GU TO 210
CONTINUE

IoL=1ib{L)

ioL IS THE INDEX OF THE FIRST CCLUMN IN
THE wiAT BLULK AFTER THZ Biuues CUNTAINING RCw LM

K= 1P(LM)

JU=K+LENR(LM) -1

00 230 L=KydJ

IFCICN(L) «LTSIBL) GG TU 23¢
MARK({ICN(LY) = |

CONTINUE

LM=LM+1L

IF(LM.LTLIB{INUM)) GU TU 190

NN={H+1

00 237 L=NNgH

LL=IP(L)

LLL=IP{L)} + LENRIL) -1
DU 235 LM=LL,LLL
MARK{ICN{LM)) = 1
CONTINUE

1
1

NUURD{I) IS THE ORDER IN ThE URIGINAL MATRIX
OF THE 1-TH BLOCK IN Thc PERMUTED MATKIX.

IF NONE OF THE COLJUMNS IN THe I-TH JOLCCK
ARE MARKED, MUVE THiS BLOCK "uP" THE
vlaAovUNAL .
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259

260

OO0

270

280
299

285

OO0

295

aOOOO0

&

4

43

lob=Ipo(lL)
LL=L+i
[oLi=io(li) -1

UG 250 KK=[BL,IBLL
IFIMARKIKK)«Eel) GU TO 200
CUNTINUE

NUJRD{K)=L

K=K+1

L = L+l

[IFlL.LELNUM) GO TO 240

81

IF UNE OF THE COLUMNS IN A BoeOuK IS MARKEC,
MUVE THAT BLCUK "DUwN"™ THE ulAGUNAL.

L =1
I8L = IB(L)
LL = L+l

Il = IoliL)-1

V0 230 KK=I83L,IBLL
IF(MARK(KK)«Ewel) GuL TJ 290
CCNTINJE

GC TG 285

NUUORDI(K) = L

K=K+1

L= L+1

IF(L.LEL.NUM) 60 TO 279

ODEF INE ARRAY MARK 5ulH THAT MARK(I)=K
MEANS5S THAT ROW (AND COLUMN) K wolILL
REPLACE RUW (AND CULUMN) .

K =1 .

DO 300 L = 1l,NUM

IBL = IB{NUURDIL))

LL = NJURDI(L) + 1
IsLt = IslLL) - 1

DG 295 MM = IoL.I0LL
M4ARK{#MM4) = K

K = K+l

CONTINUE

PERFGRM THE PERMUTATIUN BY UPDATING Tht
ARRAYS IP AND LENR.

DU 44 K=19M

IF(MARK(K) .EQ.0) MARK{K)=K

DJ 43 K=1,LICN

ICH(K) = MARK(ICNI(K))

JC 43 K=14M

LEN(MAKK(K) )=LENRIK)

[F{KeLCaNUA) I[BR(MARK{K)) = I1o(K)}
IPPLAARKIK)) = 1IPIK)


https://IF{MARR(RK).E^.iJ

47

DC &7 &«
IP(K) = IPP(K)
IF(neLEaNUM) TEIK)I=IBRIR)
RETURN

ENV

104
LEN{K)

Won
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FLOWCHART FOR PRMBIK

Doe
row II
contain a
nonzero not in
a diagonal
block?

II

Y

IT + 1 (——>

Mark the columns con-
taining such nonzeroes

N row II contain
a nonzero which will
II > M 7>-<—— 11 = II + 1| be outside all diagonal
2 blocks after
Y ABSORB is
called?

Mark all columns con-
’ taining such nonzeroes
\

Symmetrically permute the upper square
submatrix so that the diagonal blocks
containing only unmarked columns appear
first along the diagonal

X

(Stop)
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APPENDIX 7

THE ABSORB SUBROUTINE

This appendix contains an argument list, FORTRAN listing, and
flowchart of the subroutine ABSORB . The argument list is below,

followed by the FORTRAN listing and flowchart.

ARGUMENT LIST

IFR 1is an integer output = array of length M set by ABSORB such
that IFR(I) contains the location in the permuted output matrix

of row I in the input matrix for I =1,2,...,M .

All other arrays are defined in previous appendices.




10

15

30

40

50

SUBRUUTINE ABSCRe(My NyLENR,1P,ibsICN,LICN,
NUI"\,IF&,IBK,IPP,LEN)

INTEGER LENR{A)yIPP M) LENIM) IBR(NUM)
INTESER IP{M)yIo(NUM)} »ICN(LILNY s IFR{M)
J=ii+l

DU 1 {I=1,N

IFR(1i)={1]

L=IP(J)

LL=L+LENR{J)—-1

FIRST=N

DC 10 K=L,LL

IFLICNIK) oLT«FIRST) FIRST=ICN{K)

PLACE = LFRIFIRST) + 1

IFr{d) = PLACE

Jd = J-1

DC 15 K=1,JJ4

IF(IFR{K)«GEPLACZ +ANDe IFR{K)LELJJ)
IFR(RI=IFR{K)+1

IFtJ.EQ.#) GG TU 30

J = J+i

GO 70 5

CoNTINUE

00 40 L=1.M

IPPLIFR{L))=IP (L)

LENUIFR(L))=LENR{L)

DQ 50 L=1,M

IP(L)=IPP(L)

LENR({LI=LEN(L)

RETURN

END
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FLOWCHART FOR ABSORB

(Start )

II

N+1

Y

Find the column index,
J, of the first nonzero
in row II.

Y

Permute the rows of the
matrix so that row II
is inserted just below
the row that was in
position J-1 1in the
input matrix.

A
IT=1I+1
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APPENDIX 8

PRINT AND LPRINT SUBROUTINES

This appendix contains the FORTRAN listings for the PRINT

and optiomal LPRINT subroutines., The PRINT subroutine gives out-

put in the matrix form shown in the first two appendices. For

matrices too large to be output in this manner, the LPRINT sub-

routine gives only the column indices of the nonzeroes in each row.
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10

20

45
47
139
209
300
3590

355
35

65

70

400
60

100

200
i0

a

SUBRUUTINE PRINT(IUsMyNy IPRyICNSLICNLIPsLENR) 88
DIAENSIUN IUN(LICN) s IP (M) LENRK{M)y IPR (M)
IF(luetudel) Gu TU iU

IF(IGeEJde2) GO TO <0

IF(IGeEWs3) GU TU 3U

iF{lo.Eues) GG TG 45

IF{IG.Ewe10} GU TU 47

aRITEL{S6,100)

60 Tu 35

wWRITE(6,20010

GUu T4 35

nwRITE(6,300)

o0 TO 35

nwRkiTc{oy 35010

GC Tu 35

wkITE(06,355)

ol TQ 35

FORAAT('1',*THE INITIAL FGORM OF THE MATRIX B I3:')
FORMAT (P LYy YAFTER CALLING THE SUBRCUTINE MCzlazt*)
FURMAT('1','AFTER CALLING THE SUBRCUTINE MCl3C:')
FURMAT('1Y,9AFTER CALLING ThE SUBRLCUTINE ABSCRE ThE?
v FINAL FORM [S5:1)

FORMAT{?1' P AFTER CALLING THE SUBRCUTINE MIN:z')
U8 60 L=1+M .

IPL = 1P(L)

1PLL = [PL + LENR{L) -1

DO 65 K = 1N

IPR(K) = O

g 70 K = IPiL,IPLL

IPRUICNIK))=1

ARITE(69400) {IPRIMMA) yAM=1yiN)

FGRMATHL L1X,10011)

cCOnTINuE

RETURN

ENJ

SUBKUUTINE LPRINT{LcNReyIPyILNJLICNIMyN)

DIMENSIUN LENR(M) o IP (M) ICN(LICN)

06 10 [i=1l.M

LENGTH = LENRUII)

IPL=IP(I])

1PLL=IPL + LENGTH - 1

wRiTelo,y100) 11

FORMAT (LX o *THE NONZERJES Iih kua' 15, ARE

s PFOUND IN THz FOLLOWING CLLUMNS:')
wRITE(64200)(ICN(L)L=1PL,IPLL)

FORMAT(LX,10015)

CONTINUE

RET URiN

END


https://IFlIu.Ew

APPENDIX 9

MAIN PROGRAM

This appendix contains the FORTRAN 1listing for the main
program which calls all subroutines in Appendices 3 through 9 to

permute a rectangular matrix to a block upper trapezoidal form.
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—r

LK = . + L

SiEMNSTu E(&‘:u),-)(+’:‘~‘J),IC‘~.‘(?‘5J),I:‘(
pote 7o) 2 lURETE) w1 T7594) H13{75)
1 102RATHY B IFFLTH) LENLTZY L IPPLTY)

?
WARKR O3 Lo b {75, LN (TE)
iNTECES RLLMXKETS)
1o=1 ‘

FEAD Tob Ko IaDEx AND CCLudin INDEX OF THE MATRIX.

CEAD(E 100D,
FuraT dl5)
DU 5 li=ly

AL A Tho <Cn TaoEXe w2y CoLUM, INDEX
LR OToL NEXT WONLERD.

AEAST2,c00) DTlR)Yyd(<)

IF(IC) ok 0) OO0 T2 25

AS Tt iND.CES CF ThE MNCONZERCES AREZ REAT, THE
VELTORS TCh s Leiify aNL 1P Ank FILLED

FOPMAT(Z15)

LICN=LICN+]

TUNTR) = J(XK)

LENR{L(A)) = LEMRII(K)) +
[F{K.MEeLl) G2 TC 15

1P{IIx)) = K

G. To 20

FUIUn ) e o THUK=13) a2 I{LY) = K

1
&

A RS ¢
Pr g THE INITLIAL FURM OF THE MATRIX.

[FINeOoTaLl50)Y CALL LPRINTH{LENR s IPyICN,LICNsM,yN)

PEvMUTE TRHE =AikiX T8 ACHIeVE A ZFRI=FWEE MALIN
CLAGLS AL ANC PRINT THE MATRIX.

Cacl vealAalayaNalENyIPPICNLICN,IPyLENR,IPERM,
NLUSNey L

725 ZLEMRLTS)

yNUCKGLTS)

90

4

[P LELL50) Call PRINTUIG )My IPR,ICN,LICN 1P, LENR)

1G=2 |
TF O 0Ta 500 CAlL LR INTULERT, 1P 10N, LIC T,y
Ll PS5 CalL PEENT LGN 19K, [UN LICEy [Py LENR)



. 91
Find Trb or i SedT PUS51ELE uPPERN SGUARE SUBMATRIX.

CALL CIMNUTiNy Ny 9Llhl s LINKy 2L INKy LENF v 1P IUNyMARK)

i = 1¢C

Ir{MNeGTol80) CALL LPARINTILENR, IPyICN LICNY 1, N)
fr{iNLELLS0) CALL PRINT(IGMyM,IPR,IC NoLIL\ IP,LENK)

SLOCY UPPER TRIANGULARIZE THE UPPER SQUUARE SUSMATRIX.

CALL HCljd(%,N.LE\,IQP,ICNRLICN.IP,LENR,IGQ'
TG aNUS 1 w)

[5=3 -
IF{~.3Ta152) CALL LJ?INT(L& R P
[Flvel cel5C)Y CALL "NT(Iu,a, Nyl
IFINUM.EZ.1) 32 T2 39

s IUNSLICN M N)
PRy ICNG,LICNg [P LENR)

PEANMUTE THE SLLUNS ALING THE DIAGCNAL TC ACHIEVE AN
/:\T‘JAL )'.z AL An\’QJLAR Fg \.“ IF P‘JSSIBLE

CALL P iv3Lx{4, .\’Llu-\ywuﬂytlﬁy ISRy [P,LENRSICY i g MARK,
MU oreaLEN, 1P P)

ER SIUARE SUSMATRIX

PROCESS THI RIWS B3ELIW THE UFP
TC ACHIEVE A FINAL olLOCK UPPER TRAPEZGIDAL FORM.

o1

CALL e&SJRR(”,N,LEYRyXF,IS;ICN,LICN,NU“ [FRy13R,1PP,

LEN).

1G=4 . , .
IFIN.GT.150) CALL LPRINT(LENRs I[P ICN,LICNsMyN )
[FINJLESLISC) CALL PAINTUISoMaN IPRZICN,LICNSIP+LENR)
CONTINUE '

ST Ze
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