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ABSTRACT

Because of the ambiguity in the trajectory of a
particle embedded in a flow across the probe volume of a
Laser Doppler Velocimeter, scattered light intensity
measurements as a function of the particle size become
difficult to interpret. By choosing the proper combination
of photo-detector aperture setting, aperture magnification,
and collecting lens focal number, a reduction in the field
of view of the collection optics can be obtained such that
only centrally localized scattered light from the probe
volume gets detected. Hence, by applying appropriate opti-
cal design techniques, partial elimination of the trajectory
ambiguity can be achieved, resulting in a higher level of
confidence in the interpretation of the recorded data.

This study is the quantitative analysis of the
scattered light collecting performance of a lens-aperture
optical system, as used in a general applications Laser
Doppler Velocimeter. Different ray trace analysis techni-
ques are employed to support a common model for a defocused,
forward-scattered light collecting optical system. A solid
angle ratio function is developed on the basis of geometri-
cal optics and allows for all calculations to be performed

in the image of the aperture space. The solid angle ratio



vi
makes the computations easier by eliminating the need to
perform lens transformations. The results are used to
plot normalized solid collection angle contours as a
function of the point-source scattering position in the
image of the aperture space. These contours are the
graphical representations of a general functional expres-
sion which has been defined as the geometrical optics

solid angle transfer function.
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H

size parameter

NOMENCLATURE

B =diffraction-limited blur spot diameter
BLA = longitudinal spherical aberration blur spot diameter
8 =diffraction focal shift
T = longitudinal spherical aberration
A = wavelength of the incident light
p(t) =on-off condition function
m = transcendental number (3.141592654...)
T = dummy variable of integration
s%ff = effective solid collection angle, relative and
AQ ! maximum relative errors for the effective
rel, solid ccllection angle, respectivelv
(AQ )
rel’ max
al =effective solid collection angle for region one
eff
(No. 1)
ngf =effective solid collection angle for region two
(No. 2)
Qfo =effective solid collection angle for region three
(No. 3)
Qi = effective solid collection angle for region four
eff
(No. 4)
= true solid collection angle
true
Q,,9] = major sampling solid angles for the image of the
aperture space and the aperture space, respectively
Q,,9, = minor sampling solid angles for the image of the

aperture space

and the aperture

xi

space, respectively
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A(on)

A(Near)

A(Near)
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A(Far)

A(Far)

%Far)
2 ’
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A

12

integration control function

integration control function for on-axis scanning

= integration control function for near off-axis
scanning

A(Near) = integration control functions for

2 near off-axis scanning, associated
with the intersection points, No. 1
and No. 2, of the geometrical inter-
section of the RIA and the CLI,
respectively

14

= integration control function for far off-axis

scanning
(Far) o ) )
Ay ’ = integration control functions for far
A(Far) off-axis scanning, associated with
2% the intersection points, No. 1, No. 1%,

No. 2, and No. 2*, of the geometrical
intersection of the RIA and the CLI,
respectively

area of two circular segments connected base-to-base

half-width of the rectangular image of the photo-
detector aperture, and half-width of the rectangular-
base prism with the edge of its apex along the par-
axial scattering line of the rectangular double-prism
sample volume

half-width of the rectangular photo-detector aperture

radius of the circular image of the photo-detector
aperture, and base radius of the right circular cone
with its apex at the paraxial scattering point of the
double-cone sample volume

radius of the circular photo-detector aperture

half-length of the rectangular image of the photo-
detector aperture, and half-length of the rectangular-
base prism with the edge of its apex along the par-
axial scattering line of the rectangular double-

prism sample volume

half-length of the rectangular photo-detector
aperture



Circ[K(
CirclJd(
D =

(ef/#)
(ef/4#) g
(ef/#) g

f =

xiii

one-dimensional convolution function as a function
of the rectangular coordinate, x

= two-dimensional convolution function as a func-
tion of the rectangular coordinates, x and y

one-dimensional convolution function as a function
of the scanning coordinate, t

integration constant

x2,y2)] = circular function representing the CIA
x,x2,y2)] = circular function representign the CLI

particle diameter

effective focal number of the collecting lens

» = effective aperture numbers of the circular and
. rectangular images of the circular and rectangu-
lar photo-detector apertures, respectively

focal length of the collecting lens

= focal number of a lens working at infinite
conjugates

blur spot function

axial-height length from the geometrical center to
the paraxial scattreing point of the sample volume
for the case of the circular lens and the circular
aperture, and height of the right circular cone with
its apex at the paraxial scattering point of the
double-cone sample volume

axial-height length from the geometrical center to
the paraxial scattering point of the sample volume
for the case of the circular lens and the rectangular
aperture, and height of the rectangular-base prism
with the edge of its apex along the paraxial scatter-
ing line of the rectangular double-prism sample
volume

longitudinal magnification

transverse magnification



n =
P

R

R(t) =
R(t-T)/

r =/

e

x(t)

max

min

xXiv

index of refraction of the medium of light propaga-
tion

index of refraction of the particle

radius of the CLI

functional representation of the semi-RIA

= shifting function representation of the semi-RIA

point-source scatterer's r-radial distance from the
optical axis

radius of the collecting lens

farthest CLI-point along the r-axis from the geo-
metrical center of the sample volume

nearest CLI-point along the r-axis from the geo-
metrical center of the sample volume

= far-scatter location (r,z) and near-scatter
location (r,-z) to the farthest CLI-point,
respectively

= far-scatter location (r,z) and near-scatter
location (r,-z) to the nearest CLI-point,
respectively

r-radial distance from the geometrical center of the
sample volume to the center of the CLI

functional representation of the semi-CLI
scanning coordinate

= coefficients of the quadratic equation,
ux? + vx + w

point-source scatterer's x-rectangular distance from
the optical axis

sampling function

farthest CLI-point along the x-axis from the geo-
metrical center of the sample volume

nearest CLI-point along the x-axis from the geometri-
cal center of the sample volume
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far-scatter location (x,0,z) and near~-scatter
location (x,0,-2z) to the farthest CLI-point,
respectively

far-scatter location (-x,0,z) and near-scatter
location (-x,0,-z) to the farthest CLI-point,
respectively

far-scatter location (x,0,z) and near-scatter
location (x,0,-z) to the nearest CLI-point,
respectively

far-scatter location (-x,0,z) and near-scatter
location (-x,0,-z) to the nearest CLI-point,
respectively

y-rectangular distance from the geometrical center
of the sample volume to the center of the CLI

point-source scatterer's y-rectangular distance from
the optical axis

farthest CLI-point along the y-axis from the geo-
metrical center of the sample volume

nearest CLI-point along the y-axis from the geo-
metrical center of the sample volume

far-scatter location (o,y,z) and near-scatter
location (o,y,-z) to the farthest CLI-point,
respectively

far-scatter location (o,-y,z) and near-scatter
location (o,-y,-z) to the farthest CLI-point,
respectively

far-scatter location (o,y,z) and near-scatter
location (o,y,-2) to the nearest CLI-point,
respectively

far-scatter location (o,-y,z) and near-scatter
location (o,-y,-z) to the nearest CLI-point,
respectively

point-source scatterer's z-axial distance from the
geometrical center of the sample volume

image of the aperture-to-collecting lens distance
and its associated sample volume axial increment,
respectively
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aperture—~-to-collecting lens distance and its
associated optical transfer sample volume axial
increment, respectively



CHAPTER I

INTRODUCTION

Laser Doppler Anemometry (LDA) effectively came into
being in the early 1970s with the advent of self-aligning
laser interferometers. About that time interests shifted
from doppler shift measurements to combined measurements
of particle size, number density, and velocity. A group
of interferometric instruments called Laser Doppler Velo-
imeters (LDV) evolved during the last decade into effective
diagnostic research tools.

By design, an LDV-system is functionally dependent
on the apertures and stops making up the optical collection
system. Additionally, the performance of an LDV-system is
limited by the signal-to-noise ratio, the probe volume
size-to-particle size ratio, the probe volume size-to-
sample volume size ratio, and the scattering solid angle-
to-collection optics solid angle ratio.

Because of the ambiguity in the trajectory of a
particle embedded in a flow across the probe volume of a
Laser Doppler Velocimeter, scattered light intensity
measurements as a function of the particle size become

difficult to interpret.




The purpose of the present investigation is to use
a probe volume-sample volume differentiation as a basis for
a simple analysis for dealing with particle-sizing measure=-
ments. It is an attempt to eliminate the ambiguity in the
scattering information that arises from indistinguishable
signals resulting from small particles traversing near the
geometrical center, and of large particles grazing the
outer regions of the probe volume (see Figure 1). The
results of the investigation partially eliminate the tra-
jectory ambiguity.

Brayton, Kalb, and Crosswy [l]1 show that the
Gaussian intensity distribution of the illuminating laser
beams and the scattered light collection efficiency of the
collection optics contribute to thé spatial variation of
the detected signal. The photo-detector measures the
scattered intensity which is a function of the point-source
scattering position in the image of the aperture space.
Holve and Self [2-3] state that the scattered signal is
trajectory-dependent. Chigier, Ungut, and Atakan [4] state
that the signal amplitude can be used as a measure of the
particle size, provided that a separate indication of the
transverse position of the particle within the probe volume
exists. The signal characteristics, registered by the photo-

detector, depend upon the geometry of the collection optics.

lNumbers in brackets refer to similarly numbered
references in the Bibliography.
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One type of analysis which has been paid widespread
attention is the optical superpositioning of the sample
volume with the probe volume. When the image of the photo-
detector aperture is superimposed onto the probe volume,
the collecting lens—-aperture combination can be made to act
as a spatial filter controlling the optical volume sampling
capability of the LDV-system.

Gouesbet and Grehan [5] state that simultaneous
velocimetry and sizing of single particles can be achieved
by superimposing on the sizing probe (probe volume) a
classical LDV control volume (sample volume). Avoidance
of the particle trajectory ambiguity is achieved by
correcting for the nonuniform Gaussian intensity distri-
bution of the probe volume. The objective is to reduce
the field of view of the collection optics such that only
centrally localized scattered light, within an approximately
uniform energy field of the probe volume, gets detected.

Farmer [6] introduces the concept of sample space
and sets forth an analysis of the functional behavior of
the sampling characteristics of LDV-systems designed to
measure particle size and/or velocity. In general, the
sample space is different in concept than the probe volume.

A character differentiation is made between the
probe volume and the sample volume. The probe volume
originates from some form of transmitted laser light illumi-

nating a localized region of the particle flow. In the case



5
of the dual-scatter LDV-system, the probe volume is formed
from the overlapping region of two identical laser beams
(see Figure 2). In the case of the mono-scatter LDV-system,
the probe volume is defined simply by a localized segment
of a single laser beam (see Figure 3). The probe volume is
also identified with the scattering volume. On the other
hand, the sample volume arises from the collection optics
geometry. In the case of a forward-scattered light collect-
ing optical system, the sample volume is defined by the
backward extension of all the scattered rays that are
collected by the lens and transmitted through the edge of
the photo-detector aperture. The sample volume is formed
by drawing marginal and oblique ray traces from the edge of
the clear aperture of the collecting lens and through the
edge of the image of the photo-detector aperture (see
Figures 3 and 4). The sample volume is also identified
with the measurement volume and, under appropriate circum-
stances, the optical transfer of the sample volume is iden-
tified with the focal volume of the collection optics.

The study focuses on the geometrical characteristics
and optical sampling properties of a lens-aperture collec-
tion optics of an LDV-system, and develops a quantitative
analysis of the performance of such a system by introducing
a general functional expression defined as the grometrical

optics solid angle transfer function.
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Figure 3. Linear Lens-Aperture Arrangement of the
Collection Optics of a Mono-Scatter LDV-system.
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Chapter II presents the preliminary considerations
for a geometrical optics ray trace analysis of an LDV-system
set-up in the forward light scattering mode. It also
outlines the theory of a defocused optical system and the
associated vignetting of the collection optics solid angle.
The defocusing characteristics of an LDV-system result
from the trajectory ambiguity of a particle as it traverses
the probe volume.

Chapter III details the analysis necessary in deter-
mining the physical dimensions of the focal volume. The
focal volume is used to set a lower-limit upon the size of
the optical transfer of the sample volume. It also develops
different sample volume geometries for two analytical cases
of interest.

Chapter 1V develops the concept of solid angle
ratios needed to describe the characteristics of vignetting
within a defocused optical system. It is shown that this
concept allows for all calculations to be performed in the
image of the aperture space where the sample volume is
defined. Computations are made easier by eliminating the
need to perform lens transformations.

Chapter V outlines Brayton's method for treating the
case of the circular lens and the circular photo-detector
aperture. This approach makes direct use of the solid
angle ratio. The analysis will show that the image of the

aperture space is made up of four distinctive scattered
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light collecting regions, each with its own form of analyt-
ical solution.

Chapter VI presents the author's method for treating
the case of the circular lens and the rectangular photo-
detector aperture. This approach makes use of the solid
angle ratio in a different manner than in Brayton's treat-
ment. Because of the incompatible geometry of the optical
elements and their lack of rotational symmetry about the
optical axis, the ray trace analysis cannot proceed by way
of analytical geometry. Using optical transfer theory,
the convolution techniques can be used to perform an inves-
tigation equivalent to the ray trace analysis for this case.
From this, the concept of the solid angle ratio evolves
into the geometrical optics solid angle transfer function.
The analysis shows that two specialized cases exist in
solving the convolution integrals, and their combined solu-
tions make up four distinctive scattered light collecting
regions within the image of the aperture space.

Chapter VII discusses the theoretical and physical
significance of the geometrical optics solid angle transfer
function.

Chapter VIII describes the experimental set-up used
to measure the amount of light scattered by a point-source
located at different positions within the probe volume, and
the experimental procedures used in scanning the different

image of the photo-detector aperture geometries.
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It also presents the experimental results which were
obtained in the laboratory and compares them with the
theoretical computations. Sources of error and other
experimentally related problems are discussed.

Chapter IX summarizes the study conclusions. It
shows that the solid angle transfer function is a more
general form of the solid angle ratio of probe and sample

volumes.



CHAPTER 1II

GEOMETRICAL VIGNETTING OF A DEFOCUSED,
FORWARD-SCATTERED LIGHT COLLECTING

OPTICAL SYSTEM

/
This chapter presents the preliminary considerations
\

for a geomet?&cal optics ray trace analysis of an LDV-system
set-up in the forward light scattering mode. It is shown
that the domain of applicability of such an analysis is
confined to limited ranges in its system's parameters. It
also outlines the theory needed to understand the behavior
of a defocused optical system. The theory shows that
geometrical vignetting of the light scattered from an out-
of-focus point-source scatterer results relative to the
detection field-of-view of the collection optics.

For scattering off a particle of a size of 20 wave-
lengths or more, it is possible to distinguish between the
rays incident on the particle and the rays passing along
the particle. When the particle is much larger than the
wavelength, the incident beam of light can be described as
individual rays pursuing their own path. This is known as
the "principle of ray-localization” [7]. When the size

parameter approaches infinity, geometrical ray-localization

leads to a separation of the diffracted, refracted, and

12
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reflected optical fields. This parameter is used in
scattered light particle-sizing measurements, and can be

written as:

n D
« = B

Hodkinson and Greenleaves [8] state that for par-
ticles larger than a few wavelengths, the integrated
effects of the light scattered off them can be approximated
as a combination of classical diffraction and of geometri-
cal optics transmission and reflection.

Ungut, Grehan, and Gouesbet [9] state that calculat-
ing the scattered light properties of particles in an LDV-
system can be made easier by using geometrical optics when
the light is collected in the forward observation mode; as
opposed to collecting the scattered light in the backward
observation mode.

The domain of applicability of a geometrical optics
light scattering theory is confined to the near forward
directions (0-20°) for transparent spherical particles of
diameters greater than several microns.

Geometrical optics can be used with fair accuracy
for forward direction light scattering calculations related
to particle sizing and characterization. Moreover, these

computations are relatively easy to perform (i.e., fast
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and inexpensive) especially in nonideal situations such as
with aspherical particles and nonuniform illumination.

The basic measurement parameter is the intensity
of the light scattered by a point-source located at differ-
ent positions within the probe volume. Polarization is
neglected in this treatment (i.e., the scattered field is
treated as incoherent light). Phase effects of the various
components (i.e., diffraction, refraction, and reflection)
are excluded from this geometrical optics analysis.

The optical collection system is assumed to be
isoplanatic; that is, it obeys the "Staeble-Lihotzky con-
dition"™ [10]. An isoplanatic region of such a system is
that portion of space over which the system's point spread
function remains unchanged. Since an unchanging point
spread function implies that the optical collecting and
transmitting characteristics of the system are independent
of any wave optical effects, the transition to a ray optics
treatment is justified. Hence, the analysis is based on
the geometrical optics concept of the limitation of rays
by apertures or stops.

The defocusing characteristics of an LDV-system
are an outcome of the trajectory ambiguity of a particle
as it traverses the probe volume. The geometrical analysis
of a defocused optical system is developed from the Abbe

theory of stops and apertures. Ideally, the optical
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system is designed such that the in-focus pencils of rays
produce light spots of infinitesimal area. The out-of-
focus pencils of rays produce light spots of finite area,
i.e., blur regions. The effects of the light spots on the
imaging characteristics of the system depend upon the
angular dimensions of the pencils. In turn, these dimen-
sions depend upon the aperture stop of the system, or
equivalently, upon the pupils of the system.

A schematic of the collection optics of a mono-
scatter LDV-system consisting of a linear lens-aperture
arrangement is considered in Figure 3 (page 7). The lens-
aperture set-up consists of a collecting lens and a photo-
detector aperture. In this case, the photo-detector
aperture defines both the aperture stop and the exit pupil.
The image of the photo-detector aperture defines the
entrance pupil. The collecting lens defines the field
stop, entrance window, and exit window.

Since the collecting lens is identified with the
field stop, the field-of-view of the collection optics is
controlled by the clear aperture of the lens. Dimensional
relationships between the image of the photo-detector
aperture and the collecting lens determine the effective
field-of-view and the amount of vignetting. Levine [11]
describes the characteristics of vignetting within an

optical system. The vignetting of a lens is the reduction



16
in the light intensity of off-axis points in the receiving
plane of the detector. This reduction is due to the block-
ing of the transmitted light when the mounting of an opti-
cal element interferes with some of the rays. Levine
defines a vignetting factor which is the ratio of the flux
through the entrance pupil alone when the lens has been
removed. Aref'ev et al. [12] state that the illumination
nonuniformity associated with a lens-aperture system is
described as the vignetting of light by the transmitting
source and the receiving aperture. Computations of the
amount of light flux that passes through and is blocked by
one of more‘vignetting apertures have béen reported by
Grigor'ev, Pavlova, and Sheinis [13].

Vignetting can also result from the defocusing of a
lens-aperture optical system. Shul'man [14] related the
nonuniformity of the exit pupil illumination to the defocus-
ing of the optical system. He defines focusing as when all
points of the source and all points at the edge of the field-
of-view are imaged by light rays that are not intercepted by
the mounting of the photo-detector aperture. This implies
that defocusing occurs when an illuminated transition region
appears at the edge of the angular field-of-view, due to the
partial vignetting of the ray bundles. Therefore, vignet-
ting occurs when the light spot becomes large enough or
when it moves far enough off-axis so that some of the rays

strike the mounting of the photo-detector aperture.




CHAPTER III

PROBE VOLUME, SAMPLE VOLUME

AND FOCAL VOLUME

This chapter develops the physical dimens%pns of
the focal volume. By approximate formulation, téere
exists a focal volume associated with the focusi;g proper-
ties of a diffraction-limited lens in the presence of axial
aberrations of various orders. The focal volume is used

to set a lower-limiting value upon the size of the optical

transfer of the sample volume. It also develops different

sample volume geometries for two analytical cases of interest.

The purpose of developing this focal volume formula-
tion is to determine the smallest photo-detector aperture
that will collect all of the light in the image of a point-
source scatterer, when the point-source is located at the
center of the image of the photo-detector aperture. The
physical dimensions of the focal volume are determined by
the longitudinal spherical aberrations.

The focal point of a real optical imaging system is
not really a point, but a volume. The focal volume arises
from deviations of the light rays from the point of the
best diffraction focus. This point is the spot where the

light intensity is a maximum and its location lies on the

17
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optical axis midway between the extreme marginal and
paraxial foci. The ray deviations are due to the point-
spreading nature of the diffraction-limited lens and its
geometrical optics aberrations. They can be calculated
from diffraction theory and from a series expansion of the
optical paths. The expansion is performed about the refer-
ence focal point. This point is taken to be the center of
the reference sphere and is assumed to lie in the vicinity
of the best diffraction focus.

For an aberration-free system, the diffraction-
limited blur spot (i.e., Airy Disk) would represent the
cross-sectional area of the diffraction-limited focal
volume. However, when the lens-aberrations are much larger
than the diffraction effects, the location on the optical
axis of the best geometric focus is where the size of the
blur spot is a minimum. The best geometric focus does not
coincide with the location of the best diffraction focus;
it lies shifted towards the marginal focus relative to the
best diffraction focus (see Figure 5). In the case of the
best geometric focus, the minimum blur spot diameter (i.e.,
the diameter of the Circle of Least Confusion) represents
the largest cross sectional dimension of the geometric
focal volume.

The importance of the blur spot diameter to the

collection optics of an LDV-system is developed as follows.
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Since the basic measurement parameter is the scattered
light intensity and not the image quality, the choice of the
point of the best focus is taken to be the minimum blur
spot position (i.e., the point of the best geometric focus).
This is the same choice as that of Warren J. Smith [17].

He states that the minimum blur spot position is seldom
chosen as the point of the best focus in optical systems

for visual or photographic work. But it is frequently
chosen in systems which utilize photo-detectors since, in
most cases, the purpose is to determine the smallest detec-
tor that will gather all of the energy in the in-focus image.

Because any real optical imaging system is affected
by axial aberrations of various orders, the longitudinal
dimension of the focal volume will be much larger than the
focal range of the system. The focal range is equal to
twice the distance of the diffraction focal shift. The
diffraction focal shift is the distance from the paraxial
focus to the point of the best diffraction focus. The
diffraction focal shift is used as a variable in the theo-
retical design of the optical system and all coefficients
of the power series are related to it. By applying
Raleigh's quarter wavelength limit to an aberration-free
system [15], the diffraction focal shift can be derived.

The diffraction focal shift can be written as:

2 ) (£/#)2 : (2)
n
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The size of the diffraction-limited blur spot, based on the
Raleigh limit, is determined by the focal number and the

diffraction focal shift, and can be written as:

B = TP (3)

The power series expansion has been performed by
Ta-Hang [16], dealing with the location of the best dif-
fraction focus of an axial pencil of rays in the presence
of longitudinal spherical aberrations of various orders.

In a well-designed system, where the axial spherical aber-
ration is controllable up to second order (i.e., the zonal
aberration is controllable), Ta-Hang shows that the maximum
allowable longitudinal spherical aberration is 16 times the
focal range of the system. This aberrational expression

can be written as:

64)\(f/#)2 (4)
n

The size of the longitudinal spherical aberration blur spot
is determined by the focal number and the longitudinal

spherical aberration, and can be written as:

Hence, the smallest dimension of the photo-detector
aperture must be chosen to be greater or equal to the diam-

eter of this minimum blur spot (i.e., the longitudinal
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spherical aberration blur spot). This choice assures that
the light, scattered from the geometrical center of the
sample volume and collected by the lens, gets detected
without any vignetting.

The control in an LDV-system of the location of the
measurement volume (i.e., the sample volume) rests mainly
in the position of the lens system because the lens position
determines the location of the superposition of the sample
volume on the probe volume. Moreover, the collecting lens
determines the superpositioning of the geometric focal
volume onto the optical transfer of the sample volume. The
collecting lens is most effective in transmitting the
scattered rays to the photo-detector aperture, when it
images the light from the geometrical center of the sample
volume to the geometric focal volume. The effective focal
plane of the collecting lens passes through the center of
the photo-detector aperture and is assumed to be normal to
the optical axis. The effective focal plane is identified
with the plane of the photo-detector aperture. The center
of the geometric focal volume (i.e., the point of the best
geometric focus) coincides with the center of the photo-
detector aperture. The largest cross-sectional area of the
sample volume is the geometrical image of the photo-
detector aperture as seen by the scattering volume (i.e.,
the probe volume) (see Figure 3, page 7). The sample

volume is bounded by the marginal and oblique ray traces
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of the image of the photo-detector aperture (see Figure 4,
page 8). The optical transfer of the sample volume is
formed from the light rays, scattered from the sample
volume and collected by the lens, that get transmitted
through the photo-detector aperture. The optical transfer
of the sample volume is bounded by the marginal and oblique
ray traces of the photo-detector aperture (see Figure 4,
page 8). Since the largest cross-sectional area of the
optical transfer of the samplé volume is the photo-detector
aperture, the geometric focal volume sets a lower-limiting
value upon the size of the optical transfer of the sample
volume. Under the condition of minimal photo-detector
aperture setting, the optical transfer of the sample volume
can be identified with the geometric focal volume of the
collection optics. For a system's magnification of unity,
the optical transfer of the sample volume is the same size
as the sample volume; and the geometric focal volume also
sets a lower-limiting value upon the size of the sample
volume.

There are two analytical cases of interest, forming
different sample volume geometries. These are:

1. The Circular Lens and the Circular Aperture

2. The Circular Lens and the Rectangular Aperture

First, consider the case of the circular lens and
the circular aperture. The central cross section of the

sample volume is formed by the image of the circular
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aperture of the photo-detector. It consists of two right
circular cones, connected base-to-base, centered about the
geometrical center of the probe volume (see Figure 6).
This specific sample volume forms a double-cone geometry.
The axial-height length of the sample volume for the case
of the circular lens and the circular aperture is defined
as the height of the right circular cone, while the radius
of the image of the photo-detector aperture is defined as
the base radius of the right circular cone. The base
radius and height of the right circular cone with its apex
at the paraxial scattering point are given, respectively,

as
b = Mb* (6)

_ *
h, = My2b *(ef/#) (7)

Second, consider the case of the circular lens and
the rectangular aperture. The central cross section of the
sample volume is formed by the image of the rectangular
aperture of the photo-detector. It consists of two rectan-
gular-base prisms, connected base-to-base and having wedge-
shaped ends, centered about the geometrical center of the
probe volume (see Figure 7). This specific sample volume
forms a rectangular double-prism geometry. The axial-
height length of the sample volume for the case of the

circular lens and the rectangular aperture is defined as
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the height of the rectangular-base prism, while the width
of the image of the photo-detector aperture is defined as
the width of the rectangular-base prism. The width, length,
and height of the rectangular-base prism with the edge of
its apex along the paraxial scattering line are given,

respectively, as:

*

2ap = MT2ap (8)

2b = M._2b * 9

p p2bg (9)
- *

h = Mp2a *(ef/#) (10)
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CHAPTER IV
SOLID ANGLE RATIO

This chapter develops the concept of solid angle
ratios needed to describe the characteristics of vignetting
within a defocused optical system. It shows that all cal-
culations can be performed in the image of the aperture
space where the sample volume is defined. Computations
are made easier by eliminating the need to perform lens
transformations.

The solid angle ratio is developed to evaluate the
light collection performance of a lens-aperture imaging
system. The concept of the solid angle ratio evolves out
of Levine's vignetting factor [11]. This factor was
defined previously in terms of a ratio of fluxes; it is
also the ratio of the lens area to the area of the entrance
pupil. In order to develop the concept of the solid angle
ratio and of its computational applicability within the
image of the aperture space, it is convenient to introduce
the scattering solid angle and the sampling solid angle.

The scattering solid angle is divided into major
and minor categories (see Figure 8). The major scattering
solid angle is subtended in the image of the aperture space

from the point-source scatterer to the clear aperture
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margin of the collecting lens. The minor scattering solid
angle is formed from the major scattering solid angle and
the cross section of the image of the aperture plane
through it. The minor scattering solid angle is the solid
angle subtended in the image of the aperture space from the
point-sourgé scatterer to a particular area of the image
of the aperture plane as dictated by the major scattering
solid angle.

Similarly, the sampling solid angle is divided into
major and minor categories (see Figure 9). The major
sampling solid angle is subtended in the image of the aper-
ture space from either of the two axial extremities of the
sample volume to the margin of the collecting lens, depend-
ing on the location of the scatterer relative to the image
of the aperture and the collecting lens. If the scatterer
is located between the plane of the image of the aperture
and the normal plane of the collecting lens, the major
sampling solid angle will be subtended from the marginal
point of the sample volume. This portion of the image of
the aperture space will be denoted as the Near-Scatter
Region. If the scatterer is located beyond the image of
the aperture plane and the plane of the collecting lens,
the major sampling solid angle will be subtended from the
paraxial point of the sample volume. This portion of the
image of the aperture space will be denoted as the Far-

Scatter Region. The minor sampling solid angle is formed
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from the major sampling solid angle and the cross section
of the image of the aperture plane through it. The minor
sampling solid angle is the solid angle subtended in the
image of the aperture space from either of the two axial
extremities of the sample volume to the entrance pupil of
the optical system.

For the Far-Scatter Region, both of these minor
solid angles (scattering and sampling) are clearly formed
from their respective major counterparts. However, for the
Near-Scatter Region, it is necessary to envision the minor
solid angles (scattering and sampling) as extending back-
wards to the plane of the image of the aperture.

The solid angle ratio is defined as the ratio of the
effective solid collection angle to the minor scattering
solid angle. The effective solid collection angle consists
of the common portion of solid angle shared by the minorl
scattering solid angle and the solid angle subtended by the
point-source scatterer to the entrance pupil.

It can be demonstrated that all scattered light
collecting calculations involving the solid angle ratio
can be performed in the image of the aperture space. This
is done by showing the optical equivalence that exists
between the major and minor sampling solid angles of the
image of the aperture space and the major and minor conju-
gate sampling solid angles of the aperture space. If the

optical system forms a conjugate sampling solid angle
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(major or minor) in the aperture space which is geometri-
cally similar to the corresponding sampling solid angle
(major or minor) in the image of the aperture space, then
the sampling solid angles (major or minor) of both these
spaces are optically equivalent.

Consider the ray trace diagram of a linear lens-

aperture arrangement for a forward-scattered light collect-
ing optical system (see Figure 10). LetAzL andAzK be pro-

portional to Azi or Azi and Az; or Azd

X! respectively. The

ratios of the major and minor sampling solid angles for
both the image of the aperture space and the aperture space

can be written, respectively, as:

2
2l B wri ) AzL (11)
Q, 2 2
2 (z. * AzL) ﬂbc
and
QF Trl Az2
1 _ L . _K (12)
[P - 2 *2
2 (zK i AzK) ﬂbc

The relationship of these ratios is:

2
Ql Q; M ZK AZK

bz, (13)

I+ +1

Expand (zLi:Aﬁ)_zinto a binomial series and retain only

the first-order term in the expansion. This gives:



34

‘we3sdAs Teotado butjzosTrod 3yb1T
pP®I833ed5-pIEMIOI B I0J Juswabueaay 8iniisdy-sud] IeSUTT © JO wexbe1q soeal Aey Q1 =2anbtg

*&19a1309dsay ‘eoeds aanjxedy ayy 103 satbuy pirosg burtdues terxeRIRg JOUT) DUE Ioley = & -—\
* %

*A19a1303dsay ‘soeds sinjiady ayj jo abewy ayy 103 sa1buy pr10S burrdues reuUtbiey Ioutl pue Ioley

2'L

dzv

T T
ds
—

B~ <2 Jac —

/

1030939p-030y4 a3yl jo
ain3izady ayj jo abeuy

-3 Z =

1032839p-030Yq
3yl jo aanjxady

sua7 burinor10)




35

2
Q Q’f ML _ »2AZL 2AZK
5 = ox " - Y1 ¥ + (14)
Q QF M z z
2 T L K
From geometrical optics,
= - M / (15)
M Mz
/
\
Therefore: !
2 ol Az'L Az
= o)t F ezt (16)
2 2 L %
T 7
exact ‘deviation
term term (17)

Assuming that Az, << z and Az, << zK,then the deviation term

L

can be neglected. This gives:

*
{0 f

(18)

- = *
9, 4

To a first-order approximation, the ratio of the
major and minor sampling solid angles in the image of the
aperture space is equal to the corresponding ratio of the

major and minor conjugate sampling solid angles in the

aperture space., By rearranging Eg. (18),

o]
D

S
— 3| =

(19)

e
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Eg. (19) shows that the ratio of the minor sampling solid
angles is equal to the ratio of the major sampling solid
angles. This indicates that the scattered light collecting
performance of such a system can be analyzed effectively
from the image of the aperture sbace. This allows all cal-
culations to be performed from a common origin located at
the geometrical center of the sample volume. The quantita-
tive analysis is made easier because it eliminates the need

to perform lens transformations.



CHAPTER V

CIRCULAR LENS AND CIRCULAR APERTURE

This chapter outlines the method used by Brayton
[18] in the analysis of a circular lens and a circular aper-
ture for an optical system used to collect radiation from
a point-source of light. Brayton's results are presented
in a more generalized form and used as a basis for compari-
son with the author's analysis of a circular lens and a
rectangular aperture. Brayton's analysis can be stated in
terms of the solid angle ratio.

Consider the ray trace diagram of a circular lens
and a circular aperture arrangement for a forward-scattered
light collecting optical system (see Figure 11). The
collecting lens and photo-detector aperture are collinearly
positioned on the optical axis in a forward location from
the probe volume. The results of ray tracing and analytical
geometry give information about the effective solid collec-
tion angle subtended by a point-source scatterer in the
image of the aperture space.

A functional relationship is obtained between the
effective solid collection angle and the spatial position
of the point-source scatterer by introducing a collection

criterion. This collection criterion is used to distinguish

37
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between the rays that get detected and the ones that do not.
The rays that get detected are the ones that pass through
the exit pupil of the optical system. The rays that do not
get detected are the ones that strike the mount of the
photo-detector aperture. The collection criterion is a
tool for distinguishing the rays in an optical system that
are mechanically interrupted, and is a fundamental part in
the development of the solid angle ratio.

The collection criterion defines two quantities
which are to be used in the process of ray identification
(see Figure 12). The first one is the circle of the image
of the aperture, denoted as the CIA. The second one is the
circle of the lens interception, denoted as the CLI. The
CIA represents the largest fixed area of cross section of
the sample volume. This cross-sectional region also repre-
sents the area of the entrance pupil. The CLI is a function
of the position of the point-source scatterer in the image
of the aperture space. The CLI represents the largest non-
fixed area of cross section of the minor scattering solid
angle at the plane of the image of the aperture. The
common area of overlap of the CIA and the CLI is used in the
development of the solid angle ratio.

For developing the solid angle ratio, assume:

1. A real image of the photo-detector aperture,

i.e., zK>f; where f = focal length of the

collecting lens
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2. The thin lens approximation for the collecting
lens

3. The small angle approximation, i.e., z.>r

L L

4. The radial coordinate needs only to be considered
because the angular coordinate vanishes by way
of the rotational symmetry of the system.

Also, introduce the effective solid collection angle given

by:

s = — 3 (20)

In order to find out if there exist any differences
in the values of the effective solid collection angles, for
points on either side of the image of the aperture plane, a
set of two calculations is worked out.

Maximum and minimum expressions are introduced for
the radial coordinate. These expressions are used to
specify the location of the extreme boundaries of the CLI
relative to the geometrical center of the sample volume.
These boundary values are necessary to completely position
the CIA-geometry relative to the CLI-geometry. The maximum
and minimum radial distances to the farthest and nearest
points of the CLI are given, respectively, as (see Figures

13 and 14) [18]:
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r + r!

r = ! (21)
max r+ "

|z ]| (£, ~rz/|z])
= r + L+ - (22)
21,
and,

r - r£

r_. = (23)
min r - r"
2

]z|(rL+rz/|z|)

= r- 2, + 2 (24)

The results for this set of calculations show negligible
differences in the values of the effective solid collec-
tion angles for either the far-scatter location (r,z)
or the near-scatter location (r,-z).

The radial distance from the geometrical center of

the sample volume to the center of the CLI is given by:

Tmax * “min
s = (25)
rz
L
= (26)
zL+z
The radius of the CLI is given by:
R = r - S (27)
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r |z

Tz +z (28)

The image of the aperture space is made up of four
distinctive scattered light collecting regions, each with
its own form of analytical solution for the effective solid
collection angle (see Figure 15).

Region one is mathematically defined by the

inequality:
S +R <b (29)
c

This region is characterized by the total projection of the
CLI into the CIA. All of the scattered light that is
collected by the lens gets transmitted through the circular
aperture of the photo-detector without any blockage by the
photo-detector aperture mounting. This region is also
identified with the sample volume of the optical system.
The effective soiid collection angle for this region is
given by:

(1) rf
Qefs = T, (30)
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Figure 15. Representation of the Four Distinctive Scattered Light Collécting Regions for
the Case of the Circular Lens and the Circular Photo-detector Aperture.
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Region two is mathematically defined by the

inequality:

S +b_ <R (31)
c

This reg%bn is characterized by the complete covering over

of the CIA by the CLI. Not all of the scattered light that
is collected by the lens gets transmitted through the aper-
ture of the photo-detector. Some of the light gets blocked

by the photo-detector aperture mounting. The effective

solid collection angle for this region is given by:

b2
{2 - < (32)
eff z 2
Region three is mathematically defined by the
inequality:
S >R + b, (33)

This region is characterized by the total projection of the
CLI outside the fixed area of the CIA. None of the
scattered light that is collected by the lens gets trans-
mitted through the photo-detector aperture. All of the
light gets mechanically interrupted by the photo-detector
aperture mounting. The effective solid collection angle

for this region is given by:
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(3) _
fegg = 0 (34)

Region four is mathematically defined by the

inequality:
b, - R| <8 <b  +R (35)

This region is characterized by the partial projection of
the CLI onto the CIA. The projection of the CLI covers
only the outer circumferential part of the CIA. Not all
of the scattered light that is collected by the lens gets
transmitted through the aperture of the photo-detector.
Some of the light gets blocked by the photo-detector aper-
ture mounting. The effective solid collection angle for

this region is given by [18]:

2 2 2 2.2 42,2
(4) _ bc 1 bc(zL+z) 2 rL+r 27, (36)
Segf = T~z cos 2rz.b _(z.+2)
Z L7¢c' "L
2 24212 2 2,2
rf o1 {z ry bc(zL+z) +r ZL§
+ ————— cos
(ZL+Z)2 2rzLIzIrL
2 .2 _h2 2 2,272 1 V2
rrzp ) z°ry bc(zL+z) +r 23,
|z|(zL+zP 2rzp |z| Ty,
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The solid angle ratios are formed from the normali-
zation of the effective solid collection angles relative
to the minor scattering solid angles. The reason for
normalizing relative to the minor scattering solid angle
is that the minor scattering solid angle represents the
maximum amount of light that can be detected by the collec-
tion optics of the system. Geometrically, the optical
system performs at its highest level when the effective
solid collection angle is equal to the minor scattering
solid angle. This optimal situation is achieved for the
case of region one where it defines the sample volume.

The following parameters are useful for the optical
system's characterization:

1. The effective focal number of the collecting

lens
2. The effective aperture number of the image of
the photo-detector aperture

The effective focal number of the collecting lens
represents the average amount of light collected by the lens
when no vignetting is present. The effective focal number
of the collecting lens is equal to the distance between the
collecting lens and the geometrical center of the sample
volume divided by the diameter of the collecting lens, and

can be written as:

(ef/#)L = 57 (37)
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The effective aperture number of the image of the
photo-detector aperture represents the amount of light
received by the entrance pupil of the system when vignetting
is present. The effective aperture number of the image of
the photo-detector aperture is equal to the distance between
the point-source scatterer and the geometrical center of
the sample volume divided by the diameter of the entrance
pupil, and can be written as:

(ef/#)g = = (38)
C

The image of the photo-detector aperture is character-
ized in terms of an effective aperture number, instead of
an effective focal number, because the effective aperture
number is more generally applicable to different geometries
of the image of the photo-detector aperture. The effective
focal number is related to the collecting lens and the
amount of energy that is gathered within a given solid angle
or light-collection cone. The effective aperture number is
related to the entrance pupil of the optical system and the
angular dimension that is most representative of the light
sampling performance of the image of the photo-detector
aperture.

Next, consider determining the maximum relative error

introduced in the solid collection angles by the small angle
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approximation. The assumption r;<<z; causes the values of
the effective solid collection angles to be larger than the
‘true solid collection angles. This error can become signi-
ficant for a point-source scatterer located in region four
because of its large inclination angle with respect to the
z-axis. The relative error for the effective solid collec-
tion angle can be defined as:

Yeff 7 rue

AQrel = Q (39)
true

In order to determine the maximum relative error for
the effective solid collection angle, it is necessary to
minimize the true solid collection angle. The minimum
value of the true solid collection angle can be determined
by the maximum distance of the point-source scatterer
from an element of area of the geometrical intersection of
the CIA and the CLI, and the maximum angle of inclination
of this element of area with the optical axis. The results

of these calculations are:

rL+bc 2 3/2
= -1
(AQrel)max 1 +< zy ) (40)
Using ry >>bC and Eq. (37) then,

4(ef/#)2 + 1] 3/2
(A2 -) = L -1 (41)

rel max 4(e£/4)2
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The maximum relative error for the effective solid
collection angle is used to explain certain discrepancies
that occur in the contour plots of the normalized effective
solid collection angles (i.e., the solid angle ratios)
which are presented in the experimental results.

The results for the four distinctive scattered light
collecting regions for the case of the circular lens and
the circular aperture are summarized in Table 1. The
approximate solid angle ratios are compared with the exact
mathematical description for each region. The results are

written in terms of the assumption that z << z They will

L°
be used to plot normalized solid collection angle contours
as a function of the point-source scattering position in

the image of the aperture space.
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CHAPTER VI

CIRCULAR LENS AND RECTANGULAR APERTURE

This chapter outlines the treatment of the circular
lens and the rectangular photo-detector aperture. It shows
that the following approach makes use of the solid angle
ratio in a different manner than in Brayton's treatment.

The ray trace analysis is performed by using the convolution
theorem which, in contrast to the geometrical symmetry of
the problem in Chapter V, is necessary because of the incom-
patible geometries of the optical elements and their lack

of rotational symmetry about the optical axis.

Consider the ray trace diagram of a circular lens
and a rectangular aperture arrangement for a forward-
scattered light collecting optical system (see Figure 16).
As before, the collecting lens and photo-detector aperture
are collinearly positioned on the optical axis in a forward
location from the probe volume. As a result of the dis-
similar geometries, a general type of geometrical optics
ray trace analysis cannot be performed by way of the
techniques of analytical geometry.

In Brayton's treatment, a point-by-point, static
superpositioning of the CLI onto the CIA determined the

effective solid collection angles or solid angle ratios.
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Photo-detector Collecting Image of the
Aperture (x*=0, y*=0, Lens (x=0, y=0, Photo-detector Aperture
z2*=0) z=0})
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Figure 16. Ray Trace Diagram of the Circular Lens and the Rectangular Aperture Arrangement
for a Forward-Scattered Light Collecting Optical System.
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Only four general types of superpositionings were necessary
to specify completely the scattered light collecting proper-
ties of the optical system. In the present treatment, no
such general types of superpositionings can be specified.
The aperture of the photo-detector is no longer made up of
a smooth curve with a constant radius of curvature, but
consists of straight edges forming sharp corners. It
becomes impossible to calculate general analytical expres-
sions for the common area of overlap of a circle with a
rectangle, where the radius of the circle can take on any
value between zero and infinity.

Because optical superpositioning of the sample
volume with the probe volume is the major concept in this
study, a general type of geometrical optics ray trace
analysis can be performed by the convolution of two
functions. An expression for the statistical light collect-
ing performance of the optical system is obtained from this
convolving process. This expression represents a functional
extension of the solid angle ratio into a more general form
of a normalized collection optics solid angle. This expres-
sion will be defined as the geometrical optics solid angle
transfer function.

The convolution function occurs in the response of
an optical collection system when the point spread function

of the image of the point-source scatterer is superimposed
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onto the aperture function of the photo-detector aperture.
The out-of-focus image of a point-source scatterer detected
by a scattered light collecting optical system appears to
show that the rays originate from an extended source in the
plane of the image of the photo-detector aperture. If the
cross-sectional scattering area of this extended source is
the blur spot function, and the cross-sectional sampling
area of the image of the photo-detector aperture is the
sampling function, the amount of scattered light that gets
detected is equal to the combination of these two generating
functions. The convolution of the source blur spot function,
h(t), with the collection optics sampling function, x(t),

can be written as:
C(t) = [ x(Dh(t-t)dt (42)

The collection criterion remains essentially the
same as it was defined in Chapter V. The CIA is replaced
by the rectangle of the image of the aperture, denoted as
the RIA, while the CLI remains unchanged (see Figure 17).
In this treatment, the RIA and CLI are identified as the
sampling and blur spot function, respectively.

The geometrical optics ray traces are still used to
identify certain distinctive scattered light collecting

regions. However, the projection of the CLI onto the fixed
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area of the RIA is treated differently in determining a
quantity analogous to the solid angle ratio. A dynamic
superpositioning of the CLI onto the RIA determines the
effective solid collection angles or solid angle transfer
functions. The cross-sectional area of the minor scatter-
ing solid angle, formed at the image of the aperture plane,
is represented by the blur spot function. The cross-
sectional area of the minor sampling solid angle, formed
at the image of the aperture plane, is represented by the
sampling function. The blur spot function is made to scan
transversely across the sampling function.

The convolution is an integration process in which
the integrand is the product of two generating functions.
In this treatment of the circular lens and the rectangular
photo-detector aperture, the sampling function is repre-
sented by a rectangular function and is denoted as the
semi-RIA, while the blur spot function is represented by
a semi-circular function and is denoted as the semi-CLI.

Hence, the calculations proceed as follows (see Figure 18):

semi-RIA: rectangular function

R(t) = Afup(t) =~ u(t-2bp)] (43)
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St

mi-CL|

(a) Representation of the Semi-circular Function as a Model
for the Source Blur Spot Function, Denoted by the
Semi-CLI.

Figure 18. Geometrical Optics Ray Trace Analysis of
the Optical Superpositioning of the Source Blur Spot
Function and the Collection Optics Sampling Function,
Using the Convolution Theorem.
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Model for the Collection Optics Sampling Function,
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(b) Representation of the Rectangular Function as a
Figure 18. (Continued).
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(c) Representation of the Convolution of the Semi-circular
and Rectangular Functions as a Model for Determining
the Common Area of Overlap between the Semi-CLI and
the Semi-RIA. :

Figure 18. (Continued).
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semi-CLI: semi-circular function

S(¢) = VYRZ- (.-R)Z  [u(t) - u(t=2R)] (44)

Note that the integration control function plays a
major role in the computational aspects of the soli# angle
transfer function. The integration control functioh acts
as an indicator of the type of superpositioning that takes
place between the semi-CLI and the semi-RIA for particular
ranges along the scanning axis (t-axis). Once the type of
superpositioning has been determined, this control function
acts as an activator of the type of integration that is
necessary in computing the common area of overlap between
the semi-CLI and the semi-RIA. There are only two types of
evaluation of the convolution: (1) integration along a
circular arc and (2) integration along a straight line that
is parallel to the scanning axis. The integration control
function is related to the height of the rectangular func-

tion and can be expressed as:
A = A(semi-RIA) (45)
For the purpose of the convolution calculations, the

width (or height) of the semi-RIA will be made to vary

between the values of zero and one, while the radius of the
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semi-CLI will have the fixed value of unity. Of course, in
the actual optical system, it is the blur spot function,
i.e., CLI, which varies while the sampling function, i.e.,
RIA, remains constant in its value and fixed about the
origin. The true value for the radius of the semi-CLI is
given by Eq. (44), while the true value for the width (or
height) of the semi-RIA is equal to ap.

In the convolution integral one of the two generating
functions is folded back and then shifted. For many optical
problems, the generating functions are symmetric and so it
does not matter which one gets chosen as the shifting
function. Here, the rectangular function gets folded back
and moved across the semi-circular function.

The origin of the scanning coordinate is not coinci-
dent with the (x,y,z)-origin that is located at the geo-
metrical center of the sample volume. The origin of the
scanning coordinate is positioned at the boundary point
(o,-bp,o). The scanning coordinate locates the leading edge
of the semi-RIA (denoted by the point B in Figure 18).
Because the position of the point-source scatterer in the
image of the aperture space is taken relative to the geo-
metrical center of the RIA (i.e., the sample volume), and
since the position of the point-source is directly linked
to the CLI, the scanning coordinate, t, can be expressed

as:



rlz| + 2 |¥|

t = + b
+
z, + 2 P
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(46)

The application of the convolution integral gives

the following results:

c(t) = S R(t-1)S(1)dr

then:

A(T,R)

A '\/R2 - (T-R)2

and

C(t) A(t,R)p(t=t)u(r)dr

A(t,R)u(t-t)u(1-2R)d4"1

—, .

(47)

(48)

(49)

(50)
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As a result of the definition of the on-off condition
function, Eq. (50), it is possible to eliminate the infinite

limits of integration:

t

Cc(t) = j[A(T,R)dT

o

t

- A(t,R)dr
R

t—2bp

+ ’[ A(t,R)dr
2R
t-2b

P
- Jr A(t,R)dr (51)
(0]

N

The four integrals making up the convolution function,
C(t), contribute nonzero values only within specific ranges
along the scanning axis (t-axis). Furthermore, this

function breaks down into two specialized cases (see

Figure 19):
1. b_ >R
p
2. b_%R
P

It is not necessary to treat both cases. Because
the width of the image of the photo-detector aperture is
taken to be very narrow as compared to its length (i.e.,

ap <<bp): Case No. 1, bp> R, is the only valuable
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computation of the solid angle transfer function. Case No.
2, bp <R, is not considered because the computations yield
values for the resulting transfer functions which are very
small.

For Case No. 1, bp >R, there results:

CT = Cl(t) + C2(t) + C3(t) + c4(t) + C5(t) (52a)
Cl(t) = 0 t £0 (52b)
t
C2(t) = J[ A(t,R)dr 0<t< 2R (52¢c)
0
t
C3(t) = Cz(t) —r/- A(T,R)A1 2R< t £ 2bp (524)
2R
t—2bp
C4(t) = C3(t) -J[ A(t,R)dr 2bp< t < 2R+2bp (52e)
0
C5(t) = 0 2R + 2bp <t (52f)

These integral expressions form the convolution transfer
function, CT. This function is the analogue of the common
area of overlap of the CIA and the CLI, i.e., Aeff’
described in Chapter V. The effective solid collection

angle is given by:

Ses = = (53)
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As before, for developing the solid angle transfer
function, assume:

1. A real image of the photo-detector aperture,

i.e., zy > f

2, The thin lens approximation for the collecting

lens

3. The small angle approximation, i.e., zp >> rp
While in the treatment of Chapter V, the angular coordi-
nate vanished by way of the rotational symmetry of the
system, all three rectangular coordinates need to be con-
sidered in the present treatment because of the rectangular
geometry relative to the optical axis.

In order to find out if there exist any differences
in the values of the effective solid collection angles for
points on either side of the image of the aperture plane, a
set of eight calculations is worked out. This is necessary
because of the lack of symmetry of the system.

Maximum and minimum expressions for the x-,y-coordi-
nates locate the extreme boundaries of the CLI relative to
the geometrical center of the sample volume. These boundary
values completely position the CLI-geometry relative to the
RIA-geometry. The maximum and minimum x-dimensions to the
farthest and nearest points of the CLI for the four loca-
tions (x,0,2), (-x,0,z), (x,0,-2), and (-x,0,-2) are given,

respectively, as (see Figure 20):
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4 X + xi
J - X + x; (54)
*max X + x;
- x + xI*_
\ N
r - ix{z/lz
-l o faf | R Ll (55)
ZL+z
’ s
X X2
- x - x;\ (56)
xmin = < X - X;
- x -x;*
N\
r. + |x|z/|z]
= Ixl -] | e (57)
z, z

Similarly, the maximum and minimum y-dimensions to the
farthest and nearest points of the CLI for the four loca-
tions (o,y,2z), (o,-y,z), (o,y,-z), and (o,-y,-2) are

given, respectively, as:

( :
Y * y;
, _ J -y o+ Y] (58)
max y o+ gt
. -yt Yy
I i lylz/]z] (59)
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and,

( Y —Y, (60)

2 -y Ty,

Y . =

min *%

Yy - v,

*

Ty Ty,

rp + lvlz/|z]

z_ + z
L

(61)

I
<
I
N

The results for this set of calculations show negligible
differences in the values of the effective solid collec-
tion'angles for either the four far-scatter locations
(x,o,z), (-x,0,2), (o,y,z), and (o,-y,z) or the four near-
scatter locations (x,0,-z), (-x,0,-2), (0,y,-2), and
(o,-y,-2).

The x-,y-distances from the center of the CLI to the
geometrical center of the sample volume are given, respec-

tively, as:

X = Xnax T *min (62)
2
_ o xlzy (63)
ZL + z
and,
Y + vy

Y = I (64)
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lvlz,

z_ + z
L

(65)

The radius of the CLI remains the same as defined by Eq.
(28) of Chapter V.

Just as/in Brayton's treatment, the image of the
aperture spac% is made up of four distinctive scattered
light collectgng regions, each with its own numerical solu-
tion for the effective solid collection angle (see Figure
21) .

Region No. 1 is characterized by the total projection
of the CLI into the RIA. All of the scattered light that
is collected by the lens gets transmitted without any inter-
ruption through the rectangular aperture of the photo-

detector. This region forms the sample volume of the opti-

cal system and is mathematically defined by the inequalities:

IYIZL _ rlel (66)
zL+ z p zL+z
and
ey | L mll
zL+z P zL+ 4 (67)

The effective solid collection angle for this region is

given by:
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2
(1) ‘L
Q = (68)
eff "z +2)2

Region No. 2 is characterized by the partial pro-
jection of the CLI onto the RIA. Not all of the scattered
light that is collected by the lens gets transmitted through
the photo-detector aperture. Some of the light rays are
physically blocked by the photo-detector aperture mounting.

This region is mathematically defined by the inequalities:

ly|z r.|z| |
4 +Lz < b, - 4 1:J+ 4 (69)
L Pz
and
X|Z
[xlz, < L, ald (70)
z. + z P z. + z
The effective solid collection angle for this region is
defined by:
(2) rLIZI t t
Q' = T S Af(r,z)dt - [ A(r,z)dr (71)
€ z2(z +z) 0 2R
L
with
2 2
A(t,z) = Av/aT(zL a2 (72)
rL|z| ri z2

Region No. 3 is characterized by the total projection

of the CLI outside of the RIA. None of the scattered light
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that is collected by the lens gets transmitted through the
photo-detector aperture. All of the light rays strike the
mounting of the photo-detector aperture. This region is

mathematically defined by the inequalities:

ME r lz|
—=| > b+ 2o (73)
2, "z P z, Tz
and
x| 2, ry, | 2|
> a 4+ — (74)
zL+z P zL+z
The effective solid collection angle is defined by:
a3 - o (75)

eff

Region No. 4 is characterized by the partial pro-
jection of the CLI onto the RIA. Not all of the scattered
light that is collected by the lens is transmitted through
the photo-detector aperture. Some of the light rays are
mechanically interrupted by the photo-detector aperture
mounting. This region is composed of two sections, depend-
ing on if the CLI-scan is entering or leaving the RIA.
Region No. 4 for the entrance-scan is mathematically

defined by the inequalities:

r z
L'+| | - b <
zL 2 b

lv|z, r |z
‘ < z. +z bP (76)

z. +z
) L

L
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and
x| 2, o, el 79
zL+‘z P zL+z
The effective solid collection angle is defined by:
ot rle ’
Qeff = 2——— [A(T,Z)d'l’ (78)
z (zL+z)

Region No. 4 for the exit-scan is mathematically defined

by the inequalities:

7, |7 HES r,lz]

zL+z + p < szz < zL+z + bp (79)
and

EES rpl 2]

z v 2 % 7 ZFE (80)

The effective solid collection angle is defined by:

t

t
_ r_|z|
g (4-0ut) _ 7L A(t,z)dr - A(1,z)dr (81)
eff 2-2(2 +Z)
L 0 2R
t-2b
P
- J[ A(T,z)d1§
0

A Fortran computer program was developed numerically

to solve the integral expressions of the specialized case
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bp> R. The computer program was structured to treat three
kinds of transverse scanning situations. These scanning
situations are differentiated from each other by the posi-
tion chosen for the center of the CLI relative to the scan-
ning axis and the boundaries of the RIA. These situations
are (see Figure 22):

l. On-axis scanning

2. Near off-axis scanning

3. Far off-axis scanning

On-axis scanning describes a symmetric scanning
defined by X=0, 0<R<bp. In terms of the real optical system,
the blur spot function (CLI) is positioned symmetrically
about the t-axis as it scans across the sampling function
(RIA). The center of the CLI moves along the scanning axis.

The convolution transfer function is:

o]

clom = 2 fA(On) . C(t,R)dr (82)
with
/
1 for a > C(t,R)
afon) J P (83)
C(t_,R)
Tt R) for ap < C(t,R)

C(t,R) = C(1,R) (84)
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(a) On-Axis Scanning is Defined by X = 0, 0<R<b

(b) Near Off-Axis Scanning is Defined by: [1]
|X|+R<ap and 0<R<ap .

Figure 22. Representation of the Three Kinds of Transverse
Scanning Situations.
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(c) [21 x| —R<ap, | x| < ag and 0<R<2ap

(@) [3]

Figure 22.

|X|- R<a, |Xh:ap, and 2ap<R<bp.

(Continued).
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L

R~ X

—»
oU t
(e) Far Off-Axis Scanning is Defined by: [1]
Ix|- R>a, and 0<R<bp‘.

o'
B

(£) (2] [X|- R<a_, |X|>a_, and 0<R<2a_..
p p p

Figure 22. (Continued).
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(g) (3] |x|- R<a, |X|>ap, and 2ap<R<bp.

Figure 22. (Continued)-
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C(t,R) = '\/R2 - (¢t - R)?

and

_ 2 oy 2
C(t_,R) = '\[R (t, - R)

91

(85)

(86)

Near off-axis scanning is asymmetric. The center of

the CLI is shifted away from the t-axis by an amount less

than the half-width of the RIA. There are three over-
lapping patterns within the computational framework.

computations are performed by drawing a straight line

The

through the center of the CLI, parallel to the t-axis, and

then treating the resulting upper and lower circular seg-

ments as two separate convolution problems. If |X|+R<ap

and 0<R<ap, then the convolution transfer function is:

[

CT(Near) = 2 fC(T,R)dT

- 00

If |X|-R<ap, |X|<ap, and O<R<2a,, then the convolution

transfer function is applied in a two-fold manner:

@ ©

CéNear) = ./ﬂc(r,R)dT + J( A(Near). C(t,R)dr

- -0

with

(87)

(88)



92

1 for a, - | X| > C(t,R)
A(Near) 4 (89)
C(to,R)
E-(t_,fT for ap - |X|<C(t,R)

If |X|-R a |X|<ap, and 2ap<R<bp, then the convolution

transfer function is again applied in a two-fold manner:

<]

c(Near) _ _/-A(Near) . C(1,R)dr
T . 1
+ ‘[ A2(Near) .C(t,R)dr (90)
’ ! for a, - [X[>C(t,R)
(Near) _
! R (91)
C(t..,R)
Tl for a - |x|<cC(t,R)
> C(th) P ’
! for a  + [X|>cC(t,R)
SR (92)
Cltg,sR)
| C(t,R) for a, + |X[<cC(t,R)

(93)
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and

- 2 _ 2
C(ty,,R) = '\/R (ty; - R) (94)

Far off-axis scanning is another asymmetric scanning
situation. The center of the CLI is shifted away from the
t-axis by an amount greater than the half-width of the RIA.
Again, there are three general overlapping patterns. If
|X|-R>ap and O<R<bp, then the convolution transfer function
is equal to zero, i.e., tﬁere is no overlapping of the CLI

and the RIA:

cifar) = o (95)

I1f |X|-R<ap,

X

>ap, and O<R<2ap, then the convolution
transfer function is applied twice in the following manner:

o

C'I(|Far) - jr A{Far) . C(1,R)dr
7 (96)
- [ alFar) . oc(r,r)ar
with -
A(Far)  _ 0 for  [X| - a >C(tR)
1 1 for x| - ap'<C(t,R) (97)
0 for |X| - a_>C(t,R)
A(Far) _ P
2 "
C(to,R)
e R for |X|- a, <C(t,R) (98)
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If |X|-R<ap, |X|>ap, and 2a <R<b,, then the convolution

transfer function is again applied twice in the following

manner:
CT(Far) _ [A{Ear) . C(e.R)dx
/ —e”
“ i fA;f;Ear’ . C(r,R)dr
with
/ 0. “for |X| - ap> C(t,R)
(Far)
Al* = { 1 for |X| - ap< C(t,R)
C(tOI,R)
\ C(t,R) for le + ap< C(t,R) (100)
,
0 for |X| - ap> C(t,R)
A(Far) _
2% =
C(t02,R)
ce,m for X - a < cClt,R) (101)

As before, the solid angle transfer function is
formed from the normalization of the effective solid collec-
tion angles relative to the minor scattering solid angles.
While the effective focal number of the collecting lens
remains the same as defined in Eq. (37), the effective

aperture number of the image of the photo-detector aperture
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must be redefined for the case of the circular lens and the
rectangular aperture. In the case of the circular lens and
the circular aperture, it was relatively easy to define the
aperture number because of the circular symmetry of the
image of the photo-detector aperture. Only one variable
(i.e., r-coordinate) was needed to completely define the
opening of the entrance pupil. 1In the case of the circular
lens and the rectangular aperture, it takes two variables
(i.e., x- and y-coordinates) to define the opening of the
entrance pupil. The y-coordinate is associated with the
length of the rectangular image of the photo-detector aper-
ture and also represents the scanning axis. The x-
coordinate is associated with the width of the rectangular
image of the photo-detector aperture. Because the treatment
in this chapter considers only the specialized case b§>R
with bp>>ap, the effective sampling capacity of the system
is primarily determined by the width of the image of the
photo-detector aperture. For this reason, the effective
aperture number of the image of the photo-detector aperture,
for the rectangular case, is specifically expressed in
terms of the aperture width as:

z

(ef/#)s* = 3a (102)

p
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Finally, the maximum relative error, introduced in
the solid collection angles by the small angle approxima-
tion, is defined in a similar manner as described in
Chapter V, and its value remains the same as given by Eq.
(41).

The results for the four distinctive scattered light
collecting regions for the case of the circular lens and
the rectangular aperture are summarized in Table 2. The
approximate solid angle transfer functions are compared
with the exact mathematical description for each region.
The results are written in terms of the assumption that
2<<Z; . They will be used to plot normalized solid collec-

tion angle contours as a function of the point-source

scattering position in the image of the aperture space.



Table 2. "Tabulation of the Approximate Solid Angle
Transfer Function."

Region Exact Mathematical
Number Description of Region

Approximate Solid Angle Transfer Function
Within the Given Region
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CHAPTER VII
SOLID ANGLE TRANSFER FUNCTION

This chapter discusses the theoretical and physical
significances of the geometrical optics solid angle
transfer function. It shows that the convolution tech-
niques are more generally applicable in solving problems
dealing with the geometrical transfer of light collected
by a lens-aperture optical system. It also shows that
there exists a common geometrical transfer relationship
evolving out of the derivations which result in the same
mathematical form of the geometrical optics solid angle
transfer function for the cases of the Circular Lens/
Circular Aperture and the Circﬁlar Lens/Rectangular
Aperture.

The solid angle transfer function is conceptually
no different than the solid angle ratio developed in
Chapters IV and V. Both the so0lid angle ratio and solid
angle transfer function evolve out of the vignetting
factor described in Chapter II, and represent a common
geometrical quantity denoted as the solid angle transfer.
While the vignetting factor ascribes a single point
value to the optical system, the solid angle transfer

is given in a functional form. The solid angle transfers

function evaluates the scattered light collecting performance
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of the system at every point in the image of the aperture
space surrounding the sample volume or entrance pupil.
The normalized values of the solid angle transfer function
at these points represent the optical transfer of the
effective solid collection angles from the image of the
aperture space to the aperture space.’

The solid angle transfer function differs from the
solid angle ratio in the computational flexibility that
it offers. Hecht [19] points out that the convolution
techniques used in Chapter VI are more general applicable
procedures, as compared to analytical geometric techniques,
in solving optical problems dealing with the superposi-
tioning of the image of an optical element and the cross-
sectional area of a scattering solid angle. Hecht shows
that the domain of applicability of the convolution
integral encompasses that of analytical geometry.
Geometrically, the convolution in one dimension is the
area of overlap under the product of two functions, where-
as, the convolution in two dimensions is the volume
resulting from the product of the surface encompassing
the region of overlap of two functions.

The convolution of two circle functions is also

equivalent to Brayton's method for treating the case of

the circular lens and the circular aperture, i.e.,
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oo
. 2 2 . 2 2
C(x,y) = Circ[K(x ",y )]-Circ [J(x,x",y")ldxdy (103)
-Q0
with
5 5 0 for K(x2,y2) > bc
Circ[k(x ,y )] = 2 9 (104)
1 for K(x",y7 )& bc
2 2 0 for J(x,x2,y2) > R
Circl[J(x,x",vy)]1 = (105)
1 for J(x,x2,y2)-$ R
and

K(x2,y%) = <2 4y (106)
J(x,xz,yz) = -\/ (x-S)2 + y2 (107)

This convolution can be rewritten in terms of indef-

inite integrals with specific limits of integration.
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P I(x,x7) bc L(x2)
C(x,y) = 2[ f dydx + 2 dydx (108)
S-R 0 P O
with
p? + 5% - B2

p = =<

28 (109)
T = V&2 - x - 8)2 (110)
L(x%) = b’ - x° (111)

The solutions to these integrals are identical to the ones
derived in Brayton's treatment for the case of region four,
as given by Eq. (36).

The general form of the indefinite integral with its
solution for the optical convolution solid angle transfer

problem is,

C(x) = fQ(xz,x)dx (112)
2ux + v 2 v2 - 4uw -1 2ux + v
—]Q(x ,X) + | ———Isin =131 C
4u . e}
18u,/u \/v - 4duw
with (113)

Q(xz,x) = '\/ ux2 + VX + w (114)
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The physical significance in the form of this solid angle
transfer solution is strictly attributed to the mechanical
interruption of the transmitted light rays that occurs
at the photo-detector. If ray blockage due to the photo-
detector aperture mounting occurs, the cross-sectional
area of the collection optics solid angle transfer will
always exhibit some form of circular segmented geometéy.
In Brayton's treatment, this circular segmented
geometry results from the common area of overlap of the
CIA and the CLI, when the circular area of the solid
collection angle of the scattered light superimposes onto
the circular image of the photo-detector aperture. The
common area of overlap of the CIA and the CLI exhibits
complete circularity for the case of total overlap, or
circular segmentation for the case of partial overlap
In Brayton's analysis, this circular segmentation forms
two circular segments connected base-to-base. The general
solution for the area of a circular segment is similar to
that of Eq. (113) with CO = n/2, and the combined general
solution for the area of the two circular segments connected
base-to-base, as in the case of the common area of overlap

of the CIA and the CLI, is given by:
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b2 - R2 + 82
A = b2 cos_1 <
12 c 25b
L c
r
R2 - b2 + 82
+ R2 -1 C
cos 2SR

- SR [1 - <R2 - b(2: + s2> 2 }1/2 (115)

For the special case of the circular lens and the
circular aperture, it is easy to develop an analytical
expression for the solid collection angle of the scattered
light because of the well defined character and discrete
nature of the superpositioning of the CIA and CLI. The
resulting expression is the solid angle ratio, and its
simplicity of application is exhibited in the four
distinctive scattered light collecting regions that it
identifies with the use of analytical geometry.

In the author's treatment, this circular segmented
geometry results from the common area of overlap of the
RIA and the CLI, when the circular cross-sectional area
of the solid collection angle of the scattered light
superimposes onto the rectangular image of the photo-
detector aperture. The common area of overlap of the
RIA and the CLI exhibits complete circularity or complete

rectangularity for the case of total overlap, or circular

segmentation for the case of partial overlap (see Figure 24,
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‘ RIA

%)

R LI

b, "y
]

Complete Circularity for the Case of Total Overlap and

Overlapping that Occurs in Region One of the Effective
Scattering Region.

>

Complete Rectangularity of the Case of Total Overlap and
Overlapping that Occurs in Region Four of the Non-
Effective Scattering Region.

Figure 24. Diagram Representing the Ill-Defined Character
and Non-Discrete Nature of the Superpositioning of the RIA
and CLI, as Described in the Author's Treatment.




Three Examples of
the Circular
Segmentation
for the Case
of Partial
Overlap.
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/ GC >y

Far Off-Axis Overlapping that Occurs in

Region Four of the Effective Scattering
Region.

p
—

GC Vv >y

Overlapping that Occurs in Region Two of the
Effective Scattering Region.

X
A

O
RIS
4
<

Near Off-Axis Overlapping that Occurs ;n
Region Four of the Effective Scattering
Region.

Figure 24, {(Continued) .
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In the author's analysis, this circular segmenta-
tion takes on a variety of different forms (e.g. one
circular segment, two unconnected circular segments, two
adjacent circular segments and one adjacent modified form
of a circular segment, and so forth). 1In many cases,
this circular segmentation is accompanied by an adjoining
common rectangular area of overlap of the RIA and the
CLI. 1In the general development, it is not possible to
perform the analysis on a case-by-case basis, as is done
in Brayton's treatment, because there are too many cases
to be analyzed. The general solution for the total common
area of overlap of the RIA and the CLI is not geometrically
simple, because it is not possible to develop a single
expression, like the solid angle ratio, which identifies
distinctive scattered light collecting regions. The domain
of applicability of the solid angle ratio is constrained
by geometry. The general solution for the total common
area of overlap of the RIA and the CLI is at best
numerical, and consists of a combination of conceptually
simpler solutions, like that of Eq. (113), combined with
specific solutions to common rectangular overlapping areas.
For the case of the circular lens and the rectangular
aperture, it is possible to develop a numerically functional
expression for the solid collection angle of the scattered

light because the optical superpositioning of the sample
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volume with the probe volume is conceptually compatible
with the techniques of convolution. The resulting
expression is the geometrical optics solid angle transfer
function and it, too, is able to identify four distinctive
scattered light collecting regions with the use of
appropriate numerical integration techniques.

The theoretical domain of the solid angle transfer
function can be extended into the contemporary foundations
of the standard geometrical optics transfer functions.
Direct evidence to support this conjecture is given by
Richmond B. McQuistan [20]. He shows that the optical
transfer properties of a scattered light collection optics
can be determined from the convolution of the system's
point spread and aperture stop functions. McQuistan's
treatment develops the system's optical response to an
infinite sequence of periodical scattered light signals,
where the spatial period of the signals is greater than
the scanning length of the aperture. This optical
response is given in terms of a fourier series with its
coefficients determined by the fourier transform of the
convolution function taken over one signal period.
McQuistan's analysis directly identifies the convolution
function with the solid angle transfer function. His
analysis treats the case of the rectangular aperture,

and develops an-optical response function that is equiva-

lent to the geometrical optics transfer function for a
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square-wave target used as the test object. Similar
results can also be obtained for the case of the circular
aperture. From these results and other related considera-
tions, there exists a theoretical connection between the
standard geometric optical transfer functions and the
solid angle transfer functions. The solid angle transfer
function is the zeroth order approximation of an optical
transfer series expansion, where the first and second
order approximations are the geometrical optics and
diffraction optics transfer functions, respectively.
However, further research will be necessary in order to

confirm this supposition.



CHAPTER VIII

EXPERIMENTAL AND THEORETICAL RESULTS

This chapter describes the experimental setup used
to measure the amount of light scattered by a point-
source located at different positions within the probe
volume. It describes the experimental procedures used
in scanning the different images of the photo-detector
aperture geometries. It also presents the experimental
results which were obtained in the laboratory and
compares them with the theoretical computations. Sources
of error and other experimentally related problems are
discussed.

A mono-scatter LDV-system was designed to function
with an expanded laser beam having a radial Gaussian
intensity profile. The geometrical characteristics of
the probe volume were directly identified with those of
the laser beam. The beam was expanded and collimated
by passing it through a beam collimator.

A Spectra-Physics Stabilite Model 124-B Helium-
Neon Laser with a maximum rating of 35 mW at a wave
length of 0.6328 ym was used. Connected to the end of
the laser was a spatial filter. Connected to one end
of the spatial filter was a collimator with a 50-mm clear

aperture and a 200-mm effective focal length.

111



112

The emerging Gaussian plane wave laser beam was
2 inches in diameter. The light intensity of this beam
dropped off to a normalized value of 3.35x10_4 at its
one-inch radius.

The beam was incident on a large beam-stop whose
function was to block the forward propagation of the beam.
At the center of the beam-stop, a 50-um pinhole aperture
was used to simulate a point-source scatterer. Only the
light passing through the pinhole was allowed to be
gathered by the collecting lens positioned between the
pinhole aperture and the photo-detector (see Figure 25).
The beam-stop pinhole aperture was mounted to three
micrometer tables allowing adjustment in the x,y,z-
directions.

The laser light emerged from the pinhole as
diverging spherical waves which were intercepted by the
clear aperture of the collecting lens (see Figure 25).

The collecting lens consisted of a thick cornea-
shaped doublet having an aperture diameter of 4.55 inches
and an effective focalvlength of 9.50 inches.

The medium of propagation of the light was air and
it is assumed that its index of refraction is approxi-
mately equal to 1.00.

The entire optical setup was designed to function

at unit magnification in order to minimize aberrational
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effects. Consequently, the collecting lens was positioned
at such a point along the optical axis that it was a
distance of two focal lengths from either the photo-
detector aperture or the image of the photo-detector
aperture.

The effective focal number of the collecting lens
was equal to 4.18.

A narrow bandpass filter with a 10 R pass band for
a wavelength of 0.6328 um was placed in front of the
phototube in order to remove background laboratory
lighting. From Eq. (5), the longitudinal spherical
aberration blur spot diameter was equal to 169.28 um.
The blur spot diameter sets a lower-limit upon the size
of the phéto—detector aperture. There were two types
of removable apertures used in the experiment; one
consisted of a 350-um-diameter circular aperture (see
Figure 11, page 38) while the other consisted of a
200-um-wide by 5,000-um-long rectangular aperture (see
Figure 16, page 56).

For the case of the rectangular photo-detector
aperture, the amplified signal was sent to and recorded
on a strip chart recorder. The peak signal-to-noise
ratio for the rectangular aperture arrangement was of

the order of 72.

For the case of the circular photo-detector aperture,
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the amplified signal was also recorded by a strip chart
recorder. The peak signal-to-noise ratio for the circular
aperture arrangement was of the order of 25.

The experimental procedures used in scanning the
image of the aperture space of either optical arrange-
ments were as fo%lows:

The beam schn can be described as a probing process
in which the scattered light, emanating from the pinhole,
is collected by a lens and transmitted to a photo-detector.
The pinhole simulates a point-source scatterer at different
points in the probe volume. The scanning pinhole can
be viewed by the photo-detector as scatter-scanning the
image of the aperture space.

All scatter-scans were conducted in the upper-half
marginal octants of the image of the aperture space (see
Figure 25). The marginal octants (upper- and lower-halves
are the regions of space between the image of the aperture
plane and the normal plane of the collecting lens. These
scatter-scans were performed in the xy-plane at different
points along the optical axis (z-axis). The scatter-
scanning process consisted initially in placing the
pinhole on the optical axis (on-axis), and subsequently,
at different heights or x-axis levels above the optical
axis (off-axis), as it was made to move parallel to the

y-axis across the effective scattering regions of the



116
image of the aperture space. This process was repeated
for many different xy-planes at various z-locations along
the optical axis.

These experimental procedures were performed for
the optical arrangements of the Circular Lens/Circular
Aperture and Circular Lens/Rectangular Aperture. An
intensity contour mapping for each image of the aperture
space was recorded. Each mapping depicts the graphical
representation of the normalized effective solid collec-
tion angles as a function of the pinhole positions in
their respective image of the aperture space.

The experimental and theoretical results are presented
with the assumption that the sample volume is symmetric
about the image of the aperture plane. This is done for
the cases of the Circular Lens/Circular Aperture and the
Circular Lens/Rectangular Aperture.

The theoretical and experimental results for the
case of the circular lens and the circular aperture are
presented as follows.

The diameter of the circular aperture was set at
the value of 350 um and satisfied the requirements set
forth in Chapter III.

First, the theoretical computations of the solid

angle ratio, as described in Chapter IV and derived in

Chapter V, are presented in Figure 26. This diagram
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represents the contour plots of the normalized effective
solid collection angles as a function of the point-source
scattering positions in the image of the aperture space.
Because of the symmetry about the optical axis and the
assumed symmetry about the image of the aperture plane,
the contours are plotted for only one octant of the image
of the aperture space. The diagram offers a graphical
view of the sample volume surrounded by contour surfaces.
The geometry of the sample volume is conical, having a
radial-base diameter of 2bc equal to 350 ym and an axial-
height length of 2bc(ef/#)L equal to 1,463 ym. The value
of the solid angle ratio at any point within the sample
volume is equal to unity. The shapes of the surrounding
contours consist of either on-axis flat surfaces or
off-axis curved surfaces, having relative solid angle
ratio values ranging between zero and one (see Figure 26).
Due to the assumption made in the tabulation of the

*

approximate solid angle ratio, z << z and to the small

LI

angle approximation, z. > r the off-axis values of

L L'
the solid angle ratio can be appreciably different than
their adjoining on-axis counterparts. For example, the
on-axis value of the solid angle ratio drops off to 0.25
at a distance of 4bc(ef/#)L from the geometrical center

of the sample volume, while its adjoining off-axis value

is 0.29, a difference of 16%. The difference between
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the on-axis and off-axis values of the solid angle ratio
increases with increasing distance away from the sample
volume. This difference is mostly due to the assumption
z<<z . The maximum relative error introduced by the
small angle approximation is equal to 2.15%. For this
example, the error introduced by the assumption z<<z,
is 13.85%. Closer to the sample volume, this difference
becomes negligible.

Second, the experimental results are compared to
the theoretical computations in Figure 27. This graph
represents the solid angle ratio as a function of a
dimensionless quantity defined by r/bc. The particular
graph is a plot of the experimental and theoretical
values of the solid angle ratio taken in the normal
transverse plane through the marginal scattering point
of the sample volume (see Figure 26), where (ef/#)L is
equal to (ef/#)s. Figure 27 is chosen as the most
representative graph because it characterizes the
behavior of the solid angle ratio in any other normal
transverse plane through the sample volume. It also
allows for representative sampling of the solid angle
ratio in the region of the image of the aperture space
lying outside of the sample volume.

The comparison between the experimental and

theoretical results is good considering the error
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introduced by the diffractive and aberrational effects
arising from the propagation of the laser light through

the circular pinhole and the defocusing properties of

the collecting lens. The region of good correlation
between the experimental and theoretical data lies within
the illuminated region predicted by geometrical optics.

The region of good correlation is shown in Figqure 27 for
the abscissa values between 0.0 and 2.0. The theoretical
data is plotted for the region of the image of the aperture
space between the marginal scattering point (abscissa

value of 0.0) and the point of the geometrical shadow

of the image of the photo~detector aperture (abscissa

value of 2.0). The geometrical shadow is taken to be

the point on the abscissa directly above the 0.25 intensity
level of the experimental data [10]. The following two
observations are made for the region of good correlation.

A central concentration of the transmitted light about

the center of the photo-detector aperture is due to the
focusing properties of the diffraction-limited collecting
lens. This central concentration of energy is seen in

the steepness of the slope of the experimental curve as
compared to the theoretical curve. A strong oscillatory
behavior of the energy intensity across the photo-detector
aperture is due to diffraction from the edge of the pinhole

opening. The graph in Figure 27 shows that some of the
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energy is transferred well into the geometrical shadow
region [10], and results from pinhole edge diffraction
effects. The energy transfer into the geometrical shadow
diminishes the correlation between the experimental and
theoretical data. This region is shown in Figure 27 for
abscissa values greater than 2.0. The theoretical
development is not intended for transverse planes that

do not pass through the sample volume. However, there

is still a good peak intensity prediction within a few
axial-height lengths in the near vicinity of the sample
volume. As the distance along the optical axis increases
to approximately ten axial-height lengths, the theoretical
data begins to predict a peak intensity that is double
that of the experimental data. In this circular aperture
image region strong diffractive and aberrational effects
due to the combined action of the pinhole and the col-
lecting lens take over; Diffraction and Aberration cause
the image of the pinhole to defocus at the photo-detector
aperture as the pinhole moves away from the in-focus image
of the photo-detector aperture. It is the defocusing

of the image of the pinhole that causes the measured

peak intensity to be one-half of the theoretical value
predicted by geometrical optics. These diffractive and
aberrational effects were not considered in the theoretical

analysis. The aim of this study was to determine the
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range of applicability and good correlation of geometrical
optics to this application.

The theoretical and experimental results for the
case of the circular lens and the rectangular aperture
are presented as follows.

The width of the rectangular aperture was set at
the value of 200 um and satisfied the requirements set
forth in Chapter III.

First, the theoretical computations of the solid
angle transfer function, as derived in Chapter VI, are
presented as solid angle transfer contour plots in the
following diagrams (see Figure 28 (a) and (b)). Contrary
to the circularly symmetrical arrangement of the circular
lens and the circular aperture, there is a lack of symmetry
about the optical axis for this arrangement of the circular
lens and the rectangular aperture; and two contour diagrams
are necessary to describe the results. The geometry of
the sample volume is approximately that of a rectangular
parallelopiped, having a transverse-base width of 2ap
equal to 200 um, a transverse-base length of 2bp equal
to 5,000 um, and an axial-height length of 2ap(ef/#)L
equal to 836 um. As in the circular aperture case, the
value of the solid angle transfer function at any point
within the sample volume is equal to unity. The shapes

of all the surrounding contours consist of curved surfaces,
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having relative transfer values ranging between zero and
one (see Figure 28 (a) and (b)). Figure 28 (a) shows
the contour plots for the xz-plane at y equal to zero,
while Figure 28 (b) shows the contour plots for the yz-
plane at x equal to zero.

Second, the experimental results are compared to
the theoretical computations in Figure 29 This graph
represents the solid angle transfer function as a function
of a dimensionless quantity defined by t/ap, which is
also equal to |y|/ap+(ef/#)s*/(ef/#)L + bp/ap. The
graph is a plot of the experimental and theoretical
values of the solid angle transfer function taken in the
normal transverse plane through the marginal point of
the sample volume, where (ef/#)L is equal to (ef/#)s*.
Figure 29 is chosen as the most representative graph
because it characterizes the behavior of the solid angle
transfer function in any other normal transverse plane
through the sample volume. It also allows for representa-
tive sampling of the solid angle transfer function in
the region of the image of the aperture space lying
outside of the sample volume.

The comparison between the experimental and theo-
retical results is good; when error, associated with
the diffractive and aberrational effects arising from

the propagation of the laser light through the circular
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pinhole and the defocusing properties of the collecting

lens, is considered. The region of good correlation
between the experimental and theoretical data lies within
the illuminated region predicted by geometrical optics.
The region of good correlation is shown in Figure 29 for
the abscissa values between 0.0 and -26.0. The geometrical
shadow is the point on the abscissa dire¢tly above the
0.25 intensity level of the experimenta# data [10]. The
observations that are made for the good correlation region
of the circular lens and the circular aperture also apply
for the good correlation region of the circular lens and
the rectangular aperture. The graph in Figure 29 shows
that some of the energy is transferred well into the
geometrical shadow region [10], and results from pinhole
edge diffraction effects. The energy transfer into the
geometrical shadow decreases the correlation between the
experimental and theoretical data. Theoretical arguments
developed in this study break-down when comparative graphs
are examined for other normal transverse planes that do
not pass through the sample volume. Finally, it should

be noted that as the distance along the optical axis
increases to approximately twenty axial-height lengths,
the theoretical data begins to predict a peak intensity
that is double that of the experimental data. In this
rectangular aperture image region, strong diffractive

and aberrational effects due to the combined action of
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the pinhole and the collecting lens take over; Diffraction
and Aberration cause the image of the pinhole to defocus
at the photo-detector aperture as the pinhole moves away
from the in-focus image of the photo-detector aperture.

It is the defocusing of the image of the pinhole that
causes the measured peak intensity to be one-half of the

theoretical value predicted by geometrical optics.

o



CHAPTER IX

CONCLUSION

This chapter summarizes study results. It discusses
the extent, limitations, and applications of the geomet-
rical optics solid angle transfer function as a descriptive
parameter for particle-sizing measurements in Laser
Doppler Velocimetry.

The main idea of the study was that the lens-aperture
combination of the collection optics can be made to act
as a spatial filter controlling the optical sampling
capability of the LDV-system, when the image of the photo-
detector aperture is superimposed on the probe volume.

The objective of the spatial filtering technique is to
reduce the field of view of the collection optics such
that only scattered light from near the center of the

probe volume gets detected.

A partial elimination of the trajectory ambigquity
of the particle location within the volume flow across
the probe volume of an LDV-system results using aperture
limiting techniques. A probe volume-sample volume
differentiation was used as basis for a simple analysis
for dealing with particle-sizing measurements. The
analysis allows a partial elimination in the ambiguity

of the scattering information that arises from otherwise

130
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indistinguishable signals produced by (1) small particles
traversing near the geometrical center, and (2) large
particles grazing the outer regions of the probe volume.
The LDV-system was modeled as a defocused, scattered
light collecting optical system. Geometrical optics
indicates that the reduction in the field of view of the
instrument can be analyzed by limiting the scattered
light rays using apertures and/or stops. The applica-
bility of the geometrical optics ray trace analysis is
in the forward light scattering region. Vignetting
estimates for a defocused optical system formed the
foundation of this model. It was shown that the mechanical
interruption of the transmitted radiation otherwise
incident upon the photo-detector aperture, can be modeled
using a solid angle ratio concept. The solid angle
ratio was shown to evolve out of a vignetting factor that
was defined as the ratio of the area of the collecting
lens to the area of the image of the photo-dector
aperture which formed the entrance pupil of the optical
system. While the vignetting factor ascribes a point
value to the optical system, the solid angle ratio
evaluates the scattered light collection performance of
the system at all points in the image of the aperture
space surrounding the sample volume. The solid angle
ratio divides the amount of energy, collected by the lens,

by that part of the collected energy that passes through
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the entrance pupil. It was shown that all solid angle
calculations can be performed in the image of the aperture
space, thereby eliminating the necessity of lens transforma-
tion calculations.

There were two analytical cases in this study, the
Circular Lens/Circular Aperture and the Circular Lens/
Rectangular Aperture geometries. In the former case,
the solid angle ratio was obtained using geometrical
arguments. In the latter case, the more complicated
geometry required that the solid angle ratio be obtained
using the convolution theorem. It was shown that the
solid angle transfer function is a generalized form of
the solid angle ratio in which the convolution integral
includes all geometries. Solutions of the convolution
integral show the same mathematical form of the solid
angle transfer function for both geometrical cases.

The potential applicability of the solid angle
transfer function to LDV-experiments lies within a
limited range of the system's design parameters. In the
design of a scattered light collecting system, the photo-
detector aperture must be chosen as small as possible
so that spatial filtering within the probe volume is
achieved without having to rely on a high power of
reduction of the image of the aperture. A low power of

reduction of the image of the aperture is desired to
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avoid unnecessary increased levels in the aberrational
effects. The photo-detector aperture must be large
enough to collect all of the light, transmitted by the
collecting lens, that is scattered from a region of the
image of the aperture space near the geometrical center
of the sample volume. For an f/4 collecting lens and
from Eq. (5), the smallest dimension of the photo-detector
aperture is approximately 200 uym. For a low power of
reduction of the image of the aperture, the largest dimen-
sion of the photo-detector aperture can be approximated
at 400 um.

Only the scattered light within the sample volume
and a region of the image of the aperture space near
the sample volume can be predicted by the solid angle
transfer function. This region is approximately one to
one-and-one-half times the size of the sample volume.
For regions further away, the theory ceases to correlate
with the experimental data. Diffractive and aberrational
effects of the pinhole and the collecting lens become
dominant. These have the effect of defocusing the image
of the pinhole at the photo-detector aperture.

Diffractive and aberrational effects were not
considered in this analysis. The aim of this study was
to determine the range of applicability of geometrical

optics applied to a defocused, forward-scattered light
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collecting optical system. Further research work can
extend the applicability of the solid angle transfer
function to include diffractive and aberrational effects
with wave optics replacing ray optics; the resulting
solid angle transfer would become the diffraction optics
solid angle transfer function. By including diffractive
and aberrational effects, the accuracy of the solid angle
transfer functions, for regions of the image of the
aperture space several times the size of the sample

volume, should substantially improve.
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