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ASSTRACT

This paper presents a study of tree-structured parallel
algorithms. Concepts such as flow, synchronous and
asynchronous tree algorithms, and speed-up for this class of
algorithms are defined. It is shown that under certain
reasonable assumptions the speed-up, in going from a
sequential to a parallel execution, is given by the ratio of
the number of nodes in the tree to the number of 1levels in
the tree. These concepts are then used in the study of
algorithms for the following four problems: finding a
maximal common subsequence of two given strings, locating
the zeros of a complex polynomial in a given rectangle in
the complex plane, allocating resources to some n activities
maximizing the returns using a dynamic programming approach,
and evaluating a multivariate polynomial. The polynomial
zeros algorithm is shown to be an asynchronous tree
algorithm whose speed-up is given by 0f(n). The other
algorithms are shown to be synchronous tree algorithms and
their speed-up is O(nllogzn). These serve as examples of
algorithms with an inherent limitation preventing them from

achieving a speed-up factor of O(n).
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CHAPTER 1
INTRODUCTION

The design and analysis of parallel algorithms have
interested researchers since the early days of computing.
The inherent parallelism in algorithms involving matrices,
fast Fourier transforms, etc. was identified and studied
even before the advent of parallel computers. The
development of efficient parallel algorithms has become even
more important for the following reasons:

(a) Advances 1in computer technology have made it
feasible to join several processors to function as a single
system at low cost.

(b) Even though there is a proliferation of computer
systems, the demand for computer time has grown. This is
due to several factors such as awareness, increase in the
number of application areas and advances in technology.
Parallel computing can be very useful in meeting this demand
for computers.

(c) The study of complexity of computer algorithms has :
provided a basis for classification of algorithms according
to suitably chosen complexity measures. This has led to the
study of efficient parallel realizations of many of these
algorithms and the effect of parallelism on their

complexity.
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e list below some of the questions being addressed in
the study of parallel algorithms. These cover a wide range
of issues including theoretical and practical aspects of
this area.

(1) Do they fall into finitely many categories with
respect to their structure? That is, does there exist 2
taxonomy of parallel algorithms? Are there optimal
structures for parallel algorithms?

(2) What are the components in the complexity measure
for parallel algorithms? What are the trade-offs involved
in going to a parallel algorithm from a sequential algorithnm
for the same problem in terms of efficiency gain and
resources required?

(3) How can the correctness of parallel algorithms be
established? What model is convenient for this aspect?
What abstract model captures the essence of parallel
computation?

(4) How can parallel algorithms be implemented? How
are algorithms matched with architectures? How are parallel
tasks assigned to processors?

(5) Are these expressible naturally using the currently
available language structures?

(6) Can parallelism be viewed as a programming
technique such as recursion? That 1is the relationship
between parallelism and programming paradigms such as Divide
and Conquer, Balancing, Mondeterminacy and Dynanic

programming?




3

See Stone [48] for an early discussion on the problens
of parallel computation.

It is our objective here to examine some of the
well-known parallel algorithms with respect to their
structure. e concern ourselves with algorithms which have
an inherent tree structure. Trees are basic computational
structures arising in many applications. In the algorithmic
solution of many problems they occur naturally either in the
actions constituting the algorithm or in the data on which
the algorithm operates, or in both. They are also used to
model computations performed or data organized in a
hierarchical fashion.

Clearly there are many parallel algorithms with
structures other than a tree. The flow graph of the
algorithm for computing the 1length matrix in the common
subsequence problem is not a tree (as we show in chapter 4).
The garbage collection algorithm of Dijkstra et al. [15],
concurrent operations on B-trees described by Bayer and
Schkolnick [6], concurrent operations on AVL trees described
by Ellis [16] and concurrent operations on data bases
described by Bernstein and Goodman [9] are other examples of
parallel algorithms which do not exhibit a tree structure.
But there is a large class of problems for which application
of programming techniques like partitioning (of the action
space or data space) lead naturally to tree structured

algorithms.

o
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Also, the realization of +tree structured parallel
algorithms has received considerable attention. Hany
architectures especially suitable for implementing such
algorithms have been proposed. These machines have been
called "tree machines". See, for instance, Benteley and
Kung [7)], for a discussion on a binary tree machine on a
single chip suitable for search type operations on trees.
Machines proposed by Despain and Patterson [14), and Harris
and Smith [20] are other examples. See also Horowitz and
7orat [23] for a discussion on binary tree machines.

The organization of the thesis is as follows: In
Chapter 2, we present a general discussion on structure and
complexity concerns involved in parallel computations; in
Chapter 3, we discuss tree structured algorithms and define
the concepts used in the study of specific parallel
algorithms. In subsequent chapters, these concepts are
applied to particular algorithms for problems such as
maximal common subsequence of two strings, polynomial zeros,
resource allocation using dynamic programming, and
multivariate polynomial evaluation. The thesis is concluded
with an appendix containing a bibliography of several

published parallel algorithms.



CHAPTER 2
STRUCTURE AND COMPLEXITY OF PARALLEL ALGORITHMS
2.1 STRUCTURE

A study of the structure of parallel algorithms is
useful for:

(a) algorithm design - for identifying parallelism in
existing algorithms and the design of new parallel
algorithms.

(b) efficient implementation of algorithms on existing
parallel computer systems.

(c) motivating the design of novel computer
architectures.

(d) studying properties of parallel algorithms -
including their complexity and correctness.

(e) design of language structures supporting parallel
computation.

Several parallel algorithms have been described in
literature (See Appendix for a list containing many
published parallel algorithms). But there have not been
many attempts at providing a taxonomy. As part of the work
on identifying parallelism in 'ordinary' programs, Kuck [33]
has studied the structure of programs and how they relate to
parallelism. There are many parallel algorithms which can

5
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be <cast in the form of evaluation of recurrence equations.
These have been studied extensively; see, for instance,
Ruck [33] and Kogge [30]. A class of methods known as
recursive doubling has been defined »for such problems by
Stone [48]. Recursive doubling is defined as that process
in which at every step a computation breaks up into two
independent computations. The underlying structure of these
algorithms is a binary tree.

In a recent survey on the structure of parallel
algorithms, Kung [37] identifies three independent aspects
of a parallel algorithm, namely, module granularity,
concurrency control and communication geometry. Module
granularity is defined as the amount of computation that can
be performed in each independent subtask of a task.
Concurrency control refers to the synchronization required
between the independent subtasks. Communication geometry is
the geometry resulting from the layout of independent
subtasks and the flow of information between them. These
are then used to provide a taxonomy of parallel algorithms.
Kung [37] also provides a table of the known parallel
algorithms classified using this as a basis.

Essentially, all these <classifications relate each
parallel algorithm to parallel architectures to which it
corresponds naturally. A classification of computer systems

by Flynn [18] serves as a basis for this.
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Parallelism in computer systems arise from their

capability to process concurrently,
1. single instruction stream on multiple data stream (SIMD).
2. multiple instruction stream on single data stream (MISD).
3. nmultiple instruction stream on multiple data
stream (MI!D).

The realization of this parallelism may be achieved by
using different architectures. With the advent of LSI
chips, it has become possible to build systems consisting of
several processors inexpensively.

Parallel algorithms have been <classified into two
categories depending upon the amount of synchronization
required between the independent subtasks of a task:

Synchronous and Asynchronous algorithms.

2.1.1 Synchronous Algorithms

Under this category come all those algorithms in which
there 1is extensive communication between the independent
subtasks. 1In Kung's [37] terminology, these are algorithms
with high concurrency control and low module granularity.
Corresponding naturally to parallel architectures there are
three types of synchronous algorithms: SIMD, MISD and
systolic algorithms.

In SIMD (Single Instruction Multiple Data) algorithms,
identical operations are performed on different sets of data
concurrently. Most of the currently known algorithms are of

this type. Examples: algorithms for sorting such as
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llergesort, Quicksort and Heapsort; polynomial evaluation,
polynomial =zeros, matrix operations, FFT and binary tree
traversal. |

In MISD (Multiple Instruction Single Data) algorithms,
different operations are performed on the same set of data.
Examples: algorithms used by a scheduler in a computer
system which uses a priority queue data structure; use of a
matrix 'A' in different operations such as decomposition and
multiplication.

In systolic algorithms, each independent task pumps
data in and out regqularly (in constant time intervals), each
task performing some short computation. Examples: Inner

product of two vectors, LU decomposition of a matrix.

2.1.2 Asynchronous Algorithms

All those algorithms in which very little
synchronization is required between independent subtasks are
referred to as asynchronous algorithms. There are two types
of asynchronous algorithms corresponding to two types of
parallel architectures: MIMD and data-flow.

In MIMD (Multiple Instruction Multiple Data)
algorithms, different operations are performed on different
sets of data concurrently. The design of these algorithms
is one of the challenging problems in the study of parallel
algorithms. Examples: Garbage collection, concurrent
operations on a binary tree or a B-tree, concurrent
operations on data bases and iterative schemes in numerical

analysis.

o
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In data flow algorithms, each computation is
represented as a node with input and output edges. A
computation is executed (or fired) as soon as all the
inputs are ready. The concept of a variable is absent in
this type of computation. It is said to be functional in
nature. Investigations are under way for ©practical
realization of data flow architectures and languages. See,
for instance, Dennis and Misunas [13], and Ackermann [1l].

Some of the algorithms in one class can be viewed as
belonging to another class depending upon how one interprets
the terms 'instruction stream' and ‘data stream'. For
instance, concurrent operations on a binary tree such as
in-order traversal and balancing can be considered as an
MISD algorithm if the data-structure binary tree is viewed
as a single data entity. It can be considered as an MIMD
algorithm if we view the binary tree as two different
entities for the two operations. A similar example is the
searching of a branch of a binary tree for an element while
inserting an element in the other. Consider the case of an
SIMD algorithm such as the polynomial zeros algorithm (see
chap. 5). Once two subrectangles of a given rectangle are
identified, there 1is absolutely no interaction between the
processors operating on the subrectangles though they
execute the same instructions. Having copies of the
instruction stream in the processors would render this

algorithm into an asynchronous algorithm of the MIMD type.
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:leasures for nmnodule granularity and concurrency control
would therefore be useful in fixing the classes.

A classification of parallel algorithms relating them

to parallel architectures can be shown as in Figure 2.1.

PARALLEL ALGORITHIIS

A I
| ]
SYMCHRONOUS ASYNCHROIIOUS
| . , l _
| | I R

SIID [1ISD SYSTOLIC IIID DATA-FLOU

Figure 2.1 Classification of Parallel Algorithms.

Other classifications of parallel algorithms are
possible by analyzing their inherent structure. Here, we
have attempted a study in this direction by looking at some

aspects of algorithms which exhibit a tree structure.

2.2 CONPLEXITY CONSIDERATIONS I PARALLEL CO!PUTATIONS

The complexity of an algorithm estimates the number of
operations and the amount of space that would be required
for its execution. This demand on resources made by an
algorithm is an inherent property of the algorithm
independent of the particular machine on which it is
implemented (of course, we refer to machines which can be

built in practice). But analysis of algorithms for such
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properties requires a frame of reference with respect to
which one can measure the time and space taken by an

algorithm. This is provided by an abstract computational
model with characteristics of practical computer systems.
Depending upon the nature of study this model may be

different from one analysis to another. A good introduction

to models of computation useful for analyzing algorithms is
presented in Aho et al. [2]. The complexity of an algorithm

is measured in terms of the number of operations that it
would take on the chosen computational model and the amount

of space that is required on it.

An algorithm being a schema of computation, its
analysis depends upon the interpretation given to its
actions and data. The number of operations may vary from
one interpretation to another. It may not be possible to
get an exact count of the operations involved in executing
an algorithm. But in most cases it is possible to get an
estimate for this as a function of certain variables in the
problem which the algorithm solves. For instance, in the
problem of sorting a set of numbers, the number of elements
in the set 1is a variable in terms of which we can express
the number of operations. This also requires that we assume
that the operation we are interested in is a comparison and
that it takes unit time on the computational model to
compare two numbers of the size present in the set.
Similarly, in most graph algorithms the complexity can be

expressed in terms of the number of vertices and the number
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of edges in the graph. The size of a problem is representec
by an integer as a function of which the conplexity of an
algorithm for solving the problem can be expressed. In many
instances, it may be reguired to get only an order bound on
the number of operations as this will give estimates on the
demands of the algorithm as the problem size increases. The
order notation for expressing these bounds has been
discussed by Rnuth [29].

A function f(n) is said to be bounded above by g(n),
i.e., f(n)=0(g(n)) 1if and oﬁly if there exist two positive
constants c¢ and f such that |£m)|< ¢ |gtm)| for all n > ng-
This expresses an upper bound. £f(n) is said to be bounded
below by g(n), i.e., f£(n) = Q(g(n)) if and only 1if there
exist two positive constants c and no such that
. In cases where there exist

0

positive constants C,rC, and n, such that for all n > Nyr

cllg(n)lglf(n)lé czlg(n)l, f(n) = 0(g(n)).

|£(n)|> c|gn)|for all n > n

In the case of parallel algorithms we use the notation
0(g(n),p) to denote an upper bound. Here p is the number of
processors used.

Sequential algorithms have been extensively studied
with respect to their time and space requirements under
suitable models of computation. See, for instance, Aho [2]
and Weide [511. Every algorithm can be viewed as a point in
the two dimensional space of Time X Space. For several
algorithms it 1is possible to trade time for space or space

for time depending upon the constraints on these two

o
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resources. This constitutes a movement in the two
dimensional space in an attempt to locate a position
satisfying the constraints. These time and space trade-offs
have been analyzed under idealized assumptions by several
researchers; see, for instance, Savage [44]. Such a study
for FFT algorithm is presented by Savage and Swany [45].
Dynamic programming (DP) is a classic example of a trade-off
where space is traded to gain in time efficiency. Consider
the problem of optimum associativity in forming a sequence
of matrix products. The approach of finding out optimal
pairings by examining all combinations yields an exponential
algorithm, whereas a DP approach in which the optimal
pairing is found out in stages using information already
obtained gives an 0(n3) algorithm, see, for instance,
Aho et al. [2]. Such modifications are not always possible.
For instance, consider the class of NP-hard problems.
Algorithms for problems in this class requiring exponential
time with a deterministic computational model can be
transformed only, if at all possible, to ones requiring
exponential space.

It is usual to consider time as a more critical
resource than space and much effort is devoted to trading
space for time because space réquirements are usually linear
and almost never worse than quadratic.

Invthe study of parallel algorithms there is one more
dimension to be considered corresponding to the number of

processors used. Every parallel algorithm can be viewed as
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a point in the three-dimensional space of Time x Space x
Processors. The scope for trade-offs is much greater. It
is not always the case that using n processors to work on an
algorithm would reduce its complexity by a factor of n. For
many problems a lower bound analysis with respect to
parallel computation has shown that it is due to an inherent
limitation of the problen. For many other problems this
analysis does show that the complexity could be reduced by a
factor of n and it is a matter of devising an algorithm.
This could be very difficult, as has been the case with
sequential algorithms where attempts are being made to
achieve the efficiency limits indicated by lower bounds for
several problens. For discussions on lower bounds as
applicable to parallel computations, see Borodin and
Munro [11], and Horowitz and Sahni [22].

For examples of problems with inherent 1limitation see
valiant [49] who discusses problems involving binary
comparisons, Hyafil and Kung [25] who discuss solutions of
linear recurrence equations and Kung [35] who discusses
parallel evaluation of rational expressions. See also
Kung [361]. We also refer the reader to references given in
these papers.

One of the major factors limiting the efficiency of a
parallel algorithm from reaching theoretical lower bounds is
the time taken for communication among the parallel parts of
an algorithm. Lint and Agarwala [39] discuss this problem

in detail and present examples to show how a rearrangement



15
of conputation and/or data might help in achieving the lower
bounds in some cases. The communication time between the
parallel parts of an algorithm is dependent on the amount of
information to be transmitted and the arrangement of the
paralleln processing elements. Several interconnection
structures have been studied to minimize this communication
cdelay.

The complexity of parallel computations has been
studied under different models of computation. There are
three aspects of a model for this purpose.

(1) tumber of processing elements. There are two types of
models with respect to the number of processors available as
a parallel computer system: the unbounded parallel model and -
the K-processor parallel model. The unbounded model assumes
the availability of an unlimited number of processors.
Usually, it 1is a function of the size of the problem under
analysis. For instance, for the Mergesort technique the
unbounded parallel model may assume the existence of a
maximum of 0O(n/2) processors where n is the number of
elements to be sorted. The K-processor model assumes the
availability of only a fixed number K of processors
independent of the size of the problem being solved on it.

(2) Functional capability of the processors. This concerns
the assumptions about the capability of the individual
processors used as a parallel computer systen. This

concerns issues such as whether the processors are identical
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functionallv, whether they perform snort conzutations
requiring constant time, etc. Several types of models have
been studied with respect to the functions of the processors
constituting the system. These depend upon the problens and
the methods used to solve them.

(3) Comnunication structure between the processors. This
addresses the issues concerning comnunication among the
different processors in a parallel computer systemn. The
considerations include the amount of information transfer
between different processors during the course of an
algorithm, the delay for this transfer, and the complexity
of routing information from a source processor to a
destination processor. Several interconnection structures
have been studied with respect to these characteristics,
among others such as connection costs and redundancy in
connection pattern. See, for instance, Anderson and

Jenson [3]1, and 17ittie ([53].



CHAPTER 3
TREE STRUCTURED ALGORITHMS

In this chapter we give some definitions and results
useful in discussing tree-structured algorithms. Ve then
consider data organizations and programming techniques which

generate tree structured algorithms.
3.1 DEFINITIONS AND TERMINOLOGY

Tree. A tree is a finite set of nodes such that
(i) there is one specially designated node called the root;
(ii) the remaining nodes are partitioned into n>0 disjoint
sets T1,T72,...,Pn, where each of these sets form a tree,
called the subtrees of the root.

Degree. The number of subtrees of a node is called its
degree. The degree of a tree is the maximum degree of the
nodes in the tree. Nodes that have degree 0 are called
terminal nodes or leaves. The roots of subtrees of a node
are called its children and a node is called the parent of
the roots of its subtrees.

Level. The root of a tree 1is said to be at level 1.

If a node is at level p, then its children are at level pt+l.
Height. The maximum level of any node in the tree is
called the height (or depth) of the tree.
17
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Binarvy Tree. A finite set of nodes which i3 either

empty or consists of a root and one or two disjoint binary
trees is called a binary tree.

Complete Binary Tree. A binary tree of height m which

has exactly (Zm&l-l) nodes is called a complete binary tree.
The number of leaves in such a tree is ().

Dalance. The balance of a node in the binary tree is
defined to be the difference between the height of its two
children. The balance of the binary tree is the balance of
its root.

Action. By the term action, we mean the progran
(algorithm) segment that is executed by a single processor.
This may range from elementary operations to high 1level
control structures, depending upon the level of abstraction.
For instance, in the resource allocation problem (ch. 6) an
action is maximizing a set of functions; in the mergesort
problem (Section 3.3.1) an action is sorting a set of
numbers. The meaning associated with the word action will
be clear from the context. Also we assume that an action
manipulates some data, i.e., all actions need some data.

Parallelism in a Tree. Two children of the same node

are said to be parallel to each other.

Degree of Parallelism in a Tree. This is defined to be

the number of leaves in the tree. For a complete binary
tree with m levels the degree of parallelism is 2 . For a

tree structured algorithm, this is the maximum number of

parallel actions which may be generated in the algorithm.
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I a single processor is associatad with each of these

Fh

parallel actions the degree of parallelism is the maxinum
number of processors that may be used in parallel in the
execution of the algorithm. An algorithm is sequential if
its degree of parallelism is 1 and is parallel if the degree
of parallelism is > .1.

Every algorithm has associated with it two types of
structures corresponding to its control flow and data flow.
The control flow structure determines the relation of
actions in the algorithm ordered with respect to time. The
data flow structure determines the dependency of <data
objects manipulated by the algorithm.

“Ekémﬁléf Consider the eyaluation of the product of n
matrices M = Ml x N2 X...x Mn where each i is a matrix
with r rows and r columns.

A dynamic programming algorithm for determining the
optimum ordering for mnultiplying the matrices is given as
follows by Aho et al. [2]:

BEGIN
(1) FOR i := 1 UNTIL n DO
mii := 0;
(2) FOR p := 1 UNTIL n-1 DO

FOR i := 1 UNTIL n - p DO

BEGIN
j = 1+ p;
m- = Min (m +m +r *r *r )
ij itk i +1,3 i-1 k j
EID

END
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m o gives the minimum number of operations to get M.

Let n=4 so that M=Ml x M2 x M3 x M4. Let us treat the
computation of m, 5 for a fixed i and j as an action and
consider the control flow structure and data flow structure
of the algorithm. Let the computation of m be represented

by a node 1labelled mij in the following figures. The

control flow structure is shown in Figure 3.1.

Figure 3.1 Control Flow Structure.

Now, m, = LpT3Iyr My3 = ITI3, My, = LI30,, WMy =
Min (mlz +Ip Iy I3 ,My +r0r1r3), My, = Min (m23 +1:1r3r4,m34
tryrprg), mg= Min (myg4rorary ,mo+my 40,0 My b0 1, ).

Here the data for the actions mo,e nb3and m,, are not
generated by any of the other actions (but available as data

to the problem). m ; is data-dependent on mlzand m,e m,is

data-dependent on m, 4 and m,

4’ and mi4 is data-dependent on
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myrMm3emy, and m,. So, the data flow structure with

respect to these actions is as in Figure 3.2.

Figure 3.2 Data Flow Structure.

Control Dependency. An action P is control-dependent

upon another action Q if P can be performed only after Q has
completed. An action P can be control dependent on more
than one action Q1,02,...,Qn. The control dependency graph
of an algorithm in which the nodes are actions and the edges
connect actions which are control-dependent, is called its
control flow structure. In the special case that each
action is control-dependent on only one other action this
structure will be a tree, as each node will have at most a
single parent. Several actions may be control dependent
upon a single action represented by branches from a node to
several nodes.

Data Dependency. An action P 1is data-dependent upon

another action Q if the data used by P is generated by Q.

An action P can be data dependent on more than one action
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Ql,02,...,0n. The data dependency graph of an algorithm in
which the nodes are actions and edges connect actions which
are data~dependent, is called its data flow structure. This
data flow graph has also been called the communication
geometry of the algorithm by Rung [37]. In the special case
that each action is data-dependent on only one other action
this structure will be a tree. Several actions may be
data-dependent on a single action.

In the case of sequential algorithms the order in which
actions are presented determines the control flow structure
and this may be different from its data flow structure. In
parallel algorithms, assuming that an unlimited number of
processors are available as needed and all actions need some
data, an action P can be performed when its data is ready.
This implies that if an actiion P 1is control-dependent on
another action Q then it must wait for its data to be
generated by Q, i.e., P is data—dependent on Q. Similarly,
if P is data-dependent on Q it is also control dependent on
Q. Hence under the assumption of parallelism the control
flow structure will be the same as data flow structure, and
we will refer to this in the sequel as the structure of the
algorithm. Similarly, in what follows we will use the term
dependency to mean both control-dependency and
data-dependency.

Flow. Let T=(A,E) be a rooted tree where A is a set of
nodes representing the actions in the algorithm and E is a

set of branches representing the transition between actions.
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The set A consists of a distinguished node called the root.
Let T be a K-ary tree, i.e., from any node in the tree there
are at most K branches. Let there be (p+l) levels in the
tree. Then the set A is partitioned into (ptl) subsets
AO,Al,...,Ap where Ai consiéts of the nodes at level i in
the tree. Flow in T can be defined as consisting of two
components:

(a) A relation between the actions in a set Ai with the
actions in another set Aj. This relation 1is called
'succession' (and the nodes of Aj succeed those in Ai) since
for every action Ajk in Aj there is an action in Ai which
Ajk strictly follows in time.

(b) Flow direction which decides whether i<j or j<i in
this relation. Since T 1is a tree the flow direction
determines a partial ordering of the set A.

If i<j then the flow is said to be 'forward' as it
proceeds from the root to the leaves. 1In this case the flow
relates a single action with multiple actions.

If i>j then the flow is said to be ‘'backward' and it
proceeds from the leaves to the root. The relation is many
to one.

Fork and Join. In the case of forward flow, a node may

have many successors. This is a point of generation or a
'fork' in the flow of the tree. Similarly, in the case of
backward flow, a node encountered represents an action which
has to wait for the completion of many actions before it can
begin. This is a point of synchronization or a 'Jjoin' in

the flow of the tree.
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Asynchronous and Synchronous Tree Algorithms. An

algorithm which has a forward flow in its tree structure is
called an asynchronous tree algorithm and one which has a
backward flow is called a synchronous tree algorithm.

Many recursive algorithms have two phases. In the
first phase the actions corresponding to children nodes are
generated during a forward flow. 7Then the actions
corresponding to the 1leaves of the tree are generated the
second phase of the algorithm begins in which the actions
are executed during a backward flow. Such algorithms which
are partly asynchronous and partly synchronous’are referred
to as synchronous tree algorithms.

Efficiency Gain. Let T(A,E) be a tree where A consists

of N nodes representing the actions in an algorithm and E is
a set of branches representing the transition between
actions. Let T have L levels. Let each action take t units
of time uniformly. If there is only one processor available
the execution of the algorithm would take Nt units of time.
If a sufficient number of processors 1is available the
execution would take Lt units of time. This motivates the
definition of the efficiency gain factor in going from
sequential to parallel execution for tree structured
algorithms. The efficiency gain factor 1is defined as the
ratio of the difference of the number of nodes in the tree
and the number of levels to the number of nodes. That Iis,

efficiency gain is (N-L)/N. This gives a measure in a scale
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of 0 to 1. The ratio of the time for parallel execution to
the time for sequential execution has been referred to as
speed-up by Kuck [33). wWith the stated assumptions the
speed-up for tree structured algorithms is 1/L.

llodule Granularity. The time taken for the execution

of an action associated with a node is defined to be its
module granularity. This is measured in terms of the
number of operations required for performing the action.
An operation here is defined as one which takes unit time
with respect to a computational modél.

Information Weight. The amount of information transie-

rred between two nodes during a flow is called the informat-
ion weight associated with the branch linking the two nodes.
This is measured in terms of the number of bits in the
information if a logarthmic cost criterion 1is wused or in
terms of the number of units of information if a uniform
cost criterion is used. Assuming that it takes unit time to
transmit unit information from one node to another the
information weight measures the communication time between
two actions.

For instance, consider the problem of evaluating a
polynomial of degree 7. The actions for evaluation can be
represented as a binary tree as in Figure 3.3.

The three levels in the tree partition the set of
actions into the subsets A0,Al,A2. The set A0 consists of 1

action A00 which is to perform: first value.x + second
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agxtaj ajx+as a, x+ag a6x+a7 A,
2

(agx+ag)x“+(azx+as) (a4x+a5)x2+(a6x+a7) Ay

((aox+allx2+(a2x+a3))x4+((a4x+a5)x2+(a6x+a7)) A,

Figure 3.3 Polynomial Evaluation.

value. The set Al consists of 2 actions AlOQO,All where
both of them perform: first value.x2+ second value. The set
A2 consists of 4 actions A20,A21,A22,A23 which
perform: first value.x + second value.
The flow for this tree is defined by the relations

A2 Al and Al A0. The flow direction is backward.
This is an example of a synchronous tree algorithm. The
total number of actions in this tree is 7. The number of
levels is 3. Hence, the efficiency gain in going to
parallel execution from a sequential execution is 4/7. The
speed~up is 7/3. The degree of parallelism is 4, which is
the number of leaves in the tree; this is the maximum number
of processors which can perform actions in parallel. There
is one value transmitted from each of the nodes at one level

to the nodes at the next level.
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3.2 TREE STRUCTURED DATA

The organization of data as trees, especially binary
trees, and operations on them have been extensively studied.
Several binary tree structures for data have been proposed
with the objective of realizing operations on them
efficiently. Bounded binary trees, AVL trees and B-trees
are examples of binary tree organization of data with
specific characteristics. In these organizations the
concept of balancing is usually introduced so that the data
objects are evenly distributed in the tree, making it
possible to perform certain operations independent of
others. Typically, in these binary trees operations such as
insertion, deletion, modification, 1location and balancing
take O(logzn) time because of this independence. See
Knuth [27] for an in-depth treatment of these topics.

Though it is possible to access several data objects in
a tree simultaneously, parallelism is very dependent on the
structuring of operations on these objects. It is necessary
to ensure that concurrent operations preserve data integrity
and also leave the tree with the same characteristics for
later operations. The coordination required between the
concurrent operations for manipulating B-trees have been
studied by Bayer and Schkolnick [6]1, and Samadi [43]. These
problems for AVL trees are discussed by Ellis [16]. It is
also possible that the actions in an algorithm operating on
tree structured data are inherently sequential, thus do not

exploit the parallelism in data.
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Consider the problem of sorting n numbers. It is well
known that any algorithm for this wusing comparison
operations will take at least O(n logzn) time. Heapsort is
a technique which achieves this lower bound. It operates by
organizing the n numbers as a binary tree satisfying a
property called the heap property. A binary tree is said to
have the heap property if all its nodes have the heap
property. A node has the heap property if either it is a
leaf or the value associated with it is not 1less than the
values associated with its children. The heapsort algorithm
first represents the given set of numbers as a binary tree
and makes it into a heap starting from the parent nodes of
the leaves and traversing up the tree up to its root. See
Aho et al. [2] for details of the algorithm. This process
takes O(n logzn) operations. The root node of the heap tree
contains the 1largest element. It is removed from the root
and a leaf put as the root. The tree is again made into a
heap. This does not involve all the nodes but only the
nodes in the path from the root to a leaf. This takes
O(logzn) operations. Thus in every pass one element of the
largest magnitude is removed from the tree, and there are n
such passes, taking a total of O(n logzn) for sorting.

The construction of the heap initially involves
operations on all the elements at a level independent of
each other so that it can be done 1in parallel taking
O(logzn) operations with at most 0(n/2) processors. But

making a heap after removing an element from the heap tree
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is sequential because it looks for a single element. Thus

it takes O(n logzn) operations also.
3.3 PROGRAMMING PARADIGMS AND TREE STRUCTURE

There have been attempts to identify the <fundamental
concepts involved in the design of computer algorithms.
This has been useful in the study of properties_ of
algorithms. Many of these design methods generate
algorithms with a tree structure. For discussions on these
methodologies and examples, see Aho et al. [21, Horowitz and
Sahni [22] and Knuth [27,281]. Tree structured algorithms
have parallelism built into them as actions represented by
the branches can be done in parallel. As such, building a
tree structure into an algorithm seems to be a parallelizing
technique. We attempt to identify here some of the
programming techniques which generate a tree structure.
Detailed discussions on the various aspects of these

techniques are presented in the references cited.

3.3.1 Divide and Conquer

In this approach, a problem is divided into smaller
parts and solutions are sought for these smaller and
(probably) simpler subproblems. The solutions are then
combined to get the solution of the original problem. The
subproblems themselves can in general be further subdivided
into smaller parts. Representing the original problem as

the root of a tree, the subparts can be represented as
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children of the root. A node representing a subproblem can
be viewed as the root of a tree whose branches 1lead into
nodes representing its subproblems. The actions associated
with the children of a node are probable candidates for
parallel execution.

Often the subproblems obtained by dividing a problem
are of the same type as the original problem. Tﬁe solution
procedure in these cases turns out to be recursive 1in
nature. A divide and conquer strategy in which at every
stage a problem is split into two subproblems of the same
type has been referred to as recursive doubling.

The computing time of a problem P divided into k parts
P1,P2,...,Pk is the sum of the computing times of the
subproblems Pi and the time required to combine the
solutions. For instance, in the case of recursive doubling
algorithms the computing time can be expressed by the
recurrence relation,

g(n) for n small

T(n)
2T(n/2)+£(n) otherwise
where T(n) is the time for the original problem with n
inputs, g(n) is the time to compute the actions represented
by the leaves and £f(n) is the time for combining two
subsolutions.
There are several problems for which the divide and

conguer techniques have been applied, such as binary search,

external sorting, bisection method of locating the zero of a
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function, and matrix nmnultiplication using Strassen's method.
See the references for more details. Ve discuss some of the
recursive parallel algorithms generated by this approach in
later chapters.

We present here two short examples of this method
applied to sorting numbers. Let S5 be a set of I! numbers to

be sorted into ascending order.

" Exanple 1. lerge Sort

Given two sorted lists, there exists a linear algorithm
for merging them into a single list. The problen of sorting
the set S can be divided into sorting two partitions of S

and merging them together. The algorithm for this is:

MERGESORT(M,N); (*This sorts the N elements in the set S

starting from position M by dividing S into two halves, sorting

these two parts and merging them together*)
BEGIN

IF N > 1 THEN

BEGIN
MERGESORT (11, N/2 );
MERGESORT(M + N/2 , N/2 );
MERGE (M,N);

EMND

EMND MERGESORT.
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Here procedure !IERGE merges two sets of approximately

N/2 elements each starting from position M in the set S.
The given set is sorted by using the algorithm for (S,1,N).
Mergesort can be represented as a binary tree with a node
representing the sorting of N numbers from position M1 and
two branches from it 1leading to nodes representing the
softing of two halves of the set starting from positions 1
and M+ N/2 . For instance, when N=16, the tree would be as

in Figqure 3.4.

a,1e)

(1,2) (3,2) (5,2) (7.2) (9,2) (11,2) (1372) v2)

Figure 3.4 Tree for Herge Sort.

This binary tree is first generated by the algorithm,
and when the leaves are generated control flows from the
leaves to the root by merging the results of two children
nodes into a parent node. It is an example of a synchronous

parallel algorithm.
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Example 2. Quick Sort

In this method, é random element x is chosen from the
ordered set S. S is then partitioned into three subsets SL,
SE, SH where SL contains all elements of S less than x, SE
contains all elements of S equal to x and SH contains all
elements of S greater than x. S 1s now ordered so that
elements of SL precede those of SE which precede those of
SH. Since the element x (which is in the set SE) has found
its position in the ordered set, the original problem
reduces to that of sorting the sets SL and SH. The same
partitioning technique can be used for this. This generates

a binary tree structure. The algorithm can be written as:

QUICKSORT(S,N) ;
(*This sorts the N elements in the set S by:
.choosing a random element x in S and partitioning S
into three sets SL, SE and SH
.sorting SL and SH *)
BEGIN
IF N > 1 THEN
BEGIN
partition S; Let SL contain NL elements
and SH contain NH elements;
QUICKSORT(SL,NL) ;
QUICKSORT(SH, NH)
END

END QUICKSORT.
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The balance of the binary tree structure in liergesort
is determined by the number of elements in the set S. That
is, if there are N=2 elements in the set S then Mergesort
generates a complete binary tree. But the balance of the
binary tree structure in Quicksort 1is determined by the
relative magnitude of the element chosen at every stage.
For instance, let § = (19,23,5,2,4,9,7,6) and let x=9. Then

sL = (5,2,4,7,6), SE = (9) and SH = (19,23).

3.3.2 Recursion

Recursion is another powerful programming technique.
As Knuth [27] observes, it is an innate characteristic of
tree structures. Many tree operations such as searching and
traversing are inherently recursive operations.

The use of recursion involves tree structures in two
distinct stages. In the first stage a tree is generated by
the recursive invocation of a procedure until the basis case
is encountered. The initial invocation represents the root
and the basis cases represent the leaves of this tree. In
the second stage control flows from the leaves to the root
of the tree.

There is one essential difference between the tree
generated by the divide and conquer approach and recursion.
In the former case it 1is possible that the actions
corresponding to the children nodes are different from those
corresponding to the parent nodes. 1In the case of recursion

the actions associated with the children nodes are the same
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as those associated with the parent nodes. But in practice,
the divide and conquer approach generates mostly algorithms
which are also recursive in nature. The Quicksort and
Mergesort techniques described in the previous section are
examples of such classes of algorithms.

Though recursive procedures have an underlying tree
structure, not all of them are realizable in parallel. Ilany
of them are strictly sequential in nature. This is because
the tree structure generated by them may be such that every
node has a single child node. The recursive algorithm for
the Tower of Hanoi problem is an example of an algorithm

which is strictly sequential in nature.

3.3.3 Dynamic Programming

Many computational problems can be posed as
optimization problems. Dynamic Programming is a technique
of problem solving based on the principle of optimality
which is that an optimal solution obtained in stages has the
property that whatever is the state of the solution at an
intermediate stage, the solution in the remaining stages
must be optimal.

See references cited at the beginning of this chapter
for detailed discussions on dynamic programming techniques
as applied to several computational problems.

The recursive application of the optimality principle
results in a recurrence relation which 1is solved by a

dynamic programming algorithm for the particular problem.
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Basically, this approach has two characteristics:

(1) Breaking the solution procedure into stages.

(2) Use of results obtained at a particular stage in
subsequent stages.

As a conseguence, at any stage of the solution
procedure only those which are optimal up to that point are
retained. 1In certain applications of dynamic programming
the solution procedure can be divided into indepehdent
stages and combined later. This gives rise to tree

structured algorithms, as we show in Chapter 6.

3.3.4 Nondeterministic Computations

Problems involving nondeterministic computations also
generate a tree which has been variously called a search
tree, state space tree, etc. 1In this tree a node represents
a state of computation and a branch represents a transition
from one state to another. Nondeterminism is the situation
in which there is more than one valid transition from a
state of computation. The right transition to take at a
particular node may not be evident until after many
transitions. One of the approaches taken in such
computations is called backtracking. It 1is depth first
traversing of the search tree. This is a recursive

procedure which can be written as follows:
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TREESEARCH (node) ;

IF the node is a leaf THEN
IF the leaf is a goal node THEN report success
ELSE report failure

ELSE (* the node has one or more subtrees ¥*)

BEGIN
FOR i := 1 TO no. of subtrees DO IN PARALLEL
TREESEARCH(ith child of node);

IF any of them reported success THEN report success
ELSE report failure

END

In case a node has subtrees, a strictly sequential
approach would be to test the children one by one until a
success is reported or all the children nodes have been

tried. This sequential approach can be written as follows:

REPEAT
pick an untried child n of the node;
TREESEARCH(n)

UNTIL successful or node has no more untried children;

In procedure TREESEARCH above, we have shown the
parallelism 1in backtracking by invoking TREESEARCH in

parallel for all children of a node.
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Consider the search tree generated for the acceptor of
a regular language. Given a sentence, the acceptor tries to
find a sequence of nodes in the tree starting from the node
corresponding to the initial state. If upon reaching the
end of the string the acceptor finds itself 1in a nonfinal
state then the string is rejected. From a node in this tree
there may be more than one transition on the same alphabet
to other nodes.

Choosing a transition arbitrarily and proceeding may
either lead to a final state (in which case the string is
accepted) or to a nonfinal state from which there are no
valid transitions. In the latter case, backtracking is done
to one of the previous states and an alternative branch is
tried. If from a state there are several alternative
branches on the same alphabet then the right branch to take
may not be known until later. If the searches on all
equally valid branches are done in parallel this
backtracking could possibly be avoided. This would require
'effective communication between the parallel tasks so that
when one of the states reached is a final state the other
tasks could be informed so they could suspend searching.

The search technique in the tree in this case involves
an 'OR' logic whereby a state reports success if any of its
children does.

In general, nondeterministic computations have search

trees with an exponential number of nodes (as in the case of

game trees, etc.), making it impractical to take all



39

possible transitions from a node either sequentiallly or in
parallel. 1In the latter case, they may require exponential
number of processors. Such problems are treated by a good
blending of heuristics (such as branch and bound
methods) and parallelism. Kung [37] remarks that algorithms
that generate a large number of solution candidates from
which the true solutions have to be selected have a tree

structure but may need an exponential number of processors.



CHAPTER 4.
PARALLELISH IN CONPUTING AXIIAL COMIION SUBSEQUENCES
4.1 IMAXIMAL CO!NMIIOIN SUBSEQUENCE ALGORITHII

The following definitions and notations are from
Hirschberg [21].
Definitions

Let A=ajaj...ay and B=b;b,...b, be two strings with
m2n. A string C=clcz...cP is a subsequence of A if and only
if there is a mapping F: il,2,...,p}+{l,2,...,m} such that

F(i)=k only if ¢, 1is a

i " and F 1is a monotone strictly

increasing function (i.e., F(i)=u, F(j)=v and i<j=u<v). c
is a common subsequence of A and B if it is a subsequence of
A and a subsequence of B. It is a maximal common
subsequence (MCS) of A and B if it is a common subsequence
for which p is maximized.
Notations

Let D=d1d2...dr be a string. By Dyp,we mean dpdy,;...dy
if kgt and 4,4, _;...d. if tgk. When k>t, the substring is
written as'Ektto indicate that it is a reverse substring of
D. By L(i,j) we mean the maximum length possible of any

common subsequence of the substrings a ceedy of A and blb2

1%2
...bj of B. L*(i,j) stands for the maximum length possible

of any common subsequence of a,,....a_ and b, ....b_ .
i+ m i+l n

1

40
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llany algorithms have been proposed for recovering a IICS

of A and B. Hirschberg [21] presents a quadratic time and

linear space algorithm for this using a divide and conquer
approach. It is based on the following result:

Given two strings A of length m and B of length n, it
is possible to find substrings A;,A, of A and B, ,B, of B
such that

(1) A=a, || Ayand B=By|| B,

(2) MCS(A,B)=HCS(A1,B1)” HCS(AZ,Bz)
wherel‘ stands for the catenation operation.

The algorithm appropriately divides each of the strings
A and B into two parts, recovers the MCS of the substrings
and combines them to get the MCS of A and B. This generates
a binary tree structured algorithm as the problem of finding
a MCS between two strings is broken into two problems of
finding a MCS of two pairs of substrings in a recursive
manner.

The algorithm requires that the strings A and B are
divided appropriately so that the above result is true. The
procedure for this division is as follows:

(1) Choose A, to be the substring aj...q;,, and A, to
be the substring An/2+1°°*3n (Here m/2 stands form/2,).

(2) Compute 1;@;; ilAnVZ,j),L*(m/Z,jﬁ. Let m; be the
minimum j for which this maximum occurs.

(3) Choose B; to be the substring bl"'bml and B, to be

the substring bm +1...bn.

1
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The quadratic time and space algorithm given in tlagner
and Fischer [50] has been modified by Hirschberg [21] to a
quadratic time and linear space algorithm which constructs a
vector LL (where LL(j) corresponds to the maximum length
possible 6f any common subsequence of the string A and the
substring bl...bj of B). In the next section we discuss a
parallel realization of these algorithms.

Referring to the algorithm for computing the vectof LL
as LEN we can write the parallel algorithm for getting a !ICS

of A and B as shown below.

Mcs(m,n,A,B,C);
IF n=0 THEN C := empty string
ELSE IF m=1 THEN IF 3 j<n such that A(1)=B(j)
THEN C := A(1l)
ELSE C := empty string
ELSE (* m>1, n>0 *)
BEGIN i :=m/2,;

LEI](i'n'Ali ’Bln 'Ll) H

AND

. n i
LEN(m"l'n’Am'i+1 'Bnl 'LZ) H
M= max {Id(j)+L2(n-j)3;

O<Jjgn

kK := min.j such that L1(j)+L2(n-j)=Ii;
AND

v -' -— 2).
MCS(m-i,n k'Ai+1,m'Bk+1,n'c H
C := c1|]c2

END

END MCS.



The connective AMND is used in the above algorithm to
denote that the two invocations can be done in parallel.

As the two invocations of LEN and the two invocations
of IICS operate on independent substrings of the strings A
and B, the correctness of ICS follows from that of ALG C
given by Hirschberg [21],
Exanple

Let A be the string ‘'ababacbab' and B be the string
'aabcaba'. Then the binary tree generated by algorithm :ICS
will Dbe as in Figure 4.1. The symbol 'A' is used in the
figure to denote a blank character. Each node in this tree
is labelled in the form (x,y)~% 2z, where x and y are the
substrings of A and B respectively and z is an !CS of % and
Y. The number of levels in this tree is 5 and the number of
nodes is 16 corresponding to the 16 invocations of algorithm
MCS. The number of leaves in the tree is 9 which indicates
the maximum number of processors that can be used in

parallel.

4,1.1 Analysis of !CS

As noted earlier, MCS has a binary tree structure as it
is 1invoked twice recursively in every invocation. The
number of levels in the binary tree depends upon m and m
where mland m, are the lengths of the substrings of A such
that m=ni+n&. A node in this tree represents an action

which corresponds to an invocation of !ICS. Each invocation
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of ICS involves two calls to LEN and 0O(m) operations on
vectors apart from two calls to itself. The two invocations
of LEM can themselves be done in parallel as they operate on
independent substrings.

mhe flow of computation is in the forward direction as
calls to- I!ICS are generated with smaller and smaller length
substrings. 'Then the leaves of the tree are generated with
.substrings of length 1, the flow of computation is backward
to combine the solutions. This algorithm can thus be
classified as a svnchronous tree algorithm.

The number of invocations of CS has been shown by
Hirschberg [21] to be bounded by (2m-1). Let m=2" for some
integer r>0. then r=0, there is one call to MNCS. When >0,
there are two calls to NCS with lengths of substrings mland
'mz such that m +m,=m and both m and m, are at most 2r-1,

Hence, the number of invocations is given by the recurrence

I(nm) 2I(m/2) + 0(1)

I1(1) 1

where I(m) is the number of invocations with string 1length
m. The solution of this recurrence is (2m-1). The degree
of parallelism of this tree is m. With all invocations
corresponding to the nodes at a 1level in the tree done
in parallel the number of inVocations is (logzm+l) with at
most m processors. The speed-up is thus O(m/logzm). The
time bound for LEN is shown by Hirschberg [21] to be 0(r?).
See also section 4.2 for a discussion on algorithm LEN and

its complexity. So, the order relation for the time taken




by algorithm !ICS is given by,

T (m =2 T (w/2) + 2 0((m/2)%) + O(m) with
mcs mes

T (1) = 0(1)

mcs

whose solution is given by O(m2+ m 1og2m).

7ith two processors available at every 1level of the
tree the order relation can be written as,

Tped®™ = Tpodm/2) + 0(m/2) + O(m)

Tmcél)

using the fact that LEN can also be executed in parallel and

0(1)

that it takes O(m) time in parallel.
The solution to this recurrence is 2m-1 which gives the

time bound for MCS in parallel with atmost m processors.
4.2 COMPUTING THE VECTOR LL

Consider the algorithm given below to compute the L

matrix associated with the strings A and B:

ALG A(m,n,A,B,L);
l. Initialization: L(i,0) := for i=0 to m;
L(0,3) := for j=0 to n:
2. FOR i := 1 to m DO
BEGIN
FOR j :=1 to n DO
IF A(i)=B(j) THEN L(i,3) := L(i-1,3-1)+1
ELSE L(i,j) := max L(i,3j-1), L(i-1,3)
END

END ALG A.
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Algorithm A accepts as input two strings Aim and Bln |
|
and computes the matrix L where L(i,j) is the maxzimum length

that an elenent L(i,j) can be computed as soon as
L(i-1,3-1), L(i,j-1) and L(i-1l,j) are known. Representing

\
possible of any common subsequence of A1i and Blj. Notice
this dependency as in Figure 4.2, ve can drav dependency

graphs for computing the elements of L given m and n.

(i,3-1) (i-1,3-1) (i-1,3)

(1,3)
Figure 4.2 Dependency Relation.

We show in Figures 4.3 and 4.4 two example dependency
graphs. The nodes in the graphs are labelled as a pair
indicating the row and column positions in the L matrix
respectively. Note that nodes with a 0 either in the first
or second position do not depend on any other nodes.

We assign level numbers to the graph as shown so that
at level k the elements L(i,j) such that (i+tj-1)=k are
computed. The computations at a given level can go in
parallel. There are (mtnt+l) levels in the graph.

Aﬁ algorithm to compute the matrix L exploiting the
parallelism in computing the elements in a level would be as

follows:
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Figure 4.3 Dependency Graph for men=4.
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0)

(0

1,1)
(2,2)

rl)

(0,2)

3,3)

g (0,3)
1,3)

(2,3)

48



ALG AP(m,n,A,B,L);
1. Initialization: L(i,0) := 0 FOR i=0 to m;

L(0,j) := 0 FOR j=0 to nj;

IF i<0 THEM L(i,3j) := 0
ELSE
IF A(i)=B(j) THEN
L(i,3) := L(i-1,j-1)+1
ELSE
L(i,j) := Max L(i,j-1),L(i-1,3) ;

END ALG AP.

Let the parallel computations be done in n processors
P(1) ,P(2),4e.,P(n). In processor P(j), elements L(i,j) for
i=(2-j) to m are computed in sequence. The computation of
L(i,3j) in .P(j) requires the values of L(i-1,j-1) and
L(i,j-1) computed by P(j-1) and the value of L(i-1,3)
computed by P(j) itself. Thus it is important that the
computations in different pProcessors are properly
synchronized as follows: Let it take unit time for
computing an element of L(i,j). Then in all processors the
computation of the first element (corresponding to i=2-7)
starts at t=0, the second element (corresponding to i=2-3j+1)
starts at t=l1, etc., where t denotes time. That is, the
computation of the i-th element starts at t=(i-1) strictly
succeeding the computation of the (i-~l)th element starting

at t=(i-2).
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Tor instance, the starting time for computing L(i,])

for m=n=4 is presented in Table 1. The table shous the tine

t and the position (i,j) in the matrix L computed during
that time.

Analysis of ALG AP

ALG AP conputes the matrixz L in levels where at level k
all elements L(i,j) such that (i+j-1)=k are computed. There
are (mrn+l) levels in all. For instance, when m=8 and n=3
the matrix L is computed in the order shown in Table 2 where
the numbers in a position refers to the 1level number at
which the corresponding element is computed. This is the
difference between ALG AP (where computations are done along
levels) and ALG A (where computatidns are ddne row wise).vh .

ALG A requires O(mn) space and O(mn) time; see
Hirschberg [211]. In ALG AP, the maximum no. of
computations which can go in parallel is n. So, if there
are n processors, the maximum computation occurs in P(n) and
it is of order O(mtn-1). The space requirement remains the
same as ALG A. This does not take into account the
broadcast of the program.into n processors initially which
takes about O(logzn). If there are p processors then the

algorithm would alter in the beginning as follows:

FOR k := 1 T0 [/p| DO
FOR j := 1 TO p DO IN PARALLEL

FOR i := (2-3j) TO m DO
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TABLE

Tinme t processor 1 processor 2 processor 3 processor 4
0 (1'1) (0'2) ("'1'3) (-2,4)
2 (3,1) (2,2) (1,3) (0,4)
_3 (4,1) (3,2) (2,3) (1,4)
4 (4,2) (3,3) (2,4)
5 (4,3) (3,4)
6 (4,4)

TABLE 2
Col 1 Col 2 Col 3

Row 1 1 2 3

Row 2 2 3 4

Row 3 3 4 5

Row 4 4 5 6

Row 5 5 6 7

Row 6 6 7 8

Row 7 7 8 9

Row 8 8 9 10
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The complexity pecomes n/p O(m+n-1) with »
processors.

There is no interaction between the computations which
are going on in parallel. Even the contention to a common
memory location does not pose any serious delay as any
particular L(i,j) is wused only by 3 processors. As the
computation proceeds in 1levels with sequential execution
among levels and parallel execution within a level there are
only 2 processors trying to access a common location. So,
the communication delay comes from switching from one level
to another. This switching takes place in the processor
itself and takes .constant time. Thus if the computations
are initially 'stored in n processors then the total
complexity 1is 0(2n,n). Storing comﬁutation in n processors
takes 0(1og2n).

The independent tasks in ALG AP are of 1low module
granularity. This makes it suitable for implementation as a
systolic algorithm. The design for this is derived from the
dependency structure of this algorithm shown earlier. See
the dependency graph (Figure 4.2) for m=n=4.

Consider a network of processing elements each of which
can compute an element L(i,j) of the matrix L. The input to
each processor consists of 5 items: L(i-1,j-1), L(i,j=-1),
L(i-1,3), a; and bj. The output, L(i,j), feeds 3 other
processing elements. Thus, assuming a suitable shape for
each processing element the underlying geometry of the

interconnections between processors can be worked out. For
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instance, <for n=n=4, the inconnection structure is as shoun
in Fiqure 4.5. Here &a square represents & processing
element. Assuming unit time for computing by each processor
and unit time for ©propagation of results from one processor

to another, the computation time is bounded by the number of
levels which 1is (mn-1l) and the communication time is

bounded by (m+n-2).

4.2.1 Parallel Linear Space Algorithm - ALG LEN

Moting that the goal is to compute L(m,n) and in ALG A
conputation of the ith row requires knowledge of only
(i-1)th row elements, Hirschberg [21] presents a 1linear
space algorithm to compute a vector LL instead of the matrix
L, where LL(j) is the maximum length possible of any comnon
subsequence of the string A and the substring Blj of B. The

algorithm is shown below:

ALG B(m,n,A,B,LL);
1. Initialization: K(1,3) := 0 FOR j=0 TO n;
2, FOR i := 1 TO n DO
BEGIN
K(0,j) := K(1,3j) FOR j=0 TO n;
FOR j =1 TO n DO
IF A(i)=B(j) THEN R(1l,3j) := K(0,j-1)+1
ELSE K(1,3) := max R(1,3j-1),X(0,3)
EMND
3. LL(j) := K(1,3j) FOR j=0 TO n;

END ALG B.
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A similar improvement to ALG AP also produces a linear
space parallel algorithm. Like ALG B, a vector LL is
produced containing the maximum lengths possible of ‘any
conmon subsequences of A and B for j=1 to n. The algorithm
is such that the computations in a processor P(j) uses the

three values KO0(j), K1(j) and K1l(j+1).

LEN(m,n,A,B,LL);
1. Initialization:
FOR j ¢=1 TO n DO
BEGIN
K0O(3j) == 0; R1(j) := 0; K2(j) := 0 '
EMND
2. FOR j := 1 TO n DO IN PARALLEL
FOR i := (2-j) TO m DO
BEGIN
IF i<0 THEN LL(3j) := 0
ELSE
IF A(i)=B(j) THEN
LL(j) := RO(j)+1
ELSE
LL(j) := max K1(j),RK1(j+1) ;
RO(3) := K1(§);
K1(j+1) := LL(3J)
END

EMND LEN.
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llote

The contention to common storage present in ALG AP
has been carried over to LEN since the K1 value used by
processor P(j+1) is used and modified by processor P(j).
For instance, in the parallel tasks corresponding to j=1 and
j=2, K1(2) is required by both the tasks. The accesses
should be so synchronized that the modifications made in a

time period ti are not effective until the next time period



CHAPTER 5

A DARALLEL ALGORITHM FOR COMPUTING POLYNONMIAL ZEROS
5.1 THE ALGORITH!

A global bisection algorithm was suggested by wilf [52]
for computing all the zeros of a polynomial P(Z) with
complex coefficients. Recently, Krishnamurthy and
Venkateswaran [32] presented a parallel version of Wilf's
algorithm. For full details about the mathematical basis
and the algorithms, see these two references.

Wilf's algorithm is based on the ability to count the
number of zeros of a complex polynomial contained within a
given rectangle in the complex plane. Then starting with a
rectangle containing all the =zeros of P(Z) one can
repeatedly bisect this rectangle into smaller ones and count
the zeros within. This can be done until a required
tolerance is achieved. Parallelism is possible in this
algorithm as the counting of the number of zeros in
different subrectangles can go on independently.

A recursive parallel algorithm for computing the zeros
of a given polynomial p(z) is presented below. We have used
the connective AND to denote that the two invocations can be

done in parallel.
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PROCEDURE BISICTION(R,eps,n);
BEGIM
IF side of R > eps THEN
BEGIN

Subdivide R as Left/Right or Top/Bottom

appropriately, éay Rl and R2;

Count the number of zeros INRl in RIl;

Set the no. of zeros NR2 in R2 to n - MNR1l;

IF Rl has n zeros THEN
BISECTION(R1,eps,NR1)

ELSE IF R2 has n zeros TiEN
BISECTION(RZ,eps,NRZ)

ELSE
BISECTIOMN(R]1,eps,NR1)
" AMD
BISECTION(R2,eps,NR2)
END
ELSE the n zeros := the centre of R
END

END BISECTION.

Since the computational effort for locating a zero in a
rectangle is greater than that for locating a zero on a
line, we assume the worst case where no zeros 1lie on a
division 1line. The procedure is invoked initially with a

square S containing all the zeros of P(2).
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5.2 STRUCTURE OF TIE ALGORITHI

This algorithm has a binary tree structure as a
bisection .step generates two bisection steps which are
invoked recursively. The possibility of dividing the data
space into  two independent subsections and applying
PROCEDURE BISECTION on each separately lends parallelism to
the algorithm.

Let the size of the initial square S be 2" (where m20)
and the tolerance be 2°¢, This means that finally the zeros
are to be bounded by squares of size 2°°. Let p=m+ e.
Then the binary tree has 2p 1levels because a vertical
subdivision of a square produces a rectangle and a
horizontal subdivision of this rectangle produces a squére
half the size of the original square. 1In a complete binary -
tree with 2p 1levels which are numbered from 0 to (2p - 1)
the following are tfue; see Knuth [27]:

(a) There are 23 nodes at level js

(b) 2j+l nodes emanate from the node at 1level Jj for
j<2p-1;

(c) Between a node at level j and a terminal node there
are (2p-1-j) nodes excluding the node at level j.

But the tree structure that this algorithm produces
need not be a complete binary tree. If there is only one
zero to be located, then the corresponding binary tree would
have only one branch emanating from the node at any level j,

for j=0 to (2p-1). If there is one zero in the 1left half
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and another in the right half of the square S, then the
binary tree has two branches emanating from the node at
level 0. There will be only one branch emanating from the
nodes at all other levels. In the case of three zeros with
wide distribution in the square S, the tree would have two
branches at level 0, two branches from one of the two nodes
at level 1 and a single branch from all other nodes.

Example

Let m=0 so that the size of the initial square S is 1.
Let the tolerance = 2 -. Then p = 3 and hence 2p = 6.
For n=1,2,3,4 respectively, the binary trees are as

shown in Figure 5.1.

0 0

1

1 11(/)\\\71
42 2 4 2
¢3 3 4 3
pooa 14
6 5 5

Figure 5.1 Binary Trees for n=1,2,3,4.

Since the operations being performed on independent
data items (namely, the subrectangles) is the same (namely,
PROCEDURE BISECTION), the algorithm can be classified as a

SIMD algorithm. But the algorithm is suitable for
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asynchronous implementation for the following reasons:

. the flow of computation proceeds in one direction
(from the root of the binary tree to its terminal nodes)
without requiring synchronization among its independent
tasks;

. the only communication betwéen processors is when a
processor wants to hand over computation (PROCEDURE
- BISECTION) to two other processors;

. the amount of time for computation in each processor
exceeds by a factor of n, the amount of time for a
communication step (see below).

As ﬁoted above, the flow in this algorithm is in the
forward direction, thus making it an asynchronous tree
algofithm. The number of leaves in the tree is n when all
the n zeros of the polynomial are distinct with respect to a
specified tolerance 2"%. The number of leaves n is also

the maximum degree of parallelism in the algorithm.
5.3 COMPLEXITY

The computational complexity of this algorithm with n
processors is discussed by Krishnamurthy and
Venkateswaran [32]. It is shown to be O(nzp) without
considering communication complexity. Here we show that the
communication takes O(np) time so that the effective
complexity of the parallel algorithm is still O(nzp). e
assume that there are n processors P(1),P(2),...,P(n) with

their own local memory which can communicate with each
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other. At everv level, when a processor 2(i) has to choose
2 processors to hand over the counting in two subrectangles,
it can <choose one available processor for doing the
computation using one subrectangle and P(i) itself can do
the computation 1in the other subrectangle. There are
several topological interconnection structures <£for these
processors to realize the tree structure of the algorithm.
For instance, a processor P(i) can be linked to two other
processors P(2i) ,P(2i+l) as a tree machine. Thus, it is
reasonable to assume that it takes constant time to transmit
a fixed size data from a processor to another at any level
of computation. We further assume that access to common
data items in storage by different processors is avoided by
having all data items required for counﬁing in a
subrectangle in the local memory of a processor itself.
Thus the communication between 2 processors requires the
transmission of the following items of data:

Size of the rectangle to be searched.

The coordinates of the rectangle.

Number of zeros to be searched in the rectangle.

The tolerance.

The searching procedure (PROCEDURE BISECTION).

The polynomial itself (say, as a coefficient vector).

All data items except the last one are of fixed size so
that the time taken for transmitting these items is a fixed

constant, say Tc. Hence, one communication step takes
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(0(n)+Tc) time, where O0(n) is the time taken to transmit the
coefficients of the polynomial from one processor's 1local
memory to another processor's local memory. lNow, the flow
of computation being only in one direction, at every level
of the binary tree there is one communication step going on
in parallel in several processors. As there are 2p levels
in the binary tree, the total communication time is given
by 2p (0(n) + Tc) which is equivalent to O(np).

Using the results of Krishnamurthy and
Venkateswaran [32], we can estimate, as follows, the
efficiency gain in going from a sequential to parallel
execution in the general case when the n zeros of the
polynomial are widely distributed in the initial square S.

The number of nodes in the binary tree in this case 1is
O(np). An action represented by a node in the binary tree
is the execution of PROCEDURE BISECTION which takes 0(n®)
time, so that the total time for sequential execution is
O(n3p). With n §rocessors the total time for parallel
execution 1is O(nzp).

Thus, the efficiency gain 1is given by (O(np) -
0(p))/0(np) which is equivalent to 0(l). The speed-up is

given by O(n3p)/0(n2p) which is equivalent to O(n).




CHAPTER 6

\ L s
DYNANIC PROGRAMMIMNG APPLIED TO A HMAXINIZATION PRODLEII
6.1 INTRODUCTIOHN

In this chanter, we consider the parallelization of a
dynamic programming (DP) algorithm for a maximization
problemn. The discussion 1is based on the paper o)
Gilmore [19] in which it was pointed out how a binary tree
structured algorithm can be given by a proper rearrangement
of the stages in the DP approach.

Consider the resource allocation problem:

Let x be a resource which has to be allocated to some n
activities. Let Xy be the allocation to each activity so
that %:xi = x. Let gi(xi) be the resultant return £from
activity i.

The problem is to £ind out an allocation policy such
that the total return i;gi(xi) is maximized.

This is an instance of the more general problem of
maximizing a function of n variables,

Rn(xl,xz,...,xn) =%gi(xi) over the region

s, (x) = {(xl,xz,...,xn) ?xi = x, x> q}with g, (0) =0
and gi(xi) 2 0.

The techniques of Dynamic Programming are applied to
solve this problem. It is based on the optimality principle
which states that an optimal policy has the property that
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vhatever the initial state and initial decision are, the
remaining decision must constitute an optimal policy with
regard to the state resulting from the first decision.

Translated in terms of the resource allocation problem
this means that given a partial allocation policy which is
optimum upto a certain stage, say gi(xi), an optimal
allocation policy £for all the activities can be got by
finding an optimum allqcation policy for the remaining
activities gi+l,...,gn.

The technique is to construct the solution in stages,
every stage using the partial solution obtained up to that
stage. This is usually realized in sequential fashion. But
by rearranging the stages it 1is possible to inject
parallelism in the solution procedure as discussed by
Gilmore [19] in one of the early papers on parallel

algorithms.
6.2 SEQUENTIAL EXECUTION

To maximize Rh(xl,...,xn) a sequence of functions
fl(x), fz(X)""'fn(X) is constructed where fk(x) is defined
as follows:

£ (x)= g:zx;Rk(xl,...,xk)}= O;fﬁsx[g (Xk) + fk-l x-xk)]
and fo(x) =0

Corresponding to each function fk(x) a function xk(x)

is also constructed where xk(x) is the allocation to gk(xk)

which maximized fk(x).
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Discretizing the range the result is a table of 2n

columns, the ith pair of columns fi(j) giving the function

values fi and xi(j) giving corresponding x values. This
represents the optimum policy up to the i-th stage.

Given a resource x, the allocation xl,xz,...,xn

corresponding to the functions gl,gz,...,g which maxinizes
n

%Egi(xi) is read out from the table.
1

6.2.1 Reading put from the Table

Let x be a given resource. Let i be the index of x
with respect to the discretization. (For instance, if the

original range is [0,1] and it is divided into 11 points

'with an interval of 0.1, then x = 0.6 has index

i= ((0.,6-0)/0.1) + 1 = 7). Then xn(i) from the table gives
the allocation to gn(x). Then [x-gn(i)] is the resource
available for the functions gl,gz,...,gn_l._ Let 3j be the
index of [x-xn(i)l. Then xn_l(j) is the allocation to

9, l(x) and so on. A procedure for this can be written as

follows:

PROCEDURE READOUT;
(* Input:x, the resource; Output:the allocation policy *)
beta := x; j := index of x:
FOR k := n DOWNTO 1 DO
BEGIN alpha := x(k,3j)
PRINT f(k,3j); PRINT k,alpha ;
beta := beta - alpha; j := index of beta
END

END READOUT.



~
L

.2 Complexity of Sequential ZIxecution

~
(S

£~

We nov derive an upper bound for the time required for
the maximization algorithm in the sequential execution case.
This is based on the algorithm (procedure IIAXIIIZE, see
section 6.3.1) to maximize two given functions.

Let the range of x be divided into (m-1) divisions (m
points), =z ,x@ .. ,x@ fl(x(i)) =g, (x))  requires
m evaluations of the function g, e For k>1, fk(x(i))
is constructed in 2 stages.

In stage 1, an intermediate column of function values
fk(x(i)) is produced where f#(x“d ) =l§;25 (fk_l(x(j))) for
i=l to m.

In stage 2, fk(x“J ) is computed as,

fk(x(i)) = ]2?51 (gk(x(j)) + ﬁk(x(j)))’for ;=1 to m.

In stage 1, 0+1+2+...+(m-1)=(m(m-1)) /2 operations
(comparisons) are done.

In stage 2, (l+2+...+m) additions and O0+1+2+...+(m-1)
conparisons are done given the m function values gk(ﬁj)) for
j=1 to m. Hence the complexity of constructing the values
of the function fk using the values of the function fk_l
requires 0 (n?) operations where an operation can be a
comparison or an addition. This 1s the time taken to
maximize two functions. The construction of the values of
the functions fl'f2'°"'fn in sequence thus requires a total
of (n-1)0(nm?) = O(nm?) operations. This does not include
the evaluation of the n functions gl,gz,...,gn at them

points x(l),x(zl,..., x @ Denoting the time for a single
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evaluation by U, the total time for evaluation is O(nm)U.

This gives the sequential execution time as O(nif ) + O(nm)U.
6.3 PARALLEL EXECUTION

A reformulation of the maximization problem by
suitably grouping the functions g provides the technigue
for realizing the DP solution in parallel.

Let there be 2n variables Xy 1R reeer® such that we

need to maximize

2n . n o
R (X ,X yeeerX ) =5 g () with s x = x over
i i 1 i

2n 1 2 2n 1 i
S () = {(x ¢t 2 yeeerX ) E&:{ = x and x > qﬁ
2n 1 2 2n 1 i i=
Leg xl+ x2+...+ X, =Y, and X1 + xn+2+...+ﬁ5n =Y, SO
that y + v = x.
1 2
n
We define 8 (y ) = {(x X yeserX )\ X, = and x. > #
1 yl 1’2 "“n % i Yl i =
2n Z
and S (v ) = 1(x X eeesX ) X .= and x. > 0¢ .
2 %2 ntl a2 0 Yo 5% Y2 i 2%y

Suppose we maximize the functions

Un(yl) = Sria(‘};l) [g(xy) + golxy) +.oot gn(xn)] and
vV (y )= Max Ig (x ) +...+ g (x )]. Then the original
n "2 S2 (Y5) n+l n+l 2n 2n -

problem reduces to maximizing

y+y = x and y .,y >0}
1 2 1 =

Un(yl) + Vh(yz) over i(yi,yz) ,

In effect the problem of maximizing a function of 2n
variables has been reduced to two steps:

1. Maximization of 2 functions of n variables each
which can go in parallel.

2. Maximization of a function of 2 variables which 1is

the result of step 1 above.



In Fiqure 6.1 this is represented as a binary tree.

This can be extended to several levels resulting

binary tree structure for the algorithm,

For ins

ceer®g) = 1 + +...+tg (2
Ry (x X v %) ax [gl(xl) g (xz) gB( 8)]

over S (%)

+ +
Let x1 x2
U (x
over S (y1
and V4(x5,x6
over Sz(yz)
These
each of two
+
Let x1 x2
U02 (xl ,xz)
and
,x4)
Let x + X
5 e

ov_(x
2 3

VUz(xs,xs)
and

VV2(x7,x8)

tance,

{(" ) goeve )‘

can be broken up into 2 problems of 4 variables each.

X + X
4

See Figure 6.2.
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a

3 8 2
) = Max [g (x )+g (x )+g (x )+g (x )1
{(x 1%, 1% 0%, ) xl+ x2+ x3+ X, = y r X2 0}
,07,x8) = Max [gs(x5)+gs(x6)+g7(x )+08(x8)]
= + x + x_+ =
{(xs,xs,x ,xa)lx5 x6 x7 x8 y2, xig 0}
can be further broken into two problems
variables.
= z and .+ X = 2
3 2
=g_(x_) + ) over {( )(x + X = X >
9% 9, (x,) ove KRN X T R A RS
=g _(x_) + (x ) over {( X )x+ x =2 >
=93 %3 9 XyrX ) ¥a7 %7 %y %2
= s and x + ¥ = S
7 8 2
=g5(x5) + gs(xs) over {(xs,xs) x5+ X = sl,vxiz
g7(x7) f ge(xs) over {(x7,x8) x7+ Xg= S, %-:
no. of variables n is a power of 2, say n = 2%,

of 2, the

treatment

functions can be done in different ways.

of

all

In the case when n

the
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Pigure 6.1 Maximization of 2n Variables.

UUzq‘axstgl' 2} OV, =max g2 ,9 4’] VU =max {95'96} VVy=max {97'98}
Uy = ma.thUUZ,UVZ} v, = max.sLVUZ,WZ}
Rg = max {U4'V4}

Figure 6.2 Maximization of 8 Variables.
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Let there bDe n Zfunctions gi,gz,...,g . Then the
n

functions are paired and maximization performed with

(gl,gz), (93,94),..., (g ,gn) if even and (gl,gz),

n-1

(g vg Vseearlg ' g ) if n is odd. This type of pairing
3 4 n~-2 n-1l

is done for resulting functions. Any function that is left

out is paired with the final function.

For instance, for n 6, the tree structure for this
approach would be as shown in Figure 6.3.

Another appgoach would be the following: At every
stage, the no. of functions is divided by 2. Any odd

function left out is combined immediately. The tree for the

case n = 6 is as in Figure 6.4.

6.3.1 Algorithm

Let g 49 reeerd be the given functions to be
1l 2 .

n
maximized. Let the range x be discretized. Then the
dynamic programming algorithm for the maximization problem

can be written as follows:

PROCEDURE DYNAM(!1,p,index);
(* This procedure finds out the maximum function values

for 'p' functions = It uses the 'PROCEDURE

ST NARRL A R
MAXIMIZE' to maximize 2 functions. The resulting function
values are stored in the arréy 'U' and the corresponding x
values at which the maximum occurs are stored in the array
'Y'. *index' gives the column no. where the result of

maximizing two functions using 'PROCEDURE I!MAXINIZE' should



U= max{Uz'Usj

Figure 6.3 Approach 1 for pairing.

Ug= maxigy 9, } Us% 93 U™ “‘ax{%'g_% U7= 97

U2= .main 4’U573 U3= max{Us,U7}

o iyt

Figure 6.4 Epproach 2 for Pairing.
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be stored. The discretized x values xi (i=1 to 1) are Xnown
globally *)

IF p=1 THEN
FOR i := 1 TO N DO
BEGIN U{(index,i) := gM (x(1));
Y (index,i) := z(i)
EID
ELSE IF p=2 THEHN
BEGIN FOR i := 1 TO M DO

BEGIN gg(l,1i) := x(1));

M

g
(2,1) == (z (1))
ggila,l1 gM A 1

+
END ;
MAXIMIZE (gg,index)
END
ELSE BEGIN (*There are more than 2 functions. 8plit
the process into two and then combine*)
DYNAM(M, p/2 , 2*index);
AND
DYNAM(IH* p/2 , p~ p/2 , 2*index + 1);
FOR i := 1 TO N DO
BEGIN
gg(l,i) := U(2*index,1i);
gg(2,1i) := U(2*index+l,1i)
END ;
MAXIMIZE(gg,index)
END

END DYNAH
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Initially, we invoke DYMNAIl as follows: DYMAII(l,n,1);

PROCEDURE HMAXIMIZE(gg,index);

(* This procedure maximizes two functions whose values
are available in gg(l,i), gg(2,i) for i =1 to N. The
maximum values of the functions are stored in U(index,i) and
the x values where these maxima occur are stored in
Y(index,i) for i = 1 to n. [a,b] 1is the interval under
consideration which is discretized with a step size h. *)

BEGIN
FOR k := 1 TO 2 DO (* the max. FOR 2 functions *)

BEGIN

XX := a; iz:=1;
WHILE xx < b DO (* usé values of xx from a to b *)
BEGIN
beta := =1; (* since the function values are > 0,
beta is set to a negative value initially
to let the first comparison in finding
the max. to replace its value *)

gmold := 0; j :=1;

WHILE j < i DO (* find the x value at which the
max.occurs. the max. function
value is in beta and the

corresponding x value is in gamma ¥*)
BEGINM
IF k=1 THEN alpha := gg(l,3j)
ELSE alpha := gg(2,3j)+TU(k=1,i=-j+1);



IF alpha > beta THEN

BEGIN
beta := alpha; gamma := gmold
END; |
j s= j+1; gmold := gmold+h
END;
TU(k,1) := beta; TY(k,i):= gamma;
Xx := xx+h; 1 := i+l
END;
FOR i:= 1 TO npts DO
BEGIN
U(index,i):= TU(2,i);
Y(index,i):= TY(2,1)
END

END MAXIMIZE;

6.3.2 Discussion

The recursive invocation of DYNAM twice in every
invocation generates a binary tree structure. An action
represented by a node in the binary tree is the maximization
of two functions. In all there will be (n-1) such
maximizations. The number of levels in the binary tree is
logn.

Let n=2 %, Then a complete binary tree with s levels
is generated. The maximum degree of parallelism in the tree
is n/2. The flow of computation is in the backward

direction from the leaves to the root. Thus this is an
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exanple of a synchronous tree algorithm. Since the time for
performing an action is O(HF), the time for parallel
execution without considering the function evaluations is
0(sm?). The time £for function evaluations is 2rU, as n/2
function evaluations are going on in parallel. Thus, the
total time for parallel execution is O(mzlogzn + O(n)U.

The efficiency gain is O(n)/O(loan) since the number
of nodes is O(n) and the number of levels is O(logzn).

The binary tree structure of the DYNAIM algorithm 1lends
a binary tree structure to the readout procedure. Let the
levels in the tree be numbered so that the level of the root
node 1is 0 and the level number of a child node is lvgreater
than 1its parent node. Then the results of the 2i
invocations of DYNAM at level i are stored in the pairs of
arrays (u(2),v(2h), wet+n,veivn),..., and (u2itlogy,
y(2itl -1)), respectively. EHEere U contains the function
values and Y contains the x values at which the nmaxima
occur.

Given a resource x, let j be _the index of x with
respect to the discretization. Then, Y(1,3) is the
allocation to the functions g reserg and x-Y(1,3)

n/2+1 ! gn/2+2 n.
is the allocation to the functions gl,gz,...,g . This is
n

/2
at level 0. At level 1, x-Y(1l,j) is used to determine the
allocation to the two sets of functions {g t9  eeerg g and
1 2 n/4
ces ; Y(1,3) 1is wused to determine the
{gn/4+1 Snjarz 'gn/zﬁ rJ

allocation to the sets of functions{g

and{g

n/2+1 "Sns2+2 10009 3n/4}

+g ree+rd . By recursively applying this to
3n/4+1 3n/4+2
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all levels, the RIADOUT procedure can be written as follows:

PROCEDURE READOUT(x,p,index,k,xx);
BEGIN
ind :=((x=-a)/h ) +1;
IF p=1 TEEN xx(index ) := ¥Y(k,ind)
ELSE
IF p=2 THEN
BEGIN
xx (index) := x-¥Y(%,ind); xxz(index+l) := Y(k,ind)
END |
ELSE
BEGIN
READOUT (x~Y (k,ind) ,p div 2,index,2*k,xx);
READOUT(Y (k,ind) ,p = (p div 2),index+(p div 2),
2*%k+1 ,xx)
END

END READOUT.

The procedure is initially invoked as:

- READOUT(x%x,n,1,1,xx);



CHAPTER 7

MULTIVARIATE POLYNOIMIAL EVALUATION

Algorithm

Let P(xl,xz,...,xr) = Ayt A x + A2x§+...+ Ahxi ees (1)
be a nmnultivariate polynomial (IIVP) in r variables. Here
Ab’ N reeer Ah are functions of the (r-1) variables
(xl,xz,...,xr_f.

We assume a lexicographic ordering among the r
variables xl,...,xr as follows: the variable xi precedes xj
for i>j. This ordering is useful for realizing operations
on MVPs.

The representation of a MVP consists of two lists: a
coefficient 1list PC and a degree list PD. PC consists of
the coefficients of the terms in the MVP. Each component in

the degree 1list is the degrees of the individual variables

in a term of the MVP in the order specified.

Example
P = X X - X, =~ X + - X x_+ +
(X3r%,0%)) = 2K X X = X X,= XX % 2K = X X X+ XX,
x3xl+ x3+ 3x2xl+ 2x2+ 2xl+ 1

The PC 1list and PD 1list representation for this MVP
can be written as:

PC ("—(2’-1’-1'2'—111'1111372’2’1)

78
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PD<~{(2,1,1), (2,1,0), (2,0,1), (2,0,0), (1,1,1),
(1,1,0), (1,0,1), (1,9,0), «(0,1,1), (0,1,00, (0,0,1),
(0,0,0]

7e consider here the problem of evaluating a !IVP at a
given set of points (xr,x _l,...,xl). Treating a VP as é
single-variable polynomial in one of the variables with
coefficients from the set of the remaining variables (as
written in (1) above), MVP evaluation consists of two basic
steps:

(1) computing bi= the value of Ai at (xr_l,xr_ ,...,xl)
for i =0 to n where n is the degree of the IIVP considered
as a polynomial in X

(2) computihg the value of the single variable
4.0+ b X at x =X .

r nr r r
Step (1) is the evaluation of (n+l) MVPs Ai (i=0 to n)

polynomial (SVP) b + b_x + b_x
0 lr 2

in (r-1) variables which can go in parallel. Thus we get a
recursive parallel algorithm. See also Hyafil [24] for an
alternative treatment of the parallel evaluation of a IlMVP.

Essentially, the algorithm consists of:
(a) constructing a multiway tree in which the root node
represents the given MVP, its children represent the powers

of x , children of each (power) node represent the powers of
r

X etc.
r-1

(b) Evaluating the SVP at the 1leaves at X1=Xi; this

creates SVPs at the next higher level which can be evaluated

at x2= X2etc. At the last stage the SVP in x 1is evaluated
r

at x = X .
r r
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The example HVP given above can be written as,
P(X ,X ,X )= h:4 -1)+1(=X_+ X { (= D;
( 5! 2,Al) X3( 2(2X1 1)+1( x1 2))+ 3(k2( xl+l)+(Xl+1))‘
< v
+1(A2(3“1+2)+(2x1+1))

Its tree structure would be as shown in Figure 7.1.

P(x3,x2,x1)

X 1l Xy 1l

(2x1— 1) (-x1+ 2) (-xl+1) (xl+ 1) (3x1+ 2) (2xl+ )

Figure 7.1 UVP Tree.

The parallelism in the algorithm is derived from this
tree structure.

We now present the parallel algorithm. It is the same
as the sequential algorithm except thaﬁ the different VP
evaluations can go in paréllel. Hence there is no need to

give the sequential algorithm as such.

FUNCTION MVPVAL(r,pos)

(* v is the no. of variables in the MVP in this invocation of
MVPVAL; pos gives the position of the elements in the

(PC,PD) list *)
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IF r=0 THII! (* the no. of variables is 0. 3o the
coefficients are returned as values *)
HVPVAL:=PC (pos)
ELSE (* the no. of variables is»l. Evaluates the
IZWPS in (r-1) variables appropriately and
evaluates the SVP in the rfth variable *)
BEGIU
DEG :=degree of the r-th variable from PD(pos);
Posn(0) :=pos;
FOR i:=1 TO DEG DO
posn(i) :=Position from where the term with
degree(DEG-1i) for the r-th variable
is stored in PC;
FOR i:=0 TO DEG DO IN PARALLEL
B(i) :=MVPVAL(r-1,Posn(i));
MVPVAL:=SVPVAL(B,DEG,Xr)
END

END MVPVAL;

Note

Here SVPVAL(B,DEG,Xr) is assumed to be a function
procedure for evaluating at Xr a SVP whose coefficients are
stored as a vector B, and whose degree is DEG.

The initial invocation of MVPVAL for a polynomial with

r variables is !NVPVAL(r,l).



Discussion

As noted earlier, the parallelism in this algorithm is
due to the inherent tree structure in the representation of
a MVP, This tree structure is a generalization of the tree

structure of a single variable polynomial.

llote
A SVP of the form, P(x)=a0+alx+a2x2+...+anxn can be

represented as shown in Figure 7.2.

Figure 7.2 SVP Tree.

The evaluation at a given point x=X is realizable in
parallel by grouping pairs of branches and evaluating them
in parallel and combining later. The evaluation of SVPs
occuring in the MVPEVAL algorithm can use this parallelism.

The number of leveld in the tree is the number of
variables in the MVP and the number of nodes is the number

of SVP evaluations to be done to evaluate the MVP. The flow
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of conputation (corresponding to the two basic steps ol
algorithm) is from the root node to the 1leaves for
constructing the tree and from the leaves to the root node
when the evaluations begin. Thus this is a synchronous tree
algorithm. Correctness of this algorithm follows from the
observations below:

(1) As a sequential algorithm it implements the two
basic steps for !IVP evaluation.

(2) In the parallel version no independent task
interferes with another independent task.
Complexzity

Let there be r variables (x ,x r0e+¢X ) in P with the

r r-1 1

ordering x >x DeeedX .
r r-l 1

Let the degree of P considered as a polynomial in xr be

d Then there are (dr+l) MVPs in (r-1l) wvariables

r.
associated with the powers of X .

Considered as polynomials in x , let the degrees of

r-1

these polynomials be dr-l(O)'drhl(l)""'dpq.(dr)'
Associated with each of these are [dr_l(il)+1]

polynomials in (r-2) variables. So, there are

dr |

% [d,; (i )+1] polynomials in (r-2) variables which have to

l‘-.-.o

be evaluated. Let the degrees of these polynomials be

dr—z(il'iz) i,= 0 to dr and i2= 0 to dpﬂ_(il).

1
Then, there are
dy d’1"' |( )

:E > [d (i_,1i )+1]
=0 1,20 r-2 1’ 2
polynomials in = (r-3) variables, each of degree

0 to d (i ,i).

dr-3(11'12’13) for 13 S




W7ith this notation, in general, there are
dy  diti? A;'"'*">
P > . L) (g ipedgenert ) 040

d=0 4=0 *aq
polynomials in j variables each of degree d'(il'iz"'°'i )
] r=)
for lr—j=0 to dj+l(ll'12'"°'lr-j-1)'

Thus the number of input terms for this algorithm could
be exponential, in theory. Since VP evaluation has to
consider every term individually at some time, the algorithm
is inherently exponential. With parallelism, an exponential
number of processors are required.

But in practice, the number of terms is not so large.
The total number of SVP evaluations done is given by the
number of nodes in the tree representing the IVP.

In the example that we have considered,

3

dl(o'O)=d1(0'1)=dl(1'0)=dl(l'1)=d1(2'0)=dl(2'1)=l

The number of 3-variable polynomials is 1, the number

r=3, d,=2, d2(0)=d2(1)=d2(2)=1,

of 2-variable polynomials is 3 and the no. of single
variable polynomials is 6. The total number of single
variable polynomial evaluations is, 6 of degree 1, 3 of
degree 1, and 1 of degree 2.

The number of nodes in the tree is the number of SVP
evaluations which is 10 and the number of levels is the

number of variables which is 3.




CHAPTER 3

CONCLUDING REMARKS

7e have studied here some aspects of tree structured
parallel algorithms. e have shown how programming methods
like divide and conguer naturally generate tree structured
algorithms, most of which can be realized in parallel. Thus
these partitioning techniques also serve as parallelizing
techniques.

In addition to those considered here there are several
algorithms reported in the literature which have an
underlying tree structure. Even [17]1 gives two parallel
methods of performing external sorting, one of which is a
tree structured algorithm. This method 1is a natural
parallelization of the merging method for external sortingl
which uses 4 tapes and which has a tree structure. Given p
processors and 4p tapes, the N records are distributed to
2p tapes in such a way that each of them has approximately
N/2p records. Each processor is assigned 4 tapes, 2 with
N/2p records and 2 empty. Each processor does the usual
tape sorting algorithm. Now, there are p tapes containing
M/p records each in sorted order. These are then merged 1in
log p steps.
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Dentelev and Shamos [3] discuss algorithms for n»roblems
dealing with the proximity of 11 points in Euclidean X-space.
The basic strategy is to divide the original problem dealing
with N points in X dimensions into two subproblems with
lesser number of points in X dimensions and a subproblem in
K-1 dimensions. This gives rise to <doubly recursive
algorithms with a tree structure.

Parallel algorithms for the calculation of convolution
of two finite sequences which can be implemented on a tree
machine have been described by Jeng [26]. The tree
structure of the algorithms is derived from the application
of the divide and conquer technique to the problem.

Algorithms for solving recurrences, see, for instance,
Kuck [33], evaluation of decision trees as discussed by Kuhn
[34], and compiling expressions [33] are some of the other
algorithms with a tree structure.

Horowitz and Sahni [22] have observed that recursive
programs are often easier to prove correct than the
corresponding iterative versions. This applies to tree
structured algorithms as they are essentially recursive
algorithms. There have been attempts recently to provide a
formal basis to the correctness of parallel programs; see,
for instance, Owicki and Gries [42]. Their work extends
Hoares's axiom system defined for sequential programs into
the realm of parallel programs. Essentially, the approach
consists of two steps: (i) Correctness proof of the

independent actions considered as sequential programs;
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(ii) »roof of properties concerning interference (or
interaction) between the actions. With tree structured
algorithms this task may be somewvhat simplified because,
usually, the study of interaction between a node and 1its
children provide the pattern for the interaction between any
node and its children in the tree.

Another aspect which has received much attention is the
architecture suitable £for realizing parallel computations.
In fact, a classification of parallel algorithms is based on
the type of architectures to which they correspond naturally
as we saw in Chapter 2. Recently, there have been proposals
made by Snyder [46] on reconfigurable parallel architectures
based on the systolic machines proposed by Rung [37]. of
particular relevance to the tree structured algorithms
discussed here are the tree machines discussed by Benteley
and RKung [71, Despain and Patterson [14], Harris and
Smith [20]1, and Horowitz and Zorat [23].

Many languages and language extensions have been
proposed to provide support for expressing parallel
algorithms. See, for instance, Anderson [4], Conway [12],
Lorin [40]. It would be interesting to order the proposed
structures for parallel processing with respect to their
power and expression as has been done for control structures
for sequential processing by Kosaraju [31] and Ledgard [381.
At least for many tree structured algorithms such as the
ones studied here the two connectives AND and OR were

sufficient and powerful enough to express parallelism



between actions. 2An issue to be addressed in this regard is

at what levels should parallelism be explicitly indicated by
the programmer. This is somewhat similar to the question of
whether recursion should be explicitly indicated in
programs. It may be possible for a compiler to detect
parallelism at the expression 1level or even at statement
level but it appears that it may be difficult to identify
parallelism at higher 1levels of abstraction, such as
procedures, without explicit identification of parallel
actions.

Fipally, we note that Bokhari [10] gives an algorithm
for the optimum assignment of parallel actions to the
different processors in a parallel processor system, for the
case of an arbitrary number of processors, provided that the
intermodule communication pattern of the program is a tree.

In this thesis we have studied cetain properties of
tree-structured parallel algorithms without relating them to
specific parallel architectures. Such studies would prove
useful in providing a taxonomy of parallel algorithms based
on their inherent structure. They would also be useful in
identifying' programming paradigms for developing parallel
algorithms. Concerning the performance of a tree-structured
parallel algorithm we have shown that the speed-up in going
from sequential to parallel execution is given by the ratio
of the number of nodes in the tree to the number of levels
in the tree. For an algorithm whose structure is a complete

binary tree the speed-up, in general, is by a factor of
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O(n/logzn) as is the case with three of the four case-study
algorithms discussed here. This indicates the inherent
limitation in speed-up for many parallel algorithms with a
tree structure.

Parallel computation is one of the areas of computer
science that is growing in practical importance. The design
of parallel algoriﬁhms has far more complexities than the
design of sequential algrithms, which is itself complicated
enough to remain as a highly creative activity. A
methodology for developing parallel algorithms is yet to
emerge. We believe that studying the inherent structure oZ

parallel algorithms would be a contribution to this area of

knowledge.
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