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Abstract

This Year-Four progress report presents ongoing research, supported by subcontracts from
Oak Ridge National Laboratory (ORNL), on the design and analysis of numerical methods
for multi-species kinetic equations. Rather than summarizing only recent developments, this
cumulative report builds upon prior work and serves as a resource for training new graduate
students and postdoctoral researchers. Three new sections have been added. First, a compre-
hensive chapter on the multi-species Boltzmann equation addresses gaps in the literature and
offers a modern, pedagogical introduction to this fundamental kinetic framework. Second, we
introduce a novel iterative solver for moment equations derived from the space-homogeneous
multi-species BGK model, laying the groundwork for more advanced numerical solvers. Third,
we provide an overview of the Ellipsoidal Statistical BGK (ES-BGK) model, which improves
upon the basic BGK model by better capturing fluid dynamics in the Navier—Stokes and Euler
limits. The report also reviews recent progress on the numerical solution of BGK-type ki-
netic equations, highlighting the challenges posed by high-dimensional phase space, nonlocal
particle interactions, and numerical stiffness. To address these, we describe strategies in-
cluding high-order finite volume methods, implicit-explicit (IMEX) time integrators, adaptive
multi-level methods, discrete velocity schemes, and moment-based approaches. Preliminary
implementations are developed in MATLAB for prototyping, with plans to migrate to mod-
ern production software. The report concludes with a summary of achieved milestones and
outlines directions for future work, particularly in developing robust solvers for the ES-BGK

model.
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Executive Summary

In this Year-Four progress report we describe our research, which has been supported by
subcontracts from Oak Ridge National Laboratory (ORNL), on the design and analysis of
numerical methods for multi-species kinetic equations. Like the last progress report, we have
decided to build upon our last progress report rather than to draft a new, separate document
that merely summarizes the work done since the last. This cumulative document can be—
and is now being, to good effect—used in the training of new graduate students and post
doctoral researchers that join the project.

We have added three new import chapters/sections to the report. First, we add a new
chapter that reviews the multi-species Boltzmann equation. This material is fundamental
since all kinetic models, essentially, must conform to the same basic theoretical framework
that holds for the Boltzmann system. Many of the details for the multi-species Boltzmann
equation, which are taken for granted in the literature, are, in fact, difficult to find in existing
textbooks. It has been our experience that many of the classic works that are cited and
assumed to contain the theory and development of the multi-species Boltzmann equation,
do not, in fact, give a clear, modern introduction. We sought to remedy the situation herein,
or, at least, we have made an earnest attempt to do so.

Second, we report, for the first time, on a new iterative solver for the moment equations for
multi-species BGK model in the space-homogeneous setting. The multi-species BGK model
IS an important approximate model for the Boltzmann system, in some ways the simplest.
Our new solver is expected to be a springboard for sophisticated numerical solvers for the full
multi-species BGK and ES-BGK models.

Third, and finally, regarding the latter model, we have added a new chapter outlining some
facts about the Ellipsoidal Statistical BGK (ES-BGK) model. The ES-BGK model adds some
approximation capabilities that are missing from the simple BGK models. In particular, it can
more accurately capture the Navier—Stokes and Euler equations in the appropriate fluid limits.

After the new chapter on the multi-species Boltzmann equation, we review the basic

unary BGK model, which is the simplest approximation model for the Boltzmann equation.
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Specifically, we review some work on the numerical solution of single- and multi-species
BGK-type kinetic equations of particle transport. Such equations model the motion of fluid
particles via a density field when the kinetic theory of rarefied gases must be used in place of
the continuum limit Navier—Stokes and Euler equations.

The Boltzmann and BGK-type equations (and kinetic models, more generally) describe a
fluid in terms of phase space variables, and, in three space dimensions, require 6 independent
phase-space variables (3 for space and 3 for velocity) for each species for accurate simulation.
This requires sophisticated numerical algorithms and efficient code to realize predictions over
desired space and time scales. In particular, stable numerical methods must be designed to
handle potential discontinuities (shocks) and rarefaction waves in the solutions coming from
conservative advection terms and, in addition, numerical stiffness owing to diffusive particle
collision terms. Furthermore, the particle interaction terms are nonlocal in nature, adding yet
another layer of complexity, and the interaction length scales of the nonlocal terms may be
orders of magnitude different, when multiple particle species are involved.

In this report, we outline strategies for generating efficient and stable numerical algorithms
and code, including the use of (i) stable high-order finite volume methods, (ii) fully implicit and
implicit-explicit (IMEX) time integration techniques, (iii) adaptive time-phase-space multi-
level methods, (iv) discrete velocity methods, and (v) moment equation methods. The
preliminary codes, which will be demonstrated herein, are built in the commercial software
package MATLAB for quick and easy prototyping, but will later be translated into production
software using modern open languages.

At the end of this report, we provide a quick overview of the ES-BGK models, both unary
and multi-species. These are almost as simple as the BGK models but add a few more
parameters that help to make the resulting approximations more accurate. In particular, we
discuss how these models better capture the fluid limits (Navier—Stokes and Euler equations)
as the collision frequency becomes large. We will describe some ideas about future work
involving numerical solvers for the ES-BGK models in this report.

We conclude the report with a full summary of work-goals that have been accomplished

and what we think will be important for the future.

0.1 Milestones

There are four major milestones of this research effort that we would like to highlight.

1. This year (2025), we published
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E. Habbershaw, R.S. Glasby, J.R. Haack, C.D. Hauck, and S.M. Wise, Asymptotic
Relaxation of Moment Equations for a Multi-species, Homogeneous BGK Model, SIAP
(SIAM J. Appl. Math.) 85 (2025) 294-313.
https://doi.org/10.1137/23M1596314

This paper, which appears in the prestigious SIAM Journal on Applied Mathematics, de-
scribed long-time dynamics of the moment equations for the multi-species BGK model.
Understanding these model characteristics are vital for designing and implementing so-

phisticated numerical approximation methods.
2. In the same year, we published

E. Habbershaw, C.D. Hauck, and S.M. Wise, Implicit Update of the Moment Equations
for a Multi-Species, Homogeneous BGK Model, SINUM (SIAM J. Numer. Anal.) 63
(2025) 881-907.

https://doi.org/10.1137/24M165421X

This paper, which appears in the equally prestigious SIAM Journal on Numerical Analy-
sis, described our novel iteration solver for the moment equations for the multi-species,
spatially homogeneous BGK model. We prove several facts about our numerical solver
therein, including stability, well-posedness and convergence. This iterative solver will
be the basis of future sophisticated solvers for the full multi-species BGK and ES-BGK

models that we are developing.

3. We have graduated one PhD student from the project. Evan Habbershaw officially
graduated in August 2025, defending the thesis Numerical Methods for Multi-Species
Kinetic Models with Approximate Collision Operators. Dr. Habbershaw is now a post-

doctoral researcher at the Pennsylvania State University and a co-author of this report.

4. We have recently recruited two new UTK Math graduate students to work on this
project, Jack Haight and Daniel Bond. And, we have developed a training infrastruc-
ture, based in part on this evolving document and also a new graduate course that
Prof. Wise has developed in the UTK Mathematics Department called Non-Equilibrium
Thermodynamics. The course will run for the first time in Spring Semester 2026.


https://doi.org/10.1137/23M1596314
https://doi.org/10.1137/24M165421X

Chapter 1
Introduction and Report Organization

The Navier—Stokes and Euler equations, with which most computational fluid dynamicists are
intimately familiar, are used to describe the evolution of a fluid under the assumption that
the constituent particles move in, essentially, lock-step motion. In other words, fluid particles
with small space separation are assumed to have nearly identical velocity vectors. We refer
these models as the fluid limits, or continuum limits.

To be precise, suppose that the mean free path (diffusion length scale) of particles is
denoted A, and the characteristic spatial size of the problem is denoted L. The Knudsen
number is defined as K, = A/L. When K, < 1, the diffusion length scale is too small to
resolve accurately, and, in fact, the individual motions and interactions of constituent particles
can be coarse-grained (averaged out) without significant loss of fidelity [44]. Indeed, the
Navier—Stokes equation, which is applicable in this physical regime, is a highly successful and
accurate model.

However, when K, = O(1), the Navier—Stokes equation is no longer valid, and particle
collisions/interactions must be taken into account. Particles with small space separation could
move in entirely contrary directions, and, in this regime, the Boltzmann transport equation
is an important model of particle evolution [44]. It describes the distribution of particles as
a function of time, space (d = 3 dimensions), and velocity (d = 3 dimensions). The three
dimensions of space and three dimensions of velocity comprise what is known as phase space.
The Boltzmann equation is complicated not only by the high dimensionality of phase space
but also the highly nonlinear, highly nonlocal nature of the collision (particle interaction)

operator.
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1.1 The Unary Boltzmann Equation

The Vlasov—Boltzmann equation for a single-species dilute gas is given as follows:

%%—v Vif+a-V,f=Q[f fl(x, v, t), (1.1)

where f is the density of particles at position x with velocity v at time t; and a is a particle
acceleration determined by an external field, for example, an electric or magnetic field. The
Boltzmann transport equation results from setting a = 0. The derivation of the equation is
a straightforward exercise using the chain rule. In particular, the total time derivative of the

distribution f can be realized as

d of dx; of dv,
Ef(x' v t)_zﬁx,—dt Zc’?v, dt
or

- f A
v-V,f+a-V, +8t

where d = 3 for the standard model. Thus, the Vlasov—Boltzmann equation may be con-
structed via the following law: the total time rate of change of the distribution is equal to

the collision (frequency) operator. In other words,
d
af(x, v, t) =QI[f, f]l(x, v, t).

The Boltzmann collision operator, Q|f, f], requires much more physical insight for a clear
derivation [44], involving certain conservation principles, in particular. Therefore, we will

content ourselves by only stating its generic form in three dimensions for the moment:

Q[f, fl(x, v, t) = %/Rd /Sd1 [f'fl — ff] B(v —v,, o)dadv,,

where

fr=rf(xv, t), fl=f(xv,t),

*

f="Ff(xvt), f=fFf(xv,t),

m is the mass of an individual particle; B is the collision kernel describing binary collisions

between particles; o is a unit vector called the apse direction; and the primed coordinates are
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computed via the transformation

vVi=v—o-(v—v,), (1.2)
vVi=v.+o (v—v,). (1.3)

The computation of the Boltzmann collision operator is very expensive. For the 3D case,
the (5 dimensional) integral must be computed at every value of (x,v) in phase space.
Additionally, the integral cannot be evaluated analytically, except for the simplest of cases
(e.g., Maxwell molecules, with carefully prepared initial conditions). Thus, computation of
the collision operator is usually the most expensive part of computing numerical solutions of
the Boltzmann equation. For this reason, Monte Carlo (MC) methods are generally preferred
over direct numerical simulation [36]. Unfortunately, MC methods are slow to converge, as is
well known. What is worse, for the N-species case, there are N? collision operators that must
be considered. Thus, a simpler, less costly BGK-type approximation is often implemented.
BGK stands for the names Bhatnagar, Gross, and Krook, who introduced the approximation
in 1954 [2], and we now explain this methodology.

1.2 The BGK Approximation Model

The Viasov—BGK equation is a model derived by approximating the Boltzmann collision op-

erator with a simpler nonlinear, nonlocal relaxation operator of the form

QECKIf1(x, v, t) = AM(M¢(x, v, t) — f(x, v, 1)), (1.4)

where A = % is the collision frequency between particles, 7 > 0 is a characteristic time, and

Me is the Maxwellian, which is constructed using the first three integral moments of f,

n

1
n(x, t) ::/ fdv, u(x,t) = —/ fvdy, O(x, t) = ﬂ/ flv—ul*dv, (1.5)
RY RY nd Rd

and is defined as

Me(x, v, t) .= M[f](x,v,t) =n <2—:€> i exp (_m|v2—;u|2> : (1.6)

The space-time fields n, u, and 6, are the macroscopic (coarse grained) number density,

bulk velocity, and temperature, respectively. The following macroscopic variables are also of
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interest: the (kinetic) energy density is given by

w(x, t) = T/ flv|?dv, (1.7)
2 Rd
and the internal energy density is defined as

e(x, t) ::%/Rd flv — uf?dv. (1.8)

We observe that the temperature and the internal energy are related via

2 e(x,t)
Q(X, t) = E{')(X, t)

Using the BGK approximation drastically reduces the computational cost of the simulation
of dilute gases, and recovers both equilibrium and streaming behavior of the Boltzmann
equation in collision-dominated, and collision-free limits. The BGK collision operator also
satisfies conservation and entropy properties of the Boltzmann operator, as we show below.
Of course, the basic design and principle of the BGK approximation is that the density, f,
should relax over time toward the Maxwellian, and, clearly, at this state, the collision operator
gives a zero contribution.

However, the BGK collision operator does not capture some important properties. First,
it fails to capture the correct Prandtl number (essentially the ratio of viscosity to thermal
conductivity), largely because the collision rate is velocity independent. As a result, the
model may not agree with the compressible Navier—Stokes Equations that are derived from
the Boltzmann equation in high collision regimes. A number of generalizations of the BGK
model have been proposed to deal with this shortcoming. These include the ES-BGK [21] and
Shakov [41] models, which incorporate extra degrees of freedom. The model of Mieussens and
Struchtrup [31] incorporates a velocity dependent collision rate, which improves the capture
of the correct Prandtl number. These models give a more physically realistic model, but
cause a substantial increase to computational costs.

To summarize, the single-species Vlasov—BGK equation has the form

f
%—FV-VXf—I—a-V.,f:)\(Mf(X, v,t) —f(x, v, t)), (1.9)

and, in analogy to the previous setting, the single-species BGK equation results from setting
a = 0. When, in equation (|1.9)), the acceleration is determined by an electric field, according
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to the model
a(x, t) = —xV,®(x, t),

where x > 0 is a constant, and
—Ad(x, t) = n(x, t),

the resulting model is known as the Vl/asov—Poisson—-BGK equation.

Numerical methods for the BGK family of equations have been proposed and analyzed
extensively. The discretization of phase space is costly, and there are challenges that occur
in high-collision regimes. First, the BGK operator becomes stiff as the collision frequency
becomes large, so an implicit approach is desired for this term, to avoid unacceptably small
time steps. In a seminal paper [9], it was shown that a Backward Euler step could be applied
in an explicit manner, allowing stable time stepping for a wide range of collisional regimes.
Taking advantage of this, the paper [36] introduced an implicit-explicit (IMEX) Runge—Kutta
scheme based on [33], treating the convection term explicitly and the collision term implicitly.
Second, stable and accurate high-order conservation schemes are required for the convection
terms. For example, Pieraccini and Puppo [36] use a high-order weighted essentially non-
oscillatory (WENO) finite volume scheme, though high-order flux-limited schemes perform
well, as we show, and are easily scaled to higher dimensions.

Most of the numerical schemes for the BGK equation, including the one that we focus on
here from [36], lose the exact conservation of mass, momentum and energy at the discrete
level, and, additionally, the entropy dissipation at the discrete level. This shortcoming is
overcome in the work by Mieussens [29, 30]. Exact conservation is obtained by computing a
discrete equilibrium function, which requires the solution of a nonlinear system of 5 equations
for the BGK model and a nonlinear system of 10 equations for the ES-BGK model at each
grid point in space. Another challenge is to recover consistent numerical solutions of the
Euler and Navier—Stokes Equations for compressible flows, which can be derived from the
BGK model using a Chapman—Enskog expansion [44].

In some situations, an explicit treatment of the advection terms in the BGK equation—
even while giving the collision operator an implicit treatment—can lead to a method that
requires excessively small time steps for stability and accuracy [12]. This can happen when
there are long time scales that lead to incompressible equations in the high collision limit, or in
problems for which the maximum velocity in the computational domain is significantly larger
than the fluid speed of sound. A fully implicit approach can be taken to address these issues.

This is common for time dependent kinetic equations in radiation transport contexts, and has
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been considered for electron transport problems [12]. Fully implicit methods for dilute gases
and collisionless plasmas have been proposed in [12]. These approaches use sophisticated

iterative methods to manage the cost and memory requirements of the implicit update.

1.3 Organization

In Chapter [2, we give a fairly in-depth review of the multi-species Boltzmann equation.
Our review is more thorough than most we have found in the literature, and it contains
many details that are missing from the textbooks. We find that this overview is especially
important for understanding aspects of our BGK-type approximations that come later, since
those approximations inherit many of the properties of the original system.

In this progress report, some background for BGK-type models is presented. We do
not conduct an extensive review of the models and literature but give the reader (especially
those unfamiliar with kinetic equations) a gentle, albeit brief, introduction. In Chapter
we introduce the single-species BGK Equation. We describe some basic theory, deriving
conservation and (mathematical) entropy dissipation properties.

Finite volume implicit-explicit (IMEX) Runge—Kutta (RK) numerical methods are pre-
sented in Chapter [4, We give some preliminary simulation results for basic problems, in-
cluding the Sod shock tube benchmark and two-stream instability. In Chapter [5] we describe
some numerical methods based on discrete-velocity models, which were described earlier in
Chapter 3

In Chapter [6] we give a brief introduction to multi-species BGK models in order to explain
some numerical challenges for such equations. Chapter |7| describes asymptotic dynamics of
the space-homogeneous multi-species BGK equation. In this chapter, we also summarize our
recent numerical analysis for this model.

In Chapter [8| we describe a preliminary analysis of the Ellipsoidal Statistical BGK (ES-
BGK) model, both unary and multi-species types.

The ES-BGK models can more accurately capture realistic Prandtl numbers of gases than
the simpler BGK-type models. As a consequence, they provides more accurate hydrodynamic
limits (Navier—Stokes—Fourier system) than the standard BGK models. At the same time,
ES-BGK models retains the computational tractability of their BGK relatives.

We conclude the report with a brief summary of preliminary work and near and long-term
future work in Chapter [9

Several appendices are included that contain tedious calculations that we wished to keep
out of the main text. A prototype 1x1v MATLAB code for the Sod shock tube problem is

10
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contained in Appendix [E]

1.4 Disclaimer

The information in this report has been collected from several sources. We have done our
best to make certain that all of the important works have been appropriately cited. Some
information in this report may be inaccurate. There are very likely many inadvertent typos
and transcription errors. While we have done our best to check all of the claims, proofs, and
equations, this report has not undergone external review. We have provided some sample
codes in this report. We make no claims about the accuracy of those codes. They should
be used at the risk of the reader and are provided for educational purposes only. Neither
The University of Tennessee nor Oak Ridge National Laboratory can be held responsible
for decisions made based on information in this report or the output from the codes in the

appendix.

11



Chapter 2
Multi-Species Boltzmann Equations

Our primary objective in this document is to model the interaction of dilute mixtures of
particles (gas mixtures). The most accurate kinetic model for such mixtures is a multi-species
Boltzmann system, which we will now try to understand. Typically, the direct approximation
of multi-species Boltzmann equations is intractable. We will ultimately turn to BGK-type
approximations of the Boltzmann models, but we must understand some aspects of the
Boltzmann model in order to effectively design and use the approximations.

In compiling the material for this chapter, we have found the thesis by Marlies Pirner [37]
especially useful. The books [6, [19] also have short, readable descriptions of the multi-species
Boltzmann system. The book by Kremer [28] has a fairly in-depth and modern account of
the multi-species Boltzmann equation, and the notes by Alberto Bressan [5] were helpful in

understanding the basics of the unary Boltzmann model as well as its mathematical analysis.

2.1 The Binary Collision Transformation

Definition 2.1.1. Let m;, m; > 0 be the masses of particles of species i and j, respectively,
ije{1,2,..., N}. Fix a unit vector ¢ € S?. The transformation T}/ (v,v,) = (V/, V"),
which maps R? x R® into R3 x R3, is defined via

V=v—lo-(v—v) QJTfmj (2.1)
V,=v.+[o-(v— V*)]m/zflﬁvj (2.2)

We will write

v = T;JI(V v,) and V.= T;JQ(V v,)

12



October 6, 2025 E. Habbershaw and S.M. Wise

for the first and second components of the transformation, respectively. The mapping T}/ is
called a binary collision transformation and o is called the apse direction. The un-primed
coordinates v and v, are called the pre-collision velocities and the primed coordinates v’

and v’_are called the post-collision velocities.

Proposition 2.1.2. Let m;, m; > 0 be the masses of particles of species i and j, respectively,
i,j €{1,2,...,N}, and fix an apse direction ¢ € S?. Suppose that (v',v.) = T/ (v, v,).
Then,

mv + mjv, = myv' + mjv’, (2.3)
TP+ v = TV + VP (2.4)
Furthermore,
o-(vV-Vv)=-0-(v—v,) (2.5)
and
vV =V ]=|v—v,l (2.6)

Proof. To get ([2.3)) add m; times ([2.1]) to m; times ([2.2]), and the result immediately follows.
To get (2.4]), square both (2.1]) and (2.2)) to obtain

4m; 4m?
n2 _ 2 . _ e . _ 2 )
V= = o (v v )] v o (v v )P
4m; 4my;
12 _ 2 . _ I . _ 2
WViI"=|v.]"+[o- (v v*)]m/+mja v.+ o (v—v,)] (- m 2
Then,
milv'[* + my| V.2 = my|v[? + mjlv.]?
4m;m; 4m;m;
[0 (v V*)]m,-+mja v+io-(v v*)]mi+mja v,
4m;m? 4m?m;
+lo-(v-v)P——Ls +o-(v-v,)—=
0 (v v )P (s e (v v )P T
= le,‘|V|2 + mj|v*|2
4m;m
—lo-(v-v)P—"
m,——I—mJ-
4dmim
+ o (v —v,)] L (mj+m
[ ( )]( i+ J)Q( ! J)

= mi|v]> + mjlv.]>.
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The proofs of identities ([2.5)) and (2.6]) are left as simple exercises. |

Proposition 2.1.3. Let m;, m; > 0 be the masses of particles of species i and j, respectively,

ije{1,2, ..., N}, and fix an apse direction & € S?>. Then, T}/ is a linear transformation,

T;'j (a(v,v,) +B(w,w,)) = aTé‘j (v,v,) —i—ﬁTé’j (w, w,), (2.7)

for all o, € R and all v, w, v,, w, € R3. Furthermore,
(v, v.) = T/ (T (v, v.)), (2.8)

for all v, v, € R3. In other words,
| =Ty oTy, (2.9)

or, equivalently,
(T =T (2.10)

Proof. The linearity of T;J is a simple demonstration and is left to the reader. To prove the
identity (2.8]), observe that

T (T (v, v.))

=v — [a' . (V — V*)] m[?fjb,]ja'
- {o“ <v —[o- (v —v.)] m?fjb?j” —ve—lo- (v v m,?flﬁf)} mfzfjﬁvja
2mj
:V—[a'-(V—V*)]mi_l_mj
o (it
2mj
:V_[a-‘(v_v*)]m/+mj
—Jo-((v—v.) =20 (v—v.)]o)] mizfjmj‘f
=v—[o-(v—v.) m/?f@d +lo- (v—v.)] mff’@

=v.
A similar calculation shows that
ToL(TH (v, v.)) = v..
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Proposition 2.1.4. Let m;, m; > 0 be the masses of particles of species i and j, respectively,

ihje{1,2,..., N}, and fix an apse direction o € S%. Then,

Ti4 (v v) = Toh(v,v.), (2.11)
T;J2(v* v) = Té’v"l(v, v,). (2.12)

Proof. Let v, v, € R3 be arbitrary. Then,

=v.to(v—v.)] /Q-ijm
= Tyh(v,v.).
Similarly,
Too(va,v) =v+[o- (v. — V)] ml_sz,m
—vlo (v vl

Proposition 2.1.5. Let m;, m; > 0 be the masses of particles of species i and j, respectively,
ijeq{1,2, ..., N}, and fix an apse direction @ € S?. Suppose that f : R® x R — R is

integrable, that Is,
/ |f(v, v,)| dvdv, < co.
R3 JRR3

Then, f o T} : R3 x R® — R s integrable, and

/R3 /R3 f(v,v,)dvdv, = /R3 /R3 F(TH (v, v.)) dvdv.. (2.13)

Proof. This follows from the standard change of variable formula and the fact that T;'f(v, v,)

is a linear transformation with the property that

|det (T,7)| = 1.

15
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2.2 The Boltzmann Collision Operator

Definition 2.2.1. Let m;, m; > 0 be the masses of particles of species i and j, respectively,
ije{L2 ..., N}. Suppose that f;, f; : R® — [0,00) are integrable kinetic distributions.
The general binary /,j collision operator is defined as

1
Qulf £ = [ [ 16~ 66.] Bi(v — v.. ) dod., (2.14)
m; Jr3 Js2 .
where

fl= RV, flLo= 6 Vi),
fii="fi(x,v,t), fi.="fxv. 1)

and the primed coordinates are given precisely by the transformation
(V' V) =TH(v,v,).

B;j:R®xS? — [0, 00) is the collision kernel, and we say that B;; has proper structure /ff

1. foralli,je{1,2,..., N}, for all ¢ € S? and all w € R3,

Bij(w, o) = bi(|lw-al |w]), (2.15)
2. and, for i # J, . ,
;Bi,j(WvO') = HBJ‘,/(W,O'), (2.16)

i il

for all w € R® and all ¢ € S°.

Proposition 2.2.2. Suppose that the collision kernel B;; : R® x S — [0, 00) has proper

structure. Let v, v, € R3 be arbitrary and set
(v, v) =T (v, v.),

as usual. Then,
B (v =V, ,0)=Bi(v—v,,0). (2.17)

16
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Proof. Recall (2.5]) and ([2.6]), respectively,

o-(vV—-Vv)=—0c-(v—v,) and |V =V ]=|v—v,]|. (2.18)
Then,
Bij(v' = vi.o)=bi(|(v' = v)-a| [V = vi])
=bi;(| = (v—-v.) ol |v-v.)
= bi;(I(v = v.) o], [v—v.)
=Bjj(v—yv,,0),
which establishes (2.17). |

Definition 2.2.3. Let Q C R3 be a bounded open set. We say that the kinetic distributions
i QxR3x[0,T] = [0,00),i=1,..., N, satisfy the multi-species Boltzmann equation
iff, for all x € Q, v € R3, and t € (0, T],

Oifi(x, v, t) + v-Vifi(x, v, t) = Q[f;, fl(x, v, t), (2.19)

where Q;|f;, f], the cumulative binary collision operator, /s defined as
N
Qilfi, fl(x. v, £) =Y Qi lfi, fl(x, v, 1). (2.20)
j=1

We often assume that the physical boundary conditions are of the specular reflection type,
that is, for all (x,v) € I,, where

Fin = {(x,v) €0Q x R*| v-n(x) <0},

and for all t € (0, T],
fi(x,v,t) = fi(x, R(x,v), t),

where
R(x,v) =v —2][v-n(x)] n(x),

and n(x) is the outward-pointing unit normal vector on the boundary at x € 052.

Remark 2.2.4. In the following two results, we will assume that the kinetic distributions are

functions only of velocity. This simplification reduces the number of independent variables

17
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that must be carried about. However, we lose no generality with these assumptions. More

typically, the distributions are functions of space (x) and time (t) as well.

Proposition 2.2.5. Suppose that f; : R3 — [0, 00) and 9 : R® — R are given and integrable.

Then, assuming the collision kernel B;; has proper structure,

/QMﬂMMWW
/ / / (1, — fifi.] Bii(v—v..0)[Y+ 9, — ¢ — 9] dodv.dv, (2.21)
4m, R3 JR3 JS§2
where the primed coordinates are determined via
(V. V) =Ty (v, v,),

and, for shorthand

and

Y=9(v), Y.o=9(v.), P =9W), Y =9PV),

Proof. Let us set

J= [ Qulf () av.

Then, by definition,

/3/3/2 Ff ’* ,* /,/(V—V*,O')’lli(v)da'dv*dv
R3 JR3 JS

T m /Rg /Rg/ (T (v, v (Teh (v, v.)Bii(v — v, 0)9(v) dodv.dv

- E/ﬂ@ /R3 /S2 fi(v)fi(v.)B; (v — v, a)P(v)dadv,dv. (2.22)

The integration variables are dummy variables and may be interchanged. Doing so, we obtain
/ / / T” )f(T;’Q(v* v))B; (v, —v,o)Y(v,)dodvdy,
R3 JR3 Jg§2

_E/Rs /R /S F(v)F(V)B, (v, — v. o)d(v.) dodvdv,
_ mi/R /R /S F(TE (v V) (TS (v v))Bii(v — v, 0)(v.) dodv.dv

18
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o mil_/m /R3 /S2 fi(v)fi(v,)Bii(v—v,,o)P(v,)dodv,dv,

where we have used (2.15)). Observe that, using (2.11) and (2.12)) (with i = j),

Toh(ve v) = Tro(v, vy),

Tio(va, v) = Th (v, v,),

so that

:i/ //ﬁ(T;'iQ(V’V*))f’(T;'Ii(V'V*))Bi,i(V—V*,U)w(v*)dadv*dv
m; Jr3 Jr3 Js? ’ )

— mi//Rs /R3 /S2 fi(v)fi(v,)B;(v—v,, a)P(v,) dodv,dv
= i/Rs /R3/ (v )f(V)B;i(v—v,, a)Y(v,)dodv,dv

/R3 /RS /S2 v)fi(v.)Bii(v —v.,o)Y(v,.)dodv.dv
T m /Ra /Rs/ fi(v)i(v.)Bii(v = v..a)d(v.) dodv.dv
/Rs /R3 /Sz v)fi(v.)Bii(v — v, 0)Y(v.) dodv.dv

/ / / f/ - Il* BII(V V*,O')’LP(V*) dodv,.dv. (223)
R3 JR3 J§2

Next, using the change of variables formula in Proposition [2.1.5| and the fact that /| =

TioTL', where | is the identity transformation, we have
/ / / fi(Tea (v v))i(Toh(v, v.))Bii(v — v., 0)y(v) dodv.dv
R3 JR3 J§2

_/R3 /R3 /S2 fi(v)fi(v,)B,i(v—v,,o)P(v)dodv,dv
7 o 8. = ey
/Rs /R3 /Sz (V.)Bii(v' = v.,a)P(v') dodv.dv.

Using (2.17]), we find

= mi,-/Ra /R3 /sz fi(v)fi(v.)Bii(v—v, o)yY(v)dodv.dv
- mil,/R3 /R3 /S2 (v)(V)B, (v —v,,o)¢Y(v')dedv,dv
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/ / / [/, — fif.] Bi(v — v, 0)(v') dodv.dv. (2.24)
R3 JR3 §2

Finally, with (2.23]) as the starting point, using the change of variables formula in Propo-
sition 2.1.5, using the fact that / = T/ o T/, and using the identity (2.17)), we deduce

that
/ / / fi'f; ,* I* //(V_ Vi, U)'l/)(V )dO'dV*dV (225)
R3 JR3 J§2

The combination of identities (2.22]) — (2.25)) gives the desired result. u

Proposition 2.2.6. Fori # j, if f;, f; : R® — [0, 00) and ¥ : R®* — R are given and integrable,

then, assuming the collision kernel B;; has proper structure,
/ Qulf Fl(V)P(v) dv

/// [f/f], —fifi.] Bij(v—v.,0)[¥—¢]dedv.dv (& T)),
4m, R3 JR3 Js2

/// (1, = ffi.] Bii(v — v, 0) [, — 4] dodv.dv (" TJ'), (2.26)
4”71 R3 JR3 Js?

where, to be precise, for the first integral the primed coordinates are determined via
(V' VL) =T (v, v.),
and, in shorthand,
fi="1(v), fi.="f.), ff==510) £ =6v) v=uv(v) ¢ =9p{),
and, for the second integral the primed coordinates are determined via
(V' v.) =Ty (v, v.),
and, in shorthand,
fi=6(v). fo=f), £ =60) L= hV) po=gv), 9= gvl).

Proof. The steps are similar to those in the proof of the previous result. As before, let us set

:éng,j[ﬂ,ﬁl(V)w(V)dV
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Then, by definition,
/ / / f,’f’ -,* B (v —v,,o)¥(v)dodv,.dv
R3 JR3 Js?
/ / / (T (v, v (TS (v, v)) Bij(v — vy, 0)(v) dodv,dv
R3 JR3 Js2
——/ / / f(V)6(v.)Bij(v— v, a)Y(v)dadv,dv ('« T). (2.27)
mi Jr3 JRr3 Js2
Interchanging the integration variables v and v,, we obtain

= /R3 /R3/ (T (v, v (T (v, v))Bij(v, — v, a)(v,) dodvdy,

/// )Bij(vi —v,a)Y(v,.)dodvdy,
R3 JR3 JS?

/R3 /R3 /82 Tf;é v, v)(T, 1(V*' v))Bi (v — v, o)y(v,)dodv,.dv

——/ / / fi(v)fi(v,)Bj(v—v,, o)Y(v,)dodv.dv,
m; Jr3 Jr3 Js?
where we have used ([2.15]). Observe that, using (2.11)) and (2.12)) (with i # j) and (2.16]),

we find that

mJ /Rs/Rs/ f(T (v, v, )f(T[,2(v v..))Bji(v —v., o)¥(v,)dodv,dv
- _/R3 /R3 /S2 fi(v)fi(v.)B;i(v — v, a)P(v,)dodv.dv
- _/R3 /]R3 /82 (/1. = 6if..] Bji(v — v.,0)¢(v.)dadv.dv (& TJ). (2.28)

Next, using the change of variables formula in Proposition and the fact that | =
T o T/, where | is the identity transformation, we have

/ / / (T (v v ) (TS (v, v.) Biy(v — vi, 0)(v) dodv,dv
R3 JR3 JS2

_H/W /R /S F(V)E(v.)Biy(v — v, 0)(v) dodv.dv

- mil~/R3 /1@3/ fi(v)fi(v.)Bij(v' — v, o)(v') dodv.dv

/// f(v)Bij(v' — v, a)y(v') dodv.dv.
R3 JR3 JS§2
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Using (2.17]), we then find
1
J:—/ //ﬂ(v);j-(v*)B,-J(v—v*,a')zp(v’)dadv*dv
m; Jr3 Jr3 Js2
1
] A8 v o) dadv.dv
m; Jr3 Jr3 Js2
1 .
— o [ [ ]I ] B - vy dodvdy (0T (229
m; Jr3 JRr3 Js2 '

Finally, with (2.28]) as the starting point, using the change of variables formula in Propo-
sition [2.1.5] using the fact that /| = T2/ o TZ', and using the identity (2.17)), we deduce
that

1 .
J= ——/ / / [Ff!, = £fi.] Bii(v—v., o)¢(v.)dodv.dv ("« T2"). (2.30)
mj R3 JR3 Js2 '

The combination of identities (2.27]) — (2.30]) gives the desired result. [ |

2.3 Collision Invariants

Proposition 2.3.1. Suppose that f; : R® — [0, 00) is given and integrable. Then, assuming

the collision kernel B;; has proper structure, it follows that

Qilfi, F(v)dv =0, (2.31)
Q,ilf, fl(v)vdv =0, (2.32)
/R Quilf AW)IvPdv =0, (2.33)

Proof. These results follow from identity (2.21]) in Proposition and the transformation
invariants (binary collision invariants) in Proposition for the case that i = j. |

Definition 2.3.2. Suppose that f; : R® — [0,00) is given and integrable. Any function
P : R® — R with the property that

/Ra Qi Fl(V) P(v)dv = 0 (2.34)

Is called a species i collisional invariant or a unary collisional invariant.

If the collision kernel B, ; has proper structure, then ¥ = 1, 9(v) = v, and ¥(v) = |v|?
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are unary collisional invariants.

Proposition 2.3.3. Fori # j, if f;, f; : R® — [0, 00) are given and integrable, then, assuming
the collision kernel B;; has proper structure, it follows that

/ Qijlfi, fl(v)dv =0, (2.35)
m [ Qutf flovav+m; [ Qi Alvvdv =0 (2.36)
m; /3 Qi lfi, H1(v)|v]? dv + m; /3 Q,ilfi, fl(v)|v]*dv = 0. (2.37)

Proof. The identity (2.35]) follows from ([2.26]) with 1 = 1. Using 9¥(v) = v in (2.26)), we
find that

m,-/ Qilfi. 1 V)VdV+mj/ Qilfi, fil(v)vdv

fi.] Bii(v —v.,0) [v. — V] dodv.dv ("¢ T2,
S2

// [f'f, — fif.] Bij(v—v. 0o)[v—v]dodv.dv (‘s TH),
4m, r3 Jr3 Js2
/ ', —fifi.] Bi(v —v. o) [v— V] dodv.dv (e Ty,
SQ
S

4mJ /]R3 /]R3

4mJ /1;{3 /1%3
/ [

4m, R3 JRR3 2

= (2.38)

g\h

| —fifi.] Bij(v—v. 0)v.— V] dodv.dv (& T)7)

where we have used the following binary momentum invariants from Proposition |2.1.2}

miv+miv, =myv + myv, <= mi(v—v)=mV.—v,) (& TY), (2.39)

mv+miv, =myv +myv, <= m(v—v)=m(.—v,) (& T). (2.40)
Using ¥(v) = |v|? in (2.26)) and the appropriate binary kinetic energy invariants from Propo-

sition [2.1.2], the identity (2.37]) immediately follows. [

Proposition 2.3.4. Suppose that i,j € {1, ..., N} are arbitrary and f, f; - R® — [0, 00) are
given and integrable. Assume that the collision kernel B;; has proper structure. Recall our
definition

Qilf, fl(v) = ZQ,-.J-[f,-, £1(v). (2.41)
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Then,
. Qilf, fl(v)dv =0, (2.42)
ilm,-/w Qilf., fl(v)vdv =0, (2.43)
imf‘/m Qilf,, Fl(v)|v[>dv = 0. (2.44)

Proof. We prove only (2.43)). The other two identities are proved similarly. Set

J=Y"m /3 Qilfi, fl(v)vdv.

Then,

Qilfi, fl(v)vdv

Z
ZZm,/ Qijlfi, f](v)vdv

where we have use (2.32]) for the diagonal terms and (2.36)) for the off-diagonal terms. W

With the next result, we show that all unary collisional invariants have special structure.

Proposition 2.3.5. Suppose that ¢ € C?(R3;R) has the property that

Y(v) +(v.) = Y(Th(v, v.)) +P(Toh(v, v.), (2.45)

for all v,v, € R3 and all @ € S%. Then, there exist constants A,C € R and B € R3, such
that

P(v) = ]v|2+m,B v+ C. (2.46)
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In other words, 4 is a velocity-space quadratic function.

Proof. This proof is from [5]. See [19] for another. Define

m,-A . 1
m;B = V1(0),
C = 9(0).

Set A
o(v) =Y(v) — <,77T"|v|2 +mB-v+ C) . YveRs

Then ¢ € C2(R?; R) is a unary collisional invariant, that is,
[ Qulf. flomav=o
with the further property that
¢(0) =0, V¢(0)=0, Ap(0)=0.

Now, suppose that v, € R3\ {0} is fixed but, otherwise, arbitrary. Suppose o € S? is

perpendicular to v,, that is,
Set, for s € R\ {0},

Then, under the transformation T/,

v =T (v, v))

Furthermore,

v, =Ti5(v,v,) = v, + so.
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Thus,
P(so) + d(v.) = d(v) + ¢(v.)
= ¢(v') + (V)
= ¢(0) + ¢(v. + so)
=¢(v, +s0).
Equivalently,

¢(s0) = ¢(v. +s0) — p(v.).
Using I'Hopital’s rule and the fact that ¢(0) = 0 and V¢(0) = 0, it follows that

o-Vo(v,)=0.
Since v, € R3\ {0} and o € S? are perpendicular but otherwise arbitrary, it must be that
¢(v) =g(lvl), VveR’

that is, ¢ is radially symmetric.
Next, assume that n € S? is arbitrary. Set

v=sn and v, =rn,

where
0<s<r.
Pick o € S3 such that .
o-n=+—.
V2
With this particular choice,
+1
v =sn—(s—r)—o,
-
vVi=rn+(s— r)ila
* \/§ 1
and
vp= 30
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Since

O(v) + d(v.) = (V') + ¢(v)),

and ¢ is radially symmetric, we have

g(s) + 9(r) :29< 52“2).

2

It follows that, upon differentiating with respect to s,

"(s) = o \/s2+r2 \/ 2 L \/s2+r2 \/ 2
I =9 2 21’ 2 52+ r2
s 2 \¥?s?
J 2 s2+r? 2

Finally, for any r > 0,

0=9"(S)s=0=¢ (é) ?

which implies that ¢’ (\/%) =0, for any r > 0. The only possibility is that g = 0. |

2.4 Information, Entropy, and Boltzmann’s H-Theorem

Definition 2.4.1. Suppose that fi, ..., fn : QxR3x[0, T] = [0, 00) are kinetic distributions
that satisfy the multi-species Boltzmann equation. The quantity h: Q x [0, T] — R, defined

via

h(x,t) == Z/R fi(x, v, t)In (fi(x, v, t)) dv,

is called the information density of the multi-species mixture. The quantity
H(t) = / h(x, t)dx
Q

is called the total information of the mixture. The quantity s : Q x [0, T] — R defined via

s(x, t) == —Z/R fi(x, v, t)In(fi(x, v, t)) dv = —h(x, t),
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is called the entropy density of the multi-species mixture. The quantity
S(t) = / s(x, t)dx = —H(t)
Q

is called the total entropy of the mixture.
We will need the following technical lemma.

Lemma 2.4.2. For any x,y € (0, 00),

(In(x) =In(y)) (x —y) = 0, (2.47)

with equality iff x = y.

Proof. Observe that the function g(x) = x In(x) is strictly convex on [0, o). In fact, for any
x € (0, ),
1
1" _ -
q"'(x) = Vi 0.

By Taylor's theorem, for any x,y € (0,00), x # y,
XIn(x) = yIn(y) + (n(y) + D(x =) + 50 = ¥ > yIn(y) + (n(y) + Dx = ).
for some £ between x and y. The inequality above can be rewritten as
xIn(x) = xIn(y) > x —y.
Reversing the roles of x and y, we have
yiIn(y) —yIn(x) >y — x.
Adding the inequalities, we have
(x —y)(In(x) —In(y)) > 0. (2.48)

If x =y, then, clearly,
(In(x) =In(y)) (x —y) = 0.

Conversely, suppose that
(In(x) =In(y)) (x —y) = 0.

We get a clear contradiction, unless x = y, because of the strict inequality (2.48]). [
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Proposition 2.4.3 (H-Theorem). Suppose that fi, ..., fy : QxR3x [0, T] — [0,00) are ki-
netic distributions that satisfy the multi-species Boltzmann equation with specular reflection-

type boundary conditions. Assume that the collision kernels B; ; have proper structure. Then,
Oth(x, t) + V- Ju(x, t) = op(x, t) <0, (2.49)
where J;, is the information flux, given by

Ju(x, t) = Z/R vii(x, v, t)In(fi(x, v, t)) dv,

and oy, is the information loss rate, defined via

on(x, t) = i/ﬂ@ Qi[fi, fl(x, v, t)In(fi(x, v, t)) dv.
i=1
The total information satisfies
diH(t) = /Qah(x, t)dx <0, (2.50)
since, for specular reflection-type boundary conditions, it holds that
n(x)-Jy(x,t) =0, V xe€09, (2.51)
where n(x) is the outward point unit normal on 92 at the physical boundary point x. Similarly,
Ors(x,t) + V- Js(x,t) = 0s(x, t) >0, (2.52)
where Js is the entropy flux, given by

N
Js = —Z/ vii(x,v,t)In(fi(x, v, t)) dv =—J,,

and os is the entropy production rate, defined via

N
os(x, t) = —Z/R Qilf, Fl(x, v, t) In(fi(x, v, t)) dv = —0,(x, t).
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The total entropy satisfies
d:S(t) = / os(x, t)dx >0, (2.53)
Q

since
n(x)-Js(x,t) =0, V xe€0oQ. (2.54)

Proof. Let us multiply the /*" equation of multi-species Boltzmann system (2.19)) by In(f;)+1,
integrate in velocity space, and sum on i. We clearly obtain (2.49) after using (2.42)).

Next, we want to show that
N
on(x,t) = Z/ Qi[fi, fl(x,v,t)In(fi(x,v,t))dv <0, VxeQ, Vt>O0.
i—1 /R

Let us write this as the sum of sums, a diagonal sum and an off-diagonal sum:
N
= iilfi, fil In(f;) d
=3 [ Qulf (@) av

+ZZ/ Qijlfi, flIn(f) dv+22/ Qi lfi, f1In(f) dv

=2 j=1 Jj=2 i=1

=Z/ Qulf. 1In(f) dv
+ZZ U Qi lf. £1In(£) dv+/ Q,lf, f]In(f)dv]. (2.55)

=2 j=1

Let us tackle the diagonal terms first. Observe that, using (2.21]),
[ aute A av

/ / / (f'f, — fifi.] Bii(v—v. o) [Li+L.— L =L, dodv.dv (< T},
4m, R3 JR3 JS§2 '

(2.56)

where
Li=In(f), Li.=In(fi.), Lj=In(f), Li, =In(f,).

Now, observe that
Li+ L, — L= L, =In(fifi.) = In(ff).
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Using estimate (2.47)), it follows that
(ff, —fifi.] [Li+Li.—L;—L',] <0,

for each x € Q, every v € R3, and every t > 0. Since B;;(w,o) > 0, for all w € R? and
o € S?, it follows that
Qiilfi, fi]In(£;) dv < 0
R3

for each x € 2 and every t > 0. As a consequence,

N
> [ auth Aty dv <o.
i=1 /R

Next we address the off-diagonal sum in (2.55)). Using ([2.26]), for i > j,
[ Qulf £l m((v)) dv

/// [f/f], — fifi.] Bij(v—v.,0)[L;— L] dodv.dv ("> T.)
4m, R3 JR3 J§2
/// (£, —fifi.] Bii(v—v.,0)[Li.— L] dodv.dv (< T2,
4mj R3 JR3 JS§2 '
and

[ Qult AWy nw) av

4mJ /R3 /]R3 /S2 6/ﬁl* - I* B_/I(V V*,O') [LJ - LJ,] da’dv*dv (/<_> Té-l)
4m, /Rs /Rz /S2 f/f/ BI,J(V V., o) [LJ-Y* — L}J dodv.dv (‘& TJY).

Thus, for i > J,
/ Qulfi 51(v) ”(ﬂ<v)>dv+/ Quilf. £1(v) In(F(v)) dv
~am, /R3 /R3 /2 fif, —fifi] Bij(v—v. o) [Li—Li+L;.—L;,] dodv.dv (& T}/

L

; [ff, = 6] Bii(v—v.0o)[Li.— L, +L— L] doedv.dv (< T").
(2.57)
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Using the logarithmic estimate (2.47)) and the fact that B;j, B;; > 0, we conclude that

/3 Qi lfi, fl(v) In(fi(v)) dv + /3 Q;ilfi, f1(v) In(f;(v)) dv < 0.

Both terms in are non-positive, and we conclude that o, < 0. The estimate (2.49) is
proven.

To prove , integrate (2.49|) over €2, use the Divergence Theorem, the specular
boundary condition (2.51)), and the fact that o, < 0, point-wise.

The results for the entropy density and the total entropy are simple consequences of
the corresponding results for the information density and total information, noting only that
s=—hand §=—H. [ |

Proposition 2.4.4. Suppose that fy, . .., fn - QxR3x[0, T] — [0, c0) are kinetic distributions.
Assume that the collision kernels B, ; have proper structure. Then,

on(x, t) = Z/R3 Qilfi, fl(x, v, t)In(fi(x,v,t)) dv =0 (2.58)

iff, fori=1,..., N,

,'A(X, f)
2

n(f(x, v, 1)) = 2 W2+ mB(x. t)- v+ Ci(x, t), (2.59)

where A and B are independent of | and v.

Proof. We have seen from the proof of the last proposition that
N
o= [ Qulf flin()dv
=1 /R

+z;il |:/R3 Qijlfi. 1] |”(fi)dV+/R3 Qjilf;, f]In(f) dv

<o. (2.60)

More specifically,
[ autt linydv <o, iequ . m,
R3

and
/]Qdﬁﬁﬂmmdv+/]Qﬂ@ﬁMﬂﬂdv§Q ije{l.. N}, i
R3 R3
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If (2.59) holds, then o, = 0, using (2.31)) — (2.33) (/ = j) and (2.35) — (2.37) (i > J).
Specifically, for the latter case (i > j), observe that

/Qf,f[fnﬂ]ln(ﬁ-)dw/ Q,.1f, F1In(f) dv
R3 R3
:@(m,/ Q/,j[ﬁ,ﬁHVleVﬂLmj/ Qj,i[ﬁ',ﬂ]\VFdV)
R3 R3
+ B(x, t) - (mi/ Q/,j[ﬁvﬁ]VdvﬂLmj/ Qj.i[ﬁ"fi]VdV)
R3 ]R3
+(ax [ outtflave e [ uls i)
]R3 ]R3

=0,

thanks to (2.35]) — (2.37)).

Conversely, if on(x, t) = 0 at a particular point (x, t) € Q x [0, 00), then it must be that
/112{3 Qiilf, filin(f)dv=0, Vie{l,..., N}, (2.61)
and
/R3 Qilfi, filIn(f) dv + /]R3 Qjilfi, f]In(f)dv=0, Vije{l,..., N}, >4 (2.62)
Using Equation (2.61]), Equation (2.56]), and Lemma [2.4.2] it must be that
Li+Li.—L—L, =0 (T2,
for all v, v,, and o. Invoking Proposition [2.3.5| it follows that, for i = 1,..., N, for all

v € R3,
m,-A,-(x, t)

2
Here, A; and B; are independent of v, but we leave open the possibility that A; and B; depend

Li=In(fi(x,v, t)) = lv|> + miBi(x, t) - v+ Ci(x, t). (2.63)

upon i.
Next, using Equation (2.62)), Equation (2.57]), and Lemma [2.4.2} it must be that

Li—Li+ L.~ L,=0 (&T7)

and
Lin— L, +Li—Lj=0 (T,
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for all v, v,, and o. We now insert ([2.63))—dropping the x and t dependencies, since these
points are fixed—into the last two equations, to obtain

miA; o MiA o AL MA

—I—m,B,--v—m,B,~v’+ijj~v*—ijj-v’*:O (,H Tclrj)

and

m;A; > m;A; 72 mjAj 2 mjAj /
vl = SR P - =

+m,-B,--v*—m,B/-v’*+ijj-v—ijj~v/:O (/<—> Tg.’i),

| 2

for all v, v,, and o. Now, we invoke the particle transformation invariances, (2.3) and (2.4]),

to obtain
(A= A) (B2 = ZVLE) + (B = B) - (myv. —mp) =0 (& T),  (2.64)
for all v, v,, and o, and
(A= A) (G = ZVE) + (B = B) - (mv —mpv) =0 (=T, (265)
for all v, v,, and o.

Let us examine Equation (2.64). Recall, from the transformation T/,

2/77,‘

V. =v.+ o (v—-v)luio, = mi +m;’
I J

Let v, be an arbitrary, non-zero vector. Choose

Wij— 2 V.
v=—"<L "y, o=

Wi j lv.|

Then, it follows that v/, = —v,. Thus, (2.64)) indicates that
(Bj — B,) VvV, = 0.

Since v, was arbitrary, B; = B;. Since / and j are also arbitrary, it must be that B; = B, for
all i, for some vector B that is i-independent. Thus, (2.64]) is equivalent to

(A= A) (Fv.P = D) =0 (T,
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for all v, v,, and . Again, let v, be an arbitrary, non-zero vector. Choose

Pij —2 Vi
V=——vV,, 0= —.

Wi v,

Then, it follows that v/, = 0. Thus,
(A — A)lv.P = 0.

As above, it must be that A; = A, for all i, where A is i-independent. [ |

2.5 Moments and Moment Equations

In this section, we develop the macroscopic moment equations from the Boltzmann equations.

Definition 2.5.1. Suppose that f; : Q x R® x [0,00) — [0,00), i = 1,..., N are kinetic
distributions with the property that

/ fi(x, v, t)|lv|"dv < 00, k=0,1,2, (2.66)
R3

for each x € Q and every t > 0. Assume that m;, the mass of the /" particle, is a positive

real number. The quantity

ni(x, t) = /11@3 fi(x,v, t)dv (2.67)

is called the number density of the /*" species, while
p,'(X, t) = m,—n,-(x, t) (268)

is called the mass density of the /" species. The quantity

1
X t)=—F—-= fi(x,v,t)vd 2.69
ui(x,t) oD s (x, v, t)vdv ( )
is called the bulk velocity the /™" species. The total mass density of the mixture is defined

as

p(x, t) = Z,o,-(x, t). (2.70)
The quantity
q(x, t) = ZP/(X)U/'(X, t) (2.71)
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is called the total momentum density of the mixture. The bulk mass-averaged velocity

Is defined as (x. 1)
qg(x,t
u(x, t) = ) 2.72
(. t) = 2D (2.72)
The kinetic energy density of the /™" species /s defined as
_mi 2
wi(x,t) =— [ fi(x,v, t)|lv|-dv. (2.73)
2 R3
The total kinetic energy density /s defined as
N
wix, t) =Y wix,1). (2.74)
i=1
The internal energy density of the /*" species is defined via
mi 2
e(x, t) = > fi(x, v, t)|lv — u;(x, t)|"dv. (2.75)
R3
The total internal energy density /s defined as
N
e(x,t) =) e(x,1). (2.76)
i=1
Finally, the temperature of the /' species is defined via
2 e,-(x, t)
9,‘ ) = = , 2.77
(x, t) 3m0x D) (2.77)
so that, after some simple manipulation,
6,(x,t) = L/ fi(x, v, t)|v — ui(x, t)]>dv. (2.78)
3ni(x, t) Jps

Remark 2.5.2. Clearly, 6;, the temperature of the i*" species is non-negative, provided f; is

non-negative.

Remark 2.5.3. The quantities p;, u;, and 6; are sometimes referred to, collectively, as the
first three moments of f,. Other authors use the collection p;, p;u;, and w; to stand for first
three moments of f;. Observe that the collections (p;, u;,0;) and (p;, pju;, w;) are essentially
equivalent. One collection of variables can be derived from the other and vice versa.

Let us define a few more bulk/macroscopic quantities.
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Definition 2.5.4. Suppose that f; : Q x R3 x [0,00) — [0,00), I = 1,..., N are kinetic

distributions with the properties

/ fi(x, v, t)|v|*dv < oo, k=0,1,23, (2.79)
R3

for each x € Q and every t > 0. The energy flow of the /" species is defined as

ri(x, t) = %/R fi(x, v, t)v|v|]>dv. (2.80)
The i*™ momentum flow tensor /s defined as
M;(x, t) = m; /11@3 filx,v,t)v® vdv. (2.81)
The it deviation velocity /s defined as
ci(x,v,t) =v—ux,t). (2.82)
The pressure tensor of the /™ species is defined as

Pi(x, t) = m,-/ filx,v,t)ci(x,v,t) ® ci(x, v, t)dv. (2.83)

Define the it" heat flux via

xi(x, 1) = %/ fi(x, v, t)ci(x, v, t) [ci(x, v, t)[2 dv. (2.84)

Next, we list some elementary identities that relate our defined bulk/macroscopic quan-

tities.

Proposition 2.5.5. Suppose that f; : Q x R® x [0,00) — [0,00), i =1,..., N, are kinetic

distributions with the properties
/ filx,v,t)|lv|"dv < 0o, k=0,1,2,3, (2.85)
R3

for each x € Q2 and every t > 0. Then, we have the following identities:

wi(x, t) = M]u,-(x, 7 + e(x, t); (2.86)
M;(x, t) = pi(x, t)u;(x, t) @ u;(x, t) + P;(x, t); (2.87)
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and
ri(x, t) = wi(x, t)ui(x, t) + x;(x, t) + Pi(x, t)ui(x, t). (2.88)

Proof. The proofs are straightforward and are skipped for brevity. [ |

Finally, we can state the basic moment equations for the multi-species Boltzmann system.

Proposition 2.5.6. Suppose that f; : Q x R® x [0,00) — [0,00), i =1,..., N, are kinetic

distributions that satisfy the multi-species Boltzmann system,
Oifi(x, v, t) + v-Vifi(x, v, t) = Q[f;, f]l(x, v, t), (2.89)

where Q;lf;, f] is the cumulative binary collision operator

N
Qilfi, fl(x, v, £) =Y Qi lfi, fl(x, v, 1). (2.90)
Jj=1
Assume that
/ fi(x, v, t)|v|*dv < oo, k=0,1,23, (2.91)
R3

for each x € Q2 and every t > 0. Suppose that the collision kernels, B; ; have proper structure.
Then, forall x € Q and t > 0, and foreachi =1, ..., N,

th,- + Vx . (p,-u,-) =0, (292)

O (piuj) + V- (pju; @ uj +P;) = m,-/ Qilfi, fl(x, v, t) vdy, (2.93)
R3
and

0; (%w,y? + e,-) + Vi - [(%\u,P - e,—> u,-] + V- (x; + Piu;)

— %/w Qilfi, Fl(x, v, t) |v|*>dv. (2.94)

Consequently, using the collisional invariants,

80+ Vi - (pu) =0, (2.95)

N
0: (pu) + V- Y _ (ot ® uj +P;) =0, (2.96)

i=1
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and
N

N
Pi Pi
O: E (5 u® + e/) + Vi E [(5 uil® + e,-) uj +x; + Piui| = 0. (2.97)
i=1

i=1
Proof. To prove the first three identities, multiply (2.89)) by, respectively, m;, myv, and %:|v|?
and integrate over velocity space. The last three are obtained by summing the first three on

i and using the usual collision invariants (2.42)) — (2.44]).
Here we will prove only identities (2.93)) and (2.94)) in detail. First, multiply (2.89)) by

m;v and integrate over velocity space to obtain

m,-/ QuIf. f(x, v, t)vdvzat(p,-u,-wm,-/ vV VLf d
R3 R3
=0 (piu;) + Vx - M;

= 0; (piu;) + Vi - (pju; ® u; + P;),

where we have used identity (2.87]). Thus, we have identity (2.93)).
Next, multiply (2.89)) by Z|v|* and integrate over velocity space to obtain
mj >
- Qilfi, Fl(x, v, t) v dv = Quw; + V- r;
2 R3
= Qi + Vi - (wiuj + x; + Piuj)
= Gt (%lu,-lQ + 6‘,‘) + VX : [<%|U/|2 + e,) U,':|

+ Vx : (X, + Pfui)v

using (2.88)) and ([2.86]), which gives the identity ([2.94]). |

2.6 The Maxwellian and Maximal Entropy States

In this section, we will do our calculations in a physical space of generic dimension d € N, to

maintain some generality.

Definition 2.6.1. Suppose that Q C RY is an open, bounded set and f : Q x R x [0, 00) —

[0, 00) is a kinetic distribution of particles of mass m > 0, with the property

/ f(x, v, t)|lv[fdv < oo, k=0,1,2, (2.98)
Rd
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for each x € Q2 and every t > 0. The Maxwellian distribution of f is defined as

Me(x, v, t) = M[f](x,v,t) :=n <2_r7:19> i exp (_m|v2—;u|2> , (2.99)

using the first three integral moments of f,
1 m 5
n(x, t) = fdv, u(x,t)== [ fvdv, 08(x,t)=— flv—u|"dv. (2.100)
Rd n Rd d n Rd
For convenience, we define the bracket notation, (-): L}(RY;RP) — RP, by
(9) = [ gwyav.
Rd
Therefore, we have the usual definitions
p(x, t) m
o(x, hu(x, t)| = <f(x, v,t) | mv > ,
w(x, t) lv|?

where m > 0 is the mass of the particles with kinetic distribution f.

For convenience, let us define

p(x, t) = |p, ,ouT,w]T ‘RY x RT — R*+2; (2.101)
. Mmool d+2.
m(v) = [m, mv ,§|v| } :RY — R, (2.102)
and
1 n mul2 mu™ m)"
== |l — ——| ‘RIxRY - R (21
alx. 1) =2 {” <(27r9/m)d/2> % 6 8 R (2.103)
Then, succinctly,
p=(fm), and M;=-exp(a- -m(v)). (2.104)

Indeed,

exp (- m) = exp <In <(27r0/nm)d/2) B m2|l;\2> exp (mue V) exp (—% v|2>
1 (ora) " ow (-5 ) o0 (M5 ) o0 (-5007)
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B m \d/2 m 5
=1(555) o0 (~55lu—vF)

= M;.

The next result indicates that the first three moments of f and its associated Maxwellian

are exactly the same.

Lemma 2.6.2. Suppose that f : RY — [0, 00) is a kinetic distribution of particles of mass

m > 0, with the property
/ f(v)lvlfdv < o0, k=0,1,2. (2.105)
Rd

The following equality holds:

m
(M¢—f)m) = < mv (/\//f—f)> =0 (2.106)
22
Proof. 1. First we show that
/\/I,cdv:/ fdv. (2.107)
Rd Rd
By definition,
/ Y dv_/ e (_M> dv
RO Re (270/m)2 20
2
- %/ ep [ —|— 1| | av. (2.108)
(2m8/m)z Jre (26/m)>

Consider the substitution

s= 4 ds:(;:) dv — dv=(20/m)Sds.  (2.100)
(26/m)> (26/m)>

The integral becomes

n ) %
/]Rd Mrdv= W/Rd exp(—[s[)(20/m)> ds

d
_ n(20/m)? [ s
m2(20/m)2 Jrd
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(2.110)

I

)

[SIIS¥ S
N\m

fdv,

\

R
as desired. Note that we have used the definition n = [, f dv, and the fact that in d

dimensions, the integral | e~ dx = 5. We will use this frequently

2. Next we show that
/ VMde:/ vfdv. (2.111)
Rd RI
Following a similar line of work, we have
n lv — ul?
vM dv:/ ———————vexp <— ) dv
/Rd ' we (2716/m)% 260/
2
n Vv—u
= vexp | — |——— dv. 2.112
H /R (26/m)> ( )

(2mH/m)>

Using the substitution in (2.109)), the integral becomes
[ (@rm)¥s + u) exo(-1sf?) - (20/m)* as

Rd
[(29/m)§/ se " ds+u/ e sl ds]
R4 Rd

/ vMedv = ;d
RY (2m0/m)=
n(26/m)2

~ 7i(20/m)
o {(29/m)5/Rd se s’ ds+u/Rd s ds}

Let us deal with the first term in (2.113)). One can easily show that

d
2

/ xe Xdx =0 — se s ds =0.
—00 Rd
Therefore, we have

/ vadv:id u/ e"|5|2ds—n—l:-7rg :nu:/ vidv

Rd T2 Rd M2 RY
3. Finally, we show that

2 2
[ o= [ s
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First, observe that
d
E.

s|2e7 1 ds = =7

d
5 (2.115)

Rd
(To see how to prove such results, see Appendix . Now, using the substitution in

(2.109)), and the same integration techniques on the LHS of (2.114)),

2 1 v—uf2
/&Mfdvz—%/WFe_%/m dv
2 2(2m0/m)2
1
2

v—ul2

) ﬁ/\uﬂv—u)ﬁe'zw dv

78/ m)2

v—ul?

— ot [ T ) g

a2
:—nlu\ d(29/m)g/ e s ds

2(2m0/m)= RY

2n(20/m)?

n(—/rn)iuT [u + (29/m)55] e 5" ds

2(2m6/m)> R

N n(26/m)s+
2(2m0/m)% Jre

—nlul®> 4« njul® 4 2n0/md 4
= d 7T2+ d 7r2+0+ d —T?2

|s]2e " ds

22 2 2?2 2
1 d
= 5”’“’2 + En@/m
2
:/ My, (2.116)
Rd 2
where the final line follows from identity (2.86]) (with d and 3 interchanged).
The proof is complete. |

We need the following simple result.

Lemma 2.6.3. Suppose that f : R? — [0,00) is a kinetic distribution of particles of mass

m > 0, with the property
/ f(v)lvlfdv < o0, k=0,1,2. (2.117)
Rd

The function In(My) is a Maxwellian invariant, namely,

/Rd In(Mg(v)) (Mg(v) — f(v))dv = (In(M¢)(M¢ — f)) = 0.
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Proof. From the last result, we already know that, for any Cy, C, € R, and any C; € RY,
((Co+Cr-v+ClvP) (M = f)) = 0.

Clearly,
In(M¢) = In(exp(ac - m)) = o - m,

is a linear combination of 1, v, and |v|?. It follows that In(M;) is also a Maxwellian invariant,
that is, (In(M¢)(Mf — f)) = 0. [

The Maxwellian is the least information, or information minimizing (entropy maximizing),

state. Consider the following result.

Theorem 2.6.4. Suppose that
f. : RY — [0, 00)

IS a given kinetic distribution. Let
-
p. = [p.. o] w.]
be the vector comprised of the first three moments of f,, that is,
P m
p.= |psll, | = <f;(V) mv > :
W, Tlv|?

The temperature, 6,, is defined via

;0* 2 p* 2 d
= —l|u, .= —|u, —n,0,.
w 2\u|+e 2\u!+2n

The Maxwellian, as usual, is defined using the macroscopic densities as

m \ > mlv — u,|?
M. (x,v) = n, (27r9*> exp <_T> .

Consider the admissible class of distribution functions, defined as

A, ={g:R"=R|g>0 and (mg)=p,},
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where, recall,

o SR L d+2
m(v) : m,mv,2|v| cRY — R,

Then, M., f. € A,. In other words, A, is non-empty. For every g € A,,

where h[g] is the information content of g, defined as

blal = [ o) in(g(v)) v

In other words, the Maxwellian is the minimum information distribution out of the set of

admissible distributions that gives rise to the macroscopic density p, .

Proof. Let us first show that M, € A,. Clearly M, is non-negative. The fact that (mM,) = p,
follows from Lemma[2.6.2] Thus M, € A,.

Next, we prove the inequality. Let g € A, be arbitrary. We may write M, = M, since
g gives rise to the same macroscopic fields as f,. Define h(s) := sIn(s). This function h is

convex on (0, 00), as is easy to show. lts first two derivatives are
T T 1
h'(s) =In(s) + 1, h(s):g>0, Vs> 0.

Thus,
h(s) > h(t) + H(t)(s —t), Vs, te (0 00).

It follows that, point-wise in v,

h(g) > h(My) + H (Mg)(g — My)
= h(My) + In(Mg)(g — Mg) + g — M.

By Lemma [2.6.3]
/ E(g)dvz/ E(Mg)dv+/ In(Mg)(g—Mg)dv+/ (g—/\/lg)dv:/ h(M,) dv.
R4 R4 R4 RY R4

This shows that,
hlg]l > h[Mg] = h[M.],

and the result is proven. |
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2.7 Space-Homogeneous Model

Definition 2.7.1. We say that the kinetic distributions f; : R3x[0, T] — [0,00), i =1, ..., N,
satisfy the space-homogeneous multi-species Boltzmann equation iff, for all v € R® and
t € (0,T],

O:fi(v, t) = Qi[fi, f](v. 1), (2.118)

where Q;|f;, f], the cumulative binary collision operator, /s defined as
N
Qilf, Fl(v. 1) = Qijlfi, (v, 1). (2.119)
Jj=1

For the space-homogeneous model, the approach of the system to the equilibrium Maxwellian

states is clear.

Proposition 2.7.2 (H-Theorem). Suppose that fi, ..., fy :R3x [0, T] — [0, 00) are kinetic
distributions that satisfy the space-homogeneous multi-species Boltzmann equation. Assume

that the collision kernels B;; have proper structure. Then,
O:h(t) = op(t) <0, (2.120)

where h is the information content, defined as

h(t) = Z/R3 fi(v,t)In(fi(v, 1)) dv,

and oy, is the information loss rate, defined via

on(t) = Z/R Qilf. Fl(v, ) In (F(v. ) dv.

Proof. The result follows from the proof of Proposition |2.4.3| |

The following also follows from a previously-established result.

Proposition 2.7.3. Suppose that f; : R® x [0,00) — [0,00), i = 1,..., N, are kinetic

distributions with the properties

/ filv, t)|v|*dv < 00, k=0,1,2,3, (2.121)
R3
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for every t > 0. Assume that the kinetic distributions satisfy the space-homogeneous multi-

species Boltzmann system. Then, for all t > 0, and foreachi =1, ..., N,
dpi(t) =0, (2.122)
p,-dtu,-(t) = m,-/ Q,‘[f;‘, f](V, t) vdv, (2123)
]R3
and
i m
ds (p—yu,-(t)\Z + e,-(t)) - —/ Qilf, Fl(v. t) v dv. (2.124)
2 2 Jrs

Consequently, using the collisional invariants,

d:p(t) =0, (2.125)
pd:u(t) =0, (2.126)

and N
dio(t) = de > (%]u;(t)\Z n e,-(t)) —0. (2.127)

Remark 2.7.4. It can be proven that solutions to the space-homogeneous multi-species

Boltzmann equation dissipate the information content,

N
h(t) = Z/R fi(v, t)In(fi(v, t)) dv,

until the system reaches an equilibrium state (at t = co) characterized by

0= [oh]e == Z/R Qilfi 0o, Foo] (V) In (£i s (v)) dv.

The kinetic distributions evolve in such a way that p; is time invariant, and the total momen-
tum and energy are conserved. At equilibrium, the kinetic distributions will be Maxwellians,
as guaranteed by Proposition[2.4.4. The particle temperatures will equilibrate to same tem-
peratures, that is,

tI|_>rTO10 0i(t) =0,>0, i=1,..., N.
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Chapter 3

Single-Species BGK Kinetic Models

In this chapter, we describe some basic theory for the single-species BGK equation [2] [44],
namely,

of

a—i—v-vxf:)\(/\/lf—f). (3.1)
It is clear to see why the BGK model is attractive. The collision term is much easier to
compute than that of the Boltzmann equation. Furthermore, solutions are attracted to the
Maxwellian states.

The existence of non-negative solutions to the (single-species) BGK equation was proved
for x € R? by Perthame (1989) [35], and on bounded domains by Ringeissen (1991) [39].
Uniqueness of mild solutions for the (single-species) spatially periodic case was shown by
Perthame and Pulvirenti (1993) [34], and extended to the full space, x € R9, by Mischler
(1996) [32].

Beyond questions about existence and uniqueness of solutions, it is important to have
a firm grasp of the properties of solutions to BGK-type equations, since it is vital to build
numerical approximation schemes that respect analogous features at the fully discrete level.
Herein, we review conservation and entropy dissipation solution properties, and, later, we

discuss how these are used in the design of numerical schemes.

3.1 Basic Properties of Solutions

Since we are examining the single-species case first, that is, the unary case, we can simplify

our discussion slightly by setting the mass to be one, m = 1. We recall that the Maxwellian
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is constructed using the first three integral moments of the kinetic distribution, f, that is,
1 1 5
n(x, t) = fdv, u(x,t) =— fvdy, O(x, t) =— flv—u|“dv, (3.2)
Rd n Rd nd Rd

and is defined as

devjy:Nmﬂxvjyzn(%$)M:m(—W;;P>. (3.3)

The space-time fields n, u, and 6, are the macroscopic (coarse grained) number density, bulk

velocity, and temperature, respectively. The macroscopic kinetic energy density is given by
1 2
w(x, t) == flv|©dv, (3.4)
2 Rd
and the internal energy density is defined as

1
eujyzi/fw—m%u (3.5)
Rd

We observe that the temperature and the internal energy are related via

2e
Q(X, t) :3n

3.1.1 Collision Invariants

Again, we define (-): L}(RY; RP) — RP by

@) = [ gwav

Therefore,

n(x, t) 1
n(x, tu(x, t)| = <f(x, v.t)| v > :
w(x, t) v
Thus, the macroscopic density, n, momentum, p ‘= nu, and energy density, w, may be viewed
as the first three moments of the particle distribution function f. The first three moments

of the collision operator are equal to zero. This gives us some conservation properties, as we

show below.

49



October 6, 2025 E. Habbershaw and S.M. Wise

For convenience, let us define

p(x, t) = [n, nu', w}T "RY x Rt — RI+2: (3.6)
1 T

m(v) = [1, v, §|v\2] : RY — RIT2; (3.7)

and -

n lul> u” 1 J
= |l - —, —=| RIxR" = RI*2 :
a(x, t) {n((27r9)d/2> TR 6] x RY — (3.8)
Then, succinctly,

p=(fm), and Ms = exp (a - m(v)). (3.9)

We summarize some facts that we have already established in the previous chapter.

Lemma 3.1.1. The following equality holds:

1
<(/wf—f)m>:< v (/v/f—f)>:0. (3.10)

Iv®
2

Definition 3.1.2. We say that a function g(v) is a BGK collision invariant /ff
(o) (M; = £)) = [ g(v) (M~ ) dv =0,
R

From the last Lemma, we observe that 1, v and |v|? are BGK collision invariant. Of
course, any linear combination of these functions will also be collision invariant. We will use
this fact later.

Multiplying the BGK Equation by the vector m = [1,v', 3|v|?]" and integrating, we get

expressions for the conservation of mass, momentum, and energy, respectively.

Lemma 3.1.3. Suppose that f is a non-negative solution to the BGK equation (3.1]). The

following conservation equations hold:

o}
§n+vx-(nu) =0, (3.11)
0
a(nu) +Vy - (hu®@u+P)=0, (3.12)
0
—w+ V- (wu+Pu+q)=0, (3.13)

ot
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where

P::/ (v—u)®(v—u)fdv

Is the pressure tensor and

1
qg == v —ul*(v —u)fdv
2 Rd

is the heat flux.

Proof. The proof is more or less the same as that for the multi-species Boltzmann equation
that we exhibited in the previous chapter. Multiplying the BGK equation by 1 and integrating,

we have
of
/ {——FVX-(Vf)] dv:/ AN Mg —f)dv (3.14)
Rd at Rd
:>g</ fdv)+VX-(/ vfdv):O (3.15)
at Rd ]Rd
— %Hvx-(nu):o. (3.16)

This verifies the first equation, which is an expression for the conservation of mass.

Next, multiplying by v and integrating, we have

/Rd {v% + Vi (v® vf)} dv = /Rd vA(M; — f)dv (3.17)

:>2(/ vfdv)+VX-(/ v®vfdv):0. (3.18)
at Rd Rd

The first term is equal to 0;(nu), as desired. It remains to show that
/ vevidv=nu®u+P.
Rd
Writing v = u+ (v — u), gives

/dv®vfdv:/d[u+(v—u)]®[u+(v—u)]fdv

= d[u®u+u®(v—u)+(v—u)®u+(v—u)®(v—u)]fdv

:nu®u+P+/

Rd

u®(v—u)fdv+/ (v —u)®ufdv. (3.19)

Rd
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The last two terms in the above expression are equal to zero:

u® (v—u)fdv:u®[/ vfdv—u/ fdv}zu@[nu—un]:ﬂ.
RY RY

Rd

Putting it all together, we obtain the second equation, an expression for the conservation of
momentum.

Finally, multiplying by %|v|2 and integrating, gives

1 ,/[/of _ 1
/RdEIV‘ (§+VX.(V7C)) dv—/Rd 2‘V| >\(Mf f)dV (3.20)

8 1, 1, B
= E(/Rdjvlfdv)—l—vx-(/wilv\ vfdv)—O. (3.21)

The first term is equal to O;w, as desired. It remains to show that
Lo
—|v|°vfdv =wu+ Pu+gq.
Rd 2
Writing v = u + (v — u), gives
Lo 1 2
—|v|vfdv == v [u+ (v—u)]fdv
Rd 2 2 Rd
1 2 1 2
=u | Z|v[*fdv+ = [ |v|°(v—u)fdv
Rdz 2 Rd

:wu+%/Rd[u—F(v—u)]T[u+(v—u)](v—u)fdv

1
= wu + 5/ [|ul? +2u" (v —u) + |v—uf’] (v —u)fdv
Rd

2
1
=wu+ﬂ/ (v—u)fdv+/ u'(v—u)(v—u)fdv+ = lv —ul?(v—u)fdv
2 Rd Rd 2 Rd

1
wu+q—|——|u|2(/ vfdv—u/ fdv)+/ u'(v—u)(v—u)fdv
2 Rd Rd Rd
1
:wu+q+§|u]2(nu—un)+/ u'(v—u)(v—u)fdv
Rd

:wu+q+/ u'(v—u)(v—u)fdv. (3.22)
Rd
It should be easy to see that

u'(v—u)(v—u)=[(v—u)®(v—u)u.
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Thus, the final term in the above Equation is
/ u'(v—u)(v—u)fdv :/ [(v—u)®(v—u)]ufdv
Rd Rd

_ </Rd(v—u)®(v—u)fdv)u

— Pu. (3.23)

Putting it all together gives the third equation, which is an expression for the conservation

of energy. The proof is complete. [ |

The conservation laws/properties above are reminiscent of those involved with the deriva-
tions of the Navier—Stokes and Euler equations. In fact, using the Chapman—Enskog ex-
pansion method one can show that in the limit as A — oo, or 7 — 0, one recovers
macroscopic Navier—Stokes and/or Euler equations as formal limits, under certain assump-
tions [40, 48, 146, [44]. These limits can even guide in the design of stable numerical methods

for the macroscopic models [48].

3.1.2 Space-Homogeneous Problem

Suppose that the density function is spatially homogeneous and/or particle advection may
be neglected in the system. In this case, the distribution function f satisfies the space-
homogeneous problem

of

— = A(M¢ —f). 3.24

o = MMy =) (3.24)
This is a first order integro-differential equation (IDE), which can be solved using the inte-

grating factor method.

Lemma 3.1.4. Suppose that f is a solution to the space-homogeneous problem ([3.24]). Then

f(x,v.t)=eMf(x,v,0)+ (1 — e ) Me(x, v,0). (3.25)
Proof. \We begin by proving that 22 = 0= 2, % =0, and 2/r = 0. We will make frequent

use of Lemma B 1.1l
First, we show that 22 = 0. Utilizing the IDE,

of

0 . 0 - B Lem. 31Tl
5t _8t/Rdfdv_ » ath—/de(Mf fydv —=""0. (3.26)
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Next, we show that 2% = 0. Using the quotient rule on the definition of u =% [, fdv,

and the fact that &7 = 0 gives

du 91 (0 raSEvdv—0 1 Lem. BT
a_aﬁ/w fvdv = o = de(/\/lf—f)vdv ="70. (3.27)

Next, we show that % = 0. Recall that

d 1 2 1
S =w=nlu? = 6= el S

Using the quotient rule, and the fact that 22 =0 and &% = 0, gives

06

2 (?9_(;}) (n) —0 2 Tau 2 ’V|2 Lem. B 11l
a1 —ET—EU — = — Mg —f)dv —=""0. (3.28)

6t nd Rd 2

Next, to show % = 0, we use the temporal invariance of n, u, and 8, as shown above,

2/\/l,c(x, v,t) = (2m)~

o n(x. )8(x, 1)~ exp (—%]v ~ u(x, £)26(x. t)_lﬂ

0
_ 4 [0 1 29—1
= (2m) [8 exp (—2|v—u\ 6 )

d\ 4200 1 .
+ n(x, t) (_5) 6 3: &P (—EIV— u|-6 >

—0. (3.29)
So far, we have 82 =0 =2, % — 0, and 2 = 0. To finish, we use these properties to
solve the IDE. Rearranging ([3.24)), gives
df
— 4+ X = AM.
dt *

Multiplying by the integrating factor, e*, and applying the product rule in reverse, gives
d (eMF) = AMeeM
dt AR

Integrating with respect to t, we have

eMf =C+ x/ eMMe(x, v, t)dt,
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Since My = M¢(x, v, t) is constant with respect to t, Ms(x, v, t) = Ms(x, v,0). Hence, it
can be pulled through the integral sign:

eMf = C + AM¢(x, v, 0) / eMdt
= C + M(x, v,0)e™. (3.30)
Plugging in t = 0, and rearranging gives an expression for the constant term:
e’f(x,v,0) = C+ e’M(x, v,0) (3.31)
= C=1f(x,v,0) — M(x,v,0). (3.32)

A

Putting everything together, and multiplying by e~**, we have the following solution to the

space-homogeneous problem:

f(x, v, t) = e (f(x,v,0) — Me(x, v,0)) + M¢(x, v,0)
= e Mf(x,v,0) + (1 — e ™) M¢(x, v,0). (3.33)
[ |

Since we have the true solution to this space-homogeneous problem, this allows us to test
the accuracy of the code on the right hand side source term. Initial tests are performed in
Section [4.5].

3.1.3 The H-Theorem

In this section, we discuss a very important solution property for the BGK equation, namely
the entropy dissipation property. This is a key stability concept that should, in some way, be

preserved in numerical approximations. We start off this section with a definition.

Definition 3.1.5. Suppose that f : Q x R? x [0,00) — [0,00) is a particle distribution
function. The object

HIf](x, t) == /

f(x,v,t)In(f(x,v,t))dv

is called the H functional or kinetic entropy. We say that a flow is entropy-dissipative /ff,

95



October 6, 2025 E. Habbershaw and S.M. Wise

forevery 0 < t; < tr < 00,

/QH[f](x, t)dx < /QH[f](x, t;) dx.

Remark 3.1.6. We should point out that workers in equilibrium thermodynamics and non-
equilibrium thermodynamics generally prefer a definition of entropy that sees the entropy
increasing as a function of time. But, for historical reasons, in the mathematical and numerical
theory of the Boltzmann and the BGK equations, the prevailing definition of entropy is such
that it is decreasing in time. We have chosen to use the mathematics standard for the rest
of the report. Note that we used the physics convention in the last chapter. In any case, this

Is simply a matter of a sign difference.

Remark 3.1.7. The mathematical dissipation property is an important marker for the design of
numerical methods. In particular, a numerical approximation scheme should satisfy, if possible,
some discrete form of entropy dissipation. However, designing fully discrete approximation
schemes that theoretically satisfy discrete dissipation (as determined by a rigorous proof) is a
challenging task. The papers [29,30] address this issue for the single-species BGK equation,
but, this dissipation property comes at a rather high computational cost. Thus, it is not clear
from the outset that it is practical to pursue this property from the theoretical point of view.
On the other hand, checking the dissipation property numerically for benchmark simulations

is certainly a worthwhile endeavor.

Theorem 3.1.8. Suppose that f : Q2 x RY x [0,00) — [0, 00) is a solution to the spatially

homogeneous BGK problem, that s,

of 1

— =—(Ms—f
where T > 0 Is a constant. Then J
— <
dtH[f] <0.
Proof. Observe that
d of
—HI[f = — (In(f 1
HIA® = [ S+ 1) av

_ %/Rd(/wf— £) (In() + 1) dv

= %/Rdm(f)(/\//f— f) dv

o6
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To finish the proof, we use that fact that In(My) is a BGK collision invariant, that is

/ In(Mf) (/\/If—f)dv:O

Thus
d 1
SHHIA® =2 [ n(e) = n(M0)) (M1 — £) av
t T JRrd
1
= ——/ (In(M¢g) —In(f)) (Ms — f) dv <0,
T Rd
where in the last step we used Lemma [2.4.2)] |

More generally, we have

Theorem 3.1.9. Suppose that f : Q x RY x [0,00) — [0,00) is an Q-periodic (spatially
periodic) solution to the BGK equation, that is,

1
atf+v-VXf:;(/\/lf—f),
where T > 0 Is constant. Then
B:(fIn(F)) + V- (vFIn(f)) <O0.

and

d
2 Hifdx <o,
dtQ[]X_O

In other words, solutions of the BGK equation are entropy dissipative.

Proof. Similar to the last proof, but using Lemma [3.1.3] we have

%H[f](t) = /Rd %(In(f) +1) dv

of on
= o a In(f)dv + a

:1/ (/\/lf—f)ln(f)dv—/ vV In(F)dv + 2"
T JRrd RY ot

:%/ (/\//f—f)ln(f)dv—Vx./ vfln(f)dv+/ vf-vx(m(f))dv—l—%
= %/Rdln(f)(/\ﬂf— f) dv—VX./Rd vfln(f)dv—l-%.;_vx.(nu)

_ %/Rdm(f)(/\//f —f) dv—VX~/Rd vFIn(F) dv.
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Therefore,

Gt/ fin(f)dv+ Vy- vfln(f)dv:—%/ (f — Mg)(In(f) —In(M¢))dv < 0.

Rd

In other words,
O:{fIn(f)) + V- (vfIn(f)) < 0.

Using the Q-periodicity of f and integrating over 2, we have

dt/Q/Rd fiIn(f)dvdx = —%/Q/Rd(f — Mg)(In(f) — In(Mg¢)) dvdx < 0,

and the proof is complete. |
Finally, we have

Theorem 3.1.10. Suppose that
f.: QxR?— [0, 00)
is a given S2-periodic distribution. Let
p. = [n.nul w]
be the vector comprised of the first three moments of f,, that is,
n.(x) 1
p.(x)= | n.(X)u.(x)| = <ﬁ(x, v) | v > , VxeQ.
w.(X) 3lvl?

The Q-periodic temperature, 0,, is defined via

.00 = 30,00l GO + 50.(8.06).

The Maxwellian, as usual, is defined using the macroscopic densities as

1 \?? v — u,|?
M*(X, V) =N, (271_9*) exp (—2—9*) .

o8



October 6, 2025 E. Habbershaw and S.M. Wise

Consider the admissible class of distribution functions defined as
A, :={g: QxR = R | g is Q-periodic, g>0, and (mg)=p,},

where, recall,

1 T
m(v) = {1, v, §|v\2] - RY — RI*T2,

Then, M,, f. € A,. In other words, A, is non-empty. For every g € A,,
H[M,](x) < H[g](x), Vxe€Q.

In other words, the Maxwellian is the minimum information distribution out of the set of

admissible distributions that gives rise to the macroscopic density p,.

Proof. This was proved in the last chapter. [

3.2 Discrete-Velocity BGK Models

Discrete velocity BGK models are constructed under the assumption that the velocity space
is partitioned into discrete, allowable states. This discretized velocity space could be finite or
countably infinite, in principle. But, typically the velocity space is constructed so that it is
finite and approximates well the density of particles, f, for a given physical case, meaning that
the velocity points might clustered around particular velocity values. To make the discussion
simple, we will restrict our attention to the d = 1 case. The general case is constructed

similarly.

3.2.1 Discrete-Velocity BGK Maodel in One Space Dimension

Let us make an analog model in one space dimension (d = 1) with discrete, rather than
continuous, velocities, along the lines of the papers [29] [30]. Suppose that h, € (0,1) and

J € N. Set X
e fumn (123 s}

J={-J+1,...,J}.

where

Note that the simple structure of V7, with uniformly spaced points arranged symmetrically

about 0, is used only for simplicity, and we may choose it in a more general fashion. In any
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case, set
1 T
my(j) = {1,\4,51\412} ., VieJ.

Define, for g : J — R¢
(9)7 = _g;h.

JISVA

Let us define the admissible class of solutions.
Definition 3.2.1. Suppose that 2 = [a, b] C R and
fr.:QxJ—1[0,00)
Is a given S2-periodic discrete-velocity distribution. Let
-
Py =I[ngs ny.tz. Eg.]

be the vector comprised of the first three discrete-velocity moments of f; ., that is,

ng.(x)
pr.(x)= nz.(X)uzs.(x)| ={fr.(x, - )mg),, VxeQ. (3.34)
Ez.(x)

The admissible class of discrete-velocity distribution functions, subordinate to p;, or
f7 . Is defined as the set

Az ={97:Qx T =R | gy is Q-periodic, g7 >0, and (mzgzs)s=ps.}.

We need the following technical lemma.

Lemma 3.2.2. Suppose that the moment vector p 7, is realized from an Q2-periodic discrete-
velocity density as above. Fix x € Q = [a, b], and define the function K : R® — R via

KB) = K(B) = (exp(B-myz))y —B - ps.(x), YBER

K(-) is smooth, convex, and coercive and, therefore, has a unique minimizer, B, € R3, which

satisfies the nonlinear equation

(exp(B, - my)myz) s = ps.(x).
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Proof. Clearly, K is smooth. To see that it is convex, consider the first two functional
derivatives. The first derivative is computed via

d d d
EK(ﬁ +s1m) = &(exp(ﬁ “mg)exp(sn-my)) s — E(ﬁ +sm) - p7.(x)

= (exp(B - mg)n-mgyexp(sn-myz)) 7 —n-pz.(x).

Thus,

d
KB +sm)| = (expB-m)n-mg)y—n-pz.(x)
s=0

=n-{{exp(B-mz)mgz); —ps.(x)},

and we can write
VK(B) = (exp(B - mz)myz) s — pg.(X).

Further,
d’ p _
g2 KB +sm) = (exp(B - mg)n-mzexp(sn-my))s
= (exp(B-my) (n-my) exp(sn-my))y
=n' [(mym}exp(B- mz)exp(sn-myz)) 7] n.
Thus, )
@K(ﬁ +sm)|  =n'[(mymjexp(B-myz))s]|n,
s=0

and we write
Hk(B) = (mzmJ exp(B - my)) 7,

which is the 3 x 3 Hessian matrix, of course. This matrix is positive definite, since
N Hx(B)n = ((n-mz)’exp(B-myz))s >0,

for every B € R3, for every n € R? := R3\ {0}. It follows that K is convex.

Now, let us prove that K is coercive. Assume that @ € S%2 = {x € R?® | ||x||, = 1}. To be
precise, we will show the following: for every M > 0, there exists a number R = R(M) > 0,
independent of B, such that if s is any number satisfying s > R, then it follows that

K(sB) > M,
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where, of course,
K(sB) := (exp(sB-myz))s —sB - py .(x).

Fix a vector B € 52, and suppose that for this vector, for some j, € 7,

B-mz(jo) > 0.

Then,

5——+00

K(sB) > h,exp(sB - my(io)) — sB - py.(x) "5 +oo.

In fact, by continuity, there is an gg > 0 and a constant C; > 0, such that, if a € B(B, ¢p)
then,
a - mj(jo) > Cl > 0,

so that
K(sa) > h,exp(sCy)) —sa - ps . (x) 2 .

To sum up, given any M > 0, there is an Rg = Rg(M), such that, if s > Rg, then
K(sa) > M,

for all @ € B(B, 3).
Again, fix a vector B € S?, and suppose that for this vector, for all j € 7,

Now, we know that
B-my(j)=0, VieJ <= PB=0,

but B8 # 0, since ||B]|> = 1. Therefore, for some j; € J,

B-mg(j:) <O0.
It follows from (|3.34]) that
ﬁ : pJ,*(X) <0.

Consequently,

K(sB) = hyexp(sB - m(31) = B . (x) =5 +oc.
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In fact, there is an gg > 0, such that, if a € B(8, €g), then
a - mj(jl) < C2 <0,

and
a- pj,*(X) < C3 < 0.

Hence,
s—+oo

K(sa) > —sC3 — +o0.

To sum up this second case, given any M > 0, there is an Rg = Rg(M), such that, if s > Rg,
then
K(sa) > M,

for all a € B(B, €p).
Observe that

s?c | BB.ep).

Bes?
the object on the right being an open cover. Since S? is compact, there is a finite sub-cover.
In other words, there are finite points B4, .. ., By € S? such that

N
s?c|JB@B.ep).
=1

Let M > 0 be given. Set
R(M) = max Rg, (M).

If s > R(M), it follows that
K(sB) > M,

for all B € S2. Since R(M) is independent of B, K is coercive.
Since K is smooth, strictly convex, and coercive, it has a unique minimizer, 3, € R3 that

satisfies
VK(B.) = (exp(B, - mz)mz) s — ps.(x) = 0.

The proof is complete. |

Remark 3.2.3. The compactness argument is required above because, without it, it is not
clear that
R(M) = sup Rg
Bes?
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is finite, which is needed for our definition of coercivity.

Lemma 3.2.4. Suppose that Q = [a, b] C R and
fr:QxJ—[0,00)
is a given Q2-periodic discrete-velocity distribution. Let
ps=Ing.nzuz, Esl",
be the vector comprised of the first three discrete-velocity moments of f;, that is,

ng(x)
ps(x) = [ng(Xugz(x)| = (f7(x, )mz);, Vx€Q (3.35)
Ez(x)

Fix x € [a, b], and define
Mg (%)) = explagzr(x) -mz()), VieJ,
where az ¢(x) € R® is the solution to
(exp(ag ¢(x) - mz)mz)s = ps(x),

which is guaranteed to exist, uniquely, by Lemma(3.2.3. Then

0= h(Mgr(x.i) = f7(x.9), (3.36)
jeJ

0= hwy(Mgr(xi) = fr(x.})), (3.37)
jeJ

0= 3" RSP (Mo rx.5) = Fr (1), (3.38)
jeJ

This may be expressed succinctly as
(mg(Mygs(x, )= fs(x,-))),=0. (3.39)
Furthermore, the function In(Mz.¢) is a discrete-velocity collision invariant, that is

(In(Mgr) (Mgr—1f7));=0. (3.40)
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Proof. Identities (3.36]) — (3.38)) follow immediately from the definition. Since
In (My.¢(x,3)) = In (exp(eeg.r(x) - ms())) = az¢(x) - ms(),

identity ([3.40]) also follows. [

Theorem 3.2.5. Define, for all f : Q x J — [0, 00), the discrete-velocity entropy functional
H7[f1(-) = (fIn(f))7: Q2 — [0, 00).

Let Ay .. be the admissible class of discrete-velocity distribution functions, subordinate to a
given discrete-velocity distribution f7, : 2 x J — [0, 00), so that Ay . is non-empty. Then,
there is a unique function Mz, € Az, such that

Hy IMg.]1(x) < Halgl(x), (3.41)

for all g € Ay ., for all x € Q2. Furthermore, at every point x € 2, there is a unique vector
a . (x) € R® such that

Mgz.(x.§) = explag.(x) - mz(i)). VieJ.
Proof. Fix x € [a, b]. Define
Mgz.(x.§) = explag.(x) - mz(i)), VieT,
where a7 ,(x) € R? is the solution to
(exp(ag..(x)-mz)mz)7 = pg.(x),

which is guaranteed to exist, uniquely, by Lemma [3.2.2] This definition shows that the
function M, € A7,. Thus, to conclude, we need only show that

Hy [Mg.](x) < Hzlgl(x),

for all g € A7 .. The proof follows that of the continuous-velocity case.
Let g € Ay, be arbitrary. We may write M s, = M54, since g gives rise to the same

macroscopic, discrete-velocity fields as f7,. Define h(s) := sIn(s). This function h is convex
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on (0, 00), and it follows that

h(g) > h(My.4) +h(Mgg)(g—Mgg)
=h(Mgg) +In(Mg4)(g—Mgq)+9g— Mgy

By Lemma [3.2.4]
(h(9)) 5 2 (hMg4)) 7 + (IN(Mgg)(g = Mgg)) 7+ (9= Myg) s = (H{Mgg)) .
This shows that, point-wise in €,
Hzlgl =2 HylMg.gl = HzlM .,

and the result is proven. |

Definition 3.2.6. The 1+ 1-dimensional discrete-velocity BGK model is defined as follows:
given an [a, b]-periodic function fy : [a, b] x J — (0, 00), find f : [a, b] x J x [0, T] — (0, 00)
such that f(-, -,0) = fy and

Ocf (X3, t) + viOcf(x,), t) = A(Mgr(x,i t) = f(x,j, t)), VieJ, Vxe]lab], (3.42)

where
Mg r(x., t) =explazr(x t) - ms(4)), VieJT,

and az.¢(x, t) € R3 s the solution to

(exp(az r(x,t) -mz)mg) s = (f(x, -, t)mz)s.
We have the following result concerning the solutions of the discrete-velocity model.

Theorem 3.2.7. Suppose that Q = [a, b] C R and
f:QxJx][0,00)—[0,0)

is a given Q-periodic solution to the discrete-velocity BGK model. Define, for all x € [a, b]
and t > 0, the discrete-velocity entropy density via

Hz[f](x, t) = (f(x, -, t)In(f(x, -, t)) 7.
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Then, for all x € [a, b] and t > 0,

%(mjf(x, ~,t))j+%<v(~)mjf(x, 1), =0; (3.43)
and
o o <
5t (f(x, . t)In(f(x, -, £))) ;s + ax (v()f(x, -, t)In(f(x, -, 1)), <0. (3.44)
Consequently,
% H7[f](x, t)dx <O0. (3.45)

Proof. The proofs are analogous to the continuous-velocity cases. Equation ([3.43)) follows
directly from (3.39)). To prove inequality ([3.44]), observe that

2 Half) = <%(In(f) T 1)>J

of 0
3 In(f)>J + ET: (f)

(Mo = D)IN(F)  — (vOF () 5 — B, (v,
() (M = ) = B (vF In(F))

(0(F) (M) (Mg — )5 — B (v In(F)),
= (M)~ In(F)) (M — )y — B v FIn())
< =0 (vfIn(f)),,

1
T
1
T
1
T

where we used Lemma [2.4.2, Finally, using the €2-periodicity of f and integrating over 2,
gives ([3.45)). [ |

3.2.2 Space-Homogeneous Discrete-Velocity Model
Similar to the continuous velocity case, we can make the following definition:

Definition 3.2.8. The space-homogeneous, 1-dimensional discrete-velocity BGK model
is defined as follows: given the function fy : J — (0,00), find f : J x [0, T] — (0, 00) such
that f(-,0) = fy and

0:f(j. 1) = A(Mg (. 1) = (3, 1)), VieJ, (3.46)
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where
Mg ¢(, t) = explags(t) - ms()), VieJ, (3.47)

and a7 ¢(t) € R3 is the solution to
(exp(ag e(t) -mz)mg)y =(f(-, t)mg);s. (3.48)
Theorem 3.2.9. Suppose that
f:J x][0,00)— (0,00)

Is a given solution to the space-homogeneous discrete-velocity BGK model. Define, for all

t > 0, the discrete-velocity entropy via

Ha[f](t) = (F(- ) In(F (- 1)) g

Then, for all t > 0,

2 im0y =0, (3.49)
and 5
5 (G DN (FC D), <0 (3.50)
Consequently,
aat/vljf(; t)y=0, VjeJ. (3.51)

Proof. The proofs are again analogous to the continuous-velocity cases. Equation ([3.49))
follows directly from (3.39)). To prove inequality (3.50]), observe that

2 Hol) = <%(In(f) T 1)>J

:< In(f)> +§<f>_7
= LMy~ (),
= L0n(F) (M — ),
= {n(F) (M) (M — )
= (M) ~ In(F)) (Mg — )}
<0
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where we used Lemma|2.4.2| Finally, (3.51]) follows from (3.47)) and ([3.48]), using (3.49). W
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Chapter 4

Numerics for the Single-Species BGK
Model

In this chapter, we consider the numerical approximation of the BGK model for the d = 1 case.
Therefore, phase space is two-dimensional, with one dimension for physical space and one for
velocity space. It is not necessary to equate the dimensions of velocity and physical space,
but this is a common practice, and, for the purpose of describing the numerical methods, one
does not lose much generality using such simplifying assumptions. We call the present case
the 1x1v case. The methods that we describe in this section are scalable, meaning that, as
more phase-space dimensions are added, the methods themselves change only slightly. The
biggest obstacle for high-dimensional numerical simulation is the added number of degrees
of freedom that accompany an increase in phase-space dimensions. Of course, this increase

can be significant, since real-world phase space has 6 dimensions in the model.

4.1 Finite Volume Space and Velocity Discretization

Since the Vlasov—BGK equation is a nonlinear conservation-like law, shocks (discontinuities)
and rarefaction waves can form and propagate in the solution. Thus, the integro-differential
equation does not necessarily hold in the classical (strong) sense. In this case, finite volume
methods, which are based on the integral form of the differential equation, are typically more
appropriate and simpler to use.

First, we truncate the velocity space so that it is finite in size: V = [—Vinax, Vinax), Where
Vmax > 0. This limits the range of velocities that may be approximated, but, as we will see,
does not generally affect the accuracy of approximation as long as vmay is chosen sufficiently
large. We note that it is not necessary to make a symmetric truncation about zero velocity,
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and sometimes it is not advantageous to do so. This is only done for simplicity of presentation.
In similar fashion, let us assume that 2 = [—L, L], with L > 0.

Let us define
2Vma><

N, '

2L
hy = N and h, =

and then set
xg=—L+@—1/2)he and vy = —Vmax + (£ —1/2)h,,

where £ can take integer and half-integer values. To discretize phase space, we break the
rectangular 1x1v domain, 2 x V/, into a two dimensional grid of cells with finite volume, and
approximate the cell average of the function. €2 x V' C R? can be written as the union of the

cells:
N, Ny Ny, Ny N, Ny
X v __
axv=|JGi=Ucaxq=U x| x sl (4.1)
i,j=1 ij=1 i,j=1

with the point (x;, ) at the center of cell Ci; = i x C. Next, we define

1

?i,j(t) f(X1 vi, t) m e
ey

f(x, v, t)dxdv. (4.2)

The integral form of the Vlasov—BGK equation is

0:fi;(t) + c |/ (Ox(vf) +0,(a(x, t)f)) dxdv = c |/ Me¢(x, v, t) dxdv — Afi;(t),
ij i
(4.3)
where we have assumed that the acceleration of particles due to the external field, a, is

independent of velocity. Let us define the flux function, F, via

F(x,v,t) =[vf(x,v, t), a(x, t)f(x,v, t)]T = [F(x, v, t),G(x,v, t)]T

where
F(x,v,t):=vf(x,v,t), G(x,v,t)=a(x, t)f(x,v,t).
Define
M;;(t) = c |/ Me(x, v, t) dxdv.
i
Applying the Divergence Theorem,
at?i'j(t) + A?l](t) — kmll(t) = —h h (F(Xprl/z, v, t) — F(Xifl/z, v, t) dv
x v ij

71



October 6, 2025 E. Habbershaw and S.M. Wise

1
hyh,

/ (G(x, Vit12, ) — G(X, vi_1y2, t) dx.  (4.4)
cr

Now, (4.4)) is exact. To gain a practical numerical method, we must make some approxi-
mations. Let us first approximate the flux integrals:

1 F 1 1 '1 t - F i_ 1 .V t
/ (F(Xi+1/2, v, t) o F(Xifl/Q, v, t) dV ~ (X+1/2 V) ) (X 1/2 VJ )' (45)
hxhv ij hx
1 G(x, v; ) — G(X, Vi_y/o, t
Py / (G(x, Vis1/2, t) — G(x, Vi_1/0, t) dx ~ (5 Vis2 )h (6, vioy2 ). (4.6)

To approximate the density function on the cell Ci;, we use piecewise linear reconstructions:
pii(x, v, t) = Fi;(8) + 0f5(x = x) + ol (v = v),

with the 8-minmod slope limiter,

o5 = minmod ((—+1'J2h 1") L 0x (—" - 1") L 0x (—Hdh ])) , (4.7)

Fiivr — Fim Fii— i Fiiv: — Fi;
o = mimoa (B2 g (=) g (=)} (ug

where 6%, 60" € [1, 2]. Note that for three real arguments, the minmod function is defined by

min{x,y,z} if x,y,z>0
minmod(x, y,z) = ¢ max{x,y,z} if x,y,z<0.

0 otherwise

The reconstructions make the density approximation multi-valued at the cell edges, a fact
that we use to our advantage in the numerical approximation. Using the reconstructions, we

define the density at the midpoints of each cell edge as follows:

fir105(8) = Pij(Xis1/2, 5, B), ﬁil/z,j(t) = Pir1i(Xir12, Y, ),

and, likewise,

for1y2(8) = pii(X, Gry2, t), fi,—;_+1/2(t) = pijr1(%, Y12, 1),
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Next, the exact fluxes are replaced by numerical fluxes of the form

F(X1+1/2 Yis t) ~ F( 1+1/21(t) 1+1/2J(t)) ' 1+1/2’(t)

and
G(xi, Vigrja, t) = G(F1, 1 o(8), 71 0(1) = Gijraya(t).

We use a simple upwind strategy to construct the numerical fluxes:

Vifii105(t) if >0

Fiaapoi () = F(£10,(0), iy (1) = SEE () i <0 (4.9)
Gual®) = Gl o(0), Gyle)) = { 205 el T 20D 20
a(x;, t)f]H/z(t) if a(x,t) <0
We can write the approximation scheme to this point as follows:
BF 5 (1) + AFuy(£) — AMi(t) = ‘*1/2’(”/7 Fioaei(t)
- "“/2“)/7 b 1/2(t)+5,j(t), (4.11)

where E/,j(t) is a local truncation (approximation) error.
Finally, to complete the spatial discretization of the Vlasov—-BGK equation, we need to

approximate the Maxwellian. For this we use the following:

m(t) = hy Z i), (4.12)
u(t) = % Z yFu(t), (4.13)
(1) = % > 1Rs(0) ~ ()P (4.14)
Wi (t) ~ M, (t) = % exp &%) | (4.15)

Since we are replacing integrations by midpoint quadratures, we lose the collision invariances
that we enjoyed at the continuum level. But, for the purpose of approximation, we will
continue to assume that these invariances still exist at the discrete level.
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We conclude this section by stating the spatially discrete approximation to the Vlasov—
BGK equation:

_ Fiy1/25(t) — Fic1/2,4(t)
hy
Gijy1/2(t) — Gij—1/2(t)

— h + Ei;(t), (4.16)

defis (1) 4+ AFi; (1) — AM;(t) =

where Ei,j(t) is a local truncation (approximation) error.

4.2 Implicit-Explicit Runge—Kutta Time Stepping

In this section we introduce an implicit-explicit (IMEX) Runge—Kutta (RK) method for inte-
gration in time that was proposed in [36]. The convection part is treated using an explicit
method, while the collision part is solved using a diagonally implicit method. We will work
with the phase-space continuous problem first, in order to take advantage of the collision
invariants, before moving to the phase-space discrete problem. Let us rewrite the original

Vlasov—BGK equation as

8 flvit) = TIFGx, v, D)+ QIFCx, v, )

where T represents the transport term, and @ represents the collision term:

TIfl(x,v,t) = —vO.f(x,v,t)—a(x, t)0,f(x,v,t), (4.17)
Q[f](x, v, t) = A(M¢(x, v, t) — f(x, v, t)). (4.18)

The general v-stage IMEX Runge—Kutta scheme (diagonally implicit) is one of the form

s—1 s

yO =y + At YE, T+ ALY 2, QY] sedl,... v}, (4.19)
r=1 r=1

Y=yt ALY BT + ALY bQyY), (4.20)
s=1 s=1

where as ,, Es, as.r, bs are taken from the following Butcher tables, respectively:

cl| A c| A

- e (4.21)
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The matrix ,X\ for the explicit part, is strictly lower triangular, and A is lower triangular.

To run the algorithm, for each stage, we first calculate

s—1 s—1
ye =yt DY A T+ At - as Q). (4.22)
r=1 r=1

We then rearrange the terms in the final sum to find an expression for y() :

y =36 + Ata, Qly®)]

=y 4+ Atag A(M,e) — ') (4.23)
= (1+ Atas Ny =y + Atag AM, (4.24)
1 Atac A
(5) _ S(s-1)
< = —= M . 4.25
Y = it atmn T braa (4.25)

Note that we need to compute the Maxwellian M, ), which involves the current stage. This
seems to present an issue. However, using the collision invariances properties in (3.1.1]), we

can circumvent this. In particular,

1 1 1
/ v y(s)dv:/ v W—1>dv+Atas,sA/ v | (Mo —y®)dv
Rd 5 Rd 5 Rd 5
V| V| |v|
1
_ / v |9 av. (4.26)
Rd
v[?

Since the first, second, and third moments of y(*=1) are equal to those of y(®), the two
Maxwellians at these stages are equal:

My(s) - M’\(s—l).

y

Therefore, we have the explicit update formula

1 ~(s-1) Atag s\

() — =~
Y 1+ Atasysky

m/\/]j}(s—l). (427)

With the above expression for y(*), a convex combination of y*=Y and M1, the IMEX-RK

scheme can be completed without any complicated inversions.
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4.3 Fully Discrete Scheme

When we discretize velocity space, we lose the collision invariances at the discrete level; this
is because velocity integrals are replaced with midpoint rule quadrature, in addition to the
fact that the velocity space is truncated. It follows that breaks down. Nevertheless,
we will assume that the phase-space discrete analog to holds so that stages may be
updated in an explicit fashion.

Suppose that fl“l Is an approximation of the cell average of the density field over cell G
at time t" .= t"~! + At. Similarly, we denote by fi’(f) the £t stage of the IMEX-RK scheme

with respect to £7. Define

TO . _Fil—]&-l/2] FD -1/2j Gi,Dj+1/2 - Gi,Dj—1/2
' hy h, ’
Q=AM - £5), (4.29)

(4.28)

where the fluxes £~ and CAJLDHW are computed with respect to the cell-centered approx-

i+1/2,
Imation ﬁ? and O is a stage iteration or a time step index. The fully discrete Maxwellian is

computed via

N,
=1
hy
T DLt (4.31)
1 ]:1
hy
60 =5 D IylPh5 — [u, (4.32)
1 ]:1
. n (v —u?)’
M= arey iz P\~ 20 ) (4.33)
Then we compute
AR f“+AtZasrT(r)+AtZaer , (4.34)
1 Ata >\
9 = ——fo) =t ey 4.
2 1+ Atas 5>\ + 1+ AtaS AW (4.35)
fi _f"+Ath T +AthQ , (4.36)
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where AAﬂifjs_l) is the discrete Maxwellian computed with respect to the fully discrete approxi-

mation Egs_l). This completes the description of the fully discrete scheme.

4.4 Poisson Solver for Vlasov—Poisson—-BGK Equation

For the Vlasov—Poisson—BGK equation the acceleration a is determined by an electric field
as follows:
a(x, t) = —x0x9,

where x > 0 is a physical constant and & is the electric potential determined via
-0 P(x, t) = n(x, t),

subject to appropriate boundary conditions.

First let us consider Dirichlet boundary conditions:

¢(X1/2 = —L) =, CD(XNX+1/2 = L) = 5 (437)
Using the standard three-point stencil approximation, we have, fori=2,..., N, —1,
1
e [Pir1 — 2P + Piy] = 1. (4.38)

The boundary conditions are specified at the peripheral edges of the domain, —L = x;,, and
L = Xn,+1/2. As is standard, we use the average of the ghost cell and neighboring interior

cell. That is, we use the approximations

Po + D;

5 = Q, = Oy =2a — Py, (439)

and we cancel the term ®g in the stencil approximation. The first equation in the approxi-
mation thus becomes
—®y + 30, = hf(nl + 2a.. (4.40)

Using a similar procedure for right boundary condition, we have

CDNX+1 = 26 — (D/\/X, — _(DNX—l -+ 3CDNX = hin,\,x -+ 26 (441)
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Putting this all into a matrix system, we must solve

3 -1
d, h2n + 2a
-1 2 -1 o 2
n
-1 2 -1 ? X2
: = : . (4.42)
by h2ny.
1 2 1 qA;X ' h2X er;[ﬁ
n
1 3 Nx x TN
This system is symmetric positive definite (SPD) and always has a unique solution.
Next, we turn our attention to the case of Neumann boundary conditions:
do do

In this case, using a second-order approximation at the boundary, we must solve matrix system

1 -1
cbl hfnl—hxa
-1 2 -1 . -
n
1 2 -1 2 X2
- : . (4.44)
oIV h2ny.
4 5 1 Ne—1 NN, —1
L1 Dy, hfn/\/x—l—hxﬁ

This is a symmetric positive semi-definite (SPSD) system. It has a unique mean-zero solution,

that is, a solution satisfying
Ny Ny
he Y =0, ifand only if A, Y m=a-p.
i=1 i=1
This is the discrete analog of the standard continuous compatibility conditions for unique

solvability.
Given £Y

ij?

we compute the accompanying macroscopic density,

Ny
o _ O
n?=hY £,
=1

and then the associated electric potential ®, as described above. Once the discrete potential
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Is available, the acceleration may be approximated via

] _ CDEH B cDiD
dit1/2 = _X—h :
X

4.5 Sample Computations and Accuracy Tests

In this section, we report on several numerical tests showing accuracy of the numerical im-

plementation.

Relaxation Test 1

This first test is designed to confirm that the BGK operator is calculated correctly for the
single-species case. We consider, in particular, the space-homogeneous case: the IPDE

becomes the following IODE:

r — X(M¢ — 1), X, v, t) €QxV x[0,00),
o= MM, — 1) (x.v. 1) 0,¢) (0.05)
f(x,v,0) = fh(x,v), (x,v,t) € QxV x {t=0}.
Recall that as shown in Section [3.1.2] the exact solution is
f(x, v, t) = e Mf(x,v,0)+ (1 — e ) Me(x, v,0). (4.46)

For the first test, we chose a function of the form fy(x, v) = b(v)g(x), where b(v) is a
compactly supported C* function, with nonzero values on v € (—2,2). In particular, we use

the function g(x) = e . Consider the function

v 5(V2+4)exp<v2514) ~ if v e (—2,2),
f(x,v,0) = (v2=a)? (1exp(35)) (4.47)
0, otherwise.

Observe that

n= / f(x,v)dv = g(x)/ b(v)dv = g(x) = e ™,
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Note that b(v) is an even function:

5((—v)?+4) exp (252
(v -2 (1400 (25%))
5(v2+4)exp (—7 ") ‘ exp (3%

T4 (Lren (—25)) [ep (2
5(v2+4) exp (%)

T (24 (exp (B4 + 1))
= b(v).

b(—v) =

Therefore, the function h(v) = vb(v) is odd. Recall that when integrating an odd function
over an interval that is symmetric about the origin, one obtains a zero integral. This means
_ 1 _
that u=2 [, vfdv =0.
The energy density moment is not as easy to compute analytically, so we have found a

numerical approximation:
1
E= 5/ v2fdv ~ 0.3713094964845¢e .
14

The code is run with A = 1 up to a final time t; = 1. The error is calculated by taking the
difference of the true solution minus the computed solution. The initial distribution is given
in Figure[4.13a], and the computational solution is given in Figure[4.1b. The error in Figure
is calculated by taking the difference of the true solution minus the computed solution. The
errors are on the order of 107> when a mesh of size N, = N, = 128 is used.
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0.35
0.35
0.3
0.3
0.25
0.25
> 0.2 > 0.2
0.15 - 0.15
0.1 - 0.1
-3 0.05 -3 0.05
0
-2 0 2 -2 0 2

X X

o == N W
o == N W

1
—
—

1
N
N

(a) Initial conditions. (b) Numerical solution at final time t; = 1.

Figure 4.1: Relaxation Example 1: Initial and final time solutions are given for the space-
homogeneous BGK model ([3.24)) using the initial conditions given in (4.47]).

3 6
5 4
1 _— 2
>0 - 0
-1 _— -2
-2 -4
-3 -6
-2 0 2 %107
X

Figure 4.2: Relaxation Example 1: The error between the theoretical and numerical solution
at the final time tr = 1 is given for the space-homogeneous BGK model (3.24)) using the

initial conditions given in (4.47)).
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Relaxation Test 2

For the second test, we set fy(x, v) to be the sum of four Gaussians, centered at (x,v) €
{(£2,£2)}:

fo(x, v) = e—2(x—2)2—2(v—2)2 + e—2(x—2)2—2(v+2)2 + e—2(x+2)2—2(v—2)2 + e—2(x+2)2—2(v+2)2_ (4.48)

See Figure [4.33] The trapezoidal rule is used for the initial moments. The code is run with
A =1 up to time t; = 2. The error is calculated by taking the difference of the true solution
minus the computed solution. The initial and final computed solutions are given in Figures
4.3 and the errors are shown in Figure [4.4]

6 0.5 6
4 0.4 4
2 2
>0 > 0.3 >0
-2 - 0.2 -2
-4 - -4
0.1
-6 -6
-5 0 5 -5 0 5
X X X
(a) Initial conditions. (b) Numerical solution at final (c) Numerical solution at final
time t = 1. time tf = 2.

Figure 4.3: Relaxation Example 2: Initial and final time solutions are given for the space-
homogeneous BGK model ([3.24)) using the initial conditions given in (4.48]).
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\)
S Ao N s~
HE W s
b b 4 o -~

1
(6]
o
o

X
(a) Errors at t = 1.

2
[ 1
0
L )
-2
-5 0 5 x107
X

(b) Errors at final time tf = 2.

Figure 4.4: Relaxation Example 2: The error between the theoretical and numerical solution
at the time t = 1 and t; = 2 is given for the space-homogeneous BGK model ([3.24)) using

the initial conditions given in (4.48)).
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Sod Shock Tube (Euler Equation Limit of BGK)

The Sod shock tube test is a standard test. Formally, in the collision limit as A — oo, the
BGK equation is asymptotically equivalent to the Euler Equations. (That is, f converges
to the Maxwellian My, and the moments n, u, 6 follow the Euler equations.) Thus, we may
test the ability of the code to solve the Sod shock tube problem, by letting A be large (or
equivalently, letting 7 = A™! be small), and setting the initial conditions appropriately. For
the test, we set A = 10* (7 = 107%).

The BGK equation in 1 dimension is

af  of
o T Vo = MMr—1). (4.49)

To test our IMEX code, we compared the profiles of the number density (n = [ fdv),
bulk velocity (u = ([ vfdv)/n), pressure (P = nf), and internal energy (E = 26) to the
theoretical solution, worked out using the book by Toro [45]. We set the phase-space domain
equal to Q x V = [-0.75,0.75] x [-10, 10]. Since the moments are calculated over R?, then
we must have a function that integrates to approximately the same value, when restricting
RY to the computational velocity domain (in this case, [~10,10] € R). That is, we must

ensure that

/Rd f(x,v, t)dv%/f(x, v, t)dv,

v
where V is the truncated velocity domain. Using [—10, 10] gives a reasonable approximation,
as we show.

The setup for the Sod problem is a contact discontinuity separating gases of differing
density and temperature, and zero velocity. Thus, for the Sod problem, the initial condition

for the particle density is a piecewise Maxwellian with the following values:

ny 1.0 nr 0.125
u | =100, xe(-0.750), ur | =1 00 |, x€(0,0.75). (4.50)
0, 1.0 Or 0.8

That is, the initial condition function (contour plot shown in Figure [4.5a)) is given by

_ L0 ey (—00R) 2 120.75,0], v € [-10, 10],
f(x, v) = \/2m(1.0) p( 2(1-0)> [ J [ ]

/—Z—i(z(fg) exp (——'szgé)f) , x€(0,0.75], v € [-10, 10].

Figure shows the moments of the numerical/computed solution at time t; = 0.20.

(4.51)
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The profiles of the macroscopic quantities follow the correct values (as computed using [45]

for reference). The final distribution solution is shown in Figure [4.5b

5 0.35 5 0.35
0.3 0.3
0.25 0.25
0.15 0.15
0.1 0.1
-5 0.05 5 0.05
-0.4 -0.2 0 0.2 0.4 -0.4 -0.2 0 0.2 0.4
X X

(a) Initial conditions for Sod test. (b) Contour plot of final numerical solution.

Figure 4.5: Initial conditions, and phase space solution of BGK Equation with 7 = 0.0001 at
tr=0.2
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1
—— Euler —— Euler
e BGKI|l 0 e BGK
0.8
0.8
0.6
0.6
0.4/
0.4+
: 0.2}
0.2} H ]
b 0 £
0 ! ‘
-0.5 0 0.5 -0.5 0 0.5
(a) Number density, n (b) Bulk velocity, u
2
—— Euler
1 ----- BGK
157 08
0.6
1
0.4
0.5 ; 1
0.2F L
0 . 0 .
-0.5 0 0.5 0.5 0 0.5
(c) Temperature, 6 (d) Pressure, p = nb

Figure 4.6: The number density, bulk velocity, temperature, and pressure are compared to
the solution of the Euler equations at time t; = 0.2, with 7 = 107%.
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Square Pulse Rotation

Consider the Vlasov Equation in 1 dimension:

of of of

i i — =0 4.52

ot TVax Ty (4.52)
Setting the acceleration term to a = —x results in a system where an initial distribution is

advected counterclockwise, along circular characteristics around the origin. For constructing

the characteristics curves, we have the system of ODEs:

dt

— =1 4.
oy (4.53)
ax

— = 4 .54
15— (4.54)
dv

— = —X. 4.

s X (4.55)

The first equation gives t = s, and the remaining two form a system of two coupled ODEs:

X=v (4.56)
V= —x. (4.57)

Taking the derivative of the first equation, and plugging in the second equation, we have
X=v=—x <= X+x=0. (4.58)

The solution of this equation is

x(t) = ¢y cos(t) + cosin(t). (4.59)
Thus,
v=—x=—c cos(t) — csin(t). (4.60)
Integrating gives
v(t) = —cysin(t) + ¢ cos(t). (4.61)

Putting these together, we have

x(t) = ¢y cos(t) + ¢ sin(t) (4.62)
v(t) = —cysin(t) + ¢ cos(t). (4.63)
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This is a circle of radius y/c2 + 2, traversed clockwise around the origin in the (x, v)-
plane. Figure shows an image of four square pulses rotated counterclockwise to time
tr = 5 (quarter rotation) and tr = 27 (full rotation), using a N, x N, = 400 x 400 grid on
QxV=[-33] x[-3,3]

08 D D 08

0.6

0.4

] [ B

0

-2 -1 0 1 2 -2 -1 0 1 2
X X
(@) tr=73 (b) t; = 27

Figure 4.7: Rotation Problem: 2f + vZf —x2f =0. Grid: N, = Nx = 400.
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Two Stream Instability (Vlasov—Poisson)

The next test that we performed is known as the Two-Stream Instability Test, and the present
version is taken from Section 5.1.2 of [12]. In this test, two streams of electrons interact and
create a highly filamented vortex. The test is designed to assess the code’s ability to capture
fine structure and examines only the advection piece of our equation (the Vlasov—Poisson

equation):
Oif +vof+EO,f =0, (x,v,t)€[-27 27| x [-2m,27] X [0, 00) (4.64)
where

1
—0xx® = E(n -n), E=-0® n= / fdv, n= —/ fdv. (4.65)
€o VI Jv

For our test runs, we used i = 1. The initial condition function for the test is

2

F(x, v,0) = ;87 (2 — cos (g)) e (4.66)

The test uses periodic boundary conditions in x, and zero flow boundary conditions in v.
Figure [4.8| shows the results of running the code until ts = 5 and t; = 45. For these plots,
we used 8002 grid points; this is twice the number of grid points as in the paper (400%). We

find good agreement with the computed solutions.
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6
0.4
4 0.35
o —= 0.3
0.25

>0
0.2
—o — S —— 0.15
4 0.1
0.05

-6

-6 -4 -2 0 2 4 6

(a) tr=5 (b) tr =45

Figure 4.8: Two-Stream instability. The numerical solution is shown at t: = 5 (left) and
tr = 45 (right). The numerical grid has N, x N, = 800 x 800 cells on the grid Q x V =
[—27, 27] x [—27, 27]. The fine filamentation of the particle streams is adequately resolved
and captured.
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Landau Damping (Vlasov—Poisson)

This test is from Section 5.1.3 of [12]. To perform the test, the Vlasov—Poisson equation
is solved and the L2 norm of the electric field is computed at each time step. The initial

condition function is

[N

1 v
f(x,v,0) = ——(1+ acos(kx))e =, 4.67
( ) m( (kx)) (4.67)
where oo = 0.01, kK = 0.5. According to [12], with these parameters, the L2 norm of the
electric field should decay exponentially at a rate of —0.1533. Figure demonstrates that
the methods developed in the preceding sections successfully recover the correct decay rate

of the L2 norm of the electric field.

10_1 E T T T T
10—2g
1073 ¢

107% ¢

IE] 2

107°

107° L E

10~ 7 l . . ‘
0 5 10 15 20 25 30

t
Figure 4.9: The L2 norm of the electric field decays at an exponential decay rate of —0.1533.
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Chapter 5

Discrete-Velocity Numerical Methods for
the Single-Species BGK Problem

In this chapter, we will describe numerical methods based on the discrete-velocity BGK model
that we introduced in a previous chapter. Let us start with the standard discrete-velocity BGK

problem first. After that, we will consider the space-homogeneous case.

5.1 A Fully Explicit Scheme

Let us again consider the d = 1 case. In other words, for simplicity, we will assume that the
dimension of physical space is one and the dimension of velocity space is one. We will work
under the assumption that velocity space is discrete and the discrete-velocity Maxwellian is

computed via optimization. In other words, our starting model is the following:
Ocf (X, 5, t) + viOcf(x,j, t) = A(Msr(x,i, t) — f(x,j,t)), YieJ, Vxelab], (5.1)

where
Mg r(x.. t) =explazr(x, t) - msz(4)), VieJT,

and a s r(x, t) € R? is the solution to

(exp(ayz r(x.t) -mz)mg) s = (f(x, -, t)mz)s.

For simplicity, we assume that the discrete velocities satisfy

1
vjzhv-(j—i), jedJ, J=4{-J+1,..., J}.
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Definition 5.1.1. The first-order explicit discrete-velocity scheme /s defined as follows:

_ At At

fi‘;l-i-l p— flr; hX (F(X1+1/2 Yi, t )

where
M = exp(af - mz(j)),

and a € R? s the solution to

(exp(a -mg)myg) ;s = (f"myg) .

Flxoij2 4t )>+—(M" £3)

The first-order numerical flux is obtained via a simple upwind methodology:

R N \/]f:" if\/j >0,
F(Xi1/2, v, t") = X _
yfi, ify <O0.

Based on our construction, we have the following result:

Theorem 5.1.2. Suppose that ﬁ? >0, forallye J, and all 1 <i < N,. Then, for alln € N,

hz<mj = hs Z(mj

Additionally, provided that the CFL condition

At( —|—maxu>
T jeJ hy

Lre

holds, it follows that, for alln € N, j € J, andi€ {1,2,..., Ny}, £S5 >

alln e N,
n— 1 n—1
hZ(In ;< hy Z(m (F ) ),
In other words, the scheme is entropy-stable.

Proof. For v; > 0, the scheme can be written as

n . Aty At o

iy =0 (B = ) + = (MG = 1)
B Aty At Aty n
_(1 A T)ﬁ+h ARV

93
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Aty At\ ., Atlvl,, | At
- (15T ) me S S,

For v; < 0, the scheme is

Atv; At
= - S (- ) + 5 (M - 1)

Aty At\ ., Aty At

Aty At\ ., Atlv| ., | At

The composite scheme can be written as

At
+ _M?]y
T )

Atly| At At(lv] — v) At(lv] + v)
1 ) n ) ) n ) ) n
flI;Jr - (1_h—x_7) fij+2—hxfi,j+1+2—hxfi,j—1

which is a convex combination of £%, £5_;, £5,;, and M{;. If all of these values are positive,
then ﬁf}*l is positive. Since the function xIn(x) is convex, it follows that, if o € (0,1) and
x#y, x,y € (0,00), then

(ax+ (1 —a)y)In(ax+ (1 —a)y) < axIn(x) + (1 —a)yIn(y).

Thus,

N . At(lv] —v) ., .
filn (f;]) + #fi,ﬁl In (fi.j+1)

n At n n
In (fi,j,l) + TM” In (Mi,j) .

Atlv| At
n+1 n+1 )
f ™ in (£57) < (1_h—x—7>
At(lvil +v)
2h, M7

Summing on k, we have

_ Atlv| At
T

(e, < ((1- 50 -5 e )
X J
+ <%}7X_V)ﬂl In (ﬁ11>>

J

We next invoke the minimization property in (3.41)): for all i,

At|v.| At

-2 ()
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At(|v.| — v

(B = ()
At(lv|+v.) _, , At N
(FG o)) +(Semm)

F(— RS
(=) ene)
"

At(lv| —v.) ., n
<2—hxfi+1,- In (£1,.)

J

Summing on i and using the spatial periodicity, completes the proof of (5.3)). The proof of
(5.2) is an easy exercise. [

5.2 An Explicit Scheme for the Space-Homogeneous Case

In this section, we will explore an explicit scheme for the space-homogeneous, discrete-velocity
BGK problem. Recall that the one-dimensional, space-homogeneous, discrete-velocity model

is as follows:
Orf(G, ) =A(Mygr(, t) — (G, 8), VieT, (5.4)

where
Mg (G, t) = explag s(t) - ms()), VieJ,

and a s ¢(t) € R3 is the solution to

(explag r(t)-mgz)mg)s =(f(-, t)mg)s.

As before, it may be useful to suppose that the discrete velocities satisfy

1

vjzhv-<j—§>, jed, J=4{-J+1,..., J},

though this can be generalized without any difficulty. The explicit scheme for the space-

homogeneous case is given by the following:

Definition 5.2.1. The first-order explicit discrete-velocity scheme is defined as follows:

n n At n n
= M- ),
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where
M = exp(a” - my(j)), (5.5)

and a® € R3 s the solution to

(exp(a”-mgz)myg); = (f"mys)s. (5.6)

We have the following result, which shows that an explicit scheme will always have a time

step restriction owing to the stiffness of the BGK problem:

Theorem 5.2.2. Suppose that ﬁo >0, forallye J. Then, foralln € N,

(mz ()N ;= (mz()f7) . (5.7)

Additionally, provided that the condition

At
— <1
T

holds, it follows that, for alln € N andj € 7, fj“ > 0. Furthermore, for alln € N,

(In () ), < (In(Fr7h) 70 (5.8)
In other words, the scheme is entropy-stable. Finally,
M =M, VieJ, (5.9)

for alln € N.

Proof. The scheme can be written as
At At
frt = (1 - —) £+ — M,
T T

)

which is a convex combination of £* and M. Clearly, fj“+1 is positive. Since the function

xIn(x) is convex, it follows that

At At
£ n (£ < (1 — 7) £ In (£") + 7/\/1;‘ In (M)
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Summing on j, we have

(F+2in (F71)), < <(1 _ g) ln (f,“)>j + <¥M‘T In (M'?)>

J

Using the minimization property in (3.41]), we find that,
A A
(FHn (7)) < <(1 - _t) In (f‘")> n <—t/wr n (M‘,‘)>
T J T J
(- i) ()
T J T J
— (F"In (")), .

The proof of ([5.7]) is an easy exercise and is skipped for brevity. The proof of ([5.9)) follows
from (5.7), (5.5). and (5.6)). u

5.3 An Implicit Scheme for the space-homogeneous Case

In the last section, we learned that an explicit scheme for the space-homogeneous case still
requires a potentially restrictive time step constraint for stability. But, this can be easily

overcome in the space-homogeneous case.

Definition 5.3.1. The first-order implicit discrete-velocity scheme is defined as follows:

n n At n n
fj+1:f +_(Mj_f;+1),

) T
where
My = exp(a® - my (), (5.10)
and a® € R3 s the solution to
(exp(a™ -mg)myg) s =(f"myg) . (5.11)

Technically, the last scheme is an IMEX scheme, but we will stick to our definition, since

we can show that, actually, M} = ./\/l;‘“. Specifically, we have the following result:

Theorem 5.3.2. Suppose that fjo >0, forallje J. Then, for alln € N,
(mg ()", = (mz()f) . (5.12)
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Additionally, for alln € N andj € J, £* > 0, and for alln € N,
(In(fh) £, < <In (f,"‘l) f,"‘1>J. (5.13)
In other words, the scheme is entropy-stable. Finally,
M =M, VieJ, (5.14)

for alln € N. All of these properties hold unconditionally.

Proof. The scheme can be written as

or, equivalently, as

n+1 __ n

At
j (1+E)fj+(1+£)

T

M, (5.15)

which is again a convex combination of £" and M. Clearly, fj“H is positive, provided £" and

M;‘ are positive. Let us write, for simplicity,

1 At
o= xr and B=—x.
1—|—7 1+7

Since the function x In(x) is convex, it follows that
£ (£74Y) < afIn (£%) + BM In (M) .
Summing on j, we have

(F* 0 () < A{af™In(fM) , 4+ (BM In (M)

J

Using the minimization property in (3.41)), we find that,

(F20n (F748)) < (@™ In(F1) ; + (BM™ In (M)
< (@f*In (7)), + (B In (F))
= (f"In (f~n)>j :
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Next, summing mz(-) times (5.15]) on j, we have

(mg () L= (amg()ff) ; + (Bmg (- )M") ;
= (amg(-)f") ; + {Bmg ()Y,

= (mz(-)f" ;.
which proves ([5.12)), and, finally, (5.14)) follows directly from (/5.12)). |
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Chapter 6

Multi-Species BGK Equations

In the present chapter, we describe a relatively recent BGK-type model for the multi-species
setting [15]. This model, which generalizes the one-species case, satisfies a multi-species
analog of Boltzmann's H-Theorem [15]. In the multi-species setting, the locally conserved
quantities are the species number m;(f;), the total momentum >, m;(vf;), and the total
energy >, mi{|v|>f;); and the dissipated entropy (Lyapunov functional) is the total (math-
ematical) entropy ), n(f;), where n(f) = fIn(f) — f is the kinetic entropy density. In
the zero-relaxation-time limit, hydrodynamic equations can be derived along the lines of
the single-species BGK equation [15]. Other consistent multi-species models can be found
in [13], (18, 26, [4].

6.1 Formulation and Properties

Suppose that there are N € N (N > 2) species of particles in a mixture of gases. For
each species, | € {1,..., N}, denote the kinetic distribution of particles with mass m;, by
fi(x, v, t), so that fi(x, v, t) describes the density of species-/ particles at x € Q C RY, with
microscopic velocity v € RY, at time t > 0, with respect to the measure dv dx. Define the

number density n;, bulk velocity u;, and temperature T;, via

1 i
n,-=/ fdve  w=— | fvdv, T,="2 | flu—vPdv,  (6.1)
R ni Jrd n/d R4

and the mass density p;, momentum density k;, and energy density E; by

1 d
pPi = m;n; k,‘ = piu; E,‘ = 5,0,‘|U,‘|2 + En,-T,'. (62)
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The multi-species Vlasov—BGK equation models the evolution of the distribution fields f;(x, v, t),
=1,..., N, via the system
af; N
a—t’+v~vxﬁ+a,--vvﬁ:ZA,,j(/\//,J—f,-), i=1,..., N, (6.3)
j=1
where a; describes the acceleration of particles of species i, \;; is the collision frequency

between species / and j, and the Maxwellian distribution M; ; is defined as

d
m; 2 milv — u;|?
M,‘J = /\/I,‘J[f,‘, f;'](X, v, t) =n; <27r7_,J) exp (—TJJ> , (64)
using the mixture velocities and mixture temperatures,

Nijpiti + Xjipju;

u;,; = 6.5a

! AijPi + Njipj (6.52)

7= Nl ATy A (il = luij[?) + Ny (Ju? = Jujil?) (6.5b)
" >\,-,J-n,- + >\J-,,-nj d(>\,-,jn,- + >\J-,,-nj-) . -

The mixture velocities and temperatures, u;; and T;;, are chosen so that certain collision
invariances hold, as we show momentarily. The existence and uniqueness of non-negative mild
solutions to the multi-species BGK equation was proved by Klingenberg & Pirner (2018) [25],
for periodic physical space and under certain restrictions on the collision frequencies.

It is straightforward to check that the proposed system satisfies the usual conservation
properties and an entropy dissipation property via an H-Theorem-like result. See [15] for
details. In this next computation, we show that the system, as defined above, satisfies

certain collision invariances.

Lemma 6.1.1. /f the mixture velocities u;; and the mixture temperatures T;; are as given in
(6.5), then the multi-species BGK collision operators

Qijlfi. 1 = Xij(Mj; — £;) (6.6)

satisfy the following conservation properties, which correspond to the conservation of mass,

total momentum, and total energy: for any i,j € {1, ..., N},
/ >\,‘J(M,‘J — ﬁ) dv = 0, (673)
Rd
m,-/ >\,‘J(M,‘J— f,-)vdv+mj/ >\J",'(MJ",'— fj‘)VdVZO, (67b)
Rd Rd
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m,-/ >\,'J‘(M,"j — f;)|V|2dV—|— mj/ Aj,i(Mj,i — f;')|V’2dV =0. (67C)
R4 Rd

Proof. Note that using the substitution

Nl

vV — Ui,

(%> S ds= < m"'> dv, (6.8)

S =

(S]]

and the fact that

[SIIS¥

d
/ exp(—|s|?)ds = 72, / sexp(—|s|*)ds = 0, / s exp(—|s]?)ds = =m%, (6.9)
Rd Rd Rd 2

straightforward computations show that the moments of the Maxwellian M, ; satisfy

]

7_1..
M,'JdV: n;, / VM,‘JdV: n,-u,-J-, / |V|2Mn’u'9dV: I7,‘|U,‘J|2+dn,'—'J. (610)
Rd ]Rd Rd m

Using these identities, the collision invariance properties of (|6.7]) follow. First, note that

/1 ::/ QIBDGKCIV:A,J M,‘Jdv_>\,'yj/ f;dV:>\/Jnj_>\/,jni:Ov (611)
Rd Rd Rd

which establishes (|6.7al). To prove (6.7b]), note that

I, = QﬁGKm,-vdv-l—/Qf,Gijvdv
Rd
= m,»>\,-,j/ /\/l,-,jvdv—m,-k,;j/ ﬁvdv—l—mﬂ\j,,'/ ij,-vdv—mjkjv,-/ fJ"VdV
Rd R R Rd
= ,O,‘)\,',J‘U,'J' — >\,'J',O,‘U,' + pJ-)\J',,-uj,,‘ — pj)\j,,-uj. (612)

Rearranging this, and using the symmetry assumption, u;; = u;; the result follows:

AijPilli + Njipjuj,i
NijPi + Njipj

Finally, for (6.7d]), note that

u;; = — ()\,‘J',O,‘ + Aj,/pj)u,',j — >\,‘J,O,'U,‘ — >\j,,',0J‘Uj = 12 =0. (613)
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/3 = / QiGij|V|2dV +/ QEI-GKmJ'|V|2dV
RY R4
= m,->\,4,j/ M,'J‘V’Z dv — m,‘)\,-J/ f,’|V|2 dv + mj)\j,,'/ Mj',"V|2C|V — mJ-)\J;,-/ ﬁ‘V’Z dv
Rd R4 RY Rd
T T,
= m,->\,-,j (I’I,"U,‘J|2 + dn,-J) — m,->\,-,j (n,-\u,-\2 + dl”l,'—’>
m; m;

+ mj)\j,/ <nj\uj,,-]2 + dn,#) — mJ-)\j,,- (nj’UJ’F + dnjﬁ)

J J

= pixij [luifl? = uilP] +oXi [Jugil> = P + dnixi j[Tij — Ti] + dnpx [T — T,]. (6.14)

Using symmetry assumptions u;; = u;; and T;;, = T;;, and gathering terms as in (|6.13)),

i T+ i Ty pidij (luil? = | j1?) + o)X (Jui|> = uij)?)

Tij=
J n,->\,-,j + nJ-)\J-,,- d(n,}\,;j + dnJ-)\J-,,-)
= Tidnixij 4+ mXii] = dinXi; Ti + mn T+ pidiy [Jui P — [uil?] + o [Juil® = |u]?]
The proof is complete. [ |

The converse of the last result is also true, as is easy to show. We omit the proof for the

sake of brevity.

Lemma 6.1.2. Suppose that, for any i,j € {1,..., N}, the following collision invariances
hold:
/ >\,‘J(M,‘J‘— f;)dV:O, (616)
Rd
m,-/ )\,’J(M,‘J — f,)V dv + mj/ >\J",'(Mj’,' — IZ)V dv = 0, (617)
RY Rd

m,—/ >\,"J'(M,"j— f,-)|v|2dv—l—mj/ >\j,i(Mj,i— 6)|V|2dV: 0. (618)

Rd Rd

Consequently, it must be that the mixture velocities and temperatures satisfy

Nijpitj + Njipju;

’ NijPi + NP (6.19)
7o AT Xan Ty Aies (uil® = [uigl®) + Aoy (uj® — u;i) (6.20)
" Ai i+ Ajin d(Xijni + Ajinj) . .
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6.2 Numerical Approximation

For certain parameter regimes, the problem may become numerically stiff, requiring pro-
hibitively small time steps to resolve the dynamics of the particle interactions. To enable
taking larger time steps, we aim to develop implicit and semi-implicit methods for the multi-
species problem, wherein the collision term is computed implicitly. Thus, to see what diffi-
culties lie ahead for the numerical analysis of the multi-species case, let us first examine the

space-homogeneous problem,
of .
E:ZA,J(M,J—;‘,), for i e {1,..., N}. (6.21)
j=1

As a prototype for the implicit treatment of the collision term, we discretize using the

Backward Euler method:

f,”+1 — fn N 1 1
A = 2 (M = A (6:22)
j=1
N N
— " =f"4 At Z XMt = Atfr Z Aij (6.23)
Jj=1 Jj=1
N N
— (1+AtZA,-J> =M+ AEY N MY (6.24)
j=1 Jj=1
AN N M
= = 2y MM, : (6.25)

: L+AtS Y Ny

Note that has the terms M/'/*, defined at the t"*! time step. Recall that for the
space-homogeneous, single-species model, the Maxwellian is time invariant (see (3.29)), so
that M™ = M™"1. This temporal invariance does not hold in the multi-species case, and this
represents a significant numerical challenge. Care must be taken to give a proper implicit
update for the collision operator.

As with fluid equations, spatially adaptive meshes are a requirement for highly efficient
simulations of flows with fine-scale structures in phase space. However, kinetic equations also
require adaptivity, not only for the resolution of fine scale structures, but also to address the
fact that the effective support of the kinetic distribution may vary dramatically in phase space.
Typically the size of the domain is based on the temperature of the distribution; for multi-
species problems, each species may have its own temperature, which adds a complication

not found in the single-species setting. In other words, the target Maxwellians in the model
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may require different phase space resolutions. One way that this can be addressed is by
defining the Maxwellians on different compatible grids that adequately resolve their individual

supports.
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Chapter 7

Asymptotic Relaxation and Numerics of
Multi-Species Moment Equations

This chapter is based on two recently published papers:

1. Reference [16]: E. Habbershaw, R.S. Glasby, J.R. Haack, C.D. Hauck, and S.M. Wise,
Asymptotic Relaxation of Moment Equations for a Multi-species, Homogeneous BGK
Model, SIAP (SIAM J. Appl. Math.) 85 (2025) 294-313.
https://doi.org/10.1137/23M1596314

This paper, which appears in the prestigious SIAM Journal on Applied Mathematics, de-
scribed certain dynamics of the multi-species BGK model. Understanding these model
characteristics are vital for designing and implementing sophisticated numerical approx-

imation methods.

2. Reference [17]: E. Habbershaw, C.D. Hauck, and S.M. Wise, Implicit Update of
the Moment Equations for a Multi-Species, Homogeneous BGK Model, SINUM (SIAM
J. Numer. Anal.) 63 (2025) 881-907.
https://doi.org/10.1137/24M165421X

This paper, which appears in the equally prestigious SIAM Journal on Numerical Anal-
ysis, described our novel iteration solver for the multi-species, spatially homogeneous
BGK model. We prove several facts about our numerical solver therein. This iterative
solver will be the basis of future sophisticated solvers for the full multi-species BGK and

ES-BGK models that we are developing.

We study the space-homogeneous, multi-species BGK equations from [15], which can be

understood as a special, illustrative case of the equations in [4] or [26]. We do so in the

106


https://doi.org/10.1137/23M1596314
https://doi.org/10.1137/24M165421X

October 6, 2025 E. Habbershaw and S.M. Wise

context of collision frequencies that are independent of the phase-space velocity, but depend
on both number density and temperature. In particular, we analyze the ODE system for the
momentum and energy moments (the number density evolution is trivial), which is important
for asymptotic analysis and for the development of numerical methods.

Indeed, many numerical simulations of the full BGK system (including phase-space advec-
tion) rely on implicit-explicit (IMEX) methods that treat the space-homogeneous component
implicitly. In this setting, the result of solving the associated moments equations first is to
effectively linearize and diagonalize (with respect to the phase-space velocity) the required
implicit solve, yielding a significant reduction in computational cost. (See [9, [36] for appli-
cations to the single-species case and [38], Section 4] for an extension to the multi-species
setting when the collision frequencies depend only on the number densities.)

In this chapter, we first establish existence and uniqueness of the momentum-energy ODE
system, which follows from standard theory once a lower positive bound can be established
on the species temperatures. We show monoticity of the minimum temperature envelope as
well as upper and lower bounds on the bulk velocity. We then prove exponential decay of the
species momenta and energies to their steady state values, thereby generalizing some of the
results in [10] to a system with an arbitrary number of species.

7.1 Model Equations

Here we recap the multi-species BGK equation, specifically for the case that the collision
frequencies are dependent upon species temperatures. We denote by f; the kinetic distribution
of particles of species / € {1,..., N} having mass m;,. More specifically, fi(x, v, t) is the
density of species i particles at the point x € Q C RY, with microscopic velocity v € RY, at
time t > 0, with respect to the measure dv dx. Associated to each f; are the species number

density n;, mass density p;, bulk velocity u;, and temperature T;, defined by

1 i
p,:m,n,:m,/ f,‘dV, ui—= — m,vf,dv, T,:i/ |v—u,|2ﬁdv. (71)
RY Pi Jrd nid Jga

The species momentum densities k; and species energy densities E; are given by

1 d
k,‘ = pju; and E,' = 5;0,‘|U,‘|2 -+ En,-T,—. (72)

BGK models are expressed in terms of Maxwellian distributions that depend on these mo-

ments.
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Definition 7.1.1. Given n > 0,u € R?,0 > 0, a Maxwellian M, we Is @ function of the form

B n wo | v — u|2
Mn,u,@(v) - (27{'9)g eXp ( 20 ) . (73)

Straightforward computations show that the moments of a Maxwellian satisfy

M uedv = n, / vM, uedv = nu, / VIPM, uodv = nlul®> + dnd. (7.4)
Rd Rd

Rd
We consider in this chapter the multi-species BGK equation from [15], given by

of 1 -
a_i_vvxf;:gzj:ku(/\/lu—f;), VIE{]_ ..... N}, (75)

where € > 0 is the Knudsen number, X;; > 0 is the (nondimensional) frequency of collisions

between species / and j (independent of v), and
Mij(v) = Mi,u,.757m (V)

is a Maxwellian defined by ([7.3]), using the mixture velocities and temperatures

_ PiNiUi T PjAiUj T - nAi T+ T 1 pigpAigNii |ui — ujl>
oixij+oNg niXij + NiA; d piXij =+ A iXig + NN

u;; (76)

The existence and uniqueness of non-negative mild solutions to (a more general) multi-species
BGK equation was proved in [25] for periodic spatial domains and the collision frequencies

that depend on the number densities.

7.1.1 Model Properties

The BGK collision operators in ([7.5)) satisfy the following invariance properties: For any i, J,

/ >\,‘J(M,’J — ﬁ) dv=20 (77)
Rd
m,-/ >\,"J'(M,'J' — f;)V dv + mj/ )\J",'(Mj',' — fJ)V dv=20 (78)
R4 Rd
m,-/ Aij(Mij— f)vf? dv + mj/ Ni(Mji — f)lv|*dv =0, (7.9)
RY RY

corresponding to conservation of species mass, total momentum, and total energy, respec-

tively. Furthermore, an entropy dissipation condition is satisfied: For a spatially homogeneous
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mixture, the entropy function H = Z,fRd f; In f; dv satisfies %’H < 0. Moreover, %’H =0if
and only if f; = My, e 7ea/m(v) forall i e {1,..., N}, where ueq and T4 are the equilibrium
bulk velocity and temperature, respectively, which are common to all species [15].

The collision frequencies A, ; are typically expressed as functions of the species moments
given in . To define these collision frequencies, [15] presents a recipe based on matching
either momentum or energy relaxation rates of the Boltzmann equation, given either a dif-
ferential cross section or a momentum transfer cross section. In this paper, we consider the
case of hard sphere collisions, for which the momentum transfer cross section is independent

of microscopic velocity and given by [3]

di+ d\?
GMT:W( i J> = 7d}}, (7.10)

2

where d; and d; are reference diameters for the particles of species / and J; reference diameters
for several species are given in [3] and [7]. Following the recipe for matching energy relaxation
rates from Section 4.3 of [15], we obtain the following collision frequencies for hard sphere
interactions:

T, T,

32m? m;m;
S — "L (dj+ d;)njy | — + L. 7.11
Yo 3(2m)3e (m/+mj)2( T m " m; (71

While the formula in ([7.11]) is specific to the physically relevant case d = 3, collision frequen-
cies can be derived in arbitrary dimensions in a similar fashion.

The dependence of the collision frequencies on the temperature makes the BGK model
considered here more complicated than many models considered in the literature which assume
that \;; is a constant or depends only on n;. This is largely due to the non-Lipschitz nature
of the square root function near zero and the fact that the frequencies are time-dependent
functions. While we focus on the hard spheres model in this paper for simplicity, the analysis

provided here is readily applied to other models in the literature [3] .

7.1.2 Moment Equations

The focus of the present work is the space-homogeneous multi-species BGK equation, ob-
tained by removing the advection terms from (7.5)). In this case f; = fi(v, t) satisfies

of 1 |
T EZA/',J'(M/J —f), 1e{l,..., N}. (7.12)
J
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Multiplication of (7.12)) by m;, m;v, and m;|v|?, followed by integration with respect to v,
gives equations for the mass density, momentum density, and energy density of each species

dpi _
dt
d 1]
(p ”) ZA,J u), (7.13b)

_:_Z (———,) +—ZB,JS,J —mj), (7.13¢)

=0, (7.13a)

where the equations for p;u; and E; are derived using the definitions for u;; and T;; from
(7.6) and we define N x N matrices A, B, C, D, F, G, and S by

PiPjAijN),i 8], — NN jAi
PiNij + PN Yo+ i

D}, = (ZAiyk)éi.Jv [Fl,;= (Z B/,k>5/,j, [G];; = (ZC/,k)é,-J. (7.14b)

According to ([7.13a]), each individual species mass density p; (or, equivalently, number density
n;) is conserved (i.e., constant in time). However, only the total momentum and energy are
conserved. Indeed, summing ([7.13b|) and ([7.13d|) over all species yields:

[A];,; = 1S, = lui;P,  [Cl;; = Bi;Si;, (7.14a)

1J

N N
> = d( p’”’ - and Y 4 o, (7.15)

=1 i=1

respectively.

In terms of the vectorized quantities
U=luy, ..., uy]" eRY4  and  E=[E ..., En]T € RV, (7.16)

the equations in ([7.13)) take the form

du 1
dE 1 L1
= L (F-BQE+ (G- OMmL (7.17b)

where P = diag{px} € R"", Q = diag{nc} € R"", and M = diag{mi} € R"". To

simplify the analysis later, it will be convenient to introduce variables
W=P:UcR" and ¢=Q :EcR" (7.18)
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In terms of W and &, ([7.17]) takes the form

dw 1

— = —ZZW 1

9 - , (7.19a)
¢ 15, 1 _ .

== _ZZ7¢+—Q (G- C)M1 1

dt € £+ 25Q (6 =ML, (7.196)

where

Z=P:(D-AP 2RV and Z=Q :(F-B)Q:eRYN  (7.20)

7.2 Properties of the ODE system

The main result of this section is to show that there is a unique solution to the ODE system
for all physically meaningful initial conditions. When the collision frequencies are
constant in time, such a result follows directly from the standard ODE theory for systems
with Lipschtiz dynamics. However, because the collision frequencies in depend on /T;,
only a local Lipschitz condition can be obtained for the right-hand side of (7.17)). Thus the
key step is to show that the species temperatures are bounded below away from zero. This
bound will also be important for establishing exponential decay to steady-state in Section|7.3]
We also establish upper and lower bounds on the bulk velocity components that will be used

in the decay estimates.

7.2.1 Positivity of the Temperature
To make the following proofs easier to manage, we introduce the parameters

I7>\
d =t 7.21
an 6,J ni>\j,j + nj)\]/ ( )

o PN
" PiNij+ OjN i

which satisfy the conditions a;; + a;; = 1 = 5;; + 3;;. With these parameters, the mixture

values in ([7.6)) can be expressed as

1
u,; = o;;uj + Qa;iu; and T,J = ,6,',1'7—,' —f—ﬁj,/Tj + gm,-aj,,-ﬁ,-,j |u,- — uj 2 . (7.22)

Lemma 7.2.1. The temperatures T;, i € {1, ..., N}, satisfy the ODE

dT; 1 1
PTIS ; i jBi(T; — T;) + o ; i jmioy (o + Bij)ui — ugl?. (7.23)
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Proof. The proof is a direct calculation. From ([7.13b]) and the fact that A;; = a;pi\;;, it
follows that

|u > = Zp, (2o iuy, uj) — 20 ui?), (7.24)

where (-,-) denotes the standard Euclidean inner product on R?. The equation in ([7.23)
can be obtained by (i) using to express in terms of the temperatures and
velocities; (ii) invoking to eliminate the time derivative of |u;|?; (iii) using the formula
in to replace u;; wherever it appears; and (iv) applying the elementary relations ozjy, =

_ 2
Qjj— O i —QOLJ'V,‘—FO(,J— 1. [ |

Theorem 7.2.2. Suppose that for some t; > 0, there exists a local solutionU € C*! ([O, t]; ]R’VX")
and E € C* ([0, t]; R") to the system given by ([7.17)), with initial conditions U(0) and E(0)
such that T;(0) > 0 for all i € {1,..., N}. Then T(t) > Tmin = ming{Tx(0)} for all
te|0,t] and all i € {1, ..., N}.

Proof. The proof relies on an integrating factor technique that yields a Gronwall-type esti-
mate. Define a lower temperature envelope T,(t) = ming{Tx(t)}. From (7.23)) it follows
that, for i € {1, ..., N},

% +c()Ti(t) > ¢(t)T.(t), where ¢(t) = %Z Aii()B;i(t). (7.25)

Let a;(t) = [, ci(s)ds. Then a(t) = ci(t) and

d d d
3 (e70Ti(1) = e [&W) + c,-(t)T,-(t)} S OG0T (1) = 5 (@) ().
(7.26)
For each «v > 0, define the set
1
Sy = {t e [0, t] | T.(t) < mT*(O)} . (7.27)

We now argue by contradiction. Assume that S, is nonempty and let t, = infS,. Then by

definitio ,
*x\ bx ]+’Y * * . .

However, because T; in continuous on [0, t], it follows that T, (t) > T,(t.) forevery t € [0, t,]
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which, along with ([7.26]), implies that
d am d am
T (e ITi(t)) > P (") T.(¢t.), vt € [0, t.]. (7.29)

Integrating both sides of (7.29)) from [0, t,] and then multiplying the result by e=2() > 0
gives

Ti(t) > T:(0)e ) + T,(t.) (1 — e ) > T,(0)e ™) + T,(t.) (1 — e ™)) . (7.30)
Define i, such that T, (t.) = T.(t.). If i =i, then ([7.30]) becomes
T.(t)=T.(t.) > T.(0)e ") + T.(t.) (1 — e ™)), (7.31)

which, after some simple algebra, implies that 7,(t,) > T,(0). However this results con-
tradicts ([7.28) which means that no such t, exists and the set S, must be empty. As a

consequence, T,(t) > ﬁT*(O) for all t € [0, tf]. Since v > 0 is arbitrary, the limit v — 0

yields T,(t) > T,(0) = T, for all t € [0, tf]. The proof is complete. [

7.2.2 \Velocity Bounds

For each component j € {1, ..., d}, define the lower and upper velocity envelopes
u(t) = mjin{UJ,k(t)}, Uk(t) = mJaX{Uj,k(f)}, (7.32)
and the components of the vector uy.x € RY

[tmax ()], = max {|u, ()], [T (D)} - (7.33)

Theorem 7.2.3. Suppose that the assumptions of Theorem hold.  Then for each
jedl, ..., d}, the velocity components follow the inequalities

1 (0) < uy(t) S Uik(t) < Tk(t) < Tk(0) (7.34)

for all t € [0, t7] and all i € {1, ..., N}. Further, for any t € [0, t], and all i € {1, ..., N},
i)z < l[umax (D]l < [[thmax(0) 2 = tmax- (7.35)
Proof. The proof of the inequalities in ([7.34]) are similar to the proof of the temperature
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lower bound given in Theorem [7.2.2] From the velocity equation, ([7.13b]),
d 1 1
an'k—i_ EZ)\,‘JOLJ",' U,"k = EZA,'J'OCJ",'UJ"/(, (736)
J J

we obtain, using the definitions U} «(t) < Tx(t), and ¢ = %ZJ NijQi,

%Ui,k + Gi(t)Uik < ci(t)ux(t). (7.37)

From this point the proof of the upper bound in follows that of Theorem [7.2.2] with
being the analog of ([7.25]). The proof of the lower bound is even more similar.

Finally, the bound in follows from ([7.34)). Specifically, if a, b, and ¢ are real-valued
scalars such that a < b < ¢, then |b| < max{|a|, |c|}. Hence

d d
luill3 =Y U7 <> max{[w(0)], [Tx(0)[}* = [[tmax (0)13 = tra (7.38)
k=1 k=1

7.2.3 Existence and Uniqueness

According to ([7.13a]), the number densities n; and mass densities p; are non-negative con-

stants in time:
n,(O) = I’I,‘(t), ,O,(O) = p,-(t) = m/nf(t), Vie {1 ..... N}, t e [0, tf]. (739)

To avoid any degenerate cases, we assume that nmi, := min; n;(0) > 0 and P, := min; p;(0) >
0. Then, given any velocity-energy pair (u;, E;), the associated temperature T; is given by

(cf. (7.1) ,
S =L F P
T, =9(u;, E;) : an E; 7 ||, (7.40)

and the set of all realizable velocity and energy states is given by

R = {(U, E) e RV 5 RV | 9,(u;, E) >0, Vie{l,. .., N}} , (7.41)
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where 9; is defined in ([7.40)). Given positive scalars Tpin € (0, 00) and Eyo € (0, 00), let

N
Z E;=E: and 19,'(“,‘, E,) > Twin, VI E {1 ..... N}

i=1

D(Tmin, Etor) = {(U, E)eR

(7.42)
Recall that by Theorem|[7.2.3} [u;] < tmax = [|Umax(0)[|, < /252 for all (U, E) € D(Toin, Evor)-
Thus D(Tmin, Etot) is a closed and bounded subset of RV*d x RN,

Lemma 7.2.4. Let Th,n € (0,00) and Eio: € (0, 00) be given. Suppose that for some t; > 0,
there exists a local solution U € C* ([0, tf]; RV*9) and E € C* ([0, ts]; RV) of the system in
(717) with initial condition (U°, E®) € D(Tmin, Etet). Then (U(t), E(t)) € D(Tmin, Etor) for
all t € [0, t]. In particular, Trin < Ti(t) < Tmax := -2—Eor for all t € [0, t].

dNpin

Proof. To conclude that (U(t), E(t)) € D for all t € [0, t], two conditions must be satisfied.
The first condition:

N N
D E(t)=) E(0)=Ewr, Vet (7.43)
=1 =1
follows immediately from ([7.15]), and the upper bound T;(t) < Tpax follows:
Ti(t) = 2 < 2 p T (7.44)
1 - dnl [ J— dnmm tot — max- .
The second condition:
Toin < Ti(t) = O(ui(t), Ei(t)), Vtel[0t], (7.45)
is a direct consequence of Theorem [7.2.2] |

Theorem 7.2.5. Suppose that m; > 0 and n; > 0 for all i € {1,..., N}. Then for any
(U° E°) € intR, there exists a global, unique solution (U, E) € C'([0,00); R) of the sys-
tem with the initial conditions (U(0), E(0)) = (U°, E®). Moreover, the associated
temperatures T;(t) = ¥;(u;(t), E;(t)) are bounded below by their initial values; that is

min T;(t) > min T;(0), vt > 0. (7.46)

Proof. The system ([7.17]) can be written as

d (U> — f(U,E) where f(U,E):= ( —ePTH(D - AU > . (7.47)
dt \ E —H{F-B)Q'E+ 5 (G-CO)M1
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Let Tmin = min; T;(0) and Ewr = Y Ei(0). Since (U, E) € intR, it follows that Ty, > 0
and Eir > 0. Moreover, there exists an € > 0 such that the closed e-neighborhood of
D(Tmin, Etot), denoted by De(Tmin, Etot), is contained in int R, i.e., De(Tmin, Etot) C IntR. In
particular, min; T; = min; ¥(u;, E;) is bounded below on D¢(Tmin, Etot). Hence, f is Lipschitz
on D(Tmin, Eror) with Lipschitz constant L > 0 and bound ||f(U, E)|l» < M < co. Since
(U° E°) € D, there is a number 3 = B(e) > 0, independent of the point (U°, E®), such
that the closed ball B ((U, E),3) C D.. Appealing to the Picard-Lindelsf Theorem ,
there exists a unique solution on the interval [0, 8], where § = min (3, %) By Lemma m
(U(t), E(t)) € D, forall t € [0,0]. Since (U(d), E(d)) € D, we can apply the Picard-Lindelof
Theorem to again, but with the initial condition = (U(6), E(d)), and thereby extend
the unique solution to the interval [0, 24]. Again, (U(26), E(26)) € D, and the process can
be continued indefinitely, with, crucially, no degradation of § > 0, since M and L cannot

grow larger and 3 does not shrink. The result follows. [ |

7.3 Long-time Behavior

Having proven the existence of unique, global, physically realizable solutions for ([7.17]), we
now seek to characterize the asymptotic behavior of those solutions. In particular, we want

to show that solutions converge to

_ |ue(n)?

dT(1)

U=(t) =1(u™)" and  E™(t) 5P+ —— 1, (7.48)
where
u>(t) = % and  T>(t) = Zgﬁft) + Zipj“uj(dt);,;i'um(t)'z)' (7.49)

are constant functions of time.

Proposition 7.3.1. Suppose that (U, E) € C* (|0, c0); R) is a unique global-in-time solution
to the system (7.17a)-(7.17b]) with assumptions as given in Theorem [7.2.5. Further let
T € Ct ([O, 00); RN ) be the associated temperature vector, whose components satisfy .
Then u>, T, and E* are time invariant quantities, and T°° > 0.

Proof. By conservation of mass, (7.13a]), and total momentum, (7.15)), >, p; and >, piu;

are constant. Thus u™ is time invariant. To show that T is constant in time, multiply
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(7-49)) by the expression 23, n;, which is constant by (7.13a)), to obtain

d d 1 1 1

E (Z I7/> T = Z |:§n,'7_,‘ + E,O,"ll,"2:| - 5 (ZP/) ‘UOO|2 = Z E/ - 5 (Zp/) |UOO|2.

(7.50)

The first term on the right-hand side of ([7.50]) is constant by conservation of total energy,

(7.15)); the second term is constant by conservation of species mass, ([7.13al), and the fact

that u® is constant. Thus T°° is time invariant. It follows immediately from (7.48)) that E*>
Is also time invariant.

Since (U(t), E(t)) € R for all t > 0, it follows that T;(t) = 9(u,(t), E;(t)) > 00 for all

t > 0. Thus to show that T> > 0, it is sufficient to show that >, p;(Ju;|? — |u*>|?) > 0.

Let i = &~ > 0. Then 5 = 1and [u|* = (3, nu)" (3 nuy) = 32,5 inul u;.
Therefore

1
ZP/(|U/|2 —u™P) = zk:Pk ,ZJ: f/fj|Ui|2 - Izj:firjU/TUj - Ezk:pk,zj: rir|uj — Uj’2 > 0.

(7.51)

Remark 7.3.2. The quantities u®> and T were referred to as the mixture mean velocity and
mixture temperature, respectively, in [14]. However, in this paper, we reserve these terms for

the quantities u;; and T; j, respectively.

The convergence of u;, T;, and E as t — oo Is established by the following result, the

proof of which is the focus of the rest of this section.

Theorem 7.3.3. Under the assumptions of Proposition|7.3.1, for all i € {1, ..., N},

lim u;(t) = u*>, tlim T(t) =T, and lim E(t) = E*, (7.52)
oo —00

t— t—o0

and bounds for the decay rates of the bulk velocities and energies are given by

Zmin .
lui(t) = u™[l, < Cuexp (~=20¢) i e{l,.... N} (7.53)

Zmin

IE(t) — E¥|, < Cie &

O, (7.54)

where zmin > 0 and Zwin > 0 are lower bounds on the positive eigenvalues of Z and 2
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respectively, and Cy > 0, C; > 0, and C, > 0 are constants depending only on the initial

conditions of the system.

7.3.1 Null Spacesof D — A, Z, F — B, and 7

To prove Theorem [7.3.3, we first characterize the null spaces of the matrices D — A, Z,
F — B, and Z, which are defined in (7.14), and (7.20).

Lemma 7.3.4. The matrices D — A and Z are symmetric positive semi-definite (SPSD),
each with a one dimensional null space. In particular, N(D — A) = span({1}) and N'(Z2) =
span ({Pﬂ}) . Moreover, the null space and range space of Z are invariant with respect to

time.

Proof. Clearly D — A and Z are symmetric by inspection. For any y € RV,

y' (D—A)y = %Z:A,»J-(y,'—yj)2 > 0. (7.55)
1J

Moreover, since A;; > 0, 3>, Aij(yi — ¥)? = 0 if and only if y; = y; for all j and j, in
which case y = c1 for some ¢ € R. Thus D — A is SPSD, with a one-dimensional null
space spanned by the eigenvector 1. Similarly y7Zy = (P~2y)T(D — A)(P~2y) > 0, and
Zy =0 < P iy=cl < y=cP:1, for some c € R. Thus Z is SPSD, with a one
dimensional null space spanned by the eigenvector P31. By conservation of mass, ([7.13al),
P31is indepedent of time. Thus the null space of Z is invariant with respect to time. The
symmetry of Z implies that R(Z) = N (Z)* is also invariant. [

Lemma 7.3.5. The matrices F — B and Z are symmetric positive semi-definite (SPSD). In
particular N(F — B) = span ({1}) and N(f) = span ({Qﬂ}). Moreover, the null space

and range space of 7 are invariant with respect to time.

Proof. The proof follows closely that of Lemma [7.3.4] Details are left to the reader. [ |

7.3.2 Velocity Relaxation Proof

Theorem 7.3.6. Under the assumptions of Proposition|7.3.1} lim;_. u;(t) = u> and

lu;(t) — u™|, < Cyexp (—Z“;j“ t) Ci=1.....N, (7.56)

where Cy > 0 is a constant that depends on the initial conditions of the system and zyin > 0

Is a lower bound on the positive eigenvalues of Z.
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Proof. The proof is based on (7.19a) which is equivalent to (7.17a). Let W™ = PzU>,
where U® =1 (™) is given in (7.48). Then Lemma implies that ZW™ = 0 € RV*9.

Moreover, since P and U™ are independent of time, so too is W. Thus in terms of

W =W — W™, (7.193) takes the form

dw 1_~
—=——ZW. 7.57
dt € (7.57)

Write the element W as a sum of the null and range space components with respect to Z:
w = WR+WN. As shown in Appendix @ WN = 0. Hence W = V A, where the columns of
V=1vy,..., vy_1] € RV*(N=1 are 3 set of orthonormal eigenvectors of Z that span R(Z)
and A= [ay,..., ay] € RIW=Uxd Using this formulation, the ODE system ([7.57]) becomes

dA 1

— =—-VTZVA, 7.58

dt € ( )
The eigenvalues of VT ZV are strictly positive and bounded below by the quantity zmi, =
N max{px} "t min;; A;; (see Appendix . Thus (A, VTZVA). > znn |All, where | - ||¢ is
the Frobenius norm. Let s(t) = ||A||z. Then, using (7.58),

1d dA 1 min min
2 (AL) = (A-2VTzZvA) <-InjpE = —Ing (7.50)
2dt dt ) ¢ € F € €

which implies that
2Zmin
IA(E)IIE < AQ)|[F e ", (7.60)

Since VTV = Iy_1, it follows then ||W|2 = |[VA|? = ||A||?. Thus, (7.60) becomes

W (1) — W>|2 < [|bFW(0) — W>x|2 e et (7.61)
Since W = P2U, it follows that
d N N
W —W*=|Z = ZZ [0 ((u))k — u?)?] = ij Ju; — u™[|5 > min{pi} ||u; — u™]5,
k=1 j=1 Jj=1
(7.62)
forany i € {1,..., N}. Thus, (7.61)) gives the decay bound
lus(t) — 02 < ——— [W(t) — W2 < —— WO — W|> 22 = e 0t
: 2~ min{px} "~ min{ox} - Y
(7.63)
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and lim;_o u; = U, as desired. [ |

7.3.3 Energy Relaxation Proof

Theorem 7.3.7. With the same assumptions as in Proposition|7.3.1}, lim;_,., E(t) = E> and

|E(t) — E*|, < Cie ¢ "+ Co—x , (7.64)

Zmin — Zmin

where C; > 0 and C, > 0 are constants that depend on the initial conditions of the system

(717) and Zmin is a lower bound on the positive eigenvalues of Z.

Proof. The proof is based on (7.19)), which is equivalent to (7.17)). Set £¢* := Q 2E>, and
note that

Q:(F — B)ML. (7.65)

Since Q and E* are time invariant, so too is £€>. Hence z = & — €™ satisfies the ODE

dé 1oy 1

S ¢ 03 — C) — |u™|*(F — B)| M1. :

== 28+ Q7 [(G — C) — [ueP(F - B)) (7.66)
Consider the null and range space components ofz with respect to Z: Z = ZR —I-ZN. It
can be shown that ZN = 0. (See Appendix @) Therefore Z = ZR = Vb, where V =
Vi, ..., Vn_1] € RV*(V=1) is 3 matrix whose columns form an orthonormal basis for the

range of Z and b= V7€ € RV=1. Multiplication of (7.66) by b' VT gives
g g

1d 2 1 TOT SO 1 TOT A—1 00 |2

T b5 = _bVIZVh+ b'VIQ [(G—C) — |u™]*(F — B)] M1. (7.67)
The eigenvalues of VTZV are strictly positive and bounded below by Zyin := N max{n,}~* min, ; B;
(see Appendix|C)), which gives the bound b"VT ZVb > Zyinllb||2 for any b € RV-1. With this

bound and an application of the Cauchy—Schwarz inequality, (7.67]) becomes

1

min{ng}z

2Zmin
€

d 1
5 1bll5 < - [IBII> + 2162 1[(G = C) = [u*|*(F - B)] M1|[,.  (7.68)

The next step is to bound the source term in ([7.68). Standard norm inequalities and the
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definitions in (7.14]), and Appendix [C give

1[(G = C) = [u[? (F = B)] M1||, < 2max{m} > Y Binax ||uij]> = [u[|.  (7.69)

=1 j=1
JF

Meanwhile, to bound |S;; — |u™]?|, we use (i) the decay bound in (7.56)), (ii) the definitions
of w;; and u®, (iii) the triangle inequality and Cauchy Schwarz inequality, (iv) the fact that

a;j+ajj =1, and (v) the fact that |u; ;| < max; j{|uj|, |uj|} < umax to obtain

a2 = [P = [(uiy + u™) (uiy — 0™)| < 2umex [Juj; — 0™,

Z .
< 2Umax (a,-,jHu,- - uOOHZ + aj,i”uj - uOOHZ) < 2Cy Umax €XP <_ Zln t) .

Together (7.69)) and ([7.70]) give

Zmin

|[(G—=C) = [uP(F = B)] M1||, < 4N(N — 1)CytimaxBmax max{my e~

and ([7.68) becomes, after dividing through by | b||,,

_ Zmin t

d /Z\min 1
< _ — €
dt ”bH2 > 6 ||b||2 €Coe

where Cy = %4N(N—1)CUumameax max{my}

, or equivalently,

1
min{n}2

d
= (I1Bl2e

Integrating both sides above in t gives

Zmj C 5 Zmj Zmi
ey 0 & (ef%t . ef%t> _
€ Zmin — Zmin

fn;in t) S & e Emin;zmin t '

Ibll> < 1|b°||2e

Since VTV = Iy_1, it follows that ||€[|2 = ||Vb||2 = ||b||2. Thus, (7.74) becomes

i et _ e_?m%t
__“min
€ — &%, < [j€° — €[l e + Co=—
Zmin — Zmin

Further, since

N
. 1
_¢012 _ |0-%(F _ E®)|2 — NE —E®PP> ——
1€ — €12 = Q3 (E - E™)|2 égm\ﬁ R R
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it follows that

Zmin e_ZrT;int- — e T‘mt
IE(t) — E®|l, < max{n}> (HEO — €|, e+ Co—= ) . (7.77)

Zmin — Zmin

which recovers (7.64) with C; := max{nc}2 €% — €|, and G, == G max{nc}z. Thus
lim o E(t) = E®, as desired. [

7.3.4 Temperature Relaxation

Corollary 7.3.7.1. With the same assumptions as in Proposition |7.3.1, for each species
iedl,..., N}, limeo Ti(t) = T°°, and

Zmin t _ Zmin t

2 Zmin e - € Zmin
T -T%<— e ™t S = —F LM, gt
d min{n} Zmin — Zmin d
(7.78)
Proof. For each 1,
2 m; 2 m;
Ti=—E — —|u? d T = —E>® — —|u™? 7.7
G B qlul? e G E e (7.79)
Therefore
2 max{my} 2 2
T, =T < ———|E — EX| + ———= ||u™]? — |u;]?]. 7.80
| < Gy VB B T 0P = Ll (7.80)
The velocity decay bound (7.56]), gives
||uoo|2 o |U,'|2‘ < 2Uma><||uOO - ui||2 < 2Uma><CUe_Zr2int- (781)
Using this and the energy decay bound ([7.64]), the result follows. [ |

Remark 7.3.8. The result in Corollary [7.3.7.1] can also be verified directly, using the for-
mulation of the temperature equation and an approach similar to the proof of Theo-
rem[7.3.7 The difference in the proofs comes from the fact that the nullspace component
analogous to €, is no longer zero when using (7.23).
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7.4 Numerical Confirmation of Theory

In this section, we compute temperature and velocity profiles using a fully implicit (backward)
Euler time stepping schemeE] We assume a slab geometry in the x; direction. Thus while
d = 3, the quantities of interest depend only on x;. Moreover the bulk velocities in the x,
and xz direction are identically zero, i.e., U;; = 0 for all j € {2, 3}.

We consider systems with three different gas species chosen from a collection of four
possible elements: Helium (He), Argon (Ar), Krypton (Kr), and Xenon (Xe). The masses
and diameters of these elements are taken from [7] and are given below in Sl units:

Mhe 6.6464731 e 2.193
r 66.335209 dar 3.659
Mac | _ x 10727 kg, ol = x1079m.  (7.82)
M 139.14984 ds 4.199
Mye 218.01714 e 4.939

In all of the examples below, the monotonocity of the minimum temperature (Theorem[7.2.2))

and the upper and lower bounds on the bulk velocities (Theorem [7.2.3)) are respected.

Example 1: Temperature Decay, Ar—-Kr—Xe Mixture. The purpose of this example is to
demonstrate temperature relaxation when the bulk velocities are zero. The initial number

densities, velocities, and temperatures are given by

ng, 1 000 1000
o |=]1]x10%m3  U'=]0oo0o0fms  T°=|2000] K. (7.83)
n2, 1 000 3000

Figure shows the relaxation of the temperatures to their steady state value. In this case
the decay rate established in ([7.78]) is fairly sharp, even though the temperatures may not

approach steady state monotonically.

Example 2: Velocity Decay, Ar—Kr—Xe Mixture. The purpose of this example is to
demonstrate the velocity relaxation, with minimal effects from the temperature. A positive

velocity is given to one particle type, and each temperature is set to the same constant. The

IThe Backward Euler method preserves the monotonicity properties of the temperature and bulk velocity
established in Section . This fact will be will proved in future work.
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Figure 7.1: Temperature Decay of Ar—Kr—Xe Mixture in Example 1.

initial number densities, velocities, and temperatures are given by

g, 3 100 0 0 1000
n =12 x10%®m>?3 U= 0 o of mss T° = | 1000 | K.
n?, 1 0 00 1000

(7.84)

Figure shows the relaxation of the velocities and temperatures to the steady state values.
The decay rate established for the velocities and temperatures in (7.56)) and (7.78]) under-
estimate the true decay rates in the example. The results also demonstrate that, unlike the

two-species case, particle velocities may not converge to the steady-state value monotonically.

Example 3: Velocity-Temperature Relaxation, He—Kr—Xe Mixture This test case ex-
ercises the model due to the large kinetic energy differences between the species. The initial

number densities, velocities, and temperatures are given by

. 0.01 864.8 0 0 3000
n = 1 | x10® m3, U= 0o o0 0f m/s, T°= 300 | K.
n%. 1 0 00 300

(7.85)

The momentum equilibration has a corresponding kinetic energy redistribution which causes
non-monotonic changes in the temperature profile, as seen in Figure [7.3d Because of the

large differences in the particle masses and number densities, the estimates for the decay
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Figure 7.2: Velocity and Temperature Decay of Ar—Kr—Xe Mixture in Example 2.

rates established in ([7.56]) and ([7.78]) are very weak.
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Figure 7.3: Velocity and Temperature Decay of He—Kr—Xe Mixture in Example 3.
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7.5 A Novel Nonlinear GST Iterative Solver

This section is based on our recent paper [17]:

E. Habbershaw, C.D. Hauck, and S.M. Wise, Implicit Update of the Moment Equations for a
Multi-Species, Homogeneous BGK Model, SINUM (SIAM J. Numer. Anal.) 63 (2025) 881—
907.
https://doi.org/10.1137/24M165421X

There we derived and analyzed a new nonlinear Gauss—Seidel-type (GST) solver for the
space-homogeneous, multi-species BGK model. We will not give the tedious details of the
method or the analyses in this document. Rather, we will content ourselves with some
numerical simulations using the GST iterative method.

We first consider a slab geometry, in which the distribution functions f; are invariant in

the x> and x3 direction. In this setting, the multi-species BGK equation takes the form

of; 1 .

5 + Va0 =~ ZJ: Aj(Mi;—f) vie{1l, ..., N}, (7.86)
where [u;j]l. = [u;j]s = 0, and to simplify the notation, we let x;, = x, [u;]; = u;, and
[uij]1 = u;j. Rather than solve ([7.86]) in the full three-dimensional velocity space, we apply
a multi-species extension of Chu reduction [8]. For each / € {1, ..., N}, let

gi(x, v, t) = / fi(x,v,t)dvadvs, (7.87a)
RQ

hi(x, w1, t) = / (V3 + v)fi(x, v, t) dvadvs. (7.87b)
R2

Then ([7.86]) can be reduced to a system of equations for g; and h;:

0y dg; 1

E + Vla_X e XJ:A/J(G/J g/)' (7'883)

oh; oh; 1

Bt T ax g 2 M= h) (7.880)
where G;;(v1) = Mr(ul,)u,'J,T,-j/m,'(Vl) is a Maxwellian with d =1, H;; = 2%{'61,1-, and

3n;
ni:/gid\/L niUi:/Vlg/dVL _nT,.:/(Vl—u,)zg,dv1+/h,dv1. (789)
R R m R R

We use the IMEX approach outlined in [17] to solve ([7.88)). The Butcher tableaux for
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the IMEX method is taken from Table Il of [33]. The implicit step takes the form of a
backward Euler method. The nonlinear GST method still forms the key component of the
implicit step. The spatial discretization of the advection operator uses a second-order finite
volume scheme with minmod-type slope limiters, as described in earlier chapters. The velocity
Is discretized using standard discrete velocity models based on evenly spaced points and a
midpoint quadrature rule. Details of these discretizations can be found in Chapter 4l The
strategy for selecting the time step is to use the natural hyperbolic restriction of the advection
operators in the equations. In practice, we observe that the GST method converges without
onerous restrictions. However, for general problems, these restrictions provide a rigorous
fall-back whenever the GST method fails to converge at the hyperbolic time step [17].
Anderson Acceleration (AA) [47] is a commonly used method to speed up fixed point
iterative methods. We wrap the GST method with an Anderson Acceleration loop, and find

that using this method decreases the iteration counts required for convergence of the method.

7.5.1 Sod problem with two identical species

To verify the multi-species code, we perform a simulation of the Sod shock tube problem
[43], a Riemann problem for the compressible Euler equations of a perfect gas. The initial
data are (n_,u., Ty) = (1,0,1) for x < 0, and (ng, ur, Tr) = (0.125,0,0.8) for x > 0. An
analytical solution for the Riemann problem can be found in [45]. For small values of €, both
the single-species BGK equation [9] and multi-species BGK (M-BGK) equations [15] with
properly initialized data formally recover the Sod solution. Because the slab problem
is formulated in three velocity dimensions, the adiabatic index for the limiting Euler equations
isy=5/3.

In the current test, we treat the left- and right-hand side of the domain as different particle

species, each having mass m; = 1. The kinetic initial data is

M . x <0, M) ., x <0,
fl(X, v, O) — fg;,)uL,TL - and f2(X' v, 0) — C()-30)01,U|_,T|_ — (790)
Mo do1,up7ar X >0, M g e x>0,

where I\/l,g’du)ﬂ denotes the d-dimensional Maxwellian, defined in (7.3]). Trace densities are used
in instead of voids in order to avoid negativity in the numerical solutions.

The numerical solution is computed on a discretization of the phase space X x V =
[—1,1] x [-10, 10], using periodic boundary conditions and a mesh with N, = 256 by N, =
192 cells of uniform size. The time step selection is driven by the advection in :
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At = 0.9#’\{%. Figure [7.4] shows single- and multi-species simulations of the model with

€ = 107% run to a final time of t; = 0.2, compared with the Sod solution for the associated

Euler equations. The results show that both BGK and M-BGK models perform well as
numerical solvers for the Sod problem in this highly collisional regime.

Figure [7.5| contains a comparison of the iteration counts required for convergence at
a tolerance of 1078, The iteration count for the GST method ranges from one to five
over the simulation, with an average of approximately 1.982 iterations, and the Anderson
Acceleration method reduces the number of iterations to a range of one to four, with an

average of approximately 1.943 iterations.
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Figure 7.4: The total density, total bulk velocity, and total temperature moments are com-
pared to the solution of the Euler equations at time t = 0.2, with € = 10,
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Figure 7.5: The number of iterations required for convergence is decreased by the application
of Anderson Acceleration (AA) to the GST algorithm. The maximum iteration number
over the spatial grid is strictly greater for the GST algorithm, compared to the Anderson
Acceleration approach.
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7.5.2 Three Species Mixture: Ar—Kr—Xe

The goal of this test is to demonstrate the benefits of the IMEX method when the problem
becomes stiff (i.e., as € — 0). The following CFL-type conditions on the time step are
required for the explicit and IMEX methods (which use a minmod-type slope limiter in the

flux computation) to ensure stability and positivity of the numerical solution:

Ax

e = At N !
At < { ZEmadvIFAA where A" = max {max {Z Aj{j(xﬁ)}} . (7.91)
Zmax(l} = Afimex. U

Jj=1

As € — 0, the condition on Atgy becomes restrictive.
To compare the methods, we simulate an interface problem, with a mixture of Argon,
Krypton, and Xenon; the masses and diameters of these particle species are taken from [7]

and are given below in Sl units:

Mar 6.6335209 dar 3.659
my, | = | 13.914984 | x 107%° kg, der | = 14199 [ x 1071 m. (7.92)
Mye 21.801714 dxe 4.939

The setup for the test is similar to that of Section [7.5.1} a mixture of gases at rest is
initialized with a high temperature on the left, and a low temperature on the right of the
domain. Specifically, the mixture of Ar, Kr, and Xe is initialized on the left half of the one-
dimensional spatial domain with number densities (n%,, n2,. n%,) = (5,5,0.5) x10%° m~3,
and common temperature T = 10; on the right half, the mixture is initialized with number
densities (n%,,n%., n%.) = (0.5,0.5,5) x10%°® m~3, and the common temperature Tg = 1.

The initial kinetic distributions are given by

fiar (%, V,0) = X 1.0 ()ME 10/ (V) + X011 IMg 2.0 1 /me. (V). (7.93a)
ficr (%, v, 0) = X 1.0/ COMED 10/ (V) + X011 COMED .1 (V). (7.93b)
fie(X, v, 0) = X101 (X)MS 2.0 10/my. (V) + X010 (IMeg 1/ (V), (7.93c)

where xs Is the indicator function on the set S, and M'?  denotes the d-dimensional

nu,0
Maxwellian, defined in (7.3)).
The numerical solution is computed on a discretization of the phase space X x V =
[—1,1] x [-30, 30], using reflective boundaries; the mesh consists of N, = 256 x N, = 192

cells of uniform size. The IMEX method (using the GST solver) uses a time step of size
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At = 0.9Atimex, and the fully explicit method uses a time step of size At" = 0.9Atg; the
simulation is run to a final time of t; =1 us.

Moment plots for numerical solutions computed with the IMEX and fully explicit method
are compared in Figure for € = 0.001. The computed solutions align closely. However,
the explicit method requires 7089 time steps, while the IMEX method only requires 854 steps.
In practice, as € decreases, the number of time steps for the explicit method grows, slowing
the simulation, while the IMEX method experiences no slow down in computation time.

Figure contains a comparison of the iteration counts required for convergence at
a tolerance of 1078. The iteration count for the GST method ranges from two to five
during the simulation, with an average of approximately 2.0989 iterations, and the Anderson
Acceleration method reduces the number of iterations to a range of two to four, with an

average of approximately 2.0001 iterations.
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Figure 7.6: Noble gas mixture of Ar, Kr, and Xe: Moment plots of species number density,
bulk velocity, and temperature, are given at tr = 1 us, for a mixture with € ~ 0.00103. M-
BGK uses the GST algorithm for the moment solve. M-BGKgx uses a fully explicit method.
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Figure 7.7: The number of iterations required for convergence is decreased by the application
of Anderson Acceleration (AA) to the GST algorithm. The maximum iteration number
over the spatial grid is strictly greater for the GST algorithm, compared to the Anderson

Acceleration approach.

132



October 6, 2025 E. Habbershaw and S.M. Wise

7.6 Conclusions

In this chapter, we have studied the moment equations associated to a recently developed
multi-species BGK kinetic model for rarefied gas dynamics in the spatially homogeneous
setting. The model includes collision frequencies that, unlike most models in the literature,
depend on the species temperatures. This fact complicates the analysis of the moment
equations and subsequent numerical tools. We have proven that all species temperatures
are bounded below by a positive, non-decreasing temperature envelope, thus establishing
that species temperatures always remain positive. We have also established upper and lower
bounds on the components of the bulk velocity that are in terms of the initial data.

Using the lower bound on the species temperatures, we have shown that the moments
always stay within a bounded, time-invariant set of physically realizable states, which, in turn,
leads to the existence of global unique solutions. Finally, we have proved that unique equilibria
exist for the moment equations, and solutions converge to these equilbria exponentially in
time. In addition, we have established bounds on the convergence rates to equilibria. We
concluded the examination of the space-homogeneous problem with some basic numerical
simulations that demonstrate some of the established theoretical behavior.

The numerical results in this chapter are computed with a backward Euler method, using
an iterative scheme to solve the relevant nonlinear algebraic equations at each time-step. In
future work, we will describe the scheme more fully and prove convergence under a suitable
time step restriction that does not require resolution of the parameter €. We will use the
backward Euler method as a component in an IMEX scheme for simulating multi-species BGK
models that include phase-space advection.

In our paper [17], we presented a simple iterative approach for solving a set of implicit
moment equations as part of a larger IMEX-based strategy for computing solutions of a
multi-species BGK model. The main challenge is that the collision frequencies in the moment
equations themselves depend on the moments in a complicated way. The key contribution
IS a rigorous contraction mapping proof, which shows that the iterative method converges
to a unique solution under reasonable time steps that do not degenerate to zero when the
collision parameter € — 0. This implicit solve is a key component in the IMEX discretization
of the multi-species BGK model, the implementation of which is performed in slab geometry
but closed in three-dimensional velocity space using a Chu reduction technique [g].

In future work, we will examine similar problems for multi-species ellipsoidal statistical
models (ES-BGK) [22], 1] that, unlike standard BGK models, recover in highly collisional
regimes, the correct Prandtl number for the compressible Navier—Stokes equations. We will
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also extend the current code structure used here to generate results for more general problems

in multi-dimensional domains. The ES-BGK model is the subject of the next chapter.
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Chapter 8

ES-BGK Models and Numerics

8.1 Introduction

In this chapter, we discuss single- and multi-species ellipsoidal-statistical Bhatnagar—Gross—
Krook (ES-BGK) models and their numerical time integration. These models replace the
(isotropic) Maxwellian target distribution of the standard BGK model with an anisotropic
Gaussian target that introduces adjustable stress tensor components into the target dis-
tribution, enabling resolution of the correct viscosity transport coefficients of the particle
distributions.

Of particular interest are semi-implicit and fully implicit numerical strategies that enable
large time steps in numerically stiff problems approaching the hydrodynamic (fluid) limit.

In Section [8.2], a single-species ES-BGK model is presented, along with an approach for a
semi-implicit numerical time-stepping update. In Section[8.3 a Chapman—Enskog expansion
of the model is given to derive fluid limits for the ES-BGK model. In Section [8.4] the semi-
implicit numerical method described in Section Is applied in a 1x2v slab geometry, using
techniques introduced in Chapter . In Section , multi-species BGK (M-BGK) and multi-
species ES-BGK (M-ES-BGK) models for particle mixtures are considered; properties of some
M-ES-BGK models are presented, and a numerical strategy that follows [17] is developed for

the semi-implicit update of these multi-species models.

8.2 Single-Species ES-BGK Model — A First Look

To gain an understanding of the modeling framework of interest, we first examine the single-

species model.

135



October 6, 2025 E. Habbershaw and S.M. Wise

8.2.1 Model Overview

Suppose that f is a kinetic distribution of particles with mass my > 0. The number density,

ng, mass density, pr, bulk velocity, ur, and temperature, T¢, are defined by

1 m
pf:mfnf:mf/ de, ur = — Vde, and Tf:_f |V—Uf|2de,
Rd Ng Jrd nfd Rd
(8.1)
where d € N is the dimension of the microscopic velocity vector v € R? (d = 3 in the
standard physical setting). The energy density is

1 d T,
E = % | IVPfdv = SorlusP + o6, where 0= ;’; (8.2)
and the pressure tensor
szmf/ (V—Uf)®(V—Uf)de, 31®32:ala;, (83)
Rd

satisfies

d
mf/ vevfdv = Prus X Us —f—Pf and tr(]P’f) = mf/ fZ(Vk— [Uf]k)2dv = dnfo.
RY =1

(8.4)
It will also be convenient to consider the trace-free pressure tensor o, defined via

1
or = mf/d [(v —u)®(v—u)— E|V — u|2/dxd] fdv =Pr — prblgxa, (8.5)
R

and note that tr(e) = 0.
Definition 8.2.1. The ellipsoidal-statistical BGK (ES-BGK) model is given by

of

1 1
57 TV Vil = Z(Glf] = ) = — Q77 (8.6)

where G is a Gaussian defined by

ng

Jdet 2Ty "

GIF1(x, v. ©) = oy = (-30-w) W) e

and

T, P
Tr = (1= v)—lgxa +v—, (8.8)
my pPf
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and v € [—%, 1] is related to the viscosity.

Lemma 8.2.2. The Gaussian G from (§8.7]) has the following properties

1 n
v nu
/GMT VRV dy — nu®u+nT | (8.9)
Rd lv|? nlul?> 4+ ntr(T)
v — ul? ntr(T)
(v—u)®(v—u) nT

Remark 8.2.3. The parameter v is related to the Prandtl number Pr, viav =1 — % [44j.

Thus, when v = —%, the case of Pr = % is recovered (which is relevant for monoatomic

gases). If the pressure tensor (8.8)) is isotropic (v =0), then

N
Tr = —lgva, (8.10)
my

and the standard BGK model [2] is recovered.
Remark 8.2.4. With Ty defined as in [B.8)), tr(T) = dL, so that with ¢(v) = m(1, v, |v[?),
utilizing gives
/ G[f]db(v)dv:/ fo(v)dv — d(v)QESBCK dy = 0. (8.11)
RY RY RY

Remark 8.2.5. For clarity and conciseness, we will frequently suppress subscripts in the
notation of macroscopic quantities when the underlying distribution function f is unambiguous

from context.

8.2.2 Conservation Laws and Moment ODE System
Multiply by m, mv, and Z|v|?, and integrate using and ((8.11)) to obtain expressions

for the conservation of mass, momentum, and energy:

Otp+ V- (pu) =0, (8.12a)
Ot(pu) + Vy- (pu®@u+P) =0, (8.12b)
O:(E)+Vyx - (Eu+Pu+q)=0, (8.12¢)
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where
q:T/ v — ul(v — u)fdv (8.13)
2 Rd

is the heat flux. If we multiply by mv ® v and integrate, we can obtain an equation
describing the evolution of the pressure tensor, P, in terms of higher order moment r (defined

below):

2{m/v@vfdv]—kvx-[m/ v®v®vfdv}zm(/v®dev—/v®vfdv)
at Rd Rd g Rd Rd

(8.14a)

0 1
= a(pu®u+P)+Vx-(pu®u®u+3u®]P’+r):E(pT—IP), (8.14b)

where

r=mf| (v—u)®(v—u)®(v—u)fdv. (8.15)

The energy equation ([8.12¢)) can be derived by taking the trace of ([8.14h]).

8.2.3 Numerical Time Update in Semi-Implicit Setting

In this subsection, we consider a system near the hydrodynamic (fluid) limit, characterized
by a small Knudsen number (¢ < 0.01), and evolving at non-relativistic speeds. Under these
conditions, the advection term in the ES-BGK model can be evaluated using the hyperbolic
time scaling. Thus, the numerical time update of may be performed using a method-
ology similar to the implicit-explicit (IMEX) Runge—Kutta (RK) update in Chapter [4] for the
single-species BGK model, wherein the advection term is updated explicitly and the collision
term is updated implicitly via a moment-based construction of the target distribution, avoid-
ing the need for a fully nonlinear solve. The explicit advection update can be treated in the
same manner as in Chapter [4] Thus, the focus of this subsection is the implicit update of

the space-homogeneous equation

of 1

— = =(G[f] - f). 1
= = -Gl ) (8.16)
The implicit Euler update of (8.16]) is
ftl _ fu 1 € At
[ n+1 fn—i-l fn+1 — a n+1. 1
At el ) = cr it T exaiC (8.17)
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Since G = G[f™*"1] is defined in terms of n**1, u™*! and 7" (see (8.7))), our approach
will be to determine the quantities n"*', u™*! and 7", with which to define the target

Gaussian, G*1.

Definition 8.2.6 (Backward Euler). The implicit Euler update for the spatially homogeneous
moment system (i.e., (8.12)) and (8.14b|), with the spatial derivatives removed) is given by

% _0 (8.18a)

p““u"zt— ptu" ~0 (8.18b)

o2 dnn+17-zrtl — (p"u™)? + dn"T") —0 (8.18c)
oyttt ® UZ: — ot @ Ut N IP>n+1A; Pr _ %(pnﬂ,rﬁl B Pn+1)_ (8.18d)

Remark 8.2.7. By observation of ({8.18al), (8.18b|), and (8.18d)), it follows that

(nn-i-l’ un-i—l, Tn—l—l) — (nn, un’ Tn)’ (819)

and thus the terms in (8.18d)) involving the bulk velocity cancel so that, using the definition
of T in (8.8]), (8.18d|) simplifies to

PPt 1 F1ntl +1 +1 1 +17n+1 +1
7 = 2 (A=) T g+ vPTT =P ] = S (1) (0T g = P
(8.20a)
At(1 —
— Pl = ¢ proy BV e (8.20D)

e+ At(l —v) e+ At(1—v)

Proposition 8.2.8. The implicit temporal update of the space-homogeneous, single-species
ES-BGK equation (§8.16]) (with time discretization (8.17])) can be performed as follows:

(i) Update the pressure tensor using (|8.20))

n+1 __ € n At(l_u)

= BT gd- 21
e+ At(1—v) et At(1 vy | ldxd (8.21)

(ii) Use (8.21]) and (8.19) to define G** via

G = \/det(g:rT_wl) P <_%(v ) (T v - un))  (8222)
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" ]Pm+1
where T = (1 - u)—/dxd +v = (8.22b)
(iii) Compute "1 via , using ([8.22):
At
AL Chans (8.23)

€+ At €+ At

8.3 Single-Species ES-BGK Model Fluid Limits

In this section, we will examine the Chapman—Enskog expansion for the ES-BGK model.
Consider the equation
—+v-V, f:—(Gf—f) (8.24)

where X is a (scaled) collision frequency (A = O(1), with respect to €), and the target
Gaussian G¢ = G[f] is defined as above.
Since the target Gaussian is defined in terms of the full second order tensor, it will be

necessaryE] to expand both the distribution f and the target Gaussian Gf in powers of €:

f=> eo and  Gr=) ey, (8.25)
k>0 k>0
where each ¢, and 1, are functions, to be determined. Since the local equilibrium is char-
acterized by the local Maxwellian (H-Theorem), this serves as the zeroth-order term in the
expansion (i.e., Yo = M, 4. ¢,, as demonstrated below).

Define the moments of the functions ¢, as
m
P = mf/ i dv, (o)) = m,c/ v, dv, E® = 7f lv[?p,dv.  (8.26)
Rd Rd Rd

Assume that each order of the expansion satisfies the conservation laws (8.12). That is,
for any N € NU {0}, the function Fy = ZQ’ZO e*p) must satisfy (8.12) (or, equivalently,

'In the BGK model, the target Maxwellian function depends only on the conserved variables, and thus as
a direct result of compatibility conditions , the target Maxwellian need not be expanded in powers of €.
Here, the dependence on the full second order tensor moment, and in particular o, requires that the target
Gaussian in the ES-BGK model be expanded.
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(8:11)). This leads td?| the compatibility conditions,

ou| = m/ v | fdv= m/ v | wodv=|(pu)® |, (8.27a)
d d
E L L E©)
p(k) 1
and (o)) | = / v |pxkdv=0, Vk2>1. (8.27b)
I50) RO V|2

We use an expansion in € to write the trace-free pressure tensor o = P — %tr(IP’)/dxd =
P — pfl4xq, and heat flux q. Since 9¥g = M,, 4, 6,, the local Maxwellian, the zeroth order

term in the expansion for & and g are zero, and we write

o :ZEka(k):Zskm/ [(v—u)® (v— u)—%|v—u!2](pk dv:ZSk[P(k) — (p9) P4yl

k>1 k>1 k>1
(8.28a)
_ kg — kM ~uP(v —
q—zg g\ = Ze 2/d]v ul=(v — u)pxdv. (8.28b)

k>1 k>1 R

Remark 8.3.1. The compatibility conditions imply that ® = P© — p8/,.4, and P*) = gk
for k > 1. As is demonstrated below, the zeroth order approximation is the local Maxwellian,
0o = My, ur9,, S0 that PO = me((v —u) @ (v — )My, 4, 0.) = pr0¢l4xq and we may conclude
that 0® =0 and ¢'© = 0.

To develop a first-order expansion of the target Gaussian around the local Maxwellian

Yo = M, u, 0,, We use the following

Lemma 8.3.2. Up to first order in €, the tensor T = (1 — v)0lyxq + u% satisfies

T = 0lyeq + 8%0(1) +O(e2), (8.29a)

det(7) = 67 + O(&?), (8.29b)
_ 1 v

T 1= glaxd = 8@0(1) + O(€?). (8.29¢)

Proof. Using the expansion of the term o given in (8.28]), the tensor T can be written

P 1
T =(1-0v)0lgeq + v = 0l q + v o= 0y q + 8%0(1) + O(€?). (8.30)

2We require that each term must have the same moments with respect to m(1,v', 3|v|?)T.
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Factoring 6 and applying the first order determinant expansion gives

det(T)z@ddet<1+£ (1)+O(52)>—9d<1+6 tr(a(l))+0(62))—9d+0(62) (8.31)

00

where we have used the trace-free property of o(®. Finally, write

T = 0(/dxd +eB+ (9(62)>, where B = p—Uch(l), (8.32)

and note that

(laxa +€B + O(€%)) (lyxa — €B) = lgxa — €2B%> + O(€?) = lgxa + O(e?),  (8.33a)
= (laxg + B+ O(€)) ™ = lgua — B + O(£?). (8.33b)

[t therefore follows that

11 1
T 1= (9 (laxa +€B + O(e%)) ) =5 (lgxa — B+ 0O(€%)) = 5 gd — e?a(l) + O(€?).
(8.34)
[ |
Lemma 8.3.3. Up to first order in €, the target Gaussian can be represented as
G =1+ swl + O(e?), (8.35)
where o= M,,e and P, = ””92 7 ((v —u)® (v —u), a(l))F. (8.36)
Proof. Using Lemma and the Taylor expansion of the exponential
exp(ea + O(e?)) = 1+ ea + O(g?), for a €R, (8.37)
the Gaussian G, , 7 can be written as
Grut = n ex ( 1(v u)- T v u))
nuT det(27T) P\2
n 1 1 v
= exp | —=(v—u)-|=] —5—0(1)+052} v—u)
(2m)3/2, /67 § O(e2) ( A [9 62 ] v=u

n v —ul? v
:Wexp (—’ 5 | )exp (+£2p92(v—u).a(1)(v—u)) + O(e?)

v—u)-oW(v— u)} + O(&?)

v
=M,ue |1
”9[ + 2062
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= Mo +eMpuorzs (v = 0) ® (v —u), 0V)_+0(e). (8.38)

v
2062
[ |

Since the first order approximation of the target Gaussian requires knowledge of the term
oW, we must solve a system of PDEs that describes this moment. Thus, to obtain the
Navier—Stokes equations, we will need to expand the PDEs that govern the macroscopic

moments. To do so, let us consider an expansion of the time derivative as

b L O
— - e 3
5t = 2 ar (8.39)
k>0
where, for each k € NU {0}, % = 8% denotes the time derivative for the k™ order term in
the expansion.
Lemma 8.3.4. It holds that
A n Ak
o — —0,(nu;), and a5 = 0, Vk>1, (8.40a)
8(0)1,/,' 1 0 8(k)u/ 1 k
o — ;0 U; — Eaxj(p%,-d- + 0,(-'1) , and 5 — —EGXJO',(-J), Vk>1,
(8.40b)
0% 2 (0) ©
el —u;(0,,0) — d_p [@jqj + (pB9; ; + o )0 Ui
06 2 0, (k)
and = [aquj +ol axj(u,-)] Vk>1, (8.40¢)

where we have used Einstein summation notation for repeated indices.

Proof. The verification of ([8.40]) requires application of (8.39)) to (8.12)), and then careful
bookkeeping of each derivative term.

First, applying (8.39) to (8.12a]) gives

> e p+ V- (pu) = 0. (8.41)

k>0

The identity ({8.40al) follows upon comparing powers of € and using compatibility conditions
(18.27)).

Next, each component of the momentum equation can be written (using Einstein sum-
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mation notation)

Z 0 (pu;) + 0, (pu,—uj + p08; ; + Z 8k0,(5)> =0. (8.42)

k>0 k>0

Use the product rule for the time derivative and the space derivative of the term pu;u;, apply

(8.404]), rearrange terms, and compare powers of € to obtain ({8.40b)).
Finally, to obtain (8.40d), note that applying the product rule and using ([8.12al) and
(8.12b]), it follows that

1 1
]P,'J@XJ.U/ = at (§p|U|2> + GXJ. <§p|U|2Uj> + 8Xj(u,-IP’,»J), (843)

so that, canceling terms, ([8.12d)) can be written

d d
Gt (§p9> + 6)9. (EPGUJ' + C/j) + P,‘j@xju,' =0. (8.44)

Recalling that & = —p0/4xa + Y450 €*P*), then (B8.40d) can be written
%0 (2p0) + o, [ Looy, kgt 85;; “e ) o, (u)=0. (845
k>0 k>0 k>0

Applying the product rule, rearranging terms, and comparing powers of €, the final identity

(8.40d)) follows. [

Now, assume that the distribution function f depends on the position and time only
through the macroscopic variables and their space derivatives, i.e. for each k € NU {0},

0k = @klp. Vxp, ..., Vipl(v), (8.46)

but ¢, does not depend on higher order spatial derivatives V5tp, £ > 1, where p =

((L,v", 3|v[?)TF) € R is indexed as

0, r=1,
pr=93pu, r=1+11=1,..., d, (8.47)
E, r=d+2.
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The model equation can be expanded using the chain rule to write

th+v-VX:%(G—f) = Y (—+v chpk):AZsk‘l(wk—wk),

k>0 k>0

(8.48)
where
O f d+2 acpm d+2 o0 d+2 o0, (e) .
ot = 2 |2 50 0%t X g oVl 4 X (V)

m,ego B

(8.49a)
00 20w dp, K~ O o(Vup,) | & Bpk 8(VEp,)

4
o Zaprax, 2oy o Tt lawmey oy G4
and we assume the property

0/ (Vp,) = Vroip,. (8.50)

Remark 8.3.5. In the present work, we expand the model equations up to the Navier—Stokes
equations, which requires only the first term in the expansion of these equations. The full
generality is shown in to give an indication of how an expansion to higher order might
be accomplished. See [49, [44].

Euler equations
Examining ([8.48)) to order O(g™1) yields the Euler equations in (8.40]), and gives
0o =0 =M. 40, and 6@, =0=1[q9], Vije{l . .., d}. (8.51)

Navier—Stokes equations

Examining (8.48)) to O(g°) gives

Oof Oof
v Vo = AW — 1) = — - (2L v V). (852)
ot ot

We can write

1= Mooz g5 92 Z(v, u) (v — up)oly (8.53)

iJj=1
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Muwo [~ [(vi—u)(vi—w)  v—uP]du  (lv—uP d+2\ <~y -y
_A{;{ 6 @ oyt )T ey (-

j=1
(8.54)
where
afi) —3 3 Up—f% and qV = g J2r QTV 6, (8.55)
and denotes the symmetric, trace-free part of the velocity gradient tensor:
ouy; 1,0u; Ou J
aTJi - §<axJ axj,)_ <; ) (8.56)

8.4 Numerical Demonstration of Implicit-Explicit Numeri-
cal Method

In this section, we give simple numerical examples to demonstrate the time stepping method
described in Section [8.2.3] Specifically, we simulate a Riemann problem in a 1x2v phase
space (cf. [11] Section 3]) for the model equation

of of

ET + an—x = g(G[f] —f), x € [-1,2], (v, v,) € [-15,15)%, (8.57)

using a finite volume discretization and an implicit-explicit Runge—Kutta time stepping method.
The implicit part of the time update is computed using the moment-based formulation of
Proposition [38.2.8| which is applied at each Runge—Kutta stage. The initial conditions are

given by piecewise Maxwellian distributions according to

F(x, v, vy, t =0) = Ma o0 (Vi V) X[=1,0)(X) + Mg ur6: (Ve V) X021 (X)), (8.58a)
where n, =1, u, =(25v2,0)", 6, =1, and ng=1, ug=(0,0)", 6 =1.05,
(8.58b)

and xs denotes the indicator function on the set S.

3This 1x2v slab geometry reduction assumes translational invariance in the y-direction, so that g—; = 0.
The distribution function, however, retains full dependence on (v, v, ), allowing for transverse momentum and

temperature anisotropy to be represented. As a result, the transport operator reduces from v-V,f = VX%+Vy%;

to vxg and we write f = f(x, vy, vy, t).
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Spatial discretization. The physical domain 2, = [—1, 2] is partitioned into N, = 300
uniform finite volumes of width Ax = |Q,|/N, = 1/100. Second order spatial accuracy
is obtained using piecewise linear slope reconstructions with a 8-minmod slope limiter as in
Chapter [4 Numerical fluxes at cell interfaces are computed using upwind data determined
by the sign of v,.

Velocity grid and quadrature. The velocity domain V = [—15, 15]? C R? is discretized with
a uniform Cartesian grid of N, x N,, = 80 x 80 discrete velocities, with spacing Av = 30/N,, .

Velocity moments are computed using a midpoint quadrature rule over cells centered at

(Vpr Vy.q)-

Time integration. The explicit transport operator and implicit collision operator are coupled
using a two-stage second-order implicit-explicit Runge—Kutta method. The implicit collision
terms are updated following Proposition of Section [8.2.3 The method updates the
pressure tensor using explicit moment data, and then constructs the target Gaussian using
these updated quantities; this approach avoids a nonlinear solve by computing the implicit

collision step using fully explicit data.

Collision frequency and ES-BGK simulation parameters. As in [11], to obtain the desired
Prandtl number and viscosity coefficient, the parameter for the anisotropic tensor in the target

Gaussian is v = % and the collision frequency is taken to be

3m 1
Ax, t)=—=—(04 t .
(x,t) N U(O 36)n(x, t), (8.59)
where n(x, t) is the number density obtained from kinetic density f, and the factor 0.436 is
chosen (as in [11I]) to match a prescribed viscosity coefficient. We report below results for

Knudsen number € = 1072 at a final time of t = 0.25.

Boundary conditions. Far-field inflow boundary conditions are imposed at the edges of
the domain by specifying the ghost cells as the left and right initial Maxwellian conditions
of (8.58)); that is, inflow at x = —1 is given by M, , s, and inflow at x = 2 is given by

M”R:"RveR'

Time step selection. The time step is restricted by the hyperbolic CFL condition deter-

mined by the spatial grid size and maximum computational (microscopic) velocity, and is
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given by
Ax  0.9(1/100)

At=09 At =09 =
2 maxg{ | el } 2(15)

(8.60)

Preliminary Simulation Results Figure[8.1|gives the preliminary simulation results obtained
using the methodology described above.

2.2 \ \ \ \ \ 4
.| [ T
1.8¢
16"
X
c
147
1.2¢
1
0.8 1 L L L L 1 1 1 I I
-1 -0.5 0 0.5 1 1.5 2 -1 -0.5 0 0.5 1 15 2
X X
(a) Number density (b) Bulk velocity (in x-direction)
3.5 ‘ ‘ T ‘ ‘ 15
3t (_/\—\ 1 1L
257 ] 05F
S X
g’ 2 = 0
O
15} ] 05!
1 1
0.5 : : : ‘ : 15 w w \ ‘ ‘
-1 -0.5 0 0.5 1 1.5 2 -1 -0.5 0 0.5 1 1.5 2
X X
(c) Temperature (d) Heat flux (in x-direction)

Figure 8.1: Moment profiles for number density, bulk velocity, temperature, and heat flux are
given for a simulation, in a 1x2v slab geometry, of the ES-BGK model with ¢ = 0.001, at
time tg = 0.25.

4The extra factor of 2 in this time step restriction appears as a result of the minmod slope limiters used for
flux computations.
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8.5 Multi-Species Models

Now that the single-species case has been reviewed, and a numerical approach for the temporal
update has been presented, let us start developing a multi-species modeling framework. Since
the ES-BGK model can be considered as a generalization of the BGK model, we will first
present a multi-species BGK model which will provide the base for the multi-species ES-BGK

model we develop.

8.5.1 Multi-Species BGK Model

Denote by f; the kinetic distribution of particles of species i € {1,..., N}, with mass m;.
Associated to each f; are the species number density n;, mass density p;, bulk velocity u;, and

temperature T;, defined by

1 i
P = Mmin; = my f,‘dV, ui—= — m,vﬁdv, 7—,:i |v—u/|2ﬁdv. (861)
RY Pi Jrd nid Jga
The species energy densities E; are given by
1 1 d
E,'ZE/Rdm/|V|2ﬁdV:§P/|Ui|2+§”/T/, (8.62)
and the species pressure tensors
P,‘ = m,-(v—u,-)®(v— U,‘)f;'dV, (863)
Rd
have the following properties: for every i € {1,..., N},

d
m,-/f,v ®@vdv =pju; @ uj +P; and tr(P;) = / m,ﬁZ(vk — [ui]x)? dv = dn;T;.
RY k=1

(8.64)

Definition 8.5.1. Forn > 0, u € RY, and 6 > 0, define the Maxwellian

_ n lv —ul?
Mnup = (2n0)i2 exp (— 20 ) : (8.65)

Lemma 8.5.2. A general Maxwellian M, , ¢ has the following properties:

Mn,u,e dv = n, / VMn,u,@ dv = nu, / |V|2Mn'uy9 = I”I|U’2 + dné. (866)
R4 R4

Rd
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Definition 8.5.3. Let f; denote the mass-m; kinetic distribution of particle species | €
{1,..., N}. The (space-homogeneous) multi-species BGK (M-BGK) model is

af/ 1 . 1 BGK ;
= EEJ_:A”’(M’J_ £) = EZQ,J , ief{l,..., N}, (8.67)

J

where € > 0 is the Knudsen number, and the Maxwellian
MI’J = Mni-ui,j’Ti,j/mi (868)
Is defined using the mixture velocities and temperatures

ujj = ajui+ (1 —aij)u;, 0<a,; <1, (8.69a)

1
Ty =B Ti+ (L= Bi) T+ Jvislui — u;l?, 0<Bi;<1 «,;>0. (8.69b)
Lemma 8.5.4. The conservation of pairwise momentum and pairwise energy
0= m,-/ P(v)QPP dv + mj/ P(v)Q7 P dv, for d(v) = (v, |v]?), (8.70)
Rd Rd

implies that

uj; = oyt + (1 — oy)uj, (8.71a)
T =BT+ (L= BT+ gl — w2 (8.71b)
where
aj;=1- %(1 — Qi) — piNi (1 —aj) = piji(l — i), (8.72a)
Bji=1~- %(1 —Bij) — nixij(1 —Bij) = niX;i(1 —Bj), (8.72b)
Vi = - [oiXi (1 — i) (euij + i) — i i)

A
= ALY+ N = eidi (L — aig) (o, + o).
(8.72¢)
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Lemma 8.5.5. To ensure positivity of the source term, -y;;, we must constrain *; ;:

Vi >0 = mim\ij(1—a;;)(o;+aji) > nmXxvig <= vi; < mi(l—oj;)(ai;+a)

(8.73)
Since the RHS of this also must be nonnegative, we must constrain a; j:
iNij = PN
Pidiy Z Pt < <1 (8.74)
PiNij+ PN '
To ensure that 0 < a;; < 1, we must require that
iNij )i iNij = PiNi
0<ay;=1- 22001 ;) <1 = 1- PN PNI PN o 21 (8.75)
PiN;.i PiAi j PiAij
and to ensure that 0 < 3;; < 1, we must require that
niX; niXji  MiXij— NN
0<Bi=1-—2(1-0;))<1 — 1-TE="TH 5 <1 8.76
— 5],/ nJAJ',( ﬁl,j) — n,A,J n/)\I'J — ﬁl,j — ( )

Remark 8.5.6. The restriction (8.74)) is weaker than (§8.75), in the sense that

PiNij — PiNji  PiNij — PN
<
PiNij+ PN PiNij

= PiNij(PiNij — PiNi) < (PiXig + oA (0N — PiN;i)-
(8.77)

In the case where pi\;; — pjX;i < 0, the requirement that o;j € (0, 1) already restricts the

parameter sufficiently. When this term is positive, we can cancel it from and obtain

the following equation which always holds:
PiXij < PiXij + O (8.78)

This implies that «y;; > 0, provided that (8.75]) holds.

8.5.2 Multi-Species ES-BGK Model

In this section, we extend the multi-species BGK framework of Section[8.5.1|to a multi-species
ellipsoidal-statistical BGK (M-ES-BGK) model. The definition of the mixture velocity u;; in
the M-ES-BGK model remains the same as for the M-BGK model. However, the mixture
temperatures T;, in the M-BGK model must be expanded to tensors, 7;; € RY*¢ that take
the place of T in the single-species model (cf. ). In the following sections, we distinguish

between two formulations of the mixture target Gaussian tensors 7;;: (i) a restricted form,
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which depends on the pressure tensor of species / and the mixture temperature T; ;, discussed
in Section m and (ii) a general form, which couples the pressure tensors of both species
and the mixture temperature T;;, discussed in Section [8.5.4]

For a first look, we will examine the space-homogeneous model; doing so, allows us to
focus on the analysis of the collision term, which is useful for developing semi-implicit methods
for the numerical time integration of the equations. In particular, a fully implicit update of
the collision term can be used as part of an implicit-explicit Runge—Kutta formulation, as in
Chapter [4]

M-ES-BGK Model Equations

Definition 8.5.7. Let f; denote the mass-m; kinetic distribution of particle species | €
{1,..., N}. The (space-homogeneous) multi-species ellipsoidal-statistical BGK (M-ES-BGK)

model is

ofi 1 1 ES -
EZEJZA"J(G”_’C’) — EJZQ,J., ic{l, ... N}, (8.79)

where € > 0 is the Knudsen number, and G;; is a Gaussian defined by

L) - (v — u,,)) , (8.80)

n; 1
Gjj(v) = exp <—§(V —ujj)- <m_
\/det (2%%) '

where u;; = a; ju; + (1 — a; ;)u; is defined as in (8.69)), and the tensor T;; is to be defined.

The Gaussian, G;;, in (8.80) has the properties

1 Pi
v oiu;
/ mG., VRV dy — piuj; @ u;j+ niT;; (8.81)
R¢ v[? pilui i + nitr(Ti;)
v — nitr(T:;)
(v—uij) ®(v—u,) niTi,

Implicit Numerical Update for Space-Homogeneous M-ES-BGK Model

To obtain a semi-implicit numerical method for this model using the same implicit-explicit

Runge—Kutta framework previously discussed, we discretize the space homogeneous model
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(8.79) in time and obtain

fin+1 — f/n _ 1 Z Y _(Gn+1 _ fn—i-l) - fn-i-l _ € o Z)\, _Gn+1
At € AT / T e AY A\ M)
j s j
(8.82)
This has a similar form to the update of Section for the single-species model, but
with collisions scaled by inter- and intra-species collision frequencies (cf. (8.17])). However,
because of the interactions between particles of different species, momenta and energies are
exchanged, and the properties of (8.19)) do not hold (i.e., u™™* # u® and Tt #£ TP). As
a result, the pressure tensor may not be updated analogously to ([8.20]), and a result akin
to Proposition is unavailable. Instead, to define the target Gaussians G'/*, a multi-
species moment system must first be updated, to obtain the quantities u™™*, 7", and P
We consider this problem below for two cases of target Gaussian tensors 7;;, and develop
a method for the implicit update of the collision operator. To maintain the ability to define
collision frequencies in terms of higher order moments (e.g., species temperatures), we will
adapt the Gauss—Seidel-type iterative method of [17].
First, we discuss some properties of the model, and describe the moment systems that

we seek to compute implicit updates for.

M-ES-BGK Model Properties

Lemma 8.5.8. The conservation of pairwise momentum and pairwise energy

0= m,-/ vOP dv + mj/ vQ7? dv, (8.83a)
RY ' RY '

0= m,/ v[POr? dv + mj/ v[PQ7 dv, (8.83b)
R? ' R '

hold if and only if
uji = oyu;+ (1 —a;)u;, (8.84a)
1
Tii=6,T,+(1 =67+ E’Yj,/\ui — ujl?, (8.84b)

where o ;, B, and ~y;; are given in (8.72)).

Proof. Using (8.61]) and (8.81)) on (§8.83al) gives

PiNijU;j + PN il = PN jU; + PN iUj, (8.85)
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and using (8.69a)) to isolate u;; gives
uj :aj,,-uj+(1 —on-,,-)u,-, (886)

where a;; is defined in ([8.72a).
Using (8.61)), (8.81]), and (/8.98]), on ([8.83b|) gives

0= >\i,j/ m,-G,-J-|v|2dv — >\,"J'/ m,—f,-|v|2dv—f— >\J",'/ ijj’,'|V|2dV — >\J",'/ mjﬂ-|v|2dv
R4 RY Rd R4

= Nij [oilui jP+dnTi ] =iy [oiluiP+dn T+ [ojlugi*+dni T =X [ojluj|*+dn Tj]

(8.87a)
A dn,A,T, + dn>\,T, = dn,—A,-,-T,- + df7>\,T
Jlij j A J2 2 J jAj 21 2 2 (8.87b)
= oiXij(uigl™ = uil™) = o i(luil™ = ui[™) — miXi i jlui — ujl”
Rearranging (§8.87b]) to isolate T;; and using ([8.69b)), the result follows. [

M-ES-BGK Moment System of Equations

Multiply (8.79) by m;(1,v,v® v)T, integrate with respect to v, and use (8.61]), (8.64]), and
(8.81]) to obtain the following equations. (For the momentum equation ({8.88b]), use the
definition of u;; from ({8.69a)) to write the given equation.)

o
507 =0 (8.88a)
(P/U: = ZP/ ij(1— ) (u; — up) (8.88b)
o)
T —(piju; @ u; + P;) Zp, (U @uij—u @up) + = ZA,J(nT P;). (8.88c)

Taking the trace of ({8.88c)) and using (§8.64]) and ([8.98)) gives an equation for the energy
densities E; (see (8.62)):

S (oluf? + dnT Zp, (g2 = i) + = Zn, gl —
+2 Z nixij(1 = Bi)(T; = T;). (8.89)
J

Lemma 8.5.9. The moment system (18.88) — (8.89|) conserves total momentum and total
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energy:

and —=o. (8.90)

Z O(piu)) _0 OE;
ot i ot

Proof. Sum (8.88b]) over all species i € {1,..., N} and use the symmetry of (8.72a)) to
obtain

> 6(2’:/) B 2_15 Z[P/A/,j(l —aij) = A1 — oy )l(u; — ;) = 0. (8.91)

i

To confirm the conservation of total energy, first sum (8.89)) over all species / € {1, ..., N}
to obtain

OE, 1
3t " & Z Loixij(ui P = Tuil?) + nixijovijlui — uy?] Z” Aij(L=Bi)(T; = T)).
iJj

(8.92)
Using the definition of u;; and the symmetries in (8.72a]) and (8.72d), the first sum on the
right hand side of (8.92) is

1
- Do (luigl? = uiP) + X vl — uP
i

1
T2 > o (P = i) + oy i(ul® = i) + (X iy + m)lu — ul* = 0.
i
(8.93)

The remaining term is also zero, by the symmetry ({8.72b)):

—Z’”\u —Bi)(T;—=T) = EZ[W\/J = Bij) — niXii(L = B)I(T; = T;) = 0.
| (8.94)

Remark 8.5.10. Previous work suggests using a Gauss—Seidel-type iterative approach (cf.
[17]) to update the velocity-energy system (8.88b|) and (8.89)). If the collision frequencies
depend only on the temperatures, then they can be updated at this point. More effort is

needed to address the pressure tensor update, which is relegated to next subsection.

Remark 8.5.11. /t is convenient to express the mixture pressure tensors T; ; in their traceless
formulation. Thus, we give the following definition, which will be used in the following

discussion.
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Definition 8.5.12. The traceless part of a matrix X € R¥*? js defined as
1
t(X) = X = Ztr(X) oo, (8.95)

where tr(X) = Zi:l[X]k,k is the trace of X.

8.5.3 Multi-Species ES-BGK Model — Restricted Tensor Expression

Now, let us examine an ellipsoidal-statistical model presented in [27, Section 2.2], with the
(restricted) tensor ansatz 7;; given by Equation (22) and (23) of [27].

Using Definition |8.5.12| and ({8.4]), note that
ti(P;) =P — niTilgxa — Pi = niTilgxa + tI(P;). (8.96)

Thus, the (restricted) tensor 7;; used in Equation (22) and (23) of [27] can be written using
our notation and Definition B.5.12] as

P; i P;
Tij = ﬁ/,jﬁ + (1 =Bij)Tjlaxa + %’U/ —Uj)Plyxg = Tijlaxa + Bijtl (;) , (8.97)
and using ([8.64)), it follows that
tr(Tij) = dBi;Ti+d(1—Bij)T; +vijlui — uj]2 = dT;;. (8.98)

Remark 8.5.13. The justification (as given in [27]) for using the mixture tensor (8.97|) quotes
the theory of “persistence of velocity”, and cites a paper and book by Jeans ([23,124], 1904).

Remark 8.5.14. With T;; defined as in (8.97|), the model retains desirable symmetries and
conservation properties: (i) Lemma holds, and the parameters a;;, Bij, and vy, ; enjoy
the symmetries of (8.71)), and (ii) the conservation of total momentum and total energy

hold (Lemma|8.5.9).

Pressure Tensor Equation for Restricted Tensor

Using the definition for 7;; in (8.97)), the equation for the pressure tensor ([8.88c]) can be
written

0 1 1
E(P/’Ui Qu;+P;) = p ZP/N,J' {vij@ujj—u®u} + o Z XYl — uj?laxa
J J
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P;
n %Z n,'>\,',j(1 _,Bi,j)(Tj _ Tj)/dxd — éz I7,'>\/J(1 _61',])“ (F) '
(8.99)

and using traceless matrices and (8.89)) to remove the diagonal terms, we can write

% (t|(piui®ui)—|—t|(P1)> = é Z p,->\,,j[tl(u,,j®u,-,j)—tI(u,-®u,-)]—% Z n/)\/,j(l—ﬁi,j)ﬂ (%) .
: ’ (8.100)

Numerical Update of Moment Equations (Restricted Tensor)

In this subsection, we present a staged iterative approach similar to that of [17], using a
nonlinear Gauss—Seidel-type (GST) iterative method. Once the moments are updated they
can be used to define the target Gaussians, G;;, in the kinetic model .

Discretizing in time gives n}‘“ = n?; thus we suppress superscripts on species
densities and only consider the moment update for velocities, temperatures/energies, and

pressure tensors.

Definition 8.5.15 (Backward Euler, Restricted Tensor Ansatz). The implicit Euler update of

the moment equations (18.88b]), (8.89)), and ({8.100Q)) is given by

n+1
p,-u— == Zp,k““ (1— o) (uf™ —uf™), (8.101a)
u1_1+1 2 _ u® 2 Tn+1 n
L e Ll —Z XL =BT = T
(8.101b)
+ = Zp/kn—i_l n+1 ’ n+1| )+ I’7,>\n+1’Y,J‘Un+1 1_1—&-1’2

(e @ uttt) — tl(un ® u?) N (P — tI(PY)

Pi At At

1
— - Zplkn_‘—l tl(un—i-l ® un+1 t|(u1i1+1 ® u:}—i—l)} _ E (Z >\n+1(1 _ 51J)> t|(]P)n+1)
J
(8.101c¢)
where the diagonal component of the final equation is removed using ({8.101b).

The pressure tensor equation ({8.101c)) can be written
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ti(P) (1 + — Z A1 - ﬁ,ﬂ) =tI(P}) — p; [t @ uf™) — ti(u} @ u?)]
Z PN [t(u ! @ uf ) — ti(u @ )] . (8.102)

A Gauss—Seidel-type iterative method can be derived from this backward Euler step: For
iteration index £ =0,1, 2, ...,

Uttt = F U, (8.103a)
T GHUE, Un T, (8.103b)
P = HEUST T PN for ie {1, ., N}, (8.103c)
Afjl — T(n", UL, THL (PEIN ), (8.103d)

where the superscript £ on the functions F, G, and H denotes the dependence on the collision
frequencies, Xf;, and we have used the vectorized notation

Uttt = [utt utHT e RV, T = (T

..... T e RY, (8.104)

with R, = (0, 00). With this formulation, the collision frequencies can depend on species

densities, momenta, temperatures/energies, and even pressure tensors.

Definition 8.5.16 (GST Method, Restricted Tensor Ansatz). Let u?™1% = u® and T'1°0 =
T" be given. For£ € {0,1,2,...}, let u™****1 and TM141 pe given by

l+1

,O,-u— _ —ZP: — oy (UJ@+1 _ uf'i‘l) (8.105a)
|uf P — |upP? T 41 sl
g an T T = TS (BT T
(8.105b)
+ = Zp, W [P 4 Ayt —

e @u) -t ® u',-‘) N tI(PET) — ti(PY)
pi At At

= — Z’O’ t|(ul+1 ® ul—i—l tl(u£+1 ® uZ—i—l) (Z >\ IBIJ ) t|(]P>?+1)_
(8.105¢)

We can rearrange the tensor equation (8.105c|) to write the equation for the traceless
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tensor as

€

e+ Aty N (1-6,))
At Z l l £ £
+— Zp,A,J [t @ uft) — ti(ut™ @ ut )] |, (8.106)
J

tI(PE) = {tl(l@}‘) — pi [t @ uft) — ti(u} @ uf)]

and then define the tensor P! via
P = T g + tI(PEY) = HE(USHE, T PY). (8.107)
Proposition 8.5.17. The vectorized update can be written

A —1
Uttt = (/dder—tP YD — )) U, (8.108a)

At

At - 1
- (s Mapt g0 e e Bend | aanmy

At
P — p, TEY € tI(PY) + s L T g@ErLE) (8108
i nit, dXd+E+Atzj>\€j(1_ﬁl_’j) ( /)+51 + € S ( C)

where we define

P = diag{px}, Q = diag{ny}, M = diag{my}, (8.109a)
=p(1—ai)), BY,=na(1-B,) D=4, (ZA > ‘= ,J(Z B )
(8.109b)
and

sOEL— (" — s, 5= (jwf, .. |un?) (8.110a)
[5(2),e+1,e]l_ _ Z m,->\ (|u£+1|2 . |uf+1|2) + >\§,f¥/,j|u,e+l . uf-“ 2’ (8.110D)

J
s — o [t @ u?) — ti(u* @ utth)], (8.110¢)
(4) 4+1.8 Zp’ tI(u“l ® uz+1 tI(uf“ ® uf“)] _ (8.110d)
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8.5.4 Multi-Species ES-BGK Model — General Tensor Expression

In this section, we consider an ellipsoidal-statistical model similar to the more general model
from [27], Section 2.2; Equations (18) and (19)]; i.e., with 7;; defined by

P; P; i
Tij= 1= wi))BijTi+ Q1 —=Bij)Ti)axa + Wi, [5/,]; - (1 —5/,1)#1 + % up — ;g g
i J
P; P;
= Tijlaxd + Wi; {,5/,1'[' (F) + (1 =6t <n_1)} : (8.111)
i J

Remark 8.5.18. With T;; defined as in (8.111]), the model retains desirable symmetries and
conservation properties: As in (8.98)), tr(7;,;) = dT,;, so that (i) Lemma[8.5.8 holds, and the
parameters a;j, B;;, and ~y;; still enjoy the symmetries of (8.71]), and (ii) the conservation
of total momentum and total energy still hold (Lemma .

Pressure Tensor Equation for General Tensor

Using the definition for 7;; in (8.111]), the equation for the pressure tensor, ([8.88c), can also
be written

0 1 P;
ot (P/U/ @ u; + P/) =z Z pixij{uij @ uij —u; @ u} + Z ni\; (77,1 - F)
J J !

1 1
T e Zpi}\"f {ui;@uij—u@ut + od Z i Yl — i laxd

J I

1
2 2 A =BT = T)laxa

J
+ - ZJ: nixi (1 — Bij i {tl (E) —tl (7)] - EJ: nixij(1 =Bt (F) , (8.112)
and using traceless matrices for all terms,
0 [1 )
at (Epi,ui,Q + ”fTi) laxd + Er: (tl(piui ® u;) + tI(IP/))
1
~ed ZA"J Lol 12 = Tuil?) + niviglu; — ui] Taa
J

1
—+ g Z n,->\,-,j(1 —6”)(7_] - 7_I')ld><d
J
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1 ! -
tg ZP/‘A/JW(U:‘J ® uiy) =ty @ u))] — € Z Midig(1 = Big)t (E)
S - a(2) - ()] o

Note that L p;|uj|?+n;T; = (2/d)E;, so, as above, the energy terms will cancel, if updated
first. Thus, subtracting ((1/d)/yxq times) the energy equation (8.89)) from this equation
yields

% pil; ® u; ) ) =2 2 pidigltiuiy ® uij) — ti(u; @ u))]
- % Z nixij(1—Bij)tl (I%)
+ % ZJ: nixi (1 —Bij i, [tl C%) —tl <%)1 (8.114)

1
Remark 8.5.19. The moment equations for the traceless pressure tensors, given in ({8.100)
and (8.113)) are structurally similar; the latter differs only by the addition of the final term,
which accounts for the difference between species pressure tensors when the general tensor

expression (8.111)) for T;; is used in place of the restricted form (8.97)).

Numerical Update of Moment Equations (General Tensor)

Similarly to the numerical update for the restricted tensor, considered above, a Gauss—Seidel-
type (GST) iterative method can be used to update the moment equations. The updated
moments can then, be used to define the target Gaussians in the kinetic model for the implicit

update of the collision operator.

Remark 8.5.20. For the general tensor T;; in (8.111)), the update equations for the momenta
and temperatures/energies are identical to those for the restricted tensor (8.97)) (and are
given in (8.101a)) and (8.101b|)), and thus, we will consider only the pressure tensor moment

equation ([8.114)).

Definition 8.5.21 (Backward Euler, General Tensor Ansatz). The implicit Euler step of the
pressure tensor equation ([8.114]) is given by

ti(u™ @ o) — ti(ut © u?) N (P — tI(PY)
At At

Pi
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_ - Zp)\n—H tI(u“H ® un+1 tI(u?H ® u;}-i—l)}

— = Z A1 — Bt (Pm)

I

IF;I}Jrl Pn—i—l
+ = Z n; >\n+1 — 6/’1)[1,,"1 tl JI”I — tl ( . )

(8.115)

lj i

Similarly to Section [8.5.3) we aim to describe an iterative approach similar to (8.103)).
Due to the inclusion of the interaction term between pressure tensors, the update is far

less straightforward. Thus, it may be convenient to consider a vectorized formulation of
the pressure tensor equation ({8.114)), and perform a Backward Euler step on the resulting

equation.

Lemma 8.5.22. The pressure tensor equation (8.114])) can be written as,

_>
M R 14 aBe( X)) + (Inyxny B ldxd)tI(P/n;

1 1 ~ —S 1~ = (8.116)
= ES (U) — E(B X lyxq)tl(P/n) — E[Q (F — B) X g% q]tI(P/n),
and the resulting backward Euler time discretization is
= —
M Xt Xn n tI(P/n)"+t —‘cI(]P/n;n
IdT At At
1 1 ~ 1 ~ ~
— E5(4),11-1-1 _ E(Bn—H X /dxd)tl(]P)/n n+1l E[Q—I(Fn—i-l _ Bn+1) X /dxd]tl(]}b/nsn—i_l
(8.117a)
At ~ At ~ ~
= { (/NXN + — B QP — B“*l)) /dxd}tI(IP’/n i
£ £ (8.117b)
— IP)/I'IS + 5(3 n+1 (4) n+1, u+1
where A1 X A, denotes the Kronecker product of matrices A; and A,,
M = diag{m;} € R"*N, (8.118a)
tI(PE™ /)
tl(P/n§“1 = ; € RNdxd, (8.118b)

tI(PL /)
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|( £+1 ® ul+1)

X1 = : € RNVIxd, (8.118c¢)
Bt = n/%f,j(l —5::1)%:1 =B, = BeRM™ (8.118d)
s (8) = Fene o150

P
B = d/ag{ ZA —Bi)) } e RV*V, (8.118f)
_%
REINAS . 5(3)(Ue+1) — MK /dxd(xn — X1y g RN (8.1189)
> md (et @ uﬁ — tl(ué @ Uit
5(4),e+1,e — s(4)(u@+l, >\€J) — : c RNdXd_
Zj mNA%l’j[tl(uﬁ—Jl ® ul—i—l |( +1 ® u£+1)]

(8.118h)

From the backward Euler update of (§8.101al), (8.101b]), and (8.117]), we obtain the

following vectorized version of the GST iterative method:

Proposition 8.5.23 (GST Method, General Tensor Ansatz). The vectorized GST update can

be written as
4+1 At 1 VA - n
U™ = I« d+—P (D" — ) U (8.119a)

At - 1 At
T = (/dxd +—Q(F - B‘f)) {T“ + s ?5(2)'”1'4} (8.119b)

d
Wﬁ-&-l ?2—1—1 S+t (P/ﬂ

(8.119¢)
_ Tty (75 [tl(]P’/n n g3+l S(4),e+1,e] ,
where
7—1/d><d At ~ At
T : and  Z'= {(/wa + —B’Z + —QNFt - §@)> X /dxd} .
7_N/d><d
(8.120)

Proof. The expressions in (8.119a) and (8.119b)) are a restatement of the corresponding

expressions in ([8.108)) and can be derived directly from ) and (8.105). To verify
(8.119d), first recall from ) that for each i, P;/n; = T,-/dxd +t|(]P’,-/n,—). Stacking these
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terms, gives

(B/nft = THL 4 u(B/nft. (8.121)
Expressing (8.117b|) as an iteration scheme, isolating tI(]P’/n;”l, and substituting the result
into ({8.121]), the result follows. [ |
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Chapter 9

Progress Summary and Next Steps

9.1 Summary

This Year-Four progress report presents a review of basic background on the theory of the
multi-species Boltzmann equation and two associated, approximating models, the multi-
species BGK and the multi-species ES-BGK models. The BGK equations, which simplify
their Boltzmann equation counterparts, are highly nonlinear, nonlocal, and high-dimensional
models of particle kinetics in rarefied gases and plasmas. We discuss both single-species
models and self-consistent extensions to multi-species BGK models. Preliminary work to-
ward the efficient numerical simulation of BGK-type kinetic equations is presented via several
benchmark problems.

Theoretical aspects of single-species BGK kinetic models have been presented in order
to motivate and describe the types of numerical methods used. In particular, conserva-
tion and entropy dissipation properties were presented, along with an analysis of the space-
homogeneous (no advection) problem. Numerical methods must be sophisticated enough to
respect these conservation and dissipation properties at the fully discrete level. A stable finite
volume numerical approximation framework has been outlined to capture potential discon-
tinuities in the approximate solutions. Since the problem can be numerically stiff for some
parameter regimes, implicit and semi-implicit time integration schemes are of particular im-
portance for stability. Particular focus is given to implicit-explicit Runge—Kutta (IMEX-RK)
time stepping methods, as they give a reasonable balance between accuracy, efficiency, and
stability. However, in some cases, fully implicit integration strategies are demanded, and the
work here is a stepping stone toward developing such algorithms and codes.

Several numerical benchmark problems and tests of the prototype MATLAB codes are
presented, including the Sod shock tube and two-stream instability test cases. The tests are
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presented for 1x1v phase spaces, but code is currently under development for more realistic
higher-dimensional cases. In particular, 1x3v and 2x3v codes for “slab geometries” will be
designed and benchmarked in the near future. The numerical methods that are presented
are inherently scalable, and, thus, the only impediment for efficient and stable numerical
simulation is the increased number of degrees of freedom. An example 1x1v code, used for
numerical solutions of the Sod shock tube problem, is given in Appendix [El. This work is done
to address the goal of developing practical stable and efficient semi-implicit and fully implicit
time integrator strategies for the problem.

An introduction to a particular self-consistent BGK-type model for multi-species particle
kinetics is given. The combinatorial complexity of the model grows with the addition of
distinct chemical constituents, making such multi-species models even more challenging for
numerical solution. We have discussed the moment equations for the multi-species case,
as the moments can be used to update the Maxwellians in an IMEX approach. We have
studied the asymptotic relaxation behavior of the moment equations and have proven that
the temperatures always remain positive, which guarantees the existence and uniqueness of
the moment equations [16].

We have developed a nonlinear Gauss—Seidel-type iterative solver for the numerical approx-
imation of the moment equations of a space-homogeneous multi-species BGK model. Solving
the moment equation system is a fundamental bridge toward an efficient IMEX scheme for
the multi-species case. A sophisticated fixed point iterative scheme has been developed to
address this issue in computing the implicit update for the moment equations. The scheme is
designed to relax the implicit updates of the velocity and temperature to appropriate values,
depending on collisional frequencies that themselves depend on the implicit moments. This
allows for the desired implicit update of the BGK collision operators. Time discretization
is performed by a backward Euler method so as to overcome stability and accuracy issues.
We have provided some sample numerical simulations from our recent paper describing and

analyzing our solver [16].

9.2 Next Steps

There are several outstanding issues that this work will address in the future. In particular,
as in the single-species case, an implicit (or, at least, semi-implicit) approach is desired for
the computation of the stiff collision operators in the multi-species case to achieve numerical
stability. However, the procedures used in the single-species case do not work directly in the

multi-species case. A sophisticated solver for the full multi-species BGK is currently being
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developed and analyzed.

Beyond the multi-species BGK model presented, we will continue to examine a multi-
species ellipsoidal statistical BGK model (ES-BGK), that allows for simulation with the correct
Prandtl number, and captures anisotropic effects in the flow behavior. We have outlined some
very preliminary ideas in the last chapter of this report. We will examine the moment system
for this model, and develop iterative methods akin to the ones currently in development, to
update the moment system. A hybrid numerical method inspired by the work in [20, 42] is
currently in development for the multi-species ES-BGK model.

In the longer term, in addition to semi- and fully-implicit solvers, this work will focus on the
design of fast adaptive phase-space methods and block-structured adaptive mesh refinement
(AMR) that will efficiently accommodate disparate scales that are inherent in multi-species
problems, owing, for example, to disparate particle sizes and temperatures. Incorporating
implicit solver technology with AMR, especially in the context of such highly nonlinear and
nonlocal models is expected to be challenging. We will also develop efficient discrete veloc-
ity methods for multi-species BGK and ES-BGK models, extending the framework that we
outlined herein for the single-species case.
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Appendix A

An Important Integral

We need to compute the following generalized Gaussian integral in several places in the report.

Lemma A.0.1. J
/Rd |s]2e7 " ds = Eﬂg. (A1)

Proof.

’S’Qe*|5|2 ds = / (512 + -4 5621)67(512+...+5(2!) ds
Rd RY

I
—=
%\
D
»Ul
o
L
%\
o
=N
(-D|
w0
Ll O]
a
0
Y
4
4
x
—1=
o
%\
(-D|
N
o
L
%\
Y
(D|
QE’;\)
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0
Q.

k#Ad
d-1 ,
) /sﬁe_sd dsy
R
d—1 d
=7z 2/5,26_5’2 ds;, (A.2)

Il
/N
3
N
N— R
Q
L
T
n
(= N}
(DI
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o
n
_|_
_|_
/N
=]
N

where we have used many elementary integration techniques, and the fact that fR e dx =
72, It remains to determine the value of the terms of the form Ja s2e="ds. To that end,

utilizing integration by parts, with
u=s —> du=ds; (A.3)
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dv =2seSds; = v=—e",
we have
1 1 00
—/25,26 S ds; = = H—s,esg] —/—esf2 ds}
2 Ja 2 o Ja
1
=3 e 5 ds;
R
1 .
= 57’[’2
Thus, Equation (A.2)) gives us
2 _|sP 4. 41 11 aafd 1\ d 4
s|Te dS 2 —T2 = 2 —qr2 — 12
Rd|| m ;27r s (Qw) >

as desired.
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Appendix B

Picard—Lindelof Theorem

We will make use of the following version of the Picard—Lindel6f Theorem for autonomous
systems:

Theorem B.0.1. Suppose that uy € R and f € C(B(uo, B);RY), where B(uy, B) (B(uo,3))
denotes the open (closed) Euclidean ball of radius B centered at uy. Suppose further that
1F(v)|l. < M, for all v € B(uo,B), and f is Lipschitz continuous, with constant L > 0, on
B(uo,B). Setd = min(&,£). Then the IVP u'(t) = f(u(t)), u(to) = uo has a unique
solution on the interval [ty — 6, to + 0].

171



Appendix C
Bounding the Eigenvalues of Z and 7

The matrices Z and Z, defined in (7.20)), play a key role in the dynamics of (7.17)) and the
equivalent system ([7.19). In this appendix, we prove bounds on the eigenvalues of these
matrices. With the collision frequencies defined in ([7.11]), the matrices A and B, defined in

(7.144), take the form

16 [mmim;(d; + d;)? T T
AIJ N 3 2 (m,- + mj)3 Pib; mj * mj' (Cl)
8 d; + d;)? T T
B .= - ™ (di+d)” L4 (C.2)

W 3 2 (m,— —+ mj)2pi I mi EJ

Since each value used to define the matrix elements is positive and bounded above and below
(importantly, the temperature), then their values can be bounded as follows:

Amin(t) = mln A,‘J(t) < A,‘J(t) < m_axA,-J-(t) = Amax(t) (C3)
1,J 1J
Bmin(t) = mln B,"j(t) < B,"j(t) < max B,‘J(t) = Bmax(t) (C4)
1.J 1.J
Theorem C.0.1 (Eigenvalue Bounds). Let A, B, D, F € RN*N pe the matrices defined in
714, and let Amin = min,-J- A,‘J, Bmin = min,-J- B,‘J, Amax = max,-d- A,’J, and Bmax = max,-d- B,‘J.

Then the eigenvalues of the matrices Z = P~3(D— A)P~% and Z = Q~2(F — B)Q" 2 satisfy

O:ZO<Zmin§21_

A
IN
:
IN

O:Z)<2ming/z\l<"'S2N—1§
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where
AminN Amax(N - 1)
Zmin = 1 Imax = 13 C.7
max{o} min{pr] (1)
~ o BminN ~ o BmaX(N - 1)
Zmin = m, Zmax — W (C-S)

Proof. The proofs of and are similar; thus we prove ((C.5]) and leave the remaining
details to the reader. The (single) zero eigenvalue of (D — A) corresponds to the eigenvector,
1, spanning the null space of (D—A). To find bounds on the other eigenvalues, let y € R(D—
A) =N(D—A)* sothaty™1 =3,y = 0. Recall that yT(D—A)y = 2 3=, >, Aij(vi—y)>.
Using >, yi =0,

Amax AmaX
yT(D = Ay < P23 S (= )2 = 0SS (1 + ) = Ana(N = 1) 3.
i i
(C.9)

Thus if y = P>z, then

1 ,  (N—=1)Anax

z'7z< (N — 1)AmaXZTP_1Z = (N —1)Amax ;z < ||z||§ = Zmax ||z||§ ,

— 5% = in{od)
(C.10)
which gives the upper bound in ((C.5]). For the lower bound,
A NN
YD~ Ay > 22037307 + ) = AwaN Iy . (C.11)
i=1 j=1
Thus if y = P2z, then
NAmin
2" 722> NAminz P2z > —"_|Iz|13 = zwn |||l (C.12)
max{px}
|
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Appendix D

Null Space Components of W and E

In this appendix, we show that WN (the projection of W onto N(Z)) and EN (the projection
of € onto N(Z)) are both zero. These results are used in the proofs of Theorems and
7.3.7), respectively.

Lemma D.0.1. WN =0.

1 _ o —~T 1
Proof. Since the null space of Z is spanned by P21, it is sufficient to show that W Pz1 = 0.

Write u® = YP1 and (U™)" = u>1T, so that
1'P1

U'P1
17P1

~T

W P:l=W-W>)"pP:1=U"P1-(U®) P1L=U"P1- 1"P1=0. (D.1)

|
Lemma D.0.2. £,, = 0.

Proof. Since the null space of Zis spanned by Q>1, it is sufficient to show that ETQ%I =0.
Recall that Z = Q_% (E — E™); hence

~T

N N
€ QP1=(E-E*)' 1= E-Y E*=0 (D.2)
=1 i=1

where the fact that ), E; = > . E>® is a consequence of ([7.50]) in the proof of Proposi-
tion [Z.3.11 [ ]
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Appendix E

1x1v Prototype Code

The MATLAB code listed in this appendix is that used to generate the results of Section |4.5
for the Sod shock tube benchmark problem. This code is developed for prototyping and

demonstration purposes only and is not meant to represent production-quality software.

E.1 Main Driver: vliasovPoissonBGKMain.m

o\

o\

0 o° o o0 o o° o°

o\

I3
°

Script to solve Vlasov-Poisson-BGK Equation:

1X1v

ft +vasx fx +ax*x f.v = 1/tau » (M-f)
This set of code is designed to solve the Sod Shock tube problem.
In the limit as (\tau -> 0) or (\lambda —> \infty), BGK -> Euler.

So, for the current test, set tau=10"{-N}, set a = 0.

Scheme:

IMEX RK: Explicit Advection, Implicit Collision.

clear;

clc;

tic

o\

o
°

Number of ghost cells:

del = 1;

o

°
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[

% Collision time:
tau = 107 (-4);

o)
°

[

% Theta values for minmod:
thetaX = 2;
thetav = 2;

% Spatial domain:
xL = -0.5;

xR = 0.5;

% Number of cells:

Nx = 256;

o\

o

Cell edge points:

X

= linspace (xL, xR, Nx+1) ;

o\

o\

Cell center points:

xC = x(l:end-1) + 0.5 » (x(2
xCenter = [xC(l:del) , xC ,
hX = xC(2) - xC(1);

% Velocity domain:
vMin = -10;

vMax = 10;

% Number of cells:
Nv = 258;

o
°

o

Cell edge points:

v = linspace (vMin, vMax,Nv+1)

o\

o\

Cell center points:

vC = v(l:end-1) + 0.5 % (v (2
vCenter = [vC(l:del) , vC ,
hv = vC(2) - vC(1l);

% Define time levels:

tInit = 0;

tFin = 0.2;

o)
°

[

% Vectors for ghost cells

rend) - x(l:end-1));
xC (end-del+l:end) ];

4

cend) - v(l:end-1));
vC (end-del+l:end) ];
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gVvx [1,length (xC) ]+del;

gVv = [1,length(vC) ]+del;

tableNum = 8;

[Ae,be,ce,Ai,bi,ci] = butcherTable (tableNum) ;
butcher.Ae = Ae; butcher.Ai = Ai;

butcher.be = be; butcher.bi = bi;

butcher.ce = ce; butcher.ci = ci;

o
°

o\

Stiffness matrix for the Poisson solve...zero Dirichlet BC

o\

(as per the test problems). This is not needed for the Sod problem,

o\

but I kept it so I didn't have to change all my function

o\

dependencies.

o\

temp = zeros(l,Nx);
temp (1)=2; temp(2)=-1;
A = toeplitz (temp);

A(l,1) = 3; A(end,end) = 3;

grid.del = del;

grid.gVx = gVx; grid.Nx = Nx; grid.xC = xC; grid.xCenter = xCenter;
grid.gVv = gVv; grid.Nv = Nv; grid.vC = vC; grid.vCenter = vCenter;
grid.hX = hX;

grid.hv = hv;

grid.xL = xL ; grid.xR = xR ;

grid.vMin = vMin; grid.vMax = vMax;

grid.tInit = tInit; grid.tFin = tFin;

grid.thetaX = thetaX;

grid.thetaV = thetaV;

testNum = 1;

[f] = initialCondition (testNum,grid);

[tVec,y,MAX] = vlasovPoissonBGKSolver (f,butcher,grid, tau,A, f);
figure (107)

pcolor (xC,vC,vy);
title(['Contour plot of computed f, in the Velocity/Space',

' Domain, for Time t = ', num2str (tFin), ' '])
xlabel ('x")
ylabel ("v'")

shading interp;
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colormap (Jjet) ;

colorbar;

%

toc

%
©900090000000000900000000090000000000900090000000090000900000000900009000000000000
OO0OO0OOO0OO0OOOOOOOOOOOODOOOODODOOOODOOOODOOOODODOOOODOOOODODOOODODOOODODOOOODOOOOOOOOOOOOOO
o

Cl

o 5 .

% Embedded functions below:

o

Cl

00 00000000000000000000000000000000000000000000000000000000000000000000
© 0000000000000 00000000000000000000000000000000000000000000000000000000
%

function [f] = initialCondition (testNum,grid)

o)
°

xC

grid.xC; xCenter grid.xCenter;

vC = grid.vC; vCenter = grid.vCenter;

o\

o\

Initialize solution array:

f = zeros(length(vC), length(xC),1);

o\

switch testNum

case 1 % tFin = 0.250

nL = 1.00000; uL = 0.00000; thetaL = 0001.000;

nR = 0.12500; uR = 0.00000; thetaR = 0000.800;
case 2 % tFin = 0.150

nL = 1.00000; ulL = -2.00000; thetal = 0000.400;

nR = 1.00000; uR = 2.00000; thetaR = 0000.400;
case 3 % tFin = 0.012

nL = 1.00000; uL = 0.00000; thetal = 1000.000;

nR = 1.00000; uR = 0.00000; thetaR = 0000.010;
case 4 % tFin = 0.035

nL = 1.00000; uL = 0.00000; thetal = 0000.010;

nR = 1.00000; uR = 0.00000; thetaR = 0100.000;
case 5 % tFin = 0.035

nL = 5.99924; ulL = 19.59750; thetal = 0460.894;

nR = 5.99242; uR = -6.19633; thetaR = 046.0950;

end

o\

o\

Initial condition (make a separate function?):
for j = l:length(vC)
for i = l:length (xC)

if xCenter (i) <= 0.0
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f(j,1) = nL / sqgrt(2+pixthetal)
/ (2+«thetal));
else
f(j,1i) = nR / sqgrt (2xpixthetaR)
/ (2xthetaR));
end
end

end

o\

o\

%$Plot the initial conditions....

figure (110)

o\

o\

% pcolor(x_c,v_c,f);
view (-30,50);
% title(['Contour plot of £,

o\

surf (x_c,v_.c, f);

o\

% ' for Time t 1)

', num2str (0), "'
$ xlabel ('x")

% ylabel('v'")

o\

shading interp;

o\

colormap (jet) ;

% colorbar;

o

°

end

S

Cl

9909000000000 0000000000000000000000000O0
O O0OO0OOO0OO0OOOOOOOODOOOODOOOOODOOOODOOOOOOOOOO©
o

Cl

function [Ae,be,ce,Ai,bi,ci] =

o
o

o\

o\

the Pareschi & Russo paper.

o

(needs reference, from Cory).

o)
°

switch table
case 2
Ae = [0,0 ; 1,071;
be = [0.5 ; 0.5];
ce = [0 ; 1];
gam = 1-1/sqrt(2);
Ai = [gam,0 ; 1-2%gam,gam];
bi = [0.5 ; 0.5];
ci = [gam ; l-gam];

in the Velocity/Space Domain,

Butcher Tableaux for the IMEX-RK scheme.
Table 7 is Backward

* exp(—(vC(j)-ul) "2

* exp (- (vC(j)—-uR) "2

z1lim([0,2.17);

butcherTable (table)

Tables 2-6 come from

Euler. Table 8
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case 3
Ae = [0,0,0 ; 0,0,0 ; 0,1,01;
be = [0 ; 0.5 ; 0.5];
ce = [0 ; 0 ; 177

o\

Ai = [0.5,0,0 ; -0.5,0.5,0 ; 0,0.5,0.57;
bi = [0 ; 0.5 ; 0.5];
ci = [0.5; 0 ; 11;

o\

case 4
Ae = [0,0,0 ; 0.5,0,0 ; 0.5,0.5,071;
be = [1/3 ; 1/3 ; 1/31;
ce = [0 ; 0.5 ; 171;

Ai = [0.25,0,0 ; 0,0.25,0 ; 1/3,1/3,1/31;
bi = [1/3 ; 1/3 ; 1/3];
ci = [0.25 ; 0.25 ; 1];

o\

case 5
Ae = [0,0,0 ; 1,0,0 ; 0.25,0.25,01;
be = [1/6 ; 1/6 ; 2/31;
ce = [0 ; 1 ; 0.5];

o\

gam = 1-1/sqgrt(2);
Ai = [gam,0,0 ; 1-2%gam,gam,0 ; 0.5-gam,0,gam];
bi = [1/6 ; 1/6 ; 2/31;

ci = [gam ; l-gam ; 0.5];

o\

case 6
Ae = [0,0,0,0 ; 0,0,0,0 ; 0,1,0,0 ; 0,0.25,0.25,01;
be = [0 ; 1/6 ; 1/6 ; 2/31;
ce =1[0; 0; 1 ; 0.5];

alpha = 0.24169426078821;

beta = 0.06042356519705;

eta = 0.12915286960590;

Ai = [alpha,0,0,0; -alpha,alpha,0,0; 0,1l-alpha,alpha,0;
beta,eta, 0.5-beta-eta-alpha, alphal;

bi = [0 ; 1/6 ; 1/6 ; 2/31;

[alpha ; O ; 1 ; 0.5]1;

ci

o\

case 7
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o\

o\

Forward Euler:

Ae = 0;
be = 1;
ce = 0;
% Backward Euler
Al = 1;
bi = 1;
ci = 1;
case 8

gam = 1 - 1/sqgrt(2);
delt = 1 - 1/(2*gam);

b
()
Il

[0,0,0 ; gam,0,0 ; delt,1-delt,0];
be = [delt;1-delt;0];

ce = [0j;gam;1];
Ai = [0,0,0 ; O0,gam,0 ; 0,l-gam,gam];
bi = [0;1l-gam;gam];
ci = [0Ojgam;1];
end
end

Listing E.1: Main driver: vliasovPoissonBGKMain.m.
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E.2 vlasovPoissonBGKSolver.m

function [t,Z,M] = vlasovPoissonBGKSolver (y0,butcher,grid, tau, i, f)

o)
°

o\

y0 = IC grid function (j,1i) = (velocity, space)

% Ae, be, ce: Butcher Tableau for explicit solve

o\

Ai, bi, ci: Butcher tableau for implicit solve

o

Ai

butcher.Ai;
bi = butcher.bi;

ci = butcher.ci;
Ae = butcher.Ae;
be = butcher.be;
ce = butcher.ce;
gVx = grid.gVx; Nx = grid.Nx; hX = grid.hX;

gVv = grid.gVv; Nv = grid.Nv; hV = grid.hv;

o\

o\

A is the stiffness matrix for the Poisson solve.

o\

o\

Number of ghost cells

del = grid.del;

% Spatial domain:

XL, = grid.xL; xR = grid.xR;

% Velocity domain:

vMin = grid.vMin; vMax = grid.vMax;

% Define CFL(s)

CFLMaxX = min (hX) / max (abs (vMax),abs (vMin)) ;
CFLMaxV = min (hV) / max( abs(xL) , abs(xR) );
% Define initial/final time levels:

tCurrent = grid.tInit;

tFinal = grid.tFin ;

o\

o\

size of grid function array y including ghost cells:

d = size(y0)+2xdel;

o\
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o\

Initialize array of solutions:

y = zeros([d,2]);
% Input initial conditions into solution vector
y(gVv (1) :gVv(2),gVx (1) :gVx(2),1) = £;

o\

o\

Store appropriate initial values in ghost cells

for 1 = 1:del

y(:,9Vx(1)-1,1) = y(:,9Vx(1l),1);
y(:,9Vx(2)+i,1) = y(:,9Vx(2),1);
end
for j = 1l:del
y(gvv(1)-3J,:,1) = y(gVv(l),:,1);
y(gvv(2)+]3,:,1) = y(gVv(2),:,1);
end

% Number of stages of RK scheme:

s = length(ce);

o\

Initial vectors for RK scheme:

uo = zeros([d,s]);
fI = zeros([d,s]);
fE = zeros([d,s]);
M = zeros ([d,s]);
redo = 0;

EMax = 1;

t =1

while tCurrent < tFinal
dt = min(0.24 % min (CFLMaxX,CFLMaxV),tFinal-tCurrent)
/ (1 + (redo > 0));

o\

o

This flag indicates that the electric field gets bigger than E_max.

o\

If so, the step needs to recalculate.

redo = 0;

uo(:,:,:) = 0;

uo(:,:,1) = y(:,:,1);

[~,M(:,:,1)] = BGKCollision (tCurrent,y(:,:,1),grid,tau,tCurrent);
u(:,:,1) = (tauruo(:,:,1) + dt*Ai(1,1)*M(:,:,1))
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/ (tau + dt*Ai(1l,1));
fI(:,:,1) = BGKCollision (tCurrent+ci(l)xdt,u(:,:,1),grid,

tau, tCurrent) ;

o\

[fE(:,:,1),re] = divFlux (tCurrent+ce(l)=xdt,u(:,:,1),grid,EMax,4);

redo = redo+re;

for r = 2:s
uo(:,:,r) = y(:,:,1)
+ dt % reshape(RAe(r,:) % reshape(permute (fE, [3,1,2]),s
(Nv+2+del) » (Nx+2xdel) ), Nv+2xdel, Nx+2*del)
+ dt * reshape(Ai(r,:) % reshape(permute(fI, [3,1,2]),s
(Nv+2+del) » (Nx+2+xdel) ), Nv+2+del, Nx+2xdel);

[~,M(:,:,r)] = BGKCollision (tCurrent+ci(r)+*dt,uo(:,:,r),

grid, tau, tCurrent);

u(:,:,r) = (tau*xuo(:,:,r) + dt*Ai(r,r)*M(:,:,r))
/ (tau + dt*Ai(r,r));

[fE(:,:,r),re] = divFlux (tCurrent+ce(r)xdt,u(:,:,r),grid,EMax,A);
redo = redotre;
fI(:,:,r) = BGKCollision (tCurrent+ci(r)xdt,u(:,:,r),

grid, tau, tCurrent);

end
y(:,:,2) = y(:,:,1)
+ (dt * reshape(be' * reshape (permute (fE, [3,1,2]),s,
(Nv+2+del) » (Nx+2+xdel) ), Nv+2+del,Nx+2xdel)
+ dt % reshape(bi' x reshape (permute(fI, [3,1,2]),s,
)

(Nv+2*del) » (Nx+2xdel) ), Nv+2+del,Nx+2xdel

) *» (1 — (redo > 0));
y(e,:0,1) = yv(:,:,2);
tCurrent = tCurrent + dtx (1 - (redo>0));

o\

o

This computes the moments and Maxwellian at the final time step.
if tCurrent == tFinal

BGKCollision (tCurrent+ci(r)=*dt,y(:,:,1),grid,tau,tCurrent);
end

end
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o\

o\

Return solution at final time

= y(gVvv (1) :gVv(2),gVx (1) :gVx(2),1);

N

o\

end

Listing E.2: vlasovPoissonBGKSolver.m.
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E.3 BGKCollision.m

function [z,M] = BGKCollision(t,y,grid,tau,tCurrent)

del = grid.del;
hx = grid.hX; gVx = grid.gVx; x = grid.xC;

hv = grid.hv; gVvv grid.gVv; v grid.vC;

o
o

% Grid function array must have ghost cells already.

M = zeros (length (x)+2xdel, length (v)+2xdel);

nDens = zeros(l,length(x));
mDens = zeros (l,length(x));
EDens = zeros(l,length(x));
uDens = zeros(l,length(x));

theta = zeros(l,length(x));

o
5

% Moment integrals: n, n*u, and E.

nDens (l:length(x)) = hv » sum(y(gVv(l) :gVv(2),1l+del:length(x)+del));

mDens (1l:1length(x)) = hv * sum(v(:).xy(gVv(l):gVv(2),

EDens (l:length(x)) = 0.5 x hv *x sum(v(:). 2 .% y(gVv(l):gVv(2),

(

(
1+del:length (x)+del));

(

(

l+del:length(x)+del));

uDens (:) = mDens(:)./nDens(:);

theta(:) = 2%xEDens(:)./nDens(:)-uDens(:)."2;

M(gVx (1) :gVx(2),gVv(l) :gVv(2)) = nDens(:) ./ sqgrt(2xpixtheta(:))
.+ exp(-0.5 % abs(v - uDens(:))."2 ./ theta(:));

o
°

[)

% Ghost cells: zero flow boundaries.
for 1 = 1:del

M(:,gVv(l)—-1i) = M(:,gVv(l));
M(:,gVv(2)+i) = M(:,gVv(2));
end
for j = 1l:del
M(gVx(1)-3,:) = M(gVx(l),:);

M(gVx(2) +3, :)

M(gVx(2),:);

end
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if tCurrent == 0.2

% initial shock happens here.

x0 = 0;

gam = 3;

uL = [1,0,1]; uR = [0.125,0,0.11;

pDens = nDens .x theta;

[nSod,uSod, pSod, eSod] = sodSoln(x,tCurrent,ul, uR,gam, x0) ;
figure (1)

plot (x,nDens, 'b', "LineWidth"', 3)
hold on

plot (x,nSod, 'LineWidth', 3)
x1im([-0.5,0.51)

ylim ([0, 1])

set (gca, 'fontsize', 24)

legend ('BGK', "Euler"')

hold off

figure (2)

plot (x,uDens, 'b', '"LineWidth', 3)
hold on

plot (x,uSod, 'LineWidth', 3)
x1im([-0.5,0.51)

ylim ([0, 1])

set (gca, "fontsize', 24)

legend ('BGK', 'Euler')

hold off

o\

figure (3)

plot (x,theta, 'b', 'LineWidth', 3)

hold on

plot (x,2xeSod, 'LineWidth', 3)
x1im([-0.5,0.51)

ylim([0,2]) % may need to shift this
set (gca, "fontsize', 24)

legend ('BGK', "Euler')

hold off

end
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o\

z = (M'-y)/tau;

% M is a [Nv]X[Nx] array after transpose
M =M';

end

Listing E.3: BGKCollision.m
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E.4 divFlux.m

function [z,redo] = divFlux(t,y,grid,EMax,A)

% y = grid function of f£_{ij} "k values for fixed k

del = grid.del;

hx = grid.hX; gVx = grid.gVx; x = grid.xCenter; thetaX = grid.thetaX;
hv = grid.hV; gVv = grid.gVv; v = grid.vCenter; thetaV = grid.thetaV;
fP = zeros(sizel(y));

fM = zeros(size(y));

gP = zeros(size(y));

gM = zeros(size(y));

% construct slopes

[sX(:,:),8V(:,:)] = slopeReconstruction(y,grid);

o
o

o o
S o

Spatial fluxes
fP(:,gVx (1) :gVx(2)) = (y(:,9Vx(1l):gVx(2))
+ 0.5%hx*sX(:,gVx(1l):gVx(2))) .x v(:).x(v>0)"
+(y(:,gVx(1l)+1l:gVx(2)+1l) — 0.5+xhx*sX(:,gVx(1l)+1l:gVx(2)+1))
Lk v(:) ox(v<=0)" ;
fM(:,gVx (1) :gVx(2)) =
+ 0.5xhx*sX(:,gVx(1l)-1:gVx (2
+(y(:,9Vx(1l) :gVx(2))
) ok (v<=0)" ;

(y(:,gVx(1)-1:g9Vx(2)-1)
)=1)) .x v(:).x(v>0)"
= 0.5+xhx*sX(:,gVx(1l) :gVx(2)))

Lxov(:

o\

o\

The electric field is unnecessary for this test, so we set it to

o\

zero here.
E = zeros(l,length(x));
redo = 0;

o o
S o

Velocity fluxes

),) =
+ 0.5xhvxsV(gVv (l) :gVv (2),
+ (y(gVv(1l)+1:gVv (2)+1, :)
.+ ELx (E<=0) ;

gM(gVv (1) :gVv (2),:) =
+ 0.5xhvxsV(gVv (l)-1:gVv (2

gP (gVv (1) :gVv (2 (y(gVv (1) :gVv(2), 1)

1)) .+ E.x(E>0)

— 0.5%hv*sV(gVv(l)+1l:gVv(2)+1,:))
(y(gvv(l)-1:gVv(2)-1,:)

y-1,:)) .* E.x(E>0)
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+ (y(gVv(l) :gVv(2),:) — 0.5xhv*xsV(gVv(l):gVv(2),:))
.+ B+ (E<=0) ;

z = - (fP - fM)/hx - (gP - gM) /hv;

Listing E.4: divFlux.m
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E.5 slopeReconstruction.m

function [sX,sV] = slopeReconstruction(y,grid)

o)
°

sX

zeros (size(y));
sV = zeros(size(y));
del = grid.del;

hx = grid.hX; gVx

grid.gVx; thetaX grid.thetaX;
hv = grid.hV; gVv = grid.gVv; thetaV = grid.thetaV;

o
°

SV(:,:,1) = (y(gVv(1l)+1l:gVv(2)+1,gVx (1) :gVx(2))
- y(gVv(1l)-1:gVv(2)-1,gVx (1) :gVx(2))) / 2 ;
SV(:,:,2) = thetaV * (y(gVx(l):gVv(2),gVx(1l):gVx(2))
- y(gVv(l)-1:gVv(2)-1,gVx (1) :gVx(2))) ;
SV(:,:,3) = thetaV x (y(gVx(l)+1l:gVv(2)+1l,gVx(1l):g9Vx(2))
- y(gVvv(l):gVv(2),gVx (1) :gVx(2))) ;
V(gVv (l):gVv(2),gVx(1l):gVx(2)) = minMod (SV) /hv;
SX(:,:,1) = (y(gVv(l):gVv(2),gVx(1l)+1:gVx(2)+1)
- y(gVv(l):gVv(2),9Vx(1)-1:gVx(2)-1)) / 2 ;
SX(:,:,2) = thetaX x (y(gVx(1l):gVv(2),gVx(1l):gVx(2))
- y(gVvv(l) :gVv(2),gVx(1l)-1:9Vx(2)-1)) ;
SX(:,:,3) = thetaX *» (y(gVx(l):gVv(2),gVx(l)+1:gVx(2)+1)
— y(gVv (1) :gVv(2),gVx (1) :gVx(2))) ;
X(gVv (1) :gVv(2),gVx (1) :gVx(2)) = minMod (SX) /hx;

for 1 = 1:del
X(:,gVx(1)-1) X(:,9Vx(1));
X(:,gVx(2)+1) = sX(:,9Vx(2));

end

for j = 1l:del

sV(gVv(l)=3,:) = sV(gVv(2),:);
sV(gVvv (2)+3,:) = sV(gVv(l),:);
end
end

Listing E.5: slopeReconstruction.m
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E.6 minMod.m

function M = minMod (x)

o\

M(:,:) = 0.25%abs(sign(x(:,:,1))+sign(x(:,:,2)))

.x(sign(x(:,:,1))+sign(x(:,:,3))) . min(abs(x),[]1,3);

o\

end

Listing E.6: minMod.m
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E.7 sodSoln.m

function [n,u,p,e] = sodSoln(x,tCurrent,phil,phiR, gam, x0)

o)
°

% Script to compute theoretical sod solution at given time with

o\

given gamma.

o° oo

o\

phil. and phiR are ordered as (n,u,p)

nL = phiL(1l); ulL = philL(2); pL = phiL(3);

nR = phiR(1l); uR = phiR(2); pR = phiR(3);

% This function does an iterative solve to compute the value of
% pStar.

pStar = pStarSolve (10~ (-8));

thL pL / nL;

thR = pR / nR;

al = sqgrt(3xthlL);
aStarL = aL = (pStar/pL) " ((gam-1)/ (2+gam)) ;
aR = sqgrt (3xthR);

nFan = nL * (2/(gam+l) + (gam-1) * (uL-x/tCurrent)
/ (gam+1) /al) .” (2/ (gam-1));

nStarL = nL % (pStar/pL) "~ (1/gam);
nStarR

nR * ( (pStar/pR + (gam-1)/ (gam+1))
/ ((gam-1)+pStar/ (gam+l) /pR + 1) );

uFan = 2/ (gam+1l) * (aL + (gam-1)+*ulL/2 + x/tCurrent);

uStar = ulL - 2+al / (gam-1) x ((pStar/pL)  ((gam-1)/(2xgam)) - 1);

pFan = pL * (2/(gam+l) + (gam-1)~* (uL-x/tCurrent)
/ (gam+l) / aL).” (2+xgam/ (gam-1));

el = 0.5xpL/nL;
eStarL = 0.5xpStar/nStarL;
eStarR 0.5+«pStar/nStarR;
eR = 0.5*pR/nR;
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sHL = ulL - alL;

sTL uStar - aStarl;

o

speed of the contact wave.
lambda_2 (U.star_.L) = S_.2 =
Equation 2.134,

uStar;sR = uR + aRx (

o\

lambda_2 (U_star_R)

o\

Toro book:
sC = (gam+1) *pStar /
+ 0.5%(gam—1) /gam) "~ (0.5);

and page 96
(2+gam*pR)

nFunc = nL .x*

@ (x)

+ nFan .x*

((x<x0 + sHL*xtCurrent))
((x0 + sHLxtCurrent <= x) &
+ nStarlL .x ((x0 + sTLxtCurrent <= x) &
+ nStarR .*x ((x0 + sCxtCurrent <= x) &
+ nR .*x ((x0 + sR+xtCurrent <= Xx));

uFunc = ul, . ~*

@(x)

+ uFan .=x*

((x<x0 + sHL=*tCurrent))
((x0 + sHLxtCurrent <= x) &

+ uStar .x ((x0 + sTLxtCurrent <= x) &

+ uR .* ((x0 + sR+xtCurrent <= Xx));
pFunc = @ (x) pL .* ((x<x0 + sHL*xtCurrent))
+ pFan .*x ((x0 + sHLxtCurrent <= x) &

+ pStar .*x ((x0 + sTLxtCurrent <= x) &

+ PR .* ((x0 + sRxtCurrent <= x));

eFunc = @(x) elL .x ((x<x0 + sHLxtCurrent))

+ (0.5%pFan./nFan) .* ((x0 + sHLxtCurrent <= x)
& (x < x0 + sTLxtCurrent))
+ eStarlL .*x ((x0 + sTL*tCurrent <= x) &
+ eStarR .x ((x0 + sCxtCurrent <= x) &
+

eR .x ((x0 + sRxtCurrent <= x));

n = nFunc (x);
u = uFunc (x);
p = pFunc (x);
e = eFunc(x);
end

Listing E.7: sodSoln.m
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E.8 pStarSolve.m

function pStar = pStarSolve (TOL)

% Newton Raphson to compute the pressure in Sod problem.
ERR = 1;

% Initial guess.

pOld = 0.9;

k = 0;

o
5

while ERR > TOL

pNew = pOld - (sqrt(3)*p0ld” (1/3) - sqgrt(3) +
2% (p01d-0.1) /sgrt (p01d+0.05)) / (sqgrt (3)*p0ld”(-2/3)/3
+ 2% (pO1ld+0.05) " (=0.5) - (p0Old-0.1)* (p0O1ld+0.05) " (-1.5));

ERR = abs (pOld-pNew) / (0.5% (pOld+pNew)) ;
pOld = pNew;
k = k+1;

end

pStar = pNew;

°

end

Listing E.8: pStarSolve.m
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