To the Graduate Council:

I am submitting herewith a dissertation written by Xiao,Shili entitled "Bayesian
Estimation of the Relative Toxicity of 239py and ***Ra with Dependent Competing Risks."
I have examined the final copy of this dissertation for form and content and recommend
that it be accepted in partial fulfillment of the requirements for the degree of Doctor of

Philosophy, with a major in Nuclear Engineering.
TN
// g% / s //le/

Dr.P. G. G'roerﬂ(/la;iy/ Professor

We have read this dissertation
and recommend its acceptance:

,/‘ /. //"

Y
.-,,"// . ,/'/fl// S// ,-‘/ '
é)”f WhE / CW 22220,

!

(B(‘ Hf” K LL“L(:(—TAx {6 LA
3 U J
i 1IN

Accepted for the Council:

Associate Vice Chancellor
and Dean of The Graduate School




BAYESIAN ESTIMATION

OF THE RELATIVE TOXICITY OF *’Pu AND **Ra
WITH DEPENDENT COMPETING RISKS

A Dissertation

Presented for the

Doctor of Philosophy Degree

The University of Tennessee, Knoxville

Shili Xiao

May 1998



To My Parents.

ii




ACKNOWLEDGMENTS

I wish to express my deepest and most sincere gratitude to my major adviser, Dr.
P. G. Groer. His support, technical advice and encouragement throughout the entire
period of this research is invaluable to me. I further thank Dr. Groer for his continued
guidance, both academic and personal.

I would also like to thank my dissertation committee members Dr. L. F. Miller,
Dr. B.R.Upadhyaya of the Nuclear Engineering Department, and Dr. K. F. Eckerman and
Dr. D. J. Downing of Oak Ridge National Laboratory (ORNL). Their suggestions and
contributions to the present work have been most valuable. I would also like to thank
Dr. J. E. Turner of ORNL for his guidance, both academic and personal. Many thanks to
the previous Head of the Department of Nuclear Engineering, Dr. T. W. Kerlin, and
current Head, Dr. Dodds, for their support, suggestions and their guidance.

I owe a special debt of thanks to Dr. P. N. Stevens, Dr. R. B. Perez, Dr. L. W.
Townsend, Dr. R. E. Uhrig and Dr. J. W. Hines for teaching me several enjoyable
classes. Ihave also to thank Mr. R. P. Osborne of Radiological Safety Department of
UTK for his guidance and supports.

In the pursuit of this degree, I have also benefited from the help of many my
fellow students. In particular, I wish to mention Yan Wu and Xu Xiao. Their help are

very much appreciated.

Last, but not the least, I wish to thank my husband, my son, and my all family

members for their loving supports and patience during my graduate study.

iii




ABSTRACT

The purpose of this dissertation research is to compare the toxicity of the

9Py and “*Ra, develop a model for radiation

a-emitting, bone-seeking radionuclides
induced osteosarcomas, and analyze the survival data of beagles exposed to these
radionuclides. This research integrates the knowledge of radiation protection, survival
theory and methods (competing risks, maximum likelihood estimation, and Bayesian
techniques), numerical integration techniques (Monte Carlo, Lattice rule and Gauss-
quadrature ) and object-oriented programming in C++. The outline of this research is:

(1) survival data preprocessing, (2) model identification and selection, (3) introduction of
FGM model, the dependent competing risk model created by Farlie, Gumbel and
Morgenstern , to the study of survival data with dependent competing risks:
osteosarcomas and other diseases, development of the crude density of the FGM model
and construction of the likelihood function for the FGM model, (4) Bayesian estimates of
the posterior marginal density of the toxicity ratio in the FGM model using several
numerical integration techniques (Monte Carlo, Lattice rule and Gaussian Quadrature),
(5) construction of the likelihood function for the independent competing risk model,
Bayesian estimate of the posterior marginal density of toxicity ratio in the model using
Monte Carlo method, which is compared with the posterior marginal densities for the
toxicity ratio obtained from the FGM model, (6) Bayesian estimates of all other
parameters in the FGM model using Monte Carlo method, (7) Comparison of the
cumulative hazard for *’Pu calculated according to the model with Nelson's cumulative

hazard plot under Bayesian point estimates of parameters and the mean activity in each

injection level. (8§) Comparison of the toxicity of plutonium in osteosarcoma with that of

v




radium under Bayesian point estimates of parameters and the selected activit of 0.85 uC,,
(7) discuss Bayesian prediction of the cumulative failure distribution.

It is the first time for the FGM model and the independent competing risk model
to compare the toxicity between **Pu and **Ra. Bayesian parameter estimates for these
models are also the original contribution of this research. The approach is novel in the

field of radiation risk assessment, particularly, for toxicity studies.
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CHAPTER 1. INTRODUCTION

1.1. Motivation and Importance of the Research

The study of bone-seeking radionuclides has engaged scientists and physicians for
over 75 years. Bone-seeking radionuclides are those that have the skeleton as a primary,
or at least a major deposition site in the body [1, 4]. The induction of bone cancer is the
primary risk from these radionuclides. Regardless of the intake route, once a bone seeker
has entered the blood stream, it is quickly and efficiently transferred to bone and once
deposited in bone, the radionuclides are retained for long times and induce bone cancers.
Beginning with in-vivo measurements of radium and exhaled radon in radium workers in
1920's (Martland et al., 1925) to recent findings in workers exposed to transuranic
elements (Toohey and Kathren, 1994), the study of the measurement, metabolism,
dosimetry and health effects of bone seekers has been continuous.

Radium toxicity has been studied for more than a half-century, and it continues to
be of great interest not only for its radioepidemiological significance but also because of
radium’s ubiquity in our environment. The history of radiation protection is intimately
associated with epidemiological studies of radium toxicity [1]. The studies of radium
workers (Evans, 1933) took on new importance in the early days of World War Il when it
was realized that the new radionuclides to be mass-produced, such as #9pu, may behave
similarly in the body and have similar effects as radium [4].

As a result of nuclear weapons tests, measurable quantities of the man-made

element, plutonium, are found in foods and in human tissues [2]. However, no data are



given in the Reference Man Report (ICRP Publication 23) for this element. Some data on

plutonium are available for humans from occupationally exposed persons. A great deal
of metabolic information comes from animal experiments. Generally, the data that were
analyzed were obtained by exposing beagles. Beagles are favored because of their
relatively long life span which would allow the expression of disease and because the
skeleton of the beagle approximates that of the human in its structure and physiology [3].
Large-scale animal studies were begun in conjunction with the continued follow-

up of the radium workers, based on the following hypothesis [4]:

Toxicity of radium in man x Toxicity of plutonium in dog

Toxicity of plutoniumin man = —
Toxicity of Radium in dog

(1.1)

These toxicity ratios, dubbed “Robley Ratios” in honor of Robley D. Evans, have been
used for many bone seeking radionuclides and developed fqr many species. By
determining the toxicity ratio for radium between dogs and the humans, the risk to
humans for plutonium can be extrapolated from the animal data. This formula also
indicates the importance of comparing toxicity in dog for plutonium and radium to
predict the plutonium risk to humans. In this research, the toxicity in dog's skeleton
from plutonium is compared with that from radium.

The data for this research are obtained from beagles exposed to 2%pu and ** Ra
respectively. The experiments are performed at the University of Utah [3]. In this
experiment, dogs are exposed to graded injection levels. There are nine injection levels

from 0 to 5 for *° Pu (0.00051-3.3 uCi/kg in 278 dogs) and eleven injection levels from 0




to 5 for 2°Ra ( 0.00577-11.9 pCi/kg in 140 dogs). At each level, about one half of the
dogs are males. Uninjected, age-matched dogs served as controls. For each beagle the
sex, the group number, the code letter for the radionuclide, the injection level, the age at
time of exposure to 29py or #*Ra (in days), the weight, the time at risk (in days), the
injected activity per kg body weight (in pCi /kg) and the cause of death are recorded. The
injected activity per kg body weight is determined by the "retained" activities, the
maximum permissible concentration of 226Ra in man [3]. The time at risk is defined as
the elapsed time (in days) from first exposure to the time of death from osteosarcoma or
from an other disease [3]. There are therefore at least two causes of death: death from an
osteosarcoma or from an other disease. For each individual beagle, the cause of death,
the time at risk and total accepted activity are available.

Since bone cancer is the primarily biological response of the two radionuclides[4],
the relative toxicity ratio is in terms of the bone cancer risk ratio. The biological effect of
radiation can be divided into two general categories: stochastic and deterministic, or
nonstochastic [2]. Cancer is a stochastic biological effect of ionizing radiation ,which can
be analyzed by estimating the parameters of a survival model.

If the collected survival data include both the time to death and the corresponding
cause of death for each individual, like the experimental data used in this research, then
analyzing and interpreting this kind of survival data involve competing risks [5, 9]. Much
work in survival theory is based on an assumption of independence, e.g. independent
functioning of causes of death. However, this is an unverified assumption and often not

likely to be true generally, where failure of one type affects the probability of failure of



another type. A large number of clinical experimental studies are analyzed assuming
independence. In addition, there are many other examples for dependent competing risks
in biometry, radiation risk analysis and reliability analysis of a technological system
consisting of n components in series [6]. The theory of competing risks includes: (a)
nonparametric approaches, (b) parametric approaches - independent competing risks, (c)
parametric approaches - dependent competing risks. There are methods, such as, Nelson’s
hazard plots [7] and total-time -on-test plots [8], which provide simple means of
checking the distributional assumption in the case of independent risks. There are also
various parametric probability models, like the Exponential, Normal and the Gompertz
model. Particularly the Weibull life distribution has been widely used in many fields
such as life science, industrial statistics, physics, etc [9]. For the dependent competing
risk problem, the Marshall-Olkin multivariate exponential distribution is one of the few
simple multivariate life distributions admitting dependence [10]. A multivariate Weibull
distribution has been espoused by several authors, and a rather general method for
obtaining new multivariate life distributions was outlined by Lee and Thompson [11].
Furthermore, many models (e.g. the Farlie-Gumbel-Morgenstern model (FGM)) for
association in bivariate failure data are reproducea and the details discussed [12]. Oakes
[13] introduced the bivariate distribution with uniform marginals [14], and Frank’s
family of bivariate distributions [15]. Since Slud and Byar [16] showed that the
dependent causes of death can make risk factors appear protective, it is important to study

models for dependent causes of death.



However, most data analysis performed with the above models and methods are
based on the assumption of independent competing risks. For dependent competing risks,
a lot of theoretical work has been done. So far no work has been done on practical
problems, like estimation of toxicity ratios where it could be necessary to use dependent
competing risk models.

Over the years survival analysis methods based on sampling theory have been
found to be extremely useful for a wide variety of problems. The basic idea is that the
unknown parameters are assumed to be fixed constants or a constant vector. A point
estimator is then derived according to some principle, such as maximum likelihood (ML),
minimum variance, least squares, or the method of moments [17]. However, as what
pointed by Bonis (1966,1975) and Schafer (1973) [18], there are two major disadvantages
due to the nature of sampling theory: (a) It is inappropriate for analysis based on scarce
data, (b) Information available before the current experimental data are collected can not
be used. For reasons such as these, clauses in military and government reliability
contracts permit other methods, such as Bayesian procedures, with the onus of
justification put on the producer{18].

The scope of this research concerns primarily with the application of one

particular dependent competing risk model, the FGM model, to compare the toxicity of

2Py and #Ra .



1.2. Objectives and Research Tasks

The primary goal of the research is to compare the toxicity in beagles of
plutonium and radium on the formation of osteosarcomas. For this goal, the survival
theory and its methods are applied to the toxicity analysis of these radionuclides.
Different models are studied and different methods for parameter estimation
are compared. This research integrates data preprocessing, nonparametric analysis,
identification of life distribution models, application of independent and dependent
competing risk models, maximum likelihood estimations of parameters (MLE), Bayesian
parameter estimation and numerical integration methods.

The key steps in the survival data analysis include the following:
(1) Summarize the experimental data. (2) Select life distribution model by using non-
parametric diagnostic plots, maximum likelihood estimates and maximum likelihood
ratio. (3) Derive the parametric cumulative hazard, survival function and the failure
distribution for a relative risk model with a Weibull life distribution as baseline. (4)
Derive the crude density from the joint density of FGM model and independent model.
(5) Construct the Likelihood function respectively for an independent competing risk
model and the dependent FGM model. (6) Bayesian estimates for the toxicity ratio with
the dependent FGM model and three different numerical integration methods (Monte
Carlo, Gauss Quadrature and Lattice method), and develop the corresponding computer
programs. (7) Compare the toxicity ratios obtained by three different numerical
integration methods. (8) Bayesian estimates for the toxicity ratio with the independent

competing risk model. (9) Compare the toxicity ratios obtained from the independent




competing risk model and the dependent FGM competing risk model by normalizing their

marginal posterior dénsities. (10) Estimate the parameters in the dependent FGM
competing risk model by Bayesian techniques and develop corresponding computer
programs. (11) Estimate the parameters in the independent competing risk model by
Bayesian techniques and develop corresponding computer programs. (12) Compare these
parameter estimetes for the independent competing risk model and the dependent FGM
competing risk model. (13) Derive predictive probability distributions according to the
Bayesian prediction technique. (14) Using the modes of the posterior densities as point
estimates for the parameters in the FGM model, the cumulative hazard for 2%Puis
calculated with the mean activity for each injection level, and compared with Nelson's
cumulative hazard plot. (15) Using the modes of the posterior densities as point estimates
of parameters, the toxicity of plutonium in osteosarcoma is predicted and compared with
that of radium by determining the cumulative hazard, the survival probability, the
cumulative distribution and the failure density under the activity of 0.85 uC;. (16) State
the conclusions about the toxicity comparison of 239py and **Ra and discussions and

make suggestions about future research.

1.3. Original Contributions of the Dissertation.

The comparison of toxicity between 239py and ?Ra with the independent
competing risk model, the dependent FGM competing risk model, and the use of
Bayesian techniques are the original contributions of this research. This approach is

novel in the field of radiation risk assessment, particularly, toxicity studies.



The original contributions of this dissertation are listed below:

1.

2.

Development of the crude density for the FGM model.

Development of the net density for the FGM model from the relative risk model
based on Weibull distribution.

Construction of the likelihood function for the given survival data with
the independent competing risk model and dependent FGM model.

Bayesian estimation of the toxicity ratio for plutonium and radium in the
presence of dependent competing risks using three different numerical
integration methods.

Comparison of the toxicity ratio obtained from the dependent and

the independent competing risk model.

Bayesian estimation of other parameters for the relative risk model using

the FGM model, and comparison of the results with that obtained from

the independent competing risk model.

Comparison of the cumulative hazard for 23%pu calculated according to the
model with Nelson's cumulative hazard plot under Bayesian point estimates
of parameters and the mean activity in each injection level.

Comparison of the toxicity of plutonium in osteosarcoma with that of

radium under Bayesian point estimates of parameters and the selected activity

of 0.85 uC;.



1.4. Organization of the Dissertation

This dissertation is organized into four chapters and three appendixes. Following
the introductory chapter, a literature review of the applied theory and methods are given
in chapter 2, including life distributions, competing risk models, maximum likelihood
estimate (MLE), Bayesian techniques and numerical integration methods. Chapter 3
gives a detail description of the modeling and analysis of the survival data applied in this
research. This is the main part of the dissertation. A summary of the research is stated in
chapter 4, including conclusions, discussions and suggestions for future research.
Appendix A is the derivations of crude densities for FGM model, Appendix B is the

collected survival data, and Appendix C lists computer codes for the data analysis




CHAPTER 2. REVIEW OF APPLIED THEORY AND METHODS

2.1. Survival Probability and Survival Data

Survival probability is defined as the probability that an item will live under stated
conditions for a stated period of time[18). When applied to human being or life test, it
usually refers to person’s or animal’s ability to perform certain tasks according to a
specified standard. By extension, survival probability is applied to a piece of equipment,
or a component of a large system, to mean the ability of that equipment or component to
fulfill what is required of it.

The important feature of survival data is the time at risk which assumes that
aging occurs during operation. There are three distinctions to be made here concerning
survival data [19]: 1. Noncensored versus censored data. It is customary to stop an
experiment before all the units have failed, in which case only a lower bound is known
for the failure load or failure time of the unfailed units. Such data are called right-
censored. In other contexts, only an upper bound for the failure time may be known
(left-censored), or it may be known only that failure occurred between two specified
times (interval-censored data). 2. Single samples versus data with covariates. A single
sample means the sample of lifetime of units tested under identical conditions. In many
contexts, however, there are additional explanatory variables or covariates. For example,
there may be several different samples conducted with slightly different materials or
under different stresses or different ambient conditions. This leads us into the study of
survival models which incorporate covariates. 3. Univariate and multivariate data. If the

10



variable being measured is a scalar, such as a single lifetime, this is called univariate data.
Otherwise, the variable is a vector of observations, such as lifetimes of different
components or failure stresses in different directions or lifetimes for different causes of
death, relevant to the survival probability of a single unit, this kind of data are
multivariate data.

According to the above discussion, the survival data in this research are
multivariale data with a covariate, because of the lifetime for different causes of death
and the different samples conducted under different injected activities. The lifetimes for
different causes of death makes the survival data multivariate. The injected activity

is the covariate.

2.2. Probability Distributions in Survival Analysis
2.2.1. Preliminaries on Life Distribution

In this part, some important concepts in survival analysis are defined .

Let T be the random time to failure of a unit under study. Here time is used in its
most general sense. It may be real time or operational time or indeed any non-negative
time metameter variable, such as breaking strain or number of revolutions to failure. Let

F(t)y=Pr(T<1t) (2.1)
be the distribution function of T and let

SO=Pr(T2t)=1-F(1) (2.2)
be the survivor function or reliability function of T. Assuming that T has a density

function

11



be the survivor function or reliability function of T. Assuming that T has a density

function
dF(t) dS(t)
t)= =— 2.3
f@) & & (2.3)
so that the probability that a unit fails in the short time interval [t, t + t) is
Prt<T<t+6t)= f(1)o ¢t 24)

Consider now the same event, that is t < T <t + 8t, but this time conditional on the fact
that the unit has not failed by time t. That is

f@)sr @.5)

Pr@<T<t+6tiT21) =
S(t)

This may be thought of as the probability of imminent failure at time t. The function h (t)

given by

h(t) = g—% (2.6)

is the hazard or failure rate function, and is a natural indicator of the 'proneness to failure’

of a unit after t has elapsed [19]. The cumulative hazard function is
H(t) = [h(u)du Q.7
0

and it is readily seen that

§(t) = exp{-H(t)} (2.8)
The £, F, S, h and H give mathematically equivalent descriptions of T in the sense that,
given any one of these functions the other four functions may be deduced.

Some typical cases are briefly discussed below.

12




1. Ifh(t) = A, a constant, the H(t) = A t and S(t)=exp(-A t), the survivor function of
exponential distribution with rate parameter A. The corresponding density function is
f@O=1e? 2.9
Thus, an exponential life distribution corresponds to no aging, and is a natural starting
point in survival modeling.
2. Ifh(t) is an increasing function of t, then T is said to have an increasing failure rate
(IFR). This is appropriate when the unit is subject to aging, perhaps through wear, fatigue
or cumulative damage.
3. Ifh(t) is a decreasing function of t, then T is said to have an decreasing failure rate
(DFR). This may occur, for example, when a manufacturing process initially produces an
appreciable proportion of low quality units which are likely to fail early. After a while,
higher quality components remain, which have lower failure rates. This is a common
situation with some electronic devices. In such cases, initial proof-testing of units is often

carried out in order to eliminate the substandard units.

2.2.2. The Weibull Distribution

In survival analysis, generalizations of the exponential distribution, such as the
gamma and Weibull distributions have proved to be valuable models. The Weibull
distribution is probably the most widely used distribution in survival analysis [19]. It
has been found to provide a reasonable model for lifetimes of many types of units, such
as beagles exposed to radiation, vacuum tubes, ball bearings and composite materials and

for many human cancers. The closed form of Weibull density function and the wide

13



variety of shapes exhibited by Weibull density functions make it a particularly convenient

generalization of the exponential distribution.

A Weibull random variable has survival function
S@t)=exp{-(t/a)"} (2.10)
for t > 0 and where a and 7 are positive parameters, a being a scale parameter and 1
being a shape parameter. When n = 1, the exponential distribution withA =1/ a is‘
obtained .

The Weibull hazard function is
Wey=na™t™ | @.11)
This is DFR for n| < 1, constant for 1 = 1(exponential) and IFR for n >1. In particular,
for 1<n<2, the hazard function increases slower than linearly; for n=2 the hazard function

is linear, and for n>2 the hazard function increases faster than linearly[19].

The WeiBull density (for t > 0) is

FO=na"t " epi-(2)") 2.12)
The Weibull cumulative hazard is

H())= ()" @.13)

or In(H(®)) = 77 In(t)- n In() (2.14)
Equation (2.13) and equation (2.14) show that the cumulative hazard plot should appear

as convex or concave, and the plot of log cumulative hazard against log lifetime appears
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as a straight line for Weibull distribution. These are important features of Weibull

distributions which are used in the field of model identification and selection.

2.3. Statistical Models and Methods in Survival Analysis

2.3.1. Nonparametric Estimation

Nonparametric estimation does not depend on assumptions relating to any specific
probability model [19]. It is natural to use the survival function and the cumulative
hazard function as the basis for graphical displays [19]. They may suggest the form of a
probability model for the data. After fitting a probability model, they may allow a simple
assessment of adequacy of the fitted model. In addition, in certain circumstances crude
parameter estimates for a model may be obtained graphically. Two separate techniques
are employed. The first technique plots an estimate of the cumulative hazard versus time
[7], while the second procedure plots a scaled total time on test versus fraction of
endpoints of interest observations [8]. The second probability plotting method is used to

verify the results of the first one.

Cumulative hazard plots
Assuming independence of the times of death, Nelson estimates H(t ;, d),

cumulative hazard at time, in the following manner:

HE ) =Y —

i=] i k

(2.15)

where the RR,; is the reverse rank of the ith time to death for the kth cause of death with

the times to death arranged in ascending order.
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From equation (2.15) we have

1
RR;;

InH(t,), = m(ﬁ ) (2.16)

According to equation (2.14), if a Weibull model is appropriate for the data, the

J
plot of ln(z L) against In(t;) should be roughly linear. Further, if the slope and the

i=]
intercept of the plot are a and b respectively, then rough estimates of 1 and o are a and
exp(-b/a) respectively .
The standard deviation for the Nelson estimate is calculated in a similar manner.

Let o(t, d) be the standard deviation then [7]

j 172
olt,)= [Z(R;_)z] . @.17)

i=l
Total time on test plots
The total time on test procedure as well as the Nelson procedure makes the
assumptions that the random times to the observation of interest are independent from the

censoring times [8]. The scaled total time on test transform is given by the equation:
TTT, s, = s (2.18)

where TTT; is the total time on test up to time t;. Let n is the total number of items up to
the last item to die with the specified endpoint of interest, the TTT; is expressed as

following:
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TTT, = itj +(n- i, ' (2,19)

TTTT is the sum of all the times up to the last failure caused by the specific endpoint of
interest, the “total” total time on test.

The analysis is made by looking at the shape of the graph. If the graph is convex
the hazard rate is increasing, while if concave the hazard rate is decreasing. If the hazard

rate is constant in time, the total time on test plot is linear along the 45 % line.

2.3.2. Regression Models for Survival Data

In many applications of survival énalysis, our real interest is in determining the
way in which strength or lifetime depends on other variables, some of which may be
under the operator’s control. For example, failure time depends on the load applied to a
component. It is almost always the case that increasing the load reduces the time to
failure, but it is 6f interest to have a specific model for this. In this context, load is a
covariate or explanatory variable. The regression models are used to deal with survival
data involving covariates.

Assuming the variable of interest is a failure time T, and the covariates are
represented quantitatively by a vector of x, the purpose is to determine how T varies with
X using an appropriate model for the dependence of T on x and relevant data (t;, X,), (t;,
X3), ... The data may then be used to estimate the unknown parameters of the model to

appraise the fit of the model and if necessary to suggest modifications of the model. The
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regression model [19], including accelerated life model and proportional model, is often
applied in survival analysis.
Accelerated Life Models

The accelerated life model holds when the survival function is of the form

St x)=S,(t ,) (2.20)

where S is some baseline survivor function and @, is a positive function of x. The
interpretation is that, compared with some standardized system in which ¢, = 1, the
lifetime is divided by a factor ¢, or equivalently, the decay of the system is accelerated by
a factor ¢,
Proportional Hazards Models

In the proportional hazards models the hazard function satisfies h (t ; x) = hy(t) @«
Here h (t; x) is the hazard under factors x, h (t) is some baseline hazard function, and ¢,
is some positive-ftmction of x. Since h (t;x;)/h(t; X3) = ¢/ @y isindependent oft,
the hazards at different x values are in constant proportion over time, hence the name.

Provided @, > 0, there is no loss of generality in assuming @, = 1 since one can redefine

h (t; X) = hy(t) @x/ @o. The survivor function satisfies S (t ; x) = So(t) P for this model,
S, being the baseline survivor function corresponding to hy .
Suppose that S (t ; x) is both an accelerated life and a proportional hazards model,

so that
S(t;x)=8,0(t@,)=S,(2) P 2.21)

with the baseline functions standardized so that o= @,=1. Then
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Sao(t) =8, (1) = exp(—t") (2.22)

for some 1 > 0 (Weibull survivor function) and ¢p,= <paxn. For a proof see Cox and
Oakes (1984, section 5.3) [19]. From equation (2.21), we have
In(S(#;x)) = ¢ (x)In(S, o (£;%)) . ‘ (2.23)

According to equation(2.8), the above equation is rewritten as

H(t;x) = ¢ (x) Hy (4;x) | (2.24)
or

In(H(#; x) = In(Hy(#;x)) + In(¢ (x)). (2.25)
Suppose that the data are grouped according to different loads, and a regression model is
appropriate. Then the plots of H(t; x) against t for the different groups should resemble
multiples of baseline curve Hy (t ) against t. Alternatively, the plots of log(H(t; x)) against
log (t) should resemble vertically shifted copies of log (Hp (t; x)) against log(t).
Models based on the Weibull distribution

One simple form of Weibull model uses the survivor function

S(t;x) = exp{~(t/a,)"} (2.26)
where we may take log o, = x B (loglinear model) and 1 independent of x. This is a full
parametric model with parameters f (regression coefficient) and n} (Weibull shape

parameter). The hazard function is

Wt;x)y=nt™/a 227

19



Let Sy(t) = exp(—tn), then S(t; x) can be expressed as Sy( t Qa) With @a = 1/0, , an

accelerated life model, or So(t)(p * with @px = 0 N a proportional hazards model[19].
The cumulative hazard is

In(H(t,x)) =7 In(t) - 7 In(a, ) (2.28)
Replacing the second term on the right side of the above equation with parameter &:

§=-nin(a,) (2.29)
the cumulative hazard is rewritten in the following form:

In(H(t,x))=nIn(t)+ ¢ (2.30)

Suppose a regression model based on the Weibull distribution is appropriate for grouped
data. Then the plots of log(H(t; x)) versus log(t) for different loads should resemble
parallel straight lines, and the intercept & is related to the load dependence of the survival
data.
2.3.3. Multivariate Models (Competing Risks)

In some cases there is more than a single failure time to be recorded for a system,
so that the multivariate models need to be considered. There might be times to failure of
different types, or of different components, or of partial failures or other associated
events. Suppose that there are p potential failure times T; T, ......, T p associated with a
system. If a system has components in parallel. The system continues to operate until all
p components have failed. It may be possible to observe some or all of the individual
component failure times before final failure, which occurs at time V = max (T} Ty, ......,

T p) [19, 20). If a system has components in series, the system fails as soon as any one
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component fails, this being at time U = min (T y, T, ...... » Tp). One system is subject to
competing risks when the system failures may be associated with one of p different
causes, type of fajlure modes. T j represents the time to system failure from cause j. The
observations comprise (C; , Uy), the cause and time of the sth failure, fors=1, 2, ..., 1.
The T is defined as net life, and the U or V is called crude life [19, 20]. They are
described respectively by net density and crude density (or subfailure density) [20].

Much work in survival analysis involving complex systems is based on an
assumption of independence, e.g. independent functioning of components or causes of
death. It means failure of one type does not affect the probability of failure of another
type. For the situation with two independent competing risks, if t; t, represent the time
since exposure until death because of cause one and cause two respectively, then fi(t;),
fy(t;) are the corresponding marginal densities (net densities) then the joint density of net
lives is defined as:

Sr@.5)=£0)* f,(5). (2.31)

The crude density for one item ,which died at time t because of the cause one, is
[fOf@)d, = £,(0)8,0) 232)

where S, (¢ )is the net survival function for cause two.

However, independence of causes of death is often not likely to be true,
particularly when there is load-sharing between components or randomly fluctuating
loads, or generally when failures of one type affect the probability of failure of another

type. There are a few distributions containing the possibility of dependence between the
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T;. Various hazard functions, failure rates, survival functions have found application in
this literature. For example, Gumbel suggested three different bivariate exponential
forms with joint survivor functions as following[19]:
1. S(t,,t,) = exp(~t, —t, — 6 1,1,) . The dependent parameter  satisfies
0<§ <1, 8=0yielding independence of T and T;.
2. S(t)=e""" {1+5(1-e"')1-e72)}. Here, -1<5<1withd=0
yielding independence.
3. S(t) =exp{—(t,” +1,°)"*}. Here § >1 with 8 = 1 yielding independence.
These survivor functions have been given in S(¢) = exp{-1,t, =4, ¢, — A ,, max(¢,,)}
standard form. Marshall and Olkin derived the joint survivor function for bivariate
exponential model |
S(t) = exp{-A ,t, =4 ,t, —A |, max(t,,1,)} (2.33)

to describe a two-component system subject to randomly occurring shocks.
FGM Model

The FGM model was created by Farlie, Gumbel and Morgenstern. A multivariate

generalization of the Farlie-Gumbel-Morgenstern system of distributions and its
properties are investigated by Johnson and Kotz [12].
Morgenstern (1956), Farlie (1960) and Gumbel (1958) have discussed families of

bivariate distributions of the form
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Fr(F)=F ,p (1)

= F (1)) FK(1,)[1+6 §,(1)S,(,)] (0<6<1)

(2.34)

where T and T, are time since exposure until death because of cause one and cause two;

Fr(t) is the joint cumulative distribution function of T, and T, Fj(t;) = Fy (t;), and

Sj(tj)=1-Fj(t;):j=1, 2. Constraints on the values of the &'s are needed to ensure that

the Fr(t) is a nondecreasing function of each t;, t, [12].

It is easy to see that
lim F.(f)=0 i=12.
F; (0,0) =1

Ili_fﬂoFf (t,8,) = Fr,(tn)
'li_I)llF-T- @t,t,)= Frz (t,)

In the two-dimensional case we have the well-known symmetrical relationships
Fror (1) = F(t) F(6)[1+a {1 Fy, (831 - Fy, (1;)}]
S rpr, (1) =8,(1)S8, () 1+ a {1-5,(4)}H{1-8,(2,)}]
The joint density of Ty and T» is:

Jr (1) = £1(0) f,() 1+ 6 [1-2R ()1 - 2F,(1,)1}

where f (t;), f(t;) are densities of T; and T, corresponding to F(t; ), Fa(t, ).

(2.35)

(2.36)

2.37)

In this research, the FGM model is chosen to describe the dependent relationship

between two competing risks. One cause of death for irradiated beagles is osteosarcoma,

a kind of bone cancer, the other one represents all of other diseases and cancer. The

reason for choosing this model is that it is an independent model plus a perturbation term
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describing the dependence of risks, and the well-known symmetrical relationships (2.36)

in the two-dimensional case.

2.4. Maximum Likelihood Estimation

2.4.1. Likelihood Function

There is a general method of estimation of parameters, called maximum
likelihood estimation (MLE) [19]. Assuming t; is lifetime of i’th item, and all of items
can be regarded as observations with common density function f(t; 6; ,6,......., O ) where
the form of f is known but where the parameters 6,,6,......, O, are unknown. For brevity
the dependence on 0,6, ..., O, is denoted by 6. The likelihood function is defined by

[19]
L©@)=T1/ ). (2.38)

More generally, suppose that some of observations are right-censored. Then the
observations 1, 2, ..., n is split into two disjoint sets, one, U say, corresponding to
observations that are uncensored, the other, C say, correspondihg to right-censored

observations. Then the likelihood function in this case is defined by [19]

L) ={J]r ;8 n{Is¢.;9n (2:39)

Thus, for a right-censored observation the density has been replaced by the survivor
function. In a similar manner for a lefi-censored observation the density should be
replaced by the distribution function [19]. For an interval-censored observation the

density should be replaced by the distribution function evaluated at the upper end-point
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of the interval minus the distribution function evaluated at the lower end-point of the
interval, thus yielding the probability of occurrence of a lifetime within the interval.

For the independent competing risk model, treating the lifetimes of the other
causes of death as right censored data, the above likelihood is appropriate. For the
survival data with dependent competing risks, the failure density in equation (2.38) is the
crude density for each item, the likelihood is the product of all crude densities [19].
2.4.2. Maximum Likelihood Estimation (MLE)

It is almost always more convenient to work with the log-likelihood, let £(0 )=
log L(6 ), the maximum likelihood estimates(MLE) 8, , 8, , ..., 8, (mode of 61,

0,,...., Om ) are those values that maximize the likelihood, or equivalently, the log-
likelihood, and the MLEs may be found by solving the likelihood equations:

o/
=0 ' =1,2,...., 2.40
55 ¢ m) ( )

J

Usually, Gauss-Newton or Newton-Raphson methods [21] are used to solve the equations
(2.40) numerically.

To estimate the standard deviation of 6;, consider the m x m
information matrix J with entries

%l

——— '=1,2,..,m k=12,.., 2.41
56,20, G m m) (241)

evaluated at & . Then the inverse of J is the estimated variance-covariance matrix of
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9,,[92,...,9” . Thatis,if V=] " has the entries vjk, then vjk is the estimated

covariance between $; and §,. In particular an estimate for the standard deviation of

4, (G=1,2,...m)is just ijl/z.

Suppose that 6=(6 ,,3’2 ,...,@m ) has been calculated. Some function of
unknown parameters such as ¢ = g(3), may be interested, where g is a specific one-to-
one function. The MLE of ¢ is defined by

é=2(d). (2.42)

Then the standard deviation of :}) may be estimated by Delta method [19]:
se@)=0 s 2.43
(9) {,221(53 23, sV} (2.43)
where the partial derivatives are evaluated at 6.
2.4.3. Maximum Likelihood Ratio
To test between nested models M, and M; where M, with p, parameters is
contained within M; which has p; > py parameters, the likelihood ratio statistic

W =2(l -1 ) has an approximate chi-square distribution, ¥ i —p" Here /;and [y are

the maximized values of / under M) and Mj, and p; - py is the degree of freedom.
The value of W is compared with chi-square x2 a with df = p; - po, where a is the
probability (for example , 0.05). If w> xz a» reject model M; and select model M.
2.4.4. Newton-Raphson Methods

Usually, Gauss-Newton or Newton-Raphson methods [21] are used to solve the
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equation (41) numerically. In this research, this method is used by the software JMP [22]
to obtain the MLEs of parameters. A typical problem gives N functional relations to be
zeroed, involving variables x; , 1= 1,2, ..., N:

F (x,,x;, ...;xy)=0 i=12,..,N (2.44)
Let x denote the entire vector of values X; and F denote the entire vector of function F;.

In the neighborhood of x, each of the function F; can be expanded in a Taylor series

F (X +6X) = F,(X)+ i%ax, +0(5x). (2.45)

Jj=1 j

The matrix of partial derivatives appearing in the above equation is the Jacobian matrix

J: J,; = oF, . (2.46)
ox;
In matrix notation the equation is changed to
F(x+6x)=F(x)+]-6x+0(6x%). (2.47)

By neglecting terms of order §x? and higher and by setting F (X + 5X) =0, we can
obtained a set of linear equations for the correction X which move each function closer
to zero simultaneously, namely

J-6x=-F (2.48)
that is Sx=-J ' F (2.49)
The correction are then added to the solution vector,

Xpew =Xog +0X (2.50)

and the process is iterated to convergence.
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2.5. Bayesian Approach

From the point of view of survival analysis, the adoption of Bayesian approach
has number of practical advantages. Many survival problems arise in situations where
there is high level of uncertainty, either because of the influence of uncertain factors
which are hard to quantify, or because survival prediction involves significant
extrapolation from any available data. Also, in many survival problems, the data are
simply inadequate for any predictions to be made with any reasonable degree of
confidence. Thus it is recognized that practical decisions are very often, inevitably,
strongly guided by subjective judgments. Bayesian statistics provides a means of
quantifying subjective judgments and combining them in a rigorous way with information
obtained from experimental data [23]. In this research Bayesian statistics is used to
estimate the parameters in a competing risk model.

2.5.1. Bayes’ Theorem:

If X is a continuous random variable, whose probability density depends on an

unknown parametric vector variable 0, is given by f(x16), and if the prior probability |

density of 6 is denoted by P((8), then for every x such that f(x8) > O exists, the posterior

probability density of 6, given X =x is [18]

F(x19)F,(¥)
P(A = Y7 2.51
(A x) ) (2.51)
where

f(x)=j f(xI®P,HdD - (2.52)
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is the marginal probability density of X.

Suppose that experimental results X1, X2, ... ,.Xp are available and that we desire
to estimate the unknown parameter vector 6, the f(xI6) term in the Bayes’ theorem is
replaced by Likelihood function L(X16) [23, 24, 25, 26] as follows:

L(X 13)P,(8)
[Lx 19)PB)dD

P X)= (2.53)

Since the 6 is usually the hypothesis to be evaluated relative to empirical data x, this form
of Bayes' theorem thus states that the probability of the hypothesis conditional on the data
(or the posterior probability of the hypothesis) is equal to the probability of the data
conditional on the hypothesis (or the likelihood of the hypothesis) times the probability
(the so-called prior probability) of the hypothesis, all divided by the probability of the
data [35].

Since the denominator in equation (54) is not a function of parameter 0 , Bayes'
theorem can be written as

P(BI1X) o L(XIF) P (V) (2.54)

The proportional constant is the normalization factor that assures that the integral of
posterior density of 6 over 6 is unity.

Bayes' theorem incorporates the current observations and modifies prior
knowledge of © [25, 27]. The prior density F,(6) expresses the decision maker’s degree
of belief about the parameters, prior to the observing the data, based on previous practical

experience and understanding. The posterior distribution P(6 |1X) is the conditional
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distribution of 0 after the data have been incorporated in the analysis. It contains all the
available information about the parameters and some Bayesians assert that inference
about any parameter is complete whenever its entire posterior is reported. Consequently,
quantities of interest such as point or interval estimates can be readily derived from this
distribution.
2.5.2. Bayesian Estimation of Parameters

In the above equation, if 0 is n dimensional parameter vector: 6=(81,62, ... ... ,
On ), the posterior distribution refers to the joint posterior for all of components of 6. A
complete inference for the interested parameter, 0 i is described by the marginal

posterior density of 6 j as follows :

P(8,1X) = [ P(8 1X)dD (2.55)

By

where R is the complement of i in the set (1, 2, ..., n). The multiple integration can be
performed analytically or numerically depending on the forms of the likelihood and the
prior densities.
2.5.3. Bayesian Prediction

Bayesian prediction technique is used to predict the predictive distribution of X
[Guttman and Tiao (1964)], which is the posterior distribution of a future observation X’
given the current sample statistics. Generally, let Q(X, 6) be a probability function of X
depending on the parameter 0, such as failure density, hazard rate, survival function, ...,
etc. Using the posterior density of 6 obtained by a current sample data, the prediction for

Q (X*) for a new observation X is [19]:
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o(x") = [ 0(X" HPBX)ds (2.56)

The predictive density is based on considering the uncertainty from all parameters [28]. It
is independent of the parameters.
2.5.4. Noninformative Priors

Noninformative priors are used for random quantities whenever little prior
information is available. A noninformative prior distribution of the parameter 6
expresses little preference for some values of the parameter over others. Noninformative
priors provide some degree of objectivity in Bayesian analysis. They are sometimes used
whenever results from Bayesian and conventional analysis are to be compared. In this
research, constant priors are used.

2.5.5. The Bayes Factor

One of Bayesian model choice criteria is the posterior odds ratio [29, 30] . If
there are two possible models, M1 and M2, with different parameters 6; and 62 for a
given data set X, and each with prior density P(61) and P (62), then the posterior odds on

model 1 is

P(ﬁI'X)__ql_})O(ﬁl)

= (2.57)
P(#,1X) q, F(¥,)
The Bayes factor is defined by
[L,(B 1 X) P, (B,)dD,
Bp=dL_2<M . . (2.58)
@ [L@,X)RO ),
dcM,

where the term
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LS, 1X)R3,)d8, (2.59)

.-9<:M,

is the marginal probability of the data X [29] from model i.

The Bayes factor depending on the prior density provides the sample 'weight of
evidence' for model 1 over model 2. If BF is about 1, we can say there is no big
difference between model 1 and model 2. For multiple model selection, the one with the

largest P(0 ; | X) is considered as the model that most likely to represent data X.

2.6. Numerical Integration

In Bayesian estimation of parameters, it is necessary to integrate the joint posterior
density over one or more parameters to obtain the marginal posterior density for the
interested parameter. However, for most problems, the integration will not be feasible
analytically. Numerical integration techniques are required for the implementation of the
Bayesian approéch. In this research, three different numerical methods are employed and
compared to verify the results. They are the Monte Carlo method, Gauss-Legendre
quadrature and Lattice integration.

2.6.1. Gauss - Legendre Quadrature

The idea of Gauss quadrature [21, 31}, is to approximate the value of an
integration as a linear combination of values of the integrand evaluated at specific points,
so called nodes x;, multiplied by certain aptly chosen weighting coefficients w;, i =1, 2,

..,n. Thus
b n
[P fyde = Yw fx) (2.60)
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where W (x) is the weighting function.

It is shown the set of (X; , X3, .. , X5)is the n distinct roots of the orthogonal
polynomial P, (x) , which has the recurrence relation

P,(x)=0
P,(x)=1 (2.61)
Pya=(x=a) B®-b B, () j=l2-

where
21 ) B
- {Bn) (2.62)
b =_<i'fi>_ i=12,-
T (BB

the <> is Dirac symbol, it is used to describe the scalar product of two functions over the

weight function W(x) as
(flg)= [P f(x)g(x)dx (2.63)

Two functions are said to be orthogonal if their scalar product is zero. A function is said
to be normalized if its scalar product with itself is unity. A set of functions that all
mutually orthogonal and also all individually normalized is called an orthogonal set.

The weights can be estimated by the formula

I L))
' Py (x;)P'y(x;)

(2.64)

where the P’ (x;) is the derivative of the orthogonal polynomial at its zero x j .
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If the weight function, intervals, and recurrence relations that generate the most |

commonly used orthogonal polynomials are respectively as

Wix)=1 -1=<x<1
(2.65)
G+D) P, =(2j+1)x P~ B,
the corresponding weights are
2
w, = 5 , 5 (2.66)
(l“xj P W (xj ]
and the Gaussian quadrature formula is
N
ff(x_)dx=2wj f(x,) 2.67)
1
for multi- dimensional integrals, for example, for dimension k, it is
b, b,
j. If(xl Xy X )dxdxy edx, ®
G A (2.68)
2 Wy Wy (%)
Jy J2 Jk
If n;=n,=... = ng, one has to evaluate the integrand at n® points.

2.6.2. Lattice Integration

The lattice rules [31, 32] are quadrature rules designed to approximate the integral
of function f (x;, X; ..., X5 ) over the unit s-dimensional cube, in situations in which fis
reasonably smooth and also one-periodic with respect to each component of x . This is an
equal-weight rule whose quadrature points are all the points of an integration lattice that
lie in the half-open unit cube. Some preliminary transform of the given integral may be
needed to bring the problem into this form.
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The embedded lattice rule is given by

1

If=[f@,x)= j [f (xysoesx,)d %, dx,
c’ 