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ABSTRACT

The purpose of this dissertation research is to compare the toxicity of the

a-emitting, bone-seeking radionuciides and ̂ ^^a, develop a model for radiation

induced osteosarcomas, and analyze the survival data of beagles exposed to these

radionuciides. This research integrates the knowledge of radiation protection, survival

theory and methods (competing risks, maximum likelihood estimation, and Bayesian

techniques), numerical integration techniques (Monte Carlo, Lattice rule and Gauss-

quadrature ) and object-oriented programming in €++. The outline of this research is:

(1) survival data preprocessing, (2) model identification and selection, (3) introduction of

FGM model, the dependent competing risk model created by Farlie, Gumbel and

Morgenstem, to the study of survival data with dependent competing risks:

osteosarcomas and other diseases, development of the crude density of the FGM model

and construction of the likelihood fimction for the FGM model, (4) Bayesian estimates of

the posterior marginal density of the toxicity ratio in the FGM model using several

numerical integration techniques (Monte Carlo, Lattice rule and Gaussian Quadrature),

(5) construction of the likelihood function for the independent competing risk model,

Bayesian estimate of the posterior marginal density of toxicity ratio in the model using

Monte Carlo method, which is compared with the posterior marginal densities for the

toxicity ratio obtained from the FGM model, (6) Bayesian estimates of all other

parameters in the FGM model using Monte Carlo method, (7) Comparison of the

cumulative hazard for ̂ 'Pu calculated according to the model with Nelson's cumulative

hazard plot under Bayesian point estimates of parameters and the mean activity in each

injection level. (8) Comparison of the toxicity of plutonium in osteosarcoma with that of
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radium under Bayesian point estimates of parameters and the selected activit of 0.85 pCj,

(7) discuss Bayesian prediction of the cumulative failure distribution.

It is the first time for the FGM model and the independent competing risk model

to compare the toxicity between ̂''Pu and ̂^®Ra. Bayesian parameter estimates for these

models are also the original contribution of this research. The approach is novel in the

field of radiation risk assessment, particularly, for toxicity studies.
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CHAPTER 1. INTRODUCTION

1.1. Motivation and importance of the Research

The study of bone-seeking radionuclides has engaged scientists and physicians for

over 75 years. Bone-seeking radionuclides are those that have the skeleton as a primary,

or at least a major deposition site in the body [1,4], The induction of bone cancer is the

primary risk from these radionuclides. Regardless of the intake route, once a bone seeker

has entered the blood stream, it is quickly and efficiently transferred to bone and once

deposited in bone, the radionuclides are retained for long times and induce bone cancers.

Beginning with in-vivo measurements of radium and exhaled radon in radium workers in

1920's (Martland et al., 1925) to recent findings in workers exposed to transuranic

elements (Toohey and Kathren, 1994), the study of the measurement, metabolism,

dosimetry and health effects of bone seekers has been continuous.

Radium toxicity has been studied for more than a half-century, and it continues to

be of great interest not only for its radioepidemiological significance but also because of

radium's ubiquity in our environment. The history of radiation protection is intimately

associated with epidemiological studies of radium toxicity [1]. The studies of radium

workers (Evans, 1933) took on new importance in the early days of World War n when it

was realized that the new radionuclides to be mass-produced, such as ̂^'Pu, may behave

similarly in the body and have similar effects as radium [4].

As a result of nuclear weapons tests, measurable quantities of the man-made

element, plutonium, are found in foods and in human tissues [2]. However, no data are



given in the Reference Man Report (ICRP Publication 23) for this element. Some data on

plutonium are available for humans from occupationally exposed persons. A great deal

of metabolic information comes from animal experiments. Generally, the data that were

analyzed were obtained by exposing beagles. Beagles are favored because of their

relatively long life span which would allow the expression of disease and because the

skeleton of the beagle approximates that of the human in its structure and physiology [3].

Large-scale animal studies were begun in conjunction with the continued follow-

up of the radium workers, based on the following hypothesis [4]:

Toxicity of radium in man x Toxicity of plutonium in dog
Toxicity of plutonium in man —; ;

Toxicity of Radium in dog

(1.1)

These toxicity ratios, dubbed "Robley Ratios" in honor of Robley D. Evans, have been

used for many bone seeking radionuclides and developed for many species. By

determining the toxicity ratio for radium between dogs and the humans, the risk to

humans for plutonium can be extrapolated from the animal data. This formula also

indicates the importance of comparing toxicity in dog for plutonium and radium to

predict the plutonium risk to humans. In this research, the toxicity in dog's skeleton

from plutonium is compared with that from radium.

The data for this research are obtained from beagles exposed to ̂ ^^u and^^® Ra

respectively. The experiments are performed at the University of Utah [3]. In this

experiment, dogs are exposed to graded injection levels. There are nine injection levels

from 0 to 5 for Pu (0.00051-3.3 pCi/kg in 278 dogs) and eleven injection levels from 0



to 5 for (0.00577-11.9 ̂iCi/kg in 140 dogs). At each level, about one half of the

dogs are males. Uninjected, age-matched dogs served as controls. For each beagle the

sex, the group number, the code letter for the radionuclide, the injection level, the age at

time of exposure to ̂ ^'Pu or (in days), the weight, the time at risk (in days), the

injected activity per kg body weight (in pCi /kg) and the cause of death are recorded. The

injected activity per kg body weight is determined by the "retained" activities, the

maximum permissible concentration of ̂̂ ^Ra in man [3]. The time at risk is defined as

the elapsed time (in days) from first exposure to the time of death firom osteosarcoma or

fi-om an other disease [3]. There are therefore at least two causes of death: death fi'om an

osteosarcoma or fi'om an other disease. For each individual beagle, the cause of death,

the time at risk and total accepted activity are available.

Since bone cancer is the primarily biological response of the two radionuclides[4],

the relative toxicity ratio is in terms of the bone cancer risk ratio. The biological effect of

radiation can be divided into two general categories: stochastic and deterministic, or

nonstochastic [2]. Cancer is a stochastic biological effect of ionizing radiation,which can

be analyzed by estimating the parameters of a survival model.

If the collected survival data include both the time to death and the corresponding

cause of death for each individual, like the experimental data used in this research, then

analyzing and interpreting this kind of survival data involve competing risks [5,9]. Much

work in survival theory is based on an assumption of independence, e.g. independent

functioning of causes of death. However, this is an unverified assumption and often not

likely to be true generally, where failure of one type affects the probability of failure of



another type. A large number of clinical experimental studies are analyzed assuming

independence. In addition, there are many other examples for dependent competing risks

in biometry, radiation risk analysis and reliability analysis of a technological system

consisting of n components in series [6]. The theory of competing risks includes: (a)

nonparametric approaches, (b) parametric approaches - independent competing risks, (c)

parametric approaches - dependent competing risks. There are methods, such as. Nelson's

hazard plots [7] and total-time -on-test plots [8], which provide simple means of

checking the distributional assumption in the case of independent risks. There are also

various parametric probability models, like the Exponential, Normal and the Gompertz

model. Particularly the Weibull life distribution has been widely used in many fields

such as life science, industrial statistics, physics, etc [9]. For the dependent competing

risk problem, the Marshall-Olkin multivariate exponential distribution is one of the few

simple multivariate life distributions admitting dependence [10]. A multivariate Weibull

distribution has been espoused by several authors, and a rather general method for

obtaining new multivariate life distributions was outlined by Lee and Thompson [11].

Furthermore, many models (e.g. the Farlie-Gumbel-Morgenstem model (FGM)) for

association in bivariate failure data are reproduced and the details discussed [12]. Oakes

[13] introduced the bivariate distribution with uniform marginals [14], and Frank's

family of bivariate distributions [15]. Since Slud and Byar [16] showed that the

dependent causes of death can make risk factors appear protective, it is important to study

models for dependent causes of death.



However, most data analysis performed with the above models and methods are

based on the assumption of independent competing risks. For dependent competing risks,

a lot of theoretical work has been done. So far no work has been done on practical

problems, like estimation of toxicity ratios where it could be necessary to use dependent

competing risk models.

Over the years survival analysis methods based on sampling theory have been

found to be extremely useful for a wide variety of problems. The basic idea is that the

unknown parameters are assumed to be fixed constants or a constant vector. A point

estimator is then derived according to some principle, such as maximum likelihood (ML),

minimum variance, least squares, or the method of moments [17]. However, as what

pointed by Bonis (1966,1975) and Schafer (1973) [18], there are two major disadvantages

due to the nature of sampling theory: (a) It is inappropriate for analysis based on scarce

data, (b) Information available before the current experimental data are collected can not

be used. For reasons such as these, clauses in military and govenunent reliability

contracts permit other methods, such as Bayesian procedures, with the onus of

justification put on the producer[18].

The scope of this research concerns primarily with the application of one

particular dependent competing risk model, the FGM model, to compare the toxicity of



1.2. Objectives and Research Tasks

The primary goal of the research is to compare the toxicity in beagles of

plutonium and radium on the formation of osteosarcomas. For this goal, the survival

theory and its methods are applied to the toxicity analysis of these radionuclides.

Different models are studied and different methods for parameter estimation

are compared. This research integrates data preprocessing, nonparametric analysis,

identification of life distribution models, application of independent and dependent

competing risk models, maximum likelihood estimations of parameters (MLE), Bayesian

parameter estimation and numerical integration methods.

The key steps in the survival data analysis include the following:

(1) Summarize the experimental data. (2) Select life distribution model by using non-

parametric diagnostic plots, maximum likelihood estimates and maximum likelihood

ratio. (3) Derive the parametric cumulative hazard, survival function and the failure

distribution for a relative risk model with a Weibull life distribution as baseline. (4)

Derive the crude density from the joint density of FGM model and independent model.

(5) Construct the Likelihood function respectively for an independent competing risk

model and the dependent FGM model. (6) Bayesian estimates for the toxicity ratio with

the dependent FGM model and three different numerical integration methods (Monte

Carlo, Gauss Quadrature and Lattice method), and develop the corresponding computer

programs. (7) Compare the toxicity ratios obtained by three different numerical

integration methods. (8) Bayesian estimates for the toxicity ratio with the independent

competing risk model. (9) Compare the toxicity ratios obtained from the independent



competing risk model and the dependent FGM competing risk model by normalizing their

marginal posterior densities. (10) Estimate the parameters in the dependent FGM

competing risk model by Bayesian techniques and develop corresponding computer

programs. (11) Estimate the parameters in the independent competing risk model by

Bayesian techniques and develop corresponding computer programs. (12) Compare these

parameter estimetes for the independent competing risk model and the dependent FGM

competing risk model. (13) Derive predictive probability distributions according to the

Bayesian prediction technique. (14) Using the modes of the posterior densities as point

estimates for the parameters in the FGM model, the cumulative hazard for ̂ ^'Pu is

calculated with the mean activity for each injection level, and compared with Nelson's

cumulative hazard plot. (15) Using the modes of the posterior densities as point estimates

of parameters, the toxicity of plutonium in osteosarcoma is predicted and compared with

that of radium by determining the cumulative hazard, the survival probability, the

cumulative distribution and the failure density under the activity of 0.85 pCj. (16) State

the conclusions about the toxicity comparison of ̂ ^'Pu and ̂^^Ra and discussions and

make suggestions about future research.

1.3. Original Contributions of the Dissertation.

The comparison of toxicity between ̂^'Pu and ̂^^Ra with the independent

competing risk model, the dependent FGM competing risk model, and the use of

Bayesian techniques are the original contributions of this research. This approach is

novel in the field of radiation risk assessment, particularly, toxicity studies.



The original contributions of this dissertation are listed below:

1. Development of the crude density for the FGM model.

2. Development of the net density for the FGM model from the relative risk model

based on Weibull distribution.

3. Construction of the likelihood function for the given survival data with

the independent competing risk model and dependent FGM model.

4. Bayesian estimation of the toxicity ratio for plutonium and radium in the

presence of dependent competing risks using three different munerical

integration methods.

5. Comparison of the toxicity ratio obtained from the dependent and

the independent competing risk model.

6. Bayesian estimation of other parameters for the relative risk model using

the FGM model, and comparison of the results with that obtained from

the independent competing risk model.

7. Comparison of the cumulative hazard for ̂ ^^u calculated according to the

model with Nelson's cumulative hazard plot under Bayesian point estimates

of parameters and the mean activity in each injection level.

8. Comparison of the toxicity of plutonium in osteosarcoma with that of

radium under Bayesian point estimates of parameters and the selected activity

of 0.85 pCj.



1.4. Organization of the Dissertation

This dissertation is organized into four chapters and three appendixes. Following

the introductory chapter, a literature review of the applied theory and methods are given

in chapter 2, including life distributions, competing risk models, maximum likelihood

estimate (MLE), Bayesian techniques and numerical integration methods. Chapter 3

gives a detail description of the modeling and analysis of the survival data applied in this

research. This is the main part of the dissertation. A summary of the research is stated in

chapter 4, including conclusions, discussions and suggestions for future research.

Appendix A is the derivations of crude densities for FGM model. Appendix B is the

collected survival data, and Appendix C lists computer codes for the data analysis



CHAPTER 2. REVIEW OF APPLIED THEORY AND METHODS

2.1. Survival Probability and Survival Data

Survival probability is defined as the probability that an item will live under stated

conditions for a stated period of time[18]. When applied to human being or life test, it

usually refers to person's or animal's ability to perform certain tasks according to a

specified standard. By extension, survival probability is applied to a piece of equipment,

or a component of a large system, to mean the ability of that equipment or component to

fulfill what is required of it.

The important feature of survival data is the time at risk which assumes that

aging occurs during operation. There are three distinctions to be made here concerning

survival data [19]; 1. Noncensored versus censored data. It is customary to stop an

experiment before all the units have failed, in which case only a lower bound is known

for the failure load or failure time of the unfailed units. Such data are called right-

censored. In other contexts, only an upper bound for the failure time may be known

(left-censored), or it may be known only that failure occurred between two specified

times (interval-censored data). 2. Single samples versus data with covariates. A single

sample means the sample of lifetime of units tested under identical conditions. In many

contexts, however, there are additional explanatory variables or covariates. For example,

there may be several different samples conducted with slightly different materials or

under different stresses or different ambient conditions. This leads us into the study of

survival models which incorporate covariates. 3. Univariate and multivariate data. If the

10



variable being measured is a scalar, such as a single lifetime, this is called univariate data.

Otherwise, the variable is a vector of observations, such as lifetimes of different

components or failure stresses in different directions or lifetimes for different causes of

death, relevant to the survival probability of a single unit, this kind of data are

multivariate data.

According to the above discussion, the survival data in this research are

multivariale data with a covariate, because of the lifetime for different causes of death

and the different samples conducted under different injected activities. The lifetimes for

different causes of death makes the survival data multivariate. The injected activity

is the covariate.

2.2. Probability Distributions in Survival Analysis

2.2.1. Preliminaries on Life Distribution

In this part, some important concepts in survival analysis are defined.

Let T be the random time to failure of a unit under study. Here time is used in its

most general sense. It may be real time or operational time or indeed any non-negative

time metameter variable, such as breaking strain or number of revolutions to failure. Let

F(0 = Pr(7'<0 (2.1)

be the distribution function of T and let

5(0 = Pr(r>0 = 1-^(0 (2-2)

be the stuwivor function or reliability function of T. Assuming that T has a density

function

11



be the survivor function or reliability function of T. Assuming that T has a density

function

so that the probability that a unit fails in the short time interval [t, t + 6t) is

Pr(t <T<t + St) = fit) 5 t (2.4)

Consider now the same event, that is t < T < t + 6t, but this time conditional on the fact

that the unit has not failed by time t. That is

Pr(f <r<r + <5f|r>r) = ̂^^^ (2.5)

This may be thought of as the probability of imminent failure at time t. The function h (t)

given by

hit) = ̂  (2.6)
Sit)

is the hazard or failure rate function, and is a natiiral indicator of the 'proneness to failure'

of a unit after t has elapsed [19]. The cumulative hazard function is

t

Hit) = \hiu)du (2.7)
0

and it is readily seen that

5(0 = exp{-//(0} (2.8)

The f, F, S, h and H give mathematically equivalent descriptions of T in the sense that,

given any one of these functions the other four functions may be deduced.

Some typical cases are briefly discussed below.

12



1. If h(t) = X, a constant, the H(t) = X t and S(t)=exp(-X t), the survivor function of

exponential distribution with rate parameter X. The corresponding density function is

=  (2.9)

Thus, an exponential life distribution corresponds to no aging, and is a natural starting

point in survival modeling.

2. If h(t) is an increasing function of t, then T is said to have an increasing failure rate

(BFR). This is appropriate when the unit is subject to aging, perhaps through wear, fatigue

or cumulative damage.

3. If h(t) is a decreasing function of t, then T is said to have an decreasing failure rate

(DFR). This may occur, for example, when a manufacturing process initially produces an

appreciable proportion of low quality units which are likely to fail early. After a while,

higher quality components remain, which have lower failure rates. This is a common

situation with some electronic devices. In such cases, initial proof-testing of units is often

carried out in order to eliminate the substandard units.

2.2.2. The Weibull Distribution

In survival analysis, generalizations of the exponential distribution, such as the

gamma and Weibull distributions have proved to be valuable models. The Weibull

distribution is probably the most widely used distribution in survival analysis [19]. It

has been found to provide a reasonable model for lifetimes of many types of units, such

as beagles exposed to radiation, vacuum tubes, ball bearings and composite materials and

for many human cancers. The closed form of Weibull density function and the wide

13



variety of shapes exhibited by Weibull density functions make it a particularly convenient

generalization of the exponential distribution.

A Weibull random variable has survival function

S{t) = exp{-(t /ay} (2.10)

for t > 0 and where a and ti are positive parameters, a being a scale parameter and r\

being a shape parameter. When t] = 1, the exponential distribution with X = 1/ a is

obtained.

The Weibull hazard function is

h{t) = Tja-''t'>-' (2.11)

This is DFR for r) < 1, constant for t] = 1 (exponential) and IFR for t) >1. In particular,

for 1<ti<2, the hazard function increases slower than linearly; for ti=2 the hazard function

is linear, and for r\>2 the hazard function increases faster than linearly[19].

The Weibull density (for t > 0) is

=  (2.12)
a

The Weibull cumulative hazard is

=  (2.13)
a

or ln(/f(r)) = T] ln(0 - rj ln(ar) (2.14)

Equation (2.13) and equation (2.14) show that the cumulative hazard plot should appear

as convex or concave, and the plot of log cumulative hazard against log lifetime appears

14



as a straight line for Weibull distribution. These are important features of Weibull

distributions which are used in the field of model identification and selection.

2.3. Statistical Models and Methods in Survival Analysis

2.3.1. Nonparametric Estimation

Nonparametric estimation does not depend on assumptions relating to any specific

probability model [19]. It is natural to use the survival fimction and the cumulative

hazard function as the basis for graphical displays [19]. They may suggest the form of a

probability model for the data. After fitting a probability model, they may allow a simple

assessment of adequacy of the fitted model. In addition, in certain circumstances crude

parameter estimates for a model may be obtained graphically. Two separate techniques

are employed. The fiirst technique plots an estimate of the cumulative hazard versus time

[7], while the second procedure plots a scaled total time on test versus fi-action of

endpoints of interest observations [8]. The second probability plotting method is used to

verify the results of the first one.

Cumulative hazard plots

Assuming independence of the times of death. Nelson estimates H(t j, d),

cumulative hazard at time, in the following manner:

(2.15)
,=i /"S t

where the RR; is the reverse rank of the rth time to death for the Ath cause of death with

the times to death arranged in ascending order.
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From equation (2.15) we have

ln//(<,),=ln(2^) (2.16)
1=1 ^ik

According to equation (2.14), if a Weibull model is appropriate for the data, the

J  j
plot of ln(^ ) against ln(tj) should be roughly linear. Further, if the slope and the

i-i ̂

intercept of the plot are a and b respectively, then rough estimates of r\ and a are a and

exp(-b/a) respectively.

The standard deviation for the Nelson estimate is calculated in a similar manner.

Let cy(t, d) be the standard deviation then [7]

) = V-J—
1/2

(2.17)

Total time on test plots

The total time on test procedure as well as the Nelson procedure makes the

assumptions that the random times to the observation of interest are independent from the

censoring times [8]. The scaled total time on test transform is given by the equation:

(2.18)

where TTTj is the total time on test up to time ti. Let n is the total number of items up to

the last item to die with the specified endpoint of interest, the TTTj is expressed as

following:
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7T2;= So (2,19)
y=i

TTTT is the sum of all the times up to the last failure caused by the specific endpoint of

interest, the "total" total time on test.

The analysis is made by looking at the shape of the graph. If the graph is convex

the hazard rate is increasing, while if concave the hazard rate is decreasing. If the hazard

rate is constant in time, the total time on test plot is linear along the 45 line.

2.3.2. Regression Models for Survival Data

In many applications of survival analysis, our real interest is in determining the

way in which strength or lifetime depends on other variables, some of which may be

under the operator's control. For example, failure time depends on the load applied to a

component. It is almost always the case that increasing the load reduces the time to

failure, but it is of interest to have a specific model for this. In this context, load is a

covariate or explanatory variable. The regression models are used to deal with survival

data involving covariates.

Assuming the variable of interest is a failure time T, and the covariates are

represented quantitatively by a vector of x, the purpose is to determine how T varies with

X using an appropriate model for the dependence of T on x and relevant data (tj, Xi), (t2,

X2),... The data may then be used to estimate the unknown parameters of the model to

appraise the fit of the model and if necessary to suggest modifications of the model. The
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regression model [19], including accelerated life model and proportional model, is often

applied in survival analysis.

Accelerated Life Models

The accelerated life model holds when the survival function is of the form

5(/;x) = 5o(r^,) (2.20)

where So is some baseline survivor function and cp* is a positive function of x. The

interpretation is that, compared with some standardized system in wdiich cp* = 1, the

lifetime is divided by a factor cp*, or equivalently, the decay of the system is accelerated by

a factor (px.

Proportional Hazards Models

In the proportional hazards models the hazard function satisfies h (t; x) = ho(t) (p*.

Here h (t; x) is the hazard under factors x, ho (t) is some baseline hazard function, and (p*

is some positive function of x. Since h (t; Xi) / h(t; X2) = (Pxi / 9x2 is independent of t,

the hazards at different x values are in constant proportion over time, hence the name.

Provided 90 > 0, there is no loss of generality in assuming 90 = 1 since one can redefine

h (t; x) = ho(t) 9x / 9o- The survivor function satisfies S (t; x) = So(t) ̂  * for this model.

So being the baseline survivor function corresponding to ho.

Suppose that S (t; x) is both an accelerated life and a proportional hazards model,

so that

S(f,x) = S,,{t(p,) = S^o(ty' (2.21)

with the baseline functions standardized so that 9po = 9ao 1 • Th®n
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'5«o(0 = 5,o(0 = expH'') (2.22)

for some ti > 0 (Weibull survivor function) and (ppx= (pax^. For a proof see Cox and

Oakes (1984, section 5.3) [19]. From equation (2.21), we have

ln(5(r;x)) = (!> (x)ln(5,o(r;x)) . (2.23)

According to equation(2.8), the above equation is rewritten as

Hit;x) = ̂ix)Ho(t;x) (2.24)

or

ln(i/(r;x) = HHdt;x)) + ln((^ (x)). (2.25)

Suppose that the data are grouped according to different loads, and a regression model is

appropriate. Then the plots of H(t; x) against t for the different groiq)s should resemble

multiples of baseline curve Ho(t) against t. Altematively, the plots of log(H(t; x)) against

log (t) should resemble vertically shifted copies of log (Ho(t; x)) against log(t).

Models based on the Weibull distribution

One simple form of Weibull model uses the survivor function

5(r;x) = exp{-(r/a,)''} (2.26)

where we may take log a* = x^ p (loglinear model) and r\ independent of x. This is a full

parametric model with parameters P (regression coefiBcient) and r) (Weibull shape

parameter). The hazard function is

/i(r;x) = 7r'^Va/ (2.27)
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Let So(t) = exp(-t^), then S(t; x) can be expressed as So( t (paJ with (pax = l/ctx, an

accelerated life model, or So(t)^ " with <ppx = Ox' a proportional hazards model[19].

The cumulative hazard is

x)) = T] ln(0 - T] ln(a,) (2.28)

Replacing the second term on the right side of the above equation with parameter 4:

^ = -ri ]n(a^ ) (2.29)

the cumulative hazard is rewritten in the following form:

ln(/^(r, x)) = 7] hi(r) + ̂ (2.30)

Suppose a regression model based on the Weibull distribution is appropriate for grouped

data. Then the plots of log(H(t; x)) versus log(t) for different loads should resemble

parallel straight lines, and the intercept 4 is related to the load dependence of the survival

data.

2.3.3. Multivariate Models (Competing Risks)

In some cases there is more than a single failure time to be recorded for a system,

so that the multivariate models need to be considered. There mi^t be times to failure of

different types, or of different components, or of partial failures or other associated

events. Suppose that there are p potential failure times Ti T2, T p associated with a

system. If a system has components in parallel. The system continues to operate until all

p components have failed. It may be possible to observe some or all of the individual

component failure times before final failure, which occurs at time V = max (Ti, T2, ,

T p) [19, 20]. If a system has components in series, the system fails as soon as any one
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component fails, this being at time U = min (T i, T2 T p). One system is subject to

competing risks when the system failmes may be associated with one of p different

causes, type of failure modes. T j represents the time to system failiue from cause j. The

observations comprise (Cj, Us), the cause and time of the 5th failure, for s = 1,2,..., r.

The Tj is defined as net life, and the U or V is called crude life [19,20]. They are

described respectively by net density and crude density (or subfailure density) [20].

Much work in survival analysis involving complex systems is based on an

assumption of independence, e.g. independent functioning of components or causes of

death. It means failure of one type does not affect the probability of failure of another

type. For the situation with two independent competing risks, if ti_ t2 represent the time

since exposure xmtil death because of cause one and cause two respectively, then fi(ti),

f2(t2) are the corresponding marginal densities (net densities) then the joint density of net

lives is defined as:

(2.31)

The crude density for one item,which died at time t because of the cause one, is

oc

|/,(')/2(»2)'42 = /, (0-S,(() (2.32)
t

where Sjit ) is the net survival function for cause two.

However, independence of causes of death is often not likely to be true,

particularly when there is load-sharing between components or randomly fluctuating

loads, or generally when failures of one type affect the probability of failure of another

type. There are a few distributions containing the possibility of dependence between the
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Tj. Various hazard functions, failure rates, survival functions have found application in

this literature. For example, Gumbel suggested three different bivariate exponential

forms with joint survivor functions as following[19]:

1. 5(/, ,^2) = exp(-^i -t^-S ) • The dependent parameter 6 satisfies

a <S <1,5 = 0 yielding independence of T i and Ta.

2. 5(0 = {1 + <^(1-«''')(!-«"')} • Here, -1 < 5 < 1 with 5 = 0

yielding independence.

3. 5(0 = exp{-(/,'^ +12^)^'^} • Here 5 > 1 with 5 = 1 yielding independence.

These survivor functions have been given in 5(0 = exp{->^. \t\- ̂  2h~ ̂ \i n^(^ > h)}

standard form. Marshall and Olkin derived the joint survivor function for bivariate

exponential model

S{t) = exp{-A -A 2 0 12 max(ri ,t2)} (2.33)

to describe a two-component system subject to randomly occurring shocks.

FGM Model

The FGM model was created by Farlie, Gumbel and Morgenstem. A multivariate

generalization of the Farlie-Gumbel-Morgenstem system of distributions and its

properties are investigated by Johnson and Kotz [12].

Morgenstem (1956), Farlie (1960) and Gumbel (1958) have discussed families of

bivariate distributions of the form
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(2.35)

•^f (O ~ ̂  r, 'Tj
(2.34)

= F. (^,) (^2) [ 1 + ̂ 5, (/. )52 (^2)] (0<S<1)

where Ti and T2 are time since exposure until death because of cause one and cause two;

Ft (t) is the joint cumulative distribution function of T1 and T2, Fj (t j) = Fxj (t j), and

Sj (t j) = 1 - Fj (t j): j = 1,2. Constraints on the values of the 5's are needed to ensure that

the FT(t) is a nondecreasing function of each ti, t2 [12].

It is easy to see that

lim F= (?) = 0 / = 1,2.

F^(oo,co) = 1

lim F^(r,,r2) = Fr (/,)
t  '

lim F^(t,,/2) = ̂r,(^2)
f J ^00 *

In the two-dimensional case we have the well-known symmetrical relationships

F r, (^P'2 ) = F, (t,) F^(/,)[ 1 + a {1 - F^, (t.)} {1 - (/,)}]
(2.36)

=SMS,(t,)[l + a {l-5,(r,)}{l-5,(r,)}]

The joint density of Ti and T2 is:

fr .^2) = /. (^) /2 (^2) {1 + <^ [1 - 2F, (t,)][1 - 2F, (r,)]} (2.37)

where fi (ti), f2(t2) are densities of Ti and T2 corresponding to Fi(ti), F2(t2).

In this research, the FGM model is chosen to describe the dependent relationship

between two competing risks. One cause of death for irradiated beagles is osteosarcoma,

a kind of bone cancer, the other one represents all of other diseases and cancer. The

reason for choosing this model is that it is an independent model plus a perturbation term
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describing the dependence of risks, and the well-known symmetrical relationships (2.36)

in the two-dimensional case.

2.4. Maximum Likelihood Estimation

2.4.1. Likelihood Function

There is a general method of estimation of parameters, called maximum

likelihood estimation (MLE) [19]. Assuming ti is lifetime of i'th item, and all of items

can be regarded as observations with common density function f(t; 0i ,02, , 0m) where

the form of f is known but where the parameters 0i,02, , 0m are unknown. For brevity

the dependence on 0i,02,..., 0m is denoted by 0. The likelihood function is defined by

[19]

L(_e)=Y{f(t,-,9). (2.38)
i =1

More generally, suppose that some of observations are right-censored. Then the

observations 1,2,..., n is split into two disjoint sets, one, U say, corresponding to

observations that are imcensored, the other, C say, corresponding to right-censored

observations. Then the likelihood function in this case is defined by [19]

=  (2.39)
icu fee

Thus, for a right-censored observation the density has been replaced by the survivor

function. In a similar manner for a lefl-censored observation the density should be

replaced by the distribution function [19]. For an interval-censored observation the

density should be replaced by the distribution function evaluated at the upper end-point
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of the interval minus the distribution function evaluated at the lower end-point of the

interval, thus yielding the probability of occurrence of a lifetime within the interval.

For the independent competing risk model, treating the lifetimes of the other

causes of death as right censored data, the above likelihood is appropriate. For the

survival data with dependent competing risks, the failure density in equation (2.38) is the

crude density for each item, the likelihood is the product of all crude densities [19].

2.4.2. Maximum Likelihood Estimation (MLE)

It is almost always more convenient to work with the log-likelihood, let ^ (0 ) =

^  /S A

log L(0 ), the maximum likelihood estimates(MLE) 9 ̂ ^6 ̂ 9 „ (mode of 0i^

02,-—. 0m) are those values that maximize the likelihood, or equivalently, the log-

likelihood, and the MLEs may be found by solving the likelihood equations:

d i

d9,
= 0 (; = l,2,....,/w) (2.40)

Usually, Gauss-Newton or Newton-Raphson methods [21] are used to solve the equations

(2.40) numerically.

To estimate the standard deviation of 0i, consider the m x m

information matrix J with entries

d^l
(y

39,d9.
= 1,2,...,/7i; k = (2.41)

evaluated at 9 . Then the inverse of J is the estimated variance-covariance matrix of
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e J,02 ■ Tliat is, if V = J" ̂ has the entries vjk, then vjk is the estimated

covariance between i9^ and i9^. In particular an estimate for the standard deviation of

1/2,9^ 0=1.2, ...m) IS just vjj .

A  A

Suppose that ̂  ) 1^^^ calculated. Some function of

unknown parameters such as (f> = g{&), may be interested, where g is a specific one-to-

one function. The MLE of (j) is defined by

^ = g(^). (2.42)

Then the standard deviation of ̂  may be estimated by Delta method [19]:

(2.43)

where the partial derivatives are evaluated at 6 .

2.4.3. Maximum Likelihood Ratio

To test between nested models Mo and Mi, where Mq withpa parameters is

contained within Mi which has p\ > po parameters, the likelihood ratio statistic

1T= 2(/1 - / 0) has an approximate chi-square distribution, Here /; and lo are

the maximized values of / under Mi and Mq, and p\ - po is the degree of fi-eedom.

2
The value of W is compared with chi-square x a with di=p\-po, where a is the

2
probability (for example, 0.05). If w > x reject model Mi and select model Mo.

2.4.4. Newton-Raphson Methods

Usually, Gauss-Newton or Newton-Raphson methods [21] are used to solve the
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equation (41) numerically. In this research, this method is used by the software JMP [22]

to obtain the MLEs of parameters. A typical problem gives N functional relations to be

zeroed, involving variables Xj, i = 1,2,..., N:

/; (x, ,X2, ...,x^) = 0 / = 1,2, N (2.44)

Let X denote the entire vector of values xj and F denote the entire vector of function Fi.

In the neighborhood of x, each of the fimction Fj can be expanded in a Taylor series

F, (X +^X) = ;:(X) + 2;x-^^; +0(<?X=). (2,45)
>=1

The matrix of partial derivatives appearing in the above equation is the Jacobian matrix

J:
dXj

In matrix notation the equation is changed to

F(x + (Jx)=F(x) + ]<5x+0(<Jx^). (2.47)

By neglecting terms of order and higher and by setting F (x + ̂x) = 0, we can

obtained a set of linear equations for the correction <5x which move each function closer

to zero simultaneously, namely

]-^x = -F (2.48)

that is <^x=-3 '' F (2.49)

The correction are then added to the solution vector,

x«w=Xow+'^x (2.50)

and the process is iterated to convergence.
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2.5. Bayesian Approach

From the point of view of survival analysis, the adoption of Bayesian approach

has number of practical advantages. Many survival problems arise in situations where

there is high level of imcertainty, either because of the influence of uncertain factors

which are hard to quantify, or because survival prediction involves significant

extrapolation from any available data. Also, in many survival problems, the data are

simply inadequate for any predictions to be made with any reasonable degree of

confidence. Thus it is recognized that practical decisions are very often, inevitably,

strongly guided by subjective judgments. Bayesian statistics provides a means of

quantifying subjective judgments and combining them in a rigorous way with information

obtained from experimental data [23]. In this research Bayesian statistics is used to

estimate the parameters in a competing risk model.

2.5.1. Bayes'Theorem:

If X is a continuous random variable, whose probability density depends on an

unknown parametric vector variable 0, is given by f(xl0), and if the prior probability

density of 0 is denoted by Po(0), then for every x such that f(xl0) > 0 exists, the posterior

probability density of 0, given X = x is [18]

(2.51)
f(x)

where

fix) = jf{x\7^)P,mdi} n (2.52)
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is the marginal probability density of X.

Suppose that experimental results Xi, X2, — ,Xn are available and that we desire

to estimate the unknown parameter vector 0, the f(xl0) term in the Bayes' theorem is

replaced by Likelihood function L(XI0) [23,24,25,26] as follows:

(2.53)
jL(x

Since the 0 is usually the hypothesis to be evaluated relative to empirical data x, this form

of Bayes' theorem thus states that the probability of the hypothesis conditional on the data

(or the posterior probability of the hypothesis) is equal to the probability of the data

conditional on the hypothesis (or the likelihood of the hypothesis) times the probability

(the so-called prior probability) of the hypothesis, all divided by the probability of the

data [35].

Since the denominator in equation (54) is not a function of parameter 0 , Bayes'

theorem can be written as

P{d\X) oc L{X\d)-P^{d) (2.54)

The proportional constant is the normalization factor that assures that the integral of

posterior density of 0 over 0 is unity.

Bayes' theorem incorporates the current observations and modifies prior

knowledge of 0 [25,27]. The prior density Pq{6) expresses the decision maker's degree

of belief about the parameters, prior to the observing the data, based on previous practical

experience and understanding. The posterior distribution P{6 IX) is the conditional
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distribution of 0 after the data have been incorporated in the analysis. It contains all the

available information about the parameters and some Bayesians assert that inference

about any parameter is complete whenever its entire posterior is reported. Consequently,

quantities of interest such as point or interval estimates can be readily derived from this

distribution.

2.5.2. Bayesian Estimation of Parameters

In the above equation, if 9 is n dimensional parameter vector; 0 = (01,02 ,

0n), the posterior distribution refers to the joint posterior for all of components of 0. A

complete inference for the interested parameter, 0 i is described by the marginal

posterior density of 0 i as follows :

P(r?;IX)= JP(t? (2.55)

where R is the complement of i in the set (1,2,..., n). The multiple integration can be

performed analytically or numerically depending on the forms of the likelihood and the

prior densities.

2.5.3. Bayesian Prediction

Bayesian prediction technique is used to predict the predictive distribution of X

[Guttman and Tiao (1964)], which is the posterior distribution of a future observation X

given the current sample statistics. Generally, let Q(X, 0) be a probability function of X

depending on the parameter 0, such as failure density, hazard rate, survival function,...,

etc. Using the posterior density of 0 obtained by a current sample data, the prediction for

Q (X*) for a new observation X* is [19]:
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j2(X*) = £!2(X*,r?)P(t?lxyt? (2-56)

The predictive density is based on considering the uncertainty from all parameters [28]. It

is independent of the parameters.

2.5.4. Noninformative Priors

Noninformative priors are used for random quantities whenever little prior

information is available. A noninformative prior distribution of the parameter 6

expresses little preference for some values of the parameter over others. Noninformative

priors provide some degree of objectivity in Bayesian analysis. They are sometimes used

whenever results from Bayesian and conventional analysis are to be compared. In this

research, constant priors are used.

2.5.5. The Bayes Factor

One of Bayesian model choice criteria is the posterior odds ratio [29,30]. If

there are two possible models. Mi and M2, with different parameters 0i and 02 for a

given data set X, and each with prior density P(0l) and P (02), then the posterior odds on

model 1 is

P{d,\X) _q, Po(t? J

The Bayes factor is defined by

BF = ̂  = ̂  . (2.58)

0<zM2

where the term
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Ji,(5,|jr)P„(5,)rf5, (2.59)
9<zM,

is the marginal probability of the data X [29] from model i.

The Bayes factor depending on the prior density provides the sample 'weight of

evidence' for model 1 over model 2. If BF is about 1, we can say there is no big

difference between model 1 and model 2. For multiple model selection, the one with the

largest P(0 i j X) is considered as the model that most likely to represent data X.

2.6. Numerical Integration

In Bayesian estimation of parameters, it is necessary to integrate the joint posterior

density over one or more parameters to obtain the marginal posterior density for the

interested parameter. However, for most problems, the integration will not be feasible

analytically. Numerical integration techniques are required for the implementation of the

Bayesian approach. In this research, three different numerical methods are employed and

compared to verify the results. They are the Monte Carlo method, Gauss-Legendre

quadrature and Lattice integration.

2.6.1. Gaiiss - Legendre Quadrature

The idea of Gauss quadrature [21, 31], is to approximate the value of an

integration as a linear combination of values of the integrand evaluated at specific points,

so called nodes Xj, multiplied by certain aptly chosen weighting coefficients Wi, i = 1, 2,

..., n. Thus

jW(x)f(x)dx = '^w,f(x,) (2.60)
1=1
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where JV (x) is the weighting function.

It is shown the set of (xj, X2, , Xn) is the n distinct roots of the orthogonal

polynomial Pn(x), which has the recurrence relation

(X) = 0

PoW = l (2.61)
P  = (x-aj) Pj (x) - bj Pj_^ (x) j=l,2,—

where

(atP; IP,)
^ i ~ I \ y ~ 1,

{p, \p,)

~ / \ j ~ 2,

(2.62)

the <> is Dirac symbol, it is used to describe the scalar product of two functions over the

weight function W(x) as

{f\g)=lWix)f (x) gix)dx (2.63)
a

Two functions are said to be orthogonal if their scalar product is zero. A function is said

to be normalized if its scalar product with itself is unity. A set of functions that all

mutually orthogonal and also all individually normalized is called an orthogonal set.

The weights can be estimated by the formula

M., (2.64)

where the P\(Xj) is the derivative of the orthogonal polynomial at its zero x j .
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If the weight function, intervals, and recurrence relations that generate the most

commonly used orthogonal polynomials are respectively as

W(x) = l

U+l)Pj.i=i2j+l)xPj-jPj.,

the corresponding weights are

2
w.. =

^

J I J 1 Ik

If ni = n2 = ... = nk, one has to evaluate the integrand at n''points.

2.6.2. Lattice Integration

The lattice rules [31, 32] are quadrature rules designed to approximate the integral

of function f (X], X2,..., Xs) over the unit s-dimensional cube, in situations in which f is

reasonably smooth and also one-periodic with respect to each component of x . This is an

equal-weight rule whose quadrature points are all the points of an integration lattice that

lie in the half-open unit cube. Some preliminary transform of the given integral may be

needed to bring the problem into this form.
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(2.65)

(2.66)
 (l-x/)[n(x^.)]^

and the Gaussian quadrature formula is

t f {x)dx = Yj^j f
1

for multi- dimensional integrals, for example, for dimension k, it is

6, b ,

/••• I ••• ,x^)dx^dx^ —dxi^ «
a., at

n I ^2 ^ k
(2.68)



The embedded lattice rule is given by

1  1

c" 0 0

-Qsf (2-69)
1  n-l n-l «-» ; (Ir ... k

m  *7^0 yt'o nm n

where C® = [ 0,1]^, n and m are relatively prime, and z is an integer vector having no

•  s
nontrivial factor in common with m. Qs is the lattice rules having (n m) points.

A strong case can be made, that the best value of n is 2 [31 ]. Then the m must be odd if

n =2, because of the constraint that m is relatively prime with n. For example, if n = 2, m

= 5, z = (1,2) and s = 2, the above formula is a siun of twenty terms, in which each term

is the value of integrand f at one of twenty lattice points , divided by 20. For non

periodic integrands, Niederreiter and Sloan (1993) proposed the following lattice rule

[31]
1  , f 7Bf.= E-2'^. ./ft 0+;^2/(|;^zft)| ft-™)

They gave tables of Z obtained by finding a value of ̂  in

z = (1, I, mod N, •••, mod N ),

(2.71)

\<i<\_Nl2\,

such that the vertex variance

V, (2.72)
I,= 0 J ,= 0

is minimized. Here W ii , for ii,..., is = 0 or 1, are the weights in the 'optimal'

quadrature rule equation (2.70). In this research, we use the Table 2.1 to
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select the value of L (L = i ) for s = 6 [31]:

Table 2.1 Recommended choices of L for s = 6

N 79 157 313 619 1249 2503 5003 10007

L 15 22 59 132 143 347 708 357

2.6.3. Monte Carlo Method

In the classical Monte Carlo method [21, 31,33] (Metropolis and Ulam 1949,

Hammersley and Handscomb 1964) points xq ,..., x n -1 are chosen randomly in [0,1] ®

and the integral

//= j / (x,,"-,x„)=J---|/ (2.73)
0  0

is then estimated by

y = 0

(2.74)

where is the j' th s-dimensional random vector .

Like the whole subject of gambling, the Monte Carlo method invites strong

passions [21]. Its virtues are considerable. Convergence is guaranteed (almost surely)

by the central limit theorem, even if f is merely continuous. Moreover, the rate of

convergence is independent of the dimension: the error I Qn f - 1 f I is estimated by

where

ojf)

Viv

(/)= j f'{x)dx- (If)

(2.75)

(2.76)
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is the variance off. Finally, and most importantly, a free estimate of the error is

available: the variance may be estimated by

Q.f'-iQ.fV , (2-77)

and its square root then used to estimate the error (standard deviation).

Monte Carlo methods are sometimes the most convenient for evaluating certain

integrals, particularly when they contain several independent variables (multiple

integration) or involve functions that are not well behaved [36].

The negative aspects of the Monte Carlo method begin with the fact that truly

random number sequences are not available: rather, one must make do with 'pseudo

random' sequences generated by a deterministic algorithm [31]. Of course, no

deterministic sequence can be truly random, but it is possible to find 'random number

generators' whose output appears random when subjected to simple statistical tests.

Implementations of the Monte Carlo method often include some sort of "variance

reduction" technique. Such techniques include stratified sampling, importance sampling,

and correlated sampling[33 ].

2.6.4. Comparison of the Monte Carlo and Lattice Method

Let us calculate the six dimensional integral:

I  I

Q = j... J F{a,b,c,d,e,f) da db dcdd dedf
0  0 (2,
1  1

= J... Ja * 6 * c * c?» e * / dadb dc dd dedf
0  0

The exact value of this integration is 0.015625. Using Lattice rule and Monte

Carlo method, the results are compared in Table 2.2.
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Table 2.2 Comparison of Numerical Integration Methods.

0

Exact Value 0.015625

Monte Carlo

(N = 10007)

0.01561469

Lattice Method

(L = 357, N= 10007)

0.01557420
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CHAPTER 3. SURVIVAL DATA ANALYSIS

In this chapter, the primary work in the research is described, the results are

reported and analyzed.

3.1. Experimental Data Preprocessing

3.1.1. Experimental Data Summary

The experimental data described in section 1.1 are summarized in Table 3.1.

The table 3.1 lists the mean activity, mean time since exposure and the osteosarcoma

incidences in each injection level for Pu_Data and Ra_Data (see APPENDIX B).

For the comparison of the toxicity between plutonium and radium, the

experimental data are displayed in Fig 3.1 to Fig 3.3. Fig 3.1 shows the mean activity in

each injection level for ̂ ^^Pu as compared with ̂ ^^a. However, Fig 3.2 shows the much

shorter mean lifetime since exposure to ̂ ^^Pu as compared with ̂ ^^a. Furthermore, Fig

3.3 shows the much greater osteosarcoma incidence in each injection level for Pu_Data as
239

compared with Ra_Data. These plots indicate that the radionuclide Pu is more

dangerous than ̂ ^"^a in radiation-induced bone cancer, osteosarcoma.

3.1.2. Scaling of the Survival Terms

In working with statistics we frequently work with transformations of our data

rather than the acmal data [18]. Some common transformations are "square roots",

"logarithm" and "linear". The purpose of these transformations are to stabilize the

variance, to provide better fitting distributions, and to calculate distributions of statistics.

A common transformation of data is the linear one defined by

Y=A + BX. (3.1)

Direct application of the definitions of expected value and variance gives
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Table 3.1 Summary of the Experimental Data

injection level mean(activity) niean(time) Osteosarcoma(%)

[^Q] [day]
Pu_Data

0 0 4204.3 1.85

0.1 0.0075 4131.07 0

0.2 0.019 4101.41 2.17

0.5 0.0567826 3398.72 6.52

0.7 0.1073158 4000.63 15.79

1 0.131675 3756.75 20

1.7 0.3901143 3076.86 31.43

2 0.852 2495.75 83.33

3 2.59 1649.42 100

4 7.8858 1319.67 100

5 25.213778 1338 77.78

Ra_Data

0 0 4202.76 0

0.1

0.2 0.0785 3990.6 0

0.5 0.22808 4407.16 4

0.7

1 0.6233478 3927.22 4.35

1.7 1.53023 3655.85 15.38

2 3.2111667 3948.08 41.67

3 10.8775 2234.92 91.67

4 32.9671562 1353.81 71.88

5 95.6029231 946.6923077 76.92
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E{Y) = A + BE{X) (3.2)

Var(Y) = B^Var(X) (3.3)

Thus the mean of linear function of X is the same linear function of the mean of

X. However, the variance of X is unchanged by the location factor A but changed by the

square of the scale factor B.

The observed lifetimes in the research work are a few thousand days. They cause

overflow problems in computations with the Weibull distribution described in section

2.2.2. To solve this problem, the experimental data are linearly transformed. Although

the transformation changes the scale of data, the relative relationship among the data is

remained. The lifetimes are transformed as follows:

1. Define the up limit and the lower limit for the scaled data as y^ax Ymin i

2. Take the longest observed lifetime as Xmax, and the shortest as Xnim ;

3. Define the linear transformation as:

y = a X + b (3.4)

4. Determine the slope a and the intercept by using yn^ax , ymin, Xmax and x^in

yroax — a Xmax "I" b (3.5)

ymin ~ a Xjnin + b (3.6)

5. Linear transform all of lifetime using the determined slope and intercept.

The same method is applied to linearly transform the accepted activities in the data.

3.2. Model Identification and Selection of Life Distributions

3.2.1. Nonparametric Diagnostic Plots

Nonparametric diagnostic plot is one convenient way to select an appropriate life

distribution model for the survival data. Fig 3.4 is the Nelson cumulative hazard plot for

Pu_data, and Fig 3.5 gives the log cumulative hazard for different injection level at which
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dogs were exposed to Plutonium. Fig 3.6 and Fig 3.7 are the plots for Ra-data.

These plots provide some information about the dependence of the hazard rate on

time, and activity, (i). The curves describing cumulative hazard versus time in Fig 3.4 and

Fig 3.6 appear as convex other than straight lines, and the plots of ln(H(t 0) against ln(t j)

Fig 3.5 and Fig 3.7, are roughly linear. According to the equation (2.13) and (2.14), a

Weibull model is chosen to describe the dependence of the hazard function on time for

the survival data used in this research, (ii). Comparing the cumulative hazard for

different injection levels in these plots, we can see that the slope increases as the injection

level increases, which means the hazard rate increases as the injected activity increases.

This feature of the activity dependence of hazard rate is then added to the life distribution

model, and these plots are used to select an appropriate relative risk model describing the

activity dependence, (iii). The Fig 3.5, consisting of vertically shifted copies of the same

curve indicates a proportional hazards model, and one consisting of roughly parallel

straight lines implies a Weibull model as in equation (2.14). The same suggestion comes

from Fig 3.7. Therefore, a proportional hazard model with baseline of Weibull

distribution (relative risk model) is appropriate for the survival data. The survival

function is chosen as

5(r,;7,^) = exp(-(—)")
a  (4./)

= exp( -r'' )

where the t is the time since exposure, parameter 77, ̂  have the relationship

^ =-7] ln(a ) (3.8)

The cumulative hazard of the model is
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,^) = t (3.9)

The relationship between log cumulative hazard and log time is

\n{Hi t,7],4 ))= 7] ln(t) (3.10)

the parameter r\ is simply the slope and ̂  is intercept of the log cumulative hazard plot.

They are analyzed in the following section.

Nonparametric analysis also indicates the effects of competing risks. The effect

of competing risks is shown in Fig 3.8 for the injection lever 2 of Pu_Data. The survival

curve with two competing risks is displayed by the curve with legend "combined". The

survival curve with only one cause of death, osteosarcoma or non-osteosarcoma, are

shown respectively by the curves with legend "omitted 2" and "omitted 1". It is very

clear that the values of survival function representing two causes of death are smaller than

that omitting any one cause of death, which is just the result of competing risks. This

point is reflected in the construction of the likelihood function.

3.2.2. Exposure Models

As what mentioned before, the parameters J],^ are related to the injected

activity. To establish the function relationship T] (d), ̂(d) (d represents the activity), we

fit the straight lines in Fig 3.5 and Fig 3.7. The regression equations for different

injection level are obtained in Table 3.2 for Pu_data and Ra_data respectively.
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Table 3.2 Regression Equations for Cumulative Hazard

Injection Linear regression Linear regression

Level Pu-Data Ra-Data

1 Ln(H(t)) = -35.9444.153*ln(t)

1.7 Ln(H(t)) = -37.7444.527*ln(t)

2 Ln(H(t)) = -38.8l44.886*ln(t) Ln(H(t))= - 44.054-5.649*ln(t)

3 Ln(H(t)) = -55.75+7.475*ln(t) Ln(H(t))= - 49.28+5.847*ln(t)

4 Ln(H(t)) = -54.07+7.474*ln(t) Ln(H(t))= - 68.744-9.28 l*ln(t)

5 Ln(H(T)) = -42.274-5.972*ln(t)

Since both the variety of slopes and that of intercepts come from different activity, taking

the average activity for each injection level, a simple polynomial fit gives the relationship

between slope and activity and that between intercept and activity. The plots of slope

versus average activity and the intercept versus activity are developed in Fig 3.9 for

Pu_data, Fig 3.10 for Ra_data.
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So the initial estimates of parameters in the model for Pu_data is

77 =b,+b^d+b,d^ =3.77+l.S33d-0n2Sd'
^=b,+b,d+b,d^ =-33.06-lU2d + I07ld^

and for Ra data is

Tj = b^+b:,d+b,d^ = 4.348 + 02113d - 0.00203d^ ^2)
4=b^+b,d + b,d^ =-37.16-1413 d +0.01422 d^

The values of bi, b6 are taken as the initial values for maximum likelihood

estimation with the Newton-Raphson method.

3.2.3. Construction of Likelihood Function

The Pu_data and Ra data are taken as two independent sets with independent

competing risks. Since we are only interested in one cause of death, osteosarcoma, the

lifetimes with other causes of death are considered as right censored data. According to

equation (2.39), the likelihood for Pu_Data and for Ra_Data are

i/,rf)=(n/„(', A A ''lA)}
(3.13)

L^(3 \t.d) = {!!/«..('. A, A ''•A »
icu ice

where u represents the failure data with the cause of osteosarcoma, c represents the data

with the cause of other diseases, and S represents parameter set: bi , b2,..., bg .

Using the relationship in equation (3.8)

4 = -Tj\nia),

the survival function S{tj,d^ ,&) and the failure density f(t,,dj ,&) in equation (3.13) are

expressed as
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S(t,,d„S) = expC-r'e^) = expi-t" la")

f(t,,d,A ) = V t'-'e^ exp( fe^) (3.14)

= T} exp(/'' fa")
a "

The relationship between parameter ti and activity, and 4 and activity are expressed in

equation (3.11) and (3.12) for Pu_data and Ra_data respectively.

3.2.4. Maximum Likelihood Estimation

The software IMP [22] is a good tool for survival analysis. To get the MLEs to

the Weibull fits of the survival data, at first, transform the Weibull model with parameter

t) and a as Gumbell model (Extreme - value) [19], the survival fimction and failure

density in Gumbell model are

S(x) = exp{-exp[(x - //) / cr ]}

/(jr) = —exp{(x-//)/cr}5(x)
G

where x = In (t), // = ln( a) and ct = 1 / ti.

Let c = 1 for the failure data with the cause of other diseases

c = 0 for the failure data with the cause of osteosarcoma,

the likelihood fimction is rewritten as

(3-16)
ic(n+m)

Using equation (3.15), the - In (L (0)) is

-ln(I(i>)) =

= Z{(l-g) {Intr + ̂  ^' } +exp{^^^i—^}} (3.17)

/ = i

Input the -In (L (0)) and use the command " Estimate Weibull Parameters ", IMP gives

the MLE of parameters p, a, t] and a by Newton-Raphson method. Here we input the
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-In (L (0)) with the six parameters bi,..., be. The results are shown in Table 3.3 and

Table 3.4 for Pudata and Ra_data respectively.

Therefore, the slope and the intercept for the Pu-data are

7 = 3.798 + 3.705t/-0.4153^/'
^ = -33.845 - 24.935 + 2.869

and for the Ra-data they are

r) = 2i5 + 036 d - 0.00325

4 =- 23.38 - 2.497 d + 0.023d^

3.2.5. Maximum Likelihood Ratio

For further simplification, the above model is changed to a regression model:

'  . . (3.20)
^ =b2 +^3 d

In the same way as that in section 3.2.4, the initial values of these parameters are obtained

in Table 3.5 and Table 3.6 for Pu_data and Ra_data respectively.

Let the simplified model as M2 with three parameters, the original model as Mi

with six parameters, using the maximum likelihood ratio method, the chi-square test is

shown in Table 3.7.

Since both w's for Pu Data and Ra_Data are greater than x df=3,0=0.05, the result

suggests model 2, the relative risk model with three parameters. In the following section,

the model 2 is used to compare toxicity between ̂^'Pu and

The selected model can be easily transformed to the standard relative risk model

with a baseline given by a Weibull distribution. Let p represents the toxicity ratio

between ̂^'Pu and ̂^^Ra, d represents the injected activity, then the hazard rate, the

survival function, the failure density and the cumulative hazard for this model are

expressed as follows:
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Table 3.3 JMP Maximum Likelihood Estimate of Six Parameters for Pu-Data

Parameters Estimate ApproxStdErr Lower CL Upper CL

bl 3.7977915173 0.82944638 2.25814542 5.50201341

b2 3.7050170068 0.99448948 1.80939471 5.70746825

b3 -0.415322471 0.12397079 -0.6647668 -0.1788206

b4 -33.84451463 6.83959419 -47.965863 -21.216774

b5 -24.93477231 7.55138236 -40.113973 -10.508078

b6 2.8689112506 0.93509198 1.08387836 4.74694483

Table 3.4 JMP Maximum Likelihood Estimate of Six Parameters for Ra-Data

Parameter Estimate ApproxStdErr Lower CL Upper CL
bl 2.5498940671 0.87523782 0.96218993 4.37807641

b2 0.3598085708 0.07161022 0.22180923 0.50299436

b3 -0.003247967 0.00075214 -0.0047439 -0.0017882

b4 -23.37926207 7.21873001 -38.552287 -10.377218

b5 -2.49728632 0.54289328 -3.5487606 -1.4457512

b6 0.023049826 0.00561554 0.0121447 0.03421231

Table 3.5 JMP Maximum Likelihood Estimate of Parameters for Pu-Data

Parameter Estimate ApproxStdErr Lower CL Upper CL
bl 3.7455308622 0.41657182 2.97429738 4.6062852

b2 -31.72683393 3.461282 -38.892677 -25.330605

b3 0.636081249 0.06883016 0.50407942 0.77472179

Table 3.6 JMP Maximum Likelihood Estimate of Parameters for Ra-Data

Parameter Estimate ApproxStdErr Lower CL Upper CL
bl 3.1302774144 0.33481574 2..50976343 3.82269816

b2 -26.0714099 2.78123187 -31.83985 -20.931441

b3 0.0470378173 0.00559913 0.0362221 0.05826415
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Table 3.7. Maximum Likelihood Ratio

Ml

6 parameters

M2

3 parameters

w Chi Square Test

df=3;a =0.05

log-likelihood

Pu-Data 419 459 80 7.81

log-likelihood

Ra-Data 370 422 104 7.81

for Pu_Data and osteosarcomas:

hp^(J,d,a^,X , ,p,p) = a^X , (A , t)"'' exp(/?y5J)

Hp^{t,d,a^,X p) = {X Qxi^{ppd)

5p,(f) = exp{-(A , O"' exp(p>9c?)}, (3.21)

f p^it) = a^X , {X , O"" exp(p>9cf)exp{-(A , 0°' exp (/c?/?</)}.

for Pu_Data and another cause of death;

2(^5 ^2 2 ) ~ ®2 2 2 O

Hp2(.t,d,a2,X 2 ) = (>l 20"'

5^2(0 = exp{-(/l2O"M, (3.22)

f P2^t)'^cc2^ 2 2 0°' ' exp{-(>l 20"' }■
for Ra Data and osteosarcoma as the cause of death:

h^^{t,d,a^,X , ,y5 ) = a, A , (A , f)" ' exp( fi d)
Hrx {t,d,a^,X ) = (A , O"' exp( fi d)

S, ,(0 = exp{- (X,tr^Qxp{ pd)}, (3.23)

/ « ,(0 = a, >1 , (A , /)" ' exp ( Pd) exp{- (A , O"' exp ( pd)}.
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for Ra_Data and another cause of death;
a 2 -1

h/f 2^.^^ ^2 2 ) ~ ̂2 ̂  2 2 ' )

H^^(t,d,a2,^2 ) = (^2 0'"

Sr 2(0 = exp{- (A 2 r (3.24)

/ ̂ ̂(0 = QTj ̂  2 2 ̂ )"" exp{- (A 2 O"' } •

The estimation of the toxicity ratio p and the other parameters are discussed in the

following section.

3.3. Crude Density of FGM model

For the FGM model, if one item died at time t because of the cause one, its crude

density, the probability density of the crude life, is as following:

J/,(r,X2>ic2 =/,(0^2(0 [ l-SF2it)il-2F,m (3.25)
t

otherwise, if one item died at time t because of the cause two, its crude density is

'\f,(x„t)dx, =/,(0S,(0[l-#f,(/)(I-2F:(r))) (3.26)
/

The equation (3.25) and (3.26) are derived in Appendix A. The derivations of the crude

densities are an original contribution of this research. These formulas indicate the FGM

model's well-known symmetrical relationships in the two-dimensional case and its form,

which is an independent model with a perturbation term related to the dependence of

risks. If 5 = 0, the FGM model becomes an independent competing risk model.

3.4. Likelihood Function for the Survival Data

In the following section, let fpi and fp2 represent the probability density function

(pdf) of time to death because of osteosarcoma and other diseases for individual exposed

to ̂ ^'Pu respectively, fRi and fR2 represent the pdf of time to death from osteosarcoma
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and other diseases for individual exposed to ̂ ^®Ra respectively. Spi^ Sp2, Sri ̂ Sr2 are used

to represent corresponding survival functions.

3.4.1. Likelihood Function for the Independent Competing Risk Model

The likelihood function of the independent competing risk model for the experimental

data is

L(r,,<•, t5) = {t,d, d )
N\ N1 Ml Ml

i=l ;=1 *=1 r=l

(3.27)

where fpi^ S pj are defined in equation (3.21) and fRi, S ri are defined in equation (3.22),

Ni and Mi are the number of beagles, which are exposed respectively to ̂ ^^Pu and ̂ ^^a

and died because of osteosarcoma, N2 and M2 represent the number of beagles with

other causes of deaths for Pu_Data and Ra_Data.

3.4.2. Likelihood Function for the FGM Model

For the FGM model, the crude density for a beagle exposed to ̂ ^'Pu which died

with osteosarcoma is

ee

•pi

The crude density for the beagle exposed to ̂ ^^Pu which died because of another cause is
00

=/„(»„)5„(»,i)[l-5f„(t,,Xl-2F„(t„))l. (3.29)
•pi

The crude density for the beagle exposed to ̂ ^^Ra which died because of osteosarcoma is

1 fx i^RiP^2)dX2 = fR\{tRi)Sg2itRi)U~ ̂  > (3.30)
hit

the crude density for the beagle exposed to ̂ ^^a which died from another cause is

56



\f ~ ^-^J? 1 ('/? / )0 ^Fjjj (^jj, ))] j (3-31)
'p-

where fpx^Sp^ are defined in equation (3.21), 2,5^ j are defined in equation

(3.22), /«,, 5^, are defined in equation (3.23), and fn2^^R2 ^re defined in equation

(3.24).

So the likelihood is:

L{9_\data) oc f {t,,x^)dx^ ^ H J/(^'*2 >'=^*2 R J/(*i//)^*i
'-I (, y-i I, *-i », (,

(3.32)

where N1 is the number of beagles exposed to ̂ ^'Pu with death firom an osteosarcoma,

N2 is the niunber of beagles exposed to ̂ ^^u with death jfrom another cause.

Ml is the number of beagles exposed to with death firom an osteosarcoma,

M2 is the number of beagles exposed to with death fi-om another cause.

3.5. Bayesian Parameter Estimation

3.5.1. Posterior Densities

According to Bayes' theorem, the FGM model, the selected model and the

likelihood fimction, the posterior density for all of parameters, including the toxicity

ratio, p, is as following:

OC Lit,d\p,S,a^,a2,^x ,.!l 2yJ^ )* PQ{p,d,a^,a2>^ 2 ,P )

where the likelihood is expressed in equation (3.32).

3.5.2. Bayesian Estimation of the Toxicity Ratio

For uniform prior, the marginal density for toxicity ratio is
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1 00 00 00 00 CO

P{p\t,d)K\\\\\\L{t,d\p,d,a^,a2^X i,X^,p)ddd dX^ dp
000000

(3.34)

In the above equation, the parameter 5 equals zero for an independent competing risk

model.

1. Bayesian estimate of the toxicity ratio with the FGM model and three integration

methods.

A few computer codes in C-H- (see Appendix C) were developed to compute the

marginal densities for the toxicity ratio with different numerical integration techniques

(Lattice Rule, Monte Carlo method and Gaussian Quadrature Method) using a

SunStation. Fig 3.11, Fig 3.12 and Fig 3.13 are flow charts of C++ programs respectively

for each numerical integration method. For Monte Carlo method, thirty to sixty

thousands of random vectors with six dimensions are chosen to perform the numerical

integration. For Gaussian-Legendre quadrature, eight pairs of nodes and weights are

taken jfrom software Mathematica for each parameter, which lie in the range [0,10].

There are 8^ loops for parameters multiplied by the loops reading experimental data. For

the Lattice rule, the recommended table (Table 2.1) [31] is used to determine N and L.

After normalization, the marginal densities of the toxicity ratio, p, obtained from three

numerical integration methods, are compared in Fig 3.14.

2. Comparison of marginal densities for toxicity ratio obtained by the FGM model and

the independent competing risk model.
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Begin

Define the Crade_Density

Initialize S, LandN

Initialize Vector Z:

Z = { L«, L' %N, U %N. .... LN-' %N }

Loop q 1 to Q (take Q different values ofp)

Loop j = 1 to N-1 ( N-1 Lattice points)

Loop k = 1 to S (Create a Lattice point with six dimensions)

Zj[k] = { (j*Z[K}) %N } / N

I

Loop i = 1 to M ( M Beagles)

Calculate Crude_Density for each beagle: C_D_Fi

Calculate Integrand : L - = Ilj C_D_F i

Calculate P = LjLj / (N-1)

Report: p ̂ , P ̂

Figure 3.11. Flow-chart of the program to compute the marginal density of p using Lattice rules.
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Define the Crude_Density

Using step length a,

calculate Marginai Posterior Density Pq for p, (q= 1,2, ...,Q)

Using p and random vector Z j,

calculateLqj (j = l,2,

Create a random vector of 6 dimensions,

initialize 6 parameters in the integrand.

Using the ? q and the 6 random parameters,

calculate the (Crude_Densi1y)i for i'th beagle

(i = 1,2,..., M) and calculate integrand

n {Crude _ Density )

Calculate ^

1
Report ?q,Pq.

Figure 3.12. Flow chart of the program to compute the marginal density of p using Monte Carlo method
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Override the Crude_Density

Using step length a ,

calculate Marginal Posterior Density Pq for ?q . ( q = 1, 2,.. Q )

Do alpha_l=node (I) 1=1,..

Do lambda_l = node (j ) j -1,

Do beta = node (k) k=l,...,

Do delta = node (m) m=l,...,

Do alpha_2 = node ( L ) L=1

Do lambda_2 = node (n) n = 1,..

Using the p q and the 6 parameters,

calculate the (Crude_Density)i for g'th beagle

(g = 1, 2,..., M) and calculate integrand

T  _ TT (Crude Density )
qj ; :•

Calculate

Report Result

Figure 3.13. Flow-chart of the program to compute the marginal density of p using

Gaussian Legendre quadrature.
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Fig 3.14. Comparison of posterior marginal densities of p
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According to the likelihood function in equation (3.32), the marginal density of

toxicity ratio is calculated with Monte Carlo method. The result is shown in Fig 3.15 and

Fig 3.16 for the independent competing risk model and the FGM model respectively. Let

P dep (Pi) and Cdep represent the marginal density of p and the normalization constant for

the FGM model, Pad and Cind are used for the independent competing risk model. Then

Cdep and Cind are

Q.. = . ' . (3-35)
0  '

c,.. = -T—^ • (3-36)
0  •

The normalized posterior marginal densities of p are Cdep * P dep (Pi) and Cmd *Pmd for

the FGM model and the independent competing risk model respectively, which are

compared in Fig 3.17. It is shown that the marginal density of p, obtained from the FGM

model, appears very sharp, while the other one appears very flat. According to the

equation (2.74), (2.76) and (2.77), the mean and standard deviation are computed

respectively as

p=]A>/'(p) = i;A.P(P,) (3-37)
0  1

I  CO I

=  ip-pfp(.p)dpy ={\p^p{p)dp -
°  (3.38)
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0.2 --
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Fig 3.15. Bayesian estimation of the toxicity ratio

p for the independent model
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• FGM Model

••
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Fig 3.16. Bayesian estimation of the toxicity ratio

p for FGM model
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Fig 3.17. Comparison of toxicity ratio p
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The computed modes, means and standard deviations for the FGM model and the

independent competing risk model are compared in Table 3.8.

Table 3.8. Comparison of Toxicity Ratio Estimates

Toxicity Ratio p FGM Model Independent Model

Mode 7.87 7.87

Mean 8.55 19.54

STD 5.02 18.57

3.5.3. Bayesian Estimate of Other Parameters

The marginal density of tti is expressed as;

P{a, 17) oc
ee 1 oo ee eo eo

P^ip 2,^2) (3-39)
000000

dp dS dp dX^ da 2 dX2

The results obtained from the independent competing risk model and the FGM model are

shown respectively in Fig 3.18 and Fig 3.19. They are compared in Fig 3.20.

The marginal density of P is expressed as:

P{p 17) 0=
ee 1 ee 00 ee ee

0= ,6,a^,P,X^,a 2,^2)* PoiP ̂ S,a ̂,p,X^,a2,X2) (3.40)
000000

dp dS da^ dX^ da 2 dX2

The results obtained from the independent competing risk model and the FGM model are

shown respectively in Fig 3.21 and Fig 3.22. They are compared in Fig 3.23.
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Figure 3.18. Bayesian estimate of for the independent model
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1

P (ai) 0.8
0.6
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♦FGM Model
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Figure 3.19. Bayesian estimate of a, for the FGM model
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P(ai) 0.4
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Figure 3.20. Comparison of posterior marginal densities of a.
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Figure 3.21. Bayesian estimate of p for the independent model
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Figure 3.22. Bayesian estimate of p for the FGM model

P(P)

■A.FGM Model

^ Independent Model

^
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Figure 3.23. Comparison of the marginal densities of p
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The marginal density of j is expressed as:

P(A, ir)oc
ee I M oe ee ee

L{t,d\p P^ipoc

000000

dp dS dp da ̂ da 2 dX 2

(3.41)
The results obtained from the independent competing risk model and the FGM model are

shown respectively in Fig 3.24 and Fig 3.25. They are compared in Fig 3.26.

The marginal density of A,2 is expressed as :

PiX 2 IT) oc
00 1 00 00 ee ee

L {t,d\p ,5,a^ ,p,X^,a2,X 2)* P^iP ̂ S,a ̂,p,X 2'^ 2) (3-42)
000000

dp dS dp dX^ da 2 da ̂

The result obtained from FGM model is shown in Fig 3.27.

The marginal density of a2 is expressed as :

P{a 2 IT) oc
ee 1 ee ee ee oe

- mm L{t,d\p ,5,a^,p,X^,a 2,X2)* P^iP ,5,a ̂,p,X^,a 2,X2) (3.43)
000000

dp dS dp dX^ dX2 da ̂

The result obtained from FGM model is shown in Fig 3.28.
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Figure 3.24. Bayesian estimate of X j for the independent model
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Figure 3.25. Bayesian estimate of for the FGM model
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Figure 3.26. Comparison of marginal densities of X^
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Figure 3.27. Bayesian estimate of the posterior marginal density of X 2
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Fig 3.28. Bayesian estimation of 0 2 for FGM. model
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3.6. Comparison of Cumulative Hazard of FGM model with Nelson's hAethod.

The modes of the parameters in FGM model estimated by Bayesian technique are

shown in Table 3.9.

Table 3.9. Modes of Parameters

Parameter ai P P ni

Mode 4.45 0.32 0.94 7.87 2.05 0.22

Using the modes of the posterior densities as point estimates of parameters, the

cumulative hazard for the ̂ ^^Pu-induced osteosarcoma is calculated by equation (3.21),

where the lifetime comes from Pu_Data, the activity is set equal to the mean activity of

the corresponding injection level. Fig 3.29 shows the calculated cumulative hazard

compared with the Nelson's cumulative hazard plot.

3.7. Radiation-induced Osteosarcoma From ̂^^Pu in Comparison

With ̂ ^Ra

Using the modes of the posterior densities as point estimates of parameters,

equations (3.21) are used to calculate the net cumulative hazard, the net survival

probability, the net cumulative distribution, and the net failure density for ̂ ^®Pu-induced

226osteosarcoma, while equations (3.23) are used to calculate these functions for Ra-

induced osteosarcoma.
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Fig 3.29. Comparison of cumulative hazard
between FGM Model and Nelson's method
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In these calculations, a value of 0.85 pi Q is taken as the activity, and the time

ranges from 1000 days to 4000 days. The value of 0.85 jLi Q is the mean activity of the

injection level 2 for Pu_data, which is approximately the mean activity of the injection

level 1 for Ra_Data. Under the almost same activities, the mean lifetime is 2495 days for

Pu_Data, but 3927 days for Ra_data.

The results are compared in Fig 3.30 to Fig 3.33.

Fig 3.30 shows the much faster increase of the cumulative hazard for ̂ ^^Pu-

induced osteosarcoma as compared with the ̂ ^^Ra-induced osteosarcoma. The relative

risk coefficient, exp(pPd) / exp(Pd), is approximately 5.7 with the injection activity 0.85

jiQ, while it is 9.0 for the injection activity 1.0 p.Ci.

Fig 3.31 and Fig 3.32 show the much faster decrease of the survival probability

and the much faster grows of the failure distribution for ̂ ^'Pu, as compared with ̂ ^^a.

The failure densities are compared in Fig 3.33. The failure density of ̂®Pu-

induced osteosarcoma has a smaller mode at about 1200 days as compared with the mode

of 1500 days for ̂ ^^Ra.

These figures show that the ̂ ^^Pu is more effective than ̂ ^^Ra for inducing

osteosarcomas.

3.8 Bayesian Prediction for Crude Distribution

Bayesian prediction technique, illustrated by equation (2.52). can be used to

predict the crude distribution. If the function Q (x *, 0) equals the crude distribution for

osteosarcoma, the prediction of the crude distribution for osteosarcoma is expressed as:
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Fig 3.31. Comparison of survival probabilities
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F, {t.) = jF, (f, l7?)F(i?l X yz? (3.44)
I?

Since
t

f >(',) = J/iOA (3.45)
0

and the crude density is
oc

fx (0 = f fx (^ ̂2 ) ̂ ̂2
X

the Bayesian prediction of the cumulative distribution for osteosarcoma is

F,(r,) = J {]]fAt,x2\t^)dx,dt] PmX)
0 t (3.47)

= 1 j/„S„(l-5F„(l-2F„))P(!)IX)i!> A
0

where the posterior density P (6 IX) is given by equation (3.29).

The purpose of failure time analysis is to extract some information about net life

*

distribution from the observations. If the Q (x , 0) in equation (2.52) is taken as net

*

survival function S pi (x ,6), the predictive net survival function from equation (2.52)

239 ^will describe the time dependence of Pu -induced osteosarcomas. If the Q (x , 0 )

*

in equation (2.52) is taken as S ri (x , 0 ), then the predicted net survival probability

will describe the time dependence of Ra -induced osteosarcomas.
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CHAPTER 4. CONCLUSIONS AND RECOMMENDATIONS

FOR FUTURE RESEARCH

4.1 Conclusions

The present work shows that is more dangerous than ̂ ^^a in radiation-

239 226
induced osteosarcoma for dogs. The mode of toxicity ratio between Pu and Ra is

estimated as about 7.87. Using the modes of the posterior densities as point estimates of

parameters, the toxicity of ̂^'Pu in osteosarcoma is predicted and compared with that of

^^^Ra by calculating the cumulative hazard, the survival probability, the cumulative

distribution and the failure density for an injected activity of 0.85 |i,Ci. The relative risk

coefficient, exp(pPd) / exp(Pd), depends on the injected activity. For example in this

study, the cumulative hazard of plutonium is approximately 5.7 times of that of radium

for the injected activity of 0.85 jj-Q, while it is 9.0 times is for the activity of 1.0 jiQ.

The relative risk model with the Weibull baseline is studied and used to describe

the radiation-induced osteosarcoma due to ̂ ^^Pu and ̂ ^^a. Using the modes of the

posterior densities as point estimates for the parameters in the model, the cumulative

hazard for ̂ ^^Pu is calculated for the mean activity of each injection level, and compared

with Nelson's cumulative hazard estimate. These results are comparable, which indicates

that this model is suitable for analysis of these survival data.

Both the dependent competing risk model, the FGM model, and the independent

competing risk model are applied to construct likelihood functions. In comparison with
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the independent competing risk model, the FGM model produces different estimates of

the posterior marginal densities of the parameters. This demonstrates that dependent

competing risks influence the parameter estimates. This demonstration is original and

significant for the analysis of survival data with dependent competing risks, where

failures of one type affect the probability of failure of another type.

In this work, Bayesian techniques are introduced to estimate all parameters in

terms of posterior marginal densities, which fully describe the uncertainty about these

parameters and contain all necessary information about them. When new data become

available, the posterior densities can be updated and so will the relative risk model.

Also, Bayesian prediction techniques are able to predict probability for radiation-

induced osteosarcoma under consideration of parameter uncertainty, given available

survival data and selected future times and injected activities.

Three numerical integration methods (Monte Carlo, Gaussian Quadrature and

Lattice rule) are applied to carry out Bayesian parameter estimation. They produce

comparable results for the marginal posterior density of the toxicity ratio p. The codes

to carry out these computations were developed. There is no doubt the great advances in

computer technologies will pave the road to a much more widespread applications of

Bayesian method to more complex systems.

4.2 Contributions

We performed a comparison of the relative toxicity of ̂^'Pu and ̂ ^^Ra with the

relative risk model, the FGM model and the independent competing risk model. The
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Bayesian techniques and application of several numerical integration methods especially

the Lattice method, are the original contributions of this work. The Bayesian approach

used here is novel in the field of radiation risk assessment, particularly, for toxicity

studies.

4.3 Recommendations for Future Research

The theory and methods described in this work is by no means limited to the study

of radiation-induced osteosarcoma. They are suitable for modeling and analysis of a wide

variety of reliability data, particularly, data with dependent competing failure modes.

The comparison of the toxicity of plutonium and radium is achieved by using the

modes of the posterior densities as point estimates for the parameters of the relative risk

model. In this study a set of equations are derived according to Bayesian prediction

techniques. In further work these equations could be applied to predict a variety of

functions useful for the modeling and the analysis of the radiation-induced osteosarcoma

by ̂^^Pu and ̂ ^^Ra.

The current work compared the toxicity of ̂ ^®Pu and ̂ ^Ra in beagles. Together

with the ̂ ^^Ra data, the risk to humans from ̂ ^'Pu can be extrapolated using the results of

this work. This is one of the final goals in the field of radiation protection. Such

extrapolation of ̂^^Pu-risk from a wide variety animal to humans with a simple model

was already done by DuMouchol [37]. Also, more work and different applications are

essential to evaluate the impact of dependent competing risks on estimation. The
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application of other dependent competing risk models would provide interesting

comparisons with the present result.
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APPENDIX A. DERIVATIONS

1. Relative Risk Model

For Pu_Data with Osteosarcoma:

Pu_l_hazard_Rate:

Ap, ,X^,p,p)-a^X^{X^ty expippd) (A. 1)

Pu_l_Cumulative hazard:

Hp^{t,d,a^,X^,p, p)=(X, 0"' e,\^{ppd) (A.2)

Pu_l_Survival function

Sp,(0 = exp{-(>1, r)"' Qxpippd)], (A.3)

Pu_l_Failure density

/p,(0 =aiA,(A,0''''exp(p;5t/)exp{-(A,0'''exp(p/5if)}. (A.4)

For Pu_data without Osteosarcoma:

Pu_2_Hazard rate

hp:^{t,d,a^,X ̂  ) = a^X ̂ {X (A.5)

Pu_2_Cumulative hazard

H^,{t,d,a^,X^ ) = (A.6)

Pu_2_Survival Function

5p2(r) = exp{-a20"M, (A.7)

Pu_2_Failure density

f p^it)=cc2^2{Xit)' 'exp{-(A20"'}. (A.8)
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for Ra_Data with Osteosarcoma:

Ra_l_Hazard rate

) = «! A 1 (A , t)"'"' exp( fid) (A.9)

Ra_l_CumuIative hazard

{t,d,a^,X ) = (/l , t)"' exp( fid) (A.IO)

Ra_l_Siirvival function

5^ i(0 = exp{-(;i , r)"'exp( fid)}, (A.ll)

Ra_l_Failure density

/  j(0 = <3r, A 1 (A 1 t ' exp ( fid) exp{- (/I , t)"' exp ( fid)}. (A.12)

for Ra_data without Osteosarcoma:

Ra_2_Hazard rate

hf,2it,d,a^,X 2 ) = a2^ it) '

Ra_2_Cumulative hazard

H^,{t,d,a^,X, ) = a,t)"^ (A.14)

Ra_2_Survival function

2(') = exp{-(A 2 t (A.15)

Ra_2_Filure density

f R 2(0 = 0^2 A 2 2 ̂ exp{- (12 0"M • (A.16)
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2. Crude Density for Independent Competing Risk Model

Joint density of Independent Competing Risk Model

Joint failure density

=  (A.17)

Crude Density of Independent Competing Risk Model

For the cause of death is osteosarcoma, let ti = t.

Crude density for independent competing model
ee

/(0 = J/i(#i =0/2(^2)^^2
t

oe

= /.(0j/2(0)^0 (A.18)

= /, (05^(0

For the cause of death is other diseases, let ta = t, the crude density is

/(0 = /2 (05,(0 (A.19)

So for the item irradiated by Pu-239 died at time t and the cause of death is osteosarcoma,

its crude density is

/,.=/.(0*52(0

= a,A,(AiO'' 'exp(/7y9c/)exp{-(A,0"'exp(/7y3if) (A.20)
*exp{-(A20"M

For the item irradiated by Pu-239 died at time t and the cause of death is other diseases,

its crude density is

/p2(0 = /2(05.(0

= 02^2(^20°^' (A.21)
'c\p(p/3d)exp{-(Ait)°^expipfid)}
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For the item irradiated by Ra-226 died at time t and the cause of death is other diseases,

its Grade density is

A.=/.(0*5,(0

= a, A, (A, 0 ' exp()ff<f)exp{-(A,r)"' exp(yffd)} (A.22)
*cxp{-(A,tr^

For the item irradiated by Ra-226 died at time t and the cause of death is not

ostiosarcoma, its crude density is

= ̂2^2(^20"^'exp{-(A2/)"M (A.23)
'exp(ySd)exp{-(A,r)°'exp(>9i/)}

3. Crude Density for Dependent Competing Risk Model

Joint density of Dependent Competing Risk Model

Joint density for FGM model

/  + 6 [l-2F,(t,)][l-2FM]) (A.24)

Crude Density of Dependent Competing Risk Model

For the cause of death is osteosarcoma, let tl = t, the crude density is
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oo

/c_i(0 = J/(?i,?2)^^2
/

OO

= |/,«,)/,(';){!+<? [l-2f,(»,)](l-2F;((j)]) dt,
t

ee

= /. (') J A ('2) {1+^ [1 - 2F,«, )][1 - 2F;«;)]) .ir,
t

= /iWi/2(»2)(l+'5 [l-2F2(t2)-2F,(( ) + 4F,(0F2(/,)))A;
r

«e

= /,(0j /2(?2){1+«J -2JF2(r2)-2^F,(0 + 4JF,a)F2(?2)}rfr2
t

00 00 00

= /,(0(Ja + ̂)/2('2>*2-2^|/2((2)F2(r2)<ir2-2<SF,(i)|/2(i2)<ftj
/  f r

+45F,(()j/2(i2)F2(r2)rf(2)
(A.25)

where

eo

J(1 + ̂ )/2 = (1 + )S^ (0 (A.26)

15 F, (0 J fj (t2) dt^ =25 F, (052 (0 n (A.27)

Since:
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ee oo

j A ('2 )^2 (?2 ) ̂ '2 = j ̂2 ('2) (h )

=|^'!'('2)ir
= i(F/(„)_F/(()] (A.28)

= |[l-F/(t)]
= .is,(»)[l + Fj(r)]

(here we use SjW = l-FjCO and F(<») = 1 )

and

oe «0

t  t

= [-15+45 F,{t )]*|52(0[1+F2(r )] (A.29)
= ̂[-l + 2F,(0]*S2(0[l + F2(r )]

substitute equation(A.26), (A.27), and (A.29) into equation(A.25), we obtain

Crude density in FGM model for the data with the osteosarcoma as

/c_.(0 = /,(0*{(l + ̂ )S^{t)-26 F,{t)S^{t) + 6 [-1 + 2F,(01*52(0[l + FjCf )]}

= /. (0 S,{t)*{\ + 5-25F,{t) + 5(-\-F2 (?) + 2F, (?) + 2F, (OF^ (?))}

= /, (0 S2 (?) * {1 + - 2^ F, (?) - ̂ - 5 F2 (?) + 25 F, (?) + 25 F, {t)F^ (?)}

= /. (0 ̂2 (?) * [1 - 5 F2 (?) + 25 F, (OF2 (?)]
= /, (0 52 (?) * {1 - (J F2 (?) [1 - 2F, (?)]}

= /, (0 52 (?) * {1 - ̂ F2 (?) [5, (?) - F, (?)]}

By the same derivation, the cmde density for data with other diseases is:

/c_2 =/2(05,(?)*{1-<5 F,(?)[52(?)-F2(?)]} (A.31)

According equation(A.l) to (A. 16), the crude density for Pu_data with osteosarcoma is
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/p C.l (0 = /, (0 ̂2 (0 * {1 - ̂ [ 1 - ̂2 (01 [ 2S, (0 -1]}
= Of, A, (A, f)"" exp(p>9d)exp{-(A, f)"' t\^{ppd)
. expHA,0-) '
* {l - [1 - exp{-(A 2/)"^}] * [2exp{-(A, f)"' exp(p;5a()} -1]}

the crade density for Pu_data without osteosarcoma is

/, c_2 (0 = /2 (0 5, (0 Ml - ̂ [ 1 - 5, (01 [ 252 (0 -1]}

= a2A2(A20''''exp{-(A20''' ♦exp{-(A,0'''exp(/7y8£/)} (A.33)
*{l-S [1 -exp{-(A2O"' ] [2exp{-(A,O''' txpipfid)} -1]}

the crude density for Ra_data with osteosarcoma is

fR c.i (0 = /, (0 52 (0 Ml - <5 [ 1 - 52 (01 [ 25, (r) -1]}
= Of, 1,(^,0"^ 'exp()5d)exp{-(A,0'''exp()9d)}
*  exp{-(A20°'}
* {1 - ̂  [1 -exp{-(A20''^}] *[2exp{-(A,0"' exp(y5d)} -1]}

(A.34)

the crude density for Ra_data without osteosarcoma is

/« c_2 (0 = /2 (0 5, (0 Ml - ̂  [ 1 - 5, it)] [ 252 (0 -1]}
= Of2A2(A20'^ 'exp{-(A20'''}*exp{-('^iO"'exp()0cf)} (A.35)

*{1-J [l-exp{-(A,0"'exp(>5J)}][2exp{-(A20"' -1]}
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APPENDIX B

COMPUTER CODE
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// Pu_Cancer.h
#ifndef PU_CANCER_H
#defme PU_CANCER_H
class Pu_Cancer{
protected:

float time;
float activity;
float alphal,lambda!, beta, rou;
float alpha2, lambda2, delta;

public:
Pu_Cancer(float t, float d, float a,float b, float c, float g,

float 1, float m, float n);
virtual float cancer_hazard_rate(float t, float d,float a,float b, float c, float g);

float cancer_cumu_hazard (float t, float d,float a,float b, float c, float g);
float cancer_survival(float t, float d, float a,float b, float c, float g);
float cancer_failure(float t, float d, float a,float b, float c, float g);
float non_hazard_rate(float t, float d,float 1, float m);
float non_cumu_hazard (float t, float d,float 1, float m);
float non_survival(float t, float d, float 1, float m);
float non_failure(float t, float d, float 1, float m);
virtual float crude_density(float t, float d, float a,float b,float c, float g,float 1,

float m, float n);

};
#endif
:|e :fc 4: 3|e :|c :|c ^ :je :fe ^ :)c )|e :|e :|e :1c 4: :|e :|e :|e :f; 9|e :|e :)e :|e :f; ̂  ̂ 4:4: :le 4: 4: ie :(e :|e :)c a|c :le :je

// Pu_Non_Cancer.h
#ifndef PU_NON_CANCER_H
#define PU_NON_CANCER_H
#include"Pu_Cancer.h"
class Pu_Non_Cancer: public Pu_Cancer {
public:

Pu_Non_Cancer(float t, float d, float a,float b,
float c, float g,float 1, float m, float n)
:Pu_Cancer(t,d,a,b,c,g,l,m,n)

{
time=t; activity=d; alphal=a; lambdal=b;

beta=c; rou=g; alpha2=l; lambda2=m; delta=n;

}
virtual float crude_density(float t, float d,float a,float b,

float c, float g,float 1, float m, float n);
};
#endif
* * * !|= i): * it: ̂  ^ ̂  * 4:4= 3): 4c it: * i|c 4:4:4= 4= * 3|( if: 3|c sK ^ ^ 4:4= 4: 4c 4: ̂ :|c :|c :|c :|c :|c % :|c ̂  iN 4= *

// Ra_Cancer.h
#ifndefRA CANCER H
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#define RA_CANCER_H
#include"Pu_Cancer.h"
class Ra_Cancer:pubIic Pu_Cancer{
public:

Ra_Cancer(float t, float d, float a,float b, float c, float g,
float 1, float m, float n ):Pu_Cancer(t,d,a,b,c,g,l,m,n)

{
time=t; activity=d; alphal=a; lambdal=b;

beta=c; rou=g; alpha2=l; lambda2=m; delta=n;
};

virtual float cancer_hazard_rate(float t, float d, float a, float b,
float c, float g);

};
#endif
i)!**********************************************************************

II Ra_Non_Cancer.h
#ifhdef RA_NON_CANCER_H
#defme RA_NON_CANCER_H
#include"Ra_Cancer.h"
class Ra_Non_Cancer:public Ra_Cancer{
public:

Ra_Non_Cancer(float t, float d, float a, float b, float c,
float g, float 1, float m, float n):

Ra_Cancer(t,dAb,c,g,l,m,n) {
time=t; activity=d; alphal=a; lambdal=b;
beta=c; rou=g; alpha2=l; lambda2=m; delta=n;

};
virtual float crude_density( float t, float d, float a,

float b, float c,float g, float 1, float m, float n);
};
#endif

//source file name: Pu_Cancer.C

#include<math.h>

#include<stdlib.h>

#include<string.h>
#include"Pu_Cancer.h"

Pu_Cancer::Pu_Cancer(float t, float d, float a,float b,
float c, float g,float 1, float m, float n){

time=t; activity=d; alpha l=a;lambdal=b;
beta=c;rou=g; alpha2=l; lambda2=m;delta=n;

};
float Pu_Cancer::cancer_hazard_rate(float t, float d, float a,float b,

float c, float g){
float Pu_C_h;
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Pu_C_h=a*pow(b,a)*pow((float)t,(a-1 ))*exp(g*c*d);
return Pu_C_h;

};
float Pu_Cancer::cancer_cumu_hazard(float t, float d, float a,float b,

float c, float g){
float Pu_C_H;

Pu_C_H=cancer_hazard_rate(t,d,a,b,c,g)*t/a;
return Pu_C_H;

};
float Pu_Cancer:;cancer_survival(float t, float d, float a,float b,

float c, float g){
float Pu_C_S;
Pu_C_S=exp(-cancer_cumu_hazard(t,d,a,b,c,g)*exp(-20));
return Pu_C_S;

};
float Pu_Cancer::cancer_failure(float t, float d, float a,float b,

float c, float g){
float Pu_C_f;
Pu_C_f=cancer_hazard_rate(t,d,a,b,c,g)*

cancer_survival(t,d,a,b,c,g);
return Pu_C_f;

};
float Pu_Cancer::non_hazard_rate(float t, float d,float 1, float m){

float Pu_NC_h;
Pu_NC_h=l*pow(m,l) *pow(t,l-1);
return Pu_NC_h;

};
float Pu_Cancer::non_cumu_hazard(float t, float d,float 1, float m){

float Pu_NC_H;
Pu_NC_H=non_hazard_rate(t,d,l,in)*t/l;
return Pu_NC_H;

};
float Pu_Cancer;;non_survival(float t, float d,float 1, float m){

float Pu_NC_S;
Pu_NC_S=exp(-non_cumu_hazard(t,d»l,in));
return Pu_NC_S;

};
float Pu_Cancer::non_failure(float t, float d,float 1, float m){

float Pu_NC_f;
Pu_NC_f=non_hazard_rate(t,d,l,ni)*non_survival(t,d,l,in);
return Pu_NC_f;

};
float Pu_Cancer:: crude_density(float t, float d,float a,float b,

float c, float g,float 1, float m, float n){
float Pu_C_Density;
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return Ra_NC_Density;

};

//source file name: pr23.C
// This is the explain file for all of function in dependent model
#include<math.h>

#include<stdlib.h>

#include<string.h>
#include"Pu_Cancer.h"
#include"Pu_Non_Cancer.h"
#include"Ra_Cancer.h"
#include"Ra_Non_Cancer.h"
I*u_Cancer::Pu_Cancer(float t, float d, float a,float b,

float c, float g,float 1, float m, float n){
time=t; activity=d; alphal=a;lambdal=b;
beta=c;rou=g; alpha2=l; lambda2=m;delta=n;

};
float Pu_Cancer::cancer_ha2ard_rate(float t, float d, float a,float b,

float c, float g){
float Pu_C_h;
Pu_C_h=a*pow(b,a)*pow((float)t,(a-l))*exp(g*c*d);
return Pu_C_h;

};
float Pu_Cancer::cancer_cumu_hazard(float t, float d, float a,float b,

float c, float g){
float Pu_C_H;

Pu_C_H=cancer_hazard_rate(t,d,a,b,c,g)*t/a;
return Pu_C_H;

};
float Pu_Cancer::cancer_survival(float t, float d, float a,float b,

float c, float g){
float Pu_C_S;

Pu_C_S=exp(-cancer_cumu_hazard(t,d,a,b,c,g)*exp(-20));
retum Pu_C_S;

};
float Pu_Cancer::cancer_failure(float t, float d, float a,float b,

float c, float g){
float Pu_C_f;
Pu_C_f=cancer_hazard_rate(t,d,a,b,c,g)*

cancer_survival(t,d,a,b,c,g);
retum Pu_C_f;

};
float Pu_Cancer::non_hazard_rate(float t, float d,float 1, float m){

float Pu_NC_h;
Pu_NC_h=l*pow(m,l)*pow(t,l-1);
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return Pu_NC_h;

};
float Pu_Cancer;:non_cumu_hazard(float t, float d,float 1, float m){

float Pu_NC_H;
Pu_NC_H=non_hazard_rate(t,d,l,m)*t/l;
return Pu_NC_H;

};
float Pu_Cancer::non_survival(float t, float d,float 1, float m){

float Pu_NC_S;
Pu_NC_S=exp(-non_cimiu_hazard(t,d,l.in));
return Pu_NC_S;

};
float Pu_Cancer;;non_failure(float t, float d,float 1, float m){

float Pu_NC_f;
Pu_NC_f=non_hazard_rate(t,dJ,ni)*non_survival(t,d,l,ni);
return Pu_NC_f;

};
float Pu_Cancer:: crude_density(float t, float d,float a,float b,

float c, float g,float 1, float m, float n){
float Pu_C_E>ensity;

Pu_C_Density =cancer_failure(t,d,a,b,c,g)*non_survival(t,d,l,ni)*
(1-n*( 1-non_survival(t,d,l»ni))*(2*cancer_survival(t,d,a,b,c,g)-1));
return Pu_C_Density;

}
float Pu_Non_Cancer:: crude_density(float t, float d,float a,float b,

float c, float g,float 1, float m, float n){
float Pu_NC_Density;

Pu_NC_Density =non_failure(t,d,l,ni)*cancer_survival(t,d,a,b,c,g)*
(1 -n*( l-cancer_survival(t,d,a,b,c,g))*(2*non_survival(t,d,l,m)-1));
return Pu_NC_Density;

}
float Ra_Cancer:;cancer_hazard_rate(float t, float d, float a,float b,

float c, float g){
float Pu_C_h;

g/g;
Pu_C_h=a*pow(b,a)*pow((float)t,(a-1 ))*exp(c*d);
return Pu_C_h;

};
float Ra_Non_Cancer:: crude_density(float t, float d,float a,float b,

float c, float g,float 1, float m, float n){
float Ra_NC_E>ensity;

g/g;
Ra_NC_Density =non_failure(t,d,l,ni)*cancer_survival(t,d,a,b,c,g)*
(1 -n*( 1 -cancer_survival(t,d,a,b,c,g))*(2*non_survival(t,d,l,ni)-1));
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return Ra_NC_Density;

};

9|c :|c :|c« :|t :|c 4; 4: :|c :|c :|c 4: 4c 3|c St: ̂  * 4= 4:4:4:4:4: * 3|< 4:3|: * * 4:4= if: 3|: 4: 4= * * H: * * sK * * * 4: * * 4: * 4: * 4: * * * sK

// Title: dep_Rho_Mont.C
//input: data: pu_can.C; pu_non.C; ra_can.C; ra_non.C;
// include: Pu_cancer.h, Pu-Non_Cancer.h, Ra_Cancer.h,
// Ra-Non_Cancer.h
//output: marginal density of toxicity ratio rho
//description:
// Dependent Competing Risk Model
// Monte Carlo Method

#include<iostream.h>

#include<fstream.h>

#include<math.h>

#include<stdlib.h>

#include"Pu_Cancer.h"
#include"Pu_Non_Cancer.h"
#include"Ra_Cancer.h"
#include"Ra_Non_Cancer.h"
// time=t; activity=d; alphal=a; lambdal=b;
// beta=c; rho=g; alpha2=l; lambda2=m; delta=n;
main()
{  int tt, i,j, k, num_rand, rr, qql, qq2, qq3, qq4, qq5, qq6;

int ppl,pp2,pp3,pp4,pp5,pp6;
float mm, nn, total;
float t,d, total 1, total2,total3, total4, sum;
float a,b,c,g,l,m,n;
float ini_g, increa_g, qq;
int num_g;
unsigned int seed;

ofstream fout("dep_rho_monte_dat");
Pu_Cancer *p;
cout«"\nEnter a positive integer as seed:";
cin»seed;
srand(seed);
cout«"\nEnter a integer rr as number of random parameter vectors\n";
cin»rr;

cout«"\nEnter two integers as scale factor\n";
cout«"of t and d: (t/mm, d/nn)\n";
cin»mm»nn;
cout«"\nEnter the initial value and increament(float) and the
number of points(int) for g\n";
cin»ini_g»increa_g»num_g;
cout«"\nEnter the 6 integers (qq) for ranges of parameters :"«"\n";
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cin»qql »qq2»qq3»qq4»qq5»qq6;
cout«"\nEnter the 6 integers (pp) for ranges of parameters :"«"\n";
cin»ppl» pp 2» pp 3» pp 4» pp5» pp6;
g=ini_g;
for (k=0; k<num_g; k-H-){

num_rand = 0;
sum=0.0;

for(j=0;j<rr;j++){
a = qql*float(rand())/RAND_MAX+ppl;
b = qq2*float(rand())/RAND_MAX+pp2;
c = qq3*float(rand())/RAND_MAX+pp3;
1 = qq4*float(rand())/RAND_MAX+p^;
m = qq5*float(rand())/RAND_MAX+pp5;
n = qq6*float(rand())/RAND_MAX+pp6;
// in "limits.h" file, the RAND_MAX=INT_MAX=32767
// to get random number between [0, 1].

ifstream finl("pu_can.C");
ifstream fin2("pu_non.C");
ifstream fin3("ra_can.C");
ifstream fin4("ra_non.C");

totall=0.0;
for(i=0; i<71; i++){

fml»d»tt;

t=tt/mm; d=d/nn;

Pu_Cancer PC(t,d,a,b,c,g,l,m,n);
p=&PC;
total! += log(p->crude_density(t,d,a,b,c,g,l,m,n));

}
total2=0.0;

for(i=0; i<258;!++){
fln2»d»tt;
t=tt/mm; d=d/nn;

Pu_Non_Cancer PNC(t,d,a,b,c,g,l,m,n);
p=&PNC;
total2 += log(p->crude_density(t,d,a,b,c,g,l,m,n));

}
total3=0.0;
for(i=0; i<53; i++){

fin3»d»tt;
t=tt/mm; d=d/nn;
Ra_Cancer RC(t,d,a,b,c,g,l,m,n);
p=&RC;
total3 += log(p->crude_density(t,d,a,b,c,g,l,m,n));

}
total4=0.0;

103



for(i=0; i<132;
fin4»d»tt;

t=tt/imn; d=d/nn;
Ra_Non_Cancer RNC(t,d,a,b,c,g,l,in,n);
p=&RNC;
total4 += log(p->crude_density(t,d,a,b,c,g,l,m,n));

}
total=total l+total2+total3+total4;

sum += exp(total/rr);
num_rand+=l;

finl.closeO;
fin2.close();
fin3.close();
fin4.close();

}
fout«g«" "«suin/num_rand«"\n";

cout«"\n\n\n g= "«rho«" Sum= "« sum/num_rand«"\n\n"«endl;
g+=increa_g;

}
fout.closeO;
return 0;

}

Title: dep_rho_Lattice.C
//input: data: pu_can.C; pu_non.C; ra_can.C; ra_non.C;
// include: ̂ _cancer.h, Pu-Non_Cancer.h, Ra_Cancer.h,
// Ra-Non_Cancer.h
//output: marginal density of toxicity ratio rho
//description:
// Dependent Competing Risk Model
// Lattice Rule

#include<iostream.h>

#include<fstream.h>

#include<math.h>

#include<stdlib.h>

#include"Pu_Cancer.h"
#include"Pu_Non_Cancer.h"
#include"Ra_Cancer.h"
#include"Ra_Non_Cancer.h"
// time=t; activity=d; alphal=a; lambdal=b;
// beta=c; rho=g; alpha2=l; lambda2=m; delta=n;
main()
{  int tt, i,j, k, num_rand, rr, qql, qq2, qq3, qq4, qq5, qq6;

int pp 1, pp2, pp3, pp4, pp5, pp6;
float mm, nn, total;
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float t,d, totall, total2,totaI3, total4, sum;
float a,b,c,g,l,m,n;
float iiii_g, increa_g, qq;
int num_g;

ofstreamfout("dep_rho_Lattice_dat");
Pu_Cancer *p;
cout«"\nEnter two integers as scale factorVn";
cout«"of t and d: (t/mm, d/nn)\n";
cin»mm»rm;

cout«"\nEnter the initial value and increament(float) and the
number of points(int) for g\n";
cin»ini_g»increa_g»num_g;
cout«"\nEnter the 6 integers (qq) for ranges of parameters :"«"\n";
cin»qql »qq2»qq3»qq4»qq5»qq6;
cout«"\nEnter the 6 integers (pp) for ranges of parameters :"«"\n";
cin»ppl» pp 2» pp 3» pp 4» pp5» pp6;

//Lattice Rule

int LS=6;
cout«"\n Enter two integers for N and L \n";
cin»LN»LL;

int Za, Zb, Zc, Zl, Zm, Zn;
Za= 1;
Zb = LL;

Zc = int(LL**2.0) % LN;
Zl = int(LL**3.0) % LN;
Zm = int(LL**4.0)%LN;
Zn = int(LL**5.0) % LN;

g=ini_g;
for (k=0; k<num_g; k-H-){

sum=0.0;

for(j=0;j<LN;j-H-){
a = qq 1 ♦j/LN* 1.0*Za+pp 1;
b = qq2*j/LN*1.0*Za+pp2;
c = qq3*j/LN*1.0*Za+pp3;
1 = qq4*j/LN*I.0*Za+p^;
m = qq5*j/LN*1.0*Za+pp5;
n = qq6*j/LN*1.0*Za+pp6;

ifstream fml("pu_can.C");
ifstream fin2("pu_non.C");
ifstream fin3("ra_can.C");
ifstream fin4("ra_non.C");

total 1=0.0;
for(i=0; i<71; i-H-){

finl»d»tt;
t=tt/mm; d=d/nn;
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Pu_Cancer PC(t,d,a,b,c,g,l,m,n);
p=&PC;
total 1 += log(p->crude_density(t,d,a,b,c,g,l,m,n));

}
total2=0.0;

for(i=0; i<258;!++){
fin2»d»tt;

t=tt/min; d=d/nn;
Pu_Non_CancerPNC(t,d,a,b,c,g,l,m,n);
p=&PNC;
total2 += log(p->crade_density(t,d,a,b,c,g,l,m,n));

}
total3=0.0;
for(i=0; i<53;!++){

fin3»d»tt;

t=tt/mm; d=d/nn;
Ra_Cancer RC(t,dAb,c,g,l,m,n);
p=&RC;
total3 += log(p->crude_density(t,d,a,b,c,g,l,m,n));

}
total4=0.0;

for(i=0; i<132;!++){
fin4»d»tt;

t=tt/mm; d=d/nn;
Ra_Non_Cancer RNC(t,d,a,b,c,g,l,m,n);
p=&RNC;
total4 += log(p->crade_density(t,d,a,b,c,g,l,m,n));

}
total=total 1 +totaI2+total3+total4;
sum += exp(total);

j+= 1;
finl.closeQ;
fin2.close();
fin3.close();
fin4.close();

} // end loop of j
fout«g«" "«suin/U^«"\n";
cout«"\n\n\n g= "«g «" Sum= "« sum/LN «"\n\n"«endl;
g += increa_g;
}
foutxloseO;
retum 0;

finl.closeO;
fin2.close();
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fin3.close();
fm4.close();

}
fout«g«" "«sum/num_rand«"\n";
cout«"\n\n\n g= "«g «" Sum= "« suni/nuin_rand«"\n\n"«endl;
g+=increa_g;

}
fout.close();
return 0;

}
*********************************************************************

// Title: dep_rho_Gaus.C
//input: data: pu_can.C; pu_non.C; ra_can.C; ra_non.C; Gauss.C
// include: I^_cancer.h, Pu-Non_Cancer.h, Ra_Cancer.h,
// Ra-Non_Cancer.h
//output: marginal density of toxicity ratio rho
//description:
// Dependent Competing Risk Model
// Gaussian Quadrature
#include<iostream.h>

#include<fstream.h>

#include<math.h>

#include<stdlib.h>

#include"Pu_Cancer.h"

#include"Pu_Non_Cancer.h"
#include"Ra_Cancer.h"
#include"Ra_Non_Cancer.h"
main()
{  int tt, i, k, num_rand, rr;

int

float mm, nn, total;
float t, d, total 1, total2,total3, total4, sum;
float a, b, c, g, 1, m, n;
float wa, wb, wc, wl, wm, wn, ww;
float ini_g, increa_g, qq;
int num_g;
ofstream fout( "dep_rho_Gaus_dat");

Pu_Cancer *p;
cout«"\nEnter two integers as scale factor\n";

cout«"of t and d: (t/mm, d/nn)\n";
cin»mm»nn;
cout«"\nEnter the initial value and increament(float) and the
number of points(int) for g\n";
cin»ini_g»increa_g»num_g;
g=ini_g;

107



for (k=0; k<num_g; k-H-){
sum=0.0;

ifstream fin("Gauss.C");
for(j=0;j<8;
fin»a»wa;

for(jj=0; ij<8;
fiii»b»wb;

for(j|jj=0;ijj<8;j-H-){
fin»c»wc;

for(jjij=0;jjj[j<8;j-H-){
fm»l»wl;

for(ijijj=0;jjtjjj<8;j-H-){
fin»in»wm;

fin»n»wn;

ww = wa*wb*wc*wl*wni*wn;

ifstream finl("pu_can.C");
ifstream fin2("pu_non.C");
ifstream fin3("ra_can.C");
ifstream fin4("ra_non.C");

total 1=0.0;
for(i=0; i<71; i-H-){

finl»d»tt;

t=tt/mm; d=d/nn;
Pu_Cancer PC(t,d,a,b,c,g,l,m,n);
p=&PC;
total 1 += log(p->crude_density(t,d,a,b,c,g,l,m,n));

}
total2=0.0;

for(i=0; i<258; i-H-){
fin2»d»tt;

t=tt/mm; d=d/nn;

Pu_Non_Cancer PNC(t,d,a,b,c,g,l,m,n);
p=&PNC;
total2 += log(p->crude_density(t,d,a,b,c,g,l,m,n));

}
total3=0.0;
for(i=0; i<53; i-H-){

fin3»d»tt;
t=tt/mm; d=d/nn;
Ra_Cancer RC(t,d,a,b,c,g,l,m,n);
p=&RC;
total3 += log(p->crude_density(t,d,a,b,c,g,l,m,n));

}
total4=0.0;
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for(i=0; i<132; i++){
fin4»d»tt;
t=tt/min; d=d/nn;
Ra_Non_Cancer RNC(t,d,a,b,c,g,l,m,n);
p=&RNC;
total4 += log(p->crude_density(t,d,a,b,c,g,l,m,n));

}
total=log(ww)+(total 1 +total2+total3+total4);
sum += tatol;

jiijjj+= 1;
finl.closeO;

fin2.close();
fin3.close();
fin4.close();

} //end loop of iiiiii

jiijj+= 1;
} //end loop of iijjj

jiij+=i;
}  //end loop of ijii

jjj += 1;
} //end loop of jjj

jj += 1;
} //end loop of jj

j += 1;
}//end loop of j
sum = exp(sum);

fout«g«" "«sum «"\n";
cout«"\n\n\n g= "«g «" Sum= "« sum «"\n\n"«endl;
g += increa_g;
}
fout.closeO;
return 0;

}
* :le :|c :|c ;ic :|c :|c :|c :|c :|c i): * t * :|c :(c 4: SK ****** 3): * *

// Title: ind_rho_mont.C
// input: pu_can.C; pu_non.C; ra_can.C; ra_non.C
// output: marginal density of toxicity ratio rho
// description: independent competing risk model
// Monte carlo Method

#include<iostream.h>

#include<fstream.h>

#include<math.h>

#include<stdlib.h>

class Pu_Cancer{
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protected:
float time;
float activity;
float alpha 1,lambda 1, beta, rho;

public:
Pu_Cancer(float t, float d, float a, float b, float c, float g);
virtual float cancer_hazard_rate(float t, float d,float a,float b,

float c, float g);
float cancer_cumu_hazard (float t, float d,float a,float b,

float c, float g);
float cancer_survival(float t, float d, float a,float b,

float c, float g);
float cancer_failure(float t, float d, float a,float b,

float c, float g);
virtual float crude_density(float t, float d, float a,float b,

float c, float g);

};
class Pu_Non_Cancer: public Pu_Cancer {
public:

Pu_Non_Cancer(float t, float d, float a,float b,
float c, float g ):Pu_Cancer(t,d,a,b,c,g)

{  time=t; activity=d; alphal=a; lambdal=b;
beta=c; rou=g;
}

virtual float crude_density(float t, float d,float a,float b,
float c, float g);

};
class Ra_Cancer:public Pu_Cancer{
public:

Ra_Cancer(float t, float d, float a,float b, float c,
float g):Pu_Cancer(t,d,a,b,c,g)

{time=t; activity=d; alphal=a; lambdal=b;
beta=c; rou=g; };

virtual float cancer_hazard_rate(float t, float d, float a, float b,
float c, float g);

};
class Ra_Non_Cancer:public Ra_Cancer{
public:

Ra_Non_Cancer(float t, float d, float a, float b, float c,
float g):Ra_Cancer(t,d,a,b,c,g){

time=t; activity=d; alphal=a; lambdal=b;
beta=c; rou=g;};

virtual float crude_density( float t, float d, float a,
float b, float c,float g);

};
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Pu_Cancer::Pu_Cancer(float t,float d, float a,float b,float c,float g){
time=t; activity=d; alphal=a;lambdal=b;
beta=c;rou=g;

};
float Pu_Cancer::cancer_hazard_rate(float t, float d, float a,float b,

float c, float g)
{  float Pu_C_h;

Pu_C_h=a*pow(b,a)*pow((float)t,(a-1 ))*exp(g*c*d);
return Pu_C_h;

};
float Pu_Cancer::cancer_cumu_ha2ard(float t, float d, float a,float b,

float c, float g){
float Pu_C_H;

Pu_C_H=cancer_hazard_rate(t,d,a,b,c,g)*t/a;
return Pu_C_H;

};
float Pu_Cancer::cancer_survival(float t, float d, float a,float b,

float c, float g){
float Pu_C_S;

Pu_C_S=exp(-cancer_cumu_hazard(t,d,a,b,c,g)*exp(-20));
return Pu_C_S;

};
float Pu_Cancer::cancer_failure(float t, float d, float a,float b,

float c, float g){
float Pu_C_f;

Pu_C_f=cancer_hazard_rate(t,d,a,b,c,g)*
cancer_survival(t,d,a,b,c,g);

return Pu_C_f;

};
float Pu_Cancer crude_density(float t, float d,float a,float b,

float c, float g){
float Pu_C_Density;

Pu_C_Density =cancer_failure(t,d,a,b,c,g);
return Pu_C_Density;

}
float Pu_Non_Cancer:: crude_density(float t, float d,float a,float b,

float c, float g){
float Pu_NC_Density;

Pu_NC_Density =cancer_survival(t,d,a,b,c,g);
return Pu_NC_Density;

}
float Ra_Cancer::cancer_hazard_rate(float t, float d, float a,float b,

float c, float g){
float Pu_C_h;

g/g;
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Pu_C_h=a*pow(b,a)*pow((float)t,(a-1 ))*exp(c*d);
return Pu_C_h;

};
float Ra_Non_Cancer:: crude_density(float t, float d,float a,float b,

float c, float g){
float Ra_NC_E>ensity;

Ra_NC_Density =cancer_survival(t,d,a,b,c,g);
return Ra_NC_Density;

};
main(){

int tt, i,j, k, num_rand, rr, qql, qq2, qq3;
int ppl, pp2, pp3;
float mm, im, total;
float t,d, totall, totaI2,totaI3, totaI4, sum;
float a,b,c,g,qq;
float ini_g, increa_g;
int niun_g;
unsigned int seed;

ofstream fout("ind_rho_mont_dat");
Pu_Cancer *p;
cout«"\nEnter a positive integer as seed:";
cin»seed;
srand(seed);
cout«"\nEnter a integer rr as number of random parameter vectorsNn";
cin»rr;
cout«"\nEnter two integers as scale factorXn";
cout«"of t and d\n";

cin»mm»nn;

cout«"\nEnter the initial value and increament(float) and the number
of points(int) for g\n";
cin»ini_g»increa_g»num_g;
cout«"\nEnter the 3 integers (qq) for ranges of parameters :"«"\n";
cin»qq 1 »qq2»qq3;
cout«"\nEnter the 4 integers (pp) for ranges of parameters :"«"\n";
cin»ppl» pp 2» pp 3;
g = ini_g;
for (k=0; k<num_g; k-H-){

num_rand = 0;
sum=0.0;

for(j=0;j<rr;j-H-){
a = qql*float(rand())/RAND_MAX+ppl;
b = qq2*float(rand())/RAND_MAX+pp2;
c = qq3*float(rand())/RAND_MAX+pp3;
// in "limits.h" file, the RAND_MAX=INT_MAX=:32767
// to get random number between [0,1].
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ifstream finl("pu_can.C");
ifstream fin2("pu_non.C");
ifstream fin3("ra_can.C");
ifstream fin4("ra_non.C");

total 1=0.0;

for(i=0; i<71; i-H-){
fml»d»tt;

t=tt/mm; d=d/rm;
Pu_Cancer PC(t,d,a,b,c,g);
p=&PC;
total 1 += log(p->crude_density(t,d,a,b,c,g));

}
total2=0.0;
for(i=0; i<258; i-H-){

fm2»d»tt;

t=tt/mm; d=d/nn;
Pu_Non_Cancer PNC(t,d,a,b,c,g);
p=&PNC;
total2 += log(p->crude_density(t,d,a,b,c,g));

}
total3=0.0;

for(i=0; i<53; i-H-){
fin3»d»tt;

t=tt/mm; d=d/mi;
Ra_Cancer RC(t,d,a,b,c,g);
p=&RC;
total3 += log(p->crude_density(t,d,a,b,c,g));

}
total4=0.0;

for(i=0; i<132;!++){
fin4»d»tt;

t=tt/mm; d=d/nn;

Ra_Non_Cancer RNC(t,d,a,b,c,g);
p=&RNC;
total4 += log(p->crude_density(t,d,a,b,c,g));

}
total=total 1 +total2+total3+total4;

sum += exp(total/l000.0);
num_rand += 1;

finl.closeQ;
fin2.close();
fin3.close();
fm4.close();

}
fout«g«" "«sum/num_rand«"\n";
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cout«"\n\n\n g= "«g «" Sum= "« sum/num_rand«"\n\n"«endl;
g += increa_g;

}
fout.close();
return 0;

}
:|e :|c :|c ̂  :|c :|c :|c :|c :|c ;|c :|c :|c :|c :|E :jc :|c :|c :)c 4: :|c :|c 3|c :|c He :|c 4: :|E :|c :|c ̂  :|c 4c :|c ̂  :|c :|c 9|c :|c :jc :|c :|c :|c 3|: ^ 4= 4:4= 4= ̂  4= I): * 4= * 4c 3): *

// Title: dep_alpha_l_Mont.C
//input: data: pu_can.C; pu_non.C; ra_can.C; ra_non.C;
// include: Pu_cancer.h, Pu-Non_Cancer.h, Ra_Cancer.h,
// Ra-Non_Cancer.h
//output: marginal density of alpha_l
//

//description:
// Dependent Competing Risk Model
// Monte Carlo Method

#include<iostream.h>

#include<fstream.h>

#include<math.h>

#include<stdlib.h>

#include"Pu_Cancer.h"
#include"Pu_Non_Cancer.h"
#include"Ra_Cancer.h"
#include"Ra_Non_Cancer.h"
// time=t; actiyity=d; alphal=a; lambdal=b;
// beta=c; rou=g; alpha2=l; lambda2=m; delta=n;
main()

{
int tt, i, j, k, num_rand, rr;
int qql, qq2, qq3, qq4, qqS, qq6;
int ppl, pp2, pp3, p^, pp5, pp6;
float mm, nn, total;

float t,d, totall, total2,total3, total4, sum;
float a,b,c,g,l,m,n;
float ini_a, increa_a, qq;
int num_a;
unsigned int seed;

ofstreamfout("dep_alpha_l_monte_dat");
Pu_Cancer ♦p;
cout«"\nEnter a positive integer as seed:";
cin»seed;
srand(seed);
cout«"\nEnter a integer rr as number of random
parameter vectorsNn";
cin»rr;
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cout«"\nEnter two integers as scale factor\n";
cout«"of t and d: (t/mm, d/nn)\n";
cin»nim»nn;

cout«"\nEnter the initial value and increament(float) and the
number of points(int) for a\n";

cin»ini_a»increa_a»num_a;
cout«"\nEnter the 6 integers (qq) for ranges of parameters :"«"\n";
cin»qq I»qq2»qq3»qq4»qq5»qq6;
cout«"\nEnter the 6 integers (pp) for ranges of parameters :"«"\n";
cin»ppl» pp 2» pp 3» pp 4» pp5» pp6;
a = ini_a;
for (k=0; k<num_a; k++){

num_rand = 0;

sum=0.0;
for(j=0;j<rr;j++){

q = qql*float(rand())/RAND_MAX+ppl;
b = qq2*float(rand())/RAND_MAX+pp2;
c = qq3*float(rand())/RAND_MAX+pp3;
1 = qq4*float(rand())/RAND_MAX+p^;
m = qq5*float(rand())/RAND_MAX+pp5;
n = qq6*float(rand())/RAND_MAX+pp6;
// in "limits.h" file, the RAND_MAX=INT_MAX=32767
// to get random number between [0,1].

ifstream finI("pu_can.C");
ifstream fin2("pu_non.C");
ifstream fin3("ra_can.C");
ifstream fin4("ra_non.C");

totall=0.0;
for(i=0; i<71; i++){

finl»d»tt;

t=tt/mm; d=d/nn;

Pu_Cancer PC(t,d,a,b,c,g,l,m,n);
p=&PC;
total 1 += log(p->crude_density(t,d,a,b,c,g,l,m,n));

}
total2=0.0;
for(i=0; i<258; i++){

fm2»d»tt;
t=tt/mm; d=d/nn;
Pu_Non_Cancer PNC(t,d,a,b,c,g,l,m,n);
p=&PNC;
total2 += log(p->crude_density(t,d,a,b,c,g,l,m,n));

}
total3=0.0;
for(i=0; i<53; i-H-){
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fin3»d»tt;
t=tt/nun; d=d/nn;
Ra_Cancer RC(t,d»a,b,c,g,l,m,n);
p=&RC;
totals += Iog(p->crade_density(t,d,a,b,c,g,l,m,n));

}
total4=0.0;

for(i=0; i<132;!++){
fin4»d»tt;
t=tt/nmi; d=dynn;
Ra_Non_Cancer RNC(t,d,a,b,c,g,l,m,n);
p=&RNC;
totaI4 += log(p->crude_density(t,d,a,b,c,g,l,m,n));

}
total=total 1 +total2+totaI3+totaI4;

sum += exp(total/rr);
num_rand += 1;

finl.cIoseO;
fin2.close();
finS.closeO;
fin4.close();

}
fout«a«" "«suni/num_rand«"\n";
cout«"\n\n\n a_l= "«a «"
Sum= "« sum/num_rand«"\n\n"«endl;
a += increa_a;

}
fout.closeO;
return 0;

}
3|c * :|c * * :|c 4:4: :|c * :|e«* :|c :|c :|c ̂  :|c :|E 9|c :|c 4; :|c 4: :|c:(: * * * * * !|t * * 4c * 4:4: * * * 4: * 3f: * N: i|< i|: Nt 4= * * * * * * 4:

// Title: ind_alpha_l_mont.C
// input: pu_can.C; pu_non.C; ra_can.C; ra_non.C
// output: marginal density of alpha_l
// description: independent competing risk model
// Monte carlo Method

#include<iostream.h>

#include<fstream.h>

#include<math.h>

#include<stdlib.h>

class Pu_Cancer{
protected:

float time;
float activity;
float alpha 1,lambda 1, beta, rho;
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public:
Pu_Cancer(float t, float d, float a, float b, float c, float g);

virtual float cancer_hazard_rate(float t, float d,float a,float b,
float c, float g);
float cancer_cumu_hazard (float t, float d,float a,float b,

float c, float g);
float cancer_survival(float t, float d, float a,float b,

float c, float g);
float cancer_failure(float t, float d, float a,float b,

float c, float g);
virtual float crude_density(float t, float d, float a,float b,

float c, float g);

};
class Pu_Non_Cancer: public Pu_Cancer {
public:

Pu_Non_Cancer(float t, float d, float a,float b,
float c, float g ):Pu_Cancer(t,d,a,b,c,g)

{  time=t; activity=d; alpha l=a; lambda l=b;
beta=c; rou=g;

}
virtual float crude_density(float t, float d,float a,float b,

float c, float g);
};
class Ra_Cancer:public Pu_Cancer{
public:

Ra_Cancer(float t, float d, float a,float b, float c,
float g):Pu_Cancer(t,d,a,b,c,g)

{time=t; activity=d; alphal=a; lambdal=b;
beta=c; rou=g; };

virtual float cancer_hazard_rate(float t, float d, float a, float b,
float c, float g);

};
class Ra_Non_Cancer:public Ra_Cancer{
public:

Ra_Non_Cancer(float t, float d, float a, float b, float c,
float g):Ra_Cancer(t,d,a,b,c,g){

time=t; activity=d; alphal=a; lambdal=b;
beta=c; rou=g;};

virtual float crude_density( float t, float d, float a,
float b, float c,float g);

};
Pu_Cancer::Pu_Cancer(float t,float d, float a,float b,float c,float g){

time=t; activity=d; alphal=a;lambdal=b;
beta=c;rou=g;

};
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float Pu_Cancer::cancer_hazard_rate(float t, float d, float a,float b,
float c, float g)

{  float Pu_C_h;
Pu_C_h=a*pow(b,a)*pow((float)t,(a-1 ))*exp(g*c*d);
return Pu_C_h;

};
float Pu_Cancer::cancer_cumu_hazard(float t, float d, float a,float b,

float c, float g){
float Pu_C_H;

Pu_C_H=cancer_hazard_rate(t,d,a,b,c,g)*t/a;
return Pu_C_H;

};
float Pu_Cancer::cancer_survival(float t, float d, float a,float b,

float c, float g){
float Pu_C_S;

Pu_C_S=exp(-cancer_cumu_hazard(t,d,a,b,c,g)*exp(-20));
return Pu_C_S;

};
float Pu_Cancer::cancer_failure(float t, float d, float a,float b,

float c, float g){
float Pu_C_f;
Pu_C_f=cancer_hazard_rate(t,d,a,b,c,g)*

cancer_siuTival(t,d,a,b,c,g);
return Pu_C_f;

};
float Pu_Cancer:: crude_density(float t, float d,float a,float b,

float c, float g){
float Pu_C_Density;

Pu_C_E)ensity =cancer_failure(t,d,a,b,c,g);
return Pu_C_Density;

}
float Pu_Non_Cancer:: crude_density(float t, float d,float a,float b,

float c, float g){
float Pu_NC_Density;

Pu_NC_Density =cancer_survi val(t,d,a,b,c,g);
return Pu_NC_Density;

}
float Ra_Cancer::cancer_ha2ard_rate(float t, float d, float a,float b,

float c, float g){
float Pu_C_h;

g/g;
Pu_C_h=a*pow(b,a)*pow((float)t,(a-l))*exp(c*d);
return Pu_C_h;

};
float Ra_Non_Cancer:: crude_density(float t, float d, float a,float b.
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float c, float g){
float Ra_NC_Density;

Ra_NC_Density =caiicer_survival(t,d,a,b,c,g);
return Ra_NC_Density;

};
main(){

int tt, i, j, k, num_rand, rr, qql, qq2, qq3;
int ppl, pp2, pp3;
float mm, rm, total;
float t,d, total 1, total2,total3, total4, sum;
float a,b,c,g,qq;
float ini_a, increa_a;
int num_a;
unsigned int seed;

ofstreamfout("ind_alpha_l_mont_dat");
Pu_Cancer *p;
cout«"\nEnter a positive integer as seed:";
cin»seed;

srand(seed);
cout«"\nEnter a integer rr as number of random
parameter vectorsNn";
cin»rr;

cout«"\nEnter two integers as scale factor\n";
cout«"of t and d\n";
cin»mm»nn;

cout«"\nEnter the initial value and increament(float)
and the number of points(int) for a\n";
cin»ini_a»increa_a»num_a;
cout«"\nEnter 3 integers (qq) for parameters: \n";
cin»qq 1 »qq2»qq3;
cout«"\nEnter the 3 integers (pp) for parameters: \n";
cin»pp 1 »pp2»pp3;
a = ini_a;
for (k=0; k<num_a; k-H-){

num_rand = 0;

sum=0.0;

for(j=0; j<rr;
q = qql*float(rand())/RAND_MAX+ppl;
b = qq2*float(rand())/RAND_MAX+pp2;
0 = qq3*float(rand())/RAND_MAX+pp3;
// in "limits.h" file, the RAND_MAX=INT_MAX=32767
// to get random number between [0,1].

ifstream finl("pu_can.C");
ifstream fin2("pu_non.C");
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ifstream fin3("ra_can.C");
ifstream fin4("ra_non.C");

total 1=0.0;

for(i=0; icTl;!++){
finl»(i»tt;

t=tt/mm; d=d/nn;
Pu_Cancer PC(t,d,a,b,c,g);
p=ifePC;
total 1 += log(p->crude_density(t,d,a,b,c,g));

}
total2=0.0;
for(i=0; i<258;!++){

fm2»d»tt;
t=tt/mm; d=d/nn;
Pu_Non_Cancer PNC(t,d,a,b,c,g);
p=&PNC;
total2 += log(p->crude_density(t,d,a,b,c,g));

}
total3=0.0;

for(i=0; i<53; i++){
fin3»d»tt;
t=tt/inm; d=d/nn;

Ra_Cancer RC(t,d,a,b,c,g);
p=&RC;
total3 += log(p->crude_density(t,d,a,b,c,g));

}
total4=0.0;

for(i=0; i<132; i++){
fin4»d»tt;
t=tt/mm; d=d/nn;
Ra_Non_Cancer RNC(t,d,a,b,c,g);
p=&RNC;
total4 += log(p->crade_density(t,d,a,b,c,g));

}
total=total 1 +total2+total3+total4;
sum += exp(total/1000.0);
num_rand += 1;

finl.closeO;
fin2.close();
fin3.close();
fin4.close();

}
fout«a«" "«sum/num_rand«"\n";
cout«"\n\n\n a= "« a «" Sum= "« suni/num_rand«"\n\n"«endl;
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a += increa_a;

}
fout.close();
return 0;

}
************************************************************************
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// Tide: dep_Beta_Mont.C

//input: data: pu_can.C; pu_non.C; ra_can.C; ra_non.C;
// include: ^_cancer.h, Pu-Non_Cancer.h, Ra_Cancer.h,
// Ra-Non_Cancer.h
//output: marginal density of beta
//description:
// Dependent Competing Risk Model
// Monte Carlo Method

#include<iostream.h>

#include<fstream.h>

#include<math.h>

#include<stdlib.h>

#include"Pu_Cancer.h"
#include"Pu_Non_Cancer.h"
#include"Ra_Cancer.h"
#include"Ra_Non_Cancer.h"
// time=t; activity=d; alphal=a; lambdal=b;
// beta=c; rou=g; alpha2=l; lambda2=m; delta=n;
main()

{
int tt, i, j, k, num_rand, rr;
int qql, qq2, qq3, qq4, qq5, qq6;
int ppl, pp2, pp3, pp4, pp5, pp6;
float mm, nn, total;
float t,d, total!, total2,total3, total4, sum;
float a,b,c,g,l,m,n;
float ini_c, increa_c;
int num_c;
unsigned int seed;

ofstream fout("dep_beta_monte_dat");
Pu_Cancer *p;
cout«"\nEnter a positive integer as seed:";
cin»seed;
srand(seed);
cout«"\nEnter a integer rr as number of random parameter vectorsNn";
cin»rr;

cout«"\nEnter two integers as scale factor\n";
cout«"of t and d: (t/mm, d/nn)\n";
cin»nim»nn;
cout«"\nEnter the initial value and increament(float) and the
number of points(int) for c\n";

cin»ini_c»increa_c»num_c;
cout«"\nEnter the 6 integers (qq) for parameters :"«"\n";

122



cin»qq I»qq2»qq3»qq4»qq5»qq6;
cout«"\nEnter the 6 integers (pp) for parameters :"«"\n";
cin»ppl» pp 2» pp 3» pp 4» pp5» pp6;
c = ini_c;
for (k=0; k<num_c; k-H-){

num_rand = 0;
sum=0.0;

for(j=0;j<rr;j-H-){
a = qql*float(rand())/RAND_MAX+ppl;
b = qq2*float(rand())/RAND_MAX+pp2;
q = qq3*float(rand())/RAND_MAX+pp3;
1 = qq4*float(rand())/RAND_MAX+p^;
m = qq5*float(rand())/RAND_MAX+pp5;
n = qq6*float(rand())/RAND_MAX+pp6;
// in "limits.h" file, the RAND_MAX=INT_MAX=32767
// to get random number between [0,1].

ifstream finl("pu_can.C");
ifstream fin2("pu_non.C");
ifstream fin3("ra_can.C");
ifstream fin4("ra_non.C");

totall=0.0;

for(i=0; i<71; i-H-){
finl»d»tt;
t=tt/mm; d=d/nn;

Pu_Cancer PC(t,d,a,b,c,g,l,m,n);
p=&PC;
totall += log(p->crude_density(t,d,a,b,c,g,l,m,n));

}
total2=0.0;

for(i=0; i<258; i++){
fin2»d»tt;
t=tt/mm; d=d/im;

Pu_Non_Cancer PNC(t,d,a,b,c,g,I,m,n);
p=&PNC;
total2 += log(p->crude_density(t,d,a,b,c,g,l,m,n));

}
totaI3=0.0;

for(i=0; i<53; i-H-){
fin3»d»tt;
t=tt/mm; d=d/nn;

Ra_Cancer RC(t,d,a,b,c,g,l,m,n);
p=&RC;
totaI3 += log(p->crude_density(t,d,a,b,c,g,l,m,n));

}
total4=0.0;
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for(i=0; i< 132; i++) {
fin4»d»tt;

t=tt/mm; d=d/nn;
Ra_Non_Cancer RNC(t,d,a,b,c,g,l,ni,n);
p=&RNC;
total4 += log(p->crude_density(t,d,a,b,c,g,l,m,n));

}
total=total 1 +total2+total3+totaI4;

sum += exp(total/rr);
num_rand+= 1;

finl.closeQ;
fin2.close();
fin3.close();
fin4.close();

}
fout«c«" "«suin/num_rand«"\n";
cout«"\n\n\n beta= "«c «" Sum= "« sum/num_rand«"\n\n"«endl;

c += increa_c;

}
fout.closeO;
return 0;

// Title: dep_lamda_l_Mont.C

//input: data: pu_can.C; pu_non.C; ra_can.C; ra_non.C;
// include: Pu_cancer.h, Pu-Non_Cancer.h, Ra_Cancer.h,
// Ra-Non_Cancer.h
//output: marginal density of lambda_l
//description:
// Dependent Competing Risk Model
// Monte Carlo Method

#include<iostream.h>

#include<fstream.h>

#include<math.h>

#include<stdlib.h>

#include"Pu_Cancer.h"
#include"Pu_Non_Cancer.h"
#include"Ra_Cancer.h"
#include"Ra_Non_Cancer.h"
// time=t; activity=d; alphal=a; lambdal=b;
// beta=c; rou=g; alpha2=l; lambda2=m; delta=n;
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mainO

{
int tt, i, j, k, num_rand, rr;
int qql, qq2, qq3, qq4, qqS, qq6;
int ppl, pp2, pp 3, pp 4, pp 5, pp6;
float mm, nn, total;
float t,d, total 1, total2,total3, total4, sum;
float a,b,c,g,l,m,n;
float im_b> increa_b;
int num_b;
unsigned int seed;

ofstreamfout("dep_lamba_l_monte_dat");
Pu_Cancer *p;
cout«"\nEnter a positive integer as seed:";
cin»seed;
srand(seed);
cout«"\nEnter a integer rr as number of random parameter vectorsNn";
cin»rr;

cout«"\nEnter two integers as scale factor\n";
cout«"of t and d: (t/mm, d/im)\n";
cin»mm»nn;

cout«"\nEnter the initial value and increament(float) and the
number of points(int) for b\n";
cin»ini_g»increa_g»num_g;
cout«"\nEnter the 6 integers (qq) for parameters :"«"\n";
cin»qq 1 »qq2»qq3»qq4»qq5»qq6;
cout«"\nEnter the 6 integers (pp) for parameters :"«"\n";
cin»ppl» pp 2» pp 3» pp 4» pp5» pp6;
b =ini_b;
for (k=0; k<num_b; k-H-){

num_rand = 0;
sum=0.0;

for(j=0;j<rr;)++){
a = qq 1 *float(rand())/RAND_MAX+pp 1;
q = qqI*float(rand())/RAND_MAX+ppl;
c = qql*float(rand())/RAND_MAX+ppl;
1 = qql*float(rand())/RAND_MAX+ppl;
m = qql*float(rand())/RAND_MAX+ppl;
n = qql*float(rand())/RAND_MAX+ppl;
// in "limits.h" file, the RAND_MAX=INT_MAX=32767
// to get random number between [0,1].

ifstream finl("pu_can.C");
ifstream fin2("pu_non.C");
ifstream fin3("ra_can.C");

125



ifstream fin4("ra_non.C");
total 1=0.0;

for(i=0; i<71; 1++)

{
finl»d»tt;

t=tt/mm; d=d/nn;
Pu_Cancer PC(t,d,a,b,c,g,l,m,n);
p=&PC;
total 1 += log(p->crude_density(t,d,a,b,c,g,l,m,n));

}
total2=0.0;

for(i=0; i<258;!++){
fin2»d»tt;
t=tt/mm; d=d/mi;
Pu_Non_CancerPNC(t,d,a,b,c,g,l,m,n);
p=&PNC;
total2 += log(p->crude_density(t,d,a,b,c,g,l,m,n));

}
total3=0.0;

for(i=0; i<53;!++){
fin3»d»tt;

t=tt/mm; d=d/nn;

Ra_Cancer RC(t,d,a,b,c,g,l,m,n);
p=&RC;
total3 += log(p->crude_density(t,d,a,b,c,g,l,m,n));

}
total4=0.0;
for(i=0; i<132; i++){

fin4»d»tt;
t=tt/mm; d=d/nn;

Ra_Non_Cancer RNC(t,d,a,b,c,g,l,in,n);
p=&RNC;
totai4 += log(p->crade_density(t,d,a,b,c,g,l,ni,n));

}
total=total 1 +total2+total3+total4;
sum += exp(total/rr);
num_rand += 1;

finl.closeQ;
fin2.close();
fin3.close();
fin4.close();

}
fout«b«" "«sum/num_rand«"\n";
cout«"\n\n\n beta = "«b «" Sum= "« suin/num_rand«"\n\n"«endl;
b += increa_b;
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}
fout.closeO;
return 0;

// Title: dep_alpha_2_Mont.C

//input: data: pu_can.C; pu_non.C; ra_can.C; ra_non.C;
// include: Pu_cancer.h, Pu-Non_Cancer.h, Ra_Cancer.h,
// Ra-Non_Cancer.h
//output: marginal density of alpha_2
//

//description:
// Dependent Competing Risk Model
// Monte Carlo Method

#include<iostream.h>

#include<fstream.h>

#include<math.li>

#include<stdlib.h>

#include"Pu_Cancer.h"
#include"Pu_Non_Cancer.h"
#include"Ra_Cancer.h"
#include"Ra_Non_Cancer.h"
// time=t; activity=d; alphal=a; lambdal=b;
// beta=c; rho=g; alpha2=l; lambda2=m; delta=n;
main()

{
int tt, i, j, k, num_rand, rr;
int qql, qq2, qqS, qq4, qq5, qq6;
int ppl, pp2, pp3, p)^, pp5, pp6;
float mm, nn, total;
float t,d, total 1, total2,total3, total4, sum;
float a,b,c,g,l,m,n;
float ini_L, increa_L, qq;
int num_L;
unsigned int seed;

ofstreamfout("dep_alpha_2_monte_dat");
Pu_Cancer *p;
cout«"\nEnter a positive integer as seed:";
cin»seed;
srand(seed);
cout«"\nEnter a integer rr as number of random parameter vectorsNn";
cin»iT;
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cout«"\nEnter two integers as scale factorNn";
cout«"of t and d: (t/mm, d/nn)\n";
cin»mm»nn;

cout«"\nEnter the initial value and increament(float) and the
number of points(int) for L\n";

cin»ini_L»increa_L»num_L;
cout«"\nEnter the 6 integers (qq) for parameters ;"«"\n";
cin»qq 1 »qq2»qq3»qq4»qq5»qq6;
cout«"\nEnter the 6 integers (pp) for parameters :"«"\n";
cin»ppl» pp 2» pp 3» pp 4» pp5» pp6;
L =ini_L;
for (k=0; k<num_L; k-H-){

num_rand = 0;
sum=0.0;

for(j=0;j<rr;j++){
a = qql*float(rand())/RAND_MAX+ppl;
b = qq2*float(rand())/RAND_MAX+pp2;
c = qq3*float(rand())/RAND_MAX+pp3;
q = qq4*float(rand())/RAND_MAX+pp4;
m = qq5*float(rand())/RAND_MAX+pp5;
n = qq6*float(rand())/RAND_MAX+pp6;
// in "limits.h" file, the RAND_MAX=INT_MAX=32767
// to get random number between [0,1].

ifstream finl("pu_can.C");
ifstream fin2("pu_non.C");
ifstream fin3("ra_can.C");
ifstream fin4("ra_non.C");

totall=0.0;

for(i=0; i<71; i-H-){
finl»d»tt;
t=tt/mm; d=d/nn;
Pu_Cancer PC(t,d,a,b,c,g,l,m,n);
p=&PC;
total 1 += log(p->crude_density(t,d,a,b,c,g,l,m,n));

}
total2=0.0;

for(i=0; i<258; i++){
fin2»d»tt;
t=tt/mm; d=d/nn;
Pu_Non_Cancer PNC(t,d,a,b,c,g,l,m,n);
p=&PNC;
total2 += log(p->cmde_density(t,d,a,b,c,g,l,m,n));

}
total3=0.0;
for(i=0; i<53; i-H-){
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fin3»d»tt;
t=tt/imn; d=d/nn;
Ra_Cancer RC(t,d,a,b,c,g,l,m,n);
p=«&:RC;
totals += log(p->crude_density(t,d,a,b,c,g,l,m,n));

}
total4=0.0;
for(i=0; i<132;!++){

fm4»d»tt;
t=tt/nim; d=d/nn;
Ra_Non_Cancer RNC(t,d,a,b,c,g,l,m,n);
p=&RNC;
total4 += log(p->crude_density(t,d,a,b,c,g,l,m,n));

}
total=total 1 +total2+totaI3+total4;

sum += exp(total/rr);
num_rand+= 1;

fml.closeQ;
fin2.close();
finS.closeO;
fm4.close();

}
fout«L«" "«sum/num_rand«"\n";
cout«"\n\n\n a_2= "«L «" Sum= "« sum/num_rand«"\n\n"«endl;
L +=increa_L;

}
fout.close();
return 0;

// Title: dep_lambda_2_Mont.C

//input: data: pu_can.C; pu_non.C; ra_can.C; ra_non.C;
// include: I^_cancer.h, Pu-Non_Cancer.h, Ra_Cancer.h,
// Ra-Non_Cancer.h
//output: marginal density of lambda_2
//description:
// Dependent Competing Risk Model
// Monte Carlo Method

#include<iostream.h>

#include<fstream.h>

#include<math.h>

#include<stdlib.h>

129



#include"Pu_Cancer.h"
#include"Pu_Non_Cancer.h"
#include"Ra_Cancer.h"
#include"Ra_Non_Cancer.h"

// time=t; activity=d; alphal=a; lambdal=b;
// beta=c; rho=g; alpha2=l; lanibda2=m; delta=n;
main()

{
int tt, i,j, k, num_rand, it;
int qql, qq2, qq3, qq4, qq5, qq6;
int ppl, pp2, pp3, pp4, pp5, pp6;
float mm, nn, total;
float t,d, totall, total2,total3, totaI4, sum;
float a,b,c,g,l,m,n;
float ini_m, increa_m, qq;
int num_m;

unsigned int seed;
ofstrcamfout("dep_lambda_2_monte_dat");
Pu_Cancer *p;
cout«"\nEnter a positive integer as seed:";
cin»seed;

srand(seed);
cout«"\nEnter a integer rr as number of random parameter vectors\n";
cin»rr;
cout«"\nEnter two integers as scale factor\n";
cout«"of t and d: (t/mm, d/nn)\n";
cin»mm»nn;

cout«"\nEnter the initial value and increament(float) and the
number of points(int) for g\n";
cin»ini_m»increa_m»num_m;
cout«"\nEnter the 6 integers (qq) for parameters :"«"\n";
cin»qq 1 »qq2»qq3»qq4»qq5»qq6;
cout«"\nEnter the 6 integers (pp) for parameters :"«"\n";
cin»ppl» pp 2» pp 3» pp 4» pp5» pp6;
m = ini_m;
for (k=0; k<num_m; k++){

num_rand = 0;
sum=0.0;

for(j=0;j<rr;j++){
a = qq 1 *float(rand())/RAND_MAX+pp 1;
b = qq2*float(rand())/RAND_MAX+pp2;
c = qq3*float(rand())/RAND_MAX+pp3;
1 = qq4*float(rand())/RAND_MAX+p^;
q = qq5*float(rand())/RAND_MAX+pp5;
n = qq6*float(rand())/RAND_MAX+pp6;
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// in "limits.h" file, the RAND_MAX=INT_MAX=32767
// to get random number between [0,1].

ifstream finl("pu_can.C");
ifstream fin2("pu_non.C");
ifstream fin3("ra_can.C");
ifstream fin4("ra_non.C");

totall=0.0;

for(i=0; i<71; i++){
finl»d»tt;

t=tt/mm; d=d/nn;
Pu_Cancer PC(t,d,a,b,c,g,l,m,n);
p=&PC;
totall += log(p->crude_density(t,d,a,b,c,g,l,m,n));

}
total2=0.0;

for(i=0; i<258; i++){
fin2»d»tt;

t=tt/mm; d=d/nn;
Pu_Non_Cancer PNC(t,d,a,b,c,g,l,m,n);
p=&PNC;
total2 += Iog(p->crude_density(t,d,a,b,c,g,l,m,n));

}
total3=0.0;

for(i=0; i<53; i++){
fm3»d»tt;

t=tt/mm; d=d/nn;
Ra_Cancer RC(t,d,a,b,c,g,l,m,n);
p=&RC;
total3 += log(p->crude_density(t,d,a,b,c,g,l,m,n));

}
totaI4=0.0;

for(i=0; i<132; i++){
fin4»d»tt;

t=tt/mm; d=d/nn;
Ra_Non_Cancer RNC(t,d,a,b,c,g,l,m,n);
p=&RNC;
total4 += log(p->crude_density(t,d,a,b,c,g,l,m,n));

}
totaI=total 1 +total2+total3+total4;
sum += exp(total/rr);
num_rand += 1;

finl.cioseQ;
fm2.close();
fin3.close();
fin4.close();
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}
fout«m«" "«:sum/num_rand«"\n";
cout«"\n\n\n lambda_2= "« m «" Sum= "«:suni/num_rand«"\n\n"«endl;
m += increa_m;

}
fout.close();
return 0;

}

// Title: ind_beta_mont.C

// input: pu_can.C; pu_non.C; ra_can.C; ra_non.C
// output: marginal density of beta
// description: independent competing risk model
// Monte carlo Method

#include<iostream.h>

#include<fstream.h>

#include<math.h>

#include<:stdlib.h>

class Pu_Cancer{
protected:

float time;

float activity;
float alpha 1,lambda 1, beta, rho;

public:
Pu_Cancer(float t, float d, float a, float b, float c, float g);

virtual float cancer_hazard_rate(float t, float d,float a,float b,
float c, float g);
float cancer_cumu_hazard (float t, float d,float a,float b,

float c, float g);
float cancer_survival(float t, float d, float a,float b,

float c, float g);
float cancer_failure(float t, float d, float a,float b,

float c, float g);
virtual float cmde_density(float t, float d, float a,float b,

float c, float g);

};
class Pu_Non_Cancer: public Pu_Cancer {
public:

Pu_Non_Cancer(float t, float d, float a,float b,
float c, float g ):Pu_Cancer(t,d,a,b,c,g)
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{  time=t; activity=d; alphal=a; lambdal=b;
beta=c; rou=g;

}
virtual float cmde_density(float t, float d,float a,float b,

float c, float g);

};
class Ra_Cancer:public Pu_Cancer{
public:

Ra_Cancer(float t, float d, float a,float b, float c,
float g):Pu_Cancer(t,d»a,b,c,g)

{time=t; activity=d; alphal=a; lainbdal=b;
beta=c; rou=g; };

virtual float cancer_hazard_rate(float t, float d, float a, float b,
float c, float g);

};
class Ra_Non_Cancer:public Ra_Cancer{
public:

Ra_Non_Cancer(float t, float d, float a, float b, float c,
float g):Ra_Cancer(t,d,a,b,c,g){

time=t; activity=d; alpha l=a; lambda l=b;
beta=c; rou=g;};

virtual float crude_density( float t, float d, float a,
float b, float c,float g);

};
Pu_Cancer::Pu_Cancer(float t,float d, float a,float b,float c,float g){

time=t; activity=d; alphal=a;lambdal=b;
beta=c;rou=g;

};
float Pu_Cancer::cancer_hazard_rate(float t, float d, float a,float b,

float c, float g)
{  float Pu_C_h;

Pu_C_h=a*pow(b,a)*pow((float)t,(a-l))*exp(g*c*d);
return Pu_C_h;

};
float Pu_Cancer::cancer_cumu_hazard(float t, float d, float a,float b,

float c, float g){
float Pu_C_H;

Pu_C_H=cancer_hazard_rate(t,d,a,b,c,g)*t/a;
return Pu_C_H;

};
float Pu_Cancer::cancer_survival(float t, float d, float a,float b,

float c, float g){
float Pu_C_S;

Pu_C_S=exp(-cancer_cumu_hazard(t,d,a,b,c,g)*exp(-20));
return Pu_C_S;
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};
float Pu_Cancer::cancer_faiIure(float t, float d, float a,float b,

float c, float g){
float Pu_C_f;
Pu_C_f=cancer_hazard_rate(t,d,a,b,c,g)*

cancer_siirvival(t,d,a,b,c,g);
return Pu_C_f;

};
float Pu_Cancer :: crude_density(float t, float d,float a,float b,

float c, float g){
float Pu_C_Density;

Pu_C_Density =cancer_failure(t,d,a,b,c,g);
return Pu_C_Density;

}
float Pu_Non_Cancer:: crude_density(float t, float d,float a,float b,

float c, float g){
float Pu_NC_Density;

Pu_NC_Density =cancer_survival(t,d,a,b,c,g);
return Pu_NC_Density;

}
float Ra_Cancer::cancer_hazard_rate(float t, float d, float a,float b,

float c, float g){
float Pu_C_h;

g/g;
Pu_C_h=a*pow(b,a)*pow((float)t,(a-1 ))*exp(c*d);
return Pu_C_h;

};
float Ra_Non_Cancer crude_density(float t, float d, float a,float b,

float c, float g){
float Ra_NC_Density;

Ra_NC_Density =cancer_survival(t,d,a,b,c,g);
return Ra_NC_Density;

};
main(){

int tt, i, j, k, num_rand, rr, qql, qq2, qq3;
int ppl, pp2, pp3;
float mm, nn, total;
float t,d, total 1, total2,total3, total4, sum;
float a,b,c,g,qq;
float ini_c, increa_c;
int num_c;
unsigned int seed;

ofstream fout("ind_beta_mont_dat");
Pu_Cancer *p;
cout«"\nEnter a positive integer as seed:";
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cin»seed;

srand(seed);
cout«"\nEnter a integer rr as number of random
parameter vectorsNn";
cin»rr;
cout«"\nEnter two integers as scale factor\n";
cout«"of t and d\n";
cin»mm»nn;
cout«"\nEnter the initial value and increament(float)
and the number of points(int) for c\n";
cin»ini_c»increa_c»num_c;
cout«"\nEnter 3 integers (qq) for parameters: \n";
cin»qq 1 »qq2»qq3;
cout«"\nEnter the 3 integers (pp) for parameters: \n";
cin»pp 1 »pp2»pp3;
c = ini_c;
for (k=0; k<num_c; k-H-){

num_rand = 0;
sum=0.0;

for(j=0;j<rr;j++){
q = qql*float(rand())/RAND_MAX+ppl;
a = qq2*float(rand())/RAND_MAX+pp2;
b = qq3*float(rand())/RAND_MAX+pp3;
// in "limits.h" file, the RAND_MAX=INT_MAX=32767
// to get random number between [0, 1].

ifstream finl("pu_can.C");
ifstream fin2("pu_non.C");
ifstream fin3("ra_can.C");
ifstream fin4("ra_non.C");

total 1=0.0;
for(i=0; i<71; i-H-){

finl»d»tt;
t=tt/mm; d=d/im;
Pu_Cancer PC(t,d,a,b,c,g);
p=&PC;
total 1 += log(p->crude_density(t,d,a,b,c,g));

}
total2=0.0;
for(i=0; i<258; i-H-){

fin2»d»tt;
t=tt/mm; d=d/nn;
Pu_Non_Cancer PNC(t,d,a,b,c,g);
p=&PNC;
total2 += log(p->crude_density(t,d,a,b,c,g));

}
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total3=0.0;

for(i=0; i<53; i++){
fin3»d»tt;

t=tt/inm; d=d/nn;
Ra_Cancer RC(t,d,a,b,c,g);
p=&RC;
total3 += log(p->crude_density(t,d,a,b,c,g));

}
total4=0.0;

for(i=0; i<132; i++){
fin4»d»tt;

t=tt/mm; d=d/nn;
Ra_Non_Cancer RNC(t,d,a,b,c,g);
p=&RNC;
total4 += log(p->crude_density(t,d,a,b,c,g));

}
total=total l+total2+total3+total4;

sum += exp(total/1000.0);
num_rand += 1;

fml.closeO;
fin2.close();
fin3.close();
fin4.close();

}
fout«c«" "«sum/num_rand«"\n";
cout«"\n\n\n beta= "«c «" Sum= "« sum/num_rand«"\n\n"«endl;
c += increa_c;

}
fout.closeQ;
return 0;

// Title: ind_lambda_l_mont.C

// input: pu_can.C; pu_non.C; ra_can.C; ra_non.C
// output: marginal density of lambda_ 1
// description: independent competing risk model
// Monte carlo Method

#include<iostream.h>

#include<fstream.h>

#include<math.h>

#include<stdlib.h>

class Pu_Cancer{
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protected:
float time;

float activity;
float alpha 1,lambda 1, beta, rho;

public:
Pu_Cancer(float t, float d, float a, float b, float c, float g);

virtual float cancer_hazard_rate(float t, float d,float a,float b,
float c, float g);
float cancer_cumu_hazard (float t, float d,float a,float b,

float c, float g);
float cancer_survival(float t, float d, float a,float b,

float c, float g);
float cancer_failure(float t, float d, float a,float b,

float c, float g);
virtual float crude_density(float t, float d, float a,float b,

float c, float g);

};
class Pu_Non_Cancer: public Pu_Cancer {
public:

Pu_Non_Cancer(float t, float d, float a,float b,
float c, float g ):Pu_Cancer(t,d,a,b,c,g)

{  time=t; activity=d; alphal=a; lambdal=b;
beta=c; rou=g;

}
virtual float crude_density(float t, float d,float a,float b,

float c, float g);

};
class Ra_Cancer:public Pu_Cancer{
public:

Ra_Cancer(float t, float d, float a,float b, float c,
float g):Pu_Cancer(t,d,a,b,c,g)

{time=t; activity=d; alphal=a; lambdal=b;
beta=c; rou=g; };

virtual float cancer_hazard_rate(float t, float d, float a, float b,
float c, float g);

};
class Ra_Non_Cancer:public Ra_Cancer{
public:

Ra_Non_Cancer(float t, float d, float a, float b, float c,
float g):Ra_Cancer(t,d,a,b,c,g){

time=t; activity=d; alphal=a; lambdal=b;
beta=c; rou=g;};

virtual float crude_density( float t, float d, float a,
float b, float c,float g);

};
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Pu_Cancer::Pu_Cancer(float t,float d, float a,float b,float c,float g){
time=t; activity=d; alphal=a;lainbdal=b;
beta=c;rou=g;

};
float Pu_Cancer::cancer_hazard_rate(float t, float d, float a,float b,

float c, float g)
{  float Pu_C_h;

Pu_C_h=a*pow(b,a)*pow((float)t,(a-l))*exp(g*c*d);
return Pu_C_h;

};
float Pu_Cancer::cancer_cumu_hazard(float t, float d, float a,float b,

float c, float g){
float Pu_C_H;

Pu_C_H=cancer_hazard_rate(t,d,a,b,c,g)*t/a;
return Pu_C_H;

};
float Pu_Cancer::cancer_survival(float t, float d, float a,float b,

float c, float g){
float Pu_C_S;

Pu_C_S=exp(-cancer_cumu_hazard(t,d,a,b,c,g)*exp(-20));
return Pu_C_S;

};
float Pu_Cancer::cancer_failure(float t, float d, float a,float b,

float c, float g){
float Pu_C_f;
Pu_C_f=cancer_hazard_rate(t,d,a,b,c,g)*

cancer_survival(t,d,a,b,c,g);
return Pu_C_f;

};
float Pu_Cancer:: crude_density(float t, float d,float a,float b,

float c, float g){
float Pu_C_Density;

Pu_C_Density =cancer_failure(t,d,a,b,c,g);
return Pu_C_Density;

}
float Pu_Non_Cancer:: crude_density(float t, float d,float a,float b,

float c, float g){
float Pu_NC_Density;

Pu_NC_Density =cancer_survival(t,d»a,b,c,g);
return Pu_NC_Density;

}
float Ra_Cancer::cancer_hazard_rate(float t, float d, float a,float b,

float c, float g){
float Pu_C_h;

g/g;
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Pu_C_h=a*pow(b,a)*pow((float)t,(a-1 ))*exp(c*d);
return Pu_C_h;

};
float Ra_Non_Cancer crude_density(float t, float d, float a,float b,

float c, float g){
float Ra_NC_Density;

Ra_NC_Density =cancer_survival(t,d,a,b,c,g);
return Ra_NC_Density;

};
main(){

int tt, i, j, k, num_rand, rr, qql, qq2, qq3;
int ppl, pp2, pp3;
float mm, nn, total;
float t,d, total 1, total2,total3, total4, sum;
float a,b,c,g,qq;
float ini_b, increa_b;
int num_b;
unsigned int seed;

ofstream fout( "ind_lambda_ 1 _mont_dat");
Pu_Cancer *p;
cout«"\nEnter a positive integer as seed:";
cin»seed;

srand(seed);
cout«"\nEnter a integer rr as number of random
parameter vectorsNn";
cin»rr;

cout«"\nEnter two integers as scale factor\n";
cout«"of t and d\n";

cin»nun»nn;

cout«"\nEnter the initial value and increament(float)
and the number of points(int) for b\n";
cin»ini_b»increa_b»num_b;
cout«"\nEnter 3 integers (qq) for parameters: \n";
cin»qq 1 »qq2»qq3;
cout«"\nEnter the 3 integers (pp) for parameters: \n";
cin»pp 1 »pp2»pp3;
b = ini_b;
for (k=0; k<num_c; k-H-){

num_rand = 0;
sum=0.0;

for(j=0;j<rr;j-H-){
q = qql*float(rand())/RAND_MAX+ppl;
a = qq2*float(rand())/RAND_MAX+pp2;
c = qq3*float(rand())/RAND_MAX+pp3;
// in "limits.h" file, the RAND_MAX=INT_MAX=32767
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// to get random number between [0,1].
ifstream finl("pu_can.C");

ifstream fin2("pu_non.C");
ifstream fm3("ra_can.C");
ifstream fin4("ra_non.C");

total 1=0.0;

for(i=0; i<71; i++){
fml»d»tt;
t=tt/mm; d=d/nn;
Pu_Cancer PC(t,d,a,b,c,g);
p=&PC;
total 1 += log(p->crude_density(t,d,a,b,c,g));

}
total2=0.0;

for(i=0; i<258; i++){
fm2»d»tt;

t=tt/mm; d=d/nn;
Pu_Non_Cancer PNC(t,d,a,b,c,g);
p=&PNC;
total2 += log(p->crude_density(t,d,a,b,c,g));

}
total3=0.0;

for(i=0; i<53; i-H-){
fin3»d»tt;

t=tt/mm; d=d/nn;
Ra_Cancer RC(t,d,a,b,c,g);
p=&RC;
total3 += log(p->crude_density(t,d,a,b,c,g));

}
total4=0.0;
for(i=0; i<132; i++){

fin4»d»tt;

t=tt/mm; d=d/nn;

Ra_Non_Cancer RNC(t,d,a,b,c,g);
p=&RNC;
total4 += log(p->crude_density(t,d,a,b,c,g));

}
total=total l+total2+total3+total4;

sum += exp(total/1000.0);
num_rand+=l;

finl.closeQ;
fin2.close();
fin3.close();
fin4.close();
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}
fout«c«" "«suni/num_rand«"\n";
cout«"\n\n\n b= "«b «" Sum= "« suni/num_rand«"\n\n"«endl;
b += increa_b;

}
fout.closeO;
return 0;

}
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APPENDIX C

SURVIVAL DATA
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5ex inject weight activity density time caui

level [kg] [jiCi/kg] [day] of dej

1 0 11.7 0 4232 0

1 0.1 9.67 0.00071 4319 0

1 0.1 12 0.00059 4146 0

1 0.1 12.2 0.00057 4346 0

2 0.1 9.28 0.0007 4221 0

1 0.1 11.6 0.00063 5519 0

2 0.1 9.8 0.00075 3939 0

1 0.1 11.3 0.00059 4676 0

2 0.1 9.8 0.00059 2968 0

1 0.1 12.2 0.00088 2760 0

2 0.1 10.4 0.00059 5272 0

1 0.1 10.8 0.00079 4156 0

2 0.1 11.1 0.00058 3292 0

1 0.1 10.3 0.00059 5036 0

2 0.1 9.79 0.0006 3600 0

1 0.1 11.3 0.00059 5072 0

2 0.1 9.52 0.00057 1979 0

1 0.1 10.5 0.00058 4466 0

1 0.1 10.9 0.00057 4412 0

2 0.1 8.34 0.00072 4025 0

1 0.1 13.5 0.00122 3762 0

2 0.1 9 0.00051 4618 0

1 0.1 13.2 0.0012 3630 0

2 0.1 10.2 0.00057 4409 0

2 0.1 9.34 0.00051 4507 0

2 0.1 10.9 0.0012 4323 0

2 0.1 9.71 0.00124 3222 0

2 0.2 9.44 0.0026 3221 0

2 0.2 7.44 0.00173 3983 0

1 0.2 10.9 0.0021 4803 0

1 0.2 11.4 0.00163 2841 0

1 0.2 11.8 0.00171 4391 0

2 0.2 9.46 0.002 5319 0

1 0.2 12.1 0.00198 4392 0

2 0.2 8.3 0.00224 4299 0

1 0.2 12.1 0.00181 4708 0

2 0.2 8.3 0.00176 4080 0

1 0.2 10.7 0.00185 2640 0

2 0.2 11.9 0.00169 4971 0

2 0.2 9.35 0.00186 5378 0

1 0.2 13.6 0.00178 3591 0

2 0.2 10.1 0.00183 3881 0

2 0.2 8.04 0.00193 5241 0

1 0.2 14.5 0.00178 2776 0

2 0.2 12.5 0.00176 4615 0

2 0.2 12.7 0.00178 5068 0

1 0.2 12.7 0.0017 3934 0

2 0.2 11.5 0.00172 4515 0

2 0.2 9.92 0.00167 4552 0

1 0.2 11.2 0.00133 4359 0
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sex inject weight activity density time cause

level [kg] [fiCi/kg] [day] of death

2 0.5 10 0.00516 35 0

1 0.5 11.8 0.00336 7 0

2 0.5 9.15 0.00516 7 0

1 0.5 11.9 0.00524 2302 0
1 0.5 12.1 0.00546 4253 0

2 0.5 9.1 0.00537 3240 0

2 0.5 12.8 0.00541 4253 0

1 0.5 11.9 0.00552 4232 0
1 0.5 10.4 0.00549 3205 0

1 0.5 13.2 0.00515 4004 1

1 0.5 10.8 0.00551 2478 0

2 0.5 9.65 0.00547 2943 0

2 0.5 9.56 0.00552 2917 0

2 0.5 8.14 0.00524 4166 0

2 0.7 8.98 0.00947 4746 0

1 0.7 10.3 0.00941 3471 0

1 0.7 11.9 0.0102 3575 0

1 0.7 8.04 0.0103 3938 0

2 0.7 9.66 0.00942 4823 0

1 0.7 11.6 0.0104 1737 0

2 0.7 9.18 0.00926 3718 0

1 0.7 11.1 0.0104 5212 0

2 0.7 9.69 0.0108 4657 0

2 0.7 9.56 0.0108 4481 1

2 0.7 8.9 0.011 3861 1

1 0.7 10.9 0.0117 2042 0
1 0.7 10.2 0.0112 4023 1

1 0.7 11.9 0.0116 4575 0

2 0.7 10.6 0.011 4512 0
2 0.7 8.63 0.0113 4210 0

2 0.7 9.91 0.0113 4246 1

1 0.7 13.2 0.00956 4253 0

1 0.7 9.46 0.00967 3496 0

1 0.7 10.7 0.0103 4443 0

1 0.7 10.1 0.00979 3711 0
2 0.7 10.6 0.00981 3661 0

2 0.7 11.1 0.00999 3951 0

1 0.7 11.6 0.00999 2836 0

2 0.7 11.4 0.00995 4235 0

2 0.7 8.24 0.00969 4500 0

1 0.7 10.7 • 0.0099 4074 0
1 0.7 11.9 0.0105 2750 0
1 0.7 11.6 0.0106 4235 0

1 0.7 10.1 0.0106 4443 0

2 0.7 10.2 0.0105 4285 0

1 0.7 10.8 0.0104 4362 1

2 0.7 10.2 0.0105 4443 0
2 0.7 8.39 0.0103 4443 0
1 0.7 10.3 0.0091 4409 0
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sex inject weight activity density time cau

level [kg] [jiCI/kg] [day] of de

1  0.7 12.3 0.0099 3405 0

2  0.7 9.33 0.0112 4030 1

1  1 9.41 0.015 4572 1

2  1 6.85 0.0163 4810 0

1  1 a 0.0165 4292 1

1  1 9.97 0.0139 4549 0

2  1 8.8 0.0142 1539 0

2  1 11 0.0168 3764 0

2  1 7.38 0.014 4292 0

2  1 6.36 0.0167 3981 0

1  1 10.6 0.0172 3367 1

2  1 7.87 0.0168 2257 1

2  1 12 0.0152 3649 0

1  1 8.9 0.0157 5161 0

1  1 9.67 0.0167 2374 0

1  1 12.7 0.0153 5277 0

2  1 10.4 0.0141 4185 0

1  1 12.8 0.0159 3596 0

1  1 10.6 0.0165 4211 1

1  1 10.9 0.0151 4690 0

1  1 9.89 0.014 4788 0

1  1 9.82 0.0159 5217 0

2  1 10.4 0.0141 3482 0

1  1 10 0.0156 3734 1

2  1 9.04 0.0139 4035 1

2  1 11.2 0.0163 4508 0

2  1 10.4 0.0163 3308 0

1  1 11 0.0168 4618 0

2  1 2.23 0.0171 4211 0

1  1 2.83 0.0171 3549 0

2  1 3.56 0.0137 1929 0

1  1 5.14 0.0158 3789 0

1  1 5.19 0.0143 3681 0

2  1 4.36 0.0142 3681 0

2  1 4.46 0.0194 3461 0

2  1 2.52 0.0146 3392 0

1  1 3.78 0.0155 2944 0

1  1 3.77 0.0158 2869 0

2  1 9.54 0.0158 3752 0

2  1 9.54 0.0174 2990 1

2  1 9.76 0.0163 2883 0

1  1 13.3 0.0158 2883 0

1  1.7 8.72 0.0475 3025 1

2  1.7 8.62 0.0431 3430 1

1  1.7 8.63 0.0495 3430

1  1.7 8.37 0.0484 3312 1

2  1.7 11.6 0.0493 2659 1

2  1.7 10.3 0.0459 2221 1

2  1.7 9.73 0.0481 3353

1  1.7 13.6 0.0479 3282 1

2  1.7 9.72 0.0485 2500 1

2  1.7 10.6 0.0495 467 0
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sex inject weight activity density time
level [kg] [nCi/kg] [day]

2  1.7 8.07 0.0457 4214
1  1.7 9.41 0.0491 2973

1  1.7 10.6 0.0473 4375

2  1.7 2.34 0.0543 4211
1  1.7 2.97 0.0545 3604

2  1.7 3.84 0.0453 3912
1  1.7 3.4 0.0488 3625

1  1.7 4.06 0.0485 3625

2  1.7 4.2 0.0529 3885
2  1.7 3.91 0.0477 2999
1  1.7 4.32 0.0473 3461

2  1.7 3.06 0.051 2902
1  1.7 3.07 0.0464 2820

2  1.7 3.02 0.0471 2820

2  1.7 10 0.0456 2163
2  1.7 10 0.0416 3758

2  1.7 10.2 0.0519 3502

2  1.7 11.2 0.0527 3190
2  1.7 9.96 0.0441 2577
2  1.7 9.56 0.0449 2883
1  1.7 10.7 0.0458 2811

1  1.7 12.6 0.043 2762
1  1.7 12.7 0.0498 2160

1  1.7 11.5 0.0503 2002

1  2 7.61 0.0853 2985

2  2 7.73 0.112 2780

1  2 10.5 0.094 3185

1  2 9.84 0.0862 2948

2  2 8.12 0.0846 2423

2  2 7.54 0.0902 2947

2  2 8.4 0.0996 2093
1  2 9.73 0.0957 1761

2  2 9.72 0.101 2014

2  2 7.94 0.0968 2912

1  2 10.3 0.0961 1617

1  2 9.98 0.1 2284

1  3 8 0.261 1476

2  3 6.85 0.312 1947

1  3 8.74 0.291 1604

1  3 8.51 0.292 1950

2  3 8.22 0.288 1504

2  3 8.38 0.282 1617

2  3 9 0.314 1627

1  3 9.73 0.3 1771

2  3 7.67 0.3 1894

2  3 8.94 0.298 1546

1  3 10.5 0.309 1198

1  3 10.2 0.308 1659

1  4 7.61 0.823 1724

2  4 8.65 1.03 1556

1  4 9.36 0.929 1198

1  4 8.74 0.974 1066

cause

of death

1

0

0

0

0

0

0

0

1

0

0

0

0

0

0

0

0

0

1

0

0

0

0
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sex inject weight activity density time

level Ikg] [jiCI/kg] [day]

2 4 9.26 0.811 1357

2 4 8.45 0.963 1198

1 4 9.22 0.887 1157

2 4 8.58 0.96 1343

2 4 6.48 0.868 1241

1 4 9.56 0.927 1288

1 4 11.4 0.838 1463

1 5 8.86 2.67 1324

2 5 8.75 3.3 1576

1 5 8.1 3 499

1 5 9.18 3.17 1562

2 5 8.77 2.77 2059

2 5 7.9 2.57 1194

2 5 8.33 2.99 1491

1 5 9.55 2.69 1192

2 5 9.45 2.73 1145

cause

of death

0

1
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Ra_Data

sex Inject weight activity density time caus

Level [kg] [ liCi/kg] [day]
1 0 8.03 0 3116 0

1 0 14.6 0 3675 0

2 0 11.4 0 2139 0

1 0 11 0 5284 0

1 0 6.57 0 4018 0

2 0 8.43 0 3182 0

1 0 11 0 3360 0

2 0 8.21 0 3361 0

2 0 11.7 0 1550 0

1 0 10.9 0 4698 0

2 0 10.2 0 4575 0

2 0 8.68 0 4283 0

1 0 12.3 0 4752 0

2 0 10.8 0 5725 0

1 0 12.8 0 4372 0

2 0 10 0 3677 0

1 0 12.5 0 5042 0

2 0 12 0 5321 0

2 0 8.42 0 4726 0

1 0 9.7 0 4890 0

2 0 9.9 0 4234 0

1 0 12.1 0 3907 0

2 0 10.6 0 4458 0

2 0 9.88 0 4690 0

2 0 9.9 0 4889 0

2 0 7.8 0 4657 0

2 0 11.7 0 4784 0

2 0 9.7 0 4828 0

2 0 9.8 0 3670 0

2 0 9.5 0 4509 0

2 0 11.8 0 3916 0

2 0 8.2 0 4929 0

2 0 8.9 0 4605 0

2 0 9.9 0 3185 0

2 0 9.41 0 5349 0

2 0 9.38 0 5066 0

2 0 8.86 0 5124 0

2 0 10.1 0 5281 0

2 0 9.17 0 4538 0

2 0 9.08 0 4403 0

2 0 11.1 0 4093 0

2 0 10.4 0 2788 0

2 0 10.9 0 5621 0

2 0 11.5 0 3821 0

2 0 8 0 33 0

1 0.2 9.77 0.00577 4518 0

2 0.2 8.1 0.00836 3448 0

1 0.2 10.8 0.00873 4102 0

2 0.2 8.9 0.00665 4190 0

1 0.2 11.8 0.00711 5056 0
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sex Inject weight activity density time cau

Level [kg] [ liCi/kg] [day]
2 0.2 11.5 0.00687 3101 0

1 0.2 12.9 0.00961 5000 0

1 0.5 11 0.0171 3676 0

2 0.5 9.75 0.022 5079 1

1 0.5 10.4 0.0263 4297 0

2 0.5 11.4 0.0205 4141 0

1 0.5 9.2 0.0215 4052 0

2 0.5 9.1 0.0197 4900 0

2 0.5 10 0.023 5059 0

1 0.5 13.2 0.0206 4526 0

2 0.5 8.8 0.0208 4281 0

1 0.5 12.3 0.029 3192 0

1 0.5 11.4 0.021 4310 0

2 0.5 9.4 0.0235 4393 0

2 0.5 11.7 0.0238 4797 0

1 0.5 13.4 0.0196 3219 0

2 0.5 10.1 0.0239 4180 0

2 0.5 10.1 0.024 3870 0

1 0.5 12.9 0.0194 3848 0

2 0.5 10.6 0.0212 4935 0

2 0.5 8.7 0.0217 4697 0

1 0.5 10.5 0.0196 5249 0

2 0.5 9.9 0.0215 4322 0

2 0.5 9.7 0.0212 4628 0

1 0.5 10.4 0.0205 4367 0

2 0.5 9 0.0201 4990 0

2 0.5 10.2 0.0202 5171 0

1 1 8.48 0.0618 5727 0

1 1 10 0.0876 4054 0

2 1 8.68 0.0576 3860 0

1 1 8.6 0.0642 2038 0

1 1 11.7 0.0436 3780 0

2 1 7.23 0.0584 5260 0

1 1 11.4 0.0651 3544 0

2 1 8.98 0.0559 2988 0

2 1 9.88 0.0521 4399 0

1 1 11.5 0.0573 4003 0

2 1 11.2 0.0522 5636 0

2 1 9.71 0.0444 3978 0

1 1 11.7 0.0527 3739 0

2 1 10.5 0.0701 1729 0

1 1 8.88 0.0797 893 0

2 1 8.99 0.0611 4557 0

1 1 11.4 0.0639 5601 0

2 1 10 0.0589 3625 0

2 1 11.6 0.0682 3612 1

1 1 10 0.061 4260 0

2 1 8.1 0.0633 5189 0

1 1 10.9 0.0861 4845 0

2 1 10.4 0.0712 3009 0

1 1.7 9.98 0.137 4438 0
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sex Inject weight activity density time cau!

Level [kg] [HCi/kg] [day]
2 1.7 13.1 0.165 3268 0

1 6.2 0.163 5495 0

1 1.7 10.1 0.151 4107 1

2 1.7 7.9 0.152 3432 0

1 1.7 7.17 0.163 3142 0

2 1.7 9.5 0.154 2577 0

2 1.7 7.55 0.168 3914 0

1 1.7 10.6 0.183 4903 0

2 1.7 8.17 0.165 5324 0

2 1.7 8.95 0.167 2399 0

1 2 8.74 0.382 3440 0

1 2 8.21 0.387 3775 1

2 2 8.53 0.347 4459

1 2 10.6 0.306 4368

1 2 11.5 0.267 4703 1

2 2 10.6 0.36 4615

1 2 11.1 0.413 3424 1

2 2 6.95 0.311 4781

2 2 9.38 0.317 3998

1 2 9.95 0.345 3569 1

2 2 9.3 0.31 3297 1

2 2 10.3 0.281 2948

1 3 8.91 1.2 2850 1

1 3 9.02 1.21 2226 1

2 3 7.74 1.11 2497 1

1 3 11.7 1.16 1917 1

1 3 13 0.846 2955 1

2 3 9.75 1.14 1932 1

1 3 12.3 1.29 2099 1

2 3 7.76 1.03 2612 1

2 3 8.02 0.987 2487 1

1 3 10.1 1.06 1737 1

2 3 12.9 0.938 1610
2 3 11.4 0.883 1897 1

1 4 9.08 3.51 1606 1

1 4 9.53 3.55 1884 1

2 4 7.2 3.1 1614 1

1 4 8.83 3.47 1518 1

1 4 13.2 2.42 1659 1

2 4 8.55 3.44 1939 1

1 4 9.55 3.88 1647 1

2 4 8.94 3.14 1324 1

2 4 8.53 3.02 1471 1

1 4 10.8 3.28 1553 1

2 4 10.4 2.84 1469 1

2 4 9.61 2.81 1435 1

2 4 10.5 2.5 303

2 4 9.09 2.96 1674 1

2 4 10.9 3.44 1521 1

2 4 7.93 1.98 636 0
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sex Inject weight activity density time cau!

Level [kg] [ |iCi/kg] [day]
1 4 11.2 3.04 1462 0

1 4 10.5 2.99 1365 1

1 4 13.2 3.65 952 0

1 4 12.2 3.61 516 0

2 4 10.7 3.88 1318 1

1 4 13.7 3.03 1680 1

2 4 10.9 3.2 1675 1

2 4 11.4 3.2 1182 1

1 4 10 3.21 702 0

1 4 13.2 3.21 1808 1

1 4 12.6 3.17 674 0

2 4 9.87 3.18 678 0

2 4 10.5 3.21 1662 1

2 4 9.43 3.25 1323 1

1 5 9.87 10.5 908 1

1 5 8.85 10.8 1380 1

1 5 8.9 10.6 1091 1

1 5 10.9 10.1 1220 1

2 5 9.66 10.2 1015 1

1 5 8.85 11.9 1288 1

2 5 7.76 9.68 968 1

2 5 9.16 9.48 1288 1

1 5 10.7 10.2 825 1

2 5 12.8 10.2 266 0

2 5 9.65 9.97 1219 1

2 5 10.8 6.31 419 0

2 5 7.52 9.22 420 0
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