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Abstract

Jacobi found that the rotation of a symmetrical heavy top about a fixed point
is composed of the two torque-free rotations of two triaxial bodies about their
centers of mass. His discovery rests on the fact that the orthogonal matrix which
represents the rotation of a symmetrical heavy top is decomposed into a product
of two orthogonal matrices, each of which represents the torque-free rotations of
two triaxial bodies. This theorem is generalized to the Kirchhoff’s case of the
rotation and translation of a symmetrical solid in a fluid.

This theorem requires the explicit computation, by means of theta functions,
of the nine direction cosines between the rotating body axes and the fixed space
axes. The addition theorem of theta functions makes it possible to decompose the
rotational matrix into a product of similar matrices. This basic idea of utilizing
the addition theorem is simple but the carry- through of the computation is quite
involved and the full proof turns out to be a lengthy process of computing rather
long and complex expressions.

For the translational motion we give a new treatment. The position of the
center of mass as a function of the time is found by a direct evaluation of the
elliptic integral by means of a new theta interpretation of Legendre’s reduction
formula of the elliptic integral.

For the complete solution of the problem we have added further the study
of the physical aspects of the motion. Based on a complete examination of the
all possible manifolds of the steady helical cases it is possible to obtain a full
qualitative description of the motion. Many numerical examples and graphs are

given to illustrate the rotation and translation of the solid in a fluid.
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Chapter 1

Introduction

The rotation of a rigid body about a fixed point has three degrees of freedom,
and three independent variables are enough to describe the rotation, for example,
the three Eulerian angles. Once the Eulerian angles as functions of time are found,
the further computation of the orthogonal matrix whose nine elements are the
direction cosines of the rotating body axes with respect to the fixed space axes,
may seem to be an unnecessary tedious work without yielding any further new
information. However, Jacobi has demonstrated that the orthogonal matrx M,
which describes the motion of a heavy symmetrical top can be decomposed into a
product of two orthogonal matrices P and @, each of which represents the motion
of a torque-free triaxial top[l] [2] [3]. Jacobi’s decomposition theorem can only
be found in his posthumous paper, and monographs only mention it{2], probably

due to the extensive use of elliptic functions and theta functions. This paper is



concerned with the generalization of Jacobi’s theorem to the Kirchhoff’s case of a
symmetrical solid rotating and translating in a fluid[4] [5] [6].

Only three cases of the rotation of a rigid body about a fixed point are solvable:
the motion of a torque-free triaxial top, the motion of a symmetrical top about a
fixed point under a uniform gravitational field, and the motion of the Kowalevski’s
top. The first one is known as Euler’s case, the second one is known as Lagrange’s
case. In the posthumous paper Jacobi applied elliptic functions of his own in-
vention to the problem of the rotation of a symmetrical top about a fixed point
in a uniform gravitational field. When Jacobi went beyond the solution of the
three angles as elliptic functions of the time and computed all the nine direction
cosines between the moving body axes and the fixed reference axes, he discovered
the decomposition theorem. The Kowalevski’s top[7] 8] is the most involved and
requires hyperelliptic functions and theta functions of two variables.

First in chapter two we introduce Jacobi’s decomposition theorem for a sym-
metric top in uniform gravity. The main text follows Jacobi, but we present an
alternative, more natural way of introducing the parameters in appendix A. Pa-
rameters defined in these two different ways are related to each other, and the
sum of the parameter defined in Jacobi’s way and the parameter defined in the
alternative way is one half imaginary period of the elliptic integral. Appendix A
gives the detailed discussions.

In chapter three we derive the solution for the Kirchhoff’s case of the trans-

lation and rotation of a symmetrical solid in a fluid. We have added the study




of the physical aspects of the motion. The translational movement of the center
of mass of a symmetrical solid in a fluid is a spiral curve between two surfaces
of two concentric cylinders of different radii. Its forward position increases with
time but is modulated with periodic zeta functions. Its projection on the perpen-
dicular plane shows various cyclic patterns of movements. At the same time, the
body rotates in a progressive or retrogressive precession with its symmetrical axis
nutating between two inclination angles. A special case arises when the two limits
of nutation merge into one, and its trajectory becomes a helix. The forward speed
as well as the precession and the spinning speed become constant. It is interesting
to note that the helical orbit is the same as the motion of a charged particle in a
helical spiral in a uniform magnetic field. With respect to the advancing direction,
the helical orbit can be right or left handed. And the constant inclination angle,
constant precession and spinning speeds in the rotation are similar to the steady
precession of a symmetric top in a field of uniform gravity. Our special case is
sort of the combination of these two motions described above. The solid is neither
charged nor is there any magnetic field. But the interaction of the motion of the
solid with the induced flow of the surrounding fluid provide the necessary forces
of constraint to make the center of mass move in a helical spiral, while the solid
also simultaneously performs a steady precession. Whether the helix is right or

left handed depends on the longitudinal mass, the transversal mass and the incli-

nation angle. We have made a complete examination of all the possible manifolds

for the steady helical cases and present the results in Appendix B. We also studied



the general case in which the symmetry axis nutates between two distinct limits

and the results are described in Appendix C.

Finally in chapter four we generalize Jacobi’s decomposition theorem to Kirch-
hoff’s case. We find that the matrix R for the rotation of Kirchhoff’s case can be
decomposed into a product of two matrices S and T', each of which represents the

motion of a torque-free triaxial body
R=ST,

where T is the transpose of T. Let us consider the motion R of the symmetrical
solid in the fluid and the motion of a free triaxial top S, both of which are described
with respect to a frame of reference moving with a certain constant precession or
spinning rate in space. Then the motion of the torque-free triaxial top observed
from the reference frame is described by the orthogonal matrix S and the same
motion when observed from the frame of the symmetrical solid in the fluid (i.e.
the observer moving with the symmetrical solid ) is described by the orthogonal
matrix T. The relative motion T' turns out to be also representing the motion of
a torque-free triaxial top.

Chapter five is a conclusion.



Chapter 2

Jacobi’s Decomposition Theorem
for the Motion of a Heavy

Symmetrical Top

We shall first derive the rotational matrix M for a symmetrical heavy top
in section one and similar but simpler matrices P,Q for torque-free rotations of
triaxial bodies in section two. Jacobi’s decomposition theorem M = PQ will then
be treated in detail in section three. The exposition is designed to facilitate the
later generalization of the theorem to the case of the rotation and the translation

of a solid in a fluid.



2.1 The Motion of a Symmetrical Top About a

Fixed Point in a Uniform Gravitational Field

We denote the principal moments of inertia of a rigid body by ( I, I, I3 ). For
the motion of a symmetrical top ( I = I, ) about a fixed point under the action

of the uniform gravitational force, we have[3]
Loa2 22 1. 9
J = §I1(0 + ¢“sin‘ 6) + §I3w3 + mglcosé, (2.1)

where J is the total energy, 6, ¢ and ¢ are Eulerian angles. wj; is the angular
velocity component along the axis of symmetry. m is the total mass and [ is the
length between the center of gravity and the fixed point. Figure 2.1 shows Eulerian

angles. The Lagrangian is
1 9 2 . 2 1 . . 2
L= §I1(0 + ¢“sin® 9) + §I3(¢v + ¢ cos8)” — mglcosé.

It will be noticed that ¢ and ¢ do not appear explicitly in the lagrangian; they
are therefore cyclic coordinates, indicating that the corresponding generalized mo-
menta are constant in time. Since the momentum conjugate to a rotation angle is
the component of the total angular momentum along the axis of rotation, which
for ¢ is the vertical axis, and for 3, the symmetrical axis in the body. We get two
constants of the motion

oL .
P, = % = (¢ + dcosl) = Lws = L1




Py = g_z = (Lsin’  + Iy cos’ )¢ + Iy cos 8 = Ircy,

where ¢, and ¢, are two constants. We can also get some useful expressions

. ¢y —cycosl

¢ =

sin?§ '’

’(,[; Il 902 — €1 COS 0
= —-—C —CcCosyV————
I3 sin? 0

and

cac088 — ¢y

. I
1/)=61(I_;—1)—

sin? §
We rewrite equation 2.1 as
’ 1. Lo 2 2.2
J'=J- §I3w3 = §I1(0 + ¢*sin* §) + mgl cos 6. (2.2)

Now we introduce

2mgl
v= (T)m’

where v has the dimension of an angular velocity. From now on, we will always
divide any angular velocity by v to make it dimensionless. In terms of v, the three

dimensionless physical constants of the motion of a heavy top will be

o = J'[mgl,

¢1 = the angular momentum component along the axis of symmetry divided by
vly,

¢z = the angular momentum component along the space Z-axis (antiparallel to

the gravity) divided by vI;.



Figure 2.1: Eulerian angles. XY Z are space axes, zyz are body axes. N represents

the nodal line.




The expression for the dimensionless angular velocity  of the nutation is given
by

62 sin? @ = (1 — cos® 6)(a’ — cos8) — (cz — c; cos 6)?.

If we set £ = cos#, then the above equation becomes a cubic equation in z

i = (1—-2z¥) (o' ~z) = (c; — c1z)? (2.3)

(z — z1)(z — z2)(z — z3)

= f(z),

where z,, 3, z3 are the roots of the cubic equation f(z) = 0. It can be shown that

the three roots are all real and thus supposed to satisfy the following relation
“l<z3<zy <l <.
The physical range of z is
3 <z < 3.

Some useful relations can be gotten from equation 2.3. Let £ = 1, then —1; we

get two relations

—(ez— 1) = (1 — z1)(1 — 22)(1 — x3),

—(Cz + 01)2 = —(1 + (l:l)(l + 1172)(1 + $3).

After taking the square root, they become

c2 — ¢ = £[(z1 — 1)(1 — z2)(1 — z3)]"/?

9




and

coter=[(1+z)(1+22)(1 + 23)]/2

To find the solution for z in equation 2.3, we set
T = z3 + (x5 — z3)sin’ .

Then it is seen that
Ty — 2 = (29 — z3) cos? &,
z — x3 = (23 — z3)sin’¢,

21— = (21 — wa)(1 — T sin’E),
1

1—z=(1-z3)(1 - 2= 24in2¢),
1—.’273
_ Toa— I3 . 9
l4z=(1+=z3)(1+ 17z, on £)

dz = 2(z; — z3)sin{ cos {d€.

From these equations, we get

¢ =/f(z)

and
& = de 2d¢
V@) Ver-asAl
where

A% =1—Ek*sin®¢

10




with
k2 = T — I3
- T — 2133.
And then we set
d¢
du = A—f’

to get

dé
U= | ————,
/ 1— k?sin®¢

where the integral is an elliptic integral. Then the inverse of the above integral is

§ = amu, and the differential of ¢ becomes

dt = ———adu.

VZ1— 3
From these, we have the relation

1

u = —\/z; — z3t.

2

Here the solution for z is
z=z3+ (22— xa)sinzamu,
or in terms of elliptic functions[9]
T = 23+ (23 — z3)sn’u.

To find other direction cosines, we need two other Eulerian angles which can be

found by the following equations

C— 1T
T 1—g2’

11




zb—cx(

By integration, we can find out ¢ and v¥. For convenience, let us define

Yi=- 1-—2? dt
Then we get

¢ =% =/612—-m1dt
and

¢+ clzijdt-

From these, we have

_ 2+
¢=3 /1—:1:dt+/ dt]

and

-l [

To integrate the integral

cy — 2(x; — z3)"Y%du
1- Cl)/ (1 — z3)[1 — (22 — z3)(1 — z3)~Lsn?u]’ (24)

Jacobi introduced two parameters a and b, which are expressed in terms of the

three roots through the elliptic function sn

1,'1—1

-2, sn?(ib) = —%

1+:c

(2.5)

sn®(ia) = —

Here we follow Jacobi in the introduction of the two parameters. But it seems to

be more natural to introduce two parameters such that £ = 1 and £ = —1 which

12



correspond to the poles of the two integrals (1 & ). We give this alternative
route in the appendix A and prove that Jacobi’s ingenious introduction of the two
parameters by equation 2.5 is essentially equivalent to these alternative parameters
which correspond to the poles.

The periodicity of the ellptic function allows to choose a or b less than K.

Some other elliptic functions are expressed in terms of Jacobi’s parameters in the

following
9. T1 — I 2 1+
= R b =
cn’(ia) e, cn®(zb) T+ 25
and
d2 =($1 :1,'2)( 3,d2b=———.
w9 = o Te) 1 =) ) = T,
From above expressions, we have
g2 —z3 _ klen®(ia) k2

l—z3  dn%ia) ~ dn?(a,k')’

T2 723 12,0200\ — 1.24,,2 '
172s = k*sn*(:b) = k*tn°(b, k'),
g e 2sn?(ib)dn?(ia)
T cn®(ia) — sn?(ib)dn2(ia)
and
o
1425 = 2cn(1a)

cn?(ia) — sn?(ib)dn?(ia)’
Then the integral 2.4 becomes[10]
2(zy — z3)~?du
1 - z3){1 - (z2 — z3)(1 — z3)~1snu]

- 2/ \/(‘7"1 - 1)(1 —z) dn®(ia)du

(z1 — z3)(1 — z3) dn?u — k2sn?(ia)cn?u

1—-2z

7% = (cz—cl)/(

13




/ k"tn(ia)dn(ia)du
i[dn?u — k2sn?(ia)cn?u]
9 dln Hl(z'a)u l O4(u —ia)

=2 da ln O1(u + za)]’

where

k"tn(ia) _ \/(:cl —1)(1 - z2)
idn(a) \/(3;1 —z3)(1 — z3)

has been used. Similarly, the other integral is

¢+ ¢ _ 2y — z3)"du

14t = (e +°1)/ (1 + 23)([1 + (22 — 3)(1 + 23)-Lsn2u]
_, (VA +e)(+a) du
- 2/ ('ml —':v3)(1 + r3) 1 — k2sn?(ib)snu
—9 / ictn(ib)dn(:b)du

1 — k2sn?(1b)sn?u

ol HG®) 1 6u+ib)
=A% TP =)

where the following relation has been used

et (8)dn() = $ k) = J Ty

Now we find that

dln Hy(za) dlnH(zb) 1 O1(u — ta) ll O(u + 1b)

¢=1 da db Ju— g ln O1(u + 1a) + O(u —b)

dlnH,(ia) dln H(3b) 1. Oi(u—ia) 1. O(u+sid)
da B TR e wria) T % 0w =)

= —[
If we only consider the periodic part of ¢ and ¥ and denote them as ¢' and ¢/,

and choose the negative sign and put 7 as the initial angle , then we have

_l O1(u—ia) 1. O(u+1bd)
V=Tt N S atia) % " O(u—b)

14




1/)'=7r—lln®1(u_ia) 1. O(u+1b)

2% " O (utia) 20 O(u—ib)

After taking the exponential power on both sides of the above two equations, we

have
Gt _ Oi(u —1a)O(u —ib) [ O(u+ K —ia)O(u —b) (2.6)
B \| ©1(u + ia)O(u + ib) — \O(u— K +ia)O(u + 1d) )
and
GV O1(u+:a)O(u—ib) |Ou-K+ 1a)0O(u — b) 27)
 \61(u—ia)O(u+ib)  \ O(u+ K —1a)O(u +:1b) '

In terms of these two parameters, we have

k%cn®(ia)
l—z = (1—x3)(1—msn u)

= (1 —=x3)[1 — k¥sn*(K — ia)sn’u,

where the following relations have been used

2 .
2K —ia) = (ia)
sn'(K —ia) dn?(ia)’
2 .
Ty — T3 ,cn?(ia) 22
1o = ¥ dniGa) = k*sn®(K —ia).

Similarly, we get
1+ z = (1 + z3)[1 — k%sn?(ib)sn’u].

Substituting the two expressions

23n?(1b)
l—z3=- . ,
sn*(K — ia) — sn?(ib)
and
2 _ .
14z, = 2sn*(K —ia)

sn?(K — ia) — sn?(:b)’

15




into the expressions for 1 ~ z and 1 + z, we get

_ 2sn?(6b)[1 — k*sn?(K — ia)sn?u|

t-e= sn?(K — ia) — sn?(ib)

and

g 2sn?(K — ta)[1 — k%sn?(ib)sn?y]
v= sn?(K — ia) — sn?(ib) ’

Now we will transform the above two equations from elliptic functions into theta
functions. Some useful formulas for transformations between elliptic functions and

theta functions[11] are

©%0)0(u + K — ia)O(u — K + ia)
O K — ia)0?(u) ’
0%(0)0(u + :6)O(u — ib)
0%(ib)0?(u) ’
O 0)H(K —ia +1b)H(K — ia —1b)
O K — 1a)02(1b) ’
02(:b)’

1 - k*sn*(K —ia)sn’u =

1 — k%sn?(ib)sn’u =

k[sn*(K — ia) — sn%(ib)] =

ksn?(ib) =

Substituting these formulas into the expressions for 1 — ¢ and 1 + « to transform

them from elliptic functions into theta functions, we get

2H?(1b)O(u + K — ia)O(u — K +ia)

t-z=- H(K —ia+ ib)H(K —ia — 1b)0?%(u) (28)
and

2H*(K —ia)O(u + ib)O(u — id)

= . 2.9

1= K ot ) H(K = ia - 15)0%(a) (29)
Adding up the above two equations, we get ¢ which is cos¥.

20s : . 2: : .
e Hi(1a)O(u + 16)O(u — 1b) + H2(:0)0O1(u + ia)O;(u za). (2.10)

Hy(ia + ib)H,(ia — 1b)O?(u)

16




Multiplying equation 2.8 and 2.9, we get 1 — cos? @ which is sin?  and take the

square root of it and choose the negative sign to make sin § always positive as the

range of 6 is from 0 to 7

2H(iD)H(K —ia)\/O(u + K — ia)0(u — K +1a)O(u + ib)O(u — ib)
- Hi(ia + ib)H, (ia — 10)0%(x) '

sinf =
(2.11)

The reason for taking the — sign after taking square root is simply that sin@ is
positive in the range of § from 0 to m. Therefore the right hand side has to be

positive too. Consider those factors in the right hand side as follows

2K
O( ﬂ_u)=1—2qcos2u+2q4cos4u—2q9c086u+...,
2K
H( u)=2q1/4sinu—2q9/4sin3u+2q25/4sin5u—2q49/4sin7u+...,

T

where

[
g= exp{—#%}-

The variable u is a function of time ¢ which is real, then u is real too

v — zst.

u =

N~

Since O(u) is real, its square ©%(u) is positive. The product O(u + ib)O(u — 1b)
is positive because O(u — tb) is the complex conjugate of ©O(u + b). Similarly

O(u + K — ta)O(u — K + ta) is positive.

0(ia) =1-¢" 1+ ¢ +¢" 1+ ¢ - ...,

where[10]




Since O(ia) is real, ©%(ia) is positive. By the same reason ©?(ib) is positive also.

Hi(ia + ib)H, (ia — ib)

= %@"2(0)@2(1'(1)@2(ib)[cnz(ib) — sn®(ia)dn®(:b)),

where

cn?(ib) — sn*(ia)dn’(ib)

1 + T zy — 11 + )

1 + I3 1-— T 1 + T3

> 0,
'K
0(0) = \/ KK > 0.
T
Hence

Hy(ia + ib)Hy (ia — ib) > 0.

H(K —ia) = Hy(ia) =gt (1 +¢")+ (1 +¢) +..]

> 0.

—H@) =gt P 1 - M) = A+ ¢ +..] > 0.

Considering those factors in the expression of sin#, it is necessary to choose the
— sign after taking square root.

Here we like to make a comment which is useful in chapter three. Although
Jacobi introduced two parameters in this way to make the integral integrable,

however this is not the only way to do it. For example, we can introduce these

18




two parameters in the following way which makes the value of cosf equals 1 or
—1 when the variable equals to K — ¢a or 1b. From the expression of z, for z = 1

and u = K — iq, it becomes
1=23+ (22— m3)3n2(K —ta);
similarly, for z = —1 and u = 1b,
—1 = z3 + (z; — z3)sn?(ib).

From the above two equations we get another way to define the two parameters
which are eventually integrable for the integral and are equivalent to Jacobi’s

method

-1 —2z3

sn*(K —ia) = ! ——:1:3 , sn?(ib) =

) 9 — I3

The orthogonal matrix M for the motion of a heavy top is expressed in terms of
the two parameters a and b as well as the variable u. The matrix element Mj; is z.
The other matrix elements can be found from the expressions of Eulerian angles.

The Eulerian angles and the direction cosines have the following relations[12]
M3, =sinfsinvy’,
M3, = sinf cos ¢,
M3 =sinfsin¢’,
My3 = —sinfcos ¢/,

My, = cos ' cos ¢’ — cos@sin ¢’ siny’,

19



My = —siny’ cos ¢’ - cos 6 sin ¢’ cos ',
Moy = cos )’ sin ¢’ + cos 8 cos ¢’ sinv’,
My, = —sin’sin ¢’ + cos @ cos ¢’ cos ',
Msiz =cosf = z.

By substituting the expressions 2.11 and 2.7 into the expression for Mj,;
e“/" — e“""
2t
2H(ib)H(K —ia)\/O(u + K — ia)O(u — K + ia)O(u + ib)O(u — ib)
' Hy(ia + ib)H(ia — ib)0%(u)

1 |0u-K+ia)O(u—1b) |O(u+K —1a)O(u+ zb)]
2"\ O(u + K — ia)O(u + ib) O(u — K 4 ia)O(u — tb)”’

M;; = sinfsiny’ = siné

we get

©1(u — 2a)O(u + 1b) — O1(u +1a)O(u — z'b).

Mz = —H(ib)H, (ia) Hy(ia + tb)H,(ia — ib)O%(u)

(2.12)

The other matrix elements M;; of M can be found in a similar way,

eV + eV
2
2H(ib)H(K — ia)\/O(u + K — ia)®(u — K + ia)O(u + ib)O(u — ib)
’ Hy(sa + ib)Hy(ia — i6)02(u)
1 16(u—K +ia)O(u —ib) O(u+ K —1a)O(u + zb)]
O(u + K — 1a)O(u + 1b) O(u — K +1a)O(u — 1b)”’

M;; = sinfcosy’ = siné

2
Ms, = DLIH(z'b)Hl(ia)[@l(u —1a)O(u + tb) + O1(u + 1a)O(u — ¢b)],  (2.13)

e — ei¢
2
2H(ib)H(K — ia)\/O(u + K — ia)O(u — K +ia)O(u + ib)O(u — ib)
¥ Hy(ia + ib)H, (ia — ib)0%(u)
i[ Ou+K—1:a)O(u—1d) |O(u—K+1ia)O(u+ zb)]
2i"\ O(u — K + ta)O(u + ib) O(u + K — ia)O(u — ib)”’

M3 = sinfsin¢’ = sind
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My = —D—iH(ib)Hl(ia)[Gl(u +ia)O(u + ib) — O1(u — ia)@(u —it)],  (2.14)

ei® 4 =i

Mj3 = —sinfcos ¢’ = —siné
2H(b)H(K —ia)y/0(x + K — ia)O(u ~ K +ia)O(u + ib)O(u — ib)
- Hi(ia + ib)H, (ia — i0)0%(u)

L [0+ K —ia)o(u—i8) |0(u—K +ia)O(u +ib),
2\ O(u— K +:a)0(u +1b) * \ O(u + K — ia)O(u — ib)"’

My = B—iH(ib)Hl(ia)[Ol(u +1a)O(u +1b) + O4(u — 1a)O(u — 1b)],  (2.15)

1 AR NTRT 1 AT EPY TP
My = Z(l + cos )[e V') 4 e~ D] 4 Z(l — cos §)[e'¥' =) 4 g=i¥'—¢)]

_ 1 2H*K —ia)O(u +b)O(u —ib) O(u—1b) O(u+1d)
" 4H(K —ia+ib)H(K — ia — ib)O%(u) [G(u +1:b)  O(u— zb)]

_12H*(15)0(u + K —ia)O(u — K + ia) [G(u ~K+1ia) O(u+ K —tia)

4 HK —ia+b)H(K —1a —b)0%(u) 'O(u+ K —ia)  O(u— K +1ia)

I,

My = 2LDI{I:rf(za)[e?(u +1b) + ©*(u — b)) — H(ib)[©%(u — ia) + O (u +1a)]},

(2.16)

M, = z:ll-(l + cos §)[ V' +4) _ emi ¥+ 4 z%(l — cos §)[e' V' ¢ — e~i¥' 4]

1 2HK —ia)O(u +ib)O(u —ib)  O(u—ib) O(u+ib)

IHK —iat D)H(K —ia— )0%(s) 0(a 1 i)  O(u— b))

_12H*(ib)O(u + K —1a)O(u — K + ia)[O(u ~K+ia) O(u+K-— z'a)]
"$H(K —ia+ ib)H(K —ia — i6)0%(u) 'O(u+ K —ia) O(u— K +1a)"’

My, = %{Hﬁ(ia)[@%u +1b) — ©%(u — 1b)] — H*(ib)[0}(u — ia) — O} (u + ia)]},

(2.17)

1 Sal ! ] lals! ! () ! (1! Y
My = —iZ(l + cos §)[elW+¢) _ i¥'+4D] | zi(l — cos§)[e'¥'~#) — =i¥'=¢)]

1 2HX(K —ia)O(u +ib)O(u —ib) O(u—ib) O(u+ib)
“IHK —iat W)HE —ia- 5)0%a) 0wt ) O(u—1b)
_i_1_2H2(ib)9(u + K —ia)®(u — K + ia) [@(u - K+ia) O(u+K-— z'a)]
4 H(K —ia+ tb)H(K —ia — ib)0%(u) 'O(u+ K —ia) O(u— K +ia)”’




My = 2L1')1{Hf(ia)[e2(u +1b) — ©*(u — ib)] + H*(ib)[O}(u — ia) — O (u +1a)]},

(2.18)

My = i(l + cos O)[e! W'+ | g—il¥'+9)] _ %(1 — cos )[e' V') 4 ¢~ W=

1 2HYK —ia)O(u +10)O(u —ib) O(u—ib) O(u+t 2b)]
4 H(K —ia+ib)H(K — ta — 1b)0?*(u) [G)(u +ib)  O(u—ib)
12H*(ib)0(u + K —1a)O(u — K +1a) O(u— K +ia)  O(u+ K — ia)

+

TH(K —ia + B)H(K —ia — )0(u) O+ K —ia) T 0(u — K +ia)
My, = EIITI{Hf(ia)[e%u +ib) + ©(u — ib)] + H2(ib)[0(u — ia) + O%u +ia)]},
(2.19)
Mg = Dil[Hf(ia)@(u +i0)O(u — i) + H*(ib)Os1(u +ia)0y(u — i),  (2.20)
where
D; = Hi(ia + ib)Hi (ia — i5)0*(u).

This completes the derivation of direction cosines for the motion of the heavy
symmetrical top. We note that the rotation of a heavy symmetrical top is char-
acterized by the two parameters which are defined by the three roots of the cubic
equation. Before this motion is decomposed into two motions of free tops, we need

to introduce the motion of a free top.

2.2 The Rotation of a Torque-Free Triaxial Top

We need the orthogonal matrix P for the rotation of a torque-free triaxial top,

I,




and start from the two conservation equations

IP? + 2wl 4 T2k = 12

Ilwf + Igwg + I3wg = h,

where [ is the magnitude of the total angular momentum and  is twice the total

energy of the tourque-free triaxial top. We set

~f
o~

l
T =81, T = 82,
I,

From the above two equations, we get

_ _ 2
w12_ 284 83[1_84 82(4)_22]

134—81 84 — 83 85

and

sz—slwg
-]

83 — 8

[1-

w3 = 54
84 — 81 S3— 381 8

Also from Euler’s equation
L, = (Ia - Il)wawl,
we get

, s
Wy = ——(81 — 84 )wawy. (2.21)
81384

Since elliptic functions have the relation

—snu = cnudnu,

du
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we assume

and

where

and

2 _ (82 —81)(84 — s3)
b= (33 — 81)(84 — 82)

Then we substitute these expressions into Euler’s equation to get

Hence,

Here we have

d¢
—A—E = \/(34 — 82)(83 — 8;)dt.

dE du = \/(84 - 82)(33 - Sl)dt.

Ag

u=nt,n= \/(.94 — $2)(83 — 81)-

Then we get the solutions, in terms of elliptic functions,

84 — 83
Wy = 87 snu,
84 — 82

S84 — 83
cnu

W = —$8
84— 8
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and

83 — 8

w3 = +384 dnu,

84 — 81

where the + sign corresponds to increasing sequence s; < s; < $3 < 84, and the

— sign correspond to decreasing sequence s; > s2 > s3 > 34. Here we will assume

the increasing sequence to avoid ambiguity.

The projection of the fixed angular momentum ! in the body axes yields

Isinfsiny = ILuw,
Isinfcosy = Iws,
lcos@ = lLws.
Hence we have
cosf = éu.v;; S " dnu.
l 84 — 8

Jacobi introduced a parameter p by

. . |83 — 51
sn(ip) =1 [34 — 33] :

Other related expressions are

. S4 — 81 . 84 — 8
en’(ip) = opnpat dn*(ip) = f‘_l

4 — 82

82 — 8

k%sn?(ip) = —
(ip) Py

It can be shown that

Lw? + Lw? = Isin 0 sin 6.
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From it, we have

I]UJ% + Igwg _ I1w12 + Igwg
Isin?d =~ [2sin’6

wi/s1 4+ wi/sg

wi/si +wi/s3
(85 — 81)(84 — 81)sn’u

(s4 — s2)[1 — k2sn?(ip)sn?u]

= 31+

Integration with respect to ¢, it becomes

(s2 — 81)(84 — 81) / snludt
1-—

= st - .
p=att S4 — Sg k2sn?(i1p)sniu

Since the variables t and u are related by

‘= u
V(84 = 52)(s3 — 51)
we replace ¢t by u
¢ = su 1 + (82 = 81)(84 — 1) / snudu
\/(34 - 32)(33 — 31) (84 - 32)\/(34 — 32)(33 —_ 31) 1- k28n2(ip)3n2u
1 (82 — 81)(84 — 51) sn?udu
o \/(34 b 32)(83 - 31)[u + (34 - Sz)sl / 1- k23n2(ip)3n2u :

The above expression can be expressed in terms of Jacobi’s parameter as

en(ip)dn(ip) _ 84 — 81
sn(ip) /'S4 — S24/83 — 81

and
S — 81 S4— 81
84 — 82 \/(33 - 31)(34 - 32),

where + sign for the increasing sequence s; < s; < 83 < 34 and — sign for the

—ik%sn(ip)cn(ip)dn(ip) =

decreasing sequence s; > 3 > 33 > 84. Since the increasing sequence has been
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assumed, we choose the + sign, then ¢ is expressed as

. 81 cn(ip)dn(ip)
¢ =1 .
84 —81  sn(ip)

—~ik?sn(ip)en(ip)dn(ip) / 1_

snudu

k2sn?(ip)sniu’

Here we use the integration formula[10]

/“ k?sn(a)en(a)dn(a)sn’udu _ dln @(a)u lln O(u — a)
0 1 — k2sn?(a)sn?u " da 2 O(u+a)

and obtain

. 81 cn(ip)dn(ip) ..d1n O(ip) 1. O(u—:ip)
= u - —Iln ————].
¢ Z.sa4 — 31 sn(ip) u =il dip Ut i O(u + ip)

The derivative of In sn(ip) is

dInsn(ip) _ en(ip)dn(ip)
dp sn(ip)

Since the elliptic function snu can be expressed in terms of theta functions

nu = LH(U)
-~ VEO(w)’

S

then it follows that

dlIn sn(ip) __ dInH(zp) B d1n ©(ip)
dp— dp dp

After this relation has been substituted into the expression for ¢, it follows that

. d1n H(ip) d1n O(:ip)
1 — 54
dp dp

1(s4 — 81)_1u + }TIHM

?=I 21 O(u+ip)

For the decomposition theorem, only the periodic part of ¢ is considered and

e — O(u F ip)
O(u £ ip)’
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where the upper or lower signs correspond to the increasing or decreasing sequence.
From the expressions for the angular velocities, three direction cosines can be
found

g w1 [s4—s3  cnu _ O(ip)Hi(u)
P;; =sinfsiny = o ———34 S cnu = n(ip) ~  Ha(ip)O(w)’

where the constants in the motion have been expressed in terms of the parameter

p;
. _ w2 _ [sa—ss  dn(ip)snu _ ©:(ip)H(u)
P3; =sinfcosyp = Y —34 S, snu = en(ip) = Hi(ip)O(u)
and
_ _ w3 _ [s3—s _ sn(ip)dnu . H(1p)O1(u)
Pog = cos§ = ss  \84—8 dnu = ien(ip) N 2H1(z'p)®(u)'

The other six direction cosines can be found in the following way. First we have

for sin’ 4
2050\
sinfd = 1—cos’d= 1+M
cn?(ip)
en?(ip) + sn?(ip)dnu 1 — k%sn?(ip)sn’u
cn?(ip) B en?(ip)

With the help of the formula[13]

©%(0)O(u + ip)O(u - ip)
0%(ip)©?*(u) ’

1 — k%sn’(ip)snu =

it follows that

©(0)/0(u +ip)O(u —ip) _ Hi(0)/O(u + ip)O(u — ip)
O(ip)O(u)en(ip) Hy(ip)O(u) '

sin @ =

Subsituting these expressions into

e _ i’

Py3 =sinfsing’ =siné 5
i
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we obtain

Py3

HI(O)\/@(u +ip)O(u —ip) 1 [\[O(u — ip) J O(u + ip)]
Hi(ip)O(u) (u + tp) O(u — ip)

= —HI(O)[G)(u +1ip) — O(u — ip)],

2D,
where
D, = H,(ip)©(u).
Similarly, for
Py3 = —sinfcos¢’ = — sinﬁiw-;—e-w-,
we get
Py = ——Hl(O)[G(u + ip) + O(u — ip)].

2D,

To find Py;, two addition theorems[13] are useful

cn(ip)dn(ip)snu * sn(ip)cnudnu
1 — k2sn?(ip)snu

sn(u £ ip) =

b

cn(ip)enu F sn(ip)dn(ip)snudnu
1 — k23n2(ip)snu '

cn(u £ip) =

After expressing the parameter ip by Eulerian angles 6 and v, it follows that

) cos ) F icosfsin
sn(u £1ip) = id e I/),
) smz/z?,:zcosecosz[)
en(u £ 1p) = ey

Substituting these into
2P;; = (cost) + 1 cosfsinep)e™ + (cosyp — i cosfsin Ple~*¢

2iPy) = (cos ) + i cosfsin ¢)ei¢’ — (cos ) — i cosfsin z/))e""’",
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2Py; = (—sint + i cos @ cosh)e™® + (— sintp — i cos f cosh)e™?,

2iPy; = (—siny + i cosf cos ¢)ei¢" — (—sint — i cosf cos l/))e—w,

we obtain

2P, = sin 0e"¢'sn(u —ip) + sin 0e_‘¢'3n(u + 1p),
2Py, = sin ge' sn(u — ip) — sinfe™* sn(u + ip),
2P = sinﬂe"ﬁ’cn(u —tp) + sin 06"‘¢'cn(u + ip),
2Py, = sinfe'* cn(u — ip) — sinfe™** cn(u + ip).

After substituting the expressions for sin 6, e*’ and the following two equations

©1(0)H(u +ip)
H,(0)O(u + p)

sn(u + ip) =

and
©(0)Hi(u +1p)
H,(0)O(u +1ip)

en(u + ip) =

into the expressions for Pj; and the other three direction cosines, it follows that

P, = —-—-(91(0)[H(u +ip) + H(u — ip)],
P = EG(O)[HI(U + ip) + Hi(u — ip)],
Py = _91(0)[H(“ +1p) — H(u — ip)),
Py, = —-—@(0)[H1(u +ip) — Hy(u — ip)]. (2.23)

Along with the direction cosine Ps3

_ _;H(p)Bu(v)
Py3 = — =D,
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all the nine direction cosines have been found. This completes the derivation of
direction cosines for the rotation of the free top. We notice that the rotation of a
free top is characterized by one parameter which is defined by the two constants
in the motion of the system and the three moments of inertia of the free top. The
other matrix @ in the decomposition theorem is basically the same expression as
P except that the parameter is ¢, which may or may not be different from p.
When M is decomposed into P and @, the parameters p and ¢ of the matrices

P and @ become

Thus the matrix elements P;; of the matrix P for the motion of a free top in

Jacobi’s decomposition theorem are

Py, = ——(-)1(0)[H(u + ia + 1b) + H(u — ia — ib)),

Py= —(~)(0)[H1(u +ia +1b) + Hy(u —ia — ib)],
P = ——HI(O)[@(u +ia + ib) — O(u — ia — ib)],
Py = 591(0)[3@ +ia + ib) — H(u — ia — ib)],
Py = —-G)(O)[Hl(u +ia + ib) — Hy(u —ia — ib)], (2.24)
Py = ED—HI(O)[G)(u +ia + ib) + O(u — ia — ib)),
py = _8lia+ ;I;)Hl(u),
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O1(ia + ib)H(v)

Py = D,
Py = _iH(za + zb)@l(u),
DP

where

D, = Hy(ia + ib)O(u).

The matrix elements of another matrix Q for the motion of a free top in Jacobi’s

decoposition theorem are

Qu = —2—11—);61(0)[H(u +ia—ib) + H(u — ia + ib)],

Qu = 2—11%@(0)[H1(u +ia — ib) + Hy(u —ia + b)),
Qs = ﬁmm)[e(u +ia—ib) — O(u —ia + ib)),
Qu = 2—1")791(0)[11(11 +ia—ib) — H(u — ia + ib)],
Qs = 2%(]@(0)[111@ tia—ib)— Hy(u—ia+ b)),

Qs = —— H,(0)[O(u + ia — ib) + O(u — ia + b)),

2D,
Ou — 8= ;I;)Hl(u),
0., = 210 = ib)H(u),

O — i Hlia = l;:;)el(u),

where

D, = Hy(ia — ib)O(u).
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2.3 The Derivation of the Decomposition Theo-

rem

To show his decomposition theorem, Jacobi employed one of the many identity

relations between theta functions all of which are his own invention
20(uv)O(u')H(u")H (u")
= O(W)O()H(")H(v") - H(v)H(v')O(v")O(v")
+0,(v)01(v)Hi(v")Hy(v"™) — Hi(v)Hy (v')O1(v")O1(v""),
where

v = —;—(u +u' +u" +u"),

1
v'=§(u+u'—u”+u'"),
ll_l ’ " n
v —2(u-u + u” —u"),
”/_l / " n
v = —(u—u —u" +u"),

2

and u,u’,u”, u"” are four arbitrary quantities. Suppose in the above relation

such that

!
v=u+a,v=u—a,v"=0,v"=0,

then it follows that

20%(u)H?*(a) = H2(0)0:(u+a)0;(u—a)—O*(0)H (u+a)H(u—a)—02(0)H (u+a)Hi (u—a).
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If firstly u + K — ta replaces u, and 7b replaces a, and secondly u + ib replaces u,

and K — ta replaces a; then two formulas follow

20%(u — ia)H?(ib)
= H}(0)O(u — ia + 1b)O(u — ia — ib) — O*(0)Hy(u — ia + ib)Hy(u — ia — b)

—03}(0)H(u — ia + ib)H(u — ia — ib),

20%(u + ib)H?(ia)
= H}(0)O(u — ia + ib)O(u + ia + ib) + O%(0)Hy(u — ta + ib)Hy (u + ia + 1b)

+03(0)H(u — ia + ib)H(u + ia + ib).

If a is replaced by —a, or b is replaced by —b, then two more formulas are ob-
tained. These four formulas can be substituted into the expressions for the direc-

tion cosines Mu, Mlg, M21 , M22

My = Z;I{—Hf(o)[G(u +ia— ib) — O(u — ia + ib)][O(u + ia + ib)
—O(u — ia — ib)]
+0%(0)[H1(u + ia ~ ib) + Hy(u — ia + ib)][H1(u + 1a + ib)
+H;(u — ia — ib)]
+0}(0)[H(u + ia — ib) + H(u — ia + 1b)][H(u + ia + 1b)

+H(u — ta —1b)]},

My, = ;Tl{Hf(O)[e(u +ia — ib) + O(u — ia + ib)][O(u + ia + ib)
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~O(u — ia — ib)]

—©X0)[Hy (u + ia — ib) — Hy(u — ia + ib)]|[Hy (u + ia + ib)
+Hy(u — ia — ib)]

—OX(0)[H(u +ia — ib) — H(u — ia + ib)][H(u + ia + ib)

+H(u — ia — ib)]},

My = él-{—Hf(O)[G(u + ia — ib) — O(u — ia + ib)|[O(u + ia + ib)
+O(u — ia — 1b)]
+0%(0)[Hy(u +ia — ib) + Hy(u — ia + ib)][Hy(u + ia + ib)
—Hy(u — ia — ib)]
+0}(0)[H(u + ia — 1b) + H(u — ia + ib)][H(u + ia + ib)

—H(u — ia — tb)]},

My = LIITI{H;"(O)[@(U +ia —ib) + O(u — ia + ib))[O(u + ia + ib)
+O(u — ia — ib)]
—©*(0)[H1(u + ia — ib) — Hy(u — ia + 1b)][H; (u + ia + ib)
_Hy(u - ia — ib)]
—©0)[H(u + ia — ib) — H(u — ia + ib)[H(u + ia + ib)

—H(u —ia —1b)]}.
At this moment, it can be found that

My = P1iQhi + Pi2Q1z + PiaQha,
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M2 = P11Q21 + Pi2Q2: + P13Qas,
My = PyQr + PaaQrz + Po3Qis,

My = PyiQan + P2aQa2 + Po3Qas.

Here it is found that the above four direction cosines My, My2, M2;, M, have been
decomposed into the product of the first or second row of the matrix P and the
first or second row of the matrix Q. Since one row of a matrix is one column
of its transpose matrix, it may be said that the above four direction cosines are
the product of the first or second row of P and the first or second column of Q.
Similar decompositions happen for the other direction cosines. To decompose the
direction cosines May, M3z, My3, My3, some formulas are necessary. In the identity
relation of theta functions, let u + K — ia and u + ib replace v and u’, and let
K — ia and b replace u” and u”; then the corresponding quantities v, v’, v", v"
are:

v=u+ K —1a +1b,

v =u,
v" = K — ia — 1b,
v’”=0

Substituing these quantities into the identity relation of theta functions, the fol-

lowing formula is obtained

20;(u — ia)®(u + ib)Hy (ia) H(ib)
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= Hy(0)H(ia + b)O,(u)O(u — ia + 1b) — ©(0)O,(za + 1b)H(u)H, (u — ia + ib)
+61(0)O(ia + ib)H; (u)H (u — ta + 1b).
If a is replaced by —a, or b is replaced by —b, or both, then three more formulas are
obtained. All these four formulas make the direction cosines My, My, My3, Mas
expressible as
My = 2_—D11{H1(0)®1(u)H(z'a 4 ib)[O(u — ia + ib) — O(u + ia — ib)]
—O(0)H(u)O4(ia + ib)[H1(u — ia + tb) + Hi(u + ia — ib)]

+01(0)H(v)O(ia + ib)[H(u — ia + ib) + H(u + ia — 1b)]},

—O(0)H(u)O1(¢a + ib)[Hy(u — ia + tb) — Hi(u + ia — id)]

+01(0)Hy(u)O(ia + ib)[H(u — ia + ib) — H(u +ia — ib)]},

My = ﬁ{HI(O)OI(u)H(ia — ib)[O(u + ia + ib) — O(u — ia — ib)]
+0O(0)H(u)O1(ia — ib)[Hy(u + ta + 1b) + Hy(u — ia — ib)]

—01(0)H,(u)O(ia — ib)[H(u + ia + ¢b) + H(u — ia — ib)]},

My = %{{HI(O)OI(u)H(ia — iB)[O(u + ia + ib) + O(u — ia — i)
+O(0)H(1)®; (ia — ib)[Hy(u + ia + ib) — Hy(u — ia — ib)]
—0,(0)Hy(u)O(ia — ib)[H(u + ia + ib) — H(u — ia— ib)]},

they are
M = PuQu + PuaQuz + PsQ1o
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M3y = P31Q91 + Ps52Q22 + P33Qas
M3 = P1Q31 + P12Qs2 + Pi3Qas
Mis = PyQs1 + Py2Qsz + P23Qss.

Now in the identity relation for the theta functions let quantities u,u’, u”, u"

be
u+ K —ia,u— K+ia, ib, —ib,
and v, v, v",v" become quantities
u,u, K—ia+1ib, K—ia—1b,
it follows that
—2H?(16)01(u + i)y (u — ia)
= H(ia+ ib)Hi(ia — ib)0*(u) — ©4(ia + ib)©y(sa — ib)H*(u)
+H (ia +ib)H(ia — ib)O3(u) — O(ia + ib)O(ia — ib)H?(u).
In the above formula, let K — ib replace ¢a, and K — ia replace 1b,
—2H}(ia)O(u + ib)O(u — ib)
= —Hy(ia + 1b)Hy(ia — ib)0%*(u) — ©,(ia + b)O; (ia — ib)H?(u)
+H(ia + 1b)H(ia ~- 1b)03(u) — O(ia + ib)O(ia — ib)H:(u).
Add up the above two equations to get
My = Dil[el(ia + )@, (ia — ib)H(u) — H(ia + ib)H(ia — ib)0%(u)
+0O(ia + ib)O(ia — ib)HZ(u))
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which is
M3z = P3;Q31 + P33Q3; + P33Qss.

This completes the proof of Jacobi’s decomposition theorem
M = PQ,

where () is the transpose of Q. The physical meaning of the above equation is that
the motion of a heavy symmetrical top can be decomposed into two motions of two
torque-free triaxial tops. Let us consider the motion of a heavy symmetrical top M
and the motion of a free triaxial top P, both of which are described with respect to
a frame of reference moving with a certain constant precession or spinning rate in
space. Then the motion of the torque-free triaxial top observed from the reference
frame is described by the orthogonal matrix P and the same motion when observed
from the frame of the heavy symmetrical top (i.e. the observer moving with the
heavy symmetrical top) is described by the orthogonal matrix . The relative
motion () turns out to be also representing the motion of a torque-free triaxial
top. Not only the dynamical parameters but also the kinematic parameter (e.g.
moments of inertia) of the two triaxial tops underlying the motions P and @ are
different.

Due to the different choices of conventions for ¢ and 3, some of the matrix
elements have opposite signs to that of Jacobi’s. For example, in the orthogonal
matrix for the free top, the first and second rows are all in the opposite sign

with that in Jacobi’s. This is due to the following two reasons. The first reason
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is that the angles in Jacobi’s direction cosines are not Eulerian angles such that

their definitions are different from the definitions for Eulerian angles. Jacobi’s

expressions for direction cosines in terms of his angles are
P3J1 = —sinfsingy,

P:,"2 = —sinf cos ¢,
P}, = sinfsiny),
Pj, = sinf cos ),

P}} = cos ¢ cos 3y + cossin ¢ sin ¢,
P}, = —sin @, cos ¥} + cos 8 cos ¢y sin vy,
P2"1 = — cos ¢ siny)’; + cossin @ cos 1,

P;, = sin ¢y sin<p; 4 cos @ cos ¢y cos ),

P =cosb = z,

where the superscript or subscript J denotes the direction cosines or the angles are
used as defined by Jacobi. Comparing expressions for the direction cosines between
Jacobi’s and the way expressed in terms of Eulerian angles, the transformation to

transform into each other is

pr=m+9¢,dy=m-4¢"

Under this transformation they are equivalent to each other. In fact, there are some

sign differences between ours and Jacobi’s expressions for the direction cosines.
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This is due to the second reason. The second reason is

where 1; represents the angle ¢’ in Jacobi’s expressions. This opposition in signs
originates from the opposition of signs in the expressions for ¢ between ours and
Jaobi’s. However the sign difference can be made consistent by the following

transformations
pr=m+y, ) =~¢,

where the subscript J means the notation used in Jacobi’s direction cosines. The
first transformation in the above is completely due to the difference in the expres-
sions between Jacobi’s way and the way Eulerian angles are expressed. After the
above transformations the sign difference are found in the way we have mentioned
above. This is the explanation for the sign difference between our expressions and
Jacobi’s for the direction cosines of the rotation of a torque-free triaxial top.

For the orthogonal matrix of the heavy symmetrical top, Msy, Mag, Mis, Mas
all have opposite sign from that of Jacobi’s. This is basically due to the different
ways in chosing angles

¢r=9", 7 =~4¢.
If the above two equations are put into Jacobi’s expressions, they will become

identical to the expressions derived here.
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Chapter 3

The Translation and Rotation of

a Solid in a Fluid

In hydrodynamics, for a solid rotating and translating in a fluid, Kirchhoff
found that the case of the symmetrical top can be solved by elliptic functions.
Kopcke [14] continued the same problem and expressed the solutions in terms of
theta functions. In this chapter we derive the solution for the Kirchhoff’s case.
First we solve the rotation of the solid in section one. The translation of the
center of mass is treated in section two. The physical aspects with examples and
graphs are given in appendices B and C, where B is for a special case, and C is
for the general case. Appendix D gives the discussion about the effective masses

and moments of inertia of the induced flow surrounding a solid.

42




3.1 The Rotation of a Symmetrical Solid in a

Fluid

Notations of the coordinates are for a point in the body system zyz, in the
space system XY Z, for the center of mass of the symmetrical top X,Y,, Z.. The

coordinates transformation between the space system and the body system is

Ry1 Ry Ri;3 z

N

X
=| Y. | ¥| Ra Ry: R y

Z, R3; Rs; Ras z
The first term on the right describes the translational motion and the second term
represents the rotational part. The nine direction cosines R;;’s form an orthogonal
matrix which will be denoted as R. The symmetrical axis of the top is chosen as

the z-axis of the body axes. The equations of motion for the translation and

rotation of a solid in a fluid (5] [6] [15] are

d oT oT oT

T o~ T ouy G

d 0T oT oT

0w~ o S Fur 42

d oT oT oT

oy = o0 ouy (33
I S S S 34
dtdw,  COu;  Ous w36w2 w26w3’ '
dor _ or _ or or_ or 5)
dtow; 0wz POu 0wy o’ '
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dor _ or  oT  oT  of
At 0w You, 0w 'ow,
1

1 1 ] 1 1
= 2I1wf + 5[20)3 + —2-I3w§ + Emluf + Emgug + §m3u§; (3.7)

(3.6)

where T is the total energy including both the body and the fluid, I; and m; are
the moment of inertia and the mass respectively, u; and w; are the velocity and
angular velocity respectively. The effective masses and moments of inertia of the
induced flow surrounding a solid are discussed in appendix D. In a symmetric top,
I equals I; and m; equals m,. From the above equations we get the following

four first integrals:

w3 = constant, (3.8)

miul + miu? + m2u? = constant = P? (3.9)
Luwymquy + Ljwamyug + Lzwsmaus = constant = n, (3.10)
2T = constant = h. (3.11)

We would choose the direction of the total linear momentum (equation 3.9 )
as the Z-direction of the space system. The projections of this momentum on the

body system axes are

myiuy = PR31, (312)
miuqg = PR32, (313)
mgauz = PR33. (314)

Equation 3.10 means n is the scalar product of the angular momentum and the

linear momentum. The projection component of the angular momentum along the
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Z - axis lp is n/P. Denoting the projection of the angular momentum along the

z - axis as [3, along the antinodal line as /4y, along the nodal line as [y, then

lycos + Lansin6 = 1p = I- P/P = Z, (3.15)
where
ls=Lws, Iv=56, luy = L$siné. (3.16)
The symmetry of the top allows equation 3.7 be written as
29 sin’6 2 PPy +1B
b = p <% By ANTN 3.17
P(m3+m1)+1-3 T (3.17)
From equation 3.12 to equation 3.17, we obtain
(I 5in6)? = (1 — cos? 8)(a — B cos? §) — (Ip — I3 cos 6)?, (3.18)
where
2 p? 9, 1 1
a=h(h-3 =), B= P (- =) (3.19)
In terms of Eulerian angles, the direction cosine Rjj is
R33 = cos é. (3.20)
For convenience, we denote
z=cosf, cu=a/f, uEIﬁt (3.21)
1
Then equation 3.18 becomes
dz 21
() = Q=== 5G -2
= (2 — a1)(z — a2)(z — a3)(z — a4) = g(2), (3.22)
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or

(d—z)2—z4—(c +1+l—§-)z2+2ﬂz+c—l—% (3.23)
du’ — " TP B8 ‘

Let us discuss the roots of equation 3.22. Case 1 : my > mj. Here u is real,
which makes (dz/du)? or g(z) positive somewhere between —1 and 1 when z has
physical meaning. However from equation 3.22, we see g(z) is negative at z =
—1 and 1. Hence g(z) has two zeros at the domain between —1 and 1. When 2
becomes infinite, g(2) becomes positively infinite, which implies that there is one

root less than —1 and also one root greater than 1. All these four roots are real,

we assume their order as
ag < -l < a3 < a3 <1< q, (3.24)

where a,, az, a3, aq denote the four roots. Case 2 : m; < ms. Here u is imaginary
which makes (dz/du)? or g(z) negative somewhere between —1 and 1 when z has
physical meaning. However from equation 3.22,we see g(z) is positive at z = —1
and 1. Hence g(z) has at least two zeros at the domain between —1 and 1. When 2
becomes infinite g(2) becomes positively infinite which implies the other two roots
may both be real or both be complex conjugates. Since the cubic term is missing
from the quartic equation, this implies that the sum of the four roots is zero, if all

of the four roots are real, they must be greater than —1 and less than 1.
-1 < a4 < a3 < ay < a; < 1.

When two of the real roots coincide, the rotation becomes a steady precession

and the center of mass moves on a helix. This case provides an analogy to the
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steady precession of a symmetric top in a uniform gravity and we can gain a
lot of insights into the motion by analyzing this special case. We have made an
exhaustive analysis of this case and present it as appendix B.

In the general case, where all the roots are distinct, the symmetry axis nu-
tates between two extreme inclination angles, and the nodal line precesses either
progressively or retrogressively. The center of mass spirals up with various cyclic
patterns between two concentric cylindrical surfaces. Discussion with examples
and figures are given in appendix C.

A change of variables

R as(az — az)(az — 04)_1.1!2

1-— (02 — a3)(a2 - a4)‘1y2

will reduce the integral

du= -2 (3.25)
V9(2)
into the normal form
du = 2dy
V(a2 — as)(ar — ag)y[(1 - y?)(1 - k%?)
where
2 — (a1~ a4)(az — as) (3.26)

(a1 — a3)(az — ay)

is the modulus of the elliptic integral

dy

dw =
V(I —y2)(1 - k2y2)

with

1
w= 5\/((12 —aq)(a; — a3)u.
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t and w have a relation

L
_ 4 27
e\/Bw7 20
where
1
€= 5\/(a2 — a4)(a1 — as).
Now we have
y=snuw
and
_ a3 — a4(az — az)(a; — aqg)'snw (3.28)

1— (a2 — a3)(az — ag)"lsn2w
Since the range of snw is between —1 and 1, the above equation shows the range

2

of z is between a3 and a,. Solving for sn’w we get

anly = (92— 94)(z — a3)
(a2 — a3)(z - ag)’

Next we define three parameters A, B and C as follows:

sn*C = (ay — a4)/(a; — a3), (3.29)
sn?A/sn’C = (1 —a3)/(1 — a4), (3.30)
sn*B/sn®C = (1 4+ a3)/(1 + ay). (3.31)

Because the value of sn?C is always greater than 1, we can choose
C =iK'+c, (3.32)

where c is real, and K and K’ are the complete elliptic integrals for the moduli &
and k' with the relation
K+ k% =1.
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Then

2 a) —daszaz —Aas
sn‘c =

(3.33)

a) —ao az — ay4

Here we will perform some algebras to express z in terms of the three parameters.

Equations 3.31 and 3.30 implies

sn?A
l—a3=(1-
as = ( a4)sn2C
and
sn’B
1 +a3 = (1 +a4)sn20.
Add up these two equations, we have
sn’A  sn’B sn?A sn’B

2= sn2C ' sn2C da sn2C + a4sn20'

From this equation a4 is solved as

23n2C — sn?A — sn®B

0 = sn?B — sn?A
It follows that
sn2C — sn?A
1 = -2—
+as sn?A — sn’B
and
1—ag= 2sn2C’ — sn’B

sn?A — sn?B’
Equation 3.28 of z can be rewritten as

azsn?C — agsn’w

sn?C — snw

Now,

2B_ 2
1+z=(1+a4)sn sn-w

sn2C — sniw’
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sn?A — sn?w

1-z=(- a4)sn2C' —snw’

So in terms of the parameters, we obtain the following two expessions
sn?C — sn?A sn*B — sn’w
sn2A — sn2B sn?C — sn?w’

sn?C — sn®B sn?A — sn’w
sn?A — sn?B sn2C — sn2w’

l+2=-2

1—2=2

Substituting the relation

0%(0)H(u + v)H(u —v)
0% (u)0%(v)

k(sn*u — sn?v) =

into the above, we get
L4z 2H(A— C)H(A+ C)H(w — B)H(w + B)
T H(A-B)H(A + B)H(w - C)H(w + C)’
H(B-C)H(B+ C)H(w— A)H(w + A)

L= 2= 2R A= B)H(A+ B)H(w = C)H(w+ C)
and hence
: = %[H(A — C)H(A + C)H(w — B)H(w + B)
+H(B ~ C)H(B + C)H(w — A)H(w + A)),
where

N = H(A - B)H(A + B)H(w — C)H(w + C).

(3.34)

(3.35)

(3.36)

To find the other eight direction cosines, we will use the three parameters

A,B,C and the variable w to express Eulerian angles ¢ and 1. Since the 2-

component of the angular velocity can be expressed as

w3 = z&-}-q'ﬁcoso,
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and it can be shown that
Liwymyuy + Liwamyug = Ilq.Ssin 0P siné.
Hence, from the above two equations and equation 3.10 we get
<)3I1 sin?0 + I3 cos 6 = Ip.

It then follows

¢.$— lp—13c0s6
"~ I(1 — cos?6)
and
z/:‘=w3__13 lpcos — I3

I L(1—cos?6)

(3.38)

(3.39)

To get ¢ and ¢, we have to integrate with respect to t. But cos@ is a function of

w, then we have to change the variable from ¢ to w. After the integration with

respect to ¢, 1) becomes

I3 lpcosf — 15
I Li(1 —cos?6)

For convenience, we set

lpcosf -1,

V1= (1 — cos?6)

Then we get
_lp—=13 dt
¢ 'Q/’l - Il 1— Z’
lp+15 dt
Il 1 +Z.

¢+ =

51




Let us start by integrating the integrals in the last two equations. To integrate,

let us consider the following relation

d sn?C — sn*w &t
1+z  J (1+a4)(sn2B — sn?w)
1 sn?C — sn’B
S R
(1+aq)e sn?B — snfw
where
1 Pz 1 1
&G = 5\/(02 — a4)(a1 — a3) I—l -7;1—3 - E)

The elliptic functions of the parameters are expressed in the following

1—0.302—04 1+a3a2—a4

sn’A = , sn’B = ,
1—(14(12—03 1+a4a2—a3
1—a2a4—a3 1+a2a4—a3

cn’A = —— , en’B = ,
1—0402—03 1+a4a2—a3
1'—010,4—0.3 1+a1a4—a3

dn?4 = ——L ,dn?B=——M"%

’
1—a4a1—a3 1+a4al—a3

2 _ (a1 — a4)(az — a3)
o= (a1 — as)(az — a4)’

2._2p _ (a1 —ag)(1l+as3)
ksnB_(al—as)(1+a4)

From these expressions, we obtain the following relations between parameters and

roots

o pe g (L)L a1+ e — aa)(as = )
BenBdnB = { (1 + aq)®(az — as)?(a; — as) P4,

az — a4 a4 — as
sn®C — sn’B =

ag — ag 1+a4’

_ (1 —a3)(1 — ar)(1 —a1)(az — ag)(as — a3)?* |/
snAcnAdnA = { (1= as)(as — as)(ar — as) }2,
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and

02—0403—04

sn’C — sn?A =
Qg — asg 1-— (14

Using the following relation[10]

/ snBandan _ _dln©(B) ll H(B + w)
sn?B—sntw . dB 2 H(B-w)
we have |
dt
1+ 2 1+a4 { (__——)(1
- dln ©(B) H(B + w)
20 Z_ A\
tar)(1 +a2)(1 +as)(1 +ag)} " H{-—p—w+3 Xin HEB - w)}-
Similarly,
d sn?C — sntw "
1—2z  J (1 -a4)(sn?A — sn?w)
1 sn?C — sn?A
T (1-age / sn2A — snlw Jdw,
dt t P11
T~ Toa ARG
dln ©(A) H(A +w)

—a1)(1 —az)(1 —a3)(1 - a4)}'1/2{———dA—w + —ln H(A - w)}

If we set z =1 and 2z = —1 separately in equation 3.22 we find

(1= )1 - ax)(1 = (1~ o) = ~ (£ ~ 1)

and

(+ @)1+ @)1 +as)(1 + o) = ~3(E +17.

After substituting these equations into the equations for ¢ and v, we get

_ tlp—l 1.dn04) . H(A+w)
P=% = 1 Tl da YTRHA-w)

+ constant
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and

tlp+l; 1, .din®(B) H(B + )
= —PT3 oy ot n
Pt = i T Yt EE )
+ constant

After addition and subtraction of each other, we get

_ tdptl lp—l  1.dInO(A) dln(-)(B)
¢ - 2I1 1+a4+1—a4]+i[ dA ]
-ll H(A+w) 1, H(B+w)

initial val 3.40
HA-—w) H(B_w)—}-lnl ial value  (3.40)

and

t dptls _lp=ly 1din0(4) dinOB)

Y1 = EI—11+a4—1—a4]—;[ dA dB ]
+11 M 1l M-{-initial value.

H(A- w) H(B — w)
From the above two expressions, we notice that the precession angle ¢ or the
spinning angle 1 consists of three parts: the initial value, the secular part and the
periodic part. The initial value is due to the integration constant and corresponds

to the value at the initial time. The secular part is the part which linearly increases

with the time and will be denoted as ¢, or 9, .

tlpth - 13] . l[dln@(A) dln@(B)]
2I1 1+a 1—a4 t dA
li, t dpt+ls lp—1l 1dlnO(4) dlnG)(B)

s = t——t - .
¢ “s Il +2I1[1+a4 1—(14] Z[ dA ]

¢a=

Now we introduce a coordinate system (X',Y’,Z' = Z) which rotates around

the Z axis with a constant angular velocity w4, and another coordinate system
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(z',y',2' = z) which rotates around the z axis with a constant angular velocity

wy, Where

9. ¥s

w¢=T,W¢-—T-

To the X'Y'Z’ system, the secular term of the precession angle ¢, vanishes. Simi-
larly, to the z'y’z’ system, the secular term of the spinning angle 1, is eliminated.
The decomposition theorem which involves only periodic terms will be observed

between X'Y’'Z’ and z'y’z’ systems. We will denote the remaining parts as ¢’ or

Y'. It follows that

1, H(A+w) H(B + w)
d) ———l m lnm‘i“bO’*‘ﬂ' (341)
and
. l HA+w) 1 H(B+w)
V=t e T R HE e TR (3.42)
where
_1 H(A+C)H(B +C)
h= G g oRE - kAP (343)
and
¢__1 H(A+C)H(B - C) (A B). (3.44)

HA-C)HB+C )
We have chosen the initial value ¢o+ 7 for ¢ and ¥ + 7 for 9 to simplify the later

result. Then, we get

HA+C)HB~C) 1, H(A+wHEB-w)

¢l—_lnH(A CHB+C) 2 "HA-w)HB +w) (‘4 B)+m.
and

, H(A+C)H(B+C') 1, HA+w)HB+w) =

V= i rBA-0BB-C) T 5  HA—w)H(B —w) KA TB T
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The nine matrix elements of R can be found by the relations between the

Eulerian angles and the direction cosines.

Ri1 = cos )’ cos ¢’ — cos §sin ¢’ sin ',

Ry; = —siny’ cos ¢’ — cos §sin ¢’ cos ),
Ry = cos ¢’ sing’ + cos 6 cos ¢’ sin ¢,
Ry, = —siny’sin ¢’ + cos @ cos ¢’ cos vy,
R3; = sinfsin’,

R3; =sinfcos v,

Ry3 = sinfsin ¢/,

Ry3 = —sinfcos ¢,

R33 = cosf = 2.

The first four can be rewritten as the following forms

(3.45)

(3.46)
(3.47)
(3.48)
(3.49)
(3.50)
(3.51)
(3.52)

(3.53)

1 (' +d' Ooht L bt 1 IRYEPY oh? — ]
Ry = Z(l + cos §)[ef W'+ =¥ H4)] 4 Z(l — cos@)[e"V'~¢) 4 ~H¥'-9] (3.54)

1 2] ’ fo1! ’ (' —dy! (v’ Y
Ry; = ZZ(I +cos )[e" W'+ _ gi(¥'+9)] +ii—(1 —cos §)[e'¥'~#) _=i¥'=4)] (3.55)

() ] ! ! 1 () / s{ Y
Ry = —z&(1+cos g)[e" ¥+ _gmiW' e )]+z:(1—cos 0)[e!¥' ~#) —e~{¥'~#]  (3.56)

1 ot 1] YN ’ Y] 1 AT ,
Ry = Z(l + cos 9)[6'('1’ +9') 4 e—il¥'+e )] - %(1 — cos 0)[6'('/’ —¢) 4 il -¢ )]. (3.57)

In these expressions, 1+ cos§ and 1 — cosé can be found from equations 3.34 and

3.35, ¢’ and e'¥' can be obtained by taking the exponential power of equations 3.41
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and 3.42. The multiplication of equations 3.34 and 3.35 is sin’ 6, after taking the
square root of it we can obtain sin§
sin = —%[H(A +C)H(A
~C)H(w - B)H(w + B)H(B — C)H(B + C)H(w + A)H(w — A)]'/?,

where we have chosen the minus sign after taking square root since sin 4 is always

positive. Let us start from equations 3.41, 3.42 and leave ¢q, 1, unspecified. Then

we have
_ 1 HA+w)HB+w) .
=G A EB =) T
and
¢,_Z.[11 HAYwHB-w) .

H(A—-w)H(B +w)
We take the exponential powers on both side of the above two equations, then it

follows

W H(A+ w)H(B + w) Sito
© TT\HA-w)HB )’

and

b \lH(w AH(w +B) 4,
Hw+A)Hw-B)"

After we replace Eulerian angles by their expressions of parameters, we get direc-

tion cosines as

Ra = +/H(A— C)H(A+C)H(B - O)H(B + O)le® H(w + A)H(w + B)

—e " H(w — A)H(w — B)),




Ry = %\/H(A — C)H(A+ C)H(B — C)H(B + C)[e" H(w + A)H(w + B)

+e " H(w — A)H(w — B)),

Ris = %\/H(A —C)H(A + C)H(B — C)H(B + C)[e* H(w — A)H(w + B)

—e " H(w + A)H(w — B)),

Ry = _Fi\/H(A —C)H(A+C)H(B — C)H(B + C)[¢* H(w — A)H(w + B)

+e " H(w + A)H(w — B)],

H(A-C)H(A+C)

Ry = - [ei(¢o+¢0)H2(w + B) + e—i(¢°+¢°)H2('w - B)]
_H(B —C)H(B + C)[e_g(d,o...po)Hz(w +A)+ ei(¢o—¢o)H2(w — A)],
2N
Ry = 1H(A - Cz‘)lf(A + C)[ei(¢o+¢o)H2(w + B) — e_‘(¢°+’l’°)H2(w — B)]
_z'H(B - C)H(B + C)[e“(¢°‘¢°)H2(w + A) — e~V H2(y — 4)),
2N
R = ZHAZ OO torsm gy 4 B) - -ior o - B)
_zH(B - 023\{{(B + C)[e—i(¢o—¢o)H2(w + A) _ ei(¢o—¢o)H2(w - A)],
+HB- (;)J{,{(B + C)[e-“%-%)Hz(w + A) + ' g2 ( — A)].

For abbreviation, we set

_ H(A-C)H(B-C)
" HA+CH(B+C)’

H(A+C)H(B - C)
HA-C)H(B+C)

M1 M2 =

58



Then the above expressions can be rewritten as

Rll =

Ry =

Ry, =

1 V 1 _i(do+v0) 2 H*(w
e + B
2 \/_ H (A+C) ( )

+¥ ﬁ2 e—i(¢o+¢o)H2(A — C)H*(w — B)

1

—/M, /Mzei(¢o-¢o)H2(B + C)H*(w + A)

_Tﬁll_me-i(%—%) H*(B — C)H(w — A)),

i /My
¢'(do+vo) pr2 2
NIz H*(A+ C)HY(w + B)

VMZe—i(¢o+¢o)H2(A - C)H*(w — B)

1

_ /Ml‘ /M2ef(¢o-¢o)H2(B + C)Hz(w + A)

1 —i(vo—
+———me (o=) F%(B — C)H*(w — A)),

—1 \/ L oi(do+0) pr2 2
AN H*(A+ C)H*(w + B)

V7

1

(Go+¥) (A — C)H*(w — B)

4 /‘M1 /M2ei(¢'o-¢o)H2(B + C)H?*(w + A)

1 {(Yo—
__Ml__\/me—'wo “)H}(B — C)H*(w — A)),

1 VM e'($ot+vo) 2
oN v M.

+\/—_“Z26—i(¢o+¢o) H*(A - C)H*(w - B)

1

/My Myeitbo—d0) H*(B + C)H*(w + A)

(A+ C)H*(w+ B)

1 .
YA (B - O)H (v - 4)
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Ry = %[\/1\716“”°H(A +C)H(B + C)H(w + A)H(w + B)

1
VM,

e~ H(A - C)H(B - C)H(w - A)H(w — B)),

Rs = J’V;[\/Ee"%H(A +C)H(B + C)H(w + A)H(w + B)

e H(A - C)H(B - C)H(w — A)H(w — B)],

1
+
VM
1

R = N[-\/J\Ze-‘% H(A - C)H(B + C)H(w + A)H(w — B)

+—=—=e®H(A + C)H(B — C)H(w — A)H(w + B)],

1
VM,
Ris = /M H(A— C)H(B + C)H(w + A)H(w - B)

1
VM,

+—==¢'“H(A + C)H(B - C)H(w — A)H(w + B)],

Res = {H(A + C)H(4
—C)H(w— B)H(w+ B)+ H(B— C)H(B + C)H(w + A)H(w — A)),
where
N =H(A+ B)H(A - B)H(w+ C)H(w - C).
Now if we choose ¢o and 9 as the value in equations (3.20) and (3.21) and sub-
stitute into the above expressions. After the substitution, we get
Ru = 5=(BE7HY(A+C)HY(w+ B) + By E:HY(4 ~ O)H(w - B)

—E;'E{'H¥(B + C)H¥w + A) — E,E,H*(B — C)H¥(w — A)),

R = 5olBEHY(A+C)H(w + B) - E;' E\HY(A - C)H*(w - B)

—E;'E['HY(B + C)HY(w + A) + E,E HY(B — C)H(w — A)],
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Ry = %[EZEI‘IHZ(A +C)H*w + B) — E;'E;H*(A - C)H*(w — B)

+E'ESHY(B + C)H(w + A) — EyE\HY(B — C)HY(w — A)],

+E;'E'HY(B + C)HY(w + A) + E;E\H¥(B — C)H*(w — A)),

Rpm = EIN[EZE;‘H"’(A +C)H (w + B) + E;'EyHY(A — C)H(w — B)
1
Ry = N[E;‘H(A + C)H(B + C)H(w + A)H(w + B)
|
|

—-E\H(A-C)H(B-C)H(w — A)H(w — B)],

Ry = %[E;IH(A + C)H(B + C)H(w + A)H(w + B)

+EH(A-C)H(B - C)H(w — A)H(w — B)),

Ry = J—t,-[—E;IH(A — C)H(B + C)H(w + A)H(w — B)

+E,H(A+ C)H(B — C)H(w — A)H(w + B)),
R = —Fi[E;IH(A — C)H(B + C)H(w + A)H(w — B)
+E,H(A+ C)H(B - C)H(w - A)H(w + B)),
where
N=H(A+B)H(A-B)H(w + C)H(w — C),
E, = exp{ (A + B)}, E, = exp{ (A B)}.
The exponential parts E; and E, in the above direction cosines are due to the
choice of the initial values in equation 3.43 and equation 3.44. We need these
exponential parts later to cancel the exponential parts which will appear due to

the transformation between theta functions.
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3.2 The Translation of the Center of Mass

From equation 3.1 to 3.6, we can get[16] [17]

oT oT oT
= .58
R113u1+R128 2+R133 ™ = p1, (3.58)
oT oT oT
Ry e + Rzza ” + stau = P2, (3.59)
oT oT oT
R316 " + Rsza s + Rssa we = ps3, (3.60)
oT oT oT
Ru + R12 + Rla_' + chs - ZcPZ = ll, (361)
Ow, Ow, Ows
oT oT oT
Rzla—wl + R226 o + R23a s + Zepy — Xeps = 1g, (3.62)
oT oT oT
RSla o + R326 + R33a + Xep2 — Y1 = 1. (3.63)

The first three equations are the components of the total linear momentum along

the three space axes, the second three equations are the components of the total

angular momentum projected in the three space axes. Since we had chosen the

direction of the total linear momentum as the Z-axis, the X,Y components are
Z€ro.

P1=P2=01P3:P- (364)

Since the angular momentum depends on where the choice of the origin of the
coordinates, the X,Y components of the total angular momentum can be made

zero by properly choosing the origin of the space system axes. Hence

ll =90 ) 12 =0. (365)




Equations 3.61, 3.62, 3.64 and 3.65 imply that
1
X, = F(R21Ilwl + Raafyws + Ryszl3ws), (3.66)

-1
Y. = ?(RllIlwl + Ri2hw, + Ryzlzws). (3.67)

For a symmetrical body the component of the angular velocity along the symmetry
axis, ws, is a constant during the motion. For the other two components w; and

wq, we have

w; = $sinfsiny + 0 cos ¥ (3.68)
and
wa = $sinf cosyp — sinp. (3.69)
If we set
ocosQl = ¢sind, osinQ = 6, (3.70)
then we can prove
wy = osin(y + Q) , w2 = o cos(y + N), (3.71)
where
0% = 6* + ¢*sin’ 6 (3.72)

For egs. 3.18 and 3.38, we get

QO Bz*  (lp = l3cos6)?
I I?sin? @

(3.73)

q'S—- lp —lzcos ¥

= e ) (3.74)
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Then,

, a—pfz
o
I
From equations 3.12 to 3.14, we get
u; = —sinfsiny = ssiny,
my
uy = —sinfcosyp = scos,
my
where
P
s = —siné.
my
Since

w1ty + waug = 8o cosfl,

together with equations 3.10 and 3.15, we get

8o cos{ = (Ip — I32).

mlI

(3.75)

(3.76)

(3.77)

(3.78)

(3.79)

(3.80)

From equations 3.75, 3.78 and 3.80, the expressions for w; and w; ( 3.71 ) follows.

Substitutions of wy,w,,ws into egs. 3.66 - 3.67, then yield X,,Y, .

To find Z. , let us consider the projection of the translational velocity on the

Z-axis of the space system.

dZ. PR?
= uiRa; +usR3; + uaRa3 = 2
dt my
P
= —+P(———)z
m ( msg )

Integrating, we get

Z=—t+ / 2% dw.
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(3.81)

(3.82)




For the evaluation of the integral in the above equation, we rewrite equation 3.28

as

az — as

z=a4+ (az —aq)(1 - snfw)7,

ag — a4

Now, the integral becomes

dw

2 = 42 —
/z dw = dqw+2a4(a a4)/ 1 — (a2 — a3)(az — a4)~'sn?w

+(as —a4)2/ = dw

(a2 — a3)(az — a4)~1sn2wj?’

Legendre’s reduction formula[1§] is

%/ dw _ dnwsnwenw k_2/(1 + rsntw)dw
rJ [1+rsn2w)2 —  14rsn2w 2

242k  3k? dw
+(1+ r +_)/1+rsn2w’

re

where
k2
d=(1+r)1 +—r )s

and k is the modulus. If we set

az — as
r= - ,
Aoy — Q4
then
§— __ (a3 —ad)’ 6 _ _ (as—ad)
(a1 —a3)(az —ag) ' v (ay —a3)(az — a3)’
k2 _ a) —aq4aq — a4
r2 ay —azag —az
We also need

2 + 2k‘2 + 3k2 - (a3 - a4)(a1 +a; + a3 — 3(14)

r r2 (al - a3)(a2 - (l3)

1+
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Hence

9 dw _
(a5 — a4) / [1 — (a2 — a3)(az — as)~lsn?w)?

1 dnwsnwcnw

21— (a2 — a3)(az — ag)~tsntw (a1 = as)(az — as)

1 a —a
—5(01 — ay)(az — a4) /(1 - ﬁsﬁw)dw

dw

(az — aq)~tsn?w’

1
+§(aa —aq)(ay + a2 + a3 — 304)/ 1— (a2 —a3)

Finally

/z2dw = [a- %(al — a4)(az — aq)jw

dnwsnwenw

+alar = as)(an — as)
g1~ daflGz = Ga) (az — a3)(az — aq)1sn?w

+%(a1 —aq)(az — a3)/sn2wdw.
The last integral in the above equation is[9]

20d = o — L — Z(w
/sn wdw—k2[w 7V Z(w)), (3.86)

where E is the complete elliptic integral of the second kind and Z(w) is the zeta

function. After combining the above several relations, we get

1 1
/zzdw = ajw-— 5((12 —ay)(az —ag)w + —2—(a1 — az)(a;y

snwcnwdnw

—a3) ~ 5~ as)(ar ~ ag)lzw + Z(w)]

1 — (a2 — as)(az — a4)~lsnw

The result is

Z, = mﬂlt + %—f{azw - %(a2 — ag)(as — ag)w + %(a1 — a3)(a (3.87)
d 1 E
._.a3)1 — (a2 j’:t:)c(’:;v_n::)_lsnzw —_ -é-(al - a3)(02 - 0,4)[Ew + Z(w)]}
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We can also express Z. in terms of the parameter ¢. From equations 3.33 and

3.26, we get

1- snw =1 — k?sn’csn’w.

az — a4

The formula in Jacobian theta functions[13]

0%(0)0(u + v)O(u — v)

1 — k%sn’usn?v =

©2(u)0(v)
is useful, when we get
0%0)0(w + ¢)O(w — ¢)
— k?sn?csn’w = . .
1 sn*csn‘w 07(w)0(c) (3.88)
Since
snwenwdnw = lisn"’w
2dw
hence
snwcnwdnw 1 d 5
1— k2sn2csn?w  2k2snic dw a1 — Fsn’esn’w).
1
=~ Shtaniedu [ln O(w+c¢)+1nO(w — ¢) — 21n O(w))

1
= —5u ——[Z(w +¢) + Z(w — ¢) — 2Z(w)).

The expression for Z. is now

P 1
Z. = m_lt + %’g{aﬁw - §(a2 — aq)(az — ag)w (3.89)
1 E 1

—=(a; — a3)(az — m)Ew — Z(al —a3)(az — aq)[Z(w + ¢) + Z(w — ¢)]}.
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Chapter 4

(Generalization of Jacobi’s
Decomposition Theorem to the

Rotation and Translation of a

Solid in a Fluid

Jacobi has demonstrated that the orthogonal matrix M, which describes the
motion of a heavy symmetrical top can be decomposed into a product of two
orthogonal matrices P and @, each of which represents the motion of a torque-free
triaxial top.

In this chapter we generalize Jacobi’s decomposition theorem to Kirchhoff’s
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case. We find that the matrix for the rotation of Kirchhoff’s case can be de-
composed into two matrices each of which represents the motion of a torque-free
triaxial body. Our result is a generalization of Jacobi’s decomposition theorem
which applies to the rotation of a symmetrical heavy top about a fixed point. Qur
method is also a generalization of Jacobi’s method where only two parameters are

necessary.

Our basic formula[11] is

2H(w)H()H(Y)H (') = 01(w)01(2)01(y)O1(2) — Hi(w)Hi(z)Hi(y)Hi(2)
—0(w)0(2)0(y)0(2) + H(w)H(z)H(y)H(2),
where
w = %(w'+w'+y'+z’), w' = %(w+x+y+z),
z = %(w'-l-:v'—y'—z'), 2 = %(w+x—y—z),
v= Y sy, v = Kooy,
=/ o~y 42), P = Sw—z -y +2)

and w’,z',y',z" are four arbitrary quantities. This formula is one of the many
addition theorems for theta functions. It is called the addition theorem because
w',z’,y’, 2’ are obviously the additions of w, z,y, z.

Apply this addition theorem to the two terms in the expression of z, we get

2H(A + C)H(A — C)H(w + B)H(w — B)
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= —2H(A+C)H(=A+ C)H(w + B)H(w — B)

=  —0y(w+C)O1(w — C)Oy(4 + B)O:(4 — B)
+Hy(w + C)Hy(w — C)Hy(A + B)Hy(A — B)
+0(w + C)0(w — C)O(A + B)©(4 — B)

+H(w+ C)H(w - C)H(A + B)H(A — B)
and

2H(B + C)H(B — C)H(w + A)H(w — A)
— —2H(B+C)H(-B+C)H(w + A)H(w - A)
=  —0y(w+C)Oy(w—C)O:(A + B)Oy(4 - B)
+Hy(w + C)Hy(w — C)Hy(A + B)Hy(A — B)
+0(w + C)O(w — C)O(A + B)O(4 — B)

—H(w+ C)H(w — C)H(A + B)H(A — B).

When we add up the above two equations, the fourth term in each equation

cancels each other, we get an expression for z
: = %[@(w +C)0(w — C)O(A + B)O(A — B)
+Hy(w+ C)H(w - C)H (A + B)H,(A - B)
—01(w + C)01(w — C)0,(A + B)B,(A — B))].
For the direction cosine R3;, we need following decompositions

2H(A + C)H(B + C)H(w + A)H(w + B)
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= ©y(w+C+ A+ B)0(w— C)Oy (A~ B)O,(0)
—Hy(w+ C + A+ B)Hi(w — C)Hy(A — B)H,(0)

—O(w+C + A+ B)B(w — C)O(4 — B)O(0)

2H(A — C)H(B - C)H(w — A)H(w — B)
=  ©y(w+C — A - B)0;(w— C)O1(A — B)O,(0)
—Hy(w + C — A — B)Hy(w — C)H,(A — B)Hy(0)
~O(w + C — A — B)®(w — C)O(A — B)O(0)

where H is an odd function, H(0) is 0, therefore only three terms in each of the

above two equations. We substitute these decomposed terms into the expression

for R3;. Then

Ry = -21?{@1(0)91(,4 — B)Oy(w — C)[E'01(w + C + A + B)
_E\0y(w+C — A B)|
—Hy(0)Hy(A - B)H, (1w — C)[E; Hy(w + C + A+ B)
~E\Hy(w+C — A= B)]
—-0(0)0(A - B)O(w — C)[E{'O(w+C + A+ B)

—E,0(w + C — A— B)]},
Similarly, the other direction cosines need the following decompositions
2H(A-C)H(B+C)H(w + A)H(w — B)
= —2H(A-C)H(-B-C)H(w+ A)H(w — B)
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= —@1(’(1) - C + A hal B)@](w + C)@l(A + B)@l(O)
+Hy(w — C + A— B)Hy(w + C)Hy(A + B)Hy(0)
+0(w—C + A — B)®(w + C)O(4 + B)O(0)

~H(w—C + A— B)H(w + C)H(A + B)H(0),

2H(A + C)H(B = C)H(w — A)H(w + B)
—  _2H(—A—C)H(B - C)H(w— A)H(w + B)
= —Oy(w—C — A+ B)Bi(w+C)0y(4 + B)Oy(0)
L Hy(w - C — A+ B)Hy(w + C)Hy(A + B)H,(0)
+0(w—C — A + B)O(w + C)O(A + B)O(0)

+H(w—C — A+ B)H(w + C)H(A + B)H(0),

2H2(A + C)H*(w + B)
= Oy(w+C+A+B)Oy(w—C — A+ B)OX0)
—Hi(w+C + A+ B)Hy(w — C — A+ BYH2(0)
—O(w + C + A+ B)®(w — C — A+ B)OX0)

_H(w+C + A+ B)H(w—C — A+ B)H(0),

2H*(A - C)H*(w — B)
= O0,(w+C—A—B)O(w—C+A— B)O}0)
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~O(w+C — A— B)O(w — C + A — B)®%(0)

—H(w+C - A~ B)H(w - C + A — B)H*(0),

2H*(B + C)H*(w + A)
= O)(w+C+A+B)O,(w—C +A- B)OX0)
—Hy(w+C + A+ B)H(w— C + A— BYH?(0)
~O(w +C + A+ B)O(w — C ~ A+ B)0%(0)

—H(w+C + A+ B)H(w — C — A+ BYH*(0),

2H?(B — C)H(w — A)
= 0)(w+C—A—B)O,(w-C - A+ B)0¥0)

~Hy(w+C — A— B)H,(w - C — A+ B)H2(0)
—O(w +C — A— B)®(w — C — A+ B)O*0)
—~H(w+C — A— B)H(w — C — A+ B)H?(0),

They are found as:
R = 5e{01(0)01(4 — B)O:(w — O)[EOu(w+C + 4 + B)

+E10:(w +C — A - B)]

—Hy(0)Hi(A - B)Hy(w — C)[E{*'Hy(w+C + A+ B)

+E H)(w+C — A — B))

—0(0)0(4A — B)O(w — C)[E{'O(w + C + A+ B)

+E©6(w + C - A - B)]},
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Riy = gﬁ{el(melm B)Os(w + C)[E5' 03w — C + A — B)
—Ey0,(w - C — A+ B)]
—Hy(0)H,(A + B)Hy(w + C)[E ' Hy(w — C + A — B)
~EyHy(w ~C ~ A+ B)]
~0(0)0(4 + B)O(w + C)|E;'O(w — C + A — B)

—E,0(w—C - A+ B))},

Rys = %{@1(0)@1(14 + B)Oy(w + C)[E; Ox(w — C + A — B)
+E;0,(w —C — A+ B)]
—Hy(0)H (A + B)Hy(w + C)[E;'Hy(w — C + A — B)
+EyHy(w—C - A+ B)
—0(0)0(A + B)®(w + C)[E;'0(w — C + A - B)

+E0(w—C — A+ B)]},

Ry = %{—@f(O)[E{I(Dl(w +C+A+B)— EO:(w+C — A B)
[E;'©1(w — C + A — B) — E,0,(w — C — A+ B))
+H}O)E{'Hi(w+ C + A+ B) — EyHy(w+C — A — B))
[E;'Hy(w—C + A— B) — E;H(w — C — A+ B)
+OX0)E'O(w+C + A+ B) — E;O(w + C — A — B)|

[E;'©(w —C + A~ B) — E;0(w — C — A+ B)),

Ry = j{—ef(O)[E;lel(w +C+ A+ B)+E0y(w+C — A - B)|

74




R21 =

In order to match the mathematical expressions for the direction cosines of a

[E;'01(w — C + A — B) — E;0,(w — C — A + B)]

+HZO)E"Hi(w+C + A+ B)+ EHy(w+ C — A - B)]
+0*0)E{'O(w+C+ A+ B)+ E©O(w+ C — A~ B)]

[E;'0(w —C + A~ B) - E,0(w—C — A+ B)),

Zf,;v-{—ef(())[fz;lel(w +C+A+B)— EOy(w+C — A B)
[E;'©1(w — C + A — B) + E;0,(w — C — A+ B)]
+HYO)E['Hi(w+C + A+ B)— EyHi(w+ C — A — B)]
[E;'Hy(w — C + A— B) + E;Hy(w — C — A+ B)]
+0*0)[E{'O(w+ C + A+ B) — E0(w + C — A— B)]

[E;'O(w — C 4+ A— B) + E;0(w — C - A + B)),

411%{—93(0)@;1@1(10 +C+A+B)+E6i(w+C—A- B)]
[E;'©1(w — C + A= B) + E;0,(w — C — A+ B)|
+HX0)ET'Hy(w+C + A+ B) + EyHi(w+ C — A— B)]
[E;'Hy(w — C + A— B) + E;Hy(w — C — A+ B)]
+0%*0)[E;'O(w + C + A+ B) + E;O(w + C — A — B)]

[E;'0(w — C + A — B) + E;0(w — C — A+ B)].

triaxial body, we need some further transformations. These transformations[13]
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[19]are

H(u) = —Hy(u + K) = Hy(u — K),
O(u) = 0,(u + K) = 0;(u — K),
H(u) = (i) exp{ (2u +iK')}O(u +iK') = zexp{——(2u —iK")}0(u — iK"),
O1(u) = exp{ (2u +iK')}Hy(u +iK') = exp{——(2u ~iK")}Hy(u — iK"),

where K and K’ are complete elliptic integrals of the first kind. We notice that
the exponential part appears in the above transformations. Applying these trans-

formations to z we find

N=H(w+C)H(w-C)H(A+B)H(A-B) = —exp{ (4w

+2iK"\}H,(A+ B + K)H,(A— B+ K)O(w + C +iK")O(w — C +1K'),

—01(w + C)04(w — C)0,(A+ B)O,(A~ B) = - exp{ (4w

+2iK")} Hy(w + C +:K')Hy(w -~ C +iK')YO(A + B+ K)O(A — B + K),

O(w + C)O(w — C)O(A + B)O(A — B) = — exp{ (4w

+2iK")\}H(w + C +iK")H(w — C +:K')0,(A + B + K)©,(4 — B+ K),

and

Hy(w + C)Hy(w — C)H(A+ B)H,(A - B)—exp{ (4w

+21K')}0,(w + C +iK")0y(w — C +iK')H(A+ B+ K)H(A - B + K).




After these transformations, z becomes

Ni[e(A + B+ K)O(A - B+ K)Hy(w + C +iK')H;(w — C +iK")
R
+01(A+ B+ K)0(A- B+ K)H(w +C +:iK')H(w - C +1K')

—-H(A+ B+ K)H(A- B+ K)0i(w + C +iK")0,(w — C +:iK")),
where
Np=Hi(A+ B+ K)H;(A- B+ K)O(w + C +iK"O(w - C +:iK").

We note that the exponential part in the denominator and in the numerator cancel

each other.
Let us now consider the transformation about R3;. The following transforma-

tions are used:

0:(A—B)=O(A - B +K),

Oy (w - C) = Hy(w - C+ZK)8XP{ [2(w C) +:1K')},
O1(w+C+A+B) = H(w+C+iK'+A+B+K) exp{ 1 [2(w+C+A+B)+zK’]}
©:1(w+C~A~B) = —H(w+C+iK'~ A-B-K)exp{; [2(w+C A-B)+iK")},

Hy(A—B)= H(A - B +K),

Hy(w - C) = Oy(w - C+ZK')6XP{ [2(w C) +:K')},

Hl(w+C+A+B)=e(w+0+iK’+A+B+K)exp{ﬂ[z(w+C+A+B)+iK’]},

Hy(w+C—-A-B)=0(w+C+iK'-A—B— K)exp{ [2(w+C’ A-B)+iK'},
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O(A— B) = ©:(A - B+ K),

O(w - C) = ~ill(w - C +iK") exp{ 7{2(w ~ ) + iK'}
O(w+C+A+B) = z'Hl(w+C+z'K'+-A+B+K)exp{i%[Z(w+C+A+B)+iK']},
O(w+C—A=B) = ~iHy(w+C+iK'~ A~ BK) exp{ 1 {2(w+C~ A~ B)+iK')).

After substituting these transformations into the expression for R3;, we get

Ray =
gl\,;{el(O)e(A _ B+ K)Hi(w—C +iK)[-H(w+C +iK'+ A+ B + K)
—H(w+C +iK' — A= B K)|
+0(0)01(A — B+ K)H(w — C +iK')[Hy(w + C + iK'+ A+ B + K)
+H(w+C+iK' — A—B—K)]
+Hy(0)H(A - B + K)®y(w — C +iK)[O(w+C +iK' + A+ B+ K)

—O(w+C +:K'— A— B - K)]},
Similarly, for Raz, it has same terms except some different signs,

R3p =
gi,;{@l(O)G(A — B+ K)Hy(w—C +iK')[~H(w+C +iK'+ A+ B+ K)
+H(w+ C +iK'— A— B - K)]
+6(0)0,(A-B+ K)H(w—-C+iK')Hi(w+C+iK'+ A+ B+ K)
—Hy(w+C +iK'— A— B - K)
+H,(0)H(A ~ B+ K)0y(w — C +iK')[®(w +C +iK'+ A+ B+ K)
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+0(w+C +:iK'—A—- B -K)|}.

Here we note that the exponential part has been cancelled either by the exponential
part from the denominator or by E; and E, from our earlier choice of ¢ and .
The transformation for R;3 and R,3 can be done by the following transformations
at the same time, since they have the same items except some different plus or
minus signs only.

O1(A + B) = 6(A+ B + K),

O1(w +C) = Hy(w+ C +iK") exp{ 2 [2(w +0) +iK),
©1(w—C+A-B) = H(w—C+z’K’+A—B+K)exp{%[Z(w—C+A—B)+iK’]},
O1(w—C—A+B) = —H(w—C+z’K’—A+B—K)exp{%[2(w—0—A+B)+iK’]},

H(A+B)=H(A+B+K),

Hyw+C)=0y(w+C + iK')exp{;l%B(w +C) +iK')},
Hy(w—=C+A~B) = O(w—C+iK'+ A~ B+ K) exp{ 2[2(w—C+ A= B)+iK1},
Hy(w=C~ 4+ B) = O(w—C+iK'~ A+ B~ K)exp{ 1= [2(w C—A+B)+iK7),

O(A+ B) = 0:(A+ B + K),
O(w +C) = ~iH(w+C +iK') exp{ 1= [2(w +0) +iK"),

O(w—C+A-B)=iH;(w—C+iK'+A- B+K)exp{ [2(w C+A-B)+iK'},

O(w—C—A+B) = —iH(w-C+iK'-A+B- K)exp{ [2(w ~-C-A+B)+iK']}.




After these transformations, Ry3 and R;3 become

Rz =
%{GI(O)G(A + B+ K)Hy(w+ C +iK')[H(w - C + iK'+ A~ B + K)
+H(w — C+iK' — A+ B — K)]
—H,(0)H(A + B + K)®y(w+ C +iK')[O(w - C + iK'+ A— B+ K)
_O(w—C +iK' — A+ B — K)]
-0(0)0,(A+ B+ K)H(w + C +:iK')[Hy(w - C+iK'+ A—- B + K)

+Hy(w—C +iK' — A+ B - K)]},

Ry =

2——]&{91(0)@(A +B+ K)H(w+C+:iK')Hw-C+iK'+ A—- B+ K)
—H(w—-C+1K'- A+ B - K)]
-Hi(0)H(A+ B+ K)01(w+ C+iK')O(w~-C+iK'+ A-—B+K)
+0(w—-C+:iK'— A+ B - K)]
-0(0)0,(A+ B+ K)H(w + C +iK')[Hi(w - C+iK'+ A— B+ K)
—H\(w—C+iK'— A+ B - K)|},

The transformations for Ry;, Ri2, R2; and Ry, can be done by those transforma-

tions above. The results are

Ru=

jvl—{—le';’(O)H(w+C+z‘K’+A+B+K)+H(w+c+z'K'—A—B—K)]
R
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[Hw—-C+i1K'+A-B+K)+ Hw—-C+:K'— A+ B — K)]
+H}0)O(w+C+ iK'+ A+ B+ K)—0O(w+C+iK' -~ A—-B - K)|
Ow—-C+iK'+A—B+K)-—0(w—-C+iK' — A+ B - K)]
-0*0)Hi(w+C+iK'+ A+ B+ K)+ Hy(w+C +iK'— A— B — K)]

[Hy(w—C+iK'+ A— B+ K) +Hy(w—-C+iK' - A+ B -K)],

Ry, =

—1

4Npg

{-[@%0)H(w+C+iK'+ A+ B+ K)—Hw+C+iK'— A- B~ K)|
[Hw-C+iK'+A—B+K)+H(w~-C+:K'-~ A+ B -K)|
+HX0)[O(w+C +iK'+ A+ B+ K)+0O(w+C +iK'— A- B — K)
O(w-C+iK'+A-B+K)-—0(w—-C+iK'— A+ B - K)]
—©0*(0)[Hi(w+C+iK'+ A+ B+ K)~H(w+C+iK'— A- B - K))

[H(w—C+iK'+ A- B+ K) + Hi(w - C+iK' — A+ B - K)],

Ry =
ﬁ —[@%(0)H(w+C+iK'+ A+ B+ K)+ Hw+C +iK' ~ A— B — K)]
[Hw—-C+iK'+ A—B+K)— Hw—-C +iK'— A+ B — K)]
+H}0)O(w+C +iK'+ A+ B+ K)-0(w+C +iK'— A— B — K)]
O(w~C+iK'+A-B+K)+0O(w-C+iK'— A+ B~ K)|
—0*0)Hi(w+ C+iK'+ A+ B+ K)+ Hi(w+C+iK'— A— B — K)]

[Hi(w - C+:iK'+ A-—B+K)— Hiy(w—-C+iK'— A+ B - K)],
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Rye =
{ [OX(0)H(w + C +iK'+ A+ B+ K)— Hw+C +iK' — A— B - K)]
[H(w—C+iK'+A—B+K)—H(w—C+iK'—A+B—K)]
+HX(0O)O(w+C+iK'+A+B+K)+0(w+C+iK' - A-B - K)]
O(w—-C+iK'+A-B+K)+06(w—-C+iK' - A+ B -K)]
—0X0)[Hy(w+C+iK'+A+B+K)— Hi(w+C+iK'— A-B - K)|

[Hi(w—C +iK'+ A~ B+K)—Hi(w—C+iK' — A+ B-K)|.

In the above, we have finished the necessary transformations for the direction
cosines of the motion of a symmetrical solid in a fluid. Now we show those decom-
posed terms correspond to the product of two matrices each of which is a motion
of a torque-free triaxial body. We will construct and denote these two orthogo-
nal matrices as S and T. The orthogonal matrix @ representing the motion of a

triaxial body has its matrix elements as:
1 ) .
Qu = 775 01(0)[H(u + iq) + H(u —iq)],
2D,

Qiz = 2D ——O(0)[Hi(u + iq) + Hi(u — iq)],

Qs = Hl(O)[Q(u + ig) — O(u — ig)),
Qn = ;D—el(m[H(u +ig) = H(u—ig)
Q2 = —HI(O)[G)(u + ig) + O(u — ig)),
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OGg)H(v)

Q@n =22
_ ©1(ig)H(u)
Q32 - Dq )

where

Its variable is u and its parameter is iq. If we replace i¢ by A — B + K and the
variable u by w — C' + iK', then we get the matrix S. If we replace ig by A+ B+ K
and the variable u by w + C + iK', then we get another matrix 7. Here w is the

variable and A, B and C are parameters. After these substitutions, the matrix

elements of S are as follows:

921160)[11(10_C+z‘K’+A—B+K)+H(w—C+iK'—A+B—K)],
S

Sll =

512 @(0)[H1(w—C’+zK'+A B+K)+H1(w C+ZK' A+B—K)],

Sl3=zH1(0)[@( —-C+iK'+A-B+K)-6(w—-C+iK'- A+ B - K)),
91(0) s 3l 87
521-—-1 [ (w—C+tK'+A—B+K)-H(w-C+1iK'— A+ B - K)),
9(0) N () - !
522—2 [Hl( —C+iK'+A-B+K)-Hj(w—C+iK' — A+ B - K)),
_ HI(O) syl 32
Saz = — [(9( —-C+iK'+A-B+K)+0(w—-C+iK'— A+ B - K)),

Say = ——]é—@(A - B+ K)Hy(w - C +iK"),
S

Sy = Niel(A _B+K)H(w—C +iK"),
S
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Sa3 = —-J%S—H(A — B+ K)0,(w~C +:iK'),
where
Ns = Hi(A- B+ K)®(w — C +1iK').
For T we find

@1(0)

T = [H( +C+iK'+A+B+K)+Hw+C+:i1K'— A- B - K),

Ty = ()[Hl(w+C+zK'+A+B+K)+H1(w+C+,K’ A-B-K),

Tis=1 1()[G)( +C+iK'+A+B+K)-0(w+C+iK'—A-B-K)),

In= ()[H( +C+iK'+A+B+K)-H(w+C+iK'— A- B - K)|,

Tzz=z

)[Hl(w+C+z’K’+A+B+K)—H1(w+C+iK'—A—B—K)],
— Hl(o) ’ /
Tis = — 5N 10w +C +iK'+ A+ B+ K)+0(w+C+iK'~ A~ B-K),
T31 = —N_T@(A +B + K)Hl(w +C+ iK’),
1 -

Tys = —NLH(A + B+ K)0y(w + C +iK"),
T

where
Nr = Hi(A+ B+ K)O(w + C +:K").

Now comparing the matrix elements of R, S, and T, we find that

3
Ri; =) SuTy,

=1
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or

R= ST, (4.2)

where T' means the transpose of T' matrix. This means that the motions of an
intermediate system with respect to the z'y’2’ and to X'Y’'Z’ both belong to the

torque-free rotations of triaxial bodies.
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Chapter 5

Conclusion

Jacobi found that the orthogonal matrx, which describes the motion of a sym-
metrical top about a fixed point under the action of the uniform gravitational
force, can be decomposed into a product of two orthogonal matrices, each of which
represents the motion of a torque-free triaxial top.

We have generalized the above Jacobi’s decomposition theorem to the Kirch-
hoff’s case of the rotation and translation of a symmetrical solid in a fluid, based
on the following considerations:

For the motion of a symmetrical top about a fixed point under the action of

the uniform gravitational force, we have the total energy

1 .. .
= §I1(02 + ¢*sin?6) + %I;;wg + mgl cos 6. (5.1)




The last term

mgl cos

is the interaction potential and is of the first degree of cos@ . The equation for

cosf is
6?sin® 0 = (1 — cos®8)(a’ — B cos 0) — (cz — ¢; cos §)?, (5.2)
where
, 2_.]’ , _ 2mgl
a = 1'1 ’ ﬁ - Il .

It is a cubic equation of cosé.

For the motion of a solid in a fluid, the total energy is

1 1 1 1 1 1
T = EIlwf + -2-I2w§ + §I3w§ + Emluf + §m2u§ + -2—m3u§. (5.3)
We rewrite equation 5.3 as
1 1 1 1P?2 1,1 1
T = §I1w12 + EIgwg + —2-I3w§ + §-m—1 + 5(%—3- - _Tn—l)P2 cos? 8. (54)
The last term
1,1 1., o
2(m3 - ml)P cos” 8

is the effective potential and is of the second degree of cosé . The equation for

cosf@is
(I sin86) = (1 — cos? 8)(a — B cos? §) — (Ip — I3 cos 6)?, (5.5)
where
_ 2 p? , 1 1
a_Il(h—Ig——r;zT)’ B=5LP (ms—ml). (5.6)
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It is a quartic equation.
Hence we applied Jacobi’s method to our problem and found that the matrix
R for the rotation of Kirchhoff’s case can be decomposed into a product of two

matrices S and T, each of which represents the motion of a torque-free triaxial

body

where T is the transpose of 7.

For the translational motion we give a new treatment. The position of the
center of mass as a function of the time is found by a direct evaluation of the
elliptic integral by means of a new theta function interpretation of Legendre’s
reduction formula of the elliptic integral. The forward advancing movement ( Z,
component ) is expressed by zeta functions. The X, , Y, components are expressed
by angular velocities and direction cosines. The direction cosines are expressed by
three parameters and theta functions. All these are different from other previous
authors’ treatments.

The literature of a solid moving in a fluid is mostly concerned with its math-
ematical solvability and its physical aspects are rarely studied. we have filled up

this lacuna by adding two appendices covering the physical aspects of the problem.
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Appendix A

The complementary parameters

In this appendix, we will show that it is natural to choose the parameters such
that £ = +1 and z = —1, which correspond to the poles of the two integrands (1 +
z)~! in elliptic integrals. This is related with equation 2.5 in chapter two. Jacobi’s
ingenious introduction of the two parameters in his decomposition theorem is
essentially equivalent to these alternative parameters which correspond to the
poles.

The cubic equation for the heavy top is
#* = (z — 21)(2 — 22)(z — 23) , 3 < 23 < @1,
and for its solution we have

T = z3 + (23 — z3)sn’u.
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with the modulus

T2 — T3

k* =

T —.’L‘3'

Let us define the parameter A as the value of u for z = +1, and B for z = -1
l=23+ (22 — x3)3n2A.

—1=z3+(z2— .'173)871,23.
From these two equations, we obtain

1—(II3 —1—:133

sn’B =

sn’A = , .
I3 — I3 T2 — I3

On the other hand, the two parameters introduced by Jacobi are

2/ __--'Dl_:1 2.b=_
sn’(ta) = 1__w?,sn (1b)

I — I3
1+$3'

(A1)
Now we will show that parameters A, B, ia,1b are related as

ia+A=iK'+ K, ib+ B =1K',
or

ia=iK'+K— A, ib=iK'— B.

To evaluate sn?(ia), we have the formula

dn2A

2(- 1! _ — .
sn“(tK'+ K — A) Ey—y)

Since

1—.’1:3 332—1
ecn*A=1-sn’A=1- =
Iy — I3 T2 — X3
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and

—z3 1— -1
dnA=1—kn?4=1-2"22 O

- bJ
1 —T3T2 — T3 Ty — T3

We get the result

~1
sn’(iK'+ K — A)= o = sn’(ia),

which is the same as equation A.l. Similarly,

1 T — T3 2/
= — = b
k2sn?B 14z, s (ib),

sn*(iK' — B) =

which is also the same result as equation A.l.

We will call the two parameters whose sum is 1K’ or 1K' + K as the comple-
mentary parameter to each other. For the generalization of Jacobi’s decomposition
theorem, we will use the parameters which correspond to z = +1. A third param-

eter is also required as was shown in chapter three.
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Appendix B

The Helical Motion

There are four roots for the equation 3.22 in chapter three. In this appendix,
we will demonstrate the special case when the two real roots coincide. It is a
steady precession and the center of mass moves on a helix. We will call it the
helical motion.

We are quite familiar with the following two types of motion. First, a charged
particle moves in a helical spiral in a uniform magnetic field[20]. With respect to
the advancing direction, the helical orbit can be right- or left-handed. Second, a
symmetrical top in a field of uniform gravity can rotate in a steady precession in
which the inclination angle 6, the spin rate v and the precession rate ¢ all remain
constant{21]. The translation and rotation of the helical motion is the combination
of the two motions described above. The solid is neither charged nor is there any

magnetic field. But the interaction of the motion of the solid with the induced




flow of the surrounding liquid provids the necessary forces of constraint to make

the center of mass move in a helical spiral, while the solid also simultaneously
performs a steady precession.

Equations 3.8, 3.9, 3.10, 3.15 and 3.16 show that /3 and Ip are constant. From
equation 3.28, we see the range of z is between a3 and a, because the range of
sn®w is between 0 and 1. When a; equals a3, the upper and lower limits of the
nutation are equal such that no nutation happens, and 8 is zero, this is the steady
motion which had been discussed by Kirchhoff. In this motion, the inclination
angle 6 is a constant. Follow that, equations 3.38 and 3.39 show that ¢ and 1
are constant. All these mean that during the motion, with respect to the center
of mass, the body spins around its symmetric axis with a constant spinning rate
and precesses in space with a constant precession rate, while at the same time the
inclination angle remains unchanged. There is no nutation.

The translational movement of the center of mass is described by X,,Y. and
Z.. Equation 3.81 shows that the velocity in Z component dZ./dt is constant

because z is constant. The body is always moving forward. Z, increases linearly

with time.

P P
Z. = —(1 - 2t + —2%. B.1
e L (B.1)

The property of X, and Y, can be investigated as follows. Since  is zero, angular

velocity components in the body system become
wy = ¢sinfsiny, (B.2)
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wop = ¢sinf cosy, (B.3)
w3 = ¥ + dcosé. (B.4)

Then in the expressions equations 3.66 and 3.67, the first two tgrms become
Rywy + Rygw, = —écosﬂsin@sinq& (B.5)

and

Rayyjwy + Raowq = <i>cos 0 sin 8 cos ¢. (B.6)

After substituting equations B.5 and B.6 into equations 3.66 and 3.67, we find

that
X. = I%—(Ilq&cosG — I3ws)sin f cos ¢ (B.7)

and
Y, = %(Ilq'ﬁcos 0 — Iws)sin Osin ¢. (B.8)

If we set

R= %(Ild;cosa — Iws)sinf = %%, (B.9)

then
X.=Rcosd, Y., = Rsin ¢. (B.10)

Equation B.10 shows that the motion of the center of mass in the space XY planeis
a circle with the radius R and the phase angle ¢ which is the same as the precession
angle for the rotation of the body. So the center of mass rotates around the center
of the circle at the same speed as the body precesses around its local Z axis. The

time needed to move around a complete circle for the center of mass is equal to
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the precession period for the body. Whether it is in counterclockwise direction or
clockwise direction depends on ¢ increases or decreases and does not depend on
the positive or negative value of R. If R is negative, then X, Y. become —-X,, -Y,,
which changes the starting point but not the clockwise direction. Therefore, the
translational movement of the center of mass is in a helical orbit while the body
rotates in a constant precession rate. In other words, if qS is positive, the helical
motion is right hand screw forward and the body precesses in positively azimuthal
direction; if qS is negative, the helical motion is left hand screw forward and the
body precesses in negatively azimuthal direction.

Figure B.1 and B.2 shows how R and P vary with 6 for ¢ = /2 and P =1
as the initial conditions. This is a right hand helix because ¢ is positive. For the
body, we have assumed that I, = I, = 6,13 = 3,m; = my = 1.5,m3 = 3 . For
my < mg3 , it happens only for 6 from 0 to 45 degrees. R is zero at 0 and 45
degrees. P is finite at 0 degree and zero at 45 degrees.

Figure B.3 and B.4 shows how R and P vary with 8 for ¢ = v2 and ¢ = 1
as the initial conditions. This is a right hand helix because ¢ is positive. For the
body, we have assumed that I, = I, = 6,13 = 3,m; = my = 3,m3 = 1.5 . For
m; > m3 , it happens only for 8 from 45 to 90 degrees. R is zero at 45 and 90
degrees. P is zero at 45 degrees and infinite at 90 degrees. It is interesting that
P has three different values at three different 6 values ( 0, 45, 90 ) where R’s are
all zero.

The procedures of calculation are as follows. When 6, ¢ and 3 are given, Ip

107




and /3 can be determined from equations 3.15 and 3.16. Now because a; = a3, we

have the following two equations
(1 = cos?8)(a — Bcos’8) — (Ip — l3cos6)* =0,

—~ Bcos 8(1 — cos® 8) — cos§(a — B cos® ) + (Ip — lzcosB)l; = 0.

From equations B.11, B.12 and 3.15, we obtain

_ (Ia—1lpcos@)lansind

B

cos@sin* 6

Comparing with equation 3.19, we find that

p?_ (I3 — Ip cos )

"~ (m3' = m;')cosfsin? 6’

Equation 3.17 implies that

Pz g, 12 (lp—I3cosh)?
=t P cos?g 4 2 .
L Ll A

Also, we can get
I3 — lp cos 8§ = sin® 9[I31/;' + (I — Il)q'ﬁ cos 6]
If I3¢ + (I3 — I1)¢3 cosd > 0, then

-1

R = —sin 0\/[;;1/} + (Is — I) cos 0[(m3

—ml'l)COSO]l/2

¢

This equation implies that for R to have physical meaning, it requires

(2.5> 0 when m; > mg;
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or

q.5< 0 when m; < mg;

When ¢ is positive it means right hand helix, and negative for left hand helix. If

Ly + (I3 — Il)q§ cosd < 0, then

- m}_l)cos 9]1/2

R =sin 9\/—[I3¢.) + (I — I)é cos 9][(m3"1 =3

This equation requires that

éS > 0 when m; < ma.
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Figure B.1: The helical motion. The radius R varies with the inclination angle 6

from 0 to 45 degrees for m; < m3 . At 0 and 45 degrees, R is zero.
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Figure B.2: The helical motion. The momentum P varies with the inclination

angle 6 from 0 to 45 degrees for m; < m3 . At 0 degree, P is finite. At 45 degrees,

P is zero.
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Figure B.3: The helical motion. The radius R varies with the inclination angle

from 45 to 90 degrees for my > m3 . At 45 and 90 degrees, R is zero.
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Figure B.4: The helical motion. The momentum P varies with the inclination
angle 6 from 45 to 90 degrees for m; > m3 . At 45 degrees, P is zero. At 90

degrees, P is infinite.
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Appendix C

The General Case

In this appendix we discuss the physical aspects of the general case for the
rotation and translation of a solid in a fluid, which we have derived its formulas
in chapter three. The z-axis nutates between two extreme inclination angles. The
line of nodes precesses progressively or retrogressively. The center of mass spirals
up with various cyclic patterns ( Figures C.1, C.4, C.7, C.8 and C.12 to C.15 )
between two concentric cylindrical surfaces. The period of the inclination angle is
used as a unit of time, i.e. the unit of time in Figure C.3, C.6 and C.11 . For each
period the movement completes a cycle of the pattern although it does not return
to the starting place, but instead starts the next round of the same pattern. Some
patterns of the movement of the center of mass are shown by curves of the forward
translation versus time ( Figure C.3, C.6 and C.11 ) and cyclic figures of the center

of mass projected on the perpendicular plane ( Figures C.1, C.4, C.7, C.8 and C.12
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to C.15 ) . The rotation is shown by figures of the inclination angle versus the
precession angle ( Figures C.2, C.5, C.9 and C.10 ) . For the inclination angle less
than 90 degrees, the larger radius of the two concentric cylinders corresponds to
the lower limit of the inclination angle, and the smaller radius corresponds to the
upper limit.

From equation 3.28, we see the range of z is between a3 and a; because the
range of sn?w is between 0 and 1. The corresponding inclination angles will be
denoted as 6; and 6,. The variation of 6 is restricted between these two angles.
While the axis of the symmetry of the top nutates between these two limits, its
center of mass moves between surfaces of two concentric cylinders whose radii R,
and R; are given by

lpcosf; — I3

R‘-=—m,z=uorl, (Cl)

where the subscript ¢ can be u or [, indicating the upper or lower limit.
We have four degrees of manifolds and for an arbitrary chosen I3, lp, 6, and 6;.
The quantities P? and h are determined and can be computed as follows. At the

upper limit, 6 is zero, so does ly. Substituting equation 3.15 into equation 3.17,

we obtain
_ P B (Ip — I3 cos,)?
= + = 2 cos? 6, + I T sinZ6, (C.2)
Similarly, for 6,
2 -
h= £—- + —'B—cos 26, + (Up =l cosoz) (C.3)

I I I sin? 6,




The subtraction between the above two equations results in

lp —lzcos6, lp —l3cos6; 1 1 _
2 _ P " t3C080u\g P T 13COSUIg R 20 _ 2 1
Pt = (B ey (R — ) (eos” B, — cos? )]
(C.4)
from that
2 . 2 2 2
g C08 0, sin‘d, _1_3_ (Ip — I3 cos b,)
h=PX ms my )+ I3 + Lsin?6, (C:3)

Equation 3.38 shows that ¢ is always positive when Ip/ls > ap. This is a
progressive precession. The retrogressive precession will happen if a; > Ip/l3 > as.
Because ¢ is negative when 6, < 6 < 8p, where 6p = cos™!(lp/l3); and ¢ is positive
when 6p < @ < 6;. During the period of 8, ¢ will increases and then decreases
and then increases again. If a; = lp/l3, then ¢ is zero at the upper limit. This
is the cusp case and it can only happen at the upper limit. When the rotation
is a cusp precession, the corresponding movement of the center of mass will be a
cusped curve.

The expressions of X, and Y, can be further simplified after substituting the

expressions for Ry, R23, Ra3, Ria, Ry, Ri3, w1, ws, w3.

X. = %[(Ild cos Q2 cos§ — Iz sinws) cos ¢ + I o sin Q2 sin )

Y, = %[(Ila cos§ cos § — I3sinfws)sin ¢ — [0 sin 2 cos ¢),

where o and Q are functions of §. The above two equations show that for each

period of 6, ¢ precesses a certain amount, X, and Y, will perform cyclic patterns.
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To show the rotating and translation of the symmetrical solid in the fluid, we
show many figures in three categories. The first category ( Figures C.1, C.4, C.7,
C.8 and C.12 to C.15 ) shows the projection of the translation of the center of
mass on the plane perpendicular to its advancing trajectory, i.e. the XY plane
in the space axes. X. and Y, are computed from equations 3.66 and 3.67. The
second category ( Figures C.2, C.5, C.9 and C.10 ) shows progressive precessions
or retrogressive precessions. Figures are plotted to show the variation of § versus
#, where 6 is computed from equation 3.28 and ¢ from equation 3.40. The third
category ( Figure C.3, C.6 and C.11 ) shows the forward advancing of the transla-
tion of the center of mass, i.e. the Z - coordinate in the space axes system, versus
time. Z. is computed from equation 3.87. The computer software package Lotus
123 has been used to plot the figures.

Figure C.1 shows the movement of the center of mass on the XY plane. The
initial conditions are: The upper and lower limits of inclination angle 6, = 50,6, =
80 degrees. lp = 9.0,l3 = 4.3 . The conditions for the body are: I, = I, =
6,3 = 3,m; = my = 3,m3 = 1.5 . Equations 3.38 and C.1 show that ¢ > 0.
R, = 0.8519448, R; = 1.221415. The movement of the center of mass starts from
X, = —1.221415,Y, = 0.001798. The time used is one and a quarter periods of
6. As we can see the center of mass is moving between two circles with radii R,
and R;, and is rotating in counterclockwise direction. At the same time the body
precesses about its local Z axis while the inclination angle varies from the lower

limit to the upper limit. The relation 6 versus ¢ is shown in figure C.2 where 6
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(the vertical) has completed one and a quarter periods. In the figure the angle is
in units of the radian angle. In the Z component, the body moves always forward
because equation 3.81 is always positive. However, equation 3.89 shows that there
is a periodic modulation from the zeta function terms in addition to the linearly
forward movement of the secular terms. Figure C.3 show how Z. varies with time.
The time used is also one and a quarter periods of §. Whether R, or R, is larger

can be determined by the following way. From equations C.1 and C.4, we can get

Ii(m3' — my')(cos? 6, — cos? ;)

sin? 6, sin? 6,

R -R:= (C.6)

The above equation shows that R; > R, for m; > mj if 0, or ; less than 90
degrees, and R; < R, for m; < ma.

In figure C.4 the initial conditions are: 6, = 45,6, = 70 degrees. Ip = 6.75,13 =
4.5 . The I; and m; of the body are the same as in figure C.1. The movement of
the center of mass starts from X, = —0.8874848 , Y. = 0. ¢ > 0. R, = 0.8519448,
R; = 1.221415. The time used is also one and a quarter periods of 8. Figure C.5

shows how 6 varies with ¢ at the same time. Figure C.6 shows the movement of

Z component.

In figure C.7 the initial conditions are: 6, = 20,6, = 40 degrees. Ip = 0.9,13 =
10 . For the body, ), = I, =6, 3 = 5 and my = my = 3, m3 = 2. R, =
1.418272, R; = 1.519111.The movement of the center of mass starts from X, =
—-1.519111 , Y, = 0.001175. ¢ sometimes is positive and sometimes is negative.

The time used is one and a quarter periods of . Figure C.8 shows the same
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movement for three periods of time. Figure C.9 shows how 6 varies with ¢ for
one and a quarter periods of time. Figure C.10 shows for three periods of time.
Figure C.11 shows the movement in Z component for three periods of time.

The next four figures simply show the movement patterns for the body condi-

tions as that of figure C.7.




Figure C.1: The movement of the center of mass on the XY plane. 8, = 50,6, = 80

degrees. Ip = 9.0,l; =4.3 . $ > 0. R, = 0.8519448, R, = 1.221415.
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Figure C.2: 6 (the vertical) vs. ¢ in the unit of radian angles. 8, = 50,6, = 80

degrees. Ip =9.0,l3=4.3. ¢>0.
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Figure C.3: The movement of the center of mass in the Z component.

8, = 50,6, = 80 degrees. [p =9.0,l3=4.3. $>0.
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Figure C.4: The movement of the center of mass on the XY plane. 6, = 45,6, =170

degrees. lp = 6.75,l3 =4.5 . ¢ > 0. R, = 0.1469137, R; = 0.8874846.
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Figure C.5: 6 (the vertical) vs. ¢ in the unit of radian angles. 8, = 45,6, = 70

degrees. lp = 6.75,13 = 4.5 .




Figure C.6: The movement of the center of mass in the Z component.

0, = 45,60, = 70 degrees. lp = 6.75,l3 = 4.5 .
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Figure C.7: The movement of the center of mass on the XY plane for one

and a quarter periods of time. 6, = 20,6, = 40 degrees. lp = 0.9,i3 = 1.0 .

R, = 1.418272, R; = 1.519111.




Figure C.8: The movement of the center of mass on the XY plane for three
periods of time. 6, = 20,6, = 40 degrees. lp = 0.9,l3 = 1.0 . R, = 1.418272,

R; = 1.519111.
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Figure C.9: 6 (the vertical) vs. ¢ in the unit of radian angles for one and a quarter

periods of time. 6, = 20,6, = 40 degrees. lp = 0.9,13 = 1.0 .
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Figure C.10: 6 (the vertical) vs. ¢ in the unit of radian angles for three periods

of time. 6, = 20, 6, = 40 degrees. [p = 0.9, =1.0.
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Figure C.11: The movement of the center of mass in the Z component.

6, = 20,6, = 40 degrees. lp =0.9,l3=1.0.
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Figure C.12: The movement of the center of mass on the XY plane for three

periods of time. 6, = 30,6, = 60 degrees. Ip = 1.1,l3=1.0. R, = 0.1311285,

Ry = 0.7191625.

131




08 -

I ] I ! ]
-1.2 1 ! | ] ! ] ]

periods of time. 8, = 30,6, = 35 degrees. lp = 0.9,l3 =1.0. R, = 1.003987,

Figure C.13: The movement of the center of mass on the XY plane for three
R; = 1.042583.
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Figure C.14: The movement of the center of mass on the XY plane for three

periods of time. 6, = 30,8, = 60 degrees. lp = 0.9,l3 = 1.0. R, = 0.682806,

R; = 0.982967.
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Figure C.15: The movement of the center of mass on the XY plane for three
periods of time. 6, = 30,6, = 35 degrees. lp = 1.1,l3 = 1.0 . R, = 0.1847462,

R; = 0.3363351.
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Appendix D

The Effective Masses and
Moments of Inertia of the

Induced Flow Surrounding a Solid

In this appendix, we will discuss the effective masses and moments of inertia

of the induced flow surrounding a solid as mentioned in equation 3.7 of chapter

three.
When an ellipsoid
2 2 2
Iy , T2 , T3
=4+ =4+ —==1 D.1
a? + a3 + a3 (D.1)

moves in the direction of the z; - axis with velocity u;, the kinetic energy of the
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induced flow is[22]

u; (D.2)

1
T, = §ML

2—&,'

where M is the mass of liquid displaced by the ellipsoid and

oo dA
= ——— D3

with k2 = (a® + A)(aZ + A)(ad + X).
Thus the effective masses of the induced flow surrounding the solid along the

three principal axes of the ellipsoid are given by

Qg

Ai =ML2—01,'

(D.4)

Similarly when the ellipsoid rotates with angular velocity w; around the z; -

axis, the kinetic energy of the induced flow is

1 (a? — a})*(ax ~ ;)

T, = —
¥ 7 102(a? - o) - (a? + ) — ;)

Mpw?, (D.5)

where 1,7,k is in the cyclic order of 1,2,3. Therefore the effective moments of

inertia are

My (a? — a})* (o — a;)
5 2(a? — a}) — (a? + a})(ou — a;)’

B; = (D.6)

Here we must emphasize that the mass of the rotating ellipsoid which induces
the flow can have any value from zero to infinity, i.e. it can be an empty shell or
a massive ellipsoid. Its mass comes into play only when we consider the reaction
of the induced flow on the motion of the solid. The computation of the two sets

of formulas quoted above involves only the familiar harmonics satisfying Laplace’s
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equation V24 = 0 , but the complete problem of solving the induction of the
flow and its reaction on the motion of the solid requires hyperelliptic functions of
two variables for the general case and elliptic functions for the simpler symmetric
cases.

Now we add the general formula for computing effective masses and moments
of inertia. To describe the conditions to be satisfied at the boundary of the solid,
take a frame of reference R' fixed relatively to the solid, say an origin O’ and
three cartesian axes O'z,0'y,0’z . The motion of the solid is then specified by
a velocity @ of the origin and an angular velocity & . Thus at the point 7 of the
boundary the velocity is @ + & X 7, and if 7 is the unit outward normal vector at

this point to the surface of the solid, the boundary condition is

B
©-

=R (BT XP) =T R+@ (Fx i), (D.7)

where

V..

9
on
This condition may be satisfied by writing

b=T-F+5- ¥, (D.8)

where , ¥ are vectors whose components are solutions of Laplace’s equation and

which satisfy the boundary conditions

o7 . O . .
G = T =T XM (D.9)

so that &, ¥’ depend solely on the shape of the solid and not on its motion.
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The kinetic energy of the liquid is given by
=—-p/¢ = 2o [(@§+3 00 [@+F xS, (D10)

and shows that T, is a homogeneous quadratic function of the vectors @,& . When

written in full it will consist of 21 terms
1 1 1
T, = 3 > Aguiug + 3 > Bjwjw + +§ > Caugan, (D.11)
ik i il

where the coefficients

0
A,‘k = —p/stp,‘%ds, (D.12)
0
Bji=—p / Xj—XLdS, (D.13)
0 Op;
Cie = “P/[‘Pt_x—l + 1—£—]d5’ (D.14)

and u;,w;, @i, X; are all components of vectors @,d, @ and X .
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