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ABSTRACT

FORTRAN computer programs are developed for designing two-dimensional
(2-D) circularly symmetric recursive digital filters from a one-dimensional (1-D)
lowpass prototype using digital spectral transformations (DST’s). The DST tech-
nique was employed to take advantage of the readily available 1-D filter design
software. Also. the DST design method requires no numerical iteration and is rel-
atively simple to program.

A survey of available DST design techniques is given. A choice is then made
from among the various techniques. A detailed discussion of the selected technique
is given. This technique and its computer program implementation provide a 2-D
lowpass digital filter from the 1-D lowpass prototype. A second computer program
then applies two 1-D DST’s to transform the 2-D lowpass filter to other 2-D filter
types (lowpass with a different cut-off contour. highpass. bandpass. and bandstop).
Several filter designs are carried out to verify that the filters obtained using this
technique have magnitude contours of a proper shape to be of practical use.

The problem of realizing the filters designed is also briefly considered. The de-
sign programs are written to output the 2-D filter coefficients in the form needed for
realizing the filter using a canonical real-gain Roesser’s local state-space structure.
This structure was selected because it is suitable for subsequent optimization with

respect to finite wordlength effects.
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CHAPTER 1

INTRODUCTION

1.1 Statement of Problem

Two-dimensional (2-D) digital filters have important applications in various
engineering and scientific fields. For instance, 2-D digital processing is used in
biomedicine to reduce low-frequency components in an X-ray image. In seismic
work. 2-D digital filtering is necessary to extract noise and separate signals from
different sources. The University of Tennessee Space Institute has research projects
which call for 2-D filtering of data; it is carried out on a Vicom image analysis
system which uses low-order 3x3 finite impulse response (FIR) filters. However.
infinite impulse response (IIR) filters are more desirable because they can provide
sharper transition regions. and can be efficiently implemented for low filter orders.
In addition. the phase response of the IIR filter can be made exactly zero by pro-
cessing the image twice with proper data orientations 14 . A zero-phase response
is shown by Huang 28 to be very important in image processing because it is the

phase, not the magnitude. that bears the resemblance of the image.

There are two basic IIR filter design methods: direct optimization in 2-D and
transformation from 1-D. In a direct optimal design, a large amount of computation
time and memory space is required because an optimization technique must be
employed. In addition, either a stability check has to be performed every iteration
or constraints must be placed on the optimization which are sufficient (but not

necessary) to guarantee stability. Either approach is time-consuming and requires

computationally intensive procedures. Furthermore. the optimization is usually




nonlinear and may not converge to a global optimum. Representative of designs

which employ this type of optimization are those of Fahmy [18] and Higuchi [19].

The transformation approach produces a suboptimal filter by applying stable 1-
D to 2-D spectral transformations (ST’s) to a 1-D lowpass prototype. By definition,
a stable spectral transformation is a complex mapping which transforms one stable
rational transfer function into another with a different frequency response. while at
the same time maintaining some desirable characteristics {14!. A great advantage of
these transformation techniques is that they are relatively straightforward to apply

and are not numerically intensive.

This thesis deals with the development of FORTRAN computer programs for
designing 2-D recursive filters and corresponding efficient realizations. A circularly
symmetric response was considered adequate for present needs. Numerically inten-
sive and nonlinear optimization techniques were avoided in favor of a transformation
technique. since a 1-D design program was already available. It was decided that
the 2-D realization would be based on a canonical form of Roesser’s local state-
space model 21 . Although the canonical state-space structure may not possess the
most desirable properties with regard to the finite word length effects of roundoff
noise, coefficient quantization sensitivity, and limit cycles. other state-space struc-
tures with better characteristics can be easily obtained from the canonical form by
applying an appropriate similarity transformation 22-24!.

Numerous transformation methods exist :6-11,15! to design circularly symmet-
ric lowpass recursive digital filters from a 1-D lowpass prototype. A survey of these
methods was undertaken so that the best possible program could be developed. A
program was then written to implement the method selected. An additional pro-

gram was written to obtain other filter tvpes. including lowpass with an arbitrary
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cut-off frequency, highpass, bandpass, and bandstop, by applying 2-D to 2-D digital

spectral transformations.

1.2 Background on Two-Dimensional Recursive Digital Filters
The digital transfer function of a 2-D linear, shift-invariant (LSI) recursive

digital filter can be written as a ratio of polynomials in Z; and Z; as ‘1.

e 00 —k -1
Zk:—oo Zl:—oo bklel Z?

oc =) —k 71
Zk:~oo Zl:——oo Ck 12y "2y

The inverse Z-Transform of H(Z;. Z2} is A{m. n), known as the unit pulse response.

H(Z,,Z;) =

(1.2.1)

The filter output can be expressed as the convolution of the input and the unit

pulse response as
Z Z (m—k.n —1) (1.2.2)
k=—-ocl=—2

For a first quadrant quarter-plane LSI 2-D filter, the digital transfer function

H(Zy.Z;) in (1.2.1) reduces to

M k ks
Skll—o z._akw._O bklyk"Z ‘Z"
H(Z\,22) = 25 L (1.2.3)
Zkl_ouk o Chi ke Dy 2y
The corresponding difference equation is then
\’1 1 ;‘V! 2 .‘V 1 _V.-_,
y(m,n) = Z Z b, kou(m —ky.n — kg) — Z Z Ck, ky(m —ky.n — k)
ki, =0ks=0 k=20 ka=1
kl*k;:‘-l)
(1.2.4)

This shows that the output can be computed recursively from the input and pre-
vious outputs. The terms [IR and recursive, as well as FIR and nonrecursive will

henceforth be used interchangeably.



1.3 Stability of 2-D Recursive Digital Filters
A necessary and sufficient condition for a 2-D first quadrant quarter-plane LSI

digital filter to be bounded-input bounded-output (BIBO) stable is that [1]

Z Z h{m,n) < o (1.3.1)

Also, a 2-D first quadrant quarter-plane LSI digital filter as in (1.2.3) is stable if

(but not only if) there are no poles on or outside the unit bidisk (|Z;| = 1, iZy =

1) in the (Z.Z;) plane (Shanks’ Theorem) :5..

1.4 Survey of Transformation Design Methods

Authors have used various stable 1-D to 2-D ST’s to obtain 2-D stable recursive
filters. Shanks 5 developed a 2-D analog filter by rotating a 1-D analog filter by an
angle J. Costa 6 designed a circularly symmetric lowpass digital filter by cascading
Shanks’ rotated filters with different angles distributed equally over 180 degrees.
The 2-D digital filter is then obtained by applying double bilinear transformations.
Since several filters must be cascaded to obtain a circularly symmetric response, it
is difficult to control the cut-off contour using this technique: attenuation at other
contours is also unavoidable. Goodman 7 pointed out that these rotated filters
are generally BIBO unstable, and proposed a modified technique starting in the
digital domain. The filter coefficients are perturbed to ensure stability which in
turn changes the frequency response of the filter. The resulting filter also contains
undesirable passbands at the corners. However. these undesirable passbands can be
eliminated bv cascading a separable rectangular fiter.

Chang and Aggarwal 8 eliminated the instability by developing an elegant

technique for rotating frequency responses of separable filters with transfer func-

1



tions having rational powers of Z. The resulting filter is separable and hence it can
be realized more efficiently by a series connection of 1-D structures. The problem
with these filters is that they have high-frequency attenuation in the vicinity of the
Nyquist frequencies. Another drawback is that input/output data array interpola-

tions must be performed to realize the filters.

Bernabo {9 designed a zero-phase circular filter as a cascade of four all-pole
filters and a non-recursive filter using the well-known McClellan transform 12!.
Iljima 10! designed octagonal digital filters obtained by cascading two 45 degree
rotated filters and separable filters to approximate circular lowpass digital filters.
The sole advantage of this design technique is that the filter can be realized by 1-D
structures. The design, however. is limited to filters with cut-off frequencies of less
than 7/ v2.

Nguyen and Swamy 11 designed, via the first-order McClellan transform. a
2-D zero-phase filter as a cascade of second-order section separable denominator
filters. The technique takes full advantage of the denominator separability and
the simplicity of the McClellan transform. Unfortunately the condition that the
denominator is separable means that the 1-D prototype be critically damped. which

in turn results in a critically damped response for the resulting filter.

Very recently, Harn and Shenoi 15. presented a design technique to approx-
imate circular filters based upon the Digital Spectral Transformation (DST) pro-
posed by Constantinides 17.. This technique requires neither coefficient optimiza-
tion nor interpolation, and results in a lower number of coefficients. The filter is
inherently stable if the 1-D prototype and the corresponding DST are stable. An-
other advantage is that the filter can be realized as a cascade of low-order subfilters,

which in general is not possible for 2-D filters. As a result the filter can be more

2



efficiently realized with a reduction in quantization noise and coefficient truncation
sensitivity. Because of these advantages, this technique was selected for implemen-
tation in the computer program for designing circularly symmetric lowpass recursive
digital filters.

Pendergrass :13| developed a technique for designing different types of 2-D
recursive filters (lowpass with a different cut-off frequency, highpass, bandpass and
bandstop) from a 2-D lowpass recursive filter via 2-D to 2-D DST’s. The technique

of {13 was implemented in the computer program to get other filter types.

1.5 Thesis Organization

Chapter 11 deals with the theory and concepts behind the design of 2-D cir-
cularly symmetric lowpass recursive digital filter using the technique proposed by
Harn 15 . This technique is selected over other techniques because it is relatively
easy to implement. yields filters realizable as subfilters. and does not involve any
optimization. Moreover. the technique can be easily extended to design elliptic and
fan filters. Design examples are given to demonstrate the validity and practicality
of the technique.

Chapter III explains how the other filter types such as highpass. bandpass, and
bandstop can be designed by applying stable 2-D to 2-D DST functions 16} to a
lowpass digital filter. Two practical design examples are also given.

Chapter IV discusses realization structures. The difference equation realization
structure and a state-space structure based on Roesser’s local state space model are
both considered. The concept of recursive directions is explained and a generalized
canonical real-gain state-space structure for realizing 2-D subfilters is given. The

proper direction for recursing each subfilter is then described.

6



Chapter V describes the features of the implementation of the computer pro-
grams and their uses. Programs are given to design stable circularly symmetric
lowpass recursive digital filters as discussed in Chapter II, and other filter types
(highpass, bandpass. and bandstop) based upon 2-D to 2-D DST’s as mentioned
in Chapter III. The programs also are written to provide the coefficients in the
state-space realization.

Chapter VI contains the summary, conclusions, and possible future extension

of the work.



CHAPTER II

2-D CIRCULARLY SYMMETRIC LOWPASS RECURSIVE
DIGITAL FILTER DESIGN VIA 1-D TO 2-D DIGITAL
SPECTRAL TRANSFORMATION

2.1 Design Technique

Given a prescribed circular cut-off contour, the problem is to design a 2-D cir-
cularly symmetric lowpass recursive digital filter from a stable 1-D transfer function
G(Z). The filter is to give a best approximation to the prescribed contour. The

method used 15 applies the following 1-D to 2-D digital spectral transformation

to G(Z):

Z—la(zfl*a‘) /Z;Tl—a")
- aZl—l—l/ (aZf_,_l—l.

= H(Z,\)H(Z,) (2.1.1)

2.2 Design Theory

The transformation in (2.1.1) provides a nonlinear mapping of the 1-D proto-
type response into two dimensions. The value of a is chosen so that H(Z,)H(Z-) is
stable (lai < 1), and the resulting transformed filter GIH(Z,JH(Z;) best approxi-
mates the circular arc of the cut-off contour.

Before the design procedures are discussed further, it is useful to investigate
what the application of the transformation does to G(Z). To accomplish this. the

transformation Z~! = H(Z,)H(Z,) can be broken down into two steps:

V4
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1) Z '~ 27121

This transformation is equivalent to rotating the 1-D filter by 45 degrees
counter-clockwise. Fig.2.2.1 and Fig.2.2.2 show the magnitude response of an ideal
lowpass filter F/(Z,) before and after the transformation is applied. Note that there
are three passbands after the rotation. The introduction of the two passbands at
the corners is due to the periodic nature of the original filter.

2) Z; ' — H(Zy), Z;'— H(Z,)

The purpose of this transformation is to map the straight contour line of the
rotated filter to a curved (and approximating circular) nonlinear one. As mentioned
previously, the shape of the contour line depends entirely on the value of a. Fig.2.2.3
shows the contour lines of the magnitude squared response of GiH(Z,)H(Z,)' for

the second-order lowpass Butterworth filter with a cut-off of 0.0337

00257224 — 0.005144487 ~! ~ 002572242 2
B 1 - 18515271 —~ 86178722

G(2) (2.2.1)

with a = 0.9.

The 1-D IIR design program is a modified version of the one given in :3I. It
should be noted that the contour line approximates a straight line for small w.
nearly a circular arc as « increases , and more like a square outside. Since all
the coefficients of the transformation used are real, the contour lines of the third
quadrant are the mirror image of the ones in the first quadrant.

Since G H(Z:)H(Z; ') has circular arcs in the second and fourth quadrants

when G H(Z,)H(Z,) has circular ones in the first and third quadrants, a full circle

can be realized by cascading G H(Z,)H(Z,)' GIH(Z,)H(Z; "),
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Fig. 2.2.1.  2-D Filter F(Z,) before Rotation
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Fig. 2.2.2.  2-D Filter Rotated by 45 Degrees Counter-Clockwise, F(Zy, Z,)
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of G{H(ZI)H(ZHJ

of the Magnitude Squared Response

Fig. 2.2.3. Contour Lines
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For example, Fig.2.2.4 shows the contour lines of the magnitude squared response
of this product for the filter of (2.2.1). The reader should note that a stable imple-
mentation of G{H(Z,)H(Z; )| is possible, as will be discussed in Chapter IV, by
changing the direction of recursion in the second variable [32, pp.432-434..

The presence of the four small unwanted passbands at the corners in Fig.2.2.4
is due to the periodic nature of the filter as mentioned previously. They can be
eliminated by cascading a separable filter G'H(Z,)|GIH(Z,)]. This gives the overall

2-D transfer function as:
T(Zy,2,) = GIH(Z\)H(Z,)\G'H(Z,)H(Z; ")|GH(Z,)|G[H(Zy)] (2.2.2)

Fig.2.2.5 shows the contour lines of the magnitude squared response of
T(Z,,Z>) for the filter of (2.2.1). As we can see from Fig.2.2.5, in addition to
the elimination of the undesirable corner passbands. the cascade of the separable
filter also improves the overall response of the filter. A zero-phase digital filter.
if desired. can be obtained by connecting T(Zl_l.Zf_,_l) with T(Z,,Z,) either in

parallel or cascade 14.
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2.3 Two-Dimensional and One-Dimensional Relationships

Up to this point we have not discussed how the value of a and the 1-D prototype
cut-off frequency are chosen, given a desired cut-off contour, such that the best
possible circular contour approximation at the cut-off is obtained.

From (2.1.1), the frequency mapping relationship between w of the 1-D filter

and (w;,ws2) of the 2-D filter can be obtained as |15]

asinwi | @Sinws ) (23.1)

W=wy —wy—2{tan ' ———— _ ~tan~
acoswy +1 acoswy +1

For any given circular contour, the contour line must pass through the w-axis
and wp-axis at the same distance, say w.s, from the origin. Thus, if w.; is the
desired circular cut-off, the contour line must pass through (w.»,0) and (0,w.;) for
a constant bandwidth, w.;, of the 1-D prototype. Therefore the relation between
the 1-D bandwidth. w.,. of the 1-D prototype and the 2-D circular cut-off contour
we2, for any given value of a, can be expressed as 15

| @SNy

Dl = wen — 2tan” (2.3.2)

The next step is to find the value of a that gives the best approximation of
a circular contour at the cut-off. To accomplish this, a search for the best a and
the corresponding «'., is performed. Given ..y, different values of a are tried and
the “best” is chosen. Recall that for H(Z,) to be stable. @i < 1. Taking the
effects of finite wordlength into account, the range of a to be searched is confined
to —0.9 < a < 0.9. For each value of a. we fina N points {(w w2, ).7 = 1.2....; V},
distributed at equal angular intervals along the contour of (2.3.1). a is searched such

that the \/w? + w3 best approximates w.2. The error criteria used in the search

15



procedure is an average normalized error E, defined as

Z:io lwc2 -

/ !

2 2
le,' 1‘(4)2‘_|

E(a) =

‘VWCZ

(2.3.3)

The program 1D2DWC which performs the search for a is given in Appendix C.

Table I shows a,p:. (the “best” value of a), the corresponding 1-D cut-off frequency

wc1, and the average normalized error of the circular contour approximation, for N

= 20, for different values of specified w.,.

Table I.  1-D & 2-D Relationship

L T wel/T  aopr  Error(%)
.10 .00531 09 14.44
.15 .00804 0.9 14.21
.20 .01089 0.9 13.81
.25 .01388 0.9 13.41
.30 01707 09 12.84
35 02053 . 09 = 12.14
40+ .02433 ' 09 11.28
45 02860 09 10.25
.50 .03348 0.9 9.03
93 , .03918 0.9 7.8
.60 .04604 0.9 3.86
65 .05454 0.9 3.85
.70 06553 0.9 1.49
.75 .25640 0.7 1.34
.80 ‘ 50814 0.5 1.19
.85 . .60264 0.5 1.94
.90 : 71761 0.5 3.14
95 I 90761 0.3 3.40

It is clear from Table I that the normalized error is large for a small contour

approximation. However. in actual design this is not as bad as it might seem. as
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mentioned previously, since the response will be improved by cascading the separa-

ble filter. Two design examples will be given in Section 2.5 to justify this statement.

2.4 Algebraic Expression of 2-D Second-Order Transfer Function

Since a cascade of low-order filters can be more efficiently realized than the
direct realization of a high-order one. we will start with G(Z) expressed as the
product of second-order sections. Thus it is appropriate to have general expres-
sions for the 1-D and 2-D transformed transfer functions as a function of the 1-D
second-order lowpass prototype sections. Only G'H(Z,)H(Z,); and G{H(Z;)] will
be generalized, since G[H(Z,)H(Z, ')’ can be implemented by a simple data array
transformation as will be discussed in Chapter [V.

Consider a 1-D second-order transfer function G,(2)

~p 27 V= p, 22
Gl(Z)po D1 D2

_ 2.4.1
Po— @l ~q 273 (24.1)
By directly substituting H(Z,) = (TZ% into Z~!, fori = 1. 2. we get

. X e H 21 - D2 2 Zy

Gy H(Z) = e P (Z:) p-H_)(. )

' 90 ~qH(Z)) ~ q2H*(Z,)

Multiplying out and collecting the common terms, we obtain
| L by =0 27 by Z
G\ H(Z) = et 254 (2.4.2)

Cy ~— chi_l -~ ngi-z
where

b, = p, — ap; — a’ps
b1 = 2ap, ~ (1 - a*)py ~ 2ap,

by = a’p. ~ apy ~ pa

17




o = ¢, +aqy + 412(12

¢ =2aq, + (1+ a2)¢11 + 2aqq

2
€2 =4°¢, +aq) + gz

To obtain G, H(Z,)H(Z,) we replace Z~' by H(Z,)H(Z,) in G,(Z). By

simply expanding and collecting the common terms, we get

‘ ‘ (611 b1z bi3] 1
1 Z7Y Z7E by byy bog Z{i
. ) . b31 b32 633 Zo
Gy H(Z2\)H(Z,), = Lc“ eis 013: 21
:1 Zl_l 21_2 C21 €322 Ca3 Z:z_l
| €31 €32 ¢33 | zZ;?

where

b1y = po ~ a*p; —a'p,

bi2 = p21 = 2aps + (a ~ a®)p1 — 2a°p2
b1z = psy = az(Po - p1 — p2)
baz = 4a°py — (1~ 2a% ~ a*)p; ~ 4a’p;

baz = paz = 2a®py ~ (a ~ a®)p; ~ 2ap,

bsz = a4P0 - a"’Pl - P2

_ .2 4
€11 = 4o T a°q ~a gz

c12 = q21 = 2aq0 ~ (a + a®)q; ~ 2a3¢,
€13 = Q31 = 02(40 ~q1 ~ q2)

C22 = 4a2q[' -(1- 2a° — a4)Q1 - 4a2q2
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(2.4.3)



c23 = g3z = 2a%qo + (a + a®)q; + 2aq;

€33 = G4QO + 41241 + g2

2.5 Numerical Examples
Example 2.5.1

In this example we design a 2-D circularly symmetric lowpass digital filter with
a cut-off contour of 0.37. From Table [ we determined that the best a = 0.9. 1-D
bandwidth w., = 0.01707r. Hence

Z7'~09

H(Z,) = 00711 i=1,2

The 1-D prototype is a second-order Butterworth filter whose transfer function is

o-20:692402 — 1.384806Z ~! - 0.692402Z ~*

G(Z) =1 2.5.1
(2) 1 - 1.9242Z-! — 0.926972Z - (2:3.1)
The transformed subfilters then become
. 0.249957 ~ 0.4999147 ! ~ 0.2499577 > ) ,
GH(Z) = i : 012, 1=1.2 (2.5.2)

Y 1.906731 — 142523821 — 051919072

0.226838 0.451169 0.224338 1
1 Z7Y Z7%1 0451169 0902352 0451169 | | Z;!
0.226838 0.451169 0.226838 | | Z,*

4.958436 1.700327  0.224532 1

1 Z7' Z7?|1.700327 -6.048263 -0.797232| | Z;!
0.224532 —0.797232 2.447003 | | Z;?
(2.5.3)

Figures 2.5.1 and 2.5.2 show the magnitude squared response and the contour plot

of the filter respectively. The approximation at the 3-db contour is seen to be very

close to a circle.




Fig. 2.5.1.  Magnitude Squared Response of Lowpass Filter with .37 Cut-off

Fig. 2.5.2.  Contour Plot of Lowpass Filter with .37 Cut-off



Example 2.5.2
In this example we design a 2-D fourth-order circularly symmetric Butterworth
lowpass digital filter with a cut-off contour of 0.557. From Table [ we have a = 0.9,

we1 = 0.039187. The 1-D prototype is expressed as a cascade of two second-order

sections
G(Z) = G.1(Z2)G:(2)
where
0.516108 + 1.032216Z 1 - 0.5161087 2
G(Z)=10"* 254
() 1 - 1.78265Z-! + 0.796243Z 2 (2.5.4)
0.237877 = 0.475754Z ! ~ 0.2378772Z 2
G-(2) = 2.5.5
2(2) 1 — 1.89579Z-! ~ 0.910245Z -2 (2:5.5)
The transformed subfilters then become
. . 0.018632 —0.037263Z"! — 0.01863227° . .
G\ H(Z) = B Lo i=1.2 (2.5.6)
‘  4.057183 — 0.664092Z ' — 0.185799Z,"
0.016908 0.033630 0.016722 1
1 z7' Z7* |0.033630 0.067260 0.033630 | | Z,'
) , 0.016722 0.033630 0.016908 | | Z.,7°
G1{H(Z\)H(Z;) = - - :
7.846857 5.698535  1.101033 1
1 zZ7' Z7%1|5.698535 2031261 —1.269957 | | Z;!
1.101033 -1.269957 0.839652 Z; "k
(2.5.7)
0.858736 — 1.717472Z ! — 0.8587362 °
GolH(Z) = —1° kil kbl i=1.2  (2.5.8)

~ 0.031087 - 0.007061Z! —0.014034Z %"
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0.779309 1.550006 0.770721 1

‘1 Z7' Z7*!|1.550006 3.100060 1.550006 | | Z;

Gl H(Z)H(Zy)] 0.770721 1.550006 0.779309 | | Z, 2
2| H(21)H(Z:)| = 0.061622 0.038895 0.011709 .
| gt gz-» | 0038895 -0.021604 0.008199 e

0.011709 0.008199 0.030755 72
2

(2.5.9)

The magnitude squared response and contour plot of the resulting filter are

shown in Figures 2.5.3 and 2.5.4 respectively.

22



Fig. 2.5.4. Contour Plot of Lowpass Filter with .357 Cut-off
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CHAPTER 111

DESIGN OF GENERAL 2-D RECURSIVE DIGITAL FILTERS
VIA 2-D TO 2-D DIGITAL SPECTRAL TRANSFORMATION

3.1 Background

For 1-D IR filters. given a lowpass digital filter, another lowpass filter with
a different cut-off frequency, a highpass. a bandpass, or a bandstop filter can be
quickly obtained by applying one of the four digital transformations proposed by
Constantinides 17 to the lowpass prototype filter. However. in the 2-D digital filter
case, the cut-off contour as well as the shape of the filter are involved. Pendergrass
13! has proposed a technique that transforms a 2-D lowpass digital filter to the
other filter types by independently applying the four Constantinides’ DST’s to Z,
and Z,. This is equivalent to a mapping of one point on Z; to another on Z; and
one point on Z3 to another on Z>. Since only one point on the contour is controlled
and because of the nonlinear nature of the transformation. the shape of the resulting
filter is transformed in an unknown way. However. practical design examples. as
will be seen later. show that an acceptable degree of shape factor is often preserved

in the transformed filter.

As far as the stability of the transformations is concerned. Constantinides 17’
and Pendergrass 13’ have correctly pointed out that the transformed filter is sta-
ble if the DST's are stable. However. neither of them proved the stability of their
transformations. Harn 16 recently has proven that the lowpass-to-highpass trans-
formation in 17 is not stable. However. since the transformation is an allpass

function, a stable one is simply obtained from the reciprocal of the unstable one.
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3.2 Stable 2-D to 2-D Digital Spectral Transformations

In this thesis, the modified stable DST’s in [16] are used. These transformations

are called single variable transformations {13]. The four stable DST's are shown in

Table II.

Table II.  The Four Stable Digital Spectral Transformations

Type Equation Parameters | Frequencies
- Z-T+p . By . -
LP - LP ) 7! = hZ-l:l b=51n(mgﬁ)/sm(w'3“) B — we
] - bz -1 — /3 =,
LP — HP J z! ='.'.’Z‘l:h1 b=cos(u‘2“)/cos(wg 4) B — —w,
c = -Zh%‘-
S R AL T IV ALY _ k-1
LP—‘BP | Z = ":Z‘:+"1Z"-X Cy = m 6—*(0"1
! | k= cot(‘*"—'-':,—“‘-z)tan(%) -8 — wan
L . h = cos(4E22) /cos(¥azu2) Wep > Weo
! ! _ T
! . . . i = -2h_k+1
! - -1 gz, _ 1-k
 LP—=BS 1 27 =t ! €2 = 3% B — woy
J ' k= tan(“—’*ﬁ—“’*‘)tan(g) B — w.a
% ; | h = cos(#ute2) [oos(wiseaz) Wey > Wap

The stability of these transformations is proven in :16:. As mentioned previ-
ously, Z, and Z; are transformed independently. Therefore we can design a filter
with different types in Z; and Z». The effect of the possible combinations of the
transformations was tabulated in 13].

From Table II. we see that the lowpass-to-bandpass and lowpass-to-bandstop
are a one-to-two mapping. Therefore the filter order will be doubled in each direc-
tion so transformed. This is similar to the 1-D filter case. After all. the 2-D to 2-D

DST is just a product of two 1-D to 1-D DST’s.
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3.3 Numerical Examples
Example 3.3.1
In this example we design a 2-D digital recursive filter with the following spec-
ifications:
LowPass with cut-off frequency of .557 for w;
HighPass with cut-off frequency of .47 for ws

A cascade of the transfer functions in (2.5.6), (2.5.7), (2.5.8), (2.5.9) are used as a

prototype.

The transformations on Z; and Z, are
zrt =27t (3.3.1a)

—1-12.3933562, "
_l _ 2 '
4 = T3 303356 - Z;! (3.3.18)

The resulting subfilters are

0.033422 - 0.066843Z; ' ~0.0334222; 3
Ti(Zy) = = — (3.32)
6.315802 — 2.07835027, ' — 0.408253Z,

r0.303053 —0.603256 0.300210 1
‘1 Z7' Z7?' 0603256 —1.206525 0.603256 | | Z5 !
0.300210 -0.603256 0.303053 | | Z,*

T:(Z,,22) = 107!

12769652 —11.027554  2.475843 1
1 Z7' Z7?'| 8.488240 2042536  —2.14535 | | Z,
i.542141  1.482262  1.143285 -

(3.3.3)

T,(2y) - 154.041764 — 308.083527 75 ' — 154.041764 2, ° 33.4)
e 1.876430 — 2.210027Z; ' — 2.2741532; ° o
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139.678660 —278.043851 138.368270 1
(1 Z7' Z7%)|278.043852 —556.093879 278.043852 | | Z; !

1138.368270 -278.043851 139.678660 | | Z;
T2 (Zv, 22) =

9.958580 -—7.830633 2.342042 1
1 zZ7' Z7P|5.714569  2.172583  1.030471| | Z;!
1.930746 —2.320057 4.837163 | | Z;®

(3.3.5)

The magnitude squared response and the contour plot of
T Z\)T\(Z2)T( 2y, 22)Ti (21, Z5 D T2(21)T2(22)T2( 21, 22) T2 (21, 25 )

are shown in Figures 3.3.1 and 3.3.2 respectively.
Example 3.3.2

In this example we design a 2-D bandpass recursive digital filter with cutoff
band edges of .7 and .37. The lowpass prototype is a cascade of (2.5.2) and (2.5.3).

The transformations on Z; and Zy are

g-1 _ 017357 — 1077(0.44544) 2 - Z,°¢
L 1-10-7(0.44544) 2" - 0175572,

. t=1.2 (3.3.6)

o

The magnitude squared response and the contour plot of the resulting band-
pass filter are shown in Figures 3.3.3. and 3.3.4 respectively. Filter coefficients are
obtained in a similar fashion as in Example 3.3.1. They are omitted to conserve

available space.

tw
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Fig. 3.3.1. Magnitude Squared Response of Transformed Filter of Ex. 2.5.2
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. 3.3.3.

Fig

Magnitude Squared Response of Transformed Filter of Ex. 2.5.1
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CHAPTER IV
REALIZATION OF 2-D RECURSIVE DIGITAL FILTERS

4.1 2-D Transfer Function and Its Difference Equation
Before any realization structure is discussed. a comment on the 2-D structure
suggested by Harn (15} should be made. Harn 15 suggested a 2-D realization

structure by directly replacing Z~! in the 1-D direct structure by the following

DST function
(27! =a)(Z;" - a)

27—
(azy " = 1)(aZ; - 1)

By this direct substitution of the DST function. however, a delay-free loop is intro-
duced into the resulting structure. Therefore, the filter is not directly realizable [2].
Figures 4.1.1 and 4.1.2 show the 1-D direct structure used in /15! and the suggested

2-D structure after the substitution of the DST function.

u(1,7)

o ..
_cI\ L" o v

Fig. 4.1.1.  1:D Second-Order Direct Structure Realization
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v(t.))

Fig. 4.1.2.  2-D Second-Order Structure via Direct DST Substitution
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The transfer function of any first quadrant (causal) quarter-plane LSI 2-D

digital filter, G(Z,, Z,) is given as

M, M, b(rlsr'l)Zl_rl Zz—re

G ZI, Zz) = =11 =0 7‘;:=O
( Z;cvll___o }:;___0 C(kl,kz)zl_klzg_k:

(4.1.1)

The difference equation associated with (4.1.1) can be written as

1\4 1 AI 2

y(ni,ng) = Z Z b(ri,r2)u(ny — riong —ra)

r1=0ra=)

Ny v,
- Z Z ek, ka)y(ny — ky,ng — ko) (4.1.2)
kl=O k3=0
ki +kaz0

From (4.1.2) it is seen that the output at a particular point can be computed
recursively as a weighted sum of inputs and previous output points {and initial con-
ditions). The output mask. which is determined by the coefficient array c(k, k3), of
a recursively computable first-quadrant filter is drawn in Fig.4.1.3. The realization

of (4.1.2) is known as the difference equation realization or direct structure.

ns

'OOOOO G @ ® © €C & - + + .+ s e+ oe s e s e
+ 00000 © 0 @00 ® - - . ... s
000 O0OOC ® ® 0 0 00 « ¢ ¢ 4 e e e
*t OO0 00O OO0 000 * + + + ¢ ¢« 4 o s s e .
+000O0OCO ® @ ® B O B - - . v e e et e e
00 00Q0O0 O O O 9 8 O * ¢ <+ 4+ 4 o= e e s o4 4 o
-+ O0O0O0OODO ® 0 O 0 @O - . ... ose e s e e
- O000OO0 ® ® O 6 O ® - + = .+ o s o s s s e e &
«+ O00O0O0 OO ® O 8 O( ) ¢ + + 4 4 e ¢ 40 s s 0w
-+ 0000OC eje @00 @l « + o ...
-000O0CO eloe0e0eeoeol: -+ .ol
c 00000 G000 00 @]: - « « ¢ -« o s o4 oa
+ 000O0Q 0!0 ® @ © O O+ ¢ + ¢« ¢ ¢ ¢ ¢ ¢ 4 s »
+ 00000 ® ® O O O 8 O - - oo e e
00000 ® 0 0 0 0 0 @ ¢ -+ -+ - e s
«+00O0O0OOC ® 066 80066 - ¢ ¢ ot e
-+ 0000030000000 00000000000O0 1
.\.zmws{--ooooo 0000000000 0ODOLOOOOOOO
*++ 00000 OO’OOOOOOOOOOOOOOOOO
-+ 000O0OC 000000000000 0ODO0OO0OO0O0
I
e ——

N, columns

Fig. 4.1.3.  Output-Mask of Recursively Computable 1t Quadrant Quarter-Plane
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4.2 Two-Dimensional State-Space Structure Realization

It is well known that an IIR digital filter implemented directly by the differ-
ence equation, particularly with fixed-point arithmetic, results in a filter with high
coeflicient sensitivity and roundoff noise. The state-space structure realization has
been studied as an alternative approach of realization. Over the past years, sev-
eral authors have proposed different state-space models. Kung {20! discussed these
different models, and showed that the Roesser model {21 is the most general 2-D
state-space model.

The governing equations of Roesser’s local state-space structure for a single-

input. single-output 21' are described as follows

"(z —1.7) } A Ay [J:h(i,j) 3 [bl} o
(1.7 —-1)] !_Ag A4J z%(1,7) b, u(i.J)
= Az + bu (4.2.1a)
h . .
JTUEEPERVEE 2 ) I B >
y(i.)) = et %! {Iv(i.j)} ~du(i.y), 1.7 >0
= cr~du (4.2.1b)

where u is the input. and y is the output. z* and r' are local horizontal and
vertical state vectors respectively. The dimensions of z* and zV are referred as the
order of the filter (not necessarily the same as the order of the transfer function).
The problem here is to find matrices A. b, ¢, and d which will realize a particular
transfer function G(Z,, Z;) with the least possible number of delay elements.
Kung 20! has shown that an M - N order transfer function in general can not
always be realized with real coefficients by M~N delay elements. Instead, the min-

imal real-gain state-space realization for an M « N order transfer function requires
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no greater than M+2N (or 2M +N) delay elements. The necessary conditions for a
general Mx N order transfer function to be realizable by M+N delay elements are
not known, although it is possible, at least in theory, to determine the minimum
number of delay elements that are needed {30,31!. However, Kung 20! showed that
an M x N order transfer function with separable numerator or separable denominator
can be implemented by just M+N delay elements.

The A. b. ¢, and d of the canonical M+2N delay structure with real coefficients
based on Roesser’s local state-space structure of an IIR digital filter whose transfer
function is

M N  g—trp—]
2 izo Z]’:OaUZl Zy

M N —tip—]
Ei:o Z;:o 3y 4 'Z,

G(Zl,Zz) = ;/30() =1 (4.2.2)

(there is no loss of generality by assuming 350 = 1) is given by

-_jl’ —30, 3;\/{() 1 ]
O
O ' 1 O
- +
*311 "3;\41 —301 1.‘
4 = — 3 O Q (4.2.3a)
) ) ; 1
— 3N -3mn  —don 0
apy ani am 0. 1 O
&) ‘
( w1
L ain amMy | aon 0




t_
b= [1 0 0 —Boi ~Bon any aON] (4.2:35)
t_ .
©= {&10 amo an 0 0 10 0] (423
d = am (4.2.3d)
where
Qi = aq; — Bio; L<es M, 0<y< N
3i; = Bi; — Biodo;. LM, 1<)<N

Because we have been dealing primarily with 2 x 2 order subfilters. the canonical

structure of a 2x2 order transfer function is given below as

Fzh(i+1,5) T =3 - 320 1 0 0 07 [rzhig)T
i+ 1,7) 1 0 0 0 0 0f |zkiy)
UJ}’(’J - 1) _ Fodor =31 Fewdor—F2r —3y 1 0 O w;’(z’.j)
wy(i,j — 1) Jiodnz = 12 320802 = J22 —Ja2 0 0 O [wi(ey)
.L'Lll(l'._]' - 1) a1 — a.~-.131.,-,- Qa1 — ar_.ldgo Qanq 0 0 1 IY(Z.])

L .L'g(t'._]' - 1) J L(tjo — a0231r_. oo — aodeu [ 750} 0 0 04 L 1112’(2'.].) J

- ] 1 O -3:)1 - 302 Qn1  Op2 t u(z',j) (424(1)
27 (6.) ]
I? (ZaJ)
o : ) wy(z,7)
y(.y) = ay, — agndin Qo — appB2o o 0 1 O wi (i, )
ri(i.j)
L z5(i.7) |
- ar)ou(i.j) (424b)

The corresponding signal flow graph is also drawn in Fig. 4.2.1.
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Fig. 4.2.1.  Signal Flow Graph of Canonical Structure of 2x2 Transfer Function



As in the 1-D case, the 2-D state-space structure obtained here is not unique.
Other realization structures can be obtained by applying a linear transformation
to the state vectors. The transformation leads to an equivalent realization of the

following form

A = T 'aAT (4.2.5a)
b = T %% (4.2.56)
¢ = T (4.2.5¢)

d = d (4.2.5d)

where T is 2 nonsingular 2-D similarlity transformation matrix, and is of the fol-

lowing form

I o ]
SN

(4.2.6)
where the dimensions of T, and T, are M xM and 2N «2N respectively.

By properly choosing the transformation matrix T. other state-space realization
structures with more desirable properties can be obtained. Recently a 2-D minimum
round-off noise state-space structure based or the Roesser local state-space model
has been developed 22.23 . Upon the availabiiity of two positive-definite matrices W
(noise matrix) and K (scaling matrix), the optimum 2-D similarity transformation
can be obtained by solving two 1-D optimization problems separately. In addition. it
was shown in 24! that certain multiplications can be eliminated in a local state-space
structure realization through the use of an 2ppropriate similarity transformation

while keeping the filter free of overflow oscillations and maintaining low, but not

minimum, roundoff noise.
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4.3 Implementing the Recursive Filters Designed by Transformation
The implementation of the 2-D system differs from the 1-D counterpart in the
sense that the ordering of data processing for the 2-D system is not unique whereas
the ordering of data processing for 1-D is fixed. In the 2-D system, the data array can
be processed row-by-row, column-by-column, or in a diagonal manner. Recall that
the transfer function of a 2-D recursive digital filter obtained by a transformation
technique is a cascade of different quarter plane filters. Since each quarter plane
filter has a different “region of support”. the direction of recursion must be properly
chosen. The stable recursive directions for the four quarter-plane filters 27i are

drawn in Fig.4.3.1.
G(21,22) G(21,25")

n .

N e

NW NE
ni ni
INPUT
ARRAY
e SW SE e

/ N
n2 -n2

-1
G(Zl ,Zz) G(Zl—l,Zz—l)
NW - Northwest; SW - Southwest

SE - Southeast; NE - Northeast

Fig. 4.3.1.  Stable Recursive Directions for the Four Quarter-Planes
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The transfer function of the circularly symmetric lowpass digital filter discussed

in Chapter Il is
T(Z1,22) = G[H(Z,\)H(2.)!G'H(Z,\)H(2; ")|GH(Z,\)'G(H(Z,)]  (43.1)

This transfer function consists of four subfilters. first and fourth-quadrant quarter
plane 2-D filters, and two 1-D filters in cascade. Fig.4.3.1 indicates that in order
to realize G'H(Z,)H(Z:) , the input array must be processed starting from the
north-west corner, either row-by-row. column-by-column, or in a diagonal manner.
Similarly, for GIH(Z,)H(Z, ') . the input array must be processed from the north-
east corner. In order to be able to process the input array in the same direction,
GIH(Z\)H(Z; ") can be realized by performing an appropriate data transformation
before and after the G H(Z,)H(Z,)] operation. Fig.4.3.2 shows a block diagram of
realizing G'H(Z,)H(Z; ')} by data transformation.

As for the direction of data processing of G H(Z,).G.H(Z2) . the input array
must be processed column-by-column using G'H(Z,) , row-by-row using G H(Z;) .
Either the column operations or the row operations can be performed first. The
block diagram of realizing the overall transfer function T(Z;, Z;) can be drawn as
in Fig.4.3.3.

The zero-phase digital filter T;(Z,, Z3), if desired, can be realized either in

cascade or parallel as follows. For a cascade realization
T5.(21.22) =T(Z,,2:)T(Z; . 25 ) (4.3.2a)

This gives a magnitude response equal to T(Z,.Z,) 2. For the paralle] realization

To,(Z1,22) =T(Z,.2,) - T(Z7 . Z; ) (4.3.2b)
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u{ij) I
—_ Gfiji=u(i,N+1)

degNe g |0

cw(zm'/(zm7

Fig. 4.3.2.  Block Diagram of Realizing G H(Z,)H(Z; ')

cli(z,) GlH{Z,)| :—._ CiH(Z) (7)) e

ufig)

ﬁ(iJ)=u(i‘i\'+l-j) y(1§)=0{(i.N+1-j)

Fig. +.3.3.  Block Diagram of Realizing T(2,, Z,)
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Although this is also zero-phase, the magnitude response is 2 Re(T(Z;, Z3)) which
may not be an acceptable response. The block diagram of realizing T(Zl_l, Z{l) is
drawn in Fig.4.3.4.

Since the data array must be transformed twice for every noncausal quarter-
plane implemented, six data transformations are needed to realize (4.3.2). This
requires a great deal of data shufflings, particularly if the array is large. Fortu-
nately, |29/ showed that a certain number of data transformations can be reduced
in implementing a cascade of spectrally transformed sections by combining two
transformations into one. In this case. only four data transformations are needed to

realize (4.3.2a), and five for (4.3.2b). Fig.4.3.5 shows the block diagram of realizing

(4.3.2a) with a minimum number of data transformations.

*_.__u(i‘j) aid)=u{MeriN+1g) | 600 T(2,.23) glig) | v(id)=g(Me1-iN+1.5) —_."“'j)

Fig. 1.3.4. Block Diagram of Realizing T(Z7'. 27!
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CHAPTER V

COMPUTER PROGRAMS

5.1 Features of the Programs

In this chapter, two interactive computer programs (2DIIRLP., 2DXFORM.),
written in FORTRAN using double precision arithmetic. based on the technique
proposed by 15 and 16|, are presented. These two programs combined provide
the facility to design stable 2-D circularly symmetric lowpass, highpass. bandpass.
and bandstop recursive digital filters with user’s specifications of filter order and
cut-off band edges. In addition, the canonical real-gain form based on Roesser’s
local state-space structure for a general Mx N order transfer function is provided.
The NCAR plot package is used in both programs to provide the magnitude squared

response and contour plots. Input and output coefficients are also printed.

5.2 Program Structure of 2DIIRLP.

The program is written for the design of 2-D circularly symmetric lowpass
recursive digital filters proposed by 15. The filters are designed as a cascade
of 2-D second-order sections given a proper 1-D transfer function. Users need
only to specify the filter’s order. the value of a. and provide the numerator and
denominator coefficients of the second-order sections prototype. If the filter order
is odd. the 1°*-order section must be read last. Given the desired 2-D cut-off contour.
the appropriate 1-D frequency cut-off along with the parameter a are obtained by
executing the ID2DWC. program. The canonical minimal real-gain Roesser’s local

state-space structure of the resulting 1x1 and 2x2 sections are also given. As for
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the 1-D second-order section, it is realized by an efficient low-roundoff-noise state-
space structure, called the Type III structure in {25|. This structure is chosen over
other structures because it yields a filter with a bandwidth-invariant round-off noise
level very close to the minimum level while requiring one less multiply and one less
addition than the minimum-noise structure. The program’s listings of 2DIIRLP.

and 1D2DWC. appear in Appendix A and Appendix C respectively.

5.3 Program Structure of 2DXFORM.

This program provides the facility to quickly design 2-D stable lowpass, high-
pass, bandpass. and bandstop recursive digital filters upon the availability of a
stable 2-D lowpass digital filter.

The program accommodates the design of MxN 2-D [IR filters via digital
spectral transformation in general, as well as a cascade of 1-D and 2-D second-order
sections as arises from 2DIIRLP. As for the realization aspect. the canonical minimal
real-gain Roesser’s local state-space structure is provided. If either bandpass or
bandstop design is desired and the lowpass prototype is taken from the 2DIIRLP.
the resulting 4!"-order separaole filters are then factored into two 2"%-order sections
in cascade, and realized by the Type III structure.

To run the program. use-s need to specify the filter's order. the cut-off contour
to be transformed. and the desired band edges for Z, and Z,. If the filter order is

odd. the 1°*-order section must be entered last. The listing of the program is given

in Appendix B.




CHAPTER VI

SUMMARY AND CONCLUSIONS

A survey of different techniques for designing 2-D lowpass circularly symmetric
recursive digital filters via spectral transformation was undertaken. The design
technique presented in '15. was selected as the most satisfactory and efficient in
terms of the design simplicity. number of coefficients involved and performance.
Moreover, the technique can be utilized to design elliptically shaped lowpass and
fan filters. A FORTRAN computer program was written to implement the method.

Several filters were designed to demonstrate the practicality of the technique.

Another program was developed to quickly design other filter types (highpass,
bandpass. and bandstop) by applying stable 2-D to 2-D DST functions. Even
though only one point on the contour was controlled and the DST functions were
nonlinear, practical design examples showed that the shapes of tne transformed

filters was acceptable.

The implementation of the filters was discussed in Chapter IV. The stable recur-
sive directions for the quarter-planes have been presented to explain how a transfer
function which consists of causal and noncausal filters as discussed in Chapter II
can be implemented by proper data orientations. The 2-D realization structure
suggested by 15 was shown to be not directly realizable because of the presence
of a delay-free loop. The generalized canonical minimal real-gain form based on
Roesser’s local state-space model was included in the computer programs as a basis

for realizing general 2-D recursive digital filters.

Chapter V discussed the structures and features of the computer programs.
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The programs were written in FORTRAN, using double precision arithmetic. The
computer programs were provided in the thesis in a hope that they may be useful
to others.

Further research should be done to develop a technique for the design of cir-
cularly symmetric highpass recursive digital filters using 1-D to 2-D DST functions
similar to the lowpass design. The single circular contour approximation may be
extended to multiple contours. Furthermore, a suitable similarity transformation
matrix T should be found so that a state-space structure which possesses low round-
off noise can be obtained with less computation load than that obtained by the
methods of '22.23,. This would provide efficient low-noise 2-D structures similar to

those developed in 25,26 for 1-D filters.
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APPENDIX A
PROGRAM'S LISTING OF 2DIIRLP.

double precision b, ¢, prectan, grectan,
* pghzl, qghzl,

* pghz2, qghz2. scale.

* pghz12. qghz12,

* aa, bb, cc. dd

c

¢ Program: 2DIIRLP.FOR

¢ F K XK ok ok ok ok K ok K k% kK k sk %k %k sk ok K %k ok ok ok ok Xk 3k Xk K %k 3k 5K ok Kk ok % Xk & k ok ok k

Toadsak Vongtanaanek

2-D Lowpass Recursive Digital Filter Design
via 1-D to 2-D Digital Spectral Transformation

& K K K K K kK K Kk ok ok R ok X ok k X OR K R K K K K KR X K ok R K K K K kK K Kk K K K

OO N O 0000

C One-dimensional low-pass recursive filter is transformed

¢ to two-dimensional circularly svmmetric lowpass digital filter via

c Digital Spectral Transformation. The transformation used here is Ip-lp
c spectral transformation which takes the following all-pass function:

-1 (Z"—a)_
cZ (aZ 1-1)

¢ The value of "a” is not to be greater or equal to 1 for the
c resuliing filters to be stable. Take round-off error into account.
¢ suggested maximum value of "a” is less than or equal 0.9

c
¢ Note:
¢ == > Filter must be a cascade of second-order sections.

c If filter oraer is odd. the first-order subfiiter must be the
¢ last one to be read.

¢ ==> If specified. the coefficients will be written in unit 7 ready
c to be read by 2DXFORM.FOR program.

¢ ==> If desired. the frequency response will be computed.

c The plots are made by NCAR.

c The contour and surface plots can be obtained from Versatex by executing
the following commands

c

c ASSIGN NUL SYSSPRINT

c RUN SYSSSYSTEM:MCTRAN

c IOP020.DAT

c

c

c



dimension b(3), ¢(3), prectan(3,3), qrectan(3,3),

* pghz1(3), qghz1(3),
* pghz2(3), qghz2(3),
* pghz12(3,3), qghz12(3,3)

dimension aa(6,6), bb(6), cc(6)
common /a/ h(40,40)

write(5,*) * filter order:’
read(5,*2 nfil
write(5.%) * enter a:’

read(5,%) a

a2 = a*a

a3 = a2*a

a4 = a3*a

write(5,”) ’ Save the transformed coefficients?’
write(5,*) > Yes ====> 1"

read (5,) isave

write(5,*) > Frequency response needed? ’
write(5,*} * Yes ====> 1~

read (5,%) ifrq

write(5,*) ’ gain:’

read(9.%) gain

if (ifrq.ne.1) goto 2

c———— Initialize the frequency response ————~

npnts = 40
do 600 i = 1. npnts
do 600 j = 1. npnts
h(ij) = 1.
600 continue
c — .
c
2 n=2
if (nfileq.l) n =1
nl =n-1
nodd = mod(nfil,2)
nsect = (nfil—-1),2
write(S,*S " nsect = ’,nsect
1 write(5.%) * ***
write(5,%) 7’
write§5,*g TR
do20j=1.nl
read(9.%) b(j)
20 continue
if (gain.eq.1.) goto 22

corresponds to power of Z ! *¥*’

enter numerator b(i) ***’

do.j = 1. nl
b(j) = b(j) “gain
enddo

(a1}
U




c
22 write(5,%) ’ *** enter denominator c(i) ***’
do21j)=1,nl
read(9,*) c(j)
21 continue
c
write 5,*; > Check the coefficients b(i), c(i). ’
write(5,%) 7’

write 5,101; §b(j),j = 1. nl)
write(5,101) (c(j}, j = 1, nl)
101 format(3f21.17)
write(5,%) *’
c
c
c —  Compute G{H(z2)! E—
c
if (nl.eq.3) then
pghz2(1) = b(1) + a*b(2) + a2*b(3)
pghz2(2) = 2.*a*b(1) + (1. + a2)*b(2) - 2.¥a*b(3)
pghz2(3) = a2*b(1) ~ a*b(2) ~ b(3)
qghz2?1) =c(1) ~ a*c(2) ~ a2*c(3)
qghz2{2) = 2.%a*c(1) ~ (1. — a2)*c(2) ~ 2.%a*c(3)
qghz2(3) = a2*c(1) ~ a*¢(2) + (3
else
pghz2(1) = b(1) — a"b§2;
pghzZ(‘Z; = a*b(1) - b(2
qghz2(1) = ¢(1) — a“c(2)
qghz2(2) = a*c(1) — ¢(2)
endif
scale = qghz2(1)
doi=1,nl
pghz2(i) = pghz2(i)‘scale
qghz2(i) = qghz2(i;/scale
enddo
qghz2(1) = 1.0d0
c
c
write(5,%) '’
write(5,%) * Transformed Separable Filter, G:H(Z;)"’
write(5,%) 7’
write(5,101) (pghz2(i), i = 1. nl)
write(5.%) 7’
write(5,101) (qghz2(i), i = 1. nl)
¢
if (isave.ne.1) goto 9
write(7.%) (pghz2(i), i = 1. nl)
write(7,*) (qghz2(i), i = L. nl)
¢
c



9 if (ifrq.ne.1) goto 3

c
¢ — Computing G{H(z1)! (if frequency plot needed) ——
c
doi=1,nl
pghz1§ig = pghz2éi§
qghz1(i) = qghz2(i
enddo
c
c
¢  Multiply separable rectangular filters (if frqres needed)
c
call multl gpghzl, pghz2, nl, prectan
call muitl (qghzl. qghz2, nl. qrectan?
call frqrsp (prectan. qrectan. nl, npnts)
c
c
c
c Compute G H{z1)H(z2) ———
c
c
3 if (nl.eq.3) then
pghz12(1,1) = b(1) — a2*b(2) + a4*b(3)
pghz12 1,2; = 2.*a*b(1) ~ (a — a3)*b(2) + 2.%a3*b(3)
pghz12(1,3) = a2“(b(18 - b(2) — b(3))
pghz12 2.1; = pghz12(1.2)
pghz12(2,2) = 4.7a2*b(1) — (1. — 2.“a2 ~ a4)*b(2) — 4.*a2*b(3)
pghz12(2,3) = 2.*a3*b(1) - (a — a3)*b(2) ~ 2.*a*b(3)
pghz12(3,1) = pghz12{1.3)
pghz12(3,2) = pghz12(2.3)
pghz12(3.3) = a4*b(1) — a2*b(2} —~ b(3)
c
qghz12(1,1) = c(1) + a2*c(2) — a4*c(3)
qghz12(1,2) = 2.*a"c(1) = (a2 — a3)*c(2) — 2.*a3"¢(3)
qghz12(1.3) = a2*(c(1) - ¢(2) + ¢(3))
qghz12(2,1) = qghz12(1.2)
qghz12 2,2% = 4.*a2*c§1 — (1. — 2.%a2 - a4)*c(2) — 4.7a2"c(3)
qghz12 2,3; = 2.%a3%c 1; — (a — a3)*c(2) + 2.*a*c(3)
3,1
3,2)
3.3)




=]

qghz12 2,1;
qghz12(2,2
endif

scale = qghz12(1,1)
doi=1,nl

doj=1,nl

pgh212gi,j; = pghz12§i,jg/scale

(c(1) + c(2))*a
c(l)*a; + c22)

qghz12(i,j) = qghz12(i,j)/scale
enddo

enddo

qghz12(1,1) = 1.0d0

L]

L)

’ Numerator of GIH(Z1)H(Z2))’

write(5
write(5,™
doi=1,nl

write{(5,101) (pghz12(i,j).j = 1. nl)
enddo

write§5,*

write 5.*; Y
write ’ Denominator of G:H(Z1)H(Z2)"
doi=1.nl

wr1te(a.101) (qghz12(iy). j = 1. nl)
enddo ¢
if {isave.ne.1) goto 6

doi=1.nl

write(7.%) (pghz12(ij). j = 1. nl)
enddo

doi=1,nl

write(7.%) (qghz12(ij). j = 1. nl)
enddo

if (ifrq.ne.1) goto 4
call frqrsp (pghz12. qg~z12. nl. npnts)

OO0 006000

- Compute G{H(z1)H(1 22) (if frqres needed) -

if (nl.eq.3) then

doi=1,nl

prectan(i,3) = pghz12(i.1)
prectan(i,l) = pghz12({i.3)
prectan(i,2) = pghz12(i.: 2)
grectan(i,3) = qghz12(i.1)
qrectan(i,1) = qghz12(i.3)
qrectan i2) = qghz12(i.2)

enddo else




doi=1,nl
prectan(i,1) = pghzl2Ei,2;

prectan(i,2) = pghz12(i,1
grectan(i,1) = qghzl?Ei,2;
grectan(i,2) = qghz12(i,1
enddo
endif

(o]

O

call frqrsp (prectan, qrectan, nl, npnts)

To obtain State Space Structure

- For G{H(Zi)!, Type 3 structure (as in [EEE, Feb,1985) is used.
- For G/H(Z1)H(Z2)], Canonical Roesser Model is used.

Type 3 Structure for G H(Zi)

QOO O 0000006000600

4 if (nl.eq.2) then

O

First-Order Section Realization

o

d = pghz2(1)

o)

alpha = pghz2(2) - pghz2(1)*qghz2(2)

beta = qghz2(2)
al = -beta
bl = sqrt(l. - beta“beta)
cl = alpha /beta
write(3,%) '’
write(5,”) '’
write(5,*
write(5,%) ’°
write 5,*; e

902 format (’ A-Vector ==> ", f{13.9)
write(5,902) al
write(5.%) "’
write(5,903) bl

903 format (’ b-Vector ==
write(5.%) °°
write(5.904) cl

904 format {’ c-Vector ===> ", f13.9)
write(5.%) ' '
write(5,920) d

> ", £13.9)

Il

* ¥** State Space Structure for G H(Zi) ***’



920 format(’ d ===> ", {13.9)
else
c
c
¢ Second-Order Section Realization
c

d = pghz2(1)
alphal = pghz2§2g - pghz2§1)*qghz2§2
alpha2 = pghz2(3) - pghz2(1)*qghz2 3§
betal = qghz2(2
beta2 = qghz2E3;

Get the Type 3 Structure (second-order)

o000

temp = betal 2.
temp2 = temp “temp

all = -temp

al2 = sqrt(1. — (temp2*(beta2 - 3.);(beta2 -~ 1.)))

a2l = (temp2 - beta2)/al?2

a22 = all

bl = 0.

b2 = (1. - beta2)*((1. - beta2)**2 - betal*betal)

b2 = sqrt(b2/((1. — beta2)*(1. — temp2) - betal*betal))
cl = (alpha2 — all*alphal) (al2*b2)

¢2 = alphal b2

x +

write(
Write
write
write
writeé

.
X

N
.

v gr Ot
*

D

)
)
)
)
)

*** State Space Structure for G'H(Zi) ***°

R3

v

«

write —— A-Matrix —°
write(3.)
900 format(2f13.9)
write§5.900) all. al2
write(5.900) a2l. a22
write(3,%) *°
write$5.905) bl. b2
905 format (' b-Vector ===2> ", 2f13.9)
write(5.%) '’
write§5.915) cl, c2

J

b
D
- >
.
.

(9]

915 format (" c-Vector === ". 2f13.9)
write(5.%) *’
write(5,920) d
endif
write(5.)

L)




(g I g]

O 60606

Get State Space Structure for G/H(Z1)H(Z2)]

if (nl.eq.2) then

1x1 Order Transfer Function

aa(1,1) = -qghz12(2,1)

aa(l,2) = 1.

aa(1,3) = 0.

aa(2,1) = qghz12(2,1)*qghz12(1,2) - qghz12(2,2)
aa(2,2) = -qghz12(1,2)

aal(2,3) = 0.

aa{3.1) = pghz12(2,2) - pghz12(1,2)*qghz12(2,1)
aa(3.2) = pghz12(1,2

aa(3.3) = 0.

bb(1) = 1.

bb(2) = -qghz12(1,2)

bb 3) = pghz12(1.2)

pghleE2l - pghz12(1,1)*qghz12(2,1)
pghz12(1,1
1.

I O BT

o
cc(3)
else

2x2 Order Transfer Function

)
1Y)
[a—y

-qghz12(2,1
ghz12 3,1

o
&
(=1
Lo DN =

e L
G g

T T I T O 1 A T T I H I |

o o P [ Y
[ I 4
o [

L 00000~ 000R,

ghzl2§2 *qghz12(1.2) - qghz12(2
qghz12(3.1)*qghz12(1.2 qghzl?
-qghzl2(1 2)

hlel 2.1) qghzl?% 3) - qghz12(2.3)
gh212(3 1)*qghz12(1.3) - qghz12(3.3)
ghzl”( .3)

1
2
3
4
.5
aal3.6
A
2
3
4

©a




aa(4,5) = 0.
aa(4,6) = 0.
aa(5,1) = pghz12(2,2) - pghzl2§1,2;*qghzl2g2,1;
aa(5,2) = pghz12(3.2) - pghz12(1,2)*qghz12(3,1
aa(5,3) = pghz12(1,2
aa(5,4) = 0.
aa(5,5) = 0.
aa(5,6) = 1.
aa(6,1) = pghz12§2 3; pghz12§ ;*qghz1252,1;
aa 6,2; = pghz12(3.3 ghz12(1,3)*qghz12(3,1
aa(6,3) = pghz12(1.3)
aa(6,4) = 0.
aa(6,5) = 0.
aa(6,6) = 0.
c
bb(1) = 1.
bb(2) = 0.
bb(3) = -qghzl2§1,2;
bb(4) = -qghz12{1.3
bb 53 = pghzl‘l}l,‘zg
bb(6) = pghz12(1,3
c
cc 1; = pghz12(2.1) - pghz12(1 g qghz12(2,1
cc§2 = pghz12(3.1) - pghz12(1,1)*qghz12(3 1;
cc(3) = pghz12(1.1)
cc(4) = 0.
ccld) = 1.
cc{6) = 0.
endif
c
dd = pghz12(1,1)
c
iss = 3*(nl - 1)
write(5.%) 7’
write(5,%) '’
write 5,"£ ’ *#% Canonical Structure for G H(Z1)H(Z2); *“**’
write(5.%) "’
write(5.%) ’ ——— A-Matrix ——'
writeg', ; T
doi=1,iss
write(5.910) (aa(ij),j = 1. iss)
enddo

910 format (6f13.9)
911 format (6f13 9)

write(5.%)

wrlteES X))

write(3.%) ° ——- b-Vector
write(3. "; e

write(5.911) (bb(i), i = 1. iss)




’

write(5,*) ’
write(5,*) ’
write(5,*) ’
write(5,*) ’
write(5,91
write(5,*)

’

)

——- c¢-Vector
b

c(i), i = 1, iss)

1) (c
write(5, 935 dd

),
)

935 format( d ===>",f15.9)

O 0600

C
C

nsect = nsect - 1

gain = 1.

if ((nsect.eq.1).and.(nodd.eq.1)) n1 = 2
if (nsect.ne.0.) goto 1

if (ifrq.ne.1) stop

call ncarplt

stop

end

subroutine ncarplt
common /b/ w1(40), w2(40)
common ‘a; h(40,10)

i = 2./39. |
=-1. ‘
= -1.

2,40
= wl(i-1) — wi
= wl(i)

(1)
w2( 1)
doi =
wl(i
w2(i
enddo
call frame
call ezcntr(h. 40. 40)
call tsrfac (ierror)
if(ierror.ne.0) type *, ’ error’
return
end

subroutine tsrfac (ierror)

real work(3280). s(6)

common b/ w1(40), w2(40)
common -a. h{40.40)

data s(1), s(2). s(3), s(4). s(5), s(6)/
* -8.0.-6.0. 3.0. 0.0. 0.0. 0.0/

data angh 45... angv13..

data ix,405 , iy, 1000.




jerror = 0

call ezsrfc (h, 40, 40, angh, angv, work)

call ezentr (h, 40, 40)

call conrec (h, 40, 40, 40, 0., 1., .1, 0, 0, 0)
call frame

call srface (w1, w2, h, work, 40, 40, 40, s, 0.)
return

end

a0

subroutine multl (x, y, number, result)
double precision x, y, result

dimension x(3), y(3). result(3,3)

do j = 1, number

do k = 1, number

result(j.k) = x(j)*y(k)

enddo

enddo

return

end

subroutine frqrsp (p. q, ndim, npnts)
double precision p, q
complex*8 z. cn, cd
dimension p(3,3}), q(3,3)
common ‘a; h(40,40)

pi = 4*atan2(1.,1.)

wi = 2.%pi/float(npnts-1)
wl = -pi

w2 = wl

do 1k =1, npnts

do 21 =1, npnts

cn = cmplx(0.,0.)

cd =cn

do 3 i = 1. ndim

angll = float(i-1)*wl

do 4 j = 1, ndim

angl2 = float(j-1)*w2
angle = -(angll - angl2)
z = cexp (cmplx(0..angle))
cn = cn ~ sngl(p(i.j)) "z
cd = cd - sngl(q(iyj))*z
continue

continue

h(k.l) = h(k,l)*(cabs(cn) cabs(cd))

w2 = w2 — wi

1T
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continue

w2 = -pi

wl = wl + wi
continue
return

end




APPENDIX B

PROGRAM'’S LISTING OF 2DXFORM.

double precision p, q, pl, ql,
* ptl, qtl, pt2, qt2, scale,
* storel. store2,
* pt. qt, temp, gainld
* pf1, qf1, pf2, qf2
dimension hnl(3), hd1(3), hn2(3), hd2(3),
* p(3,3), a(3,3), pl(:.?, ql(3),
* pt1(5), qt1(5), pt2(5), qt2(5),
* storel(5), store2(5),
* pt{3,5), qt§5,5),
* pf1(3), qf1(3), pf2(3), af2(3)
common /a,;/ h(40,40
c
c
¢ Program: 2DXFORM.FOR
c
c
¢ Programmer: Toadsak Vongtanaanek
c
¢ The program takes coefficients of two-dimensional low-pass
c digital filters. and transformed the filters to various types
c using "one-variable” digital spectral transformation.
¢ The coefficients are assumed to be a cascade of second-order
¢ sections. and have oeen previously stored in unit 7.
¢ If filter order is “odd”. the first-order section must be read last.
c
¢ Read Format of filter coefficients:
¢ _
¢ The numerators of first subfilter are first read starting
c from lowest (inverse) order of Z; and Z;, then the denominators of first
c subfilter are read. After all the tirst subfilter’s coefficients
¢ have been read, the next subfilter coefficients are then read,
¢ and so on.
c
¢ Output Format of filter coefficients:
c
¢ Transformed transfer funtions along with corresponding
c are written. The 2-D transfer function is realized by canonical
¢ real-gain local state-space structure. For the 1-D subfilters (if
c input is taken from 2DIIRLP.), they are realized by Type III structure
¢ as a cascade of second-order sections.
c
¢ Frequency Response Plots:
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The frequency response of the overall filter can be plotted
by executing the following commands
ASSIGN NUL SYSSPRINT
RUN SYS$SYSTEM:MCTRAN
IOP020.DAT

The surface and contour plots of the magnitude response will be
outputted to the Versatex.

OO0 6 O 660006000

npnts = 40

doi = 1. npnts

do j = 1. npnts

h(iy) = 1.

enddo

enddo

write(5,*) ’ Subfilters from 2DIIRLP.?’
write(5,”) " Type 1 for Yes.’
read (5,%) idst

write(5,*) * Overall filter order’
read(5,*) nfil

nsect = (nfil - 1) 2

nodd = mod(nfil,2)

n=2

if (nfileq.1) n =1

+

2

"LP-BP ==> 3 LP-BS ==> 4~
write(5,%) " Type of transformation on Z1:’
nzl

if %énzl.gt.«l).or.(nzl.lt.O) goto 1
if ((nz2.gt.4).or.(nz2.1t.0)) goto 1
if (nzl.eq.1) call lplp (1, hnl, hdl)
if (nzl.eq.2) call Iphp (1. hnl. hdl)
if (nzl.eq.3) call Ipbp (1, hnl, hd1)
if (nzl.eq.4) call lpbs (1. hnl. hdl)
) call Iplp (2, hn2. hd2)

call Iphp (2. hn2, hd2)

| if (nz2.eq.1
if (nz2.eq.2
if §n22.eq.3) call Ipbp (2. hn2, hd2)
if (nz2.eq.4) call Ipbs {2. hn2. hd2)

ivl =3

iv2 =3

if (nz1.1t.3) ivl

if (nz2.1t.3) iv2

o o

write(5.) ' Digital Spectral Transformation on Z;’
write(5,%)




write(5,111) (hnl
write(5,111) (hd1
write(5,%) 7’
write(5,*
write(5,*) * Digital Spectral Transformation on Z,’
write(5,*) ’
write(5,111 hn2€
write(5,111) (hd2
write(5,*) *’
write(5,*
111 format £5f18.12)
write(5,%) ’ Gain constant:’
read(5,*) gain

i),i=1,ivl
i),i=1,ivl

'

i),i=1,iv2
i),i=1,iv2

2

2 nl=n-+1
ntl = n*(ivl - 1; -
nt2 = n*(iv2 - 1
write(5.*) ' ntl =
write(5,%) " nt2 =

if (idst.ne.1) goto 4
read(7.%) Epl i), i = 1.nl)
read(?,‘z ql#i), i = 1.nl)
write(5,7) "’

write(5,
write(5,
write 5,101; pl(i), i
write(5,101) (ql(i), i
doi=1,nl

nhll =i-1

nhl2 = n - nhll
call mitiply (hnl, hdl. ivl, nh1l. nh12, storel
call mitiply (hn2. hd2. iv2. nh11. nh12. store2
doj = 1. ntl ,

ptl(j) = ptl(j) — p1(i)*storel(j)

qtl(j) = qtl(j) — ql(i)"storel(j)

enddo

doj = 1. nt2

Pt2§j) = pt2§j) ~ p1{i)“store2(j)

qt2(j) = qt2(j) — ql(i)“store2(j)

enddo

enddo

*} " input coefficients of 1-D filter ’

1, nl
1, nl

*

scale = qt1(1)

doi = 1.ntl

ptl(i) = ptl(i) scale
qtl(i) = qtl(i) scale

enddo
qt1(1) = 1.0d0




scale = qt2(1)

doi =1, nt2

pt2(i) = pt2(i)/scale
qt2(i) = qt2(i)/scale
enddo

qt2(1) = 1.0d0

19

’ Transformed 1-D filter on Z,

g, 1= 1, ntl)
write(5,101) (qtl(i), i = 1, ntl)
write(5,*%) *°
write(5,*) ’ Transformed 1-D filter on Z,
write(5.%) ’
write(5,101 ptZ}
write 5,101; qt2
write(5,%) "'
101 format (5f15.10)
c

write(5,*
write(5,*
write(5,”
write 5,101; Eptl}

1
i

i

ki
?

i
1

g
, 1

1, nt2
1, nt2

if (nt1.gt.3) then

write(5,%) Two factored 2"%-order sections on Z,’
write(5,*) ’

gainld = ptl(1)

call factor (gainld, hnl, hdl. p1, ql, pfl, qfl, pf2, qf2)
call ss1d gpfl, qfl, 3
call ssld (pf2, qf2, 3
else

call ss1D (ptl, qtl, ntl)
endif

if (nt2.gt.3) then

write(i,"; ’ Two factcred 2™%¢-order sections on 2%
write{5.”)

gainld = pt2(1)

call factor (gainld. hn2, nhd2. pl. ql, pfl, gfl. pf2, qf2)
call ss1d (pf1, qfl. 3
call ssid épf?, qf2. 3
else

call ss1D (pt2. qt2, nt2)
endif

c
¢ ——-  Multiply 2 1-D filters ———-o-

call multl
call frqrsp

qtl, qt2. ntl. nt2, qt)
pt. qt, ntl. nt2. npnts)

call multl éptl. pt2. ntl. nt2. pt)




store2(i) = 0.
doj=1,5
pt i,jg =0.
qt(i,j) = 0.
enddo
enddo
c
write(5,*) * Numerator coefficients being read from unit 7’
doi=1,nl
read(7,*) (p(ij), j = 1. nl)
enddo
enddo
if (gain.eq.1.) goto 345
doi=1,nl
doj=1,nl
p(iJ) = p(ij)*gain
enddo
enddo
345 write(5,%) ’ Denominator coefficients being read from unit 7’
doi=1,nl
read(7.%) (q(i,j), j = 1, nl)
enddo
c
doi=1.nl
write(5.*) (p(ij),j = 1, nl)
enddo
write(5.%) 7’
doi=1.nl
write(3.*) (q(iyj), j = 1. nl)
enddo
write(5.%) 7’
c
c
doi=1.nl
nhll =i-1
nh12 = n - nhll
call mltiply (hnl. hd1. ivl. nh1l. nh12, storel)
doj=1,nl
nh2l =j-1
nh22 = n - nh21
call mltiply (hn2. hd2. iv2. nh21, nh22, store2)
call mult12 (storel. store2. p(i,j), q(iy), pt. qt, ntl, nt2)
enddo
enddo
c

scale = qt(1,1)

doi =1,ntl

doj = 1. nt2

pt(ij) = pt(ij)/scale




OO0 060

at(i) = at(i)/scale
enddo
qt(1,1) = 1.0d0

write(5,*) ’ Transformed numerator coefficients’
write(5,*) ’ ’
doi=1,ntl

write(5,111) (pt(i,j). j = 1. nt2)

enddo

write
write(5.*
write(5,*
doi =1, ntl

write(5,111) (qt(ij), j = 1, nt2)
enddo
write(5,*)

™y

5%
’ Transformed denominator coefficients’

) )

*

call frarsp (pt, qt, nt1, nt2. npnts)
if (idst.ne.1) goto 12

——- Get 4-quadrant quarter-plane ——

doi = 1.ntl
doj =1, nt2/2
temp = pt{i,j)
2=nt2 —-1-]
pefi) = pt(is?)
pt(ij2) = temp

temp = qt(i,j)
qt§id) = qi(ij2)
qt{ij2) = temp
enddo

enddo

call frqrsp (pt. qt. ntl. nt2. npnts)

doi=1.ntl
doj =1,nt2/2
temp = pt(i,j)
2=m2~1-j
ptéid) = pt(ij2)
pt(i,j2) = temp

temp = qt('i,.j)
qt(i,j) = qt(iy2)
qt(i,j2) = temp



enddo
enddo

12 ntlm=ntl-1
nt2m = nt2 - 1
call ss2d (pt, qt, ntlm, nt2m)

o
o
Il

pt1(i
qt1(i
pt2(i
qt2(i
storel(i 0.
store2(i 0.
do19j=1,5
pt i,j; = 0.
qt(i,j) = 0.
enddo
nsect = nsect - 1

gain = 1.

if ((nsect.eq.1).and.(nodd.eq.1)) n =1
if (nsect.ne.0) goto 2

call ncarplt

stop

end

I T |
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subroutine Iplp (naxis. hn, hd)
aimension hn(3), hd(3)
pi = 4.%atan(l.)
write(5.1) naxis
1 format (" Transformation on Z’.i1," axis’)
write(5.%) " Transform: Beta ===> wc’
write%5.‘; " Enter beta’
read(5.%) beta
beta = beta®pi
write(5.%) * Enter wc’
read(5,”) wc
wc = wc™pi
bt = sin(0.5%(wc - beta))’sin(0.5*(wc — beta))

hn(1) = bt
hn(2) = 1.
hn(3) = 0.




hd(1) = 1.
hd(2) = bt
hd(3) = 0.
return
end

C

C

subroutine Iphp (naxis. hn, hd)
dimension hn(3g, hd(3)
pi = 4.*atan(1.
write(5,1) naxis
1 format S(’ Transformation on Z’,il," axis’)
write£5, ; > Transform: Beta ===> -w¢’
write(5.%) * Enter beta’
read(5,*) beta
beta = beta*pi
write(5,%) > Enter wc’
read(5,%) we
we = we*pi
bt = -cos(0.5%(wc - beta))/cos(0.5*(wc + beta))

hn{1) = -1.
hn(2) = -bt
hn(3) = 0.
hd(1) = bt
hd(2) = 1.
hd(3) = 0.
return
end

c

c

subroutine Ipbp (naxis. hn. hd)
dimension hn(3), hd(3)
pi = 4.*atan(1.;

2 write(5,1) naxis

1 format (* Transformation on Z’,il," axis )

write(5,*) ' Transform: Beta ===> wcl’
write(5,*) ’ -Beta ===> wc2’

write(5,*) ' wel > we2’

write 5.*; " Enter beta’

read(5,*) beta

beta = beta*pi

write(5,*) * Enter wcl’

read(5.*) wel

wcl = wcl*pi

write(3,%) ’ Enter wc2’

read(5.*) wc2

wc2 = wc2*pi

if (wcl.le.wc2) goto 2

tk = tan(0.5%beta) tan(0.5(wcl - wc2))
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th = cos(0.5%(wcl + wc2))/cos(0.5%(wcl - we2))
al = -2.*th*tk/(tk + 1.)
a2 = (tk - 1.)/(tk + 1.)

hn(1) = -a2
hn(2) = -al
hn(3) = -1.
hd(1) = 1.

hd(2) = al
hd(3) = a2
return

end

subroutine Ipbs (naxis. hn, hd)
dimension hn(3), hd(3)

pt = 4.*atan(l.;

write(5,1) naxis

format s{’ Transformation on 2’,i1,” axis’)
write(5.,%) ’°

write(5,*) * Transform: -Beta ===> wcl’
write(5,%) * Beta ===> wc2’

write(5.%) " wel > wc?2’

write(5.%) > Enter beta’

read(5,*) beta

beta = beta*pi

write(5.*) * Enter wcl’

read(5.”) wcl

wcl = wel*pi

write(5.*) ' Enter wc2’

read(3,*) wc2

wc2 = wc2*pi

if (wcl.le.wc2) goto 2

tk = tan(0.5%(wcl - wc2))*tan(0.5*beta)
th = cos(0.5%(wcl — wc2)) /cos(0.53%(wcl - we2))
al = -2.*th/(tk — 1.)

a2 = (1. - tk)/(1. - tk)

hn(1) = a2
hn(2) = al
hn(3) = 1.
hd(1) = 1.
hd§2 = al
hd(3) = a2
return

end

subroutine mlitiply (hn. hd. iv12, nhl. nh2. store)
double precision store. sum
dimension hn(3). hd(3). store(3). sum(3}
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c
¢ The subroutine computes (HN**i)*(HD**(n-i))

¢ The dimension of HN and HD is either 2 or 3

¢ ie ==> HN = (a0 + alZ) or (a0 + alZ + a2Z**2)
c

iv=1
inc =1
if (ivl2.ne.2) inc = 2
n = nhl + nh2
doi=1,53
store(i) = 0.0
sum(i) = 0.0
enddo
if (nhl.eq.0) goto 200
store(1) = 1.
doi =1, nhl
doj=1,1iv
dol =1,ivl2
i2=j~1-1
sum(i2) = sum(i2) - store(j)*hn(l)
enddo
enddo
iv = iv - inc
do45j = 1. iv
store(j) = sum(j)
sum(j) = 0.
enddo
enddo

c
200 if (nh2.eq.0) goto 300
if (nh2.eq.n) store(1) = 1.
do 50 i = 1, nh2

do60j=1.1iv
do701 =1, iv12
i2=j~1-1

sum(i2) = sum(i2) — store(j) “hd(l)
70  continue
60 continue

IV = iv +~ inc

do80j = 1.iv
store(j) = sum(j)
sum(j) = 0.

80 continue
50 continue
300 return
end
c
c
subroutine mult12 (storel. store2. pij, qij, pt. qt, ntl, nt2)

-
to




double precision x12, pij, qij, storel, store2, pt, qt
dimension x12(5,5), storel(5), store2(5), pt(5,5), qt(5,5)

c
¢ Performs (a0 + alZ + a2Z**2 + .. aNZ**N)*(b0 + b1Z + .. bNZ**N)
c

doi =1, ntl

doj =1, nt2

x12(i,j) = storel(i)*store2(j)

enddo

enddo

doi =1, ntl

doj =1, nt2

ptEiJ) = pt}hi; ~ pij*x12(iy)

at{ij} = qt(ij) ~ qij*x12(i,j)

enddo

enddo

return

end
c
C

subroutine frqrsp (pt. qt. ntl, nt2. npnts)
double precision pt. qt

dimension pt(5.5). qt(5.5)

complex*8 z. cn, cd

common . a; h(40.40)

pi = 4.*atan2(1..1.)

wi = 2."pi/float(npnts-1)

wl = -pi
w2 = wl
do 1k =1, npnts
do 2! =1, npnts
cn = cmplx(0. 1.)
cd = cn

do3i= 1. nt:
angll = float(i-1)*wl
dod4j=1.nt2
angl2 = float(j-1)*w2
angle = -(angll - angl2)
z = cexp (cmplx(0..angle))
cn = cn — sngl(pt(ij))*z
cd =cd - sngl(qt#i,jgg*z
4 continue
3 continue
h(k.l) = h(k.l)*(cabs(cn) cabs(cd))
w2 = w2 — wi
2 continue
w2 = -pi
wl = wl — wi
1 continue




C

(&}

return
end

subroutine ncarpit
common /b/ w1(40), w2(40)
common /a/ h(40,40)

wi = 2./39.

wl(l} = -1.

w221; = -1.

doi =2, 40

wl?i = wl(i-1) + wi
w2(i) = wl(i)

enddo

call frame

call ezcntr(h, 40. 40)

call tsrfac (ierror)
if(ierror.ne.0) type *.’ error’
return

end

subroutine tsrfac (ierror)

real work(3280), s(6)

common ;/b;/ w1(40), w2(40)

common :a/ h(40,40)

data s(1), s(2), s(3), s(4), s(5). s(6).

* -8.0, -6.0, 3.0, 0.0, 0.0, 0.0/

data angh/45./, angv/15.’

data ix/405/. iy 1000;

ierror = 0

call ezsrfc (h. 40. 40. angh, angv. work)
call ezentr (h. 40, 40)

call conrec (h. 40. 40. 40. 0., 1.. .1, 0, 0. 0)
call frame

call srface (wl. w2, h. work, 40. 40. 40. 5. 0.)
return

end

subroutine multl (x, y, ntl, nt2. result)
double precision x. y, result

dimension x(5), v(3), result(5.3)

doj = 1. ntl

do k = 1. nt2

result(j.k) = x(j) “y(k)

enddo

enddo

return

~J
~1




end

subroutine ss1D (pt, qt, nt)
double precision pt, qt
dimension pt(3), qt(5)

To obtain 1-D State Space Structure

- Type 3 structure (in IEEE. Feb.1985) is used.

N O 06060606000

if (nt.eq.2) then
First-Order Section Realization

d = pt(1)

alpha = pt(2) - pt(1)*qt(2)

beta = qt(2)

al = -beta

bl = sqrt(1l. - beta*beta)

cl = alpha,beta

write(5.%) '

write(5,*) 7’

write 5 ¥) ' *** State Space Structure for G(Zi) ***

o]

i,

write( e
write ) v
902 form ( A- \ector ===> ", f13.9)
write(5,902) a
write(5.%) "’
write(3, 903) bl
903 format (" b- \ector ===> ", f13.9)
write{5.%) °
wrxte() 904) cl
904 format (' c-Vector ===> ", f13.9)
write(3,%) ’
wr1te(3 920) d
else

’-v-\g)/-\

lOlUlrleOl

d = pt{
alphal pt(2; - pt(l%'fqté?%
alpha2 = pt(3) - pt(1)*qt(3
betal = qt(2)
beta2 = qt(3)

)

=

c
¢ Get the Type 3 Structure.




temp = betal/2.

temp2 = temp*temp

all = -temp

al2 = sqrt(1. ~ (temp2*(beta2 - 3.)/(beta2 + 1.)))
a2l = (temp?2 - beta2)/al2

a22 = all

bl = 0.

b2 = (1. - beta2)*((1. + beta2)**2 betal*betal)
b2 = sqrt(b2/((1. + beta2)*(1. + temp2) - betal*betal))
cl = (alpha2 + all*alphal)/(al2*b2)

c2 = alphal/bZ

write(5,*
write{5.,*
write(5,*
write(5,*
write(5,*
write(5,*
write{5.*
900 format({2f13.9)
write{5.900) all. al2
write(5.900) a2l. a22
write(3.%) -
write(5.903) bl. b2
905 format(’ b- \'ector ===2> ", 2f13.9)
write(3.%) ’
write(3. 915) cl.c2
t{ c-

*** State Space Structure of 1-D subfilter ***

k]

— A-Matrix —°

T

)
ki
1)
)
)
b

915 forma Vector === ", 2f13.9)
write(3.%) °
write(5.920) d

920 format(' d ===> ", f13.9)
endif
write(5.)
return
end

L)

subroutine ss2d (pt. qt. m. n)
double precision pt. qt 'p dimension pt(5,3), qt(5.3)
dimension aa(12.12), bb(12), cc(12), dd




o

aa(i,j) = 0.
if((j+1).eq.i) aa(ij) = 1.
enddo

enddo

doi=1,m

doj =1, 2*%n

aa(i,m+j) = 0.

enddo

enddo

aa(l,m+1) = 1.

aa(m-ij) = qt(j1.1)*qt(1.i1) - qt(j1.i1)
enddo

enddo

doi=1.n

mi=m — i

doj=1.n

mj =m — j

aa(mi,mj) = 0.

if(j.eq.1) aa(mi.mj) = -qt(1.i+1)
if(j.eq.(i—1)) aa(mi.mj) = 1.
enddo

enddo

mn=m ~ n

doi=1.n

doj=1.n

aa{m-i.mn-j) = 0.

enddo

enddo

doi=1.n
il=i-1
doj=1m
jl=j~1
aa(mn—ij) = pt(jl.il) - qt(j1.1)*pt(1,il)
enddo

enddo

doi=1.n
doj=2.n
aa(mn-im-j) = 0.
enddo

enddo

ml=m-1




doi=1,n
aa(mn+i,m1) = pt(1,i+1)

enddo
doi=1,n
doj=1,n

aa(mn+i,mn+j) = 0.

if(j.eq.(i+1)) aa(mn+i.mn~+j) = 1.
enddo

enddo

O 0060

bb(1) = 1.
doi=2,m

bb(i) = 0.

enddo

doj=1,n

bb(m—j) = -qt(1-1)
enddo

doj=1.n
bb(mn-j) = pt(1,j+1)
enddo

O 000

doi=1,m

il=1i-1

cc(i) = pt(il,i) - qt(il.1)*pt(1,1)
enddo
cc{m—-1) =
doi=2.n
cc(m+i) =
enddo
cc(mn—+1) = 1.
doi=2.n
cc(mn—i) = 0.
enddo

dd = pt(1,1)

pt(1.1)
0.

write
write
write
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doi=1,iss
write(5,910) (aa(i,j), j = 1, iss)
enddo

910 format 12f13.8;

911 format (12f13.8
write(5,*) 7’
write(5,*
write(5,*) * ——— b-Vector
write(5,*)

write(5,911) (bb(i), i = 1, iss)

b |

write(5,*) 7’
write(5,*) ’’

write 5.*g —— ¢-Vector

s Y

write(3.”
write(5.911) (cc(i), i = 1. iss)
write(5.*) "’

write(5,935) dd

935 format('d ===> ", f15.9)
C
c
return
end
[
C
C

subroutine factor (gainld. hn, hd, p, q, pfl, qfl, pf2, qf2)
double precision p, q. pfl, qfl, pf2, qf2, scale, gainld
complex “8 pc. qc, rl. r2, hecl

dimension pf1(3), pf2(3), qf1(3), qf2(3), p(3), q(3),

. pc(3). qe(3). hel(3), hn(3), hd(3)
doi=1.3
pc(i) = cmplx(sngl}p(i)).o.)
qc(i) = cmplx(sngl(q(i}).0.)

enddo

call root2 (pc, rl. r2)

if (aimag(r1).eq.0.) then

call xformr (hn, hd, -real?rl), pfl)
call xformr (hn, hd, -real(r2). pf2)
else

call xformc (hn. hd, -rl, hcl)

call root2 (hcl. rl, r2)

pf1$1 = gainld*cabs(rl)*cabs(r1)
pfl1(2) = -2.0d0*real(r1)*gainld
pf1(3) = 1.0d0"gainld

pf2(1) = cabs(r2)*cabs(r2)

pf2(2) = -2.0d0*real(r2)

pf2(3) = 1.0d0

endif

call root2 (qc. ri. r2)
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if (aimag(rl).eq.0.) then
call xformr §hn, hd, -real

rl
r2

, qflg

call xformr (hn, hd, -real(r2), qf2
else
call xformc (hn, hd. -rl. hcl)

call root2 (hcl. rl, r2)

af1(1) = cabs(rl)*cabs(rl)
qf1(2) = -2.0d0*real(r1)
qf1(3) = 1.

qf2(1) = cabs(r2)*cabs(r2)
qf2(2) = -2.0d0*real(r2)
af2(3) = 1.0d0

endif

scale = qf1(1)

doi=1,3

pf1(i) = pfl1(i):qf1(1)
af1(i) = qf1(i)/qf1(1)
enddo

qf1(1) = 1.0d0

scale = qf2(1)

doi=1.3

pf2(i) = pf2(i)/qf2(1)
af2(i) = qf2(i)/qf2(1)
enddo

qf2(1) = 1.0do

scale = gainld/(pf1(1)*pf2(1))
doi=1,3

pfl(i) = pfi(i)*scale

enddo

write(3,100) pfl(lg. pfl}Z%. pf1(3), pf2(1), pf2(2), pf2(3)

write(5.100) qfl(1
write(.%) "’
write{5.*) "’

100 format(3f11.7. " " 3f11.7)
return

end

. qf1{2

subroutine root2 (x, rl. r2)
complex 8 x. rl. r2, temp
dimen<ion x(3)

temp = csqrt(x(2)*x(2) -

rl = (-x(2) - temp)'(2."x(3g)
r2 = (-x(2) - temp) (2.7x(3)
return

end
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subroutine xformc (hn, hd, r, hc)
complex*8 hc, r
dimension hc(3), hn(3), hd(3)

he(1) = r*cmplx(hd(1),0.) + cmplxghn
he(2) = r*emplx(hd(2),0.) ~ cmplx(hn
he(3) = r*ecmplx(hd(3),0.) — cmpix(hn
return

end

subroutine xformr (hn, hd, r, hc)
double precision hc
dimension hc(3), hn(3), hd(3)

hec(1) = r*hd{1) + hn(1
he(2) = r*hd(2) - hn(2
he(3) = r*hd(3)} ~ hn(3
return

end
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APPENDIX C

PROGRAM’S LISTING OF 1D2DWC.

Program: 1D2DWC.FOR

1-D Search For “a”

Given 2D cut-off of low-pass recursive digital filter (wc2),
a corresponding 1-D cut-off (wcl) and an appropriate value
of "a” are computed to approximate a circular contour of
radlus wc2. The calculated “wcl” and *a” will be needed in
DST.FOR program. The spectral transformation used takes the
form of Hiz = (z +~ a)/(a*z ~ 1)

1-D Search Procedures:

Taking truncation and word length effects into account.
the search is limited to a: — amax < 0.9
Read in desired cutoff radius of 2-d filter
Find "a” to best approximate circular contour deﬁned
as sqrt(wil**2 — w2**2) = wc2
3) Compute average normalized error
1) Find the corresponding 1-d cutoff frequency

real kwe2 . ki

integer points. pointl

dimension w1(32), w2(32). kwc2(32), w2plot(32)
write(5.%)" radius of cutoff frequency (in fraction of pi)’

write(5.*) " amax:’

read(5.”) amax

radius = 0.1
read (5.%) wc2

pi = 4*atan2(1..1.)

write(5.*) * 2-D Cut-off 1-D Cut-off Error a

123 wc2 = radius™pi

points = 22

loop =1




a=0.1
delta = 0.1
= 100.0

epsilon = 0.005
maxtime = 50

wi(l) = wc2

w2(1) = 0.0

wl(points} = 0.0
w2(points) = wc2
pointl = points - 1
guessO0 = -0.05

guessl = wc2

degree = pi/(2.*point1)
ifail = 0

5 doi = 2, pointl

wl(i) = wc2*cos((i-1)*degree)

xx = a*sin(wl(i)

vy = a*cos(wl(i)) + 1.

xxc2 = a*sin{wc2)

vyc2 = a®cos{wc2) — 1.

kwe2(i) = we2 - wi(i) — 2.*(atan2(xx,yy) - atan2(xxc2.yyc2))
ki = kwe2(i)

Compute W2(i) by calling FNDROOT subroutine —-

call fndroot (guessO. guessl, ki, epsilon,
* maxtime. a, p, ifail)
if (ifail.eq.1) stop

w2(i) = p
enddo
c
¢ ——— To find average normalized error ——-
c
sum = 0.0
do i = I. points
sum = sum — abs{wc2 - sqri(wl(i)**2 — w2(i)**2))
enddo
eprime = 100*sum - (points “wc2)
if (eprime.gt.e) goto 44
e = eprime
best = a
44 a = a - delta®(loop — 1)
if (a.le.AMAX) goto 5
c
c To find cut-off band edge of 1-d prototype -
c

a = best
XX = a‘“sin(wc2)
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yy = a*cos{wc2) + 1

wel = we2 - 2*atan2(xx,yy)

wclpi = wel/pi

write(7,333) radius, wclpi, e, best

333 format(4x, f6.5, 9x, f6.5, 5x, 8.5, 7x, {3.2)

Plot the approximated circular contour ———

a o060

call plotkk

call initt(960)

call tekon

c call binitt

call npts(points)

c call check (w1,w2plot)

call dsplay (w1,w2plot)

call finitt(0,700)
radius = radius -~ 0.05
if (radius.le.1.) goto 123

el g]

o

a0

stop
end
C
c
c
c
subroutine fndroot (guess0. guessl. ki, epsilon,
- maxtime. a, p, ifail)
c
¢ ———- Secant method is used to find the root ——— ——
c

real kwc2 . ki. p, gp. gprime

p0 = guessO

pi = guessl

do j = 1. maxtime

xx = a“sin{p0)

vy = a"cos(pO) -1

q0 = pO ki - 2*atan2(xx.yy)

xx = a“sin(pl)

yy = a“cos(pl) -
o«

ql = pl - ki - a.tanZ(\(x yv)

p = pl-ql*(pl- p0),(ql- q0)
if (abs(p - p1).le. eosﬂon) return
p0 = pl

q0 = ql

pl=p

XX = a"sin(p)

yy = a*cos(p) ~ 1

ql = p - ki - 2*atan2(xx.yy)
enddo
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write(5,*) ’no root found’
ifail = 1

return

end
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