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ABSTRACT

In this dissertation we formulate and solve a class of
production planning and scheduling problem. The problem is one
of optimally specifying production levels for each product
for each period of the planning horizon. The objective is to
minimize sum of setup, regular time production, overtime
production and inventory holding costs. The problem has been
shown to be NP-hard in computational complexity.

We have formulated the production planning and scheduling
problem as a variation of fixed charge transportation problem.
We have developed an efficient Theuristic and an exact
solution algorithm based on this formulation.

The performance of the heuristic has been tested on 243
test problems. The problems differ with respect to (a) number
of products, (b) number of periods, (c) seasonality of demand,
(d) setup cost, and (e) tightness of capacity. The performance
of the heuristic has been evaluated by comparing the heuristic
solution value with a lower bound value.

The most significant effect on the difference between the
heuristic solution and the lower bound is due to seasonality.
The second most significant effect on the difference between
the heuristic solution and the lower bound is due to setup
cost. The effect of number of products, number of periods, and
tightness of capacity on the difference between the heuristic

solution and the lower bound seems to be insignificant,
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CHAPTER 1

INTRODUCTION AND OVERVIEW

1.1 INTRODUCTION

The object of this dissertation is the development of a
computationally efficient heuristic for a class of
production planning and scheduling problems. The problem is
one of a general class of problems commonly referred to as
aggregate planning and master scheduling problems.

In the general aggregate planning and master scheduling
problem a single production facility is used to produce several
different products. The fundamental problem is one of
optimally specifying the production levels for each product for
each period of the planning horizon. The schedule must meet
the forecasted demand for each product in each period. The
total production for each period must not exceed the aggregate
production capacity for that period. The objective 1is to
minimize the sum of the setup, overtime, inventory holding,
backorder, hiring and firing costs.

The capacitated production planning and scheduling problem
is of interest for two reasons. First, it is found in several
manufacturing settings. Plants with shallow bill of materials
are good examples, such as assembly processes, stamping
processes, bottling operations, or breweries. Second, a usual

approach to constrained MRP (material requirements planning)



problem 1is to first develop a lot sizing plan called a "master
schedule"” for the "end products”. The "master schedule" is
essentially a capacitated product scheduling problem.

As a hypothetical example of such a problem consider that
of scheduling production at a sheet metal pressing plant that
produces hoods, fenders and body panels for automobiles. Based
on the planned production of automobiles a forecasted weekly
demand is available for three months into the future for each
item produced. The plant operates for two shifts and can press
10,000 parts per day using regular time labor. As many as 5,000
additional parts can be produced in the third shift through the
use of overtime. The master scheduler for this plant wishes to
meet the forecasted demand with the available capacity at as
low a cost as possible. The cost consists of setup costs,
inventory holding costs, hiring and firing costs, and labor
costs (regular time and overtime costs).

Each production run of a given part requires a very
expensive setup of a press. In order to reduce the number of
setups, parts can be held in inventory to meet future demand.
There is however, a significant inventory holding cost
associated with not only the costs of capital and storage but
also with the increased difficulty of detecting, tracking and
correcting quality problems in the presence of large
inventories. The production in any period can be increased by
using expensive overtime.

The capacitated product scheduling problem is one of the




most renowned issues in production planning. When extended to
multiple products the problem becomes particularly formidable.
The available solution techniques for the capacitated
multi-product scheduling problem are less than satisfactory.
The problem can be formulated as a mixed integer-separable
programming problem. The approach is mathematically exact
since it models the individual products and takes into account
all major costs including setup costs. However, except for
problems with veryb small number of products and planning
periods the solution of the resulting mathematical programming
problem is impractical (see Barany, Van Roy and Wolsey (1984)).
Heuristic approaches have been developed for some special
cases,

In practice, an aggregate approach is typically used: the
demands for the individual products are aggregated into a
common unit e.g. labor hours demanded are lumped into a single
aggregate demand for each period transforming the problem a
single-product problem. The setup costs for the individual
products are ignored. Then a production schedule that
specifies the production for each period in aggregate units is
developed (typically through trial and error methods). This
aggregate schedule is then heuristically "disaggregated" into a
schedule specifying production levels for the individual items.
Obviously, this 1inexact process does not yield an optimal

master schedule.




1.2 OVERVIEW

The problem addressed here differs from the general
aggregate planning and master scheduling problem in one
important  aspect: it considers the aggregate production
capacity for each period as an input, rather than a variable to
be optimized. With this one exception, this approach is capable
of taking into account the major decision variables of
intermediate range prodqction planning e.g. setups, monthly or
weekly production 1eve1;, inventory levels and shortage levels
for each product, overtime, subcontracting and other means for
temporarily adjusting capacity. The model is not applicable,
for example, in situations where the optimization of the hiring
and firing strategy is an important part of the production
planning process.

Some authors (e.g. Graves (1982)) have referred to the
problem, similar to the one addressed here, as the production
planning and scheduling problem, while other authors (e.g.
Bahl Ritzman and Gupta (1986)) have called it the single
level constrained resource problem. In the rest of this
dissertation we will refer to the capacitated product
scheduling problem as the single level constrained resource
(SLCR) problem.

A basis for this research is our observation that the SLCR
problem can be formulated as a type of fixed charge separable
transportation problem. A heuristic solution method based on

this formulation has been developed. This heuristic employs
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some ideas used in solving fixed charged transportation
problems arising in other areas of applications e.g.
location-allocation problems. It also exploits the special
cost structure arising in the SLCR problem.

For purposes of comparison we have also developed an exact
implicit enumeration algorithm, also based on the fixed charge
separable transportation problem formulation. The development
of this exact algorithm in itself posed an interesting research
problem. However, since it seemed wunlikely that an exact
solution method would be practical for real world sized
problems, the primary objective in this research was the
development of a heuristic that would produce good solutions to
large problems.

The computational results for the heuristic are very
encouraging. It is fast enough to be considered practical for
large problems e.g. problems with nine products and thirty six
periods could be solved in an average of approximately 2.00
minutes of c.p.u time on an IBM 4381 computer. The solutions
for the heuristic were either optimal or within .25% of optimal
solution for all of the test problems that could be solved
exactly using the implicit enumeration algorithm. Furthermore
for many of the problems which could not be solved via implicit
enumeration, it was possible to demonstrate via bounds that the
heuristic solution was optimal or near optimal.

On the negative side it was not possible to obtain tight

bounds for those test problems having very high setup costs or




highly seasonal demand. Thus for these types of problems it

was not possible to determine if the heuristic solutions were
near optimal. However even in the worst case it would appear
that the heuristic developed in this dissertation would be an
improvement over the aggregate approach that is commonly being
used.

Chapter II gives a detailed problem description, a
mathematical formulation of the SLCR problem and a proof
showing the problem to be NP-hard. Chapter III consists of
literature review. The chapter discusses literature in the
field of capacitated product scheduling as well as the field of
the fixed charge problems. Chapter IV describes the heuristic
developed for solving the problem. Chapter V describes the
exact solution algorithm developed.

Chapter VI describes the procedure for computing a lower
bound which is wused as bases of comparison of the heuristic
solutions. Chapter VII discusses the computational
experiments. The chapter consists of the design of
computational experiments as well as the summary of results.
The chapter discusses in detail the 243 problems wused in
testing the heuristic. The problems were generated using all
combinations of three different levels of five different
factors-- number of products, number of time periods, cost of
setups, amount of regular time capacity available and
seasonality of demand. Chapter VIII discusses topics for

further research.



CHAPTER II

|
DISCUSSION OF PRPBLEM

The SLCR problem has traditio]ally been formulated as a
mixed integer linear programming problem. The results developed

in this research are based on our

observation that, in the
particular case we solve, the problem can be formulated as a
fixed charge transportation problem.  For completeness we first

formulate the problem that we solve Jsing the traditional mixed

integer 1linear programming approacﬁ. We then show how the
problem can be formulated as a typé of fixed charge seperable

transportation problem.

2.1 PROBLEM DESCRIPTION JND FORMULATION

In our problem description Jnd formulation we follow

fairly standard conventions ( see |Lambrecht and Vanderveken

(1979) or Karni and Roll (1982))J It 1is assumed that the

planning  horizon is divided int M equal time periods

(typically weeks). There are J diff#rent products. The demand
Djm’ j=1,...,J3, m=1,...,M, for produit j in period m is assumed

to be known.

The products can be produced 4sing k different types of

capacity e.g. regular time, and overtime. Ckm' k=1,...,K,

m=1,...,M, denotes the number of units of capacity (typically

machine hours or labor hours) type k |available in period m.




It is assumed that the number of units of capacity used in

the production of a given product is directly proportional to
the quantity produced. Thus for purﬂoses of exposition we will
express all quantities in units Tf capacity required. For
product j in period m, j=1,...,J, wm=1l,...,M, the demand Djm’
the production level ij, and the end of period inventory level

Ijm’ will be expressed in units of cdpacity, i.e. one unit of a

product is the amount that can be produced using one unit of

capacity.

The cost of capacity type k, k=1,...,K, is Pk dollars per
unit, Pl < P2 < ... £ Pk' Thug during a given pjriod m
the capacity cost is a piecewise 1linear function of . 1ij,

j=

the total production level during period m as shown in Figure 1

(see Hanssman and Hess (1960) and Haehling Von Lanzenhauer

(1970)).

Products produced during a gi#en period can be used to

meet the demand for the product ‘during that period or in
subsequent periods. These products?cannot be used to meet the
demands of earlier periods i.e. bac#ordering is not permitted.
Each product j, j=1,...,J, has a holiing cost of Hj dollars per

holding cost is based on the end of period inventory levels.

Thus the holding cost for product J in period m, j=1,...,J,
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Figure 1. Production Capacity Cost Curve.




m=1l,...,M, is Hj*ljm' (The costs of holding inventory can be
i

unit per time period. The computaéion of the total inventory
regarded as being linear over a fairly broad range of inventory
levels, with possible discontinuities at very high inventory
levels (see Buffa and Miller (1979))).

Each product requires a setup éor each period in which it

is produced. The cost of a setup Tor product j 1is Sj dollars

per setup, j=1,...,J. It is assumed that downtime consumed by

the setup operation is negligible.

Let j, k and m index product, type of production capacity
and period respectively, j=1,...,J, ﬁ-l,...,K, m=1,...,M. Using
the following notations the SLCR |is formulated as a mixed
integer linear programming problem.
Let,

J = number of products;

K = type of production capacity available;
M = number of time periods in the planning horizon;

Djm = forcasted demand (expressed in units of capacity) of

product j in period m, j=1,...,J, m=1,... M ;

ij = production level (expressed in|units of capacity) of
product j in period m, j=1,...,J, m=1,... M;

Ijm = the ending inventory (expressed in units of capacity)
of product j in period m, j=1,|..,J, m=1l,...,M;

10




Ijo = initial inventory level (expressed in units of

capacity) of product j=1,...,J;

Sj = setup cost for product j j=1,...,J;

period j=1,...,J;

Hj = holding cost in dollars per unij of product j per
\
K, k=1,...,K;

Pk = cost per unit of capacity type
Ckm = units of capacity type k available in period m,
k=1,...,K, m=1,... M;
Tkm = the total amount of capacity ty@e k used in period m,
k=1,...,K, m=1,...,M;
ij = is a binary variable where Y.mal and Y.m-O signify
respectively presence and absence of setup for product

j in period m, j=1,...J, m=1,..]. M.

11




The mixed integer linear progrrmming formulation of the

SCLR problem is given below.

Minimize
Z Z[s*Y]+Z Z[H*I +Z Z[P*T (1.1)
j=1 m=1 j=1 m=1 i k=1 m=1
subject to:
I, + X, -I., =0D, j=1,...,J 1.2
j,(m-1) jm jm jm J ( )
m=1, M
J 5%
X, - T, =0 m=1,...,M (1.3)
=1 Im ;e
Tkm < Ckm k=1,...,K (1.4)
m=1, M
ij = 11if ij >0 j=1,...,J (1.5)
= (0 otherwise m=1,...,M
Ijm > 0, ij >0 j=1,...,J (1.6)
m=1,...,M

The objective function (1.1) jepresents the minimization
of total cost. The first term in the objective function
represents the sum of setup costs, |the second term represents
total production capacity cost, anj the third term represents
the total inventory holding cost.

Constraints (1.2) represent | the production-inventory

balance equation in which both the q#antity of inventory Ijm of

12




in stock at t

product j to be left

demand Djm for product j in perio

amount Ij,(m-l)

)

e end of period m and the

m are supplied by: the

of product j in stock at the end of period

(m-1), and ij the production quanjity of product j in period

m.

Constraints (1.3) require that
j I

products produced in period m,

K
Z T, the sum of all types of pro
=1 km

period m, m=1,... M.

5

duction

J M
X.m
=1 m=1 J

1,...,M,

the sum of all

is equal to

capacity wused in

Constraints (l1.4) require thaj Tkm the total amount of

capacity of type k, k=1,...,K, wus

the available c

not exceed Ckm

does
in period m, m=1,...,6M.

Constraints (1.5) are logical

for setups for different products in

Sj will be incurred once for product

production amount of product j,

m=l,... M, is positive. Constraint

constraints.

Some desirable features of

programming formulation are itg

comprehensiveness. It is possible t

the costs of changing capacity, e.g|
by treating the capacity levels

constraints (Newson (1975)). Also mag

13
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the

‘as

d in period m, m=l,... M,

pacity type k, k=1,...,K,

constraints which account

every period. Setup cost

j in period m if X.m the

j=1,...,J, in period m,

s (1.6) are nonnegativity

mixed integer linear

flexibility and its

o take into consideration
hiring and firing costs,
variables rather than

re than one capacity, e.g.




different machine capacities, can be considered in the
formulation by including them Tas capacity constraints
(Billington, McClain and Thomas (198#)).

The obvious disadvantage of tﬂis formulation is that it
produces a mixed integer linear program with O(MN) integer
variables and O(MN) continuous vari%bles. Thus the formulation
does not provide a means of solution for most real world
problems (Bahl, Ritzman and Gupta (1386)). The largest problem
known to be solved exactly using this type of formulation is a

special case of eight product eight period problem (see

Barany, Van Roy and Wolsey (1984)).

2.1.2 Fixed Charge Transportation Problem Formulation

The SLCR problem can be formuylated as a type of fixed
charge transportation problem. We have exploited this structure
in the development of our solution approach. In addition to the
notations used in the previous section we introduce the

following.

Let j index product, k index tjfe of production capacity,

m index period in which product is produced and n index period
in which product is demanded, j=1,...,J, k=1,... K, m=1,...,M,
n=1,...,M.

We follow the notation of the previous section. We

introduce the following variable.

Let xjkmn be the quantity (expr#ssed in units of capacity)

14




of product j produced using capacity type k in period m used to
meet the demand in period n, wheJe, j=1,...,J, k=1,...,K,
m=1,...,M, and n=1,... M. }

The fixed charge transportatio‘ formulation of the single

level constrained resource problem is given below.

Minimize

J J K M M

2 Z[S *Y ]"JZL PIEDINL S

j=1 m=1 k=1 m=1 n=m
J K M
+2 03 2 | [nem]* (X ] (201
j=1 k=1 m=1 n=m J

subject to:

M
Y X, =D, j=1,....,3 (2.2)
k=l m=1 JFm m
n=1,...,M
Z Z X imn € Cum k=1,...,K (2.3)
j=1 n=m
m=1,...,M
Vi = 1if Z Z LS . k=l,...,K (2.4)
k=1 n=m
m=1l,...,M
= 0 otherwise
S C3=l,..9 (2.5)
k=1,...,K
m=1, M
n=1,...,M

Problem (2.1)-(2.5) is a viriation of fixed charge

15




i
transportation problem. It differs from the traditional fixed

charge transportation problem in seise that a group of cells in

the transportation tableau share a| unit of fixed charge. The

\
objective function (2.1) expresse# the minimization of total
cost. The first term in the objec¢ive function represents the

sum of setup costs for all products in every period, the second

term represents total production czpacity cost, and the third

term represents total inventory holding cost.

that demand, Djn' of product j,

Constraints (2.2) are deman% constraints which require
j-l,...,J, during period n,

n=1,...,M, is met by xjkmn' m = n, the production quantity of

™

product j in period m used to meet the demand in period n, and

byz Z Xjkmn’ the quantity of product j produced in periods

—K—

prior to period n and used to meet| the demand in period n (i.e
inventory from previous periods).

Constraints (2.3) are capacity constraints which require J

J M
that ggl ggm xjkmn' the total amount of production capacity of

type k used in period m to produce different products does not
exceed the total amount of capacitly type k available in period
m, m=1,...,M, k=1,...,K.

It can be assumed that the total demand and total supply

are equal. If the total demand is less than the supply then an
additional column with demand iqualling excess supply is
added. If the total demand is ?reater than the supply the

problem is infeasible.

16




If total demand for products over the planning periods is

less than the total available capacity, we define

D(J+1),(M+1) as follows:

K M
D1y, (u+1y "kZ_1 mzl - Jg ng D:n

where D(J+1),(K+1) is demand for |dummy column (destination)
((J+1),(M+1)). We then add the folljwing demand constraint for
dummy demand.

) ) -5

=1 (J+1) ,k,m, (M+1) (J+1) , (M+1)

Constraints (2.3) will be changed to equality constraints

as shown below.

X X. + X = C k=1,...,K
=1 nzm (J+1) ,k,m, (M+1) km

Constraints (2.4) are logical constraints which account
for setups for product j in periad m. As noted earlier a
setup cost Sj is 1incurred once for | product j in period m if
the product is produced in peridagd m (using any type of
capacity), that is if Z Z le« is positive, j=1,...,J,

k=1 n=m Hn
m=1,...,M.

Constraints (2.5) are nonnegati?ity constraints.
This formulation provides compuéational advantage over the
standard mixed integer linear prog#amming formulation, since

the structure of the transportation subproblems can be

17




as  flexible as the mixed integer linear programming

exploited. One shortcoming of thisJapproach is that it is not

formulation. The fixed charge‘ transportation problem

formulation cannot be modified to include workforce size as
decision variable or multiple capacity constraints without

losing the fixed charge transportatiqn problem structure.

2.2 TABLEAU FORMATIO# OF PROBLEM

As noted earlier the SLCR Jroblem (2.1)-(2.5) is a

variation of fixed charge transportjtion problem. The sources

(rows) or origin in the transportation tableau are Ckm the

quantity of type k production capagity available in period m,

k=1,...,K, m=1l,...,M. The sinks (c%lumns) or destinations are
Djn quantity of product j demandej in period n, j=1,...,J,
n=1,...,M (see Figure 2). The rows are ordered as

1,),...,&L,...,(L,M,...,(K,M). | The columns are ordered
as (1,1),...,(J,l),...,(l,M),...,(J,‘).

The cell in row (k,m), 1< k <7K, 1l <m< M, and column
(j,n), 1<j<J, 1<n<M, wil# be denoted ((k,m),(j,n)).
The flow assigned to this cell corresponds to the variable

Xjkmn’ and the value of the setup vdriables ij are implicitly

18
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determined by relationship (2.4). Hence a feasible tableau

solution corresponds to a feasible solution to (2.1)-(2.5).
2.3 COMPUTATIONAL COMPLEXITY OF THE PROBLEM

In this section it is showJ that the SCLR problem

\
(2.1)-(2.5) 1is NP-hard, by observing that the problem contains
as a special case a known NP-hard problem. The argument is

similar to that developed by Bitran and Yanassee (1982),

Proposition:

The capacitated multi-product scheduling problem
with no specified pattern of capacity, setup cost, holding cost
and capacity cost is NP-hard.

Consider the partition problem: "Given a set of N integers

An,n-l,...,N find UC (1,...,N) such|that,
|
Ya - Y A"
neU * ne(l,....N)-u O

The partition problem has been shown to be NP-Complete
(Garey and Johnson(1977)). The above proposition is proved by
showing that the capacitated multilproduct scheduling problem
contains the partition problem as a gpecial case.

Assume without loss of generali&y that An’ n=1,...,Nis a
set of positive integers. Consider a 2-product problem with

the following parameters.

20



D1n = D2n =0 . n=1
Dy = Dy = [/ ;cln)
S1 - 82 -1
P1 =0
H1 = H2 =0
Cln - An
Since the problem constructed
the available capacity Cln’ n=-1,.

n=1,...

y oo, (N-1)
? ’N
N
has DlN + D2N 2: C1n
n=1
J.,N will have to be used.

Hence its optimal value is not smalldr than N and will be equal

to N if and only if the sequence C

In’

An’ n=1,...,N can be partitioned such

. -
n€U ™ ne(1,. " m-u I

that 1is, if and only if the partiti

Consequently the capacitated multif

is NP-hard.

21

n=1,...,N or equivalently
that,
N
(2 ¢)
n=1
on problem has a solution.

product scheduling problem



CHAPTER III
|

LITERATURE SURVEY

The survey consists of resedrch in two major areas
relevant to this dissertation research:
1. capacitated product scheduling problem;

2. fixed charge problem.
3.1 CAPACITATED PRODUCT SCHEDULING PROBLEM

The capacitated product scheduling problems can be

classified into two groups:
1. single level constrained resource problem;

2. multiple level constrained resource problem.

3.1.1 Single Tevel Constrained Resource Problem

In Chapter II we have sho that the single level
constrained resource problem is NPfIard. The problem is also
hard in a practical sense since oﬁtimal solution algorithms
have failed to solve all but véry small problems within
reasonable computation times (see e.g. Barani, Van Roy and
Wolsey (1984)).

There are few researchers who |have formulated and solved
problems similar to the problem discussed in Chapter II. Most

researchers have formulated and a&tempted to solve special

cases of the SLCR problem. Researchers who have formulated the

22




SLCR problem similar to the formulation in this dissertation
ignore overtime capacity. In this ' dissertation we consider
regular time capacity as well as overtime capacity to be
constrained.

In the literature two common class of algorithms used to
solve the SLCR problem are:

1. linear programming based;

2. dynamic programming based.

Linear programming based algorithms were initiated by
Manne (1958). The algorithms . are based on set
partitioning, i.e. selecting only one schedule for each
product from a set of suggested schedules. The approach is to
relax the 0-1 set partitioning problem to a linear programming

problem and round off the resulting dolutions.

Manne (1958) suggested a lineﬁr programming model as an

approximation to the SLCR problem. Hé proposed a formulation in
which binary setup variables are riplaced by binary variables
for each production sequence. Although this significantly
increases the number of decisionf variables the number of
constraints 1is modest. The advantale, however, is that the
model can be solved with 1linear programming rather than mixed
integer linear programming. Manne'é (1958) approach does not

guarantee optimal solutions.
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Dzielinski, Baker and Manne (1963) showed through
simulation tests that Manne'’s approach 1is favorable to simply
applying the Economic Order Quantity model. Dzielinski and

Gomory (1965) used the Dantzig-Wolfe (1961) decomposition

principle (in order to accomplish la reduction in the large

number of constraints in the original problem) and improved the
computational efficiency of Manne'’s (|1958) formulation. Lasdon
and Terjung (1967) developed a col generation technique and
handled multiplicity of constraints{by the generalized upper
bounding procedure of Dantzig and Van Slyke (1967). The
technique was shown to be | more efficient than
Dantzig-Wolfe (1961) decomposition priocedure.

Bahl (1983) presented two heuristics based upon Lasdon and
Terjung’'s (1967) column generation algorithm. Instead of using
Wagner-Whitin (1958) condition in thé column generation he uses
a simple lot sizing routine. Bahl anJ Ritzman (1984) proposed a
model that combines fixed-ordering interval techniques (such as
lot-for-lot, periodic order quantity or fixed period
requirements rule) with the ability of Manne’s (1958)
formulation to solve SLCR problems | with capacity constraints

for several work centers.

3.1.1.2 Dynamic Programming Based Alﬁorithms

One of the earlier dynamic programming formulation was

presented by Zangwill (1966) for the single stage and




multistage 1lot sizing problem. He developed a formulation
\

which represents the lot sizing proﬁlems as networks. He used
the concept of concave cost network analysis to analyze the
singlestage and multistage models.

Silver and Meal (1973) presented a heuristic for a
single-product problem with c;pacity constraints. The
heuristic essentially combines prod‘ction for several periods
into one lot as 1long as averagj

|
decreasing. Eisenhut (1975) developed a dynamic lot sizing

cost per period keeps

heuristic based on marginal analysil of the holding costs and
setup costs., The heuristic determings lot sizes on a period by
period basis and allows for fluctuéting and uncertain demand
patterns. Eisenhut’s (1975) heuristic does not always obtain a
feasible solution.

Lambrecht and Vanderveken 1979) further extended

Eisenhut’s (1975) heuristic by improving the marginal cost

determination and feasibility 4ssurance procedure. The
heuristic provides a feedback mechaﬁism to remove infeasiblity
(which might result if Eisenhut's (1975) procedure is used) by
transferring demand to earlier periods. Dixon and Silver
(1981) developed a "greedy" heuristic which always generates a
feasible solution, if one exists. The heuristic is based on

Silver-Meal (1973) lot sizing technique and a set of

feasibility conditions.
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The heuristics presented by [Lambrecht and Vanderveken

(1979) and Dixon and Silver (1981) | proceed by constructing a

schedule period by period, starting with period 1. A binary
knapsack problem is solved to determine which production lot
should be scheduled for production. 1

The algorithm presented by Dogr;maci, Panayiotopoulos and
Adam (1981) starts with a lot—‘or—lot schedule for each
product. It then 1involves a number of rather intricate and
intertwined feasibility-seeking steps and improvement steps. It
looks at all possible lot combinati‘ns and merges the two lots
which yields the largest absolute saﬁings.

Karni and Roll (1982) pr;sented a heuristic for
single-product SLCR problem and theI extended the heuristic to

multi-product SLCR problem. Karni and Roll (1982) start with

]
the optimal Wagner-Whitin (1958) solution for each product and
then attempt to find feasibility and improvement by
transferring production from one period to another. Production
is shifted left (to an earlier period) or right (to a later

period) 1in order to achieve one of two aims (1) elimination of

infeasibility at a minimum cost, or (2) reduction of total

setup and carrying cost by changing the solution structure.
Maes and Wassenhove (1986) ompare the performance of

three heuristics (Lambrecht and Vanderveken (1979), Dixon and

Silver (1981), Dogramaci, Panayiotop‘ulos and Adam (1981)) on a

large set of test problems and analyze their difference in
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performance for wvarious problem parameters (e.g. cost
|

structure, demand variability, tightness of capacity

constraints, etc.).

3.1.2 Multiple Level Constrained Resource Problem

Few papers have considered the multiple level constrained
resource problem. Most of the research is for special cases of
the multiple level constrained resource problem. Lambrecht and
Vanderveken (1978b) proposed two heuristic algorithms for the
multiple level constrained resource problem. The formulation

assumes constraint on capacity only | at the highest level (end

item). Rest of the levels in the  problem is treated as a
separate problem without capacity constraints.

Gabbay (1979) presented an optimizing algorithm for the
multiple 1level constrained resource problem. The model
includes a very restrictive assumption about the production
time required by each product on each machine. The model
assumes that a job must take the Jame fraction of available
time on each machine.

Zahorik, Thomas and Trigeiro (1984) presented an algorithm
for the multiple level problem. dapacity is assumed to be
constrainted only at one level. :ey proposed an optimizing
algorithm for the 3-period problem and a heuristic for the
problem with more than three perio&s based on the optimizing

algorithm.
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The multiple level constrained A resource problem has been

discussed in a series of papers by Bi}lington, McClain, Thomas
and Weiss. The first of these papers (Billington, McClain and
Thomas (1981)) presented a mixed |integer linear programming
formulation for the problem and addressed the question of
product structure compression. The model includes setup costs
overtime, undertime and capacity coﬁstraints. No algorithm is
proposed in this paper to solve the problem.

Billington, McClain and Thomas (1983) proposed a model

similar to the one discussed in Billington, McClain and Thomas

(1981). The major difference betweﬂn the models discussed by
the authors is that in one paper (1981) a group of similar
products are assumed to have a setup and in the other paper
(1983) individual products are assumed to have a setup.

The last of this set of paper; by Billington, McClain,
Thomas and Weiss (1984)) presented a branch and bound procedure
for the special case of the problem where there is a bottleneck
work center. A heuristic based oﬁ Lagrangian relaxation is
used to solve the subproblems to | determine lot sizes. A

smoothing routine is then wused to| adjust production to fit

capacity constraints.

28




3.2 FIXED CHARGE PROBLEM

In the 1literature the solution procedure for the fixed

charge problem consists of heuristics and exact solution

algorithms. Research in the fixed [charge problem area assume
that a fixed cost 1is incurred | whenever the associated
continuous variable becomes positive. There are a few papers
which have considered the "traditional" fixed charge
transportation problem. In the "traditional" fixed charge
transportation problem each cell in the transportation tableau
is assumed to have fixed cost as well as variable cost. Some
authors have considered the case of flixed charge transportation
problem where there is a fixed cost associated with every

source.

The problem considered in this idissertation is formulated
as a variation of the fixed charge transportation problem. In
the SLCR problem formulated in Chapter II a fixed charge is
shared by a group of cells in the trénsportation tableau. None
of fixed charge transportation problems discussed in literature
have  similar property. The exis?ing algorithms for the
fixed charge transportation problem éo not have a provision for
allowing group of cells to share thT same fixed charge. Hence

none of the existing algorithm% for the fixed charge

transportation problem can be used to solve the SLCR problem.

29




|

The solution procedure for the fixed charge transportation
problem consists of heuristics andjexact solution algorithms,
Most exact algorithms cannot solve}very large problems. The
most efficient computer code to Aate (Kennington and Unger
(1976)) was used to solve totJlly dense problems with
dimensions of up to 10%20 Barr et. al. (1981) designed an
algorithm for sparse large scale pfoblems (problems where not
all cells exist and have fixed charges on only a portion of the

existing arcs) which has solved problems with 3,000 constraints

and 1,200 fixed charge variables.

3.2.1 Heuristics

One of the initial results 01 the linear fixed charge

problem which appeared in 1954 was )y Hirsh and Dantzig. They

showed that, for any fixed charge p%oblem, an optimal solution

occurs on an extreme point of the c]nstraint set. Since fixed

charge transportation is a special case of linear fixed charge

problem the result holds and the| solution will 1lie on an
extreme point of the set. Balinjki (1961) presented an

approach to solve the fixed charge transportation problem where

he replaced the non-linear fixed c#arge objective function by
an  approximate linear objective |function and solved the

resulting problem using transportation algorithm.

Kuhn and Baumol (1961) presented a heuristic for
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the fixed charge transportation problem. The heuristic was

involving small number of

designed primarily to handle problems

|
origins and destinations. The heuris%ic obtained a solution by
forcing a highly degenerate soldtion. They suggested an
approximate solution by making small adjustments to supplies
and demands.

The fact that the optimal solljution to the fixed charge
problem 1lies at an extreme point of | the convex set has led to
the development of heuristics which use adjacent extreme point

techniques.

Cooper and Drebes (1967) presented an extreme point

heuristic in which the objective | function is modified at
certain stages in the algorithm (in %articular the linear costs
are modified). At other stages in the heuristic the algorithm
removes from the basis the variable with the largest fixed
charge and insert variable with the smallest fixed charge.

Cooper and Olson developed a heuristic which is a modification

of Cooper-Drebes heuristic.

Denzler (1969) suggested an appyoach which retains most of
the decision rules of simplex metjod while also taking into

account the fixed charges associated with variables entering

and the variables leaving the basis at each iteration. The

approach omits consideration of degeTeracy.

Steinberg (1970) developed sevaral adjacent extreme point

heuristics. The algorithm attempts to find better solutions by

moving away from the current local m%nimum in as few iterations

as possible. Steinberg (1970) als¢o suggested formulating the
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problem as a separable programmin% problem and developed a
branch and bound algorithm for an eﬁact solution of the fixed
charge problem. |

Walker (1976) proposed a heuri%tic which was an extension
to Denzler’s (1969) heuristic. ThJ criteria for selection of
arcs to enter the basis differs fromTDenzler (1969) and Cooper
in that it also considers degen%racy. Walker’s heuristic
identifies an initial 1local minijum and searches for an

improved solution by jumping over adjacent extreme points.

3.2.2 Exact Algorithms

One of the earliest exact algoJithm , Presented by Murty
(1968), was based on searching %mong the adjacent extreme
!

points of the transportation problej. Murty (1968) suggested

that the linear fixed charge problem can be solved by ranking

the vertices of the polyhedral coAstraint set 1in increasing
order of their continuous objective values and then adding
fixed charges to determine an optimaJ solution.

Gray (1968) developed an alt#rnate approach to Murty's
(1968) approach. Gray's (1968) projedure decomposes the fixed
charge problem into a master integer problem and series of
transportation subproblems. To redjce the number of vertices
that need to be examined, bounds are‘established on the maximum
and minimum values of the total fixed cost, and feasibility
conditions are used extensively.

Steinberg’s algorithm (1970) waé based on branch and bound

techniques. McKeown (1975) presented an improvement on Murty's
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(1968) procedure to solve the 1i%ear fixed charge problem.

i
Kennington (1976) presented a bﬁanch and bound algorithm
for the fixed charge transportétion problem. He also

of problem parameters on

presented a study of the effect
computational time and core storagj requirements. Kennington
and Unger (1976) transformed the fixed charge transportation
problem into an equivalent probleq with a special network
interpretation, and developed a bra#ch and bound procedure for
solving the fixed charge transpdrtation problems. Simple
penalties are constructed from the optimal solution of the
associated transportation problem. fhese penalties are used in
the branch and bound tasks of fathomjng and guiding separation.

Fisk and McKeown (1977) presented an algorithm for a

variation of the fixed charge tran%portation problem in which
there are only fixed costs to be incurred when a route is
opened. Their procedure is enhanled by wusing O0-1 knapsack
problems to determine bounds on partial solutions.

McKeown (1981) developed a jranch and Bound procedure

where bounds are calculated seperately on the sum of fixed

costs and on the continuous costs. |Barr, Glover and Klingman

(1981) proposed a branch and bounT algorithm which exploited
the absence of full problem density. The fathoming tests are
similar to Geoffrion and Marsten (1942). The algorithm employs

"up" and "down" penalties propose# by Driebeek (1966) and
Tomlin (1971). l

Cabot and Erenguc (1984) presented branch and bound
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algorithms where Langragian relaxation is applied to develop
"up” and "down" penalties for choosing branching variables and

fathoming nodes.
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CHAPTER IV
HEURISTIC

This chapter presents the heuristic for solving the SLCR
problem. The heuristic works with basic feasible solutions to

the transportation problem (2.1)-(2.5). (The associated values

of the setup variables are determined implicitly by constraints

[~

(2.4).) 1t consists of three phases. The first phase

introduces 1into the basis some variables that are required to

&

meet the demands of the first perio The second phase is a
single pass "greedy" algorithm that selects the remaining basic
variables to provide a good starting |solution. The third phase

makes an attempt to improve the solution obtained in the second

phase by replacing variables in the basis.

4.1 PHASE 1

4.1.1 Description of Phase I

This phase determines how the Jemands for all products in

the first period are to be met. If is positive, then any

Djl
feasible solution to the problem| will have production of
product j scheduled in the first period. The demands for the

products in the first period are met by wusing the least

expensive type of capacity available.
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The output from this phase is either, assignment of values
‘ K
to X, j-1“”J,k-L””mwththj =D
k=1

jk11°

or indication that the problem is infeasible.

k1l ~ °j1

At any point during  PHASE JI or PHASE II, let

D, . Z Z X be the remaining unmet demand for
jn = “jn kmn
k=1 m=1 J |
product j in period n, j=1,...,J, n=1,...,N. Similarly

J M
let Ckm - Ckm - jz; gglxjkmn represent the unused remaining
capacity of type k in period m, k = 1,..., K, m=1,... M.

4.1.2 Steps of Phase I

The steps of Phase I of the heuristic are as follows:

Step 1: Initialization
Initially xjkmn =0
Set j =1, k=1

Proceed to Step 2.

Step 2: (a) If j > J, go to PHASE 1II.
(b) If k > K, STOP. The problem is infeasible.
Otherwise
Assign  value to variable associated with cell
((k,1),(3,1)

Xspqq ~ Minimam (D), G )

Proceed to Step 3.
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Step 3: Update demand Bj

1 and capac1ﬁy Ckl'

1 kl
Cep < g le
551 <--- 0
Mark Column (j.1) i
j=i#

Go to Step 2.

1 kl
By <= Dyp - G
Ekl <--- 0
Mark row (k,1)
k = k+l

Go_to Step 2,

4.2 PHASE II

4.2.1 Description of Phase II

The second phase of the heuristic is similar to the
Vogel’'s approximation method. The dijference, here, is that the
cost coefficients are designed to take into account fixed cost
associated with each cell in the tableau. Also, since in our

problem a group of cells share a fixed charge, the costs of all

the cells which share the fixed charge are updated, whenever

one of these cells becomes nonzero.
As in Vogel's approximation Tethod, Phase II of the

heuristic bases the selection of cells for its initial feasible

solution on the difference between the two lowest cost cells
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leaving an origin or entering a destination. The difference
]
(penalty) indicates where departure from lowest cost

allocations will bring the highest increase in cost. The

maximum possible value is assigned lto the variable associated

with the cell having the largest penalty.

i
The cost coefficients used for ﬁonbasic cells are "greedy"
costs. The cost coefficient for a cell represents the average
rate of increase in the objective function, that will be
incurred when the corresponding variable enters the basis.
If cell ((k,m),(j,n)) 1is chosen to enter the basis, Xjkmn
will take on a value equal to minimum of B;n or E;m' If a setup
\
has already been incurred for product j in period m, for each
unit increase in Xjkmn the objective function will increase by,
-m) *
( By + (n-m) Hj ) (4.1)

On the other hand if the setup has not been incurred for

product j in period m then the objective function will

increase by,

xjkmn * ( Pk + (n-m) * Hj ) + Sj (4.2)

In this case the average rate of increase in the objective
function per unit of demand j met in period n is,

P, + (n-m) * H, + S./Min(D, , G
(n-m) * Hy + S, /Min(D,

k km) (4.3)
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Thus at any stage of Phase II, the cost coefficients of a
cell ((k,m),(j,n)) will be defined by (4.1) if a setup for
product j in period m has already been incurred and by (4.3)
if such a setup has not been incurred. 1In the latter case the
cost coefficient is simply ther slope of the linear

approximation of the portion of the objective function

involving xjkmn’ as shown in Figure 3.

4.2.2 Steps of Phase 11

The steps of Phase II of the heuristic are as follows:

Step 1: Initialization of nominal cost for cells in
|

tableau

Compute the nominal cost for admissible cells

R 5 kan
((k,m),(j,n)) (i.e. cells with m < n).

Rijgn = B * (nom) * H, | j=1,...,J
k=1,...,K
K
if Djn-nggl X1y > O m=2,...,M
n=m, M
Rijun = P + (@om) * Hy + sJ./Min(BJ.n, Ekm)
_ _ , K
if Min(D; ,C, ) > 0 and kzlxjku -0

For inadmissible cells (i.e. cells with m > n),
define the cost as L, where L 1is a very large

number.

Proceed to Step 2.
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Cost

Slope = Pk + (n-m)*Hj
Slope =
Pk + (n-m)*Hj +

) Sj/Min(Djn, Chor)

Objective

Min(Djn, Cpr)

Function

......... Linear approximation

Figure 3. Nature of Objective Function and Linear

Approximation of Objective

40
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Step 2:

Step 3:

Step 4:

Computation of row penalties

For each unmarked row compute penalty E

(k,m)"
Bem ™ aem) 7 A,m)

where A is the lowest nominal cost in row
(k,m) ‘

(k,m) and A'(k,m) is fhe second lowest cost in
row (k,m). |

Proceed to Step 3.

Computation of column penalties

|
For each unmarked coluﬁn compute penalty G

(j,m)

as follows:

‘G T PG T B

where B(j,n) is the | lowest nominal cost in
columm (j,n) and B'(j,n) is second lowest cost
in column (j,n).
Proceed to Step 4, ‘

Selection of cell 'm’ ), (3" .n')) to_enter
basis
Let E(k',m’) = Max (E(k,L))
Let G(j',n') = Max (G(j’b))
TE B my > € ny

Rj'k'm'n' = Min (Rjk'L'n) j=1,...,J

‘ n=1,...,M
where ((k',m’),(j',n'))3 is the cell selected to
enter the basis.

If E <G,,
(k',m") (')

= Min (Rj k=1,...,K

Rj!klmlnl Imnl)
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m=1, ...

M
\

where ((k’,m'),(j',n'))i& the cell selected to

enter the basis.

Proceed to Step 5.

Step 5;

Step 6:

Step 7:

Step 8:

Assign value to cell (

to _enter the basis
Xj'k'm'n' = Minimum {( D,

If X = 0 mark

Jlnl’ Cklml

(k! m").(3'.n")) selected

}

column (j’'.n') and go to

jlklmlnl

Step 2. Otherwise proce

Update row capacity and

<m Ck'm'

(w]]

D, , <---
jn

Mark column (j'.n’).
If

o

> Ck'm'

D

jlnl

D,
J

nt <°C

‘ln'

J
0

Ck'm' <o

Mark row (k' m').

Proceed to Step 7.

If all columns are mar
all demands are met

Step 8.

Recompute nominal cost

Compute nominal costs
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d to Step 6

column demand

j'nl

which implies that

. Otherwise proceed to

__for cells

for cells which share a




1
fixed charge with the cell ((k',m"),(G',n")).

= [ B+ (o) *H, ] kel K

Rj'km'n

l n=1,...,M

Proceed to Step 2,

Phase 1II uses a "greedy" apprLach to add cells to the

basis. At each step, the cell whiFh would result in highest

penalty if not included in the basis fis added to the basis. The
underlying 1logic is that, the appr[ach attempts to add that
cell to the basis, which will resth in the "best" use of
available capacity. |

From the definition of Rjkmn it can be seen that the least
expensive cells will be those for [which m = n and Djn is

large or those cells for which a setup has already been

incurred. Phase II will tend to either schedule new setups for

a product in the period of highest demand for that product, or
depending wupon the magnitude of t%e holding cost, it may
attempt to take advantage of existing‘setups. In either case it
will tend to choose the least exLensive type of capacity

available.

4.3 PHASE [III

Phase III employs a heuristic|/ to improve the solution

obtained in Phase II. The algorit[m is similar to primal

network simplex algorithm. The major difference is that the

fixed costs as well as

heuristic takes into consideration

variable costs in pricing pivots. Thr algorithm converges to a
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local optimum (in sense the no further improvement in the
objective function can be achiev:L by replacing a single
variable in the basis). |

\
4.3.1. Review of Primal Simplex Algo#ithm

In this section we briefly review the primal simplex
method. Small bold letters will delote column vectors, and a
prime indicates transpose. Large bold letters denote matrices;
superscripts denote columns and subscfipts denote rows.
Consider
Min c’'x
s.t. Ax=b (L)
x>0
A is am by n matrix of technological coefficients. A may be
partitioned A = (B,N), with B an m by m matrix of linearly
independent columns which is called a basis.
Given a feasible basis there always exists a unique x* such
that

* |
Bx =b (2)

*
In terms of this x there is always a current basic

. 0 s | \
solution x = |x| and upon partitioning c¢ in the same manner

0

0 *
’ - ’ ’, - ’
as A, one has c'x (c B'C N) x c’px (3)

0o |0
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Any generic solution x satisfying
rewritten in terms of the basic solut

Ax = (B,N) Xz - B

N

Further, since B is a basis,
transformation Z such that:
BZ = N
Multiplying (5) by XN and subtracting
B(x* - ZxN) + NxN -
Subtracting (6) from (4) yields: B(xﬂ
Since the columns of B are linearly i

and the general solution becomes

X = X = x* - Z#N

N N

With this form it is easy to compare

0 . . .
current X and identify an improved

The value of the generic solution (us

c'x = c'BxB + c'NxM
*

=c' x + (¢’

B N

=-c’' x* + (¢’
B N

where u (often called the dual solut

is the solution of
' - [
u'B c B

From (8) it is clear (since Xy > 0)

45

the constraints can be
ion:
Xy + NxN = b (4)
there exists a unique

(3
from (2) yields:
b (6)
*
- [x - Zxg]) = 0
ndependent, Xg = x* - ZxN
(7

the value of x to any
solution when one exists.
ing(3) and (5)) is:

c B(x* - ZxN) + c'NxN

I ke
- u’N)xN

ion or simplex multiplier)

(8)

(9)

that a necessary condition



|

X . . . k

for an improved solution is that therT exists a column of N,N,
such that:

e - wNE <0 \ (10)

With such a column consider a specifi£ vector obtained from (7)

cept X,
...,xk,...,O). (11)

by taking all components of Xy zero e

X' = (x* - kak, 0,

As a function of X 2 0, this vectrr must by its derivation

satisfy the explicit constraints
Ax = b
For components Zix > 0 this requires ki T 2% >0
*
or X =x. [z, (12)

*
Taking X = X / Zoy with 2z 0 in (11) 1leads to the

- ey 2
i ik
exchange of B' and Nk in the partition between basic and

non-basic columns and the new basic solution

~ * ( * ) . d
X =x -z . (%, z, r i; an
b o o rk* i ik’’ 1
*
~
X, = X_ Z,.,.
i i / ik
) » . *
Assume that there is a current basis| B, a current solution x

*

to Bx =b , and a current u of u'B = c'B. An iteration of

Simplex procedure is summarized:

Step__1: (Pricing) Select a candidFte variable to enter the

basis with (ck - u'Nk) < 0.
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(Ratio test) Let i be a

Step 2:

determined as follows:

X5 / Zik ™ Min {

1<r<nm

Step 3: (Rivot) Update the primal sol

yariable where i is

>0

zrk

Xr / Zrk - )

. ~ * k
Ltlon X=X - ka .

i |
Change the basis by exchanging B" and‘Nk.

Find the new dual solution u’B = c’_.

B

The algebraic specialization o
transhipment problems, which is the

the heuristic, is given in Bradley, B

4.3.2 Description of Phase III

Since
of fixed charge transportation proble

is 1introduced into the basis, the t

as the total fixed cost of the solut

total fixed cost (setup cost) incurr
of the following:
1. the

setup cost associated

positive form zero;

the SLCR problem has been

L the Simplex method for
Easis of the Phase III of

rown and Graves (1977).

formulated as a variation

m if a nonbasic variable

otal variable cost as well
ion may be affected. The
ed may be affected because

with variables which turn

2. the setup cost associated with variables which are

reduced to zero from a positive walue.

Suppose the setup variable ij associated with a
production X, is zero. 1If the p

jkmn

from zero it will result in an addi

setup variable ij has wvalue 1.

production variables that share th
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iv rns X, ositive
ivot tu Xkan positi

tional setup. Suppose the

If the pivot reduces all

is setup to zero it will




result in elimination of the setup.

The major difference in the

P

Phase III is in the pricing st

nonbasic variable selected to enter

is the one that will result in th

total cost. Given a basic feasi

variable X, enters the basis,
jkmn

objective function value is given by

AN wjkmn

where

.[S = value at which nonbasic variable X,

rimal simplex algorithm and

rategy. In Phase III the
the basis at each iteration
e maximum reduction of the
le solution if a nonbasic

the resulting change in the

(13)

Zs * Y

j=1 m—l jm

will enter the

jkmn
basis

wjkmn = the reduced cost of tre entering variable Xjkmn

corresponding to the continuous portion of the
objective function (2.1)

wjkmn -‘J(k,m) - (j n) + ( P + (n-m) * Hj )

U(k,m) = dual variables associated with source (k,m)
considering only the variable cost associated with
each cell.

v(j,n) = dual variables associated with destination (j,n)
considering only the variable cost associated with
each cell.

Pk + (n-m) * Hj = variable cosT associated with variable

xjkmn'

Yjm is the current value of the

is the value

*
J in period m and Y,
jn 48

setup variable for product

Tf the setup variable after



L . .
Xjkmn is brought into the basis (‘jm and ij are determined

implicitly by constraints (2.4)).

4.3.3 Steps of Phase III

Step 1: Choose a starting basic fea%ible solution.

Set XI = the basic feasible sllution obtained from Phase

IT and ZI - the associated objective function value.

Step 2: Compute dual variables associated with source U(x,m)

and destination V n) (considering only variable cost for each

(j
cell).

Set U(k,m) = Q.

If U(k,m) has been computed, V

has not been com uted,
j.n) P

@,

and cell ((k,m),(j,n)) is a basic cell, then set V(j n)

U(k m) + [Pk + (n-m)* Hj]°

If V( n) has been computed, land cell ((k,m),(j,n)) is a
basic cell, then set U(k,m) - V(j,n) - [Pk + (n-m)* Hj]'

Repeat step 2 until all U(k,m)’ (k,m) -
(1,1),...,(K,l),...,(l,M),...,(K,M), and V(j,n)' (Jn) =
(1,1),...,(J,l),...,(l,M),...,(J,M), have been computed.
Step 3: Pricing

For all nonbasic variables, usiig (13), compute the change
in the objective function that would result if the nonbasic
variable is introduced into the basi

reduction in the objective function

If no entering nonbasic vaTiable will result in a
To to step 5.



Otherwise select X the nonbasic variable which will

jkmn’

result in maximum reduction in the obfjective function.

Step 4: Pivoting

Introduce nonbasic variable X.

Update XI, ZI, and dual variables.

jkm

Go to Step 3.

Step 5: Stop. If the solution X,

jkmn ¢

in any of the inadmissible cells (i.e|

solution obtained is infeasible.

Otherwise the solution obtained
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L into the basis.

onsists of a positive flow

cells with cost L) the

is feasible.




CHAPTER V

EXACT SOLUTION ALGORITHM

This chapter describes the exact solution algorithm
developed for the SLCR problem. It also discusses different

bounding procedures used by the algorithm.

5.1 DESCRIPTION OF |ALGORITHM

The exact solution procedure is based on implicit

enumeration. In this technique each |of the possible assignment

of wvalues to the logical variables is considered, either
explicitly via computing the minim value of the objective
function associated with the assignment or implicitly by
demonstrating that no solution having this assignment can be
optimal.

In the implicit enumeration procedure an assignment of

values to the logical wvariables is represented as a binary

matrix [ij] of the logical variables. The dimension of this
matrix 1is J*M, where J is the numb#r of products and M is the
number of periods. A value of 1 for‘the row j and column m for
example, indicates a setup for prodth j in period m.

The concept of a partial agsignment is wused in the
enumeration process. A partial asgignment is an assignment

matrix in which some of the binary wariables have been "fixed"

at one of the admissible values, 0 or 1, and the remaining
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binary variables are "free" to assume

A complete assignment to the assi

"completion", 1is constructed by assi
all its free variables.
Associated with

any compl

transportation problem. Cells in the
tableau will be admissible or inadm
value of the setup variable ij in th
a given completion ij is fixed at
cells that share the same setup (ij

the other hand if ij is fixed at wval

that setup will be inadmissible (th
made 1inadmissible by assigning a ve
feasible solution to this associat

will be one in which there will be f
which are admissible (i.e a continu
assigned value only if cell ((k,m), (j

At any point during the enumera
is

a complete assignment of wvalues

called the "incumbent". The optima
transportation problem associated
called ZI. ZI is an upper bound on

optimal solution to the SLCR problem

The implicit character of the
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a value of either 0 or 1.

L

éning admissible values to

nment matrix, known as

etion is a standard

associated transportation
issible depending upon the
e completion.

Suppose for

a value 1. The group of

D will be admissible.

On
ue 0, the cells that share

P

ry large cost to them).

cells in the group are
A

ed transportation problem

low assigned only to cells

§kmn will be

,n)) is admissible).

%us variable X,

tion process designated YI

to the logical variables
1 objective value for the
with the “"incumbent" is
the objective value of the
(2.1)-(2.5).

talgorithm stems from the




ability to determine information pertinent to optimality and

feasibility from a specific partial assignment. For example,
1. by demonstrating the nonexisﬁence of any completion of
the partial assignment, with the objective value of the
problem associated with the completion less than ZI, or
2. by demonstrating nonexistence| of a feasible solution to

the problem associated with any| completion to the partial

assignment.

In either case, the partial assignment is considered to
have been fathomed. If fathoming faills, we resort to explicit
enumeration by fixing the value of the immediately next free
variable (augmentation). If fathoming succeeds, we backtrack
to a different partial assignment. If a completion to the
binary matrix is constructed the  associated transportation
problem is solved optimally to determine the values of the
continuous variables X, and té determine the objective

jkmn

function value. If the objective value is less than ZI, then

the incumbent YI and the objective value of the problem
associated with the incumbent ZI ar% updated with the improved

solution.

In the procedure developed here the augmentation step

always proceeds by column in the assignment matrix, starting

from element in column 1 row 1 and lending at column M row J.

The ordering of the variables for augmentation purposes will be

Y Y Thus in any partial assignment

11""’YJ1""’Y1M""’ M-
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the fixed variables will all precede (by column) the free

variables. The bottommost fixed variable (of the rightmost

column with fixed variables) will aﬁways be the most recently

fixed wvariable. 1In the augmentatior step the variable to be

fixed 1is always fixed at 0 first. | (The variable takes on a

value of 1 in the backtracking step.)

5.1.1 Statement of the algorithm

The following sequence of ster characterize the basic

Initialize ZI equal to the objecLive function value of the

enumerative procedure.

1. Initialization

best known feasible solution to the SLCR problem and YI to the
corresponding assignment of values to logical variables. If
there is no known feasible solution set ZI—dJand fix the first
logical variable Y11 to 0.
Proceed to step 2.

2. Fathoming
Attempt to fathom the current partial assignment. 1If
successful go to step 3.

Otherwise proceed to step 5.

3. Termination

If all elements of [ij] are fixed at 1, stop. Either ZI
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<08, 1in which case solution to the p[oblem associated with the

incumbent YI solves the problem (2.1)}(2.5), or ZI-ou, in which

case no feasible solution exists for #roblem (2.1)-(2.5).
Otherwise proceed to step 4.

4, Backtrack L

Alter the value of the wvariabl , the variable which

H j m

was most recently fixed at value O, to 1. Drop all elements

which follow the altered variable. UFdate [ij] and go to step

2 |

5. Updating |

If the current partial assignmekt is a completion, solve
the problem associated with the conletion. If the optimal
objective value of the problem associated with the completion
is equal to a lower bound Z then STOP. The completion is the

optimal setup combination and the | optimal solution to the

associated problem is the optimal soliution to the SLCR problem.
(The procedure for computing a lowjr bound on total cost is
described in Chapter VI). If the %ptimal objective value of
the problem associated with the c&mpletion is 1less than ZI,

replace YI and ZI by the improved solution.

Otherwise proceed to step 6.
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6. Augmentation

Update [ij] , and go to step 2.

The algorithm is both exhaustive and non-redundant; hence,

it converges to an optimal solutio in a finite number of

L
steps. L

|
Fix the value of the immediatel( next free variable to O,

The following problem example demonstrates the algorithm.

Minimize Y11 + Y12 + Y21 + Y22 (5.1)

subject to:

Xiin Y X0 F v Xy S04 (5.2)

%11 * %91 * Xpyp tXpyp S 4 (5.3)
A (5.4)
Xy + Xppy | =1 (5.5)
SIS T (5.6)
Xpo * Xopy | =1 (5.7)

2
1 if Y} X, >0 | j=1,2

Y, - n=1 7 m=1, 2 (5.8)

J 0 otherwise

X, >0

jmn

The solution to the above problem example using the

implicit enumeration algorithm is shown in Table 1.
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Table 1

An Example of the Implicit En

umeration Algorithm,

Stage [ij] Z Comments
i 0 0 Violates [5.4]. Backtrack.
ii 1 1 Enumerate further.
iii 1 1 Violates [5.5]. Backtrack.
0
iv 1 2 Enumerate further.
1
v 10 2 Enumerate further.
1
vi 10 2 Inc Fent Solve optimally
10 problem associated with the
complEtlon
Solution is X116 y Xi%1 =1
112 11O ’
ﬁ 22 )
ack
vii 10 3 Inferkor to incumbent.
11 Backtrack.
viii 11 3 Infer%or to incumbent. All

which are fixed have a

uel 1. End of enumeration.
Solutfion is X116 =1, Xl%l =1,
X =0, X Y ;
Y112_:1 122O Y 11O
21 ! 12 22
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5.2 BOUNDING PROCFDURES

The strength of any implicit enureration algorithm lies in
its fathoming process, since it is by fathoming that solutions
are evaluated implicitly rather than Fxplicitly. By exploiting
the structure of fixed cost transpbrtation problems we have
developed efficient fathoming tests.

Fathoming tests are based on pptimality and feasibility
considerations relative to the problem of determining a
completion to the partial assignment being enumerated and
solution to its associated problem.

The algorithm developed here |is for the case of SLCR

problem in which there are two modes of production capacity
(i.e. regular time and overtime). Backordering is not

permitted. The modifications to h%ndle additional modes of

production and/or backordering are [very straight forward. We

have chosen the 1less general case for reasons of notational

we, as well as most researchers in

simplicity and because this case c%rresponds to the one which
jhe field, have chosen for

computational experiments.

If Z is a lower bound on the thimal objective values of

5,2.1 Fathoming Procedure 1

the problems associated with all ﬁompletions of the partial
assignment being enumerated, then the partial éssignment can be
fathomed if Z > ZI, where ZI is the optimal objective value of
the problem associated with the "incumbent”.

Let Yj'm' be the most recently fixed logical variable.
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Let S be a lower bound on the setup cost, H be a lower

bound on the holding cost and P %e a lower bound on the
production cost for the proble;s associated with all
completions of the partial assignment being enumerated.

Z, a lower bound on the optimal objective value for the
problems  associated with all COﬂpletions of the partial
assignment being enumerated. Z is gi&en by,

S +H + P.

5,2.1.1 TLower Bound on the Setup Cost

A lower bound on the setup cost [for all completions to the

partial assignment being enumerated can be determined by
computing the setup cost that will %e incurred by that partial

assignment. S is given by,

Y X
S, *Y, o+ 5 s o*y, (5.9)
1 g1 J Im jgl U

5.2.1.2 Lower Bound on the Holding Cost

A lower bound on holding cost that will be incurred by the

problems associated with all completions of the partial

assignment being enumerated can be determined by computing
minimum holding cost that will bj incurred by the problem

associated with that partial assignment. Since backordering is

not permitted, if setup for a pro#uct is not planned in any
period, the demand for the product iﬁ that period has to be met
by using capacity in periods prior to that period. This will

result in holding cost for products |carried over to the period
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Hence if

in which they are demanded.

D,
jn

using Ckm’ the production capacity of

n, the demand for product j in

k=1,2 and m < n.

Suppose an is fixed at wvalue

cost that will be incurred in meetin

H

to . * D, (since demand for the
J Jn

have to be satisfied by products wh

at least one period). Therefore a 1

H that will be incurred by the pro

completions of the partial assignmen

computed as shown below.

Y,

n [1- j

j=1

= (0 and Y(j),(n-l)

to be

(Suppose an

product j in period n has

production capacity of period m, whe

]*H.+iD.
n j & im

Y,
jm

. period n has to be met by

=0, j=1,...,J, m=
type k in period m, where
zero the minimum holding
g demand Djn will be equal
products in period n will

ich are carried forward by

wer bound on holding cost
lems associated with all

t being enumerated can be

(5.10)

-

D the

=0, . demand for
jn

met by wusing the

Ckm’

re k=1,2 and m < (n-1).

In this case the demand for product j in period n will

have to be satisfied by the invent

carried forward by atleast two peri
bound on holding cost can be compute
setups for products in consecutive pﬁ

be done without much difficulty b

ory of product j which is
ods. Hence a better lower

d if information regarding

riods is stored. This can

y using "efficient" data

structures.)

5.2.1.3 Lower Bound on the ProductioJ Cost

A lower bound on the producti
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associated with all completions o the partial assignment

being enumerated can be determined by assuming that the product
demands are met by using the che%pest mode of production
capacity available i.e. all regular éime capacity available is
used before any overtime capacity is used. It is clear that
the production capacity in any perioF can be utilized only if
setup for at least one product is planned during that period
i.e. ifii;ij = 0, the capacity available in period m cannot
be utilii;d.
Let k=1 and k=2 index regular time and overtime modes of
production capacity respectively.
Let C1m denote regular time capacity available in period m.
Let sz denote overtime capacity available in period m.
Let P1 denote cost per unit of regular time capacity.

Let P2 denote cost per unit of overtime capacity.

Let C = maximum regular time capacfity that can be utilized.

m’ M
C= 0 Cu*A + Y ¢ (5.11)
m=1 m=m’+1
J
where A = |1 ifz Y. >0
m =1 jm

- 0 otherwise
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5.2.2 Fathoming Procedure 2

If S is a lower bound on the s

-(Z ZD -C) * P, +C*P if . >C
j=1 n=1 J 2 - j=1 n=1 I7
P = Z z otherwise
j=1 n=1 Jn P
Z=~S+H+P

etup cost for the problems

associated with all completions of the partial assignment being

S where S 1is an upper bound on se

solution to the SLCR problem.

In problem (2.1)-(2.5) 1if fixe

the problem reduces to an ordinar

Hence if setup costs are set to zero,
the

reduced problem becomes one

(production and holding) costs.

Let ZV

reduced problem.

be the optimal object

lower

Zv will be a
of production and holding costs) |
solution to the SLCR problem.

Let S be the upper bound on tog

the optimal solution to the SLCR prob

enumerated then that partial assignment can be fathomed if S >

rup cost for the optimal

5.2.2.1 Upper Bound on Setup Cost

costs are equal to zero

transportation problem,.

the objective function of

of minimizing wvariable

ive function value of the

bound on the wvariable (sum

costs for any feasible
tal setup cost incurred by

lem.



S is given by,
I I

2 -z

(5.13)

where ZI is the optimal objectivg value of the problem

associated with the incumbent completion Y.

Theorem 1:

I

S 1is an upper bound on the sptup cost for the optimal

solution to the SLCR problem.

Let ZO be the optimum objective walue for the SCLR problem

ZO - SO + ZV0

where S0 is the total fixed (setup) cost incurred by the

optimal solution and ZVo is the total| variable cost (production

and holding costs) incurred by the optimal solution.

2l -5+ z, (fFrom 5.13)

Since z° is optimal value 2z > z°
Therefore S + ARS s9 + zvo

0 20 - 7

2,° - 2,20  (since 7,

Therefore S > S

is a lower bound on the

variablL costs for any feasible

solution to the SLCR problem)

Therefore S > So
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Therefore S is an upper bound on the setup cost for the

optimal solution to the SCLR problem.

5.2.3 Fathoming Procedure 3

A partial assignment matrix [ij] can be fathomed during
the process of enumeration if it| can be shown that all
completions of [ij] will violate some demand constraint of

the SLCR problem.

If Yj’m’ is the most recently fLIed setup variable, it may

be possible to fathom by observing that demand for product j’

matrix [ij] can be fathomed if 'the cumulative capacity

less than the cumulative

in period m’ cannot possibly be mTt A partial assignment
available in periods 1 through m’ 1%

demand for product j’ in periods 1 through m’.

r
It is clear that the production Lapacity in any period can
be wutilized only if setup for at least one product is planned

during that period i.e. if ij -0, production
j=1 .

capacity avallable in perlod m cannotlbe utilized.

Therefore a partial assignment matrix [Y can be

jm!

fathomed if

Cpn®A - ( ., ) <0
kgl mg z nz-l Z-1 jm
J
vhere A_ = 1 1ij1 Y, >0

= (0 otherwise
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CHAPTER VI

LOWER BOUND

This chapter describes a procedu

bound on total cost for the SLCR pr

used for fathoming in the implicit
also

for analyzing the performanc

chapter also discusses the effect of

the lower bound. Finally the chapte

the lower bound to the optimal sol

which were solved exactly.

6.1 PROCEDURE FOR COMPUTI

I

E

e

e for computing the lower
blem. The lower bound is
enumeration algorithm and

of the heuristic. The
the problem parameters on
r presents a comparison of

utions for those problems

NG LOWER BOUND

The objective function (2.1

(2.1)-(2.5) is to minimize the s

#
T

a lower bound on the |

production costs. A lower bound on
is computed by solving two seperate

In the first

costs and in the second a lower bo#n

found. The 1lower bound on the sum

is determined by solving a relaxatig
setup and holding costs in the objec

computes a lower bound on the pr

relaxation of the

a lower bo

objective function. Z,

for the SLCR problem, can be obt%
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of the SLCR problem

of setup, holding and
otal cost for the problem,
elaxations of the problem.
sum of setup and holding

d on production costs are

of setup and holding costs

n of the SLCR problem with

tive function. The second

oduction costs solving a
costs in the
nd on the objective value

ined by summing the lower




bound on the setup and holding costs and the lower bound on the

production costs. ‘

6.1.1 lLower Bound on Setup and Holdiné Costs

This is found by solving a ’relaxation of the SLCR
problem (2.1)-(2.5). 1If cost of pro&uction is set to zero the
objective of the problem becomes one! of minimizing the sum of
setup and holding costs. The proLlem then reduces to a
multi-product capacitated lotsizing Lroblem. The SLCR problem

with zero production cost is shown begow.

Minimize Z1 where Z1 -
J K M N
(s, M (nbm]*[X,. *H,] (6.1a)
Zl mgl jgl kzl le ngm Iy
subject to:
" |
X. . j=1,...,d (6.2a)
kZl mzl jtam = Pyn ‘
n=1,6... M
J M
XY X, o< € k=1,...,K  (6.3a)
j=1 n=m Jxmn ‘
m=1,...,M
K M
- | -
Y 1 if k§1 ngm Xkan >0 k=1,...,K (6.4a)
m=1,...,M
= (0 otherwise ‘
S j=1,...,d (6.5a)
| k=1,...,K
m=1l,...,M
n=1, M

If the production capacity constraints (6.3a) are relaxed




the problem reduces to several single-product uncapacitated
lotsizing problem. The Wagner-Whitin algorithm (1958) can be
used to solve these single-product, uncapacitated lot sizing

problems optimally. A lower bound (Z) on the objective value

for the above relaxation can be obtaFned by minimizing the sum
of setup and holding costs separately for each product usin

g P y P g
Wagner-Whitin algorithm and summing‘the individual objective
values. The lower bound (Zl) so obtaFned will be a lower bound
(Z') to the objective of problem (6.Pa) and also a lower bound
on the sum of setup and holding chts of the SLCR problem

(2.1)-(2.5).

6.1.2 Lower Bound on Production Cost

If the setup costs and holding costs are set to zero in
the SLCR problem (2.1)-(2.5), it reduces to a standard

transportation problem. The objective of the reduced problem

is to minimize the production costsy The reduced problem can

be stated as shown below. ‘

Minimize 22 where 22 -

J K M M ‘
X, *P. ]l 6.1b
jZl k=1 m=1 nzm[ Jkmn k]“ ( ‘
subject to:
K M |
k}_:l mgl Xan = Djn | j=1,...,J  (6.2b)
n=1, M
J M
Y Y X mn € Clen k=1,...,K  (6.3b)
j=1 n=m
‘ m=1, M
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K M
Y, - Lif égi ;g; X > 0

= (0 otherwise

jkmn

k=1,...,K (6.4b)

m=1l,...,M

j=1,...,J  (6.5b)

k=1,...,K
m=1, M
n=1,... M

The optimal objective value for the reduced problem (6.1b)

provides a lower bound (Z") on the

SLCR problem.

production costs for the

Hence the summation of the loer bounds on the objective

values of problem (6.1a)-(6.5a) and problem (6.1b)-(6.5b) will

give a lower bound on the objective of the SLCR problem, i.e.

Z=2"+2"

6.2 TIGHINESS OF LOWER BOUND

In this section we give argumerts that the tightness of

lower bound will be affected signfficantly by the following

parameters: ‘
1. seasonality;

2. setup costs;

3. tightness of capacity.

These conjectures are supported by the computational

results.
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6.2.1 Effect of Seasonality

The lower bound procedure used to obtain a lower bound on
the sum of setup and holding cost ‘for each product ignores

capacity constraints. If there is no|seasonality in demand the

Wagner-Whitin algorithm will ten? to result in setups
distributed rather uniformly over thf planning horizon. It is
likely that the lot sizes for this rsetup combination will be
small and hence will not be hard Fo fit into the available
capacity. For problems with low sFasonality the 1lot sizes
obtained by the Wagner-Whitin algorﬁthm will be very similar
(depending upon the amount of product#on capacity available) to
the lot sizes in the optimal solutio%. Hence in problems with
low seasonality the lower bound on th% sum of setup and holding
cost will tend to be very close to th% sum of setup and holding
costs in the optimal solution. ‘

As the seasonality increases tLe Wagner-Whitin algorithm
will tend to schedule large lot sizes, mainly during peak
periods. When capacity constraints are imposed, the lot sizes
obtained by the Wagner-Whitin procedure may violate some
capacity constraints. (As capacity lconstraints become tighter
the number of setups in the optimal solution will increase and
the lot sizes will decrease.) The Wagner-Whitin algorithm will
result in fewer setups and larger lot sizes than the optimal

solution. Hence as seasonality increases the lower bound on

the sum of setup and holding cost will tend to be much lower

than the sum of setup and holdﬁng costs in the optimal

solution.
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The procedure for lower bound on production cost assumes
that all regular time capacity will be used before overtime
capacity is wused. As seasonalityl increases the optimal

solution may have lot sizes which |might necessitate use of

overtime capacity in some (peak) peTiods of demand eventhough

there may be some unused regular‘ time capacity in other
periods. Hence as seasonality inchases the lower bound on
production cost will tend to be much‘lower than the production
cost in the optimal solution. ‘

Hence the lower bound will ‘ tend to be looser as

seasonality increases.

6.2.2 Effect of Setup Cost

When the setup cost for the products is low the
Wagner-Whitin algorithm, in order to balance the setup and
holding costs, will tend to result fn setups in many periods.

It 1is very likely that the lot sizes|so obtained will be small

enough to fit into available capacit?. The lot sizes will be
similar (depending upon tightness of Fapacity) to the lot sizes
in the optimal solution. Hence for‘ problems with 1low setup
costs the lower bound on the sum of setup and holding costs
will tend to be very close to the | sum of setup and holding
costs in the optimal solution.

As the setup costs increase tbe Wagner-Whitin algorithm

will result in fewer setups and | larger lot sizes. When

capacity constraints are imposed the| lot sizes obtained by the
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procedure may become infeasible. As capacity constraints
become tighter the number of setups in the optimal solution

will increase and the 1lot sizes will decrease.) The lower

bound procedure will tend to result in fewer setups and larger

lot sizes than the optimal solution., Therefore as setup costs
increase the lower bound on the sum Ff setup and holding costs
will tend to be much lower than the‘sum of setup and holding
costs in the optimal solution. ‘

As setup costs increase the Fumber of setups in the
optimal solution will decrease. As P result, to make use of
expensive setups, overtime capacitﬁ‘might be used in certain
periods eventhough there may be ‘some unused regular time

capacity in other periods. Hence as setup costs increase the

lower bound on production cost obt%ined will tend to be much
lower than the production cost in th% optimal solution.

Hence the lower bound will te%d to be looses as setup

6.2.3 Effect of Tightness of Capacit%

When available regular time capﬂéity is loose ( e.g. 120%

costs increase.

of the average demand) the lot sizes’obtained by Wagner-Whitin
algorithm will be more 1likely to fit into the available
capacity. The 1lot sizes obtained by the lower bound procedure
may be near optimal. The lower bouﬁd on the sum of setup and

holding costs will tend to be very lclose to the sum of setup

and holding costs in the optimal solqtion.
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As capacity constraints become tighter the 1lot sizes
obtained by the Wagner-Whitin | algorithm will become
increasingly difficult to fit into the available capacity. The
optimal solution in these cases wiﬂl tend to have far more
setups and smaller lot sizes compfred to the Wagner-Whitin
solution. Hence as tightness of caFacity increases the lower
bound on the sum of setup and holang costs will tend to be
increasingly lower than the sum of seFup and holding costs.

When the tightness of capacitp is 120% of the average
demand the procedure for computing‘lower bound on production
cost will result in a value which a%sumes that all the demands
are met by using only regular tim% capacity. Since regular
time capacity available is 120% of‘ the average demand it is
likely that all the demands will ‘be met without using any
overtime capacity. The lower boun# on production cost will
tend to be very close to the prod#ction cost 1in the optimal
solution.

Hence in case of 120% tightngss of capacity the lower

bound on total cost will be tight.

When tightness of capacity is 80% the procedure for
computing lower bound on production Jost will result in a value
which assumes that 80% of the demaan are met by using regular
time capacity and the rest 20% is met by using overtime
capacity. Since capacity constraint is very tight it is likely

that the optimal solution will result in setups distributed in
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many periods and hence will have a production plan which uses
all regular time to meet 80% of the demands and overtime to
meet the other 20% of the demands. Here again the lower bound
on production cost will tend to be veTy close to the production
cost in the optimal solution.

Hence in case of 80% tightness of capacity the lower bound

on total cost will be tight but not as tight as in the case of
120% tightness of capacity.

When tightness of capacity is‘ 1008 the procedure for
computing lower bound on production cht will result in a value
which will assume that all the demand% are met by using regular
time capacity. This may not be trre especially for certain
types of problems (e.g. for problems‘with high setup costs and
for problems with extreme seasonalﬁty the optimal solution
might result in larger lot sizes at‘the expense of overtime).
Hence, 1in these cases, the lower boqnd on production cost will
tend to be much lower than the pro&uction cost in the optimal
solution, ‘

Hence 1in case of 100% tightn#ss of capacity the lower

bound obtained will be worse than thJ 80% tightness of capacity

case as well as in the case of 120% Jightness of capacity.

6.3 COMPARISON OF LOWER BOUND qO THE EXACT SOLUTIONS

Table 2 presents the results of those test problems which

were solved optimally by the exact lalgorithm. As conjectured
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Table 2

Comparison of Solution Xalue to the Lower Bound Value
for problems™ solved |optimally
(3 product 12 period cases).

Opt. Lower

Soln. Bound $
Sea. Set. Cap. Value Value Difference Difference
No Med 100% 536448 533028 3402 .50
No Med 80% 585492 583188 2304 .60
Mod Low 100% 518147 514136 4011 .80
Mod Low 80% 560080 560016 64 .02
Mod Med 80% 587144 584508 2636 .55

8a11 problems with low setup and ho seasonality were solved
optimally. In these cases the heuristic solution and the lower
bound were equal to the optimal solutFon.
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the lower bound seems to be signifilantly affected by problem
parameters like seasonality of demand, setup costs and
tightness of capacity.

All problems with low setup costs and no seasonality were
solved exactly. As expected the 1owfr bound for problems with
low setup cost and no seasonality ras equal to the optimal
solution value.

seasonality the difference between |the lower bound and the

For problems with 1low serup cost and moderate
|
optimal solution ranged from 0.02% to‘0.80%.

For problems with medium setu? and no seasonality the
difference between the lower bound ‘and the optimal solution
ranged from 0.50% to 0.60%. Finall& one problem with medium
setup costs and moderate seasonality was solved optimally. The

difference between the lower bound anb the optimal solution was

0.55%.

From the results of problems solved exactly it can be seen
that for problems with low seasonaliky, and low setup cost the
lower bound obtained was tight. The! lower bound obtained for
problems with moderate seasonality st looser than lower bound
for problems with no seasonality. Similarly the lower bound
for problems with medium setup costs‘was looser than the lower
bound for problems with low setup costs. Finally the lower
bound for problems with 80% tightner of capacity was as tight

or tighter (in most cases) compared to the problems with 100%

tightness of capacity.
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Since the exact solution algorithm could not solve any
problems with high setup costs and problems with extreme
seasonality it wass not possible to, say how loose the lower
bound will be in these cases. Based on the discussion on
tightness of the lower bound it appears that for problems with

high setup costs and problems with high seasonality the lower

bound will tend to be loose.
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CHAPTER VIT

COMPUTATIONAL EXTERIMENTS

This chapter presents the design of computational

experiments and the summary of the results of the computational

experiments. The summary of results| includes analysis of the

performance of the heuristic by | comparing the heuristic
solutions with the optimal solutionL for all problems solved
exactly and also by comparing the heLristic solutions with the

lower bound for all test problems. ’
7.1 DESIGN OF COMPUTATIOFAL EXPERIMENTS

The computational study consists of the solution of 243
test problems. The test problems differ with respect to (1)
the number of products, (2) the number of time periods, (3)
the seasonality of demand, (4) the available regular time
capacity (as a percentage of averdge demand) , and (5) the

setup. Each of these five problem parameters were varied over

three values to generate 35 = | 243 different parameter
combinations on which the problems w‘re based. The test design
is similar to that of Graves (19]2), although the problem
formulated in this research is different from the problem
formulated by Graves (1982). (One | major difference 1is that
Graves formulation assumes unlimited overtime capacity as

opposed to constrained overtime capacity.) The test problems in

this research range 1in size from| 3 product and 12 period
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!
problem to 9 product and 36 period prlblem.

The number of products for any Troblem can be 3, 6 or 9.

The number of time periods can be 12, 24, or 36. The product

demands for any problem can eithfr have no seasonality,
moderate seasonality or extreme seafonality. The setup cost
for each product can assume three Talues-- low, medium and
high. The 1level of regular time Fapacity can assume three
values such that it can cover 80%, IOP% or 120% of total demand
over the planning horizon. {

For each problem the amount of‘regular time available is
constant across the periods over tPe planning horizon. For

convenience the initial inventories %nd the ending inventories

for all products is constrained to z#ro.
7.1.1 Specifications of test problems (3 product and 12 period

case).

Let q index problem set, wherﬁ q = 1 indexes problem set
with no seasonality, q = 2 indexeﬁ problem set with moderate

seasonality and q = 3 indexes qroblem set with extreme

seasonality.

For problem set q, demand foJ product j in period n is

|

4 ‘
q _ q |
Dy pz_lrp * b

Product Demands

given by,
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where bjnq is a multiplicative seasonality factor (see Figure
4) for product j in period n belonging to problem set q, and rp
is the pth random draw from a unifprm distribution over the
range (gp,E;) (see Figure 5). P is equal to five for products

1l and 2 and P is equal to ten for profuct 3.

Setup Costs !
For each product j the setup cost Sj is given by,
P
S, = t
J p=1 p
where tp is the pth random draw from a uniform distribution
over the range (§p,;;) (see Figurel 5). Sj is the "medium"

setup cost for product j for all time periods for all test

problems. To get the "low" setup cost we divide Sj by five,

while to get the "high" setup cost WT multiply Sj by five.

Production costs

The regular time cost is A0.00‘per unit and overtime cost

is 60.00 per unit for all periods foA all problems.

Holding costs
The inventory holding cost Hj iﬁ 4.00 for product 1, 7.00
for product 2 and 6.00 for product ‘3 for all time periods for

all problems.
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Figure 5. Ranges of Demands and SetuF Costs for Products.

81




Available regular time

The available regular time in period m for problem set g

1 ] 5% d
c, %= D, Ym
lm jZA n=1 40

is given by,

and overtime in period m for problem ret q is given by,

2

We multiply Clmq by .80 for prob}ems with 80% tightness of

Ta1s5%c 9
m 1m ‘
capacity, by 1.00 for problems with POO% tightness of capacity
and by 1.2 for 120% tightness of capa%ity.
The same problem generating alkorithm is used for the 6
product and 9 product problems. T#e 6 product problem is

treated as two 3 product problems.’ Similarly the 9 product

problem is treated as three 3 product
The setup costs for the 6 produc
obtained by replicating the

setup

problem. Similarly the holding costs

problems.
t and 9 product problem is
the

costs for 3 product

for the 6 product problem

and 9 product problem is obtained by replicating the holding
costs for the 3 product problem. Aroduction costs for the 6
product and the 9 product problem Jre same as the production
costs for the 3 product problem.

The demands for the 6 prodth problem is obtained by

replicating the demands for the 3 product problem. Similarly

the demands for the 9 product problem 1is also obtained by

replicating the demands for the 3 product problem. The

capacities are computed exactly like the 3 product problem.
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The 24 period problem 1is treated as two 12 period

problems. The demands for the 24 period problem is obtained by
replicating the 12 period problem dTmands. Similarly the 36
period problem is treated as three; 12 period problems. The

capacities are computed exactly like the 12 period problem.

7.2 SUMMARY OF RE%ULTS

The test problems were solved on| the IBM 4381 system. The

computation time for our procedure| ranged from .94 c.p.u.

seconds to 189.01 c.p.u. seconds rith the average time per
problem being approximately 30 c.p.u.‘ seconds. We discuss the
performance of our heuristic with resFect to (1) seasonality in
demand, (2) setup costs, (3) tightne%s of capacity, (4) number
of products, and (5) number of perio#s.

To analyze the performance of t%e heuristic the heuristic
solution value is compared with the fkllowing:

1. optimal solution value for the problems solved exactly;

2. the lower bound value for alﬂ problems.

7.2.1 Comparison of the heuristic | solution with the exact

solution ‘

All problems with low setup coﬁts and no seasonality were
solved optimally by the exact algorifhm. Two problems with low
setup costs and moderate seasonality were solved optimally.
Two problems with medium setup costs and no seasonality were

solved optimally. Finally one prob#em with medium setup costs
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and moderate seasonality was solved optimally. The comparison
of the heuristic solution value with the optimal solution for
those problems solved optimally is shown in Table 3.

For all problems that were solved exactly it can be seen
that the objective function value of the heuristic solutions
exceeded the optimal value by an amount that is less than the
amount by which the optimal value gxceeded the lower bound.
That 1is, the heuristic solution deviated from optimality by
less than half of the amount by whfch it exceeded the lower

bound.

For all problems with low setuF costs and no seasonality
the heuristic solution for these proFlems were the same as the
optimal solution. For problems wifh low setup costs and
moderate seasonality the difference between the heuristic
solution and the optimal solution was very close to 0.00%.

For the problems with moderate setup costs and no

seasonality solved optimally the  difference between the
heuristic solution and the optimal !solution ranged from 0.00%
to 0.18%. Finally for one problem Jith medium setup costs and
moderate seasonality solved optimaﬂly the difference between
the heuristic solution and the optimJl solution was 0.30%.
Since the problems with hi;h setup costs or high
seasonality could not be solved eantly it was not possible to

determine the deviation from othmality of the heuristic

solution.



Comparison of Solution Value to

Table

Value for problemsa

(3 product 12 perio

\
-

‘he Heuristic Solution
solved optimally
cases).

i

Opt. Heur.
Soln. Soln. %
Sea. Set. Cap. Value Value Difference Difference
No Med 100% 536448 536448 0 0.00
No Med 80% 585492 586608 1116 0.18
Mod Low 100% 518147 518264 117 0.02
Mod Low 80% 560080 560112 32 0.00
Mod Med 80% 587144 588932 1788 0.30
2a11 problems with low setup and no seasonality were solved
optimally. In these cases the heurisEic solution and the lower

bound were equal to the optimal solution.




7.2.2 Comparison of the heuristic sol}tion with lower bound

To analyze the performance of the heuristic the percentage
difference between the heuristic sothion and the lower bound
(discussed in Chapter VI) for the TLCR problem is computed.
The percentages are the difference between the heuristic
solution wvalue and the lower bou?d value divided by the
heuristic solution value. ‘

The difference between the he?ristic solution and the
lower bound could be due to eithe* the performance of the
heuristic or looseness of the lower‘bound.(As was pointed out
earlier, in those problems for whic# the optimal solution was
known, 1less than half of this differ%nce was attributed to the
difference between the heuristic %olution and the optimal
solution.) ‘

The difference between heuristi% solution and the optimal
solution and lower bound and the Lptimal solution for the
problems which were solved optimally by the exact algorithm is
shown 1in Table 4. The difference between heuristic solution
and the lower bound ranged from 0.00J to 0.66%. In cases where
the difference was greater than 0.00% the difference was mainly

due to looseness of the lower bound rather than performance of

the heuristic. The looseness of thJ lower bound accounted for

0.0% to 100% of the difference in 'those problems which were

solved exactly.
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Table 4

Comparison of Heuristic Solut%on Value and the Lower Bound
Value for problems solved optimally
(3 product 12 period cases).

Diff. Betn. biff. Betn. Diff. Betn.
Heur. and ﬂeur. and Lower Bound
Sea. Set. Cap. Lower Bound Dpt. Soln. Opt. Soln.
|
\
No Med 100% 3420 0 3420
No Med 80% 3420 1116 2304
Mod Low 100s 4128 ‘ 117 4011
Mod Low 80% 96 ‘ 32 64
Mod Med 80% 4424 1788 2636

8a11 problems with 1low setup [and no seasonality were
solved optimally. In these cases tFe heuristic solution and

the lower bound were equal to the optimal solution.
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The average percentage difference (a.p.d.) between the

heuristic solution value and the lower bound is computed for

each problem parameter. The a.p.d. across all 243 problems was

4.12%. The percentage difference ranfed from 0.00% to 14.67%.

The most significant effect on rhe difference between the
heuristic solution and the lower‘ bound was due to the
seasonality parameter. The second mFst significant effect on
the difference between the heuristiF solution and the lower
bound was due to the setup cost parFmeter. The effect of the
number of products, number of perﬁods and the tightness of
capacity on the difference between Fhe heuristic solution and
the lower bound seems to be insignifi%ant.

The a.p.d. increased as seaLonality of the problem
increased (see Figure 6). The a.p.h. also increased as the
setup costs increased (see Figure ‘7). The a.p.d. was the
lowest (3.12%) for 120 % tightness| of capacity, was second
lowest (4.01%) for 80% capacit anh the highest (5.21%) for

P y ! g
100% capacity (see Figure 8). The number of products did
not seem to have a significant efffect on the a.p.d. (see
Figure 9). Finally the number of periods did not seem to have
significant effect on the a.p.d. (seJ Figure 10).

The effect of the interaction between seasonality
parameter and the setup cost parameJer on the a.p.d. 1is shown

in Figure 11. The results show that the effect of interaction
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Figure 6. The Effect of Seaanality on Average
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Figure 7. The Effect o& Setup Costs on Average
Percent Diffe’rence (A.P.D.).
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Figure 8. The Effect of Tightness of Capacity on
Average Percent Difiference (A.P.D.).
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High 4.40 4.76 10.49
Setup
Medium 0.46 0.84 7.83
Cost
Low 0.00 ‘ 0.39 8.00
None doderate Extreme
Seﬂsonality

Figure 11. The Effect of ﬂnteraction of Setup Costs
and Seasonality dn Average Percent
Percent Difference (A.P.D.).
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|
between seasonality parameter and se#up cost parameter on the
a.p.d 1is not significant. The a.p.d{ was the lowest for the
problems with low setup costs and 10L seasonality, and it was
the highest for the problems with high setup costs and extreme
seasonality. ‘

For problems with low seasonalit?, the a.p.d. increased as
setup costs increased. The same wa% true for problems with
moderate seasonality and problems %ith extreme seasonality.
Similarly, for problems with low ‘setup costs, the a.p.d.
increased as seasonality in producL demands increased. The
results were consistent for problemr with medium setup costs
and problems with high setup costs.

The a.p.d. for problems with nb seasonality and moderate
seasonality is wvery small. Similarhy for problems with low
setup costs and medium setup costs khe a.p.d. 1is very small.
The a.p.d. increased considerably for problems with extreme

seasonality for problems with high setup costs.
Yy g ’ 1%
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CHAPTER VII

TOPICS FOR FURTHER

A wuseful extension to this

RESEARCH

dissertation would be to

develop other efficient exact solution algorithms. Different

orders of enumeration in the implicit enumeration algorithm

could be explored to see if the solution procedure could be

made more efficient.

The heuristic developed in t#is dissertation could be

compared with existing heuristics

in solving "traditional"

fixed charge transportation proble#s. Also research can be

done to identify other practical

roblems in business which

have structure similar to the problem discussed in this

research.

Another wuseful extension to this research would be to

explore other techniques for computing a "better" lower bound.

This would help in doing a better evaluation of the heuristic

developed in this dissertation and

solving similar class of problems.
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