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ABSTRACT

In this dissertation we formulate and solve a class of

production planning and scheduling problem. The problem is one

of optimally specifying production levels for each product

for each period of the planning horizon. The objective is to

minimize sum of setup, regular time production, overtime

production and inventory holding costs. The problem has been

shown to be NP-hard in computational complexity.

We have formulated the production planning and scheduling

problem as a variation of fixed charge transportation problem.

We have developed an efficient heuristic and an exact

solution algorithm based on this formulation.

The performance of the heuristic has been tested on 243

test problems. The problems differ with respect to (a) number

of products, (b) number of periods, (c) seasonality of demand,

(d) setup cost, and (e) tightness of capacity. The performance

of the heuristic has been evaluated by comparing the heuristic

solution value with a lower bound value.

The most significant effect on the difference between the

heuristic solution and the lower bound is due to seasonality.

The second most significant effect on the difference between

the heuristic solution and the lower bound is due to setup

cost. The effect of number of products, number of periods, and

tightness of capacity on the difference between the heuristic

solution and the lower bound seems to be insignificant.
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CHAPTER I

INTRODUCTION AND OVERVIEW

1.1 INTRODUCTION

The object of this dissertation is the development of a

computationally efficient heuristic for a class of

production planning and scheduling problems. The problem is

one of a general class of problems commonly referred to as

aggregate planning and master scheduling problems.

In the general aggregate planning and master scheduling

problem a single production facility is used to produce several

different products. The fundamental problem is one of

optimally specifying the production levels for each product for

each period of the planning horizon. The schedule must meet

the forecasted demand for each product in each period. The

total production for each period must not exceed the aggregate

production capacity for that period. The objective is to

minimize the sum of the setup, overtime, inventory holding,

backorder, hiring and firing costs.

The capacitated production planning and scheduling problem

is of interest for two reasons. First, it is found in several

manufacturing settings. Plants with shallow bill of materials

are good examples, such as assembly processes, stamping

processes, bottling operations, or breweries. Second, a usual

approach to constrained MRP (material requirements planning)



problem is to first develop a lot sizing plan called a "master

schedule" for the "end products". The "master schedule" is

essentially a capacitated product scheduling problem.

As a hypothetical example of such a problem consider that

of scheduling production at a sheet metal pressing plant that

produces hoods, fenders and body panels for automobiles. Based

on the planned production of automobiles a forecasted weekly

demand is available for three months into the future for each

item produced. The plant operates for two shifts and can press

10,000 parts per day using regular time labor. As many as 5,000

additional parts can be produced in the third shift through the

use of overtime. The master scheduler for this plant wishes to

meet the forecasted demand with the available capacity at as

low a cost as possible. The cost consists of setup costs,

inventory holding costs, hiring and firing costs, and labor

costs (regular time and overtime costs).

Each production run of a given part requires a very

expensive setup of a press. In order to reduce the number of

setups, parts can be held in inventory to meet future demand.

There is however, a significant inventory holding cost

associated with not only the costs of capital and storage but

also with the increased difficulty of detecting, tracking and

correcting quality problems in the presence of large

inventories. The production in any period can be increased by

using expensive overtime.

The capacitated product scheduling problem is one of the



most renowned issues in production planning. When extended to

multiple products the problem becomes particularly formidable.

The available solution techniques for the capacitated

multi-product scheduling problem are less than satisfactory.

The problem can be formulated as a mixed integer-separable

programming problem. The approach is mathematically exact

since it models the individual products and takes into account

all major costs including setup costs. However, except for

problems with very small number of products and planning

periods the solution of the resulting mathematical programming

problem is impractical (see Barany, Van Roy and Wolsey (1984)).

Heuristic approaches have been developed for some special

cases.

In practice, an aggregate approach is typically used: the

demands for the individual products are aggregated into a

common unit e.g. labor hours demanded are lumped into a single

3.ggregate demand for each period transforming the problem a

single-product problem. The setup costs for the individual

products are ignored. Then a production schedule that

specifies the production for each period in aggregate units is

developed (typically through trial and error methods). This

aggregate schedule is then heuristically "disaggregated" into a

schedule specifying production levels for the individual items.

Obviously, this inexact process does not yield an optimal

master schedule.



1.2 OVERVIEW

The problem addressed here differs from the general

aggregate planning and master scheduling problem in one

important aspect: it considers the aggregate production

capacity for each period as an input, rather than a variable to

be optimized. With this one exception, this approach is capable

of taking into account the major decision variables of

intermediate range production planning e.g. setups, monthly or
I

weekly production levels', inventory levels and shortage levels

for each product, overtime, subcontracting and other means for

temporarily adjusting capacity. The model is not applicable,

for example, in situations where the optimization of the hiring

and firing strategy is an important part of the production

planning process.

Some authors (e.g. Graves (1982)) have referred to the

problem, similar to the one addressed here, as the production

planning and scheduling problem, while other authors (e.g.

Bahl Ritzman and Gupta (1986)) have called it the single

level constrained resource problem. In the rest of this

dissertation we will refer to the capacitated product

scheduling problem as the single level constrained resource

(SLCR) problem.

A basis for this research is our observation that the SLCR

problem can be formulated as a type of fixed charge separable

transportation problem. A heuristic solution method based on

this formulation has been developed. This heuristic employs

4



some ideas used in solving fixed charged transportation

problems arising in other areas of applications e.g.

location-allocation problems. It also exploits the special

cost structure arising in the SLCR problem.

For purposes of comparison we have also developed an exact

implicit enumeration algorithm, also based on the fixed charge

separable transportation problem formulation. The development

of this exact algorithm in itself posed an interesting research

problem. However, since it seemed unlikely that an exact

solution method would be practical for real world sized

problems, the primary objective in this research was the

development of a heuristic that would produce good solutions to

large problems.

The computational results for the heuristic are very

encouraging. It is fast enough to be considered practical for

large problems e.g. problems with nine products and thirty six

periods could be solved in an average of approximately 2.00

minutes of c.p.u time on an IBM 4381 computer. The solutions

for the heuristic were either optimal or within .25% of optimal

solution for all of the test problems that could be solved

exactly using the implicit enumeration algorithm. Furthermore

for many of the problems which could not be solved via implicit

enumeration, it was possible to demonstrate via bounds that the

heuristic solution was optimal or near optimal.

On the negative side it was not possible to obtain tight

bounds for those test problems having very high setup costs or



highly seasonal demand. Thus for these types of problems it

was not possible to determine if the heuristic solutions were

near optimal. However even in the worst case it would appear

that the heuristic developed in this dissertation would be an

improvement over the aggregate approach that is commonly being

used.

Chapter II gives a detailed problem description, a

mathematical formulation of the SLCR problem and a proof

showing the problem to be NP-hard. Chapter III consists of

literature review. The chapter discusses literature in the

field of capacitated product scheduling as well as the field of

the fixed charge problems. Chapter IV describes the heuristic

developed for solving the problem. Chapter V describes the

exact solution algorithm developed.

Chapter VI describes the procedure for computing a lower

bound which is used as bases of comparison of the heuristic

solutions. Chapter VII discusses the computational

experiments. The chapter consists of the design of

computational experiments as well as the summary of results.

The chapter discusses in detail the 243 problems used in

testing the heuristic. The problems were generated using all

combinations of three different levels of five different

factors-- number of products, number of time periods, cost of

setups, amount of regular time capacity available and

seasonality of demand. Chapter VIII discusses topics for

further research.



CHAPTER II

DISCUSSION OF PROBLEM

The SLCR problem has traditionally been formulated as a

mixed integer linear programming problem. The results developed

in this research are based on our observation that, in the

particular case we solve, the problem can be formulated as a

fixed charge transportation problem. For completeness we first

formulate the problem that we solve using the traditional mixed

integer linear programming approaclj. We then show how the
problem can be formulated as a type of fixed charge seperable

transportation problem.

2.1 PROBLEM DESCRIPTION 4nD FORMULATION

In our problem description 4nd formulation we follow

fairly standard conventions ( see Lambrecht and Vanderveken

(1979) or Kami and Roll (1982)). It is assumed that the

planning horizon is divided int4 M equal time periods

(typically weeks). There are J different products. The demand

j-1 J, m-1 M, for product j in period m is assumed

to be known.

The products can be produced using k different types of

capacity e.g. regular time, and overtime. C^^, k-1 K,

m«»l,...,M, denotes the number of uflits of capacity (typically

machine hours or labor hours) type k available in period m.



It is assumed that the number of units of capacity used in

the production of a given product is directly proportional to

the quantity produced. Thus for purijoses of exposition we will

express all quantities in units of capacity required. For

product j in period m, j-1 J, nl-l,...,M, the demand D. ,
J ̂

the production level the enc| of period inventory level

Ijjjj, will be expressed in units of capacity, i.e. one unit of a

product is the amount that can be produced using one unit of

capacity.

The cost of capacity tjrpe k, k=jl K, is dollars per
unit, ^ ^2 ~ ■ ■ ■ - ^k" during a given period m

J

the capacity cost is a piecewise linear function of 5" X
A J-

the total production level during period m as shown in Figure 1

(see Hanssman and Hess (1960) anc. Haehling Von Lanzenhauer

(1970)).

Products produced during a gi-\^en period can be used to

meet the demand for the product

subsequent periods. These products

during that period or in

cannot be used to meet the

demands of earlier periods i.e. bacl^ordering is not permitted.

Each product j, j—1 J, has a holding cost of dollars per

holding cost is based on the end of period inventory levels.

Thus the holding cost for product J in period m, j=-l J,



Capacity
Cost for

Period m

Im 2m

Total production le;

Figure 1. Production Capacity'

km

vel for period m

Cost Curve.



is (The costs of holding inventory can be

unit per time period. The computatjion of the total inventory

regarded as being linear over a fairly broad range of inventory

levels, with possible discontinuiti,es at very high inventory

levels (see Buffa and Miller (1979))).

Each product requires a setup for each period in which it

is produced. The cost of a setup for product j is dollars

per setup, j-1 J. It is assumed, that downtime consumed by

the setup operation is negligible.

2.1.1 Mixed Integer Linear Programmir.g Formulation

is formulated as a mixed

Let j, k and m index product, type of production capacity

and period respectively, j-l,...,J, k-1 K, m-1 M. Using

the following notations the SLCR

integer linear programming problem.

Let,

J =■ number of products;

K = type of production capacity available;

M - number of time periods in the planning horizon;

- forcasted demand (expressed in units of capacity) of

product j in period m, j-1, . . . jJ, m-1, . . . ,M ;

units of capacity) of

J, m-l M;

= production level (expressed in

product j in period m, j-1, .

Ij^ - the ending inventory (expressed in units of capacity)
of product j in period m, j-1 J, m-l, . . . ,M;

10



^jO

s.
J

H.
J

km

km

Y.
jm

- initial inventory level (expressed in units of
I

capacity) of product j=l,...,J;

setup cost for product j j-1 J;

holding cost in dollars per unit of product j per

period j-1,...,J;

cost per unit of capacity type k, k-1 K;

- units of capacity type k availa|ble in period m,

k-1 K, m-1, . . . , M;

- the total amount of capacity type k used in period m,

k-1 K, m-1 M;

is a binary variable where

respectively presence and absen

j in period m, j-l,...J, m-1,..

Y. -1 and Y. -0 signify
jm jm ^

ce of setup for product

.  ,M.

11



The mixed integer linear programming formulation of the

SCLR problem is given below.

Minimize

subject to:

1, , IX + X. - I. = D.
J,(m-1) jm jm jm j-1..  . . ,J (1.2)

m-1,.  . . ,M

J  K

y X. - 7 T, - 0
i-1 J-" itl ^

m-1,.  . . ,M (1.3)

^km^ ̂ km k-1..  . . ,K (1.4)

m-1..  . . ,M

Y. - 1 if X. >0
jm jm j-1..  . . ,J (1.5)

=  0 otherwise m-1,.  . . ,M

I. > 0, X. >0
jra - jm - j-1..  . . ,J (1.6)

m-1..  . . ,M

The objective function (1.1) represents the minimization

of total cost. The first term iri the objective function

represents the sum of setup costs, the second term represents

total production capacity cost, anc the third term represents

the total inventory holding cost.

Constraints (1.2) represent the production-inventory

balance equation in which both the quiantity of inventory 1^ of

12



product j to be left in stock at the end of period m and the

demand for product j in period m are supplied by: the

of product j in stjock at the end of periodamount I. ,
J,(m-1)

(m-1), and the production quantity of product j in period

m.

Constraints (1.3) require that
jJ M

tpl m-1 Jm the sum of all

m-l,...,M, is equal toproducts produced in period m,
K

^  the sum of all types of production capacity used in
k-1

period m, m-1,...,M.

Constraints (1.4) require that the total amount of

capacity of type k, k-1 K, used in period m, m-1 M,

does not exceed C, the available ca
km

pacity type k, k-1,...,K,

in period m, m-1,...,M.

Constraints (1.5) are logical constraints which account

for setups for different products in every period. Setup cost

S  will be incurred once for product j in period m if X. the
J  jm

j-1 J, in period m.production amount of product j,

H"! M, is positive. Constraints (1.6) are nonnegativity

constraints.

Some desirable features of the mixed integer linear

programming formulation are its flexibility and its

comprehensiveness. It is possible tjo take into consideration

the costs of changing capacity, e.g. hiring and firing costs,

by treating the capacity levels as variables rather than

constraints (Newson (1975)). Also mcire than one capacity, e.g.

13



different machine capacities, can be considered in the

formulation by including them as capacity constraints

(Billington, McClain and Thomas (198!^)).

The obvious disadvantage of this formulation is that it

produces a mixed integer linear program with 0(MN) integer

variables and 0(MN) continuous varicjbles. Thus the formulation
does not provide a means of soldtion for most real world

problems (Bahl, Ritzman and Gupta (1986)). The largest problem

known to be solved exactly using this type of formulation is a

special case of eight product eight period problem (see

Barany, Van Roy and Wolsey (1984)).

2.1.2 Fixed Charee Transportation Preblem Formulation

The SLCR problem can be formiilated as a type

charge transportation problem. We ha^fe exploited this structure

in the development of our solution apiproach. In addition to the

notations used in the previous section we introduce the

following.

Let j index product, k index type of production capacity,

m  index period in which product is produced and n index period

in which product is demanded, j—1,..

n-1 M.

We follow the notation of fhe previous section. We

introduce the following variable.

Let be the quantity (expressed in units of capacity)

.  , J , k-1 K, m-1, . . . ,M,

14



of product j produced using capacity tjrpe k in period m used to

meet the demand in period n, where, k-1 K,

m-l,...,M, and n-1 M.

The fixed charge transportation formulation of the single

level constrained resource problem is given below.

Minimize

J  M J K M M

k  ̂ k k ^j-1 m-1 -■ k=l m-1 n-m

J  K M m:

^ k k k IJ-1 k-1 m-1 n-m •'

subject to;

K  M

I I
k-1 m-1
y 7 X., - D.f—. J kmn J n

J  M
T y X., < c,
f—, jkmn ~ kmJ -1 n-m

K  M

^^r. - 1 if I 7 X., > 0jm /- L. jkmn
k-1 n-m

j-1

n-1

k-1

m-1

k-1

m-1
0 otherwise

.  . . ,J

.  . . ,M

.  . . ,K

.  . . ,M

.  . . ,K

.  . . ,M

(2.2)

(2.3)

(2.4)

X., > 0
jkmn ~ (2.5)j=l J

k-1. . . . ,K

m-1, . . . ,M

n-1, . . . ,M

Problem (2.1)-(2.5) is a variation of fixed charge

15



transportation problem. It differs from the traditional fixed

charge transportation problem in sense that a group of cells in

the transportation tableau share a unit of fixed charge. The

objective function (2.1) expresses; the minimization of total

cost. The first term in the object:ive function represents the

stun of setup costs for all products in every period, the second

term represents total production capacity cost, and the third

term represents total inventory holding cost.

Constraints (2.2) are demand constraints which require

that demand, product j, J-1,...,J, during period n,

n-1 M, is met by m - n, the production quantity of

product j in period m used to meet the demand in period n, and
K n-1

by ̂  ^ ̂•km ' quantity of pjroduct j produced in periods
k-1 m-1 ^

prior to period n and used to meet

inventory from previous periods).

the demand in period n (i.e

Constraints (2.3) are capacity constraints which require J
J  M

the total amoulr|nt of production capacity ofthat I X
j-1 n-m

type k used in period m to produce

i

different products does not

exceed the total amount of capacity type k available in period

m, m-l,...,M, k-l,...,K.

It can be assumed that the total demand and total supply

are equal. If the total demand is less than the supply then an

additional column with demand Equalling excess supply is

added. If the total demand is greater than the supply the

problem is infeasible.

16



If total demand for products over the planning periods is

less than the total availablj capacity, we define
°(J+1),(M+1) follows:

'(J+1),(M+1)

K M J M

I I <=1™ ■ I I I>-k-1 nfcl j-X n-1 J"
where (K+1) demand for dummy column (destination)

((J+1) I (M+1)). We then add the follc|wing demand constraint for

dummy demand.

K  M

X
k

(J+l).k,m,(M+l) " "(J+1),(M+1)-1 m-1

Constraints (2.3) will be changed to equality constraints

as shown below.

K  M

k^L n^m ^ ̂(J+1) ,k,m, (M+1) " ̂km

Constraints (2.4) are logical

k-1 K

m-1 M

constraints which account

for setups for product j in pericid m. As noted earlier a

product j in period m ifsetup cost Sj is incurred once for

the product is produced in peribd m (using any type of
K  M

capacity), that is if ^ V X..
k=l n-m i

m-1, . . . ,M.

ilmn
is positive, j-1 J,

Constraints (2.5) are nonnegatiA^ity constraints.

This formulation provides computlational advantage over the

standard mixed integer linear progiamming formulation, since

the structure of the transportation subproblems can be

17



exploited. One shortcoming of this approach is that it is not

as flexible as the mixed integer linear programming

formulation. The fixed charge transportation problem

formulation cannot be modified to include workforce size as

decision variable or multiple capacity constraints without

losing the fixed charge transportaticjn problem structure.

2.2 TABLEAU FORMATION OF PROBLEM

As noted earlier the SLCR ijroblem (2.1)-(2.5) is a

variation of fixed charge transportaltion problem. The sources

(rows) or origin in the transportation tableau are C, the
km

quantity of type k production capacity available in period m,

k-l,...,K, m-l,...,M. The sinks (ccilumns) or destinations are

quantity of product j demanded in period n, j=l J,

U""l M (see Figure 2). The rows are ordered as
!

(1,1),...,(K,1) (1,M),...,(K,M). The colianns are ordered

as (1,1) (J,l) (1,M) (J,^^).

The cell in row (k,m), 1 < k <

(j,n), l<j<J, l<n<M, will be denoted ((k,m),(j,n)).

The flow assigned to this cell corresponds to the variable

Xjkmn' value of the setup variables are implicitly

K, 1 < m < M, and column

18
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19



determined by relationship (2.4). Hence a feasible tableau

solution corresponds to a feasible solution to (2.1)-(2.5).

2.3 COMPUTATIONAL COMPLEXITY OF THE PROBLEM

In this section it is showr. that the SCLR problem

(2.1)-(2.5) is NP-hard, by observing that the problem contains

as a special case a known NP-hard problem. The argument is

similar to that developed by Bitran gnd Yanassee (1982).

Proposition:

The capacitated multi-prodijict scheduling problem

with no specified pattern of capacity, setup cost, holding cost

and capacity cost is NP-hard.

Consider the partition problem: "Given a set of N integers

A^, n-1 N find U C {1 N) such that.

y A
rr,, n

A ."
n

product scheduling problem

nfeU ned N)-U

The partition problem has been shown to be NP-Complete

(Carey and Johnson(1977)). The abo\'e proposition is proved by

showing that the capacitated multi-]

contains the partition problem as a Special case.

Assume without loss of generality that A^, n-1 N is a

set of positive integers. Considei' a 2-product problem with

the following parameters.

20



- ̂2n - 0 n-1 (N-1)

° ̂2N

Si - S2 - 1

i/^(I
n-1

H,

0

H.

Ci - Ain n
n-1 N

Since the problem constructed has + D_„ - T C,
^  IN 2N In

n-1

the available capacity Ci^, n-1,...,N will have to be used.

Hence its optimal value is not smalldr than N and will be equal

to N if and only if the sequence Ci^, n-1 N or equivalently

A , n-1,...,N can be partitioned such that.
n

I <=In In
n-1nC U ng {1, . . . ,N)-U

that is, if and only if the partition problem has a solution.

Consequently the capacitated multi^product scheduling problem

is NP-hard.

N

(I- h.)
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CHAPTER III

LITERATURE SURVEY

The survey consists of research in two major areas

relevant to this dissertation research:

1. capacitated product scheduling problem;

2. fixed charge problem.

3.1 CAPACITATED PRODUCT SCHEDULING PROBLEM

The capacitated product scheduling problems can be

classified into two groups:

1. single level constrained resource problem;

2. multiple level constrained re

3.1.1 Single Level Constrained Resource Problem

source problem.

In Chapter II we have shown that the single level

constrained resource problem is NP-liard. The problem is also

hard in a practical sense since ojitimal solution algorithms

have failed to solve all but vexy small problems within

reasonable computation times (see €:.g. Barani, Van Roy and

Wolsey (1984)).

There are few researchers who have formulated and solved

problems similar to the problem discussed in Chapter II. Most

researchers have formulated and attempted to solve special

cases of the SLCR problem. Researchexs who have formulated the
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SLCR problem similar to the formulation in this dissertation

ignore overtime capacity. In this dissertation we consider

regular time capacity as well as overtime capacity to be

constrained.

In the literature two common class of algorithms used to

solve the SLCR problem are:

1. linear programming based;

2. dynamic programming based.

3.1.1.1 Linear Programming Based Algoirithms

dules. The approach is to

em to a linear programming

Linear programming based algdrithms were initiated by

Manne (1958). The algorithms are based on set

partitioning, i.e. selecting onlyl one schedule for each

product from a set of suggested sche<

relax the 0-1 set partitioning probl«

problem and round off the resulting solutions.

Manne (1958) suggested a linear programming model as an

approximation to the SLCR problem. He proposed a formulation in

which binary setup variables are replaced by binary variables

for each production sequence. Although this significantly

increases the number of decision variables the number of

constraints is modest. The advanta§;e, however, is that the

model can be solved with linear prcgramming rather than mixed

integer linear programming. Manne's (1958) approach does not

guarantee optimal solutions.
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Dzielinski, Baker and Manne (1963) showed through

simulation tests that Manne's approach is favorable to simply

applying the Economic Order Quantity model. Dzielinski and

Gomory (1965) used the Dantzig-Wolfe (1961) decomposition

principle (in order to accomplish a reduction in the large

I

niimber of constraints in the original problem) and improved the

computational efficiency of Manne's (1958) formulation. Lasdon

and Terjung (1967) developed a column generation technique and

handled multiplicity of constraints by the generalized upper

bounding procedure of Dantzig and Van Slyke (1967). The

technique was shown to be more efficient than

Dantzig-Wolfe (1961) decomposition procedure.

tics based upon Lasdon and

gorithm. Instead of using

Bahl (1983) presented two heurist

Terjung's (1967) column generation al§

Wagner-Whitin (1958) condition in the column generation he uses

a simple lot sizing routine. Bahl and Ritzman (1984) proposed a

model that combines fixed-ordering interval techniques (such as

lot-for-lot, periodic order quantity or fixed period

requirements rule) with the ability of Manne's (1958)

formulation to solve SLCR problems

for several work centers.

with capacity constraints

3.1.1.2 Dynamic Programming Based Algorithms

One of the earlier dynamic programming formulation was

presented by Zangwill (1966) fcr the single stage and
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multistage lot sizing problem. He developed a formulation

which represents the lot sizing problems as networks. He used

the concept of concave cost network analysis to analyze the

singlestage and multistage models.

Silver and Meal (1973) presented a heuristic for a

single-product problem with capacity constraints. The

heuristic essentially combines prodtiction for several periods

into one lot as long as average cost per period keeps

decreasing. Eisenhut (1975) develciped a dynamic lot sizing

heuristic based on marginal analysis of the holding costs and

setup costs. The heuristic determines lot sizes on a period by

period basis and allows for fluctuating and uncertain demand

patterns. Eisenhut's (1975) heuristic does not always obtain a

feasible solution.

Lambrecht and Vanderveken (1979) further extended

Eisenhut's (1975) heuristic by improving the marginal cost

determination and feasibility a.ssurance procedure. The

heuristic provides a feedback mechanism to remove infeasiblity

(which might result if Eisenhut's (IS75) procedure is used) by

transferring demand to earlier periods. Dixon and Silver

(1981) developed a "greedy" heuristic which always generates a

feasible solution, if one exists. The heuristic is based on

Silver-Meal (1973) lot sizing technique and a set of

feasibility conditions.
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r of rather intricate and

The heuristics presented by Lambrecht and Vanderveken

(1979) and Dixon and Silver (1981) proceed by constructing a

schedule period by period, starting with period 1. A binary

knapsack problem is solved to detei^mine which production lot

should be scheduled for production.

The algorithm presented by Dogramaci, Panayiotopoulos and

Adam (1981) starts with a lot-^or-lot schedule for each

product. It then involves a numb€

intertwined feasibility-seeking steps and improvement steps. It

looks at all possible lot combinaticjns and merges the two lots
which yields the largest absolute saA|ings.

Kami and Roll (1982) presented a heuristic for

single-product SLCR problem and then extended the heuristic to

multi-product SLCR problem. Kami

the optimal Wagner-Whitin (1958) solution for each product and

then attempt to find feasibility and improvement by

transferring production from one period to another. Production

is shifted left (to an earlier period) or right (to a later

period) in order to achieve one of two aims (1) elimination of

infeasibility at a minimum cost, cr (2) reduction of total

setup and carrying cost by changing the solution structure.

Maes and Wassenhove (1986) compare the performance of

three heuristics (Lambrecht and Vanderveken (1979), Dixon and

Silver (1981), Dogramaci, Panayiotopoulos and Adam (1981)) on a

large set of test problems and analyze their difference in

nd Roll (1982) start with
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performance for various problem parameters (e.g. cost

structure, demand variability, tightness of capacity

constraints, etc.).

3.1.2 Multiple Level Constrained Resource Problem

Few papers have considered the multiple level constrained

resource problem. Most of the research is for special cases of

the multiple level constrained resource problem. Lambrecht and

Vanderveken (1978b) proposed two heuristic algorithms for the

multiple level constrained resource problem. The formulation

assumes constraint on capacity only

item). Rest of the levels in the

at the highest level (end

problem is treated as a

each machine. The model

ame fraction of available

separate problem without capacity constraints.

Gabbay (1979) presented an optimizing algorithm for the

multiple level constrained resource problem. The model

includes a very restrictive assumption about the production

time required by each product on

assumes that a job must take the s

time on each machine.

Zahorik, Thomas and Trigeiro (1984) presented an algorithm

for the multiple level problem. Capacity is assumed to be

constrainted only at one level. Tljey proposed an optimizing

algorithm for the 3-period problen; and a heuristic for the

problem with more than three periods based on the optimizing

algorithm.
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The multiple level constrained resource problem has been

discussed in a series of papers by Billington, McClain, Thomas

and Weiss. The first of these papers (Billington, McClain and

Thomas (1981)) presented a mixed integer linear programming

formulation for the problem and addressed the question of

product structure compression. The imodel includes setup costs

straints. No algorithm is

roblem.

overtime, undertime and capacity con

proposed in this paper to solve the p

Billington, McClain and Thomas (1983) proposed a model

similar to the one discussed in Billington, McClain and Thomas

(1981). The major difference between the models discussed by

the authors is that in one paper (1981) a group of similar

products are assumed to have a set

(1983) individual products are assume

up and in the other paper

d to have a setup.

The last of this set of papers by Billington, McClain,

Thomas and Weiss (1984)) presented a

for the special case of the problem w

branch and bound procedure

here there is a bottleneck

work center. A heuristic based on Lagrangian relaxation is

used to solve the subproblems to

smoothing routine is then used to

capacity constraints.

determine lot sizes. A

adjust production to fit
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3.2 FIXED CHARGE PROBLEM

In the literature the solution procedure for the fixed

charge problem consists of heuristics and exact solution

algorithms. Research in the fixed charge problem area assume

that a fixed cost is incurred whenever the associated

continuous variable becomes positive. There are a few papers

aditional" fixed charge

raditional" fixed charge

which have considered the "trs

transportation problem. In the "tx

transportation problem each cell in the transportation tableau

is assumed to have fixed cost as well as variable cost. Some

authors have considered the case of fixed charge transportation

problem where there is a fixed cost associated with every

source.

The problem considered in this dissertation is formulated

as a variation of the fixed charge transportation problem. In

the SLCR problem formulated in Chapter II a fixed charge is

shared by a group of cells in the transportation tableau. None

of fixed charge transportation problems discussed in literature

have similar property. The existing algorithms for the

fixed charge transportation problem do not have a provision for

allowing group of cells to share the: same fixed charge. Hence

none of the existing algorithms; for the fixed charge

transportation problem can be used to solve the SLCR problem.
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The solution procedure for the fixed charge transportation

problem consists of heuristics and exact solution algorithms.

Most exact algorithms cannot solve very large problems. The

most efficient computer code to date (Kennington and Unger

(1976)) was used to solve totally dense problems with

dimensions of up to 10*20 Barr et al. (1981) designed an

algorithm for sparse large scale prtoblems (problems where not

all cells exist and have fixed charge

existing arcs) which has solved probl

and 1,200 fixed charge variables.

s on only a portion of the

ems with 3,000 constraints

3.2.1 Heuristics

One of the initial results on the linear fixed charge

problem which appeared in 1954 was by Hirsh and Dantzig. They

showed that, for any fixed charge problem, an optimal solution

occurs on an extreme point of the constraint set. Since fixed

charge transportation is a special cJase of linear fixed charge

problem the result holds and the

extreme point of the set. Balindki (1961) presented an

approach to solve the fixed charge transportation problem where

he replaced the non-linear fixed cliarge objective function by

an approximate linear objective function and solved the

resulting problem using transportation algorithm.

Kuhn and Baumol (1961) pi'esented a heuristic for

solution will lie on an
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the fixed charge transportation problem. The heuristic was

designed primarily to handle problems involving small number of

origins and destinations. The heuristic obtained a solution by
I

forcing a highly degenerate solution. They suggested an

approximate solution by making small adjustments to supplies

and demands.

The fact that the optimal solution to the fixed charge

problem lies at an extreme point of the convex set has led to

the development of heuristics which use adjacent extreme point

techniques.

Cooper and Drebes (1967) presented an extreme point

heuristic in which the objective function is modified at

certain stages in the algorithm (in pjarticular the linear costs
are modified). At other stages in the heuristic the algorithm

removes from the basis the variabllt

charge and insert variable with the smallest fixed charge.

Cooper and Olson developed a heuristjic which is a modification

of Cooper-Drebes heuristic.

Denzler (1969) suggested an approach which retains most of

the decision rules of simplex method while also taking into

account the fixed charges associated with variables entering

and the variables leaving the basis at each iteration. The

approach omits consideration of degeneracy.

Steinberg (1970) developed sevciral adjacent extreme point

heuristics. The algorithm attempts t;o find better solutions by

moving away from the current local minimum in as few iterations

e  with the largest fixed

as possible. Steinberg (1970) alsp suggested formulating the
31



Denzler (1969) and Cooper

problem as a separable programming problem and developed a

branch and bound algorithm for an e^act solution of the fixed
charge problem.

Walker (1976) proposed a heuristic which was an extension

to Denzler's (1969) heuristic. The| criteria for selection of

arcs to enter the basis differs from

in that it also considers degeneracy. Walker's heuristic

identifies an initial local minimum and searches for an

improved solution by jumping over adjacent extreme points.

3.2.2 Exact Algorithms

One of the earliest exact algoijithm , presented by Murty

(1968), was based on searching ^ong the adjacent extreme
points of the transportation problem. Murty (1968) suggested

that the linear fixed charge problem can be solved by ranking

the vertices of the polyhedral corlstraint set in increasing
order of their continuous objective values and then adding

fixed charges to determine an optimal solution.

Gray (1968) developed an alternate approach to Murty's

(1968) approach. Gray's (1968) procjedure decomposes the fixed

charge problem into a master integ;er problem and series of

transportation subproblems. To redv|ce the number of vertices

that need to be examined, bounds are established on the maximum

and minimum values of the total fij;ed cost, and feasibility

conditions are used extensively.

Steinberg's algorithm (1970) wasi based on branch and bound

techniques. McKeown (1975) presented an improvement on Murty's
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(1968) procedure to solve the lirear fixed charge problem.

Kennington (1976) presented a branch and bound algorithm

for the fixed charge transportation problem. He also

presented a study of the effect of problem parameters on

computational time and core storage! requirements. Kennington

and Unger (1976) transformed the ^ixed charge transportation

problem into an equivalent problem with a special network

interpretation, and developed a branch and bound procedure for

solving the fixed charge transportation problems. Simple

penalties are constructed from thei optimal solution of the

associated transportation problem. These penalties are used in

the branch and bound tasks of fathomi.ng and guiding separation.

Fisk and McKeown (1977) presiented an algorithm for a

variation of the fixed charge transiportation problem in which

there are only fixed costs to be incurred when a route is

opened. Their procedure is enhan(ied by using 0-1 knapsack

problems to determine bounds on partial solutions.

McKeown (1981) developed a branch and Bound procedure

where bounds are calculated seper^tely on the sum of fixed

costs and on the continuous costs. Barr, Glover and Klingman

(1981) proposed a branch and boun(| algorithm which exploited
the absence of full problem density. The fathoming tests are

similar to Geoffrion and Marsten (1972). The algorithm employs

"up" and "down" penalties proposed by Driebeek (1966) and

Tomlin (1971).

Cabot and Erenguc (1984) pij-esented branch and bound
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algorithms where Langragian relaxation is applied to develop

"up" and "down" penalties for choosing branching variables and

fathoming nodes.
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CHAPTER IV

HEURISTIC

This chapter presents the heuristic for solving the SLCR

problem. The heuristic works with basic feasible solutions to

the transportation problem (2.1)-(2.5). (The associated values

of the setup variables are determined implicitly by constraints

(2.4).) It consists of three phases. The first phase

introduces into the basis some variables that are required to

meet the demands of the first period. The second phase is a

single pass "greedy" algorithm that s€

variables to provide a good starting

makes an attempt to improve the solution obtained in the second

phase by replacing variables in the basis.

elects the remaining basic

solution. The third phase

4.1 PHASE I

4.1.1 Description of Phase I

This phase determines how the demands for all products in

the first period are to be met. If is positive, then any

feasible solution to the problem will have production of

product j scheduled in the first period. The demands for the

products in the first period are met by using the least

expensive type of capacity available.
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The output from this phase is either, assignment of values
K

k — 1 K, such hat y X., ̂ - D.Tto j

or indication that the problem is infeasible.

t
kti j''"

At any point during PHASE I or PHASE II, let
K  n

D. -D. - y yX., be the remaining unmet demand for
in in , 1 kmn °

•' k-1 m-1

product j in period n, j - 1 J, n - 1 N. Similarly
J  M

let C,
km km I ■jJ kmn repre

-1 n-1
capacity of type k in period m, k - 1

sent the unused remaining

K, m - 1 M.

4.1.2 Steps of Phase I

The steps of Phase I of the heuristic are as follows:

Step 1: Initialization

Initially - 0

Set j - 1, k-1

Proceed to Step 2.

Step 2: (a) If j > J, go to PHASE II.

(b) If k > K, STOP. The problem is infeasible.

Otherwise

Assign value to variable

((k,l),(j,l))

X.^^l - MinlBum ^,^^1
Proceed to Step 3.

associated wi th cell
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Step 3: Update demand and capacitjy

"il
<- ^kl

<--- c.

<--- 0

kl "jl

Mark Column (i . 1')

j - j+1

Go to Step 2.

(b) If

°J1 <- °jl ■

=kl "

Mark row

k - k+1

Go to Step 2.

4.2 PHASE II

4.2.1 Description of Phase II

The second phase of the heuxfistic is similar to the

Vogel's approximation method. The difference, here, is that the

cost coefficients are designed to tske into account fixed cost

associated with each cell in the tapleau. Also, since in our

problem a group of cells share a fix€id charge, the costs of all

the cells which share the fixed chfirge are updated, whenever

one of these cells becomes nonzero.

As in Vogel's approximation method. Phase II of the

heuristic bases the selection of cells for its initial feasible

solution on the difference between the two lowest cost cells
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leaving an origin or entering a destination. The difference

(penalty) indicates where departure from lowest cost

allocations will bring the highest increase in cost. The

maximum possible value is assigned to the variable associated

with the cell having the largest pemilty.

The cost coefficients used for rionbasic cells are "greedy"

costs. The cost coefficient for a cell represents the average

rate of increase in the objectivfs function, that will be

incurred when the corresponding variable enters the basis.

If cell ((k,m),(j,n)) is chosen to enter the basis, X.,
jkmn

will take on a value equal to minimum of or C^. If a setup

has already been incurred for produdt j in period m, for each

function will increase by,

(4.1)

On the other hand if the setu^ has not been incurred for

product j in period m then the objective function will

increase by.

unit increase in X., the obiective
jkmn

(  + (n-m) * )

X.
jkmn

( P, + (n-m) * H. ) + S.

In this case the average rate ol: increase in the objective

function per unit of demand j met in

(4.2)

period n is,

P, + (n-m) * H. + S./Min(D. , C, )
k  ̂ ' J J jn' km' (4.3)
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Thus at any stage of Phase II, the cost coefficients of a

cell ((k,in), (j ,n)) will be defined by (4.1) if a setup for

product j in period m has already been incurred and by (4.3)

if such a setup has not been incurred. In the latter case the

cost coefficient is simply the slope of the linear

approximation of the portion of the objective function

involving X^ , as shown in Figure 3

4.2.2 Steps of Phase II

The steps of Phase II of the heuristic are as follows:

Step 1: Initialization of nominal cost for cells in

tableau

Compute the nominal cost

((k,m),(j,n)) (i.e. cells

R., for admissible cells
jkmn

R.. - P, + (n-m) * H.
jkmn k j

with m < n).

j-1 J

k-1 K

1£ - 0 or >0 »-2 K

R., - P, + (n-m) * H. +
J kmn k j

n-m,

S /Min(D C )
J  jn km

K

if Min(D. ,C, ) > 0
jn km

and T X., - - - 0
k-i

For inadmissible cells (i.e. cells with m > n),

define the cost as L, where L is a very large

number.

Proceed to Step 2.
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Cost

Slope - + (n-m)*Hj

+ (n-ni)*H^ +

S./Min(D. , C, )
y  jn' km^

S.
J

Slope

X.
jkmn

Objective

Linear app

Function

roximation

Figure 3. Nature of Objective Functidn and Linear
Approximation of Objectivei Function.
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Step 2: Computation of row penalties

For each unmarked row compute penalty E
(k,m)■

(k,m)

where A

^ (k,m) ' ^(k,m)
(k,m)

(k,m) and A'

is the lowest nominal cost in row

(k,m)
is ;he second lowest cost in

row (k,m).

Proceed to Step 3.

Step 3: Computation of column

G/- N - B'/• N(j.n) (j,n)

penalties

For each unmarked column compute penalty G ^.
(j.in)

as follows:

where B,. .
(j ,n)

is the

column (i,n) and B' .
(J.h)

in column (j,n).

Proceed to Step 4.

lowest nominal cost in

is second lowest cost

Step 4: Selection of cell (( .m'). (i' .n')) to enter

basis

Let E
(k' ,m')

Max (E (k.in)

Let G. . , ,) = Max (G. .
(j ' (j. n .h)

IfE., , . >G, . , .(k' ,m') (j' .n')

R.,, , , , - Min (R., , , )J 'k'm'n' jk'in'n j-1 J
n-1, . . . .M

where ((k' ,m'),(j' ,n')) is the cell selected to

enter the basis.

IfE,, , ,, < G .. I(k' ,m') (j' .n')

R. ,, , , , - Min (R. ,, ,)J'k'm'n' J'kmn'
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m—l,...,M

where ((k',m'),(j',n'))is the cell selected to

enter the basis.

Proceed to Step 5.

Step 5: Assign value to cell (Ck'.m' . (i' .nM ̂ selected

to enter the basis

X.,, , , , - Minimum { D.
j'k'm'n' 2

If X - 0 mark
j'k'm'n'

'n" \'m' '

column M ' .n' '> and go to

Step 2. Otherwise proceed to Step 6.

Update row capacitv and column demand

If D., ,
J n'

<- c, , ,
k'm'

\'m' <--- d , ,k'm'
- D

i'n

^i'n'

A
1

1

1

o

Mark column (i'.n'').

If D,, , > C- , ,
j'n' k'm'

D., , D., , - d , ,
j'n' J'n' ^'m'

k'm'

Mark row (k' .m' .

Proceed to Step 7.

Step 7: If all columns are mar

all demands are met

Step 8.

ked, which implies that

STOP. Otherwise proceed to

Recompute nominal cost for cells

Compute nominal costs for cells

42



fixed charge with the cell ((k',m'),(j',n')).

'km'n
[  + (n-m') * ] k-l K

n-1 M
I

Proceed to Step 2.

Phase II uses a "greedy" approach to add cells to the

basis. At each step, the cell whijch would result in highest
penalty if not included in the basis is added to the basis. The

underlying logic is that, the approach attempts to add that

cell to the basis, which will resjalt in the "best" use of
available capacity.

From the definition of it can be seen that the least

expensive cells will be those for which m - n and D is
jn

large or those cells for which a setup has already been

incurred. Phase II will tend to either schedule new setups for

a product in the period of highest demand for that product, or

depending upon the magnitude of tjie holding cost, it may
attempt to take advantage of existing setups. In either case it

will tend to choose the least expensive type of capacity

available.

4.3 PHASE III

Phase III employs a heuristic to improve the solution

obtained in Phase II. The algorit

network simplex algorithm. The maj

heuristic takes into consideration

tim is similar to primal

or difference is that the

fixed costs as well as

variable costs in pricing pivots. The algorithm converges to a
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local optimum (in sense the no further improvement in the

objective function can be achieved by replacing a single

variable in the basis).

4.3.1. Review of Primal Simplex Algorithm

In this section we briefly review the primal simplex

method. Small bold letters will denote column vectors, and a

prime indicates transpose. Large bold letters denote matrices;

ripts denote rows.superscripts denote columns and subsc^i

Consider

Min c'x

s.t. Ax - b (1)

X > 0

A  is a m by n matrix of technological coefficients. A may be

partitioned A - (B,N), with B an m by m matrix of linearly

independent columns which is called ai basis.

Given a feasible basis there always exists a unique x such

that

*

Bx — b (2)

In terms of this x there is always a current basic

0
solution X

as A, one has

and upon partitioning c in the same manner

c'x - (c' ,c'„)
B'

-c'bX (3)
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Any generic solution x satisfying the constraints can be

rewritten in terms of the basic solution:

- (B,N) - B (4)

Further, since B is a basis, there exists a unique

transformation Z such that:

BZ - N

Multiplying (5) by x^^ and subtracting

B(x* - ZXjj) + Nxjj
from (2) yields:

b

(5)

(6)

Subtracting (6) from (4) yields: B(xJ - [x* - Zx^^])
Since the columns of B are linearly i

and the general solution becomes

0

"Xndependent, Xg - x - Zx^j

X - -

>
.  -

(7)

With this form it is easy to compare the value of x to any

current x^ and identify an improved solution when one exists.

ing(3) and (5)) is:

"='8- ^ <<^'h

c'jX* t (c'„

c'j(x + c'

The value of the generic solution (usi

c'x - C'gXg + C'j^

- u'N)Xjj (8)

where u (often called the dual solution or simplex multiplier)

is the solution of

u'B
B

(9)

From (8) it is clear (since x^^ > 0) that a necessary condition
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(10)

for an improved solution is that ther^ exists a column of N,N ,

such that:

c, - u'N^ < 0
k

With such a column consider a specific vector obtained from (7)

by taking all components of zero e:ccept

X' - (x* - Z^Xj^, 0, ^ 0). (11)
As a function of >0, this vector must by its derivation

satisfy the explicit constraints

Ax - b

For components > 0 this requires x^^ - > 0

" ̂ - ==1* / (")
Taking x^^ - x. / z.j^ with > 0 in (11) leads to the

i  kexchange of B and N in the partition between basic and

non-basic columns and the new basic solution

^r - ̂*r - / ̂ik>'
X. - X.* / z...
1  1 ik

Assume that there is a current basis

*

to B and a current u of u

a current solution x

'B - c' . An iteration of
IS

Simplex procedure is summarized:

Step 1: (Pricing) Select a candidate variable to enter the

It

basis with (c, -u'N)<0.
k
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Step 2: (Ratio test) Let 1 be a variable where i is

j

determined as follows:

X. / z.. - Min { X / z , : z , > 0 )
1  ik r ̂  rk rk

1 < r < m

Step 3: (Pivot) Update the primal solution x - x - Xj^N .

Change the basis by exchanging and N^.

Find the new dual solution u'B
B"

The algebraic specialization of the Simplex method for

transhipment problems, which is the basis of the Phase III of

the heuristic, is given in Bradley, Brown and Graves (1977).

formulated as a variation

ion may be affected. The

ed may be affected because

4.3.2 Description of Phase III

Since the SLCR problem has been

of fixed charge transportation problem, if a nonbasic variable

is introduced into the basis, the t^tal variable cost as well

as the total fixed cost of the soluti

total fixed cost (setup cost) incurre

of the following:

1. the setup cost associated ^ith variables which turn

positive form zero;

2. the setup cost associated with variables which are

reduced to zero from a positive value.

Suppose the setup variable Y. associated with a

production is zero. If the pivot turns positive

from zero it will result in an additional setup. Suppose the

setup variable Y. has value 1. If the pivot reduces all
jm

production variables that share th|is setup to zero it will
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result in elimination of the setup.

The major difference in the primal simplex algorithm and

Phase III is in the pricing stlrategy. In Phase III the

nonbasic variable selected to enter the basis at each iteration

is the one that will result in the maximiom reduction of the

total cost. Given a basic feasible solution if a nonbasic

variable enters the basis, the resulting change in the

objective function value is given by

J  M

^  + IIs. *Y. - f7s *Y (13)

where

A value at which nonbasic variable X., will enter the
J xmn

basis

W.
ikmn " cost of the entering variable X.,-• J kmn

corresponding to the

objective function (2.

^jkmn "^(k.m) " ̂(j.n) ^
U
(k,m)

continuous portion of the

1)

(n-m) * )

ciated with source (k,m)

riable cost associated with

V
(j .n)

-  dual variables asso

considering only the va

each cell.

- dual variables associated with destination (j,n)

considering only the variable cost associated with

each cell.

(n-m) * Hj — variable cost associated with variable

X.,
jkmn

Yjm is the current value of the setup variable for product

,  , . *J In period m and Y^^ is the value of the setup variable after
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^jkmn brought into the basis ("jf and Y. * are determined
J  J

implicitly by constraints (2.4)).

4.3.3 Steps of Phase TTT

S£gE_l: Choose a starting basic feaiible solution.

Set X - the basic feasible solution obtained from Phase

II and Z - the associated objective fvinction value.

Step—g: Compute dual variables aisociated with source U(x,m)

and destination (considering only variable cost for each

cell).

Set U
(k,m)

- 0.

"(k.m) computed, has not been computed,
and cell ((k,m),(j,n)) is a bas

"^(k,m) + [Pfc «j]-

ic cell, then set V,
(j ,n)

^(j.n) computed, ^nd cell ((k,m),(j,n)) is a
basic cell, then set U„ - v

(k,m) (j,n)

Repeat step 2 until aj.1

(K,l) (l,M) (K,M),

(l.M) (J,M),

-  [P^ + (n-m)* H.]
J

^(k,m)'
and V.

(j.n)'

have been computed.

(k,m)

(j.n)

1£££_3; Pricing

For all nonbasic variables, usihg (13), compute the change

in the objective function that would result if the nonbasic

variable is introduced into the basiii.

If no entering nonbasic vairiable will result in a

reduction in the objective function §;o to step 5.
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Otherwise select X^ , the nocibasic variable which will

result in maximum reduction in the objective function.

Step 4: Pivoting

Introduce nonbasic variable X.,
jkmn

Update X^, , and dual variables.

Go to Step 3.

into the basis.

Step 5: Stop. If the solution X., c
j kmn

in any of the inadmissible cells (i.e

solution obtained is infeasible.

Otherwise the solution obtained is feasible.

onsists of a positive flow

cells with cost L) the
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CHAPTER V

EXACT SOLUTION ALGORITHM

This chapter describes the exact solution algorithm

developed for the SLCR problem. It also discusses different

bounding procedures used by the algorithm.

5.1 DESCRIPTION OF ALGORITHM

is based on implicit

of the possible assignment

s  is considered, either

The exact solution procedure

enumeration. In this technique each

of values to the logical variable

explicitly via computing the minimum value of the objective

function associated with the assignment or implicitly by

demonstrating that no solution having this assignment can be

optimal.

In the implicit enumeration p

values to the logical variables is| represented as a binary

matrix logical variables. The dimension of this

matrix is J*M, where J is the numbe

number of periods. A value of 1 for

example, indicates a setup for produc

The concept of a partial assignment is used in the

enumeration process. A partial assignment is an assignment

rocedure an assignment of

r of products and M is the

the row j and column m for

t j in period m.

matrix in which some of the binary variables have been "fixed"

at one of the admissible values, Q or 1, and the remaining
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binary variables are "free" to assume a value of either 0 or 1.

A  complete assignment to the assignment matrix, known as

"completion". is constructed by assigning admissible values to
all its free variables.

Associated with any completion is a standard

transportation problem. Cells in the associated transportation

tableau will be admissible or inadmissible depending upon the

value of the setup variable in thp completion. Suppose for

a  given completion Y. is fixed at
jm

a value 1. The group of

)  will be admissible. Oncells that share the same setup (Y.
jm

the other hand if Y. is fixed at value 0, the cells that share
jm

that setup will be inadmissible (the cells in the group are

made inadmissible by assigning a ve

feasible solution to this associat

will be one in which there will be f

ry large cost to them). A

ed transportation problem

low assigned only to cells

which are admissible (i.e a continuous variable X., will be
jkmn

,n)) is admissible).assigned value only if cell ((k,m),(j

tion process designated YAt any point during the enumerat

is a complete assignment of values to the logical variables

called the "incumbent". The optimal objective value for the

transportation problem associated

called Z . is an upper bound on the objective value of the

i^ith the "incumbent" is

optimal solution to the SLCR problem (2.1)-(2.5).

The implicit character of the algorithm stems from the
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ability to determine information pertinent to optimality and

feasibility from a specific partial assignment. For example,

1. by demonstrating the nonexis^ence of any completion of
i

the partial assignment, with the objective value of the

problem associated with the completion less than Z^, or

2. by demonstrating nonexistence of a feasible solution to

the problem associated with any completion to the partial

assignment.

In either case, the partial assignment is considered to

have been fathomed. If fathoming fails, we resort to explicit

enumeration by fixing the value of the immediately next free

variable (augmentation). If fathoming succeeds, we backtrack

to a different partial assignment. If a completion to the

binary matrix is constructed the associated transportation

problem is solved optimally to det

continuous variables X., and to
jkmn

function value. If the objective va

ermine the values of the

determine the objective

lue is less than Z^, then

the incumbent Y and the objective value of the problem

associated with the incumbent Z^ are updated with the improved

solution.

In the procedure developed here the augmentation step

always proceeds by column in the assignment matrix, starting

from element in column 1 row 1 and ending at column M row J.

The ordering of the variables for augmentation purposes will be

Y  Y Y Y
11 J1 IM' ■ ■ • ' JM"

Thus in any partial assignment
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the fixed variables will all precede (by column) the free

variables. The bottommost fixed variable (of the rightmost

column with fixed variables) will always be the most recently

fixed variable. In the augmentation step the variable to be

fixed is always fixed at 0 first. (The variable takes on a

value of 1 in the backtracking step.)

5.1.1 Statement of the algorithm

The following sequence of ste^s characterize the basic

enumerative procedure.

1. Initialization

Initialize equal to the objective function value of the

best known feasible solution to the

corresponding assignment of values

there is no known feasible solution

logical variable to 0.

Proceed to step 2.

SLCR problem and Y to the

to logical variables. If

set Z^-cOand fix the first

2. Fathoming

Attempt to fathom the curren

successful go to step 3.

Otherwise proceed to step 5.

t  partial assignment. If

3. Termination

If all elements of [Y. 1 are fix
jm^ ^ed at 1, stop. Either Z
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< oe, in which case solution to the problem associated with the

incumbent Y solves the problem (2.1)-(2.5), or Z - oo, in which

case no feasible solution exists for |)roblem (2.1)-(2.5).
j

Otherwise proceed to step 4.

4. Backtrack

Alter the value of the variable Y. , the variable which
jm

was most recently fixed at value 0, to 1. Drop all elements

which follow the altered variable. Update and go to step

5. Updating

If the current partial assignment is a completion, solve

the problem associated with the completion. If the optimal

objective value of the problem associated with the completion

is equal to a lower bound Z then STOP. The completion is the

optimal setup combination and the optimal solution to the

associated problem is the optimal sol

(The procedure for computing a lowe

ution to the SLCR problem,

r  bound on total cost is

described in Chapter VI). If the cjptimal objective value of

the problem associated with the cqmpletion is less than Z^,

replace Y^ and Z^ by the improved solution.

Otherwise proceed to step 6.
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6. Augmentation

j

Fix the value of the immediately next free variable to 0.

Update , and go to step 2.

and non-redundant; hence,The algorithm is both exhaustive

it converges to an optimal solution in a finite number of

steps.

The following problem example demonstrates the algorithm.

Minimize

subject to:

^11 ^12 ^21 22
(5.1)

^111 ^^121 ^^112 + ^122

^211 ^^221 ^^212 + y

212

^111 + ^211

^121 + ^221

^112 + ^212

^122 +
y

222

2

< ^

<  4

- 1

- 1

- 1

- 1

Y. -

X. >0
jmn -

1  if y X. >0
n-1

0  otherwise

J
m

1. 2
1, 2

(5.2)

(5.3)

(5.4)

(5.5)

(5.6)

(5.7)

(5.8)

The solution to the above p

implicit enumeration algorithm is sho

roblem example using the

wn in Table 1.
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Table 1

An Example of the Implicit Enjmeration Algorithm.

Stage [Y. ] Comments

11

iii

iv

VI

Vll

Vlll

1 0

1 1

1 1

1

0

1

1

Violates [5.4]. Backtrack.

Enumerate further.

Violates [5.5]. Backtrack.

Enumerate further.

Enumerate further.

Incumbent. Solve optimally
problem associated with the
completion.
Solution is X,,, -1, X,-, -1
X,
1

51

.0, X y[
1  Y -0 Y -0

.  ̂12 • 22
acktrack.

12

Inferior to incumbent.

Backtrack.

viTue
Solut

^112

Inferior to incumbent. All

Y._ which are fixed have a

1. End of enumeration,

ion is X,,, -1, X, -1,
■0, Y,\ li]

122 11
21 1, Y  -012 "• 22

0.
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explicitly. By exploiting

ortation problems we have

5.2 BOUNDING PROCEDURES

The strength of any implicit enumeration algorithm lies in

its fathoming process, since it is by fathoming that solutions

are evaluated implicitly rather than

the structure of fixed cost transp^

developed efficient fathoming tests.

Fathoming tests are based on optimality and feasibility

considerations relative to the problem of determining a

completion to the partial assignment being enumerated and

solution to its associated problem.

The algorithm developed here is for the case of SLCR

problem in which there are two modes of production capacity

(i.e. regular time and overtime). Backordering is not

permitted. The modifications to handle additional modes of

production and/or backordering are very straight forward. We

have chosen the less general case for reasons of notational

simplicity and because this case ccjrresponds to the one which
we, as well as most researchers in tjhe field, have chosen for

computational experiments.

5.2.1 Fathoming Procedure 1

If Z is a lower bound on the cjptimal objective values of

the problems associated with all cjompletions of the partial
assignment being enumerated, then the partial assignment can be

optimal objective value of

the problem associated with the "incv^bent".

fathomed if Z > Z^, where is the

Let Y., , be the most recently fixed logical variable.
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Let S be a lower bound on the setup cost, H be a lower

bound on the holding cost and P l^e a lower bound on the
production cost for the probleftis associated with all

completions of the partial assignment being enumerated.

Z, a lower bound on the optimjal objective value for the

problems associated with all completions of the partial

assignment being enumerated. Z is gi[ven by,

S + H + P.

5.2.1.1 Lower Bound on the Setup Cost

A lower bound on the setup cost for all completions to the

partial assignment being enumeratqd can be determined by

computing the setup cost that will ije incurred by that partial

assignment. S is given by,

J  m'_^l |j'
y  y s. * Y. + f s * Y.
J-l m-l J J" jtl J J-

(5.9)

5.2.1.2 Lower Bound on the Holding Cost

A lower bound on holding cost tliat will be incurred by the

problems associated with all cortpletions of the partial

assignment being enumerated can be: determined by computing

minimum holding cost that will be: incurred by the problem

associated with that partial assignment. Since backordering is

not permitted, if setup for a product is not planned in any

period, the demand for the product ih that period has to be met

by using capacity in periods prior

result in holding cost for products carried over to the period

59
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jm
0, j - 1 J, m -in which they are demanded. Hence if

n,

using C^, the production capacity of type k in period m, where

the demand for product j in period n has to be met by

1,2 and m < n.

Suppose Y. is fixed at value
jn

zero the minimiam holding

cost that will be incurred in meeting demand will be equal

to H. * D. (since demand for the products in period n will
J  jn

have to be satisfied by products wh

at least one period). Therefore a 1

H  that will be incurred by the pro

completions of the partial assignmen

computed as shown below.

ich are carried forward by

Dwer bound on holding cost

alems associated with all

t  being enumerated can be

J  m'-l j'
H -7 y D, [1-Y. ] * H. + 7 D. , [1-Y. ,] * H., (5.

j-1 n-1 J" J" J j-1 jm'^ J'
10)

(Suppose - 0 0, D. the demand for
jn

met by using 0^, the

re k - 1,2 and m < (n-1).

product j in period n has to be

production capacity of period m, whe

In this case the demand for product j in period n will

have to be satisfied by the inventory of product j which is

ods. Hence a better lower

d if information regarding

riods is stored. This can

carried forward by atleast two peri

bound on holding cost can be compute

setups for products in consecutive pe

be done without much difficulty b|y using "efficient" data

structures.)

5.2.1.3 Lower Bound on the Production Cost

A  lower bound on the production cost for the problems
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associated with all completions of the partial assignment

being enumerated can be determined by assuming that the product

demands are met by using the cheapest mode of production

capacity available i.e. all regular time capacity available is

used before any overtime capacity ib used. It is clear that

the production capacity in any perioji can be utilized only if
setup for at least one product is planned during that period

J

i-®- ~ capacity available in period m cannot

be utilized.

Let k-1 and k-2 index regular time and overtime modes of

production capacity respectively.

Let denote regular time capacity available in period m.

Let denote overtime capacity available in period m.

Let denote cost per unit of regplar time capacity.

Let denote cost per unit of overtime capacity.

Let C - maximiim regular time capacity that can be utilized.

m

c. j;
M

C- * A + y c.,
—- Im m . Im
m-1 m-m'+1

(5.11)

where A -
m

'  J

1  if y Y. > 0
J=1

otherwise
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J  M

£ - < Z I ■ C) * ̂2 + = * £1 "I I "in ̂  °
j-1 n-1 ^ ■■ j-1 n-1

J  M

J  M

otherwiseP - 7 y D. * P,
~  • 1 1 J" 1J-1 n-1

Z - S + H + P

5.2.2 Fathoming Procedure 2

If S is a lower bound on the sfetup cost for the problems

associated with all completions of the partial assignment being

enumerated then that partial assignment can be fathomed if S >

S  where S is an upper bound on setup cost for the optimal

solution to the SLCR problem.

5.2.2.1 Uooer Bound on Setup Cost

In problem (2.1)-(2.5) if fixed costs are equal to zero

the problem reduces to an ordinary transportation problem.

Hence if setup costs are set to zero,

the reduced problem becomes one

(production and holding) costs.

Let be the optimal objective function value of the

the objective function of

of minimizing variable

reduced problem. will be a lower bound on the variable (sum

of production and holding costs)

solution to the SLCR problem.

Let S be the upper bound on to

costs for any feasible

tal setup cost incurred by

the optimal solution to the SLCR problem.
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S is given by,

- Z^ (5.13)

where is the optimal objective value of the problem

associated with the incumbent completion .

Theorem 1:

S  is an upper bound on the sbtup cost for the optimal

solution to the SLCR problem.

Let be the optimum objective value for the SCLR problem

- s° .

where is the total fixed (setup) cost incurred by the

0  .optimal solution and Z^ is the total

and holding costs) incurred by the op

variable cost (production

timal solution.

S + (from 5.13)

Since Z*^ is optimal value Z^ > Z^

Therefore S + Z^ > + Z^^
Therefore S > + (Z^*^ - Z^)

Z^ - Zy > 0 (since Z^ is a lower bound on the

variable costs for any feasible

solution to the SLCR problem)

Therefore S > S
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Therefore S is an upper bound on the setup cost for the

optimal solution to the SCLR problem.

5.2.3 Fathoming Procedure 3

A partial assignment matrix

the process of envuneration if it

]  can be fathomed during

can be shovm that all

ofcompletions of [^j^] will violate somd demand constraint

the SLCR problem.

If most recently fixed setup variable, it may

be possible to fathom by observing that demand for product j'

in period m' cannot possibly be m^t. A partial assignment

the ciimulative capacity

available in periods 1 through m' i^ less than the cumulative
demand for product j' in periods 1 through m'.

It is clear that the production capacity in any period can

matrix [Y. ] can be fathomed if
jm

be utilized only if setup for at le^st one product is planned
J

0, the production

be utilized.

during that period i.e. ifT Y. -
•  1 J™
J-1

capacity available in period m cannot

Therefore a partial assignment matrix [Y. ] can be
jm

fathomed if

K  m'

y r c, *A,  km m
k-1 m-1

J  m'-l j'

where A -
m

< I I °1n -"I °j-1 n-1 pi

J

1  if y Y. > 0
pi J"*

.  , ) < 0 .
.I®

-  0 otherwise
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CHAPTER VI

LOWER BOUND

This chapter describes a procedure for computing the lower

bound on total cost for the SLCR problem. The lower bound is

used for fathoming in the implicit

also for analyzing the performanc

chapter also discusses the effect of

the lower bound. Finally the chapte

the lower bound to the optimal solutions for those problems

which were solved exactly.

enumeration algorithm and

e  of the heuristic. The

the problem parameters on

r presents a comparison of

6.1 PROCEDURE FOR COMPUTING LOWER BOUND

The objective function (2.1) of the SLCR problem

(2.1) "(2.5) is to minimize the siim of setup, holding and

production costs. A lower bound on total cost for the problem,

is computed by solving two seperate relaxations of the problem.

In the first a lower bound on the sum of setup and holding

costs and in the second a lower bound on production costs are

found. The lower bound on the sum of setup and holding costs

is determined by solving a relaxation of the SLCR problem with

setup and holding costs in the objective function. The second

computes a lower bound on the production costs solving a

relaxation of the problem with only production costs in the

objective function. Z, a lower bound on the objective value

for the SLCR problem, can be obtained by summing the lower
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bound on the setup and holding costs £ind the lower bound on the

production costs.

6.1.1 Lower Bound on Setup and Holding Costs

This is found by solving a |relaxation of the SLCR
problem (2.1)-(2.5). If cost of proiluction is set to zero the

objective of the problem becomes one of minimizing the sum of

setup and holding costs. The problem then reduces to a

multi-product capacitated lotsizing problem. The SLCR problem

with zero production cost is shown below.

Minimize where -

J  M J K M N

I I ^ I X I I
j-1 m-1 -J -J j_i k=.i iji_i n-m

subject to:

K  M

y 7 X., - D.
1  T J hmn 1nk-1 m-1

J  M

I ̂jkmn - ^km
J -1 n-m

Y.
jn>

K  M

k-1 n-m

0 otherwise

1 if 7 7 X., > 0
.'— I— J kmn

X., > 0
jkmn ~

(6.1a)

j-1... (6.2a)

n-1,...  ,M

k-1,...  ,K (6.3a)

m-1,...  ,M

k-1,...  ,K (6.4a)

m-1,..

j-l... .J (6.5a)

k-1,.. ,K

m-1,..

n-1,..

(6.3a) are relaxed
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the problem reduces to several single-product uncapacitated

lotsizing problem. The Wagner-Whitin algorithm (1958) can be

used to solve these single-product uncapacitated lot sizing

problems optimally. A lower bound (Zj ) on the objective value
for the above relaxation can be obtained by minimizing the siom
of setup and holding costs separatejLy for each product using

Wagner-Whitin algorithm and summing the individual objective

values. The lower bound (Z^) so obtajined will be a lower bound
(Zl) to the objective of problem (6.la) and also a lower bound

on the sum of setup and holding c^sts of the SLCR problem

(2.1)-(2.5).

6.1.2 Lower Bound on Production Cost

costs are set to zero inIf the setup costs and holding

the SLCR problem (2.1)-(2.5), it reduces to a standard

transportation problem. The objective of the reduced problem

is to minimize the production costs. The reduced problem can

be stated as shown below.

2  2
Minimize Z where Z -

K  M M

L X t 1
j-1 k-1 m-1 n-m

subject to:

K  M

I I hk
D.

-1 n^l j"™" J"

M

I I X,
j

■j-1 n-m kmn ~ ^^km

j-1.

n-1.

k-1 K

m-1 M

(6.1b)

(6.2b)

(6.3b)
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Y.
jm

K  M

1 if £ I X.
j

k-1 n=m

0 otherwise

kmn
> 0 k-1 K (6.4b)

m-1 M

X., > 0
jkmn ~

The optimal objective value for

provides a lower bound (Z^) on the

SLCR problem.

Hence the summation of the low

j-1 J (6.5b)

k-1 K

m-1 M

n-1 M

the reduced problem (6.1b)

production costs for the

er bounds on the objective

values of problem (6.la)-(6.5a) and problem (6.lb)-(6.5b) will

give a lower bound on the objective o

Z - Z' + Z"

f the SLCR problem, i.e.

6.2 TIGHTNESS OF LOWER BOUND

nts that the tightness of

ficantly by the following

In this section we give argume

lower bound will be affected signi

parameters;

1. seasonality;

2. setup costs;

3. tightness of capacity.

These conjectures are supportjed by the computational

results.
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6.2.1 Effect of Seasonalltv

The lower bound procedure used |:o obtain a lower bound on
the sum of setup and holding cost for each product ignores

capacity constraints. If there is no seasonality in demand the

Wagner-Whitin algorithm will tenji to result in setups
distributed rather uniformly over the planning horizon. It is

likely that the lot sizes for this setup combination will be

small and hence will not be hard jto fit into the available

capacity. For problems with low s^sonality the lot sizes

obtained by the Wagner-Whitin algorithm will be very similar

(depending upon the amount of production capacity available) to

the lot sizes in the optimal solutio Hence in problems with

low seasonality the lower bound on th^ sum of setup and holding

cost will tend to be very close to th^ svun of setup and holding
costs in the optimal solution.

As the seasonality increases tjie Wagner-Whitin algorithm
will tend to schedule large lot sLzes, mainly during peak
periods. When capacity constraints are imposed, the lot sizes

obtained by the Wagner-Whitin procedure may violate some

capacity constraints. (As capacity constraints become tighter

the number of setups in the optimal solution will increase and

the lot sizes will decrease.) The Wa

result in fewer setups and larger 1

solution. Hence as seasonality inp

the sum of setup and holding cost w

than the sum of setup and holdi

solution.
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The procedure for lower bound On production cost assiames

that all regular time capacity will, be used before overtime

capacity is used. As seasonalityj increases the optimal
might necessitate use ofsolution may have lot sizes which

iods of demand eventhoughovertime capacity in some (peak) pej
there may be some unused regular time capacity in other

periods. Hence as seasonality increases the lower bound on
production cost will tend to be much lower than the production

cost in the optimal solution.

Hence the lower bound will tend to be looser as

seasonality increases.

6.2.2 Effect of Setup Cost

When the setup cost for t

Wagner-Whitin algorithm, in order

le products is low the

o  balance the setup and

holding costs, will tend to result in setups in many periods.

It is very likely that the lot sizes so obtained will be small

enough to fit into available capacity. The lot sizes will be

similar (depending upon tightness of |:apacity) to the lot sizes
in the optimal solution. Hence for problems with low setup

costs the lower bound on the sum of setup and holding costs

will tend to be very close to the sum of setup and holding

costs in the optimal solution.

As the setup costs increase t|ie Wagner-Whitin algorithm

will result in fewer setups and larger lot sizes. When

capacity constraints are imposed the lot sizes obtained by the
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procedure may become infeasible. (As capacity constraints

become tighter the number of setups in the optimal solution

will increase and the lot sizes will decrease.) The lower

bound procedure will tend to result in fewer setups and larger

Therefore as setup costs

of setup and holding costs

lot sizes than the optimal solution,

increase the lower bound on the sum

will tend to be much lower than the stun of setup and holding

costs in the optimal solution.

As setup costs increase the ̂ umber of setups in the
optimal solution will decrease. As a result, to make use of

expensive setups, overtime capacitj^ might be used in certain

periods eventhough there may be some unused regular time

setup costs increase the

ined will tend to be much

optimal solution.

capacity in other periods. Hence as

lower bound on production cost obtai

lower than the production cost in the

Hence the lower bound will tend to be looses as setup

costs increase.

6.2.3 Effect of Tightness of Canacitvj
When available regular time capajcity is loose ( e.g. 120%

of the average demand) the lot sizesj obtained by Wagner-Whitin
algorithm will be more likely to| fit into the available
capacity. The lot sizes obtained by the lower bound procedure

may be near optimal. The lower bound on the sum of setup and

holding costs will tend to be very close to the sum of setup

and holding costs in the optimal soliition.
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As capacity constraints become tighter the lot sizes

algorithm will becomeobtained by the Wagner-Whitin

increasingly difficult to fit into the available capacity. The

optimal solution in these cases wijLl tend to have far more
setups and smaller lot sizes complared to the Wagner-Whitin

solution. Hence as tightness of capacity increases the lower

bound on the sum of setup and holdp.ng costs will tend to be
Iincreasingly lower than the sum of se|tup and holding costs.

When the tightness of capacitkr is 120% of the average

demand the procedure for computing lower bound on production

cost will result in a value which assumes that all the demands

are met by using only regular time capacity. Since regular

time capacity available is 120% of the average demand it is

likely that all the demands will be met without using any

overtime capacity. The lower bouncj on production cost will

tend to be very close to the prodvjction cost in the optimal

solution.

Hence in case of 120% tightness of capacity the lower
bound on total cost will be tight.

When tightness of capacity is 80% the procedure for

computing lower bound on production cjost will result in a value

which assumes that 80% of the demands are met by using regular

time capacity and the rest 20% i

capacity. Since capacity constraint

that the optimal solution will resul

s  met by using overtime

is very tight it is likely

t in setups distributed in
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many periods and hence will have a ])roduction plan which uses

all regular time to meet 80% of th(j demands and overtime to

meet the other 20% of the demands. Here again the lower bound

on production cost will tend to be very close to the production

cost in the optimal solution.

Hence in case of 80% tightness of capacity the lower bound

on total cost will be tight but not as tight as in the case of

120% tightness of capacity.

When tightness of capacity is 100% the procedure for

computing lower bound on production cjast will result in a value

which will assume that all the demandjs are met by using regular
time capacity. This may not be true especially for certain

types of problems (e.g. for problems with high setup costs and

for problems with extreme seasonality the optimal solution

might result in larger lot sizes at the expense of overtime).

Hence, in these cases, the lower bou^d on production cost will

tend to be much lower than the proc^ction cost in the optimal

solution.

Hence in case of 100% tightness of capacity the lower

bound obtained will be worse than the

case as well as in the case of 120% tightness of capacity

80% tightness of capacity

6.3 COMPARISON OF LOWER BOUND TIG THE EXACT SOLUTIONS

Table 2 presents the results o^ those test problems which

were solved optimally by the exact algorithm. As conjectured
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Table 2

Comparison of Solution Value to the Lower Bound Value
for problems solved optimally
(3 product 12 period cases).

Sea.

Opt. Lower

Soln. Bound

Set. Cap. Value Value
%

Difference Difference

No Med 100% 536448 533028 3402 .50
No Med 80% 585492 583188 2304 .60
Mod Low 100% 518147 514136 4011 .80
Mod Low 80% 560080 560016 64 .02
Mod Med 80% 587144 584508 2636 .55

3.All problems with low setup and ho seasonality were solved
optimally. In these cases the heuristic solution and the lower
bound were equal to the optimal solution.
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the lower bound and the

0.80%.

the lower bound seems to be significantly affected by problem

parameters like seasonality of demand, setup costs and

tightness of capacity.

All problems with low setup costs and no seasonality were

solved exactly. As expected the lowbr bound for problems with

low setup cost and no seasonality was equal to the optimal

solution value.

For problems with low se^up cost and moderate
seasonality the difference between

optimal solution ranged from 0.02% to

For problems with medium setuj) and no seasonality the

difference between the lower bound and the optimal solution

ranged from 0.50% to 0.60%. Finall^ one problem with medium
setup costs and moderate seasonality j^as solved optimally. The
difference between the lower bound anjl the optimal solution was
0.55%.

From the results of problems solved exactly it can be seen

that for problems with low seasonality, and low setup cost the
lower bound obtained was tight. The lower bound obtained for

problems with moderate seasonality vjas looser than lower bound
for problems with no seasonality

for problems with medium setup costs

bound for problems with low setup

bound for problems with 80% tightnes

or tighter (in most cases) compared to the problems with 100%

tightness of capacity.

Similarly the lower bound

was looser than the lower

costs. Finally the lower

s of capacity was as tight
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say how loose the lower

Since the exact solution algorithm could not solve any

problems with high setup costs and problems with extreme

seasonality it wass not possible to

bound will be in these cases. Based on the discussion on

tightness of the lower bound it appears that for problems with

high setup costs and problems with high seasonality the lower

bound will tend to be loose.
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CHAPTER VII

COMPUTATIONAL EX]?ERIMENTS

This chapter presents the design of computational

experiments and the summary of the results of the computational

experiments. The summary of results includes analysis of the

performance of the heuristic by comparing the heuristic

solutions with the optimal solutions for all problems solved

exactly and also by comparing the heuristic solutions with the

lower bound for all test problems.

7.1 DESIGN OF COMPUTATIONAL EXPERIMENTS

The computational study consis

test problems. The test problems d

the number of products, (2) the number of time periods, (3)

ts of the solution of 243

iffer with respect to (1)

the seasonality of demand, (4) the available regular time

capacity (as a percentage of average demand), and (5) the

setup. Each of these five problem parameters were varied over

.5
three values to generate 3" 243 different parameter

combinations on which the problems wel:

is similar to that of Graves (198^

formulated in this research is dfJ

formulated by Graves (1982). (One

Graves formulation assumes unlimited overtime capacity as

opposed to constrained overtime capacity.) The test problems in

this research range in size from 3 product and 12 period

re based. The test design

2), although the problem

fferent from the problem

major difference is that
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problem to 9 product and 36 period problem.

The number of products for any problem can be 3, 6 or 9.

The mamber of time periods can be 12, 24, or 36. The product

demands for any problem can either have no seasonality,
moderate seasonality or extreme seasonality. The setup cost
for each product can assume three j^alues-- low, medium and
high. The level of regular time |:^pacity can assume three

values such that it can cover 80%, 10p% or 120% of total demand

over the planning horizon.

For each problem the amount of regular time available is

constant across the periods over tjhe planning horizon. For

convenience the initial inventories and the ending inventories

for all products is constrained to zero.

7.1.1 Specifications of test problems (3 product and 12 period

case") ■

Let q index problem set, where q - 1 indexes problem set

with no seasonality, q - 2 indexes

seasonality and q - 3 indexes p

seasonality.

problem set with moderate

roblem set with extreme

Product Demands

For problem set q, demand fof product j in period n is

given by,

D. - y r * b. ̂jn tri P J"
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where ® multiplicative seasonality factor (see Figure

4) for product j in period n belonging to problem set q, and r

th ^
the p random draw from a uniform distribution over the

range (^.d^) (see Figure 5). P is pual to five for products
1 and 2 and P is equal to ten for projiuct 3.

IS

Setup Costs

For each product j the setup cost is given by,

P

ItS.

J  p-1 P
thwhere t is the p random draw fr

P

over the range (^.s^) (see Figure

setup cost for product j for all

problems. To get the "low" setup c

while to get the "high" setup cost we

^o

om a uniform distribution

5) . "medium"

time periods for all test

st we divide S . by five,
J  ̂

multiply Sj by five.

Production costs

The regular time cost is 40.00 per unit and overtime cost

is 60.00 per unit for all periods for all problems.

Holding costs

The inventory holding cost Hj is 4.00 for product 1, 7.00

for product 2 and 6.00 for product 3 for all time periods for

all problems.
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Problem Set

Time

Per. 1

'.1

Product

2

(None)

#

3 1

#2

Produ

2

(Mode

:;t #

3

rate)

1

#3

Product #

2  3

(Extreme)

1 1.0
1
1  1.0 1.0 1.0

1
1  0.8 1  1.0 1.0

1  1
1  0.8 1 0.3

2 1.0 1  1-0 1.0 1.0 1  0.8 1  1.0 0.6
" i 1 ■

1  0.6 1 0.5

3 1.0 1  1.0 1.0 1.0 1  0.7 1  1.0 0.0
" 1 1 ■

1  0.3 1 0.6

4 1.0 1  1.0 1.0 1.0 1  0.5 1  1-2 0.0
" 1 1 "

1  0.0 1 1.0

5 1.0 1  1.0 1.0 1.0 1  0.7 1  1.3 0.0 1  0.0 1 1.2

6 1.0 1  1.0 1.0 1.0 1  1-0 1  1.5 0.0 1  0.6 1 1.5

7 1.0 1  1.0 1.0 1.0 1  1.0 1  1.3 0.0
" 1 1 ■

1  1-2 1 2.0

8 1.0 1  1.0 1.0 1.0 1  1-2 1  1.0 0.8 1  1-5 1 2.2

9 1.0 1  1.0 1.0 1.0 1  1-3 1  0.9 1.6 1  2.0 1 1.3

10 1.0 1  1.0 1.0 1.0 1  1-5 1  0.7 3.0
■ 1 1 ■

1  2.0 1 1.0

11 1.0 1  1-0 1.0 1.0 1  1-2 1  0.5 3.0 1  1-5 1 0.5

12 1.0 1  1.0

1

1.0 1.0 1  1-0
1

1  0.8 2.0 1  1-2 1
1  1

0.2

Figure 4. Multiplicative Seasonality Factor.
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PRODUCT #1

20
1
1  40

1
1  15

. 1 - - - ■

1
1  25 80

d
P

40

1

1  60

1
1  25
i

1  65
1

120

1

50

1
1  50
1

1
1  50

1
1  50 50

s

P
150

1

|150

1

j

|150

1

1 —
|150

1

150

PRODUCT #2

d
n?

80
1
1  15
1

1
1  40
1

1
1  40 55

d
P

120 1  25
1

1  60

1

1

1  60
1

85

100
1
|100
1

1
|100
1

1
|100 100

s

P
200 |200

1

|200

1

1
1200

1

200

PRODUCT #3

d
"P

20 20 30 30 20
1

30 1 30
1
1  50 60 40

d
P

40 40 50 50 40 70 1

1

50 1100

1

80 80

s 20 20 30 30 20
1

30 1 30
1
1  50 60 40

s

p
40 40 50 50 40 70 1

1

50 1100

1

80 80

Figure 5. Ranges of Demands and Setub Costs for Products
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Available regular time

The available regular time in piriod m for problem set q

is given by,

J  M

'-I Id. 1/m
J"

and overtime in period m for problem set q is given by,

'2m
1.5 * C

Im

We multiply by .80 for problems with 80% tightness of

capacity, by 1.00 for problems with 100% tightness of capacity

and by 1.2 for 120% tightness of capacity.

The same problem generating aljgorithm is used for the 6
I

product and 9 product problems, ike 6 product problem is

treated as two 3 product problems.] Similarly the 9 product

problem is treated as three 3 product problems,

The setup costs for the 6 product and 9 product problem is

costs for the 3 product

for the 6 product problem

y  replicating the holding

roduction costs for the 6

obtained by replicating the setup

problem. Similarly the holding costs

and 9 product problem is obtained bj

costs for the 3 product problem. Pi

product and the 9 product problem Jre same as the production
costs for the 3 product problem.

The demands for the 6 product problem is obtained by

replicating the demands for the 3 pi

the demands for the 9 product problem is also obtained by

replicating the demands for the 3 product problem. The

roduct problem. Similarly

capacities are computed exactly like the 3 product problem.
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The 24 period problem is treated as two 12 period

problems. The demands for the 24 period problem is obtained by

replicating the 12 period problem demands. Similarly the 36

period problem is treated as three

capacities are computed exactly like

12 period problems. The

:he 12 period problem.

7.2 SUMMARY OF RESULTS

The test problems were solved on the IBM 4381 system. The

computation time for our procedure ranged from .94 c.p.u.

seconds to 189.01 c.p.u. seconds |i?ith the average time per

problem being approximately 30 c.p.u.

performance of our heuristic with res

demand, (2) setup costs, (3) tightne

of products, and (5) number of period|s.

seconds. We discuss the

pect to (1) seasonality in

ss of capacity, (4) number

To analyze the performance of t

solution value is compared with the f

1. optimal solution value for th

he heuristic the heuristic

ollowing:

e problems solved exactly;

2. the lower bound value for all problems.

7.2.1 Comparison of the heuristic solution with the exact

solution

All problems with low setup co^ts and no seasonality were
solved optimally by the exact algorithm. Two problems with low

setup costs and moderate seasonality were solved optimally.

Two problems with medium setup cost|s and no seasonality were

solved optimally. Finally one problem with medium setup costs
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and moderate seasonality was solved optimally. The comparison

of the heuristic solution value with the optimal solution for

those problems solved optimally is shown in Table 3.

For all problems that were solved exactly it can be seen

that the objective function value of the heuristic solutions

exceeded the optimal value by an am(3unt that is less than the

amount by which the optimal value

That is, the heuristic solution de^

less than half of the amount by wh

bound.

For all problems with low setub costs and no seasonality

the heuristic solution for these problems were the same as the
optimal solution. For problems wilth low setup costs and

exceeded the lower bound,

/iated from optimality by

ich it exceeded the lower

moderate seasonality the difference  between the heuristic

solution and the optimal solution was very close to 0.00%,

ate setup costs and no

difference between the

For the problems with moder

seasonality solved optimally the

heuristic solution and the optimal solution ranged from 0.00%

to 0.18%. Finally for one problem vjith medium setup costs and

moderate seasonality solved optimal

the heuristic solution and the optima

Since the problems with hig

seasonality could not be solved exac

determine the deviation from opti

solution.

ly the difference between

1 solution was 0.30%.

h  setup costs or high

tly it was not possible to

mality of the heuristic
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Table 3

Comparison of Solution Value to the Heuristic Solution
Value for problems solvfsd optimally

(3 product 12 period cases).

Opt. Heur.

Soln. Soln.

Sea. Set. Cap. Value Value
%

Difference Difference

No Med 100% 536448 536448

No Med 80% 585492 586608

Mod Low 100% 518147 518264

Mod Low 80% 560080 560112

Mod Med 80% 587144 588932

0

1116

117

32

1788

0.00

0.18

0.02

0.00

0.30

All problems with low setup and no seasonality were solved
optimally. In these cases the heuristic solution and the lower
bound were equal to the optimal solution.
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7.2.2 Comparison of the heuristic solution with lower bound

To analyze the performance of the heuristic the percentage

difference between the heuristic solution and the lower bound

(discussed in Chapter VI) for the SLCR problem is computed.

The percentages are the difference between the heuristic

solution value and the lower boujid value divided by the
heuristic solution value.

The difference between the heiiristic solution and the

lower bound could be due to either the performance of the

heuristic or looseness of the lower bound.(As was pointed out

earlier, in those problems for whicji the optimal solution was

known, less than half of this difference was attributed to the

difference between the heuristic solution and the optimal

solution.)

The difference between heuristi^ solution and the optimal

optimal solution for the

by the exact algorithm is

solution and lower bound and the

problems which were solved optimally

shown in Table 4. The difference [between heuristic solution

and the lower bound ranged from 0.00% to 0.66%. In cases where

the difference was greater than 0.00% the difference was mainly

due to looseness of the lower bound rather than performance of

the heuristic. The looseness of thJ lower bound accounted for
0.0% to 100% of the difference in those problems which were

solved exactly.
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Table 4

Comparison of Heuristic Solution V^
Value for problems" sol-j/^i

(3 product 12 period

lue and the Lower Bound
ed optimally
cases).

Sea. Set. Cap.

Diff. Betn.

Heur. and

Lower Bound

Diff. Betn.

Heur. and

Opt. Soln.

Diff. Betn.

Lower Bound

Opt. Soln.

No Med 100% 3420

No Med 80% 3420

Mod Low 100% 4128

Mod Low 80% 96

Mod Med 80% 4424

0

1116

117

32

1788

3420

2304

4011

64

2636

All problems with low setup
solved optimally. In these cases
the lower bound were equal to the opt

til'

and no seasonality were
e  heuristic solution and

Lmal solution.
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The average percentage difference (a.p.d.) between the

the heuristic solution and

:ant.

heuristic solution value and the lower bound is computed for

each problem parameter. The a.p.d. across all 243 problems was

4.12%. The percentage difference ranged from 0.00% to 14.67%.
The most significant effect on |;he difference between the

heuristic solution and the lower bound was due to the

seasonality parameter. The second mjist significant effect on

the difference between the heuristij: solution and the lower
bound was due to the setup cost parameter. The effect of the

number of products, number of perjiods and the tightness of

capacity on the difference between

the lower bound seems to be insignifi

The a.p.d. increased as seasonality of the problem

increased (see Figure 6). The a.p.[i. also increased as the

setup costs increased (see Figure 7). The a.p.d. was the

lowest (3.12%) for 120 % tightness of capacity, was second

lowest (4.01%) for 80% capacity and the highest (5.21%) for

100% capacity (see Figure 8). The

not seem to have a significant ef

Figure 9) . Finally the niomber of pe

significant effect on the a.p.d. (see

The effect of the interaction between seasonality

parameter and the setup cost parameter on the a.p.d. is shown

in Figure 11. The results show that; the effect of interaction

number of products did

feet on the a.p.d. (see

riods did not seem to have

Figure 10).
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9.00

8.00

7.00

6.00

A.P.O. 5.00

4.00

3.00

2.00

1.00

0.00

None Moderate Extreme

Figure 6. The Effect of Seasdnality on Average
Percent Difference (A.P.D.).
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A.P.D.

9.00

8.00

7.00

6.00

5.00

4.00

3.00

2.00

1.00

0.00

Low Medi High

Figure 7. The Effect Setup Costs on Average
Percent Difference (A.P.D.).
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A.P.D.

9.00

8.00 1-

7.00

6.00

5.00

4.00

3.00

2.00

1.00

0.00

80% 100%

Figure 8. The Effect of Tight
Average Percent Dif

120%

ness of Capacity on
ference (A.P.O.).
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A.P.D.

9.00

8.00

7.00

6.00

5.00

4.00

3.00

2.00

1.00

0.00

Figure 9. The Effect of Nulmber of Products on
Average Percent Difference (A.P.D.).
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A.P.D.

9.00

8.00

7.00

6.00

5.00

4.00

3.00

2.00

1.00

0.00

-e

12

Figure 10. The Effect of N
Average Percent Di

24] 36

umber of Periods on

fference (A.P.D.).
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High

Setup

Cost

Medium

Low

4.40 4.76 10.49

0.46 0.84 7.83

0.00 0.39 8.00

None W

Sea

Figure 11. The Effect of I

oderate Extreme

sonality

nteraction of Setup Costs
and Seasonality on Average Percent
Percent Difference (A.P.D.).
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between seasonality parameter and setup cost parameter on the

a.p.d is not significant. The a.p.dl was the lowest for the

problems with low setup costs and lol? seasonality, and it was
the highest for the problems with high setup costs and extreme

seasonality.

For problems with low seasonality, the a.p.d. increased as

setup costs increased. The same wajs true for problems with

moderate seasonality and problems Wth extreme seasonality.

Similarly, for problems with low setup costs, the a.p.d.

increased as seasonality in product demands increased. The

results were consistent for problems with medium setup costs

and problems with high setup costs.

The a.p.d. for problems with n

seasonality is very small. Similar

setup costs and medium setup costs

The a.p.d. increased considerably

seasonality for problems with high se

0 seasonality and moderate

ly for problems with low

the a.p.d. is very small,

for problems with extreme

tup costs.
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CHAPTER VIII

TOPICS FOR FURTHER RESEARCH

A useful extension to this

develop other efficient exact solu

orders of enumeration in the impl

could be explored to see if the s

dissertation would be to

tion algorithms. Different

Lcit enumeration algorithm

olution procedure could be

made more efficient.

The heuristic developed in t|iis dissertation could be

compared with existing heuristics in solving "traditional"

fixed charge transportation problejns. Also research can be
done to identify other practical jiroblems in business which
have structure similar to the pjroblem discussed in this

research.

Another useful extension to this research would be to

explore other techniques for computing a "better" lower bound.

This would help in doing a better evaluation of the heuristic

developed in this dissertation and other heuristics used in

solving similar class of problems.
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