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ABSTRACT

We study three types of boundary value problems with eigenvalue parameter in

the boundary conditions, called (*), (**), and (***). We develop the self-adjoint

operator and the Green's function associated with each of (*), (**), and (***).

We also demonstrate the convergence of the eigenfunction expansion graphically

and numerically for (*). Ba^ed on these results, we then solve a nonhomogeneovis

heat flow problem associated with (*).
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CHAPTER 1.

INTRODUCTION

We consider here the eigenvalue problem with the paurameter depending bound

ary condition

(*)

r(u) = -[-(pu'y + qu] = Au,
r

(cos 0)u(a) + (sin 9)(pu'){a) = 0, 0 <$ < ir,

(1.1)

(1.2)

(1.3)

where r, p, amd q are real continuous functions on an interval [a, b] with r amd

p positive. The numbers P2 real. We ailso consider the related

problems with different bovmdaxy conditions such as

aind

(*»*).

f (1-1),
-[aiu(a) - a2{pu'){a) = A[o;iu(a) - ai(pu')(a)],

"1, <*2, a'l, 0^2 S R, (1.4)

(1-3),

(1.1),
(1.2),

[70 + 7iA -f- 72A^]it(6) = [^0 + ̂lA -f ̂ 2 A^](pu')(6),
7oi 7i5 725 ̂ 05 ̂ i5 ̂ 2 G R" (1.5)

We can find many problems of the form (*) in physics and engineering. One

example is the heat conduction of a bar with a finite amount of fluid at the end.

This will be discussed in Chapters 3 and 5. As another example, consider the

longitudinal displacement z{x,t) of a bar of length L with a mass M attached at

X = L as shown in Figure A-1.^ We assume that the cross sectional area S of the

^All figures may be foimd in the appendix.



bar is constant and that the particles in the bar move only in the axial direction

(see [6, p364-373, 387-395] for a more detailed description). Following the analysis

by R. V. Churchill and J. W. Brownfl, p250][2, p7], z(x,t) satisfies the partial

differential equation

" di ^

where d{x) is the density and E(x) > 0 is the modtJus of elasticity. If the bar is

fixed at X = 0, then we have

z(0,<) = 0. (1.7)

And by [1] and [2], the mass M at x = L gives another botmdary condition

Pp' z dzM-^{L,t) = -SE{L)-{L,t). (1.8)

By separation of variables, (1.6)-(1.8) lead to the ODE botmdary value problem

- ̂(E{x)X\x)) = Xd(x)X(x), (1.9)
X{0) = 0, (1.10)

5 E{L) X'{L) = A M X{L). (1.11)

We note that the above problem has the form (*) with r(x) = d(x), p(x) = E{x),

9(x) = 0, 0 = 0, = 0, /?2 = S, = M, and ̂ 2 = 0. Many other physical

applications of the problem (*) are given in C. T. Fulton's paper[3].

Since (*), (**), and (***) have a parameter A in the boundary condition, the

domain of the operator r depends on A and thus r is not a linear operator. There

fore, these problems are not self-adjoint by definition. However, J. Walter[5] and

Fulton[3] have shown that a symmetric operator Ai can be associated with (*) tm-

der certain conditions of ̂'s and the Green's fvmction can be constructed by using

the operator Ai. Since the symmetry and existence of Green's function yields self-

adjointness of Ai, we can obtaun the necessary results about A for eigenfunction



expansions. D. B. Hinton has proved theorems for uniform and absolute conver

gence of the eigenfunction expansion for (*) in [4]. We refer the reader to [3] and

[5] for other eigenfunction expansion theorems.

In this paper, we aim to solve a nonhomogeneous heat flow problem eissociated

with (*). First, we will find the self-adjoint operator for eawdi of the problems (*),

(**), and (***) in Chapter 2. Next in Chapter 3, after introducing the nonhomo-

geneoiis heat flow problem, we will focus on the homogeneoxis part of the problem

and demonstrate the convergence of the eigenfunction expansion graphically and

numerically. Then in Chapter 4, we construct the Green's function for each of

(*), (**), and (***), based on the discussions of Chapter 2. At last in Chapter 5,

we will solve the nonhomogeneous heat flow problem by using the results from

Chapters 3 and 4.



CHAPTER 2.

THE SELF-ADJOINT OPERATOR

Oxir interest in this chapter is to define a self-adjoint operator for each of (*),

(**), and (***) so that each problem can be transformed to an equivalent self-

adjoint problem. The transformation yields many necessary results about the

eigenvalues for solving each problem.

For each of (*), (**), and (***), we associate a Hilbert space, define an operator

in the Hilbert space, and show that there is an eigenvalue problem with the oper

ator which is eqmvalent to each of (*), (**), and (***). Then we find a condition

so that the operator is self-adjoint.

2.1 Operator for (*)

Define a complex Hilbert space If* to be the set of two-component vectors

{Hi,H2) which satisfy

(i) Hi is a fimction defined on [a,b] where r{x)\Hi{x)\^dx < oo,

(ii) H2 is a complex number.

Strictly speaJcing, Hi is an equivalence claiss of Lebesgue measurable functions

which satisfies r{x)\Hi{x)\^dx < 00. We refer to this condition as Hi E

C^{r\a,h). A stand2U'd calculation shows that an inner product in H* is defined

by ^
{{Fi,F2),{Gi,G2))= f r{x)Fi{x)G;{^dx + kF2'^ (2.1)

J a

where {Fi,F2),{Gi,G2) € H* and fc > 0 is a constant.

Let the domain of the operator Ai, denoted as D{Ai), be the set of eiU F =



{Fi,F2) 6 H* which satisfy

(i) Fi is a function in C^{r;a,b) so that t{Fi) is defined (i.e., Fi, pF[ are

absolutely continuous) and in £^(r;a, 6) (e.g., see [4]),

(ii) JFi satisfies the boundaiy condition (1.2), i.e.,

(cos ̂)Fi(a) + (sin ff)(p(a)Fl(a)) = 0, (2.2)

(iii) F2 is a number such that

F2 = ̂iFi(b) - ̂̂(pFl)(b). (2.3)

Define Ai : D{Ai) —» H* by

yliJ? = (t{Fi), -|9iFi(6) + A(pF;)(6)). (2.4)

Now we show the following.

Theorem 2.1. Let F = (Fi,F2) € H*. Then Fi satisfies (*) if and only if

F € D{Ai) and AiF = \F, i.e., \ is an eigenvalue of Ai.

Proof. Suppose Fi satisfies (*). Define F2 to be as (2.3). Then F = (Fi,^?) €

D{Ai) by definition. Since

t(F,) = AFi (2.5)

and

-AF,(6) + A(pF;)(6) = A[;S;f,(5) - ;^,(pf);)(6)] = AF,, (2.6)

we have

AiF = (t(F,), -AFi (6) + A(pF;)(6))

= (AFi,AF2) = A(Fi,F2) = AF.

Conversely, suppose F € D(Ai) and AiF = AF. The reverse calculation shows

(2.5) and (2.6). Since F € D{Ai), (2.2) holds. Thus Fi satisfies (*). □



To achieve self-adjointness of Ai, we need to show that Ai is symmetric and

there exists a Green's function for the nonhomogeneous equation AiF = \F + G

when A is not 2in eigenvalue. As seen in Walter's work [5], symmetry of Ai reqmres

a certain condition of a constant A: > 0 in terms of real numbers ̂ i, ̂2-, /?i> and

^2-

Theorem 2.2. A\ is symmetric, i.e.,

(AiF, G) = {F, AiG) for all F,G e D{Ai)

if

P-=l= > 0. (2.7)
Proof. Let F = (^1,^2) and G = (^1,^2). Since D{Ai) C H*, the inner product

of AiF and G is

(.llF, G) = f r(x)r(F,)(i)Gl(i)rfi: + - [-ffiFi(b) + MpFDWl ̂
Ja P

by (2.1). Using integration by parts, we get

f r(x)T{Fi){x)Gi{x)dx
J a

Ja

=f [(pf:sr)(x)+(jFisrxx)] dx - (pFi'^xb)+
Since G e D(Ai), G, = ̂',Gi{b) - ff,{j>G',)(h). Hence,

(A^F.G) = f l(pF',G',)(x) + (gFiGi)(x)]da
Ja

- ̂(FiGOW - ̂(pFlpG[){b)
P  P

+^(pFi'Gim+^(pFiGim
p  p

- (pFiGDib) + (pFiGlXa). (2.8)



Similaxly, we get

{F,A^G) = f\{pFiG[){x) + {qF^G^)ix)]da
J a

- ?i^(FyG,){b) - ̂{pFifG\)(b)
P  P

+ ̂(pf,g;)(6) + M(pf;g7)(6)
P  P

- (pFi^)(6) + (pFi^)(a). (2.9)

Note that first three terms of (2.8) and (2.9) are the same.

Since F,G G D(Ai), we have

(cos^)jFi(a) + (sin0)(pFi)(a) = 0 (2.10)

and

(cos $)Gi(a) + (sin 9){pG[){a) = 0. (2-11)

For 0 < 0 < IT, multiply (2.10) and (2.11) by Gi(a) and Fi(a), respectively, and

subtract. We get

(smS) [(pJ^5D(a) - (pJ'iGljCa)] = 0
(pJ^Gr)(a) = (pnG[)(a).

For 0 = 0, a similar calculation also shows (pFiG[){a) = (pFlGi)(a). Thus, the

last term of (2.8) and (2.9) match. We now have three terms left tmmatched. Let

those terms in (2.8) be iiT, i.e.,

K - ̂(j,FiGi)(b) + ̂(pFiGlXb) - (pfJGTXt).
P  P

Since p = ̂[^2 — ̂1^2 by hypothesis, we get

K = " ^(pFiGiXt) +
p  p p

= ?ip.(pFiG[){b) - (pF,G;)(1) + M(pi;JGD(t)



which equals the three terms left in (2.9) and it completes the proof. □

Here, we note that p = ^[^2 - ^ enough for the symmetry of Au
although p = -^ > 0 comes from the definition of the inner product in H* on (2.1).

k
Since Ai is sjrmmetric for p = ^1^2 > 0, all eigenvalues A of AiF = XF,

i.e., eigenvalues for (*), are real numbers.
Furthermore, when A is not an eigenvalue, the existence of the Green's function

will be shown in Chapter 4. By a theorem of functional analysis[7, pl08], this
shows that the operator Ai associated with (*) is self-adjoint.

2.2 Operator for (**)

Define a complex Hilbert space H** by the set of three-component vectors

{Hi^H2,Hz) where H\, H2 are defined Jis for H* in Section 2.1 and Hz is a
complex number. By a standard cedculation, an inner product in H** is

m,F2,F3UG„G^,G,)) = j\{x)Fi{x)G^dx + (,F2 f3)o(§) (2.12)
where (Fi,F2,F3),(Gi,G2,G3) € B" and Q = (^ ^) is a positive definite,
real matrix. We will show that for a certain choice of Q, the operator A2 will be

symmetric.

Let D{A2), the domain of the operator A2, be the set of all F = {Fi,F2,Fz) €
H** which satisfy

(i) Fi is a function in >C^(r; a, 6) so that t{Fi) is defined and in £^(r; o, 6),
(ii) F2 is a niimber such that

Fj = a;F,(o) - ai(pJ^)(o), (2.13)

(iii) F3 is a niimber such that

F, = ;9;f,(3) - $'i(pF'i){b). (2.14)



Define Ai : D(Ai) H" by

AiF=(t(Fi), -aiF,(o) + aj(pFi'){a), -AF,(J) + A(pj:J)(i)) (2.15)

We now show:

Theorem 2.3. Let F = (^1,^2, F3) € H**. Then Fi satisfies (**) if and only if

F G £>(^2) and A2F = \F.

Proof. Suppose Fi satisfies (**). Define F2 and F3 by (2.13) and (2.14) so that

{Fi,F2,F3) G D(A2). Since Fi satisfies (**), we get

A2F = (r(Fi), -aiFi(e) + ajCpJ^Xo), -ftFi(6) + ft(pF,')W)

= (Afii.AFj.AFs) = \(Fi,Fi,F3) = AF.

Conversely, suppose A2F = XF for F = {Fi,F2,F3) G D{A2). Then for each

component, we have

r(Fi) = AFi,

- aiFi(a) + a2(p/;)(o) = AF, = A[a;F,(o) - 4(pF[)(o)],

- AFi(i) + h(fF\)(h) = AFa = A [;fi;Fi(i) - .

Thus, J^i satisfies (**). □

We wish to find a condition on Q = ^ ̂  m ) (2.12) in terms of Oi, 02, a'l,
<^25 and P'2 so that the operator A2 is symmetric, i.e.,

(A2F, G) = (F, A2G) for all F, G G D{Ax) (2.16)

where the inner product is given by (2.12).

Let F = (Fi, F2, F3), G = (Gi, G2, G3) G D(A2). By the definition of the inner
product and the operator A2,

{A^FG) = j [r(T(Fi))5I] {x)dx
+ (-a,Fi(o) + a2(pf;X'>). -hFiO) + h{pF{m)Q (^)



and

iF,A.G)=l [rFMo^))]Md.HF„
where (2 =(^ h,! , m 6 R. Then by calculation, it follows that

{A2F,G)= f\{pFiGi){x) + {qF^G:){x)]dx
Ja

+ fc(-aiFi{a) + a2(pi\')(a)) (aiGi(o) - a2{pGi)(o))
+ ((-a.F.(a) + a2(pF;)(o)) (/SiGTW-- $'^(pGi)W)
+ ;(-ftFi(6) + ff̂ ipFDW) - OrCpSTXa))
+ m(-AP',(6) + ;820'i^)(l)) (/JiGlW - ,95(p5;)(6))
- (pj;Gr)(i) + (pFiG:)(a)

and

(f,^2G)= / [(pp;g;)(2:)+(5FiGr)(i)i<(i
J a

+ h(a;fi(e) - a',(pF[)(a)) (-a,GlW + a2(p5i)(o))
+ l{cc[F,(a) - ai(pP;)(o)) (-AG#) + A(pGf)(6))
+ ({Afl(i) - ffilpF'im (-aiG#) + a2(pG;)(o))
+ m(AF2(6) - ̂̂ (pFtm) (-AG#) + A(pGl)(6))
- (pFrGim + (pF,Gr)(a).

To have {A2F,G) = (F,A2G), the constants h, I, m must satisfy

h(aia2 — oiOjs) + 1 = 0, (2-17)

m{^'j2-l3i/3'2)-l = 0, (2.18)

l{a'Ji-ai^[) = 0, (2.19)

l{a[^2-ai^2) = 0, (2.20)

/(a^/9i-a2)0i) = O, (2.21)

/(a2/32-a2/3^) = 0. (2.22)

10



By (2.17), we get

Pi := a'ia2 — Q!iOf2 ̂  0, and

Also, by (2.18), we get

P2 •= ̂'ip2 - ̂1^2 0> and m ̂  0.

Moreover, we obtain / = 0.

Proof. Suppose / ̂  0. Then, by (2.19)-(2.22)

= 0, (a)

~ ̂1^2 ~ (^)

0^2^! - OC2^'i = 0, (c)

012^2 - <X2^2 = 0- (d)

Erom [(a) x ̂2] — [(&) x /^i]^ we get a'j = 0 since p2 / 0. Then ̂ 2 7^ 0 by pi ̂  0. But

from [(c) X /?2] — [(d) X ̂'i\, we get 02 = 0 since P2 ̂  0 which is a contradiction. □

Since Q is positive definite if and only if h> 0 and hm — /^ > 0, it follows that

-^ = Pi = Q!'ia2 - aiQTj < 0, (2.23)
- = P2 = I3'i^ - M2 > 0, (2.24)
Tf%

I = 0. (2.25)

(2.23)-(2.25) are the conditions for A2 to be self-adjoint.
Since the Green's function for A2F = XF + G where A is not an eigenvalue

will be found in Chapter 4, we have just proved that A2 is self-adjoint subject to

(2.23)-(2.25).

11



2.3 Operator for (***)

In the Hilbert space H** defined in Section 2.2, we define an operator A3

as follows. Let D{A3), the domain of the operator A3, be the set of all F =

(Fi,F2,F3) £ H** which satisfy

(i) Fi is a function in C^(r; a, b) so that r(Fi) is defined and in C^(r; a, b),

(ii) Fi satisfies the boimdaxy condition (1.2), i.e.,

(cosd)Fi(a) + (sin^)(pFi')(a) = 0, where 0 <6 <7r, (2.26)

(iii) F2 is a number such that

F2 = -72Fi(6) + ̂2(pF;)(6), (2.27)

(iv) F3 is a complex number.

Define .A3 : D(A3) H** by

A^F := (t(F.), F, - [-7,Fi(6) + <i(pi^){6)l, 70^1(6) - <o{pfi){6)). (2.28)

Now we show the following statement.

Theorem 2.4. Let F = (Fi,F2,F3) € H**. Then, Fx satisBes (***) if and only

if F E D{A3) and A3F = AF.

Proof. Suppose Fi satisfies (***), i.e.,

r(Fi) = AFi,

(cos^)Fi(a) + (sin ̂)(pFi')(a) = 0,

(70 + 7iA + 72A^)Fj(6) = (i„ + iiiA +

Define Fz by (2.27). Define F3 by

F, = [-7iFi(6) + «i(pF;)(6)] + A(-72Fi(6) + <2(pfl)(6)l. (2.29)

12



Then {Fi,F2,Fz) G D{Az) by definition and we have

1st component of A^F = \Fi,

2nd component of A3F = A[—72Fi(6) + ̂2(p-Fi)(^)]?

3rd component of A^F

= A[-7iFi W + + A^[-T2fi(6) + «2(p^t)(i)l.

Therefore,

AzF = {XFi,XF2,XF3) = \F.

Conversely, suppose A3F = XF for F = {Fi,F2,F3) € D^Az), i.e.,

r(Fi) = AFi, (2.30)

Fz - [-liF^{h) + ̂i(pFi')(6)] = AF2 = A[-72Fi(6) + ̂2(pF0(6)],
(2.31)

loFi{h) - So{pFi)ib) = XFz. (2.32)

Fx satisfies (1.1) by (2.30). Fx also satisfies (1.2) by the definition of D{Az).

Multiply (2.31) by A and substitute (2.32) into (2.31) to get (1.5). Hence, Fx

satisfies (***). □

Recall that the inner product of H** is defined by

{{FuFi,F,UGi,G2,G,)) = l\{x)Fi(x)W^ + (Fi,Ft)Q(^) (2.12)
where {Fi,F2,p3),(Gi,G2,G3) G H" and Q = (^ ^) is a positive definite,
real matrix. We will show that for a certain choice of Q the operator A2 will be

symmetric. This Q will be different from the Q in problem (**).

We now wish to find conditions to estabhsh the symmetry of A3, i.e.,

{AzF,G) = {F,AzG) (2.33)

for allF,GeI?(A3).

13



By definition, we have

rh

{A,F,G)=^ f [r(r(Fi))G;] (x)&:
Ja

+ (ft - [-7lft(6) + <l(pi^)(S)l, T<.ft(») - 'io(pft')(»))0 (^)
and

(ftAaG) = f [rft (t(G,))] M'i'
Ja

+(ft,ft)(?(^ 7.Gr(6)-ft(p5;)(i) )

By calculation, it follows that

(Asft G) = j (pFlai + qFiG:){x)dx
- {pFiG:m + (pFjSDCa)

+ (-Mift - l(,S2)(pFlpGi)(b)

+ (Mi72 + /<„72)(pF;5r)(i) + (M271 + W27o)(pftG;)(6)

+ (-Ml - m<o)(pft)(6)5^ + M2(pG;)(6)ft

+ (-/17172 - /7o72)(i^iC?i)(&)

+ (hi + ~ ̂72Gi{b)F3 + IF3G3

and

{F,A3G) = j\pFiGi + qFiG:)(x)dx
- ipF,Gi)(b) + (pF^Gi)(a)

+ {-hS,62 - l6oS2){pFip^)(b)

+ (W)27i + l627o)(pFi'^i)(b) + (Mi72 + l6o72)(pFi^){b)

+ (hS2){pF[){b)G; + i-l6i - m6o)ip^^)(b)Fz

+ (-'^7172 - ?7o72)(-fi^)(^')

+ (—h'y2)Fi(b)Gz + (I71 + m'^Q)G\(b)Fz + IF3G3.

14



We know that (pF[Gi)(a) = (pFiG[Xa) since we have

(pr,u:xa) = Glw = (pGiFOM for « # 0,
y  Sin a j

and

(p^GiXa) = (pj?;)(a) -0 = 0 = (pG;)(a) ■ 0 = (pG;Fi)(o) for « = 0

by (ii) of the definition of D{A3). Hence, in order to have (A3F, G) = (FjAsG),

h, I, and m must satisfy

—1 + hSij2 + ̂̂o72 = ̂̂^271 + ̂̂270 ?

—I6i — mSo = hS2,

^ hi + m7o = -^72,

or

h

PI / I =
m

where P :=

^i72 — ̂271 ^o72 — ̂27o 0
S2 Si 6q

72 71 70

We note that det P ̂ 0.

Proof. We rewrite (2.34) as

(^172 — ̂27i) ̂  + (^o72 — ̂27o) I = 1?

^2^ "t" Sil + SqW, = 0,

72/1 + 71/ + 7om = 0.

(a)

(b)

(c)

Suppose det P = 0. Then

det P = (^072 - ̂27o)^ - (^172 - ̂271) (^o7i - ̂i7o) = 0

(^072 — ̂270)^ = (^172 — ̂271) (^o7i ~ ̂i7o) •

C7<Me 1: (Sof2 — ̂270) # 0

We have

1 =
1-(^172 -^271)^

(^072 - ̂270)

(2.34)

(d)

(e)

15



from (a). Since ̂ 170 — ̂oTi / 0 from (d), we get from (b) and (c), that

/ / V 1 (70 -So\f-S2h\
\mj ^i7o-^o7i \-7i ^1 y V-72^/

Thus,

I _ ̂o72 ~ ̂27o ̂
^i7o - ̂o7i

(^o72 ~ ̂270
(^i7o - ̂o7i) (^172 - ̂271)"
(^o72 - ̂27o) (^i72 - ̂27i) ̂

FVom (d),

j _ (^o72 - ̂270) (^172 - ̂27l)
— (^072 — ̂270)^

_ —(^172 — ̂271) ̂
(^072 - ̂270)

which contradicts (e).

Case 2: (5o72 — hlo) = 0

From (a), we have (^172 — ̂271) h = \. Thus, ̂172 — ̂271 ̂  0 and /i ̂  0. Then,

^o7i — ̂i7o = 0 from (d). From (b) and (c), we get

AA __J^_ Z 71 Z-^om\
)  ̂271-^172 \-72 h ) \-lQrn)

L  -^o7i + ̂i7oh = — m = 0,
0271 - ̂172

which is a contradiction.

Hence, det P ̂ 0. □

Thus, we have by Cramer's rule,

L  ̂i7o - ̂ o7i /o
-  detP '

, _ ^072 - ̂ 270 rn
detP

16



^271 - ̂172 /o o•7^
-  detP •

Since Q = m) ̂ positive definite,

detP

and

hm-l^ = [(^271 - ̂i72)(^i7o - ̂o7i) - (^o72 - ̂27o)^] = > 0.

Therefore, the conditions for A3 to be symmetric are

det P = (^072 - ̂270)^ - (^271 - ̂i72)(^i7o - ̂o7i) < 0 (2.38)

and

^i7o ~ ̂o7i ̂  0* (2.39)

Symmetry of the operator A3 and existence of the Green's function, which will

be proved in Chapter 4, imply that A3 is a self-adjoint operator for (***).

17



CHAPTER 3.

EIGENFUNCTION EXPANSION

In this chapter, we first derive a nonhomogeneous heat equation where a rod

has a finite amount of fiiiid attached at the right end. Then we show there are

eigenvalue problems of the form (*), EVPl and EVP2, £tssociated with the ho

mogeneous heat equation, and demonstrate eigenfunction expansions for several

initial conditions for each problem.

3.1 Heat Flow Problem

We consider a rod of length L with constant cross-sectional area 5 os illustrated

in Figure A-2. We assume that the lateral stuface area of the rod is insulated so

that thermal energy can pass only in the x-direction. We also assume that the

specific heat and mass density of the rod at x are c(x) and d(x), respectively, and

that the rod has a heat source which generates heat energy fl(x, t) per miit volume

per imit time. Then by conservation of heat energy, the temperature u(x, t) of the

rod at X at time t satisfies a partial difierentied equation

c(x)d(x)^(x,t) = (3.1)

where is the heat flux to the right. By Fourier's law of heat conduction, we

know

du<l>(x, t) = -K(x)-^(x,t) (3.2)

where K(x) is the thermal conductivity of the rod at x. Substituting (3.2) into

18



(3.1) , we obtain the heat equation

(3.3)

If the temperatiue of the left end (x = 0) is held at 0, then we have a boiindary

condition

u(0,<) = 0, (3.4)

while if the left end of the rod is insulated, then we have

|(0,0 = 0. (3.6)

For X = L, the right end of the rod, we suppose that the rod is in contact with

a finite amount of fluid as shown in Figure A- 2. We assume the flvdd is moving

so that it has the same temperatme (T{t) at time t anywhere in the fluid. It is

also assumed that the fluid container is insulated. By Newton's law of cooling, we

have

t) = R[u{L, t) - (T{t)] (3.6)

where the constant R is called the heat transfer coefl&cient. Partial differentiation

with respect to t of both sides yields

dt
{L,t) = R

du

dt
(£,i)-ff'(t) (3.7)

Since energy conservation holds, the heat flux t) also satisfies

S<l>{L,t) = -j^[dFCFVF(T{t)] (3.8)

where dj?, cf, and vf are mass density, specific heat, and voliime of the fltdd,

respectively. Substituting a'(t) of (3.8) into (3.7), we get

^iL,t) = R (3.9)
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By Fourier's law of heat conduction, i.e. (3.2), we have a boundary condition

S

^  ̂ (3dpcpvp .10)

or

where

-K(L)^(L,t) = + ̂̂ K(L)^(L,t)

,  dpcpvp , dpcpvp
Pi = c— "2 — —— > 0.S  RS

FHirther, we etssume an initial condition at t = 0 is given by

ti{i,0) = Ji(i).

(3.11)

(3.12)

(3.13)

As a result, we obtain a nonhomogeneous initial-boundary value heat flow prob

lem:

c{x)d{x)^ = ̂  ̂K{x)^^ + fi(x,<), 0 < X < L, 00,
u(x,0) = fl'i(x), 0<x <L,

Qii(p)^u(0,t) = 0 or ^(0i0 = 0>
du Qil cP' 1/-K(L)^^(L,i) = -^;-(£.i) + ̂;ii:(£)_(£,<), t > 0,

[  where = - to: < 0 and > 0.

3.2 Eigenfunction Expansion for a

Homogeneous Heat Flow Problem

In this section, we consider problem (P) with heat source Cl(x,t) = 0, namely.

(Ph)

<x <L, t > 0,c(x)d(r)^ = ̂  • 0
u(x, 0) = fl'i(x), 0 <x < L,

u(0, t) = 0 or ^(0, i) = 0, t > 0,
-K(L)^{L, t) = ^(L, t) + fiiK(L)^{L, i), t > 0,

(3.14)

(3.15)

(3.16)

(3.17)

20



where u(x,<) represents the temperature of the rod.

Assuming problem (Pr) lias solutions of the form

v(a:,t)=A'(a:)r(t), (3.18)

we apply the method of separation of variables. Substitution of (3.18) into (3.14)

gives us

c(x)d(x)X{x)T'{t) = {K{x)X'{x)yT{t). (3.19)

We divide both sides of (3.19) by c{x)d{x)X{x)T{t) ̂  0 and introduce a constant

parameter A as

^  {K{x)X'(x))' i(x) = ̂  := -A.
c(r)d(a:)' ^ X^ ' T(t)

The above equation yields two ordinary differential equations:

T'it) = -\T{t)

and

{K(x)X'{x))' = AA:(x). (3.20)
c(x)d(x)

The product solutions, v{x,t) = X(x)T{t), must also satisfy the two boimdary

conditions of problem (Ph)- Prom the boimdary condition (3.16), we get

A"(0) = 0 or A''(0) = 0. (3.21)

For X — L, we have

-(KX')(L)T{t) = -^[X{L)rit) + p'^{KX'){L)T'{t)

T'(t)
by (3.17). Since 1^®'^®

-{KX')(,L) = XKX{L) - fî ^iKX'XL)] (3.22)
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where < 0 and ̂'2 > 0.

As a resTilt, we obtain the eigenvalue problem (3.20)-(3.22). Here we note that

(3.20)-(3.22) has the form of the problem (*) with a = 0, b = L, r(x) = c(x)d(x),

p(x) = K(x), g(x) = 0, 0 = 0 or = 0, and /Si = -1.

Since fii = 0, |02 = —1? ̂'1 < 0, and ̂'2 > 0, we have p = /0(/32 — > 0 in the

problem (3.20)-(3.22). Recall that a symmetric operator Ai is associated with (*)

when p> 0. Thus, we know all eigenvalues of (3.20)-(3.22) are real numbers.

We will find the eigenvalues and eigenfunctions for the two simpler cases of

(3.20)-(3.22), namely, when K{x) = c(x)d(x) = 1, and demonstrate the conver

gence of the eigenfunction expansion for each case so that the problem (Ph) can

be solved.

Eigenvalue Problem One.

The eigenvalue problem (EVP) we consider here is

' -X"{x) = XX{x), (3.23)
X(0) = 0, (3.24)

[ -X'(L) = XKX(L) - ̂iX'(L)], (3.25)

where < 0 and ̂ 2 > 0. We call this problem EVPl. The boimdaxy condition

X(0) = 0 is associated with v(0,<) = 0 of (3.16), i.e., the case where the left

end temperature is held at zero. EVPl has the form (*) with p(x) = r(x) = 1,

q{x) = 0, a = 0, h = L, fii = 0, ̂2 = —1> and 6 = 0.

We first show that all the eigenvalues of EVPl are positive. In Hinton's paper

[4, p.34-35] the following formula was proved.

Lemma 3.1. Let Ai be an operator defined as in Section 2.1. Let F = {Fi,F2),
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G = (Gi, G2) G D{Ai). The function J is defined on D{Ai) x D{Ai) by

^i=0: J(F, G)=f\pFiG[+ - col «{fiG7)(o)

P

J(F,G) = j \pFiG[+qFiGi]{x)dx-a,te(FiGi)(a) (3.26)
- ̂(F^^i)(i) + ̂(F,iG\)(h)

P  P

+ M(ppj57)(6) _ M(pJ^pG;)(6)
P  P

where p = ̂[^2 — ̂1^2- Fbr 6 = 0, the term cot 6(FiGi)(a) is deleted. Then,

JiF,G) = {F,A,G) (3.27)

where the inner product {•, •) is deBned as (2.1) with k =—.
P

Now we prove the following theorem.

Theorem 3.1. The eigenvalues (X's) of EVPl are all positive.

Proof. Let X„i(x) be the nth eigenfunction of EVPl 2issociated with the nth

eigenvalue A„. Let Xn = {Xni,Xn2) where Xn2 = 0'iXniiL) - ̂̂X'„i(L). Then

Xn € D{Ai) and AiXn = by Theorem 2.1 since satisfies EVPl. Since

we have p = ̂{^2—P1P2 > O5 -^i is symmetric, and thus all A„'s are real numbers.

Hence,

(Xn,AiX„) = (X„,A„X„)

1
= / A„|X„i(x)|2dx + -A„|X„2|2

Jo P

= Xn[f \Xnl{x)fdx+-\Xn2\^]
Jo P

= Xn{Xn,Xn).

Now, since = 0, = —1, p{x) = 1, q(x) = 0, and 0 = 0,

J{X„,X,) = \XUx)?dx -
Jo P
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where p > 0, > 0. We know ^ 0 since A'„i(x) is an eigenfunction and

Xni(O) = 0. Thus, J{Xn,Xn) > 0. By Lemma 3.1, we obtain

0 < J(X„,X„) = (X„, AiX„) = A„(X„,X„).

Since X„i(x) is an eigenfunction, X„i(x) ̂  0. Thus, {Xn, Xn) = Jq |X„i(x)p<ix+

-|.X'„2p > 0 since p > 0. Hence, A„ > 0. □
P

Using the fact A„ > 0, we now find eigenfunctions and eigenvalues for EVPl.

Without loss of generality, we take the eigenfunctions to be reed.

Since all A's axe positive, the ODE (3.23) and the boundary condition (3.24)
give the general solution

Al(x) = Csinv/Ax (3.28)

where C is a constant. Substituting (3.28) into the other boimdary condition

(3.25), we obtain

-C\f\ cos y/\L = A [/?iCsin VAX - cos \/Al] .
By calculation, it follows that

^\/A ^ = tan\/AX (3.29);9i\/A ^ ^

B' 1which is a transcendental equation. The graphs of y = ^ and y =
Pi i^lvA

tan \/AL for —/?( = ^2 — ^ ^ = 1 are shown in Figure A-3. The A-coordinate
of each intersection of the two graphs indicates the value of the eigenvalue for

EVPl. We call the eigenvalues, namely, the solutions of (3.29), Ai, A2, A3, ...

firom the smallest.

For each eigenvalue A„, where n = 1,2,3,..., the associated eigenfunction is

.X'ni(x) = Cn sin y/^x (3.30)
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where Cn denotes a constant for each n. For the eigenfunction expansion, it is

necessary for eaoh Xn to be normalized in terms of the iimer product (2.1) with

k = —, i.e.,
P

1{(Xm,X„2),{X„i,X„2)) = / lA-„ip<ix + -|Jr„jp = l,
Jo P

where X„2 = PiXni{L) — By substitution of (3.30) into

the above, each Cn must satisfy

Cl j (3.31)
Sa ^X^xdx + -

P
cos

y/Xn

and we tahe C„ > 0 without loss of generality. Let = and L = 1. By

calcrdation, it follows that

c„ =

1 + ̂1 + COs2 y/\^
(3.32)

According to (3.29), (3.30), and (3.32), the first five eigenvalues, normalized co

efficients, and associated eigenfunctions of EVPl for = 1 and L = 1

are:

Ai = 0.4573, Ci = 0.8250, Xn = 0.8250 sin 0.6762z,

A2 = 4.482, C2 = 1.226, X21 = 1.226 sin 2.117x,

A3 = 24.22, Cz = 1.384, X31 = 1.384 sin 4.921z, (3.33)

A4 = 63.69, C4 = 1.403, X41 = 1.403 sin 7.981X,

As = 122.91, Cs = 1.408, X51 = 1.408 sin 11.09x.

In order to satisfy the initial condition of problem {Ph)i we need the conver

gence of the eigenfunction expansion.

There are general theorems about eigenfunction expansions as follows. For the

next three theorems suppose {A^} and X„i(x) are the eigenvalues and eigenfunc

tions of EVPl or EVP2.
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Theorem 3.2. Let g — (§1,92) € H*. Then

s = {si,g2) = '£{g,x.)X„ (3.34)
n=l

on [a,b] in the norm of H*. Namely,
00

g^x) = '£<S,X«)Xni(x) (3.35)
n=l

00

J2 = Y,{g,X„)X„2
n=l

on [a, &].

Under an additional condition, Hinton proved the following in [4, p.39- - 41].
00

Theorem 3.3. If g = (91,92) € H* and ̂  A„|(^,A'n)p < 00, then
n=l

00

Sl(x) =
n=l

absolutely and uniformly on [a, 6].

The class of functions for which ̂  AnKflfjXn)!^ < 00 is described in [4]. In
n=l

particular, the functions in the domain of Ai satisfy this condition.

Hinton has also proved the following theorem in [4, p.41-42].

Theorem 3.4. If ̂'2 ^0, p(x) = r(x) = 1, gi is absolutely continuous with

9'i(x) G £^(r; a, b), and 91(a) = 0 if 6 = 0 in (1.2), then

gi{x) = £ U\ga..i){x)dx\X„i{x) (3.36)
absolutely and uniformly on [a, 6].

If r(x) = 1 and AC„i(x) is real, then by definition of the norm of H* we have

f^{g,X„)Xni(x) = f; ( f {g,X,^)(x)dx] X.x(x)
n=l n=l /

00+ ̂  X„iix). (3.37)
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sumThus, Theorem 3.3 and Theorem 3.4 imply Y] (-g2^n2] Xni{x) = 0. If the
n=l VP /

is finite, however, ̂  (f^(giX„i)(x)dx) Xni(x) in Theorem 3.4 may give slower
n=l ̂  ^

i

convergence than (g,Xn)Xni(x) in Theorem 3.2 since the terms
n=l

.re Now we see this eontpaxison graphicUy.

We consider the cases of gi(x) = x,x^,l where X„i(x) is zin eigenfunction of

EVPl, namely, (3.30). Let —j8[ = = 1 and X = 1. Since Xn = (X„i,Xn2) €

D(Ai) by Theorem 2.1,

X., = - Xi(l) = - (3-38)
•^n

For g = {gi,g2) in D{Ai), we have

92 = giil) - g[{l) (3.39)

so that g satisfies the hypothesis of Theorem 3.3.

For gi{x) = x, by (3.29), (3.30), (3.38), and (3.39), it follows that

igiXni){x)dx^ Xni{x) = ■^= ^-2 + (cos -v/A^) (sin
and

{g,Xn)Xni{x) = (cos V^) (sin .
We substitute the values of the A„'s and Cn's in (3.33) into the above and show the
graphs of X) (fo(9i-^ni)(x)dx) Xni(x) and ^ (g,Xn}X„i(x) for i = 1,2,3,4,5

n=l ^ ' n=l
in Figure A-4 and Figme A-5, respectively. We see the convergence to fl'i(x) = x

is faster in (gyXn}Xni(x).
n=l

For sri(x) = z^, we have

(_^ {siJ:„i)W<fa) JfnlW = cj (^ x^8iiiv/irx(ix)sm v^a;
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and

{g, Xn)Xni{x) = Cl sin y/^xdx + ^ "vAnj sin y/^x.
By calculating the above formula numerically, we obtain the graphs of

E f/o\^i-^ni)(x)dx)x„i(x) and ^ {g,Xn)Xniix) for i = as shown
n=l ̂  ^ n=l
in Figure A-6 and Figure A-7, respectively. Again, we see more rapid convergence

to gi{x) = in {g,Xn)Xni{x) than in ̂  (f^(giXni)(x)dx) Xni(x).
n=l »»=! ̂  ^

For gi(x) = 1, it follows that

(giX„i)(x)dx^ Xni(x) = ^1 - cos \/A^) (sin \/A^z)
and

(g,X„}Xni(x) = -^= ̂siny/I^x^ .
The graphs of X) f/o^(fl'i-^ni)(x)dx) A'„i(z) and X) (^»'^n)^ni(a;) for

n=l ̂  ' n=l
i = 1,2,3,4,5 are shown in Figure A-8 and Figure A-9, respectively. It is hard to

recognize which convergence is more rapid between Figure A-8 and Figiire A-9.

This is because fl'i(z) = 1 does not satisfy the hypothesis of Theorem 3.4.

Eigenvalue Problem Two.

Consider the eigenvalue problem with another boimdaxy condition at z = 0,

namely,
' -X"(x) = XX(x), (3.40)

< X'(0) = 0, (3.41)

^ -X'(L) = A[^1X(X) - ̂̂X'(X)], (3.42)

where < 0 and > 0. We call this problem EVP2. The boimdary condition

X'(0) = 0 was derived from v'(0,t) = 0 of problem (Pff), i.e., the case where the

left end is insulated. We note that EVP2 is the problem (*) with p(x) = r(x) = 1,

g(x) = 0, a = 0, b = L, j3i = 0, j32 = —1, and ̂
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We first show the following theorem.

Theorem 3.5. All eigenvalues of EVP2 are non-negative.

Proof. Let Xni(a;) be the nth eigenfunction of EVP2 associated with the nth

eigenvalue A„. Let Xn = (^ni,^n2) e H* where Xn2 = ̂iX„i{L) -

Then by Theorem 2.1, Xn € DiAi) and AiXn = A„Ar„. Here, p = =

and th\is the An's are real numbers. We have

{Xn^A^Xn) = {XnAnXn)
rL

2= [ A„|X.iWP&: + iA,|jr„2|
Jo P

= A„ U^'' |Ar„i(x)P<Jx +
= K{X„,X„).

Now, consider J(Xn,Xn) where the function J is defined as in Lemma 3.1. Here

we have

j(Ar., jr„) = f'' |Ari,(x)pdi - i [-^,|Ar;i(£)p] > 0
Jo P

since ^2 > 0. (Note J(X„,X„) can be zero (e.g., Xn = constant).) IVom

Lemma 3.1, we obtain

0< J(X„,A:n) = A„(X„,X„).

We know {X^Xn) = |X„i(x)pdx + ̂\Xn2^ > 0 since X„i(a:) ̂  0. Hence,
An>0. □

Next, we compute the eigenvalues and eigenfunctions for EVP2. Without loss

of generality, we take all the eigenfunctions to be real.

Since the eigenvalues are non-negative, by (3.40) it follows that

X{x) = Ax-\-B, if A = 0,
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and

X{x) = C cosVXx + Dsm\/Xx, if A > 0,

where A, B, C, and D are constants. Since Ar'(O) = 0, A = D = 0 above, i.e.,

X{x) = B, if A = 0,

and

X(x) = C cos \/Ax, if A > 0.

For \ = Q, X{x) = B satisfies the other boundary condition (3.42). For A > 0,

we need

—(—Cx/Asin-y/AX) = X^[{CcosVXL) — X^2{—CVX^ny/XL)

to satisfy (3.42). By calculation, we obtain a trenscendental equation

tan VAX =-51^ (3.43)
1  P2^

/\pt
for A > 0. Figure A-10 shows the graphs of y = and y = tan VAX for

1 — Xp2
= 1 and X = 1. The A-coordinate of each intersection indicates the

value of a positive eigenvalue for EVP2. Let Aj = 0 and Aj, A3,... be the positive

eigenvalues from the smallest.

For n = 1, the eigenfunction ACii(a:) associated with Ai = 0 is

Xii = Ci:=B

where the constant Ci > 0 is normalized by

1 = ((JTii,jri2),(jru,JC12)) = / \Xn?dx +
Jq p

where X12 = /3'iXii{L) — ̂ 2X[i{L). For —/3[ = = I and X = 1, since p =

^[132 — ̂1^2 = = 1, it follows that

Xn=Ci = ̂  = 0.7071. (3.44)
V2
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For n > 2, the eigenfunction Xni associated with the nth eigenvalue A„ is

Xni = Cn cos s/^x, n>2 (3.45)

where the constant Cn > 0 is normalized by

1 = = f'' + -\Xm\^
Jo P

where Xn2 = fi[Xni(L) - = ~X'(L). Then,

C2 =

fo |aJS\/Xira:| + - sin

For — = 1 and L = 1, by calculation, it follows that

C„ = for

1 +^ (sin2v/Xi^ '^n + l
2 ̂ ' ^A;(A

 n > 2.

(3.46)

„ - 1)

As a result, we obtain the following.

Ai =0, Ci = 0.7071, Xn = 0.7071,

A2 = 1.459, C2 = 0.8993, ^"21 = 0.8993 cos 1.208x,

A3 = 11.89, Cs = 1.349, X31 = 1.349 cos 3.448X,

A4 = 41.49, C4 = 1.397, A:4i = 1.397 cos 6.441x,

As = 90.83, Cs = 1.406, ACsi = 1-406 cos 9.541x.

Now, we demonstrate the eigenfunction expansion for the initial condition
t

gi{x) = X and x^. This time we only demonstrate {9^^n)Xni{x) for

-^1 = ̂2 = 1 ip='i-) and L = 1.

For gi(x) = x, by (3.37) it follows that

n=l

n = l: {g,Xi)Xn{x) = ̂Cl

n>2: {g,Xn)Xniix) = 4= cos\/A^x.
An vAnJ
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The graphs of ̂  {g, Xn)Xni(x) for i = 1,..., 5 axe shown in Figure A-11.
n=l

For gi(x) = we get from (3.37) that

n = l:

n>2 : {g, Xn)Xni{x) ~^\j y/^xdx — sin -s/^j -\AnX-

The graphs of ̂  {g, X„)X„i(x) for i = 1,,.., 5 are shown in Figtire A-12.
n=l
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CHAPTER 4.

CONSTRUCTION OF GREEN'S FUNCTION

The piirpose of this chapter is to construct the Green's Functions for (*), (**),

and (***), and to solve the nonhomogeneous equations of the form AF = XF + G

when A is not an eigenvalue, where operator A for each problem is defined in

Chapter 3.

4.1 Green's Function for (*)

Consider the nonhomogeneous equation

AiF = XF + G (4.1)

where Ai is the operator defined as in Section 2.1, F = (Fi,F2) G D{Ai), G =

(Gi, G2) € H*, and A is not an eigenvalue of AiF = XF.

First, we show that the following statement is true.

Theorem 4.1. Equation (4.1) holds if and only if Fi, Gi, and G2 satisfy the

nonhomogeneous problem associated with (*), i.e.,

f r(Fi) = AFi + Gi, (4.2)
(cos 0)Fi(a) + (sin 6)(pF{)(a) = 0, (4.3)

[  +^(pFi)(b)=AKf.(6) - (4.4)

Proof. Suppose that (4.1) holds. Since F G D{Ai), Fi satisfies (4.3). Moreover,

by the definition of Ai, we get

r(Fi) = AFi + Gi
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and

-AJi(i) + = Afb + Gj = Al8;fi(6) - ,35(pf;)(i)] + Gj.

Thus, Fi, Gi, and Gz satisfy (4.2)-(4.4).

Conversely, suppose Fi, Gi, and Gz satisfy (4.2)-(4.4). Define Fz as Fz =

j3[Fi(b) — /32(pF[)(b). Then the conclusion follows by the reverse procedure of the

above. □

Next, we seek a basis for the equation r(u) = Xu. Let be the solution of

t(u) = Xu with initial conditions

<l>x(a) = sin^ and {p<f>'x) (a) = — cos^. (4.5)

Then, <f>x{x) satisfies the boundary condition (1.2) of (*). Similarly, let XA(aj) be
the solution of r(u) = Xu with

Xx(6) = ^2 + Pz>' and (px'a) (&) = /?i + (4.6)

Then Xa(®) satisfies condition (1.3) of (*). If A is not an eigenvalue of (*), then

<j>x{x) does not satisfy (1.3) and XA(a^) does not satisfy (1.2) since <j)x{^) and xa(3:)
are not eigenfxmctions of (*). Then, we have a Wronskian

W{a) = 4>x{o.) XA(a)
(p^a)(«) (PXA)(a)

= sin ^(pXA)(a) + cos ^(x'(a)) 0 (4.7)

since Xa(®) does not satisfy (1.2). Thus, ^a(®) and Xa(®) are linearly independent.
Define a fundamental matrix $A(ic) by

^  f4 8)
\(P<f>'x)i^) (PX'x)(^)J-

Let A(A) := det $A(ic). Then A(A) does not depend on x since

A(A) = ^A(a;)(pXA)(a:) - Xa(x)(p^a)(2:) (4.9)
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and

^A(A) = <^';^(z)(pxx)(a;) + <^A(a:)(pXA)'(aj) - x'\ix)ip<j>'x)ix) - Xx{x){p<f>'x)'{x)
= <l>x{x) [(9XA)(a;) - -^XaCx)] - XaC®) [{q<l>x){x) - X<l>x{^)]

= 0

and thus A(A) is a constant. We also note that A(A) ̂  0 by (4.7).

For the equation (4.2), we have the variation of constants formula

&)) = 1© (-rWG.w) H •
For r = a, we have

By the boimdary condition (4.3), we get

0 = (cos«,»m«)((^^Wj)
- (cos f, sm e) j ̂  J

= ((cos«)^i(o) + (sme)(p^i)(<i), (cos9)xa(o) + (sin^jOxiX")) (cj)'
Since {cos6) <f>x{a) + (sin^)(p^';^)(a) = 0 and (cos0)xA(a) + (sin^) (pXa)(®) ¥" 0?

it follows that

C2 = 0. (4.11)

For X = b, we get

where

(VA.-(CA+ f'j-( (PX'x)i-) -xxis)\( 0 \
\V2)-\0 J^L A(A) V-(i>^a)(^) Ms) ) \-r{s)Gx{s))'''-

Since we have

Gs = (-A - A^;,A + A/35) ((p%'(6))
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from (4.4), we substitute (4.12) into the above to get

G,=(-A - («^) ( (y
= (-(pxi)(t), xxW) (MX')) (1)
= -A(A)Fi +0-^2

= -A(A)Fi

= -A(A)
/*' 1Ci + y -^^xx{s)r(s)Gi{s)ds

Hence,

(4.13)

Substituting Ci and C2 into the original formula (4.10), we obtain

C?2F ^i{x) = ■m~I. A^AA(^)r(.)G,(.)d.
A^/
A^/ ^A(5)r(5)Gi(s)ds

^A(a

A(ic)

;)

Xa(x),

or

^i(^) =
G2

A(A)

+

^A(a:)

1+ J —^^<f>xix)x\{s)ris)Gi{s)ds
<f>x{x) + J Qix,s,X)ds + J g(x,s,X)ds. (4.14)A(A)

Here we have constructed the Green's function Q for (*) as follows:
1

6(x,s,X) = < A(A)
1

■a(a)

XA(a:)^A(s), a<s<x<b

(f>xix)xxis), a<x<3<b
(4.15)
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where A(A) = ̂x{x) (px'x) (a^) - Xa(®) ip<f>'x) (2^) XA(a;) axe defined

in (4.5) and (4.6).

4.2 Green's Function for (**)

Consider the nonhomogeneous equation

A2F = XF + G (4.16)

where >12 is the operator defined in Section 2.2, F = (^1,^2?-Fa) € D(A2), G =

(Gi, G2, G3) e H**, and A is not an eigenvalue of A2F = XF.

First, we show the following.

Theorem 4.2. Equation (4.16) holds if and only if Fx, G\, G2, and G3 satisfy

the nonhomogeneous problem associated with (**), i.e.,

' r(Fi) = AFi + Gi, (4.17)
<  -axFi(a) + a2(pFI)(a) = X[aiFx(a) - KipJ'DHJ + G2, (4.18)
^ -^iFxib) + ̂2{pFi){b) = X[^[Fx{b) - ̂'2(pFi){b)] + G3. (4.19)

Proof. Suppose F and G satisfy (4.16). Since F € D(A2), we have

F2 = a[Fx{a) - a'^(pFi)(a)

and

Fs = $[Fx(b) - fi2'{pF[)(b).

Thus, by the definition of >l2, we get (4.17)-(4.19).

Conversely, suppose (4.17)-(4.19) hold. Define F2 zmd F3 as above. Then the

reverse argument shows that (4.16) is true. □

Let the solutions ^x(^) and Xa(®) of ''"(«) = satisfy

<f>x{a) = 02 + 0C2X, {p4>'x){a) = ai + A (then <l>x satisfies (1.4)) (4.20)
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and

Xx(b) = ̂2 + ̂2^ (pXa)(&) = /5i+/3iA (then XA satisfies (1.3)). (4.21)

If A is not an eigenvalue of (**), then by the same argument in Section 4.1, we

obtain the following:

(i) 4>x(x) does not satisfy (1.3) and xxi^) not satisfy (1.4),

(ii) <l>x(x) and xx{x) are linearly independent,

(iii) If

then A(A) := det $A(a^) does not depend on x and A(A) ̂  0.

For the equation (4.17), we have the variation of constants formiila

(4.10){pW))= [(§)
For X = a, we have

By the boimdary condition (4.18), we get

G, = (-a.-Aa;,„,+AaJ)((^^j'jy
= (-q;i - Aa'i, a2 + Aaj) $A(a)

= (-WaX"). ■^x(o)) ((/^["(i) (pxixi)} (§)
= (0,A(A))(g)
= C2A(A).

Thus,

c. = (4.22)
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For X = 6, we have

«)-«(!;:)
where

•= f / ̂2 \ V ̂—( -Xa(5)\ / 0\VA(A)j/ Ja M^) )\-r{s)Gi{s)J
Prom (4.19), we have

«?s = (-ft - Aft,ft + Aft)

= {-(fx'x)W,xm ((^\xi) (pSJ)w) (vO
= (-A(A),0)(j;')
= -A(A)K,

= -A(A)fci + ̂  ̂JjyXj(s)r(s)Gi(s)ds
Thus,

= -m " I ̂fx(s)r(s)G,(s)ds.
Substituting Ci and C2 into the original formula (4.10), we obtain

(4.23)

(x.q= I ^ ̂̂XA(5)r(5)Gi(s)d,A(A) A A(A)

namely.

Fi(x)= ' ^:<f>xix) + T7TA(A)

Xa(x),

TXA(a:)^'^"^ ^-A(A)-
+  -;^^XA(a:)^A(5)r(s)Gi(s)ds
+ J —^^M^)Xxis)r(3)Gi(s)ds. (4.24)
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Hence, the Green's function Q for (**) is

1

Q{x,s,\) = <

a<s<x<b

(4.25)

:<t>x{x)xx{s), a<x<s<bA(A)

where A(A) = <l>x{x) (px'x) (®) - XA(a;) (p<i>'x) (a^) and <f>x{x), xxix) axe defined by

(4.20) and (4.21).

4.3 Green's Function for (***)

Consider the nonhomogeneous equation

A3F = XF + G (4.26)

where A3 is the operator defined in Section 2.3, F = {Fi,F2,F3) € D{A3), G =

(Gi,G2, G3) € and A is not an eigenvalue of AzF = \F.

We fixst show the following.

Theorem 4.3. Equation (4.26) holds if and only if F\, G\, G2, and G3 satisfy

the nonhomogeneous problem associated with (***), i.e.,

f t(Fi) = XFi + Gi, (4.27)
(cos 0)Fi(a) + (sin 0)(pFl)(a) = 0, (4.28)

(70 + 7iA + 72X^)Fi{b) = {60 + A + ̂2 A2)(pF()(6) + AG2 + G3. (4.29)

Proof. Suppose F and G satisfy (4.26). Since F 6 D{A3), (4.27) and (4.28) follow,

and

F2 = -72^1(6) + S2(pF[)(b).

The second component of (4.26) gives that

)(6)1 + A l-72fi{6) + + G2.
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Then by the third component of (4,26), (4.29) follows.

Conversely, suppose (4.27)-(4.29) hold. Define F2 and Fz as above. Then the

reverse argument shows that (4.26) is true. □

Define the solution 4>\{x) of r(u) = \u by

^A(a) = sin^ and (p^^)(a) = —cos 0 (4.30)

so that ^x{x) satisfies (1.2). Also, define the solution XA(a?) of t{u) = Au by

Xa(6) = ^0 + ^lA + and (px'x){^) = 7o + 71-^ +12^^ (4-31)

so that Xa(®) satisfies (1.5).
If A is not an eigenvalue of (***), then by an analogous zirgmnent as in Sec

tion 4.1, we obtain the following:

(i) <f>xix) does not satisfy (1.5) and XA(a:) does not satisfy (1.2),
(ii) 4>x(x) and XA(ic) are linearly independent,
(iii) If

^^(x^ - ( ^
Up^aK^) (px'a)(x);'

then A(A) := det $A(a;) does not depend on x and A(A) ^ 0.

For equation (4.27), we have the variation of constants formxila

(pWw) ~ [(§) I (-rMGxw)
For r = a, we have

(S)-«(8)-
By the boimdary condition (4.28), we get

0 = (cos»,smS)(j^^°)^j)
= (costf,sm«)(^^W^^ (p?5«)) (cO
= (0,A(A))(^;)
= A(A)C2.
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Since A(A) ̂  0,

For a: = 6, we have

where

C2 = 0. (4.32)

(px'M -Xx(s) W 0 >1
V^2/ \0 ) /, A(A) V-(p^a)(5) ) \-r{s)Gi{s)J

Prom (4.29), we have

AG2 +G3 = (70 + 7iA + 72A^, —(^0 + ̂lA + 52A^)) ̂(pir^^)(\)^
= {(px'xm, -xx(h)) ((^^% (pxl%) (yO
= (A(A),0)(y
= A(A)y,

/*' 1

Thus,

= A(A)

AG2 + G3

" I -^fxMr{s)G,(s)ds. (4.33)
Substituting Ci and C2 into the original formula (4.10), we obtain

^i(a^) = ~ ̂  ̂̂ XA(5)r(s)Gi(s)ds <l>xix)
Xxis)r{s)Gi{s)ds

- [y ̂ ^^A(5)r(3)Gi(s)d5
4>x{x)

Xx{x),

namely.

A(A)

r  1+ J -^^XA(a:)^A(5)r(s)Gi(5)ds

+ y -;^^^A(a:)XA(5)r(s)Gi(s)ds. (4.34)

42



Hence, the Green's function Q for (***) is

1

^(x,s,A) = <
A(A)
1

XA(a:)^A(5), a<s<x<b
(4.35)

^A(a:)XA(s), a<x<s<bA(A)

where A(A) = <f>x{x) (px'x) (x) - Xxi^) (p<l>'x) (x) and <f>x{x), X\{x) axe defined by

(4.30) and (4.31).
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CHAPTER 5.

THE NONHOMOGENEOUS HEAT FLOW PROBLEM

In this chapter, oiir goal is to solve a nonhomogeneous heat flow problem (P)

with heat source Q(x,t) = e~''*a>(x), which we call problem (P^).

We flrst show that the above problem has a solution in the form of the sum of

two functions u(x, t) and r(z) where each function satisfles a particular boimdary

value problem. Next, we solve both of them bzised on the knowledge we obtained

in Chapters 3 and 4, and flnally flnd the solution to {Pfi).

5.1 Technique to Solve (P^)

Here we consider the problem (P) with u(0,<) = 0, c{x)d(x) = K(x) = 1, and

heat source Q{x,t) = e'~'**a;(x), namely.

du d^u _ .

H ̂  eigenvalue of EVPl, 0 < z < L, < > 0,

u(0,t) = 0, t > 0,
du, d^u

t>o, ^;<o, >0,
. u(z,0) =/(®), 0<a:<i.

Choose U{x,i) = e ''*r(x) such that

f -r"(x) = ̂r(x)+u,(x),
r(o)= 0,

l -r'(L) = - ̂ir'(L)i.

(6.5)
(5.6)

(5.7)

(5.1)
(5.2)

(5.3)
(5.4)

44



Choose v(x,t) such that

dv d^v

dt~ dx^' 0 < X < I, t > 0, (5.8)
t;(0,<) = 0, t>0, (5.9)

<> 0, I3[<0, P'2> 0, (5.10)
t;(x,0) = /(x) — r(x), 0 < X < L. (5.11)

Now, we show the following theorem.

Theorem 5.1. u(x,t) = v{x,t) + e~''*r(x) solves (P^).

Proof. We have

= o + c-''«[-/ir(x)-r"(x)]

= e-''*u;(x).

For X = 0, we get

If X = X, then

u(x, 0) = v{x, 0) + e ''*r(0) = 0.

dt

dv 3/ 01

= 0+e-" [-r'(£) - ̂ t8;r(r) -

= 0.

Moreover, when t = 0, we have

u{x, 0) = ..(i, 0) + r{i) = fix)- r(i) + r(i) = /(x).
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Hence, u{x,t) = v{x,t) + e ''*r(x) solves (Pfi). □

5.2 Finding r(x)

Since the nonhomogeneous problem (5.5)-(5.7) for r(x) is associated with prob
lem (*), it can be solved by using the Green's function found in Section 4.1.

Recall that the nonhomogeneous problem

f r(F^) = XF^ + Gi, (4.2)
(cos 6)Fi(a) + (sin 6){pF{){a) = 0, (4.3)
-^iFiib) -H ^2(pFi){b) = X[^[Fi(b) - ̂ ^{pFi){b)] + 02 (4.4)

is solved by

+  —^^Xx{x)<f>\(s)r(s)Giis)ds
~W} <f>x(x)xx{3)r{s)Gi(3)d3. (4.14)

where <l>x{x) and Xx{x) are defined by (4.5) and (4.6), and A(A) = <l>x{x) (px'a) (^)-

XA(a:) (p^a) (a;)- Here we set Fi(x) = r(x), r(x) = p(x) = 1, ^(x) = 0, 0 = 0,
= Oj 1^2 = —1) a = 0, b = L, X = p, Gi(x) = u>(x), and G2 = 0. Then it follows

that

r(®) = ^ + J -;^^?^M(®)X/.(s)w(s)d5, (5.12)
where 4>^{x) and Xri(®) solutions of —u" = fiu such that

d,(0) = 0, di(0) = -1 (5.13)

Xii{F) = -1 + and x'^{L) = (5.14)
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and

AM = det(«^) (5.15)
Consider the case of = 0. Then we have

(f,^{x) = -X, X/i(aj) = -1, and A(^) = -1

from (5.13)-(5.15). Thus, it follows that

r(x) = / suj{s)ds + f xu{s)ds. (5.16)
Jo Jx

In the case of /i = 1, we have

<l>,i{x) = — sin X, X/i(®) = C'a cos x + C4 sin x

where

CsN _ /cosL — sinX\ / —l + 02\
C4, J \ sin X cos X y y J

and

A(//) = C3 = (—1 + ̂2) cos L — sin X.

Thus, by calculation, it follows that

T^/ ^ (-l + /92)sinX + )5icosX . . ,r(x) = / 7—: ^ = -^7—,—^ smx smsa;(s)as
Jo (-l + /?2)cosX-)3isinX

+ J cos X sin 3a;(s)<is + J cx>s s sin xu){s)ds. (5-17)
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5.3 Finding v(x,t)

Since the problem (5.8)-(5.11) is (Ph) in Section 3.2 with c(x)d(x) = K(x) = 1

and gi{x) = /(x) — r(x), we know that the problem (5.8)-(5.10) is associated with

EVPl which has eigenfunctions

= C„sin\/A^x, n = 1,2,3,..., (5.18)

where the coefficient C„ is normalized by (3.32) and A„ > 0 satisfies

§V^--4^=tanv^L, n = l,2,3,,... (5.19)
Pi PiV'^n

We also know that the time-dependent function T„(<) satisfies

Kit) = -XnTnit), (5.20)

and th\is the general solution of T„(t) is

r„(t) = (5.21)

where C is a constant. Therefore, by the extended superposition principle, we find

i;(x,<) in the form of (with C = 1)

oo oo

v(x, = BnX„i{x)T„{t) = Y, B„C„(sm VKx)e->"' (6.22)
n=l n=l

where is a constant for each n. Consider when t = 0. We want (5.22) to satisfy

(5.11). Namely, we want

OO

fix) - r(x) = vix, 0) = 53 BnCn sin y/Kx. (5.23)
n=l

By Theorem 3.2, the above equation holds if

1= / {g^X„i)(x)dx - (5.24)
Jo Pi
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where

s = («i,92) = (/(x) - r(i), [/(L) - r(£)] - [/'(£) - r'(£)]),

and

Xn = (Xnl,Xn2)

= ̂Cn^ny/X^x, (c„sinV^i^) - P2 (c„-\/^cos •

Hence, we conclude that v(x,t) is as in (5.22) where A„ satisfies (5.19) and

B„ = / [/(l) - r(i)] (C„ sin \/^i) dx
- ;9; (/(£) - r(£)) (c„ sin
+  (/(£) - r{£)) (c„ cos
+ (/'(£) - r'(i)) (c„ sin vATi)

- ̂  (/'(£) - Hi)) (CnVK cos V^i) . (5.25)
When /X = 0, r(z) is

r(z) = / su{s)ds + / za>(s)da
Jo Jx

(5.16)

5.4 The Solution of (P^)

From the results we obtained in Section 5.2 and Section 5.3, we conclude that

the solution u(x,t) of the problem (P^) with /x = 0 as constructed above is, by

Theorem 5.1,

rL

u{x,t) = 53 5„C7„(sin-v/A^x)e
.n=l

+ I  su}(s)ds + / xu(s)ds
Jo Jx

(5.26)
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where is as in (5.25).

In the case where uj{x) = 1 and /x = 0, i.e., the heat sotirce is 1 throughout the

rod at any time, (5.26) becomes

u(x,t) =

As < ̂  oo, we get

53 B„C„(sin \Z^a:)e
.n=l

+

-21

x{L - a:) + Y

hm u(x,t) = x(L — x) + —,
t-*oo ^ ^ 2

(5.27)

(5.28)

which shows that the temperature of the rod at x = JD approeu:hes — as time
2

goes on. This result corresponds to the fact that the temperature of the fluid a{t)
jj2

reetches — as t —* oo, since from (3.6) and (3.2) we have

lim ar(t) = lim
t—*oo t—♦oo

= lim
t—♦CO

= lim
t—^OO

2

B„C„(dn y/KL)e-^'' + ^
<n=l >

+ ^ B„CnV^(cos ̂ /KL)e->^' + o)
(5.29)
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■IN

z{x,t)

M

Figure A-1. Longitudinal vibration z of a bar with a mass attached at the end.
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Figure A-2. Temperature u of a bar with a finite amotmt of fiuid

attached at the end.
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Figure A-4. The graphs of Y. (fo ^ni(x) for i = 1,2,3,4,5
where gi(x) = x and Xni{x) = Cn sin y/X^x.
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i = 1 0.00000 0.23146 0.45868 0.67753 0.88401 1.07434
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1 = 4 0.00000 0.19993 0.40013 0.60005 0.79991 1.00028

i = 5 0.00000 0.20004 0.40001 0.60010 0.79998 1.00015

Figure A-5. The graphs of ̂  {g,Xn)Xn\{x) for i = 1,2,3,4,5
n=l

where S'i(x) = x and Xni(a:) = Cn sin-v/XiT®.
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Figure A-6. The graphs of J2 (^So i9i^ni){x)dx^ Xniix) for i = 1,2,3,4,5
where gi(x) = and = C„ siny/X^x.
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i = 4 0.00000 0.04152 0.15773 0.36179 0.64036 0.99909
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Figtire A-7. The graphs of ̂  {g,Xn)Xni{x) for i = 1,2,3,4,5
n=l

where </i(x) = and A'ni(x) = Cn sin\/A^x.
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Figtire A-8. The graphs of (^fo -^niC^) for ^
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= 1,2,3,4,5
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Figxire A-11. The graphs of (^r, A'„)A'„i(x) for i = 1,2,3,4,5
n=l

where gi{x) = x and A'„i(x) = C„ cos y/X^x.
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Figure A-12. The graphs of ̂  (flr,X„)A"ni(a:) for i = 1,2,3,4,5
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where <71 (x) = and = C„ cos y/X^x.

65



VITA

Yoko Shioji was bom in Kobe, Hyogo, Japan on Jtily 8, 1964. She entered

Dosbisha University in Kyoto, Japan in April, 1983, where she received a Bachelor

of Engineering degree in Electrical Engineering in March, 1987. After teaching

Mathematics and Physics in high schools in Japan for two years, she moved to

the United States in 1989 to teach Mathematics and Physics in Tennessee Meiji

Gakuin High School in Sweetwater, Tennessee. In January of 1994, she entered

the University of Tennessee, Knoxville for her graduate studies in Mathematics.

She received the Master of Science degree in Mathematics in December, 1995.

66


