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ABSTRACT

We study three types of boundary value problems with eigenvalue parameter in
the boundary conditions, called (*), (**), and (***). We develop the self-adjoint
operator and the Green’s function associated with each of (*), (**), and (***).
We also demonstrate the convergence of the eigenfunction expansion graphically
and numerically for (*). Based on these results, we then solve a nonhomogeneous

heat flow problem associated with (*).
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CHAPTER 1.
INTRODUCTION

We consider here the eigenvalue problem with the parameter depending bound-

ary condition
() = ~[~(on') + qu] = M, (L)
()1 (cos8)u(a) + (sin8)(pu')(a) =0, 0<O<, (1.2)
—[B1u(b) — B2(pu')(b)] = A[B1u(d) — Bz(pu')(b)], (1.3)

where r, p, and ¢ are real continuous functions on an interval [a,b] with r and
p positive. The numbers By, B2, B}, f; are real. We also consider the related

problems with different boundary conditions such as

(1.1),
(**) —[e1u(a) - az(pu')(a) = Aaju(a) — a3(pu')(a)),
ay, as, af, ah €R, (1.4)
(1.3),
and
(L),
(***) (1’2)’
[Yo + M + 12 2Ju(b) = [bo + 622 + 62X%](pu')(b),
Yo, 715 V25 0, 61, 62 € R. (1.5)

We can find many problems of the form (*) in physics and engineering. One
example is the heat conduction of a bar with a finite amount of fluid at the end.
This will be discussed in Chapters 3 and 5. As another example, consider the
longitudinal displacement z(z,t) of a bar of length L with a mass M attached at

z = L as shown in Figure A-1.! We assume that the cross sectional area S of the

1All figures may be found in the appendix.



bar is constant and that the particles in the bar move only in the axial direction
(see [6, p364-373, 387-395] for a more detailed description). Following the analysis
by R. V. Churchill and J. W. Brown[l, p250][2, p7], z(z,t) satisfies the partial

differential equation

d(x)% = gz— (E(z)g—;) ; t>0, (1.6)

where d(z) is the density and E(z) > 0 is the modulus of elasticity. If the bar is
fixed at z = 0, then we have
2(0,t) =0. 1.7

And by [1] and [2], the mass M at z = L gives another boundary condition

0%z

0z
MW(L, t) = —SE(L)E:-(L, t). (1.8)

By separation of variables, (1.6)—(1.8) lead to the ODE boundary value problem

- Z(B@X'(2)) = M(z)X(), (1.9
X(0) =0, (1.10)
SE(L)X'(L) = A M X(L). (111)

We note that the above problem has the form (*) with r(z) = d(z), p(z) = E(z),
9(z)=0,0=0,5=0,8 =325, 8 =M, and B = 0. Many other physical
applications of the problem (*) are given in C. T. Fulton’s paper[3].

Since (*), (**), and (***) have a parameter )\ in the boundary condition, the
domain of the operator 7 depends on ) and thus 7 is not a linear operator. There-
fore, these problems are not self-adjoint by definition. However, J. Walter[5] and
Fulton[3] have shown that a symmetric operator A; can be associated with (*) un-
der certain conditions of #’s and the Green’s function can be constructed by using
the operator A;. Since the symmetry and existence of Green’s function yields self-

adjointness of A;, we can obtain the necessary results about A for eigenfunction
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expansions. D. B. Hinton has proved theorems for uniform and absolute conver-
gence of the eigenfunction expansion for (*) in [4]. We refer the reader to [3] and
[5] for other eigenfunction expansion theorems.

In this paper, we aim to solve a nonhomogeneous heat flow problem associated
with (*). First, we will find the self-adjoint operator for each of the problems (*),
(**), and (***) in Chapter 2. Next in Chapter 3, after introducing the nonhomo-
geneous heat flow problem, we will focus on the homogeneous part of the problem
and demonstrate the convergence of the eigenfunction expansion graphically and
numerically. Then in Chapter 4, we construct the Green’s function for each of
(*), (**), and (***), based on the discussions of Chapter 2. At last in Chapter 5,
we will solve the nonhomogeneous heat flow problem by using the results from

Chapters 3 and 4.



CHAPTER 2.
THE SELF-ADJOINT OPERATOR

Our interest in this chapter is to define a self-adjoint operator for each of (*),
(**), and (***) so that each problem can be transformed to an equivalent self-
adjoint problem. The transformation yields many necessary results about the
eigenvalues for solving each problem.

For each of (*), (**), and (***), we associate a Hilbert space, define an operator
in the Hilbert space, and show that there is an eigenvalue problem with the oper-
ator which is equivalent to each of (*), (**), and (***). Then we find a condition
so that the operator is self-adjoint.

2.1 OPERATOR FOR (*)

Define a complex Hilbert space H* to be the set of two-component vectors
(H1, H2) which satisfy

(i) H, is a function defined on [a, b] where f: r(z)lHl(ijdz < oo,

(ii) H. is a complex number.
Strictly speaking, H; is an equivalence class of Lebesgue measurable functions
which satisfies f: r(z)|Hi(z)[*dz < co. We refer to this condition as H; €
L%(r;a,b). A standard calculation shows that an inner product in H* is defined
by .

(R P, (61,60) = [ r@R@EEE+ERT: (@)

where (F1, F3),(G1,G2) € H* and k > 0 is a constant.
Let the domain of the operator A;, denoted as D(A;), be the set of all F =

4



(Fl,Fz) € H* which satisfy
(i) F is a function in £2(r;a,b) so that 7(F}) is defined (i.e., F1, pF; are
absolutely continuous) and in £2(r;a, b) (e.g., see [4]),

(ii) F satisfies the boundary condition (1.2), i.e.,
(cos ) Fi(a) + (sin 6)(p(a) Fi(a)) = 0, (2.2)
(iii) F3 is a number such that
F; = 1 Fa(b) — B (pF1)(b). (2.3)
Define A; : D(A,) — H* by

A F = (1(F), —PiFi(b) + Ba(pFi)(D))- (24)

Now we show the following.

Theorem 2.1. Let F = (Fy,F;) € H*. Then F, satisfies (*) if and only if
F € D(A,) and A1 F = )\F, i.e,, ) is an eigenvalue of A;.

Proof. Suppose F; satisfies (*). Define F, to be as (2.3). Then F = (F,F;) €
D(A,) by definition. Since
T(Fl) = AFI ) (25)

and

—B1F1(b) + B2(pFy)(b) = A[By F1(b) — B2(pFY)(b)] = APz, (2.6)

we have

ArF = (r(F), —B1Fy(b) + B2(pF{)(b))
= (AR, AF;) = X(F1,F;) = AF.

Conversely, suppose F' € D(A,) and A; F = AF. The reverse calculation shows
(2.5) and (2.6). Since F € D(A;), (2.2) holds. Thus F; satisfies (*). O
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To achieve self-adjointness of A, we need to show that A; is symmetric and
there exists a Green’s function for the nonhomogeneous equation A, F = A\F + G
when ) is not an eigenvalue. As seen in Walter’s work [5], symmetry of A; requires

a certain condition of a constant £ > 0 in terms of real numbers f;, B2, 61, and
Bz

Theorem 2.2. A, is symmetric, i.e.,

(A.F, G)=(F, A,G) forall F,Ge D(4;)

pi=7 = Bibr—ify > 0. (2.7)

Proof. Let F' = (F;,F;) and G = (G4, G;). Since D(A;) C H*, the inner product
of AyF and G is

(4:F,6) = | () (R @)@ + 2 [-BR0) + F)OICE
by (2.1). Using integration by parts, we get
/ () (B )G
-/ - GR) (=) + (@R )@ G
-/ ' [(F@(@) + (RGE)] de - GETRO) + (GEEI
Since G € D(41), Gz = B;G1(b) — By(pG})(b). Hence,

b
(4,F,G) = / (pFIGL)() + (¢F1G)(2)ldz

- ﬂlfl (RTT)(3) - 52:32 (PFLpTT)(b)

A5 R + A2 (prTG

— (PR G1)(b) + (PFG1)(a)- (2.8)

+
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Similarly, we get

b
(F, 4,G) = / (pFIT)(z) + (aF1Gr)(2)]de

- 28 mEne) - 2B priseTyo

+ "fz (PFGL)(b) + ”‘p’% (PFITE)(H)
— GRG)(E) + (pFiGL)(a).

Note that first three terms of (2.8) and (2.9) are the same.
Since F,G € D(A,), we have

(cos8)Fy(a) + (sin 8)(pF})(a) =0

and
(cos )G (a) + (sin 8)(»GY )(a) = 0.

(2.9)

(2.10)

(2.11)

For 0 < 6 < 7, multiply (2.10) and (2.11) by G;(a) and F;(a), respectively, and

subtract. We get
(sin6) |(PFIG1)(a) - (PFLG)(a)] = 0

(PF1G1)(a) = (PF1G})(a).

For 6 = 0, a similar calculation also shows (pF,G)(a) = (pFl’G_l)(a) Thus, the
last term of (2.8) and (2.9) match. We now have three terms left unmatched. Let

those terms in (2.8) be K, i.e.,

K = 22 GRE)®) + B2 RGN - RO

Since p = (182 — B15; by hypothesis, we get

K = A2 ranye) + B2 rEe) - B2 B ra )

m%(nmxw @mwxw+m%@F&X®
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which equals the three terms left in (2.9) and it completes the proof. [

Here, we note that p = 8,8, — P185 # 0 is enough for the symmetry of A,,
although p = % > 0 comes from the definition of the inner product in H* on (2.1).

Since A; is symmetric for p = B} 82 — B185 > 0, all eigenvalues A of 4, F = AF,
i.e., eigenvalues for (*), are real numbers.

Furthermore, when ) is not an eigenvalue, the existence of the Green’s function
will be shown in Chapter 4. By a theorem of functional analysis[7, p108], this
shows that the operator A; associated with (*) is self-adjoint.

2.2 OPERATOR FOR (*¥*)

Define a complex Hilbert space H** by the set of three-component vectors
(Hy,H;,H;) where H,, H, are defined as for H* in Section 2.1 and Hj is a

complex number. By a standard calculation, an inner product in H** is

b —_—
((Fl,Fz',F3),(G1,G2,G3))=/ r(z)Fl(z)Gl(z)dz+(F2 F3)Q<g—:) (212)

where (Fy, F3, F3),(G1,G2,G3) € H* and Q = (’; rfz) is a positive definite,

real matrix. We will show that for a certain choice of @, the operator A; will be
symmetric.
Let D(A,), the domain of the operator A3, be the set of all F' = (A, F,F3) €
H** which satisfy
(i) F, is a function in £2(r;a,b) so that 7(F}) is defined and in £%(r;a,b),
(i1) F3 is a number such that
F, = oy Fi(a) — a3(pFy)(a), (2.13)

(iii) F3 is a number such that

F3 = By F1(b) — By(pF1)(b)- (2.14)



Define A, : D(A2) — H** by
A F = (T(F]), —a1Fi(a) + az(pF{)(a), —P1Fi(b)+ B2(pF; )(b)) (2.15)

We now show:
Theorem 2.3. Let F = (Fy, F, F3) € H**. Then F; satisfies (**) if and only if
Proof. Suppose F, satisfies (**). Define F; and F; by (2.13) and (2.14) so that
(F1, F», F3) € D(Az). Since F; satisfies (**), we get
Ay F = (1(F), —a1Fi(a) + a2(pFi)(a), —B1 F1(b) + B2 (pF7 )(b))
= (AFI,AFQ,AF:;) = A(Fl,Fz,F;;) = AF
Conversely, suppose Ao F' = AF for F = (Fy, F3, F;3) € D(A;z). Then for each

component, we have

T(Fl) = AFI,

— a1 Fi(a) + az(pFy)(a) = AF; = A[a} Fi(a) - a3(pFi)(a)],

— B1Fy(b) + B2(pF})(b) = AFs = A[B{ Fy () — B3(pF})(0)]-
Thus, F; satisfies (**). O

We wish to find a condition on Q = (’; 7;) of (2.12) in terms of a4, az, o7,

asy, B, P2, By, and B so that the operator A; is symmetric, i.e.,
(A2F,G) = (F,A2G)  for all F,G € D(4,) (2.16)

where the inner product is given by (2.12).
Let F = (Fl,Fz,Fa),G = (G1,G2, G3) € D(Az) By the definition of the inner
product and the operator A,

b
(A2F,G) = /a [r (T(Fl))G_1] (z)dz

+ (—an Fi(a) + a2(pFi )(a), —ArF1(b) + B2(pFy)(b))Q (

S

)

2
3

!
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and

b —01G1(a) + a2(pG})(a
a0 [ s o (T )
h 1

where Q = ( p m)’ h,l,m € R. Then by calculation, it follows that

(4sF,6) = | (GFTT0) + (T (o)lde
+ h(~01 Fy(a) + ca(pFi)(a)) (o4 G1(a) - o4(pCT)())
+1(-01Fy(a) + az(pF})(a)) (B,G1(D— B(PCLI(B))
+U(=BF(5) + Ba(pF)(B) (21G1(a) — a4(pGY)(a)
+m(=BF () +B(R)(B) (8G200) - A(pCLI(D))
— (pFiG1)(b) + (PF1G1)(a)

(F, 4:6) = [ GFT)e) + (RG)le
+ h(o4 Fi(a) — ap(pFi)(a)) (~1Gi(a) + ea(#G1)(a))
+1(c; Fi(a) - a3 (pF1)(@)) (—AG1(®) + B(pTLI(Y))
+ (B () - B(PFI)(B)) (—enCr(a) + a2(pGT)(a)
+m(BFi(b) - B(PFD() (-5:Gi0) + B(pGD(®))
— (PRG))(b) + (PR a).

To have (A, F,G) = (F, A;G), the constants h, I, m must satisfy

|

h(yoz — arah) +1 =0, (2.17)
m(B182 — B18) — 1 =0, (2.18)
(o381 — a1 By) =0, (2.19)
(0182 — a133) = 0, (2.20)
l(a3B1 — a2;) =0, (2.21)
i3z — a283) = 0. (2.22)

10



By (2.17), we get

p1:=aja; —anay # 0, and h # 0.
Also, by (2.18), we get

p2 = ﬂiﬂz - ﬂlﬂé #0, and m # 0.

Moreover, we obtain [ = 0.

Proof. Suppose | # 0. Then, by (2.19)—(2.22)

a1 — e fy =0, (a)
a1fz — a1 8; =0, (b)
azf1 — ey = 0, (c)
ayfz — aafly = 0. (d)

From [(a) x 85]—[(b) x B1], we get aj = 0 since p, # 0. Then a} # 0 by p; # 0. But
from [(c) x B3] —[(d) % B1], we get o, = 0 since p; # 0 which is a contradiction. [

Since @ is positive definite if and only if & > 0 and Am — 12 > 0, it follows that

1
—r=mn= ayap — ajay < 0, (2.23)
; :
o= P12 — BBz > 0, (2.24)
I=0. (2.25)

(2.23)—(2.25) are the conditions for A to be self-adjoint.

Since the Green’s function for A;F = AF + G where A is not an eigenvalue
will be found in Chapter 4, we have just proved that A, is self-adjoint subject to
(2.23)-(2.25).

11



2.3 OPERATOR FOR (**¥*)

In the Hilbert space H** defined in Section 2.2, we define an operator Aj
as follows. Let D(Aj3), the domain of the operator A3, be the set of all F =
(F1, F2, F3) € H** which satisfy

(1) Fy is a function in £%(r;a,b) so that 7(F}) is defined and in £%(r;a,b),
(ii) F; satisfies the boundary condition (1.2), i.e.,

(cos 8)F1(a) + (sin 8)(pFy)(a) = 0, where 0 < 0 <, (2.26)
(ii1) F? is a number such that
F; = -7 Fi(b) + &(pF1)(b), (2.27)

(iv) F; is a complex number.

Define A; : D(A;3) - H** by

AsF := (1(Fy), Fs — [-nFu(b) + 6:(pF7)(B)), 10 F1(b) — 6o(pFy)(B)). (2:28)

Now we show the following statement.

Theorem 2.4. Let F = (F,F;,F;3) € H**. Then, F, satisfies (***) if and only
if F € D(A3) and A3 F = )F. ‘

Proof. Suppose F; satisfies (**¥), i.e.,

T(Fy) = AR,
(cos8)Fi(a) + (sin8)(pFi)(a) = 0,
(70 + A +722%)F1(b) = (6 + 611 + 622%)(pF} )(b)-

Define F; by (2.27). Define F; by

Fy = [-m1F1(b) + 81(pF7)(5)] + A[~72 F1(b) + 82(pFy )(B)]- (2:29)

12



Then (Fi, Fz, F3) € D(A;3) by definition and we have
1st component of A3F = AFj,
2nd component of A3 F = A[—12Fy(b) + 62(pF; )(b)),
3rd component of Az F
= N=nFi(8) + (PO + A= Fi () + b2(pFY(B)]

Therefore,

A3F = (AFl,/\Fz,AF3) = AF

Conversely, suppose A3 F = AF for F = (Fy, F3,F3) € D(A3), i.e,

T(F1) = AP, (2.30)
F3 — [-mFi(b) + 61(pF1)(b)] = AF; = A[-72 Fa(b) + é2(pF7)(b)],

(2.31)
YoF1(b) — 6o(pF1)(b) = AF3. (2.32)

F, satisfies (1.1) by (2.30). F also satisfies (1.2) by the definition of D(A;).
Multiply (2.31) by A and substitute (2.32) into (2.31) to get (1.5). Hence, F;
satisfies (***). O

Recall that the inner product of H** is defined by

,, |
((F1,Fo, F), (61,6, o)) = [ r(z)F1(x)aT(m—)dx+(Fz,Fs)Q(g—:> (212)

where (Fy, F3, F3),(G1,G2,G3) € H** and Q = (’;
real matrix. We will show that for a certain choice of @ the operator A, will be
symmetric. This @ will be different from the @ in problem (**).

We now wish to find conditions to establish the symmetry of A3, i.e.,

riz) is a positive definite,

(A3F,G) = (F, A;G) (2.33)

for all F,G € D(A3).

13



By definition, we have
b
(4:F,6) = [ [r(r(F)A] ()
+ (Fs = [~ Fa(0) + 6.(pF)(B)], wF1(8) — &o(pFY)(5))Q (%)
and

b ——,
(F, AsG) = /a [rF1 (T(G1))] (z)dz

G — [-mG.(b) + 51(PG_'1)(b)]) -

+ (B myq (&7 e e

By calculation, it follows that

(AsF,G) = / b(pFI'G—'l + ¢F1G;)(z)dz
~ (pF{G1)(b) + (pF1G1)(a)
+ (—hé162 — 16062 )(pF{ PG, )(b)
+ (h8172 + 16072)(PFLGR)(B) + (B + 162%0) (PP GLY(B)
+ (—16 — mbo)(pF1)(8)Gs + h62(pG1)(b) Fs
+ (=hm72 — lyoy2)(FiG1)(B)

+ (In1 + m70) F1(b)Gs — k7. G1(b)Fs + IF3Gs

and

(F,4:6) = [ GFT; + FT)(e)is

— (pPF1G)() + (PF1 G )(0)
+ (—h6:18; — 1608, )(F1pG7)(b)
+ (hém + 16270)(PFIG1)(8) + (k172 + 16072) (PF1 G )(B)
+ (h62)(pF})(8)G3 + (161 — mbo)(pGY)(5)F
+ (—hm72 = o2 )(FLG1)(B)
+ (—h72)F1(8)Gs + (Im + m0)G1(B)Fs + IF3Gs.
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We know that (pFiG;)(a) = (pF,G%)(a) since we have

cosé

(PFITT)(a) = (— Fl(a))m — (WGLF)(a) for 60,

sin
and

(PF1G1)(e) = (PF{)(a) - 0 = 0 = (pG})(a) - 0 = (PG F1)(a)  for 6=0
by (ii) of the definition of D(A3). Hence, in order to have (A3F, G) = (F, A3G),
h, I, and m must satisfy

—1 4 hé1y2 + l6oy2 = hé2m + lb2v0,
—161 - m60 = h62,
171 +my = _h72,

or

h 1 b172 — 271 boy2— 210 O
P { = 0 where P := 62 61 60 . (234)
m 0 7 N o

We note that det P # 0.

Proof. We rewrite (2.34) as

(6172 — 82m1) h + (8072 — 6270) I = 1, (a)
62h+511+60m= 0, ’ (b)
y2h + 1l +vm = 0. (c)

Suppose det P = 0. Then
det P = (072 — 62%0)° — (6172 — 62711) (o1 — 617%0) =0

=, (8072 — 6270)° = (6172 — 6211) (6011 — 6170) - (d)

Case 1: (60’72 hd 6270) # 0
We have
1- (172 —b2m)h
l= e
(50’)’2 - 52‘70) ( )

15




from (a). Since 6170 — 071 # 0 from (d), we get from (b) and (c), that

(m) = s (30 o) (Sob)
m o —dem \—m & —v2h )’

Thus,
do07y2 — 6270
l=—""=""""1h
8170 — bom
- (6072 — 6270) (6172 — 62m) b
(5170 - 50’71) (51’72 - 5271)
From (d),

] _ (bo72 — 6270) (112 — 52’71)h
— (8072 — 6270)*
_ = (6172 — 6am)
- (Y072 —52‘70) ,

which contradicts (e).
Case 2: (8o7y2 — 8270) =0

From (a), we have (6,72 — é2711) b = 1. Thus, ;42 — 6271 # 0 and k # 0. Then,
Som1 — 6170 = 0 from (d). From (b) and (c), we get

(1) =sm (5 o) (Som)
l b1 =612 \ =12 62 ~Yom

I L/ e ) N

bam1 — 6172
which is a contradiction.

Hence, det P#0. O

Thus, we have by Cramer’s rule,

_h1vo—bom

h= 2R (2.35)
_ bov2 — 6270

(=R, (2.36)
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bam — 6172
=21 = 2.
det P (2.87)

Since @ = (’; rfz) is real and positive definite,

b= 017 — dom

dwp 0

and
hm —I* = "-1—[(5271 — 6172)(6170 — bom1) — (8072 — 8270)°] = Lo
(det P)? det P
Therefore, the conditions for A3 to be symmetric are
det P = (60‘72 — 052")’0)2 — (6271 - 6172)(6170 - 50’)’1) <0 (238)

and

5170 - 60")‘1 <0. (2.39)

Symmetry of the operator A3 and existence of the Green’s function, which will
be proved in Chapter 4, imply that Aj; is a self-adjoint operator for (***).
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CHAPTER 3.
EIGENFUNCTION EXPANSION

In this chapter, we first derive a nonhomogeneous heat equation where a rod
has a finite amount of fluid attached at the right end. Then we show there are
eigenvalue problems of the form (*), EVP1 and EVP2, associated with the ho-
mogeneous heat equation, and demonstrate eigenfunction expansions for several

initial conditions for each problem.

3.1 HEAT FLow PROBLEM

We consider a rod of length L with constant cross-sectional area S as illustrated
in Figure A-2. We assume that the lateral surface area of the rod is insulated so
that thermal energy can pass only in the z-direction. We also assume that the
specific heat and mass density of the rod at z are ¢(z) and d(z), respectively, and
that the rod has a heat source which generates heat energy Q(z, t) per unit volume
per unit time. Then by conservation of heat energy, the temberature u(z,1) of the

rod at = at time ¢ satisfies a partial differential equation
Ou 0¢
c(z)d(z)a(z,t) = —gz(a:,t) + Q(z,1) (3.1)

where ¢(z,t) is the heat flux to the right. By Fourier’s law of heat conduction, we

know
é(z,t) = -—K(z)%(z,t) (3.2)

where K(z) is the thermal conductivity of the rod at z. Substituting (3.2) into
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(3.1) , we obtain the heat equation

o(2)d(z) 2 = = 9 (K(z) - )+Q(a:,t). (3.3)

If the temperature of the left end (z = 0) is held at 0, then we have a boundary
condition

u(0,t) = 0, (3.4)

while if the left end of the rod is insulated, then we have
Ou
6_.1:(0’ t)=0. (3.5)

For r = L, the right end of the rod, we suppose that the rod is in contact with
a finite amount of fluid as shown in Figure A- 2. We assume the fluid is moving
so that it has the same temperature o(t) at time ¢t anywhere in the fluid. It is
also assumed that the fluid container is insulated. By Newton’s law of cooling, we

have

#(L,t) = R[u(L,1) — o(t) (3.6)

where the constant R is called the heat transfer coefficient. Partial differentiation
with respect to ¢ of both sides yields

9, . [ou , |
Bt (L,t) =R [3t (L,t) -0 (t)] . (3.7
Since energy conservation holds, the heat flux ¢(L,t) also satisfies
d
Sé(L,t) = -d—t[chFvFO(t)] (3.8)

where dr, cr, and vp are mass density, specific heat, and volume of the fluid,

respectively. Substituting o'(%) of (3.8) into (3.7), we get

X0 =R |G- Zium). (39)
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By Fourier’s law of heat conduction, i.e. (3.2), we have a boundary condition

u Ou S Ou
KO g () =R [ S - 2 (-kw )] G
or
ou %y
—K(L)z=(L,t) =-B (L t)+ﬂ2K(L) (L t) (3.11)
Oz ot
where
, _ _drcrur , _ dFcruF
fr=-F5E <0 and g =" 50 (3.12)
Further, we assume an initial condition at ¢ = 0 is given by
u(z,0) = g1(z). (3.13)

As a result, we obtain a nonhomogeneous initial-boundary value heat flow prob-

lem:
c(:c)d(z) at 3z (K(:lc)a ) + Q(z, 1), 0<z<I, t>0,
u(z,0) = g1(z), 0<z<L,
(P)¢ u(0,¢) =0 or %(O,t) =0, t>0,
u Ou &u
kD2 y=-H2C+BEOIE LY, >0,

dpcrvF
S

<0 and B, = drcrvr

RS > 0.

where f) = —

3.2 EIGENFUNCTION EXPANSION FOR A

HOMOGENEOUS HEAT FLOW PROBLEM

In this section, we consider problem (P) with heat source }(z,t) = 0, namely,

c(a:)d(x) Bt aa (K(:::)a ) 0<z<L, t>0, (3.14)

v(z,0) = g1(z), 0<z< I, (3.15)

P\ wo,5=0 or Zon=0, t>o (3.16)
\ —K(L)%(L,t) = —ﬂ{%(L, )+ BQK(L)%(L, t), t>0, (3.17)
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where v(z,t) represents the temperature of the rod.

Assuming problem (Pg) has solutions of the form
v(z,t) = X(2)T(t), (3.18)

we apply the method of separation of variables. Substitution of (3.18) into (3.14)
gives us

c(z)d(2)X (2)T'(t) = (K(2)X'(2))'T(t). (3.19)

We divide both sides of (3.19) by ¢(z)d(z)X (z)T(t) # 0 and introduce a constant

parameter A\ as

axian Lo IO
i KE@X@) 3(@) = 5 = >

The above equation yields two ordinary differential equations:
T'(t) = =AT(t)

and

1 1eW = AX(s
~ i E@X@) =2X(@) (3.20)

The product solutions, v(z,t) = X(z)T(t), must also satisfy the two boundary
conditions of problem (Pg). From the boundary condition (3.16), we get

X(0)=0 or X'(0)=0. (3.21)
For z = L, we have

—(KEX'W(L)T(t) = —A1 X(L)T'(t) + B (KX')(L)T'(2)

T
by (3.17). Since () —), we have

—(KX')(L) = A8 X(L) — By(KX')(L)] (3.22)
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where ] < 0 and B33 > 0.

As a result, we obtain the eigenvalue problem (3.20)-(3.22). Here we note that
(3.20)-(3.22) has the form of the problem (*) with a =0, b = L, r(z) = ¢(z)d(z),
p(z) = K(z), ¢(z)=0,0 =0or g, B =0, and B; = -1.

Since $, =0, B2 = —1, f; <0, and B} > 0, we have p = 8} 52 — 155 > 0 in the
problem (3.20)-(3.22). Recall that a symmetric operator A, is associated with (*)
when p > 0. Thus, we know all eigenvalues of (3.20)-(3.22) are real numbers.

We will find the eigenvalues and eigenfunctions for the two simpler cases of
(3.20)-(3.22), namely, when K(z) = ¢(z)d(z) = 1, and demonstrate the conver-
gence of the eigenfunction expansion for each case so that the problem (Pg) can

be solved.

Eigenvalue Problem One.

The eigenvalue problem (EVP) we consider here is

—X"(z) = \X(z), (3.23)
X(0) =0, (3.24)
—X'(L) = Mg X(L) - BX'(L)], (3.25)

where §; < 0 and 8, > 0. We call this problem EVP1. The boundary condition
X(0) = 0 is associated with v(0,t) = 0 of (3.16), i.e., the case where the left
end temperature is held at zero. EVP1 has the form (*) with p(z) = r(z) = 1,
¢(z)=0,a=0,b=L, 5 =0, 8, =—1,and § = 0.

We first show that all the eigenvalues of EVP1 are positive. In Hinton’s paper
[4, p.34-35] the following formula was proved.

Lemma 3.1. Let A; be an operator defined as in Section 2.1. Let F = (Fy, F3),
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G = (G1,G;) € D(A;). The function J is defined on D(A;1) x D(A1) by
pp=0: J(F,G)= / b[pF{G_H ¢F1G1)(z)dz — cot 8(F1G1)(a)
- SAB(FT®),
Ba#0: J(FG)= / b[pF{‘GTl+ ¢F1G1)(z)dz — cot 8(F,G1 )(a) (3.26)

g lf L(RGT)(b) +

"‘fz (FipG)()

+ ﬂ‘fz (PFIT)() — ﬂzfz (pFLpTE)(b)

where p = (182 — P185. For 6 = 0, the term cot 8( F1G; )(a) is deleted. Then,
J(F,G) = (F,A,G) (3.27)
where the inner product (:,-) is defined as (2.1) with k = %
Now we prove the following theorem.
Theorem 3.1. The eigenvalues (\’s) of EVP1 are all positive.

Proof. Let X,;(z) be the nth eigenfunction of EVP1 associated with the nth
eigenvalue A,. Let X, = (Xpn1,Xn2) where Xp2 = i Xn1(L) — f3X.,(L). Then
X, € D(A;) and 4, X, = A\, X,, by Theorem 2.1 since X, satisfies EVP1. Since
we have p = 16, — £ 85 > 0, A; is symmetric, and thus all \,,’s are real numbers.

Hence,

(Xn, AIXn) = (Xn, An-Xn)

L
- / An|Xo1(z)[Pdz + ;1;,\,.|X,.2|2
0

L
1
= Anl / Xos(2)Pde + 51X
0
= ’\n(XnaXn)-

Now, since 1 =0, f2 = -1, p(z) =1, ¢(z) =0, and § = 0,

L
J(Xn, Xo) = / X!y (2) Pz — %[—ﬂé X (L)
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where p > 0, 85 > 0. We know X/, (z) # 0 since Xp1(z) is an eigenfunction and
Xn1(0) =0. Thus, J(X,,X,) > 0. By Lemma 3.1, we obtain

0 < J(XnyXn) = (Xn, A1 Xn) = An(Xn, Xn)-

Since X,1(z) is an eigenfunction, Xp,;(z) # 0. Thus, (X,, X,) = foL | X n1(z)]2dz+
%anzlz > 0 since p > 0. Hence, A\, >0. O

Using the fact A\, > 0, we now find eigenfunctions and eigenvalues for EVP1.
Without loss of generality, we take the eigenfunctions to be real.

Since all X’s are positive, the ODE (3.23) and the boundary condition (3.24)
give the general solution

X(z) = CsinVAz (3.28)

where C is a constant. Substituting (3.28) into the other boundary condition
(3.25), we obtain

—CVAcos VAL = A [ﬂ;csin VAL - B4CV X cos \/XL] .
By calculation, it follows that

B 1 .o |
ﬂle' B f tan VAL (3.29)

which is a transcendental equation. The graphs of y = gz 22X — and y =
1

tan v/ AL for —8, = B =1 and L = 1 are shown in Figure A-3. The1 j\/-:oordinate
of each intersection of the two graphs indicates the value of the eigenvalue for
EVP1. We call the eigenvalues, namely, the solutions of (3.29), A1, Az, As, ...
from the smallest.

For each eigenvalue A, where n =1,2,3,..., the associated eigenfunction is

Xni1(z) = Cpsin \//—\:z (3.30)
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where C,, denotes a constant for each n. For the eigenfunction expansion, it is
necessary for each X, to be normalized in terms of the inner product (2.1) with
1

k=-,1i.e,

L
1
(X1, Xn2), (X, Xn2)) = / X + | Kol = 1,
0

iX 11(L). By substitution of (3.30) into

where X2 = 1 X1 (L) - 53X, (L) = -3

the above, each C, must satisfy

Ca 5 (3.31)

1
- L . 9 1 1
fo sin \/z\nzdz+; A cos\/AnL

and we take C,, > 0 without loss of generality. Let —8; = 83 =1, and L =1. By
calculation, it follows that

2

Cn= 1 .
1+(1+—)cos2\/x

(3.32)

An

According to (3.29), (3.30), and (3.32), the first five eigenvalues, normalized co-
efficients, and associated eigenfunctions of EVP1 for —8; = 8}, =1 and L = 1

are:

A1 = 0.4573, C; = 0.8250, X171 = 0.8250sin 0.6762z,
A2 = 4.482, C, = 1.226, X2 =1.226 sin2..117.1:,
A3 = 24.22, Cs; =1.384, X3 =1.3845in4.921z, (3.33)
Ay = 63.69, Cy = 1.403, X4 = 1.403sin7.981z,
As = 12291, Cs =1.408, Xs1 = 1.4085in11.09z.
In order to satisfy the initial condition of problem (Py), we need the conver-
gence of the eigenfunction expansion.
There are general theorems about eigenfunction expansions as follows. For the

next three theorems suppose {)\,} and X,,(z) are the eigenvalues and eigenfunc-
tions of EVP1 or EVP2.
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Theorem 3.2. Let g = (g1,92) € H*. Then

oo

g= (91,92) = Z(g, Xn>Xn (334)
n=1
on [a,b] in the norm of H*. Namely,
91(z) = Y {9, Xa)Xn1(2) (3.35)
n=1

)
g2 = z(gax X

n=1

on [a, b].
Under an additional condition, Hinton proved the following in [4, p.39- - 41].

o0
Theorem 3.3. If g = (91,92) € H* and Y. A\,|(9,Xn)|? < 0o, then

gl(z) = Z(g7Xn)an(z),

absolutely and uniformly on [a, b].

‘The class of functions for which E Anl{9, Xn}|? < oo is described in [4]. In
particular, the functions in the domam of A; satisfy this condition.
Hinton has also proved the following theorem in [4, p.41-42].

Theorem 3.4. If §; # 0, p(z) = r(z) = 1, g1 is absolutely continuous with
g1(z) € L3(r;a,b), and g;(a) =0 if § = 0 in (1.2), then
91(z) = ( / (91Xn1)(w)d1') Xn1(2) (3.36)
n=1
absolutely and uniformly on |[a, b].

If r(z) = 1 and X, (z) is real, then by definition of the norm of H* we have

Z(g,Xn)an(z) = (/ (QIXnI)(z)dz> Xn1(z)

n=1

+ Z (%gzxnz) X1 (2)- (3.37)

n=1
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Thus, Theorem 3.3 and Theorem 3.4 imply E (pggxnz) Xn1(z) = 0. If the sum

n=1

is finite, however, Y ( IN (ng,,l)(:c)dx) Xn1(z) in Theorem 3.4 may give slower

n=1

convergence than E (9,Xn)Xn1(z) in Theorem 3.2 since the terms
n=1

(-l-ggX ,,2) Xn1(z) are missing. Now we see this comparison graphically.

pWe consider the cases of g1(z) = z,z2,1 where Xn(z) is an eigenfunction of
EVP1, namely, (3.30). Let —3; = 8; = 1 and L = 1. Since X, = (Xn1,Xn2) €
D(A;) by Theorem 2.1,

1
Xnz = —Xn1(1) = Xpy (1) = —‘/\—X:u(l)- (3.38)

For ¢ = (¢1,92) in D(A;), we have

g2 = q1(1) — ¢1(2) (3.39)

so that g satisfies the hypothesis of Theorem 3.3.
For g,(z) = z, by (3.29), (3.30), (3.38), and (3.39), it follows that

([ aXu)@)iz) Xus(o) = G (<24 1) (cosvRe) (snviee)

and

(9, Xn)Xn1(z) = 5:’:—" (—n) (COS ) (Sm \/—_x)

We substitute the values of the An’s and Cp’s in (3.33) into the above and show the

graphs of ) (fol(ng,,l)(z)dz) Xn(z) and Y (9, Xn)Xn1(z) for i = 1,2,3,4,5
n=1 n=1
in Figure A-4 and Figure A-5, respectively. We see the convergence to ¢;(z) =z

is faster in i: (9, Xn)Xn1(z).
n=1

For g1(z) = z2, we have

(/ol(ngnl)(z)dx) Xm(z) = C} (/01 z?sin \/zcxdz) sin v/ Anz
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1
(9, Xp) X pa1(z) = C2? [/ z?sin /A zdz + 3\/1)‘_ cos \//\,,] sin /A, z.
0 n

By calculating the above formula numerically, we obtain the graphs of
(fo (ng,,l)(a:)dx) Xnpi(z) and 2::1<9’X")X"1(z) for : = 1,...,5 as shown

in Flgure A-6 and Figure A-7, respectively. Again, we see more rapid convergence

to gl(x) = 1:2 in E (g,X,,)X,,l(z) tha.n in El (fol(glx,.l)(z)dz) an(z).
n=1 n=
For g,(z) = 1, it follows that

([ @1Xm)eie) Xs(e) = T2 (1~ s VA7) (sin Vz)

and

(9, Xn) Xna(z) = W(sm\/‘ z).

The graphs of z (fs (91Xn1)(2)d2) Xpi(z) and z (9, Xn)Xmi(z) for
1=1,2,3,4,5 are shown in Figure A-8 and Figure A-9, respectwely It is hard to
recognize which convergence is more rapid between Figure A-8 and Figure A-9.
This is because g;(z) = 1 does not satisfy the hypothesis of Theorem 3.4.

Eigenvalue Problem Two.

Consider the eigenvalue problem with another boundary condition at z = 0,

namely,
¢ —X"(z) = AX(2), (3.40)
X'(0)=0, (3.41)
_X(D) = NBX(L) - BX'(L)],  (342)

where 8] < 0 and B; > 0. We call this problem EVP2. The boundary condition
X'(0) = 0 was derived from v'(0,t) = 0 of problem (Py), i.e., the case where the
left end is insulated. We note that EVP2 is the problem (*) with p(z) = r(z) =1,
9(z)=0,a=0,b=L,5 =0,f,=-1,and § = —
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We first show the following theorem.
; Theorem 3.5. All eigenvalues of EVP2 are non-negative.

Proof. Let X,;(z) be the nth eigenfunction of EVP2 associated with the nth

eigenvalue \,. Let X,, = (Xp1,Xn2) € H* where X2 = B Xn1(L) — 83X, (L)

Then by Theorem 2.1, X,, € D(A4,) and 4, X,, = A\, X,,. Here, p= 182 — 183 =
‘ —pB; > 0 and thus the \,’s are real numbers. We have

‘ (Xn’ Alxn) = (Xn, Aan)

L
- / A,.|x,.1(z)|2dz+-’1;,\,.|x,.2|2
0

L
1
= A, [/ Ian(z)|2dz + —|X,,2|2
(] P
= An(-Xn, Xn)

Now, consider J(X,,X,) where the function J is defined as in Lemma 3.1. Here

| we have

L
1
I(Xn Xo) = [ 1Xia(@)Pdz = 5 (B3 Xa (D] 2 0
since 5 > 0. (Note J(X,,X,) can be zero (e.g.,, X, = constant).) From
Lemma 3.1, we obtain
0 < J(Xny Xn) = An(Xny Xn)-

We know (X,,X,) = foL | Xn1(z)|?dz + %IX,,2|2 > 0 since Xp1(z) # 0. Hence,
A, 20. O

Next, we compute the eigenvalues and eigenfunctions for EVP2. Without loss
of generality, we take all the eigenfunctions to be real.
Since the eigenvalues are non-negative, by (3.40) it follows that
X(z)=Az + B, if A=0,
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and
X(z) = C cos VAz + Dsin vz, if A>0,

where A, B, C, and D are constants. Since X'(0) =0, A = D = 0 above, i.e.,
X(z) = B, if A=0,
and
X(z) = C cos Vz, if A>0.

For A\ = 0, X(z) = B satisfies the other boundary condition (3.42). For A > 0,

we need
—(~CVsin VAL) = AB.(C cos VAL) — ABL(—C/Asin VAL)

to satisfy (3.42). By calculation, we obtain a transcendental equation

BLVA

tan VAL = 1= g

(3.43)

!
for A > 0. Figure A-10 shows the graphs of y = 1\/;\:\’3;, and y = tan VL for
— AP

—B1 = 3 =1 and L = 1. The A-coordinate of each intersection indicates the

value of a positive eigenvalue for EVP2. Let A; = 0 and )3, A3, ... be the positive

eigenvalues from the smallest.

For n = 1, the eigenfunction X,(z) associated with A\; = 0 is
X11 = Cl =B
where the constant C; > 0 is normalized by
L 1
1 = ((X11, X12), (X121, X12)) =/ | X11)2dz + ;IX12|2
0

where Xy, = f1X1:1(L) — B3X1,(L). For —p; = B3 =1 and L = 1, since p =
B1B2 — P18y = —B; =1, it follows that

X1 =C; = —;3 = 0.7071. (3.44)
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For n > 2, the eigenfunction X,; associated with the nth eigenvalue A, is
Xn1 = Cpcos/Anz, n>2 (3.45)
where the constant C,, > 0 is normalized by

L
1
1 = (X1, Xnz), (X, Xaz)) = / Xos ()P + 2| Xoal
0

where Xnz = B, Xn1(L) — BLX" (L) = —B‘-I—X’(L). Then,
1

C? =
j;)L |cos \/;\::clz + % ‘

1 z
Vg

For —f] = B =1 and L = 1, by calculation, it follows that

siny/A,L

Cn= , for n>2.

| Ant1
+ 2 (sm VAr) '_—’\n(A -1)

As a result, we obtain the following.
A\ =0, Cy =0.7071, Xi; = 0.7071,
Az =1.459, C; =0.8993, X2; = 0.8993cos1.208z,
A3 =11.89, C3=1.349, X5, = 1.349 cos3.448z, (3.46)
Ae=4149, C,=1.397, X, =1.397cos6.441z,
A5 =90.83, C5=1406, Xs5; =1.406cos9.541z.

Now, we demonstrate the eigenfunction expansion for the initial condition
91(z) = z and z?. This time we only demonstrate Y (g,X,)Xn1(z) for
n=1
—Bi=B=1(p=1)and L=1

For g1(z) = z, by (3.37) it follows that

5
n=1: (¢,X1)Xu(z)= §Cf

2
n>22: (¢,Xn)Xn(z)= 5:_ —,\isin Vn - \/;_ cos v/ AnZ.
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The graphs of i (9, Xn)Xn1(z) fori =1,...,5 are shown in Figure A-11.
n=1

For g,(z) = 22, we get from (3.37) that
10
3

1
n>2: (g,Xn)Xni(z)= C? [/ z? cos \/Anzdzr — \/3:\_sin vV An| cos v/ Apz.
0 n

n=1: (g,X1)Xu(z)=—Ct,

The graphs of ZE (9, Xpn)Xn1(z) for i =1,...,5 are shown in Figure A-12.

n=1
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CHAPTER 4.
CONSTRUCTION OF GREEN’S FUNCTION

The purpose of this chapter is to construct the Green’s Functions for (*), (**),
and (***), and to solve the nonhomogeneous equations of the form AF = AF +G

when )\ is not an eigenvalue, where operator A for each problem is defined in

Chapter 3.

4.1 GREEN’s FUNCTION FOR (*)

Consider the nonhomogeneous equation
A F=)F+G (4.1)

where A; is the operator defined as in Section 2.1, F = (F,F;) € D(4,;), G =
(G1,G2) € H*, and A is not an eigenvalue of A) F = AF.

First, we show that the following statement is true.

Theorem 4.1. Equation (4.1) holds if and only if Fy, G1, and G satisfy the

nonhomogeneous problem associated with (*), i.e.,

+(Fy) = AF, + Gy, (4.2)
(cos 0)Fy1(a) + (sin 0)(pFi)(a) = 0, (4.3)
—B1F1(b) + B2 (pFY)(b) = A[B1 F(b) — B2(pF7)(B)] + Ga. (4.4)

Proof. Suppose that (4.1) holds. Since F € D(A;), F; satisfies (4.3). Moreover,
by the definition of A;, we get

T(Fl) = h+G;
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=B F1(b) + B2(pFy)(b) = AFz + G4 = N[y Fi(b) — By(pFy)(b)] + Ga.

Thus, Fi, G1, and G satisfy (4.2)-(4.4).
Conversely, suppose F, G, and G, satisfy (4.2)~(4.4). Define F; as F; =
B1F1(b) — B3(pFy)(b). Then the conclusion follows by the reverse procedure of the

above. O

Next, we seek a basis for the equation 7(u) = Au. Let ¢,(z) be the solution of

7(u) = Au with initial conditions
#xr(a) =sinf and (pd))(a) = —cosd. (4.5)

Then, ¢x(z) satisfies the boundary condition (1.2) of (*). Similarly, let x(z) be

the solution of 7(u) = Au with

xa(b) = B2+ 22 and (pxi)(b) = fr + B\ (4.6)

Then x,(z) satisfies condition (1.3) of (*). I A is not an eigenvalue of (*), then
&x(z) does not satisfy (1.3) and xx(z) does not satisfy (1.2) since ¢r(z) and x(z)

are not eigenfunctions of (*). Then, we have a Wronskian

a)= $:(a) xA(a) = sin (@) + cos 8(x'(a .
W(a) = (p4))(a) (PX:\)(G) = 8(px})(a) + 6(x'(a)) #0 4.7)

since xa(z) does not satisfy (1.2). Thus, #x(z) and x(z) are linearly independent.
Define a fundamental matrix ®,(z) by

a=( 8@ xa2)
0= (i) ) “2)
Let A()) := det ®5(z). Then A()\) does not depend on z since

AQA) = 6a(2)(px3)(z) — xa(z)(p83)(2) (4.9)
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and
‘ %A(/\) = $5(=)(PxA)(2) + 6a(2)(pxh) () — XA (2)(P82)(z) — xa(z)(p43) ()
| = ¢a(z) [(9x2)(2) = Axa(2)] — xa(2) [(462)(2) — Ada(2)]
=0

and thus A()) is a constant. We also note that A()) # 0 by (4.7).

For the equation (4.2), we have the variation of constants formula

(pl;'l‘l,(("”'x))) = ®,(z) [(g;) + /: ®51(s) (—r(s)OGl(s)) ds] _ (4.10)

For z = a, we have
() =21 ()

By the boundary condition (4.3), we get

0 = (cos §,sin 6) ( (pFII'i{()(?a) )

= (cos 8, sin (@) xx(a) G
= (cos, ")((msa)(a) (pxaxa))(oz)
= ((cos6)¢a(a) + (sin 6)(p#3)(a), (cosB)xa(a) + (sin8)(pX})()) (3; ) -

Since (cos 8) #x(a) + (sin8) (pé) )(a) = 0 and (cos 8) xa(a) + (sin 8) (px))(a) # 0,
it follows that :
C, = 0. (4.11)

(PI;-I‘II((bb))) = () (é ) (4.12)
where

()= (5)+ [ 3t (2850 39 (o) ®

Since we have

For z = b, we get

Gy = (—ﬂl - Aﬂia :32 + /\ﬂ;) ((PF-P];{()b()b))
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from (4.4), we substitute (4.12) into the above to get

I n( 0 xa®) Y (%

= (=B1 = AB1, B2+ )\B2) ((p¢’\',\)(b) (PXA'A)(”)) ("2)
, b b W

= (=(ex3)(8), xa()) ((pﬁ?f)()b) (p)g(?\()()b)) (Vz)

=-AMN +0-V;

= AW

b
= -AQ) [01 + [ ﬁx,\(S)r(s)Gl(S)“] -

Hence,

G, * 1
AN Jo A)
Substituting Cy and C; into the ongmal formula (4.10), we obtain

Ci=-— ——xa(s)r(s)G1(s)ds. (4.13)

Fi(s) = [ oy A(A)xx(s)r(s)al(s)ds] $1(z)

+ [A—(/\S-/a XA(s)r(s)Gl(s)dS] $a(z)
- [ﬁ /: ¢A(s)r(s)G1(s)ds] xa(z),

or

Fy(z) = -Z%%(z)

+ / ) -ﬁm(zm(s)r@)m(s)ds

b
+ [ =ty @olere

_ G2 z b
=~ $a(z) + / G(z,s,A\)ds + / G(z,s,\)ds.  (4.14)
Here we have constructed the Green’s function G for (*) as follows:

——xa(z)da(s), a<s<z<bh
G(z,s,2) = A(/\) (4.15)

A(,\)dn\(z)x,\(s), a<z<s<b
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where A(A) = $2(2) (x5) (=) — x2(z) (p4}) (=) and éx(z) and xa(z) are defined
in (4.5) and (4.6).

4.2 GREEN’S FUNCTION FOR (**)

Consider the nonhomogeneous equation
A F=)F+G (4.16)

where A, is the operator defined in Section 2.2, F = (Fy, F,,F3) € D(A;), G =
(G1,G2,G3) € H**, and A is not an eigenvalue of A, F = AF.
First, we show the following.

Theorem 4.2. Equation (4.16) holds if and only if Fy, G1, G2, and G3 satisfy

the nonhomogeneous problem associated with (**), i.e.,

r(F) = AF; + Gy, (4.17)
—a1Fy(a) + ax(pF})(a) = Mo} Fi(a) — BL(pFi) (@) + Go,  (418)
—B1Fi(b) + B2(pF)(5) = MBLFi(b) — By(pFY)(b)} + Gs. (4.19)

Proof. Suppose F' and G satisfy (4.16). Since F' € D(Az), we have
Fy = o} Fy(a) — a3(pFi)(a)

and
F3 = B1Fy(b) — B2 (pF7)(b).

Thus, by the definition of Az, we get (4.17)—(4.19).
Conversely, suppose (4.17)—(4.19) hold. Define F; and F3 as above. Then the

reverse argument shows that (4.16) is true. O

Let the solutions ¢(z) and xa(z) of 7(u) = Au satisfy

éa(a) = az + a4, (pdh)(a) = a1 +ajA (then ¢, satisfies (1.4))  (4.20)
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and

xa(b) = B2+ B2, (pxX4A)(b) =L+ B2 (then x» satisfies (1.3)).  (4.21)

If X is not an eigenvalue of (**), then by the same argument in Section 4.1, we
obtain the following:

(1) éa(z) does not satisfy (1.3) and xx(z) does not satisfy (1.4),
(ii) #a(z) and xa(z) are linearly independent,

W ) @)
e AT Xa\Z
A(z) = ((p¢;><z> (px&)(Z)) !

then A(X) := det @(z) does not depend on z and A()) # 0.

For the equation (4.17), we have the variation of constants formula

(p?{(g)) = ®x(z) [(g:) + / : ®3%(s) (_,.(S)OGI(S)) ds] : (4.10)

For z = a, we have
(i) =@ (&)

By the boundary condition (4.18), we get

G = (=01 = Aoy, @z + Aa3) ((p?{()(?a))

= (—a1 = Xal, az + Xa}) 8x(a) (g:)
= (~di)(e), #20) ((p?&(;()a) (p%()(?a)) (gi)
= (0, &) (g;)

= C,A(N).

Thus,
(4.22)




For r = b, we have

(p?;(fg)) =) (1‘;)
where

()= ()L st (28 %9) Coow)

From (4.19), we have

Gz = (=P — AB., B2 + ABS) ((p?{()b()b))

= (=(px3)(0), xA()) ((p?()b()b) (p?f)b()b))( )
= (=A()),0) (g;)

= -AW;

b
= —-A(}) Cl+/a A—(ll\jx,\(s)r(s)Gl(s)ds] .
Thus,
Cim—Ca [ 1 (r(s)Gr(s)ds. (4.23)
1ZTAN T ), Ay 1 '

Substituting C; and C; into the ongma.l formula (4.10), we obtain
Fi(z) = [ == A)m(s)r(s)c:l(s)ds] h(@)+ 3i0(0)
+| [ Stpere)6isas] ex@)
- st e,

namely,
Fi(z) = —%tfu(l‘) + A_C%)‘Xk(z)
+ / -ﬁxm)w(s)r(s)al(s)ds
b
+ / _ﬁm(z)m(sy(s)al(s)d& (4.24)
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Hence, the Green’s function G for (**) is

—Xg/\—)x,\(z)ﬁﬁ,\(S), a<s<z<h

G(z,s,2) = (4.25)

"mfﬁx(z)x,\(s)a a<z<s<b

where A(\) = $(2) (PX}) () — Xa() (p#4) (¢) and $x(2), xa(z) ave defined by
(4.20) and (4.21).

4.3 GREEN’s FUNCTION FOR (***)

Consider the nonhomogeneous equation
AsF =F+G (4.26)

where Aj is the operator defined in Section 2.3, F = (F, F3,F3) € D(43), G =
(G1,G2,G3) € H**, and ) is not an eigenvalue of A3F = AF.
We first show the following,.

Theorem 4.3. Equation (4.26) holds if and only if F;, G1, G2, and G3 satisfy

the nonhomogeneous problem associated with (**¥), i.e.,

T(Fl) =\ + Gl, ) (427)
(cos 0)Fi(a) + (sin 6)(pFi)(a) =0, (4.28)
(’)’o + "/1/\ + 72A2)F1(b) = (50 + 62+ 62A2)(pF{)(b) + A\G; + G3. (429)

Proof. Suppose F and G satisfy (4.26). Since F' € D(A3), (4.27) and (4.28) follow,

and

F; = —1 F1(b) + 82(pF7)(b).

The second component of (4.26) gives that

Fy = [-mF1(b) + 61(pF1)(B)] + A [~12F1(b) + 82(pFy)(B)] + Go.
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Then by the third component of (4.26), (4.29) follows.
Conversely, suppose (4.27)-(4.29) hold. Define F, and F; as above. Then the
reverse argument shows that (4.26) is true. O

Define the solution @x(z) of 7(u) = Au by
ér(a) =sinf and (pé))(a) = —cosb (4.30)
so that @(z) satisfies (1.2). Also, define the solution xa(z) of 7(u) = Au by
XA(b) = b0 + 80+ 82 and  (pXA)(0) = 10 + MA + 122’ (4.31)

so that xa(z) satisfies (1.5).
If X is not an eigenvalue of (***), then by an analogous argument as in Sec-

tion 4.1, we obtain the following;:

(i) ¢a(z) does not satisfy (1.5) and xa(z) does not satisfy (1.2),
(ii) ¢a(z) and xa(z) are linearly independent,

W $a(z) (=)
— Az Xalz
2= (50 o)
then A()) := det ®5(z) does not depend on z and A()) # 0.

For equation (4.27), we have the variation of constants formula

(p?{((zz))> = (@) Kg:) + / ) ®5'(s) (_r(s)OGl(-s )) ds] . (4.10)

For z = a, we have
() =2 (&)-

By the boundary condition (4.28), we get

0 = (cos,sind) ((pf;’l’{(ii))

= ost,sn0) (G260 ) ) (&)
= (0,A()) (8; )
= A(N)Cs.
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Since A()) # 0,
G, =o0. (4.32)

(o)) =2 (5)
where

()= (9) [ a5 (53250 %) (<o)
From (4.29), we have
Gz +Gs = (Yo + M)A + 7202, —(b0 + 61 + 82)2)) ( (pFI}'{()l’()b))

’ NG b 141
= ((2xA)(), —xa(b)) ((pfﬁz()()b) (p)gcx’x()()b)) (Vz)

= (A(), 0) (“2)

=AWV

b
= A() [cl+ / A—(l/\—)-XA(s)r(s)Gl(s)dsjl.

For z = b, we have

Thus,

AG2 +G b1
ﬁ Ay ()G (s)ds. (4.33)
Substituting C; and C; into the ongmal formula (4.10), we obtain

b
%‘_;_)23_ _ /a -K—(IASXA(S)T(S)Gl(s)dSJ $a(2)

+ [/: Z%-;\-SXA(S)r(s)GI(S)ds] $x(z)
_ [ /a ) Kz_ﬁqs’\(s)r(s)Gl(s)ds] xa(z),

C1=

Fl(:c) =

namely,
AG2 + G
A — 5 ¢a(z)

/,, --A-(-A-)xk(z)m(s)r(s)al(s)ds

F](:t) =

L |
4 / 2 A @ ()G (o)ds. (439)
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. Hence, the Green’s function G for (***) is

1
———XA(Z)gA(s), a<s<z<h
G(z,s,A) = AW (4.35)
—m@\(x)x;‘(s), a<z<s<b

where A(A) = 6x(2) (X3) (2) — xa(®) (p4}) (¢) 2nd ¢x(2), xa(z) are defined by
(4.30) and (4.31).
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CHAPTER 5.
THE NONHOMOGENEOUS HEAT FLOW PROBLEM

In this chapter, our goal is to solve a nonhomogeneous heat flow problem (P)
with heat source §2(z,t) = e™#*w(z), which we call problem (P,).

We first show that the above problem has a solution in the form of the sum of
two functions v(z,t) and I'(z) where each function satisfies a particular boundary
value problem. Next, we solve both of them based on the knowledge we obtained
in Chapters 3 and 4, and finally find the solution to (P,).

5.1 TECHNIQUE TO SOLVE (P,)

Here we consider the problem (P) with u(0,t) = 0, ¢(z)d(z) = K(z) = 1, and

heat source Q(z,t) = e **w(z), namely,

" 2
e ) |
p # eigenvalue of EVP1, 0<z<L, t>0, (5.1)
u(0,¢)=0, ¢>0, (5.2)
) ~Sh L) = B L) + B D (L1
oz~ T Mot 29t0z
t>0, B <0, B,>0, (5.3)
{ u(z,0) = f(z), 0<z<L. (54)

Choose U(z,t) = e~*T'(z) such that

—I"(z) = pI(z) + w(z), (5.5)
I(0) =0, (5.6)
—T'(L) = p[AT(L) — B3T'(L)]. (5.7)




Choose v(z,t) such that

(v 0%

?a-tf—:a?’ O0<z<L, t>0, (58)
v(0,8) =0, t>0, (5.9)
{ v _ v , 0%
_'a—;(La t) - _:Bl ot (L,t) + 132 otox (L? t)a
t>0, B <0, B;>0, (5.10)
| v(z,0) = f(z) ~T(z), 0<z<L. (5.1)

Now, we show the following theorem.
Theorem 5.1. u(z,t) =v(z,t) + e #*T(z) solves (P,).
Proof. We have

u_ Bu_ (v & \

= 0+ =¥ [~uT(z) - T"(z)
= e "w(z).
For z = 0, we get
u(z,0) = v(z,0) + e **T'(0) = 0.
If z =L, then

Ou , Ou , %u .
- a—z(L, t)+ 8 (1) — B2 3155 LY

- [_%(L, D+a 2wy -sIla, t)]

+ [-e™*T'(L) + A1 (—p)e ™ T(L) — B3(—p)e™T"(L)]
=0+ e " [-I'(L) - u[BT(L) — BLT(L)]]
= 0.

Moreover, when ¢t = 0, we have

u(z,0) = v(z,0) + I'(z) = f(z) - I'(z) + I'(z) = f(z).
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Hence, u(z,t) = v(z,t) + e *'I'(z) solves (P,). O

5.2 FINDING I'(z)

Since the nonhomogeneous problem (5.5)-(5.7) for I'(z) is associated with prob-
lem (*), it can be solved by using the Green'’s function found in Section 4.1.

Recall that the nonhomogeneous problem

T(F1)=AF1+G1, (4.2)
{ (cos 0)Fy(a) + (sin)(pFi)(a) =0, (4.3)
—B1F1(b) + B2(pF1)(b) = A[B1 Fi(b) — B3 (pF1)(B)] + G2 (4.4)

is solved by
G
Fi(z) = —Tf\)d’x(z)

" / _A(l,\) XA(2)$2(s)r(s)G(s)ds

|
+/z —A—05¢A(x)XA(s)r(s)G1(s)ds. (4.14)

where ¢(z) and x(z) are defined by (4.5) and (4.6), and A(X) = ¢x(z) (pxh ) (z)-
x2(z) (pd)\) (z). Here we set Fi(z) = I'(z), r(z) = p(z) =1, qg(z) =0, 60 =0,
Pr=0,82=-1,a=0,b=L, A=y, Gi(z) = w(z), and G; = 0. Then it follows
that

z L
I'(z) = ./o _ﬁxll(z)¢u(3)w(3)d3 +/z —-A%cb,,(z)x,,(s)w(s)ds, (5.12)
where ¢,(z) and x,(z) are solutions of —u'' = pu such that
$u(0)=0, ¢,(0)=-1 (5.13)

xu(L) ==1+Bou, and x,(L)=Bip; (5.14)
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and

_ $u(z) xu(z)
aw=a (43 X3

Consider the case of 4 = 0. Then we have

¢“(:1:) = -z, Xﬂ(z) =-1, and A(u) =-=1

from (5.13)—(5.15). Thus, it follows that

I(z) = /0 " sw(s)ds + /  ao(s)ds.

In the case of 4 = 1, we have

Pu(z) = —sinz, xu(z)=Cscosz + Cysinz

where
Cs\ _[cosL —sinl) (-1+5;
Ci/) \sinL cosL By

and

A(p) =C3 =(-1+p5)cos L — B sin L.

Thus, by calculation, it follows that

L .
_ (-1+pB5)sinL + B cos L
(o)~ [ Cres et At

z L
+/ coszsinsw(s)ds+/ cos s sin zw(s)ds.
0 z
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sin z sin sw(s)ds

(5.15)

(5.16)

(5.17)



5.3 FINDING v(z,t)

Since the problem (5.8)-(5.11) is (Py) in Section 3.2 with ¢(z)d(z) = K(z) =1
and g;(z) = f(z)—TI(z), we know that the problem (5.8)—(5.10) is associated with
EVP1 which has eigenfunctions

Xn1(z) = Crsiny/A,z, n=123,..., (5.18)
where the coefficient C,, is normalized by (3.32) and A, > 0 satisfies

Bs 1
P2 hp— —==tanvDaL, n=123,.... 5.19
VT BV (519)

We also know that the time-dependent function T,(t) satisfies
To(t) = —AaTa(t), (5.20)
and thus the general solution of T,() is
To(t) = Ce™>»? (5.21)

where C is a constant. Therefore, by the extended superposition principle, we find

v(z,t) in the form of (with C =1)
v(z,t) = Y BaXn1(2)Tn(t) = Y BnCr(sin y/Apz)e (5.22)
n=1 n=1

where B,, is a constant for each n. Consider when ¢t = 0. We want (5.22) to satisfy

(5.11). Namely, we want

f(z) = T(z) = v(z,0) = Y _ BaCrsin v/ Aaz. (5.23)

n=1

By Theorem 3.2, the above equation holds if

L 1
B, = (g,Xn) = /o (01X )(a)dz g2 %o (5.24)
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where

9=(91,92) = (f(z) = T(z), B [f(L)-T(L)] - B [f'(L)-T"(L)]),
and

Xn = (ans Xn2)

— (Cain e (G /1) A (o V)

Hence, we conclude that v(z,t) is as in (5.22) where A, satisfies (5.19) and

B, = /o " [f(e) - T(@)] (Casin/Anz) do
- BL(f(L) = T(L)) (Cnsin VAnL)
+ 85 ((L) = T(L)) (Cuv/An cos VA, L)
+8,(f() = T'(D)) (Cnsin vARL)

- &: (F(Z) = T'(L) (Cav/Ancos /L) (5.25)
When g =0, I'(z) is
z L
I(z) = /0 sw(s)ds + / 2(s)ds. (5.16)

5.4 THE SOLUTION OF (P,)

From the results we obtained in Section 5.2 and Section 5.3, we conclude that
the solution u(z,t) of the problem (P,) with u = 0 as constructed above is, by
Theorem 5.1,

) z L
u(z,t) = ZB,.Cn(sin \/xz)e")"“] + /0 sw(s)ds+/ zw(s)ds] (5.26)
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where B, is as in (5.25).
In the case where w(z) =1 and p =0, i.e., the heat source is 1 throughout the

rod at any time, (5.26) becomes

u(z,t) = | Y BnCa(sin \/Zz)e-*nf] + [z(L —z)+ ”2—2] : (5.27)

n=1

As t — oo, we get
2

JLim u(z,t) =z(L—=z)+ a;_’ (5.28)

2
which shows that the temperature of the rod at + = L approaches 5 a8 time

goes on. This result corresponds to the fact that the temperature of the fluid o(t)
2

reaches Tl t — oo, since from (3.6) and (3.2) we have

Jim o(t) = Jim [u(L, £)+ %¢(L, t)]

. 10u
= tl_x.rgo [u(L, t)+ Ega_:(L’ t)]

= lim [(i B,Chr(sin \/A_,,L)e_""t + %2)

t—o0
n=1

+ % (i B,,C,.\/Z(cos \/ZL)e_'\"t + 0)]

n=1

L? '
=5 (5.29)
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Figure A-1. Longitudinal vibration z of a bar with a mass attached at the end.



VIIIIIIVIIITIIIIIIIIIFIII

AN

@

u(z,t) § o(2) \
NEER

\\\\\\

N
P LB EEETEEOEAeaelaaaaased

0 L

I\\\\\ N
H

Figure A-2. Temperature u of a bar with a finite amount of fluid
attached at the end.
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Figure A-4. The graphs of ) (fol(ngnl)(z)dz) Xni(z) fori =1,2,3,4,5
n=1
where ¢1(z) = z and X,3(z) = Cp sin vApz.
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Figure A-5. The graphs of )_ (9, Xp)Xn1(z) fori=1,2,3,4,5
n=1
where g;(z) = z and X,1(z) = Cp sin/Apz.
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Figure A-6. The graphs of i (kl(ngnl)(z)dz) Xn(z) for i =1,2,3,4,5
n=1
where g;(z) = 22 and X,,;(z) = Cp, sin /A, z.
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Figure A-7. The graphs of E (9, Xn)Xn1(z) for i =1,2,3,4,5

where g;(z) = 22 a.nd Xni1(z) = Casiny/Agz.
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Figure A-8. The graphs of 3 (J; (91X1)(2)dz) Xui(2) for i =1,2,3,4,5
n=1
where g;(z) = 1 and X,,;(z) = C,, sin /A, 7.
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Figure A-9. The graphs of ) (9, X,)Xn1(z) fori=1,2,3,4,5
n=1

where ¢;(z) =1 a.n(:l—X,,l(:c) = Cpsiny/A,z.
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Figure A-11. The graphs of " (g, Xn)Xm(z) for i = 1,2,3,4,5
n=1
where g1(z) = z and X,;(z) = Cp, cos /A, z.
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Figure A-12. The graphs of Y (9, Xn)Xni1(z) fori=1,2,3,4,5

where g1(z) = z? and X,1(z) = Cr cos VA, 7.
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