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ABSTRACT

We examine the problem of simultaneous determination of facility location and flow
routing in the context of hub location in private-line networks. The flows in this case are
the number of channels of communication demanded between the user locations, and the
facilities location aspect is due to the need to analyze the location of hubs to service the
need between the user locations. Hubs are special points in the network containing
switching equipment which serve to connect the network links. We address questions
about the topology of the netwc:k using hubs: where should the hubs be located, how
should the node-hub assignments be made, which network links should be provided, and
what are the capacities of these links. Three special situations of the problem are
examined in detail providing mathematical formulations, complexity arguments, analysis
of special characteristics and special cases of the situations, solution strategies, bounding
strategies, and computational experience with randomly generated problems. A description

of interesting extensions to this research are suggested.
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CHAPTER 1
INTRODUCTION

1.1 Research Theme

RESEARCH

THEME

Traditionally research in facilities location and flow routing have been
separate. Research in flow routing assumes the location of facilities and
attempts to determine the best flow pattern. Research in facilities location,
on the other hand, attempts to determine the best locations for the facilities
for a given pattern of flow. For example in flow problems like
multicommodity flow, transportation, shortest path and vehicle routing the
location of facilties are given and the objective is to determine the flow
pattern satisfying some criterion, usually minimizing cost. On the other
hand in problems like plant location, and facilities layout the pattern of flow
between the entities is assumed and the objective is to determine the best

locations for the facilties satisfying some criterion, usually minimizing cost.

In situations where the pattern of flow is dependent on the locations of the
facilities and vice-versa, determination of the best flow pattern and facilities
location must be simultaneous. There is growing interest in this interaction
between flow pattern and facilities location, and it is emerging as an
important research theme. (Selected references include Ahuja [1], Garfinkel
and Segal [11], Garfinkel and Smith [12], Gavish [14], Geoffrion and Graves

[16], Mirzaian[24], O’Kelly [25,26,27].)

This study deals with one particular manifestation of this theme of
simultaneous determination of facility location and flow routing. The case of

hubbing in private-line communications networks (PLN) is considered. The
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flows in this case are the number of channels of communication demanded
between two user locations. The facilities location side of the case arises from
the need to analyze the location of hubs to service the flows between the user
locations. The study attempts to address questions about the topology of the
network using hubs: where should the hubs be located, which network links
should be provided, and what are the capacities of these links, subject to the

constraints of connectivity. = Hubs are special points in the network

containing switching equipment which serve to connect the network links.!

A link is defined as the direct connection between two nodes.

We first describe the PLN and then develop a general research problem which
deals with using hubs in PLN. It must be noted here that in the general
problem hubbing in PLN is not considered with all its generalities. Three
specific realizations of the general research probiem, which will be part of the
research focus, are defined next. In the descriptions we shall use the generic
network terms - flows and nodes, to represent the number of channels of
communication demanded between user locations, and the user locations
themselves. This study addresses the approaches to determine the minimum
cost topological design - locations of hubs, network links and link capacities
etc. - of the network in each of three specific realizations, and for the éeneral

research problem. The topological design of the network assigns the links

and the link capacities for connecting the nodes.

1A detaiicd description of hubs is given in section 1.3.
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1.2 Private-Line Networks®

PRIVATE-LINE

NETWORKS

STRUCTURE

OF THE PLN

The description of the PLN is included here to provide the reader a

background to the motivating problem.

PLN services are used by large business customers to interconnect their
geographically dispersed locations. Private-line services are dedicated to the
customer and not shared as in the public telecommunications network,
thereby ensuring a through connection at all times. Every channel of
communication demanded is like a physical connection between the end
points of demand. These channels are used for both voice and data
communication. PLN’s range from large nationwide networks that service
hundreds of locations to small networks in metropolitan areas that serve
fewer locations. AT&T [4] lists the following PLN services: CORNET
(CORporate NETwork used in the Bell system), FTS (the Federal
Telecommunication Service network serving the civil organizations of the
Federal Government), and AUTOVAN (the AUTOmatic Voice Network of

the US Military).

Two basic configurations of the PLN are switched and non-switched. In a
non-switched network, user locations with communications flow between

them are connected without the switching systems. In a switched network,
the channels are connected using the switching systems via one or more other

nodes in the network. Switch. . systems serve to automatically interconnect

channels. Those nodes in the network which contain the switching systems

chscription of the private-line network is derived from AT&T [4].
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CHANNEL

GROUPS

are called switching ceuters, and these may be located at the user locations.

In a pure switched network, all nodes will be connected only via the
switching centers. A general network may consist of both non-switched and
switched segments and thus the connecting path may contain one or more
links of the network. The link from a customer node to the switching center

is called access, and the link between two switching centers is called trunk.

The switching systems are shared among different customers because most
customers do not have enough traffic to justify a dedicated switching system.
But the channels in the access and the trunk links, and the switch
connections are dedicated to the customers. Switching centers are of two

types, local and tandem. Local switching centers serve to connect users

assigned to the same center, and access links to trunk links.

Tandem switching centers connect trunk links to trunk links. Figure 1.1

describes the topology of the PLN. The topology of the PLN has a three
level hierarchy; user nodes at level one; local switching centers at level two;
and tandem switching centers at level three. The path between two users is

either direct or established via the local and the tandem switching centers.

PBX - Private Branch Exchange, is a switching equipment located at the
user premises and serves as an interface between the user’s basic equipment

(phones, computers etc.) and the network.

The channels available in any link come bundled in groups. In other words,
each group in a link contains a fixed number of channels and this is known as

the group capacity. Since groups carry the communications traffic they are

also referred to as transmission lines.
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DIRECT SWITCHED

user node

usas %de

LSC - Local Switching Center
TSC - Trunk Switching Center

PBX - Private Branch Exchange

Figure 1.1: Topology of the PLN

N
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FRAMES

DEMAND

PATTERN

ROUTING

STRATEGIES

Switching systems interconnect channels in the adjoining links. The

switching equipment are called frames, and a group attaches at each end to a
frame at a port. The number of ports available per frame is defined as the
frame capacity, and is predetermined. The frames located at a switching
center are interconnected. The capacity of a switching center is expressed in

number of frames.

The demand for channels in a PLN is stochastic and dynamic. The length of
time a demand exists has been found to follow a negative exponential
distribution with a mean of 18 months (Garfinkel & Segal [11]). As the
demands for the channels between the nodes change over time due to change
in the current demand, the current topology of the network and the routing

strategies adopted determine the new topology.

The basic strategies used for routing internode flows in PLN are:
(a) direct route,
(b) shortest available path, and
(c) predetermined routes.

Direct route: flow between a pair of nodes is routed directly. The direct
connection may be either non-switched or switched via PBX.

Shortest available path: each unit of flow is routed via the shortest available
path in the existing network. In some of the links capacity may be
augmented as required. For this routing strategy, all the intermediate
nodes in the shortest available path will have to contain switching
equipment whether or not they are demand nodes. In other words the

intermediate nodes will be either local switching centers or tandem
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BACKUP

switching centers or both.

Predetermined routes: for each flow, a set of acceptable routes in the existing
network are given, and the possibility of routing the flows via one of
these is investigated. If none of the paths have sufficient capacity to
accommodate the flow, then additional capacity may be provided as

necessary to route the flow.

To ensure reliability, in addition to primary connections backup connections

CONNECTIONS between nodes are provided. This ensures that if the economical primary

route is not available, then the backup route is used.

1.3 Hubbing in Private-Line Networks

HUBBING

Hubs are selected points in the network, containing switching equipment,
which aggregate and distribute flow between nodes. Since the pairwise node
flows are usually less than the capacity of a transmission line, by aggregating
flows from/to a node we can make efficient use of the capacity. Aggregation
of flows enables the use of high capacity transmission lines. As the capacity
of a transmission line increases cost per channel decreases thus leading to
economies of scale. The cost of a transmission line is nonlinear in capacity
(AT&T [4], page 138). (For a given capacity the cost is fixed.) In the hub
structure, there is also savings in the number of links necessary to
interconnect the nodes. Suppose, there are n nodes. If all the nodes were

connected directly we will need a total of [n(n,; L

]links. In this instance the
link capacities may not be utilized effectively. This is because the

transmission lines have fixed capacity and the capacity in excess of the
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demand will remain unutilized. If two hubs were located among these n

nodes and all connections were established via the hubs then we will require
only (n—1) links, one from each node to its assigned hub, and one between
the hubs. With hub routing the number of links required will decrease and
also, due to aggregation of flows, there will be effective use of the link

capacities.

In the hub network structure every node is assigned to one hub. Hub routing
is a form of predetsrmined routing where the path between two nodes is

either direct or via the respective hubs.

Other advantages associated with hub routing are: (a) all connecting paths
will contain at most three links; (b) since switching is done only at
designated points, there will be easier control over the connection process; (c)
aggregation of flows at hubs will reduce vulnerability to forecast pairwise
node flows. However, there are disadvantages associated with the hub
routing. Since hub routes are indirect, the connections have to be switched
and there will be a need for more switching. Also, this means that some of

the routes may be less direct than with other routing strategies.




1.4 The General Problem

TERMINOLOGY

AGGREGATE

NODES

GENERAL

MODEL

In this section we describe the general research problem based on using hubs

in the PLN.

In order to be consistent with standard OR terminology the following
terminology will be used. Every demand point in the network will be called
a node. Communications demand between nodes will also be referred to as
(communications) flow. A link is a direct connection between two nodes.
Groups will also be referred to as arcs. Frames and ports are as defined

before.

We consider a two level hierarchy for our network - nodes and hubs. Each
network node in the general problem will be an aggregate node - a collection
of smaller nodes. This level of aggregation in modeling does not distort the
model from reality very much and has been applied previously (AT&T [4],
and Garfinkel & Segal [11]). The demand at each node is therefore
aggregated from smaller nodes. Each node may therefore contain frames and

be a possible site for a hub.

We now define the general problem.

There exists a collection of nodes with known coordinate locations. The flows
are given in number of channels, and are assumed to be undirected,
deterministic, and static over some planning period. The matrix of direct
distances between the nodes is given and is symmetric. A selected number of

hubs - specified by the decision maker, are to be located at a subset of the
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nodes. Each node will be assigned to one hub only. I[n other words, the

nodes are partitioned into sets based on their assignment to hubs. This
assignment means that the flow from(to) a node may be
aggregated(distributed) only at(from) the hub to which it is assigned. A
trunk is defined as a link between two hubs, an access is a link between a
node and its hub, and direct link is a link between two nonhub nodes. Flow
in any link is bundled into groups of predetermined capacity. In standard
network terminology, one could equivalently think of multiple arcs each with
the same fixed capacity. = We will use the terms groups and arcs
interchangeably. Like flow, group capacity is also expressed in number of
channels, and may be different for each link. Since the volume of flow in any
trunk link is likely to be more than the flow in any access link or direct link,
a higher arc capacity in the trunk links will provide economies of scale.
Where the arc capacities would be different, the arcs in trunk links will have,
comparatively, the largest capacity, the arcs in the direct links the smallest,
and the arcs in the access links in between. Each group connects to frames
at each end, and occupies one port on each frame. The capacity of a node is
expressed in number of frames, with each frame having a fixed number of
ports. The capacities of nodes and links are assumed unlimited. Reliability
considerations will be ignored in this study. Therefore, the connections

between the nodes service the demand, without backup.?

3Backup network will be considered in future research and is discussed in Chapter 7.
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RELEVANT The cost associated with providing the necessary connections are:

COSTS fixed node cost: fixed costs associated with buildings to house the switching

equipment;

variable node cost: variable costs associated with the number of frames at
each node;

connection cost: one time fixed cost associated with providing a direct
connection between two nodes;

arc cost: variable costs based on the number of arcs in a link, and the link
distance;

port utilization cost: fixed cost of connecting an arc to a port of a frame.

Calculating number of ports required at each node:

All nodes are aggregate nodes and contain frames. Since the network nodes
are aggregal. nodes, we do not know the number of groups extending from
the small nodes to a network node. The capacity of a frame is assumed the
same at all the nodes. We estimate the number of ports required at a node

by the following expression:

number of arcs connecting at the node + Irtotfal_ﬂow from the no de-l - Q,
minjmum arc capacity

where a is a user specified parameter (a >0) and [a] denotes the smallest

integer greater than or equal to at

Given the frame and the arc capacity, it will be reasonable to assume that

the frame costs and arc costs will be linear i.e., for example frame cost at a

4Garfinkel and Segal [11] use a similar scheme to estimate the number of ports required at an

aggregate node.
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ROUTING

STRATEGIES

PLANNING

OBJECTIVES

node = number of frames * cost per frame; arc costs = number of arcs * link

distance * cost/arc/unit distance. Similarly, port utilization costs may be
assumed to be linear: port utilization costs = number of ports utilized * cost

per port.

While there are many strategies to route the flows (connect the nodes) we
shall focus attention on two specific ones. Flow between any two nodes may
be routed either,
a. direct - nodes are ~onnected directly, or
b. via their assigned hubs - nodes are connected via the hubs to

which they are assigned.
One or a combination of these two strategies may be used in routing all the
flows. For example, consider the flow between nodes i and j. Suppose, both
nodes are assigned to the same hub at location u. Then, the flow between i
and j may be routed either directly i-j or via hub u i-u-j. If nodes i and j are
assigned to hubs at locations u and v, respectively, the flow between them
may be routed either directly i-j or via the two hubs, i-u-v-j. See figure 1.2
for an illustration of these strategies. According to these connection

strategies there will be at most three links in any connection.

The objective is to determine the minimum cost topology of the network
using hubs, satisfying the flow requirements. Determining the minimum cost
topology will involve: finding locations of the hubs; assigning nodes to hubs;
assigning links and link capacities to provide the necessary connections
between the nodes; and assigning frame capacities. In this design we assume

that there is no existing network.
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1 - direct path i-j
2 - via hub path i-u-j

a: Routing when nodes i and j belong to the same partition

1 - direct path i-j
2 - via hub path -u-v-

b: Routing when nodes i and j belong to different partitions

Figure 1.2 Routing when nodes i and j belong to the same or different partitions
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1.5 Research Focus

RESEARCH

FOCUS

1.5.1 Problem

The research presented also considers three scenarios of the general problem
(GP). The objective in all three problems is to develop a minimum cost
topology using hubs. We shall refer to the three situations as P1, P2, and P3
and these are described next. For each of the three situations only those

aspects different from the general problem are described.

P1

DESCRIPTION

OBJECTIVE

NETWORK

COSTS

In this situation, we are given a partition of the n nodes into p nonempty
subsets. Exactly one hub is to be located in each partition at a node. All
flows will be routed via the hubs. Thus there will be links only between the
nodes and their respective hubs, and between the hubs. In this network there

will be a total of [(n -p) + p(%ﬂ] links.

The objective is to determine the locations for the hubs such that

the total network cost is a minimum.

The only relevant cost for this problem is the distance based cost for the
groups. Since the number of hubs are prespecified, the fixed hub costs are a
constant. By the routing strategy all connections are via the hubs; hence the
number of groups in the access and trunk links can be determined from the
given flows and the group capacity. From this, the frame capacities at the
nodes can be determined. Thus the only variable cost is the arc costs. The
hub costs, frame costs, port utilization costs, and connection costs are all
constant for a given problem. Locations of the hubs will determine the arc

costs.
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1.5.2 Problem P2

DESCRIPTION

NETWORK

COSTS

OBJECTIVE

1.5.3 Problem

The problem is essentially the same as P1 except that there are no predefined
partitions of the nodes. Given the number of hubs and the same routing
strategy, the objective is to simultaneously locate the hubs and assign each
node to exactly one hub. With the number of hubs given and all routes
being via the hubs, the hub costs, and the connection costs are constant for
the problem. The total number of links in the network will be the same as in

Pi.

The variable costs for the problem are: (a) frame costs, (b) arc costs, and (c)

port utilization costs.

The objective is to simultaneously partition the nodes, and locate a hub in

each partition so as to minimize the total network cost.

P3

DESCRIPTION

OBJECTIVE

In this case, we are given a specified number of partitions and the location of
the hub in each partition. The total flow between any two nodes will be
routed either directly or via their respective hub(s). The arc capacity may be
different in different links, but is the same within a link. Frame capacity is

assumed the same at all nodes. The total number of links in this network is

n(n—l)jl.

at most [ 3

The objective is to determine the flow routing so as to minimize the total

cost.
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RELEVANT

COSTS

Since the number of partitions is given, the hub costs are constant for the
problem. The relevant variable costs are: (a) connection costs; (b) arc costs;
(c) frame costs; and (d) port utilization costs. It will be shown in section 5.3
that cost factors a, b, and d may be combined to produce a single cost

measure per arc for each link.

1.6 Organization of Research Preseutation

This work is organized as follows. Chapter 1 introduced the reader to the
research theme, described the motivating situation and the general research
problem based on it. Then we developed three scenarios of the general
problem which will be the research focus. In Chapter 2, we discuss the work
on related problems, and compare and contrast this research with the related
problems. In Chapters 3, 4, 5 and 6 we describe the three research problems
and the general problem in detail, consider their complexity, and discuss
solution methods for each. Also, we describe lower bound procedures to
measure the effectiveness of the heuristic algorithms and report the
computational experience with the solution procedures. Chapter 7 contains a
discussion of some issues related to network planning, and extensions of this
research. The presentation concludes with the listing of the references,

illustrative examples, and the computer programs for the solution methods.
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CHAPTER 2
LITERATURE REVIEW

Some examples of the contexts in which the problem of simultaneous location and routing
manifests are:

- locating hubs in telecommunications networks,

- locating homing stations in satellite communications networks,

- locating terminal concentrators in computer networks, and

- locating sorting hubs for express package delivery.

Several researchers have studied the hierarchical terminal concentrator location problem in
computer communications networks. For example, see Ahuja [1], Gavish [14], and
Mirzaian [24]. The problem is how to connect several computer terminals to the hosts at a
central site. The approach is to use concentrators. Given a set of potential concentrator
sites, usually a subset of the terminal locations, the task is to select a subset to be the
actual concentrator sites, Each terminal is connected to a concentrator, and the
concentrators are connected to the hosts at the central site. Decisions involved in this
problem are:

a. number of concentrators,

b. assignment of terminals to concentrators,

c. layout of terminals associated with a particular concentrator,

d. layout of concentrators,

e. capacities of links connecting terminals to concentrators, and concentrators to

hosts, and
f. capacities of concentrators.

In cases where the concentrator capacity is not limited, each terminal will be assigned to

L 2-1 7]
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the nearest concentrator. Usually the layout of terminals associated with a concentrator
and the layout of concentrators is either a tree or a star. Variations of the simple problem
situation are obtained by limiting,
a. the number of nodes assigned to a concentrator,
b. the number of arcs incident at a node, and
c. the number of direct connections to the hosts.
The terminal concentrator problem departs from ours in the following aspects.
1. Type of flow - demands are created between the nodes and the hosts, rather than
between the nodes.
2. The cost function does not address the sizes of the links and concentrators.
3. The flow routing strategy - layout of terminals associated with a concentrator can
be a tree.

4. Absence of fixed capacity arcs in the links.

O’Kelly [25, 26, 27] considers the situation of locating sorting hubs for express package
delivery systems. The flows in this case are the volume of package traffic between the
cities, and the sorting hubs are used to aggregate and distribute the flow. All flows are via
the hubs. The objective is to determine the hub locations and the network links such that
the total cost of flow is 2 minimum. This problem is similar to P2 except that it is only
concerned with hub locations and the network links, and not the link capacities; This is
because the link and the hub capacities in the express package delivery p:roblemlare
assumed to be continuous. As in P2, all flows are routed via the respective hubs. The
solution approach suggested by O’Kelly is to evaluate all the possible hub locational
configurations with the additional assumption that every node will be assigned to its
closest hub. Thus, the determination of network links becomes a byproduct of the

locational configuration. For an n-node, p-hub problem the number of hub locational
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configurations equal "C_.

P This is of order O(nP). As the problem size grows totally

enumerating all locational configurations becomes computationally infeasible. O’Kelly
shows that as the magnitude of interaction between two hubs decreases, the distance

between the two locations may increase.

The problem of locating hubs in communications networks and locating homing stations in
satellite communications networks are similar with the exception that communications
between the hubs use terrestrial links in the former, and satellite links in the latter.
Homing stations are similar to hubs, and they switch local and satellite connections. For
example see Garfinkel and Segal [11}, Garfinkel and Smith [12], Gomory and Hu [18], and

Helme and Magnanti [21].

Helme and Magnanti consider a situation similar to P2 with the following differences:
a. since the interaction between the hubs is via satellite link there is no distance
based cost for satellite link;
b. the capacity of terrestrial links and homing stations is assumed to be continuous
rather than fixed as in P2; and
c. for each node a list of possible hub sites to which the node can attach is given.
They use branch and bound and heuristic approaches on an integer linear programming

formulation of the problem.

Garfinkel and Segal [11] compare the hub routing strategy with other routing strategies
mentioned in Chapter 1 (page 1-7) using a simulation model. Given a backbone network
they consider expanding the network to route the new flow between nodes. When
expanding the network link capacities are increased and links are added to the backbone

network, as necessary.
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Gomory and Hu consider the design of a network to handle time varying demand. In this
problem the shortest path between nodes is considered as the routing strategy. The
routing strategy, continuous link capacities, absence of hubs and directed flows set this
problem different fi»m that considered by Garfinkel and Segal [11]. They use a linear

programming approach for solution.

Garfinkel and Smith [11] consider a 2-partition instance of problem P3 and derive
theoretical results for the optimal location and routing decisions. As in P3 the flow
routing is either direct or via the respective hubs. However, in this instance intra-partition

flows are taken to be zero. In other words, flows exist only across the partitions.

Problems P2 is in some sense a combination of the uncapacitated location allocation
problem (ULAP) (Cooper [7]) and the Quadratic Assignment Problem (QAP) (Francis and
White [8] Chapter 5). In the location-allocation problem a sele;ted number of facilities are
to be located at a subset of the nodes and each node is to be assigned to a facility. If the
capacity of the facilities is unlimited each node will be assigned to the closest facility.
There is interaction only between the nodes and their assigned facility. In the Quadratic
Assignment Problem interaction between the facilities is considered. Since P2 involves

both type of interactions we may consider this as a combination of the ULAP and the

QAP.

NP-Completeness results for this class of problems have not been developed, and this study

-attempts to show relation of the research problems to instances of other difficult problem.

2-4 20 |




CHAPTER 3
PROBLEM P1:
MATHEMATICAL FORMULATION
AND
ALGORITHMS

3.1 Problem Statement

PROBLEM

STATEMENT

Given a collection of n nodes in a plane, partitioned into p subsets. The co-
ordinates of the nodes are known. The matrix of flows between the nodes,

expressed in number of channels, is given and is symmetric and undirected.

"~ There is no flow from a node to itself. Thus, every node is considered as an

origin and destination of flows. The matrix of direct distances between nodes
is given, and is symmetric and metric. Exactly one hub is to be located in
each partition at a node. The routing strategy is that all flows will be routed
via the respective partition hubs. In other words, connection between any
two nodes is established only via their respective partition hub(s). Suppose
nodes i and j belong to the same partition and the hub for the partition is
located at u. Then the flow between i and j will be routed along the path i-
u-j. Suppose, i and j are located in two different partitions, and u and v are
the hub locations respectively. The flow between i and j will be routed via
the path i-u-v-j. Figure 3.1 illustrates the above possibilities. A network link
is defined as a direct connection between any two nodes. By the routing
strategy there will be links only between the nodes and their partition hubs
(access links), and between the hubs (trunk links). Flow along any link is
bundled into groups of fixed capacity. The capacity of a group is expressed
in number of channels. Equivalently, one can consider this as multiple arcs

with the same fixed capacity. Since all the flows are via the hubs, the




a: Routing via hub when nodes i and j belong to the same partition

b: Routing via hub when nodes i and j belong to different partitions

Figure 3.1 Routing via hub when nodes i and j belong to the same or different partitions




RELEVANT

COSTS

OBJECTIVE

number of groups in the intra- and inter-partition links can be determined
given the flows, and the link group capacities. Hence, for simplicity without
loss of generality we could assume one arc capacity for the access links and

another for the trunk links.

Since the number of groups in each link is determined from the information
given, the number of groups connecting at a node is also known. Due to the
routing  strategy, the total number of connections will be
exactly[ (n-p) + i‘:—l)} Therefore, the hub costs, the connection costs, the
frame costs, and the port utilization costs are fixed for the problem, given the
number of hubs, pairwise node flows, and the group capacity. The only cost

that will vary with the location of the hubs is the group distance costs based

on the links. Therefore, this is the only relevant cost for the problem.

We have to determine the hub locations which minimize the total group

distance costs.

An integer linear programming formulation of the problem is presented next.




3.2 Mathematical Formulation

MATHEMATICAL Integer Linear Programming Formulation of P1

FORMULATION
Notation:
Q™ - Arc capacity in channels in the access links
QT - Arc capacity in channels in the trunk links
P - Partition index set; |P| = p
5 - Nodes in partition {
k,{ - Partition indices
N - Node set; [N| =n
n, - Number of nodes in partition k
1, J - Node indices
bij - Flow between nodes i and j
Z; - Number of groups from node i to its partition hub
> b
= J—% , where [a] is the smallest integer
Q

\
greater than or equal to a
| W, - Number of groups between partitions k and

| Z Z bij , where [a] is the smallest integer

i€ Sk ] £ Sl
= greater than or equal to a
QT
X, =1 if hub is located at node ¢

= 0 otherwise

xij =1 if hubs are located at nodes i and j

= 0 otherwise

9




( ILP1)

A - Cost per group per unit distance in the access links
T - Cost per group per unit distance in the trunk links
dz'j - Distance between nodes i and j
Minimize

A

+ (Wkl (Z Xs: (CT d;; X5 ))) (3.1)

Subject to

Y X, =1 V keP (3.2)
€Sy,

Z Xij= X;

jESk

VieS; o k, leP and k #1 (3.3)

X Xij > 0 and integer V icSy, jeS; > kleP: k #1 (3.4)
In our discussion the constraints (3.2) - (3.4) will be symbolically represented
by (Ax=b, Bx=d, x> 0 & integer). Each element of the matrix A and B is 1,

0, or -1. The dimension of matrix Ais [pn+)Y. n knl]; dimension of matrix

kleP
Bis [n(p-1), k<l
S n g0yl; dimension of vector x is [n+ Y n gl; dimension of vector b is
i 42
< <

[p]; and dimension of vector d is [n(p-1)].
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The first set of terms in the objective function (3.1) measure the total

distance cost within each partition, assuming that the partition hub is
located at node j. The second set of terms measure the inter-partition
distance costs, assuming that nodes i and j are the hub locations in the
respective partitions. The constraint set (3.2) is a multiple choice set which
defines that there will be only one hub location per partition. The
constraint set (3.3) expresses that inter-partition links from a node i in
partition §; to partition Sy can only exist if i is a hub location. The number
of such inter-partitica links from node i to partition Sy will be either 0 (if i is
not a hub) or 1 (if i is a hub). A form of this constraint is used by Glover-
Woolsey [17] to convert 0-1 polynomial programs to 0-1 linear programs. It
must be recognized that (3.3) is equivalent to Xi]- = X,-Xj. Finally, the
variables X; and X; j are specified as integer. Note that the implicit upper

bound on all variables is 1.

3.3 Complexity of P1

We establish that problem P1 belongs to the class of NP-Complete problems
by transforming an instance of the 3-dimensional matching problem(3DM) to

Pl.

Given an instance of the 3DM problem with three sets (I, J, K) of n items
each, the objective is to determine the groupings of three items, one from
each set, such that the total value of the matchings is maximum. A

mathematical programming statement of the 3DM problem is as follows:
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Maximize Z C
tel el keK

ijk Xijk

subject to

Yo X =1 Vel

JjelkeK

sziﬂc =1 v jEJ

el keK

el jel

Xij/c ¢ {0,1}

where |I|=[J|=|K]|= n; Cijlc (>0) is the value of the feasible match
between items i, j, and k; and Xijk is 1 if the match between items i, j,

and k is realized, zero otherwise.

The 3DM problem is NP-Hard (Garey & Johnson[10]). We shall transform
an instance of the 3DM problem to an instance of P1 and thus show that P1
is at least as hard as the 3DM problem to solve. Let the n items in the three
sets (I, J, and K) be labeled as follows: {z;, 3 ,..., zn}, {y}, ¥, +- ¥}

{21y 294+, 2n}, respectively.

The instance of P1 obtained by transformation of the instance of the 3DM
problem has the following properties:
. 3n partitions corresponding to the 3n items
. Each partition has n? nodes corresponding to the n? feasible matches for
each item - for example a node in partition X; will be labeled as
X, yj,zk indicating that the node corresponds to a feasible match

between X;) yj, and 2.




. Zero intra-partition cost

. Each inter-partition arc will connect either nodes corresponding to a
feasible match - for example the arc connecting the node pair X;i y}.,zk
- Y X2 which corresponds to the match between X ¥ and Zy, or
those not corresponding to a feasible match - for example the arc
connecting the node pair X;: yj,zk - Xp yj,zk. The inter-partition arc
costs are defined as follows. Those arcs connecting the nodes
corresponding to a feasible match, for example the arcs connecting the
node pairs x: Yl Yj Xplp X Yt - o Xp¥ j and Y Xp2y -
Z: xl-,yj, which correspond to a feasible match between items X ¥ and
zy, will each have a cost of (A— Cxiyjzlc)/B’ where A is the smallest
integer greater than maximum Cxiyjzk' The inter-partition arcs
connecting the nodes which do not correspond to a feasible match, for
example the arcs connecting the node pairs Vit Xp2p - 2 xi,yj or X;:
yj,z]c - Xp yj,zk will have a cost of M (M is a large value;

M > nA).

Let v(3DM) be the value of the optimal solution to the 3DM problem. In
the optimal solution to the instance of P1 we will have 3n inter-partition
arcs connecting the nodes corresponding to the n feasible marriages. The
total cost of these arcs will be (nA - U(3DM)). The total number of

. ... . 3n(3n-1 . .
inter-partition arcs is —(2——) Then, the total cost of inter-partition

arcs connecting nodes not corresponding to feasible matches will be

(3n (32n—1) —3n)-M - 9n (g-l).M.

Thus, the value of the optimal solution to the instance of P1 derived from

the 3DM problem, will be (nA—u(3DM) +9n—(;——1)- M). The node pairs
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corresponding to feasible matches between which inter-partition arcs exist

in the optimal solution to P1 will correspond to the optimal matches in

the solution to the 3DM problem. Therefore an optimal solution to the
9n (n-1)
—_—

instance of Pl with objective value less than ( ‘M +M) will
correspond to an optimal solution to the instance of the 3DM problem.
Hence, solution to this instance of P1 obtained by transforming the given

instance of the 3DM problem will be at least as hard as the solution to the

3DM problem.

Given the instance of the 3DM problem we have to create 3n partitions,
. 3n® (3n-1) . .
3n3 nodes, and assign (T) inter-partition arc costs based on

feasible and infeasible matchings. Thus, the transformation from the 3DM

probiem to P1 is polynomial.

Thus, we can say that Pl also belongs to the class of NP-Complete

problems.

An example illustrating the transformation is given in appendix Al.

3.4 Extreme Point Property

Here we examine the LP obtained from the ILP1. Let, the LP obtained by

replacing (3.4) with

X xij >0 V i,jeN and k,leP 3 k #1, ié‘sk & jeSl (3.4a)

in the ILP1 be denoted by LP1.
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The optimal solution to ILP1 occurs at an extreme point of the polyhedron

associated with its LP relaxation.

Proof]

Due to (3.2), (3.3), and (3.4a) the implicit upper bound on all X variables is

1. Hence, the following statements are true.

(a) The polyhedron contains no integer feasible solutions in its interior. The
integer points ar= at the corners of the unit hypercube.

(b) The polyhedron is contained within the unit hypercube because the

implicit upper bound on all the X variables is 1.

Due to (a), and (b) a feasible integer solution must occur at an extreme
point. This implies that the optimal integer solution is also an extreme point

of the polyhedron. g

This is similar to the result for the set partitioning problem reported by
Andrew, Hoffman & Krabek (3], and that for zero-one problems reported by

Taha [30].

ILP1 is not totally unimodular. However, we observe -that if there is
symmetry with respect to the flow between nodes and, the spatial
distribution of the nodes the optimal solution to the LP relaxation is not
likely to be integer. Otherwise, the optimal solution to LP1 is likely to be

integer. We illustrate this by examples in appendix A2,
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3.5 Exact Solution Approach

In cases where the optimal LP solution is noninteger cutting plane or branch
and bound procedures may be used to determine the optimal integer

solutions. However, we will not pursue this further in this work.

A direct but computationally time consuming exact solution approach will be
to totally enumerate all the possible combinations of hub locations. Suppose
the number of nodes in the p partitions are n,, Ny,...,N, respectively. Then,
the total number of combinations of possible hub locations will be equal to
ﬁnk. For a n-node p-partition problem the maximum number of such
Ilc):slsible combinations will be (n/p)P. This can be proved easily. Thus the
time required for solution by total enumeration is exponential in the number
of partitions. For a two partition case solution by total enumeration will

involve evaluating at most (n/2)? combinations.

We next discuss a lagrangian relaxation of P1, and the special structure of

the two partition case.

3.6 Lagrangian Relaxation of P1

MOTIVATION

It is our observation that in the absence of symmetry in the spatial
distribution of nodes and the flow between nodes, the solution to the LP
relaxation will most likely be integer. In these situations a lagrangian

relaxation of P1 can also be expected to yield integer solution.
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LR-P1

A lagrangian relaxation of Pl is obtained by selecting constraint (3.2) as the
active contraints and adding the product of constraint (3.3) and a vector A to
the objective function yielding:

v(A) = Minimize

5 SR )u g u g 5 (eon) -
<

e (X - Y0 x;5) (3.5)

[eP ieS; keP €S
LER JeS;,
Subject to
Yo oX; =1 V keP (3.6)
iESk

X; 2 0 and integer

} V ieSy, jeS; > keP: k #1 (3.7)
X;; € {0,1}

This can be symbolically represented as:

v(A) = min Cx+ A (b —Ax)

subject to

Bx=4d

x € {0,1}

By removing constraint (3.3) from the active set we eliminate the implicit
upper bound on the X; j variables. Therefore to maintain their upper bound

we add the constraint (3.7) imposing the binary requirement X; j€ {0,1}.

Since the active constraints (3.6) are of the multiple choice type, given the
values of the multipliers A;;. LR-P1 can be easily solved by inspection. The
value of the solution v()) to the lagrange relaxation depends on the value of

A. In the solution those X; variables with the least objective function
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coefficients from each set will be fixed at 1; those xij variables with negative

coefficients will be set to 1 and the rest to zero.

It is well known that v(A) < v(ILP1). This is easy to show by assuming an
optimal solution x* to (ILP1) and observing that
v(A) € O* + A( b —Ax*) = Cx* = y(ILP1).

The inequality in this relation follows from the definition of v()) and the
equality from v(ILP1) = Cx* and Ax* —b =0. In order to determine the
best bound the best choice for A would be an optimal solution to the dual
problem

v(A¥) = max v(A) (D)
The following relationship holds between the LP relaxation of P1, lagrangian
relaxation of P1, and the ILP1:

v(LP1) < »(A*) < »(ILP1).
The relationship between the linear programming bound and the lagrangian
bound was shown by Geoffrion {15]. Since the feasible solution set of LR-P1
has the integrality property we have v(A") = v(LP1) (see Parker & Rardin
(28], page 211); the best bound the lagrangian relaxation can provide is the

same as the LP bound.

In practice a good set of multipliers is located by the subgradient algorithm
(Held et al. [20]). The subgradient method is an adaptation of the gradient
method in which gradients are replaced by subgradients. Given an intital
vector A a sequence {/\k} is generated by the rule

AL = 2R 4ot (AxF — b)

where xk is an optimal solution to V(A") and t; is a positive scalar step size.
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The step size used most commonly in practice is
dg (uf —u(\¥ ))
= 2
| Ax* —b |
where vy is an upper bound on v(A), frequently obtained by applying a

¢k

heuristic to IPL1, and dy, is a scalar satisfying 0 < dj <2. The sequence d is
determined by setting dg to 2 and halving dj, whenever v()) fails to improve

in the last 20 iterations. Usually A° =0 is the natural choice.

An example of the above lagrangian approach is given appendix A3.

One may also consider selecting constraint set (3.3) as the active constraints
and adding the product of constraint (3.2) and a vector A to the objective
function. However the resulting problem does not provide a relatively easy
structure for solution. Also, this alternative relaxation (which we will call
LR2-P1) has the integrality property and hence the best bound obtained by

this relaxation will be the same as the LP bound.

3.7 2-Partition Case: A Special Structure

2-PARTITION

For a two partition case, the problem Pl reduces to the shortest path

CASE problem. For example, consider the instance where each partition contains
two nodes as shown in figure 3.2a. The formulation of this problem instance
is as follows:

!’ !
1€ Sk
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Minimize

CiX; + CoXy + C3X3 + CiX, + Clp Xy + Cl,X 14 + C1,Xop3 + C)pXp4(3-8)

subject to

X, +X; =1 - network terminal node 1 (3.9)
X3+ X, =1 - network terminal node 2 (3.10)
Xi3+ X4 -X;=0 - network intermediate node 3 (3.11)
Xoz + Xy - X;=0 - network intermediate node 4 (3.12)
Xia+X;3-X3=0 - network intermediate node 5 (3.13)
Xig+ Xy -Xy=0 - network intermediate node 6 (3.14)
X;, Xij > 0 and integer (3.15)

The network representation of this is given in figure 3.2b. The X variable
represents the flow along the arcs, and the objective function coefficients of
the X variables represent the network arc lengths as shown in 3.2b. The
solution to this problem will be the shortest path between terminal nodes 1

and 2.

In the above two partition problem the two choice constraints (3.9) and
(3.10) correspond to the start/terminal nodes, and each of the other four
constraints corresponds to an intermediate node of the network. The cost
coefficients given in the objective function represent the network arc lengths.
The optimal solution to the 2-partition hub location problem can be
determined by finding the shortest distance between the two terminal nodes
of the network. For a network with n-nodes, the optimal solution procedure
to find the shortest path between two nodes will have a complexity of O(n?)

(Lawler [23]).
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a: A 2-partition example

b: Network representation of the above 2 partition case

3.2 A two partition example and its network representation

L 3-16
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GENERAL CASE

For a general two partition problem in n nodes with n; and n, being the
number of nodes in each partition, there will be two terminal nodes, and n

intermediate nodes. The complexity of solution will remain O(n2).

For a problem with more than two partitions the network representation does
not yield a simple structure as in the 2-partition case, for an easy solution.
We illustrate the above statement by a 3-partition example with two nodes
in each partition. The network representation of the a 3-partiton problem
with two nodes in each partition is as follows.

Minimize

CiX; + CX, + C3X3 + CX, + CiXg + CgXg + Cj, Xy3 + Clp Xy +

Ci3Xys + CiaXie + CipXos + CppXpq + Cl3Xps + CisXye + ChpXas +

C23X36 + CaaXys + Cp3Xse (3.16)
subject to

X, +X, =1 - network terminal node 1 (3.17)
Xs+ X, =1 - network terminal node 2 (3.18)
Xs+Xg =1 - network terminal node 3 (3.19)
Xi3+X,,-X;, =0 - intermediate network node 4 (3.20)
Xis+Xg-X; =0 - intermediate network node 4 (3.21)
Xos + X9y - X, =0 - intermediate network node 5 (3.22)
Xys + X6 -X,=0 - intermediate network node 5 (3.23)
Xi3+X,;3-X53=0 - intermediate network node 6 (3.24)
Xz + X35 -X3=0 - intermediate network node 6 (3.25)
X4+ X -X4,=0 - intermediate network node 7 (3.26)
Xgs+ X46-X4=0 - intermediate network node 7 (3.27)
X;s + X25.- Xs=0 - intermediate network node 8 (3.28)
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X35+ Xy5 - X5=0 - intermediate network node 8 (3.29)

Xig+ X -Xg=0 - intermediate network node 9 (3.30)
X6+ X6 - Xg =10 - intermediate network node 9 (3.31)
X xij > 0 and integer (3.32)

Figure 3.3 illustrates this network. The cost coefficients of the Xij variables
in the objective function represent the network arc lengths as indicated in
figure 3.3. Network nodes 1, 4 and 5 are in one cluster; 2, 6, and 7 are in a
second cluster; and 3, 8 and 9 are in a third cluster. In terms of the general
network the optimal solution to the 3-partition problem will be to find one
intermediate node from each cluster such that the sum of arc lengths from
the intermediate nodes to their respective terminal nodes, and the lengths of
arcs connecting the selected intermediate nodes is a minimum. The solution
to the 3-partition may also be described as finding the simultaneous shortest
path between the terminal nodes with one intermediate node in each cluster
selected as its gateway node. Determining this is not as easy as finding the

shortest path between two points.

3.8 Heuristic Solution Approach For P1 With Euclidean Distance

MOTIVATION

P1 with euclidean distance is isomorphic to the discrete interactive
multifacility location problem. The discrete property is due to the finite
possible sites for the hubs. If the restriction on hub sites is relaxed, the
relaxed problem will be the same as the continuous interactive multifacility
location problem (Francis & White [9], Chapter 5). An approach to solving

P1 will be to first solve the continuous case, and then use a scheme to
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a: A 3-partition example

b: Network representation of the 3-partition example

3.3 A three partition example and its network representation
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P1R

determine the discrete locations from the solution to the continuous case.
The relaxed problem is solved using the Hyperboloid Approximation
Procedure (HAP) (Francis & White [9], pp 227-233). We next develop a
heuristic solution procedure for P1 with euclidean distance, which uses the

above described scheme.

Let the problem Pl with euclidean distance be denoted by P1E, and the
corresponding relaxed problem by P1E-R. Again, the relaxation is obtained
by removing the restriction on possible hub sites. Here we consider the nodes
in each partition as the existing facilities and the hubs as the new facilities.
The existing facilities in each partition interact only with their respective new
facility. The new facilities interact between themselves. Let the number of
nodes in each partition be ny,0g,...0p respectively. Let V; denote the
location of node i belonging to partition k, and U denote the hub location
for partition k. Let C(Uj,V;) represent the cost per group in the link
between node i and its partition hub at Uy, and C(U,U;) represent the cost
per group in the link between the hubs at Uj and U;. Wy, is the number of
groups between the partitions k and 1, and Z; is the number of groups in the

link between node i and its partition hub.

Then, the relaxed problem P1R is given by,
minimize

fv,..05) =Y wyocwup+ ¥ T zioviuy (3.3
Ickl<lP kePieS;
W €

Since cost C( -, -) is based on the distance between the points, we can replace

the cost measure with (distance * cost per group) measure. Then the relaxed
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P1E-R

problem with euclidean distance P1E-R may be stated as follows.

Minimize
1/2
f(UI,U2,...,Up)=kZI Wi e [(e=Xp2 + (V-2 ] +
kIcP
. 1/2
S 3 Zicy [(Xemap? + (Vb (3.34)
k:P ieSy

where (Xj,Y) are the coordinates of hub location for partition k, and (a;,b;)
are the coordinates of node i belonging to partition k. The optimal solution
to problem P1E-R is obtained by taking the partial derivatives of the
function f with respect to X, and Y, setting the partial derivatives to zero,
and solving for X; and Y.  But, function f is not continuously
differentiable. If the hub for partition k coincides with the location of node i,
the partial derivatives are undefined. By approximating f by flas described
below, we have a smooth function which is continuously differentiable.

/
<
k,leP

1/2
DD Zicy [(x,c_ai)2 + (Yp=by)? + 6] (3.34a)
keP ieSy

where € >0.
The following iterative expressions are used to obtain the coordinates

(X Y) from the partial derivatives of f (Francis & White [9] pp 227-233).

h
T Zic;y 3; + Y Wi ey x,(®)
A

ieSp klep H
k

X B+ = T ' W (3.35)
Z i Cik + kCr
i€8, M kfTp PH
14k
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(HSP1)

(3.36)

where E; [(Xsch)—aif + (Yih)—bi)2+ €]l/2,

/
[(xih)-x,f + (r{Poy)s e]l "

Dy
€ = a positive valued constant, and

(h) = denotes the iteration number.

This iterative procedure to determine the coordinate values X and Y is

called the Hyperboloid Approximation Procedure (HAP).

Reporting experience with the HAP Charalambous[5], and Francis & White

(9] indicate that the procedure has never failed to converge.

We now state in algorithmic form the heuristic procedure to solve P1 v;'ith

euclidean distance.

1. Compute Xﬁtl), Y;cl) the initial coordinates for the hub locations using the
(3.35) and (3.36). Initially, no hub sites are fixed; hence for each partition
the starting hub coordinates are determined as follows:

) %: Z;- a; | ig Z;- b;
0 k 0 k
1Sy, €5,
These give the coordinates of the weighted median for each partition

considering only the intra-partition flows.
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2. For each partition whose hub is not fixed yet, find the node closest to its
approximate hub location. Let j k denote the index of the closest node for
partition k.

3. Among all such jk’s select the closest one and fix this node as the hub
location for its partition.

4. If all the hub locations are fixed, then stop. Otherwise continue.

5. Using the revised coordinates for the hub location fixed in step 3,
recompute the coordinates for the hubs not fixed yet, using (3.35) and

(3.36). Return tc step 2.

An example of the above algorithm is given in appendix A4. Since at each iteration
one hub location is fixed, this procedure is finite. The reported experience on HAP

suggests that each iteration will be convergent.

One possible disadvantage of the HAP will be that the function f(Xl,Xg,...,Xp, €)
may become more and more difficult to minimize as € gets smaller and smaller.
Charalambous [5] characterizes that when none of the new facilities occupy the same
location, but at least one of them occupy an existing facility location, choosing €
very small will not add difficulty. The function is nondifferentiable at the location

of the existing facility but is differentiable in its neighborhood.

3.9 Heuristic Solution Approach for P1 With Given Distance Measure

MOTIVATION  The hub location for a partition is determined by the location of nodes in the
partition and the location of other hubs. Hence, given the location of other

hubs, finding a partition’s hub location is similar to finding the absolute
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PROCEDURE

SUMMARY

HSP2

median (Hakimi [19]). The heuristic described below is based on this

concept.

Initially, disregard inter-partition interactions and determine the hub
locations solely on the basis of intra-partition interactions. Then iteratively
improve each hub location considering the location of the other hubs.

Change in total cost is used as criterion for improvement.

We now state in algorithmic form the heuristic procedure to solve P1 with

given distance measure.

1: Compute the number of groups in the intra-partition and the inter-
partition links.

2: For each partition ignore inter-partition interactions, and determine the
hub location which will minimize the group costs considering only the
intra-partition interactions. This is the same as finding the absolute

median for each partition.

Initial hub site for partition k: hio) = MjnS ( Z Z;C; j)
JES €Sy

3: For each partition redetermine the location for its hub, which will

minimize the group costs, taking into account the location of the other
hubs and the intra-partition interactions.

Revised hub site for partition k:

m+1 .
hi )=Mm (ZZ,‘CU+ZWHC'(m)),
JeSy, 1Sy, leP Jjhy

where m is the iteration number.
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4: Compute the total group costs for the new hub locational configuration. If
new total cost is less than the old total cost, replace the old configuration
with the new one and return to step 3. If the new total cost equals the old
one, check if the two locational configurations are the same. If different,
replace the old one with the new configuration and return to step 3.

Otherwise stop.

An example illustrating this algorithm is given in appendix A5.

3.10 Variable Elimination

In the event the LP relaxation of P1 (LP1) does not yield an integer solution,
we may use the LP bound and the reduce costs of the variables to eliminate a
candidate location from consideration. If a candiate location is considered
the corresponding z, variable will have a value of 1. Let Z; be the reduced
cost corresponding to location ¢ and UB be an upper bound on ILP1
obtained by using either HSP1 or HSP2. Then if T; + v(LP1) > UB then no
solution with" z;=1 can be optimal. The tighter the value of UB more

candidate locations may be eliminated.

3.11 Bounding Procedures

LOWER BOUND To examine the efficiency of the heuristic solution procedure HSP1 and HSP2
good lower bounds on the solution are necessary. The solution to the LP
relaxation will be a lower bound. Another lower bound procedure is as

follows. For each pair of partitions, say k and 1, compute the minimum of
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the sum of intra- and inter-partition group costs. Let, CI:-I denote the
minimum of the sum of inter- and intra-partition group costs for the

partitions k and . Then,

»

. 1 1
Chi = = LpCpi+ == ¥ 2,Cp i + Wi Cy ) (3.37
kl ierél;f,ljesl ((p—l)hfzs:k h*hi + (p-1) hgs:, AChj t Wi z_)) (3.37)

The lower bound (LB2) on the solution to P1 will be then equal to

Z CI:I' We now show that LB2 is a lower bound to problem P1.

k<l
k,lcP

Let i and j” be the optimal hub locations in partitions k and 1, respectively.

Then the optimal solution to P1 may be expressed as follows.

Aklzz {( — Z Z; C + 1) ZZ C +Wk1 Ci-j‘}3.38)
(k<leP (k<l)eP ]ES
Comparing the corresponding terms of (3.37) and (3.38), for all k and 1, it is

evident that Ai; must be at least as large as C;cl' Hence, LB2 is a lower

bound on solution to P1. g

In computing LB2 we take two partitions at a time. This procedure could be
extended to consider a combination of three or more partitions at a time to
determine a better lower bound. However, the computational difficulty of

such a procedure increases as more partitions are considered at a time.
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3.11 Computational Results

EXPERIMENTAL To study the performance of the solution procedures for P1 sample problems

DESIGN

DESIGN

VARIABLES

were generated using a random process. The flow between nodes and the
coordinates of nodes were generated from a uniform distribution. For the LP
method and the heuristic HSP2 the distance measure applied was euclidean,
since this will facilitate comparing performance of these two with HSPI.
Cost per arc in the access links is assumed the same; similarly in the trunk
links. Due to economies of scale the cost per channel in the trunk group is
likely to be smaller than the cost per channel in the access group. In the
experimental design, we consider the ratio of cost per channel in the trunk
link to cost per channel in the access link. Given the cost per channel the

cost per arc will be (cost per channel * arc capacity).

The number of nodes, the number of partitions, and the ratio of per channel
cost were selected as the design parameters. These were selected in order to
study the effect of the number of partitions on total network cost and

solution difficulty, and the effect of the cost ratio on hub locations.

Three node sizes - 20, 50, and 100, were used. For each node size five
different node distributions were generated. For problems with 20 nodes the
number of partitions created were 2, 4, or 8; for problems with 50 nodes the
number of partitions created were 2, 4, or 10; and for problems with 100
nodes the number of partitions created were 5, 10 or 20. For each partition
type four different partition arrangements were created. Each problem
generated was tested using six values of the cost ratio - 0.5, 0.6, 0.7, 0.8, 0.9,

and 1.0. By this design 120 problems were generated for each partition type,
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360 problems for each node size, and 1080 problems overall. A graphic

illustration of this design scheme is given below.

20 50 100
(5 problems) (5 problems) (5 problems)
2 4 8 2 4 10 5 10 20

(4 partitions per type)

5.6.7.8.91.
(6 cost ratios)

The three solution procedures - LP, HSP1, and HSP2, the lagrangian
method, and the bounding procedure - LB2, were tested with the sample
problems. For each method, the solution and the execution time (CPU time
in seconds) were recorded. The execution time was the straight run time
without input/output. All except the LP method were coded in Turbo
Pascal (version 3.1) and implemented on an IBM PC-XT compatible with a
clock speed of 8Mhz and a 8087 coprocessor. The LP method was
implemeted using LINDO (version 4) running on a VAX-8600, rated at 4.4

mips.

The data collected is summarized in tables 3.1-3.3. The information
presented in each table is:

a. percentage of problems for which optimal integer solution

were obtained,

v

average run time in seconds,

. maximum run time,

o

=9

. minimum run time,

e. average % deviation of solution from optimal solution,

f. average % deviation of solution from lower bound,

g. average % deviation of optimal solution from lower bound,

h. maximum deviation of solution from optimal solution,
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i. minimum deviation of solution from optimal solution.

The LP method yielded integer solutions for all the sample problems tested.
This supports our observation that the LP solution is likely to be integer
except when there is symmetry in node distribution and flow with respect to
the partitions. The run time and the number of iterations to the optimal
solution were observed to increase with the number of partitions, for a given
node size. The lagrangian approach was applied for 20 and 50 node problems
only. Memory was insufficient to test 100 node problems. The upper bound
used for the lagrangian method was arbitrary. The first node read for each
partition was taken to be the hub location in calculating the upper bound. A
better upper bound may reduce the average run time for this method.
Heuristic HSP2 may be used for this purpose. The run time was observed to
increase with the number of nodes, and the number of partitions for a given

number of nodes.

The experiment results indicate that the percentage of problems for which the
optimal integer solution was obtained using the heuristic methods declines for
HSP1 with the number of partitions, and increases for HSP2 with the
number of partitions. While the execution time for HSP1 increases with the
number of partitions for a given node size, for HSP2 it remained more or less
at the same level. Execution times for all solution methods increased with
the number of nodes. For both heuristic methods the average percentage
deviation of solution from the optimal solution declined with an increase in
the number of partitions. It appears that for euclidean distance problems

HSP1 tends to perform better by yielding final solutions very close to the
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Table 3.1: Summary of results for 20 node problems

20 Nodes Partitions

2 4 8
# of Problems 120 120 120
LP Solution:
% Integer solutions 100.00% 100.00% 100.00%
Average run time (secs) 0.04 0.19 0.94
Average # of steps 15 50 98
HSP1 Solution:
% Problems with opt. solu. 64.17% 61.67% 50.83%
Average run time (secs) 0.88 1.56 4.17
Max. run time 2.03 3.84 7.69
Min. run time 0.60 1.05 2.81
Avg % deviation from optimal 0.10% 0.16% 0.07%
Avg % deviation from LB2 2.02% 2.63% 1.97%
Avg % gap bet. opt. & LB2 1.86% 2.40% 1.83%
Max. devi. from optimal solu. 2.18% 2.74% 0.80%
Min. devi. from optimal solu. 0.00% 0.00% 0.00%
HSP2 Solution:
% Problems with opt. solu. 92.50% 99.17% 100.00%
Average run time (secs) 0.56 0.49 0.60
Max. run time 0.82 0.72 1.10
Min. run time 0.49 0.38 0.49
Avg % deviation from optimal 0.11% 0.01% 0.00%
Avg % deviation from LB2 0.11% 4.05% 5.33%
Avg % gap bet. opt. & LB2 0.00% 3.82% 5.03%
Max. devi. from optimal solu. 2.13% 0.67% 0.00%
Min. devi. from optimal solu. 0.00% 0.00% 0.00%
Lagrangian:
% Problems with opt. solutions| 100.00% 100.00% 100.00%
Average run time (secs.) 0.67 1.35 2.67

% deviation from optimal solution

% deviation from LB

% gap between optimal solution & LB

(HSP - OPT.)/OPT.

Z (HSP - LB)/LB
= (OPT. - LB)/OPT.
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Table 3.2: Summary of results for 50 node problems

50 Nodes | Partitions
| 2 | 4 | 10

# of Problems | 120 | 120 | 120

LP Solution: | | |
% Integer solutions~ | 100.00% | 100.00% | 100.00%
Average run time (secs) | 040 | |

l | |

2.31 16.87
Average # of steps 14 42 119
HSP1 Solution:
% Problems with opt. solution | 73.33% 60.00% 53.33%
Average run time (secs) 3.61 6.47 21.73
Max. run time 7.91 15.54 64.81
Min. run time 1.36 2.69 7.03

| | |
| | |
| | |
| | |
| | |
Avg % deviation from optimal | 0.21% | 0.11% | 0.05%
| | |
| | l
| | |
| | |
| | |

Avg % deviation from LB2 1.711% 1.56% 1.72%
Avg % gap bet. opt. & LB2 1.46% 1.42% 1.63%
Max. deviation from opt. 4.81% 2.36% 0.60%
Min. deviation from opt. 0.00% 0.00% 0.00%
HSP2 Solution:
% Problems with opt. solution | 88.33% | 90.83% | 93.33%
Average run time (secs) | 3.17 | 245 | 2.24
Max. run time | 4.89 | 379 | 3.19
Min. run time | 285 | 197 | 186
Avg % deviation from optimal | 0.09% | 0.43% | 0.16%
Avg % deviation from LB2 | 0.09% | 4.75% | 6.12%
Avg % gap bet. opt. & LB2 | 0.00% | 4.10% | 5.60%
Max. deviation from opt. | 1.50% | 9.39% | 3.67%
Min. deviation from opt. | 0.00% | 0.00% | 0.00%
| | l
Lagrangian:
% Problems with opt. solution | 100.00% 100.00% | 100.00%
Average run time (secs.) 4.23 6.43 14.85

% deviation from optimal solution = (HSP - OPT.)/OPT.
% deviation from LB = (HSP - LB)/LB
% gap between optimal solution & LB = (OPT. - LB)/OPT.
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Table 3.3: Summary of results for 100 node problems

100 Nodes | Partitions
| 5 | 10 | 20
# of Problems | 120 | 120 | 120
LP Solution: | | |
% Integer solutions. | 100.00% | 100.00% | 100.00%
Average run time (secs) [ 040 | 231 | 16.87
Average # of steps | 14 | 42 | 119
HSP1 Solution: | | |
% Problems with opt. solution | 73.33% | 60.00% | 53.33%
Average run time (secs) | 361 | 6.47 | 2173
Max. run time | 791 | 1554 | 64.81
Min. run time | 1.36 | 2.69 | 7.03
Avg % deviation from optimal | 0.21% | 0.11% | 0.05%
Avg % deviation from LB2 | L71% | 1.56% | 1.72%
Avg % gap bet. opt. & LB2 | 1.46% | 1.42% | 1.63%
Max. deviation from opt. | 4.81% | 2.36% | 0.60%
Min. deviation from opt. | 0.00% | 0.00% | 0.00%
| l |
HSP2 Solution:
% Problems with opt. solution | 88.33% | 90.83% | 93.33%
Average run time (secs) | .17 | 245 | 2.24
Max. run time | 4.89 | 379 | 3.19
Min. run time | 2.85 | 1.97 | 1.86
Avg % deviation from optimal | 0.09% | 0.43% | 0.16%
Avg % deviation from LB2 | 0.09% | 4.75% | 6.12%
Avg % gap bet. opt. & LB2 | 0.00% | 4.10% | 5.60%
Max. deviation from opt. | 1.50% | 9.39% | 3.67%
Min. deviation from opt. | 0.00% | 0.00% | 0.00%
| | |

% deviation from optimal solution

% deviation from LB

% gap between optimal solution & LB

HSP - OPT.)/OPT.

= (
= (HSP - LB)/LB
= (OPT. - LB)/OPT.
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optimal than HSP2. Based on the performance of HSP2 for euclidean
distance problems we could expect this method to yield good results for
problems with other distance measures. More than the number of nodes, the
number of partitions seem to have a profound effect on the performance of
the solution methods. Comparing the execution times, HSP2 produced
solutions much faster than HSP1 or the LP method. Since commercial codes
available for LP l;ave a limitation on the number of variables and the
number of equations, problems involving large number of nodes and
partitions cannot be solved using commercial LP codes, for example LINDO
or MPSX. (See appendix AS6.) Heuristic HSP2 offers an attractive
alternative for such situations. Since the number of variables generated by

HSP2 is smaller it will be possible to solve large problems using this method.

Also, we observe that as the per channel cost ratio increases the hub locations
are drawn closer to each other. For a given number of nodes an increase in
the number of partitions sometimes decreases the total network costs for a

given cost ratio.

3-33 53 |




CHAPTER 4
PROBLEM P2:

MATHEMATICAL FORMULATION & ALGORITHMS

4.1 Problem Statement

PROBLEM

STATEMENT

Given a collection of n nodes in a plane. The matrix of flow between the
nodes expressed in number of channels, is given and is symmetric. Flow
between nodes is undirected. There is no flow from a node to itself. Every
node is considered a2s an origin/destination of flows. The matrix of direct
distances between the nodes is given, and is symmetric and metric. The
coordinates of the nodes are known. A specified number - p: p <n, of hubs
are to be located at a subset of the nodes. Every node will be assigned to
exactly one hub and thus the n nodes will be partitioned into p subsets. The
routing strategy is that all pair wise node flows will be routed via their
assigned hub(s). In other words, connection between two nodes are
established only via their assigned hubs. Suppose nodes i and j are assigned
to a hub at u. Then the flow between i and j will be routed via the path i-u-
j. If nodes i and j are assigned to separate hubs u and v respectively, then
the flow will be routed via the path i-u-v-j. (See figure 3.1 for an illustration
of the routing strategies.) A network link is defined as a direct connection
between two nodes. By the routing strategy, there would be links only
between the nodes and their assigned hubs (access links), and between the
hubs (trunk links). Flow along any link is bundled into groups of fixed
capacity. The capacity of a group is expressed in number of channels. In
network terminology, each group would be a fixed capacity arc. There may

be one or more group in any link. Capacity of groups within a link will be
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NETWORK

COSTS

OBJECTIVE

assumed to be same while group capacity may be different for each link.
Since the flow from a nonhub node is along the access link, given the flow
and the group capacity we can determine the number of groups in the access
links. However the number of groups in the trunk links will depend on the
node partition. For simplicity and without loss of generality we shall assume
that all access links have the same group capacity, and similarly the trunk
links. Since all nodes are aggregate nodes we do not know how many arcs
extend from the smaller nodes to an aggregate node. All aggregate nodes
contain frames and the capacity of a frame is assumed the same at all the
nodes. We estimate the number of ports required at a node as follows:

number of arcs connecting at the node + [ %m'l . a,

where a is a user specified parameter (o >0), and [a] denotes the smallest

integer greater than or equal to a.

Since the number of hubs is given, hub cost is constant for the problem. Due

. . =1)} .. .
to the given routing strategy, there will be exactly [(n—p)+p(p2 )} links in
the network, and hence the connection costs are also constant. The variable
costs for the problem will be (1) arc costs, (2) port utilization costs, and (3)

frame cost.

The objective is to simultaneously determine the hub locations, node
partitions, network links, and the link capacities such that the total relevant

network costs is a minimum.

Next, we present an integer nonlinear programming formulation of the

problem.
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4.2 Mathematical Formulation

MATHEMATICAL Integer Nonlinear Programming Formulation of P2

FORMULATION

Notation:
GA - Group capacity in access links
GT . Group capacity in trunk links

QF - Capacity of frame

p - Number of hubs
N - Node set; |[N| = n
bij - Flow between nodes i and j
Z; - Number of groups from node i to its assigned hub at j
heN Vi . .
= ok | where [a] is the smallest integer

greater than or equal to a

Wy, - Number of groups between hubs at locations k and 1

X;; =1 ifnodei is a hub site
= 0 otherwise
Xt =1 ifnodei is assigned to hub at location k
= 0 otherwise
c! - Fixed cost per group
¢?A . Cost per unit distance per group in an access link
AT - Cost per unit distance per group in a trunk link
3 - Port utilization cost
d; jo- Distance between nodes i and j
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Ci i - Total cost per group in link i-j
= (c1 +cA, dij + 2c3), if node i is assigned to hub at j
=(c! + AT dij + 2¢%), if node i and j are hubs
F; - Number of frames at node i
CF - Cost per frame
3. - Estimate of extra ports required at node i
2 bij
JEN

min(GAGT)|™*

a - User specified parameter (a > 0)

(IP2) Minimize

D2 ZiCijXy + Y WyCy+ Y CFF (4.1)
teN jeN k,leN 1eN

J#1 k<l

subject to

Y Xi=p (4.2)
ieN

Y X;j =1VieN (4.3)
jeN

> Xij

ieN

IN

(n—-p+1) X]] Y jeN (4.4)

Z Z bij xik ij < GT. wkl Vk, leN > k<! (4.5)
ieN jeN

j#i
D ZXi +Li(1-Xj5) 43 Wei+Y Wig+8; < F;QF V jeN (4.6)
ieN. keN keN
t#£ ] k<j j<k

X,-]- e {0,1} (4.7)

W;., F; > 0 integer (4.8)

ij
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In the objective function (4.1) the first term gives the total group cost in the
access links, the second term gives the total group costs in the trunk links,
and the third term defines the total frame cost. Constraint (4.2) defines that
a set of p nodes will be selected as sites for the hubs. The constraint set (4.3)
defines that each node will be assigned to exactly one hub. The constraint
(4.4) gives that nodes can be assigned to a location j only if it is a hub site,
and at most (n—p+1) nodes can be assigned to it. This includes the
assignment of j to itself. This is a relaxed form of the constraint X; j s X jj
V ieN. The constraint set (4.5) indicates that the capacity in the trunk links
must at least equal the flow via them. The flow between nodes i and j will
use the link k-1 only if node i is assigned to hub at k and j to hub at I, or
vice-versa. Constraint (4.6) gives that the number of ports available at a
node must at least equal the number of groups connecting to it. Constraint

sets (4.7) and (4.8) specify the integrality requirements.

This formulation is similar to that for the uncapacitated discrete Location-
Allocation problem (see Chen [6], Cooper 7], and Francis & White [9]). In
the location-allocation problem there is interaction only between each new
facility and the destinations assigned to it. There is no interaction between
the new facilities. The Z;’s described above may be considered as flow from a
facility to a destination assigned to it. The interaction between hubs is

similar to the situation encountered in the Quadratic Assignment Problem

(QAP).

Since this formulation is complex it is not applicable directly for algorithm

development.
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Next we discuss the similarity of P2 with other difficult problems, and

propose solution and bounding strategies.

4.3 Complexity of P2

We establish the complexity of P2 by transforming an instance of the

minsum multicenter (p-median) problem to P2.!

Consider an instance of P2 with the following restrictions:

a. large frame capacity so that only one frame is required at each node;

b. large arc capacity in each potential link so that only one arc is

necessary in each link;

c. flow between each pair of nodes is positive;

d. cost per arc per unit distance in access links = 1; and

e. cost per arc per unit distance in trunk links = 0.
This instance of P2 can be obtained by transformation of an instance of the
min-sum multicenter problem in which the flow from each node is 1 and the
cost per unit of flow is proportional to the distance between the nodes. Since
the cost per arc in the trunk links is zero, in this instance of P2 as in the
min-sum multicenter problem all nodes will be assignedl to their closest hub.
Solution to this instance of P2 will also yield the solution to the instance of
the minsum multicenter problem. Hence, the solution to P2 will be at least

as difficult as the solution to the min-sum multicenter problem. The

instance of the min-sum multicenter problem in which the flow from each

15 description of the min-sum multicenter problem is given in appendix B1.
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node is 1 is NP-Complete (Garey & Johnson [10]).

4.4 Solution Strategies

TOTAL

ENUMERATION

HEURISTIC

APPROACHES

A direct approach to finding the optimal solution to P2 is to totally
enumerate the network costs for all the possible hub locational configurations
and corresponding hub-node assignments. For a n-node p-partition case, the
number of these possible combinations equals the Stirling number of the

second kind (Roberts [29])

p
1 ifp N |
o > (Y (i)(p-o :
i=0

Here we make an implicit assumption that no partition is empty. For a
given number of partitions the number of possible combinations is of O(pR),

exponential in the number of nodes. As one can see this approach is

computationally infeasible except for very small problems.

Since P2 is complex heuristic solution approaches will be practical for

determining good feasible solutions.

The two primary decisions in P2 are:

a. location of hubs, and

b. assignment of nodes to hubs.
These two decisions are interdependent. The location of a hub will depend
upon the nodes assigned to it and the locations of other hubs. Assignment of
a node to a hub will depend on the location of the hub and the other nodes
already assigned to it. One recognizes that this is a circular decision. An

approach to developing heuristics will be to eliminate this interdependency.
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This can be accomplished in one of the two following ways.

(a) Select the hub locations by some procedure and assign each node to a
hub. For example a node may be assigned to its closest hub or second
closest hub etc. We will assign each node to its closest hub.

(b) Partition the nodes by some procedure and determine the best hub
locations based on the selected partitions.

Next we describe two heuristics using these approaches.

4.5 Heuristic Solution Approaches

4.5.1 Total Enumeration of Hub Locational Configurations

One approach to selecting the hub locations is to consider all the possible hub
locational configurations. For example if p hubs are to be located among n
nodes the number of possible hub configurations will be p—,—h .- By
approach (a) since all nodes will be assigned to their closest hub, the number
of solutions to be compared equals the number of possible hub configurations.

Since this is of order O(nP) except for small problems this approach will not

be feasible. We will not pursue this further in this study.

4.5.2 Pair Wise Interchange Heuristic - HSP3

MOTIVATION In approach (a) by assigning nodes to their closest hub we make the node
assignment a byproduct of the hub locational configuration. This is similar
to the approach used for solving the P-median problem. Using a pair wise

interchange procedure we can generate the hub locational configurations and
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the corresponding node assignments.

The pair wise interchange procedure may be described as follows. A non-hub
node is considered as a replacement for a current hub site. Based on the
revised hub locational configuration the nodes are reassigned and the
corresponding network cost is computed. If the replacement results in cost
improvement then the revised configuration replaces the current one. This

procedure is repeated until no further improvement is possible.

When a non-hub location is considered as a replacement for an existing site,
the resultant effect has a number of possibilities. Suppose, node b is
considered as a replacement for hub site v.
(1) Say node i is currently assigned to the hub at k.

a. If b is closest to i, then i is reassigned to b;

b. if both k and b are closest, then reassign i to the hub set with which it

has larger total flow;

c. otherwise no change in assignment.
(2) Say node i is currently assigned to the hub at v.

a. If b is closest to i, then reassign i to b;

b. if another h'ub site u is closest to i, reassign i to u;

c. If b and another hub at u are closest, then reassign i to the set with

which it has larger total flow.

Now we state the heuristic procedure in algorithmic form.
1. Select an initial set of hub sites (H®) from among the n nodes. Assign

each node to its nearest hub. Break ties for assignment by assigning node
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to the hub set with which it has largest total flow. Compute the number
of groups between the hubs, and the total network costs. Let the total
network costs be denoted by C.

2. With respect to H%, define a list M of non-hub nodes: M = {N\H°}.

3. If list M is empty go to step 6. Otherwise select a non-hub node b from
the list for pair wise interchange and delete it from the list.

4. Consider b to replace each hub site v in the current configuration; we
would have p new configurations by this systematic replacement. For
each new configuration complete the node reassignment and compute the
total network costs. Let C,, C,,...,Cp denote the corresponding network
costs.

5. If min(Cy, C,,...,Cp) > current network cost C, then replace the current
configuration with that corresponding to the minimum cost and let C =
min(Cy, Cj,...,Cp). Return to step 3.

6. Relabel the current configuration as H? and redefine list M={N\HC}. If
the last (n—p) pair wise interchanges considered failed to yield any
improvement in the total network costs, terminate the procedure.

Otherwise, return to step 3.

An example illustrating the application of this heuristic is given in appendix

B2.

It must be noted that the nearest hub assignment rule may not necessarily
produce optimal node-hub assignments. A counter example is provided to
illustrate this situation. Let nodes (1,2,3) and (4,5,6) be located at the

vertices of two equilateral triangles as shown below.
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Suppose, node 1 has interactions only with nodes 4,5, and 6 amounting to
exactly 2 groups. If nodes 2 and 4 are selected as hub sites, then, by nearest
hub rule nodes 1 and 3 will be assigned to node 2, and nodes 5 and 6 will be
assigned to 4. Since the distance between the nodes is metric, it is evident

that by assigning nore 1 to hub at node 4 network costs could be reduced.

Initial Hub Sites Selection

The choice of initial hub sites must be based on the distance between nodes
or the flow between nodes or both. Since the node-hub assignments are not
known a priori using the flows may be difficult. We modify a procedure
suggested by Dysart and Georganas [8] based on distance between nodes, to

choose the initial hub sites.

Let |N|=n be the total number of node locations, and k be a design
parameter that specifies the number of nearest nodes to be considered for
each node location. Let Z; be the number of groups from a node i to its
assigned hub. The steps of the initial hub site selection heuristic are as
follows.

1. List each of the nodes in the network and its k nearest neighbors.

2. For each node determine its frequency of occurrence in the node-neighbor

list, obtained in step 1.
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3. Each node will have one of the frequencies f, f=1,...,F, where F is the
maximum frequency of occurrence. Partition all the nodes into lists S(f),
f=1,..,F, where the list S(f) includes the nodes with frequency f.

4. Obtain the weighted mean plus 1, KM, as

F
f x(f
KM=( ) X( )) +1
f=1
where x(f) is the number of nodes in list S(f). Note that
F

) x(f)=n.

f=1

5. Arrange the lists S(f) in descending order based on the Z values associated
with each node. The initial hub sites list is obtained by the node locations
in the list S(F). Further additions are provided by including the nodes

from the lists S(f), KM <f<F.

This procedure selects those nodes for hub sites that are close to other nodes
and also have large total interaction with the other nodes. The remaining
nodes are assigned to their nearest hub site. The ordering of nodes obtained
by this procedure could be maintained when constructing the nonhub node
list M (see page 4-10). This could improve the efficiency of the pair wise
interchange procedure. An example illustrating the application of this

procedure for 10 nodes with parameter k set to 3 is included in appendix B3.

4.5.3 Solution to P2 Using Heuristic HSP2

MOTIVATION  To partition the nodes one may use any of the many available clustering
techniques. Almost all of the cluster approaches are based on the distance

between the nodes. The reader is referred to Anderberg [2] for a review of
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(HSP4)

cluster analysis techniques. An initial partition of the nodes may be
generated using the procedure detailed in section 4.5.2.1. Once a partition is
obtained, the hub locations may be determined using heuristic HSP2
described in Chapter 3. After the hub locations are found we can revise the
partitions by reassigning each node and then reapplying HSP2 to the revised
partitions. This process is repeated until no further improvement in cost is
possible. We will revise the partitions by assigning each node to its closest
hub. One may revise the partitions by reassigning each node to its second
closest hub or third closest hub etc. However, we will not investigate these

choices in our work.

Now we state the procedure in algorithmic form.

1. Use procedure described in 4.5.2.1 to select an initial set of hubs and
assign each node to its closest hub. Evaluate the total network cost based
on the initial hub sites. Thus, we have obtained an initial partition of
nodes and an upper bound on the total network cost.

2. Using HSP2 determine the hub locations for the partitions and evaluate
the associated network cost.

3. If the new total cost is less than the current total cost redefine new
partitions by assigning each njode to its closest hub, and return to step 2.
If the new and the current costs are the same, then compare the partitions.
If the partitions are identi;:al then stop. Otherwise go to step 2. Also, if
the new total cost is more than the current total cost stop. We have

reached a local optimal solution.
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4.6 Lower Bound Procedures

MOTIVATION

To examine the efficiency of heuristics we need to know either the optimal
solution or good lower bounds on the optimal solution to the problem. For
small problems it is possible to obtain the optimal solution by examining all
possible node partitions and the corresponding optimal hub locations. For
larger problems this is not feasible. We suggest the following lower bound

procedure for large problems.

From (4.1) we can sce that the items making up the total cost of the network
are:

a. total access arc cost,

b. total trunk arc cost, and

c. total frame cost.
We can compute a lower bound on the total cost by determining a lower
bound on each of these items. Let us consider an n-node p-hub problem. - To
get a lower bound on the access arc cost we could take the scaler product of
the (n - p) smallest Z; values and the (n — p) smallest cost per arc among the
candidate access links. Since the arc cost is a product of the cost per arc and
the number of arcs in the links, we can get a better lower bound on the
access arc cost by first arranging one of the arrays in the ascending order and
the other in the descending order, and then taking a product of the two. If
all flows are positive then there will be at least one arc in each trunk link.
We can get a lower bound on the trunk arc cost by taking the sum of the

1
product of the p([;— ) smallest distances, beyond the (n — p) values considered

before, and the cost per arc per unit distance in the trunk links. The number

of frames at a node is determined by the number arcs connecting to it. For a
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nonhub node the number of arcs connecting to it equals (Z,-+L3i). We can
get a lower bound on the frame cost at the nonhub nodes by taking the
(n-p) smallest (Zi+ﬂi) values. For a hub node the number of arcs
connecting to it equals (the number of arcs in the access links to it + the
number of arcs in the trunk links to it + the arcs extending to the nodes
clustered in the aggregate node). A lower bound for the first component will
be the sum of the (n - p) smallest Z; values. If we assume that there will be
at least one arc in each trunk link, a lower bound on the second component
will be p(p-1). A lower bound on the third component will be the sum of

the p smallest ﬁl. values.

LOWER BOUND Let
(LB3) LD - vector of the (n—p) smallest distance between the nodes, arranged in
an ascending order;
LZ - vector of the (n-p) smallest Z; values, arranged in a descending

order;

p(p-1)
P)

LP - vector of the smallest distance between the nodes beyond the
values in LD, arranged in an ascending order;

LM - vector of the (n - p) smallest (Z; + ﬁi) values;

LB - vector of the p smallest ﬂi values.

A lower bound on the solution is then equal to:

(n-p) p__(p; !
Z (c1+ A Id;+ 2c3) lzi + Z (c1 + T Ip; + 2c3 ) +
=1 =1

i=1 i=1

n-p n-p p
( ) [Imi-—%])-CF + K S Iz, + p(p-1) + Zlb,-)-%]-cpm.g)
Q = ; Q
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A lower bound on the total arc cost in the access and the trunk links is given

by the sum of the first and the second terms of (4.9). A lower bound on the
number of frames required at the nonhub nodes is given by the third term of
(4.9). The fourth term of (4.9) gives the lower bound on the number of
frames required at the hub nodes. Hence, (4.9) gives a lower bound on the

solution to P2. a

An example of this procedure is given in appendix B4.

4.7 Computational Experience

EXPERIMENTAL To study the performance of the solution and lower bound procedures for P2

DESIGN

sample problems were generated using a random process. The flow between
nodes and the coordinates of nodes were generated from a uniform
distribution. For the heuristic HSP3 and HSP4, and the lower bound LB3
the distance measure applied was euclidean. Cost per arc in the access links
is assumed the same; and similarly in the trunk links. Due to economies of
scale the cost per channel in the trunk link is likely to be smaller than the
cost per channel in the access link. In the experimental design, we consider
the ratio of cost per channel in the trunk link to cost per channel in the
access link. Given the cost per channel the cost per arc will be (cost per
channel * arc capacity). The frame capacity is assumed the same at all

nodes.

416 69 |




DESIGN

VARIABLES

The number of nodes, the number of hubs(partitions), the ratio of per
channel cost, and cost per frame were selected as the design parameters.
These were selected in order to study the effect of the number of partitions
on total network cost and solution difficulty, and the effect of the cost ratio

on hub locations.

Two node sizes - 15, and 25 were used. For each node size four different node
distributions were generated. For both problem sizes the number of
partitions created were 2, 3, or 5. Each problem generated was tested using
three values of the cost ratio - 0.6, 0.8, and 1.0. By this design 24 problems
were generated for each partition type, 36 problems for each node size, and

72 problems overall. A graphic illustration of this design scheme is given

below.
15 25
(4 problems) (4 problems)
2 3 5 2 3 5

(3 partitions )

6.8 1.0
(3 cost ratios)

The two solution procedures - HSP3, and HSP4, and the bounding procedure
- LB3, were tested with the sample problems. For each method, the solution
and the executioh time (CPU time in seconds) were recorded. The execution
time was the straight run time without input/output. All algorithms were
coded in Turbo Pascal (version 4) and implemented on an IBM PC-XT

compatible with a clock speed of 8Mhz and a 8087 coprocessor.
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The data collected is summarized in tables 4.1-4.2. The information
presented in each table is:

a. average run time in seconds,

b. maximum run time,

¢. minimum run time,

d. average % deviation of solution from lower bound,

e. maximum deviation of solution from lower bound,

f. minimum deviation of solution from lower bound.

[t appears that with the increase in the number of nodes, and the number of
partitions the performance of the heuristics deteriorate.  Since HSP4
evaluates fewer hub configurations than HSP3 it executes faster with poorer
performance. The lower bound we have appears to be rather weak. However
generating a better lower bound may be difficult because we have no
knowledge of the node-hub assignments. Specifying a list of potential hub
sites, and a list of potential hubs to which a node may be assigned may

improve the performance of these methods.
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Table 4.1: Summary of results for 15 node problems

15 Nodes Partitions
2 | 3 | 5
} %
# of Problems 12 | 12 l 12
HSP3 Solution: | |
Average run time (secs) 1.28 | 2.56 |  6.47
Max. run time 2.54 | 5.48 | 9.86
Min. run time 062 | 112 | 3.42
Avg % deviation from LB3 15.02% | 23.53% | 28.76%
Max. devi. from LB3 22.45% | 28.01% | 45.28%
Min. devi. from LB3 843% | 17.67% | 15.46%
HSP4 Solution: | |
Average run time (secs) 0.76 | 1.32 | 2.89
Max. run time 1.50 | 2.76 | 4.43
Min. run time 0.45 | 0.78 | 0.49
Avg % deviation from LB3 22.45% | 27.26% | 38.73%
Max. devi. from LB3 26.22% | 45.87% | 48.23%
Min. devi. from LB3 1533% | 19.65% | 23.12%
| |
% deviation from LB = (HSP - LB)/LB
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Table 4.2: Summary of results for 25 node problems

25 Nodes Partitions
2 | 3 | 5

% 5
# of Problems 12 | 12 | 12
HSP3 Solution: | |
Average run time (secs) 1.64 | 4.06 | 10.34
Max. run time 3.06 | 6.82 | 14.56
Min. run time 0.98 |  1.72 | 8.93
Avg % deviation from LB3 18.00% | 29.00% | 39.00%
Max. devi. from LB3 23.00% | 41.00% | 45.00%
Min. devi. from LB3 12.00% | 22.00% | 23.00%
HSP4 Solution: | |
Average run time (secs) 0.85 | 1.63 | 3.12
Max. run time 1.53 | 2.98 | 4.51
Min. run time 0.59 | 1.03 | 1.61
Avg % deviation from LB3 24.00% | 34.00% | 43.00%
Max. devi. from LB3 35.00% | 51.00% | 49.00%
Min. devi. from LB3 18.00% | 29.00% | 34.00%

| |

% deviation from LB = (HSP - LB)/LB
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CHAPTER 5
PROBLEM 3:

MATHEMATICAL FORMULATION & ALGORITHMS

5.1 Problem Statement

PROBLEM

STATEMENT

Given a collection of n nodes in a plane, partitioned into a specified number
(say p) of subsets. The coordinates of the nodes are known. The matrix of
flows between the nodes, expressed in number of channels, is given and is
symmetric. All flows are deterministic, static, and undirected. There is no
flow from a node to itself. The matrix of direct distances between the nodes
is given, and is symmetric and metric. Direct distance between two nodes
may not be euclidean. Exactly one hub is located in each partition at a
node, and its location is known. The routing strategy is that a flow may be
routed either direct or via the respective partition hub(s). For example, if
nodes i and j belong to the same partition and the partition hub is located at
u, then the flow between i and j may be routed directly i-j; or via the hub i-
u-j. Suppose the nodes belong to separate partitions and u and v are the hub
locations, respectively, then the flow routing may be either i-j or i-u-v-j.
Flow between two nodes will not be split for routing. For flows between a
node and its partition hub, and between two hubs the two routing strategies

are identical.

A network link is defined as a direct connection between two nodes. By the
routing strategy there may be a link between any pair of nodes of the graph.
Flow along a link is bundled into arcs of fixed capacity. Equivalently, one

can consider this as multiple arcs with the same fixed capacity. The arc
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capacity is expressed in number of channels. Arc capacity may be different
for each link. For purpose of simplicity and without loss of generality, we
categorize the links into three types and assign a different arc capacity for
each link type.

Direct link - link between two non-hub nodes or link between a

node and another partition’s hub;

Access link - link between a node and its partition hub;

Trunk link - link between two hubs.
The following relationship between the three link arc capacities is assumed:
capacity of a trunk arc > capacity of an access arc > capacity of a direct arc.
Since aggregation of demand is most across partitions, next on the access

links, and none in the direct link such an assumption will be reasonable.

Since all nodes are aggregate nodes we do not know how many arcs extend
from the smaller nodes to an aggregate node. All aggregate nodes contain
frames and the capacity of a frame is assumed the same at all the nodes. We
estimate the number of ports required at a node by the following expression:

number of arcs connecting at the node + [M———‘ﬁ%——%] =,

where a is a user specified parameter (a >0), and [a] denotes the smallest

integer greater than or equal to a.!

1Garﬁnkel and Segal [11] use a similar concept to estimate the additional ports required at an

aggregate node.
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NETWORK

COSTS

OBJECTIVE

Since the number of hubs is given, the fixed hub costs will be constant for
the problem. The node costs will be due to the number of frames required at
each node. The other variable costs for the problem are: connection costs,
arc costs and port utilization costs. The connection cost is incurred if there is
direct connection between two nodes. Since there is no flow splitting, for
direct connections the connection cost may be combined with arc costs to
obtain a single cost measure per arc. This cost factor combination is shown

as a part of the mathematical formulation.

The objective is to determine the flow routing, and hence the network links
and the link capacities, such that the total relevant network cost is

minimum.

We next present an integer linear programming formulation and then discuss

the complexity of the problem.




5.2 Integer Linear Programming Formulation of Problem P3

NOTATIONS

bij - Flow between nodes i and j, expressed in number of channels

¢! - Fixed cost per arc

¢?A _ Cost per unit distance per arc in the access link

2T . Cost per unit distance per arc in the trunk link

¢?D . Cost per unit distance per arc in the direct link

¢ - Port utilization cost per arc
¢t - Cost per direct connection
Cij - Arc cost in direct link i-j

= (c1+czD.dij+2c3) gij+c4 V (4,j)24,je{N-P} or jeP & ie{N—Sj—P}
Cp - Cost per frame
d; j- Distance between nodes i and j
F; - Number of frames at node i
g - Number of arcs in direct link i-j
= F();—U:l V (i,7) 2 i,je{N-P} or jeP & ie{N—Sj—P}
where [a] is the smallest integer greater than or
equal to a
GP - Arc capacity in channels in a direct link
GA - Arc capacity in channels in an access link
GT - Arc capacity in channels in a trunk link
N - Node set; [N| =n
P - Hubset; |P|=p
QF - Frame capacity in ports
S j- Nodes in the same partition as hub node j
W= 1 if flow between nodes i and j is routed direct
= 0 otherwise (flow routed via the hubs)
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Xij - Number of arcs in the link i-j

Yij = 1 if nodes i and j are connected direct

= 0 otherwise
;31. - Estimate of extra ports required at node i
2 bj;

jEN -
min(GP,GA,GT)

a - User specified parameter (a > 0)

M - Very large positive constant

Minimize

Z Z (xik (c1+c2A d;p + 2c3) + Y c")

keP Sy
+ Z (ku (c1+C2T dkl <+ 263) + Ykl C4) + Z wij Cij
Ick,lef i, je{N-P}
<

+3 Y Wi Cik+ D FiCp+ ) B;c° (5.1)
keP je{N-S; -P} €N ieN

Subject to
GA X + Z bij wij > Z bij VieSy, keP & i #£ k (5.2)
JeN JjeN
J#k
GiXp + ) Y bjjwi > 3 by VkIP s k<l (33
€S jeS; €Sy, jeS;
i=k=>j #£1

F y
Q Fk‘z Xig - 3 Xp - 3 gjk-wjk—ﬂk >0 Y keP (5.4)
€Sy, lcP je{N-P-S; }

)

)
o

QFF; - X - Y. g Wii-B; 20 V ie{Sg -k} & keP  (f
ey 7Y
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Y- M > Xy V €S, & keP (5.6)

chl' M > x/cl Y kP & k<! (5.7)
Yij’ wij 2 {0,1} (58)
xij’ F; > 0, integer (5.9)

The first term in the objective function (5.1) measures the total cost of arcs
in the access links. The second term measures the total cost of arcs in the
trunk links. The costs of direct connections are measured by the third and
the fourth terms. While the third term gives the total cost of direct
connections between non-hub nodes, the fourth term gives the cost of direct
connection between a node and a hub of another partition. The fifth term
measures the total cost of frames, and the sixth the utilization cost for the
additional ports required at the nodes. Constraint sets (5.2) and (5.3) define
the capacity available in the access and the trunk links. The capacity
available in these links must at least equal the flow along them. Constraint
set (5.4) specifies that the number of ports available at a hub must at least
equal the number of arcs connecting to it plus the additional ports required.
Constraint set (5.5) defines the number of frames needed at a non-hub node.
Constraint sets (5.6) and (5.7) check whether a direct connection exists
between two nodes. Finally, the constraint sets (5.8) and (5.9) define the

integrality requirements.

There will be (n—p) X;i variables, p(p—1) Xy variables,

2
[n(n;l) - (@

-p) - p(—p,‘,——l)] Wi variables, (n—p) constraints in the set (5.2),
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and p—(%——ll in the set (5.3).

5.3 Complexity of P3

Consider an instance of 0-1 single knapsack problem.

n

Maximize Z vj x]-

51
subject to

n
Z zj xjg w
j=1
2 and v . are the size and the value of item j, respectively, and W is the
capacity of the knapsack. This problem is NP-hard (Garey & Johnson[10]).

Consider a varianf of the 0-1 single knapsack problem in which exactly one

variable is integer and the rest are 0-1 variables.
n-1

(KP1) Maximize v,y + jz_:l viX;
subject to
n-1
zZ,y + Z ijjS w
j=1
xje{O,l}

y 20, integer

Clearly, this variant is NP-hard since it contains the zero-one knapsack

problem as a special case. Given any instance of KP1 we can transform it to

an instance of problem P3 and thus show that P3 is NP-hard.
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Define
y+y= D)—V-]: a, and
(o]
Xj + XJJ =1.
Substitute for variables y and x in KP1 with their complements defined

above. The transformed KP1-T will be as follows.

n-1 n-1
(KP1-T) Minimize v_y + Z vj)(j - (voa + Z vj)
J=1 J=1
subje<t to
n-1 n-1
W/t 3 2% (e 3 ni- W)
I=1 J=1
:(je{O_,l}

¥ >0, integer

Given an instance of the problem KP1 the instance of P3 obtained from its
transformation KP1-T will have the following properties:
. only two partitions
. one hub in each partition
. the number of nodes in a partition (not including the hub node) will
exactly equal the number of 0-1 variables in the problem
. demand between nodes in the same partition is zero
. demand between nodes across the partitions is greater than or equal
to zero
. large frame capacity such that only one frame is required at each
node
. the following costs are zero:
- cost per arc il_x the access links,

- fixed cost per arc,
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- port utilization cost, and

- connection cost.

Let the two hubs be labeled A and B, and the (n-1) non-hub nodes be labeled

14, 24,..., (n-1)A, and 1B, 2B,..., (n-1)B, respectively.

The basic units of P3 can be constructed from units of KP1-T as follows:
demand between nodes jA and jB = Zj
trunk arc capacity = z,
variable number of arcs in the trunk link = y
direct routing variables = )(J
flow between the hub nodes 4 and B = ( z,a — W)
cost per arc in the trunk link between hubs 4 and B = v,
cost of direct connection between nodes j4 and jB = v 5

A numerical example illustrating this transformation is given in appendix

Cl.

5.4 Linear Programming Relaxation of ILP3

Next we look at the LP relaxation of P3 with a view to developing a LP

based heuristic and a lower bound procedure.

Let the LP relaxation of ILP3 obtained by replacing the integrality

constraints defined by (5.8) and (5.9) with




X Fi 2 0 (5.3a)

be denoted LP3.

In ILP3 given the routing of flows the number of arcs in each link, the
number of frames at each node, and the different costs can be computed. We
will now show by contradiction that the values of the Wi variables in the

optimal LP solution will always be 0/1.

Let the values of the Wi variables in the optimal LP solution be a;;

(0<o; ;< 1) and the corresponding optimal solution be denoted by S*.

Given w. i it follows from 5.2 - 5.7 that the values for the XU, Y and F;

variables will be:

ik Z (1 -w;) (5.10)
]€N
J#k
_ b bij |
Xkl—aT + Z Z aT( -w;;) (5.11)
1S, JEs;
i=k=>j #1

Fr é(;s: Xigt D Xprt 3 gjk'wjk+'3k) (5.12)
€ .

leP Jje{N-P-S }

]€N
J#k
b :
=ﬁ<_’£f G%Je(l—wij)) (5.15)
155 jESl
z_lc=>j #1
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Substituting the above expressions for the X, the Y and the F variables in
the objective function (5.1), and collecting the Wi terms together we get the

following.

For a node pair (i,j) such that i,j € S - nodes i and j belong to the same

partition, the objective function coefficient for the corresponding w ij will be:

Cr. bi;
(c +2 gu) GA(_c + (diptdje) A 4 483 4 2.6 4 4 Qg)(s.w)

For a node pair (i,j) such that i € Sp and j € S; - nodes i and j belong to
different partitions, the objective function coefficient for the corresponding

wij will be as follows.

If node i is a hub and j is a non-hub the coefficient will be:

Cp _bij ol 2A Cg

b; C
j F
GT( +d;-c?T 4 263 +M+2q) (5.17)

If node j is a hub and i is a non-hub the coefficient will be:

b i CF
C +2QF gij GA cly 1kc +2c +m—+2 QF
cdedp 2T +23 + & +2CF (5.18)
kj ¢ M Q )

If i and J are both non-hub nodes then the coefficient will be:

b;j ..C
ad ). 2A F\_
(C, i +2E QF gij) -1 (2c + (d;k+d ﬂ) +4c® + 2§ M QF)

b;; C
J F
-G—T<CI+ dgr- AT 2% + ¢ M + 2 Q ) (5.19)
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(LP3)

By setting those Wi variables with negative coefficients to 1 and the rest to

we can obtain an objective function value better than S*. Therefore the

values of the Wi variables in the optimal LP solution must be either zero or

one. The values of the X; Yij and F; variables in the optimal LP solution

i

will be fractional and can be computed using (5.10) - (5.85), respectively. 0O

In (5.16) - (5.19) the first term in the expression is the cost of routing
directly the flow between nodes i and j. The second term is the cost of
routing the flow via the respective hubs. If the cost of routing directly is less
than the cost of routing via the hubs then route the flow directly (wij = 1).
Otherwise route the flow via the hubs (w_. = 0).

1y -
Using this scheme we can develop an O(n2?) algorithm for the optimal
solution to LP3. The procedure is described as follows.
step 1: Compute the cost of routing flow b,-j via the hub(s), and direct
using (5.19) or (5.20). -
step 2: If in step 1, the via hub routing cost is less than the cost of routing
direct, then route the flow via the respective hubs (wij=0).

Otherwise route the flow direct (w, j=1).

(n—1)
2

There are [n ] flows, and the above two steps will be executed once for

each flow. Thus, the procedure is O(n?).
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5.5 Lower Bound

We can improve on the optimal solution to the LP relaxation to determine a

better lower bound on the solution.

Frame costs:
For each non-hub node compute the minimum and maximum number of

frames required at ‘he node using the following expressions.

Minimum number of frames will be required if all the flows from the node
are routed via the hub since by aggregating flows on access link we will need
fewer arcs to carry the flow, and hence fewer number of ports. This is true

since the access arc capacity will be greater than or equal to the direct arc

from a non-hub node are routed direct. This is true because each flow that is
routed direct will add at least one arc and hence the need for an additional
port in the frame. Then the minimum and the maximum number of frames

necessary will be:

|
|
capacity. Maximum number of frames will be required when all the flows

If the minimum and the maximum number of frames are equal, then set the
number of frames required to this value. If the number of frames in the LP
solution is less than the minimum number of frames then set the number of

frames to the minimum value. Otherwise, set the number of frames required
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to the value in the optimal LP solution. If the number of frames in the LP

solution is less than 1 then set the number of frames to 1.

For each hub node compute the maximum and the minimum number of

frames required using the following expressions. Under the following

conditions maximum number of frames will be required at a hub node:

a. flows between a node in the partition and other nodes are routed via the
hub;

b. flows between the hub node and non-hub nodes in other partitions are
routed direct.

When the two conditions are reversed the minimum number of frames will be

required at the hub node.

ma.kaz

) E Z sz + by
IESk ]ESI b
k
Az | m A n| e = ]|
J € -
;s,i EN 11¢Pk je{N-5 P}
)

b
. _ Jjk
min Fj = Z[ ] Z 2T +,3k).
zssk IeP Jesy
itk [#k
If the minimum number of frames required equals the maximum number
required, then set the number of frames at the hub node equal to this value.
If the number of frames in the LP solution is less than the minimum number

of frames then set the number of frames equal to the minimum value.

Otherwise, set the number of frames required to the value in the LP optimal
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solution. If the number of frames in the LP solution is less than 1 then set

the number of frames to 1.

This refinement is identical to adding to the mathematical model an upper
bound constraint and a lower bound constraint on the number of frames

necessary at each node.

Connection costs:

If a connection exists between a non-hub node and its hub or between two
hubs consider the full connection cost only if the minimum flow between the
respective nodes is positive. If the minimum flow is positive there will be at
least one arc in the link. Otherwise take the connection costs as given in the
LP solution. This is identical to adding a lower bound constraint on the
number of arcs(number of arcs > 1) in the links with positive minimum flow,

and setting the connection cost full(c?) for the respective links.

Port utilization costs:

Take the port costs as given in the LP optimal solution.

Arc costs:

Take the arc costs as given by the LP optimal solution. If in the LP solution
the number of arcs in an access link or a trunk link is less than 1, then set
the number of arcs in the respective link to 1 if the minimum flow in the link

is positive.
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The lower bound on solution is determined by the sum of the revised frame
costs, connection costs, port utilization costs, and arc costs. Through this we
are able to determine a better lower bound than that given by the LP
optimal solution. Also, the number frames required at some of the non-hub

and hub nodes may be fixed by this process.

5.6 Heuristic Solution Procedure for P3

MOTIVATION

The variables which may take noninteger values in the LP optimal solution
are the number of arcs in the access and trunk links, and the number of
frames at each node. We can use the LP solution as a starting point and
modify the number of arcs in the access and trunk links and/or the number
of frames at the nodes, thereby changing the capacity in these links and at
the nodes, to derive a feasible integer solution. When capacity of the links
and nodes are modified it may be necessary to reroute some of the flows. We
use the LP optimal solution as a starting point to develop two feasible
solutions and then choose the best. One feasible solution is obtained by
rounding up the number of arcs in the LP solution and rerouting via hub
some of the flows that are currently routed direct. To obtain the second
feasible solution the number of arcs in the LP solution are first rounded
down, thus forcing some of the flows direct. Next, the solution is improved
by selectively rerouting via hub some of the flow's routed direct, and
augmenting capacity in some of the access/trunk links. We use the smallest
direct routing cost as a basis for selecting flows to reroute direct, and the
largest (direct routing cost/ﬂow) ratio as a basis for selecting flows to reroute

via hub. In other words by the first approach we are segregating flows.
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(FS1)

Hence we want to incur the least additional expenses doing this. In the
second approach, we are aggregating the flows and hence wish to achieve the
maximum reduction in direct routing cost. These are greedy selections and
hence may not be optimal. The latter is similar to the bang-for-buck ratio
used in the solution to knapsack problems. In both methods the number of
frames at the nodes is treated as a continuous variable and when computing

the network cost the fractional value is rounded up to an integer.

We shall refer to the feasible solution obtained by rounding up the number of
arcs as FS1, and the feasible solution obtained by rounding down the number

of arcs as FS2. We next describe in algorithmic form the two procedures.

1. Compute the LP optimal solution using procedure (LP3) described in
section 5.4.

2. Round up the number of arcs in the access and the trunk links. For links
which have integer number of arcs increase the count by 1. Comi)ute-the
available excess capacity in each of the access/trunk link. This is equal to
(link capacity - total flow via link).

3. For all the flows routed direct compute the ratio (cost of direct
routing/flow), and form a list (DL) ordering the flows in the descending
order of this ratio.

4. Select the flow with the next largest ratio from the list and check whether
the available excess capacity in the links is sufficient to reroute it via hub.
If sufficient, reroute the flow, adjust the available excess capacity in the
affected links, and delete the flow from list (DL). Choose the next flow in

the list and repeat step 4. If list is completed go to step 5.
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5. If list (DL) is not empty go to step 6. Otherwise continue. Compute the
number of frames required at each node. In those links where the available
excess capacity is greater than or equal to the arc capacity reduce the
number of arcs by one and adjust the available excess capacity. Compute
the total network cost and stop. We have the feasible solution (FS1).

6. Select from the list (DL) the flow with the next largest ratio and
determine the cost of routing the flow via hub(s). This is equal to the cost
of augmenting capacity in the appropriate links. If the cost of routing

" flow via hub(s) is less than the cost of routing it direct, then reroute the
flow via hub(s) augmenting capacity in the links appropriately, and delete
it from the list. Also, adjust the available excess capacity in the links
affected. If the list is completed then go to step 7. Otherwise, select the
next flow in the list and repeat the step.

7. Compute the number of frames required at each node. In those links
where the available excess capacity is greater than or equal to the arc
capacity reduce the number of arcs by one and adjust the available excess
capacity. Compute the total network cost, and set it as the current
network cost. If list (DL) is not empty go to step 8. Otherwise stop. We
have the feasible solution (FS1).

8. Suppose the flows currently routed direct are to be rerouted via hub(s).
For each link determine the volume of additional flow due to this
reroﬁting. If in a link (the volume of additional flow —the available excess
capacity) is greater than half the arc capacity, then increase the number of
arcs in the link by one. Compute the current available excess capacity in

the access and the trunk links.
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9. Select the flow with the largest ratio from the list (DL) and verify whether
the available excess capacity in the links is sufficient to reroute it via the
hubs. If sufficient, reroute the flow, delete it from the list, and adjust the
available excess capacity in the affected links. If the list is not completed,
select the flow with next smallest ratio and repeat the step. Otherwise
continue.

10. Select from thke list (DL) the flow with the next largest ratio and
determine the cost of routing the flow via hub(s). This is equal to the cost
of augmenting capacity in the appropriate links. If the cost of routing
flow via hub(s) is less than the cost of routing it direct, then reroute the
flow via hubs augmenting capacity in the links appropriately, and delete it
from the list. Also, adjust the available excess capacity in the links
affected. If the list is completed then go to step 11. Otherwise, select the
next flow in the list and repeat the step.

11. In those links where the available excess capacity is greater than or equal
to the arc capacity reduce the number of arcs by one and adjust the
available excess capacity. Compute the number of frames required at each
node, and the new total network cost. If the new total network cost is less
than the current network cost, then revise the current cost and the
configuration, and repeat steps 8-11. Each repetition of the steps 8-11 is a
cyclé. If there is no change in the network configuration and the network
cost in two successive cycles then terminate the procedure. The current

solution is the first feasible solution.
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(FS2) We next describe the procedure for the second feasible solution.

1. Compute the LP optimal solution using procedure (LP3) described in
section 5.4.

2. Round down the number of arcs in the access and the trunk links, except
as follows. For those links which have less than one é,rc, if the minimum
flow in the link is positive then round up the number of arcs to one. For
those links which have an integer number of arcs do not modify the
number. Compute the over capacity for each for each access/trunk link.
This equals (the current total flow via link -link capacity). A negative
over capacity means excess capacity in the link.

3. Form a list (VL) ordering all flows routed via hub in the ascending order
of the direct routing cost.

4. Select the flow first in the list and check whether rerouting the flow direct
will decrease the over capacity in the via hub path links it uses. If yes,
reroute the flow direct, adjust the over capacity in the affected links, and
delete the flow from list (VL). Select the flow next in the list and repeat
the step. If there is no change in the list (VL) then compute the number
of frames required at each node rounding up non-integer values, and the
total network cost. We have the feasible solution (FS2). Otherwise
continue.

9. For each access/trunk link compute the available excess capacity. Form a
list (DL) ordering the flows routed direct in the descending order of the
ratio (cost of direct routing/flow).

6. Select the flow first in the list and check whether the available excess
capacity in the links is sufficient to reroute it via hub. If sufficient, reroute

the flow, adjust the available excess capacity in the affected links, and
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delete the flow from list (DL). Choose the flow next in the list and repeat
step 6. If list is completed go to step 7.

7. Select flow first in the list (DL) and determine the cost of routing the flow
via hub(s). This is equal to the cost of augmenting capacity in the
appropriate links to reroute the flow. If the cost of routing flow via hub(s)
is less than the cost of routing it direct, then route the flow via hubs
augmenting capacity in the links appropriately, and delete it from the list.
Also, adjust the available excess capacity in the links affected. If the list is
not completed then, select the flow next in the list and repeat the step.
Otherwise go to step 8.

8. Compute the number of frames required at each node, rounding up non-
integer values. Compute the total network cost, and set it as the current
network cost. If list (DL) is not empty go to step 9. Otherwise stop. We
have the feasible solution (FS2).

9. Suppose the flows currently routed direct are to be rerouted via hub(s).
For each link determine the volume of additional flow due. to £his
rerouting. If in a link (the volume of additional flow - the available excess
capacity) is greater than half the arc capacity, then increase the number of
arcs in the link by one. Compute the current available excess capacity in
the access and the trunk links.

10. Select the flow with the largest ratio from the list (DL) and verify
whether the available excess capacity in the links is sufficient to reroute it
via the hubs. If sufficient, reroute thé flow, delete it from the list, and
adjust the available excess capacity in the affected links. If the list is not
completed, select the flow with next smallest ratio and repéat the svtep.

Otherwise continue.
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11. Select from the list (DL) the flow with the next smallest ratio and
determine the cost of routing the flow via hub(s). This is equal to the cost
of augmenting capacity in the appropriate links to route the flow. If the
cost of routing flow via hub(s) is less than the cost of routing it direct,
then route the flow via hubs augmenting capacity in the links
appropriately, and delete it from the list. Also, adjust the available excess
capacity in the links affected. If the list is completed then go to step 12.
Otherwise, select the flow next in the list and repeat the step.

12. In those links where the available excess capacity is greater than or equal
to the arc capacity reduce the number of arcs by one and adjust the
available excess capacity. Compute the number of frames required at each
node rounding up non-integer values, and the new total network cost. If
the new total network cost is less than the current network cost, then
revise the current cost and the configuration, and repeat steps 9-12. Each
repetition of the steps 9-12 is a cycle. If there is no change in the network
configuration and the network cost in two successive cycles then terminate

the procedure. The current solution is the second feasible solution.

An example illustrating the feasible solution procedures FS1 and FS? is

given appendix C2.

5.7 Computational Experience

EXPERIMENTAL To study the performance of the solution procedures for P3 sample problems

DESIGN were generated using a random process. The flow between nodes and the

coordinates of nodes were generated from a uniform distribution. The
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DESIGN

VARIABLES

distance measure generated is euclidean. Cost per arc per unit distance in the

access links is assumed the same; similarly in the trunk and direct links. Due
to economies of scale the cost per channel in the trunk group is likely to be
smaller than the cost per channel in the access group, which in turn is likely
to be smaller than the cost per channel in the direct link. In the
experimental design, we consider the ratio of cost per channel in the trunk
link to cost per channel in the access link to cost per channel in the direct
link. Given the cost per channel the cost per arc will be (cost per channel *

arc capacity).

The number of nodes, the number of partitions, and the ratio of per channel
cost were selected as the design parameters. These were selected in order to
study the effect of the number of nodes and partitions on total network cost

and solution difficulty, and the effect of the cost ratio on flow routing.

Two node sizes - 10 and 20, were used. For each node size three different
node distributions were generated. For both node sizes the number of
partitions created were 2 or 5. Each problem generated was tested using
three cost ratios (Direct/Access/Trunk) -1/1/.5, 1/1/.8, and 1/1/1. A
graphic illustration of this design scheme is given below.

10 20
(3 problems) (3 problems)

2 5 2 b

(2 partitions per type)

1/1/.5 1/1/.8 1/1/1

(3 cost ratios)
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The three solution procedures - FS1, FS2, and LP were tested with the

sample problems. For each method, the solution and the execution time
(CPU time in seconds) were recorded. The execution time was the straight
run time without input/output. All algorithms were coded in Turbo Pascal
(version 4) and implemented on an IBM PC-XT compatible with a clock

speed of 8Mhz and a 8087 coprocessor.

The results for the sample problems are summarized in tables 5.1 and 5.9.

From the experience with the sample problems it appears that the gap
between the lower bound obtained from the optimal LP solution and the best
solution obtained using the heuristics FS1/FS2 widens with the number of
nodes and the number of partitions for a given number of nodes. The size of
the gap depends on factors such as the frame cost, the ratio of per channel
cost in the direct/access/trunk links, and the link distances. The average gap
between the lower bound and the best heuristic solution indicate ihat ‘the
methods are reasonably good. When the per channel cost in the trunk links
is low there is a tendency for the flows to be routed via the hubs and as the
size of the cost increases the flows tend to be routed direct. This indicates
that when econoniies of scale applies aggregating flows in the access and the

trunk links will decrease the total network cost.
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Table 5.1 Summary of results for 10 node problems

10 Nodes Partitions

2 5
# of problems 18 18
LP Solution:
Average run time (secs.) 0.34 0.45
Heuristic FS1 & FS2:
Average run time (secs.) 1.27 .75
Maximum run time 1.42 1.92
Minimum rum time 0.95 1.48
Avg. % deviation from LB 5.00 7.00
Max. % deviation from LB 7.00 10.00
Min. % deviation from LB 2.00 4.00

98]




Table 5.2 Summary of results for 20 node problems

20 Nodes Partitions

2 5
# of problems 18 18
LP Solution:
Average run time (secs.) 0.44 0.58
Heuristic FS1 & FS2:
Average run time (secs.) 2.87 3.89
Maximum run time 3.54 5.22
Minimum rum time 2.35 2.89
Avg. % deviation from LB 7.00 8.50
Max. % deviation from LB 10.00 11.00
Min. % deviation from LB 3.00 4.00
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CHAPTER 6

THE GENERAL PROBLEM: FORMULATION & ALGORITHMS

6.1 Problem Statement

PROBLEM

STATEMENT

Given a collection of n nodes in a plane. The matrix of flows between the
nodes, expressed in number of channels, is given and is symmetric. Flow
between nodes is undirected, and is assumed deterministic and static over
some planning period. There is no flow from a node to itself. Every node is
considered as an origin/destination of flows. The matrix of direct distances
between the nodes is given, and is symmetric and metric. The coordinates of
the nodes are known. A specified number of p hubs (p < n) are to be located
at a subset of the nodes. Each node will be assigned to exactly one hub, and
thus the nodes will be partitioned into p subsets. The assignment of a node
to a hub means that the flow from(to) a node may be
aggregated(distributed) only at(from) the hub to which it is assigned. The
flow routing strategy is that all pair wise flows will be routed either (a)
direct, or (b) via the respective hubs. In other words, the nodes are
connected either direct or via the assigned hub(s). For example, consider the
flow between nodes i and j. Suppose both nodes are assigned to a hub at u.

Then, the flow between i and j may be routed either direct (i-j) or via hub u

» (i-u-j). If nodes i and j are assigned to hubs at u and v, respectively, the flow

between them may be routed either direct (i-j) or via the hubs (i-u-v-j).
Flow between nodes will not be split for routing. A direct connection
between two nodes is defined a /ink. The link between two non-hub nodes or
that between a non-hub node and a hub other than to which it is assigned

will be called a direct link; the link between a node and its assigned hub will
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be called an access link; and finally the link between two hub nodes will be
called a trunk link. Flow in any link is bundled into groups of fixed capacity.
The capacity of a group is expressed in number of channels. In network
terminology, each group could be considered a fixed capacity arc, and there
may be multiple arcs in any link. We will use the terms groups and arcs
interchangeably. We shall consider the capacity of arcs as given, and these
may be different fo'r each link. Since aggregation of flow is likely to be most
in the trunk links, none in the direct links, and somewhat in the access links
a higher arc capacity in the trunk links will provide economies of scale. By
the same reasoning when the arc capacities would be different, the arcs in the
trunk links will have, comparatively, the largest capacity; the arcs in the
direct links the smallest; and the arcs in the access links in between. Each
arc connects to frames at each end, and occupies one port on each frame.
The capacity of a node is expressed in number of frames, with each frame
having a fixed number of ports. The capacity of nodes and links are assumed
unlimited. The connections between the nodes serve the primary demand

only, without backup routes.

Calculating number of ports required at each node:

All nodes are aggregate nodes and contain frames. Since the network nodes
are aglgrégate nodes, we do not know the number of groups extending from
the small nodes to a network node. The capacity of a frame is assumed the
same at all the nodes. We estimate the number of ports required at ,a node
by the following expression: |

total flow from the node" .a,

number of arcs connecting at the node + l- - >
minimum arc capacity

where a is a user specified parameter (a >0) and [a] denotes the smallest
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RELEVANT

COSTS

PLANNING

OBJECTIVE

integer greater than or equal to a.

The variable costs associated with providing the necessary connections are:
fixed node costs: fixed costs associated with the building to house the frames;
variable node costs: variable costs associated with the number of frames at
each node;

connection costs. one time fixed cost associated with providing a direct
connection between two nodes;

group costs: variable costs based on the number of arcs in the link, and the
link distance;

port utilization costs: fixed cost of connecting an arc to a port in a frame.
Given the capacities, the variable node costs, the group costs, and the port
utilization costs can be assumed to be linear functions - i.e., number of items

* cost per item.

The objective is to determine the minimum cost topology of the network the
hub structure satisfying the flow requirements. Determining the minimum
cost topology will involve: finding the hub locations; assigning nodes to hubs;
assigning network links and link capacities to provide the necessary

connections between the nodes according to the routing strategies; and

assigning frame capacities.




6.2 Mathematical Formulation

MATHEMATICAL Integer Nonlinear Programming Formulation of GP

FORMULATION

Notation:

GA - Group capacity in access links
GP . Group capacity in direct links
cT . Group capacity in trunk links

QF - Capacity of frame

p - Number of Liubs

N - Node set; |N| =n

b; jo- Flow between nodes i and j

Z; i Number of groups in the access link from node i to its assigned hub
at j

Uij - Number of groups in the direct link between node i and node j,

where either i or j, or both are nonhub nodes

= lt%%] , where [a] is the smallest integer greater than or equal to a
W, - Number of groups in the trunk link between hubs at k and |
X;; =1 if nodeiis a hub site

= 0 otherwise
X;t =1 if nodei is assigned to hub at location k

= 0 otherwise -
w;i =1 if flow b;; is routed via the respective hub(s)

= 0 otherwise
;e =(1=- Wi )

=1 if flow b;; is routed direct

= 0 otherwise
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Y;; =1 if thereis a link between nodes i and j

t)
= 0 otherwise

M - Very large positive constant
! - Fixed cost per group
c** . Cost per unit distance per group in an access link
2T . Cost per unit distance per group in a trunk link
¢ . Cost per unit distance per group in a direct link
3 - Port utilization cost
¢t - Fixed cost per direct connection
di j o Distance between nodes i and j
Cij - Total cost per group in link i-j

C?j =(c! + . dij + 2¢%), if i-j is an access link

C;fJ =(c' + T, j+2¢%),if i is a trunk link
C?j - Total arc cost in direct link i-j

=(c! +c?P. d;; + 2c3) - Ujj +ct

F; - Number of frames at node i

CF - Cost per frame

ﬂi - Estimate of extra ports required at node i
& by
! 5— | * @, where [a] is the smallest integer greater than or |
G equal to a
a - User specified parameter (a > 0)
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(GP) Minimize
A 4 T
2 2 (zjch Vi) + 3 (Wklckl+Yk1'c4)+ZCFFi+
eN jeN kleN teN
k<l
>y c ij (6.1)
teN jeN
subject to
> X;i =p (6.2)
ieN
> Xij =1V ieN (6.3)
JeN
> Xij < (n-p+1) X,V jeN (6.4)
ieN
GA - Zip 2 by Xy + Xy Do bijw wiij VikeN&i#k (6.5)
jeN
J#k
GT- Wiy > by Xy X + doXa 3 bijw;; Xy ¥ kleNsk<l(6.6)
1ieN JjeN
I=k=>]¢l

Z(zk,+z,k) +<Z Ujp @i + EUkJ wkj)(l - Xg(1-Xpp) +
1eN
ik J<k ]>k

(Z Uk] wa+ZUkJ wk])(l X )(I—Xjk)xkk+

J<k J>k

ZW,C,M,c < QFF V keN (6.7)

I;élc
MYy > Z; VikeN&i#k (6.9)
M'Ykl 2 WkI V okl eN3k<l (610)
azj = l—wij v i,jEN (610)
Xijn Yij wijp @5 € {0,1) (6.11)
WU, Z,J, F; > 0 integer (6.12)
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In the objective function (6.1) the first term gives the total group cost in the
access links, the second term gives the total group costs in the trunk links,
the third gives the total frame costs, and the fourth the total cost of direct
links. Constraint (6.2) defines that a subset of p nodes will be selected as
hub sites. The constraint (6.3) defines that each node will be assigned to
exactly one hub. The constraint (6.4) gives that the total number of nodes
assigned to any one hub can at most be (n-p-1). This includes the
assignment of a node to itself. This is a relaxed form of the constraint X; j
< X]-j V ieN. The constraint (6.5) indicates that the capacity of access links
must at least equal the flow via them. Constraint (6.6) indicates the same
for the trunk links. Constraint (6.7) specifies the number of frames necessary
at a node. The first term on the right gives the number of access arcs
connecting to the node k; the second term gives the number of direct arcs
connecting to k if it were a non-hub node; the third term gives the number of
direct arcs connecting to k if it were a hub node; the fourth term gives the
number of trunk arcs connecting to k if it were a hub node; and the final
term gives the arcs extending to the smaller nodes from the aggregate node .
Constraints (6.8) and (6.9) verify a link between two nodes. Constraint

(6.10) gives the relationship between w, . Finally, the constraints

ij and Ui

J'.
(6.11) and (6.12) épecify the integrality requirements.

Since this formulation is very complex it is of little value for algorithm

development purposes.

We next discuss the complexity of the general problem, and solution and

bounding approaches.
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6.3 Complexity of the General Problem

We have already shown that problems P1, P2, and P3 belong to the class of
NP-Complete problems. By the following arguments we show that the

general problem is at least as hard as problems P1, P2, and P3.

With any partition of nodes and a choice of hubs the general problem is
similar to problem P3, and such instances therefore will be at least as hard as

P3 to solve.

Some instances of the general problem will be identical to problem P2.

Consider an instance of GP with the following restrictions:

a. large frame capacity so that only one frame is necessary at each node;

b. very large arc capacity in the trunk and access links compared to the
direct links, so that only one arc is required in each trunk and access links;
and,

c. all flows are positive.

Since the access arc and the trunk arc capacities are large compared to the

direct arc all the flows will be routed via the hubs, and thus this instance of

the general problem will be similar to problem P2. Hence we can say that
the instances of the general problem similar to P2 will be at least as hard as

P2 to solve.

For any partition of nodes with the restrictions a-c above the general problem
will be similar to problem P1. Hence those instances of the GP similar to P1

will have comparable computational complexity.

6-8 107 |




Therefore, we may conclude that solution to the general problem will be at

least as hard as the three research problems discussed before.

6.4 Solution Approaches

MOTIVATION

The decisions involved in the GP are:

. location of hubs,

. assignment of nodes to hubs,

. choice of flow rcutes.
The network links, link capacities, and frame capacities are a byproduct of
these decisions. Attempting these decisions simultaneously is difficult and
hence we shall make them sequential. First we will develop the partitions,
then locate the hubs, and finally choose the flow routing. However, to
develop the partitions and to locate the hubs we need to assume a routing
strategy. If we assume the choice of direct or via hubs we go back to the
original problem which is very complex. As a measure to simplify the
analysis we will assume ohly via hub routing for the first two decisions, and
then apply the flow routing choice to improve the solution. This will mean
that we can use methods developed for P2 to decide the partitions and locate
the hubs, and then apply the methods developed for P3 to improve the

solution.

The above solution approach for the general problem is a combination of the
solution approaches for the problems P2 and P3. Since we have already
presented the computational experience with these methods we will not

present a computational experience for the general problem.
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6.5 Lower Bounds

From (6.1) we can see that the items making up the total cost of the network
are:

a. total access arc cost,

b. total direct arc cost,

c. total trunk arc cost, and

d. total frame cost.
We can compute a lower bound on total cost by determining a lower bound
on each of these iteras or a combination of these items. Let us consider a n-
node p-hub problem. When we have a routing choice the least number of
arcs out of a non-hub node will be when all flows are aggregated together on
the access link. If flow out of a non-hub node is only partially aggregated -
some flows are routed direct and hence not aggregated, then the number of
arcs incident at the node will be higher. We can find a lower bound on the

combined total of (accesstdirect) costs by taking the product. of

Y b

the (n—p) least Z; values (Zi = hegA )arranged in an descending

order, and the (n—p) least cost per arc among the candidate access and
direct links, arranged in an ascending order. If all pair wise node flows are
positive then at least there will be one arc in each trunk link. We can get a
lower bound on the trunk arc cost by taking the sum of the @ least cost
per arc among the candidate trunk links. The number of frames at each
node is determined by the number of arcs incident at the node. A lower
bound on the number of arcs incident at a node is given by the (Z,-+Jl)

value. For nonhub nodes we can get a lower bound on the frame cost by

taking the (n-p) smallest (Z,-+ﬂ1.) values. For a hub node the number of
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arcs connecting to it equals (the number of arcs in the access links + number
of arcs in the direct links + the number of arcs in the trunk links + the arcs
extending to the nodes clustered in the aggregate node ). A lower bound for
the sum of first and second items will be the sum of the (n-p) smallest Z;
values. If we assume that there will be at least one arc in each trunk link, a
lower bound on the third item will be p(p-1). A lower bound on the fourth

item will be the sum of the p smallest Bi values.

This scheme is similar to that proposed for problem P2.
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SUMMARY

FUTURE

DIRECTIONS

CHAPTER 7

SUMMARY, FUTURE DIRECTIONS and PLANNING ISSUES

In this research we have presented a hub location and flow routing problem
and three special situations of the general problem - problems P1, P2, and
P3, discussed their complexity, and solution and bounding procedures. Since
the general problem is very complex we attempt to solve it using the
methods developed for problems P2 and P3. To evaluate the effectiveness of
the heuristic solutior. procedures lower bounds are developed. The methods
were coded in Turbo Pascal and implemented on an IBM PC. Experience

with randomly generated sample problems are reported.

The research presented was limited by the following assumptions:
a. the number of hubs, and hence the number of partitions, are assumed
given;
b. there are no backup routes for the flow;
c. the routing strategy is limited to via the respective hubs or direct.
Relaxing these assumptions will extend our research and we next explore the

possible extensions.

In the general problem and its special cases the number of hubs, and hence
the number of partitions, were assumed as given. Suppose the number of
hubs is set up as a variable. This situation can be handied by repeating the
methods suggested for a varying number of hubs and ’select.ing the best

configuration. However, since the solution procedures suggested are not

optimal this approach may not yield the best configuration always. One may
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begin with two hubs (or two partitions) and add more hubs (or partitions) as
long it proves worthwhile. Several criteria may be used when selecting a new
hub, for e.g. minimum distance between hubs, maximum number of nodes
assigned to a hub, node with the largest demand etc. For example the two
nodes with maximum demand may be selected as the first two hubs. Then
the node with the next highest demand which is at least at a minimum
distance from the existing hubs is selected as the next hub location. The
nodes may be assigned to the nearest or the second nearest or the third
nearest hub and so cn. For each configuration the total cost is evaluated and
the procedure is terminated when either the total cost of the new
configuration exceeds the current cost or each non-hub node is within the
minimum distance from the existing hubs. The criterion of minimum
distance between hubs may also be combined with the method suggested in
section 4.5.2.1 to select an appropriate number of hubs. Another approach
would be to start with the least cost two hub configuration and add another
location which yields the lowest three hub configuration. The procedure is
continued in this manner and terminated when no improvement in cost
results by adding the new location. In all the above heuristic methods we
have to use a node-hub assignment rule (e.g. assignment to nearest hub) to
create the partitions. As an alternative, the mathematical formulatién of the
problems can be revised to reflect the number of hubs as a variable and one
may attempt to solve the problems optimally. However, this may prove to

be difficult in the light of their complexity.

When solving problem P2 and the general problem optimally we may get un-

attractive node-hub assignments. For example assigning Atlanta to a hub in
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Seattle. In the heuristic solution approaches considered we avoided this issue
by the nearest hub allocation rule. A scheme to avoid such unattractive
assignments is to define a set of potential hub sites and also a set of

candidate hubs to which a node can be assigned.

In this research and those reviewed in Chapter 2, except for the concentrator
location problem, all the links of the network carry only the primary flow
between the nodes and the flow between any two nodes is totally routed via
one path. In the event of a link breakdown the communication between
some pairs of nodes will be totally disrupted. By providing backup paths
total disruption in service can be avoided. This can be accomplished as
follows:
a. split flow between any pair of nodes and route the flows via different
paths; or,
b. route the primary flow via one path, and a proportion of the primary flow
which will be the backup flow via a different path.
Essentially this creates more than one path between any two nodes. When
providing backup paths one must make sure that the paths do not share
links. With the routing strategies considered here both direct and via hub
paths will be used to provide the backup. If the routing strategies are
expanded to consider routing via other hubs - hubs other than the ones to
which the two nodes are attached, then we may have more choices regarding

the primary and the backup connections.

The routing strategies considered in this study were limited to either via the

assigned hubs or direct. By these strategies there may be direct links
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between non-hub nodes and hubs other than the one to which they are
assigned. Such links carry only the flow between the two nodes. We may
consider aggregating flows on these links. Suppose k and ! are hubs, and
node i is attached to hub k and node j is attached to hub !. Also, there
exists a direct link between i and !, and between j and k. Then the flow
between i-j may be routed either direct or via both the hubs i-k-I-j or via
one of the hubs i-k-j or i-l-j. Garfinkel and Segal [11] consider this routing

strategy.

We have shown that problem P3 possess the characteristics of the multiple
knapsack problem. In the multiple knapsack problem given the knapsack
sizes we wish to select the items to be included in the knapsacks. The
similarity between P3 and the multiple knapsack problem is:

a. the capacity of each access/ trunk link corresponds to the size of

knapsacks;

b. each flow corresponds to an item considered for inclusion in the knapsack.
Since in P3 we attempt to determine the capacity of the links it will be
similar to sizing the knapsacks. Thus we have an interesting problem, which
we call ”sizing multiple knapsacks”, where given the cost of each type of
knapsack and the penalty for not including an item in the knapsack we wish
to determine :the size of the knapsacks and the items to be included in each,
minimizing the total cost. In the context of P3 the penalty for not including
an item in the knapsacks is the cost of routing the flow directly, and the cost
per knapsack is the cost per arc. This problem has not been reseal;ched $0

far.
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PLANNING

ISSUES

In our research we have considered only deterministic and static flows. This
could be extended to scenarios where the flows are single-period and
stochastic, multi-period and deterministic, and multi-period and stochastic.
When planning a network multi-period considerations will be very

appropriate.

Any decision maker encountering a problem similar to the GP will be faced
with choices concerning the following:

a. number of Lubs and their locations,

b. assignment of nodes to hubs,

c. strategies to route flow between nodes, and

d. selection of links and link capacities.

It is very likely that flow between nodes(demand) will not remain static over
the life of the system. Existing demand may modify (either increase or
decrease) and new demands may arise. Since hubs are permanent facilities it
may not be possible to relocate them with the change in pattern of demand;
as such the number of these facilities and their locations must be planned
carefully considering demand patterns over the time period. The volume of
communication between two hubs is an aggregate and it may not change
very much with the change in user demands. Since a group of users would be
aggre'ga.ted to form a node and these aggregate nodes will be connected to the
hubs, the location of hubs must be based on the current level of nodes and
future additions. Based on the switch capacities available a cap on the
number of nodes assigned to any hub may be placed. A factor affecting the

decision to aggregate users to form an aggregate node will be the dispersion
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of the users. The number of users aggregated will also be limited by the size

of the aggregate node.

The choices for the routing strategy will be (a) direct, (b) via the hubs to
which the nodes are assigned, (c) via one of the hubs to which the nodes are
assigned, or (d) via other intermediate hubs. If the flow between two
aggregate nodes is expected to be heavy one may consider linking them
direct. Direct links may be unswitched. The choice of strategies b or ¢ over
strategy a will likely result in lower number of total links in the network.
Strategy d may even result in lower number of total links than with the
choice olf either b or c. Though there are savings in the number of links the
communication path may be longer if strategy d is employed. This may
cause longer propagation/response time and attenuation of signals. Therefore
repeaters may be required to maintain the signal strength, which will add to
the cost. Another potential drawback of strategy d would be, in the.event of
failure of a heavily used intermediate hub node a larger number of
communications paths may be rendered unavailable. Available capacity of
the transmission media will also have an effect on the choice of routing
strategies. The choice of the transmission media will depend on the distance
over which it is to be used. If very high capacity media is considered for use
(broadband) the strategy of routing all flows via hubs may be appropriate,
because this strategy promotes aggregation of flows. However, this strategy
would require the use of multiplexing and switching equipment at the hubs
and at the aggregate nodes. In order to provide reasonable performance the

maximum number of hops may be limited. To make a dedicated network
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fault tolerant backup routes must be provided. This will mean providing

alternate path for communications flow in the event of failure of a link or a

hub node.
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Example illustrating transformation from a 3DM problem to P1

For illustrative purposes let us consider a 3DM problem with 2 items in each group. The
groups are labeled 1, 2, and 3, and the items in each group are labeled {i, 1}, {j, J}, and
{k, K}, respectively. The feasible marriages between the three groups will be:
(ijk), (ijR), (iJk), (iJK), (Ijk), (IjK), (IJk), (IJK).
We transform this 3DM problem to an instance of Pl with a total of six partitions
corresponding to the six items {i, I, j, J, k, K} with each partition containing four nodes.
The four nodes in each partition are for example constructed as follows. Let us consider the
partition labeled i The nodes in this partition will be:
{<i: j,k>; <iz j,K>; <@t J,k>; <i: J, K>}

Each node in a partition corresponds to a feasible marriage between items in the sets 1, 2,
and 3. The nodes in each of the six partitions are given below.

Partition label  Node list

i {<i: j,k>; <i: j,K>; <iz J,k>; <i: J, K>}

I {<I jk>; <I: jK>; <I: J,k>; <I: J,K>}
J {<jik>; <jii,K>; <j: Lk>; <j: I,K>}
J {<J:iijk>; <J: i, K>; <J: Lk>; <J: [,K>}
k {<k:iyj>; <k:i,J>; <k I,j>; <k: I,J>}
K {<K:i,j>; <K:i,J>; <K:I,j>; <K:I1,J>}

Inter-pa'rtition arcs between nodes not corresponding to a feasible marriage have a cost of M
(M very large value). For example, cost of potential inter-partition arc between nodes k: i,j
and K: i,j is M. Inter-partition arcs between nodes corresponding to a feasible marriage
have a cost of (A—-C; jk)/3, where A is smallest integer greater than maximum (C; k) and

C; jk is the cost of the feasible marriage. For example, cost of potential inter-partition arc
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between nodes k: ¢,j and j: 7,k which correspond to the feasible marriage between i, j, and &

]

is (A= Cyip)/3.

The figure below illustrates the partitions and the nodes in each partition for the example.
The inter-partition arcs shown connect nodes corresponding to feasible marriages, and have

cost as defined above. All other inter-partition arcs have a cost of M.

The value of the optimal solution to this instance of P1 will be (2A -v(3DM) +9M), and
the feasible matches between which inter-partition arcs exist will be the optimal matches in

the 3DM problem.

— 1: 3,k I: 3,k —
— 3: 3,K I: 3, K
: I,k I: I,k —
— i: J,K I: J,K -—N

)

N
N j: 4,k k: 1,3 /
N j: i, X \\ // k: 4,9 y
j: 1,k k: I,3
j: I1I,X k: I,J

\
t- 3: 1,k> x: 4,9
-~ J: 4,K { X: 4,
J: I,k/ X: I,3
J: I,K K: 2,3 -

U S
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Counter example for non-unimodularity of LP1

The following is a counter example to show that the LP solution to ILP1

may not always be integer.

This is a 6 node 3 partition example where the points are located on the

face of a triangle as follows.

i \
—— 34— — w4~ -

partition I: 1,2
partition II: 3,4

partition III: 5,6

The three partitions have a symmetric pattern with respect to the nodes. Symmetric patterns

would be present when the nodes are located on the sides of a square, and also as given below.

-, D RS
;’2 .1 (\.\3 SN
I”// /l \\\\ ~ \‘;,
L ’ N
‘/‘\-—" “--\\ \\‘}/\
\ ’/“ . 12\ \/4
/\—\ “I\
lD\\*\ \ (\ . *13, ,’ /Jﬁ
Vo N : ’ t ! /
\ \ \ N .,4 ’, [ »
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8
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Distance between nodes:

1 -1 13215313205
2 1 - 05 1.321.53 1.32
3 1.3205 - 1 132153
4 1.53 1321 - 0.5 1.32
5 1.32 153 1.3205 - 1.
6 0.5 1.321.53 1.321. -

Demand between points:

1 2 3 4 5 6
1 - 1 5 5 .5 .5
2 1 - 5 5 5 b5
3 5 5 -1 5 b
4 5 51 - b .5
5 B8 H b5 H - 1
6 H 5 b5 b5 1 -

Capacity of arc = 1

cost factor =1
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Formulation:

MIN X1+ X2 + X3 + X4 + X5 + X6 + 1.32 X13 + 1.53 X14 + 1.32 X15
+.5 X16 + .5 X23 + 1.32 X24 + 1.53 X25 + 1.32 X26 + 1.32 X35
+ 1.53 X36 + .5 X45 + 1.32 X46
SUBJECT TO
2) X1+X2= 1
3) X3+Xd4= 1
4) X5+X6= 1
5) - X1 + X13 + X14 =
6) - X1 + X15 + X16 =
7) - X2 + X23 + X24 =
8) - X2 + X25 + X26 =
9) - X3 + X13 + X23 =
10) - X3 + X35 + X36 =
11) - X4 + X14 + X24 =
12) - X4 + X45 + X46 =
13) - X5 + X15 + X25 =
14) - X5 + X35 + X45 =
15) - X6 + X16 + X26 =
16) - X6 + X36 + X46 =

o O o O O o o ©°f e o o @

LP OPTIMUM

OBJECTIVE FUNCTION VALUE = 6.0450

VARIABLE VALUE

X1 .500000
X2 .500000
X3 .500000
X4 - .500000
X5 .500000
X6 .500000
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X13
X14
X15
X16
X23
X24
X25
X26
X35
X36
X45
X46

As seen in the above example, the LP solution may not be always integer.

.000000
.500000
.000000
.500000
.500000
.000000
.500000
.000000
.000000
.500000
.500000
.000000
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Example of Lagrangian Approach

Example problem data;

Number of nodes = 6
Access arc capacity = 12
Trunk arc capacity = 24

Ratio of cost per channel (access/trunk) links = 0.8

Flow_between nodes: Number of arcs in the access link:
1 2 3 4 5 6 Node Arcs

1 - 2 0 4 2 1 1 11

2 2 - 4 0 1 1 2 8

3 0 4 - 2 1 1 3 8

4 4 0 2 - 1 3 4 10

5 2 1 1 1 - 1 5 6

6 1 1 1 4 1 - 6 7

Distance between nodes:

1 2 3 4 5 6

1 - 6.00 1.00 5.10 4.12 6.71
2 6.00 - 6.08 141 8.06 6.71
3 1.00 6.08 - 5.39 3.16 5.83
4 5.10 141 5.39 - 7.81 7.28
5 4.12 8.06 3.16 7.81 - 4.47
6 6.71 6.71 583 7.28 4.47 -

Nodes in partition 1: 1, 3
Nodes in partition 2: 5,6
Nodes in partition 3: 2, 4
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Coordinates of nodes:

X Y
1 7 9
2 7 3
3 6 9
4 8 4
5 3 10
6 1 6

Upperbound on solution = 43.1616

The lagragian formulation of the problem:

Minimize

1.2 x; +1.692 x; +1.2 x3 + 1.692 x; +5.364 x5 +5.364 xg +11.52 x;, +9.792 x;, +7.91
xis +12.883 xjg + 11674 xpg +15.475 xp5 +12.883 xp +10.349 xy4 +6.067 x35 + 11.194
xss +14.995 x;5 +13.978 x,5 +

Az (xp— x5 = X16) +A13 (X1 X3 = X14) + A3z (X3- X35 —X36) +A33 (X3-Xp3 —X34) +

As1 (Xs=X15 = x35) +As3 (X5— X5 = X45) + A1 (Xg—Xi6 — X36) +Ae3 (Xg—Xpg — Xg6) +

A21 (Xp=X1p = Xp3) +A22 (%= Xp5 — Xg) +Ag1 (Xg—Xyq = X34) +A33 (Xg=Xy5 = X46)

subject to
x1+ x3= 1
X5+ xg= 1
Xg+ x4= 1

X;r X; 5 € {0,1}

Let A = (/\12, A13, A32, /\33, /\61, A63’ /\21, /\22, /\42, A4l) be the vector of lagrange

multipliers.
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Iteration 0:

A0 =0

Solution: x;= 1, x3= 1, xp= 1

Objective value v(A%) = 1.2 + 1.692 + 5.364 = 8.256

|Ax® —b]| 2 = 14+1404+0+1+14+0+0+1+14+04+0 = 6

0 _ 2(43.1616 — 8.256)

= = 11.6352
Iteration 1:
A, =0+11.6352x1 = 11.6352
Ms =0+11.6352x1 = 11.6352
A, =0+116352x0 =0
A3 =0+ 11.6352x0 =0
AL, =0+11.6352x1 = 11.6352
As  =0+11.6352x1 = 11.6352
My =0+ 11.6352x0 =0
Mz =0+ 11.6352x0 =0
A3y =0+11.6352x1 = 11.6352
A, =0+11.6352x1 = 11.6352
M; =0+11.6352x0 =0
A, =0+11.6352x0 =0
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Variable  Coefficient of variable Value of variable in solution
x; 1.2 + 11.6352 x 2 = 24.4704 0
X3 1.2 1
x5 5.364 + 11.6352 x2 = 28.6344 0
Xg 5.364 1
X 1.692 + 11.6352 x2 = 24.9624 0
X4 1.692 1
Xq9 11.52 - 11.6352 x2 = -11.7504 1
X14 9.792 — 11.6352 = — 1.3432 1
X135 7.91 - 11.6352 x2 = —15.3604 1
X6 12.883 — 11.6352 = 1.2478 0
X3 11.674 — 11.6352 = 0.0388 0
Xq5 15.475 - 11.6352 x2 = —17.7954 1
X6 12.883 — 11.6352 = 1.2478 0
X34 10.349 0
X35 6.0670 — 11.6352 = —5.5682 1
Xag 11.194 0
X45 14.995 — 11.6352 = 3.3598 0
X46 13.978 0
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Objective value v(A!) = — 34.0616

|Axt —b|%=14

L 2x(43.1616 + 34.0616)
t —

= 15 = 10.2964

[teration 2:

A,  =11.6352 + 10.2964 x — 1
Al; = 11.6352 + 10.2964 x —2
A, =0+ 10.2964x0

A3 =0+ 10.2964x 1

Al =11.6352 + 10.2964 x —2
Aj; = 11.6352 + 10.2964 x0
M, =0+10.2964x1

M3 =0+10.2964x1

A}, = 11.6352 + 10.2964 x — 1
A, =11.6352 + 10.2964x — 1

A, =0 +10.2964x0

M, =0 +10.2964x1

1.3388

—8.9568

=0

10.2964

—8.9568

11.6352

= 10.2964

= 10.2964

= 1.3388

= 1.3388

=0

= 10.2964
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Variable  Coefficient of variable Value of variable in solution

X, -6.4180 1
X3 12.4964 0
X 8.0424 1
Xg 10.2964 ’ 0
X, 4.3696 1
X4 11.9884 0
X129 19.138 0
X14 18.7488 0
X1s 15.528 0
X16 1.2478 0
%23 0.0388 0
Xos 2.501 0
X26 1.2478 0
X34 0.0526 0
X35 15.0238 0
X36 0.8976 0
Xys — 6.9366 1
X46 —6.6148 1
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Objective value ¥(\%) = —7.5574

1A —b|[%2=10

‘)
2 -x(43.1611((5)+ T.5574) _ 0 4z

This procedure is continued until the maximum absolute difference in the lagrange multipliers

is below .0001, and the solutions for two successive iterations are identical.
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Example of application of heuristic HSP1

Example problem data:

Number of nodes

Access arc capacity

Trunk arc capacity

6

12
24

Ratio of cost per channel (access/trunk) links = 0.8

Flow between nodes:

Number of arcs in the access link:

A OV A W N e
o - B = L = R e

<

W —~= O

(=N~ T N

Oy Ov | oA

N A = W] en

S N o w e

Distance between nodes:

3

4

5

Node

Arcs

[= B A

7.28
' 3.00
4.12

(= I N

3.61

7.21°

7.28

4.47
3.16
6.08
7.07

3.00
4.47

1.41
5.00
3.16

4.12
3.16
1.41

5.39
4.47

7.21
6.08
5.00
5.39

4.12

3.61
7.07
3.16
4.47
4.12

Nodes in partition 1: 2,4, 5
Nodes in partition 2: 1, 3, 6

Number of arcs between partitions = 2

2

2
2
3
2
2
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Coordinates of nodes:

<
<

= R
NwW oo
© DU

xgo) - 2%x2 + 3*5 + 243 —3.571 Ygo) - 2%4 + 3x5 + 2x10 = 6.143

x(D) 2209+ ‘2:7;6 £ 20T _gany y(0) 206+ 2;76 +249  _ 2000
1/2

E, =[(7.333-9.000)* + (7.000-6.000)* + 0.001] = 1.944

E; =[(3.571-2.000)* + (6.143 - 4.000)? + 0.001]1/2 = 2.657

E; =[(7.333-6.000)* + (7.000—6.000)* + 0.001]1/2 = 1.667

E, =[(3.571-5.000)% + (6.143 —5.000)? + 0.001]1/2 = 1.830

1/2
Es =[(3.571-3.000)> + (6.143 -10.000)2 + 0.001] = 3.899

1/2
Ee =[(7.333-7.000)* + (7.000-9.000)* + 0.001] = 2.028

1/2
Di; =[(3.571-7.333)% + (6.143-7.000)2 + 0.001] = 3.859

(1) _ (2+1%2/2.657) + (3+1¢5/1.830) + (2+1+3/3.899) + (2+0.8+7.333/3.859)

8 (2+1/2.657) + (3+1/1.830) + (2+1/3.899) + (2+0.8/3.859) = 4.1253
y(1) _ (2H14/2.657) + (341+5/1.830) + (2+1+10/3.899) + (2¢0.8+7.000/3.859) _ ..
1= (2+1/2.657) + (3+1/1.830) + (2+1/3.899) + (2+0.8/3.859) =9
X{) = (2e180/L940) + (2e146/1.667) + (20107/2.028) + (2e0.883STU/3859) _ ¢ .o
= (2+1/1.94) + (2+1/1.667) + (2+1/2.028) + (2+0.8/3.859) =6.
Yg) :(2*1*6/1.944)+(2*1*6/1.667)+(2*1*9/2.028)+(2*0.8*6.143/3.859) — 6.8315

(2+1/1.944) + (2¢1/1.667) + (2+1/2.028) + (2+0.8/3.859)
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Distance between nodes and approximate hub locations:

Partition 1:

Partition 2: 1-2.3102
3-1.1852
6 - 2.4761

Among all nodes the closest to its zpproximate hub location is node 4. Select node 4 as the

hub location for partition 1.

X; =5.000 Y, =5.000

E; =[(6.8446 —9.000)® + (6.8315—6.000)% + 0.001]1/2 = 2.3104
E; =|[(6.8446 — 6.000)% + (6.8315 —6.000)% + 0.001]1/2 = 1.1856
Ee =|(6.8446 — 7.000)> + (6.8315—9.000)> + 0.001]1/2 = 2.1740
Dy; =[(5.000 - 6.8446)% + (5.000 - 6.8315)% + 0.001]1/2 = 2.5996

x{) = (26159/2.3104) + (2+1+6/1.1856) + (2+1%7/2.1740) + (2+0.8+5.000/2.5996)
M= (2+1/2.3104) + (2+1/1.1856) + (2+1/2.1740) + (2%0.8/2.5996)

O (241%6/2.3104) + (2x156/1.1856) + (2+1%9/2.1740) + (2x0.8+5.000/2.5996)
= (2+1/2.3104) + (2+1/1.1856) + (2+1/2.1740) + (2+0.8/2.5996)

Distance between nodes and approximate hub locations:

Partition 2: 1-2.3497
3 -0.8825
6 - 2.4924

Closest node is 3. Choose node 3 as the hub location for partition 2.

Partition 1 hub location is node 4.
Partition 2 hub location is node 3.

=6.7097

= 6.5246
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Example of application of heuristic HSP2

Example problem data:

Number of nodes

Access arc capacity

Trunk arc capacity

Ratio of cost per channel (access/trunk) links = 0.8

Flow between nodes:

S Ov e W N
= g oy ©

o

W = O >

(=>4

(==

o O

- O = |

S N O w o

Distance between nodes:

2

3

4

5

6

Node

Number of arcs in the access link:

Arcs

1

2
3
4
5
6

—
[}

[

7.28
3.00
4.12
7.21
3.61

S Ov s W

7.28

4.47
3.16
6.08
7.07

3.00
4.47

1.41
5.00
3.16

4.12
3.16
1.41

5.39
4.47

7.21
6.08
5.00
5.39

4.12

3.61
7.07
3.16
4.47
4.12

Nodes in partition 1: 2,4, 5

Nodes in partition 2: 1, 3, 6

Number of arcs between partitions = 2

N NN W NN N
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Coordinates of nodes:

—
COOO‘@-&-@..<

O O W LN —
N W UL RO ot

Initial hub locations:

Partition 1:

node 2: 3%3.16 + 2x6.08 = 21.64
node 4: 2x3.16 + 2%5.36 = 17.10
node 5: 2x6.08 + 3%5.36 = 28.33

Since node 4 gives the minimum select this as the initial hub location for partition 1.

Partition 2:

node 1: 2x3.00 4+ 2x3.61 = 13.22
node 3: 2x3.00 + 2x3.16 = 12.32
node 6: 2x3.61 + 2x3.16 = 13.54

Since node 3 gives the minimum select this as the initial hub location for partition 2.

Total cost for this initial hub locational configuration = 406.46.

Iterative improvement:

Redetermine the hub locations considering both intra- and inter-partition flows.
Partition 1:

node 2: 3#3.16+#1%12 + 2+6.08+1x12 + 2%4.47+0.8%24 = 431.33

node 4: 2%3.16x1%12 + 2x5.36%1%12 + 2+1.41x0.8424 = 258.62

node 5: 2+6.08%x1%12 4+ 3%5.36+1x12 4+ 2+5.00%0.8424 = 530.88

Since node 4 gives the lowest cost select this as the revised hub location for partition 1.
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Partition 2:

node 1: 2%3.00%1%12 + 2x3.61%1%12 + 244.12+0.8¥24 = 316.85
node 3: 2+3.00%1%12 + 2%3.16%1%12 + 2x1.41«0.8424 = 201.98
node 6: 2x3.61%1%12 + 2+3.16%1%12 + 244.47%0.8424 = 334.13

Since node 3 gives the lowest cost select this as the revised hub location for partition 2.

Total cost for this revised hub locational configuration = 406.486.

Since new configuration cost = old -onfiguration cost stop.

Partition 1 hub location is node 4.
Partition 2 hub location is node 3.
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Limitation of commercial LP codes for solving P1

Any commercial LP code has a limitation in the number of variables and constraints it can

handle. Typical sizes would be 60,000 variables and 20,000 equations.

For a n-node problem the maximum number of variables will be generated when the number
of partitions equals (n/2) i.e., each partition contains 2 or 3 nodes depending on whether n is

odd or even.

For a n-node problem the maximum number of variables will be,

(o2 (227D

and the maximum number of constraints will be,
(n/2) + n ((n/2)-1).
Therefore,
n + (n/2) (_(_%22)_—1_) 60,000 and

(n/2) + n((n/2)-1) < 20,000.

IA

The maximum number of nodes satisfying the above inequalities equals 200. Hence the

commercial codes could only handle problem P1 with about 200 nodes.
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Description of the min-sum multicenter (p-median) problem

Let N= (V,A) be the underlying transportation network for distributing a commedity from
facilities to demand points, where V is the node set and A is the arc set. Demands occur only
on the node set V = {v;, vy, ..., vp}. Let Ck(xj’ v;) be the unit cost of transporting
commodity k from point X ( for example where a facility may be located) to node v; ( where
a demand may occur). We have several facilities at the set of points Xp = {x1, Xg, +0vy xp},
and a demand v could be serviced by any of these facilities. When the capacities of the
facilities are unlimited each demand will be completely serviced by the facility closest to the
demand point. The objective is to determine the locations Xp which minimize the total

transportation costs:

m
TC(Xp) = Z w; min{ ck(xj, v;): x; € Xp},

1=1

where w; is the demand at node i.
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Example of the pair wise interchange heuristic

Group capacity = 25 circuits

cl =0.70
¢z =0.80
c¢3 =200

Demand Matrix

t 2 3 4 5 Total Z;
1 - 1015 20 15 60 3
2 10 - 18 14 8 50 2
3 1518 - 9 6 48 2
4 2014 9 - 17 60 3
5 15 8 6 17 - 46 2

Distance Matrix
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FIRST ITERATION:

Initial Hub Locations = {3,5}
Node Assignments: Hy = {3,4}
Hg = {1,2,5}

Total cost = (2%12 + 216 + 3%23 + 4x18).0.80 + 22+2 + 11x0.70 = 218.90
First replacement: Select node 1 to replace 3 and 5 sequentially.
First replace 3 by 1.
New hub set = {1,5}
Node assignments: H; = {1}
Hy = {2,3,4,5}

nodes 3,1,4 are reassigned.

Total cost = (3523 + 2x18 + 3%17 + 2%16).0.80 + 20%2 + 10%0.70 = 197.40

Replace 5 by 1.
Hub set = {1,3}
Node assignments: H; = {1}
Hy = {2,3,4,5)

Total cost = (3%25 + 2%28 + 3%12 + 2%18).0.80 + 202 + 10%0.70 = 209.40

Replace 3 by 1 because this configuration yields the lowest total cost.

First iteration - second replacement:

Initial hub set = {1,5}

Select 2 to replace 1 and 5, one by one.

First replace 1 by 2.
Hub set = {2,5}
Node assignments: H, = {2}
Hy = {1,3,4,5)

Appendix B2-2

135]




Total cost = (3+23 + 2«18 + 3%17 + 2+16).0.80 + 2042 + 10%0.70 = 197.40

Replace 5 by 2.
Hub set = {1,2
Node assignments: H; = {1,3}
H, = {2,4,5)
Total cost = (2+25 + 4«36 + 216 + 2%32).0.80 + 20+2 + 10+0.70 = 279.00

2 is not a good location.

First iteration - third replacement:
Initial hub set = {1,5}

Select 4 to replace 1 and 5, one by one.

First replace 1 by 4.

Hub set = {4,5}

Node assignments: Hy = {3,4}
Hs = {1,2,5}

Total cost = (3+23 + 2«16 + 4*17 + 2+12).0.80 + 22+2 + 11+0.70 = 206.10

Replace 5 by 4.
Hub set = {1,4}
Node assignments: H; = {1}
H, = {2,3,4,5)

Total cost = (336 + 2432 + 2x12 + 2%17).0.80 + 182 + 9+0.70 = 226.30
4 is not a good location as replacement.

SECOND ITERATION:
Initial hub set = {1,5}

Consider 2,3, and 4 one by one for replacing 1 and 5 sequentially and repeat the procedure.
When a complete iteration is executed without change in the configuration STOP.
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An example of the initial hub site selection algorithm

Number of nodes = 10
Capacity of a group Q = 20 circuit

®
@ ® o °
®
®
© @
Flows between nodes:

1 2 3 4 5 6 7 8 9 10
1 - 9 16 5 6 10 5 0 12 7
2 9 - 8 0 9 1 12 8 8 6
3 16 8 - 12 8 13 2 7 7 9
4 5 0 12 - 6 9 2 1 18 5
5 6 9 8 6 - 14 9 11 7 2
6 10 1 13 9 4 - 4 10 6 13
7T 5 12 2 2 9 4 - 11 3 9
8 0 8 7 1 11 10 11 - 1 12
9 12 8 7 18 7 6 3 1 - 13
10 7 6 9 5 2 13 9 12 13 -

Node 1 2 3 4 5 6 7 8 9 10
Sum of flows 70 61- 82 . 58 .72 80 57 61 75 76
No. of groups 4 4 5 3 4 4 3 4 4 4
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Node List of the node and Frequency of

location its K-nearest neighbors occurrence

1 1,2,5,6 1

2,3,4,5
3,2,4,5
4,3,2,5
5,2,4,6
6,5,4,7
7,6,8,10
8,7,4,6
9,8,7,10
10,7,8,9

O B’ N O e LW
[ R ~A I <, B - S = S R ) |

—
(=]

S;: Ordered list of terminal locations, where i is the frequency of occurrence

Sl = (1)

Se =1(9)

S3 = (3,10)
S4 =(8)

S5 = (6,2,7)
S¢ = (5,4)

(14+2+6+4+15=12)
10

KM = weighted mean + 1 = +1 =5
Hub site selection list = {5,4,6,2,7,8,3,10,9,1}

If number of hubs is 3, then H® = {5,4,6}, and
M ={2,78,3,109,1}
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Example of the lower bound procedure LB3

Access arc capacity = 12 circuits
Trunk arc capacity = 24 circuits
Frame capacity = 25 ports

Number of partitions = 2

cl = $0.70
c2T = $0.80
c2A = $1.00
c3 = $2.00
cF = $100

Demand Matrix

1 2 3 4 5 Total
I - 10 15 20 15 60
2 10 - 18 14 8 50
J 1518 - 9 6 48
4 2014 9 - 17 60
5 15 8 6 17 - 46

Distance Matrix

o L B S B L N

1 2 3 4 5
1 - 36 25 36 23
2 36 - 28 32 16
3 25 28 - 12 18
4 36 32 12 - 17
5 23 16 18 17 -
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S

LD: (n —p) smallest distances arranged in an ascending order
(12, 16, 17)
LZ: (n - p) smallest Z; values arranged in a descending order

(5, 4, 4)

Lp: p(p-1)

5— smallest distances beyond the values in LD arranged in an ascending order

(18)

LM: (n — p) smallest (Z; +/3i) values
(8, 8, 10)

LB: p smallest /9:' values
(4, 4)

Lower Bound = (.74+1%12+4) %5 + (.7+1%x164+4) *4 + (.7T+1%17+4)«4 + (.74+0.8+18+4) +
8 8 10 1
([%.’ + (ﬁ] + "ED * 100 + [( (5+4+4) + 2 + (4+9) ) ﬁ] * 100

= 672.20
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Example for the transformation from KP1-T to P3

Let an instance of the KP1 be described as follows:
max 15y+ 17x + 6 x; + 11 x3 + 8 x,
such that
20y+8x+9%x +12x3+3x, <45

y > 0, integer

x; € {0,1}
Define
x, +x =1
X+ xp =1
X3+ x3=1
Xg+ %=1

Transform the instance of KP1 by substituting for the x and y variables with their

complements described above.

The transformed problem will be:
min 15y + 17X +6 %, + 11 X3 + 8 X, — 87
such that
20y +8x+9x +12x3+3x > 47
y '2 0, integer

x; e {0,1}
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This corresponds to the instance of P3 as follows:
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Example of application of heuristic procedures FS1 and FS2

Example problem data:

Number of nodes

Access arc capacity

Direct arc capacity

Trunk arc capacity

Frame capacity

Ratio of cost per channel (direct/access/trunk) links = 1.0/1.0/0.8

Cost per frame = 100
Flow between nodes:
1 2 3 4 5 6
1 - 7 6 5 3 6
2 7 - 6 6 4 3
3 6 6 - 4 6 5
4 5 6 4 - 7 7
5 3 4 6 7 - 6
6 6 3 5 7 6 -
Distance between nodes:
1 2 3 4 5 6
1 - 7.28 3.00 4.12 7.21 3.61
2 7.28 - 447 3.16 6.08 7.07
3 3.00 4.47 - 1.41 5.00 3.16
4 4.12 3.16 141 - 5.39 4.47
5 7.21° 6.08 5.00 5.39 - 4.12
6 3.6t 7.07 3.16 447 4.12 -

Nodes in partition 1: 2,4, 5
Nodes in partition 2: 1, 3, 6

Partition hub: 4
Partition hub: 3
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Coordinates of nodes:

X Y
1 9 6
2 2 4
3 6 6
4 5 5
5 3 10
6 7 9

The LP solution is:
(1,2), (1,6), and (5,6) are routed direct.

Link LP solu. Roundup Available

excess cap.
X34  2.8333  3.0000 2
Xpe 23750 3.0000 5
X4 25000 3.0000 4
X;3 L7500  2.0000 2
X3g  1.8750  2.0000 1

Cost of routing direct = (c1 + ¢D x distance + 2 c3) ‘8+ct+ 2+ cF g/ capacity_f

Flow Cost of direct direct cost/flow
Routing

1-2 75.94 73.94/7 = 10.849

1-6 46.58 46.58/6 = 7.763

5-6 50.66 50.66/6 = 8.443

List DL: (1-2), (5-6), (1-6).
Available excess capacity in links is not sufficient to reroute any flow via hubs.
Consider augmenting capacity in links.

cost of augmenting capacity = distance cost/a.rc + port costs + frame costs
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Flow Path Cost of augmenting capacity Cost of direct routing Reroute?

-2 1-3-4-2 104.816 73.94 No
56  5-4-3-6 127.24 50.66 No
1-6 1-3-6 77.280 46.58 No
step T:

current network cost = frame cost + port cost + direct arc cost + access arc cost + trunk arc
cost

= 6+100 + 45+2 + 1+8+(7.28+4.12+3.61) + 1+8%(34+3+2+2) + 0.8+12+3x1.41
= 930.688
step 8:

Link Volume of additional flow Excess Cap. (Addl. flow - excess cap.) New excess cap.

113 13 2 11 10
34 13 2 11 14
3-6 12 1 11 10
4-5 6 4 2 2
2-4 7 ) 2 2
step 9:

Reroute 1-6 via hub and delete it from list.

Available excess cap.

Link Excess cap.

1-3 4

-4 14

3-6 4

4-5 2

2-4 2

step 10:

Flow Path Cost of augmenting capacity Cost of direct routing Reroute?
-2 1-3-4-2 80.880 73.94 No
56 54-3-6 96.400 50.66 No

No further change possible,

New network cost = 6%100 + 47+2 + 1+8%(7.28+4.12) + 1#8%(3+3+3+3) + 0.8+1243+1.41
= 921.808

Since new network cost is lower than the current network cost accept the new configuration.

FS1 = 921.808 .
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Procedure FS2:

Link LP solu. Rounddown Over Capacity
X34 2.8333 2.0000 10
Xo4 2.3750 2.0000 3
X4s 2.5000 2.0000 4
X3 1.7500 1.0000 6
X36 1.8750 1.0000 7
Flow Cost of direct Flow Path
Routing Size
1-4  50.66 5 1-3-4
1-5  75.38 3 1-3-4-5
2-3  53.46 6 2-43
2-5 66.34 4 2-4-5
2-6 74.26 3 2-4-3-6
35 57.70 6 3-4-5
4-6  53.46 7 4-3-6
Step 3:

List (VL) : (1,4), (2,3), (4,6), (3,5), (2,5), (2,6), (1,5)

Link LP solu. Rounddown Over Capacity Flow rerouting(over capacity)

X34 2.8333  2.0000 10 1-4(5), 2-3(-1), 4-6(-8), 3-5(-14), 1-5(-17)
‘  Xg4 2.3750  2.0000 3 2-3(-3)

Xy 25000  2.0000 4 3-5(-2)  1-5(-5)

X;3 17500  1.0000 6 1-4(1) 1-5(-2)
| X3¢ 1.8750 1.0000 7 4-6(0)
! Flows (1,4), (2,3), (4,6), (3,5), (1,5) rerouted direct.
Step 5:

Flow Cost of direct  flow size direct cost/flow path

Routing

12 75.94 7 10.849 1-3-4-2

1-4  50.66 5 10.132 1-3-4

1-6  46.58 6 7.763 1-3-6

2-3 53.46 6 8.910 2-43

46 53.46 7 7.637 4-3-6

3-5 57.70 6 9.617 3-45

15  75.38 3 2.513 1-3-4-5

5-6  50.66 6 8.443 5-4-3-6

List (DL): (1,2), (1,4), (3,5), (2,3), (5,6), (1,6), (4,6), (1,5)

From this point onwards the procedure resembles that for FS1.
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