
To the Graduate Council: 

I am submitting herewith a dissertation written by Robert Ost Johnson entitled 
"The Stability of Timoshenko Beams Conveying a Compressible Fluid." I have 
examined the final copy of this dissertation for form and content and recommend that 
it be accepted in partial fulfillment of the requirements for the degree of Doctor of 
Philosophy, with a major in Engineering Science. 

rry toneking. Major Pr 

JPtJLA. 
Thomas G. Carley, Major Professor Q 

We have read this dissertation 

and recommend its acceptance: 

c7. 

Accepted for the Council: 

The Graduate School 



THE STABILITY OFTIMOSHENKO BEAMS 

CONVEYING A COMPRESSIBLE FLUID 

A Dissertation 

Presented for the 

Doctor of Philosophy 

Degree 

The University of Tennessee, Knoxville 

Robert Ost Johnson 

December 1984 



11 

to my beloyed wife Rexana 

and the memory 

of my father-in-law 

Mr.Rex K.Stephens 



ACKNOWLEDGMENTS 

Tuitional support has been provided by the Tennessee Valley Authority 

beginning with the fall quarter of 1975 and ending with the winter quarter of 

1979. The Oak Ridge Gaseous Diffusion Plant operated by Union Carbide 

Corporation - Nuclear Division and subsequently by Martin Marietta Energy 

Systems, Incorporated, for the U.S. Department of Energy, accepted 

responsibility for this tuitional support beginning with the spring quarter of 

1980 through the fall quarter of 1984. Computer facilities were made available 

by the University of Tennessee Computing Center and Martin Marietta 

Energy Systems,Incorporated. 

The author would like to take this opportunity to express his sincere 

thanks and appreciation to Dr. J. E. Stoneking and Dr. T. G. Carley whose 

support, advice, and encouragement over the past seven years has been 

invaluable. The University of Tennessee is one of the few institutions where a 

complete graduate school in engineering is available on a part-time basis. It 

offers a rare opportunity to those desiring to pursue higher education. 

Many people have graciously contributed to this research effort. Ms. J. 

A. Jordon, Hughes Aircraft Company, Denver, and Mr. G. Sanders, Martin 

Marietta Energy Systems, Incorporated, provided computer programming 

assistance. Dr. M.D. Gunzburger, Carnegie-Mellon University, and Dr. W. K. 

Sartory, Martin Marietta Energy Systems, Incorporated, provided consultation 

in the areas of numerical analysis and applied mechanics, respectively. The 

comments supplied by Dr. Sartory greatly affected many aspects of this 

dissertation. 

iii 



IV 

A very special thanks is extended to my technical supervisor, Dr. W.F. 

Lawkins, Martin Marietta Energy Systems, Incorporated, whose support and 

advice made possible the completion of this dissertation. 

Finally, a special thanks is extended to my beloved wife, Rexana, whose 

encouragement, assistance, and patience has remained steadfast ever since the 

author began the arduous task of graduate school. 

The author would like to take this opportunity to express thanks and 

appreciation to those individuals, the names of whom are too numerous to list, 

who have provided encouragement, advice, and fellowship during the 

completition of this task. 

This dissertation was prepared by the Technical Publications 

Department, Oak Ridge National Laboratory, Martin Marietta Energy 

Systems, Incorporated. The figures were drawn by Graphic Arts, Oak Ridge 

Gaseous Diffusion Plant, Martin Marietta Energy Systems, Incorporated. The 

entire document was proofread by Mr.R. A. Hawsey, Martin Marietta Energy 

Systems,Incorporated. 



ABSTRACT 

The purpose of this study is to formulate and solve the stability problem 

associated with the equations of motion of a Timoshenko beam conveying a 

compressible fluid. The beam is assumed to be either cantilevered or simply 

supported. Shear deformation and rotary inertia are considered in the 

Timoshenko beam theory. The beam analysis that is carried out is quite 

general and allows for viscous damping external to the tube as well as both 

internal strain rate and hysteretic damping. Interactions between these three 

damping mechanisms, shear deformation, and rotary inertia also are accounted 

for. The compressible, isentropic flow through the tube is governed by Euler's 

equations of motion. Gravitational effects are neglected in the analysis. This is 

equivalent to assuming that the tube is horizontal. The motion of the fluid is 

coupled to that of the beam by a compatibility condition at the tube wall 

which requires that they vibrate together. 

The equations of motion of the fluid and the compatibility condition are 

nonlinear. They are linearized using a perturbation about a reference solution. 

A velocity potential is introduced and separation of variables is applied to 

reduce the equation system to two simultaneous partial differential equations. 

A characteristic equation is derived by assuming harmonic solutions while a 

frequency equation is developed using the boundary conditions in conjunction 

with this harmonic solution. Numerical solutions to the resultant pair of 

coupled transcendental equations are computed using Muller's method. 

The compressibility of the fluid is found to affect the stability of the 

fluid-tube system through the fluid sonic velocity and the tube aspect ratio. In 



VI 

the cantilevered case increased aspect ratio raises the critical velocity at which 

flutter occurs while reduced sonic velocity decreases it. The higher vibration 

modes become excited as the fluid sonic velocity is continually lowered. The 

stability of the system is significantly affected since instability occurs in the 

higher modes before it takes place in the lower ones. Any return-to-stability 

associated with an increase in flow velocity can be eliminated by inclusion of a 

finite sonic velocity in the analysis of cantilevered, fluid-conveying beams. 

Euler's method of equilibrium is applied to the partial differential 

equation pair described above in the simply supported case. The resultant 

stability problem also is amenable to solution using Muller's method. Results 

indicate that the critical flow velocity at which the tube buckles increases when 

the aspect ratio is raised if the flow is subsonic. When the flow is supersonic an 

increase in aspect ratio decreases the critical velocity. Decreased sonic velocity 

always reduces the critical velocity in the simply supported case. 



TABLE OF CONTENTS 

CHAPTER page 

1. INTRODUCTION 1 

2. LITERATURE REVIEW 4 

3. PROBLEM FORMULATION 10 

3.1 Introduction 10 

3.2 Bernoulli-Euier Beam Theory 11 

3.3 Damping Considerations 16 

3.4 Timoshenko Beam Theory 22 

3.5 Extension to a Fluid-Conveying Beam 29 

3.6 Equations of Fluid Motion 31 

3.7 Vibrations of the Fluid 36 

3.8 Initial and Boundary Conditions 44 

3.9 Problem Summary 46 

4. MATHEMATICALPROCEDURE 49 

4.1 Introduction 49 

4.2 Separation of Variables 49 

4.3 Dimensionless Equations 53 

4.4 Solution Format 58 

4.5 Determination of the Compressibility Factor 61 

4.6 Characteristic Equation 65 

Vll 



Vlll 

PAGECHAPTER 

4.7 Frequency Equation 

4.8 Summary 

5. NUMERICALPROCEDURE 71 

5.1 Introduction 71 

5.2 Problem Classification 71 

5.3 Selection of a Numerical Method 74 

5.4 Muller's Method 77 

5.5 Program Description 79 

5.5.1 Overall Implementation 79 

5.5.2 The Root Solver 82 

5.5.3 Problem Initialization 84 

5.5.4 General Comments 85 

6. RESULTS AND DISCUSSION 88 

6.1 Introduction 

6.2 Parameter Range of Interest 88 

6.3 Frequency Maps for a Cantilevered Bernoulli-Euler Tube 95 

6.4 Parameter Studies for a Cantilevered Timoshenko Tube 106 

6.5 Euler Stability Maps for a Simply Supported Tube 121 

7. CONCLUSIONS AND RECOMMENDATIONS 133 

LIST OF REFERENCES 137 

APPENDICES 151^ 



IX 

CHAPTER page 

Appendix A;Frequency Equation Forms 151 

Appendix B: Series Expansion of the Compressibility Factor 155 

VITA 160 



LIST OF TABLES 

TABLE page 

3.1. Basic Equation Summary 47 

5.1. Initial Root Estimates for the 

Cantilevered Beam[123] 85 

6.1. Properties of Solids 89 

6.2. Properties of Fluids[124] 89 

6.3. Values of the Mass Parameter |8 for 

Various Fluid-Tube Combinations 90 

6.4. Values of the Ratio c*/L in m~^ 

for Various Fluid-Tube Combinations 92 

6.5. Critical Velocity Summary for 

A*= 0,c*-*'00, and /3 = 0.2 98 

6.6. Critical Velocity Summary for 

a'= 0,c*^00,and jS = 0.8 98 

6.7. Critical Velocity Summary for 

a'= 0.1 and |8 = 0.2 100 

6.8. Critical Velocity Summary for 

A« = 0.1 and |8 = 0.8 101 

6.9. Physical Parameters Defining System Used by 

Paidoussis and Laither[59]in Their Experiments 107 

B.l Coefficients of the Power Series Expansion of 

^y(z) with V = 1 15^ 



158 

XI 

TABLE PAGE 

B.2 Coefficients of the Power Series Expansion of 

f Expressed in Eq.(B.8) 



LIST OFFIGURES 

FIGURE PAGE 

3.1. Bernoulli-Euler Beam Subjected to Transverse 

and Tensile Loadings 12 

3.2. Forces and Moments Acting on a Differential 

Element of a Bernoulli-Euler Beam with Tension 13 

3.3. External Viscous Damping of a Beam Element 17 

3.4. Internal Strain Rate Damping of a Beam Element 18 

3.5. Forces and Moments Acting on a Differential 

Element of a Damped Bernoulli-Euler Beam with Tension 21 

3.6. Effect of Shear Distortion on Beam Deflection 23 

3.7. Forces and Moments Acting on a Differential 

Element of a Damped Timoshenko Beam with Tension 25 

3.8. Fluid Forces Acting on Tube Element 30 

3.9. Coordinate System for Duct Flow 32 

3.10. Radial Displacement of the Inside Tube Wall 37 

3.11. Geometry of Beam Deflections 39 

3.12. Differential Element Along Tube Wall 45 

5.1. Flow Chart of Muller's Method Taken from 

Reference[117] 80 

5.2. Overall Program Flow Chart 81 

5.3. Flow Chart of Nested Root Solver 83 

6.1. Dimensionless Radial Standing Wave Frequency 

as a Function of jd and c* for A*= 0.1 93 

xii 



Xlll 

PAGEFIGURE 

6.2. Complex Frequency Map for A = 0,c -*• oo, 

and |8 = 0.2 96 

6.3. Complex Frequency Map for A*= 0,c* -♦ oo, 
and |3 = 0.8 97 

6.4. Complex Frequency Map for A* = 0.1, c* oo, 
and /3 = 0.2 102 

6.5. Complex Frequency Map for A* = 0.1, c* = 10, 
and (8 = 0.2 103 

6.6. Complex Frequency Map for A* = 0.1, c* —^ oo, 
and |8 = 0.8 104 

6.7. Complex Frequency Map for A* = 0.1, c* = 10, 
and /3 = 0.8 105 

6.8. Dimensionless Sonic Velocity Versus Aspect Ratio 108 

6.9. Dimensionless Rotary Inertia Parameter Versus Aspect Ratio 109 

6.10. Dimensionless Shear Parameter Versus Aspect Ratio 110 

6.11. Comparison Between Predicted and Measured Dimensionless 

Critical Velocities for a Silastic Type E Tube with Water Flowing 

Through It 112 

6.12. Comparison Between Predicted and Measured Dimensionless 

Critical Frequencies for a Silastic Type E Tube with Water 

Flowing Through It 113 

6.13. Dimensionless Critical Velocity Versus Aspect Ratio for 

a Silastic Type E Tube with Water Flowing Through It 114 



XIV 

FIGURE PAGE 

6.14. Dimensionless Critical Frequency Versus Aspect Ratio for 

a Silastic Type E Tube with Water Flowing Through It 115 

6.15. Dimensionless Critical Velocity Versus Aspect Ratio for 

a Silastic Type E Tube with Air Flowing Through It 116 

6.16. Dimensionless Critical Frequency Versus Aspect Ratio for 

a Silastic Type E Tube with Air Flowing Through It 117 

6.17. Critical Mach Number Versus Aspect Ratio for a Silastic 

Type E Tube with Water Flowing Through It 119 

6.18. Critical Mach Number Versus Aspect Ratio for a Silastic 

Type E Tube with Air Flowing Through It 120 

6.19. Dimensionless Critical Velocity Versus Aspect Ratio for a 

Simply Supported Bernoulli-Euler(S*=0)Tube Conveying a 

Compressible Fluid 126 

6.20. Compressibility Factor Versus Aspect Ratio for a Simply 

Supported Bernoulli-Euler(S*=0)Tube Conveying 

a Compressible Fluid 127 

6.21. Critical Mach Number Versus Aspect Ratio for a Simply 

Supported Bernoulli-Euler(S*= 0)Tube Conveying a 

Compressible Fluid 128 

6.22. Dimensionless Critical Velocity Versus Aspect Ratio 

for a Simply Supported Timoshenko(S*= 0.1)Tube 

Conveying a Compressible Fluid 130 



XV 

FIGURE page 

6.23. Compressibility Factor Versus Aspect Ratio for a Simply 

Supported Timoshenko(S*= 0.1)Tube Conveying a 

Compressible Fluid 

6.24. Critical Mach Number Versus Aspect Ratio for a Simply 

Supported Timoshenko(S*= 0.1)Tube Conveying a 

Compressible Fluid 

131 

132 



 

 

 

 

LIST OFSYMBOLS 

A tube flow area or alternate notational representa 

tion of Ti'n 

dA differential area element as indicated 

As annular cross-sectional area of tube 7r(do — di^)/4 

A* tube aspect ratio rj/L or di/2L 

ao, ai, a2 coefficients of second degree interpolating polynomial 

used in Muller's method 

a2s coefficients in power series expansion of the quotient func 

tion of the first kind 7„(z) 

B alternate notational representation of 72n 

b2s coefficients in power series expansion of the compressibil 

ity factor f 

C alternate notational representation of 730 

Ci,C2 integration constants 

Cp- integration constant 

Cj* dimensionless internal strain rate damping coefficient of 

tube 

C* dimensionless external viscous damping coefficient in 

medium surrounding tube 

c speed of sound of fluid 

Cs internal strain rate damping coefficient of tube 

Cy external viscous damping coefficient in medium surround 

ing tube 

xvi 



 

 

 

 

 

 

XVll 

c* dimensionless sonic velocity of fluid 

D alternate notational representation of 74n 

^ 
Dt 

5
substantial derivative operator —+V»V 

at 

d diameter of middle surface of tube 

d, inside tube diameter 2ri 

do outside tube diameter 

E tube modulus of elasticity 

En(x) nth spatial component in solution representation of y(x,t) 

En(^) nth dimensionless spatial component in solution represen 

tation of 

E complex form of tube elastic modulus E(1 + in) 

e^x infinitesimal strain in the x-direction due to a stress in the 

x-direction 

F(a)n^ frequency equation representation 

Fd(x) distributed external viscous damping force acting on tube 

^^(z) quotient function of the first kind of integer order v 

dF differential flow-induced force along the tube wall acting 

in the radial direction 

dF . . ..
flow-induced force per unit of tube length acting on inside 

periphery of tube[= w(x,t)] 

f compressibility factor* defined in Eq.(4.49) 

f(z) complex function representation 

fj transverse inertia force of tube per unit of length 



 

 

 

 

 

 

 

XVlll 

f„ cyclic frequency in the nth mode 

fjj, compressibility factor of the jth component in the nth 

degree offreedom 

G tube modulus of rigidity 

G complex form of tube modulus of rigidity G(1 + if) 

g(z) single complex equation representation 

gj^(z) deflated function used by the Muller algorithm to com 

pute the N + 1 root 

gj(z) deflated function used by the Muller algorithm to com 

pute the second root 

I moment of inertia of annular tube cross section 

-di'')/64 

Im imaginary part of a complex quantity 

i iteration counter for Muller's method or V— 1 

ij. unit vector in the radial direction 

unit vector in the axial or longitudinal direction 

ig unit vector in the circumferential or angular direction 

Bessel function of first kind of integer order m 

J root counter for deflated function in Muller algorithm 

k tube shear coefficient 

L tube length 

M internal bending moment(resisting) 

Md internal bending or resisting moment due to strain rate 

damping 



 

 

 

 

 

 

 

XIX 

U = ulMach number 
c c* 

Mc critical Mach number corresponding to Uc 

m axial wavenumber 

mi rotary inertia 

ms mass per unit length of beam pgAj 

n mode index counter or circumferential wavenumber 

P dynamic fluid pressure 

Pq mean fluid pressure 

p' dynamic fluid pressure perturbation 

p alternate notational representation for a'n 

P2(z) second degree polynomial representation 

q alternate notational representation for a^n 

R(r) radial portion of the separated potential function where 

$(x,r,(9,t) = R(r)S(x,0,t) 

R* dimensionless rotary inertia number 

Re real part of a complex quantity 

r radial coordinate or alternate notational representation for 

r, inside tube radius 

S(x,(9,t) radial independent portion of the separated potential func 

tion where <i>(x,r,0,t) = R(r)S(x,0,t) 

S* dimensionless shear number 

s entropy per unit mass of fluid or alternate notational 

representation for a4„ 



 

 

 

 

 

 

XX 

T axial or longitudinal tube tension or thermodynamic tem 

perature 

t time coordinate 

U average fluid velocity component parallel to the horizonal 

x-axis 

U* dimensionless fluid velocity LU-^PoA/EI 

smallest of the set of dimensionless critical fluid velocities 
V 

{Uncln =1,2,...,00} 

Unc dimensionless critical fluid velocity in the nth mode 

u internal energy per unit of mass 

u(x,y) real part of the complex function f(z) 

V internal shear force in tube (resisting) 

Vf radial fluid velocity component 

Vx horizontal fluid velocity component 

circumferential fluid velocity component 

Vj radial fluid velocity perturbation 

Vx horizontal fluid velocity perturbation 

y'g circumferential fluid velocity perturbation 

V fluid velocity vector Vjir+ V^ig+ Vxix 

v(x,y) imaginary part of the complex function f(z) 

W(x,0,t;ri) interfacial deflection along fluid-solid boundary 

W' interfacial deflection perturbation 

w(x,t) transverse beam loading per unit of length 

w(x,y) complex function to be minimized in Ward's method 



 

 

 

 

 

XXI 

X axial, longitudinal, or horizontal coordinate or real part of 

the complex variable z 

X cross or vector product of two vectors 

Ym Bessel function of second kind of integer order m 

y tube deflection, lateral coordinate, or imaginary part of 

the complex variable z 

z complex variable x + iy 

Zj, Zi-i, Zi-2 root estimates used by Muller's method 

Zj jth root used to form a deflated function 

Greek Letters 

a rotation angle of beam element 

«jn dimensional coefficients in solution representation for 

En(x) 

^jn dimensionless coefficients in solution representation for 

e;(^) 

/3 fluid mass parameter pqA/CpsAj + pqA) or shear distor 

tion angle a — 5y/9x 

-yjjj dimensional coefficients in solution representation for 

En(x) 

dimensionless coefficients in solution representation for 

e;(^) 



 

 

 

 

 

 

 

 

 

 

 

 

 

XXll 

Laplacian operator(= V^=V*V)in cylindrical coordi 

,jL+1.±+-L.^+J^nates 
dT^ r 5r r^ dd^ dx^ 

8 dimensionless radial coordinate r/r, 

5 transformed dimensionless radial coordinate 

17 dimensionless tube deflection y/L 

d angular coordinate 

K parameter defined by Eq.(4.41) 

Kjn the value of the parameter k for the jth component in the 

nth degree of freedom 

A dimensionless radial function R/L 

A transformed dimensionless radial function 

H tube hysteretic damping coefficient in tension 

V tube hysteretic damping coefficient in shear 

V Poisson's ratio for the tube 

^ dimensionless axial coordinate x/L 

n product of terms 

p fluid density 

Po mean fluid density 

Ps density of tube material 

p' fluid density perturbation 

a tube mass parameter PsAs/(psAs + poA) which is equal 

to 1 — 

(Td internal tube stress due to strain rate damping 



 

 

 

 

 

 

XXlll 

'XX stress on a plane normal to the x-direction from a force 

parallel to the x-direction 

T dimensionless time coordinate t^EI/(psAs+ poA)/L^ 

Tvv fluid frictional shear stress along the inside tube wall 

V fluid specific volume(= 1/p) 

$ velocity potential function 

(1} circular frequency of harmonic motion 

ojn circular frequency for the nth mode 

ojs circular frequency of radial standing waves 

Uc dimensionless circular frequency corresponding to Ug 

CO* dimensionless circular frequency (OnL^-y/CpjAs+PoA)/EI 

in the nth mode 

CO* dimensionless circular standing wave frequency 

+PoA)/EI 

Mathematical Symbols 

• dot or scalar product of two vectors where applicable 

1 1 absolute value or modulus of a complex quantity 

^ vector operator del in cylindrical coordinates defined as 

^ a , c 1 
■' ar ' r ' " Sx 

! factorial operation asin3!=l -2- 3 = 6 



XXIV 

Superscripts 

dimensionless quantities 

total differentiation with respect to the independent vari 

able ̂ or a perturbed quantity 



1. INTRODUCTION 

In the past decade the subject of flow-induced vibrations has grown into 

a vast area demanding knowledge for problem solution from such disciplines as 

fluid and solid mechanics, dynamics, vibrations, nonlinear mechanics, and 

stability theory [1]. The emergence of this field of study has been stimulated 

by the numerous problems and associated failures that can be attributed to the 

complicated dynamic interaction between a solid and a flowing fluid. In 

particular, the nuclear industry has been plagued with a variety of flow-

induced vibration problems in such components as the steam generators [2,3], 

the reactor fuel subassemblies [4], and the primary-circuit heat exchangers 

[5,6]. Flow-induced vibrations have even caused failure of heat exchangers 

during service and, in some cases, shutdown of major power plants has taken 

place [7]; moreover, monitoring of such heat exchanger vibrations is being 

carried out[8]. 

The atmospheric winds have also caused numerous catastrophic failures 

either related to or definitely influenced by flow-induced vibratory effects. A 

pilot plant model of the Madaras Rotor rPower Plant which was erected in 

Burlington, New Jersey, and which powered an electric generator through 

application of the Magnus effect [9], blew down in a high wind [10]. Likewise, 

the famous failure of the Tacoma Narrows bridge was apparently caused by a 

combination of vortex shedding over the roadway and the resultant formation 

of torsional oscillations between the two main support towers [11]. The 

Ferrybridge cooling towers also collapsed under moderate wind loading in 1965 



[12]. The monetary value of structural failures caused by atmospheric wind 

interactions is staggering when it is realized that hurricane Camille, which 

swept through the Gulf coast of Louisiana and Mississippi in 1969, was 

responsible for a total of 1.5 billion dollars worth of damage [13]. It is no 

surprise that modern building design must now account for wind interaction so 

that structures are both safe and comfortable for human occupancy [14]. 

Other applications of flow-induced vibrations include the analysis of 

liquid propellant feedlines for launch vehicle rocket engines [15], pump 

discharge lines [16], hydraulic and swing check valves [17,18], tow cables for 

moving underwater vessels with surface ships [1, pp. 47-51], and offshore and 

submerged marine structures at sea [19,20]. Significant research is presently 

going on to determine the effects of two-phase flow-induced vibrations in 

piping systems and heat exchangers [21]. For instance, it seems feasible to 

augment heat transfer rates in condenser tubes by allowing them to vibrate 

[22]. 

A fluid flowing through a pipe or tube also can excite flow-induced 

vibratory motion. The pressures imposed by the flowing fluid on the inside tube 

wall deflect it. Waterhammer is the term associated with the deflections of the 

tube when they are excited by an accelerating fluid flow [23]. A steady fluid 

flow also causes the tube to deflect. If the velocity of the steady internal flow 

becomes great enough, the tube can either buckle or flail about depending on 

how it is supported [24]. These deflections are now commonly known as 

instabilities of fluid-conveying tubes. The most familiar form of waterhammer 

is the rumbling of household plumbing that can be heard on quiet mornings 



when a faucet is first turned on while the most common instability associated 

with steady flow in a tube is the flailing about of an unrestricted garden hose. 

This problem of the lateral vibration of tubes containing a flowing fluid is of 

considerable practical importance. The basic theory has been used or applied to 

such problems as above-ground oil pipelines [25], flexible cylindrical fuel 

elements immersed in nuclear reactor coolant channels [26], the development 

of Dracone flexible barges [27], the swimming of slender fish [28,29], the 

design of coolant loops in sodium-cooled fast breeder reactors [30], many 

marine engineering problems such as submerged pipelines and risers [31], and 

the generation of Korotkoff sounds [32] occurring in the human arterial 

system [33]. 

Theoretical investigation of the instabilities associated with fluid-

conveying tubes usually has coupled Bernoulli-Euler beam theory with an 

incompressible flow model. This dissertation extends the applicable range of 

these previous studies by considering the problem of a horizontal, damped, 

Timoshenko beam conveying a compressible fluid. The tube is assumed to be 

either simply supported or cantilevered. The three damping mechanisms 

incorporated into the problem formulation include external viscous damping as 

well as both internal strain rate and hysteretic damping. The Timoshenko 

beam theory accounts for both rotary inertia and shear deformation. The 

compressible flow formulation allows for the specification of a finite sonic 

velocity. 



2. LITERATURE REVIEW 

The subject of flow-induced vibrations has grown vastly in the past 

thirty years. The review article by Wambsganss [4] and the report by Nelms 

and Segaser [5] have summarized those aspects of flow-induced vibrations 

which apply to the nuclear industry as a whole and to heat exchangers, 

respectively. Recent review articles include the works of Shin and Wambsganss 

[2] and Chen [34,35]. The monograph by Blevins [1] treats most of the 

subjects in these articles just cited in considerably more detail. Four important 

conferences [36-39] have taken place which deal specifically with fluid-

structure interaction phenomena for which published proceedings are available. 

Finally, an annotated bibliography [40] exists which summarizes many 

significant contributions on this subject prior to 1974. 

Bernoulli-Euler beam theory coupled with a simple slug or plug type 

internal flow model has been used extensively to study the dynamics of fluid-

conveying pipes [41-46]. These early investigations concentrated on the 

derivation of the correct governing partial differential equation and the 

prediction of a critical flow velocity which induced buckling or divergence 

instability* when exceeded. Analysis of this beam having internal fluid flow 

was complicated by the appearance of a Coriolis acceleration term consisting 

*Buckling and divergence instability both refer to the failure of a 
structure to attain an equilibrium position under the action of static forces and 
moments. The term buckling arises in the study of elastic structures [47] while 
divergence instability refers to the study of lifting surfaces at critical air speeds 
in the field of aeroelasticity [48]. In either case, the elasticity of the structure 
or lifting surface as well as the flow-induced forces are essential to the 
instability while inertial forces are not involved. 



of a mixed partial derivative in the temporal and spatial coordinates. The 

analysis performed by Niordson [43,44] was quite significant since the problem 

of a compressible inviscid fluid-conveying pipe was formulated using the theory 

of thin shells combined with a potential flow formulation. Results indicated 

that only when the wavelength of the transverse tube motion was small in 

comparison to the tube diameter did the effects of fluid compressibility become 

pertinent to the problem solution. 

Considerable research was later performed which centered on 

understanding the existence of a critical flow velocity and the resultant 

instability [24, 49-59]. Study of a chain of articulated pipes [49] through 

which there passed simple slug flow indicated that the fluid forces were 

conservative when both ends of the articulated chain were simply supported 

while these forces were nonconservative when one of the ends was free or 

cantilevered. Two different forms of instability recognized in this discrete 

model of the continuous fluid-tube system were simple buckling or divergence 

similar to the failure of structures under static loading and self-excited 

oscillations or flutter. It was later demonstrated that continuous fluid-tube 

systems which were nonconservative could be destabilized by small velocity-

dependent forces [50]. Continuous cantilevered fluid-tube systems were found 

to lose stability by torsional divergence or buckling (failure to obtain an 

equilibrium position under the action of static torsional loads) and by either 

torsional or transverse flutter (failure to obtain oscillations of limited finite 

amplitudes under the action of torsional or transverse loads); transverse 

divergence or buckling was not predicted in these nonconservative situations 



[51-54, 58]. In the cantiievered case buckling could be totally eliminated if 

gravitational forces acted on the fluid-tube system in a particular manner [57]. 

Likewise, stability could be enhanced by the addition of suitably sized lumped 

masses positioned at select locations along the span of the fluid-conveying tube 

[58]. 

These discrepancies in stability behavior predicted for both the discrete 

and continuous cantiievered fluid-conveying pipes were traced to the higher 

response modes of the articulated chain of pipes which did not resemble at all 

the corresponding response modes of the continuous system regardless of the 

number of degrees of freedom used in the articulated model [56]. The 

disagreement became increasingly exaggerated as the flow velocity was 

increased. This perhaps helped to explain the extreme difficulty encountered by 

Naguleswaran and Williams [55] when using approximate one and two term 

Galerkin, Rayleigh-Ritz, and Fourier series to predict buckling frequencies for 

continuous fluid-tube systems at high flow velocities. This stability problem has 

recently become even more complicated since at yet higher flow velocities, 

above the classical critical velocity, pipes with both ends supported are subject 

to flutter [24] while short cantiievered pipes analyzed using Timoshenko theory 

lose stability by buckling or divergence [59]. 

Mathematical techniques employed to solve the eigenvalue problem 

(associated with the mathematical description of the fluid-conveying tube) that 

is complicated by the mixed derivative term include operational techniques that 

make use of the linear operator and the adjoint operator intrinsic to the 

governing equation of motion [60], Dunkerley's method [61], Galerkin's 



method [62], integral equation formulations [63], and the application of a 

simple transformation which reduces the determinant of the fourth-order 

equation system to a third-order one [15]. The most adaptable technique seems 

to be the Fourier transform method utilized by Satter and Yaghoubi [64]. 

Their analysis which was performed in the frequency domain successfully 

accommodated the Coriolis term and enabled them to obtain solutions for both 

free and forced vibrations in the simply supported case. 

The transverse beam-type motions* that have been discussed thus far 

assume that the deflected cylinder cross section remains essentially circular. 

These motions are associated with the first circumferential wavenumber(n=l) 

when the cylinder is considered to be a simple beam. When flutter occurs the 

*The definition of beam-type motions or vibrations depends predominately 
upon the md/2L ratio where d/2 is the radius of the middle surface of the 
cylinder, L is the cylinder length, m is the axial wavenumber, and the cylinder 
is considered to be a hollow cylindrical thin shell [65, pp. 98-99]. For small 
md/2L ratios with the circumferential wavenumber n equal to zero, the first 
mode(m=l)is torsional, the second mode(m=2)is axial or longitudinal, and 
the third mode (m=3) is a breathing mode involving essentially radial 
displacements; likewise, for large md/2L ratios with n equal to zero, the first 
mode becomes the breathing mode, the second the torsional mode, and the 
third the axial or longitudinal mode. For n^l the first mode (m=l) is a 
flexural mode while the second mode(m=2)is an axial or longitudinal mode; 
moreover, the third mode(m=3) is a breathing mode (involving radial and 
tangential displacements) for small values of md/2L while it is a shear mode 
(involving tangential and axial or longitudinal displacements) when md/2L is 
large. Hence, beam-type flexural or bending vibrations are associated with the 
first axial wavenumber(m=l)for n^l. The deflected circumferential shapes 
are actually oval for m=l and n^l and only possess circular deflected shapes 
in "pure" breathing vibration modes. However, these oval shapes become 
essentially circular in the limit as the hollow cylinder wall thickness to length 
ratio becomes small(fundamental assumption of thin shell theory). 
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resultant self-limiting oscillatory motions are associated with the higher 

circumferential modes (n>l) of a circular cylindrical shell [66]. Paidoussis 

[67] has combined the thin shell equations for a circular cylinder with a 

potential flow analysis for the internal fluid motion. His analysis demonstrated 

that a tube supported at both ends that has no transverse loading does not 

exhibit the flutter phenomenon while flutter is the only form of instability 

displayed by a cantilevered tube. Weaver and Unny [68] performed a similar 

analysis using the Fliigge shell equations given by Kempner [69] in which the 

vibratory mode shapes and critical flow velocity were predicted as a function of 

the internal fluid velocity as well as tube thickness and length. Recent results 

quoted by Weaver and Unny [70] have shown that the simpler beam theory 

approach agrees quite well with the results of thin shell theory when a long 

thin tube is being considered. The advantage of using beam theory is obvious 

since it does not require a complete spatial description of the static and 

dynamic fluid pressure along the fluid-shell interface. 

Other investigations related to this study include the nonlinear theory 

for a fluid-conveying tube developed by Mote et al. [71,72] which showed that 

longitudinal tension variation during oscillation became increasingly important 

as the internal fluid velocity was increased and that, accordingly, the range of 

applicability of a linear analysis was significantly reduced. Chen [73] has 

studied a simply supported tube conveying a pulsating flow in which 

parametric resonance similar to a column subjected to periodic axial loads was 

found to occur. Clinch [74] and Lakis and Paidoussis [75] have investigated a 

fluid-conveying tube by treating the turbulent pressure field as a random 



process. Satter and Ahmadi[76] have solved for the expectation of the mean-

squared amplitude of response of a hollow fluid-conveying Bernoulli-Euler 

beam subjected to different types of nonstationary random excitations. Finally, 

Widnall and Dowell [77] have treated the problem of supersonic flow through 

a finite length duct of constant circular cross section using a Fourier 

decomposition in the circumferential variable. 

The related problem of a straight fluid-conveying cylinder subjected to 

an external axial flow parallel to the internal flow direction has been treated 

by Cesari and Curioni[30]and Hannoyer and Paidoussis [78]. The analysis by 

Hannoyer and Paidoussis has recently been extended to the case of slender 

tapered beams having both internal and external axial flows acting on them 

[79]. 

The only investigations that have considered the flow through the tube 

to be compressible are the ones performed by Niordson [43,44] and Anliker 

and Raman [33]. Mathematical descriptions of the eigenvalue problem 

associated with the stability of a Bernoulli-Euler beam conveying a 

compressible fluid were obtained in both of these studies. No general schemes 

were offered for solving this eigenvalue problem and no calculations were 

published which considered specific physical situations in which the flow 

through the tube was compressible. The related problem of a Timoshenko 

beam conveying a compressible fluid has received no attention in the open 

literature. 



3. PROBLEM FORMULATION 

3.1 Introduction 

In this chapter the fundamental equations which describe the motion of 

a horizontal, damped, fluid-conveying Timoshenko beam are developed from 

the basic notions of continuum mechanics. External viscous damping as well as 

internal strain rate and hysteretic damping are included in the beam equation 

derivation. The dynamic pressure at the tube wall is determined using the 

compressible form of Euler's equations for inviscid fluid flow. Simply supported 

and cantilevered tubes are considered in the analysis. The emphasis in this 

study is on quantifying the stability of steady-state harmonic vibratory motion. 

The analysis of fluid motion presented here was first carried out by Niordson 

[43,44] in the context of vibrations of a cylindrical tube containing a 

compressible flowing fluid. The analysis of a fluid-conveying Timoshenko beam 

with an incompressible fluid was later performed by Paidoussis and Laithier 

[59]. They considered a vertical beam which unduly complicated the 

mathematics associated with the internal forces and moments in the beam 

itself. This study extends the analysis to the damped Timoshenko beam 

containing a compressible flowing fluid. The beam is assumed to be horizontal 

so that the operator associated with the resultant equation of motion of the 

Timoshenko beam will contain constant coefficients and therefore, somewhat 

simplify the mathematics embodied in its solution. Motivation for portions of 

this study came from the analysis by Benjamin [80] in which the stability of 

fluid-solid systems was shown to be greatly influenced by damping 

mechanisms. 

10 
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3.2 Bernoulli-Euler Beam Theory 

An analysis of Bernoulli-Euler beam theory can be found in many 

textbooks [81,82]. This theory is based upon the fundamental assumption that 

plane sections remain plane. This simply means that any plane cross section 

normal to the longitudinal axis through the beam remains plane in the 

deformed configuration. With this assumption it can be shown that the element 

e^x of Cauchy's infinitesimal strain tensor (whose geometric interpretation 

represents the extension or change of length per unit of length) is distributed 

as a linear function of the lateral coordinate y. Additionally, the internal 

bending stress is distributed as a linear function of y if a Hookean elastic 

solid is being considered. 

Consider the Bernoulli-Euler beam shown in Figure 3.1. The beam is 

acted upon by a transverse loading per unit of length w(x,t) and a tensile force 

T(x)in the longitudinal direction. It is assumed that the direction of the tensile 

force does not change when the beam is deflected; therefore, transverse 

equilibrium is not affected by this tensile force. The forces and moments acting 

on a differential element of the beam in Figure 3.1 are shown in Figure 3.2. 

The internal forces and moments within the beam are denoted by V and M, 

respectively. The quantity fj • dx is the distributed transverse inertia force. Its 

sense is determined by applying D'Alembert's principle which simply states 

that a mass develops an inertia force proportional to its acceleration acting in a 

direction which opposes the motion. In accordance with Newton's second law 
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this transverse inertia force is simply the product of the mass and acceleration. 

It is representable as 

fi.dx = • dx 

where Ps is the density of the material comprising the beam and Ag is its 

cross-sectional area. The quantity mg which is defined to be the product pgAg is 

the mass per unit length of beam. 

The following three equations for equilibrium of the beam element in 

Figure 3.2 can be written by summing the forces in the transverse and 

longitudinal directions, taking the sum of the moments about point O, and 

taking the limit as dx-K): 

av . (3.2)
= W — PgAg—1r 

ax ''at^ 

iX = 0 
ax 

y = _ T-^ 
ax dx 

It is concluded from Eq. (3.3) that the tension T does not vary along 

the length of the beam. The internal shear V can be eliminated by 
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differentiating Eq.(3.4) with respect to x and then substituting this derivative 

into Eq.(3.2). The result is 

^ = w <«)
d\^ df 

For small deflections of beams the internal resisting moment M can be 

related to the deflection y through the moment-curvature formula [82]. It is 

expressable as 

M = El 
5x2 

where E is the modulus of elasticity and I is the moment of inertia with respect 

to the neutral axis which passes through the centroid of the beam cross section. 

The Bernoulli-Euler beam equation with tension included may now be 

written as 

EIYxxxx ~ Ty^x + Ps\ytt = w (3.7) 

where the subscripts represent partial differentiation with respect to the 

independent variable x or t as indicated. For the tube under considera 

tion the geometric parameters can be computed from 

= ir(d2 - di2)/4 and I = 7r(d^ - di'^)/64 where dj and do are the 
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inner and outer tube diameters, respectively. It has been assumed that the tube 

properties Ps and E are constants in writing Eq.(3.7). 

3.3 Damping Considerations 

Three mechanisms which absorb energy from the beam can be 

incorporated into the analysis presented in the previous section without unduly 

complicating the resultant governing partial differential equation. These three 

mechanisms include an external viscous damping force, internal strain rate 

damping, and hysteretic damping. These forms of damping were selected as a 

matter of convenience because they can be represented by tractable 

mathematical forms. Many different formulations exist which can be employed 

to model internal or external damping of a structure [83,84]. 

Many physical situations concerning pipe flow occur in a fluid 

environment. In other words, the fluid-conveying tube is immersed in air, 

water, or some other fluid. In such situations the external damping is 

associated with the drag force on the outside of the vibrating tube. The 

mechanism producing this drag force is simply viscous shear. Each element of 

the tube experiences a drag force proportional to its velocity. The resistance to 

the transverse velocity is represented by the proportionality constant Cy(x). 

Using the dashpot representation shown in Figure 3.3 as a basis the 

corresponding distributed damping force is 

Fo(x) = c.(x)^ 
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dx 

y(x,t) 
/ I 

Fn(x) :|iJ liJ Cy(x) 

7777777777777777777777 
3y(x,t)

Fn(x) = cJx)V'-' at 

Figure 3.3. External Viscous Damping of a Beam 
Element. 

This formulation is valid only if the external flow relative to the tube is 

laminar. More precisely, Eq. (3.8) implies that the external flow must be a 

creeping flow [85] for which the inertia forces can be neglected completely 

[86]. When the fluid-conveying tube itself becomes unstable this laminar flow 

requirement is violated since the tube oscillations grow into a limit cycle of 

large amplitude. This simple linear theory is not expected to predict the 

subsequent motion of a system which has already become unstable. 

The situation for internal strain rate damping is illustrated in Figure 

3.4. If the resistance to strain rate is represented by the simple constant CjCx), 

the resultant damping stress (Tj^ is then CjCx) • de^/dt where e^x is the local 
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y(x,t) 

dx 

Cs(x) !!i2S. 
at 

Figure 3.4. Internal Strain Rate Damping of a Beam 
Element. 

normal strain. The resultant internal damping moment Mp attributable to 

strain rate damping can be evaluated from 

dc. (3.9) 
xx 

ydAMd = = Cs(x)J 
at 

A, A, 

where the integral is taken over the beam cross-sectional area Aj. 

Utilizing Navier's hypothesis (which is a direct result deducible from 

Bernoulli's assumption that each plane cross section of the beam remains plane 

after bending) that the normal stresses <r^ vary linearly over the beam cross-

sectional area, it can be shown that the normal strain e^x is given by 

(3.10)exx = y/r 
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where r is the radius of curvature which is assumed to be a function of the 

longitudinal coordinate x and time t in the deformed configuration. The 

expression for the internal strain rate damping moment then becomes 

(3.11)—Jy^dA = Cs(x)I(x)—Md = 
^ A. 

where Jy^dA is the moment of inertia I(x) of the beam cross-sectional area 
A, 

which is assumed to be time independent. 

Assuming small deflections the curvature 1/r can be determined using 

the familiar curvature formula from the elementary calculus i.e., 

1/r = a^y/5x^. Hence, the required expression for the internal strain rate 

damping moment becomes 

aV(x,t) (3.12)
Md = Cs(x)I(x) 

dx^dt 

Internal dissipation in the tube material also can be accommodated by 

using the complex representation of the elastic moduli were it is assumed that 

the material follows a hysteretic or structural damping model. This type of 

damping model is particularly useful for handling rubberlike materials [87]. 

The complex forms of the modulus of elasticity and modulus of rigidity may be 

written as 
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E = E(1 + i/i) (3.13) 

G = G(1 + iy) (3.14) 

where n and v are small numbers. In the most general case n and v are 

frequency dependent. The hysteretic damping model can be inserted into the 

overall theoretical development by simply replacing E and G in the governing 

equations with E and G. 

Strictly speaking, this type of hysteretic damping model is valid only for 

simple harmonic motion. It then represents damping proportional to the 

displacement and in phase with the velocity [88]. This is not a severe 

restriction since the solutions to the equations of the type being studied in this 

investigation can be cast in the form of a complex Fourier series [64]. 

These three damping mechanisms can be added to the Bernoulli-Euler 

beam theory with axial tension included by performing an analysis similar to 

that appearing in the previous section. Figure 3.5 shows the forces and 

moments acting on a differential element of the damped beam. The resultant 

equation of motion is 

Cjlyxxxxt + E(1 + iM)Iyxxxx ~ Ty^x (3.15) 

+ c^yt + Ps^sYn = w 

where the beam properties and cross section again have been assumed to be 

constant with respect to the independent variables. The modulus of rigidity 
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does not appear in either Eq.(3.7)or Eq.(3.15) because Bernoulli-Euler beam 

theory neglects the effects of shear deformation. 

If solutions to Eq. (3.15) are assumed that are proportional to e'"' 

where o) is the circular frequency of harmonic motion, it is clear that the 

complex parts of the first and second terms are identical when n — Cjco/E. 

Thus, strain rate damping is a special case of hysteretic damping in which the 

frequency dependence is linear. These two damping mechanisms are distinct 

since the beam properties in Eq.(3.15) are assumed to be time independent. 

This study deals exclusively with hysteretic damping (c^ = Cy = 0) in the 

calculations that are to be presented. This is simply a convenient choice since 

many computations exist in the literature which have considered each type of 

these three damping mechanisms [24]. The analysis and resultant computer 

program described in the remainder of this dissertation possess the capability 

to handle all three types of these damping mechanisms either separately or 

together. Interactions between the damping mechanisms are accounted for thus 

giving the overall theory great flexibility. 

3.4 Timoshenko Beam Theory 

The effects of shear deformation and rotary inertia on the dynamic 

response of the beam are accounted for in the Timoshenko beam theory 

[89,90]. These two effects can influence the motion of the beam appreciably 

when its aspect or depth-to-length ratio is large. High frequency vibratory 

response also can be affected by these two factors [91]. In Figure 3.6 are 

shown the components of beam deflection associated with shear distortion and 
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y(x,t) 

i i 

|3 =shear distortion 

^=slope of elastic axis 
dx 

y 

dx 

0' 
3y 

p = a- — 
dx 

Figure 3.6. Effect of Shear Distortion on Beam Deflection. 

rotary inertia. The presence of rotary inertia occurs because the beam cross 

sections rotate through some angle a from their original vertical positions. In 

the absence of shear the beam cross sections remain normal to the elastic axis 

and the rotation angle a would simply be equal to the slope of the elastic axis 

dy/dx. If shear distortion is considered and Bernoulli's hypothesis is again 

invoked, the shear distortion can be represented to a first approximation by the 

angle ̂ shown in Figure 3.6. The slope of the elastic axis is actually reduced 

by this distortion angle jS. The kinematic relationship between these angles can 

be expressed as 

(3.16)«x.t) = a(x,t) -^ 
OX 
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The analysis presented in the preceding section can now be extended to 

account for shear deformation and rotary inertia. No axial variation of 

material properties or of the beam cross-sectional area is accounted for in this 

development. Figure 3.7 shows the forces and moments acting on a differential 

element of this damped Timoshenko beam with tension. The transverse and 

longitudinal force balances can be written as follows: 

(3.17) 

V + w • dx dx dx — V + — • dx = 0 
D 

dx 

(3.18) 
T - T + • dx = 0 

dx 

The moment balance with rotary inertia included is 

dx , 3M , 
V • dx + w • dx • M + —-• dx 

2 dx 

dx5T , iL 
+ + — • dx • dx — Fd • 

dx dx 

(3.19)3Md 
— • dx + mjdx 

ax 

where mj is the distributed rotational inertia. In writing these equilibrium 

equations the tensile force T on the tube is assumed to be independent of the 

deflection. Its direction and point of application do not change. 
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The shear force acting on the beam cross section can be related to the 

distortion angle |8 by 

V = kA,G|8 (3.20) 

where the material is assumed to be isothermal, isotropic, elastic, and to obey 

Hooke's law. 

The shear coefficient k for the annular cross section of a tube or pipe 

having inside diameter d,and outside diameter do is given by 

2 

6(1 + p) 
do' 

k = (3.21) 

(7 + 6p)1 + + (20 + \2p) -V"V 
do' do' 

where p is Poisson's ratio [92]. The quantity kAs represents the effective shear 

area of the beam cross section. 

For modeling hysteretic damping, the shear modulus or modulus of 

rigidity G can be replaced with its complex representation G as embodied in 

Eq.(3.14). 

The rotary inertia is simply the product of the mass moment of inertia 

of the cross section and the angular acceleration 

d^a I d^a (3.22)
mi = PsI—:r = mc—— • —r 

di^ \ di 
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where the quotient I/Ajis the radius of gyration of the beam cross section. 

The radius of curvature, internal resisting moment, and internal strain 

rate damping moment must be written in terms of the rotation angle a. Thus, 

M = — = El— 
r 5x 

,. T ^ « (3-24)
Mn = CsI^TT"
" ® 5x5t 

The transverse inertia force and the viscous damping force still depend 

explicitly on the beam deflection; hence, they retain their mathematical forms 

already presented in terms of y(x,t). 

The transverse force balance Eq. (3.17) and the moment balance Eq. 

(3.19)may now be written as follows: 

A UA /-n a. • ^ - n (3-25) 

2 

kA.G(l + iv)^ + T-^ + (3.26)
dx dv 

2 1 

. . XT da ^ d a _ n — E(1 4- ip)I—r — Cjl r — 0 
dx^ dx^dt 

The axial force balance Eq.(3.18) reduces to 5T/5x = 0 implying that the 

tube tension is constant. 
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Equations (3.16), (3.25), and (3.26) constitute a system of three 

equations and three unknowns. The variable |0 can be eliminated from the 

other two equations by using Eq. (3.16). The resultant Eq. (3.25) can be 

differentiated to obtain derivatives of a as a function of y. These derivatives 

then may be substituted into Eq.(3.26) to obtain the desired equation for the 

deflection y. The result is 

Cjlyxxxxt + E(1 + iM)Iyxxxx Tyxx + c^yt + PsAsXtt 

CsPsKl - jy) 
Yxxttt 

kG(l + f2) 

CyCsKl - if) EIp3(l + ip)(l - if) 
+ + PsI Xxxtt 

kA,G(l + f2) kG(l + f2) 

EICv(l + ip)(l — if) PsICv(l — if) 
yxxt + . . ~ yttt

kA^Gd 4- fd kA^Gd + f2) 

p/Id - if) 
+ .—iT ytttt = w 

kG(l + fd 

Eld + w)(l - ii-) „ , ~ ■") „
W vv I.3^,. , f2), , kA3G(l + f2) ttkAsGd + 

C3l(l - if) (3.27) 
xxtkA3G(l + f2) 

w 

The first set of terms in curly brackets { } is the Bernoulli-Euler contribution to 

the theory. The Bernoulli-Euler equation is obviously a special case of the more 

general beam equation including shear distortion and rotary inertia. It is 
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emphasized that v apjjearing in Eq. (3.27) is a hysteretic dissipation 

coefficient. The notation v is reserved to indicate Poisson's ratio. 

3.5 Extension to a Fluid-Conveying Beam 

In order to extend the analysis of the previous section to the case of a 

fluid-conveying Timoshenko beam the forces exerted by the flowing fluid on 

the tube itself must be accounted for in the overall force balance. As the fluid 

flows through the vibrating tube it is accelerated due to the changing curvature 

of the tube. This fluid flow generates a centrifugal force which is analogous to 

a compressive end load whose net effect is to reduce the natural frequencies of 

the tube. A Coriolis force also causes an asymmetrical distortion of the 

classical mode shapes of a Bernoulli-Euler beam because a mixed derivative 

term appears in the equation of motion [1, p. 292]. 

In Figure 3.8 are shown the flow-induced forces exerted on an element 

of the tube by the flowing fluid. The quantity xdjT^dx is the fluid frictional 

force while w(x,t)dx is the dynamic fluid pressure at the inside tube wall 

integrated over this inside surface. The distributed force w(x,t) must be 

determined from an analysis of the equations of fluid motion. The frictional 

force xdjT^dx can be neglected as long as only lateral vibrations are being 

considered. This implies that the equations of motion for an inviscid fluid can 

be utilized in this problem. The fluid is assumed to discharge into the 

atmosphere at the downstream end of the tube. The pressure at x=L is then 

zero relative to atmospheric pressure. 
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y(x,t) 

Direction of 

Fluid Motion 

w(x t)dx 

dx 
w 

////// 

dx 

-►x 
O' 

Figure 3.8. Fluid Forces Acting on Tube Element. 
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The tube is assumed to be either simply supported or cantilevered. In 

either of these cases the downstream end of the tube is free to slide axially. 

The tube tension T at x=L is then zero. This implies that T is zero in Eq. 

(3.27) since it can at most be a constant in this analysis. If fluid friction were 

being included this would not be the case; moreover, an axial equation of 

motion for a vibrating tube would then have to be added to the analysis. 

The equation of motion for the damped, fluid-conveying Timoshenko 

beam is then Eq.(3.27) with the tube tension term T • a^y(x,t)/ax^ set equal 

to zero. The quantity w(x,t) can be determined using the equations of motion 

for an inviscid fluid. 

3.6 Equations of Fluid Motion 

The flow of a compressible fluid through a constant area circular duct 

or tube is now considered as shown in Figure 3.9. The tube itself is assumed to 

be horizontal to the surface of the earth. The radial coordinate r is assumed to 

be parallel to the earth's gravitational equipotentials. Its sense is opposite to 

the direction of the gravitational force. The fluid itself is assumed to be 

inviscid. The equations which govern the motion of the fluid are the Euler 

equations for mass and momentum transport [93]. In the absence of body 

forces they are 

-f- V •(pV) = 0 
di 
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_ ^ ̂ (3.29)V • V 
p + pV pVx(VxV) + VP = 0 

at 

The momentum Eq.(3.29) is written in the form shown since it is invariant (in 

a tensoriai sense)under coordinate change[94, p. 13], 

A suitable energy transport equation can be developed if a condition of 

local thermodynamic equilibrium is assumed. This implies that thermodynamic 

functions of state exist for each fluid element whose functional values are 

determined by local state variables in accordance with equilibrium relations. 

The fluid media is assumed to be a perfect insulator whose thermal 

conductivity is zero; additionally, the fluid is assumed to be either transparent 

or opaque to radiative heat transfer. No internal sources or sinks of heat 

generation are present. The only work done is that due to compression or 

expansion of the fluid. This mode of energy interchange is reversible. The 

appropriate equation for the internal energy per unit mass u is 

piH. + p(V.V)u + PV • V = 0 
^ dt 

where it is noted that no viscous dissipation terms appear since the fluid is 

inviscid [95, pp. 188-190]. Equation (3.30) is a statement of conservation of 

thermal energy only. 

By introducing the substantial derivative operator D/Dt defined as 

d/dt + V • V and the specific volume u which is simply the reciprocal of the 

density 1/p, the following result can be obtained when Eq.(3.30) is combined 

with the continuity Eq.(3.28): 
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Du + = 0 
Dt Dt 

This equation is actually a defining relation fundamental to thermodynamics 

which combines the first and second laws of thermodynamics into a single 

equation, i.e., 

^Ds ^ ̂  = 0 
Dt Dt Dt 

where s is the entropy per unit mass. Since the temperature is nonzero it is 

concluded that Ds/Dt must be zero. This means that the changes of state of 

each fluid element are isentropic along a streamline. 

The sonic velocity c may now be introduced without loss of generality 

since the flow is isentropic. The defining equation is 

2 d? dP (3.33) 
= 

dp dp 

which is sometimes written functionally as p = p(P). Equations (3.28), 

(3.29), and (3.33) govern the barotropic fluid motion in the tube shown in 

Figure 3.9. 

Equation (3.33) implies that any acoustic wave propagating within the 

duct consists of weak rarefactions or expansions and compressions [96, p. 27]. 

The thermodynamic processes occurring across the wave are reversible, the 
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wave itself is very thin, and property changes occur instantaneously. No heat 

transfer takes place between the fluid and its surroundings. The acoustic wave 

process is reversible as well as adiabatic; hence, it is isentropic. 

The equations of fluid motion may now be written in cylindrical 

coordinates as follows: 

(3.34) 

. . .Contmrnty: do , a(oVx) , 1+ 7• 1 _+ 7 * d(Tp\,)Sr ° 

Radial 
Momentum: 

d{pY,) ^ djpY.Y^) ^ 
dt dx r 

^ dipY.Yg) 
dd 

(3.35) 

a(pv?) 
5r 

pvf 
r 

pv/ 
r 

I aP 
5r 

_ 0 

Azimuthal 
Momentum: 

d{pYg)
x_ 

dt 
-|-

dipYgY^) 
dx 

+ 
1 
— 
r 
• 

dipYg) 
dd 

(3.36) 

dipYgY,) 
ar 

IpYgY, 
r 

1, 3P 
r'dd 

_ ^ 

Axial 
Momentum: 

a(pV,) 
5t 

d(pYl) ^ 1 
dx r 

dipY^Yg) 
dd 

(3.37) 

^ a(pVxV,) pV.Vr + iP = 0 
dt r Sx 
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The sonic velocity Eq.(3.33) closes this system of equations. The momentum 

Eqs.(3.35),(3.36), and(3.37)have been written in conservative form [97]. 

3.7 Vibrations of the Fluid 

As the fluid moves through the tube it remains attached to the inside 

tube wall; moreover, the boundary constraining the fluid motion also is moving. 

A compatibility condition must then exist which mathematically reflects this 

physical situation. As shown in Figure 3.10 the deflection surface r at the 

fluid-solid interface can be represented by the equation 

r = rj + W(r,x,0,t)|,=,^ = q + W(x,0,t;ri) (3.38) 

The quantity W(x,0,t;ri) is the interfacial deflection at the location of the 

inside tube radius r,. The tube radius is constant in both the original and 

deflected configurations since beam vibrations are being considered. The tube 

cross section retains its annular shape. Hence, the tube radius r, is really just a 

simple parameter. The semicolon notation emphasizes this functional 

independency. 

The quantity W(x,0,t;ri) in Figure 3.10 is the actual displacement of the 

material line along the inside top (r=ri,d=0) of the tube. In general, the 

quantity W(x,0,t;ri) does not represent material displacements but an 

interfacial deflection of a surface. The neutral axis on which the bending stress 

vanishes passes through the centroid of the cross section in the case of beam 

vibrations. For this annular tube this is simply the centerline. The quantity 

y(x,t) is the deflection of this centroid. From the simple geometric construction 
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Deflected 

Configuration 

W X W(x 

\X 
y(x 

initial Configuration 

Figure 3.10. Radial Displacement of the Inside Tube 
Wall. 
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shown in Figure 3.10 the displacement W(x,0,t;ri) equals y(x,t). In this 

problem torsion is not considered; thus, there is no azimuthal displacement 

component. The deflections resemble a simple rigid body translation. 

The quantity W(x,0,t;rj) must be related to the centroidal motion y(x,t). 

The appropriate geometric construction is shown in Figure 3.11. From the law 

of cosines side BC in triangle BCO' is equal to [(r, + W)^ + y^ ~ 2(ri + 

W)ycos0]''^^ It is also equal to rj. The quadratic formula can be used to relate 

W to y. The result is 

W(x,0,t;ri) = ycos0 — r,+ —(y/ri)^sin^0 

= ycos0 if y/ri«l (3.39) 

The approximate form of Eq.(3.39)is used in this study. 

The total derivative of Eq.(3.38) with respect to time is 

^ = r-r. (3.40) 
dt dt dx dt 36 dt ' 

where dr/dt, dx/dt, and rd0/dt are by definition the radial, axial, and 

azimuthal velocity components V^, Vx, and Vg, respectively. Equation (3.40) 

then can be rewritten as 

V _ iw w V, ̂  w ,3.41) 
dt "ax r aa 
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Deflected 
Configuration 

W(x,o,t;r.) 

W(x,9,t;r.) 

r. 

Original 
Configuration 

r. 

y(x,t) 

Figure 3.11. Geometry of Beam Deflections. 
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Equations (3.33) through (3.37) along with Eq.(3.41)can be linearized 

since small deflection theory has been used in the development of the beam Eq. 

(3.27) and because the flow through the duct is characterized by a nearly 

constant, though very large, axial velocity component. The appropriate 

perturbation variables are 

< 

(3.42a)P ^ PQ + P'II 

D 
o 

P' (3.42b)P = II Po + 
X 

> + (3.42c)v; 

Y, = 0 + v; (3.42d) 

(3.42e)+ V, 

W = 0 + W' (3.42f) 

where the primed quantities are small deviations from the assumed constant 

reference solution (po,Po.U,0,0,0). It is noted that this reference solution 

satisfies Eqs.(3.34)through (3.37)as well as the compatibility Eq.(3.41). 

When Eqs. (3.42) are substituted into Eqs. (3.33) through (3.37) as 

well as Eq.(3.41), the following set of linearized equations which describe the 

vibrations of the fluid can be derived: 

dp' , TiiPl + + 1. 
5t dx 5x r de 

^ 3(poV;) pX _ Q (3.43) 
dT r 
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5(PoV;) , ^JiPoK) , dP' _ ^ (3.44)
+ u— + — - U 

dt dx dr 

s(pov;) a(oov;) , i.iPl = 0 (3«) 
at d% t de 

^^ sWx) ^ uiiPl + 
at 3t dx dx 

U dipQ^'g) , ,,3(poVj) 
+ 7•~ir~ + 
^^+ «£ = 0 

r dx 

2 dP , _ (3.47)= — or p' = p'(P)
dp' 

V' = at r=ri 
' at dx 

These first order perturbation equations were obtained by neglecting terms 

containing powers and products of p',P,Vp Vg,V^, and W. 

The linearized continuity Eq. (3.43) allows the linearized axial 

momentum Eq.(3.46)to be reduced to 

a(Pov;) ^(pqVx) ^ iPi ^ 0 
at dx dx 
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A velocity potential $(x,r,0,t)can be introduced as follows: 

(3.50a)
= pov;

dx 

(3.50b)— • — = Po^'dT dd ° ̂  

(3.50c)pov;
dr 

The linearized momentum equations become 

(3.51a) 
— + U— + P' = 0 

dx at ax 

(3.51b)
1.A — + U— + P' = 0 
r'dd at dx 

(3.51c)_d_ — + U— + P' = 0 
dT at dx 

or 

(3.52)a^ a^ 
— + u— + P = 0 
at dx 

where V is the operator defined by 

a , A a^ A a I y 1 (3.53)— + Iv— 
dd dx 
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Equation(3.52)can be integrated such that 

(3.54)— + U— + P' = Cp-
dt dx 

By definition, the dynamic pressure perturbation P' is zero when the fluid is 

motionless(U=0); likewise, the velocity potential $ can at most be a nonzero 

constant in this situation. Hence, the only logical choice for the integration 

constant Cp- - which in essence can be thought of as a datum - is zero. 

Equation(3.54)then becomes 

(3.55)— + U— + P' = 0 
at dx 

When the velocity potential defining Eqs. (3.50) is introduced into the 

linearized continuity Eq. (3.43) along with the linearized sonic velocity Eq. 

(3.47) and Eq.(3.55) which relates the dynamic pressure perturbation to the 

velocity potential the following equation for$ results: 

(3.56) 
A# = + 2U- + 

dxdtdV 

The operator A is defined by 

(3.57)A + J-. +A = = V • V = 2 -^7 ar 7 aa^ dx^ar 
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If the fluid is incompressible the sonic velocity c is infinite and the right-hand 

side of Eq.(3.56)is zero. 

The quantity that is required is the force per unit length of tube w(x,t) 

exerted by the flowing fluid on the tube wall. This quantity as well as its 

derivatives appear on the right-hand side of Eq.(3.27). The differential force 

dF in the r-direction acting on the differential area element dA of the tube 

shown in Figure 3.12 is P'(x,0,t;ri)riCOS^d0dx. Realizing that dw is simply 

dF/dx this expression can be integrated around the circumference of the inside 

tube wall to obtain the desired expression for w(x,t). The result is 

, (3.58)
w(x,t) = Tj f P(x,0,t;ri)cos0d0 

0 

It is emphasized that only the dynamic fluid pressure perturbation at the tube 

wall is required to close the problem formulation. 

3.8 Initial and Boundary Conditions 

This study considers both simply supported and cantilevered tube spans. 

Boundary conditions for these two cases are written as 

Simply Supported: 

y(x,t) t=o = y(x,t)x=L = 0 (3.59a) 

d^y(x,t) _ 52y(x,t) (3.59b) 
= 0 

5x2 x=Lx=0 3x2 
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Cantilevered: 

^ 3y(x,t) (3.60a)
y(x,t) = 0 

ax 
x«0 

^ aVx,t) (3.60b) 
= 0 

ax2 x-L x^L 

The first derivative is the slope of the beam while the second and third 

derivatives are proportional to its moment and shear, respectively. 

The primary emphasis in this investigation is determining when the 

steady-state harmonic vibratory motion of a damped Timoshenko beam 

conveying a compressible fluid is stable. Initial conditions are not required for 

determining whether the resultant lateral tube motion grows or decays in an 

exponential manner. 

3.9 Problem Summary 

A summary of the basic equations developed in this chapter is given in 

Table 3.1. These equations can be employed to investigate the stability of a 

horizontal, damped, fluid-conveying Timoshenko beam that is either 

cantilevered or simply supported. As originally shown by Niordson [43,44] 

sufficient information is available in the mathematical formulation of the fluid 

motion to allow resolution of the dynamic pressure perturbation along the 

fluid-solid interface. In the next chapter this stability problem is shown to be 

governed by a homogeneous partial differential equation pair. This work differs 
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Table 3.1. Basic Equation Summary. 

Cslyxxxxt + E(1 + iM)Iyxxxx + Cvyt + 

CsPsKl - i") 
yxxttt

kG(l + v^) 

CvCsI(l - if) EIps(l + iM)(l - if)
H : + PsI yxxtt

lcA.G(l + f^) kG(l + f2) 

ElCvd + ip)(l - if) Pslcv(l - if) 
yxxt + .. .—;r yttt

kAjGd + f2) kAjGd + f^) 

Ps^Kl - if) 
ytttt = w 

kGd + f^) 

_ Eld + ip)d - id ^ , PsKl - '")
W„ ~ ^ W, 

kA,Gd + f2) "' kA,Gd + f^) " 
0.1(1 - if) 

,2\kA,Gd + fd (3.27) with T-0 

^'rr + -^r + = 
r r 

(3.56)[$„ + + U2f>„]/c2 

p' : - U4>, (3.55) 

aw TT^w . ii (3.48) 
+ U—— at r=ri 

at d\ 2
v; 

W = W' = ycosfl (3.39)&(3.42f) 

(3.58)w = ri J P cosM^ 
r-n 

0 

Boundary Condition Eqs.(3.59)and (3.60) 
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from that which already exists in the literature since it considers external 

viscous damping and internal strain rate and hysteretic damping in the 

formulation of the beam equation; likewise, a compressible fluid is assumed to 

be flowing through the tube. No calculations presently exist in the open 

literature which have accounted for the presence of a compressible fluid or all 

three of the above mentioned damping mechanisms in an analysis of a fluid-

conveying Timoshenko beam. 
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4. MATHEMATICALPROCEDURE 

4.1 Introduction 

The method of separation of variables [98, ch.8] is utilized in this 

chapter to obtain a pair of coupled partial differential equations which govern 

the stability of the damped, Timoshenko beam conveying a compressible fluid. 

Suitable dimensionless variables are selected and introduced into these 

equations to reduce them to a more suitable form. The partial differential 

equation set governing the motion of the fluid-tube system is shown to be 

homogeneous. Stability of the system is determined by the roots of a pair of 

simultaneous transcendental equations. 

4.2 Separation of Variables 

Let the velocity potential $ be represented by the following functional 

form: 

$(x,r,0,t)= R(r)S(x,0,t) (4.1) 

The radial velocity perturbation at the tube wall can be determined 

from Eq.(3.50c). The result is 

(4.2)^ S(x,(?,t) dR(r)
v; pg dr 

r=ri 

49 



50 

The linearized compatibility condition at the tube wall can be used to 

find S. From Eq.(3.48)obtain 

3W'(x,0,t;ri) aW(xtei) dR(r) (4.3) 
S(x,0,t)=Po 

ax dr r=riat 

Equations (3.39),(3.42f), and (4.3) may be substituted into the defining 

Eq.(4.1)to obtain an expression for $.It follows that 

dR(r) (4.4)
$(x,r,a,t)=PoR(r) Yt+Uy, cosa/ 

dr 
r=ri 

In Eq. (4.4) the first appearance of R(r) means specifically this unknown 

function while its derivative in the denominator is evaluated at the tube wall. 

From Eq.(3.55) the dynamic fluid pressure perturbation along the tube 

wall is given by 

dR(r) (4.5)
P'(x,a,t;ri)= -poR(ri) ytt+2Uy,t+U2y„ cosa/ 

dr r-n 

The distributed lateral force along the tube wall now can be determined 

by performing the integration required in Eq.(3.58). The result is 

(4.6)
w(x,t)= -xporiR(ri) Ytt+2Uyxt+U^y^a [dRW/dr],.,, 



51 

Formal dependence on the angular coordinate 6 has been removed by this 

integration process. The reference pressure Pq has been set equal to zero for 

convenience; this is equivalent to assuming that Pq is at or near atmospheric 

pressure (zero gauge pressure). No pressure excess exists at the discharge point 

(x=L). This, of course, would not be true if the end of the tube were fitted 

with a convergent nozzle. 

Equation (4.6) now must be substituted into Eq.(3.27) with the tension 

term set equal to zero. The following homogeneous partial differential equation 

results: 

PoAfU^(l—iv) 
-Csl 1 Xxxxxt ''vXt

kAsG(l+u2) 

PoAfU^(l—iu) 
+E(l+iM)I 1 - yxxxx+[psAs+PoAf]ytt

kAjGd+v^) 

EICy(l+iM)(l-iv) 
+2poAfUyxt+PoAfU^yx;, YxxtkA.G(l+u2) 

cJ(l-iv)—[psAs +PoAfj yxxttt+ PsICyd—iu) 2. Xttt 
kA.G(l+ud kA,G(l+i;d 

PsKl-iu) 2poAfUEI(l+ip)(l-iu) 
+ —[psAs+ poAf]y„tt- Yxxxt 

kA.G(l+ kAjGd+u^) 
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2poAfUpsI(1-iv) 2poAfUCsI(l—iu) 
+ Yxxxtt2nkA,G(l+i;^) kA,G(l+u2) 

CyCsKl-iu) ^ EI(l+ip)(l-iu) jAj+poAfj
kAjGd+u^) kAjGd+u^) 

PoAfU^(l—iu) 
+PsI 1" Yxxtt=0 (4.7)kA,Gd+i;2) 

where A is simply the flow area ttti or 7rdj^/4 and f is a compressibility factor 

related to the sonic velocity c and tube geometry. This quantity f is defined as 

R (4.8)
f^ 

dR 

dr r=ri 

It is emphasized that this compressibility factor f has no direct relation to the 

coefficient of compressibility defined in elementary textbooks on fluid 

mechanics and thermodynamics. If the fluid is incompressible the sonic velocity 

is infinite and f is equal to one (this statement implies a tube of infinite length 

--see Section 5.2). If shear deformation is not considered whereby the terms in 

Eq.(4.7) which contain G are deleted, and all three damping coefficients are 

set equal to zero, the first term in curly brackets|} reduces to the classical 

Bernoulli-Euler, fluid-conveying beam equation when the fluid is 

incompressible. 
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A homogeneous partial differential equation for the function R(r) can 

be developed by substituting Eq.(4.4)into Eq.(3.56). The result is 

d^R , 1. dR [yt+Uy^]
dr^ r dr 

R jyxxt ^yxxxj 

(4.9)-^[yttt+3Uy,u+3U2y^t+U^y^]=0 

4.3 Dimensionless Equations 

For convenience Eqs.(4.7) and (4.9)should be cast into a dimensionless 

form.To do this the following quantities are defined: 

T? = y/L (4.10) 

^=x/L (4.11) 

r=tVEI/(PsAs+PoA)/l2 (4.12) 

This vibration problem has been shown to be a homogeneous one; hence, 

absolute deflections y (or 77) cannot be determined. Only normalized deflections 

(i.e., mode shapes) can be computed. Otherwise, it probably would have been 
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more logical to base the dimensionless deflection tj on either the cylinder 

diameter or radius. Suffice it to say that using the length L as the fundamental 

factor for the normalized deflections permits easier comparison with existing 

work in the literature. It also simplifies the resultant equations somewhat by 

not having the aspect ratio rj/L appearing in each term of Eqs.(4.7) and (4.9) 

after they have been cast in dimensionless form. 

Equation (4.7) may be written in the following form with the use of 

Eqs.(4.10)through (4.12): 

c;[i-fs'u'^d- +(1+i,.)[i -fs'u'^d -ill) 

+ +2fV;8U%j,+ C',Vr+(<^+^OVrr 

-C'S\l+Ml- -C;S\<T+mi-il')^ffrrr 

+ C;R*S*(1-iv)vrrr + R*S'((r+^f)(l -iv)77. 

-2fV^S*U*(l +iM)(l -iv)r7^{^r 

{c;c;s*(l-iu)+ S'(<T+mi+i;i)(l -Iv)+ R*[1-fS*U*2(l-ii;)]}7,j^,. 

+2fV;8R*S*U'(1 -iu)T,^,,,-2fV^C;S*U'(1 -iu)7j^jj,,=0 (4.13) 
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The dimensionless parameters in Eq.(4.13) which have obvious physical 

interpretations are given by 

=poA/(psAs+pqA) (4.14) 

0-= PsAs/CpjAj+pqA) (4.15) 

U*=LUVpoA/EI (4.16) 

C;=CvLVVEKPsAs+PoA) (4.17) 

c,"=c,i/(lVei(^A+PoA)) 

R"-P,I/[LHpA+PoA)] (4.19) 

g« El (4.20) 
L2kAsG(l +u2) 

As a general rule quantities which have an asterisk(*)for a superscript or that 

have been defined by Greek letters are dimensionless. The shear number S* is 

the exact reciprocal of the one defined by Paidoussis and Laither [59] when v 

is zero. Setting S* equal to zero is equivalent to neglecting shear in the 

analysis, i.e., Bernoulli-Euler beam theory. The mass parameters a and j8 are 

interdependent since their sum is equal to one. The quantity <t + appearing 

in Eq. (4.13) can be rewritten as 1 + |8(f-l) thus allowing the fluid-tube 

system mass to be determined by a single parameter. If the fluid is 
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incompressible the sonic velocity is infinite and the compressibility factor f is 

unity; in this case the quantity <r + jSf is simply equal to one if the tube is 

infinitely long. If C*= Cj*=R*=S*=0 and the fluid is incompressible, Eq. 

(4.13) reduces to the classical dimensionless Bernoulli-Euler fluid-conveying 

beam equation. The dimensionless parameters defined in Eqs. (4.14) through 

(4.20) conform with the convention established in previous investigations of 

this problem. 

Now introduce the dimensionless quantities 

A=R/L (4.21) 

5=r/r, (4.22) 

into Eq.(4.9)and obtain 

A _ A 

+ 

-AA*2. +3 
u u 

=0 (4.23) 
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where the subscripts S, and t denote partial differentiation with respect to 

the independent variable as indicated. The parameter A* is the aspect ratio 

a'=rj/L=di/2L (4.24) 

while M is the Mach number. 

lu'- U _ u (4.25)M j-
c c 

The compressibility factor f becomes 

(4.26) 

« Aj 
3=1 

where the functional dependency A = A(6)is noted. 

The boundary condition Eqs. (3.59) and (3.60) may be written in 

dimensionless form as 

Simply supported: 

(4.27a)t?(I,t)|j=0 =t?(^,t)|^=i =0 

(4.27b) 
=0 

3^2 «=o {=1 



58 

Cantilevered: 

(4.28a) 
,rjlj=0 =0 

{-0 

(4.28b)d^r}{^,T) 
=0 

a?' f=i €-1 

The entire mathematical problem statement is represented in 

dimensionless form in Eqs.(4.10)through (4.28). 

4.4 Solution Format 

Simply stated, the purpose of this investigation is to determine when the 

amplitude of harmonic motion of a damped, Timoshenko beam conveying a 

compressible fluid increases without bound (in the context of linear partial 

differential equations with constant coefficients). The solution to Eq.(4.7) can 

be represented by 

00 
ia)nt (4.29)

y(x,t)=Re SEn(x)e 
n— 1 

where the circular frequency con in rad/s is related to the cyclic frequency fj, in 

Hz by 

ojn = 27rfn , n= l,2,...,oo (4.30) 
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In dimensionless form Eq.(4.29)becomes 

(4.31)7(^,t)=Ref 2 
L=i 

where the relations between the dimensional and dimensionless quantities are 

given by 

Ejj j ^ IjZ,...,oo 

u>* =(ij„L^^(psAs+poA)/EI , n=l,2,...,oo (4.33) 

The system under consideration possesses an infinite number of degrees 

of freedom. The dimensionless circular frequency Wq in the nth mode is in 

general a complex number. The system is defined to be stable or unstable 

depending on the imaginary component Im(ajn) of Wn; the system is stable 

when Im(c«;n) is positive and unstable when it is negative. A condition of 

neutral stability is said to have been reached when is real. As the flow 

velocity through the tube is increased the system can become unstable in one 

or more of its modes. Neutral stabiliy is achieved when U'= U„c if Im(cOij) = 

0 for U* = Unc and Im(a}*)> 0 for U'c> U* > 0. The critical velocity U* is 

defined as the smallest value of U^c for any n; it represents physically the 

greatest flow velocity for which the system is stable in all of its modes. The 



 

60 

critical dimensionless circular frequency oil is the frequency corresponding to 

Uc;it is a real quantity. 

The equation system is fourth order in either the variable x or The 

solution in dimensional form can be further represented by 

(4.34)
y(x,t)=Re 

n—1j—1 

and in dimensionless form by 

00 4 •> • • (4.35)
m,T)=Re S S 

n—1j"! 

The coefficients are related through the expressions 

« 7jn 
Tjn r~ (4.36) 

(4.37) 

Equations (4.36) and (4.37) are valid for j=1,2,3,and 4 as well as n=l, 

2,..., 00. These coefficients are in general complex. Equations (4.34) and 

(4.35) must be altered with the usual modifications if two or more of the 

coefficients or ajn coincide i.e., they are equal. It is noted that either Eq. 
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(4,34) or (4.35) can be written in the form of Fourier series. This is an 

expected result since the parent equation system contains mixed derivatives in 

the time and space variables. 

4.5 Determination of the Compressibility Factor 

Substitution of Eq.(4.35)into Eq.(4.23)results in 

M A [ViS(iw*)+ U'ajn^5S+—-

+AA'^ajn [̂ (ioj*)+U*ajn 

-A +3^u'(ia,;)2 

(4.38)+3U*'>/i8(i&Jn)aj*^+U*^n]=0 > 

for n = 1, 2,. . .,00 and j= 1, 2, 3, or 4 only 

Noting that the last quantity in brackets is equal to [>/l3(i(i;n)+ U'a'n]^ 

Eq.(4.38) may be written as follows when multiplied by 8^ and divided by the 

quantity [^/^(iw*)+ U* «*„]: 
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+SAj-A+A'^afn^S^A*jn' 

-S^A [>/^(iwn)+U*«j'n] ' (4.39) 

for n = 1, 2,. . .,00 and j= 1, 2, 3,4 only 

This equation can be written more compactly as 

S^Ajs +8As-(D^A+kH^A=0 (4.40) 

where the parameter k is given by 

•2 

= A*' 
M* |>/l8(iu;n)+ U'ajn]^jn 
uV 

(4.41)
«2 • Vis,. , u' 
a=A 

2 

—^(iWn)+ —r«jn
. 

for n = 1, 2,. . . ,00 and j= 1, 2, 3,4 only 

In writing Eq. (4.41) the dimensionless sonic velocity c* which is equal to 

cL -JpqA/EI has been introduced. The Mach number M obviously is given by 
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the ratio U*/c. It is better to define the fluid by specifying c* rather than 

simply varying M*. If the fluid is incompressible and stationary(U*=0)then 

M* will be indeterminate. In general, c* must be greater than zero. A c* of 

zero would imply a temperature of absolute zero which is not in the realm of 

the continuum description utilized throughout this development. 

If Eq.(4.40)is transformed according to the two relations 

8=k8 (4.42) 

and 

A(5)= A(5) (4.43) 

Eq.(4.41)can be written as 

8%-^+5Aj+ 52-(1)2]a=0 

which can immediately be identified as Bessel's differential equation of integer 

order one [98, p. 384]. 

The general solution of Eq.(4.44)is 

1(5)=CiJi(6)+ C2Yi(5) (4.45) 
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where Ji and Yi are Bessel functions of the first and second kind, respectively, 

of integer order one. It is emphasized that 5 is in general a complex quantity. 

The parameters Ci and C2 are simple integration constants. Regularity of 

A(5)atr = 5= 5 =0 requires that C2be set equal to zero. 

The solution to Eq.(4.40)thus becomes 

A(5)= CiJi(/c5) (4.46) 

Equation (4.26) requires that Eq.(4.46) be differentiated with respect 

to 8. Bessel function recurrence relations [99] can be used to obtain the result 

for this derivative that 

dJi(fc5) ^ ̂  Ji(k5) Ji(k5) (4.47) 
= Jo(ic5) r-=—; J2(k5)

d(K6) k8 k8 

The required expression for the compressibility factor thus becomes 

CiJi(k5) 
f= 

Ji(^5)
k8C\ hW-

k8 
5=1 

C,Ji(/c5) (4.48) 

Ji(/c5) 
k6Ci -J2('c5)

k8 
5=1 
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or 

Jo(^) _ ,
-1 

(4.49) 
f= 1 -K 

Ji(k) Jl(/c) 

where k is given by Eq.(4.41). Both of the parameters k and f are in general 

complex quantities. 

4.6 Characteristic Equation 

When Eq. (4.35) is substituted into Eq. (4.13) the following 

characteristic or auxiliary equation associated with the parent partial 

differential equations can be obtained: 

*4:;[l -fSV2(l-iv)]icv;a;/+(l+iM)[l -fSV2(l-iv) ajn 

+ 2if>/i8U*(Vnaj*„+fU*^ajn^+ Cyiajn -(a+^f) 

'iC*S*{l+iiJ,){\—\v)o)la*^+iCs*S*((j'+^f)(l —iv)aJn^ajif 

-iC*R*S*(l—ii')aj*^+ R*S*((r+i8f)(l —iv)a;n»4 

— 2ifVi3S*U*(1+i/i)(1 ii')a}na;"— •jn 
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+{c;c;s*(l-i«/)+S*(<7+|8f)(l+iM)(l-ii')+R* 

-2ifVi8R's'U*(l-ii/)(On'^a/n 

+ 2f>/;9CsSV(1-i«/) =0, (4.50) 

for n = 1, 2,. . .,00 and j= 1, 2, 3,4 only 

The compressibility factor is given by Eq.(4.49) and its argument k is 

determined using Eq. (4.41). Equation (4.50) is a transcendental equation; 

moreover, there are four values of the unknown corresponding to each of 

the dimensionless circular frequencies 

4.7 Frequency Equation 

The frequency equation is developed by using the boundary conditions 

given by either Eqs. (4.27) or (4.28) in conjunction with the solution form 

given by Eq.(4.35). The exact equational statement is obtained by setting the 

determinant of the 7jn coefficient matrix equal to zero. This is simply the 

mathematical condition required for the existence of nontrivial solutions [98, p. 

159]. The frequency equation is developed here for the simply supported case 

with four distinct or unequal roots The other required cases are 

summarized in Appendix A. 
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From a comparison of Eqs.(4.31)and (4.35)it is evident that 

£„■({)= S forn-1,2,....CO 
i-i 

The boundary conditions associated with this E^(^) then become 

Simply Supported: 

E;(0) = E;(1) = Er(0) = E;"(1) =0, (4.52) 

for n = 1, 2, . . ., 00 

Cantilevered: 

E;(0) = E>) = E^'d) = = 0. (4.53) 

for n = 1, 2, . . . , 00 

where the simple primes (') denote total differentiation with respect to the 

independent variable 

For notational simplification the following definitions are used; 

a'n = p (4.54a) 
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(4.54b)a2n = q 

(4.54c)«3n^r 

(4.54d)«4n= S 

Tin-A (4.55a) 

T2n-B (4.55b) 

T3n-C (4.55c) 

T4n^ D (4.55d) 

for n = 1, 2,. . . ,00 

Using this notation Eq.(4.51)may be written as 

E;(^)= AeP^+ Be'i^+ Ce^^+ De'^ (4.56) 

while the second derivative of this equation is 

E;"(0=ApV^+ Bq^e''^+ Cr^e'^+ Ds^e®^ (4.57) 
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Equations (4.52), (4.56), and (4.57)can be used to obtain the following 

set of equations: 

E„(0)=A+B+C+D=0 (4.58a) 

E^d)=AeP+ +Ce'+De''=0 (4.58b) 

E;"(0)= Ap2+Bq2+Cr^+Ds^=0 (4.58c) 

E„*"(l)=ApV+Bqh'^+CrV+DsV=0 (4.58d) 

Existence of a nontrivial solution requires that the determinant of the 

coefficient matrix of the column vector {A, B, C, D}^ be zero. Hence, the 

frequency equation for this simply supported case with four unequal roots is 

given by 

1 I 1 1 

eP e'l e^ e® 
F(co^)=det 

r2 
=0 

(4.59) 

p^eP q^e'' r^e'^ s^e® 

where the functional dependency on w* is emphasized by the F(a}*) notation. 

Five cases in all must be considered for the two support schemes. All ten of the 

frequency equation forms are summarized in Appendix A. 
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4.8 Summary 

In this chapter it has been shown that the problem of determining the 

onset of unstable motion of a specified (the values of |8 or o-, U , Cy Cj, R , 

S*, A*, M* or c*, fi, and v being given) fluid-conveying Timoshenko beam that 

is either simply supported or cantilevered reduces to the problem of finding the 

roots (ajn and wjj) of two simultaneous transcendental algebraic equations. The 

equation system just derived has been set up with the notion that it would be 

implemented on a digital computer. In the case of a compressible fluid the 

resulting equation system is too complicated to warrant attempting closed-form 

solutions. 



5. NUMERICALPROCEDURE 

5.1 Introduction 

In order to investigate the effects of compressibility on the stability of 

fluid-conveying beams the system of equations developed in the preceding 

chapter must be solved. Closed form solutions to such complex systems of 

nonlinear transcendental equations do not appear possible; therefore, numerical 

techniques must be employed. By selecting a suitable numerical scheme, this 

system of equations can be solved numerically to approximate the critical 

velocities and frequencies of the fluid-conveying tube. 

This chapter is intended to outline the significant steps in the numerical 

solution technique. The actual computer program is quite lengthy and inclusion 

of a listing is not considered practical. Flow charts are utilized to illustrate the 

details of the numerical procedure. 

5.2. Problem Qassiflcation 

Equation (4.50) can be written as a quartic polynomial equation in 

terms of ajn as 

a[1+i(M +c;i.;)][i -fj„s'u'^(i-«)] •jn 

a[1 +i(^+c;a>;)][2ifj„,/5s'u*{l - •jn 
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+ [(1+i(^+cX)i[s"(i-(1-fi„)^)(i-i»)] 

+R"(i-fj.sV2(i-ir)]]»;= 

a-[1+Km+c;<o„')][ic;s"(i-iM)]a,;+fj.u" jn 

+ [1-R'S'd-»)][2ifj„,/KU']o;;- a■jn 

+ [iC; - (1 - (1 - - RV(1 -

= 0 (5.1) 

where n = 1,2, ..., oo and j = 1,2,3, or 4 only. The subscripts j and n must be 

added to the compressibility factor since it is directly dependent on both ajn 

and <!}*. The appropriate expression for the compressibility factor is then 

hUjn) -1 

1 - Kfjn (5.2)Jl('Cjn) 

where 

(5.3)y//8 I U 
a *K? = a' jn

*2 _ -T (I'^n) + — 
C C 

The same numbering scheme on j and n is understood in these two equations. 
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Equation (5.2) can be expanded in a power series near the origin. The 

details of this expansion are summarized in Appendix B. The resultant series is 

given by 

2 

*jn 14 *jn 
+ 

J" 2!1! 2 3!2! 2 
f- = 1 H^ 

198 4672 ^jn 
+ + 

4!3! 2 5!4! 

10 12 

+ 
165380 '^jn 

+ 
8195910 ^jn 

6!5! 2 7!6! 2 

14 

541565290 ^jn 
+ + (5.4) 

8!7! 

where is defined in Eq.(5.3). It is now obvious that the limitfjn = 1. This 

occurs when A* 0 (beam of infinite length). Specification of an 

incompressible fluid (c* —*• oo) alone does not imply that fjn = 1. Equation 

(5.4)is valid for small /cjn only. 

The frequency equation can best be represented by 

F((On)=0 , for n= 1,2,...,oo (5.5) 

It can be evaluated as a determinant after «2n' ^"d a^n, for n — 1,2, 

..., CO, have been made available. 
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In viewing this equation system it is apparent that it is transcendental 

and nonlinear. For each dimensionless circular frequency there are four 

distinct values of the unknown This is a system of two simultaneous 

transcendental equations for the general case of a compressible fluid. If the 

fluid is incompressible the compressibility factor is unity and Eq.(5.1) reduces 

to a complex quartic polynomial equation with complex coefficients. By 

considering the incompressible case the logical way to set up this equation 

system can be discerned. If an initial guess for is assumed then, Eq.(5.1) 

can be solved for the four which correspond to Wn. Equation (5.5)then can 

be evaluated (since the ajl, are now available) to check how good the initial 

guess for really is. A suitable correction then can be made and the process 

repeated until some suitable prescribed accuracy level has been achieved. 

5.3 Selection of a Niunericai Method 

Many methods have been developed for the solution of nonlinear 

equations and sets of nonlinear equations. The classic work on the subject is 

the book by Traub [103]. A more recent reference has been compiled by 

Rabinowitz [104]. Ortega and Rheinboldt [105] explore the fundamental 

mathematical aspects of this subject in detail in their treatise. More and 

Cosnard [106] have compared the various algorithms that are available for 

computing the numerical solution of sets of simultaneous nonlinear equations. 

When selecting an algorithm consideration must be given to the class of 

problems to which the method can be applied, the number of function 

evaluations which must be carried out, whether or not the derivative or 
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Jacobian (in the case of equation systems) must be computed, the convergence 

rate of the method, the availability of software, and of course, the actual core 

and central processing unit(CPU)time required by the computer. Attention 

also must be given to the accuracy requirements of initial estimates to the 

problem solution that must be supplied by the user to start the numerical 

procedures(or algorithms). 

Numerical methods for solving nonlinear equations can be divided into 

two broad categories depending on whether the equation being solved is 

algebraic" (expressible by equating polynomials to zero and having finitely 

many zeros) or transcendental(not representable by polynomials and having an 

infinite number of zeros). Methods based on iterated synthetic division in 

which either linear [107, p. 198] or quadratic [108] factors are removed in a 

consecutive manner from the original polynomial equation as well as methods 

utilizing both fixed-point and multipoint iteration [109] have been applied 

successfully to the solution of algebraic equations. These methods probably 

could be expected to generate valid results for the numerical solution of the 

incompressible form of Eq. (5.1). However, in the more general compressible 

case synthetic division cannot be applied to this equation because it is 

transcendental. In this context iteration methodology does not offer any more 

of a promising alternative because the selection of suitable iteration functions 

for such complicated problems does not appear possible. 

Numerical methods applicable to the larger class of problems of 

transcendental equations include the bisection, Newton-Raphson, and secant 

methods[110] as well as the down-hill or Ward's method [111]. Each of these 
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methods offers certain advantages or disadvantages when applied to the 

problem being studied in this investigation. The bisection method or interval-

halving technique almost always converges although it is the slowest of the 

methods listed. It works for any continuous function, requires only function 

evaluations, and is relatively insensitive to roundoff errors. The method 

requires accurate initialization and no simple extension can be made to handle 

sets of equations. The greatest drawback of the bisection method is its low 

convergence rate which can cause it to consume vast amounts of computer 

time; moreover,the method is not directly applicable to complex equations. 

The Newton-Raphson method converges quadratically, requires 

evaluation of the derivative of the function, and can be extended to sets of 

equations [106, 112] as well as complex equations. This method is known to be 

quite sensitive to initial root estimates. Its biggest drawback is its need for 

analytical expressions for the derivative (or the determinant of the Jacobian 

matrix in the case of equation sets) although software does exist which 

employs finite-difference approximations to calculate the required derivatives 

[113]. 

Ward's method seeks to minimize the function w(x,y) = |u(x,y)| + 

|v(x,y)| where f(z) = u(x,y) + iv(x,y) and z = x + iy. It requires that the 

given equation be written in component form (i.e., u and v) and the use of an 

optimization routine. The first of these requirements is particularly 

unappealing for the problem under study. Ward's method is well suited for 

finding complex roots and does not require any derivative evaluations. 

Secant methods utilize interpolating polynomials Pn(z) which are passed 

through a required number of root estimates to establish an iterative process 
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[the next root estimate is actually extrapolated from the preceding root 

estimates by application of Pn(z)]. The classical secant method (which can be 

derived from the Newton-Raphson scheme by simply backward differencing 

the derivative) is based on a first degree interpolating polynomial pi(z) while a 

variant known as Muller's method [114]can be developed using P2(z). Muller's 

method has been applied with remarkable success to the solution of a variety 

of eigenvalue problems [115] and polynomial equations of large degree [116]. 

This iterative method is extremely powerful in the sense that it determines 

complex roots (even if their multiplicity is greater than one) of arbitrary 

functions, exhibits nearly quadratic convergence in the vicinity of a root, and 

requires no derivative evaluations; moreover, Muller's method is probably the 

most insensitive of the methods that have been discussed to initial root 

estimates and software is readily available [110]. Muller's method was selected 

for approximating the solution to the transcendental equation pair developed in 

the preceding chapter. 

5.4 Muller's Method 

Muller's method seeks roots to the single complex equation g(z)= 0. If 

three initial estimates to the root are designated by zj, Zi_i, and Zi_2 then the 

corresponding functional values are g(zi), g(zi_i), and g(zi-2). A second 

degree interpolating polynomial can be passed through these three points such 

that 

g(z)~P2(z)=ao+ aiz+a2Z^ (5.6) 
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where the coefficients of the polynomial must be determined from the 

expression 

-1 

ao 1 Zi ^ g(Zi) 
• = 

(5.7)
ai 1 Zi_i zjLi g(Zi-l) 

a2 g(Zi-2)' ^-2 Zi-2 

Once the quantities ao, ai, and a2 have been computed Eq.(5.6) can be 

set equal to zero and the quadratic formula utilized to calculate Zi+i which is 

the next approximation to the desired root. The relevant expression is, 

2ao 
Zi+i — (5.8)

aj± 4aoa2 

where the sign in front of the radical is selected to maximize the denominator. 

The process is then repeated using Zj+i, z,, and Zj-i to compute Zi+2. In 

essence, this procedure [which represents a sequence of fitting successive 

second degree polynomials to the equation g(z) = 0] is repeated iteratively 

until convergence occurs. 

Muller's method determines one root at a time to the given equation. 

For multiple roots, a procedure known as deflation is used to determine the 

next root. For example, if one root Zj has been found the appropriate deflated 

function for computing the second root is 
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^ (5.9) 

If N roots have been computed the deflated function is representable by 

„ - g(z)SnW- N (5.10) 

n(z-Zj) 
j-i 

where Zj is the jth root and gN(z) is the function to deploy to find the N+1 

root. 

Figure 5.1 displays a flow chart of Muller's method which can be used 

to write a FORTRAN program for machine calculation [117]. Conte and 

deBoor [110] have already published this software. Their subroutine was used 

with minor modification to perform the calculations quoted in this dissertation. 

5.5 Program Description 

5.5.1 Overall Implementation 

An overall program flow chart is shown in Figure 5.2. Two separate 

compilations of the Muller algorithm are required by this nested root solver 

because a subroutine cannot call itself. The first compilation is associated with 

the frequency equation [see Eqs. (4.59) and (5.5) or Appendix A] while the 

second one is used in conjunction with Eqs. (5.1) through (5.3). Once the 

program is initialized with the Bernoulli-Euler beam equation solution for the 
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Comments: A subroutine based on this flow chart will find the first n real roots of a 
function /(z); « — the error criterion; A - z,- — z,_i; rt {k) » approximation to fcth 
root;if rt(A)-0initially,takezi a —1,zj « 1,zi -0asthe first three approxima 
tions;if rt(fc)is supplied initially, take Zi - 0.9 rt (k), xt"1.1 rt (fc), Zi =■ rt (A) as 
first three approximations; RT is the latest approximation to the fcth root. The 
elliptical box in (J) is an ateigned go to statement. This flow chart is sufficiently 
detailed to allow a program to be written directly. 

I - ffr 
0-* t+1-t rru I - A 

3— m 

1 — n 

FPRT^fz
FPRT- C, FPRT~fy FPRT'fzrt{k)-Rr^k

(I>- \.\rt(k)~RT ©- rt(k)-'Rr -Q) 0- i-/?r -0 0- 0~RT -0 
2—m 4 —m 5-/715 -m. 

. 

FPRF- f-i -|l+X-s[-j/,x2-/'2S^+/'3(X + 8) -y
-0.5-X 

I E 

FPRT^fi I 
y + (sign g) yJ\D\''D 

-2 
XA-A 

/?r+A 

X^-rtKk) k=ntT RT 

EXIT 
k = \®—j f(Rr) ^FPRT 

1-y 

y + l-y 

RT-rt[J-\)-'TEMP 

i 
FPRT/TEMP - FPRT 

j=k 

It m = p qo p 
/> = 1,2,3,4,5,6 

Figure 5.1. Flow Chart of Muller's Method Taken From Reference [117]. 



81 

BEGIN 

SPECIFY SYSTEM; 

i3. C/,Cs',R-.S-,A', 

c', n. v 

SET SUPPORT CONDITION: 

SIMPLY SUPPORTED 

OR CANTILEVERED 

' 

SETN,AU-,8,U-^3, 

INITIALIZE PR3GRAM USING 

BERNOULLI EULER SOLUTION 
AT U•-0 

U- =0 

f 

DEPLOY NESTED 

ROOT SOLVER 

n = n + I 

STORE RESULTS 
X 

CHECK FOR REAL 
DEPLOY BISECTION 

LINE CROSSING ROUTINE TO 

REFINE CRITICAL 

VELOCITY CALCULATION 

& PRINT RESULT 

U* = U* +AU 

y>U' max 
PLOT RESULTS 

Figure 5.2. Overall Program Flow Chart. 
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stagnant flow condition (U* = 0)the equation solver continuously calculates 

roots (ujn) for incremental values in U* of magnitude AU in up to nine modes. 

A more general procedure does not appear feasible because the map of is 

multi-valued; moreover, cusps and loops are usually exhibited. Frequency 

points along the real line which correspond to critical velocity points are 

further resolved using a bisection routine that iterates on U* until the condition 

Im(a)jJ) = 0 is satisfied. The program halts once some prescribed maximum 

value of U* has been achieved. Calculated values of co* are then plotted in the 

complex plane as a function of U. 

5.5.2 The Root Solver 

Figure 5.3 is a flow chart of the nested root solver which employs two 

separate compilations of the Muller algorithm. The outer portion of the nest is 

concerned with the computation of ojj, while the inner nest determines p, q, r, 

and s (or ajn) for each approximation to as dictated by the outer nest. 

Implicit in the inner nest is the calculation of Kjn and fjn. Deflation was found 

to work well for the determination of the four but not in the calculation of 

the whose defining equation F(aj*) = 0 was programmed as a complex 

matrix whose determinant was calculated using expansion by minors. A loop 

was placed around the entire computational procedure in terms of the mode 

number n so that deflation of the frequency equation would not be required as 

shown in Figure 5.2. 

The Bessel functions of a complex argument were calculated using the 

routines developed by Sookne [118—121]. For values of /cjn that were small in 
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magnitude Eq. (5.4) was employed to calculate fjn directly rather than 

evaluating the Bessel functions. The logic associated with the different root 

cases embodied in Eq.(5.5)- two equal roots, three equal roots, etc. -- was 

decreased by a factor of two by employing a bubble sort routine [122] which 

put the roots in ascending order according to their real part only. Frequency 

points along the real axis were further resolved with a bisection algorithm. It 

was a simple matter to check the sign of Im(a)n) to search for axis crossings. 

Iteration on U* using bisection then achieved the actual neutral stability point. 

5.5.3 Problem Initialization 

The code is initialized using the solution to the Bernoulli-Euler beam 

equation assuming an incompressible, motionless fluid(U* = 0,c ^oo, and f 

= 1). No damping is considered. From Eq. (4.13) the defining equation for 

these initial root estimates is 

In the simply supported case the real eigenvalues are given by 

(On == nV , for n=l,2,...,00 (5.12) 

while in the cantilevered case the appropriate frequency equation is 

cos cosh->7(0^+ 1 =0 , for n= 1,2,...,00 (5.13) 

where the roots are given in Table 5.1 [123]. 
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Table 5.1. 

Initial Root Estimates 

for the Cantilevered Beam [123]. 

n 

1.87510410 1 

4.69409113 2 

7.85475743 3 

10.99554074 4 

14.13716839 5 

(2n — 1)7r/2 6,7, ...,co 

It is noted in Figure 5.2 that the solution at U* =0 is computed by the 

program so that corrections to the initial guesses can be made for various types 

of damping,shear, and rotary inertia. 

5.5.4 General Comments 

Results were not obtainable in the cantilevered case with the computer 

program described in this chapter for values of c less than one or values of A 

greater than 0.5. The curves of w* became closely spaced to each other in these 

situations. The numerical scheme could not resolve distinct values of coj, for 

each of the prescribed number of modes n. The final computed solution 
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consisted of n curves of co* which coalesced into a single one that was obviously 

incorrect. A related problem occurred near the origin when |a>nl < 1. Once a 

small value (although not zero)of w* was returned by the numerical scheme in 

a specified mode it would continue to return nearly this value as U* was 

increased. Reduction of AU*failed to alleviate either of these problems. 

In the simply supported case the code could be used to predict the 

critical velocities associated with Euler's method of equilibrium. This, of 

course, amounts to Eq. (4.13) with the terms containing time derivatives 

eliminated. Results obtained with the code made possible considerable 

simplification of this problem. These findings are summarized in the next 

chapter. The code was unable to handle the coupled-mode flutter predicted by 

Paidoussis and Issid [24]. However, coupled-mode flutter may well require a 

shell analysis rather than a beam theory for its prediction since occurrence of 

this phenomenon is related to motion in the second circumferential shell mode 

[66]. 

In the case of cantilevered, incompressible fluid-conveying Timoshenko 

beams excellent agreement was obtained with the results quoted by Paidoussis 

and Laithier [59]. Their results included gravitational effects; however, the 

trends in the results were virtually identical. 

The complete code package was implemented on an IBM 360/195 

computer. Approximately twenty minutes of CPU time was required to run 

nine modes in the incompressible case with a maximum U* of 20 and AU* = 

0.05. Compressible cases took roughly twice as much CPU time. 

In Figure 5.3 the logic and coding associated with each of the root cases 

(two equal roots, three equal roots, etc.) was not really required in the 
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cantilevered case. In theory all of these conditions should be in the code; in 

practice it turns out that the only case ever used by the code is four unequal 

roots. 

Initial attempts to solve this problem were made using the Newton-

Raphson method in a rested root solver scheme nearly identical to the one 

shown in Figure 5.3. The required analytic forms were derived directly from 

the matrices in Appendix A and by using implicit differentiation on Eq.(5.1). 

Little success was obtained with this method because the root solver always 

diverged. Initial root estimates that were compatible with the root solver could 

not be obtained. It was concluded that the Muller algorithm was superior to 

the Newton-Raphson method in nested root solver applications because the 

latter technique was too sensitive to initial root estimates. 

In order to obtain smooth results from the code the inner nest had to 

have its error tolerances set at near machine accuracy (in double precision) 

regardless of those set on the outer nest. In the higher modes(when Ico'l neared 

1000) both nests had to have tolerances near machine accuracy if oscillations 

were to be avoided in the final plots. 



6. RESULTS AND DISCUSSION 

6.1 Introduction 

This study is primarily concerned with determining the effects of 

compressibility on the stability of cantilevered and simply supported fluid-

conveying tubes. The first section of this chapter defines a suitable parameter 

range over which fluid compressibility should influence the predicted results. 

The cantilevered tube is then studied by presenting complex frequency maps 

and the corresponding critical velocities for both Bernoulli-Euler and 

Timoshenko fluid-conveying beams. The effects of fluid compressibility on the 

Euler critical flow velocities for a simply supported tube are then evaluated. 

The results that are presented have been selected so that the capabilities of the 

computer code described in the preceding chapter are demonstrated. 

6.2 Parameter Range of Interest 

Tables 6.1 and 6.2 summarize the properties of solids and fluids, 

respectively, which are needed to define a fluid-tube system. The materials or 

substances were selected so that a continuous extended range of property data 

would occur. Table 6.3 lists values of the mass parameter ̂ for the various 

system combinations which can be envisioned using the property data in Tables 

6.1 and 6.2. The tube is assumed to have the dimensions [dj = 0.02664 m 

(1.049 in) and do = 0.03340 m (1.315 in)] of a standard weight nominal 

0.0254 m (1 in) diameter pipe [127]. It is apparent from Table 6.3 that values 

of id anywhere from nearly zero to almost one are achievable in practice. 

88 
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Table 6.1. 

Properties of Solids. 

E(N/m^)' ReferenceMaterial Ps(kg/m^) 

21450 1.47 X 10^^ [124]Platinum (pure) 

2.07 X 10^^ [125]Steel(1040) 7850 

1117 1.89 X 10^ [59]Silicon Rubber (Silastic, type E) 

140 3.45 X 10^ [126]Balsa Wood 

'Divide N/m^by 6894.757 to obtain psi. 

Table 6.2. 

Properties of Fluids*[124]. 

Substance Po(kg/m^) c(m/s) 

Mercury(298 K) 13633 1450 

1498Water(298 K) 1000 

Air(100 K) 3.599 198 

1.177Air(300 K) 347 

0.125 983Air(2800 K) 

1315Diatomic Hydrogen(298 K) 0.0823 

'All at atmospheric pressure. 
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Table 6.4 contains the corresponding values of the ratio c*/L in 

for these fluid-tube systems. For a finite length tube(say 1 m)it can be stated 

arbitrarily that liquids correspond to c* values of roughly 10 or ICQ and above 

while gases dominate the region below this range. This statement is strongly 

dependent on the length of tube chosen as a representative value. Obviously, 

stronger tubes made from metals will see longer spans (say 1 to 10 m) in 

practice while more flexible ones made of elastomers may see runs of only a 

fraction of a meter in length. 

It is instructive to compute the frequency of radial standing waves in 

the tube so that a stronger appreciation of when fluid compressibility affects 

the frequency of natural vibration can be gained. This condition is 

ire =cogdi (6.1) 

The equivalent dimensionless expression is 

(Og =irc /2A Vis (6.2) 

where Wj* is the dimensionless circular frequency(= cogL^^/CpgAg+ poA)/EI) 

of the fundamental radial standing wave. The nodes and antinodes of such 

standing waves are spaced one-half of a wavelength apart [128]. This 

frequency is shown in Figure 6.1 over the parameter range of interest for a 

tube having a finite aspect ratio A* of 0.1. Based on previous work [129] it is 

expected that the complex frequency w* will have a magnitude |ajnl of 
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Figure 6.1. Dimensionless Radial Standing Wave Frequency as a Function 
of /3 and c* for A*= 0.1. 
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approximately 10 or 100. It is then apparent from Figure 6.1 that 

compressibility (as embodied in the relation between A*, jS, and c*)only affects 

the results when c' is low (say less than 100). Only then can resonance occur 

such that that the motion of both the fluid and the tube become coupled and 

dependent on the compressibility of the fluid. 

Paidoussis and Laithier [59] have considered the influence of shear and 

rotary inertia in the case of incompressible, fluid-conveying Timoshenko beams. 

Typical values of S*(which is the reciprocal of the A quoted by Paidoussis and 

Laither) range from 0.1 to 10"^ with 10"'* effectively being zero (the 

Timoshenko theory then yielding results nearly identical to Bernoulli-Euler 

beam theory since the shear deformation is minimal). In the range of S* 

between 10"^ and 10"^ the second and third modes can switch with instability 

occurring in the third mode rather than in the second mode when gravitational 

body forces are included in the analysis. With S* of 0.1 buckling rather than 

flutter occurred in the third mode when the tube was cantilevered (reported by 

Paidoussis and Laithier). 

Practical values of R* for real systems occur in the range from 10"^ to 

10"'* [59]. The effect of R* is small although it usually acts to destabilize the 

system by reducing the critical velocity. Its net effect is nonuniform and 

depends directly on all the other system parameters. 

Typical values of the viscous damping coefficient C* range from 0.23 to 

1.42 [53]. This assumes the tube is surrounded by air and that the external 

flow relative to the tube is laminar. Representative values of the hysteretic 

damping coefficient n have appeared in the range from 0.02 [59] to 0.1 [24]. 
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This type of dissipative mechanism is representative of some metals and 

rubbers over practical frequency ranges; its use is restricted to harmonic or 

nearly harmonic motions [130]. It is assumed here that the hysteretic damping 

coefficient in shear v possesses magnitudes equal to fx. A typical value for the 

strain rate damping coefficient is 0.02[24]. 

It is expected that inclusion of damping mechanisms (either internal, 

external, or hysteretic) will destabilize the system by lowering the predicted 

critical velocities. This will dramatically affect the shape of the loci of 

individual modes of Wn in the complex plane. It is well known that dissipative 

forces destabilize nonconservative gyroscopic systems [50,57,131] and systems 

consisting of flexible surfaces coupled to inviscid flows [80]. 

6.3 Frequency Maps for a Cantilevered Bernoulli-Euler Tube 

A series of calculations were performed for the case of an 

incompressible fluid which could be compared against results published by 

previous investigators. Figures 6.2 and 6.3 show the results for two of these 

calculations with ^ = 0.2 and 0.8. The dimensionless complex frequency is 

mapped as a function of the dimensionless flow velocity U*. The markers along 

the curves signify consecutive increases in velocity of magnitude two; the end 

points along the real axis where each of the curves begin correspond to U* = 

0. The first nine modes have been plotted and are identifiable by counting 

these initial real axis end points beginning at the origin and preceding to the 

right. The first four modes for /3 = 0.2 are virtually identical with those 

published by Gregory and Paidoussis [53]. Tables 6.5 and 6.6 contain the 
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Table 6.5. 

Critical Velocity Summary 

for A*= 0,c* 00, and jS = 0.2. 

First Second 

Mode Critical Stability Critical 

Number Velocity Reattained Velocity 

— ~2 5.59 

4 13.32 14.42 .14.85 

7 21.40 — — 

~ —9 27.83 

Table 6.6. 

Critical Velocity Summary 

for A*= 0,c* — 00,and = 0.8. 

First Second 

Mode Critical Stability Critical 

Number Velocity Reattained Velocity 

1 — —13.49 

2 20.10 21.72 22.71 

3 26.86 27.27 29.13 
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critical velocities where the curves in Figures 6.2 and 6.3 cross the positive real 

axis. It is evident that some of the modes exhibit a return to stability with an 

increase in flow velocity; a further increase in velocity then produces instability 

a second time. The dramatic effect of the mass parameter |8 can be seen by 

comparing Figures 6.2 and 6.3. These higher modes as well as the trends 

exhibited by these families of curves have been hitherto undocumented. All of 

the results presented in this section were computed using an incremental 

increase in the dimensionless flow velocity AU* of 0.05 unless otherwise 

indicated. 

In order for the fluid-tube system to be affected by compressibility both 

a nonzero value of the aspect ratio A* and a finite sonic velocity c must be 

specified [see Eq.(4.41)or (5.3)]. A tube of infinite length does not respond to 

the compressibility of the fluid. Tables 6.7 and 6.8 contain critical velocities 

predicted by this theory for a tube having an aspect ratio of 0.1 over a range 

of sonic velocities for mass ratios jS of 0.2 and 0.8. The aspect ratio has a 

tendency to increase the critical velocity while the fluid sonic velocity decreases 

it. The effects can cancel each other for some fluid-tube systems. Liquids 

correspond to values of c* greater than roughly 100 while gases dominate the 

region below this value. The fluid velocity must become supersonic before 

instability occurs when the flowing medium is extremely compressible. Because 

the Mach numbers are near one these results for low values of c must be 

looked upon with some speculation since an inviscid linearized flow theory has 

been used. Predictions from it cannot be expected to accurately reflect 

behavior in the transonic flow regime since nonlinear terms have been 

neglected in the equations of fluid motion [132]. 
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Table 6.7. 

Critical Velocity Summary 

for A*= 0.1 and jS = 0.2. 

Second Mode Fourth Mode 

c
• 

Critical Velocity Critical Velocity 

oo 5.70 14.96 

1000* 5.70 14.96 

5.70 14.94 

10 5.69 14.16 

5** 5.66 5.35 
• 

o 
o 

*AU*= 0.0625. 

**AU'= 0.025. 

Tables 6.7 and 6.8 show that as c* drops to ten and below that the 

system becomes unstable in its fourth mode rather than in its first or second 

mode. It is concluded that a reduction in sonic velocity can significantly affect 

the stability of cantilevered,fluid-conveying beams. 

Figures 6.4 through 6.7 contain maps of the complex frequency as a 

function of the flow velocity for the two mass ratios being investigated. The 

first four modes are presented for a finite length tube (A*=0.1) conveying an 

incompressible fluid and a compressible fluid (c*=10). Comparison of Figure 

6.4 with Figure 6.2 reveals that the region of the fourth mode over which 

stability was reattained with an increase in flow velocity has been eliminated 
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Table 6.8. 

Critical Velocity Summary 

for A*= 0.1 and (8 = 0.8. 

Sonic Mode Number of Critical Velocity 

Velocity 

c* 1 2 3 4 

— — —00 15.63 

— —1000 15.63 26.46 

— —100 15.59 26.14 

—10 14.19 19.93 11.38 

by inclusion of the finite value of the aspect ratio in the theory. Figure 6.5 

illustrates the strong dependency of the mode shapes on c* when the sonic 

velocity is deceased. Although it appears that the fourth mode passes through 

the origin a closer examination of the results reveals that the Im(aj)never 

really reaches zero (although it does become quite small). Flutter occurs in the 

fourth mode at a value of U* of 14.16. As c* is decreased below 10 to a value 

of 5 for the lower value of ̂  instability actually occurs in the fourth mode 

rather than in the second mode (see Table 6.7). Similar trends are exhibited in 

Figures 6.6 and 6.7 for the higher mass ratio ̂ of 0.8. 



6
0
-
1
 

4
0
-

:
t
 

-
o
 

K
)
 

-
2
0
-

4
0
 

6
0
 -
2
0
 

2
0

4
0

6
0

8
0
 

1
 G
O
 

I
 2
0
 

1
4
0
 

St
oi
cj
")
 

Fi
gu

re
 6

.4
. 

Co
mp

le
x 
Fr
eq
ue
nc
y 
M
a
p

fo
r 
A*

==
 0
.1
,c

* 
oo
,a

nd
 jS

 —
 0
.2

. 



3
 

4
0
-

:r
 

o
 

2
0
 -
2
0
 

2
0
 

4
0
 

6
0
 

8
0
 

1 
0
0
 

1 
2
0
 

1 
4
0
 

Fi
gu

re
 6

.5
. 

Co
mp

le
x 
Fr
eq
ue
nc
y 
M
a
p

fo
r 
A*
=

0.
1,

c*
 =

10
,a

nd
 jS

 —
 0
.2

. 

6
0
 



 

 

6
0
-

2
0
 

(
) 

\ 
\
 

(
)
 

—
C
J

3
0-

(
 

4
 

o
 

2
0
 

2
0
 

2
0
 

4
0

6
0

8
0

1
0
0
 

1
2
0
 

1
4
0
 

Fi
gu

re
 6

.6
. 

Co
mp

le
x 
Fr
eq
ue
nc
y 
M
a
p

fo
r 
A*
=

0.
1,

c*
^

oo
,a

nd
|8

 —
 0
.8

. 

6
0
 



3
 

6
0
-
1
 

o
 

U
\
 

2
0
-

4
0
-

6
0
 

1 
0
0
 

1
 2
0
 

1 
4
0
 

Fi
gu

re
 6

.7
. 

Co
mp
le
x 
Fr

eq
ue

nc
y 
M
a
p

fo
r 
A*
=

0.
1,

c*
 =

10
,
an
d 

jS
 =

0.
8.
 

6
0
 



106 

6.4 Parameter Studies for a Cantilevered Timoshenko Tube 

Comparison of the results presented in the preceding section with those 

published by Paidoussis and Laithier [59] indicate an inconsistency with regard 

to the dependency on aspect ratio. They measured a decrease in critical 

velocity as the tube length was shortened; however, their experiments utilized a 

silicon rubber tube having a finite shear modulus and nonzero hysteretic 

dissipation coefficient. The Bernoulli-Euler theory used to produce the results 

presented in the previous section cannot be expected to accurately predict the 

critical velocities of tubes made from such materials. 

Using the Timoshenko theory a series of numerical experiments were 

performed with the physical parameters which defined the Silastic type E(pipe 

II) tube system used by Paidoussis and Laither [59] in their experiments. 

Table 6.9 lists these parameters. The fluid was water at room temperature and 

pressure whose properties are listed in Table 6.2. In order to get a measure of 

when compressibility might influence the results these same experiments were 

performed with air also at room temperature and pressure having the 

properties shown in Table 6.2. The value of the mass parameter ̂ for this 

situation was 0.000213. The values of c*, R*, and S* as a function of the 

aspect ratio A* for these two systems are shown in Figures 6.8 through 6.10, 

respectively. A single curve appears in Figure 6.10 since the shear parameter 

S* does not contain the fluid density po- Equation (3.21) was employed to 

calculate the required shear coefficient k from the tube diameters do and di as 

well as Poisson's ratio v. 



107 

Table 6.9. 

Physical Parameters Defining 
System Used by Paidoussis 
and Laither[59]in Their 

Experiments. 

Tube Material Silastic Type E 

Silicon Rubber 

Fluid Water 

0.0155 mdo 

di 0.00635 m 

Length Range 0.0635 m to 0.1631 m 

0.153 

and V 0.04 

Poisson's Ratio v 0.5 

Flexural Rigidity El 0.00520 N-m^ 
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Figure 6.8. Dimensionless Sonic Velocity Versus Aspect Ratio. 
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Figure 6.9. Dimensioniess Rotary Inertia Parameter Versus Aspect Ratio. 
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Figure 6.10. Dimensionless Shear Parameter Versus Aspect Ratio. 
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The experiments performed by Paidoussis and Laithier [59] used a 

vertical tube hanging downward perpendicular to the earth's surface. 

Moreover, their analysis accounted for the dead weight of the tube on a per 

unit length basis; the analysis performed in this study neglects this additional 

effect. As the tube becomes shorter the effects of dead weight do of course, 

decrease substantially. Paidoussis and Laithier used two different tubes in their 

experiments. Pipe II was selected for these simulations because it had a 

significantly higher flexural rigidity than Pipe I. This should minimize the 

effects of neglecting dead weight in the final results. 

Figures 6.11 and 6.12 present a comparison between the results for the 

second mode critical velocity and frequency both calculated and measured by 

Paidoussis and Laithier [59] and the results computed in this study. The 

results are presented as a function of the dead weight parameter (poA + 

PsAs)L^g/EI which can be interpreted as a dimensionless length. As expected, 

the theory somewhat underpredicts the results for the longer tube lengths. The 

theories and experimental measurements agree quite well for the shorter tube 

lengths. The Timoshenko theory obviously is superior to the Bernoulli-Euler 

theory for the shorter tube lengths involved in the comparison. The results 

presented in Figures 6.11 and 6.12 are extremely important since they increase 

the confidence level that can be attached to the results predicted by the theory 

that has been presented. 

The effects of compressibility are of a second order when the flowing 

fluid is water. Figures 6.13 through 6.16 present predictions as a function of 

the tube aspect ratio for the system summarized in Table 6.9 assuming the 
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fluid to be both water and air. The aspect ratio does not change when the fluid 

is altered like the weight parameter does although the weight parameter is 

shown on the top horizontal axis for reference. The system loses stability in the 

first mode when the fluid is air. It is apparent from the figures that the critical 

velocity and frequency undergo a significant decrease when the fluid is 

changed from water to air. This is attributable to the lower mass parameter for 

air. Figures 6.15 and 6.16 also contain the results when the air is assumed to 

be compressible. Inclusion of a nonzero aspect ratio increases the critical 

velocity and corresponding frequency when the fluid is incompressible. The 

additional constraint of a relatively low sonic velocity then causes a decrease in 

the critical velocity and frequency relative to those predicted when the fluid is 

incompressible. These results corroborate those quoted in the preceding section 

for the Bernoulli-Euler tubes. It is obvious that the tube must be quite short 

(A* > 0.05) before the effects of compressibility significantly alter the 

predictions. 

Figures 6.17 and 6.18 display the critical Mach number (defined as the 

ratio Uc/c*) for the two fluid-tube systems under investigation. As expected, 

instability occurs when the flow is subsonic if the fluid is a relatively 

incompressible one like water. However, when the fluid is a compressible one 

similar to air and the tube is short (A* > 0.02), the isentropic flow must 

become supersonic before instability occurs. 
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6.5 Euler Stability Maps for a Simply Supported Tube 

Euler's method of equilibrium is now applied to the case of a simply 

supported, fluid-conveying tube. This method is used to predict the critical flow 

velocity at which the tube buckles (divergence instability) in the axial 

direction. The required equation system is derived from Eqs.(4.13) and (4.23) 

by setting equal to zero terms containing partial derivatives with respect to the 

dimensionless time coordinate t. The resultant equation pair can be written as 

follows: 

[1 -fS'u"]77jfj{+fU%|=0 (6.3) 

[Aj5+ Aj— [1 — =0 (6.4) 

The hysteretic damping coefficients have been set equal to zero since their 

usage implies time dependent harmonic motion. The necessary boundary 

conditions are given by Eqs.(4.27). 

When a solution of the form 

j=i 

is substituted into Eq. (6.3) a quadratic polynomial equation in terms of the 

complex unknown a* results. Only two distinct values of a* are available. The 

solution must then be written as follows since two of the four a* are zero 

and nontrivial solutions are being sought: 
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(6.6a)ViO=T* + yl +73?+74 

—0 (6.6b) 

Substitution of Eq. (6.5) into Eq. (6.4) yields an expression for kj 

analogous to Eq.(5.3). The result is 

(6.7a)
2 _ A *2Kj =A 1 -

U' 
, j= 1,2 

/C3 = K4=0 (6.7b) 

The compressibility factor fj is given by Eq.(5.2) with the subscript n 

dropped. The appropriate equation is 

J2('Cj) 
-1 

(6.8) 
1 -/c , j= 1,2

^ Jl('Cj) 

It is clear from Eq.(5.4)that f3= f4= 1 since /C3 = K4= 0. 

Use of the boundary condition Eqs. (4.27) in conjunction with the 

solution form Eqs.(6.6)results in the frequency equation 

1 1 
0 1 

e«^' 1 1 (6.9) 

det = 0 
»2 «2 

«2 0 0 

*2 a' 
e 0 0 
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This determinant reduces to the equation, e"' — e"^ = 0, which cannot be 

further reduced since a* and a2 are complex unknowns. 

The Euler stability problem for the simply supported Timoshenko beam 

conveying a compressible fluid can be summarized as follows: 

fiU'' . (6.10)
«j ^~i:2—0 , j — 1,2^ [l-fjS U ] 

e«'-e«^'=0 (6.11) 

The auxiliary equations for /cj and fj are given by Eqs. (6.7) and (6.8), 

respectively. Real values of U* are sought which satisfy simultaneously Eqs. 

(6.7),(6.8),(6.10), and (6.11). 

The computer code described in the previous chapter was used initially 

to calculate numerical solutions to this problem. The curves of had one 

endpoint on the real axis in accordance with Eq.(5.12) which corresponded to 

the U* = 0 condition. As U* was sequentially increased these curves would 

transverse the real axis in the direction of the origin. The actual value of U at 

which Wn became precisely zero(0 + 0-i) could be obtained by executing the 

program in an iterative manner. It was noted during these preliminary 

calculations that a precise relationship existed between aj and a2. The results 

of these observations are 

a*=inTT (6.12a) 
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a2 
*

— ""inx (6.12b) 

Ki =*2 (6.12c) 

fl =f2=f (6.12d) 

«2 »2 (6.12e)
n T«1 =«2 

The stability problem in Eqs.(6.10) and (6.11) can be reformulated as 

follows: 

nir (6.13a)
Un*c= 

VfVl +nV^S* 

-1 
(6.13b)hM 

1 — K,fn = 

(6.13c)K„= n-n-A* ̂ /(Uac/c )^ — 1 , 

for n = 1,2, ..., 00 

The subscript c has been appended to U* because the roots correspond to co^ 

= 0 + 0-i, for n = 1,2, ..., oo, which by definition are the Euler buckling 

modes. There are an infinite number of these solutions. Therefore, the 

subscript n must be placed on U ,k, and f to denote this situation. 
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This problem can be handled using standard root finding techniques 

(single compilation of the Muller algorithm) since only the one unknown UjJc 

n = 1,2, ..., 00, is present once c*. A*, and S* are specified. Only the first or 

lowest critical velocity is of interest. This root is denoted here as while the 

corresponding value of the compressibility factor is simply f. An initial guess is 

provided by the solution [24]for a Bernoulli-Euler tube(S* = 0)conveying an 

incompressible fluid (A* = 0 and c* -* oo) which is U„c = n = 1,2, ..., 

00. 

A computer program was developed in which A* was sequentially 

increased in equal step sizes starting from zero. The solution for Uc was 

initialized at x. A step size in A* of 0.1 was utilized while covering the range 

of A* from zero to one. As c* became smaller (less than two) many interations 

(2000 to 3000) of the Muller algorithm were required before convergence 

occurred indicating that the compressible form of this eigenvalue problem was 

somewhat ill-conditioned. 

Figures 6.19, 6.20, and 6.21 are predictions from this theory for Ug, f, 

and M*, respectively, for a Bernoulli-Euler tube (S* = 0). It is evident from 

Figure 6.19 that fluid compressibility, through specification of the tube aspect 

ratio and the dimensionless fluid sonic velocity, dramatically affects the critical 

velocity of a simply supported tube. The straight line for c* = x in Figures 

6.19, 6.20, and 6.21 is the transonic line since the critical Mach number is 

precisely one along it. The critical velocity increases with aspect ratio and 

decreases with sonic velocity in the subsonic region in a manner analogous to 

the predictions for the cantilevered, fluid-conveying beam. Instability in the 
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Figure 6.20. Compressibility Factor Versus Aspect Ratio 
for a Simply Supported Bernoulli-Euler 
(S* = 0) Tube Conveying a Compressible 
Fluid. 
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supersonic flow regime shows a completely opposite trend with respect to 

aspect ratio. A shortened tube has a lower critical velocity when the critical 

flow speed is supersonic. This phenomenon is indicative of the mathematical 

classification of the equations of fluid motion. They are a parabolic system in 

the subsonic region while being hyperbolic when the flow speed is supersonic. 

It is apparent from Figure 6.21 that the critical flow speeds extend well into 

the hypersonic region when the sonic speed is quite low. 

The compressibility factor f is a real quantity in this Euler stability 

problem. From Figure 6.20 it is seen to increase with reduced sonic velocity. 

Values of f are less than one when the flow is subsonic while they are greater 

than one for supersonic speeds. 

Figures 6.22 through 6.24 present similar calculations for a simply 

supported Timoshenko tube having a relatively low shear modulus(S = 0.1). 

The trends are the same as before except that the relative level of the curves 

has been shifted downward. The critical velocities are expected to be somewhat 

lower since the Bernoulli-Euler beam theory neglects the effects of shear. 
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Figure 6.24. Critical Mach Number Versus Aspect Ratio for a Simply 
Supported Timoshenko (S* = 0.1) Tube Conveying a 
Compressible Fluid. 



7. CONCLUSIONS AND RECOMMENDATIONS 

The purpose of this study was to predict the onset of unstable motion of 

cantilevered and simply supported Timoshenko beams conveying a compressible 

fluid. No calculations have appeared in the open literature which consider 

these two physical systems. The analysis is general enough to allow for viscous 

damping external to the tube and material damping either of the strain rate or 

hysteretic type. Interactions between shear deformation, rotary inertia, and the 

three damping mechanisms are accounted for. The compressible flow through 

the tube is isentropic. The motion of the beam and the fluid are coupled 

together by a compatibility condition which ensures that they vibrate together. 

The following conclusions were obtained from the results that were computed 

in this study; 

1. In the case of cantilevered beams, increased aspect ratios raise critical 

velocities while sonic velocity reductions decrease them. This is true for 

both Bernoulli-Euler and Timoshenko beams conveying compressible fluids. 

2. The critical value for aspect ratio occurs at 0.025 in the cantilevered case. 

Below this value the Bernoulli-Euler theory can be utilized to predict the 

stability of fluid-conveying beams while above it the Timoshenko theory 

should be used. This statement is applicable to both compressible and 

incompressible fluid-conveying tubes. The isentropic flow through the tube 

becomes supersonic before instability occurs if the tube is extremely short. 
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3. The critical value for dimensionless sonic velocity in the cantilevered case 

is approximately 10 to 100. Below this range fluid compressibility must be 

accounted for in a stability analysis. The range between 10 and 100 is 

strongly dependent on the thermodynamic state of the fluid. The lower 

value applies to liquids while the higher value should be used when the 

fluid is a gas. 

4. A crossover range exists where the effects of increased aspect ratio and 

reduced dimensionless sonic velocity cancel each other. 

5. Cantilevered tubes of either the Bernoulli-Euler or Timoshenko type 

conveying a compressible fluid that are parallel to the earth's surface (i.e., 

horizontal)lose stability in a flutter mode. 

6. The effects of fluid compressibility can significantly excite the higher 

modes of beam vibration such that instability occurs in one of them before 

it occurs in a lower mode. In some cases it can remove any return-to-

stability associated with an increase in flow velocity after instability has 

already taken place. 

7. Fluid compressibility affects the Euler critical velocity at which buckling 

or divergence instability in the axial direction occurs when the tube is 

simply supported. Items one through four above generally apply to this 

situation although increased aspect ratio causes a decrease in critical 

velocity when the critical speeds are supersonic. 
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8. Muller's method is superior to Newton's method in nested root solver 

applications. 

It has been shown that fluid compressibility can affect the dynamic 

stability of fluid-conveying tubes. Some of the assumptions employed in the 

analysis oversimplify the problem; moreover, the numerical scheme is 

cumbersome and limited in scope. Many problem areas still remain. It is 

recommended that the following work be performed: 

1. The gravitational body force term should be added to the equation of 

motion of the beam. 

2. A more efficient numerical technique for solving this problem must be 

found. The methodology utilized in this study is both time consuming and 

costly thus making the overall computer code of somewhat limited 

usefulness 

3. The computer code designed in this study successfully predicted the first 

nine modes for the Bernoulli-Euler tube conveying an incompressible fluid; 

likewise, the plot routine produced graphs of these families of curves with 

extremely high resolution. A study should be undertaken to document 

these families of curves over the entire range of the mass parameter. 

4. A method must be found to handle the singularity occurring at the origin. 

This problem severly limits the parameter range over which the computer 

code developed in this study can be deployed. 
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5. A numerical study should be performed to investigate the behavior of the 

solution at Mach one. Such calculations would be of interest to those 

involved in the transonic flow problem since the motion of the solid has 

been coupled to that of the fluid. 

6. A set of experiments should be carried out to verify the supersonic 

instability that has been predicted for short tubes. 

7. The supersonic speeds predicted in this study may not be achievable in 

practice because such real effects as choking or shock wave formation 

occur because of fluid friction and heat transfer along the tube wall. 

Isentropic flow addresses neither of these two effects. The basic theory 

should be extended to account for these phenomena. 

8. The variation of axial tensile or compressive stress in the tube has been 

neglected. It is expected that this effect will become increasingly important 

as the flow speeds are increased. Its inclusion in the theory should be 

considered. 

9. The theory should be extended so that the tube is treated as a thin shell 

rather than a beam. 

10. Many different homogeneous boundary conditions are compatible with the 

beam analysis employed in this study (clamped-clamped for instance—see 

Bishop and Johnson [130, p. 285]). They should be incorporated into the 

computer code so that it can be applied to a larger class of problems. 
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APPENDIX A 

Frequency Equation Forms 

The notation used in this appendix is discussed in Section 4.7. 

A.l Simply Supported Case 

1. p9^q#r=?'= s 

See Eqs.(4.56)and (4.59). 

2. p = q9'= rT^s 

E„'(^)=(A+B^)eP^+Ce'^+ De®« (A.1) 

1 0 1 

F(a>*)=det 
eP eP 

2p 

e^ 

r2 
=0 

(A.2) 

p^eP (p2+2p)eP r^e*" ,2^s 

3. p = q=?^r = s 

(A.3)E;(0=(A+B^)eP«+(C+De)e'^ 
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1 0 1 0 

eP eP e' 
(A.4) 

2p r2 2r
=0 

p^eP (p^+2p)eP rV (r^+2r)e^ 

4. p = q = r9^s 

e;(?)=(A+ +C|2)ePf+ (A.5) 

1 0 0 I (A.6)u• 

o- eP eP eP e® 
F(a)*)=detII =0

2p 2e• 
3 

p^eP (p^+2p)eP (p^+4p+2)e^ sV 

5. p = q 

E„'(^)=(A+ (A.7) 

0 0 0 

eP eP 
F(a;*)=det =0

2p 2 0 

p^eP (p^+2p)eP (p^+4p+2)eP (p^+6p +6)eP 
(A.8) 
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A.2 Cantilevered Case 

Equations (4.56), (A.I), (A.3),(A.5), and (A.7) apply in this section 

for each of the five separate cases. Refer to the preceding section of this 

appendix for these equational forms. 

1. p^^qv^rv^s 

1 1 1 1 

p q r s

=0 (A.9)F(a}*)=det 
p^eP q^e^i r^e' s^e® 

p^eP q^e*' r^e^ s^e® 

2. p = q9^rv^= s 

1 0 1 1 

1 r sP (A.10)F(c.}n)=det =0 
p^eP s^e^ 

p^eP (p^+ 3p2)eP s^e® 

3. p = qT^r = s 

1 0 1 0 

1 r 1P (A.11)F(co*)=det =0 
p^eP (p^+2p)eP rV (r^+ 2r)e'" 
p^eP (p^+ 3p^)eP r^e^ (r^+ 3r^)e^ 
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4. p = q = r9^s 

1 0 0 1 

1 0 sP 
=0 (A.12)F(a)*)=det 

p^eP (p^+2p)eP (p^+4p+2)eP s^e 
p^eP (p^+ 3p^)eP (p^+6p^+6p)eP 

5. p = q = r = s 

F(<«'n) 

1 0 0 0 

1 0 0P 
=det 

p^eP (p^+2p)eP (p^+4p+2)eP (p^+6p+6)eP 
Ip^eP (p^+ 3p^)eP (p^ 4-6p^+6p)eP (p^+9p^+ 18p+6)eP 

=0 (A.13) 



 

 

APPENDIX B 

Series Expansion of the Compressibility Factor 

Equation (5.2) contains a quantity which often appears in problems of 

mathematical physics and engineering. This quantity is the quotient function of 

the first kind [100] which is usually represented by the symbol 7^(z) where z 

is a complex variable and v is a real number. More specifically, ^^(z) is 

defined by the equation 

zJ,+i(z) (B.l) 

—IJiT 

If V is set equal to the integer one and z equal to /cjn then Eq.(B.l)represents 

the quantity appearing in Eq.(5.2). 

The quantity 3^^(z) can be expanded into a power series near the origin 

[100, p. 5]. The result is 

- (B.2)
^,(z)= 2'^2s^ 

s=l 

where 

1 (B.3) 
2(v+l) 
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a2s= {a2a2s-2+ a4a2s-4+ • • • + a2s-2a2} 

and the radius of convergence reaches to the first zero of J^Cz). Table B.l lists 

the first seven series coefficients for the case when v is equal to the integer one. 

By using these coefficients ^i(z) can be written in the usual series form of a 

Bessel function as 

^i(z)= + 
2!1! 3!2! 

32 
++ 

5!4!4!3! 

10 12 

260 2970 
+ + 

6!5! 7!6! 

14 

45290 
++ (B.5)

8!7! 

which is generally valid as z approaches zero. Equation (B.5) is particularly 

suited for machine calculation for small z since J2(z) and Ji(z) both approach 

zero as z —► 0 [101]. 

Following the series manipulation methods suggested by Knopp [102, 

pp. 180-184] a similar series representation may be constructed for 
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Table B.l. 

Coefficients of the Power 

Series Expansion of 

with f= 1. 

s = 1 a2= 1/4 

s = 2 a4= 1/96 

s = 3 a6= 1/1536 

s = 4 ag = 1/23040 

s = 5 aio = 13/4423680 

s =6 ai2= 11/55050240 

s = 7 ai4= 647/47563407360 

determining the compressibility factor for small z. The following equation may 

be written for f = 1: 

00 (B.6)
f=[l-5,(z)]-'- . for'-l 

s=0 

The function ̂ ^(z) is defined in Eqs.(B.2) through (B.4). The coefficients b2s 

must now be formally determined. 

Manipulation of Eq.(B.6)yields the equation 

00 00 (B.7)
2s 2s 

= 11-S a2sZ bo+ S b2sZ 
s=I s=l 
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It is clear that bo = 1. The remaining b2s can be found by expanding the 

series and equating the coefficients of like powers ofz to zero. The result is 

00 
,2s (B.8)f=l+ 2b2sZ 

s=l 

where 

(B.9)^28=^25+ b2a2s-2+ •• • + b2s-2^2 

The a2s are determined using Eqs. (B.3) and (B.4). The parameter i> is 

understood to be equal to one. Table B.2 lists the first seven coefficients of the 

series in Eq.(B.8). It should be remarked that the coefficients listed in Tables 

Table B.2. 

Coefficients of the Power 

Series Expansion off 

Expressed in Eq.(B.8). 

s = 1 b2= 1/4 

s = 2 b4= 7/96 

s = 3 b6= 11/512 

s = 4 bg = 73/11520 

s = 5 bio= 8269/4423680 

s =6 bi2= 273197/495452160 

s = 7 bi4= 7736647/47563407360 
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B.l and B.2 have been calculated using the methods just described as well as 

by using the basic series definitions of Ji(z) and J2(z) and then performing the 

series divisions using standard longhand methods. Both procedures produced 

identical results. 

An equation similar to Eq.(B.5) can be written for the compressibility 

factor. The results is Eq.(5.4). 
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