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ABSTRACT

Two micromechanics models have been developed to estimate the local fields,
the effective properties, and the electro-mechanical coupling in smart electrostric-
tive materials.

The first model is based on the laminated plate theory. The nonlinear rela-
tions between the polarization and the electric field are considered in the model
and an iterative formulation has been developed. Closed-form solutions are also
obtained by ignoring the nonlinear terms in the constitutive relations between
the polarization and the electric field. The effects of material properties, and the
thickness and the number of plies on the mechanical and electrical response of the
electrostrictive composite are studied. The model focuses on laminated compos-
ites and considers not only applied mechanical loads but also préscribea electric‘
fields. However, it is not able to predict the deformation in the thickness diréction
of the composites.

The second model considers electrostrictive materials containing periodically
distributed inhomogeneities. The local fields and the effective properties of three-
dimensional electrostrictive composites are predicted using the equivaleﬁt inclu-
sion method (Esheby, 1957) and the Fourier series (Nemat-Nasser et al., 1993).
Linear constitutive relations between the polarization and the electric field are

employed in the model, which involves very few assumptions and can be applied

iv




to a broad class of electrostrictive composites. Furthermore, the effective prop-
erties of electrostrictive materials containing periodically distributed, aligned two
dimensional (2-D) line cracks are studied. A 2-D line crack can be considered as
a limiting case of a flat elliptical cylindrical void with its thickness approaching
zero. Thus, a limiting process is employed to estimate the effective properties of

an electrostrictive solid with periodically distributed, aligned 2-D line cracks.
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Chapter 1

Introduction

1.1 Background

Piezoelectric and electrostrictive materials can be regarded as smart materials
since they show electrical as well as mechanical response under meéhanical loading
and mechanical as well as electrical response under electric excitation, and are
capable of acting as both sensors and actuators.

In response to the requirements for high precision positioning, quick response,
low driving power, and miniaturization of devices, new transducers are in demand
(Uchino, 1986). Smart piezoelectric and electrostrictive materials are promis-
ing candidates for meeting these challenges and thus receive extensive attention

(Chopra, 1996; Crowe, 1996).



The deformation of structural materials usually results from thermo-mechanical
loads. That is, structural materials traditionally transform mechanical inputs into
mechanical outputs only. Unlike traditional structural materials, piezoelectric
materials show considerable deformations in response to electric fields. They also
produce polarizations in response to mechanical loads. At a low electric field, the
relationship between electric fields and strains in piezoelectric materials is linear.
But, the coupling becomes nonlinear at a high electric field and there exists a
significant hysteresis, which can be unfavorable (Uchino 1986). A widely used
piezoelectric ceramic is lead zirconate titannate (PZT).

In order to generate large strains due to electric fields with no hysteresis,
the electrostrictive materials have been developed. Electrostrictive materials can
also transform mechanical inputs into electrical as well as mechanical outputs, or
transform electric inputs into mechanical as well as electrical outputs. The newly
developed electrostrictive materials, such as lead magnesium niobate (PMN) and
PMN-based ceramics like PMN-PbTiO3, exhibit strains up to 0.1% without hys-
teresis (Uchino, 1986). The resulting electrostrictive strains are comparable with
those of the best piezoelectric materials (Damjanovic and Newnham, 1992; Newn-
ham, 1991). Since the relationship between strains and electric fields of elec-
trostrictive materials is nonlinear, the electromechanical coupling can be tuned

under suitable bias fields (Newnham, 1991).




When a ceramic is placed between two capacitor plates, shown in Figure 1.1,
the voltage, V, and the charge, @), can be measured independently. The elec-
tric field, E, the electric displacement, D, and the polarization, P, can thus be

determined by

E=V/d, (1.1)
D= Q/A, (12)
P=D—x,FE, (1.3)

where d is the distance between the two electrodes (i.e., the thickness of the
ceramic specimen), A is the area of the electrode, and &, is the permittivity of free
space. The relationship between the electric field (or the voltage) and the electric
displacement (or the charge) characterizes the dielectric property of ceramics.
For a dielectric, the relationship between the electric field and the electric

displacement is linear and can be expressed by

D = kFE, A (1.4)

where £ is the permittivity of the dielectric; see Figure 1.2(a).
An electric field can polarize a ferroelectric material until saturation is reached.
If the electric field, E, is reduced to zero, a permanent electric displacement

remains



+,Q ED -
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Figure 1.1: Ceramic subjected to a voltage.



in ferroelectric materials. An idealized hysteresis loop may be expressed by
D ==+P, + «kE, (1.5)

where P; is the spontaneous polarization; see Figure 1.2(b). Both piezoelectric as
well as electrostrictive materials are ferroelectric materials.

The relationship between the electric field and the electric displacement in
relaxors is also nonlinear; see Figure 1.2(c). Hence, relaxors can be regarded as a
special class of ferroelectrics. However, the hysteresis is insignificant for relaxors.
Electrostrictive materials, such as PMN, are presently the most popular relaxors.

The crystal structure of piezoelectric materials is unsymmetrical, but the crys-
tal structure of electrostrictive materials is symmetrical. Moreover, piezoelectric
materials have a spontaneous polarization, whereas electrostrictive materials do
not. However, they also have a lot in common. For exarﬁple, the deformation
of both piezoelectric and electrostrictive materials can be induced by an electric
field. Generally, electrostriction occurs in all dielectric materials, but the strains
due to electrostriction in those materiasls are usually too small and are negligible
(Uchino, 1986). However, the strain generated in relaxor ferroelectrics is large
and can be up to 0.1%.

PZT has been used as an actuator element in adaptive optical components and
the active element in a deformable mirror. The aging and hysteresis are the main
problems associated with PZT actuator: As the PZT actuator requires poling,
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it will age. That is, it loses sensitivity over a period of time. The multilayer
PMN actuators require no poling and exhibit negligible hysteresis and negligible
thermal growth with very low power dissipation. Therefore, they can be used as
stable devices and athermalized components with no aging or creep. Also, the
PMN actuators can survive severe environments and operate at high temperature
cycles. Thus, the PMN actuator has replaced the PZT actuator for adaptive
optical components and has been used as the active element in an athermalized
stable deformable mirror structure.

To provide a standardized actuator configuration and to improve large scale
production of PMN actuators, the Standardized Electrodisplacive Transducer (SE-
LECT) actuator concept has been developed (Mark and Paul, 1990). The tech-
nique improves sensitivity, uniformity, large displacement and yield rates of PMN
actuators. Also the cost of the actuator can be reduced by eliminating recurring
costs associated with custom design and tooling fixtures. To develop SELECT
designs, finite element models of rectangular and cylindrical actuators were con-
structed by ALGOR and NASTRAN. The laminate multilayer actuator stacks
were simulated by solid and composite elements. As a result, the cylin‘drical ge-
ometry was structurally superior to the rec;cangular configuration. The cylindrical
geometry can produce improved electrical and structural responses for the trans-

ducer. The SELECT also considers the standard design that provides a basic unit



of stroke form, a segment structure, from which multiple designs can be created.

Then, the multilayer PMN actuator design is reduced to a selection of the num-

ber of segments required to produce the specified stroke response. The production

rate is greatly increased because the segment can be made using batch processing.

In summary, the SELECT design allows the manufacturing of standard designs
of actuators, and improves actuator sensitivity, unifbrmity, and large displacement
with negligible hysteresis, low thermal expansion, low operating voltage, low dis-
sipation and no aging.

Electrostrictive materials have been used in a number of applications, such as
deformable mirrors, impact dot-matrix printer (Uchino, 1986), underwater trans-
ducers (Rittenmyer, 1994), and medical ultrasonic probes (Takeuchi, et al., 1989).

A deformable mirror composed of three thin layers of PMN stacking on an
elastic glass mirror is reported by Uchino (1986). The contour of fhe mirror sur-
face can be controlled by the applied elecff‘ric field and the electrode patterns. The
deformable mirror can be used to control the phase of light wave and to correct
the telescope image distortion caused by air disturbance. Particularly, three Ar-
ticulating Ford mirrors (Fanson, 1995), each of which uses six PMN multilayer
actuators, are installed in the Hubble Telescope’s primary mirror to control the
precise position of the mirror in order to correct the refocusing aberration .

An impact dot-matrix printer head using a multilayered, PMN-based ceramic



with internal electrodes is developed (Uchino, 1986). The PMN actuator is in-
stalled in a specially-designed displacement magnification unit to prodgce suffi-
cient dot-pin strokes. The printer offers a higher printing speed, lower energy
consumption, and lower noise than the conventional electromagnetic type printer.

To utilize its large displacement and to avoid a significant hysteresis, a PMN-
based multimorph actuator is used to fabricate the flapper of oil-pressure servo
values (Ohuchi, et al., 1986). The force generated and the response speed of servo
valves are increased by using PMN multimorph actuators. Similar nozzle-flapper
mechanisms are employed in air-pressure servo values (Yamamoto, et al., 1982).

A PMN-PT fiber-reinforced polyurethane composite is considered as a medical
ultrasonic probe (Takeuchi, et al., 1989). The sensitivity of the probe is controlled
by a direct-current (DC) bias field. Because that the electrostrictive composite
has a large electromechanical coupling factor under a bias field and no residual
electromechanical coupling after the bias field being removed, the echo amplitude
of the probe increases with the aid of a bias field.

Presently, The main use of electrostrictive ceramics is in producing fine dis-
placements. The electrostrictive ceramics are also used in deformable mirrors for
adaptive systems, which provide displacements to correct the reflecting surfaces.
Unlike piezoelectric ceramic, when the voltage is removed, there is no residual

deformation in electrostrictive materials. Multilayer electrostrictive mirrors with



each layer being designed to correct one particular optical distortion or to provide

refocusing are used in adaptive optics. Furthermore, bimorphic and multilayer

electrostrictive elements are.used in valves and switches for microangular adjust-

ment and in oil valves. Devices which consist of eletrotrictive ceramic may exhibit

low electromechanical hysteresis, no aging, high frequency response, and low cost
(Smolenskii, et al., 1987).

Basically, the piezoelectric and electrostrictive actuators can offer (Uchino,
1986): (1) high precision positioning, (2) quick response time (~ 10 us), (3) high
generative force (~ 400kgf/cm?), and (4) less driving power. In fact, piezoelec-
tric and electrostrictive actuators have been applied to ultrasonic motors, servo
displacement transducers, pulse-driven motors, deformable mirrors, cutting error
correction mechanisms, and impact dot-matrix printers. Based on the resulting
strains, the piezoelectric and electrostrictive actuators are divided into two cate-
gories: (1) a unidirectional displacement is produced by an electric field, which in-
cludes servo displacement transducers controlled by a feedback system and pulse-
driven motors operated in an on/off manner, and (2) a resonating strain is excited
by an ac field.

Systems that combine television cameras and graphic processing devices have
been used as sensors to inspect the automatic manufacturing processes. To obtain

high-quality graphics, an autofocusing system consisting of an optical microscope



with high magnification (x 100) of the objective lens is developed (Suyama et al.,

1990). Since the hysterisis of electrostrictive actuators is very small, the precise
positioning table of the autofocusing system using electrostrictive actuators moves
smoothly and the resolving power of positioning is high. The autofocusing system
using a precise positioning table can improve the high precision of a repeated
positioning from 1 ym to 0.035 um.

Many new robots, manipulators, and unmanned vehicles require a high degree
of mobility or dexterity. An actuator with muscle-like performance, including high
energy density, fast speed of response, and large stroke, would be well suited to
the aforementioned applications. The electrostriction of polymer dielectric with

compliant electrodes can be used in electrically controllable, muscle-like actuators,

specifically, electrostrictive polymer artificial muscle (EPAM)_, which can produce

strain up to 30% and pressure up to 1.9 MPa. A rotary motor using EPAM
actuator elements produces a torque of 19 mNm/g and a specific power of 0.1
W/g (Kornbluh et al., 1998).

Electrostrictive ceramics are brittle and stiff, and therefore are prone to frac-
ture. Based on the experience in developing piezoelectric transducers (Smith,
1986), electrostrictive ceramics may be combined with other ductile materials,
such as metals or polymers to make the transducers more compliant and effective.

For example, a moonie actuator - layers of PMN sandwiched between layers of
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specially designed metal cap has been recently developed (Sugawara et al., 1992;
Newnham et al., 1994). The displacement of each metal cap due to an electric

field is ten times larger than that of the electrostrictive ceramic alone.

1.2 Literature Review

One of the earliest mechanics modeling works on electrostrictive materials is re-
ported by Knops (1963), who considers two-dimensional isotropic electrostriction.
The stress, o, is assumed to be linearly proportional to the strain, ¢, and is pro-
portional to the square of the electric field, E, and the electric displacement, D,

is assumed to be linearly proportional to the electric field. That is,

i = /\akkéij + 2ueg;; + aB By + bEkEkdij, (Z,] =1, 2) (16)
Oy = e - bEkEk, (17)
D; = ki By, (1'8)

where 4;; is the Kronecker delta, A is the Lamé constant, 4 is the shear modulus, Kij

are the dielectric constants, and a and b are constants descriptive of the dielectric

properties. A more general constitutive relation for electrostrictive materials is
given by Ikeda (1990)

Eij = SijkiOk + Qijmn PP, (1.9)

En = BumPrm — 2Qkimn0r1 P, (1.10)

11



where s is the compliance tensor, 8 (= 1) is the permittivity tensor, and Qgimz
are electrostrictive constants. It is noted that the electrically induced strain is
proportional to the square of the polarization, P, rather than electric displace-
ments, D, for electrostrictive materials under high electric fields (Newnham, 1991).
Furthermore, when the electric field increases, the polarization decreases and ap-
proaches asymptotic values, the so-called saturation of polarization. Thus, Suo
(1991) suggests that the electric field in electrostrictive materials may be expressed

as an odd-power polynominal function. Specifically, for one-dimensional problems,

£ = so+ QD?, (1.11)
E = -2QoD + f(D), (1.12)

where
f(D)=BD+ B D3 +... (1.13)

with B and §' being constants. This constitutive relation is used to predict the
mechanical behavior of relaxor-ferroelectrics containing defects subjected to a con-
stant electric field and its electric behavior due to a constant stress. The Griffith’s
energy release rate has been derived for conducting and non-conducting cracks.
It is reported that the energy release rates are posifive for the conducting crack

but negative for the non-conducting crack. A similar constitutive relation for
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electrostrictive materials is proposed by Hom and Shankar (1994):

Eij = Sijki0k + Qijmn PP, (1.14)

|P|

1 P
E,; = —2leij0-lclpj + Earctanh (—) :

T (1.15)

P,
where |P| is magnitude of polarization, P; is the spontaneous polarization, and

*

k* is a new material constant. Both, P, and s*, are functions of temperature.

Another similar constitutive relation for electrostrictive materials is suggested by
Winzer et al. (1989)
0ij = Cijrert — BijrEEy, (1.16)
D; = k,KijE; + My Ejox, (1.17)
where Bijti = MijmnCrmnki, Miipq is the electrostriction coefficient, K;; are com-
‘ponents of the relative dielectric permittivity, and «, is the permittivity of free
space. The second term in Eq. (1.17) is an order of magnitude smaller than the

first term even under a load of 15 MPa. Thus, Winzer et al. (1989) suggest that

the second term on the right of Eq. (1.17) can be neglected, i.e.,
D,’ = K,oKijEj. (118)

Based on the above constitutive relations, a finite element analysis is conducted
to compute the stresses and strains in multilayer electrostrictive actuators. The

displacements on the surface of the actuator with a tab electrode are computed
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and are also measured at the center, edges, and corners of the actuator. The
results show that the maximum tensile stress is near the tab interface. The model
prediction agrees quite well with the experimental data.

A crack emanating from an internal electrode in a multilayer actuator is studied
by Yang and Suo (1994). To estimate the stress at the edge of the conducting sheet
under an electric field, and to estimate whether the stress will cause cracking, two
models are employed. In the first model, the relation between the electric field,
F, and the electric displacement, D, is assumed to be linear, D = xE, and the
strain is quadratic in the electric field. The stress at the edge of the conducting
sheet and the stress intensity factor under the electric field are estimated. It is
shown that the stress intensity factor, K7, is quadratic in the electric intensity,
Kg, and is inverselyl proportional to fhe square-root of the crack length. When the
crack grows, K declines, and the crack arrests when the fracture toughness K, is
reached. The prediction agrees well with the experimental data. Since the model
disregards the nonlinearity of the electric displacement at a high electric field, the
model overestimates the electrostriction effect on cracking ahead of the electrode
edge. The second model assumes that the electric field induces a step-like strain

in the field direction

€s when |E| > E.,
€= (1.19)

0 when |E| < E,,

where E, is a coercive electric field and ¢, is the saturation strain. The stress and

14



stress intensity factor at the edge of the conducting sheet under the electric field
are estimated.

A possible failure mode in multilayered PMN-PT-BT actuators is the cracking
in the tab region near the internal electrode tips (Hom and Shankar, 1995). The
stress state near an internal electrode of the actuator is computed. Using a fully-
coupled constitutive relation for electrostrictive materials, a plane strain finite
element analysis is performed to model a multilayered PMN-PT-BT actuator at
various levels of compressive stress. The results show that a significant stress
concentration exists at the tips of the internal electrodes.

The interfacial cracking due to an electric field in multilayer electrostrictive
actuators is studied for two cases: (i) an interface crack with one tip at the em-
bedded electrode-edge; and (ii) an interface crack lying between an electrode layer
and a ceramic matrix (Ru et al.,, 1998). A direct method is used to compute the
electric field-induced stress intensity factors without calculating the stress field.
It is reported that the maximum mode-I stress intensity factor induced at the
electrode-tip interface is considerably greater than that is associated with the
maftrix cracks directly ahead of the electric tip. The result agrees with the experi-
mental observation that the interfacial cracking is the dominant failure mechanism
in electrostrictive multilayer devices.

Experiments on the crack propagation in an electrostrictive PMN-PT ceramic
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subjected simultaneous mechanical and electrical loads are conducted by Wang
and Singh (1995) using the Vickers indentation technique. The indenter is posi-
tioned so that the cracks emanating from the four corners of the indentation are
either parallel or perpendicular to the electric field. It is observed that the lengths
of t:he cracks perpendicular to the electric field increases when the electric field
is increased. However, the lengths of the cracks parallel to the electric field are
decreased, as the electric field is increased.

A two-dimensional electrostrictive finite element based on Eq. (1.9) and (1.10)
is developed in the ATILA code (Debus and Debus, 1996). An iterative procedure
is used to solve the nonlinear problem. To validate the development of the finite
element, a long electrostrictive bar with elgctrodes at both ends is made. A static
force is applied at both ends and a quasi-static (10 Hz) electric voltage is prescribed
between the electrodes. It is assumed that the width and the ’phickness of the bar
are small in comparison with its length, and only the electric field and mechanical
load on lateral faces are prescribed. The bar is assumed to be axisymmetrical.
Four finite elements are used for one half of the bar. The relationship between the
electric displacement and the applied electric field and that between the strain
and the applied electric field for various prestresses are obtained. A simple ana-
lytical model is also developed. The difference between model and experimental

data is possibly due to non-linearity of the dielectric permittivity. Furthermore, a
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finite element based on Eq. (1.14) and (1.15) has also been developed for nonlinear
static and transient analysis (Coutte et al., 1998). A direct iterative procedure is
used to solve the nonlinear static and transient problems. A long electrostrictive
bar with electrodes located at both ends is again used. An electric field parallel
to the longitudinal axis of bar is prescribed, and mechanical forces are applied to
both ends. The finite element mesh for the bar consists of two axisymmetric elec-
trostrictive elements, and eight-node isoparametric quadrilaterals are employed.
The FEA predictions agree well with experimental data.

"The mechanical coupling coefficients are important parameters for determining
the power consumption of an actuator in a system design. They are a measure of
the material’s efficiency as an electrostrictive actuator. These coupling coefficients
are related to the ratio of mechanical work available to electrical energy stored.
For a linear piezoelectric materials, the coupling coefficients are well known and
are functions of material properties. But for relaxor materials, the calculation of
mechanical coupling coefficients based on three-dimensional constitutive relations,
Eq. (1.14) and (1.15), shows that the coupling factors are functions of the polar-
ization as well as material properties (Hom et al., 1994). Lead magnesium niobate
based relaxor ferroelectrics, PMN-PT-BT, are used as an example to compute the
longitudinal and transverse coupling coefficients, k;5 and ks3. The results show

that the ki3 asymptotically approaches 0.248 and ks; asymptotically approaches
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0.544 at high electric fields (>1.5 MV /m).

The lead magnesium niobate (PMN) and its solid solution system with lead
titanate (PT) show promise for sensor and actuator. The maximum dielectric of
PMN occurs at low temperatures (close to 0° C), and PT-based relaxors can offer
the improvement in high dielectric constants and electromechanical coupling of
PMN-based relaxors. Therefore, Brown et al. (1998) study the dielectric prop-
erties and electromechanical coupling of (1-x)PMN-xPT, (0 < x < 0.5). The
results show that the transition range as well as the maximum dielectric constant
of PMN-PT increases and shifts to high temperatures with increasing the com-
position of PT. But as the frequency increases, the maximum dielectric constant
of PMN-PT decreases. The dielectric properties of PMN-PT are functions of
temperature and frequency, and the maximum dielectric constant occurs at room
temperature. The transition temperature of the 0.95PMN-0.05PT is close to room
temperature (approximate 20°C"), which means the maximum dielectric constant
of 0.95PMN-0.05PT occurs at room temperature. The maximum dielectric con-
stant of 0.9PMN-0.1PT occurs at 40°C’. Moreover, the electromechanical coupling
factor of the 0.95PMN-0.05PT is a function of a DC bias. The electromechanical
coupling factor is 0 for a DC bias field of 0 kV/cm, and is maximum at a value of
0.52 for a DC bias field of 15 kV/cm. The dielectric and electromechanical prop-

erties of the PMN-PT materials near their transition temperature can be tuned
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by the DC bias. Then, the PMN-PT transducer can be turned ON and OFF by
applying and removing the DC bias field.

Ultrasonic transducers built by using PMN-PT based electrostrictive materials
are investigated by Chen et al. (1996), who report that the dielectric constants of
PMN-PT are functions of temperature with or without DC bias. The maximum
dielectric constant is obtained at the temperature, Tmax, of 60°. The thickness
coupling constant k; of PMN-PT is a fuction of temperature at 0 kV/cm and
5 kV/ecm DC bias. The large thickness coupling constant was obtained in this
material near room temperature at low DC bias (k; = 0.43 ~ 0.50 at 5kV/cm).
When the DC bias is removed, the thickness coupling becomes zero at T > 15°C
(Ta). PMN-PT loses its field-induced polarization property and exhibits zero
remanent polarization above T4. Therefore, when the DC bias is applied, the
field-induced polarization can be used as an ON switch, dnd when the DC bias is
removed, the zero remanent polarization can be used aLs anv OFF switch. Thus,
the electrostrictive transducer with aperture groups of different elevation ;:an be
turned ON and OFF by simply applying or removing the DC bias. Since near
above Tmax, the thickness coupling decreases with increasing temperature, the
optimal operating temperature range for electrostrictive transducers is from Ty to
Tmax. Also the sensitivity of electrostrictive traducer is relatively stable at this

range of temperature. For PZT transducers, when the DC bias is removed, the
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remanent polarization still remains. This is a disadvantage of the PZT materials
for medical ultrasonic application.

The response of a soft PZT, a hard PZT, and a 0.9PMN-0.1PT due to uniaxial
compressive stresses is measured by Zhao and Zhang (1996). The piezoelectric
coefficient of the soft PZT drops quite rapidly. It is clear that the soft PZT
is not suitable for high stress application. On the other hand, the piezoelectric
coefficient of the hard PZT increases as the uniaxial compressive stresses increase.
The piezoelectric coefficient of the 0.9PMN-0.1PT depends on the DC bias field
level. The lower the bC field bias, the more the piezoelectric coefficient drops.

The electrostrictive strain due to electric field is also measured for pure PMN
and PMN-PT (Jang et al, 1980). It is shown that large strains without hysteresis
can be induced at room temperature. The content of PT in PMN-PT ranging
from 0.1 to 0.13 offers large strain without hysteresis, but when the content of PT
is over 0.13, the hysteresis will exist. The hysteresis increases as the content of
PT increases beyond 0.13.

Wang et al. (1996) investigate the dielectric ageing behavior of lead-based
relaxor ferroelectric ceramic multilayer capacitors. They clairﬁ that dopants are
found to play an important role in ageing induction. Moreover, the ageing be-
havior of PMN-0.9PT ceramics doped with different ions, such as Fe, Co, and

Ni ions, are studied, and the results show that the dielectric of the PMN-0.9PT
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doped with Fe ion is larger than that of PMN-0.9PT doped with Co or Ni ions. In
addition, the annealing atmosphere such as air and N,-H, has effect on the ageing
behavior of the sample.

High dielectric constants of relaxor feroelectrics occur near the temperature of
the dielectric phase transition (T,,4;); therefore, different modifications of PMN-
PT with Ba, Sr, and La have been made to control Ty,.; and other properties.
One finds that the 90/10 PMN/PT solid solution with 3% lanthanum dopant
(90/10/3 PMN/PT/La) has a nominal T,,q; of 25°C and behaves as a relaxor.
One of most important criteria for electromechanical materials is a coupling coeffi-
cient, k, which is used to determine the efficiency of energy conversion between the
electrical and mechanical domains. To predict the coupling coefficient of 90/10/3
PMN/PT/La, the model proposed by Hom et al. (1994) is used. The rema-
nent polarization, polarization at bias field, compliance, dielectric constant, and
electrostrictive coefficient need to be measured to calculate the transverse cou-
pling. The result shows that the transverse coupling for 90/10/3 PMN/PT/La is
function of the applied electric field (Mangin et al., 1996).

Multilayer ceramics consist of alternating layers of ferroelectric ceramic and
conductive layers have been used as actuators and capacitors. To improve the
performance of PMN-PT ceramics, the 0.9PMN-0.1PT ceramics modified with

different amounts of ZnO prepared by molten salt synthesis (MSS) are studied
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by Yoon, et al. (1996). Also, the dielectric and electrostrictive properties are
investigated in terms of ZnO content and the number of active layers. It is shown
that the addition of the proper amount of ZnO and MSS method can improve the
dielectric properties, phase stability, and sinterbility of the PMN-PT ceramics. It
is also indicated that the temperature dependence of capacitance for the PMN-PT
is a function of ZnO content and the number of active layers. The capacitance
of the specimen with four active layers increases with increasing ZnO content
up to 2 mol%, and then decreases with further increasing the additions of ZnO;
however, a maximum dielectric is obtained with an addition of 2 mol% ZnO to the
specimens with 4 active layers. But, the dielectric constant of PMN-PT decreases
with further addition of ZnO. Moreover, increasing the number of active layers in
the 2 mol% ZnO added PMN-PT results in an increase in the capacitance. The
magnitude of induced strain increases with an increases in ZnO content up to 2
mol% and then decreases with further addition of ZnO.

The properties of actuators based on 0.55Pb(Mg;/3Nby/3)03-0.45Pb(Sc1/2Nby/2) O3
(0.55PMN-0.45PSN) electrostrictive ceramic are studied by Isopov et al. (1994).
The displacement of 0.55PMN-0.45PSN is linear within the driving force range
of 200 V to 800 V, and there exists a negligible hysteresis. The displacement ob- -
tained for 0.55PMN-0.45PSN is stable in the temperature region of 10°C to 30°C,

which meet the majority of applications.

22



The existence of defects in multilayer PMN ceramic actuators may affect the
performance of the actuator. Defects may include internal delamination at the
interface between the PMN and electrode or microcracking which can be induced
by electromechanical cycling of the devices. To determine the lifet of the device,
research using three ultrasonic techniques, Contact ultrasound, acoustic emission,
and ult;asonic second harmonic generation, to detect defects in multilayer PMN
ceramic actuators before and after electromechanical cycling have been conducted
(Bernstein et al., 1996). The results indicate that the contact ultrasound is a
good method to detect the delamination. The acoustic emission and ultrasonic
second harmonic generation methods have potential for evaluating the changes in
actuator condition since they can indicate whether the actuators were damaged
during cycling.

PMN and PZT bimorph actuators and sensors for smart microsystem have
been studied by Gaucher (1996). The PMN/PZT actuators and sensors are used in
a cantilever laminated structure for active vibration control. It is reported that the
displacement can be reduced by the active damping control of using PMN/PZT
actuators and sensors. It also shows that the cantilever laminated structure can
be a self-regulated structure using PMN/PZT actuators. The technology is later
applied to microsystems. The device made of silicon and is actuated and sensed

by a PZT thin film can be made ten times smaller than current one.

23



The electrostrictive polymer can offer fast and large response to excitations,
and therefore, they are promising in a lot of applications such as acoustic trans-
ducer and artificial muscles. The electrostrictive response of a polyurethane
elastomer consisting of alternating polyurethane and polyol segments is studied
by Zhenyi et al. (1994). The thickness coefficient, d;, and the strain of the
polyurethane film (PU) are measured. The thickness coefficient for electrostric-
tive materials is defined as the ratio of the change in strain to the change in applied
electric field. It is reported that the thickness coefficient and the strain of PU are
both nonlinear functions of the applied DC bias electric field. The value of d; is
linearly increased with increasing electric field. When the electric field reaches
15 MV/m, the d; tends to approch a constant value of 6.2 A/V, which is about
20 times larger that the largest d; coefficient of any piezoelectric polymer known.
The applied DC bias field could be increased to 40 MV /m for thé polyurethane

film without causing dielectric breakdown.

1.3 Problem Statement

To provide guidelines for designing advanced transducers, accurate mechanics
models involving the microstructure of transducer materials need to be devel-
oped, so that the interactions among processing, microstructure, and macroscopic
properties can be delineated. The objective of the present work is to study the
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electro-mechanical coupling in electrostrictive materials from a microstructural
point of view.

Piezoelectric materials exhibiting linear coupling between mechanical and elec-
trical fields have received extensive attention in recent years. Electrostrictive ma-
terials involving nonlinear electro-mechanical coupling in principle can be tuned
under a bias field, and therefore, may be promising in light of smart sensors and
actuators development. A systematic, comprehensive study of electro-mechanical
coupling in electrostrictive materials is not available. The present work is extended

to bridge that gap.

25



(a)

(©)

Figure 1.2: D-F relation for (a) dielectrics, (b) ferroelectrics, and (c) relaxors.
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Chapter 2

Application of Laminated Plate
Theory to Smart Electrostrictive

Composites

2.1 Lamina Analysis

The constitutive relations for three-dimensional electrostrictive materials can be -

expressed by (Ikeda, 1990)
€5 = SijkiOk + Qz‘jkszPz; ‘ 4 (2.1)

E; = BijP; — 2Qjniok P, (2.2)
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where ¢,7,k, and | = 1,2,3, £ is the strain tensor, s is the compliance tensor,

o is the stress tensor, () are the electrostrictive constants, P is the polarization

vector, E are the electric fields, and £ is the permittivity tensor. The summation

convention is used throughout the dissertation. Conversely, Eq. (2.1) can be

written by

O'ij =

siki€rt — Hijr Py P,

where C' (= s7!) is the stiffness tensor, and H is given by

Hijri = CijmnQmnki;

(2.3)

(2.4)

Eq. (2.2) and (2.3) for orthotropic materials can be rewritten in matrix form by

{ 3

By

011

022

033

023

031

012 J
\

-

pu 0 0
0 B O
0 0 P |
Cunr Cuae
Chlize Cagoa
Crss Caoss
0 0
0 0
0 0

( 3

IS}

N P, r—2
\ P3 J
Cuss 0
Cass O
Cszs 0

0 Casas

0 0

0 0
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Q12 Q422 G23
| @13 923 G33 |

0 0 -

0 0

0 0

0 0
Caiar 0

0 Cia ]

’

€11
€922
€33
2e93
2e31

2612

N

r ,

(2.5)



Huu Hpze Huss 0 0 0 f
Hooui Hypop Hysz 0 0 0
B H3sin Hazoe Hzss 0 0 0 !
0 0 0  2Hg393 0 0
0 0 0 0 2H313; 0
0 0 0 0 0 2Hun | |

.where

q11 = Q1111011 + Q2211022 + Q3311033,
q12 = 2Q1212012,
013 = 2Q)3131031,
@22 = Q122011 + Q2222022 + Q33220733,
@23 = 2Q2323093,
¢33 = Q133011 + Q2233022 + Q33330733,
Hin = Cun@uun + CroeQo211 + Cr13s@Qssin,
Hiyize = Cr111Q1122 + Cr122Q2222 + Cr133Q3322,
Hi133 = C1111Q1133 + C1120Q2233 + Cr133Q3333,

Haz11 = Ch120Q1111 + Ca222Q2211 + Co233Q3311,
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Hagop = Cri20Qu122 + C2220Q2222 + C2233Q3302, (2.13)
Hjass = Cr120Q1133 + Ca200Q2033 + C2233Q3333,
Hj311 = Criz3@Quin + Co233Qa211 + C333Q3311,
H3zpp = Cr133Q1122 + C2233Q2022 + C333Q3322,
H3sss = Cr133Q1133 + C2233Q2033 + C3333Q 3333,
Hoso3 = 2C2303Q0323,
Hz131 = 2C3131Q3131,

Hi12 = 2C1212Q11212-

It is noted that the electrostrictive constants of orthotropic electrostrictive

materials can be expressed in matrix form by

@i Quzz Quiss 0 0 0
Q211 Q2222 Q2233 0 0 0
@331 Q3322 Q3333 0 0 0
[Q] = : (2.14)
' 0 0 0 4Q22 0 0
0 0 0 0 4Q)3131 0
0 0 0 0 0 41212 J

A plane stress state is assumed in a thin electrostrictive lamina; see Fig-

ure 2.1(a). That is,

033 = 093 = 031 = 0, (2.15)
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Ey=E, =0, (2.16)

which implies that P, = P, = 0 in view of Eq. (2.5). Eq. (2.5) and (2.6) are thus

reduced to
E3 = B33Py — 2(Qu133011 + Q2233022) P, (2.17)
or
Es
P = , 2.18
3 B33 — 2(Q1133011 + Q2033092) (2.18)
and
r ] ( * * ] ( ‘ ( * ]
011 01111 01122 0 €11 H1133
= * * —_— * 2
J o2 (= Clias Ciooo 0 J €2 | 4 Hjozs rP3’ (2.19)
kamj 0 0 Chy | | 212 | | 0 J
where
. %
C'1111 = Cllll - %’ (220)
3333
02
05222 = C'2222 - 02233a (221)
3333
. Ch133C
C'1122 = 01122 - igw (2'22)
3333
Cla12 = Cia12, (2.23)
. Ci133 H:
H1133 = H1133 - 1_23 33333 (2'24)
3333
H.
Hss = Haogs — @éﬂ (2.25)
3333
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2.2 Laminate Analysis

Based on the classical laminated plate theory (see Appendix A for a brief review),

the laminate strains, {€} = {e11, €2, 2612}7, are related to the midplane strains,

{e°} = {€}1, €%, 2¢%,}7, and curvatures, {p} = {p11, p22, 2012} %, by

{e} = {e°} + 2{n}, (2.26)

where z (= z3) is the coordinate in the laminate thickness direction.
The resultant forces per unit length, {N} = {Ny, N;, Ni5}7, and moments per
unit length, {M} = {M;, M, My2}", acting on a laminate are related to the ply

stresses by

wy=[ :/ZZ{U}dz - kz:jl ™ {ohud, (2.27)
(M} = /_tt/; {o}edz = kz:jl z::{or}kzdz, (2.28)

where {0} = {011,02,012}, and t is the laminate thickness. The subscript k&
designafes the ply number, n is the total number of laminae, z; and z_; are the
z-coordinates of the top and bottom surfaces of the k** lamina, respectively; see
Figure 2.1(b).

Substituting Eq. (2.19) into Eq. (2.27) and (2.28), with the help of Eq. (2.26),
gives

[A{e°} + [B{p} = {N} + {N°}, (2-29)

[B){e*} + [D){o} = {M} + {M°}, (2.30)
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where the three-by-three extensional stiffness, coupling stiffness, and bending stiff-

ness are given by

n

[4] = kz_:[C*]k(zk — Zk-1), (2.31)

18] = § I0(E — ), (232)
k=1

D] = 3 210kl - #0), (2.33)

respectively, where the subscript k£ again designates the ply number and the re-
duced stiffness matrix, [C*], is given in Eq. (2.19) - (2.23). The forces and moments
due to the electrical fields, {N¢} = {N¢, N, N&,}* and

{Me} = {Mf) M2e) Mf2}T: are given by

(N} =3 [ (H )Pz, (2.34)
k=1"%k~-1

My =3 [ (B} Piedz, (2.35)
k=1"%k=1

where {H*} is given in Eq. (2.19), (2.24), and (2.25). Substituting Eq. (2.18) into

Eq. (2.34) and (2.35), one finds

Es

€ _ = %k * 2
{N } B kz=:1 /Zk_l{H }k(ﬂ:as - 2(Q1133011 + Q2233022)) 4z, (2'36)
e * E3 2
{M } Z 2 1{H }k 33 — (Q1133011 + Q2233022)) adz. (2.37)

It is noted that oy; and o9y involved in Eq. (2.36) and (2.37) are unknowns.

Thérefore, closed-form solutions to the nonlinear, coupled Eq. (2.29) and (2.30)
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may not be obtained and an iterative solution strategy is to be developed. To this

end, one assumes that the normal stresses, o1 and o9, within each ply are linear

functions of the z coordinate and can be expressed by

(011)k : (011)k—1(
2k — k-1

o11(2) = (011)k-1 + Z— 2k-1), (2.38)

(022)k — (Uzz)k—l(

— 2k_1). 2.
p—— Z— 2k—1) (2.39)

092(2) = (092) k-1 +

where (011) and (022)r are the stresses on the top of the k* ply, and (o11)k—1
and (092)k—1 are the stresses on the bottom of the &% ply. Substituting Eq. (2.38)

and (2.39) into (2.36) and (2.37), gives

(N°} = kzl ET % % V{H), (2.40)
(4} = 3 3 (D) - (@ bacn); - DI, (.41)
where
a = P33 — 2[Qu133(011)k-1 + Q2033(022) k1], (2.42)
p— ~2Qus((011)k = (011)k-1) + Qanss ((922)s — (Uzz)k—l)], (2.43)
2% — 251
¢ = a+b(z — zer). (2.44)

Given material properties, [C], [@)], and [§], composite geometry, 2;, and load-
ing conditions, {N}, {M} and {E}, one can compute [A], [B], and [D] matrices
using Eq. (2.31) - (2.33). By assuming trial stresses {o}* at the top and bot-
tom of each ply (see next section), one can compute the forces and moments due
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to electric fields, {N°} and {M¢}, using Eq. (2.40) and (2.41). Eq. (2.29) and
(2.30) can therefore be readily solved for the midplane strains {€°} and curva-
tures {p}. Finally, the ply strains {¢} and the new ply stresses {o}**! can be
obtained from Eq. (2.26) and (2.19), respectively. The relative errors between the
new ply stresses {o}**! and the old ply stresses {o}* are computed and compared

with a specified tolerance:

{0} — {0’
oy

< tolerance. (2.45)
If the above convergence criterion is satisfied, the latest stresses and strains are the
final results. Otherwise, the new stresses are used in computing {N¢} and {M¢},
and the aforementioned procedures are repeated until the convergence condition

is satisfied; see Figure 2.2. To generate a good initial guess of the ply stress for

the iterative solution, a closed form solution is developed in the next section.

2.3 Closed-Form Solution

To develop a closed-form estimate of the ply stresses in electrostrictive composite
laminates, and to generate an initial trial solution to the iterative method derived
in the previous section, one assumes that the second term on the right side of

Eq. (2.2), 2Qjkiojx P, is negligible in comparison with the first term, Bi;j P;. Thus,
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[C], [QI, [B], zi, {N}, {M}, {E}

Y
[A], [B], [D]

l

> {oi} Trial Solution
(N°}, (M°) ; e
~ .. [A]{e°}- [BI{p} = {N}+{N°}
o7, oy ] [BI{E%) [DHp} = (M (M)
o ----- {e}={e"}+ z{p}
{e}
fa------ {o}=[C"1{e} - {H}P2
{0}i+1 ,
Y

o U+l o
{o} { }< tolerance

{0}i+1 -

Y ~
{0}, {e}

Figure 2.2: Solution strategy.
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Eq. (2.2) becomes

E; = Bi; F;.  (2.46)

Consequently, Eq. (2.36) and (2.37) reduce to

(N} = z /Zk | {H }edz, (2.47)
(M} = E /zk"I 5E; 2, (H*}adz. (2.48)

Eq. (2.29) and (2.30) can then be solved analytically for the midplane strains and

N + Ne
. (2.49)
{ M + Me ]

{e} = (A7 + A" [BI(ID] - [BIIA]'(B]) " [BI[A]"){N + N°}

curvatures .

B D

Specifically,

~[A]7B]([D] - [BJ[A][B))T{M + M}, (2.50)
{o} = —(D] - [BIIAI[B) T [B]A]"){N + N°}
+([D] - [BJ[A]7[B])"{M + M°}. (2.51)

The ply strains and stresses can be readily obtained from Eq. (2:26) and (2.19);

respectively.
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2.4 Results and Discussions

Three types of electrostrictive materials are studied in the present work using the
iterative and closed-form formulations: (1) a PMN ceramic, (2) an unsymmetric
two-layered composite of brass/PMN, aluminum/PMN, or epoxy/PMN, and (3) a
symmetric three-layered composite with a layer of PMN being sandwiched between
two layers of brass. The material properties of isotropic PMN, brass, aluminum
(Al), and epoxy are given in Table 2.1.

To check the validity of the constitutive relations, Eq. (2.1) and (2.2), one
considers a PMN ceramic with a thickness of 0.1 mm subjected to an electric
field, Es, in the x5 direction. The predicted compressive strains, €;; = €99, in the
z1 and z, directions in response to an electric field in the z3-direction are shown in
Figure 2.3. The iterative solution shows a nonlinear relationship between resulting
strains and applied electric fields and agrees very well with the experimental data
(Jang et al., 1980).

Consider a two-layered brass/PMN composite with the thickness of each layer
being 1 mm. The brass/PMN is subjected to an electric field, E3 = 1 kV/mm.
The compressive strains of the top PMN layer and the tensile strains of the bottom
brass layer, €1; (= €22), obtained from the iterative and closed-form formulations,
as a function of the vertical position, z, of the composite are shown in Figure 2.4.

Both the iterative and closed-form formulations give almost the same linear
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Table 2.1: Material properties of PMN, brass, aluminum, and epoxy

Material E (GPa) v fuy = e =/ (m/F) Qu (m'/C?) Q@ (m?*/C?
PMN 112 0.26 1.5066x107 0.026 -0.0096
Brass 110 0.37

Aluminum 69 0.33

Epoxy 2.5 0.40
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distribution of strains; see Eq. (2.26). The stress o1; (= 022) as a function of z
is shown in Figure 2.5. To check the validity of the assumption of linear stress
distribution within each ply, the top PMN layer is divided into ten sub-layers
of equal thickness of 0.1 mm. Within each sub-layer, Eq. (2.38) and (2.39) are
used. It is shown in Figure 2.4 and Figure 2.5 that the assumption of linear stress
distribution within the entire PMN layer is acceptable. The nonlinear relationship
between the applied electric field and the resulting strains is shown in Figure 2.6.
When the electric field increases, the magnitude of the compressive strains of the
top PMN, those of the interface, and the tensile strains of the bottom brass all
increase.

The effect of the £hickness of brass is studied in Figure 2.7 while the thickness
of PMN remains 1 mm. When the thickness of brass is less than 0.5 mm, the
compressive strains of the top of PMN ply increases, while the compressive strains
of the bottom of brass ply decreases. On the other hand, when the thickness
of brass is greater than 0.5 mm, the compressive strains of the top PMN ply
decreases, whereas the tensile strains of the bottom brass ply increases and these
approaches as asymptotic value.

The relationship between the polarization P; and the electric field F5 in
brass/PMN is shown in Figure 2.8. For iterative solutions, Eq. (2.17) is used

and thus P; is a nonlinear function of E3. On the other hand, Eq. (2.46) is
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employed in the closed-form solutions and thus P; is a linear function of E5 . How-
ever, the closed-form solution again agrees quite well with the iterative solution,
which again indicates that the second term on the right-hand side of Eq. (2.2),
2Qxi01 P, is negligible.

When an electric field is applied to (brass/PMN), in the z3 direction, the four-'
layered composite with each ply thickness of Imm exhibits compressive strains.
For the two-layered composite brass/PMN, compressive strains are developed in
the top PMN ply whereas tensile strains are developed in the bottom brass ply;
see Figure 2.9.

In order to study the effects of material properties on the électromechanical
coupling in electrostrictive composites, the brass layer is replaced by an aluminum
(Al) or an epoxy ply. When an electric field, Ej, is applied to a brass/PMN and
an Al/PMN, the top PMN ply contracts, whereas the bottom brass or Al un-
dergoes elongation. For the epoxy/PMN composite, however, the top PMN ply,
PMN/epoxy interface, and the bottom epoxy ply all contract; see Figure 2.10.
However, it is noted that more compressive strains are developed in the PMN ply
in the brass-based and Al-based composites than those of the epoxy-based com-
posite. But the compressive strains at the interface of brass/PMN and Al/PMN
are lower than that of PMN/epoxy.

When an electric field Ej is applied to a two-layered brass/PMN composite,
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a curvature, p1; (= p22), will be developed because the composite is unsymmetric.

To ensure no wrappage of the composite, one can apply a moment M; (= M) to
eliminate the curvature. On the other hand, if the curvature is caused by moment
M, (= M), one also can apply an electric field F5 to the composite to eliminate
the curvature. Figure 2.11 shows the relation between the resultant moments per
unit length and the electric field for zero curvatures of brass/PMN.

Consider a symmetric brass/PMN/brass composite subjected to E3 = 1kV/mm.
Each layer has a thickness of 1 mm. Both the iterative and the closed-form solu-
tion predict the same strain, £); = —133x107%. The in-plane stress, o1; (= o)
as a function of vertical position, z, is shown in Figure 2.12. Again, the closed-
form solution gives accurate estimates in comparison with the iterative solution,
where the relative error is 2.2%. Moreover, the comparison between the com-
pressive strains, which is equal to the compressive strain of the mid-surface, of
the PMN ceramic with those of the brass/PMN /brass is shown in Figure 2.13.
For brass/PMN/brass, the contraction of ’;he PMN ply is constrained by the
brass layers. Therefore, the compressive strain e;; (:. €92) of the three-layered
brass/PMN/brass is less than that of PMN ceramics. When an electric field, |
E3; = 1 kV/mm, is applied to a brass/PMN/brass, an increase in thickness of
brass results in a decrease in the compressive strains €11 (= €92) in thé composite;

see Figure 2.14.

51









£,, (1)

811

=35} — PMN .
- - - Brass/PMN/Brass
-40} 1
_45 1 L 1 L
0.2 0.4 0.6 0.8 1
E3 (kV/mm)
Figure 2.13: Strain €); (= €22) for PMN and brass/PMN /brass as a function of

Es.
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To study the effect of the material properties of the ductile layer, the strain,
€11, of brass/PMN /brass, Al/PMN/Al, and epoxy/PMN/epoxy composites, due
to the electric field E3 = 1 kV/mm is shown in Table 2.2. The results show
that the composite materials with compliant plies, suéh as epoxy, will exhibit a

relatively large deformation.
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Table 2.2: Strains of brass/PMN/brass, Al/PMN/Al, and epoxy/PMN /epoxy

subjected to B3 =1 kV/mm.

Strain  brass/PMN/brass Al/PMN/Al epoxy/PMN /epoxy

e11(= €92) —13.4p —17.6p —40u
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Chapter 3

Electrostrictive Materials with

Periodic Microstructure

3.1 Periodic Microstructure

The present micromechanics model is developed to estimate the local fields and the
effective properties of electrostrictive composites. The model, based on periodic
microstructure, considers an infinite electrostrictive solid containing periodically
distributed electrostrictive inhomogeneities. The inhomogeneities can be laminae,

long fibers, or in any shap.e (see Figure 3.1). In view of periodicity, the composite

o8






can be regarded as a collection of unit cells (see Figure 3.1), and the effective
properties of the unit cell can represent those of the composite.
The constitutive relations of electrostrictive materials are given by (Knops,

1963)

e=s:0+Q:(PQ®P), (3.1)
E=3-P, (3.2)
or inversely,
0=C:e-C:Q:(PQP)=C:e-B:(E®E), (3.3)
P=k-E, (3.4)
where
Biipg = CijmnQmnkibrpkisq (2, 4,0, ¢, m,n, k, 1 = 1,2, 3); (3.5)

€ is the strain tensor, o is the stress tensor, P is the polarization vector, E is the
electric field vector, s (= C~') is the compliance tensor, Q are the electrostrictive
constants, 8 (= k') and k (= B7!) are the permittivity tensors, and C (= s™?)
is the stiffness tensor. Repeated indices in one term are summed over 1, 2, 3. A
single dot (-) represents the dyadic product of a second-order tensor and a first-
order tensor (i.e., a vector), whereas a double dot (:) stands for the scalar product

of two tensors. The notation ® is used for the tensor product of two tensors.
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The indicial form of the constitutive relations (3.3) and (3.4) are given by
0i5 = Cijriert — CijmnQmart Pe P = Cijrien — BijuErEy, (3.6)

B = Iﬁ:ijEj. (37)

3.2 The Inclusion Problem

Consider a unit cell U, consisting of a continuous electrostrictive matrix, M, and
inclusions, €2. The inclusions have the same properties as the matrix and can
be the union of several subregions with an arbitrary shape. The center of the
unit cell is located at the origin of a rectangular Cartesian coordinate system.
The dimensions of the unit cell and the inclusion are denoted by 2a; and 2b;
(3 =1 ~ 3) respectively, and are measured along the coordinate axes. Moreover,
strain-free transformation stresses, o*(x), and electric field-free transformation
polarizations, P*(x), are prescribed in 2, and result in perturbation fields. The
constitutive relations for such a homogeneous electrostrictive unit cell are given
by

o(x) =CM:eg(x) - BM: [E(x) @ E(x)] + o*(x), (3.8)
P(x) = &M . E(x) + P*(x), . (3.9)

where the superscript M represents the properties of the matrix.
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Because of periodicity, the transformation stresses, o*(x), and the transfor-

mation polarizations, P*(x), can be expressed in terms of Fourier series,

o (x)

where o*° =

< o*(x) >y, and P* =

+o0
= X
§=0

= >U + Z
£#0

= o*° + O'*p(X),

5" (€)exp(it - x)

&)exp(i€ - x)

(3.10)

£)exp(ié - x)

ZP*

+o00

) >u + Z 13*(5)
§+0

+ P*P(x),

= <P*(x exp(t€ - x),

= P* (3.11)

< P*(x) >y. The superscript o stands

for a uniform field. The angle brackets with a subscript U represent the volume

averages over U. The superscript p implies that the corresponding field is a

periodic function of x, i = +/—1, and £ is a vector with three components:

& =

The Fourier coefficients &*(¢) and P*(¢) are defined by

TZW (j =1~ 3; no sum on j) (3.12)
J
nj=0,+1,%2,.... (3.13)
. 1,
6°(6) = 5 o (exp(—i€ - x)a, (3.14)

62




A 1
(e = 3 /U P*(x)exp(—i - x)dVi, (3.15)
with Vi being the volume of the unit cell. Similarly, the resulting periodic dis-

placements and electric potential fields can be expressed in Fourier series by

+o0
uP(x) = > GP(€)exp(i€ - x), (3.16)

£#0
Z ¢° (£)exp(i€ - x), (3.17)

£#0

where

P (£) = ViU /U uP (x)exp(—it - x)dVi, (3.18)
F€) = 7 [ 8 exp(—it - )%, (.19

The average terms u°(x) and ¢°(x), which are the rigid body translations and
uniform electric potential fields respectively, are excluded. The strain and electric

fields are thus given by

) = S{Veuwk)+[Veuw)T)

- Sleow@e i@ odenie-n, (320
£¢o
EP(x) = -V -¢P(x)
= — Z €0 (&)exp(i€ - x). (3.21)
£+0

Since all the variable fields can be divided into uniform and periodic pertur-
bation parts, it is convenient to rewrite the constitutive relations (3.8) and (3.9)
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as follows
o°+oP(x) = CM:(e°+eP(x))
—BY : [(E® + EP(x)) ® (E° + EP(x))]
+0*° + o' (x), (3.22)
P° + PP(x) = kM. (E° 4 EP(x)) + P* + P*P(x). (3.23)

The equilibrium and Gauss’s law require that
V.o(x)=0, (3.24)

V- -Px)=0, (3.25)
where V denotes partial differentiation with respect to the space coordinates. To
find the relation between arbitrary transformation fields and their resulting peri-
odic perturbation fields, substituting Eq. (3.22) and (3.23), expressed in Fourier
series, into Eq. (3.24) and (3:25), gives

XH (€-CM-€)7'-aP(£) —¢-BM: (E° Q£+ EQE)G (¢)

£#0

+o0o Ap o )
+i€-BM: > e @E—-n)d (m)¢ (€ —n)+if - & (€)}exp(it - x) = 0,

1#0,1#E

(3.26)
52{ ) +iE P O)eplit - x) =0, - (327)
#0
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or in indicial notation,

+o0 .
Y {—i&CHE0E () — &BM(ERE + & EP) P (€)

§#0
+oo . R
+i&Biy > (€ — m)id”(n)#F (€ — ) + i&i67;(€) Yyexp(i€ - z) = 0,
N#0,M#E
(3.28)
+oo R R
> {&irsi €07 (€) + 16 P; (€)) Yexp(i€ - z) = 0. (3.29)
§£0

where the product of two Fourier series is given by (Bary, 1964)

EP(x) ® EP(x) = [—i Z&d) €)exp(i€ - x ®[—i§on$p(ﬂ)exp(i"7'x)]

£#0 n#0
= =Y T mmlele - md°E - n)lexplié -x),
£#0 M#0,N#E
(3.30)
where‘
& (n) = Vi [ 67 Goexp(—in - x)avs, (331)
(€ —m) = 5 [ $"exp(=il¢ — n) - )dv;. (3.32)

Then, the ezact solutions of perturbation displacements and electric potential

fields can be obtained from solving Eq. (3.26) and (3.27):

@) = —(£-CY- &7 @& [-i6"(¢) +2BM: (¢ ®E")$"(¢)

LBY: S ne (€ n)dm)dtE — )l (3.33)
1770,N#§
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¢ (&) = —i& - P*(€)/(€ - &M - 8), (3.34)

or in indicial notation,

af€) = —(&-CM-6);'6[—is}, () + 2BM & E°(€)

+o00
~iBM . > ny(€—n)-dP () (€ — 1)), (3.35)
n#0,n#£E
B (€) = —i&:B (€)/ (Embmmbn)- (3.36)

The ezact periodic perturbation strains and electrical fields can thus be deter-

mined from Eq. (3.20), (3.21), (3.33), and (3.34):

+o0
eP(x) = Y -I": {6%(&) +2BM: (¢ ®E°)[¢ - P*(&)])/(£- M - €) — BM
€0
if 1 ® (& —n)ln-P*M)I&—n) - P*(€ —n)]
neomet (&M —n) k&M - (£ —m))

}exp(i€ - x),

(3.37)

+o00
EP(x) = — 52 {€® [P*(€)-€]/(€ - kM - €)}exp(it - x), (3.38)
#0

or in indicial notation,

+o00 R
Efj (.'17) = ; rijlp{&;p(é-) + 2BII;J/I<1T§QE:§/CP; (E)/(é.m’ﬁnﬂfné-n)
££0
M 3§° 19(€ — e P (m) (€ — m)s P2 (€ — )
o e (k) (€ — m)esE(E — 1))

Yexp(i€ - ).

(3.39)

+o0
Ef () = = 3 &P} (€)6i/ (Embmn&n)exp(i€ - 3). (3.40)
€20
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where

I' = sym{€® (€-CM- €)1 @ &}, (3.41)
= &
i= 2 (3.42)

with 'sym being the symmetric part of the corresponding fouth-order tensor. For

exemple,

!

1 ’ 7 ! 1
Lijin = Z{Fijkl + Djie + Tijue + Tjage - (3.43)
It is noted that Eq. (3.33), (3.34), (3.37), and (3.38) are in essence integral

equations and thus are difficult to deal with. If the transformation stresses and

transformation polarization fields are uniform in Q, i.e.,
o*(x) = &* and P*(x) = P*, (3.44)

where &* and P* are constant, Eq. (3.14) and (3.15) can be rewritten by

5*(€) = fo(~€)&", (3.45)
P*(€) = fg(-&)Pr, . (340
where
9= = 1 [ exp(-it - )% s |
Similarly, | |
P*(n) = fo(-n)P*, . (3.48)
P*(¢ —n) = fg(n - £)P", (3.49)



where

o(-n) = g [, exp(=in - x)aVs, (3:50)
o1 =€) = 5 [ explitn - &) -x)d¥is (351

f = Va/Vy is the inclusion volume fraction.
The effects of the inclusion geometry are fully addressed by g(—¢€). The ex-
pressions of a class of inclusion geometry are listed as follows (Nemat-Nasser et

al., 1993):

(1) The geometrical parameter, g(£), of an elliptical particulate with principal

radii b; is given by

g = 3(sin ~ Caos )/, 3:52)
where
b b b
=y (B g (e (353

Eq. (3.52) and (3.53) include the g-parameters for cases of spherical, oblate
spheroidal, and prolate speroidal particles when by = by = b3, by = by > b3,

and b; = by < b3, respectively.

(2) The geometrical parameter, g(€), of a parallelepiped whisker with dimensions

2b; is giving by

9= a;:n b n 22 mnab. = ) (354)
(Fri) (T ) (xnae)
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When a; # by, a3 = by, and a3 # b3, Eq. (3.54) represents the g-parameter

for a continuous fiber with a rectangular cross section. When a; = b,

az = bo, and a3 # b3, Eq. (3.54) represents the g-parameter for a lamina.

(3) The geometrical parameter, g(£), of an elliptical-cylindrical fiber with prin-

cipal radii b; and b3 and length 2b, is given by

sin(mazia)2 (| /(BEye 1 (2 )

az

v () + ()

as ai a2

g= , (3.55)

where J; is the Bessel function of the first kind. The special cases of a
continuous fiber (a; = by) and a circular-cylindrical continuous fiber (b; = b3

and ap = by) are included in Eq. (3.55).

To determine the average perturbation fields of the inclusion, substituting
Eq. (3.45), (3.46), (3.48), and (3.49) into Eq. (3.38) and (3.37), the average per-

turbation strains and electric fields are given by

*

<eP(x)>q = - if f9(€)g(-€)T

S;éo '
—2£ng O : BM: (EQE°)(E-P*)/(E- &M §)
#0
+ if fe®I' : BM: A(¢): (P*®P"), (3.56)
£#0
‘ CEP() Sa= - 3 Jo(€)a(~L)ER" -E)/E- KM -B), (3.57)

£#0
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where

(€)= 77 [ exvl - x)av, (3.58)

(I‘h-l

— 1)

Alg) = ﬂi"f fa=me(n-&)n® € - 1)

neomeg (A EMDE-0) KM (E-R)] 7 (3.59)
__ M
= (3.60)

3.3 The Inhomogeneity Problem

Consider a parallelepiped unit cell, which is subjected to the uniform strains and
electric fields, e° and E°. The unit cell may consist of one or more inhomogeneities
with properties being different from those of the matrix. Due to the existence of
periodically-distributed inhomogeneities, the local strains and electric fields can
be expressed by

e(x) = €° + eP(x), (3.61)

E(x) = E° + EP(x), (3.62)
where eP and EP are the periodic perturbation strains and electric fields. In or-
der to solve the inhomogeneity problem, one can replace the inhomogeneity by

the matrix, and to compensate for the materials’ mismatch after homogeniza-

tion, prescribes strain-free transformation stresses, o*(x), and electric field-free

70



transformation polarizations, P*(x), within the Q.

\

|

| Before and after the homogenization, the stresses and polarizations in £2 must
be conserved. Therefore, the following constraint conditions must hold:

Cei<e(x) >q —BY: (< Ex) > ® < E(x) >q) =
CM < g(x) >q —BM : (< E(x) >q ® < E(x) >q)+ < 0*(x) >q,

(3.63)

k2 < E(x) >o= kM < E(x) >q + < P*(x) >q. (3.64)

where the properties with a superscript, {2 and M, represent the inhomogene-
ity properties and matrix properties, respectively, and the angle brackets with a
subscript {2 represent the averages over the inhomogeneity £2.

'To determine the suitable transformation fields, o*(x) and P*(x), which satisfy
Eq. (3.63) and (3.64), one needs to determine the relationship between the periodic
perturbation fields, eP(x) and EP(x), and the transformation fields, o*(x) and
P*(x), which is the so-called inclusion problem and has been solved in the previous
section.

Substituting Eq. (3.56), (3.57), Eq. (3.61), and (3.62) into the constraint con-

ditions Eq. (3.63) and (3.64), one finds that

~AC:R:V+AB—-2AB- Y -(1® + Ak-Y) ! Ax

' & = I+AC:I)':AC:e°—(I+AC:T)!: {2AC: N
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+AB:J}: (E°®E°), : (3.65)

Pr=(1% 4+ Ak-Y) ! Ak -E°, (3.66)
where
Vinngt = (1 + Ak - V)7L Akpg(1® + Ak - V)71 Ak, (3.67)
Jqut =Yip(1® + Ak - V) Ak Yin (1P + Ak - V)7 Ak, (3.68)
Ak =k — kM, AC=C?-CM, AB=B"-BM (3.69)

1 is the second-order identity tensor, and I is the fourth-order identity tensor.

The fourth-order tensor T, Y, R, and N include infinite series and are given by

I= ng )g(—€)T (3.70)
€0
R = if fe(€)T" : BM: A(¢), (3.71)
£#0
+00
Y =73 fo(€)s(—€)E® &)/ M), (3.72)
€0

N = ng (€)g(—€)T : BM. (£ ®€)- 1P + Ak-Y) ™! Ax/(E- &M E). (3.73)
€0

3.4 Effective Properties

The average strains and electric fields over the unit cell, U, are equal to the

applied loads €° and E°, since the averages of the periodic perturbation strains and
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electric fields over U vanish. The effective dielectric, stiffness, and electrostrictive

properties of electrostrictive composites, &, C, B, and Q, respectively, are defined

by
<P(x) >y=k < E(x) >py=Fk - E°, (3.74)
<o(x)>y=C:e°-B: (E°QFE°), (3.75)
Biqu = _ijan—mnkl’_ﬂkp’_ﬂlq- (376)

After the homogenization, Eq. (3.74) and (3.75) become

<P(x)>y=F -E° =M .E°+ f < P*(x) >q, (3.77)

<ox)>y = C:e°-B:(E°QE°)
= CM:e°-BM: (E°QE)+f<o*(x)>q. (3.78)
where f is the inhomogeneity volume fraction.
To estimate the effective properties of electrostrictive composite materials, one
substitutes Eq. (3.65) and (3.66) into Eq. (3.77) and (3.78) and compares both

sides of Eq. (3.77) and (3.78). The effective properties of the electrostrictive

composite materials are thus given by
R=rM+f1® + Ak -Y) . Ak, (3.79)
C=CM+fI+AC:T)':AC, (3.80) .
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B = BM+fI+AC:T)':{2AC:N-AC:R:V+AB

—2AB-Y- (19 + Ak-Y)!' Ak + AB: J}. (3.81)

It is noted that Q can be computed from Eq. (3.76).

3.5 Results and Discussions

Consider a laminate with layers of PMN sandwiched between layers of brass;
see Figure 3.1. The dimensions of the brass layer are 2b; (i = 1 ~ 3). Let
ay = ag, by = by, and 7 = bs/(a3z — bs), the ratio of the thickness of brass to
that of PMN. The Young' modulus, F, and Poisson’s ratio, v, of brass are 69 GPa
and 0.37, respectively. The material properties of isotropic PMN are given by:
E =112 GPa, v = 0.26, k11 = kg3 = kg3 = 6.6375x10" F/m, Q; = 0.026 m*/C?,
and Q2 = —0.0096 m*/C? (Sundar and Newhnam, 1992). Let the composite be
subjected to E3 only. The linear relationship between the polarization, Ps, and
the electric field, Fj3, is shown in Figure 3.2. An increase in the thickness of brass
results in an increase in the polarization, Py3. The strain €33 as a function of
~electric field Fj is shown in Figure 3.3. The relationship between the strain, €33 ,
and the electric field, Ej, is nonlinear. The results show that an increase in the
thickness of brass results in a decrease in the composite strains, £33. Furthermore,

the strain €;; as a function of electric field F5 in brass/PMN/brass (r = 0.5),
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Figure 3.3: Strain e33 as a function of electric field F3 in brass/PMN /brass.

76



obtained by the periodic microstructure model in comparison with that obtained
by the laminated plate theory model is shown Figure 3.4. The strain predicted
by the periodic microstructure model is lower than that by the laminated plated
theory. The predicted trends are, however similar to each other. The strain &,;
as a function of thickness of brass in brass/PMN/brass obtained by the periodic
microstructure model in comparison with that obtained by the laminated plate
theory model also is shown Figure 3.5. When the thickness of brass increases, the
strain predicted by the periodic microstructure model decreases faster than that of
the laminated plated theory. However, when the thickness of brass is less 0.2mm,
the result predicted by the periodic microstructure model agrees quite well with
that predicted by the laminated plate theory model. To check the convergence
of Fourier series, the tensors, Y33, I's3, N33, and Rss, as a function of the number
terms used in Fouries series for the case of brass/PMN/brass (r = 0.5) are shown
in Figure 3.6 - Figure 3.9, respectively.

Consider a PMN/epoxy composite, in which the electrostrictive PMN ceram-
ics are long square rods embedded in epoxy. The unit cell is a cube with a square
electrostrictive ceramics rod being located in the center of the matrix; see Fig-
ure 3.10. The dimensions of the unit cell are given by: 2a; = 2a, = 2a3 (i.e.,
a cube), and the dimensions of the square electrostrictive ceramics are given by:

2b1 = 2(1,1
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Figure 3.6: Tensor Y33 of brass/PMN /brass as a function of the number of Fourier

series term, N.
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Figure 3.7: Tensor I's3 of brass/PMN/brass as a function of the number of Fourier

series term, N.
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(i.e., continuous fibers) and 2b, = 2b3. The material properties of the epoxy are
given by: E = 2.5 GPa, v = 0.33, and k11 = kg = K33 = 0.0037x10~8 F/m. The
effective properties of the electrostrictive composites as a function of fiber volume
fraction, f, is shown in Figure 3.11 - 3.13. An increase in the volume fraction of
PMN, results in an increase in the stiffness, Cs3, the dielectric constant, k33, and
the electrostrictive constant, @33, of the composite. The strain £33 as a function
of electric field 3 is shown in Figure 3.14. The relationship between the strain,
€33 , and the electric field, Fj3, is nonlinear. The composite strain, €33, increases
with an increase the volume fraction of PMN due to the electric field, E;.

It is pointed out by Suo (1991) and Hom and Shankar (1994) that the polariza-
tion approaches to an asymptotic value due to saturation when the electric field
increases. To account for the saturation of polarization, higher order terms may
need to be included in the constitutive relation Eq. (3.4). If the electric field is
not very high, the present formulation based on the constitutive relation Eq. (3.4)

is valid.
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Figure 3.11: Effective stiffness, Cs3, as a function of fiber volume fraction, f, of

PMN¢ /epoxy.
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Figure 3.13: Effective electrostrictive constant, Qss, as a function of fiber volume

fraction, f, of PMN//epoxy.
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Chapter 4

Electrostrictive Materials with

Periodically Distributed Cracks

4.1 Electrostrictive Materials with Voids

Electrostrictive ceramics are brittle and susceptible to micro-flaws. The property
degradation due to microcracking in electrostrictive materials is thus technolog-
ically important. In this chapter, the formulations for the effective properties of
electrostrictive materials with periodically distributed voids are derived, and one
extended to the case of an electrostrictive solid containing periodically distributed,
aligned 2-D line cracks.

"The effective properties of electrostrictive materials with periodically distributed
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voids can be estimated by the method presented in Chapter 3.
Since the inhomogeneities are now voids, the stiffness and the electrostrictive
constants of the voids vanish (C® = 0; Q? = 0), which also implies that B®

(Bijpg = Cmn @t nibiiytoil) is equal to zero. However, the permittivity, £2, within

 the voids is not equal to zero (k® = k2 = 8.85x10~12F /m). Therefore, Eq. (3.65)

and (3.66) become
¢ = —I-c™:) . cMie - (I-CM: 1)1 {2CM: N
—CM:R:V+BM-2BM.Y.(1® + Ak-Y) 1. Ak
+BM:J}: (E°Q E°), (4.1)
Pr=(19 +Ak-Y) ! Ak E°. (4.2)
or, in indicial notation,
o = —(@*-CcM: F)zjefc ten — (11— CM F)‘Ljef{2 szNqut
~CfuRiimnVimngt + By — 2B Vi (12 + Ak - V)7 Ay
+B£flikzqt}EgEf, (4.3)

P} (12+An V)i AkinEy, (4.4)

' where V and J are given by

Vingt = (1% + Ak - V)7L Akyg (1P + Ak - V)71 Ary, (4.5)

Jigt = Y}Cp(l(z) + Ak - Y) Anquln(l(Z) + Ak YY) Ak, | (4.6)
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Ak = kT — M, (4.7)

The fourth-order tensors I', Y, R, and N include infinite series and are expressed

by
r=S fg@e-or, (48)
£#0
R= 3 fo(e)T' : BM: A(), (49)
§+0 ~
Y= £9©(-e)E@E)/E kM- B), (4.10)

£#0

N= iZoo f9(&)g(-OT" : BM. (£ ®E)- (1(2? +Ak-Y) - Ak/(E-6M-E). (4.11)
£#0

'The average strains and electric fields over the unit cell, U, are €° and E°,
since the averages of the periodic perturbation strains and electric fields over U
vanish. The effective dielectric, stiffness, and electrostrictive properties, &, C and

B, of electrostrictive materials with periodically distributed cracks are given by

<P(x)>y=k -E° =M. E° + f < P*(x) >q, (4.12)

<o(x)>y = C:e&°—B:(E°QFE°

= CM:e°-BM: (E°QE°) + f <o*(x) >q, (4.13)

where f is the inhomogeneity volume fraction.
To estimate the properties of electrostrictive materials with periodically dis-
tributed cracks, one substitutes Eq. (4.1) and (4.2) into Eq. (4.12) and (4.13). The
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effective properties of the electrostrictive materials with periodically distributed

cracks are obtained by comparing both sides of Eq. (4.12) and (4.13):
R=cM+f1% + Ak-Y)™ . Ag, (4.14)

C=CM-fa-cM:n)1:.cM, (4.15)

B = B¥-fI-cM: D). {2CM:N-CM:R:V +BM

—2BM. Y. (1@ + Ak - Y). Ak +BM: J}. (4.16)

4.2 2-D Line Cracks

An electrostrictive solid containing periodically distributed, aligned 2-D line cracks
is shown in Figure 4.1. Basically, the 2-D line crack can be considered as a special
case of a flat elliptic cylindrical void; see Figure 4.2, where 2a; (i =1~ 3) are
the dimensions of the unit cell, and 2b; are the dimensions of the void. When the
aspect ratio of the flat void, 8 = b3/b1, goes to zero, the flat elliptic cylindrical
void becomes a 2-D line crack (Nemat-Nasser et al., 1993). To study the local
fields and the effective properties of cracked electrostrictive materials, a limiting

process is performed on the formulation developed in Section 4.1. Namely, for the
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Figure 4.1: Periodically distributed 2-D line cracks.
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effective properties of cracked electrostrictive materials, Eq. (4.14), (4.15), and

(4.16) become

R =rM+ lim FAP +Ak-Y)L . Ag, (4.17)
_}
~_ oM _ 1 M., -1, ~M
C=CM-limfI-C TF) : CM, (4.18)
B = BM—lljing(I—CM:I‘)‘l:{2CM:N—CM:R:V+BM
—2BM. Y. (19 + Ak YY) Ak+BM:J}. (4.19)
Define
+o0
"= g(€)g(—€) (&) (&) forp, ¢ =0, 1,2, (4.20)
§+0
and
f
d=Z. 4.21
5 (4.21)

The components of the effective permittivities can be expressed by

A
En = nf’lf + J;OOK‘H
L+ S5 3 9(€)g(—€)&
§#0
_ I‘GM d,BAK)u
U1+ dBos10
0(8)
_ M
A
Roa = fgg+ J;wﬂm
1+ 25213 9(€)9(-6)&
€0
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dB Ak

= l€22 + _'1 +_d,3%:3—2-801
22
O(B)
M
K422 + 1 + O(IB), (4'23)
A
Rss = /cgg T f K33
1+ A'mf Z 9(&)9(-8&)&
&+0
_ ngg + fAK‘33
L+ 45— f(55e - 45 Z 9(&)9(-&)(E + &)
_ n% i dfDkss
1+ AKK33 d'B(An::a _ %ﬁvzg(sm 4 301))
O(B)
= gM . 4.24
33 1+AK—'§ZA+O([3) (4249
where
E+E6+E=1, (4.25)
+o0
Y fo&)g(-€)=1-f (4.26)
&0
are used.

When f approaches to 0, k11 = k3, Koe = k3, and Rs3 = k. That is, the
dielectric properties of electroctrictive solids are not degraded due to the existence
of cracks.

For an isotropic matrix, the stiffness is given by

2uv
Cijmn = T— 95 %0mn + 1(8imBin + 0injm), (4.27)
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where p is the shear modulus and v is the Poisson ratio. Consequently,

Crimnmntt = 95ym(ESs) — —— G ki + o856,

Thus I — CM: T can be expressed by

U21 U22 U23 0 0 0
T_GM .1y U, Usp Uss 0 0 0
0 0 0 Uy O 0
0 0 0 0 Uss O
0 0 0 0 0 Uss
where
1 v
—1— 20 10
Ui dﬂ(2 1— S 1— 1/8 ),
_ 1 4 v oo
Uis = d,B( —§ + 11— 1/8 ),
U13 — ( 1 (810 _ 820 811) + v (810 + 801))
1 1 -V 1 -V 1—v
I 1 Vo 10
Uy = —df( 1—1/8 + 1—1/8 ),
1 02 v o oo
Usz =1 —dB( 1—5° +1—1/S )
Usps = ( 1 (s9 — 9 — g1y 4 v (51 + 5°1))
3 1 1—v 1 —v 1—v ’
1
= —dB(— 10 _ 20 11 10
U31 IB( _ 1/(3 S ) + Vs )a
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(4.28)

(4.29)

(4.30)
(4.31)
(4.32)
(4.33)
(4.34)
(4.35)

(4.36)




1
1—-v

(8% — 5% — s11) 4 s°), (4.37)

Usy = —dB(—

1—v

1
Uss = dB(1+25"0+ 25" + 1—(320 — 2510 — 25" + 25 4 ") + 1L(s1° +5%%)),

(4.38)
Uss = dB(1+ 8™ + 5% + - V(s°1 — st — 5%)), (4.39)
Uss = dB(1+ s'° + s + ii—y(s“’ — sl — 520Y), (4.40)
Uss =1 —dB(1+s" + —i—ys“). (4.41)
By inverting the [I — CM : I'], one finds
( O(B) opB) OB o0 0 o0
o) omB) opB o0 0 0
=z 10B) 5+06) 1+0(8) 0 0 0
fIL— cM . I‘]‘l — | 2108  Ai+0(B)  A+0(B) (4.42)
0 0 0 Aiz 0 0
0 0 0 0 x O
0 0 0 0 0 0O
where
A = 142894250 + 1—1—1/(320 — 2510 — 2501 4 2511 4 502)
v 10 , .01 1 10_ .20 11y __ (Y 210
+1_V(s +s )+—(1_V)2(s s% — s') (1—1/)3
1 01 _ 02 __ 11 V 2 o1
— 8% — —(—— 4.4
Ag=1+s0+5"+ 1—1—1/(301 — st — 5%, (4.44)



1 .
A3 =1+ 810 + -5'01 + m(slo - 811 — -5'20). (445)

When S approaches to 0, Eq. (4.42) becomes

0 0 0 0 0 0

0 0 0 0 0 0

v v_ L g 0 0
fI—cM.pt=| 0% (=80 4 (4.46)

0 0 0 L~ 00

0 0 0 0 £ 0

0 0 0 0 0 0

Thus, the effective stiffness of electrostrictive solids containing periodically aligned

cracks is given by substituting Eq. (4.46) into Eq. (4.18):

-C’u Co Cz 0 0 0 - -C{‘{ cM cMd o 0 0 —
Cyp Cyp Co3 0 0 0 cM cM cM 0 0 0
Csi Cso Ci3 0 0 0 cM cM cM o 0 0
0 0 0 Cu 0 0 o 0 0 CM o0 o0
0 0 0 0 Cs O 0 0 0 0 CM o
0 0 0 0 0 Cg 0o 0 0 0 0 CM
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0 0 0 -
0 0 0
0 0 0
cM o0 o0
0 CM o
0 0 cM
(4.47)

‘Thus, the components of effective stiffness can be expressed by

C_vll = ClA{; 0_'12 = C]Iga 6’13 = C]{tg’ (448)

Co=CY, Cp=CM, Cu=CHl, (4.49)
— 1
031 C31 + A (1 _ Cll + 1 C]{‘ZJ + 013) (450)
_ 1 v
Csy = CH + Al(1_ C{‘§+1_VC;‘§+C§§), (4.51)
- 1 v
Cas =C¥ + A~ Vc{‘g 750 +Cs3); . (452)
C’
Cu=CH + A2 (4.53)
CH
Css = Cjf + =%, (4.54)
Aj
Ces = Cas, (4.55)

and the rest of components of effective stiffness are equal to zero.
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In order to determine B given in Eq. (4.19), one finds

[N] = : (4.56)

where

1—-2uvM 1

Ny = (g s —omy) ( =0 (ﬂ))Bé‘g Aks3 +O(B), (4.57)
1 1 y

Nas = (o) T g5 B A+ 0(8) (4.58)

Nas = (—as 1 )BY Args + O(B), (4.59)

ol (15 B+ 0(B)

Similarly,

BM.Y.- (1@ +Ak-Y) 1 Axk] = , (4.60)
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_ B%AK);;;; 1

L3 = P (l—l—%:pzﬁ—l—O(ﬂ))—i_O(ﬂ)’
L Bé‘i?gﬁss - Aw—l‘f‘ O(ﬂ)) +0(8),
Loy = Byﬁgﬁ%(l T ém_l+ o)tV
Ly = B%,fggﬁss(l + %}&él+ O(ﬂ)) +00),
Lgs = Bas Mg ! ) +0(B).

2xM (1+ %guquO(ﬂ)

The fourth-order tensors R and J can be expressed by
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(4.61)

(4.62)

(4.63)

(4.64)

(4.65)

(4.66)



, (4.67)
0 OB) 0 0
0 0 0B o
0 0 0 O
Joa = ( " 2+ 0(p). (4.68)

k(1 + S5 + O(B))

When f approaches zero after the multiplication of matrixes, the effective elec-

trostrictive constants, B, is given by

By Bu Bu| |BY BY B| [ o) ow o |
By By By | = BY B} BY{ |- O(B) O(B) 0o(B)

| Bu B Ba | | BY BY BY| | B0 00 uon
[ ow o cullow ow ow| [sr By By

*92\ CM cl cM || o@B) OpB) O@p) |+ | BY BY BM

cl i ci || o oB) Ns | |BY BY BY

O(B) O(B) LY BY Bl BM oB) 0 0
—210(B) o) L% |+ | BY BM BM 0 0B 0 |¢>
| 0(6) O(p) ngJ _Bg;{ BM ng~ 0 0 Js |

(4.69)
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-B44 0 0 -B;{‘Z 0 0 -A% o O
0 Bss =| 0 B¥Y o |- a O
| 0 0 B | 0 0 Bff| |0 0 0@
r _C‘{E{ 0 O - -N44 O 0 BY 0
*321 0 CM 0 O Nys O |+| 0 BY
L L0 0 G| o o o 00
(L44 O O (Bﬁ 0 0 _ oB) o
=21 0 Ly O |*]| 0 BY 0 0 O(p)
O 0 0B |0 0 Bg|] 0o 0

Thus, the components of electrostrictive constant can be expressed by

Bu=B}{, Bu=Bl4, B;=BY,
By = BY, By =B}, By =BY,

Bs: B31+A11(1_ Bu+1 Bé‘{+B ),
By = B3; + Kll‘(mBg + 1_553% + By),
By = BM_ A1[2N33(1 —Cl + 1fyc§g+cgg)
(s +1) (7= Bl + 7B + BY)

2y L+ T L+ L)
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(4.70)

(4.71)

(4.72)
(4.73)

(4.74)

(4.75)



_ 1 o
By =B} — —(2NuC¥ + BY — 2Ly,), (4.76)

Ay
Bss = B — 11—3(2N55051‘§ + BM — 2Lss), (4.77)
Bgs = Big, (4.78)

where

Ny = (QJM)(Eg%AXZS , (4.80)
Moo = () (EEEEE), (4.81)
T = (RO (482)
Ly = %, (4.83)
Ly3 = %’%, (4.84)
L33 = é_sAi_AA’ﬂ_Z;, (4.85)
Lyy = %3—;, (4.86)
Lss = %AAL&. (4.87)

The geometrical parameter, g(£€), of an elliptical-cylindrical void as shown in

Figure 4.2 is given by (Nemat-Nasser et al., 1993)

sin(™222)2.7;(/(BE)2 + (B2 R(B)P)

sk JOBEV + (2R

a2 ay as

(4.88)

9(§) =

where J; is the Bessel function of the first kind.
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When the aspect ratio of the flat void, (= b3/b;), approaches zero, and the
crack length, bs, is assumed to be the same as the length of the unit cell, a,; the

flat void becomes a 2-D line crack. Thus, Eq. (4.88) can be reduced as

“«(e) = 1 ) SiIl(TLg’IT)2J1(n—1‘£L7r) 4.89
g (&) =ﬂ1_1)1(1)g(§ = n27r(n]ab1]7r) . (4. )
Since
sin(nam) _ 1 when ny =0, (4.90)
T
0 whenny #0,

the three-dimensional Fourier series expansion becomes a two-dimensional one.
Furthermore, one can reduce a two-dimensional series problem into a one-dimensional

one by using the following identities:

+o00 m2

2 iz = (rm)coth(rm), (4.91)
To  m? 1
Z(m_Q—i—_n?)Q = 5[(7rm)coth(7rm) + (wm)2csch?(7m)], (4.92)

n

where m is a constant. Consequently, one finds

+00 61
s = > 6" (0)g(-8)(—=—=)"

€0 V& +&3

4J7 (nabam
(n1b17r)2 (7T’n,1’)’3)00th(7f’n1’)’3), (493)
where «; = a;/ay. Similarly,
o _ 202() .
= “(numyz [(rn1ys)coth(mnyys) + (7n1ys)%esch? (mnyys)]. (4.94)

ai
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It can be shown that other series, s, s%2, and s!!, are equal to zero for 2-D line

cracks. Therefore, Eq. (4.43), (4.44), and (4.45) become

1 v
— 9510 20 _ 9410 V10 10 _ 2610 (4
Ap=1+2s +1_V(s s )+1_Vs +(1_V)2s (1_V)s , (4.95)
Ay =1+ s, (4.96)
10 L 10
A3=1+8 +1T'S . (497)

The crack density parameter f* of the 2-D line crack is defined by

. F (B
= lim — =%, 4.98
d 3878 A (4.98)

4.3 Results and Discussions

Consider a PMN containing periodic 2-D line cracks; see Figure 4.1. The dimen-
sions of the unit cell are given as follows: 2a; = 2a; = 2a3 and 26, = 2a,. The
Young modulus, E, Poisson’s ratio, v, the permittivity, , and the electrostrictive
constants, @, of isotropic PMN are used: F = 112 GPa, v = 0.26, k17 = kg9 =
K33 = 6.6375x1078 F/m, Q1 = 0.026 m*/C?, and Q;, = —0.0096 m*/C? (Sundar
and Newhnam, 1992). The Young modulus and the electrostrictive constants are
equal to zero within the crack. The permittivity within the crack is assumed to
be the permittivity of air: 13 = Ko = K33 = 8.85x10"2 F/m. The permittivity

within the crack has been discussed by Dunn (1994), who states that if the crack
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is very sharp, the permittivity within the crack is equal-to the permittivity of air.
But if the crack is fairly blunt, the assumption that the permittivity within the
cfack is equal to zero is valid. The normalized properties, C33/CY and Bs3/ B,
of PMN containing 2-D line cracks as a function of the crack density parameter are
shown in Figure 4.3 and Figure 4.4, respectively. The stiffness, Cs3, and the elec-
trostrictive constant, By, of electrostrictive ceramics decreases with an increase in
the crack density parameter. The results also show that the effective permittivity,
K33, is equal to the permittivity of the matrix, x3; see Eq. (4.22) ~ (4.24). The
existence of the 2-D line crack does not influence the effective permittivity ®ss.
The effective electrostrictive constants Q3 are also not affected by the existence
of microcracking; see Figure 4.5 Finally, the convergence of the infinite series, s°
and s%, of PMN with periodically distributed 2-D line cracks (f* = 0.0025) are
shown in Figure 4.6. The results show that the infinite series converge rapidly.

’

Therefore, the truncation errors can be negligible.
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Figure 4.2: Flat elliptical cylindrical void.
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0 0.05 0.1 0.15 0.2 0.25

Figure 4.3: Normalized stiffness Cs3/CM of PMN with periodically distributed

2-D line cracks as a function of crack density parameter f*.
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0.2 L !
0 0.05 0.1 0.15 0.2 0.25

Figure 4.4: Normalized electrostrictive constant Bs;/BY of PMN with periodi-

cally distributed 2-D line cracks as a function of crack density parameter f*.
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Figure 4.5: Normalized electrostrictive constant, @3;/Q3, of PMN with periodi-

cally distributed 2-D line crack as a function of crack density parameter f*.
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N

Figure 4.6: Truncated infinite series s'° and s for PMN with periodically dis-

tributed 2-D line cracks.

113




Chapter 5

Conclusions and Discussions

5.1 Conclusions

Two micromechanics models have been developed to estimate the local fields and
the effective properties of smart electrostrictive materials. One is based on the
laminated plate theory, and the other is based on periodic microstructure. The
latter can be used for a broad class of three-dimensional electrostrictive com-
posites and involves very few assumptions. Electrostrictive materials containing
periodically distributed 2-D line cracks are special cases included in the periodic
microstructure model.

For the modified laminated plate theory, both the linear and nonlinear relations

between the polarization and the electric field are considered. As a result, iterative
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and closed-form solutions have been developed. The effects of material properties,
the thickness of brass, and the number of plies on the mechanical and electrical

response of electrostrictive laminated composites are studied. One finds
(1) The closed-form solutions agree well with the iterative solutions.

(2) The relationship between the electric field, Ej, and the strains, 1; (= €33),

in electrostrictive laminated composite is nonlinear.

(3) For a two-layered composite, brass/PMN, subjected to F3 only, the com-
pressive strains, €1; (= €22), of the top PMN increase, but the compressive
strains, €11 (= €22), of the bottom of the brass decrease if the thickness of
brass is increased but remains less than 0.5 mm. On the other hand, when
the thickness of brass is greater than 0.5 mm, the compressive strains, e;;
(= €2), of the top PMN decrease, but the tensile strains, e;; (= €93), of
the bottom brass increase as the thickness of brass increases. For a three-
layered composite, brass/PMN/brass, subjected to F3 only, an increase in
the thickness of brass will result in a decrease in the compressive composite

strains, €117 (= €92), in the z; and z, directions.

(4) For two-layered composite, brass/PMN, subjected to E; only, the top PMN
ply will contract in the z; and z, directions, whereas the bottom brass ply

will extend in the z; and z, directions. For epoxy/PMN composite subjected
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to E3 only, both plies contract in the z; and z, directions. A three-layered
composite, brass/PMN/brass, subjected to Ej, exhibits less compressive
strain, €17 (= €22), in the z; and z, directions than an epoxy/PMN /epoxy

composite.

(5) For a four-layered composite, brass/PMN/brass/PMN, subjected to Ej3 only,
the composite undergoes contraction in the z; and z, directions. For two-
layered composite, brass/PMN, subjected to E3 only, the top PMN contracts
in the z; and z, directions while the bottom brass undergoes an elongation

in the z; and z, directions.

For the model based on periodic microstructure, a linear relation between
the polarization and the electric field is used since the nonlinear term is found
in the laminated plate theory to be insignificant. The periodic microstructure
model regards the electrostrictive composite as a collection of unit cells. The
local fields and effective properties of electrostrictive composites are predicted
using the equivalent inclusion technique (Es.heby, 1957) and the Fourier series
(Nemat-Nasser et al., 1993).

To determine the effective properties of heterogeneous electrostrictive mate-
rials, the inhomogeneities are replaced by the matrix, and transformation fields
are prescribed within the inhomogeneities to compensate the materials’ mismatch.
Thus, the inhomogeneities become inclusions. For simplicity, the transformation
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fields are assumed to be uniform in inclusions to yield closed-form estimates of
effective properties of electrostrictive composites. The present approach can be
applied to electrostrictive composites with inhomogeneities in any arbitrary shape,
such as laminae, long fibers, etc. In addition, the solution to the inclusion problem
of electrostrictive materials, Eq. (3.37 ) and (3.38), is exact.

Two examples are considered by the periodic microstructural model. One is
a laminate with layers of PMN sandwiched between layers of brass; the other is
a square PMN continuos fiber-reinforced epoxy-matrix composite. For laminate
with layers of PMN sandwiched between layers of brass, the polarization, P, is
a linear function of the electric field, E3, whereas the relationship between the
strain, €33, and the electric field, Fj3, is nonlfnear. An increase in the thickness
of brass will result in a decrease in the composite strain, €33, due to the electric
field, FE;.

For a PMN fiber-reinforced epoxy-matrix composite, an increase in the fiber
volume fraction results in an increase in the stiffness, Cs3, the dielectric constant,
k33, and the electrostrictive constant, Qs3, of the composite. The composite strain,
€33, due to the electric field, Fs, increases with an increase in the volume fraction
of PMN.

The effective properties of the electrostrictive materials containing periodically

distributed 2-D line cracks are studied in the present work. A 2-D line crack can
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be considered as a limiting case of a flat elliptic-cylindrical void with its aspect
ratio approaching zero. A limiting process is developed to derive the effective
properties of an electrostrictive solid with periodically distributed 2-D line cracks
from those of porous electrostrictive materials. An increase in the crack density
parameter, f*, results in a decrease in the stiffness, Cs3, and the electrostrictive
constant, Bss of cracked electrostrictive materials. However, the existence of the
2-D line crack does not influence the permittivity, 33 and the electrostrictive

constant, ()33,

5.2 Discussions

Based on the laminated plate theory, the line perpendicular to the middle sur-
face is presumed to have a constant leﬁgth after deformation so that the strain
perpendicular to the middle surface can be ignored, i.e., €33 = 0. The laminated
plate theory is not able to predict the deformation in the thickness direction of
composites. The periodic microstructure model is developed to estimate the lo-
cal fields and effective properties of three-dimensional electrostrictive composites.
The model involves very few assumptions and can be used for a broad class of
thrAee-dimensionaI electrostrictive materials, such as fibrous, particulate, and lam-
inated composites, porous, and cracked materials.

The constitutive relations between the polarization and the electric field are
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given by (Suo, 1991; Hom and Shankar, 1994)
E, = BrmPm — 2Qkimn0ki P, + higher order terms (5.1)

Both the linear term, B,mPm, and the nonlinear term, 2Qkimnor P, in Eq. (5.1)
are considered in laminated plate theory and an iterative formulation has been
developed. Closed-form solutions are also obtained by ignoring the nonlinear term,
2Qkimn Ok Pm, in Eq. (5.1). The studies show that the closed-form solutions agree
well with the iterative solutions and the nonlinear term, 2Qxmn 0k Prm, in Eq. (5.1)
is found to be insignificant in comparison with the first term, B, P,,. Therefore,
only the linear term, 8, Pn, is considered in the periodic microstructure model.

When the aspect ratio of a flat elliptic cylindrical void approaches zero, the flat
void collapses into a 2-D line crack. The periodic microstructure model is used to
study cracked electrostrictive materials. The results show that an increase in crack
density parameter results in a decrease in the stiffness Cs3 and the electrostrictive
constant Bss, but has no effect on the permittivity x33. These results may be due
to the fact that the nonlinear term in Eq. (5.1) is ignored. Although the nonlinear
term, 2Qkimn0kiPm, in Eq. (5.1) is negligible in comparison with the first term,
Brm P, in compﬁting the electro-mechanical coupling in laminated composites, it
may need to be considered in modeling cracked electrostrictive materials.

Suo (1991) and Hom and Shankar (1994) point out that the polarization de-
creases and approaches to asymptotic values due to saturation when the electric
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field is high. To fully account for the saturation of polarization, higher order terms
may need to be included in the constitutive relation Eq. (5.1). If the electric field

is not very high, the present formulations are valid.
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Appendix A

Classical Laminated Plate Theory

The stress-strain relations for an elastic material can be expressed by Hooke’s
Law:

0ij = Cijki€ki, (A1)

where 4,7,k and | = 1,2,3, o is the stress tensor, ¢ is the strain tensor, and C

(= D™!) is the stiffness tensor. For orthotropic materials, Eq. (A.1) can be written
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in matrix form by

r
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A plane stress state is assumed in a thin lamina; that is,

033 = 093 = 031 =0,

Eq. (A.2) thus reduces to

where
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A laminate consists two or more laminae,which are presumed to be perfectly

bonded together. The displacements are continuous across interfaces. That is,
there is no slip between each lamina. Moreover, a line originally straight and
perpendicular to the middle surface of the laminate is assumed to remain straight
and perpendicular to the middle surface after deformation, which implies that the
out-of-plane shear strains, £13 and €23, are equal to zeros; see Figure A.1. Also the
line perpendicular to the middle surface is presumed to have a constant length
after deformation so that the strain perpendicular to the middle surface can be
ignored, i.e., £33 = 0.

Figure A.1 shows that the undeformed and deformed cross sections of a lam-
inate, where 4y and wy are the x- and z-component of displacement of midpoint
C, respectively, z is the z-coordinate of a typical point D, and « is the slope of

the middle surface and is given by

_ 3’wo

=32 (A.9)

Since line AB remains straight after deformation, the displacement of point D in

the x-direction can be expressed by

UZUO—Z%. (A].O)
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Silimarly, the displacement, v, in the y-direction is given by

v=1p— z%%). (A.11)
The infinitesimal strains are defined by
ou
: = — A.12
€11 oz ( )
v
= — A.13
€22 ay’ ( k )
1 0u Ov
=—(—+ —). .14
£12 2(8y+8x) (A.14)
Substituting Eqs. (A.10) and (A.11) into Egs. (A.12) ~ (A.14), one finds
8u0 82’11)0
= —— —2Z—F A.15
N o T o (A.15)
ov 0wy
=— - A.
€99 ay VA ay2 y ( 16)
1,0u Ov 8wy
= (=4 =_ . A.17
c12 2(8y + Oz zaxay)’ ( )
or
( ) ( 3 ( )
€11 e P11
4 E99 = 582 s A P22 > (A].S)
\ 2612 / \ 28(1)2 / \ 2p12 /
where the middle surface strains are given by
( 3\ 4 3
& %?
J €l r =< %z;a - (A.19)
\ 28(1)2 b, \ 2(%1;/0-+%’Q) b,




and the curvatures are defined by

(

P11
< P22

\ 2p12 J
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\

J

Substituting Eq. (A.18) into Eq. (A.4), gives the stresses in the k** ply
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\ 2p12 )

where the subscript £ designates the ply number. Because the elastic properties

can be different from ply to ply, the stress variation through the laminate thickness

is piece-wise linear.

The resultant forces per unit length, {N11, Noo, N1}, and moments per unit

length, {Mj1, Mo, M2}, acting on a laminate are given by
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respectively, where ¢ is the laminate thickness, 7 is the total number of laminae, 2

and z,_; are the z-coordinates of the top and bottom surfaces of the k** lamina,

and the subscript % specifies the ply number; see Figure 2.1(b).

Eq. (A.21) into Eqgs. (A.22) and (A.23), yields
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Substituting

/

’ .

(A.24)
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Since €9}, €3, €% p11, P22, and pio are middle surface values and are not functions
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of z, Eqs. (A.24) and (A.25) give
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where the three-by-three extensional stiffness, coupling stiffness, and bending stiff-

ness are given by

4] = 10 N(es = 210,
1B]= 5 S(Ce( ~ %0,
k=1

D] = § IO h(ef ~ 2.0
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