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ABSTRACT

A numerical investigation was carried out using the steady state
Navier-Stokes equations. These steady solutions were achieved by an
iteration procedure, which normally requires less computing time than
do time marching procedures.

Primitive variables were used, since they are more suitable for
extension to three-dimensional flows, turbulence, etc., than are the
vorticity-stream function methods.

A decay scheme was chosen, since it has wider adaptability than
either the central-difference, or the upwind-difference techniques.

The method was used to study flow in a cavity and the results were
compared with published results. The second application was to model
and study flow inside a radiant furnace. This problem was the main
interest in the study. The numerical resutlts obtained were analyzed

for accuracy and consistency.
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NOMENCLATURE

c Weighting function

D Dilation, %§-+ %%

F, f Function
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Gt Decay function in time
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P Static pressure

5 Static pressure between two calculation steps
q Velocity vector

q* Velocity vector between two calculation steps
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Sp Source term of the pressure equation
t Time
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v Velocity component in y-direction

-

v Velocity vector

<>

Vgurface Velocity vector at surface




X Horizontal coordinate

y Vertical coordinate

a Relaxation parameter, or Acceleration parameter
$ Central-difference operator

A Finite increment
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H Absolute viscosity, or Averaging operator
v Kinematic viscosity
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¥ Stream function
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CHAPTER I

INTRODUCTION

General Review

Numerical methods in fluid dynamics probably started with
Thom's[1l] hand calculation of the velocity field around a circular
cylinder. Since that time several numerical methods have been
developed and applied to fluid dynamics and parallel the use of
numerical methods in other areas of Mechanics.

The finite difference method has been favored because it is
straight forward and relatively simple. However, it has sone
difficulties in complex flow fields such as high Reynolds number flow
and flows with arbitrary physical boundaries. High Reynolds number
flows will generally induce large gradients and require an increased
number of grid points for adequate resolution. The small eddies
found in turbulent flows cannot be resolved. As a result more
computer storage capacity and speed is needed before such flows can be
studied. Three-dimensional flows and flows with turbulence seem to be
still far beyond the capabilities of even the latest generation of
computers, despite the almost revolutionary progress that has been
made in the last two decades. Complex geometry may lead to errors in
the calculation of flow variables, such as vorticity and pressure, on
arbitrary walls. The errors produced at the boundaries will cause

deterioration of the entire flow and the results will be poor.

lyumbers in brackets refer to numbered references in the
bibliography.




The inherent limitations and shortcomings of the finite difference

nethod for flows with geometric complexity may be overcome by the
application of other methods. These methods include the finite
element method, which allows much more complex geometry, and the
spectral method, which is in general a more accurate approximation to
partial differential equations than is the finite difference method.
However, the finite element method requires more complex matrix
operations and the use of a meaningful variational formulation.
Spectral methods also have difficulties due to their relative
complexity and the implementation of complex boundary conditions.
According to Fasel[2], recent progress has been made in the finite
difference method for the areas in which it is deficient. Other

methods have seen similar development.

Objectives

Two—dimensional laminar, incompressible flows have been studied
extensively by wmany investigators using the HNavier—-Stokes equations.
Such studies were formulated in terms of vorticity and stream function

as the dependent variables. Here, vorticity is defined as

_ v r w =0V _ du
3% © 3x  dy

for their specific flows. The stream function is defined for any
two-dimensional flow field as
= - - _ %y
u = e and v = 3% °r U= - 3o and v = X

in Cartesian coordinates for the flows stated above.




Roache[3] has given an excellent survey of the techniques for the

solution of Navier-Stokes equations using the vorticity-stream
function formulation. This formulation, which removes the troublesome
pressure terms (which can be recovered later if needed), is very
useful for two—dimensional flows in simply-connected regions.
However, it has critical drawbacks in being unsuitable for extension
to three-dimensional, compressible or turbulent flow calculations.
The primitive variable approach may be a viable alternative for this
formulation. Ghia and his associates[4] have made progress with the
primitive variable approach and have obtained accurate and efficient
results, especlally for simple geometry such as the cavity problem.
The unsteady equations were used. Here the cavity problem is defined
as the rectangular cavity flow, generated by a moving wall on one
side[5]. Figure 1 shows the geometry of the cavity problem.

For the present study, a method was developed for using primitive
variables, i.e. (u,v,p), directly to obtain solutions of the steady
Navier-Stokes equation. The steady flow method is based upon the
assumption that a steady solution exists for the problem. The reason
for choosing the steady flow equations in the (u,v,p) formulation is
its advantage (over the unsteady approach) in computing time, plus its
merits over the vorticity-stream function formulation. It has been
observed by the author that the use of the primitive variables method
for the steady flow equation has not been favored by previous investi-
gations. However, Schulz[6] has used it successfully for problems

involving engine flows.
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The velocity boundary conditon is simple and always explicit,
while the pressure boundary condition is determined by application of
the basic equations with the viscous velocity boundary condition.

The pressure is a variable of smaller magnitude than the vorti-
city, which becomes rather large near a surface for high Reynolds
number flows. Thus, a smaller error is expected from the primitive
variable method in comparison with the vorticity method where the
vorticity derivative terms near a surface are large. It is noted that
the pressure gradient near a surface is related to vorticity gradient
in some sense, as dictated by Navier-Stokes equations.

The cavity problem was selected as a test for the algorithm and
the results can be compared with published results[7]. It is noted
that the cavity problem requires the full Navier-Stokes equations, and
not boundary layer equations.

The flow field of interest in the present study is that of a
radiant furnace. The radiant furnace is a component of the DOE
(Departuent of Energy) sponsored coal-fired Magnetohydrodynamic pilot-
plant at The University of Tennessee Space Institute, Tullahoma,
Tennessee. It is important to obtain information of the flow
properties for improved design, development, analysis and commercial

scale-up.



CHAPTER 1II

NAVIER-STOKES EQUATIONS AND DISCRETE SYSTEMS

Governing Equations

The nonlinear partial differential equations containing the
postulates of a continuum fluid are the Navier-Stokes equations,
together with the continuity equation. Since the discussion is
restricted to fluids with constant physical properties, there is no
reason for introducing an energy equation.

In the convective, i.e. non-conservative form,l the two-

dimensional equations are:

du , v _
Continuity —§-+ 3y 0 (1)
X-momentum u-23 + v 3u = -1 EP--+ w2y (2)
X dy p 9x
y-momentum u.i! + v 3! = - l-'i)-B-+ vV2y (3
X y p dy

where V2 is a Laplacian operator, i.e.,

2 2
=.a__.. +§_

v2 ,
3x2 ay2

lconservative form of the convective term is defined as géigl +
9 (vu) and 3 (uv) + 3 (v) , while the non-couservative form is u du +
dy 9x dy Ix
v Eg-and u421.+ V-il . The conservative form 1s also referred to as
oy X dy

the divergence form of the equations.




and u, v the velocity components along the coordinate axes X, y. p is
the fluid static pressure, u the first coefficient of viscosity, and
p the fluid density.

Here, three points are noted. First, the coupled convective
term makes the system nonlinear and makes an analytic approach
difficult. A few exact solutions can be formed and other solutions
obtained through linearization or by neglecting nonlinear terms.
Second, different treatments of the convective term may produce
different results. Bozeman and Dalton[8] compared different
treatments of the convective terms and showed substantial differences
in the results. This study considered the central-difference in non-
conservative form, central-difference in conservative form, upwind-
difference in the non-conservative form, and upwind-difference in
conservative form. Nallasamy and Prasad[9] also emphasized the
importance of different schemes when applied to vortex flow in a
cavity. In general, the conservative form of the equations gives a
more accurate result than does the non-conservative form. However,
the non-conservative form, combined with the decay scheme, was used
for the present study, providing the best approach. The decay schene
is described in Appendix A. Third, the pressure does not appear as a
dominant variable in any of the above formulations. Pressure is
determined from a Poisson equation, which in turn, 1s obtained from
the appropriate momentum equations to correctly model the elliptic

nature of the flow problem. One of the main reasons the primitive




variable approach has not been applied widely is the cumbersome

pressure boundary condition and manipulation of the pressure equation.

The time-dependent term has been disregarded for the following
reasons. Crocco[l0] apparently pioneered the "time~dependent
technique” in his noted paper of 1965. Since then, it has been
adopted by most workers. The principle of the time-dependent
procedure is that unsteady flows converge after a long time to a
physically stable steady-flow solution. There are advantages in using
the time-dependent technique where the steady flow is approached. The
transient flow could be obtained if small enough time steps were
considered. Also, there is a widespread philosophy that a model of
the actual physical process should be attempted. After all, any
physical event is fundamentally time-dependent. And in some sense,
the steady flow method is analogous to the unsteady flow method[3].

However, the computation time or modeled process rate will be
different from the physical time scale or process rate. As a result,
the computational transient solution is different, in general, from
the physical transient solution unless great care is taken to form the
temporal process numerically. The time needed to obtain a steady
state solution is then different from that of the real process. More
importantly, long computer run times are needed to obtain computa-
tional steady solution with the time-dependent technique.

In the present study, the steady flow method was used to take

advantage of the shorter computing time for a converged solution.



Poisson Equation for Pressure

The equations (1), (2) and (3) are not likely to provide the
solution directly in the primitive variable approach, because the
pressure is not a dominant variable in this formulation. Thus,
another equation for pressure as a dominant variable is generally used
in the primitive variable method.

In the formulation of the pressure equation from the unsteady
motion equations, Ames[ll] does not set the local dilation term to
zero, but keeps it to enhance the numerical stability. However, in

the present study, the local dilation term

is set to zero by continuity. The result:

2, =
v2p = s, (4)

3
where s, = = 2p [(%%) (g_:) - ('a_,%) (_g_;)]

is obtained by taking the divergence of the appropriate momentum
equations.

It is both important and difficult for the pressure terms to be
treated as a solution to equation (4) per Neumann, i.e. derivative,
boundary conditions.

It is also noted that the pressure is an important driving force
in the physics of the flow as well as in calculation as vorticity is
in vorticity-included formulation, and that pressure is smaller in

magnitude and in gradieant, by the author's observation of numerical
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result, than vorticity which has large gradients, especially near

walls. As a result it is conjectured that the errors in the primitive
variable approach are due to the velocities near the walls, if proper
treatment of pressure 1s used, and the errors in the vorticity-stream

function approach are caused mainly by vorticity boundary treatment.

Boundary Conditions

The boundary conditions in the primitive variable approach are
discussed. The velocity boundary condition, the so-called no-slip
condition is used for viscous flow at a non-porous wall where the mean
free path of the fluid is small enough compared to some characteristic
length (i.e., consistent with the continuum fluid assumption). The
no-slip condition on the non-porous surface gives ¥ = 0 if the surface
is stationary, or ¥ = Vg rface LIf the surface is moving with the
velocity, Vsurface' Here, by mean free path 1s meant the average
length of each segment of the path between successive molecular
collisions. For the pressure boundary condition, the normal pressure
gradient is generally used, which is combined with the appropriate
momentum equation. The boundary problem with a derivative boundary

condition is called a Neumann problem.

Numerical Boundary Conditions

Five ways to treat the Neumann problem numerically has been found

in the literature. Each has its own advantages and problems.
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First, consider the surface normal pressure gradient which is
calculated by a one-sided difference at the boundary. The Taylor
expansion, used for approximating the derivatives at the walls,

differs from that employed for the interior domain. 1In the present

study the normal derivative %% at a typical wall, BC, shown in Figure
1, is
dy ! 1,1 ag2 1s1 2 1,2 =7 V1,3 Y3y 1,1

Ay

Here, U is the absolute viscosity.

The term-%%l i,1 1s then set to zero to further ensure satisfying the
continuity equation. There is some difficulty in the treatment of the
corner, since a singularity can appear. However, this singularity is
local and does not propagate its effect into the interior domain. The
continuity requirement can be ensured by the Taylor expansion at the
solid boundary. This method is used for the present study like
equation (5). However, it is possible that the inconsistent use of a
difference technique between the interior domain and the boundaries,
(i.e., central-difference for the domain and one-sided difference for
boundaries) can cause the result to deteriorate (i.e., leading to
different error magnitudes).

Second, consider Chorin[12], who used a "pressure iteration”
method, i.e.,

Wl ok Qu, 3,
Pi,3 7 Pi,y 3x  ayii,]

where a is the acceleration parameter, and superscript k designates
the pressure-iteration number. When the continuity requirement is

satisfied it is possible to obtain a converged value. However, this
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method does not model the derivatives of the pressure throughout the

domain. It is recommended by Ghia and his associates[4], that with a

regular grid system, i.e., not a staggered grid system, the pressure
iteration can only be used at boundaries if the Poisson equation is
being solved in the interior.

Third, consider the gradients of pressure evaluated at the
interior boundaries by calculating the complete momentum equations at
these boundaries. The pressure at actual boundaries can be deternined
by using the pressure gradient and the complete momentum equation at
the interior boundary. This method allows accurate central-difference
through the domain and boundary. Ghia and his associates[4] used
this method with great success.

Fourth, consider Spalding's SIMPLE method,2 which is used to solve
the pressure-linked Poisson equation. This SIMPLE procedure is
summarized by Hefner[7] as follows:

1. Assume an initial value, p,, for pressure.

2. Calculate u and v based upon the assumed p, by any method.

3. Let the calculated velocity vector be g*.

4, Assume that the actual velocity vector is q = q* + vp

The divergence of both sides of this equation, along with the

continuity equation, gives

2More detail for SIMPLE procedure is provided by Caretto, L.S.,
A.D. Gosman, S.V. Patanker, and D.B. Spalding. Two Calculation
Procedures for Steady Three-Dimensional Flows with Recirculation.
Rep. No. EF/IN/A/47, Dep. Mech. Eng., Imperial College Sci. and
Technol., June, 1972.
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Vegqg=0=V+q*+V2p
25 = - (du v
i.e., V4p (Bx + ay)

The surface normal pressure gradients are assumed to be zero
due to the identity q = q* on the boundaries.
5. The actual pressure, p, is then defined as p = p, + }

Once the pressure is obtained, then the velocity vector is

corrected by q = g* + V%.

Here, q, q%, B and p are dimensionless.

This method also gives quite good results, because it tries to satisfy
the continuity equation at every iteration or time step. However, the
assumption of zero normal pressure gradient at the surface is not
valid.

Fifth, consider the fictitious rows and columns, outside the
actual houndaries, which may be used for determination of derivatives
at the wall[ll]. However, some values at the fictitious points must
be calculated.

So far, five methods for the Neumann problem for the pressure
field have been discussed. The major difficulties arise in the
implementation of the pressure boundary condition, and this is
important for the success of the calculation. This is particularly
true when the primitive variable approach is adopted.

For the cavity problem, a no-slip condition was used for the
velocity boundary condition, and the first of the above five methods

stated above was used for the pressure boundary condition.
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In the furnace problem, the flow in the inlet is not made part of
the calculation just for the convenience of calculation. In general,
the corner gives a singularity problem and more complex matrices. The
velocity no-slip boundary condition was applied on the walls. The
global continuity constraint was used to obtain the outlet velocity
boundary condition. The outlet velocity profile was assumed to be
cubic (i.e., no u-component), such that the total mass coming from the
inlet went out through the outlet, such that the velocities at each
exit wall were zero, and that 3v/3x was zero at the recirculating side
wall. It is noted that this assumed profile will affect the
recirculating production. The first method was used for the pressure

boundary condition as stated earlier.

Discretization Scheme

When solving the Navier-Stokes equation by finite-difference
methods, it is desirable to have a scheme which is both stable and
accurate for a wide Reynolds number range. The grid Reynolds number
is defined as (local velocity) x (grid step size)/(kinematic
viscosity). The central-difference formulation has second-order
accuracy and is stable at a low grid Reynolds number; however, it
begins to diverge at high Reynolds number values. Upwind-differencing
is an alternate formulation and gives a stable solution at high grid

Reynolds number. Unfortunately, it only has first order accuracy.



9(u w)
9x

(v w)
dy

formulation.

Appendix A.

Here, upwind-differencing for the convection term 1is described as

stated in the following form:

below, with a conservative form for the velocity-vorticity formulation.

n n
n _ (ww)i+1,5 = (uw)g if u<o
i,] n n
(u w)i,j - (u w)i-l,j if u>0
n n
n _ (V w)i’j_,.l - (V w)i’j if v<O
i3 n n
(vw); § - (vw)y 31 1if v>O0

It 1s noted that the one-sided difference gives first-order accuracy
in the convection term.

Chien[13,14] suggested the use of a decay function to get a
stable and accurate scheme which retains the advantages of both the
central difference and the upwind scheme. The present study adopts

this decay scheme and extends it to the primitive variable

Details of decay theory extension are presented in

The governing equations (2), (3) and (4) to be solved can be

=0
1
Ay = 1
1
- 1/u 9p/ax
D= |- 1/u 3p/dy

- sp




The finite-difference equations are solved by a point-by-point

Liebman iteration (or Gauss—Seidel iteration) method,

n+1l n 1l n
Fi,5 = Ci+1,3 Fi+1,5 + Ci-1,3§ Fi-1,5 ¥ Ci,5+1 Fi, #1 +

n+1 n
C1,5-1 F1,3-1 * D1, j/CRy 4

where n is the inner iteration number, and where Ci+1,3> Ci-

Ci,j+1, and Ci j-1 are weighting functions defined as below,

where
Ay - B
(Ax)zGi 20 %
Ci+1,j = TRy 3
b}
A . B
2Ax
(8%)26G4
Ci-1,3 = CRy 3
H
A2 - B
24
(Ay)26; Y
Ci:j+l = CRy j
’
2+
(8y)2G .
Ci’j-l = CRy j
H
CRj,j = 2 + 2
(8x)264 (Ay)26y4
2
1.0 - 0.0625 Rix
Gi =
2 1
| RAx |

if | RAX| < 2

if | RAX| > 2

1,3
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1.0 - 0.0625 Rfy

Gj =
2 _ 1
RA
I Y—l (RAy)2

if | RAY | < 2

if | RAY | > 2

The equation for the u-calculation can be written as:

1 + RAX
AT (Ax)%6y  2(ax)?
=
’
2 + 29
(AX)ZGi (Ay)=Gj
1 _ _RAy
. (Ay)265  2(ay)?
uj+1,j +
22 * - 2
(8x)=Gy  (Ay)<Gy
n+l 1
uj, -1 +
2 + 2
(8x)2G4 (Ay)ZGj
where RAx = = 'Ax’ RAy=v 4

n+
ui-1, ] +

uj, j+1 +

1 _ __RAx
(Ax)4G4 2(8x)*
2 + 2
Bx)26;  (Ay)?e;
1, _ Ry
@y2e;  2(ay)?
2 + 2
@x)26;  (Ay)%6;

Pi+l,§ = Pi-1,j

2(Ax)u (®)

y’ Gi and Gj are based upon u?,j and

the most recent value of vj j that for the v-calculation as

1 RAX
2 * 2
VT’% ) (8x)4G4 2(Ax)
b
2. 2
(8x)26;  (8y)26;
1 RAy
. (ay)265  2(ay)?
Vi+1,3 *
2__ . 2
(dx)26;  (ay)2g;

n+l
vi-1,3 *

n
Vi,j+l +

1 _ RAx
(Ax)26y  2(ax)2
2 + 2
@x)26;  (Ay)2cy
1 RAy
+
Ay)2%65  2(ay)?
2 + 2
@x)%6;  (Ay)%e;



n+l 1

vi,j~1 % 5 3

@026 T By)ee;

v * Ay
« A
where RAx = 9————}-{-, Ry =

v v
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_Pi, il 7 P13l
[ 2 Ay ¥ ] (9)

» Gi and Gj are based upon v?’j and

the most recent value of ug g and finally for the p-calculation, there

is:
1
- 2
pn-+l - (8x)
1,3
2 + 2
(Ax)2 (ay)2
1
2
n (Ay)
Pit1,5 +
2 + 2
(Ax)2 (ay)2
n+l 1
Pi,i-1 7 T, )
Tzt @2
n+l n n+l n
= ., T Q - .
Pi,3 = Pp,3 TPy y TPy )

where @ is a relaxation parameter.

1
n+l (AX)Z
P, +
i-1,1 2, _ 2
(Ax)2 (ay)2
1
. (y)2
Pl v T2 2
+
(ax)2 (ay)?2
[—<sp>i,j ] (10)
(11)

Two points must necessarily be presented about the pressure

calculation scheme.

difference approximation which has second-order accuracy.

First, the pressure is solved by using a ceatral-

The central

difference equations are recovered by setting Gj = Gj = 1 in equation

(7).

Thus, the central-difference formulation is a special case
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imbedded within the decay scheme. Second, the pressure field was
solved by means of an SOR (Successive—Overrelaxation) method, using
equations (10) and (11).

In general, the determination of an optimal relaxation parameter,
a, is obtained from computational experiments. Present study did not
use the optimal value. Here the optimal relaxation parameter is
selected to give the fastest convergence for a given matrix.
Generally, this optimal value is dependent upon the boundary
condition, the domain and the mesh size for elliptic equations, but
does not depend upon the source term. Overrelaxation occurs when a>l,
while a<l produces underrelaxation. A Liebman method (or Gauss-Seidel
iteration) is recovered by placing a=l.

The present study used a block tridiagonal matrix in the
rectangular domain (with constant mesh size and Neumann boundary
condition), and the optimal value of the relaxation parameter was
obtained from a numerical experiment. However, this optimal value,
a>l, was not used for the present study since the system diverges due
to a large step or change of pressure iteration level. Thus,
underrelaxation is used, with the value a=0.5, which was chosen
arbitrarily. The iteration methods for solving the pressure equationm,
such as Jacobian iteration (or Richardson iteration), Liebman
iteration (or Gauss—Seidel iteration), SOR, ADI (Alternate-Direction-

Implicit) method, etc., all need, in general, a numerical experiment

for the determination of the relaxation parameter. Direct methods do
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not need to establish any such parameter. More detail on iteration
methods and direct methods can be found in refs. [3], [11]. Amsden

and Harlow [15] provide a detailed discussion of the SOR method.

Calculation Procedure

The governing equations:

du du _ _13p 2
UE"'V-B—;— pax+vVu (2)
v dv _ _13p 2
u-a—}—{--l-vw— an+\)Vv (3)
V2p = sp (4)

were solved in the present study. These make a set of nonlinear
partial differential equations in terms of u, v and p. However, if v
and p are known, then equation (2) is a quasilinear elliptic equation
in u if the value of u from the previous iteration is used in the
convection term.

Similarly, if u and p are known, then equation (3) can be solved,
while equation (4) 1is linear and can be solved if u and v are known.

The locally linear or quasilinear equations suggest that an
iterative algorithm must be adopted with assumed initial values. The
selection of proper initial values will help prompt convergence. For

the present study, the initial values were all zero except for

conditions on the boundary. This enables the convergence history to
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be watched. For a given convergence criterion a stable solution may
be obtained provided that there is a unique solution for the problem
as posed.

A discretization error is expected during the transformation from
the continuum equations to the discrete system of finite-difference
equations. An inherent round-off error in the computer is also
inevitable. There may be an optimal grid size for the problem,
because the decreased grid size reduces the discretization error but
increases the round-off error. The optimum value may be found from
computational experiments. Ames[l6] provides more detail.

Besides the uniqueness and existence problem in the solution of
the Navier—-Stokes equation, there is also the problem of finding
optimum parameters such as the grid size and relaxation parameter,
etc. The convergence criteria for the present study is decreased
Max | Fn+% - 1} ~| in a given outer iteration number. For the inner

f,j i’J i)J *
o+l o
iteration,iZJ Fi,5 - fi,j! < € is the parameter used for convergence.
?
Here, ¥ represents the flow properties, such as u, v and p. For u
and v, 1073 is used for €, and 1075 for p. The convergence criteria
was implemented in such a way that the calculation stopped to save
n+l n
computing time when fojl Fi 5 - Fi,jl increased, or when the maximum
’
iteration number was reached. The calculation procedure is shown by

Figure 2.
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Figure 2. Flow chart of the problem.
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CHAPTER III

RESULTS AND DISCUSSION

In this section the results of the cavity problem with Re=10 are
compared with the published results. The results of the furnace study
are also presented, analyzed and evaluated.

The flow in a cavity with a moving wall has been solved for Re=10.
Here, the characteristic length was the width or depth (i.e., width/
depth = 1), 1 ft, and the density was 0.00234 slugs/ft3. The
characteristic velocity was that of the moving wall, 1 ft/sec. The
absolute viscosity was a fictitious value, taken to be: 0.000234
1bf-sec/ft2. It is noted that air at 1 atmosphere pressure has the
density of 0.00234 slugs/ft3 and an absolute viscosity of 3.8 x
1077 1bf-sec/ft2, when the temperature is 68°F.l

The cavity problem was chosen as the test case because a
successful calculation of this flow requires consideration of the full
Navier-Stokes equation (rather than the boundary layer equation) and
the flow field contains vortices. The value, Re=10, was seleéted to
allow a coarse mesh spacing, i.e., 11 x 11 or 15 x 15. Comparison is
made with the calculations of Hirsh{7]. The velocity vector field,
the velocities through the grid point closest to the vortex center,

the horizontal velocity at y=1/14 from the moving wall, and the wall

1These values were taken from the American Society of Civil
Engineers, Manual 25, 1942,

23



24

pressures are plotted in Figures 3 through 8. The present results
were obtained after only 20 iterations. The pressure map is produced
as part of the solution.

The flow vector field shows that the vortex center for the present
study is around 1/5 from the moving wall on Figure 4, while the
calculation of Hirsh[7] gives a value around 4/15 from the wall, as on
Figure 3. The wall pressure Re=10 (Figure 7) could not be compared
with others since no result for wall pressure with Re=10 was found.
The general behavior of the flow is similar to the higher Reynolds
nunber cases obtained by other authors[4], {7]. Here, Cp' was defined

PP
as ——————-ESE—, and ppef was the pressure of a reference point, u the

1/2 p u?
velocity of the moving wall. Wall pressure for Re=100 (Figure 8) was

compared, although the present result is not fully converged. The
pressure near A began to show large differences-compared to Ghia's [4]
57 x 57 grid point case. The reason was thought to be due to improper
convergence and the pressure boundary condition of A on Figure 8.
Probably, a reduction in mesh size would improve the comparison. Most
of the results produced by the present program are thought to be
reasonable, because they have produced good comparison with other
published results. Moreover, only 20 iterations were used and the
pressure was obtained as part of the solution. Although the program
of Greenspan[l17] gives the converged solution with less iterations,
his formulation was based upon the steady state vorticity-stream

function equations. Time dependent procedures normally require larger
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computing time (i.e., when the explicit method is used). Higher
Reynolds number cases were tried but these failed to converge with the
same 15 x 15 grid and this was thought to be mainly due to the high
velocity gradients near the wall.

The furnace problem was also attacked for Re=10. Here, the
characteristic length for defining the Reynolds number was the entry
vertical length, 0.15 ft, and the fluid density was taken to be
0.00234 slugs/ft3. The characteristic velocity was that of the
inlet, 1 ft/sec. The absolute viscosity was also a fictitious value:
0.0000351 1bf-sec/ft2. It is noted that the present method did not
use non-dimensional equations and the ratio of the model to the
prototype was 3/40 in two-dimensional geometry. The present study is
confined to a cold-flow model, while the prototype of the radiant
furnace has a temperature of more than 2000°F (i.e., the design
temperature of the inlet is 3960°F). Due to its high temperature the
radiant furnace 1Is a radiation~dominant heat—-exchanger. Better
simulation of the radiant furnace would be obtained through including
the energy equation and some radiation modeling. More detail for a
radiant furnace can be found in ref. [18]. The geometry is shown on
Figure 9.

The velocity map and convergence history during the calculation
are plotted in Figures 10 and 11l. To the author's knowledge, results
for the same geometry have not been reported, and no comparison could
be made. To evaluate the result in some way, the dilation, i.e.,

D = %£-+ %¥3 the fourth central-differences of velocities, i.e.,
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Figure 9.

Geometry of furnace problem.
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64f0, and stream function values were evaluated. The results are

tabulated in Table I through Table 1IV.

The dilation was set to zero when the source term, Sp, Was written
during the formulation of the pressure equation (4). As a result, the
continuity concept is not included explicitly in the numerical
discretization, and suggests that the nonconservative form of the
equations has a shortcoming in that the continuity requirement is not
explicit. The dilation term gives a source idea as to where the
maximum error occurs in satisfying the continuity requirement. In the
furnace study this area is near the upper inlet corner (i.e., I=2,
J=15), because the coarse grid size did not produce recirculating flow
above the main stream. If a recirculating flow near the wall occurs,
the dilation is expeqted to have smaller values at the expense of more
grid points.

Table IV also shows that the continuity error exists along the
inlet stream because of the large u-gradients in the x-direction. The
first approximation for the continuity is used for the former part of
Table IV, and the second approximation is used for the latter part,

dfy 1

Loy 5% " 12ax O

fo + 8f; - 8f_1 + f_9). The first and second
approximation is explained in Appendix B. Appendix B is mainly based
upon the work of Crawford{19] as well as Ames[1l] and Hildebrand[20].

The fourth central-differences of velocity, i.e., 54f0 = fg =

4f1 + 6f, - 4f.7 + f_y, are calculated to see how much the truncation
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error of second derivatives is in velocity, i.e., the error due to
neglecting the second leading term of second derivatives in first
approximation. Table III shows the values of the fourth central-
difference of u and v, which form the leading truncation error

2 2 2 2
34u 34u 9 v’ and ] v. The

sz’ ayz, 3 x2 3y2

terms of second derivatives, such as

result implies that the effect of second approximation, i.e., QEEQ_z

3y2

—1 - [62 - 1/12 6%]u, (with 3249 §2u, as a first approxi-

(by)?2 ay2  (ap)?

mation), would be large, particularly at the inlet area. For example,

2
GY u2 15 % 0.77246 and 1/12 53 uw 15 = 1/12 x (-2.36133) ~ -0.19678;

hence the role of truncation is around 25% of the leading term. Here,

8 stands for a central-difference operator, the subscripts x,y for

x,y-direction difference, and the superscript for the order of the

difference. More clearly, §2 uy 3 denotes (Ay)2 332 i, OF Ui+l,j -
y s s

3y2
2ui,j + uf, j-1-

The above results (Table III) make sense, because of the large
gradient of u-velocity in y-direction and the gradient reduces
along the inlet jet. The truncation error is probably improved
through more grid points in the region of interest or through second
approximation. Crawford[19] used this improved second approximation
for the region of the expected large gradient and obtained better

results.
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Stream functions are calculated in different ways. Here, the Sl

method represents ¥ j - V1,1 = {iij udy - {iilvdx, S2 for ¥y § -
b} b4

wl,l = {fiiudy - T;J vdx, and the 83 method is carried out by using

Vzw = %%-—Agi with the iteration method. The stream function is

path-independent, when continuity is satisfied. However, S1, S2, and
S3 are different, and S2 looks worse. S2 carries dilation error
through the x-direction. The dilation error is particularly bad
around the inlet, and this propagates along the x-direction, which
gives and unsatisfactory result at the wall. Sl gives an unreasonable
value at the exit, which, again, may be explained due to continuity
and truncation error. However, Sl seems to be better than S2, because
S1 follows the y-direction and gives less error propagation. S3 is
believed to be more accurate because the streamfunction boundary
condition from known velocity boundary conditions was used. However,
the large error of continuity exists around the inlet and the error
affects calculation of vorticity and propagates through the stream
function calculatioa.

Pressure result predicts the point of highest pressure, as
expected, and the pressure drop can be calculated between two points
of interest.

A higher Re case was tried but failed with the same grid, i.e.,

15 x 21, mainly due to large gradient around the inlet portion and the

walls.




CHAPTER IV
CONCLUSION

In this study the primitive variable discretization approach was
applied to the steady state Navier-Stokes equation and some sample
calculations were made.

This method has some advantage over the vorticity-stream function
formation since the extension to three-dimensional flow is possible.
Also the pressure field is obtained directly as part of the solution.
This method also has some advantages over the unsteady equation
approach since the computing time for a converged solution is reduced.

The decay function scheme adopted is a generalization and a hybrid
of the conventional central-difference and upwind difference
techniques. Thus, a wider range of Reynolds numbers may be treated.
The above advantages of the decay function method were utilized to
treat the flow in a cavity and to model the flow inside a furnace.

The difficulty of the present method is the attendant danger that the
method may converge to the wrong solution. This difficulty was
encountered in the present study, i.e., when a coarse mesh was used
for a high Reynolds number flow. The large velocity gradients near

the walls then lead to numerical instability.
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APPENDIX A

DECAY FUNCTION AND SCHEME

In this appendix, the decay theory, which Chien[13],{14] devised
and applied to vorticity included formulation, is extended to the
primitive variable formulation. This appendix will show that the
decay functions are the same as those of the vorticity included
formulation which Chien used.

The two-dimensional continuity and momentum equations in

dimensional form are expressed as:

du , dv _

wtrayt O (1)
2 2

ug_:+ gu__;)];g_z+v(3u Bu) (2)
ax2 3y2
2 2

ug;+v-g—:;-—plg—3+ v 3 ‘2') (3)
axt  dy

where u, v are the velocity components along the coordinates axes X, y
and p is the local static pressure. p is the (constant) fluid density
and Vv is the kinematic viscosity.

Equation (2) can be rewritten as:
_U)_%ﬂ’do 4)

where B is the absolute viscosity, i.e., w = pv, or in a locally one-

dimensional form as:

(2228 +a+B8=0 (3)
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)

35, which are treated as temporary

L
u

where A = — - —-53 and B = -
y

source terms. Here, local one-dimensionality is defined as a ome
dimensional process existing between mesh points. A temporary source
term is defined as the assumed constant term which does not vary
across the next mesh point. The concept of local one-dimensionality
and temporary source term is a reasonable and important assumption in
obtaining the local analytic solution and establish the decay
function.

The finite difference analogue of equation (5) can be derived as:

32u o V1,3 = 204 3wyl g, ()

9x2 (8x)2 Gy
Bdu (WL U] gc uge]
v 9x T ‘W/1,] 20x
Am Af 5
B x Bi,j
| uipy 3 - 2uy 3t uyg 3,1 (), p qu'%A- Ui-1.3 4+
| (Ax)z Gi \Y) > X
Ai,j + Bi,j =0 (6)

After rearrangement, equation (6) becomes

RAx * G
Ui,3 T we1,3 Qg - owen,p) (1o =)
+ (A1,3 + By ) Gy (Ax)2/2 (7)
u * Ax . .
where RAx = (———;——Ji,j is the x-direction grid Reynolds number. The

determination of the x-direction decay function Gy requires an
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analytic solution of equation (5) subject to the boundary conditions

u = uj41, 4 at x = (i+1)Ax and u = uj-3 4 at x = (i-1)Ax. It is also
necessary to assume that the source term, s = A + B, does not vary
greatly across the mesh point, s can then be treated as a constant and
evaluated at the nodal point, i.e., sy j = Aj j + By, j3e the analytic

solution of equation (5) under this assumption is

) e SO e

ug 3 = ug-1,4 * (ui41,4 - ui-1,3) (e 1) /( -1
i (u) i+l/u
=) dx f (—) dx
A + B; i-1'v i-1%v
+2,3 7231 -2 (e - 1) /(e - 1] (8)
()
v i’j
By direct comparison between the finite difference solution (7) and
its analytical counterpart (equation (8)), the decay function G4 is
determined;
i (3) a
i-1%v
2 2 (e -1)
Gy =g [ 1- ] (9)

i+l/u
-1ly) dx
e -1

Similarly, Gj is obtained by using the locally one-dimensional

concept in the y—direction, then

32y _ v du
(= -vay * o1+ B,y0

3y2
Ry * Gj
Thus, ug,j = ug 31 + Cug, 1 + ug,3-1) (1= =5H—3)/2 +

(C1,3 + By,3) G5(ay)%/2



3 v
fj_l(({) dy
with Gy = ﬁf; (1- 2(e - 1)) (10)

[ o
e d 1 -1

A
where RAy = (X'—U‘Z)i,j is y~direction grid Reynolds number.
Gj and Gj can be evaluated from equation (9) and equation (10). The
definite integrals can be approximated by assuming a linear variation

of u and v between mesh points.
i
fi_l(%) dx = AX[(%)i,j + (‘3)1—1,;}]/2
i+1
fi_l(-\‘,i) dx = Ax[(%)i+l,j +2 (%)i,j + (%)1—1,3']/2

fj_l(;v) dy AY[(%)i,j + (%)1,j—1]/2

-

I ey~ ayt(Pa, e+ 2P, 5 + (e, 51172

With this approximation, the decay functions become

. 2 -l _ Z(exp((ui’j + ui_l’j)Ax/Zv) - l)

Gy = RAX L exp((ui_l’j + Zui,j + ui_l’j)Ax/Z\)) -1
N 2 [ _ Z(exp((vi,j + vi_l,j)Ax/Zv) - l)

Gj = RAy exp((vi_l’j + 2v’j + vi_l’j)Ax/Zv) -1

If the variations of u and v between mesh points are not very large,

the integral approximations become

i 1(%) dx ~ ug 4 Ax - (RAx)i,j

i- v

A
JIE) axw 2 BIEX 2 (g
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. . A

v v
+1 ;A
f§-1(§3 dy & 2 Hod=d = 2(RAY)4

This simplified approximation shows that

2 2(eRbx - 1
6y & m5= (1 - ‘T——l)
e2RAX _ 3
(11)
RAy _
oy n g (1 - Lo,
y eZRAy - 1

It is noted here that if Gy = Gj = 1, the conventional central-

difference formula is recovered:

ue < = 172 RAx (89)2 + (ay)2 L .+ CL/2 ox By)2 + (ay)2

i, 1

T 2{en? + an?) ’ A ax)?2 + (a2}
- 2 2 2 2
wien g 1/2 RAY (Ax)2 + (Ax) w g1+ 1/2 RAy (Ay)2 + (Ax)
2{(ax)2 + (ay)2} 2{ (ax)2 + (ay)2}
(Ax)2 (ay)?2

2{(ax)2 + (ay)2}

Similarly, with Gj = -i—%fRA—x and Gj = 2——_—'?'_——;M—y- the conventional

upwind-difference equation is rederived:
ug g = {lug-1, 9 + (uge1,§ = ui-1, /2 + Bx)]@2 (2 + RAx) +

[u,3-1 + (ug, 341 = ug,5-1)/@2 + BYIE02 @ + R}/

[(Ay)2 (2 + RAx) + (Ax)2 (2 + RAY)]
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So, the complete single finite-difference equation becomes

32y uy du 32y vy du 19p _
('3':2" 5) g)"'(;y—z‘('\;) '53;)';5;-0

In other words,
X+Y+D=20

ujgr 3 - 2ug j+ug-1.9 .1 () 3 Ui+l, 3 = Ui-1,3
’

where X = o = i
(Ax)2 Gi Y 2 Ax
¢ = 21,341 7 2ug g +ug -1 1 (Y’)i ; T i
(Ay)2 Gj v/1, 2 Ay

Thus, in a explicit form after arranging,

1/2 RAx(Ay)2 G4G4 + (Ay)2G4 ., oL/2 RAx(AY)2 GyGjy

u- , . = ui_l,
o 2{(4x)2 G; + (8y)2 G4} T 2 w2 + (8y)264}
- 26.G+ 2
w1, g + 1/2 RAy(Ax)“G4Gy + (Ax)“Gy
2{ (Ax)264 + (8y)2G3}
ug, g1 + 1/2 RAY(Ax)2G4G4 + (Ax)2G4 (Ax)2 (Ay)2G4G4 5
2{(ax)264 + (A4y)2G4} 2{ ax)265 + (Ay)2 G4}
1 4+ __RAx 1 _ RAx
(8x)26y  2(bx)2 (8x)26y 2(ax)2
or, uj 4§ = ui-1,3 +
2,2 2,2
(80265 ()26 (8x)261 ()26
1 _ RAy 1 + RAy
(ay)265  2(ay)? (ay)2cy  2(ay)?
ui+1,j uj 1t
2, _2 b2
(4x)%6;  (Ay)2Gy (dx)26;  (Ay)2e
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uy 4=
i,3-1 + 2 > D (12)

+
(026  (Ay)264

The equation (12) is used for the determination of the u-velocity
throughout the domain, with G4 and Gj calculated by equation (13).

Similar expression may be obtained for the v-velocity and the
pressure may be obtained from a conventional central-difference
approximation (i.e., Gi = Gj = 1 for the decay function) of the
Poisson equation V2p = Sp, where Sp is the source term.

For computational purpose, Gj; and Gj can be approximated by

piece-wise continuous polynomial curve-fitting based upon equation

(11).
1 where| RAxl <1
Gi =
2 1 where | RAx | > 1
| RAX | (RAX)Z
r
| where | RAy | < 1
Gj =
. 2 1 where | RAY| > 1
[RAY ]y pay | 2
or,
1.0 - 0.0625 (RAx)2 where | RAx | < 2
Gi =
2 1 wherel RAXI > 2
| | RAX | (RAx)z
(13)
1.0 - 0.0625 (RAy)2 where | RAy | < 2
Gs =
. 2 - 1 where | RAY | > 2
| | RAy | (RAy)2
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. Central-difference (Gi =1 or Gj =1)

Decay function

It is noted here that the above graph is quoted from
Chien[131}],[14].

The above graph shows the character of the decay function, which
is a smooth transition from the central-differencing to the upwind-
differencing. Thus, it has applicability for a wider mesh Reynolds
number range.

It is noted here that the known numerical stability limitation for
forward-time central-difference (in space) technique is given by RAx =

A v
uv <2 and s = St < 2 for a one-dimensional equation, which for

(Ax)2

the decay scheme reduces to:

RAx Gi 2 SGt
- £ - —
1 5 0 and 1 o <0

Hence, the limitation is less severe than the former technique, if

Gy and Gy are known. Here Gp is a time-wise decay function.

RAXx  orG,=_2 )
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The present steady approach with primitive variables has
stability, efficiency and accuracy by using the decay scheme.
Probably a new definition of stability is needed to deal with the
pressure-velocity iteration and the nature of the steady equation
approach. The present criteria are:

a) Numerical algorithm should converge.

b) Solution must be physically correct.




APPENDIX B
APPROXIMATION BY DIFFERENCES

The derivatives may be approximated by the central difference

formula as follows:

af 1
(Ax)a;n-z 5-(f1 - f.1) = udf,

a2f
(Ax)?2 ;zaz £1 - 2 £ + £-1 = 82£,

df, 1
(ax)3 d—3°-:: 5 (fg - 2f1 + 2f1 - f22) = u53f0
X

4
(ax)% d—j—‘lz £2 - 4f1 + 6fy - 4f-) + £ = 8%,
dx

The above equations are actually just the first approximations (first
terms of a Taylor series) to the derivatives, and are the leading
terms of series of central-differences of increasing orders.

In more general notatioms,
df 1
-0 = - 3
(Ax) = fu § g ¥ 82 + J.00] £,

a2s 1
dx=

3

(Ax)3 E;gﬂ [n 83 - %-u 8% + vuu.] f,
d

(bx)4 ———QdAf
axt

[

1
(64 -556 + .eel] £,
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where § is a central-difference operator, e.g., $f(x)

]
N'_Ll—‘
m
~—~
b
+

A
f(x --in, and ¥ is an averaging operator, e.g. Wf(x)

+ f(x - éz)].

The second approximation includes the next leading
to the first approximation.
It is noted here that this appendix quotes mainly the work of

Crawford[19].

fl
B=
o
+
N>
15
1
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