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ABSTRACT 

A numerical investigation was carried out using the steady state 

Navier-Stokes equations. These steady solutions were achieved by an 

iteration procedure, which normally requires less computing time than 

do time marching procedures. 

Primitive variables were used, since they are more suitable for 

extension to three—dimensional flows, turbulence, etc., than are the 

vorticity-stream function methods. 

A decay scheme was chosen, since it has wider adaptability than 

either the central-difference, or the upwind-difference techniques. 

The method was used to study flow in a cavity and the results were 

compared with published results. The second application was to model 

and study flow inside a radiant furnace. This problem was the main 

interest in the study. The numerical resutlts obtained were analyzed 

for accuracy and consistency. 
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CHAPTER I 

INTRODUCTION 

General Review 

Numerical methods in fluid dynamics probably started vdth 

Thorn's[l] hand calculation of the velocity field around a circular 

cylinder. Since that time several numerical methods have been 

developed and applied to fluid dynamics and parallel the use of 

numerical methods in other areas of Mechanics. 

The finite difference method has been favored because it is 

straight forward and relatively simple. However, it has some 

difficulties in complex flow fields such as high Reynolds number flow 

and flows with arbitrary physical boundaries. High Reynolds number 

flows will generally induce large gradients and require an increased 

number of grid points for adequate resolution. The small eddies 

found in turbulent flows cannot be resolved. As a result more 

computer storage capacity and speed is needed before such flows can be 

studied. Three-dimensional flows and flows with turbulence seem to be 

still far beyond the capabilities of even the latest generation of 

computers, despite the almost revolutionary progress that has been 

made in the last two decades. Complex geometry may lead to errors in 

the calculation of flow variables, such as vorticity and pressure, on 

arbitrary walls. The errors produced at the boundaries will cause 

deterioration of the entire flow and the results will be poor. 

^Numbers in brackets refer to numbered references in the 
bibliography. 



The inherent limitations and shortcomings of the finite difference 

method for flows \d.th geometric complexity may be overcome by the 

application of other methods. These methods include the finite 

element method, which allows much more complex geometry, and the 

spectral method, which is in general a more accurate approximation to 

partial differential equations than is the finite difference method. 

However, the finite element method requires more complex matrix 

operations and the use of a meaningful variational formulation. 

Spectral methods also have difficulties due to their relative 

complexity and the implementation of complex boundary conditions. 

According to Fasel[2], recent progress has been made in the finite 

difference method for the areas in which it is deficient. Other 

methods have seen similar development. 

Objectives 

Two-dimensional laminar, incompressible flows have been studied 

extensively by many investigators using the Ilavier-Stokes equations. 

Such studies were formulated in terms of vorticity and stream function 

as the dependent variables. Here, vorticity is defined as 

3u 3v 3v 3u 
u)=- — or w=T 

3y 3x 3x oy 

for their specific flows. The stream function is defined for any 

two-dimensional flow field as 

3il> , 3\|' 3\|) , 3\1; 
u = and V = - s— , or u = - x— and v = 5—

3y 3x' 3y 3x 

in Cartesian coordinates for the flows stated above. 



Roache[3] has given an excellent survey of the techniques for the 

solution of Navier-Stokes equations using the vorticity-stream 

function formulation. This formulation, which removes the troublesome 

pressure terms (which can be recovered later if needed), is very 

useful for two-dimensional flows in simply-connected regions. 

However, it has critical drawbacks in being unsuitable for extension 

to three-dimensional, compressible or turbulent flow calculations. 

The primitive variable approach may be a viable alternative for this 

formulation. Ghia and his associates[4] have made progress *d.th the 

primitive variable approach and have obtained accurate and efficient 

results, especially for simple geometry such as the cavity problem. 

The unsteady equations were used. Here the cavity problem is defined 

as the rectangular cavity flow, generated by a moving wall on one 

side[5]. Figure 1 shows the geometry of the cavity problem. 

For the present study, a method was developed for using primitive 

variables, i.e. (u,v,p), directly to obtain solutions of the steady 

Navier-Stokes equation. The steady flow method is based upon the 

assumption that a steady solution exists for the problem. The reason 

for choosing the steady flow equations in the (u,v,p) formulation is 

its advantage (over the unsteady approach) in computing time, plus its 

merits over the vorticity-stream function formulation. It has been 

observed by the author that the use of the primitive variables method 

for the steady flow equation has not been favored by previous investi 

gations. However, Schulz[6] has used it successfully for problems 

involving engine flows. 
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The velocity boundary conditon is simple and always explicit, 

while the pressure boundary condition is determined by application of 

the basic equations with the viscous velocity boundary condition. 

The pressure is a variable of smaller magnitude than the vorti-

city, which becomes rather large near a surface for high Reynolds 

niimber flows. Thus, a smaller error is expected from the primitive 

variable method in comparison with the vorticity method where the 

vorticity derivative terms near a surface are large. It is noted that 

the pressure gradient near a surface is related to vorticity gradient 

in some sense, as dictated by Navier-Stokes equations. 

The cavity problem was selected as a test for the algorithm and 

the results can be compared with published results[7]. It is noted 

that the cavity problem requires the full Navier-Stokes equations, and 

not boundary layer equations. 

The flow field of interest in the present study is that of a 

radiant furnace. The radiant furnace is a component of the DOE 

(Department of Energy) sponsored coal-fired Magnetohydrodynamic pilot-

plant at The University of Tennessee Space Institute, Tullahoma, 

Tennessee. It is important to obtain information of the flow 

properties for improved design, development, analysis and commercial 

scale-up. 



CHAPTER II 

NAVIER-STOKES EQUATIONS AND DISCRETE SYSTEMS 

Governing Equations 

The nonlinear partial differential equations containing the 

postulates of a continuum fluid are the Navier-Stokes equations, 

together with the continuity equation. Since the discussion is 

restricted to fluids with constant physical properties, there is no 

reason for introducing an energy equation. 

In the convective, i.e. non-conservative forra,^ the two-

dimensional equations are: 

Continuity I7 ^ ° 

8u , 9u 13p . r70 
x-momentum u -r— + v -r— + vV^u (2)

3x 3y p 3x 

3v , 3v 13p o 
y-momentum u + v tt- + W^v (3)

3x 3y p 3y 

where V2 is a Laplacian operator, i.e., 

v2 = li + , 
3x^ 3y^ 

0 X \ 

^Conservative form of the convective term is defined as + 
3X 

3(vu) , 3(uv) , 3(w) , j j 3u , 
—~ and —s + —s , while the non-conservative form is u s— + 
oy 3x 3y ' dx 

3u 3V 3V 
V -r— and u -x— + v ■=— . The conservative form is also referred to as 

oy ox 3y 
the divergence form of the equations. 



and u, V the velocity components along the coordinate axes x, y. p is 

the fluid static pressure, u the first coefficient of viscosity, and 

p the fluid density. 

Here, three points are noted. First, the coupled convective 

terra makes the system nonlinear and makes an analytic approach 

difficult. A few exact solutions can be formed and other solutions 

obtained through linearization or by neglecting nonlinear terms. 

Second, different treatments of the convective terra may produce 

different results. Bozeman and Dalton[8] compared different 

treatments of the convective terras and showed substantial differences 

in the results. This study considered the central-difference in non-

conservative form, central-difference in conservative form, upwind-

difference in the non-conservative form, and upwind-difference in 

conservative form. Nallasamy and Prasad[9] also emphasized the 

importance of different schemes when applied to vortex flow in a 

cavity. In general, the conservative form of the equations gives a 

more accurate result than does the non-conservative form. Hov/ever, 

the non-conservative form, combined with the decay scheme, was used 

for the present study, providing the best approach. The decay scheme 

is described in Appendix A. Third, the pressure does not appear as a 

dominant variable in any of the above formulations. Pressure is 

determined from a Poisson equation, which in turn, is obtained from 

the appropriate momentum equations to correctly model the elliptic 

nature of the flow problem. One of the main reasons the primitive 



variable approach has not been applied widely is the cumbersome 

pressure boundary condition and manipulation of the pressure equation. 

The time-dependent term has been disregarded for the following 

reasons. Crocco[10] apparently pioneered the "time-dependent 

technique" in his noted paper of 1965. Since then, it has been 

adopted by most workers. The principle of the time-dependent 

procedure is that unsteady flows converge after a long time to a 

physically stable steady-flow solution. There are advantages in using 

the time-dependent technique where the steady flow is approached. The 

transient flow could be obtained if small enough time steps were 

considered. Also, there is a widespread philosophy that a model of 

the actual physical process should be attempted. After all, any 

physical event is fundamentally time-dependent. And in some sense, 

the steady flow method is analogous to the unsteady flow method[3]. 

However, the computation time or modeled process rate will be 

different from the physical time scale or process rate. As a result, 

the computational transient solution is different, in general, from 

the physical transient solution unless great care is taken to form the 

temporal process numerically. The time needed to obtain a steady 

state solution is then different from that of the real process. More 

importantly, long computer run times are needed to obtain computa 

tional steady solution with the time-dependent technique. 

In the present study, the steady flow method was used to take 

advantage of the shorter computing time for a converged solution. 



 

Polsson Equation for Pressure 

The equations (1), (2) and (3) are not likely to provide the 

solution directly in the primitive variable approach, because the 

pressure is not a dominant variable in this formulation. Thus, 

another equation for pressure as a dominant variable is generally used 

in the primitive variable method. 

In the formulation of the pressure equation from the unsteady 

motion equations, Ames[11] does not set the local dilation term to 

zero, but keeps it to enhance the numerical stability. However, in 

the present study, the local dilation term 

_ 3u . 3v 
D = -r— + T— 

dx dy 

is set to zero by continuity. The result: 

V2p = sp (^) 

where Sp = - 2p [[|y) (||) - [|y)] 

is obtained by taking the divergence of the appropriate momentum 

equations. 

It is both important and difficult for the pressure terms to be 

treated as a solution to equation (4) per Neumann, i.e. derivative, 

boundary conditions. 

It is also noted that the pressure is an important driving force 

in the physics of the flow as well as in calculation as vorticity is 

in vorticity~included formulation, and that pressure is smaller in 

magnitude and in gradient, by the author's observation of numerical 
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result, than vorticity which has large gradients, especially near 

walls. As a result it is conjectured that the errors in the primitive 

variable approach are due to the velocities near the walls, if proper 

treatment of pressure is used, and the errors in the vorticity-stream 

function approach are caused mainly by vorticity boundary treatment. 

Boundary Conditions 

The boundary conditions in the primitive variable approach are 

discussed. The velocity boundary condition, the so-called no-slip 

condition is used for viscous flow at a non-porous wall where the mean 

free path of the fluid is small enough compared to some characteristic 

length (i.e., consistent with the continuum fluid assumption). The 

no-slip condition on the non-porous surface gives = 0 if the surface 

is stationary, or = Surface if the surface is moving with the 

velocity, "^surface* Here, by mean free path is meant the average 

length of each segment of the path between successive molecular 

collisions. For the pressure boundary condition, the normal pressure 

gradient is generally used, which is combined with the appropriate 

momentum equation. The boundary problem with a derivative boundary 

condition is called a Neumann problem. 

Numerical Boundary Conditions 

Five ways to treat the Neumann problem numerically has been found 

in the literature. Each has its own advantages and problems. 
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First, consider the surface nonaal pressure gradient which Is 

calculated by a one-sided difference at the boundary. The Taylor 

expansion, used for approximating the derivatives at the walls, 

differs from that employed for the Interior domain. In the present 

3pstudy the normal derivative^at a typical wall, BC, shown In Figure 

1, Is 

9p I 1 u ,, 1 ... 9vE. SS U — I » —^ r /3tl l,1^^7Tl l,l [^Vi,2-2n,3-3Ay^|^^^] (5)3y2 

Here, u Is the absolute viscosity. 

. 3V 
The term -r— Is then set to zero to further ensure satisfying the

3y 

continuity equation. There Is some difficulty In the treatment of the 

corner, since a singularity can appear. However, this singularity Is 

local and does not propagate Its effect Into the Interior domain. The 

continuity requirement can be ensured by the Taylor expansion at the 

solid boundary. This method Is used for the present study like 

equation (5). However, It Is possible that the Inconsistent use of a 

difference technique between the Interior domain and the boundaries, 

(I.e., central-difference for the domain and one-sided difference for 

boundaries) can cause the result to deteriorate (i.e., leading to 

different error magnitudes). 

Second, consider Chorln[12], who used a "pressure Iteration" 

method. I.e., 

k+1 k 9u ^ 3v, 
Pl,j"Pi,j ~ fax 3yJi.J 

where a Is the acceleration parameter, and superscript k designates 

the pressure-Iteration number. When the continuity requirement Is 

satisfied It Is possible to obtain a converged value. However, this 
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method does not model the derivatives of the pressure throughout the 

domain. It is recommended by Ghia and his associates[4], that with a 

regular grid system, i.e., not a staggered grid system, the pressure 

iteration can only be used at boundaries if the Poisson equation is 

being solved in the interior. 

Third, consider the gradients of pressure evaluated at the 

interior boundaries by calculating the complete momentxam equations at 

these boundaries. The pressure at actual boundaries can be determined 

by using the pressure gradient and the complete momentum equation at 

the interior boundary. This method allows accurate central-difference 

through the domain and boundary. Ghia and his associates[4] used 

this method with great success. 

Fourth, consider Spalding's SIMPLE method,2 which is used to solve 

the pressure-linked Poisson equation. This SIMPLE procedure is 

summarized by Hefner[7] as follows: 

1. Assume an initial value, Pq, for pressure. 

2. Calculate u and v based upon the assumed Pq by any method. 

3. Let the calculated velocity vector be q*. 

4. Assume that the actual velocity vector is q = q* + Vp 

The divergence of both sides of this equation, along with the 

continuity equation, gives 

^More detail for SDIPLE procedure is provided by Caretto, L.S., 
A.D. Gosman, S.V. Patanker, and D.B. Spalding. Two Calculation 
Procedures for Steady Three-Dimensional Flows with Recirculation. 
Rep. No. EF/TN/A/47, Dep. Mech. Eng., Imperial College Sci. and 
Technol., June, 1972. 
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V • q 'sQ^V • q*+ V^p 

1.,.. 72J.-
' ^3X oY 

The surface normal pressure gradients are assumed to be zero 

due to the identity q = q* on the boundaries. 

5. The actual pressure, p, is then defined as p = Pq + p 

Once the pressure is obtained, then the velocity vector is 

corrected by q = q* + Vp. 

Here, q, q*, p and p are dimensionless. 

This method also gives quite good results, because it tries to satisfy 

the continuity equation at every iteration or time step. However, the 

assumption of zero normal pressure gradient at the surface is not 

valid. 

Fifth, consider the fictitious rows and columns, outside the 

actual boundaries, which may be used for determination of derivatives 

at the wall[ll]. However, some values at the fictitious points must 

be calculated. 

So far, five methods for the Neumann problem for the pressure 

field have been discussed. The major difficulties arise in the 

implementation of the pressure boundary condition, and this is 

important for the success of the calculation. This is particularly 

true when the primitive variable approach is adopted. 

For the cavity problem, a no-slip condition was used for the 

velocity boundary condition, and the first of the above five methods 

stated above was used for the pressure boundary condition. 
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In the furnace problem, the flow in the inlet is not made part of 

the calculation just for the convenience of calculation. In general, 

the corner gives a singularity problem and more complex matrices. The 

velocity no-slip boundary condition was applied on the walls. The 

global continuity constraint was used to obtain the outlet velocity 

boundary condition. The outlet velocity profile was assumed to be 

cubic (i.e., no u-component), such that the total mass coming from the 

inlet went out through the outlet, such that the velocities at each 

exit wall were zero, and that 3v/3x was zero at the recirculating side 

wall. It is noted that this assumed profile will affect the 

recirculating production. The first method was used for the pressure 

boundary condition as stated earlier. 

Discretization Scheme 

When solving the Navier-Stokes equation by finite-difference 

methods, it is desirable to have a scheme which is both stable and 

accurate for a wide Reynolds number range. The grid Reynolds number 

is defined as (local velocity) x (grid step size)/(kinematic 

viscosity). The central—difference formulation has second-order 

accuracy and is stable at a low grid Reynolds number; however, it 

begins to diverge at high Reynolds number values. Upwind—differencing 

is an alternate formulation and gives a stable solution at high grid 

Reynolds number. Unfortunately, it only has first order accuracy. 
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Here, upwind-differencing for the convection terra is described as 

below, with a conservative forra for the velocity-vorticity formulation. 

n n 

n 
(u j - (u i^)i,j if u < 0 

3(u u>) 
3x 

n ni.j 
(u ~ (u if u > 0 

n n 

n 
(va))i,j+i - (v u)ij if V < 0

3(V (i)) 

n ni.j 
(v - (v if V > 0 

It is noted that the one-sided difference gives first-order accuracy 

in the convection term. 

Chien[13,14] suggested the use of a decay function to get a 

stable and accurate scheme which retains the advantages of both the 

central difference and the upwind scheme. The present study adopts 

this decay scheme and extends it to the primitive variable 

formulation. Details of decay theory extension are presented in 

Appendix A. 

The governing equations (2), (3) and (4) to be solved can be 

stated in the following form: 

32f 92f 3f 3f
Ai + Ao Bi^-B2t^+D = 0 
Sx2 3y2 ^ 

where 

Al A2 

u/v v/v - 1/p 3p/3x 

u/v B2 v/v and D = - 1/u 3p/3yBl 

0 0 ~ s. 
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The finite-difference equations are solved by a point-by-point 

Liebraan iteration (or Gauss-Seidel iteration) method, 

Fitj = -i+l,j Fi+l,j + Fi^ij + Ci,j+i Fi^j+i + 

where n is the inner iteration number, and where j, 

Ci^j+1, and are weighting fxinctions defined as below, 

where 

ll. 

(Ax)2Gi 2Ax 

^i+lJ = 
CRi.j 

Bl 
1 

(Ax)2Gi 2Ax 

A2 B2 

(Ay)2Gj 2Ay 

^i,j+l 

A2 , B2 

(Ay)2Gj 2Ay 

^i,j-l CRi,j 

2 , 2 
CRi,j 

(Ax)2Gi (Ay)2G 

9 

1.0 - 0.0625 RAx if RAx < 2 

'i -

2 1 
if RAx > 2 

RAx 
(RAx)^ 
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1.0 - 0.0625 Kay if I RAy I < 2 

= 

2 1 if 1 RAy I > 2 
RAy (RAy)2 

The equation for the u-calculation can be written as; 

RAx 1 RAx 

(Ax)'^Gi ~ 2(Ax)^
n+1 (Ax)2G^ 2(Ax)2 n+1 

"ij ^i-l,j + 
i_ + L 

(Ax)2Gi (Ay)2Gj (Ax)2Gi (Ay)2Gj 

RAy i I 
(Ay)2Gj 2(Ay)' (Ay)2Gj 2(Ay)2 

"1+1,j + "i,.1+l 
2 ^ 2 

(Ax)2Gi 
+

(Ay)2Gj (Ax)2Gi (Ay)2Gj 

1^+1 ^ _ Pi+l.j - Pi-l.j 
(8)

2(Ax)u2 ^ 2 

(Ax)2Gi (Ay)2Gj 

u *Ax v *Ay nwhere RAx = — , RAy = —-— and Gj are based upon j and 

the most recent value of that for the v-calculation as 

RAx RAx 

(Ax)2Gi 2(Ax)2 (Ax)2Gi 2(Ax)2
n+1 itfl 

^i,J = 
2 ^ 2 2 ^ 2 

(Ax)2Gi (Ay)2Gj (Ax)2Gi (Ay)2Gj 

1 RAy 1 RAy 

(Ay)2Gj 2(Ay)' (Ay)2Gj 
+ 

2(Ay)2 
Vi+l,j + 1 

^i,j+l + 
^+—^ 

(Ax)2Gi (Ay)2G^ (Ax)2Gi (Ay)2Gj 
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n+1 ^ 1 • Pi.j-l 1Vi.j-1 + 2 T • li J 
(Ax)-Gi— + (Ay)^Gj 

u . Ax V • Ay ^ where EAx = — , RAy = — , G^ and Gj are based upon j and 

the most recent value of and finally for the p^calculation, there 

is: 

(Ax)2 (Ax)^
n+1 n+1 

p = p

i»j 2 2 2 2 
+ = =— + 

(Ax)''- (Ay)^ (Ax)2 (Ay)^ 

^ (Ay)2 ^ (Ay)2 
P -t 4-1 4 + D. ... +i+l.J ^ 2 2 2 2 

-I- —=— + 

(Ax)2 (Ay)2 (Ax)2 (Ay)' 

"tj-i ̂  ^ 2 . 2 

n+1 n . , n+1 n - ,,,. 

"i.j "i.j ■""'"i.j" 
where a is a relaxation parameter. 

Two points must necessarily be presented about the pressure 

calculation scheme. First, the pressure is solved by using a central-

difference approximation which has second-order accuracy. The central 

difference equations are recovered by setting G^ = Gj = 1 in equation 

(7). Thus, the central-difference formulation is a special case 
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imbedded within the decay scheme. Second, the pressure field was 

solved by means of an SOR (Successive-Overrelaxation) method, using 

equations (10) and (11). 

In general, the determination of an optimal relaxation parameter, 

a, is obtained from computational experiments. Present study did not 

use the optimal value. Here the optimal relaxation parameter is 

selected to give the fastest convergence for a given matrix. 

Generally, this optimal value is dependent upon the boundary 

condition, the domain and the mesh size for elliptic equations, but 

does not depend upon the source terra. Overrelaxation occurs xjhen a>l, 

while a<l produces underrelaxation. A Liebman method (or Gauss-Seidel 

iteration) is recovered by placing a=l. 

The present study used a block tridiagonal matrix in the 

rectangular domain (with constant mesh size and Neumann boundary 

condition), and the optimal value of the relaxation parameter 

obtained from a numerical experiment. However, this optimal value, 

a>l, was not used for the present study since the system diverges due 

to a large step or change of pressure iteration level. Thus, 

underrelaxation is used, with the value a=0.5, ̂ vhich was chosen 

arbitrarily. The iteration methods for solving the pressure equation, 

such as Jacobian iteration (or Richardson iteration), Liebman 

iteration (or Gauss-Seidel iteration), SOR, ADI (Alternate-Direction-

Implicit) method, etc., all need, in general, a numerical experiment 

for the determination of the relaxation parameter. Direct methods do 
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not need to establish any such parameter. More detail on iteration 

methods and direct methods can be found in refs. [3], [11]. Amsden 

and Harlow [15] provide a detailed discussion of the SCR method. 

Calculation Procedure 

The governing equations: 

3u 3u 1 3p 2
u-^+ v^= T-S- + vV'^u (2)
3x 3y p dx 

3v , 3v 13p „2
u-T—+ v-5— 5 + vV^v (3)
3x 3y p 3y ^' 

"Sp (4) 

Where Sp - - 2p (If) -(|f) I 

were solved in the present study. These make a set of nonlinear 

partial differential equations in terms of u, v and p. However, if v 

and p are known, then equation (2) is a quasilinear elliptic equation 

in u if the value of u from the previous iteration is used in the 

convection term. 

Similarly, if u and p are known, then equation (3) can be solved, 

while equation (4) is linear and can be solved if u and v are known. 

The locally linear or quasilinear equations suggest that an 

iterative algorithm must be adopted with assumed initial values. The 

selection of proper initial values will help prompt convergence. For 

the present study, the initial values were all zero except for 

conditions on the boundary. This enables the convergence history to 
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be watched. For a given convergence criterion a stable solution may 

be obtained provided that there is a unique solution for the problem 

as posed. 

A discretization error is expected during the transformation from 

the continuum equations to the discrete system of finite-difference 

equations. An inherent round-off error in the computer is also 

inevitable. There may be an optimal grid size for the problem, 

because the decreased grid size reduces the discretization error but 

increases the round-off error. The optimum value may be found from 

computational experiments. Ames[16] provides more detail. 

Besides the uniqueness and existence problem in the solution of 

the Navier-Stokes equation, there is also the problem of finding 

optimum parameters such as the grid size and relaxation parameter, 

etc. The convergence criteria for the present study is decreased 

M£x^ I ~ Fi,j I in a given outer iteration number. For the inner 
iteration, J Fi^j ~ j|< e is the parameter used for convergence. 
Here, F represents the flow properties, such as u, v and p. For u 

and V, 10~3 is used for e, and 10"^ for p. The convergence criteria 

was implemented in such a way that the calculation stopped to save 

computing time when |Fi'l'j - fJ^j|increased, or when the maximum 

iteration number was reached. The calculation procedure is shown by 

Figure 2. 
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START 

READ DATA 

CALCULATE BOUIJDARY CONDITION FOR u AI^D v 

INITIAL GUESS FOR u, v AND p 

CALCULATE DEC:AY FUNCTIONS 

CALCUI.ATE u 

CALCULATE DEC:ay functions 

CALCUI.ATE V 

CALCULATE PRESSURE FOR THE INTERIOR DOMAIN 

CALCULATE PRESSURE BOUNDARY CONDITION 

-^CONVERGING CRITERIA 

NO or MAXIMUM ITERATION NUMBER 

YES 

STCP 

END 

Figure 2. Flow chart of the problem. 



CHAPTER III 

RESULTS AND DISCUSSION 

In this section the results of the cavity problem with Re=10 are 

compared with the published results. The results of the furnace study 

are also presented, analyzed and evaluated. 

The flow in a cavity with a moving wall has been solved for Re=10. 

Here, the characteristic length was the width or depth (i.e., width/ 

depth =1), 1 ft, and the density was 0.00234 slugs/ft^. The 

characteristic velocity was that of the moving wall, 1 ft/sec. The 

absolute viscosity was a fictitious value, taken to be: 0.000234 

Ibf-sec/ft^. It is noted that air at 1 atmosphere pressure has the 

density of 0.00234 slugs/ft^ and an absolute viscosity of 3.8 x 

10"^ Ibf-sec/ft^, when the temperature is 68''F.^ 

The cavity problem was chosen as the test case because a 

successful calculation of this flow requires consideration of the full 

Navier-Stokes equation (rather than the boundary layer equation) and 

the flow field contains vortices. The value, Re=10, was selected to 

allow a coarse mesh spacing, i.e., 11 x 11 or 15 x 15. Comparison is 

made with the calculations of Hirsh[7]. The velocity vector field, 

the velocities through the grid point closest to the vortex center, 

the horizontal velocity at y=l/14 from the moving wall, and the wall 

^These values were taken from the American Society of Civil 
Engineers, Manual 25, 1942. 
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pressures are plotted in Figures 3 through 8. The present results 

were obtained after only 20 iterations. The pressure map is produced 

as part of the solution. 

The flow vector field shows that the vortex center for the present 

study is around 1/5 from the moving wall on Figure 4, while the 

calculation of Hirsh[7] gives a value around 4/15 from the wall, as on 

Figure 3. The wall pressure Re=10 (Figure 7) could not be compared 

with others since no result for wall pressure with Re=10 was found. 

The general behavior of the flow is similar to the higher Reynolds 

number cases obtained by other authors[4], [7]. Here, Cp' was defined 

P ~ Pref 
as , and Pj-gf was the pressure of a reference point, u the 

1/2 p u2 

velocity of the moving wall. Wall pressure for Re=100 (Figure 8) ras 

compared, although the present resvilt is not fully converged. The 

pressure near A began to show large differences-compared to Ghia's [4] 

57 X 57 grid point case. The reason was thought to be due to improper 

convergence and the pressure boundary condition of A on Figure 8. 

Probably, a reduction in mesh size would improve the comparison. Most 

of the results produced by the present program are thought to be 

reasonable, because they have produced good comparison with other 

published results. Moreover, only 20 iterations were used and the 

pressure was obtained as part of the solution. Although the program 

of Greenspan[17] gives the converged solution with less iterations, 

his formulation was based upon the steady state vorticity-stream 

function equations. Time dependent procedures normally require larger 
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Figure 8. Plot of wall pressure of the cavity problem Re=100. 
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computing time (i.e., when the explicit method is used). Higher 

Reynolds number cases were tried but these failed to converge with the 

same 15 x 15 grid and this was thought to be mainly due to the high 

velocity gradients near the wall. 

The furnace problem was also attacked for Re=10. Here, the 

characteristic length for defining the Reynolds number was the entry 

vertical length, 0.15 ft, and the fluid density was taken to be 

0.00234 slugs/ft^. The characteristic velocity was that of the 

inlet, 1 ft/sec. The absolute viscosity was also a fictitious value: 

0.0000351 Ibf-sec/ft^. It is noted that the present method did not 

use non-dimensional equations and the ratio of the model to the 

prototype was 3/40 in two-dimensional geometry. The present study is 

confined to a cold-flow model, while the prototype of the radiant 

furnace has a temperature of more than 2000°F (i.e., the design 

temperature of the inlet is 3960°F). Due to its high temperature the 

radiant furnace is a radiation-dominant heat-exchanger. Better 

simulation of the radiant furnace would be obtained through including 

the energy equation and some radiation modeling. More detail for a 

radiant furnace can be found in ref. [18]. The geometry is shown on 

Figure 9. 

The velocity map and convergence history during the calculation 

are plotted in Figures 10 and 11. To the author's knowledge, results 

for the same geometry have not been reported, and no comparison could 

be made. To evaluate the result in some way, the dilation, i.e., 

3u 3V 
D = , the fourth central-differences of velocities, i.e.,

3x 3y 
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Figure 9. Geometry of furnace problem. 
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6^fo, and stream function values were evaluated. The results are 

tabulated in Table I through Table IV. 

The dilation was set to zero when the source term, Sp, was written 

during the formulation of the pressure equation (4). As a result, the 

continuity concept is not included explicitly in the numerical 

discretization, and suggests that the nonconservative form of the 

equations has a shortcoming in that the continuity requirement is not 

explicit. The dilation term gives a source idea as to where the 

maximum error occurs in satisfying the continuity requirement. In the 

furnace study this area is near the upper inlet corner (i.e., I"2, 

J=15), because the coarse grid size did not produce recirculating flow 

above the main stream. If a recirculating flow near the wall occurs, 

the dilation is expected to have smaller values at the expense of more 

grid points. 

Table IV also shows that the continuity error exists along the 

inlet stream because of the large u-gradients in the x-direction. The 

first approximation for the continuity is used for the former part of 

Table IV, and the second approximation is used for the latter part, 

3fn 1 
Tx "12Ax 8fl ~ 8f_i + f_2)« The first and second 

approximation is explained in Appendix B. Appendix B is mainly based 

upon the work of Crawford[19] as well as Ames[ll] and Hildebrand[20]. 

The fourth central-differences of velocity, i.e., iS^Tq = f2 -

4fi + bfg - 4f_i + f-2, are calculated to see how much the truncation 
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OOOOOGOOOOOOOCOOOOOOO 

OOOOOG9CCOOOOOOOCOOOO 
CCCCCCCCCCOCCCCCCCCC C II 
COGCOOOOGOOOOOOOOOGOO 
CCCCGCCCCcccccccccccc ^ 
OOOOOOOOOOOOOOG900000 

m 

I I t • • II 

GGOGOGGGCOGOGGO90GO9G 
aaaaaaaaaataaaaaaaaaa ». o 
0GG9C0G000G090»-0GOGOe 
CCCCCCCC KccOK. aaawwr u II O 
ooooo—.tfc>C'9»0'-ON>-j^0'ifrcn^arwG o 
eicvi/cu*s.^cac«ca^(..rcrK.«««» 

OfO*ia*<«JKG(/iGwifr<aK>GGUta^asGCIT 

GOGGOGOGCOGGG 

CCOCCCC^*«IOlCC^CQrWoJoJO-N 
OGCC <9 

Owa«cui4irN.-wc^<»era-f<i.t.r^c»ifrQcu> u> 
Gwa-K>W«4|>G*^GWiT^GOOOOGGG 

I I I I 
GOGGOeCGOOGOCOGGGOGOO 
aaaaaaaaaaaaaaaaaa a a* 

OOOOGGOOOOCOGMK>MION^N>»Crw 
CCCCCCcc— GGytr 
OC ̂ OW>0WGW9 CtCacl/i WX 
c»cucu.»waK.u.K'«.xi^fUw»wK*u9cr 
GG»-JG»X9GW«JG^GGOGOOCO 

I I I • I I 
OOGCGCGGOGGOCGOOOOCCO 
aaaaaaaaaataaaaaaaaa a 

CCOCOGGGCOGGC*»l>JU«WWWWW 
CCCCCCCCCCCCCGCCK^t/^X 
oc^^*.*a-ooKJN}»o—K;4r\cxc»-ifra'-j 

CI^ictcK;X X X ̂w»■» U. *J a« cG O C (T 4C 
CU*G*JOG»(.r»GGGGOCOGOGGO 

I I 11 I 1 I 1 I I 
GGOOOOOGGGGCGGOGOOCOG 
aaaaaaaaaaaaaaa a aa * at 

OGOOOCOOeOOCCNaK»WU>^^i»G 
G C C C C O G C C ^ -oj X cifr X c n; <>: c 
GO^IOWJkG^CfOOC(/iXfO«£OWXGG

ife (To«j(.rxK N;u.<ajK)->j^9 u.ccr»o 
OCC/1 •mJ•UN. KC GGG CGC OCOGC GO 

I I I I • I I I I I 
OOOOGGGGOGOGGGOCOOOGG 
aaaaaaaaa a a a a aaaaaa a t 

OeOOOOGOGGOOO^ 
CC CC K. C -"JCC GCWC wx 
OG^'KlifrGO^OGMI/XwOXXGsCXa* 
Ci^U'XA-o:»*«cxcc->«ac*uia*Gi^u.x 
OCt/IC(r*l4PWC«J<lklOGOOOOGC GG 

I I I I 1 • I I f 1 I 
OOGOOOOGGOGOOOGOOOGGG 
aaaaaaaaa a aaa aaa aaa aa 

OGOGGGOOGC CCC^fOU«W»»U*(.r 
occccca»N*K:u.wc aJxxiTvok: G ift. «c 
GG ̂IC jk Wto «C ^ C A (/■ aj G W W W 
O^aa^X WX«w^JG AG koC 
GVIG**Ul<«IO «X** Gbwa* O O O O G G O O 

I I I I I • t t I I I 
GeGeOGOGOOOOOOOOGOOGO 
aaaaaaaaaaaaaaaaaaa at 

0G0G0GG900000^(0K>WWW*GI 
CCCCCC^^K^U'WC l/^*WCWiTNCG 
OO^M<{^ <OMkOXG.»«CW WGXA kOfC X «*1 
Cto^WCC Xa-K.^-U'a-'.^C'-jG-J-.JXa ks. 
OirGk->X^X*-XXGGGOOGOOOOG 

I 111 11 I f 1 1 I 
OCGGGOOeoGGOOCOOCOGCC 

OGOGOGOOGCGOOOaia**N^ICIOi« 
C C C C COCa-^K'Nia-foa ^XC K^^kCfC 
CCGa*»Oifr •UfJkCG G»*X «J(/iGGO K>U">>J 
OK-G'W^WGXGlCkC'XC XXa>G«CK;kCU. 
GOXfUfCGGNiaUWC «JO OOOOOCGO 

OOGOGOOGOOOOOOOOGGOeo 
a a aaaaa t a a aaaaaaaa aa a 44 

©GGOOOOGOGOOOOOGOOOCC 
CCCClTCCCC CCCCCOCOCCC C fi 
GGOGCOGGGC OGOOOOOOO G G a* 
CCC CCC C COOCOCOCCC CC C C Nk 
OGOOC-C CGCGOOOOOC OOOOO 

9e 

II n N If tl n 11 II tl l» II H It H N H II II II II tl 
kaMa* ^ aoka 14. 

loW*utG »GGM(OW*U<G-aj«<>0O 

O 
r 

OGOGGOOGOOGG"«»*OGGCOGG 
••••aaa aaaa a aaaaa aaa a 

OOOOGGOOCGOOOCOG9COGC 
cccccccccccccccccccec 
OGOOOGOOGOGOGGGCOGGCO 
ccccccccccccccccccocc 
OGOCOOOOGOGGGGOGOOOG9 

3 

m 
I I I I I I I I I 

OCOGCGOOOGOOGOGOGOGOO 
% 

aaaaa aaaa a t a aaaaaaaa a 

OOOGOOGGOGOO<G<**000000 
CCCCCCC C C Ct-aJK..ft CuCC C ̂-C 
000000*'K>W^fOWUtflBU.O 
C»»»-»»>.1/*COC*CO'GWO-

OWGG**<CGGGOWGOOGG»*G<frGO 

I I I f I I I I I 

eOOOGGOOOGGOOGGGOGOOO 
H 

OOGOGGGOOOO^'oJXN.'OOCOOG 
• aaaaaaaaaaaaaa a a aa aa 

03 
Gcocccoe»»euia««>aXfc^^ic^c a" 
OOOG N)GXGwA wOro XGG9O 
Ow*ww^ 

GOWGK>««<«4a*GU'OOGOG^AGA-JO 

I I I I 1 1 I I I 
GCOOOGGGGCGCCCOOGCOOO 
aaaaaa a a a aaaaaaaaaaa* 

OGOOGOGOC COMG oUw^-GCOGO 
CCCCCCC»»»*C VN.WN.ICWifcK'^GC 
O C G ̂k; ̂X U< (/' M W W O %£; X K> A O 
cwcfc^c auN» u-u<c Gxc (.re see =i Oa-Xa-XUitrxGK> WOOOCO^ WXOO < 

n> 
h-» I I I I I I I I I 
o OOOOGeCGOCCGOCCCGGOOG 

aaaaaaaaaaaaaaaaaa a a* n 
oeOOeGOGOCeK}(T*iTW>-»OGOOG
C C GC C C c (/"• W^U.GO-U cr-CC 
OOG*-*WG^GXW«JaUGXUK)i^XK)XO
CK;(r*K;^K;u'C*i«ow^NC^acGW4Cc
OM^CW-aJi^fOXUIOGGOCGC CTX^GO 

I • I I I • I I I 
OOGOOCOCOOOGGOGGGOGOO 
aaaaaaaaaa aa a aaaa a aat < OOGGGGOOG00^4k^W^CCGGO 
GCOCCC^^^C GX»««>.;C CTXC (I 
OOO^WG^ -"JXifeNJCC lOO CC O U. CO M 
G C ifrXkCX G C X kC C kC C fO wx C O 
OGWGWGK)XkO^N>OCOGO<*J^X^G f> 

I I I i I I t I 
OOOOCOOOOGOGGGOOCOGGG 
aaaaaa a a aaa aa aaaaa aa t 

GGOOOGOGGOOa^KJWroa-kGGOGG 
c c c cc c ̂ ̂ ̂ c u. kc un: cr ^ c 03 
O O O Ul G G G'*jG kC a* (.r C X liT G ^G N* C s O^M^C^XCGGwXn«CI>wCG AkCoaC a G UM^ «>• WW hJ X 4C C G O C G G^W K>C 

XJ 
I I I I I I I ri

eoOOOOGGGOGCGGGGGOOGO (T> aaaaaaaaaaaaaaaa aaaa # 
CO 

OC GCCCOa»a-cfwkCXICG XWN.U>U C CO 
CCOON;i^XV^GWa»xWMG<^aOk<Ki^C c c k: o^aia cr iw *u aaiG o X k; G ̂Xkc rc c 
O'x^KlWXI.noJGXG OOGC-dOKIk^OG 

OGOCCOGGOOOCa^KI-kCCOOCO 

n 
(t) 

I I I I t 1 I 
GOeGeoOOGOOOOGGOGOOGO 
aaaaaaaaaataaaaaaaaaa 
OOOOCOOOOOOGOaaOC GOOOO 
OCCOCCCCCGC*-kC»'a.fr.^»->a«U.C 
OOOOa^K>^^CGGVtl/>G^U>»JGXaaG
CU.a-K,a-(J'atrK,v£.-«:X'X-U4/ LTUrtC^GC 
OOUtXa»«JK>GX^XWIOOa*fgGGGifrO 

• I I • I I I 
OOOOCGOGOOOGOGCOOOOOO 
aaaaaaaaaaa aaa kt a a aaa 

OOGOGOOGCOOGOOCOO GO CO 
C CO OC C C C CC ca-rc Wica-C C C ^ c 
O C O O O O a* uik; K) VTfk.) 4a «kj G O G 
G a* O C W X G au ^K) C kC >• fC G Cr G ̂ka C 
O * G Wa» GAaa kO VT ^ ^ 

OeOOOOOCGOGGOOOOeGGOG 
aaaaaaaaaaa a aaaaaaa a t kw 
OOeoOGGGOOCOOCGGOOOOO 
OCOCCCCCCCC OCCOCCCCC C II 
OGG0C0OG0000G00900CCG aa 
GCCCCOOCCCCOCCCCCCC CC a-
OGGGOOGOOGGOOCGGOOCC G 



 

 

37 

oeoo90eoocco9 or> 
n—-.-.oi,■n 

o** 

** or*- ■f^'^-r — I fiT-ti-tri 
r^ -fi•«^rN'7> "D** 9 ^ a jt>x wsaDlOOOOOOO 

O ooooor^oc**>9 ■oaf«%'nr> »'nsr>«9«r>49«.£^rN»r»i/)« 
M ar» arNaOkO/kr^-na-'i 9 5N a X axa »a 

^ ̂  o •« *>4 (N CS M M «■ o O 9O O O O O 

ooooe>^coooooo«<M(MNO^r«mr«O 9 ̂  99^-4 
»^or^ 04 ^ 9^ r« V o « r> ̂ fN (s r4 .4r4 

S'A'*) 99vaaaaa9a 
9^ oO 4t fVk Mo*4 CM (N rN«-44«* o 9 O OOO O O • • ••••••«••• •«, «««^,, 
000000000900000000000 

00000f*»0000009 000«00<N<n 

II ■X*>^««ai^«HOa9 XOSAOO 
»9^f»»r4o 9Mr4«4«4»4«4eooooooo 

• • « ••• ••• ••• • ••••••«« 

..
*» 

000000«^0 90 9O^v0r*)Or^<M^«4m
-^'NrjO'^'^r^^n^x cx'nfsf^«>90 9«i4 
O—9"«.*9.Oa0O'»>(N^.«'9*^^»n0i0lfX«^

-O^ >!•—'** xj^fMO > »»aa»»aa 
r^0^rnpM44C»444^^-40 00 000000 

• • • ■••*••••••••••••*• 
000000000900909000000 

9 
u 

•H 

oooooo^x oov^oivNrk^vHfn^v^o^3^7«'*^99r*'>i/) X9M-<r>.>^a^OflP^^ 
0^9-vx^oxovMroat/^^^rmmfnisNmo<C:xx7>^<cx^^9taxjossooaaaa
Oli^^fnfM»4C 9«4«^09 900000000
•••••••••••« ■ •••««»«, 

00090099CO99990000000 

'V 
0) 
3 
C 

•H 

•n 
,, 

^ 

oooooooiAo^nooxoir^cit/XMOi/ir^^45/>."N9-n99«93*!^9 — 
®*®^f^'*»'M^o^oo9or4mmmr4r4m 

knin^'«fm;N44C*«9009 90900000***••••••••• ■••••»•«« 
909009000000000000000 
I I I I I i I 

4J 
c 
o ^00000 9r4a9 9««4«««fnu>otn9wv)o«*) 
u 

II r'n^9'*-9xxxsxx 
•H ^^^^'^'•>fM09900C99000000* • • • • ••• • •••• ••• «««»« 

099090090090000090000 
I 1 I I I I I 1 

jo 
«0 
H 

*** 
11 

0000000 9f^^<MeD«4r*»OCDO««44CNO 
»9cn/^-«'^ aaa a»^'»-4^o-^'no-xo 

X'^f^9« C 'X^e'<TXC^C*^<*f'*>(SiNr4
^.•>•<>*44 9x^.'n v««9^ axooaoxo 

900 000 00000000 
• • ••• ••••• • • • ••• • •«•» 

000900990000000OOOOOO1 I I I I I I • I ^.'N^WW 

I 
Ul 

ooooo9 9in«40<^^r>'^or^r4X9j)o■^■c "^X 0 9'*>9X9«X.-n^ 
^ ox ® 41 ^ 

<£ N>»^ ^^'*^"4X'^^nr4.xsxxaaeD 

^ <^V4»|^^VTOO©000 00©00000• • ••••••••••••»»»«», ^ 
ooooooooooooooooooeeo 

> • 1 1 1 1 1 t I 

ooo9cocoootnc4CNOtr)o«i/>e9so 

II <^x(N'>jx—-«9c £'nxx»«»-^r^'*\/4^r4^9X'^«4'/)r»x s sxsxs 
J>'n0<N909000000C© 

^ • • • • • • • • • • • * • # • • •• •• 

J9 
<0 ^ ^0^ >9 <*4-«o o»r» o»/* ̂ mn«« 

1111 II II li II M n II IIII II IIII IIIIII H II It 11 



 

 

 

 

It II H ti It n If 11 II ti 11 II n II II It II I) II ft II 

\cc^K.wx>cro 

o<5ccciicccccccccccceec 

eoc'eccrcccc^-ccc^*-
ccccczcrcccctw^rcccccc ii 
e*.ccccccwcccwtrccocccc 
^^^^-^crcccTcccccc-zccccc 
CCCCCCwCCCCCseeccccco 

®coceeeececcccccccccc 
♦•• *••••••••• •••••••• 
eoeccoccecccccccceeee 
^C^CCCCOCCSSTK"-.tf-f*! ^ 
cceccceccscc;,'*{= a. 
eecccec^fvwwc 

K'oit ̂4-u-*"^ a.K.'wu-ct/ 

» f I I t I 
ccccccecccc^•ecccecc. 

ceccececccecccccccccc 
®cocccccccccK-«j.ree<,e»rx ir 
®®®eecccc^ceA^wAiii^oo 
cceece^.'^>>c-%cc <rar«,»^ zs^K.tc w 

"^ceu (/ 

* I(« I t t 
®®^c.ccccccccccccccccc 

^©cC'Ccecccccccccccccc 
ccccccccccccN.oacrca'a>c^ ii 
OCCcCccc»»^*-cuo-Jtt aorerc^ 
C'CCCCCU.'a^^.CCrK.«£*>CCt£iU.O^K ^ 
CK.C9u«cu.u-(,;aCKu.c*-*u.K.^sca^ 

I i t t I I I 

<^^CCCC.CCCCCCCCCCCCCCC 

ccccccrcccccccccccccc 
®CCCCCCCCCCCKC«*'».*»^«karoi II 
cecccc»rc»»^^CKWrivf«c«circ^ 
CCC*i»CCw&A>£^i/\t,u O 7u-^C V W 
® tccuwo^cc^cfc-^a 

•I I t I I 
^COOC-CCCCCCCCcccccccc 

©cccccccccccccccccccc 
ceccccccCCC C vcr-^cCC C C C II 
OCOCCCCC**«*^CCarN»v£ 
Cc^—ta.cK.■».. u a c a K »-c a cc •-9 ciiTwa a u. 'w o o-k-^ct <r ^occ «c 

K 1 I • I I 
'^ccooccccccc ccccccccc *******• «••••••••••• « 
oeoococc cc ccccocccccc 
cccccccccccc^i/ci^wcrcri/ 
cc cccc cc C — 
CC»»^.kk.c.u»<.k.."-c.£*"-cn.un;o a
CO CO OCC ww w V iteK a 

f il l 
CCCCCCCCcccccccc ccc cc 
**•**-•*••• • • •• • ••••• • ^ 
®^e©©eccc ccccccccccccc 
CCCCC C cc cc C |l 
cccccccc CCC—VTUoyfvCa*.
cc^ C K,«.K, OL 
ccK; *K; ^V. V W V •-K O Ct »w >c W—^ 

cccoccccccccccccccccc 

ccccccc ccc ecccc c cc c cc 
^C C C C C C C C C C C •• 4-tC u. u U.N, K.^ tl CCOCCCCC cccc *.c 
CCK;^uocoo^oc**ccru — •^u.wu' 
C*CO^"tf*^«».OOKac*Cifr-^«^tC*£.C« 

©ecccc ccc cccccccccccc 
^ 

®cocccc c c oc cccccccccc 
^X^Sz.Er^ ^ c — wwfc* »s,K.»-c c II ccCccc C K.CC ^ 

OcfOCwar.^ccnra>c c
C C *C a. a u" tr c »-<* T »-«^cr a o »-

ccccccccc ctccc ccccccc 
C C C C C C. C C C C C C K.r» c C II
cccccc^-M^^K*—c K.«w«.jac».9,^crc
C fc-wcro a;cwocc."••cow^£ ^ 
CCCO V C «CO ^ O 

8Z 

ii It ft II ti II it it 11 It i< ti ft It II It i< ti II It 

c^eccccccccccccccccccc 

eecccccccccec 
ccccscrcccccK^ccccecs tt 
ccccccccesccyi^csccccc 
ccc c cccccc c c c cc c ccccc •• 
ccocccccceccccecccecc 

II I I I I I I 1 
ccCCCCCCCC ccccccccccc 

CCCCCCCCCCC oc cc 
CCCCCCCCCCCCV^sfCCCCCC 
CCCOCCCCCCC-CU^UJ. u ;J-
ccc CCC^^i^V^flCQ^^C^WO CO hT 
cc»*K:jit««^ouoco «c WK. 

I I I I I I t I I f 
CCCCCCCCCICCCCCCCCCCC 

cccccccc cc ccc 
CCCCCCCCCCCC^ CTC CC-N-N-— wccc c-ccc"-^c iCotraTNCCicu. 
C — c w^K.^•>k^,.vrac7 

Ck*WO^UUi«X*v£>wOifi>U>CC0-»«Ut/' 

I I I I I I • I I I 
CCCCCCCCCCCCCCCCCCCCC 
CCCCCCCCCCCCCCC C»-^w..-.» 

c c cc cc c c c c ck: o a c c c c»-^ ii
CCCCCCC—•-S. — U * O—CK. 
CCCC**U^KCAN.l/^acVC'£'«.^C A 0 .C-O '■JCK-U.^ooec 

I I I I 1 t I I I I 
cccCCCCCCCCCCCCCCCCCC 
CCCCC ccc CCCC CCCC CCC^N-
c cc C C C C C C C C C K. O-^a ,f \£ c C 11 
ccccccc*"^^N«trwi^'^^^v ^ 
cccCKif»artrii«ccfK.sc^ffeOCv/ffN-»^ vr 
c^^worCAoa A'-.Ki^ictro N.«feCcrwN-^ 

I t I I I I I t « 
ccccecccccCCCCCCCCCCC 
cccccccccCCCCCCCCcccc 

CCCCCCw'^KU.^—ttoON-C^^JdS.V-^ 
CCCC*"A\COl/>—sCCxiCwCC'oC C CC^O>Ctfc^W O U-W^^VXIC^^O wv 

I I I I I I I I 
ccocccococccccccccccc 
ococccoccc ccoccccccoo 

— ccccccccc^fs.*ovoocc i; CCCCCCC^^K NiVvWwc 
w cc C -..Ji O.X C <A ^ ifc C O C 
c cc <-1*^ «£ wr a. c Ut^ k; o w 

• I I I I • t 
^^®cccccccccccccccccc 

cccccK.i^c>«-is.xccu*c»-— 
o>o acirco»wfc>^^»>vccfs:fw<K 

I I I I t I I 
ppccccecccccceooccccc 

CCCC»CCCCCCCCC»-»-^»-fv»^K 
CCCC«.C.CO»»»»»»CwO'U. ».C'X. o»^v 
CCCCC»^U.OC*«A.CO^«4fc»OU.CUwC 0*-*KKK*-CCl# a VCC 

_ 11(111 1 
ccccccccccccccccccccc 
ccccccccccccccccccccc 
SS-^CCCCCCCCCCCCCCCCCC ccccccccc CCCCK-Uffctrwi/CO
«>ccc c c 'Cwv«i»^w 
oc•->*-• c u^«c«;a tt CK. ao ••^k.ww^ 

cceoccccccccccccccccc 
SCCCCCCCCCCCCcccccccc 

cccc •-
Cccccccccccccccccccc:c ^ 
ccccccccccccc C CCC'OOCC 

H 
0) 
a* 

CO 
ft 
»-< 

0) 
3 

•-h 
c 
p 
o 

o 
D 

< 

M 
c 
a> 
CO 

w 
N> 

0) 

w 
u 



li II N N M II II 11 H II l> M 11 <1 <1 *1 II >1 II 11 II 

»̂ww cr9 <r«cc >w w•» •«'cc^ĉ 
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error of second derivatives is in velocity, i.e., the error due to 

neglecting the second leading term of second derivatives in first 

approximation. Table III shows the values of the fourth central-

difference of u and v, which form the leading truncation error 

3^u 3^u 3^v j 3^v _ 
terms of second derivatives, such as , , —-, and —-. ine 

3x2 3y2 3x2 3y2 

result implies that the effect of second approximation, i.e.,' ® ~ 
3y^ 

—1— [S2 - 1/12 64ju (^ith 62uo as a first approxi-
(Ay)2 3y2 (Ay)^ 

mation), would be large, particularly at the inlet area. For example, 

6^ uo IS ~ 0.77246 and 1/12 6^ U2 15 » 1/12 x (-2.36133) -0.19678;
y ^ y ♦ 

hence the role of truncation is around 25% of the leading term. Here, 

6 stands for a central-difference operator, the subscripts x,y for 

x,y-direction difference, and the superscript for the order of the 

32u 
difference. More clearly, 62 ui a denotes (Ay)2 ^ j or "i+l j -

^ 3y2 
2»^i,j + ̂i,j-l-

The above results (Table III) make sense, because of the large 

gradient of u-velocity in y-direction and the gradient reduces 

along the inlet jet. The truncation error is probably improved 

through more grid points in the region of interest or through second 

approximation. Crawford[19] used this Improved second approximation 

for the region of the expected large gradient and obtained better 

results. 
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Stream functions are calculated in different ways. Here, the SI 

method represents 'I'i,j ~ 1*1,1 = ~ '''i.j ~ 

I*! 1 = J^'^udy - vdx, and the S3 method is carried out by using
' ^»1 ^»J 

nO 3u 3V 
"1* = r X— with the iteration method. The stream function is3y 3x 

path-independent, when continuity is satisfied. However, SI, S2, and 

S3 are different, and S2 looks worse. S2 carries dilation error 

through the x-direction. The dilation error is particularly bad 

around the inlet, and this propagates along the x-direction, which 

gives and unsatisfactory result at the wall. SI gives an unreasonable 

value at the exit, which, again, may be explained due to continuity 

and truncation error. However, SI seems to be better than S2, because 

SI follows the y-direction and gives less error propagation. S3 is 

believed to be more accurate because the stream-function boundary 

condition from known velocity boundary conditions was used. However, 

the large error of continuity exists around the inlet and the error 

affects calculation of vorticity and propagates through the stream 

function calculation. 

Pressure result predicts the point of highest pressure, as 

expected, and the pressure drop can be calculated between two points 

of interest. 

A higher Re case was tried but failed with the same grid, i.e., 

15 X 21, mainly due to large gradient around the inlet portion and the 

walls. 



CHAPTER IV 

CONCLUSION 

In this study the primitive variable discretization approach was 

applied to the steady state tJavier-Stokes equation and some sample 

calculations were made. 

This method has some advantage over the vorticity-stream function 

formation since the extension to three-dimensional flow is possible. 

Also the pressure field is obtained directly as part of the solution. 

This method also has some advantages over the unsteady equation 

approach since the computing time for a converged solution is reduced. 

The decay function scheme adopted is a generalization and a hybrid 

of the conventional central-difference and upwind difference 

techniques. Thus, a wider range of Reynolds numbers may be treated. 

The above advantages of the decay function method were utilized to 

treat the flow in a cavity and to model the flow inside a furnace. 

The difficulty of the present method is the attendant danger that the 

method may converge to the wrong solution. This difficulty was 

encountered in the present study, i.e., when a coarse mesh was used 

for a high Reynolds number flow. The large velocity gradients near 

the walls then lead to numerical instability. 
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APPENDICES 



 

APPE^^)IX A 

DECAY FUNCTION AND SCHEME 

In this appendix, the decay theory, which Chien[13],[14] devised 

and applied to vorticity included formulation, is extended to the 

primitive variable formulation. This appendix will show that the 

decay functions are the same as those of the vorticity included 

formulation which Chien used. 

The two-dimensional continuity and momentum equations in 

dimensional form are expressed as; 

3u 3V+^= 0 (1)
3x 3y ^' 

3u 3u 1 3p c32u 32ui u — + vt—= - + ^ I + J (2)3x 3y p 3x a 2 a 2 
3x^ 3y^ 

3v 3v 1 3p , 32v-|
u--—+ v-^ = - — ( + J (3)

P 3x2 3y2 

where u, v are the velocity components along the coordinates axes x, y 

and p is the local static pressure, p is the (constant) fluid density 

and V is the kinematic viscosity. 

Equation (2) can be rewritten as: 

,-32u u3ui ^^32u v3ui 13p . ... 
fe"V V 37^ - W 3^= ° 

where y is the absolute viscosity, i.e., y = pv, or in a locally one-

dimensional form as: 

[iii - H|ii) + A + B - 0 (5) 
3x'' 
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3 V 3u X 3p
where A t and B which are treated as temporary

3y2 ^ 

source terns. Here, local one-dimensionality is defined as a one 

dimensional process existing between mesh points. A temporary source 

terra is defined as the assumed constant term which does not vary 

across the next mesh point. The concept of local one-dimensionality 

and temporary source term is a reasonable and important assumption in 

obtaining the local analytic solution and establish the decay 

function. 

The finite difference analogue of equation (5) can be derived as: 

~ "1+1,3 ~ ^1-1.j . 

3x2 (^x)2 

V 3x ~ ^x 

A 25 Aij 

B 25 HiJ 

"1+1.3 ~ ^"1.3 "1-1.3 . - fiil, ,"1+1.3 ~ "1-1.,j + 
-2 2Ax(Ax)'' ' 

J = 0 (6) 

After rearrangement, equation (6) becomes 

Ui,l = "i-l,j + ("i+l,j ~ "i-l,j) U - ^l]/2 

®i,j) ̂ ^i (^x)2/2 (7) 

fU • Ax-i
where EAx =( —Ji,j is the xrdirection grid Reynolds number. The 

determination of the x-direction decay function requires an 
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analytic solution of equation (5) subject to the boundary conditions 

u = U£+i j at X = (i+l)Ax and u = at x = (i-l)Ax. It is also 

necessary to assume that the source term, s = A + B, does not vary 

greatly across the mesh point, s can then be treated as a constant and 

evaluated at the nodal point, i.e., = ̂ i,j ®i,j* analytic 

solution of equation (5) under this assumption is 

"ij = "1-1,j*("1+1,j - "1-1,j)[" -1)/(« -1) 

(^)i,j 

By direct comparison between the finite difference solution (7) and 

its analytical counterpart (equation (8)), the decay function is 

determined; . 

2 2(e - l) 

=1-^1 1 1 

e - 1 

Similarly, Gj is obtained by using the locally one-dimensional 

concept in the y—direction, then 

-7I7) - ^1,1 - - 03y+- ^ 

Thus, Uij = "i,j-l ("i,j+l ~ /2 + 

(Ci,j + Bij) Gj(Ay)2/2 
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(10)° rI? f ̂  
- 1i) 

where RAy =[
/V • 

Is y-direction grid Rejmolds number. 

and Gj can be evaluated from equation (9) and equation (10). The 

definite integrals can be approximated by assuming a linear variation 

of u and v between mesh points. 

With this approximation, the decay functions become 

2 2(exp((uij + Ui-ij)Ax/2v) - l) 
Gi RAx 

1 - exp((ui_i^j + 2uij + Ui_ij)Ax/2v) - 1 

2(exp((vi^j -I- vi_i^j)Ax/2v) - l) 
'i ~ RAy 1 - exp((vi_l^j + 2v^j + Vi_ij)Ax/2v) - 1 

If the variations of u and v between mesh points are not very large, 

the integral approximations become 

ri ru-i , u.f j Ax (R4x)lj 

dK»2a-A^-2(RAxH,j 
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/j-lt-J) <iy » "''j 

This simplified approximation shows that 

_2_r - 1)^ 
2RAx _ I 

(11) 

2 ( 2(e«^y - 1).
^ ®4y '■ ezsiy - 1 

It is noted here that if Gj[^ = Gj = 1, the conventional central-

difference formula is recovered: 

. = 1/2 HAx (Ay)^ + (Ay)^ _ ^ -1/2 P>Ax (Ay)^ + (Ay)^
2{ (Ax)2 + (Ay)2} ' 2{ (Ax)^ + (Ay)2| 

, -1/2 RAy (Ax)2 + (Ax)2 , 1/2 EAy (Ay)2 + (Ax)2Ui+i A + i Ui + ■" — 
2{(iK)2 + (ly)21 2l(ix)2 + (iy)2} 

^ (Ax)2 (Ay)2 D 
2{(Ax)2 + (Ay)2} 

Similarly, with G^ = 2 4-2 rAx ~ 2 +2 BAy conventional 
upwind-difference equation is rederived: 

^i,j = {tui-ij + (ui+ij - Ui_ij)/(2 + RAx)](Ay)2 (2 + RAx) + 
[ui,j-l + (^i,j+l " Ui,j-l)/(2 + RAy)](Ax)2 (2 + RAy)}/ 
[(Ay)2 (2 + RAx) + (Ax)2 (2 + RAy)] + {(Ax)2 + (Ay)2}/ 

[(Ay)2 (2 + RAx) + (Ax)2 (2 + RAy)] 



� 
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So, the complete single finite-difference equation becomes 

l-S^u 3u^ I'S^u [-v^i Su-i 1 3p _ 
I— - 'vJ 3x^ ~ "V 3x 

In other words, 

X + Y + D = 0 

where X "W'1 ^ "1-1.1 • , 1 

.. - 2ui,j + . I ui.j+l - "l.J-l 

Thus, in a explicit form after arranging, 

= 1/2 RAx(Ay)2 G^G-| + (Ay)2G-i ^ ^ -1/2 I^x(Ay)^
2{(Ax)2 Gi + (Ay)2 Gj} ^ 2{(Ax)2Gi + (Ay)2Gj} 

, -1/2 RAy(Ax)2GtG^ + (Ax)2g<
u- ,w . H 1—J •-

2{(Ax)2Gi + (Ay)2Gj} 

^ 1/2 RAy(Ax)2G-;G.i + (Ax)2g^ ^ (Ax)2 (Ay)2G^Gi 
2{(Ax)2Gi + (Ay)2Gj} 2{(Ax)2Gi + (Ay)2 Gj} 

1 SAx 1 _ SAx 

(Ax)2Gi 2(Ax)2 (Ax)2Gi 2(Ax)2 
or, uij ui_ij + 

2 ^ 2 2 , 2 
(Ax)2Gi (Ay)2Gj (Ax)2Gi (Ay)2Gj 

1 RAy 1 RAy 

(Ay)2Gj 2(Ay)2 (Ay)2Gj 2(Ay)2 
Ui+l,j + "i,j+l + 

2 , 2 
(Ax)2Gi (Ay)2Gj (Ax)2Gi (Ay)2Gj 
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+ (12) 

(Ax)2Gi (Ay)2Gj 

The equation (12) is used for the determination of the u-velocity 

throughout the domain, with G^ and Gj calculated by equation (13). 

Similar expression may be obtained for the Ar-velocity and the 

pressure may be obtained from a conventional central-difference 

approximation (i.e., = Gj = 1 for the decay function) of the 

Poisson equation v2p = Sp, where Sp is the source temn. 

For computational purpose, Gj^ and Gj can be approximated by 

piece-wise continuous polynomial curve-fitting based upon equation 

(11). 

1 where|RAx|< 1 

2 where|RAx|> 1 
RAx (RAx)2 

1 where|RAy|< 1 
G-i = 

2 where|RAy|> 1 
RAy 

RAy 

or. 

1.0 - 0.0625 (RAx)2 where|RAx|< 2 

2 1 where|RAx|> 2 
(ii4x)2 

(13)
1.0 - 0.0625 (RAy)2 where|RAy|< 2 

Ga = 
2 1 

where|RAy|> 2 
(^2 
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Central-difference (G. = 1 or G. =1) 
\ \ I j 
\ 
\ 

\ Decay function 

0.5 N 
N 

--~":=^Upw1nd-difference {G^.= 2+Rflx 
Rax or G. = _2 ) 

J 2+RAx 

It is noted here that the above graph is quoted from 

Chien[13],[14]. 

The above graph shows the character of the decay function, which 

is a smooth transition from the central-differencing to the upwind-

differencing. Thus, it has applicability for a wider mesh Reynolds 

number range. 

It is noted here that the known numerical stability limitation for 

forward—time central—difference (in space) technique is given by RAx = 

—-— < 2 and s = ^< 2 for a one-dimensional equation, which for 
(Ax)2 

the decay scheme reduces to; 

RAx Gi 2 s Gt 
1 = < 0 and 1 < 0 

I Gi 

Hence, the limitation is less severe than the former technique, if 

Gj^ and G^- are known. Here Gj; is a time-wise decay function. 
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The present steady approach with primitive variables has 

stability, efficiency and accuracy by using the decay scheme. 

Probably a new definition of stability is needed to deal with the 

pressure-velocity iteration and the nature of the steady equation 

approach. The present criteria are: 

a) Numerical algoritlin should converge. 

b) Solution must be physically correct. 



 

APPENDIX B 

APPROXIMATION BY DIFFERENCES 

The derivatives may be approximated by the central difference 

formula as follows: 

(Ax>^« i 

(Ax)2 fi - 2 fo + f-l = 52fo 
dx2 

(Ax)3 iiia- i(f2 - 2fi + 2f_i - f_2) = 
dx3 2 

(Ax)^ ̂  » f2 - Afi + 6fo - 4f_i + f_2 = A^fQ 
dx^ 

The above equations are actually just the first approximations (first 

terms of a Taylor series) to the derivatives, and are the leading 

terms of series of central-differences of increasing orders. 

In more general notations, 

(Ax) = [p 6 - I" y 63 + ....] fj. 

(Ax)2 = [62 -^6^ + ....] fc 
9 - 12 

dx-

(Ax)3 = [u 63 ~ y 6^ + fj 
dx3 

(Ax)^ = [6^ -i66 + ....] fo 
dx^ 
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where 6 is a central-difference operator, e.g., <Sf(x) = f(x + -

f[x ~ is an averaging operator, e.g. Vif(x) = Y[f(x + 

+ f(x - ]. The second approximation includes the next leading term 

to the first approximation. 

It is noted here that this appendix quotes mainly the work of 

Crawford[19]. 
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