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Abstract

The goal of this dissertation is to present a new technique for approximating solutions to
problems involving the spectral fractional Laplacian. Previous works have used the Dirichlet-
to-Neumann extension technique of Caffarelli and Silvestre, together with a diagonalization
method to reduce computational complexity. Building on this method, a novel scheme is
proposed where the analytic solution to the associated eigenvalue problem in the extended
dimension is used, thus avoiding the numerical issues of ill conditioning in computing the
eigenpairs. It is then shown how this new method is related to a quadrature scheme to
approximate the spectral fractional Laplacian via a Balakrishnan integral formula. The
quadrature scheme used in the algorithm demonstrates exponential convergence to the
analytic integral. Numerical examples illustrate the theoretical convergence rates. The

parallel performance of the algorithm is studied using both strong and weak scaling.
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Chapter 1

Introduction

Nonlocal and fractional order operators are of increasing interest in a variety of fields of
study. Application areas include image processing and denoising [29], electroconvection [16],
quasi-geostrophic flow [13], cardiac electrophysiology [21, 22], and anomalous diffusion [38],
to name but a very few of them.

In this work, problems involving fractional powers of the Dirichlet Laplacian (—A)?,
where s € (0,1), are studied. To be specific, the domain 2 will be a convex, open, and
bounded subset of R? d > 1, with Lipschitz boundary 052, and the problem of interest is

stated as: given s € (0, 1) and a sufficiently smooth f, find u such that
(—A)Yu=f in Q. (1.1)

The meaning of this operator will be specified later in Chapter 2. At this stage it suffices to
say that, stated this way, the fractional Laplacian is a nonlocal operator, making it difficult
to solve by traditional numerical methods. It has been shown by Caffarelli and Silvestre [19]
that the solution of (1.1) in R? can be found by extending the problem to the upper half space
Ri“ via a Dirichlet-to-Neumann map. This extension method of Caffarelli and Silvestre has
been adapted to bounded domains, Q C R?, in [18, 43]. This poses the extension problem

on the semi-infinite cylinder C = Q x (0, 00). The problem now reads as follows: find U such



that
div (y*VU) =0, inC,

U=0, on 0;C, (1.2)
%:dsf, on Q2 x {0},

where 01,C = 09 x [0, 00) is the lateral boundary of the cylinder, and by

ou .
e Yy

the conormal derivative of I is denoted. Here, v represents the unit outer normal vector to

JC along Q x {0}. The parameter « is related to s by
a=1-2s€(-1,1). (1.3)

Lastly, d, is a positive normalization constant that depends only on the power s via

_27BP(1—s)
ds = T (1.4)

As seen in [19, 18, 43], the solution to the fractional Laplacian in (1.1) is related to the

Dirichlet-to-Neumann operator in (1.2) by

ou

ds(—A)°u = 50

in 2.

The approach taken in this dissertation is not the first attempt at solving the fractional
Laplacian. Numerical schemes have been introduced to approximate solutions of (1.1)
by computing numerical solutions of (1.2). A piecewise linear finite element scheme
was introduced and analyzed in [39]. This method was improved in many ways in the
subsequent work [8]. The improvements include a tensor product formulation with hp-
FEM in the extended variable y coupled to P;-FEM in ). A diagonalization technique was

also introduced that allows the Caffarelli-Silvestre extension to decouple into independent,



singularly perturbed second-order reaction-diffusion problems in €2. Lastly, the use of hp-
FEM in €, along with certain regularity assumptions, provided for exponential convergence
to u in 2.

The present work builds on the improvements presented in [8] by replacing the hAp-FEM
scheme in the extended variable with the analytical solution to the one dimensional second-
order eigenvalue problem induced by the diagonalization technique. The resulting scheme is
called an ezact diagonalization technique to distinguish it from earlier approaches. By using
the analytic solution, the instability inherent in the numerical approximation to a large
eigenvalue problem [47] can be mitigated. For the analysis of this method, it is shown that
this technique is related to similar work in [14] which uses a discretization of the so-called
Balakrishnan formula for fractional powers of positive operators [7, 11].

Before moving along, it is instructive to mention some related approaches to the numerical
approximation of solutions to (1.1). For a more thorough overview of the literature, there
are several references available [12, 23, 17, 35]. Reference [46] studies the numerical solution
to problems with elliptic operators with a fractional power. In order to apply the method
proposed in [46] to problem (1.1) it should be first observed that, by setting A = —A, it
is seen that A = A* > I, where 6 > 0. The problem at hand is then transformed into a

pseudo-parabolic problem
dw
(((A—0oI)+ M)E +s(A—=6Nw=0.

The accompanying initial condition is w(0) = §~*f. The solution of this pseudo-parabolic
problem is related to the fractional problem by u = w(1). A detailed analysis of this method,
with further insight, is given in [26].

Another class of approaches uses the idea of rational approximation. In [2] this is applied

to a fractional-in-space reaction-diffusion equation

ou(x,t)
ot

= —kos(—A)u(z,t) + f(z,t,u), x€Q and te(0,7T),

where ko, is the diffusion coefficient. The equation is subject to the boundary condition

u(z,t)|zeo0 = 0 and has initial condition prescribed by w(z,0) = wg(z). Note that in



this work s is restricted to (1/2,1]. The first step in the proposed method is to discretize
the Laplacian by means of a finite difference method over a uniform mesh resulting in the
matrix approximation h=2L. Then, the scheme applies the fractional power s to the matrix
L obtaining

1 1

S U S U -1
_(_A) N_h2sL N_hQSM K’

where M and K are banded matrices that are found by a rational approximation of z*~!
using the Gauss-Jacobi rule applied to the Dunford-Taylor integral representation of L® [2]. A
similar approach, but one using a best uniform rational approximation (BURA) is proposed

in [31, 30]. These works start with a finite element discretization of an elliptic operator, A,

and consider solving the algebraic problem

where A is a rescaling of A so that the spectrum lies in (0,1]. The authors of [31] then
determine the BURA to 2'7% on the interval (0, 1] using a modified Remez algorithm.

A scheme involving a quadrature formula for the Dunford-Taylor integral representation
of the fractional Laplacian is developed in [14]. In particular, it is observed that the Dunford-

Taylor integral is equivalent to the the Balakrishnan integral

(—A) ™ = sin(sm) /Oo t5(tl — A) "t .

™

Then, to approximate the solution u, (t,] — A)~!f is computed via a finite element method
at the quadrature nodes ¢;. Using an appropriate change of variables, [14] shows that the
quadrature scheme converges exponentially fast with respect to the number of quadrature
nodes k. Subsequent work extended the approach to more general operators in [15]. The

following error estimate was proved for convex domains Q [14, 12]:

lu = whllza) S B[ lle-2 o)

where u is the solution to (1.1) and u} represents its numerical approximation.



Other approaches have been proposed that utilize the Caffarelli-Silvestre extension but
with different tactics than those in [39, 8] or in this work. A hybrid FE-spectral method
to solve the extended problem based on the Caffarelli-Silvestre extension is proposed in [4].
Their approach uses the first M eigenvalues of the Laplacian. The lower part of the spectrum
is approximated by a FEM on 2 and the upper part of the spectrum is approximated using
Weyl’s asymptotic [33]. For convenience let us denote by h the mesh size of the finite element
space V},, defined in €2, k the polynomial order of the FEM in V,, r > —s the regularity
of f, and UM the discrete solution. Under the assumption that M is large enough so that

)\X/I(Hs)/ ? ~ pmintkrts} the following error estimate is provided [4, Theorem 2J:

VU~ Uyl z2e cyy S B0 Tlog Al fllr e -

If M ~ O(log? dimVy;) for some p > 0, the error estimate may be written as [4, Equation

(28)]

— min{k,r+s}/d

IVU = Uy 2o cyy S [og(M - dimV},)|?(M - dimVy) 1/l

for some g > 0.

A numerical method that uses generalized Laguerre functions as a basis for the extended
dimension was proposed in [20]. Since the weight y® appears in the problem, the use of
Laguerre functions is natural. They call their scheme an enriched Laguerre spectral method,
indicating that the basis in the extended dimension has been supplemented with additional
functions to compensate for the singular/degenerate weight. Denoting by N the number of
generalized Laguerre basis functions used in the extended dimension and by &£ the number of
additional functions used to enrich the Laguerre basis, the following error estimate is proved

in [20]:

IVU = U2y S N2 Fllimrz-sy + N1 f lgon-n/2-(0)

+ hT||f||HT+1/2*S(Q) + hrileHHr—l—s(Q) ,



where r > —s, it is assumed that f € H'~*(Q) with [ = max{2,r + 3}, a = 1 — 2s, and
m = 2k + 1 + [2s].

Finally, it should also be noted that [32] showed that all the schemes in [46, 2, 31, 14, 39, §]
can be understood as methods based on rational approximation of a univariate function.

It is now instructive to summarize the convergence results from the previous work in
[39, 8] that is the foundation of the novel method described in this dissertation. As before,
the discrete solution is denoted by Uj,. Recall, V;, denotes the finite element space. By Sy the
finite element space in the extended direction is denoted. For the following estimates, V}, will
consist of piecewise linear functions on a conforming and quasi-uniform mesh of quadrilaterals
on €. If Sy is taken to be piecewise linear functions on quasi-uniform intervals, the following
error estimate holds [39, Theorem 5.1]:

||V(Z/l - uh)HLz(ya,Cy) < hs_€||f||H175(Q) ~ (dlth : dimSy)_ﬁHfHHlfs(Q) .

~Y

If instead Sy consists of piecewise linear functions on quasi-uniform intervals that are graded
towards y = 0, the error estimate can be improved as shown in [39, Equation (5.11)] to

d+1

IV U = Un) || 120 0y S [og(dimV, - dimSy)|* (dimVy - dimSy) ™ £l -

Lastly, in [8], Sy uses hp-FEM on intervals with a geometric grading towards y = 0 in the

extended dimension. The error estimate is given in [8, Equation (5.57)] as

~1/d

IV @~ Ul ey S Nos(dimV)[# (dimVy) ™| flse-sqon

where ¢ > 0.

Having reviewed the existing methods and their analysis the dissertation now proceeds
with the development of our semi-analytic technique. The presentation is organized as
follows. In Chapter 2, the notation and preliminary results needed to study the problem
are presented. In Chapter 3, the diagonalization technique and the analytical solution to
the eigenvalue problem is discussed. Chapter 4 contains the analysis of the new method. A

connection between the exact diagonalization scheme and quadrature of the Balakrishnan



formula for the inverse of the fractional Laplacian operator along with error estimates is
drawn. Lastly, in Chapter 5, numerical results are presented to demonstrate the convergence

of the scheme as well as the parallel performance of the algorithm.



Chapter 2

Preliminaries and Notation

Throughout our work, it assumed that € is a convex, open, bounded, and connected subset of
R? d > 1, such that 99 is polyhedral. The semi-infinite cylinder is defined as C = Q2x (0, c0),
along with its lateral boundary 9;,C = 09 x [0, 00). Similarly, for any ) > 0, the truncated
cylinder is denoted by Cy = 2 x (0,)), along with the corresponding lateral boundary
dr,Cy = 0Q x [0,))]. Tt will also be prudent to distinguish between points in R? and those in
R%H. Set x = (7,y), where € R? and y € (0,00). Another common notation is given by
a < b to indicate that a < Cb, where the constant C'is independent of either a or b and does
not depend on the discretization scheme. By a ~ b, it is meant that a < b < a, where the
constants on either end of the inequalities are generally different from one another. Standard
Sobolev spaces such as H*(Q), H}(2), and H(2), with ¢ € R [3, 24], are used throughout

the dissertation.

2.1 The Spectral Fractional Laplacian

In this work, the spectral interpretation of (—A)?® is employed, which is briefly summarized

below. Define the operator (—A) : L*(Q) — L*(2) with domain

Dom (—A) = {w € H}(Q) : Aw € L*(Q)}.



This operator is positive, unbounded, closed, and possesses a compact inverse. Hence, the
spectrum of (—A) is discrete, positive, and accumulates at infinity.
In other words, there exists a collection of eigenpairs, {(Ag, ¢x) tr>1 € Ry x HE(Q)\ {0},
where, for each £ > 1,
—A¢r = Mr, n 2,

¢k:0, on 0f).

In addition, A; = min{\x}x>1 is simple and A\, — oo as k — oo. Moreover, {¢y}x>1 forms
an orthonormal basis of L?(Q2) [28, Section 6.5, Theorem 1]. Finally, {¢y}x>1 is also an
orthogonal basis of Hy(Q2) with [[Vo|[72q) = Ax-

Fractional powers of the Dirichlet Laplacian can now be defined using this spectral

decomposition. For any w € C§°(2), the spectral fractional Laplacian can be written as
(—A)w = wXidx, (2.1)
k=1

where wy, = fQ woy dx.

Suppose now that it is desired to solve (1.1) and f = >, | fidx. Owing to the
orthonormality of {¢y}r>1, and defining w, = A °f for all k& € N, the function v =
> k>1 Ur@r solves (1.1), provided all these series converge in a suitable sense. This is made

rigorous by introducing, for » > 0, the following Hilbert space:

H"(Q) = {w = Zwkgbk c L*(Q): ||w||]%1r(9) = Z)\£|wk|2 < oo} :
k=1 k=1
For r < 0 the space H"(Q2) is the dual of H™"(£2). Further characterizations of these spaces
can be seen in [39, Equation (2.13)].
After all this notation and these constructions, a rigorous meaning can be endowed to
(1.1). Namely, for s € (0,1), the operator (—A)* : H*(Q) — H~*(2) is an isometry. For this
reason, if f =3, frdx € H*(Q), the solution to (1.1) is given by

u = Z )\];kaqbk € HS(Q), (2.2)

k>1



with ||lu|

me(@) = || flla-s)-

2.2 The Caftarelli-Silvestre Extension

The Caffarelli-Silvestre extension [19] necessitates the handling of both degenerate and
singular elliptic equations on the space Riﬂ =R?x R,, or in the case of a bounded domain,
the extension [18, 43] requires handling such equations on C. To study such equations
weighted Sobolev spaces [34] are used with the weight y®, where « is defined in (1.3).
Starting with some domain D C R%™, define L?(y*, D) as the space containing all

measurable functions w defined on D such that

ol = [ w6 dx < o0,
Using this definition, a similar definition holds for the weighted Sobolev space
H'(y*,D) = {w e L*(y*,D) : |[Vuw| € L*(y*, D)} ,

where |Vw| should be interpreted as a distributional derivative. The space is equipped with

the following norm:

HwH?{l(y&,D) = ||wH%2(ya,'D) + ||Vw||%2(yo‘,'D)‘

Of particular interest will be the weighted Sobolev space defined on C of functions that

vanish at the lateral boundary, given by
Hi(y",C) = {w € H'(y*,C) : wla,e = 0} .

It should be noted that this space has a weighted Poincaré inequality [8, (2.21)] and as a
result the ]jli(yo‘,C) semi-norm is an equivalent norm on this space. Finally, it should be
commented that functions in Pofi(yo‘,C) have well defined traces in Q x {0}. By this it is

meant that there is a continuous and surjective mapping tr : HL(y*,C) — H*() such that,

10



for every smooth w € H(y,C), it holds that
tr w(z) = w(zx,0), Vo € Q.

Details of this observation may be found in [39, Proposition 2.5].

A bilinear form can be defined as a¢ : HL(y*,C) x HL(y*,C) — R by
ac(v,w) = /y“Vv -Vwdx,
c

which is bounded and coercive. With these preliminaries at hand, a weak formulation of

(1.2) can be constructed: find U € HL(y*,C) such that
ac(U,v) = dy(f,trv), Yve H(y*C), (2.3)

where (-, -) is the duality pairing between H*(2) and H*(2).

The main result of Caffarelli and Silvestre can now be given.

Theorem 2.1 (extension). Let f € H™*(Q) and assume that U € HL(y*,C) solves (2.3).
Then u = tr U € H*(QY) solves (1.1) in the sense that it satisfies (2.2).

Proof. See [19] for the case Q = RY, and [18, 43] for bounded domains. O

2.3 Truncation

As a first step towards the numerical approximation of the solution to (1.1) via (2.3), the

infinite cylinder is truncated to a finite height. For ) > 0, introduce

Hi(y*,Cy) = {w € H'(y*,Cy)  wla ey uaxiyy = 0} -
The following problem is now introduced: find Uy € ]f.f,%(yo‘,C’y) such that

ac, (Uy,v) = d(f,trv), Yo e Hi(y*, Cy), (2.4)

11



where the bilinear form ac,, is defined in an analogous manner to ac.

The truncation error is quantified below.

Proposition 2.2 (truncation). Let Y > 1. IfU € HL(y*,C) solves (2.3), then we have
| [ oo ax s e,
y Ja
Consequently, if Uy € ﬁli(ya,cy) solves (2.4), we have

lu— trthy ) = VU = Up)ll2ge ey S eV flla-so) -

Proof. See [39, Theorem 3.5]. O

2.4 Tensorial Discretization

Before discussing the discretization further, a general result regarding the tensor product of

Hilbert spaces is given.

Theorem 2.3 (tensor products). Let (M, p;), i = 1,2, be measure spaces. Then we have

the isomorphism
L*(My, 1) @ L*(My, pio) = L*(My X My, 11 @ pa),

provided that all spaces are separable. In addition, if {¢](j)}k21 18 an orthonormal basis of

L2(M;, u;), then {(b,(:)(bg)}k,mzl is an orthonormal basis of their tensor product.

Proof. See [42, Theorem I1.10] for the isomorphism, and [42, Proposition 11.4.2] for the

statement about bases. O]
The following corollary motivates, as in [39, 8], the use of a tensorial discretization.
Corollary 2.4 (tensor products). Let
Hjl)(yaa (07 y)) = {'LU € Lz(yav (07 y)) '€ LQ(yav (0>y)) ) ’LU(:))) = 0} .

12



Then we have

Hi(y",Cy) = Hy(Q) @ Hy(y",(0,D)). (2.5)

Proof. Let {¢;};>1 C Hy(Q) and {¢p}r>1 C Hy(y*, (0,))) be orthonormal bases which, in
addition, are orthogonal in L*(Q2) and L*(y®, (0,))), respectively. Choose {¢,};>1 to be the
eigenfunctions of the Dirichlet Laplacian, as described in Section 2.1. An example of the
family {ty}r>1 will be given below in Theorem 3.1.

Clearly, ¢;¢y, € Hi(y*,Cy). Observe, in addition, that

y
(O3t g oy = [ [ (F05(0) - Ton(lin(u)its)
+ ¢ () s (@), ()i (y)) da dy
Yy
— 5, / Yo () e(y) dy + b / 6,(2)6s () da

= jkst(;js(skt .

Thus, the family {¢;¢%};r>1 is linearly independent. Using Gram-Schmidt, this linearly
independent set contains an orthonormal subset which, to simplify the notation, we do not
relabel.

Next, it will be shown that {¢;¢};k>1 is complete in H1(y™,Cy). To see this, assume
that W e H!(y™, Cy) is such that

Yy
/0 y° /Q (VW (2, y) - Voi(2)]nly) + 0,W (z,y) ()¢, (y)) dedy =0,

for all j, k € N. This implies that

o= | ") ([ W) Voo wis) dys

/Qd”(“") (/y Y0, W (. y)¥i(y) dy) da .

But, because ¢; and 9, are linearly independent, this is only possible if

/ V. W(z,y) Vyp;(z)dr =0,
Q

13



for all j € N and a.e. y € (0,)); and

y
/0 YOO, W (&, gl (y) dy = 0,

for all k € N and a.e. z € 2. Let now, for each j € N, S; C (0,)) be the set where the first

/ y“dy =0,
S.

J

condition is false. Since S is null, i.e.,

it holds that S = (J7Z, S; is also a null set, as it is a countable union of null sets.

Similarly, for £ € N, let T}, C ) denote where the second condition fails. It again holds

/ dx =0,
Ty

and that 7' = (J;—, T is another null set.

that

The previous observations show that
Alz,y) = VoW (z,y)| + [0,V (2,y)| =0, V(z,y) € Cy\ (T x9).

However, T" x S is a null set and therefore, A(z,y) = 0 almost everywhere in Cy. As a
consequence, W = 0 a.e. in Cy.

In conclusion, it was shown that {¢;y};x>1 is a complete orthonormal basis in
Hll/(yavcy)‘
This shows that the mapping defined by

W HH(Q) @ Hb(y*, (0,)) — HE(y*,Cy)
O; @Y = Oy,

and extended by linearity, is the requisite isomorphism. O

Having shown (2.5), an approximate solution of (2.4) is found via a Galerkin technique.

14



The space Hy(2) is approximated by a finite element space consisting of piecewise linear
and continuous functions that vanish on the boundary [27], denoted V},. Usually this will be

constructed on the basis of a quasi-uniform triangulation of €2 with size h > 0 so that
dim V, ~ h™%.

For the extended dimension, at this stage, a finite dimensional subspace Sy of H} (y*, (0,)))

is introduced, but not further specified. Assume, for K € N, that
dim Sy ~ K.
Clearly, dimV;, ® Sy ~ Kh™? and, as shown in (2.5),
Vi ® Sy € Hy(Q) ® Hy(y*,(0,)) = H (y*,Cy).

The Galerkin approximation of the solution to (2.4) is then denoted by U}, € V;, ® Sy.

From its definition, the best approximation result immediately follows:

Itr Uy — Upy)|lms) = [V Uy — Upy) | L2 cy)

= inf |IV(Uy = W)|lr2ecy) -

Wev,®Sy

Some choices of Sy that have been used in the literature, and the corresponding error

estimates, are detailed in Chapter 1.

15



Chapter 3

Diagonalization

3.1 Background

The diagonalization approach originally suggested in [8] is recounted here, as it forms the
basis of the new approach described in this dissertation.

The tensorial discretization leads to a representation of the Galerkin solution to (2.4):
For (z,y) € Cy,
Ur(@)ve(y) . upy() = Upy(e,0) =

el
||M?§
i
ol
gk

where Uy € V, and vy € Sy. As a means to reduce computational complexity, a
diagonalization technique is applied in [8], where Sy is an hp-FE space over a geometrically
graded mesh. Then, the elements v, in (3.1) are chosen as the solutions to the following

discrete eigenvalue problem: find (v, x) € Sy \ {0} x R such that

Yy Yy
/0 Yo' (y)w'(y) dy = u/o Yy u(y)w(y)dy , Vw € Sy . (3.2)

A main drawback to this approach is that computing eigenvalues is inherently numerically
unstable; see [47]. Some attempts at addressing this, by suitably choosing the parameters

in the hp-FEM are discussed in the Section on Numerical Experiments and the Conclusions

16



of [9]. This, however, is an essential difficulty. The eigenvalue problem (3.2) is very ill-

conditioned.
Ignoring conditioning issues, let us explain what is the advantage of this diagonalization.
Begin by observing that, as shown in [8], the solutions to (3.2) form an orthonormal basis of

the FE space Sy which, in addition, satisfy

y
/ y v (Y)Vi(y)dy = O -
0

The solution representation in (3.1) may be written using as vy the solutions to (3.2).

Choosing, for the test function, ¢ = Vu;, where V € Vy,, it is seen that

/ / ’ yavu,fy(w, y) - V(V(2)vi(y)) dz dy

- Y ( ) -V (V(@)vi(y)) da dy
(i [VU(@)vs(y), Uk(x)vi(y )]) [V (@)uily), V(z)vi(y)] dedy
y* Y [VUK() - YV (@)or(y)vsy) + Up()V (@)oi(y)vi(y)] da dy

:XK: {/QVUk(x)'VV(l’)/Oyy o (y)vs () dy da

Yy
V() [ il >dyd:c]
:/QVUk(:I:)-VV($) d:B—i—,uk/QUk({E)V($) dx.

This, for £ =1,..., /K, implies the functions Uy € V}, solve
/ VUi(x) - VV(x)dr + Hk/ U(z)V () dx = dsvi(0){(f, V). (3.3)
Q Q

The efficiency of the diagonalization technique follows from this decoupling since each of the
IC problems now only involve solving over €2 and each problem is independent of each other,

meaning they may be solved in parallel.
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3.2 A Semi-Analytic Approach

To overcome the challenge in numerically solving the eigenvalue problem (3.2), an exact
diagonalization technique is proposed. In other words, the eigenvalue problem in (3.2) will
be solved exactly. Start by writing the following problem: find pairs (u, ), with ¥ # 0, such
that:

(

—(y*'(y)) = ny*Y(y), in (0,),
—y*'(y) = 0, yl0, (3.4)

$»(Y) =0.

\
Theorem 3.1 (eigenpairs). There is a countable number of eigenpairs { (., Yr) } ooy C Ry X

Hj,(y*,(0,Y)) that are solutions to (3.4). The eigenvalues may be numbered so that
O<N’1</~L2§§/~Ln§7 Hp —> 00, M —> 0.

Moreover, the normalized eigenfunctions {y}r>co form an orthonormal basis of the space

L*(y*,(0,))). As a consequence,

y
/0 YU () (y) dy = 16 (3.5)

Finally, {1 }x>1 is an orthogonal basis of Hy,(y*,(0,Y)).

Proof. Notice that this ODE with the given boundary conditions is a singular Sturm-Liouville
problem. Positivity of the first eigenvalue p; is a result of minimizing the Rayleigh quotient
over trial functions subject to the boundary conditions in (3.4). A proof of this can be found
in [44, Theorem 1, Section 11.1] and requires only accounting for the boundary conditions.
The remaining eigenvalues can be found in an analogous manner to [44, Theorem 2, Section
11.1], which establishes the orthogonality of the eigenfunctions with respect to y* as a
constraint in minimizing the Rayleigh quotient. The eigenfunctions can be seen to be

complete in the weighted L? sense as in [44, Theorem 2, Section 11.3]. Equation (3.5)
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can be seen by integrating the ODE against another eigenfunction

% y Yy
/0 YU () () dy = / ) ) dy = 1y / Y () dy = iy

showing that {1y }r>1 is an orthogonal basis of Hj,(y*, (0,Y)). O

The goal now is to find the exact solutions to this problem. Expanding the ordinary

differential equation, it is seen that

V" (y) + gwy) +ub(y) =0, y e (0,Y). (3.6)

The solutions to this second order linear ordinary differential equation behave differently

depending on the value of s.

). Lets =2

5. The eigenpairs {(pu, ¥r)}32, that solve (3.4)

Lemma 3.2 (eigenpairs for s = %

are given by

Ur(y) = \/%cos(,uky) , keN,

and )
(k —3)m
m= (S5 (3.7
Proof. Since a = 0, equation (3.6) becomes a linear second order ODE with constant
coefficients. Its solution is carried out by elementary means. O]

On the other hand, the case of s # % requires some work.

Lemma 3.3 (eigenpairs for s # 1). Let s % 1. The eigenpairs {(pu, Vi) }32, that solve (3.4)

are given by

_ V2 ‘
= <MZ/ Qles(nk)> IS R

where ny, is the k™ positive root of J_,. The eigenvalues are given by

[ = (%)2 . (3.8)
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Proof. Begin by proposing the solution ansatz v (y) = z*w(z), where z = |/uy. Using this
the ODE becomes
22w (2) + 2w’ (2) + (22 — sHw(z) = 0.

This is a Bessel equation [1, Section 9.1]. According to [DLMF, Section 10.2(ii)], its general

solution is given by

w(z) = AJs(z) + BY;(z2),

where A and B are arbitrary constants; J, and Y, are, respectively, the Bessel functions of
the first and second kind.
The objective now is to satisfy the boundary conditions. Substituting back that \/uy = z,

the Neumann boundary condition at y = 0 becomes

limy®y/(y) = — lim y% (Vi) (AT (Vi) + BY:(y/iiw)

yl0 y40
_ 21751 (A + B cos(ms)I'(1 — s)I(s))
7[(s)

=0,

ie.,

Am + Beos(ms)['(1 — s)I'(s) = 0.

On the other hand, the Dirichlet boundary condition implies that

AJ,(\/RY) + BY,(\/iY) = 0.

Expressing B in terms of A, it can be shown that

2%A

Fi(0,1—s;—uy?/4
F(l—S)COS(WS)O 1(0, si=py/4)

Y(y) =
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where o F} is the hypergeometric function. This exotic function can be expressed in terms of

the Bessel function of the first kind by the relation [1, Equation (9.1.69)]

(%)

J_s(Vy) = moﬂ(oa 1 —s;—py®/4).

So, it may be written that

A
~ cos(7s)

Y(y) (Vi) J-s(V1y) -

The coefficient A is determined so that HQ/JH%Q( = 1. This shows the result. O

y*,(0,Y))

According to (3.1), the eigenfunctions only need to be evaluated at y = 0.

Corollary 3.4 (value at y = 0). If {(1u, V) }32, solve (3.4), then

Yi(0) = @7 s = %, (3.9)

0) i ey (3.10)
0) = , —. 3.10
o 12V ()L — ) ’

and

Proof. The case s = % is immediate.

On the other hand, if s # %, the asymptotic form for Bessel functions of the first kind [1,

Equation (9.1.7)] is used. Namely,

Using this and taking the limit y | 0 yields the desired result. O

The approach of the method can be summarized as follows. Given f € H™*(Q), a finite
element space Vy, is chosen. Then solve, for k = 1,..., K, problem (3.3) where the constant

ds is defined in (1.4), vx(0) = ¥,(0), and the pair (ug, ¥x(0)) is given by either (3.7) and
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(3.9) or by (3.8) and (3.10). Finally, the approximate solution is

K
u’,iy = Z@bk(O)Uk evV,.
k=1

The main computational appeal of the diagonalization developed in [8] remains. Namely,
problems (3.3) can be solved in parallel. In addition, the values of py and 14 (0), which is all
is needed to solve these problems and form the solution, are given explicitly. No unstable

eigenvalue problem needs to be solved.
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Chapter 4

Error Analysis

Our goal now shall be to derive an error estimate for this new semi-analytic diagonalization

scheme. In order to achieve this, in what follows we shall assume that f € L?().

4.1 The discrete Laplacian

We begin by introducing the so-called discrete Laplacian Ay : 'V, — V. which is defined as
/AhWde = —/ VW .- VVdx, VYV.W €V,.
Q Q

This is clearly an invertible, symmetric, and negative definite operator. Let M = dim V.

We have:

1. There exist a finite collection of eigenpairs, {(An.m, Pnm)H_, C Ry x V, such that,

/ (—Ap)®pVdr = / V& - VVdr = Ay / O Vdr, YV EV,.
Q Q Q

2. The eigenvectors are a basis of V,, and can be chosen to be orthonormal in L?(().

3. The eigenvalues satisfy

Mg < Ap2 <o < A
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4. More importantly, the eigenvalues satisfy the bounds

1
Ahi > =, Ao Sh72, (4.1)
Cp

where Cp is the best constant in the Poincaré inequality in 2. The first inequality
in (4.1) can be shown directly from an application of the Rayleigh quotient. For the
second inequality, the result may be found in [45, Estimate (3.28)] with § = 2 and

setting x = @ s, where @y, 5/ is the eigenfunction corresponding to Aj, .

5. Fractional powers of the discrete Laplacian, denoted (—Ay)", for r € R, are given by

standard spectral theory.

From the previous points two crucial estimates follow. First, if P, is the L?(Q)-projection

onto Vy,

1
(=An)Prlle2)—r2) S 72 (4.2)

Next, since from the onset we have assumed that our domain is a convex polytope, we have
that if w € H}(Q) is such that —Aw = g € L*(Q), then w € H*(Q) N H}(Q). Therefore, a
standard application of Aubin-Nitsche duality [27, Lemma 2.31] says that,

lw —whllz2@) S W2 |wlmz@) S P2 ll9llc2)
where wy, = (—=Ay) 1 P,g is the Galerkin approximation to w. In operator terms this reads

[(=A) " — (=An) " Pull2)sr2) S WP (4.3)

4.2 Error decomposition

Having introduced the discrete Laplacian, we observe that the solution to (3.3) can be written

as

Up = dste(0) (il — Ap) "' Pof
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where I is the identity operator and we recall that P, denotes the L?*(Q2)-projection onto V.

We may then rewrite our approximate solution as

K
upy = dy Y [k(0)]* (el — Ap) "' Pof (4.4)
k=1
With this at hand we begin the error analysis by writing

lu =i yllr2i) < llu = unllz@) + llun — wityllz) + upy — upyllze - (45)

Here up, = (—Ay)°P,f and, as the notation suggests,

uy = dy > [R(0)]P (1l — A) T P
k=1

For reasons that shall become clear during the course of our discussion, we shall call the first
term on the right hand side of (4.5) the discretization error, the second one the quadrature
error, whereas the last one we name the truncation error. Each of the three contributions of
the error are studied below.

Discretization error

To control the discretization error, we observe that (4.2) and (4.3) are precisely the conditions

of [37, Theorem 1], and so we conclude that the discretization error is controlled by

lu = unllr2@) S P\ fllrz@ - (4.6)

Quadrature error: The Balakrishnan formula

To study the quadrature error, we recall the Balakrishnan formula for powers of positive
operators; see [36, Chapter 4] for the general theory, and [14] and [12] for its application

to the fractional Laplacian. As stated above, the operator —A, is positive definite and
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symmetric. Therefore,

(—A,) % = Zsin(rs) /OO (1 — Ap) "t dt. (4.7)

T 0
We interpret (4.4) as a quadrature formula for the operator-valued weighted integral

/OO t*Fy(t) dt F(t) = wwl — At

The nodes {tl(:)}le and weights {w,is)}’,le of the quadrature scheme are dependent on

1

the value of s. The specific values for the two cases, s = 3

and s # %, will be given in
Sections 4.2.1 and 4.2.2, respectively.

It is now clear why we name the terms on the right hand side as such. The difference
up, — up’y, encodes the error in approximating the integral in (4.7) with a quadrature formula
with an infinite number of nodes and weights. Finally, u;%), — u’,iy measures the effect of
truncating the quadrature rule and only accounting for K nodes.

In order to concisely state our results let us introduce some notation. Given A\ > 0, we

define the function
2sin(ms) 1
(1) = )
A1) T 12+ )\

The integral and quadrature formulas of interest are then denoted by

[s<F)\):/ T EN(t) dt
0

and

QN (R =Y () 2w Ry (1), (4.8)

M=

T

1
respectively. The symbol Q°(F)) has then the expected meaning.

The main error estimate of our work is the content of the next result.

Theorem 4.1 (error estimate). Let Q C R? be a bounded, convex polytope and f € L*().
Let, for s € (0,1), u € H¥(Q) be the solution to (1.1) and uy, € V), be as defined in (4.4).
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Then, we have

lu = whyllza) S | 2%+ sup [L(F) — QT (F)))

~ 1
A> =
=Cp

+ sup (SR | 1l -
A2 kK

where the implicit constant is independent of Y, IC, h, and f.

Proof. Owing to (4.6) it suffices to study the quadrature and truncation errors.
Let, for the sake of definiteness, M = dim V}, and {®;,,,}_, C V}, be as in Section 4.1.
Then,

M
th:me(I)h,ma fm:/fq)h,mda:?
m=1 Q

and

00 M
= (—=AR)*Puf = /0 Fy(t)Pof dt =Y ful(Fy,.,.)Phm -
m=1

Similarly, (4.4) can be rewritten as

uhy—me F)\hm q)hm‘

Since {®y, ,, }M_, is orthonormal in L*(Q),

2

M
Huh - ul}f,yH%2(Q) = Z |fm‘2 }IS(FAh,nL) - Q§<FA}L,m)|

2
< sup |[ F)\ Qf(F)\)’ HfH%Q(Q)7

)\>—

where we used (4.1). In summary we have obtained

lun — uk yllrz) < sup [L(E)) — QS (F3)| 1 fll 2@
)\>—
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Since, clearly,
1(F) — QE(FV)| < 11(F)) — QF (R + |3 (t) = >wi By(t)]
k>K

the result follows. O

The usefulness of Theorem 4.1 is clear. To obtain an error estimate it suffices to,

depending on the value of s, estimate the two suprema. We now embark in this task.

4.2.1 Error Analysis for s = 2

[\

In the case s = 3, we have that d, = 1. Substitute this, (3.7), and (3.9) into (4.4) to conclude
that in this case the quadrature formula Q’f, defined in (4.8), has the following nodes and
weights:

(4.9)

In addition

I%(FA):/OOOFA(t)dt:z/OOO Lo L (4.10)

as expected.

To aid in the error estimate, two lemmas are now presented.

Lemma 4.2 (quadrature error). Let s = % and X\ > 0. If the weights and nodes of (4.8) are
specified by (4.9), then we have
exp(—vV\Y)
I1(Fy) —QT(F\)| S —————.
() = Q) VA

1
2

(4.11)

Proof. Set a = v/AY/n. Using the partial fraction expansion [41, Equation (30:6:5)], write

T o= 2 1 2 Y2 & 1
3 y Zk:l Tyt VT (k=32 A
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o0

_ 8a 1 _ 8a mtanh(ar) 1 an
T AL @R A s A

Combine this with (4.10) to obtain

%(1 — tanh(vV2Y))
1 1 — exp(—2V\Y)

AL 1+ exp(—2\/xy))

1 (14exp(=2VAY) -1+ eXp(—2\/X37)>
VA

1

VA

I%(F)\> - QO%O(F)\)

1

1+ exp(—2vAY)

2 exp(—2vAY) < exp(—vVAY)
N o ;

1 4 exp(—=2vAY)
as claimed. O]
Lemma 4.3 (truncation error). Let s = %, A >0, and K € N. Assume that the weights and

nodes of Q’f are gwen in (4.9). If K is sufficiently large, then we have
2

S

<L

\@‘f(ﬂ) — QN ()
2 2

Proof. Recall that from [10, Section 1.9, formula (10)]

1
V) =) 5
k>K
where here 1 is the digamma function. Using the asymptotic bound for ¢ for large arguments

[1, Formula 6.4.12], the first derivative of the digamma function behaves as

1 1 1 1 1 1
/ ~ — _ _ S
V() x + 212 + 623  30z° 4227 ~r

Combining these two observations, it holds that

2 1 2) 1
-y 2 (k—gpm2 7 2 (k—1)2+ 2%

k>KC 2
y2

Q%O(F/\) - QE(F/\)
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2y 1 2y 1 2y , N
<= <52 m= VY Ks e,
2 = (k + %)2 2 ;C k2 2 K
which is the bound that was needed to be obtained. O

Using these lemmas, a corollary to Theorem 4.1 shows the error estimate for the case of

_1
8—2.

Corollary 4.4 (error estimate for s = %) Let Q C R? be a bounded, convex polytope and

f e L3Q). Let u € HY?(Q) be the solution to (1.1) for s = 1/2. Let ufy, be given by (4.4),
h,y

where Vy, is constructed using a quasi-uniform mesh of size h. Then, we have that

Y N%
|lu — UIhC,yHm(Q) < (h + v/ Cpexp (_\/T—P) + E) ||f||L2(Q) )

where Cp is given in (4.1). In particular, if the truncation parameter is chosen as Y ~

|log h|, and the number of quadrature points is chosen as K ~ %, we may conclude that

lu =l yllz2@) S Rl fllrze) -

Proof. The proof of the error estimate essentially entails using Lemma 4.2 and 4.3 to bound
the estimate in Theorem 4.1 and using (4.1).
The practical error estimate, that is the one in terms of h, is given by using the prescribed

relations between all discretization parameters. ]

4.2.2 Error Analysis for s # %

First use (4.4) to realize that this solution representation is indeed a quadrature formula for

the Balakrishnan formula (4.7).

Lemma 4.5 (quadrature). Let s € (0,1)\ {3}. Then, the solution representation (4.4) can

be equivalently written as
M

Uf,y = Z me’SC(F,\h,m)(ph,m7

m=1
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where the quadrature formula QX is defined in (4.8). Its nodes and weights are given by

2

- . 4.12
V7 () (4.12)

s Nk s
W=vik=g W=

Proof. Start by substituting (1.4) and (3.10) into (4.4). Using the famous Euler’s reflection

formula [1, Formula 6.1.17] given by

(e

[(s)[(1 — ) =

sin(7s) ’

it holds that

Uy = ds ZWk (il = Ap) ' Puf

21 25F K 21+25 )
o ZM sY2T2(1 — 8)J2_ (7 >(W€I_Ah) By f
k=1 s
: K
2sin(7s) 2 1
= . el — A B f.
w Z I 1 A0

Substitute (3.8) into this result to obtain that

K e\ 9 2sin(7s) e\
K _ Nk — ] I-A Iy
2 (y) Y ) |« (3’) ) .

Z}C: (Uk 2 2sin(7s) i s 1 &
== —_— m h,m
Z\Y) w2,
M K n 1-2s 9 n
k k
= " — —F — | ®nm
Sr2(5) e (5)®
M K
)7 ) (s) £
= mez (tk ) wy Fy, (67 ) Phm = me@ (Fxp)Phm s
m=1 k=1
where, as claimed, the nodes and weights are given by (4.12). O

Having identified the nodes and weights of the quadrature rule (4.8), the formula is now

related to the one studied in [40, Equations 1.1 and 1.2]. In this work, for v > —1, the
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following quadrature formula is studied

/ G At~ Y wrl Tk TG ()

- kezZ\{0}
where 7 > 0 is a given parameter, the weights are given by

2

T2 1k T (T k)

keZ\{0},

Wy =
and, for k € N, , are the zeros of J,(mx) ordered in such a way that
O<£I/,1 <£u,2 < e

Finally, &, —p = =&k, k € N.
Let now GG be an even function, then it is immediate to see that, with the same nodes

and weights,
/ 2 G(t)dt ~ 1 Z W,k |TE LT G (TE ) - (4.13)

0 k=1

It is now shown how this quadrature form is related to Q°(F)).

Lemma 4.6 (quadrature equivalence). Let s € (0,1) \ {3}. Let the nodes and weights of
the quadrature scheme QX (F\) be given by (4.12). Then, this quadrature coincides with the

jus

one given in (4.13) withv = —s > —1 and 7 = .

Proof. First recall that, for any A > 0, the function F) is even. Next, for £k € N, note that

J_s(nr) = 0. Use this observation to conclude that m€_s; = nx. In addition, by setting

T = 3, it is seen that 25 = 7&_;;. Substituting this into (4.13), it holds that
= 2
T T okl T FA(TE ok
D B G

2
TE—sh i o(TE—s,k)

# % 1-2s @ .
V7 (k) (J)) Py (;))> = QT (Fy).
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I
M=
35

k=1

I
M=

>
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]

Reference [40] provides an analysis for the quadrature (4.13). To describe it, following

[40, Definition 2.1] the following class of functions is introduced.

Definition 4.7 (class Bsy). Let £ > 0 and denote
Dg:{ZE(CZ’%Z|<€}, Fg:aDg.

By B, we denote the collection of functions G : Dy — C that satisfy:
1. G is analytic in the strip D,.

2. For all 0 < ¢ < ¢, the integral

[e.e]

N o(G) = / [|x +2c|' |G (z + 1) + |z — 1| |G(x — w)” dx

—o0
exists. In addition, we require that N _o(G) = limqe N; .(G) exists and remains finite.

3. For all 0 < ¢ < /¢, we require that
lirjlcl / |z +2y|'"*|G(x + )| dy = 0. (4.14)
z—Foo [_ .

The usefulness of this class with regards to quadrature is the following result.

Theorem 4.8 (quadrature error estimate). Let £ >0, s € (0,1), and G € Bsy. Then
II(G) — QT (G)] S Nyu—o(G) exp (—20Y) , (4.15)

where the implicit constant depends only on s and €.
Proof. See [40, Theorem 2.1], and use the equivalence of Lemma 4.6. m
The functions of interest in this dissertation are uniformly in a class B, .

Theorem 4.9 (F\ € Bsy). Let s € (0,1), Ao > 0, and set { = %\//\0. For every A > )y we
have Fy € Bs,. Moreover, Ny ,—o(F)) depends only on s and (.
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Proof. For this proof set ay = 2S’+(m) The conditions given in Definition 4.7 are now verified

below.

1. First observe that the only poles of Fy are +:v/\. Therefore, by setting £ = % Ag it is

seen that, for every A > \g, F) is analytic in D,.

2. Now, let ¢ € (0,¢). Observe that

|Fa(z + )2 = 2 T a
A 22—+ A+ 2cx| |22 — 2+ X+ 2cx|?
a;
(22 — 2+ X)? + (2cx)?

2

s

x4 20222 + 202\ — 22N+ A+ )\

Then, for x > c,

as(2? + %) 2

(2% =+ X\)? + 4c22?)

|z 4 2c|'" | Fy(z +1c)| = T
2

1-2s

asxlds <1 + ;—2) ’

1
(x4 + 2c222 + 2220 — 262N + ¢ + A\?)2

1-2s

a,x % (1 + ;—2) :

= 1
2 2c2 2 2¢2 )\ ct PNAW)
P+E+5 -+ E+ )
1-2s

c? 2
< qgr 7% (1 + —2> )
T

upon noticing that ¢ < ;O 7’\ Then,

1 o
—/ |z + 2| | Fy (2 +1c)| dw <
as J_oo

—c2 C2 1—223 ) 02 5
|z (14 = dx + C + el I dx .
—o0 x? 2 x?

To obtain that



it must be that —1—2s < —1, or s > 0. A similar analysis holds for |z —uc|'~%| F)\(x —

1c)|. Hence, N .(F)) exists.

Notice, finally, that ¢ < ¢ = 4 < V. In other words, the integral’s domain is well

separated from the poles of F). Consequently,
Nso—o(Fy) = ligl-/\[s,c(FA)

exists, is finite, and only depends on s and ¢.

3. Now proceed to check the last condition given by (4.14). Suppose that x > 2c. Then,
1-2s

1 ‘ L/ (z +9%) 2
d
(z+w)2+ X VIz? 4+ 2wy — y? + )|

x2+y 1 2s
2 "
(22 4+ X — y?)? + 4da2y?
2 )= 2s
2/ (22 +y?)
2+ X —y?
1-2s

_2x125/c (1_|_y_2> 5 "
0

C

|$ + Zy|1—25

—C

2

x 1+__P x
/T (1 4 ¢2
§2$28/ &dt’

; 12

where the change of variables ¢ = £ has been applied. Since 0 < 2y < 2c < z, it can
be concluded that ¢ = £ € (0, %), which implies 1 — % > %. Therefore,

/ |z +ay|' 2

Next, the proof proceeds depending on the sign of 1 — 2s. If 1 — 2s > 0, then

/|$+wﬁ%

1

8 c/x
—— | dy < - 25/ 1+t dt
(x 4 w)? + )\‘ 37 0 ( )

1—2s

e (3)
(x+w)?+ A V=3 4
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whereas if 1 — 2s < 0,

c
/ |:L‘—f-ly|1_28

In any event, these estimates are sufficient to conclude that

1
(x 4+ w)?+ A

8
' dy S gx—QS

SHES)

lim / |z + || Fa(z + )| dy = 0.

r—+o0

All requirements have been verified and the proof is complete. n

An immediate consequence is an estimate for the quadrature error.

Corollary 4.10 (quadrature error). Let s € (0,1)\ {3}. Let the weights and nodes of Q%
be given by (4.12). Then

sup [1.(F) — Q= (F)| < exp (—
A
=Cp

)
Cp)’
where Cp is the best constant in the Poincaré inequality; see (4.1).

Proof. 1t suffices to set A\g = c_lp in Theorem 4.9. n

The remaining step is to bound the truncation error, which is done by the following

lemma.

Lemma 4.11 (truncation error). Let s € (0,1)\ {3} and K € N. Let the nodes and weights

of QX be given by (4.12). If K is sufficiently large, then the truncation error may be controlled
V16

y 2s
sup 1075 (F) - QP01 % (F)

A> = K
=C

=
Proof. To begin the proof, start by using the asymptotic behavior of the Bessel function of
the first kind for large arguments [1, Formula 9.2.1], i.e.,

J_s(z) ~ 3

Tz
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With this at hand, it holds that
2 ) Nk
oo (V) — K F F ik

Q7 (F) = Qs ()] < Tk J1—s (M) (y) ’ (y)

1-2s
o () 5
k15 (e)* \ Y T4y

*'> ‘<|>1
%ARM

k>KC Y2
1-2s 1
< -
NJ’ZK< > ;—%Jr)\
125
= )%

ZK k+y2A

Next, McMahon’s asymptotic expansion for large zeros [DLMF, Section 10.21 (vi)] is
applied:
M ~ k,/Ta

to observe that
1—2s

Z nky2)\wzk1+25_ 1+2SIC+)

k>K nk

where ¢ denotes the Hurwitz Zeta function [DLME, Section 25.11]. Using that, for large IC,
the asymptotic [DLMF, Equation 25.11.43] shows that

C1+25, K+1) ~ (K+1)2 < K2,

The claimed result follows. O

With Corollary 4.10 and Lemma 4.11 at hand, a final corollary to Theorem 4.1 is given

to provide an error estimate for s # %

Corollary 4.12 (error estimate for s # %) Let Q C R? be a bounded, convex polytope and
feL*(Q). Let u € H(Q) be the solution to (1.1) for s € (0,1)\ {5}. Let uyy, be given by

(4.4), where V}, is constructed using a quasi-uniform mesh of size h. Then, we have that

. y y 2s
lu = upyllzze) S <h2 - exp <_\/T_P) * (E) ) 7Nz
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where Cp is given by (4.1). In particular, if the truncation parameter is chosen as ) ~

2s|log h| and the number of quadrature points is chosen as KC ~ %, we may conclude that

lu = uly yllr2@) S AP fllze) -

Proof. Apply Corollary 4.10 and Lemma 4.11 to each one of the terms in the conclusion of
Theorem 4.1.
The practical error estimate, that is the one given solely in terms of A, is given by using

the prescribed relations between all discretization parameters. O
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Chapter 5

Numerical Results

Previous work demonstrated the convergence of the tensor FEM of the Caffarelli-Silvestre
extension problem without diagonalization [39] and with diagonalization [8]. In order to
validate the convergence estimates for the new exact diagonalization technique, similar
numerical experiments are conducted. The exact diagonalization method is implemented
using the deal.ii finite element library [5, 6] which makes use of a wide array of scientific
libraries including the Message Passing Interface (MPI) for parallel computation. Using the
MPT interface in deal.ii, the parallel performance of the method is measured. Both strong
scaling and weak scaling performance is measured. We note that all meshes in {2 use uniform,
conforming Q; elements. Using the error estimates from Chapter 4, the truncation height Y
and number of eigenpair contributions can be determined from a given mesh size h in order
to maintain the discretization error of h?*. Recall, the recipe for these two parameters is

2s|log(h)|

Y =2s|log(h)] , K= ——

(5.1)

5.1 Convergence Studies

To demonstrate the method’s ability to achieve the theoretical convergence rate, the
numerical solution is computed to approximate the solution to two smooth solutions. For

the first problem, an L-shaped domain, Q; C R2, is considered that is determined by the
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vertices

c€{(0,0),(1,0),(~1,1),(=1,~1),(0,~1) }.

For the right hand side, the following function is prescribed:

f(z1,25) = (27%)% sin(7ay) sin(mwy)+

((3% +2*)7%)" sin(3may ) sin(27ay) + ((5° + 4%)7) " sin (5, ) sin(dras,) .
In this case, the exact solution is
u(zy, xe) = sin(may ) sin(wzy) + sin(3wxy) sin(27wxs) + sin(5ray ) sin(4rz,) .

Notice that, since the domain is not convex, the theoretical developments do not apply as
written. However, it is easy to realize that the only place where convexity is invoked is in
the derivation of (4.3). One can easily develop a more general error analysis that takes into
account a smaller regularity shift.

A Q;-FEM on uniformly refined meshes in 2 is used. For the parameters in the extended
dimension, the relations in (5.1) are applied. The results in Table 5.1 provide details
regarding the number of degrees of freedom for the mesh in €2, truncation height, number
of eigenpairs used in the approximation, L?(€21,) error, and the observed convergence rate for
s =0.25 and s = 0.75. In both cases, the observed convergence rate matches the theoretical
rate of 2s. The error is also shown in Figure 5.1 for both s = 0.25 and s = 0.75 along with

the corresponding theoretical convergence lines.
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Table 5.1: Number of elements for the (1 FEM on uniform meshes in €, height ) of
the truncation, K number of eigenpairs used, the resulting error in the L?(2) norm, and the
convergence rate for s = 0.25 and s = 0.75.

(a) s=0.25

# Ta, Yy K Error Rate
65 0.69315 2 1.18473e400 -
225 1.03972 8 9.22409e-01 | 0.36
833 1.38629 22 6.59965e-01 | 0.48
3201 1.73287 | 55 4.68283e-01 | 0.50
12545 | 2.07944 | 133 | 3.29807e-01 | 0.51
49665 | 2.42602 | 310 | 2.33219e-01 | 0.50
197633 | 2.77259 | 709 1.64819¢-01 | 0.50
788481 | 3.11916 | 1597 | 1.16468e-01 | 0.50

(b) s =0.75

# Ta, Yy K Error Rate
65 2.07944 8 8.62909e-01 -
225 3.11916 24 3.54492e-01 | 1.28
833 4.15888 66 1.15435e-01 | 1.62
3201 | 5.19860 | 166 | 3.69013e-02 | 1.65
12545 | 6.23832 | 399 | 1.19066e-02 | 1.63
49665 | 7.27805 | 931 | 3.91190e-03 | 1.61
197633 | 8.31777 | 2129 | 1.30633e-03 | 1.58
788481 | 9.35749 | 4791 | 4.42652e-04 | 1.56
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Figure 5.1: Error in the L*(€2) norm versus the number of degrees of freedom using @
finite elements for s = 1/4 and s = 3/4 on uniformly refined meshes of €.
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For the second problem, a circular domain is considered specified by
Qc={reR?: |z| <1},
Using polar coordinates, it can be shown that
Gmn(1,0) = T (JmnT) (Am,n cos(mb) + By, sin(mQ)) ,

where J,,, denotes the Bessel function of the first kind with parameter m, j,,, is the nth zero
of Ji(2), and Ay, By are real normalization constants that ensure ||¢p, |2 = 1 for
all m,n € N. It may also be shown that A, = (jmn)? Now, take f = (A1 1)%¢1 ;. Then by
Equation (2.1),

u(r,0) = ¢11(r,0) .

As in the case of the L—shaped domain, a Q;-FEM on uniformly refined meshes in Q¢
is used. Similarly, the formulas given in (5.1) are used. Convergence results are presented
in Table 5.2 along with details regarding the number of degrees of freedom for the mesh in
Qc, truncation height, number of eigenpairs used in the approximation, L*(Q¢) error, and
the observed convergence rate for s = 0.25 and s = 0.75. For both values of s the observed
convergence rates agree with the theoretical convergence rate of 2s. Figure 5.2 shows the
error for both s = 0.25 and s = 0.75 next to the corresponding theoretical error convergence

lines.
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Table 5.2: Number of elements for the Q; FEM on uniform meshes in ¢, height ) of
the truncation, K number of eigenpairs used, the resulting error in the L?(2) norm, and the
convergence rate for s = 0.25 and s = 0.75.

(a) s=0.25

# Tac Yy K Error Rate
89 0.69315 2 3.95613e-01 -
337 1.03972 8 2.49627e-01 | 0.66
1313 1.38629 22 1.74086e-01 | 0.52
5185 1.73287 | 55 1.23124e-01 | 0.50
20609 2.07944 | 133 | 8.67400e-02 | 0.51
82177 | 2.42602 | 310 | 6.13695e-02 | 0.50
328193 | 2.77259 | 709 | 4.33828e-02 | 0.50
1311745 | 3.11916 | 1597 | 3.06600e-02 | 0.50

(b) s =0.75

# Tac y K Error Rate
89 2.07944 8 6.73748¢-02 —
337 3.11916 24 2.09143e-02 | 1.69
1313 4.15888 66 | 6.38904e-03 | 1.71
5185 5.19860 | 166 | 2.04193e-03 | 1.65
20609 | 6.23832 | 399 | 6.70252e-04 | 1.61
82177 | 7.27805 | 931 | 2.24480e-04 | 1.58
328193 | 831777 | 2129 | 7.62235e-05 | 1.56
1311745 | 9.35749 | 4791 | 2.61759¢-05 | 1.54
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5.2 Parallel Performance

In Chapter 3, it is stated that the diagonalization technique exposes an inherent paralleliza-
tion opportunity for the numerical algorithm. The parallel performance is measured in two

scaling tests. For both tests, set Q5 = (0,1)2. In this case, it is known that
G (1, 72) = sin(mra;) sin(nmzs) , Apn = 72(m* +n%) , m,n € N,
Prescribing f(z1, z2) = (272)% sin(mxy ) sin(7a;), from (2.1) it holds that
u(ry, x2) = sin(mxy) sin(mwzs) .

A uniform mesh of Q; elements is used on )5 consisting of 1089 degrees of freedom. For
convenience, ) is set to 10 and s = 0.25 is used in all cases.

For the first test, the strong scaling performance is measured. For this test, the number
of eigenpairs from the exact diagonalization is fixed at KL = 1,024,000. The number of MPI
processes used to solve the problem is then increased from 1 up to 32. Figure 5.3 illustrates
the speedup of the algorithm compared with the ideal linear speedup curve. At 32 MPI
processes, the algorithm maintains a speedup of nearly 28.

The second parallel performance test measures the weak scaling properties of the
algorithm. The design of this experiment is to scale the amount of computational work
linearly with the number of MPI processes and examine the efficiency of the algorithm, i.e.
does the total wall time remain constant for each parallel run? The number of eigenpairs
from the exact diagonalization is calculated by 256,000 times the number of MPI processes
launched. The parallel efficiency can then be calculated as a ratio of the runtime for N MPI
processes to the runtime for a single MPI process. Figure 5.4 shows the parallel efficiency
curve for the numerical algorithm. A parallel efficiency of nearly 85% is maintained with 32

MPI processes.
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Chapter 6

Conclusion

This work introduced and analyzed a novel exact diagonalization technique for approximating
the solution to the spectral fractional Laplacian using a localized FEM based on the
Caffarelli-Silvestre extension technique [19]. The new technique extends previous work
[8] which used hp-FEM to approximate the eigenpairs of the eigenvalue problem in the
extended dimension. Error estimates measured in the L?(€2) norm were derived. Numerical
experiments were conducted to demonstrate that the new technique was able to reproduce
the theoretical convergence rate. Parallel performance of the new technique was measured
by two scaling benchmarks. These benchmarks demonstrate that the algorithm is able to

take advantage of the parallelizability inherent in the numerical scheme.
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Appendix

A Computation Details and Reproducibility

All numerical experiments were conducted using a single node containing one Intel Xeon Gold
6246R processor running at 3.40GHz with a total of 628 GB of RAM. The node was running
Fedora release 36 configured with Linux kernel 6.2.13. All libraries and source code were
compiled using GCC version 12.2.1. The source code for deal.ii and its dependencies were
built using the candi system, available at https://github.com/dealii/candi. Versions
for all libraries used are given in Table 1. The source code for the numerical algorithm is

available at https://github.com/shedsaw/Exact-Diagonalization-Tensor-FEM.
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Table 1: Library versions.

OpenMPI 4.1.5 NetCDF 4.74
METIS 5.1.0 Numdiff 5.9.0
deal.ii 9.4.2-r3 Oce-OCE 0.18.3
adloc 2.7.3 OpenBLAS 0.3.17

ARPACK-NG 3.8.0 Pdest 2.3.2
assimp 4.1.0 ParMETIS 4.0.3
astyle 2.04 PETSc 3.16.4
boost 1.63.0 Scalapack 2.1.0
bzip2 1.0.6 SLEPc 3.16.2
Cmake 3.20.5 Sundials 5.7.0
Ginkgo 1.4.0 SuperLLU Dist 5.1.2
Gmsh 4.8.4 Symengine 0.8.1

GSL 2.6 Trilinos Release 13.2.0
HDF5 1.10.8 Zlib 1.2.8
Mumps 5.4.0.5
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