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ABSTRACT

Radionuclide transport by groundwater flow is an important pathway
in the assessment of the environmental impact of radioactive waste
disposal to the biosphere. A numerical model was developed to simulate
radionuclide transport by groundwater flow and predict the radionuclide
discharge rate to the biosphere. A sensitivity analysis methodology was
developed to address the sensitivity of the input parameters of the
radionuclide transport equation to the specified response of interest
(space-average radionuclide concentration and radionuclide discharge
rate at a final time).

A transient, two-dimensional radionuclide transport code RADMIG,
based upon the Fluid in Discrete Element (FLIDE) numerical formulation,
was developed to simulate the radionuclide transport in a given ground-
water flow system. The radionuclide transport code was employed to
simulate tritium transport in a hypothetical saturated-unsaturated
groundwater flow system.

The sensitivity analysis methodology for the radionuclide transport
problem was developed based on generalized perturbation theory. The
adjoint transport equation was first derived using variational principle
formulation. Sensitivity coefficients were formulated for four input
parameters: longitudinal and transverse dispersivities; retardation
factor; and radioactive decay constant.

Sensitivity coefficients were computed by combining the solved time-

dependent concentration and adjoint fields together. The computational
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procedure for performing the radionuclide transport sensitivity analysis
is presented. Relative sensitivity coefficient fields of two responses
to four input parameters are presented and discussed.

The radionuclide transport sensitivity theory was validated by com-
paring the relative sensitivity coefficients obtained from both the per-
turbation predictions and direct calculations. The agreement between
the sensitivity results from both approaches is good. Linearity ranges
of the parameters for two responses were estimated.

1t is concluded that the generalized perturbation theory provides a
feasible, economic means to perform sensitivity analysis on radionuclide

transport problems.
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CHAPTER I

INTRODUCTION AND BACKGROUND

The management of low-level radioactive wastes generated by nuclear
power plants, hospitals and research laboratories has long been a major
problem confronting the nuclear industry and its regulators. These
radioactive wastes should be properly treated and disposed of in order
to prevent them from imposing any unacceptable environmental impact on
the present and future generations. Reposition of the radioactive
wastes by shallow land burial is one of the methods that has been used,
and it necessitates the evaluation of the potential for transport of
radionuclides from the burial site to the biosphere by groundwater
flow. One of several pathways by which buried wastes can enter the
biosphere is by leaching and seepage of the wastes into the groundwater
system. The earth science community generally perceives that transport
by groundwater is the most important natural mechanism for bringing
buried wastes to the biosphere.l Therefore, a methodology is
required (a) to describe the radionuclides transport by groundwater flow
in the hydrogeologic system of a given site from the bottom of the
burial trench to the discharge surface where the radionuclides become
accessible to the biosphere, (b) to predict the movement of the
radionuclides, and (c) to estimate the radiological doses to human
beings. A radionuclides transport model based on the physical conser-

vation principles can be employed to simulate the transport of
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radionuclides in a groundwater flow system and estimate the radiation
doses accessible to the biosphere.

For any computer simulation of the radionuclides transport by
groundwater flow, the following sensitivity questions arise (a) what is
the uncertainty in the calculated result due to uncertainties in the
input parameters (hydrogeologic characteristics), (b) how sensitive
(important) is the calculated result to each one of the input
parameters, and (c) where are the most sensitive regions in the ground-
water flow system in which the input parameters must be specified (or
measured) more accurately in order to obtain a more accurate simulation.
The first question can be answered by performing a sensitivity analysis
on the radionuclides transport by groundwater flow in conjunction with
an uncertainty analysis. The latter two questions can be addressed by
calculating the spatial (space-dependent) distributions of the relative
sensitivity coefficients of the calculated result to the input

parameters.

A. Radionuclide Transport Models

Radionuclides must be dissolved in the water of the burial trench
before they can begin to infiltrate the bottom of the burial trench and
be transported by the groundwater through the porous media. Transport
of radionuclides by groundwater may be modeled by considering
(1) groundwater flow transport, and (2) mass transport.

The groundwater flow transport is described by the equation of
motion for the groundwater flow and the appropriate initial and boundary

conditions. The groundwater flow transport problem has been solved in a
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number of real hydrological field-specific problems by numerical
methods.2-8 Finite element methods have widely been employed to simu-
Tate the groundwater flow transport in either saturated flow systems
(e.g., aquifer) or saturated-unsaturated flow systems. Reeves and
Duguid9 have developed a computer model for groundwater movement
through saturated-unsaturated porous media by finite element method.
This model has been utilized to simulate the transient, two-dimensional
(vertical cross-section) groundwater flow transport in a saturated-
unsaturated region and compute the Darcian velocity field and water
content field. Since the development of a groundwater flow transport
model is not our purpose in this study, we shall use Reeves and Duguids'
model to obtain the groundwater flow information which will then be read
as input data into a radionuclide transport model.

The mass transport of contaminants dissolved in the groundwater
through the porous media has been simulated by both analytical and
numerical methods.10-18,21 The mathematical model for mass transport
of dissolved material in groundwater flow is basically convective
transport, hydrodynamic dispersion, chemical interaction with soil and
radioactive decay processes. The governing equation is a diffusive-
convective time-space-dependent linear differential equation which is
formulated by applying the principle of conservation of mass to a
differential control volume. This equation together with the specified
initial and boundary conditions may be solved for the time-dependent
spatial distribution of contaminant concentration in a given hydrogeo-
Togical region. This dispersion-convection equation has been solved

analytically.11,18
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Numerical methods have long been employed to simulate the transport
of the contaminants dissolved in groundwater in a number of different
hydrologic systems.12517 The most commonly used numerical methods for
solving the dispersion convection mass transport equation are the method
of characteristics, finite-difference, and finite-element methods.

The method of characteristicsl’ was developed to solve hyperbolic
differential equations. This method involves a particle tracking scheme
to solve the transport equation. Depending on the velocity field, the
particles are advected through the finite-difference grid. Next, a
dispersion equation is solved and the concentration in a cell is
modified according to the solution. If solute transport is dominated by
convective transport, as is common in many field problems
(e.g., in aquifer), then the mass tranqurt equation may closely
approximate a hyperbolic partial differential equation and be highly
compatible with the method of characteristics. However, the groundwater
velocities in the unsaturated region in our case are generally small,
that is, the radionuclide transport is "not" dominated by convective
transport. Therefore, the method of characteristics is not appropriate
as the numerical method to solve the radionuclide transport equation in
the saturated-unsaturated porous media.

Several investigators have employed finite-difference methods for
the solution of the mass transport equation.l2,19,20 The direct
application of finite-difference methods to field problems has
experienced numerical dispersion effects which cause oscillations in

the concentrations in the region of the front.22 As pointed out by
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Bredehoeft,20 the numerical dispersion produced by these methods was
of the same order as the physical dispersion. As a result, higher order
techniques which minimize numerical dispersion have appeared.

To reduce the effect of numerical dispersion, Rubin and
James,14 and Pinderl3 have used Galerkin finite-element methods.
These methods appear to be better suited for the solution of the
dispersion-convection transport equation because numerical dispersion
is small and because multidimensional irregular regions can be treated.
In Galerkin finite-element methods, the region of interest in two-
dimensional space is discretized into either triangular or quadrilateral
finite elements. The governing differential equation is then integrated
over the finite elements by using Galerkin's formulation. The resulting
nodal system of equations is then solved implicitly. The time deriva-
tive is approximated by a fully implicit backward difference scheme to
gain stability. Galerkin finite-element models have been developed to
simulate the transport of dissolved contaminants in various site-
specific problems in two and three-dimensional geometries.l5,16,23
Specifically, Duguid and Reevesld have developed a transient, two-
dimensional computer model to simulate the transport of dissolved
contaminant through porous media utilizing the Galerkin finite-element
method. This computer code was intended to be employed in conjunction
with a formerly developed groundwater flow transport model? (also using
Galerkin finite-element method) to simulate the contaminant transport by
groundwater flow.

Eraslan has developed a unified transport mathematical model

utilizing the FLIDE (Fluid-In-Discrete-Element) method (also called
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discrete-element method) for numerical simulations of fast-transient,
one- and two-dimensional transport of thermal, radiological, chemical,
and biological properties in rivers, estuaries, lakes, and coastal
regions for assessing the impact of power-plant operations.24'29 For
example, a fast-transient, two-dimensional discrete-element thermal
transport model was formulated and developed to simulate the transient
temperature distribution under specified flow conditions in lakes,
estuaries, and coastal regions for predicting the thermal impact of
power plant operations.24 Another fast-transient, two-dimensional,
dissolved radionuclide transport model was also developed by converting
temperature formulations into radionuclide concentrations. The
discrete-element method employs the integral forms of the conservation
principles for mass and thermal energy in variable-sized discrete ele-
ments that span the specified flow region. In the case of dissolved
radionuclide transport, the rate of change in the radionuclide con-
centration in the control volume (discrete element) is equal to the net
transportive mass flow rate in the control volume due to the mechanisms
of convection, hydrodynamic dispersion and radiocative decay. The con-
vective transport term is formulated by using "upwind differencing”
scheme to attain the simulation stability. The resulting system of
time-dependent differential equations is numerically integrated, from
arbitrarily specified initial conditions, by the multi-time step
numerical integration technique (e.g., the Runge-Kutta-Gill method)
with a time-step size based on a stability criterion for explicit
methods. The discrete-element transport model has demonstrated its

numerical stability in transient simulations in various site-specific

S
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problems.24,26,28,29 | jke finite-difference methods, the mathematical
formulation of the discrete-element transport model is physics-oriented
and the representation of spatial derivatives is straight-forward. The
discrete-element method has the flexibility of placing the higher den-
sity of discrete elements in the subregions where the concentrations are
considered more important. In contrast to the finite-element method
where large systems of equations must be solved simultaneously and,
thus, a large amount of computer core memory is required to store system
matrices and variables, the discrete element method explicitly solves
the system of discrete-element equations, and the calculational proce-

dure is more direct, efficient, and meaningful.

B. Sensitivity Analysis Methodologies

Sensitivity analysis of radionuclide transport by groundwater is
very important and has become one of the major items in national
radioactive wastes management programs.31,32 Sensitivity analysis can
be used to determine the uncertainty in the simulation results
(e.g., radionuclide discharge rate) due to the uncertainties in the
hydrogeological parameter data and to identify the most sensitive
(important) parameters and their regions where the parameters need to be
measured more accurately. Therefore, it is beneficial to perform sen-
sitivity analysis for radionuclide transport problems.

If the radionuclide transport equation is solved by analytical
methods and the results of interest can be expressed in a closed form in
terms of input parameters, the parametric analysis can be done by calcu-

Tating the result with each parameter varying over its potential range
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of values while holding the other parameters fixed at their reference
values. The sensitivity analysis can be performed by taking partial
derivative of the result of interest with respect to each parameter and
then calculating the relative sensitivity coefficients using the
reference values of the input parameters.

For the case of numerical simulations, the parametric and sen-
sitivity analyses are usually based upon the response-surface method.
In this method, a set of reference parameter values needed as input data
for the computer simulation is first chosen for study. To perform a
parametric analysis, a specified input parameter value is varied over a
certain value range while holding the other parameters at their
reference values, and the computer code is run to compute the changes
made in the calculated results using the altered data sets. To perform
a sensitivity analysis, the relative sensitivity coefficient of the
result of interest to the specified parameter is obtained from the ratio
of percent change in the calculated result to percent change in the
specified parameter about its reference value. It is assumed that the
result is linear with respect to the input parameter near the reference
point. In general, a response surface (i.e., the behavior of the result
as a function of input parameters) can be constructed by assembling the
calculated results from repetitive runs of the computer code with varied
input parameters. Sensitivities of the result to input parameters can
then be derived from the response surface. For example, Dickens and
Lennox16 performed a sensitivity analysis on the problem of transient,
two-dimensional transport of contaminants in a steady saturated ground-

water flow system, which was simulated by the Galerkin finite-element
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method. The simulation was repeated by varying the input value of the
dispersivity while holding other parameters fixed at their reference
values.

This conventional sensitivity analysis method has two
disadvantages: (1) the calculated sensitivity of the result to a
parameter depends on the variation range of the parameter value in the
vicinity of the reference data point and (2) this method requires a
Targe number of time-consuming calculations and hence is very expensive
for a large computer simulation code such as the radionuclide transport
code. To remedy the situation just outlined, a more advanced sen-
sitivity analysis methodology is desirable to address the sensitivity
problems for the radionuclide transport by groundwater flow.

A general sensitivity analysis methodology has been widely and
successfully applied to some reactor engineering design work over
the past several years.33'40 Oblow34 has developed the general
sensitivity theory based on the differential formulation to address the
sensitivity analysis for the radiation transport problems and reactor
thermal-hydraulic problem. w11]1ams,41 in his dissertation, has
developed a perturbation and sensitivity theory for the nonlinear
reactor fuel burnup equation describing the time-dependent behavior
of the neutron and nuclide fields in a reactor core. The adjoint
equations were derived using a variational principle technique described
by Pomr‘am’ng39 and Stacy.40 The sensitivity theory to be developed for
the numerical simulation of the radionuclide transport by groundwater
flow has some analogy with that for reactor burnup analysis. The

radionuclide concentration field in the radionuclide transport equation
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is analogous to the nuclide field in the burnup equations for the case
of uncoupled approximation. And responses of interest (the calculated
results) for both cases are final-time functionals of the radionuclide

fields.

C. Objectives

The objectives of this dissertation are stated as follows:

1. To develop a transient, two-dimensional radionuclide transport
computer code by employing the discrete-element numerical method to
simulate the transport of radionuclides in a saturated-unsaturated
groundwater flow system.

2. To derive the adjoint equation for the radionuclide transport
equation based on generalized perturbation theory.

3. To formulate and compute the relative sensitivity coefficients
of responses to the input parameters.

4. To validate the sensitivity theory by comparing the sensitivity
results obtained from both the perturbation prediction and direct

calculation.

D. Scope of Text

Chapter II is devoted to the description of the Galerkin finite-
element model to be used for the simulation of groundwater flow
transport, and the development and implementation of a transient, two-
dimensional discrete-element numerical model for the transport of
radionuclides by groundwater flow. Chapter III contains the description

of the transient, two-dimensional computer simulations of the
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radionuclide transport by groundwater flow for a hypothetical sample
problem by using the computer code developed in Chapter II. The results
of the simulations will be presented as contour plots. In Chapter IV,
the general sensitivity theory will be developed for the radionuclide
transport equation, based on the perturbation theory of the variational
principle approach. The adjoint transport equation will be derived and
sensitivity coefficients, uncertainty equations formulated. Chapter V
contains the solutions of the adjoint transport equation, presentation
and interpretation of the solutions. The implementation of the relative
sensitivity coefficients calculations will be presented in Chapter VI.
Comparisons of the sensitivities results obtained from the direct calcu-
lations and the general sensitivity method will be given in Chapter VII,
along with some discussions of the results. Finally, Chapter VIII con-

tains the conclusion and recommendations for future work.



CHAPTER II

GROUNDWATER TRANSPORT MODELS

A. Introduction

In this chapter, we shall examine the mathematical models which
will be used to simulate the groundwater transport in the porous media.
Two mathematical models have been formulated and their numerical models
employed for simulations of radionuclide transport as well as sen-
sitivity calculations. They are (1) groundwater flow transport model
and (2) radionuclide transport model. The groundwater flow transport
model will provide the necessary groundwater flow information for a
given hydrological condition. Then the computed groundwater flow data
can be utilized by the radionuclide transport model to compute the time-
dependent radionuclide concentration distribution in the associated
groundwater flow system. The development of the radionuclide transport
model by discrete-element numerical formulation will be presented in
detail in this chapter.

First consider a typical physical model for a radioactive wastes
burial trench. There are three basic conditions which must all occur
before the radionuclide source can be produced in the waste burial
trench. These conditions are (1) water must enter the waste burial
trench, (2) the water must come in contact with the radioactive waste,
and (3) the radionuclides must leach out of the waste material. It is

assumed that these three conditions occur. As a result, the radioactive

12
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contaminants dissolved in the water inside the trench will begin to seep
through the bottom of the burial trench and will be transported within
the saturated-unsaturated porous media toward the discharge locations
such as a nearby river or a well. The radionuclides will then become
accessible to the biosphere after they have passed through the discharge
surfaces. The purposes of an environmental impact statement of the
radioactive wastes disposal problem are composed of (1) the prediction
of time-dependent radionuclide concentration distributions in the
groundwater flow system, and (2) the estimation of radiological doses to
man calculated from the discharge rate (uCi/day) passing through the
discharge (outflow) boundary. We will first address the groundwater
flow transport model which will be utilized to obtain the groundwater

flow field.

B. Groundwater Flow Transport

Although there are a number of numerical models for groundwater
flow transport,2'8 a transient, two-dimensional model for groundwater
flow transport through saturated-unsaturated porous media developed by
Reeves and Duguid at the Oak Ridge National Laboratory was used. One
governing equation for groundwater flow transport through saturated-
unsaturated porous media was formulated by combining equations of
(1) continuity of the fluid, (2) continuity of the solid, (3) motion
of the fluid, (4) consolidation for the medium, and (5) state for

the compressibility of water. The air phase has been assumed to be
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continuous and is at atmospheric pressure. After some derivations the

governing equation is finally reduced to:

[ (2.1)

where F represents a generalized storage constant and is defined as

= 9. v, do
F = a4 8R' + i (2.2)
and H=h+ z,
H = hydraulic head,

h = pressure head,

z = elevation relative to an arbitrary datum,

8 = volumetric water content,

n = porosity,
a' = modified coefficient of compressibility of the medium,

B' = modified coefficient of compressibility of water,

=i
"

hydraulic conductivity tensor.

The water content, porosity and the hydraulic conductivity are all
functions of space and pressure head. Equation 2.1 is therefore in
general nonlinear because the soil properties F and K depend on pressure
head h. Note that Equation 2.1 is valid for both saturated and unsa-
turated flow.

The transient, two-dimensional groundwater flow transport model
developed by Reeves and Duguid was used to solve Equation 2.1. This
model was formulated and implemented using quadrilateral finite elements

for geometrical configuration, bilinear Galerkin interpolation for
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spatial integration and Gaussian elimination for the solution of the
resulting matrix equations. Since Equation 2.1 is highly nonlinear in
the soil property F and:f, a soil-properties iteration loop is necessary
to attain a converged solution. The computer code is capable of having
different kinds of boundary conditions including the constant-flux,
constant-head, and pressure-dependent boundary conditions. The computer
code was first employed to solve Equation 2.1 for the pressure head
field in the groundwater flow system region. Then the Darcian velocity
field and the water content field were computed from the solution
(pressure head field) and the hydraulic conductivity of the porous
medium. From Darcy's law, the Darcian velocity field was calculated by

using the following equation.
v=-X- W | (2.3)

where K is the hydraulic conductivity tensor evaluated by interpolating
the specific curve of hydraulic conductivity vs pressure at the calcu-
lated pressure head. The water content was calculated by interpolating
the water content vs pressure at the calculated pressure head.

In general, the groundwater flow transport is a transient hydrody-
namic problem because the boundary conditions are time-dependent. For
example, the water flux seeping through the bottom of the trench can be
a function of time or the water depth in the burial trench may vary with
time. In addition, the precipitation rate is also a function of time.
As a result, time-dependent groundwater flow fields are computed, which
in turn will be used as the input data in the radionuclide transport

simulation. Nevertheless, a steady-state groundwater flow transport
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calculation, a Tess complicated case was performed in this study to pro-
vide the groundwater flow data needed in the radionuclide transport
model. As suggested by Pinder,l3 inasmuch as there has been no net
water table elevations (for example, no sudden heavy rainfall) in the
region of interest, a steady-state groundwater flow pattern can be con-
sidered adequate for the radionuclide transport simulation.

For a steady-state groundwater flow, Equation 2.1 is reduced to
Vve+KWH=20. (2.4)

From Equation 2.3, Equation 2.4 becomes

Vevs=0 (2.5)

which is the continuity equation for steady-state groundwater flow
motion. The calculation of a steady-state groundwater flow field will
be performed (Chapter III) for a sample problem by using the Galerkin

finite-element numerical model.

C. Radionuclide Transport Model

The mathematical model for the transport of radionuclides by
groundwater flow through porous media is considered in this section.
The transport of dissolved radionuclides by groundwater flow is governed
by such mechanisms as convective transport, hydrodynamic dispersion,
chemical interaction between radionuclides and porous media, and
radioactive decay. The governing equation of the contaminant transport
model has been formulated and solved numerically by many investiga-

tors.12-17 Fop example, Bredehoeft and Pinderl?2 presented the
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formulation and numerical solution of mass transport equation for a
specific saturated isothermal groundwater flow system. The radionuclide
transport equation used in our study is based on the one formulated by
Duguid and Reeves.l5 This model encompasses the convective transport, |
hydrodynamic dispersion of a dissolved radionuclide carried by the fluid
phase, chemical adsorption, and radioactive decay. The adsorption of
radionuclide by the solid is assumed to occur at a rapid rate (i.e., a
fast exchange reaction) such that the dissolved material in the carrier
is in equilibrium with the material adsorbed by the solid. The con-
centration of the dissolved radionuclide is assumed to be sufficiently
small that changes in concentration do not affect transport of the
fluid. We further assume that transport of different radionuclides in
the porous medium are completely independent so that the transport simu-
lation of different radionuclides can be performed one at a time.

Consider an arbitrary material volume element of saturated-
unsaturated porous medium. The volume element is composed of fluid and
solid. After excercising the physical principle of mass conservation to
the radionuclide transport in the volume element and making some
approximations, the governing transient radionuclide transport equation

is derived to be

mdg—g= VDV - vVC - (Rd—g€-+ a' md%%+xmd)c (2.6)
where

C = space-time-dependent radionuclide concentration in uCi/cm3,

Rq = 1 + pkd/n = retardation factor, dimensionless,
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p = bulk density of the solid,

distribution coefficient of the medium for the radionuclide

~
Q.
1]

being carried by the fluid, defined as the ratio of quantity
of adsorbed material per mass of solid to quantity of
dissolved material per volume of fluid, cm3/9,

A = radioactive decay constant, and

oll

= hydrodynamic dispersion coefficient tensor.
Note that those parameters that are pertaining to groundwater flow
transport equation have previously been defined.

In a homogeneous medium which is assumed to be isotropic with

respect to dispersivity, the element of D can be written as

Dijj = apve;; + (a - a7) vivj/v + aptéij (2.7)

where i,j are indices of components in the rectangular coordinate

system, §.. is the Kronecker delta, a is the longitudinal dispersivity,

1J
ar is the transverse dispersivity, a is the molecular diffusion
coefficient, t is the tortuosity, Vi vj are components of hydraulic
velocity, and v is the magnitude of the velocity.

For a steady-state groundwater flow, 6, h are independent of time.

Equation 2.6 is then reduced to

RGO 4% = 7+ DV - 7+ ¥C - RyOXC . (2.8)

The steady-state Darcian velocity field v and water content field 6 were

computed from the solution of the steady-state groundwater flow
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transport equation. Equation 2.8 is the governing equation for the
radionuclide transport simulation considered in the next chapter.

Before Equation 2.8 can be solved for a specific radionuclide
transport problem, the appropriate initial and boundary conditions must
be specified and the input parameter data must be given for the problem.
The initial conditions can be either that no radionuclide concentrations
are in the system region or that a known concentration field exists
prior to the start of the simulation. The former case will be assumed,
that is, no radioactive waste is present in the system region at the
initial time when the radioactive waste was first deposited in the
burial trench. The boundary conditions for the radionuclide transport
are determined by the flow conditions on the boundaries from the ground-
water flow transport simulation. For example, the boundary surface
where water is flowing into the system from outside (e.g., water seeping
through the bottom of the trench into porous medium) is characterized as
inflow boundary. The boundary surface where water is flowing out of the
system is called outflow boundary.

As was mentioned in Chapter I, the discrete-element numerical simu-
lation model will be developed in this dissertation to simulate the
transport of radionuclides by groundwater flow. In the formulation of
this simulation model, the numerical method, FLIDE (FLuid-In-Discrete-
Element) was evolved from the methods of PIc30 (Particle-In-Cell) by
Evans and Harlow, MAC30 (Marker And Cell) by Harlow and Welch, and
FLIC30 (FLuid-In-Cell) by Gentry, Martin and Daly. The formulation of
the radionuclide transport model by the FLIDE method is based on the

control volume approach, which results in the necessary computational
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system of difference equations by applying the macroscopic conservation
forms of mass, momentum and energy principles for a cell of rectangular
enclosure surfaces. The region of interest (also called system region
hereafter) is divided into a sufficient number of cells which span the
entire system region, and then the conservation principles are carried
out for each cell at each time step.

Five phases of the computational procedure in the formulation of
the FLIDE numerical model are presented as follows:

(a) Computational element discretization in the system region:

First of all, the system region of saturated-unsaturated porous
media with groundwater flowing through it is partitioned into an
appropriate number of rectangular discrete elements of arbitrary size.
The system region is usually confined by the boundar; surface (or the
boundary line in two-dimensional case) which may consist of the ground
surface, the bottom of the burial trench, impermeable bottom boundary
such as the interface of the porous medium with bedrock, slope surface,
and stream interface boundary. The domain of the system region depends
upon the flow information. Usually the region for the radionuclide
transport simulation is the same as that for the groundwater flow
transport. Once a flow region is specified in the groundwater flow
model and the flow information is obtained on the boundary by solving
the flow transport equation, the same region will be used in the
radionuclide transport model. The size of each discrete element is
determined by the concentration importance in different areas of the

system region. For instance, finer elements are appropriate near the
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outflow boundary across which radionuclides become accessible to the
biosphere. After the discrete-element grid system has been constructed
by drawing Tines parallel to x- and z-axes throughout the system region,
element type (interior, boundary, external) is assigned to each element
and the region values of element x-, z-enclosure dimensions, element
area for each element are calculated.

(b) Input data preparation:

There are three kinds of input data that need to be prepared for
the radionuclide transport simulation by FLIDE method. They are (1)
geometric region data, (2) groundwater flow data, and (3) input para-
meter data.

The geometric region data consist of the associated data for
interior, boundary and external discrete elements. External discrete
elements are not used in calculation. Two typical 2-D interior and
boundary elements are shown schematically in Figure 2.1. The interior
element has two enclosure lengths in x and z directions. The boundary
element contains four enclosures. Each of the enclosures is assigned an
enclosure-type identification number depending on the type of the
discrete element with which the enclosure interfaces. The enclosure
type consists of interior enclosure, close enclosure (impermeable
boundary), and open enclosure (either inflow or outflow boundary). Each
enclosure has its length as shown in Figure 2.1.

The groundwater flow data consist of the volumetric groundwater
flow rates Gxi,k’ GZi,k at the interfacing enclosures between any two

adjacent discrete elements. For example, Gx1 K is the water flow rate
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(b) Boundary Element.
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evaluated at the interfacing enclosure (i+l2,k) between the discrete
elements (i,k) and (i+1,k); and GZi,k is the flow rate evaluated at

the interfacing enclosure (i,k+l2) between the discrete elements (i,k)
and (i,k+l). Boundary elements have boundary water flow rates on the
boundary lines. For example, GXbi,k represents the boundary flow rate
evaluated on the boundary enclosure (i+l2,k). If it is an outflow
boundary line, a positive outgoing water flow rate GXbi,k is specified.
If it is an inflow boundary line, a negative GXbi,k is specified.

The water flow rate on a close boundary is zero. Having the water flow
rate data described above, we can calculate the element-center veloci-

ties by the following equations:

Gy s Gy
Vx- k - l 1"1,k + X] ,k (2.9)
DE2dilp ke il k
Gz; o 6z
Vzi = o (kb Tk (2.10)
> 2 & k-lp  &X{ k+lp

Finally, input parameter data consist of values for longitudinal,
transverse dispersivities, retardation factor determined by Equation
2.6, and radioactive decay constant for the specified radionuclide.

(¢) Formulation of FLIDE computational equations:

We now begin to formulate the computational equations for the
radionuclide transport equation based on the FLIDE numerical method.
Refer to the schematic representation of the flow and radionuclide
transport in a discrete element shown in Figure 2.2 In the formulation

of the two-dimensional FLIDE method, the control volume is a rectangular
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discrete element on x-z plane with unit width in y direction. Taking a

volume integral on Equation 2.8 over a control volume V gives:

dr= [, v- D(r)vC(r,t)dr -fy ¥ - V(r)c(r,t)dr

= 3€(r,t)
fv Rqo(r) e

- [y Rq8(r) xC(r,t)dr . (2.11)

Consider each volume integral in Equation 2.11 for the control volume
of a two-dimensional discrete element (i,k) as shown in Figure 2.2.

The Teft-hand side of Equation 2.11 becomes

— X(F,t) = _ . = i k(t)
Jy R8(F) _cga:_t) dF = Bk —E g (2.12)

where B; x and Cj k(t) represent the volume-average water content and
time-dependent radionuclide concentration evaluated at the center of the
discrete element, and Mj x is the area of the element.

The first term on the right-hand side of Equation 2.11 is the
radionuclide transport rate in the control volume due to the hydro-
dynamic dispersion. This term will be represented by DISPERSION
hereafter. Using the divergence theorem, the dispersion transport term

can be changed from volume integral to surface integral as follows:

DISPERSION = fy Vv -« F(F)VC(F,t)d? = /an - E'(F)VC(F,t)dF
= =[an -« gy(r,t)dr (2.13)
where
Gp(Ft) = -D(F)TC(F,t), (2.14)
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is the dispersive transport flux at space r and time t, and n is the
outwardly directed normal unit vector on the surface A.

There are four enclosure surfaces with unit width in y-direction
for a 2-D rectangular discrete element. They are designated as
enclosure (i-12,k), (i+lp,k), (i,k-1£), and (i,k+lp). The dispersive
transport term is equal to the sum of the four dispersive transport
rates on the four enclosures. As can be seen from Equation 2.14, the
dispersive transport flux is due to the concentration gradient. On the
enclosures perpendicular to x-axis, (i-lp,k) and (i+lp,k), we assume that
we only have concentration gradient 3C/8x in x-direction. And we only
have concentration gradient 3C/3z in z-direction on the enclosures
(i,k-12) and (i,k+lp). Since we only have dispersive transport flux on
each enclosure due to the concentration gradient in the direction per-
pendicular to that enclosure in the FLIDE formulation, Equation 2.13

can be expressed as

*
DISPERSION = (g (t)az - (g (t)az +
Dx (i-lp,k) X (1+12,k)
(gp (t)ax - (qp (t)ax | (2.15)
z (i,k-1p) Z (1,k+1p)
*( . represents the quantity between the left parenthsis
(i- /Z,k)

and the vertical bar is to be evaluated on the enclosure (i-%Q,k)-
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where the dispersive transport fluxes in x and z directions are

(=
ap, (t) = Dyx EfLEL (2.16)
and
qDZ(t) = -Dyz ﬁg%ﬂ . (2.17)

Dxx and Dz are the principal elements in the hydrodynamic dispersion
coefficient tensor E(F) and can be evaluated by Equation 2.7.
Equation 2.15 can be regarded as the net dispersive transport

mass flow rate passing through the four enclosures, i.e.,
DISPERSION = Gp(i-l2,k) - Gp(i+le,k) + Gp(i,k-1p) - Gp(i,k+lp) . (2.18)
Assuming first order approximation at the half-points (i.e., on the

enclosures), we have the following dispersive transport flow rates:

)fi,k - Ci-1,k

Gp(i-12,k) = -Dyy(i-lp,k .k azi.1lp k (2.19)
Gp(i+lp,k) = -Dxx(1'+1/‘2,k)t12)1(13|:_1/-2,?’k Zidlp ks (2.20)
Gp(i,k-12) = -Dzz(i,k-llz)t";;:kﬁ/’zk'l &y k-lp (2.21)
Gp(1 k) = Dy (i kelp) Clakt] = Cik & kelp - (2.22)

Az k+lp
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The time variable was suppressed for notation simplicity. The disper-

sion coefficients at the half-points are:
Dxx(iil/z,k) = [(aLVXZ + aTsz)/V + an Tt (1+1/2,k), (2'23)
Dzz(i,ktl2) = [(atvy® + aLvz?)/v + apt (i,k+lp). (2.24)

The x, z components and the magnitude of the Darcian velocity are eva-
Tuated at the center of each associated enclosure, and are calculated by
the linear interpolation between the velocity values at two adjacent
element centers. The dispersive transport term can thus be determined
from Equations 2.18 through 2.24.

Now let us examine the second integral term on the right-hand side
of Equation 2.11. This term gives the net convective transport flow
rate in the control volume and will be represented by CONVECTION because
it accounts for the convection of the radionuclide concentration in the
control volume. The divergence theorem is employed again to change the

convective term to surface integral:

CONVECTION = -fy V(r)C(r,t)dr

~

Ja 1+ [-V(F)C(F,t)1dF . (2.25)

For a control volume of a 2-D discrete element having four enclosures,

the convection term becomes:
CONVECTION = Gx; 15, Ci-1p,k = Gxjslp kCitlpk *

Gzi ,k-l/zci Jk=1p - Gzi ,k+1/2C1 Jk+lp (2.26)



29

where GXi-LQ,k’ GX1+LQ,k’ GZi,k-LQ’ and GZi,k+LQ represent the volumetric
water flow rates passing through the corresponding enclosures. Water
flow rates passing through the enclosures of all the discrete elements
were computed from the steady-state groundwater flow transport model

and are the input data to the present model.

Before the formulation for the convective transport term can be
completed, the half-point values of concentration, i.e., Eﬁ-%@,k,'ﬁi+LQ,k,
E},k-LQ, and'Ei,k+LQ must be evaluated in terms of the mean concentrations
at the centers of the discrete elements, which are the solutions of the
radionuclide transport equation. One must note how to evaluate the half-
point concentration values because the stability of the numerical
methods, particularly the explicit ones, critically depends upon the
forms of the convective term.2% Roache30 pointed out that the mass
conservation property and the flow transportive property must be
satisfied in order to obtain an accurate simulation for a computational
fluid dynamic problem. The most successful form, from the computational
point of view, for eliminating the half-point values in terms of the
solution values (mean values in the discrete elements), is the "second
upwind differencing" method. This particular form, which is based more
on physical reasoning about fluid flow conditions than on rigorous
mathematical derivations, possesses both the conservative and transpor-
tive properties for the explicit finite difference formulations of con-
servation equations. This method has proven to be very dependable from

numerical stability considerations.
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The second upwind differencing forms for the half-point con-

centration values are expressed as follows:

= { fﬁ,k for GXi-LQ,k <0 2.27)
i-ip,k = — .
% Ci-1,x for Gxi-%e,k >0,
Ci+lp,k { i (2.28)
itk T ) =~ .
? Ci,k for GXi+LQ,k >0 ,
i,k-1p = :
Ci k-
i,k-1 for GZi,k-LQ >0,
i,k+ip = .
? Ci,k for Gz kelp 20 -

The final form of the convective transport term is obtained by substi-
tuting Equations 2.27 through 2.30 into 2.26.

The last term in Equation 2.11 is the radionuclide loss in the
discrete element due to the radioactive decay. The radioactive decay
loss is proportional to the concentration in the discrete element, which
can be represented by the mean concentration at the element center E},k.
Therefore the formulation of the loss term due to radioactive decay by

the FLIDE method is

LOSS

-y Rqre(r)C(r,t)dr

'Rdxai,kfﬁ,kAAi,k . (2.31)
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Assembling the FLIDE forms for the terms in Equation 2.11, we can
write a difference equation for the rate of change of the mean con-
centration E},k in the discrete element (i,k) in terms of the mean
concentrations, input flow rate data and system parameters. Substi-
tuting Equations 2.12, 2.18, 2.26, and 2.31 into Equation 2.11

and dividing both sides by Rdﬁi,kAAi,k, the final simulation form of
radionuclide transport equation for an arbitrary discrete element (i,k)

by the FLIDE method becomes

Lik o 1 (6p(i-12,k) - Gp(i+lp,k) + Gp(i,k-12) - Gp(i,k+1p2))]
3t Rd®i,k8Ai k

1 —_ —
+ [_——-—-————- (GX’ 1 Ci-lp k - Gy. Ci+lp k
= i-lp,k¥1-42, Xi+lp k¥ i+,
Rd9i,k8Ai k 72 &

* 624 101 k-1 = B2y ya1pCikelp)] - [T k] (2.32)

for all interior and boundary discrete element (i,k), where Gp(i-12,k),
etc., ER-LQ,k, etc. are taken from Equations 2.19-2.24 and 2.27-2.30,
respectively. Equation 2.32 is the system equation for solving the

radionuclide transport equation by the FLIDE method. The time rate of

change of the mean radionuclide concentration in the discrete element
is equal to the sum of the dispersive transport rate, convective trans-
port rate and the radioactive decay loss rate. Before we can solve the
system of differential equations as formulated by Equation 2.32, the

initial and boundary conditions need to be addressed.
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(d) Initial and boundary conditions
The solution of a partial differential equation in space and time
requires the specifications of the initial and boundary conditions. For
the system of coupled, ordinary, first-order differential equations in
time, represented by Equation 2.32, the initial conditions were spe-
cified at any arbitrarily assigned time tg for all the discrete elements

in the system region, that is,
Ci,k(to) = To; \» for all ik . (2.33)

Either zero initial conditions, assuming that the system region contains
no radionuclides, or a known radionuclide concentration distribution at
the initial time tg can be used. In this study, zero initial conditions
were used.

In the formulation of the FLIDE method, the discrete element on the
boundary may take any geometrical configuration with a straight boundary
Tine across any two enclosures in order to closely approximate the real
boundary configuration of the system region. Note that the boundary
conditions are normally specified at the discrete-element enclosures of
the physical and imaginary boundaries in the system region. The physi-
cal boundaries are such as the ground surface geometry, burial trench
configuration, and the river-pore interface geometry. The physical
boundary is also based on the geological consideration such as the
impermeable boundary which interfaces the porous medium with a imper-
vious medium such as bedrock. In order to deal with a finite region,

some imaginary boundaries in the underground region must be specified
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from a practical computational consideration. Usually, the geometry of
the system region for the radionuclide transport problem is in confor-
mity with the groundwater flow transport problem. That is, both
transport problems share the same boundary. And the boundary charac-
teristics are determined by the flow condition on the boundary obtained
from the simulation of the groundwater flow transport model. The rele-
vant boundary conditions specified on the half-point enclosures of boun-
dary elements are categorized into the following three types:

(1) Close boundary: This is also known as impermeable boundary.
In a realistic situation, there might be a region full of impervious
material such as clay or bedrock that no groundwater can flow through
it. The interface between the porous medium and the impervious medium
is then specified as the close boundary. Therefore, there is no
radionuclide transfer across the enclosure of the boundary element which
corresponds to the section of the close boundary. For example, the
boundary conditions for the groundwater flow rate and the concentration

at the close boundary enclosure (i,k-12) of discrete element (i,k) are

624 k-1/2 = 05 Ci,k-1/2 = Ti k - (2.34)

(2) Inflow boundary: The inflow boundary is characterized by the
flow condition on the physical or imaginary boundary where water is
flowing from the outside region into the system region. Examples of the
inflow boundary are such as (1) source seepage surface, (2) ground
surface, and (3) imaginary boundary that separates the system region

from the outside region where water inflow rate is known. The source
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seepage surface is the bottom surface of the burial trench through which
the radionuclides dissolved in the water infiltrate. The ground surface
may become the inflow boundary as well because precipitation may fall on
the ground surface and percolate into the groundwater flow system. For
the case of a steady-state groundwater flow system, the inflow boundary
remains inflow boundary because the water flow direction does not change
with time. The water flow rate on the inflow boundary was determined
from the simulation of the steady-state groundwater flow transport. We
only need to specify the half-point values for the radionuclide con-
centration on the inflow boundary.

In the formulation of the FLIDE method, the second upwind dif-
ferencing technique requires that the "upstream" values of the system
variable (i.e., concentration in this case) be used as the enclosure
values in the boundary elements to evaluate the convective term.
Therefore, it is essential to know the mean concentration values as a
function of time in the additional imaginary discrete elements just out-
side the inflow boundary elements. Usually it is assumed that the homo-
geneous concentration of the radionuclide dissolved in the water of the
burial trench is known. However, the evaluation of the radionuclide
concentration as a functién of time inside the burial trench is quite a
comp lex process11 and is beyond the scope of this dissertation. We
simply assume that the radionuclide concentration in the burial trench
can be represented by a box-car function of time with known source con-
centration and source duration. For example, if discrete element (i,k)

is an inflow boundary element located beneath the source seepage surface
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with the enclosure (i,k+l2) being part of the bottom of the burial
trench, then the concentration in the additional imaginary element

(i,k+1) is

Cg, for t < Tp
Ci k+1 = { (2.35)
0, fort > Tp

where Cs is the source concentration, and Tp is the source depletion
time. Both are input data.

With regard to the boundary condition in concentration on the
inflow boundary other than the source seepage boundary, such as an
imaginary inflow boundary crossing an aquifer, zero concentration out-
side that boundary is assumed because we assume that the source seepage
boundary is the only boundary through which the radionuclide can enter
into the system region.

(3) Outflow boundary: The outflow boundary is determined by the
flow condition on the boundary where the groundwater is flowing out of
the system region. From the steady-state flow rates obtained from the
groundwater flow transport calculation, the portion of the system boun-
dary where the flow rate is directed outward is specified as the outflow
boundary. The outflow boundary may include a slope portion of the
ground surface through which the groundwater may seep out of the system,
or a river interface surface through which the groundwater may also
discharge into the river.

It is very difficult to specify the boundary condition in con-
centration on the outflow boundary, for the numerical experiences have

shown that catastrophic instabilities may propagate upstream from the
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outflow boundary and destroy the solution.30 The computational
outflow boundary condition should be specified in such a way to best
simulate the real condition near and on the outflow boundary that inter-
faces two different media.

The second upwind differencing formulation for the convective term
does not require the specification of the concentrations in the discrete
elements outside the outflow boundary. However, the concentrations
external to the outflow boundary elements are required to evaluate the
concentration gradients for the dispersion term. There is no way to
guess what these “artificial" concentrations may be. We cannot specify
zero concentrations as the ambient conditions because this will cause
very high concentration gradient near the outflow boundary. As a
result, it would produce unrealistic results and the solutions would
become extremely sensitive to the dimensions of the outflow boundary
elements.

Since the main contribution to the radionuclide flux passing
through the outflow boundary comes from the convective term, it is
assumed that the dispersive term or the concentration gradient com-

ponents in x and z directions vanish, that is,

n e DYC(¥,t) = 0, T on the outflow boundary, (2.36)
or
jﬁi%;E*EL = 0,-39£%§543l = 0 on the outflow boundary. (2.37)

For example, in the discrete element formulation, we have outflow

boundary element (i,k) with (i+1,k) and (i,k+l) the external elements
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adjacent to the boundary element, the boundary conditions specified by

Equation 2.37 are equivalent to:

Ci+1,k(t) = Tj k(t), (2.38)
and
} Ci,k+1(t) =Ty k(t). (2.39)
} (e) Solution of the initial-value problem by numerical time
integration:

So far we have formulated the system of simultaneous oridnary
differential equations in time (Equation 2.32 for all the discrete
elements) for the radionuclide transport equation by the FLIDE method.
Initial and boundary conditions were also specified. We will now
attempt to solve this set of system equations. This system of simulta-
neous ordinary differential equations and the associated initial and
boundary conditions constitute an initial-value problem. Unique and
continuous solutions for radionuclide concentration E},k(t) can be
obtained in time for the initial-value problem by numerical time inte-
gration methods. Since each differential equation for'fi,k(t) depends
only upon five discrete-element concentrations E},k(t), E}_l’k(t),
Ci+1,k(t), Ci k-1(t), and Ci k+1(t), the simultaneous system of
ordinary, first-order differential equations is suitable for numerical
integration. The time-dependent concentrations are solved by numeri-
cally integrating the system equations from the known initial conditions
using some well-established computational marching schemes. For

example, the explicit methods which basically approximate the time
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derivatives by the forward time difference may consist of from the
simplest form of one time step to multistep and multilevel time for-
mulation (e.g., midpoint leap-frog42,43 and Du Fort-Frankel44

methods). In the solution of the present FLIDE mathematical model for
transient radionuclide concentration distributions, the explicit method
was considered.

The initial-value problem, Equations 2.32 and 2.33, will be
directly integrated by the standard fourth-order Runge-Kutta method with
Gill coefficients which were successfully employed in numerious studies
for the numerical solution of the semidiscretized finite-difference
equations associated with external flow problems. Since the Runge-Kutta
method employs four time levels for one time step integration, and is a
higher-order-accuracy, modified form of the basic Euler-Cauchy method
with more stable properties for approximate integration, it should give
more stable and accurate solutions to the mathematical model. For an
explicit formulation 1ike the Runge-Kutta method, it is essential to
establish the necessary stability criteria for the application of the
method to the solution of the mathematical system.

In regard to the stability criterion for the numerical simulation
of the present initial-value problem, the time marching step size At was
deduced from the stability analysis for the one-dimensional case30 to be

Min(8xj k,4zi k)

< Bbmay = , for all i,k (2.40)
L Amax Max(wX'i’k’mZ‘i,k)

where Axj y, Azj g are the sizes of the discrete element (i,k) in x

and z directions, Wy;  and wz;  are the x and z components of the
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effective radionuclide moving velocity at the discrete element (i,k) and
is defined as w = v/(Rq®), where v, Rq, 6 represent the Darcian velocity,
the retardation factor, and the water content, respectively. A maximum
time step size Atpax was first computed using Equations 2.40 and the
input data, and then an appropriate smaller time step size At was chosen
to be used in the transient radionuclide transport simulation.

(f) Computer Simulation Procedure:

In this section, the computation procedure for the radionuclide
transport simulation will be outlined and each one of the computer
program modules will be briefly described. The flow diagram for the
radionuclide transport simulation computer code RADMIG (RADionuclide
MIGration) is shown in Figure 2.3. RADMIG was programmed in a modular
form. Each program module is dedicated to undertaking a specific task.

The computer simulation of RADMIG begins with the initialization
mode by setting the control key word KRUN=0. The module SMLPRP is
intended to read in the required simulation input data. The input data
includes the dispersivities, retardation factor, radionuclide half-1ife,
initial time, final time, time~-step size At, and the regional specifica-
tion of the final-time response of interest. Then the module REGION IS
used to input the two-dimensional discrete-element grid system data
for the groundwater flow region in x-z plane. The geometric data was
prepared separately, as previously described. Module FLOWER is intended
to input the steady-state Darcian velocities, water contents at the
element centers, and groundwater flow rates on the enclosures of the
elements. Module BOUNDS is used to input the flow and boundary con-

ditions on the boundary elements. All flow and boundary data were
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Figure 2.3. Flow Diagram of the Radionuclide Transport Simulation
Computer Code RADMIG.
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prepared off-line. Since these data do not vary with time, they are
read in along with the region data only once for each simulation. The
Gill coefficients for the fourth-order Runge-Kutta numerical integration
method are set in the module SOLVER. Before the transient simulation
begins, the module INITIAL must be called to set the initial con-
dition (i.e., initial concentration values).

The transient simulation of the radionuclide transport by ground-
water flow begins when KRUN is set to one. The simulation time period
from initial time tg to final time tf was divided into a number of the
time-step size. For each time step integration, there are four time
Tevels. Within each time level, the module DISPER, CONVEC are called to
compute the dispersive, convective radionuclide flow rates in the
discrete elements, respectively, based on the current concentration
values. Then DECAY is called to account for the radioactive decay loss
and construct a system of time derivatives of concentration in the
discrete elements. This system of first-order time differential
equations is then solved in the module SOLVER. The solved con-
centrations at each discrete time are written onto a magnetic disk for
the future utilization. The output data (concentration values) are also
printed on a line printer in a form that conforms to the geometric con-
figuration of the system region for the purpose of easy view. Such a
procedure as outlined above is iterated for each time step until the end
of the simulation time period. Finally, the response of interest is

computed from the final-time concentrations and printed out.
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CHAPTER III
RADIONUCLIDE TRANSPORT SIMULATION FOR A SAMPLE PROBLEM

A computer simulation model of the radionuclide transport by
groundwater flow for a hypothetical sample problem is presented in this
chapter. This model will be employed for the numerical demonstration of
the general sensitivity theory for the radionuclide transport model.

The sample problem used was taken from Duguidl9 which represents a
typical radionuclide transport by groundwater for the low-level radioac-
tive wastes disposal using the shallow-land burial technique. The
steady-state, two-dimensional groundwater flow transport model will be
solved by the Reeve and Duguids' mositure transport computer code.9

The transient, two-dimensional radionuclide transport model will be
simulated by the computer code, RADMIG, developed in Chapter II by using
the mathematical formulation of the Fluid-In-Discrete-Element (FLIDE)
method. The computational process and the results of the simulation

will be presented in this chapter.

A. Groundwater Flow Transport Calculation

A hypothetical shallow-land burial trench for low-level radioactive
wastes disposal is situated above a saturated-unsaturated porous medium
near a stream as shown in Figure 3.1(a). The hydrogeological system is
composed of a highly permeable sand with soil properties of hydraulic

conductivity and moisture content versus pressure head as shown in

43
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Figure 3.1. (a) Spatial Discretization, (b) Water Table (h=0) and
Total Head (H) Configurations for Moisture Transport from a Shallow-Land
Burial Trench to a Stream.
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Figure 3.2. A water flux of 4.0 x 10-4 cm3/cm2/sec with radionuclide
dissolved in it, directed vertically downward from the bottom of the
trench, provides the only driving force for moving the radionuclide
toward the nearby stream because the precipitation is taken to be
negligible.

The steady-state groundwater flow transport calculation was per-
formed by employing the moisture-transport computer code developed by
Reeves and Duguid9 to obtain the steady-state Darcian velocity field
and water content (moisture content) field. These two hydraulic data
will be needed as input data to the radionuclide transport model. The
computational steps for performing the steady-state groundwater flow
transport calculation are as follows:

(1) Discretize the system region into 528 quadrilateral finite
elements with four corner nodes in each element. There are totally 595
finite-element nodes (nodal points). The finite-element geometrical
system is shown in Figure 3.1(a). The nodal point data of the x énd z
coordinates and the global nodal point numbers for all elements are pre-
pared as the input data to the moisture-transport code where all the
necessary geometry information will be generated automatically.

(2) Prepare a table of the hydraulic conductivity values and
moisture content values versus corresponding pressure head values by
linear interpolation from the soil properties depicted in Figure 3.2.
This table of hydraulic property values, along with other miscellaneous
input data such as acceleration of gravity, viscosity of water, and the
steady-state convergence tolerance were prepared as input data to the

moisture-transport code.
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(3) Specify steady-state boundary conditions. Neumann boundary
conditions were specified on the bottom surface of the burial trench as
the source seepage boundary condition with water flux of 4.0 x 10-4
cm3/cmé/sec at each nodal points of the boundary elements. Dirichlet
boundary conditions were specified at the nodal points of the inter-
facing elements between the porous medium and the stream. The pressure
head values at these nodal points are fixed values equal to the water
depths in the stream. The slope and porous medium-stream interface por-
tions of the system were specified as the outflow boundary. The rest of
the boundary in the system region, including the bottom line were
treated as Neumann condition with zero flux crossing the boundary

(close boundary).

(4) Run the moisture-transport code with the input data prepared
in steps (1)-(3) to obtain the pressure head at all nodal points. The
unsaturated and saturated regions are separated by the water table shown
in Figure 3.1(b). The water content field was calculated by inter-
polating the pressure head vs water content table using the calculated
pressure head at each nodal point. The x and z components of Darcian

velocities were computed at four corner nodes of each finite element.

B. Radionuclide Transport Simulations

We now present the computer simulation of the radionuclide
transport in the porous medium by employing the discrete-element
transport model developed in Chapter II.

First the system region was partitioned into a rectangular

discrete-element grid system as described in Chapter II. The entire
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burial site region situated in an x-z rectangular coordinate system
frame was partitioned into 21 by 9 rectangular discrete elements of
which 82 elements are interior elements, 55 elements are boundary
elements. The remaining are external elements which are not used in

the model calculation. The discrete-element grid system is shown in
Figure 3.3. The grid system may be composed of discrete elements of
various sizes. Finer meshes were placed near the outflow boundary where
the radionuclide concentrations are of most concern. The coordinates of
the region boundary and the discrefization control parameters such as
the data associated with x and z grid lines were input to the program
module REGION to generate the necessary geometrical data to be used in
the main body of the simulation code. Three types of boundary con-
ditions were specified in this sample problem. They are close (i.e.,
impermeable) boundary, inflow boundary, and outflow boundary conditions.
Inflow boundary condition was specified for the elements at the bottom
of the burial trench, outflow boundary condition for the elements on the
slope and stream interface. The remaining boundary elements were spe-
cified to have close boundary condition.

Secondly, the steady-state Darcian velocity and water content fields
were prepared in the discrete-element grid system as the input data to
the radionuclide transport discrete-element model. Since no groundwater
flow transport model by the discrete-element method was available, the
flow-field data (Darcian velocities and water contents) were transformed
from finite-element form to discrete-element form. The four sets of
Darcian velocities, each set consisting of 528 nodal point values of the

finite elements, were transformed to the Darcian velocities at the
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centers of 137 discrete elements as well as the Darcian flow rates
passing through the enclosures of these 137 discrete elements. Bilinear
interpolation was employed to transform the flow field data from 528
quadrilateral finite elements to 137 rectangular discrete elements. The
water content field at 595 finite-element nodal points were also trans-
formed to that at the centers of 137 discrete elements. Before bilinear
interpolation was applied, the four sets of Darcian velocities x and z
components at the four corner nodes of 528 finite elements had been
combined into one Darcian velocity field at the 595 nodal points of the
finite-element grid system. This was done by averaging the velocity
components values at each nodal point shared by its adjacent finite
elements. Then these averaged nodal Darcian velocities and water con-
tents were bilinearly interpolated into the Darcian velocity and water
content fields, respectively, at 137 discrete elements by using the

following equation:

N
2Tt
EEGIL Sni

-_ n=1|n

Fi = , for i =1 ... 1 (3.1)
1
= — i
zf; lrn = ril m M
n=
where

Fn = nodal variable value at nodal point n,
Fi = interpolated variable value at discrete-element point i,
Tn, ri = two-dimensional coordinates at nodal point n, discrete-

element point i, respectively,
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N = total number of finite-element nodal points,

I = total number of interplation points in discrete-element
grid system,

m = bilinear interplation power and,

1, if[7y - 7| <R

Sni .
0, otherwise

where R = radius of convergence.

Equation 3.1, along with m = 2 and R = 10 meters was used to inter-
polate the Darcian velocity and water content fields. The Darcian flow
rates of the elements were calculated by multiplying the bilinearly
interpolated Darcian velocity components at the enclosure centers by the
associated enclosure lengths. The hydraulic velocity field in the
discrete-element grid system was computed by dividing the Darcian velo-
city by the water content at the center of each element, as shown in
Figure 3.4.

The use of bilinear interpolation to obtain the flow-field data in
the discrete-element grid system can only be regarded as an "art" rather
than a science because no strict mathematical equations have been
derived to give unique bilinearly interpolated variable values.4’7 The
interpolated results depend upon the chosen bilinear interpolation power
and the radius of convergence. For example, m = 2 would give more
"centralized influence" on the interpolated value than m =1 would. And
R =10 m in the interpolation calculation involves only those variable
values whose locations are within the range of 10 m radius from the
interpolated location. Though the flow field so obtained is not unique,

a good estimation of the bilinearly interpolated flow field can be
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obtained as long as reasonable values of m and R are chosen. Since it
was not the purpose of this dissertation to develop and solve the ground-
water flow transport model by the discrete-element method, bilinear
interpolation served as a means to provide the necessary Darcian
velocity and water flow fields in the discrete-element grid system.

In addition to the needed geometrical data and flow-field data
(Darcian velocities and water contents) for the sample problem, some
other input parameters are also required for the simulation of the
radionuclide transport. They are longitudinal dispersivity aL, trans-
verse dispersivity ar, retardation factor Ry, and decay constant A for
the addressed radionuclide with half life tlp.

The initial conditions for the time-dependent radionuclide
transport problem (i.e., initial-value problem) were assumed to be zero
for our simulation, i.e., E},k(t = 0) =0 for all (i,k) in the discrete-
element grid system. Three simulation examples have been accomplished
and time-dependent radionuclide concentration fields as a result of
simulations will be presented and discussed in the following sections.
In these three examples, the radionuclide dissolved in groundwater was
assumed to be tritium with Ry = 1 and tlp = 12.7 years. The time-step
size At for the transient simulation of H-3 transport was calculated
from Equation 2.43 to be 0.1 day. The input parameter data for the

three examples are summarized in Table 3.1.

Simulation Example 1

In this example, longitudinal and transverse dispersivities aL,
aT were assumed to have hypothetical values of 10 m and 5 m, respec-

tively. Tritium concentration in the water of the burial trench
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Table 3.1. Input Parameter Data for Radionuclide Transport
Simulation Examples

Parameter Example 1 Example 2 Example 3
Radionuclide H-3 H-3 H-3

aL (m) 10 10 10

at (m) 5 5 1

Rq 1 1 1

t1/2 (years) 12.7 12.7 12.7

At (days) 0.1 0.1 0.1

tf2 (days) 10 10 10

T (days) >10 1 >10

dtf = final simulation time.

bT = source depletion time.

(i.e., at the source boundary) was assumed to remain a fixed value

(e.g., 1 Ci/m3) during the entire simulation period. That is to say,

the source depletion time (source duration time) mentioned in Chapter II

was set to be greater than the final simulation time.

The radionuclide

transport period of time (total simulation time) for the computer simu-

lations was 10 days, i.e., the number of time steps used was 100.

computer code was run on the DEC-10 system at the University of

Tennessee Computing Center.

than 4 seconds CPU time.

The

A computer run for 10 time steps took less

The results of the simulations are tritium concentrations at 137

discrete-elements at every simulation time (multiple of time step size).
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The time-dependent tritium concentration fields are presented in
concentration-contour plots (isoconcentration lines drawn in 2-D plots)
as shown in Figure 3.5.

As can be seen from these plots, H-3 concentrations are moving away
from the source (the bottom of the burial trench) toward the outflow
boundary as the simulation time increases. The concentrations in the
system are fractions of the source concentration at the bottom of the
burial trench. The concentrations to the left of the trench drop rapidly
because the groundwater velocities there are very small. From the
steady-state hydraulic velocity plot (Figure 3.4, page 52), we see that
groundwater is flowing at very small velocity from the lower-left corner
of the trench to the left. The behavior of the concentrations plumes
near the Tower-left corner of the trench can be accounted for by ground-
water flowing in the lower-left direction as well as the large transverse
dispersion effect resulting from the large seepage velocities near the
bottom of the trench. The concentrations below the trench bottom are
moving downward and toward the right-hand side of the trench. In
general, the concentrations move faster to the right than to the left
because groundwater is flowing faster in the right-hand side region. The
concentration field is closely associated with the groundwater flow field

because radionuclides are convected in the groundwater flow directions.

Simulation Example 2

The input parameter data in this example were the same as those
in the first example except the source depletion time was 1 day. It

means that the source concentration was kept to a constant value
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(e.g., 1 Ci/m3) for the first day and was zero thereafter. This
"band-release" of source concentration can be thought of as having the
infiltration of radionuclide-dissolved water for one day, and then
replacing the radioactive liquid with uncontaminated water to flush the
porous medium. The band release of radionuclides can be assumed to
model a realistic condition of the radioactive wastes disposal in which
the radionuclide leach rate is assumed constant for a certain period of
time and then becomes zero thereafter.

The simulation history of the concentration field for this example
is displayed in Figure 3.6 from the first through the tenth day. It can
be seen from these figures that the concentration near the bottom of the
trench are gradually decreasing with time after the source has been cut
off after the first day. Closed isoconcentration contours begin to form
beneath the trench bottom. The concentrations are spreading out with
time from the central region (where the concentrations are the highest).
This spreading mechanism is primarily due to the hydrodynamic
dispersion. As we examine these plots one by one, it can be seen that
the concentration "peak" is broadening and flatening. The con-
centrations in the inner regions decrease with time (note the inner con-
tours move inwardly and some disappear at later times). The outer con-
tours can be seen moving faster to the right-hand side of the trench

(outflow boundary) than to the left.

Simulation Example 3

The input parameter data in this example were the same as in the

first example except the transverse dispersivity at was reduced from
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10 m to 1 m. The transient concentration fields are presented in
Figure 3.7. As was expected, the transversal dispersion effect
decreases because the value of transverse dispersivity aT used was five
times smaller than that used in the first example. Since the ground-
water flow near the bottom of the system region is essentially
horizontal, increasing the value of transverse dispersivity causes the
radionuclides to move further toward the bottom of the flow system. In
the present case the outer concentration contours are observed to move
down toward the bottom of the flow system slower than those do in the
first example. From Figures 3.5 and 3.7 we note the radionuclide plume
extends slightly farther longitudinally (to the right) for small value
of at. The reduction of the transversal dispersion effect is obvious
near the lTower-left corner of the trench, where the concentration con-
tours hardly move (note that there are large seepage velocities pointing
downward beneath the bottom of the trench).

We have demonstrated the performance of the transient, two-
dimensional radionuclide transport discrete-element model by using this
model to simulate the above three cases of the radionuclide transport
problem. We will use this model as a computational method in addressing

the sensitivity analysis for the radionuclide transport problem.
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CHAPTER 1V

SENSITIVITY THEORY AND UNCERTAINTY ANALYSIS
FOR THE RADIONUCLIDE TRANSPORT EQUATION

In this chapter, we derive the adjoint equation for the
radionuclide transport equation, formulate the sensitivity coefficients,
and describe the methodology for the sensitivity and uncertainty

analyses.

A. Responses of Interest

In almost all the simulations of the transient radionuclide
transport in groundwater flow problems, the end result of the simula-
tions is the time-dependent, spatial radionuclide concentration distri-
butions (fields). This is unlike the case in the nuclear reactor calcu-
lations where the desired end results would be estimated values of reac-
tor performance parameters such as the reaction rate in a detector, the
final fissile mass in the core in the depletion analysis, etc.. Such a
performance parameter is usually called a "response of interest." In
order to perform the sensitivity analysis for the radionuclide transport
problem, we define the response of interest to be an estimated value
which can characterize the simulation of the radionuclide transport by
groundwater flow. Two types of responses of interest are considered in
this study. They are defined as follows.

(1) Space-average concentraton in a specified region:

The first type of response of interest is the spatially averaged
radionuclide concentration in a specified region (area in 2-D
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calculation) at a specified observation time tf (final time). That is,
1
Re = x//y C(x,2z,tf)dxdz (4.1)

where A represents the area of a specified two-dimensional region.

Equation 4.1 can also be written as

Rf = [% C(X,Z,tf)G(X,Z;A)]x’Z (4'2)
where

1, if (x,z) is in A
8(x,z;A) = (4.3)
0, otherwise
and the square brackets represent the integration over the subscripted
variables. For example, if one wishes to determine the spatially
averaged tritium concentration in the saturated zone of a groundwater

flow system SZ ten days after the start of H-3 leaching into the porous

medium, the response of interest would be
1
R= = C(x,z,t=10)dxdz . 4.4
t = arag, © ) (4.4)

This kind of response of interest can also be a radionuclide con-
centration at a specified location. This will be the limiting case for
Equation 4.1 when the area of the region containing that location
shrinks to a point. In the discrete-element formulation, the response
of interest would be the mean concentration in a specified discrete

element.
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(2) Radionuclide mass flow rate crossing the outflow boundary:
The second type of response of interest considered in this study is
the toal radionuclide mass flow rate (discharge rate) passing through
the outflow boundary surface and discharging into the biosphere at a

specified final time tf, i.e.,
RJ = ffOB ﬁ-VKx,z)C(x,z,tf)dxdz (4.5)

where OB represents the outflow boundary. Equation 4.5 can be written

as
Ry = In - V(x,z)C(x,z,tf--)<S(x,z;OB)]x’z (4.6)

where
1, if (x,z) is on OB
8(x,z;0B) = (4.7)
0, otherwise
The radionuclide mass flow rate is a very important response of interest
in the assessment of the environmental impact from the radioactive
wastes disposal because it, in conjunction with dose conversion factors,
can be used to calculate the radiological dose to man.
The responses of interest considered so far are all final-time
responses and are explicit functions of the radionuclide concentration
field. We only considered final-time responses of interest for the

sensitivity and uncertainty analyses in this study.
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B. Input Parameters

We next describe the input parameters to which the sensitivity ana-
lysis will be addressed. Five input parameters were considered. They
are:

(1) Longitudinal dispersivity 3 5

(2) Transverse dispersivity ar,

(3) Retardation factor Rd,
(4) Steady-state water content field 8(x,z),
(5) Radionuclide decay constant A.

The first two parameters a , ay are concerned with the hydrodynamic
dispersion of the radionuclide in the porous medium and can be
space-dependent, because a;, ar vary in different porous media.
Retardation factor Rd is an important input parameter which measures the
adsorption ability of the porous medium to the specified radionuclide.
As was described in Chapter II, Rd is related to both radionucliide and
porous medium. We used a fixed value for Rd throughout the system
region, though it could be space-dependent. The steady-state water con-
tent field 6(x,z) was computed from the steady-state groundwater flow
transport model, as was described in Chapter III. Although it is a
function of space, the water content at any point in space cannot vary
independently. It is because the water content is a part of the steady-
state groundwater flow system, which, when combined with the Darcian
velocity field, defines the hydraulic velocity field. In order to main-

tain the mass conservation of groundwater flow, the water content field

must vary at the same proportion everywhere. The radioactive decay
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constant for the specified radionuclide is a fixed-value parameter in

the radionuclide transport simulation.

C. Derivation of the Adjoint Transport Equation

Designate R as any arbitrary response of interest previously
described and a as any one of the input parameters. The goal of
sensitivity analysis for the radionuclide transport problem is to find
the effect that perturbing the input parameter a will have on the
response of interest R. This can be accomplished by defining the
“"relative sensitivity coefficient" of the response of interest R to the
specified input parameter a, which relates the percent change in R to
the percent change in o

R is an explicit functional of the radionuclide concentration field

C and an implicit functional of input parameter a« That is,
R = R[a(x,2), C(x,z,t)] . (4.8)

C(x,z,t) is the solution to the time-dependent, two-dimensional
radionuclide transport equation along with appropriate initial and boun-

dary conditions, i.e.,
Lla«(x,z)1C(x,z,t) =0 (4.9)

where L[ a«(x,z)] is a linear operator and takes the form of

LLa(x,2)] = - Rde(x,z)%E + 7V« D(x,2)7 - ¥V v(x,2)

- Rq8(x,z)A . (4.10)
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A change in the value of a will perturb the solution C because « is an
explicit parameter in operator L. We wish to express the variation of
the response R to be first order in parameter variation, but insensitive

to first-order errors in the variation of the radionuclide concentration

field C. That is,
R = [ada(x,z) + deZ(x,z,t) + higher order termsly ; t. (4.11)
After some manipulations, Equation 4.11 can be put in the form

£§-= [S(x,z) j%ﬁéing + second and higher order terms. (4.12)

X,2Z)7X,2
For a small parameter variation 8a(x,z), first order approxima-
tion of Equation 4.12 yields the linear relation between the percent
change in the response &R/R to the percent change in the parameter 8o/ a,
with S(x,z) serving as the relative sensitivity coefficient at space

point (x,z), that is,

% = [S(x’z) M).] X.Z (4-13)
a(x,z)” ™

where S(x,z) has the significance of the percent change in R due to
the percent change in a at space point (x,z).
We now employ generalized perturbation theory using the variational

principle approach, formulated by Pomraning39 and Stacey,40 to formulate

the relative sensitivity coefficient field S(x,z).
Define a new response functional K which is equal to the response

of interest defined in Equation 4.9 appended by another term with the



radionuclide transport equation (Equation 4.10) as a constraint

condition, i.e.,
K[G,C, “*] = R[a’C] + [‘P*L(Q)C]x’z’t (4.14)

where ¥* is an unspecified Lagrangian multiplier. If the input parame-
ters are at the unperturbed state (reference state), C(x,z,t) will be
the exact solution (reference-state solution) to Equation 4.9. Then

we have
K[a,C, 1 = R[a,C]. (4.15)

That is to say, the response functional K is equal to the response of
interest at the reference state.

If the input parameter a is perturbed from the reference state to a
perturbed state a', this perturbation in a will result in a new response

functional at the perturbed state of the input data.
K'[a',C',w*] = R'[a',C" ] + [WL' (a')C' 1,7, t - (4.16)

Since C'(x,z,t) is the perturbed-state solution satisfying the new

radionuclide transport equation
L'[a'(x,z)]C'(x,z,t) = 0. (4.17)

With the same initial and boundary conditions, Equation 4.16 is

reduced to
K'[a',C', 9] = R'[a',C"']. (4.18)

Note that the unspecified Lagrangian multiplier ¢* remains unchanged.
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Expanding the functional K' in a Taylor series about the unper-

turbed state to obtain
T 3K 9K 3K
Kt = K+ [lg5)ref Sa+ (F)ref &€ + @5$;)ref §¥Ix,z,t
+ second and higher order terms in 8a, &C, and &y*, (4.19)

where the subscript "ref" represents that the term in the parentheses is
to be evaluated at the reference state. Neglecting second and higher

order terms, we have
.o K oK K
K' =K+ EQEZ)ref Sa + QSE)ref §C + 05;;)ref §¥*1x,z,t. (4.20)

[f we make the quantities (3K/3C) (Bk/aw*)ref vanish, then using

ref?
Equations 4.15, 4.18 and 4.20, we have

R =R'-R

[ (%%)ref Sa Jx,z,t (4.21)

Dividing each side of Equation 4.21 by R and multiplying and dividing
the term inside the square brackets on the right-hand side of Equation

4.21 by o(x,z), we obtain

SR _ 4 K Sa(Xx,z
< [_2%§__L Cga)ref';%éjéyl Jx,z,t . (4.22)

Since we have assumed that the parameter a(x,z) is independent of time
in our study, we can move the time integral inside to operate on the
derivative of K with respect to « evaluated at the reference state,

i.e., (3&K/3a) Now Equation 4.22 can be written as

ref”’
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ﬁ= I. afx,z) [(_a'i
R R

Sa(x,z
aa)ref]t a(x,2 ]x,z * (4.23)

Comparing Equations 4.23 and 4.13, it is obvious that the relative
sensitivity coefficient field (function of 2-D space) of R to a is equal

to

Sa(x,2) = 22 (XK gy . (4.28)

Equation 4.24 is the basic equation for the formulation of the rela-
tive sensitivity coefficient field S4(x,z).

Forcing the quantities (3K/3C) (aK/axp*)ref to vanish is equiva-

ref?
lent to making the response functional K "stationary" with respect to
the arbitrary variations of the function C and y* about the reference
state. We determined the appropriate stationary conditions to make the
first-order variations of K with respect to the variations in C and v*
to vanish. One of the required Euler equations corresponds to the
adjoint equation for the radionuclide transport equation.

The stationarity of the functional K with respect to the arbitrary
variation in the function ¢* yields the expected Euler condition which

is the unperturbed radionuclide transport equation, namely Equation 4.9.

Taking the variation of K with respect to the variation of C gives
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Substituting Equation 4.14 into Equation 4.25, we have

Ke = Re + [vL&Clx, 7zt - (4.26)
Equation 4.26 becomes (see Appendix for detailed derivation)

Kc = Re + [8CL*¥*1x, z,t + [Ra8W¥&CIx,2,t=0

- [Rqov*&Clx, z,t=t¢
t

f . = = -
+ [ [[n - (¢*DV&C - sCD*Vy* - vy*&C)dxdzdt , (4.27)
0 BS

where L* is the adjoint operator corresponding to the linear

radionuclide transport operator in Equation 4.10, and has the form

d = -
L* = R48 g+ VDYV +V « VR 01, (4.28)

and D* is the transposed hydrodynamic dispersion coefficient tensor of D.
The third and fourth terms on the right-hand side of Equation 4.27 are
the initial and final terms resulting from the commutative operation,
and the last term is the boundary term. Note that the spatial integra-
tion of the boundary term is over the boundary surface of the system
region (boundary line for 2-D problem).

We next wish to make the variation of K stationary with respect to
the variation in C. This will lead to the adjoint equation as the Euler
condition corresponding to a variation in C. For the second term of

Equation 4.27 to vanish with respect to the arbitrary variation &C,

we must set

Ly = 0 (4.29)
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for every point in phase space (x,z,t). The adjoint equation for the

radionuclide transport can be written as
Y _ ftouke - T
Rde Tt— - V hd D Vq) - V * V‘p* + Rdelﬂr L] (4-30)

This equation will also be referred to as the adjoint transport equation
because the adjoint function ¢*, like the radionuclide concentration, is
also transported in the porous medium by the groundwater flow in an
"adjoint" sense. The solution of the adjoint transport equation and the
interpretation of the adjoint will be given in Chapter V.

Next we consider the necessary boundary conditions for the adjoint
transport equation. The boundary conditions for the adjoint transport
equation are dependent on the boundary conditions for the radionuclide
forward equation. The boundary conditions for the adjoint equation
are selected to eliminate the last term on the right-hand side of
Equation 4.27. Three types of boundary were considered for the adjoint
transport equation.

(a) Close boundary: The close boundary is also called impermeable
boundary. On the impermeable boundary of a groundwater flow system, the
convective and dispersive transport flows normal to the boundary are
both zero. We chose close boundary condition to eliminate the boundary
term (the Tast term of Equation 4.27).

(b) Inflow boundary: As will be seen in the next chapter, the
groundwater flow direction will be reversed when we switch from the for-
ward problem (radionuclide transport problem) to the adjoint problem
(adjoint transport problem). Therefore, the inflow boundary in the for-

ward problem will become the outflow boundary in the adjoint problem.
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In the upwind differencing method, the boundary condition is not
necessary on the outflow boundary for the convective transport term
calculation as previously mentioned in Chapter II. However, we specify

the boundary condition to be

* -
% k12 =0 (4.31)

on the inflow boundary of the forward problem in order to eliminate the
boundary term, where the inflow boundary coincides with the enclosure
(i,k+1/2). The "upstream" radionuclide concentration E},k+1, which
determines the boundary condition fﬁ,k+1/2, in the upwind differencing
formulation, does not vary due to the variation of the parameter in

the system region. Therefore, we have 8C=0 on the inflow boundary.
Then, the boundary term goes away.

(c) Outflow boundary: The boundary condition for the forward
transport problem was specified to be zero radionuclide dispersive flux
on the outflow boundary in Chapter II, which is equivalent to zero con-

C C

centration gradient in both x and z directions i.e.,-E; =0, T

The gradient of the variation in concentration due to the change in a is

-0.

equal to the variation of the concentration gradient, that is,

V& = §VC . (4.32)

ff n (v DveC)dxdz = fj n (y* DovC)dxdz = O . (4.33)
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We have two terms left in the boundary term . In order to eliminate the
boundary term, we chose zero adjoint flux on the outflow boundary for an

arbitrary variation in C, i.e.,
A (v + Dtvgr) = 0 (4.34)

on the ouflow boundary. The adjoint flux consists of adjoint convective
and dispersive terms. Equation 4.34 indicates that the outflow boun-
dary in the forward problem becomes a close boundary (impermeable
boundary) in the adjoint transport problem.

In summary, the boundary conditions for both the radionuclide and

adjoint transport problems are listed in Table 4.1.

Table 4.1. Boundary Conditions for the Radionuclide and Adjoint
Transport Problems

Radionuclide transport problem| Adjoint transport problem

a) Close boundary: zero a) Close boundary: zero
radionuclide flux adjoint flux

b) Inflow boundary: specified b) Outflow boundary: zero
concentration adjoint value

c) Outflow boundary: zero c) Close boundary: zero
concentration gradient adjoint flux
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Next consider the appropriate final-time condition for the adjoint
transport equation. First examine the third term on the right-hand side
of Equation 4.27. Since the initial condition for the radionuclide
transport equation (e.g., zero concentration field) will not be altered
by any change of the input parameters in the system region, the
variation of the initial condition on C with respect to the variation in

a is zero, that is,
[Rd9¢*5c]x’z,t=o =0. (4.35)

We are left with the first and the third terms on the right-hand side of
Equation 4.27. The variation of K will be stationary with respect to

the variation of C if the following condition is met.
[Rdeqﬁscjx’z’t=tf = &R . (4.36)

The response of interest R considered in this study is exclusively the
"final-time functional,” that is, a functional of the radionuclide con-
centration field evaluated at the final time tf. Furthermore, the left-
hand side term of Equation 4.36 is a spatial integral evaluated at the
final time tf. Therefore, Equation 4.36 can provide us with the
"final-time condition" for the adjoint transport problem. From
Equations 4.2 and 4.6, the response of interest can be represented

as the spatial integration of a generalized final-time functional F over

the system region, that is,

R = [F(x,z,tf)dxdz = [F(x,z,t) 6(t-tf)] (4.37)

X,Z,t
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where V represents the entire system region, and §(t-tf) is the Dirac-

delta function of time at tf. From Equation 4.37, the variation of R

with respect to the variation of C becomes

Re = [(aF/2C) 8(t-tF)oCL, , ¢ -

(4.38)

The final condition for the adjoint transport equation (Equation 4.30)

will be specified for the two types of response of interest described

previously in this chapter.
(1) Space-average concentration in a specified region A:

Equation 4.2 can be written as

Re = [F Clx,2,t) 8(x,23A) 8(t-t5)], , -

Comparing Equations 4.39 and 4.37, we obtain
F(x,2,t) =%C(x,z,t)6(x,z;A) :

The derivative of F with respect to C gives

E =1 8(x,z3A) .

Equation 4.36 can be written as

[Rg8y*8(t-t)sC] - R =0.

X,Z,t

Substituting Equations 4.41 into 4.38, then into 4.42, we have

L(Rq6(x,2z) v*(x,2,t) - %‘G(X,Z;A))s(t‘tf)5C(X’Z’t)]x,z,t B

0,

(4.39)

(4.40)

(4.41)

(4.42)

(4.43)
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or
L(Rq8(x,z) ¥(x,z,tf) -;1\- 8(x,z;A)) &C(x,z,tF)1, , =0 . (4.44)

For arbitrary variation of C, Equation 4.44 leads to the final condition

for the adjoint transport equation

W(x,z,tf) = S(x,2;A) (4.45)

Rd8(x,z)A
where &(x,z;A) was defined by Equation 4.3. In the FLIDE mathematical
formulation, the final condition for the adjoint transport equation

defined in Equation 4.45 is implemented to be

. §_€7L7T" , for discrete-element (i,k) in A
¥ (tg) = § TATLKr (4.46)
’ 0 , otherwise
where A, is the area of the specified response region.

(2) Radionuclide mass flow rate through the outflow boundary:

From Equation 4.6,

Ry = [ﬁ°VKx,z)C(x,z,t)6(x,z;OB)6(t-tf)]X St (4.47)
Comparing Equations 4.47 and 4.37, we have
F(X’Z’t) = Vn(XaZ)C(X,Z,t) G(XsZ;OB) (4.48)

where vo(x,z) is the normal component of Darcian velocity at the point
(x,z) in space.

The derivative of F with respect to C is

F(x,2,t) | vp(x,z) 8(x,z;0B) . (4.49)
aC(x,z,t)
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After combining Equations 4.36, 4.38, and 4.45, we obtain
[(Rq8(x,z) ¥*(x,z,tf) - vn(x,z)G(x,z;OB))SC(x,z,tf)]X 2 =0 . (4.50)

For an arbitrary variation of C, Equation 4.50 leads to

Vn(x,2) 8(x,z;08B)
Rq 6(x,z)

¥(x,z,tf) = (4.51)

where &(x,z;0B) was defined by Equation 4.7. In the discrete-element

mathematical formulation, we implement Equation 4.51 to be

Gy.. + Go.
* Xi,k Zi k

Rd 8i kAi k

for the discrete-element (i,k) on the outflow boundary, where Gxi,k’
621,k are the groundwater flow rates in x and z directions on the boun-
dary enclosures of element (i,k) and Ai,k is the area of this boundary
element (on x-z plane).

We have completed the derivation of the adjoint transport equation
by considering the stationarity of the variation of K with respect to
the variation of C. In summary, the adjoint transport problem which
corresponds to the radionuclide transport problem is completely
specified by the adjoint transport equation (Equation 4.30), the
boundary conditions listed in Table 4.1, and the final conditions
defined by Equations 4.46 and 4.52 for two types of response of
interest. Note that the adjoint transport problem can be characterized
as a "final-value problem" just as the radionuclide transport problem
was characterized as an "initial-value problem." This adjoint

transport problem at the reference state of the input parameters will




78
be solved in Chapter V. The solutions of the adjoint transport problem
(i.e., time-dependent adjoint fields) will be used in conjunction with
the time-dependent concentration fields to produce relative sensitivity

coefficient fields.

D. Relative Sensitivity Coefficient Fields

Consider Equation 4.24 to formulate the relative sensitivity
coefficient field of response of interest R to input parameter a(x,z).
We take a partial derivative of the functional K defined in

Equation 4.14 with respect to the parameter a.

K R K*aLS a!
_= ¢+ C . 4.53
3a L da ]X,Z,t ( )

da

Since the responses of interest considered in this dissertation are not

explicit functions of any input parameter, we have
R.p. (4.54)
da

Substituting Equations 4.54 into 4.53, then into 4.24, and writing
out the system variables x,z,t explicitly, the relative sensitivity
coefficient field of the response R to the input parameter a at the

phase space point (x,z,t) becomes

= x,z) v v piy oLLa(x',z',t")]
Sa(x:l) R [‘P*(X ,Z 3t ) aa(x,z,t)

C(X"Z"t.)]x',z',t',t . (4.55)

The derivative of the radionuclide transport operator L with the

parameter a in phase space (x',z',t') with respect to « in phase space
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(x,z,t) generates a time Dirac-delta function of t' at t because the
parameters at phase space points (x',z',t') and (x,z,t) are independent

of each other. That is,

Ala(x',2',t)]  Ala(x',2")] g4y 4.56
da(x,z,t) da(x,z) ( ) ( )
Substituting Equations 4.56 into 4.55, carrying out the time
integration over t', we obtain the relative sensitivity coefficient

field in integral form as

Sa(x’z) =£(§)_Zl. f;fffv‘«p*()(',zl,t) aL[Q(X"z|)]

da(x,2)
C(x',z',t)dx'dz'dt , (4.57)

where V represents the entire system region.

Equation 4.57 is the basis for fhe calculations of the relative
sensitivity coefficients to be presented in Chapter VI.

The relative sensitivity coefficient Su(x,z) can be interpreted as
the sensitivity of the radionuclide transportive flow rate at space
(x',z") with respect to the variation of parameter a at (x,2)

(i.e., 3LC/3a(x,z)) weighted by the adjoint value v at (x',z")
(importance to the response R) and integrated over all space and time.
The numerical implementation of Equation 4.57 in the FLIDE formulation
and the numerical demonstration on the hypothetical sample problem will
be presented in Chapter VI.

The calculations of the relative sensitivity coefficient fields of

the response R to the parameter « will be performed as follows:
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(i) Solve the radionuclide transport problem at the reference
state of the input data (as was done in Chapter III), store
the time-dependent radionuclide concentration fields from
time zero to time tf in the magnetic disk;

(ii) Solve the adjoint transport problem at the reference state of
the input data and store the time-dependent adjoint fields
from time tf back to time zero in the magnetic disk (will be
done in Chapter V);

(iii) Retrieve the radionuclide concentration fields and the
corresponding adjoint fields from time zero to the final
time tf, and "fold" them together by using Equation 4.57
to obtain the relative sensitivity coefficient field

. SG(X’Z)'

E. Uncertainty Analysis

Having the capability of determining the relative sensitivity
coefficients, we now develop the uncertainty in response due to the
uncertainties in the input parameter data by employing the relative sen-
sitivity coefficient fields in conjunction with the uncertainty files of
the input parameter data.

Consider the uncertainty in the response due to a small perturba-
tion (uncertainty) of any parameter from its reference~state value. Let
a'(x,z) represent the perturbed value of the parameter a at location

(x,z). The uncertainty of a at (x,z) is defined as

Sa(x,z) = a'(x,z) - a(x,z) . (4.58)
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Let R' represent the response of interest corresponding to the parameter
a' at the perturbed state. From Equations 4.23, 4.24, and 4,58,
the percent change in R for a small uncertainty in «(x,z) (such that the

generalized perturbation theory is valid) is

R' =R _ &R _ a'(x,z) - afx,z)
R R [Sa(x,2) a(x,2) bz

. (4.59)

Equation 4.59 states that the percent uncertainty in the response due
to the uncergainty in the parameter can be calculated by integrating
the relative sensitivity coefficient field times the percent change in
a(x,z) over the system region. For the case of a space-independent

parameter a, Equation 4.59 can be simplified to be

R 22 = a2, , 52 (4.60)

Define the total relative sensitivity coefficient of R to the
fixed-value parameter a to be the space integral of the relative sen-

sitivity coefficient field over the entire system region, i.e.,

Pa= [Sa(x,Z)Jx,z . (4.61)

In the FLIDE formulation, P, become

Pa= 1 Soq' K Ak (4.62)
(i,k) 2

for all element (i,k) in the system region, where Scli K is the relative

sensitivity coefficient in element (i,k), Aj,k 1s the area of that
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element. Now the percent change in R due to the percent change in

a will be calculated by the equation

. (4.63)

AR
R Pa

alg

So far what has been done regarding the uncertainty analysis is
the estimation of the uncertainty in the response of interest due to
the deviation of a single input parameter from its reference value. We
now explore the uncertainty analysis for the radionuclide transport
calculations, which can be used to determine the standard deviations of
the responses of interest due to the uncertainties in data collection of
all the input parameters. This uncertainty analysis can be done by
utilizing the sensitivity coefficients previously presented in conjunc-
tion with the covariance file for the basic hydrogeological data to
determine uncertainties in responses of interest.

Suppose there are M parameters in the input data to be addressed in
the uncertainty analysis designated as s Oy eeey Oye Each of the
parameters contains a collection of N different values, e.g., a1 %o
cees OGN for mth parameter. For example, dispersivities and retardation
factor may have different values obtained from laboratory or field
measurements. Let the parameter data of each collection form a "data

vector" Q(a). For ith collection, we have the ith data vector

Qi(a) = (i, oy vevy o) - (4.64)
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By summing N values of each parameter and dividing by N, we obtain the

mean data vector
Ua) = (o, o, vy @) (4.65)

with the mth component calculated by

- 1

AR ) (4.66)

=

i=1 %ni
With this mean data vector as the input parameter data, the expected
value of the response is calculated to be R. Corresponding to each data
vector Qj, the response Rj can be calculated. Then the statistical
distribution of all such possible calculated response values due to the
distribution of the collection of N data vectors is described by the
response variance given by
p N
V=g .g (Ri=R)2 . (4.67)
i=1
Expanding Ry in a first-order Taylor series about the expectation value
R yields
Ri =R + ‘:( @??(,_ZT )T Agi(x,z)] (4.68)

XsZ *

Substituting Equation 4.68 into Equation 4.67 results in
v =i % (| & Qi ], ,)° (4.69)
- " £ 2 .
N ) | X,Z

We define a diagonal matrix of the form
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o 0 0
D=| 0 % . . .0 (4.70)
0 0 . oy

where —°”1’ 32, ..., ay are the components of the mean data vector Q( )

Now Equation 4.69 can be put in another form

1
V = =
[Nil
2| L
R[N

Finally, the relative response variance is defined to be

=

RT - _ 2
S LN A.Qi)]x,z | (4.71)

or

-
"
b~ |||o

ll =

R T (p- 1y 2R
E (_IAQAQ.& )(.R-Tg)]x,z. (4.72)

x—z [PT(X z)C(x, z)P(x,z):l (4.73)
X,2Z
where
_Bx2) g
P(x,2z) - qx.2) (4.74)
N
C(x,2) =§ 1 (D-1x,2)801(x,2) ] (x,2)"1(x,2)) - (4.75)

The vector P(x,z) is called the "relative sensitivity coefficient

vector,”" whose components consist of the relative sensitivity
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coefficient fields of R to the components of the mean data vector. And
the matrix C(x,z) is called the "relative data covariance matrix," which

is the mean matrix of these N data matrices of the form

- To-
& - ol it

(al'i--al )2 (al'i—-il)(azi--aZ)

| | *
- (4.76)
B = B % = 9 B = B 5
( 5 ) 5 ) ( 5 )

The off-diagonal elements of g:account for cross-correlations in data
uncertainties between different parameters. Each element of g:is
generally space-dependent. Notice that there are only correlations
between any two parameters corresponding to the same space point (x,z).
In summary, the uncertainty analysis for the radionuclide transport
by groundwater flow is performed by the following steps:
(i) Collect all the input parameter data required by the
radionuclide transport calculations;
(1) Calculate the mean values for all the parameters by Equation
4,66,
(iii) Calculate the expectation value of the response of interest

from the radionuclide transport calculation with the mean

parameter data determined in step (ii);




(iv)

(v)

(vi)
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Compute the relative sensitivity coefficient fields for all
the parameters at the reference state (i.e., mean parameter
data), and form the relative sensitivity coefficient vector
by Equation 4.74;

Construct data covariance fields from the uncertainty data
and the mean data using Equations 4.75 and 4.76;

Compute the relative response variance from Equation 4.73.
Then the relative standard deviation of the response is

calculated by

o = (V/RZ)I/Z . (4.77)



CHAPTER V

SOLUTION AND INTERPRETATION OF THE ADJOINT
TRANSPORT EQUATION

In this chapter we will discuss the methodology developed for
solving the adjoint transport equation derived in the last chapter. The
solution of the adjoint transport equation and the physical interpreta-
tion of the adjoint functions for the hypothetical sample problem in

-Chapter III will also be presented in this chapter.
The adjoint transport equation derived for the radionuclide

transport equation is rewritten here for convenience,

Rde—gtqi = -V-E"'Vq)* - V'V‘p* + Rde)\w*o | (5'1)

As previously discussed, Equation 5.1 together with the appropriate
.boundary and final conditions for the specified responses of interest
formulated in Chaper IV constitutes a complete final-value adjoint
transport problem. This final-value problem can be solved with minimal
difficulty by utilizing the same computer program used for solving the
radionuclide transport equation. However, some modifications in the
adjoint transport equation need to be made in order to perform the
adjoint calculation properly. Equation 5.1 will be transformed

to a form compatible with that of the radionuclide transport equation
so that the computer program developed for the radionuclide transport
simulation (i.e., computer code RADMIG) can be utilized to solve the

adjoint transport equation.
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First, we note that the convective term in the adjoint transport
equation (Equation 5.1) is the vector product of the Darcian velocity
vector and the gradient of the adjoint function, i.e.,'V-Vw*, instead of
the divergence of the product of the velocity vector and the adjoint
function V-vy*. However, these two terms are related to each other by

the following equation from the vector calculus.
VeUPE = Veygk - grTey (5.2)

Substituting Equation 5.2 into the second term on the right-hand side

of Equation 5.1 yields

R4O —p = -T-BHvpr - vt + Rgoap + ruT (5.3)

As a result, Equation 5.3 has the addition of the term ¢*v:v on its
right-hand side, which accounts for the divergence of the velocity field
Vsv. For an incompressible steady-state goundwater flow, the term vev

vanishes from the continuity equation.

Rvil 3 _
Yoy = -5 - 0, (5.4)

where p is the water density. In our study it is assumed that a steady-
state groundwater flow has developed before radionuclides begin to
transport in the groundwater flow system. Therefore, theoretically
speaking, V-V should be zero. But in a practical situation, this term
does not necessarily vanish because the numerical model used for solving
the steady-state groundwater flow transport problem may not be very
accurate. If we examine the groundwater flow rate data in the discrete

elements, which were obtained by bilinearly interpolating the Darcian
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velocities from the finite-element grid system to the discrete-element
grid system, we would find mass conservation errors in the groundwater
flow in some discrete elements. Therefore, this term should be kept in
the adjoint transport equation and implemented in the numerical
solution.

Further comparison between Equation 5.3 and the radionuclide
transport equation (Equation 2.8) indicates that signs of the disper-
sive term and the radioactive decay loss term (the first and the third
terms) are different. The sign reversal of the time derivative term in
both the forward and adjoint equations implies that the forward equation
is to be solved by advancing time in a forward manner (same as the real
time) from the initial time to the final time, while the adjoint
equation is to be solved by marching the time in a backward manner from
the final time back to the initial time. Therefore, the adjoint
transport problem can be characterized as a final-value problem just as
the radionuclide transport problem is characterized as an initial-valve
problem. We now solve the adjoint final-value problem by first
reversing the sign of the time variable in the adjoint transport
equation and then using the same computational technique developed for
solving the radionuclide transport problem.

The reversal of the time variable sign can be accomplished by
change of variable in time. From Equation 5.3 the time-dependent

adjoint transport equation becomes
Rdewétﬂ = -V-Druyr(t) - v-Vyr(t) + ROAWP*(t) + ¢*(t)vev, (5.5)

0<t<tf.
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The final-time condition ¥*(t=tf) can be determined for the specified

response of interest. Making a change of variable in t by defining

T=tf - t, (5.6)

d __d

&=--4, (5.7)
and ¢ (t=0) = y*(t=t¢) . (5.8)

Then the adjoint transport problem becomes
Rde-ai’%g—r)-= v-Dtvgr(T) + VOV (1) - RgOAW(T) - W (T)VV , (5.9)

0< 1< tf

with ¢ (=0) = y*(t=tf) as the initial condition for the "time-reversed"
adjoint equation. This "time-reversed" adjoint transport problem can be
solved in the same manner as was the radionuclide transport problem by
marching the time variable forward form =0 to =t¢.

Comparing Equation 5.9 with Equation 2.8 we observe that the
sign of the second term on the right-hand side of Equation 5.9,
namely, the convective term, is different. Roache30 pointed out that

the solution of the mass transport equation of the form

is unstable. Whereas the solution of the differential equation

is stable. In order to have a stable solution and make Equation 5.9

compatible in form with the radionuclide transport equation, the sign of
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the convective term must be reversed. This is accomplished by defining

a reverse Darcian velocity vector

Vp = =V, (5.10)
Then Equation 5.9 can be written as

Rde%’: = V-ﬁ*‘vw* - V'er* - RqOAry* + qi"V'Vr. (5.11)

It is obvious that negating the velocity vector field has the same
effect as reversing the groundwater flow directions.

The sign of the dispersive term in Equation 5.11 (the first term
on the right-hand side) remains unchanged after the reversal of the
groundwater flow directions. It is because the elements in the hydrody-
namic dispersion coefficient tensor ] depend only on the magnitudes
of the velocity components, not on the velocity directions (see
Equation 2.7). In our case the off-diagonal elements of the dispersion
coefficient tensor are zero, therefore, b+ = D. The modified adjoint
transport equation (Equation 5.11) has the same form as the forward
radionuclide transport equation (Equation 2.8) with the exception of
the addition of the "convection-defect" term y*Vv-vy.

We now summarize the method for solving the adjoint transport
problem based on the investigations in Chapter IV and this chapter as
follows:

(1) Reverse the time coordinate so that the final-value adjoint
problem becomes the "initial-value adjoint problem" with the initial
conditions defined by Equations 5.8, 4.46, and 4.52;

(i1) Reverse the directions of the groundwater flow field (i.e.,
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negate the groundwater flow rates, Darcian velocity components
throughout the flow system region);

(i11) Modify the radionuclide transport simulation code RADMIG by
implementing the changes made in steps (i) and (ii), and adding the
discrete-element formulation of the convection-defect term ¥*v-V, into
the program module CONVEC. The adjoint transport simulation computer
code ADUMIG (ADJoint MIGration) was developed;

(iv) Employ computer code ADJMIG to solve the adjoint transport
problem which is composed of Equation 5.11, boundary conditions listed
in Table 4.1 (p. 73), and initial conditions previously mentioned. The
adjoint function fields are computed by marching the time from final
time t=tf (=0) to initial time t=0 (+w=tf) with the same time-step size
. At as was used in the radionuclide transport simulation;

(v) Store the computed adjoint fields in magnetic disk for the use
of the sensitivity calculation.

We now present the solution of the adjoint transport equation and
the physical interpretation of the adjoint function for the sample
problem used in Chapter III to (a) illustrate the properties of the
adjoint function, and (b) demonstrate the usefulness of the adjoint
approach in the radionuclide transport sensitivity analysis. We first
consider the physical significance that the adjoint function has from
the point of view of its mathematical derivation. Recall from Chapter IV
that the adjoint function is incorporated together with the radionuclide
transport term to produce the relative sensitivity coefficient (see
Equation 4.57). The adjoint function y*(x,z,t) can be interpreted as

being the "response-importance" because it is used as the
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"weighting-function" to evaluate the variation in the specified response
of interest. The adjoint function have the following definition:
¥(x,z,t) = importance of the radionuclide concentration C(x,z,t)
at space (x,z) and time t to the response of interest
at time tf.
= probability at space (x,z) and time t per unit area
that the radionuclide concentration at space (x,z) and
time t will contribute to the response of interest at
final time t..

We now examine the transport of these "adjoints" in space and time
imagining that these adjoint function values, like radionuclides, can
move in the groundwater flow system through the mechanisms of
dispersion, convection, and can also suffer “"radioactive decay." As
previously discussed, the adjoint transport problem can be characterized
as a final-value problem. In other words, the adjoint field at final
time te (i.e., final conditions) must first be known, then the solutions
(adjoint fields) prior to te can be determined from these final
conditions. The final conditions are related to the specified response
of interest by being the importance-values to that response. We observe
that there is no internal source at all time in both the forward and
adjoint equation (i.e., both differential equations are homogeneous).
Therefore, the final conditions serve as the only adjoint source (only
at time tf) to the adjoint transport equation. For example, suppose the
response of interest for a radionuclide transport problem is the space-
average radionuclide concentration in a discrete-element located

downstream of the groundwater flow near the outfiow boundary at final
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time te. Then the final conditions for the adjoint function are spe-
cified according to Equation 4.46 such that the adjoint field at time
tf is everywhere zero except at the specified discrete element where
the adjoint value has probability (importance) of unity in contributing
to the response of interest with the computed concentration field at tee

We now look at two numerical examples. For the case of
radionuclide transport problem, the concentration fields correspond only
to the specific input parameter values because the initial conditions
are independently specified. But in the case of adjoint transport
calculations, we have different time-dependent adjoint fields determined
by different final conditions which in turn are based on the specified
response of interest, even though the same input parameter values are
used. The same set of input parameter data was used for the adjoint

transport calculations as was used in Chapter III for the radionuclide

transport simulations, that is, radionuclide = H-3, a = 10m, ar = 5m,

Rq = 1, Darcian velocity field and water content field were taken from

Chapter III. The adjoint transport calculations were made for two dif-
ferent responses of interest. Two-dimensional contour plots of the

time-dependent adjoint fields were presented for each response case.

Simulation Case 1

The response of interest in the first case of adjoint transport
calculation is the space-average tritium concentration in region ZONE-1
as shown in Figure 5.1 at the final time of 10 days. The final con-
ditions were zero everywhere except in the region ZONE-1 where the

adjoint values were determined by Equation 4.46. The transient
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adjoint fields from t = 0 to t = 9 days (in real-time coordinate) were
illustrated in 2-D contour plots as shown in Figure 5.2. Note that the
adjoint values have the unit of 1/m2 (for 2-D geometry). Since the
adjoint transport is a final-value problem, the simulation begins with
final conditions at t = 10 days (because the response of interest was
specified at t = 10 days) and proceeds backward in time to t = 0. One
should examine these graphs in reverse-time sequence, that is, from
t =9 days tot = 0. We see that the adjoint value interpreted as the
importance to the response is highest in the response region and
decreases as we go out away from that region. As "adjoint" time goes
by, (or real-time shortens) the adjoint contours (i.e., isoadjoint
Tines) disperse out in both upstream and downstream directions. We can
also see that the adjoint value dilutes with the decrease in real time.
This is why some inner contours shrink and then disappear. We also
notice that same adjoint contours tend to move toward the bottom of the
trench. This phenomenon is due to convection because the groundwater
flow directions were reversed in the adjoint calculation. The convec-
tive transport of the adjoint values in reversed groundwater flow direc-
tions is not so obvious because the dispersion effect is large due to
large dispersivity values used. The dilution of the adjoint values (due
to dispersion) results from the fact that there is no adjoint source in
the system except the final conditions.

We can also view the adjoint transport in real time coordinate as
follows. At t = 0, the predicted adjoint field (in adjoint time sense)
portrays the potential (importance) that the radionuclide concentration

field at this time would contribute to the response at t = 10 days.




97

Isoadjoint Contours 1-7 at Values of 0.0001, 0.00025, 0.0005, 0.00075,
0.001, 0.0025, and 0.005 1/m
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Then the adjoint values are concentrating toward the response region
ZONE-1 with respect to time. That is, the potential increases and
becomes more concentrated around the response region. Finally, the
final conditions at t = 10 days will be reached when only the con-
concentrations within the response region contribute to the response of

interest.

Simulation Case 2

We next consider the tritium discharge rate (Ci/day) on the outflow
boundary at t = 10 days as the second response of interest (see
Figure 5.1). The final-time conditions were everywhere zero except on
the outflow boundary where the adjoint values were specified according
to Equation 4.52 and have the unit of m/day. The description of the
adjoint transport in the present case is similar to that in the first
case except that the adjoint-value contours always move upstream from
the outflow boundary toward the source boundary (bottom of the burial
trench). As can be seen from the adjoint plots depicted in Figure 5.3,
the adjoint values at t = 9 days were concentrated near the outflow
boundary with the middle part of the boundary having the highest values
(due to the high outgoint groundwater flow velocity). As the adjoint
time increases, the adjoint values convect, disperse toward the central
part of the system region. That is, the adjoint values are essentially
moving from the outflow boundary to the left, because the groundwater is
mainly flowing from the central part (beneath the trench bottom) to the

right. The dilution effect can be seen from the increasing separation

between contours with the increase in the adjoint time.
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Isoadjoint Contours 1-8 at Values of 0.001,
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CHAPTER VI

CALCULATIONS OF RELATIVE SENSITIVITY COEFFICIENTS

The relative sensitivity coefficients of the response of interest
to each associated input parameter will be formulated from the sen-
sitivity coefficient equation derived in Chapter IV and implemented into
the FLIDE numerical formulation in this chapter. The spatial distribu-
tions (fields) of the relative sensitivity coefficients will be computed
by combining the time-dependent radionuclide concentration and adjoint
fields together in the discrete-element grid system for the sample
problem given in Chapter III. The relative sensitivity coefficient
fields will be presented and followed by physical interpretations and
discussions. Procedures for performing the sensitivity coefficient

calculations will also be given.

A. Sensitivity Coefficients Formulation

Formulate the relative sensitivity coefficients in the discrete-
element numerical formulation based on the sensitivity coefficient

equation, Equation 4.57, which is rewritten here for convenience.

- _ ofF) ff — oy LLaF)T = : (6.1)
Solr) = = fo [ J, w(r ’t)__aa(ﬂ C(r',t) dr' ] dt

where R is a final-time response of interest, ofr) is a specified

parameter at space point r and is independent of time. Recall from

100
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Chapter IV that the input parameter o can be any one of five parameters.
They are longitudinal dispersivity ap, transverse dispersivity ar,
retardation factor Ry, water content field 6(r), and radionuclide decay
constant A. L is the linear differential operator for the radionuclide
transport by groundwater flow. The operator L contains the addressed
input parameters and has the form shown in Equation 4.10. C(r,t) and
¥(r,t) are the time-dependent solutions of the radionuclide transport

equation and the adjoint transport equation, respectively.

Sensitivity Coefficients to Longitudinal and Transverse Dispersivities

First consider the sensitivity coefficients of the response of
interest with respect to the parameters of longitudinal dispersivity
ap and transverse dispersivity aT. These two parameters are only con-
cerned with the dispersive term in the radionuclide transport equation.
Let a(r) represent the parameter of either a_ or aT at space point r.
The partial derivative of the radionuclide transport expression
Lla(r')] C(r',t) with respect to a(r) involves the dispersive term,

j.e.,

] - —1 = ] B - -
(7] Lla(r') Jc(r',t) e veDla(r') JvC(r',t) (6.2)

where 55[(?')] is the derivative of the dispersion coefficient D|a(¥',t) |
with respect to a(r). Equation 6.2 is the sensitivity of the dispersive
transport flow rate in a differential volume at location r' with

respect to the parameter a at location r.
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The dispersion coefficient tensor at location r' has the form of

(aL (FIWE(F) + a1(F )iz (F') /v (F)

0 (ar(F WE(F) + a (F )VE(F) /v (F)

—————

———

0

(6.3)

where vy(r'), vz(r'), and v(r') are x, z components, and the magnitude

of the Darcian velocity vector at location r' respectively.

The partial

derivative of the dispersion coefficient tensor D(¥') with respect to

Tongitudinal dispersivity aj (v¥) at * is

D3, (F37) —gg—%)l
——::—t%—) (" ZIE:)) ) W)
2R 0

= | 0 ) s R v (E)

where §(r'-r) is a space delta function defined as

L 1, if7=r
§(r'-r) =
0 , otherwise.

) v(r!

)

(6.4)

(6.5)
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The partial derivative of a (r') with respect to aj(¥) gives this space
delta function because a change of a parameter value at a space point T
does not alter the parameter value at any location but r. In actuality
the parameter value is always defined in a finite differential volume at
Tocation v, &V(r) in any finite-differencing numerical method.
Therefore, &(r'-r) can be defined as follows.

1 , if r' is inside &V(r)

§(r'-r) = (6.6)

0 , otherwise.
The partial derivative of dispersion coefficient tensor B(F') with
respect to transverse dispersivity at(r) in a differential volume &V(T¥)

at r is

dar(r)
VE(F) 8(F-F) /v (F) 0
- o (6.7)
0 vx(rt)s(r'-r)/v(r')

The relative sensitivity coefficient field S3(r) of the response R to the

dispersivity a (a_ or aT) now becomes (from Equation 6.1 and 4.57)
- v t —_ = o — —
Sa(f) = 2L L[ @ 0 vBEIRE 0E Jd . (6.8)

Note Bé(?“;?) can be written as

Da(F';7) = DA(F') 8(F*-F) (6.9)
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where 5;(?) is either SAL(F}F) for a = a or SAT(FXF) for a = ar,
defined by Equations 6.4, 6.5, and 6.7. The volume integral over the
system region V can be reduced to the volume integral over the dif-
ferential volume &V(r) about r using the definition of &(r'-r) in
Equation 6.6, i.e.,
= tf =
sa(r) = rl Il IGV(_ P (7, t) VD (F ) WC(r ,t)dr Jdt.  (6.10)
r)

Equation (6.10) will be converted into finite-differencing form in
the two-dimensional discrete-element numerical formulation. We operate
the dispersion coefficient derivative tensor BQL(F) on the gradient of

concentration YC(r,t) in the two dimensional (x,z) coordinate system to

get
aC
=, vi/v 0] “x
DaL(r)VC(r,t) = 2
0 vz/v o€
Y4
VE % o, Ve ac

Note that the left-hand side of Equation 6.11 is to be evaluated at
space r and time t. Taking divergence on Equation 6.11, we get

2 2

Vx 3C +3 Vz 3C

o’ =9 (fx 3y 3 ¥z C
v DaLVC T (v ax) 9z (v az) (6.12)

which is a scalar and is to be evaluated at location r and time t.




105

In the discrete-element grid system, let the differential volume
&(r) be the discrete element (i,k) and T be located at the center of
the element. Then the right-hand side of Equation 6.10 is approxi-
mated to be the net flow rate of the term BéVC through the four
enclosures of the discrete element (i,k), multiplied by the mean adjoint
value of the element qﬁ,k.

The relative sensitivity coefficient of the response R to the input

parameter a at the discrete element (i,k) was formulated to be

ik) t 2
sa (1) = LK 5w N
R0 7 v Ty YR i+1/2,k
2
+ (- 2K (-2 X i Jdt . (6.13)
i,k=1/2 V.o i,k+1/2 '

The relative sensitivity coefficient of the response R to the transverse

dispersivity ar at the discrete element (i,k) was derived to be

2
at(i,k) vz 3¢ Vz o
Sar(iok) = == f kU= 3755 j-1/2 k-(- v
2
Vx o Vx ¢ ax
(- XL N . dt.
C3 % i,k-1/2 Sk i,k+1/2 ] (6.14)

The notations (| j+1/2,ks and (| k+1/2, indicate that the terms
between the Teft parentheses and the vertical bars are to be evaluated

at the centers of the four enclosures (i+1/2,k), (i,k+1/2) of the
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discrete element (i,k) respectively. Equations 6.13 and 6.14 can be
expressed in terms of the values of vy, vz, v, and C at the centers of

discrete elements by using the following equations.

1
Vit+1/2,k =7 (Vitl,k + Vi k) » (6.15)
1
Vi k+1/2 =7 (Vi,k+l + Vi k) » (6.16)
. - Ci.
L S Gk - CGia1k ’ (6.17)
X | §-1/2,k Axj-1/2,k
. - Cs
X - Litlk - Cik (6.18)
x| i+1/2,k 8Xi+1/2,k
. -Ci 1o
x 2 lik = Gkl (6.19)
3z |4,k-1/2 Azi k-1/2
Cs - Cs
X = <Lkl 7 ik (6.20)
Z | §,k+1/2 Az k+1/2
where
1
M&Xi+1/2,k =5 (Mxi+1,k + & k) (6.21)
1
8zi k+1/2 = 5 (Azi k41 + 82§ k) - (6.22)

The half-point values of vy, vz can be evaluated using Equations 6.15,

6.16. The time variable was dropped from C and ¥ for notation

simplicity.
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Sensitivity Coefficients to Water Content Field and Retardation Factor

We now formulate the relative sensitivity coefficient fields of the
response R to water content field 8(x,z) and retardation factor Rq.
Sensitivity coefficients of responses to water content field and retar-
dation factor are expected to have the same expression because these two
parameters are always tied together in the radionuclide transport
equation. Both parameters are in general space-dependent.

The relative sensitivity coefficient of response R to water content

value at location r is
-t -,
som) =25 T et AL )] o7 t)dF ] dt (6.23)
R "0 v a8(r)

After differentiating the transport operator L with respect to 6(r) and
utilizing the "local effect" property of the parameters (i.e.,

30(r')/36(r) = &(r'-r) as defined by Equation 6.6), we come up with

0y W(F',t)Rd(A+—z€)C(F',t)d?'] dt . (6.24)

Similarly after the same manipulation, the relative sensitivity coef-

ficient of response R to the ratardation factor R at location ¥ is

S = - e E e e FL ) ] b . (6.25)
d R0 “sav(r) at

If Rq and o(r') are factored out of the volume integrals in Equations

6.24 and 6.25 respectively (they are assumed to have constant values
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in the differential volume &V(r) at r), we have the relative sensitivity
coefficient field of response R to either Rq or o(r) as
Rqe(r) tf 3

- Io | fsvmv(?,t)(x +a—t )C(r',t)dr' | dt . (6.26)

SRd(F) = SS(F) = -

Equation 6.26 can be further implemented into discrete-element form by
taking the differential volume dV(¥r) as the discrete e]erﬁent (i,k) in
the two-dimensional discrete-element grid system. Then the relative

sensitivity coefficient field of R to Rq or 8 in the FLIDE formulation

is

Srqli,k) = Se(i,k)

Radi k Ef . i, k(t)
== L (0 k()0 k(t) + i k(t) ———
0 at
Axj kAzj kdt ‘(6.27)

for each discrete element (i,k) in the system region.

Sensitivity Coefficient to Radioactive Decay Constant

The relative sensitivity coefficient field of the response R to the

radioactive decay constant A of a specified radionuclide is

SA(F) = Aftf[f L E)RgO(F)C(F,t)dr | d 6.28
x(?‘)--EO W(F)‘P*(Y‘,)de(?‘)(f‘,t)?‘]t- (6.28)

The relative sensitivity coefficient field S)(r) in the discrete-element

form becomes
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- R4 8 k

Salik) = .

f;fﬁ,k(t)ci,k(t)AXi,kﬁzx',kdt (6.29)
for each discrete element (i,k) in the system region.

So far we have formulated the relative sensitivity coefficients of
responses of interest to five input parameters. They are longitudinal
and transverse dispersivities, water content, retardation factor, and
radioactive decay constant. It should be noted that the sensitivity
coefficient is in general a function of space regardless of whether the
parameter considered is a space-dependent function or a constant in the
system region. Such space-dependent sensitivity coefficients have been
called sensitivity coefficient fields. For example, suppose Sg{x,z) is
the relative sensitivity coefficient field of response R to input param-
eter a. Then the value Sq4(Xp,zg) represents the percent change in R due

to the percent change in the value of parameter a at the space location

(x0,20)-

B. Time Integration of the Sensitivity Coefficients

In this study, the response of interest was specified to be the
functional of radionuclide concentration field at the specified obser-
vation time (final time). The time-dependent radionuclide con-
centrations were computed by solving the transient radionuclide
transport equation from initial time tg (usually zero) to final time tf
with a constant time-step size At. The number of simulation time step
Nt is hence (tf - tg)/at. The adjoint fields were solved from the

adjoint transport equation which was characterized as a final-value

problem. The adjoint calculation was performed by reversing the time
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direction from tf to tg having the same number of time step Ny and the
same time-step size At as in the concentration calculation. In both
concentration and adjoint calculations, we had Nt + 1 concentration
fields and Ny + 1 adjoint fields including the initial and final con-
ditions for concentration and adjoint respectively stored.

Trapezoidal integration rule was employed to carry out the time
integrations for the relative sensitivity coefficients. As a result,
the time-dependent concentration and adjoint fields at any time were
evaluated by linear interpolations from the Nt + 1 sets of concentration
and adjoint data respectively, in the time integration process. For
Nt time intervals, there are Nt + 1 point-values for concentrations
Co, C1, «++, CN¢» and Ng + 1 point-values for adjoints ), i, ..., W,
where Cg and wﬁt are the initial and final conditions for concentra-
tion and adjoint respectively. The values of C and ¢* at any time t
within the nth time interval, C(t) and y¥*(t), are assumed to be linear
variations between the two consecutive values of C and ¢ at times

tn-1 and tp, respectively. C(t) and y*(t) can be expressed as

C(t) = Cpo1 + Ca(t = tp-1) » (6.30)

w(t) = -1+ W'(t - tpa1) (6.31)
where

Ch = (Cph - Cp-1)/at , (6.32)

*

' = (¥ - dhe1)/at (6.33)
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and ty = tg + nAt, tf = tg + NgAt, and t falls within the time interval
(th-15tn)-

We first break each one of the time integrals in Equations 6.13,
6.14, 6.27, and 6.29 into time integral terms. Then the relative
sensitivity coefficient of response R to input parameter a at any
discrete-element center (Teaving out notations for space-dependence in

discrete-element grid system) can be written as

Sq= A % S% » (6.34)
m=1

where A is the common factor independent of time, M is the number of
terms inside the time integral. Let us designate functionals FplLv*(t)]
and GuLC(t)] to represent the associated terms pertaining to *(t) and
C(t) respectively in each time integral term §2. Fpl v*(t)] may contain
linear function, spatial gradient of (t). Gu[C(t)] may contain linear
function, spatial gradient, and time derivative of C(t). Now the time

integral term Sﬂ can be attributed to Fy and Gy as

m f
Sq = IO Fml v*(t) J6mlC(t) 1dt . (6.35)

For example, the relative sensitivity coefficient of R to Rg

(Equation 6.31) can be broken into two terms as A(FiGj + FoGp) with

A = -R4q848xAz/R and Fp = Ay*(t), G = C(t), Fp = ¥*(t), and G» = aC(t)/sat.
Now the time integral in Equation 6.35 is broken up into Nt time

integrals with each integration range from the starting time to the

ending time of each time interval At. Within each time interval, C and
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¥ are linearly interpolated as expressed in Equations 6.30 through
6.33. Equation 6.35 is approximated by employing trapezoidal
integration technique. Substituting Equations 6.30, 6.31 into
Equation 6.35, we get
Sh= 1 [ Faldhe1 * #'(t - tne1)] GnlChl + CACE = too1)Tdt . (6.36)
n=l tp-1
Using the linearity property of functional Fy and Gy and making a change
of integrating variable from t to t' = th-1 +t for n =1 to N,

Equation 6.36 was reduced to

Nt &t

S = Xl fo [Fm(¥-1) *+ Fm(¥n')t'1Gm(Cn-1) + Gm(Cn')t'ldt" . (6.37)
n=

Multiplying the two square-bracketed terms and carrying out the integra-

tion term by term, Equation 6.37 now becomes

Nt

m 2 3

Sa = Zl [HR11 &t + (HM12 + HA21) %‘r Hi22 -‘%— , (6.38)
n=

where

n *

Hnll = Fm(¥n-1)6Gm(Cn-1) (6.39)

n * 1

Hmi2 = Fu(ip-1)Gp(Cp) (6.40)

n *

Hm21 = Fm(¥n')6p(Cho1) (6.41)

n-1
n *
Hm22 = Fm(n')Gm(Cph) - (6.42)
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The first term Hgll involves the "folding" between the concentration and
adjoint values at Ny + 1 discrete times (will be called point-values).
The second and third terms Hglz, H$21 involve the point-values and time-
derivative values of concentrations and adjoints. And the last term
Hazg accounts for the contribution from the time-derivative values of

both concentrations and adjoints

C. Computational Procedure

We have completed the mathematical formulation of the relative sen-
sitivity coefficients of the specified response of interest to each one
of five input parameters. The relative sensitivity coefficient fields
for these input parameters have been implemented into a computer program
SENCOF (SENsitivity COefficient Field code) in the discrete-element grid
system using Equations 6.13, 6.14, 6.27 and 6.29 as the sensitivity
coefficient equations in the FLIDE formulation and Equations 6.34,
6.39-6.42 for the time integration.

The computational procedure for performing the sensitivity coef-
ficient calculations is the following:

(i) Perform a reference-state radionuclide transport simulation
with the reference-values of the input parameters to obtain the time-
dependent radionuclid concentration fields from initial time to final
time with a stable time-step size using the computer code RADMIG (see
Chapter III for details);

(ii) Perform a reference-state adjoint transport simulation with
the same set of input parameter values as in step (i) to obtain the

time-dependent adjoint fields from final time to initial time with the
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same time-step size as in step (i) using the computer code ADIMIG (see
details in Chapter V). The final conditions are established on the
basis of the specified response of interest;

(iii1) Retrieve from magnetic disk the concentration and the
corresponding adjoint fields in a real-time sequence from initial time
to final time and compute the relative sensitivity coefficient fields of
the specified response of interest to five input parameters considered
in this study using the computer code SENCOF. Present the relative sen-

sitivity coefficient fields in 2-D digital graphs.

D. Numerical Demonstration and Discussion

In this section two examples for the calculation of the sensitivity
coefficients of the specified responses to four input parameters a_ , aT,
Rq and A will be given and the results will be presented and discussed.
Since the sensitivity coefficients for the retardation factor Rq and
water content field are identical, we only discuss the sensitivity for
Rq-

We will follow the computational procedure for the sensitivity
coefficient calculation just outlined in the last section. The opera-
tional flow and data path of the sensitivity calculations for the two
examples are illustrated in Figure 6.1. Both examples share the same
set of input data (including the groundwater flow and input parameter
data). Hence the radionuclide transport code RADMIG only need be run
once to obtain the time-dependent concentration fields. The
radionuclide transport simulation with the basic input data has been

done in the first example of Chapter III. The time-dependent tritium
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concentration fields from initial time tg = 0 to final time tf = 10 days
with time-step size of 0.1 day were computed and stored on the magnetic
disk to be used for sensitivity calculation (see Chapter III for
detail).

As far as the adjoint transport calculation is concerned, each spe-
cified response of interest corresponds to one adjoint calculation and
hence one set of time-dependent adjoint fields (even though the input
data used are the same). It is because the final conditions for the
adjoint calculation are determined by the specified response of
interest. In the present case, the two sensitivity examples only differ
by the response of interest. The responses of interest for these two
sensitivity examples were taken from the examples of adjoint transport
calculation in Chapter V. The response for the first sensitivity
example is the space-average tritium concentration in region ZONE-1
(see Figure 5.1, page 95) at final time tf = 10 days. The response for
the second example is the tritium discharge rate (Ci/day) at tf = 10
days. The adjoint transport code ADJMIG was run twice to obtain the
time-dependent adjoint fields from final time tf = 10 days back to
initial time tg = 0 for the two responses of interest (see Chapter V).
The calculated adjoint field data were also stored on the magnetic disk.

The sensitivity coefficient calculation code SENCOF was then
employed to compute the sensitivity coefficients of both responses to
the input parameters. The concentration fields and the adjoint fields
corresponding to the first response were read from the disk to SENCOF

to compute the relative sensitivity coefficient fields of the response

(space-average tritium concentration in region ZONE-1 at tf = 10 days)
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to the four input parameters. The same concentration fields and the
adjoint fields for the second example were read to compute the relative
sensitivity coefficient fields of the second response (tritium discharge
rate at tg = 10 days) to the four ihput parameters. The results for both
examples are presented in Figures 6.2 through 6.9. Note that each rela-
tive sensitivity coefficient field consists of the relative sensitivity
coefficients at the discrete-element centers of the flow system. The
relative sensitivity coefficient at each discrete-element center repre-
sents the percent change of response per percent change of the parameter
in that discrete element.

In the first sensitivity example with space-average concentration
in ZONE-1 at tf = 10 days as the response of interest, we generally have
higher sensitivity coefficients in the upstream region of ZONE-1, par-
ticularly near the source boundary (i.e., bottom of the burial trench),
for the parameter of longitudinal dispersivity a . In other words, the
response is more sensitive to the variation of a in the upstream region
of ZONE-1, and also in part of ZONE-1 itself. For example, one percent
increase in ap at element (6,8) will results in 0.094% increase in the
space-average tritium concentration in ZONE-1 predicted at tf = 10 days.
High Tongitudinal dispersivity sensitivity in the upstream region and
near ZONE-1 is due to the high groundwater flow rates near the source
boundary, which result in high longitudinal dispersive transport rates
toward the response region. In general, the response specified in
ZONE-1 would be more sensitive to the parameters in the upstream region

than any other regions because any change of the parameters in the
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upstream region will bring about concentration change in that region
which will ultimately contribute to the response change.

We notice that there are some negative sensitivity coefficients
for the parameter of transverse dispersivity aT (also a few for a).
For example, at element (6,8), 1% increase in aT results in 0.023%
"decrease" in the first response of interest. This seems surprising at
first. Let us consider the effect of the transverse dispersivity
variation in the region near the source boundary, where the hydraulic
velocity is large, to the response of interest. An increase in at in a
discrete element of that region will increase the outgoing transversal
dispersive transport rate in that element, and consequently will result
in a concentration decrease in that element. Since the groundwater
passing through that element will also flow through the response region
ZONE-1, the concentration decrease in that element will ultimately
result in the concentration decrease in the downstream region (including
the response region) and hence will result in the response decrease. On
the other hand, the concentration increase in the region transverse to
the groundwater flow direction (e.g., discrete element (7,8)) due to the
increase of the incoming dispersive transport flow rate has little
contribution to the concentration in the response region because the
groundwater is not flowing through that region. Therefore it is not
surprising to have some negative sensitivity coefficients of the first
response to ar.

As for the sensitivity coefficients of the second response of
interest (tritium discharge rate at tf = 10 days) to a_ and at, we

generally have high sensitivity coefficients near the source boundary
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and along the groundwater flow path up to the outflow boundary because
any change in aj or ar in the upstream region of the outflow boundary
will affect the concentration on the boundary and hence will
contribute to the change in the response.

We next examine the sensitivity coefficients of the first response
of interest to the retardation factor Rq and radioactive decay constant
A. We first notice that the sensitivity coefficients for R4y and A are
all negative. That is, any increase in Rq or A will result in a
decrease in the response of interest. This can be seen from the nega-
tive sign in the sensitivity equations for Rd and X (see Equations
6.30, and 6.32). As we can see from Figures 6.4 and 6.5, the sen-
sitivity coefficients for Rq and A are high near the source boundary, in
the upstream region of, and inside the response region ZONE-1l. It is
conceivable that the change of R4 inside the response region or in its
upstream region will have higher impact on the response change than in
any other regions. This is because the resultant concentration change
in  the upstream region, or inside the response region will be
transported by the groundwater flow into the response region and contri-
bute to the response change. In contrast, it is more difficult for the
concentration change in any other regions to reach the response region
because of the low hydraulic velocities.

As for the sensitivity coefficients of the second response of
interest to Ry and A, we can see from Figures 6.8 and 6.9 that the
response is in general sensitive to the variations of Rq and X in the

upstream region of the outflow boundary.
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In summary, the sensitive region of a specified response of
interest to each one of the four input parameters is determined by
(1) groundwater flow, and (2) geometric location of the response region
in the groundwater flow system. That is, the higher the hydraulic velo-
city is in a region, the more sensitive the response is to the parameter
variation in that regfon. And the sensitive region is in general
situated in the upstream area with respect to the response region. In
all cases, we see that Ry is the most sensitive parameter, and X is the
least sensitive parameter. The sensitivity coefficient for A is about

three orders of magnitude smaller than that for Ry.



CHAPTER VII

VALIDATION OF THE SENSITIVITY METHODOLOGY

In this chapter, the sensitivity results obtained from both direct
calculation and the general sensitivity analysis based on generalized
perturbation theory will be presented and compared against each other.
This comparison can serve as a validation process for the general sen-
sitivity theory. The linearity ranges of the parameters within which
the perturbation theory will give good prediction of the response of

interest were estimated.

A. Comparisons of Sensitivity Coefficients

The quantities to be compared are the total relative sensitivity
coefficients of the specified response of interest to the specified
input parameters. We assume that the specified input parameter is per-
turbed uniformly over the system region (i.e., the perturbation of the
parameter is space-independent). For example, if the longitudinal
dispersivity a is perturbed by one percent, the a; value in each com-
putational discrete-element is perturbed by 1%. Consequently, the total
relative sensitivity coefficient of the response to the specified input
parameter is calculated by integrating the relative sensitivity coef-
ficient density field over the space of system region. In the discrete-
element formulation, the total relative sensitivity coefficient is
calculated by summing up the product of the relative sensitivity coef-

ficient density and the area of each discrete-element in the system

region.
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The procedure for the calculation of the total relative sensitivity
coefficient by direct-calculation approach is outlined as follows. We
perturbed only one parameter in the vicinity of its reference value at one
time while holding all other parameters at their reference values. Let
Ry represent the response of interest calculated by running the
radionuclide transport code with all the input parameters at their
reference values. If we wish to calculate the sensitivity coefficient
of response to the ith parameter o, we perturb «j by p percent to
become a{ while all the other parameters remain at their reference

values. In other words, the input data set has the form

31.’= (al, %y eeey ai‘, oN) (7.1)

where a{ = o (1 + 0.01 p) (7.2)

and p is usually a small number (e.g., 1 or 2) to attain a linear
behavior of the response in the vicinity of the reference point.
Another response of interest Ry was calculated by running the same com-
puter code with the perturbed input data_g{. Now the total relative
sensitivity coefficient of response R, to parameter a; by means of

direct-calculation approach was calculated as

RZ -
5, = Ra- Re)/Rr (7.3)
0.01 p

Then the total relative sensitivity coefficients of response Rp to all
the other parameters by the direct-calculation approach were calculated

in the same way.
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We now compare the total relative sensitivity coefficients obtained
by using the generalized perturbation theory and direct-calculation
approaches for two cases. The four input parameters considered in the
sensitivity coefficients comparison are longitudinal and transverse
dispersivities a, ar, retardation factor R4, and radioactive decay
constant A. The reference input parameter data for the two cases was

listed in Table 3.1 (example 1) on page 54. The steady-state hydraulic

~velocity field was presented in Figure 3.4, page 52.

In the first case of sensitivity coefficient comparison, the
responses of interest were specified to be the space-average tritium
concentrations in region ZONE-1 as shown in Figure 5.1, page 95, at
final times tf = 2 and 8 days. In the second case, the responses of
interest were specified to be the tritium discharge rates on the outflow
boundary at final times tf = 2 and 8 days. The total relative sen-
sitivity coefficients of the responses of interest specified for both
cases to the specified four input parameters were computed by means of
both the direct calculation and the perturbation method approaches, and
the results were given in Tables 7.1, 7.2 and Tables 7.3 and 7.4,
respectively.

Among the four parameters of interest, Rq and A have negative sen-
sitivity coefficients. That is, an increase in the value of Rq or
A causes a decrease in the response. As can be seen in the radionuclide

transport equation (Equation 2.8), an increase in Rq will result in a




132

Table 7.1. Comparison of Relative Sensitivity Coefficients
Computed by Both Direct-Calculation and Perturbation-
Theory Methods for Sensitivity Comparison
Case 12 at tf = 2 Days

Relative Sensitivity Coefficients

Inputb
Parameter Direct Perturbation Discrepancy€
Calculation Prediction (%)
a (1%) 1.0358 0.9754 5.83
ar (1%) 0.6002 0.5991 0.19
Rq (1%) -2.8274 -2.8777 -1.78
A (100%) -2.2423 x 104 -2.2623 x 10-4 -0.89

aThe specified response is the space-average tritium con-

centration in region ZONE-1 (see Figure 5.1, page 95) at the
specified final time tg.

bThe percentage in the parenthses represents the perturbation
of the associated parameter in the direct calculation.

Direct-Perturbation ) .

CDiscrepancy is defined to be 100 x ( DT rect
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Table 7.2. Comparison of Relative Sensitivity Coefficients
Computed by Both Direct-Calculation and Perturbation-
Theory Methods for Sensitivity Comparison
Case 1 at tf = 8 Days

Relative Sensitivity Coefficients

Paigggzer Direct Perturbation Discrepancy
Calculation Prediction (%)

a; (1%) 0.4654 0.4970 -6.79

ar (1%) 0.1193 0.1231 -3.19

Rd (1%) -1.6121 -1.6258 -0.85

A (100%) -8.1769 x 10-4 -7.8232 x 10-4 4.33

Table 7.3. Comparison of Relative Sensitivity Coefficients
Computed by Both Direct-Calculation and Perturbation-
Theory Methods for Sensitivity Comparison
Case 22 at tf = 2 Days

Relative Sensitivity Coefficients

Paigggger Direct Perturbation Discrepancy
Calculation Prediction (%)

3 (1%) 1.9216 1.8400 4.17

ar (1%) 0.3581 0.3600 -0.47

Rd (1%) -4.0822 -4.1950 -2.74

A (100%) -2.4835 x 10-4 -2.4288 x 10-4 2.20

dThe specified response is the tritium discharge rate on
the outflow boundary at the specified final time tf.
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Table 7.4. Comparison of Relative Sensitivity Coefficients
Computed by Both Direct-Calculation and Perturbation-
Theory Methods for Sensitivity Comparison
Case 2 at tf = 8 Days

Relative Sensitivity Coefficients

Paigggger Direct Perturbation Discrepancy
Calculation Prediction (%)

a (1%) 1.5167 1.5455 -1.90

ar (20%) 7.523 x 10-3 7.405 x 10-3 1.57

Rd (1%) -3.5229 -3.6895 -4.73

A (100%) -9.3836 x 10-4 -9.5347 x 10-4 -1.61

decrease in the effective radionuclide moving speed in the porous medium
(VYRd), and hence a decrease in the concentration field. Since the
response of interest is specified to be the linear functional of the
concentration field, a decrease in concentration will result in a
decrease in response of interest.

Examining Tables 7.1 and 7.2, we see that the space-average tritium
concentrations in region ZONE-1 predicted at the two indicated final
times are most sensitive to the retardation factor Rq and most insen-
sitive to the radioactive decay constant A. For example, if the retar-
dation factor Rq is increased by 1%, then the response will decrease by
2.88%. Whereas 1% increase in A only results in 0.0002% decrease in
the response. In the second case, we see from Tables 7.3 and 7.4 that

the tritium discharge rate predicted at the same two final-times as in



135
the first case are also most sensitive to Rq and most insensitive to A.
In both cases, the sensitivity priority for the four parameters are Ry,
3, ar, and A in the order of decreasing sensitivity. It means that
Rq is the most important parameter and A is the least important one in
the calculation of the response.

As can be seen from Tables 7.1 through 7.4, the agreements between
the sensitivity coefficients computed by direct-calculation method and
those predicted by the generalized perturbation theory are good for the
four addressed parameters in both cases. The discrepancies for the
parameters are small (less than 7%). The good agreement in the com-
parison of sensitivity coefficients by the two methods has shown that
the generalized perturbation theory is valid and useful in predicting
the sensitivity coefficients for the problem of radionuclide transport
by groundwater flow.

One should note that the sensitivity coefficients computed by the
direct-calculation method depend on the perturbation value imposed on
the specified parameter. One percent of the reference data value was
used to perturb the input parameters in the direct calculations except
the radioactive decay constant and the transverse dispersivity in one
case, whose sensitivity coefficients are very small. Large perturbation
values were used for these parameters in order to gain enough numerical
accuracy.

One would also like to know how the response behaves near the
reference point in contrast to the perturbation prediction. We

shall present the response behavior with respect to the parameter
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along with the response-parameter line predicted by the generalized

perturbation theory in the following section.

B. Ranges of Linearity for the Radionuclide Transport Responses

The perturbation sensitivity analysis technique developed in this
dissertation for the radionuclide transport simulation is based on the
generalized perturbation theory. Consequently, the response variation
computed by the perturbation method is only accurate to the first-order
change of the inpét parameter data, but is insensitive to the first-
order variations of the concentration fields resulting from the param-
eter perturbation. As previously discussed in Chapter IV, sensitivity
coefficients obtained by the perturbation method can be used to predict
the changes in the specified response R due to changes in the input

parameter value «, i.e.,
(R/R)% = Sy(da/a)% (7.4)

where S, represents the relative sensitivity coefficient of response R
to parameter a. One would like to ask the question: "How much can a
parameter value be perturbed from its reference value without making the
perturbation sensitivity analysis technique break down in predicting the
response changes (i.e., without giving rise to large errors in the
response prediction)?" This question can be answered by determining the
Tinearity range of the parameter for the response in the neighborhood of
the reference data point. In this section we shall make a comparison
between the responses obtained by both the direct-calculation and

perturbation-theory methods due to the same parameter changes.
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Longitudinal and transverse dispersivities a|, ar and retardation factor
Rq were chosen as the input parameters to illustrate the predictive
aspect of the perturbation-theory method. The two specified responses
of interest were: (1) space-average tritium concentration in region
ZONE-1 shown in Figure 5.1, page 95, at final time tf = 2 days, and
(2) tritium discharge rate at tf = 2 days. The percent response changes
from the reference-state values were plotted against the percent changes
of the parameters from their reference values in both positive and nega-
tive directions as presented in Figures 7.1 through 7.6 for the two spe-
cified responses. The straight lines passing through the reference data
point (i.e., coordinate (0,0) in Figures 7.1-7.6) represent the response
vs parameter lines predicted by the generalized perturbation theory.
The slopes of these straight Tines give the relative sensitivity coef-
ficients computed by the generalized perturbation theory. One should
note that each pair of the specified response and parameter corresponds
to a unique sensitivity coefficient computed by the perturbation method
at the reference data point. Thus, the predicted response change
corresponding to a given percent change of the parameter can be deter-
mined by multiplying the relative sensitivity coefficient with that per-
cent change. As for the direct-calculation method, the response changes
were obtained by making percent changes (positive as well as negative)
in the specified input parameter, then rerunning the radionuclide
transport code RADMIG with all the other input parameters fixed at their
reference values. Thus, one can construct a response versus parameter
curve by repeating the radionuclide transport calculation with altered

input parameter values.
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As can be seen from Figures 7.1 through 7.6, the response behavior
near the reference point is Tinear in both specified response cases.
The agreement between the perturbation prediction and direct calculation
for the response changes is good in the linearity ranges of the param-
eters listed in Table 7.5 for the two response cases. Now, the response
change with respect to the reference-state response value arising from
any parameter change within its linearity range can be obtained by
multiplying the relative sensitivity coefficient for the parameter
calculated by the perturbation method with the specified parameter per-
cent change. The response so calculated will be as accurate as that

obtained by running the radionuclide transport code with the varied

Table 7.5. Linearity Ranges of the
Parameters in the Radionuclide
Transport Calculations

Input Parameter Range (%)

Response Case 1 al aT Rd
From -35 -60 -8
To 40 60 8

Input Parameter Range (%)

Response Case 2 ap. aT Rd

From =12 -80 -4
To 18 80 4
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parameter data. The graphical comparison of the response shown in
Figures 7.1 through 7.6 further demonstrates the validation and use-
fulness of the generalized perturbation theory in predicting the
response change in the radionuclide transport calculation.

The advantage of using the perturbation method to get the perturbed
response for a parameter change within its linearity range is the
following. Once the relative sensitivity coefficient of the response to
the parameter has been determined at the reference-state, the perturbed
response can be calculated by using Equation 7.4 without having to
repeat the radionuclide transport calculation. Thus, the computation
cost can be saved.

However, as can be seen from Figures 7.1 through 7.6, the response
is no longer linear if the perturbation of the parameter is extended
beyond its linearity range in both positive and negative directions.
Then the perturbation method cannot be employed to accurately predict

the response changes due to such large parameter changes.



CHAPTER VIII

SUMMARY, CONCLUSIONS AND RECOMMENDATIONS FOR FURTHER STUDY

Transport of radionuclides by groundwater flow in saturated-
unsaturated porous media has been regarded as an important pathway for
radioactive wastes to reach the biosphere from the low-level radioactive
wastes shallow-land burial trench. The simulation of radionuclide
transport and the prediction of radiation dose to man are necessitated
in the assessment of the environmental impact of the radioactive wastes
disposal to the biosphere, and can be performed by employing numerical
models for the simulations of both the groundwater flow and radionuclide
transport. Sensitivity analysis for the radionuclide transport by
groundwater flow which was developed using generalized perturbation
theory allows one to identify the most sensitive input parameters and
the sensitive regions; to estimate changes in the computed response of
interest (e.g., dose to man) arising from changes in the input parameter
data without resorting to recomputation of the response. The following
is a summary of the work that has been done and conclusions of the
findings in this study.

A transient, two-dimensional computer code RADMIG for the simula-
tion of radionuclide transport by groundwater flow has been developed
using Fluid in Discrete Element (FLIDE) numerical formulation. This
code was employed to simulate tritium transport in a hypothetical
groundwater flow system and compute the specified response of interest

for three example problems. The steady-state groundwater flow data in
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the system region was obtained by running a groundwater flow transport
code based on the Galerkin finite-element model and transferring the
flow data into discrete-element form as input data to RADMIG. The time-
dependent isoconcentration contour graphs were presented for each case.

The sensitivity analysis methodology for the radionuclide transport
problem has been developed, based on generalized perturbation theory,
which can be used to assess the uncertainty and sensitivity of the
response of interest (e.g., total radionuclide discharge rate or space-
average concentration at a final time) due to changes in the input
parameter data. The adjoint transport equation was derived from the
radionuclide transport equation using the variational principle for-
mulation of generalized perturbation theory. Boundary conditions for
the adjoint transport equation were formulated. Since the adjoint
transport was characterized as a final-value problem, the final con-
ditions were formulated for each type of response under consideration.
The sensitivity coefficients were formulated for each of five input
parameters and were computed by "folding" the time-dependent con-
centration and adjoint fields together.

The adjoint transport equation was solved using the adjoint
transport code ADJMIG which was developed by modifying the radionuclide
transport code RADMIG. The adjoint transport equation was solved to
obtain time-dependent adjoint fields for two responses of interest.

It was shown that the adjoint function can be interpreted as
"importance" of a radionuclide in a groundwater flow system to a com-
puted response of interest. This response-importance field is closely

related to the groundwater flow pattern and the response region. It was
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Tllustrated that the response-importance was transported by the reversed
groundwater flow from the response region. It was concluded that the
time-dependent adjoint fields can provide some physical insight into the
importance of the groundwater flow to the response.

The relative sensitivity coefficient formulations have been imple-
mented into the computer code SENCOF which was used to compute the rela-
tive sensitivity coefficient fields of two responses (space-average con-
centration and total discharge rate) to four input parameters. The pro-
cedure for radionuclide transport sensitivity analysis was outlined.

The sensitivity coefficient field shows the sensitive regions of the
parameter in which the response of interest is most sensitive to the
parameter variation. It was concluded that the sensitive region is in
general situated in the upstream area with respect to the response
region in the groundwater flow system. It was also noted that the sen-
sitive regions for the parameters are largely dependent upon (1) ground-
water flow pattern, and (2) geometrical location of the response region.

The radionuclide transport sensitivity theory has been validated by
comparing the relative sensitivity coefficients of responses of interest
to each one of the input parameters, obtained from the use of the
perturbation sensitivity analysis (prediction) and direct-substitution-
type analysis (direct-calculation). The responses of interest under
consideration included the space-average tritium concentrations and
tritium discharge rates at different final times. Uniform percent
changes of parameters through the system region were used for both
prediction and direct-calculation approaches to obtain the relative

sensitivity coefficients which represent percent changes in responses
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due to 1% change in the addressed parameters. The agreement between the
sensitivity results from both prediction and direct-calculation
approaches is good for the specified parameters.

The advantage of using generalized perturbation theory to address
the sensitivity analysis for the radionuclide transport problem is that
only two computer runs are required for each specified response of
interest to obtain the sensitivity coefficients of the response to all
of the parameters. The two computer runs are respectively the
radionuclide and adjoint transport simulations with the referenced input
parameter data, in order to obtain the concentration and adjoint fields.
However, as for the direct-calculation approach, the radionuclide
transport code RADMIG must be run for every change made in the input
data for each of the input parameters in order to compute the response
changes. For a CPU-time-consuming code, the reduction in computation
cost resulting from using the generalized perturbation approach is
substantial.

The generalized perturbation sensitivity analysis has its limita-
tion in predicting the response change due to input parameter changes.
In view of the first-order property of the perturbation method, the
perturbation of the input parameter should not exceed the range of
Tinearity in the vicinity of its reference point. The responses versus
dispersivities and retardation factor near the reference values have
been presented using direct-calculation approach, together with the
response-parameter 1ines predicted by use of the generalized pertur-

bation method.
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In conclusion, the radionuciide-transport sensitivity analysis
based on generalized perturbation theory can provide a very effective
and useful means in assessing the sensitivity problem for the
radionuclide transport by groundwater flow. However, because this
dissertation is the first attempt in applying the perturbation theory to
the radionuclide transport problem, there remain some areas which
deserve further study. The following is a 1ist of recommendations for
further investigations.

(a) Apply the perturbation sensitivity analysis methodology to
groundwater flow transport problems to address the sensitivity of
groundwater flow to the soil properties (e.g., hydraulic conductivity,
specific storage).

(b) Perform the radionuclide-transport sensitivity analysis using
other numerical models for radionuclide transport by groundwater flow
(e.g., finite-element, method of characteristics).

(c) Apply perturbation sensitivity theory to realistic contaminant
(radioactive or non-radioactive) transport problems. Use time-dependent
groundwater flow data as input to mass transport model, which will be
obtained from the simulation of a transient groundwater flow transport

model.
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APPENDIX
DERIVATION OF THE VARIATION OF K WITH RESPECT TO C

This appendix is devoted to deriving from Equation 4.27 the
variation of K with respect to C as expressed in Equation 4.28. Here
we suppress all the independent variables for the sake of notation
simplicity.

Let the linear radionuclide transport operator L operate on the

variation of C,

L& = -Rde-g—,f-q+ v-DV&C - 9-VEC - RqOASC . (A.1)

Define the adjoint transport operator L* from L as

3 = -—
L* = Rq6 5 + V-D*7 + v+ 7 - RqoA (A.2)

where Ot is the transpose of the hydrodynamic dispersion coefficient

tensor D. Operating L* on the Lagrangian multiplier * which will be

called adjoint function hereafter,
- 3\[)* =, —
L*y* = Rq9 5t + VeDTVYP* + ve V¥ - RqOAY* . (A.3)

Multiply Equation A.1 by ¢* and integrate the resultant equation over
X, Z in the system region, and t from initial time O to final time ts.
Then multiply Equation A.3 by &C and integrate over x, z, t in the

same way. Subtract these two equations to obtain
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- 38 l'al
[w*LGC]x,z,t - [GCL*w*]x,z,t = - [Rgov* 5= + Rq8sC 3t Jx,z,t

+ [y*veDvec - ccv-ﬁ"vw*]x’z,t - [woevee + sveupd, )y (A.4)

The first term on the right-hand side (RHS) of Equation A.4 can be

reduced to

36C Ay _ RgOy*SC
L Raov 5=+ RaosC 5= |, ;v = L —— L 20t

We now simplify the second term on RHS of Equation A.4. We notice

that both ¢* and &C are scalar fields, both BveC and 5+V¢* are vectors
because the gradient of a scalar is a vector and a vector operated on by
a tensor yields another vector. From vector calculus, we have the
equation for the divergence of a vector field multiplied by a scalar

field,

Ve (fV) = fvev + V- Vf. (A.6)
Then we have

Ve DvsC = y*v-Jvsc + fvece vy, (A.7)
and

Ve SCOtTy* = SCV-DFvyr + Ot vyre veC. (A.8)
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It can be shown that the last terms on RHS of Equations A.7, A.8 are

equal, i.e.,

Dvec vy = D+vyr. vec. (A.9)
From Equations A.7 through A.9, we obtain

Wv-Dvec - &Ccv-Dtvyr = veyrfvec - ve sChtvyr . (A.10)

By using the divergence theorem, the second term on RHS of Equation A.4

becomes

[ v-DvesC - acv-5+vw*]x ,

,Z,t
tf - - ——
= [ [ v (wDveC - sCD*Vvy*)drdt
0 v
tve L - _
= [ [ n(¥Dv& - &CDtvy*)drdt |, (A.11)
0 S

where V and S represent the volume and the boundary surface of the

system region, respectively.
Using Equation A.6 again, we have
Ve y¥VSC = YrV-VEC + voCe VY. (A.12)

Substituting Equation A.12 into the last term of Equation A.4 and

employing the divergence theorem, we get
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[y*veve&C + &Cve w*]x 2t

tf _

= [ [ vey¥veCdrdt. (A.13)
o Vv

Combining Equations A.4, A.5, A.11, and A.13, substituting into
Equation 4.26, the variation of K with respect to C becomes

_ aR
Ke = (55 Jper € * I:<S(:L*‘"*:|x,z,t ¥ l:Rde"w\r(sc]x,z,t=0

t

- [RgOWECT, , oy fo

f Y -
[ n-(yDv&
S

- &CDFvy* - v eC)drdt. : (A.14)

Now Equation A.14 can be written as Equation 4.27.
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