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ABSTRACT

The quenching behavior of neutral metastable species during collisions with a
neutral partner is investigated. Usually, radiationless energy transfer can be described by
invoking the radiation field as an intermediary between interacting molecules. However,
for metastables, the dominant radiation transition moments are suppressed, most often by
spin selection rules between the excited and ground energy states. The fast reaction
rates for the quenching of the metastables suggest a different intermediary for such cases.
Motivated by this phenomena, a two-electron exchange process is proposed as the
quenching mechanism. During a collision, it is envisioned that the excited outer shell
electron of the metastable effectively undergoes a change of molecular center and is
replaced by an electron from the collision partner. The theoretical framework for this
process is developed from first principles of quantum field theory. The electron
exchange term is obtained explicitly, using the minimal-coupling method.

An application of the theory was computed for the energy transfer from the Ar
metastable to No. This reaction has been studied in depth experimentally, and has a
mean cross section of 9 A2, with a range of measurements from 2.7 A21t0 18 A2, The
computed theoretical cross section using the two-electron exchange interaction in the
first Born approximation is 1.7 A2, which is in good agreement with the data considering

the range of measured values and the difficulty involved in interpreting the experiments.
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Chapter 1
Introduction

Experimental Observations

There exists a class of bimolecular collisions which transfer electronic energy at
collision rates near the gas kinetic limit. Although interesting in itself, the peculiar item
about this class of collisions is that the energy transfer rate should be near zero. The
class of collisions which is referred to is a subset of those reactions in which one of the
collision partners is initially in an electronically metastable state. For certain reaction
pairs, the electronic energy transfer rate from the metastable reactant to the collision
partner is extremely large. However, in the usual methods of energy transfer in
collisions, the rate should be governed by radiative polar transition moment functions of
each of the collision partners, e.g. the electric dipole, magnetic dipole, electric
quadrupole transition moments, etc. Hence, a paradox arises since the metastable
species is defined as metastable because the radiative polar transition moment function is
so small.

As a concrete example, a very well studied energy transfer reaction is the
quenching of No(A3Z,*) by NO. The reaction details are given by
(1.1) NyA3z,H + NOX2ID) — N2(X12‘.g+) + NO(AZzH)

The reaction rate has been carefully measured by Piper, et al., [1]! using a discharge flow
reactor apparatus, and the value of 1.0 x 10-10 cm3/sec/molecule was determined.

Under those conditions, the gas kinetic rate is approximately 3.0 x 10-10

INumbers in brackets refer to similarly numbered references in the bibliography.
1




cm3/sec/molecule. At first glance, the rate of (1.1) is not particularly exciting. However,

upon closer inspection, it will be found that the N7 undergoes a spin-forbidden transition ‘
during the electronic energy transfer process. It should be understood that the term spin-
forbidden transition does not necessarily mean that the molecular transition is impossible,
but in the case of the transition of Ny from the excited A3Z,* state to the ground
X12g+ the terminology is quite appropriate. This is evidenced by the fact that the
lifetime of the A3Zu+ state is approximately two seconds. For comparison, typical
electronic lifetimes of similar states with spin-allowed transitions range in the
neighborhood of 10-8 t0 10-7 seconds. Clearly, the extremely fast energy transfer rate
of (1.1) is incompatible with a description of energy transfer based upon radiative
moments.

Another common example of a fast, but spin-forbidden energy transfer reaction is
given by
(1.2) CO@3) + NOX2M) —» COX1zt) + NO(AZzH)
In this case the excited metastable collision partner is the lowest triplet state of carbon
monoxide, CO(a3H), with a radiative lifetime of roughly 7 msec [2]. Once again, the
longevity of the CO(a3I]) state is due to spin-forbidden dipole transition to ground
CO(X12+) state [3]. The quenching of CO(a3l'I) by ground state nitric oxide, NO, has
been carefully measured by several authors [4-7]. The rate constant for (1.2) is on the
order of 2.3x10-10 cm3/sec/molecule, which, again, is nearly the gas kinetic rate of
3.0x10-10 em3/sec/molecule [8].

A final example of the class of fast, spin-forbidden energy transfer reactions is
given by the quenching of metastable atomic argon by N,
(1.3) APy 2) + NaX1Zg*) — Ar(1Sg) + No(C31Iy)
The reaction rate for (1.3) has been determined by Kolts, et al., [9] to be approximately
3.3 x 10-11 cm3/sec/molecule, which is within an order of magnitude of the approximate

2




gas kinetic rate.

In every reaction, (1.1), (1.2), and (1.3), the energy is removed during the
collision from an excited metastable at a tremendous rate. The usual description of
energy transfer during molecular collisions asserts that the collision partners react to one
another by coupling to the radiation field. However, since the radiative moments of the
metastables involved in (1.1), (1.2), and (1.3) are so small, it is clear that radiative
coupling between the collision partners is impossible. An alternative model of energy
transfer is required to address the unique characteristics of the fast, spin-forbidden,

energy transfer reactions.

Hypothesis of the Two-Electron Exchange Mechanism

Once the possibility of coupling collision partners with an intermediate photon is
removed, the possibilities for a coupling mechanism are rather limited. Indeed, the only
alternative is to couple the reactants directly with intermediate electrons. This is nota
new concept. Single electron transfer processes are the topic of a burgeoning amount of
research, predating the now classic works by Massey, et al., and many others [10,11,12].
However, while most experimental and theoretical work has concentrated upon the
transfer of an electron from an atom or molecule as a target to some type of positively
charged projectile, a lesser effort has examined electron transfer processes with charge
neutral participants.

In the spirit of single electron transfer, the present research begins by postulating
that a two-electron exchange mechanism is responsible for the anomalous fast energy
transfer rates of (1.1), (1.2), and (1.3). Indeed, the main goal of this work is to develop
the theoretical formalism required to describe an electron transfer process for neutral

collision partners.




Any one of the three above reactions would be suitable for testing the theory.

However, practical computational considerations make (1.3) the most desirable reaction
on which to apply the formalism. First, reaction (1.3) is a crucial step in the operation of
the UV Nitrogen laser [13]. This has made it a topic of intense research for over the
past twenty-five years. Secondly, (1.3) is the least stressing in terms of the molecular
wavefunctions and collision dynamics. Because Ar is an atomic species as opposed to a
diatomic molecule, the level of complexity in the descriptions of components outside the
newly developed theory is greatly reduced. Thus, (1.3) was chosen as a prototype

reaction for the application of the two-electron exchange mechanism.

Objectives and Results

The stated objective of this research is thus twofold. The first goal is to develop
the two-electron exchange mechanism for energy transfer. The second goal is to apply
this mechanism to a physical system to determine if it represents a plausible energy
transfer mechanism.

The interaction Hamiltonian for the two-electron exchange mechanism was
obtained, based upon a first principles derivation of the fully quantized system
Hamiltonian. This derivation constitutes the first occurrence of such a formalism in the
literature.

The application of the two-electron exchange mechanism to the Ar-Nj reaction
successfully proved that this mechanism is a plausible explanation to the anomalous high
reaction rate. The reaction cross section predicted by this mechanism is within a factor

of 5 of the mean experimental measurement.




Format of the Dissertation

This dissertation is presented in two conceptual parts. The first part of the
discussion is the theoretical development of the two-electron mechanism. This includes
the presentation of some reference material that is necessary to complete the modeling,
but which lies in fields outside the customary sources. Indeed, this dissertation research
has taken a multidisciplinary approach, pulling quite heavily from the fields of molecular
quantum electrodynamics, particle physics, quantum chemistry, chemical kinetics, and
molecular physics. The bulk of the novel research is contained within Chapter 3 in which
the two-electron exchange mechanism is derived.

The second part of the dissertation presents the application of the theory to
reaction (1.3). Even though the formalism is completed in the first part, there is
considerable theoretical development remaining in order to adapt it to the specifics of an
actual physical system. Indeed, in Chapter 7, a novel method for solving a class of
molecular integrals falls out of this development. Following the adaptation of the theory,
the methodology of the application is documented. Lastly, the computational results are

scrutinized and compared with data.




Chapter 2

Molecular Quantum Electrodynamics

The purpose of this research is to apply the techniques of quantum field theory to
molecular scattering. It is only appropriate then, to determine the groundwork laid by
previous researchers in this area. The most effective application of quantum field theory
to molecular processes is the topic of molecular quantum electrodynamics (MQED).
This chapter serves to define the boundaries of MQED, and provides a starting point for
the present research.

The following presentation of MQED draws almost exclusively from original
papers by Craig, Power, and Thirunamachandran [14-19]. It is given as supporting
reference material which will be used as a foundation for the original research to be

described in subsequent Chapters.

Basic Premise

Molecular quantum electrodynamics (MQED) was defined in the early 1980's as
the synthesis of second quantization of the molecular Hamiltonian with the quantum field
theory of radiation, in large part by a series of works by Craig, Power, and
Thirunamachandran [14-19]. The goal was to advance the textbook theories to
applications regarding specific interactions between atomic or molecular systems and
radiation. The hallmark of the success of MQED lay in the clear descriptions of single
and multiphoton processes, such as laser absorption and fluorescence. Furthermore, by
introducing the radiation field as a quantum rather than classical field, Feynmann
diagrams could be used to describe and calculate interactions that were previously

6




awkward at best. However, since molecular systems are not point particles, such as
those typically used in Feynmann diagrams, several key assertions were made to apply
MQED to physical systems. They were:

1.) All interactions between molecules are mediated by the quantized radiation
field. This implies that both real (massless) and virtual (massive) photons are
responsible for collision processes such as energy transfer. Indeed, excitation
transfer is the main concern of MQED.

2.) The equations of motion are generated from a combined Hamiltonian of a
spinless matter Hamiltonian with the quantized radiation Hamiltonian. The
lack of electron spin is typically not a problem for most situations. This is
because the intermediate particle of molecular interactions is the photon which
is of unit spin, i.e. a Boson. Hence, the spin eigenspaces for the photon and
the molecule are disjoint.

3.) It is usually assumed that each participating molecule, called a chromophore,
behaves as if it had a single active electron. All other electrons, such as K-
shell electrons, are ignored since they do not participate directly with collision
processes.

4.) The formalism, as is presently developed, is nonrelativistic. Hence, it is not
written in a Lorentz invariant framework. Since molecular collision systems
are rarely, if ever, near relativistic energies, this is not a significant restriction,
other than the loss of symmetric equations.

Clearly, these assumptions are not very restrictive to the problem of molecular collisions.

The concept of MQED is both elegant and powerful. MQED provides a

foundation for the study of molecular interactions with radiation by treating both

elements equally. This research used elements of MQED as a springboard to model a

specific class of molecular collision. As will be shown below, MQED models molecular
7




collisions as a transfer of real and virtual photons. Even though this mechanism fails for

fast, spin-forbidden energy transfer reactions, as will be shown below, understanding the
inspiring structure of MQED is a relevant undertaking.

To understand the limitations of MQED, the interaction Hamiltonian must be
derived. This goal is attained by standard field techniques after postulating an
appropriate Lagrangian. The assumed Lagrangian is tested for correctness by
determining the equations of motion of the fields and comparing with the known
dynamical equations. The standard minimal substitution prescription is followed in order
to include the interaction between the fields. The complete Hamiltonian follows directly.
Although minimal substitution is useful, an equivalent multipolar formulation of the
equations is given which exploits the gauge freedom of the radiation field. This is more
amenable to the typical observables of atomic and molecular physics, such as the dipole
and quadrupole moments. The expression of the interaction Hamiltonian in terms of
molecular moments is the coups de gras of MQED. By examining the interaction
Hamiltonian, it will become evident that at least for the class of molecular collisions of
this study, the interaction is not sufficient to explain the experimental data presented in
Chapter 6. A new, more applicable model must be postulated, and will be discussed in
Chapter 3.




Behavior of the (Unquantized) Electron and Radiation Fields

The Minimal Substitution Lagrangian
Consider the Lagrangian for a spinless electron field in the presence of an

undefined external potential,

Lie == [ dr w){;—"z vi+ V(:)}wy
@.1) . "
+2 [erlwwim-vovw)

where y(r) and Y(r) are the scalar electron field operators, with the property that y(r)
is the Hermitian conjugate to y(r). The electron mass is given by m, and the vector r.
refers to three-dimensional coordinate space. The partial time derivatives are
abbreviated as 9A/dt = A. The V(r) potential is due to external sources, such as the
individual atomic nuclei within the molecular system. As mentioned above, electron-
electron correlation effects are ignored.

To see that (2.1) is, in fact, a correct Lagrangian, the equations of motion can be
obtained from the Euler-Lagrange equations in a straightforward manner, noting that the
complete Lagrangian may be written as an integral over the Lagrangian density, Z,

22) L=[dr 2 (y.9.¥.V:r.1)

and that the equations of motion originate from the Euler-Lagrange equation,

d{(dZ) d 07 97
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The canonical momentum of y(r) is simply
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and substituting (2.4) into (2.3) yields the equation of motion for y(r),

32
(2.5) ihy = {—h—W + V}\p
2m

This is the standard Schrédinger equation for an electron field. Note that the explicit r
dependence of y has been suppressed for clarity. Furthermore, an analogous equation
may be derived for ¥. Thus, the Lagrangian of (2.1) is sufficient to describe the
dynamical behavior of the field and will be used as the basis for subsequent discussion.

To couple the electron and radiation fields, the standard minimal coupling
prescription is used [14]. The total Lagrangian must be the sum of the uncoupled
electron field Lagrangian, i.e. (2.5), an uncoupled radiation field Lagrangian, and a term
which involves both the electron and radiation fields. The usual form for this Lagrangian
is

(2.6)

2m

2
Ly =~ d3rw{i(—iw+fg) +v}w
c

_ﬁ 3 = 3, Y(ry(r)
2fdr\v(z)jdr——-—|£_ AL

+ 3 ar{wi v}

+§11E‘[d3r|:(%)2 -(v xg)z]

where, in contrast to (2.1), the interaction energy of the electron field has been
accounted for in the second line. The radiation field, g, is a spatial varying vector

quantity. The lower case serves as a reminder that g is the microscopic radiation field.




Also, note that in (2.6) the electron charge, e, is defined as a negative value. Imposing

the Coulomb gauge on g implies that

2.7 V.a=0

meaning that g is a purely transverse vector. Thus, in this discussion, g is always taken
to be the perpendicular component of the total vector potential. From standard classical
electrodynamics [20], it follows that the electric field can be obtained as the time

derivative of the vector potential via

2.8) Py
c

Hence, ¢ is also a purely transverse vector in the absence of interactions with matter.
Since the fields are not yet quantized, (2.8) must be valid for (2.6) to be a valid
Lagrangian.

In using (2.6) rather than (2.1), the Lagrangian density is now a functional of
both the radiation and the matter fields. It is important to determine if (2.6) is capable of
generating the equations of motion for the radiation field. Minimizing the Lagrangian

with respect to the ith vector component of the radiation field results in

0 =i2(.i,~ —[VX(V XQ)].' +
c
2.9) 4Te ¢
Ly PN v(r_'){—ihV'+—g(r_')} 8 (r-r)w(r)
me ¢ i

1
4nr

in (2.9), V' refers to differentiation with respect to r’. Using b=V xa, (2.9) can be

The transverse delta function is given by 8; (r) = -;—8,.,8( r)— (8,.1. - 3?,.?1.). Note that

rewritten as
1. rn .,
(2.10) ;2([)=VXQ(£)+—] (r)
c -

with the current defined as




@.11) (o), =}n€jd3r'w(r_'){—ihV'+§g(r_')} 8 (r-r(r)
J

Tt is of interest to note that (2.10) is the differential form of Ampere's law.

The equations of motion for the electron fields may also be obtained from (2.6)
by performing the minimization of the Lagrangian (2.6) with respect to the electron
fields, in a similar fashion as was done for the uncoupled electron field Lagrangian (2.1).

This leads to an expression for the equation of motion of an electron field in the presence

of the radiation field,
g * _ L i s 2 2 ,-‘IT("_')‘I’("_')
(2.12) th\p({)—{2m( 1hV+cg) +V(r)+e Idr ——_II"I_'I y(r)

which is simply the expected Schrodinger equation for the system. The interaction of the
electron and radiation fields is given by the cross products of the first term in the
brackets, while the Coulomb attraction of the nucleus is described by the external
potential energy V(r). The electron-electron interaction energy is described by the third
term in the brackets. Thus, the minimal substitution Lagrangian (2.6) leads to the proper

equations of motion for both the radiation and matter fields.

The Multipolar Lagrangian

The minimal substitution Lagrangian (2.6) fully describes the electron-radiation
system. However, an alternative, but equivalent form of the electron-radiation coupling
is desirable when dealing with atomic and molecular systems. Usually, the experimental
observables are not the electron field, but the atomic and molecular multipole moments,
e.g. the electric dipole moment. Thus, by couching (2.6) in terms of molecular

parameters, a more manageable expression for the interaction Hamiltonian will result.
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The multipolar formalism can be obtained in a variety of ways and has been

studied by a variety of authors [21-23]. One common method of obtaining a multipolar
expansion from the minimal substitution expression has been to include a total time
derivative to the Lagrangian [24]. An alternative, yet equivalent, method due to Craig

and Thirunamachandran is to define a phase change of the electron fields in which

@13) W=

where

@) S(=—|drpro-ar)
he =

and p( r’,r) is the polarization vector field due to the electron [14]. Since S(r) is real, it
follows that ¥ =g ™.
For bound electrons, the polarization is localized and can be determined by an

expansion at a given spatial location. An example would be a system, such as an atom,

with a defined center located at R. The polarization may then be expanded as

(2.15) p(r,r)=—e(r—R)d(r'~R)+Ye(r—RNr—R)-V'd(r' - R)+...

where, as above, the electron charge is defined intrinsically negative. Defining the dipole
moment as the vector,

(2.16) u=-e(r-R)

and the quadrupole moment as a dyadic,

(2.17) Q=-%(r-R)(r-R)

allows the polarization field to be approximated as a function dependent upon two
spatial locations,

(2.18) p(r.r)=(r)d(r’~R)-0O(r)-V'8(r'~R)

where the infinite series has been truncated. Thus, the molecular moments may now be

incorporated into the derivation of the interaction Hamiltonian.
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The minimal coupling Lagrangian (2.6) can be converted to a multipolar

Lagrangian by substituting the phase condition (2.13) into (2.6). The substitution results

in
st L o e Y &1 s )] s
Lpyi= Id re ¢{2m( th+cg) +V+ 5 jd r———|£_ﬂ }e )
(2.19) +%h-jd3r {e799,(e°0)-3,(9¢7 )0}

+8Lnjd3r{(—c%)2 -(V xg)z}

The gradient term can be pulled through the matter portion of L_,,, using

straightforward differentiation,

(2.20) (—ihV +< g)e‘sq) =" (h(VS)(p ~inVo+< g]))
¢ c

and after considerable algebra, the square which appears in (2.19) can be obtained as
e V. ' e 2

(2.21) (—ihV +— g) Sp=e" (—ihV +—a+ hVS) ()
c c

The electron field current term of the minimal substitution Lagrangian is replaced by the
second line of (2.19). Using the phase transformation and the subsequent expressions

for the multipole moments, it is possible to rewrite the second line of (2.19) as

[ {70, (650)-3, (3 )e0} =
2.22) %Idar {o6-08]
1 [@row|d*r p(r',0)-a(r)o(n)
- P

Putting the pieces together into the multipolar Lagrangian results in
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terl 1 o e L € O(r)O(r)
Lm,,,.--jd r¢{2m( th+cg+hVS) +V+2‘[dr——|£-£:| }cp

(2.23) +ﬁjd3r {$¢—$¢}+—1—Id3r (g'-)z—(an)2
' 2 87 ¢’ -
2 ersmfdr e p-de
A very useful trick [22] is to define a function n(r’,r)as
1
(2.24) n(r,r)=-e(r-R)[ A&’ ~R-(r~R)N)
0

By expanding n(r’,r) into its leading terms, it can be related to the multipole moments

defined in (2.15),
(2.25) n(r_’,£)=[—%(z-_Ii)+§(L-B)(L—B)-V’+---]8(r_’—B)

Conversely, this implies that the polarization field (2.15) can be written in a similar form

as n(r’,r). A suitable functional expression [22] for (2.15) is
1

(2.26) p(r.r)=—e(r-R)[d\8(r - R~ (r - R)A)
0

It can then be shown that the vector potential term of (2.23) can be written as [14]
@2 Lam+aVSm=—=[dr sroxbr)
c c

Physically, the integral form on the right is an expression for the transformed vector

potential, consistent with the definition on the left. The compact form of n(r’,r) and its

expansions provide ample justification for its seemingly ad hoc introduction.
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With (2.27), some immediate approximations to the matter-radiation coupling

terms of (2.23) can be demonstrated. The electric dipole coupling can be seen to give a

zero contribution from

£a+aVS=Za(R)-=V[d'r (r-R)-a(r) 8(c'~R)
c c c

(2.28) =§g(£)—§w:—£)-g(£)

=0

while the electric quadrupole has a nonzero value given by

(§g+hVSJ =§(z—£),-V,-a.-(£)

i

(2.29) —fc—vi{(:—g)k(:—A)jvka,.(g)}

=Z*[(r-
= lr-R)xb(R)]

With these approximations for the coupling term, the total Lagrangian can be
written in a form which is correct through the electric quadrupole and magnetic dipole

terms of the multipolar expansion as
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(2.30)

L=~ dw{ﬁ(-mv ~~(t-B) xg(g)T + V}¢

€z (L)
- [drewfdr pEarml

+%jd3r{$¢—$¢} v i {( )—(an)}

+§ [&ré(n)(z-R)-aR)é(r)

This expression for the Lagrangian is particularly useful for determining

interactions that depend upon the multipole moments of the electron field. The

Hamiltonian is determined from the Lagrangian according to the standard manipulation,

(2.31) H=Y pd;-

where g, represents the time derivative of the various fields, and p; represents the

corresponding field conjugate momentum. For the radiation field, the conjugate

momentum density, using (2.23), is a vector quantity given by

i

(2.32)

a 4qu

1

76—~ I d&*r'§(r)) pH(EL D) &)

41t

-t n o)

4nc




which defines d* as the transverse component of the microscopic displacement vector.

Note that only the transverse portion of the polarization is considered in (2.32) since it
originated as a dot product with the implicitly transverse vector potential. A similar

calculation for the electron fields gives the conjugate momentum as

M= 254“&
233) ?
Ly
2
and
T = O
2.34) a:
1
= ——2-¢

The full Hamiltonian follows directly from (2.31) as
(2.35) H=[d(z -4+ 114+T16)-L

The multipolar Hamiltonian may finally be obtained upon substitution of (2.30), (2.32),
(2.33), and (2.34) into (2.35). Furthermore, additional substitution of the electric

displacement vector into the multipolar Hamiltonian generates a very useful expression

[14],

2
Hp = [@r 8 —=(-inV+2 [@F nr' . D)xb(r) | +V 1
2m ¢

£2_ 3., 3 ,¢(I_')¢(L')
(2.36) +=[arow|dr S o

+§1;c-jd3r{(V xa)’ + 161t2(c_1§+jd3r'$(£:)p_l(r_',£)¢(r_'))2}
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Obviously, this expression can be separated into Hamiltonians for the radiation and

matter fields, with the remainder being the interaction. Following some manipulation,

the portion governing the radiation field is given by
1

2.37 H_, =—|d*rib-b+d:-d*

(2.37) =g | Aribobedl-dt)

while the portion governing the electron field is

{1, . v &, r)r)
H._ =[dr ¢{—(-th) +V+E[ar "—T_}‘b
(2.38) J 2m 2 J |r-]

san[@rl[arRropt et Do)}
The radiation field Hamiltonian is exactly that which appears in standard texts on
electromagnetism [20]. The matter Hamiltonian (2.38) consists of the expected terms
for the kinetic energy, the external nuclear potential, and the electron-electron
interaction. However, there is an additional term which is due to the introduction of the
polarization vector. Thus, the electron-radiation interaction Hamiltonian is the sum of

the remaining terms,

H, =4mnc j d3r${f d’r' p*(r’,r) '4_—1:c£( r_')}¢

1 _ =iV -n(r’,r)xb(r’)
2.39 —|d? ’r IS
(239) *omel "b{j ¢ r( +a(r_',£)><2(r_')-(—ihV))}¢

— 2
s [ard{ [ aoxeef o
It is possible to write V-n(r’,r)xb(r’)=V xn(r’,r)-b(r’)—n(r’,r)-V x b(r’) where the
second term is identically zero since b is a function of 7’ rather than r. Another

manipulation,
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n(r’,r)xb(r’)-V =-b(r)xn(r’,r)-V

(2.40)

allows the second term of the interaction Hamiltonian to be written as

L 3. 3., Q(I.')(‘ihv)x!!(r_'r[) )
2w )¢ ”"{I ar [ —b(r)-nrpx(-in0) )|
1 pa o fos [FIRYXA(ELE)

(2.41) = zmcjd r' b(r’) j d r{ _ﬂ(r_,’r)x(_mv)}¢

=~[d'r' [ dr Qob(r) m(r,)o(1)

where the magnetic moment, m(r’,r), has been defined by

(2.42) m(r',r)= 5:”%0-{( —ihV)xn(r',r) - n(rl,r)X(~ihV )}

Adaptation to Many-Field Problems

Although the problem of the radiation field interacting with a single electron field
is of great interest and practical importance, (2.39) is not suited to describe molecular
energy transfer collisions. The extension of the theory to include energy transfer is
rather simplistic. The problem is modeled by assuming that each molecular center has a
single active electron. The Lagrangian is then merely a summation of the exact single-

center Lagrangian of (2.23), yielding
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(2.43)

=_ ) SR Lt nor g )2
) Jer o v [ n e <)

i 3 ,-q_).(!'.')q).(l:)
+V4S Idr————lz_r_,l }cp,.

+%2i‘jd3r {6.4’. _$i¢i}+éjd3r{(c%)2 -(V Xg_)z}

’%ZI &ro (o) dr p(r.r)- G Wi(r)

The interaction between molecular assemblies has not been accounted for in (2.43). An

additional Coulomb expression is required,

- o5 | 22 5, 9200, (2)
;w—;{jd r¢‘[lr—£,-| 2jd lr-r] }b’

(2.44) inj inj
1 ZZ, 2
"2[, )

which involves three terms: the attraction of the electron of center i to nuclei j, the
repulsion of the electron of center i from the electron of center j, and the repulsion of the
nuclei j from nuclei i. Note that center i is located at R;, and that the nuclei has a charge
Z,.

In (2.43), D (r’,r) refers to the complete, i.e. both transverse and longitudinal,

polarization density of the ith molecule. Note though, that the vector potential is purely
transverse. Thus, in the D; (r’,r)-a(r’) term, the longitudinal component of the
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polarization vector was not used. By defining Bﬁ( r) as the longitudinal component of

the polarization field vector (2.26) of the ith molecule, i.e.
(2.45) p(0) = [dr o (r)pi(r.)0.(r)
it is possible to relate the various potentials involving a single center to the polarization

vector. Also, it will be convenient to use a similar definition to (2.45) for the transverse

component of the complete polarization vector, 2‘,‘ (r). It can be shown that the

intramolecular potential terms of (2.43) may be written as follows,

3 3 ,¢.(" )o.(r’)
Zj’dr¢,{v+ [ar T }q>,.
=2nY, [&’rpi(r)-Bi(r)

(2.46)

The intermolecular potentials may also be written in the above form, such that (2.44)

takes the form,

Ve = 2. Vs

inj

=2y, [d’r pi(r)-pl(r)

inj

(2.47)

The multipolar Lagrangian may now be obtained by completing the square in the
last two terms of (2.43) and combining the intermediate result with (2.46) and (2.47).
The result is
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(2.48) .
Lo ==Y [, {L(-mv% [ern, (r_',r)XQ(r_')) o

2m

2ny[drp;-p -2 [drpp] +%Z Jer{ss -9}

inj

2
1 a 2
+§Ejd3r{(c—2-4nz_p_j) -(Vxa) }-2n§jd’r_&*-gj

By splitting the last term into two parts, one corresponding to intramolecular interactions
and the other to intermolecular interactions, the polarization sums of (2.48) may be
combined. This results in an expression devoid of the longitudinal polarization

component,

—2nzi:jd3r£: -p; - 2n§jd3r£: -_13; —Zn‘E‘}Id:’r&l -2;

inj

_ —2%2_[d3r£i D, +2n2jd3r£i -2;’
i o

inj

(2.49)

The value of (2.49) lies in the fact that the first term is not dependent upon the product
of electron fields from different molecules. Thus, this term is an overall constant
molecular potential of the problem. The total molecular polarization vector is localized
at the molecular center. Thus, for systems in which the charge distributions do not
overlap, the second term of (2.49) is identically zero.

Although this assumption of nonoverlapping charge distributions simplifies the
Lagrangian greatly, it is pivotal for interpretation of the results. In fact, it is primarily
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this characteristic of MQED which has led to further theoretical development of fully
quantized molecule-radiation problems, as discussed in the next chapter.

The system Hamiltonian may be determined for the many-center problem in a
manner analogous to that for the single center Hamiltonian (2.36). The result of
calculating the analog to (2.35) is
(2.50)

H,,=H,+3 H, +4nc2‘[d’rg-£f

—ihv.l j a’r’n,(r’,r)xb(r’)+
c

+ZJ‘d3r @{ﬁ

l.'.‘13r'ﬂi(r_"£)><Q(r_')-(—ihV)
c

2
+G [ernmwo x_lz(r_')) }¢.-

where the radiation Hamiltonian is defined as

(2.51) H,, = [dr{(4nn)’ +(Vxg)'}

and the molecular Hamiltonian, explicitly writing the longitudinal polarization in in the
form of the potential, is

H;= Id3" o, {#(—ihV)2 +V; +%zjd3r' 0,(C)9; (r_')}q)i

lp~r]

(2.52)
+21t.[d3r|£il(g)|2

The assignment of the radiation and molecular Hamiltonians is based upon the fact that
they depend purely upon the radiation and molecular fields alone, respectively, and not

upon a mix of the radiation and molecular fields.
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The Hamiltonian may be simplified by first neglecting terms of O(1/c?) and then
applying (2.40) and (2.41). This results in the desired expression for the interaction
Hamiltonian,

(2.53) H,, =~[&r{d*(r)-p* () +b(0) m()}

The explicit expression for the transverse polarization vector is
2:54) P ()= [ &ro() pH(r.r)or)

and similarly the magnetization vector is

(2.55) m(r)= 3 [d*r () m(r.0)o(r)

The transverse displacement vector is defined as

d*(r)=-a(r)+4np*(r)
=—4nn(r)

(2.56)

The simplicity of the interaction Hamiltonian (2.53) is extremely desirable. The
full power of (2.53) has not yet been realized since this expression is due to classical
fields. The true beauty of MQED lies in the conversion of (2.53) to the quantum
domain. At that point, calculations can be performed based upon the framework of the

eigenstates of both the molecular and radiation quantum fields.
Quantization
Commutation Relations

The radiation field may be quantized based upon the defined commutation

relation between the field and the conjugate momentum of the field,

@57) [(arz.0),.(m(r 1)), = i8S} (r - r)8(e - ')
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The transverse delta function, defined following (2.9), is used since g is a transverse

vector under the Coulomb gauge (2.7). Typically, the quantized vector potential is

expanded in Fourier series form over the polarization state and the wave vector [22],

(2.58) alrt)= 2 \‘ 2_‘1§:_C{§1 ( K)&uei(kw) +&( k)&be‘“"r“ )}
%)

The polarization is normalized to a box of volume V. The quantities @,, and a;, are

interpreted as annihilation and creation operators of radiation field quantum, called
photons, having polarization state A and wave vector k. The unit polarization vectors

of the quantized radiation field modes are given as g, (k) and its Hermitian conjugate.

Recall that the field operators have the following actions on the occupation number

states of the radiation field, where |{0}) denotes the radiation vacuum state, [25]

&L.xl {0}) = I{O})
Gy, {"'f”g.w - ) \/-_I{ W Mya =L )5(k ~k)3, 5

(2.59)

and

(2.60) AL e d) = g 1 [ m 41 N8 - R08, .

With the above definition of the radiation field (2.58), the conjugate momentum

must be designed to satisfy (2.57). Thus, it has the form,

—i ’21thck . ik o mr ik
(2.61) E(Lt)=41:c§ > {Ex(k)ame (kr—r) —&; ()3} e (5:—«»)}

The transverse displacement vector appears in the Hamiltonian and is related to

the radiation momenta by (2.56). From (2.61), it may be written in quantized form as

27hck

(2.62) d*(r.)y=iy, {ea (B, e —g; (L) e gritte-en)
kA

The electron fields must obey an anticommutation rule to preserve Fermi-Dirac

statistics. Thus, assuming equal times,
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(2.63) (om0} =8 -1’

Transition Probabilities

The quantized interaction Hamiltonian may be constructed from (2.58), (2.62),
and (2.63). However, it does not really achieve a meaningful significance until applied to
the quantized system eigenstates. In most cases, the complete eigenstates are built from
a basis set determined by the direct products of the individual eigenspaces of the
molecular and radiative Hamiltonians,
(2.64) |a;{---n£l---}>Ela)®|{---n£,,~---})

An example of the MQED formalism is the calculation of the transition matrix

element for absorption of a photon by a ground state molecule. The initial state

describes an excited radiation field and a ground state molecule and is given by
a, :'{"'0'”5.1 = 1,0...})

while the final state describes an excited molecule with a vacuum radiation field,
(2.66) |£)=|B:{0})

Under the electric dipole approximation, only the first term of (2.18) is used. The delta

(2.65) i) =

function which appears in this term serves to condense the integration which occurs in
the interaction Hamiltonian (2.53) to an evaluation at the molecular origin. The

transition matrix can then be written as

Tﬁ = —(B;{O}ll»_l'Ql(ﬂ)la;{'"'”u = ]_,.. })
2.67) = —(Blw|or)- ({0}d*( E)l {roimyy = 1}>
=k ({0} R+ myy =1---])
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where R refers to the spatial position of the molecular origin. Using (2.62) for the

displacement vector reduces the second matrix element because of the action of the

radiation mode annihilation and creation operators,

({00 |{-+ = 1) =i " e
(2.68) {81 (EXION | gy =1 J)ee®
'Q;-'(-IS:)({OH&LA’I{"" L =1,.._}>e-i(5_'..11)}

27hck

where g,, = . The annihilation operator reduces the expansion sum of the

displacement vector to a single term, while the creation operator contributes nothing.
The transition matrix element is then

(2.69) Ty =-p™ ig,, Ea (k)™

The important item to note in (2.69) is that the transition matrix element is proportional
to the electric dipole transition moment between the initial and final states.

A more pertinent application of MQED to this research is the transition element
for molecular energy transfer during a collision. Under this formalism, the molecule-
molecule interaction is mediated only via the radiation field. 'i‘hat is to say, the
interaction Hamiltonian of (2.53) contains no terms involving the product of molecular
fields from different molecules.

Expanding the concept of the free states to include two molecules is trivial, and

the form taken for the unperturbed system is

@1 |uplon,-l)=lojelpe|in,-)
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The quantum numbers 0. and B refer to the distinct sets of quantum numbers

appropriate to each molecule, while the {---n£ }.} refers to the set of radiation mode

occupation numbers.

As will be shown in Chapter 5, the scattering matrix is given by the evaluation of
the interaction Hamiltonian across the free final state and the complete interaction
solution which developed from a defined free state. Under the electric dipole

assumption, the Born approximation series yields the following terms for the scattering

matrix,
T=(“':'B'»'{”'”z'.x"'}l'zllﬂ,'él(ﬁ)la»'ﬁi{'"nm'“})
(a"'B”'{"'”;A"'}‘_ZEI'dl(&) ajr'Bj»'{“'”;_.x"'}j>
@.71) + —
! ap ~ i

<0L,- ’.Bj’.{'“n;}'.“}jl_zgl ,Ql(&)la,.ﬁ;{...,,g...})
+...

The summation over / refers to each of the two molecular centers. Since the initial and
final radiation field states are both the vacuum, the first term in (2.71) is equal to zero.
The sum over j in the second term refers to the various intermediate configurations of
the system. Note that all system states contribute, even if they are not physical. This
summation introduces contributions to the energy transfer process from virtual photons
and molecular configurations which do not instantaneously conserve energy. Of course,
the actual physical observables are constrained to conserve energy and momentum.
Since the displacement vector appears only twice, (2.71) is limited to intermediate

configurations in which only one photon mediates the collision. (It will require one
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action of the displacement operator to create a photon and a second action of the

displacement operator to remove the photon.) Clarifying (2.71) with these restrictions

yields
_ 1
= 21“ Eu.B - Ei
2.72) (B0~ (-2 R+, - R, fom )

(o855t omiar |-l € R+, R i)

The only intermediate states allowed are I(x; |3’;{nM = 1}) and oz’,'l.’);{n£ A= 1}) Thus

the scattering matrix may be written as

r=—2 (o0}, -d* R+, - @ (R))|o iy, =1])

E .-F

af - Farp
2.73) (o lnes =1} ~(p,-d* R+, -d* (R ) s B:10))
r g (BN R+, (RN =1)
ap B’

(b =1} -, -2 R+, - (Ry)) B3 {O})
This expression may be reduced by moving the operators onto states of their appropriate

eigenspaces. Hence, the first term of (2.73) may be addressed in the following fashion,

(o8 0N, -d* (R +, -2 (R o'sBir{my, =1]) =
2.74) (o], |oXp’|BY{0}|d* (&)| {”m = 1}>
+or|or (Bl IBY{0}a Ry | e = 1)
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Because of the orthogonality of the molecular eigenstates of the second molecule, the

first term of (2.74) vanishes. Applying (2.68) to (2.74) leaves

(o {0} i, - @ R+, -d* (R o' By =1]) =

i(kRy)

(2.75)
Ez’aigg,x &, (ke

The remaining three terms of (2.73) may be reduced in a similar fashion, giving the

resultant expression for the scattering matrix element,

2
a‘a ' -g . a~ B A a’'a . i k-
T =y u%“{——*i—_g';” & (W -5, (ke

Eu - Eal
(2.76) A 2 8
- _gtnx ~a'a A B’B . i(E'h)

where the magnitude of the dipole moments have been extracted to emphasize that the
transition probability is dependent upon their product. The term in the brackets only
contributes the proper scaling.

Although (2.76) was derived using the electric dipole approximation, the higher
moments do not change the fact that in MQED, the energy transfer is mediated by a
photon. Most importantly, the rate of the energy transfer is governed by the product of
the individual molecular multipoles. In those cases where the multipole moments are
suppressed, such as for a spin-forbidden transition on one of the molecules, the energy

transfer rate will be expected to be small.

Summary

The topic of molecular quantum electrodynamics (MQED) has been thoroughly

explored. Several key advantages of a fully quantum description of the interactions
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between molecules and radiation have been illustrated, such as the dipole energy transfer
mechanism. In addition, the discourse has exposed the underlying assumptions of
MQED that hinder its application to classes of spin-forbidden processes. The
proportionality between the transition probability and the multipole moments, along with
the assumption of non-overlapping charge densities of collision partners, are important
theoretical deficiencies. This is particularly true when describing fast spin-forbidden
energy transfers, as the kind noted in Chapter 1. These deficiencies must be overcome
for the application at hand, as is developed as part of this original research, discussed in

Chapter 3.
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Chapter 3

Quantum Field Theory of Electron Exchange

The primary goal of this research is to further the application of quantum field
theory to molecular length scales. The adoption of some of the techniques of quantum
field theory to molecular processes, such as energy transfer, has met with success for
many fundamental processes, such as stimulated and spontaneous emission [22], as well
as useful applications [26]. However, a fully quantal treatment of the mechanism
responsible for fast forbidden energy transfer, like that described in Chapter 1, has never
been attempted. This research attempts to fill that void, and this chapter presents the
novel theoretical development used for that goal. Building upon the foundation of the
previous chapter, an original extension of the MQED theory is given which includes the
possibility of electron exchange. An explicit operator form is derived for this interaction

and the groundwork is laid for a subsequent application to a physical system.
Motivation

The preceding chapter presented an elegant method of describing interacting
molecular systems. MQED uses second quantization of the molecules and a quantized
radiation field to describe phenomena such as spontaneous emission and absorption etc.,
as well as Raman and Rayleigh scattering and dispersion forces between molecules in
ground states. However, in developing MQED in the multipolar framework, some
limitations of the theory became apparent. Typically, the electric dipole approximation is
used for most applications [27], although a recent effort by Scholes, et al., [28] has
extended this method to include higher multipole interactions.
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Perhaps the most significant restriction inherent to MQED for the purpose of this

research is that overlapping molecular charge densities are not modeled. In fact,
Scholes, et al, cite an approximate molecular separation distance of at least 10
Angstroms for their multipole results to apply. This requirement is incompatible with the
nature of the fast energy transfer reaction, such as (1.3). As will be discussed in Chapter
7, several experimental papers have suggested that the rapidity of the reaction is due to
an electronic collision phenomenon, be it a collision complex of ions, or a simultaneous
electron exchange process.

The spectroscopic structure of the collision partners also suggests that MQED, in
its present form, is inadequate to describe reactions like (1.3). In Chapter 6 it will be
seen that the Ar metastable has an extremely long lifetime, from which it can be inferred
that the radiation multipoles are feeble. Furthermore, there is no direct transition
connecting the No(X lzg+) ground state with the N2(C3I'Iu) excited state. This
transition is strongly spin forbidden. Based solely upon fact, it is clear that a radiative
intermediary constitutes an insufficient mechanism for such a fast energy transfer
reaction.

Given this experimental motivation, it is clear that an extension of MQED is
necessary. In order to claim success, this extension must account for two key items:
overlapping charge densities, and spin forbidden spectral transitions. It will be shown
below that the application of quantum field theory to the problem of molecular collisions
serves to broaden the scope of MQED. In essence, by using the modal expansion of the
quantized electron field operators, it is possible to avoid the assumption of no
overlapping electron fields inherent to the multipolar formalism, but essential to the fast
energy transfer process. The solution is entirely worked out using the minimal coupling
Hamiltonian. In doing so, the terms responsible for energy transfer via an electron

intermediary become apparent.
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Derivation of the Hamiltonian

The Spin-Dependent Lagrangian

Since the spin behavior of the active electrons is very important to this
mechanism, perhaps (2.1) is insufficient to describe the anticipated electron field
dynamics. The most obvious point to begin any discussion of quantum electrodynamics
is the relativistic Lagrangian density of a classical free spin 1/2 field [29],

(3.1) Lo ==V, (1,0, +m)w(r)

where y(r) and V(r) are interpreted as field operators, which may be realized as four
component vectors, known as Dirac spinors. The 7, are related linearly to the set of 4 x
4 Dirac matrices [30]. Four elements are required in y(r), and Y(r) as well, in order to
account for the spin up and spin down components of both the positive and negative
energy solutions to Dirac's equation of motion. The positive energy solutions
correspond to a matter wave progressing forward in time, i.e. an electron, while the
negative energy solutions correspond to a matter wave progressing backward in time, i.e.
an antielectron or positron.

Although (3.1) would be the most complete point of origin, clearly the extra
features of a relativistic theory, such as antiparticle annihilation and creation, would not
be warranted for a study of molecular collisions. In the nonrelativistic regime, it can be
shown that (3.1) transforms, with the manual inclusion of an external potential, to the

Pauli nonrelativistic Lagrangian density [31-33]
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3.2) “(eW(r)o-Ly(r)
+%{V(z)¢(z)—¢(z)wy}

As in (2.1), this is an operator equation for the electron field operator, y(r), and its
Hermitian conjugate, W(r). However, in the transition from (3.1) to (3.2), the meaning
of y(r) is also transformed. Once the relativistic regime is left behind, there is no need
to carry along the antiparticle components of y(r). Hence, y(r) now represents a two
component vector field, with one component for each spin state. This interpretation is
contrasted against (2.1), where the electron fields were interpreted as scalar fields.

The external potential, V (r), was explicitly introduced in order to describe the
nuclear Coulombic attraction of the electron field which is not incorporated into (3.1).
The effects of the nuclear potential are twofold. The first result is that the electron field
will have solutions leading to bound states. The second effect is that space is no longer
translationally invariant, since V (r) introduces a reference point. Thus, the electron
fields will acquire well-defined states of orbital angular momentum to reflect this broken
symmetry. Since the electron field displays an inherent spin angular momentum,
regardless of the presence of an external potential, it is possible for the orbital angular

momentum to couple to the spin angular momentum. This effect is described by the

third term of (3.2), in which © is the electron spin operator, L is the electron angular
momentum operator, and W (r) represents a possible spatial dependence of the
interaction.

As in Chapter 2, the litmus test for any Lagrangian density is that it generates the

proper equations of motion for the fields. Based upon (3.2), the canonical momenta of

the electron fields are




oL }
(33) 3_\1'% = %Tv'(_)
and

oL, }
(3.4) o= 2Vl
Using the Euler-Lagrange equation, as written in (2.3), yields the equation of motion for
w(r),

-n’ .

(3.5) {z—m-V’ + V(z)+W(z)c-L}w(z) = ihy(r)

which is simply the standard nonrelativistic Schrodinger equation for the electron field

with spin. An analogous equation exists for y(r).

Minimal Substitution

The radiation field can be introduced into (3.2) by using the minimal substitution
coupling, as was done in (2.6). This time, however, the minimal substitution takes the
form of a transformation specified by [34]
(3.6) Vy(r) —(V-i%a)w(r)= Dy(r)
and likewise for the Hermitian conjugate,
37 V¥(r) = (V+i%a)¥i(r) = Dy(r)
where g is the vector potential of the radiation field. As before, the minimal substitution
transformation implicitly defines the interaction between matter and radiation.

With this prescription, the total Lagrangian density for the interacting molecule

and radiation fields can then be written as
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(3.8)

_p2
L(r)= {’—Dw) .Dy(r)-
m

2
W(U{V(z)+W(z)o-L+52—jd’r' V(r_')k_lr,l wr_')}wy

+5§{W(y¢(z)—$(z)W(z)}

Note that the electron field-field interaction is explicitly written in anticipation of
describing the particle-particle interactions [31].

Before proceeding further, it is prudent to quantize the fields. The components
of the electron fields are required to obey a set of equal time anticommutators involving

the field and its conjugate momentum, as given by Lee [29],

{‘Vx (r), Hp, (r_')} = % SMS(K - .’:)

(3.9)
{% (1), ( r_’)} = {l‘lx(z), n,(r )} =0

The electron field conjugate momenta are determined from (3.6) as

oL
H;, (r)=—
=%Wx(r)

Substituting (3.10) into (3.9) yields the quantization requirements for the electron fields,
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As to be expected, the radiation field is required to satisfy the commutator given in

(3.11)

(2.57).
The total interacting Hamiltonian density follows from the usual summation
procedure, as in (2.35). The result is
(3.12) )
H(D) =1 F(0)- WY+ TV )+ W (Do Lhv(D)

i— 3./’ 1 ’
+=G(wfdr VD=V
ieh’

2mc
232

{VV(r)-a(r)y(r)-a(r)¥(r)-Vy(r)}

+ 2e a(r)¥(r)-a(r)w(r)

me: ™

. 2
+—1—{(@) +(V><Q(L))2}
8n c

The first two terms involve only the local electron fields and are elements of the
molecular Hamiltonian density. The third term couples the electron field to itself. The
fourth and fifth terms describe the interaction between the electron and radiation fields.
The final term is simply the Hamiltonian density for the free radiation field. Thus, (3.12)
may be thought of as free Hamiltonian densities for the radiation and electron fields, with
three interaction terms. Two of these terms couple the radiation and electron field, while
the third interaction couples the electron field to itself.

In Chapter 2 much of the effort was focused on manipulating the fourth and fifth

terms of (3.12) in a practical form by the use of multipoles. The present approach is
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somewhat different. The postulated energy transfer method of this research utilizes an

electron intermediary. This is conceptually different than the photon intermediary
discussed in Chapter 2. Consequently, further theoretical development deviates from the
standard treatments of MQED, and concentrates upon the form of the electron field
interactions. This marks the departure point from previous theoretical developments and

this research.

Expansion of the Electron Field Operator

In the preceding chapter, the quantized radiation field was expanded as a Fourier
series, i.e. plane waves, (2.58). This expansion form was chosen only because plane
waves are the solutions to the free radiation Hamiltonian. It is desirable to perform a
similar decomposition of the electron field operator. However, rather than expanding in

a Fourier series, it is more natural to expand the electron field operators in terms of a set

of complete basis functions, §,,(r), [35]

(3.13) y(r)=Y 0.(r)u,b,
and
(3.14) V(r) =, ¢,(r)u,b;

where b, and b are the annihilation and creation operators of mode m, and u,, and u,,
are two-component spinors. The action of the annihilation and creation operators is
rather interesting. For example, in the mth term of (3.13), b,, will remove an electron
from the field only if it exists at position r , with the spatial behavior described by the
function ¢,,, and the spin behavior described by u,,. Accordingly, in the mth term of
(3.14), b will create an electron from the vacuum at position r , spatially described by

the function ¢;,, with spin described by «,. Thus, electrons are treated merely as
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excitations in an abstract field, analogous to electromagnetic modes in a waveguide for

example. The characteristics such as position, basis function, and spin simply serve to
distinguish between types of excitations. Also, since b, and b, represent fermion fields,
they are required to anticommute. In contrast to (2.58), the antiparticle operators
usually found in field expansions are neglected. This deletion is because the systems
under study have energies much below that of the relativistic regime. Finally, the explicit
time dependence of b, and b, has been suppressed for clarity.

As yet the basis functions, {. ..¢,....}, are undefined. Although orthogonality of
the basis functions is not required for the above expansion, it is desirable for the
remaining development and it will be assumed that the functions {... ;.. .} forma
complete, orthonormal set. Substituting (3.13) and (3.14) into (3.12) yields the

Hamiltonian density in second quantized form,

H(r)=H,,(r)+H)(r)

nt

%2
(3.15) +y, ¢;(:)[% Vi +V(r)+ W(L)G-L]cb,.(z) Unlt,bpb,

2
r4* Ly 1 ¢ + +1.+
+ 5 2 T OB R D, bbb,
JK,

-]

Note that the free radiation Hamiltonian has been defined as the last, or sixth, term of
(3.12). Also, the Hamiltonian for the interaction between the radiation and electron
fields, which is the fourth and fifth terms of (3.12), is labeled as the first interaction
Hamiltonian. The terms comprising this interaction were manipulated in the previous

chapter.
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The next step is to integrate the Hamiltonian density over all space to obtain the

total Hamiltonian. Segregating the terms which correspond to one and two electron

fields gives
(3.16) H=H_,+H})+Y Hubib, +3 V,,bbbb,
m.n joks
where
(3.17) Hyp = ulu, [dr ¢;(z){—;%2 Vi +V(r)+ W(z)c-L}wy

Clearly, (3.17) represents the Hamiltonian for a single particle. Because (3.17) concerns
only a single field, it is termed a noninteracting Hamiltonian, even though the electron

explicitly interacts with the nuclear potential, V(r). The nomenclature "noninteracting"
is used because (3.17) does not describe an interaction between electron fields or
between electron and radiation fields. A great simplification is found if the expansion

functions are required to satisfy the single particle Hamiltonian, such that

2
(3.18) {%VZ+V(£)+W(£)0'L}¢,.(£)=0)..¢,.(£)

Substituting (3.18) into (3.17) and using the orthogonality of the basis functions yields,

HY =uiu, [dr 0,,()w,0,(r)
(3.19) =ulumd

m=nT"nT mn

=00,
where the spinors are normalized to unity. Substituting (3.19) into (3.16) simplifies the

Hamiltonian to a form,

(3.20) H=H,,+H}+Y 0,b:b,+Y V,bbbb,
m j.k

jk,
Lm
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The last term of (3.20) describes the interactions between the electron field

operators, i.e. a particle-particle interaction. It contains an amplitude in the summation

which describes the strength of the interaction for specific modes of the electron field,

(3.21) Vi = %u;-‘u:u,um [[&rdr o;(ne; (_r_')lz_;ﬂ 0/(r)9 (1)

It is important to note that the spinors of (3.21) are simply mathematical representations
of the spin eigenstate, and that they are not operator quantities. As such, they fully
commute.

Although it may be tempting to define the third term of (3.20) as the molecular
Hamiltonian, further development is desired. Yet as it stands, (3.20) explicitly
demonstrates several key concepts that are required for an application to molecular
scattering. The radiation field has been quantized in the first term, and the radiation field
interaction with the matter field has been condensed into the second term. If we were
considering photon intermediated processes, then usually the third term of (3.20) is
identified as the matter Hamiltonian and the fourth term is dropped altogether.

However, in those instances when the long-range radiation-matter interaction, H.}, is
small, the last term provides a short-range interaction mechanism for electron exchange.
The fact that the last term is a two particle operator is evident from the two creation and
two annihilation operators. The amplitude for electron exchange can thus be determined
independent of the free radiation Hamiltonian and the radiation-matter interaction

Hamiltonians.
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Molecular Scattering

Application of Molecular Orbital Theory

The nature of the molecular collision system justifies a partition of the basis
functions, {... ¢,....}, into two subsets, based upon the far-field separation of the

molecular centers. For a two molecule system, let the first N, modes be centered on
molecule 1, and the second N, modes be centered on molecule 2. For clarity, the
partitioning of the basis functions can be written as {...q>,....;...q>a...}, where the Latin
indices indicate modes centered upon molecule 1, and the Greek indices indicate those
centered upon molecule 2. Applying this to the expression for the Hamiltonian, (3.20),
yields a lengthy, but crucial, expression in which each summation is split. The last term
of (3.20) requires 16 terms because it specifies four indices. In anticipation of the
application of the Fock space state vectors, the 16 terms can be grouped into three sets.
The first set contains terms which act upon modes of one molecule. The second set
contains terms which perform equivalent action on modes of differing molecules.
Finally, the last set contains terms which perform nonequivalent action on modes of

differing molecules. The full expression is



(3.22)

H=H_,+H"

+

,

.

r

iB. .
[ 15 Tm )

Y 0,520, + Y. Vi, b bbb,
m {j;
+Y 0,b2b, + Y Vo sbabyb by
a 'c'lg.
Y Ve bibib b, + Y Veugbibibby |
iB. a.k

Yom 15

+§, Vash; b bibs + 2;. Vembabib,b,

2{ V,eb; bbby + 23, Vambabibib,,
JK, «,p,

Lm

78

+Y Vusbibibbs + Y Viemb} bib,b,,
ik, ik
18

T.m

+Y Vb bibb, + Y, Viaeb; bbby
iB iB.
1.0

+ Y Vorrnbabi by, + . Vo sb2bib by
ak, ak,
I.m 15

+2JB V.asbabibybs + zﬁ‘, Vegmbabib,b,

L b Tm

v’

P

The first group of summations involves operators which act on modes centered at

only one molecule. Hence, these terms collectively form the Hamiltonian for the two

noninteracting molecules. In fact, upon closer inspection, the one center operators are

simply the second quantized form of the Hartree-Fock Hamiltonian [36,37] for each of

the two molecules. Hence, the molecular Hamiltonian may now be defined as
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H,, =Y 0,bib,+Y Vbbb,
m Jjk

Im

+Y @biby + 3, Vogsbabib,bs
a aB,
1.8

In a first quantized form, McWeeny [36] showed that the best solution for the

(3.23)

eigenfunctions to the Hartree-Fock Hamiltonian of a many electron molecule in the self-
consistent field approximation is given by the eigenfunctions to the single particle
Hamiltonian. This was done in (3.18) and (3.19). Thus, we may simply take the union
of the two sets of molecular orbitals of each molecule, as determined by the Hartree-
Fock method, as the set of basis functions used in the expansion of the quantized
electron field operator, (3.13) and (3.14).

The two particle, electron field-field interactions of (3.23), represented by the

summation 2 Viumb; bbb, , is simply the combination of the customary "coulomb" and
ik

I,m
"exchange" operators for molecule 1 [38]. These operators will be better defined in
Chapter 4. Likewise, the analogous term with four Greek subscripts for molecule 2
holds similar meaning for molecule 2.

Clearly, (3.23) corresponds to the problem of solving noninteracting molecular
structures in the far-field, which will be discussed in Chapter 4. The key for the
application of quantum field theory to molecular scattering is to use the molecular orbital
solutions of (3.23) as the electron field operator expansion basis functions. Hence, the
noninteracting electron field expansion amplitudes are not plane waves, as is the case for
the radiation field, but rather they are the bound state solutions pertinent to each

molecule.



Fock States

The complete Hamiltonian (3.22) appears rather unwieldy, but considerable
simplification is possible once the eigenspace is considered in the context of the problem
at hand. The focus of this research is upon molecular energy transfer during a scattering
event. All scattering processes begin with an initial state and move to a final state via an
interaction, as will be thoroughly discussed in Chapter 5. Usually, only solutions to the
noninteracting Hamiltonian are known. Scattering theory tries to incorporate the
certainty of the eigenstates into the determination of an event probability, at the expense
of the explicit form of the interaction. Thus, as will be seen in Chapter 5, the free states
are of great importance to scattering calculations.

Using customary notation, let |i ) denote the initial, or free, molecular eigenstate

in second quantized Fock space such that

' b ) (bt )%...(bF)"...
(3.24) |l)=|"1”z"z>= (\/1(311 ,()(;2) I)Enl f)
; : 1

where ]0) denotes the physical vacuum, the numbers n, are the occupation numbers for

|0)

the individual eigenmodes, and the set of operators b;” create an excitation in the

subscripted eigenmode when applied to the vacuum state. In light of the above

discussion, the eigenmodes are the molecular orbitals, and the operator b, creates an

electron in the i*# mode, or spin-orbital. Likewise, the final state can be expressed as

(b} )% (b} )% ---(b} )%
V(g X 1)--+(nf 1)

The scattering problem is greatly simplified by noting that to first order, as will be

(3.25) |£)=|nin5, o) = |0)
seen in Chapter 5, the scattering amplitude is proportional to {f |H,,|i), with the initial
and final number of electrons present in the system specified by (3.24) and (3.25). In this

study, the interaction Hamiltonian is given by the last two groupings of terms in (3.22).
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Under the restriction of a collision system where the reactant molecules and product

molecules remain electrically neutral, both |i) and | f) have the same number of

electrons. Thus it is necessary to have an equal number of creation and annihilation
operators in every term of the interaction Hamiltonian. This is because the net electron
production or annihilation due to the interaction must be null. Otherwise, the inner
product, {f |H,,|i), reduces to zero. This is not true for the large class of charge
transfer collisions in which one collision partner is the recipient of an electron donated
from its collision partner.

Conversely, any term of (3.22) which contains an unequal number of creation and
annihilation operators will, after acting on |i), yield a state i) which is not charge
neutral. This will result in a zero inner product with a state, {f |, which is charge neutral.
Applying this rule, it is easily seen that all terms of (3.22) within the last grouping will
yield a zero amplitude when placed between initial and final states representing systems
of neutral molecules.

Thus, for the class of collisions of interest to this study, the intermolecular

electron-mediated interaction is given by the second grouping of (3.22),

H® = %meb}bgb,bm +ZJ‘, VousDa by bibs
B ak,
15

(3.26) ™
+Y Vb bybbs + Y, Veurbabi b, b,,
iB. ak,
15 v.m

The symmetry of (3.21) implies that Vi, =V}, , where it is important to recall that the

Latin and Greek indices refer to modes of different molecules. Note that the reversal of

the first two indices, or the last two indices, does not affect the spinors embedded within

Vsm- The anticommutation relations of the creation and annihilation operators over the

entire set of modes of both molecules dictates that {b,. ,bj} =0, as well as {b,.+ ,b}'} =0.
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Thus, b'bb,b, =(~b;b; [(~b,b,) = bib}b,b, , indicating that the first two summation

terms of (3.26) may be consolidated. Likewise, the second pair of terms may be

consolidated by noting that

5, Viab] B0 = ZVW( bib? )(~bsb,)

S5l

(3.27)
= 2 Vormb207D,b,

‘Y.m

Substituting (3.27) into (3.26) yields the interaction Hamiltonian as

(3.28) H? =23V, bibibbs +2Y Vo, bibib b,
i Yo

If the indices are rewritten, this interaction Hamiltonian for collisional electron exchange

takes on a familiar form,

(3.29) H) = 22 s — Vosss )b Bibs

L 8
The resemblance of (3.29) with the typical form of the "coulomb” and "exchange"
interactions so often encountered in attempting to solve the many-electron problem of a
single molecule is striking. The most significant difference between (3.29) and the single
molecule coulomb and exchange operators is the restriction over the mode summation.
In fact, the factor of 2 counteracts the factor of 1/2 introduced in (3.21) to avoid over
counting the pairwise interactions, since the over counting is explicitly omitted in (3.29).
Only electrons of different molecules may interact in the collisional electron exchange

mechanism.
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Summary

This chapter encapsulated the novel extension of MQED to incorporate electron
intermediaries in energy transfer collisions. It started with a derivation of the fully
quantized system Hamiltonian, analogous to that found in Chapter 2 for MQED.
However, the theory of this chapter treated the quantized electron field with much
greater depth, while retaining the MQED results for the radiation field. The extended
development was due primarily to the association of molecular orbitals with the
expansion amplitudes of the electron field operator. Thus, the electron field was treated
on an equivalent footing as the radiation field in the sense that both the radiation and the
electron fields were expanded into eigenmodes of their respective noninteracting
systems. This insight is perhaps the key contribution of this research to the theory of
fast, spin-forbidden energy transfer.

The interaction Hamiltonian given in (3.29) clearly presents the electron
exchange mechanism as a two particle process. This expression, which is specific to
charge neutral energy transfer collisions, will be used in the calculations described in

Chapter 7.
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Chapter 4

Quantum Chemistry

The derivation of Chapter 3 used the union of molecular orbitals from each
collision partner as a basis set upon which to expand the quantized electron field
operator. Thus, in order to perform any actual calculations, such as determining the
interaction Hamiltonian and cross section for reaction (1.3), it is imperative to
numerically evaluate these orbitals. An entire industry has developed over the past
fifteen years aimed at generating numerical expressions for molecular orbitals, and this
research utilizes that information.

The following discussion will present a review of standard material. A brief
theoretical overview is given, followed by specific details of computational techniques
that will be used in Chapter 7.

General Self-Consistent Field Theory

Quantum chemistry is, in truth, a semi-classical theory. Indeed, the whole point
to quantum chemistry is not to generate complex, fully-quantal solutions to the
Hamiltonian of chemically-interesting physical systems. Rather, the focus of the
technology is to solve Schridinger's equation for chemically-interesting physical systems
on a computer using a complex arrangement of solutions to simple, chemically-
uninteresting physical systems. The fundamental building block of the entire approach is
what is known as self-consistent field (SCF) theory.

Hartree first proposed a theory of the electronic structure of atoms in 1928. The
theory was subsequently improved upon by Fock and Slater in 1930. The Hartree-Fock
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method, as it is called, was a precursor to the self-consistent field model, although the

distinction is a slight one. In the Hartree-Fock model, Hartree was able to write down a
set of equations which approximated the solution to the many-electron wavefunction for
an atom by treating the electrons as independent particles. In order to solve the
equations, though, Hartree and Fock developed an iterative method. Once the iterations
converged to an acceptable solution, the electronic wavefunctions were self-consistent,
which lead to the nomenclature of the Hartree-Fock model as being self-consistent [39].
The Schrodinger equation for a many-electron atomic system is
4.1) H®=Ed

in which the Hamiltonian is given by, in atomic units,

=[dyp_yZilyl
H_(ZZV" Zr)Jr%rq

. 1 1
= Zh, +5§:E

The subscripting of the differential operator is to indicate the coordinate set of the i?#

(4.2)

electron, and r, = lﬁ_ QJ The Hartree-Fock model is a type of variational

approximation to (4.2) with four key restrictions on the overall trial wavefunction: the
wavefunction must satisfy the Pauli Principle, it must be composed of spin-orbital
products, the spin-orbitals must form an orthonormal set, and the total wavefunction
must be a solution of the angular momentum and spin angular momentum operators.

The cornerstone of the Hartree-Fock method is the variational principle, which
states that any given trial solution to Schrodinger's equation will yield an energy value
greater than the exact solution. If @ represents a trial solution to Schrodinger's equation,

then it can be shown that the energy is a functional of ® [40], i.e. E = E( ®)2E,,,, with

the form,
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O|H|®)
4.3) E((I>)=(—|—|—>E,m,
(®|D)

It is instructive to outline the determination of ® in the Hartree-Fock method.
First, it is assumed that ® is a normalized Slater determinant, with the form,

1
4.4) d= JN_!det|¢,(x, ) 0a(%y) . Oylxy))

where x; denotes both space and spin variables. The energy functional, using the

Hamiltonian of (4.2), then becomes

1
4.5) E(®)= T {0a[Hoa)+3 3 (005 0:05)
where h = Zh,. . The last term is the customary notation for the direct and exchange
terms,
1
(0a05 |00 ) = [[ dridn, o (2,05 (2, )= 00 (1,)0(x,)
(4.6) "o

1
S| CEANEY NENESNEVNEY
12

where x; refers to both spatial and spin variables. The energy may be rewritten in terms

of a single summation by appropriately defining total coulomb and exchange operators as

@7 Jox,)= [Zjdxmz(x,.)-;l-m () )wxn)
and
(4'8) K¢(xn) = (Zjdxmq): (xm)riq)i (xn) )q)(xm)

With these definitions, the energy functional may then be written as

@) E®)=X(0u[Ho.)+3 T (07 -K)lo.)

a
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It is required that the energy functional be stationary with respect to variations in the

orbitals, under the conditions that basis functions are orthonormal. The variational
equation for the k* is

(4.10) SE(®), = (80, [h+(J =K)|d,)+{(0.|n+ (T -K)|50,)

where the factor of 1/2 present in (4.5) is eliminated in performing the variation. The
quantity F = h+(J — K is termed the Fock Hamiltonian. It represents the effective
Hamiltonian for a single electron moving in the field due to the nuclei and the other
electrons.

It can be shown that upon completing the variational procedure, in which the
method of Lagrange multipliers is used to incorporate the orthonormality constraints of
each of the individual orbitals, the orbitals which leave the energy functional stationary
must satisfy [36]

(4.11) Fo, =¢,0,

where €, is the Lagrange multiplier, which now takes on the meaning of an eigenvalue to
the Fock Hamiltonian. The set of equations given by (4.11) are called the Hartree-Fock
equations. It would appear that (4.11) is a simple eigenvalue equation which may be
used to determine ¢,, but it must be emphasized that F is an implicit function of the set
of orbitals {¢,‘} through (4.7) and (4.8). Hence, (4.11) is not a true eigenvalue
equation, despite the appearance, and an iterative technique must be used to obtain ¢,.
When the solutions for ¢, all converge to within an acceptable amount, the orbitals are
self-consistent. The orbital energies, within the determined configuration, are then given
by (4.11).

It will be important to explore the solution to (4.11) further in Chapter 7 for an
atomic system. In that case, there is spherical symmetry which can be used to reduce the
difficulty of solving (4.11). It can be shown that the form of the Fock Hamiltonian for a

given atomic spin-orbital is [41]




5 1o Z .
(4.12) F=Y —EVG——r—+V (r,)

a=1 '3

where the effective potential is a disguise for the coulomb and exchange terms, (4.7) and
(4.8). In essence, the effect of the N-1 electrons upon the spin-orbital of the ith electron

is taken up by the effective central potential, V¥ (r). Since the electron spin is not
explicitly present in (4.12), the electronic wavefunction might be considered as simply a

product of a spin-orbital for each electron. Thus, (4.11) may be written as
(4.13) —=Vi——+VI(r) |0, =¢,;
2 r
Since this is a central field problem, the one-electron spin-orbitals may be separated into

4.14) ¢,(r,0,9,0)= %P,-( r)Y,, (0,9)x,,

where Y, is a spinor, and P.(r) is the solution of the radial Schrédinger equation. The

radial functions must solve
2
4.15) [ﬁ-;+—2£-2v'f(r)—’(’j”-e,.]p;(r)=o
dr r r

where the one-electron energy is given by €;. It should be noted that spatial portion of

the orbital (4.14) is the spatial solution for an orbital consisting of two electrons,
corresponding to two values of the spin eigenvalue. If a given spatial solution of (4.15)
is assigned to both the spin up spinor, ¥, and spin down spinor, %_, then the solution
technique is referred to as a restricted Hartree-Fock (RHF) method. Given the above
derivation, (4.14) would be an example of a RHF result. Consequently, if each spinor is
assigned a unique spatial form, regardless of whether the forms are identical, the method
is then referred to as unrestricted Hartree-Fock (UHF). This technique usually makes an
attempt to incorporate spin into the effective potential term, thus allowing for the

possibility of unique spatial solutions and eigenvalues for each value of the spinor.
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The application of the Hartree-Fock method to molecules is based upon the
Born-Oppenheimer approximation, which states that the nuclear motion may be ignored
while solving for the electronic wavefunction. Thus, the nuclear coordinates are
interpreted as free parameters during the solution of the Hartree-Fock equations.
Indeed, this parametric form is exploited in order to predict molecular structures.

To oversimplify the method, the first step is to make an estimate of the nuclear
coordinates. A calculation of (4.11) is then performed and the system energy is
determined, as well as the gradients of the energy with respect to the nuclear
coordinates. Recalling the variational principle, a slight modification of the coordinates
is made, and a subsequent recalculation of (4.11) is done. This process is repeated until
the system energy is found to be minimal. At this point, the nuclear coordinates specify
the equilibrium geometry of the molecule.

Molecular Orbitals

There is an additional subtlety, though, in the calculation of molecular structures
that does not appear in atomic Hartree-Fock. Because molecular structures are no
longer a central potential problem, the exact spatial form of the molecular orbitals is not
dependent on the spherical harmonics. The standard approach [42] to overcome this
difficulty is to assume that the molecular orbitals may be constructed as linear
combinations of atomic orbitals. This is identified as the LCAO approach. The total

wavefunction (4.4) is still a Slater determinant, but now each of the orbitals, ¢,, consist

of a sum of atomic orbitals, i.e.
(4.16) 0:=.Ca0,
A

The variation of the energy functional still takes place with respect to the molecular

orbitals, but under the restriction that the numerical description of the atomic orbitals is
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fixed. Hence, only the coefficients of (4.16) are varied to determine the equilibrium

structure. Furthermore, the distinction between RHF and UHF is removed from the
atomic orbitals and raised to the level of the coefficients, such that (4.16) would
designate a RHF expansion, while the corresponding UHF expansion would take the

form,
(4.17) 0r=Yc0,: =X cho,
A 'y

Note that it is customary to designate the spin components as either o or .

In performing the variation over the expansion coefficients with a fixed set of
atomic orbitals, the result of the overall calculation depends heavily on having sufficient
functional diversity in the type and number of atomic orbitals. It would be desirable to
have an infinite set of atomic orbitals from which to create each molecular orbital. In
practice, however, the atomic orbital set is restricted by the size of the computer
performing the calculation. This limit marks the transition of quantum chemistry from a
purely theoretical endeavor to a numerically driven analysis.

At the time when molecular structures were first being calculated, only the
smallest possible basis sets were considered. Every molecular orbital was constructed as
in (4.16) or (4.17) with only the fewest atomic orbitals necessary to describe the atoms
within the molecule. For example, the hydrogen atom requires a 1s atomic orbital, while
the oxygen atom requires 1s, 2s, and 2p atomic orbitals. Hence, a minimal basis set for
water would include 5 atomic orbitals, one 1s orbital centered on each of the hydrogen
nuclei, and three orbitals centered on the oxygen nucleus.

Although minimal basis sets are straightforward, they have three important
deficiencies. One problem is that the number of orbitals does not depend upon the
number of electrons present. Thus, both water and the amino radical, NH», share the

same minimal basis set, even though they have different numbers of electrons. This
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presents a computational scaling problem. A second problem with minimal basis sets is

that the valence shell is unable to expand or contract in response to the local
environment. This is the primary result of performing variations only on the coefficients
of the LCAO expansion. Minimal basis sets have no mechanism for offsetting this
penalty. The third problem with minimal basis sets is that they inadequately model
molecules which have a high degree of anisotropy in the charge distribution. For
example, the first row elements contain only spherical orbitals in their basis sets. The
second row elements contain both s and p orbitals, and both are considered during the
variational process. However, regardless of the amplitude of a given atomic orbital, all p
type orbitals have the same spatial extent. It is quite impossible to model differences in
the spatial extent of a molecular charge distribution when all the orbitals are of the same
characteristic size.

One method to overcome these difficulties is to allow for additional basis
functions, in particular the valence shell. By including an additional set of mathematical
functions of the same symmetry as the original minimal valence orbitals, it becomes
possible to account for a variation in spatial extent of the orbital. Suppose that the
valence symmetry is an s orbital. If two s orbitals are present in the basis, one which is
contracted, i.e. a small length scale, and one which is diffuse, i.e. a large length scale,
then it is possible to linearly combine the orbitals to create a resultant s orbital of the
proper length scale. Note that the adjustment of the linear combination of s orbitals is
consistent with the framework for energy minimization. Charge density anisotropy
occurs only for p, d, etc. orbitals, since s orbitals are spherically symmetric. Again, an
additional set of valence orbitals can be used to emphasize a particular direction, without
increasing the emphasis in any other direction.

A basis set which replicates all the orbitals of a minimal basis set is called a
double-zeta basis. Although the overall system energy may be affected by the fine tuning
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of the core orbitals, usually this is a waste of computing resources. This is because the

inner core electrons do not participate in chemical bonding. A more prudent choice is to
double only the set of orbitals in the valence shell of each atom. These types of bases are
referred to as split-valence basis sets, and at the present time, they are the workhorses of
the industry.

The representation of the atomic orbitals is of great importance for numerical
computations of chemical parameters. Slater orbitals are analytical fits to the results of
numerical solution of the atomic Hartree-Fock equations. The assumed form of Slater-
type orbitals (STO) is [39]

(4.18) Xjmim(L) = Nr"e"Y, (6,0)

Note the resemblance between the STOs and the hydrogenic wave functions, especially
for large . The most obvious difference is that STOs do not exhibit radial nodes. The
STO may be used directly as an approximation of a Hartree-Fock orbital, or a linear

combination of STOs may be used, as in
(4.19) Puin ()= Y ot X im(T)
i

By substituting (4.19) into (4.16) or (4.17), it is clear that a molecular orbital may, in
practice, be expanded twice, once for the LCAO expansion, i.e. (4.16), and once for the
atomic orbital expansion, i.e. (4.19).

The difficulty of STOs is that they are not well suited for numerical evaluation.
This was recognized in the late 1960's, and an alternative method of representing atomic
orbitals [43] was applied to the calculation of molecular chemistry [44]. This method
replaced the STO of (4.18) by a gaussian function of the form,
(4.20) 8un()=Nr"'¢™"'Y,,(6,0)
The nomenclature is that when (4.20) is substituted into (4.19), the resulting atomic

orbital is referred to as a contracted gaussian, while (4.20) by itself is termed a primitive
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gaussian. Quite often, the Cartesian form of the gaussians is used in calculations. The

normalized gaussians for the 1s through the 2pz orbitals are given in Table 4.1.

The Cartesian forms of the gaussians are useful because integrals of products of
gaussians do not exhibit complicated angular dependencies, and because the p orbitals
form a basis for a cartesian coordinate system. The former provides for much simpler
analytic manipulations. The latter means that the p orbitals transform as a vector under
rotations. Note that the s orbitals are spherically symmetric and strictly speaking, also
transform under rotations. This is valuable in performing rotational averages of orbital
quantities, such as overlaps between charge distributions. Once all three p orbital
quantities of interest have been computed, the analogous quantities evaluated at any
other orientation of the p orbitals can quickly be determined by solving the rotation
transformation matrix, i.e. the Euler angle transformation.

In order to form a basis set of atomic orbitals, a specification of the contraction
of primitive gaussians is needed. The simplest type of basis is to approximate each
atomic orbital by a STO, and then decompose the STO into primitive gaussians, hence

. K
(4.21) %,,(z)sxmms;dm,,-gw(am,j,y
This type of basis set is denoted as STO-KG, where K refers to the number of primitive
gaussians used to approximate each STO. Historically, this arrangement was referred to
as a minimal basis set, having one STO for each atomic orbital of the atom. In practice,
the basis set STO-3G represents the easiest, and least computationally expensive basis
set to use. Hence, it is typically used for rough, first-cut calculations.

Quite often, a variation of (4.21) is used, in which a scaling parameter is also

specified. This scaling parameter then allows the same orbital to be used for many
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different shells, assuming that the spatial extent changed from shell to shell. This

additional form of gaussian is actually the most common and is written as [45],
(4.22) Prin(6 1) =879, (1.C7)
where the scaled orbital is given by
(423) | Q.(LLp= idm,jgm,j( i - CT)
=

As computational power has increased in the last twenty years, so has the
complexity of the basis sets. Split-valence basis sets are the standard for serious
calculations, as mentioned above. Correspondingly, the extent of the atomic orbital
expansion in terms of primitive gaussians has also increased over that time frame. The
notation of a split-valence basis set is self-explanatory, once the scheme is identified. For
example, the 4-31G basis set uses four primitive gaussians for each core atomic orbital.
The valence orbitals are duplicated, and the first set is comprised of atomic orbitals, each
of which are expanded into three primitive gaussians, while the second set is comprised
of atomic orbitals which are approximated by a single gaussian. The 6-31G basis set is
presently the basis set of choice for most calculations. The relevant parameters of this
set for atoms through the second row of the Periodic Table have been developed and
standardized by several authors [46-48]. Typically, a calculation will be performed using
STO-3G to get a rough estimate of the results, and then the computation will be fine-

tuned with the 6-31G basis set.

The GAUSSIANY0 program
So far, the discussion has been rather vague as to how the computation of
molecular structures and properties is actually performed. Although there are many

computer packages capable of doing calculations to varying degrees of accuracy, the
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present research utilized the GAUSSIANO90, or g90, program [49]. Other programs,
with varying degrees of cryptocity in their identification, include the MOLECULE-
SWEDEN libraries, MOPAC, GAMESS, MINDO/3, etc. Obviously, each program has
strengths and weaknesses, but one of the primary differences between the codes is the
distinction between a semi-empirical and ab initio approach. g90 is an ab initio code,
meaning that the modeling is done from first principles, in the manner described above,
without extensive empirical data libraries. This is what makes the excellent agreement
between the ab initio codes, such as g90, and experimental measurements, such as
chemical structures, so incredible. Indeed, as computational power continues to
increase, the usage of semi-empirical codes, e.g. MINDO/3, declines in favor of the ab
initio codes.

GAUSSIAN9O0 is actually an eighth generation program of a project initiated in
1970 by Hehre, et al. Each revision of the program is annotated by the year of release.
The full range of predictive capabilities can be found in the reference and is not of
importance here. The important point to note is that g90 utilizes the above theoretical
framework, i.e. the variational principle, gaussian expansions, etc., to solve chemical
problems. The application of g90 to the ground state of diatomics is actually rather
mundane, and with the proper basis set, can yield excellent agreement to the bond length
and the vibrational and rotational frequencies. The determination of excited state
parameters is also attempted by g90, using the orthogonality of the ground and upper
states in the variational principle. The subsequent version of g90, i.e. g92, is the first
version to compute dipole transition moment functions between an excited and ground

state.
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Summary

This chapter served to define two items: 1) the analytical and computational
methods employed in practical solution of molecular quantum mechanics, and 2) the
nomenclature used in the field of quantum chemistry. The latter is essential to
comprehend the literature, including Chapter 7 of this document, while the former is

useful in drawing conclusions based upon computational predictions.



Chapter 5

Scattering Theory of Molecules

In the previous chapters, reference has been made to the transition probability for
energy transfer without rigorous definition. It is now necessary, prior to any application,
to explicitly derive the transition probability, and more importantly the scattering cross
section. The scattering cross section is a measurable, and is the goal of any scattering
theory, not only those concerned with energy transfer reactions. However, in order to
arrive at the cross section, the impact of the interacting and noninteracting Hamiltonians
upon the states of the collision partners needs to be well defined. The following text
serves as a review of standard material assimilated from several sources, including

Newton [50], Goldberger [51], Messiah [52], and Merzbacher [53].

Time Evolution of Interacting Systems

The goal of any scattering problem is to determine the probability of measuring a
system in a particular state either before or after an interaction has occurred, given that
the system was in a prepared state either post or prior, respectively, to the interaction.
In either case, it is the residual effect of some form of interaction energy that produces
the initiative for transitions between eigenstates of the complete Hamiltonian of the
system. To better understand the interaction Hamiltonian, it is essential to follow the
evolution of the system eigenfunction as it travels from the distant past to the present
and on into the distant future. For the context of this discussion, the interaction between
the two systems will be confined to the present, with a non-interacting Hamiltonian
governing the entire system in the distant past and distant future.
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The following discussion may be outlined in several steps. First, the standard

Green function solutions to both the non-interacting and interacting Hamiltonians are
defined, along with the time evolution operators. From these solutions, it is possible to
construct integral equation solutions, i.e. the Lippmann-Schwinger equations, for the
complete system wavefunction. At that point, one can define the so-called "in" and "out"
states and their relation to the complete interacting wavefunction. The Lippmann-
Schwinger equations can be formulated in terms of Mgller wave operators, which in turn
can be related to the unitary scattering matrix. It is then shown that the scattering
amplitude can be extracted from the scattering matrix by examining the asymptotic

solutions of the usual expressions for quantum mechanical scattering.

Green's Functions

To begin, consider two molecular systems, A and B, such that in the distant past
they are non-interacting. Both A and B can be described by distinct Hamiltonians, H ,
and H,, yielding independent eigenstates and eigenvalues for A and B. Explicitly,
6.1 H,¢,(a)=E,(a)},(a)

H 0y (b) = Ez(b)9p(b)

where a and b denote a suitable set of quantum numbers. They could represent entirely
different solution spaces indicative of the differences in the respective Hamiltonians H,

and H,. The total Hamiltonian, which includes the interaction, can be written
(5.2) H=H +H’
where H, = H, + H,, and H’ represents the interaction. In the following, H is termed

the complete interacting Hamiltonian, while H, is termed the complete noninteracting, or

free Hamiltonian. A solution to the complete interacting time-dependent Schridinger

equation, ®(t), then follows as

66



(5.3) ia—<b(t) = H ®()
ot

where in natural units, & =c=1.
The solution of the Schridinger equation is facilitated by introducing the Green
functions for both the complete interacting, H, and noninteracting, H,, Hamiltonians

defined by
5.4 (ii -H‘,)Gt @ = d@)
dt
5.5) G D Hygm = 80
) dt §

subject to the initial conditions,

(5.6) G'()=g"(1=0; t<0

i.e. the G*(r)and g*(¢) solutions propagate the wavefunction into the future for the
noninteracting and interacting Hamiltonians, respectively. Likewise, the G™(¢) and g~ (¢)
solutions propagate the system wavefunction into the distant past, based upon their
respective Hamiltonians,

é.7 G (t)=g"(t)=0; t>0

Both sets of Green functions can be formulated in terms of the time evolution

operator as
o -iH,t = _i
G () = {-ze a iy, (1) i>g}
<
(5.8) 0 0
. t>
¢o = { ie™ =iU(t) t<0 }
and
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(5.9)

@) = 0 t>0
8= de™ =ium 1< 0
Note that the Green functions are constructed from operators that commute with

their respective Hamiltonians, implying that the Green functions themselves commute

with their respective Hamiltonians,

(5.10) [G*(@),H] =0
and
(5.11) [g*¢t),H] = 0

Further, H and H, must be Hermitian since they correspond to physical observables.

Likewise, the Green functions have the property,

(5.12) G'@) = G (1)
and
(5.13) g = g (1)

where the overbar denotes Hermitian conjugation.

The primary reason for defining the Green functions for this work is their use as

state vector propagators. Suppose that ¥, (#) is some solution of the complete
noninteracting Hamiltonian, H,. Using the Green function for propagation into later

times allows one to determine ‘¥, (¢), where #">¢,

¥, (#)=iG" (t-t)¥, ()
(5.14) =U, [ -,
=Y, (1)

Note that ¥, (¢’) is also a solution to the complete noninteracting Schrodinger equation,
as can been seen by differentiating (5.14) with respect to .
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In and Out States

As noted above, the Green functions track the evolution of the entire system
wavefunction from the distant past through the present and into the distant future. Let
®(z) be defined as the complete, interacting wavefunction of the entire system which
satisfies the Schrodinger for H. In the distant past, the interaction was negligible and
&(r) must have been equal to a wavefunction, defined as @, (¢), that satisfies the
complete noninteracting Hamiltonian, H,. Hence, for ¢, in the distant past,

(5.15) ¥, (t,)=(t,)
i.e. the noninteracting solution propagates into later times via the noninteracting Green

function, G* (¢),

(516) \Po(t)EiG (t_to)‘Po(to)
=iG*(t-1t,) D(t,)

This logic can be viewed from the reverse perspective. Imagine a state, which is a
solution to the free Hamiltonian, H, but which could also be traced back in time to be
equal to a solution to the complete interacting Hamiltonian, H. This is the definition of

the "In" state,

wiG*(t-t’)CD(t’)

(5.17) Y, ()= fim
r—-
In this manner W, (¢) is a free state, since it is propagated via the non-interacting
Hamiltonian and it is a solution to H,. However, in the distant past ¥, (¢) was a state
which was equal to the complete solution to the Hamiltonian, i.e. a planned coincidence.
The "in" state should not be confused with the propagated solution (5.16) although its
usefulness can be found by explicit substitution into the Schrédinger equation and taking

time derivatives such as
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(5.18) i%{G*(t —1')(t')} = —id,G* (1-1) B(t' ) +iG* (t—1' )3, (1)

Substituting the definition of G*(¢),

(5.19) i%G*(r)=HDG+(t)+8(t)

and the explicit Schrodinger equation,

Q.
(520 i ®(1)=H (1)
=(H,+H )®(t)
yields
i%{G*(t —')®(r' )} =-{H,G* (t-1 )+ 8(t-t')}(t')
(5.21) +G* (t—t' (H, + H )d(t')

==0(t—t')D(t')+G*(t—t')H d(t')
where the commutator [H,, G*(t—1")]=0. Straightforward integration of ¢’ from -oo to

+oo gives

Idt' a%{iG*(:-t' Jb(t')} =- Idt'&(t—t' )(t')

(5.22) h
+ j dt'G* (t—t')H &(t')

Using the time behavior of G* (¢~¢’) from (3.8), and the definition of ¥, (¢) from (5.17)

simplifies this expression,
(5.23) W, (1)=-B(t)+ [dr'G* (t-t' )H B(t')
or in a more useful fashion,
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(5.249) O(1)=Y,_(t)+ Idt'G"(t—t')H‘ d(t')

which is the well-known Lippmann-Schwinger equation.

Just as the "in" state was defined, an analogous "out" state can be defined as the

free (non-interacting) solution to H,, which happens to coincide with the interaction

solution in the distant future,
lim L
(5.25) ‘P,,“,(t)=t,_)+°° -iG@-2)PC)

Manipulations with W¥_,(¢), similar to that above for ¥, (¢), yield an additional integral

equation for the complete solution,
(5.26) O(t) =¥, (1)+ [dt'G (-1 )H &(t')

This form is less useful simply because experiments typically have well-defined pre-
interaction states, rather than post-interaction states.
Yet another perspective of the relation of the "in" and "out" states and the

complete solution can be obtained by recomputing the above using the complete
propagator, g*(¢). From the definition of the ¥, (1),

lim .
(5.27) O(t) = £y oo -ight@- )Y, ()

The complete solution originates from ¥, () in the distant past, but is propagated by the

complete interacting evolution operator. Again taking derivatives,

. a + ’ ’ . + ’ ’ + r * ’
(5.28) st{g (=1 )W, (1)} =00, 8" (1=1") W (t')+g" (t—1') i9,¥, (')
Using the free Schrédinger equation,

(5.29) i%{g*(t—t' M, (t')}=id,8" (t—t' )W, (t')+g* (t—t')H ¥, (t')
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applying the Green function definition (5.9),

PR
iz {87 (-1 ) ¥ (1')}

(5.30)
{Hg (11 )+8(t—t )}, () +g (t—t' )(H-H')¥,(t')
regrouping,
i2 gt (t— 1), (1)} =
(5.31) ot’

[ (=1 ), H| W, (t')-8(t~t')¥, (t')-g" (t—1t' )H"¥,(t')
and using the commutator [g*, H] =0, yields
(5.32) i-g—,{g*(t—t')\l',.,,(t')} ==3(t—t')¥, (t')-g"(t—1t')H"¥,(t')
Subsequent integration of ¢’ from -ce to +oo will then give
g (-t %, (1) (g (et . (1)) =
t'——)oo 8 in t'—)—oo g in -

(5.33) -
~W,(1)- [dt' g* (1-1)H" ¥, (1')

The first term is zero from the initial conditions on g* () given in (5.9), while the second
term is simply —®(¢). Hence rewriting (5.33),
(5.34) O(t) =¥, (t)+ [dt'g*(t-t' )H"¥, (t')

This form now describes the intuitive development of the complete interacting solution
as a deviation from a noninteracting, freely propagating state. The amount of deviation

is controlled by the complete interaction Hamiltonian over the time period of the

interaction. In this context, ¥,,(¢) can be thought of as an experimentally prepared state

prior to the interaction. The result of the scattering on the complete interacting
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wavefunction can now be traced back to a state which was non-interacting. It will

become useful later to denote the complete interacting solution by its noninteracting
origins, such that

(5.35) ¥ (a,t)=d(t)

where o denotes the set of complete quantum numbers that identify the ¥, (¢) state.

Obviously, in the distant past, ¥*(a., ) was equal to ¥, (1).

Mgller Wave Operators and the Scattering Matrix
Recall that the time evolution of ¥, (¢) is determined by the free Green function

because it solves the free Schrodinger equation,
(5.36) Y (t')==iG (t—t')¥,(t)

such that upon substituting into (5.34), one obtains

D(t)="Y,(t)-i ]dt' g (t—t')H' G (t'=t)¥,(t)
(5.37) -
= {1-:‘ [arg (- )H'G'(t'—t)}‘l’,-,,(t)
Since dt’ runs from -oo to 4o, the difference ¢’ —¢ =t can be integrated over the same
limits. This yields a clean form for the complete solution as
(5.38) d(1)= Q" Y, (1)

where the Mpller wave operator, Q*, is defined as [50]

(5.39) Q* E{l-i]d’t g*(—'c)H'G'(’c)}

Note that Q" is completely time independent and converts the ¥, (¢) state, which has

evolved via the noninteracting Hamiltonian, into ®(¢), which has further evolved under

the complete interacting Hamiltonian.




A similar manipulation with the ¥, () state can be performed, resulting in the

definition of the Q" operator as
(5.40) ®(1)= Q ¥, (1)

where the second Mgller wave operator is defined by [50]

(5.41) Q_E{1+iIdT g'(—‘c)H'G*('t)}

The utility of the Q* operators is that they connect the exact eigenstates to the

unperturbed system eigenstates. To summarize the important relations,

(5.42) @)= Q" ¥, (1)

(5.43) ¥ (1)= Q" d(1)
(5.44) @(1)=Q" ¥, (1)
(5.45) ¥, ()= Q &)

where the overbar denotes Hermitian conjugation. Hence, the "out" state is related to
the "in" state by
(5.46) ¥ ()= Q Q'Y (1)

which leads to the natural definition of the scattering matrix as

(5.47) S=Q"Q*
with the property that
(5.48) SS =1=2S8%

which can be proven by inverting (5.46). In addition, the scattering matrix S is also time-
independent.
Using the above definitions for the various states, the objective of a scattering

problem can now be realized. Let the complete interacting system be described in the
distant past by the wavefunction ®(¢), which is equal to the free wavefunction ¥, (o, ¢)

where o denotes a particular set of quantum numbers. Hence, ¥, (o,t) = ¥, (@, 1).
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The complete interacting system will evolve according to H, and the wavefunction can
be designated W*(a,¢), as described above. In the distant future, the complete
interacting system can be described by another wavefunction, ®(z’), which is equal to a
free wavefunction ¥, (B,t)="¥,,,(B.t), where B is used to denote a final set of quantum
numbers corresponding to the free Hamiltonian. The state ¥,,,(B,¢) must have been
propagated forward in time from a present state given by W~ (B,¢). Thus, the probability
amplitude of finding the system in the distant future in the free state ¥, (B,¢), given that

the system was in a free state ¥, (c,¢) in the distant past, is determined by the overlap of

the complete interacting states describing the evolution of the interacting system in the

present. Mathematically, this is described by the inner product,
(5.49) A=(¥(B.1)|¥* (1))

Using the above relations of the Mgller operators, this can be written in terms of the free

states by noting that

A

(Q2,.,(B.0]|Q"¥, (0,1))

(¥,.(B,1)|Q Q| ¥, (1))
(Fou(B.1)] S | ¥i(00,1))

=(¥,.(B.0)| § | ¥, (,0))

where the time dependence vanishes since S commutes with H,.

(5.50)

Perhaps one of the most important features of the scattering matrix S is that it
may be separated into two parts, corresponding to an unscattered and a scattered
amplitude. This is simply the origin of the two parts of the usual description of
scattering of a plane wave. A functional form the scattering operator is then
(5.51) §S=1-2xiT

This relation is the definition of the scattering 7 matrix, which is the piece de resistance
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of formal scattering theory. Itis the 7' matrix which is the valuable quantity in scattering
problems since it describes the nature of the scattering event and disregards the

unscattered probability.
Time-Independent Scattering

The Scattering Matrix

To this point, all calculations have been performed with the inclusion of time
dependence of the state functions. In subsequent calculations, it is much simpler to deal
with time-independent wavefunctions. The advantage gained is that most scattering
experiments can be described in terms of monoenergetic beams, etc. To change

coordinates between time and energy, a standard Fourier transform is done, such that,
(5.52) W(E,0) = [dte®™¥(o,1)

with similar definitions for all the wavefunctions determined in the preceding sections.
Since the wave operators and the scattering matrix, S, are time-independent, the
expressions relating the complete, interacting solutions, ¥*(E, o), with the "in" and
"out" states are mostly unchanged. The exception is that the "in" and "out" states are
now simply free states of the noninteracting Hamiltonian with specified quantum
numbers. The distinction of "in" and "out" is now somewhat superfluous. The

Lippmann-Schwinger relations for single channel scattering, where H = H, + H’, now

become

Y*(E,a)=Y,(E,0)+g'(E)H'¥Y,(E,a)

(5.53)
Y (E,a)=VY,(E,a)+g (E)H'Y,(E,0)

or using the Mgller wave operators,
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(5.54) W*(E,a)=Q*Y (E,a)

These equations could also be written as the set,

(5.55) Y*(E,0)=¥Y,(E,a)+G'(E) H ¥*(E,a)

Y (E,a)=Y,(E,a)+G (E) H Y (E,a)
The advantage that (5.55) have over (5.53) is that the Green function for the
noninteracting Hamiltonian is usually known. The disadvantage of (5.55) is that they are
transcendental-style equations, however. It will be shown below that the well-known
Born approximations are simply iterative approximations to the solution of (5.55).

The scattering probability amplitude takes on a form similar to the time-
dependent case. Given a system initially prepared in a state ‘¥, ( E,, o) which evolves
into state W*(E_, o), the amplitude for scattering into state ¥, ( Eg,B) which evolved

from W™(E,,B), is given by the overlap,

(¥~(E,.B)

¥ (B, ) =(Q Y, (B, B)|Q"Y, (E, o))
=(¥,(E,.B)| S |¥.(E, )

Since § commutes with H,, this expression must be proportional to a delta function over

(5.56)

the energy when o =B. Also, when H = H,, there is no interaction and S =1. The

overlap (5.56) is simply over the free states. Thus S may be partitioned into pieces as

(W (B B S| ¥.( B, 00) = (¥, (Ey.B)| ¥,( B )
-21i8(Ey—E,)8(P, - P,) T, (E)

(5.57)

where the conservation of energy and momentum are explicitly stated. It follows
straightforwardly that Ty, (E) takes the form,

(5.58) To(E)=(¥,(E,.B)| H'

¥*(E,,a))

The Scattering Cross Section
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The scattering cross section is a measurable quantity which parametrizes the

relative efficiency of a collision. A standard derivation of the differential and total cross
section is given in Appendix I. From (A1.19), the total scattering cross section is given
by [50]

(A1.19) Oy (@) =(2m)* u’IdQITh(E,-,&,q,Q)Z

In atomic units, Gy, (¢) will have units of m’e*a;, which from Appendix II is equal to a’
or an area, consistent with the physical intuition of the cross section as the "effective”
area which a molecule presents its collision partner. In (Al.19) the transition matrix is
written slightly different from (5.58). The correlation between the two can be examined
by modifying the Lippmann-Schwinger equations (5.55) to contain a variable parameter,
v , which governs the interaction "strength”. Then (5.55) takes the form,

(5.59) Y*(E,0)="Y,(E,a)+YG*(E) H W' (E,a)

and upon rewriting,

(5.60) (1-yK)¥*(E,0)="¥,(E,a)

where K =G*(E) H’. The scattering T operator then follows from this as

(5.61) T(1-YK)=vH’
or
(5.62) T=y(1-yK)" H’

One manner for solving for the operator (1—y K )™ is to expand it in a power series in

the strength parameter Y . Then it takes the form,

(5.63) 1-yK)* =27"K"

a=0
The scattering T operator can be written as a power series as
(5.64) T=y{1+yK +(vk*+..} H’

For the case y =1, the power series is known as the Born series. Note that in this case,
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the Lippmann-Schwinger equations are unmodified. In this instance, convergence of
(5.64) is a concern. It will suffice herein to note that for the Born series to converge, K

must be small in comparison to the scattering energy scales.

Born Approximation
The first Born approximation is given by the first term in (5.64) with vy =1, which
implies that T = H’. Hence, the scattering T matrix is given a form of

(5.65) Lo (E)=(¥,(Ey.B)| H'|¥,(E,.a))

where the momenta indices are suppressed. Comparing (5.65) to (5.58) one finds that
the first Born approximation is equivalent to replacing the exact interacting solution of
the complete Hamiltonian by a free eigenstate.

If the free eigenstates may be constructed from the outer product of plane wave

solutions to the propagating particles and the eigenstate of the internal coordinates such

that the free states take the form,
ee*
(5.66) (r|¥,(E, o)) = Wla)

then the scattering matrix may be written as
ei(ﬁ-i)-z
(5.67) Tou (ks —ky) = [ dr 2 Bl D]e)
where the inner product over the interaction Hamiltonian between the initial and final

states explicitly displays the dependence of the scattering process upon the internal
structure of the projectiles. Letting g = ko — kg illustrates that the scattering matrix is the

Fourier transform of the interaction potential. This is the mathematical beauty and
simplicity of the first Born approximation. Note that since H’(r) has units (in the

Hartree system) of e/a, , and that the plane wave portion of the free state is unitless,
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then the scattering matrix has units of e’a’.

The most important issue surrounding the first Born approximation is the range
of applicability of the approximation. As mentioned above, the first Born approximation
amounts to replacing the correct interacting solution by an unperturbed solution. Hence,
the system never "feels" the interaction until the moment of collision, and then evolves
away from the collision without any decreasing perturbation of eigenstates. Indeed, the
collision is effectively turned on and off instantaneously. Thus the Born approximation
tends to mimic the behavior of high energy systems which do not have time to be
influenced by collision partners. A good criterion for the validity of the Born

approximation is
(5.68) ]%l(Rk) <<1

where the ratio |H’|/E sets the energy scale of the interaction with the overall system
energy, and ( Rk} is the product of the length scale range of the potential with the system
momentum. For the Coulomb potential, R is usually large enough to make (Rk) also
large. Hence, for the Born approximation to be valid, we need to have the interaction

energy be only a small fraction of the total system energy. However, it is an anomaly

that the Born approximation gives the exact answer for pure Coulomb, i.e. H" e« 1/r,

scattering.
Summary

This review of scattering is intended to bring out several points from the formal
theory. The first is that there is essentially three points in time which are of interest. The
present, i.e. t =0, is needed because it is when the scattering occurs. The infinite past is

important because that was when the noninteracting states were equivalent to the
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interacting states. The infinite future is also important for the same reason. In practice,
the infinite past corresponds to the point in time when the reactants are prepared and the
prepared and the infinite future corresponds to the point in time when the products are
detected.

The concept was presented in which two sets of states propagate simultaneously.
One set is governed by the noninteracting Hamiltonian, while the other is governed by
the interacting Hamiltonian. It is this duality which allows for the definition of the
scattering matrix.

Finally, the Born approximation for the scattering matrix was presented. This
will be of great importance in the application of the two-electron exchange to the Ar-Ny

system.
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Chapter 6

The Ar-N2 Energy Transfer Reaction

The fast energy transfer reaction (1.3) presents a unique opportunity to
investigate a seemingly paradoxical physical system. Before proceeding, however, it is
imperative that the current state of experimental knowledge be revisited. It is the intent
of this chapter to present, 1) a brief discourse on the usefulness of (1.3), 2) some of the
intricacies of the Ar atom and the N9 molecule as they pertain to modeling (1.3), and 3)
a summary of the literature.

Utility

In addition to being an interesting physical system, the energy transfer reaction
between the Ar metastable and the N9 ground state has a direct application for the
ultraviolet nitrogen laser [13]. The Ar-N» system was originally thought to be useful for
making a gas scintillation chamber to measure radioactive particle energy [54]. Shortly
thereafter, though, the first report of a laser utilizing the upper excited electronic states
of Ny was delivered by Heard in 1964 [55]. A proposal to use excited Ar to pump the
upper N states was subsequently made the following year [56]. This practical
application spurred intense experimental investigation and kinetic modeling of (1.3).

The stimulated emission occurring in the ultraviolet nitrogen laser is due to
transitions from the No(C, v=0) level to several vibrational levels of the No(B) electronic
state. This band system is known as the nitrogen second positive system. Reports of Np
lasing from the upper N9 (C, v=0) to the lower N2(B,v=0,1,2,3) at 337 nm, 358 nm, 380
nm, and 406 nm, respectively, have been published [57-62].
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Atomic and Molecular Structure

This research seeks to model (1.3) by an electron exchange mechanism.
However, before the discussion of the proposed mechanism may take place, it is essential
that the electronic structure of both the Ar atom and the N2 molecule be put forth.
Indeed, in the analysis described in Chapter 7, only the electronic manifolds were
modeled, and no attempt was made to describe vibrational or rotational excitation or

quenching.

General Atomic Wavefunctions

Before going into detail about the specific structure of Ar and N», it is
worthwhile to discuss the origins of atomic and molecular symmetries. For quantum
systems, such as atoms and molecules, the complete set of commuting observables
determines the set of relevant quanturn numbers. The set of quantum numbers used to
describe atomic states includes the principal radial quantum number, the angular
momentum, and the spin angular momentum. Each electron is assigned a unique set of
quantum numbers, which is called an atomic orbital. Different atomic orbitals possess
different types of symmetries based upon their quantum numbers. Recall that the spatial

solution to the Schrédinger equation for a central potential takes the form,

6.1) ‘P(r,e,¢)=% (T, (6,0)

where /Sn-1,|m| <!, and n={0,1,2,...}. The spherical harmonics are functions of

two variables,

e PELEm)T s
6.2) Y,0(6,0)=(-) ‘/ (o (cos®e

where P"(cos8) is the associated Legendre polynomial.

The parity operation determines the symmetry nature of the orbital under
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inversion through the origin, i.e. r = —r. In spherical coordinates, this invokes the
replacements: r =7, 8 - -0, and ¢ - n+¢. Clearly, from (6.1), the radial solution
is unchanged. From (6.2), the angular portion of the orbital wavefunction will be
affected by such a transformation. From standard texts [63], it can be found that the
parity of the spherical harmonics is independent of m and depends upon [ in the following
manner,

(6.3) Y, (n-6,n+0)=(-1)'Y,.(6,0)

Hence, orbital wavefunctions for which / is even are said to be even parity, those for
which / is odd are said to have odd parity.

The spin angular momentum is discussed in most texts, and it should suffice to
note that each electron wavefunction is the product of (6.1) with a spinor. Since the
electron has spin 1/2, the spinor may have only two elements, one corresponding to the
-1/2 projection along a defined spatial axis, and one element corresponding to the +1/2
projection. Thus, two electrons may be represented by the same spatial function or
orbital, i.e. (6.1). It should be emphasized that the spin is a true angular momentum and
is capable of coupling with the orbital angular momentum, in vector fashion, to form a
resultant angular momentum.

For this research, only an understanding of the wavefunctions for / =0 and 1 need
to be considered. Orbitals for which / =0 are referred to as s orbitals. From the above,

s orbitals are of even parity. If / =0, then m must also equal 0, and the spherical
harmonic function is ¥, (0,¢) = 1/J4n ,1.e. a constant. Thus, s orbitals possess no

angular variations and therefore they are spherically symmetric.

If [ =1, the orbital is referred to as a p orbital. They have odd parity, meaning
that the wavefunction changes sign if inverted through the origin. The spherical
harmonics for / =1 may take three forms, depending on whether m= 1, 0, or -1.
Explicitly writing the solutions,
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Kl(9.¢)=—\/gznsin9e‘°

6.4) Y,(0.0)= —\/-% cos©
3
Y,,(6,0)= Jé_%smee “

which uses the phase convention of Condon and Shortley [63]. From (6.4) it may be

seen that Y, (6, ¢) is proportional to the spherical coordinate representation of the
Cartesian coordinate z. Furthermore, by taking linear combinations of the Y,,(0,¢)
spherical harmonics, it is possible to construct quantities which are proportional to the
Cartesian x and y coordinates. The resulting orbital wavefunctions are called the px, py,
and the pz orbitals. Pictorially, these orbitals appear as lobes along each of the
corresponding Cartesian coordinate axes. Because of the odd parity, the functional value
of the wavefunction in a given lobe is opposite in sign but equal in magnitude to its
opposing lobe.

The nomenclature of atomic states attempts to describe the aggregate angular
and spin angular momentum of all the orbitals. In the L-S coupling scheme, this requires
three values since angular momentum is a vector quantity. Let L denote the vector sum

of the orbital angular momenta, and its magnitude be L, where L = IZLI . KL =0, the

atomic state is called a S state, while if L = 1, the atomic state is referred to as a P state.
In a similar fashion, the magnitude of the vector sum of the spin angular momenta is
defined as the quantum number S. The value of 2§+1 is written as a pre-superscript to
the base orbital angular momentum. Since it is possible for the spin angular momenta to
couple to the orbital angular momenta, a more appropriate quantum number in many

cases is the vector sum of the total spin and the total orbital angular momenta. The
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magnitude of this total vector sum is denoted by J, and its value is typically written as a

subscript to the base orbital angular momentum.

Argon

Argon (Ar) is a noble gas with 18 bound electrons and is chemically inert. A
term diagram of Ar is given in Figure 6.1, and a table of relevant Ar parameters is given
in Table 6.1 [64]. The ground state electronic configuration is 1s22322p63s23p6. The
spectroscopic notation for the ground state in the L-S coupling scheme is 180. This
electronic configuration implies that the third major shell, the M shell, is not filled. Note
that the M shell may accommodate 10 additional electrons in the 3d orbital. Indeed, the
first excited state, the 3P2 state, is not due to the promotion of a ground state electron
into the 3d orbital, but rather into the next shell, which is the 4s orbital [65]. Hence, the
3P state has an electron configuration of 1s22s22p63s23p54s. Because of the spin-orbit
coupling, the 3P state will have two values of J: 0, and 2. From Figure 6.1, it can be
seen that the two levels of the 3P state both lie near 11.5 eV above the ground state. For
this research, the splitting of the 3P state due to spin-orbit coupling is neglected.

The lifetimes of the singlet and triplet excited states are listed in Table 6.1. It is
clear from these values why the 3p states are termed metastable. Physically, it is the
dipole selection rule, which forbids transitions between states of unequal spin, that
prevents the 3P state from decaying to the ground state. As will be discussed below, this
phenomenon is at the root of the problem of this research.

The 1Py excited states have the same electronic configuration as the 3P states,
but with differing spin arrangements. They have a relatively short lifetime, indicative of
an allowed electric dipole radiative transition, and are not of interest to this study.

Since this study deals with the spatial distribution of the wavefunctions, perhaps
the most important concept to gain from the discussion of atomic structure is the shape
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of the ground and metastable wavefunctions. Although the ground state is 13, the active

electrons are located in the 3p orbital. Hence, the shape of the ground state for the
purpose of this work is three orthogonal lobe pairs. Each lobe pair defines an axis in the
Ar reference frame. From the above, a given lobe will be symmetric to its partner, with
the exception of a sign change.

The excited metastable state has a term notation of 3P. However, the electron of
interest in this configuration is in the 4s orbital. Hence, the shape of the wavefunction

for the 3P excited state is a spherical ball.

General Diatomic Molecule Wavefunctions

Since molecules are comprised of atoms, much of the above discussion of atomic
symmetries may be applied to diatomic molecules. However, there are a few slight
modifications which need to be addressed. A comprehensive discourse on diatomic
molecules is given by Herzberg [3], and should be considered as a first source for
information. Only those topics pertinent to subsequent discussion in this work will be
reviewed here.

The most obvious difference between atomic structure and diatomic structure is
the presence of the internuclear axis. This seemingly mundane observation is actually a
profound distinction. The internuclear axis breaks the spherical symmetric coordinate
system of the atom by defining a preferred direction of the molecule.

It has been found that the total orbital angular momentum, L, of the electrons
does not necessarily lie along the internuclear axis, but will precess around it due to the
electrostatic field of the nuclei. Only the component of L along the internuclear axis will
be a constant of the motion. This vector component is defined as A, with a magnitude

given by A. The values of A are integer numbers 0, 1, 2, ..., and according to the value

of A, the electronic state is denoted as I, IT, A, ..., respectively. Clearly, this is an
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analog to the atomic term notations, but with a subtle difference. Since A denotes the
magnitude of A, the actual vector may lie either parallel or antiparallel to the
internuclear axis. In the absence of coupling of orbital angular momenta, these two
options are indistinguishable, and hence, degenerate.

The spin multiplicity of the diatomic wavefunction is directly analogous to an
atomic spin multiplicity. The total spin vector of all the electrons is denoted by §, which
has a magnitude given as S. The orbital motion of the electrons creates a magnetic field
which in turn causes § to precess about the internuclear axis, similar to L. Hence, the
stationary component of § along the internuclear axis gives rise to a conserved vector,
X. In contrast to A, the quantum number X is defined as the magnitude and direction of
X. This is in analogy to the my quantum number of the individual electron spin. It is
possible for X to assume 2S+1 values, from -S to S, which is called the multiplicity of the
diatomic wavefunction.

With these definitions, the symmetries of a diatomic molecule may be considered.
First, note that any plane containing the internuclear defines a plane of symmetry. When
the wavefunction is not degenerate, as for X states, then it is required that the
wavefunction be either symmetric or antisymmetric upon reflection across this plane.
Thus, X states are classified as either Z¥ or X-, based upon their symmetric or
antisymmetric reflection property across any plane containing the internuclear axis. For
the case of the degenerate states, i.e. I, A, etc., this symmetry is not required. The
diatomic wavefunctions need only transform into any combination of the set of
degenerate wavefunctions.

Another molecular symmetry of interest occurs for homonuclear diatomics, such
as Np. Because the electrostatic field due to the nuclei is now symmetric with respect to |
inversion at the origin, the diatomic wavefunction must exhibit the same behavior.

Obviously, the origin is located at the center of the internuclear axis. If the wavefunction
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is symmetric with respect to inversion through the origin, i.e. r = —r, then the

wavefunction is denoted as "gerade," which is the German word for even. Otherwise,
the wavefunction must be antisymmetric with respect to inversion at the origin, and it is
denoted as "ungerade." Note that this symmetry property holds for homonuclear
diatomics, regardless of the A or X quantum numbers, since no amount of angular
momenta coupling will change the fact that the nuclei are identical.

In addition to the symmetries for the molecular wavefunctions, it will be
important to visualize the structure of the molecular orbitals composing the total
wavefunction. This is analogous to examining the spatial dependence of the various
atomic orbitals. However, in the case of atomic orbitals, their properties were
determined by solutions to a central potential, yielding the spherical harmonics. In
general, every molecular orbital belongs to the irreducible representation of the
symmetry point group determined by the nuclear framework [42,66,67]. Although this
can become rather complex for intricate molecules, the diatomic molecules belong to the
C.., point group. This means that every diatomic molecule has an infinite number of
symmetry planes which contain the internuclear axis. The molecular orbitals must also
mirror this fact.

The standard nomenclature for identifying the orbitals is to label them by their

irreducible representation, with a numeric integer prefix to denote the energy ordering of

like orbitals. Two of the irreducible representations for the C,_, point group are denoted
as ¢ and . A sketch of the nature of these orbitals is given in Figure 6.2. Molecular
orbitals having cylindrical symmetry about the internuclear axis are termed o orbitals.
Those orbitals which have a nodal line along the internuclear axis are referred to as &t
orbitals [68]. Often, if the orbital is an antibonding orbital, then it is denoted with a

superscript *. When the diatomic is homonuclear, the orbitals must possess the

additional inversion symmetry of the nuclei. This additional symmetry property is
91







denoted by a subscripted "g" when the wavefunction is symmetric under inversion, and

subscripted "u" when the wavefunction is antisymmetric under inversion.

Molecular Nitrogen

The structure of N> is somewhat more complex than that of Ar due to the nature
of molecular orbitals in general. To begin, a term diagram for N> is given in Figure 6.3.
The upper electronic state of interest to this research is the Nz(C3Hu) state. This state
is excited by a transition from the ground state, denoted as Xl).".g"'. The N2(C3Hu) state
can be seen from Figure 6.3 to lie at 11.05 eV above the xlzg+ state. Thus there is an
energy resonance of the vibration-rotation manifold of N2(C3l'Iu) with the Ar(3P0,2)
state.

Table 6.2 presents some spectroscopic parameters for various- states of No.
According to Lofthus and Krupenie [69], the ground state electronic configuration
consists of 10g210u220g226u211cu43og2, while the C3I1,; state has a configuration of
16g210u2208220u11tu430g2lng. Hence, the excitation of N is not a simple Rydberg
excitation of the outer electron. This can be seen by looking at the ground state
configuration. Since the last electron is in a gerade sigma orbital, promotion to the 1ng
orbital would make the overall wavefunction gerade, even though the angular
momentum would change to I1. Indeed, this is exactly the configuration of the B3Hg
state. Further promotion of this electron leads to the very high energy E3Zg+ state [69].
Hence, it is energetically cheaper to promote from a core shell orbital. The next orbital
below the 30, orbital is the 17, orbital. Promotion of an electron from that orbital into
another 7 orbital, while conserving momentum, would lead to an overall £ wavefunction

with ungerade symmetry, i.e. the a'l):,'u state. The next inner shell orbital, from which to

promote, is the 26, orbital, which leads to the C3T1, state.
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The spatial distributions of the orbitals of interest to this study are given by the
forms of the 20y, and the 17 orbitals, which are occupied in the ground, XIZg"', and
excited, C3I'Iu, states respectively. It is relevant to note that the 26, orbital possesses
cylindrical symmetry about the internuclear axis, even though the sign of the
wavefunction changes by inverting through the midpoint of the internuclear axis, as
shown in Figure 6.2. The change in wavefunction sign prompts the identification of the
20, as an antibonding orbital. Likewise, the lng orbital is also an antibonding orbital
because it has a nodal plane orthogonal to the internuclear axis. It also has two nodal
planes which contain the internuclear axis, giving it the spatial form of eight lobes.
Letting the origin correspond to the midpoint of the internuclear axis, it is clear that

every octant would contain one of the lobes.
Cross Section Data

There have been many measurements of the energy transfer cross section for
reaction (1.3). The literature reports five different techniques: discharge flow reactor,
arc-jet, pulsed electron impact, crossed molecular beams, and single metastable beam
experiments. A summary of the following experimental results is given in Table 6.3.

One of the earliest reports of the cross section was that of Schultz [70] in 1966,
using an o-bombardment experiment. His reported value was 5 £ 1 A2, although the
technique used was not selective in determining the excitation. Three years later,
McGregor [71] inferred the cross section as 2.7 + 1.4 A2 from an arc-jet experiment.
McGregor's experiment passed flowing Ar through an arc-jet into a low density cell. A
mixture of Ar and Ny was bled in around the expanding plume of the jet. The interaction

region was monitored spectroscopically for the N9 second positive bands.
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Discharge flow reactor experiments were performed over a time span of eight
years by a group at the University of Kansas headed by Setser. This set of experiments
actually determined the rate of the reaction (1.3), and not the reaction cross section.
Experimentally, Ar was excited by a low pressure discharge and allowed to pass through
a low density, flowing N2 environment. The reaction was monitored spectroscopically
for emission from the No(C) and No(B) states. The rate of photon detection was related
to the quenching rate of Ar*. In these measurements, no separation of the Ar(3P0) and
Ar(3P2) components was possible. The results were corrected accordingly by using a
measured ratio of the two components as 1:7. The agreement of the reaction rates
published in their last report with those of other researchers is rather good. Kolts,
Brashears, and Setser reported, in 1977, a quenching rate for Ar(3P2) of
3.3 0.5 x10-11 cm3-molecule-1-sec-1 [9]. In Table I of that work, they quoted two
other measurements of the quenching rate and both were well within the experimental
uncertainty of their measurement. For reference, the gas kinetic rate at STP is usually on
the order of 10-10 cm3-molecu1e‘1—scc‘l[8]. No attempt was made by the authors to
convert the reaction rate measurement into cross section. However, subsequent analysis
of their data by Parr and Martin [72] inferred a value of 3.2 A2 for the cross section by
assuming that the reaction occurred at room temperature. Furthermore, Sadegi and
Setser [73] recently reported a new measurement of the quenching rate which is 1.8
times that measured by Kolts, et al. A recent literature review by Tyndall, et al., [74]
proposed that the cross section inferred by Parr and Martin needed to be scaled upwards
by a factor of 1.8. This yielded a value of 5.8 A2 for the cross section.

A study done by Bennet and Flint [75] in 1978 determined the reaction cross
section for Ar(3P2) quenching as 9.4+ 1.0 A2, They used pulsed electron bombardment
to excite the Ar in an Ar/N9 mixture. The N9 second positive emission bands were then
monitored spectroscopically. The experiment took place at a temperature of 663 K. In
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actuality, the second positive decay rate related the Ar(3P2) quenching rate to No(C).
The cross section was then inferred from the expression k = om , where k is the
measured rate constant, and |L  is the reduced mass.

Parr and Martin [72] conducted a pulsed beam experiment in which three
different methods of producing Ar* and selecting its velocity are reported. Their cross
sections for (1.3) are thus a function of the center-of-mass kinetic energy, which can be
quite high. Their results show a factor of 2 difference in the cross section, depending
upon the excitation and selection technique. Based upon the measured cross section
curves for each technique, their best estimate of the reaction cross section is 6.4 A2,
Note that this experiment is incapable of distinguishing between the 3P2 and the 3P0
components of the excited Ar beam.

By far, the most popular experimental technique is the method of crossed beams
in which a beam of Ar(3P0,2) intersects a beam of N2(X12g+) at a 90 degree angle.
This arrangement has the advantage of a well defined collision energy, but with the
drawback that the collision energies are often much higher than that which corresponds
to 300K. Several experiments were done solely to determine the relative cross section as
a function of collision energy [76-78]. Absolute values of the cross sections could be
determined by normalizing the cross section to a previously measured absolute cross
section at a particular energy.

Perhaps the seminal crossed beam measurement was that due to Winicur and
Fraites [79]. Their technique typifies the method of crossed beams. A beam of argon
was excited by a discharge and then passed through an expanding supersonic nozzle, to
achieve speeds of Mach 20. The expansion was sampled by a collimator to produce a
beam of fast Ar*. This beam then intersected a slow beam of ground state N7 at right
angles. The N1 second positive bands were used to monitor the energy transfer reaction.
From this measurement, they obtained a probability for energy transfer as a function of
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the scattering angle. A five parameter double Lennard-Jones intermolecular potential
was then fitted to the data to determine a radius at which the potential is a minimum.
The energy transfer cross section was then obtained from a direct numerical integration
of the energy transfer probability written as a function of the reduced impact parameter,
ie. b/r,..... Winicur and Fraites achieved a probability data fit by a second order
polynomial, which was used for the numerical integration. Their result for the cross
section was 11.8 +3.5 A2,

A second absolute cross section measurement using crossed beams was
performed by Lee and Martin [80]. Again, the experiment actually measured the
probability of quenching as a function of collision energy. A scaling of the measured
data by a comparison of the inferred quenching rate constant with that determined by
Piper, et al, [81] was performed, in a manner similar to that done by Winicur and Fraites.
The final result was a calculated cross section of 6 A2 at 0.051 eV. Note that this value
is roughly half of the value given by Winicur and Fraites.

More recent crossed beam experiments include that of Tabayashi and Shobatake
[82] and Vredenbregt, et al., [83]. The work by Tabayashi and Shobatake was restricted
to relatively high collision energies, above roughly 0.7 eV. They found that the relative
cross section was a monotonically decreasing function. The maximum measured value
of the relative cross section occurred for the lowest available energy. To obtain an
absolute cross section, Tabayashi and Shobatake scaled their results with the value
inferred by Parr and Martin since the shapes of the relative cross section agree favorably
for overlapping collision energies. As pointed out in Tyndall, et al., the Parr and Martin
value is incorrect by a factor of 1.8. If the data of Tabayashi and Shobatake are scaled
by an additional factor of 1.8, the maximum cross section approaches 11 A2,

The relative cross section data of Parr and Martin covers a lower energy range
than that of Tabayashi and Shobatake, ranging from near zero to over 0.08 eV. There is
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a distinct maximum in the curve at a collision energy of roughly 0.025 eV. The value of
the cross section at this energy is roughly 14 A2, after accounting for the factor of 1.8.

The most recent measurement was that of Vredenbregt, et al., [83].
Experimentally, this effort was similar to the others, but with expanded coverage of the
absolute, vibrationally resolved reaction cross section. Their data agree very favorably
with that of Tabayashi and Shobatake for energies greater than 0.07 eV. The
Vredenbregt data also agree fairly well with that of upper energy range of the Parr and
Martin data. A discrepancy occurs as the energy is lowered below 0.03 eV. As noted
above, the Parr and Martin data peak at 0.25 eV with a value of 14 A2, In contrast, the
Vredenbregt data continue to climb until 0.009 eV, where it has a peak value of 18 AZ,
Below this maximum the cross section falls very quickly.

Perhaps one of the most interesting reports did not attempt to measure the
reaction cross section at all. A recent paper by Tyndall et al, in 1987, describes a single
beam experiment designed to measure the rotational alignment of the product No(C)
with the initial velocity vector of the Ar [84]. They passed Ar through a discharge and
used a time-of-flight method to select the desired Ar kinetic energy. The beam then
entered a chamber of N9, and the subsequent N2(C) emission was monitored. The
collisional energy spanned by this experiment ranged from 42 to 460 meV. Recall that
room temperature corresponds to roughly 25 meV. Although the intent of this paper
was to document an experiment to measure the product rotational alignment, a review of
the cross section literature was included. The interesting item of this paper was the
proposal that the excitation transfer occurs by an exchange of electrons from the Ar 4s
orbital to the N3 17g orbital, and from the N3 26y, orbital to the Ar 3p orbital. This
mechanism was proposed to explain the observed rotational alignment of the product

N(C) with the initial Ar wavevector. Note though, that it was not evident from the data
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as to whether this electron exchange was coincident, or whether it occurred sequentially

via an intermediate reaction complex.

Summary

The intent of this chapter was to provide background information on three topics:
the atomic structure of Ar, the molecular structure of N9, and experimental
measurements of the energy transfer cross section. From the standpoint of modeling
(1.3) as an electron transfer event, it was seen that the orbitals of interest are the 3p and
4s orbitals of Ar, and the 26}, and 17, of No. The symmetry of the orbitals was
discussed as a prelude to calculating the interaction Hamiltonian.

The experimental work showed that the energy transfer cross section is large,
varying between 2.7 and 18 A2, depending upon the measurement technique. To date,
proposals to explain these experiments have included two-electron exchange, but the

exact nature of the energy transfer has been debated without resolution.
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Chapter 7

Application of Quantum Field Theory
to Ar-N3 Scattering

The following text documents the methods used to apply the theoretical results of
Chapter 3 to the fast spin-forbidden energy transfer reaction of (1.3). In particular, the
approach taken to solve the problem is presented, followed by the direct application of
(3.29). The remainder of the chapter details the various computational techniques

utilized to obtain the interaction Hamiltonian and the scattering cross section.

Overview

Objective

The clear goal of this calculation was to apply the formalism of the previous
chapters to a real, physical system and determine whether the two-electron exchange
process is plausible. The most significant physical observable in a bimolecular collision is
the scattering cross section. Thus, the objective of this calculation was to determine the
scattering cross section for energy transfer via the two-electron exchange mechanism.

As with any endeavor, there are a myriad of possible paths which arrive at the
same destination. In this research, the point of origin for all paths was the two-electron
exchange hypothesis developed in Chapter 3. From there, however, several alternative
routes were possible. The path taken is described schematically in Figure 7.1. The first
step was to apply the interaction Hamiltonian of (3.29) to the Ar-N7 system. The choice

was made to postulate that the inner shell electrons need not be considered for the
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interaction. Furthermore, it was decided to use ab initio electronic wavefunctions to
describe both Ar and N»j.

The next step was to calculate the molecular transition amplitude for the
interaction. It was decided to neglect any coupling of the vibrational and rotational
modes to the electronic wavefunctions. Note that the vibrational state resolved
measurements of Vredenbregt, et al., [83] indicated no anomalous dependencies of the
cross section upon vibrational modes. Furthermore, any perturbations of the N2(C3I'Iu)
state by other electronic states were neglected.

Since the electronic and kinetic eigenstates were assumed independent, the next
crossroad was to choose a representation of the system kinematics. In contrast to the
above modeling decisions, the description of the kinematics had no obvious choice. For
that reason, the options are exhibited explicitly on Figure 7.1. The Born approximation
is by far the easiest to implement numerically, although the distorted Born approximation
has a reputation for greater accuracy than the first Born approximation. The final
option, direct numerical solution of the kinematic Schrodinger equation should yield
near-exact results, with a very high computational price tag.

The first Born approximation was chosen for a variety of reasons. Since the
objective of this numerical exercise was to exhibit the plausibility of the two-electron
mechanism, it was deemed inappropriate to choose a kinematic technique which would
serve to complicate the anticipated results. The first Born approximation can make use
of the Fast Fourier Transform (FFT) which is a simple, reliable numerical algorithm.
Thus, more effort could be expended upon understanding the physics of the interaction.
Also, from Chapter 5, it was possible that the scattering conditions might be quite
appropriate for the first Born approximation. In the final analysis, because the exact
nature of the interaction was unknown, it was important to not complicate the
calculation unnecessarily.
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Geometry

A well defined orientation is essential for solving the scattering equations. The
interaction Hamiltonian was computed using the geometrical arrangement shown in
Figure 7.2. It is important to have this orientation in mind while trying to interpret the
result of computing the interaction Hamiltonian. Since the individual molecular
wavefunctions of No and Ar were defined with respect to their geometric centers, the
problem consisted of two reference frames: the N coordinate system, and the Ar
coordinate system. These two reference frames are unconstrained to translate and
rotate with respect to each other. The interaction Hamiltonian is thus a function of six
independent coordinates. To simplify the calculation of the interaction Hamiltonian, the
N7 molecule was fixed in space with the internuclear axis coincident with the z axis. The
midpoint of the internuclear axis was placed at the origin, such that the N atoms are
located at the points (0, 0, +0.55 Angstroms), or equivalently, (0, 0, £1.04 au). The
position of the Ar atom was varied with respect to the N2 molecule to determine the
entire three-dimensional potential map. The relative orientation of the Ar reference
frame with respect to the N reference frame was taken into account in the manner

described below.

The Interaction Hamiltonian for Ar-Ny

Theoretical Development

The second quantized form of the Hamiltonian was given in (3.22) where it was

noted that applying (3.23) to systems which remained charge neutral throughout the
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interaction would simplify things greatly. The Ar-N collision system fell into this
category because neither the Ar nor the N1 is ionized before or after the collision. Thus,

the Hamiltonian may be written as

(7.1) H=H_,+H_,+H" +22(V " &) Db bbg
18
As discussed in Chapter 3, H{” was due to the interaction of the radiation field with the

electron field. Because the Ar 3P state is metastable, it follows that Ar does not couple
to the radiation field and that H" may be neglected.

Since a collision involves bodies in motion, it was important to include the kinetic
energy of the molecules in the expression for the Hamiltonian. It can be shown that the
center-of-mass momentum and kinetic energy may be separated from the absolute
quantities [51,84]. As usual, the kinetic energy of the absolute reference frame was of
no interest and was neglected in subsequent analysis. The resulting Hamiltonian

governing the energy transfer reaction between Ar 3P and Njis

(7.2) H=H,+H

where

(7.3) H,=H.,+H,,+H,,

and

(1.4) 22 "45)D2b b

where the mode indices specify a basis function and spinor.
Noting that the noninteracting Hamiltonian is a sum of three terms, the
noninteracting wavefunctions must correspond to a tensor product of eigenstates in the

three respective eigenspaces. Furthermore, since the radiation interactions have been
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neglected, the radiative eigenstates may be suppressed for clarity. Based upon H,, the

eigenstates may be written as

(1.5) |m)=|g,1)®|{...nh...}m)®|{...n~,...}m)

where |k, ) are eigenstates of the center-of-mass Hamiltonian and l{ My, }m> and
|{ < Ny,-- }m> are the second quantized form of the molecular eigenstates as discussed in

Chapter 3. Thus, the initial eigenstate of the noninteracting system is

(7.6) i) =|k)®l1),, ®li)y,
and the final eigenstate is
) 1£)=|k,)®11), ®1 1)y,

As given in (3.24) and (3.25), the initial and final molecular states can be expressed in
terms of the creation and annihilation operators. For this study, a mechanistic bias was
imposed upon the physical nature of the scattering process. It was deemed necessary to
only include those orbitals in the description of the molecular states which take an active
part in the energy transfer. The remaining electrons were essentially "frozen" out of the
interaction. This model was proposed on the basis of the fast energy transfer rate. For
the purpose of this research, the initial states may be written as
(7.8) |1)4, = b4 0)
(7.9) |#}x, = bivzi0)
with analogous expressions for the final molecular states. Thus the entire initial Ar state
is described by creating an electron in the Ar(i) orbital, which in this case is the 4s
orbital. Likewise, the entire initial N state is described by creating only one electron in
the pertinent orbital, i.e. the 20y, orbital.

In general, the matrix elements of interaction Hamiltonian can be determined by
combining (7.6), (7.7), (7.8), and (7.9) to yield
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(7.10) (FlH1) =<_k_f|H ®)k)

where the molecular portion is defined as

H ’(£)=N2<f @Ar(f |H 1 i)Ar ®|i>N2
= <0 Ibnz( f)bAr( nH ’ b:r(i)b;ui)l O)

and where the implicit dependence upon the molecular geometry is denoted by R.

(7.11)

Substitution of the interaction specified by (7.4) into (7.11) then gives the general

expression for the molecular interaction Hamiltonian as

(7.12) H '( R)= 22(Vms - Vak& )(Olez( f)bAr( f)b;b: blbab:r(i)b;%i)l 0)
a,k,
1B

The modal summation of (7.12) may be reduced by using the anticommutation
relation for the creation and annihilation operators. The first step is to switch adjacent
operators in an effort to move the creation operators to the left and the annihilation
operators to the right. This gives an intermediate result which serves to illustrate the
strategy,

(7.13)
H'(R)= ZZ(Vam —Vaw)
Z.ék.
(O |bN2( 1) (aa;Ar( n- b, bAr( 1) )b; b, (58;Ar(i) - b:r(i)bs )b;lz(i)l 0)

= 2Z(Vaua - Vakﬁl)
ok,
18

(OIbN2(f) {Su;Ar{ f)SS;Ar(i)b: b: - 8«;&( f)b: blb:r(l')bﬁ
_aﬁ;k(i)b; bAr( f)bk+ bz + b: bAr( f)b: blb;r(i)ba }b;Z(i)l O)
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Continued application of the anticommutation relations and use of the action of the

annihilation and creation on the vacuum state gives the result, after considerable algebra,

H'(R)=2) (Vs —Via) {5a;Ar(f)sk:NZ(f)al;NZ(i)aﬁ;Ar(i)

gék.
(7.14) ~Oaar( 110 nat £)O1:arOsimrety
_sa,-N?.( f)ak;Ar(f)al;NZ(i)BS:Ar(i)

k;Ar(f )81.'Ar( i)88,'N2(i) }<0| 0)

The summation can be reduced by applying the delta functions. This results in

(=4

+8on201)

.15) H'(R) =4V wappmtiaots = Vit ppaionas
~Vwunannmaias + VNZ(!).Ar(f).Ar(i).Nz(i))
The symmetry of the mode amplitudes, V,, ,, can be used to simplify this

expression. It is useful to rewrite the defining equation for V,,,, (3.21) by extracting the

spinors from the spatial integration,

716 Viu = u u;ukul S
(7.16) =598 f
Jk Vil Jikl

where the superscripted Kronecker deltas summarize the spin requirements, such that
8% =8 =1and 8 =8, =0. Since the molecular orbitals are real functions, the
ordering of the subscripts for f}, refers only to the variable of integration used in (3.21).
As they are defined in (3.21), the indices referring to a common variable of integration
are grouped together as the inner pair and the outer pair. Thus, it can easily be seen that
(7.17) f;;u=fika=fyu=fmi=fﬁu=fﬂu=fuy=fmj

Applying this symmetry to (7.15) results in the final expression for the molecular

interaction Hamiltonian,
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ey = R[S0S) (s)
H'(R)= 8(8N2(f),N2(i)8Ar(f).Ar(l') Tvas)arcraona

(7.18)
-5 5 f )
N2 f).Ar(i)Y Ar(f),N2(i) JN2(f).Ar(f).N2(i).Ar(i)

In the case that the initial states were equal to the final states, the first term would be a
coulomb energy and the second term would be an exchange energy. However, since the
collision is modeled with four unique molecular states, the interaction Hamiltonian is
reduced from (7.4) to a difference between a "coulomb-like" and an "exchange-like"

term.

Spatial and Spin State Degeneracies

For the purpose of computing the interaction Hamiltonian, the initial and final
molecular eigenstates are denoted by the active orbital modes before and after the
collision. The complete specification of the spatial and spin character of an orbital is
termed a reaction channel. In order to compute the probability of transition for a given
entrance channel, the transition amplitudes for all the possible exit channels must be
summed. If there exists more than one channel that defines the initial state, then total
transition probability is a weighted average of the individual entrance channel transition
probabilities, usually according to the probability of occurrence of each entrance channel.

The spatial and spin degeneracies serve to complicate the calculation of the
reaction probability by introducing multiple entrance and exit channels. The possibilities
for the initial and final states are illustrated in Figure 7.3, which is based upon a similar
drawing by Lents [64]. The arrows denote the orbital occupancy and the electron spin
direction. For simplicity, it is assumed that, in the absence of any significant coupling
between the spin and any other angular momentum, the spin eigenstates of both the Ar
and N2 may be taken as coaligned.
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The spatial degeneracies are perhaps simpler to account for than the spin
degeneracies. For example, as shown in Figure 7.3, the initial Ar state consists of one 4s
electron and a vacancy, or hole, in either the 3px, 3py, or 3pz orbital, which is referred
to in this study as a spatial degeneracy. This spatial degeneracy is thus three-fold in the
entrance channel. Similarly, the final N7 state is the double degenerate 175 orbital and
for notation purposes, the 11tg orbitals are labeled as lng(a) and lng(b). However,
neither the initial N state, the 26, orbital, nor the final Ar state, the completely filled 3p
orbital, is spatial degenerate. Hence, due to spatial degeneracies alone, there are three
entrance channels, each with two possible exit channels, for a total of six possible sets of
entrance and exit channel pairs.

The spin degeneracies of each of the above entrance and exit channels further
complicate matters. However, because there is no explicit spin dependence contained in
the interaction Hamiltonian, each pair of spatially resolved entrance and exit channels
will have the same spin fine structure. As an example, the details of the 3px-11tg(a)
channel pair are given in Table 7.1. Each column refers to the spin state of the active
electron within a specific orbital. Since there are four orbitals involved in the collision,
i.e. two initial and two final, and the electron can have two spin states, there are 24 = 16
possible arrangements. In the first eight rows, the 4s electron has positive spin. In order
for the Ar to be in the metastable triplet state initially, this implies that the electron
remaining in the 3px orbital also have positive spin. From Figure 7.3, this entrance
channel then is a part of the Ar 3P2 initial state. A similar situation applies to the final
N»o lng(a) orbital. The electron in the lng(a) orbital is free to choose the spin as either
positive or negative. In either case, though, the electron remaining in the 20y, orbital
must have the same spin orientation as the electron in the lng(a) orbital in order to

create the final No C311 state.
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The fifth column of Table 7.1 indicates the result of explicit spin conservation by
applying the Kronecker deltas of (7.18). Since the Kronecker deltas involve pairs of spin
states, any combination of spin states in which there is an unequal number of up and
down states will lead to a zero amplitude. This eliminates half of the reaction
possibilities. Thus, the transition probability amplitude for the Ar 3P2[3px] -

N»o C3H[11tg(a)] channel is a sum of the remaining four terms.

Transition Probability Amplitude

In anticipation of the application of the first Born approximation, the transition
amplitude for any given reaction channel pair is equal to the interaction Hamiltonian
taken between the pair. Applying this to the example of the Ar 3P2[3px] -
Ny C31'Iu[11tg(a)] reaction channel determines the transition probability amplitude as a

sum of four terms which results in
(7° 19) ASSZ;P;H ) = 16(]‘;:4,31::,4:.20 —fia‘a.3px.26,4s)

Note that the analogous transition probability amplitude for the Ar 3P2[3px] -
Ny C3IIu[11cg(b)] channel is a similar summation, such that the total probability
amplitude for the Ar 3P,[3px] - Ny C3I1,, reaction is

Aﬁl;z.iix = 16(fim.3px,4s,26 _fixa.apxﬂo,‘ts)

(7.20) '
+16(fitb.3px,4:.20 - jitbﬁpzlo,h)

As stated above, the total transition amplitude requires summing over all the exit

channels for a given entrance channel, and then averaging over all entrance channels.

Since the interaction Hamiltonian is not explicitly spin dependent, the three entrance

channels corresponding to the Ar 3P2 state and the three entrance channels

corresponding to the Ar 3P0 state must yield identical transition amplitudes. Combining
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all possible channels, the total transition probability amplitude for the Ar 3P0,2 -N»o c3

I1,, energy transfer reaction, under the two-electron exchange hypothesis, then becomes

3p 16 {
Aannj = ? (fixa.prA:.Zc - f;m3p1.20'.45) + (flnb.spxm.zo - fixb,3px.26.4s)

(7.21) (fixa.3py,4.r.26 - fianpy.Zcm ) + (fixb.:& Pyds20c fil’bBP)JcAs )

(flm.zpz.«n.za - fm.spx,za,-u) + (flxb.spxm,zc - flmb,3pz.2c,4s )}

Computational Methods

Calculation Overview

The calculation of the scattering cross section using field theoretical techniques
was broken into four phases. The first phase was to numerically determine the electronic
wavefunctions of the orbitals used in (7.21). This research used g90, discussed in
Chapter 6, to compute orbital wavefunctions for both N7 and Ar.

The second phase of this research was to determine the solution to the atomic
integrals which are used in the approximation of the molecular orbitals in atomic orbitals.
In a standard molecular structure calculation of chemistry, the calculation of atomic
integrals consumes the majority of the computational requirements. Elaborate schemes
have been developed to optimize the calculation efficiency (see [49] and references
therein). Since this collision calculation was not a typical use of the g90 code, a more
open, albeit less efficient, approach to the atomic integrals was desired. A novel analytic
technique was derived for that purpose which reduces the integrals to a closed form
solution. This approach precluded g90 for the collision calculation, while using the
optimized g90 wavefunctions. Analytic solutions are preferable to numerical quadrature

because the integral solution is not dependent upon the quality of the numerical
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approximation. The key to numerically evaluating the results of this method was using
the Mathematica [85] symbolic manipulator software.

The third phase of the calculation was to numerically determine the transition
amplitude (7.21) given the algorithm to solve the atomic integrals. This quantity is a
function of six spatial coordinates, three due to the relative orientation of the Ar atom to
the N molecule, and three due to the translation of the Ar coordinate system with
respect to the Ny coordinate system. At each position in 6-space, a value of the
interaction must be determined. It is believed that this result is the first of its kind.

The fourth phase was to relate the transition probability amplitude to the
scattering matrix (5.58) in order to attempt an estimate of the reaction cross section. In
the Born approximation, this amounts to taking a Fourier transform of the interaction
Hamiltonian. The computational speed of the Fast Fourier Transform (FFT) technique
was essential in solving for the scattering matrix. The total cross section (A1.19) then

followed from the scattering matrix as a straightforward numerical integration.

Electronic Wavefunctions

The application of quantum field theory to molecular collisions was the key
conceptual development of the electron exchange Hamiltonian, (3.29). Even though the
derived interaction appears very tidy, the difficulty lies in computing the amplitudes for
mode transitions, i.e. the f,, of (7.21).

The structure of Ar was, in fact, calculated via two avenues. Primarily because
of the relative simplicity of atomic structures as opposed to molecular structures, atomic
wavefunctions may be quickly calculated by direct numerical solution of the Schrdinger
equation. At the level of SCF calculations, considerable work has been published on
solutions to the Schridinger equation. One such solution algorithm is the Hartree-Fock
code written by Froese-Fischer of the Chemistry Department at Vanderbilt University
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[41]. The algorithm solves the SCF equations for the radial functions, P(r), given in
(4.15). (As an aside, it might be noted that Froese-Fischer was a student of D.R.
Hartree, who with his father, W. Hartree, were among the first to examine atomic
structures numerically.)

Froese-Fischer's Hartree-Fock program was successfully used for Ar. Note that
the spin orbitals are solutions of the electronic Hamiltonian only, and no consideration
has been given to fine structure of the electronic manifold. The results of the radial
equation for the ground Ar configuration, 1§, are shown in Figure 7.4, where the radial
wave function amplitude, P(r), is plotted as a function of radial distance from the
nucleus. There are five orbitals corresponding to the 1s, 2s, 2p, 3s, and 3p orbitals.
Clearly, the behavior of the solutions is that of screened hydrogenic functions. Notice
that the number of zero-crossings for each orbital of principal quantum number, #, is
n—1-1, in accord with the standard rule [39].

An alternative method of understanding the physical nature of the Ar structure

may be examining a plot of the radial density as a function of radius for the five orbitals,
as shown in Figure 7.5. Recall that the radial density is given by r? |P(r)|2, such that

(7.22) Tdr PPt =1
0

In this plot, the shell nature of the atom is very evident by noting that the K shell density
peaks near 0.05 au, the L shell density peaks near 0.34 au, and the outer M shell density
peaks near 1.2 au.

It is also possible to use the Hartree-Fock code to describe virtual (unoccupied)
orbitals which comprise the excited electronic states. The code was run for the 3P state
of Ar, and the results are shown in Figure 7.6, where the amplitude of the radial

wavefunction, P(r), is plotted as a function of radial distance. The lower five orbitals
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are unchanged in this approximation from the calculation of the 1S ground state. In
addition to these five, however, the 4s orbital is also calculated. From Figure 7.6, the
three zero-crossings are evident, corresponding to the n—/—1 rule. The most obvious
feature of the 4s wavefunction, though, is the great spatial extent of the orbital. This
facet is perhaps better portrayed by the orbital radial density function, shown in Figure
7.7. Once again, the K, L, and M shells are peaked at roughly 0.05 , 0.34, and 1.2 au,
respectively. In addition, though, the N shell, consisting of 4s orbital, exhibits a peak at
approximately 4.5 au, almost twice as far out as the M shell. This feature of the 3p state
of Ar orbital is consistent with the intuition that the 4s electron is so far removed from
the core of the Ar atom that an exchange of molecular centers during a collision is
plausible.

Even though much information was gained from the Hartree-Fock code
calculation concerning the nature of the Ar states, the numerical wavefunctions produced
were incompatible with the formalism needed to generate N9 molecular orbitals. Hence,
to retain a consistent and numerically efficient method, the atomic orbitals of Ar utilized
in subsequent calculations were determined by g90, as described in Chapter 4.

A listing of the necessary 6-31G basis set parameters for Ar is given in Table 7.2,
where the nature of the 6-31G expansion is evident. The table consists of the atomic
orbital, the gaussian exponent used for each of the expansion functions, and the
coefficient for the expansion gaussian. The notation is consistent with (4.20). Also, the
orbital denoted 2p, for example, contains the information for all 2p orbitals, i.e. the 2px,
the 2py, and the 2pz orbitals. As suggested by the name of the basis, the orbitals of the
core shell, i.e. 1s, 2s, and 2p, are expanded via six gaussians, while the valence shell for
which n =3, is split into two sets. The valence shell consists of the 3s and 3p orbitals.

The first valence set is expanded in terms of three gaussians. The second valence set,
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denoted with a prime, is approximated by a single gaussian. Furthermore, it may be
noted that the gaussian exponent, @, is identical for s and p orbitals of the same shell.

The g90 program was used with the 6-31G basis set in the unrestricted Hartree-
Fock model to obtain molecular orbital coefficients. Since Ar is an atomic species, this
may seem odd at first. However, to maintain consistency of the formalism with the No
structure, it was necessary to create an LCAO expansion for the atomic orbitals. In
actuality, this merely allowed the g90 code to optimize the inherent gaussian expansion
coefficients by mixing gaussians. The results of the atomic orbital optimization are
shown in Table 7.3. Perhaps the most interesting point to make is that in the calculation
of the Ar "molecular" orbitals, the atomic symmetry is preserved. For example, the 3py
orbital is composed of p orbitals, and there is no contribution from s orbitals. Thus, any
numeric factors from different shells merely rescale the spatial extent, but not the
symmetry of the atomic orbitals. The excited 4s orbital is seen to be composed of large
and near equal contributions of the 3s and 3s' orbitals. Because the 3s' has a much larger
spatial extent than the 3s, based upon the parameters of Table 7.2, the split-valence basis
set can model the virtual 4s orbital rather well.

The dual calculation of the Ar orbitals afforded the opportunity to compare the
accuracy of the gaussian approximation technique with a direct numerical integration of
the Schrodinger equation. A comparison of the standard 6-31G basis set against the
numerical Hartree-Fock (nHF) solution, and also against the "effective” Ar molecular
orbitals, is given in Figures 7.8 through 7.11 for each of the s orbitals, 1s, 2s, 3s, and 4s,
respectively. In each of the plots, two key features are displayed. The most notable
feature is probably the large disagreement between the nHF model and the g90 model
near the origin. This represents the result of the tradeoff to describe the features at
larger radii. It should be noted that the abscissa on Figures 7.8 through 7.11is a
logarithmic scale. The peaks located at the larger radii are responsible for chemical
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processes such as molecular structure, bonding, and collisions. For these radii, the g90
amplitudes mimic the nHF model fairly well. Indeed, there is very good agreement
between the two models near the radii corresponding to peaks in the radial density
functions. In contrast, the 6-31G amplitudes appear much to stiff to be capable of
describing the nHF model results. This is especially evident for the 4s orbital, where the
6-31G amplitude is flat. The nHF 2s orbital was approximated well by the 6-31G
amplitude, but the 6-31G amplitudes were significantly different than the nHF 3s and 4s
orbitals from 1 to 10 au. Note that a direct comparison of the nHF results and the 6-31G
basis set is an opportunity to evaluate the gaussian expansion scheme. Thus, it appears
that using the g90 optimization of the 6-31G basis set resulted in an improved
description over using the 6-31G coefficients directly. Clearly, the g90 optimization of
the 6-31G basis set was designed with the goal of minimizing the amplitude discrepancy
for radii ranging from 0.1 to 1 au where chemical activity is greatest. This optimization
was apparently performed at the expense of the amplitude discrepancies near the origin, 7
<0.1 au, since this spatial location does not play a role in atomic interactions.

In truth, the reason for choosing the 6-31G model was not necessarily agreement
with the Ar nHF wavefunction, but rather, consistency with the representation of the No
molecular orbitals. As discussed in Chapter 4, the minimal basis sets typically do a poor
job of describing the spatial extent of virtual molecular orbitals, such as the virtual lng
orbital of N9 which leads to the No(C 311,) state. The alternative was to use a split-
valence basis set. This led to the use of the 6-31G basis since it is the most robust and
straightforward split-valence basis set available for atoms through the third row of the
periodic table. The standard parameters used for describing the atomic N orbitals are
given in Table 7.4. Contrasted against Ar, atomic N has only one core shell, such that
only the 1s orbital is expanded into six gaussians. The n =2 shell is the valence shell,

containing the 2s and 2p orbitals. Hence, it is seen in Table 7.4 that the 2s and 2p
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orbitals are approximated by three gaussians, while the 2s' and 2p' orbitals are
approximated by a single gaussian.

The g90 program solved the SCF equations using the unrestricted Hartree-Fock
method with the 6-31G basis set. The output was a set of coefficients that defined the
"best" linear combination of atomic orbitals to describe the Ny molecular orbitals. The
results for the 20y and the 17 orbitals are summarized in Table 7.5. The molecular
orbitals are composed of 18 atomic orbitals, nine centered at each of the N atoms. In
Table 7.5, the N atoms are distinguished by placing one at RA and the other at Rp. Itis
interesting to note that the symmetry of the molecular orbital is essentially derived by the
symmetry of the constituent atomic orbitals. For example, the 20, orbital is an
antibonding orbital, with axial symmetry along the internuclear axis. Without
considering sp hybridization for the moment, the 20g and 20, molecular orbitals result
from the combination of the 2s orbitals from each N atom. The 20, orbital is the
bonding orbital, and the 20, orbital is the antibonding orbital. The results of the g90
calculation reflect this fact for the 20, orbital, as shown in Table 7.5. The large
coefficients for the 2s and 2s' atomic orbitals from each atom indicate that the 20y
orbital is mostly due to the 2s atomic orbitals. Further, the sign of the coefficient from
opposite atoms is different, which will construct the 26, molecular orbital with a sign
change across the midplane, as is illustrated qualitatively in Figure 6.2. The spherical
symmetry of the 2s orbitals converts into the cylindrical symmetry of the 20 and 26y
orbitals.

It may be noted in Table 7.5 that the 26y, orbital is not purely due to the 2s
orbitals. It also has contributions from the 1s and 2pz orbitals as well. The former is
simply a numerical artifact of the minimization process in order to achieve the proper
spatial size of the final orbital by combining several differently scaled orbitals. The latter,
though, is chemically interesting because it represents hybridization of the atomic s and p
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orbitals [68]. This is possible because the 2s and 2pz both have the cylindrical symmetry
with respect to the N9 molecule, even though they are of different symmetry with
respect to an N atom.

Neglecting sp hybridization, the 2p orbitals, 2px, 2py, and 2pz, combine to form
4 molecular orbitals, the 36, the 1wy, the 17g, and the 30y, orbitals. Because the 2pz
orbitals lie along the internuclear axis, they possess cylindrical symmetry and are referred
to as po atomic orbitals. The additive combination of these atomic orbitals is responsible
for forming the 3og orbital, whereas the difference between the pair of 2pz orbitals
results in the very high energy 36, orbital.

In a similar manner, the 2px and 2py orbitals are referred to as px atomic orbitals
since they have a nodal plane which, when the N-N bond is formed, corresponds to the
direction of the internuclear axis. The 2px and 2py orbitals combine additively to form a
pair of degenerate 17, molecular orbitals. An example of a 17, molecular orbital is
sketched qualitatively in Figure 6.2. Thus, the pair of 17, orbitals resembles a set of
four hot dogs, lying with their axes parallel to the internuclear axis. The two degenerate
antibonding Ing orbitals are due to the difference in the 2px and 2py wavefunctions.
Thus, each lng orbital will have four lobes. The sketch of Figure 6.2 illustrates one set
of the 17, orbitals, with spheres indicating the orbital amplitudes. The pair of Ing
orbitals may be thought of as eight spatially identical "spheres" placed uniformly around
the midpoint of the internuclear axis. The coefficients of Table 7.5 lend credence to this
intuitive picture. The first 1mg orbital is formed by generating a linear combination of
the 2px and 2py orbitals on the N atom at R, and then subtracting the identical linear
combination centered at the N atom at Rg. The second Img orbital is formed in the
same fashion. Since the lng orbitals are formed from p orbitals, and as mentioned in

Chapter 6, p orbitals behave as vector quantities, another method of obtaining the second

137




Img orbital is simply to rotate the coordinate system about the internuclear axis by n/2
radians.

Since the basis set was 6-31G, 18 atomic functions were used to create the N
molecular orbitals. The atomic orbitals constitute an orthonormal set in the 18
dimensional vector space, thus there are 18 possible molecular orbitals of N7, of which
only seven are occupied in the ground state. If the calculation had employed a minimal
basis set, such as the STO-3G basis set consisting of 10 atomic orbitals, it would have
been possible to describe only two virtual orbitals. Table 7.6 shows a comparison of
selected results from a calculation of N7 using the STO-3G and the 6-31G basis sets.
Note that the 6-31G basis lowers the energy eigenvalue of the 26y, orbital from the STO-
3G value of -0.72752 hartree to -0.77211 hartree. After accounting for the approximate
1.5 percent lowering of the ground state, the 26y, orbital was lowered an additional 1.1
percent. The virtual lng orbital, however, was only lowered a true 0.6 percent after
accounting for the ground state lowering.

As shown in Table 7.6, the STO-3G basis set predicted a ground state
configuration of 16516,26526y 17y 17,305 (17g), where the parentheses refer to a
virtual orbital. This ordering agrees with that given b); Lofthus and Krupenie [69], which
should not be surprising since their conclusion was drawn from a study consisting of a
minimal basis set. (Recall from Chapter 6 that the STO-3G is also a minimal basis set.)
The 6-31G basis set, however, predicted a ground state configuration of
logloy20g20y30glmy lmy (Img). Physically, the demotion of the 30 orbital is
probably due to a better description of the sp hybridization of the 2s and 2p orbitals, as
discussed above. From Table 7.6, though, it is seen that the 3°g orbital is very close
energetically to the 1m in both the STO-3G and the 6-31G calculation. Thus, the

ordering change of the molecular orbitals due to the choice of basis set should not be
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interpreted as a radical departure in the character of the solutions, but rather as an

incremental improvement in the numerical description of the electronic configuration.

Molecular Integrals

Using the numerical representation of the molecular orbitals, the expression for
the transition amplitude (7.21) was solved. The determination of the electron transfer
amplitudes, V,,_,, as written in (3.21), was the major source of difficulty. Indeed, several
routes were fully explored before arriving at the present method for solving the
integration. One of the more promising possibilities was to examine the functional form

of (3.21), written here with the spinors and the factor of e /2 suppressed for clarity,

029 U= [[drd B0

Note that two of the orbitals are from Ar and two are from N». If the orbitals are of a
general, unspecified form, then perhaps the first approach to solving (7.23) would be to
attempt to solve it directly by transforming the integration into the momentum domain.

It may then be rewritten as a single three-dimensional integral,
- 1 =
(7.24) Up =41[dg Q,, (2) 5 ule)

where Q,(r)=0;(r)¢;(r) and fz.y.(g) = jd; e’iﬂ'z(p,f(_r;)%(;). This was a standard

approach in the mid-1960's {86], primarily due to the simplistic wavefunctions used at
the time. Note that this approach moves the singularity of 1/Jr —r’| to 1/¢*in the energy
domain. This would allow one to impose numerical integration limits, if needed, based
upon the energy scale of the problem. If (7.24) is performed in spherical coordinates,

then it becomes

oo 2x
(7.25) U = 4njdqq2 Id(pjsinede fzh(q,e,¢)£;fzu(q,e,¢)
0 0 0
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where it is seen that the 1/g term is eliminated by the volume element. The major
problem with this technique is that it buries the difficulty into the Fourier transform of
the orbital product, ,(r). If the individual STOs share the same center, a closed form
solution is obtained, whereas if the STOs are centered at different spatial locations, the
solution may only be reduced to quadrature.

Since molecular orbitals are usually comprised of a combination of atomic
orbitals centered across more than one atom, the quadrature solution for f),.j (q) usually
results. This leads to significantly large computational time requirements, and was one
of the main drivers for the gaussian approximation scheme introduced in Chapter 4.
Recall that the basic assumption was that the molecular orbitals are composed of
functions of the form,

(7.26) O(r,A) o< (x—A,J (y=A ) (z- A, ) A

for an orbital referring to an atom spatially located at A. Note that the Cartesian
coordinate form of the gaussian has been chosen over the equivalent spherical coordinate
form. This allows for separation of the volume integral into three similar integrations,
whereas a spherical integration does not possess this functional symmetry.

Consider the amplitude defined in (3.21) for the Coulomb interaction,

(7.27) (008

2\ = ’ y ’ 1 ’ >
ool ) = [[d’rar o) (z)¢2’(r_)E_—ﬂ¢:'(r_)¢i” (r)

where the functions refer to molecular orbitals of N3 and Ar. The double bar inner

product symbol denotes that the integration contains the 1/r term. The N2 molecular

orbitals are written as a sum of N fatomic orbitals,

N
(7.28) % (1) =Y e, f(L.R,)

i=l

where the atomic orbitals, f;(r,R;), are referenced to each atomic center. As stated in

Chapter 4, the solution of the SCF Hamiltonian leads to the optimal values of the c,;
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coefficients. From (4.22) and (4.23), the atomic orbitals are subsequently expanded into

gaussians as

K
(7.29) f(r.R)=).d,8. (" %, r-R)
e —i
The choice of basis set determines the value of N, as well as K. Thus, substituting

(7.29) into (7.28) yields the working expression for the N2 molecular orbitals,

N K
(7.30) :’ (r)= chizdi.ngi.n(gl{v'a""’.z—&)
i=l n=1

Of course, a similar expression holds for the Ar orbitals.

Combining the Ar and N1 orbitals leads to the first complete expression of the

Coulomb amplitude,
Ny g Ar || 4 Ar g N < - K”K”KNKNArArN N
( uzq)x L ¢v2> = 2cmcvﬂ Xcmcczzzzd&ndmdwd&q
7.8=1 S.e=1 n=l m=1 p=l ¢=1
3D (er e 0y, =R ) 85 0 i1~ )|

B O~ R (EY 0 1By )

The gaussians may be completely written out, such that they become

&G, r-R)=n(x—R, ) (y=R, )*(z-R,,)*

(&)™ epl (et -R)}

(7.32)

where the normalization factor is

(2a, , [m)¥ 0; s orbitals
7.33 = " f =
(7:33) ™ {(1280&{ ” /n)w or M {1; p orbitals}

in agreement with Table 4.1.
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The orbital index, A , may be considered as a three-component vector given by
A = wl, where wis the type of orbital, i.e. w= 0 for s orbitals etc., and [ is the vector of
orbital coordinate exponents. The final expansion extracts the atomic centers from the

inner product using the binomial expansion. Thus, the entire inner product may be

written as
(7.34)
KAr KA! KN KN
(o0 ok ol)= Zcmcva Zlcmcm21212;21d"dt?:.dq"pdé’qm.mé’.mé’.mxn
§.e= n=1 m=] p=] ¢g=

( gn )3/2+17+11+4' ( £ ,ﬁ' )3/2+'."+12+4‘ (!’; o )3/2+:,‘+4‘+é ( Ex )3/2+1,'+1;+1;

7 (1’1 T (17 v fad T

Z J s ’Hi 2)(_R“)lz iy (3 (_R”)ls Jy

= =o\’y in=o\Jy

i (IB flﬂ B i I3 B_

S i T T R

h,=o p=0\ ' =0\ /p

&( f 12 By (18 .

S e E [ )em, ) 55 Yot

=0\ 1 =o\ls is=0\Js

AL g (e L1 £ e
1 ) ’1—": 1.2 )(_Rs, )’2 iy 2(13 )(_Ru )13‘!.

hy=0\ =0\ Ye =0\ Je

1

where the integral factor is simply
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(7.35)

1= d”"”’k—lﬂ
Xyt z”exp{ {;N r_ } )

¥ yn;zmaxp{—a&,, éal— 5|)2}

'y z'i.exp{—am(&:r lﬁ_&l)z}

X' )""‘z""exz){—(xB g T;B

The exponents in (7.35) are limited in their possible values due to the symmetry
of the individual atomic orbitals which comprise a given molecular orbital. For example,
if y referred to a 2px orbital, then 0<h, <1.

At this point, the problem consists of an integral evaluation deeply nested inside
several layers of expansions. There were two possible approaches to solve the problem.
The first was to attempt to incorporate the highly optimized scheme used in the g90
code, or secondly, to independently reduce (7.35) analytically and then develop an
appropriate computer program. The latter approach was chosen because it was felt that
the g90 scheme was much too deeply ingrained within the specifics of the g90 code
structure. It was deemed more worthwhile to develop an alternate, physically tractable
solution scheme, even at the expense of computational efficiency. Thus, a novel method
of solving (7.35) was derived.

Proceeding forward, the solution of (7.35) then involves a summation of

integrations with each individual integration taking the general form,
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(7.36) I=[[drdr o U E T

1
— "
i
Note that the exponents for the atomic orbitals have been combined, based upon the

proper integration variable. Building upon the above example where v refers to the 2px
orbital, let B refer to a 2py orbital. In that case, 0 Sh=h, +h <1, and

0<i=i +i3<1. If, on the other hand, B also referred to a 2px orbital, then 0<h <2,

and i =0. The gaussian width parameters of (7.35) have been ungraciously lumped
together as generic arguments which will be sorted out later in the derivation.

The key to reducing (7.36) is to use the identity [87],

(7.37) L - lzj'(fk"’ -

r-r| 2=

as well as performing the transformations r—A=u and r’~B=u’. Substitution of

these into (7.36) leads to
I —L d3k
2’ k
(7.38) _[ wet (u +A ) (u, +A ) (u,+A)e ~aj® gablu+ADP

[du ™ (u,+B, ) (u)+ B )" (u] +B, )" ™5 g~ H2f
where AB= A - B, etc. Itis clear that ] is composed of two similar integrals over 4 and
u’. Each minor integral, denoted as I,,;, may be simplified by expanding the binomials,
yielding

i 2‘: [ )( )( )J- du e‘kﬂ‘. u: A :—a e—a}uf e_a}’(“x +AD, P

a=0 B=0 v=0
ibu, B 4i-B —aAu, —a},(u,-&AD’)2
(7.39) du,e™u,A™e Ve

. 2.2 _ 2 2
J.duz e"!“quA;-'ye aAule ap(u,+AD,)
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Obviously, the constants A,, A , and A, may be pulled through the integrals. Also, recall
the standard trick of expressing ¢**“u as a multiple partial derivative of an integral over

just the ¢** portion. Performing both of these actions gives the minor integral the form,

(7.40) o
g2 )(a)(y)f*"w"

iy = —a}(u,+AD, )
a(zkl) jdu e “e
B : 2.2 2 2
a(iakz ) [du, ™7 T
a'l

J’ eu,u, ¢ ~a2u? e-a,,(u +AD, ?

o(ik; )"

The integrals have closed form solutions given by the identity [88],

-abx,z -k —ikb: 3
(741) J'dx e‘b‘e—a“rze"’("""‘a)2 - ,_.n_be Aub) e kA(wb) e X/ﬂb)
a+

Thus, the minor integral takes the form,

w3l ()

ad? s -k?—4ia’ AD k
7.42 ——42 AD? 1 DT
(742 exp{ b }a(ikl)“ ex”{ ab2, }
o° -k?-4ia? AD.k,] 9" k% —4ig* AD
= expl =2 f yal ¢ —exp 3 laf A
(ik,) 4b3, o(ik,) 4b%,

where b2, = a? +a’. By substituting (7.42) into (7.38) twice, the total integral may be

written as a lengthy, but important, summation,
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___9_ hWiXiY ! Ym\ n h—a 7i-B 4 j~f pl-o’ pm—p’ pn—y’
' 2n? ogtmnb’.v'(“)(B)(Y)(a')(ﬁ')('y')"’ ATAT'BT BT B,

N B S ¥ +4iaph AD
(71.43) St 30k P avie { 4t

i 0¥ " _k’—4ialk-BC
3=k, )” (=i, JF O(—iky)T T 4b%,

where Q consolidates the pre-exponentials as

n’ a’a? a’a>
7.44 Q=—— AL AD? B C pgC?
(7.44) b3 b;C exp{ B b2

As it is written, (7.43) would seem to appear relatively useless. However, notice that it
is comprised of derivatives of exponentials, similar to the generating function of the
Hermite polynomials [63]. It needs to be stressed that this similarity is strictly due to the
use of gaussians as the approximation functions, and is not an indicator of any underlying
physics. (Recall that the Hermite polynomials are the general solutions to the harmonic

oscillator.) The Hermite polynomials are defined by

(7.45) H, (x)=(-1)"¢" ;;, (e_,,)

so that some manipulation of (7.43) must be done before the Hermite polynomials may

be inserted. First, expand the vector notation into component form and complete the

square for each component. Thus,




_k+aiayk-AD) [ alpAD}] | (ki +2iapAD, :
“p ab2, P\, 26,

4 A2 [ . 2 2

apAD k, +2ia; AD
7.46 exp ————=Ltexpy—| ——>
(7.40) { bio } { . 20w

a’, AD? (k, +2ia’AD,\'
expy——45—rexpy | ————+
and likewise for the exponential over k- BC. A temporary change of variables is

implemented where n, = (k, +2ia’ AD,){2b,,, and n/ = (k, —2iaZ BC;){2b,. The

differentials of (7.43) may then be expressed as
d on, 9 _ 1 0

(7.47) 3(ik,)  dik)om,  2ib,, dn,
and
(7.48) T

3(ik)  a(=ik) om,  2ibye om;

The molecular orbital integral (7.43) may then be written as
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(7.49)

EYmY 7 iha 48 4ir pio’ pmes prr
20 N 819 et
o a; a;
@) ) erfshar-ffec]

[k et [ em’e-nie—n%}
k’ 1a(n1) am,)® am,)"

aY -M" M2 "‘b}
{am,) amFomy . ¢ ¢

which simplifies greatly by introducing the Hermite polynomials of the differential

operators such that

(7.50)
[ myn -0 4 j: —-a’ pm-f’ pn-y’
TN I 09 1
afya’ By’
i a+B+y 1 o'+’
2b,, 2iby.
-xzk’ a2 @
jd3 [AB— D AD +-C- BC]
bAD bBC
H, (0, )Hy(M,)H, (03 )H (M) )Hy. (M )H,.(M;)
where A> = %(%"‘;;lr) The oscillating portion of the integrand can be written as a
AD

vector product, such as
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2 2
W={AB--2 AD+—C-BC
- bAD BC

(7.51)

_JaiA+alD aiB+alC
bl b

where the second line exhibits the inherent symmetry. This leaves the integrationin a

reasonably simple form,

= 1 6 0 (9 9 Tl
J=—2_ |ate AiP gi1 gl prb prey
2%’ %%(a BAY N AR’ Ay A ¢

i a+B+y 1 a'+f'+y’ e—l’k’
7.52 e d’k ——
o (57 (@) 1%

H, (M) Hy (M, ) H, (M3 )Ho (0))Hy (03 )H..(1; Jexp{ik - W }

The key is to recall that the Hermite polynomials may be represented as differential
operators.

In (7.52) the Hermite polynomials are a function of the variables 1} , which are
linearly related to the integration variable. It is possible to use the phase term, e*¥, and
convert the partial derivatives with respect to k into partial derivatives with respect to W.
The resulting integral has a closed form solution. This is perhaps the most important
trick in the entire derivation because it totally eliminates the need for numerical
integration. Furthermore, the original problem is reduced to a closed form solution.

Specifically, in (7.52) the Hermite polynomials are imposed upon the phase factor

as such
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H,(m,)e"% = o [f+2iapAD; ) DR
a\ 2bAD

(7.53) ( . 2
_y %(lw_)+21aDAD,. i

. K 2b,,

Thus by converting all the Hermite polynomials from a function of the integration
variable, £, to a function of the constant, W, they may then be pulled through the
integration. This leaves the integration term of (7.52) in the form,

A2 2
(7.54) [k et ek2 = %erf(%)
The importance of (7.54) cannot be overstated, and the proof is given in Appendix IIL
To simplify the algebra, it would be advantageous to define a vector T = Mzk.
Furthermore, note that for T = m the partial derivatives may be written as

9 _dLo

(7.55) 0T, dT oT
Lo
T oT

which allows the differentiation to be simplified. However, the arguments of the Hermite

operator are proportional to the logarithmic derivative, dT/T. To eliminate this, a final
transformation is made, defining U = T?, which cleans up the differentiation. The final

result is
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(7.56)

s:( )( )Q( )( )(; AP A BBy ¥ B
(') &)

T ia T, ia’ 1
H L _9,+—2AD ]H [ 29, + D AD,
¢ 2?\.b bpo ° 2i\b,,, by
T. ia’ T ia’ ]
H 29, + 2 AD, |H_, l_9,——<BC
" 2ikby U by ] | 2iMbge | by |
T, ia [T ia’ 1
H, 29, ——<BC, |H., 39, -—<BC
° |:2i7"bBC Y by y] ! _ZiM’Bc Y by
erfJU
JU

At first glance, (7.56) would not appear to be computationally useful, due to the
ungainly combination of Hermite polynomials having differential operators as arguments.
Clearly, this is not a functional form handled by most standard programming languages.
It is possible, at least theoretically, to evaluate (7.56) for each set of exponents
{h,i,j,I,m,n} by manually computing the derivatives. Since the Ar-N» system uses
atomic orbitals through 2p, the highest power of a spatial coordinate for any orbital is
one. The exponents {A,i, j,I,m,n} of the original integration (7.29) refer to the sum of
the powers for a given spatial coordinate, hence any given exponent must be restricted to
the range 0 < exponent <2. This would seem to give 3° =729 possibilitics. However,
the sum of the exponents of the primed or the unprimed integration variable is also
limited to the range 0 < Zexponent <2, which limits the possible combinations to
exactly 100. It is an understatement to state that manually obtaining 100 closed form

expressions for (7.56) would be a non-trivial task.
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One method to obtain the derivatives is to use a symbolic manipulator to
calculate a closed form for each of the 100 sets of relevant exponents. The Mathematica
package [85] was used to solve (7.56) for two key reasons: the first is the ability to
generate the Hermite polynomials with differential operators as arguments, and the
second was the ability of Mathematica to generate FORTRAN77 code from internal
expressions.

While the latter capability is extremely desirable, it was the former capability
which provided the novel approach to difficult numerical problem solving. The first step
in achieving a solution was to literally "teach" Mathematica how to evaluate Hermite
polynomials with the unusual characteristic of having differential operators for
arguments. This would have been a near impossible task for most standard high-level
programming languages. The second step, the generation of FORTRAN77 code, was
merely a mechanical action, albeit a very useful one.

The Mathematica script used to solve (7.56) is presented in Figure 7.12. With
the exception of a few parameters, the script directly mimics (7.56). Note that in the
script, A is replaced by the variable alpha, the summation variables o’,’, and Y’ were
renamed as 3, €, and 1, and the exponent 4 was replaced with f. It is quite an amazing
feat that roughly 20 lines of script generated over 8,000 lines of FORTRAN77 source

code.

Transition Amplitude
The exact form of the transition amplitude for electron exchange was defined in
(7.21). This form was numerically evaluated using the results of (7.21) and (7.56), and
the geometrical reference frame discussed above. Note that, as written, the transition
amplitude is a function of six independent variables: three to translate from the Ny frame
to the Ar frame, and three to rotate the Ar within its frame. Furthermore, the spatial
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dependence of the transition amplitude arises solely from the amplitude terms, V,,,, of

(7.21).

Conceptually, the evaluation consisted of several steps. Given that the No
molecule was fixed in space with the internuclear axis coincident to the z axis, a location
in space was chosen for the center of the Ar atom. The coordinate axes of the Ar frame
were then positioned commensurate with those of the Ny frame. The interaction
amplitudes of (7.21), i.e. the coulomb-like and exchange-like amplitudes, were then
determined for the defined configuration. To reduce the transition amplitude to a
function of three variables, a rotational average was carried out over the three degrees of
freedom associated with the position of the Ar atom within the Ar reference frame. As
discussed in Chapter 4, the p orbitals constitute a basis set, such that any rotational
configuration may be determined by a rotational transformation from the reference
configuration. The rotational average assumed that each configuration was equally
probable.

The evaluation took place on an evenly spaced cubic grid. The grid was 8
Angstroms on each side, with 39 grid points in each direction. Because the evaluation of
(7.21) at 39x39x39 points was anticipated to require significant amounts of computer
time, the main grid was brokén into 8 subcubes of 20x20x20 grid points, having the same
spacing as the main grid. The solution of (7.21) in each of the subcubes was done by a
suite of workstation-class computers in both a scalar and distributed mode of operation.

The scalar code was a straightforward application of FORTRAN77 to equations
(7.21), (7.27), and (7.56). As mentioned above, the solution to (7.56) was written as
FORTRANT77 by Mathematica. The code was placed into a subroutine which was called
at every iteration of (7.27). The complete interaction was accomplished by two

evaluations of (7.56) at each iteration of (7.27), one for each of the coulomb-like and
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exchange-like terms. The rotational averaging was done by applying a rotational
transformation algorithm using the Euler angles, as in Goldstein [84].

The early calculations were done on an IBM RS6000 Model 340 workstation. It
was discovered that each grid point required roughly 95 CPU seconds, indicating that a
subcube with 8000 points would require 760,000 CPU seconds, or 8.8 CPU days. At
that point, the code was reformulated using the Express [89] distributed computing
software package. This commercial package is a high-level message-passing scheme
which resembles the structure of a FORTRAN subroutine library. Function calls are
made to Express subroutines to establish the computational topography, and to transfer
data between computational nodes. This code was written under the master-slave
paradigm. Thus, a main workstation is the master and is responsible for distributing data
to the computational nodes, one of which may be the master itself. Each of the nodes is
capable of responding to the needs of the other nodes by communication performed by
the master. The main drawback of any distributed computing effort is the increased
amount of network communication required to perform the task. However, the solution
of (7.21) was ideally suited for distributed computing since it was a local evaluation, i.e.
the solution of (7.21) at one grid point did not require any information from any other
grid point.

A cluster of four IBM RS6000 workstations (Model Numbers 340, 320H, and
two 320s) was used to solve five of the eight subcubes. Table 7.7 lists the required CPU
time involved for each subcube calculation. The aggregate performance of the cluster
may be estimated at approximately 43 MFLOPS (Million Floating Point Operations per
Second, is one of many estimates of computer performance) by summing together the
MFLOPS of each node. Obviously, that value is purely theoretical since communication
between nodes degrades computational performance. The actual performance of the

cluster was not closely monitored, but it is believed to be near the theoretical "linear
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speedup.” Typical wall clock times for computing a subcube were on the order of 3.5
days for an equally distributed load.

Also noted in Table 7.7 is the technique used in the distributed computing.
Initially, the subcube was solved assuming a uniform computational topography, in that
each node received an equal share of work. Due to the performance differences in the
four workstations that comprised the cluster, this meant that the fastest workstation (the
Model 340) would finish much quicker than the slowest workstation (the Model 320).
Hence, the Model 340 would be idle until the Model 320 finished. To alleviate this
discrepancy, a dynamic load balancing scheme was devised in which the cluster solved
the subcube by sequentially computing two-dimensional planes. At the conclusion of
each plane, the workstations were polled to determine their relative performance. Based
upon the polling, the next two-dimensional plane was partitioned across the four nodes.
Note that, in addition to dynamic load leveling, this technique also accounted for the
potential loss of performance of a workstation due to time sharing with an outside user.
The dynamic load balancing decreased the wall clock time required to run a subcube
from roughly 3.5 days to approximately 3.0 days. It should be noted that these figures
are for comparison only. The effect of network traffic upon cluster performance was not
quantified. In contrast to a scalar code, the CPU time quoted for a distributed code
inherently includes the effects of variations in network performance during the code
operation.

The scalar version of the code figured prominently in the overall calculation,
accounting for the solution of 3 subcubes. The workstations which ran the scalar code
were outside the configured cluster and were used simultaneously with the cluster to
bring the overall calculation to a close. Note that several subcubes utilized two machines
for calculation. The code was written with a re-start capability, and as the faster
machines became available, the job was migrated, by hand, from the slower machine to a
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faster one. For instance, the calculation of subcube #2 on a DEC Alpha Model 500 was
estimated to require ~20 days, since the time required for each grid point was 225 CPU
seconds. The CPU time required per grid point using the SGI Indigo with the R4400
chip was found to be 60 CPU seconds. By starting the calculation of subcube #2 on the
DEC Alpha Model 500 and finishing the calculation on the SGI Indigo, the average time
required per grid point was reduced to 107 CPU seconds.

The final step in the calculation of (7.21) was to assemble all of the subcubes into
the main grid. This grid constituted the complete spatial dependence of the transition

amplitude for the electron exchange process.

Scattering Cross Section

Once the transition amplitude was evaluated at each of the grid points, the
scattering matrix in the Born approximation, (5.67), was calculated. Following from the
derivation of the transition amplitude in combined Fock and coordinate space, the
scattering matrix takes the explicit form,

i(kg—tg)1

(7.57) Toa (k= ky) = [dr. =o—c—{Bl H' (1))
where the Fock states are given as in (7.6) and (7.7) Hence, from a kinematic viewpoint,
the plane waves describe a heavy system particle of mass p =10.67 amu, or 1.89 x 104
times the electron mass. Note that in the Born approximation, the momentum transfer
between the collision partners falls naturally out of (7.57), and the scattering matrix is
independent of the initial or final collision momentum.

The clear advantage of the Born approximation, in this study, was manifested by
the fact that the scattering matrix was an FFT of the transition amplitude, with the

proper scale factors. The FFT is a very computationally efficient algorithm, and one

implementation was found in the commercial data analysis software, PV-Wave [90].
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Another amenity of the PV-Wave algorithm was that it performed the FFT over an
arbitrary number of dimensions, which avoided some lengthy FORTRAN coding. For
this study, the original 39x39x39 potential grid was interpolated to a 32x32x32 grid to
aid in the manipulation of the resultant scattering matrix grid. The potential grid was
also interpolated to a 156x156x156 grid to check the numerical stability of the FFT.
Once the scattering matrix was determined, the appropriate factors were applied to
obtain the differential cross section, (AL.18).

The evaluation of the total scattering cross section was done by numerical
quadrature of the differential scattering cross section on shells of constant momentum
transfer. Since the differential scattering cross section was defined upon a three-
dimensional Cartesian grid, the numerical integration used a three-dimensional linear
interpolation scheme to obtain values at specified momentum shell values. This step was

done with FORTRAN77.
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Chapter 8

Computational Results

The result of computing the transition amplitude (7.21) provides a very rich
three-dimensional potential for the Ar-N» interaction. For large separations between the
Ar and N>, the interaction mimics the coulomb potential between localized atomic Ar
and N9 molecular orbitals. As the Ar approaches the No, the orbitals begin to overlap,
and this is reflected by the appearance of a deep well structure in the interaction
potential. For small distances between the Ar and No, the interaction resembles a three-
dimensional spherical well. A crude model of the potential as a spherical well supports
the analysis and provides a qualitative understanding of the interaction. The results of
computing the differential cross section using the first Born approximation are discussed.
A correlation is made between the features of the differential cross section and the total
transition amplitude. Finally, the differential cross section is integrated over the angular
variables, and the total cross section is obtained as a function of the momentum
transferred during the collision. It was found that this computational result is within a
factor of 2 of the lowest measured cross section, and within a factor of 5 of the average

of the experimental measurements.

Transition Amplitude

Format of Solution

The coordinate system used for the calculation of the total transition amplitude
was given in Figure 7.2. Because the dependence of the total transition amplitude upon
the relative orientation of the Ar coordinate system was removed, this same coordinate
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system represents the solution space for the calculation, as well. Note that quite often

the vector space defined by the set of reaction coordinates does not necessarily
correspond to actual configuration space. Although the registration of the solution space
with the configuration space will aid in the interpretation of the data, it is important to
realize that the two are distinct.

Since the total transition amplitude is dependent upon three dimensions,
conveying the results, in an intelligible format, is a rather awkward process. The
solution space consists of the total transition amplitude of the Ar-N system for a set of
separation vectors. Thus, each location m the solution space corresponds to an energy
of interaction that is observed in the physical system when the Ar and Ny have the same
separation vector. The approach taken here is to display two-dimensional cuts, or
sheets, through the solution space across planes of constant z value. The sheets are
displayed as surface maps, in which the x and y axes of the map correspond to the
physical x, y plane, and the z axis of the map corresponds to the total transition
amplitude, measured in atomic energy units, at that particular point. For example, Figure
8.1 is a sheet of the total transition amplitude for z =-18.89 au. Thus, each point on the
map corresponds to the energy of interaction between the Ar and N> in physical space,
when separated by a vector corresponding to the coordinates of the mapping. In other
words, this map represents the interaction when the Ar is confined to move in a plane

specified by z = -18.89 au, and the N1, is fixed with its internuclear midpoint at the

origin.

Numerical Results
Figures 8.2 through 8.32 complete the entire set of z sheets for the interaction.
A mental assimilation of all 32 sheets leads to a reconstruction of the three-dimensional
interaction. It is interesting to note the gentle, symmetric features of Figure 8.1.
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These features persist for higher z sheets up to z = -6.71 au, Figure 8.11. At that point,
distortion begins to break the apparent symmetry of the surface. Also, note that for large
positive z, the same symmetric features, albeit inverted, are evident. This can be seen for
z = 18.89 au, in Figure 8.32, down to z = 6.71 au, displayed in Figure 8.22.

Since the total transition amplitude is displayed with the Ar orientational
dependence removed, any features present must be due to the spatial character of the Np
orbitals. Furthermore, since the 20, orbital is cylindrically symmetric about the z axis,
any features observed within a plane of constant z must be due to the 1mg orbital. As
noted in Table 7.4, there are two degenerate 17g orbitals to be considered, denoted as
lng(a) and lng(b). The relative orientation and sign can be determined from the g90
calculation results.

The coefficients of Table 7.4 show that the 17g(a) orbital is largely composed of
equal amounts of atomic 2px and 2py orbitals. Recall that these orbitals behave spatially
as x and y, respectively. For example, the 2px orbital is positive for x > 0 and negative
for x < 0. Table 7.4 lists the contribution from the upper N atom, at +0.55 au, as
-0.29 2px +0.33 2py, while for the lower N atom, at -0.55 au, the contribution is
+0.29 2px - 0.33 2py. Thus, the nodal plane of the lng(a) orbital contains the
internuclear axis and satisfies the equation 0 = -0.29x + 0.33 y in both the lower half-
space, i.e. z < 0, and the upper half-space, i.e. z> 0. In the lower half-space, the
wavefunction is positive for points satisfying 0.29 x - 0.33 y > 0, while for points
satisfying 0.29 x - 0.33 y < 0 the wavefunction is negative. Figure 8.33(a) is a sketch of
the wavefunction sign in the lower half-space.

The second lng orbital can be examined in a similar manner. The g90
coefficients listed in Table 7.4 show that, in the lower half-space, lng(b) orbital is
composed of -0.33 2px - 0.29 2py. Thus, the nodal plane of the 17g(b) orbital is
perpendicular to that of the lng(a) orbital, which is as expected if the lng(a) and the
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1mg(b) are to be orthogonal. Figure 8.33(b) shows a sketch of the orbital sign for the

lower half-space of the lng(b) orbital. Note that the direction of the maximal amplitude
of the lng(a) and lng(b) orbitals is simply rotated from the x and y coordinate axes by
roughly 45 degrees. This choice was specified by the g90 calculation and has no physical
meaning.

The resultant interaction depends upon the sum of the two 17g orbitals, as
discussed in Chapter 7. The sign of the sum of the orbitals is sketched in Figure 8.33(c).
Notice that this matches the shape of the total transition amplitude displayed in Figures
8.1 through 8.11, with the exception of the overall sign. This can be accounted for by
examining the sign of the 26, orbital. First, note that the 20y, orbital is composed
primarily of 2s atomic orbitals, and that the sign of the 2s orbital is always positive. In
the lower half-space, the 20y, is due to a negative contribution of the 2s orbital, i.e. from
Table 7.4 the 2s coefficient is -0.55. Hence, the sign of the 20y, orbital in the lower half-
space is negative, as illustrated in Figure 6.2. Therefore, the total transition amplitude
has the same symmetry properties as the product of the lng and 20, orbitals. Recall
that the general form of the interaction is
(8.1) H’ o le,sp,u.zc - ‘,lx3p.2a.4s
The first term is a coulomb term in which the integration is performed on orbitals of like
centers, while the second term is an exchange term and relies upon the overlap of the
orbitals of different centers. Hence, at large distances, it is reasonable that the second
term should be inconsequential to the interaction. Since the sign of the interaction can
be accounted for by the coulomb term, this leads to the important discovery that for
large distances only the coulomb interaction influences the energy transfer between Ar
and Nj.

The symmetry of the total transition amplitude provides another clue to the long
range interaction. The form of the coulomb term is a double integral,
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8.2) Viespaszo ™ | 47 Que(D)20 (1) [ 47" 03, ()04, () =]

where V., 4,2, is actually an implicit function of the separation vector, R, through the
Ar orbitals. Indeed, as the separation becomes large, the difference between R and r’
dwindles since both vectors originate from the N9 reference frame. The coulomb
potential can be replaced by 1/|r —R|, which can then be pulled through the Ar integral.
The Ar integral then becomes an effective charge integral, yielding some small constant
€ . Note that if the removal of the coulomb potential were exact, then the resulting Ar
integral would be zero due to orthogonality. Because R is so large, the only significant

contribution to the N integral will be for values of r = R. The result is that Vi, ;,,,,,

has an asymptotic form,

63 Vigpaso = ORI (RIE,.,  (largeR)

which is essentially a statement of Coulomb's Law for charged particles. Thus, it is
reasonable to find the symmetry of the N1 orbitals present in the total transition
amplitude for large separation distances, in part because the Ar dependence has been
averaged out.

In addition to the important mechanistic information about the long range
interaction, i.e. that the interaction is solely coulomb, practical information concerning
the calculational technique can also be inferred. Because of the asymptotic form of the
transition amplitude, it is clear that the computational grid is sufficient to capture the
entire spatial extent of the electron exchange mechanism. This allows for the
determination of the interaction length scale.

The asymptotic behavior of the total transition amplitude can be used as a marker
for the dominant term in (8.1). Indeed, not only is it possible to detect the absence of the

exchange due to the symmetry of the total transition amplitude, more importantly, it is

198



also possible to detect the onset of exchange behavior. It was mentioned above that the
long range symmetry was present up to z = -6.71 au, Figure 8.11, whereupon there is
noticeable distortion of the symmetry of the peaks and valleys. Based upon the above
findings, this distortion must be due to the gradual enhancement of the exchange term as
the separation vector decreases in magnitude. Indeed, taken as a sequence in increasing
z, Figures 8.11, 8.12, and 8.13, having z values of -6.71, -5.49, and -4.27 au,
respectively, display an increasingly asymmetric coulomb barrier. The magnitude of the
coulomb barrier increases by roughly a factor of 6 over this range to a peak value of 8 x
107 au. However, with the next z sheet, z = -3.05 au, shown in Figure 8.14, a critical
transition occurs. At this z location, the interaction is dominated by a deep well, while
the magnitude of the coulomb barrier drops to 4 x 10-7 au. The well depth is roughly
-8 x 10-7 au. The critical distance scale, =3 - 4 au, correlates with the expected spatial
extent of the Ar and Ny wavefunctions. Recall Figure 7.6 showed the Ar 4s orbital
peaking at about 4.5 au from the atomic center. Thus, the appearance of the negative
energy well must be due to the commencement of the exchange interaction, with an
onset length scale between 3 and 4 au.

The computational gridding provided two additional negative z sheets, Figures
8.15 and 8.16, where z = -1.83 and -0.61 au, respectively. The behavior of the
interaction remains essentially steady. Although the coulomb barrier remains constant,
the exchange well deepens to nearly -4 x 10-6 au. It should be noted that in physical
space, the individual N atoms are positioned at +1.04 au on the z axis. Thus, the
calculation of the total transition amplitude for z = +0.61 au with x, y = 0 places the Ar
on the internuclear axis between the two N atoms. However, there is little significant
difference between the exchange well for the z-sheet at -1.83 au and the z-sheet for -0.61

au.
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Potential Well Model

Because of its prominence, the observed attractive well merits further attention.
Howeuver, it is difficult to analyze a fully three-dimensional potential. To assist the
interpretation of the data, reduction of the spatial dimensionality is helpful. An
estimation of the character of the well can be obtained by finding the minimum value of
the total transition amplitude as a function of the z value of each planar sheet. For
example, for every sheet displayed in Figures 8.1 through 8.32, the minimum value of the
interaction is recorded as a function of z. This function is presented in Figure 8.34.
However, since this method discards information about the x and y location of the
minimum for every z sheet, two additional reduction functions are also useful, one for
the x-direction and one for the y-direction. Thus, the well is roughly mapped out by
three functions, which are displayed in Figure 8.34. The shape of the well strikingly
resembles a square well in all three directions. For distances greater then 4.3 au, there is
essentially no attractive potential energy. However, as the distance from the origin
decreases to below 4.3 au, the potential energy drops sharply to the value of -4 x 10-6
au.

Because of this spatial behavior, a good model of the attractive portion of the
total transition amplitude would be a spherical potential well. The adoption of spherical
symmetry is desirable since the full regiment of central force analysis tools may be
invoked, including partial wave analysis of the scattering process.

However, the curves of Figure 8.34 only addressed the minimum at every sheet.
To monitor the spatial extent of the repulsive potential barrier, an analogous set of
functions may be defined which map the maximal value of every sheet for all three spatial
directions. This set of functions is displayed in Figure 8.35. In contrast to the agreement
of the three curves of Figure 8.34, the maximal functions show considerable deviation
from one another. Indeed, in the z-direction, the maximal barrier height peaks occur at
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+ 4.3 au, whereas in the x-direction, the peak is not reached until x =+1.83 au. In

keeping with the modeling of the attractive well, a simple model of the spatial extent of
the potential barrier is along the lines of a three-dimensional ellipsoid, with the major axis
along the z axis, and having nonequal minor axes along the x and y axes. From the
actual data, it can be seen that the barrier spans a greater width than the width of the
attractive well. For example, in Figure 8.16, the barrier is seen to surround the lip of the
attractive well. This suggests a crude model of the transition amplitude as a combination
of a spherical square well potential, immed by a spherical potential barrier. A schematic
of the model is shown in Figure 8.36. As will be discussed below, the fact that the well
width is smaller than the total barrier span is important to the scattering amplitude.
Although the model of the potential may appear contrived, it serves to illustrate
perhaps the most important aspect of the computed total transition amplitude, the lack of
spherical symmetry. If the total transition amplitude were spherically symmetric, then
much physical intuition could be extracted from the numerical solutions, such as angular
momentum, etc. Without spherical symmetry, the interaction is not a central potential,
which means that Schrodinger's equation for the motion of the system is not separable
into radial and angular solutions. Hence, a model which preserves this symmetry is
worthwhile for qualitative understanding, even at the expense of the accuracy of the
model. The full impact of the lack of spherical symmetry in the transition amplitude

becomes apparent in the calculation of the differential cross section.
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Differential Cross Section

Born Approximation Results

As discussed in Chapter 7, the differential cross section was calculated from the
results of (7.21) using the first Born approximation. Numerically, this was not a taxing
exercise since the FFT technique can be used to calculate the result. There are two
technical items worth noting, however. The first is that the functional dependence of the
differential cross section is upon the momentum transferred during the collision. There is
no dependence upon the initial or final momentum explicitly. Hence, the differential
cross section is constant for all initial momenta, which can be related to the initial center
of mass kinetic energy. Thus, the Born approximation cannot model the slight collision
energy dependence observed in the experimental data.

The second point worth noting is that the momentum difference is a vector

quantity given by g = E —k, . Furthermore, the momentum transfer vector is registered

with the position vector in the form of the Fourier transform. This means that the
angular variables referred to in the differential cross section are identical to the angular
variables of the configuration space.

The results of the numerical calculation of the differential cross section, as a
function of g, may be broken into four regimes. The first regime is for very low
momentum transfers, the second is for moderate momentum transfers, the third regime
concerns large momentum transfers, and the last regime is for very large momentum
transfers.

At very low momentum transfers, i.e. for g very small, the interaction amplitude
is essentially sampled for spatially large topographic features. Alternatively, for small g

the expression for the differential cross section is roughly a simple volume integral of the
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interaction energy over all space. Figure 8.37 shows the results of the numerical
calculation of the differential cross section using the computed total transition amplitude.
The magnitude for the momentum transfer is 0.08 au. The x-axis of the surface plot
refers to the polar angle, 0, and the y-axis refers to the azimuthal angle, ¢. Note that the
periodicity of the azimuthal angle must be reflected by the result of the calculation. Of
course, the polar angle has no such restriction.

Two items concerning this data need to be noted. First, the differential cross
section is clearly a function of the azimuthal angle. This is due to the fact that the
transition amplitude lacks even cylindrical symmetry. There is also a strong dependence
of the differential cross section upon the polar angle, although this is usually the case for
most central force problems. The second important point is that the momentum transfer
for the data of Figure 8.37 has an equivalent wavelength of 12.5 au. In other words, any
feature present in the transition amplitude which possesses a length scale less than 12.5
au will be smeared out at this momentum transfer. Referring back to Figures 8.1
through 8.32, the only features with spatial dimensions of this size are the small
fluctuations in the long range interaction, such as displayed in Figure 8.1. Note that the
amplitude of the fluctuations is roughly 10-3 of the attractive well depth. There is no
feature of significant amplitude in the data which has a spatial dimension of 12.5 au.
From Figures 8.34 and 8.35, the repulsive barrier has a radial length scale of roughly 5
au, while the attractive well is on the order of 2.5 au in radius. Thus, the smoothness of
the differential cross section shown in Figure 8.37 is due to a long wavelength averaging
of the sharp features of the transition amplitude.

The second momentum transfer regime is typified by the differential cross section
shown in Figure 8.38. The data of this plot has a momentum transfer magnitude of 0.48

au. Clearly, there is some structure in the differential cross section, but the features are

not distinctive in comparison with the overall level of the data. The polar angle
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dependence is rather flat, with the exception for the forward angles, roughly 8 <z /3.

Indeed, the azimuthal dependence for larger polar angles also seems to diminish. The
effective length scale probed by the momentum transfer in this regime is on the order of
2 au.

The third momentum transfer regime is characterized by the appearance of
definite structure in the differential cross section and is characterized by the data shown
in Figure 8.39. The momentum transfer for this data is 0.96 au. There are two clear
maxima in the differential cross section. One occurs for a polar angle of roughly 37/4
and an azimuthal angle of ©. The second feature occurs for near zero azimuthal angle
and a polar angle of roughly /4. The effective length scale for this momentum transfer
is approximately 1.04 au.

The very large momentum transfer regime is exemplified by the data shown in
Figure 8.40, in which ¢ = 1.53 au. In addition to the peaks observed in Figure 8.39 at
(8,¢)=(x/4,0) and (3n/4,7), there are two additional peaks in the differential cross
section located at (8,¢) =(n/4,x) and (3% /4,0). Hence, the differential cross section
of this regime is the most symmetric of all. The effective length scale probed by this
momentum transfer is 0.6 au.

The gain in symmetry as the momentum transfer is increased would seem to
imply that the transition amplitude essentially becomes more and more spherical to the
collision system for larger momentum transfers. For a spherical potential, the scattering
amplitude may be resolved into partial waves of angular momentum. The standard

expression for the partial wave amplitude is given by [92],

8.4) £(8)= :11-,[4n(21+ ) & 5ind, Y, (6,0)
where 8, is the phase shift of the spherical waves due to the presence of the potential.
When appropriate, the differential cross section can be calculated from (8.4) by the
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Figure 8.40 Differential Cross Section for ¢ = 1.53 au




equation,
do
8.5) 0

Zf,(e)‘

The dependence of the scattering amplitude upon the spherical harmonic suggests that

the periodicity in 0 exhibited by the data in Figure 8.40 might be due to a partial wave
effect. Tables of the spherical harmonics are available in most standard texts [63], but

for the present purposes it is important to note their functional forms,

(8.6) Y, =1/J4x

3 3 . i
8.7 Y, = ‘/E cos®; Y, =¥1’§ sin® e**

Y20 - i(}.cosze_l)" YZ:H. =¥3 ——S—Sinecoseeiiq,;
41\ 2 2 v 247
5 . i
Yyu = 31’_961t sin® 9>

The differential cross section data of Figures 8.39 and 8.40 can be loosely correlated

(8.8)

with (8.4) and (8.5) on the basis of the location of the peaks as a function of the polar
angle. The azimuthal dependence of the differential cross section is most likely due to
cross terms in the partial wave expansion. This would imply that there is no particular
angular momentum which dominates the partial wave expansion. In other words, at
higher momentum transfer, the transition amplitude appears more spherical, but with a
strong azimuthal feature. The data of Figure 8.40, which is the regime of very large
momentum transfers, has peaks at = /4 and 3n/4, with ¢ =0, ©. From (8.8), this is
roughly the behavior of ¥,,, and ¥,,,. The peaks in the data of Figure 8.39, which are at

lower energy transfer, correlate with the number of azimuthal peaks presentin ¥ ,,.

212




Therefore, at sufficiently high momentum transfers, the transition amplitude effectively

loses much of its irregular nature.

Total Cross Section

Results of Numerical Integration

Once the differential cross section is obtained, it is a straightforward matter to
determine the total cross by direct numerical integration. No further approximations are
necessary. The culmination of this study is presented in Figure 8.41, in which the
computed total cross section is given as a function of momentum transfer.

The first item to note is the absolute magnitude of the cross section. The present
calculation determines the cross section as 5.96 au, or 1.67 A2. Before comparing this
value to the measured values of Chapter 6, it is instructive to attempt to understand the

momentum transfer dependence of the total cross section.

Qualitative Features of the Cross Section

The key to interpreting Figure 8.41 has been alluded to above. It was found that
the length scale of the momentum transfer effectively changes the transition amplitude
that a plane wave of particular momentum will scatter from. From the above, it was
determined that for high momentum transfers, the transition amplitude effectively
became more regular in shape. However, since the peak in the total cross section occurs
for lower momentum transfers, it is important to understand the phenomenon occurring
in that regime.

In fact, describing the low momentum transfer regime was the prime motivation
for introducing the qualitative amplitude model of Figure 8.36. Recall that for the lowest
momentum transfers, the probe length was on the order of 12.5 au, much larger than any
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feature in the transition amplitude data. As the momentum transfer increases, the first
significant feature to be "seen" is the coulomb barrier. In order to understand the
behavior of the total cross section at low momentum transfers, it will be sufficient to
solve the qualitative model of Figure 8.36.

The theory of scattering from spherical barriers and wells is discussed in most
standard texts. The important aspects are the application of partial waves (8.4), the
determination of the phase shift, and the summation of the waves to obtain the cross
section (8.5). Although the topic is well developed, it can provide a wealth of insight.
Repulsive potential barriers lead to negative shifts in the phase of incoming spherical
waves with respect to the outgoing spherical waves. The extent of the shift depends
upon the width and height of the barrier. Beginning with the lowest momentum transfer,
the transition amplitude appears as a solid potential barrier. Assuming that the system
energy (in this instance, the momentum transfer defines the energy scale) is larger than
the barrier height, the solution for the scattering phase shift is a transcendental function
of the momentum transfer. If Figure 8.36 is used to model the actual coulomb barrier, it
can be estimated that the barrier height is 4 x 10-7 au, and the width is approximately 5.0
au. Note that for sufficiently long wavelengths, the inner attractive well is too narrow to
create significant scattering. Furthermore, for low momentum transfers, it is usually
sufficient to calculate only the / = 0 quantities.

The result of calculating the /=0 scattering phase shift for this case is shown in
Figure 8.42. First of all, note that the phase shift is negative. This is true, in general, for
all repulsive barriers. Also, note that it tends to zero as g goes to zero. However, the
momentum transfer may not fall below a level corresponding to the barrier height. The

total cross section may be obtained from the phase shift via [51,92]

8.9) o= %’2—‘sin2 3,
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where 8, = 8,(q) as mentioned above. Based upon the data of Figure 8.42, the total

cross section for the qualitative model was calculated by (8.9). The result is displayed in
Figure 8.43, where only the low momentum transfer values are of interest. Comparing
the barrier model cross section with the result of the actual computation shown in Figure
8.41 reveals striking agreement for the lowest momentum transfers. Whereas the
complete calculation predicts a cross section of 2.4 au at g = 0.1 au, the model predicts
3.3 au. This is roughly a 40 percent disagreement. It should also be noted that from
Figure 8.35 the description of the barrier as spherically symmetric was not a particularly
good one.

Obviously, the barrier model calculation fails in comparison to the actual
calculation for momentum transfers much larger than 0.1 au. However, it did illustrate
the fact that the system was blind to details in the transition amplitude smaller than 5 au.
As the momentum transfer increases, though, it is possible to detect the presence of the
potential well embedded within the barrier. Indeed, the depth of the well is large enough
to overshadow the coulomb barrier. A calculation of the phase shift due to the attractive
well was performed for two well widths. One calculation used the width of the actual
well near the top, which was taken from Figure 8.34 as 4.3 au. The second calculation
attempted to consider the fact that the actual well of Figure 8.34 is narrower at the
bottom than at the top. Thus, the width, 2.5 au, at the half-height position was used. In
both instances the model well depth was -4 x 106 au.

The resulting scattering phase shift is shown in Figure 8.44 for both model well
widths. Note that both phase shifts are positive, as is true, in general, for attractive
wells. The result for the 2.5 au width shows that the phase shift peaks for momentum
values near 0.5 au, and goes to zero for both low and high momentum transfer values.
The phase shift using the 4.3 au well width, however, tends to & as g goes to zero. This
result is rather intriguing because it indicates the presence of a bound state. Further
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analysis shows that, for the well depth of -4 x 10-6 au, there exists a critical radius of 4.0
au which determines whether a bound state will exist.

To the extent that this simple model represents the actual transition amplitude for
the Ar-N reaction, it is not outrageous to assert that an ionic bridge may form between
the reactants during the collision. Indeed, Vredenbregt, et al., {83] recently proposed
this phenomenon to explain their seemingly large experimental cross section data. Itis
interesting that this possibility would arise from this study.

As a measure of the quality of the model well in representing the actual transition
amplitude, the total cross section was calculated via (8.9) and the results are shown in
Figure 8.45. In comparing the model well calculation with the actual cross section, it is
clear that the 4.3 au width well is not a good representation of the actual transition
amplitude. However, the 2.3 au width well yields surprisingly good agreement with the
complete calculation in the appropriate momentum transfer region. The model well
cross section at ¢.= 0.5 au is 5.2 au, compared with 5.9 au for the complete transition
amplitude computation, or roughly a 12 percent difference. Given the gross
oversimplification of the true transition amplitude by the model well, the agreement is
remarkable.

The purpose of introducing a spherical model of the computed transition
amplitude was to discern the physical meaning of the variation of the resulting cross
section with momentum transfer. Clearly, this objective has been met. At very low
momentum transfers, the coulomb barrier dominates the scattering. As the momentum
transfer increases, the attractive well due to the exchange-like term of the complete
interaction Hamiltonian starts to scatter incoming waves. This channel-opening is
responsible for the rise in the total cross section to the value of 5.97 au. Finally, as the
momentum transfer continues to increase, the irregular features of the transition
amplitude become less important to the scattering process. At this point, the probe
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length is much shorter than any significant feature of the transition amplitude, and the

scattering is due to the near spherical attractive well. At the higher momentum transfer
values, the differential cross section has a strong azimuthal dependence due to the cross

terms in the partial wave expansion.

Comparison to Experimental Data

Although the model potential yielded a great deal of insight, the comparison of
the calculated cross section to the experimental measurements is the true test. The
experimental data has been thoroughly discussed in Chapter 6, and the results are
summarized in Table 6.3. Ten measurements of the cross section are listed with values
ranging from 2.7 to 18 A2, The publication by Parr and Martin [72] of their inference of
the data of Kolts [9] can be discarded because of the subsequent correction by Tyndall,
etal., [74]. After dropping the highest and the lowest value, the number of
measurements is reduced to seven. Without regard to the collision energy of the
measurement, the mean value is 9.0 + 3.5 A2, The peak value in the calculated cross
section is 1.67 A2, which is roughly a factor of 5 lower than the mean experimental
cross, and a factor of 3.3 lower than the lower bound of the mean, i.e. 5.5 A2,

As a rule, the cross sections determined from the crossed beam experiments tend
to yield greater values than the other techniques. The mean cross section as determined
from the crossed beam experiments is 12.2 + 4.4 A2. The mean cross section measured
by the remaining techniques, with the removal of the Parr and Martin value, is 5.7 £ 2.7
A2, This is a factor of 2 lower than the crossed beam measurements. Since the crossed
bearn measurements occur at much higher center-of-mass energies than, for example, a
discharge flow tube, it is reasonable to infer that the cross section has a dependence upon

the system collision energy. A comparison of the calculated cross section with the data

from the non-crossed beams experiments shows that the calculated cross section is
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roughly a factor of 3.5 lower than the mean, and a factor of 1.8 lower than the lower
bound to the mean. A comparison to the crossed beam experiments shows that the
calculated cross section is a factor of 7.3 lower than the mean and a factor of 4.7 lower
than the lower bound of the mean.

The fact that the calculated cross section agrees better with the low energy data
than it does with the high energy data is somewhat surprising. To put it in the proper
perspective, though, the low energy data was recorded at ambient temperatures such that
the energy scale is 0.025 eV. This is only one order of magnitude difference from the
beam data.

Typically, the Born approximation tends to agree better with higher energy data.
It is worthwhile to assess the validity of the Born approximation now that the magnitude
and length scale of the interaction are known. Using k = Jﬁ , the Born criteria given
in (5.68) can be rewritten as
(8.10) E>>2uR|HT
= 4x10-6 au and R = 2.5 au. Substituting these values into (8.10)

From above, |H’]
along with the value of the reduced mass, 0 = 1.89 x 104 au, sets the energy scale as
8.11) E>>38x100au

The crossed beam experiments have energies on the order of 10-3 au, while the
discharge reactor experiments have energies on the order of 10-4 au. Thus, while the
experimental energy scales are greater than 10-6 au, it is not clear that they are greater
by a sufficient amount.

As mentioned in Chapter 7, the choice was made to pursue the Born
approximation to prove the concept of the two-electron exchange mechanism. Clearly,
the most significant drawback of the Born approximation, as mentioned in Chapter 5, is
that the system does not evolve due to the interaction Hamiltonian. Physically, the
replacemet of the correct solution to the interaction Hamiltonian by a solution to the free
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Hamiltonian is tantamount to restricting the scattering process to a single point in the

space, i.e. it is an impulse approximation. The transition amplitude data displayed in
Figures 8.1 through 8.32 show that the interaction has a significant spatial extent. The
Born approximation is incapable of fully describing this spatial extent because the
wavefunctions are not free to realign as they system moves over the interaction potential.
This result clearly points out that a desirable refinement of the present technique is a
distorted Born wave approximation. By using coulomb waves, rather than plane waves,
the description of the long range scattering will improve. Thus, this will tend to increase
the predicted scattering cross section because they waves will be able to scatter from the

outer portions of the interaction potential.

Estimation of Computational Uncertainty

The numerical technique used to calculate the cross section was rather involved.
A legitimate question, in the light of the comparison to the experimental data, is the
accuracy of the computation. To resolve that issue, an investigation was made into the
numerical method used to calculate the cross section. First, note that in the flowchart of
Figure 7.1, there is one theoretical block and three numerical blocks. Thus, it is assumed
that the computational error will be due primarily to three sources: 1) the computation of
the interaction Hamiltonian and the transition amplitude, 2) the FFT used to calculate the
differential cross section in the Born approximation, and 3) the numerical integration of
the differential cross section to obtain the total cross section.

The simplest computational step to assess is the last one. The integration of the
differential cross section over the solid angle at a given radius was done by using
Simpson's Rule with 40 points in both the 8 and ¢ directions. The truncation error
associated with Simpson's Rule is estimated by [63],
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(8.11) £ =—1¢5Lm(El
90

where £ is some point within the integration interval. For the purpose of error
assessment, it can be assumed from the above discussion of the differential cross section,
that the differential cross section can be considered as proportional to a sine or cosine
function. Thus, the fourth order derivative on 0 and ¢ will also be proportional to a sine
or cosine function. Because the spherical harmonic coefficients are all less than one, the
evaluation of the fourth order derivative at some point in the interval has an upper bound
of unity. The value of A°/90 for the calculation parameters is 3 x 10-8. Note that the
calculation was done in double precision. Hence, the contribution of the numerical
integration to the global numerical uncertainty of the total cross section is less than

3x 10-8 au.

The first step of the computational chain required some additional effort in order
to quantify the numerical error. This was not a straightforward task, due to the
intricacies involved in actually computing the transition amplitude. The FORTRAN code
structure is based upon a set of 18 nested DO loops which mimics (7.34). At the inner
most loop, a subroutine with the name four_gip, in reference to the fact that it solves the
inner product of four primitive gaussians, is called to determine the atomic orbital
integral given in (7.56). Prior to the four_gip call, the set of DO loops primarily serves
to define a given grouping of expansion coefficients, indices, and exponents. After the
program returns from four_gip, the DO loops accumulate the results.

The entire program was modified to count the number of instructions performed
in four_gip, the number of times that four_gip was called, and the number of
accumulations in the DO loops. Independent tallies of the simple math operations and
exponentiations were kept, based upon the general assumption that the numerical

uncertainty of exponentiation is greater than that of addition, subtraction, or
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multiplication. The result of the instruction counting was that the total number of
exponentiations required to calculate a single grid point was roughly 108 operations.
The total number of simple math operations was on the order of 107 operations. The
entire program utilized double precision. Simple math operations are uncertain in the
fifteenth digit, while exponentiations are uncertain in the fourteenth digit. An estimate of
the cumulative propagation of numerical uncertainty of the final result for the transition
amplitude at given grid point is determined by multiplying the uncertainty_ level of a
single operation with the number of operations used in the grid point calculation. By this
method, the numerical uncertainty of the transition amplitude lies in the sixth digit.
Estimating the numerical uncertainty of the intermediate step, the calculation of
the differential cross section was less direct than for the other two steps because a
commercial package was used to calculate the FFT. Since access to the source code was
impossible, an empirical approach to the numerical uncertainty was taken. Conceptually,
it may be outlined as follows. Suppose there exists a quantity, o, which undergoes a
transformation, f(co), such that, for infinite precision, f(a)=p. If there is
computational uncertainty present, then the result of the transformation upon o will be
given by f(a) =P+ AB. The task is then to determine the value of AP. It follows that a
small variation of & may be used to probe the scale of AP by letting o+ 8o undergo the
transformation and defining f(o+06c)=f’. In the event that (o) is a linear
transformation, the process is simplified because f(o+0a)=(B+ AB)+(p+ AdB). By
neglecting second order variations, it is possible to estimate AP as

lim

(8.12) MB=g o

{f(a+8a)- f(a)}

To determine this relationship for the commercial FFT would have been cumbersome in
practice. A more practical approach to the numerical uncertainty was taken, although it
was still based on (8.12).
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The experimental data of Table 6.3 lists values which are certain in the first and

second digits. Thus, a comparison to a calculation which is certain in the tenth digit is
excessive. Since it was determined that the first and third steps of the overall calculation
have numerical uncertainties in the eighth and sixth digits, respectively, it was only
necessary to ensure that the FFT algorithm was certain to a level better than the second
digit. Suppose that 8o = 0.01a., then it is necessary that the residual AP be no greater
than 0.01p if the FFT is to be certain to better than the second digit. This was, in fact,
calculated using the computed transition amplitude result with a 1 percent variation. The
FFT was performed for both the transition amplitude and the transition amplitude
combined with 1 percent noise. Since it was known that the numerical integration over
spherical angles was accurate in the eighth digit, the total cross section was calculated in
order to simplify the determination of the residual. Hence, the total cross sections with
and without 1 percent noise added to the transition amplitude were subtracted to find AR
as a function of the momentum transfer. The result is shown in Figure 8.46 and it is
clear that the residual is much less than 1 percent for all but the largest momentum
transfers. At g = 2.3 au, the residual becomes greater than 1 percent. Note that this
does not indicate that the computational uncertainty is greater than 1 percent for ¢ 2 2.3
au. It merely indicates that a finer variation in the amplitude is required to determine a
bound of the uncertainty.

Since the transition amplitude has an estimated uncertainty of 106, the
uncertainty due to it can be neglected in comparison to the exercise using a 1 percent
variation of the FFT. Thus, the numerical uncertainty of the overall calculation can be

confidently given as less than 1 percent for momentum transfer values less than 2.3 au.
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Chapter 9

Summary

This final chapter is intended to concisely reiterate the results obtained during this
research, list the assumptions made in order to obtain the results, and specify some future

research directions.

Results

Four primary results were obtained during this research. Two of these are
related to scientific advancement of the description of fast, spin-forbidden energy transfer
reactions. The remaining two results are of a more technical nature, relating to advances
in current techniques of established fields of research. They are summarized below in a

list format. A complete discussion occurs in the preceding Chapters.

1. A first principles derivation of the two-electron exchange mechanism for
bimolecular collisions was presented in Chapter 3. Driven by the unique
physical arrangement of the colliding reactants, and the inability of standard
molecular quantum electrodynamics to describe the collision process
adequately, a hypothesis was proposed which effectively replaced the photon

as the collision intermediary by the electron.

2. The fast, spin-forbidden energy transfer reaction,
Ar(Pg ) + NaX1Zgh) — Ar(dsg) +No(C31y)
was modeled numerically using the theoretical results above. It was found
that the cross section predicted by the two-electron exchange mechanism was
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1.67 A2. This value is roughly a factor of 5 lower than the average of the

experimental measurements, which range from 2.7 to 18 A2,

3. In quantum chemistry, the solution of two-electron integrals is a key element
in the study of chemical structures. Typically, they are calculated using
numerical quadrature. This research developed an approach to solve the two-
electron integrals analytically. The analytic solutions were then used in the

numerical modeling of the Ar-N2 reaction.

4, Because the numerical modeling of the Ar-N» reaction was computationally
stressing, a workstation cluster was developed to perform the calculation.
The technology of distributed processing, i.e. clustering, is rapidly being
developed by the computational science community. The present research

represents a unique application of that technology.

Assumptions

In assessing the results of any analysis, it is important to know the limits placed
upon the solution by the underlying assumptions. This research relied upon several
assumptions about the nature of physical systems, in general, and the Ar-N7 reaction in
particular. There were three crucial approximations applied during the research
presented herein. They were explicitly discussed in the text and are briefly listed below.
This research used many standard techniques of ab initio quantum chemistry during the
application of the two-electron exchange mechanism theory to the Ar-N7 system. There
were many implicit assumptions within these numerical techniques, and a short listing of
the most important of these is also given. Further discussion of their impact upon ab

230



initio quantum chemistry calculations is relegated to the appropriate references.

1. The most important assumption made was that quantum field theory can
provide an adequate description of physical systems on the molecular length

and energy scales.

2. The application of the two-electron mechanism to the Ar-N system invoked
the assumption that the initial and final states could be described by ignoring
all but the participating electrons. Thus, any impact that the inner shell
electrons of Ar and N9 might have upon the final cross section calculation has

been ignored.

3. The kinematics of the Ar-N9 reaction were described using the first Born
approximation. A crude estimate of the ratio of the time the system spends
under the influence of the interaction to the time required for the interaction
Hamiltonian to appreciably alter the free eigenstate manifold indicates that the

Born approximation should be valid.

4. The molecular structures were modeled by ab initio quantum chemistry.
Quantum chemistry, in general, assumes an efficient numerical fit to the self-
consistent field solutions for the electronic wavefunctions of the atoms which

compose the molecule of interest.

5. This research used one type of ab initio theory, the Hartree-Fock model. This
inherently assumed that the molecular structure of Ny could be described by a

single Slater determinant of appropriate molecular orbitals, as opposed to
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multiple Slater determinants.

6. This research assumed that the expansion modes of the electron field operator
could be identified with the molecular orbitals of the noninteracting molecules.
This is only true if there is no coupling between molecular electronic,
vibrational, rotational, and kinematic modes. Hence, the Born-Oppenheimer

approximation was implicitly invoked.

Recommendations

Based upon the results of this research, several suggestions for the improvement
of this effort, as well as for future efforts may be made. The most important are listed

below.

1. From Figure 7.11 it is apparent that there is a slight discrepancy between the
radial amplitude of the Ar 4s orbital as predicted by numerical Hartree-Fock
program as opposed to the g90 program. Since the g90 code uses an
approximate fit to the atomic orbitals, i.e. the 6-31G basis, the Hartree-Fock
code should produce a more accurate description of atomic orbital
wavefunctions because it solves for the orbitals directly. One method to
improve the description of the 4s orbital would be to incorporate the Hartree-
Fock result.

2. The first Born approximation may be a factor preventing better agreement of
the predicted Ar-N» cross section with the experimental measurements,
although a rough estimation indicates that the Born approximation should be
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appropriate. It is recommended that the kinematic calculation be taken to the

level of a distorted Born wave approximation.

. The results of the entire calculation reside upon a numerical grid which was
chosen with little information about the nature of the Ar-Nj interaction. Now
that the present results are known, the numerical gridding of the interaction
should be refined to concentrate more points near the edge of the potential

well, roughly 2 to 6 au.

. The present research is purely theoretical, based upon the quantized
Lagrangian for interacting electron and radiation fields. Since the electronic
wavefunctions are determined by an ab initio calculation, without empirical
parameters of any kind, their inclusion does not degrade the pristine nature of
the calculation. In light of this, the fact that the predicted cross section for the
Ar-N reaction is low by a factor of 5 of the experimental mean, while the
data itself varies by a factor of 6, should be considered as a successful
application of the theory. Based upon the results of the present research, it is
recommended that the two-electron exchange mechanism be applied to other
chemical reactions exhibiting the same unusual combination of spin-forbidden
transitions and fast reaction rates. Reactions (1.1) and (1.2) would be

excellent candidates for future analysis.
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Appendices



Appendix I

Derivation of the Differential Scattering Cross Section

The scattering cross section is a measurable quantity which parametrizes the
relative efficiency of a collision. The discussion which follows is included for
completeness only, and has been extracted largely from four sources, Newton [50],
Goldberger [51], Sakurai [87], and Cohen-Tannoudji [91].

To obtain physical intuition, consider a picture in which a beam of N},
particles impinges upon a target of area A having N; scattering centers. Each
scattering center will present an effective area, 6 , to the impinging beam. The
probability, P, that a beam particle will collide with a target particle is simply

_No
A
The total number of collisions experienced by the beam is N, = P N,. The effective

(AL1) P

area per scattering center follows as

_NA

AlL2 o=
(AL2) N.N,

It is useful to express the particle numbers as fluxes. Suppose that the beam has a

duration of ¢, then the volume of the beam which passes through the target is given
by V = (vt)A. Thus, the number of beam particles undergoing collisions is

N, =pV =pvtA, where p is the beam density. Then the cross section may be

written as
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=N,
(N, /1N,
_1(N,I1)
pv N,

(AL3)

This shows that the cross section may be clearly thought of as the transition rate per
target, per unit incoming flux.

The differential cross section relates the probability that the system will
undergo a state-altering collision and subsequently scatter into a specified solid angle
in phase space, given that the system was prepared in a defined initial state. This is
simply the probability that the system has a particular out state, given a well defined
in state. Consider the in state as propagating as a wave packet in the barycentric, or
center-of-mass, frame. Furthermore, let the overall system be described by two
momentum amplitude functions, g(p) and g(p), which describe the center of
mass and the relative momentum, respectively, of the wave packet. For a well-
defined state, the amplitude functions will be very sharply peaked at a center of mass

momentum £, and a relative momentum p; and have widths A and A such that

AM << Iﬁ I and A << | 12 ' The translational energies corresponding to the peak

momenta are E*¥ and E, respectively. Also, let the wave packets be centered at a
spatial position corresponding to an impact parameter, b . The in state may be
explicitly written as

(AL4) ¥, (b0, P, p;t) = g™ (P)eEEE™ g(p)e” B8] ar)

where the ket describes all the remaining quantum numbers. The center of mass and

relative translational energies are given by
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(ALS)

where M represents the total system mass and i represents the reduced mass of the

collision partners. Furthermore, the amplitude functions are normalized as
2
(AL6) [ap [scp) =1

From (5.46) the out state is determined from the in state by the scattering matrix, or

function. This can be written in the present context as
(ALT) ¥,.(B.P.p;t)= [[dP’ dp’ S(B.P.p;c. P, p') ¥,y(b. 0. P, p';1)

The scattering matrix for the center of mass can be written as in (5.51),

S(B.P, p; . P, p) =B, ~2miB(Ey + E™ + E~(E, + E'™ + E'))
S(B—E)Tﬁa(E»B’E_'rB:B_’_)

The delta function 8(P — P’) explicitly conserves the overall center of mass

(ALB)

momentum. Furthermore, note that T, (E, P, P’, D L’: ) is written only as a function of
the energy due to the relative momenta of the collision, E = p* /21, and not as a
function of the energy due to the motion of the center of mass of the system. This is
because it is assumed that the interaction Hamiltonian is translationally invariant over
all space. It is likely, though, for the collision to depend upon the available energy

due to the relative momentum of the collision partners.
Substituting (AL8) into (AL7) generates an expression for ¥ ,,(B.P, p;t)

when B a,
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¥,.(B.P.p;t)==2mi [[dP’ dp’ 8(E,~E,+E¥ -E'™ +E-E')
(AL9) &(P-P) Ty (E,L.P’,p,p’)
g (P EHETY g(p')eEET|B)

The probability that the system will enter a solid angle centered at F and p; in the

two respective momentum spaces is given by

(AL10) x()=[dP[dp [¥.u(B.B.p: 1)

By assuming that all impact parameters are equally likely, the total probability of a
collision which sends the system into cones centered at F,and p; is the integral of

(AL10) over all impact parameters within the plane which is defined by interaction
cross-sectional area, A. For impact parameters outside A, the integration is null, so

the integration in the b plane may be allowed to extend over the entire plane

perpendicular to the momentum vectors. Use is then made of the result,

(AL11) [db e = =(2m)8(py - pl)

planel
w0p;

where the momentum vectors p| and p} are perpendicular to p;, which was the

initial momentum vector of the system. Using (AL11) in the extension of (AL 10)

reduces the probability to

x=12—z£ [ arle™(e) [dp[[ap dp”8(E,~E,+E-E')
cev c

(AL12) -8(Ey—-E,+E-E')T, (E,P,p,p’)T,,(E.E,p,p”)

8"(p")8(p") 8(pY - p})
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where the delta function 8(P— P’) has been used to reduce the intermediate center

of mass momentum integrations. Note that the delta functions retain the original

meaning if they are rewritten as

L3 8(Ey —E,+E—E’)8(Ey —E,+E—E’)=
L
(AL13) 8(E, —E, +E—E')8(E'-E”)

It is possible to rewrite the delta function 8(E’ - E”) as a delta function over the
momentum components parallel to p; , which can be used to combine with the delta
function of the perpendicular momentum components to create a single delta

function relating the integration momentum vectors. The probability then becomes,

(2m)* W, S ’ '
y=-——=t | dP|¢™(P) |dp|dp’ 8(E,~E,+E-E')
(AL14) A p C!. | | .£ _f P OEg

’ 2 ’ 2
I (E.B.p,p)| -|o(P)
where |1, and p, are the initial reduced mass and momentum modulus respectively.

The final step uses the assertion that g(p) is so sharply peaked about the initial

momentum vector that the scattering matrix and the delta function may be evaluated

at the initial momentum, e.g. Ty, (E,E,B,p_') = Tpa(E:E:B»&)- Then the
normalization of g(p) is used to further simplify the integral. A similar assertion is

used for the center of mass integration, where in the barycentric system P, =0,

leading to the following form for the probability,

@)y, i
x__A_;l'dB O(E, —Ea+E—E,-)|TBa(E,g,&)|

4
- e [ [ Ep )

(AL15)
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where the initial and final mass and momenta are explicit. The explicit notation of the

momenta of the center of mass has been dropped for clarity. In the event of an elastic

collision, p; = p,. The relative beam flux is equal to (At)™ = F, where ¢ is the beam

duration time. In accord with the concept of AL3, the scattering cross section can be

written in a differential form as the ratio of the transition rate per solid angle per unit

flux. Defining % /¢ as the transition rate we obtain,

t P 2
M- [ 2w, 2 T .21
(AL16) c b

= J'dQﬂP--
dQ
Thus, in the case of an elastic collision where W, =i, and p; = p,, the differential

cross section is

(AL17) %:(2104 W’ TB,,(E.-.E,&)Z

Since the initial momentum is usually a well defined quantity, the differential cross

section may be written in terms of the momentum transfer, p—p, =4, allowing the
differential cross section to be rewritten as [50],
do 2
(AL18) —b (g)=(20)* W |T,.(E;. pi.9)
aQ = —=
The total cross section is then simply the angular integral of (AL 18).

(AL19) Opa(9)=(27)" 1 [ 4Ty (.0,

where E, = p? [2),.
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Appendix II

Atomic Units

The set of atomic units was developed to facilitate computations of atomic
and molecular physics and chemistry. All atoms and molecules are roughly the same
size, have roughly the same charge, and roughly the same mass. Atomic units, also
called Hartree units, address these similarities by assigning the dimensionless value of
unity to three fundamental constants, [92]

(ALL1) h=c=m, =1
The first constant is Planck's constant, the second is the speed of light in a vacuum,
and the third is the rest mass of the electron.

There are two ramifications of the assignments (AIL1). The first is that the
important equations, such as Schrodinger's equation, are freed from the clutter of
extra constants. The second is that the dynamical variables themselves must account
for the proper dimensional behavior. Thus, a standard unit of length, charge, mass,
velocity, energy, momentum, angular momentum, and even time are defined. These
units represent useful scaling parameters for physical phenomena.

A list of the values of the most relevant atomic units is given in Table AIL1.
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Appendix I1I
Proof of (7.54)

The development of the analytic solution to the intermolecular potential
hinged upon a closed form solution to (7.54),
aw e X 2m?
(7.54) Id3ke“z—kz—=—— rf( )
The proof of this identity may be determined by examining the left side of the
equation in more detail. Utilizing spherical coordinates, the integral may be expressed

as
[ak e"‘W—e =2n J’ dkde 5in@ g¥eord gk
k?
(AIIL1) = 2njdk e j dx ™
0
=4n‘[dke_ﬁkz Sln(kW)
° 44
. . . . , sin(kW') T
By introducing the spherical Bessel function, j,(kW )= = J. . (kW ),
y g the sp Jo (kW) oV KW 1,2( )

the integral can be written as

_;}‘-2 o
(AIIL2) jd3k e"‘W 1, j e J‘”(k udl

0

The right side may be evaluated using standard integration tables [88],
o0 2 Bz

(AIIL3) jdx e I (Bx)=2"" B‘”’y(v,—-)
9 40,
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2
where y(v,f—a) refers to the incomplete gamma function [63]. Letting

v=1/2, B=W, and a.=A? yields for (AIIL2),

r: _a22 J. (kW) T .. _ 1 W2
AIlL4 dk A2 V12 = 2 1/2W 1/2 -
(ATL4) ! T W 2w
Thus, (AIIL.2) may be written as
) -2 21t3/2 1 W2
AIILS Prett s = =,
(AIILS) [kt = 30

The incomplete gamma function can be related to the error function in the event that

v=1/2,1ie.,

1 1
AIlL.6 e =—=7| =, 2)
( ) 1f(z) ‘\/—1; 7(2 z
Upon substituting (AIIL.6) into (AIIL.5), one arrives at the desired result,
awe ™t _2mt (W
AIIL7 Prett =0 (_)
(ATL7) J e - w =
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