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Abstract

It is well known in Newtonian theory that static self-gravitating perfect fluids in a
vacuum are necessarily spherically symmetric. The necessity of spherical symmetry

of perfect-fluid static spacetimes with constant density in general relativity is shown.

vi



Contents

1 Introduction
2 Decomposition of Einstein’s Equation

3 The Conformal Transformation
3.1 Derivation of the Conformal Factor . . . . . . . . ... .. ... ...
3.2 Derivation of the Rotationally symmetric

Field Intensity . . . . . . . . . . . o
4 The Cotton Tensor
5 The Israel-Robinson Identities
6 The Maximum Principle
7 Conformal Flatness implies Rotational Symmetry
8 Regularity Issues and the Positive Mass Theorem
9 Final Proof and Conclusion
Bibliography

Vita

vil

14
14

22

27

38

46

52

58

63

65

68



Chapter 1

Introduction

The Schwarzschild spacetime models the most basic perfect-fluid static stellar model
in general relativity. Several assumptions were made when searching for a solution to
this model, including the assumption that the spacetime was spherically symmetric,
i.e. SO(3) acts on the underlying spacelike manifold by isometries. It seems almost
natural that rotational symmetry would follow from the other assumptions provided
that it does in Newtonian theory of gravity. This desired result, however, does not
extend “naturally” to general relativity.

The work of Carleman (1919) and Lichtenstein (1918) demonstrated the necessity
of spherical symmetry for an isolated static perfect-fluid body in Newtonian gravity.
Using potential theory, they were able to show that a spherically symmetric
static finite body of perfect-fluid matter uniquely minimizes the gravitational
potential energy. An analogous result for general relativity was first conjectured by
Lichnerowicz (1955) and included on Yau’s 1982 list of unsolved problems in classical
general relativity. Early work in the area began with two articles by Avez (1963 & 64),
who, using Morse Theory, managed to prove that asymptotically flat static perfect-
fluid spacetimes are diffeomorphic to R? x R, and rotationally symmetric. The result
depended on the assumptions that gravitational field intensity W depended only on

the gravitational potential V', and also that V' has no degenerate critical points and



totally umbilic level sets. Later work revealed these assumptions to be equivalent to
spatial conformal flatness. A few years after Avez’s publications, Israel announced his
Black Hole Uniqueness Theorem, which proved the necessity of rotational symmetry
for static vacuum black holes in general relativity, thereby proving the uniqueness of
the vacuum black hole Schwarzschild solution. An alternate and simplified proof of
Israel’s theorem was given by Robinson who used divergence identities and the norm
squared of the Cotton tensor (which vanishes if and only if the manifold is conformally
flat). Not much progress was made on the static stellar problem for nearly a decade
after Robinson’s proof.

The work of Kiinzle and Savage (1977) showed that if a family of static perfect-fluid
solutions to Einstein’s equation contains one spherical solution then the entire family
is isometric to the spherical solution. Special cases were thoroughly examined in the
mid-eighties by Lindblom (1988) and Masood-ul-Alam (1987). Lindblom, in his 1981
paper, was able to extend Robinson’s divergence identity (used in his proof of Israel’s
theorem) to static stellar models of constant density, which would be used later to
prove rotational symmetry of the spacetime. Around the same time, Masood-ul-Alam
utilized the divergence identities of Robinson and Lindblom along with the Positive
Mass Theorem to prove certain stellar models are conformally flat and, therefore,
rotationally symmetric. Unfortunately, as pointed out by Lindblom (1988), Masood-
ul-Alam’s proof relied on an “unrealistic” condition on the equation of state, namely
j—z < 0. Realizing the significance of the Positive Mass Theorem, Lindblom (1988) was
able to find a conformal transformation of the spatial metric and use the Positive Mass
Theorem to prove that spacetime was conformally flat, thus spherically symmetric.

The most recent publication on the matter was put out in 2007 by Masood-ul-
Alam, who instead of using the divergence identities in his proof, found a conformal
metric with a nonnegative spinor-norm weighted scalar curvature integral. The

assumptions of his theorem are:



1. The spacetime 4-manifold is M* = N3 x R with line element ds? = —V?2dt? +

gijdx'dx?. g is a complete Riemannian metric on N amd V : N — [V, 1)

2. The 3-manifold metric and gravitational potential satisfy the asymptotic

conditions:

2m

gi; = (1+ )0i; + 0(7"_2>

r

v=1-"106"?
r
3. The gravitational potential V and the metric g;; are C1F.

4. The pressure p = p(V) is a nonnegative bounded measurable function.

5. The density p = p(p) is a piecewise C'! positive non-decreasing function of p for

p > 0.

6. On the spatial hypersurface N, the boundary of the fluid region and the sets
along which p has discontinuity are smooth 2-surfaces. V and g;; are C®

everywhere except these surfaces.

7. There are only a finite number of these surfaces.

Theorem 1.1. (Masood-ul-Alam 2006) A static stellar model satisfying the assump-

tion above necessarily spherically symmetric.

In this thesis we derive spherical symmetry in the case of constant density, a result
due to Lindblom (1988). A statement of the assumptions and main theorem is now
given, followed by an outline of this work.

The assumptions are:

1. The spacetime 4-manifold is M = N3 x R with line element ds? = —V?2dt? +

gijdz'd’



2. The spatial metric g;; on N and gravitational potential V' : N — R satisfy the

asymptotic conditions:

g9 =1+ 27m)5ij +0(r™?) (1.1)

V=1- % +0(r?) (1.2)

3. The gravitational potential V and the spatial metric g;; are CY? in a

neighborhood of the boundary of the fluid region, and C? everywhere else.

4. The star is assumed to have uniform density p, and pressure p = p(V') related

to p by an equation of state p = p(p).
5. Let V; be the gravitational potential on the surface of the star. The field

intensity, W = |[VV|?, satisfies the jump condition:

lim WIVVV,W — lim W 'VVV,IW = 8xV,p(0) (1.3)
VoV VoVt

Theorem 1.2. (Lindblom 1988) Let (M*, g) be perfect fluid static stellar model in
general relativity with equation of state satisfying the conditions above. Then M 1is

rotationally symmetric.
Outline of Proof

[. First we decompose Einstein’s Equation G = 87T to obtain the system:

V'V,V = 4xV(p + 3p)
Rij = VﬁlviVjV + 47T<p — p>g1J

Here V is the gravitational scalar potential, p is fluid’s density, p is the pressure,
and V; and R;; represent the covariant derivative and Ricci tensor with respect

to the spatial metric tensor g;;.



II.

I1I.

Note: Using the second contracted Bianchi identity, the system above yields:
Vip = =V~ (p + p)V;V which can be integrated to give: p = pV1(V, — V).
This is explained in chapter 2 (Corollary 2.4).

Use the conformal transformation g;; = 1*g;; where

N =

(1+V) V,<v<l
W(V) =
(1+ V32143V, —2V) 2 0<V <V,

DO [

The conformally transformed scalar curvature (of g;;) is given by R=¢ YR—-
8¢~'V'V;1p). This is shown to equal R = 8~ 5¢"{Wy — W} where W =
ViVV,V =|VV]? and

2rp(1 — V21 - V)73, V., <V <1
Wo(V) =< °?
StpV(3V, = V) + 2mp(1 = 9V,%), 0<V <V,

is the field intensity in the rotationally symmetric case.

To show that R is nonnegative, since ¢ and v are nonnegative, it is sufficient
to show that Wy — IV is also non-negative in the interior. This can be proved

by applying the maximum principle to the two identities:

‘ 1 .. 3 i
V%V”VMV—WMFZfﬂW”RmRW+ZV“W”VMV—WHVWV—WM

And

o [yoag [ W =W VYR 3 [Wa + SV (1L = V)
' (1—=V2p|f AV (1 —-V?2)3

Here R;j; is a (0,3) tensor (”Cotton Tensor”) which detects conformal flatness

in dimension 3 (see chapter 4). The first applies to the interior region (fluid

region), and the second applies to the exterior region.



IV. Finally, recall the Riemannian Positive Mass Theorem (PMT) of Schoen-
Yau and Witten: A complete, asymptotically flat Riemannian metric, with
nonnegative scalar curvature has nonnegative ADM mass. If the mass is zero,
the manifold is flat. This is used to show that ¢ is flat. Hence, g is conformally

flat, and Avez’s result applies.

This paper assumes no prior knowledge of general relativity other than Einstein’s
equation G, = 877T},,,. Most of the material necessary for this paper can be found in
a first semester Riemannian or differential geometry course. For the most part, the
paper follows the outline of the proof, beginning with four chapters (chapters 2-5)
of highly detailed tensor computations and other derivations of identities necessary
for the proof. Following the computations is a chapter on the application of the
maximum principle to identities derived in chapter 5 to show conformal flatness, and
a chapter on how conformal flatness implies rotational symmetry. Finally, regularity
issues arising in the proof of the main theorem are addressed, followed by a formal
statement of the positive mass theorem, and a concluding chapter with a complete
proof of the main theorem.

This dissertation is expository. The goal was to derive in detail all the expressions
and arguments used in Lindblom’s 1988 paper. These derivations are scattered
throughout literature, and are presented here in a unified and systematic way. We
hope this exposition will prove useful to researchers approaching this topic for the
first time, as an introduction to Masood-ul-Alam’s 2007 paper and to problems of

current interest in this area.



Chapter 2

Decomposition of Einstein’s

Equation

Given the static metric ds? = —V ~2dt* + g;;dz'dz?, in this chapter we show (Theorem
2.5) how Einstein’s equation G, = R, — %ng, = 8nT),, for perfect-fluid stellar

models decomposes into the system:

A,V =47V (p + 3p) o)

(3)R¢j = V‘lviVjV -+ 471'([) — p)gm

where V;, ¢ R;;, and A, represent the three-dimensional spatial covariant derivative,
Ricci tensor, and Laplace-Beltrami operator of the metric g;;. Here, the Latin indices

run from 1 to 3, while the Greek indices run from 0 to 3.

We begin by contracting the Einstein equation (‘YR = —8nT}), and substituting

=871}/ in for the scalar curvature to obtain the alternate form of Einstein’s equation:

1
DR, =8m(T,, — 5159 (2.2)



The energy-momentum tensor for a perfect fluid is given by:

T/w = (P + p)uuuu + D Guv (2'3)

where u is a unit timelike vector field representing the 4-velocity of the fluid, p is the
density and p is the pressure of the fluid. Let (eg, e1, €3, €3) be an orthonormal frame

with ey = u. Then,

T(eo,e0) = (p+p)—p=0p (2.4)
T(e;,e;) =p (2.5)
T(ei, 60) = (26)
By contraction we have:
T = (p+ p)ugu” +p 9y, (2.7)
=T} =—(p+p)+4p (2.8)
=—p+3p (2.9)

substituting equations (2.7) and (2.9) into (2.2) we obtain:

DR, = 87[(p + p)uutt, + PGy — =(—p + 3p) g (2.10)

1
2

= 8al(p -+ Pt + 50~ P)g] @.11)

Hence, in a coordinate system whose tangent vector to the timelines 0; = eq we have:

1
(4)R00 = Rz’c(eg, 60) = 87TT(60, 60) — 57}79(60, 60)

= 8l -+ 5(—p+8p)) = dm(p + 3p) (2.12)
DR, = am(p — p)gy; (2.13)



Lemma 2.1. Let (0}, 01,02, 03) be an orthonormal frame for the tangent bundle, and

V be the Levi-Ciwita connection. Then,
1. Vp,0; = F,f-“j@k, and V,0; = V1V,;0,
2. (V,Vy,0;,0:) = —FZVKk
3. (V,V,0;,0,) = VV,;
For alli,57 #t. The semicolon denotes the covariant derivative.

Proof.
1. By definition we have

1

) = 5g(’l(&-gﬂ + 0jqu — 019ij)
1

= 5goo(&gﬂ) + 990i — 019ij)

=0

The last line follows from the fact that 0,V = 0,¢,; = 0. Thus Vy,0; = Ffjak +F?j8t =
I'%.0,. We now compute the Christoffel symbols I'y; and T'{;:

1
I‘gj = §g01(8jg01 + Ovgi; — alg(]j)

1
= 5900(83'900 + 0:go; — Oigo;)

1
= égoo(c%-goo +0-0)



Iy = 5911(31:%1 + 0;g10 — 0190;) = 0

= V,0; = I4,0; + 10,0, = V7'V,;0,
2. Using the result from part i. we have

<v8tv8iaj> at) - <v3tri'€jak7 at>
= FZ <v3t7 at> - F?j<vakat7 at)
1 1
= 5T50k(0h, 01) = ST50(=V?)

= TV Vi,

(Vo,Vo,0;,0)) = (Vo V'V, 0y, 0,)
= (V7YWV,;V,0, + 0:,(V7V;)0,, 8,
= (V7'V,;V0,00, 0) + (0:(V V)0, 0,)
= VWV,;(V0,0,.0,) — V0,(V'Vy)
=V IVL(VVy) + (—1)VEV 2V, V + VIV,
= ViV = ViV +VVy
= VVi

10



Proposition 2.2. (R(0;,0;)0;,0:) = VV,V,;V.

Proof.

(R(,0:)0;,01) = (Vo,Vo,0; — Vo,V,0; — V3,019, O%)
= (V5,V,0; — V. V,0;,0)
= (V5,V5,0;,0:) — (V,V5,0;,0,)
= —THV Vi + VVy
=V (Vij = T5Vi)
=V(V,V; V)

O

Theorem 2.3. For perfect-fluid static stellar models, FEinstein’s equation G, =

8nT,, decomposes into the the following system:
1. OAV =VV,V =47V (p + 3p)
2. OR; = VIV, V,V +4d7(p — p)gij

Proof.
1. Using Proposition 2.4 , we compute the Ry component of the Ricci tensor, and

set it equal to equation (2.12).

Roo = " (R(0y, 9,)0;, )
= g”VV,V;V
=V IViv,V
= 47 (p + 3p)
= V'V,V =47V (p + 3p)

11



2. We will use equation (2.12) and the fact that the four dimensional Ricci tensor

can be decomposed as
(4)Rij = 900<R<8t7 ai)aj, 8t> + gkl<R(ak, 31')8]', al>
where i, j, k, [ # t.

(4)Rij - V_zvviVjV +(3) Rij
= -VIVV,V +® Ry

From equation (2.13) we have:

WR,; = 4n(p — p)gy;
= —VIV,V,V +O R

= OR, =VIV,V,;V +4r(p — p)g;

Corollary 2.4.
1. The scalar curvature R = 16mp.
2. Euler’s equation for static fluids: Vip =V ="Y(p+ p)V;V

Proof.

1. Contract R;; and substitute AV = 47V (p + 3p) into the contracted expression to
obtain R = 167p.

2. We begin by computing V'V, V,V.

ViV,V,V = ViV,V,V = ¢*V,V,V,V
= g"(V;ViViV + R,V = 0;(AV) + R\V,V

kji

= 47V ;(p + 3p) + 47 (p + 3p) ViV + RV, V (2.14)

12



Now consider the twice contracted differential Bianchi identity.

: 1
0=V'Rj;—5V;R
. 1
= VI[VTIVVV +dr(p = p)gis] — 50;[167)
= -V 7V'VV,V,V + VIV'V,V,V +470;(p — p) — 870;p

Here, we can substitute equation (2.14) into the above equation and use the fact that

VZVJV = VR” — 47TV(p — p)gij to get:

0=—V V'R + 47V~ (p — p)V,;V + 470;(p + 3p)
+47V " p+3p)V,;V + V'RIVV — 470(p + p)
= 870;p + 87V Hp+p)V,;V

=Vip=-V'p+pV,;V (2.15)

Ul
With p = p(V), (2.15) becomes a separable ordinary differential equation.

dp [ —dV
p+p )V
log [p+p| = —log(V) +C

=>,0+p:§ (2.16)

The constant of integration can be found using the boundary condition p(Vs) = 0.
Thus the equation for pressure in the interior region is completely determined by the

gravitational potential V' and the density p (assumed to be constant) as:

p=pV 1 (V,=V) (2.17)

13



Chapter 3

The Conformal Transformation

3.1 Derivation of the Conformal Factor

We derive the equation for the conformal factor ¢ necessary for the proof. This is
done by working backwards, that is, we assume the model ¢ is spherical and construct
a factor v such that g = ¢)=*g where g, is a flat metric. Assuming the model is static

and spherically symmetric the metric can be represented in two different forms:

ds? = —e’dt? + e dr? + r?dQ)? (3.1)

= —V2dt?* + g, (r)dr? + r*dQ? (3.2)

Here v and A are both functions of the radial coordinate r, V' = V(r) is the
gravitational potential, and dQ)?> = d#? +sin® §d¢>. Given the orthonormal frame ey =
e 20, e = e M?0,, es =110y, 65 = ——0,, we have the following components for

the (0,2) Einstein tensor (Dalarsson & Dalarsson 2005):

1 N 1
Gleo, e0) = 5+ e (? - ﬁ) (3.3)
1 ! 1
G(el, 61) = _ﬁ +e A (% + ﬁ) (3.4)

14



Recall the energy-momentum tensor for a perfect fluid is:

Top = (p + p)uats + pgas

«

thus, with ey = (u®) and (eg, eg) = u,u®* = —1 we have

T'(eg,e0) = p=p(r)

T(ei,e1) =p=p(r)

(3.5)
(3.6)

By substituting equations (3.3), (3.4), (3.5), and (3.6) into Einstein’s equation G,,, =

8nT,, we obtain the system of equations:

Equation (3.7) is equivalent to

e MrN —1) + 1 = 8rpr?

d
= %(r —re ) = 8nr?p

(3.9)

(3.10)

Let e = 1— 22" and note that the m(r) is a function of 7. Solving for 2m(r) and

r Y

substituting that into (3.10) yields:

= = 4mr=p(r)

15
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Equation (3.8) is equivalent to :
Z80 | (1
—+ 5 =€ |5 +8mp
roor r

_ (1 . 2”1(7‘))_1 (r% + 87Tp)

From (3.1) and (3.2) we have

V = e"/?
:>2V’ ,
=v
v

Solving for v/ in (3.12) and setting equal to (3.15) we have

2V’ o 2m + 87rip

v ~r(r—2m)

(3.12)

(3.13)

(3.14)

(3.15)

(3.16)

If v/ >0 (ie. 7> 2m) then V = V(r) is invertible to » = V(r) and the metric can

be written in terms of V.

Remark 3.1. Combining (3.16) with the fluid equation of motion p' =

we get,

m + 4rrdp

pr)=p =—(p+p) o —2m)

In terms of V' equation (3.16) can be written in the form

dr r(r —2m)

AV~ V(m+ 4mr3p)

and using the chain rule and equation (3.18), (3.11) takes the form

dm 3 dr Amr®p(r)(r — 2m)
B AV V(m+ 4wr3p)

16

Yp+p)

(3.17)

(3.18)

(3.19)



Together (3.18) and (3.19) form a dynamical system for (V') and m(V'). The pressure,

p = p(V), can be solved for fairly easily using (3.16) and (3.17).

dp _ (p+p)av

dr Vo dr

d —1 dp

—Nog(V)| = ———
:>dr[0g( )] p+pdr

o
= log(V) = /op[p]+p“h<p)

Where h(p) is invertible, so p and p can be expressed as:

p(V) =h"log V]

p(V) = p[p(V)]

(3.20)

(3.21)

(3.22)

(3.23)
(3.24)

The second equation comes from the assumed equation of state p = p(p). Thus the

system (3.18) and (3.19) is well defined for (V') and m(V).

The spatial metric g;; in terms of V' has the line element

ds® = dr? + r2dQ% = W tdV? + r2d0?

2m
1 T

Where W = |V, V|2, Using the reciprocal of (3.18), W can also be written as

1 1,2 2m\ " 2
W=dVei=[(1—- — dr

()@

17

(3.25)

(3.26)

(3.27)



For constant density p, r(V') can be solved for explicitly. The integral of (3.23) yields:

p

—log(V) + log(Vs) = log(p + p)

0

log (%) = log(p + p) — log(p)

Vs

Naturally from equation (3.11) we have (for constant density p):

4
m(r) = §7Tp7'3

The following computation will be useful. From (3.30)

3
m + 4rrdp = Ampr (SVS — 2)

3 V

Substituting (3.32) into (3.18) and separating the variables we have,

av B dr
VoAt (3% _9)  r(r—2m)
av 47 pr3
= =
3Ve =2V 3r(r —2m)
A prdr

T30 - Ep)

which integrates to:

(3V, —2V)* = A(1 — gﬂpTQ)

18

(3.28)
(3.29)

(3.30)

(3.31)

(3.32)

(3.33)

(3.34)

(3.35)

(3.36)



for some constant A > 0. Given the initial condition V = V, at R = R, we have two

equations for Vi:

2M

Vi=1l-—"2°

s Rs
(V.)? = AQL— SnpF)

Thus,

2

8mpr
3V, —2v)? 1 8

2 o 8mpR2
1 E
1 - 2m
- 20
1=
2
= @BV, —2v)2=1-""
,
=1- gwprz
So r = r(V) is implicitly defined by:
2
— 3V, — 2V =4/1- "
,

The goal is to find a conformal factor i) such that

U (grpdr? + r?dQ?) = ds® + s*dQ?

Setting the terms equal gives the system:

VGrrdr = h*ds
s = rip?

19

(3.37)

(3.38)

(3.39)

(3.40)

(3.41)

(3.42)

(3.43)

(3.44)

(3.45)
(3.46)



Differentiating the second equation yields:
ds = *dr + 2¢rdy
And from (3.46),

2
Jamdr = dr + idw

= U(\/Grr — 1)dr = 2rdy
1
= 4 = YV —

_ ¥ _ oy 2m
_27’\/W<1 ! 7")

Lemma 3.2. If p is constant then, VW 3y, — 2V + 1.

.

Proof.

2
I S PR Ll
1—4/1—2m r

2rv W _TQ\/W 1 1_2_m
|- Ji—m m "
2
VW

:rm (1+3V, —2V)

20

(3.47)

(3.48)

(3.49)

(3.50)

(3.51)



The last line comes from (3.43). On the other hand from (3.18), (3.27), (3.32) and
(3.43) we have,

W 2m AV
r dr
2m Vv 4 3V
=41 - ) = 35 _ 9
r (T(r — 2m)) 37r,0r ( 1% )
4
— TPy, —av)
]—2m 3
2 4 3 1
e Dyw =1 BV, —2V)=1-1=1
m 3m 1 — 2m

0
It follows from the Lemma 3.08, and equation (3.51) that

Y’ 1
— = 3.52
v 3V =2V +1 ( )
= (V) = C@3V, -2V +1)"/2 (3.53)
(3.54)
for some constant C' > 0. With the initial condition,
1
V(W) =51+ Vi) (3.55)
the constant C' can be solved for, and the conformal factor ¢ is found to be :
1
w(V) =51+ V,)32(1 4 3V, — 2V) 12 (3.56)

The initial condition is obtained from the fact that the exterior metric (in the

rotationally symmetric case) is the spatial Schwarzschild metric.

21



3.2 Derivation of the Rotationally symmetric

Field Intensity

In this section we derive the expression for the gravitational field intensity W, (in the

rotationally symmetric case) as a function of V.
The Exterior

The Schwarzschild spacetime metric with mass parameter m > 0, has the classical

expression (on R3 x R; polar coordinates (s,w) in R?):

2 1
dS3epy = — (1 - _m) dt* + [ m ds® + s*dw?, s> 2m (3.57)
S _ zm

Thus the potential V(s) is given by:

V(s):m—z?m : 1—V2:2?m (s > 2m) (3.58)

The spatial Schwarzschild metric is conformal to the Euclidean metric:

[ Zm ds® + s*dw? = ds?,,, = Vv tds?,, = v (dr? + r*dw?), >0 (3.59)

where {s > 2m} and {r > %} are related by a diffeomorphism:

2

2 1 2
r+m+ﬂ:(1+ﬁ) S —dS:<1+ﬂ> dr? (3.60)
2r 2r 1_2m 2r

Therefore V' as a function of r > % is given by:

2 1-m
1-v2=—" V= (3.61)
T‘f‘m—f—T—T 1"‘5

22



and the conformal factor 1 is given by:
(3.62)

1 1
v=rre Uty

¥Iz

2, is given by:

The field intensity Wy = [VV|Z..
2m m?
Since
om\*  16m?
— 2)4 — _ e
(1-V=) ( . ) i (3.64)
we have as a function of V:
1 124
Wy (V) = 16m2(1 V=) (3.65)

Ry) is related

The Schwarzschild radial coordinate, s, at the surface of the star (s

to Vi, p and the mass of the star m by the two equations:

2 4
- 1? —V2,  and %pRi’ —m (3.66)
4mp 2m
jm:?(l—‘ﬂ) (3.67)
3(1—V2)3

So Wy can also be expressed as a function in terms of V. From (3.63), and (3.68) we
obtain an alternate form of Wj :
(3.69)

Wo(V) = 22201 - V2) (1 - V2!
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The Interior

Consider the splitting of the metric along level sets of V:
ds* = h2dV? + gupda®da® (3.70)

where gq is the induced metric on level sets of V, and h* = W~ = [VV/| 1. The

Laplacian of V' with respect to the metric splitting * of is:
AV =h 'K — h305h (3.71)

where K is the mean curvature of level sets. From AV = 47V (p+ 3p), and (3.71) we

have:
K — h™203h = 47V h(p + 3p) (3.72)
Since d3h = 93[W /2] = LW =329, W, (3.72) becomes:

1
K+ 5IA/*/?(avgmf =47V (p + 3p)

= 0sW = —2W V2K + 87V (p + 3p) (3.73)

Turning to the spherically symmetric case with Wy = Wy (V') we have:

dWy

= —2W,y"* Ko + 87V (p + 3p) (3.74)

Writing the spherically symmetric metric in the form (3.2), we find from (3.18):

167p = — @ _mm '
bmp rV dr 13 (8.75)

4 (1 Qm)dV 4m

r

*See chapter 4 for the coefficients of the connection of the metric splitting.
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For the metric (3.2) we have:

e (B (E) e

1/2
—1/2 2m dVv
— (1) 22 .
= W, ( - ) — (3.77)
2 2m\ '/* 2
Ko= g7 = (1 - 7) = (3.78)
Substituting in (3.75) we obtain:
2 4
Wy Ky = T—ZL +16mp (3.79)
Using this in (3.74) we have:
dW, 4mV 4mV
= —l6mVp - :f; + 87V (p + 3p) = 7;'; +87V(p+p) (3.80)
(3.81)

In the case of constant density we can use the second equation in (3.66) to yield:

dWy 167p
v 87V (p+ 3p) 3 V
8
= gV(p + 3p)
8
- ?(3&@ — V) (3.82)

The last equality comes from (3.30). By integrating we have:

_ 8mpV

Wo(V) 3

BV, —V)+C (3.83)

where C' is a constant that can be found from the continuity of Wy at V' = V;. With

respect to the exterior, Wy(V;) = 222(1 — V}), thus C' = ?(1 — 9V;)? ensures the
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continutiy of W, at the surface. Finally we obtain the expression for W:

8 2
Wo(V) = %"V(:svs V) + %’)u —9V2) (3.84)
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Chapter 4

The Cotton Tensor

We introduce a special rank 3 tensor that is invariant under conformal transforma-
tions, and vanishes for manifolds of dimension 3 if and only if the manifold is locally

conformally flat.

Definition 4.1. The Cotton tensor is a (0,3) tensor defined by:

Riji := Vi Ryj — Vi Ry, + (VjRgi — ViRgij)

1
2(n—1)
Proposition 4.2. For static perfect-fluid stellar models, the following identity holds:

Rig R = V=4 {8W20,07 4 9,w o W |

Where Qij = Q»-—%gij, Qi is the second fundamental form of level sets {V = const},

and K is the mean curvature.

Proof

Case I: The Vacuum case
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Einstein’s equation for the exterior region (no matter) decomposes into the

following system of equations:

AV =0
(4.1)

Rij = V”VZV]-V = V”Vm

By contracting R;; and using AV = 0, it is clear that the scalar curvature vanishes.
In dimension 3, the (0,4) Riemannian tensor can fully be expressed in terms of

the (0,2) Ricci tensor (using the Kulkarni-Nomizo product ®) as:

R )
Rijrt = —[(9 © 9)ijr + (Ric © g)iju]

4
R
= Rirgji + Rugi — Rugjr — Rjrga + E(gz‘lgjk — 9ik9ii) (4.2)
Or,
R
Rjra = Rijgu + Ringi; — Rjugi — Rirgj + E(gjlgik — Gij k1) (4.3)

In the exterior region we can use the Ricci tensor from (4.1), and equation (4.2) to

recover the (0,4) Riemannian tensor.
Rira =V Viige + Vargi; — Viugin — Vargij) (4.4)
From the Ricci identity and (4.4) we have:

Vkvjv;i - Vjvkv;i = —Ré-kiVl = _Rjkilvl
= =V 'V Vi + Virgis — Viagie — Viegis)
=V ViV = VitV + V (Viugin — Vangis)] (4.5)
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To compute the Cotton tensor, we must first take the covariant derivative of the Ricci

tensor.

ViRy =V IVVV,V — V2, VV,V,V
= VIV, Vi = V72V Vi, (4.6)

It will be helpful to define a new variable W as the norm squared of V,;, that is

W := V,;V*. Taking the first and second covariant derivative of W, we have:

Wi = 0W = 0,(V;V7) = 2VIV; VYV = 2VIV, (4.7)

& W =2V, VIVIV =2V, (4.8)
= W = Vi(Wy) = 2(V, Vi 0;V) (V) + 2V (V,07V)

= 2(V,;ViVi + R Vi) VI + 2V, V7
= AW = ¢"Wyy = ¢"[2(V;ViVi + R Vi)V + 2V Vi

= (2V;AV + 2R;,, V™MV 4 2V, Viki

=0+ 2V W, VMV 4 2V, Vi

=V W,V + 2V, Vi

) 1 1 )
= Vi, VM = FAW - §V—IWU~V%J (4.9)
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Using the definition of the Cotton tensor and equations (4.5), (4.6), and (4.7) we

have:

Ry =V Ri; — V,;Ray
=V Vi = V2V Vi = VIV VRV + V2V Vi
=V ViV Vi = ViV Vi) + V72V Vi — V2V
=V =V Rjpa) + V2V Vi, — V2V Vi
=V ViV — ViV + VI (Vg — Vangiy)]
+ V7V Ve = VT VaViy
=V 722V, Vi — 2VaeVigg + V* (Vijugin — Viagis)]

1
=V 22V Vir — 2VieVigs + §(W;j9m — Wrgi5)] (4.10)

We can now compute R, R,

VAR RIF =2V, Vi — 2V Vi + %(Vv;jgik — Wikgi;)]
VIV 2V %(W%jgik — Wirg")]
=AWV VI — W, W 4 (AV) VW 4 %WkW;k
— W,W* + AWV, Vi — %WUWU’

. 1 )
+ (AV)V W + (AV)W,; VI — §I/V;J'WJ

3 o1 s 1 .
+ Wy W - ZéiW;jW”“ - émkak
. 1 3 .
+ (AV)VHEW,, — Zéj?W;kW“ - Z—lVV;,CWJc (4.11)

Combining like terms Riijijk reduces to:

Ry R7% = VABW VL, VY — 3W W + 4(AV) VW] (4.12)
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Finally from (4.9), and (4.12) we have:

R R7* = VAW AW — AWV TW,VE — 3W,; W] (4.13)

Now consider the splitting of the metric along level sets of V,

ds* =h*(V,z™)dV?* +ds*,  (h* =W

=h*(V,2")dV? + gapdz“da® (4.14)

The connection coefficients are:

r~ =hn-'o,h, I'",=h"'0,h, I'° =hoh

[ =hQ, Toy=—h'Qu, To =15, (4.15)

Where €, is the second fundamental form for level surfaces of V. The Hessian of V

has components:

V.V V = h1Qy
V.V3V = ~h"'0,h
V3V3V = h7'03h

= AV = g% (Vig3) + g*(VaViV)
k  Osh

== _2 (4.16)

h  h3

So,

ViV = (¢%)2(V3V3V)? + 29 g" V5V, V) (V5V,V) + (VIVPV) (VL VV)

= h™*(h™*03h)? + 2h 2 (R~ 0,h) (™ Oph) + h™2Q, 2 (4.17)
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Using the fact that 93h = h*k — h3(AV) (where Q% = k) and W = h™?% (4.17) can

be written as:
y 1
ViV = WE* = 2WhK(AV) + (AV)? + §W‘18aW8“W + W™ (4.18)
Also,

OWIW = g*(0sW)? + 0,W "W

2
=W <2AV - %) + O, WO'W

KW(A
_apge 2 SEWAY) L ave s amerw (419)

| Wk
VAl — g0, 1) = 2W(AV) — % (4.20)

By substituting (4.18), (4.19), and (4.20) into (4.12) we obtain:

VAR, RF =8WV,; VI — AW, W + 4(AV) VW
=8W?2k* — 16Wh'kAV + 8W (AV)? + 40,W W
+ 8W 20, Q% + SW(AV)? — SWh™k(AV)
— 12W2K? + 24W k™ 'h(AV) — 12W(AV)? — 30,W W
=8W?2QupQ? — AWK + 9,W "W + 4W (AV)? (4.21)

Let Qab = Qup — ggab. Then,

O = 20 = (U = 59a) (2 = 59”)
1{32
= Quf® — = (4.22)
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Thus (4.21) in terms of € is:

VAR R* = 8W2Qu Q2 + 0,W "W + 4(AV)?
= W20, Q% + 9, W W

Case II: The Interior Region

The Einstein equation for the interior region decomposes as

Rij = VIV, V;V +drn(p — p)giy = V™ 'Vij + 4n(p — p)gi

AV =47V (p + 3p)

The following calculations will be useful.

ViR = ViVIV,V,V + dr(p — p)gij]

= Vﬁlvkvivjv - Viz‘/;kv;ij +47p.1Gi — ATD.kGij
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The (0,4) Riemannian tensor can be recovered from the Ricci tensor using equation
(4.2):
- - - - - R
Rjra = Rijgun + Ringij — Rugi — Rirgji + §(gjzgik — GijGk1)
= (V"W +4n(p — p)gis)gm + (V™ Var + 47(p — p)gix) 95
— (V7 Wii +4n(p = p)gi)giw — (V™ Vi + 47 (p — D) gine) g5t
+ 8mp(gj1gik — GijGix)

= Rjra + 87p(gj9ir — 9ij91k) (4.29)

We now define a tensor Cjj;;, in the same way we defined the Cotton tensor for the

vacuuln case.

Cijp : = VIV, Vi = V2V Vi = VIV ViV + V2V Vi
=V (ViViVi = V;ViVi) + V2V Vi — V2V Vi
=V =V Rjpar) + V2V Vi — V2V Vi (4.30)

Since the (0,4) Riemannian tensor inside the star is different from the exterior case,
Cijr will not equal R;;,. Substituting the (0,4) Riemannian tensor from (4.29) into
(4.30) we have:

Ciji = _Vilvgl[Rjkil + 87p(9j19ik — 9ij o)) + VﬁZ(V;j‘/;ik — ViVij)

= Riji + 81V (Virgiy — Vi) (4.31)
The norm squared of Cj;, will be used later.

CijkC7* = [Riji, + 8mpV " (Vikgs; — Viigin)|[R7* + 8mpV 1 (VFgi; — Vil g™))
= R R7* + 16mpV ' Ry (ViF gl — Vi giF)
+ 647T2p2V_2(V;kgij - ngik)(V5kgij — V;jgik) (4.32)
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The middle term reduces to:

167pV " Ry (ViFg — Vi k)
—16mpV 3 [ViFgh — Vg
[2V Ve — 2V Vii; + %(W;jgm — Wagis)]
=167pV W, ViF — 2WAV + %v;’fw;jég - gW;kV*
—2WAV + W,V — gWU-W' + %V”W;kéf]
=16mpV 3 (—4WAV)

= — 2567%pV 2W (p + 3p)
Expanding the last term in (4.32), we see,

647°p*V " (Virgis — Viggaw) (VF g7 — Vi g'™*)
= 647°p*V 2 [BW — KV VI — §1V,;VF + 3]

= 25672 p*V AW

(4.33)

(4.34)

The norm squared of the Cotton tensor in the exterior has already been computed,

we can therefore substitute (4.23), (4.33) and (4.34) into (4.32) to obtain:

CijrC* =V=H8W 2002 + 0,W O W + 4W (AV)?] — 2567°pV ~2W (p + 3p)

+ 256722V W
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We can now compute the Cotton tensor for the interior case.

Rijx =ViRij — V Ry, + i(vj}égik — ViRi)
=V IV, Vi — V72V Vi + ATpags; — 4Tp.1gi
— VIV Vi + VTRV Vi, — Amp.igin + 47D 9k
+ 47 (p,iGik — PikYis)

=Ciji + 47 (giD;j — 9ijDik) (4.36)
The norm squared of the Cotton tensor is then,

Rijp RI* =Cij.C7* + 87 Cij(p7 g™ — pg”)

+ 167 (D9 — Porgiy) (07 g™ — p*gY) (4.37)
Expanding the middle term we have:

81Cyk (07 g™ — p*g")
_ 1
=8V 2V Vi — 2Vie Vi + 5 (Wojgin — W)
[p7 g™ — p*g"] + 64m*pV T [Vingyy — Viggu] - [p7 9™ — p™g”]

=8V 2 2VpI AV = Wyp™ — Wyp¥ + 2p* VAV
1
2
+ 64 pV T [Viap? 0 — 3Vp™ — 3Vp? + p* V0]

(BWyp" — Wiyp* 6, — Wp? 57 + 3Wp™)]

= — 12872V *W (p + p)(p + 3p) + 2567V *Wp(p + p) (4.38)

The last term simplifies to:

167%(p,jgix — Pegij) (07 g™ — p*g”) = 167 (4p,;p7)

= 647V 2W (p + p)* (4.39)
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Finally the norm squared of Rijk is:

Ry R9* =V=48W 200 4 0, WO W + 4W (AV)?] — 25672V "2 Wp(p + 3p)
+ 25672 p*V AW — 12872V 2 W (p + p)(p + 3p)
+ 256m°V " *Wp(p + p) + 647°V > W (p + p)*
=V 8W 200 Q% + 0, WO W + AW (AV)?] — 6472V 2 W (p + 3p)?
=VA8W 200 Q% + 0, WO W + AW (AV)?] — 4V 2(AV)?
=V Y8200 + 0,W W] (4.40)

Corollary 4.3. For perfect-fluid stellar models, the metric on spacelike sections is
conformally flat if and only if the level sets of the potential function V are totally

umbilic and the field intensity W is constant on level sets of V.

Proof.

For manifolds of dimension 3, the Cotton tensor R;j; vanishes if and only if the
manifold is conformally flat (Eisenhart 1949). Using proposition 1, and the fact that
W is constant on level sets of V', the norm squared of the Cotton tensor becomes
|Rij|?> = 8V 4W2|€;|%. Thus by the definition of totally umbilic and the conformal
properties of the Cotton tensor, the level sets of V' are totally umbilic if and only if

the manifold is conformally flat.
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Chapter 5

The Israel-Robinson Identities

We establish two identities concerning elliptic operators acting on W — W, where

Wy(V) = (5.1)
SpV(3V, = V) + 2mp(1 — 9V2), 0<V <V,

2ro(1 - V2)I(1 - V2), V,<v<l

The Exterior

Lemma 5.1. (Lindblom 1980) For the exterior region, Vs < V < 1, the following
tdentity holds:

W =W, VA Riwl? + 3 |W, + 8VIW (1 — V)~ 1Y, 2
Vi V—lvl 0 — ‘ Jk| + | ; + ( ) 7| (52)
(1—-V2)3 AVW (1 —V2)3
Proof.
First rewrite (5.2) as:
1 . 6(W — W) _, 1 vy )
e VW -W))+———2UVV=— . WYR,,
v {V(1—v2)3v( o) + v Y } V(I-V2)3 4 B
3 1 -1 217/ |2
. . 1— L .
+7 V<1_V2)3W (Wi + 8V (1 = V2) 1V (5.3)
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Now consider identities of the form:

Vi{ko(V)V'W + by (V,W)V'V }
V4

= Q) W Rl + Qo(VIW VW — F(V, W) ViV [? (5.4)

The right-hand side of (5.3) is of this form with Q,(V) = m and Q2(V) =

%m. Starting with the left side of (4) we have:

Ok, Ok Ok . |
k_ i 1 _“ i 1 I i (A = i (A i 1 .
NVVW 4 ZEVVVW A S VVVY 4 o VWYY £k ViVV (55)

Note that the AV = 0 in the exterior, so (5.5) reduces to:

, Oks , Ok, 0kq ,
k 7 v —— ) ¢ —— R —— ) v .
2ViVIW + SSViVVIW 4 SoW o VWYY (5.6)

On the right side of (4.5) we have:

) . 3 .
Q[V,V'W -V IV'VV,IV — Z—LW—lvzwviW]

+ QW IV WY'W = 2Q: FW 'V, VV'W + Qo F*W IV, V V'V (5.7)

Comparing the coefficients of V'V, W, V,V VW, and W 'V,WV'W from (5.6) and
(5.7) with (5.3) we get the following conditions:

(

ko =
O:Q2—%Q1
W = Qo

(5.8)

|G+ 52 = —V1Q —2W I Q,F

A solution to this system will prove existence of identities of the form in equation

(5.4). To find a suitable choice for F', we first consider the fact that in the rotationally
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symmetric case V;W = CZ—V‘[ZPVZ-V, because Wy = constant on level sets of V. Thus

F is chosen so that in the rotationally symmetric case |V;/W — FV,;V|? = 0, and it

coincides with ddl“/. Here are two possibilities then for F":

Fvw) = 200 (5.9)
FV,W) = <%) Z—V? (W — W) (5.10)

For the exterior region, we know that if the spacetime is spherically symmetric then
it must also satisfy the vacuum Schwarzschild solution, and Wy = — (1 — V?)* (see

16m?2

the Remark in Chapter 3). Taking the derivative of Wy with respect to V' we get:

AWy —V(1=V2?® 8V,

= = — A1
av 2m? 1-V2 (5.11)
Using (5.3), (5.10), and (5.11) we now define F as:
W aw, —-8VW
F = — = A2
(V.W) Wy dV 1-V?2 (5.12)
with this F' and (V) = m the solution to (5.8) is:
6w
- 1
B(V)= Qi =20y = —— (5.14)
A TR T v - vep '
Finally, note that since
Wo , 1
o —P i = AV = q
V1<<1_V2)4+VV) o2 V=0 (5.15)
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and,

W 1
VI- V2P 2m? (5.16)

we may introduce Wy on the left-hand side of (5.4), bringing it into the form of (5.3).
The Interior

Lemma 5.2. If the density p is constant, then the following identity holds in the

interior region 0 <V < Vi:

3
VAW VLW — Wo)|? (5.17)

, 1
VHVTIVAW = Wo)} = VAW [ Rigel* +

4

Before the proof of Lemma 5.2 is given, we must first compute the Laplacian of W.

The spatial metric is:
dsf] = W2dV? + Gupda®da’ (5.18)

where g, is the induced metric on level sets of V' = const and g33 = W1, The metric

determinant of g is:

Vgl = W2 /G (5.19)

The second fundamental form on level sets of V is:
Qab = <V3an7 ab> = W1/2angab (520)

where n = W1/29; is the unit outward normal. Taking the trace of Qg with respect

to the metric g,5, we can calculate the mean curvature:

K = 20, = _8n\/~|?| _ 2/l (5.21)
2 VIal V1al
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The next identity will be used to compute Laplacian of W

19, W —
sVl 05(W2 /[3])

Vigl Vgl
W 1. — _ =
= WO )T+ W o
1

Using (5.19) and (5.23) we have:

1

Vil

. 8i,/|g| .
= 0i(g"0; W) + g0, W,
e (wm e
05 \g\

Val

1
= W + (0sW) W + (= 5050 + W2 KW, (5.23)

AW, = 9:(\/19lg" 0; W)

= 0, (W(Wy)) + WW,

Proof of Lemma 5.2.
We begin be expanding the left hand side of equation (5.17).

VIV W) = VIV IV W)
=V AW - VAVVV,W — VAW, + V2V YV (W)
=V AW — V2WosW — VAW, + VAW W (5.24)

Recall the identity derived earlier:

1 . ) ,
VAW :ZV?’Riijwk +VTEVIVVYW %vlwlviwww
— 87V W (p +p) —4xW 1 p + 3p)V'VV,W

+ 167V (p + 3p)* + 87V VV,p (5.25)
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Note that,

av

VVVW = g7 (V,VV; W) = g% (— il

VW) =WosW
Also p = p(V), so (5.25) can be simplified with respect to the metric splitting to:

1 3
ViAW :ZV3W‘1|RZ-jk|2 + VWO W + ZV‘IW‘1|VZ-W|2 — 87V W (p +p)

— 4 (p + 3p)0sW + 1672V (p + 3p)* + 8xW ' (V) (5.26)

By substituting (5.26) into (5.25) we get the following expression for the left hand
side of (5.17).

VIV W) — VIV IV W)
1 3
= Z—1:1/3vv—1|Riﬂ|2 — VAW, + V2W (W) + Zv—lw—lyvivm2

— 87V W (p + p) — 4m(p + 3p)OsW + 1672V (p + 3p)* + 8xWp' (V) (5.27)

Expanding the right hand side of (5.17), we have:

1 3
4V3W‘lRiij”k + ZV_1W_1|V2'(W —Wo)l?
1 - . ) .
4V3W‘1Riij”k + Zv—lw—l(viwww — 2V, WV'Wy + VW VW)
1 3 : 3 3
4V3W‘1Riij”k + Z—lv—lw—lviwvzw - §V‘1(83W)W5 + ZV’(WO)2 (5.28)

Subtracting (5.27) from (5.28) we get:

VAW, — V2W (W) 4 8V W (p + p) +47W 1 p + 3p) V'V VW

— 167V (p + 3p)*> — 87V'VV,p — ;V1(83W)W6 + ZV’(W(;)Z (5.29)
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To show this equals zero we must use the integrated form of Euler’s equation for

static fluids and the derivative of Wj,.

r

p=pV " (Vi=V) & p+3p=1
8 16
Wy = ?(3\@—2&/) = W = 3@

Thus,

3
47(p + 3p)OsW = 4mpV 13V, — 2V)0sW = 5V—1(33W)W0

8mp

1
8tV IW (p+p) = V’QWT(BVS —2V) + ?Vlw

= VIEW (W) — VW WY

9
1672V (p + 3p)* = 1672p*V 13V, — V)2 = =

Recall that from the Einstein equation and (4.16) we have:

AV =47V (p + 3p) = WK — W39, 1/

From (5.30) we know, p + 3p = £(3V; — 2V), thus:

P
|4

WK — W320,W Y2 = 4z p(3V, — 2V)
Substituting (5.23), (5.32), (5.33), (5.34), and (5.36) into (5.29) we have:

2
VAW, - VIIWW] — (§> 1672V 13V, — 2V)? 4+ 87W /' (V)

1 2
:V‘1§(83W + WKW, — (5) 1672V 13V, — 2V)? + 8xW /' (V)

8
—4mpV L3V, — 2V)2%) .

=8mp'(V) =0

44

(3Vs —2V)

—1 2
4V (Wo)

2
(5) 162 p*V 1 (3V, — 2V)2 + 87/ (V)

(5.30)

(5.31)

(5.32)

(5.33)

(5.34)

(5.35)

(5.36)

(5.37)



The last equality comes from the assumption that p = const. QED
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Chapter 6

The Maximum Principle

We have already derived the conformal factor v, and the Israel-Robinson identities for
the interior and exterior cases which will now be used to show that the conformally
transformed scalar curvature is nonnegative. This is needed so we can apply the

Positive Mass Theorem to conclude the space is spherically symmetric.

Proposition 6.1. Let (M, g) be a Riemannian manifold with scalar curvature R and

g = U*g be a conformal metric. The scalar curvature § is given by:
R=y~" [R— 874 (Ay)] (6.1)

Proof.
Given the conformal metric g;; = 1*g;;, the coefficients of the connection for the

metric g;;, i.e. the Christoffel symbols, are:

Iy = %w“‘g” (0¥ g1 + 05 (" gimj) — Om (V" giy)]

= Ffj + 2¢_1[¢;i5f + @Z);jéf - ¢,m9mkgij] (6-2)
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By substituting the transformed Christoffel symbols in the definition of the Riemann

tensor, contracting twice and simplifying we find that the transformed scalar

curvature is indeed R = ¢~*[R — 8¢ 4(Ay)] *. O

Proposition 6.2. The conformally transformed scalar curvature for uniform density

perfect fluid static stellar models is:
R =8y~ 5"{Wo(V) — W}
Where 1) is the conformal factor derived earlier, and Wy is defined as:

MoV : STpV(BV, = V) + 2mp(1-9V2), 0<V <V,
o(V) ==
Lol V-V, Vvl

Note that Wy is zero at V = V.

Remark. W; (V) corresponds to W in the spherically symmetric (in particular to

the Schwarzschild metric in the exterior region
Proof.

Case I: The Exterior Region

For the exterior region, " = 0, thus R = 0.

*See Eisenhart 1949 for details
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Case II: The Interior Region

For the interior, V, <V < 1, we have the following:

Y = %(1 + V)32 + 3V, — 2v) /2 (6.5)
U= S V(1431 - 2v) 2 (6.6
" %(1 FV,)¥2(1 4 3V, — 2V) 2 (6.7)
=3(1 =3V, —2V) 2 =3¢/ (1 + 3V, —2V)! (6.8)

Ay ="V VYV + 'V V'V = "W + AV (6.9)
R = 167p (6.10)
AV =47V (p+ 3p) = 4np(V, — 2V) (6.11)

The last equality comes from the integrated Euler’s equation, p = pV =1 (V, — V). By

substituting the equations above into (5.1), we have:

R=y¢ 'R -8y Ayl
=~ 16mp — 8™ (YW + ¢ AV)]
= 8¢ °[2mpyp — dpy) (3V, — 2V) — "W (6.12)

The first two terms in the brackets can be simplified to ¥”W, by using equation (6.8).

"

2w — dwpy)’ (3V, — 2V) = ?pr(l + 3V, — 2V)? — 4(3V, — 2V)(1 + 3V, — 2V)]

"
= %Wp[Q — 18V2 + 24V V, — 8V7]

- w//W[) (613)
Finally by substituting (6.13) into (6.12) we obtain the desired result. O
Proposition 6.3. The conformally transformed scalar curvature satisfies R > 0.
Proof.
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Since, ¢ and " are nonnegative in both regions, and ¢ is continuous at V' =V,

it is sufficient to show that the sign of Wy — W is also nonnegative.

The Interior

Consider the Israel-Robinson identity for the interior region:

3| Vi(W — Wo)|”
AV W

VIV (W = W) = ivi”W—HRM2 - (6.14)
The left hand side is an elliptic operator acting on W —W,. By the maximum principle
we know that the maximum of W — W; occurs somewhere on the surface {V = V;},
and also that the gradient of W — W is outward pointing with respect to the star or
the zero vector if W — Wy = const.

The Exterior Region

Consider the Israel-Robinson identity for the exterior region:

) — -4\ p. |2 g 1 — V2)-1y.|2
vi{vlw{w WOHIV | Rigie|* + 3[W. + VIV (1 = V) 'V (6.15)

1—-v2) AV (1 - V2)3
Since V' < 1 the right hand side of (5.15) is nonnegative, while the left hand side is an
elliptic operator acting on % By the maximum principle for elliptic operators
we know the maximum of % must be attained on the boundary, that is on
the level surface {V = V,} or at infinity. Suppose the maximum occurs at infinity,
V = 1. By the asymptotic fall off condition for V', we know (1—V?) = O(r=2), W =
O(r=), Wy = O(r=*) all converge to 0 as r — oo, thus,

W= W } =0 (6.16)

V.SVl { (1-V2)

Therefore Wy —W > 0 in the exterior, and by continuity also on the surface {V = V;}.
From the argument for the interior region, {V,,;, <V <V}, we know the maximum

of W — Wy occurs on the surface {V = V;}. Therefore Wy — W > 0 in the interior
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region as well, and hence everywhere.

Now suppose the maximum of KV;VMQ/); occurs on the surface. Let xy € V; be the
point that maximizes (VIVTZ,) In this case we know that % must be greater
=V
than or equal to m at infinity, that is :
W —W,
s {1 vy | 20 (047

Note that since the maximum of (1 — V?)3 occurs on the surface, and ‘f’—vlg/)“ >0

at this maximum point, the maximum of W — W, must also occur on the surface.
In particular xy maximizes W — W, with respect to both the exterior and interior,

therefore the gradient of (W — W,) is zero at zy. The gradient of = VQ) is easily
o

calculated to be:

W-Woll . omso
v = ]| -0 -y -,
+ (W — Wo)(=3)(1 — V)4 (=2V) ViVl,,
GV (W — W)
= VY (6.18)

o

Since V' is greater outside the star than in the interior, the gradient of V' is outward
pointing with respect to the interior of the star, and therefore the same holds for the
gradient of (W — Wy)(1 — V?)=3 at xy. The Hopf-boundary-point Lemma, however,

states that the gradient of this function is either outward pointing with respect to the

exterior of the star or 0 if % = const in the exterior region. We show in chapter

8 that the gradient of W — W} is continuous at the surface. Thus by the previous two

W—-Wo

statements this gradient must be the zero vector, and a-v2)e

> = const in the exterior.
Since % = 0 at infinity, it is zero everywhere in the exterior and on the level set

{V = V,}, which implies W = W, in the interior as well, hence everywhere. Thus
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R = 0 in this case.

In both cases the sign of Wy — W is nonnegative, therefore the conformally

transformed scalar curvature R is also nonnegative.
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Chapter 7

Conformal Flatness implies

Rotational Symmetry

One of the key ingredients in proving rotational symmetry for static stellar models is
the fact that conformal flatness implies rotational symmetry. This was first proven
by Avez (1963) who used Morse theory to prove that any such manifold (static,
asymptotically flat, perfect-fluid model) was diffeomorphic to R3. Kiinzle (1979)
was able to remove one of the assumptions made by Avez, namely, that V' has non-
degenerate critical points. Since the improvement given by Kiinzle is relatively minor,

we present here the theorem and proof due to Avez.

Theorem 7.1. Let (N,g) be a Riemannian manifold that satisfies the following

conditions:

1. (N, g) is a static stellar model with constant density.
2. (N, g) is conformally flat.
3. (N, g) is complete and asymptotically Euclidean.

4. The gravitational potential V : N3 — [Viin, 1) C R is a proper Morse function
(each critical point is isolated with a nondegenerate Hessian and V. — 1 at

infinity.
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Then (N,g) is diffeomorphic to (R*,6;;), and the pull-back metric *g under this

diffeomorphism is rotationally symmetric on R?

The proof requires a lemma involving the number of critical points of V' which is now

given.

Lemma 7.2. Forr =0,1,2,3, let M, := #{p € N|dV(p) =0 and Hess(V)|, has index r},
then

1. My = My =0 (i.e. no saddle points, each critical point is a local mazimum or

local minimum,).
2. M3 =0 (no local mazima,).
3. My =1 (only one global minimum,).

Proof.
1. Consider a neighborhood of a critical point p € NUM;UMs,. Since W = W (V)

we have:

for some smooth function f in a neighborhood of p. Using (4.8) and the fact that
dV (p) = 0, the covariant derivative of the left hand side of (7.1) is:

VidPVOV| = 2(Vio, V), (Vid V)| +2 (ViVidy)], (V)]
= Visl, V|, (7.2)
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where V.;; is the Hessian of V. Taking the covariant derivative of the right hand side
of (7.1) we have:

Vilf(V)aiV]|, = f(V)ViOV], + (Vif(V)(GiV)],

= f(V) (V)| (7.3)

p

Therefore,
2V Vi |, = F(V)Viae] , (7.4)

Since V,;; is nondegenerate, we know it has an inverse, thus by multiplying both sides

of (7.4) by Vi* we have:
2V Vi V| = fOV)Va V™| = F(V)e],
Now by multiplying both sides by the metric tensor g;,, we have:

Thus V,;; is either positive of negative definite, hence M; = M, = 0 since V,; is also
nondegenerate.

2. Let p € N be a local maximum. The Hessian V;; » is negative definite, thus
the Laplacian AV|p < 0. This contradicts the equation for the Laplacian of V in
Theorem 2.5, AV =47V (p + 3p) > 0. Thus M; = 0.

3. By the asymptotic fall off conditions, we know V' — 1 as r — oo. So, there
exists a Vj close to 1 such that D = {p € N3|V(z) < V,} contains all the critical
points of V in its interior, and 9D = {V = V;} is diffeomorphic to S%. From Morse
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theory * we have the equality:

where x(D) is the Euler characteristic. Using the fact that x(D) = 1 for 3-manifolds

D with boundary diffeomorphic to S?, x(D) = 1, and Lemma 7.1 and 7.2, we see
that M3 =1.

g

We conclude that V' has a unique critical point py such that V(po) = Vinin, Vinin <
V <1 on N\{po}. The proof of Theorem 1 will follow from the next lemma.

Lemma 7.3. Let V : N3 — [Viuin, 1) such that V. — 1 at infinity. If V has no
critical points other than a global minimum py, then the gradient flow of V defines
a diffeomorphism from N® to R®, and the level sets {V = const|const > Vi } are

diffeomorphic to two-spheres.

A proof of this lemma can be found in Hirsch (1991).

Proof of Theorem 7.1

By Lemma 2, let ® : {V = Cy} — S%, be a diffeomorphism and {¢;}icr be the

v,V

flow of
[VgVlg

. Choose the parameter ¢ so that

V(gwp) =1 ast — +oo

V(¢p) = Vipin ast — —o0
Let V(p) = ¢p and ¥ : N® — R3 defined by:

p = ¢u(p) — (Roe', ®(p)) =Y € R®,  (Polar coordinates) (7.7)

*See Hirsch 1991 pp. 133-166
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where e'Ry = |Y| and ®(p) € S? C R®. Now recall the splitting of the metric from
(4.14):

ds® = h2dV? + ds?

= h2dV? + guda’da®

The second fundamental form on level sets of V' is:

1
Qab = %87191112 (78)

where n is a unit vector normal to level surfaces of V = const. Since Q4 = 0

(Corollary 4.11) we have:

8ngab = 2WQab
- WKgab (79)

where W = h™? is function of V. It follows from (2.17), (4.16), and the fact that
= const that the mean curvature K is also a function of V. The scalar curvature

~

R (twice the Gauss curvature) for the metric g, is:

s 2K 9 9
R = W+K |Qab| +47Tp (710)

Hence, the level sets of V = const are 2-spheres with constant Gauss curvature and

thus isometric to round 2-spheres in R3. So ® can be an isometry:
@ : {V = co, g} — {r = Ro, Rodwl} (7.11)

where dw? is the standard metric on S? C R3, and Ry is fixed by:

~

(7.12)

V=co

R
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The linear ODE

dgab

T = 2WV)R(V)ga (7.13)

can be integrated from V' = ¢y (with a given initial condition) to the whole space
{V > Viuin} to yield a metric gu = gap(V) throughout N. Thus (¥~')*g is constant

on spheres {r = const} hence rotationally symmetric on R3.
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Chapter 8

Regularity Issues and the Positive

Mass Theorem

Certain regularity issues arise from Euler’s equation, V;p = —V~'(p + p)V,V,
concerning the smoothness of V' and g;; at the surface of the star. These issues
must be addressed so that the Positive Mass Theorem can be properly applied later.
It has already been shown that p = pV ~1(V, — V) in the interior region 0 <V < V.
The density function p has a jump discontinuity at V' = V; (from its constant interior
value to zero), hence the gravitational potential V', and metric g;; can not be C? in a
neighborhood of the surface (recall that the scalar curvature R = 16mp). We require
only that the spacetime metric Y g,5 be CH5? in ¥-Gaussian coordinates where ¥
is the evolution of the surface of the star. This is equivalent to condition that the
second fundamental form €2;; be continuous across the surface of the star, as we now
show.

Figure 1. depicts depicts the 3-manifold evolution of the star which we call ¥,
bounded by {V = Vi}. The vector n = 0,, is a unit space-like vector normal to

the surface of the star, and u is a time-like future pointing unit vector. The second
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M*

V=1 \I N3
n] o m— u
< 2 =
N - -7

Figure 8.1: Evolution of the star

fundamental form for > on the level surface V =V is:

_Qij’v:vs = A(a’tw aﬂﬂg)
=—(Vg,,n, Vo, )
=(Va, 0s;,n) =

(8.1)

This proves that () g, is C1 if and only if €, is continuous across 3, and CHE% if and
only if €;; is Lipschitz continuous. From the equation AV = 47V (p + 3p) (elliptic

with L> source term) and elliptic regularity, we see that V is C? everywhere on N3.

Lemma 8.1. The pressure p vanishes continuously on the surface on the surface of

the star.

Proof.
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The energy-momentum tensor vanishes outside the star 7, = 0 on the exterior.

From the definition of the energy-momentum tensor for perfect fluids we have:

2

T(n> n)|V:VS = _<p + p)(“? 77,> - p(n, n>

= —P|v:v5 (8-2)

Therefore the pressure is zero on the exterior of the star. Now consider the ODE:

A _ _ptr
av 1%
Integrating from Vi < V; to Vj:
Vs
PV = o) == [ o+ plrldr
Vi
Vs
— oo - Vi) = [ p(ryir
\%1

Letting Vi 7 V; , we see that p(V') vanishes continuously at V' = V.
O
The jump condition (1.3) for the field intensity W can now be formulated using
the identity derived earlier (4.20):

WV, VV'W = —2WY2K + 87V (p + 3p) (8.3)

This identity implies that V;WW has a discontinuity on the surface of the star since p
has a jump discontinuity at V' = Vj. Since VV is C*, and W, p, and K are continuous,
the magnitude of the discontinuity of the gradient of W is given by:

lim W'V, VV'W — lim W'V, VV'W = —8xV,p (8.4)
Vvt V—-Vs
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Similarly in the rotationally symmetric W, must satisfy the condition:

lim W'V, VV'W, — lim W 'V,VV'W, = —8rV,p (8.5)
Vvt V—-Vs

Together the two conditions imply that the gradient of W — W) is continuous at the

surface (This fact is used in the maximum principle argument in chapter 6).
The Positive Mass Theorem

The Riemannian Positive Mass Theorem (PMT) of Schoen-Yau (1981) and Witten
(1981) is a key component of this paper and has not yet been properly stated. It
should be noted that it was Masood-ul-Alam (1987) who originally applied the PMT
to certain stellar models to show conformal flatness. This approach was adopted by
Lindblom (1988) in his proof of Theorem 1.0.2. Before the positive mass theorem is
stated, we must first define the ADM mass.

Definition 8.2. The ADM mass at an end E of a manifold N is:

where C'(n) is a positive constant, and S(R) is the coordinate sphere of radius R.

We now state the PMT in the version for non-smooth metrics needed for our main

result.

Theorem 8.3. (Theorem 3.1 in Shi and Tam 2002.) Let (N® g) be a an
orientable,complete, and mnoncompact Riemannian manifold such that there is a
bounded domain Q@ C N3 with a smooth boundary 0. Assume the metric satisfies

the following conditions
(i) g is smooth on N3\Q and Q, and is Lipschitz near 0.

(i) The mean curvatures at 02 with respect to the outward normal and with respect

to the metrics g|n\o and glg are the same.
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(i4i) N has finitely many ends, each of which is asymptotically FEuclidean in the
following sense: There is a compact set K containing ) such that N\K =
Ul_,E;. Each E; is diffeomorphic to R"\ Bg,(0) and in the standard coordinates

in R", the metric g satisfies g;; = 0;; + by, with
|bw| + r|8bwl + r2|88bij| = O(T‘2_n)

where r and 0 denotes the Fuclidean distance and the standard gradient operator

in R™ respectively.
(iv) The scalar curvature of N\OS2 is nonnegative and in L'(N).

Then, Mg > 0 for any end E of N3. Moreover, if the ADM mass of one of the ends
of N3 is zero, then N has only one end and N is flat.

We need to verify the hypotheses of Theorem 8.3 for § = 1)*g in our construction.
Condition (i) follows from hypothesis (3) of Theorem 1.0.2. Condition (ii) is
established in equation (8.1). Condition (iii) corresponds to the hypothesis (2) of
Theorem 1.0.2 (in our case, there is only one end). Positivity of the scalar curvature
was established in chapter 6 (Proposition 6.3), while integrability follows from the

fact that R = 0 in the exterior region.
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Chapter 9

Final Proof and Conclusion

The complete proof of Theorem 1.0.2 is now given.
Proof.

Suppose (M*,g,,), M* = N3 x R, is a static stellar model with spatial metric
g;; satisfying the hypotheses of Theorem 1.2. We define a new spatial metric g;;

conformal to g;;:
Gij = ¢4gij (9.1)

where 1 is given in (3.56). As shown in proposition 6.3, the scalar curvature R is
nonnegative. It follows from the asymptotic conditions for g;; and V' of assumption

(2), and the fact that 9|y,<y<; ~ (Const — 2V)~1/2 (equation (3.56)) that 1) must

satisfy the condition:

b=1-+0 (9.2)

63



where ¢ = O(r?). Thus,

e (2 )
(1 - 277" + O(r_2)> [(1 — sz) 8ij + hij]

2 2
<1 — —m + Tm + O(T‘_Q)) 52']‘ + ¢4hi]‘ (93)

r

This cancellation shows that the asymptotic behavior of the conformal metric is
independent of the mass of the star, i.e. §; = 0;; + iLij, where ﬁij = O(r72).

Furthermore the ADM mass is:

MApM = Cp lim (gij,j - gjj,i)dsi (9-4)
r—00 SR

where ds' = n'ds ~ O(R?). Since there are no linear term in the parentheses,
Gij; — Gjji is of order (r~3) on S,, we have mupy = 0. Applying the PMT to
Gij, we conclude that g;; is flat, g;; = 0, and g;j = ¥~*4;; is conformally flat. By
Corollary 4.0.11, conformal flatness implies that W = W(V), and level sets of V
are totally umbilic. By Theorem 7.1, g is rotationally symmetric (after pull back by
diffeomorphism, or in a global coordinate system adapted to level sets of V).

QED

Remark 9.1. In particular, in the exterior region, g;; is isometric to the Riemannian

Schwarzschild metric with mass m.

Although the result seems almost natural, it took mathematicians and physicists
over thirty years to establish a complete proof of Lichnerowicz’s conjecture. Since
the proof relies heavily on Israel’s divergence identity and the PMT, it is safe to
assume that without the two, a proof of the conjecture might not have been found for
several more years after Lindblom’s 1988 article. Both the theorem and the proof are
truly remarkable and, comparatively, as beautiful as Isreal’s Black Hole Uniqueness

Theorem, if not more, since it utilizes newer mathematics.
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