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ABSTRACT

The natural convection boundary layer with suspended heat generating aerosol

particles adjacent to a cooled, isothermal, vertical wjiU was investigated for the following

circumstances: laminar and turbulent flow, large temperature differences between the

wall and the fluid, stable thermal stratification far from the wall, and fluid participation

in thermal radiation heat transfer. The deposition of aerosol particles by thermopho-

resis was investigated.

A scaling anatysis showed the negligible effect inside the boundary layer of the

particulate heat source strengths of practical interest. Only the temperature of the fluid

far from the wall is affected appreciably by the heat sources. The scaled boundary layer

differential equations are transformed to a nonsimilarity form for numerical solution

using two different methods.

An expression for the ratio of mass transfer to heat transfer coefficients was

developed to simplify the computation of thermophoretic particle deposition at the wall

for the case of constant temperature conditions far from the wall. Variable thermo-

physical property effects for the three gases of steam, air, and hydrogen were investi

gated. A dimensionless ratio of transfer coefficients for large temperature differences

and turbulent flow was computed as a product of the laminar constant property results

and a ratio of the known thermophysical properties at the wall and far from the wall. An

approximation of the laminar constant property results for all three gases is developed

in terms of the known wall and fluid temperatures, Prandtl number, and a thermo

phoretic constant. This allows particle deposition to be computed from a known heat

transfer coefficient without explicitly solving the particle conservation equation.

Very low heat source strengths result in a quadratic vertical temperature distri

bution far from the wall. As a result of this thermal stratification in the freestream,

particle movement from outside the boundary layer toward the wall is blocked from

reaching the wall at a point approximately halfway down the wall due to detraining

outflow.



Thermophoretic particle deposition in the presence of participating thermal radi

ation was investigated using the diffusion or Rosseland approximation. A decreased

temperature gradient caused by an increase in the effective thermal conductivity results

in decreased thermophoretic particle deposition.
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CHAPTER 1

INTRODUCTION

Natural convection flows occur in many types of industrial systems, whether as an

intended method of heating or cooling a fluid or structure or as a result of abnormal

operation. This dissertation investigates a class of natural convection flows that may

occur as a result of a severe accident at a nuclear power reactor. These flows are of

practical interest because they must be imderstood by reactor designers and operators.

They are also of academic interest because of the many unusual phenomena that arise

due to the extreme conditions under which these flows would take place.

During a reactor accident, natural convection will occur in the steam next to the

vertical walls of the reactor vessel. These natural convection flows are similar to those

that occur next to a cooled vertical flat plate. The presence of radioactive particles in the

fluid, however, is likely in accident circumstances. These particles transfer their

radioactive decay energy to the fluid in the form of volumetric heating due to the beta

rays and to the confining structures by gamma radiation. The analysis of the gamma

ray energy transfer was beyond the scope of this dissertation. The volumetric heating

due to the beta rays results in an additional term in the energy equation. Also, the

temperature difference between the reactor vessel wall and the fluid is large, such that

the effect of variable thermophysical properties of the fluid must be considered in the

governing equations. The turbulent nature of the resulting flows is also considered.

Another unusual aspect of these flows is the transport of the radioactive particles

to the wall by thermally induced forces. The movement of particles down a temperature

gradient in the fluid is called thermophoresis. Thermophoretic movement of the radio

active particles makes the volumetric heat source a function of position from the wall,

since the concentration of particles decreases as the wall was approached. The heat

generated by a particle is assumed to be entirely absorbed by the constant temperature

wall after deposition and. therefore, to no longer affect the flow. The presence of ther

mophoresis requires the analyst to account for particle conservation as well as energy

conservation.



Certain aspects of the flows of Interest here have been studied by others both

experimentally and analytically. All of the phenomena mentioned above, however, had

not been simultaneously present m any flow previously Investigated. It is doubtful that

a laboratory experiment could be devised to encompass all the effects included in this

problem. The results for fluid temperature profiles, wall heat transfer, and wall particle

flux computed in this investigation are compared with the experimental results of other

investigations on the individual aspects of this problem.

The desired results of this Investigation are simplified relationships for the rates of

heat transfer and particle deposition appropriate for the conditions in the upper section

of a Boiling Water Reactor (BWR) that has undergone a severe accident. The parameters

investigated include:

1. Large wall-to-fiuid temperature differences on the order of the fluid temperature.

2. A range of volumetric heat source strengths up to 5 kW/m®.

3. A range of spherical particle sizes from 0.1 pm to 10.0 pm in diameter.



CHAPTER 2

MOTIVATION AND DESCRIPTION OF THE RESEARCH

2.1. Introduction

During certain severe accident conditions in a boiling water reactor (BWR), there

will be no net flow out of or into the reactor vessel. During this period, forced convection

induced by a rise in the reactor core pressure due to nuclear decay heating will move

steam from the core to the upper plenum of the reactor vessel. This steam will contain

radioactive flssion products entrained in the flow as volatile species, noble gases, and

aerosols. The flssion product radioactive decay eneigy is transferred directly by gamma

radiation into the walls of the conflning reactor internals smd by beta radiation locally

to the fluid in the immediate vicinity of the flssion product. This flssion product may

itself be an aerosol, or may be adsorbed on an inert aerosol particle. The fate of these

flssion products is of paramount importance for reactor safety studies, as the health and

safety of the public requires isolation of these flssion products from the environment.

This research investigated the natural convection flow adjacent to the reactor

vessel inside wall during the period when the flow is essentially quiescent in the upper

section of the reactor vessel. The steam adjacent to the reactor vessel inner wall con

tains aerosol heat sources suspended as particles, with the steam having a temperature

significantly higher than that of the reactor vessel wall. The colder wall induces a

downward, possibly turbulent, natural convection flow and establishes a temperature

gradient normal to the wall that causes the aerosol particles to migrate toward the wall

by the mechanism of thermophoresis. This particle movement establishes a particle

concentration gradient, which in turn, establishes a non-uniform distribution of the

volumetric heat source strength in the boundaiy layer adjacent to the reactor vessel

wall. The heat source strength of each particle is assumed to remain constant over the

relatively short time scale of interest for the fluid, on the order of minutes, as compared

to the relatively long time scale for radioactive decay, which is on the order of hours.



2.2. Geometry

The actual Boiling Water Reactor (BWR) upper pressure vessel geometiy Is some

what complicated since It Includes such structures as the steam dryers, as shown In

Figure 2-1. Thus, a simplified geometiy consisting of a vertical. Isothermal flat plate of

fixed height, which Is Immersed In a seml-inflnlte fluid containing heat generating par

ticles, was used for this investigation. The use of this simple geometry enabled the

Investigation to focus on the Interactions between the various phenomena of Interest In

the flow without the added problems Inherent In modeling a complicated geometry. A

drawing of the simplified flow geometry appears In Figure 2-2. Flow In only two

dimensions lengthwise and normal to the wall was considered.

A length of three meters was chosen as the characteristic plate height for this

anatysls. This Is a typical axial distance along the vessel waU from the upper vessel head

flange to where the steam sepzirators are located, as shown on Figure 2-1.

The approximation of the interior wall of the cylindrical reactor vessel by a flat plate

Is reasonable due to the large radius of curvature (3.2 m) In a horizontal plane and the

relatively thin boundary layer thickness. The laminar flow velocity boundary layer

thickness was estimated from 8/L= (Jalurla, 1980). At a Raylelgh number of

2x10®, representing the transition from laminar to turbulent natural convectlve flow

regimes, the boundary layer thickness Is on the order of 14 mm for a characteristic

length of 3 m. A "thermal mlcroscale" applicable for turbulent natural convection

boimdary layers Is estimated from the relationship 5/L= Gr ''^ (Arpacl, 1986). At a

turbulent Grashof number of 5x10'*, computed for steam conditions of 6.9 MPa and

lOOO'C and wall temperature of 300'C, the turbulent thermal mlcroscale Is approxi

mately 0.17 mm for the same characteristic length of 3 m. Therefore, laminar flow

conditions set an upper limit for an estimate of boundary layer thickness. The distance

from the vessel wall to the nearest structure, the steam dryer shroud. Is 500 mm which

Justifies the seml-infinlte fluid assumption.
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The reactor vessel wall temperature was set to 300'C, with steam conditions on the

order of lOOO'C and 6.9 MPa. These steam conditions are representative of a newtonian

fluid with a molecular Prandtl number on the order of unity (Keenan et al., 1969; Kreith,

1973). The assumption of constant vessel wall temperature is Justifled by the scaling

alignments is given in Appendix D. These arguments consider the relative heat capaci

ties of the reactor vessel wall and the steam. The reactor vessel wall temperature will

increase, but at a much slower rate than that of the steam, even though the steam

contains entrained volumetric heat sources. Hodge (1988) estimates that an upper limit

estimate of the volumetric strength of the heat sources is 5 kW/m^.

2.3. Variable Thermophysical Fluid Properties

Most published investigations of natural convection flow make use of the Boussi-

nesq approximation to simplify the analysis. The Boussinesq approximation neglects all

property vEirlations except that of the density in the body force term in Newton's second

law. Because the difference between the initial wall temperature and the fluid temper

ature is large and on the order of the absolute temperature of the steam, AT/T= O (1),

the Boussinesq approximation is invalid for the flows of interest. For these flows,

variations of the thermophysical properties with temperature were considered.

2.4. Fluid Temperature Distributions Far from the Wall

Only thermally stable conditions in the fluid outside of the boundary layer were

considered. Specifically, two cases in which the fluid temperature outside of the

boundary layer increases with height, or is constant with respect to height, are of

interest in this investigation. The first case is that of completely quiescent fluid with

entrsiined heat sources. According to Sparrow et dl. (1963), the temperature profile

under these conditions is quadratic with respect to distance along the plate. Sparrow

et al. (1963) defined a Rayleigh number Ra, based upon the internal heat source

strength Q, that has the form:

=  (2-1)
avk
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Sparrow et al. (1963) stated that the upper limit for stability is a Rayleigh number

of 37 325. This upper limit on the ability of the fluid outside of the boundary layer to

remain stable sets the upper limit on the heat source strength in the boundary layer that

is applicable for this first case.

A second possible temperature distribution in the fluid outside of the boundary

layer is that of a constant temperature. According to Sparrow et al. (1963), this implies

a non-zero velocity in the freestream. Greene (1982) performed an experiment with a

volumetricalfy heated pool of aqueous electrolyte £md observed a boundary layer next to

a cooled wall that he claimed was typical of a laminar natural convection boundary

layer. Greene, however, did not address the non-zero freestream velocity circumstances

when presenting his analysis. Subsequent analysis performed in the present investi

gation and presented in Section 5.3.1 shows that the heat transfer at the vertical wall

for Greene's experimental circumstances was not applicable for the flows of interest of

this present work.

However, for a case comparable to that of Greene where the Richardson number,

defined as the ratio of the Grashof number to the square of the Re)molds number, is on

the order of 500, Kikuchi et al. (1986) show that the temperature perturbations in the

fluid due to turbulent fluctuations far from the walls in an enclosed volumetrically

heated cavity are less than 10% of the difference in wall temperatures. Hence, they show

that this negligible, but non-zero, freestream velocity has little effect upon the heat

transferred to the waU by natural convection.

2.5. Aerosol Transport with Thennophoresis

According to Wichner et al. (1984), approximately 8 kg of aerosol would be pro

duced upon a reactor vessel failure. The volume of a typical large BWR is 600 m^. If the

aerosol was distributed uniformly throughout the reactor vessel, assuming that the

aerosol is composed of mostly the reactor vessel structural material of steel which has

a density of 7800 kg/m^, and assuming that the aerosol particles have a diameter of one

micrometer, the number of particles per unit volume would be 3.25x10'^ m^. Since the

density of steam is 11.8 kg/m^ at the conditions of 6.9 MPa and lOOO'C, the number of



particles per unit mass of steam Is 2.75x10" kg"'. Thus, the volumetric fraction of the

particles is 1.7x10 ® and, as shown in Appendix D, the presence of aerosol particles does

not significantly affect the conservation of mass equation, the equation for Newton's

Second Law. or the conservation of energy equation when these equations are written

for the fluid alone.

The aerosol particles are assumed to be spherical in shape with diameters on the

order of 1 pm. Knudsen numbers In the range from 0 < Kn< 0.25 were Investigated. The

Knudsen number Is defined as the ratio of the mean free path of the fluid to the particle

radius. Only monodlsperse (I.e.. one diameter) aerosols were modeled. A range of par

ticle diameters from 0.1 pm to 10.0 pm (Wright and Arwood. 1987) was considered. The

assumption of monodlsperse spherlccil particles was made for the same reasons as was

the simplified geometry of the flat plate, that is. to focus the analysis on the interactions

of thermophoretlc particle transport with the fluid and the wall, rather than the com

plicated interactions between different shapes and sizes of particles. Also, this

assumption was used to help reduce the particle conservation equation to a convenient

form, as Is shown in Appendix D.

The thermophoretlc coefficient. K. depends on the thermal conductivities of both

the particle and the fluid and on the Knudsen number. A derivation of an expression

for K, based upon the analysis by Brock (1962). is presented in Appendix C. Talbot et

al. (1980) presented comparisons of theoretical and experimental results for thermo

phoretlc velocities using different values of the thermophoretlc coefficient K. Since no

existing correlation for K appears to be best for the aerosols under Investigation, a range

of values for K on the order of unity was used (Epstein et al.. 1985).

2.6. Turbulence Modeling

A very large body of information has been developed for turbulent flows. The

emphasis in this particular investigation was not to develop a new turbulence model,

but to utilize and modify as required an existing model of turbulence to investigate the

effects of turbulence on heat and mass transfer to the wall. Accordingly, a simple tur

bulence model, based on Prandtl's mixing length hjrpothesis (Launder and Spaldlng,
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1972) with ein algebraic closure for the mixing length was employed. The computed

results for heat transfer of the model are compared to experimental results for heat

transfer in a turbulent natural convection boundary layer flow to ensure that the tur

bulence model jrields reasonable results for heat transfer.

The turbulence model was assumed to remain essentially unaffected by the pres

ence of the particles. A dimenslonless "stopping distance parameter" for turbulent

particle pipe flow. S*. was derived by McCoy and Hanratty (1977). This parameter can

also be Interpreted as the dimenslonless relaxation time for a particle initially moving at

the shear friction velocity to be brought to zero velocity by Stokes drag. This parameter

has the form;

di u'^Pp
5" = , ■ (2-2)

ISv^P/

McCoy and Hanratty (1977) analyzed experimental pzutlcle deposition data and

concluded that particles with a dimenslonless stopping distance less than 0.15 followed

the laminar streamlines near the wall with no Inertlal deposition on the wall. The

dimenslonless stopping distance was 10 ® for a particle with 1 pm diameter at a Grashof

number of 10'® in steam. With such a small stopping distance, the particles were

assumed to follow the turbulent eddies.

The dimensional stopping distance for a particle to be brought to rest from the

shear friction velocity by Stokes drag Is given by the expression (McCoy and Hanratty,

1977):

dp PpU ^ V
Stokes stopping distance = — = S —. (2-3)

lo Pf u

For a 10 pm diameter particle In a flow with a Grashof number of 10'®. the Stokes

stopping distance given by equation (2-4) Is approximately 2 pm. or one-fifth the particle

diameter. This distance is much smaller than the turbulent laminar sublayer, which is
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on the order of 200 tun (Geotige and Capp, 1979). Because of this small Stokes stopping

distance, the particles will not penetrate the laminar sublayer adjacent to the wall due

to inertial forces. Thus, tnerttal deposition is neglected.

Rouhiainen and Stachiewicz (1970) present an analysis for particle deposition

from turbulent flows where a shear-flow-induced lift force also moved particles to the

waU through the laminar sublayer from a turbulent core. This lift force is due to the

Magnus effect caused by particle movement in a shear stress gradient as analyzed by

Saffman (1965). The shear stress gradient causes the spherical particle to spin, which

would induce movement towards the wall for particles moving parallel to the wall and

moving faster than the fluid. Boothroyd (1971) presented an expression for the ratio of

the lift force to the Stokes drag force, which has the form:

0.171
ydy

(2-4)

For particles with a diameter of 1 pm in a flow with a Grashof number of 10'®, the

ratio given by equation (2-2) is 2x10 ®, which indicates that any movement due to the

Magnus effect lift force would be quickly damped by the Stokes drag force. This ratio

would be even smaller for lower Grashof number flows. Thus, particle deposition by the

Magnus effect is neglected.

The simple turbulence model is based upon a two-layer, or two-zone, postulate as

presented by Cebeci and Khattab (1975). The natural convection velocity boundary

layer is divided into two regions; the inner region where friction and buoyant effects are

important, and the outer region where friction and inertial effects are Important. A

model presented by Reynolds (1978) is used for the near wall region and a model based

upon Prandtl's hypothesis (Schlichting, 1979) for turbulent free jets is used for the outer

region. Different expressions were Investigated in each zone for the turbulent Prandtl

number PTj, representing the ratio of the turbulent dlffusivity of momentum to the tur

bulent diffusMty of thermal energy, and for the turbulent Schmidt number Sc,, repre

senting the ratio of the turbulent dlffusivity of momentum to the turbulent diffusivity of

the particles.
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2.7. Gamma and Thermal Radiation Modeling

In the flows of Interest in this investigation, there is both gamma radiation emitted

from the radioactive decay of the flssion products and thermal radiation emitted from

the steam molecules. Due to the differing radiation absorption characteristics of steam

at the stated conditions of 6.9 MPa and lOOO'C, the gamma radiation passes through

the boundary layer with little absorption, while the thermal radiation energy emitted by

the steam molecules Is absorbed immediately by an adjacent molecule in the boundary

layer.

The gamma energy given off by the flssion products of interest Is in the range of 16

femtojoule to 160 femtqjoule (0.1 MeV to 1.0 MeV) (Etherington, 1958). The intensity of

the gamma radiation is attenuated at an exponential rate, which is dependent on the

path length and the absorption coefllcient. The absorption coefficient is dependent on

the nuclear absorption process and the specific fluid. The gamma radiation is attenu

ated according to the following expression:

^ = exp{-p5). (2-5)

The absorption coefficient for the 16 fJ (0.1 MeV) gamma rays has the largest value

of 1.8 m"' (El-Wakil, 1962) in steam at the stated conditions. For the laminar boundary

layer thickness of 14 mm, the gamma radiation is attenuated by a factor of 2.5%, with

97.5% of the lowest energy gamma rays passing through the boundary layer and being

absorbed in the reactor wall. As the absorption coefficient decreases with an increase

in gamma energy, even less of the high energy gamma rays are absorbed in the boundary

layer. Thus, the gamma radiation from the particles is assumed to not significantly heat

the fluid in the boundary layer.

The molecules of steam absorb £md emit thermal radiation at infrared wavelengths.

A measure of the participating gas radiation heat transfer (Sparrow and Cess, 1966) is

the dimensionless optical thickness t, which is defined as x = kL, where k is an

absorption coefficient and L is a path length. The absorption coefficient of steam is
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dependent upon wavelength. For the stated steam conditions, the absorption coefiicient

varies from 220 m ' for the Planck mean absorption coefficient to 15 400 m ' for the

Rosseland mean absorption coefficient (Abu-Romla and Tien, 1967). For the laminzir

boundary layer thickness of 14 mm, the optical thickness varies from 3.3 (Planck mean)

to 235 (Rosseland mean). Thus, the optically thick, or Rosseland, assumption is Justi

fied under these circumstances.

The optically thick assumption makes an analogy between radiation heat transfer

and a diffusion process such as conduction heat transfer. Sparrow and Cess (1966)

used this analogy with conduction heat transfer and developed an analysis for forced

convection heat transfer from a non-reflecting, diffusely emitting and absorbing (black)

flat plate. Sparrow and Cess (1966) developed a parameter, M, that represents the ratio

of conduction heat transfer and radiation heat transfer in the optically thick limit. M

has the form:

kK

4ar2
(2-6)

For the stated steam conditions, this parameter varies from 6x10"* to 4.4x10"®,

indicating that radiation heat transfer is an important heat transfer mode in the flows

of interest here. Thus, the procedure used by Spsirrow and Cess (1966) for the optically

thick radiation heat transfer from a participating gas to a black flat plate was used in

this investigation.

The value of the emissivity of the flat plate has little effect on the heat transfer to

the wall for large optical depths. Viskanta and Grosch (1962b) analyzed for the effect of

surface emissivity on simultaneous conduction and radiation heat transfer for a par

ticipating gas between two flat plates for various values of the parameter M and the

optical depth. For an optical depth of 10.0 and an M parameter value of 0.01, the

difference between the computed plate heat flux values was less than 9% for plate

emissivity values of 1.0 and 0.5. This range of emissivity values is applicable to the steel

reactor vessel wall of the BWR For the larger optical depths in this problem, the surface

emissivity has less effect on the heat transfer results.
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CHAPTER 3

LITERATURE SURVEY

The categories of the published literature concerning this investigation were arbi

trarily defined as follows:

1. T^minar and turbulent natural convection flow with constant thermophyslcal

properties for Isothermal flat plates.

2. Variable property effects on natural convection flows.

3. Natural convection flows In a thermally stratified fluid.

4. Aerosol transport by combined convection and thermophoresls.

5. Turbulence modeling.

6. The effects of volumetric heat sources on natural convection.

7. Numerical methods.

8. Natural convection with participating gas thermal radiation.

The literature surveyed In these categories Is described in the following subsec

tions.

3.1. Investigations Based on the Assumption of Constant Thermophyslcal Properties

Although the physical conditions of Interest In this Investigation require consid

eration of variable thermophyslcal properties, situations where the wall overheat ratio,

defined as X, = (T, - rj/r_. Is less than 0.1 may also occur. Since the methods developed

in this investigation should be applicable for low wall overheat ratios, heat transfer

results based on the assumption of constant thermophyslcal properties are also sur

veyed In this subsection.

An Important pioneering work on the laminar natural convection flow on a vertical.

Isothermal flat plate Is that of Schmidt and Beckmann (1930). This work presents an

analysis and experimental results for the laminar natural convection of air over a ver

tical, Isothermal flat plate. A very useful heat transfer correlation from their work has

the form:
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Nu = H{Pr)Ra"\ (3-1)

where H{Pt) is a function of the Prandtl number only.

This particular correlation, verified by Eckert and Soehngen (1948), is Important,

since any numerical method used to compute natural convection heat transfer for the

stated conditions of laminar flow over an isothermal flat plate in a constant temperature

freestream must compare well with this relationship.

Ostrach (1953) formalfy extended the laminar analysis from fundamental consid

erations, showed that the flow was of a boundaiy-layer nature for large Grashof num

bers, and presented a similarity solution. Ostrach also presented a table of numerical

solutions for the dimensionless heat transfer and viscous shear at the wall for a large

range of Prandtl numbers (0.01 to 1000.0).

Ede (1967) presents a comprehensive review of the theoretical analysis and

experimental data for the heat transfer in natural convection flows over vertical flat

plates and vertical circular cylinders. Ede observed that Ostrach's similarity solution

predicts reasonably well the heat transfer results for Rayleigh numbers from 10® to 10®.

The Ostrach solution underpredicts the heat transfer, however, for Rayleigh numbers

higher than 10® and lower than 10®.

Churchill and Usagi (1972) present a correlation of the form of equation (3-1) based

on an analysis of various experimental results over a wide range of Prandtl numbers.

The coefficient H(Prj in this correlation has the form:

~ [l. + (0.492/Pr)'"®]'^ ■

Bayley (1955) presents am integral analysis of turbulent natural convection, using

assumptions of turbulent velocity and temperature profiles within the natural convec

tion boundary layer. Bayley did not employ the Prandtl mixing length hypothesis, since

in a natural convection flow the turbulent dlffusivity computed with this model would

be zero at the velocity maximum, which is physically unrealistic. Bayley used a constant

value for turbulent dlffusivity of seven times the kinematic viscosity, (v, = 7v), integrated
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the assumed (potynomlal) velocity and temperature profiles across the boundary layer,

and developed the following expression for the mean Nusselt number, which is valid for

Rayleigh number flows between 2x10® and 10'®;

Nu=0.l0Ra"^. (3-3)

Bayley showed that this correlation compared favorably with the experimental data

for air available to him at the time.

Saunders (1939) experimentally investigated the turbulent heat transfer from a

vertical plate In water and presented the following correlation for Rayleigh numbers

greater than 10'°:

Nu=0.nRa"^. (3-4)

For a similar geometry in air. Warner and Arpaci (1968) present results in agree

ment with equation (3-4), while similar experiments by Cheesewright (1968) and Seibers

et al. (1985) present results that are in better agreement with equation (3-3). Saunders

(1939) also performed experiments in air and presents the identical coirelation. equa

tion (3-3). for turbulent heat transfer from a flat plate as did Bayley (1955).

3.2. Investigations Based on the Assumption of Variable Thermophysicai Properties

The Boussinesq approximation, commonly used in natural convection flows,

neglects all property variations except for density differences in the body force term of

Newton's Second Law. Gray and Giorgini (1976) mathematically expanded the variable

properties in the equations of motion in terms of the independent state variables of

temperature and pressure. They determined the limits of applicability for the Boussi

nesq assumption for these independent variables in terms of a reference set of thermo-

physiCcil properties for the specified fluid of interest. All of the dependent and

Independent variables in the equations of motion were scaled by appropriate reference

quantities in order to identify the relative magnitudes of the physical effects represented
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by these terms. Natural convection in a horizontal fluid layer of thickness L and tem

perature difference AT was considered. Distances were scaled by the length L. Tem

perature differences were scaled by AT. The velocity was scaled by the term

Uc = (g^ArLf^, which is the maximum velocity that might be expected to occur In the

boundsny layer (Jaluria, 1980). The dynamic pressure was scaled by pU^. The differ

ences in pressure at different elevations were scaled by PogL. For this investigation, the

upper limit for applicability of the Boussinesq approximation based on the plate height

is not a limiting factor. The requirement that the ratio of the difference between the wall

and freestream fluid temperatures to the absolute temperature of the fluid be much less

than unity, however, is violated. Under the conditions of interest in the present work,

this ratio is of the order of 0.5. Thus, the Boussinesq approximation is not valid for this

work and the efiects of variable thermophysical properties must be taken into account.

A comprehensive summary of the analytical and experimental work on tempera

ture dependent thermal properties was reported by Kakag et al. (1985). A comparison

between forced and natural convection results shows that viscosity variations for liquids

with moderate and large Prandtl numbers (except water) cause the major effect upon

heat transfer. The variability of the isobaric volumetric expansion coefficient, p, of water

also has a significant effect on the heat transfer.

Acoustic phenomena may be neglected when the Boussinesq approximation is

used. Stated differently, the energy contained in a pressure wave is negligible with

respect to the energy contained in the convective motion of the fluid when this approx

imation is valid. Neglecting acoustic phenomena greatly simplifies the differential

equations and is computationally desirable. Gray and Giorgini (1976) developed a

criterion that specifically addresses the pressure work term in the energy conservation

equation that accounts for the acoustic energy. This criterion states that when the

dimensionless term given by

(3-5)
^  T ^

I C J T -T
V >• -/
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has an absolute value less than 0.1, acoustic phenomena may be neglected. For the

conditions of Interest here, this term (3-5) Is on the order of 5x10 ® and, thus, the cri

terion Is readily satisfied.

Gray and Glorglnl (1976) specifically allow for the unsteady terms to remain in the

equations for Newton's Second Law and conservation of energy. They, however, did not

Include volumetric heat sources In their analysis. This topic Is discussed further In

Section 3.6, which deals with the effects of volumetric heat sources.

Sparrow and Gregg (1958) utilized a Howarth-Dorodnltsyn transformation and

obtained a similarity solution to the problem of an isothermal flat plate in laminar nat

ural convection flow with variable properties. The effects of variable properties appear

In the governing equations in terms of the dlmenslonless ratios of properties given by;

Pwflw

f pk )
Pw^

and (3-6)

In the limiting case of constant properties, these ratios are all equal to unity and the

governing equations are all reduced to their familiar forms.

Sparrow and Gregg (1958) mvestigated the effects of varying these property ratios,

which were either constemt or functions of the similarity variable (the Chapman-Rubesin

approximation), for a number of gases and for mercury. Their results indicate that the

effect of variable properties on laminar natural convection is relatively small and that

reasonably good results can be obtained by evaluating the volumetric expansion coeffi

cient as the reciprocal of the freestream temperature (an approximation which holds

exactly for an Ideal gas) and the remaining properties at the film temperature.

Sparrow and Gregg (1958) developed a reference temperature procedure by com

paring the results of a variable property emalysls to that of a constant property analysis.

This reference temperature has the form:

T, = T^-a{T^-TJ, (3-7)
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where a is a constant evaluated for a particular fluid. For the idealized gases that were

Investigated, the value of a is 0.38. For mercury, the value of a is 0.30.

Minkowycz and Sparrow (1976) evaluated the heat transfer from an isothermal

vertical plate in steam under variable property conditions. They report a value of 0.46

for the constant a of equation (3-7).

Caimie and Harrison (1982) also used a Howarth-Dorodnitsyn transformation and

a numerical solution technique that can utilize tabular values of temperature dependent

properties, as well as the Chapman-Rubesin approximation. They performed experi

ments for a hot flat plate in ah" at atmospheric pressure. In these experiments, they

measured the axial velocity distribution in the boundary layer with a laser Doppler

anemometer and the temperature distribution with fine wire thermocouples. They

obtained good agreement between their experimental and numerical results for a con

stant Chapman-Rubesin approximation for properties evaluated at the film tempera

ture.

Thus, there is ample evidence that the effects of variable thermophysical properties

are not strong for the laminar natural convection flow of gases. However, these effects

are more important for liquids, especially liquids near the critical point, emd in turbulent

flows.

Seibers (1979) computed strong effects due to variable properties on turbulent

natural convection flows over an isothermal vertical flat plate in air. Seibers evaluated

the thermophysical properties at the film temperature, defined as the average of the wall

and ambient fluid temperatures, and found heat transfer rates at least 50% greater for

flows with large temperature differences than heat transfer rates computed from corre

lations developed from flows having lower Grashof numbers and smaller temperature

differences.

Clausing (1983) gives the results of several experiments in turbulent natural

convection from a vertical flat plate at high temperature differences for gaseous air and

nitrogen at cryogenic temperatures. His results show approximately 30% higher heat

transfer for a wall-to-ambient temperature ratio of 1.75 with the properties evaluated at

the ambient temperature as compared to a constant property analysis. He also presents
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results showing 60% higher heat transfer for a waU to ambient temperature ratio of 1.75

with the properties evaluated at the film temperature as compared to a constant prop

erty smalysis. He concludes that the structure of the turbulent boundary layer is

dependent on ambient temperature conditions, since the laminar sublayer adjacent to

the solid boundary will have a large temperature gradient and that most of the fluid

inside the boundary lajrer is at conditions close to the ambient fluid conditions. Thus,

the thermophysical properties should be evaluated at conditions close to ambient con

ditions.

Seibers et al. (1983; 1985) report additional results for turbulent natural convec

tion in air for a vertical flat plate at constant temperature at high wall overheat ratios,

which is defined as X={T^-TJIT^. They evaluated the thermophysical properties of afl

at the temperature far from the wall of the test section and correlated the experimental

results with the relationship:

Nu = 0.098

^  ̂"0.14
4 w

(3-8)

The results of Seibers et al. (1985) disagree with those of Clausing (1983) in that

the corrections for the effect of variable properties show opposite trends. Equation (3-8)

predicts a decrease in the heat transfer coefllcient for a specified Grashof number

evaluated at the temperature far from the wall as the ratio of wall temperature to free-

stream temperature increases. Clausing's correlation, however, predicts an Increase in

the heat transfer coefficient as the wall temperature ratio increases. The reasons for this

disagreement are not known.

3.3. Investigations of Thermal Stratification on Natural Convection Boundary Layer Flows

Thermal stratification may occur when volumetric heat sources exist in the fluid

far from the reactor vessel walls. The present research investigated stably stratified

flows only.
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Jaluria (1985) developed the criterion for stable thermal stratification in a natural

convection flow. He also discusses some of the practical aspects of experimentally

obtaining a stably stratified freestream under steady-state conditions.

Fujii et al. (1974) present an analysis of the nonslmilar natural convection flow on

an isothermal plate in laminar flow in a fluid with a power law temperature stratifica

tion. A finite-difference solution is compared to a perturbation solution, with good

agreement at the third level of perturbation. The finite difference solution is compared

with experimental results for water. The authors claim good agreement between tem

perature and velocity results, although the accuracy of the velocity measurement was

stated to be somewhat low.

Chen and Eichhom (1976) give an analysis for a constant temperature flat plate

with linear thermal stratification. The local nonsimilarity method of Sparrow et al.

(1972) was used, along with a shooting method with least squares correction, to

numerically solve the coupled equations. Experimental Nusselt number results for a

fluid with a Prandtl number from 5.5 to 7.5 and a Rayleigh number from 1.7x10® to

3.2x10^ are presented and compared to the computed results and the results of a series

solution from an earlier paper by Eichhom (1969). The series solution shows good

agreement with the experimentally determined Nusselt number for small values of the

stratification parameter, which represents small perturbations from the unstratifled

case. The first and second level of truncation solutions from the local nonsimilarity

method also show good agreement; however, only the second level of truncation shows

good agreement with the experimentally measured values of the Nusselt number for

large values of the stratification parameter, which represents a significant level of

departure from isothermal conditions.

No references were found on experimental or analytical investigations of turbulent

natural convection flow on an isothermal, vertical flat plate in a stably-stratified envi

ronment.
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3.4. Aerosol Transport by Combined Convection and Thermophoresis

The small particles of Interest in the present work are aerosols on the order of one

micrometer in diameter which are generated by a nuclear reactor accident in which

melting of the nuclear core Is postulated. The particles in the boundary layer adjacent

to the internal structures will move by convection and thermophoresis. The references

that describe the phenomenon of thermophoresis will be presented first, followed by a

presentation of the references that describe the effects of combined convection and

thermophoresis on particulate transport in fluid flow.

Thermophoresis is a physical phenomenon by which small particles suspended in

a gas are moved by a force generated by a temperature gradient in a direction down the

temperature gradient. Thermophoresis arises in many applications. In a kerosene lan

tern, for example, soot particles move through the hot gas stream and are deposited on

the relatively cool glass wall by thermophoresis. Talbot et al. (1980) observed

thermophoresis while measuring flow velocities in heated geometries with a laser

Doppler velocimeter, which requires seeding the flow with small particles. Rosner and

Seshadri (1981) present examples of thermophoretic deposition of combustion bjqiro-

ducts on cooled gas turbine blades and heat exchanger surfaces. Simpklns et al. (1979)

identify thermophoresis as the dominant physical mechanism for deposition of glass

layers with differing optical indices of refraction during the manufacture of the optical

fibers used in telecommunications. Veiy detailed descriptions of the mechanics of

aerosols, including thermophoresis, appear in Hidy and Brock (1970) and Waldmann

Eind Schmitt (1966). Loyalka (1983) presents a review of the current methods for aerosol

transport analysis used in nuclear reactor safety research, specifically including ther

mophoresis.

Maxwell (Kennard, 1938) was the first to attempt to describe the physical princi

ples of thermophoresis while investigating the radiometer effect. Talbot (1980) presents

a summary paper of the analyses and of the experimental measurements for

thermophoresis. Talbot divides thermophoresis into three categories which depend

upon the Knudsen number. The Knudsen number, Kn, is defined as the ratio of the
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mean free path of the gas to a characteristic dimension of the particle, generally the

radius. The three Knudsen number regimes are the free molecular, for which Kn» 1,

the transition, for which Kn = O (1), and the slip, for which 0 < Kn < 0.25. The slipflow

Knudsen number regime is of interest in the present work.

Epstein (1929) was the first to obtain a relationship for thermophoretic velocity in

terms of the fiuid properties and imposed temperature gradient by deriving an expres

sion for the thermophoretic force and equating it to the Stokes drag force of a single

sphere in an infinite fluid. The Epstein relationship successfully predicted a

thermophoretic velocity for situations where the thermal conductivity of the gas was

significantly greater than that of the particle. However, the Epstein relationship does

not predict a sufficiently large thermophoretic velocity for sodium chloride particles in

air as reported by Schadt and Cadle (1961) and Deijaguin et al. (1966), for which the

thermal conductivity of the particles is greater than that of the gas. For the conditions

of interest of the present investigation, the thermal conductivity of the aerosol particles

(steel) will be much greater than the thermal conductivity of the gas (steam).

Brock (1962) improved on the Epstein relationship with a hydrodynamic analysis

by assuming that the Navier-Stokes fiuid equations and the Fourier law of thermal

conduction are valid in the fiuid surrounding a spherical particle and that the Fourier

law of thermal conduction is valid inside the particle. Brock applied matching boundary

conditions for the heat flux, temperature Jump, thermal slip, and velocity slip at the

surface of the spherical particle. The resultant thermal force was equated to the Stokes

drag force, as modified by Basset (1888) to include flow slip at low Knudsen numbers,

resulting in a relationship for thermophoretic velocity. This relationship also under-

predicts the measured thermophoretic velocities of high thermal conductivity particles,

but not as much as does the Epstein relationship (Talbot et al., 1980). With improved

values for temperature jump, thermal slip, and velocity slip coefficients, the Brock

relationship reasonably predicts the thermophoretic velocity for Knudsen numbers less

than 0.1 (Talbot et al., 1980). The procedure used by Brock is outlined in Appendix C

as part of an analysis to show that the presence of a volumetric heat source in the

spherical particle does not affect the thermophoretic coefficient K.
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Dwyer (1967) utilized higher order kinetic theory to approximate the continuum

equations and boundary conditions, computing the thermal force with the thirteen-

moment equations of Grad. This procedure, similar to that of Sone (1972), yields rea

sonable results for particles with relatively low thermal conductivities as compared to

that of the gas. Dwyer's analysis, however, predicts a reversal In the thermophoretic

force (i.e., in the direction of the thermal gradient) for particles with relatively high

thermal conductivities in the slip flow regime. Talbot et al. (1980) state that this reversal

in the thermal force is due to a property of the thirteen-moment equations where normal

stresses arise from heat transfer normal to the interface. This "negative

thermophoresis" should be measurable but has not been experimentally verified (Talbot,

1980: Fuchs, 1982).

Deijaguin and Yalamov (1965), as emended by Deijaguin and Yalamov (1966),

applied irreversible thermodynamics and Onsager's reciprocity relations to an aerosol

simulated by a porous wall and obtained an expression for thermophoretic velocity

similar to that of Brock (1962), with a value of the thermal slip coefficient twice that of

Brock's.

Kousaka et al. (1976) describe a method, called an "ultramicroscope method," for

measurement of thermophoretic velocities in the slip regime and discuss desirable

conditions for accurate determination of the thermophoretic velocity. E^erimenteil

results are presented for three aerosols with particle thermal conductivities approxi

mately ten times that of the gas. The measured velocities have better agreement with

the predicted velocities of Deijaguin and Yalamov (1966) than those of Brock (1962).

Bakanov and Roldughin (1979) amplified both the hydrodynamic analysis by

Brock (1962) and the thermodynamic analysis by Deijaguin and Yalamov (1965).

Bakanov and Roldughin claim to obtain improved thermophoretic velocity relationships

using both methods. Curiously, they offered no comparisons with experimental data.

Fuchs (1982) describes an experimental method that employs a Millikan cell with

a heated upper plate and a cooled lower plate that is presently used to measure ther

mophoretic velocities. Fuchs also describes and criticizes another method, called the

"jet method," for measuring thermophoretic velocity. Fuchs compares measured
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velocities for sodium chloride particles in air to the predicted velocities from a few of the

theoreticalty derived expressions. Good agreement with any one velocity correlation over

the range of Knudsen numbers from 0.06 to 0.3 is not obtained. Fuchs specifically

states that "negative thermophoresis" is not observed. Fuchs also states that data for

Knudsen numbers below 0.06 is lacking.

Goldhirsch and Ronis (1983a) also used irreversible thermodynamics in an

attempt to explain thermophoresis over the range of Knudsen numbers from the slip

regime to the free-molecular regime. They show that the Soret effect could be described

as thermophoresis of molecules. Goldhirsch and Ronis (1983b) further extended their

analysis to low gas and particle densities. They claim that the main processes respon

sible for thermophoresis occur close to the surface of a particle and are of a nonhydro-

dynamic nature. The thermal conductivity of the peuticle does not appear in their

expression for thermophoretic velocity. They claim good agreement with experimental

data for particles of both low jmd high thermal conductivities. Their functional rela

tionship for thermophoretic velocity is given by a quite complicated expression.

Soga (1986) analysed a linearized version of the gas kinetic theory equations with

a singular perturbation method to obtain a relationship for the thermophoretic velocity

that is applicable for small Knudsen numbers. He compared the results of his expres

sion with those of Brock (1962), Deijaguln and Yalamov (1966), and with the exper

imental results of Jacobson and Brock (1965). He concluded that Brock's formula with

corrected slip coefficients, as well as that of Deijaguin and Yalamov, overpredicts the

thermal force for low Knudsen numbers and that the magnitude of the thermal force is

sensitive to the energy accommodation coefficient.

Reed and Morrison (1973) present an analysis for the transient motion response of

a spherical particle in the slip flow regime to a suddenly applied temperature gradient.

They developed the following expression for a relaxation time to steady-state motion:

thermal force Pp

relaxation time \if



26

For the conditions of interest to this present work, this thermal force relaxation

time for a particle with a diameter of 10 pm is on the order of 4x10 ® s, much shorter

than the time period of interest which is on the order of minutes. Smaller diameter

particles will have a shorter thermal force relaxation time.

Prodi and Tampierl (1988) also present another characteristic time for the tran

sient temperature response of the aerosol in an answer to the critique of Fuchs (1982)

concerning the accuracy of the 'Jet method" for measuring thermophoretic velocity. A

scaling analysis of this thermal response characteristic time to the time for a particle to

move the distance of one diameter due to the thermal force at steady-state conditions is

presented in Appendix C. It is shown there that for the circumstances of this present

work, the effects due to transient energy storage in the particle on thermophoretic

velocity are negligible. Thus, transient thermophoretic ejfects will be neglected in the

present work.

The previous references postulate a model of a single sphere in an infinite fluid, in

which a modified Stokes drag force is equated to a thermophoretic force in order to

obtain an expression for the thermophoretic velocity. Reed and Morrison (1974) used a

hydrodjmamic analysis in the zero Knudsen number limit to account for velocity field

perturbations due to the presence of another sphere or a wall. Their analysis predicts

an increase in drag force due to the presence of another sphere. The correction, how

ever, is negligible for dilute suspensions. The analysis, similar to that of Brenner (1961),

that accounts for the presence of a wall normal to the sphere velocity also shows an

Increase in drag as the wall is approached. This increase in drag begins when the

distance between the sphere and the wall is less than five diameters and is substantial

only when this distance is less than one diameter. This result indicates that the ther

mophoretic velocity will decrease as the sphere approaches the wall if the thermal force

remains unchanged. Reed and Morrison (1975) extend their analysis to include the

effects of the wall for the thermal force on the spherical particle. They show that the

thermal force on the particle increases as the distance between the wall and the particle

decreases. However, the thermophoretic velocity does not increase, since the hydrody-

namic drag also increases as the wall is approached and the thermophoretic velocity is
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a result of balancing these two forces. The particle velocity must be zero at the wall, so

there must be a decrease in thermophoretic velocity as the wall is approached.

According to Reed and Morrison (1975), the decrease in thermophoretic velocity

becomes noticeable for the conditions of this investigation when the particle is approx

imately one diameter from the wall. Kanki et al. (1985) also extended this analysis by

Reed and Morrison by accounting for thermal slip around the particle. They concluded

that the sphere will decrease in velocity as the wall is approached due to increased drag,

as it must, and that the thermal force will increase as the wall is approached, becoming

inilnite at the wall which holds the particle against the wall.

The method of matched asymptotic expansions was used for forced convection

laminar flow inside a long tube by Walker et al. (1979) and for forced convection laminar

flow along a planar surface by Gdkoglu and Rosner (1986) to estimate the relative

thickness of the Brownian diffusion layer with respect to the thermal boundary layer

thickness. Both references show that in the absence of thermophoresis, the relative

thickness of the Brownian layer is on the order of Sc"® and that in the presence of

thermophoresis, the relative thickness of the Brownian layer is on the order of Sc'. With

an estimate of the thickness of the laminar natural convection thermal boundary layer

of Gf^'* (Jaluria, 1980), the ratio of the thickness of the Brownian dif

fusion layer to the particle diameter in the presence of thermophoresis is given by:

^  Sc-'. (3 - 10)
dp dp

For the laminar flow conditions of interest in this investigation, the Grashof

number is on the order of 10®, the Schmidt number is on the order of 10"^, the Prandtl

number is 0.8, the particle diameter is on the order of 10 ® m, and a characteristic length

for the overall flow geometry is 3 m. Based on these values, equation (3-10) gives a value

of ̂ Bmuinian/dp = 2. The thicloiess of the Brownian diffusion layer is therefore of the order

of the criterion for wall effects on thermophoresis developed by Reed and Morrison

(1975). Thus, the wall effect on thermophoretic velocity will affect the particle flux
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deposited on the wall to the extent that Brownlan difTuslon affects the particle Jlux for

the conditions of interest in this investigation. The effect of Brownlan diffusion is shown

to be negligible for the conditions of interest of this investigation in Section 5.6.

Hales et al. (1972) used a similarity variable formulation of the boundary layer

equations for laminar natural convection heat transfer along a vertical isothermal wall

and included the effect of thermophoresis for free molecule (i.e.. Kn » 1} conditions. An

iterative technique with a hybrid analog-digital computer was used for solution. An

approximate analysis is used to develop sm estimate for the deposited particle flux at the

wall. Two limiting conditions of zero thermophoresis and zero Brownlan diffusion were

postulated. The relation for deposition of particles in the zero Brownian diffusion case

was expressed in terms of the Schmidt number, which is of questionable utility since

the Schmidt number is dependent on the value of the Brownian diffusion coefficient.

Hales et al. (1972) also made an admittedly imperfect analogy between heat and

mass transfer to derive an approximate relationship for particle deposition, including

Brownlan diffusion and (apparently) thermal convection effects. According to their

speculative correlation for turbulent natural convection flow, particle deposition

increases with distance along the plate. They raised the question of whether inertia or

thermophoresis is the dominant mechanism for particle movement to the wall. Byers

and Calvert (1969) had already addressed this question and, using both analysis and

experiment, showed that thermophoresis is the dominant mechanism for particulate

movement in forced convection flow in a tube for particles with diameters on the order

of one micrometer.

Mills and Wassel (1975) consider aerosol transport in a natural convection laminar

boundary layer adjacent to an either heated or cooled isothermal vertical wall. A simi

larity transformation is used to reduce the boundary layer equations to ordinary dif

ferential equations. The nonlinear similarity equations are linearized, then solved with

an unspecified implicit finite difference technique. The results presented for the heated

wall case are incorrect, since no "dust free zone" appears. The total exclusion of dust

from a zone around a heated surface was first noticed by lyndall in 1870 (Waldmann

and Schmitt, 1966). Recent experimental evidence (Talbot et al., 1980) also confirms
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the existence of a layer with a total absence of particles adjacent to a heated surface.

The correlation for cooled surfaces is of questionable utility since the particle Schmidt

number appears in the formulation for the wjill particle flux.

Goren (1977) used a similarity transformation for variable-property forced con

vection boundary layer flow over a flat plate at a uniform temperature to compute the

rate of thermophoretic particle deposition. Goren shows that the deposited particle

concentration is independent of boundary layer run length for the specific value of the

dimensionless thermophoretic coefficient equal to the reciprocal of the Prandtl number.

Rosner and Fernandez de la Mora (1982) consider the thermophoretic drtft of

particles across a forced convection turbulent boundary layer on an aerodynamically

smooth cooled surface for the application of gas turbines. The various terms in the

governing equations are Reynolds averaged, as is demonstrated in Appendix B. An

additional averaged term results, analogous to apparent turbulent viscosity, that is

called "eddy thermophoresis." This additional Reynolds-averaged term results from the

simultaneous fluctuation of the particle concentration and the thermophoretic velocity.

Rosner and Fernandez de la Mora (1982) neglect eddy thermophoresis within the

boundary layer based on the argument that near the wall where the thermophoretic

velocity is high, the turbulence is small and that away from the wall where the turbu

lence is high, the thermophoretic velocity is small. They further argue that in boundary

layer analysis, the turbulence term arising from the convective terms in the conservation

equation is generally much larger than any other turbulence terms. No experimental

evidence that would verify the existence of eddy thermophoresis is apparent.

Mills et al. (1984) consider laminar forced convection of air over an isothermal flat

plate with transpiration at the surface. They develop a correlation for particle mass

deposition at the wall that is claimed to account for the coupling between thermopho

resis and convection. The effect of surface transpiration appears as a ratio of heat flux

at zero transpiration to that with surface transpiration. Gokoglu (1987) indicates errors

in this analysis and comments that for surface blowing, the reduction in particle wall

deposition is much greater than the reduction in heat transfer because the very thin

concentration boundary layer is more sensitive to blowing than is the relatively thick
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thermal boundary layer. Because of the errors in the analysis of Mills et al. (1984), their

resultant formulation is of questionable use. but the intent of the work, which is to

develop simple methods for predicting particle deposition rates, is quite valid.

Epstein et al. (1985) used a local nonslmilarity transformation to extend Goren's

laminar flow analysis for deposition of particles to turbulent natural convective flows

adjacent to a vertical flat plate. Epstein et al. (1985) show, although not as clearly as

does Goren. that the deposited particle concentration is constant along the plate length

when the thermophoretic coefflcient is equal to the reciprocal of the Prandtl number.

This analysis of Epstein et al. (1985) is of a preliminary nature because it employs the

local similcirity method for the numerical solution: that is. the first level of truncation is

used with little justiflcation other thm that of avoiding the numerical dlfilculties

encountered when using the higher levels of truncation. One very interesting observa

tion of Epstein et al. (1985) is that the effective thermophoretic particle concentration at

the wall is essentiality identical for laminar and turbulent natural convection flows

having an identical Prandtl number, identical thermophoretic coefflcient K, and identi

cal ratio of wall-to-freestream temperature ratio. TJT^. Since a direct analogy between

wall particle concentration and wall temperature may be postulated under these

conditions, this leads to the possibility of a direct relationship between the rate of par

ticle deposition and the rate of heat transfer, independent of the fluid flow regime, but

(perhaps) dependent on the fluid Prandtl number, the thermophoretic coefflcient K. and

the ratio of wall to freestream temperatures.

Batchelor and Shen (1985) theoretically analyzed the thermophoretic deposition of

particles in forced laminar flow to cold surfaces. They show mathematically that if the

particles come from a region with uniform concentration and temperature, the concen

tration at any point in the flow will be constrained between limits determined by problem

parameters. Based on this analysis, they developed an expression for the particle

concentration at the isothermal cold wall due to thermophoresis in terms of the wall

temperature ratio TJT. and the product of the thermophoretic coefflcient K and the

Prandtl number. They compared their expression to the numerical results for two
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nonsimllarlty flows and found good agreement for small wall-to-fluld temperature dif

ferences. They claim that, if caution is used, this expression can be applied to the

computation of the rate of particle deposition, if the fluid properties and the values of

the wall and freestream temperatures are known.

3.5. Turbulence Modeling

The heat transfer effects due to turbulence in natural convection, like those due to

turbulence in forced convection, are generally computed using empirically based mod

els. The empiricism is generally necessary due to the inherent complexity of turbulent

flows. The Navler-Stokes equations are applicable at any point in a flowing fluid, and,

therefore, are (in principle) appropriate for the computation of turbulent flows. However,

the smallest scale of the turbulence would require the computation and storage of such

a great deal of information that these computations are presently beyond the capabilities

of existing computers. Furthermore, some estimates (Anderson et al., 1984) suggest

that the practical computation of tuibulent flows using the Navier-Stokes equations

may always remciln beyond the capabilities of existing computers. Since the overall

heat transfer and pressure loss characteristics are all that are desired (or measured) for

a physical apparatus, an averaging procedure is normally performed to simplify the

modeling of turbulent flows.

In experiments on natural convection flows with a constant wall temperature, the

typical measurements have included the mean turbulent velocity profile and mean

temperature profile in the boundary layer. Such experiments include those by Lock and

Trotter (1968), Cheesewright (1968), Cheesewright and lerokiopitis (1982), Hoogendoom

and Euser (1978), Vliet and Liu (1969), and Warner eind Arpaci (1968). Based partly

upon these experimental data, George and Capp (1979) and Kutateladze (1976) postu

lated two regions of flow in a natural convection boundary layer; an inner region where

viscous and thermal conduction effects are important and an outer region where inertial

or convective effects are important.
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Since direct computation of turisulent flows using the Navler-Stokes equations is

impossible, the formulation of the governing equations is usually accomplished by a

time-averaging procedure in which the flow variables are written as a sum of a time

averaged mean component and a fluctuating component. Upon substitution of the flow

variables written in this form into the Navier-Stokes equations, certain terms may be

reduced to zero by time averaging methods (Tennekes and Lumley, 1972; White, 1974).

Yang and Aung (1985) performed this procedure and obtained a set of equations very

similar to the laminar flow equations for the mean flow quantities with the addition of

one term in each conservation equation representing the effects of the time-averaged

fluctuating components. The details of this averaging procedure and the resultant

equations are presented in Appendix B. For the Newton's Second Law equation, an

additional term appears that represents the apparent turbulent shear stress. An addi

tional term also appears in the eneigy conservation equation that represents apparent

transport of thermal energy by turbulent diffusion.

Gucerl and Farouk (1985), as well as Reynolds and Cebeci (1978). described three

methods of modeling the apparent turbulent shear stress. The first was stress-equation

(Reynolds stress) modeling where a differential equation is written, using the Navier-

Stokes equations, for each component of turbulent stress (Bradshaw, 1978), which

results in a larger sjrstem of coupled differential equations to be solved. The second is

large-eddy modeling where time-averaging is done only on a sub-domain of the flow field.

The third method is eddy diffusMty modeling where the turbulent stresses are related

to the rate of mean fluid strain through an apparent turbulent viscosity as shown in

equation (B-10) in Appendix B. To and Humphrey (1986) present the results of the two

different numerical turbulence models of an algebraic stress model and a two-equation

eddy diffusivity model for computation of the natural convection flow on a heated, ver

tical flat plate. As described in Chapter 4, Section 1.3, simpler models for eddy diffu

sivity perform acceptably well under certain circumstances. The large-eddy and

Reynolds-stress models were not used here because they are prohibitively expensive and

yet do not jdeld more accurate results than simpler models.
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The eddy dlfTustvlty approach was Initially proposed by Boussinesq (1877). In this

approach, an apparent turbulent eddy viscosity is defined as the ratio of the apparent

turbulent shear stress to the mean rate of strain in the fluid, in a manner analogous to

the definition of molecular viscosity. An effective turbulent thermal conductivity is

defined in a similar manner. The turbulent Prandtl number is defined as the ratio of the

turbulent diffusMty of momentum to the turbulent diffusivity of thermal energy.

Prandtl (1925) proposed an algebraic, or "zero-equation." relationship for the eddy vis

cosity by using an analogy to the model of molecular viscosity taken from the kinetic

theory of gases. A so-called mixing length must be determined algebraically for this

model.

Prandtl (1942) also hypothesized that the scale of the turbulent eddies moving in

a direction transverse to the main flow direction in a free turbulent flow, such as that in

a Jet emanating from an oriflce into a calm fluid, is of the same order of magnitude as

the width of the mixing zone. Prandtl based this hypothesis on the experimental

observations of Reichardt (1941).

Prandtl (1945) also proposed a formulation of the turbulent viscosity as a product

of the square root of the turbulent kinetic energy and the mixing length. In this model,

the turbulent kinetic energy, which is defined as the sum of the squares of the fluctu

ating components, is determined by the solution of a transport equation and the mixing

length determined as in the zero-equation model. This additional equation introduces

another transport equation into the coupled set of equations, thereby increasing the

complexity of the model. However, the turbulent viscosity for this one-equation model,

similar to that of the zero-equation model, vanishes at the velocity maximum, which is

physically unrealistic. There is no apparent physical mechanism to explain a zero tur

bulent viscosity at the maximum of the mean velocity. Miyamoto et al. (1982) present

experimental measurements of the turbulent natural convection boundary layer where

zero turbulent viscosity is observed well inside the mean velocity maximum.

Mason and Seban (1974) utilized this one-equation model, with the mbdng length

near the wall based upon the van Driest (1957) formulation near the wall and the mixing

length far from the wall assumed to be a constant value. They present results for
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velocity profiles and heat transfer that are in agreement with the experimental results of

Vliet and Liu (1969), but not with those of Cheesewright (1968). Cheesewright and

lerokiopitis (1982), however, acknowledge a discrepancy in the heat balance in the

earlier data of Cheesewright.

Jones and Launder (1972) formulated a two-equation model for the eddy viscosity

with one differential equation written for the turbulent kinetic energy and another for

the turbulent dissipation rate. Guceri and Farouk (1985), as well as Yang and Aung

(1985), present additional transport equations for these quantities. Guceri and Farouk

(1985) claim that zero-equation models are best suited for boundary layer flows, while

two-equation models can be successfully applied to both internal and external flows.

Guceri and Farouk present the results of their computations in the form of comparisons

with experimental data for natural convection flows on a horizontal cylinder and in a

horizontal cylindrical armulus.

Cebeci and Khattab (1975) present numerical results computed with a zero-

equation model. In a manner similcir to that of Mason and Seban (1974), two different

values were used for the mixing length. An expression for turbulent Prandtl number

based on the molecular Prandtl number (Cebeci and Smith. 1974) was also used. Cebeci

and Katthab (1975) obtained reasonably good agreement with the experimental data of

other investigations for the local heat transfer, the temperature profile, and the velocity

profile in turbulent natural convection flow on a vertical flat plate, even though the

zero-equation model predicts that the turbulent viscosity is zero at the maximum point

in the natural convection velocity profile.

Kato et al. (1968) used an integral technique with a zero-equation model that does

not predict a zero turbulent viscosity at the velocity peak. Reasonably good agreement

with experimental results is shown for heat transfer as well as velocity and temperature

profiles. However, the turbulent viscosity model used was originally developed for forced

turbulent flow with no apparent modification for turbulent natural convection. Their

turbulence model near the wall is similar to those of Mason and Seban (1974) and

Cebeci and Khattab (1975), but differs from these models in the outer region far from

the wall.
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Bayley (1955) also used an integral method to compute natural convection heat

transfer from an isothermal, vertical flat plate, using a turbulent viscosity equal to seven

times the kinematic viscosity. Subsequent experimental investigations in air (Warner

and Arpaci, 1968: Seibers et al., 1985) have shown the validity of Bayley's correlation

for heat transfer, even though Bayley used a crude turbulence model. Apparently, for

natural convection heat transfer, stifllciently accurate heat transfer results may be

obtained with simple turbulence models.

3.6. The Effects of Volumetric Heat Sources on Natural Convection Flows

Volumetric heat sources entrained in a fluid may have an effect on either natural

or forced convection. Volumetric heat sources can be observed in industrial processes

such as those involving exothermic chemical reactions, storage of liquid or gaseous

nuclear wastes, and nuclear reactor design and safety analysis.

The presence of a volumetric heat source adds a nonhomogeneous term into the

equation for conservation of energy. A similarity solution may be possible if the source

term is of an appropriate functional form (Gebhart et al., 1988), but in general, the

velocity and temperature profiles do not display similarity-type behavior. Natural con

vection flows in fluids containing heat sources have been investigated for a variety of

geometries. A large number of experimental results are reported in a survey paper by

Kulacki and Richards (1985). The majority of these investigations consider enclosed

cavities having spatially uniform volumetric heat generation with various thermal

boundary conditions.

Gebhart et al. (1988) determined the necessary conditions for a volumetric heat

source in a boundary layer to result in a similarity solution: the heat source must be a

function of distance from the wall and decrease to zero at the edge of the boundary layer

for a similarity solution to exist. Gebhart et al. (1988) also state that the flow due to a

volumetric heat source uniformly distributed throughout the fluid, including both a

fluid region near the wall and a fluid region far from the wall, may not be representative

of boundcuy layer flow.
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Chu (1955) developed an analysis for thermoacoustic waves generated by heat

addition, stating that the heat source must vary in time for pressure waves to be gen

erated. The time scale for variation of the heat sources considered in the present

research is on the order of hours, the approximate time period of radioactive decay for

the fission products. Rehm and Baum (1978) scaled the governing equations of motion,

including the effect of a time-variant heat source but neglected viscous and thermal

conduction effects. Their scaled equations show that in flows with fast heat addition,

such as laser heating, acoustic waves must be considered, while for those with slow heat

addition, such as combustion, acoustic waves can be neglected. Paolucci (1982) elab

orated upon the Rehm and Baum (1978) work by including the viscous and thermal

conduction terms in the governing equations.

Paolucci (1982) specifically addressed the situation in which large time-dependent

thermal gradients exist as well as combustion heat sources. Paolucci develops the fol

lowing criterion, H, to quantify fast and slow heat addition:

H=—.. (3-11)
PcU!

H represents the ratio of the energy added by the heat source to the energy arising

from fluid motion. According to Paolucci, the acoustic effects due to heat source addi

tion need only be considered if H is on the order of Ma ̂ or less, where Ma is the Mach

number, which is defined as the ratio of a characteristic velocity to the sonic velocity.

For the conditions of this investigation, H is on the order of 10 and, therefore, since the

Mach number is on the order of 10'®, acoustic phenomena due to the addition of heat

are negligible.

de Boer (1984) analyzed the effect of a heat source in natural convection flows. He

defines the nondimensional depth to be the ratio of the physical depth L to the hydro

static depth, P/pg, such that a "shallow fluid" has a nondimensional depth much less

than one and a "deep fluid" has a nondimensional depth of order one. de Boer also

defines a nondimensional heat source strength as:
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nondimensional _ (pj2/pC)^(L/g)'^ (3-12)
heat source strength (Jr

A "weakly heated fluid" has a nondimensional heat source strength much less than

one and a "strongly heated fluid" has a nondimensional heat source strength of order

one. For the conditions of interest for the present research, the nondimensional depth

is on the order of 5x10 ® and the nondimensional heat source strength is on the order of

10 ®. de Boer shows that only in fluids that eire both strongly heated and deep would

acoustic phenomena be non-negligible. Therefore, according to the criteria of de Boer,

thermoacoustic wave phenomena are neglected in this investigation. The scaling analysis

in Appendix D also supports the neglect of acoustic pressure wave phenomena.

Sparrow et al. (1963) analyzed the stability of a fluid with uniform internal heating

that is confined between two horizontal plates. A relationship showing the dependence

of stability on the Rayleigh number was derived for the onset of fluid motion that occurs

wherever a negative temperature gradient (temperature decreasing with increasing

height) exists somewhere in the fluid. They also observed that when a temperature

gradient is positive everywhere between the two plates, the fluid is stable and quiescent.

For the case of two plates at the same temperature, when the Rayleigh number based

on the internal heat source strength and the plate spacing exceeds 37 325, an instability

occurs.

Jones (1974) zmalyzed the effects of an exothermic reaction in a horizontal cylinder

of gas with isothermal walls. For this case, if the gas reacts according to the Arrhenius

relationship, the heat liberated by the reaction is exponentially dependent upon the

temperature. Jones used a stream function-vorticity formulation with a finite-difference

numerical solution technique. Good qualitative agreement with the experimental

results of others is shown for a gas enclosed in a spherical vessel.

Caimie et al. (1981) studied the effects of a combustible chemical species in a

laminar natural convection flow adjacent to a heated flat plate. Experiments for a range

of conditions up to ignition onset were performed. The temperature in the boundary
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layer was measured with a traversing thermocouple probe. The boundary layer equa

tions were derived including the effect of chemical self-heating. Chemical self-heating

is defined as heating by a volumetric source that is dependent upon species

concentration and temperature. No self-heating was observed below a plate tempera

ture of 540 K, but effects on the temperature field due to variable thermal properties

were observed. Comparison of the computed and measured results Is not satisfactory.

The lack of a satisfactory comparison Is claimed to be due to the chemical modeling.

Kee et al. (1976) considered the natural convection fiow with heat sources Inside a

cylinder with a constant wall temperature. They nondlmensionalized the governing

equations of motion such that the geometrical term of the aspect ratio (L/d) of the

cylinder appears explicitly. A stream functlon-vortlclty formulation was used with a

finite-difference numerical solution technique to compute the streamlines and temper

ature distribution of the fluid Inside the cylinder. The temperature profiles were

experimentally investigated inside a cylinder containing tritium, a radioactive gas

assumed to give up its decay energy in a marmer that gives volumetric heating. The

volumetric heat source strength was Increased by Increasing the gas pressure. As the

heat source strength was Increased, the maximum temperature increased and the point

of its occurrence moved upwards along the cylinder centerline. Although the variations

in the measured temperatures are within the normcd limits of experimental error, the

measured temperatures corresponding to the lowest of three values of heat source

strength are lower than the values predicted by numerical analysis. This discrepancy

might be attributed to some of the radioactive decay energy of tritium being radiated

directly to the walls of the cylinder. In addition to being absorbed and serving locally

throughout the fluid as a heat source.

Bergholtz (1980) considered a rectangular enclosure completely filled with a new-

tonlan fluid containing uniformly distributed heat sources. The enclosure was cooled at

the sides with Isothermal walls at the same temperature, and insulated at the top and

bottom. Bergholtz found that a sufficiently strong heat source causes two physically

distinct regions of flow to occur: a central core upflow and boundary layer downflows at

the cooled vertical walls. The temperature distribution of the core flow is stably and
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strongly stratified, due to the upward convection of heat. The stable thermal stratifi

cation also allows the wall boundaiy layers to entrain fluid at the top and to detrain fluid

at the bottom of the enclosure in order to maintain conservation of mass. Assuming

bilateral sjnnmetry along the vertical axis of the enclosure, the equations were consid

ered sepEirately in the two regions of the central core and the wall boundary layer. In

the core upflow region, the viscous effects due to the wall were neglected in the Newton's

Second Law equation and the conductive transport of energy was neglected in the con

servation of energy equation. In the wall boundary layer region, the heat generation

effects were neglected, due to the assumption of a thin boundary layer. The equations

for the two regions were coupled together by requiring the global conservation of mass

and energy at any given position along the vertical axis of the enclosure. Numerical

integration and iteration were necessary to obtain a solution with this method. Berg-

holtz's method presents an alternative approach for considering a solution domain

which might require a large number of mesh points for a finite-difference solution and,

therefore, be unnecessarily expensive to solve. No experimental comparisons were

presented.

Randall and Sesonske (1959) used an approximate integral technique to integrate

the boundary layer equations for a cooled vertical flat plate for laminar flow in a semi-

inflnite fluid. A constant volumetric heat source was postulated to exist only in the

natural convection boundary layer and not in the fluid far from the plate. Their

computed results indicate that the presence of heat sources decreases the boundary

layer thickness with a resulting increase in heat transfer coefficient as compared to a

natural convection flow that does not contain heat sources and which has the same

temperature difference between the flat plate and the fluid far from the plate.

Greene (1982) performed an experiment with a rectangular pool of aqueous elec

trolyte with one isothermal wall instrumented with thermocouples. A uniform volu

metric heat source was established by imposing an alternating current across the pool.

The pool was open to the atmosphere at the top and insulated at the bottom and vertical

boundaries except for the one isothermal vertical wall which was instrumented with

thermocouples. The temperature distribution along the vertical centerline of the fluid
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In the pool was also measured with thermocouples. Two regions of flow were observed:

a uniform temperature upflow In the center of the pool and a boundary layer downflow

near the Isothermal test wall. Greene varied the heat source strength up to the point of

pool boiling and measured the heat flux to the wall. The remainder of the heat generated

within the fluid was removed by convection and evaporation at the open upper surface

of the pool. He developed a correlation for heat transfer to the vertical wall based on

heat source strength. The boundary layer flow down the vertical wall was laminar in all

cases, although instabilities characteristic of transition to turbulence appeared at the

higher heat source strengths near the threshold of pool boiling. He claims that to within

the limits of experimental accuracy, the observed flows adjacent to the wall exhibit

behavior similar to the laminar natural convection flow on em Isothermal wall In a

seml-inflnlte fluid that does not contain heat sources. This claim, however. Is ques

tionable since fluid must detrain from the boundary layer near the bottom of Greene's

enclosure with a subsequent horizontal outward velocity which cannot possibly exist for

a vertical flat plate in a seml-lnflnlte fluid.

Stelnbemer and Reineke (1978) present numerical and experimental heat transfer

results for a closed rectangular cavity having Isothermal walls and which Is heated with

a uniform volumetric heat source generated In the aqueous electrolyte. They present

results for three heat strength source levels, but do not present any detailed tempera

ture measurements or a compilation of Nusselt and Raylelgh numbers as did Greene

(1982). For the upper portion of the vertical wall, the reported results are representative

of laminar flow in a constant temperature fluid with a Prandtl number of five. The

volumetric heat source strengths In these experiments were on the order of one kilowatt

per cubic meter, approximately two orders of magnitude lower than the heat source

strengths of Greene (1982). Stelnbemer and Reineke (1978) present a Nusselt number

correlation that apparently does little more than restate the conservation of energy

relation and Is not presented here.

Two observations on the results presented by Stelnbemer and Reineke (1978) are

of note. First, the measured Nusselt numbers are noticeably lower than those predicted

by the correlation of Saunders (1939), which appears in this work as equation (3-4).
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Second, for the highest heat source strength, the Nusselt number increases noticeably

with increasing length along the wall. This isjust the opposite of the trend for the other

two heat source strengths. A stationary secondary vortex is appeirently generated at the

highest value of heat source strength in the lower, turbulent portion of the vertical

boundary layer. This vortex should not occur in the boundary layer flow over a vertical

flat plate in a quiescent fluid.

Kikuchi et al. (1986) performed a series of experiments in a rectangular box that

enclosed a volumetrically heated fluid. Their box was cooled on both horizontal sur

faces, which results in different flow patterns than those expected in the present work.

However, they present detailed temperature measurements showing that the magnitude

of the temperature perturbations due to turbulent fluctuations in the core flow region

away from the boundaries was less than 10% of the temperature difference between the

walls. In the absence of references investigating the specific conditions of interest for

the present resezirch, this work of Kikuchi et al. (1986) presents the approximate con

ditions of the temperature fluctuations far from the walls due to a sufficiently strong

heat source.

3.7. Numerical Methods

The fully-coupled system of nonlinear partial differential equations that govern the

flows of interest here is a formidable challenge to solve. Closed-form analytical solutions

are not presently available. Therefore, approximate numerical methods must be

employed in order to solve this set of equations. Two major methods of numerical

analysis are finite difference techniques and finite element techniques. Roache (1972),

Patankar (1980), Anderson et al. (1984), and Jalurla and Torrance (1986), and many

others present the general topic of finite difference methods. Baker (1983) presents

finite element method techniques for numerical solution of the governing equations for

fluid flow of interest here. A complete list of the references on the numerical solution of

the governing partial differential equations would undoubtedly be too extensive for
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inclusion in this work. Thus, onfy the references that are of direct interest will be cited.

Appendix A presents a detciiled discussion of the numerical methods used in this

investigation.

Solution, either analytical or numerical, is usually facilitated if partial differential

equations can be reduced by appropriate transformations, called similarity variable

transformations, to ordinary differential equations. Dresner (1983) and Hansen (1964)

present methods for deriving similarity variable transformations and present solutions

of transformed equations representative of many problems in physics and engineering.

Most notable for this present work are the solutions of boundary-layer problems. If the

sj^tem of governing partial differential equations of the boundary-layer equations can

be transformed by a similarity variable into an equivalent set of ordinary differential

equations, the form of these transformed differential equations and bounding conditions

is classified as a two-point boundary-value problem (Burden et al.. 1981). Keller (1976)

published a monograph that presents different methods for numerical solution of such

two-point boundary-value problems. Because of the wealth of analysis and experience

that appears in the literature in solving this type of problem, a similarity solution of a

transformed partial differential equation is desirable.

Unfortunately, such physical considerations as transverse curvature, linearly

stratified temperature boundary conditions, and surface transpiration can prohibit

obtaining a similarity solution. Use of a transformation variable in this case simply

transforms one set of partial differential equations to another set of partial differential

equations having a different appearance. For example, the set of turbulent flow

boundary-layer equations for this work appear as equations (4-11). (4-16). (4-17). and

(4-18). Upon defining a stream function in equation (4-31). the variable transformations

of equations (4-32) and (4-33). and the nondimensionalizations of equations (4-34)

through (4-37), the deceptively simple set of boundary-layer differential equations is

transformed into the apparently complex equations (4-40). (4-41). and (4-42). This set

of equations, which cire called "nonsimilar" because of the appearance of streamwise

partial derivatives, is no longer a two-point boundary-value problem and other means of

obtaining solutions must be used.
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Two different numerical schemes are used in the present work to solve the gov

erning sjrstem of differential equations. The first method used is the method of local

nonsimilarlty, developed by Sparrow et al. (1972). This method transforms the

nonsimllar partial differential equations into an approximately equivalent set of ordinary

differential equations, so that solution techniques for two-point boundary-value prob

lems can be used. Two solution techniques used In the present work are a "shooting"

scheme with a least-squares correction as developed by Nachtsheim and Swigert (1965)

and the finite-difference procedure developed by Lentlnl and Pereyra (1977) that

employs the trapezoidal rule with deferred corrections.

The second method of solution that Is used Is a finite-difference scheme developed

by Keller (1978), called the "Keller Box" method. This method. Initially developed for

solving parabolic partial differential equations (Keller, 1971), was easily adapted for the

purposes of this present work. The Keller Box scheme can allow variable mesh spacing

with second-order accuracy and can also Incorporate mathematically singular behavior

at the endpolnts. The Keller Box scheme can be formulated in terms of the original,

untransformed variables, as well as the nonsimllar equations. Keller (1978) remarks

that even defining a stream function Is unnecessary with the Box method.

Of special interest here is the investigation of Fairweather and Vedha-Nayagam

(1987). They present the solutions of five published boundary-layer problems with three

publicly available computer software packages specifically designed to solve two-point

boundary-value problems governed by ordinary differential equations. These software

packages are based on the following numerical techniques: a finite-difference method

that implements the trapezoidal rule with deferred corrections, a spline collocation

method, and a multiple shooting method. In some cases, the results from the three

methods differed with the published results, but not with each other. In other cases,

one or more of the methods failed to jdeld a solution. In general, the sofiware packages

are shown to provide powerful numerical analysis methods that are easily implemented

for the solution of boundary-layer problems. One of these software packages used by
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Falrweather and Vedha-Nayagam (1987), DVCPR (IMSL, 1982) which implements the

method of Lenttni and Pereyra (1977), is used for some of the solutions obtained with

the method of local nonsimilarity.

3.8. Natural Convection with Participating Gas Thermal Radiation

Participating gas radiation heat transfer can play an important role in many

practical flows, such as combustion processes. Computation of the radiative heat flux

in a fluid in which the gas molecules emit and absorb radiant thermal energy can be

quite complicated and involved. Not only is the emission process highly nonlinear due

to its dependence on the fourth power of the fluid temperature, but also the absorptivity

and emissMty of the gas are frequency dependent. Reference texts, such as those by

Sparrow and Cess (1966), Ozisik (1973), and Siegel and Howell (1981), discuss the

complexity of anatytically describing gas radiation and pose some limiting assumptions

that have been useful in developing engineering models of such phenomena.

Participating gas radiation heat transfer has been reviewed in detail by Viskanta

(1966), who also derives the complex integral relationships that govern the transport of

radiant thermal energy. Two approximations based upon the absorption characteristics

of the gas and the geometry of the flow were developed. These are the optically thin

approximation, in which the gas is assumed to emit but not absorb energy, and the

optically thick approximation, where the gas is assumed to absorb thermal radiation in

the immediate vicinity of the location at which it was emitted. The optically thick

approximation is also known as the diffusion, or the Rosseland, approximation, which

was developed for use in astrophysics (Rosseland. 1936). The Rosseland approximation

changes the integral relationship for the heat flux in a participating gas into a differen

tial relationship that resembles those governing a diffusion process, such as conduction

heat transfer.

Several forced and natural convection flows have been investigated using these two

approximate models of participating gas radiation. The results of these investigations

show that the overall effect of participating gas radiation heat transfer is to increase the

total rate of heat transfer, as compared to convection heat transfer alone under the same
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conditions. However, the fractions of the total heat transferred by the individual radi

ation and convection components for any particular fluid vary depending on the values

of the thermal emissivity of the wall and also on the ratio of wall and fluid temperatures.

Viskanta and Grosh (1962a) used a similarity transformation and the Rosseland

approximation to investigate forced convection boundary layer flows over a wedge. For

a hot wall, the convective portion of the total heat transferred decreased below that

computed for nonparticipating heat transfer. For a cooled wall, the convective portion

of the total transferred heat decreased as the ratio of wall temperature to fluid temper

ature varied from 1.0 to 0.5 due to a decreased temperature gradient at the wall. For a

cooled w£ill with a ratio of wall to fluid temperature less than 0.5, the convective portion

of the total transferred heat increases over that due to radiation alone. Viskanta (1966)

claimed that this increased convective heat transfer at low wall temperature ratios was

due to the participating radiation acting as if an effective heat source were adjacent to

the wall, where it can induce additional convective movement in the fluid.

Viskanta and Grosh (1962b) analyzed simultaneous conduction and radiation heat

transfer to include the effect of surface emissivity on surface heat transfer. They did not

use the Rosseland approximation. Instead, they used the method of successive

approximations to solve the integral equations governing the nonlinear transmission of

radiant energy. They present results in terms of the optical depth x, the surface emis

sivity e, and the parameter M of equation (2-6). For the optical depths of interest in this

investigation, which are in the range of x> 1, and for radiation with negligible

conduction, i.e. M = 0, the computed total heat transfer shows a noticeable decrease

only for values of the surface emissivity less than 0.5, as compared to the heat transfer

from a black surface for which e = 1. For the optically thin case, a significant decrease

in heat transfer for any surface emissivity less than one is shown. Thus, for the present

investigation, as long as the reactor vessel inside wall has an emissivity greater than 0.5,

the effect of surface emissivity on heat transfer to the wallfrom a participating gas will be

neglected.
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Cess (1966) utilized the method of matched asymptotic expansions to analyze

"small" participating gas radiation effects In a gray nonscatterlng gas in natural con

vection along a vertical plate, which was assumed to have a wall emlsslvlty of one. Cess

predicts an increase In convection heat transfer for small gas radiation effects. An

elaboration of Cess' solution appeared In Aziz and Na (1984). The complexity of the

analysis of a problem in participating gas heat transfer can be examined in this refer

ence.

Novotny and Yang (1967) presented an analysis of optically thick boundary layers,

using matched asjnnptotlc expeinslons. Small temperature differences were assumed so

that the emissive power of the gas could be linearized with respect to temperature. The

two specific cases of Blaslus flow over a flat plate and free convectlve flow about a hor

izontal cylinder were Investigated. Novotny and Yang employed an Inner layer In which

the reciprocal of the optical thickness Is used as an expansion parameter. Their

apparent Intent was to address the effects of assuming the Rosseland approximation

near a Wcill upon heat transfer. Their Rosseland approximation model does not consider

radiation either reflected or emitted from a bounding surface.

Novotny and Yang (1967), as well as Audunson and Gebhart (1972), state that the

diffusion approximation falls when the distance from the wall is less than one photon

mean free path, which is defined as the reciprocal of the absorption coefficient. Novotny

and Yang choose this distance of the photon mean free path as the outer edge of the

Inner layer and the Inner edge of the outer layer in their matched asymptotic solution

method. They report that In the limit of large optical thickness, the total heat flux Is

correctly determined due to the constant value of heat flux across this Inner layer.

However, the temperature gradient in the Inner layer Immediately adjacent to the wall

was not correctly determined except for the case of relatively small participating radi

ation effects.

Arpacl (1968) utilized an approximate Integral method to analyze the effects of

participating gas radiation heat transfer on the natural convection boundary layer on a
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flat plate in a stagnant radiating gas for both optically thin and optically thick approx

imations. The overall heat transfer from the plate is shown to increase as either the

optical thickness, wall emissivity, or the ratio of the wall temperature to the fluid

temperature increases. No compeirisons with experimental results were reported.

England and Emeiy (1969) used the optically thin approximation to analyze the

effect of participating gas radiation heat transfer on natural convection adjacent to a

constant heat flux vertical flat plate. Comparisons with experiments in air and carbon

dioxide showed good agreement with the results of their analytical model. For the

conditions of their analysis, the radiation effects due to the participating medium were

sm£ill and of the same magnitude as effects due to variable thermophysical properties in

laminar natuicil convection flow.

Kennedy and PaszkowskyJ (1970) used both the optically thick and optically thin

approximations to analyze the effect of participating gas radiation heat transfer on

natural convection from a heated vertical flat plate with unit emissivity. The radiation

heat flux term was not linearized so that the analysis can be applied to cases in which

there cU^e lai;ge temperature differences between the wall and the fluid. The Boussinesq

approximation was used in the formulation of the problem. The Boussinesq approxi

mation was acknowledged to possibly yield inaccurate results at large wall to fluid

temperature differences. As the opticzd depth increases, nonlinear radiation coupling

effects significantly Increase the total heat transfer from a heated plate as compared to

the heat transfer computed assuming a linearized radiation heat flux. The cooled wall

case was not anatyzed for nonlinear radiation effects.

Audunson and Gebhart (1972) reported the results of an analytical and exper

imental investigation for ammonia at optically thin conditions adjacent to a constant

heat flux weiU. Three values of wall emissivity were used. Good comparisons between

the analytical and experimental results were found over the ranges of parameters

investigated. The heat transfer increased by as much as 40% over that for the case of

no participating radiation. Increasing the wall emissivity Increases the rates of both the

radiative and the total heat transferred from the plate. The results of the convective and

radiative processes were claimed to be independent and were superimposed.



48

Novotny et al. (1974) used a local nonslmilarity method to anafyze the effects of

linear radiation in ammonia, which is a non-gray gas. The nonslmilarity parameter was

defined as a function of the gas band absorptivity characteristics. The differences

between the higher levels of truncation for the nonslmilarity method increase as the

values of wall emissivity increase. An increase in gas pressure results in a decrease in

the ratio of the overall rate of heat transfer to the rate of convective heat transfer for

ammonia.

Venkateshan and Krishna Prasad (1979) also present a matched asjmiptotic

expansion solution for forced laminar compressible boundary layers using the diffusion

approximation for the outer solution and the optically thin assumption for the inner

solution. To the leading order of approximation, the radiation slip method yields the

same results as the more complicated solution obtained with the method of matched

asjnnptotic expansions. The radiation slip method, as developed by Deissler (1964),

extends the diffusion approximation for finite optical depths to Include the radiative

effects of a bounding surface by allowing a temperature discontinuity at the surface,

analogous to the temperature jump condition in a rarefied flow.

Kim and Viskanta (1984) utilize a band approximation for the non-gray emissive

and absorptive effects of steam at high pressures and temperatures for forced convec

tion flow in a tube. Their results show that for low flow conditions, the convective por

tion of the total heat transfer is greatly overpredicted if the interaction between

convection and radiation is neglected.

Galuska et al. (1986) formulated a similarity solution for the optically thick

boundary layer flow of a non-Newtonian power law fluid with a large Prandtl number. A

thickening of the thermal and velocity boundary layers is predicted due to the effect of

participating gas radiation, with the non-Newtonian fluids having thicker boundary

layers than the Newtonian. The temperature gradient in all cases decreases as the

parameter representing the level of radiative participation is increased.
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CHAPTER 4

ANALYSIS

4.1. Introduction

The objective of the present work is to develop a numerical model for predicting the

thermophoretic deposition of particles in a natural convection flow on a vertical flat

plate. This model is to be used to obtain simplified correlations for the rates of heat

transfer and particle deposition in the flows of interest. Thus, the mathematical mod

eling of the mechanisms of Brownian diffusion, thermophoresis, and convective trans

port that govern the deposition of particles is presented below.

This chapter presents the formulation of the governing equations and boundary

conditions that describe the movement of fluid, thermal energy, and particles in a nat

ural convection flow near a vertical cold wall. Since turbulent fluid flow conditions are

possible, the modeling of the turbulence is also described. The appropriate

nondimensionalization of the governing equations and their boundary conditions is also

discussed. Relationships for the heat transfer and thermophoretic particle deposition

are developed so that the model can be validated by comparison of computed results

with results previously published by other investigators.

An expression, called the dimensionless ratio of transfer coefficients, is developed

which correlates the thermophoretic deposition of particles and the heat transferred to

the surface. For certain flow circumstances of interest, the governing equation for

conservation of particles has an exact analytical solution in closed form. The nature of

this exact solution is shown In detail so that computed values for the ratio of transfer

coefiicients can be compared to exact results. Bounding limits on the ratio of transfer

coefficients are derived and then used to develop an approximate expression for the ratio

of transfer coefficients in terms of known parameters.
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4.2. Development of the Governing Equations

4.2.1. The governing equations and their boundary conditions

The governing equations and boundary conditions that describe the flows of

Interest here were developed using the results of the scaling analysis given in Appendix

D and the formulation for the turbulence modeling shown In Appendix B.

The equations governing the natural convection flows of Interest are those of con

servation of mass, Newton's Second Law, and the conservation of energy for a com

pressible, newtonlan fluid. The Stokes hypothesis for bulk viscosity, as developed by Pal

(1956) and Batchelor (1967), Is employed, since no specific value for the second

coefilclent of viscosity appeared to be better than Stoke's hypothesis (White, 1974).

These equations are written In cartesian tensor notation as follows:

3p , ̂ (P"j) _ n
dt dXj

and

DUi a

^DT ,^ DP d f, dT
P^Dr ~ Dt'^dxX dxjj

^dUi duj^ 2_^f
dXj dXi^ 3dXi "ax.'

dUifdUi dUj^ d

dXj dxj ̂  dXi
Uj^2

(4-1)

(4-2)

(4-3)

The boundary conditions for these equations eire zero fluid velocity at the wall, zero

fluid velocity far away from the wall, and specified temperatures at the wall and In the

fluid far away from the wall. These boundary conditions are given by the expressions:

u{x,0) = v(x,0) = «(x,«>) = 0,

T(x,0) = T^, and ^(x.oo) = r_(x).

(4-4)

(4-5)

The governing equation for the conservation of particles, which was originally given

by Hldy and Brock (1970) and is developed by a scaling analysis of the total mass con

servation equation In Appendix D, has the form:
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(4-6)

where © Is the coefllclent for Brownlan diffusion of the particles and VVls called the

thermophoretic velocity of the particles. The thermophoretic velocity normal to the plate

is related to the temperature gradient as follows (Goren, 1977):

vdT
Vr'-Kj^. (4-7)

where K is cziUed the thermophoretic coefficient. K depends on the thermal conducti

vities of both the particle and the ffuid and on the Knudsen number. A detailed dis

cussion of thermophoresis and the thermophoretic coefficient K appears in Appendix C.

For the conditions of interest in the present work, a range of values for K on the order

of unity was used.

In order to prescribe the boundary condition for particle concentration at the wall,

introductory remarks about the physics of Brownian diffusion are included here. A

successful theory of Brownian motion was published by Einstein in 1905 (Kennard,

1938). In Einstein's theory the random motion of pollen grains on the surface of water

first noticed by Brown in 1828 (Kennard, 1938) can be explained as a diffusion process,

such as the conduction of heat in solid materials or the movement of the molecules of

one chemical species through another. Hidy and Brock (1970) show that Pick's law of

diffusion is applicable to the Brownian movement of particles suspended in a fluid. For

the purposes of the present work, a "perfectly absorbing wall" is postulated such that

any aerosol particle immediately adjacent to the wall will stick to it and, therefore, be

removed from the fluid. Hence, the particle concentration In the fluid immediately

adjacent to the wall will be zero due to the movement of particles to the perfectly

absorbing wall by Brownian diffusion. The boundary condition far from the wall for the

equation of conservation of particulate matter in the flow, equation (4-6), is a specified

concentration, N^. far from the wall. These two boundary conditions are given by

N{x,0) = 0 and N{x,oo) = N_. (4-8)
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Since the Brownian difTusion coefflcient, ©, for this problem is quite small and is

of the order of 10 " m^/s (Hidy, 1984), Brownian diffusion will be an important mech

anism for particle movement only in a very thin layer Immediately adjacent to the wall

(Walker et al., 1979). The scaling analysis of Appendix D affirms this situation for the

conditions of interest in the present work. Walker et £il. (1979) present an analysis using

the method of matched asymptotic expansions that shows that the ratio of the Brownian

diffusion layer thickness, Sg, to the thermal boundary layer thickness, 8^, is of the order

of the inverse of the Schmidt number, or Sg/Sj-^ Sc'K They also show that the flux of

particles that moves to the wall can be approximated with an error of the order of So '

by evaluating the particle flux at the outer edge of the Brownian layer.

Since the particle flux to the wall is desired, the particle concentration inside the

Brownian layer need not be computed for the case where the particle flux to the wall in

the Brownian diffusion layer is essentially equcil to the thermophoretic flux at the edge

of the Brownian layer. When the effects of Brownian diffusion on psirticle transport to

the wall are negligible, the boundary condition at the wall of zero particle concentration

due to Brownian diffusion is replaced with a relationship between the particle concen

tration gradient and the apparent particle concentration at the edge of the Brownian

layer, which is located at a distance 5g from the wall. Neglecting Brownian diffusion and

convective movement at the edge of the Brownian layer, and considering only thermo

phoretic transport adjacent to the wall, reduces equation (4-6) to the following rela

tionship which is evaluated at the edge of the Brownian layer:

N(x,S,)3T(x,S,) „ „

-^-T(x.S.) Sy

Equation (4-9) will be used as a boundary condition at the edge of the Brownian

layer, instead of the value of zero for the particle concentration at the wall which is

applicable for a perfectly absorbing wall.

As shown in Appendix D, the governing equations (4-1), (4-2), (4-3), and (4-6) are

scaled to identify the nondimensional parameters of interest. As shown by the scaling
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anafysis of Appendix D, the transient response of the fluid conservation equations is

much faster than the transient response of the solid wall. Therefore, the transient terms

in the fluid conservation equations Eire neglected.

4.2.2. The boundary layer form of the governing equations

As shown in Appendix D. equations that govern the flow are simplified to the

boundary layer equations for steady-state flow. The buoyancy force term in Newton's

Second Law, which is given by equation (D-97), is that due to a gravitational body force

acting in the negative x-direction as shown on Figure 2-2. The thermal radiation flux

term in the equation for conservation of energy is written in a form that satisfies the

optically thick assumption and is given as (Sparrow and Cess, 1966):

^6cT'dT .. ...

—57-

Thus, the boundary layer forms of the governing equations, equations (D-96)

through (D-99), are given by;

conservation of fluid mass

dx dy

Newton's Second Law

|-(pu)+^(pv) = 0, (4-11)

du du . ^ d f du .

conservation of energy

r  ;)T ;) r
k +

-37- ?T d ^  16 aT')dT
3 K 3)'-

+e. (4-13)

and conservation of particles

^(p«N)+^[pN(v + y,)l = (4-14)
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Note that the Boussinesq approximation has not been made and that none of the

thermophysical properties have been assumed to be constant.

4.3. Formulation of the turbulence model

4.3.1. The time-averaged forms of the boundary layer equations

Equations (4-11), (4-12), (4-13), and (4-14) were time-averaged in the usual man

ner (Yang and Aung, 1985) as is shown in Appendix B. For example, the velocity com

ponent u was assumed to consist of a time-averaged component u and a fluctuating

component u', or

u = u+ «'. (4-15)

Similar formulations were used for the remaining flow variables. Substitution into

the governing equations, followed by time-averaging, allowed identification of terms that

represent the effects of the fluctuating turbulent flow variables. The turbulent viscosity,

thermal conductivity, and particle diffusMty are identified in the governing equations by

the subscript t as follows :

du du , , 3

" «(p--p'+5;
,  .du

(4-16)

and

.dT .BT leor'W
k + k,+ -
V  ' 3 K j3yJ

+ Q.

|(P„N) + |:(PW(V + V,)1=|; bn'

(4-17)

(4-18)

A large body of information has been developed for turbulent flows. The emphasis

in this particular investigation was not on developing a new model of turbulence.

Instead, the approach adopted here was to utilize and modify, if necessary, an existing

model of turbulence to investigate the effects of turbulence on the heat and mass

transfer to the wall. Accordingly, an ad hoc turbulence model with an algebraic closure
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for the turbulent dlfTusMty was employed. The turbulence model was verified by com

paring the computed results for heat transfer to the wall with experimental results, as

discussed in Section 5.2.

The turbulence model was based upon a two-layer, or two-zone, postulate as

presented by Cebeci and Khattab (1975). In this model, the natural convection velocity

boundary layer is assumed to be divided into two regions: the irmer region where viscous

and buoyant effects are Important and the outer region where viscous and inertial

effects are important. A turbulent diffusivlty relationship reported by Rejmolds (1978)

was used near the wall and a constant value of turbulent diffusivlty based on the

boundary layer thickness was used for the outer region. Different expressions were

investigated in each zone for the turbulent Prandtl number, which represents the ratio

of the turbulent diffusivlty of momentum to the turbulent diffusivlty of thermal energy,

and for the turbulent Schmidt number, which represents the ratio of the turbulent dif

fusivlty of momentum to the turbulent diffusivlty of the particles.

Cebeci and Khattab (1975) based their use of two zones on an analogy with forced

convection. They postulated that near the waU the fluid velocity and temperature pro

files would be influenced primarily by the presence of the wall in a manner similar to

that in the inner wall region in of a forced convection turbulent flow. They postulated

that in an outer region far from the wall, the flow would be influenced by viscous and

inertial forces in a fashion similar to that of the wake region in a turbulent forced con

vection channel flow. The turbulent diffusivity at any given distance from the wall is

simply determined as the minimum value calculated using the expressions for the

turbulent diffusivities in these two zones. The point at which the inner turbulent dif

fusivlty first exceeds the outer turbulent diffusivity is designated as the dividing point

between the inner and outer regions.

These two regions were observed experimentally, although in a qualitative way, by

Lock and Trotter (1968) and Kutateladze (1976). These investigators commented that

eddies appear to be damped near the wall and that the turbulent diffusivity in the outer

region resembles that of a turbulent free jet. Since a simple turbulence model was

desired, algebraic relationships were used to specify the turbulence quantities in each
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region. Following the practice of Cebecl and Khattab (1975), the turbulent dlffuslvlty at

any given point In the boundary layer Is taken to be the lesser of the computed values

for the limer region turbulent dlffuslvlty Jind the outer region turbulent dlffuslvlty. The

final selection of the turbulence model used In each region, which is reported In Chapter

5. was based on comparison of results computed with the competing models with

experimental data. The various models of the turbulent viscosities In the Inner and

outer regions that were considered In this Investigation are reviewed below.

4.3.2. The near wall region

Plumb and Kennedy (1977) adopted a two-equation model for turbulent viscosity

and analyzed turbulent natural convection from a heated flat plate. Their computed

results show good agreement with the experimental data of Bayley (1955), Cheesewrlght

(1968), and Vllet and Liu (1969). Plumb and Kennedy claim that very near the wall, the

apparent turbulent viscosity should have a cubic dependence on the distance from the

wall. White (1974) presents an analysis that shows the apparent turbulent viscosity to

have a cubic dependence on the wall distance In forced convection flow. Different tur

bulence models employing algebraic closure were evaluated for this cubic wall distance

dependence.

Two expressions for the apparent turbulent viscosity were considered for use In the

present work. The first model was proposed by Kato et al. (1968) and has the form:

- = 0.4y^ [1 - exp(- 0.0017>'^')] . (4 - 19)
M"

Equation (4-19) may be rewritten as:

Tv-'Vll
(4-20)

■

y^ = 0.4^^11-exp
_ U^J _

where A* Is the standard form of the van Driest damping coefficient (Kays and Crawford.

1980), and y*is the standard form of the dimensionless distance from the wall in tur

bulent forced convection flow In which the distance from the wall is normalized by the
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friction velocity and the kinematic viscosity. For the model of Kato et al. (1968), as

presented in equation (4-19), A* is equal to 24.25. Kato et al. (1968) present no analysis

or reference to support either this relationship or this numerical value of A*. They do

clciim, however, that away from the wall, the turbulent viscosity distribution of equation

(4-19) is proportional to y*. as it is in forced convection, while very near the wall it is

proportional to y*'. This near wall behavior czm be recovered mathematically by

expanding the exponential function in a Taylor series and retaining the lowest order

term. No physical explanation was presented by Kato et al. (1968) for the cubic

dependence used in their model, although an explanation is presented by White (1974)

for a cubic dependence near the wall in forced turbulent flow.

The second turbulence model was proposed by Reynolds (1976) and has the form:

M. = 0.4y^jl-exp
~

C A
■

y

- _

(4-21)

where A*, the van Driest damping layer dimensionless distance, is an empirically

determined constant. Rejmolds (1976) presents experimentally determined values of A*

for forced convection flow with surface transpiration. This model of near wall turbulence

also has a functional dependence on the cube of y* as the wall is approached.

Two other models of turbulence were considered for use in the present work, but

were rejected for reasons discussed below. The model of Kays and Crawford (1980) was

developed for a fluid in the near wall region and is based on the assumption of constant

fluid shear stress across this region. This equation has the form:

^ = 0.4);"-jl-exp
~

f A
"

y

_ _

(4-22)

Although this model is similar in appearance to the previous relationship by Reynolds

(1976) of equation (4-21), it does not have a cubic dependence on y* very near the wall,

and was, therefore, not considered further.
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The standard Prandtl mixing length model (Prandtl, 1925), with the van Driest

(1956) damping modlllcatlon to the mixing length as summarized by Kays and Crawford

(1980), Is expressed In the following form:

du

dy
(4-23)

where I Is the "mixing length" given as

/ = 0.4y 1-exp £
A'

(4-24)

This turbulence model predicts zero turbulent viscosity at the velocity maximum, which

Is not physically realistic for natural convection flows as discussed In Section 3.5. Thus,

the Prandtl mixing length model was not considered further for use In this analysis.

The selection of the near wall turbulence model was made after the outer region

turbulence model was selected, since both regions Interact with each other through a

common Interface at some point within the boundary layer.

4,3.3. The outer region

Lock and Trotter (1968) experimentally observed the structure of a turbulent

natural convection boundary layer. They comment that the turbulent eddy distribution

In the outer region resembles that of a turbulent free jet. Accordingly, another

hypothesis by Prandtl (1942), as described by Schllchtlng (1979) and Arpacl and Larsen

(1984), Is applicable for free turbulent flow and was adopted for use In the present

analysis. This other Prandtl hypothesis has the form:

- = K-A(7,
p  V

(4-24)

where b Is a mixing zone flow width, AUIs the maximum expected difference in velocity,

and N Is a dlmenslonless empirical constant. For a turbulent natural convection
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boundary layer, the mixing zone flow width is the boundary layer thickness. The

expected maximum velocity difference is the characteristic velocity for natural convec

tion, which is described by Jaluria (1980) and is shown in Section D.2.

Jalurla (1980) used a scaling argument that equates the work done by the buoy

ancy force acting in a streamwlse distance to the change in kinetic energy of the fluid.

This characteristic natural convection velocity is

= (4-25)

where ̂ =x/L is defined as the nondimensional streamwise distance.

For fluids with Prandtl numbers on the order of unity, Arpaci (1986) shows that a

"thermal mlcroscale" 5 is appropriate for turbulent boundary layers and that 8 is pro

portional to the reciprocal of the cube root of the Grashof number, or

5 = LGr^"^. (4-26)

Substitution of equations (4-25) and (4-26) into the outer region eddy diffusivity

relationship given by equation (4-24) yields the expression:

^  (4-27)

This relationship indicates that the turbulent viscosity in the outer region

increases as the square root of the axial distance from the leading edge of the surface.

Equation (4-27), however, predicts a constant turbulent viscosity, or equivalently, con

stant turbulent shear stress, across the outer region of the turbulent boundary layer.

This is not physically correct, since at some point far enough from the wall, the fluid

must be quiescent in natural convection flow. Thus, in accordance with the exper

imental observations by Lock and Trotter (1968) of intermittent turbulence bursts and

with the analysis presented in White (1974), the outer region turbulent diffusivity

relationship of equation (4-27) was modified by multiplying it by the intermittency factor
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y of Klebanoff (1955). This factor, which was originally determined from experimental

observations of a boundary layer over a flat plate in turbulent forced convection flow,

has the form:

Y = 1+5
v8.

(4-28)

The Klebanoff intermittancy factor, which is empirically determined, predicts a

smooth transition from a finite value of turbulent shear stress In the outer layer to a

value asymptotically approaching zero turbulent shear stress at the apparent edge of the

turbulent boundary layer, as it must for either forced or free convection. The effect of

random fluctuations of the apparent turbulent shear stress, which is called

"intermittancy," beyond the apparent boundary layer thickness can be observed in

equation (4-28) at the edge of the boundary layer, where y is equal to 1/6 and not zero.

As observed by Klebanoff (1955) for turbulent forced convection flows and by Lock and

Trotter (1968) for turbulent natural convection flows, the edge of the turbulent boundary

layer veiries in a random fashion, unlike laminar convection.

Thus, the distribution of the eddy diffusivity of momentum in the outer region is

approximated by the relationship

^ = K^^'Gr/^y, (4-29)

where the constant K remains to be determined.

4.3.4. Eddy diffusivities of heat and particles

A turbulent Prandtl number and a turbulent Schmidt number are defined as:

Pr, = — and Sc, = —. (4 - 30)

Many investigators (Tyidesley and Silver, 1968; Reynolds, 1978; Kays and Craw

ford, 1980) have attempted to determine the values of these quantities. These quantities



61

can be expected, like the turbulent diffusivity of momentum, to not only be dependent

on the molecular properties of the fluid, but also the flow circumstances as well. Dif

ferent functional relationships have been proposed in which Pr, varies as the eddy dif

fusivity, as the dimensionless distance from the wall, or is constant. None of these

models has shown a clear superiority over the others. All of the models, however, seem

to predict a turbulent Prandtl number on the order of unity. Accordingly, a constant

turbulent Prandtl number of one was used in the present work.

Although not as many investigations were found for the values of the turbulent

Schmidt number, the same trend was noticed as that for the Prandtl number in that no

one correlation for turbulent Schmidt number is clearly better than any other. All of

these correlations predict turbulent Schmidt numbers on the order of unity (Tyidesley

and Silver, 1968). The value of the dimensionless particle stopping distance S*. which

is discussed in Section 2.5, is on the order of 10 ®. Thus, since S* was also shown to be

a dimensionless relaxation time when the particle is decelerated to zero velocity from the

friction velocity by Stokesian drag, the particle is assumed to move with no velocity slip

relative to a turbulent eddy (due to inertial effects), and, therefore, has a turbulent

Schmidt number of one.

4.4. Transformation of the Boundary Layer Problem to Nonsimllarity Form

Introducing a stream function suitable for compressible flows and the Howarth-

Dorodnitjyn transformation (Goren, 1977) allows the governing equations and their

boundary conditions to be transformed into a more convenient form. The stream

function, v(x,y), which is defined such that the continuity equation is satisfied identi

cally, is given by:

and (4-31)
S)- p, dx p.

where the subscript r denotes a reference condition.

The required dimensionless variables are now defined as:
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^ = L
Y'* fy dimensionless cross-stream

—i:^ 1 —dy's spatial coordinate (4-33)
i  »0 0

(
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j. _ £ _ dimensionless streamwise
L ~ spatial coordinate.

pseudosimilarity coordinate),

/<5.D = ̂ ^Gtl"
v4 ,

-1/4

..-V4 . , dimensionless
^  V(Jc,y) = , . (4-34)

stream function.

T{x,y)-T.{x)
6(s.Tl) = — = dimensionless temperature, (4-35)

-  _ ̂ (■^»y) _ dimensionless particle
"  ~ concentration.

T —TA<4) = ^ = wall overheat ratio. (4 - 37)

For thermally-stratlfled flows, the wall overheat ratio, X, is a function of the

dimensionless streamwise coordinate since the denominator of equation (4-37) will be

a function of the streamwise distance and the numerator will not.

The definition of the participating gas thermal radiation parameter, M, which was

defined in Section 2.6, is repeated here as

kK

4aTl
M = 7^. (4-38)

M is the ratio of heat transfer by conduction to heat transfer by radiation in an optically

thick medium (Sparrow and Cess, 1966).
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An additional dimensionless group, called the DamkShler number (Catchpole and

Fulford, 1986), is given by

Da =
QrL'

(4-39)

Da is the ratio of the rate of volumetric heat generation to the rate of heat conduction.

Substitution of these dependent and independent variable transformations of

equations (4-31) through (4-39) into the boundsuy layer equations, equations (4-16)

through (4-18), results in a system of equations in nonstmilarity form. This procedure

does not eliminate, but does lessen dependence on the streamwise variable. The

resulting system of equations is given by:

dn

Pit

PrMr

ay
an' .an

+ 0
Ti -.0

r.

^  (
= 44

3/ y/ y/ay
anan94 dn^a4

(4-40)

J_f£.
PrXcHI

(p^^i
^Prkr j

k, A , ,

and

an 15c 5c, p
Ywl'
1p.m.,

—

an.

Da

dn d
+ 3/^ + /ir^

or) dq

HIHI<cj ^l,dna4 ana4.

pp

LvP'-P'y 1+xe
n

= 44
dfdn dn df

dria4 dna4.

(4-41)

(4-42)

These equations (4-40),(4-41), and (4-42) are general in that all of the physical

parameters of interest for the present work are represented. Since, however, the ratios

of the thermophysical properties may be functions of the fluid temperature and the

turbulence quantities are functions of the distance from the wall, the above set of

equations is not complete. Constitutive relations for the thermophysical properties will

be used that are appropriate for the conditions under investigation, such as all ratios of
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properties being identically one for conditions where the thermophysical properties may

be assumed as constant or such as equation (5-1) or the polynomial relations of Irvine

and Liley (1984) for conditions where variable thermophysical properties must be con

sidered. The ratios of the turbulence quantities will be given as equations (4-21) or (4-22)

for the irmer turbulent zone and equation (4-29) for the outer turbulent zone. The

Prandtl number, Damkdhler number, thermophoretic coefficient K, optically-thick

radiation parameter M, and wall overheat ratio X must also be specified to complete the

physical modeling.

The boundary conditions, including that for the Brownian diffusion layer at the

wall, were also rewritten to give:

/(t0)=^^=i-e(^,0)-^^=«(t0)=^^|p^=e(t~)=i-«(4.oo)=0. (4-43)
The ratio TL o/T. appearing in equation (4-40) arises when both variable thermo

physical properties and a thermally-stratified freestream are included in the model.

This ratio does not appear in the governing equations if the Boussinesq approximation

is employed in the case of a thermally-stratified freestream temperature. The ratio kjk

that appears in equation (4-41) will be called the "effective turbulent thermal

conductivity," analogous to the term for the effective turbulent viscosity, p.,/p., that

appears in equations (4-40) and (4-42).

For convenience in the formulation of equations (4-40), (4-41), and (4-42), partial

differentiation with respect to ti is denoted by a prime and partial differentiation with

respect to ̂  is denoted by a subscript. Thus, equations (4-40), (4-41), and (4-42) can be

written in the form:

dn
14^1

V- PrMr
r + 3ff"-2(ff + Q

( T
= 44crA-rA), (4-44)
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J_fC
PrXcJ^l

ik, 4 , , aro z)arcY44Y'
PrrkCj Gr)

and

an
f—+—-
I Sc Sc, ji

f ̂.. \
_PtL

PrM.
n

/  -I

+ 3fn'+K^
an

X8' ̂

PrMr 1,1+^
n

/ -J

(4-45)

= 44(r«5-rt'4). (4-46)

The above set of equations (4-44), (4-45), and (4-46) and their boundary conditions

given by equation (4-43) are insufficient for solution of the problem, although the

third-order differential equation (4-44) has three properly posed boundary conditions

and the two second-order differential equations (4-45) and (4-46) each have two properly

posed boundary conditions. To complete the physical modeling of the problem as

appropriate for the conditions under investigation in Chapters 5 and 6 as described

previously, the remaining quantities that need to be specified are: the constitutive

relations for the ratios of thermophysical properties which may be functions of the

dependent variable of temperature, the ratios of the turbulence quantities which will be

functions of the distance from the wall, Prandtl number, DamkShler number, thermo-

phoretic coefficient K, optically-thick radiation parameter M, and wall overheat ratio "k.

4.5. Further Considerations of the Brownian Diffusion Layer

The Schmidt number, Sc, for the specified problem is quite large. Using relation

ships presented in Hidy (1984), the Schmidt number is found to be of the order of 10®

for spheres having a diameter of 1 pm in steam at 6.9 MPa and lOOO'C. The

simultaneous solution of these equations will reveal that there is a particle concentra

tion boundary layer adjacent to the wall that lies inside the velocity and temperature

boundary layers. This "boundary layer within a boundary layer" is the region in which

Brownian diffusion of the particles to the wall takes place.

The turbulent particle transport, which appears as the first term on the left-hand

side of equation (4-46), tends to zero as the waU is approached, as does the convective

particle transport. Therefore, Immediately adjacent to the wall, the only mechanisms
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available to move particles to the wall are Brownian diffusion and thermophoresis. Both

of these transport processes act in a direction normal to the wall, and for a cooled wall,

serve to remove any particles that enter the Brownian layer from the fluid. Since the

objective of this analysis is to predict particle removal from the fluid immediately adja

cent to the waU, the concentration profile inside of this Brownian diffusion boundary

layer may not need to be determined. Including the Brownian diffusion boundary layer

in the numerical solution scheme would require very small grid spacings next to the wall

with a resultant increase in computational effort. It will be shown in Section 5.6 that

detailed computation of the concentration profile in the Brownian layer is not necessary

for determining the particle flux to the wall. The scaling analysis in Section D.2 also

shows that particle transport by Brownian diffusion is negligible with respect to particle

transport by thermophoresis.

The Brownian diffusion boundary layer can be resolved by rescaling the governing

equations. Wsilker et al. (1979) analytically solved for the particle concentration in

laminar tube flow with thermophoretic transport of small particles using the method of

matched asymptotic expansions. The irmer layer in their analytical model includes

Brownian diffusion effects, but the outer layer does not. They show that the particle flux

to the wall is approximated to the leading order of the expansion, Sc ', by the thermo

phoretic particle flux calculated at the irmer edge of the outer layer solution. They also

show that the ratio of the Brownian boundary layer thickness to the thermal boundary

layer thickness is on the order of Sc '. Therefore, since the Schmidt number of interest

here is on the order of 10®, the particle flux at the wall is essentially equal to the particle

flux at the outer edge of the Brownian diffusion layer and the wall and the edge of the

Brownian layer are effectively coincident with respect to the velocity and thermal

boundary layers.

The boundary condition of zero particle concentration in the fluid at the wall is not

applicable if the Brownian layer is neglected, since only Brownian diffusion can act very

ncEir the wall to remove all the particles from the fluid to the assumed perfectly

absorbing wall. The Brownian layer boundary condition of zero particle concentration

at the wall can be replaced with a relationship between the particle concentration.
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particle concentration gradient, temperature, and temperature gradient at the wall as

was done by Epstein et al. (1985). This boundary condition at the wall in the absence

of Brownian diffusion is obtained by nondimensionalizing equation (4-9) and has the

form;

For the steam conditions, particle material, and particle size of interest in this

problem, the Stokes settling time for a particle to fall the characteristic length of 3 m is

on the order of three days. This is well beyond the time scale of a few minutes which is

of Interest here for the present work. Thus, the boundary condition offixed particle

concentration in the fluid outside the boundary layer is assumed to remain constant.

4.6. The Numerical Solution

Two different numerical methods were used to solve the coupled boundary-value

problem given by equations (4-44). (4-45), and (4-46) and their boundary conditions

given by equations (4-43) and (4-47). The necessary constitutive relations for the ratios

of thermophysical properties will be dependent on the modeled problem, as described in

Section 5.1 and presented as equation (5-1), a poljmomial relationship from Irvine and

LUey (1984), or set to one for the case of constant thermophysical properties. The

relations for the turbulence quantities as developed for equations (4-20), (4-21) and

(4-29) will be determined in Section 5.2.

The first numerical solution method, called the local nonsimilarlty method (Spar

row et al., 1970), was employed in conjunction with two other numerical solution

techniques: a variant of the "shooting" method developed by Nachtsheim and Swigert

(1965) and a finite difference technique developed by Lentini and Pereyra (1977). The

second technique is a finite-difference procedure called the Keller Box method (Keller,

1976). Further description of these numerical methods is given in Appendix A. Both of
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these methods were used, but not for all the cases computed in this study. The

numerical results obtained with each of these methods are compared with each other in

Chapter 5.

4.7. Development of Heat Transfer and Particle Deposition Correiations

4.7.1. The general forms of the desired correiations

Generally, the results of either an analytical or experimental investigation for heat

or mass transfer are presented in the form of a correlation that relates the dimensionless

parameters. For natural convection flows, the dimensionless heat transfer at the sur

face is usually presented in the form of a Nusselt number, Nu, which is correlated as a

function of the Prandtl number, Pr, and either the Rayleigh number, Ra, or the Grashof

number, Gr. The dimensionless mass transfer at a surface is usually presented as a

Sherwood number, Sh, which is correlated as a function of the Schmidt number. Sc. The

Schmidt number is defined as the ratio of the kinematic viscosity to a diffusion coefil-

cient. Any appropriate diffusion coefRcient may be used in the definition of the Schmidt

number, which could be either the Brownian diffusion coefficient or an effective

thermophoretlc diffusion coefficient. Since the transport of particles by Brownian dif

fusion is negligible with respect to the transport of particles by thermophoresis in the

flows of interest here, a particle mass transfer correlation in terms of the Schmidt

number based on the Brownian diffusion coefficient is of questionable use and wiU not

be employed. An effective thermophoretlc diffusion coefficient will also not be employed

here, since a simple relationship between the heat transfer and particle transfer is

preferable for use in the present work.

The objective of this work is to develop simplified correlations for thermophoretlc

particle transport. The correlation for thermophoretlc particle transport to the wall

developed below is a nondimensionallzed ratio of the heat transfer and the particle

transfer at the wall. Since the heat transfer must be computed for nuclear reactor safety

analysis, this ratio of heat transfer to particle transfer can then be easily used to predict

the thermophoretlc particle transfer to a cooled wall.
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First, the correlations used to ensure that the methods employed in this work

correctly predict the natural convection heat transfer from a vertical flat plate are

described. Then the ratio of thermophoretic particle transfer to heat transfer at the wall

is derived.

4.7.2. Correlations for the heat transfer to the wall

The dimensionless heat transfer to the wall is given by the Nusselt number, Nu =

hL/k. The exact functional relationship between the Nusselt number and the Rayleigh

number is dependent on whether the flow is laminar or turbulent, as is described in

Sections 4.7.2.1 and 4.7.2.2 below. Comparisons of the heat transfer results computed

in this work with previously published analytical and experimental results will be made

in terms of the Nusselt number-Rayleigh number correlations.

4.7.2.1. Heat transfer correlations for laminar flows

As found in the literature search described in Section 3.1, Schmidt and Beckmann

(1930), Eckert and Soehngen (1948), Ostrach (1953), and Churchill and Usagi (1972)

present the Nusselt number in laminar natural convection flow on an isothermal vertical

plate as the product of a function of the Prandtl number and the fourth root of either the

Rayleigh number or the Grashof number. The basis for comparing the results of laminar

flow studies was defined for the purposes of this dissertation as the ratio of the local

Nusselt number and the fourth root of the local Rayleigh number. This ratio, which is

a function of the Prandtl number and is of the order of 0.5 for laminar flow (Jaluria,

1980), is given by the expression

^, = H,(Pr). (4-48)
Ra

Churchill and Usagi (1972) anal)^ed the published heat transfer results of various

investigators over a wide range of Prandtl numbers, including the asymptotic limiting

solutions for zero and infinite Prandtl numbers presented by LeFevre (1956), and report

a correlation in the form
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to" [l.+(0.492;;'rrr ■ '■*

Churchill and Chu (1975) claim that the relationship given by equation (4-49) is in

general agreement with the experimental values reported by Ede (1967) for flows having

Raylelgh numbers in the range of 10® to 10®.

Comparisons of the laminar heat transfer results computed here to those

appearing in the literature are shown in Chapter 5.

4.7.2.2. Heat transfer correlations for turbulent flows

As reported in the literature search in Section 3.1, the heat transfer coefficient in

turbulent natural convection flow from a vertical flat plate has been experimentally

observed to be independent of the distance from the leading edge of the plate. This

independence of the heat transfer coefficient on the distance from the leading edge is

shown by the ratio of the Nusselt number and the cube root of the Raylelgh number.

This ratio is written in the form:

Nu
— = H,{Pr), (4-50)
Ra

which will be used to present the results of turbulent flow calculations. Note that the

local and mean Nusselt numbers are identical for turbulent flow.

For gases with Prandtl numbers of approximately 0.7 and Raylelgh numbers in the

range of 10® to 10'*. the ratio given by equation (4-50) varies only slightly from 0.10
(Bayley, 1955) to 0.13 (McAdams, 1954), as reported by Clausing (1983). Extensive

experimental data were generated by Seibers et al. (1983) for air at high wall tempera

ture ratios (up to 7'„/7'_ = 2.75) that are of the same magnitude as that of interest here.

Seibers developed a Nusselt number correlation of the form:

Nu = O.mCr in

fj. V0.14
* w

Y
\ -/

(4-51)
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This correlation was modlQed by substituting the identity Gr = Ra/Pr, where the

value for the Prandtl number of air is 0.707 at the ambient conditions of Seibers et al.

(1983). This modification was performed in order to present the results of Seibers et al.

(1983) as the ratio of Nusselt number to the cube root of the Raylelgh number. This

modified correlation of Seibers et al. (1983) is

Nu
= 0.110

in
Ra

r.
-0.14

(4-52)

Saunders (1939) performed experiments with a vertical flat plate in water and air.

The heat transfer results were presented in the form of equation (4-50). The ratio of

Nu/Ra}'^ is 0.17 for water (Pr = 7.0) and 0.10 for air (Pr = 0.73). Saunders also reports

that the transition from laminar flow to turbulent flow occurs at a Rayleigh number of

2x10® for both air and water.

Comparison of the values of the ratio iVu/Ra'^^ computed here to those found in

the literature is given in Chapter 5.

4.7.3. Development of a correlation for thermophoretic deposition of particles on the wall

Computation of the rate of deposition of particles on a cold wall requires the

solution of a system of coupled, nonlinear, partial differential equations. Solution of this

coupled system of equations presents a formidable challenge. If the flux of particles

deposited on the wall could be related to the heat flux by a simple relationship involving

the various parameters in the problem, the computational effort could be reduced.

Thus, a simplified correlation is developed below which relates the flux of particles

deposited on the wall to the heat flux at the wall. In Chapter 6, this simplified correla

tion is shown to )deld sufficiently accurate particle deposition fluxes at the wall for the

flow conditions of interest here.

4.7.3.1. Ratio Of thermophoretic particle transfer to heat transfer at the wall

A heat transfer coefficient is commonly used in convective heat transfer analysis

in order to simplify the presentation of results and the computation of the convective

heat flux. Amass transfer coefllcient is also commonly employed for the same purposes.
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For the case of thermophoretic particle transfer, where the heat transfer acts to effect a

transfer of particles, a correlation of the ratio of these two transfer coefficients would

allow a straightforward computation of the flux of thermophoretically deposited particles

from the value of the heat flux, which is more easily measured or computed.

The heat transfer coefficient is defined as the ratio of the heat flux to the wall and

the difference between the temperature of the fluid far from the wall and the temperature

at the wall. This may be written:

(4-53)

where the heat flux to the wall is the conductive heat flux in the fluid Immediately

adjacent to the wall. Upon substitution of the Fourier Law of heat conduction in the

fluid at the wall, given by

(4-54)
(dT N

= -k[ay wj

the heat transfer coefficient is then given by

AE)

The particle transfer coefficient is defined by the relation

'•'"dr.-

where jp is the particle flux immediately adjacent to the wall and is the volumetric

particle concentration far from the wall. The particle flux to the wall is due to thermo-

phoresis. For the present purposes, this flux is taken to be the product of the thermo

phoretic velocity and the particle concentration at the outer edge of the Brownian layer.



73

The actual particle velocity at the wall must, of course, be zero, but as described in

Section 4.5, the particle flux at the wall is essentially equal to the particle flux at the

outer edge of the Brownian diffusion layer where the particle velocity is nonzero. Since

the outer edge of the Brownian diffusion layer is effectively at the wall when Brownian

diffusion is neglected, the temperature gradient at the wall will be used in the expression

for thermophoretic velocity at the outer edge of the Brownian diffusion layer. The

thermophoretic particle flux at the wall is given by the expression

rar
jp = [dy

V

(4-57)

Therefore, the particle transfer coefllcient is given by

pjv. rjay (4-58)

Forming the ratio of the two transfer coefficients yields

h„ ~ p K ■
(4-59)

This term is multiplied by the product of the density and the specific heat of the

fluid far from the wall, which are known quantities. Rewriting in terms of the dimen-

sionless particle concentration at the wall and known parameters from the problem

description gives

hp

hu

-X

1 + X,
{KPrJ) (4-60)

where X is the wall overheat ratio defined in equation (4-37).

The expression of equation (4-60) will be called the dimensionless ratio of transfer

coefficients. Observation reveals that the dimensionless ratio of transfer coefficients

predicts zero particle transfer to the wall for the following limiting, albeit trivial, cases:



74

1. Zero wall overheat ratio (X^:0), which implies that no temperature difference

exists to move the particle to the wall by thermophoresis.

2. Zero thermophoretic coefficient K, which implies no thermophoresis.

3. Vanishingly small Prandtl number, which implies an infinitely thick thermal

boundary layer.

The above limiting cases are trivial for the purposes of the present investigation,

since: (1) a zero wall overheat ratio would also imply no natural convection. (2) ther

mophoresis is indeed of interest, and (3) thermophoresis in fluids with very small

Prandtl numbers (liquid metals) is beyond the scope of the work. If equation (4-60) did

not. however, reduce to zero for these limiting cases, it would be immediately suspect.

Further inspection of equation (4-60) reveals that for gases such as air at atmo

spheric conditions, the effects of variable thermophysical properties on this relationship

would be restricted primarily to the effective wall particle concentration, since the

dynamic viscosity and thermal conductivity have an almost identical functional depen

dence upon temperature and the last term in parentheses on the right-hand side of

equation (4-60) would have a value close to unity. However, the effects of variable

thermophysical properties in equation (4-60) are much more important for steam at the

high temperatures and pressures of interest in this investigation. For steam at a pres

sure of 6.9 MPa and a temperature far from the wall of 1273 K with a wall temperature

of 623 K. the ratio of thermophysical properties p., that appears in the last term

in parentheses in equation (4-60) has a value of 1.21.

Further inspection of the dimensionless ratio of coefficients reveals that it also

represents a ratio of the energy transferred by thermophoresis to the wall and the energy

transferred by convection to the wall. By substituting the definition of the particle

transfer coefficient, hp, of equation (4-56) and the definition of heat transfer coefficient.

hfi, of equation (4-53) in the left-hand side of equation (4-60) results in the following

expression:

hp

ftH
(4-61)
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The second term in brackets CJ T. - TJ / N_ on the right-hand side of equation

(4-61) represents the enthalpy in the fluid, relative to the wall, per particle. This term,

when multiplied by the particle flux deposited at the wall by thermophoresis, represents

the energy in the fluid transferred to the wall by thermophoresis. Thus, the dimen-

sionless ratio of transfer coefllcients represents the ratio of energy transferred by ther

mophoresis to the energy transferred by convection at the wall.

Evaluation of the dimensionless ratio of transfer coefficients using equation (4-60)

requires the solution of equation (4-46) in order to compute the effective wall particle

concentration. Since the stated objective of the present work is to develop simplified

particle deposition correlations, an approximation for this dimensionless ratio of

transfer coefficients is developed that does not require the effective wall particle con

centration to be calculated. This approximation is given in Section 6.1. In order to

assess the accuracy of the solution methods used in this work, values for this

dimensionless ratio of transfer coefllcients are determined in the following section for

nontrivial cases having a known solution. Also, in order to develop simplified correla

tions for particle deposition, expressions for the upper and lower bounds on the value

of the dimensionless ratio of transfer coefllcients are developed below.

4.8. Exact Solutions of the Particle Conservation Equation

In order to assess the accuracy of the solution methods employed in this work,

exact solutions of the dimensionless particle conservation equation for nontrivial cases

are determined in this section. Values for the dimensionless ratio of transfer coefficients

are also determined for each of these exact solutions. The Brownian layer is neglected

in all cases, where, as described in Section 4.5, the particle flux at the wall is essentially

equal to the particle flxox at the outer edge of the Brownian layer and the wall is essen

tially coincident with the outer edge of the Brownian layer.

There are at least four situations where the particle conservation equation has the

exact form as the conservation of energy equation. The necessary conditions for the
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occurrence of any of these situations are that there must not be emy volumetric heat

sources and that boundary conditions of uniform particle concentration and uniform

temperature distribution must apply. With these restrictions, the four situations are:

1. Laminar flow with constant thermophysical properties.

2. Laminar flow with variable thermophysical properties.

3. Turbulent flow with constant thermophysical properties.

4. Turbulent flow with variable thermophysical properties.

For situations 2 and 4, the thermophysical properties are assumed to vary such

that they can be written as functions of the pseudosimilarity variable t^. For situations

1 and 3, the thermophysical properties are constant except where the variations in

density give rise to a body force (the Boussinesq approximation).

For the first case of laminar flow with constant thermophysical properties, the

equations representing the conservation of energy and the conservation of particles,

which can be written as functions of a similarity variable (Goren, 1977), are given by:

^T-
d ( ^

1+X0
n + 3fn' = 0 (4-62)

and

(4-63)

Since the values of the thermophoretic coefllcient, K, and the reference Prandtl

number, Pr^ are not functions of the pseudosimilarity variable q, equation (4-62) may

be rewritten as:

1  d'

Prrdx]
-h3//i' = 0. (4-64)

By inspection of the term in parentheses in the left-hand side of equation (4-64) for

KPr^ equal to one, a solution of the form
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is admissible, which reduces the particle conservation equation, equation (4-62), to a

form identical to that of the enei®r conservation equation, equation (4-63). The ratio in

equation (4-65) must equal unity in order to meet the boundary condition at the edge of

the boundary layer.

With the definition for the dimensionless temperature, 0, in equation (4-35), the

particle concentration predicted by equation (4-65) at the wall is = 1+X. Thus, the

dimensionless ratio of transfer coefficients is equal to the negative value of the wall

overheat ratio, or

hp
(4-66)

For the second situation of interest, laminar flow with variable thermophysical

properties, the thermal conductivity, djmamic viscosity, and specific heat of the fluid

were all assumed to vary such that they can be written as functions of the pseudosi-

milarlty variable. In this case, the equations governing the conservation of energy and

the particle distribution may be written in similarity form (Goren, 1977) as:

K-^
dr|

PP 1 ^
Llp.p, Ji+xe

and

ASlA.
Pr, C dt\

9k

Llpr^
8'
/ ->

+ 3/«' = 0

+ 3/9' = 0

(4-67)

(4-68)

Since the values of the thermophoretic coefficient, K, and the reference Prandtl

number, Pr^ are not functions of the pseudosimilarity variable q, equation (4-67) may

be rewritten as

-LA.
Pr,dT] PrMr

+ 3fn' = 0. (4-69)

Two additional assumptions about the variation of the thermophysical properties

are necessary to obtain an exact solution of the particle concentration conservation
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equation. First, the ratio {k ̂ r/K must be constant and equal to one. Second, the

specific heat Cmust remain constant, such that the ratio Q/C Is identically one. Under

the conditions of constzint specific heat, KPfr equal to unity, and identical functional

dependence with respect to the similarity variable t) for both the dynamic viscosity and

the thermal conductivity, equation (4-65) reduces the particle conservation equation,

equation (4-67), to the energy conservation equation, equation (4-68). The dimension-

less ratio of transfer coefilcients also reduces to a value equal to the negative of the wall

overheat ratio. These two assumptions about the variation of the thermophysical

properties restrict this particular exact solution to constant Prandtl number fluids.

Over the range of temperatures expected for the steam conditions of interest here, none

of these assumptions are valid.

Analysis of the third situation for turbulent flow with constant properties is similar

to the analyses for the laminar flow above. In this case, however, the problem cannot

be recast in similarity form. Thus, the nonsimilar conservation equations for particle

concentration in the absence of Brownian diffusion and for conservation of energy are

given by:

and

_a_
dn

'z n

Sc,\i

Pr,^^

l + Xfl'
+ 3fn' =

f  '

0'
/

1  ̂ + 3/0' =

(4-70)

(4-71)

where the ratio of turbulent thermal conductivity to molecular thermal conductivity is

replaced by defining the turbulent Prandtl number as

^
k  Pr,\i

(4-72)

The conservation of energy equation for a turbulent flow, equation (4-71), now

appears in the form
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_Li.
Pr,dr\ Pr.Vi

0'
J

+ 3f& = 4^(re^-Q'f(). (4-73)

Similarly, the turbulent particle conservation equation for a turbulent flow, equation

(4-70), Is rearranged to give:

J_A
Pr,di]

—i^nKPr,+- n
i+xe ' 5c, p

+ 3/«' = (4-74)

By Inspection of the bracketed term In the left-hand side of equation (4-74) when KPr, is

equal to one, equation (4-65) with the assumption of a constant wall overheat ratio,

which excludes thermal stratification, reduces the particle conservation equation to the

form:

_L_a_
PrM Sc, p

0' + 3/0' = 4^(^05-0'/^), (4-75)

From Inspection of the bracketed terms In the left-hand sides of equations (4-73) and

(4-75), the turbulent Schmidt number must be equal to the turbulent Prandtl number

In order for equation (4-65) to be an admissible solution of equation (4-74). This

restriction Is reasonable when the particle Inertia is sufficiently small such that the

particle moves with a turbulent eddy.

Ehctenslon of the analysis for the case of turbulent flow with variable thermo-

physlcal properties follows In the same fashion as the analysis for variable property

laminar flow. The same restrictions for the laminar flow case on the functional variation

of thermal conductivity and dsmamlc viscosity and the constant values for specific heat

and Prandtl number apply to the turbulent flow case.

These four exact solutions will be used In Section 5.5.1 to ensure that the

numerical methods used In the present Investigation jdeld a correct value for the

dlmenslonless ratio of transfer coefllclents, which Is equal to the negative of the wall

overheat ratio, -A., under the limiting assumptions for each particular situation.
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4.9. Bounding Limits for the Ratio of Transfer Coefficients

In order to develop simplified correlations for particle deposition, expressions for

the upper and lower bounds on the value of the dimensionless ratio of transfer coeffi

cients given by equation (4-60) are derived below. As shown in the previous section, the

dimensionless ratio of transfer coefficients reduces to the negative of the wall overheat

ratio for the above four cases when the value of KPr, is one. Physical situations in which

KPr^ has a value of approximately one are not unknown (Batchelor and Shen. 1985). The

dimensionless ratio of transfer coefficients, equation (4-60). approaches zero for the

condition of either the thermophoretic coefficient or the Prandtl number approaching

zero. An approximation for the dimensionless ratio of transfer coefficients would be

useful for situations in which the product KPr, is between zero and one. First, a

bounding upper limit for the effective wall particle concentration is determined.

Batchelor and Shen (1985) developed bounding limits on the wall particle con

centration in terms of the temperature and the product KPr^ for the general case of forced

convection. A similar analysis for the specific case of constant property laminar natural

convection flow from an isothermally cooled wall is developed below.

The reference state for the evaluation of the thermophysical properties was taken

to be the fluid state far from the wall. As before, the differential equations governing

particle concentration and energy conservation for laminar natural convection flow are

given by:

= 0 ,4-76)

and

0" + 3/'r_/e'= 0. (4-77)

Taking the derivative in the particle concentration equation (4-76) and regrouping

3delds

n-
f

1-I-X0

XT ^

1-1-X0 0' i-t-xe
= 0. (4-78)
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Solving the energy conservation equation (4-77) for the second derivative of the

temperature and substituting Into equation (4-78) gives

3f+K
1+xej

-K 3Pr^f+
w

1+xa
= 0. (4-79)

Equation (4-79) Is now manipulated to obtain two different expressions. By adding

and subtracting the term

3/
W

1+X0'
(4-80)

equation (4-79) can be reduced to the form:

3/+^-I + Xejdri In
1+X0

= -il-KPr_)3f
1+X0

(4-81)

SlmllcU"ly. by adding and subtracting the term

Pr. K
Iff

l + 7dd
(4-82)

to equation (4-79), the following equation Is obtained:

^  1+X0 ^iln
dri (1+X0)*'''J

Kil-KPrJ
1+X0

V

(4-83)

The first term In parentheses on the left-hand side of equation (4-79) and equation

(4-83).

3f+K
i+xe*

(4-84)
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contains two terms that represent the motion of a particle. The first term represents the

convectlve motion and the second term represents the thermophoretlc motion. These

terms are both positive In natural convection as long as no reverse flow, significant wall

transpiration, or heat flux in the direction from the wall to the fluid occur.

The right-hand side of equation (4-81) Is always less than or equal to zero. It Is

Identically zero at the edge of the boundary layer. This condition requires the derivative

of the natural logarithm term on the left-hand side to also be less than or equal to zero.

This condition places a restriction on the argument of the logarithm term as the wall Is

approached. The behavior required of this argument as the wall Is approached is

determined below.

Using the chain rule of differential calculus, the derivative of the natural logarithm

term In equation (4-81) is rewritten as

dx\
In
1+X0j

ff—1\i+xej

dr\ .
(4-85)

Since the derivative of the natural logarithm with respect to its argument is always

positive for real positive arguments (Abramowltz and Stegun, 1965), and the light-hand

side of equation (4-81) is always less than or equal to zero, the following inequality must

hold:

dx\ 1+X8
< 0. (4-86)

At the edge of the boundary layer, the dimensionless concentration is identically

one and the dimensionless temperature is identically zero. Because of the inequality

given by (4-86), the argument of the derivative term must increase monotonlcally as the

wall is approached. At the wall, the following inequality must hold:

IK

1 + A.
> 1. (4-87)
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Similarly, the right-hand side of equation (4-83) Is always greater than or equal to

zero, having a value of zero at the edge of the boundary layer. This condition requires

the derivative of the natural logarithm term to also be greater than or equal to zero.

Employing the cheiln rule and using the fact that the derivative of the natural logarithm

with respect to Its argument Is always positive, the following inequality must hold:

d\\
> 0, (4-88)

At the edge of the boundary layer, the argument of the derivative in the above

Inequality (4-88) must, by definition, be one. Because of the above Inequality (4-88). the

argument of the derivative must monotonically decrease as the wall is approached.

Thus, the following inequality must hold at the wall:

rty,

(1+X)
< 1. (4-89)

Combining Inequalities (4-87) and (4-89) yields the following Inequality for the

bounds for the particle concentration due to thermophoresls at the wall:

KPr

(l + X) <n„< (1 + ̂) ". (4-90)

These bounds were derived for the specific case of laminar, constant property

natural convection flow. Thus, the applicability of these bounding limits to the other

conditions of Interest of this problem will now be addressed.

These bounds on the particle concentration at the wall were utilized to obtain

bounds on the dlmenslonless ratio of transfer coefficients as given by equation (4-60).

For the lower limit of wall particle concentration, the dlmenslonless ratio of transfer

coefficients Is given by

P-C-
hn

= -XKPr (4-91)



84

Similarly, for the upper limit of wall particle concentration, the dimensionless ratio of

transfer coefficients reduces to

P-C-
hu/m

= (1+X)
(f/v.-i)

ax

-XKPr.
j.

(4-92)

A method for comparing the computed dimensionless ratio of transfer coefficients

to the bounding limits was devised by modifying equation (4-92) to Include a coefficient,

CO, in the exponent as follows:

P-C-r- = (1 + ̂) -XKPr (4-93)

The coefficient co in equation (4-93) will be a number between zero and one, which is

computed with the results of the solution of the coupled S3^tem of equations (4-44),

(4-45), and (4-46) for the circumstances of interest of this work. The coefficient co can

be considered as a measure of where the computed dimensionless ratio of transfer

coefficients lies between the bounds given by equations (4-91) and (4-92). Thus, a value

of (0 equal to zero would represent the lower bound and a value of co equal to one would

represent the upper bound of the dimensionless ratio of transfer coefficients.

The computed values of co are presented in Table 6-7 in Section 6.1 for steam at

6.9 MPa and lOOO'C, air at atmospheric pressure and lOOO'C, and hydrogen at atmo

spheric pressure and lOOO'C. The value of co varies from approximately 0.5 for a value

of KPr_ of unity and increases to almost 1.0 as KPr_ approaches zero. Thus, the actual

computed values for the dimensionless ratio of transfer coefficients are closer to the

upper bound given by equation (4-92).

To develop an approximation for the dimensionless ratio of transfer coefficients,

the first term in parentheses, (1+X), on the right-hand side of equation (4-92) is

expanded using the binomial theorem to get

= \-\r{KPr^-\)X^)^{KPr_-\){KPr_-2)X^+- (4-94)
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The wall overheat ratio is approximately equal to -0.5 for meiny of the cases of

interest of this problem. This vzilue of X requires retziining at least three terms in the

binomial expansion in order to obtain convergence when the ratio of transfer coefficients

is equal to the upper limit. However, the actual value for the dimensionless ratio of

transfer coefficients should be somewhere between the limits given by equations (4-91)

and (4-92), as indicated by the value of the coefficient o) in equation (4-93).

A truncated series expcinsion of equation (4-94) will be shown in Section 6.1, to

yield an approximation for the dimensionless ratio of transfer coefficients without the

necessity of solving the particle conservation equation for the effective wall concentra

tion, which appears in equation (4-60). Since all the terms in equation (4-94) are posi

tive for a cooled wall with the product KPr. less than one, errors due to alternating signs

should not be a concern when the series is truncated at an cirbitrary number of terms.
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CHAPTER 5

MATHEMATICAL AND PHYSICAL MODELING JUSTIFICATION

5.1. Introduction

The analytical model developed in this work depicts the natural convection

boundary layer flow adjacent to an isothermal, vertical flat plate Immersed in a newto-

nian fluid of infinite extent. This model includes a number of extremely complex phe

nomena. such as turbulence, variable property effects, the thermophoretic transport of

particulate matter that acts as a volumetric heat source, thermal stratification in the

ambient fluid, and participation of the fluid in an exchange of thermal radiation. Thus,

the importance of validating as many aspects of the model as possible by comparison of

the computed results with the published results of other investigations cannot be overly

emphasized. As might have been anticipated, no single analytical or experimental

investigation could be found in the open literature that includes all of the effects

accounted for in the present work. This necessitates validation of the model in a

piecemeal fashion by comparison of computed results with the results of a number of

different investigations, each of which is essentially focused on an exploration of only

one of the many effects included in the present model. The various investigations used

to make these comparisons are listed in Table 5-1. All of these investigations, except

those involving flows with volumetric heat sources, consider natural convection

boundary layer flows on isothermal, vertical plates.

As was shown in Chapter 4. the results for laminar flows will be compared with

those from other investigations by comparing values of the ratio Nu/Ra}'*. Similarly, the

ratio Nu/Ra}'^ will be used for comparing the results for turbulent flows.

The remainder of this chapter is mainly comprised of the detailed comparisons

between the results computed with the present model and those given in the investiga

tions listed in Table 5-1. A discussion of the effect of neglecting the Brownian diffusion

layer on the accuracy of the results is also presented. Finally, the chapter closes with a

summary of the results of the validation process.
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Table 5-1. Suiranaiy of Other Investigations Used To Validate the Present Analytical
Model.

Type of Flow Investigations Used For Comparison

Laminar flow with constant properties Ostrach (1953)

Laminar flow with variable properties Sparrow and Gregg (1958)
Calmle and Harrison (1982)

Laminar flow with a thermally
stratified ambient fluid

Chen and Elchhom (1972)

Laminar flow with participating
thermal radiation

Kulken(1969)
Kennedy and Paszkowsky) (1970)

Turbulent flow with constant
properties

Bayley (1955)

Turbulent flow with variable
properties

Selbers et al. (1985)

Flow with volumetric heat sources
(open rectangular pool geometry)

Greene (1982)

Flow with thermophoretlc deposition
of particles

Goren (1977)

The experimental portions. If any, of the Investigations listed above In Table 5-1

consist of a heated plate In a relatively cold fluid, with the exceptions of Greene (1982),

which considers a cold plate In a relatively warmer fluid, and Goren (1977), which

considers both Isothermally heated and cooled wall conditions. For the present work,

the conditions of a cold wall and a relatively warm fluid are of interest, as described in

Chapter 2. The differential equations describing the motion, equation (4-44), the con

servation of energy, equation (4-45), and the conservation of peirtlcles, equation (4-46),

that are presented and nondlmenslonalized In Chapter 2 are applicable in either heated

or cooled wall conditions for the reasons described as follows.

The origin for the coordinate sj^tem as shown In Figure 2-2 (at the top of the plate

leading edge) is specifically for the flow for fluids with a positive volumetric expansion

coefilclent, 3, on a cooled wall. For a heated wall, the flow would start at the bottom
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which would then be the origin for heated wall conditions. Thus, either upflow adjacent

to a heated wall or downflow adjacent to a cooled wall can be accommodated with no

change in the sign of the dimensionless term representing velocity, /'.

Because of the manner in which the dimensionless fluid temperature, 9, is defined

In equation (4-35) as a ratio of the temperature difference in the fluid and the temper

ature difference between the wall and the ambient fluid, a heated or cooled wall has no

effect on the sign of 0. Thus, any particular value of 0 can be representative of either a

heated or cooled wall.

With the definition of the wall overheat ratio, in equation (4-37) as the ratio of

the difference between the wall and ambient fluid temperatures to the ambient fluid

temperature, a heated or cooled wall can be accommodated in the computation of the

particle concentration. However, thermophoretic transport of particles to the wall can

only exist for cooled wall conditions, since a heated wall will expel particles away from

the wall (Goren, 1977) and result in a zone adjacent to the heated wall with no particles

at all. Because of the sign of X for a heated wall is positive, the differential equation

describing the transport of particles, equation (4-46), becomes singular at some point

near the heated wall and is therefore inappropriate both mathematically and physically

to compute the particle concentration in the particle-free zone of the fluid.

5.2. Comparison of Results for Laminar Flow

As may be seen in Table 5-1, the laminar flow results computed with the present

model are validated by comparison with the results of: (a) Ostrach (1953) for constant-

property flows, (b) Sparrow and Gregg (1958) for variable-property flows, (c) Chen and

Eichhom (1976) for flows with linearly-stratified ambient fluids, and (d) Kuiken (1969)

and Kennedy and PaszkowskyJ (1970) for flows in which the gas participates in the

thermal radiation process. When necessary, the results of these other investigations

were recalculated in terms of the parameter Nu/Ra^'* to provide a common basis for

comparison.
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5.2.1. Flows with constant thetmophyslcal properties

Ostrach (1953) reports the results of a similarity solution for the natural convec

tion boundary layer flow on a vertical flat plate immersed in an isothermal body of fluid

for a range of Prandtl numbers from 0.01 to 1000. This range of Prandtl numbers

encompasses all possible fluids of interest from liquid metals, such as mercury, to oils.

Ostrach shows good agreement between his computed heat transfer results and the

experimentally measured data of others.

Since the conditions of this problem reduce the governing equations and boundary

conditions to similarity form, only the similarity, or first, level of truncation of the local

nonsimilarity method was used to generate results for the purposes of comparison. The

results computed using the Keller Box method, the similarity solution obtained using

the shooting method of Nachtshelm and Swlgert (1965), and the flnite-difference results

obtained with the method of Lentini and Pereyra (1977) are presented in Table 5-2 along

with the published results of Ostrach (1953). The results obtained with the correlation

of Churchill and Usagi (1972), equation (4-49) are also listed in Table 5-2.

Table 5-2. Values of the Ratio Nu/Ra}'* for Constant-Property Laminar Flows.

Present Investigation

Prandtl Churchill Lentini- Nachtsheim-
Number Ostrach and Usagi Keller Box Pereyra Swigert

0.001 0.1055 0.1050 0.1054 0.1176

0.01 0.1816 0.1814 0.1801 0.1803 0.1802
0.72 0.3873 0.3868 0.3865 0.3873 0.3874
1.0 0.4010 0.4005 0.4001 0.4010 0.4010
2.0 0.4260 0.4259 0.4250 0.4259 0.4260

5.0 — 0.4521 0.4501 0.4509 0.4511

7.0 — 0.4597 0.4574 0.4580 0.4583

10.0 0.4650 0.4667 0.4641 0.4649 0.4649
100.0 0.4899 0.4922 0.4904 0.4900 0.4898
1000.0 0.4987 0.5000 0.5032 0.4986 0.4952
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As shown In Table 5-2, the results computed with the three different numerical

methods used in the present investigation agree quite well with the published results of

Ostrach (1953) and of Churchill and Usagi (1972), with the single exception of the result

computed with the Nachtsheim-Swigert technique for a Prandtl number of 0.001. In

this case, the value of Nu/Ra^^* computed by the Nachtsheim-Swigert method is

approximately 12% greater than the value of this parameter computed with the

Churchill-Usagi correlation.

5.2.2. Flows with variable thermophysicai properties

The results of two investigations for laminar flow with variable thermophysicai

properties were compared with the results obtained using the methods of this disser

tation. Sparrow and Gregg (1958) present the results of a numerical solution of the

differential equations describing the similarity flow of a gas postulated to have

thermophysicai properties that vary as a specified function of the ratio of wall temper

ature to the fluid temperature far from the isothermal wall. Caimie and Harrison (1982)

present results for an experimental investigation of the heat transfer from a vertical

isothermal plate at a high temperature.

Sparrow and Gregg (1958) developed the differential equations for the laminar

natuieil convection similarity flow from a vertical isothermal plate for a fluid with vari

able thermophysicai properties. They present the computed results for a gas with pos

tulated variations of the density, djmamic viscosity, and thermal conductivity of the

following forms:

PrMr PX

^ T* /TT^IT^ ,

where X is the wall overheat ratio defined in equation (4-37) and 9 is the dimensionless

fluid temperature as defined in equation (4-35). White (1974) calls the property ratio of

pp/PrPr hi equation (5-1) the Chapman-Rubesin parameter, although Sparrow and

Gregg do not. The Prandtl number and specific heat are assumed to be constant. These

functional relationships are simplifled idealizations for a real gas such as air. Sparrow
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and Gregg computed results for a range of wall temperature ratios to develop a reference

temperature method for gases as described in the literature search in Section 3.2. The

computed values of the ratio Nu/Ra}'* for a fluid having a Prandtl number of 0.7 at

various wall temperature ratios are presented in Table 5-3 along with the published

results of Sparrow jmd Gregg (1958). The computed results from this investigation

shown in Table 5-3 show good agreement with those of Sparrow and Gregg.

Table 5-3. Values of the Ratio Nu/Ra}^* for the Variable-Property Laminar Flows of
SpjUTOw and Gregg.

Present Investigation

Wall Tempera Sparrow and Lentini- Nachtsheim-
ture Ratio Gregg Keller Box Perejrra Swigert

4.0 0.4056 0.4042 0.4048 0.4052
3.0 0.4023 0.4013 0.4019 0.4023
2.5 0.4001 0.3992 0.3998 0.4002
2.0 0.3968 0.3964 0.3969 0.3973
1.0 0.3859 0.3853 0.3856 0.3861
0.75 0.3805 0.3796 0.3799 0.3805
0.5 0.3706 0.3706 0.3713 0.3714
0.33 0.3608 0.3604 0.3609 0.3612
0.25 0.3531 0.3526 0.3531 0.3533

Caimie and Harrison (1982) also developed and presented differential equations

for natural convection similarity flow of a fluid with variable thermophysical properties.

They numerically solved these differential equations using the Keller Box method (Keller,

1978). The values for the variable density, djmamic viscosity, and thermal conductivity

of air were approximated in two wajre by Caimie and Hzirrison: the first is a cubic spline

fit to the published data of Mayhew and Rogers (1969), the second is where the

Chapman-Rubesin property ratio parameter (White, 1974) as shown in equation (5-1) is

arbitrarily set to a constant having the values of 1.0, 0.9, and 0.8. Caimie and Harrison



92

also report the results of experiments in air at an ambient temperature of 295 K for a

vertical flat plate at a number of different wall temperatures ranging from 674 K to

323 K.

The computed results for the ratio Nu/Ra}'* obtained using both the Keller Box

and the Lentini-Pereyra numerical methods of this dissertation are presented in Table

5-4 for a wall temperature of 674 K with variable properties and the three constant

values for the Chapman-Rubesin parameter, pp/p^ The air properties are the poly

nomial functions of temperature taken from Irvine and Liley (1984). The reference

condition is that of ambient air at 295 K. The corresponding published results of Caimie

and Harrison in the form of the ratio Nu/Ra"* are presented in Table 5-4. The values

of this ratio computed using the present model show good agreement for all corre

sponding cases.

Table 5-4. Values of the Ratio Nu/Rci^'* for the Variable-Property Laminar Flows of
Caimie and Harrison.

Variable property relation
Caimie and
Harrison

Present Investigation

Keller Box
Lentini-

Pereyra

Chanman-Rubesin oarameter

0.8 0.4337 0.4311 0.4348
0.9 0.4089 0.4065 0.4101
1.0 0.3880 0.3880 0.3891

Curve fit 0.4368 0.4556 0.4763
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Calmie and Harrison (1982) also present experimental temperature data. Their

measured temperature profile in the boundary layer is presented in Figure 5-1, where it

is compared with the results computed using the Lentinl-Pereyra method and the Keller

Box method for variable properties and the three constant values of the Chapman-

Rubesin parameter. The air properties used for these calculations were taken from

Irvine and Liley (1984) and the reference condition was that of ambient air at 295 K. As

can be seen in Figure 5-1, the computed results of both the Keller Box and the

Lentinl-Pereyra procedures for the case of variable properties show very good agreement

with experimental data for the case of the ratio of wall temperature to ambient air

temperature of 2.35. The computed results using the three different constant values of

the Chapman-Rubesin parameter are also presented on Figure 5-1. The agreement with

the experimental data is very good for some segments of the boundary layer but not for

other segments for any particular value of the Chapman-Rubesin parameter. None of

computations with the three values has as good an agreement with the experimental

data over the entire thickness of the boundary layer as do the variable property com

putations.

The polynomial expressions (in temperature) for the air properties taken from

Irvine and Liley (1984) are easily implemented into the computer code with no apparent

penalty in computation time as compared to approximating the Chapman-Rubesin

parameter as a constant over the boundary layer thickness. There is no advantage to

using a constant Chapman-Rubesin parameter. There is. however, a slight disadvan

tage In that the accuracy of the solution obtained with a constant Chapman-Rubesin

parameter is less than that obtained using the pol5momial curve fits for the variable

properties. This is easily seen In the comparison with the experimental data shown in

Figure 5-1.
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Data (Cairnie and Harrison, 1982)
Variable Properties, Keller Box
Chopman-Rubesin= 1.0, Keller Box
Chapman-Rubesin = 0.9, Keller Box
Chapman-Rubesin=0.8, Keller Box
Vorioble Properties, Lentini-Pereyro
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Figure 5-1. Dimensionless Temperature Profile for a Wall Temperature to Ambient
Temperature Ratio of 2.35.
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5.2.3. Flows with linear thermal stratification of the ambient fluid

Chen and Eichhom (1976) report the results of an experimental and anzilytical

investigation for laminar natural convection flow in a stable, thermally-stratified fluid.

Jaluria (1980) presents an anafysis of the necessary conditions for stable stratification

to exist. A sufficient condition to ensure stable stratification is for the density to

decrease with respect to height for systems in which the buoyancy force is due to gravity.

Thus, for fluids with a positive isobaric coefilcient of expcinsion, p, an increase of tem

perature with respect to height will yield a stable thermal stratification.

Chen and Eichhom (1976) developed an analytical model for the boundary layer

flow on an isothermal, vertical flat plate with a linearly-stratified ambient fluid. They

found this flow to be nonsimilar. Thus, the method of local nonsimilarity was used along

with the modified shooting method of Nachtsheim and Swigert for numerical solution of

the coupled system of differential equations. Chen and Eichhom computed results

using the first-, second-, and third-level of tmncation models. They presented their

results from the second-level and third-level models for Prandtl numbers of 0.7 emd 6.0.

Sufficient agreement between the second- and third-level models was found, such that

the results of the second-level model are sufficiently accurate. Chen and Eichhom also

performed an experiment in linearly, stably stratified water and found a favorable

comparison between the overall heat transfer m their experimental apparatus to that

obtamed m their computations using the method of local nonsimilarity.

Raithby and Hollands (1978) applied their approximate integral method for heat

transfer and show favorable comparisons between their computations and the exper

imental data and computed values of Chen and Eichhom.

When implementing the method of local nonsimilarity, certain derivatives with

respect to the streamwise nonsimilarity variable ̂  were retained by Chen and Eichhom

that were neglected in the original version of the method presented by Sparrow et al.

(1970). These terms are identified m detail as shown in Appendix A. 1.2. The inclusion

or deletion of these terms caused some controversy m the literature. The studies by

Coxson and Parks (1971) and Chen and Eichhom (1976) claim that retention of these

terms is preferable, while the studies by Sparrow (1971) and Rogers (1974) claim that
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deletion of the terms is preferable. Thus, the effect of retaining or deleting these terms

for the case of linear temperature stratification in the ambient fluid was investigated in

the present work.

The solution of the nonsimilar boundary layer equations was obteiined with each

of the three different numerical methods used in this dissertation: the Keller Box, and

the method on local nonsimilarity (second level of truncation model) with both the

Lentini-Perejrra procedure and the modified shooting procedure of Nachtsheim and

Swigert. For the method of local nonsimilarity, numerical solutions were obtained with

and without the controversial terms. Little difference in computational effort and suc

cess in obtEiining converged solutions was noticed for the method of Lentlni and Pereyra.

However, the Nachtsheim-Swigert method for the case of a Prandtl number of 0.7 with

retention of the controversial terms failed to achieve convergence for the two highest

values of streamwise coordinate, of 0.8 and 0.9.

The computed values of the ratio Nu/Ra}'* obtained using all of the numerical

methods are presented in Table 5-5 for a Prandtl number of 0.7 and Table 5-6 for a

Prandtl number of 6.0. These tables also contain the analogous results of Chen and

Eichhom for the purposes of comparison.

Inspection of Tables 5-5 and 5-6 shows that the agreement between the computed

results of the Keller Box procedure and the method of local nonsimilarity is better when

the controversial terms in the method of local nonsimilarity are included for most of the

streamwise stations in Table 5-5 (with the exception of the streamwise stations at ̂  =

0.6,0.7, and 0.8) and for oU of the streamwise stations in Table 5-6. Indeed, for the case

of a Prandtl number of 6.0, as shown in Table 5-6, the agreement between the method

of local nonsimilarity including the controversial terms is within one percent of the value

computed with the Keller Box procedure for all values of the streamwise spatial coor

dinate.

The agreement between the results from the local nonsimilarity method without

the controversial terms and the results from the Keller Box method gradually Improves

until there is an approximately ten percent difference at the higher values of the

streamwise spatial coordinate, Based upon these comparisons, the controversial
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Table 5-5. Values of the Ratio Nu/Ra}^* for Laminar Flow with a Linearly-Stratified
Ambient Fluid and a Prandtl Number of 0.7.

Present Investigation

Controversial Terms Controversial Terms
Deleted Retained

Chen- Keller Lenttni- Nachtsheim- Lentini- Nachtshelm-
Eichhom Box Pereyra Swigert Pereyra Swigert

0.0 0.3861 0.3860 0.3862 0.3861 0.3862 0.3861
0.1 0.3546 0.3550 0.3556 0.3555 0.3547 0.3546
0.2 0.3229 0.3235 0.3261 0.3261 0.3229 0.3229
0.3 0.2914 0.2920 0.2974 0.2974 0.2914 0.2914
0.4 0.2608 0.2603 0.2687 0.2687 0.2608 0.2608
0.5 0.2322 0.2281 0.2384 0.2384 0.2322 0.2322
0.6 0.2069 0.1952 0.2047 0.2047 0.2070 0.2070
0.7 0.1807 0.1611 0.1651 0.1652 0.1807 0.1807
0.8 0.1374 0.1248 0.1181 0.1181 0.1375

0.9 0.0754 0.0835 0.0630 0.0630 0.0753

Table 5-6. Values of the Ratio Nu/Ra}^* for Laminar Flow with a Linearly-Stratified
Ambient Fluid and a Prandtl Number of 6.0.

Present Investigation

Controversial Terms Controversial Terms
Deleted Retained

Chen- Keller Lentini- Nachtsheim- Lentini- Nachtsheim-
Eichhom Box Perqna Swlgert Perejna Swlgert

0.0 0.4551 0.4550 0.4552 0.4550 0.4552 0.4550
0.1 0.4148 0.4127 0.4167 0.4161 0.4151 0.4148
0.2 0.3735 0.3694 0.3772 0.3722 0.3735 0.3735
0.3 0.3304 0.3263 0.3366 0.3370 0.3297 0.3304
0.4 0.2860 0.2825 0.2949 0.2952 0.2851 0.2860
0.5 0.2405 0.2378 0.2512 0.2513 0.2398 0.2405
0.6 0.1941 0.1922 0.2054 0.2054 0.1935 0.1941
0.7 0.1468 0.1458 0.1573 0.1573 0.1464 0.1468
0.8 0.0988 0.0983 0.1071 0.1070 0.0985 0.0988
0.9 0.0499 0.0500 0.0546 0.0546 0.0496 0.0499
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terms should be retained in the method of local nonsimilarlty. Although this supposi

tion is based on the results of only one case, that of linear temperature stratification,

extension to other cases will be assumed as long as it is expedient to do so.

The results computed using the local nonsimilcirity method with either numerical

solution method agree with each other to the fourth significant digit for any given case,

whether or not the controversial terms are retained. The published data from Chen and

Eichhom (1976) agree to the fourth significant digit with the results computed by

including the terms, which was expected, since Chen and Eichhom retained the terms

in their computations. The computation time is on the order of a minute on a VAX 8600

at Oak Ridge National Laboratory for both the finite-difference procedure of Lentini and

Pereyra (1977) and the modified shooting method of Nachtsheim and Swigert (1966).

The programming efibrt, however, to develop the algorithmic coding for the Lenttni-

Pereyra procedure is much less than that for the Nachtsheim-Swigert modified shooting

procedure. Thus, for reasons of simplicity the finite-difference procedure of Lentini and

Pereyra is preferable when the method of local nonsimilarlty is used.

The Keller Box method has been used by many investigators to solve the boundary

layer differential equations. Although the development of the algorithmic computer

coding is more involved than that for the Lentini-Pereyra procedure, the coding for the

Keller Box method is still fairly straightforward to develop. The computation time is on

the order of a few minutes on a desktop personal computer for all values of the

streamwise coordinate, in Tables 5-5 and 5-6.

The dimensionless temperature and velocity profiles in a boundary layer fiow with

a linearly-stratified ambient fiuid are presented in Figures 5-2 and 5-3. The results

displayed in these figures were computed with both the Keller Box method and the

Lentini-Perejra method (with and without the controversial terms) for a Prandtl number

of 0.7 at values of the streamwise coordinate, of 0.0, 0.2, 0.4, 0.6, and 0.8. As can be

seen on Figure 5-2, temperature inversions in the outer regions of the boundary layer

are computed by all of the methods for values of ̂  greater than zero. The temperature

inversions computed by the Keller Box method are more prominent than those com

puted using the local nonsimilarlty method. The temperature inversions for the case in
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Figure 5-2. Temperature Profiles for Laminar Flow in a Linearly-Stratified Fluid with a
Prandtl Number of 0.7.
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which the controversial terms are retained (Figure 5-2c) are more prominent than those

in the case in which the controversial terms are deleted (Figure 5-2b). Velocity inver

sions are also evident in the outer portion of the boundary layer as shown in Figure 5-3.

These inversions have the same trend with respect to the numerical solution method as

do the temperature inversions: that is, more prominent velocity inversions are computed

with the Keller Box method. Experimental data, which is presently lacking, is recom

mended to select one of the three nvunerlcal methods as the most accurate.

The dimensionless temperature and velocity profiles computed with from the Keller

Box method for a Prandtl number of 6.0 are presented in Figures 5-4 and 5-5, respec-

ttvefy. The temperature and velocity inversions are not as prominent as those computed

for a Prandtl number of 0.7.

Venkatachala and Nath (1981) used the Keller Box method for numerical solution

of the nonsimllar partial differential equations for the cases of Chen and Eichhom

(1976). Their velocity and temperature profiles in the boundary layer were presented in

graphical form. Numerical values for dimensionless wall heat transfer were not explic

itly presented, but good agreement was claimed with the published values of Chen and

Eichhom. The temperature and velocity inversions shown in Figures 5-2, 5-3, 5-4, and

5-5 are also evident in the corresponding plots of Venkatachala and Nath.

The velocity Inversions were also found by Eichhom (1969), who used a series

solution method to compute results for a Prandtl number of 6.0. Eichhom (1969),

however, does not predict velocity inversions for a Prandtl number of 0.7 using the series

solution method. Venkatachala and Nath (1981) noticed a similar discrepancy between

their results obtained with the Keller Box method and those of Eichhom (1969) for a

Prandtl number of 0.7. Venkatachala and Nath claim that the Keller Box method is

more accurate, particuleu-ly at large values of the streamwise spatial coordinate,

A physical explanation (Jaluria, 1985) for a temperature inversion is that the

ambient temperature decreases faster as a function of the streamwise distance for a

cooled plate than the fluid inside the boundary layer can transfer heat to the wall,

thereby creating the inversion. Jaluria also states that, in general, boundary layer
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theory might not be applicable when flow reversals occur and analysis of the full system

of Navier-Stokes equations may be appropriate under such conditions. Also, these

computed flow reverseils may very well be physically unstable.

Such temperature and velocity inversions have also been observed experimentally.

The data of Krane and Jessee (1983) clearly show the presence of both velocity and

temperature inversions in laminar, natural convection boundary layers on the heated

and cooled vertical walls of a square enclosure, which has a linearly-stratified core

region. The Grashof and Prandtl numbers for this experiment are 10® and 0.7, respec

tively.

At this point, it Is sufficient to note that oU of the numerical solutions of the ana

lytical model faithfully reproduce the essential physical features of boundary layer flow

in thermally-stratified fluids. Further experiments with the geometry of interest are

recommended to determine which of the three solution methods yields the most accu

rate results.

5.2.4. Flows In which the gas participates In the thermal radiation process

The optically thick, or Rosseland, approximation for participating gas thermal

radiation heat transfer is based on the assumption that the radiation emitted by a

molecule is immediately absorbed by an adjacent molecule. This "diffusion

approximation" makes an analogy between participating gas radiation heat transfer and

thermal conduction heat transfer. As described in Section 4.2.2 and as shown in

equation (4-13), the term representing participating gas thermal radiation in the con

servation of energy equation resembles an enhanced thermal conductivity. When the

difference in temperatures raised to the fourth power is linearized and the wall overheat

ratio, X, in equation (4-41) is equal to zero, the net effect of participating gas radiation

heat transfer for the special case of the optically thick approximation is to effectively

decrease the Prandtl number (Sparrow and Cess, 1966).

No references were found that report a computed or measured wall heat flux for

the case of an optically thick, thermally participating medium radiating to an isothermal

wall. Some references present studies of systems under similar circumstances, but are
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not exactly applicable to the circumstances of interest here. Speciflcally, Cheng and

Ozisik (1972) present numerically determined dimensionless wall heat fluxes for an

Isothermal vertical plate, but not for optically thick conditions. Novotny and Yang

(1967) present numerically determined dimensionless wall heat fluxes for an optically

thick medium, but for a horizontal cylinder, instead of a vertical flat plate. Kennedy and

Paszkowsky) (1970) do not present numerical results for the dimensionless wall heat

flux, but do present results in graphical format that illustrate the effect on the wall heat

fltix as the radiation parameter, M, as defined in equation (4-38), and the wall overheat

ratio, X, as defined in equation (4-37), were varied.

The results from two previous investigations were used to validate the present

model of participating gas radiation. Speciflcally, the study by Kulken (1969) of natural

convection on an isothermal wall Immersed in a low Prandtl number fluid and the

analytical study of Kennedy and Paszkowsky) (1970) of natural convection In a radiantly

participating medium adjacent to an isothermal flat plate were used for validation pur

poses.

Kulken (1969) performed a perturbation solution of the governing differential

equations, since for low Prandtl numbers, a classical singular perturbation (small

parameter multiplying the highest-order derivative) occurs in the energy equation.

Kulken compares his results to those of a similarity solution published by Sparrow and

Gregg (1958) and shows agreement to the second slgniflcant digit for the dimensionless

wall heat flux. In the absence of published values of wall heat flux for the specific case

of radiation in an optically thick, participating medium, and based on the idea expressed

above that In the optically thick limit, the net effect of the thermally participating

medium is to effectively decrease the Prandtl number. Kuiken's data for low Prandtl

number heat fluxes were used for verification of the present computational model.

Kulken reported his results for low Prandtl numbers in the form of the ratio:

Nu Nu ^
^ ~ d„i/4 ~ ' (5-2)(RaPry* Bo'
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where C, Is a constant that Kuiken states should approach 0.60040 as the Prandtl

number approaches zero and Bo, defined as the product of the Raylelgh and Prandtl

numbers, is called the Boussinesq number by Bejan (1984). This ratio was computed

using the Keller Box method and the Lentini-Pereyra technique in conjunction with the

method of local nonslmilarity. These results are compared with those of Kuiken (1969)

and Sparrow and Gregg (1958) in Table 5-7.

Table 5-7. Values of the Ratio Nu/Bd'* for Natural Convection Boundary Layer Flows
in a Radiatively Participating Fluid.

Prandtl
Number Kuiken

Sparrow and
Gregg

Present Investigation

Keller
Box

Lentlni and

Pereyra

0.003 0.5827 0.5827 0.5831 0.5832
0.008 0.5714 0.5729 0.5726 0.5730
0.020 0.5546 0.5582 0.5582 0.5583
0.030 0.5443 0.5497 0.5494 0.5497

As can be seen by inspection of Table 5-7, the values of the ratio Nu/Bo^'* computed

with the present model agree with those of Kuiken and Sparrow and Gregg by less than

one percent.

Kennedy and PaszkowskyJ (1970) present a model for natural convection on an

isothermal flat plate that includes the idealized approximations of the optically thick

limit and the optically thin limit for participating gas thermal radiation. In the optically

thick approximation, Kennedy and PaszkowslqJ did not linearize the temperature

dependence of the resulting effective thermal conductivity. They do not report the

dimensionless heat flux at the plate, but do report in graphical form the resulting

increase in convective heat transfer as a function of the ratio of the waU temperature to

the fluid temperature far from the plate and also as a function of the parameter, M,

defined in equation (4-38) that represents the ratio of heat transfer by conduction to that

by optically thick radiation (Sparrow and Cess, 1966). Kennedy and PaszkowslqJ
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acknowledge that the temperature ratio, /r_. was sufficiently high in their calculations

such that veulable thermophysical properties might be expected to affect the solution.

Thus, they report their results as being those for a highly idealized situation.

The Keller Box method cuid the Lentini and Pereyra method were both used com

pute the similarity solution for optically thick conditions as reported by Kennedy and

Paszkowskyj for ranges of values of the parameters M and IT.. Although the published

results of Kennedy and Paszkowslqj were for heated walls only, the numerical methods

of this dissertation will primarily be applied to cooled walls. The results computed with

the Keller Box method are presented on Figure 5-6. These results agree to the fourth

significant digit with the results computed with the Lentini and Pereyra method, which

are not presented. The general trends of the dimensionless heat flux with M and 7", IT.

as shown in Figure 5-6 are also evident in the graphical results of Kennedy and Pasz

kowskyj (1970). The curve for a wall to fluid temperature ratio of unity can be consid

ered as the curve representing linearized radiation. The effect of not linearizing the

effective thermal conductivity for radiation due to a participating medium is. not

surprisingly, dependent upon the relative wall temperature ratio. For heated walls, the

heat transfer at the wall increases relative to the linearized case as the wall temperature

is increased. For cooled walls, the heat transfer decreases relative to the linearized case

as the wall temperature ratio decreases. However, the wall heat transfer increases for

all wall temperature ratios as compared to the case of a non-participating medium. All

curves approach the pure convection point on the ordinate as the radiation participation

decreases, that is. as M approaches infinity.
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5.3. Comparison of Results for Turbulent Flows

The functioned relationships for turbulent dilfusivities of momentum, heat, and

particles were determined by comparison of computed values of the parameter Nu/Ra^'^

to the experimental data of others, as listed in Section 5-1. Bayley (1955) developed a

relationship for the turbulent natural convection flow on a vertical flat plate where the

heat transfer coefflclent is independent of length. The results of numerous other anal

yses, as discussed in Chapter 3, agree with Bayley's relationship. Some Investigators,

notably Seibers et al. (1985), also accounted for the effects of variable thermophysical

properties and observed that the heat transfer coefflclent remains independent of

length.

5.3.1. Selection of a turbulent viscosity model

The relationships for the turbulent dlffuslvltles in the Inner and outer regions of

the boundary layer are evaluated in this section. A value of the constant A* which

appears In the expression for the turbulent dlffuslvlty In the Inner region of the

boundary layer as presented In Section 4.3.2, and a value for the constant N that

appears In the expression for turbulent dlffuslvlty In the outer region as presented In

Section 4.3.3, will be determined by comparison of computed results of the present

model with the data of the Investigations of Seibers et al. (1985) for the Irmer region and

Mason and Seban (1973) for the outer region of the boundary layer.

With no prior knowledge that a higher-order method would be necessary to com

pute the velocity and temperature profiles accurately In the boundary layer, the local

similarity, or first level of truncation, model of the nonsimllar boundary layer along with

the flnite-dlfference method of Lentini and Pereyra (1977) was used to perform the initial

computations of the heat transfer In order to obtain a value of the constant A*. The local

similarity model was chosen for this purpose because of its simplicity and short

numerical computation times. As is subsequently shown in this section, the first level

of truncation model has sufficient accuracy for the levels of turbulence of interest in this

investigation.
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An iterative procedure was used to determine a value of A*. First, the turbulent

diffusivity model of Kato et al. (1968), as given by equation (4-20), or the turbulent

diffusivity model of Reynolds (1976), as given by equation (4-21), was selected. Then an

arbitrary value for A* was chosen and the heat transfer to the wall was computed. This

procedure was repeated using different values of A* until the computed ratio Nu/Ra}'^

agreed with the Seibers et al. value. For zill computations, the thermophysical properties

of air in the form of polynomial functions of temperature (Irvine and Liley, 1984) were

used and the reference temperature was assumed to be that of the fluid far from the

wall.

For the near wall turbulent diffusivity model of Reynolds, which is given by equa

tion (4-21), the value of A* that gives agreement with the Seibers et al. data is 26.

Similarly, for the model of Kato et al., given by equation (4-20), the value of A* that gives

agreement with the Seibers et al. data is 34. The Reynolds model was chosen for per

forming the remainder of the turbulence calculations in this investigation because that

model's predictions agree well with experimental results when a value of A* = 26 is used,

which corresponds to the value of used in turbulent forced convection flow over a flat

plate with no pressure gradient and no surface mass transfer. As reported by Kays and

Crawford (1980), A* can be described as the dlmensionless effective thickness of a

laminar sublayer in which viscous effects damp out turbulent eddy fluctuations. Near

the wall, it is anticipated that the fluid eddy movement is independent of the mechanism

that moves eddies to the wall, that is, buoyancy forces, or Inertial forces.

To and Humphrey (1986) used a turbulent Prandtl number of 0.9 for their

sophisticated computational modeling of turbulence . When a turbulent Prandtl num

ber of 0.9 is used in the Rejmolds model of turbulence. A* Increases from 26 to 29 in

order to get good agreement with the Seibers data. Correspondingly, a turbulent Prandtl

number of 0.9 in the Kato turbulence model requires A* to increase from 34 to 37 in

order to obtain good agreement with the Seibers data. Since the data used by To and

Humphrey (1986) to Justify their choice of 0.9 for the turbulent Prandtl number could
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also support the use of a value of 1.0, a value of unity was chosen for the turbulent

Prandtl number because the corresponding value of A* agrees with the value for a flat

plate in forced convection with no pressure gradient and no mass transfer at the wall.

The value of the constant N in the relationship for the eddy diffusivity of momen

tum in the outer region of the turbulent boundary layer, which is given by equation

(4-29), was also determined by comparison with the results of Mason and Seban (1973),

who used a more sophisticated turbulent kinetic eneigy and dissipation model. A value

of N = 1 results in computed values of the turbulent diffusivlties of the same order of

magnitude as those of Mason zmd Seban. The value of this constant can be varied from

0.5 to 1.5 with little resulting effect on the computed wall heat transfer. This is not

surprising, since the heat transfer at the wall would be expected to be primarily affected

by the conditions near the wall, such as the effective sublayer distance, rather than by

conditions far from the wall. Values of the constant X less than 0.1, however, result in

heat transfer rates at the wall resembling those for laminar flow conditions, which is

simply due to the artificially low maximum value of turbulence given by the outer region

model at such values of X. Values of X greater than one result in apparent computa

tional oscillations or numerical convergence failures. The use of the Klebanoff inter-

mittency factor helps to achieve convergence for the solution of the two-point

boundary-value problem without signiflcantly affecting the computed wall heat transfer.

Hence, the turbulent viscosity relationship used for the turbulent calculations in

the present work had one of the following forms:

^ = 0.4y''jl-exp V'
26

(inner region), (5 - 3)

or

Mt ̂
^  -3 L

~

/ \61

1 + 5
y

-

(outer region). (5-4)

Both equations (5-3) and (5-4) are evaluated at each computational point within

the boundary layer during the numerical iterations. The minimum value of the turbu-
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lent viscosities computed using equations (5-3) and (5-4) is then used to determine

whether the location at that distance from the wall is in the inner or outer region of the

turbulent boundary layer.

5.3.2. Validation of the local similarity model for turbulent natural convection boundary

layers

The results of computations using the method of local nonsimilarity for wall tem

perature to fluid temperature ratios of 1.19 and 2.40 and not including the temperature

correction suggested by Seibers et al. (1985), are presented in Figure 5-7. The modified

best-fit correlation of Seibers et al. (1985), which is given by equation (4-52), and the

experimental data of Seibers et al. (1983) for five values of the wall to fluid temperature

ratio, including uncertainties, are also presented in Figure 5-7. The results computed

with the present model agree very well with Seibers et al. experimental data. These

results show a slight decrease in Nusselt number as the wall temperature to fluid tem

perature ratio is Increased.

Seibers suggests that the data should be modified by a slight temperature cor

rection, as given by equation (4-52). The temperature-corrected Nusselt number results

for the method of local nonsimilarity, the Seibers et al. (1985) correlation, and the

Seibers et al. (1983) experimental data are presented in Figure 5-8. The agreement is

quite good over a wide range of Raylelgh numbers and wall temperature to fluid tem

perature ratios.

Two additional methods were used for additional justification of the use of the local

similarity model, or first level of truncation model of the method of local nonsimilarity,

although favorable comparison of computed results with experimental data should

suffice. Three different computations of the ratio Nu/Ra^^^ at two different wall tem

perature to fluid temperature ratios were performed using both the first level of trun

cation and second level of truncation models along with the finite-difference procedure

of Lentini and Pereyra (1977), and the Keller Box method. These results are presented

in Table 5-8, along with the computed results of Seibers best fit correlation, which is

given by equation (4-52).
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Table 5-8. Values of the Ratio Nu/Ra}'' for a Turbulent Natural Convection
Boundary Layer.

Present Investigation

Rayleigh
Number

modified Seibers
correlation

first level of
truncation

second level of
truncation Keller Box

II

OC

5.7x10®
4.6x10'°
1.5x10"
3.7x10"
7.2x10"

0.1068 0.1032

0.1043
0.1063
0.1084
0.1104

0.1033

0.1043
0.1063
0.1084

0.1105

0.1031
0.1081
0.1098
0.1120
0.1140

T./T. = 2.40

5.7x10®
4.6x10'°
1.5x10"
3.7x10"
7.2x10"

0.0969 0.0936
0.0934
0.0945
0.0958
0.0972

0.0937

0.0935
0.0946
0.0959
0.0973

0.1020
0.1044
0.1064

0.1085
0.1105

As can be observed from Table 5-8, the ratio Nu/Ra}'^ increases slightly with an increase

in the Rayleigh number, which suggests a slight influence of length on the computed

solution. This slight computed increase, however, is well within the experimental error

limits as shown in Figure 5-7 and stated as ±10% by Seibers et al. (1983). The results

computed using the Keller Box method are not as dependent on the wall temperature to

fluid temperature ratio as are the results computed with the other methods. However,

the computed results are in good agreement with each other, and are within the

experimental limit of accuracy. Based upon these results, the first level of truncation

model of the local nonsimilarlty method, or the local similarity method, adequately

predicts the heat transfer in a turbulent, natural convection boundary layer on a con

stant temperature flat plate immersed in an unstratifled, semi-infinite fluid.
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Additional Justification for the use of the local similarity model is presented by

comparison of the results computed with the model with the velocity and temperature

profiles presented by George and Capp (1979). They developed relationships for natural

convection velocity and temperature profiles near the waU using classical scaling argu

ments. Their velocity profile has a cubic dependence on the distance from the wall.

Similarly, their temperature profile near the wall has reciprocal cube root dependence

on the distance from the wall. George and Capp show that the temperature profile very

near the wall should be linear. They present favorable comparisons of their derived

relationships with the experimental data of others.

As additional justification for the use of the local similarity model (along with the

chosen algebraic turbulence closure model) as solved by the finite-difference procedure

of Lentini and Perejn^ (1977), the computed results for the velocity and temperature

profiles for wsiU to fluid temperature ratios of 1.19 and 2.40 are compared to the near-

wall and very-near-wall relationships of George and Capp (1979). They suggest a length

scale, Tit, for the iimer region that is given by:

n, =
(vIPrf
L^PATJ

1/3

(5-5)

Seibers et al. (1985) suggest a temperature correction to this inner region length scale

to account for property variations across the boundary layer. This correction has the

following form:

=n,

^ T* \0.14

V -y

(5-6)

George and Capp (1979) also suggest an iimer region velocity scale given by:

u, =
fiPATV^

1/3

Pr
(5-7)



115

The fluid velocity distribution in the near-wall region computed using the local

similarity method with the thermophysical properties evaluated at the film temperature,

which is defined as the average of the wall temperature and ambient fluid temperature,

is presented on Figure 5-9 along with the correlations of To and Humphrey (1986), the

correlation of George and Capp (1979), and the experimental data of Cheesewright and

lerokiopitis (1982) as taken from the graphical information presented in To and Hum

phrey. As can be seen in Figure 5-9, the cubic dependence of velocity on distance from

the wall, manifested as straight lines, is evident in the near-wall region for all the plotted

information.

The fluid temperature distribution in the near-wall region computed using the

local similarity method with the thermophysical properties evaluated at the film tem

perature is presented in Figure 5-10 along with the correlation of Seibers et al. (1985)

for the high wall temperature to fluid temperature ratios, the correlation of George and

Capp (1979) for low wall temperature to fluid temperature ratios, and the experimental

data of Seibers et al. (1983). As can be seen from this figure, the results of the Reynolds

tuibulence model and the local similarity method solved with the flnite-difference pro

cedure of Lentini and Pereyra (1977) compare very well with the results of the very

complicated numerical procedure of To and Humphrey (1986) and the experimental data

correlated by George and Capp (1979) and Seibers et al. (1983) for the heat transfer near

the wall.

Based upon these results presented in Figures 5-7, 5-8, 5-9, and 5-10 and in Table

5-8, the first level of truncation model of the local nonslmilarity method, or the local

similarity method, with the use of an algebraic turbulence closure as given by equations

(5-3) and (5-4), adequately predicts the heat transfer, streamwlse velocity, and temper

ature profile in a turbulent, natural convection boundary layer on a constant tempera

ture flat plate immersed in an unstratified, semi-infinite fluid.



116

20.0 -I

18.0

16.0 H

1 4.0

12.0 -

10.0 -

8.0 -

6.0 -

4.0 -

2.0

0.0
0.0 0.5

/  4k

// /

// /

//'

// ^
T./T_=1.19
George and Copp
T,/T_=2.40

- To ond Humphrey
Cheesewright end
leropikitus

1.0 1.5

(y/^t)

2.0

1/3

2.5 3.0

Figure 5-9. Velocity Distribution in a Turbulent Boundary Layer.

0.0

George and Capp
Selbers et al. (1985)
T„/T-=1.19
T,/T.= 2.40

o Seibers et ol. (1983)

1.0

0.9

0.8

0.7

0.6 -

0 0.5

0.4

0.3

0.2 -

0.1 -

0.0
2.0 4.0 6.0 8.0 10.0 1 2.0 1 4.0

v/v\

Figure 5-10. Temperature Distribution in a Turbulent Boundeuy Layer.



117

5.4. Comparison of Results for Flows with Volumetric Heat Sources

As mentioned in the literature search, Section 3.6, a number of experimental

investigations of natural convection heat transfer with internal heat sources were

focused on an enclosure with cooled vertical walls. Two investigations in which heat

source strengths were sufficient to generate vertical boundary layers adjacent to the

vertical cooled walls are those of Steinbemer and Relneke (1978) and Greene (1982).

Only Greene's investigation has sufficient information for comparison with the model of

the present work.

Steinbemer and Reineke (1978) present a limited amount of experimental and

numerical heat transfer results for laminar and turbulent boundary layers adjacent to

the cooled, vertical walls of an enclosed rectangular cavity. An observation in the lower

portion of the vertical walls from the work of Steinbemer and Reineke is not repre

sentative of the boundary layer on an isothermal, flat plate Immersed in a fluid of

semi-inflnite extent. For the highest heat source strength, the Nusselt number

increased noticeably with Increasing length along the wall, contrary to the trend of the

other two heat source strengths. A stationary secondary vortex was apparently gener

ated at the highest veilue of heat source strength in the lower, turbulent portion of the

vertical boundary layer. This vortex should not occur in the boundary layer flow over

an isolated, vertical flat plate in a quiescent fluid. Due to the lack of reported temper

ature measurements or tabulated values of Nusselt and Rayleigh numbers, as well as a

boundary layer that is not representative of that expected to occur in the geometry of the

present work, no comparisons of the results of Steinbemer and Reineke (1978) and the

methods of the present work are presented.

Greene (1982) presents experimental data for a rectangular pool and analyses for

the laminar boundary layer flow on a vertical flat plate in a quiescent, isothermal fluid

of infinite extent. Greene's experimental apparatus allowed for a variable inclination of

the isothermal, cooled wall. The heat transfer data generated in the vertical orientation

only is compared in the following section with that of the model developed in the present

work. Greene's heat transfer results are shown as having inadequate agreement with the
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results of the present model. Some possible reasons for this disagreement are pres

ented. Greene's analysis, however, which neglects the effect of a heat source term in the

energy conservation equation for the boundary layer, is shown to be valid.

5.4.1. Flows In an open rectangular pool geometry

Greene (1982) performed an experiment with a volumetrically heated pool of

aqueous salt solution that had a cooled isothermal vertical wall. In addition, Greene

performed a scaling analysis for the boundary layer that also shows that the volumetric

heat source term in the conservation of energy equation is negligible with respect to the

other terms. A downward flow was observed adjacent to the cooled vertical wall that was

claimed to be similar to flow in a vertical boundary layer from a cooled flat plate

immersed in a fluid of semi-inflnite extent. Greene states that the effect of a volumetric

heat source in the experimental configuration was to maintain the difference in tem

perature between the cooled wall and the fluid far from the vertical wall. Greene pres

ents the results in terms of a Nusselt number that is a function of a modified Rayleigh

number based on the volumetric heat source. Greene's modified Rayleigh numbers were

modified for presentation here by multiplying by the ratio of the DamkOhler number. Da.

as defined in equation (4-39) and computed from information presented by Greene, and

Prandtl number in order to obtain a Rayleigh number based upon temperature differ

ence. The data of Greene, as a function of Rayleigh number based on temperature

difference, are plotted in Figure 5-11 where Greene's data set numbering convention is

used in the graph legend. The correlation that Greene developed was not plotted, since

the Rayleigh number in his correlation is based on volumetric heat source strength.

The results computed using the local similarity model with the Lentini-Pereyra

technique are also plotted in Figure 5-11 for both laminar and turbulent flows. A Ray

leigh number of 2x10® is used to divide the laminar and turbulent flow regimes. For

each flow regime, a case with constant thermophysical properties and a case with

variable thermophysical properties were computed. For the case of constant properties,

all thermophysical properties were evaluated at the film temperature, which is defined

as the average of the wall (345 K) and ambient fluid (366 K) temperatures. For the case
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of variable thermophysical properties, the fluid temperature far from the vertical wall

was used as a reference temperature. The computed effects of variable thermophysical

properties as shown in Figure 5-11 are quite small, which is not surprising since the

value of the wall overheat ratio, k » - 0.06. indicates a small temperature difference

between the wall and ambient fluid, with a subsequent small variation of the thermo

physical properties for the temperatures of interest in Greene's investigation.

From inspection of Figure 5-11. it may be concluded that the experimental results

of Greene do not show any transition from laminar to turbulent flow over a range of

Rayleigh numbers that would be expected to span such a transition for boundary layer

flow on isolated, vertical flat plates. For Rayleigh numbers less than 2x10® where lam

inar flow would be expected on isolated, vertical flat plates, the Nusselt numbers mea

sured by Greene are at least 10% lower than the results computed with the present

model. The computed Nusselt number values in the laminar regime agree closely with

those computed with the correlation of Churchill and Usagi (1972). For Rayleigh

numbers greater than 2x10®. where turbulent flow would be expected on isolated, ver

tical flat plates, the Nusselt numbers measured by Greene are at least 30% lower than

Nusselt numbers computed with the local similarity method using the Lentini-Perejrra

technique. These computed turbulent Nusselt numbers of the present work are in good

agreement with the correlation of Saunders (1939). as given in equation (3-4). which was

developed from an experimental investigation of a turbulent natural convection flow

from an isothermal, isolated, vertical flat plate in water. The observed heat transfer

results of Greene are not in good agreement with other experimental results of this

present work for either turbulent or laminar natural convection flow on an isothermal,

isolated, vertical flat plate.

One possible reason for this discrepancy is that Greene prescribed a boundary

condition of zero velocity at the edge of the boundary layer. The value of the heat source

strength used by Greene (1982) is approximately 200 times the value required to

maintain a stable quiescent fluid far from the plate, as reported by Sparrow et al. (1963)
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and discussed in Section 2.3. Thus, In Greene's expeiiments, the fluid far from the

vertical wall must have had a non-zero vertical velocity, which Greene assumed as

negligible and did not Include In his anafytlcal model.

Another possible reason for this discrepancy Is due to outflow from the boundary

layer at the bottom of the experimental apparatus. Greene's experiment was carried out

In a pool of water with an aspect ratio of approximately unity with one cooled vertical

wall and Joulean heating In the fluid. EJven though a boundary layer was observed

adjacent to the cooled Isothermal wall, the measured Nusselt number results of Greene

appear to be lower than those predicted with boundary layer equations that have been

used to successfully match measured heat transfer results of many different Investiga

tions for flat plates Immersed in a fluid of seml-lnflnlte extent. This Is not surprising,

since the boundary layer in Greene's experiment must have had significant inflow at the

top and signlflcant outflow at the bottom In order to maintain the conservation of fluid

mass In the pool. Greene's boundary layer Is fundamentally different than the boundary

layer on an Isothermal flat plate immersed In a fluid of seml-inflnlte extent which has a

very small amount of Inflow Into the boundary layer along the flow length and does not

have outflow at all from the boundary layer at any flow length.

Bergholtz (1980) presents an analysis of the laminar flow in a enclosed rectangular

cavity with cooled. Isothermal vertical walls and adiabatlc horizontal walls. Thin

boundary layer regions adjacent to the cooled vertical walls and a core region were

Identified, as were matching conditions of temperature and heat flux at the interfaces

between these regions. The cooled wall boundary layers have downflow and the core

region has upflow. Thermal stratification Is established In the core region, and is

approximately linear with height. This stratification In the core region In rectangular

cavities with natural convection flow driven by heating and cooling at the vertical walls,

which are maintained at different temperatures, has been found experimentally by Elder

(1965) and analytically by de Vahl Davis (1968). A slight temperature gradient (=• 8

K/m) Is evident In the core centerllne temperature measured by Greene over 80% of the

pool height and a much steeper temperature gradient ( = 800 K/m) is evident over the

remaining 20% of the pool height at the bottom of the pool. This situation Indicates a
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significant outflow of cold fluid from the wall boundary layer into the heated core region

at the bottom of the pool. Additional anatysis of Greene's data with the concepts of

Bergholtz's cavity model is recommended.

Greene's analytical model neglected the volumetric heat source In the conservation

of energy equation for the boundary layer. The scaling analysis of Appendix D shows

that volumetric heat sources are significant when the DamkOhler number. Da, is of the

order of the product of the Prandtl number and the square root of the Grashof number.

The absolute value of the Damkbhler number for the experimental conditions of Greene

(1982) Is approximately 400, which is approximately three orders of magnitude lower

than the product of the Prandtl number and the squcU"e root of the Grashof number,

which Is approximately 3x10®. These heat source strengths and Grashof number con

ditions are within the range of Interest for the present work. Computations were per

formed both with and without the volumetric heat source strength term included In the

boundary layer equations. No difference (to the fourth significant digit) was computed

for the ratio Nu/Ra}^* for laminar flows or Nu/Ra}^^ for turbulent flows. Thus, for the

heat source strengths and flow conditions of Greene, the effect of volumetric heat

sources inside the boundary layer Is negligible as presented In the scaling analysis of

Appendix D.

Since Greene's heat transfer and fluid flow results are not representative of the

geometry of Interest In the present work as described in Section 2.1, the model devel

oped In the present work does not adequately predict the heat transfer In this type of

flow.

5.5. Comparison of Results for Flows with Thermophoretic Deposition of Particles on

Cooled Surfaces

Goren (1977) and Batchelor and Shen (1985) developed a constant-property lam

inar flow relationship for the apparent wall concentration and the wall temperature ratio

that Is applicable when the Brownlan layer is neglected. For the particular case of KPr

= 1, the particle concentration equation In the absence of Brownlan diffusion reduces to

the energy conservation equation. Thus, the particle concentration has the same



123

solution (in terms of particle concentration. Instead of temperature) as the energy

equation. This exact solution for constant-property laminar flow was developed and

expanded upon In Section 4.8 to Include the case of turbulent flow with the constraint

of Identical turbulent Prandtl and Schmidt numbers, as well as certain thermophyslcal

property variations for both laminar and turbulent flows.

Goren (1977) and Batchelor and Shen (1985) also assert that since the Brownlan

diffusion sublayer Is very thin for large particle Schmidt numbers, the particle flux

transported to the surface can be adequate^ computed by neglecting the Brownlan

diffusion sublayer. The scaling analysis presented In Appendix D also describes the

circumstances when the particle flux due to Brownlan diffusion Is negligible with

respect to the thermophoretlc particle flvix.

Since neglecting the Brownlan layer Is computationally advantageous in that It

avoids requiring a very small mesh spacing very near the wall, the Keller Box method of

this dissertation was developed to specifically take advantage of this approximation.

The Lentlnl-Pereyra method Is easily adapted to the models that either neglect or retain

the Brownlan sublayer. The Nachtsheim-Swlgert method was not used in cases that

consider thermophoretlc particle deposition on the wall. The thermophoretlc particle

deposition results obtained from the numerical computations of this work are compared

to the analytical results as presented in Section 4.8.

5.5.1. Exact solution results

Four circumstances were Identified In Section 4.8 for which the equality of

apparent wall particle concentration and wall temperature ratio were derived when

KPr = 1. These circumstances result In the particle concentration equation reducing to

the same form as the equation for conservation of energy. This equality of apparent wall

particle concentration and wall temperature ratio was evaluated for both laminar and

turbulent flows, with the Chapman-Rubesln parameter expression for variation of the

thermophyslcal properties set to a constant equal to 0.9. A molecular Prandtl number

of 0.8 Is representative of steam at high temperature was used for these calculations

along with an arbitrarily selected value of 0.8 for the wall temperature ratio. The values
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of the wall particle concentration and the ratio JVu/Ra''® computed with the Keller Box

and the Lentini-Pereyra methods are presented in Table 5-9 for the case of turbulent

Prandtl and Schmidt numbers equal to 1.0. The computed results for a second case in

which the turbulent Prandtl number is equal to 0.9 and the turbulent Schmidt number

is equal to 1.0 are presented in Table 5-10.

Inspection of Table 5-9 shows that the apparent wall particle concentration is

equal to the wall temperature ratio for both laminar flow and turbulent flow with the

same turbulent Prandtl jmd Schmidt numbers, as developed in Section 4.8. Inspection

of Table 5-10 for the case of a slightly lower turbulent Prandtl number of 0.9 shows that

the apparent wall particle concentration decreases by approximately 1.5% as the local

Rayleigh number increases from 6.4x10® to 8.0x10". Comparison of the values of the

ratio Nu/Ra}'^ for these two cases shows that the heat transfer a turbulent Prandtl

number of 0.9 is approximately 4.5% higher than that for the case in which the turbu

lent Prandtl number is 1.0 for both computational methods. Therefore, even though the

apparent wall concentration decreases when the turbulent Prandtl number decreases

from 1.0 to 0.9, the increase in heat transfer is proportionally higher, which results in

higher particle deposition. Since thermophoresis is a phenomenon by which particle

transfer is driven by a temperature gradient, additional heat transfer due to a higher

temperature gradient results in an increase in particle deposition.

5.6, Errors Incurred by Neglecting the Brownlan Diffusion Layer

The Brownian diffusion layer for high values of the particle Schmidt number was

shown in Section 4.5 to be negligibly small. Neglecting the Brownian layer is compu

tationally advantageous since a high Schmidt number flow would have a very thin

particle concentration boundary layer lying within the thermal and velocity boundary

layers. The impact of neglecting the Brownian diffusion layer on the computed value of

the particle flux deposited on the wall is discussed below.

The Lentini-Pereyra method has the capability of resolving very thin boundary

layers. Thus, the particle concentration profile, including the Brownian layer, was

computed using this technique. The Lentini-Perejra method was used to compute the
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Table 5-9. Computed Values of the Apparent Particle Concentration at
the Ratio Nu/Ra^^ for Pr, = 1.0 and Sc, = 1.0.

the Wall and

Keller Box Lentlnl-Pereyra

Rayleigh
Number

Pjirticle Concen
tration at the Wall Nu/Ra''^

Particle Concen
tration at the Wall Nu/Ra}"^

Laminar

6.4x10®
2.1x10'®
5.1x10'®
1.0x10"
1.7x10"
2.7x10"
4.1x10"
5.8x10"
8.0x10"

0.8000
0.8000
0.8000
0.8000
0.8000

0.8000
0.8000
0.8000
0.8000
0.8000

0.5494
0.0986

0.1086
0.1085
0.1104
0.1111

0.1126
0.1134

0.1146
0.1156

0.8000
0.8000
0.8000
0.8000
0.8000
0.8000
0.8000
0.8000

0.8000
0.8000

0.5242
0.0959

0.0959
0.0965
0.0973

0.0981
0.0990
0.0999

0.1008
0.1016

Table 5-10. Computed Values of the Apparent Particle Concentration at the Wall and
the I?atlo Nu/Ra'^ for Pr, = 0.9 and Sc, = 1.0.

Keller Box Lentlnl-Pereyra

Rayleigh
Number

Particle Concen
tration at the Wall Nu/Ra"®

Particle Concen
tration at the Wall Nu/Ra}'^

Laminar 0.8000 0.5494 0.8000 0.5242
6.4x10® 0.7949 0.1020 0.7903 0.0991
2.1x10'® 0.7896 0.1128 0.7898 0.0994
5.1x10'® 0.7889 0.1126 0.7895 0.1002
1.0x10" 0.7891 0.1149 0.7893 0.1012
1.7x10"
2.7x10"

0.7888 0.1157 0.7892 0.1022
0.7887 0.1174 0.7891 0.1032

4.1x10" 0.7886 0.1183 0.7890 0.1043
5.8x10"
8.0x10"

0.7886 0.1197 0.7890 0.1053
0.7886 0.1208 0.7890 0.1063
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particle concentration profile, both with and without the Brownlan layer for particle

Schmidt numbers of 10* and 10®, both laminar and turbulent flows with constant

thermophyslcal properties, a wall temperature to fluid temperature ratio of 0.8, a

Prandtl number of 0.8, and a thermophoretlc coefflclent, K, equal to the reclproccd of the

Prandtl number. These computations were performed with and without an arbitrary

value of DamkOhler number {Da = - 200) comparable to that expected for the conditions

of the present work. The results for a particle Schmidt number of 10® appear in Figure

5-12 and the results for a particle Schmidt number of 10* are given In Figure 5-13 for

the case In which the particles do not act as volumetric heat sources.

The curves shown in Figure 5-12 in which the particles act as volumetric heat

sources are identical in shape to the curves for the case shown in Figure 5-13 for which

the particles do not act as volumetric heat sources. The difference in thickness of the

Brownian layer is strictly due to the different particle Schmidt numbers, where the

thickness of the Brownlan layer is of the order of So ', as shown in Section 4.5. The

intent of these two Figures 5-12 and 5-13 is to show that there are no differences in

particle concentration inside the Brownlan diffusion layer, that is, the Brownian diffu

sion of particles that act as volumetric heat sources Is no different than the Brownlan

diffusion of particles that do not act as volumetric heat sources. The scaling analysis of

Appendix D shows that the DamkShler numbers of interest for the present work

(IDal < 400) for flows with Grashof numbers greater than 10®, are not sufficient to

cause any heat source effects inside the thermal boundary layer. As might be expected,

there are no heat source effects on the thermophoretic deposition of particles on the wall

or on the shape of the particle concentration profile outside or inside the Brownian

sublayer.

The points plotted in Figures 5-12 and 5-13 represent the adaptable mesh spacing

generated by the Lentinl-Pereyra method and are shown here only to demonstrate that

aspect of the method. As can be seen from the increased frequency of the plotted points

around the "knee" of the each particle concentration distribution, the Lentinl-Pereyra

method places additional mesh points in regions where the solution changes rapidly.
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Figure 5-12. Near Wall Pcirtlcle Concentration for a Schmidt Number of 10®.
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Figure 5-13. Near Wall Particle Concentration for a Schmidt Number of 10"*.
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Inspection of Figures 5-12 and 5-13 shows that the computed concentration pro

files, sufficiently far from the wall, are not eiffected when the Brownian diffusion layer is

neglected. The relative thickness of the Brownian layer is on the order of So ' for both

laminar and turbulent flows. The computed thickness for laminar flow for Schmidt

numbers of 10^ and 10® correspond to those thicknesses computed by Walker et al.

(1979) and Gdkoglu and Rosner (1986) with an asjrmptotic expansion method for forced

convection with Brownian diffusion and thermophoresis. Thus, it may be concluded

that the Brownian layer thicknesses computed with the Lentini-Peresna method match

those in the literature for comparable conditions.

The dimensionless ratio of transfer coefficients, given by equation (4-60), was

developed to permit the computation of the particle transfer coefficient corresponding to

a given heat transfer coefficient without specifying a Schmidt number. However, the

mass transfer from the fluid to the wall actually occurs by Brownian diffusion immedi

ately adjacent to the wall. A "standard" Sherwood number for particle deposition at the

wall, both with and without the Brownian layer, was developed to demonstrate that the

thermophoretic particle flux to the wall computed by assuming the Brownian layer may

be neglected is approximately equal to the particle flux directly at the wall In the limit of

high Schmidt number.

A local Sherwood number is defined here by the following expression:

hpX
5/'=—, (5-8)

where hp is the particle transfer coefficient as given in equation (4-56), x is the axial

distance along the wall, and 2? is the Brownian diffusion coefficient.

An expression for the particle flux transferred to the wall by thermophoresis was

developed in Section 4.8. The particle transfer coefficient is given by equation (4-56) as

the ratio of the particle wall flux to the volumetric concentration of particles far from the

wall. The expression for the particle transfer coefficient due to thermophoresis, given by

equation (4-58), is repeated here as follows:
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.  pjv, v.rar'i
= "pjv/r.Uy (5-9)

Assuming constant thermophysical properties, substituting equation (5-9) for the

particle transfer coefflcient into equation (5-8), which defines the local Sherwood num

ber, and evaluating the wall heat flux in terms of the nonslmilarlty variable transfor

mations given by equations (4-33), (4-35), and (4-37) jrields the following expression for

the local Sherwood number for thermophoretic transport:

ShT = K
„ (GrX*

(5-10)

Using Pick's Law to express the rate of particle deposition on the wall by Brownian

diffusion enables the particle flux to be written as (Hidy and Brock, 1970):

Jb ~ ®
d(pN)

L dy J
(5-11)

With the assumption of constant thermophysical properties, the particle transfer coef

flcient for deposition at the wall by Brownian diffusion is given by the following expres

sion:

" N.
(5-12)

Substituting equation (5-12) and the nonslmilarlty transformations given by equations

(4-33) and (4-36) into equation (5-9) for the Sherwood number yields the Sherwood

number for Brownian diffusion:

Shs = -^Sc
Sc

Gr
(5-13)
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The Sherwood numbers given by equations (5-10) and (5-13) were computed with

the Lentlni-Pereyra method for laminar constant property flow with a Prandtl number of

0.8, and a thermophoretlc coefflclent, K, of 0.1. The values of these Sherwood numbers,

as divided by the product of the Schmidt number and the fourth root of the Grashof

number divided by four, Sc (Gr/4)'^*, are presented In Table 5-11 for a range of Schmidt

numbers. Only one entry Is shown for the case where Brownian diffusion Is neglected,

since the value of the Brownian diffusion coefflclent and Schmidt number Is immaterial

for that case. The number of mesh points necessary to resolve the concentration profile

is also presented in this table.

Table 5-11. Sherwood Numbers for Particle Deposition.

Brownian Layer Included

Schmidt Number Sc

Mesh

Points

Brownian Layer Neglected

Mesh Points

10°
10'
10®
10®
10^
10®
10°

0.5887
0.1729

0.0438
0.0176
0.0131
0.0127

0.0126

20
20
29
34
68
137

126

0.0124 20

As can be seen from inspection of Table 5-11, the Sherwood numbers computed

by including and neglecting the Brownian diffusion layer are considerably different for

values of the Schmidt number less than 10®. For values of the Schmidt number greater

than 10®, the thermophoretlc and Brownian deposition are almost identical. The

Increased number of mesh points is indicative of the additional numerical effort neces-

Scuy to resolve the Brownian sublayer for high Schmidt number circumstances.
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Therefore for a siafficiently high Schmidt number greater than 10®, the particle

deposition at the wall is computed with sufficient accuracy without consideration of the

Brownlan diffusion layer.

5.7. Summary and Conclusions of Model Validity

The anafytlcal model developed In this work Includes a number of extremely

complex phenomena, such as turbulence, variable property effects, the thermophoretlc

transport of partlculate matter that acts as a volumetric heat source, thermal stratifi

cation In the ambient fluid, and participation of the fluid In an exchange of thermal

radiation. No single analytical or experimental Investigation could be found in the open

literature that Includes all of the effects accounted for In the present work, necessitating

validation of the model In a piecemeal fashion by comparison of computed results with

the results of a number of different Investigations, each of which Is essentially focused

on an exploration of only one of the many effects Included In the present model. The

anatytlcal model has been validated by comparison with all of these Investigations,

except that involving a cavity flow with volumetric heat sources (Greene, 1982), which

was shown as not having a natural convection boundary layer as that for flows on Iso

thermal, vertical plates.

As shown In Section 5.2.1, the results for laminar flows compared very well with

those from other Investigations for constant thermophyslcal properties.

In Section 5.2.2, the results for laminar flows where the effects of variable ther

mophyslcal properties are considered gave the best agreement with the data of Calmle

and Harrison (1980) when polynomial functions of temperature were used to compute

the fluid properties, as compared to approximating the properties as a constant

Chapman-Rubesln parameter. There was no penalty of Increased computation effort

with the use of the polynomial functions of temperature.

In Section 5.2.3, laminar flows in a linearly-stratified temperature ambient fluid

were considered. The best agreement for this nonstmllar flow is obtained with the use

of the second-level model of the method of local nonsimllarlty where the controversial

terms, as Indicated In Appendix A. 1.2, were retained. The Lentlnl-Pereyra method of
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Integrating the two-point boundary lajrer difierential equations was easily implemented

and gave successfully converged solutions more frequentfy than the other methods.

Because the model computes flow and temperature inversions observed by other

investigators, the essential physical features of thermally-stratifled flow are faithfully

reproduced by the model.

No published results could be found for the optically thick limit of interest. Thus,

the fact that in this limit, the term representing participating thermal radiation in the

energy equation acts effectively like an increased thermal conductivity was exploited in

section 5.2.4. This "diffusion approximation" allowed the results of the present model

to be validated by comparison with low Prandtl number results reported in the open

literature. E^ellent agreement with these results was obtained. Computed trends of

Nu/Bo^'* with the parameter, M, that represents the extent of radiation peirticipation,

and the wall temperature to fluid temperature ratio agree with those of Kuiken (1969)

and Kennedy and Paszkowslqj (1970).

In Section 5.3, in order to keep the model as simple as possible, an algebraic tur

bulence closure for the turbulent diffusivity of momentum and the flrst-level of trun

cation model of the method of local nonsimilarity were chosen. After empirical constants

were set, the model adequately predicts the heat transfer in a natural convection

boundary layer, as reported by Seibers et al. (1983) for constant and variable fluid

properties.

In Section 5.4, the heat transfer results computed with the present model did not

adequately predict the heat transfer to a cooled vertical wall in an open pool with Jou-

lean heating in the fluid, as measured by Greene (1982). This discrepancy is due to the

fundamental difference in boundary layer structure that exists in Greene's experimental

apparatus and that of the present analytical model. No effect due to the volumetric heat

sources inside the boundary layer was observed, restricting the role of the heat source

in the flow to provide the temperature difference between the wall and the fluid far from

the wall only. No other published results were found in the open literature that concern

the geometry and flow conditions of interest here, and experimental research is advised.
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In Section 5.5, the deposition of particles by thermophoresis on a cooled wall was

computed with the present model. The results compared favorably with exact analytical

solutions that exist for a limited set of physical conditions when the neglect of the

Brownian diffusion layer is valid.

Because of the fine computational detail required to resolve a very thin Brownian

diffusion layer adjacent to the cooled plate, the accuracy of neglecting the Brownian

layer was considered in Section 5.6. For particle Schmidt numbers greater than 10^, the

flux of particles deposited on the wall by thermophoresis was adequately computed with

both the Keller Box technique and the Lentini-Pereyra technique without resolving the

Brownian layer as compared to the results computed with the Lentini-Pereyra technique

that allows for resolution of the Brownian layer. Although the computation effort sub

stantially increases when resolving the Brownian layer with the Lentini-Pereyra tech

nique, it is not prohibitively increased. As also observed when computing the heat

transfer in flows with a thermaUy-stratifled temperature distribution in the ambient

fluid, the Lentini-Perejrra technique was the easiest technique to Implement and

appeared to be the most robust under the widely varying conditions of the present

investigation.

Thus, because of the detailed, favorable comparisons between the results com

puted with the present model and those given in the investigations listed in Section 5-1,

the model is validated for the flows of interest and can adequately compute the heat

transfer and thermophoretic particle deposition on cooled vertical walls immersed in

heated fluids of semi-infinite extent.
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CHAPTER 6

COMPUTATION OF THERMOPHORETIC PARTICLE DEPOSITION

6.1. Introduction

In this section, the dimenslonless ratio of transfer coefllcients is presented for the

conditions likely to occur inside the Boiling Water Reactor (BWR). For the expected heat

source strengths, the scaling anafysis of Appendix D shows that the effects of the vol

umetric heat sources are negligible inside the boundary layer and that the presence of

the volumetric heat sources only serve to set the temperature boundary conditions

outside the boundary layer. The results for thermophoretic particle deposition pres

ented in Section 5.6 that justify the neglect of the Brownian layer also show that the

effects of the volumetric heat sources inside the Brownian layer are negligible.

Consequently, the thermophoretic particle deposition results presented in this section

specifically are computed without the heat source term inside the boundary layer.

These results are reported In terms of the dimenslonless ratio of transfer coefllcients,

equation (4-60). The heat transfer results are reported in terms of Nu/Ra^'* for laminar

flow and Nu/Ra^'^ for turbulent flow.

The method of local nonslmllarity with the Lentini-Pereyra integration method is

used for computing the thermophoretic deposition results for the following flow condi

tions of interest:

1. Laminar and turbulent flow of steam, air, and hydrogen at a constant

temperature and pressure far from the wall.

2. Stratified temperature of the ambient fluid far from the wall.

3. Participating gas thermal radiation.

6.2. Isothermal Conditions Far from the Wall

For the expected higher levels of volumetric heat source strengths, the fluid far

from the wall could not be completely quiescent outside of the boundary layer since the

stability criterion as developed by Sparrow et al. (1963) and described In Section 2.3
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would be exceeded. Consequently, strong turbulent mixing would be expected to occur

with a resulting uniform temperature distribution, as observed in the experimental

results of Greene (1982).

As Justified in Section 5.3, the local similarity model of the method of local nonsi-

milarity may be used to compute the heat transfer and particle deposition at the wall for

both turbulent and laminar natural convection flows. A range of values of KPr_ from 1.0

to 0.04 that covers the range of expected particle sizes and Knudsen numbers is used.

The wall temperature ratios of 0.9, 0.7, and 0.5 are also used. Computations are

presented for both constant and variable thermophysical properties.

For steam, a uniform temperature of lOOO'C and pressure of 6.9 MPa are used to

specify the conditions far from the wall. The Prandtl number for those conditions is

0.805. The effective dimensionless particle concentration at the wall, the dimensionless

ratio of transfer coefficients, and the heat transfer are presented in Table 6-1 for laminar

flow and in Table 6-2 for a turbulent flow that has a Rayleigh number of 2.4x10'^. Heat

transfer smd thermophoretic particle deposition results computed for both constant and

variable thermophysical properties are also presented. The dimensionless ratio of

transfer coefficients computed for steam is plotted in Figure 6-1.

Additional cases were computed for air and hydrogen assumed to be at atmo

spheric pressure and lOOO'C temperature far from the wall. For air, the Prandtl number

at the stated conditions is 0.710 and the Prandtl number for hydrogen is 0.726. The

polynomial curve fits from Irvine and Liley (1984) are used to compute the thermo

physical properties of air and hydrogen. The effective wall particle concentration,

dimensionless ratio of transfer coefficients, and heat transfer for air are presented in

Table 6-3 for laminar flows and in Table 6-4 for a turbulent flow having a Rayleigh

number of 2.1x10'^. The effective wall particle concentration, dimensionless ratio of

transfer coefficients, and heat transfer for hydrogen are presented in Table 6-5 for

laminar flow and in Table 6-6 for a turbulent flow with a Rayleigh number of 2.2x10'^.

The dimensionless ratio of transfer coefficients is presented of Figure 6-2 for air and in

Figure 6-3 for hydrogen.
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Table 6-1. Particle Deposition Results for Laminar Flows in Steam.

KPr.

Constant Properties

hpP-C./ Nu

Ra"*

Variable Properties

Hu,
hpP-C./

Nu

Ra"*

T,/T.=0.9

1.0
0.8050
0.6038
0.4025
0.2013
0.0805
0.0403

0.9000
0.9150
0.9317

0.9502
0.9712
0.9861
0.9921

0.1000
0.0818
0.0625
0.0425
0.0217
0.0088
0.0044

0.3914 0.9008
0.9157
0.9322
0.9505
0.9710
0.9859
0.9919

0.1084
0.0887
0.0677

0.0460
0.0235
0.0095
0.0048

0.3810 1.08

Tw/T.=0.7

1.0
0.8050
0.6038
0.4025
0.2013
0.0805
0.0403

0.7000
0.7314
0.7704
0.8174
0.8791
0.9317
0.9562

0.3000
0.2524

0.1993
0.1410
0.0758
0.0321
0.0165

0.3914 0.7042
0.7346
0.7716
0.8168
0.8766
0.9285
0.9534

0.3600
0.3022

0.2381
0.1680
0.0902
0.0382
0.0196

0.3639 1.19

T„/T.=0.5

1.0

0.8050
0.6038
0.4025
0.2013

0.0805
0.0403

0.5000
0.5358
0.5824

0.6443
0.7362

0.8293
0.8803

0.5000
0.4313
0.3516
0.2593
0.1481

0.0667
0.0354

0.3914 0.5065
0.5403
0.5839
0.6416
0.7280

0.8167
0.8662

0.6308
0.5417

0.4390

0.3216
0.1825

0.0819
0.0434

0.3543 1.25
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Table 6-2. Particle Deposition Results for a Turbulent Flow having a Raylelgh Number
of 2.4x10" In Steam.

KPr_

Constant Properties

hp Nu

Ra
1/3

riu,

Variable Properties

P-C.—
Nu

Ra'"

T,/T.=0.9

1.0
0.8050

0.6038
0.4025
0.2013
0.0805
0.0403

0.9000
0.9163
0.9342
0.9533
0.9742
0.9882
0.9933

0.1000
0.0819
0.0626
0.0426
0.0217
0.0088
0.0044

0.1198 0.9026
0.9185

0.9358
0.9544
0.9747
0.9884
0.9934

0.1086
0.0890

0.0680
0.0462
0.0236
0.0096
0.0048

0.1173 1.08

T,/T.=0.7

1.0

0.8050
0.6038
0.4025
0.2013
0.0805
0.0403

0.7000
0.7366
0.7802
0.8321

0.8966
0.9464
0.9673

0.3000
0.2541

0.2019
0.1435

0.0773
0.0327
0.0167

0.1198 0.7142

0.7489
0.7902
0.8392

0.9001
0.9474
0.9675

0.3650

0.3081
0.2438
0.1726

0.0926
0.0390
0.0199

0.1123 1.19

Tw/T.=0.5

1.0
0.8050
0.6038
0.4025

0.2013
0.0805
0.0403

0.5000
0.5425
0.5972
0.6692

0.7723
0.8668
0.9121

0.5000
0.4367

0.3606
0.2693

0.1554
0.0698
0.0367

0.1198 0.5211
0.5619
0.6141
0.6825

0.7804
0.8705
0.9142

0.6491

0.5633
0.4618
0.3421

0.1956
0.0873
0.0458

0.1103 1.25
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Figure 6-1. Dimensionless Ratio of Transfer Coefficients for Steam.

The turbulent flow has a Rayleigh number of 2.4x10'^.
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Table 6-3. Particle Deposition Results for Laminar Flows in Air.

KPr.

Constant Properties

Tlu,

"//

Nu

Ra"*
Hu,

Variable Properties

hp Nu

Ra
1/4

1^

T,/T.=0.9

1.0
0.7100
0.5325
0.3550
0.1755
0.0710
0.0355

0.9000
0.9229
0.9381
0.9549
0.9740
0.9874
0.9928

0.1000
0.0728
0.0555
0.0764

0.0192
0.0078
0.0039

0.3867 0.9005
0.9234
0.9385
0.9552
0.9741
0.9875
0.9928

0.1013
0.0737
0.0562
0.0381
0.0194
0.0079
0.0040

0.3881 1.01

Tw/T.=0.7

1.0
0.7100
0.5325
0.3550
0.1755
0.0710
0.0355

0.7000
0.7495
0.7861
0.8302
0.8869
0.9345
0.9565

0.3000
0.2279
0.1793
0.1262
0.0674
0.0284
0.0145

0.3867 0.7036
0.7535
0.7906
0.8354
0.8894
0.9372
0.9594

0.3160
0.2401
0.1890
0.1331
0.0709
0.0299

0.0153

0.3916 1.05

Tw/T.=0.5

1.0

0.7100
0.5325
0.3550
0.1755

0.0710
0.0355

0.5000
0.5568
0.6027
0.6631
0.7518

0.8404
0.8883

0.5000
0.3951
0.3207
0.2352
0.1334

0.0596
0.0315

0.3867 0.5062
0.5627

0.6081
0.6674
0.7543

0.8404
0.8870

0.5533
0.4364
0.3537
0.2588
0.1462

0.0652
0.0344

0.3953 1.09
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Table 6-4. Particle Deposition Results for a Turbulent Flow having a Rayleigh Number
of 2.1x10'® in Air.

KPr_

Constant Properties

hp _Nu
Ra

1/3

Variable Properties

hp
pS.f

"H

Nu

Ra
1/3

T,/T.=0.9

1.0

0.7100
0.5325
0.3550
0.1755
0.0710
0.0355

0.9000
0.9247

0.9409
0.9582
0.9770
0.9894

0.9940

0.1000
0.0729
0.0556

0.0378
0.0193
0.0078
0.0039

0.1174 0.9004

0.9251
0.9413
0.9585
0.9772
0.9896
0.9941

0.1013
0.0738
0.0563
0.0383
0.0195
0.0079
0.0040

0.1204 1.01

T„/T.=0.7

1.0
0.7100
0.5325
0.3550
0.1755
0.0710
0.0355

0.7000
0.7566
0.7981
0.8467
0.9064

0.9518
0.9705

0.3000
0.2301
0.1820
0.1287

0.0689

0.0289
0.0148

0.1174 0.7033
0.7603
0.8017
0.8502
0.9093
0.9539
0.9723

0.3159
0.2423
0.1916
0.1355
0.0724
0.0304
0.0155

0.1270 1.05

Tw/T.=0.5

1.0
0.7100
0.5325
0.3550

0.1755
0.0710
0.0355

0.5000
0.5674
0.6215
0.6917

0.7905
0.8789
0.9206

0.5000
0.4026
0.3307
0.2454

0.1402
0.0624
0.0327

0.1174 0.5066
0.5754
0.6305
0.7016

0.8007
0.8878

0.9278

0.5537
0.4462
0.3667
0.2721

0.1552
0.0689
0.0360

0.1351 1.09
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Table 6-5. Particle Deposition Results for Laminar Flows in Hydrogen.

KPT.

Constant Properties

riu,
hp

0 C —
Nu

Ra"*

Variable Properties

P-C.
hn

Nu

Ra
IM

T,/T.=0.9

1.0

0.7260
0.5445
0.3630
0.1815
0.0726
0.0363

0.9000
0.9214
0.9369
0.9539
0.9732
0.9866
0.9920

0.1000
0.0728
0.0567

0.0385
0.0196
0.0080
0.0040

0.3877 0.9008
0.9157
0.9322

0.9505
0.9710
0.9859
0.9919

0.1084
0.0887
0.0677

0.0460

0.0235
0.0095
0.0048

0.3810 1.01

T„/T.=0.7

1.0

0.7260
0.5445
0.3630
0.1815
0.0726
0.0363

0.7000
0.7464

0.7833
0.8279
0.8853
0.9335
0.9558

0.3000
0.2321
0.1827
0.1287
0.0688
0.0290
0.0149

0.3877 0.7042
0.7346

0.7716
0.8168
0.8766
0.9285
0.9534

0.3600
0.3022

0.2381
0.1680
0.0902
0.0382
0.0196

0.3639 1.02

T„/T.=0.5

1.0

0.7260
0.5445
0.3630
0.1815

0.0726
0.0363

0.5000
0.5534
0.5992
0.6593
0.7473

0.8343
0.8810

0.5000
0.4015
0.3261
0.2392
0.1356

0.0605
0.0320

0.3877 0.5065
0.5403
0.5839
0.6416
0.7280

0.8167
0.8662

0.6308
0.5417
0.4390
0.3216
0.1825

0.0819
0.0434

0.3543 1.03
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Table 6-6. Particle Deposition Results for a Turbulent Flow having a Rayleigh Number
of 2.2x10'® in Hydrogen.

fCPr.

Constant Properties

hp ffu
nw p C — —

1/3

Variable Properties

hp Nu

Ra
1/3

T,/T.=0.9

1.0
0.7260
0.5445
0.3630
0.1815
0.0726
0.0363

0.9000
0.9231
0.9397
0.9573
0.9764
0.9891
0.9938

0.1000
0.0744

0.0568
0.0386
0.0197

0.0080
0.0040

0.1178 0.9003
0.9235
0.9400
0.9576
0.9767
0.9893
0.9940

0.1008
0.0751
0.0573
0.0389
0.0196
0.0080
0.0040

0.1201 1.01

T«/T.=0.7

1.0
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Figure 6-2. Dimensionless Ratio of Transfer Coefficients for Air.

The turbulent flow has a Rayleigh number of 2.1x10'^.
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Figure 6-3. Dimensionless Ratio of Transfer Coefficients for Hydrogen.

The turbulent flow has a Rayleigh number of 2.2x10'®.
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Inspection of Tables 6-1 through 6-6 shows that the dimenslonless ratios of

transfer coefflclents computed for constant property laminar and turbulent flows have

differences in the third digit, which are considered to be negligible. The maximum dif

ference of the computed dimenslonless ratio of transfer coefficients at T^/T^ = 0.5

between laminar and tuibulent flows is less than 3% for all of the three gases.

Values of the term of Mtu'c./M-'Cu,. which is the variable thermophysical property

correction term in equation (4-60), are also presented in Tables 6-1 through 6-6. This

term is dependent on the values of the temperatures at the wall and far from the wall.

The variable-properties column for the dimenslonless ratio of transfer coefficients

reported in Tables 6-1 through 6-6 has this ratio included in accordance with equation

(4-60). When the value of the dimenslonless ratio of transfer coefficients for variable

properties in Tables 6-1 through 6-6 is divided by the corresponding ratio of thermo

physical properties m„lc./|i,JCu,_the result is within approximately 4% of the value for the

dimenslonless ratio of transfer coefficients for constant properties. Thus, for natural

convection flows where turbulence, thermophysical property variations, or both arise,

an accurate estimate of the thermophoretic particle deposition can be made by multi-

ptying the value of dimenslonless ratio of transfer coefficients that was computed for

laminar flow with constant properties by the thermophysical property ratio

Inspection of Figure 6-2 shows that for air the effects of variable thermophysical

properties and turbulent conditions are not as large as those effects are for steam, as

shown in Figure 6-1. Inspection of Figure 6-3 shows that the effects of variable prop

erties and turbulent flow for hydrogen cause only slight perturbations from the

constant-property laminar flow results. The thermophysical property ratios of

for air and hydrogen presented in Tables 6-3 through 6-6 have comparable

magnitudes at corresponding values of TJT^.

The measure, co, of the computed dimenslonless ratio of transfer coefficients, as

developed in Section 4.9 and expressed in equation (4-93), is computed for all three

gases and presented in Table 6-7. Inspection of Table 6-7 shows that the term co varies

from approximately 0.5 for T^/T^ = 0.5 and values of KPr^ close to unity to approximately

0.85 as KPr. decreases. Thus, the term co appears to be a function of Tu,/T_ and KPr_.
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©

KPr. TJT, = 0.9 TJT^ = 0.7 T„/T. = 0.5

Steam

0.8050
0.6038
0.4025
0.2013
0.0805

0.0403

0.8035
0.8285
0.8603
0.9063
0.9429
0.9704

0.6370
0.6777

0.7275
0.7996
0.8715
0.9103

0.5113
0.5554
0.6120
0.6987
0.7937
0.8502

0.7100
0.5325
0.3550
0.1755
0.0710
0.0355

0.8014
0.8292
0.8613
0.9061
0.9344

0.9505

0.6537
0.6934

0.7412
0.8068

0.8788
0.9105

0.5320
0.5746
0.6299
0.7142

0.8049
0.8585

Hydrogen

0.7260
0.5445
0.3630
0.1815
0.0726
0.0363

0.7924

0.8253
0.8574
0.8972

0.9292
0.9559

0.6507
0.6884
0.7360
0.8023

0.8687
0.9043

0.5309
0.5712
0.6248
0.7072

0.7954

0.8471
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These values of the term co indicate that a good approximation for the dimension-

less ratio of transfer coefficients may be the upper limit as expressed in equation (4-92).

Thus, instead of trying to determine a functional relationship between co, Tu,/T. and

fCPr., an approximate relationship for the dimensionless ratio of transfer coefficients was

developed by using the binomial expansion of equation (4-94) with different levels of

series truncation.

Retaining onty the first term of the binomial expansion results in equation (4-91),

which is the lower limit of the dimensionless ratio of transfer coefficients. Inspection of

Figures 6-1, 6-2, and 6-3 shows that assuming a linear relationship between the

dimensionless ratio of transfer coefficients and the product KPr_ for any value of the wall

temperature ratio would be inaccurate. Also, a linear relationship is inconsistent with

the computed, non-zero value of the term co, since a value for co of zero would transform

equation (4-93) into equation (4-91), which describes a linear relationship between the

dimensionless ratio of transfer coefficients zmd the prcxiuct KPr_. Substituting the first

two terms of the binomial expansion of equation (4-94) into equation (4-92) yields the

following approximation for the dimensionless ratio of transfer coefficients:

hP-C./ = {(K-l)(kKPrJ-(KKPrJ} fp- (6-1)

Similarly, substituting a three-term expansion of the binomial series of equation (4-94)

into equation (4-92) yields the following approximation for the dimensionless ratio of

transfer coefficients:

p.C>f =
n-H

hp L ,2 . Ts, ,2 1.,
(K {XKP-X-\){XKPrJ + rJ-^{XKPrJ (6-2)

The dimensionless ratios of transfer coefficients computed with equations (6-1)

and (6-2) are plotted, along with the results computed with the first-level of truncation

model-of the method of local nonsimUarlty, for constant-property laminar flows in Fig

ures 6-4, 6-5, and 6-6 for steam, air, and hydrogen, respectively.
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Figure 6-4. Approximate Dimensionless Ratio of Transfer Coefficients for Steam.
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Figure 6-5. Approximate Dlmenslonless Ratio of Transfer Coefficients for Air.
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Figure 6-6. Approximate Dlmensionless Ratio of Transfer Coefficients for Hydrogen.
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Inspection of Figures 6-4, 6-5, and 6-6 shows that equation (6-1) yields the better

approximation of the computed dimensionless ratio of transfer coefficients over the

range of values of KPr. from 1.0 to 0.15 for all values of the wall temperature ratio, TJT^.

The maximum error of equation (6-1) in this range is on the order of 5% for = 0.5

and is less than 1% for Tu,IT^ = 0.9. Equation (6-2), however, jdelds a better approxi

mation of the dimensionless ratio of transfer coefficients over the range of values of KPr.

from 0.15 to 0.04 for all wall temperature ratios. The maximum error computed in this

narrow range of KPr. is less than 5% for Tu,/T. = 0.5. These approximate results are

consistent with the value for the term co, which was computed using equation (4-93) and

is presented in Table 6-7.

Batchelor and Shen (1985) present an approximate relationship for the dimen

sionless particle concentration of a forced convection flow having a constant tempera

ture and a uniform particle concentration far from the wall that is not expressly derived

from the truncated binomial expansion given by (4-94). In deriving the dimensionless

ratio of transfer coefficients given by equation (4-60) in Section 4.7.3.1, a convective heat

transfer coefficient was defined, which is applicable in either forced or natural convec

tion flow. Substitution of the approximate relationship developed by Batchelor and

Shen for the effective dimensionless particle concentration at the wall in forced

convection flow into equation (4-60) results in an equation for the dimensionless ratio

of transfer coefficients that has the exact form of equation (6-1). Apparently, equation

(6-1) may be applicable for forced as well as natural convection flows. The simplicity and

reasonable accuracy of equation (6-1) over a fairly wide range of values of KPr_ is note

worthy.

6.3. Stratified Fiuid Temperature Far from the Wall

As shown by Sparrow et al. (1963) and described in Section 2.3, the ambient fluid

temperature far from the wall cannot be stably stratified beyond a certain value of the

volumetric heat source strength. For the steam conditions and geometry of interest in

the present research, this value is of the order of 1 nW/m^. This value is exceeded by

the higher values of volumetric heat source strength expected in the upper plenum of a
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BWR However, situations where low heat source strengths per particle or low volu

metric particle concentrations exist in the upper plenum of a BWR are eilso possible.

These low heat source strengths will result in a stratified temperature distribution in the

ambient fluid that is quadratic with respect to streamwise distance from the leading

edge of the plate. The pzirticle deposition on the wall due to thermophoresis from such

a quadratically-stratifled ambient fluid temperature is Investigated below.

For a quiescent fluid with a vertical temperature difference between the leading

edge and the trailing edge of the plate equal to the horizontal temperature difference

between the leading edge of the plate and the fluid at the same elevation as the leading

edge and far away from the wall, the vertical temperature distribution in the fluid is

given by

T..L-Ux)_Da

The Damkdhler number. Do, is equal to -2 when the fluid temperature at L is equal

to the wall temperature. From stability considerations alone, a fluid temperature at L

lower than the wall temperature is physically possible, but would be of no Interest for

this investigation of thermophoretic deposition, since a wall hotter than the fluid would

repel particles (Talbot et al., 1980).

The Damkdhler number is negative for cooled walls (wall temperature less than

that of the fluid). The negative sign results from the nondimensionallzation of the fluid

temperature, as shown in equation (4-35), by the temperature difference between the

wall and the fluid far from the wall. This temperature difference is negative for cooled

walls and therefore the negative sign is simply a bookkeeping convention. A negative

value of the DamkShler number for a cooled wall represents a volumetric heat source

(i.e., heat addition) In the fluid.

As in the case of a constant-temperature fluid far from the wall, the heat source

term of the conservation of energy equation inside the boundary layer is neglected for

the quadratic temperature stratification given by equation (6-3). A wall temperature

ratio of 0.9 (i.e., \ = - 0.1) Is chosen so that the Gray and Giorglni (1976) criterion for the
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applicability of the Bousslnesq approximation Is satisfied. The purpose of this section

Is to focus on the effects of a thermally-stratified ambient fluid on thermophoretlc

deposition of particles and not on effects due to variable properties. For a fluid having

a Prandtl number of 1.0, which Is representative of steam at 400"C and 6.9 MPa, the

following results are presented In Table 6-8: the ratio Nu/Ra^'*, the dlmenslonless ratio

of transfer coefficients given by equation (4-60), and the effective dlmenslonless wall

particle concentration. The dlmenslonless particle concentration as a function of the

pseudoslmllanty variable, q. Is presented In Figure 6-7 for the listed values of the

streamwlse coordinate,

For values of the normalized streamwlse distance, greater than 0.6, the

Lentlnl-Pereyra numerical scheme with the second-level of truncation model of the

method of local nonslmllarlty showed great difficulty In obtaining a converged solution

of the dlmenslonless particle concentration differential equation. Since Chen and

Elchhom (1976) computed and experimentally observed stratified boundary layer flows

detraining, or ejecting fluid, the velocity normal to the wall was examined, particularly

at higher values of the streamwlse coordinate, The computed effective particle wall

concentration shown In Figure 6-7 merits further Investigation, because It Is noticeably

decreasing for the higher values of ̂ and the computed particle concentration is greater

than one for ̂  = 0.6 at q = 3.

The fluid velocity normal to the wall Is obtained by the substitution of the defining

values for the pseudoslmllarlty variable, equation (4-33), and the dlmenslonless

streamfunctlon, equation (4-34), Into equation (4-31). The fluid velocity normal to the

wall, the thermophoretlc velocity, V^, of equation (4-7), and the total velocity for a par

ticle (the sum of these two transverse velocities) for the case of a quadratic temperature

stratification are shown In Figure 6-8. Negative values of the ordlnate denote flow

directed towards the wall, as shown In Figure 2-2. (The negative, nonzero value of the

particle velocity at the wall Is actually at the edge of the Brownlan layer, which is neg

ligibly thin. The particle velocity at the wall must, of course, be zero.)
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Table 6-8. Quadratic Stratification Results.

Nu

Ra"*

hf
riw

0.0 0.4011 0.1000 0.9000
0.1 0.3915 0.0997 0.8972
0.2 0.3868 0.0987 0.8897
0.3 0.3831 0.0972 0.8752
0.4 0.3746 0.0940 0.8458
0.5 0.3565 0.0858 0.7719
0.6 0.3263 0.0427 0.3847
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Figure 6-7. Particle Concentration Profile for Quadratic Stratification of the Ambient
Fluid.
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Figure 6-8. Transverse Velocities for QuadraUc Stratification of the Ambient Fluid.
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The normal velocities plotted In Figure 6-8 show that the convective motion of the

fluid is away from the wall for values of ti less than =■ 1 at ^ = 0.6. The total transverse
particle velocity is still towards the wall very near the wall at ti less than - 0.5, which

indicates that some particles are being deposited on the wall by thermophoresis . At a
value of r\ slightly greater than 0.5, the total transverse particle velocity is zero, which
indicates that the outward flow of the fluid due to the stratified temperature boundary
condition in the ambient fluid is opposing the thermophoretic velocity and Impeding any
additional particles from depositing on the wall. Thus, at that streamwise station and

for higher values of the streamwise distance, 4. particles are swept downstream and are
not deposited on the wall by thermophoresis.

The particle concentration greater than unity at the streamwise station ^ = 0.6 at
a value of t] = 3, which is shown in Figure 6-7, is due to a temperature lag in the
boundary layer, which is characteristic of thermally stratified flows. This lag, or inver
sion, causes the thermophoretic movement of particles away from the wall and, thus,

increases the particle concentration at an intermediate point in the boundary layer
above the concentration far from the wall. These temperature inversions are shown in

Figure 5-2 for an ambient fluid with a linearly-stratifled temperature. Such inversions
have been experimentally observed by Krane and Jessee (1983) in the laminar natural

convection boundary layers on the heated and cooled vertical walls of a square enclo
sure, which has a linearly-stratifled temperature core region.

As previously described, the Lentini-Pereyra method with the second-level of

truncation had encountered numerical difilculties when attempting to compute con

centration profiles for values of ^ > 0.6. To investigate the cause of these numerical

dlfflculties at these relatively high values of the particle concentration equation (4-46)
was rewritten neglecting Brownian dilTusion and assuming constant thermophysical
properties as follows:

1+^
+ 3/+44/5 d r X9' ^

i+A^
(6-4)
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With the coeflicients of the particle concentration gradient, n'. and the particle concen

tration, n, now specifically identified in equation (6-4), only the temperature and velocity

profiles inside the boundary layer were computed for values of the streamwise

coordinate greater than 0.6. The axial velocity and temperature profiles were similar to

those presented in Section 5.2.3 in that temperature and velocity inversions in the

boundary layer were computed. However, when the values for the dtmensionless

streamfunction, dimensionless temperature, and the partial derivative of the dimen-

sionless streamfunction with respect to ̂  as functions of r\ were substituted into the first

term in brackets in the left-hand side of equation (6-4), a value of zero for the coefficient

of the concentration gradient term occurred at q = 0.5, indicating a singularity in

equation (6-4) for values of ̂  > 0.6. The presence of this singularity is the apparent

reason for the numerical difficulties encountered in solving the particle concentration

equation for a quadratically-stratifled ambient fluid temperature at values of ̂  > 0.6.

One technique for solving the particle concentration equation at values of the

streamwise parameter ̂  > 0.6 would be to divide the solution domain at the singularity

into the two computational domains of a near-wall region and a far-wall region. How

ever, since the objective of the present research is to determine particle deposition on

the wall from the fluid far from the wall, solving the particle concentration equation is

unnecessary when this singular behavior arises in the differential equation. Physically,

the particle concentration is zero somewhere in the boundary layer when this singularity

occurs, and, therefore, deposition of particles on the wall from outside the boundary

layer is Impeded. Thus, at a point approximately halfway down the wall, particle

deposition to the wall is Inhibited by fluid detrciinment from the boundary layer, which

is due to the stratified temperature boundary condition far from the wall.

6.4. Participating Gas Thermal Radiation

Since one objective of this investigation is to investigate thermophoretic deposition

of particles from steam at a high temperature and a high pressure, the effect of partic

ipating gas thermal radiation on particle deposition is investigated. Because the emis

sion spectrum for steam, as well as many other gases, is transparent at some
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wavelengths and not transparent at other wavelengths, use of the diffusion

approximation will result In onty an approximate value for particle deposition on the wall

due to participating gas thermal radiation effects in steam. However, for the limited

scope of this investigation, the simplifying Rosseland or diffusion assumption of Section

2.6 is used to approximate the participating gas radiation. Even though the diffusion

approximation will not yield accurate results for the particle deposition, it will indicate

the correct qualitative effects of the flow parameters on particle deposition.

The Lentinl-Pereyra numerical method with the first-level of truncation model of

the method of local nonsimilarlty is used to compute the flow with a wall temperature

ratio of 0.9. constant thermophysical properties, and constant fluid temperature far

from the wall. Both laminar and turbulent flow conditions were investigated. As In the

previous section, these conditions were chosen to focus attention solely on the effects of

participating gas thermal radiation on particle deposition.

A range of values for the radiation parameter M of equation (4-38) was chosen as

representative (within the limitations of the Rosseland assumption) of the conditions

under which the participating thermal radiation takes place in the steam. A thermo-

phoretlc coefficient K, assumed to be unaffected by the participating radiation heat

transfer process, of 1.0 was used. For a temperature and pressure of 400'C and 6.9

MPa. steam has a Prandtl number of 1.0. The computed results, which are presented

In Table 6-9 for laminar natural convection flows, include: the effective dlmensionless

wall particle concentration, n^, the ratio Nu/Ra^'* that is representative of the heat

transfer, and the dlmensionless ratio of transfer coefficients as given by equation (4-60).

The computed results, which are presented in Table 6-10 for a turbulent natural con

vection flow at a Rayleigh number of 3.0x10'®. include: the effective dlmensionless wall

particle concentration, n^, the ratio Nu/Ra^'^ that is representative of the heat transfer,

and the dlmensionless ratio of transfer coefficients as given by equation (4-60).

The total heat transfer at the wall has two components: convection and radiation.

The total heat transfer and the convective component of the total heat transfer, which is

given by JVu/Ra"^ for turbulent flows and Nu/Ra'^* for laminar flows, are presented in

Tables 6-9 and 6-10. The dlmensionless ratio of transfer coefficients, as derived in
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Table 6-9. Particle Deposition and Heat Transfer Results for Laminar Flows with
Participating Radiation.

M "u,
hp ^^eonveethw

Ra"* Ra"*

100. 0.9001 0.1000 0.3990 0.4029
1.0 0.9216 0.1024 0.3425 0.6399
0.1 0.9701 0.1078 0.1670 1.7899
0.01 0.9440 0.1104 0.0608 5.9746
0.001 0.9990 0.1110 0.0201 19.578

Table 6-10. Particle Deposition and Heat Transfer Results for a Turbulent Flow at a
Rayleigh Number of 3.0x10'® with Participating Radiation.

M nw
hp

Ra
1/3 /?a"'

100.
1.0
0.1
0.01
0.001

0.9005
0.9348
0.9853
0.9985
0.9998

0.1000
0.1039
0.1095
0.1110
0.1111

0.1230
0.0894

0.0319
0.0071

0.0019

0.1242
0.1762
0.3417
0.6984
1.8444
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Section 4.7.3.1 and given by equation (4-60), Is a dlmenslonless ratio of the particle

transfer coefRclent and the convectlve heat transfer coefficient. The dlmenslonless ratio

of transfer coefficients depends only on the convectlve heat transfer and does not depend

on the radiative portion of the heat transfer.

Inspection of Tables 6-9 and 6-10 shows that the effective dlmenslonless wall

particle concentration Is affected by the magnitude of the radiation as represented by

the value of the parameter M. The exact solutions for the particle conservation equation

for a KPr_ of unity (as described in Section 4-8) are no longer applicable. The effective

dlmenslonless wall particle concentration Increases from 0.9 for the case of M = 100,

which represents almost no participating thermal radiation, to almost unity for the case

of M= 0.001, which represents a relatively laige cunount of thermal radiation. The

dlmenslonless ratio of transfer coefficients Increases by only 11% over this wide range

of the parameter M. Negligible differences are computed between the effective wall

particle concentration and the dlmenslonless ratio of transfer coefficients for laminar

and turbulent flows. Similar observations were made In another computation In which

a thermophoretlc coefficient of K = 0.5 was used.

Further Inspection of Tables 6-9 and 6-10 shows that the total heat transfer to the

wall Increases substantially as the level of the thermal radiation Increases. However,

the convectlve portion of the heat transfer decreases noticeably as the level of radiation

participation Increases. The convectlve heat transfer rates for laminar and turbulent

flow are also presented In Figure 6-9. The decrease In convectlve heat transfer with an

Increasing level of radiation Is striking.

Sparrow and Cess (1966) remark that for optically thick conditions, separation of

the heat transfer at the wall Into the convectlve and radiant components may prevent

the correct computation of these components, although the total heat transfer Is cor

rectly computed. Kim and Vlskanta (1984) used a more realistic band model of thermal

radiation for steam at high temperature and pressure in a forced convection tube flow

and concluded that the convectlve heat transfer may be greatly overpredlcted for high

pressure and high temperature steam at low velocities if the Interaction between par

ticipating radiation and convection is neglected.
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Figure 6-9. Effect of Participating Radiation on Convectlve Heat Transfer.
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This substantial decrease in convective heat transfer would result in a corre-

spondingfy substantial decrease in the thermophoretic particle deposition on the wall as

the level of radiation increases. Since participating gas thermal radiation is modeled as

another mode of transferring heat by a diffusion process, the ejfective thermal conduc

tivity increases as the level of radiation increases. This increased effective thermal

conductivity results in a decreased effective Prandtl number and a decreased

temperature gradient at the wall. For thermophoresis. the temperature gradient across

a particle induces the thermal force that moves the particle in the direction opposite to

the gradient. Thus, a decrease in the temperature gradient at the wall would result in

a decrease in the thermophoretic particle deposition on the wall.

If, as assumed, the thermophoretic coefficient K is not affected by the presence of

participating gas thermal radiation, this would result in a decreased thermal force act

ing on the particle. This assumption must be considered as tentative and should be

examined more closely In future investigations. The analysis for the thermal force given

in Appendix C shows that the temperature gradient across the spherical particle, the

interface conditions, and the thermal conductivities of the gas and particle are part of

physical conditions that enter the derivation of the expression for the thermophoretic

coefficient K. A derivation of an expression for K in the presence of participating gas

thermal radiation should specifically consider the temperature jump conditions at the

interface between the particle and the surrounding fluid due to thermal radiation as well

as the temperature jump conditions due to nonzero Knudsen number effects, and the

effect (if any) of the increased effective thermal conductivity of the gas.

The temperature profiles both with and without participating gas thermal radiation

effects for laminar and turbulent flows appear in Figure 6-10 for a radiation parameter

of M = 0.1. Inspection of Figure 6-10 shows that the temperature gradient at the wall in

the presence of participating gas thermal radiation is less than the temperature gradient

at the wall without participating gas thermal radiation for laminar and turbulent flows.

As should be expected, the temperature gradient for turbulent flow is greater than the

temperature gradient for laminar flow for the corresponding cases with and without

participating gas thermal radiation.
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Figure 6-10. The Eflect of Radiation on the Temperature Distribution.



164

Further inspection of Figure 6-10 shows that the thermal boundary layer thick

ness In laminar flow is Increased when partlclpatliig gas thermal radiation Is included.

This Increased thermal boundary layer thickness In laminar flow is characteristic of low

Prandtl number fluids.

Thus, for both laminar and turbulent natural convection flows, the effect of par

ticipating gas thermal radiation Is to decrease the temperature gradient near the wall

which results In a decrease of the thermophoretlc deposition of particles on the wall,

even though the dtmenslonless ratio of transfer coefficients presented In Tables 6-9 and

6-10 shows a slight Increase as the level of radiation Increases.
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CHAPTER 7

CONCLUSIONS

Consideration of the results obtained in the present research suggests the follow

ing conclusions:

1. The presence of a volumetric heat source in a particle has a negligible effect on

the thermophoretic transport of the particle. The temperature and flow distributions in

the natural convection boundary layer on a cooled surface are not affected and the

physics of thermophoresis are also not affected by the presence of volumetric heat

sources with strengths expected in the Boiling Water Reactor subsequent to a severe

accident.

2. The approximate dimensionless ratio of transfer coefficients, presented in Sec

tion 6.2, predicts thermophoretic particle deposition rates from a dilute suspension of

single-sized particles for the three gases of steam, air, and hydrogen at a constant

ambient temperature with acceptable accuracy. This approximate dimensionless ratio

of transfer coefficients does not require the solution of the particle conservation equation

and is independent of flow regime. Variable thermophysical properties, which are con

sidered in the dimensionless ratio of transfer coefficients, result in increased particle

deposition rates.

3. Particle deposition on the wall with a quadratically stratified ambient tempera

ture is impeded on the lower half of the wall due to convective outflow from the boundary

layer. Use of the dimensionless ratio of transfer coefficients with an average wall heat

transfer coefficient in a fluid with a stratified ambient temperature distribution over-

predicts the thermophoretic deposition rate.

4. Thermophoretic deposition of particles from gases that participate in the ther

mal radiation heat transfer process is less than that in gases that are transparent to

thermal radiation. Use of the dimensionless ratio of transfer coefficients with a

convective heat transfer coefficient in the presence of participating gas thermal radiation

overpredicts the thermophoretic deposition rate.
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CHAPTER 8

RECOMMENDATIONS FOR FURTHER RESEARCH

Consideration of the results obtained In the present research suggests that the

following topics should be Investigated:

1. Thermophoretic transport of particles should be Investigated In an enclosed

cavity, where the flow Is driven by either Internal heat sources In the fluid with cooled

walls or by differing wall temperatures. A vertically stratified temperature distribution

occurs In the central core of the cavity for these conditions. Stratified temperature

conditions far from an Isothermal wall are shown In Section 6.2 to block the thermo

phoretic transport of particles to the wall. Particle deposition on the walls of an enclosed

cavity may be Inhibited due to temperature stratification In the core region.

2. Thermal radiation effects on thermophoresis should be Investigated In non-gray

participating gases. The thermophoretic deposition of particles on a cooled wall is

shown In Section 6.3 to decrease In the presence of an optlcally-thick participating gas.

Thermophoretic deposition of aerosol particles may also decrease In media with spectral

emission and absorption, such as steam, but perhaps not as much as that for

optlcally-thick conditions. This decrease In thermophoretic deposition should be

quantified for gases such as steam. In addition, participating gas thermal radiation

effects on the thermophoretic force In the Immediate vicinity of the particle and In the

vicinity of the wall, similar to the analysis presented In Appendix C for the effect of

volumetric heat sources on the thermal force, should also be investigated.
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APPENDIX A

NUMERICAL TECHNIQUES

For the dlfiferential equations describing the problem of interest here, bounding

conditions are prescribed at the waU and the edge of the boundary layer. This is called

a boundary value problem, which is more difllcult to solve than an initial value problem

in which all the bounding conditions are prescribed at one location only. Two methods

of solving the coupled, partial differential equations in this boundary value problem were

used. The first technique is the local nonslmilarity method (Sparrow et al., 1970) in

which the sjrstem of partial differential equations is transformed into an equivalent

sj^tem of ordinary differential equations. The exact form of the transformed system of

ordinary differential equations is described, specifically including terms that have

caused some controvert in the literature. The second technique is a finite difference

procedure called the Keller Box method (Keller, 1978).

Two numerical techniques were used to compute the solution to the transformed

system of ordinary differential equations in the local nonsimilarity method. The first

was a variant of the "shooting" method developed by Nachtshelm and Swigert (1965) and

the second was a finite difference technique developed by Lentini and Pereyra (1977).

The Keller Box method is a systematic procedure for discretization of the partial

differential equations that yields algebraic equations with a computationally desirable

structure.

A.I. The Method of Local Nonsimilarity

A.1.1. General description of the method

The local nonsimilarity method of Sparrow et al. (1970), as described by Minko-

wyczand Sparrow (1978), was used for the numerical solution of the transformed partial

differential equations. The independent variable q is called a pseudosimilarity variable

and is composed of a combination of both normal and streamwise spatial coordinates.

For example, the pseudosimilarity variable used in the present work is given by;
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(A-1)

The Intent of Introducing this variable is to lessen the dependence of the solution

upon the streamwise spatial coordinate in the same fashion as a similarity variable

completely eliminates the solution dependence upon the streamwise spatial coordinate.

The right hand sides of the transformed partial differential equations contain derivatives

of the dependent variables with respect to the streamwise variable as well as those

with respect to the pseudosimilarlty variable. r\. Retaining these derivative terms of

3f/3^, 90/9^, and 9n/9^ would require use of a numerical scheme suitable for partial

differential equations in order to solve the system of equations. The retention of these

derivative terms also couples the local solutions at adjacent streamwise stations, which

precludes the possibility of finding a locally autonomous solution at any given stream-

wise station.

The computational task would be simplified by deletion of the streamwise deriv

ative terms 9f/9^, 90/9^, and 9n/9^. This would result in a system of ordinary differential

equations: however, the difference between the solution of this set of equations and that

of the original set of equations is unknown. The coupling of streamwise stations is also

severed in this approximation, resulting in a locally autonomous solution. This proce

dure is called the "local similarity method" and simply neglects the right hand sides of

the governing equations with the assumption that they are sufficiently small. This

assumption is good for very small values of the streamwise variable, but rapidly breaks

down for increasing values of The resulting equations are ordlnaiy differential

equations, and the method of Nachtsheim and Swigert (1965) was used for their

numerical solution. This local similarity method is called the "first level of truncation"

In the method of local nonsimilarity.

The local nonsimilarity method retains oR of the terms in the original set of gov

erning equations, or at least approximations for all the terms containing streamwise

derivatives. These terms are disguised by introducing new functions defined as
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Since these new functions represented additional unknowns, additional equations

are needed to determine a unique solution. Subsidiary equations are generated by dif

ferentiating the system of partial differential equations and the boundary conditions

with respect to the streamwise variable This generates terms of the form dG/d^,

£md dP/d^. The second level of truncation of the local nonsimilsirity method is

performed by neglecting the streamwise derivatives of the functions G, and P in the

subsidiary equations. Thus, the solution of the subsidiary set of equations provides

approximations for the new variables, G, 4>, and P.

This procedure results in a set of ordinary differential equations applicable at any

streamwise station; that is, these equations may be solved dlrectty at any streamwise

location without performing any solutions at upstream locations. This "second level of

truncation" retains all the terms of the original partial differential equations. The sub

sidiary equations and boundary conditions are of no direct Interest but serve to close

the system of equations including the new functions G, <1>, and P. The intent of this

procedure is to reduce the error incurred by neglecting the nonsimUar terms in a

higher-order subsidiary equation instead of in the original set of equations, or the first

set of subsidiary equations.

A third level of truncation could have been introduced by definition of the addi

tional functions

"  e (A-3)

In this third level scheme, the second level subsidiary equations and boundary

conditions would be differentiated with respect to the streamwise variable. The

streamwise derivatives of these new functions H, X, and Q would be neglected, resulting

in still another set of ordinary differential equations that would be locally autonomous.
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The method is usually considered to have converged if there is sufficient agreement

between the second and third levels of truncation. The results of Sparrow and Yu (1971)

and many other investigators have shown that the third level of truncation is rarely

necessary for convergence. Thus, it has become a common practice to employ a second

level of truncation scheme.

A.I .2. Specific formuiation of the second-ievei of truncation modei

With the basic outline of the method as described in the previous section, the

second-level of truncation model is applied to the differential equations of interest of the

present work. The nonslmilar differential equations for Newton's Second Law. the

conservation of energy, and the conservation of particles, as presented in Section 4.4 in

equations (4-44), (4-45), and (4-46) are repeated as follows:

an
14^ Pit

PrMr
r
/  -I

+ 3ff"-2(ff + Q
T

=  (A-4)
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and

an \Sc Sc, p prPrJ
+ 3fn'+K

an Ll^PrHrj 1 + X0
n

/ -•

= 4^(fn^-n%). (A-6)

The boundary conditions, as given by equation (4-43), are repeated as follows:

/(^,0)=^^=i-e(t0)-^^=«(^,0)=^^|^=e(^.oo)=i-„(4,oo)=0. (a-7)
As described in Section 4.4, the above set of equations is incomplete, since the

turbulence quantities will be functions of q, the nondimensional distance from the wall,

and the variable property terms may be functions of temperature, and hence must be

prescribed in order to fully complete the set of differential equations. For the purposes
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of describing the second-level of truncation model, the exact form of the turbulence

quantities and the variable property relationships need not be specified. Participating

thermal radiation and volumetric heat sources also need not be considered for simplicity

in describing the method. The case of laminar, constant property flow with no partici

pating thermal radiation or volumetric heat sources is therefore studied to describe the

method of local nonsimilarlty. The substitution of the disguised functions of equation

(A-2) into equations (A-4). (A-5). and (A-6) for this specific case results in a set of equa

tions of the following form:

(A-8)

and

1-0"+3/0'-44r^^

r xe' V
n

LU+^y -■
A^(fP-nV).

(A-9)

(A-10)

The second-level of truncation model proceeds by taking the derivative of equa

tions (A-8). (A-9). and (A-10) with respect to the streamwise coordinate. For the

second-level of truncation model, the derivatives of the disguised functions with respect

to as defined In equation (A-3). are neglected. Rearrangement results in the following

set of subsidiary equations:

G'" + 3/G" + If'G - %fG' + <D = 44(G'' -G"G), (A-11)

—0)" + 3f^ + lG&-4f<t> - 4 = 44(G'<D-<I)'G), (A-12)

and
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The boundary conditions must also be difierentlated with respect to with the

resulting form:

G(%,0) = GU.O) = 0(^.0)+^+^^ = P(^,0) = G'(^.oo) = <D(tCO) = />(4,oc) = 0 . (A-14)

The set of equations (A-8). (A-9). (A-IO), (A-Il). {A-12). and (A-13) with the

boundary conditions (A-7) and (A-14) form a complete set. Special attention is focused

on the terms in the right-hand side of the subsidiary equations, equations (A-11), (A-12),

and (A-13). These terms arise from the differentiation of the terms inside the paren

theses on the right-hand side of equations (A-8). (A-9). and (A-10) with respect to t The

inclusion or deletion of these terms in the method of local nonsimilarlfy has caused

controvert in the literature. These terms were neglected in the original version of the

method presented by Sparrow et al. (1970). The studies by Coxson and Parks (1971)

and Chen and Eichhom (1976) claim that retention of these terms is preferable, while

the studies by Sparrow (1971) and Rogers (1974) claim that deletion of the terms is

preferable. Based on the results presented in Section 5.2.3. these terms should be

retained.

A.1.3. Numerical solution techniques

The local nonsimilarity method transforms the system of partial differential

equations into a system of ordinary differential equations which are numerically much

easier to solve. However, the bounding conditions for the transformed set of differential

equations are prescribed both at the wall and at the edge of the boundary layer. The

numerical solution of this two-point boundary-value problem is more computationally

involved than the numerical solution of an initial-value problem in which the system of

differential equations has all of the necessary bounding conditions prescribed at only

one point. Additionally, physical considerations require that the solution of the equa

tions must exhibit asymptotic behavior at the edge of the boundary layer for the

dependent variables representing fluid shear, temperature gradient, and particle

concentration gradient. The first numerical technique used to compute the solution of
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the transformed system of ordinary differential equations was a variant of the shooting

method developed by Nachtsheim and Swigert (1965). The second technique was a finite

difference procedure developed by Lentini and Pereyra (1977).

The shooting technique transforms the two-point boundary-value problem into a

series of initial-value problems. Values are first assumed for the "missing" initial con

ditions. which are the desired solution parameters of the problem. For this problem, the

missing initial values are the wall shear, the wall temperature gradient, and the wall

particle concentration gradient. The assumed initial-value problem is then integrated

across the boundary layer and the computed results at the edge of the boundary layer

are compared to the actual boundary conditions specified by the original boundary-

value problem. If the computed bounding value does not agree with the prescribed

boundary condition within a specified amount, the assumed values for the missing

initial conditions are corrected and the initial-value integration is performed again until

the computed values at the edge of the boundary layer agreed with the prescribed

boundary condition.

The name "shooting" was applied to this method because a gradient (elevation) is

estimated at the beginning (shooter) of the integration Interval (range) and the computed

results are compared to the known boundary condition (target) at the other end of the

interval. This procedure has the disadvantage of sensitivity to the value of the initial

slope.

In a mathematical sense, the variable r\ must vary from zero at the wall to infinity

at the edge of the boundary layer. Practically, however, this infinite range of integration

must be approximated by a finite range in order for the integration to be carried out on

a digital computer. An assnnptotic approach to a zero value of fluid shear, temperature

gradient, and particle gradient is also required at the edge of the boundary layer.

Nachtsheim and Swigert (1965) developed a method that modifies the shooting method

so that a suitable finite approximation for the boundary-layer edge at infinity evolves as

a part of the solution and that the asymptotic approach for some variables at the edge

is achieved.



188

Solution of the third-order system of nonslmllar ordinary differential equations

begins by reducing all equations to an equivalent set of first order equations. This step

Is necessary to use the Runge-Kutta Integration routine RKF45 developed by Forsythe et

al. (1977). The solution algorithm requires an Initial guess for the location of the edge

of the boundary layer, as well as guesses for the missing initial values.

The differential equations were also differentiated with respect to the missing Ini

tial values. This additional differentiation Is necessary to compute the sensitivity of the

computed solution at the boundary point of Infinity to the guessed Initial value. This

computed Information at the infinite boundary point Is used to correct the Initial

guessed value. Details are found hi Nachtshelm and Swlgert (1965).

The Integration across the boundary layer Is then performed for all equations.

Including the differential equations representing the sensitivity with respect to the Initial

conditions. The difference between the computed and prescribed boundary conditions

and the difference between the computed and expected asymptotic behaviors of the fluid

shear, temperature gradient, and particle concentration gradient at the edge are then

evaluated. These differences are squared and then summed to form the "error term."

Corrections based upon the results of the sensitivity equations for the assumed initial

values are then computed by a least-squares technique and the Integration Is done

again. The solution Is Iterated In this fashion until the corrections in the initial values

are less than a specified tolerance. If the computed error, given by the sum of the

squared differences, at the edge of the boundary layer Is not sufficiently small, the value

for the location of the edge of the boundary layer Is Increased and further iterations are

performed until the error Is sufficiently small.

The Integration routine. RKF45. was chosen because It Is based on a robust, well

tested algorithm, it Is well documented, and the author was experienced In obtaining

accurate solutions to nonslmllar boundary layer problems using this software. A

detailed presentation of RKF45. Including a listing. Is found In Forsj4;he et al. (1977).

The size of the Integration step used In RKF45 Is automatically chosen by the algorithm,

so that a user-supplied local error criterion Is satisfied. In this fashion, large integration

steps are used when the solution Is slowly varying, such as near the edge of the
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boundary layer, and short steps are used when the solution is rapidly varying, such as

near the wall. The use of this varlable-step-size method tends to minimize the computer

time necessary to solve the problem.

An additional technique for solving the nonsimilar boundary layer equations was

developed. This technique is based on a finite-difference algorithm developed by Lentini

and Pereyra (1977) as implemented in software by IMSL, Inc. (IMSL, 1982) in a sub

routine called DVCPR. This finite-difference procedure also requires reducing the order

of the original system of differential equations to an equivalent set of first-order

equations. The code makes first-order difference approximations using the trapezoidal

rule on an assumed finite-difference mesh for the entire integration interval over the

boundary layer thickness. The coding automatically chooses a mesh spacing based

upon satisfaction of a user-supplied local error criterion. Unlike the shooting method,

the actual boundary conditions are supplied at both ends of the integration interval.

The missing initial values evolve from the solution as do any other unknown interior

values. No estimate of the missing initial conditions is necessary. Additional computer

memory as compared to the shooting method may be required when using this method

because of the potentially large coefllcient matrix needed to store finite-difference values

for the entire boundary layer.

A finite interval for integration is supplied to DVCPR by an estimate for the edge of

the boundary layer. An error term is computed by squaring and summing the difference

between the computed values and zero for the variables representing fluid shear, tem

perature gradient, and particle concentration gradient, which should asymptotically

approach zero. If this error was not sufficiently small (on the order of 10"®), a larger value

for the edge of the boundary layer is estimated and the computations are repeated until

convergence.

The computed solutions are also plotted using computer software to insure that

proper asymptotic behavior occurs as the edge of the boundary layer is approached.

Physical considerations require that the solutions have a smooth asymptotic approach,

instead of just a crossing point, as the edge of the boundary layer is reached.
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The major advantage that this finite difference procedure has over the shooting

method of Nachtsheim and Swlgert Is that the auxiliary differential equations for the

computed solution sensitivity with respect to the guessed Initial values are not needed.

This procedure has fewer equations to Integrate across the boundary layer, which

results In a reduced possibility of programming errors. An additional advantage Is that

either (1) the boundary condition at the wall for a particle concentration of zero when

considering Brownlan diffusion, or (2) the relationship between particle concentration

and particle concentration gradient when neglecting Brownlan diffusion Is easily

accommodated when using DVCPR. Because of the variable mesh spacing, the very

steep concentration gradient at the wall that exists when considering Brownlan diffu

sion does not cause the Integration to fall as It might for any shooting method. The

relationship between the particle concentration and the particle concentration gradient

was easily Incorporated when the Brownlan layer was neglected.

A.2. Keller Box Method

The Keller Box scheme (Keller, 1978) for boundary-value problems in partial dif

ferential equations has been used for solving mzmy different problems arising in

boundary layer flow (Keller and Cebecl, 1972). This method has many advantages, such

as accuracy, adjustable mesh spacing, and the ability to consider some singularities at

the endpolnts. The accuracy Is second order with respect to the mesh spacing. The

finite-difference mesh spacing can have arbitrary size. The slnguleir nature of the par

ticle conservation equation when Brownlan diffusion Is negligible is easily accommo

dated In the solution scheme. Also, the thermophyslcal properties that are coefficients

of the dependent variables need not be expressed as anal5dic functions of the

Independent variables.

The Keller Box scheme requires writing the coupled third-order system of partial

differential equations as a coupled system of first-order partial differential equations.

The solution domain Is divided Into rectangular subdomalns (boxes), as shown on Figure

A-1. The first order derivatives are approximated by central difference expressions and
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simple two-point averages using the function values at the comers of each box. The

central difference expressions result in a numerical error on the order of the mesh

spacing squared.

For demonstration purposes, the stream function/was selected to represent one

of the seven dependent variables. The numerical approximation to f at mesh point i and

J is denoted by J/. The following notations are used for mesh averages and finite differ

ences of the mesh quantity / The fraction of one-half denotes the mid-point.

and

1-1/2 ,

= ̂([/];-i/2-i/];:i/2).
j-ia

y-1/2

I -1/2 j

j-ia 2
Ta/

(

u.

/-I

|an- y-i/2 .an.;-l/2^

■,1-1/2
-V2

(A-15)

(A-16)

(A-17)

(A-18)

(A-19)\f\i-\a - 2V'^'J/-i/2 ' uij-iru -

For illustrative purposes, the Keller Box finite difference procedure is applied here

to one of the nonsimilarity equations. The dimensionless conservation of energy equa

tion for the simplest nonsimilarity case is shown here for turbulent natural convection

flow with constant thermophysical properties over a constant temperature flat plate

without a stratified freestream or thermophoresis. This equation is given by

Frdrill ^k +3/0' = (A-20)
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where a prime superscript represents a partial derivative with respect to the Indepen

dent pseudoslmllarity variable and a subscript % represents a partial derivative with

respect to the streamwlse Independent variable The term that represents turbulence

is Included to show the treatment of certain nonlinearitles.

The corresponding finite difference equation Is obtained by mesh averaging each of

the terms of equation (A-20) at the center of the box. The mesh average of the products

of dependent variables, such as the second term on the left hand side of equation (A-20),

Is used In the problem discretization Instead of the product of the mesh averages of each

dependent vziriable. This Is done to minimize the amount of arithmetic manipulations

and has no significant effect upon the accuracy or stability (Keller, 1978).

The mesh averaging operations for equation (A-20) are carried out according to the

definitions expressed In equations (A-15) through (A-19). Performing the mesh opera

tions on the energy equation yields the following expression.

Pr2Ar\j kjJi
&;+

k.
V-i

yj
e-i-.-fi+r]

yj-i \ "■ Jj-\ J

+e;-. -

(A-21)

As written, this system of algebraic equations Is nonlinear. This system of non

linear algebraic equations Is solved using Newton's method as follows by writing the

(1+J)-th Iterate for the stream function as

j  =fj +¥j , (A-22)

with similar linearizations for the other mesh functions.
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In addition, the explicit definitions of the derivative function are written for the i-th

line in the mesh such that

■'j-m
\f\j-vi — Lan. AtI; (A-23)

and

\f%-xa = LdnJj-xa

J i J j-^ _ _rf"' I f"' 1
ATI; (A-24)

The linearized dependent mesh functions are inserted into the nonlinear finite

difference equations (A-21), as well as equations (A-23) and (A-24). After neglecting all

quadratic and higher order terms for the Newton corrections, a linear system of alge

braic equations with a block tridiagonal structure of the following form results.

= R'/', (A-25)

where

5 = (5/, 5/'. 5/", 50, (A-26)

and

a;-', fij-', and Cju (A-27)

are square coefficient matrices of rank five for each normal grid position J for the case of

coupled momentum and energy equations. The coefficient matrices are of rank seven

for the case of coupled energy, momentum, £ind particle conservation equations. The 5

terms of equation (A-26) are called "Newton iterates."

The values of all grid functions for the (i-J)-th level are specified or have been

computed from a previous streamwise position. These (M) values are grouped into the

right hand side residual vector of equation (A-25) and remain unchanged during the

Newton iteration. The Newton iteration scheme is started with guessed values for the
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grid functions at level L These guessed values are t)^ically the grid function value at

the previous (M)-th level. These i-th level grid function values are also grouped into the

right hand side residual vector and if the problem is nonlinear, also appear in the

coefficient matrices on the left hand side.

Computation of the turbulence quantity in equation (A-21) requires a value for the

dimensionless wall shear /o". Rather than linearize the turbulent diffusion coefficient

term and complicate the solution, the previous value of the (l-J)-th iterate of/o"is used.

Keller and Cebeci (1972) used a different turbulence model but made the same explicit

representation for computation of the turbulence term.

The number of boundary conditions must equal the number of first-order differ

ential equations that describe the problem. The boundary conditions at the position

J = 0 and J = J are incorporated into the coefficient matrices and residual right hand

side terms by writing the specified relationships at the bounding point. For example, at

the wall or J = 0, the stream function J is defined as a constant equal to zero and the

dimensionless wall temperature is defined as another constant equal to one for the case

of no freestream stratification. Therefore, for the I-th iteration at position J = 0 and all i,

fo'' = 0, = ej;'= 1, and 50;-'^' = O. (A-28)

The value for the specified bounding grid function is used in the residual term or

coefficient matrices whenever appropriate, according to the problem formulation. The

equation for the Newton iterate is incorporated into the numerical method by inserting

a unit coefficient into the appropriate position of the coefficient matrix for the Newton

iterate. The residual term corresponding to that particular Newton iterate is zero. A

similar expression is written for the other endpoint of the boundary layer.

The particle concentration inside the Brownian layer could have been computed

with the Keller Box method by retaining the reciprocal Schmidt number in the formu

lation and specifying the particle concentration in the fluid at the wall as zero for the

assumed perfectly absorbing wall. Since the thickness of the Brownian layer is very
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small, as shown In Section 4.2, very smaU mesh spacing near the wall would be neces-

s£uy to resolve the Brownian layer, which would require a great deal of computation

effort. Since Brownian diffusion transport of particles is negligible with respect to

thermophoretic transport except within the very thin Brownian layer as shown in

Appendix D, the particle flux deposited on the wall can be computed without resolving

the Brownian layer. Under these conditions, the extra work required to compute the

particle concentration inside the Brownian layer is uimecessaiy, as shown in Section

5.6 where neglecting the Brownian layer had little effect on the deposited flux of particles

on the wall when the Lentini and Pereyra (1977) method was used to resolve the Brow

nian layer.

The bounding condition for the particle concentration equation requires special

treatment when neglecting the Brownian diffusion layer. This equation is repeated as

follows:

dn
L J_Hi
Sc 5c, [PrV^

n

/  -I

+ 3fn'+K^
dr\

ppY ̂  ]
LVPrHrjU+^J

= A^(rn^-n'f(). (A-29)

A bounding condition at the wall is Imposed by writing the particle conservation

equation at the wall with no diffusive terms and prescribing bounding conditions for the

other known wall values of stream function [f=0) and temperature (0 = 1). For the case

where the energy conservation and stream function are decoupled from the particle

conservation equation, equation (A-29) reduces to the following expression.

—rrtw = 0 •
l+X

(A-30)

Equation (A-30) relates the apparent particle concentration gradient at the wall to

the apparent particle concentration in the fluid at the wall when Brownian diffusion is

negligible with respect to thermophoretic transport. The Newton linearization of equa

tion (A-30) is employed and the resulting expression is written in the form of a coefficient
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matrix times the unknown Newton Iterates and a residual right hand side term for

incorporation (in a manner analogous to equation (A-28)) into the matrix equation

(A-25). The linearized bounding condition is given by the following expression.

The unknown values of particle concentration and particle concentration gradient

in the fluid at the wall are determined as part of the solution in the identical fashion as

the interior grid function values.

The particle concentration equation becomes singular at the wall when Brownian

diffusion is neglected. The differential equation representing the particle concentration

in the fluid at the wall is reduced from a second-order to a first-order differential equa

tion because turbulent diffusion vanishes at the wall. Only one boundary condition can

be satisfied by a first-order equation; in the case of the particle concentration equation,

this condition must be satisfied at the boundary point of infinity, where the particle

concentration must be one. However, away from the wall where turbulent diffusion is

substantial, the particle conservation equation remains second-order and consequently

requires two properly posed boundary conditions.

The Newton iteration is started at the streamwise position of ̂=0. All grid function

variables are set to zero as an initial guess. The Newton iteration technique is used until

the absolute values of the Newton iterates, equation (A-26), were all less than a specified

tolerance, arbitrarily chosen as 10®. Then for the nonsimilarity cases, where the

streamwise partial derivatives were non-zero, a step in the streamwise direction is

taken, and new values for the grid functions are then computed by the Newton iteration

method.

In formulating the nonsimilarity boundary layer problem by transformation of

variables, the edge of the boundary layer is transformed to infinity. A choice of a cor

responding finite value of "infinity" must be made for computational purposes. For this

problem, an arbitrary guess is made of q = 10 for the edge of the boundary layer. This
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is then the coordinate in the normal direction used to specify the boundary condition of

zero streamwise velocity and zero temperature difference. The grid functions must

approach these values smoothty in an asymptotic fashion. PhysicaUy, this means that

a zero velocity at the edge of the boundary layer must also have a vanishing shear, and

that a zero temperature difference must be accompanied by a vanishingly small heat

flux.

For this problem, the sum of the squares of the two nondimensional variables

representing fluid shear and heat flux at the edge of the boundary layer is monitored. If

this sum is not sufficiently small, on the order of 10 ® or less, then a larger finite value

for the edge of the boundary layer is chosen and the computations are repeated. This

procedure is repeated until both the Newton iterates and the sum of the squares of the

shear and temperature gradient at the edge of the boundary layer are within sufficiently

smaU tolerances.

After Newton iteration convergence at each streamwise station, values of the

solution are saved at all the mesh points. The solution is then plotted on a personal

computer in order to insure proper asymptotic behavior of the solution. If proper

asjmiptotic behavior of the solution near the edge of the boundary layer is not graphi

cally observed, a larger finite value for the edge of the boundary layer is chosen and the

computations are again repeated.

Ascher and Russel (1981) present an analysis that employs many methods of

dealing with a semi-infinite computational domain. The method of arbitrarily assigning

a sufficiently large value for the edge of the boundary layer, as described above, is the

easiest of the methods presented by Ascher and Russel to incorporate but yields quite

satisfactory results.

The Keller Box method has one disadvantage in that values for previous stream-

wise stations must be computed in order to advance the solution in the streamwise

direction; that is, the method is not locally autonomous. The nonsimilarity method of

Sparrow et al. (1972) is, however, locally autonomous, in that the computation for any

particular streamwise station does not need information from any other streamwise

station.
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Three subroutines were necessary for any particular case of Interest: a main driver

subroutine which controls the Newton Iteration scheme and provides output Informa

tion, a subroutine that sets up the coefficient matrices and right hand side residual

vector, and a subroutine for solving a block trldlagonal matrix that was developed by

Hlndmarsh et al. (1977). The Keller Box numerical solution Is solved with a personal

computer having an Intel 80286 central processor and an Intel 80287 numerical data

processor. Typical cases take approximately one or two minutes for a solution to be

obtained.
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APPENDIX B

REYNOLDS AVERAGING OF THE GOVERNING EQUATIONS

The nonlinear Navler-Stokes equations, as developed for natural convection flow,

are valid at any point In the fluid. When turbulence is observed, small macroscopic size

"lumps" of fluid seem to move In an apparently random fashion. Exact solution of the

governing equations under such conditions would require a great deal of computational

resources In order to calculate the flow quantities at the flne level of detail required.

According to White (1974), Reynolds (1895) proposed that the flow quantities be repre

sented as a statistically-averaged mean value that slowly varies with respect to time and

a fast-varying component that represents the Instantaneous change with respect to

time. For example, the velocity, u. In the streamwlse direction Is assumed to consist of

two components as follows:

u = u + u' (B-1)

where u Is defined as

t+&

udt = (mean value of m) (B-2)

and 5t is "sufficiently longer" than the relevant time period of the fluctuations. The mean

value u may vary slowly over the time period of Interest in any particular problem,

although in this dissertation, only steady-state conditions are of interest and, therefore,

time-varying mean turbulence conditions were not considered.

In a marmer analogous to that used for the streamwlse velocity, the other flow

variables of Interest, Including the cross-stream velocity, the fluid temperature, and the

particle concentration are decomposed Into a mean value and a time-varying component

as follows:

V = v-f-v', T = T+ T', and n = n + n'. (B-3)
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For simplicity, fast fluctuating components of the fluid thermophysical properties

are not considered in this brief analysis. Humphrey et al. (1985) present a Reynolds

averaging analysis for the turbulent natural convection equations in which a fluctuating

component of the fluid density is considered. The resulting equations, as might be

expected, are more complicated and show more coupling between the various equation

components.

From the defining integral, the mean value of the fluctuating component must be

zero, as shown here:

2 C'+^ 1 rt+St 1 rt+Si

"'"SI, "'""si (»-">" = -"K-O. (B-1)

Relationships for the product of any two turbulently fluctuating quantities may be

developed from the defining integral relationship for a mean averaged quantity. For

example, the product of the normal and streamwise velocities is developed in the fol

lowing meinner.

—  1 - _
wv = {u + u'){v + y')dt = uv + uV. (B-5)

The following time averaging rules were similarly derived.

— — -7- n — - . du duu\ = uv, Mv = 0, u-i-v = M+v, and = (B-6)
OX ox

For the fluid continuity equation, the time averaging procedure results in the fol

lowing relationship:

du dv „

The equation for Newton's Second Law as written in repeated indices notation for

incompressible flow is time-averaged with the following results.
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-  3 r-r-,s 3
M
'^dUi dUj
dxj dXi J. 9ac,

(B-8)

The tiirbulent shear stress terms are written as if they were viscous stress terms

by factorization of the spatial partial differential operator. The total apparent shear

stress term is given by the following expression:

^dUi duj^
dXj dXi^

-pU'iUj. (B-9)

The total apparent shear stress now consists of a laminar newtonian component

plus an apparent turbulent component. The turbulent component is not only a function

of fluid velocity, but also of geometry. Representation of this stress term is usually

based upon empirical information'. A turbulent eddy viscosity is defined in boundary

layer analysis (Gebhart at al., 1988) for the largest (usually the normal) component of

the turbulent shear stress in the following form:

e =^- uV

du/dy '
(B-10)

The total normal shear stress is then represented as the following:

^du
(B-11)

The Reynolds averaging technique is also performed on the conservation of energy

equation for steady-state incompressible flow with no heat sources or participating

radiation heat transfer with the following result:

(B-12)

where the turbulent viscous dissipation term is
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du/ duj du/
Bxj ̂  dxj ̂  dXi ̂  dXi (B-13)

and the apparent total heat flux term Is

dT
(B-14)

The viscous heat generation term is quite complicated and is negligible with

respect to the other terms in the conservation of energy equation under the conditions

of interest here, as shown in Appendix D. White (1974) claims that for two-dimensional

boundary layer flows, the viscous dissipation term reduces to the following expression:

itt/ :»7rdu du
0 = —

a
-r-;)

—pw V
y ray (B-15)

The equation for conservation of particles was also Reynolds time-averaged. In the

absence of Brownlan diffusion and for constant thermophysical properties, this equa

tion may be written in cartesian coordinates in the following form:

(B-16)

Equation (B-16) was Reynolds time-averaged and the following equation results:

a _ d - - a—(uN)+^(vN)+^(VrN)+-^(u'N')+-^(v'N')+^(V'rN') = 0. (B-17)

As might be expected, there are terms that can be interpreted as representing the

apparent turbulent diffusion of particles. There is also a term that Rosner and Fer

nandez de la Mora (1982) call "eddy thermophoresis." This additional Reynolds-

averaged term results from the simultaneous fluctuation of the particle concentration

and the thermophoretic velocity. Rosner and Fernandez de la Mora (1982) neglect eddy

thermophoresis within the boundary layer with the argument that near the wall where
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the thermophoretlc velocity is high, the turbulence is small and that away from the wall

where the turbulence is high, the thermophoretlc velocity is small. They further argue

that in boundaiy lajrer analysis, the turbulence term arising from the convective terms

in the conservation equation is generally much larger than any other turbulence terms.

Based on the lack of experimental justification that would verify the existence of eddy

thermophoresis and the qualitative arguments of Rosner and Fernandez de la Mora

(1982), eddy thermophoresis is neglected in the present work.
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APPENDIX C

THERMOPHORESIS

C.I. Introduction

Thermophoresis is defined as the phenomenon by which a small particle sus

pended in a gas moves in the direction opposite to that of an imposed temperature

gradient. Although it exists only for flows with Knudsen numbers greater than zero and

is, therefore, a rarefied flow phenomenon, thermophoresis can occur in practical engi

neering applications such as the deposition of combustion byproducts on cooled gas

turbine blades and heat exchanger surfaces (Rosner and Seshadri, 1981). The

thermophoretic deposition of aerosol particles on the order of one micrometer in diam

eter is of interest in this dissertation.

Maxwell (Kennard, 1938), while investigating the radiometer effect, became the

first to successfully describe the physical principles of the thermal force which brings

about thermophoresis. Epstein (1929) utilized those concepts of Maxwell and developed

an expression for the thermophoretic force applicable for the slip flow regime for which

the Knudsen number is in the range 0 < Kn< 0.25 (Hidy and Brock, 1970). This

expression of Epstein was found to reasonably predict the thermophoretic force on

particles having relatively low thermal conductivities with respect to the thermal con

ductivity of the fluid. However, this Epstein expression was found to underpredict the

thermophoretic force by a factor of thirty to fifly (Brock, 1962) for particles with relatively

high thermal conductivities with respect to the thermal conductivity of the fluid.

Brock (1962) presents a derivation for the thermophoretic force by assuming that

the fluid movement around the particle can be described by the classic creeping flow

analysis of Stokes (Lamb, 1932) for a sphere in a very viscous fluid. This "hydrodynamic

assumption" of particle movement, valid for the slip flow regime, resulted in an expres

sion that predicts thermophoretic velocities that agree reasonably well with exper-
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Imental data for particles having relatively high thermal conductivities with respect to

that of the fluid. Brock's expression reduces to Epstein's expression for particles with

relatively low values of thermal conductivity.

Talbot (1980) presents a summary of three other methods of analysis for the

thermal force. In addition to the hydrodynamlc approach. These three other methods

are based on higher order kinetic theory. Irreversible thermodynamics, and solutions of

the Boltzmaim equation. The slip flow, or hydrodynamlc, approach Is the simplest

method and apparently yields the most satisfactory results. The hydrodynamlc

approach of Brock Is summarized below and then expanded upon to Include the effect

of a volumetric heat source on the thermophoretlc velocity of the particle. The variation

of the thermophoretlc velocity with respect to temperature Is also investigated.

C.2. Development of an Expression for Thermophoretlc Velocity

C.2.1. Physical origin and rarefied flow parameters

Maxwell, as described in Kermard (1938), proposed a physical explanation for what

was called the "radlometrlc force," which Includes the effects of both thermophoresls

and photophoresls. At a solid boundary In a nonunlformly heated gas. Maxwell showed

that a "thermal creep" flow exists for flows with Knudsen numbers greater than zero.

Tsilbot (1980), in explaining Maxwell's derivation, states that a molecule obliquely

striking the boundary delivers more tangential momentum to the boundary if the mol

ecule originates In a hotter region of the gas than If It originates In a colder region,

excluding specular reflection. Talbot proposed a thermal gradient In a gas Inclined with

respect to a wall as shown In Figure C-1, with forces caused by the rebounding mole

cules as shown In Figure C-2. For these two figures, s Is In a direction along the surface

and n Is In a direction normal to the surface. Note that on a molecular scale, the surface

will not be smooth and specular reflection carmot be expected.

As shown In Figure C-2. the Incident molecule from the hotter region above the

surface normal having velocity rebounds off the wall with velocity losing some

tangential momentum to the wall opposite to the direction of the thermal gradient. The

Incident molecule from the colder region below the surface normal having velocity u^.
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would rebound with velocity u/, losing tangential momentum to the wall in the direction

of the thermal gradient. Since, on the average, u h is greater than Uc, an unequal transfer

of tangential momentum from the molecules in a fluid to the wall results in a shear

stress Xu, on the wall in the direction of the thermal gradient. In order to maintain

equilibrium, in the absence of a pressure gradient, velocity u, towards the hotter region

is induced in the gas adjacent to the boundary.

Kennard (1938) presents an expression for the thermal creep velocity adjacent to

a stationary boundary In a nonuniformly heated gas by integrating the Maxwell velocity

distribution with the assumption that the net tangential momentum of molecules after

reflection from the wall is balanced by momentum supplied by fluid movement and that

the velocity distribution of the molecules is unchanged by the collision with the wall.

The resulting thermal creep velocity of the gas is given by the following expression:

"■-m-
where u. Is the thermal creep velocity and s is the direction cilong the solid boundary.

Kennard (1938) also shows that a tangential slip velocity exists In an isothermal

flow with a non-zero Knudsen number flows at a stationary wall. The total tangential

slip velocity at the wall is the following expression (Talbot et al., 1980):

faM^i , ^ p fdT^
.  pT ds

(C-2)

where n is In the direction normal to the solid boundary.

The term A, Is the mean free path based on viscosity, calculated as

2[L 2\if n
^  pc

1/2

(C-3)

where p. is the dynamic viscosity, p is fluid density, and c Is the mean molecular speed.
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According to Talbot (1980), the first term on the right hand side of equation (C-2)

represents a velocity slip condition where is called a momentum exchcmge coefilcient,

and the second term on the right hand side represented the contribution of temperature

to the velocity slip at the interface, where C, is called a thermal slip coefficient. Both the

coefficients C„ and C, are of order unity and eire dependent on molecular Interaction of

the gas and the wall. These coefficients are discussed below. Since the viscosity p can

be written in terms of the mean free path as defined in equation (C-3), both terms on the

right hand side of equation (C-2) are directly proportional to the mean free path.

Another rarefied flow phenomenon existing at the interface between the wall and

the fluid immediately adjacent is the temperature jump condition. According to Ken-

nard (1938), Poisson postulated the existence of a temperature discontinuity at the

interface of a solid boundary, analogous to the velocity slip at the Interface.

Smoluchowski (1898) experimentally confirmed this temperature jump. The tempera

ture jump interface condition has the following form:

fdT,']
(rrTJ. = caU' (C.4)

where n is in the direction normal to the surface and C, is called the thermal accom

modation coefficient. The value of thermal accommodation coefficient, which is

dependent on the molecular interaction at the surface, is discussed below.

Values for the momentum exchange (or isothermal slip) coefficient, C„, the thermal

slip coefficient, C„ and the temperature jump coefficient, C„ are discussed by Talbot et

al. (1980). A value of the thermal slip coefficient C, equal to three-fourths was originally

derived by Maxwell under the assumption that the molecular velocity distribution was

unchanged by the presence of the solid surface (Kennard, 1938), as can be seen in

equation (C-1). According to Talbot (1980), Ivechenko and Yalamov (1971) present a

more refined kinetic theory analysis and developed a value for C, of 1.17 for complete

thermal accommodation.
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Thermal accommodation, as defined by Kennard (1938), Is a process that takes

place at the solid surface such that any molecule that impacts on the surface has Its

mean energy adjusted, or "accommodated." to that of a gas at the surface temperature

of the solid. The temperature jump coefficient, and the momentum exchange coef

ficient. Cm, were defined by Waldmann and Schmltt (1966) as follows:

C, ̂ 11]
sj

2-0. . ^ 2-a^
and (C-5)

a, a„

a, Is defined as the thermal accommodation coefficient and a„ as the momentum

accommodation coefficient. These coefficients have the following representations at the

particle-gas Interface:

Et-E, ^ G.-G,

^  and ^. (C-6)

In equation (C-6). E represents the molecular thermal energy. G the molecular

tangential momentum, the subscript f stands for "Incidence," the subscript r represents

"reflection." and the subscript w stands for "wall conditions." The thermal accommo

dation coefficient represents the fraction of the energy retained by a reflected molecule

In a surface collision. The momentum accommodation coefficient represents the

fraction of the molecular tangential momentum retained by the surface In such a colli

sion. Kermard (1938) remarks that the momentum accommodation coefficient could

have a value greater than unity for the case of partial tangential reflection in which the

direction of the molecule Is reversed on reflection. Indeed, for the case of complete

tangential reflection, the molecule Is reflected directly backwards with no change In

speed, which gives a momentum accommodation coefficient of two and a momentum

exchange coefficient of zero that results In no momentum slip.
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Waldmaiin and Schmitt (1966) did not elaborate on the derivation of equations

(C-5). Kennard (1938) presents an analysis for the derivation of these equations based

on a Maxwellian velocity distribution in the vicinity of the solid surface. Hidy and Brock

(1970) present these coefRcients in the following forms:

C, = P, and C, = P,
a,

(C-7)

where 1.0 ̂  1.272 and 1.875 ̂  P,< 2.48.

Talbot et al. (1980) refer to previous investigations by Loyalka and Ferziger (1967)

and Loyalka (1968), where a variational technique was used to solve the linearized

Boltzmann equation that gives a value of 1.14 for C„ and a value of 2.18 for C,. Since

the exact values of these slip flow parameters of C^, Q, and C, may require experiments

with the actual aerosol geometry and the gas at the stated conditions of temperature and

pressure, the values used for these slip flow parameters in this dissertation were those

of Talbot et al. (1980).

C.2.2. The hydrodynamic approximation for thermophoretic veiocity

The slip-flow Knudsen number regime is of interest in this dissertation, which is

0 < Kn< 0.25. The hydrodynamic approximation, originally suggested by Maxwell in

1890 (Hidy and Brock, 1970), consists of assuming that the Navier-Stokes equations of

motion and the conservation of energy equation for the fluid are valid up to the wall,

subject to slip-corrected boundary conditions. This assumption is questionable for

Knudsen numbers larger than 0.25 (Hidy £ind Brock, 1970) where there is a large

departure from continuum conditions, and, therefore, represents an upper limit for

thermal force correlations based on the hydrodynamic approximation.

For large Knudsen numbers, the mean free path of a fluid molecule would be much

longer with respect to the characteristic particle dimension and, therefore, the particle

would have little influence upon the flow velocity and temperature fields. Hidy and

Brock (1970) present analyses of the thermal force for the free molecular flow regime
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(Kn ̂  10) and for the transition regime (Kn = 1). Anafysis of these two flow regimes

generally requires solution of the Boltzmann equation (Schaff and Chambre, 1961) for

the velocity distribution of the gas molecules.

Both Epstein (1929) and Brock (1962) solve for the thermal creep, or thermopho-

retic, velocity of a moving particle by using the hydrodynamic procedure. In this

approach, the differential equations governing the temperature distribution in the

particle and the velocity and temperature distributions in the fluid adjacent to the par

ticle are each written separately. Matching boundary conditions at the surface of the

particle are specified to close the system of differential equations. These analyses are

summarized below. Both analyses use the Stokes approximation to obtain the velocity

distribution in the fluid surrounding the particle and the same conservation of energy

equation in the sphere, but differ in the conservation of energy equation for the fluid and

the matching conditions at the sphere and fluid interface.

C.2.2.1. Analysis for velocity and temperature distributions

The particle geometry is assumed to be a sphere as shown on Figure C-3. The

ambient temperature in the surrounding fluid far from the sphere is that corresponding

to a constant temperature gradient Vr_. The spherical coordinate system is positioned

such that the origin is at the center of the spherical particle and the start of the azi-

muthal coordinate 0 is in the direction of the uniform temperature gradient. Sjmimetry

about the «I> axis is assumed so that derivatives with respect to <& are zero. For the

following analysis, the particle is stationary and all velocities of the fluid are relative to

the origin at the center of the particle.

For steady-state conditions, the energy equation for the fluid is given by

laf 23^/1 1 df dr.) ifuedT. 37/r — + , . sin0-r^ -r/+u.^
dOr'dr^  dry r^sinin 090 a r 90

(C-8)

which expresses a balance between conduction and convection in the fluid.
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T=To+ VTo^r cos 0

Figure C-3. Spherical Particle Geometry.

Also, for steady-state thermal conditions. In the absence of volumetric heat

sources, the conduction heat transfer within the spherical particle is given by;

lA.
r'dr

,ar;
dr J r^sinGaO

'  37-;
= 0. (C-9)

A volumetric heat source and the effects of transient energy storage In the spher

ical particle are considered later in the analysis.

One Interface, or matching, condition between the solution domains of the sphere

and the fluid Is the heat flux at the surface of the particle which may be expressed as:

= k, (C-10)
Jr=R
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Another interface condition is the rarefied flow temperature jump at the interface

between the sphere and the fluid of equation (C-4), For the spherical coordinates of the

present problem, the temperature jump interface condition has the following form:

faT}")
dr

(C-11)

The boundary condition on the fluid temperature distribution far from the sphere

is of the following form:

= To + VT^rcosQ as (C-12)

This form for the bounding condition of the fluid temperature is chosen so that the

thermal force on the particle is along the axis opposite to the direction of the tempera

ture gradient. The temperature at the center of the sphere. To, need not be specified for

the purposes of the present work, but must be finite. Note that although the fluid

temperature seems to be unbounded as r goes to infinity, the value for the angle 0

remains unspecified. "Infinity" for the purposes of imposing a bounding condition on

the fluid temperature far from the particle means simply that r is sufficiently far from

the particle so that the influence of the peirticle on the fluid temperature is negligible and

not that the actual fluid temperature actually grows unbounded.

The Newton's Second Law equation for the fluid has the usual form in repeated

indices notation (White, 1974):

dUi dUi d dUi dUj
Bxj dXi J_ dXi

(C-13)

For the so-called Stokes approximation for very low Reynolds number flow, all

inertlal force terms, the left hand side of equation (C-13), may be neglected with respect

to the viscous and pressure terms. The resulting equation is the following:
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2_
dXj

dUi dUj
dxj dXi j. dXi

(C-14)

In spherical coordinates, equation (C-14) is written as the following two equations

In the radial direction, r, and the tangential direction, 0.

11
r^dr
(M

dr) r sinede
sin 6

^"1
de

We2dUr

^r^dO r^sin^G.
IdP

r do
(C-15)

11
■dr.r

2^
dr

1

sin 030
d f 3«1 2Ur 2 3(MeSin0)

sin0-:rr
30 r^sinG 30

3P
3r

(C-16)

Conservation of mass for this flow yields:

dUi
(C-17)

In spherical coordinates, equation (C-17) is written as the following:

1 3 1  3
r^dr (C-18)

In equations (C-15), (C-16), and (C-18), the fluid velocity is that relative to the

particle, and therefore must vanish 'sufficiently far away" from the spherical particle.

The fluid continuity equation, equation (C-18), does not contain any terms representing

evaporation or condensation of volatile gas species on the particle. A particle-gas

interface condition of zero radial velocity at the surface of the sphere results from this

requirement of no mass exchange between the particle and the fluid.

A streamfunction y is defined in the usual manner so that the fluid continuity

equation, equation (C-18), is identically satisfled as follows:
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=  1
r^sin090

and «o s -
1

rsin03r '
(C-19)

The vector curl operator is applied to equation (C-14), or equivalently, equations

(C-15) and (C-16) eire cross-differentiated and then subtracted, and the identities of

equation (C-19) are then substituted so that the equation for Newton's Second Law may

be written in terms of the streamfunction as follows:

3^ sin0 9(  1 ^9'
Lar^ 90^sin0^90.

V = 0, (C-20)

The solution to this fourth order partial differential equation of the biharmonic

operator is obtained with the separation of variables method. The details of this solution

are described in Lamb (1932). This solution is as follows:

V =
r

sin 0, (C-21)

where A, B, C. and D are arbitraiy constants to be determined by the boundary con

ditions.

"Sufficiently far away" from the pzirticle, the velocity must be zero. From inspection

of the identities of equation (C-10), the streamfunction must be zero. This boundary

condition requires that the two arbitrary constants C and D be zero. On substitution of

the defining relations for the radial and angular velocities in terms of the streamfunc

tion, the normal and tangential velocity components are the following:

2cos0f A
u,= K + ff

sin0r A
Me = —K-ff

r

(C-22)

(C-23)
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The bounding conditions on the particle are used to determine the remaining two

constants. The requirement of zero normal velocity at the surface of the sphere Is used

to write one constant of equation (C-22) m terms of the other such that the velocities are

written as follows:

"r =
2/1 cos 0

v''/

R

r.
(C-24)

"9 =
A sinS /D^3 R

+—
r.

(C-25)

At this point In the analysis, the energy equation with the boundary condition at

the sphere surface and the tangential velocity boundary condition at the sphere surface

used by Epstein (1929) and Brock (1962) are different. The remaining constant. A, Is

determined by evaluation of the tangential slip velocity at the Interface. It is at this point

that thermal creep flow is manifested as a rarefied flow phenomenon, since the no-slip

velocity Interface condition of continuum flow would result In a value of zero for A and

a streamfunctlon equal to zero everywhere, slgnllylng no flow.

C.2.2.2. The analysis of Epstein

Epstein (1929) neglects the right hand side of the energy conservation equation In

the fluid, equation (C-8). This assumption of Epstein neglects convectlve effects on the

temperature distribution In the fluid as compared to the conductive effects. This

assumption Is consistent with the neglect of the Inertia terms of the equation of motion,

equation (C-14), for the Stokes approximation of very low Rejmolds number flows. The

energy equation for both the sphere and the fluid surrounding It are the following:
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11
r'dr
fa^

dr) r^sin030
sinG^^
V  ̂ J

= 0, 0<r<R (C-26)

11
r^dr

f.2^/
dr r^sin030

= 0, R<r<oo. (C-27)

As shown by Kreyszig (1983), Laplace's equation in spherical coordinates may be

solved with the separation of variables method. The general solution is the following

infinite series In terms of the radius and the Legendre poljmomlals, P„:

r(r, 0) = i A,r"P.(cos 0) + f -^,P.{cos 0), « = 0,1,.. .
■=0 d-or '

(C-28)

The Legendre pol3momlals can be found In Kreyszig (1983). Equation (C-28) Is

applied In the solution domains of the spherical particle and the surrounding fluid.

For the spherical particle, all the coefficients B„ of equation (C-28) for the sphere

must be zero In order to have a finite temperature at the center of the sphere. For the

fluid, the temperature distribution far from the sphere Is given by equation (C-12). The

coefficient Ao must therefore be the finite sphere center temperature Tq, the coefficient

Aj must be Vr>, and all other coefficients for the fluid must be zero. The general

solutions for the temperature distributions In the sphere and fluid reduce to the fol

lowing.

T,ir, 0) = To + I Aj'P^icos 0), n = 1,2,...

- B.

(C-29)

TAr,Q) = To + VT^rcose+ Z -^P„(cos0), n =0,1,... (C-30)
/i=or"

Epstein does not consider the temperature jump condition of equation (C-11), but

uses Instead equal fluid and sphere temperatures at the interface. Equations (C-29) and

(C-30) are matched at the radius R to give the following:
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- B

Vr_/?cos0+ Z ——P^icosQ) = Z A^R"P^(cosQ),
<•=0/?" ' <1=1

(C-31)

Equation (C-31) Is rearranged to give:

= vrj?cos0, (C-32)

Equation (C-32) yields the following relationships for the coefficients A„ for the

sphere and the coefficients B„ for the fluid.

Bn — 0 ,

A.-^ = vr.,

= 0' " > 1-

(C-33)

(C-34)

(C-35)

Another Interface condition used by Epstein was the heat flux interface condition

of equation (C-10). Differentiating equations (C-29) and (C-30) with respect to r, eval

uating at the radius R, and substituting Into equation (C-10) gives the following:

k, Z nA^R"^P^{cosQ) = kf Vr>cos0- Z (« + l)-^/',(cos0)
(1 = 1 R

(C-36)

Equation (C-36) is rearranged to the following form.

Z /?''"'P,(cos0)
/I s 1

kf B, kf
= — vr.cosfl,

k.
(C-37)
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Equation (C-37) establishes Einother relationship for the and the B„ coefficients

of the following form.

kfBi kf
^i+2r4 = -rVr.,'  k,R^ k,

/iA, + (/i + l)|^^ = 0, «>1

(C-38)

(C-39)

Equations (C-34), (C-35), (C-38). and (C-39) are sufficient to determine the value

for each A., and B„ coefficient. For n = 1, simultaneous solution of equations (C-34) and

(C-38) yields the following expressions:

Ay = vr.

By = R'VT.

^  Zkf '
2kf+k,^ '

( kf-k.
2kf+k,^

(C-40)

(C-41)

For n greater than 1, simultaneous solution of equations (C-35) and (C-39) yields

the following general expression for the coefllcients B„.

B.
i^f

n +~{n +1) = 0. (C-42)

Since the term in brackets of equation (C-42) is always positive for n greater than

one, all the coefficients B„for n greater than one must be zero. The general solution for

the temperature distribution in the sphere and the fluid reduces to the following

expressions.
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T,(r,Q) = ro+
^  3ky ^
2kf+k,

Vr.rcosS. (C-43)

Tf(r,Q) = To+ 1 +
kf-k,

[2kf+k,_

/'d\3

vOj
VT rcosG, (C-44)

Now with the temperature distribution in the fluid determined, Epstein then

applies the thermal slip condition of equation (C-1) for the tangential velocity at the

sphere surface in order to determine the last remaining undetermined constant for the

streamfunction y. Taking the derivative of the fluid temperature of equation (C-44) with

respect to 0, evaluating the tangential velocity of equation (C-25) at the sphere radius,

and solving for the remaining unknown constant of equation (0-25) yields the following

equations for the tangential and radial fluid velocities:

_  9 \i
8pr[2kf+k,

vr_
r
+ '

r I r
sinB (C-45)

= _9JL
4p7' 2kf+k,

VT
r) R

r.
COS0 , (C-46)

The pressure distribution is readily obtained by integration of the equation for

Newton's Second Law. Using the expressions for velocity of equations (C-45) and (C-46),

integration of equation (C-16) yields the following pressure distribution:

9 U'2 (

ApT\2kf+k,)
^TJr^

COS0 . (C-47)

For a newtonian fluid, the viscous shear can be determined as follows:
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X,e = M
_ 9j/r ^

J ~ 8pr[2jt/+)!:,
"jvr.

<
' R

J  '' r.
sin6. (C-48)

The net force In the direction of the imposed constant thermal gradient on the

surface of the sphere caused by the thermal creep flow is determined by integration of

the expressions for the pressure and shear stress as follows:

Fj. = - f (x,eLsin0+F|jjCOs0)<i4 , where dA = 27cF^sin0<i0. (C-49)
Jo *

Evaluating equations (C-47) and (C-48) at the sphere radius R and substituting

into equation (C-49), Epstein obtains the following expression for the thermal force:

Fr = -9nR-^
pT 2kf+k,

VT., (C-50)

Brock (1962) claims that Epstein's expression underpredicts the thermal force by

thirty to fifty times for aerosol particles with a large value of thermal conductivity as

compared to the fluid thermal conductivity. From inspection of equation (C-50). as the

particle thermal conductivity grows much larger than the fluid thermal conductivity, the

thermal force predicted by equation (C-50) goes to zero. Schadt and Cadle (1961) report

a value for thermophoretic force on sodium chloride particles approximately two orders

of magnitude larger than that predicted by equation (C-50). Brock refined the hydro-

dynamic analysis of Epstein by Inclusion of additional considerations as are shown in

the following section.

C.2.2.3. The analysis of Brock

Brock (1962) refines the hydrodynamic analysis of Epstein (1929) by including

additional slip flow interface boundary conditions between the particle and the adjacent

fluid and specifically considers the convective movement of fluid around the particle in

the conservation of energy equation. The analysis of Brock is summarized as follows.
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The Stokes flow assumption for the flow of fluid around the particle is also invoked,

that is, the inerticil force terms in the equation for Newton's Second Law are neglected

with respect to the viscous and pressure terms. The solution for the streamfunction

develops as before, leaving the tangential and radial velocities in the fluid with one

remaining arbitraiy constant, as in equation (C-25), to be determined by evaluating the

conservation of energy equations in the fluid and the sphere.

Brock (1962) includes two additional boundary conditions applicable in rarefied

fluid flow. The first is the temperature Jump interface condition of equation (C-4). For

the geometry of the sphere in a fluid, this interface condition, as expressed in equation

(C-11), is the following:

dTf]
dr

(C-51)
r=«

The second additional interface condition considered by Brock is the total slip-flow

velocity at the particle surface of equation (C-2). For the spherical geometry, equation

(C-2) is written in the following form.

Ua — C-X
a
/  >
u« law. _  )i 1

+

r-R '9TR/ar a0. Uei
(C-52)

Brock uses the C, value of three-fourths, also used by Epstein, that was deter

mined in Maxwell's derivation of equation (C-1). Since other analyses, such as the

refined kinetic theory analysis by Ivchenko and Yalamov (1971), present different values

for the thermal slip coefflcient, the symbol C, is retained for the present description.

Brock also expands on the Epstein analysis by specifically addressing the effect of

fluid convective movement around the sphere on the conservation of energy equation.

The equations solved by Brock were those of Newton's Second Law, fluid mass conti

nuity, conservation of ener^ in the fluid, and conservation of energy in the sphere.

These are repeated here as the following:
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1 d

.r dr

^  1 a ̂
+

sin 030 do;

^ idUr We

11
r^drK drj

1  a

sin 030
sin0

duA
30

r^30 r^sin^0.

2Ur 2 3(UeSin0)

r^sin0 30

13P

r 30

3P

3r

(C-53)

(C-54)

1 3 2 X 1 3
^3r

(C-55)

11
r^3r 3r,

1  3

sin 030

(  ̂T,
= 0, 0<r</? (C-56)

11 ^ ^(•J  sin030 a.

u^dTf dTf
^ + u —^

r 30 '3r j
R <r <oo. (C-57)r^arl^' 3r

Brock (1962) uses a perturbation expansion for solution of the above set of equa

tions, equations (C-53) through (C-57), where the perturbation parameter, P = C,^, is

suggested by its appearance in the interface thermal slip velocity condition, equation

(C-52). These expansions are the following:

Tf= sp'r)'\
i =0

(C-58)

r, = I p'Tf.
j»0

(C-59)

w, = ip'^'Mr".
1=0

(C-60)

J?
+

,OC

II

(C-61)

The following interface conditions at the sphere surface and boundary conditions

sufiFiciently far from the sphere are applicable:
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r® = ro+vr_rcos0, r->oo.

rf = o, j>o,

farf

r —> oo,

\

rarf]
= k.

I 3r Jr'^R \

dr )

I Jr=R

r=R

a

^ drI  '■ J
a+1)

+—

«,

r ae
y

('^" = 0, r=R

f^R

1 drp''
ae A=«

= „o>.) ^ 0,

(C-62)

(C-63)

(C-64)

(C-65)

(C-66)

(C-67)

(C-68)

Substitution for the expansion of the sphere temperature, equation (C-59), into the

conservation of energy equation for the sphere, equation (C-56), and equating coeffi

cients of equal powers of p, results in the following set of equations for the first two

iterations:

11
r^dr

f 2^1
dr sin 030

sin0
ar®'
"a^

= 0, (C-69)

11
r^dr dr r^sin0a0 sin0

dlf
30 ^

= 0. (C-70)

Similar equations are written for the higher iterates.

Substitution of the expansion for the fluid temperature, equation (C-58), and the

velocities, equations (C-60) and (C-61), into the conservation of energy equation for the

fluid, equation (C-57), and equating equal powers of p, results in the following set of

equations for the first three iterations:
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r^dr

11
r^ar

11
r^ar

dTf 1  d

dr J sin 030

1  d

dr J r^sin030

dTr>] 1  3

dr /■^sin030

r

sin 6
arf'
ae .

= 0.

. ar;>l itor® ...arfl
sin 6 + w

sin 6

ae j

arf"!
ae

a r ae
,

dr

r«e®a7-;> „a7-<«^
+ M

r ae
,

ar

(C-71)

(C-72)

(C-73)

Similar equations are written for the higher iterates.

Although Brock (1962) does not explicitly state that he used a streamfunction

technique to facilitate determining the velocity distributions, it certainly could be used

in an iterated fashion to obtain the i-th iterated solution for the velocity components.

Since the boundary conditions sufficiently far from the sphere, equation (C-68), for both

radial and tangential velocities and the radial velocity at the sphere interface, equation

(C-67), are the same as those used in describing the derivation of Epstein, one remaining

arbitrary constant for each iterated velocity component remains to be determined by the

solution of the temperature distribution in the fluid through the interface slip flow

condition of equation (C-66). The tangential and radial components of velocity for each

iterated component of the solution can be written by inspection from equation (C-24)

and equation (C-25) as follows:

,(''+» _

=

2A<'^"cos0

R"

A®'""sin0

R

r.

R^ vr J ^7.

(C-74)

(C-75)

The zeroth level solution for the temperature distributions in the sphere and the

fluid advances in a similar fashion to that for the Epstein solution, with the inclusion of

the additional interface conditions of temperature jump, equation (C-64), and total
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tangential slip, equation (C-66). The general solution of the Laplace equation for the

zeroth temperature distribution In both the sphere and the fluid Is equation (C-28), as

presented previously for the Epstein solution.

Equation (C-28) Is applied In the solution domains of the spherical particle and the

surrounding fluid at each Iterated level. For the sphere, in order to assure a finite

temperature at the center, all the coefficients must be zero. For the purposes of this

present work, the boundary condition at the center of the sphere Is an unspecified, finite

temperature of To. The general temperature solution In the sphere is given by the fol

lowing expression for the zeroth level:

rf(r,0) = To+ i Af^r'PJcose), (C-76)

where the coefficients remain to be determined at the sphere radius R.

Using the boundary condition far from the sphere, given by equation (C-62), the

first two A, coefficients for the zeroth level solution are the following:

4® = To and A® = Vr_. (C-77)

Thus, the general solution for the temperature distribution in the fluid surround

ing the sphere may be written as

-

T®(r, 0) = To + VT_ r cos0 -I- Z -;^P„(cos0), (C-78)
ii=or

where the coefficients must be determined by matching the temperature jump and

heat fluxes at the particle-gas Interface.

Application of the interface conditions of heat flux and temperature jump is used

to evaluate the coefficients A„ in equation (C-76) and the coefficients B„ in equation

(C-78) for the zeroth iterated solution. The temperature jump condition is evaluated by

substitution of equations (C-76) and (C-78) Into equation (C-64), which results in the

equation:
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- B®
Vr_/?COS0+ I -^P„(COS0)- I (cosQ)

i=0/( H = l

c,x
B,m

Vr.cos0- I (« +1)—:y^»i(cos0)
«=0 /?

(C-79)

Equation (C-79) is rearranged to get:

"0 T-
-H S /?''P,(cOS0)i B

m

R » 1 /?
1+(«-!-1)C,- -/tn = V7'_/?cos04-' (C-80)

Equation (C-80) gives relationships between the and the B„ coefllcients for the

zeroth level of the following form:

B^ = 0.

1^2C,| ^ X ^

fl®

>2ii + l l + (« + l)C,-

-A® = vr_

-A® = 0 , rt > 1

(C-81)

(C-82)

(C-83)

Taking derivatives of equations (C-76) and (C-78) with respect to r. evaluating at

the radius R, and substituting into the heat flux interface condition of equation (C-65)

yields the following relationship:

k. I nA®/?'"'P,(cos0) =
(P)Z  B,

Vr_COS0- Z (« + 1)—7;^/',(cos0)
" = 1 R

(C-84)

Equation (C-84) is rearrcuiged as follows:
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I /?""'P,(cos0)
/I s 1

If fffJ)

= 7^Vr_cos0,
K

(C-85)

Equation (C-85) gives further relationships for the coeflicients and B„ for the

zeroth level of the following form:

'  k, K

kf
'k,R^n/l.®+(n + l)^^ = 0, n>I

(C-86)

(C-87)

Equations (C-81), (C-82), (C-83), (C-86), and (C-87) are sufficient to determine the

values for all A. and B„coefRcients for the zeroth level. For n = 1, simultaneous solution

of equations (C-82) and (C-86) yields the following expressions:

Kj

flf = R^VT^
[l+2C,i+2y

(C-88)

(C-89)

Forn greater than 1, simultaneous solution of equations (C-83) and (C-87) jdelds

the following general expression for the zeroth level coefEtcients B„:

B^U l + (n + l)C,-^+-^{n + 1)| = 0 , n >\ (C-90)

Since the term in braces in equation (C-90) is always positive for the permissible

values of n greater than one, all of the coefficients B„must be zero for n greater than one
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for the zeroth level. From equation (C-87), jill the coefficients for n greater than one

must also be zero. Thus, the general solution for the temperature distributions in the

sphere and the fluid reduces to the following forms:

rf>(r.e) = To+t^ l+2C,'j+2i
»/

Vr_rcos0.

rf(r,0) = 70+ 1 +

U2C,i+2|
V7.rcos0,

(C-91)

(C-92)

The second term on the right hand side of equation (C-92) Is the perturbation of

the temperature distribution In the fluid due to the presence of the particle for the zeroth

level, which represents negligible fluid convection energy transfer with respect to con

duction. With the temperature distribution In the fluid determined for the zeroth level,

the total slip velocity interface condition of equation (C-66) is Invoked to determine the

remaining unknown constant of equations (C-74) and (C-75) for the velocities. The

resultant velocities are:

-3

(n-2^+2C,i)(l + 3C.i)

l-2^+2C,i](l+3C.i)

R
+—
r.

R

r.

sin0,

COS0 .

(C-93)

(C-94)

Now that the fluid temperature and velocity distributions are determined for the

zeroth level of Iteration, the next Iteration level to solve for the fluid temperature distri

bution with convectlve terms Is performed by substitution of equations (C-92), (C-93),

and (C-94) Into the first level conservation of energy equation, equation (C-72). The right

hand side of the resultant equation Is very lengthy, and, according to Brock (1962),
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cannot meet the boundary condition of zero temperature far from the sphere for the first

iteration level, equation (C-63). Since the fluid temperature distribution in the vicinity

of the sphere is desired, the tangential and radial velocities of equations (C-93) and

(C-94) are expanded with respect to the distance from the sphere in the vicinity of the

sphere. The expansions used by Brock (1962) are the following:

5  = 2
r} r + I a,

h>2

^  +1
(C-95)

r

\3

=

H /l + l

y  /i>2
- -

(C-96)

The expansion coefilcients and b„ need not be specified, since these expansions of

equations (C-95) and (C-96) are taken only to first order in (f?/r)®.

The expansion of equation (C-96) taken to first order in (i?/r)® is equivalent to

neglecting the radial velocity of equation (C-94) in the vicinity of the sphere. Brock then

solves the first iteration of the conservation of energy equation, equation (C-72). The

resultant solution is rather lengthy with many terms representing temperature field

perturbations caused by convective flow. Brock's result for the first perturbation level

of temperature can be written as

T® =/<V)+y^>)cos'0, (C-97)

The resultant tangential velocity obtained by meeting the total slip condition of

equation (C-66) can be written as

uf' = A®(r)sin0cos0. (C-97)

Brock additionally obtains a third-level iterated solution. The resultant fluid

temperature and tangential velocity can be written as
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r® = /f(r)cos0+^(r)cos'0. (C-98)

= /i®(r)sin0+/ifV)cos^0sin0. (C-99)

Substituting the first three iterated solutions Into the defining expsinsions of

equations (C-58) and (C-61) yields the following:

Tj(r,Q) = T,+ 1 +

kf 1
-+C--1

l-^2C.I + 2{ v''y
Vr_r cos 0

+ P[/JV)+y^V)cos^6] +P^[/fV)cos0+^V)cos'0] + ■ (C-100)

«« = 2^
R

LUy

\3

sin0

(l-f 2^+20,i](l+3C.i)^
+ P^[/ii®(r)sm0cos0] +P'[/i®(r)sin0 + /i2®(r)cos^0sin0] + • (C-101)

With the tangential velocity of equation (C-101), the pressure distribution in the

immediate vicinity of the sphere can be obtained by integrating the Newton's Second

Law expression of equation (C-54). The fiuid shear stress, as done in equation (C-48),

may also be determined. The resulting expressions are:

P = P.-I-3P
^TJr

l + 2i+2C,i (i + 3C4) '
COS0

+ P^[/i®(r)cos^0] + P'[/If(r)cos0 + /tf(r)cos'0] + . (C-102)
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tre = xP2 (l+2^+2C,i](l+3C.i) '
(r}' R
3 — +—

-
r.

sin 6

+ P^[^®(r)sin0cos9] +P^[^f(r)sin0 + ̂®(r)cos^0sin0] + •••. (C-103)

As done for the Epstein derivation in Section C.2.2.2. the pressure distribution and

the tangential shear stress are evaluated on the surface and then Integrated to deter

mine the total force on the sphere due to the thermal creep flow. Evaluating equations

(C-102) and (C-103) at the sphere radius R and substituting Into the integral defined In

equation (C-49) results in the following expression for the net thermal force:

i2jcp/?c/j+c,^l . r«r 1
Fj. = -p-^ sin^0-xcos^0sin0 d0

(u3C.i)(l.H2^+2C,iJ 2 )

-t-p^ r (A®sin'0cos0-i-^f cos'0sin0)i/0
Jo

-l-P'f (^®sin^0-l-A®sin'0cos^0-H^®cos^0sin0-i-^®cos*0sin0)d0. (C-104)
^0

The integral of the second perturbation term of equation (0-104) is zero. Con

tributions to the thermal force on the sphere appear only for the odd expansions. Since

the second and subsequent perturbation solutions of the tangential velocity represent

the effect of the fluid convective terms in the conservation of energy equation, equations

(C-57) and (C-72), the contribution of thermal energy convection to the thermal force

may be neglected to the second order in the expansion coefficient, p.

In this fashion. Brock showed that to the first order in the perturbation parameter

for the temperature distribution and to the second order for the velocity distribution, the

convective flow of energy around the sphere has no effect on the thermal force. Brock's

expression for the thermal force, obtained by integrating equation (C-104) and substi

tuting the expression for the expansion coefRclent p = C,^, has the following form:
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127CM/?C,g+C,^)
(i+3c4][i + 2^ + 2C.^JP^

In the above analysis for the thermal force on a sphere caused by thermal creep

flow, the spherical particle Is stationary and the calculated flow velocities are with

respect to the stationary particle. Unless the particle Is held in some manner by an

external force, such as electromagnetlsm, the particle will move in the direction opposite

to the thermal gradient with the thermal force balanced by a fluid drag force. In order

to calculate a particle velocity due to thermal creep flow of fluid, the drag force on the

particle must also be computed.

The Stokes problem (Schllchtlng, 1979) for the case of a sphere moving slowly

relative to a viscous fluid Avlth no effects due to nearby particles or solid boundaries

results In a drag force on the sphere. Basset (1888), as described by Lamb (1932),

corrects this Stokes drag result for Knudsen numbers less than 0.1 and obtains the

following expression:

fl+2C„^l
J. (C-106)

[l + 3C„j,J

With the assumption of steady-state flow and no other drag forces, Talbot (1980)

adds the thermal force term of equation (C-105) and the drag term of equation (C-106),

equates the sum to zero, and presents the following expression for the particle velocity

due to the thermal force, which Is called the "thermophoretlc velocity:"

u

Vt = —f zb Tr TJ (C-107)(l + 2C.i)[l+2S+2C,i]P'"
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The sign of equation (C-107) is reversed so that the thermophoretic velocity Vris

that of a particle moving relative to a stationary gas. Equation (C-107) for the thermo

phoretic velocity may be rewritten by grouping the thermal conductivity ratios and the

rarefied flow terms and then defining the thermophoretic coefilcient, K, as follows:

2C/S+C,i]
= -( Tf Ti • <C-108)(l+2C.i][l+2^+2C,ij

Numerical values of K are on the order of 0.1 for the sphere diameters and steam

conditions of interest in the present work. The equation for the thermophoretic velocity

may now be written in the following simplifled form:

Vr = • (C-109)

Equation (C-109) for the thermophoretic velocity is used in the scaling analysis of

Appendix D as well as in the development of the governing differential equations in

Chapter 4.

0.2.2.4. Effect Of volumetric fieat source in tfie particle on thermophoretic velocity

Epstein (1929) and Brock (1962), as described in the previous sections, derive

expressions for the thermal force of a particle without a volumetric heat source. For the

present work, however, the particle may be emitting energy in a volumetric fashion. The

effect of this heat source on the thermal force is shown to be zero in this section.

As stated previously for the case of a particle without a volumetric heat source, the

second term In the brackets on the right-hand side of equation (C-92) is the perturbation

of the temperature distribution in the fluid due to the presence of the particle. Since the

tangential slip velocity at the particle surface, given by equation (C-52), depends on the

angular derivative of the fluid temperature at the surface. Thus, the presence of volu-
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metric heating hi the particle could affect the thermophoretlc force If the value of the

temperature perturbation, or additional angular dependence of the gas temperature. Is

changed by the volumetric heat source in the particle.

For the case of a volumetric heat source In the particle having a strength q'" that

Is constant and Independent of position In the particle, the conservation of energy

equation becomes

11 dT
+-

1  a

r^sin """Se +^ = 0. (C-110)

This partial differential equation Is non-homogeneous and, therefore. Is not sepa

rable. The equation Is linear, however, and superposition can be used to obtain a

solution. Arpacl (1966) describes a procedure that assumes that the solution of the

non-homogeneous problem described with one partial differential equation Is the sum

of a solution to a homogeneous partial differential equation and a solution to a one-

dimensional differential equation where the constant volumetric heat source Is formu

lated as a one-dlmenslonal problem. Utilizing this procedure, which allows the use of

separation of variables for the two-dimensional partial differential equation, the solution

Is assumed to have the following form:

r,(r,0) = r;(r,0)+r». (C-iii)

Inclusion of the volumetric heat source term In the formulation of the one dimen

sional equation for T/(r) requires specification of boundary conditions. The boundary

condition at the center of the sphere Is an unspecified but finite temperature T^. The

boundary condition at the sphere radius, however. Is still a matching condition for the

solution domains In the sphere and In the surrounding fluid and requires evaluation of

the temperature In the fluid as done above for the case of a particle without volumetric

heating sources. The one-dlmenslonal governing equation for the function T*{r} is given

by:
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lA.
r^dr

idT:(r)]
dr

a'"
(C-112)

with boundary conditions of finite but as yet unspecified temperatures

r;(0) = r, and r,{R) = r,. (C-113)

The solution of this equation is of the following form:

r;(r) = T,-
6k,

(C-114)

Substituting the supposition of equation (C-111) into the conservation of energy

equation (C-110) and recognizing equation (C-112), yields the following governing

equation for T,':

11
r'dr

2^ 1

sin 030

(  dr:
= 0. (C-115)

Equation (C-115) is functionally identical to equation (C-9) and is amenable to

solution by separation of variables. The boundary conditions, however, are different, as

they must be. For this problem, the inhomogenous heat source term in equation (C-110)

is transformed to appear at the matching point of the sphere-fluid Interface. The solu

tion of Laplace's equation in spherical coordinates was developed previously for equation

(C-28) in terms of a series of Legendre polynomials. Using the supposition of equation

(C-111), the individual solutions for T*, equation (C-76), and T*. equation (C-114), are

added as follows:

T,(r,Q) = lAyP,(,cosQ) + T,-
n =0 tyfc.

(C-116)
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The general solution for the temperature distribution in the fluid adjacent to the

sphere is still given as equation (C-30). The temperature at the center of the sphere,

however, is no longer To (the center temperature with no heat source in the particle), but

a higher temperature, T^, due to the presence of the volumetric heat source.

The solutions must be matched at the solid-gas interface such that the heat flux

emd temperature jump conditions are satisfled. The heat flux interface condition results

in the following relationship between the coeillcients A*„and B„.

I /?""'T,(cos0)
A sO

kf B„ = ̂ Vr.cos0+^
k, 3k,

(C-117)

Inspection of equation (C-117) jrields the following relationships:

3kf •

•  hfS\ Icf
= ■^VT_cos0.

'  k,R^ k.

kf B,^- + (" + 1)^^ = 0. n>l.

(C-118)

(C-119)

(C-120)

The condition for the temperature jump at the interface results in the following

relationship between the coefiicients A\ and B„:

A sO

B.
-A.

= VT,Bcos0|C,^-l^ 7-0-7-0 + 6k,
(C-121)

The following relationships between the coefficients A'^and B„ are found from

inspection of equation (C-121):
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r[ S,
q"'R^
6k,

To-T,+

El
R^

1+2C,-

B.
>2M-fl l + (/. + l)C,-j

-A, =-

-A = vr.|c.--i|.

-A, = 0, n>\

(C-122)

(C-123)

(C-124)

Since the value for the coeflicient Bq is determined from the heat flux interface

condition of equation (C-118), the value for Aq is uniquely determined by the following

relationship:

q"'R^
A = 7-0-7.+

6)t,

k.(
2^ + 1 (C-125)

which follows from equation (C-122) above.

The relationships for the values of the coefficients A„' and B„ when the Index n is

greater than, or equal to, one are identical to those of equations (0-82), (C-83), (C-86),

and (C-87). Hence, the coefficient B, is identical to the coefficient Bj found for the case

of no volumetric heating in the particle, equation (C-89), the A,' coefficient is equal to

the Ai coefficient, and the coefficients A„* and B^ are zero for n greater than one. The

temperature distribution in the sphere and adjacent fluid are therefore given by the

following expressions:

q'"R^
T,(r,Q) = 70 +

6k,

k,f X
+ 1-

AN2 r

l+2C,i + 24 V7_rcos0. (C-126)

q"'R^
7^(r,0) = 7o +

3kr

^R^
1+—

kf 1
-+c--1

l + 2C.^+2ivO
V7_rcos0, (C-127)
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Note that the fluid temperature solution is unbounded as the distance from the

particle along the direction of the temperature gradient increases. This seemingly

um^alistic behavior is permissible under the initial problem statement that poses a

uniform temperature gradient across the particle. "Infinity" for this problem is the

distance "sufilciently far" from the particle so that the presence of the particle no longer

affects the fluid temperature.

From inspection of equation (C-127), the angular variation of the fluid temperature

is unaffected by the presence of a volumetric heat source in the spherical particle.

Therefore, the derivative of the fluid temperature with respect to 0 is completely unaf

fected by the presence of a heat source in the particle. The tangential slip velocity given

by equation {C-52) is, therefore, unaffected by the presence of the volumetric heat source

in the particle.

■ The radial variation of the fluid temperature, however, is affected by the presence

of a volumetric heat source in the particle as, of course, is the derivative of the fluid

temperature with respect to r. For the first level of the perturbation solution of Brock

(1962), as described in the previous section, the derivative of the zeroth temperature

solution in the fluid is taken with respect to r, as shown in the right-hand side of

equation (C-72). The presence of a volumetric heat source in the particle might, there

fore, affect the convective flow of energy in that governing equation. However, the radial

velocity in the vicinity of the sphere is negligible, as shown by the expansion of equation

(C-96) to first order in (J?/r)® in equation (C-74). The tangential slip and pressure dis

tribution around the sphere obtained from the perturbation solution of Brock are

unchanged.

Since the tangential velocity distribution in the fluid and the effect of convective

flow of energy are unchanged by the presence of a volumetric heat source in the particle,

the pressure distribution given by equation (C-102) and viscous shear given by equation

{C-103) are likewise unchanged. The thermal force given by equation (C-104) is,

therefore, unchanged. Subsequently, the thermophoretic coefficient, K, given by equa

tion (C-108) remains unchanged by the presence of a volumetric heat source in the

particle.
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C.2^.5. Effect of time-dependent particle temperature variation

For the above zmafyses, steady-state conditions are assumed, that is. the transient

temperature variations of the sphere and fluid are neglected. Since the particle under

the action of the thermal force will move from a hotter region of the fluid to a colder

region, the matching temperature condition at the interface will change as the fluid

temperature changes, giving rise to a time-dependent temperature distribution in the

particle. The characteristic time for a transient temperature variation in the spherical

particle is shown in this section to be negligible with respect to the characteristic time

for thermophoretic particle movement.

Arpaci (1966) presents a characteristic time for conduction heat transfer in a

sphere as follows:

(C-128)

where R is the sphere radius and a, is the thermal diffusivity of the particle.

A characteristic time for thermophoretic movement of the particle would be the

time for a particle to move one diameter under the action of the thermal force at the

thermophoretic velocity, VV. This characteristic thermophoresis time has the following

form:

2R
<7 = ̂ . (C-129)

Forming the ratio of these two characteristic times yields:

e = ̂  = (C-130)

Substitution of the thermophoretic velocity given by equation (C-109) and the

definition of Prandtl number, the ratio of characteristic times is written in the following

form:
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e = KPr

(r. ̂

2j T";
(C-131)

The thermal gradient of the above equation is approximated by the ratio of the

wall-to-fluid temperature difference and the characteristic distance, 5. The final term

on the right-hand side of equation (C-131) is therefore given approximately as

vr_

~

T.-T^

78
(C-132)

The boundary layer thickness for laminar flow conditions is approximated by the

expression 5/L = Gr (Jaluria, 1980). The thermal microscale 8/L = Gr is used for

turbulent flow conditions (Aipaci, 1986). L is a characteristic flow length, which for this

problem is the plate length of three meters. Substitution of the approximations for the

thermal gradient normal to the wall in both laminar and turbulent flows given by

equation (C-132) into equation (C-131) gives the following approximate forms for the

ratio of cheiracteristic times:

e = KPrfe

e = KPr

l
[%)[  T J[iL)

fel
I  T JUJ

Gr
1/4

Or
1/3

(C-133)

(C-134)

Equation (C-133) represents laminar flow conditions and equation (C-134) repre

sents turbulent flow conditions. Since turbulent flows, where Grashof numbers are

greater than 10®, give higher relative magnitudes In equation (C-134) as compared to

equation (C-133), equation (C-134) will compute a greater magnitude for e. This is

physically realistic, since turbulent flows generally have a higher temperature gradient

near the wall, and, therefore, would have higher thermophoretic velocities. The mag

nitudes of the individual terms of equation (C-134) are now considered.
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The product of the thermophoretlc coefficient K and the Prandtl number of steam

is on the order of one. For the present work, the fluid is steam and the particle is

assumed to be stainless steel, which have comparable thermal diffusivities. The first

term in parentheses on the right-hand side of equation (C-134) is, therefore, of order

one. The value of the wall-to-ffuid temperature difference divided by the fluid temper

ature varies from 0.1 to 0.5 for the present work, and will be considered as of order one.

The particle radius i? is on the order of one micrometer and the plate length L is three

meters. The magnitude of the third bracketed term of equation (C-134) is, therefore, on

the order of 10 ®.

For the present work, turbulent flows with Grashof numbers on the order of 10'^

are expected. The resultant value for e is, therefore, on the order of 10"^. This should

be the largest value of the relative magnitude for the ratio of characteristic times e for

the parameters of the present work. Thus, the transient temperature variation of the

spherical particle as it is moved under the action of the thermophoretlc force may be

neglected with respect to the steady-state temperature distribution.

C.3. Effect of Variable Properties on Thermopfioretlc Velocity

Since the effects of variable thermophysical properties are of interest, equation

(C-109) was analyzed to examine these effects on the thermophoretlc velocity. As will be

shown, all of the terms in the coefficient of the temperature gradient are functions of

temperature, including the thermophoretlc coefficient K.

In general, the dynamic viscosity p. for gases varies with temperature as T" (Kays

and Crawford, 1980). The exponent n for air is approximately 0.7. For an ideal gas, the

density varies inversely with the temperature. Therefore, if no temperature variation of

the theimophoretic coefficient K is assumed, the thermophoretlc velocity would Increase

when the dynamic viscosity increased with increasing temperature. Thus, since the

expression for the thermophoretlc velocity was derived from a balance of thermal and

viscous drag forces on the sphere, the thermal force must increase faster with respect

to temperature than the viscous drag force.
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The expression for the thermal force on the sphere, which is given by equation

(C-105). was derived from the expression for the tangential slip velocity on the sphere,

given by equation (C-101). As mentioned in Section C.2, both the viscous slip velocity

and the thermal slip velocity are directty proportional to the mean free path. Since the

mean free path depends on the dynamic viscosity as shown in equation (C-S), the mean

free path must also vaiy directty with the temperature.

Substitution of the expressions for the temperature dependencies of the dynamic

viscosity, mass density, and moleculcir speed in equation (C-3) shows the following

dependence of the mean free path on the temperature.

\  (C-135)

For air, n = 0.7, and the mean free path would increase as T' ®. Inspection of

equation (C-101) shows that the tangential slip velocity is expected to increase as the

temperature increeises. The increase in the slip velocity would then cause an increase

in the thermal force.

The resultant increase in the thermal force with an increase in temperature for a

given temperature gradient is shown by equation (C-105). Equation (C-105) may be

rewritten in the following form:

= "7 k, • (C-136)

Using the temperature variations found above, the term p^/pTin the coeilicient of

the temperature gradient varies as T^". Thus, for any positive exponent n, the thermal

force increases as the temperature increases.

The temperature dependence of the fractional term involving the thermal con

ductivity ratio and the Knudsen number on the right-hand side of equation (C-136) is

also determined. The values of interest for the thermal conductivity ratio and the

Knudsen number are of the order of 10'^, and the rarefied flow parameters of C,, C^, and
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Q are of the order of unity, as discussed in section C.2. Performing a binomial expan

sion of the denominator, and approximating the fractional term to first order in thermal

conductivity ratio and Knudsen number yields the following expression:

UnRC . 127cRc(^+C^
(l + 3C4)[ll2^ + 2C,^] 'U (C-137)

Inspection of equation (C-137) shows that this term from equation (C-136)

increases with respect to temperature as the mean free path, assuming identical

dependencies of the thermal conductivities of the gas and particle on temperature.

The variation of the thermal force with respect to temperature (to first order in the

thermal conductivity ratio and Knudsen number) is given by:

Fr oc + (C-138)

The temperature variation of the viscous drag on a spherical particle moving at a

given velocity can be determined from equation (C-106). Performing a binomial expan

sion of the denominator in equation (C-106) and retaining terms to first order in

Knudsen number, the viscous drag on the sphere may be written as:

= 6niiRV
/

1-C„7r
V

(C-139)

Including the temperature dependencies of the dynamic viscosity and mean free

path, the variation of the viscous drag with temperature, to first order in the Knudsen

number and for a specified velocity, is given by:

ocr(i-r^'^). (c-140)

The ratio of the thermal force to the viscous drag force may now be written as

follows:
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p- « 7"'^-'-^^. (C-141)
^*ag 1-r

This ratio increases with increasing temperature for any positive exponent n. In

the absence of einy other body forces acting on the sphere, this ratio represents the

temperature dependence of the sphere velocity under the action of thermal force due to

a thermal gradient.
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APPENDIX D

SCALING ANALYSIS OF GOVERNING EQUATIONS

0.1. Introduction

The complete set of governing equations and boundary conditions for the flows of

interest in this research are, as shown in Chapter 4, extremely complicated. Numerical

solutions of these equations are both difflcult and expensive to achieve. Thus, any

simplifications of these equations that can be performed without substantially changing

the accuracy of their solutions are desirable. Identification of relatively small terms in

the differential equations usually Justifies neglecting these terms, which simplifies the

numerical solution of the coupled equations without significantly affecting the accuracy

of the solution. Care must be taken when neglecting small terms, however, to prevent

the occurrence of singuleir perturbations.

The differential equations that describe the transient spatial distributions of the

variables of interest for the different solution domains of solid and fluid have intrinsic

reference quantities that describe the magnitude of the response to changes in operating

conditions. These equations, including the interface conditions between the solid and

fluid solution domains, are scaled such that the magnitude of the coefficient of each

term indicates the relative importance of the particular effect represented by that term.

This information is used to simplify the governing equations for appropriate ranges of

the independent variables.

The intent of this analysis is to determine the relative magnitudes of the terms in

each governing equation in order to simplify the numerical computations. After sim

plification, the actual computed values determined of the variables of interest should be

little affected by deletion of the terms that are shown to be orders of magnitude smaller.

An important term that is used extensively in what follows is "unit order." This

term is loosely defined to mean an absolute magnitude somewhere between 0.1 and 10.
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The governing equations are recast in dimensionless variables such that each term

in each dififerential equation, independent of its coefficient, is of unit order. Thus, the

coefficient of each term represents the relative magnitude of that term. Each indepen

dent and dependent variable is replaced by a product of the form T* = T^T, where a star

superscript denotes a physical variable, a subscript "c" represents a characteristic

quantity, or "scale," and the remaining term without a subscript or superscript repre

sents a dimensionless quantity of unit order. In this example, T* is the physical value

of temperature, is a characteristic value of temperature valid over the range of

interest, and Tis the dimensionless temperature of unit order.

These characteristic values are manipulated such that a nondimensional grouping

of characteristic terms appears as the coefficient of a nondimensional term of unit order.

Each such term of unit order denotes a different physical effect. Its coefficient, which is

comprised of some combination of the characteristic quantities, indicates the relative

importance of that effect. This procedure, as illustrated by Segel (1972), was applied to

the coupled, conjugate heat and mass transfer problem of interest here. Each of the

characteristic values was selected to correctly scale the equations, not to simply rewrite

each equation in nondimensional form.

For this analysis, the solution domain for the problem is a thick-walled vertical

plate and the adjacent fluid. This domain is split into two subdomains, one for the solid

and one for the gas. The solutions in these two subdomains are matched by specifying

the interface conditions on the wall temperature, heat fliix, and velocity. These two

solution subdomains form a conjugate heat transfer problem; that is, a problem in

which the solutions in the subdomains are fully coupled.

D.2. Development of the Governing Equations for the Partlcle-Fluld System

The differential equations to be solved are those for a compressible, newtonian

mixture of fluid and particles as presented by Pai (1956), Bird et al. (1960), Batchelor

(1967), and Kays and Crawford (1980). These equations express conservation of mass,

Newton's Second Law, and conservation of energy for the fluid-particle system. The

differential equations representing conservation of mass of the fluid, conservation of
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mass of the particles, Newton's Second law for the fluid, and conservation of energy for

the fluid are developed here. The maximum volumetric fraction of particles in the

mixture for which effects due to the presence of particles on Newton's Second Law,

conservation of energy, and the thermophysical properties may be neglected is deter

mined in this section.

Viskanta (1966) states that radiation pressure effects are negligible for fluid sys

tems, such as the one of interest in this investigation. Since the fluid of interest here is

not a binary gas, Soret and Dufour effects carmot occur. However, Goldhirsch and

Ronis (1983a) established that thermophoresis csm be considered as a Soret effect for

particle-gas systems. No references on effects in particle-gas systems comparable to the

Dufour effect in binary gas systems could be found in the literature.

The governing equations are written in repeated Index tensor notation as follows:

ap* a
dt dx;

(D-l)

and

P — = P +—1
Dt dx:

• 3w* duj^ 1 2 3 .dUj

^dxj dx:^ J  ̂dx!I dx;'

»De* „»duj , dqj Jaw*
Dt dx dx: .dx:

'aw* duj^ 2
f-\ 'VdUj

^dxj^dx:^ 3[ax;J

(D-2)

(D-3)

The term D(...)/Dt* represents the convective, or Stokes, derivative operator, which

is also known as the substantial derivative. The sjonbol J' is used to represent the

aerosol mass flux. The symbol e* denotes the internal energy of the mixture, the symbol

u* represents the mass-averaged velocity (Bird et al., 1960), and the symbol q ' denotes

the sum of the conduction and the thermal radiation heat fluxes. All the dependent

variables and the thermophysical properties represent a mixture of gas and particles.

Equations (D-l) through (D-3) represent a system of five equations in the seventeen

unknowns of P, p, p, e, Q, and of the velocities, particle fluxes, heat fluxes, emd body

forces in three directions. The number of unknowns is reduced to thirteen with the
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assumption of two-dimensional flow, as shown in Figure 2-2. Constitutive relations,

such as the Fourier law of heat conduction that relates the conductive heat flmc to the

temperature gradient and an equation of state for the fluid that relates the pressure to

the density and temperature, will be employed such that the system of equations is

closed.

The differential equation for the conservation of energy that governs the tempera

ture distribution in the solid wall and in a particle, that is, the conduction equation, can

be written by inspection from equation (D-3) by setting the convective, viscous

dissipation, and compression work terms in the conservation of energy equation (D-3)

to zero. Arpaci (1966) presents a derivation for the conduction equation, starting from

a general control volume formulation that includes terms representing convective flow

of energy that are later set to zero when the material is at rest. Arpaci's derivation

results in an equation exactly in the form of equation (D-3) without the convective, vis

cous dissipation, or compression work terms.

For the conditions of interest of the present investigation, the ratio of the volume

of the aerosol particles and the volume of the mixture of both particles and fluid is very

small (on the order of 10"®), such that scaling the set of equations (D-1) through (D-3)

will show that the presence of particles in the flow results in negligible effects on the fluid

conservation equations and the thermophysical properties. Furthermore, the convec

tion of energy by the particles will be shown to be negligible with respect to the energy

convected by the fluid and thus, the conservation of energy equation can be written in

a more familiar form for the fluid component onfy. This scaling effort will identify a

maximum particle concentration for which the neglect of the particles in the conserva

tion equations and thermophysical properties is valid.

First, the mass-averaged velocity of the particle-fluid mixture is determined, since

it appears in all the conservation equations. In general, the velocity of a particle may be

different than the velocity of the fluid. In the absence of thermophoresis and externally

induced forces such as magnetism, particle motion relative to the fluid during a postu

lated transient period for the response of a particle initially at rest to a step change in

fluid velocity is determined. Assuming that a spherical particle will experience Stokes



251

viscous drag during the transient period from the initial application of the step change

in velocity, the time-dependent motion of the particle is described by Newton's Second

Law as follows:

4  , ,dUp(t) ^ XI-kR Pp—^ = 6jcp/?[U/-M,(01 (D-4)

where the subscript denotes the fluid (steam for the present investigation) and the

subscript "p" denotes the aerosol ptirticle. Equation (D-4) has the solution at time t, with

an initial particle velocity of zero and a constant fluid velocity, u/, applied at time zero,

of

u'pit)
= 1-exp

9 Pf
(D-5)

The time required for a particle at rest to be accelerated to velocity Up* by the Stokes

drag force caused by the fluid velocity u/ is obtained from equation (D-5) and is desig

nated as ta,^, so that

2p;r
9p; j

in (D-6)

A characteristic time for the fluid flow would be the time for a fluid packet to move

a characteristic flow distance at a characteristic fluid velocity. A characteristic velocity

in a laminar, natural convection boundary layer, which can be considered as an

expected maximum velocity (Jaluria, 1980), will be presented in Section D-4 and is given

by equation (D-63). A characteristic flow time for the fluid to travel to travel the char

acteristic flow distance is given by

L  LV -
tc =77 = —Gr

Uc V,

1/2
(D-7)
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The ratio of the particle drag time to the characteristic flow time is formed by

dividing equation (D-6) by equation (D-7) to give

_  2

tc ~~9

f '\
R
\2

in 1-^
.  "/y

Gr"^. (D-8)

A particle is estimated to be essentially at the flow velocity when Up*/ u/ = 0.95. For

a carbon steel sphere, which has a density of 7800 kg/m^, with a diameter of 1 pm in

steam at lOOO'C, which has a density of 11.8 kg/m®, and in a flow having a Grashof

number of 10®, the ratio of characteristic times as given by equation (D-8) is 4x10"'.

Thus, in the absence of thermophoresis or other external forces on a particle, the time

required for the Stoke's drag force to equilibrate the particle and fluid velocities is much

less than the time required for a typical fluid packet to traverse the low fleld. This is

equivalent to saying that the particles essentially follow the flow with no velocity lag.

The term q' appearing in equation (D-3) represents the sum of the radiant and the

conductive heat fluxes in the mixture. Since the particles may absorb and emit thermal

radiation, the relative magnitude of the radiation heat flux emitted and absorbed by a

particle with respect to the approximate conductive heat flux through a distance in the

fluid equal to a particle radius is estimated by the following ratio (Hidy and Brock, 1970):

where tp is the emisslvity of the particle and a is the Stefan-Boltzmann constant. For a

steam temperature of lOOO'C, a wall temperature of 300'C, and a particle diameter of

10 pm, the ratio of heat fluxes as given by equation (D-9) is less than 10 ®. Thus, the

radiation heat flux due to the presence of particles in the mixture is negligible with

respect to the conductive heat flux in the fluid. The radiation heat flux in a participating

medium, such as steam, however, may not be negligible with respect to the conductive

heat flux. Participating media radiation heat transfer is discussed in Section D-4.
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In order to analyze the conservation of eneiigy equation (D-3) for effects due to the

presence of particles, the density of the mixture is first examined for effects due to the

presence of particles. The term p' represents the density of the steam-particle mixture.

As illustrated by Wallis (1969), if a is defined to be the volumetric fraction of particles in

the mixture, that is, the volume of the particles per unit volume of fluid-particle mixture,

then the individual components of steam and aerosol contribute on a volumetric basis

to the density of the mixture In the following fashion:

p* = ap;-i-(l-a)p^. (D-10)

Factoring the right-hand side of equation (D-10) yields the following expression for the

density of the mixture:

p* = p;jl + a
P/ .

(D-11)

Assuming that the aerosol particles are carbon steel, which has a density of 7800 kg/m®,

and the fluid is steam, which has a minimum density of 11.8 kg/m® over the range of

interest for this investigation, equation (D-11) can be written as the following:

p'= P/(l-i-690a). (D-12)

The term 690a represents the contribution of the carbon steel particles to the density of

the particle-steam mixture. If it is arbitrarily assumed that this contribution is negli

gibly small when it is less than 10 ®, equation (D-11) gives that the effects of particles on

the mixture density are negligibly small if a is less than 1.5x10 ®.

The conservation of energy equation (D-3) has a term on the left-hand side that

represents the mass-averaged internal energy of the mixture (Bird et al., 1960). This

mass-averaged internal energy is written as:

py = ap>;+(1 - a)p; . (d-i3)
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Rearranging equation (D-13) yields the following expression:

• • • • J 4pe = PfeA\+a. PA

P/^/
-1 (D-14)

The internal energy of an ideal gas can be written as the product of the specific heat

at constant volume and the temperature and the internal energy of a solid particle can

be written as the product of the specific heat and the temperature (Reynolds and Per

kins, 1977). Defining the ratio of specific heats y as the ratio of the specific heat at

constant pressure and the specific heat at constant volume, equation (D-14) can be

written as the following:

• • • • J *p e = PfCfSl^a. p;c;

^P/^/
(D-15)

For the conditions of interest of the present investigation (carbon steel particles in steam

at lOOO'C), equation (D-15) can be written as follows:

p'e' = p/e^(l-i-150a). (D-16)

The term 150a represents the contribution of the carbon steel particles to the energy of

the particle-steam mixture. If it is arbitrarily assumed that this contribution is negli

gibly small when it is less than 10"'^, equation (D-16) gives the corresponding maximum

volumetric fraction of the particles, a, as 6.6x10 ®. This maximum volumetric fraction

for the neglect of the internal energy of the particles in the flow is greater than the

maximum volumetric fraction for the neglect of the effect of the particles on the mixture

density. Thus, the convection of interned energy by the particles is negligible with respect

to the convection of internal energy by the fluid. As illustrated by Arpaci and Larsen

(1984), the use of thermodynamlc identities and the Fourier law of heat conduction

transforms the conservation of energy equation (D-3) into the following form:

p-c-^ =
Dt Dt' dXj

.  ̂q'j .j3u* du- 2 dUj

dx'^ 3
. (D-n)
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Because the particles move at the fluid velocity and the presence of particles at low

volume fractions causes negligible effects in the conservation of energy equation (D-3),

equations (D-2) and (D-17) will be scaled as if the particles were not present in the fluid.

Before this scaling can be performed, however, the remaining thermophysical properties

of dynamic viscosity, thermal conductivity, and specific heat at constant pressure must

also be examined for effects due to the presence of particles.

To compute the dynamic viscosity of a dilute mixture of particles in a fluid sus

pension, Wallis (1969) presents the Einstein equation which appears as follows:

p* = p,/(l + 2.5a), (D-18)

where the term 2.5a represents the contribution of the particles to the fluid dynamic

viscosity in the mixture. Note that the viscosity of a dilute mixture of particles is greater

than the viscosity of the fluid. If it is arbitrarily assumed that this contribution is neg

ligibly small when it is less than 10 ®, equation (D-18) gives that the effects of particles

on the mixture density are negligibly small if a is less than 4x10 ®.

For a dilute suspension of noninteracting spherical particles, the effective thermal

conductivity is identical in form to the effective electrical conductivity (Batchelor, 1974).

Maxwell (1873) derives a relationship for the effective conductivity of a dilute suspension

of spheres for which Dutta and Mashelkar (1987) present as the effective thermal con

ductivity for stagnant flow conditions. Leal (1977) describes additional considerations

to determine the effective thermal conductivity of a moving suspension, such as particle

rotations and a relative velocity between the particles and the fluid. Since the spheres

are moving at the fluid velocity and the Magnus effect caused by particle rotation is

negligible as described in Section 2.6, this stagnant model of effective thermal conduc

tivity of a dilute suspension as derived by Maxwell (1873) is sufficient for the purposes

of this scaling analysis. Thus, the effective thermal conductivity of the dilute suspension

is given by the following expression:

k'f kpk'f + 2 + a (1 - k'^/k})
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For a "sufilciently small" volumetric fraction (i.e., a < 1x10'^), equation (D-19) may

be appraxlmated and rearranged to the following form:

k = kAl+'ia
.W + 2

(D-20)

The particles are assumed to be carbon steel, which has a thermal conductivity of

54 W-m'^ K"'. The minimum thermal conductivity of steam over the range of interest of

this investigation occurs at SOO'C and is equal to 0.06 Wm '-K"'. With these values,

equation (D-20) reduces to the following form:

k' = A:/(l + 3a), (D-21)

where 3a represents the contribution of the particles to the fluid thermal conductivity

in the mixture. If it is arbitrarily assumed that this contribution is negligibly small when

it is less than 10'*, equation (D-21) gives the corresponding maximum volumetric frac

tion of the particles, a, as 3.3x10'®.

Since the particles are moving with the fluid at the fluid velocity in the absence of

thermophoresis, a mass-averaged specific heat at constant pressure can be defined as

follows (Boothroyd, 1971):

p'C* = apX*-t-(l-a)P/C;. (D-22)

For a "sufilciently small" volumetric fraction, equation (D-22) reduces to the expressions

for effective specific heat of a dilute suspension of particles presented by Wallis (1969)

and Depew and Kramer (1973). To determine the maximum volumetric fraction so that

the presence of particles does not significantly contribute to the specific heat of the

mixture, equation (D-22) is rewritten in the following form:

• v-.* *

pC = P/C/ 1+a'eS-1 (D-23)
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The particles are assumed to be carbon steel, which has a density of 7800 kg-m"® and a

specific heat of 465 J-kg '-K"'. For the steam conditions of interest, the minimum

product of density and specific heat occurs at lOOO'C and has a value of 30 kJ-m ® K '.

Substitution of these values into equation (D-23) yields the following relationship:

p*C' = p) C}{1 + 120a), (D-24)

where 120a represents the contribution of the particles to the specific heat of the mix

ture. If it is arbitrarlfy assumed that this contribution is negligibly small when it is less

than 10'^, equation (D-24) gives the corresponding maximum volumetric fraction of the

particles, a, as 8.3x10 ®. This value of the maximum particle volumetric fraction is

greater than the maximum allowable value of the particle volumetric fraction for

neglecting the effect of the particles on the mixture density. Thus, from equation (D-24),

if the maximum particle volumetric fraction for the neglect of particles on the fluid

density is satisfled, the specific heat at constant pressure of the mixture can be taken

as that of the fluid alone.

From the above values derived for the maximum particle volumetric fraction

allowable to neglect the effects due to the presence of particles on the thermophysical

properties of density, dynamic viscosity, thermal conductivity, and specific heat at

constant pressure, the least of these maximum particle volumetric fractions is that for

density, which is 1.5x10 ®. As stated in Section 2.5, the maximum volumetric fraction

of particles to be considered in the present investigation is 1.7x10 ®. Thus, the thermo

physical properties in the governing equations (D-2) and (D-17) can be taken as those oj

the steam alone since the presence of the aerosol particles does not appreciably affect

these values.
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D.3. Development of DImensionless Groups

The governing equations (D-1). D-2), and (D-17), and the necessary Initial condi

tions and boundeuy conditions to complete the problem description, will now be non-

dlmenslonallzed, as described In Section D.l, by Introducing the following set of

nondlmenslonal variables:

t = Y = dimensionless time, (D-25)

X

X = — = dimensionless spatial coordinate, (D-26)
Xc

y
y s ̂  = dimensionless spatial coordinate, (D-27)

^ e

P
p s — = dimensionless density , (D-28)

Pc

F'
F = — = dimensionless body force , (D-29)

Pc

u
p s — = dimensionless viscosity , (D-30)

P'
P = — = dimensionless pressure, (D-31)
' c

c*
C = — = dimensionless specific heat, (D-32)

t-c

k'
k = — = dimensionless thermal conductivity , (D-33)

iCe

Q = ̂  = dimensionless volumetric heat source , (D-34)
ll&C

q = — = dimensionless radiant heat flux , (D-35)
Qtc

« = ̂  = dimensionless velocity , (D-36)
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V
V s — = dimensionless velocity, (D-37)

T"
T = — = dimensionless temperature , (D-38)

* C

N*
N s — = dimensionless particle concentration , (D-39)

K*
K = — = dimensionless thermophoretic coefficient, (D-40)

O*
and ® s — = dimensionless diffusion coefficient. (D-41)

Substituting equation (D-10) for the effective density of the mixture Into the con

tinuity equation (D-1) yields the following relationship:

(1-a)-

The terms in the first and second braces In equation (D-42) represent conservation

of mass for the steam and for the particles, respectively. In order for this equation to be

satisfied under all possible conditions, the terms In the braces must each be equal to

zero. This requirement yields two separate equations: one for the conservation of mass

of the steam and smother for the conservation of mass of the particles. The relative

importance of each component In equation (D-42) Is determined by the value of the

volumetric fraction, a. If the particle behavior were not of Interest, the mixture conti

nuity equation (D-42) shows that mass flow rate of the particles can be neglected with

respect to that of the fluid with a resulting error of the order of the volumetric fraction

of the particles, a, which is 10 ® for the conditions of Interest of the present Investigation.

However, the particle behavior is of Interest for this problem and the continuity equation

allows decoupling the individual mixture components.

The requirement that the first term In braces of equation (D-42) be zero yields the

following equation for conservation of mass of the steam:
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(D-43)

Rewriting equation (D-43) for two-dimensional cartesian coordinates and in terms of the

nondimensional variables gives:

(K]rap] ra(p«)i toe) a(pv)

Idtl L dx J L dy
= 0. (D-44)

For the proper choice of the characteristic quantities, each term, independent of

its coefficient, should be of unit order. Physically, the coefficient

(D-45)

represents the ratio of a "flow time," or time which a fluid packet spends in the region of

interest, to a characteristic time, <c. for a transient to occur in the flow. The value of this

ratio denotes the relative importance of transient effects on conservation of mass. The

coefficient

(vx
UJ.

(D-46)

represents the relative importance of the net mass flow rate of steam in the y-direction

with respect to that in the x-direction.

The characteristic values for the coefficient terms are left unspecified for now. For

the remainder of this analysis, any term with dtmensionless quantities enclosed in

square brackets is assumed to be of unit order. The leading coefficient of each term is

generally enclosed in parentheses and the order of magnitude of this coefficient indi

cates the relative importance of the following unit-order term.

The part of the mixture conservation equation (D-42) that represents conservation

of particles may be written separately as
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d  . . dji

Denoting the number of particles per unit mass of fluid by JV* and the mass of aerosol

per particle by Mp, the aerosol particle density may be written as

p; = pW'Afp . (D-48)

The total aerosol particle mass flux is the sum of the Brownian diffusion mass flux, the

thermophoretic mass flux, and the gravitational settling mass flux (Hidy and Brock,

1970). The Brownian flux in the x-direction is determined from Pick's law to be the

product of the Brownian diffusion coefficient, 2), and the aerosol density gradient in the

x-direction. The thermophoretic mass flux is the product of the thermophoretic velocity

Vr, as defined by equation (4-7), and the aerosol density. The gravitational settling mass

flux is the product of the Stokes settling velocity (Hidy and Brock, 1970) and the aerosol

particle density. The Stokes settling velocity, V,, is given by the following expression:

'  9v*
v
^4-1
P/ y

Thus, the total aerosol mass flux in the x-direction is given by:

,  .a(p>*) „ v,'

(D-49)

(D-50)

Substitution of the expression for the particle mass flux in the x-direction, as given by

equation (D-50), along with an analogous expression (without the gravitational settling

term) for the particle mass flux in the y-direction, and the expression for the aerosol

density given by equation (D-48) into equation (D-47), yields the following particle con

servation equation:
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3(pW) 3 , . 3 , . 3

r 3> 3y j

3:c*

.^,.^.v3r .3(pV) „ .^,.
= 0, (D-51)

Since only a moncdisperse aerosol is assumed to be present, the mass of aerosol per

particle is constant and. therefore, does not appear in equation (D-51).

Substitution of the product of the characteristic value and a dlmensionless value

for each quantity in equation (D-51) and division by the coefficient of the x-direction

convective term yields the following equation:

A d(pN)

L  dt

f
Vc

f

+
V

U^

.3x

X
V^'c,

(puN)

lU'-

vaY a,

.,„vaTl (■D,
1>

BipN)
dy .

c

c) dx
-WJ.V37'

2>
a(pA^)

dx .
'^1 a(pN)

.  dx .
= 0. (D-52)

The values of the leading terms in parentheses are to be determined by analysis of

the scaled versions of the other governing equations. Note that no characteristic value

for particle concentration appears in equation (D-52). The scale for particle concentra

tion is determined from evaluation of the boundary conditions for the particle concen

tration, as will be shown later in this section.

The equation for conservation of momentum in the x-direction, equation (D-2), is

given by:

.3m* . .3m* . .3m* .„. dP' 3 ^3m* 3v*^
dx' 3y*n,3y* dx'^

3 L .9m* 2p*^
^ 3x*P 3x* 3

.N

dx'^dy' (D-53)
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Rewriting this equation in terms of the dimensionless variables and dividing by the

coefficient of the convective acceleration in the x-direction yields:

(K] du du (^x] du fX^F^]
[PFJ-f  ]ra?+

raTJ [u^) .dx

/  N2

Yc) .^y ay"^t/,n[xj ax

+
a L du 2^1
ax Pax" 3

du VcXcdv'
^dx'^UXdy^ (D-54)

Similarly, rewriting the equation for conservation of momentum in the y-direction gives:

.av* . .dv' . ,dv' dF* ap- + P"- + pv^ = pF,-^4-^
dt' dx'

/du' dv'^
l,ay*'^ax*,
a L .dv' 2^1'fdu' dv'

%*l^ay* 3 ^dx''^dy' (D-55)

Rewriting this equation In terms of the nondimenslonal variables and dividing by the

coefficient of the pressure gradient in the y-direction yields:

^PcKy/ dv 'pMcKK
,  PX

pu

'dP'

LayJ+IfaJL

dv

dx.

dx

Pc

dv

•"w
yc

P.
[pFJ

du VX
f y ~ ^
^ c dv

^y ux yX^j dx

PX

a j av 2p
LayP^"T

VXdu ^
[UXdx'^dy (D-56)

When equation (D-17) for conservation of energy is rewritten for a two-dimensional

cartesian coordinate system and for constant dynamic viscosity and thermal conduc

tivity, It Is of the form:
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pc —+puc ̂+pvc — = (pr) ap* .ap* .ap

ar"^" ajc*"^" ay*

.\

dx'

a

 *1 "ay*

1 •

+^i 2

+ n*-—
^  dx' dy'

^ 'i * ^ "v_ • /" "V • "V • A2 ^ • "\ •dw ^ dv du aw 2 du aw I
+ 2

ax* la/J ay* "ax*. ax*"ay*, (D-57)

Rewriting this equation in terms of the nondlmensional variables and dividing by the

coefficient of the term representing the rate of convection in the x-direction gives:

'A'
\fcUcj

oc^.^a/j puC
dx. UJc

f(pT*)p;
^ Pc^c^c

^  K

'A'dp dp
-:^+ U-r ^
dt dx

(vjC dp

ayj

^2{h a (, ar^i
k

-3yl 3y

fv \2

V'J

QcX^c

{p.UcCJ,

' ^cUc ](X,

[Q]-

2mJ

{P,U,CX

fry a

vJ'cy

dqrx ^Qry
dx^ dy _

uY
dx ux .^y

+p
du_^VX
La

/ w \2 -V f y ̂
dw

y ux dx XxV/

du yXc dv

dx ̂  UX dy

\2 (D-58)

Boundary conditions must be prescribed to complete the problem definition, and

the values for the boundary conditions may possibly be used as scales. Boundary

conditions for the fluid solution domeiin are required for the temperature, the fluid

velocities, and the particle concentration, as prescribed in the problem definition. These

boundary conditions are repeated below.
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The boundzuy conditions on the fluid temperature are a known temperature dis

tribution, TJx), far from the wall and the interface condition that at the wall, the fluid

temperature matches the wall temperature, T^. Either temperature or the temperature

difference could be used as a scale, T^. This choice will be made in the next section.

The boundary conditions on the streamwise and transverse fluid velocity compo

nents at the wall are given by the no-slip condition and the requirement that there

cannot be any flow through a solid surface; that is, both velocity components must be

zero at the weiU. Far from the wall, the streamwise velocity is specified as zero, which is

appropriate for a quiescent fluid. An appropriate scale for the velocity in a natural

convection flow is presented in the next section.

The boundary conditions for the particle concentration distribution in the flow are

a specified concentration, N^, far from the wall and a specified concentration of zero

particles in the fluid immediately adjacent to the weiU, that is, at zero distance from the

wall. This boundary condition of zero particle concentration at zero distance from the

wall is mathematicaUy convenient and the physical significance is debatable, hence, its

use is controversial. The specified concentration of particles far from the wall, as

presented in Section 2.5, is on the order of 10" particles per kilogram of steam. These

prescribed particle concentrations vary over a range of several orders of magnitude.

Indeed, the particle conservation governing equation (D-52) can admit any particle

concentration scale, since no particle concentration scale appears in any of the terms of

equation (D-52). Since the controversial requirement of zero particle concentration in

the fluid at the wall arises from the consideration of Brownian diffusion, the scale for

the particle concentration is chosen for convenience to be that of the particle concen

tration far from the wall, or = N„.

Several of the dlmensionless parameters appear in the scaled equations (D-44),

(D-52), (D-53), (D-56), and (D-58). Appropriate choices must now be made for the values

of the characteristic quantities, or scales, and these values used to compute the values

of the dlmensionless parameters that appear in the scaled equations. The resulting

values of the dlmensionless parameters can then be used to systematically identify

negligible terms in the equations. The effect of these choices in all five conservation
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equations must be evaluated. In general, rescaling might be appropriate for different

conditions or If a singular perturbation arises, although for the present Investigation,

rescaling was not necessary.

The characteristic time. Is still undetermined for the coupled problem. There

are two characteristic times, one representative of the temporal behavior of the solid

plate and the other representative of the temporal behavior of the fluid. Although the

spatial domains of the solid and the gas are different, they are Joined across the face of

the plate, where the local surface temperature and heat flux of the solid and fluid must

match and the fluid velocity must be zero.

The equation for conservation of eneigy for the solid plate can be obtained by

setting the convectlve. compression work, viscous work, volumetric heating, and radi

ation terms of the general, constant property, energy conservation equation (D-17) to

zero. This yields the well-known transient conduction equation In physical variables

.  .ST- S a
1

[ dxj ay-I  3/J
(D-59)

which Is vjiUd In the solid. Rewriting this equation In terms of the dlmenslonless vari

ables yields:

P.CsY^
k,t. atj X.

a (,
ax

a (, dT^
k

Lay I, dyj]
(D-60)

Selection of the appropriate reference quantities, or scales. Is performed In the following

sections.

D.4. Selection of the Reference Quantities for the Fluid Domain

The scaled fluid equations (D-43). (D-52). (D-54). (D-56). and {D-58) are examined

below to select the appropriate values of the scales.
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First, the characteristic values of the velocity, Uc, and of the spatial coordinate in

the x-direction, Xc, will be determined. In a natural convection flow, a characteristic

velocity is not as readily apparent as it is in a forced convection flow. Jaluria (1980)

shows that when a buoyancy force due to density differences acts over a distance L (such

as the plate length), it increases the kinetic energy of the fluid. Thus, approximating the

work done on a fluid packet by the buoyancy force to the change in kinetic energy of the

packet gives:

PcUl^ - ̂L(p_-p,). (D-61)

Viscous forces have been neglected in this estimate. Thus, this relationship represents

an upper bound on the fluid velocity, Uc. Since a characteristic velocity must only be

known to within an order of magnitude, the factor of 2 may be ignored, resulting in the

following expression for the reference velocity:

U. =
, P--Pc

(D-62)

Rewriting this expression in terms of the Grashof number gives:

Uc^jGr"^, (D-63)

which is a valid estimate for the laige Grashof number flows of interest in this present

investigation.

The fluid transit time, Xc/Uc, may be taken as a characteristic time for the fluid.

Thus, for high Grashof number flows, the expression

xn^ = -Or"' (D.64)

will be used as the estimate of the characteristic time for the fluid.
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The coefRcient, as expressed In equation (D-46). of the third term on the left-hand

side of the fluid continuity equation (D-44) represents the relative importance of the net

mass flow rate of fluid in the y-direction to that in the x-direction. The value of this

coefficient is set to one, such that

Uc X/
(D-65)

One or both of the terms in parenthesis of equation (D-44) must be of unit order if the

scaling is correct. This choice of characteristic quantities of equation (D-65) then indi

cates that the net mass rate of flow in the y-direction is Just as important as that in the

x-direction.

An appropriate characteristic pressure is the dynamic pressure, which is defined

as follows:

Pc = PcUl (D-66)

A body force acting in the streamwise direction is the weight of the fluid In the

boundary layer. The characteristic body force per unit fluid mass. Fa, would simply be

the acceleration of gravity, g, which acts in the negative x-direction. Substitution of the

relationship between the characteristic velocities and lengths of equation (D-65) and the

characteristic body force, characteristic pressure, characteristic velocity U^, and char

acteristic plate length L into equation (D-54) yields:

tc^cGr1/2

du du 0U
+ -t-

gL'
[p^J-

-dx.

fv

Gr
1/2

Yc\''J
[dy'^

(y V

Gr
1/2

0 [_ 0M 2U. 9v

dx ̂ dy (D-67)
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In order to balance the viscous forces with the pressure and the buoyancy forces

of equation (D-67) for steady-state conditions, the coefilcient of the third term on the

right-hand side must be of unit order. The ratio of transverse and streamwise lengths

is then specified as

— - - - Gr~'"*
Jri' '

(D-68)

where 5 is the thickness of the boundary layer.

The thermodynamic pressure of the system is decomposed into the sum of the

hydrostatic pressure and the motion pressure, which is the difference between the

actual pressure at a point in the fluid and the pressure at that point if the fluid was at

rest at the (uniform) reference conditions, or

P = P.+P, . (D-69)

The streamwise pressure gradient is therefore given by:

dx' dx' dx'
(D-70)

The hydrostatic pressure is that due to the weight of the fluid outside of the

boundary layer as referenced to the origin. A characteristic hydrostatic pressure would

therefore be P* = -p_gL, where the subscript "«>" represents the density outside of the

boundary layer so that the characteristic body force is representative of thermally-

stratified as well as isothermal fluids. Substitution of the product of the characteristic

value and a dtmensionless value for each quantity in equation (D-70) )delds:

'dp' P.k\dP,] Pc.

Q.

1

Pc.

.dx. Pc. dx .' Pc. dx . Pct/c. dx . PcU!. dx .
(D-71)
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Substitution of equation (D-71), equation (D-68). and equation (D-65) into equa

tion (D-67), and using the definition of Grashof number gives:

[hVcGrV2

du du du

[Parj -1- +
Pc

P--Pc
[P'^J +

P-

P--Pc . dx

fP [̂apJ r a I (du 1 av'' r  1 ^
p . dx.

+ [ay 'Gr'^axJ +
d L du 2ilfdu dv

LaxPajc" 3
(D-72)

In order to evaluate the characteristic motion pressure, Pa„, the equation repre

senting Newton's Second Law in the y-direction, equation (D-56). is now examined.

First, since there obviously is no body force acting normal to the plate as shown in

Figure 2-2, is identically zero and there can be no hydrostatic contribution to the

normal pressure gradient. The normal pressure gradient is therefore obtained by dif

ferentiating equation (D-69) with respect to the y-direction to give

ay* ay*■
(D-73)

Substitution of the of the characteristic values and dimensionless values for the

motion pressure and the thermodynamic pressure yields:

"a?" (Pc.)
LayJ . dy J (D-74)

Substitution of the characteristic velocity, 14, of equation (D-63), and the ratio of

the characteristic lengths, equation (D-65), into equation (D-56) gives:

tc^cGr
dv

+
^  1 ^
Or 1/2

dv ^  1 ^ dv dp^
dy }

¥a (du 1 av^11 r  1 1
jLax H^dy ' Gr^'^dx^ IJ + [Gr^J

dv 2|X
.aypPay 3l^ax'ayj).

du ^dv
(D-75)
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Inspection of equation {D-75) shows that only the local acceleration forces may

balance the convectlve acceleration and viscous forces. This occurs when the charac

teristic time, Is given by

\,GrV2 ■
(D-76)

For steady-state conditions and for the Grashof number flows of Interest (Gr > 10®)

in this present Investigation, the normal pressure force term of equation (D-75) Is not

balanced with any other force term, and, thus, the derivative of the motion pressure with

respect to the y-dlrectlon Is Identically zero. The pressure gradient across the boundary

layer Is given by

^ = ̂  = 0
ay dy

(D-77)

The pressure In the boundary layer Is then constant with respect to the y-dlrectlon

for the large Grashof number flows of Interest In this present Investigation and must be

equal to the pressure outside the boundary layer. Since the motion pressure outside

the boundary layer Is constant everywhere, the gradient of the motion pressure with

respect to the x-dlrectlon Is also zero. Thus, the pressure in the boundary layer is

constant.

The equation for Newton's Second Law In the x-directlon, equation (D-72), for the

Grashof number flows of Interest (Gr > 10®) In this present Investigation reduces to:

tc^cGrV2
du du du

+ -1-

r
Pc

P'-Pc)

r

P--Pc . dx .

du

Layl,^ayJJ.(D-78)

The unit-order body force (weight) term and the unit-order hydrostatic pressure

force term are representative of the force that drives the flow and are thus combined into

a unit-order buoyant force term, [Bj. Equation (D-78) reduces to the following form:
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( e ]r  r du
= [fi] + f-1-

.dy
(D-79)

The equation for Newton's Second Law in the x-direction is now scaled, except for

an unknown scale for the fluid-flow time in the coefficient of the inertia force term. This

fluid-flow time scale is shown in a subsequent section to be negligibly small with respect

to a time scale for thermal conduction in the solid wall component. Also, inspection of

equations (D-75) and (D-79) shows that the equation for Newton's Second Law in the

y-direction is scaled with respect to the equation for Newton's Second Law in the

x-direction by a factor of Gr ''', such that for the high Grashof number flows of interest

in this investigation, the equation for Newton's Second Law in the y-direction need not

be solved.

The terms In the scaled conservation of energy equation (D-58) are now examined.

The appropriate values for the isobaric expansion coefficient, p. the temperature. T*. and

the characteristic temperature. T^. are now determined.

The first term on the right-hand side of equation (D-58) deals with the work done

by pressure forces to deform the control volume ("compression work"). The product of

the isobaric expansion coefficient, p. and the absolute temperature is identically one for

an ideal gas. For the conditions of this present work, this value is acceptable.

The appropriate value for the characteristic temperature. T^. is determined as fol

lows. Inspection of the conservation of energy equation (D-57) in physical variables

shows that the absolute temperature appears only in the coefficient of the

compression-work term. For ideal gases, this term has already been considered in the

above paragraph. Only derivatives of the temperature appear in all the other terms in

the equation. The characteristic temperature could represent a temperature differ

ence. However, the temperature of the reactor vessel wall. T^,, is a boundary condition

for both the fluid and solid subdomains. as shown in Figure 2-2. cind would be an

appropriate value for the characteristic temperature. Hence. Tc = T^.
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A characteristic vjilue for the radiant heat flinc is the difference in the blackbody

emissive powers of the wall and of the fluid far from the wall. This characteristic radiant

heat flux is given by:

q„ = a(n-Tl). (D-80)

Substitution of these characteristic values for temperature and radiant heat flux,

along with the previously determined values for the characteristic length scales and the

characteristic velocity 17^, into equation (D-58) gives:

icVcGr1/2

^37
pvC

dy.

( gL ](p-'pc"! r  L' ]
[pcCcj

_
[icV.Gr'^J

dP dP dP

dt dx 3y.

1

'^Pr
" d 1  d

-dyr^J Gr'^dx[dxl

PrGr
1/2

QcL' \

Lc

[Q]

[l^cCcGr1/4
T -T* w * m

1  dqrj dqry
■ +

iGr"* dx dy j

f gL Yp--P'^
PcCc [t^-t^ iGr1/2

2\x
du

^dx

du
1^ +

+ —

1

[dy Gr"*dx
2  1 du avY

dx ̂ 9y
(D-81)

For ideal gases, the leading coefficient in parentheses of the compression-work

term and the viscous dissipation term is approximated as follows:

(gL)( P--Pc] r gL)

0

Q.
1

1^Q.

^ 7 ^ ^  r \

1  ̂

1

u

CL

Q.

gL
IpcCJ I  P' J T -r C T T n - \y ' w' * ^ J c,r.

,  (D-82)
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which holds for an ideal gas, where the density is inversely proportional to the temper

ature such that Pc°'TzK Substitution of known quantities into equation (D-82) jdelds:

(gL]

CL
1

1

Q.

T -T

gL

CJ.
10"*. (D-83)

The leading coefRcient of the radiative heat flux is rewritten as follows:

r  La "1 4 w ^ 1 (LaiT^+T^HTl + Tl)')
T -T 'PrGr"*

y. /

(D-84)

The dimensionless group in parentheses on the right hand side of equation (D-84)

is the Stefan number, St (Catchpole and Fulford, 1986), which is indicative of the ratio

of heat transfer by participating radiation to heat transfer by conduction. The Stefan

number is defined as:

St =
Lc{T^ + T.)iTl + Tl)

(D-85)

Substitution of known quantities of interest in the present investigation into

equation (D-85) results in a value of approximately 10^ for the Stefan number. The

leading coefficient of the dimensionless radiant heat flux term of equation (D-81) then is

approximately

10'

PrGr
1/4 •

(D-86)

The value of this coefficient is on the order of one for the high Grashof numbers of

interest (10'^) for this problem and would be greater than one for the lower Grashof

numbers of interest (10®). Thus, participating gas radiation heat transfer must be

considered in the present investigation.
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The dlmensionless group In parentheses multiplying the unit-order heat source

term of equation (D-81) is a DamkShler number. Da (Catchpole and Fulford, 1986),

which is defined as:

Da =
QcL^ rate of energy generation

kc(T^ - r«,o) rate of heat transfer by conduction'
(D-87)

For the leading coefflcient of the heat source term in equation (D-81) to be

approximately one, the DamkShler number. Do, must be equal to the product of the

Prandtl number, Pr, and the square root of the Grashof number, Gr. For the conditions

in the present investigation of a maximum heat source strength of 5 kW/m^, a charac

teristic flow length of 3 m, and a maximum temperature difference between the wall and

ambient fluid (steam) of 700 K, the DamkShler number is of the order of 10^. The term

Da/[PrGT^'^), which is the leading coefficient of the heat source term in equation (D-81),

is of order one for flows having a Grashof number of 10® and is of order 10 ® for flows

having a Grashof number of 10'°. Thus, volumetric heat sources become Important for

low Grashof number flows and for high Damkdhler number situations, which, according

to equation (D-87), may occur at low values of the temperature difference between the

wall and the ambient fluid.

From inspection of the coefficients of equation (D-87), the compression work, vis

cous dissipation, axial thermal conduction, and axial participating gas thermal radi

ation terms are at least three orders of magnitude less than the thermal convection,

transverse thermal conduction, and transverse participating gas thermal radiation

terms. Thus, the conservation of energy equation reduces to the form:

r

\a
pC

atJ
pwCK

dx.

1' a
PrLay

Da St

PrGr PrGr
1/4

n

L dy J
(D-88)

Note that acoustic phenomena are not important in equation (D-88) due to the absence

of the pressure-work term.
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The particle conservation equation (D-52) is scaled by substitution of the Stokes

settling velocity, equation (D-49), the characteristic fluid velocity, equation (D-63). and

the ratio of characteristic lengths, equation (D-65). The resulting equation is

LV.Grla
d(pN)

L  dt J

1

+

+-

Gr
V2

-dx

y
dx
K

ipuN)
P/ . T^-T^

Gr
1/2 d(pN)
.  dx .

. qy
djpN)

dx .

''Bi T)
djpN)

dy JjJ
= 0, (D-89)

The coefficient of the first term on the right-hand side of equation (D-89) represents

the relative importance of gravitational settling as a mechanism for removing particles

from the flow. For the conditions of interest in the present Investigation, the maximum

value of this coefficient is approximately 10 ®. indicating that Stokes settling Is a neg

ligible phenomenon. Further Inspection of equation (D-89) shows that the remainder of

the particle flux term In the x-dlrection Is also negligible with respect to the convective

terms and the particle flux term in the y-direction. The transient term in equation

(D-89) has the same leading coefficient as the transient terms In the other fluid con

servation equations. The Importance of the transient term of the scaled particle con

servation equation is considered In Section D.6 with the importance of the other

transient terms of the governing equations.

The transverse particle flux term of equation (D-89) has two components, the

thermophoretic particle flux and the diffusive particle flux. The leading coefficient of the

scaled Brownian flux of unit order is the reciprocal Schmidt number of the particle in

the fluid. The leading coefficient of the thermophoretic flux term Is the characteristic

value for the thermophoretic coefficient. K, which is of unit order. The particle Schmidt

number is on the order of iC to 10®. These values Indicate that the particle flux due to

Brownian diffusion is negligible compared to the thermophoretic particle flux. As

mentioned earlier in Section D-3. consideration of Brownian diffusion results In the
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controversial boundary condition of zero particle concentration in the fluid at the wall.

It is evident that a singular perturbation does occur near the wall, since a small param

eter, Sc"', multiplies the highest order derivative. In order to meet this boundary con

dition, very steep concentration gradients occur near the wall resulting in a "boundary

layer within a boundary layer." Near the wall, the Brownian diffusion term is not of

order one, and equation (D-89) should be rescaled with a different characteristic value

of particle concentration and spatial coordinate normal to the wall. This topic is dis

cussed in Section 4.5 in great detail and will not be repeated here.

Apparent turbulent particle diffusion arose when formulating equations for the

time-averaged turbulent flow as presented in Appendix B. For turbulent flows, the

characteristic diffusion coefficient, ©c, is on the order of the characteristic kinematic

viscosity. Although analysis of equation (D-89) has shown that Brownian diffusion is

negligible with respect to thermophoretic transport, the turbulent particle diffusion

would not necessarily be negligible with respect to the thermophoretic transport.

The scaled diffusion term in brackets in equation (D-89) is manipulated further in

order to scale the relative effect of individual density and particle concentration gradi

ents. By use of the chain rule, the diffusive term in brackets is expanded as follows:

dm
dy J

p©
dy pdy

3  dNP®||^(^+A/lnp)-lnp^ (D-90)

Since the dtmensionless density, p, is of unit-order by definition, the logarithm of

the dlmensionless density, Inp, in equation (D-90) must be of zero-order. The particle

concentration, N, in equation (D-90) is also of unit-order by definition. The term /Vlnp

must, therefore, be negligible with respect to the term N and the term In pdN/dy must be

negligible with respect to the term dN/dy. Thus, inspection of equation (D-90) shows that

the gradient of the product of the density and the particle concentration is approxi

mately equal to the product of the density and the particle concentration gradient.
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During the computations that were performed in the present investigation, the

turbulent diffusion of momentum and eneigy was found to be approximately two orders

of magnitude greater than the diffusion of momentum by viscous effects and diffusion

of energy by thermal conduction. Since the particle was shown in Section 2.6 to be

carried along with the turbulent eddy, turbulent diffusion of particles was found to

dominate the particle transport in the turbulent region of the boundary layer. Ther-

mophoresls was found to be important only when the temperature gradient became

large, which for a turbulent flow occurs near the wall. EJven though the relative

importance of momentum, energy, £md particle diffusion by turbulence compared to

that by viscous diffusion, thermal conduction, and thermophoresis, was found to differ

by two orders of magnitude across the boundary layer, no difficulties were encountered

during numerical solution of the boundary layer equations. No advantage was seen in

scaling the turbulence relationships and, therefore, scaling was not performed.

For the present investigation, the fluid density, the viscosity, the constant-

pressure specific heat, and the thermal conductivity do not vary more than an order of

magnitude over the range of expected conditions. This variance of thermophysical

properties should therefore not affect the scales determined in this analysis.

The characteristic time for transient effects in the fluid and particle conservation

equations has been left undetermined until now, when the transient heat transfer effects

in the solid reactor vessel wall will be considered.

D.5. Selection of the Reference Quantities for the Solid Domain

All characteristic quantities for the solid wall are representative of the reactor

vessel material of carbon steel. The thermal diffusivity a, is defined as:

0.=^. (D-9.,

The length scale, X^, must be the wall length, L, to be consistent with the fluid

solution domain. The characteristic dimension of Y1 Is the thickness of the reactor
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vessel wall, which is specified as 0.15 m. Writing the scaled conservation of energy

equation for the solid wall, equation (D-60). in terms of the actual physical dimensions

and values for the thermophysical properties yields:

-kfa,/,L dt.
= (2.5xl0'0

dx[ dx (D-92)

Inspection of equation {D-92) shows that conduction of thermal energy in the

x-direction is negligible with respect to the conduction of thermal energy in the

y-direction. The characteristic time for the conservation of energy equation in the wall

is then uniquely determined, since the leading coefficient of the transient term must be

of order one to balance the conservation of energy equation governing the temperature

in the reactor vessel wall. This characteristic time for the transient thermal response of

the wall is

a.
(D-93)

D.6. Selection of the Reference Quantities for the Coupled System

The governing differential equations of the fluid and wall could have been consid

ered simultaneously, as this is a conjugate problem in which the heat flux and tem

perature must be matched at the interface. A final dimensionless parameter, e. is

defined as the ratio of the characteristic time for the fluid, equation (D-64). and the

characteristic time for the solid wall, equation (D-93). such that

tc
e = - =

t,

'ilTf̂
Gr

1/2 •
(D-94)
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Introducing this parameter into the scaled equations of both solution domains,

equations (D-44), (D-79). (D-88). (D-89), and (D-92), and by setting the solid waD char

acteristic time, as the time period of Interest for solution of the coupled problem yields

the following set of equations:

(wall)

(fluid)

(fluid)

(fluid)

and

•[?]■

a f,dT
LayV ay

d(pu)
dx .

du
-1- pv|] = m + " a (

Lay

1 ' a fit
Pr Lay hyji

(particles) e 3(pN)
L  ar J lI'"""'.

PrGr

l|;(PvW)

PrGr 1/4

^<Iry
L ay J

(■

.^y
K.

var
V

P©
.a^
ay. /-J

= 0,

(D-95)

(D-96)

(D-97)

(D-98)

(D-99)

Substitution of the characteristic lengths and thermophyslcal properties of the

fluid and wall Into equation (D-94) yields the following expression for the ratio of char

acteristic times:

e =
10'

Gr V2 •
(D-lOO)

For Grashof numbers greater than 10®, the ratio of characteristic times is on the

order of 10"^ or less. Considering only flows where the Grashof number Is greater than
10® allows all fluid transient terms to be neglected, which decouples the solid-wall
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conservation of energy equation from the conservation equations for the particles and

fluid. This decoupling allows specification of a constant wall temperature during the

spatial Integration of the fluid equations.
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APPENDIX E

NOMENCLATURE

A* van Driest damping coefficient

C Specific heat at constant pressure (J kg"'-K ')

® DifTusion coefficient (m^-s"')

F Body Force per unit fluid mass (m s'®)

H Paoluccl criterion, equation (3-11)

Hi Ratio of Nu/Ra^'*, equation (4-48)

H, Ratio of Nu/Ra'^®, equation (4-50)

I  Intensity

K Thermophoretic coefficient

L Plate length (m)

Af Conduction to radiation parameter, equation (2-6)

Mp Aerosol pzirticle mass (kg)

N Number of particles per unit fluid mass (kg ')

P Pressure (Pa)

Q Volumetric heat strength (W m'^)

Ideal gas constant (8.3143 kJ mol ' K')

R Particle radius (m)

S* Dlmensionless stopping distance, equation (2-3)

T Temperature (K)

Stokes settling velocity, equation (D-49) (m s ')

Vt Thermophoretic velocity, equation (4-7) (m s"')

dp Particle diameter (m)

/ Dlmensionless stream function, equation (4-34)

g Gravitational acceleration constant (9.8 m s ̂)

hit Heat transfer coefficient, equation (4-53) (W m"')

hp Particle transfer coefficient, equation (4-56) (m s"')

/ Aerosol mass flux (kg m^ s"')



283

Jp Particle flux (moI-m ® s"')

Jh Heat flux (J m ® s ')

k Thermal conductivity (W-m"' -K"')

n Dlmensionless particle concentration, equation (4-36)

t Time (s)

u,v Streamwise and normal velocity (m-s ')

u* Friction velocity (m s"')

x,y Streamwise and normal position (m)

y* Dlmensionless wall distance

Greek Letters:

a Accommodation coefficient, equation (C-6)

a Thermal diffusMty (m^ s"')

a Volumetric fraction

P  Isobaric volumetric expansion coefficient (K"')

f^)
drJr

Y Heat generation rate per particle (W)

Y Klebanoff" Intermittency factor, equation (4-28)

8 Boundary layer thickness (m)

8 Thermal microscale (m)

e Characteristic time ratio, equation (D-94)

e Eddy dlffusivity (m' s"')

r\ Pseudosimilarity variable, equation (4-33)

0 Dlmensionless fluid temperature, equation (4-35)

K Thermal radiation absorption coefficient (m"')

X Wall overheat ratio, equation (4-37)

X Mean free path (m)

p Dynamic viscosity (Pa s)

p Gamma ray attenuation coefficient (m"')
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V  lOnematlc viscosity (m'-s ')

^ Dimensionless streamwise variable, equation (4-32)

p Density (kg m®)

a Stefan-Boltzmann constant (5.67x 10 ®

X Optical depth

X Fluid shear stress (Pa)

\\f Dimensional stream function, equation (4-31) (m^ s"')

(0 Bounding limit fraction, equation (4-93)

Dimensionless Groups:

Bo Boussinesq number, (J?a-Prj

Da DamkShler number, equation (4-39)

Gr Grashof number

Gr =

py

Kn Knudsen number (X /

Ma Mach number (u/u^^jJ

Nu Nusselt number (hf,x)/k

Ra' Rayleigh number, equation (2-1)

Ra Rayleigh number (GrPrj

So Schmidt number (v/'D)

Sh Sherwood number, equation (5-8)

St Stefan number, equation (D-85)

Pr Prandtl number (v/a)

Subscripts:

oo Conditions far from the weiU

oo.O Leading edge conditions far from the wall

a Aerosol

B Brownlan
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c Characteristic

/ Fluid

H Heat

h Hydrostatic

L Plate length (m)

M Momentum

m Motion

p Particle

r Reference value

s Solid

t Turbulent

T Thermophoresls

w Wall conditions

X Locjd conditions
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