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ABSTRACT

A system of equations derived by truncating a Fourier representation of the

two-dimensional Euler equations using five frequencies is investigated. Five vectors

are constructed which satisfy a pair of triad interactions. The general form of

constants of motion in terms of the five frequencies is presented. The energy and

enstrophy have been expressed as linear combinations of quadratic integrals and

also have been expressed as functions of vorticity.
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LIST OF SYMBOLS

a, 6, c, d, e, /, g vector components

E  energy

H  constant of cubic Integral

A:, p, q, wave vectors

p  Density

u  kinematic viscosity

Uk fourier coefficients

^  vorticity

rp stream function

cj fourier components of vorticity

w' complex conjugate of Fourier coefficient of vorticity

n  enstrophy

0fc quadratic integrals

complex constants of motion



CHAPTER I

INTRODUCTION

Many theoretical and experimental investigations of turbulence use the spec

tral representation of the Euler equations, see, e.g., Kraichnan (1967), Lee (1975),

Fox and Orszag (1973), and Basdevant and Sadourney (1975). For two-dimensional

flows this representation gives rise to a dynamical system which conserves energy

and enstrophy. Kraichnan (1967) has offered the conjecture that non-equilibrium

flows should evolve toward absolute equilibrium. This has been interpreted to

mean that the flow on the intersection of the surfaces corresponding to the con

stants of motion is mixing. The validity of this interpretation is hard to assess,

see Orszag (1970). Hald (1976) has found several spectral models which have

additional constants of motion besides energy and enstrophy.

The problem investigated in this thesis is the general form of the constants of

motion of five Fourier components of the vorticity in models of two-dimensional

turbulence. Hald (1976) originally found several examples, based on the classical

infinite system of the equations of motion

ik = J ~ TT!) I'"''!"'"'!2^^ W P-

where k,p,q ̂  T? - {0} are nonzero vectors on the two dimensional lattice, |p, gj =

Pi92-P2Q1, for vectors p = {pi.p-z) and q = (91,92), Q' = qf are the Fourier

components of vorticity, and overdot denotes the time derivative. This equation is

universal for all spectral models. (The sign of time in (1.1) is taken to be opposite

to the physical one, for aesthetic reasons.)



In any possible spectral model, two constants: Energy,

E  (1.2),

and Enstrophy,

2 »

fl — ̂  ̂ |wfc| , (l.^)
k

are conserved. It is believed that the infinite system (1.1) has no other constants of

motion and, in general, exhibits chaotic behavior (see Kraichnan (1967)). For the

five-vector models, other possible forms of the constants of motion is the question

which is analyzed below.

The plan of the presentation is as follows. In Section II we recall the classical

derivation of the equations of motion (l.l). In Section III we will present a general

construction of the five vectors which will establish the general form of the system

of motion equations and their coefficients. Then we will demonstrate the general

form of the four real constants of motion for the five-vector models. Section IV

summarizes this work.



CHAPTER II

DERIVATION OF THE EQUATIONS OF MOTION

The Navier-Stokes equations for two-dimensional, incompressible flow can be

formulated as,

dU{x,t)/dt + (I7(x,0 • V)U{x,t) = -Vp(x,t) + uV^U{x,t) (2.1)

V-U{x,t)=0; (2.2)

The constant density p is taken to be 1. The associated two-dimensional Euler

equations correspond to the inviscid flow, = 0, in the above equations,

Ut + uUi + vUy = -pi, (2.3)

vt -r uvi -t- vvy = -py, (2.4)

tlx tly — 0, (2.o)

where u and v are the components of the velocity in the x and y direction respec

tively, and p is the pressure. We define the vorticity ^ = Uy - Vx- The pressure

term can be eliminated by differentiating equations (2.3) and (2.4) with respect

to y and x respectively, and subtracting one from another. This results in the

vorticity equation,

+ tl^x + tl^y = 0. (2.6)

Since the flow is incompressible, there exists a function called the stream func

tion, such that xl>y = u, ipx = -v. Thus, ̂  = pyy + tlixx- We assume that the flow

is periodic in each direction with the period 27r. That is,

^(x ̂  27r,y-(-2;r,t) = ̂(x,y,t) (2.7)

0(x + 27r,y +- 27r,t) = 4>{x,y,t)



u{x + 2n,y + 2z, t) = u{x, y, t)

v{x + 27r, y + 2tv, t) = v{x, y, t).

Let us decompose £ in the Fourier series,

<^k{t)e'^'''. (2.8)
oj!:kez-

The constant term, wo, vanishes, since ̂  = A(^).

Now,

so that

Also,

Uxy ^xx — ^yy ^ XX — A(v), (2.9)

^yy ^xy ^yy ^xx — A(u),

u = A-'(?,), .. = -A-'(f,). (2.10)

=  (2.11)
k^o k^o" "

(the zero-coefficient terms in u and v vanish since u = tby,v = -0i), where the

summation is taken over k = {ki,k2) for all pairs of integers {ki,k2) ̂  (0,0). By

expressing Fourier coefficients for u and v in terms of (2.8),

»= E —.c""

and substituting the result into the vorticity equation, (2.6), we get

«- E ')(£ E ')(a^ E-'-) = 0.
p^'> P^it .jjto



or

Y, Y = (2.13)
k^O P.qr^O P,7?iO ̂

The above equation (after changing t into -t) decomposes into the system

1  V—' . 1 1

'^*=^2 ~ (2.14)
k=p+q

with u^k = here /i' denoted the complex conjugate of fj,, for any /i € C.

The system (2.14) is infinite. The basic dynamical variables u>k are parametrized

by the elements k G - {0}; moreover, each sum in the right-hand side of (2.14)

is also infinite. The basic idea of various models is to choose, in a special way, a

finite number of vectors k in - {0} and to restrict the infinite system (2.14) onto

only these vectors; the resulting system will be finite-dimensional; this system is

not a truncation of the infinite system (2.14) in any sense. The minimal number of

such vectors, three, leads to the well known triad interaction equations, see Hald

(1976), Kraichnan (1967), Lee (1975). The next in complexity choice is the case

of five vectors.
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CHAPTER III

GENERAL FORM OF THE FIVE-VECTOR MODELS

In this section, the construction of the dynamical system based on a special

choice of five vectors will be shown. These vectors satisfy six different triad inter

action conditions, k + p + q = 0, k,p, q G — {0}. The vectors Ki,K2, K3, K4

and K5, will be defined as follows:

Ki = (a,6) (3.1)

K2 = (c,d)

a = if^g)

K3 =Ki + a

K4 = K2 - a

Ks = -Ki -K2 = -K3-K4

Thus, the free parameters of the model are six components of the vectors Ki, K2, a t

- {0}. By using the general form of the equations of motion, the five Fourier

coefficients ujk of the vorticity satisfy the following dynamical system:

u?i = CiU>2itJz '• = ("^2) -f- (-K5), (3-2)

UJ2 = : K2 =

^^3 = : K3 = { — K4) -H ( —A5),

^4 = : K4 = {-Kz) + ( —/fs),

d's = DiWjWj -f : K5 = [(—Ki) + (—K2)i = |(-K3) -!- (-K4)|

where the concrete form of the coefficients Ci, C2, C'3, C4, and D-y is given in

the Appendix A. ujk is a complex function, Uk = oik + where Ofc and fSk are

some real functions.



Theorem 1

H — Im[uj[uj2U}l-\-uj^u)\ijjI) (3.3)

is a constant of motion.

Proof:

We have,

dH ^ ^
— /m(W]^CJ2'^5 i" ̂ \^2^5 "h ̂  i^2^5 "I" ̂ 3^ 4^5) • (^•^)

Substituting (3.2) into (3.4), we get

dH ^ ^
— /m[W5U'5 (wiWj +^2^2 + U;3CJ3 +U;4U/4)]. ("^■^)

Since expression in the straight brackets in the right hand side of above equation

is real, we find that ^ = 0, so that /f is a constant of motion.

Theorem 2

The following are quadratic constants of motion:

Qx =C2\uy \^-Cv.J2? (3.6)

©2 = C'4;C<;3j^ - C3jW4p (^■^)

©3 = C-,C3iu;5l' - C3Dy\uJy\'^ - CyD2\^3? (3.8)

Proof:

Take the derivative of ©i, ©2 and ©3 with respect to time, and use equations

(3.2). For ©1, we obtain

d©,
— C*2(u;iu;^ — u;icjj) — C\{u}2^2 "h ^2^2)

— C2C i'-'^2''^5 ^ C2C2'^1^2'^5 ~ CiC2^i^2^5 — C yC 2'^ 2<^ a — 0.

For ©2, we get

d©2 ^ . . , . .— C.yill2ljJ^ i" C4U}2'jj-y — C3U;4aJ^ — C3CJ4a;^

= C oUS ^ -h C.yC-yUl[yUl4ijO^ — C\iC.yijJ^<jJyLt!^ — C3C4CJ3U/4tJ5 = 0.



Finally, for ©3 we find

= CiC3(u;5U'5 -h ̂ ^5^5) — CzD\{ijj\Uj\ + WiWj) — CiD2(d'3W3 -f

— CiCzD\UJ^IjJ2^z ^\^zD2'^z^A^Z "f CiCzDl'jJl^2'^Z + CiC3Z?2<^3<^4'*^5'^5

C\CzD\U)^ijj2^z C\CzD\u}\U}2^s — CxCzDz^z^ s — C^i^zDz^z^a^s ~

Thus, we have shown that ©1,02 and ©3 are quadratic constants of motion

for arbitrary parameters Ki,K2,a.

Four other constants of motion could be obtained, when the condition

C1C2 ~ CzC^ holds for the general form of the coefficients related to the five

differential equations (3.2).

Theorem 3

When C1C2 = C3C4, the quantities

7l = ~ ̂\'^Z^2

'72 ~ Ca'^X^z — Cy iLJ2^A

are (complex) constants of motion.

Proof:

Take the derivative of 71 and 72 with respect to time, and substitute for UJ \, UJo •> ^3 r '-^4 •

and u;z their expressions from the equation (3.2). For 71, we get

_ r< ■ ■ ■ y-<

^Z'^X^A ~ ̂  1^3'^2 ~ ̂1'^.3'^2

= C3C1W2 Cy 2C4^ {OJ-^(jJ ̂  — C — C \C2^2^3^5 — 0.

Similarly, for 72 we obtain

-r C^UJiUJ^ — C iUJ2^4 — ̂  l^2^4

— C4C[(jJ2^'iy^^ Cy 4C:iUJ i(jJ4UJ^ - C [C2'^ " C [ C 2^*> — 0.

Energy and enstrophy can be expressed as linear combinations of 0i,02,03 (see

Appendix B).



CHAPTER IV

CONCLUSION

The goal of this thesis Wcis to find the general form for the constants of mo

tion for the five Fourier components of the vorticity in models of two-dimensional

turbulence.

The result of the tcisk is summarized cis follows:

©1 = — C\\u}2\'^i

©2 = C4|u;3|^ — C3|w4j^,

©3 = CiCsl^sl^ — CzD\\u}i\'^ — Ci£)2|u;3|^,

are quadratic integrals;

H = [m

is a cubic integral; when C1C2 = C'3C4, we obtain two more constants of motion:

71 = CsUJiU)^ — C{UJ3U!2,

72 ~ — (71^2^4-

The energy and enstrophy integrals can be expressed through the ©'s as follows

E --- P©i + Q©2 +

n - 5© I + t©2 + iv©3,

where the constants P,Q, R, S,T,W are given in Appendix B.
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APPENDIX A

The General Form of the Coefficient Ci,C2,Cz,C4,Di,D2

From the formula (1), the coefficients Ci, C2, C3, C4,1?i, £>2 in the equation

(3.2) are

_  {ad - be) / + 6^ + 2ac + 2bd \ M \
' ~ "2[(a + c)2 + (6 + c)2] 1,

_  {ad - be) ^ c'-'r d'^ + 2ac + 2bd\
' ~ 2[(a + c)2 + (6 + c)2j V ^

^ f[{b + d){f -c) -{g-d){a + c)\ \
^  \ 2[(a + c)2 + (6 + (/)2| j

i{f-c)' + {g-d)'-{a + c)'-{b + d)'\

I  (/-c)2 + (ff-d)2

f ~[(q + f){b + d) ~ {b + g){a + c)| 1
1  2[(a + c)2 +(6 + ̂)2] /

,12 ̂ In 4- ̂ 12 - (h 4- ̂ 12 1

(.4.4)

C4 =
f  21(a + c)^ +

(a + /)2 -h (6 4- fif)^ - (a -t- c)^ - (6 f d)^
[(a + /)2 + (6 + ff)2]

^ {ad - 6c)
2

^2

D. =

 [{c^ + d^){a^ + b^')

{a + /)(rf - 3) - (6 + g)(c - /)|
2

(/ + a)'^ +- {9 +■ - (/ - c)- - (g - t/)2
[(/-c)2 + (9-d)2|[(/ + a)2 + (5-6)2|

(.4.5)
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APPENDIX B

The quadratic integrals of energy, (1.2), and enstrophy, (1.3), can be expressed

as linear combinations of the quadratic integrals 0i,©2, and ©3, as follows:

where.

and

where,

Proof:

We have,

E = IY1 Vfcl' = P&i + Q&2 + RQs,

A:, ̂p = - 2

Q

R

2Ci'

k-^

'2C3'

k-^

2C1C3'

n = J2 + ̂©2 + ̂̂ 03,

s =

T -

W

1

1

1

P©1 + Q©2 + P©3 = -7^ [C2\^\\^ ~ C2\uJ2\^] - [^741^3!^ - C3|u;4|
2C3

k'^
\c,c

2CiC3

C.k"- Dik '^

j

»

CaDiiwiP - CiDsUsH =

2Ci
 ) |w„» 4. •» "

2C

k.,'C2

2Ci
jCJo

(fl.l)

(fi.2)

(B.3)

—
A:4"-C4 A:r2£)2
2C3

i.-2
4  I , i2 , '*-5 i2| 12
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Substitute for the constants Ci{i = 1,2,3,4), and Dj{j = 1,2) from Appendix

A and simplify for each coefficient of We get

P0. + g0, + P03 = + 2[(/ + a)^V(, + 6)2l ""^l'+

2[(/-c)2 + (g-d)2]l'^^l' + 2l{a + c)^ + {b + d)^\ ^'^'^^

2
t=i

Since

1 1

2(a2 + 62)

1

C4 11

2(c2 + (p)

1

 M,
£S-

CS 11

2[(a + /)2 + (6 + ff)2]

1

2|A:3|2

1

2[(c-/)2 + (d-g)2|

1

2iA:4|2

1

2[(a + c)2 + (6 + d)21 2|fc5|2

This proves (B.l).

Similarly for fl.

501 + T02 + W03 - - — [CsjcJij^ - Ciiu;2i^j - ̂  [C4|u;3|''^ - C-:i\(jj^\^11^-^1 J „ [V
O 1 c 3

— C^D\\uj\\^ — C iD2\^?j\^\ —

■^1 +

C1C3 ^

"h jcc'4! '^ -f- |cJ5| '^.

Substitute for the constants Ci,C2,C3,C4 and Di, D2, from Appendix A and
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simplify. We get

C2 Ci

C3 C3

Thus, we will have

501 4- T02 + W03 = Iwi 1^ 4- |(^2|^ + i'^al^ + 1^4 4- =

= t Kl^
1=1

which proves (B.2).
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APPENDIX C

Energy and enstrophy could be expressed in terms of as follows:

— 1 f f
^  J J (C.l)[ZTT) Jq Jq

and

/'2jr f2r

^ = 7^ / / (C-2)(27r) Jq Jq

where A "Ms defined as before:

(C.3)
fc5^0 Jt^O

Proof:

Substituting for ̂  and A~'(^) in (C.l), we get

I  , f2w f2K

2 •'o 0

(C.4)

t5ince

We get

^ = ZjTTi E / / ''-^ ''dxdy = V ju;;ti^
fcTjt, '' '"J '

This proves (C.2).

£; = ̂A:-2Mfc|^ (C.6)

This proves (C.l).

Similarly, for H,
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