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ABSTRACT

A system of equations derived by truncating a Fourier representation of the
two-dimensional Euler equations using five frequencies is investigated. Five vectors
are constructed which satisfy a pair of triad interactions. The general form of
constants of motion in terms of the five frequencies is presented. The energy and
enstrophy have been expressed as linear combinations of quadratic integrals and

also have been expressed as functions of vorticity.
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CHAPTER I

INTRODUCTION

Many theoretical and experimental investigations of turbulence use the spec-
tral representation of the Euler equations, see, e.g., Kraichnan (1967), Lee (1975),
Fox and Orszag (1973), and Basdevant and Sadourney (1975). For two-dimensional
flows this representation gives rise to a dynamical system which conserves energy
and enstrophy. Kraichnan (1967) has offered the conjecture that non-equilibrium
flows should evolve toward absolute equilibrium. This has been interpreted to
mean that the flow on the intersection of the surfaces corresponding to the con-
stants of motion is mixing. The validity of this interpretation is hard to assess,
see Orszag (1970). Hald (1976) has found several spectral models which have

additional constants of motion besides energy and enstrophy.

The problem investigated in this thesis is the general form of the constants of
motion of five Fourier components of the vorticity in models of two-dimensional
turbulence. Hald (1976) originally found several examples, based on the classical

infinite system of the equations of motion

. 1 1 1
e =3 Z (— - I?) P, qlwpwy (1.1)

2
k:p+q q

where k,p,q € Z? - {0} are nonzero vectors on the two dimensional lattice, Ip,ql =
P192 —P2q1, for vectors p = (py, p2) and q = (g1, 42), ¢° = ¢? +¢32, wy are the Fourier
components of vorticity, and overdot denotes the time derivative. This equation is
universal for all spectral models. (The sign of time in (1.1) is taken to be opposite

to the physical one, for aesthetic reasons.)



In any possible spectral model, two constants: Energy,

_1 -2 |2
E= Ezkjk |wi] (1.2),

and Enstrophy,

1= Z|wk|2’ (13)
k

are conserved. It is believed that the infinite system (1.1) has no other constants of
motion and, in general, exhibits chaotic behavior (see Kraichnan (1967)). For the
five-vector models, other possible forms of the constants of motion is the question

which is analyzed below.

The plan of the presentation is as follows. In Section II we recall the classical
derivation of the equations of motion (1.1). In Section III we will present a general
construction of the five vectors which will establish the general form of the system
of motion equations and their coefficients. Then we will demonstrate the general
form of the four real constants of motion for the five-vector models. Section [V

summarizes this work.




CHAPTER I

DERIVATION OF THE EQUATIONS OF MOTION

The Navier-Stokes equations for two-dimensional, incompressible flow can be

formulated as,

aU(z,t)/dt + (U(z,t) - V)U(z,t) = ~Vp(z,t) + vV3U(z,t) (2.1)

V. .U(z,t) =0; (2.2)

The constant density p is taken to be 1. The associated two-dimensional Euler

equations correspond to the inviscid flow, v = 0, in the above equations,

U + Utz + vy = —pg, (2.3)
Ut + uvz + LUy = —py, (2.4)
Uz + vy =0, (2.5)

where v and v are the components of the velocity in the r and y direction respec-
tively, and p is the pressure. We define the vorticity £ = uy — v,. The pressure
term can be eliminated by differentiating equations (2.3) and (2.4) with respect
to y and r respectively, and subtracting one from another. This results in the
vorticity equation,

£ +ué, +vE, =0. (2.6)

Since the flow is incompressible, there exists a function ¥, called the stream func-
tion, such that ¥, = u, ¥, = —v. Thus, ¢ = ¥y, + ;. We assume that the flow

is periodic in each direction with the period 27. That is,

E(r + 2m,y +2m,t) = &(z,y,t) (2.7)

Y(r + 2,y +2m,t) = vz, y,t)




u(z + 21,y + 27, t) = u(z,y,t)

v(r + 27,y + 2m,t) = v(z,y,t).

Let us decompose £ in the Fourier series,

)= Y wilt)e (2.8)
0#keZ?
The constant term, wo, vanishes, since £ = A(¢).
Now,
§2 = Uzy — Vzz = —Uyy — Vg = —A(v), (2.9)
§y = Uyy = Vzy = Uyy + Uzz = A(u),
so that
=A7YE,), v=-ATYE,). (2.10)
Also,
ATYY et = k ¢’ (2.11)
(the zero—coefficient terms in u and v vanish since u = vy, v = —1;), where the
summation is taken over k = (ky, k3) for all pairs of integers (ky, k2) # (0,0). By
expressing Fourier coefficients for  and v in terms of ¢, (2.8),
U= — Z —Wi zkr
y = k|
3 el zk r
v= —— ' 2.12
32 2 1

and substituting the result into the vorticity equation, (2.6), we get

ll‘
E wqeq =0,

. 9 p)
5 (a § “dP zp r) § wqe zq r a § “'J.P p- r
y p? s p?
pE q#O p#UD




or
. . . en. w . . . P
Z Wre T~ Z b—%pipze‘p"'-quqle“‘ T+ Z —;izple’p Twgigee’¥T = 0. (2.13)
k#0 p,q#0 p p,9#0
The above equation (after changing ¢ into —¢t) decomposes into the system
] 1 1 1
Gk =2 Y (5 - )P, qlwpwg, (2.14)
2, &= p
=p+q

with w_j = w; here u* denoted the complex conjugate of u, for any u € C.

The system (2.14) is infinite. The basic dynamical variables w; are parametrized
by the elements k € Z? — {0}; moreover, each sum in the right-hand side of (2.14)
is also infinite. The basic idea of various models is to choose, in a special way, a
finite number of vectors k in Z% — {0} and to restrict the infinite system (2.14) onto
only these vectors; the resulting system will be finite-dimensional; this system is
not a truncation of the infinite system (2.14) in any sense. The minimal number of
such vectors, three, leads to the well known triad interaction equations, see Hald
(1976), Kraichnan (1967), Lee (1975). The next in complexity choice is the case

of five vectors.



CHAPTER IlI

GENERAL FORM OF THE FIVE-VECTOR MODELS

In this section, the construction of the dynamical system based on a special
choice of five vectors will be shown. These vectors satisfy six different triad inter-
action conditions,k + p+q =0, k,p,q € Z% — {0}. The vectors K;,K2,K3,K4

and K5, will be defined as follows:

K, = (a,b) (3.1)
K3 = (c,d)
a=(f9)
K; =K, +a
Ky=K;-a

K5:—K1—K2:—K3—K4

Thus, the free parameters of the model are six components of the vectors K, K3, a <
Z? - {0}. By using the general form of the equations of motion, the five Fourier

coefficients wy of the vorticity satisfy the following dynamical system:

wy = Cwyws - Ky = (-Kz) + (-K3), (3.2)
Wy = Cowjwi : Ka = (=K}) + (- K3),
w3 = Caw,w; : K3 = (—K4) + (—K5),
wg = Cywaw; : Kg = (-K3) + (—K5),
ws = Dywjwy + Dawsw; : Ks = [(-K1) + (-Ka2)] = [(-K3) + (-K4)!
where the concrete form of the coefficients C,.Cy,C5,Cy4, D and D, is given in

the Appendix A. wy is a complex function, wx = ax + {8k, where ai and 3 are

some real functions.




Theorem 1
H = Im(wjwyws + wiwiw;) (3.3)

is a constant of motion.

Proof:
We have,
dH = = < ERLIR S x = x . ok ook = ~ » e« = = LA
e Im(Wjwiws + widsws + wiwsws + Wawws + wawsws + wawiws). (3.4)

Substituting (3.2) into (3.4), we get

dH

e Im[wsws (wiw] + waw, + waw; +wawy)]- (3.5)

Since expression in the straight brackets in the right hand side of above equation

is real, we find that % = 0, so that H is a constant of motion.

Theorem 2

The following are quadratic constants of motion:

0, = Cylwy|? - Criwsy|? (3.6)
62 = C4§W31}2 - Cg§w4]2 (37)
@3 = 0103IW5|2 - C’gl)[’(.a.)li2 - Cnglwgiz (38)

Proof:

Take the derivative of ©,0; and ©3 with respect to time, and use equations

(3.2). For ©,, we obtain

do,

E‘ = C’z(d)lw{ - wld}{) - Cl(d)zwz‘ + W2(212-)

= CoC 1w waws + CrCw waws — C1Caw wawg — CCowwaws = 0.

For ©,, we get

10,
dt

= Cywawy + Cywawy — Cagw, — Cawqwy

= C4Cawywwy + CyChwawaws — CaCuwaw,wy — C3Cqwawaws = 0.



Finally, for ©3 we find

d_ts = C1C3(wsws + wsws) — CaDy(wwi +wywy) — C1 D2 (waw; + waws)
= C103D1w;w2'w§ + CIC3D2W§UJ;UJ§ + 0103D1w1w2w5 + 01C3D2UJ3W4UJ5W5
- CIC;;DIWILJ;U)Q - CIC3D1(4)1Q)2W5 - C'IC3D2w§w;w§ - C1€3D2w3w4w5 =0.

Thus, we have shown that ©,0, and O3 are quadratic constants of motion
for arbitrary parameters K, K,,a.

Four other constants of motion could be obtained, when the condition
C1Cy = C3C4 holds for the general form of the coefficients related to the five

differential equations (3.2).

Theorem 3

When C,C; = C3C4, the quantities
Y1 = Cawwy — Cwsw,
Y2 = Cawws — Crwawy
are (complex) constants of motion.

Proof:

Take the derivative of v; and 2 with respect to time, and substitute for &y, wo, 3. Wy.
and ws their expressions from the equation (3.2). For v, we get

dn

dt = ng1w4 - ng1w4 - Clw3w2 - Clw3w2

= CgClwéw;wg + C3C 4w waws — ClC;;wz'w;w_-; — C1Cowqwaws = 0.
Similarly, for v, we obtain

dy2
dt

= C,;d)lw:; + C4w1d1_§ - Cld)iw‘t - Clu.}édq
= C4C1w2'w:;,wg + (:403(4)1(4)4(.«)5 b C[C-_)u)lu.’4w5 - C'[ng-iw‘;;w;; = 0.

Energy and enstrophy can be expressed as linear combinations of ©,0,,0; (see

Appendix B).




CHAPTER IV

CONCLUSION

The goal of this thesis was to find the general form for the constants of mo-
tion for the five Fourier components of the vorticity in models of two-dimensional

turbulence.

The result of the task is summarized as follows:

0, = C‘Z[W1|2 - Cllwzlz,
02 = Cylws|? — Calws|?,

03 = C\Csjws|* — C3D1|wy|? = Cy Dalws?,
are quadratic integrals;
H = Im (w{wows + waw ws)
is a cubic integral; when C;Cy = C3C4, we obtain two more constants of motion:

N = Cawwy — Crwawy,

Y2 = C4W1W§ — C1w§w4.
The energy and enstrophy integrals can be expressed through the ©’s as follows

E:P91+Q62+R93,

Q = S@l + T@g + LV("):;,

where the constants P,Q, R, S,T,W are given in Appendix B.
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APPENDIX A

The General Form of the Coefficient C,C2,C3,C4, D1, D2

From the formula (1), the coefficients C;,C,,C3, Cy4, Dy, D in the equation

(3.2) are
METC +(¢z;i2—+b(cg +¢)?] <a2 . bi;f;; - Zbd) (A.1)
“= e +(Z)d2_+b(cb)+ o)?] (62 . dzjfzg - 2bd) (4.2)
Ca = { (6 + Z?((({;:)L;(é;j))(; +¢)] }
.{(f —¢)? +f?if))§lﬁ;‘f2§§ - (b+d)2} (a3

_ e+ )b+d) - (b+g)(ate)
1= { 2[(a + c)? + (b+ d)? }

e+ f)?+(b+g)* ~(a+e)?-(b+d)?
{ (e + f)2 + (b+g)? } (A.4)

D, =

ad — be) [a? + b2 ~ c? — d?
2 (62 + dZ)(a2 + bg)

p, - {lox d=s) b alle =1}

JUsa sl =0 (/=o' - (g - )’
{[(f _0)2 + (g —d)'ZH(f +a)2 + (g+b)2] } (‘4.5)
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APPENDIX B

The quadratic integrals of energy, (1.2), and enstrophy, (1.3), can be expressed

as linear combinations of the quadratic integrals ©,,©,, and ©5, as follows:

1 -
E= 52;;k %wk|? = PO, + QO; + RO, (B.1)
where,
IC_2
P=_-_2_
2C,’
ky®
Q - —2033
k—2
R = 5 .
2.0 (B.2)
and
0= |wl? =50, + TO, + WO,
k
where,
so 1
Cy
ro L
Cs
A B3
= CCh (B.3)
Proof:
We have,
PO, +Q0O; + RO; = —lci [Calwil? - Calw2|?] - I&j [Calws|? — C3lwaf?]
201 ‘ 2C; ” '
o ks [C1C3iws|?* = C3Dyjw|* — C\Dalws)?] =
20103 \_ D b o { V]
Coky?  Dik:? ,  kyiCs ., f kP 2D, .
_ -12 B .l 5 )iwl}z-}’_ 9 C“iwﬁz—— _/\'4 C4 -IC,-) D_)’w:)’i.i
2C, 2C, 2C, 20, 20
k—2 -2 R
w2 ws ! *|ws|?
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Substitute for the constants C;(¢ = 1,2,3,4), and D;(j = 1,2) from Appendix

A and simplify for each coefficient of |wi|2. We get

1 1 1
PO, +QO; + RO3 = ———|w|* + ———|w2|® + 2+
1 Q 2 3 2(a2+b2)|w1‘ 2(C2+d2) ‘w2| 2[(f+a)2+(g+b)2] |W3|
- 1 foaf? + 1 wst?
w
2((f -2 +(g—d)?}"" " 2[(ate)2+(b+d)?
_ 1 -2y .2
- 5; ki !w’»‘ ’
Since
L1
2(a2 +b62) 2|k, |?’
11
2(c? +d?) 2|k, |2’
1 1
2[(a+ )2+ (b+9)? 2lkaj?’
1 1
2[(c - f)*+(d—g)? 2/ka|?’
1 1
2[(a+c)2+ (b+d)?|  2ks|?’
This proves (B.1).
Similarly for Q,
1 ; a1 . §
50, +TO, + WO, = e [Calwi|? = Cyiwe|?] - o [Calws|? - Cajwal?! +
1 3
1. . y
+ ciCh (C1C3lws|? ~ C3Dyjwy | CiDaws|?] =
Cy D1>( . [ Cq Dz) \
= -== - = - - == +
( c, ¢ ) el Cy Cy sl

+iwat? + |wsi?.

Substitute for the constants Cy,C.,C3,C4q and Dy, D», from Appendix A and



simplify. We get

C:_Di_,
c, C ’
Ca D2 _,
C3 CS—

Thus, we will have

50, +TO; + WO3 = |wi|® + |wa|? + |wa|? + |wa]? + |ws]? =
5
=2 ll®,
1=1

which proves (B.2).




APPENDIX C

Energy and enstrophy could be expressed in terms of £, as follows:

-1 2r [2m
= W/o . EATY(€)dzdy,

1 2m 2r
0= (27r)2/ / £%dzdy,

where A ! is defined as before:

Zukezkr)_z 1kr

k#0 k#0

and

Proof:

Substituting for £ and A~!(€) in (C.1), we get

/21r /21r -
= we, ek T ok gike Tdzdy
i 2t

1 2r .

(272 > k2 / “’knwkze'(k‘%z)dzdy-

)kk

2w 2 2
kv — (271') k] k = 0#
/0 / e Tdrdy = {O, k0

0

Since

We get

=) &k wil?,

This proves (C.1).

Similarly, for ,

m
Q= —— / / Dk W et Fr k) T rdy = L jwil?

This proves (C.2).
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(C.4)
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