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ABSTRACT

A dynamic analysis technique for generic structural elements is presented.
The modeling approach combines many aspects of the standard finite element
method with a broader interpretation of the Craig/Bampton substructuring tech-
nique. The deterioration of the modal content of standard finite element models
can be linked to the neglect of interface restrained assumed modes. Restoration of
a few of these modes leads to higher accuracy with fewer generalized coordinates
compared to the regular consistent mass matrix approach. Furthermore, since the
proposed models possess the hierarchical property, no need exists for subdivision
of basic elements such as rods, shafts and beams thereby simplifying the input

data and allowing for different levels of approximation with little additional effort.

The dynamic finite elements for the axial rod, the torsional shaft, the Bernoulli-
Euler beam and the Timoshenko beam are derived in terms of static constraint
modes and interface restrained normal modes. In addition, the equations for the
Bernoulli-Euler beam and the Timoshenko beam elements are simplified using sev-
eral types of interface restrained assumed modes. These dynamic finite element
models can be easily incorporated into existing structual analysis software. Next,
an element assembly process is presented, in which at each stage, the resulting
component can be considered as a single larger element. A special algorithm, with
good convergence properties, to solve the eigenvalue problem at each stage is de-
veloped. The manner in which the elements are modeled and assembled leads to
a cost—effective solution of the structural eigenvalue problem. Various demonstra-

tion examples, including a large spatial truss, are implemented in order to evaluate

the performance of the different dynamic finite element models.
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CHAPTER 1

INTRODUCTION

1.1 Background

Because of their low mass to stiffness ratios, frames are frequently used to
build space antennas, communication platforms and other orbiting structures. The
design of such structures often requires the determination of the dynamic displace-
ment response and the corresponding internal stresses. To this end, analytical
models of these structures need to be developed. Due to geometric complexities,
material variations and irregular boundary conditions, some form of discretization
or lumping of the structure becomes necessary in order to obtain a meaningful
model. The finite element method is one discretization technique which together
with Lagrange’s equations allows for the derivation of a useful discrete mass and

stiffness matrix for the system.

In order to obtain the displacement response, it is customary to first perform
a modal analysis and then write the displacement vector as a linear combination
of the computed modeshapes. Large flexible structures generally possess many
closely spaced low frequency modes. Therefore, finite element models for such
structures tend to be of large size. The computational effort to obtain the natural
frequencies and mode shapes is approximately proportional to the cube of the
model order. There are basically two ways to reduce the cost of the eigenvalue
problem solution. The first consists of model order reduction and the second

involves the development of faster and more cost-effective algorithms.

There are essentially three different approaches to model order reduction

which are often applied simultaneously. The first approach is aimed at the element
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level. The idea here is to develop element models which have superior convergence
characteristics. As a consequence, a given accuracy can be obtained with fewer
degrees of freedom thereby reducing the overall number of degrees of freedom at
the system level. Zienkiewicz, Gago and Kelly [1] introduced the p-version of the
finite element method for static problems. During successive refinement stages,

higher degree polynomial shape functions are used involving new nodes on the

element while the element size remains fixed. Peano [2] and Babuska (3] discuss
the advantages of the p-version over the conventional finite element method called
the h—version where the element size is successively reduced while the order of the
shape functions remains fixed. In the dynamic case, Bennighof and Meirovitch [4]
have shown that the p-version of the finite element method combines the model-
ing flexibility of the standard finite element method with the excellent convergence

properties of the classical Rayleigh-Ritz method.

The second class of order reduction techniques consists of truncating modes
at the component level. The origin of such component mode synthesis techniques
can be traced to Hurty [5]. Complex structures are often subdivided into a number
of smaller components or substructures. Each substructure can then be modeled
independently and a set of component modes computed. A model for the overall
structure is obtained by enforcing interface displacement compatibility between
the various components. In the process, component modes are usually truncated
according to a preset cut-off frequency. The resulting order reduction is generally
quite significant. In order to facilitate the assembly process, Hurty introduced the
concept of static constraint modes. Substructure modes are in fact measured rel-
ative to a linear combination of rigid body modes and static constraint modes. In

reality, there is no need to distinguish between rigid body and constraint modes, an

observation made by Craig and Bampton [6]. In their component mode synthesis
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technique, Craig and Bampton use a combination of static constraint modes and
interface restrained normal modes to model the system. The method yields results
identical to Hurty’s but is far less cumbersome to use. Because of its simplicity

and excellent convergence properties, this method is very popular and widely used.

Since the publication of the original work by Hurty, there have been many sug-
gestibns for improvement. For the most part, the main differences lie in the types
of component modes used. One method makes use of free—free substructure modes,
which are the natural modes of an unconstrained substructure. Because discrete
interface displacements do not appear explicitly in the retained displacement vec-
tor, special techniques are needed to couple the substructures. Benfield and Hruda
[7] advocate improved substructure modes which are mass and stiffness loaded at
the interface, thereby partially accounting for the dynamic effects of neighboring
components. Kuhar and Stahle [§] introduce a method to use free—free substruc-
ture modes that are interconnected by flexible links so that there are no common
attachment points between substructures. Hintz [9] extended the concept of at-
tachment modes, initially developed for a constrained substructure by Bamford
[10], to free—free modes which are capable of producing the exact static response
of a substructure to static loading at the interface points. The displacement trans-
formation leaves the interface displacements in tact, enabling simple substructure
coupling via the conditions of interface displacement continuity. MacNeal [11] in-
troduced a method which accounts for the stiffness contribution of the discarded
higher modes. This results in the addition of the so called residual flexibility.
The extension of MacNeal’s work to a second order approximation is discussed by
Rubin [12].

Finally, a third opportunity for order reduction presents itself at the system

level. Guyan [13] developed a transformation based on the standard static conden-
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sation technique which relates a set of slave degrees of freedom to a set of master
degrees of freedom. The underlying assumption is that the slaves are related to
the masters in an essentially static manner. The Guyan reduction method then,
removes the slave degrees of freedom from the problem resulting in a substantially
smaller model size. This however is done at the expense of a redistribution of
the mass of the system. Error bounds for this technique are given by Geradin
[14] and Thomas [15]. Several authors suggested improvements of the method.
Kidder [16] shows that the standard Guyan reduction only represents the first
order term in the series expansion of the exact transformation between slaves and
masters. He therefore suggests retention of higher order terms in the series which
unfortunately involve the unknown eigenvalues. In a comment on Kidder’s work,
Flax [17] states that the eigenvalues of the system obtained after constraining all
the masters must be larger than the frequency spectrum of interest for the Guyan
reduction to be valid. One major problem is the choice of masters and slaves.
Henshell and Ong [18] proposed an a priori choice of the number of masters and
the elimination of one slave degree of freedom at a time, based on the magnitude
of the corresponding stiffness to mass ratio. Shah and Raymond [19] note that this

automatic procedure must also satisfy the condition mentioned in Flax’s work.

Several cost-effective algorithms pertinent to the present study can be identi-
fied. Generally, these algorithms should take advantage of the sparseness and/or
the special form of the stiffness and mass matrices. In addition, suitable algorithms
should also exploit the physical properties associated with a structural eigenvalue
problem. The relative merits of different algorithms are discussed in Jennings [20].
The determinant search method is effective when the matrices are highly banded

and no trial vectors are available. Coordinate relaxation techniques, while preserv-

ing sparsity, are suitable when only a few eigenvalues are needed. Because of the
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loss of orthogonality among the vectors, computer implementation of the Lanczos
method must be done with care. Nour-Omid, Parlett and Taylor [21] state that a
correctly implemented Lanczos method competes well with methods such as the
subspace iteration. Because of its simplicity and excellent convergence properties,
the use of subspace iteration is well established. Jennings [22] proves that there is
a correspondence between the Guyan reduction technique and the first round of
iterations in the subspace iteration method. Although the Guyan reduction yields
good approximate solutions for the lower frequencies and mode shapes of the struc-
tural system, higher accuracy is often desired. To this end, Cheu, Johnson and
Craig [23] proposed to use the subspace iteration technique in conjunction with
the Guyan reduction method. The columns of the Guyan reduction transforma-
tion are used as starting vectors for a series of subspace iterations. Because these
starting vectors form a subspace which is close to the desired dominant subspace,

it is expected that only a few iterations will lead to complete convergence.
1.2 Overview of the Present Study

This dissertation is devoted to the development of order reduction methods
for large structural models. These techniques will be applied at the element,
component and system level as indicated in Section 1.1. In addition, techniques

to improve the convergence rate of the system eigenvalue problem will be derived.

In the next chapter, the assumed modes method with static constraint modes
and interface restrained assumed modes is described and the relationship of the
static constraint modes with the standard finite element shape functions is es-
tablished. It will be shown that the Craig-Bampton component mode synthesis
technique can be used to obtain a complete representation of the element dis-

placement vector. The standard finite element method is then shown to be an
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approximation whereby all the interface restrained assumed modes are neglected.
Ignoring the interface restrained assumed modes leads to an inaccurate mass dis-
tribution over the element. This in turn necessitates a finer discretization of the
element domain resulting into larger order models. Instead of relying on mesh re-
finement it is proposed to retain a few of the interface restrained assumed modes
at the element level. This yields superior convergence at the system level with far
fewer retained generalized displacement coordinates. As an added benefit, the use
of interface restrained assumed modes dramatically reduces the need for further
element subdivisions so that an adaptive modeling capability can be easily imple-
mented. Finally, the mass and stiffness matrices for a generic structure in terms

of static constraint modes and interface restrained assumed modes are derived.

Chapter 3 deals with the development of dynamic finite elements for the axial
bar, the torsional bar, the Bernoulli-Euler beam and the Timoshenko beam in
terms of static constraint modes and interface restrained normal modes. In order
to simplify the dynamic finite element equations of motion for the Bernoulli-
Euler beam, trigonometric functions are chosen as interface restrained assumed
modes and in the case of the Timoshenko beam, two types of interface restrained
assumed modes are used i.e., trigonometric and ploynomial functions. Only a
limited number of interface restrained assumed modes are retained at this level
thereby reducing the ultimate order of the system. Computer subroutines are

derived for each of the dynamic finite elements.

The truncation of interface restrained assumed modes can be continued at
the component level in a natural manner. Elements are assembled by enforcing
the interface displacement compatibility conditions. When a reasonable number

of elements are assembled, a component eigenvalue problem of modest order is

solved and interface restrained assumed modes are truncated according to a given
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cutoff frequency which is based on a desired system fidelity. A special algorithm
with excellent convergence characteristics is developed to solve the intermediate
component eigenvalue problems. The development of these component level order
reduction techniques is detailed in Chapter 4. This new algorithm can also be used
for the solution of the final eigenvalue problem. By now, the order of the problem
should already be drastically reduced. Ordinarily, component level techniques
will suffice to solve this eigenvalue problem, thereby preserving the continuity of
the solution process. However, in case the final interface becomes large,special

remedies may be required.

In Chapter 5 several demonstration problems are considered. Comparisons
of the different dynamic finite elements are made with the standard finite element
method and estimates of computational efficiency are given. In addition, the

developed techniques are applied to the realistic example of a large space truss.

Finally in Chapter 6, general conclusions and recommendations are offered

with regard to the use of dynamic finite elements in structural dynamics applica-

tions and with regard to the developed order reduction techniques.
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CHAPTER 2
EQUATIONS OF MOTION FOR A GENERIC STRUCTURE
2.1 Assumed Modes Method

The structural element E in Figure 1 is shown in a deformed state. This

element is assumed to undergo small displacements about its equilibrium posi-

tion.The inertial position vector R of point P is

where r is the position vector of point A relative to the local reference frame. The
point P coincides with A in the undeformed state. The vector e is the Lagrangian

elastic displacement vector which is measured in the local reference frame.

2.1.1 Assumed Modes

The assumed modes method consists of several orderly steps [24]. The first
step is to approximate the elastic displacement vector e (z,y,2,t) = |u v w|T by

a linear combination of assumed modes ¢;(z, y, z),
= def
e $i(z,y,2)ai(t) = g (2.1.2)
i=1

The time dependent coefficients ¢;(t) are called generalized coordinates.

The assumed modes must be admissible functions, i.e., they must be i) com-
plete ii) linearly independent iii) sufficiently differentiable i.e., at least to an order
equal to that of the highest derivative in the element strain energy and iv) satisfy

at least the geometric boundary conditions of the element E.

The choice of the assumed modes constitutes the second step in the assumed

modes method.
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2.1.2 Static Constraint Modes and Interface Restrained Assumed Modes

The physical interface of the element E is defined as the collection of all
points, curves, and surfaces the element has in common with its neighbors. If this
interface can be suitably modeled, all interface displacement coordinates can be
collected into a single interface displacement vector g;(t). This vector g; is chosen

as a partition of g.

q= {"a’} (2.1.3)

where @ represents the remaining (n — I) generalized coordinates.

Following the continuous version of the assumed modes method by Engels [25],
the Lagrangian elastic displacement vector e(z,y,z,t) for the generic element E

is written as the sum of two separate vectors e; and e.
e=er+e (2.1.4)

where e is a quasi-static displacement due to the nodal displacement ¢g; and is

expressed as a linear combination of the assumed modes ¢;.

er=4ér4qr (2.1.5)

The assumed modes ¢ are chosen as the so called static constraint modes. Static
constraint modes are designed to accurately capture the static deformation of the

element E caused by the physical displacements gr;.

The static constraint mode ¢, (i.e., the j-th column in ¢;) corresponding to
the displacement coordinate g;; is defined as the static deformation of the element

E for grj = 1 and g7; = 0 for all i # j.

The second part € in Eq. (2.1.4) represents the remainder of the total dis-

placement vector e. It is that part of e which is measured relative to ey by an




11

absolute observer. Clearly, € vanishes at the interface and therefore can be ex-
pressed as a linear combination of assumed modes @; which are restrained at the
g; coordinates. The interface restrained assumed mode Z,« corresponding to the
displacement coordinate §; is defined as an admissible deformation pattern of the

element E with q; = 0. Collecting all @, as the columns of the matrix @ leads to
e= $ g (2.1.6)

The vector § represents a set of generalized coordinates to be determined as part
of the solution. One example of §; modes are the normal modes of E restrained at
the q; coordinates. It should be stressed that although restrained normal modes
have unique advantages, they are only one of many possible sets. In fact, ¢ modes

need only be restricted to admissible functions that vanish at the gq; coordinates.

Substituting Eqgs. (2.1.5) and (2.1.6) into Eq. (2.1.4), the displacement vector

¢ becomes
e= [¢,$]{9§’} (2.1.7)

It should be noted that the representation of e in Eq. (2.1.7) is complete in the
sense that any degree of accuracy is theoretically possible as long as enough P

modes are retained.

2.1.3 Shape Functions

In the standard finite element method, the variation of the elastic displace-
ment vector e over the element is represented by interpolation or shape functions.
These shape functions are identical to the static constraint modes ¢; [25]. The
finite element method neglects € completely. Also, the entire element mass is

redistributed over the interface degrees of freedom. This redistribution via the

shape functions is known as the consistent mass matrix approach to finite element
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modeling. The resulting error in the response vector is negligible only when the
displacement vector € is small. This condition is fulfilled when the element deforms
in a nearly static manner. This is accomplished by refining the finite element mesh

thereby producing stiffer elements which leads to a smaller € displacement.

Another way to ensure convergence to a desired model fidelity is suggested by
Eq. (2.1.7) and leads to the so called dynamic finite element modeling technique.
Instead of neglecting the displacement vector €, one can retain a limited number

of g; coordinates thereby improving the mass distribution of the element E.

2.2 Element Mass and Stiffness Matrices

In this section the mass and stiffness matrix for the generic element E will
be derived in terms of the generalized displacement vector ¢ given by Eq. (2.1.3).

This is the third step in the assumed modes method.

The inertial position vector R can be expressed as

R=Ry+r+¢g¢g (2.2.1)

where Eq. (2.1.2) was substituted into Eq. (2.1.1). Because in this application the

vector £ and the matrix ¢ are time independent, the inertial velocity vector Ris
R=¢4g (2.2.2)
and the kinetic energy T becomes
T= % / R R dm = %{,T ( / 676 dm | 4 (2.2.3)
E

E

Therefore, the element mass matrix takes on the form

M= | ¢T¢dm (2.2.4)
/
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The final form of M is obtained by substituting ¢ = [¢r ¢] from Eq. (2.1.7) into
Eq. (2.2.4) and writing

M
M= M;’ ”"] (2.2.5)
Min MnN

where

My = / ¢7 é1 dm
E

Min = /¢ﬁ dm (2.2.6)
E

I
Myn= [ ¢ ¢dm
/

Note that if the interface restrained assumed modes are taken to be orthogonal to

the mass distribution, then My becomes diagonal.

The element potential energy U is by definition

U= %/CT‘rdV (2.2.7)
E

where € and T are the 6 x 1 strain and stress vectors for the element E respectively.

For a linear material,

7 =Ce (2.2.8)
in which C is termed the material stiffness matrix. Also, € is related to e as follows,
€ = Be (2.2.9)

where the elements of B are the appropriate partial derivatives 8/9z,9/0y and
0/0z. Combining Egs. (2.2.7),(2.2.8),(2.2.9) and Eq. (2.1.2) yields

U= %qTKq (2.2.10)

with

K= / (B$)TC(B¢)dV (2.2.11)
E
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substituting ¢ = [¢; @] from Eq. (2.1.7) into Eq. (2.2.11) leads to the following

expression for stiffness matrix,

Kirr 0
K=[ . Kmv] (2.2.12)
with
K= / (Bé1)TC(Bér)dV
E (2.2.13)
Knn = / (B$)TC(Bg)dV
E

If ¢ is chosen to be orthogonal to the stiffness distribution, then Kyn becomes

diagonal. It is important to note that the JN-partition Ky in K vanishes, i.e.,

Kin = / (Bé;)TC(Bg)dV =0 (2.2.14)
E

Physically, this means that no stiffness coupling exists between ¢; and g, and
mathematically, it indicates stiffness orthogonality between the static constraint
modes and interface restrained assumed modes. To prove Eq. (2.2.14) consider
the following series of static problems,

[f{{}’}’v If;’:]{g}:{?},j=1,2,...,I (2.2.15)

where the applied interface force vectors P}. (j =1,2,...,I) are chosen such that
. J T
¢=100...010...0J (2.2.16)

Due to the definition of €, the vector € is zero since no noninterface forces are ap-
plied. Therefore from Eq. (2.1.6), ¢ = 0(j = 1,2,...,T) for such static problems.
The second partition in Eq. (2.2.15) then yields

Kivgi=0 (2.2.17)
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Combining Eqs. (2.2.17) and (2.2.18) shows that the jth row of the matrix Kin
is zero. This is true for all j = 1,2,...,I and therefore K;xy = 0. Note that
the elements of Ky are independent of the dynamic state of the element so that

Ky =0 in both the static and the dynamic case.

Lagrange’s equations of motion for an undamped generic element can finally

be written as

Mi+Kq="F (2.2.18)

where M and K are given by Egs. (2.2.5) and (2.2.12).
The load vector F corresponding to the distributed force f(z,y,z,t) can be

obtained from the virtual work expression,

§W = / fTée v & Fsq (2.2.19)
E

Substituting Eq. (2.1.2) into Eq. (2.2.19) yields
F= / T fdv (2.2.20)
E
Furthermore using Eq. (2.1.7) in Eq. (2.2.20) leads to
o [F 7
Fe { _’} = / [f’T] fdv (2.2.21)
F 714

Note that in the case where only interface forces are applied, F = 0 because ¢

vanishes at the interface.




CHAPTER 3
DYNAMIC FINITE ELEMENTS
3.1 Axial Bar

3.1.1 Line Element

Consider the axial bar as illustrated in Figure 2. The bar is assumed to
undergo vibrations along its own axis and as a rigid body can only move along

that same axis.

Following Reference [25], the interface displacements are defined as the end

displacements. i.e.,
a1 = @1 ¢2)7 = |u(0,2) u(L,t)]T (3.1.1)
The noninterface degrees of freedom are u(z,t) with z # 0, L.

The static constraint modes are computed from the following static equilib-
rium equation
ou

EA 5= =0 (3.1.2)

where E is Young’s modulus and A is the cross-sectional area. The appropriate
boundary conditions for the static constraint modes are u(0,t) = 1, u(0,t) =0
and u(L,t) = 0, u(L,t) = 1 respectively. The ¢; matrix then becomes

ér = [1—% % (3.1.3)
where L is the length of the bar.

The interface restrained normal modes and the corresponding natural frequen-
cies are found by solving the eigenvalue problem given by the partial differential
equation,

u O%u

EAZ==0 (3.1.4)

pA oz Oz?
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subject to the clamped—clamped boundary conditions. i.e., u(0,t) = 0 and u(L,t) =
0 and where p represents the mass density of the bar. The interface restrained

normal modes are found as

- 2 |, .7z .
¢j(a:)=‘/msm]f, j=12,...,00 (3.1.5)

According to Eq. (2.1.7), the displacement vector, u can be written as

w=16:8{%¥] (3.0.6)
The kinetic energy T of the axial bar element is
1 L
T = E/pAtlzd:c (3.1.7)
0

where the dot () denotes the partial derivative with respect to time ¢. Substituting
Eq. (3.1.3), (3.1.5) and (3.1.6) into Eq. (3.1.7) yields

. T ]
M M
r=H4 [ w{a (3.18)

where the mass matrix partitions are evaluated as

L
M= /PA¢1 ¢rdz = 5 [l 9

0

L

—T—

Mun = [ oA Gz =1

0

L (3.1.9)
My = /pAqSﬁdz

0

1 1
V2pAL 2 J

T or (1)1

o N’
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Note that Mj is the standard consistent finite element mass matrix for an axial
bar. The matrix M;y in Eq. (3.1.9) represents the mass coupling between ¢;
and ¢ which is neglected in the standard finite element method. Because of the
orthonormality of the interface restrained normal modes, Myn becomes a unit

matrix.

The element strain energy is

L
U= / EAu" dz (3.1.10)
0

DN =

where the prime ( )’ indicates the partial derivative with respect to z. This time,
from Eq. (3.1.6) it follows that

u = [¢', P ’] {q’} (3.1.11)
q
Substituting Eq. (3.1.11) into Eq. (3.1.10), the stiffness matrix K becomes
K= [K” 0 } (3.1.12)
0 Knn
where
f EATJ 1 1
_ 1T =4 -
KII—/EA¢I ¢Id:l: L [_1 1 ]
0
(3.1.13)

L
— T —
Knn = /EA¢' ¢ 'dz = Diag. [w?, w? --]
0

. E .
w;‘-’ =_727r2;l7, J=L12,...,00

Here w; are the clamped—clamped circular natural frequencies of the bar. Note

that Ky in Eq. (3.1.13) is the standard finite element stiffness matrix for the axial

bar and that as expected

L
Kin= / EA¢y 3'dz =0 (3.1.14)
0
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3.1.2 Planar Element

The planar bar element shown in Figure 3 is assumed to execute small elastic
motions along its axis and small planar rigid body motions. Infinite rigidity is
assumed in the transverse direction. The only difference with the line element is

that the transverse inertia must be accounted for.

In Reference [25], the displacement vector is written as,

z z Uy
1-—- = 0 0 -
{“ } - L L 28y [¢] 7 (3.1.15)
v o o 1-% Z||=u| IO
L L vy
where
g1 = u1 uz vy v2]T = |u(0,t) u(L,t) v(0,t) v(L,t)]T (3.1.16)

The matrix ¢ in Eq. (3.1.15) is given by Eq. (3.1.5) and the third and fourth
columns in the first matrix of Eq. (3.1.15) represent the static constraint modes
for v; and v,. Because of the infinite rigidity in the transverse direction, the lower
partition in the second matrix of Eq. (3.1.15) must be taken to be zero. The

kinetic and potential energies for the planar bar element are

Il
[
S~

T pA(u® + 9%)dz (3.1.17)
0
L
U= % / EAu" dz (3.1.18)
0
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Substituting Eq. (3.1.15) in Eqgs. (3.1.17) and (3.1.18) leads to

2100
pAL |1 2 0 0
M =22
=" 1o 0 2 1
001 2
- ] ]
1 3 H
—_1\y+1
Mm:\/mrl_l (=1)
g 2 J
0 0 0
0 0 0 ]
Myn =1
1 -1 0 0
EAl-1 1 0 0
K =-2
H="T"10o o0 00
0 0 00 (3.1.19)
Kin=0

Knn = Diag. (W¥,w2,..)), w?=jir’—

Note that the planar element equations can be obtained from the line element
equations by expanding the interface vector to include v; and v, and by adding

the appropriate consistent mass matrix. The stiffness matrix and the g partitions

are not affected.

3.1.3 Spatial Element

The spatial bar element to be used for three dimensional truss analysis is

obtained by adding the third displacement w. The displacement vector can be
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written as,
- 4 [ u(0,) )
z z
-z z 0 0 0 0ftuzy| -
ob=] 0 0 122 2 o o0V +z'(3120)
= I I o(L,t) 0 L
0 0 0 0 1-% % w(0,1)
) \w(L’t)A
The kinetic and potential energies for the spatial bar element are
1 L
T=3 / pA(u? + 9% + w?)de (3.1.21)
0
) L
U=3 / EAu" dz (3.1.22)
0

Substituting Eq. (3.1.20) in Egs. (3.1.21) and (3.1.22) again leads to

2 1 0 0 0 07
1 200 00
pAL [0 0 2 1 0 0
Mr=="1o01 200
0 000 21
|0 0 0 0 1 2]
1 1 1
1 o) ;
1-_1_ (_1)J'+1
MIN’—"M 2 ’
T 0 0 0
0 O 0
0 0 0
0 0 0 .

Mnn=1
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1 -1 0 0 0 07
-1 1 0 0 0O
Ky = _L'E_é 0O 0 0O0O0TO
L 0 0 00 0O
0 0 0000 (3.1.23)
| 0 0 0 0 0 04
Kin=0

Knn = Diag. (W?,42,...), wf=]21r2-pL—2, j=12,..
In conclusion, it can be said that the spatial bar element equations can be
obtained from the line element equations by adding the appropriate consistent

mass matrices for v and w.
3.2 Torsional Bar

Consider the torsional bar element as illustrated in Figure 4. The material
and geometric properties are given by I, the area polar moment of inertia, J the
mass polar moment of inertia per unit length of the bar, G the shear modulus of

elasticity and L the length of the torsional element.

Because the differential equation of motion for the torsional bar is formally
identical to the one for the axial bar, the derivation of the element mass and

stiffness matrices is also identical. The appropriate substitutions are

u=—>60

pPA=J

EA = GI,
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Therefore, Eq. (3.1.9) yields

6 |1 2
Myn=1
1 1
M V2L 2 J
IN — T 1 (_1)j+1 (321)
1 —= Z
2 J
L.G[1 -1
Kn=-7 [—1 1]

. 2 2 .G .
KnnN = Diag. [wf, w% ]7 w_? =.727r2Jz_Lg" 1=12,...,00

3.3 Bernoulli-Euler Beam

3.3.1 Normal Modes As Interface Restrained Assumed Modes

A beam in transverse vibration is shown in Figure 5. In the classical theory
of a beam in pure bending, cross sections perpendicular to the neutral axis remain
plane and perpendicular to the neutral axis after undergoing deformation, i.e.,
transverse shear deformation is neglected. For dynamic analysis, rotary inertia is
also ignored. The relevent parameters are p the mass density, E Young’s modulus
of elasticity, A the cross sectional area , I the area moment of inertia of the cross

section about the neutral axis and L the beam length.

Following Reference [25], the interface displacement vector ¢; is defined as
a1 = [v(0,1) 6(0,1) v(L,) 6(L, )| (3:3.1)

Note that the rotation 8(z,t) is given by

b(z,t) = Qgg;_t) (3.3.2)
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The displacement vector e is considered to have only one component, i.e., v.

Eq. (2.1.7) is therefore written as

v=|¢1 2 ¢3 b4 a1 +87 (3.3.3)

The static constraint modes, ¢; are computed from the static equilibrium equation

(EIv")" = 0 subjected to the following boundary conditions
vl=1, 01=02=92=0

v1=0, 01=1, 1)2=92=0

(3.3.4)
v1=01 =0, v2—1, 02—0
(%] —01 —02——0, 02—1
The resulting static constraint modes are
$1=1-3¢6 426
¢2 = L€ —26% +¢%]
(8.3.5)

$s = 3¢* - 26
¢s = L[-£2+ ¢

in which € = % Note that these constraint modes are in fact the standard finite

element shape functions for the Bernoulli-Euler beam.

Next, the interface restrained normal modes and the corresponding natural
frequencies are obtained from solving the eigenvalue problem associated with the

differential equation

v v

EI =

subjected to the clamped—clamped boundary conditions
v(z,t)=0forz =0and L

(3.3.7)
6(z,t)=0forz =0and L
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The characteristic equation is found to be

cosf coshf—1=0 (3.3.8)
with
— 4 __ pA.U)2 3
B=AL, A= EI (3.3.9)

Solving the transcendental equation (3.3.8) yields
B; = 4.7300,7.8532,10.9956, . . . (3.3.10)

Note that these values of § are independent of the structural and geometric pa-
rameters of the beam and represent a one time computation. The mode shapes

are given by
3: = C: {(sinh fi€ — sin fi€) — as(cosh fif — cos Bi€)} , i =1,2,--+,00 (3.3.11)

where C; is the mass normalization constant for the :-th mode and

oz L sinh f8; — sin §;
(=1, &= o —h. (3.3.12)

The normalization constant C; must satisfy

pA / Fedz =1 (3.3.13)

Using Eq. (3.3.11) in Eq. (3.3.13) yields

Ci= ——o (3.3.14)

* VPALf(B:)

with

1
f(Bi) = / {(sinh B;¢ — sin B;€) — ai(cosh Bi€ — cos Bi€)}” dt (3.3.15)
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In explicit terms and omitting the i index for simplicity,

f(B) = Z%[Sinh?‘ﬂ — sin 28 + 4 cos Asinh B — 4 sin 8 cosh ]

+%[4ﬂ+sinh2ﬂ+ sin 28 — 4 cos #sinh B — 4sin § cosh f]

—%[cosh 28 — 1+ 2sin? B — 4sin B sivh f] = o? (3.3.16)
The kinetic energy for the Bernoulli-Euler beam is
L
T= %/pAi)zdz (3.3.17)

0
Using Eq. (3.3.3) in Eq. (3.3.17) leads to the mass matrix partitions

156 220 54 —13L
_pAL | 22 4L 13L -3L?

Miu="5o| s4 130 156 -22L (33.18)
-13L -3L? -22L 4L?
Myn=1
L
My = [mji], mji = PA/¢j$id$ (33.19)
0
1 = 1,2,...,00, ] = 1,2,3,4
with
my; = pALC, {617 ~3c19 + 2620}.‘
my; = pAL2C; {c1s — 2¢19 + 20}
(3.3.20)
mg; = pALC; {3c19 — 2¢c20};
mai = pAL*C;i {—c19 + c20};
where

c __coshf—1 c _ Pcoshf —sinh B
1= ﬂ y L2 = ﬂ2

1 2 2 . 2
c3=(ﬁ+'ﬂ'§)c°5hﬂ—ﬁismhﬂ—ﬁ

1 6 3 6\ .
=g+ g5) oo~ (s + ) bt
. _ sinh B _ Psinhf—coshf+1
5— Py

g B2
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cr = (I—;-+ 732—) sinh 8 — -’Bg-coshﬂ
6

1 . 3 6 6
o= (5 ge)snni = (g ) s 3
1—cosf _sinfi—fBcosf

Cyg = 3 y €10 = 32
2
c11=%sinﬂ ﬂﬁ cos ﬂ_ﬂs
2 _ 2 _
c12=§%§sinﬂ—ﬂﬂ3 cos f3
sin 8 cosf+ fBsinf—1
c13=-ﬂ—, C14 = 32
cls—ﬂz cosﬂ+ﬂ2ﬂ 2smﬂ (3.3.21)
33 -6 ,32—6 6

616=—ﬂ-——0ﬂ+ ﬂ Slnﬂ+ﬂ4
C17 = €1 —C9 — aCs + aCy3

€18 = €2 — €10 — &C6 + aCy4

(3.3.22)
C19 = €3 — €31 — aC7 + acys

C20 = €4 — C12 — aCg + acCy6
Note that Mj; is the standard consistent mass matrix for the Bernoulli-Euler

beam.

Next, the potential energy of the Bernoulli-Euler beam element is

EI" dr (3.3.23)

Nlo—'
°\.L-
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Application of Eq. (3.3.3) in Eq. (3.3.23) yields
12 6L -12 6L
K= EI'l 6L 4L* -6L 212
T=75|-12 -6L 12 -6L
2 _ 2
6L 2L 6L 4L (3.3.20)

Kin=0

, EI
ipAL4’

Because interface restrained normal modes are employed, the My matrix

Knn = Diag [wf wg -] wa?:ﬂ t=1,2,-.

becomes unity and the Ky matrix vanishes. Due to the rapid increase of w? with

1, convergence is actually faster than in the case of the axial bar elements.

While the use of normal modes as interface restrained assumed modes yields
the highest convergence rate, numerical difficulties may be encountered [26-28).
Indeed, while working in single precision numerical instabilities are encountered
when ¢ > 5 due to the computation of differences of large numbers. In double
precision and quadruple precision ill-conditioning occurs for : > 15 and ¢ > 27,
respectively. In the case of the Bernoulli-Euler beam this is not a serious handicap
because the number of normal modes needed is rarely larger than five. In addition,
most of the computations involved are one time computations only. If need be
however, Chang and Craig [26] suggested a remedy which allows for retaining up
to thirty normal modes in double precision without computational degradation.
The Chang and Craig remedy was in fact implemented as part of the Bernoulli-
Euler element subroutine. Another option is to use a different set of interface
restrained assumed modes which provide numerical stability for all ;. As indicated
before, interface restrained modes need only be admissable. When a set of interface
restrained assumed modes are used different from the normal modes set, a decrease

in convergence rate can be expected. In the next section a set of trigonometric

modes will be considered. It will be shown that trigonometric modes produce very
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stable and cost—effective elements, while sacrificing only marginally in terms of

convergence rate.

3.3.2 Trigonometric Functions As Interface Restrained Assumed Modes

In this section, trigonometric functions are introduced as an alternative to

normal modes. The resulting mass and stiffness matrices are highly banded. In
addition, the convergence rate compares quite well to that exhibited by the normal
modes case and the computational cost is less. Therefore as a second choice, the
interface restrained assumed modes in the case of the Bernoulli-Euler beam are
taken as
é=[Vi] (3.3.25)
where
V= cos (i—l)?-rl-;i—cos (i+1)ﬁ, i=12,...,n (3.3.26)
These functions are admissible since both V; and V,-' vanish at the boundaries.
Using the static constraint modes from Eq. (3.3.5) and the interface restrained
assumed modes from Eq. (3.3.25) in the kinetic energy of the Bernoulli-Euler

beam element, the mass matrix takes on the form,

My MIN]
My Myw

The M partition of the mass matrix is the consistent mass matrix and is again

M= [ (3.3.27)

given by Eq. (3.3.18). The Myn partition becomes tridiagonal due to the orthog-

onality properties of the chosen ¢,

Mny ==~ [ 0 Mz] (3.3.28)
where
3 -1 0 0
-1 2 -1 O

Mipxan=1]0 -1 2 -1 - (3.3.29)
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2 -1 0 O
-1 2 -1 0 ---
Moy =10 -1 2 -1 --. (3.3.30)
n, = g and ny; = g for even n,
nt1 ne1 (3.3.31)
= and ny = for odd n.
Furthermore,
L
Min =[m;i], m-,—=pA/¢~$,-dz
tmil, i S 7 (3.3.32)
1=12,-.-,00, ] =12,3,4
where
my; = pAL(c; — 3¢z + 2¢4)i
mai = pAL*(c2 — 2c3 + €4);
(3.3.33)
msa; = pAL(3C3 - 264),'
my; = PALZ(—Ca + €4)i
in which,
For : =1, ca=1
Cy = 1/2
c3 =1/3—1/2xn%
cs =1/4 - 3/4n? (3.3.34)
For i=2,3,...,n1, =0
C = 0

s = =5 [1/(is = 1 = 1/(i2 +17]

o = o [1/(i ~ 17 = 1/Ga + 1)

iy =2i—1 (3.3.35)
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For i=n;+1,n+2,....n0, ¢ =0
s = = [1/(ia = 1 = 1/(Ga + 1)
& = =2 [1/(ia = 1 = 1/(Ga + 17
o0 = = [(1/2 = 1) = 1/(iz + 1]
+ 22 [l = 1D* = 1/Ga + 1)

12 =2(1 — ny)

(3.3.36)
Again using the static constraint modes from Eq. (3.3.5) and the interface re-
strained assumed modes from Eq. (3.3.25) in the potential energy for the Bernoulli-

Euler beam element in Eq. (3.3.23), the stiffness matrix takes on the form,
K= [KO” KiN] (3.3.37)
Knn is tridiagonal because of the orthogonal properties of the chosen 3 and Ky
is the standard finite element stiffness matrix given in Eq. (3.3.24) . Explicitly,

K NN becomes,

7r4EI Kl 0

KnN = 2|0 K, (3.3.38)

where ot ot . .

—2¢ 4t 424 —44 o ...
Kixan = | 0 —4%  6t44t -6 .. (3.3.39)
and,
3*+1¢ -3¢ 0 0
-3t 54434 5t 0 .-

Kanyxns) = 0 -5t TiyBt T4 ... (3.3.40)

Unlike the normal modes case, no trigonometric functions must actually be

evaluated in order to determine the mass and stiffness matrices. In fact, the
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compuatational effort is quite small and the element is very well-conditioned.

This concludes the description of the Bernoulli-Euler beam element.
3.4 Timoshenko Beam

The standard Timoshenko beam theory takes into account both rotary inertia
and transverse shear deformation, in addition to the pure bending deformation
considered in the Bernoulli-Euler beam theory. These effects cannot be ignored if
higher modes of vibration are desired or when the aspect ratio of the beam is not

small.

The kinematics of deformation of a Timoshenko beam element is shown in

Figure 6. The rotation angle 8 is related to the shear angle 3 as follows,

0=9+ g_” (3.4.1)
T

where Ov/0z is the slope of the v displacement curve. The two independent
displacement functions to be used in the kinetic and strain energy expressions are
the transverse displacement v(z,t) and the rotation angle (z,t). The mass and
stiffness matrices from Eqgs. (2.2.4-2.2.6) and (2.2.11-2.2.13) for a generic finite
element E in Section 2.2 can be easily extended for the case of the Timoshenko

beam. In fact, M in Eq. (2.2.4) needs only be replaced by

M= / #Tme dm (3.4.2)
E

where the matrix m reflects the mass and geometric properties of the finite element

E. Correspondingly, Eq. (2.2.6) becomes,
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Mpr = /tﬂ'mé; dm
E
My = / ¢1m¢ dm (3.4.3)
E
-T -
MnynN = / ¢ m¢ dm
E
Furthermore, Egs. (2.2.11) and (2.2.13) remain formally the same although the

matrices B and C may contain different elements.

The interface displacement vector ¢; is defined as
a=\994a ‘I4JT
A (3.4.4)
£ |v(0,2) 6(0,t) v(L,1) 8(L,t))"

where L is the length of the beam as shown in Figure 7.

For the Timoshenko beam, the equivalent of Eq. (2.1.7) is
v S,, V qr }
= — 3.4.5
{ 6 } [50 © { q (345)

¢r = [go] ¢ = [g] (3.4.6)

where S, and Sy are 1 x 4 static constraint mode matrices corresponding to v

with

and 6, respectively. Also V and © are the corresponding restrained normal mode

matrices.

3.4.1 Static Constraint Modes

The static constraint modes can now be computed from the following static

equilibrium equations

2
EI%+I¢AG (g—”-o> =0
z ’ (3.4.7)
0%v _ Q _0

0z2 Oz
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where E is Young’s modulus, G the shear modulus, I is the area moment of inertia,

A the cross sectional area and k the shear coefficient [29] and the appropriate

boundary conditions are

a=1 @=@=¢=0
@1=0 ¢2=1, ¢a=¢q4=0
1=¢=0, ¢=1, ¢=0
Ga=¢@=¢=0 g¢g=1

The results are

Sv é [qu1 Suqz qua quq]

where
qu; =1-£(+ 326(1 - E)(l - 26)
Sern = 1601~ €) + 22601 — €)1 — 2€)]
Sugs = € — 326(1 — €)(1 — 2€)
L
qu.; = 5 [—6(1 - E) + 326(1 - 5)(1 - 26)]
So 2 [Soqs Soqz Stas Soaa)
where 6
Soq, = _'5325(1 -£)
Seq, =1 — € —3326(1 = &)
Sogs = 7 926(1 =€)
Sog. = € — 3526(1 - €)
and

5_3:_ . = 12E1 . = 1
T YT RAGL TP 1+

(3.4.8)

(3.4.9)

(3.4.10)

(3.4.11)

(3.4.12)

(3.4.13)

Note that as expected, the static constraint modes are indeed the standard finite

element shape functions.
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At this point enough information exists to compute My and Kj from Eqs. (3.4.3),
(2.2.9) and (2.2.11). Indeed, for the Timoshenko beam, the kinetic and potential

energies T and U are given as

A f(ov\, oI [(36)?
L N L= 4.14
T_2/(6t> d:c+2/(at) dz (3.4.14)
0 0
and
EI | ? | kAG
=7/( ) dz +—/¢2d (3.4.15)
0
It can then be seen that in Egs. (2.2.11) and (2.2.13)
9 1
pA 0 “ oz [kAG 0]
= = = 3.4.16
™ [0 pI] B . 2 ¢ 0 EI (34.16)
Oz

Next, substituting m from Eq. (3.4.16) and ¢; from Eq. (3.4.5), into Egs. (3.4.14)
and (3.4.15) yields

L
My = / STS,dz + pI / ST Sedz (3.4.17)
0 0
and
T
Kp _EI/ 5 dS’ dz+kAG/ 45, 9o\ go
dz dz
(3.4.18)

Explicit expressions for My and K7 can be obtained by substituting Eqs. (3.4.10)
and (3.4.12) into Eqgs. (3.4.17-3.4.18) and are listed below:

m; mo ms my mz mg —-my mg

mg ms -—my Mg mg mg —mg My
Mir=q +c2

m3 —mygy My —m2 -m7 —mg M7 —Mg

my Mg —M3 My msg Mo —Mg My

(3.4.19)
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where

_12BI _ _pAL oL
TEXAGLY T (I +s)2 2T LX(1+61)

_ 13 | 7sy | s} (11 11 , s}
m‘“£+10+3’m2_(210+120+24
:

31

9 35, s 13 3s; 2
S s (s Ay
M=t te ™ (420+40+24
1 ) 1 . (3.4.20)
= | =—— fl _31_ 2 = —=| — ;s_l- _8.1_ L2
™s = (105 g0t 120) L%, ms (140 ta T 120)
6 1 81
™= M T (E_?)L
2 31 3% 1 31 31 2
= | — —_— —_— —_ | ———— L
me (15+6+3)L’m‘° (30 +
12 6L  -12 6L
EI 6L L*(4+s;) —6L L2(2-s))
Ky = ———o 3.4.21
H= 131 +s) |-12 —6L 12 —6L ( )

6L L*(2-s) —6L L*(4+s3;)

These matrices are as expected the consistent mass and stiffness matrices
first proposed by McCalley [30-31]. If it is decided that no extra g coordinates
are to be retained in Eq. (2.1.7), then the procedure can be terminated at this
stage. If, on the other hand, it is felt that extra g coordinates are needed a
set of interface restrained assumed modes must be identified. An entire class of
hierarchical models can now be created solely on the basis of choosing the interface
restrained assumed modes. In the next section, several possible choices will be

investigated.

3.4.2 Normal Modes As Interface Restrained Assumed Modes

A first possible set of interface restrained assumed modes is the set of inter-
face restrained normal modes. These modes are not only admissible, they also

satisfy the physical boundary conditions and probably constitute the best choice




43

in terms of convergence rate. It should be noted that this choice for the inter-
face restrained assumed modes represents the Craig/Bampton component mode

synthesis technique as applied to a finite element [6].

The interface restrained normal modes and corresponding natural frequencies
are obtained by solving the eigenvalue problem implied by the following set of

differential equations of motion

620 v %6
EIa2+kAG<-a— o) —plgz =0
o oy o6 (3.4.22)
pAsy — kAG ( o am) 0

where p is the mass density and clamped-clamped boundary conditions are im-

posed. Substituting v = V coswt and § = © coswt into Eq. (3.4.22) yields

S0 —(1-8r?s8+V /L=0
(3.4.23)
V' 48V -10 =0
where
p=PApe o Lo _H (3.4.24)

EI AL ° T RAGI?
and the primes (') denote differentiation with respect to £ = /L. Note that the
expression for b? contains the i-th circular frequency and the index i is omitted

for simplicity. The clamped-clamped boundary conditions are
V=0até=0and ¢=1
B (3.4.25)
©=0at{=0and (=1
Eqgs. (3.4.23) and (3.4.25) lead to two types of modes for the Timoshenko beam
[32-33].
The first type corresponds to the case where [(r? — s2)? + 4/b? LEN (r? +s?)

and the frequency equation becomes

b [6252(r? — $2)? + 352 — r?

2 — 2cosh bay cos bf + ] sinh ba; sin b8 =0 (3.4.26)

(1- bz,.zsz)‘}
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where

{aﬂ } = {7+ 4 (7= 4] JX (3:427)

The corresponding restrained normal modes are found as

V = C [cosh ba; £ — A(6sinh ba; € — cos bBE + 6 sin bAE]

5} Y (3.4.28)
©=Cnp [cosh ba € + % sinh ba; € — cos bBE + v sin bBE
with
a
A= 7‘, ¢ = (8% = s2)/(B% —r?)
§= — cosh ba; + cosbf
~ —X(sinhba, +sinbf
v = cosh ba; + cos b
1
— sinh bay + sin bB (3.4.29)
A
n= — cosh ba; + cos b

sinh ba; _ sin bf
P_ a? + 82 k ,32 _ 32
L ag L ﬂ

Note that for r = s = 0, Eqs. (3.4.26) and (3.4.28) reduce to the frequency and

normal mode equations for the classical Bernoulli-Euler beam.

The second type of modes are obtained when [(r? — s?)? + 4/b?) P o (r?+s?).
Eqgs. (3.4.26) and (3.4.28) must be modified.i.e., @; must be replaced by jaz and
(1-82r2s2)¥ by j(b*r2s2—1)} where j = /(—1). The modified frequency equation

then becomes,

b b2 20,2 _ 42)2 2 _ 2
2 — 2cosbag cosbf + [ s5(r 8%)* + 3s r]

sinbazsinbf =0 (3.4.30)

(b2r2s2 — 1)}
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where

{2 =d{e+nz@-2rraml) e

and the corresponding restrained normal modes are found as

V = C|cosbazf + Aa(6; sinbagt — cos bBE + 6, sin b¢]

_ - (3.4.32)
© = Cns[cos bas€ + ot sin bas € — cos bBE + 72 sin bBE]
2
with
a
Y 72, (=(8%-sN)/(B" -
5, — —Cos bag + cos bf
2= A2( sin ba; + sin b
— cos bag + cosbp
T2 = 1
—— sin ba; + sin b (3.4.33)
A2
_ cos bay — cos bf3
= sin ba, sin b

+
b [ s?—al b [ B% — st
L Qo L ﬂ
The constant C in Eqgs. (3.4.28) and (3.4.32) can be evaluated by requiring mass

normalized modes. i.e.,
L L
/ p AV dz + / pI®%dz =1 (3.4.34)
0 0

Note that V and © in Eqgs. (3.4.28) and (3.4.32) are typical entries for modes V'
and O in Eq. (3.4.34). The evaluation of Eq. (3.4.34) is accomplished in Appendix

I. The mass coupling matrix My is given in Appendix II. The matrix Myn
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becomes unity and Kxn becomes a diagonal matrix containing the squares of the
circular natural frequencies on its diagonal. These circular natural frequencies

can be obtained from Eq. (3.4.26) or Eq. (3.4.30) via a bisection method or a

Newton-Raphson scheme.

Although interface restrained normal modes probably represent the optimum
set of interface restrained assumed modes in terms of convergence rate, they do
have several shortcomings. One disadvantage is the dependence of the frequencies
and modeshapes on the structural parameters to the extent that very few one time
computations can be identified. In addition, the elements in the corresponding
mass and stiffness matrices M and K are quite sensitive to small changes in the
computed frequencies, requiring undesirably high computational accuracy [26).
The choice of normal modes, however, is workable, and was used in this dissertation
as the standard against which the convergence rate of subsequently derived models
will be measured. For problems in which a large number of interface restrained
assumed modes are required, use of normal modes is not recommended. However,
if the element is to be used in a larger structure, then only a few interface restrained
assumed modes are usually required. In such cases, the use of normal modes may

still be the best course of action.

This concludes the development of dynamic finite element for Timoshenko
beam using interface restrained normal modes. In the next two sections, use of

interface restrained assumed modes other than normal modes will be discussed.

3.4.3 Polynomial Functions As Interface Restrained Assumed Modes

As was indicated in Section 3.4.2, normal modes probably represent the op-
timum choice for the interface restrained assumed modes. However, they cannot

be recommended for general practical use due to their numerical instability and
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their heavy dependence on the structural parameters of the element. Fortunately,
only admissible functions for the interface restrained assumed modes are required
and therefore, many other choices are possible, so that a slight decrease in con-
vergence rate can be traded for a substantial decrease in computational effort. As
a second choice then, the interface restrained assumed modes are taken as a set

of admissible polynomials, i.e., polynomials that satisfy the fixed—fixed boundary

conditions,
- V Vt'+2 0 71 Vg
i [_] _| Y| 0 ‘ (3.4.35)
© Visa | Vi | 0 0
where
Vi=gh(1-o, €=7, i=12...
and i1=l-'-2t1, i2=1;’ for i=1,3,5... (3.4.36)
. 241 . ) .
11=—§—, 12=§ for t=2,4,6...

The first partition in @ in Eq. (3.4.35) is chosen to reflect the Bernoulli-Euler
part in the solution, where @ is in fact equal to dv/dz. The index ¢ can be chosen to
vary from 1 to n where n is an a priori chosen cut—off point. The second partition
is added to account for the shear deformation which is present in the Timoshenko
beam element. Here, the index ¢ can run from 1 to m. The third and the fourth
partitions represent two extra modes which will account for constant shear at the
interfaces in case the element is used with fixed boundary conditions. Note that

all chosen @; modes satisfy the fixed—fixed boundary conditions.

It is now possible to explicitly obtain the matrices in Eqs. (2.2.6) and (2.2.13).

After a series of one time algebraic computations it is seen that

Min = [mj;]
" (3.4.37)

i=1,2--,n+m, j=1,23,4




48

mq; = pAL[c; — co + s2(ca — 3ca + 2¢4)); — 6pIs2 [cs — €1);

pAL?
2

[62 —C3 + 32(02 - 363 + 264)]'~ + pIL [65 — Cg — 382(66 - C7)]‘-

mz; =

ma; = pAL [c; — sa(c2 — 3¢z + 2¢4)); + 6pIs2 [cs — c7);

pAL?
mai = = —[—cz + c3 +82(c2 ~ 3ca + 2c4)); + pIL [ce — 3s2(cs — 7));
(3.4.38)
For:=1,2,...,n,

G = cil,iz

€2 = Ci;+1,i,

c3 = ci1+2,iz

C4 = Ciy43,i,

Cs = (ilc.-l_l,,', - izc,-l,,',_l)/L (3439)

s = (41€iy iy — 12Ciy +1,in-1)/ L ‘
cr = (11Ciy+1,i — 12Ciy42,i,-1)/ L

i1 and i, are found from Eq. (3.4.36) by replacing ¢ by (i+2) and,

ilj!

(3.4.40)




49

Fori=n+1,n+2,..., n+m-—2

ca=ca=c3=¢4=0

C5 = Cyy,ia

C6 = Ciy41,is (3.4.41)

CT = Ci1+2,iz

i; and i, are found from Eq. (3.4.36) by replacing i by (i —n).

Fori=n+m-1, n4+m,

C1 = Ciy i

€2 = Cij+1,i

€3 = Ciy142,i,

C4 = Ciy43,i

cs=cg=cr=0

iy and i, are found from Eq. (3.4.36) by replacing ¢ by (i —n—m+2).

(3.4.42) |
My, M, M; \
Myn=|{MI My, 0 (3.4.43) ‘
MI 0 M
where the elements are given below:
Fori=1,2,...,nand j=1,2,...,n,
Ml(’a]) = pALcil'l"jl jatiz T pI/L (iljlci1+j1—2,l'z+j2
—(i21 + J201)Cir 4 j =100 51 =1 F 8202Ci 441 iz +52-2)
(3.4.44)

i1 and i, are found from Eq. (3.4.36) by replacing i by (i +2),

71 and j; are found from Eq. (3.4.36) by replacing i by (j +2).




Fori=1,2,...,nand j=1,2,...,m -2,
Ma(3,7) = pI(81¢i,4j1-1 60452 = $2Cir 41 ia+ia—1)

i1 and iy are found from Eq. (3.4.36) by replacing i by (i +2),

-’

o
<
<.

j1 and j; are found from Eq. (3.4.36) by replacing 1
Fori=1,2,...,nand j =1,2,
M;(i,5) = pALci+j, ,iz+32

i; and i, are found from Eq. (3.4.36) by replacing i by (i +2),

-

o
<
<

j1 and j, are found from Eq. (3.4.36) by replacing 1
For:=1,2,...,m—2and j=1,2,...,m -2,
My(i,5) = pALCi, 4}, ir+352
i1 and iy are found from Eq. (3.4.36),
j1 and j; are found from Eq. (3.4.36) by replacing ¢ by j.
Fori=1,2 and j =1,2,
Ms(3,5) = pALCi; 45y ia+is
i; and i, are found from Eq. (3.4.36),

71 and j, are found from Eq. (3.4.36) by replacing i by j.

K, K, 0
Kyn = K2T K: K,
0 K] Ks

where the elements are given below:
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(3.4.45)

(3.4.46)

(3.4.47)

(3.4.48)

(3.4.49)




For1=1,2,...,nand j =1,2,...,n,
. EI . .. . .
Ki(i,4) = 75l (i = 1) = 1)Ciy +j1—4,i3+i
+ z.2.7-2(1.2 - 1)(j2 - l)ci1+jl,i2+j2-4
= 2(71j281 (81 — 1) + i12251(J1 — 1))Ciy 41 —3,iz+j2—1

— 2(i13272(j2 = 1) + Jrjat2(i2 — 1))Ciy 45, —1,iz+52~3

(3.4.50)

+ (1152031 — 1)(J2 — 1) + 4ir32j1J2
+izd1(iz — 1)(51 = 1))eir +j1-2,i2+52-2]
i1 and i, are found from Eq. (3.4.36) by replacing ¢ by (i +2),

71 and j; are found from Eq. (3.4.36) by replacing i by (5 +2).
Fori=1,2,...,nand j=1,2,...,m—2,

K>(i,j) = % [181(i1 = 1)eiy 45y -3,i2+i2 — J2t2(i2 — 1)Cis4jy ot jo—3
— (2618271 + Jat1(81 — 1))Ciy 41 —2,i2+52—1
+ (2618272 + jri2(f2 — 1))Cir 441 1,40+ -2
—j2i2(i2 = 1)¢i; 45y i+52-3]
iy and i, are found from Eq. (3.4.36) by replacing ¢ by (¢ +2),

71 and j; are found from Eq. (3.4.36) by replacing ¢ by j.

(3.4.51)
For:=1,2,...,m—2and j=1,2,...,m — 2,
.. EI . .
K3(i,5) = kAGLci 4, iy +j2 + T [i171€i, 451 2,62+ 42
—(i271 + J281)Ciy 45y =15 +52—1 F 22Ciy 45y sia+j2—2]
(3.4.52)

i3 and i; are found from Eq. (3.4.36),

71 and j; are found from Eq. (3.4.36) by replacing i by j.
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For:=1,2,...,m—2and j =1,2,
Ky(3,5) = kAG [j2Ciy 4, jin+ja=1 — J1Ciy+j1—1,i2+j2)

iy and i are found from Eq. (3.4.36). (3.4.53)

J1 and j; are found from Eq. (3.4.36) by replacing ¢ by j.
Fort:=1,2 and j =1,2,

.. kAG . . ..
Ks(i,5) = < [1171€i 451 -2,2+52 + $292Ciy 441 ia+ia—2

—(i251 + jZil)ci1+.i1—1,iz+jz—1] (3.4.54)

i; and i; are found from Eq. (3.4.36),

j1 and j, are found from Eq. (3.4.36) by replacing ¢ by j.

In addition, Kr; and M are still as mentioned in Section 3.4.1. Note that
this time the matrices Myy and Kyn are not diagonal, in contrast with the
normal modes case. Therefore, before modes can be truncated, the eigenvalue
problem corresponding to My and Kny must be solved for a limited number of
frequencies and modeshapes. This of course represents a disadvantage compared to
the normal modes case. It should also be recognized that not all § coordinates will
be carried over into the overall structural model. Following the Craig/Bampton
practice of modal truncation, it is clear that only a limited number of modeshapes

corresponding to the My, Knpn eigenvalue problem need to be retained.

In References [34-35] Lees and Thomas propose another hierarchical Tim-

oshenko beam element based on polynomial expansions. The two independent

power series, one for v displacement and the other for the shear angle 9, are

i-1
a; (ﬁ) , n>24

(3.4.55)
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This element can be seen as an example of the approach proposed in this disserta-
tion by transforming the coefficient vector g, = |a; a3 -+ a, b1 b2+ by _|T into

the generalized coordinate vector g,
g =1g; 3" = [v(0) 6(0) v(L) 6(L) a5 as--+ an by by---bm]"  (3.4.56)
The corresponding interface restrained assumed modes are then found to be,
Vi=i -G+ D +673, i=1,2,---,n—4
=—£432 2688 =n-3
=-¢, i=n-2,n-1,---,n+m—4

o L o (3.4.57)
@,-:E[2z£—3(z+1)£ +(@+3)¢*?], i=1,2,---,n—-4

6 :
=f[£—£2]7 t=n-—3
= % [2€—3€2+€|—n+3] , i:n—z’n_l’.,,,n+m_4
i
I
It should be noted that the Lees/Thomas element does show ill-conditioning

in which € =

when ¢ > 10. This, however, is generally not a severe handicap since ¢ is usually
less than ten unless the beam is a significant part of the structure. The element
developed from Eq. (3.4.35) starts showing ill-conditioning only when 7 > 30.
Also, the Guyan reduction needed in Reference [35] is in fact superfluous if the

assumed modes method is used with static constraint modes as in Eq. (3.4.5).

This concludes the description of the Timoshenko beam element with poly-

nomial functions as interface restrained assumed modes.

3.4.4 Trigonometric Functions As Interface Restrained Assumed Modes

In this section trigonometric functions are used as interface restrained as-

sumed modes. The resulting mass and stiffness matrices are much more banded
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compared to the polynomial case in Section 3.4.3, and are very well-conditioned.
In addition, the convergence rate compares quite well to that exhibited by the

normal modes case. Therefore as a third choice, the interface restrained assumed

-7

=cos (i —1)w€ —cos (1 + 1)mé, i=1,2,...,n

modes are taken as

0

0;

ol

é= [ Vo ] (3.4.58)

where

Vi
-(-)—J- =sin j7€, 3 =12,...,m—2 (3.4.59)
T

T/'-m—l = 6(1 - 6)’ vm = {2(1 - E)za = 'z'

and where the philosophy underlying this choice is similar to that of Section 3.4.3.
Again, using Eqgs. (2.2.6) and (2.2.13) yields explicit expressions for the mass and
stiffness matrix partitions which involve a large percentage of one time computa-

tions. Firstly,
Min = [m;i]
(3.4.60)
t=1,2,---,n+m, j=1,2,3,4

my; = pAL[c; — ¢z + s2(c2 — 3¢z + 2¢4)); — 6pIs3 [c6 — c7);

AL?
mz; = £ )

mg; = pAL [62 - 82(62 —3c3 + 2C4)],‘ + 6pI32 [66 - C7]i

[C2 —c3 + 82(62 - 303 + 264)]'- + pIL [65 — Cg — 332(66 - 07)]1'

pAL?
my; = [—c2 + ¢3 + 32(c2 — 3¢5 + 2¢4)); + pIL [cs — 3sa(ce — c7));
(3.4.61)
Fori =1,
aa=1,¢c=1/2 ca=1/3-1/2n*
(3.4.62)

cs=1/4-3/4n% ¢5=0, cg=~1/L, c; = -1/L
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Fori=2,3,...,n

=0, e = = [1/Gi=1)? = /G + 1] [(-) -1]

&= 2 [1/G =1V~ 1/G +17] (-1

€4 = % [1/G = 1)* = /G +1)*] (1)

A (3.4.63)
o (/G =1 = 1/ + 1 [1 = (-1
cs=0, c6=0
2 . ) i
o =7 1/(G-1)?-1/G+1)?] 1 - (-1)'"7]
Fori=n+1,n+2,...,n+m-—2
ca=cp=c3=¢=0, ¢c5s= [1 - (—1)""] /(i —n)x
(=1 _{e-G- n)?n2} (~1)i-" — 2] (3.4.64)
G = i-n)r’ = (zt —n)3n®
Fori=n+m-1,
Cc] = 1/6, Cyp = 1/12, C3 = 1/20
(3.4.65)
C4=1/30, Cs =66=C7=0
For:=n+m,
c1 =1/30, c; =1/60, c3 =1/105
(3.4.66)
cs =1/168, cs=cs=¢c7 =0
Secondly,
M, M, M;
Myn=|MT My 0 (3.4.67)
MT 0 M
where
3 0 -1 0 0 O O .----- A
o 2 0 -1 0 0 0 --c---
-1 0 2 0 -1 0 0O ------
pAL
My =210 21 0 2 0 -1 0 coees (3:4.68)




n2pl

+ 2L

npl
Mauxm-y = 5~
T _ PAL
3@2xn) T 92
Cl == 3
| 72

K

C, =
0

[ 22 0 —922 0
0 12 4+ 32 0 -32
—22 0 22 4 42 0
0 -32 0 32 4+5°
0O 2 0 0 0 .----- .
-1 0 3 0 0 ---v--
0 -2 0 4 0 --vve-
[C C2 ]
2 1 1
?jl 0 35?1751
T
(13“) 0 ;?(2—4'1—4)
1 _ 1 0 11
32 2 42 32
3 1 1 3 1 1
A\t w0 mElaw
1 0 0 O ------ .
01 0 0 -vovv-
0 0 1 0 «vcv--
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(3.4.69)

(3.4.70)

(3.4.71)

(3.4.72)

(3.4.73)
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where
r 24 0 -24 0 0 0o 0 ------ ]
0 1443t 0 -3 0 o 0 ------
. 24 0 24 + 41 0 -4+ 0 0 .-----
m*EI o4 44 k4 =52 0 eeee-
Ki(nxn) 5I3 0 3 0 3 -f—5 0 5 (3.4.76)
I 1
0 2 0 0 0 ------ .
-1 o 3 0 0 ------ ;
mEl 93 30 eenn
Kuem-n = 57 0 -2 9 4¢ 0 (3.4.77)
12 0 0 0 ------ 7
0 22 0 0 ------

w2E] 2
Ka('""""'”):-f 0 O 3 0

3.4.78)
1 0 0 0 cove-- 1 (
0 0 0 ------
kAGL
G —_ 0O 01 0 ------
)
1 1
0 1 0 = 0 =  eceeee
T _ kG 2 3 (3.4.79)
(2xm=2) - 3 3 3
0 5 0 55 0 5 oo
1 1
kAG | 3 15
Ksou =7 | 1 3 (3.4.80)
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In addition, the matrices My and Ky are again given by Egs. (3.4.19) and
(3.4.21). Note that no trigonometric functions must actually be evaluated in order
to determine the elements of the matrices, Ky and My y and these matrices are

well-conditioned and have large portions of simple, one time computations. In

fact, the computational effort is much less than the work involved in the polyno-

mial case of section 3.4.3.

This concludes the description of the dynamic finite element for the Timo-

shenko beam with trigonometric series as interface restrained assumed modes.
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CHAPTER 4

METHOD OF SOLUTION

4.1 Element Assembly Process

The element assembly process and its computer implementation is similar to
that of the standard finite element method. In particular, it will be shown that
the assembled structural unit can be considered as a single larger element.

Following Reference [24], consider the elements Ey and E; in Figure 8. Ele-
ment Ej has one interface and element E, has two distinct interfaces. In order to
enforce displacement compatibility, it is necessary to transform the local interface
vector ¢¥ of element Ej into a global vector Q’I‘ using a matrix Ly which con-
tains constant direction cosines of the local system axes with respect to the global

reference frame.

¢ =Li @} (4.1)

Similarly for element E,,

¢

q

o-(2)
qr2
L 0 ] Qh ¢
= =L
[ 0 Ly { L e Qr

There exists no need to transform the vectors g, and g, because elements only

(4.1.2)

connect through their interfaces.

The first step in the assembly process is to require that,

Qi =Qn (4.1.3)
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i.e., displacement compatibility. The displacement vector for the assembled k¢-

element becomes, .
Qrn
k
g={ 9 (4.1.4)
9
[T
The corresponding stiffness and mass matrices are,
r T

kL, kL, 0 0]
Ky kfi+k, 0 0
K=1|0 0 wi 0
0 0 0 w?

-, e g e (4.1.5)

where . T ok
myy, = Ly My Ly

mf, = LT M}y (4.1.6)

kfy = Li Kfy Ly
and

T = L{ M}I L,

¢ L -
[mu mq
¢ ]
My Moyl

l -
mys

t
Mag3 |

[kfl k2 ]
T
k2 ki, ]

The second step in the assembly process is to write the interface vector Q'f in

= LT Mfy (4.1.7)

= L7 Kir Le

terms of a linear combination of static constraint modes ¢ and interface restrained

normal modes ¢ similar to Eq. (2.1.7).

4
Qi=[4:4] {gf } (4.1.8)
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where
br=— (Kt + )7 Ky (4.1.9)
and ¢ are obtained by solving the interface eigenvalue problem,
w} [mky +mf,] 6= [kl + K1) & (4.1.10)

The modes in ¢ can be truncated according to the preset system cut—off frequency,

if necessary. Using the transformation,
'4

Q% I 00 0](Qn
k by 0 0 —
Qi _|or ¢ I (4.1.11)
s 0 0 I 0f] g
7 0 00 1flg,

the stiffness and mass matrices in Eq. (4.1.5) become,

rk;y 0 0 07
0 w¢!@ 0 0
Kz=|0 0 w!@ 0
0o 0 0 wf
- - (4.1.12)

fmy) Mmy2 M3 Mg |
ml, I 'ma my
T I 0
mi, 0 I

M,

i
3
!
3
[ 54
w

with
T
my = mgz + mfz ér+ ‘lgmiz + d’;‘ (mfl + mfl) ér

T T (. k LNl T
miz = [m12 + 1 (m7, + mu)] ¢
mi3 = ¢?mf2

mig = m§3 + ¢?m53 (4113)

T
ki = ki, + Ky 61
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The decomposition of vector Q'} in Eq. (4.1.8) allows for stiffness decoupling be-
tween Q%, and Q} in Eq. (4.1.12). The transformation in Eq. (4.1.11) will allow
for frequency and modeshape truncation on the kf-element level without compro-

mising the accuracy of the quasi-static deformation pattern of the k{—element.

The last step in the assembly process is to solve for the interface restrained

modes of the k/—element,

I Moz Mgy w} 0 0
wi, ImL I 0 [$pe=]0 wi 0[¢s (4.1.14)
m{i 0 I 0 0 wf

Again the modes in & can be truncated according to the system cut—off frequency.

Using the modal transformation,

Q% t

& =[I 9 ]{?_”} (4.1.15)
qx 0 ¢ Qke

[

the transformed mass and stiffness matrices in Eq. (4.1.12) become,

M M K 0
M, = [ " ”"], K, = [ Ty ] (4.1.16)
Miy 1 0 wi
where
M =mn
MIN = [m12 mi3 m14] zkl (4117)
Krr=kn

Comparing the mass and stiffness matrices in Egs. (4.1.17) and the mass and
stiffness matrices for a generic element in Eqgs. (2.2.5) and (2.2.12) shows that the

assembled kf-element can now be considered as a new single element.

The same assembly procedure can be used when adding the next element E,,

to the Ei, element. The resulting element Ej¢n, again has the near minimum
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number of degrees of freedom necessary to obtain the desired accuracy in the sys-
tem frequencies and modeshapes of interest. Also, any element chosen by the user
can be taken off-line, in order to construct a minimum order model using the
same procedure. For example, a model for the bay element in Figure 9 may be
constructed by assembling sequentially the axial bars and applying modal trunca-
tion at every step. The result is a near minimum order model for the entire bay
element. Furthermore, if this bay element is used to build up an entire structure,
then the same bay model can be used over again. In fact, multiple bay elements
can be constructed from single bay elements, again using the same assembly pro-
cess. The present technique then is quite suitable to take advantage of spatial

periodicity wherever it occurs in the system.

Reanalysis of structures is often required in order to improve the accuracy of
previously obtained solutions. Because the proposed approach is hierarchical in
nature, more refined models can be easily derived from the existing lower order
models. Indeed, no need exists to redefine the old grid as in the case of the h-
version of the finite element method. Extra interface restrained assumed modes
can be added according to a newly defined cut-off frequency, without disturbing
the old grid. In addition, when subspace iteration is used, old intermediate eigen-
value problem solutions can be used profitably as starting vector sets for the new

iteration process.

The proposed assembly process allows for the replacement of a large system
eigenvalue problem by a series of relatively small eigenvalue problems and is well
suited for use with micro computers. Clearly, because the cost of an eigenvalue
problem increases roughly with the cube of its dimension, a significant cost re-
duction can be achieved. It is important to note that even when the elements are

small enough so that no interface restrained assumed modes are necessary,
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the sequential nature of the system eigenvalue problem solution still allows for
substantial cost reduction. In the following section, a cost—effective algorithm for

the eigenvalue problem in Eq. (4.1.14) will be developed.
4.2 System Eigenvalue Problem

The ultimate objective of the analysis process is the determination of a set
of low frequency system modes. As was indicated in the previous section, the
proposed assembly process allows for the replacement of a large system eigenvalue
problem by a series of relatively small and inexpensive eigenvalue problems of the

type shown in Eq. (4.1.14).

Of the multitude of existing algorithms, it was judged that the subspace it-
eration technique would be the most suitable in the present context. Subspace
iteration uses Ritz analysis to perform simultaneous inverse iteration on the start-
ing vectors in order to extract the lowest eigenvalue and corresponding eigenvector
approximations. These approximations can be further improved iteratively. The
basic objective in the subspace iteration method is to solve the following general-

ized eigenvalue problem of order n,
AM¢o=Ké¢ (4.2.1)

for the lowest p (< n) eigenvalues and eigenvectors. Collecting the p eigenvectors
as the columns of ® and the corresponding eigenvalues as the diagonal entries of

matrix A, a consequence of Eq. (4.2.1) is that,
TK®=A, ®TM®=1I (4.2.2)
where the eigenvectors are mass normalized.

The underlying philosophy of the subspace iteration solution method is that

the eigenvectors ® form a mass orthonormal basis for the p-dimensional dominant
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subspace Eo of the matrices K and M. The iteration with p linearly independent
vectors can therefore be regarded as an iteration with a subspace. The starting
iteration vectors, X, span subspace F, and iteration continues until E, is spanned

to a sufficient degree of accuracy. To this end, the following algorithm is used.

For k =1,2,--, iterate from Ejy to Eg4y:
KXy = MX; (4.2.3)
Find the projections of the matrix operators K and M onto Ei4;:

Kiy1 = XF KX, My =X, MXe (4.2.4)

Solve for the eigensystem of the projected operators:
Ki41Zk41 = Miy1Zx41 A1 (4.2.5)

Find an improved approximation to the eigenvectors:
X1 = X112k (4.2.6)

Provided that the vectors in X; are not orthogonal to one of the eigenvectors,

then Agy; — A and X3y — ® as k — oo.

Bathe and Wilson [17] indicate that the number of starting vectors in X is

chosen as ¢ = min [2p, p+ 8] rather than p, in order to achieve faster convergence.

Next, let us rewrite a typical intermediate eigenvalue problem Eq. (4.1.14) in

the following more convenient generic form,

,\[I m]¢=[’; 3]¢ (4.2.7)

mT I

The efficiency of the subspace iteration method depends on i) the sparseness of

M and K and ii) the starting vectors. From Eq. (4.2.7) it can be seen that the mass
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and stiffness matrices are indeed quite sparse. In particular, the stiffness matrix is
diagonal, and therefore the solution of Eq. (4.2.3) becomes trivial. In addition, the
form of the mass matrix is such that further simplifications of Egs.(4.2.44.2.6)
can be easily implemented. Such a simplified algorithm was presented in Reference
[36).

Furthermore, it is possible to derive an excellent set of starting vectors at
relatively little cost. To this end, the g lowest diagonal elements in the stiffness

matrix in Eq. (4.2.7) are identified. For each of these values, the following simple

oL THELG 2)S) =

is solved for the eigenvalue and corresponding eigenvector which is closest to i,

eigenvalue problem,

where y; is one of the chosen g diagonal elements. It is shown in Reference [37]
that the resulting starting set X is in general, already a very good approximation

of the desired g-dimensional dominant subspace of problem (4.2.7).

Next, in order to solve the eigenvalue problem in Eq. (4.2.8) for the eigenvalue
9. closest to y; and for the corresponding eigenvector |§oc ¢c) T, consider the lower

partition of Eq. (4.2.8) and solve for g.
g = 9[Q - 1) 'm] & (4.2.9)

The characteristic equation for this problem can then be obtained by substituting

Eq. (4.2.9) into the top partition of Eq. (4.2.8).
9 — pi +92m;[Q — 191]—1171? =0 (4.2.10)

This equation is easily solved for the desired root via the Newton-Raphson itera-

tion method,

-1
9r41 =9y — f(9y) [g-((iz—')] (4.2.11)
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in which r is the iteration index and,

n-—g

F(d,) =9, ﬂ'+‘92ZQ — 9,
=17 (4.2.12)
df(9r)

Tdy =142, ZQ +'92 E(Q —:9,)2

For r = 0, Yo can be taken to be y;. Because the Newton-Raphson method has
quadratic convergence and because only a good approximation of the desired root
is needed, no more than two iterations are needed in Eq. (4.2.12). In addition
because the difference (Q; — ¥,) becomes large with increasing j, all sums in
Eq. (4.2.12) can usually be truncated. In practice, the cost to compute the desired
root in Eq. (4.2.11) is negligible. The value of £ is obtained by requiring the

eigenvector corresponding to ¥, to be M-orthogonal. i.e.,

T
c 1 1
{5" } . m'] {5‘“} =1 (4.2.13)
qc mi I q.
Substituting Eq. (4.2.9) into Eq. (4.2.13), {oc is determined as,

§oc = [%] K (4.2.14)

where 9. is the converged desired root of Eq. (4.2.11). Note that 3{9

positive and the vector ¢, can be computed using Eqs. (4.2.14) and (4.2.9). Finally,

is always

the i-th column of the starting subspace is taken as,

{X:},= {g‘:e‘ } i=1,2,...,q (4.2.15)

wheree; = |00 ... 0 10... 0|7 and g, is computed from Eq. (4.2.9).
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CHAPTER 5
DEMONSTRATION EXAMPLES

5.1 Axial Bar

5.1.1 Free—-Free Axial Bar

As a first example, consider the simple free-free axial bar. Let E = 3 X
108 Ib/in?, pg = 0.2839 Ib/in®,g = 386.4 in/sec’, A =1 in? and L = 72 in. The

natural frequencies, f; in Hz of the bar are computed in three different ways:

(1) From the exact theory,

fi=.(i;1_) E i=1.2

5.1.1
2L p’ = ( )

(2) Using the standard finite element consistent mass matrix as implemented

in MSC-NASTRAN Version 66, DEC (VAX/VMS) Edition.
(3) Using the axial bar model as developed in Section 3.1.1.

Table 5.1.1 lists the results from the standard finite element method (consis-
tent mass matrix approach) using MSC-NASTRAN and Table 5.1.2 gives results
corresponding to the dynamic finite element method developed in Section 3.1.1.
The number n represents the order of the model and e is the percentage relative
error compared to the exact frequencies. In addition, the entries in these tables
give the number of natural frequencies with an accuracy of e % or better for a

given model order n.

The results indicate that the dynamic finite element method yields consis-
tently better convergence compared to the standard finite element method. Also,

the dynamic finite element method does not require explicit subdivision of the bar.
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In addition, the mass and stiffness matrices for lower order models form subma-
trices of the corresponding matrices of a higher order model, i.e., the procedure

possesses the hierarchical property.

Table 5.1.1 Converged Frequencies For Free—Free Axial Bar
By Standard Finite Element Method

€ n

6 16 26 36 51
<1% 1 3 4 6 8
<5% 2 6 9 13 18
<10% 3 8 13 18 26

Table 5.1.2 Converged Frequencies For Free—Free Axial Bar
by Dynamic Finite Element Method

e n

6 16 26 36 51
<1% 3 12 22 34 49
<5% 4 14 24 34 49
<10% 4 14 24 34 49

5.1.2 Fixed-Fixed Axial Bar

In order to check out the element assembly process accompanied by modal
truncation, an axial bar with fixed—fixed boundary conditions is subdivided into
eleven elements. The material and geometric properties are the same as in the

example of Section 5.1.2. The theoretical frequencies are given by,

,i=1,2,... (5.1.2)
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Following Section 4.1, elements are assembled one by one and an eigenvalue prob-
lem solved. At each stage, a modal truncation is performed both at the system
level and the element level. Table 5.1.3 shows the number of retained modes at

each stage for different desired frequency contents. Note that in the present anal-

ysis, the frequency content on the element and system levels is taken to be the
same. In general, this is not necessary. Tables 5.1.4 through 5.1.6 show the com-
puted frequencies for desired frequency contents of 500 Hz, 1000 Hz and 2000 Hz
respectively. The standard finite element model needs a model order of 161 in
order to compute the first 25 frequencies to within one percent. This is compara-
ble to the accuracies obtained from Table 5.1.6. Since the maximum size of the
dynamic finite element model is only 28, the computational cost is very low when

compared to the standard finite element model.

Table 5.1.3 Retained Modes For Different Frequency Contents (w.)
For Fixed-Fixed Axial Bar At Current System Level (s)

We 38

2 3 6 7 8 9 10
< 500 Hz 1 1 3 3 4 5 6 6
< 1000 Hz 2 3 5 6 7 8 10 11 12
< 2000 Hz 5 7 10 12 15 17 20 22 25




Table 5.1.4 Frequency Comparisons For

Fixed-Fixed Axial Bar, s =11 and w, = 500 Hz

Mode Theoretical Computed Error

Number | Frequency (Hz) Frequency (Hz) %
1 7.139E+01 7.143E4+01 -5.802E-02
2 1.428E4-02 1.432E+02 -2.804E-02
3 2.142E+4-02 2.154E+4-02 -5.749E-01
4 2.855E+02 2.878E+402 -7.794E-01
5 3.569E4-02 3.653E+02 -2.348E+00
6 4.283E4-02 4.517E402 -5.453E+00
7 4.997E+402 6.205E+-02 -2.418E+01
8 5.711E+02 1.137E+03 -9.903E401

Table 5.1.5 Frequency Comparisons For
Fixed-Fixed Axial Bar, s =11 and w, = 1000 Hz

Mode Theoretical Computed Error

Number Frequency (Hz) Frequency (Hz) %
1 7.139E4-01 7.140E4-01 -1.266E-02
2 1.428E+02 1.428E+02 -5.002E-02
3 2.142E+02 2.144E+02 -1.117E-01
4 2.855E+02 2.861E+02 -1.815E-01
5 3.569E+02 3.579E+02 -2.763E-01
6 4.283E+02 4.300E+-02 -3.961E-01
7 4.997E+02 5.024E4-02 -5.384E-01
8 5.711E+02 5.755E+-02 -7.775E-01
9 6.425E+02 6.490E+02 -1.022E4-00
10 7.139E4-02 7.230E4-02 -1.277E4-00
15 1.071E+403 1.882E+-02 -1.575E+01
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Table 5.1.6 Frequency Comparisons For
Fixed-Fixed Axial Bar, s = 11 and w, = 2000 Hz

Mode Theoretical Computed Error
Number Frequency (Hz) Frequency (Hz) %
1 7.139E+01 7.139E+01 -1.403E-03
2 1.428E+02 1.428E+02 -5.880E-03
3 2.142E+02 2.142E+02 -1.351E-02
4 2.855E4-02 2.856E+02 -2.462E-02
5 3.569E+02 3.571E+02 -4.111E-02
6 4.283E+402 4.286E+402 -6.453E-02
7 4.997E+02 5.002E+02 -9.663E-02
8 5.711E+02 5.719E+402 -1.405E-01
9 6.425E4-02 6.437TE+02 -1.922E-01
10 7.139E+402 7.156E+02 -2.431E-01
20 1.428E+03 1.439E+03 -7.772E-01
25 1.785E403 1.816E+03 -1.783E+00

5.1.3 Planar Truss

Figure 10 depicts a planar truss consisting of 16 bays. The relevent geometric

and structural properties for a bay (Figure 9) are:

L1=L2=L3=5Oin

Ly=Ls =50v2 in
A=1in% E =10 x 10° Ib/in?
pg = 0.1 1b/in, g = 486.4 in/sec’
The ‘Theoretical’ solution was obtained using five interface restrained normal

modes for each bar and truncating modes above 3000 Hz at each stage. Table 5.1.7

lists the number of modes retained at each stage and Table 5.1.8 compares these

computed frequencies with MSC-NASTRAN results where the pins are taken
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as nodes and consistent mass matrices are used both for the longitudinal and
transverse directions. It is worthwhile to note that in order to obtain results via
the standard finite element method, which are identical to those obtained by the
dynamic finite element approach, it becomes necessary to further subdivide the
individual bars of the truss. Indeed, using MSC-NASTRAN, each bar needed to be
divided into four more segments, leading to a 534 degree of freedom model. Only
then did the standard finite element method converge to the ‘Theoretical’ solution.
This is an illustration of the advantage of using interface restrained assumed modes
which do not require further subdivisions of the element. In addition, far fewer

degrees of freedom are required to achieve convergence.

Table 5.1.7 Retained Modes For Frequency Content (w.) of 3000 Hz
At Current System Level (s) Of 16-Bay Truss

System Level Number of Modes
s n
2 18
3 28
4 38
5 48
6 58
7 68
8 78
9 88
10 98
11 108
12 118
13 128
14 138
15 148




Table 5.1.8 Frequency Comparisons For 16-Bay Truss

Mode Theoretical Computed Error
Number | Frequency (Hz) Frequency (Hz) %
1 1.513E401 1.513E+401 -0.212E-02
2 3.928E401 3.928E4-01 -0.178E-01
3 7.208E4-01 7.210E4-01 -0.453E-01
4 7.951E401 7.955E+401 -0.643E-01
5 1.112E+402 1.113E402 -0.125E4-00
6 1.551E402 1.554E+02 -0.221E4-00
7 1.592E+02 1.595E4-02 -0.287E4-00
8 2.028E+02 2.034E4-02 -0.313E4-00
9 2.391E+02 2.403E4-02 -0.503E+-00
10 2.533E+4-02 2.547E4-02 -0.568E+4-00
40 7.881E+02 8.234E+02 -0.452E4-01
50 8.509E+4-02 8.934E4-02 -0.507E4-01

5.1.4 Large Spatial Truss

7

Figure 11 simulates a NASA spatial truss consisting of 64 bays and 573 bar
elements. The vertical and horizontal bars are 50 in long and the structural
parameters are the same as for the planar truss. The ‘Theoretical’ solution was
obtained using two interface restrained assumed modes for each bar and the dif-
ference between this converged solution to the finite element solution using the
consistent mass matrix approach was found to be within 0.01 % for the lowest
100 frequencies. Tables 5.1.9 and 5.1.10 list the size of the eigenvalue problem at
each stage of the assembly process for a cut—off frequency of 100 Hz and 200 Hz
respectively and no interface restrained assumed modes for the bar elements are

added. Tables 5.1.11 and 5.1.12 compare the corresponding frequencies to the

converged solution.
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Table 5.1.9 Size of Eigenvalue Problem n
For Frequency Content (w.) of 100 Hz
At Current System Level (s) Of 64-Bay Truss

s n

2 9

4 10
8 15
16 21
32 35
64 67

Table 5.1.10 Size of Eigenvalue Problem n
For Frequency Content (w.) of 200 Hz
At Current System Level (s) Of 64—Bay Truss

8 n
2 9

4 11
8 17
16 33
32 63




Table 5.1.11 Frequency Comparisons For 64-Bay Truss

For Frequency Content Of 100 Hz

Mode Theoretical Computed Error
Number | Frequency (Hz) Frequency (Hz) %

1 7.494E-01 7.494E-01 -0.712E-04
5 3.972E4-00 3.972E+400 -0.687E-02
10 9.350E+-00 9.361E4-00 -1.176E-01
20 2.152E+01 2.160E+01 -3.717E-01
30 3.687E+401 3.729E4-01 -1.139E4-00
40 5.461E+401 5.630E4-01 -3.095E+-00
50 6.948E+4-01 7.460E4-01 -7.369E4-00
60 8.751E4-01 1.009E+-02 -1.530E+4-01

Table 5.1.12 Frequency Comparisons For 64—Bay Truss

For Frequency Content Of 200 Hz

Mode Theoretical Computed Error
Number | Frequency (Hz) Frequency (Hz) %

1 7.494E-01 7.494E-01 -0.273E-05

5 3.972E+00 3.972E+00 -7.253E-03
10 9.350E+00 9.351E+00 -1.070E-02
20 2.152E+401 2.159E4-01 -3.253E-01
30 3.687E+01 3.724E+01 -1.004E+00
50 6.948E+01 6.950E401 -2.879E-02
70 1.052E+02 1.085E+02 -3.137E+00
100 1.590E+-02 1.662E+02 -4.528+4E00
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5.2 Bernoulli-Euler Beam

5.2.1 Simply Supported Beam

This example concerns a simply supported beam, ie., the displacement and
bending moment are zero at both ends. The beam parameters used are £ =

30 x 108 Ib/in?, pg = 0.2839 1b/in®,A=1in?,I = {; in* and L =72 in.

The exact frequency formula for the simply supported Bernoulli-Euler beam

27 ’EI
i = — [ —, 1= 2.1
fl 2L2 pA, ? 112’ (52 )

Tables 5.2.1 through 5.2.3 show the number of converged frequencies to within

is given by

a given percentage relative error when compared to the theoretical frequency in

Eq. (5.2.1). These frequencies are computed in three different ways.

(1) Using the standard finite element method (consistent mass matrix ap-

proach) as implemented in MSC-NASTRAN.

(2) Using the dynamic finite element method with static constraint modes

and interface restrained normal modes as developed in Section 3.3.1.

(3) Using the dynamic finite element method with static constraint modes
and trigonometric functions as interface restrained assumed modes as

developed in Section 3.3.2.

Figures 12 and 13 show that the dynamic finite element models consistently

perform better than the corresponding standard finite element models.
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Table 5.2.1 Standard Finite Element Method

For Simply Supported Beam (Bernoulli-Euler Theory)

€ n

4 10 16 20 26
<1% 1 3 5 6 8

1

1

<5% 4 7 9 12
<10% 4 7 9 12

Table 5.2.2 Normal Modes As Interface Restrained Modes

For Simply Supported Beam (Bernoulli-Euler Theory)

€ n

4 10 16 20 26
<1% 2 8 14 18 24
<5% 2 8 14 18 24
<10% 2 8 14 18 24

Table 5.2.3 Trigonometric Functions As Interface Restrained Modes

For Simply Supported Beam (Bernoulli-Euler Theory)

e n

4 10 16 20 26
<1% 1 6 12 13 17
<5% 2 8 15 18 20
<10 % 2 8 15 19 26
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5.2.2 Four-Bay Frame

Next, consider the cantilevered planar frame with four bays as shown in Fig-
ure 14. The frame element is obtained by superposition of the axial bar and the
Bernoulli-Euler beam elements. The frame parameters are the same as for the ax-
ial bar in Section 5.1.1 and the Bernoulli-Euler beam in Section 5.2.1. The length,
L = 72 in is for the vertical and horizontal members and the diagonal member
is therefore 72v/2 in long. This time no closed form solution for the frequencies
exists. A reference solution is obtained by constructing two models one with 600
degrees of freedom and another with 900 degrees of freedom. These models were
then solved for the first 216 frequencies. Because these frequencies differ by less

than 0.4 %, it is assumed that convergence has been reached.

Tables 5.2.4 through 5.2.6 list the number of natural frequencies with an
accuracy of e percent or better compared to the converged solution for different
model orders, n. These tables are generated using the standard finite element
method (consistent mass matrix approach) as well as the dynamic finite element
approaches developed in Sections 3.3.1 and 3.3.2. Figures 15 and 16 show the
performance of the standard finite element method and the two dynamic finite

elements.

Table 5.2.4 Standard Finite Element Method

For Four-Bay Frame (Bernoulli-Euler Theory)

€ n

24 72 120 168 216
<1% 0 3 17 29 37
<5% 0 16 34 46 7

<10 % 0 16 35 57 105
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Four-Bay Frame (Bernoulli-Euler Theory)
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Table 5.2.5 Normal Modes As Interface Restrained Modes
For Four-Bay Frame (Bernoulli-Euler Theory)

€ n

24 72 120 168 216
<1% 0 39 76 114 137
<5% 0 49 89 119 153
<10 % 0 51 90 129 163

Table 5.2.6 Trigonometric Functions As Interface Restrained Modes
For Four-Bay Frame (Bernoulli-Euler Theory)

e n

24 72 120 168 216
<1% 0 20 61 82 121
<5% 0 46 82 115 151
<10% 0 51 90 125 162

5.3 Timoshenko Beam

5.3.1 Simply Supported Beam

This example is concerned with a simply supported Timoshenko beam. The
relevent parameters are the same as in the Bernoulli-Euler beam example of
Section 5.2.1. The additional relations needed are G = E/2(1+4v) and k =
10(1 + v)/(12 + 11v) where the Poisson’s ratio is taken as 0.3.

The exact frequency is found numerically from the characteristic equation for

the simply supported Timoshenko beam which is

sinhba; sinbf =0 for [(r®—s*)*+ 4/b2]% > (r? + %) ( )
5.3.1

sinbagsinbf =0 for [(r2 — )2+ 4/b2]* <(r+ s2)

The variables r, s, b, a;, a3, B are the same as in Section 3.4.2. Tables 5.3.1
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through 5.3.4 show the number of converged frequencies to within a given percent-
age relative error when compared to the theoretical frequencies from Eq. (5.3.1).
This data is presented graphically in Figures 17 and 18. The frequencies are

computed in four different ways.

(1) Using standard finite element method (consistent mass matrix approach)

as implemented in MSC-NASTRAN.

(2) Using the dynamic finite element method with static constraint modes
and interface restrained normal modes as developed in Sections 3.4.1 and

3.4.2.

(3) Using the dynamic finite element method with static constraint modes
and polynomial functions as interface restrained assumed modes as de-

veloped in Section 3.4.3.

(4) Using the dynamic finite element method with static constraint modes
and trigonometric functions as interface restrained assumed modes as

developed in Section 3.4.4.

In order to produce the data for the Tables 5.3.3 and 5.3.4, a certain number of
the two types of interface restrained assumed modes must be selected. The number
of Bernoulli-Euler beam type modes is taken as n; and is kept the same as in the
example of Section 5.3.1. Furthermore, the optimum number of shear type modes
is found to be n; — 2. After solving the Timoshenko beam element eigenvalue
problem, the lowest n; modes are retained to form the simply supported beam
model. The number n; for the retained modes is chosen so that comparison with

the example in Section 5.3.1 becomes possible. In general, however, the number of

interface restrained assumed modes kept depends on the chosen cut-off frequency.
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Table 5.3.1 Standard Finite Element Method

For Simply Supported Beam (Timoshenko Theory)

€ n

4 10 16 20 26
<1% 1 3 4 5 7

1

1

<5% 4 7 9 12
<10% 4 7 9 12

Table 5.3.2 Normal Modes As Interface Restrained Modes

For Simply Supported Beam (Timoshenko Theory)

€ n
4 10 16 20 26
<1% 2 8 14 18 24
<5% 2 8 14 18 24
<10% 2 8 14 18 24

Table 5.3.3 Polynomial Functions As Interface Restrained Modes

For Simply Supported Beam (Timoshenko Theory)

€ n

4 10 16 20 26
<1% 2 4 9 11 13
<5% 2 6 9 12 15
<10 % 2 6 10 13 16
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Table 5.3.4 Trigonometric Functions As Interface Restrained Modes
For Simply Supported Beam (Timoshenko Theory)

e n

4 10 16 20 26

<1% 1 5 10 13 18
<5% 2 8 13 16 21
<10 % 2 8 14 18 23

5.3.2 Four-Bay Frame

Next, consider the cantilevered planar frame with four bays as shown in Fig-
ure 14. The frame element is obtained by superposition of the axial bar and the
Timoshenko beam elements. The frame parameters are the same as for the ax-
ial bar in Section 5.1.1 and the Timoshenko beam in Section 5.3.1. The length,
L = 72 in is for the vertical and horizontal members and the diagonal member
is therefore 72v/2 in long. No ‘exact’ frequency formula exists in this case. A
reference solution is obtained by constructing two models one with 600 degrees of
freedom and another with 900 degrees of freedom. These models were then solved
for the first 216 frequencies. Because these frequencies differ by less than 0.4 %,

it is assumed that convergence has been reached.

Tables 5.3.5 through 5.3.8 list the number of natural frequencies with an
accuracy of e percent or better compared to the converged solution for different
model orders, n. These tables are generated using standard finite element method
(consistent mass matrix approach) as well as the dynamic finite elements developed

in Sections 3.4.1 through 3.4.4. Figures 19 and 20 show the performance of the

standard finite element method and the three dynamic finite elements.
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To improve the accuracy of the frequencies computed, reanalysis of structures
are often desired with higher order models. Using the dynamic finite elements,
it is easier to refine the elements by increasing the number of interface restrained
modes. Here the number of dynamic finite elements is fixed by geometry rather
than the requirements of precision in frequency and as a result, substantial reduc-
tion in the data preparation effort for the finite element codes is achieved. Also,
the mass and stiffness matrices of higher order models can be obtained by bor-
dering the lower order model matrices with a few additional rows and columns
corresponding to the newly added interface restrained modes. Stiffness and mass
matrices corresponding to a given approximation are embedded in the stiffness
and mass matrices of all higher order approximations. In other words, the pre-
sented models possess the hierarchical property. Using the solution corresponding
to the lower order models, the mass and stiffness matrices of the higher order
models can be put in the form of Eq. (4.2.7) and hence the computation of im-
proved approximations can be achieved using the same procedure as outlined in

Section 4.2.

Table 5.3.5 Standard Finite Element Method

For Four-Bay Frame (Timoshenko Theory)

e n

24 72 120 168 216
<1% 0 3 17 28 38
<5% 0 17 34 39 76
<10% 0 17 35 56 110
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Table 5.3.6 Normal Modes As Interface Restrained Modes
For Four—Bay Frame (Timoshenko Theory)

e n
24 72 120 168 216
<1% 0 40 76 113 137
<5% 0 49 88 119 153
<10 % 0 51 91 128 162

Table 5.3.7 Polynomial Functions As Interface Restrained Modes
For Four-Bay Frame (Timoshenko Theory)

€ n
24 72 120 168 216
<1% 0 32 55 71 90
<5% 0 38 68 86 97
<10 % 0 47 70 101 122

Table 5.3.8 Trigonometric Functions As Interface Restrained Modes
For Four—Bay Frame (Timoshenko Theory)

e n
24 72 120 168 216
<1% 0 24 49 72 108
<5% 0 45 81 115 147
<10 % 0 51 90 124 155




99

CHAPTER 6

CONCLUSIONS AND RECOMMENDATIONS

A method to dynamically model generic structural elements has been pre-
sented. The approach is based on the assumed modes method with static con-
straint modes and interface restrained assumed modes and is reminiscent of known
component mode synthesis techniques such as the Craig/Bampton method. How-
ever, basic structural members are dealt with and near continuum solutions are
obtained with relatively few degrees of freedom. The proposed models are hi-
erarchical, so that different levels of approximation can be obtained with little
additional data preparation effort and without the need for further physical sub-
divisions of the basic structural members. Furthermore, at each stage of the as-
sembly process, the current structural component can be treated as a single larger
element. The presented assembly technique can exploit spatial periodicity. Also
included is a special algorithm for solving the eigenvalue problem at each stage of

the assembly process. In particular, it is concluded that

e dynamic finite element models need about 40 % fewer degrees of freedom
than those constructed with the consistent mass matrix approach, in

order to achieve comparable covergence in the natural frequencies.

e because the element assembly process employs modal truncation at every

stage, a near minimum order model for the overall structure is obtained.

o for very large frame structures, no interface restrained assumed modes
may be necessary and even truncating all the interface restrained normal
modes at early stages of the assembly process is feasible, resulting in a

smaller model than required by the standard finite element approach.
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¢ dynamic finite element models with interface restrained normal modes
yield the best convergence compared to all the other models considered,

both for the Bernoulli-Euler and the Timoshenko beams.

e for the case of the Timoshenko beam, the dynamic finite elements using

trigonometric functions as interface restrained assumed modes are more

cost effective.

Future efforts can be directed towards developing dynamic finite elements for
axial bars, torsional shafts and flexural beams with tapered cross sections as well
as two dimensional dynamic finite elements for membrane, plate or shell structures
and three dimensional brick elements. Interface restrained normal modes in terms
of Bessel functions and static constraint modes can be obtained for the case of

tapered line elements.

The main difficulty in forming two or three dimensional dynamic finite ele-
ments lies in finding a set of static constraint modes because the interfaces of such
elements are collections of displacement functions of one or more spatial variables.
The assembly process as presented in Chapter 4, on the other hand, is still valid

even when the structure consists of many different types of elements.

Another area of potential research concerns the determination of an optimum
cut—off frequency. The cut-off frequency on the element level usually does not
exceed twice the preset cut—off frequency at the system level. But the proper
criterion for the cut—off frequency at the element level is still a matter of research.
The fast growing field of adaptive finite elements may be useful in answering these

questions of practical importance.
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APPENDIX |
Normalization of Interface Restrained Normal Modes

of the Timoshenko Beam Element

The constant C for the hyperbolic mode in Eq. (3.4.28) is determined using
Eq. (3.4.34) as follows:
1
C=—
ot

where
Q =pAL(Cl + (AC6)2C3 +c 4+ 6264 - 2/\(665 b 2610 + 2509

2
+ 2X(bcs — 2X(6%cr — 26¢c6) + ,oILr)2 (c1 + (/\C)

2 2
+co + ‘y cs + 'A—C'C5 — 2¢30 + 27¢y ~ /\Ccz; + %c—, - 2’)’66)

sinh 2ba;

cosh? bay ¢ d¢ = Thay

1
C = +§

sin 2bf3
oY)

cos? bE dt = + %

C2

4ba1

sin bﬂfd{-%—fit;—bzéﬁ

(cosh 2ba; — 1)

sinh ba;; € cosh ba; € d€ = T
1

Cs =

/1
0
/
0
1 inh 2b
C3=/sinh2ba1§ d§=u—%
0
/l
0
/1
0
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1
N _ (1 —cos2bB)
ce = /sm bB¢ cos bBE dE = ———4bﬂ
0
1
. . a; cosh ba; sin b3 — Bsinh ba; cos bj
7 = /smh ba€sin bBE dE = a7 A7)
0
1
. a; cosh ba cos bB + Bsinha; sinbdf — oy
cs = 0/smhboqﬁcos bpE d€ = a? + 57)
1
) a; sinh ba; sin b8 — B cosh bfa;cosbB + B
cy = b/cosh ba € sinbpE dé = b(a? + 57)
1
a; sinh bay cos b3 + B cosh ba; sin b
Clo = /cosh ba; £ cosbBE dE = Wl £ B7)
0
Using a similar procedure, the normalization constant C for the trignometric mode

in Eq. (3.4.32) can also be determined from Eq. (3.4.34). All the other parameters,

not defined here, are given in Sections 3.4.1 and 3.4.2.
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APPENDIX Il
The Mass Coupling Matrix M,

of the Timoshenko Beam Element

From Eqs. (3.4.3) and (3.4.28), the mass coupling matrix M for the hyper-
bolic mode is found explicitly as follows:
L L
Min = [mji], mji = pA/S.,q,.V;d:r + pI/Soqu;dm
0 0
t=1,2,---,00, ]= 132,3a4

where

my; = pAL[e; — ¢z + s2(c2 — 3¢z + 2¢4)]; — 6pIs2 [cs — c7];

pAL?
2

[cz — c3 + s2(ca — 3cs + 2¢4)]; + pIL [c5 — c6 — 3s2(ce — c7));

mai =

ma; = pAL [z — s2(cz — 3¢z + 2¢4)]; + 6pIs2 [cs — el

pAL?

5 [—c2 + cs + s2(c2 — 3¢3 + 2¢4)]; + pIL [es — 3s2(cs — e7));

My =

1
G = /Vdf = C(C]s —_— A<6614 — Co¢ + 6022)
0
1
cr= [ €Vt = C(exs = Xbirs = e + 5ex)
0
1
€3 = /fZVdf = C(c20 — M{bc16 — c28 + bc24)
0

1
Cy = /§3Vd£ = C(CZI - AC(SC]’] —Cz9 + 5625)
0
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cs = / 0d{ =Cn (Cls + :\—C'Cm —C6 + 7022)

ce = /Eedﬁ =Chn (619 + chls —c7 + 7623)

cr = /Ezedf Cn (Czo + XZCIG —cz8 + 7624)

1
C14 = /sinhba1§ df = Esﬂ,gl—_l
bOll
0
f h b inh ba
) coshba; si 1
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) b2al +2 2 . 2
C16 = /52 sinh ba € d€ = -—b—3—3—coshba1 - ﬁa—fsmhbal - Esa—:{

1
) ol +6 3b%al 4+ 6 .
7 = /{3 sinh ba; € d€ = "'_bs—3_COSh bay — —F;T%— sinh ba

1
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f inh b hb 1
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czo—/ﬁ cosh ba; € d{—-—b-s—-:-zsmhbal b2a cosh ba;
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1
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0

1
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Cop = /COS bﬂf d€ =

0

sin b3
b8

1
Co1 = / §conbfi dt = cl:):ﬂbf i Slzﬂbﬂ - bzlﬂz

23 _
czs—/ﬁ cosbff dé = —— b2ﬂ2 ——cosbf + ——— ¥R smbﬂ

1
3b2 2_6 b2 2__ 6
Cro = /53 cos bB¢ dt = _be—ﬂ“_cos bs + bﬂaﬂs sinbf + ——= Ty

0
Using a similar procedure, the mass coupling matrix My for the trigonometric

mode can be found fron Eqgs. (3.4.3) and (3.4.32). All the other parameters, not

defined here, are given in Sections 3.4.1 and 3.4.2.
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