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Abstract

The present study is concerned with the numerical approximation of solutions of systems of
Korteweg-de Vries type, coupled through their nonlinear terms. We construct, analyze, and
numerically validate two types of schemes that differ in their treatment of the third derivatives
that appear in the system. This difference is fundamental, earning one method the moniker
“conservative” due to its preservation, up to round-off error, of a fundamental invariant of the
system. The other, slightly more-standard method is called “dissipative” for lack of this property.
For both schemes, we prove convergence of a semidiscrete approximation from an a priori
perspective and highlight differences in the assumptions required to analyze each scheme. We
also derive a posteriori error estimates for the semidiscrete and fully discrete approximations
obtained.

Finally, we provide numerical experiments that serve to validate the a priori and a
posteriori theory. We experimentally contrast the accuracy of the conservative and dissipative
schemes when integrations are made over long time intervals. Also, experiments regarding the
effectivity of various a posteriori indicators developed for fully-discrete schemes are presented.

We experimentally identify particular components of our estimators that provide independent
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indicators of the spatial and temporal errors. We conclude by providing additional heuristic

estimators based on the a posteriori estimates.
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Preface

In this dissertation, we construct, analyze, and numerically validate finite element methods for
the initial-boundary value problem (IBVP) for a coupled system of Korteweg-de Vries type

equations, namely,

U + Ugge + P(u,v)y =0
(D

U + Vg + Q(u,v), =0

with periodic boundary conditions on the interval [0, 1]. Here, the dependent variables u =
u(x,t) and v = v(x,t) are real-valued functions and subscripts denote partial differentiation.
The nonlinearities are taken to be homogeneous quadratic polynomials in v and v, viz. P(u,v) =
Au? + Buv + Cv? and Q(u,v) = Du® + Euv + Fv? for given real coefficients A, B, ..., F.

The system (1) and other related couplings of nonlinear, dispersive equations appear
in the literature in models for a wide variety of physical phenomena. Indeed, several asymptotic
models developed by Majda and Biello to study the Madden-Julian Oscillation are relatives of
the system above. These models employ coupled systems of two (see [34] and [8]) and three
equations of Korteweg-de Vries type (see [35]) to study the nonlinear interaction of equatorial

baroclinic and barotropic Rossby waves. In fact, in [8], Biello derived and experimentally studied
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a system that is a special case of (2.1). Yet, a plethora of physical models exist that utilize
different, yet closely related couplings of equations combining nonlinear and dispersive effects.
An excellent example is the Gear-Grimshaw system used to study the propagation of internal
waves. In [29], Hakkaev considered a system quite similar to (2.1) with dispersion of BBM
type. Finally, specializations of the surface water wave models of Bona, Chen, and Saut (see [14]
and [15]) also feature a coupled KdV structure like that of the system (1). From a mathematical
perspective, the system (1) is a paradigm class for the theoretical study of systems combining
nonlinearity and dispersion. Indeed, it has provided a testbed for recent work developing
new theory for PDEs of this kind. See, for example, [16, 11, Bona et al.]. Indeed, due to their
versatility toward scientific application and their subtle mathematical properties, the study of
coupled systems of nonlinear, dispersive equations is at the forefront of current research in both
pure and applied mathematics.

As a result, accurate and efficient numerical simulations of such systems as (1)
is of considerable interest. Nevertheless, despite the large body of work available for both
mathematical theory and numerical methods for single equations of Korteweg-de Vries type
available in the two decades since the new Millennium (see Chapter 1 for a thorough discussion
of the literature), few analogous results are known for (1) and similar coupled systems of
nonlinear, dispersive equations. Indeed, for what few numerical schemes are present in the
literature, to the best of our knowledge, none exist that provide rigorous error estimates. In this
dissertation, we ameliorate this deficit by providing the first construction of approximations of
solutions to such systems that includes rigorous analysis of these approximations. Indeed, not

only do we provide rigorous analysis of the error of our semidiscrete schemes from an a priori



perspective but also we develop a posteriori error estimates for both semidiscrete and fully
discrete approximations.

Before we conclude by describing the general layout of this dissertation, we briefly
contrast a priori and a posteriori error estimates of numerical approximations of partial
differential equations. The underlying difference is that a priori (Latin: “from the former”)
error estimates bound the error between the approximation and the exact solution in terms of
the exact solution, while a posteriori (Latin: “from the latter”) error estimates bound the error
in terms of the computed approximation. Consequently, a priori error estimates are useful for
showing theoretical convergence and for providing a rate thereof depending on the discretization
parameters, but the resulting bound is not computable, in general, due to this dependence on
the exact solution. As a result, these estimates are not directly useful toward commenting on
the magnitude of the error of a given approximation one has computed, only toward claiming
the errors behave with a particular theoretical rate, a rate that is known before (or a priori of)
any computation of an approximation. Nevertheless, since a posteriori error estimates provide
a bound in terms of the computed solution (and also possibly discretization parameters), they
are designed so that the bounding quantity may be explicity computed after (or a posteriori
of) the computation of an approximation. Indeed, unlike the a priori bounds which provide
qualitative understanding (i.e., a rate) of the behavior of the error, the a posteriori bounds provide
quantitative, explicitly computable bounds on the error. Indeed, because a posteriori estimates
provide a real-time metric for the error of an approximation, they provide a theoretical platform
for the development of adaptive finite element schemes.

This dissertation comprises two chapters: Chapter 1 is a reprint of our published

work [12] and constructs, analyzes, and numerically validates two classes of finite element
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methods for the periodic IBVP presented above. These classes are called conservative and
dissipative due to either the preservation of certain invariants of the system (1) (up to round-

off error) or a lack of this property. The principal result of Chapter 1 regards convergence for

the semidiscrete approximations of both classes through the development of a priori error
estimates. After these results, we present a variety of numerical experiments. With the first set

of experiments, we validate the theoretical results through a study of spatial convergence rates.
With the second set of experiments, we compare and contrast the accuracy of the conservative
and dissipative schemes by performing integrations over long time intervals. Chapter 1 concludes
with a discussion of future work. Chapter 2 regards the a posteriori analysis of the finite element
methods introduced in Chapter 1, developing a posteriori error estimates for semidiscrete and
fully discrete schemes. The first key result of Chapter 2 is an a posteriori bound of the error

of the conservative semidiscrete scheme, developed utilizing the dispersive reconstruction
operator introduced in the work [31] of Karakashian and Makridakis from which this chapter
obtains its inspiration. The second key result of Chapter 2 is an a posteriori error estimate for a
conservative fully discrete scheme, which relies on a similar argument to that used to obtain the a
posteriori estimates for the semidiscrete case, with the salient difference being that this argument
utilizes a space-time reconstruction developed by using the dispersive reconstruction operator in
conjunction with the temporal reconstruction ideas of [31] and [3]. The error estimate results are
extended to the spatially dissipative formulations of Chapter 1, after which we provide numerical
experiments to validate and explore the a posteriori theory. Studies of spatial and temporal rates
of decrease are then considered, followed by an investigation of the effectivity of various error
indicators. Finally, the chapter and the dissertation conclude with a discussion of open avenues

for future research.
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Chapter 1

A priori error estimates for finite element

methods for nonlinear, dispersive equations

Acknowledgment: The first chapter of this dissertation, regarding the a priori analysis of

the finite element methods with which this dissertation is concerned, is a reprint (up to minor
typographical and grammatical amendments) of the material as it appears in Journal of Scientfic
Computing (see [12]). For the full acknowledgment regarding this work, see Acknowledgments

beginning on Page iv of this dissertation.

1.1 Introduction

Nonlinear, dispersive wave equations arise in a number of important application areas. Because
of this, and because their mathematical properties are interesting and subtle, their theory and
applications have seen enormous development since the 1960s when they first came to the fore

(see Miura [36] for a sketch of the early history of the subject). The theory for a single nonlinear,



dispersive wave equation is well-developed by now, though there are still interesting open issues.
The theory for coupled systems of such equations is much less developed, though they, too,

arise as models of a range of physical phenomena. Considered here is a paradigm class of such
systems, namely coupled Korteweg-de Vries equations. The systems we have in mind take the

form

U + Ugge + Plu,v)y =0
(L.1)

Ut + Vggw + Q(u,v), =0
which comprise two independent linear Korteweg-de Vries equations coupled through nonlinear
terms. Here, the dependent variables u = wu(z,t) andv = v(x,t) are real-valued functions
and subscripts connote partial differentiation. The nonlinearities are taken to be homogeneous

quadratic polynomials in v and v, viz.,

P(u,v) = Au* + Buv + Cv?, Q(u,v) = Du* + Euv + Fv?,

with given real coefficients A, B, ..., F. Such systems and their close relatives arise as models
for waves in a number of situations. For example, the model for Madden-Julian atmospheric
oscillations recently developed by Majda and Biello [34] fits exactly' into this class of systems.
The surface water wave models put forward in [14] and [15] have specializations with the same
sort of coupled KdV structure as in (1.1) (see also [17] and [18]). The Gear-Grimshaw system

[28] arising in internal wave propagation likewise has features similar to the simpler models

'Post-publication note: We note that this is only exactly true provided that the system features a unit coefficient
on each dispersive term. In the case of non-unit coefficients, the Majda-Biello system can also be rescaled to
correspond to the system herein considered.



in (1.1). A particular system of the type displayed above, but with BBM-type dispersion, was

studied by Hakkaev [29].

1.1.1 Local and global well-posedness

The pure initial-value problem for these systems was studied in [4] and [16]. It transpires that the

system (1.1) is always locally well posed in the L?(IR)-based Sobolev spaces H*(R) x H*(R) for
any s > —% This result follows the general lines of development available already for the single

Korteweg-de Vries equation

Ut + Upgw + Uty =0 (1.2)

(see [16], [25]). It was also shown that for solutions of (1.1) corresponding to s > 0, the integral
Qu,v) = / (au® + buv + cv®) d (1.3)
R
is independent of time. The constants a, b, and ¢ comprise any nontrivial solution of the system

2Ba+ (E —2A)b —4Dc =0

(1.4)
4Ca+ (2F — B)b—2Ec=0
of two linear equations in three unknowns. In case s > 1, the integral
O(u,v) = / (aui + bugv, + cv2 — R(u, v)) dz, (1.5)
R



with

) o .
R(u,v) = %u3 + Buv + yuv? + gvd, (1.6)

is also independent of time if (u, v) solves (1.1). Here, the real constants «, /3, y, and § depend
upon the original coefficients, A, B, ..., F. When the quadratic form Y (z,y) = az?+bry+cy? is
positive-definite, which is to say, 4ac—b* > 0, these invariants immediately allow the local theory
to be extended to global well-posedness if s > 0. Pursuing a further, energy-type argument as in
[25] and an observation in [11], this can be improved and it is now known that (1.1) is globally
well posed for arbitrarily sized data in H°(R) x H*(R) for any s > _4§1 when 4ac — b* > 0.
Theory for the periodic initial-value problem for the Korteweg-de Vries equation (1.2)
is slightly different from the problem posed in Sobolev spaces on R. Thanks to the work of
Kappeler and Topalov [30], we know the periodic initial-value problem is globally well posed
in H*(T) fors > —1. Here, T = R/Z is the one-dimensional torus. However, the proof in
such large spaces was made using the inverse-scattering formulation of the problem. As far as we
can tell, the systems (1.1) do not generally possess an inverse-scattering theory, so the Kappeler-
Topalov result does not easily generalize to them. Theory using harmonic analysis techniques has
been developed by Bourgain in a series of papers and later improved by Kenig, Ponce, and Vega.
The crowning achievement so far for the periodic initial-value problem using harmonic analysis
and energy estimates is found in the paper of Colliander, Keel, Staffilani, Takaoka, and Tao [25]
where detailed references to the work of Bourgain and Kenig, Ponce, and Vega can be found. The
current state of the art using these techniques is that the problem is globally well posed in H*(T)

1
provided s > —3



For the systems (1.1), the well-posedness in H°(T) has not yet been dealt with. A
straightforward Bona-Smith argument [19] together with the a priori H'(T)-bound provided by
the invariants (1.3) and (1.5) when 4ac — b* > 0 (so that the quadratic form Y is positive definite)
yields global well-posedness for s > 1. It seems likely this can be improved, but global well-
posedness in H*(T) x H*(T) for values of s > 1 suffices to provide the backdrop for the error

estimates which are one of the main contributions of the present essay.

1.1.2 Solitary waves

It was shown in [11] that when 4ac — b* > 0, the systems (1.1) always possess solitary-wave

solutions of the special form

B

(us(, 1), v5(z, 1)) = (1, pi2) P (x — wt) = 3w(puy, o) sech? ( (x — wt)). (1.7)

The parameters y; and po are real constants that are independent of the speed w of propagation.
It transpires that it is only the ratio ;1 = 9/ that is in question here (or in special cases where

w1 = 0, the ratio v = p; /o). These ratios satisfy the cubic equation
Ci> +(B-F)p>+(A—E)u—D=0
subject to the side condition A + By + Cu?® # 0. In case 1 = 0, this becomes

DV +(E—-Av*+(F-Bv—-C=0



subject to DV’ + Ev+F = 0. For details, see [11] or [Bona et al.].

As the speed w is independent of y or v, these solutions comprise smooth curves in
function space of traveling waves. Such solutions were termed proportional solitary waves since
both u and v have the same shape function. While such solutions always exist when 4ac — b* >
0, they need not be unique even among proportional solutions. They will be used to implement
accuracy tests in the numerical experiments. Introductory remarks about the numerical schemes

are presented next.

1.1.3 Background for the numerical schemes

Design and analysis of numerical schemes to approximate solutions of the systems (1.1) is the
focus of the present essay. Naturally, our treatment of this approximation problem is guided by
the very considerable literature devoted to approximating solutions of the single KdV equation
(1.2). The work described here finds its inspiration in the body of work on discontinuous
Galerkin (DG) methods for KdV-type equations and their relatives.

Despite the existence of a surfeit of numerical schemes for the KdV equation, rigorous
error estimates for them were rare until the new millenium. Early work that featured rigorous
theory may be found in the the papers [38] of Wahlbin, [39] of Winther and [5] of Baker et al.

The main obstacle to deriving error bounds is the difficulty of constructing a viable
projection for the dispersive (third derivative) term that would play a role similar to that of
the elliptic projection in the context of parabolic and hyperbolic problems. The work of Chi-
Wang Shu and collaborators, and in particular the articles [23], [41], [40], opened a new path

for constructing such projections in the setting of the DG method and its local version, the local



discontinuous Galerkin (LDG) method. These projections allowed error estimates for both the
local and non-local versions of the DG method for the full nonlinear problem.

Later, again building on the work of Cheng and Shu [23], a DG scheme was put
forward in [13] that had the salutary property of preserving up to round-off error the first two
invariants of the KdV equation. Such schemes are called conservative, whereas the earlier
schemes mentioned above were dissipative. That is, the scheme itself introduces dissipation
into the approximation. As is often the case with Hamiltonian systems, schemes that preserve
invariants of the motion have improved long-time behavior of the errors. This theme was pursued
further in [33] through the development of a DG scheme preserving the third invariant, which can
act as a Hamiltonian for the KdV equation.

More recently, a posteriori error estimates were obtained in [31] and [32] for both DG
and LDG versions of schemes for the Generalized KdV equation. The key step introduced in [31]
was a reconstruction operator that was used to obtain the first such estimates for nonlinear time-
dependent equations of KdV-type. This operator can be adapted to the treatment of derivatives
of arbitrarily high order and applies equally well to conservative and dissipative numerical
schemes.”

The present work is an extension of the ideas and techniques alluded to above for a
single, nonlinear, dispersive wave equation to coupled systems of such equations. It constitutes a

first attempt at the construction of approximations of solutions to such systems including rigorous

2Post-publication note from MMW: This idea of dispersive reconstruction is the same idea which gave rise
to the second half of this dissertation. Using this technique, this dissertation provides the first such a posteriori
estimates for finite element methods of systems of nonlinear, dispersive time-dependent equations. Indeed, this work
improves on the work of [31] for the single generalized KdV equation by providing methods which are conservative
in space and in time and by further isolating spatial a posteriori indicators which are independent of time and
temporal a posteriori indicators which are independent of space.



analysis of these approximations. Both conservative and dissipative formulations for the system
(1.1) will be considered, with an eye to understanding the advantages and disadvantages of each.
The conservative formulation has the property that the invariant Q(u(-,t), v(-, t)) defined in (1.3),
with R replaced by [0, 1] and solutions (u, v) that are periodic of period one in space is constant
in time, up to round-off error. On the other hand, for the dissipative method, Q(u(-,t),v(-,t)) is
a monotone decreasing function of time. Of course, up to roundoff error, both schemes are such
that the so-called “mass” quantities / 1 u(z,t) dz and / 1 v(x,t) dz are time-independent.
0 0

Both approaches appear to be worth studying and have differing characteristics on the
theoretical as well as the computational level. For one, while the conservative approach offers
the promise of improved error behavior over long time intervals, the analysis becomes much
more arduous. Indeed, the definition of the projection operator is not local anymore and its
well-posedness can be established only after some conditions are imposed on the degree of the
polynomials used and the parity of the number of cells. While such restrictions might strike the
reader as odd, they have been seen already in a number of related works (e.g. [13], [33] and [32]).

The paper is organized as follows: Section 1.2 is devoted to notation and other
preliminary material including the function spaces that are relevant to the analysis that follows.
The finite element spaces are then introduced. These consist of continuous piecewise polynomial
functions defined on the period domain T. The requirement of continuity is a small departure
from the standard DG method. It is put into place to minimize the technical difficulties arising in
the treatment of the nonlinearities (see Proposition 3.3 in [13]). Weak forms are also introduced
for the nonlinear and dispersive terms. The forms considered herein for the dispersive term
come in two flavors, conservative and dissipative, denoted D and D, respectively (see (1.16)
and (1.19)). They are inspired by the corresponding forms used in [13] and [23], respectively.
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The analysis of the numerical schemes is effected by appropriate projection operators. These are
constructed and their well-posedness as well as approximation properties examined in detail. As
already mentioned, conservation causes the projection operator to be nonlocal, a fact that has as
a consequence the above mentioned restrictions on the degree ¢ of the piecewise polynomials
and the number of cells in the mesh. For the conservative formulation, it is shown that the
approximation power of the projection is optimal, which is to say O(h?™!), only if the mesh is
uniform. Otherwise, it is O(h?). On the other hand, the dissipative projection is entirely local
and its well-posedness and optimal approximation properties are readily established without any
conditions on the degree ¢ or the mesh.

In Section 1.3, the conservative semi-discrete formulation is introduced. The integral
Q(up,vy) of the semi-discrete approximations (uy, vy) is conserved and the problem is seen to
be globally well posed whenever solutions a, b, and ¢ of (1.4) satisfy the positive-definiteness
condition 4ac — b* > 0. It is also shown that the pair (uy,, vj,) converges to (u,v) at the rate
of O(h?) if the mesh is uniform, but O(h?™!) otherwise. A similar analysis is carried out using
the dissipative form for the dispersive term to obtain semi-discrete approximations (i, 0y,).

The analysis of well-posedness and convergence follows lines akin to those of the conservative
method, so the details are only sketched. In particular, the convergence rate for this approach

is shown to be O(h?) without any restrictions on ¢ or the mesh. In Section 1.3.4, fully discrete
schemes based on Implicit Runge-Kutta (IRK) time stepping methods belonging to the Gauss-
Legendre family (cf. [Dekker and Verwer]) are put forward. The choice of this particular class
of methods is motivated by their excellent accuracy and stability properties. A special feature of

the stability for these methods allows us to show that when used in tandem with the conservative



form D, they yield fully discrete approximations (u",v") for which Q(u", v™) is constant, which
is to say, Q(u"t! ") = Q(u™, v") at each time level n, up to roundoff error.

In the last section, results of numerical experiments are reported. These include
actual convergence rates, behavior of {2 as a function of time, and an appraisal of the relative

performance of the conservative and dissipative methods over long time intervals.

1.2 The Numerical Approximation

Details of the numerical approximations are now set forth. This begins with a discussion of the
spatial discretization which leads directly to a semi-discrete approximation of the continuous

problem.

1.2.1 The meshes

Let 7}, denote a partition of the real interval [0, 1] of the form 0 = zg < 27 < -+ < xpy = 1.

We will also say that 7}, is a mesh on [0, 1]. The points x,, are called nodes while the intervals

Iy = [T, Tmy1] Will be referred to as cells. The subscript & will connote the maximum length
of the cells I,,, m = 0,1,...,M — 1. The notation z,, = ) = ux,, will be useful in

taking account, respectively, of left- and right-hand limits of discontinuous functions. The caveat
followed throughout is that 7, = x,; and z}, = ] corresponding to the underlying spatial

periodicity of the solutions being approximated.
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1.2.2 Function spaces

For a real interval [ = [ay, as], the Sobolev spaces W*P = W*P(I), equipped with their usual
norms will appear frequently. When p = 2, we also use H* = H*(I) to denote W*?(I). An
unadorned norm || - || will always indicate the L*(I)-norm. Use will also be made of the so-called
broken Sobolev spaces W*P(T},) that are defined as the finite Cartesian products H WeP(I).
Note that when sp > 1, the elements of W*?(T},) are uniformly continuous whe;erZstricted to a
given cell but may be discontinuous across nodes. For the purpose of indicating these potential
discontinuities, the following notation is used: Forv € H*(T,) = W"*(T,) with k > 1,
let v and v, denote the right-hand and left-hand limits, respectively, of v at the node z,,,. The
jump [v],, of v at x,, is v, — v, whereas the average {v},, of v at x,, is %(v:; + ;). These are
standard notations in the context of DG—methods. In all cases, the definitions are meant to adhere
to the convention that v, = v;, and vy, = vy which is tantamount to identifying x and ;.

For integer m > 0, C™([0, 1]) is the space of functions that are, together with classical
derivatives of order up to m, continuous on [0, 1]. The periodic versions of these spaces, namely,

cr (10,1]) = {v e C™([0,1]) : v9(0) = 0(1), 5 =0,1,...,m},

per

will also arise. For m > 1, set H? (T,) = C2..((0,1]) N H™(Ty).
The following, basic embedding inequality (see [2]) will find frequent use. For a mesh
Tn,v e H 1(771) and any cell I € Ty, there is a constant ¢ which is independent of the cell I such

that

[l < (Aol + b "ol ). (1.8)
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where h; is the length of /. Indeed, the dependence of (1.8) on the value of h; is easily ascer-

tained by a simple scaling argument. Note that (1.8) may also be viewed as a trace inequality.

1.2.3 The Finite Element spaces

The spatial approximations will be sought in the space of continuous and periodic piecewise

polynomial functions V! subordinate to the mesh 7y, viz.,

Vil = {v cC® ([0,1]): v

per

qu(Im),m=0,1,...,M—1}

1 m

where P, is the space of polynomials of degree . The spaces V}’ are subspaces of H ver(Tn) for

any m > 1 and have well known, local approximation and inverse properties which are spelled
out here for convenience (cf. [21]). Let ¢ > 2 be fixed and let 7, 7 be such that 0 < 7 <17 < g+ 1.

Then, for any cell I and any function v in W/*(I), there exists a function x € P,(I) such that
v = Xlwir(ry < by olwiny, P = 2,00, (1.9)

where |v|yj»(1) denotes the seminorm of order j on the Sobolev space W7P(I) and the constant ¢

is independent of ;. The equally well-known inverse inequalities
53 ,
IXlwiey < ch] * x|, 0<j<q+1,p=200 (1.10)

for all x € P,() (see, again, [21]) will also find frequent use.
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1.2.4 The weak formulations

The weak formulation of the problem begins with consideration of the nonlinear terms in (1.1),
each of which are of the form (uv),. Keeping in mind that we will be working with continuous

periodic functions, it is natural to define the form N via integration by parts, viz.,

N(uvix) ==Y (w,xa)r, wv,x € H(Tp), (1.11)

I€Ty,

where (-, -); denotes the inner product in L? over the cell I. The form / is actually a trilinear
form and is well defined since H'(7T},) is a Banach Algebra. This trilinear form is also obviously
symmetric in its first two arguments. By virtue of the Riesz Representation Theorem, this form
defines the associated nonlinear operator N : H'(T,) x H'(T,) — V,! whose L*([0, 1])-inner

product with any x € V;" is

(N (w,v),x) = = Y (uv, X2)1- (1.12)

IeTy

Other pertinent properties of A are summarized in the following lemma.
Lemma 1.1.

(i) The nonlinear form N defined by (1.11) is consistent in the sense that

N(u,v;x) = (u)e, X)), u,v,x € Hpe(Th). (1.13)
(ii) Foru,v € H;er(ﬁ),
1
N(uviw) =5 3 (0% u0)r. (1.14)
IeTy,

13



Proof. (1) Integration by parts yields

M

N i) = 3 ()eo )i — 3l = () ).

I1€Ty m=0

—_

since the jump terms vanish because of the assumed continuity and periodicity conditions.

(i1) Since u, v are continuous and periodic, integration by parts yields

N(u,v;v) = —% Z((UZ)JC,U)] = % 2(02,uz)1.

1€y I1€Ty,

1
A simple but important consequence of periodicity is that the integral / (u?)udz
0
vanishes for u € C_(]0,1]). As a direct consequence of the above lemma, we see that the form

per

N preserves this property on H ;e,,(ﬁl) and in particular on V}/.

Corollary 1.2. The form N is conservative in the sense that

N(u,u;u) =0, we H,,(Th). (1.15)
Proof. Letu € H,, (T;). Formula (1.11) implies that N (u, u;u) = — Z(u2,ux)1 whereas
IETs,
1
(1.14) shows that N (u, u; u) = 5 Z(uz, uy) 7. The result follows. O
IETh,

Attention is now turned to constructing a bilinear form to represent the dispersive (third

derivative) terms. It is similar in spirit to the form D introduced in [13] with the difference being
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that the prevailing spaces are globally continuous.’ For u, y € H?(T}), define D by

IeTy,
The next lemma delineates properties of D that justify the particular form chosen in (1.16).
Lemma 1.3.

(i) The bilinear form D defined by (1.16) is consistent in the sense that

D(u,x) = (taaws X), € H*(Ta) N Cpe,([0,1]), X € Hpe,(Th). (1.17)

(ii) The form D is skew-adjoint so that

D(v,v) =0, Yove H*(T). (1.18)
Proof.

(i) Integrating by parts twice yields

[y

IeTy, m=0 m=0

[y

3Post-publication note from MMW: While this remark remains as innocuous as it appears during the a priori
analysis, it gives rise to a crucial issue of the a posteriori analysis. Indeed, the choices of definition presented here
for both the dissipative and conservative dispersive forms are but specializations of their discontinuous counterparts
in [13] when test and trial spaces which are taken to be subsets of the space ngr(ﬁ). The discontinuous test
functions used in the definition of a local dispersive reconstruction will necessitate the use of the more general
dispersive forms presented in [13], which are also consistent for discontinuous test functions, unlike the forms herein
presented, which are only consistent for test functions in ngr(’m)) (see (1.17) and (1.20)).
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Since u,, and x are continuous and periodic, it follows that the jumps [u,, x|, vanish. The
identity [ty Xe]m = {Us tm[Xelm + [te)m{Xe }m holds for u,x € H?(Ty). Since the jumps

[t also vanish, the result follows.

1
(ii) To establish (1.18), note that v,v,, = §(v§)x Thus

N | —

Z (vza U:m:)[ = -

M—1
> [

I€Ty, m=0

The result now follows from the observation that [v2],, = 2{v, }1n[Ve)m.

]

It will also be convenient to define the operator counterpart D : H*(T;,) — V;? of the

bilinear form D(-, -) via the requirement
(Du, x) = D(u,x), Yx €V

The dissipative version

M-1

D(u,x) = Y (tay Xax)1 + Y Ua(@,) [Xalm (1.19)

IeTy

of the bilinear form D may also be used to represent the third derivative terms. The following
lemma summarizes the properties of D that are the counterparts of those of D shown in Lemmas

1.1 and 1.3. The proofs are similar and therefore omitted.
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Lemma 1.4.

(i) The bilinear form D defined in (1.19) is consistent in the sense that

D(u, X) = (Ugzar X), w € H*(Ty) NCL,([0,1)), x € HL.(Th). (1.20)
(ii) The form D is dissipative, which is to say,

Plo, v) = % Sl e BYT). (121)

1.2.5 The dispersive projections

A conservative projection operator P : C,..([0,1]) — V;! adapted to the bilinear form D is
now constructed following the ideas in [13]. In contrast to [13], the range of this projection is

comprised of (globally) continuous, periodic functions.

For u in C,,,([0,1]), the projection of w is the function w = Pu in V! that satisfies the

conditions
(ZU,X)[ = (u7X)I7 VX € Pq—S(I)v I e 7717
w(z)) = u(zh), m=0,1,....,.M —1,
(1.22)
w(x,,) =u(x,,), m=0,1,...,M —1,
{we b = {tsz}ms m=0,1,...,M — 1.
Note that for ¢ = 2 the first condition is vacuous. Also, since v and the elements of V;’ are
continuous and periodic, the second and third conditions can be equivalently expressed as
W(Ty) = u(zm), m=0,1,..., M. However, there is no guarantee that such a projection will be
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well defined. Indeed, due to the nonlocal nature of the fourth condition in (1.22), existence will
be shown only when certain conditions on ¢ and M are satisfied.
When it exists, the operator P plays a central role in establishing error estimates for the

conservative, semi-discrete method and is adapted, as the next lemma shows, to the bilinear form

D.

Lemma 1.5. Foruin C),.([0,1]), if its projection w = Pu defined in (1.22) exists, then it

satisfies

D(w,x) =D(u,x), x €V (1.23)

Proof. First, note that [uxXz]m = [U]mXaz(7,,) + %' [Xze)m. Since u is continuous and periodic,

+

the jumps [u],, are all zero. Because w;" = v and both u and w are continuous, it transpires that

[UXaalm = U [Xazlm = Wi [Xaelm = [W]mXaw(27,) + W [Xea)m = [WXaxlm

In consequence, upon integrating by parts the term Z (s, Xzz)7 in (1.16), it follows at once
IETs
from the above identity and the definition of w that

S

D(’LL, X) = - Z (u, X:L‘a:x)[ - uXa:x m+ Z{ux}m X:r: m

S i

I€Th
M-1
I€T, m:0
A further integration by parts then yields
M-1
D(u,x) = Y (Way Xax)1 + > A0 n[Xalm = D(w, x).
1€Th m=0
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The proof is complete. O

Combining this result with (1.17), one sees that for v € C2_ ([0, 1])

per

Dw = Pougpy, (1.24)

where P, is the L*-projection operator into Vi

Next a related projection operator P : Cper([0,1]) — V;?is defined which is
adapted to the bilinear form 25(-, -). It will be used in the analysis of the dissipative semi-discrete

formulation. Interestingly, it also plays a role in the analysis of the projection P.

oru € , 1]), its projection w = Py is define the conditions
F Ct ([0, 1]), its projection @ = Pu is defined by the cond

per

(W, x)1r = (u,X)r,  Vx € Pys(l), I €T,

w(zt) = u(z)), m=0,1,...,.M —1,
(1.25)
w(z,) =u(x,,), m=0,1,...,.M — 1,

Wy (zh) = uy(x)) m=0,1,...,.M — 1,

In contrast to (1.22), the conditions in (1.25) are entirely local to each cell. Hence, the proofs
of existence and uniqueness of this projection are straightforward. Furthermore, classical finite
element approximation theory (see again [21, Ciarlet]) can be brought to bear to show that w is

an optimal approximation to suitably regular w.

19



Proposition 1.6. The projection operator Pis well-defined for ¢ > 2. Furthermore, for any

element uw € WItHP(T,) N O ([0,1]), the optimal approximation properties

per

lu — @ winay < chE |ulworiogy, TE€Th, =01, p=2 00, (1.26)

obtain, where hj is the length of cell I and c is independent of v and I.

Proof. The definition of P is local to each cell and involves linear equations. Hence, to prove
existence and uniqueness, it suffices to show that © = 0 implies w = 0.

For ¢ > 0, let Py(t), be the usual Legendre polynomials that are orthogonal on [—1, 1],

normalized so that P,(1) = 1. Given acell I,,, = |2, 1], m = 0,1,..., M — 1, consider the
affine map
hm m m
p=a(g) = e T Im g g, (1.27)

that maps [—1, 1] onto I,,,. The family of rescaled Legendre polynomials P, () is defined by
P,.o(z) = Py(&) where x and ¢ are related by (1.27). The polynomials P, , are orthogonal with
respect to the L2-inner product on 1,,,.

Let w,,, denote the restriction of w to 7,,,. It can be be expressed in terms of the rescaled

Legendre polynomials thusly;
q q
wm(x) - Z am,ZPm,E(x) - Z am,ZPZ(g)-
=0 =0
The first equation in (1.25) and the orthogonality of the Legendre polynomials imply that

ame=0, £=0,1,...,q—3. (1.28)
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Since P;(+1) = (41), the second and third equations in (1.25) translate to

—2
0 = E e Pr(—1) = (=1)7" (g2 — Qg1 + Q)
l=q—2
0 = m+1 E U o Po(1) = Qg2 + Qg1 + Qg
l=q—2

It follows from these two equations that
Omg-1 =0 and o492+ g =0. (1.29)

1
The fourth equation in (1.25) and the well-known identities P;(+1) = §(i1)£’1€ (¢ + 1) for any

¢ € {0} UNlead to

q
0=1ty(z)) = > omeP) (z), Z .o P} (— (1.30)
l=q—2 " t=q—2
1 _
= = (=D (@ = 2(g = Damg = (@ = g mg1+a(g+ 1)m).

Using the fact that o, 1 = 0 and the second equation in (1.29) together with the fact that the
values of (¢ — 2)(¢ — 1) and ¢(g + 1) are never the same reveals that o, ;s = @, , = 0. Thus,
w = 0 whenever u = 0, so the projection operator is indeed well-defined.

The arguments above show that Pu = u whenever u belongs to V,X. The approximation
properties (1.26) are established by an application of the Bramble-Hilbert Lemma. This

completes the proof. O
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Proposition 1.7. For even values of q, the projection operator P is not well defined in general.
On the other hand, it is well defined for odd values of ¢ > 3 provided the number M of cells is

also odd.

Proof. The machinery set up in the proof of Proposition 1.6 is applied to the difference w — w
rather than w. Existence, uniqueness, and approximation properties of w will be deduced from
those that can be established for this difference.

Letting e denote the restriction of w — w to [,,, it follows from the first three equations

of (1.22) and (1.25) that (e, x)r,, = 0, x € P,_3(/) and e(x") = e(x,,) = 0. Expanding in terms

m

of the rescaled Legendre polynomials as before gives
q q
e= Z Ut P o () = Z e Pr(§),
=0 =0
and just as before, the analogs of (1.28) and (1.29) hold. Consequently, there results
ame=0,0=0,1,...,¢—=3, amg1=0, Qngo2=—0ng4 (1.31)
On the other hand, from the fourth equations in (1.22) and (1.25), there obtains

(te(@n) = @u(7,)) = T (1.32)

N | —

{ea}m =
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This, in turn, translates into

"’((q —2)(¢ — Dam-1,4-2+ (¢ — 1)gaum—1,4-1 +q(q + 1)O‘m71,q)/(2hmfl)a

using the fact that o, 10 = e = 0, £ = 0,1,...,¢ — 3. This last result can be further

simplified since o, ¢—1 = 0 and oy, q—2 = —y, 4. The upshot is that

M = (=) 3B + Bty B i= (2¢ — Datpmg/hm, m=0,1,..., M — 1, (1.33)

with the understanding that the indices are modulo M. This is a system of M linear equations
in the unknowns f, . . ., Bys_1 and the projection w is well defined if and only if the system is
uniquely solvable.

If ¢ is even, the coefficient matrix of this linear system is circulant with first row

[—1,0,...,0,1]. The nullspace of this matrix is the span of the vector (1, 1,...,1); hence the
M-1

system (1.33) does not have a solution unless Z Nm = 0, a property that cannot be assumed to
m=0

hold in general.

On the other hand, if ¢ is odd, the matrix is again circulant but with first row [1,0,...,0,1].
If M is even, the nullspace of the coefficient matrix is the span of the vector (1, —1,...,1,—1)
and the matrix is again singular. However, it is invertible if M/ is odd and its inverse is also

1
circulant with first row 5[1, 1,—1,1,...,1, —1]. To summarize, if ¢ and M are odd, then the
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coefficients {c, ,} M= are well defined and therefore so is e = w — 1, which in turn implies

that w is well defined since w is already uniquely defined. This completes the proof.

Proposition 1.8. Suppose the assumptions of Proposition 1.7 are satisfied so that the conserva-

tive projection operator P is well defined. Then for u € C?}, ([0,1]) N WIT>°(T,), 5 = 0,1 and

per

p = 2,00, the following quasi-optimal approximation properties hold:

]
lu— Pullwirqy < chy 77 B ul || Ly, (1.34)
JETH

Here, h is the length of the interval J as before. If in addition the mesh T, is uniform and u also

belongs to WIt>>(T,), the optimal approximation estimates
1 .
lu = Pullwiwy < ch? ™ u|warzoo gy, (1.35)

are valid. Here, h is the uniform length of the intervals comprising the mesh.

Proof. The approximation properties of w will follow from those of w displayed in (1.26) by
finding suitable bounds for e = w — w. As seen in the proof of Proposition 1.7, for ¢ and M odd,

the system exhibited in (1.33) is uniquely solvable and yields

M-1

1 2
Bm = 5(77771"— Z (nm+2k71 _nm+2k)> m:O,l,...,M— 17 (136)

k=1

where the indices in the sum are all read modulo M.
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Recall that vy, p = 0, € = 0,1,...,¢ — 3, apmg—1 = 0 and ay, g2 = —ay, 4. From the

orthogonality of the P, , and the well-known fact that || P, o||7 = h.,/(20 4 1), it follows that

q
4q — 2
2:22Pm2: hma?, .. 1.37
Heulm — Oém,fH 7‘€Hfm (2Q_3)(2q+1> am,q ( )

It is clear from the inequalities in (1.26) that

el = luo(e) = @o(a7)| < chi_y Ju" ™ pmqr, ), €=0,1,..., M — 1.

(Keep in mind that the indices ¢ are all taken modulo M .) Hence, it follows from (1.36), ignoring

for the time being the alternating signs, that

h

gl = 3 - || < chim > B [ul| o), (1.38)
q JETH
Combining this with (1.37) gives
lellr < eh™ > Byl ). (1.39)

JETh

Since u —w = u — w — e, (1.26) and (1.39) lead to (1.34) with p = 2,5 = 0. Moreover, using
(1.39) and the inequalities (1.8) and (1.10) applied to e together with (1.26) gives (1.34) for the

remaining cases p = o0, j =0,landp=2,57 = 1.
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The estimate (1.34) can be improved by exploiting the alternating signs in (1.36).

Indeed, the techniques appearing in the proof of Proposition 3.2 of [13], show that

q—1

ne=hi_ > pu ™ (Comrg), Gy € Lo, (1.40)

Jj=0

where p;,7 = 0,1,...,q — 1 depend only on g. If hy = h, then (1.40) and the Mean-Value

Theorem can be used to extract an extra power of h, viz.,

qg—1
|77L/ - T]e+1| = I Z |Pj‘ ‘U(qﬂ)(ﬁz—u) - U(q+1)(@,j)|
§=0
< e [l e 1,y (1.41)
The proof of (1.35) follows as before. [

Remark. Commentary is in order concerning the conditions imposed in Propositions 2 and 3.

(i) It should be emphasized that the condition that both q and M are odd pertain only to
the existence and approximation properties of the conservative projection operator. The
conservative semi-discrete approximation (1.44) is well defined, independently of this

assumption.

(ii) Obviously, there is no problem with creating meshes T;, with an odd number M of
cells. Moreover, this property is easily preserved in a process of repeated refinement or
coarsening at later times in the temporal integration. Numerical experiments indicate that
the convergence rates are the same, whether or not the mesh possesses an odd number of
cells and so we have tentatively concluded that this restriction is simply an artifact of our
proof, which relies upon the projection.
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(iii) With h = max hj, using the fact that Z hy =1, it follows from (1.34) that
JETh

Hu_wH S Cthu”Wq-ﬁ-l,oo(o’l), (1.42)

which is quasi-optimal. Similarly, if the mesh is uniform, the estimate (1.35) leads to the

optimal bound

Ju—w| < ch*||ullwarzoe(o0,1)- (1.43)

Note that the characterization of optimality refers to the exponent of h and not the
regularity required of u. Henceforth, we shall write ||u — w|| < ch* withy = q + 1 or

q (depending on whether the mesh is uniform or not), omitting the dependence of c on u.

1.3 The semi-discrete approximations: Existence, uniqueness

and error estimates

1.3.1 The conservative semi-discrete formulation

The stage is set for defining the semi-discrete approximation to solutions of the system (1.1). For

a given partition 7y, let uy, vy, in V,f x [0, T'] be the solutions of the coupled system

N (a1
Unt A B C Duy, 0
+ N(Uh, Uh) + = 5 (144)
Uht D E F Dy, 0
N(Uh, Uh)
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of first-order in time operator equations with initial data u), vy € V,I. The initial data will of

course be a suitable approximation of initial data u, vy for (1.1) (see Theorem 1.11).
Expanding u;, and vy, in terms of a basis for the finite-dimensional space V}/, it

is readily seen that (1.44) is equivalent to an initial-value problem for a system of ordinary

differential equations of the form (U, V;) = F(U, V') where F is quadratic and, consequently,

locally Lipschitz continuous. It is then immediate that this system has existence and uniqueness

of a solution corresponding to given initial data uj, v}, at least locally in time.

The following lemma is central to our development.

Lemma 1.9. Let (a, b, ¢) be a non-trivial solution of the system (1.4). If u,v € V}!, the following

identity holds
N (u, u)
1 A B C
Z(u,v) := / [2au + bv bu + 2cv] N(u,v) | =0. (1.45)
° D E F
N (v,v)

Proof. In detail, Z(u, v) is written as

T(u,v) =  2aAN (u,u;u) + bAN (u, u;v) + 2a BN (u, v;u) + bBN (u, v;v)
+2aCN (v, v;u) + bCN (v,v;v) + bDN (u, u; u) + 2¢DN (u, u;v)

+bEN (u,v;u) + 2¢EN (u, v;v) + bFN (v, v;u) + 2¢FN (v, v;v).
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The four terms of the form N (w, w; w) all vanish on account of (1.15). For the remaining terms,

the elementary relations
N(u,u;v) = =2N (u,v;u) and N (v,v;u) = —2N (u, v;v)
lead to the formula
Z(u,v) = N(u,v;u) |2Ba+ (E — 2A)b — 4Dc] + N (u,v;v) [ —4Ca+ (B —2F)b + 2Ec].

The fact that (a, b, ¢) is a solution to (1.4) thus implies that Z(u, v) = 0 and concludes the proof.

]

Theorem 1.10. Suppose (a,b, ) is a solution of the system (1.4). Let (uy,, vy,) be a solution pair
of (1.44). Then the quantity Q(uy,, vy) is independent of time. Furthermore, if b < 4ac, the

solution is global in time and uniformly bounded.

Proof. Multiply the first equation in (1.44) by 2auy, + bvy, the second equation by buy, + 2cvy, and

integrate the sum of these over the the period domain [0, 1]. The result is

d
&Q(uh, vn) + Z(up,vp) +  2aD(up, up) + b(D(un, v) + D(vp, up))

+ 2¢D(vp,vp) = 0. (1.46)
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Lemma 1.9 reveals that Z(uy, v,) = 0. The skew-symmetry of D implies that D(uy, uy,),
D(vp, vy) and D(up, vp) + D(vp, up) vanish. Therefore,

d
&Q(uh,vh) = 0, (147)

whence €2(uy,, vp,) is independent of time.
If b* < 4ac then there is a positive constant o such that U/l(ui—l—vi)dx < Q(up,vp) so
0
that both ||uy,|| and ||vy,|| remain bounded as long as the solution exists. In view of the equivalence
of norms on the finite-dimensional space V}, ||u,||o and ||vs||oo and consequently the compo-
nents of U and V" are also uniformly bounded as long as the solution exists. This conclusion
allows the local existence theory made via Picard iteration to be continued indefinitely, leading

to a global solution which is necessarily uniformly bounded in time. [

1.3.2 Error estimates for the conservative semi-discrete approximation

A preliminary observation is helpful. Let u and v be smooth and periodic solutions of the system
(1.1). In view of the consistency of the form A shown in (1.13) (equivalently that of the operator
N, it follows that N (u, u) = Py((u?),), N(u,v) = Py((uv),) and N'(v,v) = Py((v?),) where
P, is the L*-projection onto V,I as before. Since D is similarly consistent (see (1.17)), Du =

Potizzz, Dv = Pyvg... By applying F, to the system (1.1), there obtains

N (u,u)
Pyuy A B C Du 0
+ Nu,v) | + = : (1.48)
Byv, D E F Du 0
N (v,v)
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The strategy is to make a comparison of uy, v, with the projections w® = Pu, w® =

Pv of u and v, respectively, as defined via (1.22). Consider the new quantities

¢ = gy — w®),
¢ =g — w®,
7™ =y —w™, and

n® =y — w®)

Replace Du by Dw™ and Dv by Dw™ in (1.48) using Lemma 1.5 and then subtract the result

from (1.44). There emerges the error equation

i N (up, up) — N (w™ w™)
¢t A B C D™
+ N (un, vp) — N (0™, w™) | +
¢ D E F DCO)
B} N (vp, vp) — N (w™, w®)

i N (u,u) — N (w™, w™)
Py A B C
= + N (u,v) = N(w™, w®) |

Pyn” D E F
- N(,v) = N(w™ w™®)

where (wﬁu), wt(”)) has been subtracted from both sides. This system is written as

Q: + Q1 + Q2 = Q3 + Q4 for convenience.
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As in the proof of Lemma 1.9, multiply the latter system from the left by the vector

Q(t) = [2a¢™ + b¢™ b¢™ 4 2¢¢)] and integrate over [0, 1] to derive

/ QQ.dz = S0, () (1.49)

A previous calculation shows that

1
/ 0Qu dz = 2aD(C™, ¢) 1+ b(D(C™, (W) + DECW, ¢)) + 26D, (W) = 0. (1.50)
0
Applying the identities

N, up) = N (™, w) = N, ¢) + 2N (™, ()
N (up,vp) = N(w™, w®) = N, W) + Nw™, ¢ + N(w™, ™) (1.51)

N(Uh,vh) —N(w(”),w(”)) — N(C(”), C(v)) + QN(w(U)’ g(v))’
allows the conclusion

/ Q@ud = T(CW, V) (152)
N (w™, ¢, (W) (4Aa 4 2Db) + N (w™, ¢™W; ¢ (2Ba + Eb)
N (W™, ¢ ¢ (Bb + 2Ec) + N (w™, ¢ () (2Ch + 4Fc)
+ N (w™, ¢ ¢ (2Ba + Eb) + N (w™, ¢™; ¢)(2A4b 4 4Dc)

+N (W, (W5 () (4Ca + 2Fb) + N (w', (" () (Bb + 2E¢).
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On account of Lemma 1.9, Z(¢™", (™) = 0. Let (01,1 denote the first four of the last eight terms

in (1.52). Formula (1.14) permits this to be rewritten as

Qi1 = (24a+Db) > ((¢™)%w), + (Ba+ Eb/2) Y ((¢™)* wl),

I€Th I€T,
(Bb/2+ 5¢) Y (€O, 0), + (O +27¢) Y (€ 0l),
I€Th I€Ty,

Now it results from (1.34) with p = oo, j = 1 that if h = max h;, then

lwS ey + NSy <D h?(Hu(q“)HLw(J) + HU(qH)HLw(J))

JETh
< Chq’l(Hu(qH)HLoo([o,u) n \Iv(q“)llLoo([o,u)) S hy
JETh
Since Z h; = 1, it follows that
JETH

||w§;‘)||Loo(1) + ||U}S})||Loo([) S C. (153)
This in turn leads to the bound

|Qua] < c(lIS™1P + 11K™)1%). (1.54)

In handling the next two terms, which are denoted by ()1 o, it is crucial that
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2Ba + Eb = 2Ab + 4Dc, a fact that flows from the first equation in (1.4). Because of this

relation,

Q2 = —(2Ba+Eb) Y. ((w<“)<<”),<’§“>),+ (w<u>c<“>,<£”>)1)

I€Ty

= (2Ba+ Eb) Y (wl”,¢M¢W), .
1€Ty

In view of (1.53), it is concluded that

[@ua] < eI < 5 (12 + 116)?). (1.55)

It is also the case that 4C'a + 2F'b = Bb + 2Ec, so that if (); 3 denotes the final two terms in

(1.52), then

Qo= —(4Ca+200) Y (¢ ), + (¢, ¢),)

IeTy,

_ (40(1 " 2Fb) Z (w:(vv)’ g(U)g(v))I'

I€Ty,

Consequently, the inequality

|Qua| < ell¢™NI¢™) < g(IIC‘“)II2 + ¢ (1.56)

may be extracted. Combining (1.54), (1.55) and (1.56) yields
1 ~
| @Quds < (P + 1¢VR). (157
0
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1
Next, consider the term / Q)3 dx. Since the time derivative commutes with P, it
0

transpires that

< Ch”(llutllww’oo([o,l]) + HUtHWH“wqo,u)) <HC(”)H + HC(”)ID (1.58)

/01 QQ:s dz

(see Proposition 1.8 and part (iii) of Remark 1 following its proof). It remains to estimate the

1
term / Q)4 dz. Using integration by parts, it can be arranged as
0

1
[ Q@i = 337 (e 00, 14 D, N+ (D,

a,B,y I€Th

where each of the indices «, 3,y can be u or v and cﬁh 3 are constants depending on AB,. .. F

as well as a, b, and c. Unfortunately the cancellations that occurred in the estimation of / 1 QQldas
0

do not appear here and, as will be seen, the terms in the second sum will cause a loss of one

power of h.

Using (1.34) and (1.35) with p = oo, 5 = 0, 1, it follows that
17| ooy < e and |9\ ooy < ch?~. (1.59)
Since [|[w'®|| ooy and ||w || oo (ry are bounded, it is deduced that
1 ~
| @Quds < et (1e) + ) (1.60)
0

The pieces above are now assembled to establish the convergence of the conservative

semi-discrete approximations.

35



Theorem 1.11. Suppose the solutions u, v of the system (1.1) are sufficiently smooth and
periodic. Assume also that the relation b*> < 4ac holds. Then for initial data uj, v} that are

O(h?) approximations of u(-,0), v(-,0), respectively, the error bound

lu() = un(®)] + [l(t) — va()]] < ce”ho™! (L.61)

holds for the conservative semi-discrete approximations. If the mesh is uniform, then the bound

on the right side is replaced by ce hA.

Proof. Gathering (1.49), (1.50) and (1.57)-(1.60) gives the inequality

%Q(C(“)(t), (1) < eh® 2 4 e(IC 7 + [IC]?). (1.62)

As seen before, b> < 4ac implies that

o (¢ +11¢™)1%) < Q¢™, ¢M). (1.63)

Hence an application of Gronwall’s inequality to (1.62) yields

QM (1), ¢(1)) < ce”n*2Q(¢™(0), ((0)). (1.64)

Another application of (1.63) and the triangle inequality gives the bound (1.61). Finally, recall
that 4 = ¢ + 1 when the mesh is uniform. This gives the O(h?) error bound and concludes the

proof. 0
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Remark. It is worth emphasizing the role played by the fact that the constants a, b and c satisfy
(1.4). This is precisely what allowed the quantities ()1 2 and ()1 3 to be written in a form that
ultimately resulted in the estimates (1.55) and (1.56) being expressed solely in terms of the L*-

norms of " and ¢).

1.3.3 The dissipative formulation

The dissipative formulation is obtained by using the operator D instead of D in (1.44). The
analysis of this method follows closely to that of the conservative one and so we content
ourselves with highlighting the minor differences.

As far as the existence and uniqueness of the approximations y,, vy, are concerned,
(1.46) still holds and Z(wy,, 0y,) vanishes also since the nonlinear forms are identical for both

methods. Furthermore, using the identity

M-1
it is seen that f)(ﬁm Op) + f)(vh, up) = [Tz |m [Ohe)m. Combining this with (1.21) leads to
m=0
d M-1
EQ(&}“ ’l~)h) + n;) (Cl[fbhx]?n + b[ahx]m[f}hx]m —+ C[{)hx]gn) =0.

The condition b* < 4ac implies that the sum appearing above is nonnegative. In fact it is bounded
M—1
d
from below by o Z ([@nalz, + [One)r,)- Itis therefore the case that EQ(&h, o) < 0 which
m=0

means that Q(7y, 0y,) is bounded for all time by its value at ¢ = 0. This indeed motivates calling

this method dissipative. The global existence and uniqueness of uy,, v, follow as before.
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The error estimates for the dissipative method can be established using the same
approach followed for the conservative method. The major difference is that u;, and vy, are now
compared to @™ and w0, respectively. The optimal, local estimates (1.26) are used, together
with the bounds on @™, @™, &™), LD;”) in the L°°-norm. Note that the latter hold without any

xr )

quasi-uniformity restrictions on the mesh. One power of 4 is still lost due to the nonlinear terms.

Theorem 1.12. Suppose the solution (u,v) of the system (1.1) is sufficiently smooth and that
the relation b < 4ac holds. Then for initial data @),, U, that are O(h?) approximations to

u(+,0), v(-,0), respectively, the error bound

|w(t) — an(t)| + [[v(t) — Tu(t)]] < ce®hl. (1.65)

is valid for the dissipative, semi-discrete approximations.

1.3.4 The fully discrete approximations

In this subsection, consideration is given to adding time-stepping to the semi-discrete scheme
studied above. It will turn out that a good choice of the time stepping, namely the implicit Runge-
Kutta (IRK) methods belonging to the Gauss-Legendre family results in a fully discrete scheme
that continues to preserve the functional €2, up to roundoff error of course.

Let0 = t* < t' < .- < #" = T be a partition of the temporal interval [0, 7] with

t" = nk, n = 0,..., N where « is the stepsize. The IRK methods are specified by an s X s
matrix A = (a;;), an s-vector 7 = {7y, ..., 7} of temporal interpolation nodes and an s-vector
. . Alr .
w = {wy, ..., ws} of weights. These are often represented in tableau form, —| For the initial-
w

value problem of an ordinary differential equation y' = f(¢,y), the discrete time stepping is given

38



by the mapping y" — y" ™! with y" ™! = y" + & Z w; f(t" + k75, y™") where the s intermediate
i=1
values {y”’i}jzl are solutions of the system

YU =yt ey agft+eTL ™), =12, s,
j=1

Certain classes of IRK methods possess a particularly strong type of stability, namely

that of algebraic stability, viz.,

w>0,i=1,2,...,s (1.66)

the s X s matrix m;; := a;;w; + a;;w; — w;w; is positive semi-definite.

Two classes of IRK schemes with this property are the Radau-ITA and Gauss-Legendre methods.
For the latter, the matrix M in (1.66) vanishes identically. It is precisely this feature that imparts
them with the conservation properties that are sought here. The next table shows the first three

members of the Gauss-Legendre family, corresponding to s = 1, 2, and 3.

Table 1.1: Gauss-Legendre Implicit Runge-Kutta methods: s = 1,2, and 3

5 80 — 24415 50 — 1215 1 V15
36 360 360 2 10
1 1 1 1 1
4 4 2v3 2 2v3
171 V3 V3 50 + 15v15 2 50 — 1515 1
2 2 360 9 360
1 " 1 1 1 " 1
4 2v3 4 2 2v3
i V3 V3 50 + 12v15 80 + 2415 5 1 n V15
360 360 36 2 10
1 1
2 2
18 18 18
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For smooth problems the order of accuracy is 2s. The first two methods are used in the
numerical experiments reported in Section 4. They are referred to as RK1 and RK2, respectively.

The fully discrete method that arises from using an IRK method to approximate

solutions of the semi-discrete formulation (1.44) of our systems is as follows:

T :u”—HZwi L u”’i:u"—/{Zaijfg, 1=1,2,...,s, (1.67)
i=1 j=1
v”H:v”—/@Zwi z, v”’i:v”—/@Zaijfg, 1=1,2,...,s (1.68)
i=1 j=1
where the quantities f7, f/ given by
. N(un,i, un,i) '
fo A B C Du™*
— N(un,i’ Un,z’) + (169)
f D E F o D™
N(Un,z’ 2)n,z)

are introduced to simplify the notation.

Theorem 1.13. The fully discrete scheme using the conservative spatial formulation together

with the Gauss-Legendre IRK methods has the property that

Qu™ ") = Qu"™,v™), n > 0. (1.70)

That is, the continuous invariant (), when evaluated on discrete approximations is time-step

independent.
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Proof. From (1.67), it is seen that

P = @) =26y w4 R wiw [

j=1 i,j=1
= (Un)Q - 2:‘*{12 w; <Un’j + K Z aﬂf;> fi + /432 Z wlef;fj (171)
j=1 i=1 i,j=1

S S
= (u")? - 2/@2 wu™ I — K? Z mi; fifi
j=1

1,j=1

S
= (u")? - ZKiju”’j 7
j=1

where the last identity reflects the vanishing of the array M. By entirely similar calculations,

there appears

S
(v”+1)2 = (v”)2 — 2/@2 wjv"’jfg (1.72)
=1
S S
Wt = M — K iju"’]fg — K,Z wjv™ f7.
=1 =1

Multiply (1.71) by a, the first equation in (1.72) by ¢ and the second equation in (1.72) by b, sum
the results and integrate over [0, 1]. These calculations, which are almost identical to those seen

in the proofs of Lemma 1.9 and Theorem 1.10 show that

Q™™ ™) = Qu™, ") — /{ij <2a( T o™+ b(F1 ™) 4+ b( 7 u™) + 2¢(f, v”’j)>
j=1
= Qu",v") — HZ w; (I(u"’j, v™) + 2aD(u™  u™) 4+ b(D(u™, v™)
j=1

+D (W™, u™)) + 2¢D(W"™, vn’j))- (1.73)
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In particular, it emerged from those previous proofs that
T(u™ 0™ = D(u™ u™) = D™, v™) + D™, u™) = D™, v™) = 0. (1.74)

These identities, when used in (1.73) establish the temporal conservation property (1.70) of the

fully discrete schemes. ]

Remark. In the dissipative spatial formulation that uses the form D instead of D, we still have
T(u™,v™) = 0. However, the remaining terms in (1.74) do not vanish. Instead, it can be shown

that the quantity

2aD (U™, u™) + b(f)(u”’j, V™) + D™, u™)) + 2¢D(v™7 ™)

M—1
appearing in (1.73) is equal to Z <a[ug’j],2n—|—b[u;"j]m[vg’j]m—i—c[vg’j]fn). Since we are operating
m=0

M-1
under the assumption that 4ac — b* > 0, the latter sum is greater than o Z ([ugj 12, + [l )

m z Im
m=0

for some positive o, and is therefore nonnegative. In view of this, the nonnegativity of k and the

weights wj, the inequality Q(u" ™ v" 1) < Q(u",v™) obtains for the dissipative formulation.

Remark. For other algebraically stable IRK methods, the fully discrete approximations will no
longer enjoy the conservation property (1.70) that obtains for those generated by the Gauss-
Legendre methods. On the other hand, it is clear from the proof above that the stability result

Q(un-i-l’ Un+1) < Q(u™, v™) will replace (1.70).
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1.4 Numerical Experiments

1.4.1 The test cases

To adapt the experiments to the interval [0, 1], the third derivative terms in (1.1) are multiplied by

a small parameter ¢ to be specified shortly. The parameters A, B, ..., F' are taken to be
1 1 1 1 9
A=-, B=-, C=—, D=-, EF=1 F=——. 1.75
8’ 8’ 32’ 8’ ’ 32 (1.75)
. . 118 28 S . iy
These choices resultin a = T 0= -1 and ¢ = 1, which in turn yields the positive
7240

discriminant 4ac — b* = .
289
To check the accuracy and convergence rates, two types of solutions of (1.1) were used.

These are both proportional traveling waves of the form (u,v) = (u,2u). The first is adapted

from the well known cnoidal-wave solution of the KdV equation,
u(z,t) = Aen® (4K (m)(z — wt — zo) : m) (1.76)

where cn(z) = en(z:m) is the Jacobi elliptic function with modulus m € (0, 1) (see [1]) and the
parameters have the values m = 0.9, A = 192meK (m)?, w = 64e(2m—1)K (m)?, € = % whilst
Ty = % centers the initial value in the middle of the interval. Here, the function X' = K (m) is the
complete elliptic integral of the first kind and the parameters are so organized that v and v have
spatial period 1.

The second class of solutions is an approximation of the proportional solitary-wave

solutions that were discussed in Section 1.1.2. The parameters A, B, ..., F' are the same as for
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the cnoidal-wave type solutions, and it is still the case that (u,v) = (u, 2u), but now

u(z,t) = Asech® (K (z — wt — o)), (1.77)
. 1 1 /A 1 ) .
withA = 1l,w = A/3,¢e = ——, K = —{/— and zy = = to again center the initial wave
5760 2V 3e 2

profile. With v = 2u, this is an exact solution of the system which is manifestly not periodic

in space. Owing to its symmetry about its crest and its exponential decay away from the crest,
the initial data can be rendered periodic by simply restricting the above solution at ¢ = 0 to the
computational domain [0, 1] and imposing periodic boundary conditions across x = 0 and x = 1.
The resulting periodicized initial data yields a periodic solution of the system. It is known from
previous theory that the resulting solution is approximated to within order € by the restriction of
(u, 2u) to the period domain [0, 1] over a time interval of order % (c.f. [9] and [22]). The small
value of € used in the experiments with proportional solitary waves thus yields a solution, the
accuracy of whose numerical approximation can be determined by comparison with the exact
solution (u, 2u) with w as in (1.77). Much of the numerical work on the KdV equation has made
use of this small trick to check for accuracy and convergence, especially when issues surrounding

solitary waves are under consideration.

1.4.2 Spatial Convergence Rates

A set of experiments was designed to measure the spatial convergence rates of our schemes. In
particular, we wanted to assess the extent of agreement of what is observed empirically with
the theoretical predictions made earlier. Of course, there is always interest in the asymptotic

constants whose existence is suggested by the error estimates. (There is a considerable practical
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difference between a scheme that throws up an error of 10*h2, say, and one whose error looks
like 10~2Ah2.) But, especial interest is also focused on discovering whether the parity of ¢ has a
significant impact on the convergence rates for the conservative formulation (see the discussion in
Section 3).

Tables 1.2, 1.3, 1.4, and 1.5 correspond to ¢ = 2, 3, 4 and 5. They show, respectively,
the results obtained with uniform meshes of M cells for both conservative and dissipative
methods and for the cnoidal and solitary-wave solutions just described. The time step x was
taken as 107> in Tables 1.2, 1.3, and 1.4, whilst in Table 1.5, the results pertaining to several
different time steps are displayed. The L?-norms of the errors are shown only for u. Since v is
proportional to w, it is not surprising that the errors for v appear to be proportional to those for u.

Before engaging in a discussion of the results displayed in Tables 1.2, 1.3, 1.4, and 1.5,
it is worth remarking that the determination of convergence rates is somewhat delicate, especially
for the larger values of ¢. This is due to the very small errors achieved even for relatively small
numbers M of spatial intervals. The errors are sufficiently small that the effects of roundoff,
which are very difficult to estimate precisely, cannot be ignored and may affect the rates.

For ¢ = 2, Table 1.2 shows clearly convergence rates of 2 and 3 for the conservative
and dissipative methods, respectively, for both the cnoidal and solitary wave solutions. For ¢ = 4,
the rates shown in Table 1.4, while less definitive, seem to indicate a similar reduction of order
for the conservative method. For the odd values ¢ = 3 and ¢ = 5, the rates appear to be ¢ + 1
for both methods. One noticeable exception is in Table 1.5(b) where we see the rates of 3.62 and
8.41 for the conservative method. However, using the errors at M/ = 25 and M = 100 we obtain

the robust rate of 6.02.
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Table 1.2: ¢ = 2.7 = 1,x = 107°, RK1

(a) Cnoidal solution (b) Solitary-wave Solution
Conservative Dissipative Conservative Dissipative
M L? Error Rate L? Error Rate M L? Error Rate L? Error Rate
10 [327x107"' | — || 402x107" | — 10 [1.41x107' | — [[232x107! | —
20 1 9.90x 1072 | 1.73 || 1.12x 1072 | 1.84 20 | 5.96x 1072 | 124 || .07 x 107 | 1.12
40 | 258 x 1072 | 1.94 || 1.71 x 1072 | 2.71 40 | 1.90 x 1072 | 1.65 || 3.86 x 1072 | 1.47
80 | 6.52 x 107% | 1.99 | 2.20 x 107* | 2.96 80 | 519 x 1073 | 1.88 || 6.24 x 107 | 2.63
160 | 1.64 x 1072 | 1.99 || 2.74 x 10~* | 3.00 160 | 1.32 x 107% | 1.97 || 8.14 x 107* | 2.94
320 | 4.09 x 107* | 2.00 || 3.41 x 107° | 3.01 320 [ 3.32x 107* | 2.00 || 1.02 x 10~* | 3.00
Table 1.3: ¢ = 3,7 = 1,k = 107°, RK2
(¢) Cnoidal solution (d) Solitary-wave solution
Conservative Dissipative Conservative Dissipative
M L? Error Rate L? Error Rate M L? Error Rate L? Error Rate
40 | 281 x107° | — || 1.05x107* | — 40 | 255 x 1072 | — || 1.27x 1073 | —
80 | 1.23 x107° | 4.51 || 3.70 x 107° | 4.83 80 | 1.01 x 107° | 7.98 || 4.48 x 107" | 4.82
160 | 7.28 x 107 | 4.08 || 1.56 x 107" | 4.57 160 | 4.65 x 1077 | 4.43 || 1.52 x 107% | 4.88
320 | 4.50 x 1077 | 4.02 || 8.75 x 107Y | 4.15 320 | 242 x 107% | 427 || 5.82 x 107% | 4.71
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Table1.4: ¢ =4, 7 =1, x = 10°, RK2

(a) Cnoidal solution (b) Solitary-wave solution

Conservative Dissipative Conservative Dissipative

M L? Error Rate L? Error Rate M L? Error Rate L? Error Rate

10 [ 521 x1073 | — [[492x107%| — 10 {376 x1072 | — [[482x107%| —

20 [543 x107° | 6.58 || 6.66 x 107> | 6.21 20 | 251 x 1073 | 3.90 || 2.23 x 1073 | 4.43

40 | 3.46 x107% ] 3.97 || 1.29 x 1075 | 5.69 40 | 1.78 x 1072 | 7.13 || 2.90 x 107° | 6.26

80 | 1.59x 1077 | 4.44 || 3.83 x 107® | 5.07 80 | 1.09 x 107° | 4.03 || 4.81 x 1077 | 5.91

120 | 2.99 x 1078 | 4.12 | 5.04 x 107° | 5.00 120 | 1.72 x 1077 | 4.55 || 5.78 x 107® | 5.06

Table 1.5: ¢ = 5,7 = 1, x = 1/160, 1/1280, 1/10240, RK1

(a) Cnoidal solution (b) Solitary-wave solution

Conservative Dissipative Conservative Dissipative

M L? Error Rate L? Error Rate M L? Error Rate L? Error Rate

25 1232%x107% | — [[232x107%| — 25 | 863 x1074 | — |[[856x107*| —

50 | 3.64x107°|5.99 || 3.64 x 107° | 5.99 50 | 7.01x107° | 3.62 || 1.32 x 107° | 6.02

100 | 5.68 x 1077 | 6.00 || 5.71 x 1077 | 6.00 100 | 2.05 x 1077 | 8.41 || 2.06 x 10°7 | 6.01

As far as the conservative method is concerned, the data strongly indicates order
reduction by one for even ¢. On the other hand the parity of the number of cells appeared to be
immaterial. Concerning the order reduction of one due to the nonlinear terms seen in Theorems

1.11 and 1.12 affecting both methods, it can be reasonably concluded that this is an artifact of the
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proof. If indeed it does not owe to a fundamental phenomenon, an interesting open problem is

highlighted.

1.4.3 Long time simulations

Overall, the errors for the two methods are comparable, at least on time scales of order 1. The
conservative method has a slight edge for the odd values ¢ = 3,5 of the order of the piecewise
polynomials that comprise the spatial basis, the opposite being true for the even orders ¢ = 2, 4.
Next is undertaken a comparative study of the long-time behaviour of the two methods. The
working expectation here is that the conservation of the invariant {2 should have beneficial
consequences when it comes to long-time calculations.

Figures 1.1, 1.2, 1.3, and 1.4 that are exhibited provide a descriptive view of the
approximations of solitary-wave solutions up to time 7" = 1000 for the two methods. They
correspondtoq = 2, M = 80, q = 2, M = 160, ¢ = 3, M = 80, q = 3, M = 160,

respectively.

48



q=2,T=250,M=80

12 O exact
conservative
1r o
oo
08
o o
06
o o)
04
) °
o o
02t
0 0.2 0.4 0.6 0.8 1
x
q=2,T=750,M=80
12 O exact
conservative
ai
1r o
o
o
08 2!
o
- o
508
o
04l ©
o,
o
02t 4
o
o o\
o
oo e
0 0.2 0.4 0.6 0.8 1

(©t =150

computed invariants (q=2, M=80)

o5
conservative
dissipative
04
s
S
2oar
[}
02
o1 . . . . )
4 200 400 600 800 1000

(e) computed values of €2

q=2,T=500,M=80
121 O exact
onservative
issipa
T
o
08 »
o
L o
506
o
04f °©
o
o
02F o
o
5 o
o o,
F00C000000000000000K =eeeu Qoo
0 02 04 06 08 1

(b) t =500

9=2,T=1000,M=80

(d) t = 1000

phase errors (q=2, M=80)

issipative

150
§ 100 [
°
:
8
i
;

50 0

0
0 200 400 600 800

time

(f) phase error

Figure 1.1: ¢ = 2, M = 80

49

1000



q=2,T=250,M=160

q=2,T=500,M=160

0 exact roil: O exact
onservative
T
08
o
o
L o
506 o
o
o
o
04 o
o
o
o
02 o o
VAN
0 02 04 06 08 1 0 02 04 06 08
x

(a) t = 250 (b) t =500

q=2,T=750,M=160 q=2,T=1000,M=160

ks O exact ok O exact
onservative onservative
dissipative di
1 ] 1r &
50
59
08 o 2 08
o o
o
o
o o
o L
508 ° 506
o o
) o
041/
o o
o )
o o
02 o o
o o
[ 0.2 04 0.6 08 1 0 02 04 06 08 1
x x
ccomputed invariants (q=2, M=160) phase errors (q=2, M=160)
os
onservative
I
80
045
04 sor
5
g §
goss[ 2 |
1] g4
=
03
20 -
0.25 [
0
02 L L L L , . . . . )
[ 200 400 600 800 1000 0 200 400 600 800 1000
time

time

(e) computed values of €2 (f) phase error

Figure 1.2: ¢ = 2, M = 160

50



Omega
o
g
&

[ 0.2 04 0.6 08 1
x
q=3,T=750,M=80
L O exact
conservative
di
[ 0.2 04 0.6 08 1
x
computed invariants (q=3, M=80)
r 10
conservative
dissipative
8
6
s
©
[ 2
£
=
2
0
[ 200 400 600 800 1000 0

q=3,T=250,M=80

O oxact 12
conservative

(e) computed values of €2

q=3,T=500,M=80

O exact

onservative

(b) t =500

9=3,T=1000,M=80

(d) t = 1000

phase errors (q=3, M=80)

nservative
ssipative

200 400 600 800 1000
time

(f) phase error

Figure 1.3: ¢ = 3, M = 80

51



Omega

q=3,T=250,M=160 =3,T=500,M=160

O exact 12k O exact
T
08
S06F
04f
02
0 02 04 06 08 1 0 02 04 06 08 1
x x

(a) t = 250 (b) t =500

q=3,T=750,M=160 q=3,T=1000,M=160

O exact
onservative
d

O exact

onservative
dissipative

1000

[ 0.2 04 0.6 08 1 0 02 04 06 08 1
x x
()t =750 (d) ¢ = 1000
ccomputed invariants (q=3, M=160) phase errors (q=3, M=160)
04654 [
onservative
I
0.4652 [ 03
0.465
02

0.4648 [ 5

5

@

&
0.4646 [ £

01
0.4644 [
04642 [ "
0.464 L L L L , . . . . )
[ 200 400 600 800 1000 0 200 400 600 800
time time
(e) computed values of €2 (f) phase error

Figure 1.4: ¢ = 3, M = 160

52



The graphs of the quantity {2 exhibited in part (e) of each figure show agreement with
the theory. That is to say, € is sensibly invariant when the integration is performed using the
conservative method, whereas it is monotonically decreasing when the dissipative method is
employed. This decrease appears to be a linear function of time as can be seen clearly in the more
accurate simulations corresponding to ¢ = 3.

Before embarking on an interpretation of the remaining graphs, some commentary is
helpful. In the context of the numerical approximation of solitary-wave solutions of nonlinear,
dispersive equations of KdV type, a plethora of experiments have shown that a lag develops
between the locations of the crest of the solution and its approximations. This lag, or phase error,
grows in time to a point where it becomes the majority contributor to the overall error. It can be
mitigated by increased accuracy and the use of conservative numerical methods, but it cannot
be completely eliminated. In fact, the solitary-wave solution being approximated is known to be
orbitally stable (see [11]). This means that if the system is initiated with initial data (u, vo) that
is close to a solitary-wave solution (r(z — wt), s(x — wt)) att = 0, then the solution (u, v)
emanating from (ug, vg) will always be close to that solitary wave in shape. More precisely,

because 4ac — b* > 0 in conjunction with another condition spelled out in [11], the quantity

2

inf (u(x, t) —r(x — 9))2 + (U(:L‘, t) —s(x — 9)) dx (1.78)

0eR Jp

is uniformly small for all time. The minimization (1.78) defines a function # = 6(¢) and the phase
error is then taken to be

e(t) = |0(t) — wt|. (1.79)
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What is important to realize is that while a perturbation stays close in shape, the corresponding
solution (u, v) appears to resolve into a solitary wave which in general has a slightly different
speed of propagation. In consequence, the phase error necessarily grows linearly with time. The

growth cannot be too fast since it is known that

160°(t) — wi

always remains small (see e.g. [20], [37]).

One can think of the numerical scheme as a perturbation of the continuous initial-value
problem. Viewed in this light, and taking into account the above discussion of the continuous
problem, one expects a phase error to be associated with the numerical approximation of the
solution. The main purpose of the longer-time experiments is to offer a numerical study of the
phase error, by which we mean the gap between the location of the crest of the solitary wave
solution at time ¢ and its numerical approximation at the same time. Thus in (1.78), (u, v) will be
the numerical approximation of the solution and (r, s) will be the relevant proportional solitary
wave. Forq = 2, M = 80, both conservative and dissipative methods show significant
phase errors with the former proving superior to the latter. Another striking aspect is the marked
loss of amplitude the approximation suffers when using the dissipative method, whereas the
conservative approximations appear to be remarkably accurate in shape. Furthermore, the
dissipative approximation seems to have spread to the point where the solution no longer gets
back to zero away from its crest. In Figure 1.2, doubling the number of cells has resulted in a
quantitative improvement for both methods with the conservative method continuing to hold an

edge. The phase errors persist for both methods, however.
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Figures 1.3 and 1.4 correspond to ¢ = 3, M = 80 and ¢ = 3, M = 160, respectively.
Since ¢ is odd, the conservative method has the same convergence rate as the dissipative method
for these runs. The phase error appears to be eliminated when using the conservative scheme,
whereas it still persists albeit to a less severe degree for the dissipative method. For M/ = 80,
a small decrease in amplitude for the latter method is still present. Finally, we note that there
is indication of superlinear growth of the phase error in all the runs involving the dissipative

method.

Summary and future work We have constructed conservative and dissipative finite
element methods for a system of Korteweg-de Vries type equations coupled through their
nonlinearities. The associated semi-discrete approximations have been investigated in detail and
shown to be globally well posed when certain relationships hold between the coefficients of the
nonlinear terms. These are the same conditions that had been used previously in proving the well-
posedness of the continuous system (1.1).

The semi-discrete approximations were shown to converge to the associated solutions
of the full system of PDEs and spatial convergence rates provided. For the dissipative scheme,
this follows standard lines. However, interesting additional conditions on the parity of the degree
of the piecewise polynomial basis for the finite element space and on the number of cells were
needed for the analysis of the conservative method. While a little puzzling, such conditions have
appeared in other works associated with the analysis of conservative methods.

A number of tests have been conducted to provide a limited but illuminating assess-
ment of the actual impact of these conditions and also to provide a comparative view of the

performance of the conservative and dissipative methods. Based on this evidence, it is safe to
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conclude that the conservative method with ¢ = 3 offers an efficient and effective tool for
simulations over very long time intervals.

In a companion project further investigation of the systems of the form (1.1) is in
progress. This includes questions of blow-up for the systems not satisfying the condition
4ac — b* > 0 that figured so prominently in the present work and instability and interaction

results for the proportional solitary waves.
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Chapter 2

A posteriori error estimates for finite
element methods for nonlinear, dispersive

equations

2.1 Introduction

In this chapter, we continue to consider finite element methods for the initial-boundary value

problem (IBVP) for a coupled system of Korteweg-de Vries type equations

U + Ugge + P(u,v)y =0
@.1)

Vp + Uggy + Q(uu U):L" =0

with periodic boundary conditions on the interval [0, 1], yet from an a posteriori perspective.

We remind the reader that, here, the dependent variables u = wu(x,t) andv = wv(z,t) are
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real-valued functions, subscripts denote partial differentiation, and the nonlinearities are taken
to be homogeneous quadratic polynomials in u and v, viz. P(u,v) = Au® + Buv + Cv? and

Q(u,v) = Du® + Euv + Fv? for given real coefficients A, B, ..., F.

2.1.1 Local and global well-posedness

We review a few results from Chapter 1 [12] crucial to the theory developed in this chapter,
devoting particular attention to a crucial invariant of (2.1) and a positive-definiteness condition
that is useful to the theory for not only the PDE system but also the corresponding numerical
schemes. For a detailed discussion regarding local and global well-posedness of IBVPs for the
system (2.1) as well as a review of related theory for the single KdV equation, we refer the reader
to our previous work [12, Section 1.1], reprinted in Chapter 1 of this dissertation.

As we discussed in Chapter 1, it is well-known that for solutions of the system (2.1)

that are in H°(R) x H*(R) for s > 0, the integral
Qu,v) = / (au® + buv + cv?) dx (2.2)
R

is independent of time. We remind the reader that the constants a, b, and ¢ comprise any

nontrivial solution of the system

2Ba + (E — 2A)b — 4Dc = 0
(2.3)

ACa+ (2F — B)b— 2Ec = 0
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of two linear equations in three unknowns. If s > 1, the integral

O(u,v) = / (aui + bugv, + cv? — R(u, v)) dz, (2.4)
R
with
@ 3 2 2, 0 4
R(u,v) = U + Bu v + yuv® + 3V (2.5)

is also time-independent for u, v that solve the system (2.1). Here, the real constants «, 3, 7, and
0 depend upon the original coefficients, A, B, ..., F. For their explicit form, see [11, Equation
(2.6)]. We remind the reader that when the quadratic form Y (z,y) = az® + bry + cy? is positive-
definite, which is to say, b* — 4ac < 0 (a condition that will also appear in the numerical analysis
below), it is these invariants that allow the local theory to be extended to global well-posedness if
s > 0. Via a further, energy-type argument as in [25] and an observation from [11], this result can
be improved so that (2.1) is globally well posed for arbitrarily sized data in H*(R) x H*(R) for
any s > —Zifb2—4ac§0.

However, for the systems (2.1), the well-posedness in H*(T) is not as well-studied.
Yet, an argument like that of Bona-Smith [19] taken with the a priori H'(T)-bound provided
by the invariants (2.2) and (2.4) when b*> — 4ac < 0 indeed yields global well-posedness for
s > 1. While this result seems ripe for improvement, global well-posedness in H*(T) x H*(T)
for s > 1 again suffices for the error estimates of this chapter. Indeed, mimicing the PDE theory,
it is crucial for the a posteriori analysis below to assume that the constants a, b, and c satisfy the

positive-definiteness condition b* — 4ac < 0.
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2.1.2 Background for the a posteriori analysis

Due to their wide-ranging use in application and theory, efficient, accurate numerical approxima-
tion of nonlinear, dispersive systems is of great interest and the general focus of this dissertation.
As mentioned above, this chapter is the sequel to [12] (Chapter 1), where we introduced
conservative and dissipative finite element schemes for the IBVP above and provided a priori
error estimates for the semidiscrete approximations. In this chapter, we develop error estimates
for the semidiscrete and fully discrete schemes from an a posteriori perspective. Indeed, our
principal result bounds the L? error between the solution of the IBVP and the fully discrete
approximation thereof by a computable quantity. Finally, for the fully discrete schemes, we
decompose the computable upper bound into several reliable estimators of the L? error. Of these
estimators, one estimator is observed to be an indicator for only the temporal error, while another
is observed to be an indicator for only the spatial errors. To the best of our knowledge, each of
our results are the first of their kind for the system (2.1) and for any corresponding numerical
methods extant.

This work finds inspiration in the work of Karakashian and Makridakis [31], which
developed a posteriori error estimates for semidiscrete and (temporally dissipative) fully discrete
discontinuous Galerkin (dG) schemes for the single generalized Korteweg-de Vries (gKdV)
equation. The dispersive reconstruction operator that was fundamental to their analysis is
equally useful here. Given a discrete function wy, this operator constructs a function w, called the
dispersive reconstruction, which is twice continuously differentiable and satisfies the equations
in the system (2.1) in the strong sense up to a computable forcing term. We can then subtract the

resulting equations from the original system (2.1) to obtain an error equation that holds in the
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strong sense and features a computable right hand side. At this point, arguments similar to those
used in the a priori analysis can be employed to obtain the desired result for the semidiscrete
approximations. Combining the dispersive reconstruction and existing techniques for temporal
reconstruction (see [31, 3]), we construct a fully discrete reconstruction and apply a similar
argument to obtain a posteriori bounds for the fully discrete schemes. It is also of interest to note
that, since the coefficients of the system (2.1) can be chosen such that the system comprises two
decoupled KdV equations, our work improves upon that of Karakashian and Makridakis in that
our fully discrete schemes are temporally conservative. In addition, our work has the additional
feature of providing estimators which exhibit dependence on time and space independently.
Finally, since we construct a fully discrete reconstruction which is continuous in time, the
analysis for our work is much less tedious than that of [31] which features a fully discrete
reconstruction which is discontinuous in time.

This chapter is organized as follows: In Section 2, we provide essential preliminaries
and a summary of key results from [12] upon which this work is based. In Section 3, we quote
the definition of the (spatial) dispersive reconstruction operator R and summarize the results
from [31] which will be useful in the analysis. In Section 4, we develop a posteriori error
estimates for the semidiscrete formulation introduced in Section 3 of [12]. In Section 5, we
develop a posteriori error estimates for the fully discrete schemes from [12] which rely on the
single-stage implicit Runge-Kutta method of Gauss-Legendre type (Midpoint Rule; henceforth,
RK1) for their temporal discretization. In Section 6, we provide numerical experiments which
illustrate the behavior of the various indicators. In particular, we provide evidence that the upper
bounds supplied by the a posteriori error estimates appear to converge to zero, as a function
of temporal discretization parameter, at the same quadratic rate of the underlying temporal
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discretization method, RK1. We also provide evidence that the upper bounds supplied by the

a posteriori error estimates appear to converge to zero for polynomial degree ¢ > 2, albeit
suboptimally. The suboptimality is to be expected due to the nonlinearities and the dispersive
operators which arise in the estimators. We also study the effectiveness of the estimators for a
wide variety of temporal and spatial discretization parameters, investigating how this spatial
suboptimality can impact practical use of these estimators. Finally, we provide heuristic factors
to correct this suboptimality, yielding heuristic estimators with (1) effectivity indices for all

polynomial degrees g > 2.

2.2 Preliminaries

For ease of the reader, we review preliminaries and notation from Chapter 1 and the literature
that is important to the analysis presented below. We utilize the same notational conventions as

Chapter 1 with regard to meshes and function spaces.

2.2.1 The finite element spaces

As before, the spatial approximations will be sought in the space of continuous and periodic

piecewise polynomial functions V;’ subordinate to the mesh 7y, viz.,

Ve = {UGCO (0.1): o], € Py(Ln). m=0,1,...,M—1}

per

where P, is the space of polynomials of degree g. However, we will also make use of an

. . daG . . . .
analogous discontinuous space. By V;¥“", we denote the space of discontinuous piecewise
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polynomials subordinate to the mesh 7y, i.e.,

VG = Ly |, e P(I), T € Tr).

2.2.2 The weak formulation

In this section, we review the weak formulations that form the basis for the semidiscrete and
fully discrete methods developed in [12]. In this, we contrast the dispersive forms developed
therein with those of the dG methods discussed in [13] and [31]. We begin by recalling the weak
formulations developed for the nonlinear terms in (2.1), each of which are of the form (uv),.
Keeping in mind that we will primarily work with continuous periodic functions, recall that, in

[12], we defined the form A via integration by parts, viz.,

N(U7U7X> - = Z(uvaXm>lv u,v,x € Hl(ﬁ% (26)

IeTy,

where (-, -); denotes the inner product in L? over the cell I. By virtue of the Riesz Representation
Theorem, we defined the associated nonlinear operator N : H'(T,) x H'(T;,) — V,! (some abuse

of notation is committed here) whose L*([0, 1])-inner product with any y € V! is

(N (w,0),x) = = Y (1w, X2)1- 2.7)

I€Ty

For ease of reference, we review the pertinent properties of A/ and quote the following lemma

[12, Lemma 1].
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Lemma 2.1.

(i) The nonlinear form N defined by (2.6) is consistent in the sense that

N (u,v; x) = ((w)a, X)), u,v,x € Hy, (Th). (2.8)
(ii) Foru,v € H,,.(Tp),
1
N (u,v;v) = 3 2(02,%)1. (2.9)
I1eTh,

We remind the reader of the following particularly useful consequence of periodicity:

1
that the integral / (u?),u da vanishes for u € C1 ([0, 1]). We quote a direct consequence [12,
0

per

Corollary 1] of the above lemma, in which we see that the form A preserves this property on

H,,,(T,) and in particular on V}/"

Corollary 2.2. The form N is conservative in the sense that

N(u,u;u) =0, ue H, (Th). (2.10)

per

We now review the bilinear forms we introduced in Chapter 1 for the dispersive (third
derivative) terms. These are is similar in spirit to the form D introduced in [13] and utilized in
[31] (discussed at the end of this section) with the difference being that the prevailing spaces are

globally continuous. For u, x € H*(T},), define D by

D(u,x) = Y (te, Xau)1 + Z_{ux}m[xm}m. Q.11)

I€Ty
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The next lemma [12, Lemma 2] reviews the properties of D that justified the choice of the

particular form chosen in (2.11).
Lemma 2.3.

(i) The bilinear form D defined by (2.11) is consistent in the sense that

D(u,X) = (Ugzas X); € HY(Tp) N Co([0,1]), x € Hpe, (Th)- (2.12)

per

(ii) The form D is skew-adjoint so that

D(v,v) =0, Yve H*(T). (2.13)

As in Chapter 1, we will make use of the operator counterpart D : H*(T,) — %

(another abuse of notation is committed here) of the bilinear form D(-, -) via the requirement
(Du, x) = D(u,x), Vx€Vy.

The dissipative version

M-1

D(u,x) = Y (tay Xaa)r + D (@) [Xalm (2.14)

I€Ty,

of the bilinear form D may also be used to represent the third derivative terms. The following
lemma [12, Lemma 3] summarizes the useful properties of D that are the counterparts of those of

D shown in Lemmas 2.1 and 2.3.
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Lemma 2.4.

(i) The bilinear form D defined in (2.14) is consistent in the sense that

D(u, X) = (Usaw X), € H(To) NCL([0,1]), x € H.(Th).

(ii) The form D is dissipative, which is to say,

M-

)_l

v e H*(Ty).

l\DIr—A

m=0

(2.15)

(2.16)

In contrast, we now introduce the dispersive operators developed for the dG method of

[13, 31], as they will be used in the definition of the dispersive reconstruction in the next section.

The operators D¢ : H3(T;,) — V,f’dG and D¢ . H3(T;) — V,f’dG are defined in [13, 31]in a

similar way to the operators D and D so that for any € Vi 46,

M-1 M—-1
(DdG% X) = — Z U, Xewz )1 Uge (T i Z {u:ﬂ}J X:Jc - u( )[XM] (2.17)
I€Ty 7=0 7=0
and
M—1 M-1 M—1
(DdGu>X) = Z Uy Xawz )1 Z Uge (T ux(x;r>[Xz]j - u( )[X:m] (2.18)
IeT, J=0 j=0 =0
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Note that since V;! C V! ’dG, the operators D (similarly, f)) and D¢ (similarly, ﬁdG)

coincide on V;!. Indeed, integration by parts reveals that

M-1
Z (u X:(:a:x) - Z u:):a Xxx Z uXx:c
I€Th Th Jj=0

Using the identity [uX.o]; = u(2})[Xexl; + [1];Xee (7] ) and comparing (2.17) and (2.11) shows
that D and D¢ coincide when u and x both belong to V2. In addition, while the consistency
and skew-adjointness properties listed in Lemma 2.3 for D hold for D€, they also hold given
the more relaxed condition that y € H 3(771) (see [31, 13, Lemma 2.2]). Similarly, consistency
and dissipation results analogous to those shown for D in Lemma 2.4 also hold for DI with the
relaxed condition that y € H*(Ty).

We quote the following bound [31, Lemma 2.3] which is useful in understanding the

error estimators which feature the operator D.

Lemma 2.5. Let u € H?(Ty,). Foreachcell I = [T, Tpmy1], j = 0,..., M — 1, the following

local bound holds:

IDCull? < ¢ ([wasll7 + R’ fuli, + holuals, + by ool 1) - (2.19)

2.3 The dispersive reconstruction operator

The main tool used to develop the a posteriori error estimates is a (spatial) dispersive reconstruc-

tion operator R corresponding to the third order differential operators in (2.1) as well as to the
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discrete variant D defined above. We highlight the considerations which motivated the definition

of the dispersive reconstruction operator in [31, Section 3]:

(i) Foru € H?(T,), the dispersive reconstruction Ru should be (efficiently) computable.

Indeed, it is highly desirable that this reconstruction be able to be computed locally on each

cell.

(ii) Ru should be globally smooth so that (Ru),,, in the strong sense. Indeed, this will allow

the reconstruction of the approximations uy,, vy, to satisfy the original system in the strong

sense, up to a computable forcing term.

(ii1) Finally, it is useful for a reconstruction operator to be a right inverse of the corresponding

dispersive projection (see [12, (2.15)] and [31, (20)]). For more details, we refer the

interested reader to [31].

We now quote the definition of the dispersive reconstruction of Karakashian and

Makridakis [31, Theorem 3.1].

Theorem 2.6. For each u € H?(T},), there corresponds a unique o := Ru € C*([0,1]) N V,f*g’dG

such that for each cell I = [z, Tpy1], m = 0,..., M — 1in Ty, there holds

(0awes X)1 = (DCu,x), forall x € V2(I),
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Karakashian and Makridakis showed that the reconstruction o can indeed be computed
locally and efficiently. In addition, they showed several useful approximation properties for this
reconstruction. These properties, which will prove useful in our discussion of the estimators to
be developed below, are quoted here [31, Theorem 3.2 and Remark 3.2]. The fact that V} is a
subspace of Vth and the fact that D and D¢ coincide on V! are the reasons motivating our use

of the same reconstruction operator of Karakashian and Makridakis.
Theorem 2.7 (approximation properties of R).

(i) Suppose that u € C*([0,1]) N H"™(T},). For each I € Ty,

lu — Ruljr < ch?™* |ulgsar, j=0,1,...q+4 (2.21)

(ii) Suppose uw € HT™(Tp,). For j =0,1,...,3and I = [, Trmy1] € Th,

. 1 3 .
|u — Ru|jJ <c (h(}+4_]|u|q+471 + hin ]|[u]m| + hin ’ (|[Ua:]m| + |[u$]m+1|>

. (2.22)
it
Indeed, if wy, € V,f’dG is an O(h*) approximation to a smooth function w in the sense that
lw = wallr + hsll(w = wh)e|| < chy, VI € Th,
the H’(I) seminorm of the reconstruction error is bounded as follows:
lwp, — Rwp|jr < ch* . (2.23)
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2.4 A posteriori error estimates for the semidiscrete approxi-

mations

We now construct a posteriori error estimates for the semidiscrete approximations. For brevity,
we conduct the argument for the conservative semidiscrete scheme of [12]. Nearly identical
arguments effect a posteriori error estimates for the dissipative scheme of [12]. We relegate the
discussion of this matter to Section 2.6.

In our previous work [12, (3.1)], we defined the (conservative) semidiscrete approxi-
mation to the solution (u, v) of the IBVP for (2.1) as the solutions uy, v, in V;! x [0, T] of the

coupled system

N(uha uh)
Upt A B C Duh 0
+ Nun,on) | + = , (2.24)
Uht D E F Doy, 0
N(Uh, Uh)

of first-order in time operator equations with initial data u},, vj € V,’. Here, the initial data is
a suitable (i.e., at least O(h?)) approximation of the initial data u, vy for the IBVP (see [12,
(Theorem 3.2)]). Indeed, the L? projection into V,I or the Lagrange interpolant more than satisfy

this condition.
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For comparison, we recall that in [12] the following a priori bound for the semidiscrete

scheme (2.24) was established:

(= un) @) + I(v = va) (B < ch¥, 0<t<T

where (for the conservative scheme) 1 = ¢ — 1 in general and i = ¢ if the underlying mesh 7},
is uniform. We note that, for the dissipative scheme, the result holds for ;4 = ¢ with no additional
mesh conditions necessary.

The following lemma (which is but a smooth analog of Lemma 5 of [12]) is useful to

the a posteriori analysis to come:

Lemma 2.8. Let (a,b, c) be a nontrivial solution of the system (2.3). If u,v € C% ([0, 1]), the

per

following identity holds

(u®)s
1 A B C
Z(u,v) = / [2au + bv bu + 2cv] (w), | =0 (2.25)
° D E F
(")
Proof. Since the nonlinear form N (-, -; -) is consistent for arguments in H;GT(E) and u, v are
in C,,([0,1]) € H,,,(T), the result follows from the proof of Lemma 5 of [12]. O

The next result provides a posteriori error control of u — u, and v — vy, in terms of
reconstruction errors uy — Ruy, and vy, —Rvy, and the initial errors (u—Ruy)(0) and (v—"Ruvy)(0).

It is crucial to note that Ruy, and Rvy, can be explicitly constructed from uy, so that each term in
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the right-hand side of the estimate of (2.9) is computable. This, of course, assumes that u;,, vy,

have been computed via some means, e.g., the Method of Lines.

Theorem 2.9. Suppose that u, v are sufficiently smooth solutions to (2.1) and that for (a,b, c) a
nontrivial solution of (2.3) the inequality b* —4ac < 0 holds. Let uy, vy, : [0,T] — VI x V! be the
solutions of the scheme (2.24) and let Ruy,, Rvy, denote the respective dispersive reconstructions

of up, vy, as defined in (2.6). For anyt > 0,
t
[(w = un) ()] + [[(v = op) ()| < Precon (t) + ce* <<I>mmaz(0) + / (Prime (5) + Prontin(s)) dS) , (226
0

where the constant C'in ! depends on the | Rup|wee (o)) and |Rup|wie(o,1)). Here, ®initiar,

D,ccons Prime, and Pponiin denote the following quantities:

Drecon(t) = [|(un — Rup) (@) + [[(vn — Ron) (@), (2.27)
Pinitiar (0) := || (u = Run) (0)[] + [ (v = Run)(0)]], (2.28)

Diime (1) = [|(un = Rup)e(t)|| + [ (o — Ron)i(?)

, and (2.29)
Prioniin (£) = [| A (N (un, un) = (Run)®) ) || + 1D (N (wn, ) = (Run)?), )|
+ 1B (N (uny vn) — (RunRon)o)l| + |1 E (N (un, o) — (RuyRop),)|| - (230)

H{1C W Cnsvn) = (Ron)*) )| + 17 (W (o, o) = ((Ren)”), )]
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Proof. Recall that Ruy,, Ruy, belong to C2([0, 1]) N th+3 and that (Rup,)zze = Duy, and

(Rvp)zze = Duy, in the strong sense. Therefore, from the semidiscrete system in (2.24), we have

N(uh, uh)
Ut A B C (Ruh)mx 0
+ Nun, o) | + = , (3D
Unt D E F (R wae 0
N(Uh, Uh)

Letting e =y — Ruy, e =y — Rup, r = up, — Ruy, and r) = vy, — Ry, where u, v form

a solution to the IBVP for (2.1), we get

(e = ((Run)?),
()zaa ri
+A (w)z — (RupRop)e | T =

(v*)z = ((Rvn)?),

N (up,un) — ((Rup)?)

+A | Nup,vp) — (RupRop)z 2.32)

N (vn,vn) = (Rvp)?),

A B C
where A denotes the matrix . This system is written as Q; + Q1 + Q2 = Q3 + Q4

D E F

for convenience.
Multiply this system from the left by the vector Q(t) = [2ae!™ + be®  be™ + 2ce™)]

and integrate over [0, 1] to obtain

/;QQtder/Ol@@der/Ol@dex—/Olc}dier/OlQQA‘dx' (2.33)

Computing the first term, we see that

/ QQ,dr = —Q( ), e™). (2.34)

73



Noting that

u? — (Rup)? = (e™)? 4+ 2Rupe™,
wv — RupRop, = e™Wel + Rupe™ + Rupe™, and (2.35)

v? — (Rup)? = (e)? + 2Rv,e™

allows the conclusion

/1 QQqdx = Z (e, e™)

0
+ (44a + 2Db) ((Rupe™),,e™) + (2Ba + Eb) ((Rupe'™),, e™)
+ (Bb+ 2Ec) ((Ruhe(”))x, e(”)) + (2Cb + 4Fc¢) ((the(”))x, e(”)) (2.36)
+ (2Ba + Eb) ((Ruhe(”))x, e(“)) + (2Ab+ 4Dc) ((Ruhe(“))x, e(”))

+ (4Ca + 2Fb) ((Rope™),, e™) + (Bb + 2E¢) (Rupe™),, e) .

Invoking Lemma 2.8, Z (e(“), e(”)) = 0. Let )11 denote the first four of the last eight terms in
(2.36). Twice integrating by parts on each term (or by application of (2.9), as each function here

is smooth and periodic and the form A/(-, -; -) is consistent), we obtain

Q11 = (2Aa + Db) <(e(“))2 ’ (Ruh)z> + (Ba+ Eb/2) <(e(u))2 7 (th)m>

4 (Bb/2 + Ee) ((e(”))2 , (Ruh)x) +(Cb+ 2Fc) ((e(”))2 , (th)m) .
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As a result, since, if b2 — 4ac < 0, there is a positive constant ¢ such that for an LY € L*(T,
p y

1
we have o/ (gb2 + w2) dz < Q(¢, ). From this, we obtain
0
CRu v u v
Q1] < cruyropa (€2 + [e®])) < R*“TR’“AQ(e( ) e, (2.37)

Here, the constant cr,,, 7v,.4 depends on the constants in the expression for Q1,1 and [Rup|yw 1.0 ([0,1))
and |RU}L‘W1,00([071]) We denote the next two terms of (2.36) by ()1 ». From the definition of
(a,b,c) given in (2.3), we know that 2Ba + Eb = 2Ab + 4Dc. As a result, integrating by parts on

each term twice reveals that

Qi = ~2Ba-+ ) (Runel®, (¢).) + (Rune, (1) )

= (2Ba + Eb) ((Ruy)s, e(“)e(“)) :

As a result, we obtain

|Q1.2] < CRuh,Aue(u)@(U)HQ

< Crupalle™ e .

CRu VA u v
< SRmA (o2 1))

< MQ(Q(U), e®))
20

9

where C,, 4 depends on |Ruh|W1,oo([071]) and the constant 2Ba + Eb. We denote the final two

terms of (2.36) by ()1 3. The fact 4C'a + 2Fb = Bb + 2Ec allows a nearly identical argument to
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that conducted for () o, yielding the bound

Cro
Q13| < 7;;’AQ(G(“),e(”)). (2.39)

Combining the bounds (2.37), (2.38), and (2.39), it is clear that
Q1] < Crup mop 40 Ue™, e), (2.40)

where here C'zy,, 7y, .40 18 dependent on Ruy, Ruy, A, and o through the constants in (2.37),
(2.38), and (2.39). For sufficiently smooth ¢, ¢ periodic on [0, 1], note that (¢, 1) =

—(Yzzz, @). Consequently,
1 ~
/ QQ2dz = 2a (egi)m, 6(“)) +b ((e%)w, e(”)) + (eg;)m, e(“))) + 2c (eg(ﬁ”m)m, e(”)) =0. (241
0
It remains to compute the terms on the right side of (2.33). Note that
1 ~
/ QQsdxr = 2a(r,§u), ey +b ((rﬁu), e) + (r,E”), e(“))> + 26(7’151}), el®)).
0

As a result,

1
| @0uds] < Cuaa (I + 1P + e, ) e4)
0

where the constant C'4 , depends on A and o from the positive definiteness condition. It remains

1
to bound/ QQu. Let G = N(un,un) — (Run)?) . & = N(up,v) — (RupRuyp), and
0

T
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G = N(vn,vp) — ((th)g)m. Note that

"5 ! AGo+ BG + CG

/ QQqdz = / [2ae™ + be™  be™ 4 2ce™] dz
0 i D + EG + Fé,
= 2a(AGo + BG + CG, ™) + b(AGo + BGi + CG,e™)

+b(DC + EC + Féy, e™) +2¢(Déo + ECy + Féy, )

so that

/ Qi dr < Cua (4G + BG4+ CGll? + Do+ B + PG
11 + [1e®1%)
< Ca (| A + BG + CGll? + 1DG + B¢ + FG* + Q(e®,e®))  (243)
< s (IAGI2 + IBGIP + 1CGI + 1DGI? + [ EGI + | Fé?

LO(e®, ).

Combining (2.34), (2.40), (2.41), (2.42), and (2.43) yields

d U v u v u v
g2 e?) < Oy, (2, ) + 1P + i

2

+ 1A W () = (Run)?) )| + 1D (N (i wn) = (Run)?),) |
(2.44)
+|B (N (un, vn) = (RunRun)o)I” + | E (N (un, vi) — (RunRu)o) ||

[|C (A (s wn) = ((Run)?) I + |7 (W, vn) = (Ron)),)])

for a constant C'zy, ®u,.4.- that depends on Ruy,, Ruy, A, and o through the constants in (2.34),

(2.40), (2.41), (2.42), and (2.43).

77



Applying a differential form of Gronwall’s inequality (see, e.g., [27, Appendix B,

Inequality j.]) results in

Q(e(u)’ e(v)) < eCt (Q(e(u)(o), e(“)(o))
+ [ (I + I
A W, ) = (Run)?),) (5)|f
1D W Cany ) = (Rwn)?),) ()] 045
1B (W) = (RunRun).) (5)°
1 (W un, o) — (RusRon)) (9)]
1€ (M (wnvn) = (Ren)?),) )]

+ || F (N (vn, on) = (Ruw)?),) (s)H2> ds.

From b* < 4ac,

7 (e 2 + e 2) < Qe e).

Application of this fact, some elementary algebraic inequalities, and the triangle inequality yields

the result. ]

Remark. Recall that in Theorem 2.9, the constant C' in the exponential term which comes from
Gronwall’s inequality depends on ]Ruh|W1,oo([071]) and |th|W1,m([0,1]). This dependence on the

reconstructions can be replaced by analogous dependence on u and v via a nearly identical
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argument utilizing the observations

u? — (Rup)? = —(™)? + 2ue™
wv — RupRop, = —e™e® 4 pe® 4 ve(”), and (2.46)

v? — (Rup)? = —(e™)? + 2ue

in lieu of (2.35). However, the resulting bound in terms of u and v is not computable in general.
We remark that Theorem 2.9 utilizes a constant dependent upon the reconstructions so that the
upper bound on the errors u — uy and v — vy, is entirely computable, provided, of course, that uy,

and vy, have been computed by some means.

2.5 A posteriori error estimates for the fully discrete schemes

To develop a posteriori error estimates for the fully discrete scheme, we adopt a similar approach
to that followed by Karakashian and Makridakis in [31] for the single gKdV equation in that we
form a pair of two time-stepping schemes. The first, or main, scheme is used to generate the
fully discrete approximations and the second is used at each timestep to develop an estimation.
Indeed, the essential issue is to use these two schemes to construct a vector valued function with
components that are spatially smooth, temporally continuous, and satisfy the system (2.1) in the
strong sense but with a computable forcing term.

The analysis presented here has several advantages over the work of [31], even when

applied to methods for the single gKdV equation.

1. The analysis is simpler mainly due to the fact that the space-time reconstructions of u; and
v, are continuous in time (i.e., across the temporal nodes). Consequently, the number of
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resulting error indicators (also referred to below as estimators) is now three. In [31], an

additional fourth indicator was necessary because of the discontinuous nature of the space-

time reconstruction employed therein.

2. In [31], the Backward Euler scheme was used to produce the fully discrete approximations,

whereas the midpoint rule played an auxiliary role in order to produce the a posteriori

error estimation. Here, the main scheme is the midpoint rule, which, in addition to being

more accurate (second order in time, as opposed to the first order in time accuracy of the

Backward Euler scheme), is conservative in time in the sense that ||u} ™| = ||u}|| and

[ I = g | for all n.

2.5.1 The fully discrete schemes

Let0 = ¢ < ¢' < ...

t"t " forn =0,1,..

<

tN

= T be a partition of the temporal interval [0, 7] and k" =

., N — 1. Herein, we generate the fully discrete approximations uy;, v,

to u(-,t"),v(+,t") by the one-stage implicit Runge-Kutta method of Gauss-Legendre type (RK1).

Indeed, the approximations uy;, v}, are given by

n+1
Upr

Iin

n+1

K/n

71 71 1 ,1
where the values uy; and vy; are given by uy;, = (uly; + u

n
Uy — Uy

A B C

D E F

N (uyf' uiy)

N o)

N o)

n+1
M

)/2 and v}

, (2.47)

(i + 3 )/2-

The initial conditions u}, and v9, are defined via u$; := u,(0) and v%, := v;(0).
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At each timestep ", we employ a step of the Implicit Euler method to supply an

estimation for the error generated by the RK1 method. These values u’;

from a single iteration of Implicit Euler at timestep ", are given via

Upg

,in

n+1

K?’l

n+l

Upy

n
Vg — Uy

A B C

D E F

N(
N(

n+1
Up

n+1
Ug

N(,U%+1

n+1
7uE

n+1
7UE

n+1
7UE'

)
)

"+ and v;t!, obtained
upth) 0
_ (248
yany 0

We stress that, at each timestep ¢", the initial values for the Implicit Euler scheme are the

approximations u'y,, vy, at t" as generated by the RK1 method.

The well-definedness of these schemes can be shown via a variant of Brouwer’s Fixed

Point Theorem in a manner similar to [6]. Further, uniqueness and convergence can also be

shown under appropriate CFL conditions.

To derive a posteriori estimates, we apply an argument similar to that of Karakashian

and Makridakis [31], which has roots in the work of Akrivis, Makridakis, and Nochetto for

parabolic problems (see, for example, [3]). Indeed, for simplicity, we generate fully discrete

approximations using RK1, only the first member (s = 1) of the s-stage Implicit Runge-Kutta

methods of Gauss-Legendre type. The estimates constructed herein can be generalized for larger

s € N through arguments similar to those of [3]. In addition, here we impose the simplifying

assumption that the finite element spaces are fixed in time. This assumption can certainly be

removed and the more general case can be considered via a careful argument along the lines of

[7].
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2.5.2 The fully discrete reconstruction

The fully discrete reconstructions are defined as the functions 4,0 : [0, 7] — C?([0,1]) N V&

which on each interval I,, = [t", "] are defined by

a(t) =R (wj@ + /t t Fy(s) ds) (2.49)

n

and
t
i(t) =R (v]”w + / Fi(s) ds) (2.50)
tn
where
F (t) u;\tj—l B U?W u%+1 _ U/J\L/[
g MM e M
F(t) := = T Ca(t) + L 0 (t). (2.51)
Y — UM Ve — UM
Ai) T .
2 o 9 ) , _
Here, (1 (t) = — ("™ — t)and ¢1(t) = —(t — t™") are the basis functions of the space of
2 Kn Kn

functions affine in ¢ which correspond to the nodes t™' := (¢" + ¢"*1)/2 and t"*", respectively.

As aresult, 4, v are each computable and piecewise polynomial in space and time.

A Key property of the fully discrete reconstruction

The next lemma elucidates the relationship of the fully discrete reconstructions u, v to the
piecewise affine interpolants of u',, v}y, on each interval /,,. We commit a small abuse of notation
below: the application of R to a vector is used to denote the application of R to each argument

thereof.
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Lemma 2.10. Let U(t), V (t) denote the piecewise affine in time interpolant of the fully discrete

approximations uy;, v'y,;. On each interval I, = [t" t"*'], for any t € I,,,

a(t) U | 1| g —up |
-R +- L. (2.52)
o(t) V(t) opft — ot
) 4 ny(gn+l - - - - n,1
where (1(t) = —(t — t")(t""" — t) is the basis function corresponding to the node t"" =
2 K

n

tn + tn—i—l

5 in the space of functions quadratic in t on the interval I,.

Proof. The proof comprises evaluation of () and 4(¢) at t", t™*, and "', It is clear from the

definitions of @ and v that (") = Ruf, = RV (t") and 0(t") = Ruy, = RV (¢").

Employ the trapezoidal rule, which is exact for affine functions, to compute 7 (t""):

tn.l
™) =R <u?w + / Fy(s) ds)
t‘”.

R(UA[+ tn)"_FO(tn 1)))
n+1 _ n+1 n

~R (u 4o ( Ui (&(t”) +€;(t”’1)> + 2B UM (g, (gm) +€1(t”’1))>)
Rn 2 2 Kn

R (u o (B ) - (g - um) (2.53)
3 1

_ n+1 e n - n -

=R (u Upy qum = g + 1Y )

P s “Kjr1 1 WL

4
n,l 1 n+1 n+1
=R u + 1 uM —up ) .

1
An identical argument shows (") = R < vy o 1 (v U}}H)).
Furthermore, application of the midpoint rule of integration, which is also exact for

affine functions, yields the desired result for @(¢"*):
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By similar means, o(t"*!) = R
As a result, the (piecewise quadratic in time) function u(t) (similarly, 0(¢)) is given by
the sum of the (piecewise linear in time) function RU (¢) (similarly, RV (¢)) and the (piecewise

n+1

1 A 1 A
quadratic in time) function Z(u nEL w0 (1) (similarly, Z(v}}jl — v)04 (1)), yielding the

1 1
2 2

desired result. O]

2.5.3 The error estimates

To develop the error estimates, we derive an error equation for u — 4 and v — ¥ which features a

computable right-hand side.

84



Lemma 2.11. The errors u — U and v — U satisfy the following error equation:

7 (2.55)

2
where £ = Z &; is a computable quantity with

=0

e N Nt ) (@)
o [ ] R Nptoy) | GO+ R | Nt oty | 6l = | (ad)a (2.56)
b E F n,l1  n,l n+1  n4+1 ~2
L N(UM »Unr ) N(UE Vg ) ('U )I
n+l __  n+t+l n+l _  n+t+l
g=rp| P T s %D YE T £1(t). and (2.57)
vET =y vET =y
U(t)
&= (R—-1I)D , (2.58)
V(t)
Proof. To obtain the error equation (2.55), we add the quantity
9
(4%)s
_ — (Gd), | — (2.59)
04 (1) D E F Vg
2
(0%)2

to both sides of the system (2.1) and show the resulting right hand side (namely, (2.59)) is

equivalent to £. Compute the first term of (2.59) by recalling the definitions of @ and v. Indeed,

85



from (2.49)-(2.51), (2.47), and (2.48), it follows that

iy (1) Fo(t)
=R
04 (t) Fi(t)
n+l _  n n+l _  n
(uM e ) 0o(t) + ((Z2——UM) g )
- R R, 2 Kn
N ol ot
(M M)El(t)Jr(E M>€1(t)
L KRn n
n,l  n, n n (2.60)
N(“Ml’ “Ml) N(UE+1’ UE+1)
A B C
=-R Nt oty | La() + | N (it oith) (1)
D E F
Ny o) N (gt opth)
U(t) uitt —
_RD T AT
vy || et -t

where in the last step we used the linearity of the operator D. Now, recalling that (R¢),., =

D¢ for ¢ in V}!, in view of Lemma 2.10, we obtain the following expression for the last term of

(2.59):
Ugr (1) U(t) 1 wttt — gt |
-D +D R PA() 2.61)
Ve (1) V(t) ot — ot

Combining (2.60) and (2.61) and introducing the middle term of (2.59) obtains the desired result.

O

The next result provides an a posteriori bound for the error generated by the fully

discrete scheme (2.47).

Theorem 2.12. Let u'y;, v}y, denote the solutions of the fully discrete scheme (2.47) and let

U, U denote their respective fully discrete reconstructions as defined in (2.49) and (2.50). The
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following a posteriori estimate holds:

[u(t™) = uirll + [lo(@") = vl < uip = @) + lluzp = @) + llogy — o) + [Jox, — o)l
- } Q6
+ e (IIU(O) = | + [[v(0) — v | +/ IE®) - £ dt>
0

2
Here, the constants depend on the W seminorms of @ and 0. Recall that £ = Z E; is the
i=0

computable quantity defined via (2.56), (2.57), and (2.58).

Proof. The proof follows from a similar argument to that of the semidiscrete case in Theorem
(2.9). Indeed, left-multiply the error equation (2.55) by an analogous row vector Q= [Qae(“) +
be™  be™ + 2cel)] where, in this case, é™ = u — @ and e = v — 0. Integrate over [0, 1]
to obtain an equation of the form (2.33). The terms on the left side are handled in an identical
fashion to those that occur in the proof of Theorem (2.9), while the terms of the right side are
estimated via applications of Cauchy-Schwarz and Young’s Inequalities. An application of a
differential form of Gronwall’s inequality (see, e.g., [27, Appendix B., Inequality j.]) yields a
desired bound for ¢ (t) and e (t) in L2([0, 1]). The desired result follows from the triangle

inequality. 0

Remark. While the bound given above in terms of / ) E(t) - E(t)dt is reliable, it is also useful
0

to study a coarser bound involving the individual contributions based on each term &; of &, i.e.,
a bound which replaces /t” E(t) - E(t)dt in (2.62) by ZQ: /t” Ei(t) - E(t) dt. This allows the

0 "~ /0
separate consideration of some estimators which are expeocted to depend on h and others which
are expected to depend on the timestep size k. Indeed, for uy;, vy, which behave optimally with
respect to kK, it is expected that &y and &, should also behave optimally with respect to k. Yet,
it stands to reason that £; should exhibit little, if any, dependence on k, as £y appears to be
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a measure of the spatial reconstruction error. To consider the behavior of the terms &; from a
spatial perspective, suppose for the moment that uy;, vy, are known to be O(h") approximations
to solutions u,v of (2.1). Based on the single spatial derivative present in £y, one expects the
estimator & to suffer by one power of h, behaving as O(h*~*). Furthermore, in light of (2.19)
and (2.23), one expects the term &, to suffer by three powers of h due to the presence of the
operator D in this estimator. The temporal nature of the differences in £, suggests only cursory, if

any, dependence on h. Each of these intuitions will be studied experimentally below.

2.6 A posteriori error estimates for the dissipative schemes

All techniques utilized above to develop a posteriori error estimates for the conservative
semidiscrete and fully discrete schemes can be easily adapted to develop estimates for the
dissipative analogs discussed in [12]. Indeed, identical versions of Theorems 2.9 and 2.12 hold
should the dissipative variant D (defined in (2.14)) of the dispersive operator be utilized in

lieu of the conservative operator D. The only meaningful difference in the analysis is that the
spatial reconstruction utilized must reflect the choice of dispersive operator, The dispersive
reconstruction R which is suitable for this analysis was first defined in [31, Section 6] to develop
a posteriori bounds for the Cheng-Shu Formulation for IBVPs for a single gKdV equation (see

[23]). We quote their result [31, Theorem 6.1] here.
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Theorem 2.13. For each v € H?(T},), there corresponds a unique & := Ru € C%([0,1]) N

V}f+3’dG such that for each cell I = [1y,, Tp1], m = 0,..., M — 1in T}, there holds

(Fazes X)1 = (D%, X),  forall x € V;2%(I),

(2.63)

Naturally, only two differences of note exist between this definition and that of R in
Theorem 2.6. The first is that the operator D¢ is used in place of D€ in the first condition
of (2.63); the second is that u, (") is used in the third condition in place of {uy },,. Thus, as
before, we have a dispersive reconstruction Ru corresponding to the dispersive operator D that
is a locally computable, globally smooth function. Therefore, arguments nearly identical to those
conducted above, merely replacing D with D and R with R, yield Theorems 2.9 and 2.12 for the

dissipative schemes.

2.7 Numerical experiments

We now present numerical experiments designed to gauge the performance of the a posteriori

error estimates developed above. We highlight a few important issues:

(i) We provide validation of the theoretical results, including a study of the effectiveness of the
error indicators &;, ¢ = 0, 1, 2, both individually and in combination as a gauge of the error

|lu(t™) — uly || + [|[v(t") — v};]|- To do this, we compute several quantities emanating from
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the bound in Theorem 2.12, namely,

" 3
0

3
I

" :
( / (1) £(1) dt) and (2.65)
0

2 2
Ny = (Zn?) . (2.66)
=0

In what follows, effectiveness of the various indicators is quantified via the effectivity

index. The effectivity Eff(¢) of some indicator ¢ is defined via

¢

- utr) = gl + o) — vyl

Ef(¢) :

(i1)) We highlight experimentally that the a posteriori upper bounds obtained via Theorem 2.12
(see Remark 2.5.3) decrease with the same O(x?) rate of the underlying fully discrete
method. In this sense, these estimates can be qualified as being of optimal temporal order

of accuracy.

(ii1) In addition, we confirm experimentally that, in general, the a posteriori upper bound
obtained in Theorem 2.12 decays suboptimally in terms of the spatial discretization
parameter h. Recalling Remark 2.5.3, we study the degree of suboptimality exhibited by

the various error indicators &;, both individually and in combination.

(iv) Finally, we experimentally explore consequences of this spatial suboptimality with regard
to effectivity indices. We provide plots illustrating that effectivity indices remain small for

reasonable choices of the spatial and temporal discretization parameters. Nevertheless, as
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we clearly identify a class of cases for which effectivity indices are too large to be practical,
we provide heuristic correction factors depending on the polynomial degree of the spatial
discretization by which the underlying suboptimality of the indicators can be corrected. We
conclude by illustrating experimentally that this correction yields causes effectivity indices

to behave as O(1) for most choices of x and h.

In what follows, we present experiments utilizing the conservative fully discrete scheme for
sake of concision, as the experiments conducted for the dissipative fully discrete scheme are not
dissimilar.

As in [12], we adapt the experiments to the interval [0, 1], by multiplying the third
derivative terms in (2.1) by a small parameter ¢, specified below. Consequently, in the experi-

ments below, the indicators featuring the operator D are also multiplied by such a parameter. The

parameters A, B, ..., F are taken to be
1 1 1 1 9
A=-, B=-, C=—, D=-, E=1 F=——. (2.67)
8 8 32 8 32
. . 118 28 C . .
These choices resultin a = T = 17 and ¢ = 1, which in turn yields the negative
7240
discriminant * — 4ac = ———.
289

For the various experiments, two types of solutions of (2.1) were used. These are both
proportional traveling waves of the form (u,v) = (u,2u). The first is adapted from the well

known cnoidal-wave solution of the KdV equation,

u(z,t) = Aen® (4K (m)(x — wt — x0) : m) (2.68)
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where cn(z) = cn(z:m) is the Jacobi elliptic function with modulus m € (0, 1) (see [1]) and the

1

parameters have the values m = 0.9, \ = 192meK (m)?, w = 64e¢(2m — 1)K(m)?, € = =0

Since our experiments are conducted on [0, 1], shifting by 2o = % centers the initial value in the
middle of the interval. Here, the function X' = K (m) is the complete elliptic integral of the first
kind and the parameters are so organized that u and v have spatial period 1.

The second class of solutions is an approximation of the proportional solitary-wave
solutions that were discussed in [12, Section 1.2]. The parameters A, B, ..., F' are the same as

for the cnoidal-wave type solutions, and it is still the case that (u, v) = (u, 2u), but now

u(z,t) = Asech® (K (z — wt — x0)), (2.69)
ithA =1 A/3 ! K L /A in shifting b ! t ter the initial
w1 =1, W= s €= ——, = — —, again snirun o = — 1O center tne 1mitial wave
5760 2V 3% gDV I =5

profile. With v = 2u, this is an exact solution of the system which is not truly periodic in space.
Yet, the initial data can be rendered periodic by simply restricting the above solution at £ = 0 to
the computational domain [0, 1] and imposing periodic boundary conditions across x = 0 and

x = 1. The resulting periodicized initial data yields a periodic solution of the system. Indeed,
from previous theory, the resulting solution is approximated to within order € by the restriction
of (u,2u) to the period domain [0, 1] over a time interval of order % (c.f. [9] and [22]). The small
value of € used in the experiments with proportional solitary waves thus yields a solution, the
accuracy of whose numerical approximation can be determined by comparison with the exact
solution (u, 2u) with u as in (2.69). Much of the numerical work on the KdV equation has made
use of this small trick to check for accuracy and convergence, especially when issues surrounding

solitary waves are under consideration.

92



2.7.1 Temporal rates of decrease

We begin our numerical experiments with a study of the temporal rates of decrease of the
indicators 7, 7)x, and 7; for ¢ = 0, 1, 2. Recalling Remark 2.5.3, we would like to show that each
of 19, M1, 1, and 7y, decrease at the rate of O(x?) in accord with the predicted rate of decrease for
the RK1 temporal discretization. In addition, we would like to show that 7, is independent of «,
as it appears to be a measure of spatial reconstruction errors. In these experiments, we utilized
uniform temporal grids, varying the number of timesteps /N. In order to render the spatial errors
very small and highlight the temporal errors, we utilized a uniform spatial mesh with M/ = 500
cells and polynomial degree ¢ = 5. Each rate presented represents the slope of the line of best fit
for the natural logarithm of the respective column, where the independent variable is the natural
logarithm of the stepsize k = 1/N. Indeed, the results in Tables 2.1 and 2.2 show that each of
the indicators exhibit very close to the desired behavior. On a side note, we remark that these
experiments feature quite reasonable effectivity indices with values between 3 and 5 for the
temporally dependent estimators. Indeed, this is reasonable since the parameters were selected
so that temporal error is the major contributor to the errors and the estimators behave optimally

with respect to the timestep size .
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Table 2.1: Computed temporal rates of decrease for a posteriori error estimators of the conservative fully-discrete scheme.
Proportional cnoidal-wave solution with 7' = 1, M = 500, and ¢ = 5. Varying number of timesteps /V.

N L? error o no eff. m 1y eff. N2 1o eff. n n eff. s 7y eff.
16 || 725 x107° || 3.09 x 107* || 427 | 240x107* || 330 [ 6.92x 1077 || 0.01 || 1.85x107* || 2.54 || 3.91 x10™* || 5.40

20 || 4.65x 1077 || 1.99 x 107* || 429 || 1.56 x 107* || 3.36 |[ 6.92x 107" || 0.01 || 1.19x107* || 2.57 || 2.53 x 107* || 5.45

25 || 298 x107° || 1.28 x107* || 4.31 || 1.01x107% || 3.40 || 6.92x 1077 || 0.02 || 7.73x107° || 2.59 || 1.64 x 10~* || 5.49

32 || 1.82x 1077 || 7.87 x 1077 || 4.33 || 6.26 x 107° || 3.44 || 6.90 x 1077 || 0.04 || 4.76 x 1075 || 2.62 || 1.01 x 107* || 5.53

40 || 1.17x 1075 || 5.05 x 1077 || 4.34 || 4.04x107° || 3.47 || 6.92x 1077 || 0.06 || 3.07x107° || 2.64 || 6.47 x 107° || 5.56

50 || 7.46 x 107% || 3.24 x107° || 4.35 || 2.61x107° || 3.49 |[ 6.92x 1077 || 0.09 || 1.98 x 107° || 2.65 || 4.16 x 107> || 5.58

64 || 4.55x107° || 1.98 x 107° || 4.35 || 1.60 x 107° || 3.51 || 6.91 x 1077 || 0.15 || 1.22x 107" || 2.67 | 2.55 x 107° || 5.60

80 || 291 x 107 || 1.27x107° || 4.36 || 1.03x 1077 || 3.53 || 6.92x 1077 || 0.24 || 7.84x107% || 2.69 || 1.64 x107° || 5.61

rate 2.00 1.98 1.96 0.00 1.96 1.97
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Table 2.2: Computed temporal rates of decrease for a posteriori error estimators of the conservative fully-discrete scheme.
Proportional solitary-wave solution with 7' = 1, M = 500, and ¢ = 5. Varying number of timesteps N.

N L? error o no eff. m 1y eff. N2 1o eff. n n eff. s 7y eff.
16 || 234x 107" || 757 x 1071 || 3.24 | 460x 107" || 1.97 || 519x107° || 0.00 || 7.33x107" || 3.14 | 8.86 x 107" || 3.79
20 || 1.50 x 107! || 5.24 x 107 || 349 || 3.17x 107" || 2.11 || 517 x 1075 || 0.00 || 3.59 x 107" || 2.39 || 6.12x 107" || 4.08
25 || 9.78 x 1072 || 3.65 x 1071 || 3.73 || 2.32x 107" || 2.38 || 5.17x107° || 0.00 || 2.41 x 107! || 247 || 433 x 107" || 4.42
32 || 6.09x 1072 || 240 x 107" || 3.94 || 1.59 x 107" || 2.61 || 5.17x107° || 0.00 || 1.62x 107" || 2.65 || 2.88 x 107! || 4.73
40 || 3.95x1072 || 1.62x 107! || 4.10 |[ 1.09x 107 || 2.76 || 517 x 1077 || 0.00 || 1.08 x 107 || 2.75 || 1.95 x 107! || 4.94
50 || 255 x 1072 || 1.08 x 107 || 4.23 || 7.39 x 1072 || 2.90 |[ 517 x107° || 0.00 | 7.14x 1072 || 2.81 || 1.31 x 107" || 5.13
64 || 1.56 x 1072 || 6.81 x 1072 || 4.36 || 4.74x 1072 || 3.04 || 517x107° || 0.00 || 445x1072 || 2.85 || 8.30 x 1072 || 5.31
80 || 1.00 x 1072 || 4.46 x 1072 || 4.44 || 3.15x 1072 || 3.14 || 517x107° || 0.01 || 2.88 x 1072 || 2.87 || 5.46 x 1072 || 5.44
rate 1.95 1.76 1.66 0.00 1.92 1.73

95




2.7.2 Spatial rates of decrease

We continue our numerical experiments with a study of spatial rates of decrease for the various
estimators. Recall from [12] that the spatial rates of decrease for the conservative fully discrete
schemes are experimentally observed to be O(h*) where ;1 = ¢ + 1 for odd polynomial degree
and @ = ¢ for even polynomial degree. We stress that this is due to experimental observation
alone, as the available theory is less generous. Nevertheless, reflecting upon Remark 2.5.3 with
this observation in mind, we would like to see the estimator 79 behave as O(h* ') and 7, and,
consequently, i and 75, behave as O(h*~?). Furthermore, we expect 7, to exhibit little to no
dependence on h.

In these experiments, we utilize uniform spatial and temporal grids. To allow the spatial
errors to dominate by several orders of magnitude (a difficult task due to the high spatial order
observed for (2.47), cf. [12], when compared with fixed second order temporal rate), we use an
extremely small timestep size x = 107 '. We utilize a range of very small numbers of cells M/
and polynomial degrees ¢ = 2, 3,4. In Tables 2.3, 2.4, and 2.5, we provide results with final
time 7' = 1/10 computed with the cnoidal-wave solution. In Tables 2.6, 2.7, and 2.8, we provide
results for final time 7" = 1/10 computed with the solitary-wave solution. In Tables 2.9, 2.10, and
2.11, we exhibit similar results for final time 7" = 1 utilizing a cnoidal-wave solution.

Despite the issues plaguing experiments of this kind, Tables 2.3-2.9 exhibit spatial rates
of decrease for the estimators which are quite in line with those expected. In several cases, the L*
errors converge at a higher rate than expected, an issue which seems to be tied to the extremely
small number of cells used. Nevertheless, the estimators consistently behave at rates similar to

those suggested in Remark 2.5.3 based on the well-observed spatial convergence rates of the
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fully discrete scheme (2.47) from [12]. Finally, ; appears to exhibit the salutary property of
being independent of A, so that 7; and 7, together seem to provide independent indicators for the
temporal and spatial errors.

Nevertheless, in contrast to the temporal experiments of the previous section, the
effectivity indices in Tables 2.3-2.9 suffer greatly due to the spatial suboptimality of several
indicators. We stress that the parameters chosen for the experiments in Tables 2.3-2.9 were
chosen to highlight the spatial suboptimality. Indeed, it is then natural that significant growth
in the effectivity indices of the various indicators occurs as the number of cells increases. Due
to the computational efficiency with which the fully discrete scheme and a posteriori estimators
can be computed even for high numbers of cells and high polynomial degree, it is highly unlikely
that such a low degree of spatial accuracy as is considered here would ever be used in practice.
Instead, spatial errors can be made extremely small with computational ease by selecting a
reasonable number of cells and even slightly higher polynomial degree. As hinted at by the
previous section, in these cases effectivity indices remain small, as temporal error overshadows
spatial error as the primary contributor to the total approximation error.

Finally, though the L? errors decay as expected, these errors oscillate as M is in-
creased, causing far more pronounced oscillations in the effectivity indices. These oscillations
in the L? error is not well-understood, but are well-observed in our experiments and appear most
noticeably in cases which feature low numbers of cells. Certain consequences of this behavior are

observed for low numbers of cells in the various contour plots of Section 2.7.4.
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Table 2.3: Computed spatial rates of decrease for a posteriori error estimators of the conservative fully-discrete scheme. Proportional

1
cnoidal-wave solution with 7" = 10’ fine temporal resolution with x = 10~". Varying number of cells with ¢ = 2.

M || L%emor || no || moef || m1i || miefi |[] n2 || moefi || n [| meit. || ns || ms eft.
15 3.13x10° 2 520x10° 2 1.66 0.00 0.00 483x10 2 15.44 426x10 2 13.62 486x10 2 1552
16 297x1073 495x1073 1.67 0.00 0.00 535x107 2 18.02 482x1072 16.26 537x1072 18.10
17 380x1072 438x107° 115 0.00 0.00 588x1072 1548 542%1072 14.26 590x1072 1552
18 339x1072 419x107° 1.24 0.00 0.00 650x1072 19.17 6.05%x102 17.84 6511072 19.21
19 2.62x1072 372x1072 1.42 0.00 0.00 7051072 26.97 6.68x102 25.56 7.06x1072 27.00
20 2.12x1073 339x10° 2 1.60 0.00 0.00 7.56x102 35.66 727x1072 3430 7.57%1072 35.70
21 2.16x1073 3.02x1072 1.40 0.00 0.00 8.02x 1072 37.19 7.78%1072 36.08 8.03x 1072 3721
22 250x1072 2.89x107 2 1.16 0.00 0.00 8.48x 102 33.89 822x10 72 32.87 8.48x 1072 3391
23 1.56x1073 278x1073 178 0.00 0.00 8.90x10~ 2 56.99 8.62x10 72 55.21 891102 57.02
24 171x1073 2631073 1.54 0.00 0.00 935x107 2 54.77 9.08x1072 53.20 936x1072 54.80
25 1.62x1073 247x1073 153 0.00 0.00 9.87x1072 61.07 9.62x1072 59.49 9.87x1072 61.08
26 1.69x1073 239%1073 142 0.00 0.00 1.04x107 ¢ 61.73 1.02x1071 60.16 1.04x107 1 61.75
27 1.17x1073 229%1073 1.95 0.00 0.00 1.10x107 ¢ 93.83 1.07x107% 91.53 1.10x107 1 93.85
28 130x1073 2.13x1073 1.64 0.00 0.00 1.15x107 ¢ 88.73 113x1071 86.86 1.15x107 1 88.75
29 135%x1073 199x1073 1.48 0.00 0.00 120x107 ¢ 89.25 1.18x107 1 87.65 120x107 % 89.27
30 1.00x1073 190x1073 1.90 0.00 0.00 125107 ¢ 124.56 123x107 ¢ 122.43 125%x107 ¢ 124.57
31 1.03x1073 185x1073 1.79 0.00 0.00 129x107 ¢ 125.16 127x1071 123.09 || 129x107% 125.18
32 852x10~ 4 175%x10~2 2.06 0.00 0.00 134x10~ ¢ 156.81 132x107 ¢ 154.43 134x10 1 156.82
33 L11x1073 1.65x1072 149 0.00 0.00 137x107 1 123.63 135%x10 1 12191 1371071 123.64
34 9.76x 10”4 157x1072 1.61 0.00 0.00 141x107 1 14432 139x 1071 142,50 1411071 144.33
35 697x10" % 1.52x1073 218 0.00 0.00 145x107 ¢ 207.46 143x107 1 20491 145%1071 207.47
36 7831074 148x1073 1.89 0.00 0.00 148x107 ¢ 189.34 146x107 1 187.09 148x107 1 189.35
37 5.09%x107% 140x1073 275 0.00 0.00 152x107 ¢ 298.49 1501071 29526 || 152x107 % 298.50
38 734x107% 138x1073 1.87 0.00 0.00 1.56x 10 ¢ 211.91 1.54x107 % 20.62 1.56x107 % 211.92
39 557x107% 130x1073 233 0.00 0.00 159x107 % 285.57 1571071 282.81 1591071 285.58
40 738%107%4 126x1073 171 0.00 0.00 1.62x107 % 219.56 1.60x107 % 21751 1.62x1071 219.57
41 506x1074 122x1073 241 0.00 0.00 1.65x107 ¢ 326.20 1.64x107 1 323.30 1.65x107 1 32621
42 6.72x107% 1.17x1073 1.74 0.00 0.00 1.68x107 ¢ 250.41 1.67x107 1 24831 1.68x107 1 250.42
43 413x1074 1.13x107% 273 0.00 0.00 171x107 ¢ 41378 170x107 % || 41048 || 171x107% 413.79
44 548x10~ 4 1.09x10~2 1.99 0.00 0.00 1.74x10 ¢ 316.67 172x107 1 314.27 1.74x10 1 316.67
45 356x10 4 1.05x10~2 294 0.00 0.00 1.76x 1071 49431 175% 101 49075 1.76x 101 49432
46 435%1074 1.01x1073 233 0.00 0.00 1.79x 101 41097 1.78x 1071 408.16 179% 1071 410.98
47 505x10~ % 9.83x10~ %4 1.95 0.00 0.00 181x10~ ¢ 358.43 1801071 356.05 181x107 1 358.43
48 462x1074 947x107%4 2.05 0.00 0.00 1.84x107 ¢ 396.94 1.82x107 1 394.47 1.84x1071 396.94
49 520x107% 927x107% 178 0.00 0.00 1.86x10 ¢ 357.72 1851071 355.53 1.86x107 1 357.72
50 320x107% 8.88x10" 4 278 0.00 0.00 1.88x10 ¢ 587.93 187x107% 584.57 1.88x107 1 587.93
51 3.64x107%4 8.67x107%4 238 0.00 0.00 190x107 % 522.16 1891071 519.25 190x1071 522.17
52 474x1074 837x1074 176 0.00 0.00 192x107 ¢ 405.03 191x107% 402.88 192x1071 405.03
53 349%107%4 8.12x1074 233 0.00 0.00 194x107 % 556.48 193x107 ¢ 553.65 194x107 1 556.49
54 311x107% || 7.92x107% 255 0.00 0.00 196x107 ¢ 629.67 195x107% 62654 || 1.96x107 % 629.67
55 418x107% || 7.64x107% 1.83 0.00 0.00 1.98x107 ¢ 473.40 197x107 % || 47117 1.98x107 1 473.40
56 292x10~ %4 743%x10~ %4 255 0.00 0.00 2001071 684.31 199x 101 681.20 2.00x10~ 1 684.31
57 287x10~ %4 725%x10” %4 252 0.00 0.00 201x107 ¢ 699.99 2.00x10~ ! 696.89 201x107 1 699.99
58 396x10~ % 7.03x10” % 1.77 0.00 0.00 203x107 ¢ 511.81 202x107 1 509.64 2.03x107 ! 511.82
59 253x107 % 6.81x10~ 4 2.69 0.00 0.00 204x107 1 80749 || 204x1071 804.21 204x107 1 807.50
60 291x10~ % 6.67x10" 4 229 0.00 0.00 206x10" ¢ 708.12 || 205x10~?! 705.31 206x10 1 708.12
e [ 192 ] 18 ]| T 000 1| T 100 1 T 106 1 T 10 1l
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Table 2.4: Computed spatial rates of decrease for a posteriori error estimators of the conservative fully-discrete scheme. Proportional

1
cnoidal-wave solution with 7" = 10’ fine temporal resolution with x = 107". Varying number of cells with ¢ = 3.

M || L%emor || no || moeft || m1 || miefi || n2 [| moeit || n | nefi. || s || nseff.
15 225%10° 2 152x10 3 0.68 0.00 0.00 561x10 2 24.97 549x10~ 2 24.40 56110 2 2497

16 L11x1073 Li1x1073 1.00 0.00 0.00 244x1072 21.89 238x1072 2142 244x1072 21.91

17 1.52x107% 1.08x1073 071 0.00 0.00 400x1072 2637 393x1072 25.93 400x1072 26.38

18 534x107% 8.03x107%4 1.50 0.00 0.00 230x1072 43.02 226x1072 4231 230x1072 43.05

19 452x1074 621x107% 1.37 0.00 0.00 295x1072 65.23 291x1072 64.28 295%1072 65.24

20 385x10~ % 5.12x107% 133 0.00 0.00 195%1072 50.78 1.93x102 50.20 195%1072 50.80

21 3.69x10~ % 484x1074 1.31 0.00 0.00 2.10x1072 56.98 2.08x102 5636 2.10x1072 57.00

22 2.10x10~% 392x10” % 1.86 0.00 0.00 1.56x 102 7427 1.55x 1072 7353 1.56x102 74.29

23 1.73x1074 3.18x107 4 1.84 0.00 0.00 1531072 88.77 152x1072 87.98 1.54x1072 88.79

24 132x107 % 278x107%4 2.10 0.00 0.00 121x1072 91.37 120x1072 90.65 121x1072 91.39

25 847x107° 253%x107%4 2.99 0.00 0.00 L11x1072 130.96 1.10x1072 129.96 111x1072 131.00
26 508x107° 222x107% 436 0.00 0.00 9.13x1073 179.62 9.06x1073 178.19 9.13x1073 179.68
27 559%107° 193x1074 345 0.00 0.00 785x1073 140.42 781x1072 139.65 785%x1073 140.47
28 5.16x107° 174x1074 337 0.00 0.00 6.76x1073 131.12 6.72x1073 130.44 6.76x1073 131.17
29 223%107° 158x1074 7.10 0.00 0.00 599x107% 269.07 596x1073 267.85 599%1073 269.16
30 325%x10°° 144x1074 442 0.00 0.00 521x107% 160.64 519x1073 160.00 5211072 160.70
31 270%x107° 131x107% 486 0.00 0.00 456x1073 169.09 455x1073 168.54 456x107° 169.16
2 221x107° 121x107% 545 0.00 0.00 406x1073 183.80 405x1073 183.31 406x107°3 183.88
33 1.88x 1072 L11x10~% 592 0.00 0.00 3.69x10 73 196.42 3.68x107° 195.92 370x1072 196.51

34 197x107° 1.03x10™% 5.25 0.00 0.00 322x1073 163.67 321x107°3 163.23 322x1072 163.75
35 132x107° 9.60x10~° 727 0.00 0.00 295x107 3 223.79 295x1073 223.40 296x1073 22391

36 136x107° 8.96x107° 6.57 0.00 0.00 274x1073 201.08 274x1073 200.85 274x1073 201.18
37 9.94x106 838x107° 8.44 0.00 0.00 257x1072 258.45 257x1073 25825 257x1073 258.59
38 822x106 7.86x107° 957 0.00 0.00 241x1073 292.63 240x1073 292.43 241x1073 292.78
39 9.17x106 739x107° 8.06 0.00 0.00 230x1072 250.63 230x1072 250.58 230x1073 250.76
40 8.60x106 697x107° 8.10 0.00 0.00 221x1073 256.90 221x1073 256.86 221x1073 257.02
41 6.18x1076 6.58x107° 10.65 0.00 0.00 2.14x1073 347.12 2.14x1073 347.09 2.14x1073 34729
42 6.46x10 6 622x107° 9.63 0.00 0.00 206x1073 318.96 206x1073 318.95 206x1073 319.10
43 499%x1076 || 590x107° 11.82 0.00 0.00 201x1073 403.32 201x1072 403.36 201x1072 403.49
44 4.14x1076 5601072 13.54 0.00 0.00 197x1072 476.64 197x1073 47673 197x10~3 476.83
45 5.16x10~6 532x107° 10.32 0.00 0.00 194x1073 375.99 194x1073 376.08 194x1072 376.13
46 452x1076 507x107° 1121 0.00 0.00 1.90x 103 42139 191x1073 42151 191x1072 42154
47 220x1076 || 483x1072 21.93 0.00 0.00 1.88x107 3 85291 1.88x10 2 853.14 1.88x103 853.19
48 359x1076 || 461x1072 12.86 0.00 0.00 1.86x107 3 517.46 1.86x1073 51761 186x10~3 517.62
49 296x1076 || 441x1072 14.89 0.00 0.00 1.83x107% 619.38 1.83x1073 619.53 183x1073 619.56
50 361x1076 421%107° 11.67 0.00 0.00 1.81x1073 502.03 1.81x1072 502.18 1.81x1072 502.17
51 2.83%x1076 404x107° 1427 0.00 0.00 1791073 634.50 179x1073 634.66 179x1073 634.66
52 238%1076 387x107° 1625 0.00 0.00 1.78x1073 746.24 1.78x1073 746.43 178x1073 746.42
53 240x1076 371x107° 15.48 0.00 0.00 1.76x1073 733.42 176x1073 733.62 176x1073 733.58
54 1.73x1076 357%x107° 20.58 0.00 0.00 1.74x1073 1,005.48 1.74x1073 1,005.75 174x1073 1,005.69
55 182x107% || 343x107° 18.79 0.00 0.00 1.73%1073 946.06 1.73x1073 946.28 1.73x1073 946.25
56 1.68x 106 330x10°° 19.66 0.00 0.00 171x1073 1,019.86 171x103 1,020.09 171x10~3 1,020.05
57 191x10~6 3.18x107° 16.60 0.00 0.00 1.69%1073 885.85 1.70x1073 886.03 170x 1073 886.01
58 1.60x10~6 3.06x107° 19.14 0.00 0.00 1.68x 103 1,050.61 1.68x1073 1,050.82 1.68x1072 1,050.78
59 120x10~6 295x107° 24,53 0.00 0.00 1.66x1073 1,382.95 1.66x10 2 1,383.25 1.66x1073 1,383.17
60 137x10~6 285x10° 20.77 0.00 0.00 1.65x10~ 3 1,202.40 1.65x10~3 1,202.65 1651073 1,202.58
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Table 2.5: Computed spatial rates of decrease for a posteriori error estimators of the conservative fully-discrete scheme. Proportional

1
cnoidal-wave solution with 7" = 10’ fine temporal resolution with x = 10~". Varying number of cells with ¢ = 4.

M || L?emor || no || moeft. [ m || mefi | n2 || moef || n | meit. || ns || mseft.
15 383x10° 0 293%10 % 7.65 0.00 0.00 7.08x10° 184.65 705105 183.96 7.09x10~ 2 184.81

16 4.17x107° 264x107% 633 0.00 0.00 759x1073 181.79 756x1073 181.16 759%1073 181.90

17 270%107° 199x1074 738 0.00 0.00 6.16x107° 228.13 6.14x1073 227.37 6.16x1072 228.25

18 221x107° 1.80x10% 8.16 0.00 0.00 635x107° 287.59 633%x1072 286.64 635%1072 287.71

19 195x107° 145%10% 745 0.00 0.00 554x1073 284.57 552x107° 283.79 554x1072 284.67

20 159x107° 131x10™4 8.4 0.00 0.00 578x1073 364.41 576x102 363.04 578%1072 364.51

21 945%x10 6 1.10x10~% 11.69 0.00 0.00 543x1073 575.22 542x1072 57338 544x1072 57534

2 124x107° 9.94x107° 8.01 0.00 0.00 538x107 3 43338 536x1072 432.03 538x1072 43345

23 6.97x1076 8711072 12.49 0.00 0.00 522x1073 748.64 520x1072 746.43 520x1072 748.74

24 5.60x10 ¢ 786102 14.04 0.00 0.00 5.14x1073 917.82 5.12x1072 915.26 5.14x1072 917.93

25 441x1076 7.04x107° 15.96 0.00 0.00 501x1073 1,136.30 5001072 1,13332 501x1073 1,136.41
26 389x10¢ 6.40x107° 16.44 0.00 0.00 491x1073 1,263.08 490x1073 1,259.99 492x1073 1,263.19
27 458x1076 580x107° 12.66 0.00 0.00 474x1073 1,034.01 473%x1073 1,031.77 474x1073 1,034.09
28 409x1076 532x107° 13.03 0.00 0.00 474x1073 1,159.11 473%x1073 1,156.41 474x1073 1,159.18
29 255%1076 488x107° 19.14 0.00 0.00 463x1073 1,813.99 462x1073 1,810.05 463x1073 1,814.09
30 264x1076 || 450x107° 17.02 0.00 0.00 452x1073 1,709.83 451x1073 1,706.33 452x107% 1,709.91
31 259x1076 || 416x107° 16.07 0.00 0.00 442x1073 1,707.09 441x1073 1,703.74 442x107% 1,707.17
32 250x 10~ ¢ 3.85x10°° 1541 0.00 0.00 431x1073 172337 430x1073 1,720.21 431x1073 1,723.44
33 1.79x 10~ ¢ 358x 1072 2007 0.00 0.00 4201073 2.354.58 420x1073 2,350.47 420x1073 2,354.66
34 2.04x10~¢ 334x107° 16.40 0.00 0.00 4.10x1073 2,011.61 409%x1073 2,008.30 410x1073 2,011.68
35 130x1076 3.12x107° 24.08 0.00 0.00 398x1072 3,068.80 397x1072 3,063.92 398x1072 3,068.90
36 1.58x1076 292x107° 18.46 0.00 0.00 389x102 2,460.20 389x1072 2,456.47 389x1072 2,460.27
37 132x1076 274x107° 20.75 0.00 0.00 379%1072 2,869.55 379%1072 2,865.40 379%1072 2,869.62
38 953x1077 258%107° 27.05 0.00 0.00 3.69%10° 3,874.01 3.69%1072 3,868.68 3.69x1072 3.874.11
39 1.15x1076 243%107° 21.13 0.00 0.00 359%103 3,127.44 359%1072 3,12332 359%1073 3,127.51
40 9.83x1077 229%107° 23.30 0.00 0.00 350x107°3 3,558.15 349%1073 3,553.72 350x1073 3,558.24
41 927x1077 2.16%x107° 2334 0.00 0.00 340%107°3 3,670.33 340x1073 3,665.94 340x1072 3,670.40
42 786x1077 || 205x107° 26.07 0.00 0.00 331x1073 421359 331x1072 420878 331x1072 4213.68
43 6.58x107 7 1.94x107° 29.50 0.00 0.00 322x1073 4,892.92 322x1072 4,887.54 322x1072 4,893.01
44 6.99x107 7 1.84x107° 26.36 0.00 0.00 3.13x1073 448177 3.13x1072 447707 3.13x1072 4.481.86
45 578x1077 175102 30.29 0.00 0.00 3.05%1073 5271.99 3.05%1072 5,266.68 3.05%x102 527208
46 439x1077 1.67x107° 37.98 0.00 0.00 297%x1073 6.757.56 296x1072 6.751.04 297x1073 6.757.67
47 460x1077 1.59x107° 34.54 0.00 0.00 2.89x1073 6,275.18 2.88%102 6,269.37 2.89x1072 6.275.28
48 468x1077 151x107° 3235 0.00 0.00 281x1073 5.998.11 281x1072 599277 2811072 5,998.20
49 416x1077 145x107° 3478 192x107 1 0.00 273x1073 6,569.90 273%1072 6,564.28 273%1072 6,569.97
50 468x1077 138x107° 29.56 1.87x107 10 0.00 266x1073 5,680.17 2.66x1072 5,675.49 2.66x1072 5,680.24
51 374x1077 132x107° 35.35 437x10710 0.00 259%1073 6,907.36 258%1072 6,901.89 259%1073 6,907.44
52 329%1077 127x107° 38.55 722x107 10 0.00 252x1073 7,652.80 252x1072 7,646.96 252%1072 7,652.89
53 206%1077 122x107° 58.86 1.05x107° 0.01 245x1073 1186538 || 245%x1073 11.856.66 || 245x1073 11,865.52
54 333%1077 117x107° 35.05 148x107° 0.00 239x107° 7,168.82 238%1072 7,163.74 239%1072 7,168.91
55 224x1077 1.12x107° 50.06 196x107° 0.01 232x107° 1037946 || 232x107% 1037240 || 232x107% 10,379.60
56 257x1077 1081072 41.83 252x107° 0.01 226x1073 8,786.49 226%1072 8,780.70 226%1072 8,786.60
57 2.60x107 1.04x107° 39.88 3.07x107° 0.01 2201073 8.482.24 220x1073 8.476.88 220x1073 8.482.35
58 252%1077 9.97x10~ ¢ 39.48 3.66x10° 0.01 2.15%1073 8.496.83 2.14x1073 8.491.64 2151073 8,496.95
59 224x1077 || 9.60x1076 42,95 426x107° 0.02 209x1073 9,347.48 209%1072 9,341.98 2.09%x1072 9,347.61
60 202x10°7 || 926x107¢ 45.81 487x107° 0.02 204x103 10,078.95 || 2.04x10~3 10,073.21 204x10"2 10,079.05
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Table 2.6: Computed spatial rates of decrease for a posteriori error estimators of the conservative fully-discrete scheme. Proportional

1
solitary-wave solution with 7" = 10 fine temporal resolution with x = 107". Varying number of cells with ¢ = 2.

M || L%emor || no [| moefi. | m || mefi. [ n2 || m2efi ] n || mett. || s || ns eff.
15 747x107 2 393x10° ° 526 0.00 0.00 625%x10 T 8.36 7.08x10° ¢ 9.61 738x10 ° 9.88

16 773%x1072 424x107 % 5.48 0.00 0.00 787x107 % 10.18 6.64x107 % 8.60 894x107 1 11.56
17 629x1072 3.16x107 ¢ 5.02 0.00 0.00 6.00x107 % 9.54 596x107 ¢ 948 6.78x107 ¢ 1078
18 649x1072 3.10x107 ¢ 477 0.00 0.00 6.67x10" ! 1028 542x107 ¢ 835 735%x107 ¢ 1133
19 546x1072 || 255x107 ¢ 4.68 0.00 0.00 590x10 ¢ 10.82 530x10 ¢ 9.71 643x107 ¢ 11.79
20 540%x10 2 230x107 ¢ 426 0.00 0.00 593x107 ! 10.97 488x107 ! 9.04 6.36x10 " 11.77
21 479%x1072 207%x107 ¢ 432 0.00 0.00 576x10 ! 12.01 503x107 ¢ 10.49 6.12x10 " 12.76
2 456x1072 1.82x 10} 3.99 0.00 0.00 579%x10 ! 12.70 50510 ¢ 11.07 6.07x10 " 1331

23 427x1072 175107 ¢ 4.10 0.00 0.00 586x10 ! 13.73 510x107 ¢ 11.96 6.11x107 ¢ 1433
24 395x1072 15510 ¢ 391 0.00 0.00 6.16x10 1 15.58 555x10 ¢ 14.04 635x107 ¢ 16.07
25 374x1072 151x107 ¢ 403 0.00 0.00 6.17x107 % 16.52 561x107 ¢ 15.01 636x107 " 17.00
26 349x1072 138x107 ¢ 3.94 0.00 0.00 6.76x10 1 1934 628x10 ¢ 17.97 690x10 % 19.74
27 331x1072 134x107 ¢ 404 0.00 0.00 6.84x10 1 20.70 640x107 % 1937 697x107 ¢ 21.10
28 3.09x1072 126x107 ¢ 407 0.00 0.00 754x107 ¢ 24.42 7.13x107 ¢ 23.09 7.64x107 % 24.75
29 296x1072 121x107 ¢ 4.08 0.00 0.00 775%107 % 26.21 741x107 ¢ 25.06 784x107 ¢ 26.52
30 271x1072 1.17x107 ¢ 430 0.00 0.00 850x10 ¢ 31.33 8.14x107 1 30.01 8.58x10 ! 31.62
31 2651072 Lilx107} 417 0.00 0.00 879x 10! 33.12 849%x10~ 1 32,01 8.86x10 1 3338
32 246x107 2 1.08x107 ¢ 439 0.00 0.00 957%x10" ! 38.85 925%x10 ¢ 37.56 9.63x10 ¢ 39.09
33 2411072 1.02x107 1 425 0.00 0.00 1.00x 10° 41.54 9.74x10 ! 40.45 1.01x10° 4176
34 226x1072 9.98x 102 442 0.00 0.00 1.07x10° 4735 1.04x10° 46.22 1.07x10° 4756
35 2.09x1072 9.61x1072 459 0.00 0.00 1.12x10° 53.57 1.09x10° 52.15 1.13x10° 53.77
36 2.04x1072 926x1072 454 0.00 0.00 121x10° 59.19 1.18x10° 57.99 121x10° 59.37
37 196x1072 8.87x10 2 453 0.00 0.00 1.24x10° 63.29 121x10° 61.99 1.24x10° 6345
38 187x1072 8.61x10 2 459 0.00 0.00 1.33x10° 71.05 131x10° 69.82 1.33x10° 71.20
39 1.76x1072 830x10 2 471 0.00 0.00 1.40x 10° 79.14 1.37x10° 77.63 1.40x10° 79.28
40 1.71x1072 8.00x10 2 4.69 0.00 0.00 1.42x10° 83.14 1.40x 10° 81.81 1.42x10° 8327
41 1.62x1072 772x1072 478 0.00 0.00 1.55x10° 96.24 1.53x10° 94.79 1.56x10° 96.36
42 157x1072 741x1072 473 1.01x107 10 0.00 1.55x10° 99.01 1.53x10° 97.72 1.55x10° 99.12
43 150x1072 || 720x1072 479 3.10x10~ 10 0.00 1.66x10° 110.32 1.64x10° 108.87 1.66x10° 110.43
44 143%x1072 7.00x102 4.90 527x107 10 0.00 1.71x10° 119.56 1.69%10° 117.92 1.71x10° 119.66
45 137%x1072 6.67x102 488 957x107 10 0.00 1.77%x10° 129.46 1.75%10° 128.07 1.77%10° 129.55
46 131x1072 6.51x102 497 1.90x10~° 0.00 1.83x10° 140.05 1.81x10° 138.52 1.83x10° 140.14
47 125%10 2 629x1072 5.04 3.16x107° 0.00 1.92x10° 153.74 1.90x 10° 152.08 1.92x10° 153.82
48 120x1072 6.08x1072 5.05 445x107° 0.00 1.93x10° 160.57 1.91x10° 158.96 1.93x10° 160.65
49 1.16x1072 594x1072 5.1 639%107° 0.00 2.05x10° 176.53 2.03x10° 174.78 2.05%10° 176.60
50 1.13x1072 566x1072 4.99 827x107° 0.00 2.08x10° 183.73 207x10° 182.29 2.08x10° 183.80
51 1.07x1072 556x107 2 5.18 1.05x1078 0.00 2.13x10° 198.84 2.12x10° 197.07 2.14x10° 198.91
52 1.05x1072 545x1072 5.19 134x1078 0.00 223x10° 212.16 221x10° 210.24 223x10° 212.23
53 1.01x1072 520x1072 5.13 159%x1078 0.00 224x10° 22091 222%10° 219.28 224x10° 220.98
54 952x107% 510x1072 5.36 1.93x1078 0.00 232x10° 244.09 230x10° 242.20 232x10° 244.15
55 921x107% 492x1072 534 228%1078 0.00 239x10° 259.82 238x10° 257.99 239%10° 259.87
56 9.15x107% || 477x1072 521 2.62x1078 0.00 2.41x10° 26345 2.40x10° 261.70 241x10° 26351
57 8.65x107° 468%x1072 541 3.07x10~8 0.00 251x10° 290.17 249%10° 28821 251x10° 290.22
58 848x107° 452%x1072 533 349x10°8 0.00 255%10° 301.11 2.54x10° 299.28 2.56x 10° 301.16
59 8.15x103 443x1072 543 395%10°8 0.00 2.60x10° 319.39 259%10° 31742 2.60x10° 319.44
60 8.05x10 2 433x1072 538 452x1078 0.00 270x10° 335.02 2.68x10° 333.01 2.70x10° 335.07
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Table 2.7: Computed spatial rates of decrease for a posteriori error estimators of the conservative fully-discrete scheme. Proportional

1
solitary-wave solution with 7" = 10 fine temporal resolution with x = 107". Varying number of cells with ¢ = 3.

M || L%emor || 7o || moefi. || m || mefi [ n2 [| moefi || n | mefr. ] ns || nseff.
15 9.81x10~ 2 232x10° 1 237 0.00 0.00 2.94x10° 29.99 2.83x10° 28.89 2.95%10° 30.08

16 143x107 ¢ 239x107 % 1.67 0.00 0.00 1.19x10° 833 1.16x10° 8.12 122x10° 8.49

17 758x1072 2.16x107 ¢ 2.84 0.00 0.00 3.10x10° 40.89 3.01x10° 39.71 3.11x10° 40.98

18 1.07x107 ¢ 1.63x107 ¢ 1.52 0.00 0.00 951x10 ¢ 8.85 930x107* 8.66 9.65x107 1 8.98

19 728x1072 || 2.11x107 ¢ 2.90 0.00 0.00 3.18x10° 4371 3.11x10° 4274 3.19x10° 43.80
20 8.79x 1072 121x107 ¢ 1.37 0.00 0.00 6.88x 10! 7.83 6.71x10 ! 7.63 6.99% 10" 7.95

21 482%x1072 1.54x10 1 320 0.00 0.00 3.11x10° 64.49 3.06x10° 63.45 3.11x10° 64.57

2 8.05x 1072 1.01x107 1 126 0.00 0.00 428%1071 532 421x107 1 523 440%x107 1 547

23 3.60x10 2 116x10 ¢ 323 0.00 0.00 2.95x10° 81.83 291x10° 80.81 2.95%10° 81.90
24 730x1072 934x1072 1.28 0.00 0.00 263x107 1 361 2.66x107 1 3.65 279%107 1 383

25 401x1072 9.41x1072 235 6.84x10 11 0.00 273x10° 67.93 270x10° 67.19 2.73%10° 67.97

26 6.28x1072 8.62x10 2 1.37 0.00 0.00 255%x107 ¢ 4.06 261x107 1 4.16 2.69%107 1 429

27 334x1072 735x1072 221 1.02x107Y 0.00 247x10° 74,09 245x10° 73.44 247x10° 74.13

28 530x1072 8.10x10 ™2 1.53 0.00 0.00 357x107 % 675 3.63x107 1 6.86 3.66x107 1 6.92

29 253x1072 5.62x1072 222 3.15%107° 0.00 2.19x10° 86.28 2.17x10° 85.65 2.19x10° 86.31

30 428x1072 747x1072 1.74 0.00 0.00 453x1071 10.57 457%107 1 10.68 459x107 1 10.71

31 1.78x1072 437x1072 245 632x107° 0.00 1.91x10° 107.42 1.90x10° 106.72 191x10° 107.45
32 335x10 72 6.66x10 2 1.99 1.07x10~° 0.00 520x10" ! 15.54 523x10" ! 15.63 524%x10 " 15.67

33 1.02x1072 344x10 72 336 1.04x10~8 0.00 1.66x10° 162.12 1.65%x10° 161.21 1.66x10° 162.16
34 2531072 579% 102 229 454x107° 0.00 556x10 " 22.00 558x 10} 22.06 559x107 ! 22.11

35 6.59%x 102 274%x1072 415 1.54x1078 0.00 1.42x10° 214.98 141x10° 21391 142%x10° 215.02
36 1851072 492x1072 2.66 9.71x10~2 0.00 566x10 1 30.69 567x107 1 30.73 5.69x107 1 30.80
37 563x1073 224x1072 397 2111078 0.00 120x10° 21333 1.19x10° 212.38 1.20x10° 213.36
38 130x1072 408x1072 313 1.62x1078 0.00 550x 10 % 4229 551x10" ¢ 4232 552x10" 1 42.40

39 389x1073 1851072 475 274x1078 0.00 1.02x10° 261.62 1.01x10° 260.56 1.02x10° 261.66
40 8.87x1073 331x1072 374 236x1078 0.00 524x107 % 59.01 524x107 % 59.01 525x107% 59.13

41 194x1073 153x1072 7.88 345%1078 0.00 857x107 1 441.82 854x10 ¢ 440.20 857x107 1 441.89
42 582x107% 2.66x1072 4.56 3.19%1078 0.00 492x1071 84.48 492x107 1 84.42 493x107% 84.60

43 137x1073 130x1072 9.46 422x1078 0.00 720x107 ¢ 523.89 7.18x107 ¢ 522.14 720x107 1 523.98
44 3.67x1073 211x1072 575 408x1078 0.00 454x107 1 123.51 453x107 1 12338 454101 123.64
45 1.01x1073 1.13x1072 11.12 506x10~ 8 0.00 6.05x10 ! 597.58 6.03x107 ! 595.74 6.05%x10 " 597.68
46 220%x1073 1.67x 1072 7.60 5.03x10~8 0.00 410x1071 185.93 409%107 1 185.71 410x107 1 186.09
47 7.62x1074 9.66x107 3 12.68 598x108 0.00 509x10 ¢ 667.89 507x107 1 666.01 509x10~ 1 668.01
48 128x1073 133x1072 1038 6.06x10~8 0.00 3.65x107 ¢ 284.38 3.64x107 1 283.99 3.65x107 1 284.57
49 6.19x107 4 839x1072 13.56 6.96x10~8 0.00 427x1071 689.60 426x1071 687.87 427x107 1 689.73
50 734x10" 4 1.07x 102 14.59 7.14x1078 0.00 328x10 ¢ 446.44 327x107 % 445.78 328x107 ! 446.67
51 341x107%4 739x1073 21.69 8.00x108 0.00 3.60x107 % 105586 || 359%x1071 105346 || 3.60x107% 1,056.08
52 407x107%4 8.75%1073 21.51 827x1078 0.00 290x107 % 713.69 2.90x107 1 712.62 290x107 1 714.02
53 374x1074 652x107° 17.46 9.09x1078 0.00 3.07x107 % 822.54 3.07x107 % 820.86 307x107 1 822.72
54 247x1074 729x1073 2953 944x1078 0.00 255%x107 ¢ 103448 || 255x10~! 103294 || 255x1071 1,034.90
55 256x1074 || s581x1073 272 1.02x1077 0.00 261x107 ¢ 102116 || 261x107 1 101940 || 2.61x1071 1,021.41
56 178x1074 || 620x1073 34.72 1.06x1077 0.00 224x107 % 125468 || 224x1071 125290 || 224x1071 1,255.16
57 172x107% || 522x1073 30.29 1.14x1077 0.00 223x107 ¢ 129399 || 223x107! 129209 || 223x1071 1,29435
58 135x10~4 537%x1073 39.73 1.19x10~7 0.00 197x107 ¢ 145833 197x10~ 1 1,456.41 1971071 1,458.87
59 1.79x10~% || 471x1073 26.29 1261077 0.00 1.90x10~ ! 1,061.83 190x10~ 1 1,06054 || 1.90x1071 1,062.16
60 1.06x10~ %4 474x1073 4475 131x10~7 0.00 1.73x10~ ¢ 1,632.35 1731071 1,630.37 1.73x107 1 1,632.96
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Table 2.8: Computed spatial rates of decrease for a posteriori error estimators of the conservative fully-discrete scheme. Proportional

1
solitary-wave solution with 7" = 10 fine temporal resolution with x = 107". Varying number of cells with ¢ = 4.

M || L?emor || no || moeft. [ m || mefi | n2 || moef || n | meit. || ns || mseft.
15 422x107 2 13910 1 329 0.00 0.00 543x10 © 12.86 491x10 1 11.65 5.60x10° T 1328

16 332x107 2 131x107 1 3.96 0.00 0.00 409x107 % 1234 358x107 1 10.80 430x1071 12.96

17 251%107 2 1.04x1071 4.16 0.00 0.00 381x107 1 15.17 346x107 1 13.79 395%107 ¢ 1573

18 1.85% 102 9.15%x1072 495 0.00 0.00 372x107 1 20.11 349%107 1 18.88 383x10° ¢ 20.71

19 130x1072 || 721x1072 5.54 0.00 0.00 294x107 ¢ 22.64 277%107 1 21.31 3.03x107 % 23.30

20 891x10~ 3 594x1072 6.67 0.00 0.00 372x107 1 4171 3.63x107 1 40.78 376x10 7! 4224

21 587x1072 472x1072 8.03 244x10" M 0.00 252%x107 ¢ 42.89 244x107 1 4158 256x107 ! 43.63

22 373x1072 375x 1072 10.05 1.12x107° 0.00 344x1071 92.22 341x107 ! 91.42 346x10 "1 92.76

23 224x1072 3.07x1072 1370 1.15x107° 0.00 207x107 ¢ 92.61 204x107 1 91.15 2.10x107 1 93.62

24 137x1073 243%1072 17.74 438x107° 0.00 321x107 1 233.95 3.19x107 1 233.00 321x107 1 234.62

25 720x107% 206x1072 28.66 371x107° 0.00 1.73x107 ¢ 240.49 1.72x107 1 238.44 1.74x1071 242.19

26 474x1074 1.68x1072 3548 945%x107° 0.00 290x107 % 611.46 289x107 1 610.09 290x107 % 612.49

27 207x107% 147x1072 70.74 7.63x107° 0.00 147x107 ¢ 709.94 147x107 1 706.92 148x107 1 71345

28 301x107% 124x1072 4132 1.62x1078 0.00 258x107 ¢ 857.13 258%107 1 855.95 259%107 % 858.12

29 1.0sx107% 1.10x1072 105.02 134x1078 0.00 134x107 ¢ 127697 133x107 ¢ 1.274.54 134x107 ¢ 1.281.28
30 1.84x10% 9.72x1072 52.97 247x1078 0.00 230x107 ¢ 1.253.48 230x107 1 1.252.24 230x10~ ! 1.254.61
31 8.76x 102 8.59%1072 98.01 2.18x10°8 0.00 126x107 ¢ 1,443.12 126x107 ¢ 144243 1271071 1,446.45
32 129x10% 785%107° 60.98 3551078 0.00 206x10 ¢ 1,597.69 2.06x10~ ! 1,596.58 2.06x107 1 1,598.86
33 7.65%107° 6.94x107 2 90.74 332x10°8 0.00 125%107 1 1,633.80 12510 ¢ 1,633.45 125x10~ ! 1,636.33
34 1.07x10~% 6.49x 1073 60.45 492x1078 0.00 1.85x 101 1,722.21 1.85x 101 1,721.34 1.85x10~ 1 172328
35 742x107° 576x1072 77.71 486x1078 0.00 125x107 ¢ 1,685.30 125x107 1 1,685.19 1251071 1,687.09
36 7.78x107° 544x1072 69.96 6.66x1078 0.00 1.69x107 ¢ 2,171.34 1691071 2,170.50 1.69x1071 2,172.47
37 6.06x107° 489x1073 80.73 6.88x1078 0.00 126x107 % 2,076.71 126x107 1 2,076.15 126x1071 2,078.27
38 6.04x107° 463x1073 76.71 894x10~8 0.00 155107 ¢ 2,568.04 1551071 2,567.31 1.55x1071 2,569.19
39 3.89%107° 422x1073 108.42 953x1078 0.00 126x107 % 34547 126x107% 3244.44 126x107 1 3,247.30
40 483x107° 398x1073 82.49 1.18x1077 0.00 146x107 % 3,024.08 146x107 % 3,023.10 1461071 3,025.19
41 4.19x107° 3.67x1073 87.71 129x1077 0.00 126x107 ¢ 3,016.59 126x107 1 3,015.35 126x107 1 3,017.86
42 3.69%107° 346x107° 93.96 156x107 7 0.00 138x10 ¢ 3,732.68 138x107 1 3,731.59 138x10 ¢ 3,733.87
43 3.62x107° 323x1072 89.37 171x1077 0.00 126x107 ¢ 3,484.62 126x107 1 3,482.90 126x1071 3,485.78
44 2.85x107° 3.04x1073 106.85 202x1077 0.01 133x10~ ¢ 467131 133x107 ¢ 4,675.73 133x10~ ! 4,678.54
45 3.01x107° 2.86x102 94.98 223%x1077 0.01 125%10 ¢ 4,154.38 125%107 1 4,152.35 125x10~ ! 4,155.47
46 231x107° 270x1073 116.61 259%x1077 0.01 128x107 1 552538 128x107 1 552348 128x107 1 5,526.59
47 243x107° 255x1072 104.87 287x1077 0.01 124x10 % 5,075.68 124x107 1 5,073.17 124x1071 5.076.79
48 197x107° 2411072 122.58 327x1077 0.02 126x107 % 6,397.55 126x107 % 6395.01 126x1071 6,398.72
49 2.17%107° 229%1072 105.75 3.62x1077 0.02 123x107 ¢ 5,664.97 123x107% 5,662.11 1231071 5,665.98
50 1.72x107° 2.17x1073 125.99 410x1077 0.02 1.22x10 % 7,066.21 122x107 % 7,063.54 122x107 % 7,067.32
51 1.78x107° 206x1073 115.95 452x1077 0.03 121x107 % 6,785.06 121x1071 6,781.74 121x1071 6,786.01
52 1.84x107° 1.96x1073 106.46 5051077 0.03 121x107 % 6.553.01 121x107 % 6,550.24 121x1071 6,553.88
53 157x107° 1.87x1073 119.22 556x107 7 0.04 1.19x107 ¢ 7,603.34 1191071 7,599.65 1.19x107 ¢ 7,604.30
54 1.54x107° 1.78x1073 115.65 6.18x1077 0.04 1.18x107 ¢ 7,623.13 1.17x107% 7,619.82 1.18x107 ¢ 7,624.04
55 139%107° 170x103 122.64 6.76x107 7 0.05 1.17x107 ¢ 8,445.46 1.17x107 1 8,441.50 1.17x107 ¢ 8,446.40
56 122x107° 1.63x10~3 133.65 745%x107 7 0.06 116x107 ! 9,550.57 1.16x10 1 9,546.39 1.16x10~ ! 9,551.47
57 1.10x107° 1.56x107° 142.29 8.14x1077 0.07 116x107 ¢ 10,545.66 L15x107 1 10,540.82 1.16x10~ ! 10,546.66
58 1.08x 1072 149% 1073 138.80 8.92x1077 0.08 114x107 1 10,622.89 1.14x107 1 10,618.15 114x107 1 10,623.82
59 9.49x1076 143x1073 150.82 9.70x107 7 0.10 1.13x107 ¢ 11,944.23 1.13x107 1 11,938.85 1.13x107 1 11,945.17
60 9.11x10 6 137x10° 150.78 1.06x 106 0.12 1.12x10 ¢ 12,290.85 1.12x10" ¢ 12,285.69 1.12x10 "¢ 12,291.73
rate || 6.17 I 3.45 I I - I I 1.01 I I 0.96 I I 1.04 I
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Table 2.9: Computed spatial rates of decrease for a posteriori error estimators of the conservative fully-discrete scheme. Proportional
cnoidal-wave solution with 7" = 1, fine temporal resolution with x = 10~". Varying number of cells with ¢ = 2.

M H L? error H 70 H no eff. H 1 H n1 eff. H n2 H n2 eff. H n H n eff. H ny H ny eff.
15 113102 15010~ 2 133 0.00 0.00 129x10 ¢ 11.44 11510 1 10.13 13010~ 1 1152
16 1.06x1072 142x1072 1.34 0.00 0.00 187x107 ¢ 17.70 1.72x107 1 16.28 1.88x107 1 1775
17 952x1072 127x1072 1.33 0.00 0.00 2.04x10 ¢ 21.48 193x107 % 2028 2051071 21.52
18 855%1072 1.15x1072 135 0.00 0.00 209x107 % 24.40 199x107% 23.25 2.09%107 % 24.43
19 7411073 1.05x1072 142 0.00 0.00 203x107 1 27.39 1951071 26.27 203x107 % 27.43
20 697x1073 1.03x1072 147 0.00 0.00 249x107 % 3572 239%107 % 3434 249%107 1 35.75
21 637x1073 939x1073 147 0.00 0.00 256x107 ¢ 40.12 247%107 1 38.79 256x107 1 40.15
2 591x107% || 877x1073 148 0.00 0.00 2.66x107 % 45.07 258%107 1 4373 267x107 1 45.10
23 538x107 % || 8.16x1072 1.52 0.00 0.00 276x107 ¢ 51.27 2.69%x10 1 49.89 276x107 1 51.29
24 500x10~3 7.68x107 3 1.53 0.00 0.00 287%x107 ¢ 57.39 280x10~ ! 5597 287x107 ! 57.41
25 456x1073 728x1072 1.60 0.00 0.00 291107} 63.86 284x107 ! 6234 291x107 ! 63.88
26 429%1073 735%x107° 171 0.00 0.00 3.12x107 1 72.63 3.04x107 1 70.69 3.12x107 1 72.65
27 411x1073 7.07x1073 1.72 0.00 0.00 349x107 1 84.90 341x107 1 82.89 349x107 1 84.92
28 3.60x1072 659x1073 1.83 0.00 0.00 367x107 1 101.84 || 359%x1071 99.75 3.67x107 1 101.86
29 356x107° 6.19x1073 1.74 0.00 0.00 379x107 1 106.43 372x107 1 10446 || 379x1071 106.44
30 329%1072 573%x1073 1.74 0.00 0.00 3.78x107 1 114.70 372x10" ¢ 112.81 3.78x10" ¢ 114.71
31 297x1073 576x1073 1.94 0.00 0.00 409x107 % 137.58 402x107% 13532 || 4.09x107% 137.59
) 290x1073 543%x1073 1.87 0.00 0.00 423x107 % 145.83 4.16x107% 143.66 || 423x107% 145.84
33 270x1072 5.08x1072 191 0.00 0.00 434x107 ¢ 160.61 428x1071 15838 || 434x107% 160.62
34 261x107% || 493x1073 1.89 0.00 0.00 445x107 ¢ 170.55 || 439%x10~! 16835 || 445x107% 170.57
35 248x107% || 475x1073 191 0.00 0.00 456x107 ¢ 18379 || 450x107t 181.55 || 456x107% 183.80
36 230x10~ 3 458x1073 1.99 0.00 0.00 465%x107 " 202.08 4601071 199.73 465%107 1 202.09
37 223x1073 444x1073 1.99 0.00 0.00 479%x107 " 21527 474%x107 1 21286 || 479x107! 21528
38 2091073 427%1073 2,04 0.00 0.00 492x107 1 235.13 4871071 232.67 492%x107 1 235.14
39 192x1073 || 409x1073 213 0.00 0.00 503x107 ¢ 26145 || 498x1071 25888 || 5.03x107! 261.46
40 1.88x1073 393x1073 2.09 0.00 0.00 5.12x107 ¢ 27232 || 507x1071 269.81 s12x107 1 272.33
41 1801073 376x1073 2.09 0.00 0.00 509x107 ¢ 283.43 505x107 1 28093 || 5.09x107% 283.43
4 171x107% 3.67x107° 2.14 0.00 0.00 532x107 ¢ 310.39 527x107 % 307.79 || s532x107% 31040
43 1.64x1073 354x1073 2.16 0.00 0.00 541x107 % 330.06 536x107 % 3744 || s41x107% 330.07
44 1.52x1073 342x1073 225 0.00 0.00 549x107 ¢ 361.97 545%107 1 35923 || 549x107% 361.97
45 150x1073 330x1073 220 0.00 0.00 557x107 ¢ 371.70 553%107 1 369.02 || 557x107 % 37170
46 139x107% || 3.19x1073 230 0.00 0.00 565x107 ¢ 407.51 561x107 % || 40470 || se5x107t 407.51
47 137x107% || 3.09x107% 226 0.00 0.00 573x107 ¢ 41828 || 569x107% || 41552 || 573x107t 418.29
48 130x10~ 3 299%x10~ 3 230 0.00 0.00 580x 10! 44534 577x107 ! 44253 580x10~ ! 44534
49 126x1072 290x10~3 231 0.00 0.00 588x 10! 467.36 584x107 ! 464.54 588x10 ! 46737
50 122x1072 2811072 230 0.00 0.00 595%x10 ¢ 48735 591x107 ! 484.53 595x107 ! 48735
51 1.17x1073 272x1073 232 0.00 0.00 6.01x107* 51339 || 598x10~?! 51055 || 6.01x107 ! 513.40
52 1.10x1073 264x1073 241 0.00 0.00 6.07x107 ¢ 554.37 6.04x107 1 55142 || 6.08x107 ! 554.38
53 1.08x1073 256x1073 237 0.00 0.00 6.14x107 ¢ 56679 || 611x1071 563.89 || 6.14x107 1 566.80
54 1.02x1073 2.49%1073 244 0.00 0.00 620x107 % 607.50 6.17x107 1 604.51 620x107 % 607.50
55 9.89x10% 242x1073 244 0.00 0.00 625x107 % 632.25 622x107 % 62926 || 625x107 % 632.26
56 9.75%107% 234x1073 240 0.00 0.00 631x107 ¢ 646.78 628x107 1 64384 || 631x107 ¢ 646.79
57 938x107 %4 228%1073 243 0.00 0.00 636x107 " 678.54 633x107 1 67556 || 636x107 % 678.55
58 876x107% || 222x1073 253 0.00 0.00 641x107 ¢ 73247 || 639%x107! 72936 || 641x107 % 73247
59 9.05x107% || 2.15x1073 238 0.00 0.00 6.46x10 " 71390 || 644x10”! 71098 || 646x107 % 713.91
60 841x10~ 4 2.10x10 3 249 0.00 0.00 6.51x10 " 774.67 6.49x10 ! 771.61 651x10 ! 774.68
rate [ 191 I 141 I m - I -1.01 I I -1.06 I I -1.01 I
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Table 2.10: Computed spatial rates of decrease for a posteriori error estimators of the conservative fully-discrete scheme. Proportional
cnoidal-wave solution with 7' = 1, fine temporal resolution with x = 10~". Varying number of cells with ¢ = 3.

M H L2 error H 70 H no eff. H n1 H n1 eff. H n2 H n2 eff. H n H 7 eff. H ny H Ny eff.
15 220x10~ 5 479x10° 218 0.00 0.00 1.77x10~ ¢ 80.62 17310 1 78.81 17710~ 1 80.65
16 2.10x1072 181x1072 0.86 0.00 0.00 7.14x1072 340 747x1072 356 737x1072 351
17 145%x 1072 3.67x107° 2.53 0.00 0.00 126x10 % 87.07 124x107 % 85.59 126x107% 87.11
18 550x107%4 229x1073 4.16 0.00 0.00 727x1072 132.19 7151072 130.04 727%1072 132.26
19 640x1074 193x1073 3.02 0.00 0.00 9.10x1072 14217 897x1072 140.26 9.10x102 142.20
20 6.14x1073 892x1073 145 0.00 0.00 627x1072 10.21 637x1072 10.36 634x1072 1032
21 333x1074 154x1073 461 0.00 0.00 6.64x1072 199.22 657x1072 197.08 6.64x1072 199.27
2 198x1074 118x1073 5.99 0.00 0.00 494x1072 250.01 489x1072 247.55 494x1072 250.08
23 1.76x10™4 1.01x1073 572 0.00 0.00 485x1072 275.38 480x1072 272.86 485x1072 275.44
24 1.09x1073 3.00x1073 274 0.00 0.00 383%x1072 35.02 3.83x107 2 35.04 3.84x107 2 35.13
25 1.16x10~% 796x10~4 6.85 0.00 0.00 3511072 301.85 348x1072 299.58 3511072 301.93
26 640x107° 691x10~ 4 10.80 0.00 0.00 290x1072 454.15 2.88x10 2 450.62 2911072 45428
27 622x107° 6.10x10~ 4 9.80 0.00 0.00 249x1072 400.03 248x1072 39775 249%1072 400.15
28 115x107% 9.16x10~ 4 7.95 0.00 0.00 2.14x1072 185.47 2.13%x1072 184.89 2.14x1072 185.64
29 442x107° 500x107 % 11.30 0.00 0.00 1.89x1072 428.03 1.88x107 2 426.07 1.89x1072 428.18
30 2.68x107° 453x107%4 16.89 0.00 0.00 1.65x1072 613.62 1.64x 1072 611.13 1.65x1072 613.86
31 294x107° 415x107%4 14.11 0.00 0.00 144x1072 491.00 144x1072 489.32 144x1072 491.20
n 2.17x107° 416x1074 19.21 0.00 0.00 128x1072 592.48 128x1072 590.89 128x1072 592.79
33 2.16x107° 352x1074 1631 0.00 0.00 1.16x1072 539.04 1.16x1072 537.57 1.17x1072 539.28
34 171x107° 327x1074 19.13 0.00 0.00 1.01x1072 593.97 1.01x1072 592.39 1.02x1072 594.28
35 158x107°% || 3.04x107% 19.26 0.00 0.00 933x1073 59176 931x1072 590.84 933%1072 592.07
36 920x107% || 286x107% 31.03 0.00 0.00 8.67x103 941.87 8.66x10 2 940.80 8.67x102 94238
37 125x107° 265x1074 21.19 0.00 0.00 8.12x1073 648.95 8.11x107 3 648.41 8.12x1073 649.30
38 1.12x107° 249x1074 22.10 0.00 0.00 756x1073 671.94 755x1072 671.60 756x107° 672.31
39 750x10~6 234x1074 31.19 0.00 0.00 727x1073 969.53 726x1073 969.19 727x1072 970.03
40 7.67x1076 220x107%4 28.75 0.00 0.00 6.98x107 3 911.18 6.98x1073 911.03 6.99%1072 911.64
41 7.09x1076 208x107%4 29.35 0.00 0.00 6.78x1073 956.15 6.78x1073 955.97 6.78x1072 956.60
42 535%x1076 197x107%4 36.81 0.00 0.00 6.52x10 2 1.219.11 6.52x107 2 1219.16 || 652x1073 1.219.67
43 481x1076 1.86x10~4 38.78 0.00 0.00 636x107° 132299 || 636x1073 132315 || 636x1072 1,323.56
44 476x1076 1.77x107%4 37.17 0.00 0.00 623x1073 130877 || 623x1073 1,309.01 624x1073 1,309.30
45 524x1076 1.68x1074 32.11 0.00 0.00 6.13x1073 1,16929 || 613x1073 116955 || 613x1073 1,169.73
46 504x1076 1.60x1074 31.79 0.00 0.00 6.02x1073 1,195.11 6.03x1073 1,195.41 6.03x1072 1,195.53
47 2.88x107° 153x1074 53.05 0.00 0.00 594x1073 206357 || 594x1073 2,064.10 || 594x1073 2,064.25
48 381x1076 146x10~4 38.29 0.00 0.00 587x107% 1,541.09 || 587x1073 154150 || 587x1073 1,541.57
49 3.05%x1076 139x10~4 45.67 0.00 0.00 580x1073 190032 || 580x1073 190081 || 580x1073 1,900.87
50 3.07x1076 133x10™4 4335 0.00 0.00 573%x107° 1.864.73 573x107° 1,865.22 5731072 1,865.23
51 2.86x10 6 128x107 %4 44,57 0.00 0.00 567x1073 198133 || 568x1073 198185 || 5.68x1073 1,981.83
52 2.66x1076 122x107% 45.98 0.00 0.00 562x1073 2,11065 || 562x1072 211120 || 562x1072 2,111.15
s3 138x10°6 1.17x107% 85.25 0.00 0.00 556x107° 403863 || 556x1072 || 4.039.66 || 556x1073 || 4,039.53
54 2.01x10~6 L13x10"4 56.03 0.00 0.00 551x1072 273759 || 551x1072 273827 || 551x107°2 2,738.17
55 2.00x1076 1.08x1074 54.18 0.00 0.00 546x107° 272826 || 546x1073 272893 || 546x1072 2,728.80
56 153x1076 1.04x107%4 68.17 0.00 0.00 541x1073 353548 || 541x1073 353630 || 541x1072 3,536.13
57 158x1076 1.00x10™4 63.55 0.00 0.00 536x107° 339117 || 536x1073 339193 || 536x107°3 3,391.76
58 1.15x1076 9.68x107° 84.25 0.00 0.00 531x107% 462307 || 531x1073 462409 || 531x1073 4,623.84
59 1.65x1076 933x107° 56.61 0.00 0.00 526x107° 3,191.93 || 526x107% 319262 || 526x1073 3,192.43
60 124x107% || 9.01x107° 72.90 0.00 0.00 521x107°% || 422133 || 520x107° || 422220 || s5220x107% || 422196
mate || 603 ] 316 | T 1 T 2z 1 T 2z 1 T 25 1
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Table 2.11: Computed spatial rates of decrease for a posteriori error estimators of the conservative fully-discrete scheme. Proportional
cnoidal-wave solution with 7" = 1, fine temporal resolution with x = 10~". Varying number of cells with ¢ = 4.

M H L? error H 0 H no eff. H n1 H n1 eff. H n2 H n2 eff. H n H 7 eff. H ny H ny eff.
15 478x10° 920x10~ 1 19.26 0.00 0.00 224x107 2 468.86 223%10 2 467.13 224x10° 2 469.25

16 410x107° 7.76x10~% 18.95 0.00 0.00 240x1072 585.48 239%1072 583.54 240x1072 585.78

17 281x107° 630x10~ % 242 0.00 0.00 1951072 693.65 1.94x1072 691.35 1951072 694.01

18 276x107° 538x107% 19.46 0.00 0.00 201x1072 726.79 2.00x10 72 724.53 201x1072 727.05

19 1.09x107° 458x1074 42.10 0.00 0.00 1751072 1,61333 1751072 1,608.79 1.76x1072 1,613.88
20 1.19x107° 401x1074 3378 0.00 0.00 1.83x1072 1,540.24 1.82x1072 1,534.71 1.83x1072 1,540.61
21 128x107° 350x10 % 27.24 0.00 0.00 1.72x1072 1,339.26 1.71x1072 1,334.87 1.72x1072 1,339.54
2 6.28x1076 3.10x10 %4 4933 0.00 0.00 170x1072 2,710.22 1.70x 102 2,702.00 170x102 2,710.66
23 851x10° 275%107%4 3234 0.00 0.00 1.66x1072 1.949.79 1.66x1072 1,944.01 1.66x102 1,950.06
24 782x1076 || 247x107% 31.57 0.00 0.00 1.62x1072 2,076.55 1.62x1072 2,070.83 1.62x1072 2,076.79
25 7.12x1076 223x10~% 3127 0.00 0.00 1.59% 1072 2227.78 1.58x 102 2.221.97 159x 102 2,228.00
26 537x10¢ 202x107% 37.55 0.00 0.00 155%10 2 2,893.64 155%10 2 2,886.59 155102 2,893.89
27 426x1076 1.84x1074 43.11 0.00 0.00 1501072 3,526.47 1.50x 1072 3,518.65 1.50x1072 3,526.76
28 4.12x1076 1.68x1074 40.79 0.00 0.00 1501072 3,632.04 149x1072 3,623.53 1.50x 1072 3,632.28
29 3.64x1076 1.54x1074 4242 0.00 0.00 146x1072 4,019.61 146x1072 4,010.87 1.46x1072 4,019.83
30 2.95x10~ % 142x10~4 48.26 0.00 0.00 143x1072 4,849.67 143x102 4,839.76 143x1072 4,849.91
31 246x106 131x1074 53.40 0.00 0.00 140x1072 5,672.30 139x1072 5.661.21 140x1072 5,672.54
32 199x1076 122x1074 61.25 0.00 0.00 136x1072 6,849.49 136x1072 6.836.87 136x1072 6,849.74
33 1.96x106 1.13x107% 57.85 0.00 0.00 133x1072 6,786.92 133%10 72 6,775.12 133x1072 6,787.17
34 201x1076 1.06x10™% 5248 0.00 0.00 129x1072 6.433.45 129%10 72 6.422.86 129x1072 6.433.65
35 143x107% || 9.87x107° 69.20 0.00 0.00 126x1072 8,825.03 126x1072 8,811.00 126x1072 8.825.31
36 130x 10~ ¢ 9.24x107° 70.88 0.00 0.00 123x10 2 9,446.60 123x 102 9.432.25 123x107 2 9.446.91
37 1.40x 10~ ¢ 8.67x107° 61.79 0.00 0.00 120x1072 8.546.25 120x 102 8.533.91 1201072 8,546.46
38 129x10~° 8.15x107° 6325 0.00 0.00 1.17x 1072 9,059.44 1.17x 102 9,047.02 1.17x1072 9,059.67
39 9.12x107 7 7.67x107° 84.16 0.00 0.00 1.14x1072 12,459.51 1.13x1072 12,443.17 1.14x1072 12,459.84
40 1.14x1076 724x107° 63.54 0.00 0.00 L11x1072 9,702.99 1.10x1072 9,690.88 111x1072 9,703.17
41 6.44x1077 6.84x107° 106.26 0.00 0.00 1.08x1072 16,707.20 || 1.07x1072 16,687.32 || 1.08x10~2 16,707.66
4 791x10~ 7 6.48x 1072 81.92 0.00 0.00 1.05x 102 13,238.80 1.05x1072 13,223.62 1.05x1072 13,239.05
43 586x107 7 6.14x107° 104.74 0.00 0.00 1.02x1072 17.371.68 1.02x1072 17,352.58 1.02x1072 17,372.03
44 732x1077 583%107° 79.62 0.00 0.00 991x1073 13,539.45 || 9.90x1073 1352522 || 991x1073 13,539.68
45 581x1077 554x107° 9530 0.00 0.00 9.64x1073 16,587.35 || 9.63x1073 16,570.65 || 9.64x1073 16,587.62
46 567x1077 || 527x107° 92.94 0.00 0.00 938x107° 16,538.10 || 9.37x1073 16,522.14 || 9.38x107% 16,538.36
47 463x1077 || s02x107° 108.51 0.00 0.00 9.13x1073 1971659 || 9.12x1073 19.69833 || 9.13x1073 19,716.89
48 513x1077 || 479x107° 9338 0.00 0.00 8.88x10 3 17311.04 || 887x107% 1729564 || 8.88x107% 17.311.29
49 348%1077 458x107° 13151 6.86x10 11 0.00 8.64x1073 24,847.82 8.64x107 3 24,826.55 8.65x107 2 24,848.17
50 453%x1077 437%107° 96.62 599x 1010 0.00 8.40x10 73 18,564.00 8.40x 1073 18,548.74 8.40x 1073 18.564.27
51 3.04x1077 || 419x1072 137.50 137x10~° 0.00 8.18x10 2 26,868.15 || 8.17x1072 26,846.86 || 8.18x1072 26,868.48
52 301x1077 || 401x1072 133.11 228x107° 0.01 796x1073 2642830 || 7.95x1072 26408.18 || 7.96x1072 26,428.63
53 273%1077 384x107° 140.61 335%x107° 0.01 775x1073 2834373 || 7.74x1072 2832295 || 7.75x1072 28,344.10
54 334x1077 3.69%x107° 110.37 4.66x107° 0.01 7541073 22,573.25 754x1072 2255727 || 7.54x1073 22,573.52
55 250x1077 354x107° 141.44 624x107° 0.02 734x1073 29,327.91 734x1073 29307.90 || 734x1072 29,328.23
56 229%1077 340x107° 148.64 7.95%x107° 0.03 7.15x1073 3122588 || 7.15x1072 3120536 || 7.15x1072 31,226.23
57 239%1077 327%107° 136.75 9.72x107° 0.04 6.96x1073 2908564 || 6.96x1073 29,067.18 || 6.96x1072 29,085.97
58 227%1077 3.15x107° 138.69 1.16x1078 0.05 6.78x107° 2984997 || 6.78x1073 29,831.71 6.78%1073 29,850.32
59 1.93x1077 3.04x10°° 156.96 134x108 0.07 6.61x1073 3416217 || 661x1072 3414196 || 6.61x1072 34,162.53
60 1.73%x107 293x10° 168.75 154108 0.09 6.44x10 3 37,123.52 6.44x10 2 37,102.31 6.44x10 2 37,123.92
rate || 3.96 I 243 I I - I I 088 I I 088 I I 0.88 I
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2.7.3 Effectivity of the various indicators

In this section, examine the dependence on ¢ of the estimators 7, ns, and 7; for¢ = 0, 1, 2. Each
plot records how the values of the L? errors and the various estimators vary with time when the
solutions to (2.1) are approximated up to a final time 7" via (2.47). We have not recorded the
values of the terms ||u}y, — u(t")|| + ||vy; — 0(t")] that appear in Theorem 2.12 as they are
negligible when compared with those we have recorded.

Figure 2.1 records the behavior of the L? error and the estimators with the uniform
timestep x = 1/16 chosen to effect a low temporal accuracy. Figures 2.1a-2.1d treat increasing
levels of spatial accuracy given a fixed uniform mesh of M = 200 cells. Indeed, these subplots
report the error and estimator values for polynomial degree ¢ = 2, 3, 4, 5, respectively. Figure
2.2 records similar behavior, yet with the uniform timestep x = 1,/100 chosen to effect a higher
degree of temporal accuracy. Finally, two longer time experiments with high spatial accuracy
(¢ = 6, M = 200) are shown in Figures 2.3 (final time 7" = 5, k = 1/100, solitary wave) and 2.4
(final time 7" = 10, k = 1/16, cnoidal wave). We remark that the values considered here for the
discretization parameters are more than reasonable for use in application, especially those which
afforded higher temporal accuracy.

In each of the experiments, we consistently see reasonable (O(1)) effectivity indices for

the various indicators. We highlight several important observations:

1. Recall that, in the previous sections, 7> was observed to be solely dependent on h, albeit
with a rate of decrease which was suboptimal by three powers of h. This, of course,
results in an extremely coarse bound for the spatial errors. Nevertheless, this (suboptimal)

dependence on h comes into view again in Figures 2.1 and 2.2. As spatial accuracy
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increases with the choice of polynomial degree, 7, becomes much smaller than the error
by several orders of magnitude. In addition, we note that the plots of 7, and the L? error
forq = 3 and ¢ = 4 are essentially the same, while the plots forq = Sandg = 6
are essentially the same, which is reasonable since the convergence rates for (2.47) are

observed to be O(h*) for both ¢ = 3 and ¢ = 4 and O(h®) for ¢ = 5 and ¢ = 6.

. Even in the cases of lower spatial accuracy, 7,, which may be viewed as an estimator of the
spatial error that is suboptimal by several orders of magnitude, is around the same order

of magnitude as the error. This suggests that the primary contributor to the error in each of
these experiments is the temporal error. Recall that 7; was observed to be solely dependent
on time, with optimal rate of decrease. In light of the behavior of 7,, we expect 7, to be a
good estimator of the error. In each figure presented here, this is indeed the case, with the

curve for 7; closely mimicing that of the error itself.

. Indeed, the curves for each the estimators 7, 7,7, and 7, closely mimic that of the L?
error. Indeed, though the L? error appears to increase at a rate linear in ¢ and the various
estimators appear to increase at a rate proportional to /¢, for the majority of each plot, the
curves are near parallel to each other. Note that this /1" rate is reasonable for the various
indicators as we did not plot the exponential factor entering from the estimate in Theorem

2.12.

. We observe that the estimator 7y, consistently bounds the error. Naturally, n provides a

sharper bound, however.
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5. Finally, recall that the estimator 7)) was expected and observed to behave optimally with

respect to x and suboptimally with respect to h. Yet, 1y was only suboptimal by a factor

of h, as opposed to the suboptimality by a factor of »* which plagues 7,7, and 7s;.

Combining this fact with the observation that in each of the figures the graph of 7, closely

mimics the error, we suggest that it might be useful to develop a heuristic of using only 7

in practice.
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2.7.4 Suboptimality and heuristic correction

Finally, we conduct experiments to gain a deeper understanding of how the observed spatial
suboptimality affects the effectiveness of these estimators. We remind the reader, that, in most
practical cases, effectivity indices of the various indicators remain small. This is possible due to
the computational ease with which the fully discrete scheme (2.47) can be computed. Indeed,
high spatial accuracy can be effected with ease by using a higher number of cells M or larger
polynomial degree ¢, causing the temporal error to be the main contributor to the total error.

In these cases, the temporal optimality of the indicators keeps the effectivity indices small, as
the spatial errors can be made several orders of magnitude smaller than the temporal errors and,
consequently, do not affect the size of the effectivity indices.

Nevertheless, it is still important to understand, on a practical level, how the subopti-
mality affects the effectivity indices. Varying the number of cells M and the number of timesteps
N, we compute the cnoidal wave solution till final time 7" = 1, employing polynomial degree
q = 5. In Figures 2.5-2.9, we provide plots of the base-10 logarithms of the effectivity indices of
the various indicators.

Recalling that 7, behaved spatially suboptimally by one power of / coincides with the
observation that most of Figure 2.5 is green, i.e., for most values of M and N, the effectivity
index of 79 is O(1). This is in contrast to the less desirable behavior of the estimators 7, 7,
and 7y, (each of which were seen to behave suboptimally by three powers of /) depicted in
Figures 2.7-2.9. This lends additional support to the heuristic of using 7, alone as an estimator,
as discussed in the previous section. In addition, the black portion of Figure 2.7 illustrates how

12 can be used as an indicator of the spatial errors. Indeed, if the number of cells M is chosen so
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that M/ > 100, the contour plots in 2.8 and 2.9 show that effectivity indices consistently remain
less than 10'° = 31.6 with most values remaining less than 10. Indeed, these ranges for M and

N are sufficient for practical computation.
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Figure 2.5: Contour plot of log,, (Eff(n9)) forT'=1,¢ =5
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Figure 2.6: Contour plot of log,, (Eff(n,)) forT'=1,¢=5
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Figure 2.7: Contour plot of log,, (Eff(n;)) forT'=1,¢ =5
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Figure 2.8: Contour plot of log,, (Eff(n)) for T =1,¢ =5
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Figure 2.9: Contour plot of log,, (Eff(ng)) for T'=1,g =5

Nevertheless, it is desirable that effectivity indices remain O(1) regardless of the
choice of discretization parameters. As a result, we seek a heuristic correction factor by which
we can multiply the spatially suboptimal indicators to correct their behavior. In Figure 2.10, we
depict the base-10 logarithm of 7 as in Figure 2.8 except we consider a significantly larger range
for the number of timesteps, to further highlight the issues caused by the spatial suboptimality
we seek to correct. In light of the data collected, the appropriate heuristic correction factor was

C, = (M/N)? = (k/h)P, where experiments suggest that the power p depends on the
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polynomial degree ¢ used in the spatial discretization. For ¢ = 5, p = 2 seems reasonable.
Indeed, correction by the resulting C, results in a much more effective estimator 7, := C,7.
Figure 2.11 depicts the base-10 logarithm of the heuristic estimator 7, for the same choices of
M and N taken in Figure 2.10. It is of note that the suitable correction factor C', depends on the
polynomial degree. Indeed, similar results can be obtained even for low polynomial degree: for

q = 2, a useful estimator is obtained by taking p = 3.
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Figure 2.10: Base-10 logarithm of the effectivity index of the estimator 7
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Figure 2.11: Base-10 logarithm of the effectivity indices of the corrected estimator 7,

2.8 Summary and future work

We have constructed a posteriori error estimates for semidiscrete and fully discrete finite element
methods for a paradigm class of coupled systems of nonlinear, dispersive equations. To the best
of our knowledge, these were the first results of their kind extant for numerical methods for this
class of PDEs. Our estimate for the fully discrete methods provide several useful indicators of the
error in L*([0, 1]). One of these indicators, 1;, was experimentally verified to be an indicator of
the temporal error. Another, 7,, was experimentally verified to be an indicator of the spatial error.
Indeed, each of the temporally dependent indicators were seen to exhibit optimal temporal rates
of decrease when compared to the underlying timestepping method of the fully discrete scheme.
Noting the spatial suboptimality of the behavior of several of the error indicators, we

provided several observations regarding their practical use. First, we noted that computational
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efficiency of these methods allow the spatial error to be made so small that the temporal error is
the primary contributor to the total approximation error by several orders of magnitude. Under
this condition, effectivity indices remain within a practical range. A second heuristic was to use
the estimator 7), alone, which was only suboptimal by one power of / due to the nonlinear terms,
as opposed to the suboptimality by three powers of A affecting 72, 77, and 7x. A final heuristic
suggestion was to multiply the suboptimal indicators by a correction factor, resulting in another
error indicator with effectivity indices that were generally observed to remain O(1), independent
of the choice of discretization parameters.

Many avenues exist for future exploration. From a computational perspective, a
natural next step is to utilize the estimates developed herein to develop adaptive methods. From
a theoretical perspective, while suboptimality of 7, is somewhat expected, it would be useful
to obtain estimators which do not incur the suboptimality that plagues 72, 77, and 7y, and stems
from the dispersive terms. Removal or at least amelioration of this suboptimality would greatly
benefit the effectiveness of the resulting indicators. Finally, extending the results obtained for
fully discrete schemes to the remaining members of the family of implicit Runge-Kutta methods

of Gauss-Legendre type is of interest.
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