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Abstract

We disprove the conjecture that if K is amphicheiral and K is concordant to K ′,

then CK′(z)CK′(iz)CK′(z2) is a perfect square inside the ring of power series with

integer coefficients. The Alexander polynomial of (p, q)-torus knots are found to

be of the form AT (p,q)(t) = f(tq)
f(t)

where f(t) = 1 + t + t2 + · · · + tp−1. Also,

for (pn, q)-torus knots, the Alexander polynomial factors into the form AT (pn,q) =

f(t)f(tp)f(tp
2
) · · · f(tpn−2

)f(tp
n−1

). A new conversion from the Alexander polynomial

to the Conway polynomial is discussed using the Lucas polynomial. This result is

used to show that the Conway polynomial of (2n, q)-torus knots are of the form

CT (2n,q)(z) = K1K2 · · ·Kn where K1 = Fq(z), Fq(z) being the Fibonacci polynomial,

and Ki(z) = Ki−1(
√
z4 + 4z2).
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Chapter 1

Introduction

First, it is necessary to define a few key terms to establish an adequate background.

A knot is a simple, closed curve in Euclidean 3-space, and a link is two or more

knots tangled together. A knot diagram or projection is an image that represents

a particular knot. There are three types of Reidemeister moves that change the

projection of a knot, but not the knot itself. They are shown Figure 1.1. Two knots

are considered equivalent if and only if they differ by Reidemeister moves. A knot

Figure 1.1: Reidemeister Moves

that is simply a circle is called the unknot or trivial knot. The composition of two

knots, K1 and K2, is denoted by K1#K2 and is done by joining two knots at any

arc as shown in Figure 1.2. A knot K composed with the unknot is again K. Prime

knots are knots that are not the composition of two or more nontrivial knots. An

amphicheiral or achiral knot may be either equivalent to its mirror image or its mirror

image with reversed orientation. A knot not equivalent to its mirror image is called

1



Figure 1.2: The composition of two trefoil knots

chiral. A knot is invertible if it can be deformed into itself, but with the orientation

reversed.

1.0.1 Knot Polynomials

The Alexander polynomial, denoted ΔK(t), is a Laurent polynomial in t with integer

coefficients satisfying the following properties, which determine it uniquely. One can

show there is a polynomial satisfying these properties using algebraic topology Adams

(2004).

1. Δ(©) = 1

2. Δ(L+)−Δ(L−)+(t
1
2 − t−

1
2 )Δ(L0) = 0, where L+, L−, and L0 are defined in Figure

1.3.

Example 1.1 shows the calculation of the Alexander polynomial of two unknots using

Figure 1.3: L+, L− and L0 from left to right

the skein relationship defined above.

Example 1.1.

Δ( )−Δ( ) + (t
1
2 − t−

1
2 )Δ( ) = 0
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But, we can see that and are equivalent to the unknot, thus we have

Δ(©)−Δ(©) + +(t
1
2 − t−

1
2 )Δ( ) = 0

1− 1 + (t
1
2 − t−

1
2 )Δ( ) = 0

(t
1
2 − t−

1
2 )Δ( ) = 0

Δ( ) = 0

The Alexander polynomial is an example of a knot invariant. That is two knots

are not equivalent if their Alexander polynomials differ. Two projections of a knot

have the same Alexander polynomial, but two projections with the same Alexander

polynomial need not be the same knot. For example, there are nontrivial knots with

Alexander polynomial equal to 1. Also the Alexander polynomial cannot distinguish

between a knot and its mirror image, thus AK(t) = AK∗(t) where K∗ is the mirror

image of K. Also, the Alexander polynomial is symmetric, i.e. ΔK(t
−1) = ΔK(t).

The Alexander polynomial of a composition of two knots K1 and K2 is ΔK1#K2(t) =

ΔK1(t)ΔK2(t).

Another knot invariant is the Conway polynomial, denoted by ∇L(Z) (where K is

substituted for L when it is a knot), which satisfies the following properties Cromwell

(2004):

1. Invariance: ∇L(z) is invariant under ambient isotopy of L.

2. Normalization: if K is the trivial knot then ∇K(z) = 1.

3. Skein relations: ∇(L+)−∇(L−) = z∇(L0)

Ambient isotopy simply means knots that only differ by Reidemeister moves Adams

(2004). The relationship between the Alexander and Conway polynomials is ΔL(x
2) =

∇L(x− x−1) Livingston (1993).
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1.0.2 The Burau Representation

Crossings in a braid are denoted σi to represent the i
th string crossing over the (i+1)th

string. Undercrossings are similarly represented by σ−1
i . The σi generate a group

known as the braid group on n strings, denoted Bn. An example is shown in Figure

1.4 for the braid group B3 on 3 strings. A chain of several σi, for example σ1σ
−1
3 σ2,

is called a braid word, and represents a braid.

Figure 1.4: The generators for the braid group B3 Adams (2004)

The braid groupBn is defined by the presentation 〈σ1, . . . , σn−1 | σ2
i = 1, σiσi+1σi =

σi+1σiσi+1, [σi, σj] = 1 for |i − j| > 1〉, which captures the topology of the situation.

The Burau representation, defined by Equation 1.1, is an alternate computation of

the Alexander polynomial, which is known to be unfaithful for n ≥ 5 Bigelow (1999).

Each generator σi or σ
−1
i is assigned a matrix which is generated by centering

⎡
⎢⎢⎢⎣
−t

−t

−1

⎤
⎥⎥⎥⎦

or

⎡
⎢⎢⎢⎣
−1

−1
t

−1
t

⎤
⎥⎥⎥⎦ in the (i, i) position of the (n− 1)× (n− 1) identity matrix. The matrices

for the generators in the braid group B4 are shown in Figure 1.5. Let Ψ be the matrix

product of braid words of a knot, that is, Ψ is the product of the matrices of each

braid generator. Then
det(I −Ψ)

1 + t+ ...+ tn−1
= ΔL, (1.1)

where ΔL is the Alexander polynomial and det is the determinant Weisstein (2012a).
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σ1 =

⎡
⎣−t 0 0
−1 1 0
0 0 1

⎤
⎦ , σ2 =

⎡
⎣1 −t 0
0 −t 0
0 −1 1

⎤
⎦ , σ3 =

⎡
⎣1 0 0
0 1 −t
0 0 −t

⎤
⎦

σ−1
1 =

⎡
⎣−1

t
0 0

−1
t

1 0
0 0 1

⎤
⎦ , σ−1

2 =

⎡
⎣1 −1 0
0 −1

t
0

0 −1
t

1

⎤
⎦ , and σ−1

3 =

⎡
⎣1 0 0
0 1 −1
0 0 −1

t

⎤
⎦

Figure 1.5: The matrices of the generators of B4

Example 1.2 shows a calculation of the Alexander polynomial of the figure-eight

knot using the Burau representation.

Example 1.2. Consider the figure-eight knot which is equivalent to the closure of the

braid word σ1σ
−1
2 σ1σ

−1
2 . Then

Ψ =

⎡
⎣−t 0

−1 1

⎤
⎦
⎡
⎣1 −1

0 −1
t

⎤
⎦
⎡
⎣−t 0

−1 1

⎤
⎦
⎡
⎣1 −1

0 −1
t

⎤
⎦

=

⎡
⎣ t2 − t −t2 + t− 1

t− 1 + 1
t

−t+ (1− 1
t
)2

⎤
⎦

I −Ψ =

⎡
⎣ 1− t2 + t t2 − t+ 1

−t+ 1− 1
t

1 + t− (1− 1
t
)2

⎤
⎦

det(I −Ψ) = (1− t2 + t)(1 + t− (1− 1

t
)2)− (t2 − t+ 1)(−t+ 1− 1

t
)

= −t2 − 1

t2
+ 2t+

2

t
+ 1

ΔK =
det(I −Ψ)

1 + t+ ...+ tn−1

=
−t2 − 1

t2
+ 2t+ 2

t
+ 1

1 + t+ t2

=
−t2 + 3t− 1

t2

= −t− 1

t
+ 3

which is the correct result.
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Chapter 2

Conjectures

Initially, two conjectures concerning the Conway polynomial were investigated.

Specifically these conjectures dealt with the splitting property of the Conway

polynomial, i.e. C(z) = F (z)F (−z).

2.0.3 Conant’s Conjecture

Conjecture 2.0.1 (Generalized Kawauchi Conjecture). The Conway polynomial

C(z) of any achiral knot has the splitting property, i.e. C(z) = F (z)F (−z) for a

polynomial F (z) with integer coefficients Ermotti et al. (2011).

The following conjecture concerning braids was made by J. Conant originating

from the Generalized Kawauchi Conjecture.

Conjecture 2.0.2. All braids of the form ww∗ww∗, where w∗ is the braid w with all

crossings reversed, such that ww∗ww∗ closes to a knot, have Conway polynomial of

the form f(z)f(−z) Conant (2006).

The Generalized Kawauchi conjecture was disproven by Ermotti et al in Ermotti

et al. (2011) with the knot shown in Figure 2.1. This knot has the Conway polynomial

CK(z) = (4z8 + 16z6 + 12z4 − 16z2 + 1)(1 + z)(1− z)(2z4 − 1)2

6



which does not satisfy the splitting property. However, this is the closure of a tangle

Figure 2.1: A counterexample to the Kawauchi conjecture Ermotti et al. (2011)

and not a braid, which means that Conjecture 2.0.2 remains to be shown. This

counterexample does raise suspicion that the conjecture is untrue.

2.0.4 Collins’s Conjecture

A knot is slice if it bounds a locally flat disk in the 4-ball, where locally flat means that

every point of the disc has a neighborhood around it which looks like the standard

embedding of a disc into the 4-ball. A ribbon knot is a knot which bounds a smooth

disc in the 4-ball such that the singularities of the ribbon disc are either minima or

saddle points. Two knots K1 and K2 are concordant if K1# − K2 is slice, where

−K is the mirror image of K with reversed orientation Collins (2011). The following

conjecture is made by Collins.

Conjecture 2.0.3. If K is amphicheiral and K is concordant to K ′, then

CK′(z)CK′(iz)CK′(z2)

7



is a perfect square inside the ring of power series with integer coefficients Collins

(2011).

Every ribbon knot is a slice knot, and it is conjectured that every smoothly slice

knot is a ribbon knot Weisstein (2012c). The knot 88 is a ribbon knot, thus it is

a slice knot. Then 41 is concordant to 41#88. However, the Conway polynomial of

41#88 is

C41#88(z) = (1− z2)(1 + 2z2 + 2z4),

so then

CK′(z)CK′(iz)CK′(z2)

= (1− z2)(1 + 2z2 + 2z4)(1 + z2)(1− 2z2 + 2z4)(1− z4)(1 + 2z4 + 2z8)

= 8z24 − 8z20 − 2z16 − 2z12 + 3z8 + 1

Then taking the Taylor polynomial of the square root, we get

1 +
3z8

2
− z12 − 17z16

8
− 5z20

2
+

107z24

16
+ . . .

which does not have integer coefficients, and thus is not a square inside the ring of

power series with integer coefficients. Therefore this is a counterexample to the above

conjecture.
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Chapter 3

Torus Knots

A (p, q)-torus knot, where p, q ≥ 2 and p and q are relatively prime, is created by

traveling p times vertically and q times horizontally around the torus. Torus knots are

prime, invertible, and chiral. Despite being chiral, the symmetry exists where T (p, q)

knots are equivalent to T (q, p) knots Livingston (1993). Torus knots have unique

braid representations in which there are p strands where the first strand overlaps the

remaining strands to the last position repeated q times and closed to a knot. An

example of the braid for a (3, 2)−torus knot can be seen in Figure 3.1.

Figure 3.1: A braid for the (3,2)-torus knot

9



3.0.5 Alexander polynomial

The Alexander polynomial of the (p, q)-torus knot is defined by equation (3.1)

Livingston (1993).

ΔT (p,q)(t) =
(t|pq| − 1)(t− 1)

(t|p| − 1)(t|q| − 1)
(3.1)

For the case when p = 2, this simplifies to Equation (3.2).

ΔT (2,q)(t) =
(tq + 1)

(t+ 1)
(3.2)

Theorem 3.1. The Alexander polynomial of the torus knot can be written as

ΔT (p,q)(t) =
f(tq)
f(t)

where f(t) = 1 + · · ·+ tp−1 for p, q ≥ 2 and p, q relatively prime.

The first few examples of this calculation are shown below:

ΔT (2,q)(t) =
(t2q − 1)(t− 1)

(t2 − 1)(tq − 1)
=

(tq − 1)(tq + 1)(t− 1)

(t− 1)(t+ 1)(tq − 1)

=
tq + 1

t+ 1

ΔT (3,q)(t) =
(t3q − 1)(t− 1)

(t3 − 1)(tq − 1)
=

(tq − 1)(t2q + tq − 1)(t− 1)

(t− 1)(t2 + t+ 1)(tq − 1)

=
t2q +q +1

t2 + t+ 1

ΔT (4,q)(t) =
(t4q − 1)(t− 1)

(t4 − 1)(tq − 1)
=

(tq − 1)(t3q + t2q + tq − 1)(t− 1)

(t− 1)(t3 + t2 + t+ 1)(tq − 1)

=
t3q + t2q +q +1

t3 + t2 + t+ 1

ΔT (5,q)(t) =
(t5q − 1)(t− 1)

(t5 − 1)(tq − 1)
=

(tq − 1)(t4q + t3q + t2q +q −1)(t− 1)

(t− 1)(t4 + t3 + t2 + t+ 1)(tq − 1)

=
t4q + t3q + t2q +q +1

t4 + t3 + t2 + t+ 1

Proof. First it should be noted that a polynomial of the form tpq − 1 can be factored

into the form (tq − 1)(t(p−1)q + t(p−2)q + · · · + 1). Similarly, tp − 1 can be factored

into the form (t − 1)(tp−1 + tp−2 + · · · + 1). Then from (3.1) we can apply these

10



factorizations, which yield Equation (3.3).

ΔT (p,q)(t) =
(tpq − 1)(t− 1)

(tp − 1)(tq − 1)

=
(tq − 1)(t(p−1)q + t(p−2)q + · · ·+ 1)(t− 1)

(t− 1)(tp−1 + tp−2 + · · ·+ 1)(tq − 1)

=
(t(p−1)q + t(p−2)q + · · ·+ 1)

(tp−1 + tp−2 + · · ·+ 1)

=
f(tq)

f(t)
where f(t) = tp−1 + tp−2 + · · ·+ 1 (3.3)

It should be noted that the braid expression for torus knots can be generalized to

(σ1σ2 · · · σp−1)
q, but since T (p, q) = T (q, p), it can also be written as (σ1σ2 · · · σq−1)

p.

Thus, with this second form we see that T (p, q) knots have braids of the form wp where

w is the braid σ1σ2 · · · σq−1. This is interesting, because the Alexander polynomial

turns out to be ΔT (pn,q) = f(tp
n−1

)f(tp
n−2

) · · · f(t).

Theorem 3.2. The Alexander polynomial of the torus knot has the factorization

ΔT (pn,q) = f(t)f(tp)f(tp
2
) · · · f(tpn−2

)f(tp
n−1

) for p, q ≥ 2 and p, q relatively prime.

Proof. Proof by induction. The beginning function is f(t) = (tpq−1)(t−1)
(tp−1)(tq−1)

. We want to

show that ΔT (p2,q)(t) = f(t)f(tp) as the base case for when n = 2 (since n = 1 is the

initial function).

f(t) · f(tp) = (tpq − 1)(t− 1)

(tp − 1)(tq − 1)
· (t

p2q − 1)(tp − 1)

(tp2 − 1)(tpq − 1)

=
(tpq − 1)(t− 1)

(tp − 1)(tq − 1)

= ΔT (p2,q)(t)

11



Next we want to show that ΔT (pn,q) = f(tp
n−1

)f(tp
n−2

) · · · f(t) implies ΔT (pn+1,q) =

f(tp
n
)f(tp

n−1
) · · · f(t).

f(t) · · · f(tpn−1

)f(tp) = ΔT (pn,q)(t) · f(tp)

=
(tp

nq − 1)(t− 1)

(tpn − 1)(tq − 1)
· (t

pn+1q − 1)(tp
n − 1)

(tpn+1 − 1)(tpnq − 1)

=
(tp

n+1q − 1)(t− 1)

(tpn+1 − 1)(tq − 1)

= ΔT (pn+1,q)(t)

Therefore ΔT (pn+1,q)(t) = f(t) · · · f(tpn−1
)f(tp

n
).

3.0.6 Conway polynomial

D. Rowland noticed several patterns in Rowland (2008) for (2, q)-torus links. It should

be noted that when q is odd a torus knot is formed, and when q is even a torus link

is formed. The first pattern found was that the degree of the Conway polynomial

is (n − 1), and it is monic meaning that the highest term has 1 as its coefficient.

Interestingly, the polynomials form Pascal’s triangle along the diagonals when lined

up as seen in Figure 3.2. It can also be seen that these equations form the sequence of

Fibonacci polynomials where F1(x) = 1, F2(x) = x and Fn = xFn−1+Fn−2, and when

evaluated at z = 1 they form the Fibonacci sequence. This led to the formulation of

Equation (3.4) for the Conway polynomial of (2, 2n+ 1)-torus knots.

∇T (2,2n+1)(z) =

(
n

0

)
+

(
n+ 1

2

)
z2 + · · ·+

(
2n

2n

)
z2n =

n∑
j=0

(
n+ j

2j

)
z2j (3.4)

As was mentioned in the introduction there is an identity ΔL(t
1
2 − t−

1
2 ) = ∇L(z)

to convert the Alexander polynomial into the Conway polynomial. This relationship

is simple for converting from the Conway polynomial to the Alexander polynomial,

since all that is required is substituting t
1
2 − t−

1
2 for z, but as is shown in Example

12



∇T (2,1) = 1

∇T (2,2) = 1z

∇T (2,3) = 1 + 1z2

∇T (2,4) = 2z + 1z3

∇T (2,5) = 1 + 3z2 + 1z4

∇T (2,6) = 3z + 4z3 + 1z5

∇T (2,7) = 1 + 6z2 + 5z4 + 1z6

∇T (2,8) = 4z + 10z3 + 6z5 + 1z7

∇T (2,9) = 1 + 10z2 + 15z4 + 7z6 + 1z8

Figure 3.2: The Conway polynomial of (2, q)-torus links

3.3, this method is complicated when converting from the Alexander polynomial to

the Conway polynomial.

Example 3.3. Here is an example converting the Alexander polynomial of the (2, 3)-

torus knot to the Conway polynomial.

ΔT (2,3)(t) = t+ t−1 − 1

= (t
1
2 − t−

1
2 )2 + 2− 1

= z2 + 1

= ∇T (2,3)(z)

13



A more complicated example can be shown with the (2, 5)-torus knot.

ΔT (2,5)(t) = t2 + t−2 − t− t−1 + 1

= (t
1
2 − t−

1
2 )4 + 4t+ 4t−1 − 6− t− t−1 + 1

= (t
1
2 − t−

1
2 )4 + 3(t+ t−1)− 5

= (t
1
2 − t−

1
2 )4 + 3(t

1
2 − t−

1
2 )2 + 6− 5

= z4 + 3z2 + 1

= ∇T (2,5)(z)

It is easy to see that as polynomials grow larger, the substitution becomes more

complicated with middle terms that must be taken care of. This led to the motivation

to find a conversion using the form tn + t−n since the Alexander polynomial is

symmetric across t.

The Lucas polynomial is a variation of the Fibonacci polynomial where L0 = 2,

L1 = x, and Ln = xLn−1+Ln−2. There is also a closed form for the Lucas polynomial

defined by Equation (3.5) Weisstein (2012b).

Ln(x) = 2−n[(x−
√
x2 + 4)n + (x+

√
x2 + 4)n] (3.5)

Theorem 3.4. There exists a relationship between the Alexander and Conway

polynomials such that the substitution tn + t−n = L2n(z), where Ln is the Lucas

polynomial, into the Alexander polynomial yields the Conway polynomial.

Proof. Using the skein relationship t
1
2 − t−

1
2 = z, we can solve for t using the

quadratic equation and get t±1 = z2+2±z
√
z2+4

2
. Then using the equation for the

14



Lucas polynomial,

L2n(z) = 2−2n[(z −
√
z2 + 4)2n + (z +

√
z2 + 4)2n]

=

(
z −√

z2 + 4

2

)2n

+

(
z +

√
z2 + 4

2

)2n

=

(
(z −√

z2 + 4)2

4

)n

+

(
(z +

√
z2 + 4)2

4

)n

=

(
2z2 + 4− 2z

√
z2 + 4

4

)n

+

(
2z2 + 4 + 2z

√
z2 + 4

4

)n

=

(
z2 + 2− z

√
z2 + 4

2

)n

+

(
z2 + 2 + z

√
z2 + 4

2

)n

= tn + t−n

Example 3.5. Below is an example of a conversion from the Alexander polynomial

to the Conway polynomial using the substitution tn − t−n = L2n(z).

ΔT (2,3)(t) = t+ t−1 − 1

= L2(z)− 1

= z2 + 2− 1

= z2 + 1

= ∇T (2,3)(z)

15



A more complicated example made easier can be shown with the (2, 5)-torus knot.

ΔT (2,5)(t) = t2 + t−2 − t− t−1 + 1

= L4(z)− L2(z) + 1

= z4 + 4z2 + 2− (z2 + 2) + 1

= z4 + 3z2 + 1

= ∇T (2,5)(z)

Theorem 3.6. The Conway polynomial of (2n, q)-torus knots factors into the form

∇T (2n,q)(z) = K1K2 · · ·Kn where K1 = Fq(z), Fq(z) being the Fibonacci polynomial,

and Ki(z) = Ki−1(
√
z4 + 4z2).

Proof. From Theorem 3.2 we know that the Alexander polynomial of (2n, q)-torus

knots factor into the form ΔT (2n,q)(t) = f(t)f(t2)f(t4) · · · f(t2n−1
). Thus, it suffices to

show that L4n(z) = L2n(
√
z4 + 4z2).
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Ln=2j(
√
z4 + 4z2) =

=2−2j

((√
z4 + 4z2 −

√√
z4 + 4z2

2
+ 4

)2j

+

(√
z4 + 4z2 +

√√
z4 + 4z2

2
+ 4

)2j
)

=2−2j

((√
z4 + 4z2 −

√
z4 + 4z2 + 4

)2j

+
(√

z4 + 4z2 +
√
z4 + 4z2 + 4

)2j
)

=2−2j

((√
z4 + 4z2 −

√
(z2 + 2)2

)2j

+
(√

z4 + 4z2 +
√
(z2 + 2)2

)2j
)

=2−2j

((√
z4 + 4z2 − (z2 + 2)

)2j

+
(√

z4 + 4z2 + (z2 + 2)
)2j

)

=2−4j22j
((√

z4 + 4z2 − (z2 + 2)
)2j

+
(√

z4 + 4z2 + (z2 + 2)
)2j

)

=2−4j

(
22j

(√
z4 + 4z2 − (z2 + 2)

)2j

+ 22j
(√

z4 + 4z2 + (x2 + 2)
)2j

)

=2−4j

((
2
√
z4 + 4z2 − 2z2 − 4

)2j

+
(
2
√
z4 + 4z2 + 2z2 + 4

)2j
)

=

((
−2

√
z4 + 4z2 + 2z2 + 4

)2j

+
(
2
√
z4 + 4z2 + 2z2 + 4

)2j
)

=2−4j[(2z2 − 2
√
z2 + 4z + 4)2j + (2z2 + 2

√
z2 + 4z + 4)2j]

=2−4j[(z −
√
z2 + 4)4j + (x+

√
z2 + 4)4j]

=L2n=4j
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