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Abstract

In the area of large deviations, people concern about the asymptotic computation of small
probabilities on an exponential scale. The general form of large deviations can be roughly

described as:
P{Y, € A} =~ exp{—0,1(A)} (n — 00),

for a random sequence {Y,,}, a positive sequence b,, with b,, — 0o, and a coefficient 1(A) > 0.
In applications, we often concern about the probability that the random variables take large
values, that is we concern about the P{Y,, > A}, where A > 0.

Here, we consider the Ornstein-Uhlenbeck process, study the properties of the local times
and self intersection local times of that process, and focus on the large deviations for the
self intersection local times of the Ornstein-Uhlenbeck process. A function that we need to
study and plays an important role in large deviations is called logarithmic moment generating

function.
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Chapter 1

Introduction

The Ornstein — Uhlenbeck process is a stochastic process with applications in financial
mathematics and the physical sciences. For instance, its original application in physics was
as a model for the velocity of a massive Brownian particle under the influence of friction.
Furthermore, it is one of several approaches used to model interest rates, currency exchange
rates, and commodity prices stochastically. It is named after Leonard Ornstein and George

Eugene Uhlenbeck.

The Ornstein - Uhlenbeck process X, is defined by the following stochastic differential

equation:
dXt - dBt - kXt dt,

where B; denotes the Brownian motion (more information about the Brownian motion can
be found in [14] or in [11], for instance) and k is a positive real number (constant). Here we
assume that: Xy = 0. In the second chapter, we apply [td’'s formula to find the solution of

the above equation, and we also compute the expectation and the variance of X;.

Some of the basic properties of the Ornstein-Uhlenbeck process is that it is a Gaussian

and Markov process and it does not have independent increments.



Our goal is to evaluate limits of the following form, because that kind of limits helps us to
understand the intensity that the random path of the Ornstein-Uhlenbeck process intersects
itself,

t—o00

A,(6) = lim 1logEexp {9( / LP(t,y) dy)p},

where 6 > 0, L(t,y) measures the time that our process X; spends near to y (y € R and
t > 0) during the period [0, ¢], and it is called local time, and [°%_ LP(t,y) dy is the p-multiple
self intersection local time that measures the intensity of the path intersections of the process

X¢. The function A,(+) is called the logarithmic moment generating function.

The study of the self intersection local times of stochastic processes has its own mathematical
interest. Apart from that interest, it has been also motivated by Physics. Physicists concern
about the geometric shape of the polymer which is often described by a suitable random path.
The geometry of the polymer is decided by the intensity that the random path intersects
itself.

The logarithmic moment generating function is useful in many applications. For instance,
the large deviation principle (which can be found in [3] or in [12], for instance) suggests that
under certain conditions we have:

lim 1logP( / LP(t,y)dy > /\tp) = —sup {9/\;) - AP(Q)},

t—o0 0>0

where \ > 0.

The previous equality means that, the probability that the p-multiple self intersection local
time is proportional to the volume of [0, ], decreases exponentially (for large t).

The logarithmic moment generating function appears on the right hand side of the previous
equality. That is, this function helps us to understand the intensity of the path intersections

of a process. This is one of the reasons that motivates us to study the logarithmic moment



generating function.

Here is a summary of what we do in the next chapters:

First we define the local time L(t, ), investigate its existence (Chapter 2), and study some
basic properties of local times and self intersection local times, as the continuity (Chapter 3),
and the exponential integrability (Chapter 4). Then we provide our large deviation results

in Chapter 5. Finally, we include some of our future interests in Chapter 6.



Chapter 2

Local Times

2.1 Definitions

Let (Z (t),t € ]R*) be a measurable stochastic process taking values in R. For any ¢t € R

the random measure :

¢
w(B) = [ 15(7,)ds = A({s € [0,4]: Z(s) € B}),
0
where B C R and A is the Lebesgue measure in R, is known as the occupation measure of
the stochastic process Z;. The value of u;(B) describes the amount of time in the set [0, ¢]
that the process spends in the set B.
If with probability 1, u; is absolutely continuous with respect to the Lebesgue measure in R,
then we say that the process has a local time over the set [0,¢]. In particular, the associated
density L(t,x) is called local time or occupation density of Z;. The local time is a version
of Radon-Nykodim derivative:
dpu
L(t,x) = /().
(t,) = B (a)
(More information about the Radon-Nykodim derivative can be found in [13], for instance).
L(t,z) measures the time that Z; spends near x during the period [0,¢]. From now we

consider that Z; is our 1 dimensional Ornstein-Uhlenbeck process X;.



2.2 Existence of local times

Consider the measure:

o0 [e.o]

w(B) = [ 1p(X)ds = [ e dx,(B)ds,

where: 0x,(B) =1if Xy € B and dx,(B) =0if X; € B.
(Note about the notation: We sometimes use e* and sometimes exp{z} for the exponential

function, depending on which notation is more readable on every particular case.)

Notice that:

Indeed,
t
i (B) = et/e Mp(X,)ds
0
t
< et/e_sILB(Xs)ds
0
< et/e*SEB(XS)ds
0
Hence,

We know that the measure p; is absolute continuous with respect to Lebesgue measure A if
for every measurable set B with A(B) = 0 we have u;(B) = 0.
We observe that pu(B) = 0 implies u;(B) = 0 , hence it’s enough to show that p, is absolute

continuous with respect to the Lebesgue measure.



By using the Plancherel-Parseval theorem (which can be found in Theorem B.3 Appendix,

3], for instance), it is sufficient to prove that :

J ElaPax < oo,
where the notation fi(-) refers to the Fourier transform.

We have,

o

f(A) :/e_sei’\XS ds,
0

because the Fourier transform of u is given by:

) = [ e pda),
and also here we used that:

/ oire dx.(dz) = AN
Hence,

AP =( [ e ar) ([ emse™ds)
0 0
://6_(5+t)ei)‘(xt_XS) ds dt.
0 0

So,

E|a(\)[? = / / e~ (HOENX=X2) (g it
00



Note: In the previous step we used Fubini’s theorem (which can be found in [7], for instance)

to "pass" the expectation inside the integrals.

In order to be able to apply Fubini’s theorem and switch the integrals, we need to make

sure that the below integral is finite:

///|e—<5+t>e“<xt—xs>|dsdtdpg///e—<s+t> dsdtdIP’:/dIP: 1 < co.
Q 0 0 Q 0 0 Q

INX—Xs)

We now need to evaluate the expectation: Ee By using [td's formula (which can

be found in [8] or in [13], for instance), we compute the solution of the stochastic differential

equation:
dXt - dBt - kXt dt
as following:

t
X, = / e K= 4B
0

with E(X;) = 0 and Var(X,) = iﬂ — g2kt
Indeed, we consider the function g(t, x) = e*z (x € R, t > 0) and applying Itd's formula we

get:

d(€ktXt> :kektXt dt + ekt dXt

:ekt dBt7

where in the last step we used the above differential equation.

Hence,

t
X, = / eHi=w) B,
0



Furthermore,
E(X;) =0,

because of the properties of the Itd's integral [8], and
¢ t )
Var(Xy) :E[/ e k(t—w) dB,)* = /e‘2k(t_“) du = ﬂ(l — o7,
0 0
where in the last step we used [td's Isometry [8].

Thus,

E[X; — X,] = 0.
Furthermore,

t s
E[X; — X,|? =E] / e~k=w g, — / ek 4B, ]2
0 0
1

= (1= —2kt

sr(l—e™)

1 —2ks 1 —k|t—s| —k(t+s)
—i-%(l—e )—%(e —e ).

Indeed, by using the [td's Isometry:
/ 1
—k(t—u) 2 _ 2kt
E[O/e dB,] 2k(1 e "),

and

e—k(s—u) dBu]Q — 7(1 . 6_2k5).

=
o,



Also for the expectation:

t

Bi([ -0 dB)( [ 0 dB,)

0 0
if s <t the above expectation is equal to:
s t s

]E[(/ e—k(t—u) dBu+/€—k(t—u) dB /6 (s—u) dB k(t+s)E[/eku dBu]Q
0 s 0 0

where here we used that:

t s
]E( / ¢ hlt=) dBu) ( / e h(s=u) dBu) 0,

s 0

since we can separate the integrals because of independence and by using the properties of

the [td's integral [8] the above expectation is zero.

If s > t then it equals to:

Thus,

13 S
E[(/ e k(t—u) dBu)(/ e k(s—u) dBu)] — 21]€(€k|ts . ek(tJrs))'
0

0

Hence, we computed that:



and

1 1
VarlX, — X,] = ?(1 — e Y (1 — e ) - (el k()

Zk(

So,

E’ﬂ()\)|2 ://e,(sﬂg)e,i)g[176—k|t7s|+e—k(t+s),%(e—zk@refzks)] ds dt.
0 0

Here we used that since our process X; is Gaussian then every finite linear combination of
random variables of our process follows one dimensional Normal distribution and hence the

characteristic function is given by:

EeiMXe=Xs) _ IAE[X:—Xs]— 1 A2Var[X; — X]

e .

If we show that the integral :

/ E’ﬂ()\)|2 d\ ://6_(s+t) / e_i)ﬁ[1_efk|t—5|_;'_efk(tJrS)_%(672kt+672ks)] A\ ds dt
- 0 0 —00

is finite, then the local time of the one dimensional Ornstein-Uhlenbeck process exists.

We integrate first with respect to A. By completing the square the above integral is equal

to:

where

1(6*2“ + 672ks) —1— €7k|tfs\ . l(e*kt . efks)2

d(t —1— —k|t—s| —k(t+s) _
(t,s) e +e 5 5

10



and C is a positive constant.

dsdt.

/Ew J2d) = C’//\/%dsdt:OZO/t{\/i%—f{ (;H

We observe that the function ® gets the value zero if and only if ¢ = s, and by using the theory
of asymptotic functions, \/<I>(t, ) ~ \/\t — s| "behaves" as the /|t — s| when |t — s| — 0.

Hence,

/t€s+t
0

is a simple improper integral, and the same is true for the below integral:

7 e —(s+t)
) CID

Consider now the two following integrals:

7

and

Convergence of both of the above two integrals implies the existence of the local time.

To that end, we compute the integral:

///e (s+0) o= 37215l )\ 4 dit.
0 0 —



On the one hand, we integrate with respect to A and the integral is equal to:

o0 o0 S+t
01// ds dt,
3 b t—s

where (] is a positive constant.

One the other hand, we use Fubini’s - Tonelli’s heorem and we integrate first with respect
to s, t and finally to .

(Since the function that appears in above triple integral is non-negative, there is no need to

check its absolute integrability in order to apply Fubini’s theorem.)
We have:

///e (s+0= N1l g At dX =
—oc0 0 0 —

e~ s+ =33lt=sl g5 4t d

g ~—3
O\“

e~ s+ =33lt=sl 45 4t d

_|_

—3 é\g
\8 0\8

1
B EesviCI D) dr d
b T T2
+707 ! e 2t dtdA
1
o 1+35M2

oo

1 1
:/—1+1>\2[2 1+1/\2 +/>\2 da

:/ 22!

<27.

We conclude that,

ef(s+t)
——dsdt < 0127 < 0.
|t —s|

1

12



Hence,:

and
oo o0 6_(S+t) oo o0 6_(S+t)
// dsdt§// dsdt < oo
0 t |t — s 00 |t — 5|
As a result:
[ ElO)Ear < o,

which proves the existence of the local time for the one dimensional Ornstein-Uhlenbeck

process.

Question:

Does the local time of the d-dimensional ( d > 2 ) Ornstein-Uhlenbeck process exist?

Answer:

We believe that such local time does not exist. Our belief comes from the following:
Consider the occupation measure:
uu(B) = [ 15(X,) ds.

where X is a d-dimensional ( d > 2 ) Ornstein—Uhlenbeck process and B is a Borel set

B C R<.

13



As in the 1-dimensional case we need to investigate the convergence of the following integral:

JEROE = [ [ [etHRer XX axas at
R4

0 0 Rrd

_ / / o (5+1) / o~ ar AP[1—em Ftmslpehlthe) L (e=2ktpe=2ba)] 1y g gy
0 0

R4

By following similar calculations as in the 1-dimensional case we see that the above integral

diverges. Hence, from now on our Ornstein - Uhlenbeck process X; is one dimensional.

14



Chapter 3

Continuity of local times

Here we encounter an obstacle: Notice that for each ¢ € R*, the notation L(t,-) represents
an equivalent class of the densities. For this reason, it is not quite valid at this point to talk
about, L(t,0), for example. However, if there is a member L(t,y) among the equivalent class
of the functions L(t,%), which is continuous in y , then for each t the function L(t,y) is well
defined.

An effective way to install this continuity is to use Kolmogorov continuity theorem.

Kolmogorov continuity theorem: For any compact subset of R™ x R, ) , there are

m>1,n>1,n<mand ¢, > 0 such that:
E|L(t,y) — L(t, 2)|™ < cmly — 2[",
for every (t,y), (t,2) € Q.

Proof:

First we consider the Fourier transform of the local time:

L(t,\) = /6MyL(t, y) dy,
R

15



and then we express the local time in terms of its Fourier transform:

1 A
L(ty) =5 / =M (1 A) dA
R

1

:—/e_iAy/eiAyL(t,y) dy dA.
27

R R

Hence we have (for m > 2 even integer, and for every (t,y), (¢,z) € Q , where Q is a compact

subset of Rt x R):

E[L(t,y) —

]Rm

/(eszy - e*’LAZ
R
m

L(t, )"
/ e [ ML y)agar— [ [ eWL(t,z)dzd)\}
R R R R
/ e [ dsan— [ [ dsd)\]
R [0,t] R [0,¢]
) [ e dsdA]

[0,¢]

—iAny 6_2)‘"2’ / E ¢ Zj:1 AjXs; ds

[0,¢]™

1...d8m d)\1d>\m

[l

n=1

(In the last step, we applied Fubini’s-Tonelli’s theorem to switch the expectation with the

integrals, in a similar way we used it in chapter 2, that’s why the proof is omitted here).

Since the Ornstein-Uhlenbeck process is a Gaussian process, any finite linear combination of

its variables (such as: 3271, A\; X, ) follows an one dimensional Normal distribution.

Hence the characteristic function gives us the below expectation:

E ezzm /\szj _ zIE(Z )\ Xs —7Var(zm Aj XS )

16



Thus,

E[L(t,y) — L(t, )"

1
(2m)m

=

< |~ g=iAnz| / e~ 3V QoA Xe) d, L sy dy... Ao

[0,¢]™

Rmnl

Our goal is to make the term |y — z|™ (where n < m) appear on the right hand side of the
above inequality. The above product helps us to create that term.

Indeed, by using the elementary inequality:
e 1] < 2 7[uf’,
for every real number u and 0 < 9 < %, we get:
|67i)\ny . efi)\nz| < 2175|/\n’§‘y . Z|6>
because:
—iAnyY

e e MnE| =lemnY||1 — eV < 210N Py — 2

Note: Comment about the proof of: | — 1| < 217%|ul|°.

We have:
e — 1] = [l — 1[I0t — 10 < 219ee — 1P,
so it is enough to show that: |e® — 1| < |u|, which holds because:
le™ — 1| =2 —2cosu < u?.

(the last inequality is true because if we consider f(u) = u®+2 cosu—2 for every real number

u, and study its properties, then f is always non-negative).

17



As a result we have:

E[L(t> y) - L(t> Z)]m

§01,m|y—z|m5/ Nk / e 2V N Xe) 4o dsy d. A,

Rm™ n=1 [O,t]m
—Comly — 2™ / Nk / e 3V ILNX) g, ds dA A,
L (%)

<Cymly — 2™ / / TT 1A = AP 27 Eim N =X ) g\ dN,, dsy... dsp,

[O,t]rg Rm n=1

where C ,,, Cs,, are positive constants that depend on m (C},, = (273)7,1 2m(1=8) and Com =

m! Cy,,) and in the last step we used change of variables (A;,,+1 = 0). The notation [0, ¢
means that 0 < s; < --- < s, <t.
Also, in the last step we switched the order of the integrals. Notice that the function that

appears inside the two m-multiple integrals

m

[ e BoriSianss,

n=1
is non-negative. In general, when we apply Fubini’s theorem we need to check that the
previous function is absolute integrable, but there is no need to check that in case it is non-

negative according to Fubini’s-Tonelli’s theorem for non-negative functions [7].

Our goal is to show that the above double integral is finite. In order to be able to integrate we
need somehow to move the \;’s outside the variance. Under the assumption of independence
of increments, we could easily do it by using the definition of the variance. However, as we
mentioned earlier the Ornstein-Uhlenbeck process does not have independent increments,
thus if we used the definition of the variance, we would have another term that relates to
the covariance, which makes the calculations very difficult.

Hence, we follow a different path and in order to control the above variance we use the

18



following formula:

N(X, — X, ) > — S N*Var(X,, — X,
VGT(Z ]( Sj S]—l)) - l—I;n:1 VCLT(XSJ. _ ijil) m Z J VCLT( S 8,7—1)7

Jj=1

J=1

which is true for Gaussian random variables with mean zero, [1], and where R is the

determinant of the covariance of the random variables: X, X,,...,Xj

R = det (COU(XSN ey Xsm)).

By using that formula we have this "nice" separation between the );’s and the variance. In
order to be able to integrate with respect to A’s, we would like to eliminate the first quotient
that appears on the right hand side of the above formula. For this, we use some techniques
about locally nondeterministic processes that developed in [1].

More specifically, we can bound the above quotient from below by a positive number D,,

that depends on m, that is:

R

>D,, > 0.
% Var (X, — X)) —

One way to do this is the following:

In [1], they study in detail properties of stochastic processes such as local nondeterminism.
They mention that a stochastic process is called locally nondeterministic if a future
observation is relatively unpredictable, on a basis of a finite set of observations from the
immediate past. They also provide some sufficient and necessary conditions under which a

stochastic process is locally nondeterministic. One lemma that appears in [1] mentions that:

A stochastic process X; is locally nondeterministic on a set J = [0, ¢ if and only if:

lim inf il >0
es0t tm—t1<e []7L, Var(ij — ijfl) ’

19



for every m > 2, where 0 < t; < --- <t,, <t.

Hence, in order to control the quotient:

R
i Var(X,, — X)) ’

from below, we need to show that our Ornstein-Uhlenbeck process is locally nondeterministic.

This result has been proved and can be found in [10], for instance.

Another way to prove that:

R
i Var(X,, — X,,_,)

>D,, >0,

is to evaluate this quotient.

Indeed:

R det(C’ov(Xsl, o Xsm))
" Var(X,, — X, ,) 1 Var(X,, — X

5j—1>

J

B Var(Xs, )Var(Xs,|Xs,) - - - Var(Xs,, | Xs,, 1y Xs,)
-~ Var(X,,)Var(X,, — Xs,) -+ - Var(X,,, — X, _,)

 Var(X,|X,,) - - Var(X,, | X,,._,)
- Var(X,, — Xg,) -+ - Var(X,,, — X, )’

where in the last step we used the fact that our process is Markovian.

We have already computed that:

1 1 1
VGT(XSZ- - Xsi—1) = ﬁ<]‘ _ e—?k&;) + ﬂ(l o G—kai_l) _ %<€—k(si—si_1) . e_k(si+3i—1)>
- i (1 — 67k(si7$i71) —+ eik(si+sifl) _ 1(6721681' 4 ersil))
k 2
1 1
— k(l _ e*k(si*Sifl) _ §<67ksi . €ksi1)2)7

20



fori=2,...,m.

We now compute the conditional variances of the numerator: (for j =2,...,m)

VGT(XS]“XSJ‘A) = E{(XSj - E(ij’XSjl))Qlejl}
Sj—1 S

= E{ / e_k(sj_u) dBu + / e_k(sj —’lL) dBu
0

Sj—1

Sj—1

—E[( / e k(sj—u) dB, + / e k(sj—u) dBu>
0 Sj—1

S5

2
IE{ / e—k(s—w) dBu}

Sj—1

v )

Sj

E( / €—2k(5j—u)du>

Sj—1
1
- (1= 2k(s]~s]41)).
2k< ‘

Note: Explanations about the previous calculations.

First of all, as we saw in the second chapter:

Sj
X, = / e Hs=w) 4B, |
J
0

Then, we used some properties of the conditional expectation (that can be found in [7], for

instance). We have:

Si_1

j S5
E[( / ek qp. / ¢—k(s;—u) dBu>
0 Sj—1

Si—1 Sj

= E[( / o k(si—u) dBu> ijl} —|—E[( / o k(si—u) dBu>
0

Sj—1
_ /e_k(sj_u)dBu—FE{ / e—k(sj—u)dBu]7
0

Sj—1

ijl}

%]

21



because when we are conditioning with respect to X, _, the

Sj—1

ij—1 = / e ks dB,
0
is "known" (we mean that it is the same as the X, ), and the
85
/ e—k(Sj—u) dBu

Sj—1

is independent from X,,_, (since: 0 < s;_1 < s; ).

Finally, from the properties of [td's integral (see [8] for instance)

E{ / ¢ (i) dBu] —0,

Sj—1

and from [td's Isometry (see [8] for instance)

S35 S5

2

E{ / e Hlsi—u) dBu} = E( / e~ 2h(si—u) du).

Sj—1 Sj—1
Thus,
R
i Var(X,, — X,,_,)
(1~ ) (1 )
#[1 — e~ k(s2—s1) _ %(e*kSQ _ efksl)Q] . [1 — e~ k(sm—sm—1) _ %(efksm _ e*ksm—l)Z]'

Let’s focus on one of the terms of the previous quotient:

1 _ 6_2k(3i_3i—1)

_ p—k(si—si—1) _ 1 (po—ks; __ ,—ks;—1)2’
1 e (z 7 1) 2(6 7 e 7 1)

22



where 1 = 2,3, ..., m.

Notice that,

1
1 — —k(si—si—1) _ —ks; _ —ks;_1)\2 <1— —k(si—si—1) )
e 2(6 e ) < e
Hence,
1 _ e—Qk(Si—Si_l) 1 _ e_Qk'(Si_Si—l)
1 — e=klsi—si-1) — %(e_ksi — e ksi-1)2 = 1 — e k(si=si-1) =1
As a result,
R
Ty Var(X,, — X, )
_ gt (1 — e 207y o (1 — em2kmmomo))
= km%l[]. _ e_k(52—51) _ %(e—ksg _ e—ksl)Q] .. []_ _ e—k(sm—smfl) _ %(e—ksm _ e—ksm71>2]

1
Z o1 = D, > 0.

Thus our expectation becomes:

E[L(t, y) — L(t, 2)]™

<Clhmly — 2™ / TT An — Anga[Pe 0 2ima M 7Vare =Xe0) g d,, dsy ... dsy,

[O’t]? Rm n=1

m m . _E—Zk(s-—s-_ )
<Comly — 2™ / / TT 1An = A [P Prm iz V70 T A d, dsy.. dson,s

[O,t]’<n Rm n=1

where D, = ?—;’; and in the last step we used that:

1 - S§j—84
Var(X,, — X,,_,) > %<1 _ o 2k(s Jl)),

23



because:

Var(XSj — ij_l) = E(Xs]- - XSj—1)2
> ]E(ij - E(ij |‘F5j—1))2'

( where Fy, | = o{X, : s < s;_1}. By using this notation we refer to the o-algebra that is

generated from our process Xy when s <s;_q. )

and also:

]E<X3j - E(X3j|f5j71))2

Sj—1 Sj
_ { / e—Hsi0) 4B, + / k=0 4, —
0 Sj—1

Sj—1

Sj 9
_]EK / e ks~ 4B, + / ek(sf")dBu> f3j1:|}

2
:E{ e s dBu}
Sj—1
:E( / e—2k:(8j—u)du)
Sj—1

Note: Explanations about the previous calculations.

First of all, as we saw in the second chapter:

Sj
X, = / e How 4B,
J
0
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Then, we used some properties of the conditional expectation ( that can be found in [7], for

instance ). We have:

j—1 Sj
E[( / eks=0) 4B, + / e—k(s=w dBu)
0 Sj—1

Si—1 S

= E{( / o k(si—u) dBu> .7:51._1} + E[( / e k(sj—u) dBu>
0
S5

Sj—1
= [ et dBu+E[ [ dBu},
0

Sj—1

fsjl}

-

because when we are conditioning with respect to F,,_, the

Sj—1
X, = / e Hsi=w) 4B
S5-1 u
0

is "known' (we mean that it belongs to the o-algebra of F, , that we defined above), and

the

S5
/ efk(iju) dBu

Sj—1

is independent from F, | (since: 0 < s;_1 < 55 ).

Finally, from the properties of Itd's integral (see [8] for instance)

Sj
E[ / e—k(s—w) dBu] ~0,

Sj—1

and from [td's Isometry (see [8] for instance)

S5 Sj

2
E{ / e—k(s—w) dBu} :IE< / o—2k(s;—u) du).

Sj—1 Sj—1
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Using the triangle inequality ( for 0 < § < % ),

IT 1A = A’ < TTOA + i) < Z T Pt

n=1 n=1 J1seJm=0 n=1

where 9, =01if 5, =0, 0;, =dif j,=1and 9;, =20 if j, =2, forn=1,--- ,m

and the above sum means:

DD | IC D) SR ol § (I
Jiyejm=0 n=1 j1=0 j2=0 jm=0 n=1
Notice,
Lt < L0 A < TT0v )
n=1 n=1 net
where a V b = maz{a, b}.
Thus,
[T e~ Awal’ <37 TLOV 0]
n=1 n=1
As a result,
E[L(t,y) — L(t, z)]™
<Cymly — 2|™ / / TL(LV [Aa])Pe P A= 0750) gy a - dsy..

0,4 Rm =1

where Cs,,, = 3™ Co, -

26

dspm,



We integrate first with respect to lambdas:

—2k(s j—sj 1)

[TV A)2ePrm Zim A= 70 q0 d,

Rm n=1
= ﬁ /(1 \/ |)\’)26€7D1,m)\2(176_2k(sn_3n71)) d)\
n:lR
m 1
— H {/e—DLm)\2(1_e—2k(Sn—sn1))d)\+ / |)\’266_D17m>\2(1_e—2k(sn—sn1))d)\}
nee IA>1
< ﬁ {2+/|)\|256—D1,m>\2(1—e2’““"Snl)) d)\}
n=1 R
=11 {2 + (/A5 ~D1mA d/\>(1 — @—%(sn—snl))—s_;}
n=1 0
< ﬁ {2(1 e 2k(sn—sn 1))—5—% _|_ M(l _6—2]9(5"—5”1))_5_;}
e DHQ
d I+ ke e g1
n=1 Dl,m
L0+ 2)\™ &
— <2 + (512)> H (1 . 6_2k(sn_5n71))—6—%‘

Hence,

E[L(t,y) — L(t, )"

<Cimly— 2" [ T[(1 =2 Crsm) =3 ds, . ds,,
i =

where Cy,, = <2 + (5;)) C5.m, and I'(+) denotes the Gamma function.
D

1I,m

We observe that:

[T (1 — e 2enmsn-n)y=0 “2dsy...ds, = [I(1—e 2 073 duy... duy,
o4m "=t [0,¢m "=1

A m
(/ —2k:u é du> )
0
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The last integral is finite if we choose 0 < § < %, which completes the proof!

(For the computations of this Chapter we used some ideas from [2].)
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Chapter 4

Exponential Integrability of self

intersection local times

The following function plays an important role when it comes to large deviations and it is

called logarithmic moment generating function:

t—o00

A,(6) = lim 1logEexp {0( / LP(t,y) dy)p},

where # > 0 and the random quantity here is the [0 LP(t,y)dy, which is called the p-

multiple self intersection local time as we will see in the next chapter.

In Chapter 5 we will evaluate the above limit, but before that we need to make sure that
the above expectation is finite.

For this we use Girsanov Theorem, which can be found in [9] or in [15] for instance, and
allows us to "move" from one process to another one, and thus to use some known results

from the Brownian Motion.

We consider the Doléans-Dade exponential:

t ]{/‘2 t
M, = exp{k/Xsst - Z/des}.
0 0
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From Girsanov theorem a new probability measure can be defined such that:

dQ

— = M,
d]P) ts

and we have the following notations:

Under P : X is Ornstein-Uhlenbeck process and B is Brownian Motion.

Under Q : X is a Brownian motion and B satisfies: dB; = dX; + kX, dt.

Hence we have:
00 1
Epexp{G( / Lp(t,y)dy)p}
B t 2 t 00 1
:EQ{exp{ —k/Xsts— Z/des}eXp{Q( / Lp(tay)dy)p}}'
0 0 >

Under the measure Q, X; is a Brownian motion, thus from [td's formula we get:

Indeed, we consider the function g(z) = 22,z € R, and applying [t&'s formula we have:
d(X?) = 2X,dX, + dt,

which is the differential form of the previous equation.
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As a result:
Epexp{ﬁ(/Lp(t,y)dy)p}
X2t K 7 :
— RQ _ t _ 2 P P
E {exp{ k 5 5 O/Xsds}exp{9</ll (t,y)dy> }}
kt X2 k2 7 :
— \EQ et M 2 P r
exp(z)E {exp{ k 5 ) O/XS ds}exp{@(_/ L (t,y)dy) }}
kt T 5
< exp (2)EQeXp {0( / Lp(t,y)dy> }<oo,

where we used the exponential integrability of the p-multiple self intersection local time of

the Brownian motion [3].
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Chapter 5

Large Deviations

In this chapter we provide the large deviation results for the self intersection local times of

the Ornstein-Uhlenbeck process.

Let’s focus first on the self intersection local times. Consider positive times ty,ts,--- .1,
with p > 2 such that t;, # t; when k # j. We are interested in the number of the cases such
that:

ththQZ'..:ti7

where X is our one dimensional Ornstein-Uhlenbeck process.

In other words, we are interested in the number of the cases that the process intersects itself.
The notion of intersection local times have been introduced to measure the intensity of the
path intersections of random processes.

There are several ways to construct the self intersection local time. We now briefly describe

two of them that appear in [3].

The first of them suggests that we define:

P
Be(A) = // HpE(XSj —x)ds; - - - ds,dr,
R A J=1
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where

p€($> - \/ﬁ I

and A is compact subset of (RT)2. (For instance, A can take the form of: [0,¢]2 where a

point (s1,s2,--- ,s,) that belongs to that set satisfies: 0 < 51 < 59 < -+ < s, < 1).

From [3] we know that there exists a measure 3(-) on (R™)Z such that for any compact

subset of (R*)Z of the form A; x Ay x --- x A, we have:
lirélELBE(Al XAy X - xAy))—B(A; x Ay x -+ x Ay)|" =0,
e—

for all m > 0.
The above random measure f(-) is called the p-multiple self intersection local time of our

process X.

The second method suggests that we can define the self intersection local time with the
help of the local time.

Indeed, symbolically we can express the local time as:
t
L(t,z) = /5$(X5)ds,
0
where 0, () represents the Dirac function defined by the property that:
[ £ty = f@),
R

for every bounded and continuous function, f(-), on R.

We consider the following local time:

Lt,z) = /5I(X51—X52,---,Xsp_l—Xsp)dsl...dsp,

[0,¢]
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and define the p-multiple self intersection local time as L(¢,0).
In other words, the self intersection local time can be viewed as a local time multi-parameter

process.

Note: The above two definitions of the self intersection local time are equivalent!

Proof of Note:
Consider:
p—1 p—1
h(xy, -, xp_1) = /pl(—a:) H p1<z T — :L‘) dz,

R J=1 k=j

and let:
he(x1, -, Tp_1) = e_(p_l)h(e_lxl, . ,(—:_lxp_l).
Then,
/ he(Xy — Xy oo Xy, — X, )dsy - ds,

(04 R J=1 k=j
p—1 p—1
= [ [r=o) T o (T = Xoo) = o) dadsy - ds,
(0,4 R J=1 k=j
p—1
_ //pg(—.’lr) Hpe((ij X..) —:c) dzds, ---ds,
[0, R J=1

or

| hel@)Lit. ) dx = B((0.1),

Rr—1
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and we get the result by letting e — 07.

Finally, according to [3], we can express the p-multiple self intersection local time in terms

of the L” norm.

Indeed,
P
56([07t1] XKoo X [07tp]) = / H /pE(y - x)L(tjvy) dydz,
R J=IR
and if we consider t; =ty = --- =1, and let ¢ — 07 we have:

1
B[0,4] x -+ x [0,4])< = —‘/Lp(t,x) dz.
Py
Our goal is to evaluate the following limit:
1 7 0
— Tim = p P
Ay(0) = Jim : log E exp {H( / LP(t,y) dy) },
where 6 > 0 and A, is the logarithmic moment generating function.

We show that:

[e.o]

30 = sup [o( [ tot@yratan)’ -5 [ 6 @rean)
where:
Fieto: [ @i =1, [ (@@ <och

and  w(dr) = exp(—kz?)dz.
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5.1 Lower Bound

We consider a function f, bounded continuous on R and ¢ > 1 the conjugate of p

11 :
(that is: o + = 1) such that:

7|f(1’)|qu— L.

Then, by using Holder inequality we have:

( 7Lp(t,y) dy):’ > 7f(y)L(t,y) dy = /tf(Xs) ds.

Hence, Feynman-Kac formula gives us:
1 Vi >
. . - P p
htrgg)lftlog]Eexp {9( / LP(t,y) dy) }

> aup 0 [ (s - & [ (@)t

geF1

—0o0

Taking supremum over f we conclude:

1 Vi >
ool »
llggftlogEexp{0< / L (t,y)dy> }

/

> aup [of [ toe)ratan)” - 1 [ (6 @)etan]

geF1 N 5700
Here we used the following Feynman-Kac formula from [3]:

Feynman-Kac formula:

For any bounded, continuous function f on R, we have:

tlgono 1 log E exp <O/tf(XS) ds) = sup { Zf(x)gQ(x)ﬂ(dx) —— [ (g (x))%r(dx)},

geF1 L -
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where

[e.e]

Fi={y: / la)m(da) =1, [ (g () *n(de) < oo},

—00

Moreover, in the last step we used Holder’s inequality and Hahn-Banach Theorem from [4]

(Unit 4, Corollary 2).

Note: We explain here how we used Holder’s inequality and Hahn-Banach Theorem in order

to show:
swlo [ f )- ;_:<g’<x>>%<dx>}
=o(_ [ tatertan)” - 1_Z (§ ()P
For the one direction
Z (@) () (da) =_Z fa)e™ o g e)e 7™ da
< (Z \f(x)\qﬂ(dx)f(z o))

< (] s’

because:

/|f )|9(da) < /|f )[¢de = 1.

For the other direction: By using Hahn-Banach Theorem (which can be found in [4], for

instance) there exists function fy in L*(R) with [ | fo(z)]|97(dx) = 1 such that:
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where f is a continuous bounded function on R. Notice that here we used the fact that
the functions that are bounded and continuous, are dense in the unit sphere of L*(R) (the
unit sphere of L’(R) contains functions from L’(R) whose L norm is equal to one). That
means, for every function f, of the unit sphere of L*(R), there exists a sequence of continuous
bounded functions that converges to fy in L” norm. Finally, by letting € goes to zero we get

what we want.

5.2 Upper Bound

First we prove the exponential tightness for the local time. In particular we show that:

For every L > 0 there exists a compact set K C L”(R) such that:

1 1
limsup —log P(=L(t,) ¢ K) < —L,

t—o00 t ;

The proof of this exponential tightness is based on the following Lemmas and the Frechet -

Kolmogorov Theorem.

Lemma 1

(a). For every L > 0, for every € > 0 there exists ¢ > 0 such that:

1
IP’( sup — / |L(t,xz 4+ h) — L(t,z)|P dz > e) <e M
<5 tP 2
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where L(t, ) denotes here the local time of the Ornstein-Uhlenbeck process.

(b).For every L > 0 there exists D > 0 such that:

([ (M) o) <o

where L(t, ) denotes here the local time of the Ornstein-Uhlenbeck process.

Proof
We only prove (a). since we follow a similar path for (b).

(a). Let L > 0 and € > 0. Consider L' = L + £. Then, there exists § > 0 such that:

]P’(sup/|L (t,x +h)— (t,x)]pdxze) Se‘L/t,
|h|<5

where L(t,x) denotes here the Brownian local time.

Also, by Girsanov theorem we write:
1
]P’( sup — / |L(t,x + h) — L(t,z)|P dz > e)
|hl<s tF

( L(t,x) denotes here the local time of O-U process)

:]EPI{ sup —/]L (t,x+h) — L(t,z)|Pdz > e}
|h|<6

( L(t,z) denotes here the local time of O-U process)

:E@[exp{ X2_t /Xst} {sup/|L (t,x+h) — (t,x)|pdeeH

|h\<6

( L(t,x) denotes here the Brownian local time)

_egEQ{l{ sup—/|Lt x+h)— (t,x)|pdx26}]

\h\<6

( L(t,z) denotes here the Brownian local time)

kt /
7€7L t

IN

e

—L
€ t,
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where we used the same calculations as in Chapter 4 in order to get the first inequality.

Lemma 2
For every L > 0, for every ¢ > 0 there exists M > 0 such that the local time of the

Ornstein-Uhlenbeck process satisfies:

P( / LP(t,x)de > etp) < 2eM,
|| =M
Proof
(Before we start the proof we want to mention that this Lemma is not true for the Brownian
Motion).
Here we use the following result that is true for the Brownian local time:

For every L > 0 there exists N > 0 such that:
P(sup L(t,x) > Nt> <e M.

Let L > 0 and € > 0 and L(¢,x) be the local time of the Ornstein-Uhlenbeck process.
(M will be determined later on.)
We have:

IP’( / Lp(t,x)dIZth)

|| =M

< IP’(sup LP7Y(t, x) / L(t,x)dx > etp>

j21>M

=P( sup L (¢, ) / L(t,z)dz > et? sup L(t,x) < Nt)

+ P(sup LP7Y(t, x) / L(t,z)dx > €t?,;sup L(t,xz) > Nt)

€
L(t,x)dz > Nplt) —HP(sgp L(t,x) > Nt>.
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Thus, by using Girsanov theorem in the same way as we did in Lemma 1:

IF’( / LP(t,x)dz > etp> < IP>< / L(t,x)dz > N;_lt) + et

|z|>M |z|>M

In addition:

t
1
L(t,z)dz < MO/\Xs]ds.

|| >M

(Note: The previous inequality is true since:

[ Ltmya= | |x||i|L(t,x)d:c

|z|>M x>

1
< Mﬂsz(t,x) dz

t
1
= M!|XS| d87

where in the last step we used a result from [3], that is the property that defines the local

time:
t
[r@nit e ar= [ r(x,) s,
R’ 0
for every continuous f on R and where ¢t > 0.)

Hence, by using Markov inequality:

t
€ €
IP’( / L(t,z)dx > Nplt) §P</!Xs\d5 > NpltM>
0

|e|>M

—— M P [ Xs|ds
<e N1 F (efo s ,

41



and we can bound the last expectation by:
EPoJy | Xslds
< E@{e—k Jy XeaxX =5 [ X2ds [ |Xs|ds}
< egE@{ef(f(Xq—’fxg)ds}

k 1
< a2t

As a result,

P( / L(t,ZL‘) dz > ¢ t) < ef(Np—1M72*2k2
2l >

By choosing sufficiently large M, that is M that satisfies: =M — % — ﬁ > L we get:

€ ~Lt
IP( / L(t,z)dz > Np_lt) <e .

jel>M

Finally, we proved that for every L > 0, for every € > 0 there exists M > 0

(M that satisfies: =M — % — > > L) such that:

IP>< / LP(t,x)dz > etp> <e Mg ettt = 2e7

|| =M

Construction of the compact set

Let L > 0 and consider a sequence ¢; such that €; | 0. Then, Lemmas 1 and 2 imply that:
There exist 9; > 0 such that:

1 4
IP’( sup — [ |L(t,x +h) — L(t,z)|P de > ej) < eIt

p
Inl<a; 4

there exist M; > 0 such that:
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and there exist D; > 0 such that:

Consider the following set:

ﬂ{feL D sup |f($+h)—f(x)|pdx<ej}ﬂ

|h|<&j

IID8

{feL [ |pdx<e]}ﬂﬂ{f€L ):/]f(w)|pdx<Dj}

|z[>M;

38
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<.
Il
A

Theorem (Frechet - Kolmogorov)

Let K be a subset of L"(R) where p € [1,00). K is relatively compact if and only if:

(a).
sup/ |f(x)|Pdz < 0.
fex
R
(b). For every € > 0 there is some ¢ > 0 such that for every f € K and h € R with |h| < ¢ :

[1f@+m) = f@par<e .

(c). For every € > 0 there is some M > 0 such that for every f € K

|f(z)Pdx < e

lz|>M
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By applying Frechet-Kolmogorov Theorem, we get that Ej is relatively compact. Then its
closure is compact in L" (R). Let K, = E;. In addition:

p(700) ¢ Ko ) < B(TL(t) ¢ By )

< (5L @A‘%uB;qu))
S (e ) oo en) o <o)
oo

1—6 Lt”

To summarize:

For any L > 0 we can find a compact subset, K, in L"(R) such that:

1 1
lim sup — logIP’( L(t,") ¢ K) < —L.

t—00

We now finish the proof of the upper bound.

Let a positive real number L. Then there exists a compact set K C L"(R) such that:
1 1
lim sup — logIP( L(t,") ¢ K) < —L.

t—o00

We write:
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For each g € K, by Hahn-Banach theorem, [4] (in a similar way we used it in the proof of

the lower bound) there exists a bounded and continuous function f such that:
([ 19@prdr)” <e+ [ f@)g@)da,
where [%|f(x)]|9dx =1 with % + % =1.

By finite cover theorem, there are bounded and continuous functions fi,..., f,, with

2o | fi(x)]|9de =1 for every i = 1, ...,m such that:

<7 lg(x)[P dx)i' <e+ 11;1@);/]2(3:)9(3:) dz.

Hence,

o0 1 t
P P .
E{exp {0( / LP(t,y) dy) }1{1L(t,,)€K}] §E{exp{Qet—i-@lrgieg(n/fz()(s)ds”
—00 0

Thus,

and by letting ¢ — 07 we get:
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t—o00

1 7 ,
limsuptlogE[eXp {9</Lp(t7y) dy) }H}L(t,)eK}]

< sup [o( [ oot 1 [ (g epatan)

We now focus on the second term and apply Holder’s inequality:

E[eXp {9( / LP(t,y) dy>p}1{1L<t,-)¢K}]

< (few {2 [ renran)’}])* (G 2 0)"

So,
1 i z
hﬂf’ﬁp n logE[exp {9<_/ LP(t,y) dy) }1{1L(t,~)€K}:|
1 i z 1 1
< limsup — 1ogE[exp {29( / LP(t,y) dy) ’ H +limsup o log P(-L(t, ) ¢ K)
t—o00 2t B t—o00 2t t
o i AV
< llmsuplogE{exp{%( / LP(t,y) dy> H - 5L
t—o0 Qt - 2
As a result,

-

E{exp {9( / LP(t,y) dy)p}l{iL(t;)QK}] —0,

by letting L — oo.
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Here we used that:

lim sup — logE{exp {29( / LP(t,y) dy> ’ H
t—o0 2t e
. 1 kt 7 »
< limsup — loge= ]E[exp {29< / LP(t,y) dy) H
t—o0 2t e
ok 1 T v
- +11msuplogE{exp{20< / LP(t,y) dy) H < 00,
4 t—o0 2

where the first limit contains the self intersection local time of the O-U process and the other

limits of the Brownian motion.

Thus, we conclude:

1 7 »
hmsuplogE{exp{ (/Lpty d@/) H
t—o0
. 1
ShmsuplogE{eXp{ (/Lpty ) }1{ LIty )eK}]
t—o0 t

< sup [9(7 <g<x>>2pw<dx>)’1’ -2 70<g’<x>>2w<dx>].

—00

To summarize, by combining the lower and upper bounds we have:

1 i v
1 _ p
tlg?o ; log E exp {9( / LP(t,y) dy> }

o0

o[ [ty atan)” [ @) etan)]

—0o0

3 =

= sup
geF1
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Chapter 6

Future Plans

The area of large deviations has many applications. For instance, large deviations results
can be used to prove existence and uniqueness of solutions of stochastic partial differential
equations. This is something that we would definitely love to study in future. Another
subject we would like to study in future is the mutual intersection local times, for which we

have some results such as the following results which is about the existence.

Let Xi(t), ..., X,,(t) be independent d-dimensional Ornstein-Uhlenbeck processes that satisfy:
dX;(t) = dB(t) — kX;(t) dt,

where i = 1,....,p , k > 0 and p > 1,d > 1 integers. B(t) denotes here a d-dimensional

Brownian motion.

For each t = (t1,...,t,) € (RT)? define:
t1

p(B) = [ - .713 <X1(51) — Xo(5)s s X1 (5y1) — Xp(sp)) dsy ---ds,,

where B ¢ R4»—1),

We investigate whether the above measure is absolutely continuous with respect to the
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Lebesgue measure on R*P—1),

As in the self intersection local times, it is enough to check the absolutely continuity of

the below measure:

w(B) = / . -/e_(sl+"'+sp)13 (Xl(sl) — Xo(s2), oo, Xp1(Sp_1) — Xp(sp)> dsy - - - dsp.
0 0

To this end we need to check the convergence of the below integral:

E|fa(A 1y ooy Apo1) P dA; -+,

R4 R4

First we compute the Fourier transform:

ﬂ(}\l’ - )\pfl) _ / ‘/e—(51+...+sp)ei)\l.(X1(51)—X2(52))+...+)\p_1~(Xp_1(sp_1)—Xp(sp)) ds; - - 'dSP

0 0

:/ /6 (s1+...+sp) lzjl)\ —Aj— 1)X(8])d51"‘d8p
0 0
p

:H/ fsz()\ )\JlX()dS.
J=1ly

Hence,

|/:L(>\17 ceey )‘p—1>|2 = ﬂ()\la sy Ap—l) ' :a()‘la ey >\p—1)

P o0
R ORI | | / o5 N—1)X5(5) 4
0

Jlo/ Jj=1
P oo o0

:H//e (s+8) i\ =2 =1)-(X3 (=X, () I It
=19 0
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As a result,
/---/E|ﬂ()\1,...,)\p_1)|2d>\1---d>\p_1

]Rd
p 9 9 N 1—e—klt=s| _ 1 (g=kt _g—hs)
/ /H// () o= 5 Ay =Xy [2[1—e 3(e PldsdtdA; - dAy_
J=109 0

™ L= te) 7o D5 WA g s dty - dty Ay - d Ay

B / ™ 2t / /6 2 251 PG g A dsy e dsy dty - dt

(R+) R4

where C; =1 — e klti—sil _ %(e—ktj — ehsi)2,

Let’s bound first the following integral:

/ /6 % iy Ni=Ai—1Cy Ay - dA,_.
R R
Notice that:
1
/e*%[)\ FOrte )20l gy < (Wk) (71']{)47
Ch Cy

R

where we used Holder’s inequality.

By keep doing the same we get that:

[ EERS R s, < (T (wk)i(M)%...(M)%(Mf
//6 vt =) 6/ \a C,i) \C, )~

R R
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/ / / e~ Dgmaltiten) o= ok DI’ g dg dty - dty dy - ddy
R R

_ _ | . .
< 9" (nk) T . _em 2im ) qg L ds, dty - dt
&Ly Ci1Cy1(C52 - - »?

oo o0 1
://—le (ti+s1) g, dtl//—e (t2+s2) g, dtQ//—e’(t‘"’*sS dssdts--
oo Cf

oo o0 1
~//—e (to+sp) ds, dt, < oo,
0 0

which is finite as we saw in Chapter 2.

For any other dimensions d > 1 we do not bound the integral but we evaluate it:
/. / / o™ Xt = 25 PG g L ds dty - dE d - dA.
Rd R4 (R+)2p

We have:

d 2
CiIM P, — & Calha =M 2k N2 L (ot o2 of?
€2k11@2k22 1d)\1:(C G e 2k C1+Cq .
1+ Ca

R4

By following the same process we find that:

[ [ [ Tt kTt gt dty

Rd Rd (R+ )2p

_ / o~ 2oy (titss) 1 1 e
2 d
(Cl + 02) (Cz + Clc-;-QCg + 03)5

[NJIsH

7 dsy dty dsodty - - - ds, di,.
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For p = 2 for instance, our integral becomes:

1
6_(t1+51)_(t2+82)<0 C )d ds; dtq dsy dis,
1+ 0C3)2

(R+)*

by using a similar method as in the second chapter (which includes the theory of asymptotic
functions) we conclude that in order to investigate the convergence of the above integral we

need to investigate the convergence of the following integral:
9 2
— | dA\
/ (\)\12 + 2)
Ra

The last integral is finite if and only if d is less than 4.

We observe that when p = 2 the mutual intersection local time of the Ornstein-Uhlenbeck
process exists if and only if: p(d — 2) < d, which is the same as the condition that someone
needs to check when it comes to the existence of the mutual intersection local time of the

Brownian motion. ([5] , [6]).
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