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ABSTRACT

In this dissertation, we investigate optimal control of partial differential equations.

We prove the existence of optimal controls for which the objective functional are min

imized or maximized. The goal is to characterize the optimal control in terms of the

solution of the optimality system. The optimality system consists of the state equations

coupled with the adjoint equations. To obtain the optimality system we differentiate

the objective functional with respect to the control. This process is applied to studying

a predator-prey parabolic system with Robin boundary condition, to control the effects

of boundary habitat hostility. In a wave equation problem, a bilinear control is used to

bring the state solution close to a desired profile under a quadratic cost control. We also

establish the uniqueness of the solution of the optimality system and thus determine

the unique optimal control. In the problem of a wave equation with viscous damping,

we control the damping term. We seek to minimize the cost functional which measures

the closeness of state solutions to a desired profile.
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Part I

Introduction



The Pontryagiri Maximum Principle is a milestone of modern (finite dimensional)

optimal control theory for ordinary differential equations [14]. The Pontryagin [29]

Maximum Principle generalized the classical calculus of variations to ordinary differ

ential equations. However there is not a complete generalization of the Pontryagin's

Maximum Principle to partial differential equations. In 1960's, J.L.Lions started the

development of optimal control of partial differential equations [25]. The ideas of study

ing optimal control of partial differential equations are similar to the ideas of studying

ordinary differential equations, but the differentiations are "Gateaux" derivatives in the

infinite dimensional spaces. Li and Yong's book [23] gives references and results of the

Pontryagin Maximum Principle for partial differential equations.

Control theory as a whole is divided into two main sub-categories: optimal control

and control. Controllablity and stabilization are the most important areas of control

theory [36] [26]. In optimal control theory, the desired performance of the system should

be specified. Such a criterion is refered to as a cost functional or objective functional.

The goal of a,n optimal control problem is to characterize the optimal control such that

maximizes or minimizes the objective functional over the control space.

Much theoretical work on optimal controls involves linear partial differential equa

tions (linear in state and in control)

y' = Ay + Bu,

with an objective functional that is quadratic in the control. These "linear-quadratic"



problems have been treated with Rlccati equations on Banach Spaces; see the book by

Lasiecka and Triggiani [18] for background on this approach. The problems treated in

this dissertation do not fall into the Riccati framework, since the state equations are

bilinear in the control.

In optimal control problems, variable are divided into two classes, state variables

and control variables. The studying of an optimal control problem requires the following

initial setting [25]:

1. A control variable / belonging to some set Uad (the set of 'admissible controls').

2. For a given control /, the state variable u[f) of the system, which is to be

controlled, is given by the solution of an equation

Au = F{uJ),

where A is a known operator. The operator A could be a system of partial differential

operators, ordinary differential operators, integral operators, or a "hybrid" system con

sisting of both PDE's and ODE's. F is a continuous (usually nonlinear) function of u

and /. An appropriate solution space for the state equation is chosen.

3. The "objective functional" J(/), the quantity to be maximized or minimized, is

defined in terms of w(/),/, or a combination of both terms.

The objective is to characterize optimal controls f* G Uad such that

j(r) = sup j(/),
JeUad



or J(r) = inf J(/),
/G"od

where the supremum or infinimum is taken over the set Uad-

The usual steps in these control problems are :

1. The existence and uniqueness of the solution to the state system are proven; an

iteration scheme or semi-group method are frequently used.

2. The existence of an optimal control is proven. A maximizing or minimizing

sequence argument with an appropriate priori estimates is used.

3. The necessary conditions for / to be an optimal control are derived. The objective

functional is differentiated with respect to the control. We take the Gateaux derivative

of J with respect to / in the direction /i at /*, i.e.

e-yo e

where h denotes the direction. Since the objective functional may contain the state

variable u , we also define the Gateaux derivative of u with respect to / in the direction

h , i.e.

e->0 e

which should be shown to converge to a function in the solution space, ip. The "sensi-



tivity" function tp satisfies a PDE linear in 0,

C-^ = 9{h,f, u).

To characterize the optimal control /* from the adjoint system is introduced with

a transversality condition and other appropriate boundary conditions. The adjoint

equation involves the adjoint £* of the operator C. An explicit representation of an

optimal control is determined by standard optimality techniques. The state equation

system coupled with the adjoint equation system and the characterization of /* form

the optimality system. This representation characterizes the optimal control in terms

of the solutions of optimality system, i.e. the solutions of state equation system and

adjoint equation system.

4. The existence and uniqueness of the solution of optimality system is established,

which implies the uniqueness of the optimal control.

As a formal example, consider the following linear wave equation problem where /

represents a control:

Utt - Au = / in Q = X (0, T)

u{x, 0) = «o(a:), x £ Q
(1)

ut{x, 0) = ui(a:), x £ Q

^ = Oondnx (0,T).

For / G Um = {/ € L°°{Q) \ — M < f < M), the set of admissible controls, the



cost functional is

J[f) — ̂  [u — z)^dxdt + J f^dxdt^ , (2)

where 2: is the target function. The goal is to find /* that minimizes the cost functional.

The existence of an optimal control through a minimizing sequence argument can be

established.

To derive the optimality system, first analyze when c —>■ 0"'". Let =

u{f + eh). Then system (1) becomes

- A = in Q
e  /tt

- — 1;A
(x, 0) = 0, X £ Q

t

— u

e  /1
(x, 0) = 0, X e

= 0 on (0,T).
ou

By a priori estimate, one shows that 0 in L^([0, T]; H^{Q.)), then tp satisfies

the problem

iptt - AV* = h'ln Q

ip{x, 0) = 0. X e
(3)

V'f (x, 0) = 0. X G

|^ = 0on5fix (0,T).



Next, the adjoint of the operator ipu - is itself. The source of the adjoint partial

differential equation equals the derivative of the cost functional integrand with respect

to the state. Hence, the adjoint problem is

(4)

Ptt- Ap = u- z \nQ

p{x, T) = 0, X £ Q

Pt{x,T) = 0, X

= 0 on X (0,T),

where the transversality conditions on the adjoint variable are a.t t = T. Now to

determine the representation for /*, suppose /* is an optimal control with corresponding

solution u* and consider another control /* + eh with associated solution Since the

minimum of the cost functional occurs at /*, then

0  < lime-fO+
J{f* + eh)-J(r)

=  lim
£->0 +

+ lim
£-»-0 +

— [ [(u^ — — {u* — z)^]dxdt
2e JQ

]- [ (/* + eh^ - {f*fdxdt
" JQ

- u*, - z + u* — z. , ,
X  )dxdtQ  e 2

-  lim / (
£-^0+ 7(3

+ lim — [ {2f*eh + e^h^)dxdt
£-^0+ 2e JQ

= f ip{u* — z)dxdt + f f*
JQ JQ

= ( [pii'tt - Alp) + f*h]dxdt
JQ

'hdxdt



= / h{f* + p)dxdt
JQ

To determine /*, standard techniques are used. Consider the following three cases.

Case 1: On the set {{x,t) £ Q\f*{x,t) = -M], one can choose nonnegative variations

h with the support on the set. Hence, —M = /* > -p.

Case 2: On the set {{x,t) £ Q\ - M < f*{x,t) < M}, one can choose h with arbitrary

sign and support on this set. This implies that -M < f* = —p < M.

Case 3: On the set £ Q\f*{x,t) = M}, one can choose nonpositive variations h

with support on this set. Then M = f* < -p .

Combining these three cases, we obtain /* = max(—M, min(—p, M)).

Using the relationship between the optimal control and the associated adjoint vari

able, the optimality system is as follows (formally):

Utt — Au = max(-M, min(-p, M)) in Q

Ptt - Ap = u - z in Q

= §£ = 0 in 9Q X (0,T) (5)

u = Uf = 0, t = 0, X £ Q,

p = P( = 0, t = T, X £ Q

One would then show uniqueness of the optimality system to obtain uniqueness of

the optimal control.

Now I summarize the various results contained in this dissertation. All the problems



are posed in a multidimensional domain Q with Q = Qx (0,T).

In part II, we consider optimal control of the effects of boundary habitat hostility

in a predator-prey parabolic partial differential equations (PDEs) with Robin boundary

conditions. Given control (3, measuring boundary habitat hostility, the corresponding

prey and predator state variables, u = u(/3) and v — v(/3} satisfy the state system:

(6)

ut — aiAu = {ai — du)u — C]uv inQ = fi x(0,T)

vt — tt2Au = —a2V -p C2UV

ti(x,0) = wo(.t), u(a;,0) = vo{x) for x 6

+  = 0, a2l^ + Pv = 0 on dQ x (0,T)

This system has been used to model the degradation of the matrix habitat caused by

some factors such as increased hunting pressure, pesticide contamination, or pollution

[17] [10]. Solutions of the system represent population densities of the prey and the

predator species. The system has Lotka-Volterra type growth terms with local inter

action terms representing the predator-prey situation. The coefficients ai,a2,d are the

standard Lotka-Volterra (logistic) growth terms. The interaction terms, -ciuv and

C2UV, signify decay for the prey population growth and for the predator population

respectivly.

The control is the convective coefficient of the Robin boundary condition and indi

cates the hostility of the external environment to the species in question. The extremal

cases (3 — 0 and P — 00 correspond to a completely closed patch (i.e. one with a re-



fleeting boundary ) and to an immediately lethal exterior, respectively. The /3 = 0 case

is the most favorable to the species.

The objective is to maximize J with respect to control /? where

J[(j) = f (AiU-\-A2v)dxdt-l- [ [M - (3)'^dsdt
Jo.x(Q.T) 2y9nx(0,T)

with positive constants A\^A2 . We establish the exsistence of an optimal control and

then characterize (5* such that

J{0')= max J(/3),

where Um is our control set. This cost functional combines the control on the boundary

and its effect on the populations. It reflects a balancing effects of growth of the species

and the cost of making a favorable boundary environment. An unfavorable boundary

environment may be profitable to some neighboring industries. This functional gives a

balance between preserving the species and cost of making "favorable to the species"

boundary. That cost could include a loss of profit to neighboring industries.

The solution to this optimal control problem involves establishing the existence of

solutions to the state system (6). This result involves a method of monotone iterations

which involves ccc control is shown via a maximizing sequence argument and a priori

estimates. The optimality system, which consists of the state system coupled with an

adjoint system, is produced by taking the directional derivative of the objective func-

10



tional J with respect to the controls. The optlmality system has opposite orientations

due to the forward and backward in time nature of the state and adjoint equations.

The next two parts of this dissertation involve optimal control of wave equation.

Russell [32, 33, 34, 35] developed the theory of control of wave equations, including

many controllability and stability results. We will treat optimal control problems which

are bilinear in the control. Lenhart together with Bradley, Protopopescu, and Yong

[19, 20] have studied bilinear control for the Kirchhoff plate equation and acoustic wave

equation. Control theory, virtually by definition, is concerned with the presence of a

variable control in the state equation. The difficulty in studying bilinear optimal control

is that it is hard to get a priori regularity.

In part III, we study an optimal control of a wave equation with Dirichlet boundary

condition. We consider a bilinear optimal control problem in which the control acts as

a dispersive term. Given the control h in our control set Umi the corresponding state

variable w — w{h) satisfies the state equation

11



Wft — Aw + hw + f in Q = x (0, T)

u; = 0 in dil x (0, T)

w = wo(x) t = 0, X £ Q

Wt — wi{x) t — 0, X £Q

(7)

where / G L'^{Q), wq G G L'^{Q).

We take as our objective functional:

j{h) = \(^f {w-zydQ + fsJ h^cigy
Q  JQ

where z is a given target function. This objective functional combines the cost of control

and the measure of the "closeness" to the desired profile z. The objective functional is

defined as

J{h*) = min J{h).

The goal of this work is to obtain an unique optimal control in terms of the solution to

the optimality system, which will consist of the original wave equation problem coupled

with an adjoint problem.

The solution to this optimal control problem also involves establishing the existence

of the solution to the above state problem (7). But this existence result involves a semi-

12



group method, since the maximum principle is not available in wave equations. The

existence of an optimal control is shown via a minimizing sequence argument. Then the

optimality system is derived by differentiating the objective functional with respect to

the control. Finally, for sufficiently small time T, under an assumption of boundedness

of state solutions, we prove uniqueness of the optimality system, which characterizes

the unique optimal control. We also treat two special cases: h = h{t) and h = h{x).

In these two special cases, we use two different methods to obtain the uniqueness of

the optimality system without boundedness assumption of solutions. The uniqueness

proofs are unusual due to the opposite time orientation of the two equations.

Finally, in part IV, we study optimal control of a wave equation with viscous damping

and with Dirichlet boundary condition. We consider a bilinear optimal control problem

in which the control acts as a damping term. Given the control k in control set, the

corresponding state variable y = y{k) satisfies the state equation

ytt = Ay ~ k{t)yt - q{x)y+f in Q = Q X {0,T)

y = 0 in dfl X (0, T)

y = yo{x) t = 0, X

yt ^ yiix) t-0, xe^

We take as our objective functional:

J{k) = \ U{y-z)'dQ + pl\'{t)dty

13

(8)



The objective is to minimize the functional over the control set Um, i-e. to charac

terize k* such that

J(k*) = min J{k).
k&UM

The solution technique to this optimal control problem is similar to part III where

the control variable is the coefficient of term hu in the state equation. In this part, the

control variable is the coefficient of term kyt in the state equation.

14



Part II

Optimal Control of the Effects of

Boundary Habitat Hostility in a

Predator-Prey Model
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Chapter 1

Introduction to Predator-Prey

Problem

We consider optimal control of a parabolic system of partial differential equations

(PDEs) with Robin boundary conditions. The parabolic system is posed in a bounded,

multi-dimensional domain Q. Solutions of the system represent population densities of

the prey and the predator species. The system has Lotka-Volterra type growth terms

with local interaction terms representing the predator-prey situation. The control is the

convective coefficient of the Robin boundary condition.

Given controls f3, the corresponding prey and predator state variables, u = u{fi)

and V = V{[3) satisfy the state system:

16



U( - tti Am = (ai - du)u - Ciuv in Q = X (0, T)

vt - a2Av = —a2V + C2uv
(1.1)

u(a;,0) = Wo(a;), u(.'C,0) = vo(x) for x 6 fi

ai§j;-l-/3u = 0, a2§^ + /^v = 0 on dfi x (0,T)

where Q is a bounded open connected set in R". When n = 2,3, Q represents a

habitat for the species whose population densities at location x E Q and time t > 0

are given by u = u(x,t) and v — v{x,t). Because of the dispersive nature of the

predator and prey species, the population dynamics of these species dependents on

space and time. This dependence is evident by the use of parabolic diffusive Lotka-

Volterra PDEs. The functions uo{x) and vo[x) give the initial density distributions

of the prey and predator species inside our spatial area. The coefficients Oi and 02

represent the diffusion rates for the predator and prey within Q respectively. The

coefficients a\,a2,d are the standard Lotka-Volterra (logistic) growth terms, with a\

denoting growth for prey population, -02 denoting decay for predator population and

d signifying crowding. The Ci,C2 coefficients represent interaction effects. The —C\uv

term is a decay term for the prey population; whereas, the C2uv term is a growth term

for the predator population. a\ and 02 the diffusion rates corresponding to the

prey population and the predator population respectively within Q. . The convective

coefficient /3 is an indicator of the hostility of the external environment to the species

17



in question. The extremal cases (3 = 0 and P = oo correspond to a completely closed

patch (i.e. one with a reflecting boundary ) and to an immediately lethal exterior,

respectively. Thus the P = 0 case is the most favorable to the species.The P=0 case

corresponds to Neumann boundary condition,whereas the P = oo case corresponds to

Dirichlet boundary condition.

We define the class of admissible controls,

Um = {P{x,t) I p e L^{dQ X (0,r)); 0 < P < m].

Our payoff functional is

J{P) = [ {Aiu + A2v)dxdt — - f {M — P)^dsdt
Jnx{o.T) xJdnx(o,T)

with positive constants Ai,A2 . This functional combines the control on the boundary

and its effect on the populations. It reflects a balancing effects of growth of the species

and the cost of making a favorable boundary environment. An unfavorable boundary

environment may be profitable to some neighboring industries. This functional gives a

balance between preserving the species and cost of making "favorable to the species"

boundary. That cost could include a loss of profit to neighboring industries. To make

the most favorable boundary environment, we would take P = 0 and incur the largest

cost (M — 0)^. We seek to maximize the functional over the admissible class of control

18



space, i.e. to characterize (} such that

o^(/?*) = max J(/3).

The idea for this problem came from discussion with Steve Cantrell and Chris Cor

ner and from their work with Fagan [8]. Cantrell et al. [8] studied a coupled pair of

Lotka-Volterra competition equations with Robin boundary conditions, which models

the dynamics of two competing species inhabiting the pristine patch and incorporated

matrix degradation through a tunable "hostility" parameter representing species mortal

ity rates in the matrix. Their analysis of steady-state equations shows how a competitor

that is inferior in the pristine core habitat when the matrix habitat is of high quality

can become dominant over the other species as degradation in the surrounding matrix

region proceeds. As an example, species diversity of birds inhabiting remnant woodlots

in Ontario, Canada, declines as the extent of housing development outside forest frag

ments increases [15] . Similarly, Angelstam [1] suggests that the severity of predation

impacts on Swedish forest birds by generalist predators (e.g., corvids, foxes) residing in

matrix habitat increases as human activities make the habitat patch and its surrounding

more and more dissimilar. On a large scale, differential sensitivity to habitat degrada

tion may account for recent increases in black bear populations at the expense of grizzly

bears in Yellowstone park [10]. In many ecological systems, progressive deterioration of

the surrounding matrix habitat may be accompanied by a predictable pattern of species

extinctions in remnant patches [6] .

19



Here we investigate optimally balancing the effects of habitat degradation on species

preservation and the cost of a favorable boundary environment. Specifically, we have a

patch of favorable habitat that is surrounded by matrix habitat. Populations of predator

and prey reside and reproduce in the favorable habitat but can disperse (unknowingly)

into the surrounding matrix.

Fister [13] dealt with a similar model with growth predator population and Neumann

boundary conditions, and the controls there are a proportion of the species populations

to be harvested. For background in control of PDE's, see Lions [25] . In addition, Walt-

man [38] and Murray [27] provide insight into competitive and predator prey models.

Leung [21, 22] considers optimal control of the harvesting of two interacting populations.

Canada, Gamez and Montero [9] analyze the profitability of harvesting species modeled

by a diffusive Lotka-Volterra elliptic system.

Chapter 2 gives the existence of solutions of the system (1.1) and the existence

of an optimal control. In Chapter 3, an optimal control is characterized in terms of

the optimality system, which is the state system coupled with the adjoint system. We

derive the optimality system by differentiating the payoff functional with respect to the

control and evaluate the result at an optimal control. Uniqueness of solutions to the

optimality system is established. Hence, we obtain an explicit characterization of the

unique optimal control.

20



Chapter 2

Existence of an Optimal Control

The following assumptions are made throughout this part:

is a smooth bounded domain in 7^",

wo(a;),uo(a:) G

0 < uo(x) < B, 0 < uo(x) < B for some B G ,

ai,Ci,d G and a,-,Ci,d are nonnegative functions, i = l,2.

Oj- > 0, i = 1,2, (} > 0, and are constants .

The normal direction u is outward.

The underlying state space for system (1.1) is

y = L\{Q,Ty,H\n)).

21



Definition: We say a pair of functions

(2.1)

u,v£ L\0,T;H^{n)), with Ut,Vt 6 L\0,T-, {H^Q))*),

is a weak solutions of (1.1) provided

(1)

Jq {ut, (l))dt + ai /nx(o.T) '^uy<j)dxdt

= - /nx(o.T)(ciW^^9^ + '^^V - aiu(l))dxdt - /anx(o,r)

lo ("<- + 012 /nx(o.T) "^vVipdxdt

= !ux(Q.T)i(^2Uvi2 - a2vi))dxdt - fanx(o,T)

for all (f>,i> £ V and a.e. 0 < t < T, where ( , ) inner product is the duality

between and and

(2) w(x, 0) = uo(.t), u(a;, 0) = j;o(a:).

Remark (1) By trace theorem [11] , u G ̂ ^(0, T; H^{^)) implies u G L^{dQ. x (0, T)).

Thus the integral over the boundary in (2.1) makes sense.

Remark (2) Since here u,v are continuous in time, i.e. u,v E C([0, Tj; T^(fi)) from

[11] , thus the equalities in (2) make sense.

We will prove an existence and uniqueness result for the state system (1.1) in

Theorem 2.1. First, we give a maximum principle.

22



Lemma 2.1 Let a 6 L°°(Q),a > 0, Uo{x) > 0, a > 0, /3 > 0 . If u satisfies u

e C^'^{Q)f\C{Q) and

Ui — aAu = au in Q

du
a-—\-f3u = 0, ondQx{0,T)

w(a;,0) = uo{x) for x € Q

then

0 < M < (sup in Q.
n

Proof: Let A = supg a. By assumption, A > 0. Let v = ue then v satisfies

ut — oAu + (A — a)u = 0 in Q

Du
a-—\-(3u = 0, on9f2x(0,T)
ov

u(a:,0) = Uo(x) for x G

By the parabolic maximum principle [30] , we have

- supnx{i=o} V- <v < supnx{<=o} .

where u"'' = max(uo, 0) = uq. v~ = - min (uq, 0) = 0 . Thus

0 < u < maxQ Uq.

i.e. 0 < u < maxn wq = (maxp . □

23



Theorem 2.1 Given (3 € Um, there exists a unique solution {u,v) in V x V solving

system (1-1).

Proof: To obtain the exsistence, we will construct two sequences by means of iteration.

To obtain bounds, we need supersolutions and subsolutions for the u, v iterates. Let

U and V be the classical solutions of the following linear PDE problems respectively.

ut — ttjAu = aiu in Q

aif^ + /3u = 0, on5fix(0,r) (2-2)

u(x,0) = uo{x) for X G

Vt - a2^v = CiUv in Q

dvOC2-Q—\-(3v = 0, on5Qx(0,T) (2.3)

u(x,0) = Uo(2:) for X G 0

By Lemma 2.1, U and V are bounded in Q. In fact.

0 < t/ < ||uo||L°°(Q)e''^ (2-4)

0 < F < 11^011^00(^)6"^ (2.5)

where 7 = ||cti||L~(n) and 77 = ||c2l|L°°(Q)||wo||L°°(n)e"'""^°°''''^- Also define = U,

24



= V, ~ 0 and = 0.

For 2=2,3,..., we define u' and as the solutions of the following problem (2.6)

and (2.7) respectively:

u\ — aiAu'+ Ru' = f{u' ̂ ,v') in Q

dv}ai"^ F = 0, on dQx (0,r) (2.6)

u'(x,0) = uo(a;) for a; e

Uj — Qf2Au'+ = (/(w' \ u' ^) in Q

dv^
= 0, on5fix(0,T) (2.7)

u'(,T,0) = Vo{x) for X G

where v') = Ru'~^ + u'~^(ai - du'~^) — Ciu'~^v'

g(u'~^,v'~^) = Rv'~^ - 02^'"^ + C2u'~^v'~^.

R is chosen to be a constant satisfying

R > supQ{a2 + 2df^ + CiF}.

Both the problems (2.6) and (2.7) are linear PDE problems, so solutions u\ v\ i = 0, 1,

2 ,..., exist.

Claim 1 For i= 1, 2 ,..., 0 < u' < U, 0 < u' < V in Q.

Proof of Claim 1: Using induction method, note that the statement is true when 2=1.

25



Assume that

0<u^ <U, \ <j <i-l

0 <vJ <V, I <j <i

for some i > I. Then for u',

ul — Au'+ Ru^ =

>  u^~^{R — du'~^ — civ^}

> u'-^{R-dU -ciV}

>  0.

Then we conclude by parabolic maximum principle,

u' > 0.

Compare

i-2u\-Au' + Ru' =

and

wj - + Ru^ = Rv} + aiu^,
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we have

(u^ — u]) — A(u^ — ti') + R{u^ — u'}

= R(u^ — + ai(u^ — u'~^} + + ciu'~^v\

Since ^ R, v' < V and R,ai,d,Ci are all positive numbers, the right hand side

of the above equality is positive. By maximum principle, 0 < u' < U. It is similar to

prove the result about v'. By induction , the claim holds. □

Claim 2 For z=l,2,...,

f(u'~^,v') is increasing in u'~^, is decreasing in v'.

g(u'~^, v'~^) is increasing in u'~^, is increasing in v'~^.

Proof of Claim 2; By Lemma 2.2 and the choice of R, we have

Q^J_2 = {R +ai-2du'~'^ - civ')
>  {R + ai — 2dU — ciV)

>  0.

It is similar to prove the other inequalities. □

Claim 3 (Alternating Monotone) There exist u, v, u, v in V, such that the following

monotone pointwise convergences hold

u, \ u, in Q

\ V, V in Q,
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pointwise for i = 1,2,...

Proof of Claim 3: We use the induction method. From (2.7) and — 0, we have

{v^ — v^)t - a2A(u^ — + R{v^ - = C2v?v^ > 0,

so < v^. Similarly, we have < m', > v'^, < v? . Also u"* > v^.

Fix i, assume the statement holds for all j, j < i, such that

\,

\  1;^-'+' .

For, i + 1, we compare and From (2.7), we have

(u2t+2 _ _ cv2A(t;^'+^ - u^') + - v^')

= 5(u2'+\i;2') -5(u^'-\t;2'-2)

< 0

by Claim 2. Then We can prove the other cases similarly. By the bound-

edness of u', u' from Claim 1 and the monotone properties , we get the pointwise

convergence. □

Claim 4 The subsequences of {u'}, {u'} satisfy

u, _s. y2j _i. t;2>+i _i. y weakly in V.

Proof of Claim 4; Consider the right hand sides of (2.6) and (2.7)

||/(u'~^,i;')||x,oo(Q) = - d(u'~^)^ - Ciu'~^t;'||Loo

<  II^IIl°°(Q)(-R + ||ai||L°°(Q) + IKIIl°°(o)II^IIl'°(Q)
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+I|ci||l~(q)1I^IIl°°(q))

= Ci

||5(u'~\t;'"^)l|ioo(Q) = \\Rv'~^ - a2V^ ^ + C2u' ^v'

<  1I^I1l°°(Q)(^+ I|o2|1l°°(Q) + lk2||L°°(Q)l|£^llL°°(Q))

= C2

The right hand sides of (2.6) and (2.7) are bounded in L°°(Q). Using a priori estimate

in u,Ux, for parabolic equation (2.6), we have

sup if {u''f{x,t)dx)+ f [ \Vu''\''dxdt+ f (3{u^)''dsdt
o<t<T Jn Jo Jii Jdny{o,T)

< C3 [ uldx + C4f f [J{u''~'^, v'')]'^dxdt
Ja Jo Jn

< C3 f u^dx + C4ClTmeas{Q,)
Ja

= C5 (2.8)

Thus are uniformly bounded in V . It is similar to prove that are

uniformly bounded in V . Hence, using weak compactness, we get

—1. u, ^ u, u, V weakly in V. □

Claim 5 The subsequences of {«'}, {u'} satisfy

^ u, ->■ u, ->• u strongly in L^(Q).

and -)■ u, u v, -)■ v strongly in L'^{dQ x (0, T)).

Proof of Claim 5: Using the V boundedness on u^', and the PDE in
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(2.6) and (2.7), we get that ||«i'|l, ||fe^'|l and are bounded in

L^((0, T), {H^{Q))*). Hence, using the weak compactness again, we have

uf' - Ut, - Uu vl' - Vu - Vt weakly in ^^((o.r),

Since L^{Q,T; Hq{Q.)) compactly imbeds into L^(0, T; 77?"*"^(12)), 0 < e < |, and using

the compactness result by Simon [37], we have

—>■ u, —>■ u, —> u, V strongly in L^(0, T; i72"'"^(f2)).

Using the continuous mapping from //2+^(f2) into L^(c)fi), we have

u?^ —>• u, u, —> V, —> V strongly in L^(O.T; L^(5f2)).

□

Now we finish the proof of the main theorem. Passing the limit in the u'^\

and PDEs , we obtain

Ui — aiAu = aiu — d{u)^ — Ciuv m Q

c)uai——\-Pu = 0, on5Qx(0,T) (2-9)
ov

u(x,0) = tio(a.") for a: G

Ut — oiAu = aiu — du^ — Ciuv in Q

3ilai-—\-Pu = 0, on5fix(0,T) (2.10)

u(a;,0) = rio(a:) for x G
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Vt-0i2^v — -a2V + C2UV m Q

0i2^ + l3v = 0, on5fix(0,r) (2.11)
ov

i;(a:,0) = ^0(2;) for a; G

Vt — a2Av — -a2V + C2Uv in Q

f)va2^ + Pv = 0, onc>fix(0,r) (2.12)
ou

u(x,0) = uo(2:) for a; G ^

To show u = u,v = v, \e\. u — v = u = e^^w, v = e^^z, where A > 0 is to be

chosen. We illustrate the transformed PDE for u = :

wt — aiAw + Xw = (iiiu - — Cie^^wz in Q

w{x,0) = uo{x) for a; G ^ (2.13)

ai-^ + Pw = 0, for a; G dClx(0,T)
ov

By the weak formulations utilizing equations for w, z, we have

/  {(tu — 'w)t{w - w) + (ai|V('u; — tu)!)^ + X{w - w)^
anx(o.r)

+{z — z)t{z — z) + (a2|V(2r - z)\)^ + A(2 - z)^}dxdt

+ / piw - w)^ + Piz — zVdsdt
Jdax(o,T)
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=  / {ai{w — w)^ - de^^{w^ — w^){w - w)
Jnx(o.T)

—Cie^*{wz — wz){w — w)}dxdt

+ / {-fl2('2 - 2)^ - C2e^^{wz — wz){z - z)]dxdt
Jnx(o.T)

Starting to simplify, we have

i  T) - w{x,T)f + [z{x, T) - z{x,T)Y}dx

+ [ [ail^lw - w)\^ + a2\'V{z - z)\^]dxdt
Jq.x{O.T)

+ [ [A(m - w)^ + X{z — z)^]dxdt
inx(o.T)

+ f (3{tu - id)^ + P{z — z)'^dsdt
Jdnx{o,T)

=  / e^\w — w)^[—d{w + w) — Ciz]dxdt
Jnx(o.T)

+ / e^^{z - z)^C2wdxdt
Jax(o.T)

+ / e^\z — z){w — 'w){—ciw + C2z)dxdt
Jnx(o.T)

+ / [ai(u' — — a2{z — z)^'\dxdt.
Jnx(o.T)

Since u, u, v, v and d, ci, C2, fli, 02 are all L°° bounded in Q, using Cauchy

inequality yields

I  ~ ~
+ f [ai|V(u; - tl;)p + Q;2|V(2 - z)\^]dxdt

Jcix{o.T)

+ (A — C) [ [{w - w)^ + {z — z)^]dxdt
Jnx{o.T)
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+ /" + /?(2 — z)^dsdt
Jdnx(o,T)ldnx{o,T)

< 0 (2.14)

where C depends only on the coefficients, T and ||u^||l°o, ||n^||L~- If A > C, then the

inequality (2.14) holds if and only if

w = w, and z = z a.e. in Q.

Therefore u = u and n = h in Q, and u, v solve (1.1). The uniqueness of u, v follows as

in the above argument. □

By the above construction the solutions are nonnegative and bounded above, i.e.,

0<u<U, 0<u<tA. (2.15)

from claim 1 and claim 3 , where U and V are bounded functions from (2.4) and (2.5).

Next a maximizing sequence argument is used to prove the existence of an optimal

control.

Theorem 2.2 There exists an optimal control in Um that maximizes the functional

m-

Proof: Since the state variables and the controls are bounded,

sup{J(/9)| /3 € I/m} < oo. Then there exists a maximizing sequence {/3n} C 17^ such
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that

lim J{(3n) = sup{J{/3)\f3 e Um}-
n-¥oo

By the existence and uniqueness of solutions to the state system (1.1), we define

u" = u{f3n) , u" = v{Pn) foF each n.

We consider the state system (1.1) on X (0,t), 0 <t <T,

/nx(o,o Ku'^dxdT + ai K.K.dxdr - ai{u^)^dxdT

+ fdnx{o,t)Pn{u'')^dsdT + v^v^dxdT + a2 /nx(o,o <,<,dxdT

+ /nx(o,<) «2(u")^t^a:dr + /anx(o,<) (in[v''?dsdT
(2.16)

= - /nx(o,t) ci(u")2?;"d.Tdr - /^^(o.t) diu^'fdxdr

+ /nx(o,o^2u"(u")2da;dr

Using Cauchy's inequality and that the state variables are uniformly bounded, we obtain

-[ [(u")2 +(u")2]dx+ / [ailVu"p + a2|Vu"p](/xdr
2 7nx{<} Jaxio,t)

< I f[{^^o?+{^of]dx + C [ [{u^)^ + {v")']dxdT. (2.17)2 Jci Jnx(o,t)

Since

0 < u" < [7, 0 < u" < U, (2.18)
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and U,V are bounded,

sup ( /[«"(x,0]^da:+ [ [u"(a:, [ [|V«"p + |Vu"p]da;di
<t<T l-/n Jet J Jo Jo.0<t<T

+1

where Ci depends only on »i and 02- Since {/?„) are uniformly bounded , using weak

compactness on the space L^[dQ. x (0, T)), there exists a subsequence, /3" —^ /?* weakly

in L^(Q). Since Um is closed in the weak topology, /?* € Um- As in the proof of the

existence of solutions to the state system (1.1), we obtain the existence of u*,v* such

that on a subsequence

u" —> u*, v" —> V* strongly in L?{Q) and weakly in V.

u"-> u*, u" —>• u* strongly in L^(0, T;

Therefore

/3"«" ̂  /3*v* weakly in 1^(0, T; L^{dQ))

Passing to the limit in the u", u" PDEs and using the convergences like in Theorem 2.1,

we have that u*,u* is a weak solution associated with fi*. We have, by definition of
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functional J(/?),

Jijj*) < sup{J(/3) I /? e f/ivf}-

Since

j(/?")= / + A2v'')dxdt-l f [M - P^'fdsdt,
Jnx{o,r) 2 79nx(o,T)

using the upper semi-continuity of norm with respect to weak convergence [12] ,

have

[  (M-/3*)2< lim [
JdQxiO.T) Jdnx{O.T)

we

So,

j{n

>  lim [ {Ayu" + A2v'')dxdt - I^ [ {M-^'^fdsdt
7S2x(0,T) 2 n->-oo Jdax{0,T)

—  lim f {A\u^ + A2V^)dxdt + lim -- f {M — /3^)^dsdt
"^°°7nx(0,T) n-)-oo 2j8nx{0,T)

> ThT / (A:u''+ A2v'')dxdt - I [ (M - (i'^fdsdi
[^nx(o,T) 2 JdQx(o,T)

>  lim supJ(/?")
n—yoo

= sup{J{l3)\ 13 e Um}-
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Therefore (3* is an optimal control that maximizes the payoff functional. □
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Chapter 3

Derivation of the Optimality

System

We now derive the optimality system which consists of the state system coupled with

the adjoint system. We differentiate the payoff functional with respect to the controls

to obtain necessary conditions for the optimality system. Since the payoff functional

contains u and v, we must differentiate u and v with respect to the controls.

Theorem 3.1 The mapping /? G Um —t (w, v) = (u(/3), u(/3)) £ V xV is differentiable

in the following sense:

n(/i + eh) - uW
€

v{P + eh) - v{f3)
(f> weakly in V
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as e —> 0 for any (3 € Um o.nd h G L°°{Q) such that P -\- eh ̂  Um for e small. Also

ip = 'tp{P,h),<f)= <f){P,h) satisfy

{^p)t-alA1p = aiip - 2d'>pu - CiU(f) — civtp IuUm

{(f>)t - = -a^p + C2U(f) + C2Vtp

■0(a;,O) = 0 = 4>{x,0) for a; G O

e^ii^ = -Pi>-hu on 5fix(0,T)
Of

dpa2^ = -pp~hv

(3.1)

Proof: Define = u{P + €h), = v{P + eh). Let u = e^*w, , v =

e^^z, where A > 0 is to be chosen below. Estimating from the PDE's satisfied by

w —w z —z we obtain

1

2ja

'w^{x,t) — w{x,t)^^ ^ f Z^{x,t) - z{x,t) 21

+ La x(o,t)
ai|V(- + a2|V(—)p

e

+A /
Jn

Inx(o.t)^
Q x(0,t)

— w

dxdt

dx

dxdt

)^[ai - d(u^ + u) - civ]dxdt

f  ̂+ / ( )^[-«2 + C2u]dxdt
Jnx(o.t) (Qx(0,t)

-I
f
nx{o,t)

f
9nx{o,<)

-[ {ciU + C2V'){^'^^^){^^)dxdt
Jnx(o.t) e e

Pi W - W.,2 ' . ,W- — W,-y + hw'{-—-) dxds
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< c

< c

-L
L
-L

X[(

917 x(0,/)
l3C-^f + hz^C-^) dxds

-f + {~
(  e

,z^ — z.
h

f  — w
dxdt - / hw^{ )dxds

Jdnx(o,T) e

z^( )dxds
9nx(o,T) f

+ (—)^ dxdt + 2L9
+2L9

nx(0,T)

/. fO ,W — W r{hw'f + {—-—)' dxds

< C, [
JQ

nx(o,r)
dxds

+2 f {hz^)^dxds + [
JdQx(0,T) JQ

dxdt+ 2 / [hw^)^dxds
Jdnx(o,T)

Yiv(^^)|^+f|v(^l^)p dxdt

where Ci depends on the coefficients and the trace theorem [11].

Continuing to estimate, using L°° bounds on the coefficients and u, v, we have

1

2 Jii

' w'^{x,t) — w{x,t)^^ ̂  f z'^{x,t) — z[x,t)
dxdt

+/
JQ

dxdt

dxdt

<  2 [ {hw^)"^dsdr + 2 f [hz'^)^dsdT
Jdnx(o,r) JdQx(o,T)

< C2 [
Jd

h^dsdr
aQx{0,T)

For A > Ci, we conclude

2' — 2

+
W — W < C2 f

Jd917x(0,T)
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This estimate justifies the convergence of w, z quotients, and hence there exists (p in

V, such that

"  " . / ^ ^ 1 1 - 1/^ tp , ^ (f) weakly in V (3.2)

Similarly to Theorem 2.1,

u — u\ j V"- — V .
i)t and 4>t

weakly in L'{{0,T),

So tp and —>• (f> strongly in L^{Q). Also we have ip and

—> (p strongly in x (0,T)). Passing the limit in the PDEs which are

satisfied by and justifies that rp, (p solve system (3.1). □

To derive the optimality system and to characterize the pair of optimal controls, we

need to define adjoint variables and the adjoint operator associated with ip\, tp2. We

rewrite the (p PDEs as

I  \
tp

<p
\ ^ /

I  \
0
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where

£

/  \ / \
0  £l0

+ 5

y ^20 J

I  \

0

^0/

and

(  \ I \
£l0 0t - q;iA0

Z/20 4>t - a2A0
/

5 =

/  \
-ai + 2diM + ciw CiU

\
-C2U 02 - C2O

/

Note the non-homogeneous terms in the 0, 0 system occur in the boundary terms.

We define the adjoint PDEs as

C*

I  \

\^/

/  \

\  /

where

/  \ ( \
P  L\p

V V

+ 5'

f  \ ( \ /
P L\p

\' / \  /

-Pi - aiAp

-gt - Q;2Ag

\

(3.3)
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and is the transpose of B. We illustrate in the appropriate weak sense,

(  \

V
dxdt

(  \
ij)

/

dxdt (3.4)

- fQ[{'^P){^:T) - {^pp){x,0) + {<f>q){x,T) - {(j)q){x,0)]dxdt

+ fdnx{o,T)i~^^'^^ + ~ + 0!2q^]dsdt.

For the adjoint system, we must attach the appropriate boundary and terminal condi

tions.

Theorem 3.2 Given an optimal control j3 and corresponding solutions u, v, there exists

a weak solution {p, q) ̂  V X V satisfying the adjoint system

L\p ==

Llq =

+  =

p{x,T) = 0 and q(x,T) =

/4i-t-aip — 2t/ipu — ciup-|-C2ug in Q

M - a-id - Citip -t- C2uq in Q

0  on do, X (0, T)

0  on dQx (0,T)

0  when t = T ,x € Q.

(transversality conditions)

(3.5)
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Furthermore

/? = min ((M - pu ~ qv)'^, M). (3.6)

Proof: Let jS be an optimal control and (u, v) be its corresponding solution. Let

P + eh ̂  Um iov e > 0 and be the corresponding weak solution of the state equation

(1.1). Since the adjoint equations are linear, there exist weak solutions p, q satisfying

(3.5). We compute the directional derivative of the cost functional J(/?) with respect to

j3 in the direction of h. Since J(/3) is the maximum value,

0 > to
f-)-o+ e

=  lim [
e^-0+ JQ

-fiJa+ - /

,  , U — U\ . f V" — V
] +A2 dxdt

h{2M — 2/3 - (h)dsdt
dQx(O.T)

=  / [Aitp + A2(f>]dxdt + [ h[M - (5)dsdt
JQ Jdnx{o.T)

= [ (lA, (t>)
JQ

(  \
Ai

dxdt + / h(M — f3)dsdt
Jdnx{O.T)

-i -ipPt + aiVrpWp- 4>qt + a2V^Vg+ {ip,(j))B'^

/  \
P

\ Vj

dxdt

+f  {^pip + Pq<p)dsdt + f h(M — ji)
JdQx(O.T) Jdnx{O.T)

-L pi>t + aiVipVp+ q<i>t + a2'Vxl^Wq+

I  \

P

\'/i

dxdt
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+ / [fiptl) + l}q(t>)dsdt [ h{M - (3)dsdt
JdHxio.T) Jdnx(o.T)

- [ [{'<Pp){x,T) - {i)p){x,0) + {(f)q){x,T) - {(t)q){x,0)]da
JQ

= /
JQ

pi>t + ai'VipVp+ q(j)t + a2^(l)Vq + {p,q)B

I  \

\*/i

dxdt

+ f {Ppip + Pq(j))dsdt + f h{M — /3)dsdt
Jdnx{o.T) Jdnx{o.T)

/  h{M — P — pu — qv)dsdt
JdQx{O.T)

where we used equations (3.5) and then (3.1). Hence, we conclude

/  h{M - P — pu — qv)dsdt < 0.
Jdilx(o.T)

By a standard control argument concerning the sign of the variation h depending on

the size of P, we obtain the desired characterization of P,

P = min {{M — pu — qv)'^,M). □

Substituting (3.6) for P into the state system (1.1) and the adjoint equation (3.5),

we obtain the optimality system (OS):

Liu = {ai - du)u - ciuv in Q

L2V = -a2V + C2UV

L\p = Ax-\-aip - 2dipu — civp + C2vq
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L^q — A2 - a2q + ciup + C2uq

u(a;,0) = Uo{x), t;(a;,0) = Uo(a^) x £ Q.

p{x,T) = 0, q{x,T) = 0 X e Q

3il
ai— + vcim i{M — pu — qv)'^, M) u = 0,

ov

dvOi2^ + {{M — pu - qv)'^, M) V = 0 on x (0,7)
Ot)

Oi— + min ((M — pM - M) p = 0,

02^ + min ((M — pw - M) 9 = 0 on 5f?x(0,T)
Of

Weak solutions of the optlmality system exist by Theorems 2.1 and 3.2. For small

final time T , we now prove uniqueness of weak solutions of (OS), which gives the

characterization (3.6) of the unique optimal control in terms of the solution of (OS).

Theorem 3.3 ForT sufficiently small, bounded weak solutions of the optimality system

(OS) are unique.

Proof: Suppose (u, u, p, q) and (u, v, p, q) are two weak solutions, we change variables

u = e^^w, u = e^^w, v = e^^z, v = e^*z

p = e-^^y, p = e-^'y, q = q = e'^'C

(i = min ((M - pu — qv)^, M),

- min ((M — pu — qv)'^, M) ,

where A > 0 is to be chosen.
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We subtract the bilinear forms of w and w, z and 2 , y and y, ̂  and The form

for w is illustrated below

/  {w — w)t(j)dxdt + / ai'V{'w - w)V(t)dxdt + X / {w - w)(f)dxdt
Jq Jq Jq

/ ai{w — w)(t>dxdt — / cie^*{wz — wz)(f)dxdt - / die^^{w^ — 'w^)(f>dxdt
Jq Jq Jq

— f (5e^^{w - ■w)(f)dsdt,
Janx(o,T)

where 4> . By standard estimation techniques and using test functions w - w, z —

y " ^ ^ the corresponding equations, we obtain

\ fa T) - w(x, T)]^ + [z{x, T) - z{x, T)f + [y{x, 0) - y{x, 0)]^

+[^(a;,0) -^(a;,0)]2} dx

+ /q {ai|V(u;- u;)|2 + a2lV(2- 5)|2 + ai|V(y - y)p + q2|V(^ - OP

+A[(u; - wY + {z- z)^ + (y - y)"^ + (? - 0^]} dxdt

< Jq +(y- y^l - a2[{z - z)^ + (^ - 0^]

— {w — w)cie^^{wz—wz) (3-'^)

+{y - y)[-'^die^\wy - wy) - cie^\zy - zy) + C2e^\z^ - 2O]

+ (z — z)c2e^^{wz — wz)

+(C - 0[cie^\wy - wy) + C2e^'(u;^ - luO]} dxdt
- Idax(o,T) -w) + {(Jz - ̂ z){z - z)

-{I3y - Py){y - y) - {fJ^ - - 0] dsdt.
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We illustrate the estimates of two specific terms from the right hand side. Using

that 2, w, are L°° bounded, we obtain the first estimate

/ cie^Uwz - wz){w - w)dxdt < Cie^^ \wz - wz + wz - wz\\w - w\dxdt
JQ JQ

<  [ [('W - w)^ -\- {z - z)^]dxdt.
JQ

Next we will estimate the term

[  - Py){y - y)dsdt.
Jdax{o,T)

One can show

1/? - < {wy - wy + z^- z^y.

Using trace theorem [11], we have

dsdt/  {w - wY
Jdnx(o,T)

<  £ / \'V{w — w)Ydxdt+ C{€) [ [w - wYdxdt
JQ JQ

where C(e) depends on e. The above inequality is also true for y — y, 2 — 2 and ̂

Now we have the following estimate
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[  e^\l3y -/3y){y - y)dsdt
Jdilx(0,T)

< Cze^'^ f [{P - + (y - yf]dsdt
JdUx(Q,T)

<  [ [{w - wf + {y - yf + {z - z)^ + - ̂)^]dsdt
Jdax(o,T)

< C46e^^/ [|v(u;-y;)|2 + |V(y-y)|2 + |V(z-2)p + |V(e-0n^ia:rfi
Jq

+C4C(e)e^^ [ [(w - u;)^ + (y - y)^ + (^ - z)^ + (C - 0^]dxdt.
Jq

The inequality (3.7) becomes

1 ̂  {[w{x,T) - wix, T)]^ + [z(x, T) - z{x,T)]-'

[z- 2)P

+[y{x, 0) - y{x, 0)]^ + [^(a;, 0) - ̂(x, 0)]^} dx

+ ̂|(ai - C5ee^'^)\V{w - ■u))|^ + (oz - C5ee^^)|V(.j
+ (q!i - C5ee^^)|V(y - y)P + (aj - C5€e^^)|V(^ - Op} dxdt
+ (A - Cee^^ - C7C(e)e^^) j l^{w - tv)^ + {z - zf + (y - yf + (^ - dxdt

< 0

where Ci,i = 1,2,3,4,5,6,7 depend only on the the coefficients and the L°° bounds of

z,w,y, and
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Let Q = min (0:1,02), If we choose c, A and T such that

o

e  <
L-s

A > Ce + CjCie),

then w — w, z = z,y = y and ̂  Therefore u — u,v = v,p = p and q = q. □

This T sufficiently small condition in the uniqueness result is due to opposite time

orientation of the state and adjoint equations.

In conclusion, we have that the optimal control

(3 = min ((M ~ pu - qv)'^, M)

is characterized in term of {u,v,p,q), the unique solution of the optimality system for

T sufficiently small.
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Part III

Bilinear Optimal Control for a

Wave Equation
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Chapter 4

Introduction to Wave Equation

Problem

In this part we study an optimal control of a wave equation with Dirichlet boundary

condition. The wave equation problem is posed in a bounded multidimensional domain

Q. We consider a bilinear optimal control problem in which the control acts as a

dispersive term.

Given the control set

UM = {he T°°(Q)| -M <h<M},

where Q = Q, x (0,r), Q C R", the corresponding state variable w = w{h) satisfies
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the state equation

wtt ' Ate +/in; + / in Q = Q X {0,T)

w = 0 in dQ X (0,r)

w = wo{x) t = 0, X E Q

wt = wi{x) t = 0, xE^

(4.1)

where / E L'^{Q), wq E Ho{Q), W] E L'^{Q).

We take as our objective functional:

J{h) = \(^j {w-zfdQ + p I h^dQ
Q  JQ

where 2 is a given target function. This objective functional combines the cost of control

and the measure of the "closeness" to the desired profile 2. We want to minimize the

functional over the control set Umi be. to characterize h* such that

J{h*) = min J{h).
hSUM

For the background in control of PDE's, see Lions [25]. Russell [32, 33, 34, 35] developed

controllability and stability theory for wave equation. Note that Ball, Marsden and

Slemrod [2, 3, 4] consider stabilization and controllability for this type of problem,

when h = h{t) is only a function of time. Bradley and Lenhart [19] treated this type of

bilinear control for the Kirchhoff plate equation. Belinskiy et. al. [5] recently proved
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controllability results for a damped wave equation.

The bilinear control problem presented here is new for wave equations. Due to the

bilinear feature, this problem does not fit into the standard Riccati framework [18] .

The goal of this work is to obtain a unique optimal control in terms of the solution

to the optimality system, which will consist of the original wave problem coupled with

an adjoint problem. In chapter 5, we show the well-posedness of our state problem

in an appropriate solution space. Then we show the existence of an optimal control

by a minimizing sequence argument. In chapter 6, the optimality system is derived

by differentiating the objective functional with respect to the control. The solution

map h —^ 'w{h) is differentiated which is used in the differentiation of our objective

functional. Then for sufficiently small time T, under some boundedness assumption,

we prove uniqueness of the optimality system, which characterizes the unique optimal

control. Finally, in chapter 7, we treat two special cases: h = h{t) and h = h{x) .

We use two different ways to obtain the uniqueness of the optimality system without

boundedness assumption of solutions. The uniqueness proof is unusual due to the

opposite time orientation of the two equations.
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Chapter 5

Existence of an Optimal Control

The following assumptions are made throught this part:

Q is a bounded space in 7^" and dQ is smooth,

Q = nx (o,r),

To define our notion of weak solution, we first define the bilinear form

B[u,v;t] = / VuWvdx— / huvdx.
in in

We present our definition of weak solution:

Definition (Weak Solution) Given h G Um) a function w G C([0, Tj; 7/o(^))' ̂ i^h

wt G C([0, T]; L^(n)), tUfi G C([0, T]; is a weak solution of the problem (4.1)

provided
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(1)

<wtt,(l>>+ / = / hw4)dx + / f(f>dx (5.1)
7n Ja

for any </> G 0 < 1 < T;

(2) u;(0) - Wo;

(3) wt(0) = wi.

For Rotational convenience, set

n =

w = w{h), w = {w,wt).

Lemma 5.1 (Well-posedness) Let wq = (n;o,Wi) S H and h G Um^ then the problem

(4-1) has a unique weak solution w.

Proof We write (4.1) in semigroup formulation

±
dt

I  \
w 0  7

A 0

/  \ /
w

\W,/
+

0

hw + /

u;(0) = Wo =

(  \
Wo

\m/

(5.2)
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Define the operator A: [H^{Q) D Hq (Ji)] x Hq > H

Aw

0  I

A 0

UJ,

Its domain, D{A) = [H^{Q) n ifo(^)] ̂  ̂^0(^)1 clearly dense in Ti.

Formulation (5.2) may be written as

—ui(t) -- Aw{t) + Bh(w){t) (5.3)

where

Bh{w) =

/  \
0

kw + /

Note that A is skew adjoint [28] , i.e., A* = -A

A*w
0  -/

-A 0

w,

and thus D{A) = D[A*). Thus we have that A generates a unitary group on H [28].

Motivated by the semigroup formulation of (5.3), we seek a solution of the form:

w{t) = e^^Wo+ [ Bh{w){.,T)dT.
Jo
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We will prove that the map Th,

Thw{t) = e^'wo-h f ''^Bh{w){.,T)dT.
Jo

has a unique fixed point in C{[0,To]]H) .

Step 1;

We will prove: If Tq is small enough, then there exists a unique fixed point such that

Th{w{t)) = w(t) in C([0,ro];?/).

To use the contraction mapping theorem, we need to show that Th is bounded and

contractive.

Boundedness:

ll?'/i^||c([o,To]:-H)

<  l|e^'^o||c([o,To];W) + sup /
0<«rn Jo

<  ||e'^*fuo||c([o,ro];W) + sup f
0<f<To Jo

cMt-T)

<

h{.,T)w[.,T) + f{.,T)

«+ sup [ \\h{.,T)w{.,T) + f{.,T)\\L2m)dT
0<t<To Jo

\\L^n)dT

(5.4)
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since A generates a unitary group and that ||e'^'|| = 1. Since ||/i||oo < we obtain

I|7'/i^IIc([0,To];W)

<  |l«^o||-H + ̂̂'2o(l|ui||c([0,To];'H)) + ̂o||/||c([0,To];-W) ) (5-5)

and hence Th is bounded.

Contractive: Similarly, for any v,w £ C([0,To];H),

\\ThV - Thw\\c([0,To]\'H) < MTo\\v - r5||c([0,To];-H)

By choosing To < we have Th is contractive for t < Tq. Thus, we have the existence

of a unique fixed point on C([0, To];

Step 2:

Extend above result to a solution on [To, 2ro] by selecting a 'new initial data' as

WTa = ̂(^o) e 'H.

By a second contraction argument, we have a unique solution on C{[Tq, 2To]', K). Re

peating above process a finite number of times, we obtain the existence of a unique weak

solution to (4.1), with w G C([0,T];?^). □

We need regularity on the state solution to derive the necessary conditions that an

optimal control and corresponding state must satisfy. At first, we introduce Evans result
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[11] which gave the regularity of the weak solution of problem (4.1) when control h is

smooth.

Lemma 5.2 (Regularity) Assume h e C^{Q) n Um, S i/^(fi) and

Wi e then the weak solution w — w{h) satisfies w G C([0, Tj; iif^(fi)),

wt e C{[0,T]-,H'{Q)) andwtt G C([0,T]; ̂2(0)).

Next we generalize the above regularity result without the smoothness assumption on

control h.

Lemma 5.3 (Apriori Estimate) Given ivo G Hq{Q),Wi G G L'^{Qt),

ft G L'^{QT),dQ is C^,h G Umi then the weak solution w = w[h) satisfies

sup
o<t<T

(ll^lOllHoHn) + IK't(01lL2(n)) + lkullL2([0,T];H-i(n)))

< C'(ll/llz,2([o,T];L2(n)) + l|woll//j(n) + ll^illL2(n))

where C is a constant which depends only on and T.

Proof: There exist sequences {icon} C {wi„} C Hq{Q) and {hn} C {Q)C\Um

such that

Won —> Wo, strongly in Ho{Q)

Win —> wi, strongly in L^{Q,) (5.6)

hn—> h, strongly in L^{Q).
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Denote the weak solution of (4.1) corresponding to the initial data won,win with

control hn by Wn, then satisfies the regularity of Lemma 5.2. Multiply the PDE

(4.1) by {wn)t and integrating over Qt = Q X (0,f), we obtain

0 = / [{Wn)tt{Wn)t- {AlOn){Wn)t- hnWn{Wn)t- f{w„)t]dxdT
jQt

=  + \DWn\'^) - hnWn{Wn)t " f{Wn)t]dxdT

f  "- / y]{Wn)x,iWn)tnidsdT ,
49nx(0,t)^

where Dw„ denotes the spatial gradient of Wn- Since u;„ = 0, {wn)t = 0 on dU x (0, T),

the boundary term vanishes.

n  \ d

0 = """ - hnWn{Wn)t " f{Wn)t}dxdT

-  + \DWn\'^]dx - +\Dwor,?]dx

-  [hnWn{Wn)t + f{Wn)t]dxdT (5.7)
JQt

SO

[  [{{Wn)t)^ + \DWn\'^]dx
Jnx{t}

= y^[(tfln)^ + \Dwon\'^]dx + 2 ̂  [hnWn{Wn)t + f{Wn)t]dxdT
<  ll^ln)|lL2(n) + l|-Du;on|||£,2(n) + ll/llL2(Qt) + II (^n)t||L2(Qt)

+M {\\Wn\\L'2{Qt) + II('"'7i)<||l2(Q,))- (5-8)
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Using Poincare's Inequality

/  \Dwn{x,t)\^dx > C\ / w'^{x,t)dx,
JsixU} JnxU}lClx{t} JQx{t}

where Ci is some constant independent of Wn, we obtain

f  ̂ [{{Wn)tf + wl]dx
Jnx{t}

f [{{Wn)t)^ + wl]dxdT
jQt

+C2(||wi„||^2(n) + II 11^2(0) + ||/||i2(Q)), (5.9)

lQ.x{t}

< C2

where C2 is independent of w„

Let

T]{t)= f [wl+ [{Wn)tf]dx
JClx{i}

C = C'2(||^i'ln||L2(n) + ||f5won||i2(n) + ||/|Il2(Q))

Then the inequality (5.9) becomes

V{t) <^ + €'2 [\(t)dt. (5.10)
Jo
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Using Gronwall's inequality, we obtain

V{t)<a^+C,Te^^T),

f  [wl+ {iWn)t?]di
JnxU}i{t}

<  (1+ C'2Te^2^)C2(||wi„|||2(n) + |P^«on||i2(n) + ||/||i2(Q^)). (5.11)

Combining (5.6) and (5.11) and letting n —>■ oo, we get at time t

ll^<(01lL2(n) + ll^^(0llL2(n) + Il '"^(0lli2(n)

<  + ||£'wol|^2(fi) + ||/||£2(Q^)) (5.12)

where C3 depends only on and T. Taking the supremurn, gives

sup (Ikllmrn) + l|u^<llL2(a))
0<t<T ^ '

< C*3(l|u;i||^2(n) + ||^uo||//^i(n) + l|/||i2([o,T],L2(n)- (5.13)

Next, we are going to estimate Wu. Since
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< wttA > (0

= — [ [WwV(f) — hw(f> — f(l)]{t)da
Jn

for any 4> S Hq{Q). Let < 1, then

I < Wtt,(f)> (01

<  ll/(0llL2(n) + C*4||w|lHo^(n) (5-14)

where C4 depends on M. Using (5.12), we obtain

j-T
< C5

ll^«llL2([0,T],H-i(n))

(ll/(0llL2(n) + ll"^llHoi(n))^^

< CeT{\\wi\\l2^Q) + ||«^o||^^(n) + ll/ilL2([o,r],L2(n))-

where C^,Cq are constants independent of h. □

Now we obtain the existence of an optimal control.

Theorem 5.1 (Existence of Optimal Control) There exists an optimal control

h* G Um> which minimizes the objective functional J{h) for h G Um-
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Proof: Let {/i"} G Um be a minimizing sequence such that

lim J(/i") = inf J{h). (5.15)
n-»-oo ^ heUM

Denote w" = w{h'^). By priori estimate Lemma 5.3 we have

sup (llu'"||//im) + ll('^")<llL2(n) + ll(u;")»lli,2([o,T];//-i(n)))
0<t<T °

< C'(||/||i2([o,T];L2(n)) + + ||u;i||L2(n))-

On a subsequence, by weak compactness, there exists w* in C([0, T]; iLo(^)) such that

—s. w* weak * in L'^([0, T]; iLo(^))»

(u;")t ̂  (w*)( weak * in I°°([0, T];

/i" ̂  h* weakly

{w*)u weakly in L^qq, Tj;

By using a compactness result from [37], we have

(5.16)

ru" w* strongly in L°°{[0,T]-, L^{Q)).

By the definition of weak solution, we have

< <t, <t>>=- ! [Vu;"V(/> - - f(i>]dx
Jn
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for any 0 € Hq{Q,) and a.e. 0 <t <T. Since

—)• w* strongly in L^{Q),

/i" —^ h* weakly in L^{Q),

and {/i"} is L°° bounded, then

^  weakly in L'^{Q).

Pa^ssing to the limit as n oo in the weak formulation of we obtain

< u;* , 4>>=- f [Vw*V0 - h*w*<l> - f(f)]dx.
Jn

Thus w* — w{h*) is the solution of state equation (4.1) with control h* . Since

J{h*) = \j iw*-z)'dQ+^l {h*fdQ,

using lower-semicontinuity of norm with respect to weak convergence, we have

s JSo?/ [ m'<iQn-^oo 2 JQ n-i-oo 2 JQ

<  lim inf J(/i")
n—^-OO

=  inf J{h).
h£UM
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Finally, we conclude h* is an optimal control. □
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Chapter 6

Characterization of the Optimal

Control

We now derive the optimality system by differentiating the objective functional J{h)

with respect to the control h. Since w = w{h) is involved in J(/i), we first must prove

appropriate differentiablity of the mapping

h —>■ {'w{h),wt{h)) = w{h).

Lemma 6.1 The mapping

h 6 UM-^w{h) = {w{h),wt{h)) G L2([o,r];?f)
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is dijferentiable in the following sense

w{h + ei) — w{h)

weakly in L^([0, T]; %) as e 0, for any h satisfying h + si E Um for e small.

Moreover $ = (5*, m L^([0, T]; H) is a weak solution of the following problem:

- A'i! + + iw, in Q

= 0 aJ^x(0,T)
(6.1)

- 0 t = 0, X

-  0 i = 0, a; e

where w = w{h).

Proof: Denote w^ = w{h + ei) and w = w(h), then ^ weak solution of

= A( } + h( )+ iw'in Q
e  €

11)

— = 0 inaf^x(0,T)

— u/ ^

= 0 t = 0, X e Q,
£

w
—)tt = 0 t = 0, X £ Q.
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Using priori estimate Lemma 5.3 , we get

{w^ - w){t) wit - Wtt ,,

o<l<T i £ llL^([o,r];//-'(n))
< C||^w;^||x,2([o.7'];L2(n))

< CII^IIloo sup |l'u;^||L2(n).
0<«<T

<  <^211^1^°°

where C depends on the L°° bound on C, but is independent of e. Hence on a subse

quence, by weak compactness, we have

Wtt - Wtt

weak * in L°°([0,T];i/i(f^)),

^tt weak * in L°°([0,r];F-i(f^))

By the definition of weak solution, we have

,w^-w. , f „,w^-w,^ .
<( )tt,(t>>+ V( )\74>dx

£  J£l £

r  — w r
= + / h{ )(f)dx+ / lw^4>dx

Jn £ Jn

for any 4> € Hq{Q), and a.e. 0 <t <T.

Letting £ —)■ 0 and using that ^ w weakly in L^(Q), we obtain *5 is the weak

solution of problem (6.1). □
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Now we are ready to derive the necessary conditions that characterize an optimal

control.

Theorem 6.1 Given an optimal control h and corresponding w = w{h) = (w,wt),

there exists a weak solution p = (p, pi) in 7i to the adjoint problem:

Pit = /\p + hp + w - z, in Q

p = 0, dnx{0,T) (6.2)

p = Pi = 0, t = T, X £ Q

(transversality condition)

Furthermore, h satisfies

h — max(—M, min(—^,M)). (6.3)

Proof: Let h £ Um optimal control and w — w{h) be the corresponding optimal

solution. Let h + e£ £ Um for e > 0 and w^ = wiji + el) be the corresponding weak

solution of the equation (4.1). We compute the directional derivative of the objective

functional J{h) with respect to h in the direction of I. Since J{h) is a minimal value,

0 < to
£->■0+ e

=  -{w- z)'^]dQ + ^ j^[{h + ef)^ - h'^]dQ
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= [ '^{w - z)dQ + fi [ hidQ, (6.4)
JQ JQ

where 'i' is defined in Lemma 6.1.

Consider the adjoint problem (6.2), let r = T — t, then we get a problem (3.5)

Pti = Ap + hp+w - z, in Q

p = 0, dQx{0,T) (6.5)

p  -- pt = 0, t = 0, X E Q

Taking w — z as source like "/" and using the similar argument in Lemma (5.1), we

get the existence and uniqueness of solution p = {p,pt). So we obtain the existence

and uniqueness of solution of problem (6.2).

Assume p is the solution of problem (6.2), i.e., p satisfies

< Ptt,4'>{i)+ [ ̂p'V(j){t)dx = [ hp4>{t)dx + f f4>{t)dx (6.6)
Jn Jn Jn

for any 4> G Hq{Q,), and a.e. 0 < t < T. Then

0 < / ̂{w - z)dQ-\-(3 f hldQ
JQ jQ

= f Pit, ̂  > + / - [ hw'ifdxf dt + 13 [ MdQ
Jo I Jn Jn ) Jq

= [ VpV9dx— [ hw^dxXdt + pf MdQ
Jo I Jn Jn ) Jq

'Q
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by integration by parts twice in time and using ̂  = ̂'i = 0ont = 0 and p = == 0 on

t = T. Then from equation (6.1) for "J*, we obtain

/ i{pw + 0h)dQ.
Jo

Note i = £{x, t) is an arbitrary function with h + el £ Um for small e .

Considering three cases involving the sign of the variation I depending on the size

of h, we obtain the desired characterization of h.

Case 1:

Let Ai = {{x,t) e Q\ - M < h{x,t) < M}. Taking support of £(x,t) C Ai with

arbitrary sign, we obtain

pw + 0h = 0, in Ai

So in this case, we conclude

-M<h = -f<M.

Case 2:

Let A2 = {(x, t) e Q\ h{x, t) = M}. Taking support of l{x^ t) C A2 and t{x, t) < 0,

we obtain

pw + 0h < 0,
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So in this case, we conclude

Case 3;

Let y43 = G Q\ h{x,t) — -M}. Taking support of i{x,t) C A3 and

E(x,t) > 0, then we have

Combinning the above three cases, we conclude

wp
h = max(—M, min(——, M)). □

Substituting (6.3) for h into the state equation (4.1) and the adjoint equation (6.2),

we obtain the optimality system (OS).

wp
Wtt " Aw + max(-M, min(- —,M))m + f \n Q

wp
Ptt = Ap +max(-M, min(- — , M))p +u; - 2 in Q

w = p = 0 X (0,T) (6.7)

w = 0 t = 0, X £ Q

p = Pt — 0 t — T, X £ Q
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The weak solutions of the optimality system exist by Theorems 5.1 and 6.1; The exis

tence of an optimal control h* and corresponding w* implies the existence of p.

Suppose the weak solution of (OS) is bounded, for small time T, we now prove

the uniqueness of weak solutions of (OS), which gives the characterization (6.3) of the

unique optimal control in terms of the solutions of (OS)

Theorem 6.2 ForT sufficiently small, bounded weak solutions of the optimality system

(OS) are unique.

Proof: Suppose we have two weak solutions,

w = {w,wt), p= ip,Pt), w = {w,wt), p= {p,pt).

Assume w,p, w and p all are bounded in Q. Let

w = p = e w = p = e

then u, q satisfy in a weak sense

Utt + 2Xut + X^u = Au + M, — — , M))u + fe~ , in Q

qtt + "^Xqt + X'^q = Aq + ma.x{-M, — ̂ , M))q + e^^^u — e^*z in Q
u = q — 0 in dft X {0,T)

u = Ut = 0, t = 0, X G 0

q = qt = 0 t = T, X G 0
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Also u and q satisfy a similar system.

We denote

h = max(-M, min(-^, M)),
_  y^Q

h = max(—M, min( ——, M)).

Using multiplier {u — u)t on the u — u equation and multiplier {q — q)t on the q - q

equation and combining , we have the following estimate

0 = / (u - u)tt(u - u)t+ 2X(u - u)f-h X^(u - u)(u - u)t
JQ '■

+V(« - u}V(u — u)t — [hu — hu){u — u)t] dxdt

= [ \-{(l - q)u{<] - Q)t-2X{q-q)'^ - X'^iq-q){q-q)t
Jq '■

V{q- q)V[q - q)t + {hq - hq)[q - q)t + - u){q - q)t

0
>Q

dxdt.

Combining the above two equations and the initial and boundary conditions, we get

I  - u)t)'^{x,T) + {{q - q)t)^{x, 0)]dx

+ ̂ /n[(" - u)'^{x,T) + (q - qy{x,0)]dx

+ f In IV(u - u)P(x, T) + lV(q-q) |2(x, 0)]dx

+2A /n[((g - q)i)^ + ((u - u)i)^]dxdt

= fQ[(f^^-^u)(u-'u)t-(hq-hq)(q-q)t

— u)(q — q)t]dxdt

(6.8
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Rewriting,

hu — hu = h[u — u) + u[h — h),

hq — hq = h{q - q) + q{h - h).

It is easy to verify the followiing inequality

\h-h\< - uq\ < ̂[\u - u\\q\ + |(7 - q\\u\

Estimating the last term in the LHS of (6.8), we obtain

2A /n[((? - q)t)^ + {{u - u)t)^]clQ

< Iq - w)(u - u)t + u{h -h){u- u)t - h{q - q){q- q)t

q{h -h){q- q)t - -u){q- q)t (IQ

< ^ IqHH' - u)t + (q - g)t]dQ + JqHu - uf + {q - q)'^]dQ

where C depends only on L°° bound of w, w, p,p and M. Since

j {u — u)^dQ = J j {u-u)s{x,s)ds^ dxdt

< il t (^j {{u - u)s)^{x,s)d^ dxdt
= f tdt [ {{ii - u)s)^dsdx

Jo Jo

< ^ y u)s)^dxdt.
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Similarly, we have

[ {q- qfdQ < ̂  / {{q- q)tfdQ
Jq 2 Jq

Thus the inequality (6.9) implies

(2A - 3) / [{{q - q)ty + ((u - u)tf]dQ
JQ

<  / [{{q - q)tf + {{u-u)tf]dQ,
Jq

where Ci is a constant. Now fix A such that 2A — 3 > 0. Choose T small enough, so

that

2A\T2A - 3 > CiT'e

and thus

(q - q)t = {u - u)t = 0 in Q

Due to the agreement of q, q, u and u at top and bottom of the cylinder respectively,

q — q, u = u. □

In space, by using Sobolev Inequality [16], weak solutions of the optimality system

in Hq{Q) are in the space C(0) . Therefore the weak solutions are always bounded when

Q C We have the following result.
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Corollary 6.1 In the case n = 1, for T sufficiently small, the weak solutions of the

optimality system (OS) are unique.

Remark: In general, our solutions of the optimality system may not be bounded, and

thus we don't have uniqueness of the optimal control in this case. But if the controls

are restricted to only be a function of time, h = h{t) , or a function of space, h = h{x),

then we can get uniqueness in certain dimensions. We will show these cases in the next

chapter.
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Chapter 7

Two Special Cases

In this chapter, we will treat two special cases that the controls are only functions of

time or space. At first, we deal with time dependent case.

CASE I h = h{t):

We take for our control set

UM = {heL^{0,T)\-M<h{t)<M], (7.1)

and for our functional

J{h) = iy^{w-zfdQ + f3j\^dty (7.2)
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Lemma 7.1 Under conditions ( 7.1 ) and ( 7.2 ), an optimal control h = h[t) satisfies

h{t) = max(-M, (7.3)

where w = w{h) and p satisfies (6.2).

Proof: Use the same notation as in the proof of Theorem 6.1. Let £ = £{t) is an

arbitrary function with h + eC £ Um small e . We have

/  ( / p{x,t)w{x,t)dx + Ph{t)
Jo \Jq.

dt > 0.

We still need to consider three cases in order to derive the characterization of h(t).

Case 1:

Let Ai = {0<i<T| - M< h{t) < M}. Taking support of £{t) C Ay with

arbitrary sign, we obtain

/ pw{x,t)dx + ph = 0, in Ai
Jn

So in this case, we conclude

_M<fc =

Case 2:

Let A2 = {0 < t < T I h{t) = M}. Taking support of £{t) C A2 and £{t) < 0,
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then we obtain

/ pw{x,t)dx + Ph < 0,
Jn

So in this case, we conclude

fcwp(x,t)dx
M^h < —

Case 3;

Let A3 = {0 < t < T I h{t) = -M]. Taking support of t{t) C A3 and £(t) > 0,

then we have

fn wp(x,t)dx
-M = h >

Combining the above three cases, we get

□

Theorem 7.1 Under conditions (7.1) and (7.2), for T sufficiently small, the weak

solutions of the optimality system (OS) are unique.

Proof: We use the notation of the beginning of Theorem 6.2. As in the proof of
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Theorem 6.2, we have

2A J [(g — g)j + (w - u)^]dxdt
<  / {ihu-hu)[u-u)t- {hq-hq){q-q)t

JQ

— u){q - q)t^ dxdt. (7.4)

Rewriting,

hu — hu — h{u - ?/) + u{h - h),

hq — hq = h{q — q) + q{h — h).

It is easy to verify the following inequality

\h- h\<^ j^\uq- uq\dx < ̂  |u - u||g| + |g - g||u|^ dx.

Estimating the LHS of (7.4), we obtain

2A J [(g - g)^ + {u - u)^]dxdt
<  / [h{u - u){u - u)t + u{h - h){u - u)t - h{q - q){q - q)t

JQ

q[h -h){q- q)t - e'^^\u - u){q - q) dxdt.
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To illustrate the difference in the estimate here, we estimate one representative term

(u — u)tu\dxdt

/  \{h - h){u - u)tu\dxdt
JQ

-  f f i\^ - + \^ - ̂\\^\)Jo Jn IP Jq.

= ^ - u)q\dy^ (^jju{u - u)t\dx^ dt
f \{q - q)u\dy^ \u{u - u)t\dx^ dt

P Jo

<

P L  I" ~
1

^p fo k - 9l|w|<^y) di

I  \u\\{u - u)t\dx^ dt
rT / r \2

\u\{u — u)t\dx 1 dt

1

- P

+
P

f ( [ \u- u\^dy f \q\'^dy
Jo \Jn Jci

f ( [ iQ-Ql'^dy ( \u\'^dy
Jo \Jn Jii

dt

dt

'0 \JQ.

•T

'o \JQ.

•T

0  \vn

\u\^dx j |(u - u)t^dx^ dt

f |(w — u)tpdx I dt
Jsi

\^dx

By using priori estimate Lemma 5.3 ,

sup \\q{t)\\L^n) < C, sup ||w(<)llL2(n) <
0<t<T 0<t<T

where C depends only on /, wq, Wi , we obtain

/  l(h — h)(u — u)tnldxdt
Jn

<
C4

P I (^j\^^^^i''^'~'"')\^dy^dt j \{u - u)t\^dx^ dt

+fr(/o I'"'''"
2 r rT

0  \Ja.
|(u — u)t\ dx J dt
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/ (/ + ̂  (^j^\{u-u)t\'^dx^ dt
+  (^jje^^^{q-q)\'^dy^dt + (^jj{u - u)t\'^dx^ dt
(l|e^^^(" - ̂)\\h(Q) + 2||(w - ̂)t\\h{Q) + - Q)\\h{Q))C,

ii

Similarly estimating the other h — h terms on RHS, we have

2A (l|(u - u)t\\l2(^Q) + |l(g - 9)(|li2(Q))

- ̂  ~ ")I1l2(Q) + 2||(u - u)t\\l2(Q) + - g)|li2(Q))
+A/ (l|(u - M)lli2(Q) + ||(w - ■")<lli2((3) + ||(</ - Q)\\h(Q) + IK? ~ ^)t\\h{Q))

~ ")IIl2(o) + 2IK?- ?)KIl2(q) + - ?)IIl2(q))
+ (||e^'^^(n - w)||i2(Q) + ||(g- ?)KIl2(Q))

<  (C5 4- M)e^^^(||(u - w)||i2(Q) + IK? - ?)IIl2(Q))

+ (C'5 + M){\\{u - ti)<|||,2(Q) + IK? - ?)i|li2(Q))-

Since

T'i
IK" - ")IIl2(q) ^ "^IK" - ")KIl2(q)

IK? ~ ?)IIl2(q) < -^IK? ~ ?)KIi,2(q) '
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finally, we obtain

<

2A (ll(»-ii).lll,.,,, + ll(9-?),lli»(,,)
T2

(C (||(5 + M)ye2^^ + (C5 + M) u - + IK? - ?)KIl2(,))

Now fix A such that

2A - (Cs + M) > 0,

Choose T small enough , such that

2A - (Cs + M) > (C5 + M)ye2AT

and thus

(? - Q)t = {u - u)t = 0 in Q.

Due to the agreement of q, q, u and u at top and bottom of the cylinder respectively,

q = q, u = u. □
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CASE II h=h(x):

Now we are going to deal with space dependent case, i.e. h = h{x),x G !?"■, n = 2,3,4.

We take for our control set

UM = {heL'=^{n)\-M <h{x)<M}, (7.5)

and for our functional

J(/i) = {w — z)^dQ + 13 j h^{x)dx^ (7.6)

Lemma 7.2 Under conditions (7.5) and (7.6), an optimal control h = h{t) satisfies

h{x) = ma.x(—M, min(— i (^•^)

where w = w{h) and p satisfies (6.2).

Proof: Use the same notation as in the proof of Theorem 6.1. Let I = i(x) is an

arbitrary function with k + ei E Um for small € . We have

p(x, t)w{x, t)dt + j3h{x^ dx > 0.
We still need to consider three cases in order to derive the characterization of h{x).

Case 1:
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Let Ax = {x e U \ - M < h{x) < M). Taking support of l[x) C Ax with

arbitrary sign, we obtain

/  pw{x,t)dt
Jo

+ Ph = 0, in Ax

So in this case, we conclude

-M < h = ^ ' < M

Case 2:

Let A2 = {0 < t < T I h{x) = M). Taking support of f.{x) C A2 and i{x) < 0,

then we obtain

[ pw{x,t)dt + ph < 0,
Jo

So in this case, we conclude

TJo wp(x,t)dt
M

fJ

Case 3;

Let ̂ 43 = {0 < t < T I h{x) = —M}. Taking support of C{x) C A3 and £{x) > 0,
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then we have

-M = h > /o^ wp{x,t)dt

Combinning the above three cases, we get

h = max I — M, min(— — , M)

□

In order to obtain the uniqueness of weak solutions of the Optimality System, we

need to get higher order regularity of the weak solution of problem (4.1). Since the

weak solution of problem (4.1) is unique from chapter 5, we also can use Galerkin

approximation method to get the same solution in this special case , i.e. h = h{x). The

Galerkin approximation method clearly displays the higher order regularity of the weak

solutions. We will use the similar idea as in [20] to obtain the regularity.

Theorem 7.2 (Improved Regularity) Assume w is the weak solution of problem

(4.i),ifh^h{x)eUM, woeH^n),w,eH^{n), f e l^q), ft e l\q),

then

wt G L°°(0, T; H\Q)),Wtt G T; L^Q))
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and ive have the estimate:

sup (||u't||//i(n) + ll^«llL2(n)) <C (7.8)
0<t<T

with C depending only on \\f\\L2(^Q), ||/<||l2(Q), ||u^oll//2(n)) llu'i||//|i(n)-

Proof: Construct a sequence of approximations by selecting smooth functions <7k

(Jk(x), [k = 1, 2,...) such that

Wk}T=i is a basis of Hq{Q)

and

is an orthonomal basis of

where {ufc} are eigenvectors for - A on (corresponding to the eigenvalues Xk ) .

For m £ N, write

,{x,t) = Y,dT{t)crk{x) (7.9)
k=l

where d^{t) satisfy

d^{0) = {wo{x),ak)L^ , {df)t{0) = {wi{x),ak)L^ (A; = 1,2,3, ...m) (7.10)
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and

[ {um)ttit)(TkdQ +B[u,ri,(^k',t]= ( f{x,t)akdO. (7.11)
7n Jn

Using the orthogonality of {cr^} in and substituting the sum for Um from (7.9)

into (7.11) , equation (7.11) becomes a system of ordinary differential equations (ODE)

m

{dk)tt{t) + Y.B\.'^i^''k\tW{t)= h{t) (0<t<r, A:-l,2,3,...) (7.12)

with initial conditions (7.10), where

fk{t) = [ fix,t)akdQ. (7.13)
Jn

Since h does not depend on time, B[ai,ak;t] does not depend on time also.

By standard existence theorem for ODE, there exists an unique absolutely contin

uous solution satisfying (7.10) and (7.12). Note that each df{t) has more regular

ity since the coefficients are time independent and ft € L'^{Q), and we will use that

{df)m{t) G L^(0,r). Multiply (7.12) by (d)?)((t) and then sum over k to obtain

[ {Um)tt{t){Um)t{t)dQ +B[Um,(Um)ut]= [ f {x, t){Um)t{t)dQ (7.14)
Jn Jn
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Rewrite the above equality as

— [/ i{Um)t)\t)dn+ f VUraVUm{t)dQ
h dt \_J •/

= [ hUm{t){Um)t{t)dQ+ f f{x,t){Um)t{t)dQ.
Jn Jn

< Col v«„v«„(()<(n + c„ f ((«„),)'(()<'«+ 5 f fHt)dn (7.15)
Jn Jq ^ -/n

where we use Poincare's Inequality in the above inequality and Co is a constant inde

pendent of m. Gronwall's inequality [11] yields the estimate

max

o<t<T

< c,

f {{{u^)tf{t) + \yUm\'{t))dQ
Jn

[ {Mtf{0)dQ+ f |Vu^(0)|2dfi+ f pdQ
Jn Jn Jq

Now we need to estimate

f {{Um)tf{0)dn+ [ {Vumm^dn.
Jn Jq.

By the definition of and using the properties of cta;, we have

(um)t(O) = ^(d^)t(0)CTfc(a:)
k=l

m

= ^{wi^(^k)mQ)(^k{x),
k=l
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and

k=l

m

k=i

^  ll^illL2(n)'

VUm(0) = '£d';^(0)VcTkix)
k=l

[ VUm{0)VUm{0)dQ
Jn

— ~ /* (0) ~f~ f X Vjyjids
Jn Jan ou

— - UmJ^Um{G)dQ
Jn

= -/„ {p€(0)n(x)j ̂£<ir(0)A<T,(0)j dSl
=  (£<ir(o)A,<T,(o)jdn

« m

=  / J2^''{dT{0)fak{x)'dQ
fc=i

m

/c=l

m

Xk{wo,crkf
k=\

|2<  ll®o||//i(n)-

For the last inequality above, see [31]. Note > 0 , since

~^^k — A/jC/j, and — 0,
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l|Va,|p - / GkAakdQ
Jn

Xk /
Jn

llVcr.lP
> 0Afc =

Ffcl
.

Therefore

/  [ |Vr.„(0)p^/fi<C2(l|r/;i||i.(n) + ||^o||^.(n)]
*/ «/

We conclude

max

Q<t<T Jn

< Ca I^d||i2(n) + ll^ollHi(n) + ll/llL2(n)

From (7.11) and [11], we have

Um)u\\L^{0,T-,{H^)'{n)) < C4 ||/||l2(Q)+ ||«m||i,2(0,T;//'(^^))

Passing to the limit on a subsequence as m —> 00, and obtain w £ L^(0,T; H^{Q,))

such that

Um —^ in L^{0,T;H^{fl))

{um)t wt in L'^iQ)
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{Um)ti-^wn in L'{0,T-{Hrm)

In order to verify w{0) = Wq, mt(0) = wi, one chooses any function

V e C^([0,T]; Hq{Q)), with v{T) — vt{T) = 0, in the weak form of (4.1), we get

f {< vtt,w > +B[u,v,t])dt = [ fv - [ u;ont(0)+ f wiv{0)
Jo Jq Jn Jq

—  f ~ f n;ut(0)+ [ Wtv{Q)
Jq Jq Jq

Since u(0), t;i(0) are arbitrary, conclude t(;(0) = wq, u't(O) = lUi.

By Lemma 5.1, w constructed above is the unique solution of problem (4.1). Now,

we are going to prove the additional regularity. Fix m, using G L^(0,T),

differentiate (7.12) with respect to t, multiply by [d^)tt{t), and sum over A; = 1, ...m to

obtain

I (^m)t<t(^m)(<(A)dQB[(^Uirn)ti — I
Jq Jq

From the above equation, using Poincare's inequality, we get

1^
2 dt

< Cs

j^{{Um)tt)^dQ. + |V((Wm)t)pdx

/ lV((«m)Ol'+ / {hf{t)dQ+ f {{Um)ttf{t)dQ
.J d v V Cl
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Gronwall's Inequality implies

Jn JQ.

< Ce
UQ n

Now we must estimate |V(um)<(0)| and (uto)u(O) terms

^dn

and

f |V(K)0(0)|
Jn

= - J {Um)t{0)^{Um)t{0)dQ

{Um)t{0)ds

Ewc))'"* EwmjeAiTiK/f!
^k=l <1=1

^(u;i,(Tfc)crfc ^(u;i,cr/)A;CT; dQ
Kk=l <1=1

P m

= j^Y^^><k{wi,crkf(^kd-^

\k{wi,akf
k=i

^  ll^illnqn)-

(wm)tf(0,a;) = Y('^T)tt{0)crk{x)
^=1

m

k—\

(y*! ̂ A:) — ((^m)t£» ̂ k) "I" ) ̂k)
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((Wm(0))(t,(7fc) = (/(0),cta;) + (Vu„(0), VcTfc) - (/iu„(0),crfc)

m m m

{UmiO))tt — ^ ̂ (/(O) 1 ^ ̂ (0); ̂A:) ~ ̂  ̂ (0))
/:=! fc=l fc=l

||(wm(0))u||L2(n) < ||/(0)||i2(n) + ||(Au7o)||i,2(f^) + A/l|wo||L2(n)

<  ll/(0)llL2(n) + C'||'"^o||i/2(n).

By using Poincare's Inequality

[ {{Um)tfdQ<C7 f
Ja Jii

and passing to limits as m —>• oo, we get the desired result. □

Theorem 7.3 In R^,n = 2,3,4, assume wo{x) G ini(a;) G i/o(^)- Under

conditions (7.5) and (7.6), for T sufficiently small, the weak solution of the optimality

system (OS) is unique.

Proof: Suppose we have two weak solutions,

w - {w,wt), p= {p,pt), w = p= {p,pt).

we denote

h{x) = max min(-^^— M)

h{x) = max f-M, min(-^^-^^, M)

97



It is easy to verify the following inequality

\wP ~ ^ yj |p - plltel + |u; - u;||;j| j (7.16)

Using multiplier {w - w)t on the w - w equation and integrate over (0, t) and multiplier

{P - P)t on the p - p equation and integrate over (t,T) for t G (OjT") and combining ,

we have the following estimate for 0 < t < T,

k /nx{<} - ̂)< + |V(u; - u))|2] dx

= fnx(o,i)(^^ - ^)rdxdr

Unx{t} I(P-P)? + |V(p-p)P] dx

= -fnx(t,T) K^P - hp)(p - p)r + (w - w)(p - P)r] dxdr

To estimate the RHS of (7.17) by using the inequality (7.16) and integration by parts,

we obtain

/  {hw - hw)(w - w)TdxdT
jQx(o,t)

=  / h{w - w){w — w)jdxdT + / [h — h)w[w — w)jdxdT
Jnx(Q,t) Jnx(o,t)

=  / h{w — w){w — w)rdxdT — / [h-h)[w - w)WjdxdT
Jfix(o,t) Jnx(o,t)

+ / {h — h){w — w)ivdx
jQ,x{i}

(/ {w -'iD)^dxdT + / {w — w)jdxdT\
Jax(o,T) Jsix(o,T) )

|(u; — w)p(x^ s)|ds j |(zt; — w)wt{x^ T)\dxdT

< M
\Jnx

rT ( rT
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+ 4 / if |(u^ — w)p(x, s)|cfs i Kto — u;)u;(a;, t)|da:
P JnxU} \Jo I

p Jnx{t] \Jo J

0 {w - w)^dxdT + / {(w — w)r)^dxdT
fix{0,T) Jnx(0,T) )

< M
yjQx{c

1  r j-T rT
dnJi

rT rT

'^TTo I I I [w — w)^{x, s)w^{x,T)dxdsdr2p Jn Jo Jo
\  r rT rT

/  / / {w - wf{x,T)p'^{x,s)dxdsdT
xp Jn Jo Jo

1  r rT rT

/  / / [p-py{x,s)w'^{x,T)dxdsdTxp Ja Jo Jo

1  f
+ 7^0 I {w - w)^{x,T)w^{x,s)dxdsdT2p yn Jo Jo

f  f [w - w)^(x, s)w^ix,t)dxds2p Jux {(} Jo

+7^ / f {w - w)'^{x,t)p^{x,s)dxds2p ynx{(} Jo

+ ̂  f f {P- Pf{x^s)w'^{x,t)dxds2p ynx{(} v/o

+773 f f {w — w)^{x,t)w'^{x,s)dxds2p ynx{(} Jo

By using Holder's inequality two times and Sobolev Imbedding Inequality

H^{Q) ̂  L'^iQ), n = 2, 3, 4,

we obtain

/  {hw - hw){w — w)rdxdT
Jax{o,t)
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Since w, w, p,p, Wt, Wt are bounded in H^{Q) by Theorem 7.2, assuming they are all

bounded by a constant C2, we obtain

If ,, [((^-"')i)^ + |V(^ Jnx{t}
w — w)]^ dx

2/3

Similarly, one obtains

< MT I sup ||w - u)||i2(n) + sup ||(u; - th)(||i2(m )
\0<t<T ^ ' 0<t<T ^ ')

(T^ + T)( sup ||w- + sup ||p - pH^un))
\0<t<T 0<t<T ^ ')

3C1C2

If ,, \iiP-P)tf + \^{p-p)\'^ Jnx{t}

<  (M+l)r( sup \\p-p\\l2(a)+ sup lib-p)(||i2(n))
\0<t<T ^ ' 0<t<T ^ ')

3C c f ^
+( A^ + l)(r^ + r) sup ||p-p||Hi(n)+ sup |h-w||Hi(n)

\0<t<T ^ 0<t<T ^ \

Combining the above inequalities, and using Poincare's Inequality

ll"llL2(n) < C*3||Vu||^2(q)

we obtain

sup w)i|li2(m + sup ||V(u;-u;)||^2(n,
o<<<r ^ ' o<t<T ^ '

+ sup Ilb-P)«lli2(n)+ sup ||Vb-p)|li2(q)
0<t<T ^ ' 0<t<T
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< 2(C3+1)T M + i + (^^ + i)(r+i) sup 11^2(0)
0<t<T

+ sup ||V(u;- u;)||^2(j^)+ sup ||(p - p)(||/,2(m + sup ||V(p - p)||^2(m
0<t<T ^ ' 0<t<T 0<t<T ^ '

If we choose T small such that

2(C3 -h I)T M + i + (^^^ + i)(r+ 1) < 1,

then we obtain

sup ||(t/^-u^)(||i2(m+ sup ||V(w-u;)||^2(m
0<t<T ^ ' 0<t<T

+ sup ||(p-p)t||L2(a) + sup ||V(p-p)||^2(n)
0<«T ^ ' 0<t<T ^ '

< 0.

Therefore we have proved the uniqueness of weak solution of the optimality systems. □
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Part IV

Bilinear Optimal Control for a

Wave Equation with Viscous

Damping
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Chapter 8

Introduction to Wave Equation

with Viscous Damping

In this part we study optimal control of a wave equation with viscous damping and

with Dirichlet boundary condition. The wave equation problem is posed in a bounded

multidimensional domain Q. We consider a bilinear optimal control problem in which

the control acts as a damping term.

Given the control set

UM = {ke L~(0,T)|0 < A: < M},

where Q = x (0,r), Q C R^, the corresponding state variable y = y{k) satisfies
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the state equation

ytt = Ay - k{t)yt - q{x)y f in Q = f2x(0,T)

y = 0 in 5Q X (0, T)
(8.1)

y — i;o(x) < 0, X £ Q.

yf = vi{x) t = 0, X £ Q

where q{x) £ L°°{Q) and 0 < q{x) < qo,qo is a constant, / £ uq € Hq{Q,), and

vi £ L^il).

We take as our objective functional:

J{k) = {y - z)'^dQ + (} k^{t)dt

where z is a given target function. This objective functional combines the cost of control

and the measure of the "closeness" to the desired profile 2. We want to minimize the

functional over the control set be. to characterize k* such that

J{k*) = min J{k)

For the background in control of PDE's, see Lions [25]. Russell [32, 33, 34, 35]

developed controllability and stability theory for wave equation. Bradley and Lenhart

[19] treated bilinear optimal control without the velocity term for the Kirchhoff plate

equation. Liang [24] treated this type of bilinear control without velocity term for wave
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equation. Bradley, Lenhart and Yong [7] recently treated this type of bilinear control

with the velocity term for the Kirchhoff plate equation. Belinskiy et. al. [5] proved

controllability results for a damped wave equation.

The bilinear control problem presented here is new for wave equations. Due to the

bilinear feature, this problem does not fit into the standard Riccati framework [18] .

The goal of this part is to obtain an optimal control in terms of the solution to the

optimality system, which will consist of the original state problem coupled with an ad

joint problem. In chapter 9, we show the well-posedness of our state problem in an

appropriate solution space. Then we show the existence of an optimal control by a

minimizing sequence argument. In chapter 10, the optimality system and a characteri

zation of an optimal control are derived by differentiating the objective functional with

respect to the control. The solution map k -> y{k) is differentiated which is used in the

differentiation of our objective functional. Thus necessary conditions, that an optimal

control must satisfy, are derived.
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Chapter 9

Existence of an Optimal Control

The following assumptions are made throught this part:

is a bounded space in 7^" and dQ. is smooth.

g = f7x (o,r).

q{x) G L°°{Q) and 0 < q{x) < qo,qo is a constant.

To define our notion of weak solution, we first define the bilinear form

B[u,v,t] = / VwVuda'T / quvdx
Jn Jn

We present our definition of weak solution:

Definition (Weak Solution) Given k G Um, a function y G C([0,T]; with

yt € C{[0,T]; L'^{Q)),ytt G C([0,r]; is a weak solution of the problem (8.1)

provided

107



(1)

f < ytt,(t>> dt+ [ k{t)yt(f>dxdt + [ B[y, (f); t]dt = [ f4>dxdt (9.1)
Jo Jq Jo Jq

for any 4> G a.e. 0 < t <T;

(2) 2/(0) = no;

(3) yt{0) = U]. where <, > denotes the duality pairing of and Hq{Q.).

For notationai convenience, set

n =

y  = y{k), y = {y,yt)-

Theorem 9.1 (Well-posedness) Let yo — (vq, ui) G and k £ Um^ then the problem

(8.1) has a unique weak solution y.

Proof: We write (8.1) in semigroup formulation

dt

(  \
y

\m j

0  I

A 0

/  \ /
y

\yt j
+

-kyt -qy + f

y(0) = yo =

(  \
Vo

\V, J

(9.2)
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Define the operator A: [H^{Q,) Pi /fo(D)] x Hq{Q) —> 7i

Ay =
0  I

A 0

y,

Its domain, D{A) = [i/^(D) PI ifo(f^)] X Hq{Q), is clearly dense in 7i.

Formulation (9.2) may be written as

dt
y{t) = Ay{t) + Bk{y){t) (9.3)

where
/

Bk{y)

\

0

\
-kyt -qy + f

Note that A is skew adjoint [28] , i.e., A* — —A

A*y =
0  -I

-A 0

and thus D{A) = D{A*). Thus we have that A generates a unitary group on V. [28].

Motivated by the semigroup formulation of (9.3), we seek a solution of the form:

y(0 = e^'yo+ / ''^Bkiy){x,T)dT.
Jo
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where represents the semigroup generated by A. We will prove that the map Tk-,

TkVit) = '''>Bk{y){x,T)dT.
Jo

has a u nique fixed point in C([0, Tb];?^) .

Step 1:

We will prove: If To is small enough, then there exists a unique fixed point such that

Tkm)) = yW in C([0,To];H)

To use the contraction mapping theorem, we need to show that is bounded and

contractive.

Boundedness:

\\Tky\\c([o,To];n)

<  \\e'^^yo\\c{[o,To]-,n)+ sup f \\e^^^-''^Bk{^{.,T)\\HdT
0<t<ToJo

<  i|e^'yo||c([o,To];?^) + sup f \\e^^^-''^[-k{.,T)yr{.,T)
0<t<To Jo0<t<To

-q{T)y{., t) + /(., r)]||£,2(fi)dr

<  l|yo||w+ sup [ ||-A:(.,r)2/^(.,r)-g(r)y(.,r) + /(.,r)||£,2(n)dr
0<«To Jo

since A generates a unitary group and that ||e^'|| = 1. Since p||oo < M and q < qo, we
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obtain

ll^fcy||c([0,To];W)

<  llyoll?^+ C'7o(|ly||c([o,To];-W))+?o|l/llc([o,ro];W) ' (^■4)

where C depends only on go and M , hence Tk is bounded.

Contractive: Similarly, for any v,w £ C([0,To];H),

IITfct; - Tkw\\c([o,ro]-,'H) < CTo\\v - u;||c{[o,To];W)

By choosing Tq < we have Tk is contractive for t < Tq. Thus, we have the existence

of a unique fixed point on C([0, Tq]; 7^).

Step 2:

Extend above result to a solution on [To, 210] by selecting a 'new initial data' as

VTo = y{To) e

By a second contraction argument, we have a unique solution on C([ro, 2To]; ?f). Re

peating above process a finite number of times, we obtain the existence of a unique weak

solution to (8.1), with y G C{[0,T];7i). □

We need regularity on the state solution to derive the necessary conditions that an

optimal control and corresponding state must satisfy. At first, we obtain the regularity
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of the weak solution of problem (8.1), by using the similar idea from Evans [11], when

control k is smooth.

Theorem 9.2 (Regularity) Assume is a bounded space, dO. is smooth, k{t) £

C^[0, T]r\UM, ̂̂0 e and ft e L'^iQ), then the weak solution y = y{k)

satisfies y e C([0, Tj; H\Q)),yt e C([0, T]-,H\n)) and yu G C([0, T];

Proof: Construct a sequence of approximations by selecting smooth functions aj =

crj{x), {j =1,2,...) such that

is a basis of ifo(f2)

and

is an orthonomal basis of L^(Q),

where {aj} are eigenvectors for — A on Hq{Q,) (corresponding to the eigenvalues Aj ) .

For integer m, write

ym{t) = ̂df{t)(rj{x) (9.5)

where dj'{t) satisfy

df{0) = {vo{x),aj)L2 , {d'p)t{0) = {vi{x),aj)L2 (j = 1,2,3, ...m) (9.6)
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and

f {ym)tt{t)(^jd^+ [ k{t){ym)t(^jdQ +B[ym,(Tj;t]= [ f{x,t)ajdQ. (9.7)
Jq Jn Jo,

Using the orthogonality of {aj} in L^(r2) and substituting the sum for ym from (9.5)

into (9.7) , equation (9.7) becomes a system of ordinary differential equations (ODE)

m

{dfhit) + k{t){dfUt) + Y,B[ae,ay,t]dT{t) = Mt)
{=1

(0<t<T, j= 1,2,3,...)

with initial conditions (9.6), where

B[ae,aj;t] — / VaeVajd^ + / q{x)a£ajdQ
Jo. JQ.

fj{t) = f fix, t)ajd^. (9.8)
J

Since q does not depend on time, B[a£, ay, t] does not depend on time also. Since kit) £

C^[0,T'], by standard existence theorem for ODE, there exists an unique absolutely

continuous solution satisfying (9.6) and (9.8). Multiply (9.8) by

(d^)i(t) and then sum over j to obtain

/ iym)ttit)iym)tit)d9. + kit) [ iiym)t)^dQ + B[ym,iym)t;t]
Jii Jn

= [ fi^,t)iym)tit)dn. (9.9)
J
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Rewrite the above equality as

1 d

2 dt
[ {{ym)t)'^{t)dn+ [ Vym'^ym{t)dQ +k{t) [ {{ym)t)'^dn
Jn Jn J Jn

= [ -q{3:)ym{t){ym)t{t)dQ+ [ f{x,t){ym)t{t)dQ
Jo. Jn

< f / yl{t)dQ+^-^ [ {{y^)^f{t)dQ + l [ {{y^),)\t)dn+l f f{t)dQ
^ Ja ^ Jn X Jn x Jn

< Co [ WymVym{t)dQ + Co f {{ym)t)Ht)d^+I [ fit)dn (9.10)
Jn Jn J Jn

where we use Poincare's Inequality in the above inequality and Co is a constant inde

pendent of m. GronwaJl's inequality [11] yields the estimate

max
ci<t<T

<

[ {{{ym)t)\t) + \Vym\Ht))dn
Jn

f {iym)tf{0)dQ+ f \Vymm'dQ+ [ fdQ
Jn Jn Jo

Now we need to estimate

/ ((j/m)t)'(0)df^+ f \Vy^{0)\^dn.
Jn Jn

By the definition of ym and using the properties of aj, we have

j=i

m

i=i
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j=i

i=i

< Il^illi2(n);

and

Vy„(0) = ̂ df(0)Vc7,(x)
j=i

dVn[ Vy„(0)Vy„(0)dfi = - [ ym^ym(0)dn+ f -^ymds
Jn JQ Jan (Jv

—  I J/m'^ym (0)®^^
Jn

' m \ I ^ \
x:<if(0K(x) j:rf»(o)Aa,(o) dn
\J=1 / V=1 /

E''"(0)<x,W ) (f;<(7(0)A,.a,(0) ) dSl
u=' ! \j=i /

« m

j=l

j=l
m

i=i

^  ll^oll^i(n)-

For the last inequality above, see [12]. Note Aj > 0 , since

—^(Jj = AjCTj, and (7j\r = 0,
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1!v<t,|P = -/
Ju

ajAajdfl

A, =

x,j^a]da
llVoilP

>
w

112
 0.

Therefore

|Vy„(0)pcfQ<C2(|ir;i||23(^) + ||r;o||^.(n)).

We conclude

max

o<t<T
[ {{{ym)t)\t) + \Vyrn\\t))dn
Jn

^ C's ||ui||l2(q) + l|uo||^i(Q) + ||/||^2(n) (9.11)

From (9.9), we have

j^(ym)tt{t)(f>dQ + j^k{t){ym)t(l)dn + B[ym,<l>-,t] = J^f{x,t)4>dQ (9.12)

for any </> G Hq{Q). Therefore, we have

I [ {ym)tt{t)4>dQ\
Jn

<  \f k{t){ym)t(t>d^ + \B[ym,<l>]t]\ + \ [ f{x,t)(f)dQ\. (9.13)
Jn Jn
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Using the estimate (9.13) and Poincare's inequality, we conclude

for any (/> G Hq{Q). Passing to the limit on a subsequence as m —> oo, and obtain

y G L^([0,T];/f^(fi))such that

ym-^y in L''{0,T;H\Q)),

{ym)t yt in L'^iQ),

{ymht-^ytt in L\0,T;{H'y{n)).

To verify y(0) = vq, yt(0} = Ui, one choose any function v G C^([0,T];iyo(Q)), with

v(T) = vt(T) = 0, in the weak form of (8.1), we get

^  vtt,y > + J^k(t)ytvdQ+ dt = ̂ ~ ̂
= f f"- f yvt{0)+ f ytv{0).

JQ Jn Jn

Since t;(0), i;/(0) are arbitrary, conclude y(0) = vq, yt(0) = ui. □

Next we generalize the above regularity result without the smoothness assumption

of control h, and obtain a priori estimate.
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Theorem 9.3 (Apriori Estimate) Given vq G Hq{Q),vi G L^(Q),/ G L'^{Qt),

ft G L'^{QT),dQ. is C^, and k G C/m, then the weak solution y = y[k) satisfies

0<t<T ^ iiy'(0llL2(n)) + l|y«llL2([o,T];//-l(n)))
< C'(ll/llL2([o,T];L2(n)) + ll^ollHo'(n) + lbillL2(n))

where C is a constant which depends only on Q and T.

Proof: There exist sequences {yon] C {yin} C Hq{Q.) , and {/:„} C C^[0,T]n

Um such that

yon—t'o, strongly in H^{Q)

y\n— strongly in L^(Q) (9.14)

kn —> k, strongly in L^{Q).

Denote the weak solution of (8.1) corresponding to the initial data yon>y\n with

control kn by yn, then satisfies the regularity of Lemma 9.2. Multiply the PDE (8.1)

by {yn)t and integrating over Qt — Q x {0,t) with 0 < t < T, we obtain

9  ̂{yn)tt{yn)t 'i' kn{t){{yn)t) {^yn){yn)t 'i' yyn{yn)t fiyn)t

~ Iq + + + Wn(yn)t-/(yn)t
f  "

-  yi(yn)r.(yn)<n,dsdr ,JdCtx(0,t) ̂

dxdr

dxdr
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where Vy„ denotes the spatial gradient of y„. Since y„ = 0, {yn)t = 0 in x (0,T),

the boundary term vanishes, and we have

0 = ̂  |^^[((yn)t)^ + |VynP] +A;„(t)((y„)t)^ + yy„(y„)j -/(y„)t|da;dr
= [ ̂[((2/n)t)^ + |Vy„p]da; - /" ^[(yi„)2 + |Vyo„p]da:

Jnx{t} ̂  Jn 2.

-[ [-kn{{yn)tf - gyn{yn)t +f{yn)t]dxdT (9.15)
JQt

and

f  [((yn)t)^ + |Vy„p]dx
Jnx{t}

= [ [{yiny + \Dyon\'^]dx + 2 f [-k{{yn)tf - qyn{yn)t +fiyn)t]dxdT

<  ll2/ln|lL2(n) + Il^y0n|||i2(n) + I|/|Il2(Q,) + ll(2/n)<llL2(Qt)

+ ̂l(l|yn||L2(Qt) + ll(yn)«||L2(Q,)) (9.16)

where constant Mi depends only on M and qg. Using Poincare's Inequality

f  \Vyn(x,t)\^dx >Ci [ yl{x,t)dx
•.'nx{«} Jnx{t}

where Ci is some constant independent of y„, we obtain
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< C2 fq^iiiynhf + yl]dxdT (9-17)

+<^2(112/171111,2(0) + ||VyoT7|li2(n) + ll/lli2(Q))

where C2 is independent of y„.

Let

V{t) = f [yl + {{yn)t?]dx
jQx{t}

^ = <^2(||yin||i2(Q) + |Vyo„|^2(o) + II/|Il2(Q))

Then the inequality (9.17) becomes

'n{i)<^ + C2[ r}[t)dt. (9.18)
Jo

Using Gronwall's inequality, we obtain

y(t) <?(l + C2Te^^^),
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I.e.,

kx{t}[yl + {{yn)t?]dx

<  (1 + C2re^^^)C2(|iyi„||i.(f,) + |Vyonli2(n) + UWUq^))-

Combining (9.16) and (9.19) and letting n —>■ oo, we get at time t

l|yt(0lli.(n) + li lVy(0llll2(n) + l|y(i)lli.(n)

<

where C3 depends only on Q and T. Taking the supremum, gives

Next, we are going to estimate yu- Since

< ytt, <t> > {t)

= - [ [VyV<?!) + A;yi(?i> + yy<?l)-/0] (Oda
JQ.

for any (f> G iTo(^)- Let ||</>||//^i(n) = 1» then

< ytt,<t>> (01

(9.19)

C3{\\yi\\h(u) + lVyoli2(j,) + WfWi^Q^)) (9.20)

^sup^(||y|lH„Ui2) + \\yi\\LHn))
< C'3(||yi||i2(n) + ll'^ollHj(n) + ll/llL2([o,T],L2(n)- (9.21)
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< \\fi^)\\h(n) +C'4[||y«llL2(n) + llyllHoi(n)] (9.22)

where C4 depends on M. Using (9.22), we obtain

lly«llL2([o,T],//-i(n))

<  <^5^ [\\f{t)\\h(a) + \\yt\\h(a) + \\y\\]{^(Q))'^^
< C'6T(||yi||^2(n) + ll^^ollHgi(n) + ll/llL2([o,T],L2(n))-

where C5, Ce are constants independent of k. □

Now we obtain the existence of an optimal control.

Theorem 9.4 (Existence of Optimal Control) There exists an optimal control k* G

Um, which minimizes the objective functional J{k) for k G Um-

Proof: Let {A:"} G 17m be a minimizing sequence in Um such that

lim J(fc") = inf J(k). (9.23)n^oo ^ ' k&JM

Denote y" = y{k'^)- By Lemma 9.3 we have

oSup^("y"ll//^i(n) + ll(y")<llL2(n) + ll(y")»llL2([0,T];H-i(n)))
<  <^'(ll/llL2([o,T];L2(n)) + ||yo||//gi(n) + ll^^i|lL2(n))-
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On a subsequence, by weak compactness, there exists y* In C([0,T]; Hq{Q.)) such that

y"^y*weak*ln L~([0, T];

{y% - (y*)i weak * in L°°([0, T]; (9-24)

(y")n ̂  {y*)tt weakly in L^{[0,T]]

and

k" —^ k* weakly in (9.25)

By the definition of weak solution, we have

r<yj),<^>=- f (Vy"V.^+P((y"),)<^ + yy>-/</.)dxdt. (9.26)
Jo Jq

In the convergence as n —)• oo, the only difficult term is the term with A;" on the RHS of

(9.26). We now show convergence of the RHS. Define the sequence of function v"(t) by

v"(i) = f yt{x,t)(f){x)dx.
Jq

We have

f k'^{{y^)t)(l>dxdt= f k'^{t)v"{t)dt.
Jq Jo

using the weak convergence of (y")i on space and the continuity of y" in time into L^{Q,)
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, for each fixed t,

'(<) —> v{t) — / y*{x,t)(t>{x)dx pointwi
Jo.

pointwise as n —>■ oo,

By Egorof's Theorem [31], for any s > 0, there exists a set E C [0, T] such that m{E) < s

and

—> u(t) uniformly on [0, r]\£'.

Then we obtain

IPv" - k'v\dt < - k*v)xE\dt + - k*v)x[o,T]\E\dt.

The integral term on [0,r]\£' approaches 0 as n —> oo by the uniform convergence of

u" —> u on [0,T]\£'. The integral term on E can be estimated,

f  - h*v)xE\dt < m[ (|u"| +
Jo Jo

< M(||t;"||i2(o,7') + ||v||l2(o,t))"^(^))

which is small due to bounds on u" and m{E) < e. Hence we obtain the desired

convergence:

f k^y^4>dQ f k*y;4>dQ.
JQ JQ'Q
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We can pass to the limit in the y" PDE and obtain y* = y{k*), solution of (8.1). Thus

y* = y{k*) is the solution of state equation (8.1) with control k* . Since

J{kn = U {y*-zrdQ+^ [ {k*fdQ,
2Jq 2 Jq

using lower-semicontinuity of norm with respect to weak convergence, we have

J{k*) < lim ^ / (y" — 2)^d(5 + lim inf ̂  f {k^^dQ
n->oo 2 JQ n-ycc 2 jQ

<  liminfj(/:")
n—^oo

=  inf J(k).
keUM

Finally, we conclude k* is an optimal control. □
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Chapter 10

Characterization of the Optimal

Control

We now derive the optimality system by differentiating the objective functional J{k)

with respect to the control k. Since y = y[h) is involved in J(A:), we first must prove

appropriate differentiablity of the mapping

k -> [y[k),yt{k)) = y{k).

Lemma 10.1 The mapping

keUM-^ m = {y{k).yt{k)) e L\[o,T]-,n)
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is differentiable in the following sense

y{k + €e) - y{k)

weakly in L^{[0,T];'H) as e —> 0, for any k satisfying k + e£ £ Um for e amall and

I G L°°(0,r). Moreover ̂  in L^{[Q,T];7i) is a weak solution of the following

problem:

"Utt = A'H - k'iit- - iyt, in Q

^ = 0 5fix(0,r)

^ = 0 i = xGfi

= 0 f = 0, xGf^

where y = y{k).

Proof: Denote y^ = y{k + £i) and y = y{k), then is a weak solution of

^ ~ ̂ = 0 mdQx{0,T)
£

(10.1)

y^ -y 0  t = 0, X £ Q

,v — y.
{-—-)t = 0 t = o, X en

£
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Using Theorem 9.3 , we get

-nn II II I II yh-ytt II

< C\\^yt\\L'^([o.T]-,L2(n))

< c\\e\\Loo sup MWma)-
0<t<T

< ^211^111,°°

where C depends on the L°° bound on £, but is independent of e. Hence on a subse

quence, by weak compactness, we have

weak * in T°°([0,T];//o^(f2)),

~  ̂ weak * in L°°([0,T];//-i(fi))

By the definition of weak solution, we have

^ y' -y j. ^ , f ̂ ,y^ - y^^j.,<  ,(()>+ V( )w(t>dx
£  tt Jil £

= - [ k{- -)t<f>dx — f q(- -)(pdx — [ ty^cpdx
Jci £ Jq £ Jn

for any 4> e Hq(Q), and a.e. 0 < t < T.

Letting e —)■ 0 and using that y^ -)■ yt weakly in L^(Q), we obtain 5' is the weak

solution of problem (10.1). □
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Now we are ready to derive the necessary conditions that characterize an optimal

control. Note that the adjoint problem is unusual due to {kp)t term.

Theorem 10.1 Given an optimal control k* and corresponding y* = y{k*) =

{y*,y*), there exists a weak solution p — {p,Pt) in to the adjoint problem:

ptt = Ap - {kp)t - qp+y* - z, in Q

p = 0, 5J^x(0,T) (10.2)

p = p( = 0, t = T, X £ Q

(transversality condition)

Furthermore, k satisfies

k*{t) = max m'ln J {py)){t,x)dx, (10.3)

Proof: Let k* £ Um be an optimal control and y* = y{k*) be the corresponding

optimal state solution. Let k* + ei £ Um for e > 0 and y^ = y{k* + si) be the cor

responding weak solution of the equation (8.1). We compute the directional derivative

of the objective functional J{k) with respect to k in the direction of i. Since J{k) is a

minimal value,

0 <
£->■0+ £
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=  I ̂  - (»" - IC'" + «')' - (*^')^<"|
=  Ii„ (/ jiLzynK±jLzMMt+U\2k-t + et')dt\

£->0+ yjQ 2£ 2 Jo J

= [ '^{y* - z)dxdt + f3 [ k*£dt (10.4)
Jo Jo

where is defined in Lemma 10.1.

We need to prove the existence of the solution to the above adjoint equation. This

proof differs from the existence of solution of the state equation due to the {kp)t term

with k not necessarily weakly differentiable and the source term. In the system formu

lation using the notation from Theorem 2.1, the adjoint equation becomes

^p{t) = Ap{t) +
/

\

\
0

-{kp)t - qp + y - z

where A generates a unitary group on 71.

We "formally" seek a solution of the form

m = f 0

-{kp)t -qp + y - z

To make sense of the {kp)t, we integrate by parts,

ds.

P-i:
/

0 0
\

0
ds +

\
kp -qp + y - z kp{t)

(10.5)
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To find a solution p satisfying (10.5), we prove the existence of a unique fixed point in

L°°{[0,To];H) of the map

Fp{t) = I'
(

■

■ \

0 0 0
ds +

{kp) -qp +y- z kp{t)

(10.6)

One first step is to prove the fixed point result on [T — TqjT] for To sufficiently small.

We show

T: L~([T-To,T],7/)->T°°([T-To,T],-^)

is bounded and contractive.

To show boundedness and contractive, consider the kp{t) term.

0

kp{t)
L°°([T-To,T]M)

=  II^PllL«=([T-To,T],L2(n))

< M sup {p{x,t))^dx^~

= Msup ^ pt{x,s)d^ dx
< M sup Pj (x, s)dsdxj

2  \ 2
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< MT^ {L L Pt{x,s)dsdxT

T-To Jn

< MTo||p(||L<x>[T-To,r],L2(n))i

where "sup" means essential supremum for L°°. To complete the boundedness property,

using the property that and A commute [28], we obtain

(  \
0

ds

n

II'^P||l<^([T-To,T],W)

<  '^^o||Pi||L°°([T-To,r],L2(t^)) + sup J
kp{t)

+T0II - qp + y - ̂\\L'>^{[T-To,T],L^{n))

<  sup / \\kp\\Hi{s)ds + MTo\\pt\\L°^{[T-To,T],L^(n))

+J0II -qp + y - 2|lL«'([T-To,T],L2(n)).

< 2MToC'i||p||£^oo([7'_7'g^7']_-^) + Toll - qp + y - z\\l°°([t-To,t],'H)

< 2MToCi\\p\\loo^[x_'j'^jj -^^ + ToC2\\p\\l'>='{[t-To,t],'H)

+7o||!/ - z\\l'=°{[T-To,T],'H)

=  {2MCi + C2)To\\p\\loo^['j^_j'^ j'],-h) + To\\y - z\\l°°{IT-To,t],'H)-

For contraction property, we have

||Fpi - Fp2\\l'^([T-To,T],'H) < (2MCi +C2)To\\pi - P2||L°°([T-To,r],'H).
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where Ci,C2 and C3 are constants depending only on the coefficients of state equation.

The above inequality gives the contraction for To small. Thus we obtain our unique

fixed point on [T-TqjT] and then apply the argument on [T —2ro,T —Tq]. Continuing

gives the existence of a unique solution to the adjoint equation.

Then substituting the adjoint problem into (10.4), we obtain

0 < [ ■^{y* - z)dxdt + 13 r k*idt
Jq Jo

<  f |<5'(t,p>+ [ VpV^da;+ [ k*p{^)tdx+ [ qp^dx\ dt
Jo L Jn Jn Ja

+/?/
Jo

rT

k*tdt

by using ^ = 5't = 0ont=;0 and p = pt = 0 on t = T. Then from equation (10.1) for

"f, we obtain

0 < y £ ^f3k* — J py*dx^ dt.

Note £ = £{x, t) is an arbitrary function with k* ■{- ££ E Um for small £ .

Considering three cases involving the sign of the variation £ depending on the size

of k*^ we obtain the desired characterization of k*.

Case 1:

Let Ai = {(x,t) G Q| 0 < k*{x,t) < M}. Taking support of £{x,t) C Ai with
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arbitrary sign, we obtain

/3k* - f py/dx = 0, in Ai
Ja

So in this case, we conclude

-M < k* = \ I py*dx < M
p Jn

Case 2:

Let A2 = G Q\ k*{x, t) — M}. Taking support of i{x, t) C A2 and i{x, t) < 0,

we obtain

/3k* - j py*dx < 0,
Ja

So in this case, we conclude

M = k* < \ [ p*ytdx.
/3 Jn(d

Case 3;

Let A3 = {(x, t) G Q\ k*{x, t) = 0}. Taking support of £(x, t) C A3 and £{x, t) > 0,

then we have

0 = ^ / PVtdx.
/3 Jn
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Combinning the above three cases, we conclude

k* = max ( —M, min J py*dx,M ) ) □

Substituting (10.3) for k into the state equation (8.1) and the adjoint equation (10.2),

we obtain the optimality system (OS)

ytt = Ay - m3,x{-M, mm j^pytdx,Myj yt - q{x)y +f m Q
Ptt - Ap- + y - z'm Q

t

max ^-M, min J pytdx, P
y = p = 0 dQx{0,T) (10.7)

y = 0 t = 0, X e Q

p — Pt = 0 t = T, x £ Q

The weak solutions of the optimality system exist by Theorems 9.1 and 10.1; The

existence of an optimal control k* and corresponding y* implies the existence of p.

Note we have derived necessary conditions for an optimal control. The uniqueness

of the optimal control is not known at this time.
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