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ABSTRACT

In this dissertation, we investigate optimal control of partial differential equations.
We prove the existence of optimal controls for which the objective functional are min-
imized or maximized. The goal is to characterize the optimal control in terms of the
solution of the optimality system. The optimality system consists of the state equations
coupled with the adjoint equations. To obtain the optimality system we differentiate
the objective functional with respect to the control. This process is applied to studying
a predator-prey parabolic system with Robin boundary condition, to control the effects
of boundary habitat hostility. In a wave equation problem, a bilinear control is used to
bring the state solution close to a desired profile under a quadratic cost control. We also
establish the uniqueness of the solution of the optimality system and thus determine
the unique optimal control. In the problem of a wave equation with viscous damping,
we control the damping term. We seek to minimize the cost functional which measures

the closeness of state solutions to a desired profile.
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Introduction




The Pontryagin Maximum Principle is a milestone of modern (finite dimensional)
optimal control theory for ordinary differential equations [14]. The Pontryagin {29}
Maximum Principle generalized the classical calculus of variations to ordinary differ-
ential equations. However there is not a complete generalization of the Pontryagin’s
Maximum Principle to partial differential equations. In 1960’s, J.L.Lions started the
development of optimal control of partial differential equations [25). The ideas of study-
ing optimal control of partial differential equations are similar to the ideas of studying
ordinary differential equations, but the differentiations are " Gateaux” derivatives in the
infinite dimensional spaces. Li and Yong’s book [23] gives references and results of the
Pontryagin Maximum Principle for partial differential equations.

Control theory as a whole is divided into two main sub-categories: optimal control
and control. Controllablity and stabilization are the most important areas of control
theory [36] [26]. In optimal control theory, the desired performance of the system should
be specified. Such a criterion is refered to as a cost functional or objective functional.
The goal of an optimal control problem is to characterize the optimal control such that
maximizes or minimizes the objective functional over the control space.

Much theoretical work on optimal controls involves linear partial differential equa-

tions (linear in state and in control)

y' = Ay + Bu,

with an objective functional that is quadratic in the control. These ”linear-quadratic”



problems have been treated with Riccati equations on Banach Spaces; see the book by

Lasiecka and Triggiani [18] for background on this approach. The problems treated in

this dissertation do not fall into the Riccati framework, since the state equations are

bilinear in the control.

In optimal control problems, variable are divided into two classes, state variables
and control variables. The studying of an optimal control problem requires the following
initial setting [25]:

1. A control variable f belonging to some set U4 (the set of "admissible controls’).

2. For a given control f, the state variable u(f) of the system, which is to be

controlled, is given by the solution of an equation

Au = Flu, f),

where A is a known operator. The operator A could be a system of partial differential
operators, ordinary differential operators, integral operators, or a ”hybrid” system con-
sisting of both PDE’s and ODE’s. F is a continuous (usually nonlinear) function of u
and f. An appropriate solution space for the state equation is chosen.

3. The "objective functional” J(f), the quantity to be maximized or minimized, is
defined in terms of u(f), f, or a combination of both terms.

The objective is to characterize optimal controls f* € U,q such that

J(f7) = sup J(f),

feuad



or J(f) = fiefé{fadv](f)a

where the supremum or infinimum is taken over the set Uyq.

The usual steps in these control problems are :

1. The existence and uniqueness of the solution to the state system are proven; an
iteration scheme or semi-group method are frequently used.

2. The existence of an optimal control is proven. A maximizing or minimizing
sequence argument with an appropriate priori estimates is used.

3. The necessary conditions for f to be an optimal control are derived. The objective
functional is differentiated with respect to the control. We take the Gateaux derivative

of J with respect to f in the direction h at f*, i.e.

fi LU R = T
e—0 €

where h denotes the direction. Since the objective functional may contain the state

variable u , we also define the Gateaux derivative of u with respect to f in the direction

h,i.e.

Lo u(f k) — u())
e—0 € !

which should be shown to converge to a function in the solution space, ¥. The ”sensi-



tivity” function 1 satisfies a PDE linear in 9,

Ly =g(h, f,u).

To characterize the optimal control f* from %, the adjoint system is introduced with
a transversality condition and other appropriate boundary conditions. The adjoint
equation involves the adjoint £* of the operator £. An explicit representation of an
optimal control is determined by standard optimality techniques. The state equation
system coupled with the adjoint equation system and the characterization of f* form
the optimality system. This representation characterizes the optimal control in terms
of the solutions of optimality system, i.e. the solutions of state equation system and
adjoint equation system.

4. The existence and uniqueness of the solution of optimality system is established,
which implies the uniqueness of the optimal control.

As a formal example, consider the following linear wave equation problem where f

represents a control:

utt—Auzf inQ:Qx (O,T)
u(z,0) =ug(z), z € Q
u(2,0) = u(z), = € Q

2 — 0 0n 9Q x (0,T).

For f € Uy = {f € L*(Q)|— M < f < M}, the set of admissible controls, the



cost functional is

J(f) = % (/Q(u — 2)?%dzdt +/Qf2dzdt) , (2)

where z is the target function. The goal is to find f* that minimizes the cost functional.

The existence of an optimal control through a minimizing sequence argument can be

established.
To derive the optimality system, first analyze ﬂ”—dlu(ﬁ when € = 0%, Let u* =

u(f + €h). Then system (1) becomes

(u —u) _A<u —u>:hinQ
€ tt €

<"€_") (z,00=0, z € Q

€

(u —u) (2,0)=0, z € Q
t

0(u® - u)

e =0on 00 x (0,T).

By a priori estimate, one shows that =% — o in L2([0, T]; H'()), then ¢ satisfies

€

the problem

Yy — AP =hin Q
Y(z,0)=0.2€Q
Pe(2,0)=0.2€Q

¥ =0o0ndQx (0,7).



Next, the adjoint of the operator ;; — A% is itself. The source of the adjoint partial

differential equation equals the derivative of the cost functional integrand with respect

to the state. Hence, the adjoint problem is

Py — Ap=1u— zinQ

p(z, T)=0, 2 €Q

(4)
pt(ﬂf,T) = 07 z €
% =0 on 0Q x (0,T),
where the transversality conditions on the adjoint variable are at ¢t = T. Now to |

determine the representation for f*, suppose f* is an optimal control with corresponding
solution u* and consider another control f* + ¢h with associated solution u®. Since the

minimum of the cost functional occurs at f*, then

JUf"+ 6h) - J(f")

0 S llmz—}O"‘

= lim, [26/[ u = 2)° = (u* = 2) ]da:dt]
# fim, [0 [ O+ - () deet]

ut -y, ut—-z4+ur—z

- el—]>r(§1+ Q( € )( 2 )d:l:dt
1
Ii - * 212
+ lim 26/Q(zf ch + %) dedt

_ /Q B(u* — 2)dedt + /Q fhdzdt

= /Q [p(bes — AY) + f*h)dzdt



- /h(f*+p)da:dt
Q

To determine f*, standard techniques are used. Consider the following three cases.
Case 1: On the set {(z,t) € Q|f*(z,t) = —M}, one can choose nonnegative variations
h with the support on the set. Hence, —-M = f* > —p.
Case 2: On the set {(z,t) € Q| — M < f*(x,t) < M}, one can choose h with arbitrary
sign and support on this set. This implies that —M < f* = -p < M.
Case 3: On the set {(z,t) € Q|f*(z,t) = M}, one can choose nonpositive variations h
with support on this set. Then M = f* < —p.

Combining these three cases, we obtain f* = max(—M, min(-p, M)).

Using the relationship between the optimal control and the associated adjoint vari-

able, the optimality system is as follows (formally):

Uy — Au = max(—M, min(—p, M)) in Q
pu—Ap=u-2zinQ

du __ 9
v — 8

2 =0 in 9Q x (0,T) (5)

v=u=0,t=0,z€

p=p=0,t=T, €N

One would then show uniqueness of the optimality system to obtain uniqueness of
the optimal control.

Now I summarize the various results contained in this dissertation. All the problems



are posed in a multidimensional domain Q with Q = Q2 x (0,7T).

In part I, we consider optimal control of the effects of boundary habitat hostility
in a predator-prey parabolic partial differential equations (PDEs) with Robin boundary
conditions. Given control 3, measuring boundary habitat hostility, the corresponding

prey and predator state variables, u = u(8) and v = v(f) satisfy the state system:

u—ogAu = (a; —du)u—cuv in Q =Qx (0,7)
vy — AU =  —aqU 4+ couv
u(z,0) = wuo(z), v(z,0) = vo(z) for z€Q

al%ﬁ,“‘*‘ﬁ“ = 0, azgﬁ+ﬂv =0 on 00 x (0,T)

This system has been used to model the degradation of the matrix habitat caused by
some factors such as increased hunting pressure, pesticide contamination, or pollution
[17] [10]. Solutions of the system represent population densities of the prey and the
predator species. The system has Lotka-Volterra type growth terms with local inter-
action terms representing the predator-prey situation. The coefficients ay, as, d are the
standard Lotka-Volterra (logistic) growth terms. The interaction terms, —cjuv and
couv, signify decay for the prey population growth and for the predator population
respectivly.

The control is the convective coefficient of the Robin boundary condition and indi-
cates the hostility of the external environment to the species in question. The extremal

cases 8 = 0 and 8 = oo correspond to a completely closed patch (i.e. one with a re-



flecting boundary ) and to an immediately lethal exterior, respectively. The 8 = 0 case

is the most favorable to the species.

The objective is to maximize J with respect to control 3 where

J(B) = / (Avu+ Agv)dedt - 1/ (M — B)2dsdt
Qx(0.T) 2 Jaax(0,T)

with positive constants A;, A, . We establish the exsistence of an optimal control and

then characterize 8* such that

J(8*) = max J(B),

BeUM

where Uy is our control set. This cost functional combines the control on the boundary
and its effect on the popﬁlations. It reflects a balancing effects of growth of the species
and the cost of making a favorable boundary environment. An unfavorable boundary
environment may be profitable to some neighboring industries. This functional gives a
balance between preserving the species and cost of making ”favorable to the species”
boundary. That cost could include a loss of profit to neighboring industries.

The solution to this optimal control problem involves establishing the existence of
solutions to the state system (6). This result involves a method of monotone iterations
which involves ccc control is shown via a maximizing sequence argument and a priori
estimates. The optimality system, which consists of the state system coupled with an

adjoint system, is produced by taking the directional derivative of the objective func-

10



tional J with respect to the controls. The optimality system has opposite orientations

due to the forward and backward in time nature of the state and adjoint equations.

The next two parts of this dissertation involve optimal control of wave equation.
Russell [32, 33, 34, 35] developed the theory of control of wave equations, including
many controllability and stability results. We will treat optimal control problems which
are bilinear in the control. Lenhart together with Bradley, Protopopescu, and Yong
[19, 20] have studied bilinear control for the Kirchhoff plate equation and acoustic wave
equation. Control theory, virtually by definition, is concerned with the presence of a
variable control in the state equation. The difficulty in studying bilinear optimal control
is that it is hard to get a priori regularity.

In part III, we study an optimal control of a wave equation with Dirichlet boundary
condition. We consider a bilinear optimal control problem in which the control acts as
a dispersive term. Given the control h in our control set Ups, the corresponding state

variable w = w(h) satisfies the state equation

11




wy = Aw+hw+f in@Q = Qx(0,T)

w = 0 in 9Q x (0,T)

(7)
w = wo(z) t=0, ze€Q
wy = wi(z) t=0, z€Q

where f € L2(Q), wo € H}(Q), wy € L}().

We take as our objective functional:

([ w==rae+s [ waq).

where z is a given target function. This objective functional combines the cost of control

J(h) =

DN | —

and the measure of the "closeness” to the desired profile z. The objective functional is

defined as

J(h*) = hréllijx;dj(h).

The goal of this work is to obtain an unique optimal control in terms of the solution to
the optimality system, which will consist of the original wave equation problem coupled
with an adjoint problem.

The solution to this optimal control problem also involves establishing the existence

of the solution to the above state problem (7). But this existence result involves a semi-

12



group method, since the maximum principle is not available in wave equations. The
existence of an optimal control is shown via a minimizing sequence argument. Then the
optimality system is derived by differentiating the objective functional with respect to
the control. Finally, for sufficiently small time 7', under an assumption of boundedness
of state solutions, we prove uniqueness of the optimality system, which characterizes
the unique optimal control. We also treat two special cases: h = h(t) and h = h(z).
In these two special cases, we use two different methods to obtain the uniqueness of
the optimality system without boundedness assumption of solutions. The uniqueness
proofs are unusual due to the opposite time orientation of the two equations.

Finally, in part IV, we study optimal control of a wave equation with viscous damping
and with Dirichlet boundary condition. We consider a bilinear optimal control problem
in which the control acts as a damping term. Given the control £ in control set, the

corresponding state variable y = y(k) satisfies the state equation

Y = Ay - k‘(t)yt - Q(l')y+ f in Q = QO x (O,T)

y = 0 in 3Qx (0,7)
(8)
v = w(z) t=0, z€Q

We take as our objective functional:

(/Q(y _2)2dQ+ 8 /OT k2(t)dt> .

J(k) =

N —

13



The objective is to minimize the functional over the control set Ups, i.e. to charac-

terize k* such that

J(k*) = kréx(ljr;JJ(k).

The solution technique to this optimal control problem is similar to part II1 where
the control variable is the coefficient of term hu in the state equation. In this part, the

control variable is the coefficient of term ky; in the state equation.

14




Part 11

Optimal Control of the Effects of
Boundary Habitat Hostility in a

Predator-Prey Model



Chapter 1

Introduction to Predator-Prey

Problem -

We consider optimal control of a parabolic system of partial differential equations
(PDEs) with Robin boundary conditions. The parabolic system is posed in a bounded,
multi-dimensional domain Q. Solutions of the system represent population densities of
the prey and the predator species. The system has Lotka-Volterra type growth terms
with local interaction terms representing the predator-prey situation. The control is the
convective coeflicient of the Robin boundary condition.

Given controls 3, the corresponding prey and predator state variables, u = u(f3)

and v = v(f) satisfy the state system:

16



w— oAy = (g —du)u—cuv in Q=0 x (0,7T)
vy — aa AV = —aqv + couv
u(z,0) = wup(z), v(z,0) = vo(z) for z€Q

(Y]%'*‘ﬂu — 0’ a2g—z+ﬁv =0 on 89 X (O,T)

where @ is a bounded open connected set in R*. When n = 2,3,  represents a
habitat for the species whose population densities at location z € 2 and time ¢ > 0
are given by u = wu(z,t) and v = v(x,t). Because of the dispersive nature of the
predator and prey species, the population dynamics of these species dependents on
space and time. This dependence is evident by the use of parabolic diffusive Lotka-
Volterra PDEs. The functions ug(z) and vo{z) give the initial density distributions
of the prey and predator species inside our spatial area. The coefficients oy and as
represent the diffusion rates for the predator and prey within Q respectively. The
coeflicients ay, ag,d are the standard Lotka-Volterra (logistic) growth terms, with a;
denoting growth for prey population, —a, denoting decay for predator population and
d signifying crowding. The ¢, c2 coefficients represent interaction effects. The —cyuv
term is a decay term for the prey population; whereas, the couv term is a growth term
for the predator population. «@; and a; are the diffusion rates corresponding to the
prey population and the predator population respectively within € . The convective

coefficient § is an indicator of the hostility of the external environment to the species

17



in question. The extremal cases # = 0 and 3 = oo correspond to a completely closed

patch (i.e. one with a reflecting boundary ) and to an immediately lethal exterior,

respectively. Thus the 8 = 0 case is the most favorable to the species.The 5=0 case

corresponds to Neumann boundary condition,whereas the 3 = oo case corresponds to

Dirichlet boundary condition.

We define the class of admissible controls,
Unt = {B(z,1) | B € L3(02x (0,1)); 0< B < M}.

Our payoff functional is

J(8) = / (Avu+ Agv)dedt — - / (M — B)2dsdt
Qx(0.T) 2 Jaqx(0,T)
with positive constants Ay, Ay . This functional combines the control on the boundary
and its effect on the populations. It reflects a balancing effects of growth of the species
and the cost of making a favorable boundary environment. An unfavorable boundary
environment may be profitable to some neighboring industries. This functional gives a
balance between preserving the species and cost of making ”favorable to the species”
boundary. That cost could include a loss of profit to neighboring industries. To make
the most favorable boundary environment, we would take 8 = 0 and incur the largest

cost (M — 0)%. We seek to maximize the functional over the admissible class of control

18



space, i.e. to characterize § such that

J(6%) = max J(B).

BeUp

The idea for this problem came from discussion with Steve Cantrell and Chris Cor-
ner and from their work with Fagan [8]. Cantrell et al. (8] studied a coupled pair of
Lotka-Volterra competition equations with Robin boundary conditions, which models
the dynamics of two competing species inhabiting the pristine patch and incorporated
matrix degradation through a tunable "hostility” parameter representing species mortal-
ity rates in the matrix. Their analysis of steady-state equations shows how a competitor
that is inferior in the pristine core habitat when the matrix habitat is of high quality
can become dominant over the other species as degradation in the surrounding matrix
region proceeds. As an example, species diversity of birds inhabiting remnant woodlots
in Ontario, Canada, declines as the extent of housing development outside forest frag-
ments increases [15] . Similarly, Angelstam [1] suggests that the severity of predation
impacts on Swedish forest birds by generalist predators (e.g., corvids, foxes) residing in
matrix habitat increases as human activities make the habitat patch and its surrounding
more and more dissimilar. On a large scale, differential sensitivity to habitat degrada-
tion may account for recent increases in black bear populations at the expense of grizzly
bears in Yellowstone park [10]. In many ecological systems, progressive deterioration of
the surrounding matrix habitat may be accompanied by a predictable pattern of species

extinctions in remnant patches [6] .

19



Here we investigate optimally balancing the effects of habitat degradation on species

preservation and the cost of a favorable boundary environment. Specifically, we have a
patch of favorable habitat that is surrounded by matrix habitat. Populations of predator
and prey reside and reproduce in the favorable habitat but can disperse (unknowingly)
into the surrounding matrix.

Fister [13] dealt with a similar model with growth predator population and Neumann
boundary conditions, and the controls there are a proportion of the species populations
to be harvested. For background in control of PDE’s, see Lions [25] . In addition, Walt-
man [38] and Murray [27] provide insight into competitive and predator prey models.
Leung [21, 22] considers optimal control of the harvesting of two interacting populations.
Cafiada, Gdmez and Montero [9] analyze the profitability of harvesting species modeled
by a diffusive Lotka-Volterra elliptic system.

Chapter 2 gives the existence of solutions of the system (1.1) and the existence
of an optimal control. In Chapter 3, an optimal control is characterized in terms of
the optimality system, which is the state system coupled with the adjoint system. We
derive the optimality system by differentiating the payoff functional with respect to the
control and evaluate the result at an optimal control. Uniqueness of solutions to the
optimality system is established. Hence, we obtain an explicit characterization of the

unique optimal control.

20




Chapter 2

Existence of an Optimal Control

The following assumptions are made throughout this part:
Q is a smooth bounded domain in R",
uo(z),vo(z) € L*®(Q),
0 < up(z) < B, 0 < vo(z) < B for some B € RY,
a;,ci,d € L*®(Q), and a;, ¢c;,d are nonnegative functions, ¢ =1, 2.
o; >0, 1=1,2, >0, and are constants .
The normal direction v is outward.

The underlying state space for system (1.1) is

vV = L¥(0,T); H'(Q)).

21



Definition: We say a pair of functions

w,v € L2(0,T; HY(Q)), with us,v; € L2(0,T; (H'(R))"),

is a weak solutions of (1.1) provided

(1)

foT(ut, p)dt + ay fnx(o.T) VuVedzdt

= fo 0.7 (CIUL¢ du2¢ a1 u¢)d:z:dt faﬂx o,T ﬁu¢ds
(0.T) {0,7)
(2.1)

foT(Ut’ P)dt + oy fo(O.T) VoVipdzdt

= Jax.r)(cawvy — au)dadt — f5q, o,r) BviPds

for all ¢, € V and a.e. 0 <t < T, where (, ) inner product is the duality
between (H!())* and H'(R), and
(2) u(z,0) = uo(z), v(z,0)=vo(z).

Remark (1) By trace theorem (11}, u € L?(0,T; HY(Q)) implies u € L%(8Q x (0, T)).

Thus the integral over the boundary in (2.1) makes sense.

Remark (2) Since here u, v are continuous in time, i.e. u,v € C([0,T); L*(R2)) from

[11}, thus the equalities in (2) make sense.

We will prove an existence and uniqueness result for the state system (1.1) in

Theorem 2.1. First, we give a maximum principle.

22



Lemma 2.1 Let a € L®(Q),a > 0, ug(z) >0, o > 0, B> 0. If u satisfies u

€CH(Q)NC(Q) and

u — ey = au inQ
a—u+ﬂu = 0, on 02 x (0,T)

u(z,0) = wuo(z) forz € Q
then
0 < u< (supug(z))elleli=@ in Q.
Q

Proof: Let A =supg a. By assumption, A > 0. Let v = ue™**, then v satisfies

v—aAv+(A—alv = 0 in Q
a% +Bu = 0, on 9Q x (0,7)
ov

v(z,0) = ug(z) forz € N

By the parabolic maximum principle [30] , we have
— SUPQyr=0} U~ < ¥ < SUPqy =0y V7 -
where vt = max(up,0) = up. v~ = — min(up,0) =0 . Thus
0 < v < maxq ug-

le. 0 < u < e maxq up = (maxq up(z))elleli>w@, ]




Theorem 2.1 Given 8 € Upy, there exists a unique solution (u,v) in V x V solving

system (1.1).

Proof: Toobtain the exsistence, we will construct two sequences by means of iteration.
To obtain L* bounds, we need supersolutions and subsolutions for the u, v iterates. Let

U and V be the classical solutions of the following linear PDE problems respectively.

u—ojAu = au  inQ
alg—}j +08u = 0, on 9Q x (0,T) (2.2)
u(z,0) = wuo(z) forx € Q
v, —ogAv = cUv  in Q
ov
e +pv = 0, on Q2 x (0,T) (2.3)

v(z,0) = wvo(z) forz € Q

By Lemma 2.1, U and V are L bounded in Q. In fact,

0 < U < |luollLo(gye™ (2.4)
0 <V < lvollpee(gye™ (2.5)
where v = |la1||pe(q) and 7 = |]02]|Loo(Q)|{u0||Loo(Q)e““‘”L""(Q)T. Also define u! = U,

24



2=V, =0and v! =0.

For i=2,3,..., we define u' and v'*! as the solutions of the following problem (2.6)

and (2.7) respectively:

ut —onAu' + Ryt = f(u'7%0')  inQ

i

g +p/u = 0, on 0Q x (0,T) (2.6)
14
u'(z,0) = ug(z) forz € Q
vi— aAv' + Rt = g(uTh 0" inQ
a5 + /vt = 0, on 0 x (0,T) (2.7)

vi(2,0) = w(z) forz € Q

where  f(u'"2,v") = Ru'~? + u'"%(aq; — dui~?) — cyui~ 20t
g(uwi=!, v"2) = Roi=2 — ayu~? + coui~lui~2,
R is chosen to be a constant satisfying
R > supQ{a2 +2dU + ¢, V).
Both the problems (2.6) and (2.7) are linear PDE problems, so solutions ', v*,i = 0, 1,
2 ,..., exist.
Claim 1 For:=1,2,.., 0<u' <U, 0<v'<V inQ.

Proof of Claim 1: Using induction method, note that the statement is true when i=1.

25



Assume that

for some i > 1. Then for v,

ui— Aut4 Ru' = f(u'"% v

v VY,
| |
(%] [ ]

—~— —~—

fusl s
[ [
2, [~
(] s,
| o
o [
S
<) o
e Cs‘
——

v
o

Then we conclude by parabolic maximum principle,

Compare

u - Au'+ Ryt = f(u'T2,0f)

and

ul — Au' + Ru! = Ru'+ apu?,
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(u! - uz) - Afu! - ui) + R(u! - ui)

— R(ul - ui—2) +a1(ul _ ui—2) 4+ d(ui—2)2 + Clui—2vi.

Since =2 < U, v < V and R,ay,d,c; are all positive numbers, the right hand side
of the above equality is positive. By maximum principle, 0 < u* < U. It is similar to
prove the result about v'. By induction , the claim holds. a

Claim 2 For i=1,2,...,

f(ui=2 v%) is increasing in ui~2, f(u'~?%,v') is decreasing in v'.

! =1 v'=2) is increasing in v*~2.

~2) is increasing in u'™!, g(u'"!v

Proof of Claim 2: By Lemma 2.2 and the choice of R, we have

9 - .
8uif'2 = (R+a; —2du'"% — ¢1vt)
> (R+a) —2dU — V)
> 0
It is similar to prove the other inequalities. O

Claim 3 (Alternating Monotone) There exist @, 0, u, vin V, such that the following
monotone pointwise convergences hold

u2t ya y2it1 N\ %, in Q

o2 \ 7, p2itl v in Q,
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pointwise for 1 = 1,2, ...

Proof of Claim 3: We use the induction method. From (2.7) and v! = 0, we have
(03 = v1); — A (V? — v!) + R(v3 — v!) = cou?ev? >0,
so v! < o3 Similarly, we have u® < u!, v? > v?, u® <w?. Also u? < u?, v* >3
Fix 7, assume the statement holds for all 5, 7 < ¢, such that
w2l Ve it o
2 N p2itt 2.

For, i + 1, we compare v**2 and v¥. From (2.7), we have

(v2i+2 _ v2i)t _ azA(U2i+2 _ ,v2i) + R(U2i+2 _ v2i)

IA
o

by Claim 2. Then v?+2 < v%. We can prove the other cases similarly. By the bound-
edness of u', v' from Claim 1 and the monotone properties , we get the pointwise
convergence. O
Claim 4 The subsequences of {u'}, {v'} satisfy

u¥ =g, Pt sy 0% g ¥ty weakly in V.

Proof of Claim 4: Consider the right hand sides of (2.6) and (2.7)

£ (w2 )llzo) = IR+ a1 —d(w'™)? — e 20| e

IA

Ul 200 @) (R + la1]l Lo (@) + N1l Loy 1T Lo (@)

28



+lerll oo @)V oo (@)

Ci

”g(ui—l’vi-2)”Loo(Q) — ”Rvi—2 __ a2vi—2 n c2ui—lvi—2”Loo

< WV llpeo (@) (R + llazllzeo(q) + lleallLo @l Ul L=(@))

Cs

The right hand sides of (2.6) and (2.7) are bounded in L*°(Q). Using a priori estimate

in u, u,, for parabolic equation (2.6), we have

0<t<T
< C3/ uodz+C’4/ / 2’daca!t
< C / W2dz + C4C3Tmeas(Q)
Q
= Cs
Thus 4%, u%+! are uniformly bounded in V . It is similar to prove that v*, v

uniformly bounded in V . Hence, using weak compactness, we get
wl g, wHtl sy, 0¥ g ¥t sy weakly in V. O
Claim 5 The subsequences of {u'}, {v'} satisfy

g, uPt 5u, v¥ 55, v¥F s strongly in L%(Q).

T
sup (/ (uk)z(x,t)dx)Jr/ / |Vuk|?dedt + B(uk)2dsdt
99%(0,T)

(2.8)

2:+1 are

and  u¥ o4, wtl 5 u v¥ o5, v¥t v strongly in L2(0Q x (0,T)).

Proof of Claim 5: Using the V boundedness on u?,u?+! % v%*! and the PDE in
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(2.6) and (2.7), we get that ||u2]}, [|[u2*!]], ||v¥|| and |[vZ**!|| are bounded in

L2((0,T), (HY(R))*). Hence, using the weak compactness again, we have

ufj — Uy, ufﬂ'l — 1, thj — 1y, vfjH — v; weakly in L2((0,T), (HI(Q))*).

Since L2(0,T; H}(Q)) compactly imbeds into L2(O,T;H%+‘(Q)), 0 < e< %, and using
the compactness result by Simon [37], we have

w2 — g, u¥tl 5u, v¥ o5, v¥tl 50 strongly in L2(O,T;H%+‘(Q)).
Using the continuous mapping from H%+E(Q) into L2(99), we have

u g, wtl 5oy, 0¥ g, V¥t 4y strongly in L2(0.T; L?(9%2)).

Now we finish the proof of the main theorem. Passing the limit in the u?, u?+1, v

and v#*1 PDEs , we obtain

U — AT = a1i—d(@)?—cav  in Q
+Bu = 0, on 0Q x (0,T) (2.9)

(z,0) = wup(z) forz € Q

U — oAy = au—dulP—cuv  in Q
Ju
oy +pu = 0, on I x (0,T) (2.10)

u(z,0) = wug(z) forz € Q
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vy — 0 Av

0
012534'&1

v(z,0)

To show @ = u, 0 = v, let u = e

chosen. We illustrate the transformed PDE for u =e¢

wy — a1 Aw + Aw

w(z, 0)

ow

5 + fw

(23]

in Q

—a90 + coub

0, on 9 x (0,T) (2.11)
vo(z) forz € Q

—av+ cquv  in Q

0, on 9Q x (0,T) (2.12)

vo(z) forz € Q

w, v =eMz, &= e, U =ez, where A > 0 is to be
Mw :
ayw — deMw? — cieMwz  in Q
ug(z) forz € Q (2.13)

forz € 2% (0,7)

By the weak formulations utilizing equations for w, z, we have

/Qx(O.T){(w — )s(w - ®) + (| V(w — ®))* + AMw - )

+(z = 2)(z = 2) + (ag| V(2 = 2)|)2 + A(z — 2)*}dadt

12 12
+/anx(0,T)'B(w —w)* + f(z — Z)*dsdt
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_ / {0y (w = ©)? - de™(w? — T?)(w — @)
Qx(0.T)

—c1eM(wz — wz)(w — w) }dzdt

+/ {—aq(z - 5)% — cpe’(wz — B2) (2 — 2)}dzdt
2x(0.T)

Starting to simplify, we have

5 [ A0, T) = 0, TP + (2, T) - 20, T)P Yo
Q
+/ [ |V (w — @) [? + 6a| V(2 — 2)[?]dudt
Qx(0.T)
+ w — 0)? + Mz — 2)})dzdt
2x(0.T)
+/ B(w — w)? + B(z — 2)*dsdt
8% (0,T)
= / eM(w — 0)?[~d(w + ®) — ¢, 2]dzdt
x(0.T)
+/ eM(z - 2) cwdadt
Qx(0.7)

+/ eM(z — 2)(w — @) (—c1 W + cp2)dzdt
Qx(0.T)

+/ [ay(w — @)% — ay(z — 2)?]dzdt.
Qx(0.T)

Since u, @, v, v and d, ¢, ¢2, a;, ay are all L™ bounded in @, using Cauchy

inequality yields

3 [0 T) = 9@ TP + (20, T) - 2(a, s
+ /QX(O.T)[alw(w _@)2 + ag|V(z — 2)P]dzdt

+(A=C) QX(O.T)[(w — @)% + (2 — 2)%)dzdt
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+/ B(w — ®)2 + B(z — 5)2dsdt
aax(0,T)

<0 (2.14)

where C depends only on the coefficients, T and ||u!||p=, ||v?||L~. If A > C, then the

inequality (2.14) holds if and only if
w=®w, and z =z a.e. in (.

Therefore v = % and v = v in Q, and u, v solve (1.1). The uniqueness of u, v follows as
in the above argument. O

By the above construction the solutions are nonnegative and bounded above, i.e.,
0<u<U, 0<v<V. (2.15)

from claim 1 and claim 3, where U and V are bounded functions from (2.4) and (2.5).
Next a maximizing sequence argument is used to prove the existence of an optimal

control.

Theorem 2.2 There ezxists an optimal control in Ups that mazimizes the functional

J(B).

Proof: Since the state variables and the controls are bounded,

sup{J(B)| B € Um} < oo. Then there exists a maximizing sequence {8,} C Ups such
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lim J(8.) =sup{J(B)|8 € Un}.

By the existence and uniqueness of solutions to the state system (1.1), we define
u® = u(B,), v" =v(6) for each n.

We consider the state system (1.1) on @ x (0,t), 0 <t < T,

fﬂx(o,t) upudzdr + oy fo(O,t) Uy, Uy, dedr — fo(O,t) ay (u")?dzdr
+ fan(o,t) B (u™)2dsdr + fﬂx(o,t) vivtdzdr 4 oo fo(O,t) v} vp dedr
+ Jax(o.) 22(v™)2dzdT + [r04(0.) Bn(v™)2dsdr
(2.16)
= — fax(on c1 (¥ dzdr — [o, 04 d(u™)3dzdr

+ fo(o,t) cou™(v™)?dzdr

Using Cauchy’s inequality and that the state variables are uniformly bounded, we obtain

1

= [(u™)? + (v*)?dz + [ Vu™|? + a2| Vo™ |*dadr
2 Jax{t) 2% (0,t)
1
< 5 | 1wo)? + (v0)dz + C [(u™)? + (v")?]dedr. (2.17)
Q Qx(0,t)
Since
0<u"<U, 0<ov*<V, (2.18)



and U,V are bounded,

sup {/ﬂ[u"(z,t)]zdz+/ﬂ[v"(a:,t)]2dx} —i—/OT /Q[|Vu"|2+ |Vo™|?]dzdt

0<t<T

< & ([ [l + o +1)

where C depends only on a; and 3. Since {3,} are uniformly bounded , using weak
compactness on the space L?(d9 x (0,T)), there exists a subsequence, f* — * weakly
in LQ(Q). Since Upy is closed in the weak topology, 8* € Ups. As in the proof of the
existence of solutions to the state system (1.1), we obtain the existence of u*, v* such

that on a subsequence

*

™ = u*, " — v strongly in L%(Q) and weakly in V.

" = u*,  v™ —v* strongly in L2(0, T; L*(0%))
Therefore
Bru™ — Brut, B o™ — Brv* weakly in L2(0,T; L*(09))

Passing to the limit in the ¥", v™ PDEs and using the convergences like in Theorem 2.1,

we have that u*,v* is a weak solution associated with 3*. We have, by definition of




functional J(G),

J(3*) <sup{J(B) | B € Um}.
Since

J(B") = / (Aju™ + Agv™)dadt — L (M - §™)%dsdt,
Qx(0,T) 2 Jaax(0,T)

using the upper semi-continuity of L? norm with respect to weak convergence [12] , we

have

/ (M =% < lim (M - ).
ax(0.T) n—=00 J9Oax(0.T)

So,

v
=

(Aju™ + Apv™)dzdt — =~ lim (M - f™)2dsdt
n—=o0 Jax(0,T) 2 755 Joax(0,T)

= lim (Ayu” + Agv™)dzdt + le [—%/ (M —ﬂ”)zdsdt]
R n—roo F]

Qx(0,T)

1
' Au"-l—Av“dwdt——/ M — B")2dsdt
noree l/ﬂx(O,T)( : ") 2 aﬂx(O.T)( pryes }

Jlim_supJ(5")

v
5

v

= sup{J(B)| B € Unm}.
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Therefore 3* is an optimal control that maximizes the payoff functional. O
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Chapter 3

Derivation of the Optimality

System

We now derive the optimality system which consists of the state system coupled with
the adjoint system. We differentiate the payoff functional with respect to the controls
to obtain necessary conditions for the optimality system. Since the payoff functional

contains u and v, we must differentiate u and v with respect to the controls.

Theorem 3.1 The mapping 8 € Uy — (u,v) = (u(B),v(8)) € V x V is differentiable

in the following sense:

u(B + €h) — u(PB)

€

v(B + ¢h) — v(h)

€

=19 weakly inV

—¢ weaklyinV
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as € = 0 for any B € Upr and h € L®(Q) such that B + ¢h € Upy for € small. Also

= ¢(ﬁ) h)a = ¢(IB, h) satisfy

(V) — Ay = ayp —2dYu — cyup — vy in Uy

()t — a2Ad = —a29+ caud + covdp
P(z,0) = 0 = ¢(z,0) for z € Q (3.1)
alg—:f = —f¢Y—hu on 0Qx(0,T)
090 = 6~ hv

Proof: Define u¢ = u(8+¢€h), v = v(B+¢h). Let u® = eMws,u = eMw, v = ezt v =

ez, where A > 0 is to be chosen below. Estimating from the PDE’s satisfied by

wéi—w 26—z .
=%, =%, we obtain

%/ﬂ l(w‘(x,t)c—w(x,t))2+<z€(z,t);—z(x,t)>2l ia

[ [V aa D (EEEP) daet
Qx(0,t)
w‘—w

Qx(0,t) [ €
= / (w — w)z[al —d(u® + u) — cyv]dzdt
Qx(0,t)

€

zf— 2z

)2+ ( - )2] dzdt

+A

/ z — Z: [—az + cou]dzdt
Qx(0, t) €

wt—w. 2

€ -z
/QX(Ot)clu-i—czv)( —)(E=E)dads

/ [ 2 4 hwt ()] dads
30x(0,t) €
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_/ [,3(2 _z)2+hz‘(z;z)] deds
a0 x(0,t) € €

€

C/ [(w — P2 2 _2)2] dzdt—/ hw (") dzds
Q € € 80x(0,T) €
2f—z

- / het (2 Vdods
30x(0.T) €

INA

< C/ [(w — 24 (2 _2)2] dzdt + 2 [(hw‘)2+(w —“’)2] dzds

Q € € 20 x(0,T) €

+2 [(hz‘)2+ (E= 2)2] dzds

90x(0.T) €

< C1/ [(w _ w)2 + (z — 2)2] dzdt + 2 (hw)%dzds

Q € € 881x(0,T)

+2 (hz‘)2d:z:ds+/ [ﬁw(u)rﬂ 22)y(Z "Z)P] dzdt
89%(0,T) ol?2 € 2

where Cy depends on the coefficients and the trace theorem [11].

Continuing to estimate, using L* bounds on the coefficients and u, v, we have

% [(w‘(x,t) - w(:c,t)>2 N (z‘(z,t) - z(z,t))z] dodt

+ [ SV + RV EEDP) dea

+(A_cl)/Q [(“’ —2 (& ;Z)Q] dadt

€

IA

2 (hw®)2dsdr + 2 (hz¢)%dsdr
a9x(0,T) 89 (0,T)

< G / h2dsdr
a0x(0,T)

For A > (4, we conclude

2

zf —z wt —w

< C, h2.

€ € v a0x(0,T)

2
|
|4
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This estimate justifies the convergence of w, z quotients, and hence there exists ¢, ¢ in

V, such that

C—u vt — v

- —¢ weaklyinV (3.2)
€ €

u

Similarly to Theorem 2.1,

(u‘f—u)t_\d)t and (vl—v)t_&(t)t

weakly in  L2((0,T), (H*(Q))").

So —@:—“ — 7 and (”:"”) ~ ¢ strongly in L?(Q). Also we have *=* — y and

(Ee—cﬂ) — ¢ strongly in L?(8Q x (0,T)). Passing the limit in the PDEs which are

satisfied by ”:—“ and ”6:“ justifies that 1, ¢ solve system (3.1). O
To derive the optimality system and to characterize the pair of optimal controls, we

need to define adjoint variables and the adjoint operator associated with ¥y, 1,. We

rewrite the ¢, ¢ PDEs as
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Ly Yy — a Ay

L2¢ ¢ — AP
—a1+2d1u+clv au
B =
—CU as — ClU

Note the non-homogeneous terms in the %, ¢ system occur in the boundary terms.

We define the adjoint PDEs as

c = ,

where

N Lip ol P Lip —pt — 1 Ap
L = +B , = (3.3)

*

q L3q q L3q —q: — aAq
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and BT is the transpose of B. We illustrate in the appropriate weak sense,

p
Jo,9)L” dzdt

(
= fo(p,9)L dzdt (3.4)
¢

= Jol(¥p) (2, T) - (¥p)(2,0) + (89) (2, T) - (¢g) (2, 0)]dzdt

+ fanx(o,T)[—al?/’gg + alP%% - 0(2¢>%3 + azq%]dsdt.

For the adjoint system, we must attach the appropriate boundary and terminal condi-

tions.

Theorem 3.2 Given an optimal control 3 and corresponding solutions u, v, there erists

a weak solution (p,q) € V X V satisfying the adjoint system

Lip = Ai+ap-2dipu—crvp+cvg  in Q
20 = Ax—axq—cuptcug  in Q
alg‘g+ﬁp =0 on N x (0,T)
@fl+pBg = 0 on 30x(0,T)
p(z,T)=0and q(z,T) = 0 whent=T ,z € Q

(transversality conditions)
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Furthermore

B = min (M — pu — qu)*, M). (3.6)

Proof:  Let § be an optimal control and (u,v) be its corresponding solution. Let

B+eh € Ups for e > 0 and u®, v¢ be the corresponding weak solution of the state equation

(1.1). Since the adjoint equations are linear, there exist weak solutions p, ¢ satisfying

(3.5). We compute the directional derivative of the cost functional J(3) with respect to

B in the direction of h. Since J(f) is the maximum value,

0 >

o J(B+eh) ~ J(B)

e—0t €

€ _ € _
lim [A1<“ ")-fAz(” U)]dwﬂ
e—0+ Q € €

1 h(2M — 23 — ¢h)dsdt
2 Jo0x(0.T)
[ 1A+ Asdldadi+ [ h(u — )dst
Q N x(0.7)
Ay
/ww) dzdt + h(M — B)dsdt
Q Ay 80x(0.T)

p
/Q —¥p+ a VEVP - bgi + as VOV + (1, ¢) BT dedt
q
* /{:)SZX(O.T) (,HI"/) T Pag)dsdt + /;QX(O.T) h(M -#

p
/Q p¥i+ 01 VYVp + g6, + ViV + (3, ¢) BT dzdt
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oo o0t Baddsdin [ (0 Gasi
a2 x(0.T)

30x(0.T)

- /Q [(9) (2, T) — (p)(,0) + () (2, T) - (#0) (2, 0)]dz

Y
= /Q pY:+ i VyVp+ qde + 0oVoVa + (p,q) B dzdt
¢

+ / (ﬁpw + Bq¢)dsdt + / h(M - B)dsdt
a0 x(0.T)

0% (0.T)

= / h(M — B — pu — qu)dsdt
30 (0.T)

where we used equations (3.5) and then (3.1). Hence, we conclude

/ h(M — 3 — pu — qu)dsdt < 0.
29x(0.T)

By a standard control argument concerning the sign of the variation h depending on

the size of 3, we obtain the desired characterization of 3,
B = min (M - pu — qu)*, M). 0

Substituting (3.6) for § into the state system (1.1) and the adjoint equation (3.5),

we obtain the optimality system (OS):

Liv = (g —-dv)u—ciuv in Q
Loy = —aqu+ couv

L;P = A+ ap — 2d1pu — C1Up + C2uq
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Ag — aaq + cyup + couq

uo(z), v(e,0) = w(z) z€Q

p(z,T) = 0, ¢(z,T)=0 x € Q

o + min (M —pu—qv)*,M)u = 0,

ag-gs + min (M - pu—qu)*,M)v = 0 on 9Q x (0,T)
alg—i + min (M — pu—qu)*, M) p =0,

a2§—z— + min (M — pu—qu)*,M)¢g=0 on 0 x (0,T)

Weak solutions of the optimality system exist by Theorems 2.1 and 3.2. For small
final time T , we now prove uniqueness of weak solutions of (OS), which gives the

characterization (3.6) of the unique optimal control in terms of the solution of (OS).

Theorem 3.3 For T sufficiently small, bounded weak solutions of the optimality system

(OS) are unique.

Proof: Suppose (u,v,p, q) and (4, 7, p, §) are two weak solutions, we change variables

p=eMy, p=eNg, g=eNE g=eME
B = min (M — pu — qu)*, M),

B = min (M - pa — go)*, M),

where A > 0 is to be chosen.
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We subtract the bilinear forms of w and @, z and z , y and @, € and €. The form

for w is illustrated below

/ (w — B):pdedt +/ Y (w — @)Védzdt + /\/ (w — @) $dedt

Q Q Q

= / a;(w — 0)¢pdzdt — / creM(wz — 0Z)pdzdt - / die*(w? — o) pdzdt
Q Q Q

- / BeM(w — B) pdsdt,
80x(0,T)

where ¢ € V. By standard estimation techniques and using test functions w — w, z —

(]

., ¥y — ¥, &= €& in the corresponding equations, we obtain

3 Jo {lw(@,T) = o2, T)] + [2(2, T) - 2(z, )’ + [y(2, 0) - §(=,0)]?
+[€(:L‘,0) _5(3370)]2} dz
+ Jo (| V(w = @)? + 02| V(2 = 2)* + 01| V(y = §)|* + 22| V(€ = §)?

FM(w = @)+ (2= 2%+ (y - §)* + (€ ~ €)7]} dudt

IN

Jo {aal(w = 8) + (y = )] — axl(z — 2)? + (€ - €)?]
~(w — W)creM(wz — W3)
+(y — §-2dr1eM (wy — @) — cre*(2y — 2§) + cae™(2€ — 26)]
+(z — 2)c2e’“’(wz — WZ)
+(€ = O)lcre™ (wy — ©F) + coe™ (wE — )]} dudt
~ Joax(or) € [(Bw — Bw) (w - ®) + (82 — B2)(z — 2)
= (By - BY)(y — 9) — (B - FE) (€ - )] dsdt.
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We illustrate the estimates of two specific terms from the right hand side. Using

that z,w, y, & are L* bounded, we obtain the first estimate

IN

/ e’ (wz — @2) (w — w)dzdt Cle)‘T/ |lwz — wz + w2z — wZ||w — w|drdt
Q Q

IN

Cge’\T/ [(w - @)%+ (2 - 2)%]dzdt.
Q
Next we will estimate the term
[ By - By - p)dsdt.
8% (0,T)
One can show
18~ B < (wy — wy + 2 — 26)°.

Using trace theorem [11], we have

/ (w — @)?dsdt
80x(0,T)

< e/QIV(w—zI;)|2dz‘dt+C(e)/Q(w— ®)?dzdt

where C(¢) depends on €. The above inequality is also true for y — §,z — z and £ — €.

Now we have the following estimate
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/ e (By — BY) (y — y)dsdt
a0 x(0,T)

< G /8 N (RO T R
< CueT /3 o[ ™ T = 0 (5 = 27 4 (€ = &) s
< Ciee’T /Q 1V (w =)+ |V(y - )2+ V(2 — 2)]? + V(€ - &) ]dadt

+C4C ()T /Q [(w—©)% + (y — §)% + (2 — )2 + (€ — &)]dodt.

The inequality (3.7) becomes

5 [ {1 = ae, P + (. 7) - 2, TP
+u(2,0) - e, OF + [6(2,0) - €z, 0)]*} dz

+ /Q {(al — Csee*T)|V(w — @))? + (a2 — Csee*T)|V (2 - 2)|?

(1 = CseeT)|V(y = 9)[* + (a2 - Csee' )|V (€ = &)} dad

+(A = Cee™ = CrC(e)e™) / {(w-2)+(z-52+(y-9)*+ (€~} dudt

Q
<0

where C;,t1 =1, 2,3,4,5,6,7 depend only on the the coefficients and the L* bounds of

z,w,y, and €.

49



Let a = min(oy, ag), If we choose €, A and T such that

o
Cs’
A > Ce+ C7C(6),

r < fonfo () o (&)

then w =@,z =2,y=7 and £ = . Therefore u = 4, v=0,p=p and g = g. O
This T sufficiently small condition in the uniqueness result is due to opposite time
orientation of the state and adjoint equations.

In conclusion, we have that the optimal control
B = min (M - pu — qu)t, M)

is characterized in term of (u, v, p, ¢), the unique solution of the optimality system for

T sufficiently small.
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Part 111

Bilinear Optimal Control for a

Wave Equation
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Chapter 4

Introduction to Wave Equation

Problem

In this part we study an optimal control of a wave equation with Dirichlet boundary
condition. The wave equation problem is posed in a bounded multidimensional domain
(2. We consider a bilinear optimal control problem in which the control acts as a
dispersive term.

Given the control set
Un = {h € L*(Q)| - M < h < M},

where Q = Qx (0,T), Q C R", the corresponding state variable w = w(h) satisfies
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the state equation

wy = Aw+hw+f in@Q = Qx(0,7T)

w = 0 in 9Q x (0,7)

(4.1)
w = wo(z) t=0, z€Q
wy = wi(z) t=0, z€Q

where f € L%(Q), wo € HY(Q), w1 € L*(Q).

We take as our objective functional:

a0 = 5(f w-2rde+s [ ra)

where z is a given target function. This objective functional combines the cost of control
and the measure of the ”closeness” to the desired profile 2. We want to minimize the
functional over the control set Uy, i.e. to characterize h* such that

J(h*) = hrélllJILJ(h)'

For the background in control of PDE’s, see Lions [25]. Russell [32, 33, 34, 35] developed
controllability and stability theory for wave equation. Note that Ball, Marsden and
Slemrod [2, 3, 4] consider stabilization and controllability for this type of problem,
when h = h(t) is only a function of time. Bradley and Lenhart [19] treated this type of

bilinear control for the Kirchhoff plate equation. Belinskiy et. al. [5] recently proved
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controllability results for a damped wave equation.

The bilinear control problem presented here is new for wave equations. Due to the
bilinear feature, this problem does not fit into the standard Riccati framework [18] .

The goal of this work is to obtain a unique optimal control in terms of the solution
to the optimality system, which will consist of the original wave problem coupled with
an adjoint problem. In chapter 5, we show the well-posedness of our state problem
in an appropriate solution space. Then we show the existence of an optimal control
by a minimizing sequence argument. In chapter 6, the optimality system is derived
by differentiating the objective functional with respect to the control. The solution
map h — w(h) is differentiated which is used in the differentiation of our objective
functional. Then for sufficiently small time T, under some boundedness assumption,
we prove uniqueness of the optimality system, which characterizes the unique optimal
control. Finally, in chapter 7, we treat two special cases: h = h(t) and h = h(z) .
We use two different ways to obtain the uniqueness of the optimality system without
boundedness assumption of solutions. The uniqueness proof is unusual due to the

opposite time orientation of the two equations.
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Chapter 5

Existence of an Optimal Control

The following assumptions are made throught this part:
Q is a bounded space in R™ and 99 is C'? smooth,
Q=2x(0,T),

f, fi € LXHQ).

To define our notion of weak solution, we first define the bilinear form
Blu,v;t] = / VuVodz — / huvdz.
Q Q

We present our definition of weak solution:
Definition (Weak Solution) Given h € Uy, a function w € C([0, T); H}()), with

w; € C([0,T); L3(R)), wy € C([0,T]; H-1(RQ)) is a weak solution of the problem (4.1)

provided
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<wmd>+ /Q VwVéds = /Q hwedz + /ﬂ fode (5.1)

for any ¢ € H3(Q), and a.e. 0<t < T;
(2) w(0) = wo;
(3) wi(0) = ws.

For notational convenience, set

Ho= Ho() x L*(Q),

w = wh), © = (w,w).

Lemma 5.1 (Well-posedness) Let @g = (wo, w1) € H and h € Uy, then the problem

(4.1) has a unique weak solutian w.

Proof We write (4.1) in semigroup formulation

J w 0 I w 0
I = +
wy A0 wy hw+ f
(5.2)
Wo
w(0) = wo =
u
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Its domain, D(A) = [H2(Q) N H3(Q)] x H (), is clearly dense in H.

Formulation (5.2) may be written as

d - -
0t = A®(t) + Br(@)(t) (5.3)
where
5 0
Bh(w) =
hw+ f
Note that A is skew adjoint [28] , i.e., A* = —A
0 -1
A = D,
-A 0

and thus D(A) = D(A*). Thus we have that A generates a unitary group on # [28].

Motivated by the semigroup formulation of (5.3), we seek a solution of the form:

t
B(t) = Mo+ [ AIBy@)(,T)dr.
0

o7



We will prove that the map T4,

t
Toi(t) = e + / A7) By (@) (., 7)dr.
0

has a unique fixed point in C({0, To}; H) .
Step 1:

We will prove: If Ty is small enough, then there exists a unique fixed point such that

To use the contraction mapping theorem, we need to show that T} is bounded and
contractive.

Boundedness:

ITh e (o, o):m)

ot
< et Bollogo.zamn + sup [ et BA(@) (7 ludr
0<i<T, JO
(- 0
< le*@olle(o.ro)m) + <SUPT/||€ =) L2 (@)dr
° Al myw(,7)+ (., 7)
< Woll+ sup [ WGl 7)+ S )iy (54)
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since A generates a unitary group and that |le4t]| = 1. Since ||h}|lcc < M, we obtain

I Th || cfo,To);1)

< l@wollw + MTo(l|@llc(fo,1o);7)) + Toll fllc (o, 1olim) » (5.5)

and hence T}, is bounded.

Contractive: Similarly, for any ¥, @ € C([0, To); H),

1Tk — Thil|c (o, Tolsm) < MTollv — @lle (o, 1o)sm)

By choosing Ty < ﬁ, we have T}, is contractive for t < Ty. Thus, we have the existence
of a unique fixed point on C([0, To}; H).
Step 2:

Extend above result to a solution on [Ty, 2Tp] by selecting a ’new initial data’ as

@1, = ®(To) € H.

By a second contraction argument, we have a unique solution on C([Tp, 2T¢]; H). Re-
peating above process a finite number of times, we obtain the existence of a unique weak
solution to (4.1), with @ € C([0,T];H). O

We need regularity on the state solution to derive the necessary conditions that an

optimal control and corresponding state must satisfy. At first, we introduce Evans result
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[11] which gave the regularity of the weak solution of problem (4.1) when control h is

smooth.

Lemma 5.2 (Regularity) Assume h € C'(Q) N Unm, wo € H*(Q) and
wy, € HY(Q), then the weak solution w = w(h) satisfies w € C([0,T]; H*(Q)),

wy € C([0,T]; HY(R)) and wy € C([0,T]; L*(R)).

Next we generalize the above regularity result without the smoothness assumption on

control h.

Lemma 5.3 (Apriori Estimate) Given wo € H3 (), w; € L*(Q), f € L*(Qr),

fo € L*(Q7),0% is C%, h € Up, then the weak solution w = w(h) satisfies

sup_(lw()llmyy + llwe(®)llzza) + lwell2qorsi-an)

p
0<t<T
< Clfllzo(o,rysza@y) + llwoll ey + llwillrz @)
where C is a constant which depends only on Q and T'.

Proof: There exist sequences {wo,} C H2(Q), {win} C H3(R) and {h,} C CHQ)NUnm

such that

won — wo, strongly in H ()
wy, — wy, strongly in L%*(Q) (5.6)

hn, — h,  strongly in L%(Q).
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Denote the weak solution of (4.1) corresponding to the initial data wg,, wy, with

control h, by w,, then w, satisfies the regularity of Lemma 5.2. Multiply the PDE

(4.1) by (wn): and integrating over Q; = € x (0,t), we obtain

0 = / [(n)e(wn): — (M) (wn)i — hnwn(wn): — f(wn)i]dedr
Q:
= [ [ () +1Dwal?) = howa(wa)e ~ Fwa)ddeds

/ Z (wn)z, (Wr)¢nidsdT |
30X (0,0) IZ

where Dw,, denotes the spatial gradient of w,. Since w, =0, (wy); = 0on 92 x(0,T),

the boundary term vanishes.

0 = /Qt{%gg[((wn)t)2 + | Dwn|?] = hpwn(wn): — f(wn):}dzdr
- /QX{t} %[((wn)t)z + !Dw”|2]dm B _/Q %[(wln)2 + |D’w0n|2]d:l,‘
= [ thwwa(wa): + f(wn) Jdedr 5

SO
/. o ()7 + 1Dz
— / [(w1n)? + | Dwon|?]dz + 2 / [entwn(wn)s + f (wn):]dzdr
Q Q:

< Nwin)liZzay + 1DwonlliZ2gy + Il Z2(gu + (wa)dllz2(ou)

M([JwnllL2(Q.) + 1 (wn)dllL2(Q.))- (5.8)
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Using Poincaré’s Inequality

/ |Dwy(z,t)|*dz > C . w2 (z,t)dz,
ax{t} ax{t}

where C is some constant independent of w,, we obtain

L wa))? + wtlda
Qx{t}
< C /Q ()0 + v )dadr

+Ca(llwinllfz () + | Dwonllz2ay + 1 fl172())s
where C; is independent of w,.
Let

o) = [, Jwh () s

€ = Collwinllf2ay + | DwonllZaiey + 11f1Z2(q)) -

Then the inequality (5.9) becomes

w0 <e+C [ ey,
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Using Gronwall’s inequality, we obtain

n(t) < £(1 4 CoTe®2T),

| Tk ((wa)o)da
Qx{t}

< (14 CTe?T)Co[[winllf2(q) + 1DwonllF2qy + 11 £172(gq))-

Combining (5.6) and (5.11) and letting n — oo, we get at time t

lwe (812 () + 1Dw @22y + w120

< Callwllfz(q) + 1DwollZ2(q) + 1 f 122 (o)

where C3 depends only on @ and T. Taking the supremum, gives

2 2
OzltlgT(Hw”H(;(Q) + llwellzz(q))

< Ca(llwillzeqy + lwollzpay + 1 IZ20.11,L2(0)-

Next, we are going to estimate w;;. Since
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< wy, ¢ > (t)

= - [[VuVo - hug - fel(t)dz
for any ¢ € Hg(Q). Let {|4llg1(q) < 1, then

| < wu, ¢ > (t)]

< IfOllez(e) + Callwll gy a (5.14)

where Cy depends on M. Using (5.12), we obtain

”wtt”%,?([O,T],H‘l(Q))

T
Cs [ (Ol + lwly )t

IN

IN

CoT (lwillz2(q) + lwollzpy ) + 1F 122 0,11, L2(2))-

where Cy, Cg are constants independent of h. a

Now we obtain the existence of an optimal control.

Theorem 5.1 (Existence of Optimal Control) There exists an optimal control

h* € Upm, which minimizes the objective functional J(h) for h € Ups.
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Proof: Let {h"} € Up be a minimizing sequence such that

i nl_l_)rglo J(h*) = hlelbe J(h). (5.15)
Denote w® = w(h™). By priori estimate Lemma 5.3 we have

Oz‘:gT(Hw"”Hg(m + 1 (w™)ell 22y + (wW™)eel| L2 0,11 -1(02)))

< CUlflz2 o,z + lwoll iy + llwillzz())-

On a subsequence, by weak compactness, there exists w* in C([0, T]; H3(£2)) such that

w™ — w* weak * in L°([0,T]; H}()),

(w™)e = (w*)y weak * in L*([0, TY; LY(Q)),
(5.16)

h™ — h* weakly L?(Q),

(w™)y = (w*)y weakly in L2([0, T]; H~1(Q)).

| By using a compactness result from [37], we have
w™ — w” strongly in L%([0, T]; L}(Q)).
By the definition of weak solution, we have

< wp, ¢ >= - /Q [Vu"Ve — hwd — félde
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for any ¢ € H}(R) and a.e. 0 <t < T. Since

w™ — w* strongly in L%(Q),

h™ — h* weakly in L(Q),
and {h"} is L* bounded, then
w"h™ — w*h*weakly in L%(Q).
Passing to the limit as n — oo in the weak formulation of w™, we obtain
< Wl >= — /Q[Vw*ws — hrwtd — fo)da.
Thus w* = w(h*) is the solution of state equation (4.1) with control A* . Since
I = 3 [ @ -2%a@+ 5 [ (nryde,
2Jg 2 Jg
using lower-semicontinuity of L? norm with respect to weak convergence, we have

J(h*)

IN

i ..1_ no_ ,\2 st é/ ny2
nlggo2/Q(w °dQ +limint 5 | (#")dQ

< liminf J(h")
n—oo
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Finally, we conclude h* is an optimal control.




Chapter 6

Characterization of the Optimal

Control

We now derive the optimality system by differentiating the objective functional J(h)
with respect to the control h. Since w = w(h) is involved in J(h), we first must prove

appropriate differentiablity of the mapping

h — (w(h), we(h)) = B(h).

Lemma 6.1 The mapping

h € Uy — (k) = (w(h), w(h)) € L*([0, T]; H)
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is differentiable in the following sense

@(h +eb) — B(h)
1

-

weakly in L([0,T); H) as € = 0, for any h satisfying h + el € Uy for € small.

Moreover ¥ = (U, ¥,) in L%([0,T]; H) is a weak solution of the following problem:

U, = AU+AY+Lw, in Q

¥ =0 00x(0,7T)

(6.1)
vy = 0 t=0, z€Q
U, = 0 t=0,z€Q
where w = w(h).
Proof: Denote w® = w(h+¢ef) and w = w(h), then (“’:‘“’) is a weak solution of

we — w w — w wt — w .
( g Ju = A - )+ h( ) + fw® in Q
“’6‘“’ = 0 in 9Q x (0,T)
vouUoZ 0 t=0,z€ Q

€
wt —w
( - Ju = 0 t=0,z€Q
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Using priori estimate Lemma 5.3 , we get

(w = W)t wh — wy
Ozltlgl_)T ” £ ”H(}(Q) + ” € “L2([O,T];H—-l(Q))
< Clléwf|lpzo.yza))
< Clllzm sup_ [[vllzaay
0<t<T
< Colldlz

where C depends on the L* bound on ¢, but is independent of £. Hence on a subse-

quence, by weak compactness, we have

€

w—-w

3

— ¥ weak * in L°([0, T]; H}()),

£
Wiy — Wit
13

— W, weak *in L>([0,T}; H-Y())

By the definition of weak solution, we have

wt —w
£

wt —w
<(

Yy & > +/QV( )Vdz

13
w¢ —w R
- +/nh( )¢dm+/nlw ddz

£

for any ¢ € H3(Q2), and a.e. 0 <t < T.
Letting ¢ — 0 and using that w® — w weakly in L?(f2), we obtain ¥ is the weak

solution of problem (6.1). 0
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Now we are ready to derive the necessary conditions that characterize an optimal

control.
Theorem 6.1 Given an optimal control h and corresponding w = w(h) = (w,wy),
there ezists a weak solution p = (p,p;) in H to the adjoint problem:

pw = Ap+hptw—2z, in Q

p = 0, 29 x (0, T) (6.2)

(transversality condition)

|

|

|

‘ p = p =0, t=T, z€Q
Furthermore, h satisfies

h = max(—M, min(—%,M)). (6.3)

Proof: Let h € Ups be an optimal control and @ = @w(h) be the corresponding optimal
solution. Let h+¢el € Ups for € > 0 and @¢ = w(h + €f) be the corresponding weak
solution of the equation (4.1). We compute the directional derivative of the objective

functional J(h) with respect to A in the direction of £. Since J(h) is a minimal value,

0 < pim JEE) = J(B)

e—0t £

= tim {5 [0 = w) - w274+ & [ [0+ c0? - 1)aq)
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e—0+ 2e

— fim {/Q (ws—“’)('wf+'w‘QZ)dQ+é—3/Q(2h£+se2)dQ}

= /\Il(w—z)dQ+/3/ hedg, (6.4)
Q Q

where ¥ is defined in Lemma 6.1.

Consider the adjoint problem (6.2), let 7 = T — ¢, then we get a problem (3.5)

P = Ap+hp+w-—2, in Q
p = 0, N x (0,7 (6.5)

p = p =0, t=0,2€Q

Taking w — z as source like 7 f” and using the similar argument in Lemma (5.1), we
get the existence and uniqueness of solution p = (p,p:). So we obtain the existence
and uniqueness of solution of problem (6.2).

Assume p is the solution of problem (6.2), i.e., p satisfies

<puyd> (1) + /Q VpVe(t)ds = /Q hpo(t)dz + /Q Fo(t)da (6.6)

for any ¢ € H}(Q), and a.e. 0 <t < T. Then

0 < /Q\Il(w——z)dQ+ﬁ/Qh€dQ
= /(;T{<Ptt,‘11>+/QVpV\Ild:c—/Qhw\Ildx}dt—i-ﬁ/thdQ

T
- / {< \Ilu,p>+/ VleI!dx-/hw\I!d:v}dt+ﬁ/ hedQ
0 Q Q Q
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by integration by parts twice in time and using ¥ = ¥; =0ont=0and p=p; =0on

t =T. Then from equation (6.1) for ¥, we obtain

OS/C?Z(pw+ﬂh)dQ.

Note £ = £(z,t) is an arbitrary function with h + &€ € Ups for small ¢ .

Considering three cases involving the sign of the variation ¢ depending on the size
of h, we obtain the desired characterization of A.
Case 1:

Let 4 = {(z,t) € Q| - M < h(z,t) < M}. Taking support of £(z,t) C A; with

arbitrary sign, we obtain
pw—+ pfh = 0, in A

So in this case, we conclude

M<h =22

Case 2:
Let Ay = {(z,t) € Q| h(z,t) = M}. Taking support of £(z,t) C A3 and {(z,t) <0,

we obtain



So in this case, we conclude

wp
M=h < ——.
- B
Case 3;
Let A3 = {(z,t) € Q| h(z,t) = —M}. Taking support of £(z,t) C Az and
{(x,t) > 0, then we have
wp
-M=h > ——.
B

Combinning the above three cases, we conclude

—%,M)). .

h = max(—M, min(

Substituting (6.3) for h into the state equation (4.1) and the adjoint equation (6.2),

we obtain the optimality system (OS).

wy = Aw+ max(-M, min(——lgg,M))w—I—fin Q

g
., wWp .
Pt = Ap+ max(—M, mm(—F,M))p—}—w— zin @
w = p=20 o x (0,7) (6.7)
w = 0 t=0,zeQ
p = p =0 t=T,z€9
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The weak solutions of the optimality system exist by Theorems 5.1 and 6.1; The exis-

tence of an optimal control A* and corresponding w* implies the existence of p.
Suppose the weak solution of (OS) is bounded, for small time T, we now prove

the uniqueness of weak solutions of (OS), which gives the characterization (6.3) of the

unique optimal control in terms of the solutions of (OS)

Theorem 6.2 For T sufficiently small, bounded weak solutions of the optimality system

(OS) are unique.

Proof: Suppose we have two weak solutions,

W= (wth)7 ij: (pvpf)v W= (ﬁ)’ wt)a ﬁ': (ﬁ)]’i)
Assume w, p, w and p all are bounded in (). Let

w = e’\tu, p= e"\tq, W = e M. p= e"\t(j.

then u, ¢ satisfy in a weak sense

wg + 2 ug + Mu = Au + max(—M, min(—u—ﬂq-, M)u+ fe ™, in Q
g + 22q¢ + M2q = Aq + max(-M, min(—%, M))g+ ePtu—eMz in Q
u=¢=0 in 0Qx(0,T)

g=¢=0 t=T, z € Q
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Also @ and § satisfy a similar system.

We denote

h = max{-M, min(—%q,M)),

h = max(—M, min(— =2, M)).

-5

Using multiplier (u — @); on the v — % equation and multiplier (¢ — §); on the ¢ — ¢

equation and combining , we have the following estimate

0 = —/Q [(u — @)y (u— )¢ + 20w — 2)2 + N (u — @) (u — @),
+V(u - @)V (u— ) — (hu - ha)(u - @);] dzdt
0 = [ [~=dula - D= 220 - 0 = ¥(a - a0

V(g V(g De+ (b - Bd){g - e + P (u— 1) (g - 7)) ded.
Combining the above two equations and the initial and boundary conditions, we get

§ Jal((w = @))%, T) + (g = 9)0)* (=, 0))ds
+4 fol(u = 222, T) + (g - 9)2(z, 0)]da
+4 Jo IV (- @) (2, T) + V(g - )*(z,0)]de
+2) fol((g = 9)0)? + ((u - 7)9)?]dadt
= Jol(hu — h@)(u—@); — (hg — hg)(q - @)

—e*M(u - 1) (g — §)s]dzdt
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Rewriting,

It is easy to verify the followiing inequality

|h— R < Elﬂ"— ug| < [Iu — allgl +lg = qllul) -
Estimating the last term in the LHS of (6.8), we obtain

2) fol((a = @27 + ((u - 2)1)2)dQ
Jo [h(w = @) (u = @); + a(h = R)(u - @) - h(g - 3)(q - )¢
a(h = R) (g — @) — e (u - @) (g~ 9)¢] dQ

< 3 Jollu— )7+ (g - 9FdQ + Ce™T [[(u — @)? + (¢ - §)%)dQ

(6.9)

where C depends only on L* bound of w, w, p, p and M. Since

/Q(u—ﬂ)de = // (/ (4 — @)y xs)ds) dzdt
// t</ ((u—ﬂ),)Z(x,s)ds)dxdt
= / tdt/ (u — 1),)%dsdz

((u - @),)*dzdt.

IA

2 Jo
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Similarly, we have
T? 9
La-0%a <3 [ (a-00%Q
Q Q
Thus the inequality (6.9) implies

(22 - 3) /Q [((q = @)+ ((u — 8))}dQ

< T2yt /Q [((q - 3)0)2 + ((u — B))2dQ,

where () is a constant. Now fix A such that 2A — 3 > 0. Choose T small enough, so

that
2X — 3> C 72T
and thus

(¢-q:=(v-2)=0in Q

Due to the agreement of ¢, §, » and % at top and bottom of the cylinder respectively,
g=q, u=1u. ]

In R! space, by using Sobolev Inequality [16], weak solutions of the optimality system

in H(Q2) are in the space C(€2) . Therefore the weak solutions are always bounded when

Q C R!. We have the following result.
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Corollary 6.1 In the case n = 1, for T sufficiently small, the weak solutions of the

optimality system (OS) are unique.

Remark: In general, our solutions of the optimality system may not be bounded, and
thus we don’t have uniqueness of the optimal control in this case. But if the controls
are restricted to only be a function of time, h = h(t) , or a function of space, h = h(z),
then we can get uniqueness in certain dimensions. We will show these cases in the next

chapter.
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Chapter 7

Two Special Cases

In this chapter, we will treat two special cases that the controls are only functions of
time or space. At first, we deal with time dependent case.
CASE I h = h(t):

We take for our control set
Um ={h € L=(0,T)| - M < h(t) < M}, (7.1)
and for our functional

J(h) = % (/Q (w - 2)°dQ + ﬂ/OT h2dt) . (7.2)

80




Lemma 7.1 Under conditions ( 7.1 ) and ( 7.2 ), an optimal control h = h(t) satisfies

h(t) = max (—M, min(—w

,M)) (7.3)
where w = w(h) and p satisfies (6.2).

Proof: Use the same notation as in the proof of Theorem 6.1. Let £ = {(t) is an

arbitrary function with h + €f € Ups for small ¢ . We have

/OTe(t) </Q p(z, t)w(z,t)dz + 5},(0) dt > 0.

We still need to consider three cases in order to derive the characterization of A(t).
Case 1:
Let Ay, = {0<t<T| -M < h(t) < M}. Taking support of £(t) C A; with

arbitrary sign, we obtain

/pw(z,t)dm-{-ﬂh = 0, in 4
Q

So in this case, we conclude

Case 2:

Let A = {0<t<T| h(t) = M}. Taking support of {(t) C Az and £(t) < 0,
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then we obtain
/ pw(z,t)dz + Bh < 0,
Q

So in this case, we conclude

Case 3;
Let A3 = {0 <t <T|h(t) =-M}. Taking support of £(t) C Az and {(t) > 0,

then we have

Combining the above three cases, we get

h = max (-—M, min(—fQLp(;—lt)ﬂ,MD

Theorem 7.1 Under conditions (7.1) and (7.2), for T sufficiently small, the weak

solutions of the optimality system (OS) are unique.

Proof: We use the notation of the beginning of Theorem 6.2. As in the proof of
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Theorem 6.2, we have

2 /Q [(g— D)2+ (u - ©)?dodt
< /Q ((hu — ) (u — @)~ (hq ~ hd)(q - 9):

- (u— 1) (g - q)t> dzdt.

Rewriting,

hu — htt = h(u — @) + @(h — k),

hg — hq=h(g - §) + §(h - h).
[t is easy to verify the following inequality
b=l < 5 [ lag - uglds < 5 ( [ fu~alel +1q - allul) d
- — - - u—u — gllu| ) dz.
=3 Jq q q =3 \Uq q q9—4q

Estimating the LHS of (7.4), we obtain

2 [ (0= 97 + (u = 0)})deds
< /Q[h(u—ﬂ)(u—mtm(h—f’z)(u—a)f—h(q—q)(q—q)t

a(h— h)(g = @)e — e (u - @)(g — 7). dudt.

83




To illustrate the difference in the estimate here, we estimate one representative term

/ [(h = h)(u— @)u|dzdt

[ L[5 = a1 - e a] 1o - ilaza
= 5/0 </Qi(u—ﬂ)fildy> (/Q|ﬁ(u—ﬁ)t|dx) dt
3,

OT </Q (g - (i)uldy> %) la(u — ﬁ)tldac> it |
1 [/OT (/Qlu— ﬂll@ldy)Zdt}2 [/T (/ )| (x - ﬂ)tldz>2dt] ’ |

+1[/0T(/ lg - glluldy dt} [ (f 1l - \dw) dt]_

IN

1

[0( 'u"ﬂlzdy/n'q'”@dt] [ [ ([ 1aas [ (- a)az) r
+ 1[OT(/|q—qldy/|ude)dt} [ </|u| dz/lu_u Wz) ]

By using priori estimate Lemma 5.3 ,

1

IN

sup ”‘i(t)”L?(Q) < eATC, sup ||ﬂ(t)|lL2(Q) < e'\TC;
0<t<T 0<t<T
where C depends only on f, wp,w; , we obtain

[ 1= By~ wyaldod

1

[/ (/ 12T (u - @) dy) dt]l M)T (/Ql(u_ a)t|2dx> dtr |
[/ (/ €2 (g 2dy> dt} l/OT (/Ql(u— ﬂ)t|2dx> dtr
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G [/T (L1 -ara)dr [ ([ la-oia)
[T ara)as [ ([ - o) al

Cy

= 5 (1 (0= D)Ea) + 2w = Della) + 1 g = DlEay) -

Similarly estimating the other h — h terms on RHS, we have

2 (ll(w = D)l3a(q) + (g - DellEz(g))

< S - D)) + 20 - Dellaie) + 17T (0~ Dliae)
+M (H(u - ﬂ)”%?(Q) + |[(u - ﬂ)tH%?(Q) +1l(g - q)l|2L2(Q) + (g - (?)tHZL?(Q))
+%1 (||€2'\T(U - @)||32(0) + 2l (g = Diellf2q) + 1€ (g - ‘7)||2L2(Q))
+ (1T (w = )22y + Il = DillEa(g))
< (Cs+ M) (l|(w = D12y + 11(g = Dia(q))
+(Cs + M)(I|(u = @)ell72(q) + (g - Q)ill72(q))-
Since

_ T? _
lI(u = @)|lZ2q) < 5 u = @)ell72(q)

_ T? ~
(g - (I)”%2(Q) < ‘2—”(‘1 - q)t”%?(Q) )
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finally, we obtain

22 (11w = @)ell2a) + (g — Dell2eg))

<

(Cot M) BT 4 (G + M)] (1 = @)uli3agqy + 110 — Delliags) -
Now fix A such that
2X-(Cs+ M) >0,
Choose T small enough , such that

2

2) — (Cs + M) > (Cs + M)T?ez’\T.

and thus

(g-@t=(u-8);=0 in Q.

Due to the agreement of ¢, g, u and @ at top and bottom of the cylinder respectively,

g=4gq, u=1u. 0
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CASE II  h=h(x):

Now we are going to deal with space dependent case, i.e. h = h(z),z € R*,n=2,3,4.
We take for our control set
Uy ={h € L*(Q)| - M < h(z) < M}, (7.5)
and for our functional
I = 5 (/Q(w _ 2)%dQ +,(3/Qh2(a:)d:v) (7.6)
Lemma 7.2 Under conditions (7.5) and (7.6), an optimal control h = h(t) satisfies
Y

h(z) = max (—M, min(—m,l\l)) (7.7)

where w = w(h) and p satisfies (6.2).

Proof: Use the same notation as in the proof of Theorem 6.1. Let £ = {(z) is an

arbitrary function with A + ef € Ups for small £ . We have

T
/Qz(x) </O p(x,t)w(:v,t)dt-i—ﬂh(:v)) dz > 0.

We still need to consider three cases in order to derive the characterization of h(z).

Case 1:
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Let Ay = {z € Q] — M < h(z) < M}. Taking support of £(z) C A, with

arbitrary sign, we obtain
T
/ pw(z,t)dt+ ph = 0, in A,
0

So in this case, we conclude

fOT wp(z,t)dt

-M<h = — <M

Case 2:
Let A, = {0 <t <T|h(z) =M} Taking support of £(2z) C A; and £(z) <0,

then we obtain
T
| pute,nde+pn < 0,
0

So in this case, we conclude

Case 3;

Let A3 = {0<t<T]|h(z) =—-M]}. Taking support of ¢{(z) C Az and £(z) > 0,
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then we have

Combinning the above three cases, we get

T
h = max (—M, min(—W,M))

In order to obtain the uniqueness of weak solutions of the Optimality System, we
need to get higher order regularity of the weak solution of problem (4.1). Since the
weak solution of problem (4.1) is unique from chapter 5, we also can use Galerkin
approximation method to get the same solution in this special case , i.e. h = h(z). The
Galerkin approximation method clearly displays the higher order regularity of the weak

solutions. We will use the similar idea as in [20] to obtain the regularity.

Theorem 7.2 (Improved Regularity) Assume w is the weak solution of problem
(4.1), If h=h(z) € Unr, wo€ H*(Q), w1 € HY(Q), f € L*Q), fi € L*(Q),

then

wy € L=(0,T; H(Q)), ws € L2(0, T; LA(Q))
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and we have the estimate:

sup (llwillmr () + llwellrz@) <C (7.8)
0<t<T

with C depending only on || fliL2(q): |1 fellz2(@)s llwollaz(e), llwillgy(q)-

Proof: Construct a sequence of approximations by selecting smooth functions o} =

ok(x), (k=1,2,...) such that
{0k}, is a basis of Hg ()
and
{ox}%., is an orthonomal basis of L%(f).

where {0y} are eigenvectors for —A on H}(f2) (corresponding to the eigenvalues Ag ) .

For m € N, write
um(z,t) =Y di(t)or(z) (7.9)
k=1

where d*(t) satisfy

7 (0) = (wo(x), %)z » (d7)e(0) = (wa(2),0k)r2 (K =1,2,3,..m) (7.10)
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and

/(um)tt(t)ade-{-B[um,ak;t]:/ f(z,t)ord (7.11)
Q Q

Using the orthogonality of {ox} in L?(Q) and substituting the sum for u,, from (7.9)

into (7.11) , equation (7.11) becomes a system of ordinary differential equations (ODE)

m

(di)e(t) + Z Blog, ok;t)d7* (1) = fe(t) (0<t<T, k=1,2,3,..) (7.12)
=1

with initial conditions (7.10), where

fit) = /Q f(2,t)ordS2. (7.13)

Since h does not depend on time, B[oy, ok;t] does not depend on time also.

By standard existence theorem for ODE, there exists an unique absolutely contin-
uous solution satisfying (7.10) and (7.12). Note that each d}*(t) has more regular-
ity since the coefficients are time independent and f; € L?(Q), and we will use that

(d7)ee(t) € L*(0,T). Multiply (7.12) by (d7*)¢(t) and then sum over k to obtain

J o)) ) (42 + Blum, (um)iit) = [ f(@0(@n)e()d  (714)
Q
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o

Rewrite the above equality as

1d

S [/Q((um)t)z(t)dﬂ+/QVumVum(t)dQ]

= [ him®(@n))a2 + [ £z, (um)i(t)d2
Q Q
M2

w040+ - [ () 0d2+ 5 [ ()0 0d2+ 5 [ a0

CO/QVumVum(t)dQ+C0/Q((um)t)2(t)d(2+ %/ﬂfz(t)dQ (7.15)

IN

IA

where we use Poincaré’s Inequality in the above inequality and Cjp is a constant inde-

pendent of m. Gronwall’s inequality [11] yields the estimate

max | | (((um))*(t) + [Vum|* (1)) dQ
I |

0<t<T

< C [/Q((um)t)z(o)d9+/QIVum(O)|2dQ+/Qf2dQ]

Now we need to estimate

/Q((umm?(O)dQ+/Q|Vum(0)|2dQ.

By the definition of u,, and using the properties of ok, we have

(um)e(0) = D (dF

= Z (w1, 0k) 12(Q) 0k (T),

bl
—

Eead
—



NgE

(wm)eO)720) = |

(w1, 9%) 2y 9% () | 220

£
1

1

NE

IN

(wi,08) 72|

IN
~
I

lwillZ2(qy;

and

V(0 Z 0)Voi(z

/Q Vit (0) Vi (0)d2
O,
- ——/QumAum(O)dQ-i- o umds
_ _/ o Aty (0)dS2
Q
_ / (Zd ) (Zd}"(O)Aal(O)) 4o
8 \g=1 =1

_ / (Z dr (0 )(id;ﬂ(on,a,m)) 0
_ /Zxk (d7*(0))20x(2)2dQ
QA 1
= Z'\k g (0
k=1
= Z wo,Uk

llwoll3r (q)

IN

For the last inequality above, see [31]. Note Ay > 0, since

~Aor = Aok, and oglog =0,
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IVoul? = —/QakAade

= A / o249
Q

| Vo
llol|?

Therefore

[ @)@+ [ [V (0)249 < CallwnliEagey + wollin o)

We conclude

max | [ ()00 + [V unl*@)de]

0<t<T

< Calllwrllfay + llwoliZngay + 1122
From (7.11) and [11], we have
| (um)eellL2g0,7;(r11)02)) < Ca [||f||L2(Q) + ||“m||L2(o,T;H1(n))]

Passing to the limit on a subsequence as m — oo, and obtain w € L2(0, T; H(Q))

such that

Um — w in L*(0,T; HY(Q))

(Um)t — wy in Lz(Q)
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O

(um)et = Wyt in LQ(OaT§ (Hl)*(Q))

In order to verify w(0) = wg, w;(0) = wy, one chooses any function

v e C¥([0,T); HA(Q)), with v(T) = v,(T) = 0, in the weak form of (4.1), we get

/oT(< vy, w > +Blu, vit])dt = /va B /aw"vt(o) * /ﬂ we®

/va—/ﬂwvt(O)-i-/thv(O)

Since v(0), v(0) are arbitrary, conclude w(0) = wg, w(0) = w;.

By Lemma 5.1, w constructed above is the unique solution of problem (4.1). Now,
we are going to prove the additional regularity. Fix m, using (d7*),,(t) € L*(0,T),
differentiate (7.12) with respect to ¢, multiply by (d7*)#(t), and sum over k = 1,...m to

obtain

/Q () ettt ) et ()2 4 Bl (e, ()i ] = /ﬂ Fi(m)er(£) A2

335 L (@n)ea + [[19((um)e) ]
LIVl + [ (700 + [ () 0)de]

|
From the above equation, using Poincaré’s inequality, we get

IN
S
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Gronwall’s Inequality implies

[/Q((um)tt)2(t)d§2+/Q|V(um)t|2(t)d9]
Ce [/Q(ft)2(t)dQ+/ﬂ((um)tt)z(o)dQ_*_/Qlv(um)tlz(o)dg]

IN

Now we must estimate |V(un,):(0)| and (@) (0) terms

[19(@n)) @ a0
Q

= - [an@agm@d+ [ L2000

_ /(i (d7(0 tak) (i Aa,) dQ
Q k=1 =1

— / (Z(wl,ak)ak) (Z(wl,m))\,m) dQ
2 k=1 =1

= [ 3 (s, on)?otde
Qk:l

= Z /\k(wlaak)2
k=1

< ||w1||§11(9)-

and

(um)u(0,2) = Z (di) et (

= i )ity Tk) Ok
k=1
(f’ Uk) = (( )tta O'k) (Vumv VO’k) + (huma Uk)
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((um(0))er,0k) = (f(0), 0%) + (Vum(0), Vor) — (hum(0), o%)

(um(0))ee = Y _(f(0),0x)0% + D (Aum(0),06)ak — > _ (hum(0), ok)ok
k=1 k=1 k=1
[[(um (0))eellz2() < N FO)llz2qe) + 1(Awo)llL2(n) + M| woll12(q)
< Oz @) + Cllwoll g2(q)-

By using Poincaré’s Inequality

[ ()22 < Cr [ 19 (un)if2ae
Q Q

and passing to limits as m — oo, we get the desired result. O

Theorem 7.3 In R",n = 2,3,4, assume wo(z) € H?(Q), wi(z) € HI(Q). Under
conditions (7.5) and (7.6), for T sufficiently small, the weak solution of the optimality

system (OS) is unique.

Proof: Suppose we have two weak solutions,

=
3

W= (w’wt)7 ﬁ: (P,Pt)7 W= (U-)) wt)7 ﬁ:

we denote

T

h(z) = max (—M, min(—fo—ggﬂ,M))
T _ _

h(z) = max (—M, min(—%,M))
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It is easy to verify the following inequality

_ 1 _ _
lh—h|< = /pr—wpld 5(/ Ip—ﬁllw|+|w—wllpl)dt (7.16)

Using multiplier (w — w); on the w — @ equation and integrate over (0,t) and multiplier
(p — P); on the p — p equation and integrate over (t,T) for ¢t € (0,T) and combining ,

we have the following estimate for 0 <t < T,

2 Jaxqn [(w 24+ V(w - w)|*] dz
= fo(O,t)(h’w - qu)(w — W) drdr -~
%fﬂx{t} [(p— D) +1V(p—p)I*] dz

=~ Jax(,r) [(hp - hp)(p — B)r + (w — @) (p - p),] dzdr

To estimate the RHS of (7.17) by using the inequality (7.16) and integration by parts,

we obtain

/Qx (hw — hw)(w — ©),dzdr

- 0)(w — w),dzdT + (h - h)w(w — ©),dzdr

/Qx Qx(0,t)
Jaston

@) (w — @),dzdr — / (h = h)(w — @)@, dedr
2x(0,t)

)(
+/ h — h)(w — w)wd
[ (= B = w)e
< M (/ (w — @) 2dzdr + (w— w)zdxdr)
Qx(0,T) x(0,T)

+%/Q/0T (/OT |(w— u‘J)p(x,s)lds) |(w — @)@, (2, 7)|dzdT
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ﬂ / / (/ (P~ P)(a S)Ids) [(w — W), (z, 7)|dzdT

ﬁ ox(t) (/ [(w— @)p(z s)[ds) (w— @)o(z,t)|dz

ﬂ . (/ \(p - P)(z, s |ds> l(w — @)z, t)|dz
M(/ﬂxm (w — @)2dedr + QX(O,T)((w-—zD)T)zda;dr)
‘oz / / / w— @2 (z, 7)dzdsdr
+ﬁ/n/o /0 (w ~ ©)2(z, )p?(z, ) dzdsdr
+% L[ / T(p—p)?(x,s)wz(w,r)dxdsdr
zg / / (¢, )@%(z, s)dzdsdr
+2_ﬂ. /Qx{t}/o (w — ©)(z, 8)@ (e, ) deds
+§%/ﬂx{t} /OT(w - @)%(z, t)p?(z, s)dzds
v35 ) [ 0= 9P o
+% /Qx{t} /OT(w—E))Q(:c,t)QD?(z,s)dxds

IN

By using Holder’s inequality two times and Sobolev Imbedding Inequality
HY Q) — L*(Q), n=2, 3,4,
we obtain

/ (hw — hw)(w — @), dzdr
Qx(0,t)
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IN

MT( sup |lw — |72y + sup Il(w—@)tlliz(n))
0<t<T 0<t<T

1 B ~
+—T?% sup ||w—w||%4(g) sup ||wt“%4(9)
0<t<T 0<i<T

26
2
+—T* su w—w su
2ﬂ 0<t£ [ 240 <t£T||PHL4(n)
ﬁ T? SUP llp - P”U(n) S“P ||wt||L4(n)

+—- su w — W sup ||w
Qﬂ o«? I 1240 ogth” 1250y

Lr S ||w 0l|Zeq sup [l@llisq
) o<esT

ﬂ

T su w— W sup p2
Qﬁ P || 1240 ogthH 21

Lr S ||P PHL4 sup ||“7||%4(Q)
ﬂ 0<t<T

Lr S ||w 020y sup N|oll3s
0<t<T

ﬂ
MT( sup |[w—u';||%2(ﬂ)+ sup ||(w—ﬂ))t||%2(9)>
0<t<T 0<t<T
+— sup ||w @34y | 77 sup_ @l 2a () + T? sup 121134(0)
20 o< 0<t< 0<t<
+T2 sup “QI)]|%4(9)+2T sup ”’(I)||24(9)+T sup ”p”%“(ﬂ))
0<t<T 0<t<T 0<t<T
o 2, o=l (17 s, 10+ 7 s, ol )

MT( sup |jw — w”L2(Q)+ sup | (w )t”%?(ﬂ))
0<t<T

o
+§E sup lw — @l g (TZOSUP | @ell 1) + T P IPllF ()

+ T? sup ||o||3 +9T sup ||@]f? LT su 2
Osth” ||H1(Q) osé):r“ ”Hl(n) Osth”p”Hl(Q)

C 2 _ 112 2
+— su su w + T su W
9B oc P ||P p”Hl(Q)< Sth” t||H1(Q) Osth” ||H1(n)
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Since w, W, p,p, wi, W, are bounded in H!(Q) by Theorem 7.2, assuming they are all

bounded by a constant C3, we obtain

1 =\ 2 1|2

- - V(w - d

2 Jow gy (W= )07+ V (w - D] de

< MT(sup lw = @lZ2q) + sup |I(w- wnuiz(m)
0<t<T 0<t<T
3CC
+=2(T?+7T) | sup lw = @3+ sup |Ip = Bll}n g
2 0<t<T 0<t<T

Similarly, one obtains

% ax{t} [(p- ﬁ)t)2‘+ V(p - )] da

< M+1DT ( sup ||p—]3||iz(9) + sup |{(p- ﬁ)t“?ﬂ(n))
0<t<T 0<i<T

3C1Cy
26

+( +1)(T*+7) ( sup ||p — plifji(g) + sup |lw- “_’”%11(9))
0<t<T 0<t<T
Combining the above inequalities, and using Poincaré’s Inequality
lullZ2@) < CallVullZzg

we obtain

— 2 _ 2
su -w + su V(w— o
OStSpT”(u )t||L2(Q) Osth” ( )”L?(Q)

t+ su — D)ill22y + sup ||V(p - 9)||2
0P, (b= Pellzaqa Sup IV = P)lizaa)
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3C1Ch
B

< 2Cs+ DT M +1+( (w— ®)ell72(y

+ )T+ 1) [

sup ||
0<t<T

+ sup [[V(w=@)|22gy+ sup lI(p— Plilliaiey + sup IV(p—B)lIFaq] -
0<t<T 0<i<T

0<t<T

If we choose T small such that

3C1C,

2(C3 + DT {M 4+ 14 ( 3

+D)(T+1)) < L

then we obtain

sup_||(w — ®)ellZ2iq) + sup ||V(w ~ @)l|Zzq
0<t<T 0<t<T

+ sup ||(p=Plilliz) + sup V(o — Dl
0<t<T 0<t<T

IA
o

Therefore we have proved the uniqueness of weak solution of the optimality systems. O
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Part IV

Bilinear Optimal Control for a
Wave Equation with Viscous

Damping
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Chapter 8

Introduction to Wave Equation

with Viscous Damping

In this part we stud); optimal control of a wave equation with viscous damping and
with Dirichlet boundary condition. The wave equation problem is posed in a bounded
4multidimensional domain Q. We consider a bilinear optimal control problem in which
the control acts as a damping term.

Given the control set
Um ={k € L*(0,7)]0< k< M},

where @ = Q x (0,T), Q C R™, the corresponding state variable y = y(k) satisfies
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the state equation

yo = Dy—kt)y—qx)y+f in@Q = 2x(0,T)

y =0 in dQ x (0,T)

(8.1)
y = wo(z) t=0, z€9Q
Yy = v1(l‘) t=0, z€0

where ¢(z) € L®(2) and 0 < ¢(z) < ¢o, go is a constant, f € L%(Q), vo € H}(R), and
v € L2(Q)

We take as our objective functional:

(/Q(y— z)2dQ+ﬁ/0Tk2(t)dt>

where z is a given target function. This objective functional combines the cost of control

J(k) =

N =

and the measure of the "closeness” to the desired profile z. We want to minimize the

functional over the control set Uy, i.e. to characterize k* such that

J(k™) = krg{ljr}le(k)

For the background in control of PDE’s, see Lions [25]. Russell [32, 33, 34, 35]
developed controllability and stability theory for wave equation. Bradley and Lenhart
[19] treated bilinear optimal control without the velocity term for the Kirchhoff plate

equation. Liang [24] treated this type of bilinear control without velocity term for wave
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equation. Bradley, Lenhart and Yong [7] recently treated this type of bilinear control
with the velocity term for the Kirchhoff plate equation. Belinskiy et. al. [5] proved

controllability results for a damped wave equation.

The bilinear control problem presented here is new for wave equations. Due to the

bilinear feature, this problem does not fit into the standard Riccati framework [18] .

The goal of this part is to obtain an optimal control in terms of the solution to the
optimality system, which will consist of the original state problem coupled with an ad-
joint problem. In chapter 9, we show the well-posedness of our state problem in an
appropriate solution space. Then we show the existence of an optimal control by a
minimizing sequence argument. In chapter 10, the optimality system and a characteri-
zation of an optimal control are derived by differentiating the objective functional with
respect to the control. The solution map k£ — y(k) is differentiated which is used in the
differentiation of our objective functional. Thus necessary conditions, that an optimal

control must satisfy, are derived.
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Chapter 9

Existence of an Optimal Control

The following assumptions are made throught this part:
Q is a bounded space in R™ and 9% is C? smooth.

Q=9x(0,T).

[, fi € L2(Q).
g(z) € L*°() and 0 < ¢(z) < go, go is a constant.

To define our notion of weak solution, we first define the bilinear form

Blu,v;t] = /Vquda;+/ quvdz
Q Q

We present our definition of weak solution:
Definition (Weak Solution) Given k € Uy, a function y € C([0,T]); H3(R)), with
y. € C([0,T); L% (R)),yu € C([0,T); H~1(Q)) is a weak solution of the problem (8.1)

provided
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(1)
T T
/0 < yu,¢>dt+/Qk(t)yt¢da:dt+/0 B[y,¢;t]dt:/Qf¢d:rdt (9.1)

for any ¢ € H3(Q), and a.e. 0 <t < T;

(3) 1:(0) = v;. where <,> denotes the duality pairing of H~1(Q2) and H}(Q).

For notational convenience, set

Ho= He(Q)x L*(Q),

y = yk), ¥ = (y,um).

Theorem 9.1 (Well-posedness) Let §io = (vo,v1) € H and k € Uy, then the problem

(8.1) has a unique weak solution y.

Proof: We write (8.1) in semigroup formulation

J Y 0 I y 0
5 = +
Yt A0 Yt ~kyr—qy+f
(9.2)
Vo
yio)y = g =
U1
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Define the operator A: [H2(Q)N H3(Q)] x HY{(Q) — H

Its domain, D(A) = [H2() N H3(Q)] x H (L), is clearly dense in H.

Formulation (9.2) may be written as

d . - .
L) = AT + Be(@) () (93)
where
R 0
Bx(y) =
—kys—qy+ f
Note that A is skew adjoint [28] , i.e., A* = —A
A%y = Y,
-A 0

and thus D(A) = D(A*). Thus we have that A generates a unitary group on H [28].

Motivated by the semigroup formulation of (9.3), we seek a solution of the form:

1
() = Mo+ /0 A7 B, (5)(z, T)dr.
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t

where e/

represents the semigroup generated by A. We will prove that the map Tk,
t
Tij(t) = o+ / A7) By (§) (=, 7)dr.
0

has a u nique fixed point in C([0, To); H) .
Step 1:

We will prove: If Ty is small enough, then there exists a unique fixed point such that
Ti(y()) = (&) in  C([0,To); H)

To use the contraction mapping theorem, we need to show that Tj is bounded and

contractive.
Boundedness:
I TxFllc (o, To)im)
¢
< NetGllogomn + sup [ 1A BU@(llnds
0<t<T, JO
t
< “eAth”C([O,To];H)_{" sup /”eA(t—T)[_k('vr)yT("T)
OStSTo 0
=q(r)y(,, 7) + f(, Dll2ydr
t
< Aol + sup [l = k(7)) = a0y + ST
0<t<Ty /0O

since A generates a unitary group and that |le#?|| = 1. Since ||k||co < M and ¢ < go, We
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obtain

WTk3 e (o0, To)im)

< Nigolln + CTo(lFlle o, 1o)smy) + Toll flle (o, zoim) (9.4)

where C depends only on go and M , hence T} is bounded.

Contractive: Similarly, for any ¥, w € C([0, To); H),

1T = T ®||c(jo,10)1) < CTollv = Bl c(fo,To}sm)

By choosing Ty < 77, we have T} is contractive for t < To. Thus, we have the existence
of a unique fixed point on C([0, To]; H).
Step 2:

Extend above result to a solution on [Ty, 27p] by selecting a 'new initial data’ as

gTo = g(TO) € H

By a second contraction argument, we have a unique solution on C([To, 270); H). Re-
peating above process a finite number of times, we obtain the existence of a unique weak
solution to (8.1), with § € C([0,T]; H). O

We need regularity on the state solution to derive the necessary conditions that an

optimal control and corresponding state must satisfy. At first, we obtain the regularity
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of the weak solution of problem (8.1), by using the similar idea from Evans [11], when

control k is smooth.

Theorem 9.2 (Regularity) Assume Q is a bounded space, IQ is C? smooth, k(t) €
CH0, TINUn,vo € HAQ),v1 € HY(Q) and f, € L*(Q), then the weak solutiony = y(k)

satisfies y € C([0,T); H*(R)),y: € C([0,T); HY(Q)) and y: € C([0, T]; L*(Q)).

Proof: Construct a sequence of approximations by selecting smooth functions o; =

o;(z), (j =1,2,...) such that

{o;}72, is a basis of H) (D)

and

{o;}521 is an orthonomal basis of L*(Q),

where {o;} are eigenvectors for —A on H}(Q) (corresponding to the eigenvalues A; ) .

For integer m, write

n(8) =347 (1)03(2)  99)
where d7'(t) satisfy
d;*(0) = (vo(z),05) 12 , (d7')1(0) = (vi(2),05)12 (1 =1,2,3,..m) (9.6)
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[ )72+ [ k@) (n)i0;42 + Blym 053] = [ f(alord0. (97

Using the orthogonality of {o;} in L*(Q) and substituting the sum for y,, from (9.5)

into (9.7) , equation (9.7) becomes a system of ordinary differential equations (ODE)

m

(d7)ee(t) + k() (d])e(t) + 3 Bloe, a5 tldy’(t) = f(2)

=1
0<t<T, j=1,2,3,..)

with initial conditions (9.6), where

B[O‘g,aj;t] = /(]VGgVdoQ+Lq(x)0g0de

50 = [ f@bade (9.8)

Since q does not depend on time, B[oy, 0};t] does not depend on time also. Since k(t) €
C'0,T), by standard existence theorem for ODE, there exists an unique absolutely
continuous solution satisfying (9.6) and (9.8). Multiply (9.8) by

(d7*):(t) and then sum over j to obtain

S @O 42+ 5(O) [ (9m)0)?d + By, (i
Q

= [ e tmhbae. (9.9)
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Rewrite the above equality as

535 | (em)0d0+ [ VunVum(d2] + k) [ (9100

:/ )y (2) (Y ) (¢ dQ+/fxtym)()dQ

< L[ 20+ [ ()0 +; [ (m) 0 [ Faae
< CO/QVymVym(t)dQ+C'o/a((ym)t)Z(t)dQ+%/Qﬁ(t)dQ (9.10)

where we use Poincaré’s Inequality in the above inequality and Cy is a constant inde-

pendent of m. Gronwall’s inequality [11] yields the estimate

w5, | [ ((m)?0) + [Vuml?(0)d0)]

0<t<T

< G| [ ()02 + [ [Vym()Fde+ /Q £4q).

Now we need to estimate

/((ym):)2(0)d9+/ |Vym (0)]2dS2.
f2 Q

By the definition of y,, and using the properties of o;, we have

NgE

(4m)e(0) = ) _(d7"):(0)o;(z)

[
1}
—

Il
.MS

(w1, 05) 12()0;5(2),

LY
Il
—
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1(m)s(O) |72y =

Z v1,05)12(0)05 (T )||%2(9)

UI’UJ L2(Q)|

IN

||”1||L2(Q);

and

7=1
/Vym(O)Vym(O)dQ = —/QymAym(O)dQ-i—/an aymymds
= —/QymAym(O)dQ
= _/ (idT(O)oj(z)) (Zd;"(O)Ao](O)) dQ
Q 7=1 7=1

— / (m d;"(O)aJ(x)) (id;”(O)/\]a](O)) 40
Q 7=1 j=1

= [ S A 0) o)
e

= > X(d(0))?
J=1

= i’\J(vmaj)?
7j=1

< lvoll3r ay-

For the last inequality above, see [12]. Note A; > 0 , since

~Ao; = Ajoj, and ojlr=0,
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IVo,l? = - [ oja0,a0
= A QO']?dQ
Va2
A, = ——— > 0.
N AT

Therefore

/Q((ym)t)2(0)dﬂ+/n|Vym(0)|2dQ < Colloll7z () + llvollz o))-

We conclude

mas, | [ ()00 + 19umP(0)a9)

0<t<T

< G [||vl||22(n) + [voll 3 g + ||f||%2(n)]

From (9.9), we have

[ o))+ [ K(E) ()i + Blym, d51] = | fla e

for any ¢ € H(R). Therefore, we have

| [ m)a(t)pan

< 1 [ KO 6m)i 00U + 1Blym, ¢i8ll+| [ £, 1100,
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Using the estimate (9.13) and Poincare’s inequality, we conclude

|/Q(ym)tt(t)¢d9| < Calléllmy (),

for any ¢ € H}(Q). Passing to the limit on a subsequence as m — oo, and obtain

y € L%([0,T); HY(Q))such that

ym — y in L*(0,T; H'()),
(ym)t — h in L2(Q)7

(ym)ee = yu in L2(0, T (HY)*(R)).

To verify y(0) = vo, y:(0) = vy, one choose any function v € C%([0,T]; H}(R)), with

v(T) = v(T) =0, in the weak form of (8.1), we get

/oT (< vie, Y > + /Q k(t)yvdQ + Bly, ”;t]) @ = /va - /nvovt(o) f /n ot

/va—/nyvt(OH/Qytv(O)-

Since v(0), v,(0) are arbitrary, conclude y(0) = vo, 3:(0) =v,. O

Next we generalize the above regularity result without the smoothness assumption

of control h, and obtain a priori estimate.
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Theorem 9.3 (Apriori Estimate) Given vy € H}(Q),v1 € L3(Q), f € L¥*(Q71),

fi € LYQT),09Q is C?, and k € Uy, then the weak solution y = y(k) satisfies

OzltlgT (Hy(t)”Hg(Q) + v (Ollz2 ) + ”ytt”L2([0,T];H-1(Q)))

< Cllfllezqo,myza@) + llvoll ey + llvillz @)

where C 1s a constant which depends only on Q and T.

Proof: There exist sequences {yo.} C H2(Q), {y1n} C HL(Q) , and {k,} Cc C*[0,T]N

Ups such that

Yon — Vo, strongly in Hj ()
Yin — v1, strongly in L?*(Q) (9.14)

k, — k,  strongly in L%*(Q).

Denote the weak solution of (8.1) corresponding to the initial data yon,y1n with
control k,, by y,, then y, satisfies the regularity of Lemma 9.2. Multiply the PDE (8.1)

by (yn): and integrating over Q; = QX (0,¢) with 0 < ¢ < T, we obtain

0 = / [(yn)tt(yn)z + kn(t)((4n)1)? = (Ayn) (Yn)e + q¥n (Yn)e - f(yn)t] dzdr

Qe

- /Q [%%(((yn)t)“r IVUnl?) + kn(t) (9)e)® + qyn(yn): —f(yn)t] dedr

_/ Z(yn)x.(yn)tnidsd‘r ,
anx(0,t) ;

1=1
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where Vy, denotes the spatial gradient of y,,. Since y, =0, (yn): =01in 9Q x (0,7),

the boundary term vanishes, and we have

0 = /Q. {%% ((¥n))® + VY] + En(t) ((yn) )2 + qyn(yn): — f(yn)t}dwdr
= /Qx{t} %[((yn)t)2 + lVynlz]da: — /ﬂ %[(yln)2 + |Vy0n|2]d$

- / [=kn((¥n))® = qun(Yn)t + f(yn)ildzdr (9.15)

¢

and

I o ()7 1V

= [ 1)+ 1DyonYdz +2 [ [=k(5n)0)* = aun(un)e + f(gn)dddr
Q Qe

IN

lyinliZ2@) + 1VoonllZ2 () + 1£132 () + 1(wn)ellz2(oy)

+Mi([ynllL2@u) + I (¥a)ellz2@n) (9-16)

where constant M; depends only on M and ¢o. Using Poincaré’s Inequality

/ [Vyn(:c,t)|2dz2C’1/ V2 (z,t)da
Qx{t} Qx{t}

where C is some constant independent of y,,, we obtain
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Jax(y[((¥n)e)® + yilda
< G fQ,[((yn)t)2 + yZ)dzdr (9.17)

+C2(”y1n”%2(9) + [ Vyonll72(q) + ”f“%,?(Q))

where C; is independent of y,,.

Let

n(t) = /Q e ()

f = C2(||y1n||%2(g) + IvyOnﬁ}(Q) + ”f“.%?(Q)) :

Then the inequality (9.17) becomes

t
W <E+Ca [ ne. (9.18)
Using Gronwall’s inequality, we obtain

n(t) < (1 +CoTe™T),
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ie.,

Jaxinlva + ((yn)1)?]dz

< (1+ CZTeczT)CZ(”yln”%z(n) + |Vy0n|%2(g) + ”f”%,?(QT))'

Combining (9.16) and (9.19) and letting n — oo, we get at time t

lye (2 + MIVYONZ2 () + IO L2q)

< C’3(||yl||%z(9) + lVyo|%2(Q) +11f12200)

where C3 depends only on © and T'. Taking the supremum, gives

2 2
Ozl:SpT(”y“Hg(Q) + ”ytllL2(Q))

< C3(||y1||%2(n) + ||U0”?qg(n) + Hf”%Z([o,T],L?(Q)-

Next, we are going to estimate ys;. Since

<y, ¢ > (1)

= - [ (Vv kus + quo - o) (0)de
for any ¢ € H}(R). Let 16/l 73y = 1, then
| < ity d > (B)]
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< F N2y + Calllvellzaay + Hylﬁzg(g)] (9.22)

where Cy depends on M. Using (9.22), we obtain

||ytt||%2([o,T],H-1(9))

T
< Cs [ (IFOa@ + el + Ioliye)
< CeT(llyillzzqny + ||U0||§1(;(9) + 1122 0,1, 220
where Cj5, Ce are constants independent of k. a

Now we obtain the existence of an optimal control.

Theorem 9.4 (Existence of Optimal Control) There exists an optimal control k* €

Un, which minimizes the objective functional J(k) for k € Upn.

Proof: Let {k"} € Up be a minimizing sequence in Ups such that
| lim J(A™) = inf J(k). (9.23)

n— oo keUp

Denote y* = y(k™). By Lemma 9.3 we have

OzltlSPT(Hy"HHg(Q) + 1@ ellz2 @y + 1) eell L2 o, 13:-1(2)))

< CUNzeqo,ryza@y + llvoll ey + lvillzze))-
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On a subsequence, by weak compactness, there exists y* in C([0, T]; H§(€2)) such that

y* — y* weak * in L>([0, T]; H}(?)),
(¥™): — (y*): weak * in L*([0, T]; LX(Q)), (9.24)

(y™)e = (yv*)4 weakly in  L%([0,T); H~Y(Q))

and
k™ — k* weakly in L*(Q). (9.25)
By the definition of weak solution, we have

T
/O <y b= — /Q (Vy"Vo+ k" ((y"))d + av"6 — f) dudt. (9.26)

In the convergence as n — oo, the only difficult term is the term with £ on the RHS of

(9.26). We now show convergence of the RHS. Define the sequence of function v"(t) by
v(t) = [ 5@ 0¢(z)de.
We have
T
/Qk"((y")t)¢dxdt = / k™ () 0™ (t)dt.
0

using the weak convergence of (y™); on space and the continuity of y7 in time into L2(()
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, for each fixed t,
v (t) = u(t) = / y; (z,t)¢(z)dz pointwise as n — oo,
Q

By Egorof’s Theorem [31], for any € > 0, there exists aset E' C [0, T]such that m(E) < ¢

and
v™(t) = v(t) uniformly on [0,T]\E.
Then we obtain
T T T
/ ko™ — k*u|dt < / (k™0™ — k*v)xgldt +/ (k™0™ — k*0)xpo.rp\51dt-
0 0 0

The integral term on [0, T]\E approaches 0 as n — oo by the uniform convergence of

v™ = von [0,T]\E. The integral term on E can be estimated,

T T
/0 |(h™0™ — h*v)x|dt M/O (j0"| + [v]) xmdt

IA

M({[v*lz20,1) + lI0liL2(0,1)) (), |

IA

which is small due to L? bounds on v™ and m(E) < €. Hence we obtain the desired

convergence:

/Q K ypgdQ — /Q kY7 $dQ.
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We can pass to the limit in the y™ PDE and obtain y* = y(k*), solution of (8.1). Thus

y* = y(k*) is the solution of state equation (8.1) with control k* . Since

i) = 5 [ 0 = 2aQ+ § [ ()7,

using lower-semicontinuity of L? norm with respect to weak convergence, we have

* . 1 n 2 [ é/ ny2
JE) < lim 2/Q<y - 9%4Q +limjnt § [ (#7240
< liminf J(K™)
n—roo
Finally, we conclude k* is an optimal control. (N
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Chapter 10

Characterization of the Optimal

Control

We now derive the optimality system by differentiating the objective functional J(k)
with respect to the control k. Since y = y(h) is involved in J(k), we first must prove

appropriate differentiablity of the mapping

k= (y(k), ye(k)) = G(k).

Lemma 10.1 The mapping

k€ Un — 5(K) = (u(k), we(k)) € L3((0, T} 1)
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is differentiable in the following sense

Ghtet) — ) 5
£

weakly in L2([0,T);H) as € — 0, for any k satisfying k + e € Upy for € amall and
€€ L0, T). Moreover ¥ = (¥, W) in L([0, T); ) is a weak solution of the following

problem:

\Iltt = A\Il—k\Ilt—q‘Il—Zyt, mn Q

=
i

0 92 x(0,7) oy

v =0 t=0,z€eQ

\I}t =0 t= 0, T € Q
where y = y(k).
Proof: Denote y* = y(k+¢f) and y = y(k), then (LE_Q) is a weak solution of

£ £

Y-y, Y-y Y-y Yy e
( . Ju = A c ) — k( R )t —q( c )+ Ly; in Q
& _
yey =0 in 99 x (0,T)
¥ ~-9 _ t=0z€ Q
£
(y;y)t =0 t=0,z€Q
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Using Theorem 9.3 , we get

Yit — Yu
R |22 (fo,73:57-1(92))

£ __ y t
M a1y + I

IN

Clleyi Nl L2 jo.13;22(0))

IN

ClléflLe sup |lyzllz2(q)-
0<t<T

IA

Coll€][pe

where C depends on the L* bound on ¢, but is independent of €. Hence on a subse-

quence, by weak compactness, we have

-y

£

Yir — Yt
£

—~ ¥ weak * in L]0, T]; HY()),

— W, weak *in L°([0,T]; H-}Q))

By the definition of weak solution, we have

€
< ¥

— 5_
y,¢>+/VW )V da
12 tt N &

= - [ s sde - [ oE—E)pdo - [ tiodo

£

for any ¢ € H}(Q2), and a.e. 0 <t < T.
Letting ¢ — 0 and using that yf — y, weakly in L?(2), we obtain ¥ is the weak

solution of problem (10.1). o
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Now we are ready to derive the necessary conditions that characterize an optimal

control. Note that the adjoint problem is unusual due to (kp); term.

Theorem 10.1 Given an optimal control k* and corresponding j* = y(k*) =

(¥™,y;), there exists a weak solution p = (p,p,) in L>°(0,T;H) to the adjoint problem:

pe = Ap—(kp)i—qp+y" —2z in Q
p = 0, 09 x (0, T) (10.2)
p = p =0, t=T,z2€Q

(transversality condition)

Furthermore, k satisfies

E*(t) = max (—M, min (% /Q (py{)(t,x)dz,M)) (10.3)

Proof: Let k* € Up be an optimal control and * = g(k*) be the corresponding
optimal state solution. Let k* +¢ef € Up for e > 0 and §° = F(k* + €f) be the cor-
responding weak solution of the equation (8.1). We compute the directional derivative
of the objective functional J(k) with respect to k in the direction of £. Since J(k) is a
minimal value,

0 < g T HED - I()

- e—so0t £
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? T
= lim {2—18- /Q[(yE —2)? — (y* - 2)%)dzdt + 2/—35 /0 [((k* +ef)? — (k*)Q]dt}

e—0t
E % £ * T
— lim {/ W -y +y 2z)dxdt+—ﬂ—/ (2k*2+6€2)dt}
e=0t | JQ 2e 2 Jo
T
= / Wy - z)d:cdt-i—ﬁ/ k*edt (10.4)
Q 0

where ¥ is defined in Lemma 10.1.

We need to prove the existence of the solution to the above adjoint equation. This
proof differs from the existence of solution of the state equation due to the (kp); term
with k not necessarily weakly differentiable and the source term. In the system formu-
lation using the notation from Theorem 2.1, the adjoint equation becomes

d 0
—b(t) = Ap(t) + : (10.5)

—(kp): —qp+y - 2

where A generates a unitary group on H.

We "formally” seek a solution of the form

T 0
p(t) = / eAlt=9) ds,
t

—(kp)t—qp+y -z

To make sense of the (kp);, we integrate by parts,

T 0 0 0
5= / _ ApAlt-3) L Alt=s) ds +
t
kp —gp+y-z kp(t)
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To find a solution p satisfying (10.5), we prove the existence of a unique fixed point in

L*([0, To); H) of the map

(10.6)

One first step is to prove the fixed point result on [T — Tg, T] for Tp sufficiently small.

We show
F: L®(T -To, T, H) = L>=([T - To, T}, H)

is bounded and contractive.

To show boundedness and contractive, consider the kp(t) term,

kp(t)
Lo ([T-To,T],H)

= |lkpllLeo(i7-70,71,L2(92))

< Mo ([ (o 010r)
= Msgp (/;2 (— /tTp,(w,s)ds)2dx) 5
MSI:p (/QTO /tTpt?(x,s)dsdz)%

IN
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IN

IN

IA

INA

IN

1 T %
MT§ / / p(z, s)dsdz
T-To JOQ

MTol|pell Lot 10,11, L2(2))

IN

where "sup” means essential supremum for L*°. To complete the boundedness property,

using the property that e*! and A commute [28], we obtain

Dl Lo ((7-10,77, 1)

T
MTo||pell Loo((7-10,11,L2(2) +SL;P/t A ds
kp(t) y

+Toll — ap + ¥ — 2||Lo(T-T0,T).L2 (@)
sep/tT lkpl| 1 (s)ds + M Tol|pt|| oo (7 -To,77,L2(02))
+Tol| - ap+ ¥ — 2l Lo ((7-T0,71,L2())-
MToC1lIPliLee(-To,11,30) + Toll = P + ¥ — 2l| Lo ((r-10,11,10)
2MToCh||P| oo (=10, 11,%) + ToCo2||Pll oo (770, 77,7)
+Tolly = 2l|Loo((r-T0,11,1)

(2MCy + C2)TolPl| Lo (7 -10,77,2) T+ Tolly = 2| oo ((r=10,77,20)-

For contraction property, we have

|FP1 = FpallLoo((7-To,11,1) £ (2MCy + Co)To||P1 — Pall Lo ((7—10,77,2)»
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where C,C; and C3 are constants depending only on the coefficients of state equation.
The above inequality gives the contraction for 7Tp small. Thus we obtain our unique
fixed point on [T — Ty, T] and then apply the argument on [T — 2Ty, T — Tp). Continuing
gives the existence of a unique solution to the adjoint equation.

Then substituting the adjoint problem into (10.4), we obtain

T
0 < /\Il(y*—z)dzdt+ﬂ/ k™ edt
Q 0

INA

T
/ {< Ui, p > +/ VpV\Ildz+/ k*p(\Il)td:c-}—/ qp\Ilda:}dt
0 Q Q Q

T
+8 / k*0dt
0

by using ¥ =¥; =0ont=0and p=p,=0ont=T. Then from equation (10.1) for

¥, we obtain

T
og/ é(ﬁk*—/pyt*da:) dt.
0 Q

Note ¢ = {(z,t) is an arbitrary function with &* + € € Ups for small € .

Considering three cases involving the sign of the variation £ depending on the size
of k*, we obtain the desired characterization of k*.
Case 1:

Let Ay, = {(z,t) € Q| 0 < k*(z,t) < M}. Taking support of £(z,t) C A; with
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arbitrary sign, we obtain

,Bk*—/py;‘dx = 0, in 4
Q
So in this case, we conclude
x 1 *
M <k = —/pytdz<M.
Bla

Case 2:
Let Ay, = {(z,t) € Q| k*(z,t) = M}. Taking support of £(z,t) C A2 and {(z,1)

we obtain

Bk —/pyi“dx <0,
Q

So in this case, we conclude

M=k < —/pytdx

Case 3;
Let A3 = {(z,t) € Q| k*(z,t) = 0}. Taking support of £(z,t) C Az and {(z,t)

then we have

<0,

20,



Combinning the above three cases, we conclude

k* = max (—M, min (—l—/py;“dz,M>> a
B Ja

Substituting (10.3) for & into the state equation (8.1) and the adjoint equation (10.2),

we obtain the optimality system (OS)

. (1 .
Yy = Ay -— max <—M, min ('ﬂ‘/nl’ytdl,M)> ye—q(z)y+ fin Q
Pt = Ap— [max (—M, min <%/ pyﬂx,M))p] +y—zin Q
Q t

y = p=20 9 x (0,T) (10.7)

y = 0 t=0,z€Q
p = p =0 t=T, z€Q

The weak solutions of the optimality system exist by Theorems 9.1 and 10.1; The
existence of an optimal control &* and corresponding y* implies the existence of p.
Note we have derived necessary conditions for an optimal control. The uniqueness

of the optimal control is not known at this time.
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