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ABSTRACT 

during bothAn experimental investigation of rheological properties 

shear and elongational flow and melt spinning characteristics for 

and high impactpolystyrene melts reinforced with small rigid particles 

polystyrene (HIPS) is reported. 

surfaceThe influences of loading level, particle size and 

treatment were discussed, These systems exhibit yield values for both 

shear and elongational flow, Experimental values for the ratio of the 

tensile to the shear yield stress give satisfactory agreement with the 

production of the von Mises yield criterion, The yield value appears 

surfaceto increase with decreasing particle size and may lower with 

treatment, The first normal stress difference at fixed shear stress 

decreased with loading level, The spinline elongational viscosity for 

behaviorfilled systems shows a strong elongational rate thinning 

the steady statecompared with unfilled systems, the same trend as in 

It has been found that an addition of smallelongational viscosity, 

andparticles makes the spinline unstable under both isothermal 

nonisothermal conditions. 

from aA theoretical approach to shear viscosity was attempted 

mechanistic viewpoint. A cell theory model of concentrated suspensions 

This theoryinvolving particle-particle interaction was developed. 

suggests that a yield stress is related to the particle-particle 

interaction energy per unit volume. The predicted values give 

the effectssatisfactory agreements with experimental data concerning 

iii 



iv 

Then,of particle characteristics on shear viscosity and yield stress, 

consistent withthe phenomenological theory of White which is largely 

data on both shearthe mechanistic theory was compared with experimental 

and elongational flow. A proposal for flow mechanism was made. 



TABLE OF CONTENTS 

CHAPTER PAGE 

I. INTRODUCTION 1 

II. LITERATURE SURVEY 3 

A. 

B. 

C. 

Experimental Investigations of Rheological 
Properties of Suspensions 
Phenomenological Theory for Polymer Melts Highly-
Filled with Small Particles 
Mechanistic Theory for Concentrated Suspensions 
of Small Particles 

3 

16 

37 

III. THEORETICAL 
SUSPENSIONS 

APPROACH 
OF SMALL 

TO THE VISCOSITY 
PARTICLES 

OF CONCENTRATED 
47 

A. 

B. 
C. 
D. 
E. 

Introduction 

Viscous Dissipation Due to Flow 
Energy Dissipation Due to Other Force Fields . 
Theory of Viscosity 
Summary of View of Viscosity Behavior of Polymer 
Melts Reinforced with Small Particles 

47 

49 
57 
61 

66 

IV. MATERIALS AND EXPERIMENTAL PROCEDURES 67 

A. 

B. 
C. 
D. 

Materials ....... 

Preparation of Samples 
Rheological Measurements 
Melt Spinning 

67 
67 
78 

84 

V. EXPERIMENTAL STUDIES ON SHEAR FLOW 92 

A. 
B. 

Shear 
First 

Viscosity 
Normal Stress Difference 

92 

105 

VI. EXPERIMENTAL STUDIES ON ELONGATIONAL FLOW 128 

A. 
B. 
C. 

Transient Elongational Viscosity 
Steady State Elongational Viscosity 
Elongation to Break 

.... 

128 

140 

152 

VII. COMPARISON 
THEORIES 

OF EXPERIMENTAL DATA WITH RHEOLOGICAL 
161 

A. 

B. 
Yield Surface 

Comparison of Mechanistic Theory with Experiment . . 

161 
169 

V 



vi 

PAGECHAPTER 

C. Comparison of Phenomenological Theory with 
179Experiment 

192VIII. MELT SPINNING . 

192A. Introduction 

B. Spinline Elongational Viscosity During Isothermal 
192Melt Spinning 
201C. Draw Resonance Phenomena 

213IX. CONCLUSIONS AND RECOMMENDATIONS 

213A. Conclusions . . 
B. Recommendations 215 

217LIST OF REFERENCES . 

APPENDIX 230 

234VITA 



TABLE 

II.1. 

II.2. 

IV.1. 

IV.2. 

IV.3. 

IV.4. 

VII.1. 

VII.2. 

VIII.1. 

VIII.2. 

LIST OF TABLES 

PAGE 

Yield Values for Polymer Melts Reinforced with Small 
Particles 10 

Reduced Elastic Recoveries of Polymer Melts Reinforced 
with Small Particles 11 

Description of Polymers Used 68 

Characteristics of Fillers Studied 69 

Weight Fraction of Fillers in Compounds Prepared . . . . 77 

Densities of Samples Used and Ratio of Cross Section of 

Filament at 180°C to That at 25‘’C After Annealing . . . 83 

Experimental Yield Values 166 

Comparison of Experimental Yield Stress with 
Theoretical Value 172 

Critical Draw Ratio During Isothermal Melt Spinning . . 204 

Critical Draw Ratio During Nonisothermal Melt Spinning . 207 

vii 



LIST OF FIGURES 

PAGEFIGURE 

26II.1. Bingham Plastic Model 

2811.2. Schwedoff Body 

50III.l. Relative Motion of Two Spheres 

Used . . . . 70IV.1. Scanning Electron Micrograph of Carbon Black 

IV.2. Scanning Electron Micrograph of Ti02 Used 71 

Used . . 72IV.3. Scanning Electron Micrograph of Untreated CaCO^ 
Used . . . 73IV.4. Scanning Electron Micrograph of Treated CaCO^ 

74. . . .IV.5. Transmission Electron Micrograph of HIPS-A Sample 

75. . . .IV.6. Transmission Electron Micrograph of HIPS-B Sample 

80IV.7. Elongational Flow Apparatus 

85IV.8. Nonisothermal Melt Spinning Apparatus 

87IV.9. Isothermal Melt Spinning Apparatus 

CB-V.l. Shear Viscosity as a Function of Shear Rate for 
Filied PS Melts 93 

V.2. Shear Viscosity as a Function of Shear Rate for TiO^-
Filled PS Melts . . 94 

V.3. Shear Viscosity as a Function of Shear Rate for CaCOo-
Filied PS Melts T . . 95 

HIPSV.4. Shear Viscosity as a Function of Shear Rate for 
Melts 96 

V.5. Shear Viscosity as a Function of Shear Rate for 
HDPE/PS Melts 98 

V.6. Shear Viscosity as a Function of Shear Stress for CB-
Filied PS Melts 99 

V.7. Shear Viscosity as a Function of Shear Stress for 

Ti02-Filled PS Melts 100 

viii 



ix 

FIGURE PAGE 

V.8. Shear Viscosity as a Function of Shear Stress for 

CaC03-Filled PS Melts 101 

V.9. Shear Viscosity as a Function of Shear Stress for 
HIPS Melts 103 

V.IO. Shear Viscosity as a Function of Shear Stress for 
HDPE/PS Melts 104 

V.ll. First Normal Stress Difference as a Function of Shear 
Rate for CB-Filled PS Melts 106 

V.12. First Normal Stress Difference as a Function of Shear 

Rate for Ti02-Filled PS Melts 107 

V.13. First Normal Stress Difference as a Function of Shear 

Rate for CaC03-Filled PS Melts 108 

V.14. First Normal Stress Difference as a Function of Shear 
Stress for CB-Filled PS Melts 109 

V.15. First Normal Stress Difference as a Function of Shear 

Stress for TiO^-Filled PS Melts no 

V.16. First Normal Stress Difference as a Function of Shear 

Stress for CaC03-Filled PS Melts Ill 

V.17. First Normal Stress Difference Coefficient as a Function 
of Shear Rate for CB-Filled PS Melts 112 

V.18. First Normal Stress Difference Coefficient as a Function 

of Shear Rate for TiOo-Filled PS Melts 113
2 

V.19. First Normal Stress Difference Coefficient as a Function 

of Shear Rate for CaC03-Filled PS Melts 114 

V.20. First Normal Stress Difference as a Function of Shear 
Rate for HIPS Melts 115 

V.21. First Normal Stress Difference as a Function of Shear 
Stress for HIPS Melts 116 

V.22. First Normal Stress Difference Coefficient as a Function 
of Shear Rate for HIPS Melts 117 

V.23. First Normal Stress Difference as a Function of Shear 

Rate for HDPE/PS Melts 119 



X 

FIGURE PAGE 

V.24. First Normal Stress Difference as a Function of Shear 
Stress for HDPE/PS Melts 120 

V.25. First Normal Stress Difference Coefficient as a Function 
of Shear Rate for HDPE/PS Melts 121 

V.26. First Normal Stress Difference as a Function of Shear 

Stress for Various Filled PS Melts at the Same Loading 
Level 123 

V.27. First Normal Stress Difference Coefficient as a Function 
of Shear Stress for CB-Filled PS Melts 125 

V.28. First Normal Stress Difference Coefficient as a Function 

of Shear Stress for Ti02-Filled PS Melts 126 

V.29. First Normal Stress Difference Coefficient as a Function 

of Shear Stress for CaCO^-Filled PS Melts 127 

VI.1. Transient Elongational Viscosity at Various Elongational 
Rates for PS Melt 129 

VI.2. Transient Elongational Viscosity at Various Elongational 
Rates for 10% CB-Filled PS Melt 130 

VI.3. Transient Elongational Viscosity at Various Elongational 
Rates for 20% CB-Filled PS Melt 131 

VI.4. Transient Elongational Viscosity at Various Elongational 
Rates for 30% CB-Filled PS Melt 132 

VI.5. Transient Elongational Viscosity at Various Elongational 

20% Ti02-Filled PS MeltRates for 133 

VI.6. Transient Elongational Viscosity at Various Elongational 

30% Ti02-Filled PS MeltRates for 134 

VI.7. Transient Elongational Viscosity at Various Elongational 
Rates for 13530% Untreated CaCO^-Filled PS Melt 

VI.8. Transient Elongational Viscosity at Various Elongational 
Rates for 13630% Treated CaC03-Filled PS Melt 

VI.9. Transient Elongational Viscosity at Various Elongational 
Rates for HIPS-A Melt 137 

VI.10. Transient Elongational Viscosity at Various Elongational 
Rates for HIPS-C Melt 138 



xi 

PAGEFIGURE 

VI.11. Transient Elongational Viscosity at Various Elongational 
139Rates for 50% HDPE-Blended PS Melt 

VI.12. Steady State Elongational Viscosity as a Function of 
142Elongational Rate for CB-Filled PS Melts 

VI.13. Steady State Elongational Viscosity as a Function of 
Elongational Rate for Ti02-Filled PS Melts 143 

VI.14. Steady State Elongational Viscosity as a Function of 
Elongational Rate for CaCO^-Filled PS Melts 144 

VI.15. Steady State Elongational Viscosity as a Function of 
145Elongational Rate for HIPS Melts 

VI.16. Steady State Elongational Viscosity as a Function of 
146Elongational Rate for HDPE/PS Melts 

VI.17. Steady State Elongational Viscosity as a Function of 
Tensile Stress for CB-Filled PS Melts 147 

VI.18. Steady State Elongational Viscosity as a Function of 
Tensile Stress for TiO^-Filled PS Melts 148 

VI.19. Steady State Elongational Viscosity as a Function of 

Tensile Stress for CaCO^-Filled PS Melts 149 

VI.20. Steady State Elongational Viscosity as a Function of 
Tensile Stress for HIPS Melts 151 

VI.21. Steady State Elongational Viscosity as a Function of 
Tensile Stress for HDPE/PS Melts 153 

VI.22. Elongation to Break as a Function of Elongational Rate 
for CB-Filled PS Melts 154 

VI.23. Elongation to Break as a Function of Elongational Rate 
for Ti02-Filled PS Melts 155 

VI.24. Elongation to Break as a Function of Elongational Rate 

for CaC03-Filled PS Melts 156 

VI.25. Elongation to Break as a Function of Elongational Rate 
for HIPS Melts 157 

VI.26. Elongation to Break as a Function of Elongational Rate 
for HDPE/PS Melts 158 



FIGURE 

VI.27. 

VII.1. 

VII.2. 

VII.3. 

VII.4. 

VII.5. 

VII.6. 

VII.7. 

VII.8. 

VII.9. 

VII.10. 

VII.11. 

VII.12. 

VII.13. 

xii 

PAGE 

Elongation to Break as a Function of Elongational Rate 
for Various Filled PS Melts at the Same Loading 

160Level 

Viscosity as a Function of Stress During Both Shear 
162and Elongational Flow for 30% CB-Filled.PS Melt 

Viscosity as a Function of Stress During Both Shear 
. . .and Elongational Flow for 30% Ti02-Filled PS Melt . 163 

Viscosity as a Function of Stress During Both Shear 
and Elongational Flow for 30% Untreated CaCO^-Filled 

164PS Melt 

Viscosity as a Function of Stress.During Both Shear 
and Elongational Flow for 30% Treated CaC0--Filled 
PS Melt T 165 

Empirical Correlations Between Yield Stress and Particle 
167Size . . 

Plot of n* versus Shear Rate for Small Rigid Particle-
Filled PS Melts 173 

Plot of nVnn versus Shear Rate for Small Rigid Particle-
Filled PS Mel ts . 174 

0
Plot of n*/n^ versus Shear Rate for Small Rigid Particle-
Filled PS Melts 176 

f((}>) as a Function of Volume Fraction of Small Rigid 
Particles 177 

0 
n*/n as a Function of nSv for Small Particle-Filled0 

180PS Melts 

Characteristic Relaxation Time as a Function of Shear 
Rate for Matrix PS Melt 185 

Comparison of Experimental Data with Phenomenological 
186. .Theory for Plot of Shear Viscosity versus Shear Rate 

Comparison of Experimental Data with Phenomenological 
Theory for Plot of Elongational Viscosity versus 
Elongational Rate 187 

https://CB-Filled.PS


FIGURE 

VII.14. 

VIII.1. 

VIII.2. 

VIII.3. 

VIII.4. 

VIII.5. 

VIII.6. 

VIII.7. 

VIII.8. 

VIII.9. 

VIII.10. 

xi i i 

PAGE 

Comparison of Experimental Data with Phenomenological 
Theory for Plot of First Normal Stress Difference 

188versus Shear Stress 

Typical Photograph of the Spinline During the Isothermal 
194Melt Spinning for HIPS-A 

Profiles of Fiber Diameter along Spinline for HIPS 
195under Isothermal Conditions 

Profiles of Fiber Velocity along Spinline for HIPS 
under Isothermal Conditions 196 

Profiles of Elongational Rate along Spinline for HIPS 
under Isothermal Conditions 197 

Spinline Elongational Viscosity as a Function of 
198Elongational Rate for HIPS 

Comparison of Spinline Elongational Viscosity with 
199Steady State Elongational Viscosity for HIPS 

Typical Spinline Tension Variation with Time under 
Isothermal Conditions for HIPS-A 203 

Diameter Fluctuation as a Function of Draw Ratio for 
Various Filled PS under Nonisothermal Conditions . 208. . . 

Period of Draw Resonance as a Function of Draw Ratio 
for Various Filled PS under Nonisothermal Conditions 209. . 

Ratio of Wavelength of Draw Resonance to Spinline 
Length as a Function of Draw Ratio for Various Filled 
PS under Nonisothermal Conditions 210 



CHAPTER I 

INTRODUCTION 

In many polymer products, reinforcement with small particles is 

used to improve properties and performance, Examples are reinforcement 

with carbon black, calcium carbonate, talc, etc. as well as rubber 

modification. In these systems, small particles are dispersed in a 

continuous phase. 

Although we have considerable information on the properties in the 

solid state for such reinforced polymers, there have appeared little 

study on rheological properties in the molten state. Most of these have 

been limited to capillary rheometers involving high shear rate 

measurements. Few studies of this type involving a range of instruments 

or systems have appeared. 

It has long been recognized that an addition of fillers brings a 

change in processing conditions. It has also been said that fillers 

improve the extrusion characteristics. For example, as we know well, 

carbon black makes natural rubber extrudable. 

In order to better understand the behavior of these materials in 

processing, we need more basic rheological characterization studies to 

investigate the influence of an addition of small particles on melt 

properties. There is a need to develop a general picture of the 

rheological properties of highly-filled polymer melt systems, and to 

develop quantitative representation of such behavior. It is the 
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both an extensivepurpose of this thesis to fill this need. We present 

experimental study of polymer melts reinforced with small particles and 

of smalla theoretical study of the shear viscosity of suspensions 

particles in viscoelastic fluids. We also investigate processing 

characteristics in melt spinning. 



CHAPTER II 

LITERATURE SURVEY 

A. Experimental Investigations of Rheological 
Properties of Suspensions 

A.l. Suspensions of Particles in Newtonian Fluids 

It had been observed by the turn of the century that all fluids did 

not necessarily obey Newton's theory. In 1885 Reynolds (192) reported 

volumetric dilatation resulted from shearing rigid particle suspensions 

in water. Bingham and Green (20) reported in 1919 that points exhibited 

yield values in shear flow. 

(II.1)0,2 = V t ng Y 

shear stress andwhere Y is a yield value, ng a plastic viscosity, 0-12 
Y shear rate. They proposed similar observations were made on other 

concentrated suspensions in succeeding years. 

Since that early period, there have appeared many studies on 

rheological behavior of suspensions. They have been mainly related to 

the effects of particle size and concentration on the suspension viscosity 

and viscosity changes with the shear rate. 

Freundlich et al. (63) (64) obtained many important results on the 

time dependent behaviors of colloidal systems. The viscosity change 

with shear rate and time were expressed as "thixotropy (decreasing 

viscosity)" and "rheopexy (increasing viscosity). In some systems, the 

3 
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in others itviscosity was found to decrease with shear rate, which 

increased. This, Freundlich and Roder (64) termed "dilatancy." 

During the 1950s, Maron and Krieger and their co-workers (137) (138) 

studies of the(139) and Mooney (156) among others made extensive 

fraction andviscosity of latices investigating particle size, volume 

shear rate dependence. Mooney developed a useful semiempirical equation 

for the influence of volume fraction on viscosity. Other investigators 

the existencestudied the suspension of inorganic particulates confirming 

the occurrenceof yield values (190). Metzner and Whitlock (147) studied 

effects andof the Reynolds (192) and Freundlich-Roder (64) dilatancy 

concluded they are independent. 

In 1959, Casson (35) proposed a viscosity equation for suspensions 

exhibiting yield stresses. 

1/2 _ 
= Y + n ;i/2 (II.2) 

00°12 

1/2 
where n 

00 
is the high shear limiting viscosity. A plot of o 12 

•1/2
against y gives Y as an intercept. 

concentrationIn the 1960s, much study on the influence of particle 

and particle-particle interaction was reported by several investigators 

(65) (207). Electrostatic forces on latex particles was found very 

important by Fryling (66). Enormous differences in viscosity were 

of salts fromreported by this author with the addition and removal 

rubber latices. These changes in viscosity are produced by altering the 

concentration of ions in the surrounding fluid. 
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of anBrodnyan et al. (31) (32) reported that the addition 
and theelectrolyte diminishes non-Newtonian character of lattices, 

independent ofsuspension viscosity may obey Mooney's equation (156) 

particle size, in the Newtonian region. 

of volumeSummarizing experimental data for viscosity as a function 

fraction in 1965, Thomas (207) indicates the scatter mainly resulted 

particles withfrom particle size distribution, and that for small 

dominant. Hediameter less than 1 to lOv, colloidal forces become 

with decreasingpoints out that in such cases the viscosity increases 

particle size and also depends on the shear rate. 

ofExtensive studies on time dependent rheological behaviors 

by severalsuspensions such as thixotropy and rheopexy were reported 

the behaviorinvestigators (11) (215) in the 1960s. In these papers, 

was argued to be due to the formation and break-up of aggregated 

thestructures. Thixotropy was considered to be due to break-up of 

structures with deformation. 

Several important papers during the 1970s on concentrated 

ofsuspensions have appeared. Notable studies on the dilatancy 

suspensions were reported by Hoffman (92) (93). He reports that a 

shear rate, whichdiscontinuity in the viscosity as a function of the 

can be seen in a dilatant flow, is caused by a flow instability at 

which an order-disorder transition occurs. He has developed arguments 

such Vanaccounting for nonhydrodynamic interparticle effects as der Waals 

and electrostatic force. He has emphasized the effect of nonhydrodynamic 

of smallforces on rheological behavior of concentrated suspensions 

particles. 
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Several studies on rubber latices by Krieger et al. (115) (116) 

should be noted. For lattices of monodisperse particles without 

electroviscous effects, Krieger (115) reports that a graph of the 

P6clet number,relative viscosities of lattices plotted against a a 

diffusionnondimensional group combining shear rate and Brownian 

constant, for fixed volume fraction enables one to superpose results 

for different suspending fluids, From these experiments, he points out 

the effect of Brownian motion on the viscosity of concentrated 

suspensions, The non-Newtonian character induced by removing salts 

reported by Fryling (66) and Brodnyan (31) (32) was again investigated 

second electroviscousby Krieger and Eguiluz (116) who refer to it as the 

stress whicheffect. They report that the latex exhibits a yield 

decreases with decreasing particle concentration and with increasing 

electrolyte concentration. 

More recently, rheological behavior of suspensions of particles in 

and hisNewtonian fluids have been extensively studied by Umeya 

co-workers (210) (211). The dilatancy, thixotropy and rheopexy on rigid 

small particles suspensions in water have been reported. 

A.2. Suspensions of Particles in Polymer Solutions 

Matsumoto, Onogi and their co-workers (140) (142) (174) (175) have 

crosslinkedinvestigated polymer solutions containing carbon black, 

polymer beads, etc. as small particles and pointed out the appearance of 

shear flow, Inyield values in both dynamic experiments and in steady 

other words, the storage modulus becomes constant at low frequencies. 
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stress levels.and the dynamic viscosity does infinite at finite shear 

It has also been found that dynamic properties have a strong amplitude 

dependency, decreasing at larger amplitude. They have reported that the 

yield value may increase with particle content and polymer concentration 

in the disperse medium. The smaller the particle size, the larger the 

In addition.yield value, The system also becomes more thixotropic. 

they have studied the temperature dependence of the yield stress, In 

strain behaviortheir articles they have attempted to interpret small 

in terms of linear viscoelasticity. Onogi et al. (141) have argued 

more recently that there is no yield value in carbon black filled polymer 

has asolutions. They consider the system to form a pseudo-gel, which 

but it still flowshigher maximum relaxation time causing a long memory, 

at very low stresses. 

inThe possibility of yield values in suspensions of particles 

and Nicolais (164)polymer solutions has also been reported by Nicodemo 

shear rate(165). They point out a viscosity increase with decreasing 

owing to particle aggregate formation for glass bead and short glass 

fiber suspensions in polymer solutions. They report that this effect 

appears to be imperfect in glass bead suspensions. 

It has been found by Hutton and his co-workers (18) (97) (98) that 

greases possess yield stresses, In addition, they point out some problem 

existing in normal stress measurement in the systems with yield stresses 

such as grease, They indicate that the abnormal effects interfering 

with the normal stress measurement at low shear rates are due to 

interactions between the instrument and the yield stress property. As 
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be obtained.a result, a proper zero point for measurement cannot 

Furthermore, the uncertainty is proportional to the level of the yield 

stress. 

the case ofCasson's equation. Equation II.2, was modified for 

non-Newtonian media by Matsumoto et al. (175) 

1/2
1/2 

= Y + n (II.3) 
00<^12 n, 

where and Dq denote the apparent and zero shear viscosity, 
respectively. They have obtained yield values of small particle 

suspensions in polymer solutions using an above equation. 

solutionsSeveral investigations on fiber suspensions in polymer 

have been reported by Mikami, Matsumoto and Onogi (149) (176). They 

and titanate fiberspoint out that suspensions of powdered glass fibers 

thein polystyrene solutions exhibit yield values. In addition, 

suspensions of titanate fibers tend to show remarkable rheopectic 

behavior at low shear rate after being sheared at high shear rates (176). 

A.3. Suspensions of Particles in Polymer Melts 

Particle reinforced polymers have been extensively studied by many 

investigators, because those systems have not only scientific, but 

have measuredindustrial importance. However, most investigators 

viscosity either at single shear rates or in a high shear rate range. 

Reinforcing particles may be divided into two groups: rigid particles 

and deformable particles. 
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A.3.1. Polymer Melts Reinforced with Rigid 
Particles" 

It has long been recognized that the loading of rigid particles to 

been found thatpolymer melts increases the shear viscosity. It has 

dioxide and calciumsmall rigid particles such as carbon black, titanium 

carbonate increase the viscosity of systems to the greatest extent at 

of the datalow shear rates. As a result, a careful investigation 

indicates that these systems exhibit yield values. These phenomena have 

as summarized inbeen reported in shear flow by several investigators 

Table II.1. Yield values have been observed for not only small spherical 

particle-filled systems, but also small disc-shaped (22) and their rod 

shaped particle suspensions (51). Some papers (111) (112) report yield 

situation isvalues for glass bead-filled polymer melts, but the 

rate Newtonianambiguous, for other investigators report low shear 

found inviscosity (51) (59) (157) (158). Yield values are generally 

systems with particle sizes less than ly, that is, colloidal particles, 

stresses increaseas seen in Table II-l. It has been reported that yield 

unvulcanizateswith loading level for carbon black-reinforced rubber 

(213) (229). 

smallAs shown in Table 11.2, it has also been reported that 

particles may reduce the elastic recovery of polymer melts following 

the first normalflow. Han (75) reports that calcium carbonate reduces 

stress difference in shear flow at constant shear stress. Lobe and 

shearWhite (131) report a reduced normal stress difference at fixed 

stresses, although it exhibits an increase at fixed shear rates. Although 
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normal stressesgenerally fiber reinforcements tend to increase the 

been found to(37) (38) (50) (218), a very small diameter fiber has 

decrease it (51). The effects of carbon black structure on the elastic 

White and Crowderproperties of rubber components have been studied by 

(219). The smaller carbon black decreases the elastic properties. 

swell to the freeRecently, Bagchi and Sirkar (4) have related extrudate 

rubber volume fraction obtained from unextractable rubber measurements. 

Few studies concerned with elongational flow of filled polymer 

melts have appeared in the literature, Gotten and Thiele (48) have 

have not obtainedpresented transient elongational viscosity data, but 

the steady state values. Lobe and White (131) measure the elongational 

viscosity at a constant elongational rate and strikingly, obtain yield 

values for carbon black-filled polystyrene melts, Han and Kim (77) have 

investigated isothermal melt spinning of calcium carbonate-filled 

polypropylene, They report that the fillers increase apparent 

elongational viscosity which decreases more rapidly with elongational 

rate in contrast with polypropylene melts. 

There have been few studies of the small strain viscoelastic 

properties of filled polymer systems. Lobe and White (131) report 

dynamic and stress relaxation studies for carbon black-filled polystyrene. 

They find the introduction of carbon black to reduce the rate of stress 

tend to arelaxation and to make at low frequencies storage modulus 

finite value and dynamic viscosity tend to infinity. This indicates the 

formation of a gel structure. Payne (177) (178) discusses carbon black-

reinforced rubber vulcanizates. He finds that the dynamic moduli of 
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the existencesuch systems are strongly amplitude dependent suggesting 

of a gel. He suggests that at low strains the system may behave almost 

elastically with the modulus independent of the strain, namely, tends to 

form a gel by a carbon black-carbon black structure. 

treatmentReinforcing particles often receive a prior surface 

intended to improve the dispersion of particles in the polymer matrix 

and eventually, the mechanical properties of final molded products. A 

reduction in viscosity by surface treatment has been reported by 

several investigators (22) (40) (82). It has also been reported that 

surface treatment may slightly increase the extrudate swell of polymer 

melts during extrusion (231). 

A.3.2. Polymer Melts Reinforced with Deformable 
Particles 

such asIn order to improve mechanical properties of polymers 

impact strength, reinforcement with deformable parti cles has been widely 

used. This can be mainly classified into two groups: polymer blends 

(mechanical blends) and rubber-modified polymers by graft polymerization. 

These have commonly the structure in which deformable particles are 

dispersed in a polymer matrix. However, the particles dispersed in the 

those of the former.latter case are generally very small compared with 

tend to exhibitIt has been reported that rubber-modified polymers 

II.l. Leeyield values in the steady shear flow as shown in Table 

(126) reports that high impact polypropylene (HIPP) and high impact 

polystyrene (HIPS) show an increase of viscosity with decreasing shear 

elastomer domainsrate. He suggests the aggregation of the dispersed 
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and the formation of a kind of loose network structure at low shear rates, 

values have also beenwhich eventually is broken under high shear. Yield 

found in dynamic measurements for these polymers. At low frequencies, 

to a finitedynamic viscosity tends to infinity and storage modulus 

have alsovalue in ABS melts (3) (157) (158) (232). Similar results 

and Sodabeen reported in HIPS melts (39). As indicated by Itoyama 

rates for these(105), a marked increase in viscosity at low shear 

polymer melts may depend on rubber globule size. For example, Munstedt 

(157) (158) points out that HIPS melts with large rubber globules did 

not exhibit yield values in his experiments. 

There have been few studies on elongational flow of rubber-modified 

definablepolymer melts. Cogswell (44) reports that ABS melts have no 

region of constant elongational viscosity at low shear stress, that is, 

a tendency to a yield value. 

Few papers have reported on ejastic properties of these materials 

as shown in Table II.2 (p. 11). Casale, Moroni and Spreafico (34) find 

that increasing rubber contents reduces extrudate swell of ABS melts. 

Han (74) studied the rheological properties at high shear rate of HIPS 

and ABS melts using slit rheometer. He indicates that the sample 

containing a higher amount of rubbery component appears less elastic 

than that with a lower amount. Munstedt (157) (158) has also reported 

-a reduced extrudate swell in HIPS, ABS and acrylonitrile-styrene 

acrylester copolymer (ASA) melts. 

Several studies on polymer blends, especially extensive 

investigations by Han and his co-workers (76), have been reported. In 
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show Newtoniancontrast with rubber-modified polymers, blend polymers 

regions in the steady shear flow experiments (78) (127) (150) (182). 

Han and Kim (78) point out that the composition dependence of viscosity 

at constant shear rate has a minimum and a maximum for high density 

Similar trends havepolyethylene (HDPE)-polystyrene (PS) blend system. 

been obtained by Plochocki (182) for polyethylene (PE)-polypropy lene (PP) 

blend. 

melts haveSeveral studies on elastic properties of blend polymer 

appeared in the literature, Han and Kim (78) report that elastic 

a maximum and aproperties such as normal stress or exit pressure have 

The influence ofminimum against blending ratio in HDPE-PS systems, 

for PE-PP blendscomposition on extrudate swell has also been studied 

by Plochocki (182). 

From investigations on the effect of mixing on the rheological 

conclude that theseproperties of polymer melts, Han, Kim and Chen (79) 

viscoelastic properties depend on the mode of dispersion. For instance, 

two-phase fluids containing deformable droplets tend to give a lower 

viscosity and a higher elastic property than a single phase-fluid or 

the two-phase fluid containing nondeformable particles. 

Experimental studies on melt spinning of HDPE-PS blend polymer 

the observedhave been carried out by Han and Kim (77). They interpret 

elongational flow behavior in terms of the interaction between components 

in the molten state, which can be obtained only when the microstructure 

of the fiber spun can be examined. 
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B. Phenomenological Theory for Polymer Melts 
Hiiqhly-Filled with Small Particles 

ofThere are two approaches to the rheological properties 

suspensions of small particles, One is a phenomenological approach 

Another iswhich intends to correlate stress with deformation history, 

in terms ofa mechanistic theory which interprets flow behavior 

structure and mechanisms, and is based on hydrodynamic analysis for a 

Beforesystem of particles surrounded by a continuous fluid phase, 

nonlinear visco-proceeding, we describe briefly the phenomenological 

elasticity theory. 

B.l. Nonlinear Viscoelasticity Theory and 
Basic Flow Fields 

sense that thePolymer melts show elastic or memory effects in the 

of deformation.present stress state depends on the previous history 

In other words, they are viscoelastic fluids. Viscoelasticity theory 

has been extended from one-dimensional linear model for small strains 

models areto three-dimensional large strain models. Viscoelastic 

classified into two groups: differential type models and integral type 

models. 

forThe total stress a is usually divided into two parts 

convenience: 

(II.4)? = -Pi * t 

stress tensorwhere p is an isotropic pressure and P is the extra 
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a fluid is inassociated with deformation. ^ is a unit tensor. When 

hydrostaticthe static condition (^ = 0), p is identified as the 
be 

pressure, In a dynamic situation for incompressible fluid p should 

conditions.considered as a scalar value to be determined by boundary 

onThe differential type constitutive equations are based 

linearMaxwell's equation (143), which is the simplest one-dimensional 

viscoelastic fluid model. 

dP _
P + T = 6t , Gt = n (II.5)

dt dt 

modulus and twhere P is the stress, y is the strain, G is the elastic 

denotes the relaxation time. 

Various investigations have tried to extend Equation II.5 to large 

strains. The first successful generalization was given by Zaremba (230). 

He considered an embedded coordinate system which translates and rotates 

such a manner inwith a material point and rewrite Equation 11.5 in 

three-dimensional form. Zaremba's equation is able to predict 

shear flow.non-Newtonian viscosity and normal stresses in simple 

Modern research in this area begins with the paper of Oldroyd 

(173) in 1950, who presented a convected coordinate system introduced 

deforms with thefirst by Hencky (88) which translates, rotates and 

fluid. In succeeding years, other generalizations were reported by 

several investigators (166) (200) (201) (221) (224). Of them, the 

equation proposed by White and Metzner (221) is useful for analysis of 

This has thevarious flow problems in spite of the simple expression. 

form 
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(II.6a) 
6t = 2n^ , 6t = n 

where is the rate of deformation tensor given by 

1 [vv + (vv)’’’] (II.6b) 

and 

6P 
vv (II.6c) 

6t = n (v • v)^ - vv • ^ - P • 

where t is taken as a function of deformation rate invariants 

T = (II.6d) 

Integral models are based on Boltzmann's superposition principle 

(26) given by 

t 
dyP(t) = ds (II.7)G(t-s) 
dt 

•.00 

where G(t) is a relaxation modulus at time t and s is time, This 

equation can be rewritten as 

t 

P(t) = (|)(t-s)Y(s)ds (II.8a) 
-00 

where 
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. ^ <p(t) = {II.8b)
dt 

The Maxwell model is a special case of the Boltzmann equation for which 

(II.9a)G(t) = GqO 
-t/T 

s
♦ (t) " (11.95) 

The function <|)(t) is usually written by 

-t/T,
1

i>(t) = 1- ‘ Mlri ^-t/r djim (II.10) 
i

T 
• 00 

where H(t) is called the relaxation spectrum. 

The generalization of Boltzmann's principle to large deformation 

has been carried out by many rheologists (25) (228). Oldroyd (173) and 

more specifically Lodge (132) first presented possible generalization 

of the single integral form to large strains. Lodge used convected 

coordinate systems developed by Hencky-Oldroyd. In the same period, 

Yamamoto (226) (227) and Lodge (133) developed nonlinear generalization 

of Boltzmann's equation based on network theories of flexible polymer 

chains. 

A general theory accounting for nonlinear effects was developed by 

Green and Rivlin (68) who presumed that the stress was general hereditary 

functional of the deformation history. A similar presentation was given 
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by Noll (166) and Coleman and Noll (46). This is represented by a 

functional of strain history, which can be expressed by a Frechet 

expansion of the functional giving an expansion of multiple integrals. 

Further, under certain conditions as pointed out by White and Tokita 

(223) this multiple integral may be simplified to a single integral as 

follows. 

P(t) = [a^(t-s, tr^, tr^^)jg(s) + a2(t-s, tr^, tr^^)e^(s)]ds 
— oo 

(11.11) 

where e(t) is a Finger type strain tensor, and a-j and a2 denoting 
invariants.relaxation moduli are dependent on time and deformation 

as theSingle integral type constitutive equation can be expressed 

following equation which is in general equivalent to Equation II.ll, 

P(t) = (11.12) 
t 

[m^(t-s)j^~ 
1 
(t-s) - m2(t-s)j^(t-s)]ds 

^ *-00 

-1
where c and c are the Finger and Cauchy deformation tensor, 

respectively. The above equation was first used by Bernstein, Kearsley 

functions dependingand Zapas (BKZ) (16). m.| and m2 are called memory 
on the invariant of deformation, rate of deformation or the stress 

tensor. Many equations of this type have been proposed (228). The 

nature of these equations may be dependent on the memory functions 

used. 
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One widely used form of the memory function has been presented by 

been found toBogue (23) and Bogue and White (25). This form has 

successfully correlate data on bulk polymers (41) (42) (67) (99) (102) 

(148) (202). This takes the following form 

G.. 
(II.13a)2— exp(- —m(t-s) = I -

T M eff ^i eff 

^i (II.13b)
■"i eff " 1/2

1 + ai.dlj > 

2^1/21/2^ = i dz (11.13c)<“d (2trf)
^ Jo 

where z = t - s is a time variable running backward from the present. 

Tanner (203) (204) presented the theory in which if the applied 

strain in a system reached a critical value, the memory would drop to 

from - 00 tozero. Hence, he changed the lower limit in time integral 

t - ml where I imeans the first invariant of Finger tensor and m a 
c c 

coefficient. 

We here consider two basic steady flow fields. One is simple 

shear flow. The imposed velocity field can be written as 

(11.14)V = (v^(x2), 0, 0) 

where "1" denotes the flow direction, "2" the normal direction and "3 
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the neutral direction. Therefore, the rate of deformation tensor is 

given by 

Y
0 0

2 

X 0 0 (11.15)
2 

0 0 0 

where y = 

3v 
1 

is the shear rate. The stress field in a viscoelastic 
ax 

2 

fluid can be expressed by (45) 

HY 031^2 
ny (11.16)= -Pi + 32Y^ 0 
0 0 0 

first andwhere n, B-j - ^2 - ^2 " '*’2 shear viscosity, the 
These 

functions can be predicted from nonlinear theory. For instance, a 

single integral form gives 

second normal stress difference coefficient, respectively. 

'00 

= ny = Y (II.17a)ai2 
0 

[m^(z) + m2(z)]dz 

=N = Y (11.17b)1 " '^11 ■ ^^22 
•2 

fOO

0 
z^[m^(z) + m2(z)]dz1 
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'00 

•2 _ •2 2 
-Y (11.17c)^2 ^^22 “ '*'2^ 

0 
z m2(z)dz 

stress difference,where and N2 are called the first and second normal 
respectively. 

Another flow field is uniaxial elongational flow, The velocity 

field can be written as 

(11.18)V = (v^{x^), V2(X2), V2(X2)) 

where "1" denotes the flow direction. The rate of deformation tensor 

takes the following form after presuming incompressibility. 

E 0 0 

E
d = 0 0 (11.19)
'V 2 

E 
0 0 

\ 2 

8V 
1

where E = is the elongational rate, If E is constant with time, a 
ax 

1 

cylinder deforms with time according to 

Et
L(t) = L(0)e (II.20a) 

-1^
R(t) = R(0)e (II.20b) 

where L and R are the filament length and radius, respectively. The 

corresponding stress field can be expressed as 
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Pn 0 0 

0 0 (11.21)^ = -Pi + ^22 

0 0 P22>' 

conditions:The stress components must be satisfied with the boundary 

F 
(II.22a)0,1 = -p + P,, = ttR^ 

= 0 . (II.22b)022 -P + P22 

constantTherefore, a true elongational viscosity can be defined under a 

elongational rate in the following way: 

^11 
X = — (E = constant) . (11.23) 

E 

from theThe steady state elongational viscosity can be predicted 

above. All of thesevarious nonlinear constitutive equations mentioned 

give the relationship 

X = 3n0 
(11.24) 

at low elongational rates, but may predict different behavior at high 

unbounded valueselongational rates. Some models which tend to show 

are based on Lodge's theory (134) or its generalization. In the Bogue 

and White model (25), the steady state viscosity behavior depends on 
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for small valuesa" value given in Equation 11.13b and rises infinity 

of "a". A White and Metzner model (221) with a time average deformation 

dependent relaxation time leads to similar trends. The BKZ (16), 

never take infiniteYamamoto (226) (227) and Tanner's theory (203) (204) 

value. At some elongational rates the value may take the maximum and 

then decreases with elongational rate. 

B.2. Constitutive Equations for Polymer Melts 
Highly-Filled with Small Particles 

B.2.1. One-Dimensional Rheological Model 

of smallIt has long been said that concentrated suspensions 

flow behavior fromparticles in Newtonian fluids show quite different 

that of the suspending media. Bingham (19) and Bingham and Green (20) 

proposed the model: 

a < Y Y = 0 (II.25a) 

o > Y a = Y + (II.25b)TlgY . 

constant Y calledAs long as the shear stress a remains below a certain 

yield stress, the material responds as a solid, When a reaches Y, the 

material flows in a Newtonian manner. in Equation II.25b is called'^B 

used in thea plastic viscosity. Mechanical analogues have been 

representation of the rheological models. The Bingham plastic equation 

can be represented by the mechanical model in Fig. II.1. We may call 

this a visco-plastic material (109) (183) (186). 
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o 

Y 

O 

Figure II.l. Bingham Plastic Model. 
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If we modify the Bingham plastic model of Fig. II.1 to respond as a 

the models shown inviscoelastic fluid above the yield value, we obtain 

whichThese are called Schwedoff bodies (135) (183) (191)Fig. II.2. 

materials.represent plastic gels (183), namely, viscoelastic-plastic 

as (131)The equation of the model of Fig. 11.2a can be written 

dy
0 < Y (II.26a) 

da 
a > Y (II.26b)at = ^ dt T 

Above a yield value, the material behaves as a Maxwell fluid. Solving 

Equation II.26b yields 

•00 

a = Y + G 
d̂z

dz . (n.27) 
0 

Equation 11.27 has the same form as the Bingham plastic fluid theory 

as a lineargiven by Equation II.25b except that material behaves 

viscoelastic fluid above a yield value. 

The equation of the model of Fig. II.2b can also be written (217) 

a < Y (II.28a) 

a > Y ^
3t 

= (II.28b) 
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o 
Gi 

G G2 

0 0 

(a) (b) 

'Figure 11.2. Schwedoff Body. 
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Similarly, Equation II.28b leads to 

dy 
a = Y + 

fto 

2 
e
-t/x 

dẑ
dz . (11.29) 

0 

of the materialEquations 11.28a and 11.29 give the rheological response 

of the model of Fig. II.2b. Using Equation 11.28, the total strain y 

should be represented by (217) 

-1- + + dt . (11.30)Y =■ Yl + Yj ' Gi G2 Jq n 

elastic recoveryFor a simple Maxwell model, as G^ becomes larger, the 
following flow goes to zero. 

B.2.2. Three-Dimensional Large Strain Theory 

B.2.2.1. Constitutive equation, Our concern has been limited to 

sections. However,one-dimensional and to small strain in the previous 

behavior, Thisour main interest is with the large strain nonlinear 

in a tensor form.requires the constitutive equation to be represented 

Classical plasticity theory (89) (159) shows how one-dimensional 

yielding such as mentioned in the previous section may be replaced by 

three-dimensional yielding. In the von Mises criterion (155), this is 

stress tensor, Indone through the second invariant of the deviatoric 

the Tresca criterion (208) (209), this is done through the maximum 

shear stress. 
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a tensorHohemser and Prager (95) (186) and Oldroyd (168) gave 

formulation for a Bingham plastic model using the von Mises yield 

criterion. If ^ is defined as a deviatoric stress tensor, namely, 

1
P = o - (II.31a)i 

or 

tr P = 0 (II.31b) 
a* 

it can be expressed as 

d = 0 (II.32a)Up < 

- {n.32b)lip > TTj) = 2n Jj
Up 

stress tensor, i.e • »where lip is the second invariant of the deviatoric 

Cll.32c)Up = i tr p2 . 

Equation 11.32 has been applied to the analysis of hydrodynamic problems 

by Oldroyd (169) (170) (171) (172). 

Recently, Equations 11.26 and 11.28 have been generalized by White 

(217) and Lobe and White (131). They give 

(II.33a)Up < Y^ U = -Pl, + 
-1 
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2 
Hp 1 Y ^(1 -

II 
P 

(II.33b) 

where G,, and G-.^ are moduli. Here
11 12 

H = jl (deformation history) 

and is defined so that 

tr H = 0 . 

(11.34) 

(11.35) 

Equation II.33a would be taken as equivalent to 

IIp<y2 

It can be shown 

form (217) 

that 

d = 0 . 

Equation 11.33b can be rewritten in the 

(11.36) 

following 

(11.37) 

If H is considered to be a nonlinear single memory integral, then 

H 
% 

where 

= 

fOO 

0 

-1

[m^(z)^ - m2(z)j^]dz (II.38a) 
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(II.38b) 

1 
(11.38c) 

Equation 11.38 is defined som^(z) and m^iz) are relaxation functions, 
that Equation 11.35 is satisfied. 

We here consider theoretical predictions for basic steady flow. 

These calculations for the simple case were carried out by White (217) 

and Lobe (130). These tend to predict viscoelastic behaviors at high 

deformation rates. The behavior at low deformation rates can also be 

predicted from these viscoelastic-plastic constitutive equations. In 

simple shear flow 

lim 0,0 = Y (II.39a)
12 

Y-+0 

1 im n = “ (II.39b) 

Y->0 

lim N, = 0 (11.39c)
1 

Y-^ 

oolim 'F (II.39d)
1 

Y-H) 

In uniaxial elongational flow 

lim o = /3 Y (II.39e)
11 

E-K) 
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00 (II.39f)lim X = 

These relationships can be rewritten as follows 

lim n (II.40a)oo 

”12-'' 

OOlim T (II.40b)
1 

”12-'' 

lim N, = 0 (II.40c) 

”12-'' 

lim X = 00 (II.40d) 
-•■/J Y

^11 

That is, if these rheological functions are plotted against the stress, 

n, V 1 and X go to infinity, and to zero at a yield stress. 

theories ofB.2.2.2. Yield surface. Most of the rate-independent 

continuum plasticity presume that for a given state of a given material, 

the material isthere exists a function f(a) of the stress such that 

elastic for 

9a. 4
9f iJ

f(0) < 0 and < 0 (II.41a)
90. ,• 9t

iJ 

and plastic for 
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8a...
8f IJ 

> 0 . (II.41b)f(^) = 0 and 3a.. 3t 
U 

f(o) is called a yield function (135) (186). 

in terms of aThe yield condition can be interpreted geometrically 

surface, i.e • a yield surface9 

f(a) = 0 . (11.42) 

For example, the von Mises yield criterion (155) is given by 

(11.43) 

Now thewhere is critical shear stress for flow in pure shear. 

corresponding yield surface is represented by 

(11.44) 

In other words (185) (214), 

2 2 2 2 
+ a{o 11“°22^ +(ci22-'^33) ■*'^°33'°11^ ^®^'’l2 23 ̂  + ai3)^ = 6k/.(II.45) 

The yield surface is represented by a cylinder, In the case of simple 

shear flow, the stress tensor a is given by 

fo 0
"12 

0 (11.46)"12 ° 
0 0 0 

https://6k/.(II.45
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we get 

(11.47)“IZ “ ''m • 

In the case of uniaxial elongational flow, a is given by 

0 0l^11 

0 0 0 (11.48) 

0 0 0 

a = 

we obtain 

= k (11.49)
^11 M • 

Equations 11.47 and 11.49 lead to that the von Mises yield criterion 

gives the relationship 

Y = /3 Y (11.50) 
e s 

shear and uniaxialwhere Y^ and Y^ are the yield stress during simple 
elongational flow, respectively. 

function isIn the Tresca yield criterion (208) (209), the yield 

given by 

^2 

- = + 0 (11.51)f(^) = (cJ^2^ max 2 12 

<“l2),nax denotes the maximum shear stress and kj is a critical 
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shear stress. The yield surface is represented by a hexagonal prism. 

Similarly, we get 

(11.52)Ye = 2 1^3 • 

The Tresca yield criterion exhibits a higher ratio Y^/Y^ as compared 
with the von Mises yield criterion. 

In the Tresca yield criterion, the critical shear stress for yield 

is independent of the normal pressure on the plane in which yield is 

for theoccurring. Coulomb (49) had proposed a more general criterion 

failure of soils in 1773. According to his theory, the critical shear 

linearly with thestress kj for yielding to occur in any plane increases 
pressure a N applied normal to this plane. 

(11.53)''t ' ''c ^ "c“n 

where is a coefficient of friction, and cohesion" of the 

material. 

One should consider the pressure dependence of the yield behavior 

The modifica-which is neglected in the von Mises and Tresca criterion, 

tions have been attempted in such a manner that k^^ and kj are expressed 
The von Misesby arbitrary functions of the hydrostatic pressure, 

criterion has been modified to incorporate the effect of pressure on the 

state of the material by substituting in Equation 11.45 a value of kj^ 

that increases linearly with the hydrostatic compound p of the stress 

tensor 
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(11.54) 

The yield surface is a right circular cone if is constant, This 

theoretical model bymodification was first suggested for polymers in a 

Bauwens (12) (13). 

The Tresca criterion can also be modified by making the quantity 

as determined
kj in Equation 11.51 depend on the state of the material 

(197).by the hydrostatic component p of the stress tensor 

(11.55)
KmT = 4 + "T P • 

by a hexagonalIf Mj is constant, the yield surface can be represented 
pyramid. 

C. Mechanistic Theory for Concentrated Suspensions 
of Small Particles' 

fluidsIt is often possible to regard suspensions as homogeneous 

This isand to describe their certain effective fluid properties, 

as a whole iscorrect if the length of the motion of the suspension 

much larger than the average size or separation of the particles. Since 

is satisfied,the particles are usually very small, this condition 

effective flowif the suspension can be treated as homogeneous. The 

on the knownproperties can be derived by theoretical considerations 

structure of the suspension. Many attempts at theoretical developments 

have been carried out (9) (71) (106) (108). First of all, theories for 

dilute systems are described here. 



38 

C.l. Dilute Suspensions 

an effectiveEinstein (55) (56) derived the following equation for 

viscosity n of a dilute suspension of spherical rigid particles. 

n/n (11.56) 
0 

where i> is the volume fraction of the particles, and n is the viscosity
0 

of the suspending Newtonian fluid, He assumed that the particles are 

flow around eachtoo far apart to interact with each other, and the 

particle can be described in terms of hydrodynamics by Stokes equation. 

Many attempts have been made to extend Einstein's theory (65) (86). 

Hydrodynamic models for nonspherical particles such as ellipsoids 

suspended in Newtonian fluids have been extensively developed by many 

investigators (107) (118) (119) (184). The viscosity of suspensions of 

deformable droplets dispersed in Newtonian fluids was investigated by 

Taylor (205) (206). 

of aThere are two ways for calculating the effective properties 

relatedsuspension, One, which was first used by Einstein (55) (56), is 

to the energy dissipated in the suspension, This method gives only the 

constitutiveeffective viscosity of the suspension, not a complete 

inequation, Another approach is to relate the average stress tensor 

the suspension to the average rate of deformation tensor. The original 

idea was proposed by Burgers (33) and developed extensively by 

is included intoBatchelor (7). Batchelor shows that the former approach 

derived from thethe latter one, that is, energy dissipation can be 

average stress and rate of deformation tensor. 
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A general theory for dilute suspensions of rigid particles 

by Hand (83)accounting for fluid microscopic structure was proposed 

tensor and(84). He gave a function composed of the rate of deformation 

a fluid. Bya symmetric tensor describing the microscopic structure of 

various stresslimiting the type of terms in the constitutive equations, 

non-Newtoniancomponents were evaluated for simple shear flow, exhibiting 

behavior. Jeffrey's (107), Prager's theories (184) of suspensions and 

contained inEricksen's theory of anisotropic fluids (57) (58) are 

Hand's theory. Later, Barthes-Biesel and Acrivos (6) attempted to recast 

many of the existing constitutive equations for dilute suspensions into 

described in termsthe form suggested by Hand involving an anisotropy 

of theof a single second-order tensor. Recently, from combination 

formulation ofstandard phenomenological techniques and the basic 

suspension mechanics, Hinch and Leal (90) (91) have developed a general 

constitutive equation for a dilute suspension of rigid spherical 

particles with Brownian rotations. 

which do notIt has long been known that jipnhydrodynamic forces,
/ 

exist in the Einstein theory, act on particles in a suspension. In such 

a case. Equation 11.56 is no longer valid. According to the Derjaguin-

of colloidLandau-Verwey-Overbeek theory (DVLO theory) (53) (212) 

, stability, these forces consist of thermal (Brownian) forces, electrical 

forces and London-van der Waals forces. 

Brownian forces arise from the random collision of particles due 

to thermal agitation and fluctuate on a very short time scale. By 

force associated withtaking a time average, this can be replaced by the 
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a diffusion process on a long time scale, which is represented by a 

di ffus i on cons-tan-t. It increases with decreasing the particle size. 

Therefore, Brownian force is more important in small particles than in 

islarge ones, However, in the case of polymer melts, thermal agitation 

small. Thus,supposed to be unimportant, or even if it exists, very 

Brownian force may be negligible compared with other nonhydrodynamic 

forces in such cases. 

an electricIf the particles have electric charges, these create 

double layer of charge which can store energy, with the opposite charges 

in the ionic cloud. The cloud has two layers: an immobile inner layer 

and a diffuse outer layer. It screens the charge on the particle and 

The effect ofthen, decreases the repulsive force between particles. 

electroviscouselectric forces on the suspension viscosity, so-called 

effects are divided into two: a resistance to distortion of the diffuse 

layer, the primary effect (27) (28) (114); electrostatic repulsions 

between neighboring particles, the second (36) (66) (93) (116) (194) 

both these effects.(195). The effective viscosity is increased through 

dominates theHowever, for colloidal suspensions the second effect 

others. As with thermal effects, this becomes more important as the 

particle size decreases. 

Van der Waals forces are weak attractive forces which act between 

all particles (36) (93). These forces are often used to interpret the 

aggregation of particles, for van der Waals forces act in a short range. 

Generally, the effective viscosity of suspensions can be expressed 

as 
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n/n 
0 

(11.57)= 1 + 0^(<t)) + 02(<j)^) + ... . 

betweenTo obtain the term, 02(<|) 
p 

), we must consider interactions 
thatparticles. First, this problem was started from assumptions 

interaction was solely due to be hydrodynamic. Guth and Simha (72) 

extended Einstein's method by calculating the additional energy 

dissipation. This expression was later corrected by Simha (199). He 

gave the following equation for the effective viscosity of suspensions. 

n/n 
0 = 1 + 2.5(|. + 12.64.^ . (11.58) 

The most recent attempt was carried out by Batchelor and Green 

(10). Also extending Einstein's equation, they obtained the equation 

n/n 
0 = 1 + 2.5((. + 7.60(|)^ . (11.59) 

They also indicated that Brownian and electroviscous effects should be 

taken into account. 

Studies of electroviscous effects in dilute solutions have been 

carried out by Krasny-Ergen (114), Booth (27) (28) and Russel (194) (195). 

Assuming that Brownian effect is negligible compared to the second 

electroviscous effect.Russel (194) (195) gives the following equation in 

low-shear limit in the case of electrostatically dilute suspension 
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where a is the particle radius, < 
-1 

is called Debye length which means 

the thickness of ionic cloud, 3 the factor found by Booth (27) (28) and 

forces.B' depends on the ratio, electrostatic forces to Brownian 

viscosity.Equation 11.60 shows that the suspension has a Newtonian 

C.2. Concentrated Suspensions 

have beenAlthough the theories presented above for dilute systems 

exact theoriesextended to concentrated systems, there have been no 

The results which have beencompared with those of dilute suspensions. 

constitutiveproposed do not give general three-dimensional tensor 

equation, These are classified into two large groups from the point of 

theoretical approaches: the cell model and lubrication theory. 

Before describing them, it is very useful to note the empirical 

equations proposed for concentrated suspensions. 

C.2.1. Empirical Equations for the Effective 
Viscosity 

Many empirical equations have been proposed by some investigators. 

These are described in a recent review by Jinescu (108). Of them, two 

equations are most widely used, that is, Mooney's equation (156) and 

Eiler's equation (54): 

/ 2.5ij) (11.61) 

25 (11.62) 
’'/^O ' T6 1

L(i - } 
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concentration.where f is an empirical parameter and is the maximum 

Recently, Quemada (187) (188) (189) has proposed semiempirical 

equations for the effective viscosity of concentrated disperse systems. 

The equation takes the form 

n/n = (1 - (11.63)
0 

of a relativewhere !< is a generalized intrinsic viscosity, function 

shear rate and structural parameters. This equation approaches a Casson 

law type (35) at the high shear limit, but does not exhibit any yield 

stress at the low shear limit. It means that this equation may be 

correct only when the yield stress is very small. 

C.2.2. Theoretical Investigations 

Many models have been proposed to calculate the rheological 

properties of concentrated suspensions. Of them, the cell model (86) 

has been most well known. This model has been first proposed by Simha 

(199), and later used by several investigators (2) (85). A cell 

that the cellconsists of a particle surrounded by fluid. It is assumed 

1/3
is a sphere with radius, a/4) . The Stokes equations for creeping 

flow are solved in the fluid inside the cell under consideration of 

such boundary conditions that there is no slip on the particle surface 

and no normal flow at the outer boundary. Thus, Simha derived 

(II.64a)n/oQ - 1 + ^ ^(y)*!* 
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where x{y) is a function of y defined as 

i 
y 
3 

= (II.64b)
T/aTJ •

f3 1 . l_ 

f is an empirical parameter. For the limit of high concentration 

Equation 11.64 reduces to 

54
n/n 

0 as ((> -> (J) 
m 

(11.65) 

5f^ - (♦/♦„) I 

where is the maximum concentration depending on the arrangement of 

the particles. 

cell modelIn spite of advantages in mathematical treatment, the 

has some problems in it (106). One is concerned with the arbitrary 

The other ischoice for the shape of cell and the boundary conditions. 

the most important thing in the case of concentrated suspensions, 

namely, this model implies that the particles are far apart each other, 

in other words, it is impossible to consider the close approach. 

Therefore, the cell model cannot be expected to fully interpret 

experimental data at high concentration. 

Recently, Adler (2) has applied a cell model to concentrated 

suspensions of porous spheres. He considered the spherical aggregates 

the flow fields.as a porous medium, and used the cell model to solve 

He used the von Mises yield criterion to determine the break-up of the 
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of breakableaggregates, and predicted a yield stress in the case 

aggregates, He has considered only hydrodynamic problem, but not 

interactions, whichtaken into account nonhydrodynamic particle-particle 

are important in concentrated suspensions. 

flow ofThe cell model was also used to analyze elongational 

concentrated fiber suspensions of Newtonian fluids by Batchelor (8), 

which has extended recently to those of non-Newtonian fluids by 

Goddard (69). In elongational flow of oriented fiber suspensions 

result in increasedshearing motions are set up between the fibers which 

that under theresistance to elongational flow. Batchelor realized 

<<conditions, fiber diameter « average separation fiber length, the 

direction, Thevelocity field would be constant entirely along flow 

flow direction,problem reduces to one in the plane perpendicular to 

sense, Thus, hewhere the particles are dilute in a noninteracting 

the two-dimensionalderived the effective Trouton viscosity by solving 

hydrodynamic problem. 

In concentrated suspensions, one can assume that the typical 

small but nonzero,nearest distance separating neighboring particles is 

such that the minimum thickness of the interstitial liquid phase is 

much smaller than the typical linear dimension of the typical radius of 

curvature of the adjacent particle surfaces. We then may adopt the 

classical Reynolds' theory of hydrodynamic lubrication (120) (122) in 

in theorder to describe the viscous flow and stress as generated 

neighborhood of points of near contact, and to calculate the energy 

dissipated there. 
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forFrankel and Acrivos (62) derived a theory for viscosity 

concentrated suspensions of rigid particles. They provided an asymptotic 

theory to explain the experimental observations of an ultimate sharp 

increase of viscosity with particle concentration. Namely, they 

presented 

1/3 

n/rin 
m 

as (|) -> <|) (11.66)
0 T73 m

1 -
m 

and gave 9/8 as a proportional constant in the case of a simple cubical 

packing. 

For slightly deformable elastic particles, Goddard (70) (71) has 

derived the full stress tensor using a so-called elastohydrodynamic 

He obtained the same form for the viscositylubrication theory (43). 

as that of Frankel and Acrivos. 

Although these approaches using lubrication theory are supposed to 

be more adequate than the others such as the cell model in interpretation 

of flow mechanism of concentrated suspensions, it is very important to 

note that the theories mentioned above are concerned with only Newtonian 

fluid medium and do not consider nonhydrodynamic interparticle effects, 

U'' 
but only hydrodynamic interaction. 



CHAPTER III 

THEORETICAL APPROACH TO THE VISCOSITY OF CONCENTRATED 

SUSPENSIONS OF SMALL PARTICLES 

A. Introduction 

Few hydrodynamic theories of suspensions involving particle-particle 

interactions in concentrated suspensions have appeared. We can only 

van der Waalsmention two papers. Hoffman (93) has taken into account 

the discontinuousattraction and electrostatic repulsion to interpret 

rise in viscosity observed with concentrated suspensions. He presumed 

that nonhydrodynamic interaction would lead to indicated flow instability 

causing the viscosity rise above. 

More recently, Adler (2) has analyzed the stresses in a porous 

solid matrix, applying a free-cell model (85) to a suspension of porous 

spheres and assuming the deformation of the porous particles to be 

negligible. This model predicts shear thinning when the aggregate of 

if the shear isparticles is broken by the shear flow. In addition, 

small enough, the aggregates can grow without any limit, that is, this 

is closely associated with the existence of a yield stress in aggregable 

the determinationsuspensions. He uses a von Mises yield condition for 

of the break-up of the aggregates. 

solidIn this chapter, we treat a suspension of uniform rigid 

spheres in which each sphere moves with the average velocity of the 

surrounding fluid medium. Wall effects are assumed to be negligible and 

47 
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as athe continuous phase is considered to behave macroscopically 

non-Newtonian continuum whose shear viscosity n 
0 

is given by (21) 

0 
n
0 

n 
0 . (III.l) 

0 

"0 •1-n
1 + 

r ^ 

characteristicwhere t\^ and n are zero shear viscosity and a parameter 
to non-Newtonian behavior (0 < n < 1). K is a constant. 

viscousAccording to Frankel and Acrivos (62) approach, the 

viscosity,dissipation of energy, which is related to the effective 

results from hydrodynamic interaction by the flow with the small gap 

separating the various particles from one another. According to 

Einstein (55) (56), if we assume steady flow. 

(III.2)n/n° = Ej/Ej 
0 

energywhere and E-j.® denote the total rate of viscous dissipation 
of the suspension and that of an equivalent volume of pure fluid. 

respectively. 

consider theIn addition to hydrodynamic interaction, we have to 

viscouscontribution of nonhydrodynamic interparticle effects to 

dissipation. Therefore, Equation III.2 should be rewritten as 

E., + E 
NH.0 c /r 0 _ "H (III.3)n/n = Ej/E^ = — 
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where E,, and E denote the viscous dissipation due to the hydrodynamicH NH 

and nonhydrodynamic particle-particle interaction energy (> 0), 

respectively. 

B. Viscous Dissipation Due to Flow 

First, we consider hydrodynamic interaction caused by the relative 

motion of two spheres within each gap. Furthermore, this motion can be 

decomposed into two types: a relative sliding motion of two spheres and 

a motion along their lines of centers. 

First, we consider the contribution of the former type to the 

viscous dissipation. Here, a cylindrical coordinate (r, e, z) should 

be taken as Fig. Ill .1. We consider two spheres with radius a, one 

having the velocity and another (these are normal to center axis). 

This is replaced by the same two spheres, one has velocity u and the 

other stationary. An origin is fixed at the surface of the stationary 

sphere. Since the rate of viscous dissipation per unit volume, <(, is 

defined by (120) 

(III.4) 

the rate of energy dissipated, E is given by 

a 

E = ^d\l = • 2Trrhdr (III.5) 
V 0 

where h is a separation of two spheres at an arbitrary r. From 

Equation III.l, <}> is expressed as 
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Figure III .1. Relative Motion of Two Spheres. 
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0.-2 
Hq y 

= (III.6) 
0 

n
0 -l-n

1 + 
r ^ 

From Y = u/h. Equation 111.5 reduces to 

us2 
0 f"

E = Ztit] rhdr . (III.7)
0 0

0 
^0 Uxl-n

1 + 
K (f) 

If we take K -»■«>, we obtain the result of Frankel and Acrivos (62). If 

instead we assume 

0 
n 
0 U\l-n 

» 1, we obtain
K (f) 

E = 2iiKu 
n+1 

^ dr (111.8a) 
n

0 h 

where 

(111.8b)h(r) = hQ + 2a 1 -^1 -

^0
After integration, in the limit of — 0 for E, we obtain 

a 

ttK
E = u n+1 ^2-n ( a jn-l _ (III.9) 
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centers of twoNext, we consider the case of a motion along line of 

spheres. The problems of normal approach of two parallel plates is so-

called squeeze flow problems and has been investigated by many 

researchers using lubrication theory (17) (30) (128) (129). Similarly, 

we take a cylindrical coordinate shown in Fig. III.l. A normal approach 

of two spheres, whose velocity are given by j and respectively, is 

to theconsidered, but as in the sliding motion, this is equivalent 

u and another isstate in which one sphere is approaching with velocity 

stationary. The origin is fixed at the surface of the stationary sphere. 

of time.It should be noted that in this case h and hg are dependent 
i .e • > h(r,t) and ho(t). 

Velocity fields in the surrounding fluid can be represented by 

(121). 

(III.10)= \W,z), = 0, - v^(z) . 

direction andSince the flow is supposed to be dominant in radial 

axisymmetric because the fluid has a small thickness, i.e • » a » h. 

(III.11)Vz « v^. ar az ' 

A force balance for the r-component gives 

0 
av

r0 = - + -i (III.12)ar az ^ az 

From Equation III.l using the following boundary conditions 
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(111.13)v^(0) = 0 and v^(h) = 0 

00we obtain the velocity profile. If K -»■ , we obtain the Frankel and
0 

3V
"0 •1-n

Acrivos result (62). If we consider >> 1 Y = 
9Z
r and p = p(r), 

1 1 nil 1 
n z " - h " z (III.14)Vr(^) = k" (^) 

n 

n+1 

Continuity gives 

9V
1 9 

(in.15) 
r 9r (-• V) * IT = ° • 

Integrating this using the boundary conditions, 

-u (III.16)V2(0) = 0 and v^(h) = 

the following equation can be obtained 

u = i_l (III.17)r dr r v^ dz .
0 

we obtainSubstituting Equation III.14 into Equation III.17, 

1 2n+l 1 

n n 1 d n 
u = -K r h (III.18)2(n+l)(2n+l) r B? 

2
If we define x and B = 1 + 

2a’ 
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(n+1)(2n+1) 
n 

+ un2'{2n+1)a-" f(0) - f(x) (III.19a) 
nP(x) = Pq K 

where 

n-1 

2^ 2
x(l-x") dx . (III.19b)f{x) = 2H+1

X (B-x) 

The force due to this pressure rise is 

a 

(III.20)F = (p(r) - PQ)2Tirdr . 
0 

Since the rate of the energy dissipated can be expressed by (62) 

1 
(III.21)E = j u F 

and using the approximation for 0 x £ 1 

n-1 

in
x(l-x^) X 

(III.22)
5n+l 2n+T

(B-x) (B-x) 

^0 
we obtain the following equation in the limit of a 

-»■ 0 (see Appendix). 

2-n .n+1 / a s2n-l
E = a K a u (III.23a) 

where 
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IT 1(rH-1)(2n+1) 
n 

(III.23b) 
a = j n (2n)(2n-l) ' 

it isFrom a comparison of Equation III.9 with Equation III.23, 

reasonable to assume that the contribution of a relative sliding motion 

motion.is negligible compared to that of a normal approaching 

Since Equation 111.23 involves the viscous dissipation energy 

with allconcerned with one particle, total energy, E^ associated 

particles contained are given by 

n+12-n ( a v2n-l= amK a
H 'h ^ 

i 
(III.24)pi 

the number of thewhere u^ is the velocity of i-th particle, and m is 

nearest neighboring contacts. If the particles would take a simple con-

Ui 
figuration such as a cubic packing, a relative velocity ^ can be expressed 

by 

(III.25)<(^)^ •>. (2a t h(,)^ (J, : 

where < > means the average over possible orientation of neighboring 

spheres and is the rate of deformation tensor corresponding to the 

i-th particle. Since we can put as 

n+1 

I (d. : d ) 2 -x, Ny 
n+1 

(III.26) 
-vl 

where N is the number of particles in suspensions. Equation 111.24 can 

be rewritten as 
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n+1 ‘n+lE.,'^-niNKa^"" (2a + h.) Y (III.27) 
H 

0

As mentioned before, Ej can be represented by 

0 _ n°(;);^ dV . (III.28) 

0 
n 
0 -l-n 

Substituting Equation III.l and using the approximation » 1,r ^ 

0 
•2 

• n+1 4 ^0n3I dV = K Y )"N . (III.29)
"0 0 ■J ir (a + 2 

"^0 •l-n
1 + 

r ^ 

we obtain theFrom Equation 111.2, Equation 111.27 and Equation 111.29, 

limit of — ̂  0effective viscosity of concentrated suspension in the 

0 / a v2n-l
n/n % (III.30)' h ' 

0 

The case of n = 1 (Newtonian fluid) corresponds to Frankel and Acrivos 

betweenresult (62). They have proposed the following relationship 

'’o 
— and volume fraction of small particles, (j), 
a 

<^..,'11/3^0 _ m 
- 1 as i--l (III.31)f =2 

m 

where (|i„ is the maximum volume fraction attainable. Therefore, we can 
m 

wri te 
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/ 
n/n° = f(n.4.) (III.32a) 

where 

rr<^„,'>l/3 1l-2n 
f(n,(j)) 

m 
- 1 (0 < n < 1) . (III.32b) 

Therefore, as ()> increases, n increases. A smaller n gives a higher n. 

C. Energy Dissipation Due to Other Force Fields 

Next, we treat nonhydrodynamic effects, The most important two 

electrostaticeffects are presumed to be van der Waals forces and 

forces. 

First, we consider the effect of van der Waals forces between two 

spheres. This problem has been solved by Hamaker (73). He carried out 

this calculation using London-type potential, The interaction energy 

Ebetween two particles containing q atoms per unit volume, is givenVW 

by 

2 

F, 9 \ (WI HV (III.33)
VW ^6 

particles, r denoteswhere dV^ and dV^ designate volume elements of two 
der Waalsthe distance between dV^ and dV^, and A is the London-van 

constant. The potential energy of an atom at a point outside a sphere 

at some distance is first calculated. Accordingly, the total energy of 

interaction between two spheres, can be obtained by applying theE VW 
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same method with respect to a second sphere, the centers being a distance 

hg apart, namely 

A 1 1 
+ + 2tn (III.34a)Sw " ■ 12 2 

y +2y (y+l) (y+i)^J 

where 

^0 
y = 2a 

(III.34b) 

A = IT 
2 
q 
2 
X > 0 (called Hamaker's constant) . (111.34c) 

Therefore, the rate of the energy dissipated due to van der Waals force. 

^VW is 

8E
mN VW _ mNA 2 1 1 1 

^VW " 2 9t " 12 y(y+l)(y+2)“ 3" 2" 2 dt * 
(y+l) 4y 4(y+2) 

(III.35) 

From Fig. III.l (p. 50), 

^ _ 1 
dh
“"0 u 

(III.36)dt 2a dt ■ 2a 

Furthermore, combination of Equation 111.11 and Equation 111.15 gives 

3v V 9v 9v 
z r rA = _ i _L 'V, _ - .

9Z 9Z 
= Y (III.37)9Z r 9r r(>" v^) 

and from 
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3V 

u (III.38)= -(2a + Hq) ^ 

we obtain 

(III.39)u (2a + hQ)Y = 2a(y + 1)y • 

Therefore 

'Kj

dt -(y + i)y . (III.40) 

Substituting this into Equation 111.35 

itiNAy 2 

^VW __ ^ 1 . rtl + y.+.l (III.41)
12 (y.,,2 4,2 4(,,2,2j ' 

Combination of Equation III.l, Equation 111.29 and Equation 111.41 leads 

to 

^VW *^0 
->■ 0 • (III.42) 

ay n YT 

Next, we discuss electrostatic effects. Energy stored by electric 

the surfacedouble layer depends on the electrolyte concentration, 

to the thickness ofelectrostatic potential, the particle size relative 

It has been wellcloud of ions, the particle separation and so on. 

known that the following general equation may be satisfied for the 

electrostatic potential ip 
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(III.43) 

• 9For the case where the supporting electrolyte is symmetrical, i.e 

cations and anions have the same valence, this reduces to the Poisson-

Boltzmann equation 

2 2 
V \p = K sinh ij; (III.44) 

where k” is called Debye length. We consider the simplest case here, 

rewritten asthat is, for small potential above equation can be 

2 2 
V 4) = K . (III.45) 

These are the so-called Debye-Huckel equations for small potentials. The 

solution for the case of the thin ionic cloud (<a >> 1) and small 

was firstparticle separation (hg « a), which are now of interest, 
obtained by Derjaguin (52) (53). In this case he has presumed that the 

two spheres can be replaced by a set of parallel rings, each pair of 

rings being treated as sections of infinite parallel plates, If E(H) is 

defined as the potential energy of interaction between two parallel 

plates, interaction energy between spherical double layers, F is given 
ez 

by (52) (53) 

>00 

E.. = na E(H)dH (III.46) 
ez 

'^0 

where H is a distance between two plates. The potential energy of 
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interaction between flat double layers, E(H) has also been investigated 

by several researchers (94) (123). F(H) can be given by (94) 

1 + cosech (kH) - coth (kH) (III.47)E(H) = g-

where e is a dielectric constant of medium and is a surface potential 

of two plates. Therefore, from Equation III.46, we obtain (14) (53) (94) 

(212) 

2
ea’p -Kh 

I ) . (III.48)
ejL 2^

0 

An(l + e 
0 

can beThe rate of heat dissipation due to motion of the sphere 

expressed, taking into account Equation 111.40, 

mN 
3E

ez _ .2 , 2 mN y+1
E (III.49) 
ez 2 at - ,a K^O T FhT^

0
1 + e 

Combining Equation III.l, Equation 111.29 and Equation 111.49, 

E
ez 

mo<i|;
0 
2 

1 ^0
for — -»■ 0 . (III.50) 

a 0- a 

n Y 

0. Theory of Viscosity 

In the presence of nonhydrodynamic interactions including van der 

Waals force and electrostatic force. Equation II1.3 should be rewritten 

in general as follows 
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n _ . ^VW , ^ ei 
(111.51)

0 0 • 
n E ° " E ° E ° tj 

Finally, we propose the effective viscosity for concentrated suspensions 

of a non-Newtonian fluid medium under consideration of nonhydrodynamic 

interaction from Equation 111.30, Equation 111.42 and Equation 111.51 

n l-2n A 1 
= C, y + c (III.52)

0 3 3,2 0. 
n a y J n Y 

If we define the followingwhere C-j, C2 and are positive constants, 

equations using Equation 111.32 

n*(<J>,Y»n) = n^(Y»n)f(n,(j)) (III.53a) 

, 2 
Y = C y_ + C 

A 
(III.53b)’ - ^2 a 3 3.2 

a y 

where as derived by Equation 111.31 

y = - 1 as 1 . (111.53c)
<!> 

m 

From Equation III.52 and Equation III.53, we finally obtain 

n = n *(<!>.Y»n) + T • (III.54) 
Y 
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derived fromThis equation is very similar to the Bingham equation 

in the Bingham equation isphenomenological approach except that ng 

replaced by n* in Equation 111.54. Therefore, the Y defined in 

Equation III.53b should be a yield stress. That is, it supposedly 

such as vanresults from nonhydrodynamic particle-particle interaction 

der Waals force and electrostatic force. Equation III.53 would predict 

that increasing dielectric constant of medium fluid, surface potential 

on the particles, particle concentration and Hamaker's constant, in 

other words, van der Waals constant increases the yield stress, 

eventually, the effective viscosity, but increasing particle size and 

ionic cloud thickness decreases them. 

stress andHere, we develop the relationship between the yield 

particle diameter. If we assume e, k, i()«, A and y in Equation III.53b0 

to be independent of particle diameter, we obtain 

(III.55) 

smallwhere and are positive constants. This suggests that 

particles lead to the large yield stress. 

Let us attempt to evaluate the actual magnitude of the yield stress, 

-12 -13
If we use a = 1m, A = 10 'V- 10 erg (73) and = 0.-8 0.9, the 

m 

term due to van der Waals force takes the order of magnitude, 

10^ 10^ dyne/cm^. Assuming that = 1 mV, e = 2 3 Farad/m for 

polystyrene (29) and Ka = 10, the term due to electrostatic force gives 
7 2 

10 dyne/cm in magnitude. Therefore, in the presence of electrostatic 
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interaction the contribution of van der Waals effect can be neglected to 

electrostatic effect, Next, we consider the system without electrostatic 
5 6 2 

interaction, As yield stresses, we obtain 10^ 10 dyne/cm for 
III.53b.a = 0.05ii and 10^ 10^ dyne/cm^ for a = O.ln from Equation 

Furthermore, Equation III.54 suggests that nonhydrodynamic 

low shear rates, butparticle-particle interaction could be dominant at 

normal hydrodynamic interaction becomes much more important at high 

shear rates. 

be obtainedFrom Equation III.53a, the following relationship can 

0
n*U,Y»n = = n 
n*(ij),0,n 0 

n'^0 n°(0,n) 
0 

that is 

0 
n* _ n (III.56)

0 • 
n 
0 

Y 
from experiments,This means that the value, n - 7, which is obtainable 

Y 

is solely due to hydrodynamic effects. 

In the above discussions, we used the power law approximation,
0 

"0 •1-n 
» 1. We attempt to obtain a general solution using 

Equation III.l. However, this may not be attainable, for it is 

impossible to integrate mathematically Equation 111.12 necessary for 

calculation of hydrodynamic problems, As a result, rate of energy 

be obtained bydissipation due to hydrodynamic interaction, E^ can 
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numerical method. Other terms can be evaluated mathematically using 

Equation III.l. in Equation 111.29 can be replaced by 

0 -2 

0 ...Y-Z (III.57)
0 

n 
0 • 1-n

1 + 
r ^ 

Therefore, the hydrodynamic term can be represented by 

E 
H 

9(y) (III.58) 
0 

where 9(7) is a function of the shear rate only, For nonhydrodynamic 

terms, the calculation gives the same equations as the power law 

III.50.approximation given by Equation III.42 and Equation Finally, 

we get 

n = n* g(Y) + 7 • (III.59) 
y 

The case which g(Y) is close to a unity corresponds to power law 

approximation given by Equation III.54. An approximation by Newtonian 

fluid media takes the form 

(III.60)n = -15 t 1 , 
Y 

This is equivalent to a Bingham equation. 
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E. Summary of View of Viscosity Behavior of Polymer 
Melts Reinforced with Small Particles 

ofIn a previous section, we proposed that the flow behavior 

suspension systems at low shear rates would be chiefly dependent upon 

der Waals andnonhydrodynamic interparticle interaction such as van 

electrostatic forces associated with the yield stresses. Flow properties 

at high shear rates can be purely characterized by normal hydrodynamic 

concentration.interaction essentially dependent upon only particle 

on von MisesWe should remember the phenomenological theory based 

of ityield criterion mentioned in Chapter II and its interpretation 

to a criticalgiven by Hencky (87) (191). He shows it is equivalent 

of thesedistortional strain energy. We can view viscosity behavior 

intersystems. At low shear stresses, nonhydrodynamic interparticle 

action tends to produce a gel-like structure causing the yield stress. 

As high shear stresses are applied, the structure formed is disrupted 

melts behaveby a critical distortional strain energy. Then, the 

interaction.similar to a viscoelastic fluid dominated by hydrodynamic 



CHAPTER IV 

MATERIALS AND EXPERIMENTAL PROCEDURES 

A. Materials 

several types ofFour kinds of particulate-filled polystyrene (PS), 

highcommercial high-impact polystyrene (HIPS) and PS blended with 

Carbon black (CB),density polyethylene (HDPE) were used in this study, 

titanium dioxide (Ti02) and two types of calcium carbonate (CaCO^). One 

treatment.of the calcium carbonates had received an unknown surface 

Table IV.1 and Table IV.2 show the polymers and fillers investigated 

here, respectively, Scanning electron micrographs for each filler are 

shown in Fig. IV.1 to Fig. IV.4. From these figures and information 

are considered to begiven by suppliers, the fillers used in this study 

roughly spherical and order in particle size 

CaCO^ > Ti02 > CB . 

Figure IV.5 and Fig. IV.6 show transmission electron micrographs of two 

Dow's HIPS grades taken by Berko-Boateng (15). Rubber particle size 

Codes fordetermined from the pictures is also given in Table IV.l. 

HIPS samples are shown in the same table. 

B. Preparation of Samples 

The fillers were blended into PS melts using a two roll laboratory 

mill (D = 3" and L = 7") at 150“C; 0.03 wt % of Irganox 1010 was added 

67 
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Table IV.2. Characteristics of Fillers Studied 

Filler Supplier Grade Particle Size (u) 

CB Continental Carbon FEF-LS N542 0.045 (219) 

TiO 
2 

du Pont RlOl 0.18 (151) 

Untreated Pfizer Uncoated PCC 0.5 

CaCO^ Control (a) 

Treated Pfizer Super-pflex 200 0.5J 
(181) 

CaCO^ 

(a) Not a commercial product. 
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C • f ^ • 

Figure IV.1. Scanning Electron Micrograph of Carbon Black Used. 
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t 

Figure IV.2. Scanning Electron Micrograph of Ti02 Used. 
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Figure IV.3. Scanning Electron Micrograph of Untreated CaCO^ Used. 
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Figure IV.4. Scanning Electron Micrograph of Treated CaCO^ Used. 
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Figure IV.5. Transmission Electron Micrograph of fllPS-A Sample. 
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Figure IV.e. Transmission Electron Micrograph of HIPS-B Sample. 
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as an antioxidant. The mixing time was about 20 minutes at 15 rpm for 

Blends withone batch (300g of compounds), after adding the filler. 

filler contents of 10, 20 and 30 volume percent at 180°C were prepared. 

The volume fraction of the fillers at 180“C, at which the rheological 

measurements were carried out, was determined from 

Wf 
Pf 

<l> = (IV.1) 

Pf Pps 

of fillerwhere is weight fraction of the filler, the density at 

= 4.1 g/cm^ (151),180°C and pp^ the density of PS at 180'’C. Here, Pj^.q 

= 2.7 g/cm^ (113), p^g = 1.8 g/cm^ (225), Ppg = 0.96 g/cm^ (151)
^CaCOg 
and p 

HOPE = 0.77 g/cm^ (151) were used. Rubber contents of HIPS in 

Table IV.1 are values at 25'’C. However, assuming that HIPS can be 

approximated to be a blend of PS and polybutadiene (PB), values at IBO^C 

were calculated. As a result, it was shown that the rubber contents at 

180°C were almost equal to those at 25°C. The filled polymers prepared 

are summarized in Table IV.3. 

andThe prepared compounds were crushed into small pieces 

compression molded at 180°C to form sheet samples of about 1.5 mm 

thickness. Samples prepared in this way were used for shear flow 

measurements. Other small pieces of compounds were extruded at 180°C 

by a Brabender extruder (D = 3/4" and L/D = 10) to make strands. A 

die with D = 0.081 mm and L/D = 15 was used. The extrusion speed was 
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Table IV.3. Weight Fraction of Fillers in Compounds Prepared 

PS/CB PS/HDPEPS/Ti02 PS/CaC03 
0.17 0.24 0.08<!> = 0.1 0.32 

0.41 0.26<j) = 0.2 0.52 0.32 

(0.3) 

0.65 0.45 0.55 0.45(j. = 0.3 
(0.5) 

( ): PS/HDPE. 
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The strands obtainedusually 30 rpm. No take-up devices were used, 

measurements.were used as specimens for uniaxial elongational flow 

C. Rheological Measurements 

C.l. Shear Flow Measurement 

carried out atRheological measurements in the low shear rates were 

180®C by a Mechanical Spectrometer (Rheometrics Inc., Union, NJ). A 

stress and thecone-and-plate apparatus was used to measure the shear 

first normal stress difference. The cone had a 25 mm diameter and a 

0.1 radian cone angle was used in this study. 

workThe analysis of data is the same as mentioned in previous 

(152) (153) in our laboratories. The shear viscosity n and the first 

normal stress difference N, were evaluated from the following equations.
1 

Y = r (IV.2a) 
a 

°12 ^ 3Tn = (IV.2b)
Y 2ttR\ 

- ILN (IV.2c)
1 .r2 

where n is the angular velocity of the cone, a the cone angle (0.1 rad.), 

T the torque, F the thrust and R the radius of the cone (25 nrni). An 

average of the values in the clockwise and counterclockwise direction 

was taken. All measurements were repeated three times. 
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C.2. Elongational Flow Measurement 

180°C in an IdeElongational flow measurements were carried out at 

This enables us to stretch therheometer shown in Fig. IV.7 (99). 

Several studies with thissamples at a constant deformation rate, 

instrument have been carried out in our laboratories (38) (100) (101) 

(102) (131) (153) (218) (220). 

The firstThis instrument essentially consists of three parts. 

part is a constant temperature silicone oil bath which is controlled by 

a Hallikinen tube block heater at the bottom and a variac. In addition, 

another immersion type heater was used and controlled by a temperature 

Thecontroller. A thermocouple was put close to the sample. 

temperature fluctuation was within ±2‘’C at a maximum. The second part is 

a 500 gm Instron load cell, and the third one is a rotating roll 

1
Three HP B and B motors wereoperated by a motor with a controller. 15 

and aused: One is for low speeds, a second for intermediate speeds 

third for high speeds. The motor speed was controlled by a B and B 
-1 

controller. An elongational rate was obtained in a range of 0.005 sec 

-1 
to 3.0 sec using the 63.5 mm diameter roll, The highest sensitivity 

range for the tension was a full-scale of 2 gm. A silicone oil (Dow 

Corning, Fluid 200 , kinetic viscosity: 100 centistokes at 25°C, density: 

0.968 g/cm^ at 25“C) was used as an oil bath medium. 
in aThe samples were first annealed for 7 minutes at 180°C 

silicone oil bath to eliminate residual stresses and orientation. If 

the annealed filament has length Lg and the cross section Ag at 25“C, 
it changes to length L and the cross section A at 180°C, A is given by 
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•-o ‘'o 1 1 w 
A = (IV.3)

L p ^0 = w ^ '-0
1 + adT 

25 

where W and a are the weight and the linear thermal expansion coefficient 

from theof the filament. An average value of A was calculated 

measurement of five samples using Equation IV.3. Here, the following 

assumptions were made: 

1. The densities of fillers are unchanged. 

2. The fillers make no contribution to the thermal expansion, 

i .e • > that of the compound is assumed 

= (1 - ({))a (IV.4)a 
PS 

where a is the thermal expansion of PS, equal to
PS 

1.85 X 10"^/°C (29) for above T^. 
3. HIPS is approximated to be a blend of PS and PB for evaluation 

of a. If we use a a can
PB "= 2.2 X lO'^^C (29) for above T^, 

be given by 

a (IV.5)= (1 - (|))cxp2 + <|)apg . 

4. Densities of HIPS at ISO^C were also evaluated using the same 

approximation. Here, the following values were used: 

= 1.01 g/cn? (29) t = 0.90 g/cm^ (29) and pP0,PB p 
PB 0,PS 

1.07 g/cm^ (151). 
5. The linear thermal expansion factor for HDPE-PS blend polymer was 

calculated by 
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= (1 - <t>)a + (J)a (IV.6)a 
PS HOPE * 

If the volumetric expansion factor b is assumed to be nearly 

equal to 3a, we obtain aHOPE = 5.4 X 10~^°C using 6 value in 

the literature (136). 

took6. To determine the density of blended polymer at 180°C, we 

0.96 g/cm^ (151) as the density of HOPE at 25°C. 

Hence, cross section A can be obtained from Equation IV.3. Ratio 

of cross section of filament at 180‘’C to that at 25°C, A/A^ is summarized0 

and 180“Cin Table IV.4 together with the densities at both 25°C 

calculated by Equation IV.1. 

with a loadThe filament was attached between the clamp connected 

cell and the take-up roller. After 10 minutes, which is necessary for 

thermal equilibrium, the filament was stretched in a constant 

elongational rate. The elongational rate E is defined by 

9V 1 1 dL ''l Rn
E = (IV.7)

9X L dt " L " L
1 

where in this experiment R = 63.5 mm, L = 22 cm and n is the angular 

velocity of a roller. E is independent of time, namely, this instrument 

provides a constant elongational rate. Under an assumption of uniform 

viscositiesdeformation, the tensile stress o^^(t) and the elongational 
x(t) can be calculated taking into account for Equation 11.20. 

. FitOn(t) = (IV.8a)m 
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Table IV.4. Densities of Samples Used and 
Cross Section of Filament at ISO^C to 

at 25“C After Annealing 

Ratio 
That 

of 

Systems 
Loading 

at 180°C 
Level 
(vol %} 0^25 (g/cm^) (g/cm^)Pl80'’C 

PS 1.07 0.96 

PS/Ti02 10 
20 
30 

1.40 

1.70 
2.06 

1.27 
1.59 
1.91 

PS/CB 10 

20 

30 

1.15 

1.23 
1.31 

1.04 
1.12 
1.22 

PS/CaC03 10 

20 

30 

1.25 

1.42 
1.60 

1.14 

1.30 
1.49 

PS/HDPE 10 
30 

50 

1.06 
1.04 
1.02 

0.942 
0.902 

0.864 

HIPS-A 
-B 

-C 

-D 

5 

n10 

15 

(a) 

1.07 

1.07 
1.06 
1.06 

0.957 
0.956 

0.950 

0.951 

(a) Rubber content. 

A/A0 

1.08 

1.07 
1.07 
1.05 

1.08 
1.08 
1.05 

1.07 
1.07 
1.05 

1.09 
1.09 

1.10 

1.09 
1.09 
1.08 
1.08 
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x(t) = 
n (IV.8b) 

E 

where F(t) is the total force and A(o) is given by Equation IV.3. The 

elongation to break was evaluated from the breaking time tg, measured 

by a stopwatch. We obtain from Equation 11.20, 

‘-B ^ : 
«,n = Et (IV.9) 

'-0 B 

time and in thewhere Lg and Lq denote sample length at the breaking 
initial state, respectively. 

D. Melt Spinning 

an InstronThe melt spining experiments were carried out using 

andcapillary rheometer and take-up device under both isothermal 

nonisothermal conditions. 

D.l. Nonisothermal Melt Spinning 

out to measureNonisothermal melt spinning experiments were carried 

the melt spinning instability. The apparatus is shown in Fig. IV.8. 

room air and thenThe samples were extruded through a die at 180°C into 

0.059" diameter andinto an iced water quench bath. The die used had a 

a 10 L/D ratio. The flow rate was constant throughout the experiment at 

1.508 X 10’^ cm^/sec. 
That roll was drivenThe diameter of the take-up roll was 63.5 mm. 

1
by two types of HP B and B motor, 345 rpm and 12 rpm at the maximum

15 
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180 "C 

Instron Rheometer 

y 

Die L/D = 10 

D =0,058 in. 
V 

Flow Rate 

1.508x10 cm / sec 

19.5 cm 

\' Take-up Device 

Ice Water 

Quench Bath 

Teflon Rod 

Figure IV.8. Nonisothermal Melt Spinning Apparatus. 
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The spinpath from the die exit tospeed and a B and B motor controller, 

cm.the water surface was always kept constant at 19.5 

thicknessThe diameter of the fiber taken up was measured using a 

gauge, From the diameter variation along the fiber, the ratio of 

and themaximum diameter to minimum one, ^^ax'^^min’ determined 
period T obtained by 

T=^ (IV.10) 
''l 

werewhere and x are take-up velocity and wave length, respectively, 

is theevaluated as a function of draw ratio given by v^/Vq, where Vq 

fiber velocity at die exit. 

D.2. Isothermal Melt Spinning 

to measureIsothermal melt spinning experiments were carried out 

the elongational viscosity. The apparatus used is shown in Fig. IV.9. 

die used had aThe samples were extruded through a die at 180“C. The 

0.01" diameter and a 22 L/D ratio. The fiber extruded passed into a 

then into a water1.0" inside diameter by 3" long heated chamber and 

that chamber. Twoquench bath. Two sets of heaters were used to heat 

die exit.thermocouples were located at 0.25" and 1.5" from the 

The flowrespectively, and connected with temperature controllers. 

rate was always kept 1.508 X 10 
-3 

cm 
3 
/sec. The diameter of the take-up 

1 
and B motor and aroll was 63.5 mm, which was operated by a yg- HP B 

motor controller. 
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Instron Rheometer 
180°C 

Die L/D-22 

--- D = 0.01 in. ^ 
Flow Rate 1.508x10" cm^/sec 

Heated Chamber
' 'TK"

180“C r 

3 in. 

180t Tensiometer 

7 

Water Quench 
Take-up Device

Bath 

Teflon Rod 

Figure IV.9. Isothermal Melt Spinning Apparatus. 
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near theA Rothschild tensiometer (10 gm full scale) was placed 

take-up roll, A calibration was required to obtain the spinline tension 

due to the presence of the teflon rods. This was done using Minoshima's 

procedure (152). The measured tension was recorded by a strip chart 

recorder (Model EV-205-11, Heath Co., Benton Harbor, Mich.) and a 

• > Benton Harbor,potentiometric amplifier (Model EV-200-01, Health Co 

Mich.). 

In conditions as mentioned above, isothermal melt spinning 

experiments for filled-PS were carried out. However, except for HIPS 

for measurementsand HDPE-blended PS, all other samples were not available 

the tensiometer.of the elongational viscosity, because they broke at 

This may be due to brittleness of these samples, Therefore, isothermal 

the HIPS and HDPE-melt spinning experiments were carried out for only 

bl ended PS. 

carried outMeasurements of the diameter along the spinline were 

Data were taken between 1 mm fromby taking a photograph of the fiber, 

the die exit and 40 mm from the die exit. 

In isothermal melt spinning, the tensile stress a is given by11 

' ^heo(^l) 
(IV.11)aii(xi) - 2

It D^(xJ1 

fiber. Thealong thewhere D(x-]) is the fiber diameter at a position x-j 
spinline elongational viscosity x taken from isothermal melt spinning 

sp 

experiments is not a steady state value, but an apparent one (24) (216). 
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ll(xi) (IV.12a) 
E(xJ1 

9V^(X^) (IV.12b)E(xt) = ax 
1 

(IV.12c)Vi(xi) = 7
D (Xi) 

Now, F mentioned inwhere Q is the volumetric flow rate. rheo 

Equation IV.11, the actual rheological force, can be expressed as 

(IV.13)’^rheo ^ ^grav ’ ^drag " ^inert 

and F are take-up force, gravity force.where F^, i nert 

drag force and inertial force, respectively. These forces can be 

expressed as 

(IV.14)f^grav^^l) = pg J D^(x^)dx^ = ^ D^(x^)dx^ 
^1 ^1 

where p is the density of fiber at 180®C. 

40 
(IV.15)7

D"(xJ 
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L pv,2(x,) 
(IV.16)•"drag^^l^ " a^ir D(x-j)dXi = Lf 2 D(x^)dx^ . 

^1 

Following the approximation by Sano and Orii (5) (196), we may write 

Re 
-0.8 

(L - xj (IV.17)
1 

where is the fiber velocity. This equation reduces to 

-0.8
0.34tt D p £ Re for drag force between

in water 
fiber and water 

^drag^^l^ " (IV.18a) 

0.34Tr Dp Re‘°-® for drag force betweenin air 
fiber and air 

(IV.18b) 

where Reynolds number, Re, is given by 

^^'^f^in water ^water
Re(in water) = (IV.18c) 

\ater 

<°Vin air ^ air
Re(in air) = (IV.18d) 

n 
air 

and the take-up force is 

(IV.19)F^ = k F 

where k is a coefficient determined from the calibration mentioned above. 
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It was assumed that fibersand F is the experimentally measured tension, 

correction due towere suddenly solidified at the water surface and the 

buoyancy for gravity force could be neglected. 

Values shown in Table IV.4 (p. 83) were used as densities 

necessary for the above calculations. In addition, the following values 

IV.18:were used to calculate Reynolds number given by Equation 

0.997 g/cm^ = 0.01 poise, p = 1.2 X 10'^ g/cm^ (196) and
PH2O = ’ '^820 air 

1.8 X 10’^ poise (196). Then, as a value for i, 20 cm and"^air " 

7.62 cm were used in Equation IV.18a and Equation IV.18b, respectively. 

From these numerical values and the diameter D(x-,) along the spinline, 

can be calculated. Thus, the rheological force^grav’ ^inert’ *^drag 
Frheo evaluated, and eventually the spinline elongational 
viscosity x

sp’ 



CHAPTER V 

EXPERIMENTAL STUDIES ON SHEAR FLOW 

flow areExperimental studies on rheological behavior on shear 

the first normalpresented in this chapter. The shear viscosity n and 

earlier (Chapter IV)stress difference N-j were determined as discussed 
on a Rheometrics Mechanical Spectrometer. There was an upper limit in 

the Mechanical Spectrometer due to a flow instability at about 1 sec”\ 

Accordingly, the measurable shear rate range was from 0.01 to 1 sec~\ 

A. Shear Viscosity 

A.l. Results 

A.1.1. Polystyrene (PS) Melts Reinforced with 
Small Rigid Particles 

Figures V.l to V.3 show the shear viscosity as a function of the 

PS melts. Theshear rate for carbon black (CB), Ti02 and CaCO^-filled 
shear viscosity increases with loading level. The highly-filled systems 

do not possess Newtonian region at low shear rates, but are always 

non-Newtonian. The shear viscosity function at high shear rates 

exhibits behavior similar to unfilled melts. 

A.1.2. High Impact Polystyrene (HIPS) Melts 

The viscosity of HIPS melts are summarized in Fig. V.4. While there 

exhibit a shearis not a clear tendency for the present samples to zero 

viscosity, it is also unsure if they will possess non-Newtonian region at 

low shear rates. 

92 
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A.1.3 . High Density Polyethyl ene (HDPE)-P$ 
Blend Polymer MeUs 

of the shearFigure V.5 represents the shear viscosity as a function 

rate for HDPE-PS blend polymer melts. This system shows a higher 

viscosity than PS and does not appear to exhibit a Newtonian viscosity. 

A.2. Discussion 

A.2.1. PS Melts Reinforced with Small Rigid 
Particles 

The nature of the abnormal behavior at low shear rates for highly-

shear stress,filled systems may be made distinct in a plot against as 

presented in Fig. V.6 to Fig. V.8. At high loading levels, the shear 

viscosity goes to infinity at certain shear stress levels, that is, it 

exhibits a yield value. Yield values in Ti02-filled melts have been 

observed by Minagawa and White (151) and in CB-filled melts by 

Zakharenko et al. (229), Vinogradov et al. (213) and by Lobe and White 

(131). 

From the above figures, we can discuss the effects of the particle 

characteristics used. First, comparing the shear viscosities of 

different systems at the same loading level and the shear rate, these 

increase in magnitude in the order of 

CB ^ untreated CaCO^ > Ti02 > treated CaCO^ . 

This difference is considered to result from not only particle size and 

surface treatment, but other structural factors. 
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those of LobeComparison of the present data on CB-filled PS with 

and White (131) enables us to argue the effect of the particle size. We 

may conclude that the smaller the size, the higher the viscosity and 

smaller particles give higher yield stresses. 

increasesFigure V.3 (p. 95) and Fig. V.8 show that loading level 

yield stress as well as viscosity, These effects of particle character!s-

identical totics on the shear viscosity and yield stress are exactly 

those described in Chapter II. 

The low shear rate behavior of the viscosity in the systems studied 

seems largely interpretable in terms of the formation of gel structures 

characterized by a yield value determined by three factors: loading, 

particle size and surface character. Other factors such as particle 

in theaspect ratio, occluded polymer, etc. have been discussed 

literature. We have not looked at a sufficiently broad range of systems 

here to check this. 

A.2.2. HIPS Melts 

HIPS melts.Figure V.9 plots viscosity versus shear stress for 

are presumablyTrends to yield values cannot be observed there. These 

the PS matrixdue to the large rubber particle size dispersed in 

rubber(4.5 5m), as indicated by Munstedt (157) (158) and perhaps 

flexibility. The role of graft rubber is not known. 

A.2.3. HDPE-PS Blend Polymer Melts 

of the shearFigure V.IO shows the shear viscosity as a function 

stress for HDPE-PS blends. Values for pure HOPE were measured by Roman 
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In the(193) (222). This system tends not to show a Newtonian region, 

level of HOPE, Thispresent work, the viscosity increases with loading 

composition dependence is similar to that by Lee and White (127). 

B. First Normal Stress Difference 

In this section, the first normal stress difference N-j and the 
first normal stress difference coefficient are discussed.

1 

B.l. Results 

B.1.1. PS Melts Reinforced with Small Rigid 
Particles 

normal stressFigures V.ll to V.13 represent the plot of the first 

difference against the shear rate. Except for the surface treated CaCO^j 

it is found to be raised with loading level at low shear rates but to 

limit.approach to the value of PS melts at high shear rate 

The first normal stress difference is plotted against the shear stress 

decreasesin Fig. V.14 to Fig. V.16. Loading of small rigid particles 

the normal stress at a fixed shear stress. 

The first normal stress difference coefficient is plotted against 

values of can bethe shear rate in Fig. V.17 to Fig. V.19. Very high 

for the surfaceseen at low shear rates for highly-filled systems except 

In the high shear rate region, there is no significanttreated CaCO^. 
difference between loaded and unloaded systems. 

B.l.2. HIPS Melts 

are shown inThe corresponding experimental data for HIPS melts 

Fig. V.20, Fig. V.21 and Fig. V.22. The first normal stress differences 
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smaller at a fixedof HIPS melts are greater at a fixed shear rate, but 

shear stress than those of pure PS melts. 

The first normal stress difference coefficient takes much higher 

values compared with PS melts. 

B.1.3. HDPE-PS Blend Polymer Melts 

stressFigure V.23 and Fig. V.24 represent the first normal 

stress,difference plotted against the shear rate and the sheer 

HOPE by Minagawarespectively. In the same figure, the values for pure 

increasesand White (151) are also plotted. In the present system, 

with volume fraction of HOPE. 

as aThe first normal stress difference coefficient is plotted 

function of the shear rate in Fig. V.25. In the loading level studied, 

'i, is found to increase with it.
1 

B.2. Discussion 

inAs mentioned in Chapter II, there exists some difficulties 

cone-and-plate rheometer measurement of materials having yield values 

(18) (97) (98) (131). This is due to the residual stress in the samples 

at the beginning of the measurement, which does not give a proper zero 

point, it is very difficult to measure the normal stress especially 

residual stress wasat low shear rates for highly-filled systems. This 

normalfound to be released by applying the shear force. Therefore, 

stress measurement at the conditions mentioned above was not possible. 

of theAs pointed out by Oda, White and Clark (167), the plot 

normal stress against the shear stress is more useful than that against 



119 

10® 

CM 

E 
o 

<D 
c 

-a 

5 
10 

2 io" 

10® 
-2 

10 
-1 

10 10° 
• 

y 
r

( sec 
1

] 

Rate 
Figure V.23. First 
for HDPE/PS Melts. 

Normal Stress Difference as a Function of Shear 



120 

6 
10 

10 
CM 

E 
u 

<]> 
c 

■o 

^ 
4

10 

3 
10 

3 
10 

4 
10 

5 
10 10® 

0-12 I dyne/cm^ ] 

Figure V.24. First Normal Stress Difference as a Function of Shear 
Stress for HDPE/PS Melts. 



121 

8 
10 

CM 7 
E 10 
o 

CM 

o 
0) 
(0 

a> 

•o 

10® 

10® 
10"^ 10

-1 
10® 

y [ sec”^ 

First Normal Stress Difference Coefficient as a Function 

of Shear Rate for HDPE/PS Melts. 
Figure V.25. 



122 

the shear rate. It is independent of temperature and molecular weight, 

but is dependent upon molecular weight distribution. They have reported 

that this plot could be interpreted in terms of steady state compliance. 

The usefulness of this plot has also been described by Han (76). 

B.2.1. PS Melts Reinforced with Small Rigid 
Particles 

stressesAs shown in Fig. V.14 to Fig. V.16 (pp. 109-111), normal 

decrease with loading level. This is the same trend as observed by Lobe 

and White (131) and Han (75). In order to look at the effect of 

different particles, normal stresses as a function of shear stress are 

plotted at a constant loading level in Fig. V.26. decreases in 

magnitude in the order of 

treated CaCO^ % Ti02 > untreated CaCO^ CB . 

This is essentially the same order as increases in viscosity and yield 

values. Clearly increasing yield values may decrease normal stresses. 

If the data of CB-filled PS melts is compared with those by Lobe and 

White (131), we can say that a smaller particle shows a lower normal 

stress. For unfilled melts extrudate swell from long die correlates 

with normal stresses. The particle size effect on normal stresses is 

similar to that observed by White and Crowder (219) who observed a 

similar trend for extrudate swell. 

Figure V.16 (p. Ill) shows that surface treatment for particles 

tends to slightly increase the normal stress, This is a similar result 

polyvinylchlorideto the extrudate swell experiments on CaCO^-filled 
reported by Zolotor (231). 
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as well as theTo make sure of the low shear limit behavior for 4'i 
coefficient wasshear viscosity, the first normal stress difference 

replotted against the shear stress in Fig. V.27 to Fig. V.29. These 

figures show the existence of yield values for highly-loaded systems. 

B.2.2. HIPS Melts 

show aIt is evident from Fig. V.21 (p. 116) that HIPS melts 

modificationreduced normal stress compared with PS, namely, rubber 

This trend can be seendecreases elastic properties of polymer melts, 

in the literature reported (34) (74) (157) (158). 

onDifferences between effects of rubber and rigid particles 

normal stresses can be recognized from Fig. V.26. HIPS exhibits higher 

For the systemsvalues of N.| compared to rigid particle-filled PS. 
order instudied in this work, the normal stress takes the following 

magnitude at the same loading level. 

PS > HIPS > PS reinforced with small rigid particles 

B.2.3. HDPE-PS Blend Polymer Melts 

increasesFigure V.24 (p. 120) reveals that blending of HOPE 

studied in theelastic properties of PS melts in the loading level 

present work. In order to obtain the complete composition dependence 

of , we need more additional experiments. 

ofAs indicated by Han (78) (79), the viscoelastic properties 

i.e • » the mode ofpolymer blend melts depend on the type of morphology, 

dispersion. 
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CHAPTER VI 

EXPERIMENTAL STUDIES ON ELONGATIONAL FLOW 

flow of filledThe rheological responses of uniaxial elongational 

polymer melts are presented in this chapter. The elongational viscosity 

X and elongation to break Lg/L^ are considered. 

A. Transient Elongational Viscosity 

A.l. Results 

Figure VI.1 to Fig. VI.8 show the transient elongational viscosity, 

x(E,t) for PS and small rigid particles-reinforced PS samples. x(E,t) is 

ratesfound to increase to steady state value for all elongational 

state values decreasemeasured. With the exception of the PS, the steady 

with elongational rate. 

VI.10. Asx(E,t) for HIPS samples is shown in Fig. VI.9 and Fig. 

seen in these figures, the steady state can be achieved. 

In thisFigure VI.11 shows x(E,t) for 50% HDPE-blended PS melts. 

system, x(E,t) increases very monotonically with time to steady state 

compared with other filled systems mentioned above. 

A.2. Discussion 

In pure PS, x(E,t) increases to steady state values, almost equal 

At high E, x(E,t) increasesto Shq at low elongational rates. very 
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Such behavior is almost similar to reportedmonotonically with time. 

ones (99) (101) (102) (124) (125) (131) (145) (146). 

steady statesFor reinforced systems, the present data show that 

The resultsare attainable as seen in Fig. VI.2 to Fig. VI.8. are 

This is in contrast withsimilar to those of Lobe and White (131). 

Gotten and Thiele's data (48), who have reported that steady state 

cannot be achieved for CB-reinforced unvulcanized rubber. 

for theIt was impossible to measure the elongational viscosity 

sample tended toTi02-filled PS at very low elongational rate, for this 
sink in silicone oil. 

at theIn the HDPE/PS, the samples showed a tendency to break 

As a result, the reproducible dataclamp at high elongational rates, 

were not obtainable for the corresponding region. However, within the 

measurable range, steady states were attained. 

B. Steady State Elongational Viscosity 

B.l. Results 

of time canThe steady state elongational viscosity x independent 

Thebe determined for each elongational rate from the above figures, 

maximum values were assumed to be the steady state ones for PS at high 

elongational rates where x(E,t) increased with time and might not reach 

the steady state. 
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B.1.1. PS Melts Reinforced with Small Rigid 
Particles 

E for smallFigure VI.12 to Fig. VI.14 give the plot of X versus 

rigid particle-reinforced systems, In PS, X takes the constant value at 

low E, and then increases with it. In filled systems, x, which increases 

rates andwith loading level, shows very high values at low deformation 

decreases with increasing it. 

B.1.2. HIPS Melts 

as aFigure VI.15 plots the steady state elongational viscosity 

function of elongational rate for HIPS melts, The present samples tend 

to take constant values at low elongational rates. 

B.1.3. HDPE-PS Blend Polymer Melts 

The corresponding plot for a blend system is shown in Fig. VI.16. 

Also the same behavior, very high viscosities at low E, is observable. 

in the sameValues for pure HOPE measured by Ide (99) is also given 

figure although measuring temperature is different. 

B.2. Discussion 

lowTo understand the nature of the abnormal high viscosity at 

elongational rate, steady state elongational viscosities are plotted 

against tensile stress a^-j. 

B.2.1. PS Melts Reinforced with Small Rigid 
Particles 

Plots of X versus o for these systems are given in Fig. VI.17 to11 

Fig. VI.19. The steady state elongational viscosity for highly-filled 
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tensile stresssystems tends to take an infinite value at a certain 

flow.level. This means the presence of a yield value during elongational 

The above figures enable us to discuss the effects of the particle 

characteristics used. A comparison of the elongational viscosity data 

of different systems at the same loading level and the elongational 

rate reveals that x increases in magnitude in the order 

CB ^ untreated CaCO^ > Ti02 > treated CaCO^ • 

described in theThis order is exactly the same as in shear viscosity 

previous chapter. 

of Lobe andComparing the present data on CB-filled PS with those 

White (131), we again conclude that the smaller the particle size, the 

higher the elongational viscosity, and smaller particles may lead to 

higher yield stresses. 

treatment.Figure VI.14 and Fig. VI.19 reveal the effect of surface 

It seems to decrease the yield stress in addition to lowering the 

elongational viscosity. 

Figure VI.17 to Fig. VI.19 show that loading level increases yield 

stress level as well as viscosity. These results are entirely the same 

as those in shear flow. 

B.2.2. HIPS Melts 

versusFigure VI.20 plots the steady state elongational viscosity 

the tensile stress. Trends toward yield values are not seen. 
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value for ABSCogswell (44) has suggested the existence of a yield 

melts during elongational flow. Since details on rubber morphology of 

betweenthe samples are not clear, we cannot discuss the relationship 

rubber particle shape and viscosity behavior, However, the nonexistence 

of yield values in the present data may be due to the large rubber 

particle size as mentioned in the section of shear viscosity. 

B.2.3. HDPE-PS Blend Polymer Melts 

Figure VI.21 gives a plot of X versus a for HDPE-PS blend polymer11 

melt. This system shows very high viscosities at low stress levels, which 

is similar behavior to that of pure HOPE, However, it is unable to say 

from only this figure whether the system exhibits a yield value or not. 

C. Elongation to Break 

C.l. Results 

versusFigure VI.22 to Fig. VI.24 plot elongation to break 

elongational rate for rigid particle-filled systems. Elongation to break 

decreases with loading level. 

The plot for HIPS melts is shown in Fig. VI.25. Rubber modification 

appears to decrease the elongation to break of PS. 

Figure VI.26 shows elongation to break as a function of elongational 

rate for HDPE-PS blends. Elongation to break of pure HDPE at ISO’C 

presented in the same figure shows Ide's data (99). 
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C.2. Discussion 

C.2.1. PS Melts Reinforced with Small Rigid 
Particles 

For both filled and unfilled systems, elongation to break at high 

However, the values at lowelongational rates become constant, 

elongational rates tend to constant in highly-filled systems in contrast 

to unfilled systems in which it seems to increase with decreasing 

elongational rate. 

increases.Figure IV.22 to Fig. VI.24 reveal that as loading level 

elongation to break decreases, In addition, surface treatment is found 

as mentioned into increase extensionability of filled polymer melts 

Fig. VI.24. 

reinforced withFigure VI.27 shows elongation to break for PS melts 

different fillers at the same loading level. It changes in magnitude 

in the order of 

untreated CaCO^ < TiO^ CB < treated CaCO^ < PS 

C.2.2. HIPS Melts 

Similar trends to those seen in rigid particle-filled systems are 

found. and the valueRubber modification decreases elongation to break, 

at low elongational rates become constant. 

C.2.3. HDPE-PS Blend Polymer Melts 

melts. TheBlending of HOPE decreases elongation to break of PS 

low deformationblended system shows a constant elongation to break at 

rates, similar to the behavior of pure HOPE. 
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CHAPTER VII 

COMPARISON OF EXPERIMENTAL DATA WITH 

RHEOLOGICAL THEORIES 

A. Yield Surface 

In order to determine the yield surface mentioned in Chapter II, 

many experiments are required. However, we are unable to perform such 

a range of experiments with our systems because of our inability to 

carry out such experiments, We seem to be limited to simple shear and 

uniaxial elongational flow. 

Although there have appeared several investigations on yield 

no studies forsurfaces of metal and solid polymers, there have been 

particle reinforced polymer melts, The present work will be the first 

such investigation. 

versusFigure VII.1 to Fig. VII.4 show typical plots of viscosity 

stress for both shear and elongational flow for highly-filled systems. 

The ratio of the tensile to the shear yield stress, Yg/Y^, is given 
in Table VII.1. Data by Lobe and White (131) are also included in the 

same table. 

All experimental yield values in Table VII.1 were plotted against 

particle size in Fig. VII.5. 

than our data.The Yg/Yg values of Lobe and White (131) are smaller 
Table VII.1 shows values are approximately equal to /3, i.e 1.73. The 

161 
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results suggest the yield values of these polymer melt systems obey 

11.50.von Mises yield criterion as determined by Equation 

criterion hasA theoretical interpretation of the von Mises yield 

to a criticalbeen given by Hencky (87), who has shown it is equivalent 

distortional strain energy, From such a point of view, the existence of 

It seems a reasonablethe von Mises yield criterion is of interest, 

forces, Thiscriterion for the break up of a gel due to interparticle 

interactionsuggests the yield stress is related to the particle-particle 

energy per unit volume, In addition, we note that phenomenological 

on the von Misesconstitutive equation proposed by White (217) is based 

yield criterion. 

andHowever, as seen from comparison between Equation 11.50 

would beEquation 11.52, it is very rash to conclude which criterion 

satisfied in yielding of these systems from results of only two types 

of flow. In order to determine a reliable yield surface, we need very 

accurate experimental data and additional information on other types of 

flow. 

Figure VII.5 suggests that yield stresses are strongly dependent 

upon particle size, The curves obtained represent empirical correlations 

between yield stress and particle size, and are approximately inversely 

proportional. In addition, is always greater than Y^, and seems to 

be approximately equal to Y^. 
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B. Comparison of Mechanistic Theory with Experiment 

From the view of structure and mechanism of concentrated suspensions 

of small rigid particles a theory for shear viscosity was proposed in 

Chapter III. In this section, we try to make a quantitative comparison 

of the experimental data with the theory with respect to yield stress and 

viscosity-shear rate behavior. 

B.l. Yield Stress 

SinceWe must first discuss the values of the system parameters. 

are consideredPS is a nonpolar polymer and rigid particles used here 

effect due to annoncharged particles in PS matrix, the electroviscous 

van der Waals effect.elastic double layer may be negligible compared to 

As a result, from Equation 111.53b, yield stress is given by 

Y . A (VII.1)Y ''' —=5-
O’ • 

a y 

As mentioned in Chapter II, the maximum volume fraction is dependent 

on the arrangement of particles, for instance, 0.52 for the simple-cubic 

array and 0.74 for a cubical or hexagonal closest-packed array. 

be obtained fromThe influence of loading level on yield stress can 

data for different loading level systems. Our experimental data show 

respectively.Y((j>=0.3)/Y(())=0.2) = 3.6 and 2.2 for CB and Ti02-fined PS, 

= 2.6 andIn addition. Table VII.1 (p. 166) gives Y((j)=0.13)/Y((t=0.09) 

and Lobe and WhiteY((J)=0.25)/YU=Q'2) = 5.0 in Vinogradov et al. (213) 

(131) studies for CB-filled polymer melts, respectively. 

https://Y((j)=0.13)/Y((t=0.09
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Theoretical predictions of the loading level dependence of yield 

stress give the relationship from calculation using Equation III.53c: 

Y((|)=0.3)/Y(4)=0.2), Y((|,=0.25)/Y(^=0.20), and Y((f)=0.13)/Y((^=0.09) take 3.6, 

1.6 and 1.7 in the1.8 and 1.8, respectively, in cubic packing, and 2.3, 

between datahexagonal close packed array. It is difficult to compare 

and the theory without any information about the packing of particles. 

However, the data would be in good agreement with predictions. 

of Lobe andComparison of the present CB-filled PS data with those 

White (131) gives information about the effect of particle size on yield 

values, although the measurement temperature is not quite the same. 

Table VII.1 (p. 166) gives Y(0.025p)/Y(0.045y) = 4.8 for the same loading 

level systems, 20% CB-filled PS melts. 

in this thesisWith no electroviscous effect, the theory developed 

suggests that yield stress is inversely proportional to the third-power 

of particle diameter, Therefore, the predicted ratio, Y(0.025u)/Y(0.045y) 

is nearly equal to 5.8. An agreement between them is presumed to be 

satisfactory within experimental error. 

the yield stressAs described in Chapter V, surface treatment lowers 

value forlevel. The present data for CaCO^-filled PS show that yield 

the treated system is almost 1/30 of that of untreated system. 

It wouldSurface treatment modifies the interparticle interaction. 

van der Waalspresumably influence on Hamaker's constant A representing 

force constant between two particles, i.e to lower its value. However,• 9 

there is no information available for the effect of surface treatment on 

A. Therefore, no theoretical value can be determined. In any case. 

https://Y((f)=0.13)/Y((^=0.09
https://Y((|,=0.25)/Y(^=0.20
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experimental results can be quantitatively explained by reduced Hamaker's 

constant. 

Equation VII.1.Approximate yield stresses can be calculated using 
-12 -13

be 10 'V 10 erg.Usually, a Hamaker's constant has been reported to 

values is(73). A comparison between experimental data and calculated 

out for bothgiven in Table VII.2. Although calculations were carried 
are includedsimple cubic and the closest packing, the values obtained 

in the range shown. 

seems a goodExcept for the untreated CaCO^-filled system, there 
of the

agreement. This system shows a very high yield stress in spite 

as van der Waalslarge particle size, perhaps other factors as well 

into account.forces which influence the yield stress should be taken 

B.2. Viscosity-Shear Rate Behavior 

the shear viscosityIn Chapter III, we derived an expression for 

a mechanisticfor concentrated suspensions of small particles using 

mediumapproach. Using a power law approximation as a suspending 

In thisviscosity, we obtained a modified Bingham type equation, 

of the viscosity-subsection, a comparison between data and the theory 

shear rate behavior will be made. 

of shearFigure VII.6 shows n*. determined by n - t. as a function 
Y 

rate for the systems exhibiting yield stresses. This figure reveals 

at low y.that n* possesses a definite "Newtonian" value, ng 
that thisFigure VII.7 plots n*(Y)/nQ against y. It would appear 

level in the shearplot is independent of the fillers used and loading 

rate range studied. 
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Table VII.2. Comparison of Experimental Yield 
Stress with Theoretical Value 

Sys terns Y 
exp 

dyne’^ 
cm 

''cal 
dyne 

2 
cm 

PS/CB (0.2) 2.5 X 10^ (0.1 'v 1.0) X 10^ 

PS/CB (0.3) 9.0 X 10^ (1.0 10) X 10^ 

PS/Ti02 (0.2) 1 X 10^ (0.01 % 0.1) X 10^ 

PS/Ti02 (0.3) 2.2 X 10^ (0.1 1.0) X 10^ 

PS/untr. CaCO.,
3 (0.3) 12 X 10^ (0.01 '\j 0.1) X 10^ 
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These valuesFigure VII.8 gives a plot of r\*{y)/Tp{y) versus y. 
of shear rateseem to be dependent on loading level and independent 

except treated CaCO^-fiHed system. 
against volumen*(Y)/n^(Y) determined from Fig. VII.8 was plotted 

The behavior for ti*(y) giving a definite valuefraction in Fig. VII.9. 

such as PS shown inat low Y is the same as for unfilled polymer melts 

Fig. VII.6. In other words, n*(Y) seems to be due to pure hydrodynamic 

interaction. As indicated in Chapter III, the shear viscosity for 

to be composedconcentrated suspensions of small particles is considered 

two terms, i.e hydrodynamic and nonhydrodynamic interaction.•of > 

Y 
represents aFig. VII.6 may allow us to conclude that the term, 

Y 

data suggestnonhydrodynamic effect. Therefore, the present experimental 

that the proposed form. Equation III.54, would be reasonable. 
expressedResults given in Fig. VII.7 may satisfy the relationship 

• 9by Equation 111.56, i.e *(Y)/nQ should be equal to n^(Y)/nQ independent 
of shear rate, This agreement between data and the prediction may 

conclude the correctness of Equation III.53a. In order words, n*(<}'.Y) 

can be expressed by n^(Y)f(<ti)* 
This can also be proved in Fig. VI1.8. 

0
n*/n 'Is found to be 

except for thedependent of (|), and almost independent of shear rate 

surface treated CaCO^-filled PS melt. 
relationshipThomas (207) has attempted to make a master curve for 

between relative viscosity and volume fraction for suspensions of 

size and shearspherical particles by removing the effects of particle 
in smallrate. He obtained the limiting value for relative viscosity 
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viscosity versusparticles, from an intercept of the plot of relative 

i. i.e lim T\/rP. Since for suspensions of small particles (a < ly)
• 9 

Y 
rates, thisparticle-particle interaction is dominant at low shear 

contribution tolimiting value corresponds to a purely hydrodynamic 

Therefore, if weviscosity, which can be dominant at high shear rates, 

to beuse the present mechanistic theory, this would become 

{VII.2)lim r\/rP = 0̂ - f{<l>) . 
Y-x» n 

fractionThe theory developed in Chapter III predicts the volume 

dependence of n*/n 
0 

• This is plotted in Fig. VII.9 and compared with 

our data on different systems, The agreement is satisfactory except for 

the surface treated CaCO^. 
as a functionThomas (207) has proposed for the relative viscosity 

of ()), 

n/n
0 = 1 + 2.5<j. + 10.054.^ + 0.00273 (VII.3) 

of shearIn Fig. VII.9. n*/n° determined from Fig. VII.8, independent 

rate, is plotted against volume fraction for different systems. As 

indicated by Equation VII.2, the left side of Equation VII.3 is equivalent 

to lim n/n^» i-e r)*/T] in the case of small particles. Thus, a• 9 

Y-xo 
is also showncalculated curve from Thomas equation. Equation VI1.3, 

in Fig. VII.9. In addition, Mooney's empirical equation. Equation 11.61, 

can also be plotted by an empirical parameter f(1.35 £ f l 1.91) being 

system, a satisfactoryequal to 1.35. Except for the treated CaCO^-filled 
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is obtainable. Inagreement between data points and calculated curves 

no distinct differencethe volume fraction range in this figure, there is 

between both predicted curves. A nVn^ value for the treated CaCO^-filled 

PS melt appears to be smaller than calculated one from empirical 

equations. 

In the above discussions, we have assumed that the macroscopic 

shear rate is equivalent to that between particles, However, the latter 

is in general supposed to be greater than the former (50) (219). If k 

asis a constant greater than unity, n* should be written 

n*(<|),kY) = f(<J)) n^(kY) • (VII.4) 

Then, the shear viscosity of suspensions is 

n((|),Y) = f(<J>) n “(k;) + i . (VII.5) 
Y 

0 
It seemsFigure VII.10 plots n*/n against hqY for various systems. 

to give a universal curve independent of the systems within experimental 

errors except for the PS. This type of plot of composite systems has 

been discussed by Czarnecki and White (50) for fiber-reinforced polymer 

melts. 

C. Comparison of Phenomenological Theory 
with Experiment 

mechanisticIn a previous section, it was found that the proposed 

theory for suspension viscosity was in a satisfactory agreement with 
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beexperimental data. Essentially, phenomenological theory must 

consistent with the mechanistic theory. Therefore, the deviatoric 

of yield stress,stress tensor, ^ given by Equation II.33b in the limit 

Y -^0, i.e., the tensor ^1 representing memory integral should correspond 

to the stress fields associated with hydrodynamic interactions, depending 

a one-elementupon volume fraction of small particles. If we use 

Maxwellian memory function, the constitutive equation may be expressed 

by 

/>CO 

c"'' dz for II > . (VII.6)M -77^ T((t) P -
Up 

Assuming 

0
G(<l>) - f(<|>)G (VII.7a) 

t((J>) = T 
0 
(=t) (VII.7b) 

where "0" refers to unfilled systems, and f((()) denotes the composition 

dependence of the term n* in shear viscosity, we obtain the following 

relationships for II y2. 
P 1 

^^12 = G°f((l))TY + Y 
(VII.8a) 

0 Y 
n= G f(<}')T + (VII.8b) 
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0 2ty;N, = 2G’^f((|i)T^Y^ (VII.8c)
1 

J, , 4 2-2 
+ 3T Y 

X = 3G°f((^)T ^ (VII.8d) 
(1-2tE)(1+tE) E 

If we consider a system without a yield value, 

0G^'t = n°(Y) (VII.9a) 

«p0 2*2 _ ^ 0/•\2G T Y = N, (y) (VII.9b) 

3G T = X°(E) (VII.9c) 
(1-2tE)(1+tE) 

and assume the following equations 

n*(<l>,Y) = n^(Y)f(<l') = G((|))t (VII.10a) 

(Vll.lOb)N|(<|>,y) = N^°(Y)f((|)) = 2G((J))t^y^ 

3G((»)tX*(4..E) = X°(E)f(<j,) = (VII.10c) 
(1-2tE)(1+tE) 

finally for lip ^ we obtain, 

Y 
(VII.11a)0^2 = n*Y + 

A' V 4''2.2 
+ 31 Y 
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n = n* + 
Y 

(VII.11b) 
• A . 4 2-2 
Y\/l + 3 T Y 

2tYy 
(VII.lie)= N| + 

A' 4 2*2
\/l ^ 3 " ^ 

/3 Y
X = X* + (VII.lid) 

E 

In these equations, the first and second terms in the right side 

represent hydrodynamic and particle-particle interaction, respectively. 

thatAt low shear rate region. Equation VII.lib is equivalent to 

obtained from the mechanistic theory, i.e Equation III.54 because• 9 

o, I . 

Following the form of Bogue and White (25) given by Equation II.13b, 

Ide and White (101) proposed 

^0 
T = (VII.12)

172
1 + aigdl^ > 

for T in a one-element Maxwell model, where is a zero shear relaxation
^0 

time. In.the case of constant deformation rate, the above equation 

reduces to 

^0 
T = for shear flow (VII.13a) 

1 + ax
0^ 
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^0 
T = for elongational flow . (VII.13b) 

1 + av^ tq E 

In a one-element Maxwell model, t is equal to a characteristic 

relaxation time, x defined by 

N
1 _ ■'0 

T = (VII.14) 
2nY
T" 

1 + aiQi 

where t is a zero shear characteristic relaxation time.
0 

we will useIn our comparison between the theory and experiments, 

predict the behavior of tiCy)*n(Y) and N^(y) of the matrix PS melt to 

N^(y) and x(E) of the filled melts. 
The zero shear viscosity, nn has the value 2.6 x 10^ poise. 

matrix PS melt.Figure VII.11 shows a plot of — or x versus y for the 
2nY 

If we assume that xr, can be approximated by t at low y, for example,^0 
4 2-1 0 

0.01 sec ', we obtain = 4 sec, therefore G = 6.5 X 10 dyne/cm
^0 “ ^0 

from Equation VII.9a. 

The function, f(«j)), representing the composition dependence of 

shear viscosity term, n*» can be obtained from Fig. VII.9 (p. 177). 

Theoretical values were calculated for two cases: a = 0.4 and 

VII.14 for sheara = 1.0. The results are shown in Fig. VII.12 to Fig. 

viscosity, elongational viscosity and normal stress. 

for a = 0.4Good agreement between data and prediction is observable 

in n and for a = 1.0 in X. The plot of N-j vs. sensitive 
to "a". Therefore, the "a" value for a best fit is probably between 0.4 

and 1.0. 
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A theoretical curve for elongational viscosity shows that it goes 

1 
to infinity at E = . As a result, the present phenomenological 

(2-a/3)TQ 
theory using a one-element Maxwellian memory function does not predict 

• 

correctly the elongational viscosity at high E, but it gives a 

satisfactory agreement with data at low E. 

are someIn normal stress -v shear stress relationship there 

discrepancies between data and the theory for filled systems, Experi-

values.mental data show lower at high 012 compared with predicted 
to be dueAlso, a yield value is not clear. These are presumed to 

difficulty in normal stress measurement for highly-filled systems as 

mentioned in Chapter V. 

As discussed in the section of mechanistic theory, the actual shear 

value. This makesrate between particles is higher than the macroscopic 

t(y) lower than it should be. This trend was argued by White and 

in the matrixCrowder (219), who report that the deformation rates 

surrounding small particles are more severe than the averaged behavior 

VII.10 should beof the entire composite system. Therefore, Equation 

rewritten as follows, similarly to Equation VII.4, 

(VII.15a)Nf(<f.,kY) = N°(k;)f(<).) 

X*(i>.kE) = x°(kE)f((fr) (VII.15b) 

where k > 1. As a result. Equation VII.11 can also be reformulated 

https://X*(i>.kE
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^^12 = n*('J>,kY)Y + 
Y 

(VII.16a) 

l/l + f 

n = n*{<}>.kY) + 
Y 

(VII.16b) 

;/i + |T^(k;)Y^ 

2T(k;)Y; .= N*(.|.,k;) + (VII.16c) 

/l + j T^(kY)Y^ 

X = x*(4>.kE) + ^ . (VII.16d) 
E 

meltFrom the following relationships for pure matrix PS 

n'’(l<Y) < n°M (VII.17a) 

N?(kY) > N °(;) (VII.17b) 

X°(kE) > x°(E) (VII.17c) 

T(kY) < t(y) (VII.17d) 

the actual predicted values are larger for elongational viscosity and 

normal stress, and smaller for shear viscosity than the phenomenological 

theory developed here. 

In the above discussions, rheological theories derived from both 

mechanistic and phenomenological approach which are consistent with 

https://x*(4>.kE
https://n*{<}>.kY
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each other were found to be in an almost good agreement with experimental 

data. Here, a mechanism for flow behavior of these systems is proposed. 

as van der Waals andNonhydrodynamic particle-particle interaction such 

electrostatic force is significantly important at low stress level. 

This results in the formation of a gel structure associated with a yield 

stress. Therefore, the yield stress is related to the interparticle 

interaction depending upon particle characteristics loaded. The gel 

stored in theformed is disrupted if a distortional strain energy 

material reaches a certain critical value. After break-up, the systems 

behave as viscoelastic fluids in which purely hydrodynamic interaction 

dominant.mainly depending upon volume fraction of fillers is 



CHAPTER VIII 

MELT SPINNING 

A. Introduction 

based on uniaxialWe often make use of polymer processing techniques 

film extrusion.elongational flow, for example, melt spinning, flat 

extrusion coating and so on. Filled and rubber modified polymers are 

widely used in these processing fields. 

As a simple version of these processing techniques, we investigate 

melt spinning here, In this chapter, we study both stable and unstable 

and determine thespinline behavior during isothermal melt spinning, 

spinline elongational viscosity, Then, unstable spinline behavior 

during nonisothermal conditions is investigated. 

B. Spinline Elongational Viscosity During 
Isothermal Melt Spinning 

B.l. Results 

Isothermal melt spinning experiments were carried out for PS, HIPS 

and HDPE/PS blend samples. However, the last systems showed too high 

in a stabletension to be measured by a 10 gm full scale tensiometer 

spinline region. As a result, the spinline elongational viscosity was 

were carrieddetermined only for PS and HIPS samples. The experiments 

of about 60 cm.out at draw ratio, v^^/Vg of 1.68 through a distance 

192 
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between threadA "k" value in Equation IV.19, representing friction 

methodand the two teflon rods, was determined by the calibration 

described previously (152). It was 0.71 for all samples except HIPS-C 

for which it was 0.76. As a result, the following values as a take-up 

force, were obtained: 1.41 gm (1.38 x 10^ dyne) for PS, 1.17 gm 
(1.15 X 10^ dyne) for HIPS-A, 1.22 gm (1.20 x 10^ dyne) for HIPS-B and 

1.63 gm (1.60 x 10^ dyne) for HIPS-C. 
Next, F and F. were calculated.

inert 

between fiber and 

drag Fdrag was approximately 
1.7 dyne and 3.8 dyne between fiber and water, and 

of 1.2air, respectively. F^ was order x 10"^ dyne.
inert 

Figure VIII.l shows a typical photograph of the spinline during 

isothermal melt spinning, Using the diameter distribution along 

It is of order 3.4 tospinline, F was calculated from Equation IV.14. 
grav 

5.1 dyne at 1 mm from the die exit, its maximum value. Therefore, 

and F can^drag’ ^inert grav be neglected compared with F|^. 
diameter andFigure VIII.2 and Fig. VIII.3 show profiles of fiber 

fiber velocity along spinline, respectively, Also Fig. VIII.4 gives the 

profiles of elongational rate, Finally, the spinline elongational 

viscosity is shown as a function of elongational rate in Fig. VIII.5. 

Figure VIII.6 shows a comparison between steady state elongational 

viscosity obtained in Chapter VI and the spinline elongational viscosity. 

This figure reveals that spinline viscosity is much higher than the 

deformation rates.steady state viscosity in magnitude especially at low 

decreasesIn the HIPS samples, the spinline elongational viscosity 

rapidly with elongational rate. As compared with this, the steady state 
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Figure VIII.1. Typical Photograph of the Spinline During the 
Isothermal Melt Spinning for HIPS-A. 
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elongationalelongational viscosity tends to decrease more slowly with 

rate. 

B.2. Discussion 

It can be seen that HIPS fiber has a quite different profile from 

It shows a morethat of PS at a distant position from the die exit. 

in velocitystriking decrease in diameter and a more rapid increase 

along the spinline can be observed. This behavior may be more distinctly 

In the case of HIPS, elongational^ in the profiles of elongational rate, 

with PS, i.e..rate increases more rapidly along the spinline compared 

the deformation rate is very nonuniform along spinline. 

may beIn the present systems the spinline elongational viscosity 

It should beseen to be a decreasing function of elongational rate. 

for HIPS isnoted that the rate of decrease with elongational rate 

In the case of PS, the values are presumed tomore rapid than for PS. 

This behavior has beenapproach a constant at high elongational rate, 

reported by several investigators (1) (80). 

ofA similar effect of small particles in decreasing the rate 

change of the spinline elongational viscosity of a polypropylene melt 

Han and Kim (77).has been reported for CaCO^-fiHed polypropylene by 
in the caseComparison of Fig. VIII.4 and Fig. VIII.5 reveals that 

of HIPS the spinline elongational viscosity decreases rapidly with 

In contrast toelongational rate which increases along the spinline, 

this, the spinline elongational viscosity of PS decreases slowly with 

spinline position, These differences are presumably reflected in 

spinline stability characteristics as discussed later. 
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viscosityIt should be mentioned that the spinline elongational 

the die region andprobably has complex effects of prehistory in both 

spinline, Rigorously speaking, it is not adequate to correspond the 

determined from aspinline elongational viscosity to steady state one 

constant elongational rate experiment. 

However, the observed behavior of the spinline elongational 

viscosity, x should be similar to that of steady state elongational
sp’ 

is found to be larger than xviscosity, x- In the present study, x sp 

in polypropyleneespecially at low E. This trend has also been reported 

melts (154). 

theIn the case of PS melts reinforced with small particles, 

increasingelongational viscosity decreases more rapidly with 

This is observed with bothelongational rate compared with PS melts, 

and X-Xsp 

C. Draw Resonance Phenomena 

Fluctuations of fiber diameter have been studied by many 

There are whatinvestigators, They may be classified into two types: 

fluctuations 
may be called forced oscillation fluctuations due to random 

temperature, etc • »in spinline tension, output, cooling conditions, melt 

at any draw ratio.and give small irregularities in diameter occurring 

"draw resonanceThe second type of diameter fluctuations is the so-called 

on thephenomenon" occurring at a critical draw ratio dependent 

spinning.rheological properties of polymer melts during melt Draw 

The considerable theoreticalresonance shows regular diameter variations. 
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and experimental literature on draw resonance have been reviewed by 

Petrie and Denn (180). 

C.l. Draw Resonance During Isothermal 
Melt Spinning 

C.1.1. Results 

a HIPS fiberFigure VIII.7 shows typical tension fluctuations of 

conditions.for both stable and unstable isothermal melt spinning 

of drawTable VIII.l gives the critical draw ratio, the onset 

isothermalresonance, for PS, HIPS and HDPE/PS blend fibers during 

melt spinning, An exact critical draw ratio for HDPE/PS blend systems 

could not be obtained because of the high levels of spinline tension 

in the stable region. 

C.l.2. Discussion 

From Table VIII.l, an incorporation of rubber globules or blending 

V 
of HDPE to PS decreases a critical draw ratio, that is, tends to make 

This can bethe spinline unstable during isothermal melt spinning, 

discussed ininterpreted in terms of elongational viscosity behavior 

terms of elongational viscosity behavior discussed in a previous section. 

In the HIPS, spinline elongational viscosity decreases rapidly with 

increasing elongational rate which increases quickly along spinline, 

9i .e • the system shows an "elongational rate thinning." 

Pearson and Shah (179) (198), Han, Lamonte and Shah (81) and Kase 

(110) have reported that on the stability of fiber spinning of power law 

fluids taking into account rate-dependent elongational viscosity behavior. 
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Table VIII.1. Critical 
Melt 

Draw Ratio 
Spinning 

During Isothermal 

PS 

Sample Critical Draw 

6.0 

Ratio 

HIPS-A 4.7 

HIPS-B 2.7 

HIPS-C 2.4 

PS/HDPE (10%) 1.5> 
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are unstable atThey point out that "elongational rate thinning" fluids 

fluids under bothsmaller draw ratio than "elongational rate thickening" 

isothermal and nonisothermal conditions. 

fluidsA linear analysis of spinning stability of a viscoelastic 

has been carried out by Fisher and Denn (60) (61) for an "elongational 

rate thinning generalization of the Maxwell fluid in which viscosity 

obeys a power law. 

Using viscoelastic fluid mechanics and the convected Maxwell model, 

White and Ide (220) have argued that the polymer melts exhibiting 

ratio in"deformation softening" tend to show low critical draw 

results forisothermal conditions. This is supported by experimental 

polypropylene fibers (154). 

the aboveThe present experimental results are consistent with 

behavior, Intheories based on rate-dependent elongational viscosity 

of the material in"elongational rate thinning" fluids, the accumulation 

the threadline causing draw resonance is prone to occur, In other words. 

loading of small particles to polymer melts may result in a nonhomogeneous 

local deformation in the threadline which is initiated by forced 

oscillations. 

C.2. Draw Resonance During Nonisothermal Melt Spinning 

C.2.1. Results 

The effects of fillers (loading level: 10%) and loading level on 

studied.draw resonance during nonisothermal melt spinning were 
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Table VIII.2 shows the critical draw ratio for the samples used, 

is shown as a function of draw ratioThe relative amplitude, Dmax n/“mi 
ratioAn addition of fillers decreases the critical drawin Fig. VIII.8. 

PS melts reinforced withand increases draw resonance in magnitude, 

tend to show smallerdeformable particles such as HIPS and HDPE/PS blends 

diameter fluctuations than those with rigid particles. 

and theFigure VIII.9 and Fig. VIII.10 show the period, T, 

occurring underwavelength, X, to spinline length, L, of draw resonance 

nonisothermal conditions as a function of draw ratio, respectively. It 

seems to be difficult to find any differences in the period among the 

samples used. However, some effects of small particles on the wavelength 

increase thecan be noticed in Fig. VIII.10. Highly-filled systems 

value, X/L of draw resonance particularly at high draw ratio spinning. 

C.2.2. Discussion 

of smallAs discussed in a previous section, the introduction 

particles to polymers tends to result in a rapid decrease in the spinline 

rates, i.e.,elongational viscosity with increasing elongational 

"elongational rate thinning. causing diameter fluctuations of fibers. 

VIII.2 can beThe similar trends observed in Fig. VIII.8 and Table 

Nonuniformities ininterpreted in terms of the same arguments, 

elongational rates along the spinline and a strong "elongational rate 

deformation in thethinning" behavior leads to the heterogeneous local 

threadline by forced oscillations. Therefore, the present experimental 

results are consistent with the theory associated with rate-dependent 

elongational viscosity characteristics mentioned before. 
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Table VI11.2. Critical Draw Ratio 
Nonisothermal Melt Spinning 

During 

PS 

Sample Critical Draw 

40 

Ratio 

PS/CB (10%) 7 

PS/CB (20%) 5 

PS/Ti02 (10%) 

PS/Ti02 (20%) 

PS/treated CaC03 (10%) 

PS/treated CaC03 (20%) 
PS/HDPE (10%) 

10 

10 

10 

6 

20 

HIPS-C 25 
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to theIf we correspond the steady state elongational viscosity 

observed between rigidspinline one, differences in diameter fluctuations 

in terms ofand deformable particle-reinforced systems can be interpreted 

can be seen inthose in "elongational rate thinning" behavior which 

rate thinning"Chapter VI. The former shows a stronger "elongational 

However, theand a more unstable spinline behavior than the latter. 

reason for enhanced diameter fluctuations for treated CaCO^-reinforced 
systems is not clear. 

Figure VIII.9 and Fig. VIII.10 show that the value, X/L, is almost 

of smallinversely proportional to the period, T. A highly loading 

particles may increase the value X/L as well as the amplitude of diameter 

fluctuations, i.e., decreases the period. In other words, the fiber 

diameter tends to show periodical fluctuations. 

Ishihara and Kase (104) have solved the equations of continuity and 

momentum with the power law viscosity model for nonlinear limit cycle 

solutions (103) using different values of the power law exponent and 

steady state draw ratio. They have found that only these two parameters 

affect the normalized wave form of the limit cycle solutions under 

isothermal conditions, and show that the fluids with small power law 

exponents, i.e elongational rate thinning" fluids tend to take a wave• > 

form with a larger amplitude and a longer wavelength compared to 

"elongational rate thickening" fluids, Therefore, the trends on 

and Kase's theoreticalwavelength mentioned above agree well with Ishihara 

analysis, Thus, the effects of an introduction of small particles to 

*polymers on draw resonance, i.e • periodical diameter fluctuations, may 
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be interpretable in terms of the rate-dependent elongational viscosity 

effects.behavior, in other words, "elongational rate thinning" 

time to drawWhite and Ide (220) have related the spinline residence 

resonance behavior, i.e • f as it increases, draw resonance is prone to 

occur. In Fig. VIII.10, to obtain the same resonance wavelength, 

L, and(vo)fiiiedShouldbe higher than (Vo)unfTiied ® constant 
(L) filled should be shorter than (L) unfilled at a constant v^^/Vq. In 

the melt spinning of filled systems, we need to shorten the spinline 

draw resonance.residence time compared with pure systems because of 



CHAPTER IX 

CONCLUSIONS AND RECOMMENDATIONS 

A. Conclusions 

flowRheological properties including both shear and elongational 

with smalland melt spinning characteristics for PS melts reinforced 

particles were studied, Shear viscosity, normal stress, elongational 

viscosity and elongation to break were measured, In the melt spinning 

• i draw resonance wasexperiments, unstable spinline behavior, i.e 

studied. determinedFurthermore, the spinline elongational viscosity was 

under isothermal conditions. 

For the shear viscosity of concentrated suspensions containing 

small particles, a theoretical mechanistic analysis was attempted, taking 

into account particle-particle interactions. Then, constitutive equations 

consistent with the mechanistic theory were discussed. Comparisons of 

experimental data with the theories were made. 

For the experimental studies of the PS melts with small particles 

the main conclusions which were obtained are: 

level and1. The shear viscosity increases with increasing loading 

decreases thedecreasing particle size. Surface treatment of CaCO^ 
shear viscosity. 

2. These highly-filled systems exhibit yield values during shear 

flow, that is, they do not show the Newtonian viscosity. The yield 
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value increases with increasing loading level and decreasing particle 

size. Surface treatment of CaCO^ decreases the yield value. 
achieved in3. The steady state elongational viscosity, which was 

level and decreasingthe present study, increases with increasing loading 

particle size, Surface treatment of CaCO^ decreases the elongational 
viscosity. 

increasing4. The elongational flow yield value increases with 

loading level and decreasing particle size. Surface treatment of CaCO^ 

decreases the yield value. 

stress is5. The ratio of tensile yield stress to shear yield 

close to /3. This suggests that these systems may obey von Mises yield 

criterion. 

stress6. The first normal stress difference at constant shear 

decreases with increasing loading level and decreasing particle size. 

stress difference.Surface treatment increases slightly the first normal 

decreases7. Elongation to break in elongational flow experiments 

Surface treatment increases elongationwith increasing loading level. 

to break. 

8. Experimental data on the effects of loading level and particle 

from thesize on shear viscosity are consistent with the prediction 

not to fullyproposed mechanistic theory. However, the theory seems 

filler-loadedpredict shear viscosity behavior for surface treated 

systems. 

above9. Results on both shear and elongational flow mentioned 

based on theagree well with the phenomenological theory of White 
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between data andvon Mises yield criterion. However, some discrepancies 

theory in normal stress were observed. This is probably in part due to 

the effect of yield stress on the normal stress measurements for highly-

filled systems. 

10. Loading of small particles increases draw resonance during 

both isothermal and nonisothermal melt spinning. 

11. Spinline elongational viscosity for small particle-filled 

behaviorsystems tends to show a strong "elongational rate thinning" 

compared with unfilled systems, the same tendency as in the steady state 

elongational viscosity, Loading of small particles makes profiles of 

elongational rate along spinline nonuniform. 

12. High impact polystyrene melts used in this study appear not 

to exhibit yield values. This is probably due to large rubber particle 

size. 

B. Recommendations 

The following studies on rheological properties and processing 

characteristics of polymer melts reinforced with small particles are 

recommended for future works: 

characteristics1. More extensive studies of the effect of particle 

are needed, particularly surface character. 

2. The determination of an accurate yield surface is desirable. 

More experiments are needed. 

3. Theoretical studies on more general constitutive equation for 

concentrated suspensions of small particles. 
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or4. We need to investigate further the effects of mixing 

mastication processes on rheological properties. 

5. Investigations on processing characteristics of highly-filled 

polymer melts. 
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Using the approximation, Equation III.22, f(x) reduces to 

n-1 

in f]
x(1-x ) X

dx dxf(x) = 2n+l
X (B-x) ■’x (B-x) 

1 , 1 ^2n-l .(_L)2n-lU-L ( 1 j2n _ I 1 ^2n
" " 2n-l ^B-x^ 2n r B-1 B-x 

Therefore 

1 / 1 ^2n-^ . B , 1 ^2n . 1 /l\2n-l
f(0)-f(x) = ^ (2n)(2n-lT 

Furthermore 

1 X B X 
dx + dxx{f(0) - f(x)}dx = ■ 2n-l in\ 2n 2n 

0 0 (B-x) 0 (B-x) 

+ T fL2n xdx .
2n(2n-l)' ^B^ 

After tedious calculations, we obtain 

fl 1 B , 1 (_L)2n-3 
0 x{f(0)-f(x)}dx = - (2n-l)(2n-2) 2^ (2n-l)(2n-3) ^B-1^

(B-1) 

1 /^2n-3. 1 B 

“ (2n-1)(2n-2)(2n-3T (2n)(2n-l) (B-1) 

231 

2 
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1 B 1 /^2n-3 

’WP[Z^) (B-1)
^^(2n)(2n-l)(2n-2y ¥ 

1 K2n-1 . 

+ 4n(2n-1T 

From 2n-2 < 0 and 2n-3 < 0, 

B
lim = 0

2n-2 " 
B-vl (B-1) 

lim ( 1 A2n-3 =_ 0 . 

B->1 

h 
0

Therefore, for a> i-e • > B -> 1 

1 B^ 
lim x{f(0) - f(x)}dx = lim (2n){2n-T) 2n-l
B-1 >0 B-1 (B-1) 

^ 1 2n-1 

■ (2n)(2n-l) I™ 'b-i' 

2n-l / a \ 2n-l 
' (2n)(2n-iy ^ 0 

isF given by Equation 111.20, using Equation 111.19a, 

(n+l)(2n+l) 
n 1 

= 

a 

^^n 2-2n-la2-n J x{f(0) - f(x)}dx.F {p(r) - pQ)2Trrdr= 2ttK n
^0 0 

We can calculate E 
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1 (n+1)(2n-H) 
n 

n 
E = u 2-2n-l g2-n x{f(0) - f(x)}dx .^ uF = tiK n 

0 

Therefore 

(n-H)(2n+1) 
n 

n+1„-2n-l 2-n x{f(0) -f(x)}dx •
lim E = lim E = ttK u c a lim 

B^l 
n 

B->1 JO
^0 

•»0 
a 

Substituting the equation derived above, 

(n+1)(2n-H) 
n 

n+1 ,,-2n-l ,2-nlim E = ttK u L. a 

1 22n-l ^ a ^ 2n~1 
n (2n)(2n-lT ^0^0 

2-n n+1 /^\2n-l= o K a u 

0 

where 

7T (n+l)(2n+l) 
n 

1 

“ = 4 n (2n)(2n-l) ’ 
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