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ABSTRACT

Conditions under which a solution exists and is unique for the stationary
Stokeﬁ problem in exterior domains in R} are discussed. The domains considered
are the complements in R® of bounded star shaped sets and the class of functions
for which existence is displayed have "physically reasonab/e" behavior at infinity.
This class is characterized by a finite Dirichlet integral. We use a method that
employs a variational formulation of the problem and avoids the use of a Helmholtz
decomposition of vector fields in unbounded domains.

Then we show that a problem on a finite domain denoted by QR
approximates the problem on the unbounded domain Q. An artificial boundary 5QR
is introduced and different boundary conditions are imposed. We study two. cases
of artificial boundary conditions, namely the zero velocity boundary condition and
the zero stress boundary condition.  Approximation results are dicussed. In
particular, we emphasize the case where the body force belong to LQ) and has
compact support in Q. |

Next, we treat the finite element approximation of the truncated problem.
The case of zero velocity artificial boundary condition is treated separately from the
case of zero stress boundary condition. Error estimates for the different cases are
derived. The final estimates between the problem on the unbounded domain and
the discrete problem reduce to a two parameter approximation. To balance the
truncation error with the discretization error, we consider a mesh grading technique.

Finally, we treat a truncated problem in which we impose exact boundary
condtions at the artificial boundary 3Q,. This is achieved by studying the physical

conditions associated with the hydrodynamic equilibrium of the fluid patches inside
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and outside QR. Actually, the solution, outside the support of the body forces, can

be written explicitly in terms of a boundary integral involving the velocity and the
stresses at the boundary. Existence and uniqueness of the coupled problem is
studied as well as finite element approximations which turn out to be one parameter

approximations.



TABLE OF CONTENTS

CHAPTER PAGE

1. INtroduCtion « o v v o v v o o o o o o o 0 s s b s s e e s e e e s e e e s

2. On the existence, uniqueness and regularity of the exterior Stokes
| problem in Ry, e e e e e
2.1, Introduction . & . v . v it e e e e e e e e e e e e e e e e e e e e e e e
2.2, Preliminaries. . . . . . . i i e e e e e e e e e e e e
2.3. Variational formulation of the problem . .. ... ... ... .......
2.4. Existence, uniqueness and regularity. . . . . .. ... .o
2.4.1. Existence and uniqueness of the solution. . .. ............
2.4.2. Regularity results for the Stokes problem in R ...........

2.5. Inhomogeneous boundary conditions . . .. ... ... ... ...

3. On the truncated problem on a finite subdomain. ..............
3.1 INroduCtion . . v v .t e e e e e e e e e e e e e e e e e e e
3.2. On the truncated problem with zero velocity artificial boundary
CONAUION & v v v vt e e et e e e e e e e e e e e e e e e e
3.2.1. Abstract approximation results. . . . .. . ... ... oo
3.2.2. Error estimates for the truncated problem. . . . ... ........

3.3. The truncated problem with zero stress at the artficial boundary. . . . .
3.3.1. Variationa! formulation of the problem . ... ... .........
3.3.2. Verification of the conditians needed .for the existence

of the SOIULION . & v v v v v vt e e e e e e e e e e e e e e e

3.3.2.1. Continuity and coercivity of b(.,.). . . . ... .... .. ...

3.3.2.2. Continuity and coercivity of a(.,.}). . . .« « o v v oo

43
46




3.4, Asymplotic error in zero stress boundary condition .. .......... 46

3.5. Error estimates for the truncated problem with zero stress

at the artificial boundary. . . . . ... .. .. ... o L oo 49
4. On the discrete approximation of the truncated problem .......... 52
41, Introduclion . . . . . . v i Lt e e e e e e 52

4.2. The discrete problem for zero velocity artificial boundary condition. . . 33

4.2.1. Finite element spaces and well posedness of the

discrete problem . . . . . . . . . . e e e e 55

4.3. The discrete problem for zero stresses boundary condition .. ... ... 58
4.4, Some examples of finile element spaces . . . . .. ... ... ... . ... 63
4.5. A two parameter approximation. . . . . . . . ... e e 68
46. A mesh grading technique . . . . . . . . . . i i it 68
5. On the coupling of boundary integral and finite clement methods. . . . . 73
SLINtroduction . . . . . v L L e e e e e e e e e 73
S.2. Variational formulation of the problem . . .. .. ... ... ....... 74
5.3. T-ellipticity of b(.,.) . . . . . . . .o o i e e 77
5.4. Compactness of the operator G, . . . .................... 86
5.5. Coercivity of the form a(.,.). . . . .. .. ... .. . e 90
5.6. Abstract study of the problem . .. ... ... .. ... .......... 91

5.7. Verification of the conditions needed for the existence

of thesolution. . . . . . . . o v i i i i it i e e e 95
5.7.1. Well posedness of the unperturbed problem. ... .......... 95
5.7.2. Well posedness of the perturbed problem . . ... .......... 96
5.8. Existence, Uniqueness and regularity . . ... .. [ 99
5.9. Finite element approXimation . . . . . . . . v v v v v v v vt v e 99

5.10. A sample choice of finite element spaces . ................ 106



REFERENCES . . . . it it v et e s e e s et ossasosasoesssetsenes
APPENDICES . . . i i v i ettt ettt e st as s e o aasee e e e e 111
AppendiX A . oot i i it s e 112
Appendix B . . .. ..o e e e e et e 116



CHAPTER 1
INTRODUCTION

The equations describing the natural laws of conservation of mass and linear
momentum for the steady incompressible viscous fluid are the Navier-Stokes
equations. These constitute a general model which is valid for low as well high
fluid viscosities. The equations are a non-linear system of partial differential
equations. There is also the linearized model, known as the Stokes equations which
provides a good mathematical description of the'motion of a fluid at low Reynolds
number [17].

Answering the basic mathematical questions concerning the existence,
uniqueness, regularity and approximation of the solution of the Navier-Stokes (or
even Stokes) problem has been of substantial interest to mathematicians and has led
to important mathematical achievments; in particular, we mention variational
techniques of Brezzi [4] and Nicolaides [Zi]. Also, we mention the mathematical
development of the finite element approximation to the Stokes and Navier-Stokes
problem, e.g. (21, [9], [6], [24], [14], [10] and [15].

So far, the study of the Navier-Stokes (or Stokes) system for incompressible
viscous flows has been largely restricted to the case of bounded domains. The
rigorous mathematical study of these systéms, even in bounded domains, is not an
easy task to achieve. The difficulty arises from the combinations of results needed
from the fields of functional analysis as well as approximation theory. First, one
has to choose a function space in which to pose the problem. Then, using the
available techniques from functional analysis, one has to determine and verify the

conditions under which existence and uniqueness of the solution is guaranteed in
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that function space. Finally. approximating the soltuion by either finite differences

or finite clements may be considered.

If the problem on a bounded domain presents interesting mathematical
questions, the problem on the unbounded domain, in particular, an exterior domain,
is even more challenging due to the fact that we lack some of the important
mathematical tools available in the case of bounded domains, e.g., compactness
results of imbcddings‘ of Sobolev spaces. The study could introduce new prospects
in the theory of function spaces as well as numerical approximation. For the latter
we mention in partiéular [113, [20, [19] and [22] where different techniques in
the approximation were used for the exterior Helmholtz equation and Laplace
equations. In our work, we study the linear model known as the Stokes problem in
three dimensions. So far, mostly classical studies have been carried on the model
and therefore it is our purpose to try and answer some of the mathematical
questiéns related to the different topics related to the problem.

In this work, conditions under which a solution exists for the stationary
Stokes problem in exterior domains in R} are discussed. The domains considered
are the complements in R?® of bounded star shaped sets and the class of functions
forr which existence is displayed have "physically neasonabfe” behavior at
infinity. This class is characterized by a finite Dirichlet integral. This study is
carried in Chapter 2. We use a method that employs a variational formulation of
the problem and avoids the use of a Helmholtz decomposition of vector fields in
unbounded domains.

| In Chapter 3, we show that a problem on a finite domain denoted QR
approximates the problem on the unbounded domain Q. An artificial boundary BQR
is introduced and different boundary conditions are imposed. We study two cases
of artificial boundary conditions namely the zero velocity boundary condition and

the zero stress boundary condition.  Approximation results are discussed. In
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particular, we stress the case where f, the body force, is in LX) and the support
of f is compact in Q.

Then, in Chapter 4, we treal the finite clement approximation of the
truncated problem. The case of zero velocity artificial boundary condition is treated
separately from the case of zero stress boundary condition. Error estimates for the
different cases are derived. The final estimates between the problem on the
unbounded domain and the discrete problem reduce to a two parameter
approximation. To balance the truncation error with the discretization error, we
‘consider a mesh grading technique.

Finally, in Chapter 5, we consider eliminating the truncation error. In this
approach, we treat a truncated problem in which we impose exact boundary
condtions at the artificial boundary 5QR. This is achieved by studying the physical
conditions associated with the hydrodynamic equilibrium of the fluid patches in ('2R
and Qoo' Actually the solution, outside the support of f, can be written explicitly
in terms of a boundary integral involving the velocity and the stresses at the
boundary. Existence and uniqueness of the coupled problem is studied as well as

finite element approximation which turns out to be a one parameter approximation.



CHAPTER 2

ON THE EXISTENCE, UNIQUENESS AND REGULARITY
OF THE EXTERIOR STOKES PROBLEM IN R’

2.1. Introduction

We consider the Stokes problem in an exterior domain Q

-Au+Vp=f in Q (2.1)

div u=0 in Q (2.2)

u|p=0 (2.3)
lim  u(x)=0 (2.4)
R~ o0

Problem (2.1)-(2.3) is well posed in the case of a bounded domain, ie., (2.1)-(2.3)
have a unique solution depending continuously on the data. The situation is
different in exterior domains, where an important question related to the infinite
domain arises: for which values of ¢ does a unique solution O( r€ ) for r large
enough, exist 7 If ¢ is small and negative a solution might not exist for a large
class of "physically neasonabfe” data , while for ¢ large and positive the
solution might be degenerate at infinity and non-uniqueness will result. To clarify
the idea, we mention two standard examriles. First, consider the Dirichlet problem

in an exterior domain

Ag=f in Q
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¢ ,5Q=0

If ¢ is regular at infinity, i.e., ¢ =0(1/1), then the solution is unique. Even under

the wcaker assumption ¢=O(1/r”2"3) one can get a similar result. Next, for the
same problem, if ‘we choose ¢=0, i.e., we are interested in bounded solutions, one
can show cxamples where non-uniqueness results (Consider the exterior of a sphere
of unit radius and let p= {1-1/r}; it is clear that ¢ is in the null space of the
operator).

The first problem that we encounter is the choice of a function space in
which to pose the problem. The class of solutions, we are interested in, is the class
of physically nealizable problems. This class is characterized by a finite

Dirichlet integral D(u), defined by

D(g)=S |grad u|’ dx
¢

In [8] and [16] the problem has been treated for the case of f with compact
support and the conclusion was that the velocity u necessarily goes to its asymptotic
value at infinity at the rate of O(1/r) while the pressure goes lo zero at the rate
O(1/12). This, of course, shows that the solution does not have a finite Kinetic
energy, i.e, the solution is not in L*(Q), and consequently, eliminates the possibility
of working with the usual Sobolev spaces used in the case of bounded domains.
Even a stronger result has been presented for the non-linear problem, i.e.,, the
Navier-Stokes equation; in [7] Finn proved that a class of solutions with a finite
Dirichlet integral, that also belongs to L*(Q), consists only of the trivial solution (u
identically zero).

One of the ways to handle that problem is by the use of mixed norms,‘i.e.,
derivatives of u belonging to L*(Q), while u belonging to L%Q), where q > 2 is

chosen such that finite improper integrals would result for this class of solutions.
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( In threc dimensions, q is chosen to be 6 ). But this, in addition to complicating

the énalysis, could deprive us of the advantage of working in a Hilbert space, which
is later desirable for the purpose of approximating the solution of the problem by
finite element methods. Another possibility is to work in a wéighted function space
with the weight chosen to have enough decay propertics. at infinity to include the
class of solutions we are intcrested in.

Problem (2.1)-(2.4) has been treated previously using two different
techniques: the first is the use of the theory of hydrodynamical potentials while the
other is a variational technique [16].
| In the first, the solution pair (u,p) is represented as the sum of a volume
vpotential and a surface potential. The results of this approach are of interest
whenever coupling of boundary integral and finite element methods is desired in the
approximation of the problem on an arbitrary fixed bounded sufficiently large
domain.

In the other, only a velocity space H(Q) was introduced and defined as

follows:
Definition 2.1: Define H(Q) to be the closure of

{u u € CPO i=123, divu =0}

with respect to (S |grad u|? dx )~ .
Q

The variational formulation obtained was:
. Seek u € H(Q) such that
a(uY)=1(v) V v € HO)
where,

a(g,y)=$ gradu:gradv dx
0




f(!)=5 f.v dx
Q

In this treatment, in addition to the fact that the pressure space has not been

specified for the problem, it is obvious that Lhc formulation would severely restrict
the choice of finite element approximations of the problem to divergence free finite
clement spaces.

In bounded domains two important aspects play a role in the existence
proof, namely the Poincare inequality in H(’) and the Helmholtz decomposition of
vector fields in R", n23. For a reference of how these are vital to the existence
proof we refer the reader to [9] and [24]. Many counter examples can be given
to show that the Poincare inequality does not hold in general unbounded domains,
and in particular, for exterior domains. The type of domains for which such an
inequality holds are at most slab domains ,.e.. domains that can be confined
between two parallel planes. The reason such an inequality does not hold is mainly
the asymplotic rate at the infinite boundary. To illustrate the idea we have the
following: for a bounded and continuous function to be square integrable over an
exterior domain in R®, its decay rate at infinity should be at least O(1/r*"¢),
where ¢ > 0. A simple calculation shows that if the Dirichlet integral of a smooth
function ¢ is finite, then Vg is O(1/r**"€), while the function ¢ itself will be
O(1/1'?*€) and hence is not square integrable (finite energy). This is opposite to
the case of bounded domains in which a distribution with finite Dirichlet integral
will be square integrable up to an additive constant, i.e, where we have the

inequality

inf _ S wdx € C S (grad u)* dx
ul U =a Q Q

where < is a real number. Fortunately, we are not empty handed in the case of
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unbounded domains; the Hardy inequality plays the role of the Poincare inequality.

This. will be explained in the following sections.

The spaces we use here have been introduced by Hanouzet [12] and used by
Nedelec and Planchard in their treatment of the Poisson equation in R® [20].

In what follows, we give a more precise formulation of both pressure and
velociy spaces as well as regularity results. The variational form obtained will reduce
to a Brezzi sadle point problem [4], which will enable us to apply many results of

that abstract theory.

2.2. Preliminaries

In this section we introduce the notation and the spaces, and state various
results concerning these spaces, which will be used in the sequel. Throughout this
work C will denote a generic constant (positive) and ¢ will denote a small positive
arbitrary number.

Definition 2.2: A set (‘2l is star shaped with respect to a given point 2 in
the set if for every x€ 5Q and 0 < X < 1, the points a+X(x~a) belong to the set®

Remark:A convex set is star shaped with respect to all its points.

Let Q1 be a bounded open set in R® which is star shaped with respect to
the origin. Let Q be the complement of its closure in R:. We will denote by
x=(x],x2,x3) a generic point in R®> and we let r denote the distance of the point to

the origin
: i=3
- - r
il ={ 2 ®Y
i=1
We let A=() PR 3) with A\ 2 non-negative integer be a multi-index and let

[x]=x, ), +),

We denote the distributional derivative <'9/axi by D, and for a multi-index X, we

let




R

D)\ = DlxiDz)‘zDs)\s =
ax,‘.ax)zaxs"s

We will use the following spaces introduced by Hanouzet [12]
Definition 2.3: For m a non-negative integer and a €R, we define the
space
wre@={ ueD'(al | a syem M phye 1), | A | £ m }

where D' {Q) is the space of distributions on Q. .

The following series of results are also due to Hanouzet [12].

1. W™2(Q) is a Hilbert space equipped with the inner product

(u’V)W“""(Q) = z { S'Q (1+r2)“"“‘|)‘I Dy Dv dx }

[x]<m

and norm

1/2

N u “w""‘z (O»zt(u’U)wm'a(Q)]

2. The folowing imbeddings are continuous:

W™e(Q) » W™ 2(Q) 5. WHE™(Q) ;
3. LQ=W*Q) ;

4. The mapping (1+r)%2u is an isomorphism that maps W™2(Q) onto

wme=A(q) ;

5. The mapping (1+r}) #™u is the inverse isomorphism ;
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6. The mapping (1+)#?D*u is continuous from W™°(Q) into

wm-| A I .a"ﬁ(o).

7. There exist a linear operator y=(yq,yyreeces Y, With:

j=m-1
y:“ym.(z«-» - I‘[ wm-J-lIZ,a(‘SQ)
=0

such that

yu=(u(50),3u/9n(sQ),..... 3™ u/an™(5Q))

where 3Q denotes the boundary of Q, 9/0n denotes the normal
derivative and W™32-2(50) denote the trace spates associated with the

weighted Sobolev spaces defined above;
8. We also have that y is onto; and

9. y'(@=W™%(Q) where Wm2(Q)) denotes the completion of Cgo(ﬁ) in the

W™ (Q)norm.
10. The dual space of W™ 2(Q) is denoted by W™ 2(Q).

We will also need the following result.

Lemma 2.4: For an exterior domain,

wm-j-l/2.a(50)= Hm-j-l/2(50)

where H™2(5Q) are the trace spaces asociated with the usual Sobolev spaces [1].

Proof: On Q. the weight (1+r°) is bounded from above and below and
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thus the norms on W"'*(5Q) and H"7'?(sQ) are equivalent. The result then

follows.

Definition 2.5: We define CSO(Q) to be the set of infinitely diffcrentiable

functions with boundcd support in Q.

Remarks:

1. The specific spaces which we will use most frequently are

W"°(Q)={u € D'(0) | 1+ € L*(Q) , Du € L*Q) }

and

W:"'(Q)={u € D'(Q) | @+)""u € L@ , Du € LY(Q), (1+1)'"D*u € L) }

2. If u=0(1/r'"""¢) and grad u=0(1/1*""¢) as r-o0, then u € W"Q) .
Thus in this class of solutions we have functions whose decay rate at
infinity is slower than 1/r, the fundamental solution of the Laplacian in

R3.

3. The seminorm | u | = (S gradu.gradu dx)'” is a norm equivalent to

the norm defined on \XI"°(8). This follows from the Hardy inequality
[13]:

1 .

| u |2deCSQ | gradu |* dx

v

Lemma 2.6: C®(Q) is dense in W'(Q).
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Proof: Let u be in W'%Q). we have by Lemma {2.4} that yu EH'(50).
where y is the trace operator introduced carlier. Now by the trace thcorems for
bounded domains, there exists at least onc u, € H'(Q) such that yu =yu,. . Define

u to be

u= u forJi(E(—)l

u= u for x € Q

It is clear that u € W'R? and by the density of Cgo(R3) in W''%(R?), there exist

an approximating sequence dcnoted by { ¢ } with ¢ € C®(R®) for every k, ie.,
¢L ¢L 0

i(lfoo” .Y ”w"O(QR)z 0

Now let ';'Q denote the characteristic function of QQ and consider the sequence

{ Zqp, } for k=12....

This sequence is contained in CSO(Q) and we have

-t Lo < 5]
" 0?7y ”w"o(Q) Shecu w"O(QR)

Hence

tim | 28,70, 100,70
k00

ie, for u € W'Q) there exists an approximating sequence in C%(Q) in the norm

" . Ilw"°(Qr This completes the proof.
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2.3. Variational formulation of the problem

We now give a derivation of the Galerkin formulation of the problem (2.1)-
(2.4) which we will use. We will employ the spaces [W"%Q)1® for the velocity and
L*(Q) for the pressure. Since [Cgo(())]3 is dense in [W'9(Q)1® , we take the inner
product of (2.1) with a vector valued function v € [C((?O(Q)]3 and then integrate

both terms on the left hand side by parts to yield
S gradu:grady dx - S pdivy dx = S f.vdx -
Q 0 Q

where the colon denotes the scalar product of the two tensors standing of each side

of it. We also multiply (2.2) by a function q € L*Q) to yield

S qdivu dx =0
0

We define the bilinear forms

a(u,v)= S gradu:gradv dx (2.5)
Q

b(p,v)= -S’ pdivy dx . 2.6)
0

where v € [Cgo(('))]3. The bilinear form a(.,.) defined above is densely defined and
continous on [W'O(Q)1X[W'%Q)1®, and hence can be uniquely extended to a
bilinear form, still denoted by a(.,), for v € [W'9Q)I®.  Then the weak
formulation of (2.1)-(2.4) is given by:

seek uEIW'(Q)1® and p € LXQ) such that:

awy) + blpy)=<f.v> Vve two@r @7

blq,u)= 0 , V qe L2 (2.8)
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where <...> denotes the L*(Q)-inner product. The problem (2.7)-(2.8) is of the type

considered in [4]), where the following result is proved.

Theorem 2.7: Let V and S denole two rcal Hilbert spaces with inner
products .(...)\, and (...); and norms " . ”\ and " . us respectively. Let F() denote a
bounded linear functional on V, and let a(,.) and b(..) denote continuous bilinear
forms on VXV and SXV respectively. Let the bilinear form a(...) be coercive on V

, 1.e.,

avw2ze v Vvev Q9

for some constant a > 0, and let the bilinear form b(.,.) satisfy the stability

condition

sup—b—(P"v‘)Za p"s VpGS (2.10)
vEV “ v “\,
v#£0

for some constant a, > 0. Then there exists a unique pair u € V and p € §

which satisfy

a(u,v) + b(p,v) =F(v) V VEYV (2.11)

blg,u) =0 Vages (2.12)

Moreover there exists a constant C > 0 such that:

[ul, + 1ol sclrl, 213

Clearly if we let V=[W"%Q)1}® , S=L*Q) and F()=<f,.>, the problem (2.7)-
(2.8) is of the type (2.11)-(2.12). Therefore the task at hand is the verfication of

the hypotheses of Theorem {2.7}.
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2.4. Existence, uniquencess and regularity

2.4.1. Existence and uniqueness of the solution

The greatest difficulty is cncountercd in verifying (2.10) , so we will begin

with that condition. We will nced the following pre]imihary results.

Lemma 2.8: Given p € LQ). there exists a unique ¢ € W'°(Q) such that

~div(1+r°)'“gradg = p in Q (2.14)
3¢ =0 on 60 (2.15)
on

Proof: Equation (2.14) may be rewritten in the form

-Ap-grad[In(1+r")'*1.gradg=p/(1+r)'" in Q

Multiplying this equation by a function y € CSO(Q), integrating over Q , and then

integrating the first term by parts yields

S gradg.grady dx - S yerad[In(1+r’)'*).gradg dx = S yp/(1+19)'"? dx
Q 0 Q

where we have used (2.15) as well. Now, we define the bilinear form B(.,.)
B(¢ ,y/)=S gradg.grady dx - S ygrad[In(1+r’)'?).gradg dx
0 0

and the linear functional G(.)
G(yf)=S py/(1+r*)' dx
Q

It is clear that G(y) is a bounded linear functional on W'°(Q)) whenever p is in

L*(0), since
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1G] = [ SQ p’ dx ]”2 [ SQV’:/(1+r2) dx ]”2

' !
!L:(Q) N ¥y llw"otf)) ‘ V y € whQ)

<|o

With e denoting the unit vector in the radial direction, we also have

-

‘ | | | Ty
lB(¢ ,y,)| s h gradg iLz(Q;!igradfl' !Lz(Q) * l S'Q (_lfr_:_) Qt.grad,s dx |
< ” L ’
s | gradg ILZ(Qi:I grady %)
RN
P e ey e | graa ”ﬁo,

! |
<2 g log) v log V ¢,y € Wo@
so that the bilinear form B(...) is continuous on W'2(Q)XW!(Q).
Noting that the bilinear form B(.,.) as well as the linear functional G(.) are
densely defined and continuous and therefore can be extended to all of W'%Q), we

arrive at the following weak formulation of (2.14)-(2.15). Given p EL*(Q), we seek

¢ € W"%Q) such that

B(g , 3)=G(y) V v € W (2.16)
Now note that for ¢ € CX(Q)
B(¢,¢)=S | gradg |* dx—S ggrad[In(1+r%)'?].gradg dx
0 Q
Integrating the second integral by parts then yields
S ggrad(in(1+1%)'"*].gradg dx=S grad[1n(1+1?)'?1.grad(¢?/2) dx
Q Q

=\ ¢% A [In(1+r)'?1/2 dx
Q .
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g0
' 50 S2(1+r’) en ds

where n denotes the outer normal to the domain (). Since ) is star shaped, we

have that e.n < 0, and since Alln(1+r°)'*] is bounded below by 1 we get:

B(g,¢) 2 S |gradg |* dx + 1/2s $>/(1+17) dx. 2 1/2] ¢ “i-“"@» (217
Q 0 :

Inequality (2.17) holds for g € CX(Q) and by the density of C(Q) in W'Q) and
the continuity of the form B(..) holds for ¢ € W'°Q), showing that the bilinear
form is coercive on W'°Q). Thus we have verified that the problem (2.16) satisfies
the hypotheses of the Lax-Milgram theory, and thus possesses a unique solution in
W'%Q), which, of course is weak solution of (2.14)-(2.15). "

Remark:Note that the Neumann problem (2.14)-(2.15) has a unique solution
in W''%Q). This should be contrasted with the case of a bounded domain, wherein
the Neumann problem must be treated in H'(Q)/R. We again observe that in
unbounded domains.W'°(Q)/R=W'%(Q), ie., W'°Q) docs not contain the constant

function.

Lemma 2.9: [Regularity of the weak solution of problem (2.16)1 Let ¢ €
W'%Q) be the weak solution in W"%Q) of (2.14)-(2.15). If §Q is sufficiently
smooth, then ¢ is also in W*'(Q).

Proof: See the appendix for the proof. .

Lemma 2.10: Given a €H"(5Q) with a.n=0, there exists v E[W"°(Q))°

such that:

div v,=0 in Q
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v,=a on Q

Morecover, there exists a constant C > 0 such that:

” !2. w0 <C " a "H”:((SQ)

with C independent of a.

Proof: First, it is well known [24], that given 2 €H'(5Q), a.n=0, there

exists d € [H(Q)1® such that curl d| ;=2 and

” d Hz(Ql) <C I‘ a "H”z((SQ)

with C independent of a. It is also well known [1],that there exists an extension

operator E,

E: HYQ) > H'R)
such that Ed € H*(R®) whenever d € H*(Q,) and supp(Ed) is contained in a ball of
finite radius R, where R depends only on the geometry and the smoothness of the

boundary but not on d. We also have that the traces of d and Ed are the same on

the boundary, i.e.,

Ed| ;0=d] ;0

and

grad Ed| ;n=grad d| 5q

and that

| Eal,zp < claliq,
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with C indcpendent of d. Now, let R denote the restriction operator from R® o
Q.Then

Rv=vZq

where EQ is the characteristic function of Q. Then the vector d=REd has the

following properties:
1. supp(d) is compact in R independent of d:

2. curl @] yju=curlREd| jo=curl Ed| sq=curl d| jo=

3 laleq slealas scle

 cls oo
H R HZ(Q‘) Cla ‘H”Z((SQ)’ and

ol ety s 2l
Now if v =curl d , we have the desired results, since for functions of compact

support in R®, the norms " . “Hl Q) and || . u w'oQ, are equivalent.

Lemma 2.11: Given pE L(Q), there exists at least one v € W@

such that:

div v=p in Q

v=0 on 60

Moreover

| vlyog s clelzq

with C > 0 independent of p.

Proof: Let yl=(1+r2)f’2grad¢ where ¢ satisfies (2.14)-(2.15). By Lemmas
{2.8), {2.9}, such a ¢ exists uniquely and ¢ € W2'(Q)). By observation (6) in
Section {2.2}, (1+1°)"’gradg maps W>'(QQ) into W'%Q). Thus v € W'(Q) satisfies
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div v =p in Q
v,.0=0 on 5Q
and by Lemma (2.8}
Iy foog s cleliong sclelzg,

Now let a=pXy | s so that

” al’ ”‘(50) < Cl \ ‘ IO(Q

Then, we seck v, € W'%Q) such that:

div v,=0 in 9]
!:l 572Xy on 0

The existence of such a v_ was established in Lemma {2.10}. Moreover,

v,

rogy < €l alpmge € €y leg < ¢ e lag,

With y=y -v, the desired results are attained.

Lemma 2.12: The bilinear form b(.,.) defined by (2.6) satisfies the condition

Vo zclsl ,
;UG%V“O(Q) ” A "w"o(Q) =cle 2(0) pEeLE
v#0

Proof: By Lemma {2.11}, given p € LXQ), there exists at least one vector w

€ [W'°Q)1® such that div w=p and
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fwlyog <clelzg

Then,
bip.y) SQ p div w dx
SuP°1o 3 —-_l—_ 2 l
%E(EW ol “ Y l‘w"o(Q) l' v "WI'O(QI
2
“ P I LA
| w o,
2| pleg
which completes the proof. =

Lemma {2.12} shows that (2.10) holds for the problem (2.7)-(2.8). The

remaining conditions of Theorem {2.7} are verified in the following result.

Lemma 2.13: Given f € [W'%Q)J?, then <f.> defines a continuous linear

functional on [W'°(Q)]® and

1w | <l 001 ¥ Lo, (2.18)

Furthermore, the bilinear form a(.,.) defined by (2.9) is continuous and coercive on

W@

Proof: Clearly <f.> is a bounded linear funtional on (W91 and the

estimate (2.18) holds. Now

|a(g,g)|=|SQ gradu:grady dx | < " gradu ”L:(Q) " grady ||L2(Q)

Also, the form a(.,.) is coercive on [WHoQ X [WO(Q)1? since
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awy = | Vu |iz2q

where, by the Hardy inequality, the right hand side is a norm equivalent to the
norm defined on [W'°(@)1%. _ .
With the results of Lemmas {2.12} and {2.13} Theorem {2.7} immediately

lecads 1o the following result.
Theorem 2.14: There exists a unique solution pair (u,p) € [W!oQ) PXL3(Q)
of the variational prob]ém (2.7)-(2.8). Moreover

Lulog + 1o leg < €1t liog e

2.4.2. Regularity results for the Stokes problem in R*

We state without proof the following regularity theorem; the proof follows

standard arguments similar to those used in the appendix. See, for example [12]

Theorem 2.15: The variational problem (2.7)-(2.8) has exaclly one solution
@p) € [W"O1xLQ)

Moreover, if f € [W™" ™)1’ and 5Q is sufficiently smooth (Qis a C" domain,

see, e.g., [1]), then,

ue twim@))* N W@

and

p € W™™(Q)
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Furthermore, there exists a constant C > 0 such that:

" u llwm*l.m(o) + " P "Wm.m(o) <C “ f nwm-l.m(n)

2.5. Inhomogeneous boundary conditions

| In the case of inhomogeneous boundary conditions at the finite boundary 5Q

J.e., if

u| ;o=a € H™'(50)

with

g an ds =0
sQ

we can use a technique similar to the one used in the sequence of lemmas that led

to the stability condition on b(.,.) and find a vector

!, € Wmﬂ.m(o)
such that
div u =0 in
and
Y |50 2

with the following estimate holding

o, lmr < s hing
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Using u we can reduce the problem to the homogeneous case, and thus establish

the existence and uniquencss of the solution of the inhomogencous problem.

Furthermore, we get the estimate

" u Wm0, + " p ,Iwm.m(o) <C " i w0, + “ a "H“H”:((SQ)

Next, we consider the case where Il)i(T-)oog(X)z Since constants are not

—I—J-oo‘
in the spaces W™'!™Q), we use linearity to reduce the problem to the homogeneous

case. In this case we get the estimate

| w0, Ly + | 2 lymgy € €1t Loy

Combining the two cases we get

Wm0, + H P ';wm.m(n) <C {" i l!wm-l.m(o) + || g-'L—JOO “Hmﬂlz(ao)}.

| wo0-U,,
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CHAPTER 3

ON THE TRUNCATED PROBLEM ON
A FINITE SUBDOMAIN

3.1. Introduction

Let Q;cﬂa(o;m, where B(O:R) is the ball of radius R centered at the

origin, with R to be chosen large enough. Now the boundary of the domain QR is:

5QU{ x:|x|‘=R}

By the truncated problem we mean:

-au, + Vp=f,  in Q, (3.1)
divu =0 in Q, (3.2)

v | 5070 (3.3)

B (u )=0 ‘ (3.4

where Bk is a boundary operator imposed at the artificial boundary M)R. These
artifical boundary conditions are of interest due to the lack of the information at -
the large boundary needed to establish existence and uniqueness of the solution of
the truncated problem. Families of boundary operators at BQR have been discussed,
in general, for second order elliptic partial differential equations and, in particular,
for the Helmholtz equation [11]). This sequence of boundary operators is defined
by taking linear combinations of the different derivatives at the artificial boundary.
This method is based essentially on a careful examination of the asymptotic

expansion of the solution valid near infinity to generate boundary conditions that




26
will enforce the asymptotic behavior of the actual solution on the solution of the

truncated problem to a desired degree of accuracy. It is anticipated, as is the case
for the Helmholtz equation, that the higher order of the boundary conditions (with
the proper choice of the constants), would yield higher accuracy [11].
Unfortunately, the higher the order of the boundary opefator Bk. the smoother the
function spaces must be chosen to pose the truncated problem . This is of course
undesirable for the sake of approximating the problem in a finite element space.

Of the possible boundary operators, we consider two choices for Bk, k=0,1.

1. The zero velocity artificial boundary condition:

B (u )=u =0

2. The zero stress artificial boundary condition:

B (u )=-pn+d u =0

where an denotes the derivative in the direction of the outer normal to the surface

50,

In Chapter {2} we noted the following result.

Proposition 3.1: For R bounded we have:

W@, )=H'@,)

Remarks:

1. If the support of f is not compact in Q, then, the trumcated problem that
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will be considered will correspond to an external force f . with fe being

-a good approximation of f. In that case we will need the intermediate

estimate:

| wmg, Loy + oo, Ly < €11, sy

This estimate follows directly from the well posedness of the original
problem already discussed in Chapter {2}, where u and p _represent the

solution pair of :
-Au, + Vp =, in Q
divgl=0 in Q
LS l 5070

lim u (x)=0
|'x |20 ™

and where [R is chosen to be of compact support and to be an
approximation to f. Now using linearity we have that the difference

(u-u,.p-p ) satisfies:

-A(u-u) + Vp-p)=f-f, inQ
div(u-u )=0 in Q
(u-u)| 570

lir)? 500 [ u(x)-u, (x) ]=b |

(3.5)
(3.6)
(3.7

(3.8)
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“Hence the required estimate follows from (2.19).

2. Note that in the case supp(f) is bounded in Q we can choose R such that

| £, 1,=0.

3. Due to the above reduction to the case with {R of compact support, in

the sequel we need only consider f having compact support.

4. For the purpose of estimating errors between the truncated problem and
the unbounded problem, we need to be aware of the behavior, as R
increases, of the constants involved in the different estimates. Therefore,
although the spaces [\2]"°(£’)R)]3 and [I?I'(QR)]3 are equivalent, we will
pose the problem on [\21"°(0R)]3 rather than [f—’x‘(QR)P since the constant
involved in the Hardy inequality on [\?J"O(QR)]3 is independent of R
whereas on [I?I’(('IR)]3 the Poincare inequality holds with a constant -

dependent on R.

3.2. On the truncated problem with zero velocity artificial boundary condition

The spaces we use in this case are:

the@)r={ we w@) | ulsnua=0 }

Lf,(QR)= {q€ L’(QR) . S qdx=0}
0

R

The variational fomulation of the problem is:

.0 3 2 .
seek u..p, € (W Q) 1°XL(Q,) such that:
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alw.v) + blpy) = <Ly V oy, € (W@ (3.9)

bg.u)=0 Vg, € LXQ) (3.10)

where,
a(u v )= SQ gradu :grady, dx

R
blq,.u,)= S q, divu, dx
Q

R

Proposition 3.2: Given a € W"2'°(6QRU 5Q) such that:

an| ;00
an| 5QR=0

Assume there exists v, € [W'%Q,)1* with:

div v,=0 in Q,
v, | s0usQ, 2

and

s losg, = 12 lieesousa, 61

with C, independent of R. Then, given p € Li(@,). there exists a v € o, )1°

and a constant C > 0, independent of R, such that:

div v=-p

and
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v leg, 5 ¢l

.
“{
L QR)

Proof: See [9].

a
Remark: In spite of the assumption that Cl is independent of R we will
show that the convergence rate of (u p,) 10 (u.p) is only of order of R, which

is not satisfactory.

Let E denote the extension operator by zero outside the truncated domain:

Eu=u for x € QR (3.12)

Eu=0  for x ¢ Q,

It is clear that ELW'®@)1® is included in [W'@F, while EL}Q,) is
included in L%Q). By a technique similar to the techniques used in Chapter {2},
we can conclude that a unique solution of the truncated problem exists. Furthermore

the following estimate is true:

N Y “wm(QR) * n P “LZ(QR) <C “ 'tR "w"‘O(QR) <C " iR lLZ(QR>

where C is a constant independent of R.

Remark: The variational form (3.9)-(3.10) for the first truncated problem is

of the Brezzi type and therefore we have the following approximation resuit.
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3.2.1. Abstract approximation results

Let X.M be two Hilbert spaces and consider the prob_lcm:

Seek v,A € XXM such that;

a(v.w)+b(w. \)=<f.wd Vwex (3.13)

blpv) =0 VieMm (3.19)

It is well known ( [4]; see also Chapter {2}) that if a(...) is a continuous bilinear

form i.e. ,

| acw | <hallvl]wl

which is coercive on XXX, i.e.,

2 Vvex (3.15)

Ix

av,v) 2 o !: v

and b(.,.) is continuous on MXX, i.e.,

| o | s Dbl oLl

and satisfies the stability condition:

b(y.v) ,
2o 2], V2ewm (3.16)

sup

gylhk

then there exists a unique solution pair (v,\) € XXM that continuously depends on

the data, i.e,

vl o+l sclel, (3.17)
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Now let )(R.MR be two closcd subspaces of X and M respectively. We pose the

following problem:

seek vR,)\R € XR><MR such that:

alv w wbw A )=<fw >V w € X, (3.18)

By ¥ )=0 V oy €M, (3.19)
Problem (3.18)-(3.19) is an approximation of p-oblem (3.13)-(3.14).

Theorem 3.3: [4] Assume that the forms a(.,), b{,) and satisfy the

conditions (3.15)-(3.16). Assume in addition that:

by .v.)
sup — ot l, Va em, (3.20)
v EX [ 1
v.*0

Then there exists a unique solution of the approximated problem (3.18)-(3.19).

Moreover we have the following result:

v, 1o+ 1 x|, (3.21)

scf iy Few b+ ingy | 3-se e 3

where C is a constant depending on ”'a " " b, ¢ % a, and az‘ (We should

1 1 2

note that it is essential to be aware of the dependence of the constants upon the

truncation parameter R).
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3.2.2. Error cstimates for thc truncated problem

Now we apply this result to obtain an estimate on the error between the

truncated problem and the original one. Problem (3.9)-(3.10) can be restated to be:

$1.0 3 2 .
seek u..p, € EIW"(Q)] XEL(Q ) such that:

It

a(u.y) +bip.y) =gy V yve Wiy (3.22)

V q € EL@Q) (3.23)

I}
o

bp(apup)

where as before E is the extension operator defined in (3.12). Note that the
extended spaces are closed subspaces of [W'Q))® and LYQ) respectively. Therefore

we are ready to apply the Brezzi approximation result and get:

s, Lo, + Lo, Lo, 520

< C{ _“lenglo(QR) “ g_‘_N.R "wl.o(QR) + ,ul;gELf)(QR) H p—FR |lL2(QR) }

Now we need to estimate the right hand side of (3.24). To do this we need the

following lemmas.

Lemma 3.4: There exists a map IlR

m o W@ - EIWQ))°

such that V w € [W'oQ))°

gim | e frog = 0

In addition, if w=0(r"") we have that:
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where C is independent of R.

Proof: We define ¢(x) to be an infinitely differentiable function with the

following properties:

0<p(x)<1
g(x)=1 for | x | €1

p(x)=0 for | x | 22
We denote ¢R(x)=¢(%x—).lt is clear that the support of ¢ _(x) is contained in B(O;R)

which is the ball of radius R centered at the origin. Now define the map 1'1R by:

M w=¢ (X)W V we W@

It is clear that . w € [\i"'°(QR)]3 since :

M| 50=p 0¥ | 5070
¥ ] 5 =#x&0%| 50 =0

where the above equalities are to be understood in the sense of traces. Further,

"Hy"’n.o =S N — | ¢ (0w |2dx+S | V(g 0w |? dx
R— lw (QR) QR 1] x |2 R QR R

| w|?

SS ———dx+5 IVglzdx*rS | wVsg, | dx
Q 1+ x |? 0 0

R R

But for ¢ we have that there exists a contant C > 0, independent of R, such that:

C

Rl =

| D" 0 | <

where m is a multiindex. Therefore
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Qo
E
<
-
~
T
()]
e
IA

N ERRAZN R
Q

R - R

SS S| w |
Q R’

R

-

SCZS ———l—ly T dx
QR 1+] x |°

<l wliog,

Therefore

CHW’I 100)

)

Imw o, s clwliog, <

where C is a constant independent of R. Thus we have shown that Il w €

(W@ Now,

" HRE-.‘E ”WLO(QR)

=§ — (-1 w |Pdxe S | Vg, 0-Dw) |? éx
Q 0

R1+| X ': R

=Il +]2

Let Q:/z be the ring subtended between the spheres centered at the origin with radii

R/2 and R respectively, i.e.,

o =0 ﬂ { BERNBOR/D) }

Then

1€

IlsS D SR [ L
Qe 1+ x |

R/2
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R

ﬂ | w |’
SS |Vy|2dx+C'S — dx
R R 2
QR/" QR/2 R
. | w |
of, 1eraf 20
R
QR/’ QR/" 1+| X Iz
cc wl
= C, | ﬂ“"Q:/z

IzSS | (p,-DVw | dx +S | wVg, |7 dx
0 Q,

where C, is independent of R. Now since w € (W) 1 we get that:

Rh-*moo Il:o
and
Rl-l-)moo 1 2=O

Finally for w=O(r"), we have the estimate

w0 _C{5
LA

| w
R/2

SC{S dx+S
o} x |(1+| x | oy

R/2

1A

(0,0} 00
c,{ S 1 g+ S 14 }
R/2 1+1? R/2-12

. C{ tan"(%) + %— }
2

But Lan"(-}%) "R for R sufficiently large. Therefore we have

R/2

'
dx+ SQR | Vw - dx}

1

| x|

R
CZ{SS 1 drdw+SS —.rlz-drdw}
Q YR/2 148 Q YR/2

dx}



37

" u-fl.u H, < ;(f/—:

where C is a constant independent of R, which completes the proof. .

Lemma 3.5: Assume that p € L@ L) for some ¢ > 0, then there

- exists a map denoted by £,

A : L@@ » EL@Q)

such that

dim | e lg =0 V p e @@

In addition, for p=0O(r™) for r large, we can get the following estimate:

| a0l = <

with C independent of R.

Proof: Consider the map 8,

A, : L @NL@ » ELX@Q)

defined by

- 1
LA e #Q) SQR P ox }

sk{p_ 1 S‘kakpdx}

Q)

where Z_ is the characteristic function of the set 0., and 4() is the measure in R®.

Now we show that ﬂRpELg(QR); first we observe that:



38

S B, pdx =0
QR

Also, since ﬂRp=0 outside QR, it is sufficient to show that || AP "LZ(Q ) < 00. In
) R

fact,
ol = § {v-—f res}o
RY I (QR> QR { /I(QR) QR }
=s | p | dx - 1 |S pdx |*
0R F(QR) QR
< " p I.Z(Q) * 13
where
1= ——| S pdx |
#Q) Yo,
e
< p- dx . 1dx
L, e, e
= S p’ dx
QR '
Thus
| 4ip g, < 215l
Now we are ready to estimate the error between ﬂRp and p in the norm n . “L2<Q ;
R
uﬂp-P“’2=S p - — S pdx - p §° dx
R he19)) QR { o QR) Qg }
1 S‘ 2
= p dx
pQ) { 0, }
Now

(§, pe¥ (f 1o e (f, 1e b
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= n p N:Lz-‘(QR) (/J(QR))Z'_z—z_c

<|ploeg O=F

Therefore,

L,
‘! P {'LZ" Q)

|

2, -
L

N AepP @Q )€/
A4

Consequently,
dim | gp-p |20
Now for p=0(r™) , and ¢ > 0 we have:

!2L2(QR)S C{ _}1{— }

| B.ppP

or

1
L aeplaazcf -}

where C is a constant depending on p but not on R.

In the case where the support of f is bounded in R’, we have that
u(x)=O(R™) and p(x)=O(R™) for | x |=R large enough. With those decay rates we
can calculate the asymptotic rate at which the errors " u,-u “wl.o(o) and

R

H P-A.P lle(Q , 80 to 0. From (3.24) we have
R

eolosa, < locelig, 629

sC { ” u-Tlu nw“ot(')k) * " PAyp "LZ(QR) }
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Thus the following result follow from Lemma {3.4} and {3.5}

Theorem 3.6: Assume that supp(f) is compact, then there exists a constant C
depending on u,p such that:

1
R1/2

(3.26)

fi
" u-u '!WI.O‘QR) + ” PP I.L:‘QR) <C

Remarks:

1. The asymptotic rate at which the solution of the truncated problem
approaches the solution of the original one is- not satisfactory (only
O(R™?)).  To achieve any improvement we need to consider other
boundary conditions at the large boundary 6QR. This will enable us to
force the solution of the truncated problem to behave asymptotically in a
larger neighborhood ncar the boundary 5QR. One possible type to be
consisdered under this treatment is the zero stress boundary condition

(k=1), given by:

[ -pn + n.Vu ]I ,30;0

or in tensorial form

(=pn; + uj.i)l 60:0

2. Again we should emphasize the fact that the estimate (3.26) has been
derived under the asumption that the constant C in the estimate (3.11) in
Proposition {3.2} was independent of R. Also the constant C in (3.11) in
Proposition {3.2} grows with C,. Therefore under the possible assumption

that C, grows with R, the result could be worse, i.e.,
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1

" u-u, "w1-°‘QR, + " PP "LZ(QR) <C E (3.27

where § < 1/2 and even may be negative in which casc no convergence

might occur,

3.3. The truncated problem with zero stress at the artificial boundary

We only consider the case where f belongs to LZ(QR) and the support of f
is either compact in R? or has a sufficient decay rate at infinity. Similar to the
previous case, we need only treat the case of support f compact in R3, and choose
R large enough so that the support of f is contained in QR. In that case the

truncated problem is

-au, + Vp =f inQ (3.28)
divu =0 in Q, (3.29)
HRI ISQ=0 (3-30)

o . _
—pRQ+m—gR—O on 5Q (3.31)

The variational formulation of the problem is sought in the following space

for the velocity

wha) ={ zu|ue W@y }

where ER is the characteristic function of the domain QR. For the pressure space

we use LZ(QR).

Proposition 3.7: Equipped with the norm " . “wl.o(n ’ WR(QR) is a Hilbert
R

space. .
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Proposition 3.8:

w'Q) = H'= { ue (H@Q)P’, u|;q70 }

Remark: The proofs of the Propositions {3.7} and {3.8) use the equivalence

of the weighted and the unweighted norms on the bounded domain QR.

Proposition 3.9: The seminorm | lw"°(QR> defined by:
ulo1on. = gradu |® dx }'7
| l\v Qo { SQR I | }

is a norm on WR(QR) equivalent to the usual norm.

Proof: We use the inequality [13], [16]

¢2 .
S’——dxscs | v |® dx
91+|)(|2 ©

where © is an unbounded domain, and where

p={ va
L

with Li is a line segment [x x] for x, x € ©. Now we can easily establish the

inequality on the domain QR for the set:

u € K={ u=Z,grac¥, ¥ € @ }

where now X, is any point outside the support of V. Then the result can be

extended to WR(Q,) using the density of K in WX(Q,).
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3.3.1. Variational formulation of the problem

The variational formulation of problem (3.28)-(3.31) can be obtained by
multiplying (3.28) and (3.29) by functions in the testing velocity spacc.WR(QR) and
testing pressure Sspacc LZ(QR) respectively.  After integrating by parts we get the

variational problem:

R 2 .
seek u.. p, € WHQ XL Q) such that:

alu,.v, ) + blp,.v )=<f.v.> vV v, € whQ,)  (3.32)

blq,.u,) =0 Veera) 63

where

a(u,.v )= S grad u :grady, dx
QR

b(pR,!R)=-S‘ p, divy, dx
QR

This variational problem is of the Brezzi type and in what follows we verify the

conditions needed to guarantee existence and uniqueness.

3.3.2. Verification of the conditions needed for the existence of the solution

3.3.2.1. Continuity and cocrcivity of b(,.)

The bilinear form b(.,.) is defined on LZ(QR)XWR(QR). To verify the

continuity of b(.,.) we have the estimate

| bip,.v) =] _S‘Q p, divy, dx |

R

< ” P "f(QR) " LM |lw '°(QR)

where we have used Schwartz inequality.
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Now 1o show the stability condition on b(.,.) we need the following lemma.

Lemma 3.10: Given p € L’(QR), there exists at least one vector v, €

WR@Q,) such that:
div v =-p
Ykl 500
Further, therc exsists a constant C independent of R such that

u v ”WLO(QR) sC " P ”L:(QR)

Proof: The proof uses the results of Chapter {2} which led to the sup
condition for the unbounded problem. Given p, € LZ(QR), we extend p, outside

0, by zero. If we denote this function by v, then:

v € LXQ)

and

” v "LZ(Q) = “ Pr "LZ(QR)

Now using Lemma {2.11}, we can find at least one vector v € [W'@)] such

that:

div v=v

with the estimate

“ v “wm((), <C " v "1_2@)
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Now .taking v, to be the restriction of v to Q,, i.e

we get the required vector. Moreover,

" Y. “w'-o(QR, < ” y "w"O(Q)

IA

C " v "LZ(Q)

¢l o, L,

Therefore we have the following result:

Lemma 3.11: For p, € LZ(QR)

b(pk.y)
sup

wew'e) | ulyeq,

2 519, o,

with 8 independent of R.

Proof: Let v, be the outcome of the previous lemma; we have:

b(pR w) b(pR,xR)

sup

> 51 p, L
o) Tulong, 1oleg, o

where g = C™.
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3.3.2.2. Continuity and cocrcivity of al.,.)

The continuity of a(...) is obvious since,

| a(u.v) | = | S gradu :grady, dx |
QR
|
<| v ||“-1-°(Q ," Ve le.o(o ,
R R
while the coercivity of a(..) follows from the fact that the seminorm | . Iw"°(Q )
R

is a norm on WR(QR) equivalent to the usual one.

Having verified the Brezzi conditions for the variational problem (3.32)-(3.33)

we then have the following result.
Theorem 3.12: The variational prob}em
seek u.. p, € WHQIXL'(Q,) such that:
alu,.v,) + blp,.v) = <Lv.> Vv v, € WhQ)
bla,.u,) =0 V g € '@
has a unique solution. Further there exists a constant C >0 such that

Iy, hyog, 17 L5 cltlsg,

3.4. Asymptotic error in zero stress boundary condition

We now consider the asymptotic error in the boundary condition (3.31).

Lemma 3.13: The fundamental solution U%(x,y) of the Stokes equation
satisfies:

o : -y 1
n, 5)? g}(x,y) lx-R = O(_RT)
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where the summation convention holds on the index i while k,j are fixed.

Remarks:
1. The proof of the previous lemma is a direct consequence of the behavior
of Uxy). Actually since p_:(x,y)=O(R"). one can easily show that

derivatives of Q;(x,y) would be O(R™).

2. The fundamental solution for the pressure will not cause any trouble in

the estimates since for R large P*(x,y) is O(R™).

Lemma 3.14: For supp(f) compact, the solution u(x) of the problem on the

unbounded domain Q satisfies
o) _ 1
nl——axl uk(x) = O(—rR )

where 1 £ k € 3.and the summation convention holding for the index 1

Proof: The result follows easily from the representation of the solution:

u ()= SQ Uiyl ) dy +W, (), 0T (win)
R

(where the expressions and the symbols involved are explained in the appendix) and

the properties of the fundamental solutions.

Remark: Actually we can improve the result obtained in the previous lemma

by getling a more precise estimate.
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Lemina 3.15: There cxists a constant C > 0 such that for | x |=R large

enough we have

d
| "@Zuk(")'p“k ll

xl-R

Proof: We use the integral representation of the-solution and the Schwartz

inequality to obtain that:

d
| n@;I—uk(x)—pnk ll

X I-R

ll f HL’(Q { 5 U‘(xy) + Pix,y)n, |? dy }”’
suppf

e liH1/2(3Q, { S&Q | { ﬂ,‘gT] }T*u.(!k(x.y))ynf -gTjP‘(x,y)nk |* ds, }”2
+ " Tij(g) "sz“m,{ S:m | { nl%q }g:(x,y) + Pi(x,y)nk |2 dsy }1/:

where, as usual, the summation convention holds for the ‘indices i, 1, j. Now using

the estimaltes

| u

!\vz"(Q)+‘| P “w”(Q; =C ” f ”Lz(())

along with the trace inequalities

ﬂ u "HHZHSQ) sC H Ul

and

7.0 hyrs 5 © { 1 longd # Lo }

we obtain the result.
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3.5. .Error estimates for the truncated problem with zcro stress at the artificial

boundary

Now we study the error between the truncated domain and the infinite

domain problems. Let e,, x. be the difference between the two solutions, i.e,
T
Hr~ PPy
Then € Hp satisfy:
-Ae +V /lR=0'
dive =0
§R| BQ:O
-g—n €, ~He D, = %n— u -pn, = g € W'%0))
Now this problem of finding €, pg Can be formulated variationally as follows:
seck e, p, € WHQ,) X L*Q,) such that:

ale, ) + bl ¥ )=<Bv,> Vv ewa@) 639

blq,.e,) =0 Vg eraq) 633

Problem (3.34)-(3.35) has a unique solution pair (e,.x,) in WHQ,) X L*Q,), and

there exists a constant C > 0 such that:
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“ 2 "w"O(OR) * “ Fr "LZ(QR) <C " g "w'”z‘o(éQR)

ie.,

P R P e Y

Now for f in L*Q,) we obtain that g belongs to W'%(5Q ) and consequently

belongs to L*(3Q,). Therefore we have to estimate:

‘Y0

| el 050 = sup
R ;—ES(;VII-.O(‘SQR) H v "wl'l'.’.o(&nk)

&Y50
= P —_— R

- s 12
isgl '(5QR) H v ”H"ZHSQR)

where the equality holds due to the eqivalence of the norms on the bounded

domain 6QR, and where

<g.y>‘mk= 50 g v dS
R

But
| <g,y>‘mR | < " g ||L2(5QR,|! y “Lz(‘mk,
and

" v "LZ(‘;QR, < “ v "H'”(éQR)

Also for f in L%Q) we have the inequality:

dtlzg
|8 lsq s —+

Thus we get

“ 4 "w'”z'o(éQR» < “ E "Lz(«SQR)
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- g [2ds }”
(§o 167}
. 1 oo 12
<C " f "L'(QR) { SéQR R* R do }

' =£“ f ",j(Q )
R R

These results can be summarized in the following theorem.

Theorem 3.16: There exists a constant C > 0, independent of R, such that

dtlea,

R

ll u-u, "w'-°(QR) + " P~Py "LZIQR) < R
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CHAPTER 4

ON THE DISCRETE APPROXIMATION
OF THE TRUNCATED PROBLEM

4.1. Introduction

Without loss of generality assume that (')R is a polygonal domain in R®. Let

{ T, } be a family of regular triangulization of OR such that:
QR: Klérh K

where K denotes a simplex in R®. We set h(K) to be the length of the largest

and

and assume that

for some constant A. In addition, if p is the diameter of the largest sphere
inscribed in K we set

hK
O'K"_

Px

The family of triangulization is regular if there exists ¢ > 0 such that
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aKﬁaVKErh

By Pm(K), we will denote the set of all polynomials of degree less than or equal m
defined on the simplex K.

Remark: Again, although we have the equivalence of the usual norms and
the weighted norms on the bounded domain QR. we will keep on using the weighted
norms since our final goal is to derive estimates where the constants depend neither

on the truncation parameter R nor the discretization parameter h.

Definition 4.1: The discrete divergence operator denoted by divh is defined

by:

(qh,divhyh) = Z S q divy, dx
Ker K

h

4.2. The discrete problem for zero velocity artificial boundary condition

Let §h and Q, be finite dimensional subspaces of [\X"'O(QR)]3 and LXQ)
respectively. We have the following problems:

1. The original problem on the unbounded domain given by:

seek (u.p) € [W'Q)IPXL(Q) such that:

a(u,v)+blp,V)=<f,v> V v e tvoor 4.1)

blq,u) =0 V q e L 4.2)

2. The truncated problem on the bounded domain QR given by:
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seck (u..p) € [\%J""(QR)PXL;(QR) such that:

a(u,.v.) + b(p.y )=<f.y.> vV v, € [\?J""(QR)]3

blq,.u,) =0 Vagera)

3. And finally the discrete problem given by:

seek (u, .p,) € gthh such that:

aluy, v, bl v )=<Ey, > Vv €8

blg, ,u_) =0 V q

Rh'=Rh Rh

€ Q,

“3)

(4.4)

(4.5)

(4.6)

We have established the well-posedness of (4.1)-(4.2) in Chapter {2}, as well

as of (4.3)-(4.4) in Chapter {3}. Also, we have obtained estimate on the difference

u-u as well as p-p,. The estimate was:

n L l!w"o(QR) * H L ”L:(OR) <C ” f ”LZ(QR) R

Remark:We remind the reader that in Chapter {3}, we have made an

assumption that led to the result that C is independent of R.

The conditions under which the well posedness of the discrete problem is

ensured. as well as approximation results are found in the following theorem.

Theorem 4.2: Assume:

b(q )

WV
Rh'=Rh
supg
y Iy, |

€ Yen Iw! ‘O(QR)

—Rh h —Rh
#
Ven0

2 f " Qkn “LZ(QR) V G € Q,
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with A* indcpendent of h. Then problem (4.5)-(4.6) has a unique solution pair

(Em.’pm.) in gthh with the following estimatc holding:

“ Y "w"onR) * I{ Pn "L2(QR1 <C ” f "LZ(QR)
Moreover, there exists a constant C] > 0 such that

" | |
- + -— -
I' LA I'w"o(le Pp7Ppy, L'lQR)

. | .
<€ { !l:hfegh ll Y I.w"o(QR) * q::&Qh n PG “LZ(QR) }

4.2.1. Finite element spaces and well posedness of the discrete problem

Definition 4.3: Let | | and | denote the unweighted and

wl

weighted seminorms respectively where:

Ao l={ 1t P
0O .

R

op i f o Gern T pory 7 e

R

with 4 a multiindex and | » |=m.

The stability condition in Theorem {4.2} has been verified for different
finite element spaces for both velocity and pressure for bounded domains using the
unwéighted norms. A crucial observation in the following lemma will enable us to
extend the different results obtained for the bounded domains in the- unweighted

norms to the case of the truncated problem with the weighted norms.

Lemma 4.4: There exists a map denoted by Il



56
. m,m=1 e
n:w (QR) > S,

or

m 2
n: H (QR) > S,

such that:

wlh v 1

Wl VLV |, S Ch#Y u

for v=0, 1 and 4 2 v+l

Proof: Such a map exists in the unweighted norm. Actually we have

Jovy | s CheTE v |
Now due to the fact that

Wl 1 sl l‘v for v=0,1
and

UI Ifswl |, for r 21

we easily obtain the result.
Remark:
1. Due to the equivalence of the weighted and the unweighted norms on the
bounded domain QR, the projection operators from the weighted and the

unweighted spaces onto ghrespcctively, coincide.

2. Another type of result that can be obtained is

S vy | oscCh7 v

ol
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One can thercfore establish results similar to the casc of bounded domains
once one chooses particular finite element spaces for both the velocity and the
pressure. In particular, we mention the work of Temam [24], Crouzcix and Raviart

[6] Girault and Raviart [9] ectc.... The following is a summary of some of the
possible choices of spaces and the corresponding approximation results.

1. Conforming elements.

a. If the pair (u.p) € { wl-'«)k)ﬂ[\5i1"°(0R)J3 }x
{ L;(QR)nW"’(QR) } one can choose:

8, v | v, e clNw@) . v|, € P& }
where i=1,2,3, and

Qf acLi@) | 4l €PK }

The result obtained in this case

" LM "w"o(QR) * " Py Pr “Lz(QR) <Ch { n Y -wz“(QR) * ” Py Hw"'@R) }

b If the pair Qp) € { we@NWe@)r  Ix
{ Lg(QR)nWZ'z(QR) } one can also choose: '

§h={ v]vec (QR)ﬂw’-°(oR) . V.|, € P(K)+"bubble extension" }

i

where for "bubble extension” we refer the reader to Crouzeix and

Raviart [6], and

oQf ae i) | al, €PX }

and the result obtained is:
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" .‘—JR—th !iw"o(QR) * ” PPy "L:(QR) <CH { N LM "w3‘2(QR» * ” Pp w:'z(QR) }

c. Other possible choices of spaces are available in [3].

2. Non-conforming case (Crouzeix and Raviart [6]). In this case the

inclusion property for the approximating velocity space does not hold.

However, the choices
§={ 1y vlerm }

Q{ aeLl@) | al, €PK }

yield the error estimate:

u Lo “w"O(QR> * ” P Pgy “LZ(QR) <Ch { || L ”wz"(QR) * " P "w"’(QR) }

Now we turn to the case of the other boundary condition.

4.3. The discrete problem for zero stresses boundary condition

Let W' and Q, denote finite dimensional subpsaces of wQ,) and L’@,)

respectively. Again we have the following problems:
1. The original problem on the unbounded domain given by:
seek (u.p) € [W"(Q)I*XLAQ) such that:

a(u,v)+b(p,v)=<f,v> Vvetwo@r @

b(q.u) =0 V q € 120 (4.8)
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2. The truncated problem on the bounded domain .QR given by:

seck (u..p,) € WNQ)XL*(Q,) such that:

alu, v +blp v )=<f.v > A v, € WR(QR) 4.9)

blq,.u,) =0 V g, € ) (4.10)

3. And finally the discrete problem given by:

h .
seek (gkh.pkh) € W'XQ, such that:

- h
B0 0Py =3, Vy,ew @11

ba, .u, ) =0 Va €q (4.12)

Rh’—Rh

where the expression for a(.,.) , b(.,.) have already been defined in Chapter {3}.

Theorem 4.5: Assume,
b(q,,v,)
sup ) = 2 a]“ q ”Lz(o ) V q, € Qh (4.13)
%hfo“, ” Y hw“o(QR) §
~h

Then problem (4.11)-(4.12) has a unique solution pair (u .p,) € W"th.

Moreover, there exists constants C, Cl > 0 such that
" Yen “w"°(QR) * ” Pgn “LZ(QR) sC " f |lL2(QR)
and

- | p-p, |
n L "w"O(QR) Pp 7Py, LZ(QR)
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. . |
< C| { vm&W" “ LM P "w"O(QR» * q::l&Qh “ P %, |{L:(QR) }

=Rh

Proof: The proof is the Brezzi approximation result.

Remark: If we denote by Z" the subspace of W" where:

2" ={ v, : ba,,)=0 V q €Q }

then, the strong coercivity of a(.,.) is necessary and sufficient for the well-posedness

of the problem:

seek u, € Z" such that:

— h
au, v )=<fy, > A Voo € Z (4.14)

Now we discuss the hypotheses sufficient to ensure the condition (4.13) in the

previous theorem.

Hypothesis (H1).

There exists a mapping denoted by 1, € L([W:"(QR)]3nWR(QR):Z") and a positive

integer v such that:

b(q,,.div rh\_l—!)=0 Vv q € Q

with

" Th!"! 'IIWI'O(QR) <C h™ " v “wmﬂ.m(o V y € Wm‘l'm«)k)

R)

and where 1 € m < v,
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Hypothesis (H2).

The orthogonal projection denoted by p € L(W"""’(QR)nLz(QR):Qh) satisfies:

ll phq-q i!LZ(QR) <Cnh" " q ”wm.m(QR) V q EW"‘""(QR)an(QR)

Theorem 4.6: Under the assumptions (H1)-(H2) problem (4.14) and

consequently (4.11)-(4.12) has exactly one solution U, € Z" and .

lirg | u, -u, "w"°<QR)=0 (4.15)

Moreover, if the pair (u.p) € { vw*"*(ok)ﬂwk(ok) }X{ wWQ ) } we have the

bound:

s Losg, < €0 L, lywongy, < Lo lymng ) 20

for 1 €< m <.

Proof: First we show the existence of the discrete problem for u .

According to hypotesis (H1) we can deduce that:
Z“#{ 0 }

Now using the strong coercivity of a(.,.) , we obtain the well posedness of problem
(4.14). Now we are in a position to verify (4.15). Actually from the approximation

properties the Brezzi saddle point problem we have the estimate
" LI “w"o(QR) <

C, { !i:&w" “ LAY “w"°(QR) * q:::&Qh Il P %y, "thﬂk) }
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Now -assume that u, € W"'(QR)nWR(QR) and that p, € W"'(Q,). Using hypotheses
(H1) as well as (H2) for m=1 wec get the estimate (4.16) for m=1. Thus for such
pair (u,.p,) the result (4.15) holds. And by the density of wz"(ok)ﬂw“(ok) in
WR(Q,) and the density of W"'(Q) in L*(Q,) the result (4.15) holds for (u.p,) €

WR(QR)XLz(QR). Finally a similar argument can lcad to estimate (4.16) for:

w2 € { we)Nw) Ix{ wa }

This compleles the proof. .

Hypothesis (H3).

For every q € Q. there exists a w_ € W" such that:
h h —Rh

=0 Vs €Q

(g -div w_ s

h—Rh" h

with

ll L "w"°<QR) £C " q, "LZ(QR)

Theorem 4.7: Under the hypotheses (H1), (H2) and (H3) problem (4.11)-

(4.12) has exactly one pair (u

.P,,) € Z'XQ, and
hl—l)rB { " LA "w"O(QR) * H Pe Py IILZ(QR) } =0 @17

Moreover if the pair (u.,p,) € { w-**"‘(ok)ﬂw“(ok) }x{ W Q) } we have the

bound:

" LA "w"o(QR) * " P Pra |L2(QR) (4.18)
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<C hm{ " ER "wm‘l""(QR) * " pR ‘

w'“'"‘tQR) }

for 1 <m<s.

Proof: It is clear that (H3) implies the discrete stability condition on b(.,.),
since for every q € Q,. we have

b(qh'!Rh) (qh’qh)
2

| 2 plq, ]2
v.eW" li Yen ”wy,o(QR) ” Ven “wl,o(QR) h LA

hence by the Brezzi approximation result we get the estimate
" Py Pgy, I!LE(QR) <C { " LN "w"o(QR) * qjngh Il P74, “Lz(QR) }

Hence using (H1) and (H2) we obtain the results (4.17) and (4.18).

4.4. Some examples of finite element spaces
Let

w={ u € c@NW@):y,l, €PK }

Also let

Q{ reLiQ):pl, €PK }

This sequence of lemmas is to verify the conditions in Theorem {4.5}.

Lemma 4.8:  [9]For each function v E C°(K), there exists a unique function

denoted by:
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my € P,(K)

defined by
ﬂkz(ai)=x(ai)

SsKi { nyv-v } ds =0

where 1 € i £ 4 and ¢5Ki is the ith face of the simplex K, and for v €

m+1,m
LA (O

K -

where j=0, 1 and j £ i S m+l.

Lemma 4.9: For the spaces defined above, there exists a map denoted by r,

r: W@ IWRQ) > W

with 1 satisfying the hypothesis (H1).

Proof: We construct the mapping in the usual manner.(see [9])

Step 1.Given g € Q, there exists a unique vV in the orthogonal complement of Z
h h 1

such that:

divy =q,

and

u !l nwl'o(QR) <C Il qh LZ(QR)
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Step 2.Since v, need not to be continuous, we obtain the projection v of

v, on W" by choosing v, € W" such that:

alv, W=aly,y) V v E W (4.19)

From the properties of the projection we have

i I
< y
” Yin Hw"O(Q , £ C I Y, IIw"o((') )
R R
Step 3. Now on each simplex K we define the function rv

rv(a)=v (a) for a a vertex
h=" i =lh i i

5' ry-y dS=0 (4.20)
5K

i

for every BKi the ith face belonging to the simplex K. Thus Ty is the required

map.
.
Lemma 4.10: [9]1The map r, defined in the previous lemma satisfies:
| ry “WLO(QR, <c] q, "LZ(QR) (4.21)
Moreover we have the property in (H3), ie.,
(sh,divhrhgl—qh)=0 A s, € Q, 4.22)

Proof: The proof of (4.21) can be found in [9], and by using the fact that

sh|K € PO(K) and applying the divergence theorem we get:

(s divrv ~g)= S s divr v dx
h h h—1h h zKE-r K h h=1h
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- er, Sl dei"r..!,h dx

= z s, | S divy, dx
K

KE~r
= s||‘sq dx
ZK& R I

=(sh.qh) which compltes the proof.

Lemma 4.11: There exists a constant C > 0, independent of R and h such

that:

” LR Hw"o((')k) * “ Pr Prs ”LZ(QR) <Ch { " Y “w“(QR) * ” P ”w"’(QR) }

Remarks:

1. Modifying the pressure space to be:

Q{ a: € Q) qf, € PK }

and the velocity space to be

w" = { Vo€ C°(QR)nWR(QR) th|K € P,(K) + "bubble extension" }

we can improve the approximation result and get quadratic convergence in

the W! '°(QR) norm.
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. Using the extension of Aubin-Nitsche lemma for the Brezzi saddle point

problem, onc can obtain estimates for the diffcrence (u -u ) in the

|
norm " hw°"’(0 ) given by:
R
4] : )
o long, = S SE—R L
W (QR) { QR1+|X|2 .
In this case we use the fact that the dual problem:
scek (v.7) € WHQIXL*(Q,) such that
a(g,_gg) + b(ng,g)=<g.g) V w € WR(QR)
bq.r) =0 Vaqe LQ,)

is well posed. This can be done using the same techniques already used
for the original problem. Therefore we have a regular dual problem.

Now using the approximation properties in (H1) we can show that:
" LA nwo"l(QR) <Ch { ” LA ”w"o(QR) * “.pR-pRh "L;(QR) }
which finally gives

H LA “wo"‘(QR) < Ch" { u Y sz"(QR) * Il Py “w"'@n) }

where d=1,2 depends on the degree of approximation in the W"°(QR)

norm.

. If we let | . W) be the unweighted mth seminorm defined by:
R .

2 _
I 14 IH'"(QR)- z

where 4 is a multi-index, we can obtain the alternate estimates:

S | DHg |? dax
|pl=m YQ,
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U L ”w"O(QR) ¥ " Py Py, "L:(QR) < Ch { | Y luthR) i lH'(QR) }

- d+1 .
“ L "wo"”QR) sCh { | L 'H'(QR) + Py H'«QR) }
These estimates will be useful when we consider mesh grading techniques.

4.5. A two paramecter approximation
Finally we combine the truncation error as well as the discretization error to
. obtain estimates on the difference (u-u_ ) as well as the difference (p-p,,)
Theorem 4.12: There exists a constant C' > 0 such that:
| wu,, bog, + | opy, l2q, s € { 1+ RO¥}
= Zrh w' (QR) Rh L (QR) =

where d and 3(k) depend on the choice of the discrete spaces and of the artificial

boundary condition, respectively.

4.6. A mesh grading technique

Mesh grading techniques are used to balance the errors arising from

different sources in the approximation process. These procedures take into account:
1. The decreasing effect of the seminorms in the right hand side of the

estimate as the distance of the simplex from the origin increases.

2. The mesh size in the near field (usually near field denotes the domain in

which the function does not assume its decay rate)
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3. The truncation error.

We will explain this balancing procedure in the following example, where we
will attempt to balance a discretization error O(h®%) with a truncation error O(R™#).

Let Qo be chosen such that:

supp(f) C Q;

and, to simplify the discusion, we will assume that:
a, =0 1B@O:)

where, as defined in Chapter {2}, B(0:1) denotes the unit ball centered at the

origin. Now let

O = { x:27'<| x | <Y } L2,

J
where JR is to be determined such that
0= O_UjSJ Qj
We take

R/“:h"S

so that we can balance the truncation error with the discretization error, where h €
(0,1) is a parameter to be explained shortly. Let W;‘ and P;’ denote finite element
subspaces for the velocity and the pressure respectively that are associated with the

ring Q ie. there exists a X, € Wrand a p € P} such that:

0
SQ| grad(u,-X) |2 dx s C ) wl U |2‘Sﬂ;0j

J

and,
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2 8 2
§ Upee, Pascnlln liosg,

3
J

where _ | | denotes the weighted semi-norm associated with the velocity space,

and

| ¢ 138807 2 §0u+| x 3% | D7y | ax
)
}

| 7 [=3

denotes the weighted seminorm of order § associated with the pressure space. In
addition, assume that outside the unit ball that u .p, assume their decay properties,

ie, for r 2 1 we have,
-R

and

A

| p, | Cr?

where C is a posilive constant dependent on both u, and P, but not on T.

Now on ()j we have for r a multi-index:

o Bag = 2 { as x| D7y, 17 ex
J | T |=5+1 Q,'

2 (14199
C S ? dr
25 r26+4

00 (1+1'2)‘S
C y 2 dr
2i7 rzau

C 2-(j'1)

1A

IA

IA

Similarly, for the pressure we obtain that

| p, |30.0= Z s SQ (+| x |3° | D"p, |? dx
|+ 1= 90
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< C 2-()'-1)

Now, we can choose hj such that
grad(u -X) |* dx € C h?%2% < ¢ p?d
Q R J j .
i
and,
S | pe-p, I° ax s C 020297 s € h??
Q
J

where h is the mesh size in Qo, in the following manner:

h’o=h, h=2%h,. . ., h=2%h,. . ., h =2"&h
1 J JR

with

0 <k < 1/(25)

where the case k=0 corresponds to no grading. Now, to calculate JR, we use the

fact that the outer boundary of the last ring should occupy the position R; hence:
R

where [ ] denotes the integer part of the real number. Now for our illustration

é
*— = e —
J R—logz(R)— log,h
/l

so "that we would balance the discretization error with the truncation error. Now

we calculate the error estimate in terms of the parameter h

J
" Yl Hsvm(()k,s C z'k hf‘SZ'(j'”
=0

=]
<c hzs ZJ Rz(zé)"j.z-(zé)"
=0




12

IA

=00 - -
C h:ﬁ ZJ 2(35) Ij.z-(Z(S)l
=0

C hZ(S

IA

with a constant C independent of R.

Thus, letting h to be the discretiztion parameter, we can find JR to be the
number of rings, and hj to be the size of the uniform mesh to be used inside each
ring Q;

Fortunately enough, this mesh grading can be imporved, i.e., we can increase
the mesh size, due to the fact that we have been using the weighted seminorms in
the estimates of the approximation properties of the finite element spaces. Actually,
one can use the unweighted norms and obtain a better estiamte for the constant k

and consequently a larger mesh grading with

0<k <1+ (25

This is due to the fact that for u <Cr” and p <Cr”

u 2 <C 2-(25+1)(j-n

UI ~R I&q

and
| |2 < C 2-(26+n<j-1)
ul Pr 1

Therefore, one can improve the estimates on the size of the mesh to obtain
a larger grading and an error O(h®) with h, as defined above, to be the maximum

of the mesh sizes in Qo.
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CHAPTER 5

ON THE COUPLING OF BOUNDARY INTEGRAL AND
FINITE ELEMENT METHODS

5.1. Introduction

This method essentially follows the work of J.Nedelec [19] and A.Sequira
[22] for their treatment of the Laplace equation and the exterior Stokes problem,
respectively, in two dimensions. We introduce the smooth boundary BQR separating
Q, from Qoo (doo is the unbounded part of the fluid exterior to 6Q  and R is
chosen large enough to have the support of f included in QR, i.e, R need not be

too large). The problem we solve can now be rewritten as

Ay + Vp sl in (5.1)
divu,=0 in 0 | (5.2)
-Au .+ Vp =0 in Q (5.3)
divgoo=0 in Qoo (5.4)

U, | 500 5.5

B(im)l 6QR=9(cxn| BQR (5.6)
Xl 50 "2l 500, (5.7)

where (), =~ and ( )(cxl represent the value at the surface 3Q), evaluated at the

) )

inner and outer sides, respectively, and )\ represents the stress exerted on the

surface 6QR and is given by

A =T (Un
i §
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where the summation convention holds for the index j.

Physically, conditions (5.6)-(5.7) are‘nccded so that we can dynamically patch
the fluid portions in QR and Qoo' Whi]e'condilion (5.7) implies that the stresses
exerted by the fluid in QR on the fluid in Qoo and vice versa are equal, condition
(5.6) implies that the particles adjacent to the inner and outer sides of the surface
5QR move with the same velocity. The treatment of the problem will be reduced
to a search in QR for velocities and stresses such that the coupling of the fluid in
QR and Qoo is feasible. Mathematica.lly, we will show that the problem on’ QR is
uniquely solvable if we enforce the actual stress and the actual velocity at the
boundary. A variational enforcement of the constraints will be considered and
analyzed in detail. Once the stresses along with the velocity at the boundary AQR
are determined, we can uniquely determine the solution pair (u,p) at any point x in
Qoo by using an intergral representation of the solution. Actually, 0R will be taken
to be the region in which we are interested in computing the solution pajr (u,p) so

there would be no need for extra computation using numerical quadratures.

5.2. Variational formulation of the problem

In Qoo the solution 1_1000, ono satisfies (5.3)- (5.4). Using Green’s formulas
for the Stokes problem and the fudamental solution pair (U*(x,y).P*(xy)) (see
Appendix B) we can, through the customary method, obtain an integral
representation of the solution for x in Qoo as well as for x on (SQR. For x € Qoo’
the solution is given by:

uk(x)=—S T (USP GG oS +S' AU S 6.8
0, 50,

and for x € 50R. the solution is given by:
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1 uL(x)=—S T (U Pufyn(y) s, S NGy dS. 59
6QR BQR

From (5.8), (5.9) it is clear that the stresses and velocitics at &, uniquely
determine u,p in Qoo'

Remark: The factor of -;— appearing on the left hand side of equation (5.9)
is due to the fact that the deleted ncighborhood near the boundary will have a

solid angle of 2» and not 4» as the case of X € Qoo‘ Noting that

Kik(x,y)=T*U(g“,P“)nj(y)
(x =y Yx =y Yx -y,)

3
= - - n{y)
4y l x-y ' s j
we can write
o= K oouw e+ [ a0 Uty as
. i 1 y t i Yy
oQR BQR

where
a(x)=1, for xEQoo
=L for x€50
= for x e -

To derive the variational formulation of the coupled problem we use the Green’s

formula in QR given by:

% s (v. +v )u +u ) dx=5 (-u +p) v \+p v dx
L) Iyl 1) » L1 W1 1 1,1

0 (9]
R R

Tij(g,p)nj(y)vi(y) dSy .

-SmU 50,

The spaces we use are WR for the velocity, defined by
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w={ ue H'@Q) | ul;0°0 }:

for the pressure we use Lg(QR) defined by

L) ae L@ | SQ qax=0 }:
R

and for the stresses the space T defined by

={ v € H'P(30) <u.1>5q =0 } .
R

We set

a(g,y)=—;— S (u +u )v +v ) dx
Q L} Jl 1) I

R
(p.divv)= S pdivv dx
Q
R
q=c)=( 1, o
QR

and for X in H'*(sQ)

AAV>en = X (x)v (x)dS
£.2750 i i X
o 50,

with the summation convention taken into account whenever needed, and where

<..>5q denotes the duality pairing between H*(5Q,) and H'?(5Q,). Using the
R

above notation, we are now ready to rewrite Green's formula. In fact, we get:

~a(uy)-(p.divi+ <A, v s =(LY) .
R

Now to enforce the constraints on A\ and u at the boundary 5QR we multiply

equation (5.9) by €T and integrate over the boundary 5QR to yield:

R R

where
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b(bﬁ)i( S \ (x) L'f(x-y),uk(y) ds, ds,

50 VYN :
R R

and,

G,ux)= Tii(g‘(x—y),P“(x-y))ui(y)n,(y) ds
BQR J J y

and
Gu.p> 50 =G8p2 50
R R

Combining the conditions of coupling as well as the incompressibility condition we

get the variational formulation of problem (5.1)~(5.7):

seek (u,),p) EWXTXLYQ,) such that:

2V -(p.div+ ALY 5 =) V v € WP (5.10)
R .
2600, <> 5o 2G> sn 0 V 4 €T (5.11)
R R
(@divw=0 V q € LX@Q) . (5.12)

In the following we discuss the solvability of (5.10)-(5.12) in terms of conditions on

a(.,.), b(.,.) as well as the operator G.

5.3. T-ellipticity of b(.,.)

Now we show that the symmetric bilinear form b(.,.) defined on TXT is

T-elliptic, i.e., there eixsts a constant ¢ such that:

b(M)=S S N UG 88, ds, 2 a | A e,
8QR 30, R

To do this we need the following sequence of lemmas.
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Lemma 5.1: Given u € H"z(éﬂk) with,

u.n ds=0
SmR -

there exists a unique pair (v,n) EW'°(R)XL*(R®) such that:

-Ay+V7=0 in R’ _ (5.13)
dive=0 in R’ (5.14)
_q_' 50 =EO . (5-15)

R

Proof: Given u, € H'(3Q,) we can find a vector ¢ in W!'R?) such that:
¢ 30, % -

Now using the linearity of the problem (5.13)-(5.15) we get:

-A(p-g) + V=g in R, (5.16)
div(z-¢) = -divg in R’, (5.17)
R

Let Qi, ()c denote the domains interior and exterior to the boundary BQR

respectively. In Q the problem (5.16)-(5.18) can be posed variationally as follows:

Seek v .p,, € [H(Q)I’XL(Q) such that
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S grad(v, -g)grady dx- S p, divy dx=0 A v E H(')(Qi)\ (5.19
Q Q

S pdiv(y, -¢) dx = ~ S pdivg dx N pE L;(Qi) (5.20)
Qi ' Qi
while in the exterior domain Qc we have:

S grad(z, -g¢).grady dx- g p,divy dx vV vV E VOV“°(Qi) (5.21)
0 Q

{ paivis, e ax = - { paive ax Veera). 6»

Qc Qc
Now the problem (5.19)-(5.20) as well as the problem (5.21)-(5.22) each admits a
unique solution. This can be easily verified by checking the conditions needed for
a Brezzi type variational problem: for the bounded domain, i.e., Qi case, we refer
the reader to [9] while for the unbounded domain Q we refer the reader to
Chapter {2}. We should note that the solution pairs (»,p) and (v.p) are
independent of the choice of the particular ¢ whose trace on BQR is u. To see

—0

this, let » be two different solutions corresponding to ¢ and y respectively,

' Ly

where
- :u
¢ 50, ¥ 30, %

then if we denote the diference in Qi between v ¢ and v y by v, and also if we

denote the difference in the pressure by m then we can easily see that w, satisfies:

i}
o

S gradw, :grady dx- S 7 divy dx A v € H@Q)
Q Q '

S pdive  dx =0 Vpera).
Q

Taking V=« and g=n, we get that:

S | grade | dx =0
0
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so that, by the Poincare inequality,

I’ ¢ "thﬂ_) <cl Ve, "L:(Q,l:o

which implies that g)_i=0. Similarly, for the exterior problem we repeat the same

argument to conclude that:

S | grade | dx =0
Q

c

where now by the Hardy inequality we obtain that:

w

S—_c———dxsy | grad w_|® dx =0
0 1+ x |2 0

c

hence _(ge=0. This completes the proof.

Now the uniqueness of the solution of problem (5.13)-(5.15) independent of the

choice of ¢ allows us to state the following lemma.

Lemma 5.2: Problem (5.13)-(5.15) admits a unique solution pair (v,r) if the
function u_ € H”z(a()R). Further the pair (v,n) is in the subspace K of W'%R?)X

L*(R%) defined by:

K={ (s,p) € WORIKLARY) | (-Ap+V#) € W'ORY,

supp(-Ap+Vr) is included in 6Q,, div =0 in R? }

Moreover, problem (5.13)-(5.15) defines an isomorphism form H'*(5Q.) onto K.
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Remark: Problem (5.13)-(5.15) allows us, following Lions and Magenes [18],

to define the stress vectors at the inner and outer sides of the boundary BQR

corresponding to a pair (u.p) as follows:

<T(u.pn, l 50, Y | mk> (5.23)

= S grad u:gradv dx -S p divy dx Vyve H'@Q)
Q Q

and,
_<Tij(g.p)nj | 5QR,X | 5QR> (5.24)

=S grad u:gradyv dx —S p divy dx Vv v E W Q)
0 0

e [
where nj denotes the outer directional derivative of the normal to the surface 5QR.
Now consider the problem of determining the flow of a fluid due to a

single layer of density ¥ at the boundary Q.. The potentials of a single layer of
R

density ¥ denoted by V(x,¥) and Q(x,¥) and are given by:

Vj(x.‘i')= S Q;(x,y)\l/k(y) ds, (5.25)
50,

Q. ¥)= S PHx. YV (v) ds, (5.26)
5QR

where U*(x,y) and P*(x,y) are the fundgmental solutions of the Stokes system. For a
discussion of those potentials we refer the reader to the Appendix B.

It is known [15] that V(x,¥) is continuous across the boundary 6Q,
provided that ¥ is not " badly behaved ". However, the corresponding pressure
Q(x,¥) is not continuous. Further these functions satisfy the homogeneous Stokes

system in &’IiUQc since the kernels of the integral expressions do. To see this

-avepvQe= { { -a Ut Pay Jeo o,
0
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= -5(x-y)e* W (y) dS .
5, Lo oo

This implies that —AV(x,¥)+VQ(.¥)=0 for x ¢ Q) and therefore we obtain that:

supp( —AV(x,¥)+VQ(x.¥) ) C 5Q_ .

Similarly we can deduce that div V(x.¥)=0 and conclude that the pair (V,Q) € K.
Now by adding (5.23) and (5.24) we get the result that for any pair (u.p) :
<Tij(l—'l"p)(i)n1| 5QR-Tij(g’p)(c)njl BOR' v 5QR)
=S gradu:gradv dx- S p divy dx V v € W°RY
R3 R3
subject to
S qdivu dx =0 V qe LRy .
R3
But due to the fact that
Tij(y'Q)(i)nj_Tij(y"Q)(u)njzwi
(see [16] for more details) we can rewrite the problem for V,Q in the form
seek V,Q € K such that
VY| 2= gradV:gradvdx -\ Q divy dx \4 v € WOURY) (527
50, R R

a divY dx=0 . V q e 1’®) (5.28)
R

Remark: Due to Lemma (5.1} the follwing remark, we can easily see that
if u is given in the space H'™(5Q,), then the solution is in W'R*)XLR?) and

consequently the stresses at the inner and outer sides of the boundary BQR are
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in H'®(3Q,), which shows that the single layer ¥ is also in H'™(5Q,).

Converscly, if ¥ is in H'”z(éﬂk). then the variational problem (5.27)-(5.28) admits a
unique solution in W'O(R})»XL*R®).  Morcover, the solution is in the set K

previously defined.

Lemma 5.3: If ¥ € C°°(BQR). the unique solution of (5.27)-(5.28) is given
by (5.25)-(5.26).

Proof: We can easily verify that the system (5.27)-(5.28) is satisfied and that

V.Q € K.

Lemma 5.4: The map form C°°(BQR) into K defined by the expressions
(5.25)~(5.26) is continuous from H™'2(3Q) into K (and into H'(sQ.)) and
therefore can be uniquely extended to an isomorphism form H"/z(éQR) onto K (also
onto H'(sQ)). |

Proof: This follows form Lemma {5.1}, the following remark and Lemma

{5.3}.

Theorem 5.5: The isomorphism in Lemma {5.4} corresponds to the

variational problem:
seeck V€ H'(50,) such that
*y __ * * =112
bV ¥ 0 V ¥ € H':0)
where,

va)={ voueovo e, e,
30, v,



V"> =S u (y) ¥ (y) dS
) 8QR 50 ' K v

R

where the left hand side is defined for ¥, ¥' in C°9(50R). and is continuous on
H'(5Q )XH"™(5Q,), and therefore, can be uniquely extended lo a continuous

bilincar form on
H'2(Q )XH(5Q,) .

Moreover the expression

12

lv] = S S ¥ UV () dS. dS (5.29)
{ s, Yo, 1 )

-1/2

is a norm on H (5QR) equivalent to the usual norm.

Proof: The first part of the theorem has already been shown in the last

remark and we have:

s 1= f  vouove e e |
50, Yoq, ’ y

= | <\yi’vi>5QR I
s “ v HH'”Z(M)R) " \f I|H1/2(50R)
% g, ¥ Longa,

where the last inequality follows due to the isomorphism from H"’z(éQR) onto
H”’(éQR) (see ‘Lemma {5.4}). We should remind the reader that the tensorial
summation convention is still used. Therefore it remains only to show the result

(5.29). Let ¥ be in H'”’((SQR); by resolving the variational problem (5.23)-(5.24) we



.. 85
can find a unique pair (V,Q) in K and conscquently we get that the trace of V is

in the space H”:(BQR). If ¥ is smooth cnough, the solution pair (V,Q) can be

actually represented by the integral equations (5.27)-(5.28). Finally,

<\P,!>5Q = gradV:gradv dx—g Q divy dx V y € WR?Y)
R R3 .

R3
S adiv dx=0 VeeLry.
R

But by repalacing v by V in the last equation and making use of the

incompressibility condition we get:
NAY > =S gradV |2 dx
Vs, sa R3| v

= S S Y (U yIV(y) dS dS .
50, Vi, ! ! ¢

Now by using the isomorphism in Lemma {5.4} we get

. s
dv - dx 2 ¥ o-
SRs | gradV |° dx 2 « " i 1/2(BQR)

(actually we have from problem (5.13)-(5.15) that H ' "H-l/z( (mk)s C H \ “w"°uz3) ).

Now by using the fact that:
<\y’¥>6QRS n v nH'”z(é()RJl y “H”2<¢SQR)
sl ¥ Boegg,

where the last inequality is obtained from (5.27)-(5.28). Thus we have established

the equivalence of the norms. This completes the proof.
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5.4. Compactness of the opcrator G,

Actually, we will show the comapactness of the operator:

G : H'®(:Q) » H'™(:Q)

and this will enable us to establish the well posedness of the problem.

Lemma 5.6: The map E given by the integral

(Eg) (V=0 (1)= S K (xy)¢ (y) dS (5.30)
i i 50 ij j y

R

is well defined for ¢ € C®(5Q,) and is continuous from H'*(sQ ) into H¥*(sQ,),
and thcrefore, can be uniquely extended to a continuous map defined on the whole

space H'/}( 5Q,).

Proof: To show continuity of the map E from H'2(5Q,) into H**(5Q,) we

need the following series of estimates. First we show that
| Eg 250, s cl el
{3 'L2<60R) = [ Loy

Since,

ww={ K&y s ds,
s,

we have that

2
| w&) |2 s { 55() | K xy) [ K, (xy) [ | 0 | dsy}
R

< S | K. (xy) | ds S | K&y || g | a5 }.
SETIRSITWTTIIIES

But for x € 5QR with 6QR smooth enough
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S'm | Ky | ds, < C,

R

Now by integarting both sides with respect to x we get:

L w s =S w(x) |2 ds
‘* iI‘L(BQR) 50 I i I X

R
<C S S | K (xy) | dS ] ¢(y) |* dS
! 50R { ‘SQR ij } J )‘

V=C2

1

] ;_Z(BQR)

Next we show that

" W, |'Huz(5QR)$ C ll [} ”ﬁ,sQR,

Let x,x’ be two points on BQR. We have:

| ww-w o) | < { S‘m | Kan-K&y | | s | 6}
R

2
3,
- ) 142 €
< { Sso | Kij(x,y) K, (x | ds, }
R
{{ Ironkan 250 | o, )
30,
But according to [15]

S‘Q | Kij(x’y)_Kij(x,'y). ||+ze dSy <C | xx ll-ze
o,

therefore we get

| wx)-wx) |?<C | xx |7 S | K, xy)-K &y) [12¢] $ ) |2 ds,
0
R

and

| wx)-wx) |
S’ S' ds ds
sQ, VYo, | x=x |°
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S | Kij(x,y)-Kij(x‘,y) ¢ ¢j(y) |2 ds ds, ds,
| x—x" |*eveq,

< S S
30, v,
| K, (xy) K, (x y e

- S’ | s 1 { S S és s, }as .
5Q, s Jsa O EL

X

But now since

| K )-K &y |7

( 5.5 c,
‘SQR 5QR | x-x I-Q‘

we finally get

” w N’H”Z(BQR) <C H [] "LZ(BQR) sC “ 2 ”H”z(éﬂg) .

It remains to estimate the quantity
| w) -wx) |2

1 a 1 a
S S dede_
50, Y0, '

| x=x |’

where ( . ) 2 denotes the directional derivative along the surface JQR. Equation

(5.30) can be rewitten in the form

W (0-1/2p ()= S' K0 { s g0 } as
50 -

R

due to the fact that

S K (xy) dS =1/2 &' for xE 40
50 i) y ] R

Now differentiating in the direction of the tangent to the surface 6QR and using

the above notation for the derivative we get:

{ wi(X)—¢i(X) }‘azsgﬁ() Kij(x’y)m { ¢.i(y)_¢j(x) } dSy

R

+S,SQR K,y { #(x) }:a ds
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where we can show that the second integral is equal to

S’mk konf g0}, as{ 500}, S,snk K, (xy) dS,

=—;— { ¢ (x) };a .

Thercfore we get

i, = Ko, { pors }as,.

3Q,
Denoting by J (x,x’) the quantity
{ w (x)-w (x') };a
we obtain
3 6x)=1 ()] (x)
- S’ Koy, { p0-p } s
50,

-S K0, { p0-p ) } as)
30, '

Now refering to [15] the estimate

S, S | 1) |2
oQ 5Q,

holds, so that by combining the three estimates we get:

— as ds sclg Ilf{uz(mg)

| wlpnga, s €l ¢ hymga,

which shows the continuity of the map E.
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Lemma 5.7: The map Gk defined by

6= TPy as
o ) ! 1 y
oQ, '

is a densely defined map which is continuous from H'”(50) into H¥*(5Q,), and
therefore. can be uniquely extended to a map still denoted by Gk on the whole of
H'"(5Q,).

Proof: Apply Lemma{5.6} for Gk to get the required rresulL

Lemma 5.8: The operator G, viewed as an operator form H”z(éﬁR) into
H'?(sQ,), is a compact operator.

Proof: We make use of Lemma {5.7} as well as the fact that the imbedding
of H*(sQ,) into H'(5Q,) is compact due to the boundedness of the boundary

M)R. In fact we have:

WE 5 (H'@Q))F » M0 » HPGQ) » H'P(6Q)) > T

5.5. Coercivity of the form a(.,.)

Lemma 5.9: The bilinear form defined by

(u ij+ul' i)(vi j+vj i)
TN At
QR

is continuous on W*XWR®. Moreover, the form is WR-elliptic.

Proof: Continuity of the form is obvious while the WX ellipticity follows
from a variation of Korn’'s inequality as follows. There exists a constant C > 0

that depends on QR such that:
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e f tam )

where the proof of the last inequality is carried through contradiction and

compactness érgumcnl (See [5] for example).

We are now in a position to study the existence of a solution of the
variational formulation (5.10)-(5.12). We will show that (5.10)-(5.12) is a compact
perturbation of a well posed problem. Therefore the associated operator is a
Fredholm operator where the injectivity of the operator implies its surjectivity, i.e.,
uniqueness implies e).(istence, yielding the well-posedness of the variational

formulation.

5.6. Abstract study of the problem

In order to analyze, and later approximate, our problem we need the

following theorem concerning the generalized saddle point broblem. [20]

l,

i i

Theorem 5.10: Let V, V_, S, S, be Hilbert spaces and (..), ., (..,

and n ”S be the inner products and norms associated with the spaces respectively.
i

Define

z={ vev | Baw=0 V q€s, }

z={ vev,|Dev=0V ges, }

Assume that the bilinear forms A(.,.), B(.,.) and D(,.) are continuous on V]xV2 ,

SIXV2 and SZXVl respectively. In addition, assume

B(p.u)_

ﬂzu P Hs Viye S,
uev hul, !
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sp 220 5 4] Vopess,
wev, | ul, 2

u#0 ]

sup —M)—Za”u"v VuEZI
ez, 1+, 1

v#(Q 2

sup Alwy) >0 V v € Z2

ez, |ul,

u#0 1

Then, the saddle point problem
seek u,p € VIXS] such that:
A(u,v) + B(p,v) = <f,v> Vve V2
D(q.u) =0 | Vages,
has a unique solution. Further, there exists a constant C > 0 such that

[ul,d el sclel,.
1 i 2
where Vz’ is the dual space of the Hilbert space Vz. »

We define the Hilbert spaces H=WRXT, HO=WOXT where,
w={ yew* | (paivy=0 V p € L} }
We denote by (.,.)H and H . ”H to be the inner product and the norm associated

with the Hilbert spaces defined above. We also introduce the forms A(.,.), B(.,.) and

G(.,.) on HxH. Also, we introduce the form D(,.) continuous on HxL;(QR) and,
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with the same notation, the associated operators A, B, G € L(HH) and D €
L(H,Lé(QR)'), where the notation ' denotes the dual space. These operators are

defined by
B(t,V)=[Bu,v I=a(u,v)+<y, 1> mk—@. u> 5QR+2b( Au)
G(4,V)=1G1,v 1=2<Gu, x> 50,
A=B+G
.D(V,q)=(D\7,q)=-(q,divy)

for arbitrary elements §=(u)\), V=(v.x) € H and q € L}Q,). Here [..] and (,)
denote the duality between H and its dual H and L}Q,) and its dual L3(Q),

respectively. Our problem can now be rewritten in a Brezzi-Nicolaides type setting:

seek (0,p)=((u,2),p) € HXL2(Q ) such that:

A(@.9) + DE.p)= [£.9] Vied (5.31)

D(i.g)= 0 Vaoerw) 632

The problem can be reformulated to be:

seek i=(y,)) € H_ such that:

AGH) = [17] Vied (5.33)

where the associted unperturbed problems can be formulated to be

seek (Wp)=((w,)),p) € HXLAQ,) such that:



Biw¥) + DE.p)= [f.9]

D(wg)= 0

and,

seck w=(w,\) € H_ such that

B(,v) = [f,V]

Equivalently in operator form one can write

(.p) € HXLAQ,) : Al + D'p =f
Dii=0
(@,p) € HXLUQ,) : Al + D'p =
Di=0
ue H, : Al =f
we H Bw =f

Remark: The notation *

stands for the dual space.

Viesn (5.34)

Vaoer) 63

(5.36)

in H'
in LX(Q)
in '
in L(Q)
in H

0

in H’

0

stands for the adjoint of the operator and the notation ’
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5.7. Verification of the conditions needed for the existence of the solution

5.7.1. Well posedness of the unperturbed problem

To be able to verify the Brezzi-Nicolaides conditions, we need first to

analyze problems (5.34)-(5.35) as well as (5.36). In fact we have:

1.B(...) is H elliptic since,

B(V,V) =a(v,v)+ 2b(),})
2 ” y E{'(QR) * 2a) A ”i'”zléﬂk)
=y |3 b

2. The weak coercivity of D(.,.) on HXL(Z)(QR). ie.,

D(v,q)

[
sup > A ql:
e ” ” ”H iy Q)
v#0

This can be easily verified [9] by the fact that

D(v,q) D(w,q)
sup 2 sup. .
5%* | vl %Sé*o(ﬂk) | w iy

Hence there exists one and only one solution of the problem (5.34)-(5.35) that

continuously depends on the data f, i.e.

oy dalzg, s clrlx

where C is a constant.
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5.7.2. Well posedncss of the perturbed problem

Now it suffices to prove the injectivity of the operator 1o conclude that
problem (5.31)-(5.32) is well posed as well as showing the stability conditions on

AC).

Let Tl denote the projection operator from H' into H;). then we have:
A:Ho #H
as well as,
MA : H > H
where H; denotes the dual space of Ho.

Lemma 5.11: The operator A € L(HH) is injective.

Proof: Let W=(w,r) € H such that AW=0 ,ie.,

alw,V+<v, 75 5 =0 Vved (5.37)
R
2Dz, )< > 5y +2GW. 0> 5 =0 V,erT. (5.38)
R R

Choosing the test functions in H to be (w,r) and (w,-r) respectively and by adding

we get

a(w,wH<w, 7> 5 =0 (5.39)
R

2b(z,7)~<w, 7> 5QR+ 26w, 1> ‘SQR:O (5.40)

Also we have



a(w.w) - <w, 7> ‘mn=0 v (5.41)

26(z,7) + <w,7> 5Q, ~ 26w, > m:o . (5.42)

Adding (5.39) to (5.41) we get:
2a(w,w)=0

where by the coecivity of a(.,.) we get w=0. Similarly, by adding (5.40) to (5.42)

we get that
4b(r,7)=0

which implies that r=0 due to the T-ellipticity of "b(.,.).Thus we get w=0 .

Corollary 5.12: The operator IA € L(H H}) is injective.

Remark: It should be noted that whenever problem (5.33) possesses a unique

solution W in H_, problem (5.31)-(5.32) has a unique solution pair (Wp) € HXLAQ,).

We are now in a position to show the stability condtions on A(.,.).

Proposition 5.13: For problem (5.31)-(5.32) we have that

where for i = 1, 2 we have:'

z={ ¥ = (W)) € H=WRQXT : (paivi)=0 V p € L) }
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Lemma 5.14: Given W € H . there cxists a unique ¢ such that:

AGH =B@H V 3EH .

Moreover, there exists a constant C > 0 such that:

N ?’”HS C“ CV”H-

Proof: The proof of the lemma follows from the injectivity of the operator

NA.
=
Corollary 5.15: Given W € H,, there exists a unique y such that:
AGP=BGW V 3eH
Moreover, there exists a constant C > 0 such that:
|5 lys claly
=

Remark: While the form B(.,.) is symmetric and strongly coercive, the form

A(.,.) is not symmetric but weakly coercive.
Lemma 5.16:
uw AGp 2 gl 3l V sen,

0
lH=1

K

SPPH Ay 2 B, }”H Vie H, -

0
" # ||H=1
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Remark: The proof of the lemma is an easy consequence of Lemma {5.14}

and Corollary {5.15}.

5.8. Existence, Uniqueness and regularity

We summarize all the above in the following thecorem, where we also state

the regularity result for the problem (5.31)-(5.32).

Theorem 5.17:  The variational problem (5.31)-(5.32) has exactly one
solution (u,A.p) € WRX’IXL"’)(QR) where (u,\) is the unique solution of (5.33).
Moreover, if f € H"'(Q), then u € H™'(Q), A € H"'?(3Q,) and p €

H"‘(QR)nLg(QR), and there exists a constant C > 0 such that:

” L H""'(QR) +H p H"’«QR) +H A H'"””(JQR) =C “ f lle-](QR)

5.9. Finite element approximation

Let Wh, T, and Qh be finite dimensional subspaces of the spaces W, T and

Q respectively. Let

Hh = thTh

The variational problem on Wh><'l‘h><Qh can be rewritten to be:

Seck (i ,p) € HXQ, such that:

AG.3) + Dip i) =<7 > Vied (5.43)

D(q,.d,) =0 Vaqeq (5.44)

Now define
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Zh= { ih e Hh : D(qh'g]h)zo V G Qh } )

The associated problem is given by

seek U, € Z such that:

A F) = <63 Viez (5.45)

h

Theorem 5.18: Assume

sup ICRARRIEN Y Viez (5.46)
Vez

h h

| A ||H=1

KNP v

<)
m
N

sup A@J) 2 o, (5.47)

iz,
| g, “H=1

sup D(q,.v) 2 8 u qQ ll 2 vV q €Q (5.48)
vEW | n'~h h'L(QR) h h

=h

Iy e

Then, problem (5.43)-(5.44) has one and only one solution pair (ﬁh,ph) €

H XQ,, where gh € Z_ of problem (5.45).
Moreover, there exists a constant C > 0 such that:
| 65, ly 1 o, I[LZ(QR) (5.49)
cof gm lenhe gy Irala,)

Proof: Problem (5.45) has a unique solution by using conditions (5.46)~(5.47).

These are Babuska type conditions needed for existence and uniqueness of (5.45).
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Also the uniqueness of the pressurc follows from the stability condition (5.48).

Finally, using the Brezzi-Nicolaides approximation result, we get the estimate (5.49).

Also, we can apply the extension of the Aubin Nitche duality argument to
the Brezzi-Nicolaides saddle point problem, since H’(QR) Cd Lz(QR) with the

. )
imbedding being dense. Let ("')L:(Q , and ‘| “L:(Q , denote the inner product and
R R

the norm respectively.

Theorem 5.19: Assume conditions (5.46)-(5.48) satisfied. Given the problem:

seek (3,7 ) € HXLX(Q ) such that:
y 8 0 R

AG.3) + Din )= [87] Vien (5.50)
D(3,9)= 0 VaeLo) 65

Then there exists a constant C > 0 such that

bag, lag, s e[ 1ag, by Lo, lag, Ix
1 . | | . -
sup el (. AU IETEA PO S I T
gs(l)j(ok) [ | ¢ “LZ(QR) { ¥:th LA Zth e } ]
a
Remark: G is a compact operator from H'2(3Q,) into H'*(sQ,). Therefore
G can be approximated by a sequence of operators { Gn } with Gn, of finite rank,

associated with the finite dimensional spaces Hh [24]. Now for n large enough (or

equivalently h small enough), we can get

o6 | <

where " . ” is the operator norm. Now since the constant in the stability condition
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on A(.) is a lower bound on the cigen values of thc operator A which is a

compact perturbation of the strongly coercive operalor B, we can find a G“ with n
large cnough so that the operator A restricled to the finite dimensional subspace
would remain invertible. This is verified in the following lemma.

Lemnma 5.20: Assume

with ¢ independent of h, and

g, | am - @e &g < cm | @B @o & |, 652
—h h

where, U is the subspace of H in which the operator (IIB) ™' (IIG) is bounded, and

cl(h) > 0 as h > 0. Then, for h small enough, condition (5.46) holds.

Proof: Given @*‘ € Z, we take:
3, =s, @A) * (IB) *F .
where s, denotes t.he orthogonal projection from H into HOhdefined by:
B s 0=Bs 7.8 V ieH
B( s 8)=BE 8) Vi €H,

Then

AG, 378 3.) + GG.3,) -
Now
BG,,3)-B@, 5. (MA) * (B ')

=BG, MA) * (1B) ")
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=L (B) &. (MA) ' (mB) W
=[ (IB) (MA) ™' (MB) & w1 .

But using the identity

(MmA) = (MB) - (@A) ' (MG) (MB)
we obtain that
B, §,)=L @B) { 1- (MA) 7 @6) }&.&]

=B(& & )-B( (B) * (NG) &, (MA) * (B) *&,) .

Also
GG §)=Gi s, MA) * (B) °3,)
=L (B) MB) ' M6) &5, MA) * (MB) '3, ]
=B(s, (MB) " (0G) &, (MA) * (IB) *,) .
Therefore

A 3,)°BG & +B(1-s) (TB) @ (NG) &, (MA) * (HB) *3,) .

But according to (5.52)

. - -1 =
Jim. | a-s) @p @6 0.

Hence for h small enough we can get that:

ad) > o8l
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Noting that:

L3, Iy s clwly

with C independent of h, we easily obtain the result.

We now discuss the hypotheses underwhich we can establish the conditions in

Theorem {5.181}.

Hypothesis (H1).

There exists a mapping denoted by r € L([IHXQ )1 YWR(Q,);Z") and a positive
h R R

integer 1 such that:

b(qkh’div rh!—!)=0 V qh € Qh

with

| vy H“"QR’ <ch|v |1Hm+1(QR) Vyeuw@).

Hypothesis (H2).

The orthogonal projection denoted by x € L(Hm(éﬂk)nT;Th) satisfies:

PN \lH-uz(mR) <sco | ||Hm(mk, V x e .

Hypothesis (H3).

The orthogonal projection denoted by p, € L(H"‘(QR)nLg(QR);Qh) satisfies:
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| paraliq, = ¢ v lalmg, V¥ s erapia,

Hypothesis (H4).

For every q € Qh, there exists a W € Zh such that:

(qh-divh&]Rh'sh)zo V Sh € Qh

with

|
” ¥en “H‘(QR) <C " 9, ||L2(QR) )

Similar to Chapter {4} we can state the following theorem.

Theorem 5.21: Under hypotheses (H1)-(H4) we can show that problem
(5.43)-(5.44) has a unique solution pair @h,ph)e Hthh with the following estimate

holding:
L3, by + L op, log, scom {laly+lplng,}
or
Loy, Lo, + 120, g, + e, g, (5.53)

<o {lulog, 12long, Ioheg, }
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5.10. A sample choice of finite clement spaces

asume wap) € { H@INo, P{ weo)NT P Le)NHo) }.

then we can choose the following finite element spaces:

Q ={ 9 €LQ):q]l, €PK }
T, = { 1, € CGoINH'GOY) : 1, |, € PK) }

w={yvecolo vyl erx}.

h

In that case we obtain the estimate (5.53) for m=1.
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APPENDIX A

ON THE REGULARITY
OF THE SOLUTION OF 2.14 AND 215

The regularity of problem (2.14)-(2.15) was vital to the existence proof of
the stability condition (2.10). Specifically we needed, in Lemma {2.9}, to show that
if ¢ € W'Q) and the right hand side p/(1+r°)'” belongs to Wo'(Q), then ¢ €
W2(Q). Note that to show that ¢ € W*'(Q), we need to show that Dg € L*Q)
and (1+1))'°D*¢ is also in L*(Q).

We define Q_=Q N B(O;R), where B(O;R) is the open ball of radius R
centered at the origin. Let R be chosen such that QR is not empty. We also define

Q% to be the ring shaped region in Q such that R < |x] < 2R for x € O}

Definition A.1: Let 0 < X(x) £ 1 be an infinitely differentiable function
such that X(x)=1 for x € B(0;1) and supp(X(x)) is contained in B(0,2). We define

x)(x) to be

x](x)=x(x/R) ;

We also define Xz(x) to be

xz(x)= l—x,(x) for x € Q.

We denote by Qi the support of Xi in R%. We introduce the notation Xi\l’ to

denote the extension of X ¥ by zero outside the support for any function V. - L]
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From thesc definitions, we have that X (x) has its support Q2 outside QR.

Furthermore, we may deducc that there exists a positve constant C such that

|D7x | < cnrll

where 7 is a multi-index.
Let A be the operator associated with the bilinear form B(..) defined in

Lemma {2.6}, i.e.,

(A, 9) 20 B, )V y € WO

We also introduce the notation [A,Xi] to denote the commutator of the two

operators A and xi for i=1,2. This commutator is formally given by:

[A.X Jp=A(X g)- X A(p)

=(1+r%)? div (1+17)'? gradX ¢ -X (1+1°)"2div(1+r°) "gradg

Lemma A.2: [12)(Regularity result for R") Let ¢ € W““4(RY) . If
A(f) E Wk-l,k-l-a(RB) , Q_l_e_n. { E wk+l.k+l4a(R3)'

Proof: See [12] for the proof. .

Lemma A.3(Regularity results for bounded domains) Let p € HNQ). If
A(p) € H"(Q), with Q bounded and §Q sufficiently smooth, then p € H*'(Q)
Proof: See any standard reference on partial differential equations

(e.g. (18] ). . "

Lemma A.4: For ¢ € W"°Q), we have the following a priori estimate:

[AX]p € W'(Q) for i=1,2.

Proof: For the problem ((2.14)-(2.15)) the operator [A,X] can be formally

written as:



[A.X 1p=gradg gradX +¢ AX +ggradX .gradlIn(1+19)'"] .

Thus we neecd to derive an estimate in the norm u ||wo.1, for each term of the right

hand side. For i=1,2

-
P

” gradg .graXm

wigy € [ () Jeradp || grack | o
/!

< CS (1+r)/R? | gradp |* dx
QZR
R

< CS | gradg |? dx
2R
QR

2
ccls g

Also

| pax H;o.l(o_) =SQ (1+19) ¢2|Axi|2 dx

£C R(1+r2)/R4 ¢’ dx

R

<cC 1R1/(1+r2) g’ dx
Q

2
=C ” ¢ ”w"o(Q> .

Similarly we get the estimate

-

2 2
|| geradX .grad(In(1+r°)'?] ”wo.](o) 55 (1+1°) ¢* |gradin(1+r})'?]] dx
i Qi
<C (r/RY/(1+1%) ¢* dx
QZR
R

2 .
sC ” # .lw"o(Q) "




Remarks:

1. For the case i=1 these estimates hold also in the usual Sobolev spaces due

to the equivalence of the norms (Q is bounded)

2. Note also that the estimates obtained are independent of R.

We are now rcady to prove Lemma {2.9}.

Lemma 2.9: Let ¢ € W'%Q) be the weak solution in W"Q) of (2.14)-
(2.15) for p/(1+r)'? € W'Q). If sQ is sufficiently smooth, then ¢ is also in

wW3(Q).

Proof: Since Ql is bounded in R®, we have from Lemma {A.3} that
[AX 1p € WQ)
Since by hypothesis, A(g) € W*'(Q), we have that

A(X $)=X Alg) +[AX 1 € W'(Q)=HQ)

Hence by Lemma {A.3} we have that X ¢ € H¥(Q,,) since Q, is contained in Q..

Similarly, using Lemmas {A.2} and {A.4}, we conclude that

X¢ € WQ

and therefore, since X ¢ is an extension, that

X¢ € W@ .

Then, since p=X g+X ¢ V x € Q. we conclude that

¢ € WHQ) .
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APPENDIX B

INVESTIGATION OF
THE SOLUTION OF THE STOKES EQUATIONS
IN CASE OF SUPPORT OF F COMPACT IN R

The solution of the Stokes problem has been investigated using the theory of
hydrodynamic potentials. The following is a summary of the results obtained using
that treatment. These results are dicussed in details in [16). We will use tensorial
notation.

1. The singular solution of the Stokes problem or, more precisely, the
fundamental tensor is made up of solutions corresponding to an impulse

directed along the various k directions (k=1,2,3) and satisfies:

-AU*(x,y)+ VP (x,y)=- 5 (x-y)e*
divU*(x,y)=0

where e‘ is a unit vector in the direction of the k-axis and the
derivatives are taken with respect to x. We also note that U*(x,y) and

P*(x,y) should approach zero as | x|-»o0.

2. The fundamental solutions U*(x,y),P*(x,y) are given by:

. s (x~y)x -y )
I_J‘:(x,y)=1 . ijk]

8
T x-y| |x-y|?




where 5: is the Kronecker delta given by:

5*j= 1 for j=k .

= 0 for j#¥k

3. The Green’s formulas corresponding to flow pairs (u,p) and (v,q) are

given by:

__ 1 +
S'Q (ui'jj-p'i) v dx= 5 SQ (ui'k+uk‘i)(vi‘k vk‘i) dx + SQ 'l'ij(g)vinj ds

where

( )i,j denotes the derivative of the ith component of a vector with
respect to the jth coordinate,

( ).,- denotes the derivative of a scalar with respect to the jth

coordinate, and,
T.(w=-6'p + (u +u )
D} 1 L) Mt

is the stress tensor corresponding to the flow pair (u,p).

Another formula is given by

S (v. =qJu—(u +p)v. dx=S T (Vun-T*(u)vn dS (B.1)
Ql,” i NI Qu iy i) ij



T*(u)=8'p +(u +u )
ij i i i

4, Using the customary method, equation (B.1) and the fundamental solution

yield an integral representation of the solution of the Stokes system:
' uk(x)=s Ukx,y) f(y) dy + S T*(U*x.y)) un dS
J J ] Yy v
0 Q
-S' Ux.y)T. (@)n dS
Q j ji i
and,
pw={ P - Py, n, as
Q Q J b
ZSQP (x,y)'juknj ds

5. The volume potential. We define p(x) and u(x) to be the potentials

of a volume distribution of density f, and these are given by:
p_(x)=S U'ty)f (y) dy
J Q i k

u(0)= S PHLY)E, (y)dy
Q
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6. The potential of a single Layen. We define V(x.y) and Qlx,y) to

-be the potentials of a single layer of density y. and these are given by:
V‘(x.ﬂ)=—5 Ukl (y) S
J Q J k Y

Q) =- S PE(xy)y, (y) dS
Q y

1. The potential of a doubfe fayer.We define W(x,g) and Ii(x,g) to

be the potentials corresponding to a double layer of density ¢ given by:

W (x.g)= S‘Q T (U*xy) ¢ (10 (y) ds,

[(x,g)=-2 g—x_ SQ Puyn (g, ) dS,
J

8. The potential concept associted with the above definitions is a direct

analogue 10 the case of electrostatic potentials in field theory.

9. If we substitute with the explicit expressions for U%(x,y), P*(x,y) and
T;(Qk(x,y)) we get for the potentials of the single and double layers

respectively:

k

(xj-yj)(xk-y )

)
1 i 3
V(xy)=<— S + y (y) dS
i 8n Q[ x| [y |? ] k Y
Q(x,£)= 41 S’ (xk-yk) y/k dsy
Y gyl

and,
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3 (xi-yi)(xj—yj)(xk-yk)
W x.g)=—7- SQ Y $.(y)n dS
(x-y)
1 o k Yk
N(xg)=- S’ n(y) ¢.(y) ds
2n »axj Q x| 3 K y

Or using a shorter notation we write:

(xi-yi)(xj-yj)(xk—yk)

_ 3
K, (xy)=7= Y nfy)
(x-y)
1 be)] K Yk
\—
Kk(x,y/ 27 O% ; nj()’)
> ]x-y

Wk(x,g)=s K, (xy)g (y)dS

Q

N(x,¢)= S Ky ¢(y) dS
Q 3 J y

The kernel Kkj(x,y) satisfies the following properties

a. | KU(X-Y) | < C_ for Xy € Q
|x-y]
b. S | Kij(x,y) | dSy < C for Q smooth enough and x € S.
Q
C | xx |
¢ | Ky-K Gy | < -
R.
d. |a‘9x K )| c
@ |x-y|*
C | xx |
o d ,
e |8xa Kij(x.y) T ng(x Y| s =
where aax is the derivative along the surface Q and

a

R=min{|x-y| ,|x-y]}.
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10. The potential pairs of the volume potential, the single layer potential and

" the double layer potential satisfy the Stokes system.

11. While the potential V(x,y) of the single layer is continuous across the

surface S, the potential ﬂ(x,é) is not, and we have:
1
W) =5 ¢ + S K (xy)g (y)dS
Q
1
W) =5 ¢j(x) + XQ I(J,i(x,y),ti(y)dsy

where the indices (i),(e) denote the interior and exterior sides of the

closed surface Q respectively.

12. Also, the stress tensor due to the single layer y(x) at the surface Q is

discontinuous and in fact we have:
T, (Vg)) n (), =3y,00 + S'Q K, (uy)p ()dS,
T, (Vi) () == g () SQK“(X’Y)” s,

13. Other important properties of the kernel of the potential of the double

layer are

a. S K (xy)-K (x-y)|'*?¢dS < Clx_xull-u
Q 1 i) y

|K, (y-K oy |12

b. SQ‘S. ds dSy <C
Q | XX’ | 2+42€
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. C S laax K xy|® |x-y|*ds <C
» Q g y

14. In the casc of supp(f) compact, the solutions u and p are O(|x|™) and
O(|x|™) respectively, due to the decay rate of the kernels in their

integral representation.
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