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ABSTRACT

The acoustic wave propagation due to a swirling flow within a
coannular duct is investigated where the swirling flow is assumed to
be a combination of both a free and forced vortex. The acoustic fre-
quency, based on the swirling velocity function, is computed as the
solution of a characteristic value problem using the fourth-order
Runge-Kutta method. A small swir] velocity approximation is also
derived, to generate starting values for the numerical solution, and
proves to be particularly accurate for estimating the effect of the
free vortex on the acoustic frequency.

In general, the acoustic frequency increases as the magnitude
of the swirling flow, moving opposite to the acoustic waves, is
increased. As the ratio of outer to inner radius is increased the
effect of the free vortex diminishes while the effect of the forced
vortex remains essentially constant. Finally, the effect of the cir-
cumferential wave number is that of a multiplicative constant over the

base value when that wave number equals one.
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CHAPTER I

INTRODUCT ION

It has Tong been recognized that swirling flow is capable of
sustaining periodic motion. In 1880, Lord Kelvin [1]] first demon-
strated this possibility theoretically for an incompressible flow
contained in a cylindrical vessel. This was later confirmed in an
experiment involving a rotating cylinder filled with water.

From a practical point of view, oscillatory disturbances fre-
quently occur in the swirling flows of rotating machinery. For
example, such a phenomenon is not uncommon in the draft tube of hydro-
electric plants where a hydrodynamic oscillation involving spinning
disturbances is found to exist in the rotational flow caused by water
turbines. In aircraft gas turbines, the spinning pure tone dis-
turbance in swirling flow, or "vortex whistle,"” is known to cause both
aeroelastic and aeroacoustic problems. Instances have been documented
where vortex whistle in the swirling flow of a cooling air cavity
seriously jeopardized the structural integrity of the turbine.

In order to fix the natural frequency of various engine com-
ponents away from this vortex whistle, it is of course necessary to
predict the frequency‘of this pure tone noise. The frequency is
dependent, in part, on the base, steady state, swirling flow upon

which the unsteady oscillation is imposed. When the base flow is a

Numbens in brackets refer to similarly numbered references in
the Bibliograp |
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free-vortex, the frequency relationship has been analyzed [2]. How-

ever, in most of the flow in turbomachinery, the steady swirl distri-
bution is neither free-vortex nor forced-vortex but may approximately
be regarded as a combination of both [3].

Thus, the objective bf this study is to investigate the fre-
quency of spinning waves superimposed upon a base flow which consists
of a combination of free and forced vortex. A nondimensionalized
second-order differential equation is developed to model a swirling
flow in a coannular duct. The general numerical solution of this
equation involves some significant difficulties, not the least of
which is the occurrence of singular points within the range of
numerical integration. Therefore, a numerical approximation that is
valid in the neighborhood of a singular point is developed to facili-
tate the continuous integration across the entire range that is
required. Finally, a small swirl approximation of the desired fre-
quency is developed to provide initial values for the numerical

integration.




CHAPTER II

MATHEMATICAL FORMULATION OF THE PROBLEM

Consider a swirling flow in an annulus with an inner radius,
ri, and an outer radius, roy. Let up, Ug> and u, be the radial,
angular, and axial velocities of the fluid; p and p the density and
pressure of the fluid, and r the radial position of a fluid element.
The continuity, mometum, and energy equations, in terms of cylindrical

coordinates, can then be written as:

Continuity
o0 , 13 13 3 -
3t T raeleru )t o= (oug )+ > (ou, )= 0. (2.1)
Momentum
2
au ou U, 3u ou u 15
a 2 r.o 8. -8, 2.2
F I TR 3z r o or (2.2)
au au u. au Ju uu 115
_ﬁ-f- __e_ _Q_e ___9 Y‘9=______E 2.3
5t e or Yy TYze Ty prod (2.3)
u au U, du du 15
_z _z , 8"z _z_.-2P 2.4
3t " Y ar T r 8 T Yz 5z T o dz (2.4)
Energy
N 33 33 9 . 2.5
5t P Urar T Ys e TU 5770 (2.5)
3




)
c, n /;P?> = C, YT_]/,

PRT ,

C =

specific heat at constant volume ,

ratio of specific heats

<
[}

(assumed = 1.4 for air) .

Each of the quantities is now expressed as the sum of a
steady-state component, which is assumed to be a function of r only,
and an unsteady small perturbation component. Denoting the steady-
state components with a superscript "—" and the small perturbation

quantities by " ' ».

u, =u', (2.6a)
ug = V(r) +v' (2.6b)
u, = Wir) +w' , (2.6¢)
P =p(r)+p, (2.6d)
o =p(r) +po', (2.6e)
S =5S(r)+s', (2.6f)
T=T(r) + T ; (2.69)

where U(r) = 0 by assumption and V(r) and W(r) are the swirl and axial

velocities, respectively.
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These quantities are substituted into Egs. (2.1) through (2.5)
and second-order terms are ignored. Collecting the results for steady

and unsteady flow separately,

Steady Flow

192,y . 1 3p(r)
= Ve(r) = — , (2.7a)
r L olry o7
S(r) = ¢, an [l (2.7b)
(o(r))" ]
E;ﬁ) = RT(r) (2.7¢)
p(r)

Assuming the entropy to be constant in the r-direction at the entrance

to the annulus, from Eq. (2.7b),

is constant in the r-direction and can be assumed to be constant every-

where. Then Eg. (2.7a) becomes

p(r) /
or
_ r
E(Y‘) - E( ref) + Y-l f ;—Vz(o)do (2.8)
(r) olr=r ¢ Y "=rref




and substituting Eq. (2.7c),

r
= = a [ 1.2
T(r) = T(r = r ) N;__ ARG
“Cref
Unsteady Flow
9" L 1y 380 4 ey 308
ot Ty V() 5+ Hr) 57
1 3 g ' ]_— M B B_W'_ =
+ ;a—r-(rp(r)u )+ = o(r) = + p(r) 55 0
3u' . 1oy ou' Su'
5t F V) S5 W) 53
W(r)v' 1 sp', o' 3p(r)
- -—— N ﬁ' ’
r s(r) O" B(r) e
av' 1+ oV ov'
5t oy Vr) g5+ Wr) S5
R R CO LG N A -1
L ro| ro(r) 36 °
ow' 1 =+ ow' ow'
3t t V) S M) 57
fu awa(rl=__1 %L
| r (l") A
3" + 1 gy, 38" N
Sttty V(r) S5 ulr) 57 0,
St = C Uz’—y - e
VP Sy

(2.10a)

(2.10b)

(2.10c)

(2.10d)

(2.10e)

(2.10f)
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Now set
v o= ve'i(kz+m6-wt)
W' = Wei(kzme-wt)
o = 5e1(kz+m6-wt)
St = §e1’(kz+m6v-wt)
where U, V, W, §, 5, and S are the Fourier transforms of u'y v', w',
p's p', and S' in k, m, and w. Substituting into Eq. (2.10), taking
full advantage of the result S = 0, and dropping the superscript " "
from the steady flow quantities yields
r)B + o2 (ro(r)d) + L o(r)in¥ + o(r)iki = 0,  (2.11a)
A - AU G ) 3B, (o VAR (2.11b)
r o{r) odr Y r o(r) °®
: .1 d . _ dma%(r) B
iIXr)V + § = ar (r¥(r)) = - - ST (2.11c)
) . dW(r) _ 2 o
ix(r)w + @ T ika®(r) T (2.11d)
where
A(r) = k() + 2V(r) - w

The equations in Eq. (2.11) are equivalent to those derived by

Kerrebrock [3].
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To this point, the derivation has parallelled the work done by
Chu [2] who develops an equation in temms of the angular momentum and
assumes the swirling flow to be composed of only a free vortex.
For the purpose of this investigation, W(r) is assumed to be

independent of r, so that

W= - ST 5. (2.12)

-

2 ~ ~ 2 '1
a = iA(r) { x(r)%li;;lgg{ﬂ {(Z-Y)A(r)v(r) -Zmar r) f (2.13a)

2 N
R e I (B E->
5| m(r)a’(r) _ (2-1)V*(r) 4 1
B [mx Naf(e) | 2V 4]l (zam)
r J!
where
A(r) = - 1
Ae(r) + 20T Gy ()]
r

The base swirling flow is now assumed to be a combination of a free

vortex and a forced vortex; that is,
r
V(r) = Star.

Physically, the free-vortex component of the swirling flow in a gas
turbine is attributable to the inlet guide vanes, while the forced

vortex results from the motion of the compressor blades in that turbine.
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Then
d\cljs-r) = rLZ +Q, (2.]4&)
vl = r, (2.14b)
di(r) _ 2r
drr - . r3m , (2.14c)
d.g‘(pr) = - A2(yp) [M(r)rrrg-&m } : (2.14d)
da(r) . y-1 V¥(r)
grr‘ - XT' - : ] (2.14e)

Substituting Egs. (2.72) and (2.13) into Eg. (2.11a) and

employing the relationships in Eq. (2.14) eventually yields

2 f )
d ] vé(r) _ 4A(r)T d
—-‘23— F\ (2y-3) : - rzr [mA(r) 29]){ ?3'%
+,( ] { K } n? + 2(2-y)v(r) [V(r)-20r ]
\\LA(Y‘) AZ(Y‘) aZ(r) —2- r2a2 r
,em3(r)  amr
PA(ra(r) ()

)
AA(r)V(r)T V(r) 2 .
r [(2-\() az(”r) ‘m?ﬁ } [m(r)-22 D5 =0 . (2.15a)




The boundary condition is chosen as

1 0
or
3p /2 :
3, J2amv(r) _ (2yV(r) \ ~ _ (2.15b)
r \\rzk(r) Paz(r)
at r = rs and r = s

The acoustic velocity function, a(r), is now specified in

terms of a selected reference velocity and the swirl velocity V(r).
The choice of reference point is arbitrary, but choosing either the
inner or outer wall of the annulus is considered to be the most
physically significant. Forcing a(r) to be constant at such a point
is equivalent to holding the temperature constant at that point; a
condition that is most likely to be encountered in an actual environ-
ment. In addition, choosing the reference point at r = ri eliminates
the singularities that arise in later formulations if the reference

point is chosen as r = ry. Thus defining

af = a2 (r = ri)
From Eq. (2.9),
r
-1 /1,2
TQ)=Ur=g)+%ﬁj = V(0)do
r.

1
or



;

i 2

11

P2 2
= a2(r=r.)+7—]-fr— F—2+4QF£n<rL\+ Qz(rz-rf)‘ )

2y
1

r 1

i
L

To nondimensionalize Eq. (2.15), thus rendering it in a form that

can be solved numerically, introduce the transformation

Then

1]

fs 1]
*

<
—

(2.16a)

(2.16b)

(2.16c)

(2.16d)

(2.16e)

(2.16f)

(2.17a)
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a, [mVy )
A(r) =_Y-‘;-[——- X‘
a*
R (2.17b)
A(r) = 5 1 7
Ay i- 2 4<I>V]
0 B
i
:
=—2A'l ’ (2.]7C)
Ay
2 2 RRIPR:: 2, 2 ﬂ‘k
a-(r) = ag 1+32— ¢ -—§+40<I>5Ln(n)+d> (n®-1 )]
n J /(
_ .2
- %o, (2.17d)
A final substitution into Eq. (2.15) yields the second-order homo-
geneous differential equation,
2 \
2. f V2 4Ac -
96,1 P I - 3
2 n\“‘z” 7 (my-20) ) o
an % )
(.12 2 2(2-y)V 2mv3
FRER I S T O Ly, - 20m )4
AL S ey |t 2t T W et
| 1 )\2 1 n n-a, n A]a]
] .
4A.V.0 v )
- A, 1 {(2 Y) i--zlJ(mx -20) 55 =0, (2.18a)
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with the homogeneous boundary condition,
A
s v (-
LA, { 3 1 1y 5=0
an na ;
|\T‘l >\] 1 i
atn=1.0andn =y . (2.18b)

Solution of this boundary value problem will yield the
eigenvalues, X, from which the frequency, w, of the acoustic waves of
the unsteady swirling flow can be determined once the geometry of the
annulus, rg/ri, swirl flow, V(r), and wave number in the axial, k, and

circumferential, m, direction are specified.




CHAPTER III
SMALL SWIRL VELOCITY APPROXIMATION

To provide starting values for the numerical solution of the
problem, a small swirl velocity approximation is determined as

follows. For I and Q@ # O but small, assume

we= ki +a\/kE+ P rar+an

where

and the zero swirl solution,

is easily derived from the basic equation.

Then neglecting terms of order F2, Qz, and greater,

Az(r)=af(k2+v2)12[ar+69—m—\/§ﬁ-}a* k2+\)2
A(P) = - —1—
) AT(r)

and Eq. (2.15) becomes

14
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A / \
2. Coan 102 2 '
\ i
8_;2;+%_\;]+ lzlml“ \)‘2\7*'{}\2“2"(2'”1—2" 4mr 5=0, (3.1a)
or oora(r)y © ]\a (r) r° ra(r).
B.C
@+212V(r) 5= 0
ar
roalr)
at r=ry and r=r, . (3.1b)
Substitution yields
2~ : y\ ~
i%+]? 1+ dm? ‘\*%‘%
or . r2 [4'- a*\/k2+v2-aF-BQ+i—1V(r)]
faz(k2+v2)+2 al+82-"y(r) 1a, K2 + 2
+ / * —_ r *
\
| 2%(r)
\
2 ;
i k2_m_2_ 4mr — 5=0, (3.2)
" r4[1 a*‘\/k2+v2-ar-sn+-’;lV(r)J}
B.C.
" ‘ \
B, / 2mV(r) \ 5 =0
Br - '/
\rz [+ a*\/k2+v2-aF-BQ+'-"r: v(r) ] J

at r=r, and r=ry s (3.2b)

and from the assumption of small T and Q,

or




16

Now using the expansion,
6= pg + Top * 00,

and again ignoring terms of order I‘Z, QZ and greater, Eq. (3.2) can be

broken down as

3°p dp 2
0,1 0 2 m° N
f— —+ (V- S P = 0> (333)
sl T oar | P2 0
B.C.
apo
- =0atr=r.andr=r . (3.3b)
r i 0
2 ~ ’ )
apr‘+1apl‘+ S 2 mhe _ ! 4m 904
—_— N, - A p = < ——nn e
apl I 3r b2 T 3 ~ 2 7 or
I , (r | £ a*vk +v
- 2\ )
: 2, 2
2 ’a-—m?-,'\/k +v
/
-\ 4m + \ r_/ - ; po s (343)
r4[+ 2,1 /K242 ( a
L
B.C.
ap
a1“= 2m p~atr=r,and r=r_ . (3.4b)
roo3 2. 2| 0 ! °
rolta, k™ +v
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82 5 2 ! 2 2\!
Pq 1 3P 2 m° oo oo2(8-m) VKE+vE
2 +-‘:Tr— +<\) --—2- ’/) pQ- a 0 'Y (3.53)
3r ;; re * J
\ J \
B.C.
E)pQ

2m ——— o,
: r":j-_ a*’\/k2+v2 }

at r=ryand r=r, . (3.5b)

To simplify Eq. (3.4), introduce y defined by

27

r /

<m2 )
Pn 3
0

Foa, k2 +\)2

Eq. (3.4) can then be written as

i
) ‘) 2 a-ty K +0?
oy +] @2.}. /2 m- = + l r/ '
sv 41 (Ve - P = spn , (3.6a)
8!"2 ror :2- \7 C 0
' )
B.C. k
-,ai=0atr=r.andr=r‘ . (3.6b)

ar 1 0

Equations (3.5) and (3.6) are now in the proper form to
generate solutions involving integrals of Bessel functions which can be
evaluated.

For m > 0 the solution to Eq. (3.3a) is

Py = AJm(vr) + BYm(vr) s
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where
5 - Jo (vri )A
Ym vr,
from the boundary condition, Eq. (3.3b), at r = rss and
Jm (vri ) Y& (vri)
|= 0 (3.7)
J& (vro ) Yé (vro)l

from the boundary condition at both r = rs and r = o To obtain the
inhomogeneous solution for ¥ and P which will yield the values for

o and B, evaluate the Wronskian

=
1l

v [Jm(vr)Yi(vr) - Ym(vr)Ja(vr)]

2

mr

according to Abramowitz and Stegun [4]. The solutions for ¥ and Py

are then given by

r / 3 1
2.2
Y = -Jm(vr) %?—Ym(vc) [i 2« -l%\ ———é:iy—w[Adm(vo)+BYm(vo): do
r. L9 . .
i
r ! Yavavall 1
i + Vo i
+ Ym(vr)d/ %g-Jm(vo) +2 a _l%.\___%i:;!_: §AJ (vo)+BYm(vo)‘ do
+ CJm(vr) + DYm(vr) , (3.8)
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; AJm(vc)+BYm(vc) do

|
= - = |
Py = = Jplvr) 2 V(v | a,
Y’_i L - -
] ) . :
~ ! - - '\/T—Z
Fn) [ Fa(ve) 3 HELIIERT gy (uo)sy, () @
r. - - 3
1
+ EJm(vr) + FYm(vr) . (3.9)

Solving first for a, evaluate the boundary, Eq. (3.6b), using
Eq. (3.8). Then

CvJé(vri) + DvYﬁ(vri) =0
QM#v%)+ m&“v%)= z,
where
r - .
-0 \/ k2+ 2 i
= ! . ¥ (- ) LKV i :
= (vro) J 5 Y (vo) | + 2 \ 02> 3 j AJm(v0)+BYm(vc) ?do
r. - - -
;
r.0 I \ [__2: (' -
- 2 i
\ o ¢ - m VKTV 5
- \)Ym(\)ro) f > Jm(vc) ¥ 2 <oc-02> o LAdm(\)cx)+BYm(\)o)J do
. . , -
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To solve for C

0 vYa( vri)
T \)Yn'1 ( vro )
C = :
\)Jm (vr‘i ) va ( vr )
vdé (vro ) vYé (vro)

The determinant in the denominator is equal to zero from Eq. (3.7).
If the value of C is to be finite, the determinant in the

numerator must also equal zero. Therefore,

s
m\\
A /J f Ym ao-a— ; Jm(\)o)do
1 !
r / \
-y (vro )‘/—Jm(vo) oo -—3 Jm(vo)do
r. \
i
"o
J'(vr,) ' \
m 1 ) m
- Y,;l‘ o Jm ( vry ) f Ym(\)o) “\ao "5 Ym(vo)do 1
- ,

A

foom \
Jm(vo) kao-gl Ym(vo)d0  =0

Ignoring the trivial solution of A = 0 and employing Eq. (3.7)

in the form




it follows that

T
T
T2
where
r
.0
Ty = 230 (vr )Y (vr) \]_0 J_(vo)Y_(vo)vdo

- Jﬁ (vr, )J& (vr.)  — Yﬁ(vo)vdo s

——-Js(vo)vdo

21

(3.10a)

(3.10b)
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Using the same procedure,
/ 2 T3\
B=m']' T—\’
\ V22
where
1 J' (vr,) Ty (el )
- __m i m 0
13_1_Jm(w1‘) Y or) " (Wi)l or
m i |
) Jn (vro )Yé (vri) -Jé (vri )Ym (vro ) 31
vr, ’ ’

The integrals in Eq. (3.10) can be evaluated according to Watson [5].
The values of vr. and vr, are derived as the eigenvalues of Eq. (3.7)

in the form
J%(uZ)Ya(Z) - J&(Z)Ya(uZ) =0 .

Computed values of Z, a, and B are presented in Table 1.




Table 1.

Small Swirl

Approximation Coefficients

U m=1 m=2 m=1 m=2 m=1 m = 2
.01 0.995 1.990 0.990 1.980 0.999 1.999
.05 0.976 1.951 0.952 1.904 0.999 1.998
.10 0.953 1.906 0.908 1.815 0.997 1.994
.20 0.910 1.821 0.829 1.657 0.989 1.977
.30 0.872 1.744 0.761 1.519 0.977 1.954
.40 0.837 1.673 0.700 1.397 0.963 1.925
.50 0.805 1.608 0.648 1.288 0.946 1.892
.00 0.677 1.341 0.455 0.874 0.846 1.703
.50 0.585 1.137 0.335 0.602 0.743 1.537
.00 0.514 0.977 0.254 0.424 0.649 1.424
.00 0.411 0.752 0.155 0.234 0.502 1.315
.00 0.341 0.607 0.102 0.147 0.405 1.278




CHAPTER IV
APPROXIMATE SOLUTION NEAR A SINGULAR POINT

1. Mapping of Singular Points

Examination of the definitions of Eq. (2.17) reveals that, in

general, the functions éL- iLy and A1 will have singular points, Ne»
1 7

for selected values of 0, ¢, X, m, and «. The singular nature of the

function éL-has been eliminated by the choice of the acoustic

1
reference velocity as - a° (r‘=r1) forcing éL-to be uniformly

increasing fromn = 1.0 to n = u. A simi]ar]alternative is not
available, however, for the terms %; and A1.
An indication of the prevalence, over the range of interest,
of singular points in these functions can be determined using the small
swirl approximation previously derived. For selected values of 0@, 9,
m, and « the small swirl approximation will yield an approximate value

for X as

X ="N/;§ + Z2 + 0@ + RO . (4.1)

For the function iL-the position of the singular point, Nes is
1

then determined from,

mV]
Ay = —-X=0
1 n
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and for the function A

‘I’

or

e " M2,3 7

-8 +V B2-4¢C
2 3

where

B = [40-2m{me-X)]O
[462 - (mo-X)2]
-m2@2

C =
[4@2- (m@-x)z]

Note that while there are, in general, two values of . for
the function i%—and four values of e for the function A], at most one
of the former and two of the latter can fall within the range of
interest, 1.0 < n < yu.

A grid of points is established that represents the values of
@ and ¢. The grid points are spaced at intervals of 0.2, and © and ¢
range from -2.0 to 2.0 along the x- and y-axis, respectively. The

value of each point is initialized to zero so that the grid appears as

in Figure 1.
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Figure 1.
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Position N is calculated for each grid point and if M falls
within the range from 1.0 to u the value of that point is increased
by one. Positions Ny and ny are then calculated. If one of the two
falls within the range 1.0 to u the value of the grid point is
increased by two. If both fall within the specified range the value of
the grid point is increased by four. Completed grids are presented in

Figures 2 and 3 for u and m within the range of interest.
2. Method of Solution

Thus, over a substantial portion of the range of interest, it
1

is to be expected that the functions X; and A1 will contain singular
points. As the numerical integration will break down in the vicinity
of a singular point it is therefore necessary to employ the method
developed by Fuchs and Frobenius [6] to generate a solution of the
basic equation which is valid in the neighborhood of a singularity.
Such a solution will yield values for § and %g at some n > N, SO that
the integration may be continued.

The method of solution involves the expansion of the coef-

ficients of the basic equation around the singular point so that the

equation can be written as

£ i—;— - es(e) £+ 105
where
E=n-n.,
S(g) = SO+S]g+5252+S3g3+... ,
T(E) = Ty+TE+T 80+ To8 4., .

o
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Note that the functions S(&) and T(Z) are not the entropy and tempera-
ture functions, but-are chosen to be consistent with the notation in

the cited reference. The resulting solutions are of the form
= P 2 3 \
= C& <a0+a]£+a2£ +a3£ +.../ s
where the exponent p takes the value of the roots of the indicial

equation

a, <p (p-1)- pSO - TO> =0 .

The coefficient 3, is chosen equal to one with no loss of generality,
and the remaining coefficients, a ., are determined from the coef-
ficients of S(&) and T(&).

In general then, as £ is very small,

_ e
V] = n + on
-—9 o (n +¢)
14+ ) c
nC"]+ i
v e
p) 3\
=i<1-i €8 o (n +s)
n T¢ng n/
:n&@nﬂ-._w)u% EIE
¢ C C

) 2
S ¥R YE Vet Y e
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Similarly,

= 2 3

3
]5& b

2
- Y]2 + Y]3g + Y]4g +Y

_ 2 3
17 Yoo+ Yp38 * V8 + Vel

) 2 3
A" Yog * Yo78 * Ypgl + Yyt

1 2 3
3 Va5 * Y38 * Vg8 + ¥3g8"

where the coefficients Yn are contained in Appendix A.

3. Singularities in iL
1

Solving for an expression that is valid near the singular point

1

M

for iL- than the one contained in Section 2: one that expresses the
1

singular nature of this function near Ne- Instead,

of the function , 1t is necessary to derive an alternate expression

1
A
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(n_+£)°
" e -XEE+an )

Y39
13

2

t g Y8t Vgt

Substitution into the basic equation, Eq. (2.18), will yield the
functions S(g) and T(&) from which a series solution may be generated.

The special case of ¢ = 0.0 must be handled separately as the

function A, reduces to --lé in this instance. For ¢ = 0.0, Eq. (2.18)

M
becomes
( N
22_5_+<l+(2Y-3)®+4m® . dp
dn’ '\” n3a] n3>\] dn
/2 2 2 3 .22
N /22 m _FZ(Q‘Y)@ 4me , 2(2y-3)mo Lomtet o 0
T A SR 6., exzkp' ’
L% n nap N nagh TN
and substitution yields
S. = -{y
0= "\ Y43 />
/
o 1-3V5)
Sy =iVt /
. . /Y _3Y44_1-6Y43 \,! ,
2 45 e ﬂg /
/ -
NS _3Y45+5v44+1 10Y43\1
3 \.46 e nz ”2 /
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To= - {Ye3 | >
Ty = - (Yoo +¥se+Vgy ) o
/ 2
_ 2w
Tz"\K - 2+Y51+Y57+Y65> ’
nC
2
../ me
T3 7 - 3 5+ Vst Yg \ ’
\ e /
p] = 2,
Py = 1.

A solution, Pys using Py = 2 may be generated in the form pre-
viously described. As the roots of the indicial equation differ by an

integer, however, Py must be formulated as

Evaluation of the integrand yields the general expression

| SA-2p
Py = CD](E)IE 0 ]<go+g]g+gzg2+g3g3...) d¢ ,
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where
9 = 1,
9y = Sy -23
S$+S2 ?
9, = 5 -2a151+3a1 -2a2 ,

\ \

3
S, S.S, S o
_ 93,319 [2. o\, {2
5373 T e N (St 3 -2y

s,

/

/ A /

+

3
6a1a2 -4a] -2a3 .

Substituting the specific values of So and P1 yields the final

expression
| T
- 2 3 1.2 3 |
02 =C [h0+h]€+h2€ +h3£ +'\\€ + a]g gllng_}
/ 3‘ 1
{
=C [h(é)’r \ E2+a]&; 908 |,
L \ ! _J'
where
hO =0,
h] =-1,
hy =-2a;
h3 =-a, + g, .

As the integration process will be terminated for some

n<nc,or£<0,
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i 2 3\“
0= KC]+1C2 p1+ g_\C3+1C4 {o2-1ng] <g +a]g !
\ r \ T
o \ dp \Idp \
dg _ o) ] | . 2!
- \C]-+102; T + KC3-+1C4/§Ld€ - ing, \Zg-+3a]g -
) ’ S
Using the known values of 3 and %%, the coefficients Cn can be

determined using well-established matrix methods. Once these coef-
ficients are known, the values of p and %%-may be determined at a new
point, & > 0, sufficiently past the singular point for the integration
to be continued. The implementation of this procedure is discussed in
greater detail in Chapter V.

For the case of ¢ # 0,

wm
1]
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2
N LI
T3= - <Y83+n—3 Y92+Y95+Y98+YH3> ;

C /
p'|= 1,
p2= 0,
and
] / 2 3 |
Py = c tﬂ&)'*K€+a1E ta58 >9]Mﬁ i,
where
h0 =-1,
h]='a~| Y
hy = 95-3; »
93

3= 3 *+9-23 .
4. Singularities in A1

For a solution that is valid near a singular point in the

function A1, a new expression must be determined for A]' From

T'!C"

2. _B+VB%-q
> .

Note that for e to fall within the range 1.0 < Ne < s ni must be real

and have at Jeast one positive value. Denoting the two possible values

of ni as ng and ng, let n§ be positive and e its positive root. Then




Then

4
n

[40% - (me-x)2 J[n? +Bn+C ]

4
n
[4®2-(m®-X)2](n-nc)(n+nc)(nz-ng)

1
(€+2nc)(€2+25nc+n§-n§)

+ 4ng + 6n§€ + 4n(2:£2 + E3>

4 \
1 (¢ 3 _2 22 3)
——<—+4nc+6nC£+4nc£ +E

, 1+ P(E)
Y 1 +5=4
115 ( Y115 )
3

2 2,2, .3
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where

‘<Y131 -
n

o

135

+Y

93
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CHAPTER V
NUMERICAL SOLUTION

The second-aorder differential equation, Eg. (2.18), can be
reduced to a system of simultaneous first-order equations which can be
solved by an application of the fourth-order Runge-Kutta methods,
widely used in numerical solutions to differential equations. The
Runge-Kutta method is chosen despite its requirement for four function
evaluations per step, as the steps can be taken much larger than other
methods for the same accuracy. In addition, the variable step size of
the Runge-Kutta method lends itself well to the problems associated

with integrating near a singular point.

Suppose Y{(n) is the solution of Eg. (2.18) and Yp(n) is its

derivative
Y](n) =p
— - _a_é

Then Eq. (2.18) is transformed into the system of first-order initial

value problems

(n) = Y,(n) (5.1a)

41
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_ : /’ V& a0
Yo(n) = - — 1 +(2y-3) —- (mx; =2¢) " Y, (n)
2 ‘ a 2 1 2
n 1 n ‘
2 \ 2 2(2-y)v 2mV
4A.V v ; |
S AmO L 110 Toey) o2 b m 220)  To(n) (5.1b)
4 4 a; n , 1 ]
n A] n 1 1~
1 <n<u
with the initial conditions
Y}(]) = 1.0 (5.2a)
_ 2mV] ?
Y2(1) = - _XT_ + (2-y)v1 . (5.2b)

If there are no singular points within the range of inte-
gration, the solution is a straightforward application of the Runge-
Kutta method followed by an evaluation of the boundary conditions

(B.C.) (Eg. (2.18b)) at n = u using the computed values of

If there are singular points present, the range of integration
is divided into segments, as shown in Figure 4, such that there are
two segments between each singular point. The initial band width from

@® to @ was chosen after some trial and error to be equal to 5 x 104
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for singular points in i%—and 1 x 10'4 for singular points in A]. Then
to transition across a singular point, as in from () to @, the values
of Y;(n) and Y,(n) at D and the approximations developed in Chapter IV
are used to generate new values of Yq(n) and Y(n) at @.

The Runge-Kutta subroutine used contained a control to dis-
continue the integration if the stepsize was decreased, below a certain
input value, to maintain the desired accuracy. In the region close to
a singular point this control is exercised and the integration process
either stops or cannot be started. Thus, if the integration process
is discontinued for a segment followed by a singular point, it can be
assumed that the bandwidth around the singular point is insufficiently
large. It is, however, only necessary to set £ equal to the value of
N = N. based upon the termination point of the integration to perform
a valid transition across the singularity. If the integration process
cannot be initiated on a segment immediately following a singular
point, it can also be assumed that the band around that singularity is
insufficiently large. The solution in this case is to integrate again
over the preceding segment and increase the bandwidth by an arbitrary
amount that was chosen equal to 1 x 10-4. This basic procedure is
easily modified to handle the influence of singular points positioned
Jjust outside the ranée of integration. A flowchart of the integration
process is presented as Figure 5.

Initially, it‘was planned to use the small swirl approximation
to generate an initial value for X, modify X by a small amount,

1 x 10-2, then use the secant method to iterate to the desired eigen-
value based upon the value of the boundary condition for X and

X -1 x 10°2. Some initial computations demonstrated the




ENTER

!

‘ STARTH= (D =1.0
X = X + AX Y1=Y1(1.0)

Y2 = Yz(] .0)

Calculate ne(1),0=1,3
and order from least
to greatest
Determine I for
greatest

nc(l) < 1.0

EC = ne(I41)

EC<p

No J L Yes
i 3

(@ +u)/2.0 !(@'fEC)/Z.o
/
o o)
Yes | [N N ] [Tes
a=a+1x1074 Y1 =Yq(n)
s Yi(n) = 1 ¥2 = Y2(n)
END Ya(n) = Y2 ?TA&I!TH; END
=1+
nel(1)>1.0
No Yes
No [ Yes
J J’ n(1) -a
m—] ) i r
STOP-£C u-£C [18.C4Gedurncy ®=1.0-nc(l STARTH
®=-@+s -® = @®=END-EC
No [ Yes L
‘ A
-5
ax < 1x10 ® o

il ] lYes >  EXIT l—

Explanation of Symbols:

1
® 0

o

Empioy the apbropriate approximation for the type of singularity involved
using the known values of Y1{n) and Y2(n) at n= ® to generate the new
values of Yi(n) and Y3(n) at n=® . :

Punge-Kutta ihtegration from () to (@. The value of the variable of
integration at termination is denoted as END. The negative branch for the
1ntegrat1qg is for the case of END # 70 and the positive branch corresponds
to END = (& .

Figure 5. Flowchart of the integration process.
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approximation to be insufficiently accurate for large values of ¢ and p
to generate a consistent solution. Therefore, a modified approach was
adapted.

Let X(9,9) equal the computed eigenvalue for a grid point as
depicted in Figure 1, page 26, and Xss(0,8) the computed small swirl
approximation of the eigenvalue for that point. The initial point
X(0,0) was computed based solely on Xs5(0,0) and the method described
in the previous paragraph. Then the initial estimate of an eigenvalue

for grid points where © = 0 was for ¢ > 0
X = XSS(O,Q) +[ X(0,9-0.2) - XSS(O,®-O.2)] R

and for grid points where @ # 0,

g\
X = X(6-0.2,0) +0.2 /Tg—l—/‘ :

These initial estimates were reduced by 1 x 10-2 for the
second integration and thereafter the secant method was employed to
iterate to the final solution.

The order of solution for the upper portion of the grid is
shown in Figure 6. The mirror image of the process was used to
evaluate the lower portion of the grid.

For this investigation, ¥ is specified = 0.0 and Y = 1.4 (for

air). The computed eigenvalues (Tables 2 and 3) are presented in

Appendix B.
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CHAPTER VI
CONCLUSIONS

Previously, Chu [2] has conducted a similar investigation for a
flow composed of onfy a free vortex, using an equation in terms of rv
rather than g. The acoustic reference velocity was chosen ar r = s
but some data are available for a reference velocity at r = o The
current formulation, changed to reflect a, = a(r = ro) was compared
to Chu's results with excellent agreement over the full range of n
and ©. As the approximations developed in Chapter IV were used for a
significant portion of the comparison, they can be assumed to provide
valid results over the expanded range contained in the present investi-
gation.

As k = 0 for this investigation, the frequency of the acoustic
waves, w, can be assumed to be proportional to the computed eigenvalue.
From the conventions established in Chapter II, the wave of the
unsteady disturbance moves in the positive 6 direction for w > 0. Then
for © and ¢ > 0 the unsteady disturbance and the swirling flow are
moving in the same direction, and for © and ¢ < 0 they are moving in
the opposite direction. The reverse is, of course, true when w < 0.
When © and ¢ are not of the same sign the possibility exists for a
mixed flow in which a portion of the flow moves with the unsteady dis-
turbance. The existence of a mixed swirling flow has a definite

effect on the resultant frequency of the unsteady disturbance, as will

be seen.
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A comparison of the computed eigenvalues, shown as symbols, and
the Small Swirl (SS) Approximation, shown as solid lines, is shown in
Figures 7 through 14. Although data for m = 2 are not shown, the
curves show the same effects.

For small values of u, the velocity is essentially constant
from rs to s The‘SS approximation, which can be considered equiva-
lent to an approximation for small changes in the swirl velocity,
would be expected to yield good results in this instance. Figures 7,
8, 11, and 12 demonstrate that this agreement is quite satisfactory.
For small values of ¢, the SS approximation yields a good estimate of
the frequency throughout the range of u and ©. This can most probably
be attributed to the nature of @'s contribution to the swirl velocity.

In Figures 15 through 26, curves of constant © and ¢ are
plotted to show the effect of u on the frequency. From Figure 16, it
appears that the contribution due to & is essentially unaffected by yu,
and the frequency increases as ¢ increases. From Figure 19, it can be
seen that, as p increases, the frequency increases for 0 < 0, and
decreases for @ > 0.

For large values of u, the effect of changes in O, when & = 0,
are minimal, as might be expected. As u increases, the swirl velocity,
except for r close to ris becomes very small and is not greatly
affected by changes in ©. The resultant frequency would then be
expected to approach asymptotically to some constant value.

The curves fér m=1and m = 2 show the same behavior over the

range of ¢, @, and up, except when there is a mixed flow. The effect
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of m appears to be a multiplicative constant of the basic frequency of
the unsteady disturbance when m = 1.

Finally, in Figures 27 through 34, curves of constant O are
plotted versus ¢ to show the effects of the combination of © and &.
Note that the frequency increases as © increases for a constant value
of ¢. Also note thgt again, except as mentioned previously for mixed
flows, the effect of increasing fromm = 1 to m = 2 has been to double
the resulting frequency.

In general, when © and ¢ are of the same sign, the curves
exhibit a strong linearity. When there is a mixed swirling flow,
however, the relationship to the resulting frequency is more complex.
It would appear that the frequency in this case is related in some way
to either the average strength of the swirling flow, the result of

integrating the swiriing flow from r. to rys Ora combination of both.
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APPENDIX B

COMPUTED EIGENVALUES

A complete list of the numerical results of this investigation
is contained in this appendix. Data are presented for specified values

of M, «, and u. The value of ¢ is varied by row and the value of o is

varied by column as indicated.
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VITA

J. Michael McGee was born in Atlanta, Georgia, on April 1,
1953. He received a Bachelor of Science degree with a major in
Aerospace Engineering in August 1975 from the Georgia Institute of
Technology. He was also commissioned as a second lieutenant in the
United States Air Force at that time.

He began his graduate studies in June 1977 at The University
of Tennessee Space Institute upon his initial assignment to the Arnold
Engineering Development Center. After a one-year delay to complete
pilot training for the USAF, he subsequently received a Master of

Science degree with a major in Aerospace Engineering in

December 1981.
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