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ABSTRACT

The acoustic wave propagation due to a swirling flow within a

coannular duct is investigated where the swirling flow is assumed to

be a combination of both a free and forced vortex. The acoustic fre

quency, based on the swirling velocity function, is computed as the

solution of a characteristic value problem using the fourth-order

Runge-Kutta method. A small swirl velocity approximation is also

derived, to generate starting values for the numerical solution, and

proves to be particularly accurate for estimating the effect of the

free vortex on the acoustic frequency.

In general, the acoustic frequency increases as the magnitude

of the swirling flow, moving opposite to the acoustic waves, is

increased. As the ratio of outer to inner radius is increased the

effect of the free vortex diminishes while the effect of the forced

vortex remains essentially constant. Finally, the effect of the cir

cumferential wave number is that of a multiplicative constant over the

base value when that wave number equals one.

111



TABLE OF CONTENTS

CHAPTER

I. INTRODUCTION

II. MATHEMATICAL FORUMULATION OF THE PROBLEM. ,

III. SMALL SWIRL VELOCITY APPROXIMATION

IV. APPROXIMATE SOLUTION NEAR A SINGULAR POINT.

Mapping of Singular Points

Method of Solution

Singularities in
Xi • • •

Singularities in A.|

V. NUMERICAL SOLUTION

VI. CONCLUSIONS

BIBLIOGRAPHY

APPENDICES

A. COEFFICIENTS FOR A SOLUTION VALID NEAR A SINGULAR POINT .

B. COMPUTED EIGENVALUES

VITA

PAGE

1

3

14

24

24

27

33

38

41

48

79

81

82

95

144

IV



LIST OF FIGURES

FIGURE PAGE

1. Initial Grid

2. Occurrence of Singular Points for m = 1

3. Occurrence of Singular Points for m = 2

26

28

30

Division of Integration Range 43

5. Flowchart of the Integration Process.

6. Order of Solution

45

47

7. Comparison with Smal Swirl Approximation for

$ = Constant, m = , y = 1 .01 .  . . . 50

8. Comparison with Smal Swirl Approximation for

•I" = Constant, m = , y = 1.50 .  . . . 51

9. Comparison with Smal Swirl Approximation for

4" = Constant, m = , y = 3.00 .  . . . 52

10. Comparison with Smal Swirl Approximation for

$ = Constant, m = , y = 5.00 . . . 53

11. Comparison with Smal Swirl Approximation for

© = Constant, m = , y = 1.01 . . . 54

12. Comparison with Smal Swirl Approximation for

0 = Constant, m = , y = 1.50 . . . 55

13. Comparison with Smal Swirl Approximation for

0 = Constant, m = , y = 3.00 . . . 56

14. Comparison with Smal Swirl Approximation for

® = Constant, m = , P = 5.00 . . . 57



VI

FIGURE page

15. Effect of y for $ = Constant, 0 = -2, m = 1 58

16. Effect of y for $ = Constant, 0 = 0, m = 1 59

17. Effect of y for = Constant, 0 = 2, m = 1 60

18. Effect of y for 0 = Constant, "J) = -2, m = 1 61

19. Effect of y for 0 = Constant, "I) = 0, m = 1 62

20. Effect of y for 0 = Constant, $ = 2, m = 1 63

21. Effect of y for $ = Constant, 0 = -2, m = 2 64

22. Effect of y for $ = Constant, 0 = 0, m = 2 65

23. Effect of y for $ = Constant, 0 = 2, m = 2 66

24. Effect of y for 0 = Constant, ^ = -2, m = 2 67

25. Effect of y for 0 = Constant, $ = 0, m = 2 68

26. Effect of y for 0 = Constant, $ = 2, m = 2 69

27. Curves of Constant 0 for y = 1.01, m = 1 71

28. Curves of Constant 0 for y = 1.50, m = 1 72

29. Curves of Constant 0 for y = 3.00, m = 1 73

30. Curves of Constant 0 for y = 5.00, m = 1 74

31. Curves of Constant 0 for y = 1.01, m = 2 75

32. Curves of Constant 0 for y = 1.50, m = 2 76

33. Curves of Constant 0 for y = 3.00, m = 2 77

34. Curves of Constant 0 for y = 5.00, m = 2 78



LIST OF SYMBOLS

a(r) Local acoustic velocity

a^ Reference acoustic velocity

Cy Specific heat at constant volume

Jfj, Bessel function of the first kind of the m^h order

k  Axial wave number

m  Circumferential wave number

p  Pressure of the fluid

r  Radial position

r-j Inner radius

rg Outer radius

R  Gas constant

S  Enthalpy of the fluid

T  Temperature of the fluid

Up,UQ,U2 Radial, circumferential, and axial velocity components

V(r) Swirl velocity

W(r) Axial velocity

Wronskian

X  Estimated eigenvalue

X(0,$) Computed eigenvalue for value of 0 and $

X5s(0,<|)) Small swirl approximation of eigenvalue for value of 0 and

Ym Bessel function of the second kind of the m^^i order

z  vri

VT 1



V1 i i

Greek Letters

a  Small swirl approximation coefficient for free vortex

3  Small swirl approximation coefficient for forced vortex

Y  Ratio of specific heats

r  Strength of free vortex

n

0

y

Nondimensionalized radial position

Location of singular point

Nondimensionalized strength of free vortex

Ratio of outer and inner radii

^  Separation from singular point

P  Density of the fluid

PQ Zero swirl solution

Nondimensionalized strength of forced vortex

^  Frequency of acoustic wave of swirling flow

^  Strength of forced vortex



CHAPTER I

INTRODUCTION

It has long been recognized that swirling flow is capable of

sustaining periodic motion. In 1880, Lord Kelvin [1]1 first demon

strated this possibility theoretically for an incompressible flow

contained in a cylindrical vessel. This was later confirmed in an

experiment involving a rotating cylinder filled with water.

From a practical point of view, oscillatory disturbances fre

quently occur in the swirling flows of rotating machinery. For

example, such a phenomenon is not uncommon in the draft tube of hydro

electric plants where a hydrodynamic oscillation involving spinning

disturbances is found to exist in the rotational flow caused by water

turbines. In aircraft gas turbines, the spinning pure tone dis

turbance in swirling flow, or "vortex whistle," is known to cause both

aeroelastic and aeroacoustic problems. Instances have been documented

where vortex whistle in the swirling flow of a cooling air cavity

seriously jeopardized the structural integrity of the turbine.

In order to fix the natural frequency of various engine com

ponents away from this vortex whistle, it is of course necessary to

predict the frequency of this pure tone noise. The frequency is

dependent, in part, on the base, steady state, swirling flow upon

which the unsteady oscillation is imposed. When the base flow is a

1

4.1. D-ui brackets refer to similarly numbered references inthe Bib I lography.
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free-vortex, the frequency relationship has been analyzed [2]. How

ever, in most of the flow in turbomachinery, the steady swirl distri

bution is neither free-vortex nor forced-vortex but may approximately

be regarded as a combination of both [3].

Thus, the objective of this study is to investigate the fre

quency of spinning waves superimposed upon a base flow which consists

of a combination of free and forced vortex. A nondimensionalized

second-order differential equation is developed to model a swirling

flow in a coannular duct. The general numerical solution of this

equation involves some significant difficulties, not the least of

which is the occurrence of singular points within the range of

numerical integration. Therefore, a numerical approximation that is

valid in the neighborhood of a singular point is developed to facili

tate the continuous integration across the entire range that is

required. Finally, a small swirl approximation of the desired fre

quency is developed to provide initial values for the numerical

integration.



CHAPTER II

MATHEMATICAL FORMULATION OF THE PROBLEM

Consider a swirling flow in an annulus with an inner radius,

ri, and an outer radius, rg. Let u^, Ug, and u^ be the radial,

angular, and axial velocities of the fluid; p and p the density and

pressure of the fluid, and r the radial position of a fluid element.

The continuity, mometum, and energy equations, in terms of cylindrical

coordinates, can then be written as:

Continuity

Momentum

Energy

0

3U Su Up. 3u 3u Up, \ ;in
L + M L +-1 11+ ,, L (0 0)

3t r 3r r 30 z 3z ' r P 9r '

3u u 3u 3u u U„ 1 1 an
—^+u —^ +-1—1+U 9 + r 6 __ 1 .1 /p 3)3t r 3r r 36 z 3z r p r 30 ' ^

3u 3u Uq 3u_ 3u
.. 2

Up PU, au

3t 3r ^ r 39 ^ "z 32 " P 3z

, 1 3d

+  U. ̂  = • (2-4)

■  (2-5)



where,

S = C £n = C £n (— ,
'  \pv ^ yvr

p = pRT ,

Cy = specific heat at constant volume ,

Y = ratio of specific heats

(assumed = 1.4 for air) .

Each of the quantities is now expressed as the sum of a

steady-state component, which is assumed to be a function of r only,

and an unsteady small perturbation component. Denoting the steady-

state components with a superscript and the small perturbation

quantities by " '

= u' , (2.6a)

Uq = V(r) + V' , (2.6b)

= W(r) + w' , (2.6c)

p = p(r) + p' , (2.6d)

P =p ir) + p' , (2.6e)

S = S(r) + S' , (2.6f)

T = T(r) + T' , (2.6g)

where U(r) = 0 by assumption and V(r) and W(r) are the swirl and axial

velocities, respectively.
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These quantities are substituted into Eqs. (2.1) through (2.5)

and second-order terms are ignored. Collecting the results for steady

and unsteady flow separately.

Steady Flow

lv2(r) = , (2.7a)
p(r)

S(r) = Jin _eM_l
.(^(r))^J

(2.7b)

= RT(r) . (2.7c)
P(r)

Assuming the entropy to be constant in the r-direction at the entrance

to the annulus, from Eq. (2.7b),

p(r)

{p(r))^

is constant in the r-direction and can be assumed to be constant every

where. Then Eq. (2.7a) becomes

^V^ir) = A +
r  ̂ ' 3r \y-1

or

constant 1
P(r) /

iv2(a)do (2.8)
P(r) Pii^^Vef^ '"^'^ref



and substituting Eq. (2.7c),

T(r) = T(r =
rr J + ̂  I

ref yR
r=r

^V^(o)da
ref

(2.9)

Unsteady Flow

^ + M(r)
3z

* f 7 Pt""' ̂  • (2.10a)

2V( r)v ' _ _I 3£_^ ̂  p' 3p(r)

-• " " ar) "'P
(2.10b)

^.iv(r)f .W(r)^

+ u' 1^+^
!  3r r

1  3p'
rp(r) 30 '

(2.10c)

iwj. + i v'(r) ̂  + w(r) ML
3t r 30 3z

+ u' .-1-MlL
p(r)

(2.10d)

11!. + i v(r) + W(r) —
3t r ^ ̂  30 3z

S' = C - J(£l" .
Hp).

0  , (2.10e)

(2.10f)



Now set

u' = Qe^ (><2+1110-wt)

V' =

p, ̂  ~gi(kz+iTi0-a3t)

p, ^ ~gi(kz+me-(ut)

51 _ 5gi(kz+in0-a)t)

where u, v, w, p, p, and S are the Fourier transforms of u', v', w',

p', p', and S' in k, m, and co. Substituting into Eq. (2.10), taking

full advantage of the result S = 0, and dropping the superscript

from the steady flow quantities yields

iA(r)p + - ̂  (rp(r)u) + - p(r)imv + p(r)ikw = 0 , (2.11a)

iA(r)u - V = - ° + (2-y) P (2.11b)
r  ̂ TTrT 3r r '

iA(r)v + u (rV(r)) = - ^ , (2.He)

U(r)w + Of = - ika^(r) ̂  , (2.lid)
where

A(r) = kW(r) + ̂  V(r) - to

The equations in Eq. (2.11) are equivalent to those derived by

Kerrebrock [3].
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To this point, the derivation has parallelled the work done by

Chu [2] who develops an equation in terms of the angular momentum and

assumes the swirling flow to be composed of only a free vortex.

For the purpose of this investigation, W(r) is assumed to be

independent of r, so that

" ° " x(?)p(i) » •
Solving Eqs. (2.11b) and (2.11c) for u and v.

V = '*<'•> if ••"('•nf

(2.12)

iA(r)/- x(r)i^f + ̂[(2.Y)x(r)V(r).Sl!^l\ (2.,3a)

where

mA(r)a (r) _ (2-y)V (r)
>, (2.13b)

A(r) =- 1

x2(r) +2^^rV(r)]

The base swirling flow is now assumed to be a combination of a free

vortex and a forced vortex; that is.

V(r) = - + fir .

Physically, the free-vortex component of the swirling flow in a gas

turbine is attributable to the inlet guide vanes, while the forced

vortex results from the motion of the compressor blades in that turbine.



Then

dr ,2 " ' (2.14a)

^[rV(r)] = 2J^r , (2.14b)

dX(r) 2rm
dr " " 3 ' (2.14c)

dA(r)
dr

A^(r) 4A(r)rm - 8f2r
3
r

(2.14d)

da(r)
dr

Y-1 V'^(r)
2  TilTT • (2.14e)

Substituting Eqs. (2.12) and (2.13) into Eq. (2.11a) and

employing the relationships in Eq. (2.14) eventually yields

^ + 1 A + (2y-3) 4^ - ["iMr) - ] \ If
ar'^ I a^(r) r^ j

\WT A^(r) a^(r) "7
m  2(22Y)Vl!l (;v(r)-2Jlr]

rV(r)

+  2mV^(r) 4m r

r\(r)a^(r) r\(r)

^4A(r)V(r)]

~7—
[mX(r)-2f2 ]\p =0 . (2.15a)
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The boundary condition is chosen as

or

u = 0 at r = r. and r = r
1  0

|£ ̂ ; 2mV(r) _ (2-y)V^(r) V g = q (2.15b)
I r^X(r) ra^Cr) ^

at r = r. and r = r .
1  0

The acoustic velocity function, a(r), is now specified in

terms of a selected reference velocity and the swirl velocity V(r).

The choice of reference point is arbitrary, but choosing either the

inner or outer wall of the annulus is considered to be the most

physically significant. Forcing a(r) to be constant at such a point

is equivalent to holding the temperature constant at that point; a

condition that is most likely to be encountered in an actual environ

ment. In addition, choosing the reference point at r = r-j eliminates

the singularities that arise in later formulations if the reference

point is chosen as r = rg. Thus defining

a* = a^ (r = r.) .

From Eq. (2.9),

r

rT(r-) =T(r- r,) / i v2{a)da
r.
1

or



n

r

a^(r) = a^(r = r^.)+Y-1 j ^ v'(a)da
' r.

1

= a^(r = r.)+^'4"4^ 4mn(-^]+ - rh
rT r \■ 1 y

To nondimensionalize Eq. (2.15), thus rendering it in a form that

can be solved numerically, introduce the transformation

^ = n , (2.16a)

^ = U , (2.16b)

kr^. = K , (2.16c)

(oj- kW)r.
;  ̂ = X , (2.16d)
a*

^  = G , (2.16e)

Then

S^r.

.  (2.16f)

0V(r) = a* I ^

= a* , (2.17a)
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A(r) =
'"mV

1

L n

★

77^1 ' (2.17b)

A(r) = 1

a* '

7
1

P  4$V, 1
- x:+—!-

1  n

= — A2 (2.17c)

a^(r) = a2
0^

-"2+40$£n(n)+"5^ ( -1 )
n

j /'

= 4 a, (2.17d)

A final substitution into Eq. (2.15) yields the second-order homo

geneous differential equation,

1  ) Vt 4A,0(2,-3)^.^(^,.24)) |£
.2

A a:

2  ,
<  1

\A
2  ®1

2  2(2-y)V, 2mV,
I-V—

1 a. n

4m0

n A1
il'lf (mA, -2$ ) ̂ p = 0, (2.18a)

I  /
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with the homogeneous boundary condition.

p = 0

at n = 1 .0 and n = ii . (2.18b)

Solution of this boundary value problem will yield the

eigenvalues, X, from which the frequency, oj, of the acoustic waves of

the unsteady swirling flow can be determined once the geometry of the

annulus, ro/r^, swirl flow, V(r), and wave number in the axial, k, and

circumferential, m, direction are specified.



CHAPTER III

SMALL SWIRL VELOCITY APPROXIMATION

To provide starting values for the numerical solution of the

problem, a small swirl velocity approximation is determined as

follows. For r and ^ 0 but small, assume

where

u = kW + + ar + ,

= k2 . ,
a^(r)

and the zero swirl solution.

CO = kW + a^-\/k^ +v^ ,

is easily derived from the basic equation.

2  2Then neglecting terms of order r , , and greater.

A^(r) =a* ( k^ +v^ ) + 2

fl(r) • - '

or + sn -
r

a*"\/ k^ +v^

r(r)

and Eq. (2.15) becomes

14
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3^p , 1 j. , 4mr V 9p^ J X^(r) ,.2 4mr
ar j r A(r)(

\  2
la^(r) 2  2 ' P ~ 0 ,

r A(r)
(3.1a)

B.C.

p = o
dr 2r'x(r)

Substitution yields

at r = r.j and r = . (3.1b)

4nir

I? .2 , 2+ a*l/ +v^ - ar - Bfi +- V(r
dr

j a^(k^+v^)+2 [ar+ V(r) | a*
+ \

7m

- k^-" 4mr

4
r _ + a^7 / k^ + - ar - BJ^ + - V (r) J j

)  P = 0 , (3.2a)

B.C.

3p+ J 2mV(r)
9r L+ a*"\/ k^+v^ - ar - Bfi+7 V(r) ] j

p = 0

at r = r^. and r=r^ , (3.2b)

and from the assumption of small r and fi,

da(r) - .,2V^
dr

(r) = 0

or

a(r) = a,
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Now using the expansion,

p = Pj + rpj + npjj ,

7  2and again ignoring terms of order r^, Q."- and greater, Eq. (3.2) can be

broken down as

.  1 ">0 , 2 \
- "7 ^0 = ° • (3.3a)

B.C.

9p
TT-^ = 0 at r = r. and r = r
9r 1 0

(3.3b)

+ 1 / 2 , /
—2" 7 TT N ^ ^ ' Pr = <—3r^ i r^ : ^ I 3

/  I r

4m

+ a,^ \/ k^ +v^

9P0
■  3r

B.C.

.2\

4m
2  :^/777

+ a*l/k^+v^
/ P0  '

(3.4a)

3Pp
Ir"

2m

i  k^ +v^
Pg at r = r^. and r = r^ . (3.4b)
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+ 1 '"n / 2 V , .
3r

V  y i

2(g-m) + ^V  ̂

Pn ' ( ̂ • )

B.C.

9p, 2m
3r + a*^/k^+v^

at r = r^. and r = r^ (3.5b)

To simplify Eq. (3.4), introduce \p defined by

I  m !
-j-cx /

Pr = ^ — , Pn ;
0

+ a^-^Jk^+v^

Eq. (3.4) can then be written as

3^1). .. 1 it . y„2 ir^ V , 2
*7 JF *■■''' -T8 r I r :

2  a m  1

2 /
r  /

k2.„2
3pQ , (3.6a)

B.C. I

If = 0 at r = r. and r = r^ . (3.6b)

Equations (3.5) and (3.6) are now in the proper form to

generate solutions involving integrals of Bessel functions which can be

evaluated.

For m > 0 the solution to Eq. (3.3a) is

Po = AJ^(vr) + BY^(vr) ,



where

B = - . . A

from the boundary condition, Eq. (3.3b), at r = r., and

18

< "''i ) '

JJ, ( ) Y' ( vr„ )m  0 m 0

= 0 (3.7)

from the boundary condition at both r = r. and r = r . To obtain the
1  0

inhomogeneous solution for ip and which will yield the values for

a and 3, evaluate the Wronskian

= V [ Jn,(^i")Y^(vr) Y_(vr)J'(vr) ]
m  m

_2_
Trr

according to Abramowitz and Stegun [4]. The solutions for ip and p,

are then given by

* = / T + 2 a - ■
"V k^+v^

AJ (va)+BY (va) j da
m  m i

+ Y.

''1

V . 2 2 I I I
+ 2 oi--^ j iAJ (va)+BY (va) ' da

m' m'
J

+ CJ^(vr) + DY^(vr) , (3.8)
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Pa '-■'m'P''' f fV""'
Pi

7 2(6-m)V k^+v^ AJ (va)+BY„(va) da
m  m

+ Vjvr) I f JJva) I k . AJJvo)+BYJva) da
r.

1

+ EJjvr) + FY^(vr) . (3.9)

Solving first for a, evaluate the boundary, Eq. (3.6b), using

Eq. (3.8). Then

CvJJ^(vr^.) + DvYJ^(vr^.) = 0

Cvj;(vro) + Dvy;{vr_^) = E .

where

^  i f
Pi

+ 2 a ;r
m
2

 \ "V k^+v^
 a. AJ (va)+BY (va) ; da

m  m i

- vY:(vrJ / ^ J (va) ■ + 2 am' "0' J 2
^i

m  \ "yk^+v
'  a,a  / '

AJ^(va)+BY^(va)j da
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To solve for C

C =

1  ° vY'
m
( vr. )

z vY'
m
(vrj

vj' {vr. )
m ^ 1 '

vY'
m
( vr. )

vJ' ( vr„ )
m ^ 0

vY'
m
(vro)

The determinant in the denominator is equal to zero from Eq. (3.7).

If the value of C is to be finite, the determinant in the

numerator must also equal zero. Therefore,

/  \
m

*  (cra-j ,J^(vo)da
\

■"i

J ' ( vr. ) r \

v; { vrj ) ) j
""l

J ' { vr. ) r°
^ y: ( vr' ) ''m ' ^''o ' /m ' 1

r.
1

Ignoring the trivial solution of A = 0 and employing Eq. (3.7)

in the form

Jra < """o' ''y ' jj, ("'•i ' ^'■q ' •
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it follows that

a = m — ,

^2

where

r
0

T, = 2J' { w, ) yj, ( vr^ ) i J^(vo)y^(vo)vdo
"■f

''o
- Y' ( vr . ) Y' ( vr ) / — J^(va)vdam  1 m 0 j va m

r
0

- JJ. < ' """o ' ; ■ (3-'0a)
r.

1

r
0

T2 • 2j;, ( vr. ) Y; ( vrj 0jJv0)Y„(vo)do
■"i

r
0

Y' ( vr. ) Y' ( vr ) aJ^(va)da
m ' 1 ' m ^ 0 ' ! m

r
0

"  ( ^'^■i ) Jm ( ) aYf(va)da . (3.10b)m  1 m 0 m



Using the same procedure,

g = m M -

where

22

^3 ~

J ' ( vr. ) Y ' ( vr )
j  (vr. ).^ 1-.Y (vr. ) °
m ^ ^ ' Y' ( vr. ) m ^ 1 '

m  1
vr.

) Y ' (vr. ) - J ' ( vr. ) Y ( vr )
m ̂  0 ̂ m m^ i m ^ o'

vr.
(3.11)

The integrals in Eq. (3.10) can be evaluated according to Watson [5].

The values of vr^. and vr^ are derived as the eigenvalues of Eq. (3.7)

in the form

Computed values of Z, a, and B are presented in Table 1
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Table 1. Small Swirl Approximation Coefficients

u m = 1

Z

m = 2 m = 1

a

m = 2
6

m = 1 m = 2

1.01 0.995 1.990 0.990 1.980 0.999 1.999

1.05 0.976 1.951 0.952 1.904 0.999 1.998

1.10 0.953 1.906 0.908 1.815 0.997 1.994

1.20 0.910 1.821 0.829 1.657 0.989 1.977

1.30 0.872 1.744 0.761 1.519 0.977 1.954

1.40 0.837 1.673 0.700 1.397 0.963 1.925

1.50 0.805 1.608 0.648 1.288 0.946 1.892

2.00 0.677 1.341 0.455 0.874 0.846 1.703

2.50 0.585 1.137 0.335 0.602 0.743 1.537

3.00 0.514 0.977 0.254 0.424 0.649 1.424

4.00 0.411 0.752 0.155 0.234 0.502 1.315

5.00 0.341 0.607 0.102 0.147 0.405 1.278



CHAPTER IV

APPRO)(IMATE SOLUTION NEAR A SINGULAR POINT

1. Mapping of Singular Points

Examination of the definitions of Eq. (2,17) reveals that, in

general, the functions and A, will have singular points, n ,
"1 A"! I c

for selected values of 0, <I), X, m, and k. The singular nature of the

function ̂  has been eliminated by the choice of the acoustic
1

2  2 1reference velocity a^, = a ( r = r.) forcing — to be uniformly
1  a^

increasing from n = 1.0tori = y. A similar alternative is not

available, however, for the terms ̂  and A,,
Ai 1

An indication of the prevalence, over the range of interest,

of singular points in these functions can be determined using the small

swirl approximation previously derived. For selected values of 0, $,

m, and k the small swirl approximation will yield an approximate value

for X as

X =l/<^ + + aG + . (4.1)

For the function ̂  the position of the singular point, n , is
A"! c

then determined from

mV,

A, = —- X = 0
1  n

24
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or

" '^1 " \/X - ni$ '

and for the function ,

2-At + —^ = 0
1  n

or

\ = ^2,3
-B +V b2 -4C

where

B = [ 44 - 2tn ( m4 - X ) ]0
[ 44^ - (ni4 - X )^ ]

2 2,  -m 0^
[ 44^ - ( m4 - X )^ ]

Note that while there are, in general, two values of for

the function ̂  and four values of for the function , at most one
of the former and two of the latter can fall within the range of

interest, 1 .0 < n < y.

A grid of points is established that represents the values of

0 and 4. The grid points are spaced at intervals of 0.2, and 0 and 4

range from -2.0 to 2.0 along the x- and y-axis, respectively. The

value of each point is initialized to zero so that the grid appears as

in Figure 1.
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CO
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<I>\ CSJ
1 1

r-H

1 1

1—H

1

f—H

1
o

1
o

1
o

1
o

1

o o o o o 1—1 1—1 r-H t—1 CM

2.00 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0

1.80 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0

1.60 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0

1.40 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0

1.20 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0

1.00 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0

0.80 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0

0.60 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0

0.40 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0

0.20 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0

0.00 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0

-0.20 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0

-0.40 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0

-0.60 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0

-0.80 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0

-1.00 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0

-1.20 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0

-1.40 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0

-1.60 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0

-1.80 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0

-2.00 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0

Figure 1. Initial grid.
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Position n-i is calculated for each grid point and if n-i falls

within the range from 1 .0 to y the value of that point is increased

by one. Positions r]^ and 03 are then calculated. If one of the two

falls within the range 1 .0 to y the value of the grid point is

increased by two. If both fall within the specified range the value of

the grid point is increased by four. Completed grids are presented in

Figures 2 and 3 for y and m within the range of interest.

2. Method of Solution

Thus, over a substantial portion of the range of interest, it

is to be expected that the functions y- and A, will contain singularAi I

points. As the numerical integration will break down in the vicinity

of a singular point it is therefore necessary to employ the method

developed by Fuchs and Frobenius [6] to generate a solution of the

basic equation which is valid in the neighborhood of a singularity.

9dSuch a solution will yield values for p and ̂  at some n > n so that
of) C

the integration may be continued.

The method of solution involves the expansion of the coef

ficients of the basic equation around the singular point so that the

equation can be written as

iSU) §* T(£;)p ,

where

? = n - ,

S(c) = + + + ... ,

T(C) = Tq + T^C + T2?^ + T35^ + ... .
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Note that the functions S(C) and T(?) are not the entropy and tempera

ture functions, but are chosen to be consistent with the notation in

the cited reference. The resulting solutions are of the form

p = aQ + a^? + a2?^ + a3?^ + ... j ,

where the exponent p takes the value of the roots of the indicial

equation

ag P ( P-1 ) - PSg - Tq 1 = 0 .

The coefficient ag is chosen equal to one with no loss of generality,

and the remaining coefficients, a^, are determined from the coef

ficients of S(5) and T(C).

In general then, as 5 is very small.

V, = — + $0
1  n

=  + <f (n +U
n, n 1
' \ ^c /

c  \ 1, /

= Yi + .
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Similarly,

X, ■ V5 + _

A, = *22 ''235 *24?^ + *25?^ ■

° *26 * *27^ *28^ * *29^ •

a, ° *35 *36^ *■ *37^ * *38^^ •

where the coefficients are contained in Appendix A.

3. Singularities in
^1

Solving for an expression that is valid near the singular point

of the function ^ , it is necessary to derive an alternate expression
for than the one contained in Section 2: one that expresses the

singular nature of this function near n^. Instead,

1  _ 1
X, mV-,

' —- X
n

1

m$ - X + -2
n

2
n

(m$ -X) :
X - m<f
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2

(ni$-X)C(C + 2n^)

Y
39 7_££. + Y +Y r + Y ?■5  '40 Uz^

Substitution into the basic equation, Eq. (2.18), will yield the

functions 3(0 and T(C) from which a series solution may be generated.

The special case of $ = 0.0 must be handled separately as the

function A.| reduces to - in this instance. For $ = 0.0, Eq. (2.18)
^1

becomes

I  \

d^p , J 1 ,(2y^3)0^ 4n]0 , dp
H 2 ^ ] n 3 dpan ( n a-j n X.| ; '

f 2 >
, Ml ,.2 mM 2(2-y)0^ 4m0 ,2(2Y-3)m0^ . 8mV , . „

and substitution yields

Sn = -1 Yi ^43 /
!  1 - 3YI  ̂ '3

S  = « 1 Y +^1 'V44 n
\  c

.  . l-6y,3\
2"

.  . 1-,0Y,3
^3" ■ '/46"or"'~r'"—3—



T  = - (' Y'O ^63 / '

35

"^1 " ' ( ̂50 "^^56 "^^64 / '

/ 2
"''2 " " I ^ " 2 "^^51 ̂ ^57^^65 i '

"^3 " "i 3 "^^52 ̂ ^58 "^^61 , '

P^ = 2 ,

Po = ■> •

A solution, , using P-] = 2 may be generated in the form pre
viously described. As the roots of the indicial equation differ by an

integer, however, P2 must be formulated as

p., = Cp,(?)TVS/ dC/ ^ exp^  J P^U)
S(6)

J
d6

Evaluation of the integrand yields the general expression

S  2pP2 = Cp^(C) ] c ° ^ ( gQ+g^C+g25^ + g3S^ . . . ) dC ,



where

90 = 1 .

9i ~ ^"1 ~ '

36

92

S-j + $2 2
2  +3a^ - 2a2 ,

s- S,Sp S:^ / . \ / -
93 (St+S2 lM3a2-2a2!sT

/  \ /

+ 6ar|a2 - 4a^ - 2a2 .

Substituting the specific values of Sq and yields the final

expression

p2 = C

= C

hQ + h^C + h2C^ + h3C^ + ;C^+ a^C^ g^£n?

h(?) + + g^i^nC ,

where

h. =

h, =

0  ,

-1 ,

ho = - a

ho = - ao +2 + 92

As the integration process will be terminated for some

n < or c < 0,
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p = I C"! + iC2 p"! + i + iC^ P2 - ""^91 ( '

do I \ ^ \ ' ̂ ^2 2^^'

L

Using the known values of p and-^, the coefficients C can be
dp n

determined using well-established matrix methods. Once these coef

ficients are known, the values of p and may be determined at a new

point, C > 0, sufficiently past the singular point for the integration

to be continued. The implementation of this procedure is discussed in

greater detail in Chapter V.

For the case of <i> ^ 0,

Sq 0 ,

S, =
^^^67^^73

9

C  - /^es"^ ̂ 4^, / ^ ^^67^^73

,  . , / *68^''74^ ! '"''67"*73^
c

^0 " "i ̂ 80 /

"""l ^ "( ̂ 81 "^^90 ̂ ^96 ̂ ^111 ) '

"^2 " ■ ( ̂82 ̂  ̂2 ^91 ̂  ̂93 ̂  ̂97 ^112 / '
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"^^83^ 3 ̂^92 ̂ ^95 "^^98 "^^113

and

where

Pi -

P2 =

Po

1  .

0  ,

h(C) +( C + a^5^ + a2?^) g^£nC | ,

-1 ,*^0 "

- a.

^3 ̂

92-32 '

93
T-^ 92-^3

4. Singularities in A-j

For a solution that is valid near a singular point in the

function , a new expression must be determined for A^. From

„2 _ B +V -4C
" " 2

Note that for n to fall within the range 1.0 < n < p, n must be real
C  C O

and have at least one positive value. Denoting the two possible values

2  2 2 2of n^. as rig and ri|^» let be positive and its positive root. Then
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4

An =
^

n

 [4$^-(m$-X)^][n^+Bn+C]

4
n

[ 4$^ - (m$-X)^ ] ( n - ) ( n + ij, ) ( )

Then

=  + + + 2 2—T
25rij.+nj, -n|j)

''iu\5 c c .

/  2 3 \
1  M P(g)+P (g) P^(C) + )

^n 5 i ^115 Y Y ^ ''' /
\  ni5 ni5 /
\

= _11£ + Y +Y £ + Y
C  120 n2P^M22^ •

^0 " " ^ ^127 ̂ '

S  = - ̂  f^l +Y +Y -^1
^  no V ̂ '67^^128

s  - Li^y -Y ' ' ■^''67'^''i28 ' *127 12" " 1c ^*68, *129 -;rj ■
.  . 1 f'v .y (*68^*129) , ('^-'67^*128' *127^3 - n.l '69**130 T T- ,

^ \ . " "c \ /
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To = 0 ,

"^154 ̂  '

\

m

"""z " " (^131 ■ 2 ̂^135 ̂ ^93 "^^137 "^^155 /

^^132'^^3 "^^136'^^95"^^138"^^156 ) '

h = 2  ,

P2 = 0 ,

and

P2 ==  C

where

h(C) +( )g2Jin5

^ =

^ = 9l -T

^2 ̂ ■ T

^3 " 93' ̂29] ' 2



CHAPTER V

NUMERICAL SOLUTION

The second-order differential equation, Eq. (2.18), can be

reduced to a system of simultaneous first-order equations which can be

solved by an application of the fourth-order Runge-Kutta methods,

widely used in numerical solutions to differential equations. The

Runge-Kutta method is chosen despite its requirement for four function

evaluations per step, as the steps can be taken much larger than other

methods for the same accuracy. In addition, the variable step size of

the Runge-Kutta method lends itself well to the problems associated

with integrating near a singular point.

Suppose Yi(n) is the solution of Eq. (2.18) and T2(ri) is its

derivative

Y^(n) = p

Then Eq. (2.18) is transformed into the system of first-order initial

value problems

Yj (n) = ̂ "2(11) (5.1a)

41
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'  2
V  4A 0

Y;(n) = - i /] +(2y-3) -2$ ) Y„(n)

1 ^2 1 \ 2(2-y)V, 2"'v3
A, 1 ,2 "a,/ " 2 2 (V^-2$n) 31 \A,| 1/ n n a-i n A,|a,|

4m0 ̂  '^'^1^10
4, 4
^  n

^1 2m i(2-y) I (mx,, -2$) Y^(n) (5.1b)

1  < n < y

with the initial conditions

Y^(l) = 1.0 (5.2a)

2mV, ,
Y2(1) = - + (2-y)V^ . (5.2b)

If there are no singular points within the range of inte

gration, the solution is a straightforward application of the Runge-

Kutta method followed by an evaluation of the boundary conditions

(B.C.) (Eq. (2.18b)) at n = p using the computed values of

P = Y^(y)

f = ■

If there are singular points present, the range of integration

is divided into segments, as shown in Figure 4, such that there are

two segments between each singular point. The initial band width from

0 to 0 was chosen after some trial and error to be equal to 5 x 10"4
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1  -4
for singular points in and 1 x 10 for singular points in A,. ThenAi I

to transition across a singular point, as in from 0 to 0, the values

of Yi(n) and Y2(n) at 0 and the approximations developed in Chapter IV

are used to generate new values of and Y2(n) at 0.

The Runge-Kutta subroutine used contained a control to dis

continue the integration if the stepsize was decreased, below a certain

input value, to maintain the desired accuracy. In the region close to

a singular point this control is exercised and the integration process

either stops or cannot be started. Thus, if the integration process

is discontinued for a segment followed by a singular point, it can be

assumed that the bandwidth around the singular point is insufficiently

large. It is, however, only necessary to set 5 equal to the value of

- ij, based upon the termination point of the integration to perform

a valid transition across the singularity. If the integration process

cannot be initiated on a segment immediately following a singular

point, it can also be assumed that the band around that singularity is

insufficiently large. The solution in this case is to integrate again

over the preceding segment and increase the bandwidth by an arbitrary

amount that was chosen equal to 1 x 10"'^. This basic procedure is

easily modified to handle the influence of singular points positioned

just outside the range of integration. A flowchart of the integration

process is presented as Figure 5.

Initially, it was planned to use the small swirl approximation

to generate an initial value for X, modify X by a small amount,

1  x 10"2, then use the secant method to iterate to the desired eigen

value based upon the value of the boundary condition for X and

X - 1 X 10"2. Some initial computations demonstrated the



X » X + fiX

ENTER

1
STARTH = O >1.0

T1 =Yi{1.0)
12 •Y2(1 -0)

Calculate n(;( I) .1 =1.3
and order from least
to greatest
Determine I for

greatest
n^d) < 1.0

EC -nc(I+1)
EC <u

No Yes

(® + u)/2.0
/

(D

Yes

(® + EC)/2.0
/

®

No No Yes

u

!
END

No Yes

If ' f

a = 4+ 1x10"^
Yi(n)• Yl
Y2(n) -Y2
ncd)>1.0

5
No

STOP-EC u-EC '  • Accuracy

No

Y1 "Ydn)
Y2>Y2(n)
STARTH - END

1=1+1

Yes

®-1.0 -Hj-d
®=®+A

Yes

iX < 1*10
-5

No Yes

n (I)
r '•

'sTARTH
>0«END-EC

r 1

EXIT

45

Explanation of Symbols:

i  [ Employ the appropriate approximation for the type of singularity involved
^  using the known values of Yi(n) and Y2(n) at n > ® to generate the new
^ ̂  values of Ydn) and l^M at n + ® .

® Runge-Kutta integration from ® to ®. The value of the variable of
f  integration at termination is denoted as END. The negative branch for the
0 integration is for the case of END f '.3 ^nd the positive branch corresponds

to END = ® .

Figure 5. Flowchart of the integration process.
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approximation to be insufficiently accurate for large values of $ and p

to generate a consistent solution. Therefore, a modified approach was

adapted.

Let X(0,ii)) equal the computed eigenvalue for a grid point as

depicted in Figure 1, page 26, and X55(0,(i)) the computed small swirl

approximation of the eigenvalue for that point. The initial point

X(0,0) was computed based solely on Xss(0,0) and the method described

in the previous paragraph. Then the initial estimate of an eigenvalue

for grid points where 0 = 0 was for $ >0

X = X^^(0,$) +[X(0,<f-0.2) - X^^(0,$-0.2) ] ,

and for grid points where 0/0,

X = X(0-O.2,'I>) +0.2a .

These initial estimates were reduced by 1 x 10-2 for the

second integration and thereafter the secant method was employed to

iterate to the final solution.

The order of solution for the upper portion of the grid is

shown in Figure 6. The mirror image of the process was used to

evaluate the lower portion of the grid.

For this investigation, < is specified = 0.0 and Y = 1.4 (for

air). The computed eigenvalues (Tables 2 and 3) are presented in

Appendix B.
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CHAPTER yi

CONCLUSIONS

Previously, Chu [2] has conducted a similar investigation for a

flow composed of only a free vortex, using an equation in terms of rv

rather than p. The acoustic reference velocity was chosen ar r = r ,
^  CO '

but some data are available for a reference velocity at r = r . The
0

current formulation, changed to reflect a,^ = a(r = r^) was compared

to Chu's results with excellent agreement over the full range of p

and 0. As the approximations developed in Chapter IV were used for a

significant portion of the comparison, they can be assumed to provide

valid results over the expanded range contained in the present investi

gation.

As k = 0 for this investigation, the frequency of the acoustic

waves, CO, can be assumed to be proportional to the computed eigenvalue.

From the conventions established in Chapter II, the wave of the

unsteady disturbance moves in the positive 0 direction for oj > 0. Then

for 0 and > 0 the unsteady disturbance and the swirling flow are

moving in the same direction, and for 0 and < 0 they are moving in

the opposite direction. The reverse is, of course, true when co < 0.

When 0 and $ are not of the same sign the possibility exists for a

mixed flow in which a portion of the flow moves with the unsteady dis

turbance. The existence of a mixed swirling flow has a definite

effect on the resultant frequency of the unsteady disturbance, as will

be seen.

48
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A comparison of the computed eigenvalues, shown as symbols, and

the Small Swirl (SS) Approximation, shown as solid lines, is shown in

Figures 7 through 14. Although data for m = 2 are not shown, the

curves show the same effects.

For small values of y, the velocity is essentially constant

from r^. to r^. The SS approximation, which can be considered equiva

lent to an approximation for small changes in the swirl velocity,

would be expected to yield good results in this instance. Figures 7,

8, 11, and 12 demonstrate that this agreement is quite satisfactory.

For small values of $, the SS approximation yields a good estimate of

the frequency throughout the range of y and 0. This can most probably

be attributed to the nature of 0's contribution to the swirl velocity.

In Figures 15 through 26, curves of constant 0 and <I> are

plotted to show the effect of y on the frequency. From Figure 16, it

appears that the contribution due to 4 is essentially unaffected by y,

and the frequency increases as $ increases. From Figure 19, it can be

seen that, as y increases, the frequency increases for 0 < 0, and

decreases for 0 > 0.

For large values of y, the effect of changes in 0, when $ = 0,

are minimal, as might be expected. As y increases, the swirl velocity,

except for r close to r^., becomes very small and is not greatly

affected by changes in 0. The resultant frequency would then be

expected to approach asymptotically to some constant value.

The curves for m = 1 and m = 2 show the same behavior over the

range of $, 0, and y,, except when there is a mixed flow. The effect
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of m appears to be a multiplicative constant of the basic frequency of

the unsteady disturbance when m = 1.

Finally, in Figures 27 through 34, curves of constant 0 are

plotted versus $ to show the effects of the combination of 0 and

Note that the frequency increases as 0 increases for a constant value

of Also note that again, except as mentioned previously for mixed

flows, the effect of increasing from m = 1 to m = 2 has been to double

the resulting frequency.

In general, when 0 and are of the same sign, the curves

exhibit a strong linearity. When there is a mixed swirling flow,

however, the relationship to the resulting frequency is more complex.

It would appear that the frequency in this case is related in some way

to either the average strength of the swirling flow, the result of

integrating the swirling flow from r. to r^, or a combination of both.
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APPENDIX B

COMPUTED EIGENVALUES

A complete list of the numerical results of this investigation

is contained in this appendix. Data are presented for specified values

of M, K, and y. The value of $ is varied by row and the value of 0 is

varied by column as indicated.
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Engineering Development Center. After a one-year delay to complete

pilot training for the USAF, he subsequently received a Master of
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