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Abstract

This dissertation focuses on developing two mathematical models applied to spatial ecology
and epidemiology. More specifically, one model considers the spatiotemporal dynamics of a
population with its resource while the second model studies the dynamics of a Zika Virus
epidemic.

The effects of habitat heterogeneity on a diffusing population are investigated here. We
formulate a reaction-diffusion system of partial differential equations to analyze the effect of
resource allocation in an ecosystem with resources having their own dynamics in space and
time. We show a priori estimates to prove the existence of state solutions given a control.
We formulate an optimal control problem of our ecosystem model such that the abundance
of a single species is maximized while minimizing the cost of inflow resource allocation.
In addition, we show the existence and uniqueness of the optimal control as well as the
optimal control characterization. We also establish the existence of an optimal diffusion
rate. Moreover, we illustrate several numerical simulations with Dirichlet and Neumann
boundary conditions with the space domain in 1D and 2D.

Zika virus (ZIKV) is a mostly non-lethal disease in humans transmitted by mosquitoes or
humans that can produce severe brain defects such as microcephaly in babies and Guillain-
Barré syndrome in elderly adults. The use of optimal control strategies involving information
campaigns about insect repellents and condoms alongside an available and effective vaccine
can notably prevent the number of infected humans with ZIKV. A system of nonlinear
ordinary differential equations is formulated for the transmission dynamics of ZIKV in the
presence of three control strategies to evaluate the impact of various scenarios during a ZIKV

epidemic. In addition, we estimate parameters using data from previous ZIKV outbreaks in



Colombia and Puerto Rico to capture the dynamics of an epidemic in each country when

control measures are available.
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Chapter 1

Introduction

Optimal control theory can illustrate choices of control actions in biological models to
achieve desired goals. In this dissertation, this theory is applied to systems of ordinary
differential equations and partial differential equations in mathematical epidemiology and
ecology. Mathematical epidemiology studies the spread of infectious diseases in a population
at the community level. Hence, building epidemic models can help epidemiologist to answer

questions such as:
e What are necessary interventions to reduce disease transmission?
e When do we expect the incidence of a disease to peak?

Mathematical ecology studies the behavior of ecosystems by explaining topics like population
growth, food webs, group dynamics, population movement, evolution etc. In this case,

ecological models are a powerful tool for ecologists to address questions such as:
e What features would impact the total population size of a species?
e How does spatial heterogeneity impact the total population size?

Optimal control theory studies the dynamics of a system with control variables under a given
objective functional to optimize. The main idea is to formulate an optimal control problem
consisting of a dynamical system, an objective functional, control variables, coefficients or

source terms. We will see that these optimal control results can provide advice to public



health policies to alleviate deadly epidemics or to choose management strategies in order to
preserve endangered ecosystems.

Motivated by the work of Loreau [31] in connecting population dynamics with ecosystem
functioning, the first part of this dissertation focuses on understanding the effect produced
by resources that are allowed to vary in time and space on a diffusing population. In order
to capture the dynamics of the population and its resources, in Chapter 2 we formulate the

following resource allocation model for a diffusing population

Ny — dAN = azasNR — uN on )

R, =I(x,t) —asNR+ puN — qR on Q

N(z,0) = Ny(z) on )
R(x,0) = Ro(z) on
N(z,t)=0 on 02 x [0, 7.

where N and R are the state variables representing the population and resource densities.
The function I(z,t) represents the input amount of resources and we think of it as an external
factor that could increase growth of the population. In a plant ecosystem, one can think of
I as the input amount of inorganic nutrients that impacts the ecosystem through processes
such as water flow or nitrogen-containing fertilizers [31]. In Chapter 2 we provide biological
interpretations of all other coefficients as well as the meaning of boundary conditions and
initial conditions for our problem. Thus, if we are given an external input rate of resources
to improve the population size of a species across space and time, what would be the best
way to do this? Here we understand “best” as the benefit for the population while taking
into account the cost corresponding to the optimal input rate of resource. Motivated by this
question, we formulate an optimal control problem subject to the resource allocation model
whose goal is to maximize the total population abundance of the species and to minimize
the cost associated with the input rate of resources. Therefore, we will require optimal
control techniques applied to PDEs to solve the desired optimization problem. We begin by
showing the existence of weak solutions corresponding to the state variables. The optimality

system consists of the state system, adjoint system and the optimal control characterization.



Then, we prove a priori estimates to show the existence and uniqueness of solutions in
the optimality system in the corresponding weak sense. In addition, we investigate the
effects of different diffusion rates on the values of the objective functional. We provide
several numerical examples of the model with control to illustrate its impact in providing
management strategies. We implement the Forward-Backward Sweep method in MATLAB
to numerically solve the optimality system.

The second part of this dissertation studies the dynamics of a Zika Virus epidemic (ZIKV)
when three time dependent control strategies are available in the population. In order to
understand the spread of ZIKV in a community, in Chapter 3 we formulate the following
system of nonlinear differential equations

L(t)
Ny(t)

(1= (1) = aS(0) g 01 = (0) = 6070

§'(t) = pN(t) - BS(t)
+wV(t) — pS(),

VI(t) = ¢(t) fS(t) —wV (t) — pV (1),

L,(t)
Ny(t)

I'(t) = kE(t) = (v + )1 (1),
R(t) = ~vI(t) — pR(t),

: I(t)
Sv(t) = ,quv<t> - stv(t) - ﬁvSfu(t)—7

(t)
% — (o + 1) Ey(t),

Izl;(t) = nEv(t) - Nvlv(t)’

(1= () + aS(0) (1 = wa(8) = (s WE(D)

E'(t) = BS(t)

E,(t) = BuS.(t)

to capture the dynamics of human and mosquito classes throughout the course of the
epidemic. The state variables S, V, E, I and R correspond to susceptible, vaccinated,
exposed, infected and recovered human classes. Similarly, the state variables S,, F, and I,
are the susceptible, exposed and infected mosquito classes. The control functions uq, us and
¢ represent the effort of implementing information campaigns to promote the use of condoms,
insecticides and vaccination to alleviate the human and mosquito transmissions. We find the

basic reproductive number of the model to identify the number of secondary cases produced



by one infected individual at the beginning of the epidemic. We also show some existence,
uniqueness and positivity results of the solutions to make the model biological feasible. Now,
in the scenario that a ZIKV epidemic emerges and these control strategies are available to be
implemented under certain constraints, we would like to know if there is a way to optimally
deliver personal protection and vaccination campaigns that can minimize the total number
of new infections by the end of the epidemic. Motivated by this question, we formulate an
optimal control problem subject to our ZIKV epidemic model with the goal to minimize
the total number of ZIKV infections while minimizing the costs associated to implementing
the controls. In this part, we will require optimal control theory applied to ODEs. We
demonstrate the existence of an optimal control and derive necessary conditions for the
optimal control problem by using Pontryagin’s Maxmiun Principle [42]. In an effort to apply
the optimization problem to a real world ZIKV epidemic, we collect weekly incidence data
from two previous ZIKV epidemics in Colombia and Puerto Rico to estimate transmission
rates, incubation periods and reporting rates. We want to estimate the reporting rate since
most ZIKV cases are not reported due to people with the disease having mild or no symptoms.
The parameter estimation scheme consists of minimizing the square error of the incidence
between the model and the data. To accomplish this we use MATLAB functions fmincon
and MultiStart. The function fmincon solves the minimization problem subject to some
constraints and the function MultiStart allows us to run the minimization problem multiple
times from different start points. Once these key epidemiological parameters are estimated,
we illustrate many numerical simulations for each country to realistically capture a ZIKV
epidemic in presence of different control strategies. Our simulation results can quantify the
number of new infections that could be prevented if timely actions are put in place. These
results also report the cost associated with the epidemiological outcomes and the intervention
strategies. Based on our results for each country, public health agencies can quickly provide
necessary recommendations to mitigate the spread of the disease and prevent ZIKV side

effects such as microcephaly in babies and neurological disorders in adults [37, 39, 9].



1.1 Optimal Control Problems with ODEs

The basic idea formulating optimal control problem with one ordinary differential equation
consists of finding a piecewise continuous control u(t) and the associated state variable x(t)
such that a given objective functional can be maximized as follows:

J(u*) = max J(u)

subject to z'(t) = g(t, z(t), u(t)) (1.1)

x(tg) = xo and z(t) free,

where the functions f and ¢ are continuously differentiable in all three arguments, the

objective functional is expressed as

() = /t L H(t 28, u(t))dt

in terms of the control w with its corresponding state (denoted by x(u) to show the

dependence on u) and the set of admissible controls is given by
U={ue L>®[ty,t1] : a <u(t) <b}

where a, b € R.

When an optimal control u* with associated state x* exist, one can use Pontryagin’s
Maximum Principle [28] to derive necessary conditions for the solution of the optimal control
problem by formulating the Hamiltonian (H(t,z,u,\) = f + Ag), the adjoint differential
equations (') with corresponding transversality conditions (A(t;) = 0) and the optimality
equation (H,, = 0) to characterize the control in terms of 2* and A. Thus, we have turned the
original maximization problem into maximizing the Hamiltonian with respect to the control
u. The state and adjoint differential equations along with the characterization of the optimal
control are called the optimality system.

In some cases one can show the existence and uniqueness of the optimality system by

making assumptions on the functions f, g [19]. For instance, when these functions are



Lipschitz continuous with respect to the state and adjoint variables, then the solution of the
optimality system is unique for small time. Later in Chapter 3, we will show the existence
of an optimal control triple (u}, u}, ¢*) with associated states by showing the existence of a
minimizing control sequence that has a weakly convergent subsequence. Then we will use a
property of L? with respect to the weak convergence to show the limit is a minimizer for the

objective functional.

1.2 Optimal Control Problems with PDEs

The basic ideas of optimal control problems involving systems with space and time were first
developed by J-L. Lions [30]. The important Pontryagin’s Maximum Principle in the ODE
case cannot directly be used to study the PDE case. However, Li and Yong [29] present
some results involving “maximum principle” type results. Here, we outline the technique of
optimal control for one parabolic PDE following the book by Lenhart and Workman [28].
First, it is fundamental to choose a weak solution space for PDEs, since classical solutions
may not exist for nonlinear PDEs with L*> controls. That is, the state solutions may not
have all classical derivatives. Hence, a convenient solution space for most parabolic PDE

problems with controls is
w € L*([0, T]; Hy(2)) N L=(Q) and w, € L*([0,T]; Hy (2)"),

where Q represents the spatial domain and @ = € x (0,7). Let U be the set of all
admissible Lebesgue measurable controls with lower and upper bounds and consider the

following problem

Aw = f(w,u) in Q (1.2)

with corresponding initial and boundary conditions. Here, A is a parabolic partial differential

operator and u € U is any admissible control. The goal is to find u* € U such that

J(u*) = sup J(u)



where

J(u) = Lg(m,t,w(m,t),u(x,t)) dxdt.

Observe that we want to maximize J constrained by our problem (1.2). One needs to show
that for any given u € U, there exists an associated state solution that depends on u. In
this case, we write w(u) showing that w depends on w.

We require a priori estimates of states in the solution space to support convergence of
a maximizing sequence and finally prove the existence of an optimal control v* € U. Such
estimates provide the existence of a maximizing sequence u,, € U. It has to be shown that
indeed w(u*) = w*, i.e., w* is the state associated to the optimal control u*. Furthermore,
if one can show that

J(u*) = sup J(u)

well
then u* is an optimal control for problem (1.2).

As in the ODE case, we need to derive the necessary conditions for our optimal control
problem with our PDE. We first differentiate the objective functional J with respect to the
control u, but since w = w(u) also contributes to J, we also have to differentiate w with

respect to u. The two maps to differentiate are
uwir— J(u) and uwi— w(u).

The map u +— w(u) is weakly differentiable on L?([0,T]; H;(£2)) such that

lim w(u + ek) —w(u) _

e—0+ €

where k is a variation function that can have any sign and u+¢ek € U. The function v is called
the sensitivity of the state w with respect to the control u. One more time we require the use
of a priori estimates on the difference quotients in the solution space to justify convergence
and existence of our sensitivity ¢). The function v solves a PDE with corresponding initial
and boundary conditions. The linear operator of the sensitivity PDE is a linearized version
of the initial PDE operator A. By using the operator in the sensitivity PDE one can derive
the operator of the adjoint PDE, the corresponding boundary conditions and adjoint final



time conditions. The adjoint PDE would have a nonhomogeneous term carries the effect
of the state on the goal. Finally, we can characterize an optimal control by differentiating
the map u 1— J(u) at an optimal control u* and using the adjoint and sensitivity PDEs
to simplify the expression. The state and adjoint PDEs together with the optimal control
characterization is called the optimality system. Note that one must show separately that

the optimal control is unique.

1.3 Optimization Tools: fmincon and MultiStart

In Chapter 3, we estimate parameters of the Zika model using the MATLAB functions
fmincon and MultiStart. The fmincon function is a nonlinear programming solver that can
find a minimum of a multivariate function subject to nonlinear constrains. There are five
different large-scale or medium-scale fmincon algorithms. In our case, we use the interior-
point algorithm (default) since it has a low memory usage and solves large problems quickly.
The MultiStart function runs a local solver several times from different start points to find
multiple local solutions of the objective function that can lead to the solution of a global
minimum. Thus, to run the MultiStart function we create a global optimization problem
consisting of the fmincon solver with interior-point algorithm, the objective function to
minimize with corresponding upper and lower bounds, and the number of start points to
run the solver. The objective function in our case corresponds to the normalized ¢? error

between the incidences of the model and the data.



Chapter 2

Resource Allocation in a PDE

Ecosystem Model

2.1 Introduction

Heterogeneous habitats impact the dynamics of a diffusing population. Scientists have
opted to use reaction-diffusion equations with varying coefficients to model this effect
[7, 32, 31, 13, 57, 59, 3]. Some of the advantages of using reaction-diffusion models with
spatial heterogeneity is their flexibility in types of rates and boundary conditions. Here, we
review some mathematical work over the past few years and discuss some of their results
applied to spatial ecology. In this work, we are interested in systems in which the population
as well as the resource vary dynamically.

Cantrell and Cosner [6] were motivated by the work done by Skellam [46] to assume that
the population can diffuse through the habitat via random walks and the population can
have a linear or logistic growth rate with spatially dependent coefficients. The general model

proposed by Skellam was
uy = dAu + m(z)u — c(x)u®  in Q x (0,00) (2.1)

subject to necessary boundary and initial conditions. In this model, u(z,t) represents the

population density, m(x) is the intrinsic growth rate and c(x) is the carrying capacity.



Hence, in order to model the long term growth and spread of a population, Cosner and
Cantrell examined a number of one dimensional cases where the local growth rate m(z) is
a piecewise constant function which has positive effect on part of the habitat and negative
effect everywhere else. We will discuss later an alternate view of the carrying capacity of
this equation.

Cantrell and Cosner [7] discuss the mathematical development of reaction-diffusion
theory and its applications to the study of populations and communities of populations
in bounded habitats. They consider linear reaction-diffusion models for a single species in
an isolated bounded habitat. Subsequently, they considered the steady state analysis of
density dependent reaction diffusion models for a single species in a bounded habitat. Some
examples included here are cell and molecular biology, immunology and epidemiology as well
as ecological and evolutionary dynamics of interacting populations.

Lou in [32] analyzed the effects of migration and spatial heterogeneity of the environment

on the total population size at equilibrium of a single species,

pAu+um(z) —ul =0, uw>0 in{

%:O on 0f)

(2.2)

where u is the population density, p is the migration rate and m(zx) is the local intrinsic
growth rate. His results showed that the total population size is maximized at some
intermediate migration rate and heterogeneity of the environment (m(x)) increases the
population size. The ideas from a single species case were also applied for a two-species
Lotka—Volterra competition model including migration. He concluded that when migration
is present, the invading species eliminates the resident species at every point of the habitat.
However, without migration, the two species can coexist at every point of the habitat. In
Zhang et al. [58], the authors tested experimentally the mathematical results of Lou [32]
for a single plant population to measure the impact of diffusion and spatial heterogeneity.
They planted duckweed (an aquatic plant) along water containers where resources were
heterogeneously and homogeneously distributed. The diffusion rate was controlled manually

between the containers. The experimental results showed that duckweed biomass was
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maximized at an intermediate diffusion rate which agreed with the theoretical results [32, 43].
With this experiment they found evidence that diffusion in a heterogeneous environment
can result in higher population biomass than a population diffusing in a homogeneous
environment.

DeAngelis et al. [13] extended the results found by Lou in [32] that population diffusing
at any rate in an environment with spatially dependent intrinsic growth rate can reach a
higher total equilibrium biomass than the population with constant intrinsic growth rate.
Hence, in order to make their model more practical for ecologists, they broke up the local
intrinsic growth rate and carrying capacity m(z) in Lou [32] with two new parameters r(z)
and K (z). Here, r(x) represents the intrinsic growth rate while K () is the carrying capacity.

The model proposed in this paper is given by

U
dAu—l—ra:u{l— }:O uw>0 1in
o K(z) (2.3)
ou
a—n:O onf)Q.

They also studied the case when there is a positive correlation between r(z) and K(z)
when dispersal rate d is small. Some implications for population and conservation ecology
such as experimental tests for a single plant population exposed to spatial heterogeneity
as it diffuses and source-sink experiments were also discussed. Some papers that have
tried to test experimentally these implications are in [57, 24, 56]. For instance, Zhang
et al. [57] extended the results in DeAngelis et al. [13] and considered a population
(budding yeast) with exploitable resource (tryptophan) to test that population diffusing
in a heterogeneous environment increases the total population size at equilibrium. Later,
He et al. [24] investigated the dynamics of the consumer-resource reaction diffusion model
proposed by Zhang et al. [57] for heterogeneous and homogeneous environments. In the case
of homogeneous environment, they determined global stability of the constant steady state
as well as conditions between the yield rate and resources. For heterogeneous environment,
they analyzed the existence and stability of positive steady states as well as the persistence

of time-dependent solutions.
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Ding et al. [16] were motivated by the work of Cosner and Cantrell [6] on how to find the
optimal spatial distribution of resources for species to survive. With this idea in mind, they
formulated an optimal control problem to maximize abundance of a single species while a

fixed amount of resource is available. Their proposed maximization problem was to find
m*GU:{mELOO: 0<m(z) <1, /m(x)dxzé}
Q

such that
sup J(m) = J(m*) where J(m) = /Q[u — (Bm?)] dw

meU

subject to

“Mu=mu—u? €0

o (2.4)

The state u € H'(S) represents the population density at equilibrium, X is the dispersal
rate and m(z) is the intrinsic growth rate of species u. They showed the existence and
uniqueness of an optimal control as well as its characterization in terms of state and adjoint
functions. Numerical simulations of habitats in 1D and 2D domains were also investigated
and discussed by the authors. Note that from our current viewpoint, m(z) is a type of
carrying capacity, where u(x) < m(x) under low rates of dispersal.

Bintz and Lenhart [3] considered an optimal resource allocation for a population with
diffusion and logistic growth. They considered a resource function m(z,t) depending on
space and time. They formulated and analyzed four different optimal control problems.
Here, we only state one of the four control problems. For a fixed amount of resource, the

goal is to find

T
m*EV:{mGLOO: 0 <m(x,t) < M, / /m(m,t)dmdt:5}
o Ja
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such that

sup J(m) = J(m*) where J(m) = A/QU(x,T) dx + /OT/Q[U — (Bm?)] dx

meV

subject to

u — pAu =u(m—u), (z,t) € Qx(0,T)

N (2.5)
5o =0 (x.1) €99 (0,7).

Note that the objective functional J has an extra term A / u(z,T) dr that was not
considered in Ding et al. [16] since their problem did not Qhave time. This integral
represents the total abundance at the final time where A is the relative importance of the
population level at the final time. Moreover, they performed numerical simulations for the
one dimensional case to compare different scenarios of zero-Neumann and zero-Dirichlet
boundary conditions. Part of their results showed that in presence of inhospitable boundary,
the resource should be allocated further away from the hostile boundary. However, with
hospitable boundary, it is required to allocate more resource over the entire domain.

Loreau [31] identified an increasing gap between two subdisciplines of ecology: community
ecology and ecosystem ecology. Community ecology mostly considers the population and
its interactions with other populations concerning their dynamics, evolution, diversity and
complexity of the biological components within the ecosystems. On the other side, ecosystem
ecology focuses on the study of the overall system composed of biological organisms and their
environment by considering the flow of matter or the energy among functional compartments.
The goal of his book is to develop new principles, perspectives and questions connecting these
two big branches of ecology and as a result set a new coherent framework relating population,
community, ecosystem and evolutionary ecology.

Some of these studies [6, 32, 13] assumed that the resource function is known (either
m(z) or K(z)) and not varying in time, but this might not be always the case. Inspired by

Loreau’s work [31] emphasizing the need of including dynamics of the resource as well as
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population and by [6, 46, 13, 32, 13, 14, 3], the goal of our work is to formulate a reaction-
diffusion population model to study the effect of resource allocation in an ecosystem with
resources having their own dynamics in space and time. This is a more realistic scenario than
only assuming that the resource function is not changing as population changes. Moreover,
motivated by optimal control problems [16, 3] applied to the cost of resource allocation in
heterogeneous environment, we also formulate an optimal control problem of our resource
allocation model to maximize the abundance of a single species while minimizing the cost of
inflow resource allocation. To achieve our goals we require the techniques of optimal control
for PDEs.

This chapter is organized as follows: in Section 2.2 we propose the resource allocation
model while in Section 2.3 we prove the existence of state solutions. In Section 2.4 we
formulate two optimal problems and in Section 2.5 we explore the case when resource is
allowed to diffuse. Later, in Sections 2.6 and 2.7 we study several numerical scenarios of the
problem without and with control. We conclude and discuss some future directions of our

work in Section 2.8.

2.2 Resource Allocation Model

In this section we formulate a reaction diffusion population model with its resource having
explicit dynamics. Consider the following resource allocation model with diffusing population

for an ecosystem:

Ny — dAN = azasNR — uN on ()
R, =1(x,t) —aaNR+ puN — qR on )

N(z,0) = No(z) on (2.6)
R(z,0) = Ro(x) on Q
N(z,t) =0 on 0% x [0, T,

where  C R™ is bounded and @ = §2 x (0,7) is the space-time domain. In this model, the

state variable N = N(z,t) is measuring the population density while R = R(x,t) represents
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the amount of resource, both at certain time and position. Here, d represents the diffusion
rate, p is the natural death rate of the population, a3 is the conversion of resource into
population growth (units: population/resource), I(x,t) is the input amount of resource at
location x and time ¢ per unit time, as is the rate of resource uptake by the population
(units: 1/ (timex population)), puN is the contribution to the resource from the death
of the population and ¢ is the resource decay rate. Later we shorthand «; = aszas. The
parameters d, u, a1, ag, p and ¢ are assumed to be positive constants. The function [ € U

with the control set given by
U= {1 € L¥(Q)] 0 < I(x,t) < My, ace.(z,t) € Q x [o,T)}.

The value of R at the boundary remains unknown by simply looking at system (2.6).
Assuming the ODE for R holds at the spatial boundary one can see that

R, = 1I(x,t) —qR on (x,t) € 9Q x [0,T]
which solution is given by
t
R(z,t) = Ro(z)e™ +/ 1"V (x, 1) dr.
0

Note that R(z,t) = 0 at the boundary if and only if Ry(z) =0 and I(z,7) = 0 on (0,t) are

also zero at the boundary.

Remark 2.2.1. When no fluxz boundary condition is considered for N, %\; =0, and assuming
the ODE for R holds at the spatial boundary, we can see that no terms in the R ODFE can

be dropped. Nonetheless, we can obtain the following form for R at the boundary
t
R(z,t) = e~ JolezN@n+) dr p () —I—/ el CeN@ T ds ([0 7y 4 puN(z, 7)) dr.  (2.7)
0

Observe that the above expression doesn’t have to be zero at the boundary unless the functions

Ro(z), I(x,7) and N(x,T) are all zero at the boundary with T € (0,t) andt <T.
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In the next section we present the weak formulation for problem (2.6) and derive some a

priori estimates.

2.3 Existence of State Solutions

In this section we define the weak formulation for problem (2.6). Let d, u, aq, az, p and
q be non-negative constants and I € U. The functions N € L?((0,7T), H}(Q)) N L>(Q),
N; € L*((0,T), HY(2)*) and R € L*(Q) are said to be weak solutions of problem (2.6) if for
any test function ® € L((0,T), H}(2)) N L=(Q)

/OT<Nt,<I>>dt+d/OT/QVN.V<I> dxdt—/OTAalN(x,t)R(x,t)¢(x,t)

— puN(z,t)®(x,t) dedt

. (2.8)
R(z,t) — R(z,0) = / (I(z,s) — agN(z,s)R(z,s)
0
+ puN(z,s) — qR(z, s))ds z€Q
with initial and boundary conditions
N(z,0) = No(z) on Q
R(z,0) = Ry(x) on Q (2.9)

N(z,t)=0 on 0 x (0,7

where (-, -) denotes the duality between Hj(Q)* and H; (). Moreover, the initial conditions
No(z) and Ry(x) are both in L>(Q).

Remark 2.3.1. The weak formulation in system (2.8) also holds when zero Neumann

boundary conditions are used instead of zero Dirichlet boundary conditions. In this case

the state N and test functions are in the space L*((0,T), H'(2)) N L=(Q).

The equation describing the population growth from our resource allocation model in
(2.6):
Ny —dAN = oy NR — uN on Q. (2.10)
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Using the weak formulation for the population growth equation (2.10) with & = N one can
see that

th/Nde+d/|VN]2dx—/N2 (R — ) dx (2.11)

and after dropping the term with the diffusion coefficient

2de <
th/Ndx /NalR w) dx.

From the above inequality it can be seen that when

R(z,t) < — =R, on ) (2.12)

651

the rate of change of the population abundance squared is non-positive

i/Ndego
dt Jq

which implies that the population abundance squared is always a decreasing function in

/QNQ(:L’,T)de /QNQ(x,t)de /QNg(x) dx

On the other hand, when R(x,t) > R, one cannot assume that the population abundance

time,

is going to grow due to the effect of the diffusion term and boundary conditions. From

equation (2.11) we have that

/N2 /Nz(alR—u) dm—d/|VN|2d:E.
th 0 Q

d
In order to — / N?dz to be non-negative the following condition is required

d/|VN|2d:E§/N2(oz1R—,u) dx.
Q Q

The critical threshold for the resource, R, = ail, is the minimum amount of resource

needed for the population to shrink or grow. If the resource levels are below R, the population
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is expected to shrink regardless of how fast or slow it moves. When the resource levels
are above the critical threshold, it is unsure whether the population size will increase or
decrease due to the population movement decreasing the population size. For example, if
the population diffuses too fast, it reaches the hostile boundary and stops any chances of
growth. More of this will be discussed in Subsection 2.7.3 when we explore the dynamics of
the population and its resource under different levels of diffusion.

The following Theorem shows that given a control, there exists a unique corresponding
state solution. We denote the following spaces as Vi := L*((0,T), Hy(2)) N L=(Q) and
Vy := L*(Q) for writing purposes.

Theorem 2.1. Given T sufficiently small and I € U, there exists a unique non-negative
weak solution (N, R) € Vi x V,. Moreover, there exists a positive constant C' such that

0 < N(z,t) <C and 0 < R(z,t) < C ae. (z,t) € Q.

Proof. The idea of this proof is to use Banach’s fixed point theorem [17]. Given a non-empty
complete metric space (X,d) with a contracting mapping A : X — X, then A has a unique
fixed point u* € X. By Evans [17], we know that if (N, R) € V;xV, then N € C([0,T]; L*(Q))

and R € L*(Q). Since we require uniform L* bounds for N and R, we define
X, =C(0, T L2(Q) N{u € L®(Q): 0 <u < M, ae. (x,t) € Q}

Xo = L2(Q)N{ue L*(Q):0<u< M, ae. (z,t) €Q}

for fixed M > 2sup{|[{|[ (g, [[Noll =gy s [Roll poo ()} Let X = X1 x X5 and define the

norm

(N, R)[[x = sup [[N( )12 + R ) 120 -
0<t<T

Assume that I € U and consider the following change of functions w = e™*N and z = e MR.

Under the substitution, system (2.6) can be written as
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A

wy — dAw + M = areMwz — pw on ()

2+ Az = I(z,t)e™ — age™wz + ppw — gz on Q

w(z,0) = No(z) on §) (2.13)
Z(LC,O) = Ro(ﬂf) on 0
w(z,t) =0 on 09 x [0, 7.

Let (h1,hs) € X and consider the following system of linear equations

wy — dAWw + \w = aeMwhy — LW on )

2+ Az = I(z,t)e™™ — ageMhyz + puhy — gz on Q

w(z,0) = No(z) on (2.14)
z(x,0) = Ro() on )
w(z,t) =0 on 9 x [0, T].

By techniques from Evans [17], the w PDE has a solution and then the uncoupled system
(2.14) has a unique weak solution (w, z) € V; x V3. We will have to show that (w,z) € X
in order to use our fixed point argument. By Evans, we know that w € C([0,T7]; L*(2)) and
z € L*(Q). However, we still require to show that 0 < w(z,t) < M and 0 < z(z,t) < M
a.e. (z,t) € Q.

Claim 1. 0 < w(x,t) and 0 < z(x,t) a.e in Q.

Proof. Rearranging the terms in system (2.14) we see that

w; — dAw + (A — areMhy — p)w =0 on ()

24+ (A4 age’hy +q)z = I(x,t)e™ + puht >0 on Q

w(z,0) = No(z) on 2 (2.15)
z(x,0) = Ro(x) on
w(x,t) =0 on 0% x [0, 7.
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Since the term with A\ is L*° bounded and by the weak maximum principle of parabolic
equations, we have that 0 < w(x,t) a.e in ). By simple ODE techniques we can also obtain
that 0 < z(z,t). Let a(z,t) = X+ axe’hy + ¢ then 2, + a(x,t)z > 0. Note that a(z,t) is

bounded. Hence, using integrating factor

z(z,t) > e Iy a(@8)ds 5 (1,0) > 0.

[
Claim 2. w(z,t) < M and z(xz,t) < M a.e. in Q.
) M
Proof. Note that since |[I{[ (g < 5 and h; € Xy, then
At M
12, )™ + puh || < 11(2, )| e ) + P 1all, < =5 (1+2p) = C.
Hence, both of the equations in system (2.14) satisfy that
wy, — dAw + (A — areMhy — p)w <0 on )
24+ (N + age™hy +q)2 < C on @
w(z,0) = Noz) on Q (2.16)

z(x,0) = Ro(z) on Q
w(x,t) =0 on 09 x [0,T.

Let W(z,t) = w(z,t) — Ct and Z(z,t) = z(x,t) — Ct. Then, the new functions W and Z
satisfy the following problem

Wi — dAW + (A — areMhy + )W < —Ct(XA — areMhy + ) — C on Q

(
(

Zi+ (A + age™hy + q)Z < —Ct(\ + apehy +q) on Q
W(x,0) = No(x) on ) (2.17)
Z(x,0) = Ry(x) on 2
Wiz, t)=—-Ct on 0N x [0, T7.
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Choose A > ahy — p and T sufficiently small such that A — aye*hy + g > 0. This implies

that

W, — dAW + (A — areMhy + )W <0 on Q ( )
2.18
Zt + ()\ + OégeAthl + Q)Z <0 on Q

One more time, using the weak maximum principle for parabolic equations, we obtain that
W(z,t) < [|Noll oo -

Furthermore, we can show that
Z(x,t) < || Roll oo (0

by using simple ODE techniques. Therefore, it can be seen that w and z satisfy the following

estimates

M M
w(w,t) < [Noll (o) + OT < 5+ S T(1+ 20p)

and

M M
2(2,8) < | Roll gy + CT < - + S T(1+ 2pp)

Upon taking T' < the claim is proven. O

14+ 2pp
The claims 1 and 2 guarantee also that (w, z) € X.
Let A : X — X be a map such that A(hy,hy) = (w,z). We will show that A is a
contraction. Let (hy, h), (h1, hs) € X such that A(hy, hy) = (w,z) and A(hy, hs) = (i, 2).

Consider the differences w — w and z — Z. These differences satisfy the following system:

(w — )y — dA(w — B) + Mw — ) = aye™(why — Why)
— p(w — W) on @

A (2.19)
(z—2) + Mz — 2) = —ane(hyiz — by 2)

+pu(hy —hi) —q(z — 2) on Q
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with initial and boundary conditions

Multiply the first equation of system (2.19) by (w — )
with ¢t < T

t
1/(w—w)2 dx—i—d/ /yV(w—uﬁ)y? dzds
2 Ja 0 Ja

t t
+/ /()\ + ) (w — w)? dads = oy / / e (why — why)(w — W) dxds
0 JQ 0 JQ

on
on €2
on 09 x [0, 7.

and integrate over ; = Q x (0,1)

(2.20)

Observe that we can estimate the right hand side of equation (2.20) as

/ e (why — whs)(w — ) deds =

t t

S~

t

+
S

S_
2 Jq

OélM
_|_
2 Jo

62/\3 (,w -

a1 (w(hy — ha) + (w — W) he)(w — ) dads
are™w(hy — hy)(w — W) dads
a1 hy(w — w)? dads

1 1 -
/ a2 w?(w — w)?* drds + 5/ (hy — ho)? dxds

t

w)? dxds

M + a2 M?
- (—0‘1 o ) / e (w — b)? dads

2
1
2

t

+ —/ (hy — hs)? dxds

2
1
2

t

Thus, equation (2.20) can be estimated as

1
/(w—w)2 de+d [ |V(w— ) deds
2 Jo Q:
M M2 22T
+<>\+u—a1( +a21 Je )/ (w — w)? dwds
t

22

- ((alM + aiM?)e

2AT
) / (w — )?* drds

+ —/ (hy — hy)? dxds

X (2.21)
< 2/ (hg — hy)? dads
t



Oél(M + alM2)e2)\T
2

/Q(w — )% dr < /Ot /Q(h2 — hs)? dxds. (2.22)

Similarly, multiply the second equation of system (2.19) by (z — 2) and integrate over @,

and by taking A large and 1" sufficiently small such that A 4+ p —

> 0,

we have that

1 R
— Z—Z T+ (A+q zZ—Zz TdS = —Qo e 12— hiz)(z — 2) azas
5 )2 d A )2 dxd M(h hiZ 2) dxd

“ ‘ : (2.23)

+pu/ (hy — hy)(z — %) dads.

t

The two integrals on the right hand side of equation (2.23) can be estimated as follows

. 5 1 “ N2 (pp)? )2
pu(hy — hy)(z — 2) deds < 5 (h1 — h1)” deds + 5 (z — 2)° dxds

and

/ Mag(h1z — h12)(z — 2) dads = / a2e™(h1(z — 2) 4 (hy — h)2)(z — 2) dzds

t t

= / a0ehy(z — 2)? dads —I—/ e 2(hy — hy)(z — 2) dads
t t

Me2AT 2
25— / (= = 2) deds + / ¢ (2)%(z - 2)° dads
1 ~ 2
+ 3 (h1 — h1)* dzds
22T (\f M2 1 ~
Sozge ( 2+a2 )/ (2 — 5)2 dxd8+2/ (h1 — h1)? dxds
t t

Putting together the latter two estimates in equation (2.23), we obtain the following estimate

% /Q(z — 2)2 dads + (A + q) /t(z — 2)2 dwds < e (M + Z2M2) + (op)* /t(z — 2)2 dwds
+/ (h1 — h1)? dads
| (2.24)
and rearranging the terms in inequality (2.24) we see that
%/Q(z — %)? dads + ()\ g M +2M2) T (p“)2> /t(z — %)? dads < /t(h1 — hy)? dads. (2.25)
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age (M + M?) + pp

Taking X\ large and T sufficiently small such that A + ¢ — 5 > 0, we
note that
/(z — 2)% dads < 2/ (hy — hy)? dads. (2.26)
Q t
Taking square roots of inequalities (2.22) and (2.26) and then the supremum over all ¢ € [0, T
yields
sup ||U)—UA}||L2(Q)§\/THh2—th‘ S V2T’h2_};2
0<t<T L2(Q) L2(Q)
and
z2—2Z < V2T sup ||h —h .
I ||L2(Q) = Ogth 1 1 L2@)
It is clear that also
sup [Jw — @] yary < V2T ‘h—ﬁ + sup [ —h
ogth “ HLZ(Q) ( ? 2 L2(Q) ogth ! ! L2(Q) )

+ sup th —hAl
L2(Q)  o<t<T

Iz — 2||L2(Q) < VQT( th - 52‘

12(Q) > '

1
Finally, adding the latter two inequalities and choosing T" < 3 we are able to see that

sup [lw — w”m(g) + 1z = 5’||L2(Q) < 2v 2T< Hh2 - hAZ‘

0<t<T

L*(Q)

. ) (2.27)

< ([ g g, 1= )

L2(Q)  0<t<T

hl—ﬁl‘

+ sup

0<t<T

where 7 < 1. The last inequality shows that the operator A is a strict contraction. Hence,
by Banach’s fixed point theorem, there exists a unique solution (w, z) € (X; x Xo)N (V) x V5)
that solves system (2.15). Thus, for T sufficiently small, there exist non-negative solutions

(N, R) € V; x V5 of system (2.6). Moreover, it follows that

0< N(z,t) < Me and 0 < R(x,t) < MM ae. (1,t) € Q.
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Remark 2.3.2. By Theorem 2.1 one can see that N and R are also uniformly bounded in
L*(Q) since N and R are in L=(Q) and Q = Q x [0,T)] is a bounded set. Thus, there exists

a positive constant C' such that

1Bl o) <€ and [Nl 2y < C.

Although Theorem 2.1 guarantees the existence of state solutions when 7' is sufficiently
small, one can use the interval stacking methods to extend the existence of solutions for
larger T'. The method consists of applying Banach’s fixed point theorem to find a solution
on [0,73]. After that, we repeat the same process to extend the solution to [T7,75]. This
process can be continued several times to extend the existence of state solutions to longer

time intervals.

Remark 2.3.3. The existence of weak solutions given in Theorem (2.1) also holds if zero

Neumann boundary condition is chosen.

2.3.1 A prior: Estimates

The following lemmas prove our a prior: estimates. These estimates will be used later to
show the existence and uniqueness the optimal control with its corresponding state solutions

and to obtain the adjoint equations and an optimal control characterization.

Lemma 2.2. Let N and R be weak solutions of problem (2.8)-(2.9) with No(x) > 0, then

there exists a constant B > 0 depending only on given coefficients and final time T such that

IN 207013 () < B II1Noll ooy -

Proof. Using the weak formulation in (2.8) with N as a test function, it can be seen that

25



/NtNdm+d/\VN|2dq::/alRNQ—uNQ dx
Q Q Q

< C’al/N2 dzx.
Q

From the above inequality we have that

d
pr (N)? deQCal/N2 dx
Q Q

and by Gronwall’s inequality

/(N)Q(x,t) dx < eQCC“T/ Ng dx
Q Q

and integrating over [0, 7] yields

/ / a;t dl‘<T€20a1T/N2 dz

Similarly, from our first inequality on this proof, we see that

/\VNFdxg %/NQ dx
Q d Q

and integrating over [0, 7] as well as using our estimate in (2.28)

r T
/ /\VN|2 do < ﬂe”ﬂ/ N2 dz.
0 Q d Q

Combining inequalities (2.28) and (2.29) we obtain our desire inequality

Ca
9 1
HNHLQ(O,T;H(%(Q)) < d

with B = (€94 + 1)Te*C1T|Q)).

Remark 2.3.4. If we assume that d € [dumin, dmax], With 0 < dpin <

Co1 4 1)Te2CaT|().

in Lemma 2.2 is given by B = (7
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Lemma 2.3. Let N and R be weak solutions of problem (2.8)-(2.9) with No(x) > 0, then

there exists a constant By > 0 depending on given data such that

“Nt”m(o,T;Hg(Q)*) < Bi.

Proof. Let ® be any test function. Using the weak formulation in (2.8) for the state N

T T T
’/ (N,(D}dt‘ = / /oleRq)—,uN(I) dmdt—d/ /VN'V(ID dwdt‘
0 0o Jo 0o Jao

T T
< (alc+ﬂ)/ /|N<1>| dxdter/ /|VN-V<I>| dxdt
0 Q 0 Q

T 1/ (T 3
< (a10+u)</ /]N|2da:dt) (/ /\@F da:dt)
0 Q 0 Q
T 3/ (T 3
+d(/ /|VN|2 dmdt) (/ /|V<I>|2dxdt) .
0 Q 0 Q

Let M = max{ayC + u,d} and using the estimate found in (2.30), we obtain

T
‘/0 (N,@dt‘ < MB |[Noll o0 ) 11l 120,72 2y
and hence we conclude that
INl 120,753 00 < MB ([ Noll o< (g (2.31)

with By = MB || No| o - m

Remark 2.3.5. The a priori estimates in Lemmas 2.2 and 2.3 also hold when zero Neumann

boundary condition is applied.

In the next section we formulate the optimal control problem and derive the necessary

conditions for an optimal control.
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2.4 Optimal Control Problem Formulation

Here, we present an optimal control problem applied to the resource allocation problem
(2.6). Later, we derive necessary conditions for the solution of the optimal control. The

maximization problem to analyze is

T
sup J(I) where J(I) = / CyN(z,T) dx—l—/ /ClN — (C3+ CoD)I dxdt
Q o Jo

IeU

subject to
Ny —dAN = a3y NR — uN on @)

R, =1(x,t) —asaNR+puN —qR on Q

N(z,0) = No(z) on (2.32)
R(x, O) = Ro(l‘) on
N(z,t)=0 on 09 x [0,T7,

where @ = Q x (0,7) with fixed final time 7". The state variable N = N(x,t) is measuring
the population density while R = R(x,t) represents the amount of resource available for the

population, both at time ¢ and position . The set of admissible controls is
U= {1 e L¥(Q) 0 < I(z,1) < Ml,a.e.}.

The objective functional J(I) maximizes the total abundance of the population inside the
habitat €2 and at the final time while minimizing the cost related to the input amount of
resource. The constants C; for i = 1,2, 3,4 represent the weight parameters associated with
each term in the objective functional. These parameters determine the relative importance

of each term in J. The two terms with N’s in the integrand in the objective functional,

T
/C4N(ZL‘,T) d:zc—l—/ /C’lN dxdt,
Q o Ja

represent the total benefit of maximizing the total population abundance at all times. And,
the other two terms left with I’s inside the integrand represent the cost associated with the

implementation of the optimal control.
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2.4.1 Existence of an Optimal Control

We must show that there is a connection between a given control I and the state equations
N and R. In other words, for any given admissible control I € U there exists a unique state

solution (N, R) in their corresponding solution space using references [17, 26, 5].

Theorem 2.4. There exist an optimal control I* € U and corresponding states (N*, R*)

that maximizes the objective functional

T
J(I) = / CuN(z,T) dx + / / C1N — (Cs + CoI)I dudt.
Q 0 Q

Proof. Observe that I is uniformly bounded in L>(Q). Also, N and R are uniformly bounded
in L>°(Q) by Theorem 2.1. It can be seen that

T
sup J(I) = sup/ CyN(z,T) dz +sup/ /C’lN — (C3+ CyD)I dxdt
0

IeU IeU IeU

Ssup/C’4N(x T) dx+sup/ /C’lN dxdt
Q

IeU IeU

< (Cy + O QMM < 0.
Thus, there exist a maximizing sequence [™ € U such that

lim J(I") =sup J(I).

n—o0

By Theorem 2.1, we can guarantee the existence of a sequence of state solutions
(N", R") = (N(I"), R(I"))

given I™ € U for every n.
The next step is to determine uniform bounds for HN"||L2(07T;H5(Q)), “NZLHLQ(O,T;H(%(Q)*)
and [[R"| 12, for all n. Since N™ is a weak solution of problem (2.8), we can apply Lemmas

2.2 and 2.3 to obtain uniform bounds for ||N"{| 2 7. m3 @) and IV | 201 i) Similarly,
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we can use remark 2.3.2 (since R" is a weak solution of problem (2.8) ) to obtain an uniform
bound for [|R"{| g
Due to HN”HLQ(O’T;H(%(Q)), HNZLHLQ(O?T;H(%(Q)*) and ||R"||5g are uniformly bounded

independently of n and I"™ € L*>°(Q), there exist subsequences N™, R™ and I"™ such that

N™ — N* weakly in L*(0,T; Hy(Q))
N/* — N} weakly in L*(0,T; Hy (Q)*)
R"™ — R* weakly in L*(Q)

I" — I* weakly in L*(Q)

One must show next that N* and R* are the corresponding state solutions associated with
the optimal control /*. The weak formulation of system (2.8) satisfied by N™ and R" with

a test function @ is given by

T T T
0 0 Q 0 Q

— puN(z,t)®(x,t) dedt
(2.33)

R"(z,t) — R(z,0) = /0 I"(x,s) — aaN"™(x,s)R"(x, s)

+pulN"™(z,s) — qR"(z, s)ds.

We require stronger convergence results in system (2.33) in order to pass the limit. A

compactness result of Simon in [45] guarantees that

N™ — N* strongly in L*(Q).

Observe that from the weak convergences, we have that

T

T
im [ (NP, ®B)dt — / (N, D)t
0

n—oo 0

T T
lim / /VN"-V@ dxdt:/ /VN*-V(P dxdt
n= Jo Jo 0o JO
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and using the strong convergence of N and weak convergence of R we can see that

‘ /oT /Q “ (Nn(‘r’ t)R"(z, 1) = N*(z, 1) R’ (=, t)) O(z, 1) dxdt‘

T
S//Oél
0 Jo

T

N"(x,t) — N*(x,t)‘R”(x,t)(I)(x,t) dxdt

(R"(m,t) - R*(x,t)) N*(z,)®(x, 1) dxdt'

< a1C @]l o) [IN™ = N*|[ 20y + 1

/OT/Q <Rn<x’t) - R*(ﬂ%t))N*(I,t)cb(a:,t) dudt

— 0asn — oco.

Note that N*® € L?*(Q) since N* € L*(Q). Now, we can pass the limit as n — oo in
(2.33) and obtain that (N*, R*) = (N(I*), R(I*)). Finally, by the strong convergence of the

sequence N" and since the function

T
0 Q

is weakly lower semi-continuous in L?(Q) [20], we have that

T T
/ / (C3 + CoI*) 1™ dxdt < lim mf/ / C3I™ dxdt + lim inf/ / Co(I™)? dxdt

T
< liminf / / (Cy + CoI™I™ dadt
0 Q

n—oo

which implies that

T T
/ / (C5 + CoI")I* dxdt > —hmmf/ / CsI™ dxdt — liminf/ / Co(I™)? dxdt

T T
= lim sup/ / —C5I" dxdt + lim sup/ / —Cy(I™)? ddt
n—00 0 O n—00 0 Q

T
> lim sup/ / —(C3 4+ CoI™)I™ dxdt.
0o Jo

n—oo

31



Thus,

T

n—oo n—o0

T
> lim sup/ CyN™(z,T) dz + lim sup/ / CIN™ — (C3 4 CoI™)I™ dxdt,
Q 0o Ja
but our choice of the maximizing sequence I™ guarantees that

T
lim sup/ CyN"(2,T) dx + lim sup/ / CiN"™ — (Cs + CoI™)I™ dxdt
Q o Jo

n—0o0 n—oo

T
> lim [ CuN"(z,T) dz + / / CiN™ — (Cy + CoI™)I™ dxdt
0 Q

n—o0 Q

= sup J(I).
IeU

Therefore, I* € U is an optimal control that maximizes the objective functional .J. O]

Remark 2.4.1. The results of Theorem 2.4 can be generalized to more general coefficients
depending on (z,t). Moreover, the results would also hold if Neumann boundary condition

18 considered.

2.4.2 Derivation of the Optimality System

In this section we investigate the existence of solutions to the sensitivity and adjoint systems.
These systems will help to characterize the optimal control by connecting the state system

with the objective functional.

The Sensitivity System

We start off this part with the following theorem that shows the existence of solutions to
the sensitivity PDE system. The sensitivity PDE system is simply a linearized version of

our nonlinear PDE in system (2.6).

Theorem 2.5. (Sensitivities) The mapping I € U — (N, R) € Vi x Va is differentiable in
the following sense: for each control I € U and k € L*>(Q) with I + ek € U for all ¢ > 0
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sufficiently small, then there exist ¥y € Vi and Yy € V such that

N¢— N

€
R —R

€

as € = 0. Moreover, the sensitivities V1 and Vo satisfy the following PDE system:

(\Ifl)t — dA\I/:[ = al(\IllR + \IIQN) — ,qul on Q

(Vo) =k — aa(V1 R+ VUoN) + pu¥y — q¥y on Q

Uy (z,t) =0 on 9 x (0,7T) (2.34)
Uy(z,0)=0 on <)
Uy(z,0) =0 on §.

Proof. Choose k € L*(Q) and I € U such that I = I 4+ ¢k € U for any small positive e.

Let (N€¢, R) and (N, R) be the corresponding states for the controls /¢ and I. Consider the
N¢—N R — R

and

€ €

with their respective boundary and initial conditions

N¢— N Ne— N N‘R*— NR N<— N
—dA = —H
. €

€ € €

(RG—R) N¢R*— NR N¢—N R — R
=k —-—ayg———
t

following difference quotients and the equations satisfied by the them

+pp —4q

€ € € €

N(z,0) = N(z,0) _ (2.35)
€
Re(x7 O) _ R(.T, O) _ O
. —
N=N on 9Q x (0,7).

€

We proceed to show that the difference quotients are uniformly bounded in their correspond-

ing spaces given € small. Observe that the second equation can be written as

€

R — R N¢— N R — R
( ) =k+ (pu — o R") - — (¢ + aaN) -
t
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and rearranging the terms

R — R R — R N¢— N
( ) + (g + aaN) =k + (pp — o RY) :
€ . € €
We can write the above ODE as
V'(x,t) + alz, )o(z, t) = k(x,t) + bz, t)u(z,t)

where v and u represent the corresponding difference quotients and the function k, a and b
are L>°((Q) bounded. Solving the above ODE using integrating factor technique we obtain
that

¢
v(z,t) = e Joal@) ds/ eJo alz:T) dr (k(x, s) + b(x, t)u(z, s)) ds.
0

It can be shown that the function v(z,t) can be estimated as

v(x,t) < eT <CT +C /Ot u(z, s) ds)

where C' = max{sup k,supa,supb} is independent of e. Thus, squaring both sides and

integrating over Q)

/ v (z,t) dedt < |Qu]e*“T(CT)? + QeQCTCQT/ u(z, s) deds

t t

¢ 2
+62CTC'2T/ </ u(zx, s) ds) dx
o \Jo

< QT T(C + 1) 4 *TCT|Qy| | wP(x,t) dudt

Qt
t 2
+e2CTC’2T/ (/ u(z, s) ds) dx
o \Jo

with |@Q:| being the measure of @; and taking square roots

[0l 220 < VIQIT(C + De“TC + e“TCV/T|Q [ull 2 + e“TCVT | u(x, s) dads

Qt

<VIQIT(C +1)e“TC +“TCV/T|Q| lullr2(g,) + e“TOV|QUT ull 12,
= VIQUT(C + 1)e“TC + 2e“TCVTIQu| [ull 12 (g,
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If we return to our initial difference quotients and since |Q;|< |@Q| yields to the following

inequality
R — R N¢— N
€ g L2(Q)
where the constants C; and C5 do not depend on our choice of e.
c— N
Now, we multiply the first equation in system (2.35) by the test function and
€
integrate over ();:
1 N¢—N\* Ne— N\ | N¢R* — NRN¢— N
—/( )dm—i—d/ V( ) dxds = oy R R dxds
2 Ja € . € O € €
Ne—N\?
— / ( > dxds
, €
N¢—N\°
= / RE( > dxds
\ €
N¢— N)(R* - R
+ aq N ( >2( ) dxds
Q¢ €
Ne—N\?
— / ( > dxds
, €
N¢— N\’
<o M ( ) dxds
Qt €
N¢— N)(R*— R
+ a1 M ( ) ) dxds

Qi €

M N¢— N\?
< <a1M+ a12 )/ ( ) dxds
. €

- 2
+ oM (R R) dxds.
2 0 €

where M = sup{/N, R} is a uniform bound by Theorem 2.1. Using our estimate in (2.36) in

the above inequality it can be seen that

€ __ 2 € _
(] ()
2 Jq € . €

M M Ne— N\? M
s(a1M+O‘1 L G )/ ( ) dxds+010;1

2

dxds

(2.37)

2 2 €
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Using similar techniques to those applied in Lemma 2.2 in with the inequality in (2.37) we

in L2(0,T; H}(2)), that is

can obtain a uniform bound for
€

< Cg

H N¢— N
L2(0,T5HE ()

which also implies that is uniformly bounded in L*(Q), so

HRG—R

€

where C3 and Cy only depend on T, |@Q|, C and M. Such bounds guarantee the existence of

U, € V) and W, € V, with the corresponding convergence of the difference quotients, that is

N¢— N
€

R°—R

€

— U, in V}

—\‘112 in ‘/2

Similarly, using the techniques in Lemma 2.3 with the estimate in 2.2 it can be shown that

N¢—N
( ) is uniformly bounded in L*(0,T; H}()*), hence
¢

€

€

(Ne — N)t — () in L2(0, T; HE(Q)*).

€

In the same way as in the proof of Theorem 2.4 we have that converges strongly in

L?(Q), thus
N¢— N

€

— \Ijl in L2<Q)

Finally, we pass the limit as € — 0 in system (2.35) and see that the sensitivity functions ¥,

and W, solve system (2.34). O

Theorem 2.5 guarantees the existence of the sensitivity system. We are now ready to

show the existence and determine conditions of the adjoint system.
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The Adjoint System

The sensitivities ¥; and Wy solve a linearized version of the PDE system (2.6). Note also

that the sensitivity PDE system (2.34) for ¥, and W5 can be written in vector form as

Ly UM 0
LY = + M = on @)
Ly, Uy k
Uy (z,0) = on {2
\:[12('9:7 O) =0 on Q
Uy(z,t) =0 on 002 x (0,7)
where
Ll\pl - (\Ill)t - dA\Ijl
LoWy = (Uy),
and

M= w—oaR —ag N

asR—ppu q+ asN

We are ready to find the adjoint operator L*. For any X = (A, A2) € V] x V3, we need to

show

*

L L, LA
/ NL(B) dedt — / (O \o) dadt — / (T, T) dadt
Q Q LoW, Q L5Ay

= / UL*(X) dadt
Q

(2.38)

in the corresponding weak sense. First, we formally start by multiplying A\; times the first

-

component of L(V) and integrate over our domain (). In other words, use A\; as a test

function in the weak solution form of Wy:
T T
/ / )\1L1\I/1 + )\1 (llll(u - OélR) - \IIQOélN) dxdt = / / LT)\1‘I’1
0 Ja 0o Ja
+ )\1 (\Ifl(u - OélR) - \IJQOélN) dxdt.
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Note that the L] operator can be found using integration by parts and assuming the
corresponding initial condition of ¥, as well as boundary and transversality conditions for

A (M (2, T) = C4),

T
/ //\L\Ifl dxdt = / M((¥y), —dV - V) dxdt
o Ja

/Al(x YUy (z,T) dx+/ / (M)e —dV - V)V, dxdt
Q

/04\11 (x,T) dx+/ /(L )\1)\1/1 dxdt

Second, we use Ay as a test function in the weak solution form of Wy, then

T T
/ / AoLoWs + No (W1 (s R — ppt) + Uaq + asN)) dadt = / / (L;A2) 0,
0 Q 0 Q
+ A (VU (R — pp)

+ Uy(q + agN)) dxdt.

To determine L3 operator we use integration by parts one more time and the corresponding

initial condition of Wy and transversality condition for Ay (Ao(z,T') = 0),

T T
/ /‘)\2[/2@2 d$dt:/ /)\1(\1’2),5 dxdt
0 Q 0 Q
T
:/ /—()\2),5\1/2 dxdt
0 Q
T
- / / (L;Az)klfg dadt
0 Q

The functions A; and Ay are the adjoint variables and they will satisfy the following PDE

system:

LA A C
Ia=| " ]+m™ 7 )= "] mQ (2.39)
L A 0

with transversality conditions and boundary condition

M(z,T) = Cy on §)
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Ao(2,T) = on €2
A(z,t) =0 on 902 x (0,7)

where

Lidy = —(A\1); — dAN
(2.40)
L;)\Q - _(/\2>t-

The right hand side of the adjoint equations for A\; and A\, are the corresponding derivatives
of the integrand of the objective functional with respect to the states N and R respectively.

Consequently,

0 integrand of J 0 integrand of J
ON B OR B

Theorem 2.6. Given an optimal control I* and its corresponding state solutions (N*, R*),

Cy and 0.

there ezist a weak solution (A, \a) € Vi x Vi that satisfies the adjoint system (2.39).

Moreover, the optimal control characterization is given by

I"*(z,t) :min{Ml,maX{O,)\z(#c);Cg}} (2.41)

for any (z,t) € Q and any positive constants Cy and Cs.

Proof. Let I* € U be an optimal control and (N*, R*) = (N(I*), R(I*)) be its corresponding

state weak solutions. Thus, the associated adjoint system to the optimal control is given by

—(M)e —dAN + (g — a1 R)A + (eR* — pu)da = C1 on Q
—(A)e —aaN* A+ (g + aaN*)Aa =0 on Q
M(z,T)=Cy on (2.42)
Xo(z,T)=0 onQ
Mz, t) =0 on o x(0,7).

Since the adjoint system (2.42) is linear with respect to the adjoint variables A\; and Ay, there

exists weak solution (A1, A\y) € Vj x V5 that satisfies system (2.42). In order to determine the

39



optimal control characterization, we start off by differentiating the map I — J(I). Define
I¢ = I"+¢k € U with (N, R) = (N(I¢), R(I)) be its corresponding state variables. Observe
that since I* was chosen to be the optimal control, then the maximum objective functional

is achieved at I* such that

J(I€) — J(I*) / o N T) N(.T)

€ [ £ €\2 *)\2
/ /ClN —Cgl ! _CQM dxdt.

€
€ €
Passing the limit as € — 07,

N¢(z, T)—N(m T)

e—0t
N¢ — N* IC—I* Ic =1+ I7
e—>0Jr €

C
:/04\111(x,T) dx—l—/ /(\111 w ) [ | - G+ 20507 duat
Q 0o Ja 0

T p
:/041111(x,T) dx+/ /(\Ill U, >L* ") = k(Cy + 20507 dudt
Q 0 Q /\2

T 0, .
:/ /( M A )L — (G + 205 1%) dadt
0o Ja U,

T 0
:/ /( A ) — (Cy + 2C51*) dudt
0 JQ k

T
= / / ]{3()\2 — Cg — 2021*) dxdt.
0 Q

From the above calculations we can conclude that

T
0 Q
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In order to provide a full characterization of the optimal control pair I*, we analyze more in

depth inequality (2.43) through the following cases:

Case 1: Consider the set U; = {(az‘,t) € Q0 < I*(z,t) < Ml}. The variation function k

can have any sign and it has compact support 01(1 Ul). Then, we force Ay — C3 — 2051 =0
Ao(x,t) — C5

for inequality (2.43) to hold. Thus, I*(z,t) = 50, n Us.
2

Case 2: Consider the set Uy = {(x, t) e Q| I*(x,t) = 0}. In this case the variation function
satisfies k > 0 with compact support on Us. Then, we force Ay —C3—2C51* < 0 for inequality
(2.43) to hold. Thus, A\y(z,t) < C5 on Us.

Case 3: Consider the set Uz = {(:E,t) € Q| I'(z,t) = Ml}. In this case the variation

function satisfies k& < 0 with compact support on Uz. Then, we force Ay — C3 — 2C50* > 0

Ao(z,t) — C
for inequality (2.43) to hold. Thus, % > M on Us.
2
Considering all the three cases above, we obtain that the optimal control characterization is
* . )\2(3:7 t) - 03
I*(x,t) :mln{Ml,max{O,—}} (2.44)
2C,

for any (z,t) € @ and any positive constant Cy and Cs. m

Remark 2.4.2. Notice that the differential equation for \g in the adjoint system (2.42) is
not defined at the spatial boundary. However, one can show that Ay = 0 at the boundary.
One can assume that the Ao equation holds at the boundary 02 x (0,T], then it is easy to
see that the equation reduces to

_<)\2)t + Q/\g =0.

Solving the above differential equation and using that \y(x,T) = 0 yields

Td
/ % |:)\2<x, t)eqt] dt = /\2(]}, T)e*qT — )\Q(LE, t)eiqt =0.
t

From here, we observe that As(x,t) = 0 at the boundary.

Remark 2.4.3. By remark 2.4.2 we know that Ay = 0 at the spatial boundary. Using
the optimal control characterization in (2.44), the optimal control must also be zero at the

boundary.
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In the following section we define the optimality system and derive conditions for the

uniqueness of the optimal control problem.

The Optimality System

The optimality system for the resource allocation model is formed by the state equations
in (2.6), the adjoint system (2.42) and the optimal control characterization in (2.44). The

following theorem shows that the optimal control may be unique under certain conditions.

Theorem 2.7. If Cy # 0 and T is sufficiently small, then the optimal control of problem

(2.6) is unique.

Proof. Let (N, R) with (A, \2) and (N, R) with (X1, X2) be two solutions of the optimality
system formed by systems (2.6) and (2.42). The corresponding optimal controls for both of

the solutions are determined by

I(x,t) = min {Ml,max{o, )\Q(%C);C?’}} and f(x,t) = min {Ml,max{o, W}}

Consider the following change of functions:

Subsequently, consider the differences w — w, z — 2, p; — p1, p2 — p with their associated

PDE problems:

(w — W), — dA(w — ) + Mw — @) = apeM(wz — wE) — p(w —w)  on Q

(z—= 2+ Mz—2) = (I —De™ — ape™(wz — w3)

T pulw — ) — g(z - 2) on Q
(w — w)(x,0) = on Q
(z— £)(2,0) =0 on O
(w — ) (z,£) = 0 on 99 x [0, 7]
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and

P1)e — dA(p1 — pr) + (A + p)(pr —

—(p1 —

+0426)\t(2p2 — épAg)

—(p2 = P2)e + (A +q)(p2

We multiply the difference quotient PD
integrate over Q = Q x (0,7 such that
1

2

+<A+u>/Q<w—

z— 22, T) dz + (A
(2 - 22(x,T) +<+q>/Q

2

(= -

J

;/Q(p1—ﬁ1)2(3370)+d/QW(p1
O+ ) /Q (

3 om0 et () |

w)? dads = oy / e (wz — w2)(w
Q

(p2 — ]52)2 dxds = oq/ e

pr) — are(zpy — 2p)
— pp(py — p2) = Cre™ on Q
— ) — a1 (wpy — wp)
oM upy —ip) =0 onQ
(p1 —p1)(x,T)=0 on €2
(p2 —p2)(x,T) =0 on ()
(p1 —p1)(x,t) =0 on 99 x (0,7).

Es stated above by appropriately test functions and

/(w —)?(z,T) d:):—l—d/ \V(w —w)|? dxds
Q Q

— ) dxds

2)? dads = /Q (I —1)(z — 2) dads (2.45)

—ay [ eM(wz—w2)(z — 2) deds

+pu | (w—w)(z— %) deds

S—3S—

— p1)|? dads

— pﬁ)2 dxds = C’l/ e/\s(pl — p1) dxds
Q

+ 041/ e)‘s(zpl — zp1)(p1 — p1) dzds
Q
oy /Q e (2pa — 252) (p1 — 1) dads  (2.46)

Hw/Q(pz —p2)(p1 — p1) dads

)\s(

wp1 — Wpy)(p2 — p2) dxds

Q
- 042/ e (wpg — Wpa)(p2 — Pa) duds
Q
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We proceed to estimate the right hand side of the 4 equations in (2.45) and (2.46). We start

off by estimating

‘ /Q (I — [)(2 — 2) duds

< /Q|([—I)(z — 2)| dzds

:/Q‘min{]\/[hmax{(), )\22;203}}

~min {11, ma {0, 261

|z — 2| dxds

)\2(377 8) - ):Z(x7 S)
20,

|z — 2| dxds

< L(/ (p2 — P2)? drds + / (z — 2) dmds)
< C(/(z—2)2 alxds—i—/(w—u?)2 dxds
Q

Q

+ / (p1 — p1)? dads + / (pa — pa)? dxds)
Q Q

where C = %. Note also that
2

/ M (wz — wE)(w — ) deds < e’\T/ w(w —w)(z — 2) + 2(w — w)* dzds
Q Q

< ezATM/ (w —w)(z — 2) + (w — w)* dzds
Q
< e”‘TM(/(z — 2)? dwds + 5 / (w — ) dacds) (2.47)
Q 2 Jq
< 062’\T(/ (z — 2)* dods + / (w —)? drds
Q

Q

+ / (p1 — p1)? dads + / (p2 — Pa)? dxds)
Q Q

where C' is a constant depending on the final time 7', ||, bounds over the parameter space
as well as L> bounds of the state and adjoint solutions. Hence, adding up the estimates for

the four integrals in (2.45) and (2.46) combined with similar estimate techniques as (2.47),
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we can see that

%/(w—w)Q(x,T) d:c+d/\V(w—zD)|2dxds+u/(w—w)2 dads
Q Q Q

1
+—/(z—73)2(9c,T) da;+q/(z—2)2 dxds
2 Jo 0
1 -~ ~
"‘5/(}91 —P1)2($,0)+d/]V(p1 —p1)|? dvds
Q Q

1 (2.48)
+[L/ (p1 —]51)2 dxds + 5/(292 — ﬁ2)2($, 0) + q/ (pz — ]52)2 dxds
Q Q Q

A—C — Ce”)(/(z — 2)* dxds + / (w —)* drds + / (p1 — p1)? dads
Q Q Q

+ / (pz - ]52)2 dl’d8> <0
Q

Choosing A > C' + C and then T sufficiently small such that A — C' — Ce®*T > 0, we must
have that w =0, z = 2, p; = py and py = po. Thus, N = N, R= R, \; = \; and Ay = \o.
Since the optimal control depends only on the adjoint Ay = ):2, then we must have that

I=1. O

Remark 2.4.4. Under some minor modifications in the theorems above, but using the same
techniques, it can be shown that the optimality system s also unique under zero Neumann

boundary condition.

2.4.3 Existence of an Optimal Diffusion Rate

The diffusion rate controls the movement that the population has to spread and find its
resource. The next theorem guarantees the existence of an optimal diffusion rate that
maximizes the objective functional at the optimal control and states. By showing the
existence of this diffusion rate, we can identify which populations are expected to maximize
the goal better than others by looking at the rate they are moving. Later in Subsection
2.7.3, we will numerically illustrate the existence of an intermediate diffusion rate for this
maximization problem when the population is exposed to favorable and unfavorable habitats

with Dirichlet boundary conditions.
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Theorem 2.8. There exist d* € [dumin, dmax] and corresponding optimal control I*(d*) € U
with corresponding states (N*, R*) such that

Je(r@) = swp {supJ(n)}

de[dminydmax] IeU

where

Ja(I) = / CyN(z,T) dx + /T/ CiN — (C3 4+ CoI)I dadt.
Proof. Observe that I is uziformly bounded ir? LOOQ(Q). Also, N and R are uniformly bounded
in L*°(Q) by Theorem 2.1. For any d € [dyax, dmin], it can be seen that

T
sup Jy(I) = sup/ CyN(z,T) dx + sup/ / CiN — (C5 4+ Col )1 dxdt
IeU 1ev Ja 1eU

< sup/C4N(:L' T) dx+sup/ /C’lN dxdt
Q

IeU IeU

< (Cy + C1T)|QMeM
< (Cy +C\T) QM.

where || N[ g < M e’ Moreover, from the above inequality yields

sup {sup Jd(I)} < (Cy + O\ QMM < .
de [dmin 7dmax} IeU
By Theorem 2.4 we can guarantee that for any given d € [dyin, dmax] there exist an optimal

control 1*(d) € U such that

Ja(I"(d)) = sup Ja(1I)

and by the uniform bound on J, there exist a maximizing sequence

(I*(d™),d™) € Uy = U X [dmin, dmax] such that

lim Jgm (I*(d™)) = sup Jy(I*(d)) = sup { sgp Jd(I)}.

m—00 d d

Using Theorem 2.1, we can guarantee the existence of a sequence of state solutions given
(I*(d™),d™) € Uy
(N, R™) = (N(I*(d™),d™), R(I*(d™),d™))
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for every m. Note that {I*(d™)}nen represents a sequence of optimal controls with
corresponding diffusing rate d™.
The next step is to determine uniform bounds for HNm”m(o,T;Hg(Q))a HNZn”L%O,T;H(%(Q)*) and
|R™[| 2 for all n and m. Since N™ is a weak solution of problem (2.8), we can apply
Lemmas 2.2 and 2.3 to obtain uniform bounds for ||Nm||L2(07T;H&(Q)) and ||N[”||L2(07T;Hé(ﬂ)*).
Similarly, we can use remark 2.3.2 (since R™ is a weak solution of problem (2.8) ) to obtain
an uniform bound for [|R™ (| 5(g)-

Due to ||Nm||L2(07T;H%(Q))7 ||Ntm||L2(o,T;H3(Q)*) and ||R™|[;2) are uniformly bounded
independently of m, I*(d™) € L*(Q) and d™ € [dumin, dmax), there exist subsequences N™,
R™ and I*(d™) such that

N™ — N* weakly in L*(0,T; Hy(9))
N — N weakly in L*(0,T; Hy(Q)")
R™ — R* weakly in L*(Q)

I*(d™) — I'*(d*) weakly in L*(Q)

d™ = d*

One must show next that N* and R* are the corresponding state solutions associated with
the optimal control (I*,d*) where I* represents the optimal control corresponding to the
optimal diffusion rate d*. The weak formulation of system (2.8) satisfied by N™ and R™

with a test function ® is given by

T T T
/0 (N™, ®@)dt + dm/o /QVNm -V dxdt = /0 /Qale(a:,t)Rm(a:,t)(ID(x,t)
— puN(z,t)P(x,t) dadt
t (2.49)
R™(z,t) — R(x,0) = /0 I"(d™)(z,s) — agN™(z,s)R™(x, s)

T pUN"™(z,5) — qR™(z,5) ds.
We require stronger convergence results in system (2.33) in order to pass the limit. A

compactness result of Simon in [45] guarantees that

N™ — N* strongly in L*(Q)
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Observe that from the weak convergences, we have that

T

T
im [ (VT @Yt = / (N7, DYl
0

m—r0o0 0

T T
lim dm/ /VN”"”-V(I) dzdt:d*/ /VN*-V@ dxdt
m—00 0o JQ 0o JQ

and using the strong convergence of N and weak convergence of R™ we can see that

ozl( (z,t)R™(z,t) — N*(x,t)R*(x,t))Cb(x,t) dmdt‘

//al

— N*(z,t) ‘ R™(z,t)®(x,t) dxdt

(Rm(x,t) - R*(x,t))N*(x,t)@(x,t) dmdt‘

T
< arC @]l o) [N = N¥[| p2(g) + 1 / / <Rm(x,t) - R*(m,t)) N*(z,t)®(x,t) dedt
o Jo

— 0 as m — oo.

Note that N*® € L*(Q) since N* € L>*(Q). Now, we can pass the limit as m — oo in (2.49)
and obtain that (N*, R*) = (N(I*,d*), R(I*,d*)). Finally, by the strong convergence of the

sequence N™ and since the function

T
I / /(03 + CoI)I dudt
0 Q

is weakly lower semi-continuous in L?(Q) [20], we have that

T T
/ / (Cy + CoI*(d*))I*(d*) dwdt < liminf / / CyI*(d™) dxdt
0 Q 0 Q

m—ro0

T
+liminf/ /02(]*(dm))2 dxdt

T
< liminf / / (Cy + CoI* (™) (d™) dzdt
0 Q

m—r0o0

which implies that
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T T
- / / (Cy + CoI*(d))I*(d*) dzdt > — limint / / CsI*(d™) dxdt
0 Q 0 Q

m—r 00

T
- liminf/ /C’g(!*(dm))2 dxdt
T
= lim sup/ / —Cs*(d™) dxdt
m—o0 0 (9]
T
—I—limsup/ /—C’g(]*(dm))2 dxdt
o Jo

m— 00

T
> lim sup/ / —(C3 4 CoI*(d™)) I (d™) dxdt
0o Jo

m—ro0

Thus,

Ja-(I7) /C4N* 2, T) daz+/ /ClN (Cs + CoI*)I* dudt

> lim sup C’4N (x,T) da:—i—hmsup/ /C’lN (C3 + CoI]) I dadt,

m—ro0 m—o0

but our choice of the maximizing sequence (I*(d™),d™) guarantees that

limsup/C4N (,T) da:+hmsup/ /ClN (C5 + CoI*(d™))[*(d™) dxdt
0

m—ro0 m—r o0

> lim [ CyN™(z,T) dx + / / CiN™ — (Cy + CoI*(d™)I*(d™) dudt
0 Q

m—ee Jo
= sup {sup Jd(l)}.

de[dmin:dmax] IeU

Therefore, (I*,d*) € Uy is an optimal control that maximizes the objective functional J;. [

2.5 Resource Allocation Model with Diffusion of Re-

source

In this section we extend our original resource-population model in (2.6) by allowing

the resource to diffuse. Consider the following resource allocation model with diffusing
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population and resource for a given ecosystem:

Ny — diAN = oy NR — uN on )
R, — dyAR = I(z,t) — asNR+ puN — qgR on Q

N(z,0) = No(z) on
(2.50)
R(z,0) = Ro(x) on
N(z,t)=0 on 082 x [0, 7]
R(xz,t) =0 on 0N x [0, 7]

We assign dy and dy to be the diffusion coefficients for the population and resource. We
make this assumption since there’s no reason to believe that both N and R should spread
out at the same rate. All other parameter definitions remained the same as explained in
Section 2.2. Another difference from the previous model is the Dirichlet boundary condition
imposed on R.

We are unable to use the weak formulation in (2.8) due to the resource is allowed to diffuse.
Hence, the functions N, R € L*((0,T), Hy(Q)) N L>°(Q) and Ny, R, € L*((0,T), Hy(Q)*)
are said to be weak solutions of problem (2.50) if for any test functions

©1, @y € L2((0,7), Hy(2)) N L=(Q)

T T T
/ (N¢, @1)dt + dy / / VN - V& dxdt = / / arN(z, t)R(z,t)®1(x, 1)
0 0 Q 0 Q

— uN(z,t)P1(z,t) dedt

. . . (2.51)
/ (Ry, ®2)dt + dy / / VR Vb, dudl — / / I(2,)®s — aoN (2, 1) R(x, ) B
0 0o Ja 0o Ja
+ puN (z,t)Py — qR(x,t) P2 dzdt
with initial and boundary conditions
N(z,0) = No(z) on Q
R(x,0) = Ro(z) on
(2.52)
N(z,t)=0 on 082 x [0, 7]
R(x,t) =0 on 09 x [0, 7.
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Similarly to what we did in Section 2.3, one can show the existence of state solutions and a
priori estimates for system (2.50). However, in this section we will skip this part and instead
we will assume all necessary convergence results to derive necessary conditions for solution
of the optimal control problem. The control problem consists in maximizing the objective

functional described in Section 2.4, that is

T
sup J(I) where J(I) = / CyN(z,T) dx+/ /C’lN — (C3+ CoD)I dxdt
Q o Jo

IeU

subject to the state system (2.50) with corresponding initial and boundary conditions.
Given two admissible controls I and I¢ = I + ek with corresponding state variables (N, R)

and (N€, R%), one can show that the sensitivity equations ¥; and W, satisfy

Ly Uy 0
LV = + M = on )
LyWs U, k
Uy (x,t) =0 on 02 x (0,7)
Uy(z,t) =0 on 992 x (0,7)
Uy (z,0) =0 on €2
Uy(z,0) =0 on )
where
Ll\pl - (\Ifl)t - dlqul
LQ\IJQ = (\I/Q)t — dQA\IIQ
and

M — w— O[lR —OélN
asR —pp q+ asN
Moreover, the functions A; and A, are the adjoint variables and they define the following

PDE system:
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)\1 Cl

L*\ = + M7T = on Q
Ly Ao 0
M(z,t) =0 on 02 x (0,7)
(2.53)
Xa(z,t) =0 on 02 x (0,7)
M(z,T) = Cy on €2
Aoz, T) =0 on §2
where
Lidi = —(M\1)e — 1 AN
11 1)t 1A\ (2.54)

Lids = —(No) — daANs.

Recall that the right hand side of the adjoint equations corresponds to the derivatives of the
integrand of the objective functional with respect to the states N and R respectively.
Assume I* is an optimal control and define 1€ = I* + €k to be another admissible control.

Differentiating the map I — J(I) one can see that

J(I€) — J(I*) / o N T) N(.T)

€
€ (S £ €\2 _ *\2

€ €

Passing the limit as € — 07,

N¢(x,T) — N(z,T)

e—0t Q €
T
N¢— N* Ic— I Ice—I1rIrc+1I1
vim [ [ _cy o AT o
e~>07L 0 €

C
_/04\1:1(:5,T) dx+/ /(\pl v ) [ | - G+ 26507 duat
Q o Ja 0
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T A
_ / O, (2, T) dx+/ / ( U, U, )L* " S k(O 2007) dudt
Q o Ja A2

T \Ifl
:/ / (M 2 )L — K(Cy + 2C51*) dudt
0 Jo 0,

T 0
:/ /( A ) — 1(Cy + 20,1 dvdt
o Ja k
T
0 Q

From the above calculations and taking into account the bounds for any admissible

control, the characterization of the optimal control is given by

I"(z,1) :min{Ml,maX{O,W}}. (2.55)

2.6 Numerical Simulations without Optimal Control

Throughout this section we perform some numerical simulations of the model (2.6) with a
fixed source I(x,t), to understand its dynamics under some simplified assumptions. Assume
w=0,¢g=0,p=0and Q = [0,1] x [0,1]. These assumptions on the parameters mean that
natural death in the population, natural resource decay and contribution from population

death to the resource do not occur. The resulting system is given by

Ny —dAN = a1 NR on @
R, =1(xz,t) —asNR  onQ

N(z,0) = No(z) on [0, 1] (2.56)
R(z,0) = Ro(x) on [0, 1]
N(z,t)=0 on {0, 1} x [0,1].
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A uniform grid of [0, 1] with grid spacing h = 0.01 was used to solve system (2.56) using
explicit finite difference method. The numerical scheme satisfied the corresponding CFL-
type condition for time step size to guarantee the stability and convergence of the method
[12].

Figure 2.1 depicts a set of initial conditions in absence of input amount of resource,
I(xz,t) = 0. In addition, it is assumed that the initial population size is always higher than
the initial amount of resource over the entire domain.

To understand the effect of varying the diffusion rate, we illustrate the state system with
initial conditions in Figure 2.1, a; = as = 0.4 and three different levels of diffusion rate d.
Recall that oy represents the conversion rate of resource into population growth and as is
the rate of resource uptake by the population. Figure 2.2 top shows a population that is
spreading out quickly under high level of diffusion rate (d = 1). In this case the population
hits the inhospitable boundaries too soon and eventually dies out. Nevertheless, in Figure 2.2
middle and bottom, the population is spreading under lower levels of diffusion rate, d = 0.1
and d = 0.01 respectively. In Figure 2.2 middle, it can be observed that the population is
slowly decreasing due to it is approaching to inhospitable boundaries. Moreover, in Figure 2.2
bottom, the population is able to grow when it is further away from the hostile boundaries.
On the other hand, we also observe that under a high diffusion rate the resource mostly
remains the same over the entire domain due to low population size compared to lower
diffusion rates where lower resource levels occur near the final time.

We now explore the case when the resource has access to a fixed input rate of resource
that depends only on space, I(x,t) = I(x). The set of initial conditions as well as the spatial
resource rate are depicted in Figure 2.3. By looking at the green and blue curves, one can
see that the initial population is exposed to low and high levels of resource on different parts
of the domain.

In Figure 2.4, we analyze the dynamics of a population under high, medium and low
diffusion rates with initial conditions depicted in Figure 2.3, oy = 1 and ap, = 0.4. At
the top of Figure 2.4, the population size becomes very low in a short period of time since
high diffusion rate leads the population to hit the inhospitable boundaries very quickly. In

contrast to high level of diffusion rate, the population is able to survive when diffusion rates
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Figure 2.1: Initial conditions without input amount of resource for Figure 2.2.
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Figure 2.2: On the left hand side the population size distribution is represented while on
the right hand side is the corresponding resource level. Three levels of the diffusion rate are
used subject to initial conditions in Figure 2.1 with a; = as = 0.4 and I = 0. The top,
middle and bottom scenarios correspond to high, medium and low diffusion rates for d = 1,
d = 0.1 and d = 0.01 respectively.
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Figure 2.3: Initial conditions with added source for Figure 2.4.
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Figure 2.4: On the left hand side the population size distribution is represented while on
the right hand side its corresponding resource level with I = Iy(z). Three levels of the
diffusion rate are used subject to initial conditions in Figure 2.3 with a; = 1 and as = 0.4.
The top, middle and bottom scenarios correspond to high, medium and low diffusion rates
ford=1,d = 0.1 and d = 0.01 respectively.
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are medium or low. In this case, a population with a low diffusion rate is more likely to obtain
a higher population size than a population with a medium diffusion rate. Moreover, we can
observe that under a high diffusion rate the resource levels remain almost constant across
time due to population has rapidly reached very low density levels and thus, no resource
uptake is produced. However, when the population has medium and low diffusion rates the
amount of resource seems to decrease closer to the final time in some parts of the domain.
Thus, areas with high level of population are leading the resource to low densities and the
input rate of resource is not enough to compensate that resource loss. Perhaps, higher levels
of source could help maintain higher levels of the resource for a longer time when diffusion

rates are low or medium.

2.7 Numerical Simulations with Optimal Control

The focus of the next numerical simulation subsections is to illustrate the dynamics of
the resource allocation system when some parameters, thresholds, boundary conditions
and spatial domains are changed. We develop Subsection 2.7.1 to understand the impact
produced by the critical resource threshold, R., on the population size when considering
different initial amount of resources in absence and presence of optimal control. We calculate
the total population abundance at the final time for each example to compare with the initial
total population size and measure whether the population has grown or shrunk. In Subsection
2.7.2, we explore the resource allocation model under two different values of the resource
conversion rate, az. In addition, we also investigate the relationship between a3 and R, as
well as how the total population abundance and the objective functional values behave as a
function of R.. We dedicate Subsection 2.7.3 to analyze some of the effects produced by the
diffusion parameter, d, to the ecosystem model. Here we numerically show the existence of
an intermediate diffusion rate for the population that maximizes the objective functional and
validates the results of Theorem 2.8. For the three previous subsections, we always assume
that the initial spatial distributions of the population and its resource are known. However,
in order to obtain more realistic set of initial conditions for N and R, in Subsection 2.7.4, we

allow the population and resource interact for some time and then use the population and
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resource sizes at the final time as new initial conditions. The new initial conditions are used
to run simulations in presence of optimal control and compute the population abundance. In
Subsection 2.7.5, we illustrate some numerical scenarios of the model when the population
can have Neumann (favorable) or Dirichlet (unfavorable) boundary conditions. Furthermore,
we report the objective functional and total population abundance values to compare both
type of boundary conditions. In the last numerical Subsection 2.7.6, we present two examples
of the resource allocation model in presence of control when 2 is a squared domain instead
of an interval as considered in all the previous subsections.

Before we illustrate several numerical examples of the optimal control problem associated
with the resource allocation model, we explain the idea behind solving the optimality system,

(2.6), (2.42) and (2.44), numerically:
1. Explicit Finite Difference method will be used to approximate N;, R;, N,, and AN.

2. The Forward-Backward Sweep method for PDEs will be used to solve the optimality
systems and the convergence results for this algorithm can be found in [23]. The steps

of this iterative method are summarized below.

e Make an initial guess for the optimal control I over your domain € x [0, T].

e Use the initial and boundary conditions with the state equations and the value
for I, to solve for N and R forward in time and space subject to the PDE in the
optimality system.

e Use the transversality and boundary conditions and the values for I, N and R to

solve the adjoint system A; and Ay backwards in time and space subject to the

PDE in the optimality system.

e Obtain the new control I by substituting the new N, R, A\; and Ay into the
optimal control characterization. Form the control for the next iteration as a

convex combination of old and new control.

e Check that the values for the states and control from the last and current iterations
satisfy a convergence criteria. If the iterations are close enough, return the outputs

of current iteration. Otherwise return to the second bullet.
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2.7.1 A Critical Threshold for Population Growth

In this section we explore some numerical scenarios to illustrate the dynamics of the
population with respect to the relationship between Ry and the critical resource threshold
when R > R., R = R. and R < R, under a specific level of diffusion without and with
optimal control (/*). Here R. = 91 i a critical value of the resource that can determine
when the total population size can /grow or shrink. In Section 2.3, we showed that when the
resource function is below the R, critical threshold, then the total population size is expected
to decrease over time regardless the value of the diffusion rate. However, when the resource
function exceeds this threshold and the population diffuses at a low or medium rate, the
dynamic of the total population size is less predictable. We have used the parameters in Table
2.1 to illustrate the numerical simulations in Figure 2.5 in presence of Dirichlet boundary

condition for the population and in absence of control. Moreover, for these parameters,

R, = 0.33 and the total population abundance at the initial time is given by

1
/ N(z,0) de = 1.67.
0

In Figure 2.5, we illustrate the impact produced by the critical resource value R, on
the state solutions in absence of control when the initial resource size is lower, equal or
higher than R, near the middle of the habitat. The initial population density is assumed
the same for all three cases with a higher population density near the middle of the habitat
and lower population density close to the inhospitable boundaries. All the green curves are
the population and resource densities at the final time. In Table 2.2, we report the total
population size at the final time for each case. As expected, due to the lack of external
source almost all resource at the final time has already been consumed by the population.
Thus, in the case without control as time goes on, we expect the total population size to
approach to zero regardless how high the initial resource is from R, since the population
eventually runs low on resource and it is diffusing toward the hostile boundaries.

Using the state system (2.6) and objective functional (2.44), we illustrate the scenario
when the optimal control rate of the resource, I*, is available in the model to examine

the impact produced by the critical threshold R. on the total population size. Table 2.3
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Table 2.1: Parameters used for Table 2.2 and Figure 2.5.

Parameter | oy | ¢ | as | p| ¢ d L|T
Baseline |03 [0.1[03|0]0.010.001]1]10
Population Size Resource Size Population Size Resource Size
1 1
0.5 0.5
0 0 0 0 lag
1 1 R 1 1 |
05 10 05 5 10 05 10 0.5‘ o
0 0 0 0 00
Length Time Length Time Length Time Length Time
5 ! — @ ’ !
4l —— R(z,10) 4l
---R.=033
3 3L
0.5 0.5
2= 0N 2 /N
1 1
0 0 0 0
. 0 0.5 1 0 0.5 1 0 0.5 1
Length Length Length Length

Population Size

—o

05

=

ength

Time

Resource Size

Length

S = 0w & O

0.5

0 0.5 1
Length

0 0.5
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Figure 2.5: Population size and resource allocation in absence of control given that Ry(z) <
R, (two at the upper left), Ro(z) = R. (two at the upper right) and Ry(z) > R, (two at the
bottom). In this case R. = 0.33 and d = 0.001.

Table 2.2: Population abundance at the final time without optimal control given the initial
condition for Ry(z) was smaller, equal and bigger than R. = 0.33 in the middle of the

habitat.
Cases Jy N(z,10) dz
Ro(z) < R, 0.63
Ro(x) > R, 0.74
Table 2.3: Parameters used for Table 2.4 and Figure 2.6.
Parameter (05] 1% Qo | P q Cl CQ 03 04 d M1 L| T
Baseline |0.3]0.1/03]0]0.01]30 |50 0| 1 ]0.001]03]|1]|10
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shows the parameter values used for Figure 2.6. The weight parameters, C; for ¢+ =1, 2, 3,4,
represent the importance of maximizing or minimizing each of the four quantities on the
objective functional. Figure 2.6 shows the dynamics of the population and resource sizes as
well the optimal control when the initial resource size is bigger, equal or smaller than R,
near the middle of the habitat. In Table 2.4, we report the total population size at the final
for each case. Unlike Figure 2.5, where the resource densities at the final time were very low,
in this case we observe that the resource densities at the final time have the same nonzero
distribution regardless the initial condition for the resource. The resource distribution at
the final time indicates low resource concentration near the middle of the habitat and two
resource peaks closer to the hostile boundaries. The areas with low resource at the final
time have a higher population density due to consumption of resource by the population
while the areas with high resource density near the boundaries have low population density
since the population is expected to die near these areas. In this particular example, we
observe that there are high concentrations of resource near the hostile boundaries because
as the population with high density in the middle of the habitat spreads out towards the
edges, they can find enough resource to maintain the population size, but as the population
approaches to the boundaries it quickly dies out. As noticed in Table 2.4, the total population
size at the final time grows for each case from an initial total population size of 1.66.

In Figure 2.7, we want to illustrate the impact caused by the resource threshold in the size
of a population without and with access to an external resource rate when the initial resource
near the middle of the habitat always exceeds R, and the peak of the initial population size
is much lower than the last two previous examples. In this case the initial total population
size is equal to 0.08. The parameters for this simulations were taken as in Table 2.3 with
the exception that the upper bound for the control was lowered to M; = 0.15. The total
population size at the final time for both cases was higher as shown in Table 2.5. In this case,
the resource density near the middle of the habitat was mostly above the resource threshold
because of high level of population density on these areas. However, near areas close to
the boundary the resource was mostly below the critical threshold since the population is

expected to die near the boundary. Thus, in presence of optimal control, when the initial
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Figure 2.6: Population and resource sizes in presence of the optimal control given that
Ry(x) < R, (two at the top), Ro(x) = R, (two at the middle) and Ry(x) > R, (two at the
bottom). The blue and green curves represent states at the initial and final time. In this
case R, = 0.33.
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Table 2.4: Population abundance at the final time with optimal control given the initial
condition for Ry(z) was smaller, equal and bigger than R, = 0.33.

I
Cases Jo N(x,10) dz
Ry <$ ) < R, 1.91
Ro(z) = R. 1.93
Ro(z) > R. 2.03
Population Size Resource Size
1.5 1.5
1 1
0.5 0.5
! !
05 s 10 05 s 10
Length 00 Time Length 0 Time
1.5 1.5
— No(z) —— Ry()
N(z,10) — R(2.10)
1 1 ---R.=033
0.5 0.5
0 T~ 0
0 0.5 1 0 0.5 1
Length Length
Optimal Population Size Optimal Resource Size Optimal Control Source

0

1 ‘

10 10
0.5 5

0
Length 0 Time

0.15

T
I*(x,0)
0.1
0.05
0
0 0.5 1 0 0.5 1 0 0.5

Length Length Length

1

Figure 2.7: Population and resource sizes in absence (top) and presence (bottom) of optimal
control given that Ry(x) takes values above and below R, as x varies. In this case R, = 0.33.

Table 2.5: Population abundance at the final time without and with optimal control given
the initial condition for Ry(z) was above and below than R, = 0.33.

Cases [ N(z,10) dx

0
No control 0.11

With Control 0.37
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population size is small relative to the initial resource size, we can expect the total population

size to increase over time as long as the diffusion rate is small.

2.7.2 The Effect of the Resource Conversion Rate

The parameter g (o = agas) represents the rate at which the resource uptake by the
population is transferred into population growth. In this subsection we are interested in
examining the influence on the population size of this parameter when a3 = 1 and a3 = 0.7
while other parameters in the model are fixed. Thus, the baseline parameters for the next
numerical simulations are illustrated in Table 2.6.

For all the simulation the diffusion rate was fixed at the intermediate level d = 0.01 and

the set of admissible controls is
U= {I € L¥(Q)] 0 < I(x,) < 1,ae.(x,t) € Q}.

Here the weight parameters choices represent that we equally care about the importance
of maximizing the total population abundance over the entire domain (C; = 1) and at the
final time (Cy = 1) as well as minimizing the amount of square of the input resource across
the habitat (Cy = 1), but not linear input resource (C3 = 0). However, if we would have
chosen Cy = 0, this would mean that it is not important to maximize the total abundance
of the population at the final time. Note that our weight parameter choices here for C; and
Cy are different from the examples with optimal control in Subsection 2.7.1 were C; = 30
and Cy = 50.

In Figure 2.8 we display two numerical simulations of the optimal control problem when
the initial abundance of population and resource are both distributed heterogeneously along
the habitat. Note also that initial distribution of population and resource are far from the
hostile boundaries. A clear observation is that there is a higher abundance of population
when the conversion of resource into population growth is ag = 1 instead of ag = 0.7,
especially near the final time. In both cases, the amount of resource close to ¢ = 5 have
been consumed more by the population. This make sense, since as population abundance

increases, the population requires a higher resource uptake to maintain its size. It is worth
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Table 2.6: Baseline parameters for tables and figures in Section 2.7.2.

Parameter | u | as | p q |Cy|Cy | C3 | Cy | My |L| T
Baseline | 0.1 /04|05 |0.01] 1 110 1 1 | 1]10

Optimal Population Size Optimal Resource Size Optimal Control Source
5 5
0 0
! 10 ! 10
0.5 5 0.5 5
Length 010 Time Length 00 Time Length 00 Time
1 1 1
0.5 0.5 0.5
0 0 0
0 0.5 1, 0 0.5 1 0 0.5 1
Length Length Length
Optimal Population Size Optimal Resource Size Optimal Control Source
5 5
0 0
1 1
1 1
0.5 5 0 0.5 5 0
Length 40 Time Length ¢o Time
1 1 1
No(a)
0.5 /\ 05 05
0 0 0
0 0.5 1 0 0.5 1 0 0.5 1
Length Length Length

Figure 2.8: Distribution of population, resource and optimal control when the conversion
of resource into population growth is ag = 1 (first two rows at the top) and ag = 0.7 (last
two rows). The initial population and resource densities are both allocated heterogeneously.
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mentioning also that the optimal input rate of resource implicitly affects the distribution of
resource in space since throughout time there have been resources allocated in areas where
they were not initially. This is explained by the implementation of the optimal control in
areas that initially were unoccupied by resources. Such dynamics allows the population to
spread and grow in areas away from the inhospitable boundaries. We calculate the objective
functional J with the parameters in Table 2.6 and obtain that J = 20.3 for a3 = 1 and
J = 8.4 for a3 = 0.7. Our objective functional values allow us to validate that when the
conversion rate of resource into population growth is higher, then the total abundance of the
population at the final time are expected to be higher, as seen with 4.13 for a3 = 1 and 2.52
when a3 = 0.7.

Similar observations to those made for Figure 2.8 can be made to Figure 2.9. The main
difference consists in how the initial condition for the resource was chosen. In Figure 2.9 we
display two numerical simulations of the optimal control problem when the initial population
abundance is distributed heterogeneously along the habitat while the initial amount of
resource is assumed to be constant in the middle part of the habitat and zero near the
boundary. Even though in this simulation we allocate higher resource abundance near the
middle of the habitat than in the previous example, the population abundance at the final
time when a3 = 1,0.7 was 4.13 and 2.52 respectively. These are the same values we obtained
in Figure 2.8.

Despite choosing different favorable initial spatial arrangements for the population and
resource abundance, the total population abundance at the final time was always higher when
the conversion of resource into population growth was higher as well. In the next Subsection
2.7.3, we explore a more extreme circumstance when the initial spatial arrangement for the
population is unfavorable, that is, the resource is located far away from the initial location of
the population. In this case we will expect the diffusion rate to play a key role in increasing
the population abundance.

Back to the critical threshold under this subsection with the resource conversion rate,
the main objective of the following numerical simulations is to illustrate the impact that the
critical threshold has on the objective functional as well as the population abundance due to

changing a3 affects the value of R.. We start off by considering the parameters in Table 2.6
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Figure 2.9: Distribution of population, resource and optimal control when the conversion
of resource into population growth is ag = 1 (first two rows at the top) and ag = 0.7 (last
two rows). The initial population is allocated heterogeneously while the initial resource is
constant near the middle of the habitat and zero near the boundary.

67



and the initial conditions in Figure 2.10. Moreover, we let R. be a function of a3 such that

Rc(ag) = — = ,U .
(0%} [6D)O %}
In particular, for this example
0.1 1
RC frg - —
() = 0y ~ T

with a3 € [0.1,1]. In general, a3 takes on any values between 0 and 1. For values of ag close
to 0, it represents that low population growth is produced by the uptake of resource. On the
other side, when aj is near 1, it means that most of the resource uptake by the population
transfers into population growth. Thus, since R, gets really large as a3 approaches to zero,
the lower bound for aj is fixed at 0.1 instead of 0. Ecologically, this means that very high
level of resource size would be needed along the habitat to increase the population size when
a3 18 near its lower bound.

The initial conditions in Figure 2.10 show high levels of population size near the middle
of the habitat, but very low near the boundaries. The initial amount of resource is
homogeneously distributed along the habitat and it is set at 1 since R, takes values between
0.25 and 2.5. These values can be easily computed based on our bounds for as.

In Figure 2.11, we display the total population abundance at the initial and final time as
a function of R, when no control, I,,;, = 0, optimal control, I*, and constant control at the
highest level, I,.x = 1, are implemented. The vertical line represents the initial amount of
resource and the dashed line is initial total abundance of the population.

In Figure 2.12, we display the objective functional as a function of R. corresponding to
no control, optimal control and constant control at the highest level. Something to highlight
from this figure is that as R, is closer to 0.25, the cost of using optimal control approaches to
the cost of using constant control at the highest level. This means that the total population
abundance can be maintained with the amount of resource above 0.25 and low values of
diffusion. This situation can be guaranteed as long as constant control at the highest level

is added to the resource. However, the situation gets reversed when R, is near 2.5, in that
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Figure 2.10: Initial conditions used for Figures 2.11 and 2.12.
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Figure 2.11: Total population abundance at the initial and final time on the vertical axis
as a function of the resource threshold R, = ﬁ when no control, optimal control, and
constant control at the highest level are implemented. To illustrate this example, we used
parameter values in Table 2.6 and the initial conditions in Figure 2.10. Recall that I,,;, =0
and I,,x = 1 are the lower and upper bounds for all admissible controls.
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Figure 2.12: Objective functional on the vertical axis as a function of the resource threshold
R, = ﬁ when no control, optimal control, and control at the highest level are implemented.
To illustrate this example, we used parameter values in Table 2.6 and the initial conditions
in Figure 2.10. Recall that I,;, = 0 and I,.x = 1 are the lower and upper bounds for all
admissible controls.
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case, the J values of using optimal control or with no control are almost the same. In
this situation, the total population size at the final time would be close to zero since the
resource uptake by the population and adding control at the highest level are not enough
to increase the resource levels above 2.5. Thus, the J values corresponding to the optimal
control approach to the J values corresponding to no control as the resource threshold gets

closer to 2.5.

2.7.3 The Impact of Different Levels of Diffusion Rate

One parameter that can clearly change the dynamics of the optimal control problem in
(2.32) is the diffusion coefficient, d. In Subsection 2.7.2, we studied the effects of the
resource conversion rate into population growth, s, while other parameters were fixed.
We observed that as as increased or decreased, it was expected that objective functional
and the population abundance at the final time would increase or decrease as well. Unlike
the conversion rate ag, the dynamics of the diffusion coefficient d may require more analysis
to be understood. In this section, we have prepared some numerical scenarios to analyze the
impact of d on the objective functional J;(I(d)). Moreover, for each example, we numerically

approximate d* such that

Je(d) = s {supda(D)}

de [dmin:dmax] IeU

to validate the theoretical results in Section 2.4.3. One key question we also want to address
in this section is whether low diffusion rates are more advantageous than high diffusion rates
for the population. Also, how do the initial spatial arrangements of population and resource
contribute to answer our previous question? The baseline parameters used for simulations
in this section are shown in Table 2.7.

To begin answering these questions, we initially allocate the population far away from
its resource as an extreme scenario. The idea of this simulation is to test whether or not
fast diffusion in the population could be beneficial since resource is far away. This situation

where the population has an initial unfavorable habitat is described on Figure 2.13.
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Table 2.7: Baseline parameters for Tables 2.8-2.10 and Figures 2.13-2.18.

Parameter | a1 | pu | as | p g |C1|Cy|C3 | Cy | My | L|T

Baseline (03010304001} 1|10 |1 1 | 1]10

1 1 ;
No(z) Ry(x)

-~ -R, =033
0.8+ 0.8+ ]
0.6 0.6
0.4+ 0.4t
0.2+ 0.2

0 0— .
0 0.5 1 0 0.5 1
Length Length

Figure 2.13: Initial conditions for Table 2.8 and Figures 2.14- 2.15.
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We have created Table 2.8 taking into account the initial conditions displayed on Figure
2.13 and the baseline parameters in Table 2.7. Table 2.8 contains 10 different diffusion rates

in decreasing order with their corresponding values for the objective functional
1 10
Ja(I*) = 04/ N*(z,10) dx +/ / CiN*(x,t) — Col**(z,t) dodt
0 o Jo

as well as the total population abundance at the final time (7" = 10), that is

1
/ N*(z,10) dx
0

The idea is to use the objective functional and the population abundance as a metric to
determine if there is a d where the population abundance is higher than any other. With
this in mind, it can be observed that the diffusion rates ranging from 0.01 — 0.003 have
an increasing payoff J while diffusion rates ranging from 0.003 — 0.0001 have a decreasing
payoff J. Hence, there is an intermediate diffusion rate where the objective functional was
maximized. Furthermore, there was also an intermediate diffusion rate where the total
population abundance at the final time was maximized. Note that the diffusion rates that
maximizes Jy(I*) and / N*(x,10) dz are not the same. This can be seen more easily from
Figure 2.14 where we have depicted the graphs of J;(1*) and the total population abundance
at the final time both as a function of d. Around 200 values of d between 0.0001 — 0.01 were
used to create Figure 2.14. Thus, we had to numerically solve the optimality system around
200 times to obtain the values for J and the total population abundance at the final time.
We compare the application of the optimal control against no control (I = 0) and constant
control at the highest level (I = 1) to measure the importance that the optimal control has in
improving the ecological system compared to two constant controls. We do this by computing
the J value of using each control strategy when a population diffuses at a rate of d = 0.004
(see Table 2.9). Note that we chose the diffusion rate, 0.004, that provides the highest
Jg value in Table 2.8. Not surprisingly, the J value corresponding to the optimal control
strategy was much higher than the cost of using no control. Nonetheless, the J value of
applying constant control at the highest level was only 6% less compared with the J value
of using optimal control. Note that this extreme scenario where population and resource are

in opposite locations as well as a not very high cost of using the control (Cy = 1 and C3 = 0)

73



Table 2.8: Ten levels of diffusion rates in decreasing order along with their corresponding
objective functional values and population sizes at the final time using initial conditions in
Figure 2.13.

1
d Ja(I*) / N*(z,10) dx

0.01 13.68 : 4.5094
0.008 | 14.74 4.8345
0.006 | 15.79 5.2318
0.004 | 16.62 5.7542
0.002 | 15.85 6.3835
0.001 | 12.94 4.9957
0.0008 | 12.28 4.5399
0.0006 | 11.60 4.1305
0.0004 | 10.81 3.6768
0.0002 | 9.78 3.0922
0.0001 | 9.06 2.6845

18
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Ja(I%)
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10+ Abundance at T'| |

12+

0 0.002 0.004 0.006 0.008 0.01
d

Figure 2.14: Objective functional and total population abundance at the final time as a
function of the diffusion rate with unfavorable habitat for the population.

Table 2.9: Comparing the objective functional values of implementing optimal control
strategy with no control (I = 0) and when control is constant at the highest level (I = 1).
We choose the diffusion rate with the highest J; value from Table 2.8, that is, d = 0.004.

. Jq(T7)
16.62 | 0.3 | 15.59 | 1.0661
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might lead the J value of using optimal control or constant control to be very similar. The
next examples will illustrate some of the reasons why the J value difference between using
optimal control and constant control at the highest level remain so close.

Continuing with the same example where the population and resource are located on
opposite sites of the habitat as shown in Figure 2.13, in Figure 2.15, we display the dynamics
of the population with its resource and optimal control at three different diffusion rates,
d = 0.01 (high), d = 0.004 (medium) and d = 0.0001 (low). At first sight, the dynamics
of the population under high and medium diffusion rates were significantly similar. On the
other hand, the population dynamics under low diffusion rate was different than high and
medium rates. The slowest population was not able to occupy those areas where resource
had been allocated initially due to low diffusion rate. It can also be observed that under
low diffusion, d = 0.001, no control was implemented at the other side of the habitat where
population was absent. Thus, the population diffusing faster (d = 0.01) was able to spread
and grow with a higher population abundance than the population diffusing slower.

In our next numerical scenario, we investigate the case when the initial location of the
population is close to its resource and far enough from the inhospitable boundaries. Basically,
the population is not forced to travel or wait for the optimal control effects to obtain its
energy through the resource. This situation is represented with the initial conditions for N
and R in Figure 2.16. Here, we want to examine a more favorable case for the population
to compare against the previous extreme initial spatial arrangement.

We have created Table 2.10 and Figure 2.17 (with 100 d values from 0.0001 to 0.01)
using the initial conditions in Figure 2.16 and the baseline parameters in Table 2.7. Moreover,
Table 2.10 is constructed as Table 2.8, consisting of 7 diffusion rates with their corresponding
objective functional and total population abundance at the final time. Further, Figure 2.17
displays the objective functional and total population abundance as a function of the diffusion
rate. In this case the total population size at the final time is maximized when d = 0.001
and the objective functional is maximized near d = 0.0004 of using optimal control was
higher than the cost in absence of control. One observation from Figure 2.17 is that there

are two different diffusion rates where either the objective functional or the total population
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Figure 2.15: Population, resource and optimal control dynamics in space and time for
three different diffusion rates, d = 0.01 (top), d = 0.004 (middle) and d = 0.0001 (bottom)
under unfavorable initial habitat for the population depicted in Figure 2.13.
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Figure 2.16: Initial conditions for Table 2.10 and Figures 2.17-2.18.
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Table 2.10: Seven levels of diffusion rates in decreasing order along with their corresponding
objective functional and population size values at the final time using initial conditions in
Figure 2.16.

T
d | () / N*(2,10) dz
Q
0.01 17.64 4.1329
0.004 | 22.75 5.4045
0.001 | 25.52 6.6538
0.0008 | 25.51 6.8067
0.0004 | 24.73 7.2149
0.0002 | 22.64 6.9113
0.0001 | 20.75 5.9269
25+
20 +
15+ Ja(I*)
Population
Abundance at T'
10 +
5L
0 ‘ ‘ ‘ ‘
0 0.002 0.004 0.006 0.008 0.01

d

Figure 2.17: Objective functional and total population abundance at the final time as a
function of diffusion rate with favorable habitat for the population.

7



abundance are maximized. Notice that one might be mistaken in assuming that there is only

one diffusion rate that can maximize both J(/*) and fol N(z,10) dx.

Dependence on the cost coefficients is important, we have constructed Table 2.11 to
compare the cost of using different control strategies as in Table 2.9. As expected, the
objective functional at the optimal control was higher than any other control, but it was
only 2% better than the cost when constant control at the highest level was used. One can
see that despite of more advantageous initial conditions, the cost of using optimal control and
constant control when I = 1 are still very similar as we discussed on Table 2.9. Consequently,
we can say that regardless our choice for the initial conditions, but due to a the low cost
relative to the use of control, it means almost the same to implement optimal control as it
is to implement constant control at the highest level.

We illustrate the dynamics of the population with its resource and optimal control for
three diffusion rates in Figure 2.18 using the initial conditions on Figure 2.16. It can be seen
that at the final time when d = 0.01 and d = 0.001 the population size is higher compared to
any previous time while the resource is at the lowest level. Nonetheless, when low diffusion,
d = 0.0001, the population is mostly concentrated in the middle of the habitat where the
resource is low since it has been consumed by the population. But the resource level near
the boundaries are high due to the population is spreading slowly and it can grow near areas
close to the hostile boundaries. The application of the optimal control seem to have a similar
dynamics for each of the diffusion rates.

Although the last two numerical examples in Figures 2.15 and 2.18 the value of the
objective functional at the optimal control and control at the upper bound were very similar,
that is not always the case. In the following scenario we show a case when there is a significant
difference between the J values of I* and I = [,.«. The goal is set to maximize the total
abundance of the population at the final time and minimize the cost of implementing the

control

1 10 p1
Ja(I") = C'4/ N(z,10) dx — CQ/ / I**(x,t) dxdt.
0 o Jo

The parameters to be considered are given in Table 2.12 and the initial conditions are

displayed on Figure 2.19. Unlike the parameters in Table 2.7, this time our parameter
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Table 2.11: Comparing the objective functional values of implementing optimal control
strategy, no control and when control is constant at the highest level. We choose the diffusion
rate with the highest J; value from Table 2.10, that is, d = 0.001.

Ja(I%)

I* 1) | —=2
Ja(I*) | Ja(0) | Ja(1) (1)
25.52 2.06 | 24.79 | 1.0293

Optimal Population Size when d =0.01

=}

10

0.5 5

Length 00 Time
Optimal Population Size when d =0.001

5

Length 00 Time

Optimal Population Size when d =0.0001

5
Length 00 Time

Figure 2.18: Population, resource and optimal control dynamics in space and time for
three different diffusion rates, d = 0.01 (top), d = 0.001 (middle) and d = 0.0001 (bottom)
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Optimal Resource Size when d =0.0001
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Length 00 Time

Optimal Control Source when d =0.01
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0.5 5

Length 00 Time
Optimal Control Source when d =0.001

5

Length 00 Time
Optimal Control Source when d =0.0001

0.5

10

0.5 5

Length 00 Time

under favorable initial habitat for the population depicted in Figure 2.16.
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Table 2.12: Baseline parameters for Table 2.13 and Figure 2.19-2.21.

Parameter | a; | p | as |p| q |Cy| Co | C3 | Cy | My | L| T
Baseline (0301030001 0 [100] O |50]02 1120

1 1

No(z) Ry(x)

sl 08l - - -R.=0.33 |

0.6 0.61

0.41 0.41

0.2+ 021

0 0

0 02 04 06 08 1 0 02 04 06 08

Length Length

Figure 2.19: Initial conditions for Table 2.13 and Figures 2.20-2.21.
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choices represent an ecosystem where the death of the population doesn’t contribute to the
resource growth since p = 0. Our choices for the weight parameters reflect a high relative
importance to maximize the population abundance at the final since Cy = 50 while the cost
relative to minimize the optimal control is high due to Cy = 100. Note that in this example
because of C; = 0, it is not important to maximize the population size between (0,7"). The
upper bound for the optimal control has also been reduced to 0.2 from 1 as it was considered
for the previous two examples. Later we will see that due to our new weight parameter
choices and new upper bound for all admissible controls the J values corresponding to the
optimal control and when I = 0.2 are significantly different unlike the previous two scenarios
where their J values were very similar.

The initial conditions on Figure 2.19 represent a high population size at the middle of
the habitat while the resource size are homogeneous along the habitat and below the R,
level. Moreover, we know from Section 2.7.1 that despite of how fast or slow the population
diffuses, the population is unable to increase its size anywhere due to low levels of resource.
Thus, the implementation of a control is of great importance to improve the resource and
subsequently allow for population growth. The time period was also extended from 10 to
20.

In Table 2.13, we have a sample of diffusion values with corresponding objective functional
values used to create Figure 2.20. As you can observe in Figure 2.20, there is a small d* that
maximizes the objective functional at the optimal control.

In order to asses the implementation of the optimal control to other admissible controls,
we choose to compare their objective functional values as it is shown in Table 2.14. We
choose a population able to diffuse at rate of d = 0.002 to perform these comparisons. One
can clearly see that the value of J at the optimal control was much higher than the objective
functional value corresponding to no control or constant control at I = 0.2. By computing
the ratio between the objective functional of the optimal control and the constant control,
we notice that the J value of using optimal control is almost 68% higher than when constant
control was used. This difference in the J value is really significant since the two previous
example the J values were very similar (only 6% and 2% better, look at Tables 2.9 and 2.11).

Therefore, by considering the two high costs relative to increase the population size at the
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Table 2.13: Seven levels of diffusion rates in decreasing order along with their corresponding
objective functional and population size at the final time using unfavorable initial conditions
in Figure 2.19.

T

d Ja(I*) / N*(x,20) dx
0.01 4.48 : 0.46
0.006 | 11.05 0.77
0.002 | 20.97 1.12
0.001 | 25.80 1.31
0.0006 | 28.97 1.43
0.0002 | 33.15 1.68
0.0001 | 28.77 1.45

0 0.002 0.004 0.006 0.008 0.01
d

Figure 2.20: Objective functional as a function of the diffusion rate with unfavorable initial
habitat for the population.

Table 2.14: Comparing the objective functional values of implementing optimal control
strategy, no control (I = 0) and when control is constant at the highest level (I = 0.2). We
choose the diffusion rate with the highest J; value from Table 2.13, that is, d = 0.0002.

Ja(IT¥)
J () | J4(0) | J4(0.2
a(I*) | J4(0) | J4(0.2) 7402)
33.15 1.85 19.65 1.6870
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final time (Cy) and the use of control (C3), we could observe a significant difference between
the cost of using optimal control instead of simply applying a constant control at the highest
level.

One can notice that the dynamics of the population and resource regardless of slow or
fast diffusion are very different near the final time. In Figure 2.21 we display the dynamics of
two populations diffusing at two different rates (d = 0.004 and d = 0.0002) along with their
resource and optimal control using the initial conditions in Figure 2.19. This occurs since
the goal is to maximize the population size at the final time as much as we can. Thus, this
justifies the low population densities in the beginning for both cases. To explain some of the
effects that these populations have near the final time, observe that when population diffuses
at a rate of d = 0.004, it hits the inhospitable boundaries sooner than the population that
diffuses slower. For this reason, you can see that the optimal control when d = 0.004 is more
important near the middle of the habitat as the population approaches to the final time.
But when d = 0.0002 more optimal control is needed near the boundaries as the population
is expected to spread slowly allowing it to grow away from its initial location.

Returning to our original question, does the population that diffuses slower have more
abundance than those moving faster? Based on our numerical scenarios, it depends. Our
numerical results have been able to detect an ’intermediate’ optimal diffusion rate that
maximizes the population size (see Figures 2.14 and 2.17). Similar findings like this have
been discussed and proven for other reaction diffusion equations in [32, 58, 13, 7]. In our
selections of initial spatial arrangement of the population being unfavorable (see Figure 2.13)
or favorable (see Figure 2.16), they showed similar numerical results between the diffusion
rate and its population size. Here, we only focused on values of d close to the optimal d*
to show that large values of d do not always decrease the population abundance. More
precisely, we varied the value of d between 0.0001 and 0.01 to represent the slow and fast
spread of the population. Nevertheless, we explored the impact of the diffusion rate as d
becomes smaller. When the population diffuses very slowly, we found out that the population
abundance levels off due to the lack of resource to sustain a higher population abundance.
Although, we did not show any examples when the population diffuses faster, we expect the

population abundance to decline to zero as it would hit the hostile boundaries too quickly.
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Optimal Control Source when d =0.004
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Figure 2.21: Population, resource and optimal control dynamics in space and time for two
different diffusion rates, d = 0.004 (top) and d = 0.0002 (bottom) under unfavorable initial
habitat for the population depicted in Figure 2.19.
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Therefore, we could investigate whether other boundary conditions for the population can

have the same impact as the hostile boundaries as we change the diffusion rate.

2.7.4 Optimal Resource Rate at a Later Time

So far, based on our previous numerical scenarios the initial amount of resource (Ry(x))
has always been assumed to be heterogeneously or homogeneously distributed along the
habitat. Those initial conditions do not necessarily reflect the dynamics of the system with
specific set of parameters. If we revisit the numerical examples in Subsection 2.7.2, it can
be hard to know how to estimate the amount of initial resource for the population to grow.
Assuming a mistaken initial distribution of resource can lead to wrong conclusions about
the total population abundance. In this subsection, we investigate the scenario when the
initial amount of resource along the entire habitat is equal or larger than the critical value,
R.. We let the population interact with its resource in absence of optimal control and once
the resource-population dynamic has occurred for long enough, we use the population and
resource spatial distributions at the final time to start a new resource-population dynamic
in presence of optimal control. By allowing the interaction of population-resource without
control, we can obtain a more realistic representation of the ecosystem before introducing
the optimal control. The baseline parameters used for the following numerical simulations
are shown in Table 2.15.

In the previous Subsections 2.7.2 and 2.7.3, the upper bound for all admissible controls
have been chosen to be 1, but in this subsection we lower the upper bound to 0.1. By
decreasing the upper bound, we are simply reducing the highest rate at which the optimal
control can be applied. Notice that the choices of p = 0 and ¢ = 0 represent that there is
almost no contribution to the resource from the death of the population and natural resource
decay is negligible. While we have chosen these parameters to be 0 in the model, in reality
this means that the contributions from p and ¢ to the resource are negligible within the
ecosystem due to a short time period.

In the first numerical example we allow the population to interact with its resource when
the initial amount of resource is equal to the critical resource value (Ry(z) = R. = 0.33 for

all x € [0,1]) and there is an initial high population density near the middle of the habitat
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Table 2.15: Parameters used for Table and Figure in this section.

Parameter

aq

1

(8%

Cy

&

Cs

Cy

d

M,y

Baseline

0.3

0.1

0.3

p
0

q
0

10

1

0

10

0.001

0.1

40
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as shown in Figure 2.22. Looking at the population-resource dynamic in Figure 2.23, as time
goes on, the population quickly consumes the resource near the middle of the habitat and as it
moves towards the boundary. Note that the resource at the edges are not affected throughout
time since the population dies at the boundary due to the inhospitable boundary conditions.
Next, we want to use the spatial distributions of population and resource at the final time
as our new initial conditions as illustrated in Figure 2.24. Now, we let the population and
resource start with this new set of initial conditions and in presence of optimal control. The
dynamics of the population, resource and optimal control is given in Figure 2.25. One can
see that due to initial low levels of resource, the population does not reflect a significant
change in size after time t = 20. The optimal input rate of resource was at the highest level
at all times along the habitat. At the beginning the optimal control help the resource to
increase its size above the critical resource level to provide enough resource for population
growth. And from time ¢t = 20 to the final time 7" = 40, the optimal control is needed to help
sustain the resource level such that the population can have enough resource to maintain its
size. For this simulation, the population abundance increased from 0.01 at the initial time
to 0.87 at the final time. In our next numerical simulation, we explore the scenario when the
initial amount of resource is a constant three times larger than the resource threshold. The
initial conditions for NV and R are given in Figure 2.26. The dynamics of the population and
resource sizes in Figure 2.27 show that the population is expected to increase its size in areas
closer to the edges by t = 20, but since most of the resource has been consumed by then, the
population size gets lower as it approaches the final time. The initial conditions in Figure
2.28 are the spatial distribution of population and resource at the final time of the previous
simulation. Moreover, in Figure 2.29, we illustrate the dynamics of N and R when control is
available. By looking at Figure 2.29, we observe that the dynamics of these three functions
are very similar to those in Figure 2.25. Thus, the interpretation of the population, resource
and optimal control follows similarly. For this case, the total population abundance at the

final time is 0.84 and the initial population abundance was 0.05.
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Figure 2.22: Initial conditions when Ry(z) = R. = 0.33.
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0.5 20 . 20

10

Length 00 Time Length Time

Figure 2.23: Population and resource dynamics in absence of optimal control using initial
conditions on Figure 2.22. The parameter values are shown in Table 2.15.
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Figure 2.24: Initial conditions here are the final time distributions for population and
resource in Figure 2.23, denoted by Ro(z) = Ry(x,40) and Ny(z) = Ny (x,40).
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Optimal Population Size Optimal Resource Size Optimal Control Source
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Figure 2.25: Dynamics of the population, resource and optimal control using initial
conditions from Figure 2.24. The parameter values are shown in Table 2.15.
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Figure 2.26: Initial conditions when Ry(z) = 1 > R, = 0.33 for Figure 2.27.
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Figure 2.27: Population and resource dynamics in absence of optimal control using initial
conditions on Figure 2.26. The parameter values are shown in Table 2.15.

89



1.5 : 1.5

[ RE

----R.=0.33

0.5

0 0.5 1 0 0.5 1
Length Length

Figure 2.28: Initial conditions here are the final time distributions for population and
resource in Figure 2.27, denoted by Ry(z) = R;(z,40) and No(x) = N;y(z,40).
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Figure 2.29: Dynamic of the population, resource and optimal control using initial
conditions on Figure 2.28. The parameter values are shown in Table 2.15.
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2.7.5 Neumann Boundary Condition

Up to this point, most of the numerical simulations have been under hostile boundary
conditions. In this section we want to perform numerical simulations considering Neumann

boundary conditions

N,(z,t) =0 on {0, L},

meaning no flux for the population. Our no flux boundary condition represents a more
suitable environment where emigration by the population does not occur (in this context,
the habitat is more advantageous for the population since the diffusion of the population
toward the boundaries doesn’t reduce the population size directly). Some factors that can
diminish the population size are the natural death rate and the lack of resource. In this case
we assume that the resource ODE holds at the boundary as mentioned in Remark 2.2.1. The
parameters in Table 2.16 are used to illustrate some numerical simulations in this section
unless something else is specified. The main point of these numerical examples is to compare
the dynamics of the population and its resource under favorable (Neumann) and unfavorable
(Dirichlet) boundary conditions.

For our first numerical scenario in Figure 2.31 we want to illustrate the dynamics of
N and R in absence of control when Dirichlet and Neumann boundary conditions are
used. The initial conditions for N and R are in Figure 2.30 where the initial resource is
constant everywhere. It can be seen in Figure 2.31 that in the absence of optimal control,
the population and resource dynamics are different when Neumann (top row) or Dirichlet
(bottom row) boundary conditions are considered. In the case when no flux boundary
condition is used, the population abundance has always higher levels at any time compared
to Dirichlet boundary condition. Thus, no flux boundary conditions will produce a more
suitable habitat for the population under any initial resource distribution. Note that the
dynamics of resource despite of our boundary conditions seem to be very similar except at
the boundaries. The difference in dynamics are due to resource uptake by the population is
allowed at the boundaries when no flux boundary condition is considered instead of Dirichlet.

The slow decay observed in the resource graph when Dirichlet boundary conditions are
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Table 2.16: Parameters used for numerical simulation in Section 2.7.5.

Parameter | a; | p | as | p g |Ci| Cy | C5| Cy d M, |L|T
Baseline 0310170304 /001| 1 ]1007] 0O 1 /0001 0.1]1]40

1.5 1.5
— Rl
-~ - .R.=033

1 1
057 /\ 0.5}

0 : 0 :

0 0.5 1 0 0.5 1
Length Length

Figure 2.30: Initial conditions for Figure 2.31.
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20 ’ 20
Length 00 Time Length 00 Time
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0 |
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40 40
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Figure 2.31: Population and resource dynamics in absence of optimal control using initial
conditions on Figure 2.30. Top row shows no flux boundary condition while bottom row
displays zero Dirichlet boundary condition.
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considered is not due to resource uptake by the population since population dies at the

boundary, but natural resource decay instead.

The next numerical simulations depicted in Figure 2.32 show the dynamic of N and R
under the implementation of optimal control using the initial conditions on Figure 2.30.
From here, we can highlight that in presence of optimal control the population size near the
middle of the habitat is expected to increase regardless of what type of boundary condition
are used. However, when no flux boundary conditions are used in presence of control, it helps
the population to maintain its high size level near the boundaries as well. When Dirichlet
boundary conditions are used, the optimal control pulls the population up by allocating
more resource near the boundaries, but the effect of hostile boundary is too strong making
it harder for the population to survive. For this reason, there are high amounts of resource
allocated near the boundaries when Dirichlet boundary conditions are implemented. The
total initial abundance of the population was 0.16. Furthermore, we compute the objective

functional

1 40 1
J(I*):/0 N(z,40) d:c+/0 /ON(x,t)—100]*2(x,t) dzdt

for both types of boundary conditions. In the case of Neumann boundary conditions, the J-
value was 51.11 and the total population abundance at the final was 1.6. For Dirichlet
boundary conditions, the J-value was 22.6 and the final population size was 0.66. As
expected, the population had higher abundance when no flux boundary conditions were used
instead of Dirichlet. However, the population under harsh boundary conditions significantly
increase its size at the end (since it jumped from 0.16 to 0.66) due to the implementation of
the optimal control.

With our next next numerical scenario we want to explore the impact caused by both
types of boundary conditions to the size of the population when the initial amount of resource
is below the resource threshold. So, Figure 2.33 illustrates the initial spatial arrangement
for the population and resource. As you can see from Figure 2.34, the total population
abundance at the final time for both type of boundary conditions was much larger than its
initial total population size. The implementation of the optimal control was at the highest

level with Neumann boundary conditions rather than Dirichlet. This is caused by the effect
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Figure 2.32: Population and resource dynamics in presence of optimal control using initial
conditions on Figure 2.30. Top row shows no flux boundary condition while bottom row
displays zero Dirichlet boundary condition. Note the vertical axis is scaled different for the
optimal control.
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Figure 2.33: Initial conditions for N and R with R, always below R, for Figure 2.34.
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Figure 2.34: Population and resource dynamics in presence of optimal control using initial
conditions on Figure 2.33. Top row shows no flux boundary condition while bottom row
displays zero Dirichlet boundary condition. Note the vertical axis is scaled different for the
optimal control.
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of favorable boundary conditions in the population that allows the resource to grow near
the boundary. Contrary to the case with hostile boundary conditions where the resource
level near the boundary are low. The total population abundance at the initial time was the
same as in the previous numerical scenario, that is 0.16 (since we kept the same Ny(x)). The
value of the objective functional was higher for Neumann boundary condition rather than
Dirichlet. Moreover, the values for the population abundance at the final time under no flux
and Dirichlet boundary conditions were 1.54 and 0.65, respectively. The latter two numbers
are relatively close to those found in the previous numerical scenario (in Figure 2.32) where
the initial resource level was higher than R.. Therefore, for these two numerical examples,
regardless of choosing the initial resource levels above or below the resource threshold, with
the help of the optimal control, the populations with favorable or unfavorable habitats had
the same abundance at the final time.

As a fourth numerical example of more favorable boundary conditions, we assume the
population has Neumann boundary conditions to interact with its resource in absence of
optimal control from 0 to 40. After that, we use the the spatial distributions for N and R
at the final time as initial conditions to run the model in presence of optimal control from
0 to 40 again. This method illustrates a more realistic choice of the initial condition for N
and R as we discussed in Subsection 2.7.4. However, in the latter subsection, we identified
possible initial distributions for N and R when the population had a hostile habitat at the
boundaries. To illustrate this idea with favorable boundary conditions, we use the initial
conditions for N and R on Figure 2.30. The dynamics in absence of control using this set
of initial conditions under Neumann boundary conditions is shown at the top row in Figure
2.31. Thus, we take the final size distribution for the population and resource at the end
as new initial conditions (this is shown at the top of Figure 2.35). The dynamics of the
population and resource from 0 to 40 in presence of control is illustrated at the bottom row
of Figure 2.35. With these numerical simulations we have a more accurate representation of
the size distribution of a population with its resource under favorable edges and the optimal
resource. In this case the population abundance at the initial and final times were 0.15 and
1.53. Hence, as we found in the previous two examples, the population size at the final grew

nearly 10 times to its original size.
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Figure 2.35: Initial conditions for N and R are at the top. Dynamics of population and
resource in presence of optimal control with no flux boundary conditions are at the bottom.
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2.7.6 Domain in Two Spatial Dimensions

Up to this point, among all the numerical examples that we have shown and discussed, the
space domain ) has been always a subset of R. More precisely, we have chosen Q = [0, 1].
However, our resource allocation model can be applied to any smooth domain 2 C R™. In
this section, we want to illustrate two numerical simulations of our resource allocation model
when © C R? has a square shape. Thus, for the next two numerical examples 2 = [0, 2]
and the time interval is [0, 1]. Numerically, we use a uniform grid for Q with grid spacing of
h = 0.02. The diffusion rate d was taken as d = 0.01. Hence, a uniform grid for the time
interval [0, 1] with grid spacing of s = Z—Z = 0.01 was used. Note that any value higher than
s = 0.01 can make the numerical method to fail or not converge due to the CFL-condition
is not satisfied.

For both simulations we assume the parameter values in Table 2.17 and Dirichlet
boundary conditions for the population. Recall that the resource ODE holds at the boundary,
thus no boundary conditions are required for the resource. With our choice for the parameters
we assume that the population has a higher natural death rate than any of the previous
examples and the resource has no natural resource decay rate or contribution by the death
of the population. Moreover, the choice for the weight parameters C; and C} represent the
importance of maximizing the abundance of the population at all times.

The idea of the first numerical scenario is to test how fast the population moves from
areas with high population density to areas rich in resource where the population is absent.
Figure 2.36 contains five heat maps of the population, resource and optimal control at
different times starting at 0 and ending at 1. The first heat map when ¢ = 0 represents the
initial conditions for the population and resource in presence of control. As you can notice,
the population only occupies the lower half of the habitat with high density near the middle
and low density near the boundary. On the other hand, the resource are allocated along
the entire habitat such that the highest density is concentrated in the middle of the habitat
and it gets lower as it approaches the boundary. As time goes on, one can observe how the
population quickly moves to areas on the upper half plane, but its size is getting lower by

the population that dies at the boundary. In order to accomplish this results, the optimal
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Table 2.17: Parameters used for numerical simulations in Section 2.7.6.

Parameter | oy || s |p|q|Cy | Co | Cs | Cy| d |L|T
Baseline [04|1[04|0]0|50 ] 1 0 |50]001]2]1

Population at t=0 Resources at t=0 Control at t=0

0 50
40
100
30
1
50 20
10
0 2 0
(=) - o~

Populatlon at t=0.25 Resources at t=0.25 Control at t=0.25

50
40
100
30
50 20
10
0 0 0

Populatlon at t=0.5 Resources at t=0.5 Control at t=0.5

50
40 8
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30 6
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10 2
0 0 —_—— 0

o
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Figure 2.36: Heat maps to illustrate the dynamics of a population diffusing to areas with
resource but no population. The upper bound for the controls was M; = 10.
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control was used almost at the highest level in all the area except in small regions near the

boundary and at the top.

The next example in Figure 2.37 illustrates the dynamics of a population and its resource
when the implementation of the optimal control starts at a later time. More precisely, during
the first half we let the system run in absence of control and after half time we incorporate
the optimal control until the final time. We want to explore this case to have a more
realistic initial condition for N and R as we discussed for the 1D case in Subsection 2.7.4.
We start with a population that has low density in most of the habitat, but fortunately
there are a lot of resource in middle for the population to grow. As we approach t = 0.5, we
notice that the population has consumed most of the resource and it has improved its size
significantly compared to its original size as reflected on the color bar. Once the optimal
control is introduced to the system, we see a high allocation of the control in areas where the
population has mostly consumed the resource. By the final time, we see that the resource
were almost completely gone and the population size shrunk further. Perhaps if we allocate
more time to run this simulation one could see a recovery for the resource since the optimal
control would have longer time to make effect as we saw in the three examples in Subsection
2.7.4. Unfortunately, we skip this approach here since running 2D simulations for longer

time intervals is computationally expensive.

2.8 Conclusion and Future Work

In this chapter we have proposed a resource allocation model to measure the impact that a
diffusing population has within a heterogeneous or homogeneous habitat and in the presence
of resource with dynamics in space and time. This ecological model consists of one nonlinear
reaction diffusion equation to model the population growth and one nonlinear ordinary
differential equation to study the rate of change of the resource. To enhance the resource, we
allowed the possibility for the resource to be enhanced from outside the system by adding
the function I(x,t) that represents an input rate of resource (which later we consider as
the control). To obtain theoretical results throughout this chapter, we assumed Dirichlet

boundary conditions on the population and that the ODE for the resource holds at the
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Figure 2.37:
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boundary. Our theoretical findings are also valid with Neumann boundary conditions. To
analyze the resource allocation model, we provided its weak formulation, and Theorem 2.1
showed the existence of state solutions N and R in their corresponding weak solution space
since the model may not have solutions in a classical sense. Moreover, we found a resource
critical threshold, R, = o%’ as the ratio of natural population decay (1) and the conversion of
resource into population growth (a;) to determine conditions for when the total population
size is expected to shrink. If the resource level is below this critical level, then the population
abundance is expected to decrease as time goes by. However, when the resource is above
the critical threshold, the population is not guaranteed to grow in size unless the diffusion
rate is low. In addition to formulating a resource allocation model, we also formulated an
associated optimal control problem. The goal of the optimization problem was to maximize
the total population abundance over time and minimize the cost associated with the optimal
input rate of resource. Theorem 2.4 showed the existence of an optimal control by showing
the existence of a maximizing sequence of admissible controls with corresponding sequence
of state solutions. Subsequently, we derived the optimality system by proving the existence
of solutions to the sensitivity equations in Theorem 2.5 and the existence of solutions to the
adjoint equations associated with each state variable with a characterization of the optimal
control in Theorem 2.6. Theorem 2.7 provided some conditions to show uniqueness of the
optimal control problem. Furthermore, Theorem 2.8 proved the existence of an optimal
diffusion rate that maximizes the objective functional at the optimal I* subject to our model.
Even though it was not the main focus of this chapter, we also considered an optimal control
problem when the resource is able to diffuse as well.

Contributing to the understanding of the ecosystem model with a diffusing population
and its dynamical resource, we performed several numerical simulations of the resource
allocation model in the absence and presence of control to validate our theoretical findings.
We implemented the Forward-Backward Sweep method to solve the optimality system.
Within the numerical examples with optimal control, we validated the strength that the
critical resource threshold has in diminishing the population size. We were also able to show
numerically the existence of an intermediate diffusion rate that will maximize the objective

functional. In doing this, we found that a different optimal diffusion rate than the one we
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just mentioned maximizes the total population abundance at the final time. Further, we
tested the scenario when the population and resource interact for some time and the optimal
control is incorporated at a later time. For most of the numerical scenarios considered in
this chapter, we used Dirichlet boundary conditions, however we dedicated a small part of
the numerical simulation section with control to discuss some examples when the population
was exposed to Neumann boundary conditions. We also illustrated two numerical examples
when the spatial domain of the population was a square instead of a line. Although, we
assumed in most of the numerical examples that the linear weight parameter C'3 was zero,
in the future we could investigate more examples when C'5 values are nonzero.

As a future extension of this work, one can try to understand the dynamics of the
resource allocation model without the spatial component and propose a simpler optimal

control problem. By doing so, one can formulate the following optimization problem

sup J(I) where J(I) = C4N(T) + /T CiN(t) — (Cs+ CoI(t))I(t) dt

IeU
subject to
Ny =ayNR — uN on (0,7)
R, =1(t) — asNR+ puN —qR on (0,7T)
N(0) = Ny
R(0) = Ry
where

U= {1 € L™((0,T))| 0 < I(t) < M; and /T](t) dt = A}.

Note that in this case all admissible controls are assumed to have an integral constraint.
This constraint represents that only a fixed amount of input resource can be used from start
to finish.

Another extension of this work is to incorporate more complex boundary conditions on
the ecosystem model and integral constraints for all admissible controls. One could consider
a Robin boundary condition on the population instead of simply Dirichlet or Neumann

boundary conditions as we showed throughout this chapter. Thus, one of the maximization
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problems to analyze would given by

T
sup J(I) where J(I) = / CyN(z,T) dx+/ /C’lN— (C5 + Col) I dxdt
Q o Jao

IeU

subject to the ecosystem model

Ny —dAN =ayNR — uN on )
R, =1(z,t) —aaNR+puN — qR on Q

N(z,0) = No(z) on )
R(z,0) = Ry(x) on €
aN(x,t)—Fb%g’t)—g(N) on 9 x [0,T].

In the problem above a and b represent the coefficients modifying the population density
and rate of change of the population. Moreover, i is the outward unit normal vector along
the boundary of © and g(NN) describes the density of the population along the boundary.
A further discussion on the importance of boundary conditions affecting different species

growth can be found in [18].
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Chapter 3

Optimal Control Applied to a Zika

Virus Epidemic

3.1 Introduction

Zika virus (ZIKV) is the first known vector borne disease that can be transmitted by the bite
of a female mosquito as well as through direct contact between humans. The virus was first
isolated in 1947 from the serum of a febrile rhesus monkey by intracerebral infection of mice
[15]. The monkey served as sentinel animal for the surveillance of yellow fever virus (YFV)
in the Zika forest in Uganda [15]. Nine months after, ZIKV was isolated again in the same
region from mosquitoes of the species Aedes africanus [15]. The new virus was differentiated
from known viruses such as YFV or Dengue virus by using defined antisera in neutralization
tests. The virus was named after its place of first detection in the Zika forest.

ZIKV is transmitted to people primarily through the bite of an infected Aedes species
mosquito and secondarily by direct contact from human to human. Aedes mosquitoes also
spread dengue and chikungunya viruses. At this time there have been no reports of other
animals becoming sick with ZIKV or of being able to spread ZIKV to people or other
animals. The risk of catching ZIKV comes from the possibility of causing severe brain
defects. If a woman is infected during pregnancy the virus can cause the baby to be born

with microcephaly (babie’s head smaller than expected) or even miscarriages. There have
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also been reports of an increase of Guillain-Barré syndrome (rare neurological disorder where
the immune system damages the nerves) cases in areas affected with the virus [10].

ZIKV can be passed through sexual contact from a person who has the virus to his or
her sex partners [1, 35]. Such exposure includes sex without a condom with a person who
traveled to or lives in an area with ZIKV even if the person does not have symptoms at
the moment of contact. ZIKV can be transmitted from an infectious individual before their
symptoms start, while they have symptoms, and after their symptoms end. It may also be
passed by a person who has been infected with the virus, but never develops symptoms.
Studies are underway to find out how long ZIKV stays in the semen and vaginal fluids of
people who have the virus, and how long it can be transmitted to sex partners [1]. However,
current research shows that ZIKV can remain in semen longer than in other body fluids,
including vaginal fluids, urine, and blood [1].

Since ZIKV can be transmitted by mosquito bites or sexual contact, it is necessary to
know how to control both methods of transmission to prevent severe brain damage the virus
can cause in people. In this work, we provide alternatives control measures to prevent and
control the spread of ZIKV based on issued guidance preventions in affected regions published
by the national public health institutes of The United States.

According to the Centers for Disease Control and Prevention (CDC), there are practical
ways to prevent ZIKV by avoiding vectorial transmission: that is, mosquitoes should be
eliminated and mosquito bites prevented. In order to control mosquitoes outside a home,
standing water where mosquitoes could lay eggs should be removed and any items that hold
water like tires, buckets, planters, flowerpot or other trash containers should be emptied and
scrubbed. Since mosquitoes can lay eggs near water, storage containers (buckets, cisterns)
should also be covered. Different methods could be used to kill mosquitoes inside and outside
homes. Outdoor insect spray could be used to kill mosquitoes outside homes, in areas where
they rest. Windows and door screens are recommended to control mosquitoes inside homes.
The use of commercial indoor insect spray would work immediately to kill mosquitoes and
treat areas where they're resting. On the other hand, the use of insect repellents would help

people avoid be bitten by mosquitoes, for example throughout the night.
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The most effective control measure of direct (sexual) transmission is abstinence. However,
prophylactics, such as condoms, should be used for sexually active individuals. Using female
or male condoms might protect an individual during sex and reduce the chances of getting
ZIKV from sexual contacts. To be effective, condoms should be used from start to finish,
every time during a sexual contact. Not sharing sex toys can also prevent the risk of getting
ZIKV from sex partners.

In particular, an effective and safe vaccine against ZIKV could help to prevent the terrible
side effects such as microcephaly in babies and Guillain-Barré syndrome in adults. Since the
2015-2016 ZIKV epidemic, much effort has been devoted to produce a safe and cost-effective
ZIKV vaccine [41, 48, 52]. There are several ZIKV vaccine candidates at different pre-clinical
and clinical stages, but no candidate has been approved yet for mass distribution[48, 52, 55]
(See Table 3.1). Without doubt, vaccines have been proven to be the most effective way to
prevent infectious diseases.

This chapter is intended to expand the mathematical model of a ZIKV epidemic proposed
in Valega-Mackenzie and Rios-Soto [50] and capture the dynamics of a ZIKV disease
transmission with three different optimal control strategies. Three time-dependent controls
in a system of ordinary differential equations (ODEs) are implemented, one for mosquito-
human contact by adequately informing about the use of mosquito repellents to prevent
mosquito bites, another for the human-human sexual contacts by advertising campaigns
informing about the use of condoms and a vaccination rate to measure how long a vaccination
campaign should last to decrease the number of people infected with ZIKV at the lowest
cost. Thus, our objective is to examine the impact of three time-varying controls in order
to diminish a ZIKV epidemic by reducing the number of infected individuals (both humans
and mosquitoes) while the implementation costs are minimized.

In order to understand the burden within ZIKV endemic regions, several mathematical
epidemic models of mosquito-borne disease have been implemented with control and
prevention strategies [4, 34, 22, 38, 44]. For instance, Bonyah et al. [4] used an ODE model
of for the transmission of ZIKV in the absence of vaccination with optimal control strategies
such as treatment, prevention and insecticide. Their numerical results showed the best way

to eliminate disease transmission is by implementing all three controls at the same time.
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Table 3.1: ZIKV vaccine candidates. Vaccines are to be administered by injection into the
arm [306].

Type Developer
A DNA-based vaccine NIAID’s Vaccine Research Center
A purified inactivated Zika vaccine | Walter Reed Army Institute of Research
Live attenuated Zika vaccine NIAID’s Laboratory of Viral Diseases
Investigational mRNA vaccines NIAID
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Miyaoka et al. [34] developed a reaction-diffusion epidemic model of ZIKV with vaccination
using data from a region in Brazil. Their control variable was the vaccination rate which
could be varied in space and time. Sasmal et al. [44] developed and fitted five different ODE
models to data from World Health Organization (WHO) of the ZIKV outbreak in Colombia.
They inferred the parameters and selected the most appropriate model that could adjust to
the data. In addition, they performed mathematical analysis of the models and tested how
different the routes of transmission are if the human population is stratified by gender and
assuming only a portion of them have sexual contact. Okyere et al. [38] studied an ODE
ZIKV model with five different controls including vaccination. They found that each of the
optimal control strategies had a positive effect in reducing the number of infected individuals
when compared with the model without controls.

This chapter is organized as follows: in Section 3.2, we propose the optimal control model
of ZIKV spread under vaccination; in Section 3.3, we describe the six different scenarios to
prevent the disease spread and formulate the associated optimal control problem. In Section
3.4 we explain data collected from ZIKV outbreaks in Colombia and Puerto Rico while in
Section 3.5, we explain the numerical scheme to find fitted parameters. Sections 3.6 and
3.7 provide numerical simulations and results corresponding to each country and Section 3.8

concludes our work and provides a discussion.

3.2 Optimal Control Problem with Time-Dependent
Vaccination Rate

In this chapter we propose the following non-autonomous, non-linear ODE model to capture

the dynamics of a ZIKV epidemic:

109



1,(t)
Ny (t)

S'(t) = uN(t) — 5S(t)
VIt) = () fS(t) =WV (t) = uV (1),

/() = BS(0) 31 o5 (1~ 1a(0) + aS(0) 31 (1= wa0) = (s mE()

I'(t) = E(t) — (v + p)1(t), (3.1)
R(t) = 71(t) — uR(t),

/ I1(t)
Sv(t) = Nva<t) - MvSv(t) - ﬂvSv(t)_>

(]
A~ (o D),

L(t) = nEy(t) — plu(t)

I(t)

EL(t) = Bu5u(t)

subject to corresponding initial conditions for each state equation. The total human
population at time ¢, denoted by N(t), is stratified into the state populations of susceptible
S(t), vaccinated V (t), exposed E(t), infected I(t), and recovered R(t) humans. Likewise,
the total population of mosquito at time ¢, denoted by N, (), is divided into the states
of susceptible S,(t), exposed F,(t), and infected I,(¢) mosquitoes. Thus, N(t) = S(¢) +
V(t)+ E(t) + I(t) + R(t) and N,(t) = S,(t) + Eu(t) + L,(t). In model (3.1), N'(t) = 0 and
N!(t) = 0, therefore the total human and mosquito population remain constant for all time,
that is N(¢) = N and N,(t) = N,. Figure 3.1 shows a flow chart of the model dynamics.
The parameter p represents the birth and death rate of humans with g, similarly for
mosquitoes. Susceptible humans are vaccinated at a rate ¢ with vaccine efficacy f, (where
0 < f <1). It is also assumed vaccines might not provide permanent immunity, hence w
represents a waning rate of the vaccine. That is, people who get vaccinated would become
susceptible again at a rate w. Note that vaccinated individuals are fully protected against
ZIKV unless their immunity has waned. The contact rate [ represents the rate at which
a susceptible human becomes infected through the bites of infectious mosquitoes. The

transmission rate from human to human is given by the parameter « while x is the rate

110



kI

)

Figure 3.1: ZIKV vaccination model flow chart.
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at which exposed humans become infectious. Infected humans recover from ZIKV at a rate
of v. Moreover, 3, is the transmission rate of susceptible mosquitoes becoming infected after
biting an infected human, while exposed mosquitoes become infectious at a rate n. The
definitions of the parameters are summarized in Table 3.2.

Within the human population, the direct transmission rate a may be reduced by a factor
of 1 —uy(t), where the control u;(t) represents the effort to inform humans about the use of
prophylactics, such as condoms to prevent more people getting infected with ZIKV by sexual
contacts. One way to address this strategy might be using different condom advertisement
campaigns such as Internet, television and billboards in zones where ZIKV is more prevalent.
On the other hand, the force of infection due to the vector transmission rate 5 may also be
reduced by a factor of 1 — uy(t), where the control us(t) measures the level of informing
the public about personal protection techniques to eliminate mosquito-human contact by
increasing the use of repellent or mosquito nets. Thus, uy(t) represents the effort to advertise
maintenance preventive actions by humans such as mosquito nets or insect repellents to avoid
mosquito bites. In this chapter, we investigate the case when the vaccination rate ¢ is a
time dependent function. It is assumed that the vaccine is not always effective (f # 1), and
the immunity of the vaccine wanes at a rate w (when w = 0 the vaccine provide permanent
immunity) against ZIKV infection.

In the next section we investigate the existence and uniqueness of solution of model (3.1).

3.2.1 Existence, Uniqueness and Non-negativity of Solutions

In this section we show results given on the existence, uniqueness and non-negativity of
solutions of the ZIKV vaccination model (3.1) provided a positive initial condition vector.

Consider the following autonomous initial value problem

j ..
W_ .50 -
y(to) = 9o
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Table 3.2: Parameter description of model (3.1).

Parameter Definition Units
1 Human birth and death rate week !
15} Transmission rate from vector to human week ™!
Q Transmission rate from human to human week !
K Transition rate from exposed to infected humans week !
10} Vaccination control rate of susceptible humans week !
f Vaccine efficacy dimensionless
w Imperfect vaccination rate week !
o Recovery rate week !
Ly Mosquito birth and death rate week !
By Transmission rate from human to vector week !
n Extrinsic incubation rate week !
U1 Human-human control dimensionless
Us Mosquito-human control dimensionless
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where (t,7) € [0,00) x R" and g : C' — R"™ with C' an open subset of [0, 00) x R™ . Let @ be

a rectangular region such that

Q = Q((thy_é)7avb) = {(t>?j) : |t - tO‘S a and ‘|g_ y_6|| < b} (33)

with a and b positive numbers. The next theorem has been taken from [33] and it shows the

existence and uniqueness for the initial value problem in (3.2).

Theorem 3.1. (From [33]) The initial value problem (3.2) has a solution if for some Q@ C C

centered about (to, o) the function § satisfies the following three conditions:

(i) the restriction of § to Q is continuous in y for fized t,
(i) the restriction of § to @ is measurable in t for fized i,

(iii) there exists a Lebesgue integrable function m : [ty — a,to + a] — [0, 00] such that

19 9l <m(t), (t9) € Q.

Remark 3.2.1. Theorem 3.1 is known as Carathéodory existence theorem. Carathéodry’s
theorem is a generalization of Picard-Lindeldf existence-uniqueness theorem of problem (3.2),

but with weaker conditions on g.

The following theorem has been taken from Chapter 5 in [47]. Theorem 3.2 guarantees the
solution of the initial value problem in system (3.1) is non-negative given specific conditions

on ¢ and a non-negative initial conditions.

Theorem 3.2. (From [}7]) Assume that § satisfies the same assumptions as in Theorem
3.1 and when gy € R™ satisfies yo > 0 with yo, = 0 for some i, then g;(t,y) > 0. Then, if
y € R™ satisfies that yy > 0 and ty > 0, the solution of (3.2) is non-negative for all t > t.

In the next two theorems we state the existence, uniqueness of non-negative solution to

our ZIKV system (3.1) given that the initial conditions are non-negative.

Theorem 3.3. The ZIKV system (3.1) has a non-negative solution given a non-negative

iitial condition.
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Proof. In order to show that the solution for ZIKV system (3.1) is non-negative we check the
conditions on Theorem 3.2. Let vy = (So, Vo, Eo, Lo, Ro, Svo, Fvo, Lvg) = 0 be a non-negative
vector of initial condition with g = ¢(t9) and to > 0.

Suppose that gy = (0, Vo, Eo, Lo, Ro, Svo, Evos Lug) > 0. Then,
91(to, %o) = pN + wVp = 0.
Suppose that gy = (So, 0, Eo, Io, Ro, Svo, Fvos Ig) = 0. Then,
92(to. %0) = #(to) fSo = 0.
Suppose that gy = (So, Vb, 0, Iy, Ro, Svo, Evo, Lvo) > 0. Then,
g3(to, 9o) = ﬁSolNij + oaSojif—OO > 0.
Suppose that gy = (So, Vo, Eo, 0, Ro, Svo, Evg, Lug) > 0. Then,
9a(to, vo) = kEo > 0.
Suppose that gy = (So, Vo, Eo, Io, 0, Svo, Fuo, Ig) > 0. Then,
95(to. yo) = vIo > 0.
Suppose that gy = (So, Vo, Eo, Io, Ro, 0, Eyg, I,g) > 0. Then,
96(to: Yo) = Ny 2> 0.

Suppose that ?J_é = (507 %7 EO: ]07 R07 Sv07 07 ]’UO) > 0. Then7

. I
g7(to, 90) = @;Suoﬁo > 0.
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Suppose that y_é = (S()? %7 EO: ]Oa R07 Sv07 Eva O) > 0. Thena

gs(to, J0) = nEyo > 0.

Hence, we have shown that g;(to,70) > 0 as long as yp > 0 and ¢y > 0 with yo, = 0 for
some 7. Thus, by Theorem 3.2, if a solution to the ZIKV system (3.1) exists, the solution is

non-negative for all ¢t > . O

Remark 3.2.2. Note that since N'(t) = 0 and N](t) = 0, then the total human and mosquito
population remain constant for all time, that is N(t) = N and N,(t) = N,. Thus, if
a solution of system (3.1) exists we must have that each component of the state solution
satisfies

0<S(t), V(1) E(t), (1), R(t), Su(t), Eu(t), I,(t) < C (3.4)
where C' = max{N, N, }. Therefore, in case a solution exists, they are uniformly bounded.

Theorem 3.4. There exists a unique solution of the ZIKV system (3.1) with corresponding

itial condition.

Proof. Let §(t) = (S(t), V(t), E(t), 1(£), R(t), Su(t), E.(t), 1,(¢)) and define
S'(t) = gi(t,9(t)),
V() = ga(t, (1)),
E'(t) = g3(t, §(t)),
I'(t) = ga(t, 9(1)), (3.5)
R'(t) = g5(t,9(1)),
Si(t) = gs(t, (1)),
E,(t) = g+(t,5(1)),
I,(t) = gs(t,9(t)).

subject to the initial condition yo = (So, Vo, Fo, Io, Ro, Svo, Evo, Lvg). Note that all the entries
of g are real-valued and continuous. We must show now that § = (g1, 92, 93, 94, 95, g6, 97, gs)

is Lipschitz. To do so, we show that each ¢; for « = 1,2,...,8 is Lipschitz. Recall that a
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real-valued function with bounded derivative is Lipschitz. Consequently, one can show that
g; is Lipschitz in each of the eight states by showing that the derivative of g; with respect to
the j—th state are bounded for 7, j = 1,2, ..., 8. We start off by taking the partial derivatives

of g1 with respect to each state variable:

g1 1,(t) I(t)

S = B (1 = wl0) —a S (1~ w(®) =60
dg1 .

oy

dg1 S(t)

a7 —OZT(l —wu(t)),

dg1 S(t)

aIU :ﬁ N, ( _U’2(t))7

99r _ 991 _ 991 _ O
oFE OR 0S, O0F,

=0.

Observe that all the partial derivatives of ¢g; are bounded since all the parameter values are
bounded, the terms (1 — w;(t)) < 1 for ¢ = 1,2 and each state is bounded above by C as

shown in remark 3.2.2. Similarly, we can find the partial derivatives of g4:

094

oE
091

57 =~ ta,

091 _09a _Ogs _ Ogs _ Ogs _ Om
oS oV OR 09S, O0E, 0l

=0.

One can see that all the partial derivatives of g, are bounded due to the right hand sides
depend only on parameter values which are bounded. In the same fashion as we have shown
that the partial derivatives of g; and g4 are bounded, we can show that the partial derivatives
of g; fori = 2,3,5,6,7,8 are bounded as well, since they depend only on parameters values or
the product of parameters with a state variable. On a compact subset of R", g; is Lipschitz
in each of the state variables for every i. Therefore, ¢ is Lipschitz. In addition, all functions
g;’s are bounded above by a constant due to bounds on states. Therefore by Theorem 3.1 and
the Lipschitz property on ¢, there exists a non-negative unique solution to the initial value
problem in (3.1). Observe that the non-negativity of the solution is obtained by Theorem
3.3. O
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In the next section we examine the basic reproductive number of model (3.1) in absence

of the controls u; and uy, but a constant vaccination rate ¢.

3.2.2 The Basic Reproduction Number

The dynamics of system (3.1) in the absence of control strategies u; and wug, but constant
vaccination rate, is determined by the basic reproduction number Ry. To find R, we use the
Next Generation Matrix method [51], and our the population is divided into 6 compartments.
Our infected compartments are E, I, F, and I,. The disease free equilibrium (DFE) of the

model is giving by
N (p+w) Nof
of+pt+w of+p+w

where ¥ = (E,I,E,,I,,5,V). Using the infected compartments, the progression of an

50 = (070a0707 )

infected individual through various compartments is given by:

S (% +5) (k+p) B
0 + W I—E
Flz) = and V(z) = (= Er
0 — LGSl 4 (4 m) B,
0 _Evn+Uv[v

To calculate Ry, we determine the Jacobian matrices F' and V', given by

0S¢ 0 %2 K+p 0 0 0

0 0 0 O —K Y+ 0 0
F(zo) = and V' (xg) =

00 0 0 0 =By 4 0

00 0 0 0 0 -0
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Using matrix algebra to calculate V! we obtain

1
cm 0 o0
_1 (H+u)ﬁ(w+u) (vi#) 0 0
V7 (o) =
Bv Ny K Bv Ny 1 0
N (y+up) (k+p) (o +n) N (y+4) (o +m) (pv+m)
1By Ny K 1 Bv Ny n 1

N (y+p) (54+p) (po+m e N () (po+mpw  (po+nie  po

and the next generation matrix of the model with vaccination is given by

Sak + SBn By kK Sa + SBn By SBn
N (k+p) (y+p) (ot N (y+p)(+p)ps  N(y+p) (o +m)N (v+p) o (po+n) po
0 0 0
Fvil(l'o) =
0 0 0
0 0 0
where Ry = p(FV ') and thus
R (h+w)ak (1 +w)Bn Bk
0=

G tat@) (nrm) () GFtut@) ot )+ ) (rt ) i

The R, found in equation (3.6) can be rewritten as

Ro=(1-p)(Rs+ R,)

where

= (i) ()

is the basic reproductive number of direct human transmission and

oy = (uf7> (Kiﬂ> (Mvﬁiﬁ> (%>

is the basic reproductive number associated with mosquito transmission. Here,

of

P et

(3.6)

(0 < p < 1) represents the vaccination effort which is the product of the effective vaccination

1
¢f and the average time (W—‘i‘@f
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vaccination. Observe that in absence of a vaccine (¢ = 0), there is no vaccination effort
(p = 0). The direct transmission threshold (R4) is the product between the average time
a susceptible human takes to get infected by an infected human and the average time that
it takes for an infected individual to become infectious. Moreover, the vector transmission
threshold (R,) is the product among four different average times. The first two factors
correspond to the average time from a susceptible human to become infected by the bites
of an infected mosquito and the time it takes from an infected human to become infectious.
The last two factors are the average time from a susceptible mosquito to become infected
after being bitten by an infected human and the time a mosquito takes to become infectious.

In the next section we describe the six scenarios from a mathematical and epidemiological
viewpoint to reduce the spread of the epidemic. We also propose two optimal control
problems associated with system (3.1) whose goals are to minimize the cost associated with

control strategies while minimizing the burden of the disease or the total incidence.

3.3 Optimal Control Problem Formulation

In the present section we examine the application of different scenarios to decrease a ZIKV
epidemic in a short period of time. The following scenarios are proposed in order to control
the number of ZIKV infections and study the reduction of cases by the best plan. Table
3.3 summarizes the scenarios to be considered in terms of number of control strategies and

public policy action.

1 Inform people about the use of condoms to avoid getting infected by sexual transmission

(only control u; is applied).

2 Inform people about the use of mosquito repellents to avoid humans getting bitten by

mosquitoes (only control us is applied).

3 Inform people about the use of condoms to prevent new infections between humans

and the use of insect repellents to prevent mosquito bites (two controls applied, u; and

UQ>.
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Table 3.3: Six scenarios to prevent the spread of ZIKV.

Scenario Controls Policy
0 None No campaigns
1 Only u,q Condom campaigns
2 Only us Insect repellent campaigns
3 Only u; and uy Condom and insect repellent campaigns
4 Only u; and ¢ Condom and vaccination campaigns
) Only us and ¢ Insect repellent and vaccination campaigns
6 uy, ug and ¢ | Condom, insect repellent and vaccination campaigns
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4 Vaccinate susceptible humans to provide them with some immunity against ZIKV and

inform them about the use of condoms (only controls ¢ and u; are applied).

5 Vaccinate susceptible humans to provide them with some immunity against ZIKV and

inform about the use of insect repellents (only controls ¢ and us are applied).

6 Inform the public of two personal protection measures with an available vaccine (three

controls applied, uy, us, and ¢).

In this work we want to asses the impact of increasing the awareness of personal protection
measures such as condoms. insect repellent and vaccination by implementing social
campaigns programs to reduce a ZIKV epidemic. We propose two optimal control problems
to be minimized. The objective functional J; with ¢ = 1,2 formulates the optimization
problem (minimization) of interest which determines the most effective strategies to be
implemented. The overall objective functional, J;, entails the minimization of the infected
humans with ZIKV and the cost to implement each control over (0,7"). On the other hand,
with Jy, we want to minimize the total number of new ZIKV infections (incidence) and the
cost associated to each control strategy over the entire time domain. Thus, we proposed the

following two objective functionals .J; for ¢ = 1,2 given by

Ji(ui, ug, @) = Ji+ J (3.7)
Jo(ur, ug, ) = j3 +J (3.8)
where .
Ji = / AL I(t) dt
and .
Jy = /0 Ay (55(1;) ]]V”U(é)) (1 — us(t)) + ozS(t)%(l - ul(t))> dt

correspond to the cost of the epidemiological strategy while

Jy = /T Biuy (8)S(t) + Crui(t) + BaugS(t) + Couz(t) + B (t)S(t) + Cs?(t) dt.
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is the cost associated to the prevention measures. The constant A; is the relative cost of
an infected human and A, is the cost of a new case. The relative costs associated with the
nonlinear controls, uf(t), u3(t), and ¢*(t) are given by Cy, Cy and Cs. The constants By,
Bs, and Bj are the relative cost of interventions to apply each control campaign over [0, T,
respectively. Table 3.4 provides a unit description and short definition of weight parameters.
Therefore, for each optimization problem, we need to find optimal controls (uj(t), us(t), ¢*(t))
such that

Ji(uy, uy, ¢%) = mg%n Ji(uy,ug, @) fori=1,2 (3.9)

subject to the state system (3.1) and appropriate initial conditions. The set of admissible

controls is given by
Q = {(uy,uz,¢) € L0, T : 0<u(t) <b;, i=1,2, 0<¢(t) <bs}.

The value of the upper bounds for the rates of using condoms, repellents and vaccination
campaigns satisfy 0 < b; < 1 for ¢ = 1,2, 3 are selected depending on the circumstances of
the problem. For instance, developed countries are more likely to allocate resources to each
mitigation campaign in order to stop the spread of the epidemic rather than those developing
countries where budgets are tighter to take timely actions. In the next subsection we prove
the existence of an optimal control problem for each objective functional subject to our ZIKV

model.

3.3.1 Existence of an Optimal Control

The next theorem guarantees the existence of an optimal control triple of the objective
functional in (3.7) subject to system (3.1). We denote by y = y(u1, ug, ¢) the state solution

corresponding to the control triple (uy, ug, ¢).

Theorem 3.5. There exists an optimal control triple (ui*,us*, ¢*) that minimizes the
objective functional Jy(uy,ug, @) in (3.7) subject to the state system (3.1) and non-negative

initial conditions.
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Table 3.4: Description of Weight parameters.

Parameter Definition Units
A Weight constant on [ class $x week™!
Ay Weight constant on Incidence $
B; Weight constants on linear controls i = 1,2 | $x week ™!
B3 Weight constant on linear vaccination rate $
C; Weight constants on controls 7 = 1,2 $x week ™!
Cs Weight constant on vaccination rate $x week
b; Upper bound on controls ¢ = 1,2 dimensionless
b3 Upper bound on vaccination rate week !
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Proof. Note that the state solutions are uniformly bounded for all ¢ € [0, T] by remark 3.2.2
and Theorem 3.4. Since the control triple are also uniformly bounded, one can see that the
objective functional is bounded below by 0, and thus, a minimum exists. Therefore, there
exists a minimizing sequence {v, }°°; where v,, = (uy,,, us,, ¢,) such that

min Ji(v) = nlljr;(} J1(vp).

Moreover, let y, = (Sn, Vi, En, Ln, Ry Sons Eon, Luy,) be the state sequence corresponding to
the control v, that is y, = y(v,). The time derivatives corresponding to each state are also
bounded since the sequence of controls and state solutions are bounded for all ¢ € [0, 7.
This implies that each state is Lipschitz continuous for each n due to boundedness of its
derivatives. Thus, the state sequences are equicontinuous. We invoke Arzela-Ascoli Theorem
to guarantee that our state sequence has a uniformly convergent subsequence since the state
sequence is uniformly bounded and equicontinuous on a compact set. Let {4, }22; C {yn}2,

be the uniformly convergent subsequence such that:

Ynp, — Y

where y* = (S*, V*, E*, I*, R*,S,", E,*, I,").
Let Cy = max{by, by, b3} so that |[v,||L=@mr < Ci for all n € N. By equivalent norms,

there exists a positive constant C, independent of n that guarantees

[onll20,m) < Co (3.10)

where Cy depends only on C; and T'. Hence, v,, € (L?(0,T))? for all n. The Banach-Alaoglu
Theorem [20] states that every bounded sequence in L? has a weakly convergent subsequence.

As a result of Banach-Alaoglu Theorem, there exists v* € L?(0,T)3 so that

Vg — v* € (L*(0,T))%.

One still needs to show that y* is the vector solution with corresponding state solutions

associated with the optimal control triple v*, that is y* = y(v*). Using the S-equation from
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system (3.1) after integrating over the interval (0, ¢) and taking absolute values of both sides:

D1 = gy (7)) - 5°(7) 7

(1 = uj(r)) dr|

) = 5°0) 4] [ 5u(r)”
21— ) - 50 220 i)

N
+a)/0t5nk(7)f

1] [ 6usrISus(r) = ()5 (r) ]

/
0

Observe that the following inequalities hold
15(7)

‘ /t Snk(T)I T> (1 — (7)) — S*(T)”N—U(l — uy(7)) dr‘
‘/ Sk )) S*(7) [i\(;-)> <1 U (T > (S*
S/ Sni(T ) ]*(

S* vT
—0as k — 0.

S (7) — s*(T)( dr.

Vii(7) — V*(T)‘ dr + /Otu

> Usng — Us(T)) dT’

)S(

) (20, = u3() dr|

Nv

Note that in the above inequality, we invoked the uniform convergence associated to the
state sequences S, I, and [,,;, for the first integral while on the second integral we used
the weak convergence of the sequence us,;. Recall that the product of two sequences that
converge uniformly also converges uniformly. By a similar convergence argument to the one

illustrated above, it can be shown that

I"(t)
N(t)
G (1) S (t) — gb*(t)S*(t)‘ dt — 0 as k — oo

(1 = uing(t)) — 57()

By our last three convergence results as well as uniform convergence of V,,;, we obtain that

(1—u>{(t)‘ dt — 0 as k — oo,

S(vpg) = S* as vy, — v°
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and with similar results for each state equation, we can show that

Using the lower-semicontinuity of L?-norms with respect to weak convergence (see Theorem

4.10.7 in [20]), we obtain that

lv* ||l z20m) < h]gr_l);l)glf [vnkllL207)- (3.11)

Observe that since J(v,) converges to mi{rzl J(v), thus any subsequence of J(v,) has to
ve
converge to the same limit. Since v, — v* in L?(0,T) and the state subsequences converge

uniformly in L?*(0,7'), we have that
T T
/ BlulnkSnk -+ BQUanSnk 4+ ngﬁnkSnk dt — / Blu”{S* -+ BQU/;S* + Bgd)*s* dt. (312)
0 0

Considering all the aforementioned results, we have that:

mig A(0) = fim ()

= lim Ji(vny)
k—ro0

= liminf J; (v,y,)
k—ro0

T
> lim inf/ (A1 + BitangSng + BotongSny + BsdnSuy dt
0

k—o0
+ Cy lim inf [winkl 720, + Co lim inf [uankl 720, + Cs lim inf 1 PnsllZ20,m)
T
> / (ALT* + Bl S* + BouS* + Bs*S* dt
0

+ Cilwil| 7200y + Collusl| 720y + Calld 22001
= Jl(uy{’ us, ¢*)
= J1<U*).

(3.13)

Therefore, mi(rzl Ji(v) = J1(v*) and v* is an optimal control. O
vE
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Remark 3.3.1. Using similar techniques to those used in the proof of Theorem 3.5, one can

show the existence of an optimal control triple given the objective functional Js.

3.3.2 Optimal Control Characterization

We use Pontryagin’s Maximum Principle [42] to derive the necessary conditions that the
optimal control triple should satisfy for each minimization problem. Thus, from Pontryagin’s
Maximum Principle, problem (3.9) turns into minimizing the following two Hamiltonians over

the controls at each ¢,

Hy(t,z,0,A) = Ail + Biui S + Ciuf + BouaS + Cous + B3¢pS + Cs¢” + A5’ (3.14)
3.1
+ AV HAE + NI+ MR+ X, S+ N, EL+ N\, I

v~V

L,(t) 1(t)
Mﬁﬁl—mﬁﬂ+aﬂwﬁﬁﬂl—m@»>+Bmﬁ

+ Oyt + ByusS + Coti2 + BsdS + Csd® + AS" + AV + AE + AT (3:19)

Holt, 2,0, \) = Ay (ﬁS(t)

+ MR+ A, S, + A, EL 4+ N 1L

where x = (S,V,E,I,R,S,, E,,I,) is the vector of state variables, v = (uy,us, ) is
the control triple, and A = (Ag, Ay, Ai; Ay Ary As, s Aey s A, ) Tepresents the vector of adjoint
variables. The values of \’s are the associated adjoints for the state variables. The following
two Theorems, 3.6 and 3.7, give the existence of continuous adjoint functions A;, and the

characterization of the optimal control triple for each optimization problem.

Theorem 3.6. Given an optimal triple v*(t) = (u}, u}, ¢*) € Q with its respective states

x* = (S*, V* E* I*, R*, Sk EX I¥), then there exist adjoint functions satisfying

v v

A= — (ﬁj{i(l—u;)—i-a%(l—u’{)) Ae + (ﬁ]]\{(1—u§)+al—]\;(1—uf)+¢*f+u> As
— 6" fA — Byuj — By — By "

A= —wAs + (L4 w) Ay

A= (K4+p)Xe — KA

S* . S* . S,
)‘;:_O‘N(l_ul) Ae+(ﬂ+7))‘i_7Ar+aﬁ (1_u1))‘s_ﬁvﬁ)‘ev
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S
+Bvﬁv/\sv_Alu
)\;'::LLATW
I* I*
)\, - - U_/\e v AT v >\s
= =By het (B ) A
Aoy = (o +1) Aey =1,
X, =82 >

N (1_u;>)‘e+5ﬁ (1_u;>)‘s+ﬂv)\iva

with transversality conditions

As(T) = N(T) = Ao(T) = Ae(T) = Ae(T) = A (T) = A, (T') = Ni, (T) = 0.

Moreover, we obtain these optimal control characterizations

* — min | S*(I*a (A — \) = By N)
u; = min _bl, max _O, e 1 |
o [ SO = A) — By SN,
2 i 29 ) 2NvC2 7
: R
¢* = min b37 max 07 S (f( s U) 3) '
i 205

Proof. The differential equations for the adjoint system follow from Pontryagin’s Maximum
Principle [42]. After differentiating the Hamiltonian (3.14) with respect to each state

variable, we find the differential equations for the associated adjoint:

H / OH,
A= }—}i, )/\r = —3—517
)\;:—W, Ase :_8_&,’
N = —%, X, = -5
Xi=——>7 &:—?z.

The final conditions are set to zero due to the transversality conditions. Since the

Hamiltonian attains its minimum value at the optimal control v*, we differentiate H; with
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respect to each control on the interior of the control set, and obtain

0H, _Sal)\e Sal )\

. N + N +B,S+2Cu; =0,
OH, SBI, A SBI, A\

- _ By S+2Couy =0
s N + N, + By S +2C5us =0,
OH,

g = S+ SN+ By S +2Cy0 =0,

On the interior of the control set, we deduce our optimal triple (uf, us, ¢*) to be

ST a(A —Ay) — By N)

e 2NC, ’

Uy = SﬁIU(Ae - )‘s) — BQSNv

2 2N,Cy ’
¢: S(f(/\s_)‘v)_B?))
203 ’

and taking into account the bounds, we conclude:

. | S*(I*a(Ae — As) — B1 N)
uj = min _bl, max _0, SNC, ! ,
. _b . _0 S*BIL¥(Ae — As) — B2 S* N,
’LLQ—IIllIl_Q,ITlX-, IN.Cs ,
¢* = min |bs, max |0, 5" (f(s = A) = Bs) .
i 2C}5

O

In the next theorem, the existence of adjoint functions and optimal control characteriza-

tion associated to objective functional J, follow similarly as in Theorem 3.6.

Theorem 3.7. Given an optimal triple v*(t) = (u},us, ¢*) € Q with its respective states

= (S*, V¥ E* I*, R*, Sk, EX I¥), then there exist adjoint functions satisfying

R (- B R Cr ) PO (R RS R ) Y

* *

I I
— 6" fh = Ay(B5 (1= w3) + oy (L—ui) ) = Byui — Baus — By

v

A= —wAs + (L4 w) Ay
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)\;:(H‘F,U))\e—li)\i

S* S*
)\;:—aﬁ(l—ul))\ +(p+y) N —v A\ —l—aﬁ(l—ul) — By ”)\ev
S: S* .
+ﬁv )\sv _A (aﬁ(l _ul))a
Xr :,U)‘rv

)\;v = _Bv )\ev + (51} + ,uv) >\sv
Ao, = (o +1) Ay, — 11N,
S* S S*

N, = B (1 —u3) A + v (1= u3) As + po A, — A2(5F(1 - UE)):

with transversality conditions

As (T) - Az(T) =\ (T) - )\'I’(T> - )‘e(T) - )‘sv (T> - )‘eq; (T) - >‘iv (T) = 0.

Moreover, we obtain the following optimal control characterizations

. _ S*(I*a(As+ A — As) — B N)
uj = min _bl,max 0, 2 ONC, - 5
* _ in b S*/BI*<A2+)\ —Xs) — B3 S* N,
U5 = min | by, max _ 0, ON.Ch ;
¢" = min |bs, max |0, 5 (fQs = M) = By) .
I 205

In the next section we explain two data sets of ZIKV epidemics to estimate parameters

of the model such that numerical simulations are more realistic.

3.4 Data Collection from 2015-2016 ZIKV Epidemic in
Colombia and 2016 ZIKV Outbreak in Puerto Rico

Now we present the data collected from corresponding ZIKV epidemics in Colombia and

Puerto Rico. Later, in Sections 3.5, 3.6 and 3.7, we use these data to estimate some of the
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parameters in our model as well as to perform numerical simulations of our optimal control
problem applied to each country.

Data from Colombia were collected from the National Institute of Health of Colombia
or Instituto Nacional de Salud (INS), its official name in Spanish. The INS is the health
agency in charge of the health surveillance system of Colombia that reports and publishes
results for the nation each week. The INS began to monitor ZIKV disease in August 2015
after outbreaks of the virus were detected earlier in Brazil. In October 2015, ZIKV disease
was declared an outbreak until July 2016 when Colombia announced an end to the ZIKV
epidemic [40]. We obtained weekly data of confirmed and suspicious cases from week 42 of
2015 to week 52 of 2019. However, we only use data from week 42 of 2015 until week 52 of
2016 since the incidence of ZIKV dropped drastically between 2017 and 2019 with less than
1000 confirmed cases per year. Table 3.5 shows the incidence data that later are used to
estimate some key parameters of the model corresponding to Colombia.

We collected available data for the 2016 ZIKV outbreak in Puerto Rico from the
Department of Health of Puerto Rico (PRDH). One of the many functions of PRDH is to
gather weekly data provided by all health care providers on the island of arboviral diseases
such as dengue, chikungunya and zika. We collected data from 2016 to 2017 of cumulative
cases, but later we only considered the 52 weeks of 2016 due to very low numbers of weekly
ZIKV infections reported in 2017. Table 3.6 shows the incidence number of confirmed ZIKV

cases for each epidemiological week of 2016.

3.5 Parameter Estimation Scheme

To make qualitative and quantitative predictions of the vaccination model applied to
ZIKV epidemics in Colombia and Puerto Rico, it is necessary to estimate some of the
epidemiological parameters described in the model. In this section we explain the strategy
to estimate these parameters using the data collected from Colombia and Puerto Rico. In

absence of controls, the incidence or number of new infected cases of our ZIKV vaccination
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Table 3.5: Incidence Data from 2015-2016 ZIKV Epidemic in Colombia.

2015
Week 42 | 43 | 44 | 45 | 46 47 48
Cases 389 | 438 | 414 | 836 | 1136 | 1065 | 1400

Week | 49 50 51 52
Cases | 1838 | 1476 | 876 | 158

2016

Week 1 2 3 4 5 6 7 8
Cases | 3505 | 2888 | 3878 | 5348 | 5910 | 5456 | 5695 | 5083
Week 9 10 11 12 13 14 15 16
Cases | 3684 | 4251 | 3114 | 2555 | 3446 | 3791 | 3322 | 3235
Week | 17 18 19 20 21 22 23 24
Cases | 2898 | 2708 | 3096 | 3466 | 1590 | 2211 | 2086 | 1704
Week | 25 26 27 28 29 30 31 32
Cases | 1548 | 1134 | 1160 | 933 | 745 | 679 | 523 | 439
Week | 33 34 35 36 37 38 39 40
Cases | 234 | 313 | 284 | 612 | 405 | 283 | 227 | 154
Week | 41 42 43 44 45 46 47 48
Cases | 105 31 330 | 162 | 125 | 146 37 309
Week | 49 50 51 52
Cases | 98 596 4 97
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Table 3.6: Incidence Data from 2016 ZIKV Puerto Rico Outbreak.

2016
Week 1 2 3 4 5 6 7 8
Cases 4 9 12 21 54 97 139 179
Week 9 10 11 12 13 14 15 16
Cases | 215 287 274 315 414 484 478 551
Week 17 18 19 20 21 22 23 24
Cases | 717 882 850 967 1160 | 1330 | 1522 | 1562
Week 25 26 27 28 29 30 31 32
Cases | 2056 | 3063 | 3644 | 4936 | 6030 | 7274 | 7822 | 9295
Week 33 34 35 36 37 38 39 40
Cases | 10389 | 11828 | 12710 | 14539 | 15004 | 16762 | 18027 | 18938
Week 41 42 43 44 45 46 47 48
Cases | 19176 | 20756 | 21402 | 21643 | 21397 | 22420 | 22711 | 22819
Week 49 50 51 52
Cases | 22334 | 23203 | 23222 | 23753
2017
Week 1 2 3 4 5 6 7 8
Cases | 1113 | 289 | 408 | 164 | 272 | 207 | 399 | 190
Week 9 10 | 11 | 12 | 13 | 14 | 15 | 16
Cases | 30 77 1179 24 | 145 | 83 | 67 5
Week | 17 18 | 19 | 20 | 21 | 22 | 23 | 24
Cases 1 134 | 27 | 29 | 68 0 0 8
Week | 25 26 | 27 | 28 | 29 | 30 | 31 | 32
Cases | 18 9 29 6 33 | 85 | 24 1
Week | 33 34 | 35 | 36 | 37 | 38 | 39 | 40
Cases 6 6 6 0 0 0 0 0
Week | 41 42 | 43 | 44 | 45 | 46 | 47 | 48
Cases 0 0 2 9 0 28 9 20
Week | 49 50 | 51 | 52
Cases 0 0 0 0
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model in (¢;,%;41) is given by

o 1,(t) I(t)
i1 = S(t)= St—)dt 3.16
Var= [ (357 + 0 (3.16)
where (¢;,t;11) represents the time interval between weeks ¢; and ¢;;; and the integrand
represents the rate at which susceptible individuals become infected either by the bite of an
infected mosquito or sexual contact with an infected human. We let Vi, be the incidence

from the data between weeks ¢; and ¢;,1. We define the normalized ¢*(0,T') error between

the incidences of the model and the data as

Z(yzﬁrl - yi+1)2

£= |- . (3.17)

S i)

)

We want to minimize the square error £ to obtain parameters for the model that best fit the
data. Since we have two different sets of data, one from Colombia and one from Puerto Rico,
two minimization problems are considered, that is, one minimization problem for each data
set. The goal of the minimization problem is to estimate the parameters 3, 3,, a, x, n and r
(where r is the reporting rate) that can minimize £ subject to the ZIKV vaccination model
in absence of control strategies [34, 44]. We chose lower bounds for the parameters near zero
while upper bounds are adjusted based on other estimates for the same parameters [21, 44].
Initial guesses on the parameters were randomly chosen to find an absolute minimum instead
of a local minimum. The estimation of parameters was performed in MATLAB using the
MultiStart algorithm with the fmincon function adjusted to our problem. The multistart
algorithm starts the solver from different initial points to find many local solutions and the
fmincon function is a gradient-based method where the objective and constraint functions
are both C' functions. Table 3.7 displays parameter bounds based on assumptions and
statistical data from different ZIKV models [49, 27, 54, 21, 53].

There have been studies [27, 2, 8, 25] showing that ZIKV disease is highly underreported
since infected individuals are mostly asymptomatic or have mild symptoms. For example, it

was estimated that only 10.4% of the total infections for 2015 - 2016 ZIKV epidemic in Rio
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Table 3.7: Parameter ranges for ZIKV model.

Parameter Baseline Value Reference

p ey ] Vool | [

54 0.7, 15] week ™! [21]

a 0.007, 2] week ™! [49]

K [1, 2] week™! [21]

f [0, 1] dimensionless assumed
w 0,0.1] week ™! assumed
v [1, 3] week™! [27]
L [, 15 week [54]
B 0.7, 14] week ™ [21]

n 5, £] week ™ [27]

r [0.01,0.5) 3, 25]

136




de Janeiro were reported [2]. Thus, dividing the data by the reporting rate we obtain the

data to be estimated accounting for both confirmed and underreported cases:
(Reporting Rate) x (Total Number of cases) = Total Number of Reported cases.

We estimate the reporting rate for each data set since neither Colombia or Puerto Rico
health systems indicated an underreporting rate.
For both countries we assumed that the average human lifespan (1/p) is 80 years, average

mosquito lifespan (1/4,) is 3 weeks and humans recover from ZIKV (1/7) after 5 days [53, 27].

3.5.1 Parameter Estimation for 2015-2016 ZIKV Epidemic in

Colombia

The altitude across Colombia’s cities varies from 0 to 18,045 feet above the sea level. The
mosquito that transmits the disease is very unlikely to be found in places above 6,500 feet
above sea level [11, 25]. In Table 3.8 we illustrate the elevation and population of some
cities in Colombia were Aedes aegypti mosquitoes are unlikely to survive. We estimate that
nearly 12 million individuals were living in areas above 6,500 ft. These individuals were
not affected with ZIKV unless they traveled to regions with lower elevation. The average
population of Colombia in 2016 was estimated to be near 47 million from which we believe
that less than 35 million were actually at risk of ZIKV. For instance, Hernéndez-Avila et
al. [25] calculate the magnitude of the Mexican ZIKV epidemic in 2015-16 by stratifying
data corresponding to birth certificates according to places with altitudes of 2,200 meters
(7,217 feet) below and above sea level. They compared the results with the mean monthly
incidence of congenital microcephaly before the introduction of the virus to determine the
actual size of their epidemic.

In Figure 3.2 we illustrate the best numerical fit that we obtained (red curve) to the data
(blue circles) from Colombia with incidence error of £ = 0.279. The estimated parameters
are given by

(B, B, v, k,m,7) = (0.707, 1.513, 0.874, 3.395, 0.546, 0.015).
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Table 3.8: Cities in Colombia by population and elevation in 2015-16 based on their
National Administrative Department of Statistics (DANE in Spanish).

City Elevation (feet) | Population
Vetas 10,991 2,114
Ipiales 9,508 123,341
Tunja 9,259 172,548
Zipaquira 8,694 130,432
Bogota 8,661 7,181,000
Soacha 8,576 522,442
Duitama 8,497 126,670
Facatativa 8,484 141,762
Sogamoso 8,428 111,336
Chiquinquiréd 8,386 72,274
Pasto 8,291 392,930
Manizales 7,087 434,403
Rionegro 6,972 128,153
Total 9,539,405
i’ %10° 2(915-16 Zika Outbreak in Colombia

o Data
— Approximation

Incidence

10 20 30 40 50 60
Weeks

Figure 3.2: Colombian data with 1.5% reporting rate and simulation results from best
numerical approximation. Incidence error of £ = 0.279. The parameters with the best fit are
given by (B, By, o, k,n) = (0.707,1.513,0.874, 3.395,0.546). The basic reproductive number
was Ro = 1.727. Initial population of Colombia was assumed to be Sy = 35,000, 000. Week
zero corresponds to week 42 in 2015.
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Later in Section 3.6 we will use these parameter values to explore different numerical

scenarios.

3.5.2 Parameter Estimation for 2016-17 Puerto Rico Outbreak

We estimate the parameters 3, 8, «, k, n and r without optimal controls such that the error
in equation (3.17) is minimized using the data from Puerto Rico (see Table 3.6). In Figure
3.3 we depict the best numerical approximation of daily new infections in Puerto Rico with

an incidence error of £ = 0.359. The parameters obtained by the estimation are given by
(B, Bu, o, k,m, 1) = (0.701,2.823,0.007, 1, 0.634, 0.02)

The next sections we explore numerical simulations for each country regarding the mitigation

effects that different scenarios can produce.

3.6 Numerical Simulations: Colombia

In this section and the next one, we numerically show the results of a single and multiple
optimal control strategies (see Table 3.3) in controlling ZIKV spread for Colombia and Puerto
Rico. Such scenarios can be seen as modifications from the overall objective functionals
(see equations (3.7) and (3.8)) with the solution of state and associate adjoint equations,
respectively. In order to solve the state equations (3.1) we implement a Forward Sweep
method with its respective initial conditions for the state equations. The adjoint equations
(in Theorems 3.6 and 3.7) are solved implementing a Backward Sweep routine with its
respective tranversality conditions. The optimal controls are updated by using the solutions
of the state and adjoint system in their corresponding characterization and doing a convex
combination between old and new controls. For a better understanding of Forward-Backward
Sweep algorithm see Chapter 4 of [28]. In addition, we compute the objective functionals for
each strategy where we specify the cost of the prevention (jg) and epidemiological integrals

(jl and jg) to indicate the strategy that does better in minimizing the objective functional.
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Figure 3.3: Puerto Rico data with 2% reporting rate and simulation results from best
numerical approximation. Incidence error of £ = 0.359. The parameters with the best fit
are given by (8, By, o, k,n) = (0.701,2.823,0.007,1,0.634). The basic reproductive number
in absence of control was Ry = 2.227. Initial susceptible population of Puerto Rico to ZIKV
disease was Sy = 2,800, 000. Week zero corresponds to week 1 in 2016.
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Total number of ZIKV cases and total number of vaccinated individuals (if applicable) are

also given for each control strategy.

In this section, we provide an assessment of the impact of implementing different
measures, as described in Section 3.3, on controlling a possible ZIKV epidemic in Colombia.
The baseline parameter values and initial conditions used for the simulations are displayed
in Tables 3.9 and 3.10. These values were selected according to the parameter estimation in
Section 3.5. The initial infected population is equal to the number of people infected at week
42 (389) scaled by the reporting rate (r = 0.015). The initial number of exposed individuals
was approximately a third of the initial number of infected people. The initial number of
infected mosquitoes is nearly twice the number of infected individuals at time zero, and the
initial number of mosquitoes exposed was almost a third of the initial number of infected
mosquitoes.

Without any controls, Figure 3.4 illustrates the dynamics of the populations for all human
and mosquito compartments. Both of them also emphasize the burden corresponding to the
exposed and infected human classes. Note that vaccinated individuals are not considered at
this point. For all the numerical scenarios the final time corresponds to 63 weeks. This time
period represents when Colombia reported to be during the ZIKV epidemic. The value of the
upper bounds for u; and uy are assumed 0.2. This assumption simply means that at most
20% of the total population could be informed about the controls and perform corresponding
control actions. The upper bound for the vaccination is selected to be 0.01 without waning
immunity (w = 0). Thus, if a vaccine is fully effective (f = 1), at most 1% of the population
can be vaccinated weekly. The value for the weight parameters are given at the beginning
of each numerical scenario.

The basic reproduction number for the ZIKV model in absence of controls for Colombia
is 1.728 as found in Table 3.11. Moreover, we also show the contribution to Ry from the
direct and vector transmission thresholds. In this case, we can observe that the contribution
from mosquito transmission is higher than from sexual contact.

In the subsequent parts we analyze the impact of different control scenarios with and

without vaccination.
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Table 3.9: Initial condition values for ZIKV outbreak in Colombia to create Figures 3.4,
3.5, 3.6 and 3.7.

S(0) | V() | EQ) | I(0) | R(0) | Su(0) | E,(0) | L(0)
35M | 0 [30,874[92,620] 0 |90 M | 62,100 | 185,715

Table 3.10: Parameter values for ZIKV outbreak in Colombia to create Figures 3.4, 3.5,
3.6 and 3.7.
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Figure 3.4: Left: Human-Mosquito population dynamics for 2015-16 ZIKV epidemic in
Colombia in absence of control strategies. Right: Only E and I populations at a lower
population scale.

Table 3.11: Basic Reproductive Number of Colombia using estimated parameters.

R, Ra Ro
Colombia | 1.103 | 0.624 | 1.727
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3.6.1 Implementation of Personal Protection Controls without

Vaccination

The impact of optimally informing the population about the use of condoms (scenario 1),
insect repellent (scenario 2) and both condom and insect repellent at the same time (scenario
3) for the dynamics of the ZIKV spread in absence of vaccination are evaluated in Figure
3.5. The value of upper bounds on the controls (b;’s) as well as the weight parameters for
Figure 3.5 are in Table 3.12.

The controls u; and us model the importance of personal protection efforts against ZIKV
to avoid being infected by sexual contact and mosquito bites, respectively. The two graphs at
the left side on Figure 3.5a display the two optimal control functions analyzed for scenarios
1 and 2, while the results of implementing two controls simultaneously (scenario 3) are
displayed in the two graphs at the right of Figure 3.5a. The graphs on Figure 3.5b measure
the impact of each strategy against the scenario in absence of controls. Further, each graph
represents the number of weekly new cases of humans with ZIKV under scenarios 1, 2, 3,
and no controls. The dynamic of new infected humans under no interventions (no condoms,
repellents and vaccination) are compared with those where optimal control strategies are
implemented.

Tables 3.13 and 3.14 show the costs associated to the prevention measures and
epidemiological strategies for objective functionals J; and J,. Further, both tables provide
the total number of ZIKV cases at the final time in presence of each strategy. In this
situation, the best strategy to decrease the total number of infections is to inform the public
about condoms and insect repellents.

In the next section we explore strategies 4, 5 and 6 where an effective vaccine is available

to protect the population against ZIKV.

3.6.2 Personal Protection Controls along with an Effective Vac-
cine

In the scenarios 4, 5 and 6, we evaluate the use of personal protection efforts when an

available vaccine is ready to be rolled out. The value corresponding to control upper bounds
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Table 3.12: Values for upper bounds on the controls and weight parameters for Figure 3.5.
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Figure 3.5: a) The two figures on the left display the optimal control functions for scenarios
1 and 2. The two figures on the right represent optimal control functions implemented for
scenario 3. b) Incidence corresponding to scenarios 0, 1, 2 and 3. Graphs correspond to
solutions of the optimization problem with objective functional J;.

Table 3.13: Cost in millions and total number of cases in millions corresponding to scenarios
0, 1, 2 and 3 using objective functional J; with J; representing the cost associated to infected
humans and J, the cost associated with the prevention measures.

Scenario Ji Jo | J1 = J;i + Jo | Total Cases
No Control 171.3 | 0 171.3 23.8
Only u, 156.6 | 2.5 159.1 21.8
Only wus 143.6 | 2.6 146.3 20.1
Both u; and uy | 119.8 | 6.2 126 16.7

Table 3.14: Cost in millions and total number of cases in millions corresponding to scenarios
0, 1, 2 and 3 using objective functional J, where J; representing the cost associated to new
cases and J, the cost associated with the prevention measures.

Scenario Js Jo | Jo = J3+ Jo | Total Cases
No Control 23871 0 238.7 23.8
Only u, 21811 2.5 220.6 21.8
Only us 200.2 | 2.7 202.9 20.1
Both u; and uy | 166.8 | 6.3 173.1 16.6

144



and weight parameters are given in Table 3.15. The cost associated with vaccination (C5 = 1)
was chosen to be smaller than the cost related to the other two controls.

Figure 3.6a depicts the dynamics of optimal control strategies when one and both personal
protection efforts are combined with vaccination. Moreover, Figure 3.6b illustrates the
number of weekly new cases corresponding to each strategy. It can be seen that any of
the control measures does enormously better in reducing the peak of the incidence than no
control. In Tables 3.16 and 3.17 we report the cost of implementing objective functionals
J1 and Jy with their corresponding contributions to the prevention and epidemiological
integrals. We also report the total number of vaccinated and infected cases at the end of the
epidemic for each of the scenarios. As expected, the best scenario in mitigating the impact
of a ZIKV epidemic is to implement all three controls simultaneously. The reduction in the
total number of cases is notably from around 23 million to 6 million people. The second best
scenario is simply to promote the use of mosquito repellent along with vaccination. Second
best scenario can produce nearly 10 million total cases by the end of week 63 which it is
still considerably better if compared with 23 million individuals infected when no measures
are taken. Observe that for the best plan, it was enough to vaccinate nearly 10% of the
total population at risk to achieve a significant decrease in total number of cases. Moreover,
vaccination was not needed until the final time as seen in Figure 3.6a, but it stopped around
10 weeks earlier.

In our next section we study the scenario of implementing the best mitigation plan

starting at different times once a ZIKV epidemic has been declared.

3.6.3 Personal Protection and Effective Vaccine at Different Times

In this section we explore the benefits of incorporating the best control strategy even at a
later time after a ZIKV emergency has been declared. The best control strategy in order
to mitigate the ZIKV disease in Colombia is to vaccinate susceptible individuals and inform
them of personal protections measures such as condoms and insect repellent. This best
strategy was chosen based on our results in Section 3.5.

In Figure 3.7a we show the evolution of each control starting at the beginning of the

epidemic, week 10 and week 20. In the case all three controls are available by week 10, they
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Table 3.15: Value for upper bounds on the controls and weight parameters for Figures 3.6

and 3.7.
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Figure 3.6: a) The two figures to the left and middle display the optimal control functions
for scenarios 4 and 5. The three figures on the right correspond to optimal control functions
implemented for scenario 6. b) Number of weekly new cases in absence of controls and

for scenarios 4, 5 and 6. Graphs correspond to solutions of
objective functional .J5.
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Table 3.16: Costs in millions, total number of vaccinated individuals and total number of
cases in millions corresponding to scenarios 4, 5 and 6 using objective functional J; with
J1 representing the cost associated to infected humans and .J; the cost associated with the

prevention measures.

Scenario Jy Joy | J1 = J; + Jy | Total Vacc. | Total Cases
No Control | 171.3 ] 0 171.3 0 23.8

uyp and ¢ 85.3 | 3.2 88.5 3.4 11.8

ug and ¢ 74.3 | 3.4 7.7 3.3 10.2
uy, ug and ¢ | 48.3 | 6.2 54.5 3.6 6.6

Table 3.17: Costs in millions, total number of vaccinated individuals and total number of
cases in millions corresponding to scenarios 4, 5 and 6 using objective functional J, with
Js representing the cost associated to new cases and Jo and the cost associated with the

prevention measures.

Scenario Js3 Jo | Jo = J3+ Jy | Total Vacc. | Total Cases
No Control | 238.7 | 0 238.7 0 23.8

uy and ¢ 118.2 | 3.3 121.5 3.6 11.8

Uy and ¢ 101.7 | 3.5 105.3 3.4 10.1
uy, up and ¢ | 66.3 | 6.3 72.6 3.9 6.6
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Figure 3.7: a) Graphs corresponding to each control starting at week 10 and 20. b)
Number of weekly new cases in absence of controls and for scenario 6 starting at week 0, 10
and 20. Number of new cases correspond to outbreak in Colombia. Graphs correspond to
solutions of the optimization problem with objective functional .J;.
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all should start at the highest level, but condom, insect repellent and vaccination information
campaigns should no longer be needed by weeks 40, 50 and 48 respectively .Moreover, in
Figure 3.7b the dynamics of weekly incidence for each strategy is illustrated and compared
when no control is applied. From the graphs, it can be observed that as soon as the controls
are put in place the weekly incidence start to shrink when compared to no control actions.
In Table 3.18 we only provide the cost of the objective functional J; as well as the total
number of vaccinated individuals and new cases by the end of week 63. By inspecting the
total number of cases one can see that quicker control actions are able to produce more
mitigation effects. Nonetheless, public health agencies should always consider to apply a
later control strategy rather than taking no steps against the disease.

A significant reduction in the number of weekly new cases will be seen as long as the
prevention measures are put in place before the peak of new cases. However, we omitted
simulations after the peak of new cases since the implementation of controls show no
significant reductions. One reason for this effect may be that most of the population has been
infected and received natural immunity against the disease. Thus, when a control strategy
is implemented after the peak of the epidemic there will be fewer susceptible individuals to
reach which makes the control action to last less or even to go unseen if it is applied too

late.

3.7 Numerical Simulations: Puerto Rico

In this section, we provide an assessment of the impact of implementing different scenarios
to mitigate the impact of a possible ZIKV epidemic in Puerto Rico. The parameter values
and initial conditions used for the simulations are displayed in Tables 3.19 and 3.20. The
initial amount of infected individuals correspond to the total number of cases reported on
the first month (46) scaled by the reporting rate (r = 0.02). The initial number of exposed is
nearly a third of initial number of infected people. The initial number of infected mosquitoes
is twice the initial number of infected people, and the initial number of exposed mosquito
is only a third of the initial number of infected mosquitoes. These values were selected

according to the parameter estimation in Section 3.5. Figure 3.8 depicts the dynamics of all
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Table 3.18: Costs in millions, total number of vaccinated individuals and total number
of cases in millions corresponding to scenario 6 at different starting times using objective
functional J; with J; representing the cost associated to infected people and Jy the cost
associated with the prevention measures.

Scenario at jl j2 J = jl + j2 Total Vacc. | Total Cases
t=0 48.3 | 6.1 54.4 3.6 6.6
t=10 94.2 | 4.1 98.3 1.9 13.1
t=20 138.2 | 2.1 140.3 654,368 19.2

No Control | 171.3 | 0 171.3 0 23.8

Table 3.19: Initial condition values for ZIKV outbreak in Puerto Rico to create Figures

3.8, 3.9, 3.10, and 3.11.

5(0)

v (0)
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1(0) | R(0)
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6 M | 1,641

4,624

Table 3.20: Parameter values for ZIKV outbreaks in Puerto Rico to create Figures 3.8, 3.9,

3.10, and 3.11.
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Figure 3.8: Left: Human-Mosquito population dynamics for 2016-17 ZIKV epidemic in
Puerto Rico in absence of control strategies. Right: Only £ and I populations at a lower

population scale.
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human and mosquito populations. We also highlighted the burden corresponding to those
individuals in the exposed and infected human classes. Observe that vaccination has not
been incorporated in these simulations.

We simulate a ZIKV epidemic within 104 weeks to represent the outbreak occurred in
Puerto Rico. The value of the upper bounds for the controls u; and uy are assumed 0.2. This
assumption simply means that at most 20% of the total population could be informed about
the controls and perform control actions. The upper bound for the vaccination is selected to
be 0.01 which represents that at most 1% of the population will be able to get vaccinated
weekly if the vaccinate is fully effective. We assume vaccine protection does not wane and
it’s mostly effective (f = 0.9). In Table 3.22 we show the values used for the upper bounds
and weight parameters.

The basic reproduction number for the ZIKV model in absence of optimal controls for
Puerto Rico is 2.1739 as shown in Table 3.21. Further, it can be seen that the contribution
to Ry from the direct transmission is much lower than the vector transmission. In this case,
the vast majority of weekly ZIKV cases are associated to mosquitoes and not to humans.
This basic reproduction number was larger than the one found for Colombia on Section 3.6.

Next we explore the impact of a ZIKV epidemic in Puerto Rico in presence of different

control strategies.

3.7.1 Implementation of Personal Protection Controls without

Vaccination

The impact of optimally informing the population about the use of condoms (scenario 1),
insect repellent (scenario 2) and both condom and insect repellent at the same time (scenario
3) for the dynamics of the ZIKV spread in absence of vaccination are evaluated in Figure
3.9. The values of upper bounds on the controls (b;’s) as well as the weight parameters for
Figure 3.9 are in Table 3.22.

The controls u; and wuy represent the importance of personal protection efforts against
ZIKV to avoid being infected by sexual contact and mosquito bites, respectively. The two

graphs at the left side on Figure 3.9a display the two optimal control functions analyzed for
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Table 3.21: Basic Reproductive Number of Puerto Rico using estimated parameters.

Ry

Ra

Ro

Puerto Rico

2.222

0.005

2.227

Table 3.22: Values for upper bounds on the controls and weight parameters for Figure 3.9.
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Figure 3.9: a) The two figures on the left display the optimal control functions for scenarios
1 and 2. The two figures on the right represent optimal control functions implemented for
scenario 3. b) Incidence corresponding to scenario 1, 2 and 3 as well as when no strategy is
used. Graphs correspond to solutions of the optimization problem with objective functional

Ja.
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scenarios 1 and 2, while the results of implementing two controls simultaneously (scenario 3)
are displayed in the two graphs at the right of Figure 3.9a. The graphs on Figure 3.9b measure
the impact of each strategy against the scenario in absence of controls. Further, each graph
represents the number of weekly new cases of humans with ZIKV under scenarios 1, 2, 3,
and no controls. The dynamics of new infected humans under no interventions (no condoms,
repellents and vaccination) are compared with those where optimal control strategies are
implemented.

The implementation of scenarios 2 or 3 (black dashed and green dotted lines) bring a
notable reduction in the peak of number of new cases from nearly 100,000 (around week
30) when no controls are used to 55,000 (near week 42). For these scenarios, the optimal
control usy stayed positive at the highest level from nearly week 11 to week 100 and it was
zero outside this timeline. However, informing the public about the use of condoms does not
seem to have any effect in diminishing the number of new cases. We believe the lack of effect
on scenario 1 is due to most of the ZIKV transmission is associated to the mosquitoes and
not the direct transmission (see Table 3.11). One can also associate the lack of u; control
to the weight parameters B; and C, but after running several simulations with high and
low weights, the results were the same. Thus, when scenario 3 is implemented, it reduces to
implement scenario 2 since uy is not necessary.

Tables 3.23 and 3.24 show the cost associated to the prevention measures and epidemio-
logical strategies for objective functionals .J; and .J;. Both tables provide the total number of
ZIKV cases at the final time in presence of each scenario. In this situation, the best strategy
to decrease the total number of infections is clearly to inform the public about the use of
insect repellents to prevent mosquito bites. In this case, regardless of which epidemiological
strategy is used, one can see that the total number of new cases will drop to near 1.8 from
2.22 millions. In the next section we examine some scenarios when an effective vaccine is

available to protect the population against ZIKV.
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Table 3.23: Costs in millions and total number of cases in millions corresponding to
scenarios 1, 2 and 3 using objective functional J; with J; representing the cost associated to
infected people and J, the cost associated with the prevention measures.

Scenario Ji Jo Ji = Ji + Jo | Total Cases
No Control 15.9 0 15.9 2.2
Only w4 15.9 0 15.9 2.2
Only us 13.4 | 26,150 13.6 1.8
Both u; and uwy | 13.4 | 26.1 13.6 1.8

Table 3.24: Costs in millions and total number of cases in millions corresponding to
scenarios 1, 2 and 3 using objective functional J; with J5 representing the cost associated to
new cases and Jo the cost associated with the prevention measures.

Scenario Js Jo Jy = J3+ Jy | Total Cases
No Control 22.2 0 22.2 2.2
Only uy 22.2 0 22.2 2.2
Only us 18.7 | 28,261 19.1 1.8
Both u; and uy | 18.7 | 28,261 19 1.8
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3.7.2 Personal Protection Controls along with an Effective Vac-
cine

In the scenarios 4, 5 and 6, we want to asses the use of personal protection efforts when an
available vaccine is ready to be rolled out. The parameter values corresponding to control
upper bounds and weights are given in Table 3.25. Here, we consider the cost associated with
vaccination to be larger than the cost associated with the other two controls to illustrate
an opposite case than the one study from Colombia in Section 3.6. These assumptions were
simply made to capture a ZIKV epidemic with different cost features than those assumed
for Colombia. Nothing should imply that these weights realistically match a possible ZIKV
epidemic in either Puerto Rico or Colombia.

Figure 3.10a shows the dynamics of optimal control strategies when one or both personal
protection efforts are used along with vaccination. Here we can observe the duration that
each optimal control should last. For instance, when scenario 5 is used, both us and ¢ should
start at their highest level since week 0, but uy and ¢ should shut down near week 60 and 90,
respectively. The number of weekly new cases corresponding to each scenario is illustrated in
Figure 3.10b. It can be seen that when vaccination is available with one of the other control
measures it reduces drastically the peak of the incidence than when no control is applied.
Moreover, it can also be seen that prophylactic campaigns do not provide any contributions
in reducing the peak of new infections regardless the scenario. Hence, the scenario 4 turn
down to simply implement a vaccination campaign (blue asterisk graph) while the scenarios
5 and 6 become the same, that is, vaccination and insect repellent campaigns (black line and
green dashed graphs) should be put in place.

Additionally, in Tables 3.26 and 3.27 we report the cost of implementing objective
functionals J; and J, with their corresponding contributions to the prevention and
epidemiological integrals. The total number of vaccinated and infected individuals at the end
of the epidemic are also included for each of the scenarios. The best strategy in mitigating
the impact of a ZIKV epidemic in Puerto Rico is to implement information campaigns to
increase the use of insect repellent along with vaccination efforts. The reduction in the total

number of cases is notably from around 2.2 million to 567 thousand individuals. The second
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Table 3.25: Values for upper bounds on the controls and weight parameters for Figures
3.10 and 3.11.
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Figure 3.10: a) The two figures to the left and middle display the optimal control functions
for scenarios 4 and 5. The three figures on the right correspond to optimal control functions
implemented for scenario 6. b) Number of weekly new cases in absence of controls and
for scenarios 4, 5 and 6. Graphs correspond to solutions of the optimization problem with
objective functional .J5.
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Table 3.26: Costs in millions, total number of vaccinated individuals and total number of
cases in millions corresponding to scenarios 4, 5 and 6 using objective functional J; with
J; representing the cost associated to infected people and Jy the cost associated with the
prevention measures.

Scenario Ji Jo J, = Ji + J3 | Total Vacc. | Total Cases
No Control | 15.9 0 15.9 0 2.2

uy and ¢ 8.3 | 108,253 8.5 504,681 1.1

Uy and ¢ 4 2.5 6.5 762,207 567,191
uy, ug and ¢ | 4 2.5 6.5 762,207 567,191

Table 3.27: Costs in millions, total number of vaccinated individuals and total number of
cases in millions corresponding to scenarios 4, 5 and 6 using objective functional J, with Js
representing the cost associated to new cases and Jy the cost associated with the prevention
measures.

Scenario J3 Jo Jo = J3+ J5 | Total Vacc. | Total Cases
No Control | 22.2 0 22.2 0 2.2

uy and ¢ 11.7 | 109,760 11.8 533,089 1.1

uo and ¢ 5.4 2.7 8.1 792,450 549,746
uy, ug and ¢ | 5.4 2.6 8.1 792,450 549,746
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best strategy is simply to promote vaccination campaigns. With only vaccination the number

of individuals that can be prevented from becoming infected is close to 1 million.

According to our results, vaccination should be put in place since day one of the epidemic
until week 90 to accomplish this significant reductions. Nonetheless, the implementation of
vaccination campaigns since day one might not be realistic to achieve, in the next section
we explore the impact of interventions starting at different times. Observe also that condom
information campaigns are not demanded due to Puerto Rico’s low direct transmission
threshold (Rg).

In the next section we explore what can occur when the controls uy and ¢ are implemented

some time after the epidemic has begun.

3.7.3 Personal Protection and Effective Vaccine at Different Times

In this section we want to measure the benefits produced by the best mitigation plan even
if applied at a later time after a ZIKV emergency has been announced. The best control
strategy in order to mitigate the ZIKV disease in Puerto Rico is to tirelessly vaccinate
susceptible individuals and inform them about the importance of insect repellent. This
best strategy was selected based on our results in Section 3.5 due to the majority of new
ZIKV cases in Puerto Rico were associated with mosquito transmission rather than sexual
transmission (see Table 3.21).

In Figure 3.11a we show the evolution of each control starting at the beginning of the
epidemic, week 20 and week 40. Moreover, in Figure 3.7b we display the dynamics of weekly
incidence for each strategy and we compare when no control is applied. By looking at weekly
incidence curves, it can be observed that as soon as the controls are put in place the weekly
incidence start to shrink when compare to the no control curve. In Table 3.28 we provide
the cost of only objective functional J; as well as the total number of individuals vaccinated
and infected by the end of week 104. Looking at the total number of cases, one can see
that faster control measures can produce more benefits mitigating the spread of the disease.
Although, public health official should note that any control strategy regardless of starting

time could be significantly better than taking no action at all.
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Figure 3.11: a) Graphs corresponding to each control starting at week 20 and 40. b)
Number of weekly new cases in absence of controls and for scenario 6 starting at different
weeks. Number of new cases correspond to outbreak in Puerto Rico. Graphs correspond to
solutions of the optimization problem with objective functional .J;.

Table 3.28: Costs in millions, total number of vaccinated individuals and total number of
cases in millions corresponding to scenario 6 at different times using objective functional Ji,
with jl representing the cost associated to infected humans and j2 the cost associated with
the prevention measures.

Scenario at | J; Jo Ji = J1 + Jo | Total Vacc. | Total Cases
t=0 4 2.50 6.5 762,207 567,191
t=20 9.9 1.3 11.2 287,480 1.3
t =40 14.5 | 324,727 14.9 41,696 2.1

No Control | 15.9 0 15.9 0 2.2
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We could also see a significant reduction in the number of weekly new cases when control
measures are put in place before the peak of new cases. However, the implementation of
controls after the peak of new cases show no significant reductions as it can be seen when
t = 40. One cause of this effect is that most of the population has been infected and obtained
natural immunity against the disease once the incidence started to decrease. Hence, when a
control strategy is implemented at a late stage of the epidemic there are fewer susceptible
individuals to reach which makes the control action to last less or in the worst case scenario

to go unnoticed.

3.8 Discussion

In this chapter, we have formulated a ZIKV vaccination model to understand the dynamics
of a ZIKV epidemic under six different scenarios with three optimal controls. Two time
dependent controls were implemented to reduce the mosquito transmission and direct
transmission while incorporating the possibility of a time dependent vaccination rate. We
computed the basic reproduction number (equation (3.6)) using the Next Generation Matrix
approach when the controls are constant. Subsequently, we showed the existence, positivity
and uniqueness of a solution to the model. There were two optimal control problems
associated to the vaccination model. The first problem considered an objective functional to
minimize the burden of infected humans and the cost of implement all three controls. The
second objective functional was designed such that the total incidence of the epidemic and the
cost associated with the all three control strategies were minimized. We proved the existence
of optimal control solutions to each optimal control problem. Pontryagin’s Maximum
Principle was used to derive the necessary conditions that the optimal triple satisfies for
each optimal control problem proposed. To illustrate numerical simulations of the model,
we used data from previous ZIKV outbreaks in Colombia and Puerto Rico. We estimated
parameters corresponding to each country by minimizing the incidence error between the
data and the model. The parameter estimation showed that the data corresponded to very
low reporting rates after the initial conditions corresponding to exposed and infected humans

and mosquitoes were scaled up. Also, for each country we found that the incubation period
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in humans (k) always exceeded the birth/death rate of mosquitoes (). This situation will
guarantee to have enough infected humans in the community for new susceptible mosquitoes
to become infected since the progression from exposed to infected human individuals is
shorter than the mosquitoes lifespan. For each country, we assessed six different scenarios to
decrease the weekly number of infections of a possible ZIKV epidemic. First, we measured
the implementation of isolated condom and insect repellent campaigns (scenarios 1 and 2)
and the use of condom and insect repellent campaigns (scenario 3) combined. Second, the use
of a personal protection and vaccination campaigns (scenarios 4 and 5) and all three controls
at the same time (scenario 6). In addition, we analyzed the consequences of implementing
the best optimal control strategy starting at different times after an epidemic has already
been announced.

In general, the numerical results showed that any control strategy is better than letting
the disease take its own course. The only exception to this was the use of condoms in Puerto
Rico since the sexual transmission threshold was considerably low and most of the ZIKV
infections were associated with the mosquito transmission as noticed in Table 3.21. As far
as the values of the objective functionals, we could see for all the examples that reducing
the weekly incidence was always more costly than reducing the cost of the disease burden.
This could have happened due to our choice for weight parameters A; and A being the
same. In reality they can be different, but the question is then how much different and
why. Our parameter choices for B;’s and C;’s in each scenario were intended to realistically
capture the cost of each strategy. In some of the examples we chose the weight parameters
associated with the controls near to zero to represent the low-cost associated with them.
Note that if control weights are high, it is very unlikely to see a significant reduction in
weekly new cases. We also found that the best strategies to mitigate a ZIKV epidemic in
either Colombia or Puerto Rico are different. The best mitigation plan for Colombia is to
implement all three time dependent controls at the same time. However, we found that the
best strategy for Puerto Rico is to apply insect repellent and vaccination campaigns without
advertising condoms. In absence of vaccination, Colombia should implement both personal
protection controls while Puerto Rico should only advertise mosquito repellents to reduce

the number of weekly infections.
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In presence of optimal control strategies, we have also identified patterns in the delivery
of both personal protection efforts to keep people safe from getting infected with ZIKV. In
the case of Colombia, the use of isolated insect repellent and preservative controls (scenarios
1 and 2) are required intensively from the beginning of an epidemic. However, when both
personal protection and vaccination campaigns are combined (scenario 6), it demands a
high level of effort from each control since the beginning until approximately week 53
instead of week 63. We could also notice in the simulations that vaccination campaigns
are not necessary throughout a complete ZIKV epidemic even if combined with the other
two preventive measures. In the case of Puerto Rico, when controls are started at different
times, one can see that vaccination campaigns do not have to be rolled out until the last
week of the epidemic, but instead until weeks 75 to 80 depending on when the strategies
began.

Although we truly believe our model can do well in capturing the dynamics of possible
future ZIKV epidemics in presence of vaccination and personal protection controls, it has
some limitations. Our model does not recognize if infected individuals are symptomatic
or asymptomatic. Another limitation of our model is that mostly the entire population
is considered homogeneous. Since most vaccines get approved by age group, it would be
interesting to incorporate this feature into the model. Some new models where these features
are added can provide public health managers with more new insights in understanding the

evolution of ZIKV epidemics.
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