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ABSTRACT

The purpose of this thesis is to examine two different concepts
of distance between random variables which are the Mahalanobis dis-
tance and probability metrics. The thesis is divided into two parts.
" The first part deals with the Mahalanobis distance and its properties,
distribution and moments. The first part concludes with a useful
theorem which establishes the equivalence of the moments of different
orders. The second part deals with probability metrics and reviews
several well known probability metrics. This part concludes with a
search for comparisons between the Mahalanobis distance and the

Kantorovich-Rubinstein metric.
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INTRODUCTION

The Mahalanobis distance is used to measure the distance between
two normal random vectors in Euclidean space. This notion is commonly
utilized in the field of pattern recognition, as is described in the
first section of Part 1. On the other hand, in the field of theoretical
and applied probability, there exists a quite well developed theory of
probability metrics. The purpose of this thesis is to examine these
two different concepts of distances and to look for possible con-
nections.

The thesis is divided into two parts. The first deals with the
Mahalanobis distance. In the first section, the Mahalanobis distance
is introduced and applications to pattern recognition are mentioned.
The second section contains properties of the Mahalanobis distance
including its distribution. In the third section, the moments of the
interclass Mahalanobis distance are computed. The final section of
the first part states and proves a theorem which shows the equivalence
of the moments of the interclass Mahalanobis distance. This fact, which
was not available in the literature on this subject, seems to be use-
ful and interesting. It may also be noted that it cannot be directly
derived from Gonzalez's and Wagner's paper [6] .

Part 2 reviews probability metrics. The first section is an
introduction to probability metrics and states the definition of a
probability metric. The second section lists, as compiled by Zolotarev
[7], several well known probability metrics. The proofs of the metrics

are also included in this section. Finally the last section looks



for comparisions between the Mahalanobis distance and the Kantorovich-

Rubinstein metric.
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1. THE MAHALANOBIS DISTANCE

1.1. The Concept of Mahalanobis Distance

The Mahalanobis distance, the main emphasis of this paper, is a
concept often used in pattern recognition. Pattern recognition is
a topic used in many fields including medicine, psychology, biology,
engineering, electronics, nuclear power, and mechanics [1], [2], [3],
(4], [5] . Basically pattern recognition is taking a sample of unknown
status and recognizing the sample as a member of the class to which it
belongs [2] . For example, a person with no medical problems has a
"normal" blood pressure, temperature, heart rate, and pulse. Another
person's medical factors can be compared to the "normal" factors in
order to determine whether or not there may be medical problems [4] .
The "normal" factors are established through examining several people
without medical problems and then coming up with one set "normal"
pattern. Other cases are then compared to this "normal" pattern, and
a decision is made as to whether or not the case matches the "normal"
pattern [2] .

One concept needed with pattern recognition is a way in order to
determine whether the sample belongs to the established pattern. One
such method used is the concept called the Mahalanobis distance [1] .

Consider two d dimensional Gaussian vectors x  and y
with corresponding mean vectors ﬁx and Ey and corresponding

covariance matrices CX and Cy . The interclass Mahalanobis distance

between any member of X and EX is then defined to be:

RGZ, 1) = (% -7)7 ¢'(% - 7))



and similarly the interclass Mahalanobis distance between any member

of ¥ and Ey is defined to be:

R'*"n'q = _*T-]—»_-»
(y y) (y my) Cy (y my) .

We will be concerned with the interclass Mahalanobis distance between
members of X and the mean ﬁy , which is defined by:

> > - -> T.—1—> ->
R = ” -
(x, my) (x my) Cy (x my)

and similarly the interclass Mahalanobis distance between members of
y and the mean ﬁx is defined by:

RG, ) = G -a)7 ¢ - ) [6]

The Mahalanobis distance is a way of classifying a pattern for the

following reason. We know that {X: R(X, ﬁy)_g rz} is an elipsoid

centered at Ey and whose shape and orientation is determined by Cy
If we assume that X d 9 (where d means equal in distribution), then
it will be shown in this paper that R(X, ﬁy) has a x2 distribution.
Then, using Chi-squared tables, we can calculate r so that
P{R(X, ay)-i rz} =1 -a . This gives a level o test for testing
the null hypothesis that a vector has the same pattern as the "normal"
pattern against the alternative hypothesis that they do not share the

2

same pattern. If the sample vector X has a value of R(X, ﬁy) <rt,

that is, the vector lies inside the elipsoid, then we accept the null

2

hypothesis. If the value of R(Y, ﬁy) >r~ then we reject the null

hypothesis. The power of the test is the probability of rejecting the
null hypothesis when the alternative is true. However, when the distri-

bution of X is different from the distribution of ; , the distribution
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> .
of R(x, my) 1s not any of the standard distributions (except of the

>

case CX = C, » see Corollary 1) and P{R(X, my) > r2} cannot be

y
found in statistical tables. Several probability inequalities involving

moments exist to help estimate the above probability. It is therefore
useful to have the moments of the interclass Mahalanobis distance.

These moments will be calculated in the following sections.

1.2. Properties of the Mahalanobis Distance

In order to find the moments of the interclass Mahalanobis dis-
tance a transformation of the normal vectors will be needed. The
following lemma is a well known fact, but for completeness it will be

stated and proved.

_). . - . 3 -
Lemma 1. If x is a d-dimensional Gaussian vector with mean vector

+ 3 . 3
m and covariance matrix CX , then for any real transformation matrix

(1) ¥ = AX 1is a d-dimensional Gaussian vector;

Y‘=AmX;
.

ACx A .

— —

w n

St ~

(g} 3¢
(1]

Proof. (1) Since X 1is a d-dimensional Gaussian vector, 3 a d xd
matrix C, constants Hpseees Uy and independent random variables

Zyseees 2y (Zi ~ N(0, 1)) such that:



and hence

for any two 1 by d matrices aT = (a]...ad) and bT= (b]...b

r = AX is a d-dimensional Gaussian vector.
(2) m. = E(F) = E(AX)
ot 4 %) 11X FapX * 314%q
A4y == 34 Xd q41%1 * AgXp t * 34454

311 Aok e P A quy a1 34, M
>
| S TR
q1k1 Y Ak t - ay4uy 441 *** 34 Mg
(3) €, = [Covlry, ro)ly 4o1,....0
= [Cov(EI V., E} F)]i,j=1,...,d where 33 = (i#» it spot
_ £ > .+
= [Cov(ei AX , ej Ax)]i,j=1,...,d
) Ta. T ot \F =
= [Cov ((A e;) x, (A ej) x)]i,j=1,...,d .
Now Cov(a', b'%) = Cov(za x; , zbjxj)
= ¢ a,b., Cov(x., x.) = aT C.b
i7j i? 7 X

i,J
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R(X, m_) for any real invertible transformation

Lemma 2. R(AX, Am
Lemma 2. R( y) "

]

matrix A .

Proof.  R(AX, Am ) = (AX - A )T Nl % - m
r (AX y) (Ax my) (ACy A) - (Ax Amy)

since from Lemma 1 Cov(Ay) = ACy AT

y y y
0 T (ToaTeml aalsetl &% i
- A =
(x y) A'(A) cy AT A(X my)
1o4% @ T -1—)-_—>
(x my) Cy( y)
= R(X, m.)

Note that since CX and Cy are positive definite and symmetric, A
may be chosen so that C_=AC _A' =1 and C_ = AC, AT = D where D
is a diagonal matrix with elements +v(i) , the eigenvalues of C;l Cy g

on the diagonal. This fact can be found in [5, p. 34] .

Theorem 1. Every interclass Mahalanobis distance can be written as
a sum of squares of d independent normal random variables. Speci-

fically:




> > 4 2 -1
(1) R(x, my) = _21 (ri - S1.) vy (i) where
"I:
ry = Mgy ™ N(mri - My DR
> > d
(2) R(y, mX) = 151 (s1 - mri) where

(85 = meg )Y v Nmgy = m o/ ATET L 1)

Proof. (1) From Lemma 2,

. . . . -3
Now since ¥ 1is a Gaussian random vector with mean vector m.

and Cr =1 we get re-m.oare independent and (ri - mri) ~ N(0, 1)

(2) From Lemma 2

R(F, /) = RE, )

I
7y
1
=33
=
—
1
s
ni
1
3y



o ¥ A . -
Now since S is a Gaussian random vector with mean vector m

3
CS =D we get

m
j X '
_7§T?3?_- are independent and (Si - msi)//yl15 ~ N(0, 1)

=> (Si -mes* me; - mri)//Yl1s " N(ms_i - mri/¢y215, 1)

> (Si - mri)//yl1$ " N(msi - mri//yl15, 1) .

Notice that since

r.-m. -m. +m_.

1 S1 r

and henc r. - m..
ehee i si

where Ui are independent and Ui ~ N(O, 1)

where Ui are independent and

U ~ N(O, 1) . Similarly S; - mri//yliS = Vi'+(msi - mri)ﬁwiii where

Vi v N(O, 1) .

Corollary 1.

In the following special cases, the Mahalanobis distance

has the following distribution:

(1) R(;, ﬁg) has an x2 distribution with d degrees of

freedom;

Proof. By Lemma 2

has a non-central x2 distribution if Cx



10
n 2 2
Now re - Mmoo N(O, 1) so = (r,-m.)" dis x° with d degree
i=1
of freedom.
(2) By Theorem 1,
d
>y 2 -1
R(X, my) = 151 (ri - mSi) Y ( )
By hypothesis, C = C_  and thus C_ = CS = I and hence
R ) = 5 (s - )
Xs my 121 ry - Mo .
Also by Theorem 1, we know Py - Mo N(mri - Mgy 1) and so R(x, my)
has a non-central x2 distribution with non-central parameter
d
2 _ _ 2
8c = 1 (mri msi) .

1.3. Moments of the Interclass Mahalanobis Distance

We see from the previous section that the distribution for the
interclass Mahalanobis distance can only be found in the special case

where Cx = Cy . This is not very often the case, so we will examine

the moments in order to find out more. In this section the first
‘moment as well as the general moments of the interclass Mahalanobis

distance will be found.

A. First Moments

Theorem 2. The first moment of R(?, Ey) is

- m_)%]

E[R(;, E )] = “{-.](1.)[-l + (mrj sij

M i

I~ Qa
—y



ELRLY, mx)]

Proof.
- Yy

where Ui ~ N(O, 1)

and

<¥

E[R(

E(R(X, m,)]

, )]

> >

and the first moment of R(y, m_ )

, is
g 2
= 151 [y() + (m, - m 2)7]
. 2 -1
=E[z (ry -m)" v (i)] (from Theorem 1)
=1
d
- -1,. 2
= 151 v (i) E(ry - m )
- 5 M D, - o -T2
L i 7 Wy - Mgyl
by Lemma 3
= g _](i) E[U2 +20.(m . -m_ )+ (m.-m
o1’ i i*ei T Tsi ri ~ si
d
_ -1,. 2
- 15] Y (1) [1 + (ml'"i = mS'i) ]
e 2
=E[ ¢ (s.-m_.)] (from Theorem 1)
iz ri
d
- _ 2
151 E(s1 mri)
d 2
=z v(1) B[V +Am . - m )//ATT)]

—e
—

where Vi ~ N(O, 1) by Lemma 3

11



B. General Moments

Theorem 3.
d
. > |
(1) E[R"(X, m)] = z g—Tﬂ*—g—T m
e]+ .+ed=n 1% °5d” =1
®i (2e,)!( )Zj
=g 1 e. m . -
vy (1) ! e?lj 21 where 0 < j < e,
0 iy 21 e, - )
d e.
- |
(1) ER'(y, m)l= = o= I y (i)
e.+ +ed=n i**"tdt =1
‘. | 23
; (281)' (msi - mri)
: e.-] S
=0 gyt (e, - DD

where 0 < j < e; -

(r - ms1.)2 v V)™ (by Theorem 1)
1

e.
=m0

(by multinomial theorem) .

Thus







(where 0 < j < ei) .

(ii) Similarly we find that

d
R, A) = [z (s, -m 8"
i=1
d e.
n! 2471
- L T 7T .0 [(s;-m.)°]
eyt.. +e e ejl..eeyt iy i ri
Hence
d e
e |
ER™Y, ROl = €L ¢ o nl(s; - m )P ]
ert...te, mn 1°°°°7d° i=1

d m. -m. 2e,
|
——LT i E[[vyhi(vi + —Sl—ﬂ-)] 1]VimN(0, 1)

i=1 Y3

= z e, ! - e .l I Y(1) E[(V1+(ms1 - mri)/VY(1)))
e,+...+e .=n “1°°°"°d° =]
1 d
d e.
I
= z el n.e r 1 oy(i) !
e.+...te . =n “1°°"°"°"7d° i=1
1 d
2e1 2e1-1
E[Vi - 2e1 Vi (m51 - mri)//yl1)

i



)23

(msi ) mri

[y (i)

An alternative form of the above moments is found in the paper "Moments
of the interclass Mahalanobis distance" by R.C. Gonzalez and C.G. Wagner
[6] , but for the purpose of this paper it is more efficient to use the

moments calculated in the above section.
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1.4. Equivalence of Moments

In this section we will establish the relationship between all of

the moments of the interclass Mahalanobis distance.

Theorem 4. ATl moments of the interclass Mahalanobis distance are

comparable to the first moment in the following manner:

ELR(E, )] < [ERK, B))1Y" < 200)!/" ELR(K, )]
Proof. We know by Theorem 2 that

E(R(X, ﬁy)) o : -Y_](i)[T + (mri - msi)2] and hence, by the Multi-
i

I~ aQ

nomial Theorem,

Yy
d
n! -1,. 2 i
= 5 . n [y (0 +(m, -m.)]1]
et...te=n €11 08¢t o ri - s
1 d
: T P A
= | Y . -
e t... 4 =n €1 8¢t j=1 L.
1 d
d -e
n! .y 2
= z Ty ‘(i)[1+e;(m.-m.)
e +.. . +e=n €18l o M sl
1 d
e.(e, - 1) 2e.-2
17 4
* 1.2 (mr1 - msi) * * ei(mri - ms1)
2ei
+ (m -m.) ']



2]
'msi)
Using Theorem 3 we get
d -e.
-> |
E(R"(X, ) = z ™I n.e Fonoy (§)
J e]+ .+ed=n 1 dT =1
%4 (2e.)! |
z L (m . -m.)
420 _ e;- ri Si
(23)t 2 ° (e - 3!
d -e.
|
= gTaT v (D)
et tey=n 1 d* =1
e.
; (2ei)(2ei - 1)(2e1 -2) ... (2e1 - (2ei -1))
.o e.-] -
O enei-nei-2) L @i - @i-1) 2 (e - )
2]
L ms1)
d -e, ei
|
= L T I v (i) z
e.t...te . =n “1°°"""°d° i=1 j=0
1 d
% 1 2i
2 ei(Zei - 1)(e1 - 1)(2e1 - 3)...(ei - (ei - 1))(2ei - (2e1 -1)) o) J
e.-j ri si

23525 -1)(3-1)(23-3) ... (3- (G-1)(2 - (25-1))2 ' ey - 3)!




a(e;»3) (j)!(jei.- oT

We now wish to examine bounds for a(e?j ) ,0<j<e

We have

(2e,)! (e;)!

O R ) e
(25012 1 (e, - §)!

If e; =0, then j =0 and al0, 0) =1 . Consider j =0 and allow

e, to vary. Then

and since 0 < e; < n we have that

1 <ale;, 0) < (2n)1/2"(n)! .

Now consider e; > 0, J>0. Then we know



(2ei - 1)(2e1 - 3)...(2ei - (Zei - 1))

LT D 5 I D ¢4 ) R ¢ B e DI

We know that, since 0 < e, <n and 0 < j < ey

1 < (Zei - 1)(2ei - 2);..(2e1 - (2e1

- 1))

|A

(2n - 1)(2n - 3) ... 1 < 2"n!

and

(2§ - 1)(23 - 3)...(25 - (2§ - 1))

—
|A

(2n - 1)(2n - 3) ... 1 <2t .

|A

The last inequality follows from the fact that

(2n - 1)(2n -3) ... 1=2"n - 2)(n - 2) ...

e 2% . n(n -1) ... 1=2"1.

Therefore, 1/(2n n') 5_a(ei,j) 5_2" n! for e, > 0, j>0, and

1< ale;0) < (2n)1/2"(n)1 .

Now



(2n)t _2"ni(2n - 1)(2n - 3) ... 1

2"(n)! 2"(n)1

and obviously

SO we get that

1/(2" nt) < afe;,3) < 2" nt for all O<e;<n and O<jce, .

Using these bounds we obtain

X ay)) < 2[R, m)1" .

1/(2" n1)[ER(X, m )" < E(R"( .

Y

The Teft-side inequality is not sharp since, by Holder's inequality,
we know that

ER —+’ > n n —>, ->

[ER(X my)] < E(R(x my))

~and hence we obtain

[ER(X, ﬁy)]“ < ER"(X, my)) < 2" nI[ER(X, m )]

and the result follows.



Remark. The usefulness of this theorem can be seen in two cases:

1. While the first moment is relatively simple to calculate,
the difficulty of calculating the higher order moments grows rapidly
with each order. Using the above theorem we are able to get bounds
on the higher order moments.

2. The above theorem shows that the convergence in all moments

of the interclass Mahalanobis distances are equivalent.
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2. PROBABILITY METRICS

2.1. Introduction

In Probability Theory the concept of distance of probability
distributions is formalized in terms of probability metrics. The pur-
pose of this section is to examine the Mahalanobis distance to see
if it is comparable to a probability metric.

A11 probability metrics have the same characteristics expressed

in the following definition.

Definition. A functional d(X, Y) 1is said to be a probability metric
if it possesses the following three properties:

I. P(X=Y)=1= d(X,Y)=0

2. d(X, Y) =d(Y, X)

3. d(X, Y) < d(X, Z) +d(z, Y) .

2.2. Examples of Metrics

In this section, several known probability metrics will be shown
to satisfy the definition. Several probability metrics have been
studied. Among them the best known are [7]:

1. Lévy Metric:
d(X, Y)=1inf {¢>0: FX(X-e) - EiFY(x)iFX(X+E)+€’ X € R}

where F, and F, are the distribution functions of X and Y

X Y
respectively.



2. Uniform Metric:

40, ¥) = sup{[Fy (x) - Fy(x)]: x € R} 5

this metric is also sometimes called the Kolmogorov's Metric.

3. Distance of total variation:
-] {oe]
d(x, Y) = E-J_w]fx(x) - £ (y)|dx

where fX and fY are the densities of X and Y , respectively.

4. L _-Metric:
b etric

d (X, Y) = [j[FX(x) - R )P g™ 1R g

5. Ky Fan Metric:

> > > >
d(X, Y) = inf{e: P(d'(X, Y) > ¢) < ¢}
> > -7 > -
where d'(X, Y) = /Z(Xi - Yi) s X = (X1,. , Xd) , Y= (Y],. ; Yd).

6. Kantorovich-Rubinstein Metric:

Xs Y) = infeE [|X, - V|2 % 9%, ¥, 4.

We shall now prove that all of the above hentioned metrics satisfy

the definition stated in the chapter introduction.
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Theorem 5. The functional called the Levy metric which is defined as

follows,

d(X,Y)=inf{e>O:FX(X-E)-eiFY(X)f_FX(X**'e)‘*'s, X € R}

where FX and FY are distribution functions of

X and Y respectively

satisfies the definition of a metric.

Proof. (i) P(X=Y)=1= d(X, Y)=0.

If P(X=Y)=1, then FX = FY so we have

d(X, X) =inf{e>0: FX(X -g) - Ein(x) <F

< ,((X+e)+s, x €ER} =0.

(ii) d(X, Y) = d(Y, X) .

We know d(X,Y)=1inf{ec>0:Fy(x-¢) -ec<Fy(x)<Fy(x+e)+e, x €R}.
Thus if Fy(x - ¢') - €' 5-FY(X) <F(x +¢')+ ¢' then ¢' > d(X, Y).
Now d(Y, X) = inf{e > O: FY(x -e) - ¢ i.Fx(X) 5-FY(X +¢)+ec, xX€ R}.

Hence, there exists ¢' > 0 such that
FY(x -e') -¢g' < Fx(x) < FY(x +¢')+ ¢' forall x € R

> (1) Fylx - ¢') - e < F(x) ¥x and (2) Felx) < Fy(x +¢') + 'Vx.

let x =x+¢' . Then




F.Y(X te'-e')-e <Flx+e') (from (1))
> Fy(x) < Fy(x +¢") + ¢!

Now let x =x - ¢' . Then

Fy(x - e') < Fy(x = ¢ +¢') + ¢ (from (2))

> Fylx = ¢') - ' < Fyx)

Therefore, if ¢' > 0 satisfies FY(x -¢') - ¢ < Fyx)
< Fy(x +e') + &' ,¥x €R then Fylx -¢') - e <F(x)

<F(x +e') + ¢
> ¢' > d(X, V)

Taking the infinum of all ¢' ,

= d(Y, X) > d(X, Y) .

Similarly, we can get d(X, Y) > d(Y, X) by switching d(X, Y) to
d(Y, X) 1in the above steps and making the necessary changes. Thus,
since d(X, Y) > d(Y, X) and d(Y, X) > d(X, Y) we know

d(X, Y) =d(Y, X) .

(i91) d(X, Y) < d(X, Z) + d(Z, Y) .

Since d(X, Y) = inf{e > O: Fx(x -e)-e< FY(x) < Fx(x +€) + e}

then we know if Fx(x -¢') -¢e' <F X+ e')+ ' then

-y X(
e' >d(X, Y) . Now d(X, Z) = inf{e > O: Fx(x -€)-e< FZ(x)

(x) < F

< Fx(x + ¢) + ¢} where F, s the distribution function of Z .

25




=>3€.I>0

such that
(1) Fy (x - E]) RS Fz(x)Vx

and

(2) Fo(x) < Fy(x + ;) + e Vx

Also d(Z, Y) = inf{e > Q: FZ(x -€) -¢€ < FY(x) < FZ(X +¢e) + ¢}

=‘->3€2>O

such that

(3) FZ(x - 52) - gy < F_Y(x)Vx
and

(4) Fy(x) < Frlx +e,) + e, ¥x .

Let x = x + €y - Then from (3)




> Flxn (e 4 5p)) - (5 + 5p) < Fy0)

Now let x = x - ¢ Then from (4)

5 -
FY(x - 52) < Fz(x te, - 52) t e
> FY(x - 52) - gy < FZ(x)

> FY(X - €2) s € <

A
-
>
R
x
4
(]
—
S
+
m
—
<C
>

> FY(X+52-62)-ezin(X+52+e])+e1

> FY(x) < Fx(x + (51 - 52)) + (g] + 52)

Therefore, if ey and e, > 0 satisfy (1 - 4) then
FX(X - (E] + 62)) - (E:-I * 52) < FY(X)

< FX(X + (e] + 82)) + (81 t e

= d(X, ¥) < ey +¢

1 2
and taking the infinum of e; and €95

> d(X, Y) < d(X, Z) + d(z, Y) .

Theorem 6. The functional called the Uniform Metric which is defined

as follows:



d(X, Y) =

sup{[Fy(x) - F,(x)|: x € R}
satisfies the definition of a metric.

Proof. (i) P(X=Y)=1= d(X, Y)=0.

If P(X=Y)=1 then FK = FY so we have

d(X, X) = sup{|Fy(x) - Fy(x)|: x € R} = 0
(i1) d(X, Y) = d(y, x)
We know that

Fx () - Fy(x)] = [Fy(x) - Fy(X) |V x
and thus

sup{[F,(x) - Fy(x)|: x € R}= sup{Hy(X) - Fy(x)|: x € R}

Thus d(X, Y) = d(Y, X) .

(1) d(X, Y) <d(X, ) + d(Z, Y) .

By the triangle inequality, for absolute values, we know

[Fy(x) = R O] <[ (x) = B ()] + [F(x) - Ry (x)]

'—"sup{IFX(x) - FY(x)l: x € R}
i Sup{IFx(X) - Fz(X)I + le(X) = Fy(X)lZ X € R}
$-sup{[FX(x) - Fy(x)|: x €R}

< sup{[Fy(x) - F;(x)]: x € R}



+ sup{IFZ(x) - FY(x)I: x € R}

> d(X, Y) <d(X, ¥) +d(zZ, Y) .

Theorem 7. The functional called the Distance of Total Variation,

which is defined as follows:

d(X, Y) = %-fw |fy (x) - fy(x)]dx

where fy and fy are the densities of X and Y respectively,

satisfies the definition of a metric.
Proof. (i) P(X=1Y) =1 d(x, Y)=0.
If P(X=Y)=1 then fy = fy so we have

o

J 0 dx =0

n| —

a(x, X) = r (%) = Fy(x)]d =

(1) d(X, Y) = d(v, X) .

We know that
[Fx(x) = fy(x)] = |fy(x) - fy(x)| ¥x

and thus

%er £ (x) - Fy(x)|dx Hm £y (x) - Fy(x)|dx .

o]

Therefore, d(X, Y) = d(Y, X) .



(i11) d(X, Y) < d(X, Z) + d(Z, Y) .

By the triangle inequality, for absolute values, we know

[f (x) - fY(x)| 5,|fx(x) - f(x)| + [fz(x) -f(x)] , ¥ x

X & Y

(x) - fY(x)ldx

<[ TR0 - 001+ 15,00 - 0017 ax

> f_m le(X) -y (x)dx

rco

<) IR - flalacs [ 1f 00

]
-
—
x
~
Q.
x

>d(X, Y) <d(X, Z) + d(Z, Y) .

Lemma 3. For arbitrary real numbers x, y, z and 0 < p <1

x = ylP<lx =217+ ]z -yIP.

]
<1}
+
o

Proof. Let a=x-2z and b=z -y then x -y
We must now show |a + b| < [a|P + |b|P .
Case 1. a and b have opposite signs.
If a and b have opposite signs then
la + b| < |a|

or

la + b| < |b]
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If |a+ b| < |a| then

la +b|P < |aP

| A

> la+b|P < |alP+ p|P.

Likewise, if |a + b| < |b| then

la + b|P < |b|P

| A

= Ja+b|P < [b|P+ [afP .

Case 2. a and b have the same signs.

If a and b are the same signs then we can assume they are
both positive (if both are negative then we can factor out the negative).

We will show
ja +b|? - [a|? < [bP
or, since a and b are positive we must show
(a + b)p -aP < bP .

Now



(by Fundamental Theorem of Calculus)

b
J p(u + a)p'] du
0

|A

b
[ pup'] du

where the inequality follows from the fact that the exponent p - 1

is negative.
Theorem 8. The functional called the Lp-metric, which is defined

as follows,

400 1) - [JIFX(X) - F ()P axmin(Ts 179) bs 0

satisfies the definition of a metric.
Proof. (i) P(X=Y)=1= d(X, Y) =0 .

If P(X=1Y)=1 then F (x)=F (x) sowe have
s X) = [[1Fgtx) - (0[P &g 1V/P) g

(ii) d(X, Y) = d(Y, X) .

Since [Fx(x) - Ry (x)| = |y (x) - F(x)| ¥x we have that



[[1Fy(x) - Fy(x)]P axgmin{Ts 179)

= [[1Fyx) - Ry [P g 1/P)

(iii) d(X, Y) < d(X, Z) + d(Z, Y) .
Case 1. p>1.

By Minkowski's inequality,

[ 1R = Ry [P 0P

<O 1R - 0P 0P 1] (R 00 - Ry 00 Pa P

> d(X, Y) < d(X, Z) +d(zZ, Y) .
Case 2. 0 <p< 1.

By Lemma 3,
|Fy(x) - FY(x)|p < [Fy(x) - Fz(x)|p + |F(x) - FY(x)lp .
Thus

Jw [Fy(x) - FY(x)|p dx

f_Jw |Fx(x) - Fz(x)lp dx + Jw \Fz(x) - FY(x)]p dx .

Lemma 4. P[¢ + n>a+b] <P[g>a]+Pln>b] for any random

variables ¢ and n and reals a, b .



Proof. It is enough to show

{E+n>a+bl c{g>a} yuin>>b}

and then the result will follow. Now

{¢+n>a+b} c{g>a} U{n > b}

if and only if

fe+n>a+b)® s[{g>atUin>b)]°

> {g+n<a+b}lo{g<a}l N{n<b}

Now if £ <a and n <b then ¢+ n <a+b so

{e+n>a+b°s[{e>a) uln>b}]°

> {¢+n>a+b} o{g>a} U{n>b}

Thus

P{¢ + n > a + b} < P{{g > a} U{n > b}}

| A

Theorem 9. The functional called the

defined as follows:

P{g > a} + P{n > b}

Ky Fan metric,

which is




d' (%, ¥) = Ve(x, - 1)

satisfies the definition of a metric.

Proof. (i) P(X=VY) =1= d(X, V)

> > > >

If P(X, Y) =1 then d'(X, Y)

and thus
> > > >
d'(X, Y) =d'(Y, X)

Therefore,

1nf{el P(d’(X, Y) > g) < g}

<V
>y

= inf{e: P(d'(

0 and

) > €) < ¢}



and thus

We must show d( a+b. Takea s >0, then by the definition

> ¥
><¥ =<y

of d(Z, Y) and d(X,

(a) P[d'(X, Z) >a+ 8] <a+ s

(b) PLd'(Z, Y) >b+s]<b+s

By the triangle inequality for the Euclidean metric

> > >

d'(X, ) < d'(X, 2) + d"(Z, Y) .

Therefore,

>

PLAd" (X, Y) > a + b + 251 < P[d"(X, Z) + d'(Z, ¥) > a + b + 25]
<Pld'(X, Z) >a+ 6] +PLd'(Z, Y) > b+ s] (by Lemma 4)

<a+sg+b+sg=a+b+2s5.



> >

d(X, Y) <a+b+25.

Then by letting & ¥ 0 we get

> > > >

> d(X, Y) < d(X, Z) + d(Z, Y)

A proof of property 3 for the Kantorovich-Rubinstein metric is
very difficult. It is known that it uses the Kolmogorov's Extension
Theorem and because of its difficulty, we will omit it. Proofs of

properties 1 and 2 are trivial.

2.3. Moments of Mahalanobis distance and Probability Metrics

We now will examine the connection between the Mahalanobis

distance and probability metrics.

Theorem 10. The square root of the first moment of the interclass

Mahalanobis distance is not a probability metric.

Proof. Let f(X, Y) = /%[(1 - EY)T C;](Y - EY)]

We wish to show that the functional f(X, Y) 1is not a probability

metric. Now if ; = ? then by Corollary 1 we know that
- ->
X)T Qy](f - EY) N x2 . Thus f(X, ;) = JE(K) where K~ X2 :

Now the expected value of a random variable that is XZ is equal

(X -

to r where r is a positive integer that is the number of degrees
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> >

of freedom. Thus f(X, X) # 0 and hence it fails the first condition

for a probability metric.

Since the square root of the first moment of the interclass
Mahalanobis distance is not itself a metric, we will see if it is
comparable to another metric which we can obtain an explicit form for
with two normal random variables. The probability metric that we will
examine is the Kantorovich-Rubinstein metric.

We will examine the Kantorovich-Rubinstein metric for two normal
random variables X and Y , i.e., d =1 . 1In this case the

Kantorovich-Rubinstein metric can be easily computed.

Proposition 1. If X ~ N(u], o?) and Y o N(uz, cg) then the
Kantorovich-Rubinstein metric can be expressed in the following simplified

form:

d*(Y) = infCEIX, =Yy (koY) such that X,

1

_ )2 2

'(0] = Oy + (U] - Uz)

Proof. We have that

2 2 2
(]) (X-I, Y-I) Y N(U-I’ UZ, 0'13 029 p) s (2) X~ N(U'l’ O])

2
> X'l '\'N(U]: 0])
and

2 2
(3) Y N(UZ, 02) > Y1 g N(Hzﬁ 02) .



So
Xy - Yq12 = E(xy - ¥))2
= E(X - 2xyy, + %)
= E(X) - 2E(x;Y,) + E(Y4)
= Var(x)) + [E(X)]? - 2E(x,Y,
+ [E(Y,)]?
= o]+ - 2E0GY) + o + 4D
Now
Cov(X] ; Y])
p = Cor(X], Y]) = o
_EOGYy) - E(xy) E(Y))
919
= (E(X)Yq) - uquy)/oq0,
Therefore
0(0]02) o, = E(X]Y1) .
Hence

2
E|X; - Y,

) + Var(Y])

2 2
= °$ ¢ “f - 20090y = 2uqup * o5 + oy

39



2 2

2 2
01 = 20010y * 0y +uy = Zuquy * o

Now 0 >0, ¢">0 and -1 <o <1 so inf E[X; - Y1|2 is when

2 2, 2 2
o1 = 20793 * 9p * wy - Zugup oy,

= (o7 = 0)% + (4 - wp)? .

It is also easy to compute the first moment of the interclass

Mahalanobis distance for two normal random variables X and Y .

Proposition 2. If X a N(u], o?) and Y ~ N(UZ’ OS) , then

02 + ( - )2
E[R(X9 Uz)] = ] u; Uz
92
Proof. R(X, u,) = (X - uz)(og)-1 (X - )
= (X - u2)2/o§
‘Thus

E/Og E(X2 - 2u2X e ug)
2
[/0:[0 + Ll'| 211]112 + Uz)

= [o] + (u] = uz)z]/og .
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Remark. From the two propositions above, we can see that there is no
obvious relation between the Kantorovich-Rubinstein metric and the
interclass Mahalanobis distance for d =1 . When d > 2 , and we are
concerned with normal random vectors, the following form of the

Kantorovich-Rubinstein metric is available [8] .

2y Wy =1 2R 1/2 i}
47X, ) = flm - m [P+ tr(C, + € - 2(C,C )%, (tr = trace) .

We can see that this can be viewed as a natural extension of the

formula in Proposition 1 as follows: (u1 - u2)2 is replaced by

1/2 1/2+2
(Cx - Cy )5 . We
are also able to find the first moment of the interclass Mahalanobis

[m, - my“2 and  (oq - 02)2 is replaced by tr

distance using Theorem 2; however, these quantities do not seem to be

easily comparable.
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