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ABSTRACT

The purpose of this thesis is to examine two different concepts

of distance between random variables which are the Mahalanobis dis

tance and probability metrics. The thesis is divided into two parts.

The first part deals with the Mahalanobis distance and its properties,

distribution and moments. The first part concludes with a useful

theorem which establishes the equivalence of the moments of different

orders. The second part deals with probability metrics and reviews

several well known probability metrics. This part concludes with a

search for comparisons between the Mahalanobis distance and the

Kantorovich-Rubinstein metric.
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INTRODUCTION

The Mahalanobis distance is used to measure the distance between

two normal random vectors in Euclidean space. This notion is commonly

utilized in the field of pattern recognition, as is described in the

first section of Part 1. On the other hand, in the field of theoretical

and applied probability, there exists a quite well developed theory of

probability metrics. The purpose of this thesis is to examine these

two different concepts of distances and to look for possible con

nections.

The thesis is divided into two parts. The first deals with the

Mahalanobis distance. In the first section, the Mahalanobis distance

is introduced and applications to pattern recognition are mentioned.

The second section contains properties of the Mahalanobis distance

including its distribution. In the third section, the moments of the

interclass Mahalanobis distance are computed. The final section of

the first part states and proves a theorem which shows the equivalence

of the moments of the interclass Mahalanobis distance. This fact, which

was not available in the literature on this subject, seems to be use

ful and interesting. It may also be noted that it cannot be directly

derived from Gonzalez's and Wagner's paper [6] .

Part 2 reviews probability metrics. The first section is an

introduction to probability metrics and states the definition of a

probability metric. The second section lists, as compiled by Zolotarev

[7], several well known probability metrics. The proofs of the metrics

are also included in this section. Finally the last section looks



for comparisions between the Mahalanobis distance and the Kantorovich-

Rubinstein metric.



1. THE MAHALANOBIS DISTANCE

1.1. The Concept of Mahalanobis Distance

The Mahalanobis distance, the main emphasis of this paper, is a

concept often used in pattern recognition. Pattern recognition is

a topic used in many fields including medicine, psychology, biology,

engineering, electronics, nuclear power, and mechanics [1], [2], [3],

[4], [5] . Basically pattern recognition is taking a sample of unknown

status and recognizing the sample as a member of the class to which it

belongs [2] . For example, a person with no medical problems has a

"normal" blood pressure, temperature, heart rate, and pulse. Another

person's medical factors can be compared to the "normal" factors in

order to determine whether or not there may be medical problems [4] .

The "normal" factors are established through examining several people

without medical problems and then coming up with one set "normal"

pattern. Other cases are then compared to this "normal" pattern, and

a decision is made as to whether or not the case matches the "normal"

pattern [2] .

One concept needed with pattern recognition is a way in order to

determine whether the sample belongs to the established pattern. One

such method used is the concept called the Mahalanobis distance [1] .

Consider two d dimensional Gaussian vectors x and y

with corresponding mean vectors iri^ and iri^ and corresponding
covariance matrices C and C . The interclass Mahalanobis distance

X  y

between any member of x and m is then defined to be:
A

R(x, m^) = (x - (x - ifi^)
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and similarly the interclass Mahalanobis distance between any member

of y and m^ is defined to be:

R(y. ̂ y) ■ iy - i!^)^ c;'{y . .

We will be concerned with the interclass Mahalanobis distance between

members of x and the mean m^ , which is defined by:

R(I, it^) = (x - - iSy)

and similarly the interclass Mahalanobis distance between members of

y  and the mean iri^ is defined by:

R(y, iri^) = (y - C'^y - ifi^) [6] .

The Mahalanobis distance is a way of classifying a pattern for the

following reason. We know that {x: R(x, my) £ r^} is an elipsoid
centered at iriy and whose shape and orientation is determined by .
If we assume that x - y (where - means equal in distribution), then

it will be shown in this paper that R(x, iiiy) has a x distribution.
Then, using Chi-squared tables, we can calculate r so that

P{R(x, ifiy) _< r } = 1 - a . This gives a level a test for testing
the null hypothesis that a vector has the same pattern as the "normal"

pattern against the alternative hypothesis that they do not share the

same pattern. If the sample vector x has a value of R(x, iiiy) <. r ,
that is, the vector lies inside the elipsoid, then we accept the null

hypothesis. If the value of R(x, ''>y)>i^ then we reject the null

hypothesis. The power of the test is the probability of rejecting the

null hypothesis when the alternative is true. However, when the distri

bution of X is different from the distribution of y , the distribution



of R(x, m^) is not any of the standard distributions (except of the

case = C , see Corollary 1) and P{R(x, m) > r^} cannot be
^  y

found in statistical tables. Several probability inequalities involving

moments exist to help estimate the above probability. It is therefore

useful to have the moments of the interclass Mahalanobis distance.

These moments will be calculated in the following sections.

1.2. Properties of the Mahalanobis Distance

In order to find the moments of the interclass Mahalanobis dis

tance a transformation of the normal vectors will be needed. The

following lemma is a well known fact, but for completeness it will be

stated and proved.

Lemma 1. If x is a d-dimensional Gaussian vector with mean vector

m  and covariance matrix C , then for any real transformation matrix
X  X

A .

(1) f = Ax is a d-dimensional Gaussian vector;

(2) = Arn^ ;

(1) Since x is a d-dimensional Gaussian vector, 3 a d x d

(3)

O
$-

II

o
X

a' .

Proof. (1) Since X

matrix C, constants u

,..., zd  (^i ^ w(0.

•

•

^11
•

•

•

\  y . '

•

\r ..

•  ̂dl . . ̂ 1

... c.. 'dd 'd



So r = Ax

®11 ••• ®ld- ••• ^11 ••• ^Id

®dl ••• ®dd ^dl ••• ^dd ^d

hi "' ®]

®dl ••• ̂

/ M

^d

and hence f = Ax is a d-dimenslonal Gaussian vector.

(2) = E(r) = E(Ax)

= E

hi ®ld

®dl ••• ^dd ^x

= E

®11*1 ®12*2 ■*■ ••• + ^id^d

®dl*l * ®d2*2 * ^dd^d

®ll"l ®12^2 + ••• + ®ld^d. hi ••• ®ld\ "1
Am

®dl^l * ®d2^2 + ••• + ^dd^d ®dl "• ^dd ^d

(3) = [Cov(r., ^
= [Cov(e[ f , ij J where fj » [ij» sPot
■ [Cov(?}aI .
= [Cov((A^ei)^x , (fl'^e.)^x)].

Now Cov(a^x, b^x) = Cov(za.x. , zb.x.)
1 1 J J

-  I a,bj Cov(x,. xj) = b
1 »J

for any two 1 by d matrices a' = (a^...aj) and b^= (b^...b^)



Therefore [Cov( (A^e. x , (a"*" e. x)]. .
I  J I jJ-i 5 • . . ,0

=  ,

= uX '»') ̂ T,J=1 d

=ACxAT •

Lemma 2. R(Ax, Am^) = R(x, iriy) for any real invertible transformation
matrix A .

Proof. R(Ax, Am ) = (Ax - Airi (AC A^)"^ (Ax - Airi )
J  -j J J

since from Lemma 1 Cov(Ay) = AC^ A^

= [A(x - (Cy A^)-^ A-l[A(x - m^)]

= (x - triy)^ A^(A^)"^ A"^ A(x - m^)

= (X - my)' c;l(x - my)

= R(x, m^) .

Note that since C and C are positive definite and symmetric, A
X  y

may be chosen so that C = AC A^ = I and C = AC a"*^ = D where D
r  X s y

is a diagonal matrix with elements Y(i) , the eigenvalues of C"^ C ,
X  y

on the diagonal. This fact can be found in [5, p. 34] .

Theorem 1. Every interclass Mahalanobis distance can be written as

a sum of squares of d independent normal random variables. Speci

fically:



(1) R(x, iri ) = z (r. - m .)^ y'^i) where
y  i=i 1 51

r^. 'vW(m^. -m^., 1) ;

^ ^ d
(2) R(y, iri ) = z (s. - m .) where

X  1 ri

(s^- - m^.)//7n7 - m^^.//Y(i) , 1) .

Proof. (1) From Lemma 2,

R(x, iriy) = R(f, m^)

= (r - iri^)^ D"^(r - rfig)

^  ,2 -1/..=  z (r. - m .)S"'(i) .
i=l ^

Now since r is a Gaussian random vector with mean vector m
r

and = I we get r^. - m^^. are independent and (r^ - m^^.) 'v- M(0, 1)

» (r, - - m^.) W{m^, - , 1)

^ (r. - m^^.) W(m^. - , 1) .

(2) From Lemma 2

R(y. m^) = R(s, rri^)

= a - - is^)



d  2
=  z (s. -m .) .

i=l ^

Now since s is a Gaussian random vector with mean vector iri and
s

s- - m .Cg = D we get are independent and (s. - m^^. )/'^fTTy M(0, 1)

=> (s. - m^. + m^. - m^.)//Y(T]" -v. W(mg. - m^./Z^TTy, 1)

^ (s^-. - m^^oz/rrry ̂  w(m^. - m^./zzrrr, d .

Notice that since r. - m^. ̂  W(m^. - m^^., 1) then

*^1 " ""si " ""ri ""si ° independent and U^. -v W(0, 1)
and hence r. - m^. = U. + m^^. - m^^. where U. are independent and

U. W(0, 1) . Similarly s. - m^.//7TTy = V. + (m^. - m^.)//^ where
V. A/(0, 1) .

Corollary 1. In the following special cases, the Mahalanobis distance

has the following distribution:

(1) R(x, m^) has an x distribution with d degrees of

freedom;

(2) R(x, m ) has a non-central distribution if C = C .
j  X y

Proof. By Lemma 2

R(x, ifi^) = R(r, rn^)

= (r - I-'(7 - if^)

"  2
=  S (>-, -"h) •

i=l
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^  ? 7Now r^. - -x. W(0, 1) so z (r^. - m^,^.) is x with d degree

of freedom.

(2) By Theorem 1,

R{x, iriy) = (r. - m^. )^ y'^Ci)

By hypothesis, and thus = I and hence

R(x, m ) = E (r. - m .)^ .
y  i=l ^

Also by Theorem 1, we know r^. - m^^ n. N(m^^. - m^^., 1) and so R(x, m^)
2

has a non-central x distribution with non-central parameter

P  d p
e  = (m,, - ) .

1.3. Moments of the Interclass Mahalanobis Distance

We see from the previous section that the distribution for the

interclass Mahalanobis distance can only be found in the special case

where 0^=0^ . This is not very often the case, so we will examine

the moments in order to find out more. In this section the first

moment.as well as the general moments of the interclass Mahalanobis

distance will be found.

A. First Moments

Theorem 2. The first moment of R(x, m^) is

d  1 o
E[R(x, tri )] = z y" (i)[l + (m . - m .) ]

y  n SI
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and the first moment of R(y, m^) is

d  o
E[R^y. [yti) + (nis^- - ) ] •

d

Pi^oof • E[R(x, tfi )] = E[ I (r . - m .) y" (i)] (from Theorem 1)
y  i=l ^

-1 2=  z Y '(i) E(r. - m .f
i=l ^

=  z y'^i) E{[U. + (m . - tn .)]^}
i=l 1 >"1 SI

where U^. N(0, 1) by Lemma 3

= ̂ r^y-Vi) ECuf + 2U.(m^, - + (m^, -

=  2 y'^i) [1 + (m.4 -
i=l

and

d  „

E[R(y, iri^)] = E[ E (s. - m .) ] (from Theorem 1)
X  1 n

^  2
=  E E(s. - m .)

i=1 ^

^  ?=  E Y(i) E[V. + {m - m J/^TTiTl'^
i=l 1 SI n

where V^. 'v. W(0, 1) by Lemma 3
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^  2 py(i)E[V.+2V.(mg. - m^.)//7(TT + (m^. - .) /yd)]

d  , ("'qi " ^ p
Y(i) [1 + — ] = E Y(i) + (m . - m .)

1=1 Y(i) i=l

B. General Moments

Theorem 3.

(i) E[R"(3r. S )] = E , , n
^  e^ + ...+e^=n ]=]

(2e.)!(m^. - m )
Y  (t) s —-. where 0 £ j £ e.

J'" (2J)! 2 ' (e, - J)!

(1i) E[R"(y, S )] = E - I I n V ^(i)
e. + ...+ej=n

e

i  (2e,)! (m . -m .)1  ̂ SI rv

(2j)! 2^^' ^ (e. - j)!

where 0 £ j £ e^ .

Proof, (i) r"(x, tn ) = [ z (r. - m . )^ y'^Cl)]" (by Theorem 1)
y  1 SI

d  2 6-!
e,i"' e ' " [(''i - ̂ ,^/Y(1)] '^ + ...+e^=n i si

(by multinomial theorem) .

Thus
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E[R"(x, tif)] - E[ E e I "'e I n [(r. -m J^/yd)]
^  e.+...+ej=n i si

-I d 2e. -e.

e l 'e ' n E[(U.+ (m . -m .)) y
e,+...+e.=n i n si
-1 "d

where U^. -v N(0, 1) by Lemma 3

d  -e. 2e. 2e.-l
n! V

e,+...ted=n e,!...ed!
i) E[U, U2e,U, 1

2e(2e, -l) 2e.-2 ,
+  2 . 1 "i (">ri - )

+ ... + 2e. U,(m^, - m^.) ' ("ri " "si

by the Binomial theorem

d  -e,
n!

e  • e '6-1 + .. •+e(j=n 1 d' 1=1
n  y ^i)

(2e.)! (2e.)(2e. - l)(2e. - 2)! .
^  + 0 + ^ ^ (m . - m .)e. e.-l ^ ri si'

2 '.(e.)! 2.2 ^ .(e. - 1)!

2e.
+ 0 + ... + 0 + (m . - m J ]

ri SI

ni -e, (2e,)! (2e.)!
V ^i) L-rr^* e.-leit...+ed=n ®1 •"^d i-l 2°''(ej)! 2°' . 2{e. - 1)

2  <2e,-)i 1
(m . - m .) + —5 (m . - m .)
^ ri SI e.-2 ^ r^ si

4!.2 ^ .(e. - 2)!
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2e.

+ ... + - ..3^) ']

ni ''
—  n Y (i) s ^

A X Xa —a • • • • S J • « 1 * A S • *"Je,+...+ej-n 1 d i-l 0=0 (2.)!2 ' (e. - j)!
J

(niri - (where 0 _< j £ e^)

(ii) Similarly we find that

d

R"(y. in ) = [ z (s. - m
X  1 n

n! t r,. „ N2-,®i
+ ...+e.=n i=i i

Hence

E[R"(y. S,)] = E[ I ■ I I n [(s, - m
e^ + ...+e^=n ®T-*-®d' i=l ^

ni ^ '"ci - K-i 2e.
£  5V4-T n E[[/rrrT(v, t-y !i)] ']V -.N(0, 1)j^ + ...+ej=n ®T---®d- i=1 ^ /TTiT

2  e 1"' e ' " ^EC(V. + (m . -m .)//7nD)i^ + ...+ej=n ®r"-®d- i=l 1 SI n

n I ^ ®,-
1— n Y(i)

e^ + ...+ej=n i=i

2e. 2e.-l
E[V. ^ - 2e. V. ^ (m^. - m^.)//;TTT

2e (2e. - 1) 2e.-2 . 2
-  , .1 "i ' ("si -"h)'/('W



2e.
2e.-l 2e.-l (m . - m .)

+  ... + 2e. - m^.) //TTTT ^ +—^
2e.

15

ni d e. {2e.)!
^  iT n Y(i) [-7-^ +0ei^----^e^=n ^d' i=l ^ i(e.)!

^  (2e.)(2e. - 1)(2e. - 2)1 (ms. - m^.)^
2  . 2^^ ^ (e. - 1)! (-^VnT)^

2e.

(m i - m .) ^
+ 0 + ... + 0 + — ^

(/7(TT)

n' ^ (2e.)!
e^ + ...+e^-n 1 d i=l ^ i(e^.)!

2^^" ^ . 2 . (e. - 1)!
{2e.)! Ki -^i)\
e,--2 ••• 2e. ■'

4! 2 ' (e. - 2)! (/TITT)^ (/THT) '

e.

ni ^ " (2ej!
^  o I 'o I n Y(i) 2e ' e ' '^ ' G -ei + --.+ed=n l' -" d' i=l j=0 /2-\j 9 ^e,-

(2j)! 2 '
J

( e.-j)!

(m . - m .)^'^
^  SI rv

[Yd)]-"

An alternative form of the above moments is found in the paper "Moments

of the interclass Mahalanobis distance" by R.C. Gonzalez and C.G. Wagner

[6] , but for the purpose of this paper it is more efficient to use the

moments calculated in the above section.
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1.4. Equivalence of Moments

In this section we will establish the relationship between all of

the moments of the interclass Mahalanobis distance.

Theorem 4. All moments of the interclass Mahalanobis distance are

comparable to the first moment in the following manner:

E[R{x. iS^)] < [E(r''(x, < 2(^)1/" E[R(t S^)] .

Proof. We know by Theorem 2 that
d  1 P

E(R(x, friy)) = ■.Y (OLl + " "^s-j) ] hence, by the Multi

nomial Theorem,

[E(R(J, ifiy))]"

n  [y-\i)[l + - m .)2]]'''
e, + ...+ej=n 1=1 ""i si

ei+...+ej=n 1 d i=l

-n e.i."!e I // ^ei+...+ej=n 1 d i=l

e,.(e,. - 1) 4 2e^-2
^  1 -2 '"ri - ™si' ^ ••• ^iKi - "sl'

^ Hi -
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e.

ni -fii i (e,-)! 2j
^  e ' ' e ' " ̂ (i) 2 — ; (m • - m .)e^ + ...+e^=n ®T"-®d-i=l j=0 (j)!(e. - j)!

Using Theorem 3 we get

E(R"(x, iri )) = I , I n Y ^^1)
^  e^ + ...+ej=n

®1 (2e.)! 2j

J ° (2j)! 2 ̂  (e. - j)!

n I "®,-

^  e ' 'e ■ Ye^+...+ej=n 1=1

®i (2e.)(2e. - l)(2e. - 2) ... (2e. - (2e. - 1))
■ ^ Q ~ j

(2j)(2j - l)(2j - 2) ... (2j - (2j - D) 2 ̂  (e. - j)!

2j

Ki -

,  d -e. ®1
2  e ■ 'e ' " Y ^1) re^ + ...+e^=n eT'-'ej- i=i j=o

2^^e.(2e. - 1)(e. - 1)(2e. - 3)...(e. - (e. - 1)){2e^ - (2e. - 1)) 2j
.  e.-j ^"'ri~'"si^
2'^j(2j-l)(j-l)(2j-3)...(j-(j-l))(2j-(2j-l))2 ' (e. - j)!
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n! ^
^  e I e ' ^ ^ ^ ^ ^

+...+e.=n ei-'-'fid- i=l j=o

(e.)! (2e. - 1)(2e. - 3)...(2e. - (2e. - 1))

(j)!(2j - l)(2j - 3)...(2j - (2j - l))(e. j )!

n! d
e^+...+ej=n ei"--ed' i=l ^ ^ j=o

(e.)!
2J(j)!(e, - j)! '"n - ™sf'

We now wish to examine bounds for a(e.,j ) i 0 £ j _< e^ and 0 i e^. £ n

We have

(2ei)! ^ (e^!
e.-j ° ®(ei'j) TjiiTipnyr

(2j)!2 ^ (e. - j)! ^

If e^. = 0 , then j = 0 and a(0, 0) = 1 . Consider j = 0 and allow

e^ to vary. Then

(2e..)! (e.)!

5  ®(®i' Q!(e.)!
T  M 11  • 2 '(e.)!

and since 0 £ e^. _< n we have that

1  < a(e., 0) < (2n)!/2"(n)! .

Now consider e^. > 0 , j > 0 . Then we know
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^  (2e. - l)(2e. - 3)...(2e. - (2e. - 1))
^ (2j - l){2j - 3) ... (2j - (2j - D)

We know that, since 0 < e^. < n and 0 < j £ e^

1  < (2e. - l)(2e. - 2)...(2e. - (2e. - 1))

£ (2n - l)(2n - 3) ... 1 £ 2"n!

and

1 £ (2j - l)(2j - 3)...(2j - (2j - D)

£ (2n - l)(2n - 3) ... 1 £ 2"n! .

The last inequality follows from the fact that

(2n - l)(2n - 3) ... 1 = 2"(n - i)(n - |) ... i

£ 2" • n(n - 1) ... 1 = 2"n! .

Therefore, 1/(2" n!) £ a(e^.,j) £ 2" n! for e^ > 0 , j > 0 , and

1 < a(e. 0) £ (2n)!/2"(n)! .
' 9

Now
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(2n)! ^ 2" n!(2n - 1)(2n - 3) ... 1 „n ,
n  n ^ c n 1

2"(n)! 2"(n)!

and obviously

1  > 1/(2" n!)

so we get that

1/(2" n!) _< a(e^. J) _< 2" n! for all 0 _< e^. < n and 0 1 j £ e^.

Using these bounds we obtain

1/(2" n!)[ER(x, in )]" < E(r"(x, 15 )) < 2"n![ER(x, iSj]" .
j  j y

The left-side inequality is not sharp since, by Holder's inequality,

we know that

[ER{x, 15^)]" < E(r"(x, in^))

and hence we obtain

[ER(x. in )]" < E(r"(x, iSj) < 2" n![ER(x, inj]"
y  y

and the result follows.
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Remark. The usefulness of this theorem can be seen in two cases;

1. While the first moment is relatively simple to calculate,

the difficulty of calculating the higher order moments grows rapidly

with each order. Using the above theorem we are able to get bounds

on the higher order moments.

2. The above theorem shows that the convergence in all moments

of the interclass Mahalanobis distances are equivalent.
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2. PROBABILITY METRICS

2.1. Introduction

In Probability Theory the concept of distance of probability

distributions is formalized in terms of probability metrics. The pur

pose of this section is to examine the Mahalanobis distance to see

if it is comparable to a probability metric.

All probability metrics have the same characteristics expressed

in the following definition.

Definition. A functional d(X, Y) is said to be a probability metric

if it possesses the following three properties:

1. P(X = Y) = 1 => d(X. Y) = 0

2. d(X. Y) = d(Y, X)

3. d(X. Y) < d(X, Z) + d(Z, Y) .

2.2. Examples of Metrics

In this section, several known probability metrics will be shown

to satisfy the definition. Several probability metrics have been

studied. Among them the best known are [7]:

1. Levy Metric:

d(X,Y) — inf{e>0:Fj^(x-e)-e£FY(x)£Fj^(x + e) + e, x€ F}

where F^^ and Fy are the distribution functions of X and Y

respectively.
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2. Uniform Metric:

d(X, Y) = sup{|F^(x) - Fy(x)|: x € F} ;

this metric is also sometimes called the Kolmogorov's Metric.

3. Distance of total variation:

1

d(X, Y) = 2 1^^
J —00

where f^^ and fy are the densities of X and Y , respectively,

4. Lp-Metric:

dp(X, V) = [||Fx(x) - FY(x)|f dx]""'"'^- ■'/P' p > 0 .

5. Ky Fan Metric:

d(X. Y) = inf{e: Y) > e) < e}

Where d'(X, Y) = /e(X. - Y.)^ , X = (X^ X^) , Y = (Y^ Y^),

6. Kantorovich-Rubinstein Metric:

d^{X, Y) = inf{E \ \X^ - Y^|p: X^ ^ x , Y^ ^ Y},

We shall now prove that all of the above mentioned metrics satisfy

the definition stated in the chapter introduction.
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Theorem 5. The functional called the Levy metric which is defined as

follows,

d(X,Y) = inf{e>0:Fj^(x-e)-e£FY(x)£Fj^(x+e) + £, x€ R}

where F^ and Fy are distribution functions of

X  and Y respectively

satisfies the definition of a metric.

Proof, (i) P(X = Y) = 1 =» d(X, Y) = 0 .

If P(X = Y) = 1 , then F^^ = Fy so we have

d(X,X) = inf{e>0:F^(x-e)-e^Fj^(x)£Fj^(x + G) + E, x €F} = 0.

(ii) d(X. Y) = d(Y. X) .

We know d(X, Y) = inf{e > 0: Fj^(x - e) - e <_Fy(x) lFj^(x + e) + e, x € F} .

Thus if Fj^(x - e') - e' £ Fy(x) £ F(x + e') + e' then e' £ d(X, Y).

Now d(Y, X) = inf{e > 0: Fy(x - e) - e £ Fy(x) £ Fy(x + e) + e, x € F} .

Hence, there exists e' >0 such that

- e') - e' <. - ̂Y^* + e') + e' for all X € F

=> (1) Fy (x - e') - e' £ Fj^(x) Vx and (2) Fjj(x) £ Fy(x + e') + e' V x.

Let X = X + e' . Then
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Fy(x + e' - e') - e' <. Fw(x + e') (from (1))

=> FyCx) _< Fj^(x + e') + e

Now let X = X - e' . Then

Fx(x - e') £ FyCx - e' + £*) + e' (f^gm (2))

^ F^Cx - e') - e' £ Fy^x)

Therefore, if e' > 0 satisfies Fy(x - e') - e' £ F^Cx)

<  Fy(x + e') + e' , Vx € F then F^Cx - e') - e' £ Fy(x)

< F(x + £') + £'

^ e' £ d(x, Y) .

Taking the infinum of all e' ,

=> d(Y, X) > d(X, Y) . '

Similarly, we can get d(X, Y) £ d(Y, X) by switching d(X, Y) to

d(Y, X) in the above steps and making the necessary changes. Thus,

since d(X, Y) £ d(Y, X) and d(Y, X) £ d(X, Y) we know

d(X, Y) = d(Y, X) .

(iii) d(X, Y) £ d(X, Z) + d(Z, Y) .

Since d(X, Y) = inf{E > 0: F^Cx -£)-££ Fy(x) £ F^Cx + e) + e}

then we know if F^Cx - e') - e' £ Fy(x) £ F^Cx + e') + e' then

e' £ d(X, Y) . Now d(X, Z) = inf{E > 0: Fx(x - e) - e £ F^Cx)

£ F^Cx + e) + £}; where F^ is the distribution function of Z .
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=> 3 El > 0

such that

(1) 1 Fj,(x) V X

and

(2) F^Cx) < F^ix + e^) + Vx

Also d(Z, Y) = inf{e > 0: F^Cx - e) - e < F (x) < F (x + e) +
e}

=> i Eg >0

such that

(3) F^Cx - Eg) - £ Fy(x)V

and

(4) FyCx) £ F^U + £2) + Eg Vx

Let X = X + Eg . Then from (3)

Fj^(x - E^) - E"! 1 FyXx + Eg) + EgVx

(from (1))

=> Fx(x-e^ -E2) -e^lFyCx + Eg -^2^ *^2

(X = X - Eg)
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Now let X = X - £2 . Then from (4)

Fy(x - ̂ 2^ £ + ̂ 2 " ̂2^ ^2

^ Fy(x - £2) ~ £2 £ F2(x)

=»• Fy(x - £2) - £2 £ Fj^(x + £1) + £^ Vx

(from (2))

=» Fy(x + ̂ 2 ■ ^2^ " ̂2 - + £2 ■*■

(x = X + £2)

FyCx) < Fj^(x + (£^ + £2)) + {^^^ + £2) .

Therefore, if £1 and £2 > 0 satisfy (1-4) then

Fx(x - (£^ + t^)) - (e^ + e^) ^ F^(x)

£ Fj^(x + (£^ + £2)) + (£^ * ^2^

^ d(X, Y) £ £^ + £2

and taking the infinum of e-j and £2,

=» d(X, Y) < d(X, Z) + d(Z, Y) .

Theorem 6. The functional called the Uniform Metric which is defined

as follows:
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d(X, Y) = sup{|F^(x) - FyCx)!: x € IR}

satisfies the definition of a metric.

Proof, (i) P(X = Y) - 1 =!> d{X, Y) = 0 .

If P(X = Y) = 1 then F^ = so we have

d(X, X) = sup{|Fj^(x) - Fj^(x)|: x € F} = 0 .

(Ti) d(X. Y) = d(Y. X) .

We know that

and thus

sup{ I Fj^(x) - FyCx) I: X € P) = sup{ | Fy (x) - F^(x) |: x € P} .

Thus d(X, Y) = d(Y, X) .

(iii) d(X, Y) < d(X, Z) + d(Z, Y) .

By the triangle inequality, for absolute values, we know

|Fx(x) - Fy(x))| i|Fj^(x) - F2(x)| + |F2(x) - Fy(x)l

^sup{lFj^(x) - Fy(x)|: X € P)

lsup{|Fj((x) - F2(x)| + iF^Cx) - Fy(x)i: x € P}

=>Sup{|Fx(x) - Fy(x)|: X € p}

1 sup{|Fx(x) - F^ix)!: X € P}
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+ supClF^Cx) - Fyix)!: X € ]R}

==► d(X, Y) < d(X, Y) + d(Z, Y) .

Theorem 7. The functional called the Distance of Total Variation,
which is defined as follows:

d(X. Y) = 1 |fx(x) - fY(x)|dx

where f^ and fy are the densities of X and Y respectively,
satisfies the definition of a metric.

Proof- (i) P(X = Y) = 1 => d(.X, Y) = 0 .

If P(X = Y) = 1 then f^ = fy so we have

d(X, X) = 1 r|fx(x) - fx(x)|dx = 2 I 0 dx = 0
—00 J .00

(ii) d(X, Y) = d(Y, X) .

We know that

- fyMl =

and thus

1
2

*00 . >00

|fx(x) - fy(x) ldx = 2 ifY(x) - fx(x)ldx .
J -00 J —00

Therefore, d(X, Y) = d(Y, X) .
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(iii) d(X, Y) < d(X, Z) + d(Z, Y) .

By the triangle inequality, for absolute values, we know

=>

00

l\f^M - f^M\ + \f^{x) - fyCx)!] dx

- f2(x)idx + I If (x) - f (x)|dx
J mOO *• '

d(X, Y) < d(X, Z) + d(Z, Y) .

Lemma 3. For arbitrary real numbers x, y, z and 0 < p < 1

Ix - yl'^ 1 Ix - zl'' + Iz - yl *^ .

Proof. Let a = x - z and b = z - y then x - y = a + b .

We must now show ja + bj £ |a|'' + jbjP .

Case 1. a and b have opposite signs.

If a and b have opposite signs then

|a + b| < |a|

or

|a + bj < jbj
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If la + b| <

la + b

=>

Likewise, if

la + b

a I then

P < iajP

a + bjP £ |a|P + |b|P

a + b| <_ |b| then

|b|l

=  |a + bjP < jbjP + la|P .

Case 2. a and b have the same signs.

If a and b are the same signs then we can assume they are

both positive (if both are negative then we can factor out the negative),

We will show

|a + bjP - lajP < jblP

or, since a and b are positive we must show

(a + b)P - aP < bP .

Now
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(a + b)P - aP =
.a+b

P-1 ^px*^ dx

(by Fundamental Theorem of Calculus)

p(u + a)P"^ du

p-1 .
pu*^ du

= bP

where the inequality follows from the fact that the exponent p - 1

is negative.

Theorem 8. The functional called the L -metric, which is defined
P

as follows.

dp(X, Y) = [■|r(x) - F,(x)lPdxr'''(l- p>0

satisfies the definition of a metric.

Proof, (i) P(X = Y) = 1 => d(X, Y) = 0 .

If P(X = Y) = 1 then Fx(x) = Fytx) so we have

dp(X, X) = [fiFx(x) - Fk(x)|P dxr'"'^- = 0

(i1) d(X, Y) ' d(Y, X) .

Since |Fx(x) - Fylx) ! = jFyCx) - Fx(x) | Vx we have that



'lFx(x) - Fy(x)|P dxr"(^'

= [ Fy(x) - Fx(x)|P dx]P  ' Vp)
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(iii) d(X. Y) < d(X. Z) + d(Z, Y)

Case 1. p > 1

By Minkowski's inequality,

Fx(x) - Fy(x)1P dx]^/P

Fx(x) - F2(x)|P dx]^/P + [f |F2(x) - Fy(x) |Pdx]^/P

=> d(X, Y) < d(X, Z) + d(Z, Y)

Case 2. 0 < p < 1 .

By Lemma 3,

Fx(x) - Fy(x)|P < IFx(x) - F2(x)|P + jF^Cx) - Fy(x)|'

Thus

Fx(x) - Fy(x)|P dx
#00

IFx(x) - F2(x)|P dx + IF^Cx) - Fy(x)|P dx

Lemma 4. ?[? + n > a + b] _< P[5 > a] + p[n > b] for any random

variables 5 and n and reals a, b .
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Proof. It is enough to show

{5 + n > a + b} c {5 > a} u (n > b}

and then the result will follow. Now

{C + n > a + b} (={5 > a} U {n > b}

if and only if

(C + n > a + b}^ 3 [{? > a} U {n > b}]^

=> {5 + n£a + b}=>{c_<a} n{n£b}

Now if C 1 a and nib then 5 + nia + b so

{5 + n > a + b}^ =5 [{5 > a} U (n > b}]^

=5> {5 + n>a + b}=){c>a}U{n>b}

Thus

P{5 + n > a + b} < P{{5 > a} U (n > b}}

1 P{5 > a} + P{n > b} • .

Theorem 9. The functional called the Ky Fan metric, which is

defined as follows:
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d(X, Y) = inf{e: P(d'(X, Y) > e) < e}

where

d'(X, Y) = /z(X, - Y,)^
1  1

satisfies the definition of a metric.

Proof, (i) P(X = Y) = 1 ^ d(X, Y) = 0 .

If P(X, Y) = 1 then d'(X, Y) = 0 and

inf{e: P(0 > e) < e} = 0

(ii) d(l Y) = d(Y, X) .

/x(x, - = A{1. - X.)^

and thus

d'(X, Y) = d'(Y, X)

Therefore,

inf{e: P(d'(X, Y) > e) < e}

= inf{e: P(d'(Y, X) > e) < e}
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and thus

d(X. Y) = d(Y, X) .

(iii) d(X, Y) < d(X, Z) + d(Z. Y) .

Define d(X, Z) = a and d(Z, Y) = b ; thus

d{X, Z) + d(Z, Y) = a + b .

We must show d(X, Y) ̂  a + b . Take a 6 > 0 , then by the definition

of d(Z, Y) and d{X, Z)

(a) P[d'(X, Z) >a+6]<a+6

(b) P[d'(Z. Y) > b +6 ] < b + 6 .

By the triangle inequality for the Euclidean metric

d'(X, Y) < d'(X, Z) + d'(Z. Y) .

Therefore,

P[d'(X, Y) > a + b + 26] < P[d'(X, Z) + d'(Z, Y) > a + b + 26]

£ P[d'(X, Z) > a + 6] + P[d'(Z, Y) > b + 6] (by Lemma 4)

<a + 6 + b+ 6 = a + b + 26 .
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Thus

d(X, Y) ̂  a + b + 25 .

Then by letting 5^0 we get

d(X, Y) £ a + b

=> d(X, Y) < d(X, Z) + d(Z. Y) .

A proof of property 3 for the Kantorovich-Rubinstein metric is

very difficult. It is known that it uses the Kolmogorov's Extension

Theorem and because of its difficulty, we will omit it. Proofs of

properties 1 and 2 are trivial.

l^onents of Mahalanobis distance and Probabilitv Metrics

We now will examine the connection between the Mahalanobis

distance and probability metrics.

Theorem 10. The square root of the first moment of the interclass

Mahalanobis distance is not a probability metric.

Proof. Let f(X. Y) . /E[(it - i5^)' Cy'(x - i5 )] .

He wish to show that the fuhctional f(x, Y) is not a probability
metric. Now if X = Y then by Corollary 1 we know that

(X - in^)^ C^'(ir - / . Thus f(X. X) = rlTO" where K n, .
Now the expected value of a random variable that is is equal

to r where r is a positive integer that is the number of degrees
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of freedom. Thus f(X, I) f 0 and hence it fails the first condition

for a probability metric.

Since the square root of the first moment of the interclass

Mahalanobis distance is not itself a metric, we will see if it is

comparable to another metric which we can obtain an explicit form for

with two normal random variables. The probability metric that we will

examine is the Kantorovich-Rubinstein metric.

We will examine the Kantorovich-Rubinstein metric for two normal

random variables X and Y , i.e., d = 1 . In this case the

Kantorovich-Rubinstein metric can be easily computed.

Proposition 1. If X%N(y.|, 0^) and Y W(iJ2. then the
Kantorovich-Rubinstein metric can be expressed in the following simplified

form:

d^(X,Y) = inf{E|X^ -Y^ l^: (X^,Y-^) such that X^=X, Y^=Y}

= (a-i - 02)^ + (y-| - •

Proof. We have that

0  0

(1) (X"!, Y"!) ̂  N(yi, y2> O"!, 02, p) > (2) X 'v W(yi , a-|)

=> X.| -v W(y^, o^)

and

(3) Y -v. N(y2, og) => Y^ W(y2, o\)
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?  , 2 , 2 p . 2cj"! cpa-^a2 + 02 y-j ~ 'iyiy2 yg

Now a > 0, a' >0 and -1 ^ p ̂  1 so inf E|X^ - is when

1

inf E|Xi - 1^ = - 20^02 <^2 ^1 " ^2

~ (o"! ~ 02) ■*" (y*! ~ y2)

It is also easy to compute the first moment of the interclass

Mahalanobis distance for two normal random variables X and Y

Proposition 2. If X ^ wCy-, , 0^) and Y -x. w(y2, o\) , then

E[R(X. y2)] = ^ .
°2

Proof. R(X, y2) = (X - y2)(a2)'^ (X - y2)

Thus

E[R(X, y2)] = E[(X - y2)^/a2]

= [l/0^ E(X^ - 2y2X + y^)

h/a2|(^l >^1 ~ ^^^^2 ^2^

= [o^ + (y-j - y2)^]/o2
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Remark. From the two propositions above, we can see that there is no

obvious relation between the Kantorovich-Rubinstein metric and the

intend ass Mahalanobis distance for d = 1 . When d ̂  2 , and we are

concerned with normal random vectors, the following form of the

Kantorovich-Rubinstein metric is available [8] .

d^(X, Y) = l|m^ - triylp + tr{C^ ̂  ~ , (tr h trace)

We can see that this can be viewed as a natural extension of the

formula in Proposition 1 as follows: (y-i - is replaced by

Ihx " "^yll^ replaced by trCC^^ - . We
are also able to find the first moment of the intend ass Mahalanobis

distance using Theorem 2; however, these quantities do not seem to be

easily comparable.



BIBLIOGRAPHY



43

BIBLIOGRAPHY

Gonzalez, R.C. and L.C. Howington, "Machine Recognition of Abnormal
Behavior in Nuclear Reactors", IEEE Transactions on Systems,
Man and Cybernetics, vol. SMC-7, number 10, pp. 717-728.

Sebestyn, George S., Decision-Making Processes in Pattern Recognitions.
New York: The Macmillan Company, 1962.

Batchelor, Bruce G. (editor). Pattern Recognition - Ideas in Practice.
New York: Plenum Press, 1978.

Patrick, Edward A., Fundamentals of Pattern Recognition, Englewood, N.J.:
Prentice-Hall, Inc., 1972.

Gonzalez, R.C. and C.G. Wagner, "Moments of the interclass Mahalanobis
distance", IEEE Transactions on Systems, Man, and Cybernetics,
vol. SMC-13, number 6, pp. 1135-1139.

Zolotarev, V.M., "Probability metrics". Theory of Probability and Its
Applications, vol. 28, number 3, pp. 278-302.

Rachev, S.T., "The Monge-Kantorovich Mass Transference Problem and Its
Stochastic Applications", Theory of Probability and Its Applications,
vol. 29, number 4, pp. 647-676.



44

VITA

Tamela Willett was born on April 22, 1963 in St. Johns, Michigan.

She graduated from St. Johns High School in 1981. The following August

she entered Alma College in Alma, Michigan and received a Bachelor of

Science degree in Mathematics in April, 1985.

The following September, she began study toward a Master of Science

degree at The University of Tennessee, Knoxville, and worked as a

Graduate Teaching Assistant. She completed the degree in March of

1988 and returned to Michigan.


