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everything is a miracle.”
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Abstract

Topological Data Analysis (TDA) is a relatively new focus in the fields of statistics and
machine learning. Methods of exploiting the geometry of data, such as clustering, have
proven theoretically and empirically invaluable. TDA provides a general framework within
which to study topological invariants (shapes) of data, which are more robust to noise and can
recover information on higher dimensional features than immediately apparent in the data. A
common tool for conducting TDA is persistence homology, which measures the significance
of these invariants. Persistence homology has prominent realizations in methods of data
visualization, statistics and machine learning. Extending ML with TDA and persistence
homology offers greater interpretability and generalizability than can be achieved with
current state of the art tools. My work explores several applications of TDA and persistence
homology. TDA has previously been used to track the movements of intracellular bodies
and it follows that it could also be used as a tool to examine the cytoskeleton of cells as
a network captured in confocal microscopic images. I show recent and developing work in
an application of persistence homology for the classification of intra-cellular networks. In
addition to persistence homology, methods from TDA can be used to partition data into
hierarchical clusters. I explore empirical and theoretical findings from topological clustering
of images and graphs in order to propose a novel generalization on the convolutional neural
network (CNN) and contrast its empirical results with the traditional CNN.
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Introduction

A key thrust in statistical research is the pursuit of methods to extract novel information from
limited data. Many researchers are currently focused on developing, analyzing and improving
deep learning methods which, in a relatively opaque box, perform this high dimensional
feature extraction. These many-layered networks capitalize on high-dimensional, latent
features in data. To this point in time, reliable, automated methods are still unavailable for
understanding the complete pipeline of feature generation and classification for most methods
of deep learning. Topological data analysis (TDA) offers an alternative perspective on how
to identify higher-dimensional features with convenient mathematical tools to transform,
analyze and utilize these features [2, 3, 4, 5]. TDA could be framed as a generalization or
an extension of many existing network topology methods, but TDA has several advantages
stemming from recent theoretical mathematical developments, which will be discussed in
my first chapter. From these novel formulations, researchers are developing measures, tests,
classifiers and more. TDA is a promising avenue for data scientists interested in pushing the
known boundaries of statistics and machine learning (ML).

The work presented herein is focused on the development of ML for signals, taking a
topological perspective on the signal data. ML of spatial signals (digital images or videos)
for the purpose of studying the context of these signals, or identifying objects within signals,
has a large corpus with several distinct generations of work. Generally, this task requires
a summary of the high dimensional digitized signal into some lower dimensional feature
space which can be used to group or classify signals or elements of signals. Naturally, the
strategies taken in tackling this task in one generation reflect both the state of mathematical
and statistical ideas and the feasibility of their computation, the latter of which grows
at an exponential pace. Early ML methods for image classification used crafted filters to
dramatically reduce the dimensionality of images, such that a statistical tool like logistic
regression could be used on a vector of summary information. In recent years, computation
and large, labeled datasets have grown so cheap that we no longer craft filters at all
and instead learn the relevant filters through gradient decent and backpropagation in the
framework of a deep neural network [6].

The development of deep learning comes with incredible power, but also comes at notable
cost. Deep neural networks are powerful ML tools, but how they arrive at their final
predictions can be extremely difficult to interpret. This has lead at times to erroneous
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inference based on network predictions, but also to researchers mistaking the fundamental
function of general structures of the network [7]. In this work, I take a hybrid approach to
signal processing wherein I use new tools from TDA both to summarize images into features
(as in the classical image processing methods), and to construct deep learning models which
are more easily interpreted and studied. The former is a sensible approach in small n cases,
while the latter generalizes to deep learning and large n cases. Both of these studies seek to
improve -situationally applicable- state of the art tools for learning spatial signals.

In Chapter 1, I provide a review of key background information for my work as well as a
review of current state-of-the-art methods. TDA encompasses “a large class of data analysis
methods that measure shape and connectivity.” [8] I draw a rough arc from topological
features to their persistent representations in data. I demonstrate how to create topological
filtrations through the construction of simplicial complexes. I then cover the more specific
background to the development of the methods presented in the following two chapters.
Finally, I review widely used contemporary applications of TDA as well as applications of
TDA for neural networks, which is a new and rapidly developing corpus. This chapter is
written primarily for an audience of data scientists.

In Chapter 2, I present an application of TDA, to study the connectivity of intracellular
structures as they are captured in confocal microscopic images. The actin cytoskeleton is a
complex network of proteins that is present in all eukaryotic cells and is critical to cellular
functions [9]. The state-of-the-art methods for studying the topology of actin networks is
time consuming, relies on significant preprocessing and human interjections, and results only
in data only loosely correlated with dependent variables [10]. I demonstrate the utility of
TDA to discern between several classes of simulated cells, differing in numbers of binding
proteins which contribute to the connectivity of the actin network. This work is motivated
in part by prior work showing the utility of TDA to track intracellular movements [11].
I demonstrate a novel method of data augmentation for TDA to improve these results.
I demonstrate how to bridge the methods developed on synthetic data to the microscopy
domain and analyze experimental data comparing cells with and without a genetic knockout.
I further demonstrate the utility of TDA by constructing an unsupervised clustering, which
allows for the examination of the clustering outcomes and errors in the original space of
microscopic images. This work demonstrates and extends the utility of TDA in a biological
imaging application.

In Chapter 3, I propose a theoretically and empirically motivated, novel generalization on the
convolutional neural network (CNN). This framework draws on findings about the long-run
topologies of well trained CNNs as well as theoretical knowledge about the space of natural
images. I contrast the empirical results of a variety of such formulations with each other
and a typical CNN. This work serves as a template for the development of limitless models
with augmented topologies based on empirical knowledge and/or theoretical connections to
a logical manifold. I demonstrate the efficacy of this generalization in several image and
video classification experiments. These models are more easily interpreted and studied. The
models train faster and can be trained on less data. The models can generalize better,

2



especially under a common scenario wherein one would like to train on a relatively simple
dataset and generalize to much more complex dataset. The formalism, framework and
empirical results of TCNNs are all elucidated.

As a whole, this work explores and advances applications of TDA, a new tool with broad
use in machine learning. In this work I begin by reviewing the contemporary literature on
TDA. I then demonstrate a method of summarizing images of networks into measures of the
robustness of topological invariants which are used to classify and cluster the images. This
can be seen as an augmented approach to older signal/image processing methods, which are
improved upon by taking advantage of the topology of data. This method is particularly
valuable in a complex setting with a small set of experimental data. I then demonstrate
the utility of TDA and topology in order to study and generalize a method of deep learning
which I call the TCNN. This is a novel generalization of the newer methods of deep learning
which are particularly appropriate in situations with large, labeled datasets. In sum, the
work presented herein will demonstrate the utility of a topological treatment of machine
learning.
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Chapter 1

Literature Review

1.1 Foundations of Topological Data Analysis

Topological data analysis (TDA) refers broadly to a set of analytic, computational and
statistical methods stemming from the study of the shape and connectivity of data [12,
8]. All data can be considered as vectors in a space and therefore have corresponding
shapes. The most familiar methods exploiting the shape of data are clustering methods.
In density clustering for instance, one attempts to partition a space into relatively dense
and sparse regions by considering distances on bijections of a nearest neighbors graph of the
data, developing a set of regions [13]. TDA borrows from the fields of algebraic topology,
computational geometry and from many traditional statistical methods, to study higher
dimensional topological properties of data [8]. In this section I will summarize the most
common path taken in statistical applications of TDA to transform data to measures of
topology, and subsequently to statistics and machine learning.

1.1.1 Topological Invariants and Combinatorics

The key mathematical features of analysis in statistical TDA are homologic invariants
(differentiable geometric features). Homologic invariants have a convenient hierarchical
characterization that is expressed through a homology number. These homology numbers
are just one type of topological invariant. Whereas geometric invariants typically require
many detailed calculations, homology is a summary of geometric features which can be
formulated in a less computationally intensive manner. The crossover from homology to
statistics is nautral in some sense, since both disciplines’ motivation lies in the summarizing
of information. Geometers have long been interested in the behaviors of manifolds, a type of
topological space like a smooth surface about an open set. The field of algebraic topology was
in some ways born from Euler’s description of his eponymous, summarizing characteristic.
For a 3-dimensional pseudomanifold (a manifold that can actually have singularities from
that smooth surface, like a pinched torus), the Euler characteristic [14] is provided in
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Equation 1.1.1. V is the number of vertices, E is the number of edges, F is the number of
faces, and C is the number of cells. X(M) = 0 for manifold M ’s.

X(M) = V − E + F − C

The Euler characteristic relates the number of vertices, edges, faces and cells in a 3-
dimensional pseudomanifold or polyhedron. It may be immediately apparent with the Euler
characteristic alone how one can construct combinatoric relations of topological features.
However, convention is to use the homology numbers, or betti numbers instead. Betti
numbers were introduced as a dimensional generalization of Euler’s work by the works of
Riemann, Betti and finally Poincarè (the betti numbers will be our reference to homology
features for this paper). The index n of the betti number βn refers to the dimension of
the space described (see Figure 1.1). Betti numbers can be independent across indices in
n-dimensional submanifolds, but often the betti numbers are related. For instance, β0 = β1

for general 3-dimensional pseudomanifolds.

A body of early work in algebraic topology analyzed and characterized interesting features
and behaviors of manifolds. This involved showing the relationships of dimensionality, spaces
and connectedness through the betti numbers[14]. Table 2 shows how n-dimensional (in this
case 0 to 3-dimensional) shapes would be mapped to betti numbers, βn. β0 counts the
number of 0-dimensional components, β1 the number of 1-dimensional holes, β2 the number
of 2-dimensional loops and β3 the number of 3-dimensional open cells. Betti numbers can
describe manifolds, polyhedra and, as we will now examine, simplicial complexes in Rn.

1.1.2 Simplicial Complexes

A simplicial complex is a collection of simple pieces (“simplices”) that can be represented
as connected components (connected subgraphs) on a graph. Simplices are the simplest
representations of n-dimensional triangles, i.e. the 0-simplex is a point, the 1-simplex is
a line, the 2-simplex is a triangle and the 3-simplex is a tetrahedron. Clearly then, the
simplicial index k results in a simplex of k + 1 vertices (or the connection of vertices results
in a simplex with index k). A simplex induces a face (a closed set in R2) in 2 dimensions and
a cell (a closed set in R3) in 3 dimensions. Also notice then that we have k−1 faces and k−2
cells in completely connected simplices. Homological features can be reliably filtered from
properly constructed simplices, because the Nerve Theorem shows that an open covering
of a simplicial complex has a 1 to 1 combinatorial relationship with a topological space[1].
Figure 1.2 shows examples of several simplices.

Simplicial complexes can be constructed of data and are a powerful transformation in that
they not only tell us about the connectedness of the data, but about spaces in the data
and the connectedness of those spaces. Figure 1.3 shows an example of how data might be
transformed into a simplicial complex. A simplicial complex is a set of simplices with a few
governing rules. Points, lines, faces and cells belong to their higher order connected simplices
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in a hierarchical structure. Note that the vertices of the simplices give rise to a face and a
cell, but they also give rise to an open space and a structure of connections. The pairwise
connection of k+1 or more vertices does not induce a face, only complete connectedness of
at least k+1 vertices (similar to maximal cliques in computation) induces a face. Therefore,
one must be careful in one’s definition of simplicial complex construction and choose one of
several algorithms.

In the interest of a clear explanation of simplicial complex-generation, or the homology
filtration process, I will describe a common algorithm used to generate simplicial complexes.
The full mathematical explanation is beyond the scope of this brief review. Hopefully,
description of the following procedure can help the reader gain an intuition for what is
meant by analyzing the homologies of data with simplicial complexes.

The key tool to extend TDA to the generation of statistical summaries is a tool which
transforms data to a summary of homological features. Consider a finite set of data
{x1, x2...xi} as nodes (points) on a graph with no edges (connections between the points).
As discussed, a simplex is the abstraction of a triangle into n-dimensional space. So, to
begin with, we have i unconnected 0-dimensional simplices (also commonly called “connected
components”). This collection of 0-dimensional simplices is our first simplicial complex.

Now, consider a parameter ε which describes a rate of growth. For conciseness, assume
that ε is isotropic in all dimensions of our data. That is, as we grow ε, we grow closed
spheres about each data point of radius ε in the space of our data. When spheres intersect
at a given radius, we record the deaths of all but one of the components as they become
a new connected simplex. I will refer to this process as the union-of-spheres method for
constructing the simplicial complex.

As the radius grows, we may encounter a loop in the data (shown in the second tile of
Figure 1.4). We record this as a new homology feature which is 2-dimensions and gets
the hierarchical betti number β1. This loop dies when all its member components connect;
i.e. it returns to a feature of hierarchy β0. In the next section we will look more closely
at the definition of intersections and connections as it is critical to the computation of the
complex and collection of homological information. This procedure stays the same for higher
dimensional homology features. We choose to terminate the algorithm when we have the
union of all of the spheres, and we are left with one completely connected component. At this
point, the continuation of the algorithm will not produce additional homological information.

1.1.3 Homology and Filtrations

The union-of-spheres algorithm described in the previous section is one method for generating
a Čech or Vietoris-Rips (VR) filtration of the data. Both filtrations are methods of
transforming data to a topological space with some nice properties; particularly stability
in the face of lightly perturbations. There are many interesting mapping procedures that
are have uses in topology, but we will only consider the Čech and VR which are simple
to explain and computationally feasible. These filtrations are widely utilized in the TDA
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Figure 1.1: Examples of betti numbers used to characterize topological holes in 0 to 3-
dimensional space.

Figure 1.2: Simplices in increasing dimensions from 0-dimensional to 3-dimensional
connected components. From left to right: a 0-dimensional point to a 3-dimensional
tetrahedron.

Figure 1.3: Data in the center and their potential simplicial complex-representations on either
side. The left complex consisting of 1 0-dimensional connected component, 2 1-dimensional
connected components, 1 2-dimensional connected component and 1 3-dimensional connected
component. In the right complex, the 2-dimensional face is not yet fully connected, and so
represents a 2-dimensional loop.
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statistical literature. The Čech and VR filtrations essentially differ on whether they consider
the union of k + 1 components to be the true geometric union, or based on a pairwise
simplification. Compared to the Čech filtration, the VR uses a cutoff parameter t (d < t
where d is the maximum of a distance between the spheres) when deciding whether to
consider 3 or more spheres fully merged to reduce computational complexity (see Figure 4
for a graphic representation). In the Čech complex, merging of simplices does not occur until
spheres fully overlap (not just kissing at a single point). This subtle difference in procedure
is essential to whether the outcome are homotopic (Čech) or homologic (VR) invariants
and results in a significant difference in computational complexity where the VR is much
less complex to compute then the Čech. It should be noted that both of these filtrations
are “hard” computational problems and this is crucial to understanding how and why data
homology may or may not be studied. This will be discussed further in Section 1.3. If the
reader is interested to know more about the details of homology filtrations, a good place to
get started is [1].

To illustrate the union of spheres algorithm, I provide a depiction of a simple network in
Fig. 1.6. We show the data points in 2-dimensional space, investigating ε from 0 to 1.25 and
recording 0-dim and 1-dim homological features. These features are interchangeably referred
to as connected components and holes respectively. More exactly, 0-dim homological features
measure the connectedness of the data and 1-dim homological features capture the number of
one dimensional holes in the data. When ε is relatively small, five individual components are
present. When ε increases to 0.71, four ε-balls in the upper half area have intersected and four
components merge into one connected component. This simultaneously gives rise to a hole.
When ε is enlarged to 0.85, all components merge into one connected component, though
the hole survives. When ε is continuously increases to 1, the only 1-dim hole vanishes. No
extra information is gained while ε is grown to 1.25. The persistence barcode and diagrams
correspondent to these data are given in Figure 1.7.

1.1.4 Persistence Homology

Persistence homology is the title given to the study of homological information in data. A
definition of persistence that well encapsulates its meaning to persistence homology is “the
continuance of an effect after its cause is removed” [15]. Consider a loop represented by a
finite sample of data in a 2-dimensional space. When inferring about the underlying shape
of the data, one could argue the data causes a loop. Perturb the data and make it very noisy
and the homology will remain remarkably intact, i.e. the homology “persists” in the face of
perturbations. How persistent or robust a higher dimensional feature is can translate to our
confidence in the features existence as measured in homology. From this understanding of the
persistence of homology, it is immediately evident why these robust summaries of data have
interested statisticians and machine learning experts. Persistence homology is of particular
utility for common machine learning (ML) tasks such as classification and clustering.

In TDA, we define persistence in a more rigorous sense to be the death − birth times of
a homology feature. In the union-of-spheres algorithm described previously, these times
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Figure 1.4: The union-of-spheres with radius (ε) increasing from left to right. The leftmost
figure has 100 0-dimensional connected components with very small spheres about the data,
the second figure has grown the spheres sufficiently to merge the original components into 1
1-dimensional connected component and 1 2-dimensioanl hole. The third shows a very large
radius at which all of the spheres have merged and we have 1 connected component again.

Figure 1.5: Example of a union-of-spheres at which the Čech and VR filtrations would differ.
In this example, if t is sufficiently small, than the VR complex would consider these to be a 3-
way connected component, where the Čech filtration would leave them as pairwise connected
with a hole between them.
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Figure 1.6: Approach depiction of making persistence homology. Beginning from ε = 0,
there are 5 components. We show the key ε values where components are born or die. When
ε = 0.5, 5 components stay alive. When ε = 0.71, 4 components connect into one connected
component, forming a 1 hole, thus 3 components die and 1 hole is born. When ε = 0.85, 2
components further connect into 1, therefore, 1 more component dies. Finally, when ε = 1,
the only 1 hole dies and only the 1 connected component survives. No additional homological
change while ε is grown to 1.25. The persistence homology of this complex is summarized in
the persistence barcode and diagrams in Figure 1.7.
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would be radii at which simplices are born (connected components are born at ε = 0; higher
dimensional features are born later) or die (are absorbed into larger connected components).
Persistence information can be recorded/represented in many ways including the two plots
in Figure 1.7. In these persistence diagrams (PDs), the black dots represent the connected
components of 1-dimension and the red triangles represent loops of 2-dimension. The y-axis
of the graph on the right of Figure 1.7 has simply had the transformation persistence =
T (birth, death) = death − birth, so that it’s coordinates are (birth, persistence), where as
the graph on the left has coordinates (birth, death). It is convention to use this rotation for
some later applications. These graphs seem to show a very persistent loop in a noisy set.
Despite the loop’s persistence, in empirical application these loops are would be extremely
difficult to observe in the raw data. This result will be discussed more in the applications
section.

I also provide a persistence barcode example in Figure 1.7, since it is has recently become
a commonly used filtration in ML applications of TDA. A persistence barcode is simply
another parameterization of the betti numbers of a persistence diagram, wherein data are
discrete line segments (1-dimensional signals) over the radii at which a found and stratified
by the hierarchy of betti numbers (see [16] for an excellent overview of persistence barcodes).
Each simplex in the union-of-spheres algorithm has a horizontal line in the barcode, which
begins at birth and terminates at death. The persistence barcode was not frequently used
in application, because of its hierarchical, 1-dimensional nature. However, because it can be
thought of as a signal, it has become a common feature added to ML signal analyses, as I
will discuss in Subsection 1.3.2.

The great advantage of studying homology groups is that they are relatively insensitive to
perturbation. Stability of persistent homology has been shown in several ways. A detailed
proofs is shown in [17]. They create a framework for “soft” and “hard” stability of persistent
homology depending on how one pulls features from the homology filtrations. They explain
that persistent homology can be thought of as just the homological filtrations, or their second
order linear projections. The authors show that both of these approaches are stable, but with
caveats. Both barcode and discretized versions of the analysis are shown to be 1-Lipschitz
continuous and continuously differentiable and thus suitable for interesting methods like
filtrations based on a sliding window or kernel. This brings us to a discussion of the common
statistical applications of TDA.

1.1.5 Statistical Developments

In real-world analyses of data with noise, purely geometric modes of analysis, which seem
obvious at first glance, are often fragile or difficult to compute. Persistence homology is
a remarkable tool for data analysis, particularly due to its robustness in these real-data
settings and for its ability to deliver reliable summaries of geometric insights. So far, I have
explained the underpinnings of TDA from the algebraic topology and persistence homology
literature. I’ve shown an example of a common algorithm used to generate filtrations and
explained how the generated features are can be recorded in a variety of persistence modules.

11



I have tried to provide helpful resources along the way for the more in-depth mathematical
ideas which could be helpful to review. With this background covered, we are lead to ask
how we might implement measures, tests, learning, etc. on persistence homology. In this
section I present a few key statistical methods for comparing persistence homologies.

As an example, let’s consider the case of comparing persistence diagrams. When comparing
two persistence diagrams, the most common traditional approaches is the calculation of a
Bottleneck or Wasserstein distance [8]. While the Bottleneck is often used as an example in
the mathematical literature, it does not appear to perform well in practice, so it is usually
the Wasserstein distance used in papers [18, 19, 20]. Recently, a novel formulation called
the dpc distance has been shown to be a situational improvement over the Wasserstein and
Bottleneck. Bottleneck, Wasserstein and dpc distances are shown below. In addition to the
persistence diagram distances, we should also examine the landscape distance, since these
have also become very commonly used metric.

Persistence diagram distances are meant to summarize the pairwise dissimilarity in a set of
persistence diagrams, which are themselves random sets. Since these distances are pairwise,
the outcome is a matrix of dimension n × n, with 0s in the diagonal and symmetric upper
and lower triangles. In both the bottleneck and Wasserstein distances, the diagonal of the
diagram, (birth = death), of each diagram is given infinite points of infinite density for the
purpose of measuring the distance between sets of uneven cardinality. Points close to the
birth-death line are matched to these artificial points. The bottleneck distance takes the
bijection of all the points between the two sets, minimizing the overall distance, and simply
takes the maximal distance between two points as the summary distance. The Wasserstein
distance by contrast allows the user to choose a parameter p ≥ 1, which is frequently set to
1 or 2 and corresponds to the pth moment of the Wasserstein distance [18]. The effect is to
proportion the distance between sets on the distance between all matchings in the minimal
distance bijection.

Definition 1.1 (Wasserstein Distance).

Wp(Dx, Dy) =

(
inf

η:Dx→Dy

∑
x∈Dx

‖x− η(x)‖p∞

)1/p

Where ‖.‖∞ is the maximum norm and where η : D1 → D2 is a bijection on the two
persistence diagrams.

Definition 1.2 (Bottleneck Distance).

W∞(Dx, Dy) = inf
η:Dx→Dy

sup
x∈Dx

‖x− η(x)‖∞

where the notation is the same as in Definition 1.1. The bottleneck distance is relatively
insensitive to small changes in η, since it uses only the largest-distanced matching in η to
summarize the distance between sets.
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The dpc distance adds a novel method for controlling sensitivity to data near the diagonal,
often called “topological nois”, and ignored by the Wasserstein and bottleneck distances.
The dpc distance adds the constant c which is a regularization penalty applied to unmatched
(off-cardinality and close to the diagonal) points. Rather than matching points on the set of
higher cardinality to the diagonal as in the Wasserstein and Bottleneck distances, these points
are assigned the penalty c. This c can then be optimized with a method such as minimizing
the training error over a k-folds validation experiment. This formulation has been shown
to have desirable stability attributes[21]. I am providing the formulation that the authors
use, which replaces the function η with Π which is instead a finite set of permutations of
bijections. So, rather the infimum over η, they find the minimum in Pi.

Definition 1.3 (dpc Distance). Let Dx and Dy be two persistence diagrams with cardinalities
n and m respectively such that n ≤ m and denote Dx = {x1, ..., xn}, Dy = {y1, ..., ym}. Let
c > 0 and 1 ≤ p <∞ be fixed parameters. The dcp distance between two persistence diagrams
Dx and Dy is

dcp(Dx, Dy) =

(
1

m

(
min
π∈Πm

n∑
l=1

min(c, ||xl − yπ(l)||∞)p + cP |m− n|

)) 1
p

where Πm is the set of permutations of (1, ...,m). If m < n, define dcp(Dx, Dy) := dcp(Dy, Dx).

There are several methods of comparing persistence homology outside of the persistence
diagram comparisons described so far in this section. One of the common formulations,
which has some convenient statistical results is the landscape distance [22]. In this method,
one converts (birth, death) coordinates to a system of orthogonal lambda functions (with
coordinates (m,h) mapped as in Definition 1.4),which is called the persistence landscape. It
is shown that this new space is a Hilbert space and that estimates of the mean in this space
abide the central limit theorem. It is proven to be stable and one can reference the pdf, how
to calculate Z-scores, confidence intervals, etc. for this parameterization. It is also shown
that the distance between landscape diagrams (Definition 1.4) is a stable lower bound on the
Wasserstein bottleneck distance. All of these details make the landscape distance a simple
and clean formulation for statistical applications.

Definition 1.4 (Landscape Distance).

m =
death+ birth

2
, h =

death− birth
2

After persistence points have have been mapped to (m,h) there is a rescaled rank function
λ : R2 → R

λ(m,h) =

{
βt−m,t+m if h ≥ 0

0 otherwise
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The persistence landscape is then given by λ : N× R→ R

λ(k, t) = sup(m ≥ 0|βt−m,m+t ≥ k)

The functions of λ can then be grouped into sequences λk : R→ R. The set of all λk is then
the persistence landscape.

An example of the transformation from point cloud, to persistence diagram, to persistence
landscape is given in Figure 1.8.

Yet another important method to analyze persistence information is a transformation from
the persistence diagram to a persistence image [23]. To transform a diagram to an image,
one first takes a linear transformation T of a persistence diagram B where the diagram is
tilted along the birth-death line by T (x, y) = (x, y−x) (as shown in Figure 1.7). Second, one
picks a weighting function which assigns a mean and variance to a Gaussian, which is then
fit about each point in the T (B). The summation of these Gaussians is discretized into a
pixelated image, which is the PI. See Adams Et. al [24] for a result on stability and multiple
weighting functions. I provide a visual example of a PI and a binned PI in Figure 1.11. The
PI comes from a continuous, additive Gaussian function and the choice of grid size in the
discretization step depends on the data and mode of analysis. I provide an example with a
PI in high resolution, and then a binning to more reasonable size vector for construction of
an NN discriminator.

Up to this time, many of TDA applications either stop at simple visual analyses (for
instance [25, 26]) or use ML methods on top of the persistent homology or persistent
landscape data. [27] show a method for image classification using the Wasserstein distance
on a kernel filtration, and plug this into an SVM. [28] show a method for converting barcode
data into an input to a CNN and show how this can be thought of as a generalized form of
the residual learning system. Visual and ML methods are intriguing, but some researchers
are building more robust statistical approaches as well.

While some researchers have pursued transformations like the landscape distance to form
parameter estimates, others have pursued a Bayesian framework working on the persistence
diagram itself [18, 20, 29]. These studies have shown promising results on synthetic data
even with bad/uninformative priors. They have also shown strong empirical results. In these
papers the researchers can impose a minimally constrained model that assumes only basic
continuity of signals (not smooth or time evolved). There will be further discussion of some
of the applications of the Bayesian framework to TDA in the applications section.

1.1.6 Applications in Signals

Statistical approaches to signal processing are some of the most heavily studied sub-fields of
applied statistics. Signals are simply functions describing processes. In time-series these are
often one-dimensional signals, dependent on time, i.e. f(t) = z. Signal processing methods
are generally aimed at analyzing the evolving structure of such a signal over the course of the
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Figure 1.7: A persistence barcode and two forms of the persistence diagram. These data
belong to the simplices in the union-of-spheres example in Figure 1.5. Notice that the right
is simply the rotation of the line birth = death on the left to the x-axis on the right.

Figure 1.8: An example of a realization of a persistence landscape from a persistence diagram.
Note that λ0 appears dominated by the VR computation’s chosen limit of ε ≤ 3 and do to
the simplicity of the example.
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dependent variable. Signals may represent a continuous process, but in analysis signal data
are always represented by a finite, discrete sampling. Images are also often treated as signals
in statistical analysis. Images can be thought of similarly to their 1-dimensional counterparts,
as a discrete sampling of a 2-dimensional signal, f(x, y) = z. This perspective reflects
that images also represent smoothly evolving, continuous processes. Major applications
of statistical signal processing include image, video, financial and biological/physiological
signals.

To analyze 1-dimensional signals with TDA, we must map signals to a topological space.
One example of a signal embedding to a topological space is illustrated in [1]. In their
mapping, they grow a parameter a, which records births when it intersects local minima
and records deaths when those minima are closed. Minima and maxima are nested in this
embedding, such that the longest persistence feature is the largest shift in amplitude, and
all other filtrations are nested within. This is because a is raised across the entire function,
and so the entire function is considered simultaneously. See Figure 1.9 for an illustration of
this embedding, from the 1-dimensional function, to a persistence barcode, to a persistence
diagram. This is a simple example of how to extract topological features from a 1-dimensional
signal. The authors also show that this mapping works for 2 and 3-dimensional loops and
tori.

Another popular method for extracting topological features from signal data is the sliding
window or kernel filter. As discussed above, homology filtrations have been shown to have a
stability property which makes them suitable not just for the classical level-set filtration, but
can also be generated from a moving window[11, 30, 31, 27]. In these papers, 1-dimensional
time series are converted into point clouds through a sliding window operation, where the
functions value is taken at regular intervals of time t and t+ τ . The union of closed spheres-
approach is then used to indirectly generate the homology features of the signal from this
new point cloud.

Statistical TDA is a relatively new field and signal processing is one of its newest and
most exciting applications. As discussed, TDA is a mathematical toolbox used to observe
and summarize the shape-like structures of data. TDA for signals is much like the methods
described in the previous process, usually capitalizing on the continuously evolving structure
of signals, but incorporates the insights of computational and algebraic topology. Topological
invariants have been shown in many studies to be robust to high levels of noise in signals.
They have also been shown to be powerful descriptors in mixed chaotic and unchaotic signals,
and classifiers between sampled signals. TDA signal methods have been developed with non-
parametric and now Bayesian implementations, mostly around the framework of persistent
homology.

1.1.7 Conclusion

This review of the foundational mathematics and concepts for TDA was provided in order
to demonstrate to the reader the breadth of field. Hopefully, this summary of the available
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tools of TDA shows how one might approach applications to datasets with inherent spatial
information or signals, or even n-dimensional, unstructured data. The following sections of
the literature review will discuss several problems for which these tools can provide path
forward.

1.2 Cytoskeletal Actin Network Classification

In the prior section I covered the fundamentals of TDA including a demonstration of 2 groups
of methods for producing the topological filtrations: the VR complex for point clouds and
the level-set embedding for signals. In this section I will demonstrate the development
of a ML application for the study of a physical, intra-cellular networks called the actin
cytoskeleton. I provide an example image, from confocal microscopy, of a cell with focus on
the actin network in Figure 1.10. This image is one data-point and can be thought of as
a 2-dimensional, discretized signal. Alternatively, we can threshold the image to consider
pixels with values above a threshold to be the points of a point cloud. I will attempt to
motivate a method using the perspective of the data as a point cloud and computing the
VR complex.

The actin cytoskeleton is a complex network of proteins that is present in all eukaryotic
cells. In addition to its function as cellular scaffolding, the actin cytoskeleton enables several
basic cellular functions including the control of cellular shape and direction of movement
[32]. These basic functions are critical to many higher order physiological processes such as
cell division, expansion, mobility and motility[33].

In the actin cytoskeleton, actin filament organization is thought to be governed partially
by the interaction of filaments and partially by myosin motor proteins. Actin filaments
are polar structures, polymerized by globular actin proteins. Many actin-binding proteins
have potential to bind to actin filaments at various sites along the filament. These binding
proteins allow actin filaments to assemble and disassemble spatiotemporally. The binding
proteins give rise to a dense cross-linking where filaments develop into networks at with many
filaments and binding sites. To understand certain behaviors of cells, it is of tremendous
importance to understand the processes that govern actin filament network organization.
A key driver of these processes may be the relationship between actin-binding proteins,
individual filaments and emergent networks.

One method to study the actin filament network generating process is to simulate the
dynamic structure of filament networks, combining theory from theoretical physical with
experimental stochastic simulation. With this methodology one can control the known
factors, which will affect the structure of networks. Varying these initial conditions enables
researchers to compare the conditional difference in outcomes of the simulated networks.
This experimental strategy can provide an opportunity to independently examine the role
each factor plays in the process. These factors could include the cross-linker density(number
of cross-linkers per certain area), cross-linker stiffness, maximum angle that can exist between
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Figure 1.9: An example of a level-set embedding, from a 1-dimensional pseudocontinuous
function, to a persistence barcode and to a persistence diagram. Note that in the
persistence diagram, the diagonal (birth = death), indicates the addition of infinite points
of infinite density to the diagonal for purposes of measuring he distance of sets with uneven
cardinalities. This figure was taken from [1] pg. 18.

Figure 1.10: Example of a confocal microscopic image of a potato root hair cell. This cell is
an example of a cell which has had the production of a particular myosin protein knocked-out
through mutation. The image is very long and narrow, since the cell is a hair. The images
are in very high resolution, but include a great deal of noise, as well as real features which
pass in and out of focus since this is a single slice of a 3-dimensional object. The image was
graciously provided by Jinmo Gu.
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two filament segments to be crosslinked, and so on [33, 34]. In this work, I propose a novel
machine learning approach to classify filament networks generated with varied cross-linker
density.

1.3 Topological Study of Neural Networks

In the first section I covered key background to TDA and in the second section I motivated
a fairly typical, though augmented TDA analysis. In this section I will discuss a novel way
of understanding the inner-workings of neural networks (NNs) with TDA. Applying TDA to
study NN is a new method of answering questions that began to be asked in the late 1980’s.
These questions have the general form: Can we derive theoretical and/or empirical shortcuts
to the design or optimization of NNs by studying the topology of generalized networks? One
could argue that this fits into the literature on network meta-analysis or common meta-
parameter optimization. Viewing network topology through the lens of algebraic topology,
it does seem possible to assimilate all of these ideas under a common umbrella, since algebraic
topology allows us to optimize with topological invariants, similar to how we might optimize
with model meta-parameters. This section will discuss some key background, concepts and
methods to use TDA to empirically study NN topology.

In the following subsections, I will show how topology has been studied in the context of
multi-layer NNs. I will show a new body of literature emerging on the empirical study of
deep networks with TDA. I will also present several intriguing, though difficult to categorize,
state of the art methods that fuse TDA and NNs in a meaningful manner (I will also try to
qualify my idea of what is meaningful).

1.3.1 Neural Networks

It has been shown that NNs can approximate arbitrary, continuous functions on Rn [35].
Since at least the early aughts, NN’s have been in favor for many pattern recognition tasks
[36]. However, 20 years ago, computational power put tremendous pressure on researchers
to find efficient NN formulations, even for small (by today’s standard) networks.

Already in the early 90’s, a procedure was demonstrated for constructing a topologically
optimal three-layer NN. This work applies several foundational works from the mathematical
literature to show that one can estimate the size of the latent dimensions in the data
space to and limit an NN to the smallest number of nodes and edges necessary to model
approximate this space [37]. This is important since one would like to find a network
with minimal size and complexity to reduce symmetries in the solution space and find
more efficient approximations. While this procedure makes sense for small networks, it is
computationally infeasible for large networks and big data. So, while NNs are very powerful
tools, finding computationally efficient typologies for efficient approximations is a difficult
problem, particularly in modern applications. Recently, a few studies have made use of
persistent homology to study topological optimization of networks [38, 39].
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For simplicity, I will categorize advances in the use of TDA for NN research in two broad
categories. The first category (with significantly more work at present) are papers which use
persistence homology features as inputs to an NN. The second, are papers which develop
generalization, optimization or extensions of NNs through empirically motivated work from
TDA.

1.3.2 Persistence Features as Input to NNs

By far, the most commonly published method of incorporating persistence homology is the
incorporation of some vectorized form of a topological filtration, usually in the form of a
barcode, landscape or a persistence image (closely related to the persistence diagram). I
show several examples of common vectorizations of persistence schemes in Figure 1.11.

If the desire is to feed a persistence barcode, landscape or diagram to an NN, some
discretization of the signal must be performed (recall that persistence filtrations produce
a continuous, hierarchical signal which can also be viewed as a point cloud). In order to do
this, one must choose a fixed number of bins for the analysis. In the case of barcodes and
landscapes, this would be a single choice of width. In the case of persistence landscapes, it
would be a two dimensional binning and could therefore have independent choices for width
and height of the bins.

In Figure 1.11 I demonstrate several methods for vectorizing persistence representations. In
the cases of the persistence barcode and landscape, I normalize the x-axis to the interval [0, 1].
In the case of the persistence image, I normalize both axes. I then divide each domain into 8
equal partitions of width ξ = .125. In the persistence image, I apply this in both dimensions,
giving a square lattice. Since persistence barcode data may have uneven cardinalities, I chose
to sum data by dimension to get two signals for connected components (black) and holes
(red), as demonstrated in the bar graph. The persistence landscape is a continuous signal,
and so one could choose any function Rn → R such as taking the minimum, maximum,
etc. For this demonstration, I chose to take the mean in each partition. The persistence
diagram is vectorized by simply taking the mean and standard deviation of the persistence
of the data. Instead, one could use alternative functions, and/or birth and death rather than
persistence. These are all choices that should be made carefully by the researcher based on
their data and objective.

Once one has a vectorized representation of the persistence information, it is trivial to use
this as input to any number of algorithms. Support vector machines (SVMs), NNs, clustering
algorithms (such as k-means), and others have all been shown effective in application. n the
case of NNs, the vectorized persistence information is input to the 0th-layer. If the data are
already a single column, such as in the vectorized landscape, this can be input directly. If the
vectorized data are greater than1-dimensional, such as the persistence image, than they must
first be unrolled into a single,“flat”, column. Alternatively, one can use the signal attribute
of some vectorization methods to input the data first to convolutional layers and treat the
persistence information as an n-dimensional signal. The rational for learning a convolutional
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Figure 1.11: Demonstration of 1 and 2 dimensional binning methods for the vectorization
of persistence barcodes, landscapes, diagrams, and images. There are many methods of
vectorization, retaining various aspects of the prior persistence information, so these are
merely meant to demonstrate several commonly used methods. Notably, the method I chose
for the PD, does not produce a standard error for the holes. This might naturally motivate
a researcher to choose another method when they have a very small number of important,
higher dimensional features in much of their data. Also note that the vectorizations we
chose for the barcode and landscape are discretized 1-dimensional signals and the vectorized
persistence image is a 2-dimensional signal. This means that all of these could treated as
“flat” vectors, or operated on as signals, such as done in a CNN.
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structure, separate from the fully connected network, for persistence information is not clear,
but it has been applied with success none-the-less.

1.3.3 TDA in NNs

A common strategy is to incorporate persistence barcode data as direct inputs to an NN,
as in [40, 28]. These papers vary widely in application, but in all cases a CNN is used
primarily to optimize over persistence homologies. Persistence barcodes allowed TopologyNet
“outperforms other methods in the predictions of protein-ligand binding affinities and
mutation induced protein stability changes” [40]. A drawback to these studies, from the
perspective of a methodologist, is that they make a number of choices in the pre and post
processing, bootstrapping, etc. on top the fact that NN learning is an inherently difficult
classifier to understand with a variety of choices in parameterization. This combinatorial
array of choices and the complexity if the classifier can make it difficult to generalize results.
These methods (with the exception of the vectorized landscape) also rely on a vectorization
of persistence information that is known to be unstable, despite its empirically demonstrated
success. The vectorization of the barcode and persistence diagram could be problematic [21],
while the vectorized landscape and persistence image have been shown to be stable [41, 17].

1.3.4 TDA in CNNs

Theoretically, a discretized signal of arbitrary dimension can be used as input to a CNN.
CNNs balance the learning of global and local features, by enforcing a graph structure on the
data which is based in the signal’s space. Since persistence barcodes and landscapes can be
viewed as 1-dimensional signals, they may be go through these sparsified convolutions prior
to being passed to a dense network. Several papers have used this strategy to great effect
[42, 43]. However, they do not make a comparison of inputting the persistence features to
the dense NN layers, and skipping the convolution, so it is difficult to surmise the relative
advantage that the convolutional layer provides. It is also unclear precisely what statistical,
mathematical justifications would drive this choice.

The paradox of deeper networks and persistent homology is that large NNs often necessitate
large training datasets. Persistence homology is of course a difficult computation and so the
compute time when including the computation of the simplicial complexes and filtrations is
very large relative to the time needed to train even very large NNs. Therefore, one must have
an objective that is greatly advanced through topological information for it to be worthwhile
to include persistence homology into a deep learning problem.

One approach that has been developed to incorporate persistent homology to image
classification through CNNs, uses the homology filtrations of “exemplar” image patches as
an imputation. In this method, one first trains a typical CNN. Second, one selects the most
important patches in the final convolutional layer across the classes. Third, one computes
the persistence homologies of these patches. Fourth, one uses a second CNN, but replaces
the dense network with a random forest model with the raw image features as well as the

22



persistence homologies for the patches based on KL-divergence to the “exemplar” patches.
This approach was found to be highly efficacious in clock time and accuracy [44]. Creative
relaxations such as this will be necessary to include topological information into machine
learning for big data while keeping computational overhead more reasonable.

1.3.5 Topologically Inspired CNNs

The study of meta-structures on NNs has become an important sub-field in ML research.
Since NNs are graphs with non-trivial topology and so one can use persistence homology to
measure their shapes. In this framework, one can construct a finite number of candidate
models and compare their performance with their homology signatures, via persistence
diagram distances such as the Wasserstein distance or a metric on the persistence landscape.
Alternatively, one could optimize for a known, optimal homology. It has been empirically
shown that there is a close relationship between homology and network capacity [45]. This
work seems to suggest that future work should be done to implement useful, novel topological
structures in NNs. My own work, in Chapter 3 extends these ideas to a novel generalization
of the CNN based on these empirical findings.

1.4 Conclusions

In this literature review I provided an abbreviated background on the foundations of TDA
and provided a review of state-of-the-art applications. First, a guide to the foundations of
TDA should be included in my dissertation, because it is a newer field and a short guide
should aid the reader’s imagination in the following review and research chapters. Second,
consolidation of the literature on novel applications of TDA is critical at this juncture as
the popularity of these applications has exploded in recent years and it is now being used
in a broad array of fields. Finally, I give the relevant background literature for the next two
chapters. I have shown that TDA is a young, but proliferating body of work with many
promising theoretical and applied contributions. The following two chapters will build on
this background and review by developing several novel applications.
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Chapter 2

Persistence Homology Classification of
Cytoskeletal Actin Filament Networks

This second chapter focuses on an application of TDA to microbiological data. The work
herein is novel both in its use of TDA to classify cytoskeletal networks and in its use of
resampling of data and vectorization of persistence information to form a classifier. I tackle
a preliminary classification problem on simulated cytoskeletons, testing many conventional
and TDA-based methods. I use the knowledge that actin filaments represents continuous
paths which can be viewed as a graph and recover the topology of these networks from data
via persistence homology. I introduce a subsampling approach, which I show to improve
classification accuracy. This approach generates several point clouds per network data-point,
which are each transformed to a persistence diagram. I compare several classifiers and find
that a machine learned approach on a vectorized form of these resampled diagrams gives
very high accuracy on synthetic data. I validate this method on real, confocal microscopy
data. Finally, I demonstrate an alternative clustering approach using k-means, which allows
us to do an in depth examination of the cluster assignments and misclassifications in the
original data space.

2.1 Background

The actin cytoskeleton is a complex network of proteins that is present in all eukaryotic
cells. In addition to its function as cellular scaffolding, the actin cytoskeleton enables several
basic cellular functions including the control of cellular shape and direction of movement
[46]. These basic functions are critical to many higher order physiological processes such as
cell division, expansion, mobility and motility[9].

In the actin cytoskeleton, actin filament organization is thought to be governed partially
by the interaction of filaments and partially by myosin motor proteins. Actin filaments
are polar structures, polymerized by globular actin proteins. Many actin-binding proteins

24



have potential to bind to actin filaments at various sites along the filament. These binding
proteins allow actin filaments to assemble and disassemble spatiotemporally. The binding
proteins give rise to a dense cross-linking where filaments develop into networks at with many
filaments and binding sites. To understand certain behaviors of cells, it is of tremendous
importance to understand the processes that govern actin filament network organization.
A key driver of these processes may be the relationship between actin-binding proteins,
individual filaments and emergent networks.

The goal of this work is to develop a framework for the classification of actin networks. The
images of actin networks that we are interested in are captured via confocal microscopy.
These images are very high resolution (typically around 2500x500 pixels with 0.04 µm2

pixels), but still suffer from several types of noise such as: filaments moving through the
focal plain, rounding of the cell at the edges, neighboring cells polluting the image, changes
in microscopic conditions/settings, and many more. Therefor, confocal microsocopy has the
advantage of providing a lot of high quality data at the expense of also including many noisy
data. This means that in order to automatically study these images, without interjections
by researchers (eliminating potential for an introduction of unforeseen bias), a tool is called
for which is highly robust to these types of noise.

In the fast developing field of machine learning, topological data analysis (TDA) has
become increasingly popular as a tool for noisy network and signal classification. To date,
researchers have used TDA to solve many real-world problems including signal identification
[47], materials classification [48, 20], shape recognition [49, 50], histologic image analysis
[51, 52, 53], ecology of human mobility [54, 55], and cosmology [56, 57]. A review of TDA
and its applications is provided in [58]. A sub-method of TDA, persistence homology, is a
popular method used to measure differences in topological features, due to its robustness in
the face of perturbation of data. Persistence homology records when homological features
(connections and voids) appear and vanish within data. These patterns vary between
data. All of the appearances and disappearances of homological features are summarized in
persistence barcodes and/or diagrams. In this work, geometric features of filament networks
are encoded into persistence diagrams and a method of classification on the vectorization
of the persistence space is demonstrated (a persistence space is not itself a vector space,
so it has no mean for instance). I compare this approach to a traditional, distance-based
classififications which attempts to summarize the similarities of the actin network topologies
in the persistence space.

Our investigation of classification methods is aided by a high quality dataset of simulated
actin networks, which is used to benchmark each method. The outputs of simulations,
which combine theoretical physical properties with experimental stochastic simulation in
order to emualte actin network dyanmics, were provided in order to compare methods.
With this methodology one can control the known factors, which will affect the structure
of networks. Varying these initial conditions enables researchers to compare the conditional
difference in outcomes of the simulated networks. This experimental strategy can provide an
opportunity to independently examine the role each factor plays in the process. These factors
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could include the cross-linker density(number of cross-linkers per certain area), cross-linker
stiffness, maximum angle that can exist between two filament segments to be crosslinked,
and so on[9, 59]. This control mechanism also allows for the testing of many methods, on
a highly controlled and clean dataset, in order to test sensitivity and to compare between
methods.

After testing several methods of actin network classification on the simulated data, the top
performing method is chosen and adapted to the microscopy images. A classification is
performed attempting to separate myosin-mutant and wildtype Arabidopsis root cells.

The structure of this work is as follows: Section 2 describes the data and introduces the
relevent background of persistence homology. Section 3 demonstrates two algorithms for
classifying filament networks. Section 4 exhibits the numerical results. Section 5 gives
conclusions and a discussion of future directions.

2.2 Persistence Homology and Filament Networks

To quantify the differences in filament networks, a transformation is required of our data
which reveals its hidden geometric features. This transform is performed by the construction
of simplicial complexes in a manner typical of persistence homology. The 2-dimensional
coordinates of sampled points along the filaments are taken as the initial nodes. As discussed
in Chapter 1, simplcial complexes provide a bridge between the data space and a topological
space in which computation of distances between sets of data points can be realized. A
simplicial complex is a finite collection of simplices of different dimensions such that faces of
simplices are also simplices, and intersections of the simplices are either empty or a face of
both [60]. In particular, higher dimensional simplices are constructed from lower dimensional
simplices. Vertices are 0-dim simplices. A 1-dim simplex is called an edge and is created
by its two vertices as faces (note that a higher dimensional edge is constructed from lower
dimensional points). A 2-dim simplex or a triangle has three edges as faces. Further more,
a 3-dim simplex or a tetrahedron has four triangles as faces, another nesting of several lower
dimensional features to build one of higher dimension.

2.2.1 Data

Microscopy data: Microscopy data were provided in the form of one grayscale image
per cell. The actin filaments fluoresce and so the intensity of each pixel of an image can be
thought of as indicating the likely presence of a filament in that region of the image. In order
to study the homology of an actin network, we must perform a topological transformation
on the data. Since the images contain hundreds of thousands of pixels, we chose to sample
from the images a set of points, where the probability of choosing a pixel is proportionate
to the pixel’s intensity. We can make a choice of a number of points that we think is likely
to sufficiently summarize a network. We can now perform our topological transformation on
these new point clouds.
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Simulated data: Our synthetic data come from simulations with varried numbers of
crosslinking protiens. As discussed, actin filaments are thought to be organized by cross-
linking on actin-binding proteins. Filaments and inter-filament structure can then be
simulated by a physical model [9, 59]. The change of initial conditions in a eukaryotic
cell will cause variation in later measurement of filament networks. Our network data is
simulated by three different cross-linker densities. Higher cross-linker density means more
opportunities for filaments to be cross-linked, i.e. the binding and unbinding processes can
be more active. As shown in Fig. 2.1(a), three kinds of filaments networks were simulated
with different numbers of cross-linkers: 825, 1650 and 3300. All simulated cells were bound
by a 20 µm× 20 µm square. Therefore, the cross-linker density of each network is 2.06, 4.13
and 8.25 per µm2, respectively. In each network, there are a total of 100 filaments with
average length 10 µm, where filaments are model as polar warm-like chain in red and blue
dots represent barbed ends of these filaments. We also record the locations of the actin
beads that make up the filaments, which are shown as small black circles in Fig. 2.1(b).
Each actin bead is of radius 0.5 µm. Our interest is in developing an automated method
to accurately classify cross-linker density of filament networks from simulated network data.
The actin beads of the simulated networks will act as our point clouds in the topological
transormations of these synthetic data.

2.2.2 Persistence Homology

In order to build simplicial complexes, we adopt the procedure of forming Vietoris-Rips
complexes on each dataset (actin network) by introducing a sequence of ε-balls with
increasing radius ε centered at each data point (a sampled pixel for image data or an actin
bead in the synthetic data). Simplicial complexes are constructed based on intersections of
these ε-balls and each value of ε corresponds to an unordered group of homological features,
which is called a homology group. Considering values of ε as a timeline, we only record when
a homological feature appears and disappears. These indexes are called the birth times and
death times of a particular homological feature. Moreover, the lifespan (death minus birth)
of a homological feature is referred to as the feature’s persistence. A set of homological
features gives rise to a set of persistence measures. At the end of this procedure, when
radius ε is sufficient larger so that the homology group remains unchanged even by further
increase the radius, information of a filament network’s persistence homology (the set of
persistpent homology measurements) is summarized in a persistence diagram.

Figure 2.3 depicts the process of discovering and summarizing the persistence homology of
a simplified filament network. When ε = 0, the sampled points of the filament network are
each their own connected component. As the ε-spheres grow, connected components begin
to merge. In the first column of te figure, when ε = 0.3, several of the sampled points
have already connected. We denote the points which have died (having merged into a larger
connected component), by ending their bar in the presistence barcode below, and plotting a
point at 0 on the x-axis and at their precise time of death on the y-axis in the persistence
diagram below that. When ε ≈ 1, two holes form. The holes are evident in the top row,
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Figure 2.1: Filament networks. Panel (a) shows three filament networks generated by 825,
1650 and 3300 cross-linkers, respectively, in a 20 µm × 20 µm area. Each network contains
100 filaments which are represented as red lines. The blue dots are the barbed ends of these
filaments. Panel (b) shows the locations of the actin beads that make up the filaments
exhibited in Panel (a).
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second column, of the figure, where one can see one larger and one smaller hole. We begin
plotting bars for the holes in the corresponding persistence barcode below. Note that there
are not yet records of the holes in the persistence diagram, because we require the death
time of the holes in order to plot them in the 2-dimensional diagram.

In the third column of Figure 2.3, when ε = 1.1, the smaller hole has closed, and become part
of a larger connected component. Now a single point is plotted in the persistence diagram
below and the bar is terminated.

As the algorithm progresses, the larger hole eventually dies and its corresponding bar in
the persistence barcode is terminated. A point is added at the corresponding birth and
death in the persistence diagram (a second red triangle appears in the final column). The
algorithm could continue to ε = inf, but it is evident in this example that no more homologic
information will be discovered as the spheres continue to grow. We choose to arbitrarily
terminate the algorithm at ε = 2, terminate the final bar in the final barcode, and plot at
(0,2) in the persistence diagram to denote final death time.

Overall, persistence homology indirectly summarizes the hidden shape of the data and
transcribes this shape to the persistence diagram. With the persistent homology of each
point cloud, a classifier can be generated either from the distance [18] between persistence
diagrams or by alternative vectorizations of the diagrams [41, 61, 21].

2.3 Filament network classifier

Once we have persistence diagrams corresponding to the point clouds of actin networks,
we are ready to classify these networks. In this work, we propose two methodologies as
candidates for a filament network classifier, one is distance-based method while the other
one is based on a vectorization.

2.3.1 Distance-based network classifier

Given any two persistence diagrams, we need a way to quantify the difference between them
in the space of persistence diagrams. In TDA, two methods are commonly used to calculate
the distance between persistence diagrams: the Bottleneck and Wasserstein distances [41,
61, 60, 62, 58]. These distances calculate the optimal (minimal) cost in matching the points
between two persistence diagrams. They assume infinitely many points of infinite multiplicity
on the diagonal (where birth equals death), so that off-carnality points are matched to a
point in this artificial set. In addition to the Wasserstein and Bottleneck distances, in this
work we adopt a new distance, called dcp distance, which is proposed in [18] and has been
proved to be stable in [21]. The cardinality of a persistence diagram may carry important
information in applications, especially for those homological features which die very quickly
and may be considered as insignificant in Wasserstain distance. However, the dcp distance
accounts uneven cardinalities between persistence diagrams by assigning a regularization
term with the parameter c rather than connecting extra points to the diagonal as is done
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Figure 2.2: Demonstration fillament network. This network contains 3 filaments. Points
are sampled along the filaments, in order to produce a point cloud from which persistence
homology can be studied.

Figure 2.3: Investigation of the persistence homology of the demonstration filament network
in Figure 2.2. The first row of figures, showes the growing ε-spheres about the sampled points
of the fillaments. The second row shows the corresponding persistence barcode. The third
row shows the corresponding persistence diagram. The columns progress with the algorithm,
right-to-left.
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in the Wasserstein distance. This method allows one to adjust the weight assigned to data
that might be considered ”topological noise” to fit the particular use case.

Definition 2.1. 1 Let DX and DY be two persistence diagrams with cardinalities n and m
respectively such that n ≤ m and denote Dx = {x1, ..., xn}, Dy = {y1, ..., ym}. Let c > 0 and
1 ≤ p < ∞ be fixed parameters. The dcp distance between two persistence diagrams Dx and
Dy is

dcp(Dx, Dy) =

(
1

m

(
min
π∈Πm

n∑
l=1

min(c, ||xl − yπ(l)||∞)p + cP |m− n|

)) 1
p

,

where Πm is the set of permutations of (1, ...,m). If m < n, define dcp(Dx, Dy) := dcp(Dy, Dx).

The dcp distance not only calculates the distance of points in two persistence diagrams without
the simulated points on the diagonal, it also adds a penalty term on the difference in
cardinalities of the two sets of points. The parameter c in eq. (2.1) is a constant that
controls the weight of penalization to be added in the dcp distance. Larger values of c will
yield a larger penalization. The parameter p is typically chosen as 2 since this corresponds to
the Euclidean distance. We tend to evaluate c between 0 and 1 as these have been empirically
found to be appropriate options in real-world applications [21].

Since persistence diagrams can summarize the homological features of multiple dimensions
in one diagram, such as in the last panel of Fig. 2.3, the persistence diagram contains both
0-dim features(connected components) with cardinality 5 and 1-dim features(holes) with
cardinality 1. We can further define the dcp distance of a certain dimensional feature between
a persistence diagram and a group of persistence diagrams.

Definition 2.2. 2 Denote D as a collection of persistence diagrams in the same class. For
a specific β-dim homological feature, β = 0, 1, 2, ..., the dcp distance between a persistence
diagram Dx and the set of persistence diagrams D is

dβ(Dx,D) =
1

|D|
∑
D∈D

dcp(Dx, D),

where |D| represents the size of class D.

With all preparations above complete, we can build the dcp-based network classifier. For K
classes of filament networks, every network in a class is generated under a unique set of
constraints. Therefore, we have K sets of persistence diagrams, where each set corresponds
to a class of network generated under unique constraints. Given a new filament network
with its persistence diagram D′, our goal is to classify under which constraints the network
was most likely generated, i.e. to which class k it most likely belongs. We can estimate this
membership by calculating the distance between D′ and each class of persistence diagrams.
We then assign the new network to the class with the smallest distance. Additionally, we
parameterize the relative weights for different dimensions of homological features in the
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calculation of the distance and force the weights’ sum to 1. The classifier is summarized in
Algorithm 1.

Algorithm 1: dcp-based network classifier

Let B is highest dimension of homological features under consideration.
1. Take the training set T1, T2, ..., TK from each class of diagrams D1,D2, ...,DK ,
2. For a new network with its corresponding persistence diagram D′, compute

d(D′, Tk) =
B∑
β=0

wβdβ(D′, Tk),

where
∑B

β=0wβ = 1, and wβ determine how much β-dim homological feature is
considered,

3. Assign D′ a class label c′ such that,

c′ = arg min
1≤k≤K

d(D′, Tk),

2.3.2 Non-distance-based network classifier

Sub-sampling approach

In our method, rather than work on the coordinates of the actin beads directly, we took
several pre-processing steps in order to extract more information from the provided network
samples. The actin bead data included both spatial coordinates as well as an index indicating
the filament sampled. That is, for our networks {X1, X2...X150}, we had 100 filaments in
each network {F1, F2...F100} and therefor our sampled points have features x, y, and f , where
x and y are the coordinates in the plane and f is the index in the identity map of F .

Using R’s spatial package, each filament was constructed by connecting the (x,y) bead-
coordinates in each filament. A single filament network was then constructed as a multiline
object from the corresponding collection of lines formed from the bead-coordinates. These
multiline objects were then projected onto square grids of 200 × 200 cells. Then, for each
network we sampled the multiline object into a grid with the identity function (i.e. the grid
cells have value 0 unless a line and grid cell intersect then the value of the grid cell goes to
1). We now had a grid of 4000 cell values taking {0, 1}. We filtered these 4000 values to only
those of value 1 and used the corresponding planar coordinates to build our new simplicial
complexes and persistence diagrams. All re-sampling steps are summarized in Algorithm 2.

Due to the exponential growth of the computation of the Vietoris-Rips complex, rather than
computing a Vietoris-Rips complex per network, 1000 points were randomly sampled from
each network 3 times without replacement. This gives us 3 sets of 1000 points per network.
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Algorithm 2: Re-sampling Algorithm

Let Xi ∈ {X1...X150} the set of simulated actin networks.
Let a ∈ {Ai,(x,y,f)...Ai,(x,y,f)} the set of points in Xi. a is a pair, (i, (x, y, f)), where i
is an index to Xi, x and y are planar coordinates and f is an index to a filament of
Xi, Fi,f ∈ {Fi,1...Fi,100}, along which a lies. See Panel A of Fig. 2.4 for a graphical
depiction of one Xi. For simplicity, we will describe how our algorithm is applied
to X1:

1. Reconstruct the paths of each F1,f by connecting A1,(x,y,f). See Panel B, Fig. 2.4.
2. We project F1 onto a 200x200 square lattice with the same bounds as the given
by the data. The cells, cx,y of the lattice take values {0, 1}, where cx,y = 1 if it is
intersected by one of F1 and 0 otherwise. See Panel C of Fig. 2.4.

3. Retain only cx,y where cx,y = 1.
4. Draw 1000 random cx,y without replacement and call these the elements of R1,r.
Repeat this twice so that r indexes three new samples drawn from X1. The three
colors in Panel D of Fig. 2.4 denote the index r.

5. Generate three separate persistence diagrams, D1,r, for the new samples R1,r.
Shown in Panel E of Fig. 2.4.

This increased the sample size from 150 to 450 networks. We computed persistence diagrams
for these 450 networks and could used these to construct a classifier using the same procedure
as outlined in Algorithm 1.

Persistence vectorization/classification

In addition to distance based classification, a classification was performed on vectorized
features of the persistence diagrams. A matrix was generated from the persistence diagrams
which had row entries for each diagram and column features with the mean and standard
error of persistence diagrams considering only the 0th or 1th persistence features alone and
all topological features. That is, for each filament network, there is one persistence diagram
which corresponds to one row of the vectorized matrix with mean and standard error of birth
or death times for 0th, 1th, or all features. This gives us 12 columnar features. However, the
mean and standard error of births for 0th features are constant 0 and are not considered.
Therefor, we are left with 10 entries per vector. The vectorization procedure is shown in
Algorithm 3.

2.4 Classification result

2.4.1 dcp-based classifier

In our data set, we are provided three classes of filament networks. Each class of filament
network is generated with a different number of cross-linking proteins. Each class contains
50 samples. Therefore, there are total of 150 individual provided filament networks.
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Figure 2.4: Example of one filament construction (B) from the supplied point cloud (A),
rasterization (C), re-sampling (D), construction of persistence diagram (E) and vectorization
of persistence diagram (F). The point cloud in (A) was supplied with an index that allowed
for the construction of the filaments in (B); note the coloring. This was projected onto
a 200x200 raster (C). The raster was sampled into 3 sets (colored) of 1000 points (D)
without replacement and the x,y coordinates are used to generate a VR complex. The
persistence diagrams and vectorizations in (E) and (F) are colored the same as (D), to show
the variability that arises in the vectorized persistence diagram features when this approach
is taken.
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Algorithm 3: Vectorization of persistence diagrams

We vectorize D1,r from Algorithm 2 by taking the mean birth and mean death of
connected components and holes. These data are plotted in Panel F of Figure 3.
For D1,r we have 3 row-vectors in the form:

v1,r =



x̄(Death of Connected components)
s(Death of Connected components)

x̄(Birth of holes)
s(Birth of holes)
x̄(Death of holes)
s(Death of holes)

x̄(Birth of all features)
s(Birth of all features)
x̄(Death of all features)
s(Death of all features)


Note: the mean x̄ and standard error s of the birth of connected components would
be 0 for all vectors, so these are not found in v1,r. Repeat for all Xi. Our complete
matrix of data has a final dimension 450× 10.

In order to compare classifiers, we employed 10-fold cross validation to estimate overall
classification accuracy. All of the networks are randomly partitioned into 10 mutually
exclusive sets. 9 partitions are selected as a training set, while the remaining 1 partition
is used for testing. We repeat the classification 10 times such that every partition acts as
a testing set exactly once. We consider the overall classification accuracy rate as the mean
accuracy across all partitions.

After generating the persistence diagram for each filament network from the locations of actin
beads, we tested our classifier on this data set using the dcp-based classifier in Algorithm 1. We
consider only 0-dim and 1-dim topological homological features. We chose p = 2 to imitate
Euclidean distance. The choices of parameter w0, w1, c were found to be optimal based on
cross validation. When w0 = 0.5, w1 = 0.5, connected components and holes are weighted
equally, and c = 0.2 gives a relatively small contribution from the cardinality difference in
the dcp distances, the best classification accuracy rate is 89%.

2.4.2 non-distence based

A support vector machine (SVM) was used to develop a network classifier based on the
3-times re-sampled and vectorized persistence diagrams. 10-fold cross-validation was again
used to assess the accuracy of the SVM classifier. Accuracy was measured only on one of
the three sub-sampled networks Ri,1 per filament network Xi so as to fairly compare to the
methods without re-sampling. The mean accuracy of the classifier was 96.3%. This was the
highest accuracy attained on this set of simulated networks.
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2.4.3 Comparison to other classifiers

We also list the accuracy rate by using other classifier in Table 2.1.

Our findings show that re-sampling of data can produce a more reliable filament network
classifier even when data are mapped to a topological space and summarized in persistence
diagrams. The dcp-based classifier performed much better than Wasserstein-based classifier.
Our re-sampled and vectorized persistence diagram based classifier and dcp-based classifier
are superior than any other common classifiers. These findings suggest that future with with
real data microscopy data may be classified with similar methods.

2.4.4 Application to classifying myosin mutants

We are given labeled images of cells belonging to one of two classes: myosin mutant (MM)
or wild type (WT). The MM cells have a genetic knockout such that they do not a produce
one of their myosin proteins. The WT cells are the control with no knockout. Myosin motor
proteins are known, via empirical observation, to influence the connectivity and shape of the
actin filament network. This experiment differs from our synthetic experiment in that our
synthetic experiment involved the direct manipulation of the actin network through changes
in cross-linker abundance. Whereas cross-linking is fundamental to the structure of the actin
network, the linkage between mysoin motors and actin networks is more complex and likely
modulated by several interacting factors.

We perform classification of MMs and WTs using our top classifier, the re-sampled SVM. The
data are provided as tifs from 22 MM and 20 WT cells. Each tif is a a very high resolution
(roughly 2500x500 pixels with 0.043 µm2 pixels) grayscale image, wherein the pixel values are
an 8-bit inensity. We perform preprocessing on the images simply by performing a gaussian
blur and then thresholding to the top 1

3
of values. The thresholded image is then a grid

of values taking only 0 or 1, where 1 indicates the presense of a filament. We then take
the processed images and proceed in classification from step (C) in Figure 2.4, resampling,
computing PDs, vecorizing the PDs, and finally classifying with an SVM. We find a cross-
validated (k=5) accuracy of roughly 85%.

Interpretation of these results is complicated by our uncertainty of the true, cumulative
impact of the myosin knockout on the actin network. While the accuracy in this experiment
is significantly lower than found in the analysis of the synthetic data, this could easily be
explained by the single motor protein knockout having a relatively minor impact on actin
organization when compared with up or down regulation of cross-linkers. Out of curiosity,
we conducted a small survey (n=6), wherein we asked respondents who were familiar with
the experiment to separate the cells into two classes. We found that respondents had an
average accuracy of 63%, with a minimum accuracy of random chance and a maximum
accuracy of 75%. Since our algorithm is more effective than manual classification by an
expert, we hypothesize that there is a weak relationship between this mysoin knockout and
the topology of the actin network, and our classification algorithm is likely running into the
ceiling of discernible difference in classes.
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2.5 Clustering of filament networks

In our classification results, it is apparent that conducting supervised classification on a
small sample and without a state-of-the-art accuracy for comparison can make diagnostics
and inference problematic. When conducting cross-validation, each round’s classification
result has only one misclassification to examine. Therefor, it is nearly impossible for an
expert to visually examine the misclassification and establish a pattern. We can provide
an alternative framework via unsupervised clustering, which will be helpful to biologists
interested in visually examining the persistence information mapped back to the data space.
In this section we take the approach of k-means clustering in order to examine the outcome
clusters and try to learn from the mistaken cluster assignments.

Rather than using the subsampling approach, in this clustering application we choose a value
of r, so that each cell has one corresponding vector vi,1. Rather than clustering directly on
the vis, we first transform our data into principal components and use the first two principal
components. We can plot these principal components as in Figure 2.6 with color indicating
myosin mutant (M) vs wildtype (WT) cells. In this figure, we see that there is clearly a
separation of classes, but the classes are not well clustered about obvious centers.

K-Means clustering aims to find the partitioning of our data which minimizes the within
groups sum of squares (WGSS) given k a number of partitions [19]. Determining the optimal
k can be done through a heuristic known as the Elbow Method. The Elbow Method computes
the outcome WGSS from k partitions of our data where k ranges from 1 to K (K << n). One
selects the smallest k before returns on a larger k are considered too small. This heuristic
approach seeks to optimize against overfitting and for minimizing the WGSS. In Figure 2.7,
we show a plot of outcome WGSS for k ∈ {1, 2...15}. In this figure, we do not see one
substantial decline in benefit increasing in k. This can be considered due to a lack of evident
partitioning in the data.

Since k = 2 is a natural choice for k, given our experiment and we do not find strong evidence
for another choice of k, we conduct the clustering partitioning the data into two groups. This
method does not result in our highest accuracy outcome (80.9%); i.e the outcome groups are
a mixture of classes. We plot the data showing labels in color and cluster assignments as
shapes in Figure 2.8.

While this method does not provide the highest accurate result in this work, the unsupervised
algorithm combined with using only the principle components of the persistence information
and avoiding bootstrapping should all help to avoid overfitting. This method could be seen
as preferable then for diagnostic and inferential purposes. We plot the outcome clusters in
their original data format as we would return to the biologists in order for them to investigate
and make further inferences. This output is shown in Figure 2.9, where the two columns are
each a group of cells and the red Xs indicate incorrectly grouped cells. In this case, the first
column is mostly mutant cells and the second column is mostly wildtype cells, so the Xs in
the first column indicated wiltype cells and the Xs in the second column indicate mutant
cells.
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2.6 Conclusion

In this work, we successfully classified simulated actin filament networks, generated under
three different initial conditions, with very high accuracy. We combined a machine learning
framework with TDA for our classification. We compared with several distance-based
classifiers. Our method most successful method uses a resampling technique, a vectorization
of the persistence diagram and an SVM as the classifier. Each of these methods were built
on the foundation of topological homology by encoding geometric features hidden in the data
into the topological features and summarizing those into persistence diagrams.

From these results, we are able to confidently classify synthetic actin filament networks based
on unique initial conditions. Accordingly, these methods could reveal key factors in the
filament network organizing process and provide biologists with opportunities to study the
interaction of motor proteins, actin networks and cytoplasmic streaming. We demonstrate
that it is simple to bridge our method to classify cells by microscopy images of their actin
networks. We also demonstrate a method of clustering on the principal components of the
vectorized persistence diagrams and show how these clustering can be used to examine the
unsupervised cluster assignments in the original data space of microscopy images. Overall,
our work is the first time that actin filament networks have been studied by direct topological
classification. Researchers could further advance their understanding of cell physiology
through this work and future research.
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Table 2.1: Accuracy rate of classifiers

classifier accuracy
SVM, re-sampled 96%

dcp-based 89%

Wasserstein-based, re-sampled 87%
Wasserstein-based 83%
Bayes Factor [20] 83%

SVM PI [41] 75%
Neural Net PI 71%
SVM Raster 65%

Random Forest Raster 55%

Figure 2.5: Example of a raw WT cell image.
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Figure 2.6: Plot of cell’s persistence information principal components. Points are colored
by treatment.
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Figure 2.7: WGSS with several numbers of clusters (values of k).
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Figure 2.8: Plot of cell’s persistence information principle components. Points are colored
by treatment and class assignments from k-means clustering are indicated by shape. The
asterisks indicate the cluster centers.
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Figure 2.9: Diagram showing misclassified cells based on k-means clustering with k = 2.
The groups are separated by column and the Xs indicate cells that do not agree with the
majority in the cluster. The left column is mostly mutant, so the X’s indicate wildtypes.
The right side is mostly wildtype, so the Xs indicate mutants.
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Chapter 3

Topological CNNs

In this chapter, I propose a novel generalization of the convolutional neural network (CNN)
based on topological manifolds. Deep neural network (NN) architectures are the preeminent
tools for many image classification tasks, since they are simple to implement and capable
of distinguishing between a large number of classes with a high degree of precision and
accuracy [63]. The modern graphic processing unit (GPU) has brought the ability to
run tremendously large and powerful network classifiers to a reasonable cost. Quantum
algorithms promise even faster NNs with novel structures [64]. A common NN architecture
used for image classification is the CNN [65, 6]. The characterizing principle of CNNs is the
use of convolutional layers which take advantage of the grid-space of a digitized natural image
to sparsify a fully connected network and to build spatial features for later classification.
CNNs typically fit a very large number of parameters, on the order of 105, which are trained
through a stochastic optimization routine. CNNs balance the learning of spatially local and
global features —i.e. they must simultaneously learn the textures, lines, edges, etc— and
also where in an image the subject is most prominent and how to assemble complex features.
It is desirable for CNNs to produce models which are invariant under rotation or scaling [66].

Topological data analysis (TDA) is a natural method of investigating CNNs, as scaling and
rotation invariance are critical to CNN performance and are also tenets of topology. TDA
has been shown to be a valuable tool for investigating the hidden topological structure of
data [67, 26, 18] and has seen rapid development in machine learning [68, 69, 21, 20, 29, 70].
Despite the immense parameter space of a CNN, it has been shown through topological
clustering that CNNs often arrive at spatially meaningful configurations within their
convolutional layers [38]. Perhaps this is unsurprising, given that earlier work showed that
natural images themselves cluster about grids which can be embedded on a manifold called
the Klein bottle [71]. This intuition has also been demonstrated in findings that show how
a small number of natural images can be considered a very strong prior for the learning of
the local spatial topology of the image [72].
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CNNs typically have several major drawbacks including that the models are difficult to
interpret, require large, labeled datasets, use non-trivial optimization procedures, and often
do not generalize well [73]. It has been demonstrated that as CNNs grow in size and
complexity they often do not result in a proportional increase in utility [65]. This suggests
that bigger/deeper models alone will not continue to advance image classification. We should
instead utilize our growing understanding of the empirical, topological structures of CNNs
to develop novel tools that address contemporary CNNs’ shortcomings. Improvements to
interpretability, generalization, training set size and training speed are all of great value.

This work seeks to demonstrate a framework to leverage the known topology of CNN
convolutional layer-weights. I develop and extend work on the incorporation of topological
features to NNs. I introduce two new types of convolutional layers which construct
topological features or restrict convolutions based on functions on topological manifolds.
Through topological feature generation and continuous topological convolution I develop a
new CNN framework I call the topological-CNN (TCNN). TCNNs are inherently easier to
interpret than CNNs, as the local image convolutions have clear spatial interpretations.
I show synthetic and empirical results which indicate that these models can also have
superior generalizability and are faster to train. Many studies have incorporated topological
information into NNs via prepossessing or adaptations to the loss function [74, 75, 76, 77].
This work takes the view that the weights of the convolutional layers themselves can be
viewed as sets of functions in a topological space. From this vantage, I propose a highly
adaptable framework within the convolutional structure of the network which is instantiated
with desirable topological properties.

My methods have direct analogues of the techniques used with convolutional neural networks,
such as pooling and holdouts. In addition, they are readily extensible in a number of ways.
For example, as we discover types of patches that are important but are not yet included
within the Klein bottle geometry, they can be added to create new geometries in a systematic
way. The methods are also extensible in the sense that other modalities, such as video and
3D imaging, have their own geometries and corresponding neural network architectures, and
can thus be treated in the same way.

3.1 Introduction

It was observed in [78] that one motivation for the construction of Convolutional Neural
Networks (CNNs) was that they permit a sparsification based on the geometry of the space
of features. In the case of convolutional neural networks for images, the geometry used
was that of a two-dimensional grid of features, in this case pixels. M. Robinson has also
pointed out the importance of geometries or topologies on spaces of features, coining the
term topological signal processing to describe this notion [79]. In this paper, we study a
space of image filters closely related to a subfamily of the Gabor filters, whose geometry is
that of a well known geometric object, the Klein bottle1. These filters augment the feature

1See Figure 3.2 for an image of a Klein Bottle immersed in R3.
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set in the data, but they can also be used to construct analogues of convolutional neural
networks with improved performance on a number of measures of performance. The method
uses a discretization (in the form of a graph) of the Klein bottle as a template for new layers,
which produce additional sparsification.

We implement the use of the Klein bottle geometry and its image filters via additional
structure on convolutional layers. We call neural networks with these layers Topological
Convolutional Neural Networks (TCNNs). We perform experiments on image and
video data. The results show significant improvement in TCNNs compared to conventional
CNNs with respect to various metrics.

Deep neural network (NN) architectures are the preeminent tools for many image classi-
fication tasks, since they are capable of distinguishing between a large number of classes
with a high degree of precision and accuracy [63]. CNNs are components of the most
commonly used neural network architecture for image classification, e.g. see [65, 6, 80]. The
characterizing property of CNNs is their use of convolutional layers which take advantage
of the 2-dimensional topology of an image to sparsify a fully connected network and employ
weight sharing across slices. Each convolutional layer in a CNN assembles spatially local
features, e.g. textures, lines, and edges, into complex global features, e.g. the location
and classification of objects. CNNs are also used to classify videos; see e.g. [81], [82],
and [83]. CNNs have several major drawbacks including that the models are difficult to
interpret, require large datasets, and often do not generalize well to new data [73]. It has
been demonstrated that as CNNs grow in size and complexity they often do not enjoy a
proportional increase in utility [65]. This suggests that bigger, deeper models alone will not
continue to advance image classification.

The topological structure in the layers of a TCNN is inspired from prior research on natural
image data with topological data analysis (TDA). Small patches in natural images cluster
around a Klein bottle embedded in the space of patches [71]. The patches corresponding
to this Klein bottle are essentially edges, lines, and interpolations between those; see top
panels of Figure 3.3(b)(c). It has been shown through TDA that CNN weights often arrive
at these same Klein bottle patches after training [38]. The key idea of TCNNs is to use
the empirically discovered Klein bottle, and the image patches it represents, directly in the
structure of the convolutional layers. For example, the Klein bottle image patches are used
in TCNNs as convolutional filters that are fixed during training. There is an analogue of
the Klein bottle for video data. Because of symmetries present in the geometric models
of feature spaces, there are generalized notions of weight sharing which encode invariances
under rotation and black-white reversal.

The method is not simply an addition of features to particular data sets, but is in fact a
general methodology that can be applied to all image or video data sets. In the case of
images, it builds in the notion that edges and lines are important features for any image
data set, and that this notion should be included and accounted for in the architecture for
any kind of image data analysis. TDA contains a powerful set of methods that can be used
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to discover these latent manifolds on which data sit [22, 84, 70, 29]. These methods can then
be used to inform the parametrization of the TCNN.

TCNNs are composed of two new types of convolutional layers which construct topological
features and restrict convolutions based on embeddings of topological manifolds into the
space of images (and similarly for video). TCNNs are inherently easier to interpret than
CNNs, since in one type of layer (Circle Features layer and Klein Features layer; Definition 9)
the local convolutional kernels are easily interpreted as points on the Klein bottle, all of which
have clear visual meaning (e.g. edges and lines). Following a Klein Features layer it makes
sense to insert our other type of topological layer (Circle One Layer and Klein One Layer;
Definitions 7 and 8), in which the 2D slices in the input and output are parameterized by a
discretization of the Klein bottle and all weights between slices that are farther away than
a fixed threshold distance on the Klein bottle are held at zero throughout training. This
has the effect of localizing connections in this convolutional layer to slices that are nearby to
each other as points on the Klein bottle. The idea of this ‘pruned’ convolutional layer is that
it aggregates the output of Klein bottle filters from the first layer that are all nearby each
other. Both of these new types of topological convolutional layers can be viewed as a strict
form of regularization, which explains the ability of the TCNN to more effectively generalize
to new data. We also provide versions of these layers for video and 3D convolutions.

The main points of the paper are as follows.

1. The method provides improved performance on measures of accuracy, speed of learning
and data requirements, and generalization over standard CNNs.

2. Our method can be substituted for standard convolutional neural network layers
that occur in other approaches, and one should expect improvements in these other
situations as well. In this paper, we compare TCNNs to traditional CNNs with the
same architecture except for the modified convolutional layers. The comparatively
better performance of the TCNNs provides evidence that TCNNs improve the general
methodology of CNNs, with the expectation that these advantages can be combined
with other methods known to be useful. For example, we use TCNN layers in a ResNet
for video classification; see Section 3.5. As another example, we expect state-of-the-art
transfer learning results to improve when some convolutional layers in the network are
replaced by TCNN layers.

3. Our approach suggests a general methodology for building analogues of neural networks
in contexts other than static images. We carry this out for the study of video data. In
this case, the Klein bottle K is replaced by a different manifold, the so-called tangent
bundle to K, denoted by T (K). There are also straightforward extensions to 3D imaging
and video. The improvement afforded by these methods is expected to increase as the
data complexity increases, and we find this to be the case in the passage from static
images to video.
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4. The simple geometries of the feature spaces enable reasoning about the features to use.
In the video situation, we found that using the entire manifold was computationally
infeasible, and selected certain natural submanifolds within T (K), which allowed for
the improved performance. Even in the case of static images, there are natural
submanifolds of K which might be sufficient for the study of specific classes of images,
such as line drawings, and that restricting to them would produce more efficient
computation.

5. There are more general methods of obtaining geometries on feature spaces, which
do not require that the feature space occur among the family of manifolds already
studied by mathematicians. One such method is the so-called Mapper construction
[85]. A way to use such structures to produce a sparsified neural network structure has
been developed [38, Section 5.3]. The manifold methods described in this paper are
encapsulated in the general framework described in Remark 6 which can be applied to
other domains.

6. Because of the intuitive geometric nature of the approach, it permits additional
transparency into the performance of the neural network.

7. There are no pretrained components in any of the models considered in this paper.
This is significant in particular because the vast majority of state-of-the-art models for
classification of the UCF-101 video dataset do use pretrained components [86], [87],
[88] .

The structure of the paper is as follows. In Section 3.2 we recall the basic structure of
convolutional neural networks and we set up notation. TCNNs are introduced in Section
3.3; the version for image data is in Section 3.3.1, the video version is in Section 3.3.2, and a
connection with Gabor filters is explained in Section 3.3.3. Then in Section 3.4 we describe
experiments and results comparing TCNNs to standard CNNs on image data. In Section
3.5 we do similar experiments on video data.

3.2 Background: CNNs

In this section we describe in detail the components of the CNN critical to the construction of
the TCNN. One of the central motivations of the structure of a CNN is the desire to balance
the learning of spatially local and global features. A convolutional layer can be thought
of as a sparsified version of the fully connected, feed-forward (FF) layer, with additional
homogeneity enforced across subsets of weights. The traditional CNN makes use of the
latent image space by creating a small perceptive field with respect to the L∞−distance in
which weights can be nonzero, thus sparsifying the parameter space by enforcing locality in
the image. Additionally, homogeneity of weights across different local patches is enforced,
further reducing the parameter space by using the global structure of the grid.
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To describe the structure of CNNs and TCNNs, we adopt the language in [38], which we
summarize as needed. To aid the reader, we provide an accompanying visual guide in
Figure 3.1.

We describe a feed forward neural network (FFNN) as a directed, acyclic graph (Definition 1).

Definition 1. A Feed Forward Neural Network (FFNN) is a directed acyclic graph Γ
with a vertex set V (Γ) satisfying the following properties:

1. V (Γ) is decomposed as the disjoint union of its layers

V (Γ) = V0(Γ) t V1(Γ)... t Vr(Γ).

2. If v ∈ Vi(Γ), then every edge (v, w) of Γ satisfies w ∈ Vi+1(Γ).

3. For every non-initial node w ∈ Vi(Γ) : i > 0, there is at least one v ∈ Vi−1(Γ) such that
(v, w) is an edge of Γ.

The vertices in V (Γ) are also called nodes. For all i, Vi(Γ) consists of the nodes in layer-i.
The 0th layer V0(Γ) consists of the inputs to the neural network (Figure 3.1 (a)). The last
layer Vr(Γ) consists of the outputs.

Notation 2. Let Γ be a FFNN with vertex set V (Γ).

1. Often we suppress Γ in the notation, writing V = V (Γ) for the set of all nodes and
Vi = Vi(Γ) for the set of nodes in layer i.

2. For any v ∈ V , the set Γ(v) consists of all w ∈ V such that (v, w) is an edge in Γ, and
the set Γ−1(v) consists of all w such that (w, v) is an edge in Γ.

To describe the edges between nodes in successive layers, we use the notion of a
correspondence between Vi and Vi+1, which is simply a subset of the product C ⊂ Vi×Vi+1.
For v0 ∈ Vi and w0 ∈ Vi+1, we define the subsets

C(v0) := {w ∈ Vi+1 | (v0, w) ∈ C} ⊂ Vi+1,

C−1(w0) := {v ∈ Vi | (v, w0) ∈ C} ⊂ Vi.

Note that C is determined by the subsets C(v0) ⊂ Vi+1 for v ∈ Vi, and it is also determined
by C(w0) for w0 ∈ Vi+1. In this way, a correspondence is a generalization of a map from Vi
to Vi+1; Given an element in Vi the correspondence provides a subset of Vi+1, and we denote

correspondences by Vi
C−→ Vi+1.

We adopt the convention that given nodes v ∈ Vi, w ∈ Vi+1, the edge (v, w) is in Γ
if and only if (v, w) ∈ C. Note that this implies C(v) = Γ(v). We call C the edge-
defining correspondence of the layer. In this way, a FFNN specifies an edge-defining
correspondence between each pair of successive layers, and conversely, choices of edge-defining
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Figure 3.1: Visual guide to CNN (green rectangle) and TCNN (red rectangles) architectures.
A typical CNN layer for image classification takes in a 2-dimensional array (a) as an input
image and convolves this image through a system of spatially localized filters (b) to produce
multiple slices of processed data (c) called feature maps. The feature maps in (c) are flattened
to a column vector in (d) and passed through a fully-connected layer to the output nodes (e)
which are of cardinality equal to the number of classes in the prediction space. The TCNN
modifies the typical CNN framework by specifying the weights in (b) to lie on a topological
manifold such as the circle or Klein bottle. We indicate this choice by the dashed triangle
in (b) and red rectangles indicating the selection of circle or Klein weights. This shows
the behavior of CF and KF type TCNN layers. The COL and KOL type TCNN layers
also modify the weights of a traditional CNN layer but in a different way: They localize
weights with respect to the circle and Klein bottle topologies yet, as usual, instantiate them
randomly and allow them to vary during training.
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correspondences between successive layers specify the edges in a FFNN. The simplest type
of layer in a neural network is as follows.

Definition 3. Let Vi+1 be a layer in a FFNN. We call Vi+1 a fully connected layer if the
edge-defining correspondence C ⊂ Vi × Vi+1 is the entire set. In that case, we denote this
correspondence Cc = Vi × Vi+1.

We proceed to describe convolutional layers. We model digital images as grids indexed by
Z2. Modifications of our constructions to finite size images will be clear. The values of
the grid specifying a grayscale image are then triples (x, y, i) : x, y ∈ Z where i ∈ [0, 1] is
the intensity at (x, y). Equivalently, an image is a map Z2 → [0, 1]. Similarly, videos are
modeled as grids indexed by Z3 = Z2 × Z, where the Z2 are the spacial dimensions and the
third dimension is time. This generalizes to grids indexed by ZN for any positive integer N .

In a CNN, the nodes in each convolutional layer form multiple grids of the same size. We
model the nodes in a convolutional layer as the product of a finite index set X with a grid,
Vi = X×ZN . With this notation, the graph structure of a CNN is specified as in the following
definition. A convolutional layer is a sparsification of a fully connected layer which enforces
locality in the grids ZN . For further detail, see [38]. We explain the homogeneity restrictions
on the weights in (3.1).

Definition 4. Let Vi+1 be a layer in a FFNN. We call Vi+1 a convolutional layer or a
normal one layer (NOL) if Vi = X × ZN and Vi+1 = X ′ × ZN for some finite sets X
and X ′ and a positive integer N , and if for some fixed threshold s ≥ 0 the edge-defining
correspondence C ⊂ Vi × Vi+1 is of the form

C = Cc × Cd,N(s),

where Cc = X × X ′ is the fully connected correspondence and Cd,N(s) ⊂ ZN × ZN is the
correspondence given by

Cd,N(s)−1(x′) := {x ∈ ZN | dZN (x, x′) ≤ s}

for all x′ ∈ ZN . Here, dZN is the L∞-metric on ZN defined by

dZN (x, x′) = max{|x1 − x′1|, . . . , |xN − x′N |}.

A Convolutional Neural Network (CNN) is a FFNN such that the first layers V0, . . . , Vi
are convolutional layers and the final2 layers Vi+1, . . . , Vr−1 are fully connected.

Remark 5. It is common to have pooling layers following convolutional layers in a CNN.
Pooling layers downsample the size of the grids. They can be used in TCNNs in the same
way and for the same purposes as traditionally used in CNNs. We do not discuss pooling in
this paper for simplicity.

2Usually, there are 1 to 3 fully connected layers.
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The correspondence Cd,N(s)−1 maps a vertex to a vertex set that is localized with respect
to the threshold s. In a 2-dimensional image, the above definition gives the typical square
convolutional filter. This constructions results in spatially meaningful graph edges.

The graph structures given in Definitions 1, 3, and 4 yield the skeleton of a CNN. To pass
data through the network, we need a system of functions on the nodes and edges of Γ that
pass data from layer i− 1 to layer i. These functions are called activations and weights.
The weights are real numbers λv,w associated to each edge,

Λ = {λv,w | v ∈ Vi−1, w ∈ Vi, and (v, w) ∈ Γ}.

Let Vi−1 = X × ZN and Vi = X ′ × ZN , as in a CNN. Denote v = (κ, x) ∈ Vi−1 and
w = (κ′, x′) ∈ Vi. Then the homogeneity of the weights, a characteristic of a CNN, is the
translational invariance

λ(κ,x),(κ′,x′) = λ(κ,x+z),(κ′,x′+z). (3.1)

The activations A = {(uv, fv) | v ∈ V (Γ)} associate to each vertex v a real number uv and
a function fv : R → R. To pass data from layer i − 1 to layer i means to determine uw for
w ∈ Vi from the values uv, v ∈ Vi−1 via the formula

uw := fw

( ∑
v∈Γ−1(w)

λv,w · uv
)
.

The activation functions fv in neural networks usually map x ∈ R to 0 < x < 1
or 0 ≤ x. The output activations are a probability distribution on the output nodes
of Γ, so they are non-negative real numbers. We use the activation function ReLU,
defined as f(x) = max(0, x), for all non-terminal layers, and the softmax σ(xi) =
exi(
∑
j

exj)−1 : i, j ∈ {1...n}, xi ∈ R+ as the terminal layer activation function. We

choose a common optimization method, adaptive moment estimation (Adam), to determine
the back-propagation of our changes based on the computed gradients.

Figure 3.1 (a,b,c) displays an example of a weight and activation system for a convolutional
layer from V0 = X (1)×Z2 to V1 = X (4)×Z2, where X (η) denotes a finite set of cardinality
η. The correspondence is Cc×Cd,2(2) ⊂ V0×V1, where Cc = X (1)×X (4) is fully connected
and Cd,2(2) ⊂ Z2 × Z2 localizes connections at L∞−distance 2. Panel (a) shows the input
V0, each weight-matrix in (b) is a vector of coefficients from {λv,w}, (c) shows the resulting
activations in V1.

3.3 Topological Convolutional Layers

In Section 3.3.1 we introduce new types of neural network layers that form our TCNNs
for 2D image classification. In Section 3.3.2 we introduce layers for TCNNs used for video
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classification. Section 3.3.3 demonstrates the connection between our constructions and
Gabor filters.

3.3.1 2D Images

Locality in a typical convolutional neural network is a function of the L∞−distance between
cells, which is specified by the correspondence Cd,2 (see Definition 4) in the case of a
2−dimensional image. We add novel, topological criteria to this notion of locality through
metrics on topological manifolds. The general technique is described in the following remark.

Remark 6. The layers defined in Definitions 8, 7, 10 11, are all given by an edge-defining
correspondence C of the following general form.

Let M be a manifold and let X ,X ′ ⊂ M be two discretizations of M , meaning finite sets of
points. Let Vi = X ×ZN and Vi+1 = X ′×ZN be successive layers in a FFNN. Fix a threshold
s ≥ 0. Let d be a metric on M . Define a correspondence C(s) ⊂ X × X ′ by

C(s)−1(κ′) = {κ ∈ X | d(κ, κ′) ≤ s}

for all κ′ ∈ X ′. Together with another threshold s′ ≥ 0, this defines a correspondence
C ⊂ Vi × Vi+1 by

C = C(s)× Cd,N(s′),

where Cd,N(s′) is the convolutional correspondence from Definition 4. This means that

C−1(κ′, x′) = CS(s)−1(κ′)× Cd,2(s′)−1(x′)

= {(κ, x) ∈ X × ZN | dS(κ, κ′) ≤ s and dZN (x, x′) ≤ s′}

for all (κ′, x′) ∈ X × ZN .

The first example we give is a layer that localizes with respect to position on a circle in
addition to the usual L∞−locality in a convolutional layer. Let S1 = {κ ∈ R2 | |κ| = 1} be
the unit circle in the plane R2. A typical discretization of S1 is the set of n-th roots of unity
X = {e2πik/n | 0 ≤ k ≤ n− 1} for some n ≥ 1.

Definition 7. Let X ,X ′ ⊂ S1 be two discretizations of the circle. Let Vi = X × Z2 and
Vi+1 = X ′ × Z2 be successive layers in a FFNN. Fix a threshold s ≥ 0.

The circle correspondence CS(s) ⊂ X × X ′ is defined by

CS(s)−1(κ′) = {κ ∈ X | dS(κ, κ′) ≤ s}

for all κ′ ∈ X ′, where the metric dS is given by

dS(κ, κ′) = cos−1(κ · κ′) for κ, κ′ ∈ S1.
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We call Vi+1 a circle one layer (COL) if, for some other threshold s′ ≥ 0, the edge defining
correspondence C ⊂ Vi × Vi+1 is of the form

C = CS(s)× Cd,2(s′),

where Cd,2(s′) is the convolutional correspondence from Definition 4. This means that

C−1(κ′, x′, y′) = CS(s)−1(κ′)× Cd,2(s′)−1(x′, y′)

= {(κ, x, y) ∈ X × Z2 | dS(κ, κ′) ≤ s and dZ2((x, y), (x′, y′)) ≤ s′}

for all (κ′, x′, y′) ∈ X × Z2.

Next, we define a layer that localizes weights with respect to a metric on the Klein bottle K.
See Figure 3.2 for a visualization of the nodes and weights. Recall that K is the 2-dimensional
manifold obtained from R2 as a quotient by the relations (θ1, θ2) ∼ (θ1 + 2kπ, θ2 + 2lπ) for
k, l ∈ Z and (θ1, θ2) ∼ (θ1 + π,−θ2). The construction uses an embedding FK of K into the
vector space of quadratic functions on the square [−1, 1]2, motivated by the embedded Klein
bottle observed in [71] and its appearance in the weights of CNNs as observed in [38]. An
image patch in the embedded Klein bottle FK(θ1, θ2) has a natural ‘orientation’ given by the
angle θ1. Visually, one sees lines through the center of the image at angle θ1 + π/2; see the
top right image in Figure 3.3. The embedding is given by

FK(θ1, θ2)(x, y) = sin(θ2)(cos(θ1)x+ sin(θ1)y) + cos(θ2)Q(cos(θ1)x+ sin(θ1)y), (3.2)

where Q(t) = 2t2 − 1. As given, FK is a function on the torus, which is parameterized by
the two angles θ1 and θ2. It actually defines a function on K since it satisfies FK(θ1, θ2) =
FK(θ1 + 2kπ, θ2 + 2lπ) and FK(θ1 + π,−θ2) = FK(θ1, θ2).

Definition 8. Let X ,X ′ ⊂ K be two finite subsets of the Klein bottle. Let Vi = X × Z2 and
Vi+1 = X ′ × Z2 be successive layers in a FFNN. Fix a threshold s ≥ 0.

The Klein correspondence CK(s) ⊂ X × X ′ is defined by

CK(s)−1(κ′) = {κ ∈ X | dK(κ, κ′) ≤ s}

for all κ′ ∈ X ′, where the metric dK is defined by

dK(κ, κ′) =

(∫
[−1,1]2

(
FK(κ)(x, y)− FK(κ′)(x, y)

)2
dxdy

) 1
2

for κ, κ′ ∈ K.

We call Vi+1 a Klein one layer (KOL) if, for some other threshold s′ ≥ 0, the edge defining
correspondence C ⊂ Vi × Vi+1 is of the form

C = CK(s)× Cd,2(s′),
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which means that

C−1(κ′, x′, y′) = CK(s)−1(κ′)× Cd,2(s′)−1(x′, y′)

= {(κ, x, y) ∈ X × Z2 | dK(κ, κ′) ≤ s and dZ2((x, y), (x′, y′)) ≤ s′}

for all (κ′, x′, y′) ∈ X ′ × Z2.

We define two other layers based on the circle and the Klein bottle (Definition 9). First, we
define an embedding of the circle S1 into the space of functions on [−1, 1]2 by composing FK
with the embedding S1 ↪→ K, θ 7→ (θ, π/2), i.e.

FS1(θ)(x, y) := FK(θ, π/2)(x, y) = cos(θ)x+ sin(θ)y.

Now the idea is to build convolutional layers with fixed weights λ given by discretizations of
FS1(θ)(x, y) and FK(θ1, θ2)(x, y). This is motivated by [38] which showed that convolutional
neural networks (in particular VGG16) learn the filters FS1(θ). Instead of forcing the neural
networks to learn these weights, we initialize the network with these weights. Intuitively, this
should cause the network to train more quickly to high accuracy. Moreover, we choose to fix
these weights during training (gradient = 0) to prevent overfitting, which we conjecture
contributes to our observed improvement in generalization to new data. We also use
discretizations of the images FK(θ1, θ2) given by the full Klein bottle as weights, motivated
by the reasoning that the trained weights observed in [38] are exactly the high-density image
patches found in [71] which cluster around the Klein bottle. These layers with fixed weights
can be thought of as a typical pretrained convolutional layer in a network.

Definition 9. Let M = S1 or K and let X ⊂ M be a finite subset. Let Vi = Z2 and
Vi+1 = X × Z2 be successive layers in a FFNN. Suppose Vi+1 is a convolutional layer with
threshold s ≥ 0 (Definition 4). Then Vi+1 is called a Circle Features (CF) layer or a
Klein Features (KF) layer, respectively, if the weights λ−,(κ,−,−) are given for κ ∈ X by
a convolution over Vi of the filter of size (2s+ 1)× (2s+ 1) with values

Filter(κ)(n,m) =

∫ −1+
2(m+1)
2s+1

−1+ 2m
2s+1

∫ −1+
2(n+1)
2s+1

−1+ 2n
2s+1

FM(κ)(x, y)dxdy

for integers 0 ≤ n,m ≤ 2s.

In summary, we have the following. Both K and S1 can be discretized into a finite subset
X by specifying evenly spaced values of the angles. Given such a discretization X , the
convolutional layers in a TCNN have slices indexed by X . Note that X has a metric induced
by the embedding FK and the L2−metric on functions on [−1, 1]2. The COL and KOL
layers are convolutional layers with slices indexed by X where all weights between slices
whose distances in X are greater than some fixed threshold are forced to be zero. The CF
and KF layers are convolutional layers with slices indexed by X and such that the weights are
instantiated on the slice corresponding to (θ1, θ2) ∈ K to be the image FK(θ1, θ2) discretized
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Figure 3.2: A visual representation of the neurons and weights in a KOL with threshold
s = 2. Each intersection of grid lines on the two Klein bottles is a neuron. The red arrows
depict the nonzero weights corresponding to the given input neuron.
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to the appropriate grid shape; examples of these weights are shown in Figure 3.3. These
weights are fixed during training. See also the visual guide in Figure 3.1.

3.3.2 Video

For video, the space of features of interest is parameterized by the tangent bundle of the
translational Klein bottle Kt, denoted T (Kt). The translational Klein bottle Kt is a 3-
dimensional manifold and its tangent bundle T (Kt) is 6-dimensional. These manifolds
parameterize video patches (3.3) in a manner related to the Klein bottle parameterization
FK of 2D images patches from (3.2).

Before providing the precise definitions of Kt and T (Kt) as well as the formulas for the
parameterizations, we describe the idea roughly. An image patch in the embedded Klein
bottle FK(θ1, θ2) has a natural ‘orientation’ given by the angle θ1. Visually, one sees lines
through the center of the image at angle θ1 + π/2. Given a real number r, there is a 2D
image patch FKt(θ1, θ2, r) given by the translation of FK(θ1, θ2) by r units along the line
through the origin at angle θ1, i.e. along the line perpendicular to the lines in the image.
One can extend this image to a video that is constant in time. Videos that change in time
are obtained by enlarging Kt to its tangent bundle T (Kt). The tangent bundle consists of
pairs of a point (θ1, θ2, r) ∈ Kt and a vector (u, v, w) tangent to (θ1, θ2, r). The embedding
FT (Kt) sends such a pair to a video patch FT (Kt)(θ1, θ2, r, u, v, w) that at time t is the image
FKt(θ1 + tu, θ2 + tv, r + tw). For example, FT (Kt)(θ1, θ2, 0, 0, 0, 1) is the video patch that
translates FK(θ1, θ2) at unit speed along the line through the origin at angle θ1. Similarly,
FT (Kt)(θ1, θ2, 0, 1, 0, 0) is the video patch that rotates FK(θ1, θ2) at unit speed.

Precisely, we use the following construction. Denote the coordinates on R3 × R3 by the
variables (θ1, θ2, r, u, v, w). The variables (θ1, θ2, r) parameterizeKt and the variables (u, v, w)
parameterize the tangent spaces. To be precise, Kt is given as the quotient of R3 by the
relations (θ1, θ2, r) ∼ (θ1 + 2kπ, θ2 + 2lπ, r) for all k, l ∈ Z and (θ1, θ2, r) ∼ (θ1 + π,−θ2,−r),
and similarly T (Kt) can be described as a quotient of R3×R3. We suppress further discussion
of these relations because they are only significant to this work in that they are respected
by the embeddings FKt and FT (Kt).

Let I = [−1, 1]. Denote by C(I2, I) the space of continuous functions I2 → I, which
represent image patches at infinite resolution, and similarly denote the space of video patches
by C(I2 × I, I). The embeddings

FKt : Kt → C(I2, I)

and
FT (Kt) : T (Kt)→ C(I2 × I, I)
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are given by

FKt(θ1, θ2, r)(x, y) = sin(θ2)(cos(θ1)(x+ r cos(θ1)) + sin(θ1)(y + r sin(θ1)))

+ cos(θ2)Q(cos(θ1)(x+ r cos(θ1)) + sin(θ1)(y + r sin(θ1)))

and
FT (Kt)(θ1, θ2, r, u, v, w)(x, y, t) := FKt(θ1 + tu, θ2 + tv, r + tw), (3.3)

where Q(z) = 2z2 − 1.

Using the embedding FT (Kt), we define a metric on T (Kt) by pulling back the L2 metric on
C(I2 × I, I),

dT (Kt)(κ, κ
′) :=

(∫
I2×I

(
FT (Kt)(κ)(x, y, t)− FT (Kt)(κ

′)(x, y, t)
)2
dxdydt

) 1
2

for κ, κ′ ∈ T (Kt).

(3.4)

The metric dT (Kt) allows us to define a new type of layer in a neural network. Recall the 3D
version of the convolutional correspondence Cd,3(s) from Definition 4.

Definition 10. (6D Moving Klein Correspondence) Let X ,X ′ ⊂ T (Kt) be two finite
subsets. Let Vi = X ×Z3 and Vi+1 = X ′×Z3 be successive layers in a FFNN. Fix a threshold
s ≥ 0.

The 6D Moving Klein correspondence CT (Kt)(s) ⊂ X × X ′ is defined by

CT (Kt)(s)
−1(κ′) = {κ ∈ X | dT (Kt)(κ, κ

′) ≤ s}

for all κ′ ∈ X , where the metric dT (Kt) is defined in (3.4).

We call Vi+1 a 6D Moving Klein one layer (6MKOL) if, for some other threshold s′ ≥ 0,
the edge defining correspondence C ⊂ Vi × Vi+1 is of the form

C = CT (Kt)(s)× Cd,3(s′),

which means that

C−1(κ′, x′, y′, t′) = CT (Kt)(s)
−1(κ′)× Cd,3(s′)−1(x′, y′, t′)

= {(κ, x, y, t) ∈ X × Z3 | dT (Kt)(κ, κ
′) ≤ s and dZ3((x, y, t), (x′, y′, t′)) ≤ s′}

for all (κ′, x′, y′, t′) ∈ X × Z3.

There are particular submanifolds of T (Kt) whose corresponding video patches we conjecture
to be most relevant for video classification. In 6MKOL layers, we often choose X and X ′ to
be subsets of these submanifolds. One reason to do this is that discretizing the 6-dimensional
manifold T (Kt) results in a large number of filters, significantly bloating the size of the neural
network. Indeed, discretizing θ1 and θ2 into 4 values each, as in our Klein bottle experiments,
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and discretizing the other dimensions into only 3 values produces 42 ∗ 34 = 1296 points in
X . Moreover, these are videos rather than static images, so they contain many pixels: 53

pixels for 5× 5 video with 5 time steps. Another reason to specialize to submanifolds is one
general philosophy of this paper: Well-chosen features, rather than an abundance of features,
provide better generalization due to less over-fitting.

The five 2-dimensional submanifolds of T (Kt) that we choose to work with are

K̃ := {(θ1, θ2, 0, 0, 0, 0) ∈ T (Kt)},
S±τ := {(θ1, θ2, 0, 0, 0,±1) ∈ T (Kt)},
S±ρ := {(θ1, θ2, 0,±1, 0, 0) ∈ T (Kt)}.

(3.5)

Under the embedding FT (Kt), K̃ corresponds to the Klein bottle images held stationary in
time, S±τ corresponds to the Klein bottle images translating in time perpendicular to their
center line, as described above, where the sign ± controls the direction of translation, and
S±ρ corresponds to the Klein bottle images rotating either clockwise or counterclockwise
depending on the sign ±.

We now define convolutional layers with fixed weights given by discretizations of the video
patches corresponding to the manifolds T (Kt), K̃, S±τ , and S±ρ . These can be viewed as
pretrained convolutional layers that would typically appear as the first layer in a pretrained
video classifier. The motivation is the same as for the analogous CF and KF layers defined
for images in Definition 9 – faster training and better generalization to new data due to
initializing the network with meaningful filters that are fixed during training.

Definition 11. Let M ⊂ T (Kt) be any subset, for example a submanifold such as K̃, S±τ , or
S±ρ (see (3.5)), or unions of such submanifolds. Let X ⊂M be a finite subset.

Let Vi = Z3 and Vi+1 = X ×Z3 be successive layers in a FFNN. Suppose Vi is a convolutional
layer with threshold s ≥ 0 (i.e., the edge-defining correspondence is Cc × Cd,3(s) as in
Definition 4). Then Vi+1 is called a M-Features (M-F) layer if the weights λ−,(κ,−,−,−)

are given for κ ∈ X by a convolution over Vi of the filter of size (2s+ 1)× (2s+ 1)× (2s+ 1)
with values

Filter(κ)(n,m, p) =

∫ −1+
2(p+1)
2s+1

−1+ 2p
2s+1

∫ −1+
2(m+1)
2s+1

−1+ 2m
2s+1

∫ −1+
2(n+1)
2s+1

−1+ 2n
2s+1

FT (Kt)(κ)(x, y, t)dxdydt

for integers 0 ≤ n,m, p ≤ 2s.

3.3.3 Gabor filters versus Klein bottle filters

The Klein bottle filters given by FK(θ1, θ2) as in (3.2) are related to Gabor filters. In
fact, besides a minor difference, they are a particular type of Gabor filters. The purpose
of this section is to explain this relationship. The significance of this relationship is that,
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while Gabor filters are commonly used in image recognition tasks, our constructions use a
particular 2-parameter family of Gabor filters that is especially important, as identified by
the analysis in [71]. Restricting to this 2-parameter family provides a compact set of filters
that can be effectively used as pretrained weights in a neural network. One may use other
families of Gabor filters for this purpose, but then the question is on what basis does one
choose a particular family. The Klein bottle filters are a topologically justified choice. In
Section 3.4.1, we compare the performance of some other choices of Gabor filters with the
Klein bottle filters.

Recall that the Gabor filters are functions on the square [−1, 1]2 given by

g(λ, ω, ψ, σ, γ)(x, y) = e−
x′2+γ2y′2

2σ2 × cos

(
2πx′

λ
+ ψ

)
, (3.6)

x′ = x cos(ω) + y sin(ω),

y′ = −x sin(ω) + y cos(ω).

The Klein bottle filters FK(θ1, θ2) do not taper off in intensity near the edges of the square,
so we would like to remove this tapering from the Gabor filters too for a proper comparison.
This is done by removing the exponential term from g, or equivalently, setting σ =∞. This
simultaneously removes the dependence on γ. So we have the restricted class of filters

g(λ, ω, ψ,∞, 0)(x, y) = cos

(
2π

λ
x′(ω) + ψ

)
.

Given θ1, θ2 parameterizing the Klein bottle filter FK(θ1, θ2), we claim that a similar Gabor
filter is given by

g̃(θ1, θ2) := g

(
2 +

4

π
θ2, θ1, θ2 + π,∞, 0

)
= − cos

(
π · x′(θ1)

1 + 2
π
θ2

+ θ2

)
.

To see the similarity between g̃(θ1, θ2) and FK(θ1, θ2), we examine the ‘primary circle’ θ2 =
π/2 and the ‘small circle’ θ2 = 0. The formula for other values of θ2 interpolates along the
Klein bottle between these two circles. On the primary circle, we have

g̃(θ1, π/2) = sin

(
π

2
· x′(θ1)

)
FK(θ1, π/2) = x′(θ1).
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These are both odd functions of x′(θ1) that are equal to ±1 at x′(θ1) = ±1 and are equal to
0 at x′(θ1) = 0. Similarly, on the small circle, we have

g̃(θ1, 0) = − cos

(
π · x′(θ1)

)
FK(θ1, 0) = 2

(
x′(θ1)

)2 − 1.

These are both even functions of x′(θ1) that are equal to 1 at x′(θ1) = ±1 and are equal to
−1 at x′(θ1) = 0.

3.4 2D Images

3.4.1 Experiments and Results

We conduct several experiments on the image datasets described in Section 3.4.1. On
individual datasets, we investigate the effect of Gaussian noise on training the TCNN Section
3.4.1, the interpretability of TCNN activations Section 3.4.1, and the learning rate of TCNNs
in terms of testing accuracy over a number of batches in Section 3.4.1. Across different
datasets, we investigate the generalization accuracy of TCNNs when trained on one dataset
and tested on another in Section 3.4.1. We compare TCNNs to traditional CNNs in all
of these domains. We also test other choices of Gabor filters versus Klein filters in the
KF layers; see Section 3.4.1. All of these experiments use one or two convolutional layers,
followed by a 3-layer fully connected network terminating in 10 or 2 nodes, depending on
whether the network classifies digits or cats and dogs. For additional details on the neural
network models, metaparameters, and train/test splits, see Section 3.4.2.

Description of Data

We perform digit classification on 3 datasets: MNIST [78], SVHN [89] and USPS [90]. These
datasets are quite different from either other in style, while all consisting of images of digits
0 through 9. In particular, a human can easily identify to which dataset a particular image
belongs. This makes generalization between the datasets a non-trivial task, because neural
networks that train on one of the datasets will in general overfit to the particular style and
idiosyncracies present in the given data, which will be inconsistent with different-looking
digits from the other datasets. The datasets come at significantly different resolutions:
282, 322, and 162, respectively. Additionally the sizes of the datasets vary widely: roughly
7e4, 5e4, and 7e3, respectively. SVHN digits are typeset whereas MNIST and USPS are
handwritten. MNIST and USPS are direct 2-D impressions with significant pre-processing
already done, while the SVHN numbers are natural images of typeset digits with tilts,
warping, presence of secondary digits, and other irregularities.

We also use two collections of labeled images of cats and dogs: Cats vs. Dogs [91] (which
we call Kaggle), and the cat and dog labeled images from CIFAR-10, see [92]. Note that
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the Kaggle Cats vs Dogs dataset, upon our download, included several images which were
empty/corrupt and could not be loaded, so the size reported here is the total number of
loadable images. This seems to be typical for this dataset. These datasets contain 2.5e4
and 1.2e4 images, respectively. The resolutions of the images in each dataset are 502 and
322, respectively. Since we use these datasets to test the generalization accuracy of a neural
network trained on one and tested on the either, we down-resolve the Kaggle data to 322 to
be the same size as CIFAR-10.

Synthetic experiments

The central hypothesis of this work is that constraining CNNs to use the Klein bottle filters
(see KF, Definition 9) and to train with respect to the Klein bottle topology on slices
(see KOL, Definition 8) will provide the model with highly meaningful local features right
away. So, we expect a model trained on our CF, KF, COL, and KOL layers to outperform
conventional CNNs when global noise is added to the images. To test this idea, we add
class-correlated Gaussian noise N(µk, σ

2
k) to our images, zk = xk+Ek, Ek ∼ N(µk, σ

2
k), where

xk is an image of class k and Ek is a vector of the same dimension as the image, drawn from
a normal distribution. The hyperparameters µk and σ2

k hyperparameters are drawn from
N(.2, .04) and χ2(1) × .04 respectively. We test our classification models when trained on
z and tested on x and we also test the converse. Also see the end of this section for some
analysis of varying the mean of µk and distribution of σ2

k.

The results of this experiment on MNIST are displayed in Figure 3.4. A conventional two
layer network’s performance is greatly deteriorated by the Gaussian noise added to the images
in training or testing. In the case of noise added to the training set, we expect the CNN to
learn the class-correlated µk, σ

2
k, and then perform poorly on the test set without Gaussian

noise. Note that Figure 3.4 includes model loss and it is clear that the 2-layer conventional
CNN is classifying within the training set with high accuracy. We suspect that the TCNNs’
superior performance in the noisy training set experiment is due to the fixed filters in the
CF and KF layers which force a smoothing of the noise prior to the learned layers and hence
generate classifiers invariant under the global noise. A similar smoothing argument explains
the TCNNs superior performance in the noisy test set experiment.

All four of the TCNNs outperform conventional CNNs on training and testing. Interestingly,
while our CF based systems struggle to learn at first, after many epochs of training they
are best at not fitting noise. Also it is an interesting observation that the KOL and COL
systems seem to learn slower but add robustness to avoiding fitting noise in lengthy training.
It is important to note that this class-correlated noise is a pathological example by design,
and is meant primarily to show that the topological feature and convolution layers help to
prevent fitting signals outside of the edges, angles, etc. that good models are expected to fit.

We now choose parameters τ and ω from 0 to .8 in increments of .2 and sample µk ∼
N(τ, .04) and σ2

k ∼ χ2(1) × ω2. In the first column of Figure 3.5, we simulate distributions
µk ∼ N(τ, .04) and σ2

k ∼ χ2(1)× .04 testing the parameter τ from 0 to .8 in increments of .2.

62



(a) Normal (b) CF (c) KF

Figure 3.3: Table of weights (top row) and activations (bottom row) for 3 convolutional layers
(a),(b),(c) evaluated on a handwritten 5 from MNIST (initial data shown in Figure 3.1). The
first column (a) is a normal CNN layer (NOL) trained on one epoch of MNIST data followed
by 2 fully connected linear layers. This network has a testing accuracy of approximately
99%. Second (b) is a Circle Filters (CF) layer. Third (c) is a Klein Filters (KF) layer.

Table 3.1: Size, dimensions adn sources of all image datasets used in this work.

Dataset Size Dimensions Link

SVHN 60000 322
http://ufldl.stanford.edu/housenumbers

USPS 9298 162
https://web.stanford.edu/~hastie/StatLearnSparsity_files/DATA/zipcode.html

MNIST 70000 282
http://yann.lecun.com/exdb/mnist/

CIFAR-10 12000 322
https://www.cs.toronto.edu/~kriz/cifar.html

Kaggle 24946 642
https://www.kaggle.com/c/dogs-vs-cats
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In the second column, we simulate distributions µk ∼ N(.2, ω2) and σ2
k ∼ χ2(1)× ω2 testing

ω from 0 to .8 in increments of .2.

First we examine the top row of Figure 3.5 in which we train on data with Gaussian noise
and test on the original data while varying τ and ω2. When τ is 0, the noise added has little
class correlated signal (µk are small), but since ω2 is still .04, there is an uncorrelated noise
component. This noise deteriorates accuracy in all models. When τ grows, the TCNN trains
significantly better than the normal CNN. When ω2 is low, the models all perform similarly,
and when ω2 is large, all models perform poorly. However, there is a wide range of values of
ω2 for which the TCNN dramatically outperforms the CNN.

Next we examine the bottom row in which we train on the original MNIST training data
and test on the Gaussian-noisy test data. Varying τ has little impact on the noisy test-
set accuracy in the TCNN. As ω2 grows in the noisy test-set experiment, it increases the
random component of the noise, which degrades both classifiers as expected. Again, there
is a significant portion of the range of ω2 for which the TCNN is far superior to the CNN.
These results are expected since we fix the convolutional weights in a sensible (topological)
configuration in the KF layer. This forces the learned layers to classify on a smoothed version
of the images which are more robust to the added noise.

Interpretability

We contrast the interpretability of CNNs and TCNNs by demonstrating the difference in
activations between an NOL, CF, and KF (Figure 3.3) filtered image from MNIST. The
activations shown in Figure 3.3 correspond to the output of the first layer of CF, KF and
NOL models. The NOL filters are empirically derived by training on the MNIST training
data (n = 6e10). The 16 CF filters correspond to 16 evenly spaced angles on a circle and the
16 KF filters correspond to 4 evenly spaced values for each of 2 angles on the Klein bottle.

Observing the activations in Figure 3.3, it is empirically clear that the activations of the CF
and KF layers are easier to interpret. In the case of CF, the filters are edges at various angles,
and the activations show where each such orientation of an edge appears in the image. In
the case of KF, filters containing interior lines are also included, and the activations reveal
the presence of these interior lines in the image. The NOL learned filters and activations
are, in comparison, difficult to interpret. While some of the filters seem to be finding edges,
others have idiosyncratic patterns that make it difficult to assess how the combined output
features contribute to a classification. The NOL model has an accuracy of approximately
99%, so further training on MNIST is unlikely to significantly alter these filters.

Rate of learning

We find significant jumps in accuracy in the KF + KOL and KF + COL networks compared
with NOL + NOL, and importantly, the networks with a KF layer achieve high accuracy
earlier in training than those without, suggesting potential applications to smaller datasets
for which less training can be done. See the bar chart in Figure 3.6 for a comparison of
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testing accuracy attained from training on only 1,000 images in each dataset. The SVHN
dataset, which is much richer than MNIST, and the USPS dataset, which has much lower
resolution than MNIST, received larger benefits from the use of a TCNN. This suggests that
the benefit of the feature engineering in TCNNs is greatest when the local spatial priors are
relatively weak or hidden.

Generalizability

We compare model generalizability between several models trained on either SVHN or
MNIST and tested on the other, and similarly across the Kaggle and CIFAR cats vs. dogs
datasets. See Figures 3.7,3.8 for a comparison of testing accuracies throughout training. The
TCNNs achieve decent generalization in both the digit and cat vs dog domains. Using the
KF + KOL TCNN, 30% accuracy is achieved generalizing from MNIST to SVHN, and over
60% accuracy is achieved generalizing from SVHN to MNIST. Contrast this with the 10%
generalization accuracy of the NOL + NOL conventional CNNs from MNIST to SVHN – the
same as random guessing. Note that the addition of a pooling layer had negligible effect on
these results. Similarly, TCNNs are better than CNNs at generalizing between the Kaggle
and CIFAR cats vs. dogs datasets, however the difference is less dramatic than it is for digit
classification. Here, the addition of pooling layers has no impact on the generalizability of
CNNs, but provides further improvement on the generalizability of TCNNs.

Gabor filters versus Klein bottle filters

As described in Section 3.3.3, the Klein bottle filters given by the embedding FK in (3.2)
can be viewed roughly as a subset of the 5-parameter family of Gabor filters given by (3.6).
Given any subset of Gabor filters, one can make a convolutional layer analogous to the KF
layer (Definition 9) where the filters are initialized to the chosen Gabor filters and frozen
throughout training. In this section, we compare a KF layer with a layer instantiated with
another choice of Gabor filters, given by the parameters below in (3.7) and pictured in
Figure 3.9. While the 2-parameter family of Klein bottle filters is topologically justified as
important for image analysis, we do not have any other means for selecting a different family
of Gabor filters, and hence the 2-parameter family in (3.7) is necessarily somewhat arbitrary.
Our heuristic motivation for this choice is that these are high contrast filters that are sparsely
sampled from the two angles ψ and ω. The fixed parameters σ, λ, and γ are experimentally
chosen so that the resulting 3× 3 filters are high contrast. The variable parameter ω plays
the same role of rotating the filter as the parameter θ1 in the parameterization FK of the
Klein bottle filters.

σ = 2π, λ = π, γ =
π

8
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,
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,
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,
5π

4
,
7π

4

}
. (3.7)

Using these specific Gabor filters we create a ‘Gabor’ convolutional layer in the same fashion
as the KF topological layer except with these Gabor filters as weights instead of the Klein
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filters. We train a Gabor + NOL convolutional network on the datasets considered in this
paper and compare its accuracy to a KF + NOL network and a standard NOL + NOL
network. See Figure 3.10. We find that the Klein bottle filters perform similarly or better
than the Gabor filters. This suggests that the Klein bottle filters are a good choice of Gabor
filters to use in the topological layers of a TCNN, as hypothesized. Note again that some
highly restrictive choice of Gabor filters must be made for this type of construction since
they come in a large 5-parameter family. Further, several of the parameters are difficult to
interpret in the context of the typically small kernels of CNNs.

3.4.2 Details of methods

Train/test splits

With regard to train/test splits, we perform two different types of experiment: (1) accuracy
of TCNNs and CNNs are compared on a fixed dataset, and (2) either a TCNN or a CNN
is trained on one dataset and validated on a second dataset to measure the capacity of the
model for generalization. For type (1), we split the dataset into training and testing sets.
For type (2), we train and test on the entire datasets. For type (1), the train/test splits are
as follows:

For type (2), the dimension of the images is determined by the lowest resolution in the
comparison, i.e., we down-resolve the higher resolution images to the lower resolution to be
able to simply test generalizability.

Metaparameter selection

We choose metaparameters for each experiment that allow us to test TCNN performance
against traditional CNN performance and do not seem to favor any particular model in
the experiment with regard to the question at hand. Our strategy in comparing methods
is to simply pick a relatively conventional, simple set of network specifications. We have
selected an optimizer, batch size, learning rate, etc. on the criteria that all models are able
to reasonably traverse the loss function on which they are optimized. We select a single
configuration for all models and apply this consistently throughout the experiments. While
of course the precise results fluctuate depending on these choices, our findings are generally
consistent no matter the configurations we chose. We expect that, since our adaptations
are within the typical CNN construction, meta-parameter selection has little effect on the
relative impact of choosing a TCNN over a conventional CNN.

We provide the precise metaparameter specifications and some additional detail on our
reasoning below. Within each Figure in the paper, the metaparameters are the same across
all models presented. The following table lists various metaparameters by Figure number.

Conv-layers. The number of convolutional layers was chosen to be 2 for all experiments
outside of Figure 3.3. Using 2 convolutional layers allows us to incorporate a feature layer
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Figure 3.4: Two synthetic experiments on noisy MNIST data, designed to test model
assumptions. The first column displays the results of the experiment where Gaussian noise is
added to the training data but not the testing data. The second column displays the results
of the experiment where the training data is the original MNIST data and the testing data
are corrupted by Gaussian noise. The first row is testing accuracy and the second row is
training loss.

Table 3.2: Test and traing splits for numeric image datasets.

Dataset Train Test

MNIST 85% 15%
SVHN 80% 20%
USPS 80% 20%

Table 3.3: Metaparameters corespondent to figures in this work.

Figure Conv-layers Conv-slices Kernel size LR Batch size Epochs

3.3 1 16 5 1e−4 100 1
3.4 and 3.5 2 64 3 1e−5 100 5

3.6 2 64 3 1e−4 100 1
3.7 and 3.8 2 64 3 1e−5 100 5
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Figure 3.5: Sweep of distributions for synthetic MNIST data varying the mean and variance
from which class-noise distributions are drawn. The first column shows the tested values
of τ and the second column shows the tested values of ω2. The first row shows accuracies
when training on data with Gaussian noise and testing on unaltered test set. The second
row shows accuracies when training on unaltered training data and testing on noise-added
test data. We show results after 1 epoch and 5 epochs of training.
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Figure 3.6: Left: Comparisons of testing accuracy after training on 1,000 images. Right:
Full comparison of testing accuracy (y-axes) over a single epoch. MNIST was trained on
60,000, SVHN on 50,032, and USPS on 7291 images.

Figure 3.7: Comparisons of testing accuracy and validation loss when generalizing from
SVHN to MNIST and vice versa.
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Figure 3.8: Comparisons of testing accuracy and validation loss when generalizing from
CIFAR to Kaggle and vice versa.

Figure 3.9: Example of a small set of gabor filters and activations on a handwritten 5 from
MNIST.
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Figure 3.10: Top panel: testing accuracies on 3 digit datasets and 2 cats and dogs datasets
after 100 training images. Bottom panel: testing accuracies after 1 full epoch of training.
The KF model consistently performs similarly or better than the Gabor filters.
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and a correspondence layer together, e.g. KF+KOL. We consistently use 2 convolutional
layers for uniformity throughout the paper.

Conv-slices. The number of slices in each convolutional layer was chosen to be 64 for all
experiments outside of Figure 3.3.

Kernel size. Figure 3.3 contains the only experiments in which we use a kernel size of
5. This is strictly for visualization purposes, as it allows the reader to see a more nuanced
picture of the circle and Klein features. All other experiments use a kernel size of 3 in each
convolutional layer.

Learning rate (LR). An LR of 1e−5 or 1e−4 is used in each experiment. We simply choose
the highest power of ten where none of the models exhibit pathological behavior.

Batch size. We use a batch size of 100 throughout all experiments.

Epochs. We do 5 epochs of training for questions of generalization and 1 epoch for questions
of training speed. We choose 5 epochs for questions of generalization because training over
many epochs is common in applications and often results in greater potential for over-fitting.
Over-fitting should reduce generalizability, hence we trained long enough to allow for this
possibility. 5 epochs allows us to compare the rate of over-fitting at different stages of
training. In the cases of training speed, 1 epoch is sufficient to illustrate the comparisons
since the primary interest is in the accuracy and loss over the first few batches. 1 epoch is
used to create Figure 3.3 out of convenience.

Fully connected layers. All experiments use 2 fully connected layers following a flattening
layer. The flattening layer simply flattens the outputs of the final convolutional layer into
a 1D vector. The first fully connected layer has 512 nodes, and the second has nodes of
cardinality equal to the number of classes in the output.

Training

We processed images in 100 image batches. Computing was performed on an AMD 2990WX
CPU with 128GB RAM and an NVIDIA RTX 2080TI GPU.

3.5 Video

3.5.1 Experiments and Results

We conduct several experiments on the datasets described in Section 3.5.1. On the UCF-101
dataset, we compare the learning rate of a TCNN in terms of testing accuracy over a number
of batches in Section 3.5.1 and we compare it to the learning rate of a CNN. We also note
that the TCNN achieves 70% accuracy after 100 epochs compared to 55% accuracy of the
CNN. We also investigate the generalization accuracy of TCNNs when trained on the KTH
dataset and tested on the Weizmann data in Section 3.5.1.
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Description of Data

We use three datasets of videos: UCF-101 [81], KTH [82], and Weizmann [83]. The UCF-
101 dataset consists of 13320 videos in 101 classes of human actions, such as Baby Crawling,
Playing Cello, Tennis Swing, etc. There are a large variety of camera motions, object scales
and viewpoint, background, and lighting conditions. The videos are between 2 and 15 seconds
long. The KTH dataset consists of 2391 videos of 6 types of human actions (walking, jogging,
running, boxing, hand waving, and clapping). Each video is of one of 25 different human
subjects in one of a few different settings, e.g. outdoors and indoors, for an average length of
4 seconds. This is a significantly simpler dataset than UCF-101 due to the controlled nature
of the videos e.g. backgrounds are homogeneous and the human actor is the only moving
object.

The Weizmann dataset is used to test of generalization of a network trained on the KTH
dataset. Only 3 Weizmann classes have a perfect analog in KTH: handwaving, running and
walking. We test generalization on these 3 classes. Example frames from Weizmann and
KTH, where their classes intersect, are provided in Figure 3.11. There are 29 Weizmann
videos in the three classes. Both KTH and Weizmann have variable image lengths and KTH
has half the frame rate of Weizmann. We choose to take about 1 second of each video at
25fps on which to perform classification.

Accuracy and rate of learning on a ResNet

We train 12 layer ResNet classifiers as in [65] on the UCF-101 dataset. One of these classifiers
is a conventional CNN whose convolutional layers operate on all 3 dimensions of the video.
The other classifier is a TCNN that is identical to the CNN except for the first layer in
which we use a M-F layer (Definition 11) instead of a NOL. The M-F layer is of type
M = K̃ ∪ S±τ ∪ S±ρ (see (3.5)), that is, we use the features given by translating the Klein
bottle in time, rotating the Klein bottle in time, and holding the Klein bottle still in time –
see the discussion above Definition 11.

Our main result is that, when using the M-F layer as the first layer instead of NOL, we find
a significant increase in final accuracy as well as a much faster learning rate in the initial
epochs; see Figure 3.12. In Figure 3.13, we plot the best class accuracy, best five, and best
ten, as a function of training epochs.

We also perform the same experiment on the KTH dataset. The results are plotted in blue
and green in Figure 3.14. Again, the TCNN achieves high accuracy more quickly and remains
higher throughout all 200 epochs of training. The difference in final accuracy between the
TCNN and the CNN is not as dramatic as we observe on the UCF-101 dataset, because the
KTH dataset experiences less variation between videos, so it is easier for the CNN to learn
meaningful features without the help of the M-F layer.
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Figure 3.11: Examples of one frame from Weizmann (top row) and KTH (bottom row) videos
from the same classes (columns).

Table 3.4: Video dataset metadata.

Dataset Size Dimensions Link

UCF-101 13320 320x240x25fps https://www.crcv.ucf.edu/data/UCF101.php
KTH 2391 160x120x25fps https://www.csc.kth.se/cvap/actions/

Weizmann 29 180x144x50fps http://www.wisdom.weizmann.ac.il/∼vision/SpaceTimeActions.html
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Figure 3.12: Testing accuracy of a 12 layer ResNet trained on UCF-101.

Figure 3.13: Top 1, 5, and 10 testing overall classification accuracies as a function of epochs
for both the TCNN ResNet (left) and the CNN ResNet (right).
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Generalizability

We compare generalizability of a TCNN and a CNN model trained on the KTH dataset and
tested on the Weizmann dataset. Both of these models are ResNets, and the TCNN is the
same as the CNN except with the first layer a M-F layer instead of a NOL layer, as described
in Section 3.5.1. The TCNN generalizes from KTH to Weizmann with a testing accuracy of
about 65%, whereas the CNN achieves only about 52% generalization accuracy.

The full results are shown in Figure 3.14. Observe that the generalization accuracy of the
CNN takes a large dive at around 50 epochs, which suggests that it is initially learning
features specific to the KTH dataset that do not generalize well, and then as it continues to
train it learns more meaningful features that do generalize. We conjecture that the dip in
accuracy on the Weizmann dataset occurs during the transition from learning KTH-specific
artifacts to learning meaningful features. On the other hand, the TCNN immediately begins
learning meaningful features that generalize well. This is the desired effect of the M-F layer
– it biases the learner to use significant features in the video right away, instead of initially
learning artifacts particular to the dataset.

3.5.2 Details of methods

Train/test splits

In our video experiments, we only have a train/test split for UCF-101. KTH and Weizmann
videos were only used in the test of generalization, so for these datasets we use the entire set
of KTH in training and the entire set of Weizmann to test (in the three common classes).
The UCF-101 split is as follows:

Metaparameter selection

Our video experiments differ from image experiments in that we use kernels which are not
square (cubic). To indicated the size of a 3-dimensional kernel, we use the notation (t, y, x),
where t is the size in the time dimension, and x, y are spatial sizes in their respective
dimensions.

Notably, the ResNet12 residual network which produced our highest accuracy classifiers for
UCF-101 (Figures 3.12 and 3.13), has a significantly different form from all other models
in this work, both in depth and in the use of a residual block. We choose a simple block
architecture: where each block has two convolutional layers with a kernel size ν. In order to
add the input to the output, we need tensors of matching dimension, so we use Upsample(·)
which is a trilinear upsampler and Batch(·) which is performs batch normalization. We
indicate a 3-dimensional pooling layer by Pool(·). Our residual network then has the following
structure:
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Figure 3.14: Testing accuracy of a TCNN and a CNN trained on the KTH dataset and tested
on the Weizmann dataset.

Table 3.5: Train/test split for UCF-101.

Dataset Train Test

UCF-101 67% 33%

Table 3.6: Metaparameters for video experiment figures.

Figure Conv-layers Conv-slices Kernel size LR Batch size Epochs

3.14 3 20, 80, 160 (5× 11× 11), (5× 11× 11), (3× 9× 4) 3e−3 100 200
3.12 & 3.13 12 180× 9, 360× 3 (5, 11, 11), (1, 5, 5), (1, 3, 3), (3, 3, 3) 1e−5 100 5
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Table 3.7: Residual block for our 12-convolutional layer ResNet where x is an input tensor,
data passes from top to bottom, so x+ y is the returned tensor.

Block(ν, x):

y = Convolution(ν)(x)
y = Convolution(ν)(y)

y = Batch(y)
y = Upsample(y)

x+ y

Table 3.8: Structure of our 12-convolutional layer ResNet with order of opperations indicated
by descending through the table. The first column of the table indicates the kernel size of a
convolutional layer or layers in a residual block.

ν ResNet12(x):

y = M − F 1(x)
(1, 5, 5) y=Block(ν, y)
(1, 3, 3) y=Block(ν, y)
(3, 3, 3) y=Pool (Cd(ν)(y))

y=Batch(y)
(3, 3, 3) y=Cd(ν)(y)

y=Batch(y)
(3, 3, 3) y=Pool (Cd(ν)(y))

y=Batch(y)
y=FC(y)

y=Batch(y)
y = softmax(y)
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Training

We processed videos in 50 (UCF-101) or 100 (KTH vs Weizmann) image batches. Computing
was performed on an AMD 2990WX CPU with 128GB RAM and an NVIDIA RTX 2080TI
GPU.

79



Conclusion

The work presented in this dissertation reviews, generalizes and extends methods of TDA.
TDA is a promising field with several disparate branches, two of which are explored in this
research. I present a hybrid, machine learned classifier for microbiological data which uses
a persistence vectorization and bootstrapping. I also present a generalization of the CNN,
which takes a manifold prior to partially specify its topology. Both of these studies are novel
additions to the literature on TDA.

In Chapter 1, I provided a review of key background information for my work as well as a
review of current state-of-the-art methods. I drew a rough arc from topological features to
their persistent representations in data. I demonstrated general methods to create topological
filtrations through the construction of simplicial complexes. I then covered the more specific
background to the development of the methods presented in the following two chapters.
Finally, I reviewed widely used contemporary applications of TDA as well as applications of
TDA for neural networks, which is a new and rapidly developing corpus. I plan to include
this work in a upcoming, larger review paper of contemporary applications of TDA.

In Chapter 2, I presented a typical application of TDA, to study the connectivity of
intracellular structures. The state-of-the-art methods for studying the topology of actin
networks are time consuming, and rely on significant preprocessing and human interjections,
and result only in data loosely correlated with dependent variables [10]. I demonstrated
the utility of TDA to discern between several classes of simulated cells. I demonstrated a
novel method of data augmentation for TDA to improve these results. I demonstrated how
to bridge the methods developed on synthetic data to the microscopy domain and analyze
experimental data comparing cells with and without a genetic knockout. This work is the first
time that actin networks have been studied using persistence homology. This is also the first
fully automated algorithm for the study of filament networks. This work will be incorporated
into a larger, collaborative submission with our partners in biology and engineering.

In Chapter 3, I proposed a theoretically and empirically motivated, novel generalization
on the convolutional neural network (CNN). This framework draws on findings about the
long-run topologies of well trained CNNs as well as theoretical knowledge about the space of
natural images. I contrasted the empirical results of a variety of such formulations with
each other and a typical CNN. This work serves as a template for the development of
limitless models with augmented topologies based on empirical knowledge and/or theoretical

80



connections to a logical manifold. I demonstrated the efficacy of this generalization in several
image and video classification experiments. An earlier version of this work was accepted as
a conference paper at the Neural Information Processing Seminar, and the full paper is
currently under review at the Journal of Machine Learning Research.
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[11] Vasileios Maroulas and Andreas Nebenführ. Tracking rapid intracellular movements: a
Bayesian random set approach. The Annals of Applied Statistics, 9(2):926–949, 2015.
2, 16

[12] Marian Gidea and Yuri Katz. Topological data analysis of financial time series:
Landscapes of crashes. Physica A: Statistical Mechanics and its Applications, 491:820–
834, 2018. 4

[13] Martin Ester, Hans-Peter Kriegel, Jörg Sander, Xiaowei Xu, and others. A density-
based algorithm for discovering clusters in large spatial databases with noise. In Kdd,
volume 96, pages 226–231, 1996. 4

[14] John Stillwell. Classical topology and combinatorial group theory, volume 72. Springer
Science & Business Media, 2 edition, 1991. 4, 5

[15] Definition of persistence | Dictionary.com. 8

[16] Robert Ghrist. Barcodes: the persistent topology of data. Bulletin of the American
Mathematical Society, 45(1):61–75, 2008. 11

[17] Peter Bubenik, Vin De Silva, and Jonathan Scott. Metrics for generalized persistence
modules. Foundations of Computational Mathematics, 15(6):1501–1531, 2015. 11, 22

[18] Andrew Marchese and Vasileios Maroulas. Signal classification with a point process
distance on the space of persistence diagrams. Advances in Data Analysis and
Classification, 12(3):657–682, 2018. 12, 14, 29, 44

[19] Andrew Marchese, Vasileios Maroulas, and Josh Mike. K- means clustering on the space
of persistence diagrams. volume 10394, page 103940W. International Society for Optics
and Photonics, 2017. 12, 37

[20] Vasileios Maroulas, Farzana Nasrin, and Christopher Oballe. A bayesian framework for
persistent homology. SIAM Journal on Mathematics of Data Science, 2(1):48–74, 2020.
12, 14, 25, 39, 44

[21] Vasileios Maroulas, Cassie Putman Micucci, and Adam Spannaus. A stable cardinality
distance for topological classification. Advances in Data Analysis and Classification,
pages 1–18, 2019. 13, 22, 29, 31, 44

[22] Peter Bubenik. Statistical topological data analysis using persistence landscapes. The
Journal of Machine Learning Research, 16(1):77–102, 2015. 13, 47

[23] Jacob Townsend, Cassie Putman Micucci, John H Hymel, Vasileios Maroulas, and
Konstantinos D Vogiatzis. Representation of molecular structures with persistent
homology for machine learning applications in chemistry. Nature communications,
11(1):1–9, 2020. 14

[24] Henry Adams, Tegan Emerson, Michael Kirby, Rachel Neville, Chris Peterson, Patrick
Shipman, Sofya Chepushtanova, Eric Hanson, Francis Motta, and Lori Ziegelmeier.

83



Persistence images: A stable vector representation of persistent homology. The Journal
of Machine Learning Research, 18(1):218–252, 2017. 14

[25] Marian Gidea. Topological data analysis of critical transitions in financial networks.
pages 47–59. Springer, 2017. 14

[26] Yuan Wang, Hernando Ombao, and Moo K Chung. Topological data analysis of single-
trial electroencephalographic signals. The annals of applied statistics, 12(3):1506, 2018.
14, 44

[27] Jan Reininghaus, Stefan Huber, Ulrich Bauer, and Roland Kwitt. A stable multi-scale
kernel for topological machine learning. pages 4741–4748, 2015. 14, 16

[28] Yuhei Umeda. Time series classification via topological data analysis. Information and
Media Technologies, 12:228–239, 2017. 14, 22
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