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ABSTRACT

The present research work is concerned with the theoretical

investigation for duct flows in the Energy Conversion Research and

Development Programs at the University of Tennessee Space Institute.

A computational procedure is employed to determine the planar,

axisymmetric flow fields within a confined duct. It is based on

solving a stream function and vorticity formulation of the

Navier-Stokes equations for fully elliptic flows. The tangential

momentum effect of swirl for axisymmetric flow has been introduced. The

working fluid is assumed to be a perfect gas. The wall is assumed to be

smooth, rigid and impermeable. The gravity forces and thermal radiation

exchanges are neglected in this study. The partial differential

equations for steady-state, two-dimensional, compressible, viscous flow

are solved by a finite difference method. The coordinate transformation

and decay function are used in the current study to solve complex

geometry and to provide numerical solution stability. A constant

viscosity is used for some simple flows, and a two-equation turbulence

model is used for more complicated flows. Some of the numerical

solutions are favourably compared with analytical solutions and

existing experimental data. For the remaining numerical solutions, more

information not being available in the literature, the predicted results

require verification.
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CHAPTER I

INTRODUCTION

Background

The Energy Conversion Research and Development Programs (ECP) of

the University of Tennessee Space Institute (UTSI) is conducting

research, development and testing of pilot scale magnetohydrodynamic

(MHD) power generators for cycle augmentation of coal-fired, generating

power plants. Schematically, the MHD open cycle test train at the Coal

Fired Flow Facility (CFFF) is shown in Figure 1. The open cycle is based

on burning pulverized, seeded coal to very high temperatures (5400 ®R).

The coal is seeded with K2CO3 and fed from a pressurized hopper in dense

phase (greater than 40 Ibm/ft^) into a combnstion chamber. After the

coal/seed mixture is mixed with vitiation heated oxidizer and burned in

the combustor, the resulting gas/slag mixture is expanded through a

transonic nozzle into an MHD generator channel contained between the

poles of a magnet. The flow rate of the combined coal/seed mixture for

this facility is normally 1.0 to 2.0 Ibm/s. The gas/slag mixture leaves

the channel after doing work against the magnetic field, which work is

partially extracted in the form of electrical energy, and then enters a

diffuser which slows the flow down to moderate, subsonic speeds and

increases the gas static pressure to about 1 atmosphere.

The combustor configuration is cylindrical in cross-section. The

coal and oxidizers are mixed by a system based on the aerodynamics of

multiple, parallel, turbulent jets aligned with the axis of the

1
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combustor. The jets are created by multiple, round, parallel holes

passing through an injector or disperser plate. The plate is oriented

perpendicularly to the combustor axis and installed at inlet plane of

the combustor. The plate creates a two-stage combustion process by

dividing the combustor volume into an upstream vitiation heater and a

downstream coal combustor. The gas from the vitiation heater passes

through these holes creating jets of hot (typically about 1980 ®R)

oxidizer. These jets mix with the fuel, pulverized coal, sprayed from a

central, pintle-type, plugged nozzle. The primary combustor design

variables are the oxidizer hole diameters, the number of holes, and the

radii of the concentric rings of these holes from the centerline of the

combustor, and the characteristics of the pulverized coal injection

nozzles. Some limited research has been done at TJTSI to investigate the

effects of variations of these fundamental parameters on the combustor

performance, its internal aerodynamics, slagging characteristics, and

heat flux distributions on the walls.

To minimize heat loss, the combustor surface area is minimized

so that the space heat release rate is about 4000 Btu/ft^/s. Compact

combustors that operate with either swirling or recirculating flows or

both have been developed for industrial use. The UTSI combustor does

not depend upon swirl but upon aerodynamically generated and controlled

recirculation through the mechanisms of jet mixing and entrainment. The

jets are designed to:

1. Entrain and mix thoroughly the pulverized coal (and seed

material) with the oxidizers in a compact cylindrical combustor;

3



2. Establish sufficient fuel residence time in the combustor to

provide for coal particle pyrolysis, fixed carbon and volatiles

utilization and combustion, and permit seed species vaporization;

3. Decay quickly and efficiently so that the characteristic

jet-like velocity, temperature and species profiles (which are Gaussian

or cosine profile shaped) become uniform or flat, thus providing homo

genous, high temperature, uniform electrical conductivity flow at the

nozzle inlet plane, without inducing flame impingement on the combustor

or nozzle walls; and

4. Provide a sufficiently high bulk gas velocity to promote 100

percent slag entrainment from the combustor voliime so that it passes out

through the generator.

Therefore, the key parameters controlling the combustor aerody

namics and combustion kinetics are the composition of the coal, the coal

particle size distribution, the temperature and composition of the

vitiation gas, the number and diameter of the oxidizer holes in disperser

plate, their geometrical placement over the surface of the plane, and

the design and operation of the coal injection nozzle which is located

on the combustor centerline.

When the gas/slag mixture leaves the generator channel, it still

maintains high temperature (4500 ''r) and high speed, therefore the

diffuser is an important component in the UTSI MHD power generation

system that can remove heat, reduce the flow speed and increase the

static pressure to atmospheric.

4



Objective of the Research Program

Most practical problems, for instance the UTSI MHD combustor

and diffuser, are three dimensional in nature, and in cases with

chemically reactive flows, the chemical reactions release a large

amount of heat and so the flow field changes very rapidly with time or

space. Therefore, a set of time dependent equations are required to

obtain a transient solution. However, in many cases, one is only

interested in the steady state solution. The steady state solution can

be approached asymptotically by marching the time dependent governing

equations in time, but in some cases the necessary computer time is

much larger than that required to solve the steady state forms of the

governing equations. Therefore, the problems being investigated in the

present research are based on a set of governing equations that are

two dimensional, steady state, in planar or axisymmetric coordinates

under nonreacting conditions. These simplifications allow many

practical flows of interest to be solved, and can provide conceptual

understanding of complex flows even those with intense chemical

reactions occurring.

The design of combustors and diffusers can often be greatly

facilitated by use of procedures for calculating local flow properties

as a function of the device geometries, inlet boundary conditions, etc.

Design changes leading to improved performance could be made. The object

of the present research was to develop methods of predicting the

characteristics of flow, for instance the pressure distributions, the

flow patterns, the geometry of the separated and reattachment regions,

5



confined within ducts to provide a route which leads to the

accomplishment of design objectives. The basic ideas for developing

the governing equations and the computer code is based on Chien and

Schulz [l-7j.



CHAPTER II

THEORETICAL ANALYSIS

Governing Equations

The flow in the region of interest is assumed to be laminar or

turbulent, steady-state, two-dimensional, compressible or incompressible,

and viscous fluid. Gravity forces and thermal radiation exchanges are

neglected in this study. The wall is assumed to be smooth, rigid and

impermeable. The governing equations are the equations of continuity,

momentum, thermal energy and state. One may write these equations.

Reference [s], in vector form:

Continuity

V • (p^) =0 (1)

Momentum

p (v • V) V = - Vp - (V • t) (2)

Energy

pC^ (^ . V) T = - (V • ̂ ) - T (V . ̂) - (t : V^) (3)

State

P = P ̂  T (4)

The differential operations involving the V-operator in the

rectangular and axisymmetric coordinates are summarized in Appendix A.

7



In the past, the solution of the above set of governing equations was

difficult for incompressible or nearly incompressible flows because the

equation of state could not be used to close the set of equations.

Therefore, much research was performed using, instead of the momentum

equations in component form, equation for vorticity that could be

derived from the Navier-Stokes equations, and was explicitly independent

of pressure gradient terms. That is the approach of the present study.

To complete the formulation, it is convenient in two-dimensional flow

to introduce a stream-function. This function automatically satisfies

the continuity equation and can be related to vorticity through its

fundamental definition.

Derivation of Stream Function Equation

For the steady state flow the equation of continuity becomes

(pur^) +|_ (pvr"^) = 0 ;
dx dr

(5)

let

= pur*^, |1 = - (6)
dr dx

where 6=0 applies to planar flows and 6=1 applies to axisymmetric

flows. In equation (6) ip is defined as a compressible stream function

which identically satisfies equation (5). Vorticity is defined by

w = V X V

'^xS + ̂r®r +



where

0) = + 6 w
X  9r r

^  9x

and

9v 9u /-7\
%-j^ Ji

For two dimensional planar or axisymmetric flows, vorticity

becomes a scalar quantity, composed of only the (Hq component. Hence for

2-D flows, by combining equations (6) and (7) one gets the equation

|!|L + |!| - i |£ |t - (i |P + 1) It + pr«Je - 0 (8)
9x 9r2 p 9x 9x p 9r r 9r °

Transport Equation for Vorticity

Equation (2), a vector equation, can be decomposed into the

three component equations of motion (Navier-Stokes) as follow:

X-component

r-component

P (u|^ + v^-6 5^)=-|B - ^ + 6 (10)
9x 9r r 9r ^ 9x 9r r ^

0-component

P (u ̂  + v ̂  + 6 :^) = - + 26 (II)
9x 9r r 9x 9r r



To derive a vorticity transport equation, differentiating

equations (9) and (10) with respect to r and x, respectively, and using

continuity equation (5) and the definition of cOq produces a governing

equation in which the pressure term disappears:

8^0)0 1 ^ . aiu 1 . - P>ii . 11.+  (pu- 2|!i) (pv - 2|!1-s E)
" 9?^ u 93^' ̂  y ^ ^ r' ir

+  (pv - H) 03. + 26 P
yr r o y r 9x

- ̂  ((V • ̂ ) p + (u |x + V |z - 6:5ii) |p - (u |ii + V |pj
y ^ 9x 9r r 9x 9x 9r 9r''

+ I IE + 2(|x - |H) + (|H + |E) <|!w . |!p)3
y ^r ̂  dr dr dx dxdr dr dr dx^ 3r^ ̂

+ I (1^ I- I- = 0 (12)y '-9x 9r 9r 9x ^

Governing Equation for Tangential Velocity (Swirl)

Expand equation (11), one then has the following governing

equation for the flow with swirl:

+ i!w _ 1 (pu - 2 ̂ ) ̂ - i (pv - 2 ̂  - 6 H)
9x2 9r2 y 9x'^ 9x y 9r r^ 9r

- — (pv +|H +ii) w = 0 (13)
yr 9r r

Poisson Equation for Static Pressure

Once the stream function and vorticity solutions have been

obtained, the pressure distribution can be recovered. There are two

ways to solve the pressure field; (1) integration method and (2)

differentiation method. The pressure can be calculated from the linear

10



integral of the Navier-Stokes equations (9) and (10) along any path.

Since the pressure is a scalar, the difference of pressure between two

points is independent of the path. In this thesis, the pressure

distribution along the boundary is calculated by an integral method which

will be described in this chapter later on. For interior or internal

flowfield points, by differentiating equations (9) and (10) with respect

to X and r, respectively, one gets a Poisson type of pressure equation:

9^p , 9^p , 6 9p „ f9u 9v 9u 9v » /V.aT or w 9w
93^+-^+7 97" 2 fe 97" 97 97" ̂ ^7^ j P - 25p 7^

-  [26 ̂  (V • v) - u (V • v) - V (V • v) - (V • v)^] p

,  9u 9u. 9p . 9v 9v . w . 9p
+ (u o 1- V ■^) + (u o— + V "o 6 —)

9x 9r 9x 9x 9r r 9r

,  , , <5 , 9ia ,9^6 , , V , 9y
2  i^9^ 7 97 ~ ^97" ^ 7^^ 97
,9u 9v. 9^)j _ 9^y-i
9r 9x 9x9r 9x 9x^ 9r 9r^-'

+ |(v-?) (|^^0 + |f).o (U)
For interior field points, this equation is solved by finite

differences exactly the same as the vorticity and stream-function field.

In the incompressible flow the effect of pressure variations on density

is negligible and the calculation of pressure is always performed at the

end of the flow field computation. However, in the compressible flow,

11



the pressure variations affect the density, and cannot be neglected in

the course of the numerical solution. In this case, the calculation of

pressure must be done within the iterative cycle of successive

relaxations.

Transport Equation for Thermal Energy

Let one introduce Fourier's law of heat conduction, q = -KVT,

and assume a perfect gas, equation (3) then becomes

3^T , 3^T 1 3K, 3T 1 3K ^ K^ 3T
3x2 + 9^2 K " 3x^ 3x K 3r " r^ 3r

+ i {|i ((V • ?) - 4 (|^ + « 5; - p) (V • ?) . 0 (15)
K  j or r

Governing Equations for Turbulent Flow

For many fluids the dynamic viscosity is a function of

temperature. Hence it is also termed "molecular viscosity". Pressure

has a slight effect on the viscosity of gases and a negligible effect

on that of liquids. As the flow passes to a higher Reynolds number the

inertia forces become dominant and cause the flow to experience random

fluctuations in all directions, but the molecular viscous:forces are

still important. This results in another form of momentum and energy

transfer called turbulent mixing between adjacent layers. As one moves

the flow to a higher Reynolds number, the flow is fully turbulent where

12



the inertia forces predominate and transport by molecular viscous forces

can be neglected. The change, over a certain Reynolds number range, of a

laminar flow into a turbulent flow is called transition. There are many

ways to model the motion of turbulent flows, of which, two are: (1) a

statistical turbulence theory and (2) a phenomenological turbulent

mean-flow analysis.

The statistical turbulence theory is based on an analysis of the

fluctuations themselves which is beyond the scope of the present study.

One therefore confines oneself to an engineering analysis of turbulent

mean flow from which one may predict the gross properties of a turbulent

flow.

Since the Navier-Stokes equation (2) is an equation of motion for

a continuum viscous fluid, it is valid for laminar, transient and

turbulent flows. The instantaneous velocity components and pressure in

a turbulent flow must satisfy the equation. Considering a point of

turbulent flow in a flow field, an instantaneous fluid property ip can be

expressed in term of a time-averaged part (}) and a momentary fluctuation

part (f)', i.e.

(J) = (j) + (J)' (16)

If all the dynamical variables such as u, v, T, p, p, etc., are

expressed in this form, and substituted into the Navier-Stokes equation,

and then the Navier-Stokes equation is time averaged, the resulting

equation is called the Reynolds averaged Navier-Stokes equation. There

are additional terms in the Reynolds averaged Navier-Stokes equation,

13



compared to the original Navier-Stokes equation. For example, there are

some additional terms like pu'v', pu'T' and many others. If density

fluctuations are small then the first term can be written pu'v'. pu'v'

can be interpreted as an additional turbulent or Reynolds stress term,

while pu'T' can be considered the turbulent heat flux term. These new

terms are related not only to physical fluid properties but also to

local flow conditions, and the new system of equations is not closed,

it contains more unknowns than knowns. Therefore a special treatment is

needed to approximate a solution to a turbulent flow by inventing models

for what are thought to be the important new terms, and neglecting the

rest.

One approach, called Boussinesq's eddy viscosity concept, assumes

that the turbulent stress is analogous to the viscous stress in laminar

flows that is, equals the product of a turbulent viscosity times a mean

flow gradient. Similarly, an eddy diffusivity concept is assumed to

define the turbulent heat flux. These concepts relating the turbulent

stress and turbulent heat flux to the time-averaged velocity or

temperature gradients are discussed in Appendix A. The time averaged

forms of equations (8-15) were derived, and, using Boussinesq's

approach, were rewritten for turbulent flow in the following forms:

Equation for Stream Function

|!| + |!|-i|E|5. 4f + i)|i+praie.O (17)
9x^ 9r2 p 9x 9x p dr r dr
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Transport Equation for Vorticity

dx^ dr^ \Xq dx dx Pe r 9r

VeT^ r » P„ r 8x

-^((V-'^P+(u|5+v|2-6-«_)M- (u|H+v|i^)|P]
Pe dx dr r dx dx dr Sr-*

Governing Equation for Tangential Velocity

9^w , 9^w 1 ,-- ^ S^pN 3w 1 /-- o 9Pe s ^e\ 3w
1; 2 -sf' - it; ^ ̂ ^ "3?

^  (pv + 4!is+ 5 = 0 (19)
yer 9r r

Transport Equation for Thermal Energy

92t 9^1 1 (-- 9Ke. 9T 1 9Ke ^ Kg. 9t

+ ̂  {|^[(V • v) - 4 (|| + 5 |)) - p} (V • ̂ ) + g = 0 (20)

where

p. v{2[(|)ii)=+(|y)=«(iL)^)+(|ii'-.|y-)'+ (|sy)^+(|i'-5^')^}
^ 9x 9r r 9r 9x 9x 9r r
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Poisson Equation for Static Pressure

i!£+l!l+Al£_ - 6 D - 265
8x2 8r2 r 8r 9x 8r 8r 8x r r 9r

-  [26 — (V • t) - u (V • t) - V I- (V • t) - (V • t) p
r  9x 9r

4 r 9^ —itn . 9^ , 5 9
-ife (V.^)+|^(V.^)+^l-(V.^))ye

I  9u , _ 9us 9p 9v , - 9v x \ 9p

,9u , 9v> 9 e _ 9u 9 e _ 9v 9^yp -i
9r 9x 9x9r 9x 9x2 9r 9r2 ^

-14 (^)|^)

4 (TTT) 1^3.04^11^,

+ < -0 (21)

Equations (17), (19), and (20) are obtained from equations (8),

(13), and (15), respectively, whereas equations (18) and (21) are

obtained from the equations of motion:

x-component

— /-— 9u , - 9u ̂ 95 r 9^6 6 — 4 9 ■■
" ("^ -""If* " --5; -"f "9 -3-5^ (' i-'J c®

9u 2 Ttt . 1 9yp _j_ ^u _i_ 9v \ 9ye

&
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r-component

-  3v , - 8v f. 3p , . 49 ,rj . ,,

+ (|i-i)|^+[2i-|('^)]|^

where the effective viscosity may be thought of consisting of the

molecular viscosity, y, plus a turbulent contribution, the turbulent

viscosity, y^. Thus

yg = y + y^ (24)

If the flow is laminar, equation (24) becomes yg = y, if the flow is

fully turbulent the effective viscosity then approaches the turbulent

viscosity. Similarly, the effective thermal conductivity may be thought

of consisting of the molecular thermal conductivity, K, plus a turbulent

contribution, the turbulent thermal conductivity, K^, i.e.

Kg = K + Kt

where K^- is also not a property of a fluid. From Boussinesq's analogy

for turbulent viscosity and turbulent thermal conductivity, they can be

formed into a dimensionless ratio called the turbulent Prandtl number:

Basically the turbulent Prandtl nvimber is changed with local flow

conditions, however it is taken to be a constant or at most a function

17



of the molecular Prandtl number Pr. With Pr^. assumed known, the

turbulent thermal conductivity and turbulent viscosity then can be

correlated.

Equations (17-21) are the basic relations for mean stream

function, mean vorticity, mean tangential velocity, mean thermal energy,

and mean static pressure. Inspection of above equations shows that they

are basically similar to equations (8-14) if, for example, y was simply

replaced by an effective viscosity. However in deriving the Poisson

equation for static pressure by Reynolds' averaging a new term

2  r. /1!i£ + + + 2 (lPl<+l£i^)+K (^ + i lP)l
3  ̂ 8x2 8r2 ̂  r 8r^ ^ ^3x 9x 8r 9r^ ^ ^9x2 ̂  3r2 ̂  r '

is introduced by the additional terms

2  /■_ 9ic , 9p.. j 2 9k , 9pv
3  9x 9x^ 3 9r 9r^

that arise from the Reynolds' averaged equations of motion (22) and

(23), respectively. Similarly, the turbulent energy equation (20)

appears similar to the laminar energy equation if the molecular thermal

conductivity is replaced by an effective thermal conductivity, but

having now a very complex energy dissipation term including the

turbulent kinetic dissipation term. For brevity, the overbar will be

neglected from the equations and understood to apply where necessary.

The procedure so far has resulted in transport equations that

will apply to turbulent flow, except that the unknown Reynolds'

stresses and turbulent diffusion terms have been replaced by unspecified

functions called eddy viscosity and eddy thermal diffusivity. The

18



problem is to close the system of equations by formulating models for

the eddy viscosity that apply with sufficient physical meaning to

turbulent transport processes. Once the eddy viscosity is specified,

the eddy thermal diffusivity is determined through the concept of the

turbulent Prandtl nvimber.

For flows in ducts and pipes, turbulent viscosity models of

increasing complexity can be defined:

Constant viscosity model. In this model, the turbulent

viscosity is assumed to be a constant throughout the flow field, i.e.

= constant

This value is usually found by matching calculated results to

experiment or from available empirical information. For example, a

formula for effective viscosity in axisymmetric combustors with

constant density and co-axial jets was developed by empirical evaluation

[9]:

li^ - 0.0279 L p K'

The subscript is shown in Figure 2. This simplest model can provide one

with approximate solutions for simple flow problems.
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Figure 2. Typical Schemata of Six Different Inlet Geometries.
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Algebraic viscosity model. There are many empirical formulas

which have been used in the literature. A first step was made by

Prandtl in 1925. He related the turbulent viscosity to the local

velocity gradient through a turbulent mixing length H, with the result

n2 |9U|dt = 1^1

The mixing length has to be prescribed empirically. For example, in

fully developed turbulent flow with the value of Reynolds number

greater than 10® for the case of smooth pipes, it can be written as

[io)i

£ = [0.14 - 0.08 - 0.06 (Ij)-] Rz (26)

which is only a function of radial position.

The Prandtl mixing length model is useful only in simple

shear-layer flow like developed duct flows where the length scale can

be specified empirically. However, in complex flows like recirculating

flows this model is not suitable since a single meaningful length scale

is hard to define in general.

Schulz [5,6] developed a model for two-stream, coaxial mixing

with recirculation, when the duct to jet radius ratio is greater than

ten, by matching calculated results to experimental data. From this

process, a simple formula resulted:

dt = 0.0285 Pj Uj rj [l + x/(275 r^)] (27)
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Equation (27) shows that the effective viscosity increases with

increasing distance along the duct and is independent of radial

position. Such a model is also limited in application to the flows for

which it was evaluated or correlated.

Two-equation turbulence model. Over the last 10 years, an

implicit two-equation ic-e turbulence model, References [ll,12], has

been commonly used in computer codes for turbulent flow prediction. It

is one of the best-tested turbulence models for both internal and

external flows. Transport equations for the turbulent kinetic energy,

K, and the turbulent kinetic dissipation, e, can be derived from the

Navier-Stokes equations to obtain closure by using the turbulent

viscosity/diffusivity concept.

Transport Equation for Turbulent Kinetic Energy

1  , 9ye\ 3k 1 3ye ^ yeN 9k■5—5- + -5-^ - — (puO;, - -^) -5 — (pvQ;. - - 6 -^) ^3x2 3r2 ye 3x 3x ye or r 3r

+ (|f)^ + ° ^28)

Transport Equation for Turbulent Kinetic Dissipation

3^e , 3^£ 1 „ 3yeN 3e 1 ^ „ 3yp ^ y^., 3£
15? ^ - -s; 'f-'e - IF-' 1; - 51;
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where is given by equation (24) and y^ is defined by something called

the "Prandtl-Kolmogorov formula"

yt = P # (30)

The coefficients a , a_, C , Cj, C2 in equations (28), (29) and (30) are
)C ^ H

all empirical constants found from correlating theoretical results to

experimental data. This method also suffers thus from trial and error

development. However, by solving a set of transport equations for k and

e, it is thought that the model should account for a wider class of flow

and also therefore account for boundary conditions imposed by the

physics of the flow.

Common Form of All Governing Equations

To facilitate the numerical solution of all the governing

equations, for xp, Uq, p, k, e, and so on, each equation was manipulated

into what is called the "standard form" of the governing equations.

d(p . d(t> , - ....

Thus, each and every transport equation is cast in this form as a

first step for numerical solution.

Numerical Method

Even today, of the numerical method available for solving

differential equations, those employing finite differences are more

frequently used and more universally applicable than any other. By using

coordinate transformation schemes, finite difference methods can treat
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some irregular physical computational domains just as easily as and

often more accurately than finite element methods. For example, in the

present study, the irregular physical plane (x,r) is mapped into a

rectangular computational plane (?,ri) where the elliptic partial

differential equation (31) is then rewritten in terms of the

computational plane coordinates and solved using finite-difference

approximations with prescribed boundary conditions. Special functions

are then introduced to reduce truncation errors to their smallest

values, and to make the numerical scheme stable. The numerical

procedures used in the present study are briefly described as follow:

Coordinate Transformations

In general case, the transformation functions from the physical

plane to the computational plane are given by

C = f(x,r)
(32)

n = g(x,r)

For a general differential dependent variable <}), the partial

derivatives in the governing equations are transformed using chain-rule

differential from a (x,r) system into a (c;,!!) system, for example:

1$. = 1? M ^ M (33)
9x 9x 9? 9x 9ri

+  (34)
9r 9r H 3r 9n

Higher derivatives can be obtained by repeated application of equations

(33) and (34) (the chain rule for higher derivatives).

24



The Jacobian matrix for the transformation equation (32) is

iS.N
/ 3x 3r

Ml =

In
dx

(35)

Suppose that equation (32) can be solved for x, r in terms of 5, q, i.e.

X = F(?,ri)

r = G(C,r|)
(36)

The Jacobian matrix of equation (36) is

M2 =

dx dx

3? 3ri

3r 3r

3? 3ri

(37)

The function in equations (32) and (36) are assumed to be

single-valued and to have continuous derivatives in the region of

interest so that the transformation between (x,r) and (5,q) is unique.

Then the Jacobian determinant for equation (37) is

_ 3(x,r)
3(C,il)

3x 9x

3? 3n
3r ll
3C 3ti

3x 3r 3r 3x

3? 3ri " 3? 3n ° (38)

The Jacobian matrices, equations (35) and (37), are related by

Ml = M2
-1 (39)
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From equation (39), one then has

_ 1 3r
9x J 9ri

9^ _ j-l ̂
9r J 9ri

9ri _ ̂
9x J 9 5

9n _ _1
9r J 9C

Derivatives of first order and higher order in the computational plane

are given in Appendix B. A more detailed discussion of the transformation

described above is given in References [l3,14j. From a number of

numerical experiments it has been found that the use of finite difference

approximations of higher-order truncation error result in no better and

sometimes lower overall accuracy than simpler lower-order finite

difference approximations, References [l5,16]. Since very few successful

finite difference methods based on higher than second-order accuracy

have been used for solving the Navier-Stokes equations, a finite

difference approximation scheme based on second-order accuracy was used

in the present investigation. The finite difference approximations with

second-order accuracy in the computational plane at (i,j) are included

in Appendix C.

The standard form for the governing partial differential

equation (31) then transforms into the same general form

A  + A _R M.- -R M.+ n = 0 C^O)\(p 9^2 ^2(P 9^2 ®l(f) 95 ^2(P 9n 4'
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in the computational plane. The standard coefficients Ajcj),

B2(f) and are listed in Appendix D for ip, (jJq, w, p, T, ic, and e, in

terms of the general nonorthogonal coordinate transformation scheme

discussed previously.

Finite-Difference Approximations

To illustrate a commonly used coordinate transformation

numerical technique, the rectangular computational grid system which

results from a nonrectangular physical geometry, is shown in Figure 3.

One uses the notation (i,j) to indicate the intersecting point of the

vertical grid line passing through and the horizontal grid line

through nj. The numerical solution will consist of determining the

dependent variable (p at the finitely spaced grid points. Basically the

computational plane is divided into two types of points: interior and

boundary points.

The first step is to approximate the partial differential

equation (40) using the central-difference expressions (Appendix C) at

the representative interior point (i,j). In order to make the finite

difference equation exact and stable, special functions called "decay

functions", developed by Chien [l,2], are introduced. Equation (40)

then becomes

- Bix ̂  - B,. -^ + Da = 0 (41)
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Figure 3. Coordinate Transformations Used to Transform Physical
Geometry to Uniform Rectangular Computational Geometry.
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The decay functions, and are precisely exponential functions

of integrals of parameters and R(j)|^. However, they can be accurately

approximated by algebraic functions, namely

= 1 - 0.0625 for |r^^| < 2

and

- 1 - 0.0625 for IR^^I < 2

1^" Ktll ^ 2

in which the grid Reynolds numbers are

B,

and

®2A

The approximate representations are much faster to compute than

the precise forms for G^pj^. When the second order accurate

finite-difference representation of all terms in equation (41) have been

determined, the general difference equation can be obtained in the

following form:

(})i,j - Cg (J'i+ij + Cy j + Cy + Cg + Dp (42)
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where the coefficients are defined by

- M) / E.
'(j)CE  Grf,. A?2 2AZ ^

C„ = (— / Ep

Cj, = (— / Ep
N  G^^ An 2 2An P

c„ = (—^ / Ep
S  An2 2An P

°p = ̂ 0, / Ep

and

= 2 ( + _AsL_)
^  Sn

Equation (42) shows that the value of (j) at the central point (i,j)

is related to the value of (j) at four neighbour points. The coefficients

Ai(|), Azff), Bzcj), and D(j) are all evaluated at the point (i,j).

When equation (42) is applied at all interior points of Figure

3, one has (IN-2)(JN-2) algebraic equations for each variable, where IN

and JN are the total number of grid points in the C and n directions,

respectively. The total number of equations depend upon the number of

grid points used. In order to obtain adequate numerical resolution,

grid points should be closely spaced in regions where rapid change occurs

in the dependent variables. The coordinate transformation scheme often

automatically provides this desirable feature for optimum resolution

with relatively few mesh points.
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Since one has formed the finite-difference equations for all the

grid points in the computational plane, the next task one has to do is

to solve this set of equations. There are various methods for solving

the system of nonlinear algebraic equations that one obtains from

elliptic partial differential equations modeled by finite differences.

In principle, one can solve these simultaneous algebraic equations

directly by the elimination method. However, the elimination method is

completely impractical when the number of grid points is large. It

requires too large computer storage and time. Usually, the number of

grid points required in the study is quite large. In this case either

alternating direction, line by line, or, point by point, successive

under/over relaxation schemes can be employed to obtain accurate, fast

convergent solutions. Since the elliptic equations and their algebraic

representations are nonlinear, iterative methods are necessary in any

case. In the present study the iteration scheme used was:

4'i,j = ('i'i,j)old % [^'''i,j^new ~ ^'^'i,j)oldl

where Rp is called the relaxation parameter which lies between 0 and 2,

and j is given by equation (32). Estimating the optimum value of Rp

is a difficult problem, and at present, for any given situation, it must

be determined by numerical experimentation.

For each variable <j), a local residual is defined by

- ̂ old) / 'J'oldl

A converged solution is accepted when r^ = lO""* everywhere in the flow

field.
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A calculation procedure for incompressible and compressible flows,

laminar and turbulent, is summarized in Figure 4. Specifically, Figure 4

represents a flow chart for the numerical scheme that shows the steps

the program takes to compute a given type of flow. The particular order,

for completing the iterative solutions of the flows, shown in Figure 4

was found to be stable and efficient. Often the flow studied is air, so

the thermodynamic properties of dry air at atmospheric pressure, as a

function of temperature, are shown in Figure 5 (Reference [l?]). These

properties were used when required to solve for air flows.

Boundary Conditions

In order to conclude the specification of the analysis, the

associated boundary conditions should be considered. Examples are given

of the type of boundary conditions which are encountered in practical

circumstances. Here the boundary points and hence the boundary conditions

are divided into four types; inlet, wall, exit, and symmetry axis.

Inlet boundary conditions. In this study, there were six

different inlet geometries considered (Figure 2) with three types of

boundary conditions:

1. Known inlet boundary conditions. For example one may input

the experimental data if it is available.

2. Uniform inlet boundary conditions. When the working fluid

enters the entrance from a reservoir, all fluid particles move with a

uniform velocity U, i.e. u = U, and v = w = 0. One assumes the fluid

properties are all constant. In this case inlet turbulent kinetic energy

32



(  START )

\

^ DATA

N/

GRID

NH0T=1

YES

TEMP(T)

NO

ISWC=0 NO

NDEN=

READ(ll) YES

YES

FIELD ik:

PRESS(p)

STREAM (ti;) DENS(p)
ITERATION

LOOP

VORTCooa) BOUN

UWEL(u,v)
NO I=NMAX

or

RSDU<rNO

NSWIRL=1

YES

YES NO

NDEN=0

WVEL(w)

YES

PRESS(p)NO

ISC=3

? WRITE(12)
YES

OUTPUT

turkCk)

r-^ \( STOP )TURD(e)

Vise (lit)

Figure 4. Flow Chart of Computational Procedure.

33



2.30

.T 1.88
4J

M-l

'el.46
..Q

1.04 -

2 0.62
X

<^0.20

'  1 1 M I I

i_J

2 2.75
o

>2.67
rH

3 2.59
cc

2.51

2 2.43
X

r22.35

I  I ^ I

I  I I ! I I I f I

180. 504. 828. 1152.1476.1800.

T (°R)

180. 504. 828. 1152.1476.1800,

T (°R)

1.43

1.41

^5"1.39
ex

" 1.37

1.35

1.33

' I 'MI

i_J I  ! I L_J

180. 504. 828. 1152.1476.1800.

T (°R)

2.80
4J

M-l

W
2.32

"S
1.84

i~i

Vw/

lA
1

1.36
1

o

X 0.88

0.40

I  i I rn—I—I—I

I  I I I I I I I t

180. 504. 828. 1152.1476.1800.

T ("r)

4.00
o

is. 30
•

:e2.60
3

SI.90 -

'^1.20
^0.50

M I | i 1 ' I '

1  I I I i I I I I

180. 504. 828. 1152.1476.1800.

T ("r)

0.80 I  I I—I

0.77

0.74

0.71

0.68

I  I ■ I ■0.65

180. 504. 828. 1152.1476.1800.

T (®R)

Figure 5. Properties of Dry Air at Atmospheric Pressure.

34



K, dissipation e and turbulent viscosity are equal to zero. This

change from zero at the entrance where the velocity profile is uniform

to an appreciable degree of turbulence farther down the duct has been

clearly shown by experiments with dye in a stream [ig].

Since the stream function may take on an arbitrary additive

constant, the value zero will be assigned to the first grid point (1,1).

Once the velocity profile and the fluid properties are defined the

distributions of stream function can be determined from equation (6),

i. e.

•P -5-^ - R,^")

In solving a stream function and vorticity formulation of

Navier-Stokes equations for fully elliptic flows, the accuracy of the

entire solution is essentially defined by the calculation of the

vorticity at the boundaries. The transformed vorticity from equation (7)

is

dv ^ ^ /, ON
" 9x 9^ 9x 9n 9r 9^ 9r 9n ^

For a radially uniform inlet velocity profile, equation (43) can

be rewritten as

" 9x 9c " 3r 9c

where all space derivatives in above equation are represented by

second-order forward-difference expressions.
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3. Inlet flow is fully developed; for example, for laminar flow

9 u
if one assumes v = w = = 0, equations (9) and (10) then become

3p _ 9"^xr „ "^xr
9x ~ 3r r

and

-^ = 09r "

These two equations can be combined to give

r  9p A
^xr 5+1 9x r6

or

9u 1 . r 9p A .

where A is a constant.

Then the velocity profile can be obtained from equation (44) by

integration. However, it is more useful to express the velocity profile

in terms of an inlet bulk velocity U rather than the pressure gradient

9p
The inlet bulk velocity can be derived from the conservation of mass

flow. That is

2^
(R2 - Ri) (Ra +Ri)« X

Ri

u = /o _ 1. ^ a. V (45)

Then the pressure drop can be calculated from equations (44) and

(45). For two-dimensional problems, the flow fields are symmetric about

the central axis at r = 0, and so one considers only the solution domain

in the upper half section of the enclosures (Figure 2). The equations of
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pressure drop and profiles of velocity, stream function and vorticity

for the fully developed laminar flow can be summarized as follow:

For laminar planar flow

_ -3liU
9x ~

"-f [1-

Ij) = -| pUr [3 - (^6)

0)0 - 3U 5^

For laminar pipe flow

9p. = -8yu
9x Rj ̂

u = 2U [1 - (^)2)

= "I pUr^ [2 - (^7)

0)0 = 4U ̂

For laminar annulus flow

9£ _ -8uU ln(Ri/R2)
9x " (Rz'^-Ri^HCRj^+RiZ) ln(Rj/R2)

2U , 2 1 T> 2 T R2 2 1 Ri \
" " (R2 2-Ri2)+(R2 2+Ri2) InCRi/Rj) ^ 2 Ri 1^"

i (R2 2-Ri2)+(R2 2+Ri2) ln(Ri/R2) ^^^2' "
- 2r^ Inr) + 2v^ (^2^ InR^ - Rj ̂ InRj) - (r** + R/) li^]

^  2U r(R2' - Ri^) , . TJ^]
9  (R2 2-Ri2)+(R2 2+r^2) in(Ri/R2) I r R2 J
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The analytical profiles, except that for pressure drop, are

presented in Figure 6. Figure 6 shows that the maximum velocity occurs

at the mid-radius (R^ + R2)/2 with a value of 3U/2 for laminar planar

flow, the velocity distribution is a paraboloid of revolution about the

centerline, and the maximum velocity occurs at r = 0 with a value of 2U

for laminar pipe flow, and maximum velocity does not occur at the

mid-radius (Ri + R2)/2 of the annulus for laminar annulus flow.

When the flow becomes turbulent or passes through irregular

cross-sectioned pipe before entering the control volume, the control

volume inlet (f) profile can be obtained by solving the general difference

equation (42) directly. The above condition 2 can be used as an inlet

boundary condition in this case.

For inlet flow based on fully developed turbulent pipe flow,

except when working toward the most precise results, one can use the

1/Nth power law:

1/N
u = u^ (1 - I-) (49)

^2

to obtain an approximate distribution of inlet axial velocity, stream

function and vorticity. From equation (45), it is easy to show that

n  = (N + 1) (2N + 1) u
C  2^2

ijj = U [l - (1 + N ^ I-) (1 - (50)

. (B + 1) (2N + 1) „ (1 .
0  2N^ R2 R2

38



r  -

0)0
1.0.0 M M M 1 n

D.B

0.5

0.^

0.2

I  ■ I I I I I I I  I I I M I If I I I I I
0.0

0.0 0.5 1.0 1.5 2.0 0.0 0.2 OA 0.6 0.8 1.0

PLANAR FLOW

-8.-6.-4.-2.0. 2. 4. 6.

1.0 M ' 1 M M M '

0.8

0.6

0.4

0.2

I  I I I I I I M I I I I I I I I I I I  I I I I I  I I I I ^ M M I
0.0

0.0 0.5 1.0 1.5 2.0 0.0 0.2 0.4 0.6 0.8 1.0 -8.-6.-4.-2.0. 2.4.6.

PIPE FLOW

1.01.0

I  I I I I M M 1 I
0.0

0.0 0.5 1.0 1.5 2.0 0.0 0.2 0.4 0.6 0.8 1.0 -8.-6.-4.-2.0.2. 4.6.

ANNDLUS FLOW

D NUMERICAL ANALYTICAL

Figure 6. Typical Comparison of Numerical Solutions (Re = 500) of
Velocity, Stream Function and Vorticity at the Exit
with Analytical Profiles.

39



where N is a positive number. For example when N approaches infinity

equation (50) can be rewritten as

u = U

i> = j pUr^

0)0 = 0

Equation (49) is commonly so-called the l/7th power law when N = 7 and

equation (50) then becomes

60 /, r .1/7

" " 49 " " - it'

t  D [l - (1 + I (1 - (51)

60U /, r ,.-5/7
"9 ■ 34357 " " RT'

which can be applied for values of Re up to 10^. For Rg larger than 10^,

a better approximation is obtained by using N = 8, 9 or 10 instead of 7.

The equation of vorticity indicates that the vorticity approaches

infinity as r approaches Rj and has finite value as r approaches zero.

Such a result would require that the shear stress become infinitely

large at the wall and has finite value at the center line. So, the

equation of vorticity from the l/7th power law does not apply exactly at

the pipe wall and the center line. However, it can be used as an initial

guess.

Wall boundary conditions. It is customary to assume that the

no-slip condition prevails at an interface between a viscous fluid and a
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solid boundary with or without rotation, i.e. u = v = 0. The tangential

velocity must be equal to that of the wall itself. Therefore, if the

wall boundary is stationary, w = 0 at all points along the wall; if the

wall boundary is rotating about the symmetry axis, for a given angular

velocity the tangential velocity is defined by w = fJr. Since the

wall is assumed to be impermeable, the stream function must remain

constant along the wall, i.e.

ip = pur dr
Jr,

At no-slip boundaries, the vorticity produced on the wall is diffused

and convected into the surrounding flow field. It is proportional to

the wall shear stress which essentially drives the flow. Therefore the

calculation of the wall vorticity is very important to the accuracy of

the entire solution. This should be performed with at least the same

degree of accuracy as the calculations in the interior flow field.

Basically, the wall vorticity can be obtained from: (1) the definition

of vorticity and (2) the Taylor-series expansion of stream function.

The transformed wall vorticity from equation (43) based on the no-slip

condition is

OJn = In 3v _ (52)
®  3x Bri 3r 3ri

For the second approach the Taylor-series expansion of ip at (i,JN-l) is

Tp = li; + (^) Ar + i (1^) Ar^
^i,JN-l ^i,JN i.JN 2 3r2 ^

1 (l!l)
6 ^3r3 i,JN

+ 1 T.T + OCAr") (53)
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With the no-slip condition, one gets

9 ̂il)
With (-^i—t) . tm obtained from the definitions of vorticity and stream

0  X, JiN

function, and the continuity equation via the coordinate transformation.

1. e.

(55)

9
and with obtained by differentiating the definition of

vorticity, one finally obtains

9^r) 9u 2 8^u „ _9_C 9^u
9x2 9^ vgx' 9ti2 9x 9x 9c9ri

9rt ,9C 9n 9p 9ri 9n 9p . r P 9riv 9^ijj-, ,
+ "91 97 9^ 97 97r 7 97^ 97F^

9''^0
The term — is evaluated by a first-order backward-difference

dr

expression. Substituting equations (5A-56) into equation (53) and

solving for 009^ gives

i  j6( ̂ i,jN - 'J^i.JN-l)
'^Qi.JN f 9C 9p 9n 9p ^ 0 Ar2 + Ar [26/r + +^■^)/pJ Pr Ar

,, A fiin 4. 2 9^u , , ^ ̂  9^u "[
'^Bi.JN-l - 13x2 9n ^9x^ "9Ti^ ^ 9x 9x 9?9nJ

9i1 f9n 4. A 4. 4.
- "97 ^ 97 ~ ^"97 9? + "97

0 / (Pr^)} (57)
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For example, in incompressible planar flow with ^ = 0, the
oX. oX

wall vorticity then becomes

0). . tn = ̂  " '^i.JN-Pp ^^2 2 0i,JN-l

which is the same as given by Wood's method [l9].

It may also be worthy to model a slip condition with the viscous

equation. This implies that the second grid point from the wall is

outside the boundary layer. It is assumed that the wall coincides with

the outermost streamline and the vorticity vanishes along this particular

streamline, i.e., the wall vorticity is given by &)0 = 0 and the

velocities along the wall are given from equation (6) (also see Appendix

D 8 and 9). All space derivatives in above equations except the term
or

in equation (56) are represented by second-order backward-difference

expressions.

The wall pressure as mention in Chapter II can be obtained from

equations (9) and (10) by integration method. Equations (9) and (10)

written in the transformed coordinates are

= Pj(? >0) »

- P,<C,n)

where

P, = (Ai |I1 - A2 |II) / ̂  |I1 - |I1)
or ox ox or or Ox

P  = (Azl^ - Alii) / (^In -lillL)
Bx 3r Ox 8r 8r 8x

(58)
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The coefficients Aj and Aj are given in Appendix D. Since the

pressure is a scalar, the difference of pressure between two points A

and B is independent of the path, the transformed wall pressure then can

be written as

Pg = ^ (Pi d? + p2 dri) (59)

In the region very close to the wall where the turbulence intensity is

low, the K-e model is not applicable in this sublayer region. In other

words, equations (28) and (29) are valid only where flow is fully

turbulent. The variation of the turbulence transport properties to

account for the wall effect should thus be considered. There are two

ways to handle this problem, namely, the wall function method and special

models of low Reynolds number turbulence. Several investigators have

calculated the flows throughout the laminar, transition and fully

turbulent regions using special models of low Reynolds number turbulence.

They include Wolfshtein [20], Glushko [2l], Jones and Launder [22,23]

and Chien [s]. In this approach, the effect of the molecular viscosity

near the wall is included. In order to obtain adequate convergence,

grid points should be closely spaced in the sublayer region where

variables change rapidly. However the necessity to place many grid

points near the wall leads to a very expensive computation. Therefore

the wall function method is employed in the present study.

In the wall function method the second grid point, p, from the

wall with a distance yp is located just outside the laminar sublayer.
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The values of u, k and e on p can be found by using tne law of the wall.

In general the law of the wall is given by

u"*" = ̂  InCEy"*") (60)

where k and E are constant and can be obtained from the experimental

data, and

+  u
u  = —T

u*

+  yu*
^  V

in which

Equation (60) is valid only when y"*" is limited to within a

particular region close to the wall. Therefore, the axial velocity at

point p is

u = u^ ln(E yp u*)
k  V

where u*, the friction velocity is obtained from equation (60)

iteratively.

In the turbulent sublayer, at least at point p, the turbulent

energy production is equal to the dissipation and the turbulence

reaches a local equilibrium ^3,11,12], i.e.

Vt (|il)' = e (61)
3y

45



This together with equation (30), leads to

With the assumption that the shear stress is uniform in the sublayer,

the turbulent kinetic energy at point p is then

u*^
K - r7s— (63)

J ]i

From equations (60) and (61) the turbulent kinetic energy dissipation is

given by

u*^
e = ̂  (64)

kyp

In the laminar sublayer, the nondimensional velocity distribution

obtained from both theoretical analysis and experiment is

u+ = y+ (65)

The wall vorticity can be shown from equations (7) and (65):

*2,  u
OJo = ±

V

where the positive sign is for an outer wall and the negative sign is

for an inner wall.

Exit boundary conditions. For the general dependent variable (f)

except pressure p, there are two commonly employed ways to define the

exit boundary conditions:

1. The gradient in the flow direction vanishes, i.e.

= 0 (66)
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The first derivative can be derived from Taylor-series expansions

for (}) = f (x) at and from which one gets two equations

by eliminating the derivative terms of order greater than two. Solving

these two equations, one obtains the approximate expression for the

first derivative with unequally spaced grid points:

- did2 (d! + d2)

- (di + dz)^ <t'lN-l,j 'i'lN-2,j]

from which

'''iN.j = (2di + dz) dz 'f'lN-l.j - <^IN-2,j]

2. The longitudinal dissipation is negligible, i.e.

0 ■ °

Similarly, finite difference second derivatives can be derived

from Taylor-series expansions for (() = f(x) at and

Xin-3 j, from which one gets three equations by eliminating the

derivative terms of order greater than three. Solving these three

equations, one obtains for unequally spaced grid points:

(111) - 2 [ 3d, + 2d, + dz .
'>9x2''lN,j ^ tdi (di + dj) (di + d2 + dg)

2di + 2d2 + ds , 2d., + d^ d" dg ^

djdj (dz + dg) '''IN-I,j dzdg (di + dz) '''lN-2,j

2^ + dj
da (dz + da) (dj + dz + da)
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from which

'^IN.j djdg (dj + d3) (3di + 2d2 + d3) + ̂^2^

(dj + dj + d3) (2dj + 2d2 + d3) ~ 2 + "^a)

(di + dj + d3) (2dj + d2 + d3) <J>xN-2,j '^i'^2

(dj + d2) (2d3 + d2) (fJiN-sj

where

di =

'^2 = ''IN-I.j " ''lN-2,j

^3 = ̂ IN-2,j " ̂IN-3,j

Symmetry axis boundary conditions. At the symmetry axis

|i=o
9r

is assumed for all variables except v, w, ijj and 009 which are given a

zero value. For other variables the gradient can be derived from

Taylor-series expansions for cf) at r^ 2 ^i,3'

= d2di (d2 + dj) '^'1,3 - ̂ ^2 + ̂ 2)2 <),.^2

+ d2 (d2 + 2di)
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from which

2

6. = (h. (^i.3 - '^1,2)
ijl i>2 (J2 (d2 + 2di)

where

<^1 = ̂ 1,2 - '^i.l

^2 = ̂ 1,3 - ̂ 1,2
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CHAPTER III

NUMERICAL RESULTS AND DISCUSSIONS

Code Verification Studies Using Exact or Analytical

Solutions for Reference

First of all, the numerical algorithm was checked and the

validity of the decay function was established by (1) considering a

steady state, two-dimensional conduction heat transfer problem and (2)

using the constant effective viscosity to predict fully developed

laminar planar, pipe and annulus flows. As is described below, suitable

procedures could be devised to examine each of these aspects and

thereby to validate the results. The results were compared with

analytical solutions. In this chapter, the results are all shown in

graphical fomn and all the values indicated in the figures are

dimensionless.

Heat Transfer by Conduction

First consider an analytical approach to a steady state,

two-dimensional heat conduction problem and then compare it with the

numerical solution which may be used to advantage in the following

calculations. Consider a rectangular plate, L in length and (R2 - Ri) in

width where three sides of the plate are maintained at a constant

temperature T^, and the lower side has some temperature distribution

given as a function of x, f(x). Since only heat flow is considered, the

energy equation (20) then reduces to the Laplace equation. To solve the
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equation, the separation-of-vartables method was used. The boundary

conditions were then applied to obtain

T(x,r) = ^ sinh [ (-^) (Rz - Ri - r)] sin(^ x) (68)

where

"n ■ L slnh (n1l(R, - R,)/l) Jq ^ ° " '■
A typical presentation of the analytical solution for f(x)

assuming a constant T is shown in Figure 7. The present numerical

solution exactly coincides with the analytical solution. The decay

function approach was not necessary for solving a Laplace equation.

Unheated Laminar Flows

Consider a working fluid with uniform properties and uniform

velocity that enters ducts. The first problem selected was to predict

the fully developed profiles of velocity, stream function and vorticity

in a planar duct formed by two parallel plates; the second problem

selected was the flow in a round pipe and the third problem was to

predict flow in an annular duct. For all problems, the duct length L was

held constant at a value of 100. Typical comparisons are presented in

Figure 6 of numerical solutions of the fully developed velocity, stream

function and vorticity profiles at the last station of the ducts with

exact or analytical profiles for Rg = 500. The Reynolds number was

defined by

_ 2pU (Rg - R,)
e  y

51



I
 I '
 •
 

« 
• 

• 
H

-*
—

'—
'—

'—
'—

•+
•—

'—
'—

'—
'—

—
'—

'—
■—

■—
H

—
'—

'—
—

'—
'—

'—
'—

^
T 

= 
0

.0

N
U

M
E

R
IC

A
L

A
N

A
L

Y
T

IC
A

L

0
.5

;^
L/

1
h

O

0
.0

0
.2

1
.0

F
ig

ur
e 

7.
 

Is
ot

he
rm

s 
in

 a
 R

ec
ta

ng
ul

ar
 P

la
te

.



The numerical solutions obtained in the present analysis are in

excellent agreement with the analytical data. The dimensionless

pressure drops (^) for the fully developed laminar planar, pipe and

annulus (R1/R2 = 0.34) flows are -3.0, -8.0 and -11.7 which are also in

excellent agreement with analytical results, equations (46-48). At

higher Reynolds number, the flow undergoes a remarkable transition from

laminar to turbulent flow. Solutions for these cases are discussed in

the following sections.

At a Reynolds number Rg = 1000, based on the pipe diameter, a

grid composed of 21x21 nodes resulted in solution times of approximately

1.5 minutes (297 iterations) of IBM 370/3031 CPU time without decay

functions, and approximately 0.9 minutes (149 iterations) with decay

functions. The numerical results for both cases are within a 2 percent

deviation from the analytic solutions for a convergence criteria r^ =

10""*. Basically the deviation is caused by the increased Reynolds

number. The calculations also showed that the exit boundary conditions

(66) and (67) gave the same solutions when the duct length, L, was long

enough to permit fully developed numerical results.

Hence a demonstration has been provided of the utility of

solving a stream function and vorticity formulation of the

Navier-Stokes equations for fully elliptic flows by a finite difference

method using the special decay function to provide numerical solution

stability and control of truncation errors.
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Application of the Code to Complex Flow Problems

Planar Flow with Heat Transfer

Next a calculation is presented of another standard test case

where a flow with a uniform temperature T and uniform velocity U enters

a planar duct with isothermal walls. The wall temperature was kept

constant at which was different from the inlet temperature. The

results for the axial velocity along the centerline of the planar duct

compare favourably with other numerical solutions of the same flow

obtained by Runchal [9], Wang and Longwell [24], and Schlichting [lO],

and are shown in Figure 8. Figures 9 and 10 show the transverse and

axial temperature distributions for the planar duct flow with

isothermal walls at a Reynolds number and Prandtl number of Re = 150

and Pr = 0.75.

Low Reynolds Number Flow through a Symmetric Sudden Expansion

This test case is a problem concerned with the flow of air across

an axisymmetric sudden expansion. The numerical calculations were made

by systematically varying the flow Reynolds number, the core jet width,

the duct geometry, the angular velocity (swirl), and the compressibility

to provide a qualitative understanding of the effects of these

parameters.

An axisymmetric sudden expansion, as shown in Figure 5(c), at an

arbitary Reynolds number of 50, and an enlargement factor, (Rj/Arj)-!,

of 1 with a zero duct angle, was chosen as a reference case (Table 1,

case B). Cases A and C show other cases with the same conditions but at
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Table 1. Summary of Variables in the Computational
Problems for Low Reynolds Number Flow
through a Symmetric Sudden Expansion

Variables

Cases Re a 0 n

A 25 1 0 0

B 50 1 0 0

C ICQ 1 0 0

D 100/3 1/3 0 0

E 100 0 0

F 50 1 -tan"^ (1/4) 0

G 50 1 tan'^ (1/4) 0

H 50 1 0 1/2

I 50 1 0 1
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half and double the Reynolds number, respectively. In cases D and E, the

input mass flux and the duct angle were held constant but the values of

the enlargement factor were changed to 1/3 and 3 which lead to Reynolds

numbers of 100/3 and 100, respectively. Cases F and G are the cases with

the same conditions except they have conical convergent and conical

divergent sections located at 3 < x < 5 with duct angles of -tan~^(1/^)

and tan"^(1/A) measured at x = 3, and have values of exit radius r =

0.5 and 1.5, respectively. The duct length L was held constant at a

value of 10. A parabolic inlet velocity profile, given by equation (47),

was used in all cases. Since the flows may not reach fully developed

conditions for L = 10, equation (67) was employed for the exit boundary

conditions.

The streamline patterns and the axial velocity profiles obtained

from the reference case B are shown in Figure 11. When the fluid enters

the abrupt cross-section enlargement, a rapid decrease in velocity takes

place, and flow kinetic energy is lost to the creation of recirculation

regions upstream near the inlet. The flow kinetic energy is dissipated

to heat as the recirculation decays downstream. Recirculation occurs

when the surrounding fluid is entrained and mixed with the inlet jet

flow. Finally, the stream approaches a fully developed state at the

outlet. It should be noted that in planar flows, increased spacing

between the streamlines at constant Aijj indicates lower velocity, and

therefore lower mass flux. However this concept is not true for

axisymmetric flow.

59



O
N

o

1
*
 0
0

0
.
 5
0

0
,
1
5

O
.
 \
Z
,

1
3
5

Q
0
-
 \
o

.
o
B

O
.
O
b

0
 .
o
4
.

0
,
o
2
.

0
.
 0
0

0
.
5
0

1
.
0
0

0
.
0
0
 

1
.
0
0

I 
s
c
a
l
e
 I

2
.
0
0

3
.
 0
0

4
.
 0
0

5
.
 0
0

6
.
0
0

7
.
0
0

8
.
 0
0

0
1

g
.
 0
0

1
.
0
0

1
0
.
0
0

F
i
g
u
r
e
 
1
1
.
 
R
e
f
e
r
e
n
c
e
 
C
a
s
e
 
B
.
 
S
t
r
e
a
m
l
i
n
e
s
 
a
n
d
 
A
x
i
a
l
 
V
e
l
o
c
i
t
y
 
P
r
o
f
i
l
e
s
 
f
o
r
 
R
e
 =
 
5
0
,

a
 =
 1
,
 0
 =
 0
 a
nd
 S

l 
=
 0
.



Figure 12 shows the vorticity and static pressure contours for

reference case B. It is useful to describe flow in terms of the

distribution of vorticity. For laminar flows, vorticity cannot be

created or destroyed in the interior of a homogeneous fluid, and is

produced only at boundaries. The heavy concentration of contour lines

near the corner of the abrupt enlargement of section indicates a high

vorticity gradient which force the fluid particles to go counterclock

wise as shown in the upper portion of Figure 11. Inspection of the zero

vorticity line shows that the separation point occurs at r = 0.55, a

little above the corner, and that reattachment occurs at x = 2.30,

determined by interpolation of streamlines.

For values of x less than 2.30, the wall vorticity is negative,

therefore, a reverse flow is produced near the wall. At x = 2.30 where

recirculation vanishes, the wall vorticity is zero. This x^. is called

the reattachment length. As the value of x increases beyond 2.30, the

wall vorticity progressively increases in magnitude, hence the axial

velocity near the wall increases and the central axial velocity

decreases in the mean flow direction until the flow becomes developed

at X = 10.

In the lower portion of Figure 12 the contours of the pressure

coefficient are presented. The pressure coefficient, (p-p^-gj)/(0.5pU ),

is negative approaching the corner of the abrupt enlargement section.

Therefore the separation point is usually located in the region of low

pressure or in the region of an adverse pressure gradient. Beyond the

zero pressure coefficient line, the pressure coefficient is again
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positive and approaches the one-dimensional, inviscid Bernoulli

approximation, requiring a pressure increase in an expansion. It is

noted that the pressure field is obviously two-dimensional in the

upstream and nearly one-dimensional in the downstream as indicated by

the nearly vertical contour lines.

Effects of Reynolds number. In Figures 13 and 14 the Reynolds

number is decreased from 50 to 25 as shown in Table 1, case A. If

Figures 11 and 13 are compared, the effect of decreasing the Reynolds

number can be determined. Generally, for the low Reynolds number, the

recirculation zone becomes smaller and moves backward toward the

expansion. Upstream, the streamlines spread further apart, indicating a

weaker entrainment. In the downstream when x > 8 where the flow is

fully developed, the streamlines coincide with the reference case. The

zero vorticity line given in Figure 14 shows that the separation point

occurs at f = 0.56 and reattachment occurs at x = 1.16. At x = 1.7 the

wall pressure gradient is equal to zero.

In Figures 15 and 16 the Reynolds number is increased from 50 to

100 as shown in Table 1, case C. Comparison of Figures 11 and 15 shows

that the recirculation zone grows larger and extends farther downstream

if Reynolds number is increased. Also, the velocity of the backflow in

the recirculation zone is increased. For Rg = 100, the duct length is

not long enough for the flow to reach a final fully developed condition.

The zero vorticity line shown in Figure 16 shows that the separation

point occurs at r = 0.54 and reattachment occurs at x = 4.57. The
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position of the zero wall pressure gradient has shifted to farther

downstream at x = 6.6. From these calculations it was found that the

laminar reattachment length increased with increasing Reynolds number,

and the separation point, near the corner of the abrupt enlargement

section, moved toward the corner with increasing Reynolds number. The

predicted laminar reattachment lengths for various Reynolds numbers are

in reasonable agreement with the experimental data [25] as shown in

Figure 17.

Finally, the central axial velocity profiles and the wall

pressure distributions for these three cases are summarized in Figures

18 and 19, respectively.

Effects of core jet width. Figures 20 and 21 (case D) show the

effects of increasing the core jet width while maintaining a fixed flow

rate. As the core jet width is increased, the recirculation zone gets

smaller and seems to disappear. The corner streamline follows the wall

smoothly as is shown in Figure 19. Even though a low pressure region

exists near the corner, flow separation and reattachment are difficult

to interpret from the data shown in Figure 21. The zero wall pressure

gradient has shifted upstream almost to the vertical wall. For the case

of decreased core jet width (case E), the recirculation zone became

considerably larger, and extended much farther downstream, as is seen

by comparing Figures 11 and 22. Obviously the flow can not reach its

final fully developed shape within this short duct length. The zero

vorticity line shown in Figure 23 shows that the separation point

68



8. _l I 1 I I I M I I I I 1 1 I M I I I I I  1 I I I J I 1 1

7. - + PRESENT CALCULATIONS

MACAGNO & HUNG (EXP. DATA)

6. -

5.

xr

4.

3. -

2. -

1. -

0.

+

I  I I I I I I II  I I

5000^

+ ̂ +
50000

I  I I I I I

0. 25. 50. 75. 100. 125. 150. 175. 200.

Re

Figure 17. Reattachment Length in Laminar Flow through a
Symmetric Sudden Expansion for a = 1.

69



2.0

1.8

1.6

1.4

n M i I I I MI M I I  j 1 n

CASES Re

25

50

ICQ

0.8

0.6

0.4

0.2

g^Q I "I I I I I I I I I I I I I I I 1 I I I I I I I I I I I I I I I I I I I I I I I I I I I I I I I I r

0.0 1.0 2.0 3.0 4.0 5.0 6.0 7.0 8.0 9.0 10.0

X

Figure 18. Comparison of Central Axial Velocity Profiles for
Cases A, B and C.

70



0.6 I  I 1 I I I I I I I I I I I I I I 1 I I 1 I I I I I I I I I I I I 1 I

0.5 -

0.4 -

0.3 -

0.2 -

0.1

0.0 -

-0.1

-0.2

CASES Re

25

50

100

I  I I I I I I I I I I I I I I I I I I I I I I I I I I I I ^l I I I I I I I I I I I I I I I I I I

0.0 1.0 2.0 3.0 4.0 5.0 6.0 7.0 8.0 9.0 10.0

X

Figure 19. Comparison of Wall Pressure Distributions for Cases
A, B and C.

71



1
.
0
0

0
.
7
5

1
.
 0
0

-
j

N
3

0
.
 0
0 I r

3
.
7
5

1
.
0
0

0
.
 0
0

^ s
ca

le
^

0
 u
 
1

1
.
0
0

2
.
0
0

3
.
0
0

4
.
 0
0

5
.
 0
0

X

6
.
 0
0

7
.
 0
0

8
.
 0
0

g
.
 0
0

1
0
.
 0
0

Fi
gu

re
 2
0.
 

Ca
se
 D
. 

St
re

am
li

ne
s 
an
d 
Ax

ia
l 

Ve
lo
ci
ty
 P
ro

fi
le

s 
fo

r 
Re

 =
 1
00

/3
o
t
=
l
/
3
,
 0
 =
 0
 a
n
d
 

=
 0
.



1
.
0
0

0
.
7
5

0
.
0
0

l
.
o

i
-
5

3
.
5

2
.
0

?
5

\
.
o

0
.
5

O
J

0
.
7
5

1
.
0
0

0
.
0
0
 

1
.
0
0
 

2
,
0
0
 

3
.
0
0
 

4
.
1

-
*
 

M
-
H
 
1
—
H
 

1 
1
-

5
.
 0
0
 

6
.
0
0
 

7
.
 0
0
 

e
.
 0
0
 

9
.
 0
0

1
.
0
0

1
0
.
0
0

X

F
i
g
u
r
e
 
2
1
.
 
C
a
s
e
 D
.
 
V
o
r
t
i
c
i
t
y
 
a
n
d
 
S
t
a
t
i
c
 P
r
e
s
s
u
r
e
 
C
o
n
t
o
u
r
s
 f
o
r
 R
e
 =
 1
0
0
/
3
,

a
 =
 1
/
3
,
 0
 =
 0
 a
n
d
 
SI

 =
 0
.



1
.
0
0

0
.
 2
5

0
.
 0
0

0
.
 2
5

0
.
6
3
5

3
0

±
5

0
5
0

2
.
5

X
Q

1
5

O
O
D

1
.
0
0

1
.
 0
0

-
>

> h k
 •

0
.
0
0
 

1
.
0
0
 

2
.
0
0
 

3
.
0
0
 

4
.
0
0
 

5
.
0
0
 

6
.
0
0
 

7
.
0
0
 

8
.
0
0
 

9
.
0
0
 

1
0
.
0
0

,
s
c
a
l
e
,

I
 I 

X

0
 2
 
1

F
i
g
u
r
e
 
2
2
.
 

C
a
s
e
 
E
.
 
S
t
r
e
a
m
l
i
n
e
s
 
a
n
d
 
A
x
i
a
l
 
V
e
l
o
c
i
t
y
 
P
r
o
f
i
l
e
s
 f
o
r
 
R
e
 =
 
1
0
0
,

a
 
=
 
3
,
 0
 =
 
0
 
a
n
d
 

=
 
0
.



1
.
0
0

1
.
0
0

L
n

0
.
2
5

0
.
 0
0

0
.
 2
5

1
.
0
0

-
 0
.
5

O
.
o

o

o
 \
 f
t.
©

I
 I
 
I
—
I

0
.
0
0
 

1
.
0
0
 

2
.
0
0
 

3
.
0
0
 

4
.
0
0
 

5
.
0
0
 

6
.
0
0
 

7
.
0
0
 

8
.
0
0
 

9
.
0
0
 

1
0
.
0
0

F
i
g
u
r
e
 
23
. 

C
a
s
e
 E
.
 
V
o
r
t
l
c
i
t
y
 
a
n
d
 
S
t
a
t
i
c
 P
r
e
s
s
u
r
e
 
C
o
n
t
o
u
r
s
 f
o
r
 
R
e
 =
 1
0
0
,

a
 
=
 
3
,
 0
 =
 0
 
a
n
d
 

=
 
0
.



occurs at f = 0.3 and reattachment occurs at x = 8.4. The position of

the zero wall pressure gradient has shifted downstream at x = 8.75. The

effects of varying the core jet width, while maintaining a fixed flow

rate, are indicated by the changes in central axial velocity profiles,

and wall pressure distributions, in Figures 24 and 25, respectively.

Effects of duct angle. Figures 26 and 27 show the effects of

decreasing the duct angle (gradual contraction, case F). Comparison of

Figures 11 and 26 shows that the streamlines and vorticity profiles

upstream, x < 3, almost exactly coincide with each other. Beyond x = 3,

walls contract caused by the negatively sloping wall, until at x = 5,

the wall becomes horizontal again. A long exit section, 5 < x < 10, is

used in the calculation to provide enough distance for the flow to

approach the fully developed state.

If Figures 12 and 27 are compared, it is found that they have

much the same flow structure upstream of the contraction section. At x =

5, another heavy concentration of vorticity occurs near the walls, which

indicates a high vorticity gradient where the fluid enters the

contraction section. The zero wall pressure gradient for case F occurs

at X = 3.1. On the other hand. Figures 28 and 29 show the results of

increasing the duct angle (gradual enlargement, case G). It is not easy

to compare these figures with that of reference case. However, careful

analysis indicates that they also have similar flow structure for x < 3.

Beyond x = 3 the flow expands in the enlargement, which acts like a

diffuser. The zero wall pressure gradient for case G has shifted
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downstream to x = 5.7. Figures 30 and 31 demonstrate this. In summary,

it was found that the different duct geometries in the downstream had a

relatively minor effect on the structure of the flow and recirculation

zones upstream, at least for the cases tested.

Effects of swirl. Figures 32-35 (Table 1, cases H and I) show

the effects of adding angular velocity while maintaining the inlet

reference conditions as given in case B. For case H, the flow enters a

duct rotating at angular velocity SI = 0.5. Thus the fluid in contact

with the wall causes the flow to rotate about the centerline. It was

found that the recirculating zone gets progressively smaller as a

result of increased angular velocity. In Figures 33 and 35, the zero

vorticity lines show that the separation points occur at f = 0.56 and

0.60, and reattachments occur at x = 2.23 and 2.04, respectively. If

Figures 12, 33 and 35 are compared, it is found that they have

completely different pressure distributions. In the region close to the

wall, the pressure gradient in r direction at high angular velocity is

greater than at low angular velocity. In the region close to the

centerline, the pressure gradient in x direction at high angular

velocity is greater than at low angular velocity.

Finally, the effects of varying the angular velocity are

indicated by the changes in central axial velocity profiles and wall

pressure distributions, in Figures 36 and 37, respectively.

Effects of compressibility. All the solutions considered in

reference case B have been for an incompressible fluid with constant
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temperature. If the effects of compressibility are considered, the

variation of fluid density as a result of variations in pressure and

temperature in the flow must be given. For low Mach number flow it was

found that the streamlines, velocity profiles, vorticity and static

pressure contours closely coincide to the incompressible flow contours.

It is noted that the central axial temperature and density distributions

along X direction in nondimensional form are nearly symmetric with

respect to the centerline as shown in Figure 38. Higher Mach number

compressible flows have not been attempted at the present time.

Low Reynolds Number Flow through a Symmetric Annular Jet

The problem is basically the same as the problem just described

above, except that the entrance flow is replaced by an annular jet

(Figure 2, D). In this problem, study of the recirculation zones was of

most interest and the effects of duct angles on the upstream flow

pattern was not considered. The calculations were made by varying the

annular jet radial position, while keeping the flow rate and injection

velocity constant, as shown in Table 2. In Table 2 case J was chosen as

a reference case. Figure 39 shows the reference streamlines and axial

velocity profiles. It shows that there are two recirculation zones in

the flow field. One recirculation zone surrounds the outside of the main

flow, and lies near the wall. The other recirculation zone is much

smaller and lies near the centerline. Inspection of the zero vorticity

line shown in Figure 40 indicates that the outer separation point occurs

ar f = 0.63, very close to the upper corner of the jet, and outer zone
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Table 2. Summary of Variables in the Computational
Problems for Low Reynolds Number Flow
through a Symmetric Annulus Jet

Cases

Variables

Re ATi

J 100 1/2 1/5

K 200 1/4 2/5

L 200/3 3/4 2/15
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reattachment occurs at x = 3.64. The line of zero pressure coefficient

also is clearly shown in Figure 40.

The effects of decreasing the annular jet displacement from the

centerline may be observed in Figures 41 and 42. The outer recirculation

zone grows considerably larger and extends to the end of the duct,

whereas the inner recirculation zone disappears completely. When the

jet displacement from the centerline increases, the outer recirculation

zone grows smaller and the inner recirculation zone grows larger as

shown in Figures 43 and 44. Typical wall pressure distributions for

these flows of separating annular jets are indicated in Figure 45.

Turbulent Flows through Circular Pipes

For these calculations it was also assumed that the working fluid

entered a circular pipe with uniform fluid properties and velocity. In

order to compare the numerical solutions with the experimental data

obtained by Laufer [26], two flow cases with Reynolds number Rg = 50000

and Rg = 500000 were considered. The duct lengths, L, were established

with values of 40 and 60 for Rg = 50000 and 500000, respectively. It

was assumed that the flows could reach their final fully developed

states, and so equation (66) was used for the exit boundary conditions.

As Chien [s], Schulz [?] and others have pointed out, the coefficient

in the Prandtl-Kolmogorov formula must vary across the turbulent pipe

flow. By making comparisons with experimental data, it was found that

Cy was constant up to f = 0.75, and had to decrease linearly from 0.09

at f = 0.75, to 0.05 at wall, f = 1. The two-equation turbulence model

together with the wall function method for boundary conditions was
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employed to calculate the flows. The axial velocity distributions at

the last station of the ducts are summarized in Figure 46. The l/7th

power law is also presented for comparison. For Rg = 50000, the

predicted velocity is little higher than the experimental data

especially near the wall. This may be due to a length, L, that was too

short. For Re = 500000, the numerical solution is in excellent agreement

with the experimental data.

Turbulent Flows through a Symmetric Sudden Expansion

Corresponding to reference case B, an axisymmetric sudden

expansion flow problem at high Reynolds number was considered. The

Reynolds number was varied from 50 to 5000 and to 50000. Table 3 (see

page 94) shows the conditions under which the calculations were made.

The first calculation was based on a constant effective viscosity jig,

whose value was specified by the equation Re = 5000. For the other two

calculations, effective viscosity was determined from the two-equation

Table 3. Summary of Variables in the Computational
Problems for High Reynolds Number Flow
through a Symmetric Sudden Expansion

Variables

Cases E£ Turbulent Model

M  5000 Constant Viscosity

N  5000 Two-Equation

0  50000 Two-Equation
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turbulence model for inlet Reynolds numbers of Re = 5000 and 50000. For

the inlet boundary conditions, the calculations were made using a l/7th

power law velocity profiles. To start the ic-e calculations the inlet

effective viscosity profile was calculated from Prandtl's mixing length

theory and the l/7th inlet velocity profile. The mixing length was

obtained from equation (26). The inlet turbulent kinetic energy and its

dissipation were calculated from equations (62) and (30), respectively.

The results of the calculation are shown in Figures 47-52.

Contours of vorticity and static pressure, shown in Figures 48 and 50,

indicate a big difference in flow structure when comparing the

constant effective viscosity case to cases N and 0. The recirculation

zones and the profiles of mean axial velocity for bg = constant case

and the K-e cases appear similar; but the vorticity contours show that

the K-e flows have more concentrated vorticity in the near field.

Hence they have sharper or steeper interior field velocity gradients.

The effect of increasing Reynolds number is small when comparing the

solution obtained with the two-equation turbulence model. It is

interesting to note that the turbulent reattachment length seems to be

constant; it does not vary with Reynolds number. This information was

noted previously on Figure 17. It is well known that lij. changes

throughout the flow field and usually becomes zero along the walls.

Hence the use of the constant viscosity model would yield grossly

unrealistic velocity and pressure fields as indicated by the changes in

central axial velocity profiles and wall pressure distributions, in

Figures 53 and 54, respectively.
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CHAPTER IV

CONCLUSIONS

A general, two-dimensional computational procedure was developed

to predict planar and axisymmetric flow fields confined within a duct.

It is based on solving a stream function and vorticity formulation of

the Navier-Stokes equations for fully elliptic flows. The partial

differential equations for steady-state, two-dimensional, compressible,

viscous flow were solved by a recently developed finite difference

method based on general coordinate transformations and special functions

called decay function. The conclusions drawn from the research are as

follows:

1. The inlet boundary conditions must be determined with some

care and should match the appropriate physical inlet conditions.

2. The calculations showed that the exact nature of the exit

boundary conditions, equations (66) and (67), has little effect on the

upstream solutions if the duct is long enough. However, equation (66)

can be applied only for fully developed flow, whereas equation (67) can

be applied for both fully and nonfully developed flows.

3. The boundary condition for vorticity at a wall given by

equation (57) was used successfully in moderate Reynolds number flows;

however it was found that this second-order form was likely to cause

instability at high Reynolds number or in fine grids. Hence, equation

(52) is recommended for use to calculate wall vorticity for moderate

Reynolds number flows. For high Reynolds number flows, a wall function
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method should be used for vorticity just off or adjacent to the wall.

In the present study the boundary values of vorticity, axial velocity,

turbulent kinetic energy and its dissipation were found by using the law

of the wall.

4. For a turbulent mean-flow analysis, it was found that the

molecular viscosity in the governing equations (8-14) could replaced by

an effective viscosity, and the instantaneous fluid properties could

replaced by time-averaged fluid properties. However, in turbulent flows,

a second-order, new term due to the "turbulence" must be introduced in

the Poisson equation for static pressure. Also, for turbulent flows, in

the energy equation (20) the molecular thermal conductivity must be

replaced by an effective thermal conductivity, and the instantaneous

fluid properties also can be replaced by a time-averaged fluid properties,

however, a turbulent kinetic dissipation term was introduced.

5. It is found that one cannot rely on the Navier-Stokes

equations alone to obtain general solutions to problems in turbulent

flows. In other words the governing equations are semi-empirical.

6. In a core jet flow, the laminar reattachment length is found

to be not a constant number as for turbulent flow, it is increased

successively with increasing Reynolds number. The turbulent reattachment

length seems to be constant, and does not vary with Reynolds number.

7. The Reynolds number as well as the radial location of the

annular jet (oxidizer injection) both have a great effect on the

structure of the recirculating flows.
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8. The different duct angles in the downstream had a relatively

minor effect on the structure of the flow upstream,

9. In order to demarcate the recirculation flow regions, it is

better numerically to define the }p = 0 streamline along the wall.

10. Both laminar and turbulent cases have been considered and

analyzed using the present method.
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APPENDIX A

SUMMARY OF DIFFERENTIAL OPERATIONS INVOLVING

THE V-OPERATOR IN RECTANGULAR AND

AXISYMMETRIC COORDINATES

V • V = -rr- + -s ho —
9x dr r

(^•V)4..u|i+v||

- -s

Nlr -H

Ne - 0

^  = 9^ + ̂  ̂ 7 ̂

9u , 9u

2
f-)- -y] 9v , 9v w

• «)g . u |2+ V ^

(' -1. - - If
9v 9ufu V -^1 - o'v
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Modified Boussinesq Eddy Viscosity

= - Pt [2 1^- I (V • ̂ ] + I PK

pv'v' = - dt [2 + 3

pw'w' = - [26 ̂  (V • ̂  ] + ̂  PK

3u . 9vs
pu'v' = pv'u' = - Pt 3^^

pu'w' = pw'u' = - dt (|^

3w ~ Wvpv'w' = pw'v' = - dt (3^ - 5 -)

where

K = (u + V + w )/2

and

6=0 applies to planar flows

6=1 applies to axisymmetric flows

Eddy Diffusivity

pu'i' . - r |I

3Tpv'T' = - r 9^

where

Pt
r =

Prt
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APPENDIX B

DERIVATIVES IN THE COMPUTATIONAL PLANE

9x 9^ ^9x'' 9n
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9^n r.9g:v2 . o 8c 3ti 5^x .9ri>,2 9^C 3^x 5^ri
3^^ 3C3 ^ 9x 9x 3?29n "9?^ 9x2 9^2 9x2 95919

.(2 .dJ.z _ 9^Jl /_^>,2 , (2 ,9Jv2 _ llJ] /ln>v2
Hj ̂9?-^ W^J 9x^ 9n 9x'^

,  .2 9J _^ _ 21j_x 1? ia _ l!i 11 _ ifa H-) In-i / j
J 9C 9ri 9c9n 9x 9x 9x2 95 9x2 9n 9r

9^C r/9nN2 9^ . ,9Cn2 9^r o 9c9ti 9^r 9^n 9^r . 9^g 9^r
"9^^" ̂'■97'^ "97^ ^9r 9F^ 9r 9r 9c8n2 9r2 9c9Ti

f(2 ,9Jx2 9^Ji .95.2 , \2 _ llJl /^>,2
Hj ^95^ ~ J^i ^9r b bn 9r|2J

,  , ,2 9J 9J d^J s 9? 9n 9^? 9J lb 17^ 1?) / j
b 9c 9n 9?9n 9r 9r 9r2 9^ ' 9r2 9n 9x'

3b _ r/3Cv 9b . 7 laln_3lr_ . ,^x2 _9^ , lb lb , lb llr_
9x9r2 ^br^ 9^3 9r 9r 9?29n br'^ 9?9n2 9r2 9?2 9r2 9?9ti

,  ft 2 .9Jx2 _ 9b] .lax2 . (2 ,lJs2 _ lb] .llx2
^b bc^ 952] br'^ b bn 9n2-' br-^

„  ,2 9J 9J 9^J 9 9? 9ri _ 9b 9J _ lb M-) lH) / j
b 9? 9n 9?9n 9r 9r 9r^ 9? 9r2 9n 9x

in which

T = ^ — - la la
H 3n 3? 3n

9J _ 9r 9^x ^ 9x 9^r _ 9x 9b _ 9r 9^x
9c 3n 3c2 35 959n 9n 952 9? 959n

9J __ 9x 9b ^ 9r 9b 9r 9b 9x 9b
9n 9c 9ti2 9n 9c9n 9c 9n2 9n 9c9n

9b 9r 9b 9r 9b 9x 9b 9x 9b , o .9b 9b 9b 9bx
9p" " 9n "3c^ H 3c29ri 9n 9C3 3? 3c29n 3c3n 9C2 9c9n 9c2'

9b _ 9x 9b _ Ix 9b _ Ir lb , Ir 9b , y flb_ ila _ 9^r 9bx
97P" 9c 9ti3 9n 9c9n2 9c 9n5 9n 9c9n2 9c9n 9n2 9c9n 9n2

9^J 9r 9b 9x 9b 9r 9b , 9x 9b 9^r 9^x 9^x 9 r

9c9n 9n 9c29ti 9ti 9cbfi 9C 9c9n2 9c 9c9n2 9C2 9ri2 9C2 9n2
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APPENDIX C

FINITE DIFFERENCE APPROXIMATIONS WITH ERROR OF

SECOND ORDER IN THE COMPUTATIONAL PLANE

AT POINT (i,j) (SEE FIGURE 3)

Central-Difference Expressions (Point A)

9? 2(6?)

M = '^i._1+l '^i»j-l
3ri 2(6ti)

3?2 " (6?)2

<i^i.i+l-^'^i.i+'i'i,i-l
Sn' " (<Sti)'

9?9ti ~ 4(6?) (6n)

9^ t'i+2,i-^'<'i+l,i+^'i'i-l..i-^i-2.j
9?2 " 2(6?)

'^i,1+2"^'^i.i+l"^^'^i.1-r'''i..i-2
9n5 ■ 2(6n)®

9^4) '^i+l. i+l"^'^i. i+l"*"'^i-l. j+l'^^i+l. j-l'^^'^i, i-l"'^i-l ,.1-1
9?29n " 2(6?)2(6n)

(h —24) +4) —4) +24" -4)
9^4) ^i+l,i+l i+1,1 i+l,i-l i-l..i+l i-l..1 i-l.i-l

9?9ri2 " 2(6?)(6n)2
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Forward-Difference Expressions (Points B and C)

M. = . ̂'^i,i-^'^i+l.i+'^1+2.1
9C 2(6?)

^ _ ^^±,r^'^±,^+l+'^i,^+2
9n 2(6n)

d'<P ^ ̂ h,r^'^i+l,.1+^'^i+2,.i-^i+3,j
9?2 (65)2

3n' (6n)2

Backward-Difference Expressions (Points D and E)

M = 3(j)i^i-4'})i-i^i-Hi)i-2,i
9? 2(65)

11 ̂  1-^^,1-1+^1,.1-2
9n 2(6n)

9li _ 2<i>i,r^'l'i-i,i+^'f'i-2,rh-3,i
9?2 (65)2

i!i ̂  2^i^^-5(j)i^i-i+4(})i^ j-2-'i)i^i-3
9ti2 (6ri)2

The Others

(Point B)

d^<P ^ _ 3('l>i,i+r'f'i,i-i)-'^('t'i+i,i+r'l'i+i,i-0+('^i+2,i+r'^i+2,i-i)
353ri 4656ri
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(Point C)

a^cf, _ 3 ^ 1, i )-A 0i+i,i+i-'i'i-i, i+1)+('!'1+1 ,i+2-'i'l-l , i+2)
acari 46?6n

(Point D)

acSn 45?6ti

(Point E)

^ ̂ 3('^i+l,i-'i'i-l.i)-^('i'i+l..i-l-'''i-l,.i-l>+('^i+l,i-2A-l..i-2)
a^an 465611

(Point F)

acan 465611

+ ̂ ^'''i.i-2-^'^i+l,i-2+^i+2,.1-2>j
465611

(Point G)

3^4, ,3(34^ )-4(3»^^ ^ )
a59ii 465611

,  (^^i, i+2"'^'^i+l, i+2''^i+2,.i+2^
4656TI J
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(Point H)

9C9ti ^ 46c6n

1-1,1+2+'''1-2,.1+2)1
46?6n )

(Point I)

ifiL- |3(3ti.r'"»i-i.i^i-2.i>-''"^i.i-r'"i'i-i.i-i^i-2.i-i>
9C9n >• 46c6n

^^'''i,i-2~'^'''i-l,i-2+'''i-2,1-2)j
45?6n
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APPENDIX D

COEFFICIENTS IN THE STANDARD FORM FOR

THE GOVERNING EQUATIONS

1. Stream Function, ip

AiiJ) - (|i)= . (|f)'

Azip = (|o,= . (|a)^

Buj; =
5 9g 9^C 9^g
r 9r 9x2 9r2

+ 1
P
{[(§)^ - (|f)^] 9p ,9c 9n

9C 3x 9x
.  3? 3ns
9r 9r'^

3p-i

3n

^2lp ~
5 9n 9^n 3^0
r 9r 9x2 9r2

+ i
P

.,9c 9n , 3c 9ns
^*'9x 9x 9r 9r''

3P + r(^)2
9C ^^3x'' - (|?)1 3pi

3n

j, _ o , 3^ 3n,, S

2. Vorticity, &)fl

A  -Aio) -

A  - f ^ 2 I /3t1 \ 2A2(0 - (9^) +

r 3r 9x2 ye 3x 9r'

2  rf/'3C\2 , 9ye . /9C 90 . 9'^ 90n 3yeT." yi W i ^9x 9x 9r 9r'' 9n ^

_  5 9n 9^0 3^0 p ^ ̂320) - - - 3^ - 9^ - ̂  ̂ (u ̂  + V 9r)

2  r,9? 9n , 9? 9ns 3ye , f/3?.2 , .iCs2]
^ ''9x^ ^9r^ J 9n
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Deo = 2
rin in +
9x 9x

3^ 3nx
9r 9r^

9^0)9

3?3n

,  6 ,pv 1.
■ + — (2=^ ) (Oft

r Ve P ®
+ —

Pe
f26 f (fif

+
9r) 9w.
9x 9n'^ (6^in _

9x
cin in _ in in^
9x 9r 9r 9x

,  9u

+ 1^7^15 - <lf
9n
9r

9? Srix / 4.
i; -h' <" 87 ■" —)19n''i

+ (-^) } 0)0 + 2 (-^ ^ - ^ ̂ ) (9^ 3^ + 3r 9^)J 3^2

4. r;r^^^2 + m 9 cl^ ^ 1^ Mwlll ^+  + (^> ^ '^e - 2 (-^ 3r - 3r 9x^ ^9x 9?
9n 9v.> 92]ie , , (rH 8n , 3C SHv,, 111 li
97 ^ ̂ ^ 97 97 97^ '^Q " ^9x 9r " 9r 9x-'

+  , 0 fl cA In
^9x 9C 8x 9n 3r 9C 3r 9n'^J SCBn ^2 V 9r

.  9^C 92Cs , ,H 3n 3S 3ti, /111 1!u ^ M 1!z 4. K 9^"
9x 9r ^ '^Q ^9x 9r 9r 9x'' *'9x 9ti2 9r dx]^ 9x 9c3n

9? 9^v . ,9n 9^ ^ 9^C H 3^ri _ 9? 9^1. ^u
9r 9i;9n ^9r 9x2 3x 9x9r 9x 9x9r 9r 9x2'' 3^

.V 3? .,5 9n ^ H AKm l!iN ^ _ K 9^n
"  7^ 3x 9r 9r2^ 9x ^r 9r 9r2'' 9x 9r 9x9r

9n 9^? 9 3v9 , O fl / 3n , Ifn , 3!iIx^^ (K M
+ 97 97^^ 97J TT ^2 9r + 97^ + 9r2^''^0 ^9x 9r

17^9 rls.ini4.1il!z4.1n 4. ini!^9 + /iii!n
9r 9x^ ^9x H 3r 9? 3x 9i;9n 9r 9?9n'^ 3r 9x2

ii 4. in _ in i!i9 in_^vin_a^in + i!n 9 ii
9x 9x9r 9x 9x9r 9r 9x2 3^ r 9x r 9r 9r 9x

_  ri in 4. iin9 in _ in , in iln_> izi inei
r 9r 9r2 9x 9r 9x9r 9r 9x9r 9^'' 9ri

3. Velocity, w

A  - ^

^  = (in) 2 ^ (in) 22w ^3^^; + (.3^;
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B  .. + ̂  („K+v^)
r 9r 9x2 9^2 ye 3x 9r

1  rf .9g;N2 I .9^s21 9ye . (K 9C SHn jUg}
yl ̂ Sx'^ ^9r J 9? ^9x 9x 9r 9ti

B  =_iM_i!ll_i!ll+£_(aM+v-^)
2w r 9r 9x2 3x 9r

- ̂  "i 15 ̂  If I?' Ir ̂
n  _ 9 /3? 3n . 3c 3^w _ ^ /Pv . 2\ „ _ ^w_ C-^ Itie + M iPe-v
w  9x 9x 9r 9r 9c9n r Pe P Pe^ 3r 9? 9r 9p

4. Pressure, p

A  = + (K)2
ip '■9X'' ''9r^

■ <I5'' <I5>'
R  6 9c 3^C 3^C

IP r 9r 9^ 9r2

B  _ 6 9n 3^ri 9^n
2p r 9 9^ 9r2

Dp = 2 ,9c 9ti . 9C 9iiv 9^p , r .H Sji + lO. 1H'>2 . /li Ix + ID. 1x^2
9x 9x 9r 9r 9^311 9x 9C 3x 9p 9r 9C 3r 3p

,  r9^(; 9u . ^ 9u , ,9Cs2 9fu , ,^v2 9^u ^ 2 3^u
"  '•9x2 9? 9x2 9y '•ax 9^2 '•ax 9x 9x 9c9ri

9^C ^ . 3^ti 3v . ^ 3^v 9n ^ + /3C M
9x9r 9? 9x9r 9ri 9x 9r 9^2 ax 9r 9r|2 ax ar

9C 9^v _ A IX + M ^^1 + V
9r 9x 9c9ri r 9x 9C 9x 9n ^ ^9x9r 9C 9x9r 9ti

9C 9C . 9n 9n 9^u , .3i 3ii + ii M-) 3^u , 9^C 3v
9^ 9r 9^2 3x 9r ^9x 9r 9r 9x^ 9c9n 9r2 9C

9^n 3v . ,9Cv2 9^v , ,_^v2 l^v , o 3? In 3^v _ i /-iC ^
97^ 9n ^9r'^ ^9r 9n2 9r 9r 9c9n r ^9r 9C

+

+
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9ri . f ^ ̂  ^ 4. ̂  _ A — c— —
3r 9ti I 9r 9? 9r 9ri 9x 9? 9x 9ri r 9r 9c

9r 9ri r J 3 ^ 9x^ 9x9r2 9C 3x^ 9x9r^ 9ri

,  + IIL-n liy + n-^-^ + -^-^
9x 9x2 + 3x 9r2 9r 9x9r^ 9i;2 3x dx^ 9x "dr^

^ o M f-j zlil!ii ,^i!£, i£i!ii , 9iii5
9r 9x9r 9ri2 I ^3x 9x^ 9x 9x2 3x 9r^ 9x 9r

^ o /Kl!ii- + Inlii-Ni liy- + K + A^i liu
9r '9x9r 9r 9x9r J 953r| 9x ^ 9x 9r 9^^

,  9ti f .3n>.2 , /9n,.2"| llu , fo M (1L.\2 , ii /in Is.
9^ Lw ^ ̂ 9^^ J 9n' ^ 3x ^9x-' ^ 9r ^9x 9r

,  o IS ino is A2 . in .2 ̂
^ 9x 9r^J 9?23n l-^ Bx ^9x^ 9r *• 9x 9r 9x 9r'^-i 9(;9ti^

4. ,i!l ̂  _ilL_N iv . ,i!n 4. -l!n_^ iz . ^ ^ + 2 ̂  ̂
^9r2 9x^9r 9C or^ 9x29r 9r| 9r 9r^ 9x 9x9r

9c 9^Cx 9 V , 9ri 4. o in 9 n , in i_nv i_Y
9r 9x2^ 9?2 + 3r 9r2 ^ 9x 9x9r 9r 9x2'' 9n2

,isi!n. ini!sN 4.isi!n. iniis4. 2 ^
<  9r 9r2 9r 9r2 Br 9x2 95^2 g^ 9x9r

9ii 9^5 ] 9'v 9C f .9^2 , ,iis2] i!v 9ri r ^.2
+  9?9n 9r l^9x^ + ̂ 9r^ J 9?^ + 9r ^^9x^

4. ^21 ilz . r, in ,ic.2 + is .inin+ 2 ■^-^)1Br J 3ri^ ^ Br 3r 3x Bx 8r 8x 8r ^ BC Bri

4. fo is A2 . in o is in 4. in iSo 1 + i fii^ in
9r ^9r^ 9x 9x 9r 9x 9r^J 9?9n2^ r ^9x9r 9(;

^ 9^n iu , isisi!n4.inini!u4. /iSin. iniS>) 9^u
BxBr St) Bx 3r 3^^ Bx 3r Br}^ 3x 8r Bx Br B^Brt

,2 9C ^ 9^^, 9v ,2 , Ifn. iv ,iS^2 ifv _ ,iTix2 9^v
"  9r 9x2^ 9; 9r 9x2^ 9n 9x^ 9^2 '•gx'' 9n^

9 is in 9^v 4.fiZ_i-i ., . [cuiS+^iS-vin+uin" ^ 9x 9x 9?9n + ^ r2j^ 3x ^ 9r^ 9? " 9x

9nx 9ui ,9? 9n i£, ^ f. 9? , 9c. ^ , in
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9ri> 9v r w^i ,3? j. 2 .3(; 3u , 3ri
+ ̂  ^ ̂ —J ^ 3? ^ "3^^ ■ 1 ^ ̂

3ri _3u^

3C 3v _ 3v _ r vi r 3^ g 3]ie . ^Pe i / 5C->^
3r 3^ 3r 3n r^ '■3x^ 3^ 3ri 3x 3C^

^3r|^ 2 9^ye , o li ̂  ilHS] _ , (H 3u . 3n 9u , 9C 5v
3x 3ri2 3x 3x 35^11'^ 3r 3^ 3r 3ri 3x 3^3x' 3ti2

+

4. /I? 3n . _^ ic. 3^1 .Iflilu .^iu, 2 fKlX
3x 3r 3x 3r 3?3ri'' 3 '•3x 3? 3x 3ri 3r 3C

3n 3vs . ^ V] 3ye , 3^11 3ye , /3C^2 3^ye j_ ,'^^2 3^ye
WIT 3^' ^9r 3n2

In lZ^ rill- iHe . 3^n 3ye . 1? ii S^Pe . ^ In S^Pe3x 3ri ^3x3r 3*; 3x3r 3ri 3x 3r 3?^ 3x 3r 3ri^

rll Ix

+

^ 911 In l!nei _ 1 f ZA ill + 9 l!i-, In
3r 3r 3c3tiJ 3 3x2 ^3r 3r 3c3ti.

3
3x 3x

l!n
3x2 + 3 llO-) Ix

3r2 3ri

3^^ s 3v _ /2 1 In
3x3r 3c r 3x

3'riu M uv 3? 21 + In li zii li . li li)
3x3r^ 3n 3x 3r "3^ 3x 3r ^ ^3x 3r 3x 3r 3^3ti

/3C 3ye > 2n lE®) _ 1 [ fl ll + ill-) 1h + (—
3x 35 3x 3t) 3 r 3x 3x3r 35 r

35 15 32u 3]! 2i lln + rll ll + In 11) - fl 11
3x 3r 35^ 3x 3r 31)2 3x 3r 3x 3r 353ti r 3r

3% |z- (« |a- 3|^- A^?.) |i+ (3
r2 35 r 3r 3x2 3r2 3ri 3x

"V7- _v 92„ / ->1 1^2,,
+ 4 (

rl In + ill-) I

3x 3r 35^ 3x 3r 3r|2 '"9x 3r 3x Sr"* 353ti

_ 3 ll| - 4 ll^) - - . 43x2 3r2 35 r 3r 3x'

■ll)2l l!^+ f) (ln)2 + 4 (ll)2l llv+ 2 (3 l^ll•3r^ J ^ ̂ ^3x^ ^ ''3r^ J 3n2 ^ ^ 3x 3x

n
3x 3x3r 3ri

,  , 35 31). 3'v T .35 3ye , 9n 3ye. . 2 r .l!5 ^ ^!5^ 3k
^ 37"^^ ^37^ 3r 3n ^ 3 P ^4x2 ^ 3r2'' 35

-  ̂ (|f)T 0
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a^Tis 9p , {M.i , i!p , r^2 , .3iiv2i lip

^ o /I? In ̂  li lax 1 , A f /li Ip . In Ip^ /li In■*" ^ ^9x 9x 9r 9r^ 9?9ti 3 l^9x 9C 9x 9n'^ ^9x K

9ri 9k. ,9^ In . In ln\ /in In j. In Inxi
9x 9n^ ^9r 9? 9r 9n^ ^9r 9? 9r 9n^J

5. Temperature, T

A  - f—^ + f—) ^^iT ~ ^9x^ ^ ''9r''

A  _ /ln\2 j. /ln\2^21 - ^9x^ ^9r^

_  iii li? i!n. ply, ii + ^ins
®iT - " r 9r " 9x2 9r2 ^ Ke 9x 9r^

1_ : r /lix 2 ^ /ICa 2] iKe , zll In . in In^ iKe.
Ke ^ 9x 9r i 9!; 9x 9x 9r 9r 9p

6 9n 9^11 9^n ^ p<^ z In . InN
®2T - - r 9r 9r2 Ke 9x 9r''

1  z .9? 9ri 9? 9n. 9Ke \ /ln\2 . /In-.21 AEei
- k; 9C + + ^9r^ J 9n ^

/3^ In j. in ln^ pr ziiiu . lnln.miz. lnlx°T - 2 (gjj gjj + 9r 9^2 9i;9n Ke ^9x 9? 9x 9n 9r H 9r 9n

I  x T- j_ p / 2 f zin lu In Su In iz In iz-. 2
r  Ke 3 ^ 9x 9? 9x 9ri 9r 9? 9r 9ri

j  z9(; 9u 9ri 9u . v, 2 , z3C In Iv . v, 21+ <3; ^ a; 87^ - « 7) <37 K ■" 37 3ti - ^ r> J
9c 9u 9n 9u 9c 9v , 9n 9v. 2 , /In 9w 9n 9w. 2
9r 9? "•■ 9r 9n 9x 9C 9x 9n^ ^9x 9C 9x 9n''

9C 9w 9n 9w r W.2 , ££-,
+ (97 9C + 9^ ^ ^ y ^
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6. Turbulent Kinetic Energy, K

9^x2 , /9nv2
^2K -

B  =_iK_ll^_l!? + ̂ (u-^+v^)
iK r 9r 3x^ Sr^ Pe

1  r f ̂ 3Cn2 , /9Cs2l 9ye , . /9C 9ri 9c SHn Sfe-i
" TT; H^3i^ ^9^M bT ̂ 3^ 3^ 3n

5 9ri l^n P^K . 3n + ̂
®2k - - r "57 " ̂  97T + P3 9x + 3r^

1  < .9? 9n , 9? 9nA 3ye , \(H.2 , ,3? 2t
- TT; ̂  ^ 3?^ 3? IW + ̂ 9rM 3n ^

9c 3n 9g 9nA 3V {2 [(■K^+ ^ (lilx- 2 (gx 9x 9r 9r^ 9?9n K ^ L^9x 9^ 9x 9ti'' *-9r 9?

9n 9v. 2 , r /-Vs 21 . /3? 9u 3ri^,^^,^ 2
"57 W ^ ^7^ J "^ ^"3? ^ 3r 9n 3x 9? ^ 9x 9n''
,9? 9w 9ri 9w,. 2 , /-3g 9w _ r w. 2 _ ££•).
"5x 9(; 9x 9ri 9r 9^ 3r 9ri r Pg+

7. Turbulent Kinetic Dissipation, e

A  = (1^)2 + (i£)2^i£ *-9x^ '■9r''

^2£ ^3r^ 2

r 9r 9x2 3].2 9x 9r

1  r f /3Ca 2 , /3Cs 21 '3ye , ("K ^ ^ l!l\ ibei
ye ^ 9x 3r > 9C 3x 9x 9r 9r 9ri

®2£ - r 9r 9x2 ^ y^ 9x 3r''

1  r.d^ 9y , 9? 9n. 9ye . f,^,.2 , ,3?. 2]
"  9? 97^ 9C iW ^ ^3r^ i 9n ^
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_  8n , li iiix (c [2 fr-^—+-^—^  3x 3r 9r^ 9c9il k ^ l^9x 9? 9x 9tt'

i  J. 9v. 2 , r /V. 21 , /^ 9u 9ri 9u 9C 9v
^9r 9^ 9r 9ri r i 9t 9C 9r 9ri 9x 9?

,  9ri 9v, 2 , /9^ 9w 9ri 9w. 2 , 9w _ r w, 21
9x 9n^ 9x 9C 9x 9ti ^9r 9? 9r 9n r' j

_C2££^
Pe

8. Axial Velocity, u

u =
1  r9g 9^ , _^s
5  *'9r 9C 9r 9n'^

pr

9. Radial Velocity, v

-1 ,95 9^ , ̂  9i|^.
"  5 ''9x 9? 9x 91^^^

Pr

10. Coefficients Ai and A; in Equation (58)

f  .9^ 9u , 9ri 9u. .9^ 9u 9ri 9u.^ 2 < .9C 9uA. - - P lu 9^ +-j;-Jf^) + " C-K 3C 3? "SH 3 P <3x 3?

,  9n 9u,, ,95 9v 9ii 9v. r V] 9Pe , ^ 9}^. _9h
9l^ W " K 9r 9n^ ri ^9x 9? '^9x971 '' ^9r 9?

9p 9u 9(; 9v 9ri 9v^ x9g 9vie , ^ 9pex . i (a
9r 9ti 9x 9? 9x 9ti'^ 9r 9C 9r 9n 3 ̂  9?

,  9u , .9^.2 liu , a9i1x2 liu , , K. 9ri 9^u I , o flli 1h
"9^ 9n ^9x^ 9^2 ''9X'' 9n2 9x 9x 9?9ni Ur2 9i;

9^n 9u , ,9i;x2 9^u , ._^>.2 l^u , o 15. in liu_i + •j A fli Ih
"972 ^ ̂ 9^'' 9^2 + 3^2 ^ 3r 9r 9?9nJ ^ r ^9r 9?

9n 9u,, , 9^C 9v 9^n 9v 9? 15 ifv , la lO. li^ + /li ll
9r 9ti-^ 9x9r 95 9x9r 9ri 9x 9r 95^ 9x 9r 9ti2 9x 9r
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+

3r 9x^
6  (1? ^ u - 1 fp (ii

9^3n r ^3x 9? 9x 3 ^9x
2  f. /95

x
9ic ari 9k^

9 9C 3x 9ri

+ K- fli 12. + ̂  1B.)1^9x a? ax an^

f  ,ac 3v , ari avx , av , an avv

_^N /ag aye I ^ 5ye\
ar an 9x ac; ax an 9x a? ax an

- 2

+

+

+

.9? av . r V] aye . 2d.
^aF a? ar an^^ rJ ^ar ac ar an
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