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ABSTRACT

The present research work is concerned with the theoretical
investigation for duct flows in the Energy Conversion Research and
Development Programs at the University of Tennessee Space Institute.

A computational procedure is employed to determine the planar,
axisymmetric flow fields within a confined duct. It is based on

solving a stream function and vorticity formulation of the
Navier-Stokes equations for fully elliptic flows. The tangential
momentum effect of swirl for axisymmetric flow has been introduced. The
working fluid is assumed to be a perfect gas. The wall is assumed to be
smooth, rigid and impermeable. The gravity forces and thermal radiation
exchanges are neglected in this study. The partial differential
equations for steady-state, two-~dimensional, compressible, viscous flow
are solved by a finite difference method. The coordinate transformation
and decay function are used in the current study to solve complex
geometry and to provide numerical solution stability. A constant
viscosity is used for some simple flows, and a two-equation turbulence
model is used for more complicated flows. Some of the numerical
solutions are favourably compared with analytical solutions and
existing experimental data. For the remaining numerical solutions, more
information not being available in the literature, the predicted results

require verification.
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CHAPTER 1

INTRODUCTION

Background

The Energy Conversion Research and Development Programs (ECP) of
the University of Tennessee Space Institute (UTSI) is conducting
research, development and testing of pilot scale magnetohydrodynamic
(MHD) power generators for cycle augmentation of coal-fired, generating
power plants. Schematically, the MHD open cycle test train at the Coal
Fired Flow Facility (CFFF) is shown in Figure 1. The open cycle is based
on burning pulverized, seeded coal to very high temperatures (5400 °R).
The coal is seeded with K3COs: and fed from a pressurized hopper in dense
phase (greater than 40 lbm/fta) into a combustion chamber. After the
coal/seed mixture is mixed with vitiation heated oxidizer and burned in
the combustor, the resulting gas/slag mixture is expanded through a
transonic nozzle into an MHD generator channel contained between the
poles of a magnet. The flow rate of the combined coal/seed mixture for
this facility is normally 1.0 to 2.0 lbm/s. The gas/slag mixture leaves
the channel after doing work against the magnetic field, which work is
partially extracted in the form of electrical energy, and then enters a
diffuser which slows the flow down to moderate, subsonic speeds and
increases the gas static pressure to about 1 atmosphere.

The combustor configuration is cylindrical in cross-section. The
coal and oxidizers are mixed by a system based on the aerodynamics of
multiple, parallel, turbulent jets aligned with the axis of the

1
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combustor. The jets are created by multiple, round, parallel holes
passing through an injector or disperser plate. The plate is oriented
perpendicularly to the combustor axis and installed at inlet plane of
the combustor. The plate creates a two-stage combustion process by
dividing the combustor volume into an upstream vitiation heater and a
downstream coal combustor. The gas from the vitiation heater passes
through these holes creating jets of hot (typically about 1980 °R)
oxidizer. These jets mix with the fuel, pulverized coal, sprayed from a
central, pintle-type, plugged nozzle. The primary combustor design
variables are the oxidizer hole diameters, the number of holes, and the
radii of the concentric rings of these holes from the centerline of the
combustor, and the characteristics of the pulverized coal injection
nozzles. Some limited research has been done at UTSI to investigate the
effects of variations of these fundamental parameters on the combustor
performance, its internal aerodynamics, slagging characteristics, and
heat flux distributions on the walls.

To minimize heat loss, the combustor surface area is minimized
so that the space heat release rate is about 4000 Btu/ft¥/s. Compact
combustors that operate with either swirling or recirculating flows or
both have been developed for industrial use. The UTSI combustor does
not depend upon swirl but upon aerodynamically generated and controlled
recirculation through the mechanisms of jet mixing and entraimment. The
jets are designed to:

1. Entrain and mix thoroughly the pulverized coal (and seed
material) with the oxidizers in a compact cylindrical combustor;

3



2. Establish sufficient fuel residence time in the combustor to
provide for coal particle pyrolysis, fixed carbon and volatiles
utilization and combustion, and permit seed species vaporization;

3. Decay quickly and efficiently so that the characteristic
jet-like velocity, temperature and species profiles (which are Gaussian
or cosine profile shaped) become uniform or flat, thus providing homo-
genous, high temperature, uniform electrical conductivity flow at the
nozzle inlet plane, without inducing flame impingement on the combustor
or nozzle walls; and

4. Provide a sufficiently high bulk gas velocity to promote 100
percent slag entrainment from the combustor volume so that it passes out
through the generator.

Therefore, the key parameters controlling the combustor aerody-
namics and combustion kinetics are the composition of the coal, the coal
particle size distribution, the temperature and composition of the
vitiation gas, the number and diameter of the oxidizer holes in disperser
plate, their geometrical placement over the surface of the plane, and
the design and operation of the coal injection nozzle which is located
on the combustor centerline.

When the gas/slag mixture leaves the generator channel, it still
maintains high temperature (4500 0R) and high speed, therefore the
diffuser is an important component in the UTSI MHD power generation
system that can remove heat, reduce the flow speed and increase the

static pressure to atmospheric.



Objective of the Research Program

Most practical problems, for instance the UTSI MHD combustor
and diffuser, are three dimensional in nature, and in cases with
chemically reactive flows, the chemical reactions release a large
amount of heat and so the flow field changes very rapidly with time or
space. Therefore, a set of time dependent equations are required to
obtain a transient solution. However, in many cases, one is only
interested in the steady state solution. The steady state solution can
be approached asymptotically by marching the time dependent governing
equations in time, but in some cases the necessary computer time is
much larger than that required to solve the steady state forms of the
governing equations. Therefore, the problems being investigated in the
present research are based on a set of governing equations that are
two dimensional, steady state, in planar or axisymmetric coordinates
under nonreacting conditions. These simplifications allow many
practical flows of interest to be solved, and can provide conceptual
understanding of complex flows even those with intense chemical
reactions occurring.

The design of combustors and diffusers can often be greatly
facilitated by use of procedures for calculating local flow properties
as a function of the device geometries, inlet boundary conditions, etc.
Design changes leading to improved performance could be made. The object
of the present research was to develop methods of predicting the
characteristics of flow, for instance the pressure distributions, the
flow patterns, the geometry of the separated and reattachment regioms,

5



confined within ducts to provide a route which leads to the
accomplishment of design objectives. The basic ideas for developing
the governing equations and the computer code is based on Chien and

Schulz [1-7].



CHAPTER II
THEORETICAL ANALYSIS
Governing Equations

The flow in the region of interest is assumed to be laminar or
turbulent, steady-state, two-dimensional, compressible or incompressible,
and viscous fluid. Gravity forces and thermal radiation exchanges are
neglected in this study. The wall is assumed to be smooth, rigid and
impermeable. The governing equations are the equations of continuity,
momentum, thermal energy and state. One may write these equations,

Reference [8], in vector form:

Continuity
Ve (V) =0 1)
Momentum

PF-MNI=-Vp- (-7 (2)
Energy

G @eMT==-@-D-TEy (V-9 -t: 3)
State

p=pyT (4)

The differential operations involving the V~operator in the
rectangular and axisymmetric coordinates are summarized in Appendix A.

7



In the past, the solution of the above set of governing equations was
difficult for incompressible or nearly incompressible flows because the
equation of state could not be used to close the set of equations.
Therefore, much research was performed using, instead of the momentum
equations in component form, equation for vorticity that could be
derived from the Navier-Stokes equations, and was explicitly independent
of pressure gradient terms. That is the approach of the present study.
To complete the formulation, it is convenient in two-dimensional flow
to introduce a stream~function. This function automatically satisfies
the continuity equation and can be related to vorticity through its

fundamental definition.

Derivation of Stream Function Equation

For the steady state flow the equation of continuity becomes

3 8 ? 8y _ .
= (pur™) +-3—r- (pvr™) =0 ; (5)
let
%ﬂ = purG, L pvr6 (6)
T oX

where 6 = 0 applies to planar flows and § = 1 applies to axisymmetric
flows. In equation (6) ¢ is defined as a compressible stream function

which identically satisfies equation (5). Vorticity is defined by

>
v

1]
<l
X

-5
w



where

=8_v1+6_
“x or T
. 3
O = 9x
and
_ dv _ du
“e T ¥x  or 7)

For two dimensional planar or axisymmetric flows, vorticity
becomes a scalar quantity, composed of only the Wg component. Hence for

2-D flows, by combining equations (6) and (7) one gets the equation

+_aisk

or?

Q)l
G
‘Oh--

9p 9y _ _1__9 1 3111 -
e By pa ) +pr<ue 0 (8)

Transport Equation for Vorticity

Equation (2), a vector equation, can be decomposed into the
three component equations of motion (Navier-Stokes) as follow:

x-component

_82. = - ER - BTXX + aTrx + Trx
P (u —§ T or ox ¢ 90X or _6 T ) )
r-component
Wy, sudy oo (Pl Ol o (TppTeg)
P (u 9% =tV or 8 T ) or I ox + ar + 9 T l (10)
8-component
9T 3 T
.@. + éy. + y_w_ = - ex re -+ _r_e_
o (u 9% v or S r ) ( ox or 26 T (11)
9



To derive a vorticity transport equation, differentiating
equations (9) and (10) with respect to r and x, respectively, and using
continuity equation (5) and the definition of wy produces a governing

equation in which the pressure term disappears:

§;§Q+§;‘?--§<pu—z-§—§>§_§ﬁ-%<pv-z%-s%)2.5;’.9
+%(pv-%)we+26%¥g-:{l
-1 L (@ N oo+ (u-—_ + v.%¥ - 6.¥i).§9 (u.§§ +v gg) gi]
e d g B o@r- B By Qe - 2y
+§[.g‘_i.§_;(v-v) _aii.a__(v-v)J . (12)

Governing Equation for Tangential Velocity (Swirl)

Expand equation (11), one then has the following governing

equation for the flow with swirl:

3% , 3w _ 1 duy dw _ 1 _ 5 dU _ s My dw

I R T 2 T
_6__(pv+ﬂl.+g)w=0 (13)
Hr ar r

Poisson Equation for Static Pressure

Once the stream function and vorticity solutions have been
obtained, the pressure distribution can be recovered. There are two
ways to solve the pressure field: (1) integration method and (2)
differentiation method. The pressure can be calculated from the linear

10



integral of the Navier-Stokes equations (9) and (10) along any path.
Since the pressure is a scalar, the difference of pressure between two
points is independent of the path. In this thesis, the pressure
distribution along the boundary is calculated by an integral method which
will be described in this chapter later on. For interior or internal
flowfield points, by differentiating equations (9) and (10) with respect

to x and r, respectively, one gets a Poisson type of pressure equation:

3%2p , 3%p ., & 9p du v du v v, 2 w w
et trar -2 Brar e 0 @ e - 2075

si@-D-vZ @-H-vL @ -DH-0-9HYo

§ 3

4 (3?2 v . 52 N 7.3
"3 T DA O Do D]
du du, 9p v dv w’, 9p
POt gty -8 5
dwg  § op ,0wp v, ou

2yt - Gyt

Quy By 2w dudly Dy 2%y
or ox’ 9Xor 9x 9x 9r or

8 (3 TR .y du

—§[-§;(V V)F}?‘F-B—f(v V)—a—r]

2 Ly (9 3%u & Sy _

P30 V) Gurtgrtyg) =0 (14)

For interior field points, this equation is solved by finite
differences exactly the same as the vorticity and stream-function field.
In the incompressible flow the effect of pressure variations on density
is negligible and the calculation of pressure is always performed at the
end of the flow field computation. However, in the compressible flow,
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the pressure variations affect the density, and cannot be neglected in
the course of the numerical solution. In this case, the calculation of
pressure must be done within the iterative cycle of successive

relaxations.

Transport Equation for Thermal Energy

Let one introduce Fourier's law of heat conduction, a = -KVT,

and assume a perfect gas, equation (3) then becomes

%;%-+ %;% —-% (puC¢ - %% -%% --% (pvC¢ - %% - 5'%)'%%
S JCOINC TR
2 BE e - s D) -p) T D=0 (15)

Governing Equations for Turbulent Flow

For many fluids the dynamic viscosity is a function of
temperature. Hence it is also termed "molecular viscosity'. Pressure
has a slight effect on the viscosity of gases and a negligible effect
on that of liquids. As the flow passes to a higher Reynolds number the
inertia forces become dominant and cause the flow to experience random
fluctuations in all directions, but the molecular viscous: forces are
still important. This results in another form of momentum and energy
transfer called turbulent mixing between adjacent layers. As one moves
the flow to a higher Reynolds number, the flow is fully turbulent where

12



the inertia forces predominate and transport by molecular viscous forces
can be neglected. The change, over a certain Reynolds number range, of a
laminar flow into a turbulent flow is called transition. There are many
ways to model the motion of turbulent flows, of which, two are: (1) a
statistical turbulence theory and (2) a phenomenological turbulent
mean-flow analysis.

The statistical turbulence theory is based on an analysis of the
fluctuations themselves which is beyond the scope of the present study.
One therefore confines oneself to an engineering analysis of turbulent
mean flow from which one may predict the gross properties of a turbulent
flow.

Since the Navier-Stokes equation (2) is an equation of motion for
avcontinuum viscous fluid, it is valid for laminar, transient and
turbulent flows. The instantaneous velocity components and pressure in
a turbulent flow must satisfy the equation. Considering a point of
turbulent flow in a flow field, an instantaneous fluid property ¢ can be
expressed in term of a time-averaged partlg and a momentary fluctuation

part ¢', i.e.
=9 +¢ (16)

If all the dynamical variables such as u, v, T, p, p, etc., are
expressed in this form, and substituted into the Navier-Stokes equation,
and then the Navier-Stokes equation is time averaged, the resulting
equation is called the Reynolds averaged Navier-Stokes equation. There
are additional terms in the Reynolds averaged Navier-Stokes equation,
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compared to the original Navier-Stokes equation. For example, there are

some additional terms like pu'v', pu'T' and many others. If density

fluctuations are small then the first term can be written pu'v'. pu'v'

can be interpreted as an additional turbulent or Reynolds stress term,
while EGTEE can be considered the turbulent heat flux term. These new
terms are related not only to physical fluid properties but also to
local flow conditions, and the new system of equations is not closed,

it contains more unknowns than knowns. Therefore a special treatment is
needed to approximate a solution to a turbulent flow by inventing models
for what are thought to be the important new terms, and neglecting the
rest.

One approaéh, called Boussinesq's eddy viscosity concept, assumes
that the turbulent stress is analogous to the viscous stress in laminar
flows that is, equals the product of a turbulent viscosity times a mean
flow gradient. Similarly, an eddy diffusivity concept is assumed to
define the turbulent heat flux. These concepts relating the turbulent
stress and turbulent heat flux to the time-~averaged velocity or
temperature gradients are discussed in Appendix A. The time averaged
forms of equations (8-15) were derived, and, using Boussinesq's

approach, were rewritten for turbulent flow in the following forms:

Equation for Stream Function

9% 9% 13 185, 1,080 -~ — _
wE ol Foxox Gor T r e TPEB =0 a7
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Transport Equation for Vorticity

e RS B GAEE —REE
+E‘Z;(av‘-%)—é+26%—%?lz
LGB 1B S, @1 (e 2y
+%[§.f{_e.-g?<v_-_\7>-g—‘;£%;<v-3)l=o (18)
Governing Equation for Tangential Velocity
- 2 (4 e ?a=o (19)
Transport Equation for Thermal Energy
SE gk oo - B9 - 4 e - -0 o o
+ L 3@hr s T4 5 Hry s Gis Iy
Ke 3% 0or r or
+T‘i—e[( )2+(%‘;-’—6§)’2]
e B D - sy -p T D+ E-0 0
where
e = 2[4 @26 2+ AR W 2 JE 2 A sE)2)
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Poisson Equation for Static Pressure

2= 2= - o= - A= =
325 , 3%p , 8 3P _ , (W BV _ 3L IV _ 5 921 3 _ 955 ¥
9x? 8r2+r8r 2[8x dr 9r 3x § @77 26pr

- .‘—_’. . ___a__ . _-_a__ . - . 2 =
(26T N -G W D-F5- T-9H-T-95

A w <r>+82 -+l @ -9

3 Y9x? r dr e

238, g0 3B, DT, BV 4 &y 0D
+(u3x+v’8r)3x+(u3 tv T 6r_)——x_'
3% , & B“e 20g v_y e
+ 2 [(Br + ) - ('8 +6_§-) or
. &E 3%, 9%Me _ 9T 3%Me avau]
3r  9x’ 9xdr  9x 0x4 3r 3r?

_8¢3 ooy e 3 g T e

3leg O 95 *o7 O 9 5°)

2 —% A%Me , 9%He , § BMe
+3 V- 53x7 +8r2 _r_Br)

2 - B% , 3% , 8 o P 3 , 9p 3K
+EP Gt tr ) T2 25

2— 2= -
0,9 L8390y .
\ teGer b o)) = 0 @1
\

Equations (17), (19), and (20) are obtained from equations (8),
‘ (13), and (15), respectively, whereas equations (18) and (21) are
obtained from the equations of motion:

x—-component

—311 sduy _ _0p (3% 8 = _43 g.o
(u tv r) 9x [r +r 0 "3 % (V= )] ¥e
W2 TE) Be s QU 40 e
+[28x 3 v V)]Bx + r Bx)Br
_2 53 2
3 (oax+r<3x) (22)
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r-component

=0, - OV _ @ __ %, %

oG , 3V, 3dle OV _ 2 7g . 3] OHe
gt w2 3 9]

_ 258 9P,
3 (o or tK Br) (23)

where the effective viscosity may be thought of consisting of the
molecular viscosity, U, plus a turbulent contribution, the turbulent

viscosity, Ui. Thus
e = W+ U (24)

If the flow is laminar, equation (24) becomes pg = Y, if the flow is
fully turbulent the effective viscosity then approaches the turbulent
viscosity. Similarly, the effective thermal conductivity may be thought
of consisting of the molecular thermal conductivity, K, plus a turbulent

contribution, the turbulent thermal conductivity, K., i.e.

Ky = K+ K¢

where K, is also not a property of a fluid. From Boussinesq's analogy
for turbulent viscosity and turbulent thermal conductivity, they can be

formed into a dimensionless ratio called the turbulent Prandtl number:

Cg H¢
K¢

Pry =
Basically the turbulent Prandtl number is changed with local flow

conditions, however it is taken to be a constant or at most a function
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of the molecular Prandtl number Pr. With Pr. assumed known, the
turbulent thermal conductivity and turbulent viscosity then can be
correlated.

Equations (17-21) are the basic relations for mean stream
function, mean vorticity, mean tangential velocity, mean thermal energy,
and mean static pressure. Inspection of above equations shows that they
are basically similar to equations (8-14) if, for example, Y was simply
replaced by an effective viscosity. However in deriving the Poisson

equation for static pressure by Reynolds' averaging a new term

oY

9% , 3% , 8 3k 3 3k . dp Bk 3% L 3% . 8 3
[P Gt * T30 T2 Grax T e v K Grz v 5er t 1 50

wiro

is introduced by the additional terms
23 B0y a2 o 3, B0
3 P g TR and g gty

that arise from the Reynolds' averaged equations of motion (22) and
(23), respectively. Similarly, the turbulent energy equation (20)
appears similar to the laminar energy equation if the molecular thermal
conductivity is replaced by an effective thermal conductivity, but
having now a very complex energy dissipation term including the
turbulent kinetic dissipation term. For brevity, the overbar will be
neglected from the equations and understood to apply where necessary.
The procedure so far has resulted in transport equations that
will apply to turbulent flow, except that the unknown Reynolds'
stresses and turbulent diffusion terms have been replaced by unspecified
functions called eddy viscosity and eddy thermal diffusivity. The
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problem is to close the system of equations by formulating models for
the eddy viscosity that apply with sufficient physical meaning to
turbulent transport processes. Once the eddy viscosity is specified,
the eddy thermal diffusivity is determined through the concept of the
turbulent Prandtl number.

For flows in ducts and pipes, turbulent viscosity models of

increasing complexity can be defined:

Constant viscosity model. In this model, the turbulent

viscosity is assumed to be a constant throughout the flow field, i.e.
Uy = constant

This value is usually found by matching calculated results to
experiment or from available empirical information. For example, a

formula for effective viscosity in axisymmetric combustors with

constant density and co-axial jets was developed by empirical evaluation

(9]

_ 2/3 1 1/3 3 2 2
Hg = 0.0279 R, L P [Ui (ry,08" = 71,51 )

3 2 2.11/3
+0,° (r) gps” - T1,p37)) (25)

The subscript is shown in Figure 2. This simplest model can provide one

with approximate solutions for simple flow problems.
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Figure 2. Typical Schemata of Six Different Inlet Geometries.
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Algebraic viscosity model. There are many empirical formulas

which have been used in the literature. A first step was made by
Prandtl in 1925. He related the turbulent viscosity to the local

velocity gradient through a turbulent mixing length %, with the result
Jdu
I

The mixing length has to be prescribed empirically. For example, in
fully developed turbulent flow with the value of Reynolds number

greater than 10% for the case of smooth pipes, it can be written as

[10]:
2 = [0.14 - 0.08 (%;92 - 0.06 c%z)“] R, (26)

which is only a function of radial position.

The Prandtl mixing length model is useful only in simple
shear-layer flow like developed duct flows where the length scale can
be specified empirically. However, in complex flows like recirculating
flows this model is not suitable since a single meaningful length scale
is hard to define in general.

Schulz [5,6] developed a model for two-stream, coaxial mixing
with recirculation, when the duct to jet radius ratio is greater than
ten, by matching calculated results to experimental data. From this

process, a simple formula resulted:

Mg = 0.0285 p; uy ry (1 + x/(275 rj)] (27)
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Equation {(27) shows that the effective viscosity increases with
increasing distance along the duct and is independent of radial
position. Such a model is also limited in application to the flows for

which it was evaluated or correlated.

Two-equation turbulence model. Over the last 10 years, an

implicit two~equation k-g turbulence model, References [11,12], has
been commonly used in computer codes for turbulent flow prediction. It
is one of the best-tested turbulence modeis for both internal and
external flows. Transport equations for the turbulent kinetic energy,
K, and the turbulent kinetic dissipation, €, can be derived from the
Navier-Stokes equations to obtain closure by using the turbulent

viscosity/diffusivity concept.

Transport Equation for Turbulent Kinetic Energy

2 2

AR R GRS B Eh L SRR -
(o]
- 5 {oe = g [2 (G2 + @H2+ 6 D2 + &2+ 2?2
+(g“’)2+(3 - 8321 =0 (28)

Transport Equation for Turbulent Kinetic Dissipation

- £ {Cype - Cye [2 [@D2+ @H2 + 6 DY)
Ju 2 ow wy2)y - -
. LR CLAR RO LS S IR (29)

T
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where Mo is given by equation (24) and Up is defined by something called
the "Prandtl-Kolmogorov formula"

2

K
Me = Cu P (30)

The coefficients Ges O Ci, C, in equations (28), (29) and (30) are

e O
all empirical constants found from correlating theoretical results to
experimental data. This method also suffers thus from trial and error
development. However, by solving a set of transport equations for k and
€, it is thought that the model should account for a wider class of flow

and also therefore account for boundary conditions imposed by the

physics of the flow.

Common Form of All Governing Equations

To facilitate the numerical solution of all the governing
equations, for v, Wgs Py Ky E, and so on, each equation was manipulated

into what is called the '"standard form" of the governing equations.

3%¢ . 3% 3¢ 3¢ -
W+W—e§§-f§-+g—0 (31)

Thus, each and every transport equation is cast in this form as a

first step for numerical solution.

Numerical Method

Even today, of the numerical method available for solving
differential equations, those employing finite differences are more
frequently used and more universally applicable than any other. By using
coordinate transformation schemes, finite difference methods can treat
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some irregular physical computational domains just as easily as and
often more accurately than finite element methods. For example, in the
present study, the irregular physical plane (x,r) is mapped into a
rectangular computational plane (Z,m) where the elliptic partial
differential equation (31) is then rewritten in terms of the
computational plane coordinates and solved using finite-difference
approximations with prescribed boundary conditions. Special functions
are then introduced to reduce truncation errors to their smallest
values, and to make the numerical scheme stable. The numerical

procedures used in the present study are briefly described as follow:

Coordinate Transformations

In general case, the transformation functions from the physical

plane to the computational plane are given by

f(x,r)

Y
it

(32)
- g(x,r)

-
|

For a general differential dependent variable ¢, the partial
derivatives in the governing equations are transformed using chain-rule

differential from a (x,r) system into a (g,n) system, for example:

36 _ 3% 30 , 3n 3¢

9x 9x 8¢ 9x on (33)
3 _ 9% 96 4 3n

9r dr 9 or 5%. (34)

Higher derivatives can be obtained by repeated application of equations
(33) and (34) (the chain rule for higher derivatives).
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The Jacobian matrix for the transformation equation (32) is

ag
ar

an
)

(35)

Suppose that equation (32) can be solved for x, r in terms of Z, n, i.e.

x = F(Z,n)
(36)
r = G(Z,n)
The Jacobian matrix of equation (36) is
ox  dx
oz on
M2 = (37)
o dr
14 an

The function in equations (32) and (36) are assumed to be
single-valued and to have continuous derivatives in the region of
interest so that the transformation between (x,r) and (Z,n) is unique.

Then the Jacobian determinant for equation (37) is

ax Bx
_3Gr) _ |3t Bn | _oxar oroax
I =3Gmy = | ar or| =3t -scan=0 (38)
14 an

The Jacobian matrices, equations (35) and (37), are related by

My = Mp ! (39)
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From equation (39), one then has

9t _ 13r
ax J 9n
9t _ z1 9x
ar an
on _ -1 ar
ox J 3C
an . 19
or J 3¢

Derivatives of first order and higher order in the computational plane
are given in Appendix B. A more detailed discussion of the transformation
described above is given in References [13,14]. From a number of
numerical experiments it has been found that the use of finite difference
approximations of higher-order truncation error result in no better and
sometimes lower overall accuracy than simpler lower-order finite
difference approximations, References [15,16]. Since very few successful
finite difference methods based on higher than second-order accuracy
have been used for solving the Navier-Stokes equations, a finite
difference approximation scheme based on second-order accuracy was used
in the present investigation. The finite difference approximations with
second-order accuracy in the computational plane at (i,j) are included
in Appendix C.

The standard form for the governing partial differential

equation (31) then transforms into the same general form

3%¢ 3% _ 9 _ 3¢ _
A1¢ 523-+ A2¢ 57 B1¢ 3 Bz¢ Eﬁ'+ D¢ =0 (40)
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in the computational plane. The standard coefficients A1¢, A2¢, B1¢,
Bz¢ and D¢ are listed in Appendix D for ¥, wg, W, Py, T, K, and €, in
terms of the general nonorthogonal coordinate transformation scheme

discussed previously.

Finite-Difference Approximations

To illustrate a commonly used coordinate transformation
numerical technique, the rectangular computational grid system which
results from a nonrectangular physical geometry, is shown in Figure 3.
One uses the notation (i,j) to indicate the intersecting point of the
vertical grid line passing through i and the horizontal grid line
through ny- The numerical solution will consist of determining the
dependent variable ¢ at the finitely spaced grid points. Basically the
computational plane is divided into two types of points: interior and
boundary points.

The first step is to approximate the partial differential
equation (40) using the central-difference expressions (Appendix C) at
the representative interior point (i,j). In order to make the finite
difference equation exact and stable, special functions called '"decay

functions', developed by Chien [,1,2], are introduced. Equation (40)

then becomes

Arg 9%¢ . A 3%9
Gpz 3% Gyn on?

3 ) =
_B1¢§%—BZ¢)%+D¢—O (41)
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The decay functions, G¢C and G¢n, are precisely exponential functions
of integrals of parameters R¢C and R¢n. However, they can be accurately

approximated by algebraic functions, namely

Gyy = 1 - 0.0625 Ryr s for |Rgr| < 2
Gy = T - Ty ] for |Ry,| > 2
07 " TRyrl ~ Ryp)?’ or 1%z
and
Gy = 1 - 0.0625 R¢n2; for ]R¢n[ <2
2 1
de = I%n] - (R¢n)2 s for ]Rd)nl > 2

in which the grid Reynolds numbers are

= 1
Rz = K AL
and
B,
Rd)n = A2¢ An

The approximate representations are much faster to compute than
the precise forms for G¢C’ G¢n. When the second order accurate
finite-difference representation of all terms in equation (41) have been
determined, the general difference equation can be obtained in the

following form:

91,5 = Cg Pat1 5 F Cw by, 5 ¥ On Oy 540 * Cs 94,5-1 D (42)
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where the coefficients are defined by

Cp = (10 - 29 /5

A B
Cy = (—=1__+ 210) / E
W (cqﬂZ AZZ ZAZ;)/ P
Arg Bag
C D - ) / E
N G¢n An? 2An P
Cg = (A2 4 B2gy Ep
Gq)n AT]Z 2AT‘|
Dp = D¢ / Ep
and
Ep = 2 ( Arg -+ Arg >

Equation (42) shows that the value of ¢ at the central point (i,j)
is related to the value of ¢ at four neighbour points. The coefficients
A1¢, A2¢, Bigs Bags and D¢ are all evaluated at the point (i,j).

When equation (42) is applied at all interior points of Figure
3, one has (IN-2)(JN-2) algebraic equations for each variable, where IN
and JN are the total number of grid points in the £ and n directions,
respectively. The total number of equations depend upon the number of
grid points used. In order to obtain adequate numerical resolution,
grid points should be closely spaced in regions where rapid change occurs
in the dependent variables. The coordinate transformation scheme often
automatically provides this desirable feature for optimum resolution

with relatively few mesh points.
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Since one has formed the finite-difference equations for all the
grid points in the computational plane, the next task one has to do is
to solve this set of equations. There are various methods for solving
the system of nonlinear algebraic equations that one obtains from
elliptic partial differential equations modeled by finite differences.
In principle, one can solve these simultaneous algebraic equations
directly by the elimination method. However, the elimination method is
completely impractical when the number of grid points is large. It
requires too large computer storage and time. Usually, the number of
grid points required in the study is quite large. In this case either
alternating direction, line by line, or, point by point, successive
under/over relaxation schemes.éan be employed to obtain accurate, fast
convergent solutions. Since the elliptic equations and their algebraic
representations are nonlinear, iterative methods are necessary in any

case. In the present study the iteration scheme used was:

¢i,j = (¢i,j)old + Rp [(¢i,j)new - (¢i,j)old]

where Rp is called the relaxation parameter which lies between 0 and 2,
and ¢i,j is given by equation (32). Estimating the optimum value of Rp
is a difficult problem, and at present, for any given situation, it must
be determined by numerical experimentation.

For each variable ¢, a local residual is defined by

e = 1 ®1,5 - %01a) / $o14l

A converged solution is accepted when Ty = 107" everywhere in the flow
field.
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A calculation procedure for incompressible and compressible flows,
laminar and turbulent, is summarized in Figure 4. Specifically, Figure &4
represents a flow chart for the numerical scheme that shows the steps
the program takes to compute a given type of flow. The particular order,
for completing the iterative solutions of the flows, shown in Figure 4
was found to be stable and efficient. Often the flow studied is air, so
the thermodynamic properties of dry air at atmospheric pressure, as a
function of temperature, are shown in Figure 5 (Reference [17]). These

properties were used when required to solve for air flows.

Boundary Conditions

In order to conclude the specification of the analysis, the
associated boundary conditions should be considered. Examples are given
of the type of boundary conditions which are encountered in practical
circumstances. Here the boundary points and hence the boundary conditions

are divided into four types: inlet, wall, exit, and symmetry axis.

Inlet boundary conditions. In this study, there were six

different inlet geometries considered (Figure 2) with three types of
boundary conditions:

1. Known inlet boundary conditions. For example one may input
the experimental data if it is available.

2. Uniform inlet boundary conditions. When the working fluid
enters the entrance from a reservoir, all fluid particles move with a
uniform velocity U, i.e. u = U, and v = w = 0. One assumes the fluid
properties are all constant. In this case inlet turbulent kinetic energy
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K, dissipation € and turbulent viscosity p, are equal to zero. This
change from zero at the entrance where the velocity profile is uniform
to an appreciable degree of turbulence farther down the duct has been
clearly shown by experiments with dye in a stream [18],

Since the stream function may take on an arbitrary additive
constant, the value zero will be assigned to the first grid point (1,1).
Once the velocity profile and the fluid properties are defined the
distributions of stream function can be determined from equation (6),

i.e.

__Pu S+1 §+1

In solving a stream function and vorticity formulation of
Navier-Stokes equations for fully elliptic flows, the accuracy of the
entire solution is essentially defined by the calculation of the
vorticity at the boundaries. The transformed vorticity from equation (7)

is

G = T 3T * 5% Bn ~ o 3¢ Bt B 42

For a radially uniform inlet velocity profile, equation (43) can

be rewritten as

97 dv 3T du

W9 =Fx 9z T Ir 9¢

where all space derivatives in above equation are represented by

second-order forward-difference expressions.
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3. Inlet flow is fully developed; for example, for laminar flow

if one assumes v = w = %% = 0, equations (9) and (10) then become

9p _ 9Txr 5 Txr

ox ~  °r T
and

9p _

ar 0

These two equations can be combined to give

o x %, A
Txr = "5 F19x 7 18

or

Ju

1
or U

: 2
( 9x

5+ 1 ) (44)

eIt

r

where A is a constant.

Then the velocity profile can be obtained from equation (44) by
integration. However, it is more useful to express the velocity profile
in terms of an inlet bulk velocity U rather than the pressure gradient
3p

3’ The inlet bulk velocity can be derived from the conservation of mass

flow. That is

2 R s
U= ®,-R) ®, + RS ~/1; ur” dr (45)
1

Then the pressure drop can be calculated from equations (44) and
(45). For two-dimensional problems, the flow fields are symmetric about
the central axis at r = 0, and so one considers only the solution domain
in the upper half section of the enclosures (Figure 2). The equations of
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pressure drop and profiles of velocity, stream funcrion and vorticity
for the fully developed laminar flow can be summarized as follow:

For laminar planar flow

% _ -3w
9x R,?
a=5 [1- 67

3 v=7our [3- 67 (46)
we=3Uf{£§

2

For laminar pipe flow

dp _ -81U

9xX Rz2

w=20 (1- g7

b=geu? [2- @7 47)
wp = 4U§;rz-

For laminar annulus flow

3p _ -8uU 1n(R3/Ry)
39X~ (R27-R;2)+(R,2+R;2) 1n(R,/R,)
_ 20 2 R0 - 2., R 2. R1
U RER TR, 24 2) Ia(Ry/R,) (R 1o T BT et - xt dng)
=1 pU 2 _n 2y _ (+2 _ p.2
V22 R DF R, R D) 1n(Re/R;) [®? - R - P - Ry (48)

- 262 1nr) + 2r2 (R,? 1nR; - R;? 1nR,) - (r* + R,*) 1nil]
2

2U [(Rzz -

“o = (Rzz'R12)+(Rzz+R12) In(R1/R5) r

. 2
RO+ oor 10}1]
R,
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The analytical profiles, except that for pressure drop, are
presented in Figure 6. Figure 6 shows that the maximum velocity occurs
at the mid-radius (R; + R,)/2 with a value of 3U/2 for laminar planar
flow, the velocity distribution is a paraboloid of revolution about the
centerline, and the maximum velocity occurs at r = 0 with a value of 2U
for laminar pipe flow, and maximum velocity does not occur at the
mid-radius (R; + R,)/2 of the annulus for laminar annulus flow.

When the flow becomes turbulent or passes through irregular
cross-sectioned pipe before entering the control volume, the control
volume inlet ¢ profile can be obtained by solving the general difference
equation (42) directly. The above condition 2 can be used as an inlet
boundary condition in this case.

For inlet flow based on fully developed turbulent pipe flow,
except when working toward the most precise results, one can use the

1/Nth power law:

1/N
u = u, (1-;—-)/ (49)

2

to obtain an approximate distribution of inlet axial velocity, stream

function and vorticity. From equation (45), it is easy to show that

_@M+1) N+ Dy

Ye IN?

q)=%ziu[l— (1+E_;_1r) a- N+1/N]

I (50)
R,

)
R,

a)e = (N+ 1) (2N + 1) U Qa —E_)l—N/N
R2

2N° R»
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where N is a positive number. For example when N approaches infinity

equation (50) can be rewritten as

u=1=0U
1 =-% oUr?
wg =0

Equation (49) is commonly so-called the 1/7th power law when N = 7 and

equation (50) then becomes

_ 60 _ X \1/7
u=75 0 4 -
2
= PR2° - 8r. _ I \8/7
Ve SR u(1- a5 A -5 (51)
_ _60u _ X \-¢/7
“ = 5738, ! ")

which can be applied for values of Re up to 10%. For Re larger than 105,
a better approximation is obtained by using N = 8, 9 or 10 instead of 7.
The equation of vorticity indicates that the vorticity approaches
infinity as r approaches R, and has finite value as r approaches zero.
Such a result would require that the shear stress become infinitely
large at the wall and has finite value at the center line. So, the
equation of vorticity from the 1/7th power law does not apply exactly at
the pipe wall and the center line. However, it can be used as an initial

guess.

Wall boundary conditions. It is customary to assume that the

no-slip condition prevails at an interface between a viscous fluid and a
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solid boundary with or without rotation, i.e. u = v = 0. The tangential
velocity must be equal to that of the wall itself. Therefore, if the
wall boundary is stationary, w = 0 at all points along the wall; if the
wall boundary is rotating about the symmetry axis, for a given angular
velocity {2, the tangential velocity is defined by w = {r. Since the
wall is assumed to be impermeable, the stream function must remain

constant along the wall, i.e.

Y o= f pur- dr
R,

At no-slip boundaries, the vorticity produced on the wall is diffused
and convected into the surrounding flow field. It is proportional to
the wall shear stress which essentially drives the flow. Therefore the
calculation of the wall vorticity is very important to the accuracy of
the entire solution. This should be performed with at least the same
degree of accuracy as the calculations in the interior flow field.
Basically, the wall vorticity can be obtained from: (1) the definition
of vorticity and (2) the Taylor-series expansion of stream function.
The transformed wall vorticity from equation (43) based on the no-slip

condition is

. on 9v _ 9n du (52)

(De——-——— —_ =

9x 9N 9r 9an

For the second approach the Taylor-series expansion of ¥y at (i,JN-1) is

- 3y 1 5% 2
Yion-1 T Vion T G, on ATty G i o AT
1 3% 3 4
+.€ Qg;?)i,JN Ar® + o(Ar™) (53)
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With the no-slip condition, one gets

Y
GPi,0n = 0 (54)

2
With C%?g)i,JN obtained from the definitions of vorticity and stream

function, and the continuity equation via the coordinate transformation,
i.e.

lp):l. JN © [ )2 w

(,a + prﬁwe] (55)

3
and with (%;%)i IN obtained by differentiating the definition of

vorticity, one finally obtains

3%n Bu |, 9n,2 3%u 3z 3n 3%u
+ 9x2 _ﬁ'+ (§§) an? + 2 X 9x aZon
2n 3% 3 3 , 8ndn B, 40 By 8%
*ox Gxorac T aran t § 7% nz} (56)

w
The term %?9 is evaluated by a first-order backward-difference
expression. Substituting equations (54-56) into equation (53) and

solving for wp; yy gives
’

Wgs g = 1 6( ¥i,JN = ¥5,9N-1)
i, JN 3¢ 9p . dn op § 2
2 + Ar [25/1' + (—a—r'—.az + 57 aﬂ)/ ] p r0 Ar

3%n du 2 a 2y 3z 9n 3%u
0g1,an-1 = 07 (52 55 + Go D) + 2 52 5 5T

an Ar, , dn Ar 3z 3p . 8n 3p.
-Bx[ (3+62 )+3rp % 9C T 3% an)]
32
_B—T}_%)/ (o)} (57)

42



2
For example, in incompressible planar flow with'%g = %;%‘= 0, the

wall vorticity then becomes

3 (v, -V, )
3 Wyan ~Yianr) 1
“g1,IN > Ag? 7 81,81

which is the same as given by Wood's method [19].

It may also be worthy to model a slip condition with the viscous
equation. This implies that the second grid point from the wall is
outside the boundary layer. It is assumed that the wall coincides with
the outermost streamline and the vorticity vanishes along this particular
streamline, i.e., the wall vorticity is given by wy = 0 and the
velocities along the wall are given from equation (6) (also see Appendix
D 8 and 9). All space derivatives in above equations except the term g—(;)e-
in equation (56) are represented by second-order backward-difference
expressions.

The wall pressure as mention in Chapter II can be obtained from
equations (9) and (10) by integration method. Equations (9) and (10)

written in the transformed coordinates are

2p - :
BC Pl (C,Tl) s
g_TI]) = Pz(C,ﬂ)

where

- on on 9% 9n . 3% 9On
P, = (Ay == - Ay — i -L5 91
1 = ¢ ' ZBX) / %; 9r 9dr Bx)
(58)
P =(A2§£—A1£)/(,§_§?ﬂ-£ﬁl)
2 3% or X or 9r 9x

43



The coefficients A, and A, are given in Appendix D. Since the
pressure is a scalar, the difference of pressure between two points A
and B is independent of the path, the transformed wall pressure then can

be written as

B
Pg = Py +A/A (p, dz + p, dn) (59)

In the region very close to the wall where the turbulence intensity is
low, the k-t model is not applicable in this sublayer region. In other
words, equations (28) and (29) are valid only where flow is fully
turbulent. The variation of the turbulence transport properties to
account for the wall effect should thus be considered. There are two
ways to handle this problem, namely, the wall function method and special
models of low Reynolds number turbulence. Several investigators have
calculated the flows throughout the laminar, transition and fully
turbulent regions using special models of low Reynolds number turbulence.
They include Wolfshtein [20], Glushko [21], Jones and Launder [22,23]
and Chien [3]. In this approach, the effect of the molecular viscosity
near the wall is included. In order to obtain adequate convergence,
grid points should be closely spaced in the sublayer region where
variables change rapidly. However the necessity to place many grid
points near the wall leads to a very expensive computation. Therefore
the wall function method is employed in the present study.

In the wall function method the second grid point, p, from the
wall with a distance Yp is located just outside the laminar sublayer.
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The values of u, ¥ and € on p can be found by using tne law of the wall.

In general the law of the wall is given by

ot = % 1n(Ey+) (60)

where k and E are constant and can be obtained from the experimental

data, and
+ _u
U= R
+ _ yu*
y -
V
in which
% =
u Tw/p

Equation (60) is valid only when yt is limited to within a
particular region close to the wall. Therefore, the axial velocity at

point p is

u = Ef.lncg—zg—gi)
k v

where u*, the friction velocity is obtained from equation (60)
iteratively.

In the turbulent sublayer, at least at point p, the turbulent
energy production is equal to the dissipation and the turbulence

reaches a local equilibrium [3,11,12], i.e,

ve (_g_;l;)z =€ (61)
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This together with equation (30), leads to

K = ke (%1}’; (62)

J &
With the assumption that the shear stress is uniform in the sublayer,

the turbulent kinetic energy at point p is then

u*?

(63)
en

From equations (60) and (61) the turbulent kinetic energy dissipation is

K =

given by

u*®
kyp

(64)

In the laminar sublayer, the nondimensional velocity distribution

obtained from both theoretical analysis and experiment is
uf = y* (65)

The wall vorticity can be shown from equations (7) and (65):

2
u*

W = * ——
0 )

where the positive sign is for an outer wall and the negative sign is

for an inner wall.

Exit boundary conditions. For the general dependent variable ¢

except pressure p, there are two commonly employed ways to define the
exit boundary conditioms:

1. The gradient in the flow direction vanishes, i.e.

3 _ (66)
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The first derivative can be derived from Taylor-series expansions
for ¢ = f£(x) at XIN-1, 3 and xyN-2, 4, from which one gets two equations
by eliminating the derivative terms of order greater than two. Solving
these two equations, one obtains the approximate expression for the

first derivative with unequally spaced grid points:

D1y g = 1
ox’IN,j = didz (d1 + d2)

[(2d) + dp) dz Oy,
- (4 + d2)2 ¢IN-1,j + d12 ¢IN-2,j]

from which

- 1 2 2
IR o7 rurarpe vl (G PR OB IR I RS NI

2. The longitudinal dissipation is negligible, i.e.
3% _
Py i 0 (67)

Similarly, finite difference second derivatives can be derived
from Taylor-series expansions for ¢ = f(x) at XIN-1,5° XIN-2,j and
XIN-3,3° from which one gets three equations by eliminating the
derivative terms of order greater than three. Solving these three
equations, one obtains for unequally spaced grid points:

(32¢ 3d, + 2d, + dj

5%2) IN,§ ~ 2 [d1 @, ¥ d4,) (4, +4, Td.y %1v,j

_2dy + 2d, + ds ® .+ 2d, + d, + d, ¢ .
d,d, (d; + dg) "IN-1,3 7 d,dy (dy + dp) "IN-2,]

_ 2d1 + dz ¢ ]
dj (dy + d3) (dy + do + ds) IN-3,j
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from which

_ 1
‘v, T T4, @, ¥4, (34, ¥ 24, ¥ d,) a4y (@, +a,)

(dy +d, +d,) (2d, + 2d, + d,) ¢1N—1,j -d, (d, + d,)
(dy +d, +d3) (24 + d, + dy) dpyog,g + dud,
(d; + d,) (2d, + d;) dpy3, 5]

where

= *1N,5 T *1IN-1,3

2 T *IN-1,3 T *IN-2,3

dy = XgN-2,5 = ¥IN-3,j

Symmetry axis boundary conditions. At the symmetry axis

9% _
or 0

is assumed for all variables except v, w, y and wg which are given a
zero value. For other variables the gradient can be derived from

Taylor-series expansions for ¢ at r; , and r; 3, i.e.
b s

|
9¢. _ -1 2 2
ar’i,1 T d,d, (d, + d;) (427 03,3 = (4 +d)? 65 5
+d, (d, + 2d;) ¢i,1]
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from which

5 4,2 (01,3 - 91,2)

1,17 %,27 78 @ ¥ 2D

where




CHAPTER III

NUMERICAL RESULTS AND DISCUSSIONS

Code Verification Studies Using Exact or Analytical

Solutions for Reference

First of all, the numerical algorithm was checked and the
validity of the decay function was established by (1) considering a
steady state, two-dimensional conduction heat transfer problem and (2)
using the constant effective viscosity to predict fully developed
laminar planar, pipe and annulus flows. As is described below, suitable
procedures could be devised to examine each of these aspects and
thereby to validate the results. The results were compared with
analytical solutions. In this chapter, the results are all shown in
graphical form and all the values indicated in the figures are

dimensionless.

Heat Transfer by Conduction

First consider an analytical approach to a steady state,
two-dimensional heat conduction problem and then compare it with the
numerical solution which may be used to advantage in the following
calculations. Consider a rectangular plate, L in length and (R, - R;) in
width where three sides of the plate are maintained at a constant
temperature Ty, and the lower side has some temperature distribution
given as a function of x, f(x). Since only heat flow is considered, the
energy equation (20) then reduces to the Laplace equation. To solve the
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equation, the separation-of-variables method was used. The boundary

conditions were then applied to obtain
_ , . n _ _ g
T(x,r) = Tw + ;i'Hn sinh [(ETJ (R, - R, r)] 51n(ir-x (68)

where

= 2 _ .. nfx . _ .
B = T7sioh (o7 (R, - RI)/f]foL (£(x) - Tyy) sin == dx; n =1, 2

A typical presentation of the analytical solution for f(x)
assuming a constant T is shown in Figure 7. The present numerical
solution exactly coincides with the analytical solution. The decay

function approach was not necessary for solving a Laplace equation.

Unheated Laminar Flows

Consider a working fluid with uniform properties and uniform
velocity that enters ducts. The first problem selected was to predict
the fully developed profiles of velocity, stream function and vorticity
in a planar duct formed by two parallel plates; the second problem
selected was the flow in a round pipe and the third problem was to
predict flow in an annular duct. For all problems, the duct length L was
held constant at a value of 100. Typical comparisons are presented in
Figure 6 of numerical solutions of the fully developed velocity, stream
function and vorticity profiles at the last station of the ducts with
exact or analytical profiles for R, = 500. The Reynolds number was

defined by

_ 20U (Rp - R;)
e U

R
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The numerical solutions obtained in the present analysis are in
excellent agreement with the analytical data. The dimensionless
pressure drops ng) for the fully developed laminar planar, pipe and
annulus (Ri/Rz2 = 0.34) flows are -3.0, -8.0 and -11.7 which are also in
excellent agreement with analytical results, equations (46-48). At
higher Reynolds number, the flow undergoes a remarkable transition from
laminar to turbulent flow. Solutions for these cases are discussed in
the following sectioms.

At a Reynolds number R, = 1000, based on the pipe diameter, a
grid composed of 21X21 nodes resulted in solution times of approximately
1.5 minutes (297 iterations) of IBM 370/3031 CPU time without decay
functions, and approximately 0.9 minutes (149 iterations) with decay
functions. The numerical results for both cases are within a 2 percent
deviation from the analytic solutions for a convergence criteria r¢ =
10 ™. Basically the deviation is caused by the increased Reynolds
number. The calculations also showed that the exit boundary conditions
(66) and (67) gave the same solutions when the duct length, i, was long
enough to permit fully developed numerical results.

Hence a demonstration has been provided of the utility of
solving a stream function and vorticity formulation of the
Navier-Stokes equations for fully elliptic flows by a finite difference

method using the special decay function to provide numerical solution

stability and control of truncation errors.
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Application of the Code to Complex Flow Problems

Planar Flow with Heat Transfer

Next a calculation is presented of another standard test case
where a flow with a uniform temperature T and uniform velocity U enters
a planar duct with isothermal walls. The wall temperature was kept
constant at T which was different from the inlet temperature. The
results for the axial velocity along the centerline of the planar duct
compare favourably with other numerical solutions of the same flow
obtained by Runchal [9], Wang and Longwell [24], and Schlichting [10],
and are shown in Figure 8. Figures 9 and 10 show the transverse and
axial temperature distributions for the planar duct flow with
isothermal walls at a Reynolds number and Prandtl number of Re = 150

and Py = 0.75.

Low Reynolds Number Flow through a Symmetric Sudden Expansion

This test case is a problem concerned with the flow of air across
an axisymmetric sudden expansion. The numerical calculations were made
by systematically varying the flow Reynolds number, the core jet width,
the duct geometry, the angular velocity (swirl), and the compressibility
to provide a qualitative understanding of the effects of these
parameters.

An axisymmetric sudden expansion, as shown in Figure 5(c), at an
arbitary Reynolds number of 50, and an enlargement factor, (RZ/Arj)—l,
of 1 with a zero duct angle, was chosen as a reference case (Table 1,

case B). Cases A and C show other cases with the same conditions but at
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Table 1.

Summary of Variables in the Computational
Problems for Low Reynolds Number Flow
through a Symmetric Sudden Expansion

Variables
Cases Re o 0 I
A 25 1 0 0
B 50 1 0 0
C 100 1 0 0
D 100/3 1/3 0 0
E 100 3 0 0
F 50 1 ~tan "} (1/4) 0
G 50 1 tan"! (1/4) 0
H 50 1 0 1/2
I 50 1 0 1
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half and double the Reynolds number, respectively. In cases D and E, the
input mass flux and the duct angle were held constant but the values of
the enlargement factor were changed to 1/3 and 3 which lead to Reynolds
numbers of 100/3 and 100, respectively. Cases F and G are the cases with
the same conditions except they have conical convergent and conical
divergent sections located at 3 < X < 5 with duct angles of -tan"t (1/4)
and tan~! (1/4) measured at X = 3, and have values of exit radius T =

0.5 and 1.5, respectively. The duct length L was held constant at a
value of 10. A parabolic inlet velocity profile, given by equation (47),
was used in all cases. Since the flows may not reach fully developed
conditions for L = 10, equation (67) was employed for the exit boundary
conditions.

The streamline patterns and the axial velocity profiles obtained
from the reference case B are shown in Figure 11. When the fluid enters
the abrupt cross-section enlargement, a rapid decrease in velocity takes
place, and flow kinetic energy is lost to the creation of recirculation
regions upstream near the inlet. The flow kinetic energy is dissipated
to heat as the recirculation decays downstream. Recirculation occurs
when the surrounding fluid is entrained and mixed with the inlet jet
flow. Finally, the stream approaches a fully developed state at the
outlet. It should be noted that in planar flows, increased spacing
between the streamlines at constant Ay indicates lower velocity, and
therefore lower mass flux. However this concept is not true for

axisymmetric flow.
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Figure 12 shows the vorticity and static pressure contours for
reference case B. It is useful to describe flow in terms of the
distribution of vorticity. For laminar flows, vorticity cannot be
created or destroyed in the interior of a homogeneous fluid, and is
produced only at boundaries. The heavy concentration of contour lines
near the corner of the abrupt enlargement of section indicates a high
vorticity gradient which force the fluid particles to go counterclock-

wise as shown in the upper portion of Figure 11. Inspection of the zero

vorticity line shows that the separation point occurs at r = 0.55, a

little above the corner, and that reattachment occurs at x 2.30,
determined by interpolation of streamlines.

For values of x less than 2.30, the wall vorticity is negative,
therefore, a reverse flow is produced near the wall. At x = 2.30 where
recirculation vanishes, the wall vorticity is zero. This ir is called
the reattachment length. As the value of X increases beyond 2.30, the
wall vorticity progressively increases in magnitude, hence the axial
velocity near the wall increases and the central axial velocity
decreases in the mean flow direction until the flow becomes developed
at x = 10.

In the lower portion of Figure 12 the contours of the pressure
coefficient are presented. The pressure coefficient, (p-pref)/(O.SpUz),
is negative approaching the corner of the abrupt enlargement section.
Therefore the separation point is usually located in the region of low
pressure or in the region of an adverse pressure gradient. Beyond the

zero pressure coefficient line, the pressure coefficient is again
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positive and approaches the one-dimensional, inviscid Bernoulli
approximation, requiring a pressure increase in an expansion. It is
noted that the pressure field is obviously two-dimensional in the
upstream and nearly one-dimensional in the downstream as indicated by

the nearly vertical contour lines.

Effects of Reynolds number. In Figures 13 and 14 the Reynolds

number is decreased from 50 to 25 as shown in Table 1, case A. If
Figures 11 and 13 are compared, the effect of decreasing the Reynolds
number can be determined. Generally, for the low Reynolds number, the
recirculation zone becomes smaller and moves backward toward the
expansion. Upstream, the streamlines spread further apart, indicating a
weaker entrainment. In the downstream when X > 8 where the flow is
fully developed, the streamlines coincide with the reference case. The
zero vorticity line given in Figure 14 shows that the separation point
occurs at ¥ = 0.56 and reattachment occurs at X = 1.16. At X = 1.7 the
wall pressure gradient is equal to zero.

In Figures 15 and 16 the Reynolds number is increased from 50 to
100 as shown in Table 1, case C. Comparison of Figures 11 and 15 shows
that the recirculation zone grows larger and extends farther downstream
if Reynolds number is increased. Also, the velocity of the backflow in
the recirculation zone is increased. For R, = 100, the duct length is
not long enough for the flow to reach a final fully developed condition.
The zero vorticity line shown in Figure 16 shows that the separation
point occurs at ¥ = 0.54 and reattachment occurs at x = 4.57. The
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position of the zero wall pressure gradient has shifted to farther
dowvnstream at X = 6.6. From these calculations it was found that the
laminar reattachment length increased with increasing Reynolds number,
and the separation point, near the corner of the abrupt enlargement
section, moved toward the corner with increasing Reynolds number. The
predicted laminar reattachment lengths for various Reynolds numbers are
in reasonable agreement with the experimental data [25] as sthn in
Figure 17.

Finally, the central axial velocity profiles and the wall
pressure distributions for these three cases are summarized in Figures

18 and 19, respectively.

Effects of core jet width. Figures 20 and 21 (case D) show the

effects of increasing the core jet width while maintaining a fixed flow
rate. As the core jet width is increased, the recirculation zone gets
smaller and seems to disappear. The corner streamline follows the wall
smoothly as is shown in Figure 19. Even though a low pressure region
exists near the cormer, flow separation and reattachment are difficult
to interpret from the data shown in Figure 21. The zero wall pressure
gradient has shifted upstream almost to the vertical wall. For the case
of decreased core jet width (case E), the recirculation zone became
considerably larger, and extended much farther downstream, as is seen
by comparing Figures 11 and 22. Obviously the flow can not reach its
final fully developed shape within this short duct length. The zero
vorticity line shown in Figure 23 shows that the separation point
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occurs at ¥ = 0.3 and reattachment occurs at X = 8.4. The position of
the zero wall pressure gradient has shifted downstream at X = 8.75. The
effects of varying the core jet width, while maintaining a fixed flow
rate, are indicated by the changes in central axial velocity profiles,

and wall pressure distributions, in Figures 24 and 25, respectively.

Effects of duct angle. Figures 26 and 27 show the effects of

decreasing the duct angle (gradual contraction, case F). Comparison of
Figures 11 and 26 shows that the streamlines and vorticity profiles

upstream, X < 3, almost exactly coincide with each other. Beyond X = 3,

]
w
L

walls contract caused by the negatively sloping wall, until at X
the wall becomes horizontal again. A long exit section, 5 £ X < 10, is
used in the calculation to provide enough distance for the flow to
approach the fully developed state.

If Figures 12 and 27 are compared, it is found that they have
much the same flow structure upstream of the contraction section. At X =
5, another heavy concentration of vorticity occurs near the walls, which
indicates a high vorticity gradient where the fluid enters the
contraction section. The zero wall pressure gradient for case F occurs
at X = 3.1. On the other hand, Figures 28 and 29 show the results of
increasing the duct angle (gradual enlargement, case G). It is not easy
to compare these figures with that of reference case. However, careful
analysis indicates that they also have similar flow structure for x < 3.
Beyond X = 3 the flow expands in the enlargement, which acts like a
diffuser. The zero wall pressure gradient for case G has shifted
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downstream to X = 5.7. Figures 30 and 31 demonstrate this. In summary,
it was found that the different duct geometries in the downstream had a
relatively minor effect on the structure of the flow and recirculation

zones upstream, at least for the cases tested.

Effects of swirl. TFigures 32-35 (Table 1, cases H and 1) show

the effects of adding angular velocity while maintaining the inlet
reference conditions as given in case B. For case H, the flow enters a
duct rotating at angular velocity Q = 0.5. Thus the fluid in contact
with the wall causes the flow to rotate about the centerline. It was
found that the recirculating zone gets progressively smaller as a
result of increased angular velocity. In Figures 33 and 35, the zero
vorticity lines show that the separation points occur at ¥ = 0.56 and
0.60, and reattachments occur at X = 2,23 and 2.04, respectively. If
Figures 12, 33 and 35 are compared, it is found that they have
completely different pressure distributions. In the region close to the
wall, the pressure gradient in r direction at high angular velocity is
greater than at low angular velocity. In the region close to the
centerline, the pressure gradient in x direction at high angular
velocity is greater than at low angular velocity.

Finally, the effects of varying the angular velocity are
indicated by the changes in central axial velocity profiles and wall

pressure distributions, in Figures 36 and 37, respectively.

Effects of compressibility. All the solutions considered in

reference case B have been for an incompressible fluid with constant
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temperature. If the effects of compressibility are considered, the
variation of fluid density as a result of variations in pressure and
temperature in the flow must be given. For low Mach number flow it was
found that the streamlines, velocity profiles, vorticity and static
pressure contours closely coincide to the incompressible flow contours.
It is noted that the central axial temperature and density distributions
along x direction in nondimensional form are nearly symmetric with
respect to the centerline as shown in Figure 38. Higher Mach number

compressible flows have not been attempted at the present time.

Low Reynolds Number Flow through a Symmetric Annular Jet

The problem is basically the same as the problem just described
above, except that the entrance flow is replaced by an annular jet
(Figure 2, D). In this problem, study of the recirculation zones was of
most interest and the effects of duct angles on the upstream flow
pattern was not considered. The calculations were made by varying the
annular jet radial position, while keeping the flow rate and injection
velocity constant, as shown in Table 2. In Table 2 case J was chosen as
a reference case. Figure 39 shows the reference streamlines and axial
velocity profiles. It shows that there are two recirculation zones in
the flow field. One recirculation zone surrounds the outside of the main
flow, and lies near the wall. The other recirculation zone is much
smaller and lies near the centerline. Inspection of the zero vorticity
line shown in Figure 40 indicates that the outer separation point occurs
ar ¥ = 0.63, very close to the upper corner of the jet, and outer zone
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Table 2.

Summary of Variables in the Computational
Problems for Low Reynolds Number Flow
through a Symmetric Annulus Jet

Variables
Cases Re I A?Ei
J 100 1/2 1/5
K 200 1/4 2/5
L 200/3 3/4 2/15
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reattachment occurs at X = 3.64. The line of zero pressure coefficient
also is clearly shown in Figure 40.

The effects of decreasing the annular jet displacement from the
centerline may be observed in Figures 41 and 42. The outer recirculation
zone grows considerably larger and extends to the end of the duct,
whereas the inner recirculation zone disappears completely. When the
jet displacement from the centerline increases, the outer recirculation
zone grows smaller and the inner recirculation zone grows larger as
shown in Figures 43 and 44. Typical wall pressure distributions for

these flows of separating annular jets are indicated in Figure 45.

Turbulent Flows through Circular Pipes

For these calculations it was also assumed that the working fluid
entered a circular pipe with uniform fluid properties and velocity. In
order to compare the numerical solutions with the experimental data
obtained by Laufer [26], two flow cases with Reynolds number Ry = 50000
and Rg = 500000 were considered. The duct lengths, i, were established
with values of 40 and 60 for R, = 50000 and 500000, respectively. It
was assumed that the flows could reach their final fully developed
states, and so equation (66) was used for the exit boundary conditions.
As Chien [3] s Schulz [7] and others have pointed out, the coefficient CU
in the Prandtl-Kolmogorov formula must vary across the turbulent pipe
flow. By making comparisons with experimental data, it was found that
CLl was constant up to ¥ = 0.75, and had to decrease linearly from 0.09
at ¥ = 0.75, to 0.05 at wall, ¥ = 1. The two-equation turbulence model

together with the wall function method for boundary conditions was
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employed to calculate the flows. The axial velocity distributions at

the last station of the ducts are summarized in Figure 46. The 1/7th
power law is also presented for comparison. For R, = 50000, the
predicted velocity is little higher than the experimental data
especially near the wall. This may be due to a length, i, that was too
short. For Re = 500000, the numerical solution is in excellent agreement

with the experimental data.

Turbulent Flows through a Symmetric Sudden Expansion

Corresponding to reference case B, an axisymmetric sudden
expansion flow problem at high Reynolds number was considered. The
Reynolds number was varied from 50 to 5000 and to 50000. Table 3 (see
page 94) shows the conditions under which the calculations were made.
The first calculation was based on a constant effective viscosity U,
whose value was specified by the equation Re = 5000. For the other two

calculations, effective viscosity was determined from the two-equation

Table 3. Summary of Variables in the Computational
Problems for High Reynolds Number Flow
through a Symmetric Sudden Expansion

Variables
Cases Re Turbulent Model
M 5000 Constant Viscosity
N 5000 Two-Equation
0 50000 Two-Equation
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turbulence model for inlet Reynolds numbers of Rg = 5000 and 50000. For
the inlet boundary conditions, the calculations were made using a 1/7th
power law velocity profiles. To start the K-&£ calculations the inlet
effective viscosity profile was calculated from Prandtl's mixing length
theory and the 1/7th inlet velocity profile. The mixing length was
obtained from equation (26). The inlet turbulent kinetic energy and its
dissipation were calculated from equations (62) and (30), respectively.
The results of the calculation are shown in Figures 47-52.
Contours of vorticity and static pressure, shown in Figures 48 and 50,
indicate a big difference in flow structure when comparing the
constant effective viscosity case to cases N and 0. The recirculation
zones and the profiles of mean axial velocity for H, = constant case
and the k-¢ cases appear similar; but the vorticity contours show that
the k-¢ flows have more concentrated vorticity in the near field.
Hence they have sharper or steeper interior field velocity gradients.
The effect of increasing Reynolds number is small when comparing the
solution obtained with the two-equation turbulence model. It is
interesting to note that the turbulent reattachment length seems to be
constant; it does not vary with Reynolds number. This information was
noted previously on Figure 17. It is well known that U, changes
throughout the flow field and usually becomes zero along the walls.
Hence.the use of the constant viscosity model would yield grossly
unrealistic velocity and pressure fields as indicated by the changes in
central axial velocity profiles and wall pressure distributions, in

Figures 53 and 54, respectively.
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CHAPTER IV

CONCLUSIONS

A general, two-dimensional computational procedure was developed
to predict planar and axisymmetric flow fields confined within a duct.
It is based on solving a stream function and vorticity formulation of
the Navier-Stokes equations for fully elliptic flows. The partial
differential equations for steady-state, two-dimensional, compressible,
viscous flow were solved by a recently developed finite difference
method based on general coordinate transformations and special functions
called decay function. The conclusions drawn from the research are as
follows:

1. The inlet boundary conditions must be determined with some
care and should match the appropriate physical inlet conditioms.

2. The calculations showed that the exact nature of the exit
boundary conditions, equations (66) and (67), has little effect on the
upstream solutions if the duct is long enough. However, equation (66)
can be applied only for fully developed flow, whereas equation (67) can
be applied for both fully and nonfully developed flows.

3. The boundary condition for vorticity at a wall given by
equation (57) was used successfully in moderate Reynolds number flows;
however it was found that this second-order form was likely to cause
instability at high Reynolds number or in fine grids. Hence, equation
(52) is recommended for use to calculate wall vorticity for moderate

Reynolds number flows. For high Reynolds number flows, a wall function
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method should be used for vorticity just off or adjacent to the wall.

In the present study the boundary values of vorticity, axial velocity,
turbulent kinetic energy and its dissipation were found by using the law
of the wall.

4, TFor a turbulent mean-flow analysis, it was found that the
molecular viscosity in the governing equations (8-14) could replaced by
an effective viscosity, and the instantaneous fluid properties could
replaced by time-averaged fluid properties. However, in turbulent flows,
a second-order, new term due to the "turbulence" must be introduced in
the Poisson equation for static pressure. Also, for turbulent flows, in
the energy equation (20) the molecular thermal conductivity must be
replaced by an effective thermal conductivity, and the instantaneous
fluid properties also can be replaced by a time-averaged fluid properties,
however, a turbulent kinetic dissipation term was introduced.

5. It is found that one cannot rely on the Navier-Stokes
equations alone to obtain general solutions to problems in turbulent
flows. In other words the governing equations are semi-empirical.

6. In a core jet flow, the laminar reattachment length is found
to be not a constant number as for turbulent flow, it is increased
successively with increasing Reynolds number. The turbulent reattachment
length seems to be constant, and does not vary with Reynolds number.

7. The Reynolds number as well as the radial location of the
annular jet (oxidizer injection) both have a great effect on the

structure of the recirculating flows.
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8. The different duct angles in the downstream had a relatively
minor effect on the structure of the flow upstream.

9. 1In order to demarcate the recirculation flow regions, it is
better numerically to define the § = 0 streamline along the wall.

10. Both laminar and turbulent cases have been considered and

analyzed using the present method.
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APPENDIX A

SUMMARY OF DIFFERENTIAL OPERATIONS INVOLVING
THE V-OPERATOR IN RECTANGULAR AND

AXTSYMMETRIC COORDINATES
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Modified Boussinesq Eddy Viscosity
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Eddy Diffusivity
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APPENDIX B

DERIVATIVES IN THE COMPUTATIONAL PLANE
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APPENDIX C

FINITE DIFFERENCE APPROXIMATIONS WITH ERROR OF
SECOND ORDER IN THE COMPUTATIONAL PLANE

AT POINT (i,j) (SEE FIGURE 3)

Central-Difference Expressions (Point A)
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Forward-Difference Expressions (Points B and C)
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(Point C)
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APPENDIX D

COEFFICIENTS IN THE STANDARD FORM FOR

THE GOVERNING EQUATIONS

1. Stream Function, ¥
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Turbulent Kinetic Energy, K
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