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Abstract

Learning from data is fast becoming the rule rather than the exception for many science and engineering
research problems, particularly those encountered in nuclear engineering. Problems associated with
learning from data fall under the more general category of inverse problems. A data-drive inverse problem
involves constructing a predictive model of a target system from a collection of input/output observations.
One of the difficulties associated with constructing a model that approximates such unknown causes based
solely on observations of their effects is that collinearities in the input data result in the problem being i//-
posed. Ill-posed problems cause models obtained by conventional techniques, such as linear regression,
neural networks and kernel techniques, to become unstable, producing unreliable results. Methods of
regularization using ordinary ridge regression (ORR) and kernel regression (KR) have been proposed as
viable solutions to ill-posed problems. Successful application of ORR and KR require the selection of
optimal parameter values—ridge parameters for ORR and bandwidth parameters for KR. The common
practice for both methods is to select a single parameter based on minimizing an objective function which
is an estimate of empirical risk. The single parameter value is then applied to all predictor variables
indiscriminately, in a sort of one-size-fits-all fashion. Versions of ORR and KR have been proposed that
make use of individual localized ridge and a matrix of localized bandwidth parameters that are optimally
selected based on the relevance of their associated predictor variables to reducing empirical risk. While the
practical and theoretical value of both localized regression techniques is recognized they have obtained
limited use because of the difficulties associated with selecting multiple optimal ridge parameters for
localized ridge regression (LRR)—defined as the localized ridge regression problem—and multiple optimal
bandwidth parameters for localized kernel regression (LKR)—defined as the localized kernel regression

problem—particularly for multivariate predictor data with more than four variables.

This dissertation introduces a method of selecting optimal ridge parameters for LRR and a method of
selecting a matrix of optimal bandwidth parameters for LKR based on the use of Differential Evolution
(DE), a population based direct search global optimization technique. Three different objective functions,
selected as prediction risk estimators, were developed and evaluated for LRR: Mallows' CL, an Information
Complexity (ICOMP) based method of regression parameter selection (ICOMPRPS), and Generalized
Cross-Validation (GCV). Leave-one-out cross-validation (LOO-CV) was used as the objective function for

LKR.

Including the two methods of selecting optimal localized regression parameters the original contributions to
the field of learning from data described in this dissertation are: i) DE automated selection of localized

ridge regression parameters (DEALRR) using an objective function selected as an estimator of prediction



risk, ii)) DE automated selection of a vector of bandwidth parameters for localized kernel regression
(DEALKRp) using LOO-CV as an objective function, iii) a method of optimizing the full bandwidth matrix
for localized kernel regression using DE (DEALKRF), iv) automatic selection of relevant input variables

using DEALKRp, and v) a method of detecting local minima (ModelM) in multidimensional data.

Case studies based on several practical examples using both artificial and real world data demonstrate i) the
superior performance of DEALRR over ordinary least-squares and ordinary ridge regression for a) variable
prediction and b) inferential sensing, ii) the superior performance of DEALKRp and DEALKRE over global
kernel regression, and a hybrid conjugate gradient plus line search method for selecting a vector of LKR
bandwidth parameters, for a) output target variable prediction, b) function approximation and c) inferential
sensing, iii) the superior performance of DEALKRp for input variable selection, iv) the viability of
optimally selecting the full bandwidth matrix LKR using DEALKRf and v) the ability to detect the

presence of local minima in multidimensional data using ModelM.
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Chapter 1 Introduction 1

Chapter

Introduction

his chapter introduces the problems associated with learning from data that are addressed by this
dissertation by placing them within the context of the general learning problem common to all

scientific research.

Section 1.1 defines the five problems which are: i) the localized ridge regression problem, ii) the localized
kernel regression problem, iii) the full bandwidth matrix optimization problem, iv) the relevant predictor

variable selection problem, and v) the local minima problem.

This findings of the research described in this document focuses on the application of differential evolution
— a population based direct search global optimization technique — as a multi-parameter optimization
engine for solving the localized ridge regression, localized kernel regression and full bandwidth matrix

optimization problems.

Section 1.2 describes the context and motivation for this research as it relates to regularization of ill-posed
problems and introduces localized ridge regression, localized kernel regression and the use of evolutionary

algorithms for multi-parameter optimization.

Section 1.3 describes the author's significant contributions and section 1.4 closes the chapter with an

overview and organization of the dissertation.

1.1 Problems addressed and Review of State of the Art

This section defines the specific problems addressed by this research as particular instances of the more
general learning problem that is common to all inverse problems in science and engineering. The learning

problem is defined as:
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Definition 1.1

Given a set D of n independent input-output observations, D =(X,,y,), taken from the joint probability

distribution p(X,Y) = p(Y | X) p(X) ,wherex, = (x,,...x, ,...Xx,,)is a d-dimensional vector of input
variables and y, is a vector target variable(s), develop a model m(X,) that is an estimator of the underlying
model m(X) (based on induction) that will accurately predict a new target variable y,, when presented

with a new input vectorX,,, given X, is not contained in D,x,,, & D .

new

1.1.1 Automatic Selection of Optimal Ridge Parameters for Localized Ridge

Regression

The localized ridge regression problem is defined as:

Definition 1.2

Given a localized ridge regression model

where

2

B, =(X'X+ VAV X' y=3—"1_(u’y)-v,

s+ A

and A, are the localized ridge parameters, find the optimal values of A, that minimize the empirical risk of

the model.

For many real world predictive modeling tasks it is common for multidimensional predictor data X to
contain collinear inputs. Inputs are collinear if they change together or if one can be represented as a linear
combination of the other. Collinearity in the data causes instabilities in linear models because the matrix
product X"X used to solve for the regression coefficients will be nearly singular, resulting in some of the
model coefficients being very large. This has the ill-effect of small changes in the model inputs producing
large changes in the model outputs, a classic definition of an ill-posed problem. Methods of regularization

have been developed to address this problem, one of which is ridge regression. Ridge regression adds a

scalar term and the identity matrix to the matrix product so that it becomes (X' X+ AI)'X". Localized
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ridge regression takes this concept a step farther using a vector of 4 's, each one appropriately selected for

each component dimension.

The absence of a reliable method of automatically selecting optimal ridge parameters for localized ridge
regression has severely limited the application of localized ridge regression even though various authors
have suggested its theoretical value and anticipated improved performance over ordinary ridge regression

[74,104,152,153,151,238].

This work describes a method developed to address the problem of automatically selecting optimal
regularization parameters for localized ridge regression using Differential Evolution (DE), a population-
based direct-search evolutionary algorithm. The method called Differential Evolution Automated selection
of Localized Ridge Regression parameters (DEALRR) selects optimal parameters by minimizing an
objective function selected as an estimator of prediction risk (empirical risk). DEALRR is shown to
outperform ordinary least squares, ordinary ridge regression, and principle component regression, for a

prediction problem using real world data.

1.1.2 Automatic Selection of Optimal Bandwidth Parameters for Localized

Kernel Regression

Thus localized kernel regression problem is defined as follows:

Definition 1.3

Given a localized kernel regression model:

) ) SK(dy(x,@)y, .
q;H) = m(q;H) = ————— y=XB,
K (d;(x,.0)

where the bandwidth matrix could be a scalar, H € S, or a diagonal matrix, He D, find the optimal

values for H that minimize the empirical risk of the model.

Kernel regression is a non-parametric regression method that is widely used in science and engineering
modeling applications, partly because it does not require knowledge of an underlying model for which
parameters are sought, yet it provides a flexible way of generating prediction models by learning the

relationship between input-output observations (x,,»,)...(x,,»,). When presented with a new inputx,

kernel regression estimates an output p based only on the outputs of those stored input-output observations
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that have corresponding inputs that are close tox. Close is defined by a distance measure and a kernel

shape whose size or width is controlled by a bandwidth parameter.

Localized kernel regression (LKR) is a multidimensional extension of kernel regression that uses a matrix
of bandwidth parameters optimally selected for each input dimension instead of a single bandwidth
parameter. The problem of automatically selecting a set of optimal bandwidth parameters is an area of
active research and one for which there is no clear solution [85,127,136,183,239,235,236,238]. Therefore
the most common implementations of kernel regression use a single scalar bandwidth parameter — a
referred to as the "global" bandwidth — for all input dimensions. This is analogous to the use of a single

ridge parameter in ordinary ridge regression.

The practice of using a global bandwidth parameter assigns all inputs equal weight without any other
consideration. It would be much wiser to select bandwidth parameters for each input variable based on its

relevance to producing accurate estimates of . While this intuitive concept is frequently discussed in the

literature its acceptance and implementation has been restricted for the same reason as localized ridge

regression, lack of a compelling method to automatically select optimal bandwidth parameters.

Various methods of automatically selecting bandwidth parameters have been advocated, but there is no
clear winner [136,239]. Each appears to do well for a particular problem domain and poorly for others.
Arguably one of the most promising methods, due to its speed and general robustness, is Adaptive Metric
Kernel Regression (AMKREG) proposed by Goutte and Larsen [73]. AMKREG is a hybrid conjugate-
gradient/line-search method (CGLS). But, as will be demonstrated in Chapter 5, AMKREG like all
gradient-descent based techniques is susceptible to getting stuck in local minima and is sensitive to the
initial "guess" or starting point used. Part of the general robustness of AMKREG stems from basing the
initial "guess" on the distribution of the underlying data rather than relying on a random "guess". It will be
been shown that while this approach to initialization may be good in many cases there are times when it
will guarantee convergence to a sub-optimal, local minimum. This is particularly true when the data are

sparse, which is a common scenario for many real-work problems.

In this work, a method is described as a solution to the problem of automatically selecting optimal diagonal
bandwidth parameters for localized kernel regression using Differential Evolution (DE). The method called
Differential Evolution Automated selection of bandwidth parameters for Localized Kernel Regression
(DEALKRp) — where the ‘D’ subscript indicates use of a diagonal bandwidth matrix, H € D — selects
optimal bandwidth parameters by minimizing the LOO-CVE, which is an estimate of generalization error
or empirical risk. The performance of DEALKRp, is compared to LKR using a global bandwidth parameter
and to AMKREG (referred to as CGLS), for artificial and real world data sets. For cases where there were
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no apparent sub-optimal local minima, the results of DEALKRp and CGLS were nearly identical. For
cases where local minima were present in the error surface, DEALKRp outperformed CGLS. The results

of DEALKRp and CGLS were always better than those of LKR using a global bandwidth parameter.

1.1.3 Optimization of the Full Bandwidth Matrix for Localized Kernel

Regression

The full bandwidth matrix optimization problem is defined as follows:

Definition 1.4

Given a localized kernel regression model:

. . SK(dp(x,@)y, .
y(q;H)=rn(q;H)=':‘n2— y=X
LK(d,(x,,q)

with a full bandwidth matrix, H € F _ find the optimal values for the full matrix, H, that minimize the

empirical risk of the model.

This work introduces, for the first time, a method of solving the full bandwidth matrix optimization
problem for localized kernel regression by using Differential Evolution (DE). The method called
Differential Evolution automated selection of bandwidth parameters for Localized Kernel Regression
(DEALKRf) — where the ‘F’ subscript indicates use of a full bandwidth matrix, H € F — optimizes all
parameters in the full bandwidth matrix by minimizing the LOO-CVE.

The performance of DEALKR¢ is compared to LKR using a global bandwidth parameter and to AMKREG
(referred to as CGLS), for artificial and real world data sets. In all cases the LOO-CVE results of
DEALKRE were better than all other methods. Even though it did not always yield the best training and
test MSE, DEALKR did what it was “asked” to do; it found the "best" globally optimal solution obtainable
using LOO-CV as an objective function. DEALKRg enables the extraction of covariance information
"hidden" in the off-diagonal data elements of the full bandwidth matrix that cannot be extracted by using

only the diagonal elements, thus bringing a greater level flexibility and modeling capacity to LKR.
1.14 Selection of Relevant Predictor Variables

The relevant predictor variable selection problem is defined as:
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Definition 1.5

Given a set of n input-output observations, (x,,y,)...(x,,y,), wherex, =x,,...,x,is a d-dimensional vector of
observed predictor variables of which some but not all x, have a causal affect on y, which is a scalar target

variable; select only those predictor variables that are relevant to estimating a future target

variable y, given a new predictor vectorx, .

Input variable selection is an active area of research [7,17,14,117,215,231,229] . It is crucial to the
accuracy of the predicative model that only input variables that actually contribute to the predictive ability
of the model be used. Inclusion of irrelevant parameters or exclusion of relevant parameters will increase
the uncertainty of the predicative model [23,48,117]. It is shown that DEALKR affectively eliminates non-
relevant input parameters by assigning them very large bandwidth parameters. Since only the variables
with small bandwidths contribute to the reduction of the cross-validation error, those variables with large
bandwidths can be deemed irrelevant and eliminated from the model reducing the model complexity, and

uncertainty.
1.1.5 Detecting the existence of local minima

The local minima problem is defined as follows:

Definition 1.6

Consider a model m(x;p) wherep is a set of model parameters that control the estimation of y Selecting

the best set of parameters involves minimizing an objective function f(x;p) that provides an indication of
model accuracy. The local minima problem is to determine whether the error surface of the objective

function being minimized has more than one minimum.

The existence of local minima in an error surface calls into question solutions obtained by conventional
approaches. Why should one result or model that is susceptible to getting trapped in local minima be
favored over another? In these cases it might justify the potentially higher computational cost required to
implement the techniques described in this work. A technique was developed to determine if local minima
exist in a particular error surface and provide indication of when one should apply the more powerful, more

computationally intensive techniques described in this work.

While it is possible for one to "see" or observe the existence of local minima in the error surface for data
sets of one or two variables we do not have the this luxury once a data set exceeds two input dimensions.

As will be shown in section 5.1.1.4 DEALRR and DEALKR are powerful modeling tools but their
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increased power comes with some increase in computational cost, when compared with other more
conventional techniques such as ordinary least squares, ordinary ridge regression, or even AMKREG.
Consequently, it would not be prudent to blindly insist upon their use when simpler, more computationally

efficient tools would be just as accurate.

The method developed to detect the existence of local minima capitalizes on the rapid convergence
characteristics of the hybrid conjugate-gradient/line search (CGLS) technique. First we force the CGLS to
start at multiple points that "cover" the data spaces of the localized ridge or bandwidth parameters and
collect the results. A large standard deviation in any of the parameters would suggest the existence of local

minima in the underlying error surface. This technique is applicable to problems of any dimension.

1.2 Context and Motivation for Localized Regression

According to Cherkassky and Mulier in order for a learning process to formulate a unique generalization

model m(x,) from a set of finite data, it must possess the following characteristics [154 p. 40]:
1. A wide, flexible set of approximating functions: f(X,w),w€Q ,

2. A priori knowledge or assumptions used to impose constraints on the potential classes of function

in (1),

3. An inductive principle or inference method for combining a priori knowledge (2) and available
training data to produce an approximation of the true but unknown dependency — stipulates what

to do not how to do it, such as Empirical Risk Minimization (ERM), and

4. A learning method, such as Maximum likelihood estimators (MLE), linear regression, polynomial

methods, or fixed topology ANNS.

A critical need for any learning method is that it must have an optimization procedure for parameter
estimation. This is precisely the focus of this research which introduces the use of DE for the optimization
of parameters associated with the learning methods of localized ridge regression and localized kernel

regression.
1.2.1 Data-Driven Inverse Problems

Most learning problems in the field of science and engineering are data-driven and fall under the general

category of inverse problems. By data-driven we mean learning problems that are required to develop
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models in an inductive framework based on a collection of discrete input/output observations. An inverse
problem involves development of a model that approximates underlying unknown causes based only on

observations of their effects. Figure 1.1 depicts this inverse modeling scenario graphically.

In supervised learning the goal is to approximate an unknown relational mapping f : X — Y with a model
m(X,Y) = J} (X,Y) =y that produces an accurate estimate of y given a set of input-output observations,

(X, 00)(x,,0,) -

The accuracy of the model is a measure of empirical risk, R, , and is described by a distance measure

emp 2

which relates the closeness of J to y. The best model m(-) produces the smallest R, when tested with an

emp

unseen set of data observations. A common distance measure used in regression is the L, loss function,

L,(y,m(x))=(y-p). Thus R, becomes the sum of the squared errors (SSE),

emp

R, =SSE=3(y, -)
e =SSE=3(0, =) a1
In unsupervised learning there is no distance measure and the goal is to discover patterns and relationships
among the set of input variables. Probability distribution estimation and clustering are examples of
unsupervised learning. Classification and regression are two examples of supervised learning. This work
focuses on localized regression within the context of supervised learning and addresses the supervised

learning problems associated with i) localized ridge regression and ii) localized kernel regression.
1.2.2 Il-posed Problems

Inverse learning problems can be either well-posed or ill-posed. The French mathematician Hadamard was
the first to describe well-posed and ill-posed inverse problems in 1902 [83,84]. Tikhonov and Arsenin
extended Hadamard's conditions of well-posedness in [218]. To illustrate the concept of ill-posedness we
will use a simple regression problem, and construct a regression model m(-) that represents the relationship
between a d-dimensional input set of predictor variables X =(X,,...X,...X,) and a target output
variable Y :

Y=m(X)+¢ (1.2)
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Figure 1.1 Graphical description of inverse modeling.

where, ¢ is a Gaussian noise term. First we will describe an approach using a linear parametric model and
then we will describe a semi-parametric modeling approach. Assuming a linear regression model we

define m(-) in terms of a vector of regression coefficients or parameters p = (f,,... 5,) :

Y= ﬂo +ﬁ|X1 +"‘ﬂdXd te= );(x) = ﬁo +ﬂ1x| +"‘ﬁdxd (13)
Solving for ﬁ is and inverse problem with the ordinary least squares solution (OLS), sometimes referred to

as the maximum likelihood solution (MLS) for Gaussian ¢, is given by [132]

B, =(X"X)"X'Y (14)

where, [Aio,v is the vector or regression coefficient estimates. The OLS solution is an unbiased estimate of

the true solution, if it exists. When the data matrix Xis ill-conditioned,fi has a large variance and

ols

becomes very unstable. We can see why if we re-write the OLS solution in terms of singular value

decomposition (SVD) of the predictor variables X =U-diag(s;')- V"

0 -1 T, _ Lot T .
B, =V-diag(s,')-U y=2s @y Vi, (1.5)

where, u and v are the right and left eigenvectors of X of ands, are the singular values of X. When Xis ill-

conditioned the last few singular values, which correspond to noise or irrelevant predictor components, are
very close to zero. When inverted these small singular values produce very large regression coefficients.

The large coefficients greatly amplify the noisy or irrelevant predictor variables which severely degrades
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the predictive accuracy of the OLS solution. The affects of this are clearly seen when one considers the

variance-covariance matrix of the OLS solution which is

Cov(ﬁ

ols

)= (X'X)" =0’V diag(s”)- V" (1.6)

where o is the noise variance of Y . From equation (1.6), one can see that singular values close to zero

result in a large variance in the solution rendering it statistically insignificant. The solution of B for

XP =Y is said to be well-posed if the following criteria are met [218]:
1. Existence: for each y € Y there exists a solution B Q ;

2. Uniqueness: the solution P is unique, e.g., for any pair of input vectors x,t € X xp =tp, if, and

only if, x =t;

3. Stability: with Xp=Yand Xp=Y, lim,_f — (with small changes in ¥ the solution B is

stable). This third criterion is the same as requiring the inverse operator ' to be continuous.
Conversely, if any of the above criteria are not meet, X =7 is said to be ill-posed.

Many predictive modeling engineering applications are ill-posed inverse learning problems for the
following reasons. First, uniqueness is violated because one typically deals with sparse data sets and
consequently there is not enough information in the training data to reconstruct a unique input—output
mapping. Second, stableness is often violated due to collinear inputs or noise in the measurements. Third,

there may not be enough information in the inputs for a solution to exist.

Figure 1.2 and Figure 1.3 present examples of 1D and 2D ill-posed problems. Both show how different
solutions can be produced from the exact same training data, bringing one face-to-face with the problem of
deciding which if any of the models are correct. Without any other prior knowledge of the true model

which produced the data the selection process would be purely arbitrary.

According to Cherlassky and Mulier [154 p. 39], learning — the forming of generalizations from particular
instances of training data (finite data sets) — is inherently ill-posed and solving it requires a priori

knowledge in addition to the data.

Before describing regularization as a method for solving ill-posed problems we take a bief look at how

much data a learning method needs in order to construct a model with a certain degree of accuracy.
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Figure 1.2 1D example of an Ill-posed problem: (a) Blue curve is the data generating function and red
asterisks are the training points; (b) Results from linear regression and polynomial regression of varying
degrees — where p0-pl0 signify the orders of the polynomials; (c) Kernel regression results using a
Gaussian kernel — where h=1 through h=100 indicate the kernel bandwidth.
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Figure 1.3 Illustration a a 2D ill-posed problem: (a) The training data; (b) data generating function is the
surface plot and the asterisks are the training data; (c) — (e) are three different function approximations
obtained from the same data set with training errors of 0.2291, 0.2291 and 5,776 and test MSEs of 0.2181,
0.2181 and 0.4172 respectively.
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1.2.3 How Much Data is Enough?

The amount of data (discrete input-output data samples) a learning method needs in order to construct a
model with a certain degree of accuracy depends upon i) the dimensionality, d, and ii) the degree of
smoothness, p, of the class of functions being approximated [169]. For nonparametric polynomial

regression the optimal rate of convergence ¢, —how accurately a function can be approximated with » data

samples — can be expressed as [169]:

"= (1.7)

The number data points needed to approximate a function grows rapidly with d (the curse-of-
dimensionality) and requires a greater amount of smoothness, p [169]. For f(x,®) withp =2 and d=2 to
achieve an ¢ =0.05, 8,000 samples are needed. If d = 10, 10° samples are needed to achieve the same
level of accuracy. Thus, when d > 3 or 4 one is forced to assume a high degree of smoothness. This is what

provides the a posteiori justification of the smoothness assumption central to standard regularization

techniques, which will be taken up next [169].
1.2.4 Regularization of Ill-posed problems

In addition to extending Hadamard’s definition of well-posedness, Tikhonov proposed a method of turning
ill-posed problems into well-posed problems called regularization [217]. The idea behind regularization is
to stabilize the ill-posed problem by introducing some a priori information about the system, such as
requiring smoothness in the input/output mapping of the model estimate m(-) . The objective is to create a
model that generalizes well, that is it produces accurate targets estimates for predictor variables it has not

"seen". Most regularization methods involve the addition of a penalty term, & to R, equation (1.1),

emp

2

g, = ||PnA1

(1.8)

P, which is dependent on the model m(), drives the creation of parsimonious models by restricting

complexity consistent with the principle know as Occam's Razor [64]: “No more things should be

presumed to exist than are absolutely necessary.” P acts as a stabilizer of m(-), requiring it to be smooth

and continuous by penalizing non-smooth versions of the model 7i(-) .
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1.2.5 Ordinary Ridge Regression

Many of the predictive modeling applications encountered in engineering are ill-posed due to collinearity in
the predictor data variables. In fact, some systems such as fault-tolerant systems, drift detection systems,
and automated process sensor calibrations monitoring, depend on collinear predictor variables to building
successful and robust inferential models [79]. Collinear predictor variables cause traditional empirical
modeling techniques such as linear regression, neural networks, kernel techniques and any other approach
that does not employ regularization to construct very unstable models which produce unrepeatable results

[100]. Examples of this can be found in most research fields.

Several penalized estimators have been proposed as regularization methods to deal with the instabilities in
linear regression models caused by collinear inputs [42,71,78]. The most common method, termed
ordinary ridge regression (ORR) adds a scalar term and the identity matrix to the matrix product so that it
becomes (X" X + AI) ' X" . Localized ridge regression uses a vector of A's, enabling the regularization of
each input dimension as appropriate, instead of a one-size-fits-all approach, which will inevitably lead to a
suboptimal solution by over-regularizing (over-smoothing) some input dimensions and under-smoothing

others.

The absence of a reliable method of automatically selecting optimal ridge parameters for localized ridge
regression is a problem that has severely limited its application even though various authors have suggested

its theoretical value and improved performance over ordinary ridge regression [74,104,151,152,153,238].

Another way to regularize an ill-posed regression problem is with a nonparametric or semi-parametric
modeling approach such as kernel regression. This approach is especially useful when little or nothing is

know about the underlying function m(-)

1.2.6 Kernel Regression

Kernel regression (KR) is an instance of a semi-parametric, memory-based, modeling technique sometimes
referred to as lazy learning [15]. Kernel models generate target variable estimates using the predictor-

target data pairs in memory (x,,y,)...(x,,»,), but only those with x, 's that are close to the query pointg .

Four characteristics common to all memory-based learners are [4,144]:
1. A distance metric

2. How many nearby neighbors to considered
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3. A weighting function (optional)
4. A method of predicting based on the local data.

A kernel functional, m(-) , can be described by the following equation:

m('):yngh(X[’q)y[ (1.9)
where K, (X,,q) is the kernel function with bandwidth %, possessing the following properties [24]:
1. K,(x,,q)is nonnegative

2. Kh("x[,q

|) is radially symmetric
3. K,(x,,q)largest whenq =x
4. K, (x,,q)decreases monotonically with |x - q| .

A kernel that is radially symmetric uses a scalar bandwidth /4, which is sometimes referred to as a global
bandwidth parameter. The research described in this work presents a method of optimally selecting a
vector of bandwidth parameters and a full matrix of bandwidth parameters for localized kernel regression

using an evolutionary algorithm.
1.2.7 Evolutionary Algorithms for Multi-parameter Optimization

Evolutionary Algorithms (EA) have been successfully applied to solve complex engineering optimization
problems. Arguably the best know representatives are Genetic Algorithms (GA) [67,107] and Evolutionary
Strategies (ES) [188,178]. Others include Evolutionary Programming (EP) [59], Genetic Programming
(GP) [122-125], Simulated Annealing (SA) [121,181], Particle Swarm Optimization/Theory (PSO)
[50,97,118,119,164,165], and Self-Organizing Migrating Algorithm (SOMA) [190,247]. There are many
good introductions [56] and surveys available [8, 60,61]. Specific references to the use of EAs for

optimization include:
e Applications of EA to L1 norm errors-in-variable problems [163];

e  Multi-parameter optimization using PSO [168];
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Multi-objective optimization with EA [36,37,249];

Constrained optimization using EA [142], PSO [167];

Objective function stretching suing PSO [166]; and

Hybrid EAs for optimization [35].

A recent book by Corne et al. New Ideas in Optimization [38] provides an overview of some of the latest

innovations in optimization.

The remaining Chapters describe how Differential Evolution (DE), a population-based direct-search EA,

was successfully applied to solve the LRR problem: selecting optimal regression parameters for LRR and

the LKR problems: selecting optimal bandwidth parameters for LKR. The next section describes the

significant contributions that have resulted from this work.

1.3

Contributions

The author’s significant contributions to the field of learning from data:

Automatic Selection of Localized Ridge Regression Parameters: This work describes a
method of automatically selecting and optimizing a vector of localize ridge regression parameters
by using differential evolution to minimize a cost function selected to be an estimate of prediction
risk. This method is referred to as DE Automated selection of LRR parameters (DEALRR). The
prediction risk estimators implemented were a) Mallows' CL, which has be proven to be an
unbiased estimate of prediction error [137]; b) an Information Complexity (ICOMP) based method
of regression parameter selection (ICOMPRPS), and Generalized Cross-Validation (GCV).

Automatic Selection of Bandwidth Parameters for Localized Kernel Regression: A method
of automatically selecting a diagonal bandwidth matrix of parameters for localized kernel
regression is described that uses differential evolution to minimize the leave-one-out cross-
validation error. This method e referred to as DE Automated selection of bandwidth parameters

for LKR (DEALKRy)

Method of Optimizing the Full Bandwidth Matrix for Localized Kernel Regression: Many
researchers have proposed the potential value in using off-diagonal elements of the bandwidth

matrix but a viable method of optimizing such a large number of parameters has not been
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proposed. The calculation of gradients for the cross-validation error with respect to the diagonal
elements of the bandwidth matrix has enabled their optimization by use of gradient-descent
techniques. But that has not been the case for the off-diagonal elements. A method will be
described that uses DE to optimize the full bandwidth matrix by minimizing the LOO-CVE. This
method is referred to as DEALKRg.

4. Automatic Selection of Relevant Input Variables with Localized Kernel Regression:
DEALKRp is show to be capable of automatically selecting relevant input variables. DEALKRp
automatically assigns bandwidths to variables based on their relevance in reducing the cross-
validation error: relevant inputs are assigned small bandwidth parameters while irrelevant input
variables are assigned large bandwidth parameters. Consequently, variables with large
bandwidths can be eliminated from the LKR model which would affectively reduce the bias of the

model and therefore reduce the model uncertainty.

5. Method of Detecting Local Minima in Multidimensional Data: A Method of detecting local
Minima (ModelM) is presented that can be applied to data sets of any dimension. The method
uses the rapid convergence characteristics of a hybrid conjugate-gradient/line search (CGLS)
technique to "survey” the cross-validation error surface by controlling the starting points of a
population of CGLS "scouts”. For data sets greater than two dimensions histograms of the
bandwidth parameters for each dimension are used to visualize the results. If there is a single
minimum and the error surface is sloped enough all CGLS results should converge to the exact
same point on the error surface regardless of their starting point. This would produce histograms
that have single peaks and very small standard deviations for all dimensions. Large standard
deviations in any of the bandwidth histograms are a strong indicator that local minima exist and

that DEALKR should be used.

The next section describes the organization and layout of the dissertation.

1.4 Organization

This chapter described the problems addressed by this work 1) automatic selection of optimal ridge
parameters for localized ridge regression, 2) automatic selection of bandwidth parameters for localized
multivariate kernel regression, 3) automatic selection of a full matrix of bandwidth parameters for localized
multivariate kernel regression, 4) selection of relevant input variables and 5) how to determine if local

minima exist in higher dimensional data sets. This chapter also provided a brief overview of the context of
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and motivation for the application of differential evolution as a multi-parameter global optimizer for these

problems.

Chapter 2 introduces localized ridge regression (LRR) in the context of linear regression, ordinary least
squares (OLS), regularization and ordinary ridge regression (ORR) and briefly describes prior work on

optimization of LRR parameters.

Chapter 3 describes localized kernel regression (LKR) with a discussion of distance measures, kernel shape
and bandwidth selection. Prior work on optimization of localized kernel regression is reviewed specifically
the work of Goutte and Larsen on AMKREG, highlighting its strength (speed) and weakness (local minima
problem).

Chapter 4 takes up the topic of applying DE to the learning problems described earlier. The inner workings
of DE are exposed, explaining how DE differs from other evolutionary algorithms, describing, population
creation, mutation, crossover, recombination and selection. Also use of the objective functions DEALRR,

DEALKRp and DEALKRg are described.

Chapter 5 illustrates the local minima problem and presents a method for detecting local minima

demonstrating its effectiveness on artificial data.

Chapter 6 applies DEALRR, DEALKRp, DEALKR; and ModelM to artificial and real world data sets
demonstrating their superior performance over OLS, ORR, and LKR with both global bandwidths and
diagonal matrix bandwidths selected using CGLS.

Chapter 7 concludes with a brief summary and provides some recommendations for future areas of

research.
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Chapter

Localized Ridge Regression

his chapter provides background and introduction to Localized Ridge Regression (LRR)

illustrating the progression from linear regression to ordinary ridge regression (ORR) to LRR..

2.1 Linear Regression

Recall from our discussion of ill-posed problems the simple regression problem described by equation (1.2)

which we will rewrite as follows:

y=Xp+e &~N(0,0°1))

where B=(8,,...8,) € R"is dx1 vector of regression coefficients, y is an n x / vector of response variables
and variables X = (X,... X, ... X,), is an n x d matrix of predictor variables, and € is an n x / vector of the

prediction errors. Also, recall the OLS:

A

B, =(X"X)"X"y

where B, is a vector of OLS regression coefficient estimates. While the OLS solution, if it exists, is an

unbiased estimate of the true solution, when X is ill-conditioned as is the case for collinear inputs, B,

becomes extremely unstable, due to very small singular values (see equation (1.5)). In some cases these
small singular values can be attributed to noisy, non-informative inputs variables but this is not always the
case. In any event, near zero singular values introduce a large variance in the solution, making it

statistically insignificant.
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2.2 Ordinary Ridge Regression

ORR was introduced as a method of dealing with collinear or ill-conditioned data [104] to avoid the

problem of instability. The ORR solution is:

B, =(X"X+21,)' X"y @1

where A>0 is the ridge parameter and1, is the d x d identity matrix. Now let us rewrite equation (2.1) in

terms of the SVD of X:

N 3 . s‘2 T _ n s‘Z r _ d
B/{ —V'dlag(stz +12J U y_ésf_‘rlz (uiy) v, _g-f;‘pivi (22)
with
S2
/. =L,

i

defined as the filter factors and p, =u]y as the correlation coefficients. Notice that for A=0, the ORR

solution becomes the OLS solution; for A>0, the solution is different. The filter factors determine if the
information in the i component is incorporated into the solution or damped. If A is large with respect to a

singular value s, the filter factor dampens the corresponding component while if A is small with respect to
a singular value s, its corresponding component is passed. Therefore, if chosen large enough A eliminates

the destroying effect of the near zero singular values and makes the solution stable and statistically

significant. The variance-covariance matrix is written as:

Cov(ﬁi ): o (X"X+ 21, ] X X(X'X+ 21, ) =c*V- diag{ﬁJ v

(2.3)
From equation (2.3) we can see that as A — oo the variance of the corresponding solution goes to
zero,o’ — 0. While a decrease in the variance is good, in that it leads to a reduction of uncertainty in the
model, increasing A also increases the bias term of the ORR solution. The general relationship between the
uncertainty of a solution and its squared bias term and variance are depicted by Figure 2.1. This

relationship is sometimes called the bias-variance dilemma.
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Figure 2.1 Graphical illustration of the relationship between model uncertainty, and the bias squared and
variance, also know as the bias-variance dilemma.

Fortunately for us, Horel proved that there always exists some optimal ridge parameter, which we will

call A, that will balance the bias and variance such that the MSE of the ORR solution is less than that of

opt 2

the OLS solution [104] :

wse(e, )= £, 6. .. ~B. )| = Elp.. b, | <msE

OLS ) (2'4)

This means that even if the data matrix is not badly ill-conditioned, one can improve prediction accuracy by
using ORR over OLS. While regularizing the solution will bias the estimate, it will also reduce the
variance making the model more stable. Consequently, the probability that the ORR estimates are closer to

the true parameter values is greater than that of the OLS estimate.

One encounters three problems when attempting to develop ORR models. The first problem arises from the
fact that the MSE is not computable unless the true solution is known. The second is how to choose an
optimal ridge parameter and the third is the inherent assumption that the variance of a component is a valid

indicator of its predictive relevance.

This first problem can be mitigated by using the mean predictive error (MPE) as an estimate of MSE,

which will be discussed in section 2.2.1.

The second problem — the optimal selection of ridge parameters — is exemplified by the fact that the
performance of ORR is very sensitive to the selection of the ridge parameters. Several methods of
choosing optimal ridge parameters have found their way into engineering practice
[12,19,157,47,68,82,104,105,120,151,214,224,225]. The most common methods are the Discrepancy
Principle (DP) [146]; Mallows’ CL [137], Generalized Cross Validation (GCV) [70], and the L-curve
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method [86,87,89,132]. Unfortunately, each method has its own weakness. CL and DP are highly
sensitivity to underestimations of the noise level and consequently their application has been limited to
cases in which the noise level can be estimated with high fidelity [86]. On the other hand, noise-estimate-
free GCV occasionally fails, presumably due to the presence of correlated noise [237]. The L-curve method
is widely used but is know to be non-convergent [134,233] in some cases. Particularly, it fails to converge
to a true solution as n — oo [233] or as the error norm approaches zero [54]. All these methods directly or
indirectly estimate the MPE and attempt to select the ridge parameter that minimizes the MPE estimate.
The difficulty associated with selecting an optimal ridge parameter is very well documented in the

literature. For more detailed information on the various parameter choice methods see [47,58].

A third problem arises from the implied assumption that the variance of a component is a good indicator of
its predictive relevance. As it is typically implemented, ORR uses the ridge parameter as a threshold to
determine which components are relevant and which are irrelevant. It passes only those components whose
associated singular values are larger than ridge parameter and completely ignores components with singular
values that are less than the ridge parameter. While the singular value of a component is a measure of the
variance in the component, a high variance does not necessarily guarantee that a component will have
correspondingly high predictive relevance. In fact, it is possible for components to have high variances and
large singular values (larger than the ridge parameter), and yet possess little or no predictive information
[19,101,102] (as will be demonstrated in section 6.6.1). In these cases ORR would include these irrelevant
components in the model, which would increase the variance and degraded the predictive performance of
the model. The opposite case would occur when components with low variances and small singular values

(smaller than the ridge parameter) are mistakenly ignored.

Clearly a more optimal approach would be to individually select a ridge parameter for each component so
that the associated component could be passed or damped based on its predictive relevance rather than its
amount of variation. This approach which used a vector of ridge parameters, one for each component, is

referred to as localized ridge regression (LRR) in this work and will be discussed in section 2.3.

2.2.1 Mean Predictive Error as an Estimate of MSE

While the MSE on future samples is not known it can be estimated using the mean predictive error to

select A

opt 2

MPE(4,,)= E[(Xﬁ -xp, | (xp,. - X, )} ~ E|XB,..~XB,_ 2 25)

which can be successfully approximated using available data.
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Various methods can and have been used to approximate MPE. One common example, is Mallows' CL

[137]:

(y _ XZ;J (y - Xzsx)Jr 20° trace(H(1))

CL(/?,OF,)= Ly — XIAS& : + 28 trace(H(/”L)) CL(2)= ; " (2.6)
where the hat matrix, H(1), is defined as:
H(2)=X(X"X+21,)' X" @

2.3 Localized Ridge Regression

The LRR concept was originally introduced under the name of generalized ridge regression (GRR) [104].
ORR uses the same ridge parameter for each input variable, which means in equations (2.1) and (2.2),

A=A, =4,...=1,. Butif we slightly modify equation (2.6) we come up with a localized version of ridge

regression that enables us to apply individual ridge parameters selectively to each component and thus

partially damp or pass a component based on its relative contribution to reducing the MPE:

B, =(X"X+Vdiag(2) V") Xy =3 1p,V, 28

with the filter factors computed as f,, =s;/ (s2 +/"Lf), and A; being the localized ridge parameters. A
sufficiently large A, with respect to its corresponding singular value prevents the corresponding component
from contributing to the solution while a 4, near zero will allow its corresponding component to contribute
significantly to the solution. Values of A that are slightly above or below a singular value will

proportionately filter a component, partially passing it or block it, as defined by the filter factor. The
superiority of this approach over OLS, and ORR has been demonstrated [19,101,102] and results will be

presented in section 6.6.1.2.

2.4 Prior Work on Optimization of Localized Ridge Regression

Parameters

Little has been published on the topic of selecting optimal localized ridge regression parameters.
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241 Iterative Techniques

Orr described an iterative method for optimizing each parameter. The parameter of the component with the
highest correlation is first optimized individually and then the next most highly correlated and so on
continuing iteratively until a solution converges [155]. This method is time consuming and subject to

becoming trapped in local minima.
2.4.2 Gradient-based Techniques

McNames described a technique of gradient-based optimization for vectored ridge regression in his PhD
dissertation [141]. The approach optimized the gradient of the cross-validation error with respect to
smoothing parameters, model inputs, and ridge coefficients. As indicated in his summary the approach

“can get stuck in shallow local minima after only modestly improving the model performance.”
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Chapter

Localized Kernel Regression

ocal regression or lazy learning (LL) is a non-parametric, memory-based technique that stores
past data exemplars in memory and processes them when a new query is made. So rather than

modeling the entire input space with a parametric model such as a linear regression function or
neural network or, the local regression function f(X) is estimated over the entire domain R’ by fitting a

different but simple model at every query point ¢ . Only the observations closest to the query point g are

used to fit the model, resulting in an estimated function f (X) that is smooth in $R” . These local models
are constructed "on the fly" by using a weighting function or kernel K(d(x,,q)), which assigns a weight to
x, based on its distance from ¢. When a query is made, the algorithm locates the training exemplars in its

neighborhood and performs a weighted regression with the nearby observations. The observations are
weighted with respect to their proximity to the query point. The distance function, d , determines the size
of the neighborhood around each query point g and is the only parameter that needs to be determined from
the training data, while the model includes the entire data set. But, in order to construct a robust local
model, one must optimally select an appropriate distance function, d, implement locally weighted

regression, and consider smoothing techniques such as regularization.

Of the various methods for constructing local models, the most commonly used are: 1) k-nearest neighbor ,
2) weighted averaging, 3) kernel regression and 4) locally weighted regression. The primary focus of this

research is on kernel regression.

3.1 Kernel Regression

Kernel regression (KR) models the input-output relationship of the observed set of data pairs D = (x,,y,) as

a conditional expectation. The conditional expectation of observing y given x can be expressed as:
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E(y|x) = m(x) o)
where m(-) is the regression model. This can be re-written in the more familiar regression form:
y=m(x)+& (3.2)

where &is a noise term. Given a set of »independent observations, (x,,¥,),...,(X,,¥,),...(x,,»,), the

Nadaraya-Watson estimator of J given a single dimensional query point g can be expressed as

[15,147,183,239]:

“(@‘(@i&%m
Wg;h)=m(q; h) = ———
SK,(d,) (3.3)

where, d_ is some distance measure between the query point ¢ and all data in memory x,, and K, is a

kernel weighting function with a bandwidth of %. A common distance measure is the Euclidean distance,

d, :d(x,.,q)=[§(x,. —q)zjl 2_ (3.4)

A commonly used kernel shape is the Gaussian kernel. Others can be used (see section 3.2.1 for a
description of other commonly used kernels). The Gaussian kernel with bandwidth % is defined by:

_ 112 5 _(-d*12h%)
K,(d)=(2mh)" *e G5)

We shall now extend equation (3.3) to address the multivariate case.

3.2 Localized (Multivariate) Kernel Regression

As Hastie et al. describes in [94 p. 174], the above method can be generalized to the multivariate case of
two or more dimensionsR”. For the multivariate case we are now dealing with a p-dimensional kernel.
Transformation to the multivariate case leads to much greater design flexibility. An additional p-/ degrees
of freedom is gained along the principle dimensions of the model by providing access to the diagonal
elements of the bandwidth matrix, and p’- degrees of freedom are accessible if we choose to make use of

the off-diagonal elements of the bandwidth matrix. This added modeling power is very appealing until one
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realizes that each of these bandwidth parameters has to be carefully selected to produce a model that will
provide robust, reliable predictions. This implementation of multivariate kernel regression, which will be

referred to as localized kernel regression (LKR), can be described by the equation:

A A S K(dy(x,.q)y,
y(qu) = m(an) = 1:1"2— (3 6)
S K(d3(x,9) -

where x is the p-dimensional input vector andd;(x,,q)=(x,—q)" H'(x,—q)is the squared Euclidian

distance parameterized by H which is a px p positive definite bandwidth matrix.

The bandwidth matrix H can be specified at three different levels of complexity each offering an increase in

flexibility. The simplest uses a scalar bandwidth parameter /2 resulting in spherical kernel:

1 . 0
0 h 0

HeS=H=hl=| b h=h=aa=h =h>0 3.7)
0 0 h

This form has the advantage of dealing with only a single bandwidth parameter, but it comes with the
severe price (more severe in some cases than others) of applying the same degree of smoothing to all input

dimensions indiscriminately.

The next level of complexity involves the diagonal elements of the bandwidth matrix:

1 0
h, 0

HeD, H:diag(hl,...,hp): : . .. hl,...,hpZO (3.8)
0 0 h

The greatest level of complexity, which offers the greatest degree of modeling flexibility, is the full

bandwidth matrix:

sy 20, (3.9)
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Using a 2D Gaussian kernel as an example may better explain the affects of usingHe S, He DorHe F' .
Surface and contour plots of a 2D Gaussian kernel which has been parameterized with the three different
levels of the bandwidth matrix H are presented in Figure 3.1. From this cursory introduction one can
conclude that levels two and three offer the greatest flexibility and potentially the greatest level of
accuracy, but both are affected by the curse-of-dimensionality, which is the exponential growth of the

hyper-volume or potential parameter space as a function of dimensionality [9].

There are two primary decisions involved in implementing a kernel regression model: i) the shape of the

kernel and ii) the size of the kernel. First we consider shape and then we will address size.
3.2.1 Kernel Shape

Many different kernel shapes have been described in the literature, yet most researchers agree the
difference in performance of one shape over another is nearly negligible compared to the optimal selection
of the bandwidth [139]. Expressions for six of the more commonly used kernel shapes are presented in

Table 3.1.

Figure 3.2 presents one dimensional versions of the Gaussian, Epanechnikov, Biweight, Triweight,
Triangular, and Uniform kernels with six different bandwidths. The same six bandwidths are applied to 2D

versions of the same kernels and presented in Figure 3.3 through Figure 3.8.

LKR models must be properly regularized in order to generate results that are stable and consistently
reproducible. Proper regularization involves three interrelated selections: i) the kernel shape, ii) the kernel
bandwidth, /4, and iii) the number of relevant input variables. Most researchers agree that kernel shape is
inconsequential when compared to optimal bandwidth selection. Bandwidth selection and selection of
relevant input variables are tightly coupled with the kernel bandwidth effectually determining the relative
contribution an input variable has on the output. An input variable with a small bandwidth more greatly

influences the output prediction than one with a large bandwidth.
3.2.2 Kernel Bandwidth

This leads us to the consideration of how one might automatically select optimal bandwidth parameters

for H that minimize some objective function f(x). The objective function provides some measure of how

well a particular set of objective variables meet some set of design criteria. The objective variables in this

case are the parameters of the bandwidth matrix which could be of the typeHe S, He D orH e F 55

defined in equations (3.7)-(3.9)-
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Figure 3.1 Surface and contour plots of 2D Gaussian kernels parameterized by (a) He S ,(b) H e D and
(c)HeF.

Table 3.1 Kernel functions.

Kernel K(dy(x,,9)
Gaussian: e S
Epanechnikov: | (1-d2(x,.q)) v 1if d}(x,.q) <!
Biweight: | (1-d}(x,.q)) v 1if d}(x,.q)<1
Triweight: | (1-d}(x,,q)) v1if di(x,,q) <1
Triangular: (I_M)v 1if d2(x,,q) <1
Uniform: d;(x,,q)if <lelse0
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Figure 3.2 Comparison of kernel shapes for 1D Gaussian, Epanechnikov, Biweight, Triweight, Triangular,
and Uniform kernels with different bandwidths: (a) h=0.1, (b) h=0.5, (¢) h=1, and (d) h=5.
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Figure 3.3 Comparison of different bandwidths for 2D Gaussian kernel: (a) #=0.1, (b) £=0.5, (c) #=1, and
(d) A=5.
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Figure 3.4 Comparison of different bandwidths for 2D Epanechnikov kernel: (a) #=0.1, (b) #=0.5, (c) A=1,
and (d) 4=5.
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Figure 3.5 Comparison of different bandwidths for 2D Biweight kernel: (a) #=0.1, (b) #=0.5, (c) h=1, and
(d) A=5.



Chapter 3 Localized Kernel Regression 34

Triweight Kernel Triweeight Kemnel

e

=

i

X

Triweight Kernel

0 o

Figure 3.6 Comparison of different bandwidths for 2D Triweight kernel: (a) #=0.1, (b) £=0.5, (c) ~=1, and
(d) A=5.
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Figure 3.7 Comparison of different bandwidths for 2D Triangular kernel: (a) #=0.1, (b) #=0.5, (c) A=1, and

(d) h=5.
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Figure 3.8 Comparison of different bandwidths for 2D Uniform kernel: (a) £=0.1, (b) #=0.5, (c¢) =1, and
(d) A=5.



3.2 Localized (Multivariate) Kernel Regression 37

The most common implementation of KR makes use of a single “global” bandwidth parameter which is
selected by minimizing the cross-validation error, which is an estimate of the generalization error. This
indiscriminate one-size-fits-all approach, results in sub-optimal performance as will be demonstrated by the

following example.

This example makes use of the RampHill data set described in [131,141] which has 2-inputs and 1-output.
Performance on this function can provide a good indication of the robustness of non-linear modeling
methods because it contains several features that are often found in real world processes [164]. It contains
two regions with different constant outputs, one linear region designated ramp and one localized nonlinear
region designated hill. The training data contains 100 input-output pairs and was designated as
RampHilll 100. The test data contains 5,041 data pairs. A surface plot of the test data along with the 100
training points is presented in Figure 3.9 (a). Figure 3.9 (b) presents a contour plot of RampHilll 100 with
the regions “hill”, “ramp” and “constant” labeled accordingly. The RampHilll 100 dataset was modified
to demonstrate the impact of irrelevant inputs when a global bandwidth is used. The RampHilllul0_100
dataset was generated by adding eight irrelevant input vectors making the original input training data
matrix [100 x 10]. The irrelevant inputs were randomly generated from a uniform random distribution

u(o,1).

The leave-one-out cross-validation error (LOO-CVE) surface for RampHilll 100 is presented in Figure
3.10 (a). LOO-CVE is described in section 4.4.1. For now, notice that there is a global minimum LOO-
CVE of 0.0227 at h;,h, = (0.01, 0.0087). The Gaussian kernel produced by these bandwidths is shown in
Figure 3.10 (b). Selection of the global bandwidth is made by finding a single value of / that minimizes
the LOO-CVE. Figure 3.11 (a) shows the global LOO-CVE curve for which the optimal % (0.9438) is at
the minimum LOO-CVE = 0.3887. The resulting function approximation of RampHilllul0_100 using the
global bandwidth parameter is plotted in Figure 3.11 (b) with a training MSE = 0.0401 and test MSE =
0.4504. Notice how the noise of the irrelevant inputs has affected the output prediction, which should be
smooth. A good model of the RampHilllul0 100 data set should have bandwidths close to /4,4, = (0.01,
0.0087) for inputs 1-2 but very broad values for inputs 3-10.

Goutte and Larsen introduced a method of selecting individual bandwidth parameters for LKR called
Adaptive Metric Kernel Regression (AMKREG) in [72,73]. AMKREG uses a combination of conjugate-

gradient and approximate line search to select parameters of the diagonal smoothing matrix
H =diag(h’,h;,...h,) by minimizing the LOO-CVE. A smoothing parameter /, is the reciprocal of the
bandwidth parameter 7. AMKREG is fast and accurate as long as the LOO-CVE surface is smooth and it

does not contain local minima. AMKREG and all other classical gradient descent based optimization

techniques are highly susceptible to getting stuck in a local minima. Consequently, their accuracy and
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Figure 3.9 Ramphilll 100 data set: (a) surface plot represents the 5,041 test points and asterisks the 100
training points, (b) contour plot with labeled on designated regions.
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Figure 3.10 RampHilllul0_100 data set: (a) LOO-CVE surface. (b) Shape of the Gaussian kernel using the
optimal bandwidth %;,A, = (0.1,0.0087) corresponding to the LOO-CV global minimum.
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Figure 3.11 Global bandwidth results for RampHilllul0 100: (a) LOO-CVE plot. (b) Function
approximation obtained using the global bandwidth parameter (0.9438).
reliability depend heavily on the “appropriateness” of the initial starting point and a cost function that is

relatively free of local minima.

In the example that follows, a variant of AMKREG, which will be referred to as CGLS for conjugate
gradient/line-search was used to select bandwidth parameters for RampHilllul0 100. The resulting
function approximation is presented in Figure 3.12 (b). Figure 3.12 (a) is the smoothing parameter
spectrum of the best bandwidth parameters found by CGLS. A smoothing parameter is the reciprocal of
the bandwidth /# so a large smoothing parameter corresponds to a small bandwidth and signifies an
important or relevant input variable. A small smoothing parameter corresponds to a large bandwidth and
signifies an irrelevant input variable. Notice that the first two smoothing parameters are the largest
indicating the relevance of their associated input variables while parameters 3-10 are much smaller
indicating their associated variables are less significant. —The right panel contains the function

approximation (mesh plot) of RampHilllul0_100 using the bandwidth parameters obtained by CGLS.

The CGLS approach is able to select bandwidth parameters that accurately suppress irrelevant parameters
primarily because the underlying LOO-CVE surface did not contain local minima, but the results presented
in section 6.5 demonstrate the devastating impact local minima has on the ability of CGLS to accurately
select relevant input variables. The judicious application of a multi-dimensional optimization approach that
is not susceptible to getting stuck in local minima could produce significant improvements in performance

over traditional global bandwidth methods and CGLS based LKR techniques.

Clearly a robust yet simple approach for multi-parameter optimization is needed to address both the LRR

problem and LKR problems.
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Figure 3.12 CGLS results for RampHillul0_100: (a) Smoothing parameter spectrum of the best bandwidth
parameters obtained by CGLS. (b) Function approximation of using the best smoothing parameters.

3.3 Prior Work on Selection of Bandwidth Parameters for Localized

Kernel Regression

The automated selection of bandwidth parameters can be grouped into three loose categories: 1) quick and
simple, 1i) classical and iii) plug-in [136,239]. A quick and simple approach aims at finding an easily
computable bandwidth that provides a "reasonable" model for a wide range of situations but without any
mathematical assurance of optimality. Classical approaches are extensions of methods used in parametric
modeling. They typically are more mathematically rigorous, requiring more computational resources, with

the aim of asymptotically approaching some minimum measure of empirical risk often expressed as mean
integrated squared error (MISE), f (+h). Examples of classical methods [136] are least squares cross-

validation (LSCV), biased cross-validation (BCV), Mallow's C,, and Akaike's Information Criterion
(AIC).

For the most part the methods alluded to above address the selection of bandwidth parameters for the
univariate case, or if they address the multivariate kernel, it is for the use of single global bandwidth
parameters as in the H € § case. And, to the authors knowledge, a method of selecting parameters for the
H € F case has not been directly addressed in the literature. The examples for the H € D have evolved
from or been extensions to kernel density estimation. Arguably one of the best techniques of selecting

bandwidth parameters for the H € D case is AMKREG [72,73].
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3.3.1 Adaptive Metric Kernel Regression

AMKREG was introduced by Goutte and Larsen in [72,73]. Using a combination of conjugate-gradient

and approximate line search (CGLS) it selects smoothing parameters H = diag(hf,hf,...h;) that minimize

the LOO-CVE. The equations describing the conjugate-gradient (CG) method are described by Goutte in
[72] and the line-search (LS) method is described by Rasmussen in [177]. These CG and LS were
implemented in the AMKREG code developed by Goutte [75]. The AMKREG MATLAB code was
obtained from a URL provided by Goutte [75] and modified to enable direct comparison with the methods

described in this research.

AMKREG is fast due to it use of conjugate-gradient and simple line search. It optimizes bandwidth
parameters by minimizing the LOO-CVE. Based on the authors experience AMKREG is fast and
generally robust. Its robustness appears to come from basing its initial "guess" on the distribution of the

underlying data — it usesn - std(x) where 0.2 < n <1(1 was used for all results reported in this work) —

rather than relying on a random "guess". In section 5.1.1.3 it will be shown that while this approach to
initialization may be good in many cases, there are times when it will guarantee convergence to a sub-
optimal /ocal minimum rather than the optimal global minimum. This is especially true for higher
dimensional data sets and when the data are sparse, which is a common scenario for many real-work

problems.
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Chapter

Optimal Parameter Selection by Differential

Evolution

his chapter provides an introduction to differential evolution and describes how it is used to

address the LRR and LKR problems.

4.1 Introduction

Differential Evolution (DE) [170,171,192,193,194,197,198] is a population-based, direct-search algorithm
for global optimization. While originally designed to operate on continuous floating point variables, DE
has been extended to optimize a mixture of integer, discrete, and continuous variables and is able to
employee multiple linear and non-linear constraints [129]. A living bibliography of DE and its applications

is maintained by Lampinen and is available on-line [130].

DE has been successfully applied to a variety of real-world optimization problems. Good summaries are
provided in [6,130,171]. Fischer et al. [57] applied DE to the selection of neural network parameters and in
a benchmark comparison with the more traditional backpropogation using gradient descent, found DE to be

a superior method.

DE is exceptionally simple (less than 30 lines of C-code) and has proven to be robust for a variety of real-
world optimization problems [171]. While DE is similar to other population based search algorithms, like
ES and GAs, it differs in both its self-referential mutation scheme and its selection process. First an
overview of the basic mechanics and operation of DE will be provided and then a description of how DE

was used to address the LRR problem and LKR problems.
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4.2 DE Mechanics

Both the LRR and LKR problems can described as trying to answer the question: 'Which parameter values
produce a model that best represents the input-output relationship in observed data (x,,,)...(x,,»,)?" In
order to answer this question we must have an objective function f(x), defined over the space of all
objective variables that can provide a measure of how well a set of objective variables meets the design
criteria. The objective variables represent those parameters of a system that can be modified, which in the
immediate context are the LRR parameters and the LKR bandwidths. The objective function is sometimes
referred to as a cost function or fitness function. Our goal is to find the optimal values of x that provide a

minimum value of f(x). If the objective function is a maximization function it can be transformed into a

minimization function by multiplying f(x) by —1.

DE operates on a population P of candidate vectors x . The size of the population, NP, is held constant for

all generations. Each member of the population is denoted as x, ; where i indexes the population and G is

the particular generation. A population of NP, D-dimensional members is written as:

P. =X s X g5 s X6 )s

where
X, = (X600 s X 1600 Xp6 )i =12, , NP, G=12,...,G

(4.1)

ax

The basic structure of a DE algorithm is as follows:

Algorithm 4.1: Structure of basic a Basic DE Algorithm
Set value to reach (VTR), maximum generations (Gmax), Size of population (NP)
G=0
Initialize population P, = (x X ,X ) =initPop(NP,D,initOpt)

FISTNS S
Evaluate cost(P, ) ={/ (X, ;). s [ (X, 0 )seees [ (X6 )}
while cost( P, ) < VTR and G<Gmax

P, = mutate(P, )P,
P! = recombine( P, )
cost( P ) = evaluate( P_ )= {f(x];),.... f(Xs),- ... [ (X} 0)}
P =select(P,,P])
G=G+1

end while
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4.2.1 Initialization

For most real-world engineering problems the parameters of the objective function will be constrained by
lower and upper boundary conditions x;”/ and x;;”’ where j=1,...,D of member i. There are numerous
strategies for generating the initial population. Two common strategies are (ii) sample from a uniform
random distribution (rand), (ii) sample from a log distribution (logspace). It is also possible to use domain

knowledge about the problem to initialize the population.

The scheme used to initialize the LKR populations was based on a random permutation and the (logspace)
initialization. This approach affectively increased the number of candidates with small values and was

found to be affective at creating populations that were not susceptible to premature convergence.

Next a new population is created using a self-referential mutation and recombination scheme which is

described in the next section.
4.2.2 Mutation and Recombination

Mutation for most EAs is driven by a predefined probability distribution function. DE utilizes a self-
referential mutation scheme which uses the differences of randomly sampled objective vectors from the
current population. The distribution of the objective vector differences is determined by the distribution of
the population itself which reflects the contour of the underlying error surface of the objective function

being optimized.

DE uses mutation and recombination to produce a single trial vector for each for each objective vector in

the population of the current generation. A trial vector u,,, =v, ., is created according the following

i,G+1

algorithm:

Algorithm 4.3: Creation of a trial vector
Input values for CR€[0,1), and F € (0,1+]

2. Randomly select indices of 3 objective vectors from the current population,
rl, r2,r3 €(1,2,..,NP)
3. Create NP, (1 x D) vector of uniform random values to be compared against CR
for i=1:NP
Jrana (i) = rand* ones(1,D)
for j=1:D
if (rand;(i) < CR or if J = J:iana
+F(x,

Ujican = Viien = Xjme jrlG x/,rz,c)



4.2 DE Mechanics 45

else
U icn = X6
end

end

end

In this algorithm the random vectors x differ from one another the target or “parent” vector

r1,G 2 er,G > xr3,G
X,; . Whenrand;[0,1) < CR or if j = jyang, the j’h parameter of the i “child” vector is a linear combination

of the j™ parameter for three randomly chosen vectors, otherwise the j" parameter of the “parent” is passed
along to the “child” vector. The "or j = j.n¢” condition is used to ensure that at least one of the parameters
of the “child” vector differs from its “parent”. A trial vector is created for every “parent” vector in the
current population. CR and F are user specified control variables. CR is the crossover factor controlling
whether a particular parameter will be taken from the “parent” vector x;;c or from the mutated vector
v;ig+1- The values of NP, CR and F affect the convergence properties and robustness of DE and often
depend on the characteristics of the objective function. Guidelines for selecting the parameters are
provided in [128,171,192,193,195,198,199,]. Successful selection of the parameters can usually be

obtained after a few trial iterations using differing values.

4.2.2.1 Enforcing Boundary Constraints at Runtime

In many cases the boundary constraints can be ignored after the initial population is produced allowing DE
to search the parameter space beyond the initialization bounds. Several methods have been suggested to
enforce the boundary constraints when necessary. The hard boundaries simple truncate or round the
offending parameter, while soft boundaries use some type of an asymptotic rule. The soft boundary rule

implemented in this work is described in the algorithm below.

Algorithm 4.4: Enforce Soft Boundaries

hi hi (hi hi
D= XXX

",...,x,"”and lower

Check the trial vector against the of upper x'

X =x", X", xy" boundary constraint vectors and make adjustments if necessary

for i = 1:NP
for j=1:D

. (low) (low)
if U o <X;

_ (low)
uj,i.(/+l - (x/,f,c + x,‘ )/2

- (hi)
elseif u, ., >x;
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— (hi)
uj,i.(/+l - (x/,f,c + x,‘ )/2
else

u/‘,i,GH - u/‘,i,GH

end
end

end

Boundaries were applied in two different ways in this work. First, boundaries were used to initialize a
population if there was a reason to think that a solution was more likely to be found in a particular range of
values or if it is highly unlikely to be found within a range of values. Second, hard boundaries were used to
ensure that both the LRR parameters and LKR bandwidth parameters were possible. This had the affect of
initially focusing the search but then allowing the population to “wander” wherever the error surface might
take it. The use of boundaries has the added benefit of preventing bad objective vectors from being
evaluated. This is especially important when long execution times are required for objective functions such

as when LOO-CVE is used on large data sets.
4.2.3 Selection

The selection scheme utilized by DE is also different from other ES and GAs. Each successive population,
Pg.+, 1s selected from either the current “parent” population, PG, or the “child” population, P’+; = U; g+1,

as follows:

for (i =1; i £NP; i=1i+ 1)

{
if £(Uien) S £(Xic)
Xier1 = Ui g1 = Uy,5,641
else
Xicii = Xig = Xj,i,6
}

As shown by the above pseudocode each individual “child” in the trail population is compared with a single
“parent” in the current population and the individual with the lower objective function “survives” and
passes on into the next generation. This means that all the individuals in each successive generation are at
least as good as their “parent” in the current generation. In contrast to other EAs, which compare a
candidate individual to all other individuals in the population, DE only compares the candidate individual

to a single member of the current population.
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4.2.4 Recombination Strategies

There are at least 10 variants of DE, which differ primarily in the recombination or crossover strategies
employed [5,171,172]. A shorthand notation scheme was developed to unambiguously describe the
strategies, DE/p/n/c, where p designates the “parent” vector to be perturbed, n is the number of random
difference vectors used to perturb p, and ¢ designates the type of crossover used, either exponential (exp) or

binomial (bin). In binomial crossover a random value rand [0,1)is generated for each component in the

vector . If rand [0,1) <CR the child's vector parameter u,,,, is inherited from v otherwise it comes

from x . . In exponential crossover parameters are inherited from x,

until the first rand [0,]) < CR is

J,GHL

encounter, all remaining parameters are inherited from u ., .

The strategies most commonly encountered are:
1. DE/best/1
2. DE/rand/1
3. DE/rand-to-best/1
4. DE/best/2
5. DE/rand/2
6. DE/current-to-rand/1
7. DE/current-to-rand/1/bin

One of the objectives of this research was to identify a robust DE strategy not necessarily the fastest one.
All the results reported on here were obtained using only two strategies: i) DE/rand-to-best/1/bin
designated as strategy 3, and ii) DE/current-to-rand/1/bin designated as strategy 7. Strategy 7 was used
exclusively for selection of LRR parameters and parameters. Strategy 3 was the primary strategy used for

selecting bandwidth parameters LKR, with occasional use of strategy 7.

Figure 4.1 provides a diagram illustrating strategy 3 (DE/rand-to-best/1) and strategy 7 (DE/current-to-
rand/1/bin) is illustrated in Figure 4.2.

The two types of objective functions used for his research are described in the next section. The first are
estimators of prediction risk used were used for LRR. They include Mallows' CL, Information Complexity
(ICOMP) and Generalized Cross-Validation (GCV). The second type leave-one-out cross-validation (LOO-

CV) provides an estimate of generalization error. LOO-CV was used for LKR.
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Figure 4.1 Representation of DE/rand-to-best/1/bin strategy.
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Figure 4.2 Representation of DE/current-to-rand/1/bin strategy.
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4.3 DE Enabled Automatic Selection of Optimal Localized Ridge
Regression Parameters (DEALRR)

Now that we have a general idea of how DE operates, let us take a look at how it can be adapted to
automatically select optimal LRR parameters including the methods of population initialization, the
strategy and associated control parameters and the objective functions that were minimized. The approach
to be described will be referred to as DEALRR for differential evolution enabled automatic selection of

optimal localized ridge regression parameters.
4.3.1 Mean Predictive Error Estimators as Objective functions for DEALRR

Recall from section 2.2.1 that the MSE, which is seldom if ever known, can be approximated by a MPE
estimation derived from observed data. Three MPE estimators were adapted for use as objective functions
for selecting LRR parameters: i) Mallows' CL, ii) Information Complexity (ICOMP), and iii) Generalized
Cross-Validation (GCV).

4.3.1.1 Mallows’ CL (CL)

We can approximate MPE for LRR by utilizing a slightly modified version of Mallows' [137] CL as used
for ORR
2 A2

+22 trace(H )

CL(2) =1 |y~ Xb,

, (4.2)

wheretrace(H)is the sum of the diagonal elements of the hat matrix, which is defined as

H=X (X "X+ Vdiag(/lf) VT)’IX ". CL is an unbiased estimate of the MPE, but it is only reliable for white

Gaussian noise and correctly specified models.

Unlike ORR case in which one A is optimized and then used for all input variables, optimization of CL for
LRR requires multidimensional optimization of a vector of A;'s. The number of possible combinations of
even a moderate number of real-valued ridge parameters becomes unmanageable even when considering a
fairly coarse grid of possible ridge parameters values. The MATLAB code used to implement this
objective function is provided in Appendix A.2 [226].
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4.3.1.2 Information Complexity Regularization Parameter Selection (ICOMPRPS)

With a limited number of observations, CL's estimation inaccuracy penalization term in (4.2) becomes
inadequate requiring further refinement. The information complexity regularization parameter selection
(ICOMPRPS) method has been demonstrated to provide additional penalization of the estimation
inaccuracy and to behave favorably for a limited number of observations [224]:

ICOMPRPS(2) = v Xb, | +22-(wace(t)+ C (/)

i

, (4.3)

where J = (X "X + diag(ﬂi ))" . C, is the maximal covariance complexity index, which is used to measure
the degree of interdependency between parameter estimates [228]. C, is computed as
C,(J)=m/2logv, /v, where v, and v_, are the arithmetical and geometrical means of the eigenvalues of

J . The MATLAB code used to implement this objective function is provided in Appendix A.1 [226].

4.3.1.3 Generalized Cross-Validation (GCC)

Probably the most widely used noise-level-free regularization parameter selection method is generalized
cross validation (GCV) [237]. According to this method, the vector of regularization parameters, A;'s, are

chosen that minimize the GCV function:

Gcv(s)=y -,

2/(% trace(/, — H))2 (4.4)

GCV requires no prior knowledge of the noise level and it is insensitive to white Gaussian noise in the
response. GCV occasionally fails, presumably due to the presence of correlated noise [237]. The

MATLAB code used to implement this objective function is provided in Appendix A.3 [226].
4.3.2 LRR Parameter Representation for DE Operations

From what has been presented, one can see that selecting the optimal combination of LRR parameters,
which minimizes one of the objective functions for a particular set of training data, requires optimization of
all parameters simultaneously. The mapping of regularization parameters or objective variables on to a

population of DE members was as follows. Each regularization parameter or objective variable A,in a

vector of LRR parameters A=A4,,i=1,...,d was represented as a chromosome, x,,, of a particular

individual, x,, in a population, P, of a specific generation, P, = (X, ;,....,X, ;.. ., X0) -
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4.3.3 Initialization

Almost any initialization strategy will work. If there is prior knowledge about the range of values that
should be considered this can be used to set bounds and guide creation of the initial population which may
accelerate convergence. If no prior knowledge is available, a good approach is to try and bound the range

of expected values for each objective variable being optimized but even this is not critical.
The following algorithm was used to initialize a D-dimensional, population of NP members.

Algorithm 4.2: Initialization Strategies
1. Input values to be used for initializing the population: D: length of the population vectors to be created;
seedFlag: indicates if a vector of truncated values is to be used to generate the new population;
seedVec: vector of values to be used as a seed for seedXform; initOpt: initialization option selects the
initialization strategy to be used; NP: size of the population; initMin: [1 x D] vector of values used to set
the lower boundary; initMax: [1 x D] vector of values used to set the upper boundary; and X matrix of
input variables
2. Determine if a population is to be created using the vector of parameters from the truncated objective
function the call the appropriate initialization function.
if seedFlag = 'n'
iPop = initPop (initOpt, NP, D, initMin, initMax, seedVec, X)
else
iPop = seedXform (NP, seedVec, X)

end

Function [iPop] = initPop(initOpt, D, initMin, initMax, X)
1. Create a population sampled form a uniform distribution if the initOpt = 'rand'
seedX = std(X);
pop = zeros (NP, nx) ;
for i=1:NP
pop(i,:) = initMin + rand(1l,nx).*(initMax - initMin);
end
2. Create a population sampled form a log distribution if the initOpt = 'logspace’
pop = zeros (NP,D);
for i = 1:nx
ind=randperm(NP) ';
seedX = logspace(-4,2,NP)';
pop(:,i) = seedX(ind,:);
end

3. Create a population using a linearly spaced grid if the initOpt = 'lin’'
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pop = zeros (NP,D);
if nx==
nGrid=floor (sqrt (NP)) ;
sl=linspace (initMin (1) ,initMax (1) ,nGrid)';
s2=linspace (initMin (2) ,initMax(2) ,nGrid)';
[hl,h2]=meshgrid(sl,s2);
hlc=reshape (hl,length(hl) .*2,1);
h2c=reshape (h2,length(h2) .%2,1);
popO=[hlc,h2c];
needMorePop = NP- (floor (sqrt(NP)))*2;
if needMorePop > 0
for m = 1l:needMorePop
popMakeUp(m,:) = initMin + rand(l,nx).*(initMax - initMin) ;
end
pop=[pop0 ; popMakeUp] ;
end
else
for i=1:D
ind=randperm(NP) ';
seedX = linspace(initMin(i),initMax(i), NP)';
pop(:,i) = seedX(ind,:);
end
end
4. Return the initialized population
Pop=pop

Function [iPop] = txformSeed(NP, seedVec, X)

1. Determine the number of dimensions in the input data matrix
[mx,nx]=size(X);

2. Compute singular values for X

bestmem=seedVec;

D=nx;

[U,s,V] = esvd(X);

max(s) ;

seedMax = 100*s'; % 100*max (s) ;

seed = not(round(bestmem)) .* seedMax;

seedvec = not(round(bestmem)) .* seedMax;

53

3. Create an initial population using an exponential probability density function (expdf) of values from 0 up

to the singular value for those parameters that were passed by the truncated objective function
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expdf pass = exprnd(1/6,NP,1); % initial exponential pdf to be
% multiplied by the singular
% values;
ipop _pass = expdf pass*s';
for i = 1:D
ipop_pass(:,i) = round(bestmem(i)) * ipop_pass(:,i);
end $ End For i = 1:D
4. For those parameters that were dumped by the truncated objective function create an initial population
with an expdf from 100 times the singular value down to the singular value
expdf dump = abs(100* (1-exprnd(1/6,NP,1)));
ipop_dump = expdf dump*s';
for i = 1:D
ipop_dump(:,i) = not(round(bestmem(i))) * ipop dump(:,i);
end $ End For i = 1:D
ipop = ipop_pass + ipop_dump;if findstr (lower (initOpt),'std')

5. return

A technique that was found to be especially useful for quickly identifying the most relevant components for
LRR was to use a truncating version of the objective function. The truncating objective function would
completely pass or completely dump a component depending on whether the parameter value was a 'l' or
'0'.  Optimization for this approach was significantly faster than using the continuous version of the
objective function for all objective variables. The vector of truncated LRR parameters returned was then
used as a seed vector for creating a new initial population to which the continuous version of the objective
function would be applied. . The components passed (x;,=1) by the truncated objective function would have
their initial values biased towards zero using an exponential probability distribution function (expdf). The
components that were dumped (x;;=0) would have their initial values biased towards 1,000 times the

singular value of the component using an exponential probability distribution function.

Figure 4.3 (a) presents a graphical example of using the truncated version of ICOMPRPS to guide creation
of an initial population for the gas data set. The upper plot of Figure 4.3 (a) shows the current population
with each objective variable 1-6 represented as dots. The black line and x's are the best member of the
current generation (1's are passed, 0's are dumped), and the read line and asterisks are the singular values of
each objective variable. Figure 4.3 (b) shows the initial population created using the best members from the
truncating objective function. Notice the concentration of objective variables 1,3,4,5 and 6, which were
passed by the truncating objective function, between 0 and their respective singular values and that of

variable 2, which was dumped, is between the singular value and 1,000 times the maximum value.
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Figure 4.3 (a) A graphical example of using the truncated version of ICOMPRPS to seed creation of an
initial population to be used with the continuous version of ICOMPRPS shown in (b).

The 'rand' initialization strategy was used primarily for DEALRR while the 'logspace' strategy was used
most often for DEALKR. Once initialized each member of the population is evaluated using one of the

objective functions described in the previous section.
4.3.4 Mutation, Recombination and Selection

DE/current-to-rand/1/bin (strategy 7) with the setting NP = 40, CR = 0.2, F = 0.8 and K = rand; (once per
vector) was found to provide robust, reproducible results for a variety of data sets tested. Occasionally, NP

was reduced to increase execution speed.

4.3.4.1 Enforcing Boundary Constraints at Runtime

Soft asymptotic boundaries were implemented for both truncating and non-truncating strategies. For
truncating case the lower boundary was set at zero and the upper at one. And for the non-truncating case
the lower boundary was set at zero but the upper boundary was set at 1,000 times the singular value of the

respective objective variable.

4.3.5 Termination criteria

An automated termination strategy was not implemented as part of this work. Termination of a particular
run was generally determined by observing the evolutionary progress of the population and looking for
such things as i) a lack of diversity or variation in the population, ii) little if any change in the parameter
values for the best member for extended generations, iii) little if any change stability in the best value of the

objective function for the best member. It is worth noting that strategy 7 (DE/current-to-rand/1/bin) with
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setting of NP = 40, CR = 0.2, F = 0.8 and K = rand; (once per vector) produced repeatable results in nearly
all test cases considered for DEALRR within 2,000 generations. That is to say this combination of strategy
and settings worked well on the limited range of data used for this part of the research. Further testing and
evaluation of this configuration on a wide variety of data is needed before one could conclude if this

configuration was robust enough to be used in a "set and forget" fashion.

4.4 DE Automated Selection of Optimal Localized Kernel Regression
Bandwidth Parameters (DEALKR)

This section describes how DE was used to address the LKR problem of automatically selecting optimal
bandwidth parameters and includes the objective function used, the bandwidth matrix representation for DE
operations, population initialization, and the strategy and parameter configurations. This approach is
referred to as DEALKR for Differential Evolution enabled Automatic selection of optimal Localized

Kernel Regression bandwidth parameters.
4.4.1 LOO-CYV as an Objective Function for DEALKR

LOO-CV was selected as the objective function to be minimized for DEALKR. While it is the most
computationally intensive form of cross-validation it makes use of the largest amount of data and based on
the authors experience is more reliable than other cross-validation methods especially for sparse data sets.

MSE is used to report and compare training and testing results.

44.1.1 Leave-One-Out Cross-Validation

Cross-validation is a method of averaging the effect of choosing a particular validation set over several
other sets of the same size. Ideally one would like to consider all possible sets, but this is impracticable.

So we deal with only a disjoint subset of validation sets. The data is split into Q sets S, each of which are
of sizeV . This would make the total number of sets N = QF. For simplicity we will assume that set S,
contains data examples 1 toV , and that set S, contains datal +1to2) and so on. Q different models f .
are trained leaving out every set S in succession. The cross-validation estimate is then the average of these

models on the left-out subset [72]:

~ | k) £)y2
GCV :W/Z:;k;’(.fi(x( )_y( ) (45)



4.4 DE Automated Selection of Optimal Localized Kernel Regression Bandwidth Parameters (DEALKR) 57

Leave-one-out cross-validation is a special case of cross-validation when V=1. To explore this first

consider a model fk that is obtained when £ is left out. Applying the limit to equation leads to:

N

GLoa = (]?k(x(k))_y(k))z (46)

=z |~

k=1

This is objective function that was used for all DEALKR, CGLS and global bandwidth selections.

So the optimal bandwidth matrix for a particular data set is the one that minimizes the LOO-CVE.
DEALKRg produced the lowest LOO-CVE in every case. The other metrics for comparing performance of

the various methods were the training and test MSE.

4.4.1.2 Mean-Squared Error

Comparisons of results were made using the MSE:

2

1 N
(y_yM) > (4.7)

n

MSE(M)

where, M is the method, e.g., OLS, ORR, DEALRR, DEALKRp, DEALKRg, CGLS or global, y is the true
output, p is the output prediction of the method, and n is the number of points in y . MSE values were

calculated for both training data and the test data. The training MSE is an indicator how well the technique
fit the training data and the test MSE indicates how well the technique generalizes by its performance on

data it has never seen. Determination of the best technique is based on the test MSE.
4.4.2 Bandwidth Matrix Representation for DE Operations

Mapping the full matrix of bandwidth parameters as objective variables enables all levels He S ,He D
and He F to be optimized and evaluated. An arbitrary m x m bandwidth matrix was represented as

follows.

hl,l h142 e 1,m
h h h
HV.G = ?’l » " 2: = [hl,l’h2.|7'"7hm<l’hl,2’h2,27'"hl.m7h2<m""7hm.m ][1(,' =
' o 4.8
by h, .. k| 48
’ > ’ I,G

X oo X6 =X, i=1L... NP, and j=1,..,D’
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where G is the current generation and NP is the size of the population. When HeD
H =diag(h,,...,h,)and whenH e S, H=hl . With this representational mapping it should be is easy to

see that other variables could be targeted for optimization in parallel with the bandwidth parameters, such
as bandwidth shape or if localized polynomial regreesion were used, the degree of a polynomial. This

would be a natural extension since LKR is actually a zero-order polynomial.

4.4.3 Initialization

Starting populations were created using the 'logspace' initialization option described in Algorithm 4.2.
4.4.4 Mutation, Recombination and Selection

Both DE/rand-to-best/1/bin (strategy 3) and DE/current-to-rand/1/bin (strategy 7) were used for DEALKR.
The settings used most frequently were for strategy 3: NP = 20, CR = 0.2, F = 0.8 and for strategy 7: NP =
20, CR =0.2, and F'=0.8. For the real world data sets with eighty two input variables NP = 40.

4.4.4.1 Enforcing Boundary Constraints at Runtime

A soft lower boundary was set to zero while an upper boundary was not set.

4.4.5 Termination criteria

As with DEALRR an automated termination strategy was not implemented for DEALKR. Termination of
a particular run was determined by observing the output history of the evolutionary progress. Maybe an

example will help to illustrate how this was done.

Snapshots at three different points in the evolutionary history of a DEALKR run for RampHilll 100 are
presented in Figure 4.4. The left panels show the history in three different subplots. The top subplot shows
the individual parameters of the current population as dots and the parameters of the best member so far as
best x's connected with a line. The middle subplot traces the histories of the best values for each parameter.
The bottom subplot is the history of the objective function value for the best member, which in this case is
the LOO-CVE. The right panels present a 3D visualization of the objective function values for each
individual of the current generation as dots and the best member of each successive generation as blue
crosses. Notice the change in population diversity from generation 10 to 40 and then form 40 to 250. Also
notice there is virtually no change in the best member parameter values or the LOO-CVE after about
generation 70. The same type of characteristic convergence is depicted by the clustering affect observed in

the 3D LOO-CVE plots form generation 10 to 40 and 40 to 250. These were the kinds of heuristic
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indicators used to decide when to terminate a particular run. Another is to execute multiple runs and
observe whether statistically similar results are obtained. If the LOO-CVE surface contains multiple
minima the convergence rate will be slowed down but as long as diversity was maintained in the population

DE always converged to a confirmed global minimum.
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Chapter

Method of Detecting Local Minima in
Multidimensional Data (ModelM)

efore presenting results of the test cases let us explore the issue of local minima and describe how
to determine whether or not they exist. Multiple two-input single-output data sets will be used to
explain the approach, which theoretically it could be applied to data sets of any dimension. The

approach will be referred to as ModelM for a Method of detecting local minima in Multidimensional data.

5.1 The Problem with Local Minima and Sparse Data

The existence of local minima in the error surface of a function can render the results obtained by global
bandwidth techniques and those based on gradient techniques untrustworthy. Once the input dimension
exceeds two there is no practical way to visualize the error surface and so it is virtually impossible to know
whether the bandwidth parameters obtained by a gradient technique are for the global minimum or one of
many possible sub-optimal local minima. This represents a classical ill-posed problem: there is no unique

solution for the given data set.

This section demonstrates the affect of local minima on LKR results obtained by CGLS for a two-input and
one-output data model. The size of the training data sets were 50, 100, 200, and 500 with 2% noise added
to the output. The ability of DE to find the global minimum is demonstrated for all training sets. Also

described in this section is a method of detecting the existence of local minima in multivariate data sets.

The next section describes the data sets used to explore the problem of local minima. All data sets used in

this section are based on a variation of a function described by Goutte in [73].
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5.1.1 S4G1_50 Data Set

The frequency component in the X, direction was designed to be three times higher than that of the original.

The modified function is described by:

: (05x2) “”27"22/
y=(sin(12x,) +e™"?) x e 4, 2<x <2, and 0<x,<l. 5.1)
The original function used sin(3x, ) instead of sin(12x,). The data sets were designated S4G1 x, where

'S4' is used to identify it as a sigmoidal function with a frequency 4 times higher than the original, 'G1'
because it was derived from Goutte's work, and ' x' indicates the number of training points in the data set.
Figure 5.1 (a) presents S4G1_50, with 50 training points shown as asterisks and 5,041 test points as a
surface plot. An accurate approximation of this function will require a kernel with a small bandwidth in

the x, direction, to adequately cover the higher frequency components, and the large bandwidth in
the x, direction. This was the primary reason this function was created. The data sets used for this part of

the work differ only in the number of input-out data pairs used for training: 50 for S4G1_50, 100 for
S4G1_100, 200 for S4G1_200 and 500 for S4G1_500.

5.1.1.1 LOO-CVE Based Optimal Solution

The optimal solution or set of bandwidth parameters for the 50 sample training data was selected by
minimizing LOO-CVE which will be referred to as the global minimum. The LOO-CVE for S4G1_50 was
computed for 10,000 (h;,h,) bandwidth pairs generated on a log-log grid between 10™* and 10°. The
resulting LOO-CVE surface is presented in Figure 5.1 (b). Notice the presence of several basin-like
attractor regions in addition to the global minimum which had a LOO-CVE = 0.1657 at h;,h, = (0.005, 1.0).
A 3D view of the Gaussian kernel produced by the optimal bandwidth parameters is shown in Figure 5.1

(c). Notice the bandwidth in the x, direction is 200 times larger the bandwidth in the x, direction. This is

consistent with the statement made in the previous paragraph that it would require a kernel with a small

x, bandwidth and a larger x, bandwidth to accurately approximate the S4G1 function. The resulting

function approximation with a test MSE = 0.1321 is shown in Figure 5.1 (d).

5.1.1.2 Global Bandwidth Results

An optimal global bandwidth parameter, e.g., H € S, was determined by computing the LOO-CVE for 200
different values of / from 10 to 10° and selecting the one that produced the minimum LOO-CVE. Figure
5.2 (a) shows the LOO-CVE plot with a minimum of 0.2291 at h = 0.4553. The resulting function
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Figure 5.1 S4G1 50 Data set: (a) Surface plot of test data; asterisks are training data (b) LOO-CVE error
surface. (c) Gaussian kernel produced by optimal LOO-CVE bandwidths. (d) Function approximation using
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approximation produced a test MSE = 0.2181 and a training MSE = 0.1767. The Gaussian kernel produced
by this bandwidth is shown in Figure 5.2 (b). Figure 5.2(c) shows the function approximation of S4G1 50
using the global 4 as a mesh plot along with a surface plot of the test data and the training data points as
asterisks. This clearly demonstrates that a kernel using a global bandwidth may severely over-smooth the

results. Note also that the test MSE is nearly two times the training MSE.

5.1.1.3 Starting point Sensitivity of CGLS

It is a common strategy among researchers/scientist using a gradient based technique to select the starting
point randomly. In the absence of any prior knowledge upon which to make the decision, one random
guess would be as valid as another. A bandwidth that is very small, with respect to the distance between
training points, will result in over-fitting, while a bandwidth that is very large — covering the entire training
data space — will result in over-smoothing. The initial guess used for CGLS in this research takes
advantage of the fact that the gradient being descended is a function of the distance between data points
along a particular input dimension. Given this dependency the standard deviation of the predictor

variables, std(x) , was used as a basis for the initial guess. A grid of values that approximately covers the

range of potential bandwidth parameters — from a very small distance (10 to the entire search space (107)
— (see Figure 5.3(a)) was used to control the starting points for CGLS. This has the crude effect of
surveying the error surface. The LOO-CVE output at every evaluation step along the descent path was
recorded for each starting point. The results for a grid of 100 different starting points has been
superimposed on top of the LOO-CVE surface of sg41 50 and plotted in Figure 5.3(b) and (¢). The blue
dots indicate the 100 different staring points for CGLS. The smaller black dots represent steps taken along
each descent path. Each red x represents a final convergence point for every CGLS starting point. The

green dot represents the CGLS initial guess, std(x). The green asterisk indicates the convergence point of

the initial guess. The distribution of red x’s clearly indicates the presence of many local minima. This
figure strongly demonstrates the importance of i) knowing whether or not the underlying error-surface
contains local minima and ii) choosing a good starting point. Figure 5.3(d) is a histogram of the smoothing
parameters /, resulting from the 100 different starting points. Notice the rather large standard deviation for
both 41, and h2,, the result of multiple convergence points and harbinger of local minima. Having
identified this correlation between multiple local minima and the standard deviation in the smoothing

parameters we now have a proverbial smoking gun that indicates the existence of local minima.

Figure 5.4 (a) is the Gaussian kernel produced using the bandwidths /;,/, = (0.4643,0.4725) obtained from

using the initial guess, std(x), and Figure 5.4 (b) shows the resulting function approximation of S4G1_50

based on these bandwidths with a LOO-CVE = 0.2291, a training MSE = 0.1778, and a test MSE = 0.2181.
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closer view of the ModelM results layered over the optimal LOO-CVE surface. (d) Smoothing parameter
histograms from the 100 CGLS runs, with mean and standard deviations for each smoothing parameter.
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Figure 5.4 (c) is the Gaussian kernel produced by the best bandwidths 4,4, = (0.0048,0.9982) obtained by
ModelM, and Figure 5.4 (d) shows the resulting function approximation of S4G1 50 based on the best
bandwidths with a LOO-CVE = 0.1656, a training MSE = 0.0296, and a test MSE = 0.1316. These values
match the optimal values of 4,4, = (0.005, 1.0). Figure 5.4 (e) shows the Gaussian kernel produced by the
worst bandwidths %;,4, = (0.010,0.0001) obtained by ModelM. The resulting function approximation of
with LOO-CVE = 0.5776, a training MSE = 0.0001, and a test MSE = 0.4172 are shown in Figure 5.4 (f).

This demonstrates a good example of over fitting the training data as evidenced by the low training MSE.

5.1.1.4 Detecting the Presence of Local Minima in Higher Dimensional Data

It is easy enough to visualize the results for a data set with two predictor variables but most real world data
consist of more than two input variables. In order to demonstrate how ModelM can be applied to higher
dimensional data sets let us take a look at the histogram of smoothing parameters and associated standard
deviations. A smoothing parameter h, is the reciprocal of the bandwidth parameter (1/h;). The smoothing
parameter was described by Goutte [158] and was an artifact of AMKREG. When working with data sets
that have been scaled the magnitude of a smoothing parameter can serve as an indicator of how relevant the
associated input variable is to predicting the output. The smoothing parameters of highly relevant variables
will be larger than those of lesser relevance. The smoothing parameter histogram and standard deviation
can also serve as a good indicator of whether local minima exist in the error surface. If there were only a
single global minimum the histograms would be nearly singular for each parameter and have a small
standard deviation. As a result of this finding a method for detecting local minima (ModelM) is proposed
that can be applied to data sets of any dimension. This method uses the rapid convergence characteristics
of CGLS to affectively survey the error surface by controlling the starting points of a population of CGLS
"scouts". Histograms of each bandwidth parameter can be used to visualize results that have more than two
input dimensions. If there is only as single minimum then all of the histograms would be nearly singular
and have small standard deviations, because all "scouts", even though they start at different points on the
error surface or error-hyper-surface for higher dimensions, should converge to the “same” global minimum.
A large standard deviation in any of the smoothing parameter histograms would be a strong indicator that

local minima exist and another technique such as DEALKR should be used.

5.1.1.5 DEALKRp Results

This section reports on the results of selecting optimal H e D bandwidths using DE which will be
identified as DEALKR The following parameters and initialization options were used for all examples in
this section: Strategy 3 (DE/rand-to-best/1) [see 4.2.4 for an explanation] NP = 20, the population was
initialized using ‘loglnit’, F = 0.8, CR = 0.2; lower boundary constraint > 0. Figure 5.5 (a) shows the LOO-
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CVE convergence results obtained after DEALKR, run of 250 generations. The Gaussian kernel resulting
from the bandwidths obtained by DEALKR), is shown in Figure 5.5 (b). Figure 5.5 (c) presents the
function approximation based on diagonal bandwidth parameters of %;,4, = (0.0048, 0.9874) which resulted
in a LOO-CVE = 0.1656, training MSE = 0.0296 and test MSE = 0.1315.

5.1.1.6 DEALKRf Results

Results based on optimization of the full bandwidth matrix, H € F', will be identified as DEALKRg. Figure
5.5 (d) shows the Gaussian kernel produced by the full bandwidth matrix. The resulting function
approximation with LOO-CVE = 0.1531, training MSE = 0.0139 and test MSE = 0.1245 is shown in Figure
5.5 (e). Notice that the full bandwidth matrix produced a test MSE that was lower than for the optimal
bandwidth parameters which was 0.1321. This can be attributed to the fact that the true global minimum
fell between "in the cracks" of the grid of points used to compute the LOO-CVE global optimum. Since
CGSL and DEALKRD and DEALKRF are not constrained to the discrete points on the grid it is not
surprising that they would find a LOO-CVE that is lower than that found using the grid.

The results for S4G1_100 are summarized in Table 5.1
5.1.2 S4G1_100 Data Set

Data set S4G1_100 (see Figure 5.6 (a)) was generated the same way as S4G1_50. First let’s look at the
optimal solution based on the LOO-CVE surface.

5.1.2.1 LOO-CVE Based Optimal Solution

The LOO-CVE surface for S4G1 100 is shown in Figure 5.6 (b). The LCO-CVE was of 0.0636 for
bandwidths /;,h, = (0.0016, 0.2477). The Gaussian kernel for these bandwidths is shown in Figure 5.6 (c).
The function approximation resulted in a test MSE = 0.0693. It is shown as a mesh plot in Figure 5.6 (d),

along with the surface plot of the test data and asterisks depicting the training data.

5.1.2.2 Global Bandwidth Results

The optimal global bandwidth parameter was determined as before by computing the LOO-CVE for 200
different values of h from 10* to 10> Figure 5.7 (a) shows a plot of the LOO-CVE versus bandwidth
parameter for S4G1 100. The minimum LOO-CVE of 0.1965 at & = 0.3037 produced a function
approximation with a test MSE = 0.2041 and training MSE = 0.1634. The resulting Gaussian kernel is

shown in Figure 5.7 (b) and the function approximation is presented in Figure 5.7 (c).
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Table 5.1 Summary of results for S4G1 50 tests for local minima with rankings according to result
categories: LOO-CVE., MSE(Train) and MSE(Test).

Method Data Set S4G1 50 Ranking
{hl,l 0} 0.0050 0
0 h, [ 0 1.000}
LOO-CVE :
Optimal | LOO-CVE: 0.1657 3¢
MSE(Train):
MSE(Test): 0.1321 4"
B, 0 {0.4553 0 }
|:0 h1,2:| 0 0.4553
Global LOO-CVE: 0.2291 4"
MSE(Train): 0.1767 4"
MSE(Test): 0.2181 5t
{hl.l o} {0.4643 0 }
0 h 0 0.4725
CGLS
"std(x)" LOO-CVE: 0.2291 4"
MSE(Train): 0.1778 5
MSE(Test): 0.2181 5t
{hl.l o} {0.0048 0 }
0 h 0 0.9982
CGLS
"best' LOO-CVE: 0.1656 2™
MSE(Train): 0.0296 31
MSE(Test): 0.1316 31
{hl,l 0} {0.0101 0 }
0 h 0 0.0001
CGLS
"worst' LOO-CVE: 0.5776 4
MSE(Train): 0.0001 1%
MSE(Test): 0.4172 6"
By O 0.0048 0
{0 hl,j { 0 0.9874}
DEALKRy [ 700-CVE: 0.1656 2™
MSE(Train): 0.0296 31
MSE(Test): 0.1315 2
Ty By 0.00400.2837
[hzyl hl‘j {0.0008 0.51 03}
DEALKRy | 100-CVE: 0.1531 1%
MSE(Train): 0.0139 2
MSE(Test): 0.1245 1
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Figure 5.7 Global bandwidth solution for S4G1_100: (a) LOO-CVE plot. (b) Gaussian kernel shape for
global bandwidth (0.3037). (c) Function approximation using the global bandwidth LOO-CVE = 1.814.
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5.1.2.3 ModelM and CGLS Results

ModelM was implemented using a grid of starting points to survey the LOO-CVE surface and look for
local minima. Figure 5.8 (a) shows the results superimposed on top of the LOO-CVE surface for
sg4l 100. The blue dots designate the 100 different staring points for CGLS. The smaller black dots are
LOO-CVE values at steps taken along convergence paths. Each red x is a final convergence point. The
black dot represents the “informed” initial guess based on the distribution of the underlying data. And the
black asterisk indicates the convergence point of the informed initial guess. Notice that presence of
multiple local minima represented by the read x’s and that the initial guess did not result in converge to the

optimal solution.

The initial guess produced a LOO-CVE = 0.1962 for bandwidth parameters 4,4, = (0.8892, 0.2483), a
training MSE =0.1721 and a test MSE =0.2087. Figure 5.8 (b) shows the Gaussian kernel produced by

these bandwidth values.

The smoothing parameter histograms in Figure 5.8 (c) reveal large standard deviations, an indication that
multiple minima are present. The function approximation produced by this set of bandwidths is shown as a
mesh plot mesh plot in Figure 5.8 (d) along with a surface plot of the test data and the training data points

as asterisks.

The Gaussian kernel for best bandwidth values obtained by ModelM #4;,4, = (0.0017, 0.2470) is shown in
Figure 5.9 (a) the resulting function approximation with a LOO-CVE = 0.0635, a training MSE = 0.0036
and a test MSE = 0.0690 is shown in Figure 5.9 (b). Figure 5.9 (c).shows the Gaussian kernel for thy worst
bandwidth parameters 4,4, = (0.0003, 0.00001) obtained using ModelM and the resulting function
approximation, which had a LOO-CVE = 0.4024, a training MSE = 0.0001 and a test MSE = 0.3712 is
presented in Figure 5.9 (d). Again notice the affects of over fitting the training data.

5.12.4 DEALKR) Results

Figure 5.10 (a) shows the LOO-CVE convergence results obtained of DEALKRp after 250 generations
superimposed on the LOO-CVE surface for S4G1_100. All parameters were the same as described
previously. Notice the optimal solution was found as indicated by the red cross. Figure 5.10 (b) shows the
Gaussian kernel produced by the bandwidths obtained by DEALKRp. The resulting function
approximation using 4k, = (0.0017, 0.2461) shown in Figure 5.10 (c) had a LOO-CVE = 0.0635, a
training MSE = 0.0036 and a test MSE = 0.0690.
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Figure 5.8 ModelM results for the S4G1_100 data set: (a) ModelM results superimposed over the optimal
LOO-CVE surface. The blue dots indicate a starting point for each run. The red X's indicate a point of
convergence for each run. The green dot indicates the “initial guess” based on std(x), and the green
asterisk indicates the final minimum obtained using the initial guess. Note the initial guess did not converge
to the global minimum. (b) Gaussian kernel for bandwidths obtained using szd(x) as an initial guess. (c)

Smoothing parameter histograms from the 100 CGLS runs, with mean and standard deviations for each
smoothing parameter. (d) Function approximation produced with results obtained by the initial guess.
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5.1.2.5 DEALKRy Results

Figure 5.10 (d) shows the Gaussian kernel produced by the bandwidths obtained by DEALKRg. The
resulting function approximation is shown in Figure 5.10 (e) with a LOO-CVE = 0.0634, training MSE =
0.0035 and a test MSE = 0.0691. DEALKRGy had the lowest LOO-CVE of all methods.Table 5.2 contains
a summary of the results for S4G1_100.

5.1.3 S4G1_200 Data Set
Data set S4G1_200 was generated just as S4G1_50 and S4G1_100.

5.1.3.1 LOO-CVE Based Optimal Solution

The optimal bandwidth parameters /4,4, = (0.0012, 0.2477) were selected by minimizing the LOO-CVE
surface shown in Figure 5.11 (b). The resulting LOO-CVE was 0.0302. Figure 5.11 (¢) show the Gaussian
kernel produced by these bandwidths and the resulting function approximation which had a test MSE =
0.0271 is presented in Figure 5.11 (d).

5.1.3.2 Global Bandwidth Results

The best global bandwidth parameter was selected by minimizing the LOO-CVE values computed for 200
different values of h from between 10 to 10> Figure 5.12 (a) shows the LOO-CVE curve. Notice there
are two distinct minima even in this 2-D error surface. A bandwidth of 0.0073 resulted in the minimum
LOO-CVE of 0.1786. Figure 5.12 (b) shows the Gaussian kernel for these bandwidths. The resulting
function approximation with a training MSE = 0.0117 and a test MSE = 0.1724 is shown in Figure 5.12 (c)
Notice the affect of over fitting the training data.

5.1.3.3 ModelM and the CGLS Results

ModelM was used to survey the LOO-CVE surface and search for local minima. Figure 5.13 (a) shows the
ModelM results superimposed on top of the optimal LOO-CVE surface for S4G1_200. The black dot,
indicates the “informed” initial guess. Notice that it did not converge to the optimal solution. It gets
trapped in a local minimum. Also notice the multiple local minima indicated by the red x’s. Figure 5.13
(b) shows the Gaussian kernel for the bandwidths obtained using the initial guess. The standard deviations
in the smoothing parameter histograms in Figure 5.13 (¢) also suggest the presence of local minima. The
function approximation shown in Figure 5.13 (d) resulted in a LOO-CVE = 0.1843, a training MSE =
0.1599 and a test MSE = 0.1874.
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Table 5.2 Summary of results for S4G1 100 tests for local minima with rankings according to result
categories: LOO-CVE., MSE(Train) and MSE(Test).

Method Data Set S4G1_100 Ranking
{h,,l 0} 0.0016 0
0 h, { 0 0.2477}
LOO-CVE :
Optimal LOO-CVE: 0.0636 34
MSE(Train):
MSE(Test): 0.0693 34
h, 0 {0.3037 0 }
{0 hl,2j| 0 0.3037
Global LOO-CVE: 0.1965 5™
MSE(Train): 0.1634 4"
MSE(Test): 0.2041 4"
{hu 0} {0.8892 0 }
0 h 0 0.2483
CGLS
"std(x)' LOO-CVE: 0.1962 4%
MSE(Train): 0.1721 5t
MSE(Test): 0.2087 5t
{hl,l 0} {0.0017 0 }
0 h 0 0.2470
CGLS
"best' LOO-CVE: 0.0635 2
MSE(Train): 0.0036 34
MSE(Test): 0.0690 1%
{hl,l o} {0.0003 0 }
0 h 0 0.0000
CGLS
"worst' LOO-CVE: 0.4024 6"
MSE(Train): 0.0001 19
MSE(Test): 0.3712 6"
h, 0 {0.0017 0 }
{0 hl,j 0 02461
DEALKRy [700-CVE: 0.0635 2™
MSE(Train): 0.0036 31
MSE(Test): 0.0690 1
oy by 0.0016 0.0049
L’ZJ hu] {o.oooo 0.2429}
DEALKRr | 100-CVE: 0.0634 19
MSE(Train): 0.0035 o
MSE(Test): 0.0691 o
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Figure 5.13 ModelM results for the S4G1_200 data set: (a) ModelM results superimposed over the optimal
LOO-CVE surface. The blue dots indicate a starting point for each run. The red X's indicate a point of
convergence for each run. The green dot indicates the “initial guess” based on std(x), and the green
asterisk indicates the final minimum obtained using the initial guess. Note the initial guess did not converge
to the global minimum. (b) Gaussian kernel for bandwidths obtained using std(x) as an initial guess. (¢)

Smoothing parameter histograms from the 100 CGLS runs, with mean and standard deviations for each
smoothing parameter. (d) Function approximation produced with results obtained by the initial guess.
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The Gaussian kernel produced by the best bandwidths obtained by ModelM is shown in Figure 5.14 (a)
Figure 5.14 (b) shows the resulting function approximation produced by best bandwidths which had a
LOO-CVE = 0.0302, a training MSE = 0.0042 and a test MSE = 0.0274 Figure 5.14 (c) shows the
Gaussian kernel for the worst bandwidths obtained by ModelM and Figure 5.14 (d) shows the function
approximation used the worst bandwidths parameters with a LOO-CVE = 0.2075, a training MSE = 0.0001
and a test MSE = 0.1978. Once again notice that the training data is over fit.

5.1.3.4 DEALKR) Results

The evolution history for a 250 generation run of DEALKRp, is superimposed on top of the LOO-CVE
surface for S4G1 200 in Figure 5.15 (a). DE again found the global minimum. Figure 5.15 (b) contains
the Gaussian kernel for the bandwidths obtained by DEALKRp. The function approximation based on
these bandwidths is presented in Figure 5.15 (c) It had a LOO-CVE = 0.0302, a training MSE = 0.0042 and
a test MSE, = 0.0274.

5.1.3.5 DEALKRf Results

The Gaussian kernel produced by the full bandwidth matrix obtained by DEALKRg is shown in Figure 5.15
(d). The resulting function approximation shown in Figure 5.15 (a) had a LOO-CVE = 0.0295, training
MSE = 0.0042 and a test MSE = 0.027.

The results for S4G1 200 are summarized in Table 5.3.

5.1.4 S4G1_500 Data Set

The S4G1_500 data set shown in Figure 5.16 (a) was generated just like the previous version of S4G1, but
with 500 input-output pairs.

5.1.4.1 LOO-CVE Based Optimal Solution

The optimal bandwidth parameters were selected by minimizing the LOO-CVE surface for the S4G1_500
training data set. The LOO-CVE reached a minimum at /4,4, = (0.0011, 0.1630) with a LOO-CVE =
0.0097 and is shown in Figure 5.16 (b). The Gaussian kernel for the LOO-CVE optimal bandwidths is
shown in Figure 5.16 (c¢) and the resulting function approximation with a test MSE = 0.0097 is presented in

Figure 5.16 (d).
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Figure 5.14 Gaussian kernels and function approximations obtained by ModelM for S4G1 _200: (a)
Gaussian kernel for best bandwidths obtained by ModelM. (b) Function approximation using the best
bandwidths obtained by ModelM. (c) Gaussian kernel for worst values of 4. (d) Function approximation

using the worst bandwidths obtained by ModelM.
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Figure 5.15 DEALKR results for S4Gl 200: (a) DEALKRp 250 generation evolutionary history
superimposed on the optimal LOO-CVE surface for S4G1 _200. The black +’s indicate various “best
members” throughout the 250 generation history. The red “+” indicates the final “best member” at the end
of 250 generations. Note it is the global minimum. (b) Gaussian kernel for bandwidths obtained by
DEALKRp. (c) Resulting function approximation using DEALKRp bandwidths (d) Gaussian kernel for full
bandwidth matrix obtained by DEALKRg. (e) Resulting function approximation using full bandwidth
matrix.

Table 5.3 Summary of results for S4G1 200 tests for local minima with rankings according to result
categories: LOO-CVE., MSE(Train) and MSE(Test).

Method Data Set | S4G1 200 Ranking
{hl,l 0} 0.0012 0
0 h, { 0 0.2477}
LOO-CVE :
Optimal | _LOO-CVE: 0.0302 2™
MSE(Train):
MSE(Test): 0.0271 1%
b, 0 {0.0073 0 }
{0 hl'j 0 0.0073
Global ™ 750_CvE- | 0.1786 31
MSE(Train): 0.0117 5%
MSE(Test): 0.1724 40
{hl,l 0} {0.1731 0 }
0 h 0 02422
CGLS
std(x)" LOO-CVE: 0.1843 40
MSE(Train): 0.1599 3
MSE(Test): 0.1874 5
{hl,l 0} {0.0012 0 }
0 h 0 0.2410
CGLS
"best’ LOO-CVE: 0.0302 ond
MSE(Train): 0.0042 2
MSE(Test): 0.0274 2
h, 0 0.0001 0
e o]
CGLS 12
'worst' LOO-CVE: 0.2075 Slh
MSE(Train): 0.0001 1%
MSE(Test): 0.1978 6"
h, O 0.0012 0
[0 hl.j { 0 0.2410}
DEALKRy [ 700-CVE: 0.0302 2
MSE(Train): 0.0042 2nd
MSE(Test): 0.0274 2nd
by by, 0.00110.0309
DEALKRy [h;l hﬁj {0.0001 0.2228}
LOO-CVE: 0.0293 1%
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Figure 5.16 S4G1_500 Data Set: (a) Asterisks are training data; surface plot is test data. (b) LOO-CVE
surface. (¢) Gaussian kernel produced by optimal LOO-CVE bandwidths %;,4, = (0.0011, 0.1630). (d)

Function approximation using Gaussian kernel with optimal bandwidths with LOO-CVE = 0.0097.
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5.1.4.2 Global Bandwidth Results

The best global bandwidth parameter was selected by computing the LOO-CVE for 200 different values of
h from 10 to 10> Figure 5.17 (a) presents a plot of LOO-CVE versus bandwidth for and it still has two
minima. The global minimum of 0.0981 was for # = 0.0067. The function approximation produced using
this global bandwidth parameter resulted in a training MSE = 0.0149 and a test MSE = 0.0776. - Figure

5.17 (b) shows the Gaussian kernel and ‘Figure 5.17 (c) the resulting function approximation.

5.1.4.3 ModelM and CGLS Results

ModelM was used to survey the LOO-CVE surface for S4G1_500 looking for local minima. Figure 5.18
(a) presents the ModelM results superimposed on the LOO-CVE surface for S4G1_500. The convergence
path that started at the black dot, which is the value of the “informed” initial guess, did not result in finding
the optimal solution but got trapped in a local minimum. Again note the multiple local minima represented
by the red x’s. Figure 5.18 (b) show the Gaussian kernel for the bandwidths obtained using the initial
guess. The smoothing parameter spectrum and standard deviations is plotted in Figure 5.18 (¢) The
resulting function approximation shown in Figure 5.18 (d) had a LOO-CVE = 0.175, a training MSE =
0.1625 and a test MSE = 0.1818.

The Gaussian kernel for the best bandwidth parameters obtained by ModelM, 4,4, = (0.0010, 0.1539), is
shown in Figure 5.19 (a) and the resulting function approximation with a LOO-CVE = 0.0096, a training
MSE = 0.0032 and a test MSE = 0.0091 is presented in Figure 5.19 (b).

The Gaussian kernel for the worst bandwidth parameters obtained by ModelM, 4k, = (43M, 0.0067), is
shown in Figure 5.19 (c) and the resulting function approximation with a LOO-CVE = 0.2045, a training
MSE = 0.1890 and a test MSE = 0.22 is shown in Figure 5.19 (d ).
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5.1.4.4 DEALKRp Results

The evolutionary history for a 100 generation run of DEALKRp, is shown superimposed on the LOO-CVE
surface for S4G1_500 in Figure 5.20 (a). Once again it converged to the global minimum. Figure 5.20 (b)
shows the Gaussian kernel using the bandwidths obtained by DEALKRp, /;,4, = (0.0019, 0.1548). The
resulting function approximation shown in Figure 5.20 (c¢) had a LOO-CVE = 0.0096, a training MSE =
0.0032 and a test MSE = 0.0091.
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Figure 5.17 Global bandwidth solution for S4G1_500: (a) LOO-CVE plot. Notice there are still two local
minima. (b) Gaussian kernel shape for global bandwidth (0.0067 ). (c) Function approximation using the
global bandwidth LOO-CVE = 0.0981.
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Figure 5.18 ModelM results for the S4G1 500 data set: (a) ModelM results superimposed over the optimal
LOO-CVE surface. The blue dots indicate a starting point for each run. The red X's indicate a point of
convergence for each run. The green dot indicates the “initial guess” based on std(x), and the green
asterisk indicates the final minimum obtained using the initial guess. Note the initial guess still did not
converge to the global minimum. (b) Gaussian kernel for bandwidths obtained using std(x) as an initial
guess. (c) Smoothing parameter histograms from the 100 CGLS runs, with mean and standard deviations

for each smoothing parameter. (d) Function approximation produced with results obtained by the initial
guess.
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Figure 5.19 Gaussian kernels and function approximations obtained by ModelM for S4G1 _500: (a)
Gaussian kernel for best bandwidths obtained by ModelM. (b) Function approximation using the best
bandwidths obtained by ModelM. (c) Gaussian kernel for worst values of 4. (d) Function approximation

using the worst bandwidths obtained by ModelM.
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5.1.4.5 DEALKRy Results

Figure 5.20 (d) shows the Gaussian kernel produced by the full bandwidth matrix obtained by DEALKRg
after 160 generations. The resulting function approximation, shown in Figure 5.20 (e), had a LOO-CVE =
0.0094, training MSE = 0.0029 and a test MSE of 0.0091.

Table 5.4 provides a summary of the results for S4G1 500 test data. DEALKRp and DEALKRg
outperformed Global for all case and CGLS for all cases when the initial guess was used as the starting

point.
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Figure 5.20 DEALKR results for S4G1 500: (a) DEALKRp 100 generation evolutionary history
superimposed on the optimal LOO-CVE surface for S4G1_500. The black +’s indicate various “best
members” throughout the 100 generation history. The red “+” indicates the final “best member” at the end
of 250 generations. Note it is the global minimum. (b) Gaussian kernel for bandwidths obtained by
DEALKRp. (c) Resulting function approximation using DEALKRp, bandwidths (d) Gaussian kernel for full
bandwidth matrix obtained by DEALKRg. (e) Resulting function approximation using full bandwidth

matrix.
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Table 5.4 Summary of results for S4G1 500 tests for local minima with rankings according to result
categories: LOO-CVE., MSE(Train) and MSE(Test).

Method Data Set S4G1 500 Ranking
{hm 0} 0.0011 0
0 7, { 0 0.1630}
LOO-CVE :
Optimal LOO-CVE: 0.0097 34
MSE(Train):
MSE(Test): 0.0092 2
h, 0 {0.0067 0 }
|:() hl’2:| 0 0.0067
Global LOO-CVE: 0.0981 4"
MSE(Train): 0.0149 34
MSE(Test): 0.0776 34
{hu o} {0.1489 0 }
0 h 0 0.1520
CGLS
std(x)' LOO-CVE: 0.1750 5"
MSE(Train): 0.1625 4"
MSE(Test): 0.1818 4"
{hu o} {0.0019 0 }
0 h 0 0.1539
CGLS
"best' LOO-CVE: 0.0096 2™
MSE(Train): 0.0032 2
MSE(Test): 0.0091 1%
|:h1,1 o} {43,197,112 0 }
0 h 0 0.0067
CGLS
'worst' LOO-CVE: 0.2045 6"
MSE(Train): 0.1890 5
MSE(Test): 0.2200 5
hy O 0.0019 0
{0 hl,j { 0 0.1548}
DEALKRy [ 700-CVE: 0.0096 2
MSE(Train): 0.0032 2
MSE(Test): 0.0091 1%
Iy by 0.0008 0.0071
[hm hIJ {0.00020.1390}
DEALKRy [ 100-CVE: 0.0094 1
MSE(Train): 0.0029 2
MSE(Test): 0.0091 1%
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Chapter

Case Studies

n this chapter the effectiveness of DEALRR, DELLKRp and DELLKR¢ are demonstrated for artificial
and real world data sets. The LKR results for both the diagonal, H € D, and full, H € F', bandwidth
matrix and the full bandwidth matrix obtained by DE, designated DEALKRp and DEALKRg
respectively, are compared with results using a global bandwidth, He S, and LKR with diagonal
bandwidth parameters obtained using the conjugate-gradient + line-search (CGLS) technique described in

section 3.3.1.

Section 6.1 provides a brief introduction. Section 6.2 describes the data sets. Section 6.3 presents the
results for three artificial data sets with two input variables, Banana3, Bumpsl1, and Peaksl. Section 6.4
describes the results of DEALKRp and DEALKRf for Cascadel, an artificial data set of four input
variables and a single output target variable, comparing them against global and CGLS results. The use of
DEALKR for input variable selection is demonstrated in section 6.5. It is shown to accurately select
relevant input variables and predict the output even when the input data is dominated by noisy or irrelevant
input variables. Results are presented for Cascadel8 (four relevant and four irrelevant inputs), G10D1 (five
relevant and five irrelevant inputs), S4G1ul0 (two relevant and eight irrelevant inputs), and S4G1u20 (two
relevant and eight-teen irrelevant inputs). Section 6.6 looks at the performance of DEALRR and DEALKR
when applied to real world data sets and compares them to Ordinary least-squares, (OLS) principle

component regression (PCR), and ordinary ridge regression (ORR).

6.1 Introduction

Two different types of data sets are used to demonstrate the capabilities of the DEALRR and DEALKRp
and DEALKRg, one set is artificial and the other is obtained from real world measurements. There are
advantages and disadvantages to both types of data. An advantage of using artificial data is the “true”

answer is known and thus an accurate assessment of performance can be made. The disadvantage of using
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artificial data is the results obtained may not accurately indicate performance of the technique under
consideration in the “real world”. The advantage of using real world data sets is they are representative of
the “real world”. But the disadvantage is the underlying model and even the ‘true” answer is seldom if ever

known.

What follows is a brief overview of the data sets used.

6.2 Data sets

The artificial data sets are described first followed by a brief description of the real world data sets.

Four artificial data sets with two-inputs were created to allow visualization of the functions, their

approximations and the LOO-CVE surfaces: Banana3, Bumps|, Peaks1, and S4Gl1.

Five higher dimensional input data sets were created specifically to evaluate input variable selection:
Cascadel 100, G10D1_100, Cascade81 100, S4G1U10 100, and S4G1U20_100. The S4G1_100 data set
was altered by including a number of noisy/irrelevant input variables, eight in the case of S4G1ul0 and
eight-teen for S4G1u20. The irrelevant input values were randomly selected from a uniform random
distribution and they do not contribute to the output variable at all. Since the output variable is only a
function of two input variables the LOO-CVE surface and function approximation for each technique could

be visually compared to the true output, just as we did for the 2D data sets.

All training data sets considered contained 100 input-output pairs. The test data sets contained either 5,000
or 5,041 input-output pairs. The two-input test sets had 5,041 input-output pairs [71x71] because they were

created using the mesh grid function in MATLAB to facilitate visualization of the results.

Noise was added to the output vector, y, for all training data. For all data sets in this study, except for

G10D, 2% noise was added to ) using:

v_n=[n*(std(y)/100)* rand (length(y),)]+ vy ©.1)

where, n = 2 and rand is a uniform random distribution between zero and one. For the gl0dl data set

Gaussian noise, N(0,1), was added to the output vector.

Comparison of the results can be conducted made on the basis of the training LOO-CVE, the training MSE,
and the test MSE. LOO-CVE provides a good indication on the effectiveness of the objective function and
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the parameter selection/optimization method, while the training and test MSE can serve as indicators of

whether or not the model has been properly regularized.

6.3 Artificial data sets with two input variables

This section describes the result for three, two-dimensional, artificial data sets, Banana3 100,
Bumps1 100, and Peaksl 100. The results of the function estimations and the LOO-CVE surfaces will be
plotted for a visual comparison. After a description of each data set the results will be reported, first the
optimal solution obtainable by minimizing the LOO-CVE surface, second, the global bandwidth parameter
results, third the ModelM results and last the results obtained for both the diagonal and full bandwidth
matrix differential evolution, designated DEALKRp and DEALKRg.

6.3.1 Banana3_ 100 Data Set

The Banana3 100 data set is also known as Rosenbrock's Saddle or the second De Jong function [44]. The

equation describing it is:

y=100(x, - x})* —(1-x,)*, with 2<x, <2. 62)

The 100 training points are plotted in Figure 6.1 (a) as asterisks and the 5,041 test points as a mesh plot.

6.3.1.1 Optimal LOO-CVE Solution

The optimal solution for the 100 training points is selected by minimizing the LOO-CVE. The LOO-CVE
surface for Banana3 is shown in Figure 6.1 (b). The smallest LOO-CVE value occurs at 19,182 for the
bandwidths 4k, = (0.0266, 0.1630). The Gaussian kernel produced by these bandwidths is shown in
Figure 6.1 (c). The resulting function approximation with a test MSE = 28,463 is shown in Figure 6.6 (a).

6.3.1.2 Global Bandwidth Results

The optimal global bandwidth parameter was determined by computing the LOO-CVE for 200 different
values of / from 10™ to 10* and selecting the / the produced the minimum LOO-CVE value. Figure 6.2 (a)
shows the LOO-CVE plot with a minimum of 32,371 at # = 0.0314. The Gaussian kernel produced by this
bandwidth is shown Figure 6.2 (b). The resulting function approximation, shown in Figure 6.6 (b), had test
MSE = 49,446 and a training MSE = 3,976.
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Figure 6.1 Banana3 100 data set: (a) Asterisks are the training data (100 points) and the mesh plot is the
test data (5,041 points). (b) LOO-CVE surface computed on a 100x100 grid. Global minimum at (0.0266,
0.1630) with LOO-CVE = 19,182. (c) Gaussian kernel produced by LOO-CVE optimal bandwidths.
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Figure 6.2 Global bandwidth solution for Banana3 100: (a) LOO-CVE plot minimum at (0.0314) with a
LOO-CVE =32,372. (b) Gaussian kernel for optimal global bandwidth.

6.3.1.3 ModelM and CGLS LKR Results

ModeIM was used with a 10x10 grid of starting points to “map” the LOO-CVE surface and look for local
minima as described in section 5.1. Figure 6.3 (a) show the results superimposed over the LOO-CVE
surface. The blue dots designate the 100 staring points. The smaller black dots are LOO-CVE values at
steps taken along each convergence path. Each red x is a final convergence point. The large black dot is
the initial guess based on the standard deviation of the input variables, and the green asterisk is resulting

convergence point. The presence of local minima are indicated by the scattered red x’s.

The smoothing parameter histogram for Banana3 100 is shown in Figure 6.3 (b). The large standard
deviations std(%;) = 16.98 and std(4,) = 30.07 are an indication that multiple minima are present. The
initial guess did converge to the global minima at %;,A, = (0.0254, 0.1511), with a LOO-CVE of 19,125, a
training MSE = 5,958 and a test MSE = 28,062. The worst set of bandwidths %;,/, = (385,352, 0.0218)
obtained by ModelM, had a LOO-CVE = 342,088, a training MSE =270,103 and a test MSE = 3,75,461.
The Gaussian kernels produced by the best and worst bandwidths are shown in Figure 6.3 (c) and (d). The

resulting function approximations for both sets of bandwidths are presented Figure 6.6 (c) and (d).

6.3.1.4 DEALKRp Results

Figure 6.4 (a) shows the results from 100 separate iterations of 100 generations each superimposed over the
LOO-CVE surface for Banana3 100. The black +’s indicate the best members of each generation during
the evolutionary history of all 100 iterations. The red +’s indicate the best member ever or the point of
final convergence for each iteration. There are actually 100 red +’s even though there appear to be only
one — they all converged to the LOO-CVE global minimum. The Gaussian kernel produced by the
bandwidths /4,4, = (0.0254, 0.1511) obtained by DEALKRp, is shown in Figure 6.4 (b). The resulting
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Figure 6.3 ModelM results for the Banana3 100 data set: : (a) ModelM results superimposed over the
optimal LOO-CVE surface. The blue dots indicate a starting point for each run. The red X's indicate a
point of convergence for each run. The green dot indicates the “initial guess” based on std(x), and the
green asterisk indicates the final minimum obtained using the initial guess. Note the initial guess did
converge to the global minimum. (b) Smoothing parameter histograms from the 100 CGLS runs, with
mean and standard deviations for each smoothing parameter. (c) Gaussian kernel for best bandwidths
obtained by ModelM. (d) Gaussian kernel for worst bandwidths obtained by ModelM.
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Figure 6.4 DEALKRp results for Banana3 100: (a) DEALKRp 100 generation evolutionary history
superimposed on the optimal LOO-CVE surface for Banana3 100. The black +’s indicate various “best
members” throughout the 100 generation history. The red “+” indicates the final “best member” at the end
of 250 generations. Note it is the global minimum. (b) Gaussian kernel for bandwidths obtained by
DEALKRp.

function approximation with a LOO-CVE = 19,125, a training MSE = 5,958 and a test MSE = 28,062 is

shown in Figure 6.6 (e).

6.3.1.5 DEALKRF Results

The full bandwidth matrix was also optimized by minimizing the LOO-CVE. The smoothing parameter
spectrum and Gaussian kernel obtained by DEALKRF are presented in Figure 6.5 (a) and (b). The resulting
function approximation which had a LOO-CVE = 19,046, a training MSE = 5,894, and test MSE = 27,978
is shown in Figure 6.6 (f). Notice it has the lowest LOO-CVE and test MSE of all the approaches.

Table 6.1 provides a summary of the results for Bannana3 100. Note DEALKRp and DEALKRg
outperformed Global for all case and CGLS for all cases when the initial guess was used as the starting

point.
6.3.2 Bumps1 100 Data Set
Data Bumps1 100 is a bimodal function described by:

2 2 2 2
y = 0.7 x g OO0 4 oI g <y <2 <y, <1.
(6.3)

Figure 6.7 (a) shows the Bumps1 100 test set. The surface plot is of the 5,041 point test set and the training

data are shown as asterisks.
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Figure 6.5 DEALKRg results for Banana3 100: (a) Smoothing parameter spectrum. (b) Gaussian kernel for
bandwidths obtained by DEALKRGE.

6.3.2.1 Optimal LOO-CVE Solution

The optimal solution for Bumps1 100 was selected by minimizing the LOO-CVE. The LOO-CVE surface
for Bumpsl 100 is shown in Figure 6.7 (b). The smallest LOO-CVE value occurs at 0.0035 for the
bandwidth parameters 4,4, = (0.0175, 0.0016). The function approximation of Bumpsl 100 based on
these optimal bandwidth parameters results in a test MSE of 0.0038. Figure 6.7 (b) is the Gaussian kernel
for the optimal bandwidths. Figure 6.12 (a) shows the function approximation as a mesh plot along with as

surface plot of the test data and the training data as asterisks.

6.3.2.2 Global Bandwidth Results

The optimal global bandwidth parameter for Bumps1 100 was determined by computing the LOO-CVE for
200 different values of 4 from 10 to 10° and selecting the value of / the produced the minimum LOO-
CVE value 0.0078. Figure 6.8 (a) shows the plot of LOO-CVE versus bandwidth parameter for
Bumps! 100 with a minimum at # = 0.0086. The Gaussian kernel for this bandwidth is shown in Figure
6.8 (b). The function approximation based on the global bandwidth parameter resulted in a training MSE
of 0.0011 and a test MSE = 0.0069. Figure 6.12 (b) shows this approximation to Banana3 as a mesh plot

along with as surface plot of the test data and the training data as asterisks.

6.3.2.3 ModelM and CGLS LKR Results

The ModelM survey technique was used with a 10 x 10 grid of starting points to “map” the LOO-CVE
surface and look for local minima. Figure 6.9 (a) shows the results superimposed on top of the LOO-CVE
surface for Bumpsl. The blue dots designate the 100 staring points. The smaller black dots are LOO-CVE

values at steps taken along convergence paths. Each red x is a final convergence point. The large black dot
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Figure 6.6 Function approximations of Banana3 100: (a) Using optimal LOO-CVE bandwidths. (b) Using
the optimal global bandwidth. (c) Using the best bandwidths by ModelM. (d) Using the worst bandwidths
by ModelM. (e) Using bandwidths obtained by DEALKRp. (f) Using bandwidths obtained by DEALKRG.
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Table 6.1 Summary of results for artificial data set Banna3 100 with rankings according to result
categories: LOO-CVE., MSE(Train) and MSE(Test).

Method Data Set | Banana3 100 Ranking
{hl,l 0} 0.0266 0
0 h, { 0 0.1630}
LOO-CVE ’
Optimal LOO-CVE: 19,182 3t
MSE(Train):
MSE(Test): 28,463 3@
h, 0 {0.0314 0 }
{0 hl,j 0 00314
Global LOO-CVE: 32,372 4"
MSE(Train): 3,976 1%
MSE(Test): 49,446 4th
{hl_l 0} {0.0254 0 }
0 h 0 0.1511
CGLS h2
'best’ LOO-CVE: 19,125 ond
MSE(Train): 5,958 31
MSE(Test): 28,062 ond
{hl_l 0} {385,352 0 }
0 h 0 0.0218
CGLS h2
"worst' LOO-CVE: 342,088 5t
MSE(Train): 270,103 4t
MSE(Test): 375,461 5T
h, 0 {0.0254 0 }
{0 hl,j 0 0.1511
DEALKRy [ 700-CVE: 19,125 2
MSE(Train): 5,958 3t
MSE(Test): 28,062 2™
By s 0.02500.0032
[hzyl hlJ {o.oooz 0.1481}
DEALKRy | LOO-CVE: 19,046 &
MSE(Train): 5,894 ond
MSE(Test): 27,978 ¥
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Figure 6.7 Bumps1 100 data set. (a) Asterisks are the training data (100 points) and the mesh plot is the
test data (5,041 points). (b) LOO-CVE surface computed on a 100x100 grid. Global minimum at (0.0175,
0.0016 ) with LOO-CVE = 0.00352. (¢) Gaussian kernel produced by LOO-CVE optimal bandwidths.
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Figure 6.8 Global bandwidth solution for Bumps1 100: (a) LOO-CVE plot minimum at 4 = 0.0086, with a
LOO-CVE =0.0078. (b) Gaussian kernel for optimal global bandwidth.
is the “informed” initial guess based on the underlying data. And the green asterisk is the convergence

point of the informed initial guess. The presence of local minima are designated by scattered red x’s.

The smoothing parameter histogram of the ModelM results for Bumps1 is in Figure 6.9 (b). The large
standard deviations are an indication that multiple minima are present. The informed initial guess
converged to the global minimum and resulted in a LOO-CVE = 0.0035 for bandwidth parameters 4/, =
(0.0171, 0.0017), a training MSE = 0.0002 and a test MSE = 0.0038. The Gaussian kernel for these
bandwidths is shown in Figure 6.9 (c). The function approximation produced from this set of bandwidth
parameters is also the best set and is shown as a mesh plot in Figure 6.12 (c), with a surface plot of the test

data and the training data as asterisks.

The Gaussian kernel for worst bandwidths obtained by ModelM is shown in Figure 6.9 (c). Figure 6.12 (d)
shows the function approximation for the worst bandwidth parameters /;,4, = (0.1109, 6.7464) obtained
using ModelM, with a corresponding LOO-CVE = 0.03, a training MSE = 0.0272 and test MSE = 0.0381.

6.3.2.4 DEALKR) Results

Figure 6.10 (a) presents the evolutionary history of 100 generations shown superimposed on top of the
LOO-CVE surface for Bumps1l 100. The black +’s indicate the best members at differing times during the
evolution of the population. The red +’s indicate the best member ever or the point of final convergence.
Notice the global minimum was found every time. The Gaussian kernel for the DEALKRp obtained
bandwidths is shown in Figure 6.10 (a) The function approximation resulting from the bandwidth
parameters 4k, = (0.0172, 0.0017) is shown in Figure 6.12 (e¢). The LOO-CVE = 0.0035, the training
MSE = 0.0002 and the test MSE = 0.0038.
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Figure 6.9 ModelM results for the Bumpsl 100 data set: : (a) ModelM results superimposed over the
optimal LOO-CVE surface. The blue dots indicate a starting point for each run. The red X's indicate a
point of convergence for each run. The green dot indicates the “initial guess” based on std(x), and the
green asterisk indicates the final minimum obtained using the initial guess. Note the initial guess did
converge to the global minimum. (b) Smoothing parameter histograms from the 100 CGLS runs, with
mean and standard deviations for each smoothing parameter. (c) Gaussian kernel for best bandwidths
obtained by ModelM. (d) Gaussian kernel for worst bandwidths obtained by ModelM.
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Figure 6.10 DEALKRp results for Bumpsl 100: (a) DEALKRp 250 generation evolutionary history
superimposed on the optimal LOO-CVE surface for Banana3 100. The black +’s indicate various “best
members” throughout the 250 generation history. The red “+” indicates the final “best member” at the end

of 250 generations. Note it is the global minimum. (b) Gaussian kernel for bandwidths obtained by
DEALKRp.

6.3.2.5 DEALKRp Results

The full bandwidth matrix was optimized by minimizing the LOO-CVE. The smoothing parameter
spectrum of the DEALKRg results is shown in The function approximation of Bumps1Figure 6.11 100 for
the full bandwidth matrix is presented in Figure 6.11 (a) and associated Gaussian kernel is in Figure 6.11
(b) . The function approximation based on the full bandwidth matrix yielded a LOO-CVE = 0.0032, a
training MSE = 0.0003, and test MSE = 0.0043 and is presented in Figure 6.12 (f).

Table 6.2 provides a summary of the results for all Bumps1 100.

6.3.3 Peaks1_100 Data Set

Data set Peaksl 100 was generated using the peaks.m function that ships with MATLAB. The output of
peaks is generated by translating and scaling several Gaussian distributions. Figure 6.13 (a) shows

Peaksl 100 test data as a surface plot and the training data as asterisks.

6.3.3.1 Optimal LOO-CVE Solution

The optimal solution for Peaksl 100 was selected by minimizing the LOO-CVE. The LOO-CVE surface
for Peaksl 100 is shown in Figure 6.13 (b). The smallest LOO-CVE value occurs at 0.3514 for the
bandwidth parameters 4/, = (0.0705, 0.0404). The Gaussian kernel produced by optimal LOO-CVE
bandwidths is shown in Figure 6.13 (c). The resulting function approximation had a test MSE = 0.4047 and

is shown n Figure 6.18 (a).
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Figure 6.11 DEALKRg results for Bumps1 100: (a) Smoothing parameter spectrum. (b) Gaussian kernel
for bandwidths obtained by DEALKRg.

6.3.3.2 Global Bandwidth Results

The optimal global bandwidth parameter for Peaksl 100 was determined by computing the LOO-CVE for
200 different values of 4 from 10 to 10* and selecting the value of / the produced the minimum LOO-
CVE = 0.4087. Figure 6.14 (a) shows the LOO-CVE plot for Peaksl 100 with a minimum at 2 = 0.0554.
The associated Gaussian kernel is plotted it Figure 6.14 (a). The resulting function approximation shown in

Figure 6.18 (b).had a training MSE = 0.0317 and a test MSE = 0.3709.

6.3.3.3 ModelM and CGLS LKR Results

The ModelM survey technique was used to look for local minima in the LOO-CVE surface. Figure 6.15
(a) shows the results superimposed on top of the LOO-CVE surface. The blue dots designate the 100
staring points. The smaller black dots are LOO-CVE values at steps taken along convergence paths. Each
red x is a final convergence point. The large black dot is the “informed” initial guess based on the
underlying data. And the black asterisk is the convergence point of the informed initial guess. The

presence of local minima are represented by scattered red x’s.

The smoothing parameter histogram of the ModelM results is shown Figure 6.15 (b). Again notice the
large standard deviations, which are an indicator of multiple minima. The initial guess converged to global
minimum resulting in a LOO-CVE = 0.3506 for bandwidth parameters %;,4, = (0.0728, 0.0430), a training
MSE = 0.0375, a test MSE = 0.3945. The worst bandwidths were 4,4, = (0.0000, 0.3459) with a LOO-
CVE —4.8873, a training MSE = 0.0070 and a test MSE = 6.2248.
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Figure 6.12 Function approximations of Bumps1 100: (a) Using optimal LOO-CVE bandwidths. (b) Using
the optimal global bandwidth. (c) Using the best bandwidths by ModelM. (d) Using the worst bandwidths
by ModelM. (e) Using bandwidths obtained by DEALKRp. (f) Using bandwidths obtained by DEALKRg.
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Table 6.2 Summary of results for artificial data set Bumpsl 100 with rankings according to result
categories: LOO-CVE., MSE(Train) and MSE(Test).

Method Data Set | Bumpsl 100 Ranking
{h,,l 0} 00175 0
0 A, [ 0 0.0016}
LOO-CVE :
Optimal LOO-CVE: 0.0035 2
MSE(Train):
MSE(Test): 0.0038 1%
h, 0 {0.0086 0 }
{0 h1,2:| 0 0.0086
Global LOO-CVE: 0.0078 4"
MSE(Train): 0.0011 31
MSE(Test): 0.0069 34
{hl,l o} {0.0172 0 }
0 h 0 0.0017
CGLS
best’ LOO-CVE: 0.0035 2
MSE(Train): 0.0002 19
MSE(Test): 0.0038 1
{hl,l o} {0.1109 0 }
0 h 0 6.7464
CGLS
worst' LOO-CVE: 0.0300 31
MSE(Train): 0.0272 4"
MSE(Test): 0.0381 4"
h, 0 {0.0172 0 }
{0 hl_j 0 0.0017
DEALKRy | 100-CVE: 0.0035 2™
MSE(Train): 0.0002 1
MSE(Test): 0.0038 1
By, by 0.0178 0.0000
{hz_l hIJ {0.02540.0029}
DEALKRy | 100-CVE: 0.0032 19
MSE(Train): 0.0003 o
MSE(Test): 0.0043 o
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Figure 6.13 Peaksl 100 data set: (a) Asterisks are the training data (100 points) and the mesh plot is the
test data (5,041 points). (b) LOO-CVE surface computed on a 100x100 grid. Global minimum at 4,4, =
(0.0705, 0.0404) with LOO-CVE = 0.3514. (¢) Gaussian kernel produced by LOO-CVE optimal
bandwidths.
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Figure 6.14 Global bandwidth solution for Peaksl 100: (a) LOO-CVE plot minimum at # = 0.0554 with a
LOO-CVE = 0.4087. (b) Gaussian kernel for optimal global bandwidth.

The resulting Gaussian kernels for the best and worst bandwidths obtained by ModelM are presented in
Figure 6.15 (c) and Figure 6.15 (d). The function approximations produced by the best and worst
bandwidths are presented in Figure 6.18 (c) and Figure 6.18 (d) respectively.

6.3.3.4 DEALKRp Results

Figure 6.16 (a) presents the evolutionary history of 250 generations superimposed on the LOO-CVE
surface for peaksl 100. The black +’s indicate the best members at differing times during the evolution of
the population. The red +’s indicate the best member ever or the point of final convergence. The Gaussian
kernel for bandwidths /4,4, = (0.0728, 0.0430) obtained by DEALKRp, is shown in Figure 6.16 (b). The
resulting function approximation with a LOO-CVE = 0.3506, a training MSE = 0.0375 and test MSE =
0.3945 is shown in Figure 6.18 (e).

6.3.3.5 DEALKRf Results

The full bandwidth matrix was optimized by minimizing the LOO-CVE. The smoothing parameter
spectrum is presented in Figure 6.17 (a). The Gaussian kernel produced by the DEALKR{ full bandwidth
matrix I shown in Figure 6.17 (b). Notice the squared off shape indicating the influence from off-diagonal
parameters. The resulting function approximation for the full matrix of bandwidth parameters is presented

in Figure 6.18 (f). It yielded a LOO-CVE of 0.3193, a training MSE of 0.0247, and test MSE of 0.4426.

Table 6.3 provides a summary of the results for Peaks1 100.
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Figure 6.15 ModelM results for the Peaksl 100 data set: : (a) ModelM results superimposed over the
optimal LOO-CVE surface. The blue dots indicate a starting point for each run. The red X's indicate a
point of convergence for each run. The green dot indicates the “initial guess” based on std(x), and the
green asterisk indicates the final minimum obtained using the initial guess. Note the initial guess did
converge to the global minimum. (b) Smoothing parameter histograms from the 100 CGLS runs, with
mean and standard deviations for each smoothing parameter. (c) Gaussian kernel for best bandwidths
obtained by ModelM. (d) Gaussian kernel for worst bandwidths obtained by ModelM.
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Figure 6.16 DEALKRp results for Peaksl 100: (a) DEALKRp 250 generation evolutionary history
superimposed on the optimal LOO-CVE surface for Peaksl 100. The black +’s indicate various “best
members” throughout the 250 generation history. The red “+” indicates the final “best member” at the end
of 250 generations. Note it is the global minimum. (b) Gaussian kernel for bandwidths obtained by
DEALKRp.
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Figure 6.17 DEALKRg results for Peaksl 100: (a) Smoothing parameter spectrum. (b) Gaussian kernel for
bandwidths obtained by DEALKRE.
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Figure 6.18 Function approximations of Peaksl 100: (a) Using optimal LOO-CVE bandwidths. (b) Using
the optimal global bandwidth. (c) Using the best bandwidths by ModelM. (d) Using the worst bandwidths
by ModelM. (e) Using bandwidths obtained by DEALKRp,. (f) Using bandwidths obtained by DEALKRE.
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Table 6.3 Summary of results for artificial data set Peaksl 100 with rankings according to result
categories: LOO-CVE., MSE(Train) and MSE(Test).

Method Data Set | Peaksl 100 | Ranking
{hm 0} 0.0705 0
0 h, { 0 0.0404}
LOO-CVE :
Optimal LOO-CVE: 0.3514 3¢
MSE(Train):
MSE(Test): 0.4047 31
h, 0 {0.0554 0 }
|:() hl’2:| 0 0.0554
Global LOO-CVE: 0.4087 4"
MSE(Train): 0.0317 3¢
MSE(Test): 0.3709 1%
{hu o} {0.0728 0 }
0 h 0 0.0430
CGLS
bhest’ LOO-CVE: 0.3506 2™
MSE(Train): 0.0375 4"
MSE(Test): 0.3945 2
{hu o} {o.oooo 0 }
0 h 0 0.3459
CGLS
worst' LOO-CVE: 4.8873 50
MSE(Train): 0.0070 1%
MSE(Test): 6.2248 50
h, 0 {0.0728 0 }
|:0 hl,2:| 0 0.0430
DEALKRy [ 700-CVE: 0.3506 2
MSE(Train): 0.0375 4h
MSE(Test): 0.3945 2
By by 0.04150.0004
{hzyl hl_j {0.0278 0.0406}
DEALKRy [ 100-CVE: 0.3193 1°
MSE(Train): 0.0247 2
MSE(Test): 0.4426 4"
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6.4 Artificial Data Set with Four Input Variables

6.4.1 Cascadel_100 Data Set

The Cascadel 100 data set is a cascaded function that was generated as follows. First, four x variables

were created with 100 uniformly spaced values from —0.5 to 0.5. Next, the four variables A, B, C, D which

are functions of X, , X, , X; and X,, were computed:

= Q1 . — . — Qi . — sin(15x4)
A =sin(10x,); B=x,; C =sin(5x,); D=e¢ . 6.4)

And finally the output Y is created:

___(2Asin(z D)) :
y=e +sin(50BC) . 6.5)

Figure 6.19 (a) shows the inputs A, B, C and D of the training data as diamonds and the test set as solid

lines. Figure 6.19 (b) is a plot of test output ) as a solid line and the training data as asterisks.

6.4.1.1 Global Bandwidth Parameters

The optimal global bandwidth parameter for Cascadel 100 was determined by computing the LOO-CVE
for 200 different values of 4 from 10 to 10° and selecting the value of 4 the produced the minimum LOO-
CVE = 0.1685. Figure 6.20 (a) shows the LOO-CVE plot with a minimum at 4 = 0.0073. The function
approximation based on the global bandwidth parameter resulted in a LOO-CVE = 0.1685, a training MSE
=0.0106 and a test MSE = 0.0164. Figure 6.20 (b) shows the resulting function approximation.

6.4.1.2 ModelM and CGLS LKR Results

ModelM was used to “map” the LOO-CVE hyper-surface and look for local minima. But a new way of
generating the initial guesses was required. Instead of a single grid of two variables each input dimension

was sampled using a logarithmic permutation described by this snippet of MATLAB code:

nGrid=floor (numIter/numH)

hsO=zeros (numH, numIter)

for i = 1:numH
ind=randperm (numIter) ;
seedHs = logspace(-4,2,numIter);
hsO(i,:) = seedHs(:,ind);

end
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Figure 6.19 Cascadel 100 data set: (a) Four input variables (b) Target output variable.
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Figure 6.20 Global bandwidth solution for Cascadel 100: (a) LOO-CVE plot. (b) Function approximation

using optimal global bandwidth parameter.
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where, numIter is the number of points to be generated along each input dimension; and numH is the
number of bandwidth parameters to be optimized, which is four for Cascadel. Figure 6.21 is a scatter plot
showing starting point exemplars for 4; vs. hy, h; vs. h; and h; vs. h,. Similar scatter plots could be
generated for all parameter combinations. Since the LOO-CVE surface is a hyper-surface it cannot be
visualized but we can look at the smoothing parameter histogram to try and determine whether local

minima exist.

The smoothing parameter histogram results for Cascadel 100 are in plotted in Figure 6.22. Included on
histogram of each parameter are the value of the informed initial guess and the value it converged to.
Notice the large spread of values in the histograms and the large standard deviations, both are indicators

that multiple minima are present.

The smallest LOO-CVE obtained by ModelM was 0.1438 for bandwidth parameters diag(90,590, 0.00001,
0.0028, 0.0171), with a training MSE = 0. 0.0014 and a test MSE = 0.0339. The smoothing parameter plot
for the best set of bandwidth parameters is presented in Figure 6.23 (a). The resulting function
approximation produced by the best bandwidth parameters is shown in Figure 6.23 (b).
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Figure 6.21 Scatter plot example of initial values used by ModelM.
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Figure 6.22 Smoothing parameter histograms for Cascadel 100 obtained by ModelM for 100 CGLS runs.
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Figure 6.23 ModelM results for Cascadel 100: (a) Smoothing parameter spectrum for the best bandwidths

obtained by ModelM. (b) The function approximation using the best bandwidth parameters.
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6.4.1.3 DEALKRp Results

The smoothing parameter spectrum of the results obtained by DEALKRp, is shown in Figure 6.24 (a). The
resulting function approximation shown in Figure 6.24 (b) produce a LOO-CVE = 0.1438, a training MSE
=0.0014 and a test MSE = 0.0626.

6.4.1.4 DEALKRf Results

The smoothing parameter spectrum for the full bandwidth matrix obtained by DEALKRg is shown in
Figure 6.25 (a). The resulting function approximation which is shown in Figure 6.25 (b) had a LOO-CVE
=0.1291, a training MSE = 0.0082, and a test MSE = 0.0403.

A summary of the results for Cascadel 100 is presented in Table 6.4.

6.5 Selection of Relevant Input Variables

This section demonstrates the ability of using DEALKRp, to select relevant input variables while damping

or minimizing the influence of irrelevant or noisy input variables.
6.5.1 G10D1_100 Data Set: Five Relevant and Five Irrelevant Variables

The g10d data set was generated by a system described in [63]. The target vector is defined by:

2
y =10sin(zx1x2) + 20(}0 - %J +10x:+5xs+ ¢ (6.6)

with the Gaussian noise added ¢ ~ N(0,1). The input vector contained 10 sets of random values selected

from the uniform distribution xi..Xio, xi ~ U([0,1]).

Form equation 5.7 it is apparent that only the first five inputs contribute to the output variable in any way
and therefore relevant, while the last five are clearly irrelevant. A training data set of 100 samples and a
test data set of 5,000 samples were generated. For kernel regression the 100 data samples is sparse for 10
dimensions. Figure 6.26 (a) shows a scatter plot of the training data for the 10 input variables and Figure

6.26 (b) is the target output.
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Figure 6.24 DEALKRp results for Cascadel 100: (a) Smoothing parameter spectrum for bandwidths
obtained by DEALKRy, (b) Function approximation using the best bandwidth parameters.
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Figure 6.25 DEALKRg results for Cascadel 100: (a) Smoothing parameter spectrum for bandwidths
obtained by DEALKR¢. (b) Function approximation using the best bandwidth parameters.



6.5 Selection of Relevant Input Variables

125

Table 6.4 Summary of results for Cascadel 100 with rankings according to result categories: LOO-CVE.,

MSE(Train) and MSE(Test).

Method Data Set Cascadel 100 Ranking
h, 0 0 0 0003 0 0 0
0 hz.z 00 0 0.0073 0 0
0 0 h&3 0 0 0 0.0073 0
Global 00 0 h“ 0 0 0 0.0073
LOO-CVE: 0.1685 34
MSE(Train): 0.0106 34
MSE(Test): 0.0164 1%
h, 0 0 0 90,591 0 0 0
0h, 0 0 0 0.0000 0 0
0 0 0.0028 0
CGLS 0 0k 0 0 0 0 00171
‘best' 0 0 0n,,
LOO-CVE: 0.1438 2
MSE(Train): 0.0014 1%
MSE(Test): 0.0339 2
h, 0 0 0 136,267 0 0 0
0 hz,z 00 0 0.0000 0 0
0 0 h3.3 0 0 0 0.0028 0
DEALKR, 00 0 h4,4 0 0 0 0.0171
LOO-CVE: 0.1438 2
MSE(Train): 0.0014 1
MSE(Test): 0.0626 4"
g by by by, 6.1179 0.0004 0.1728 3.0090
[ 0.3810 0.1409 0.0001 2.0309
By, s s by, 0.5907 0.7017 0.0057 8.4295
DEALKRy By by by by, 2.3787 0.0203 0.0025 2.8943
LOO-CVE: 0.1291 1%
MSE(Train): 0.0082 o
MSE(Test): 0.0403 31
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Figure 6.26 G10D1_100 data set: (a) Scatter plot of the 10 input variables (training set). (b) Target output

variable (test set).

6.5.1.1 Global Bandwidth Results

The global bandwidth parameter was selected by minimizing the LOO-CVE. A plot of the LOO-CVE vs.
bandwidth is presented in Figure 6.27. The minimum LOO-CVE was 13.2184 for # = 0.0977 and training
MSE = 1.3879 and test MSE = 9.9720. Clearly use of a global bandwidth is useless for input selection.

6.5.1.2 ModelM/CGLS LKR Results

ModeIM was used to “map” the LOO-CVE hyper-surface for G10D1_100 and look for local minima.
Figure 6.28 is a scatter plot of exemplar data points for /; vs. hy-h;y. Similar scatter plots could be

generated for all parameter combinations.

The smoothing parameter histogram is presented in Figure 6.29. Included on the histogram of each
parameter are the value of the informed initial guess and the value it converged to. The spread in the
smoothing parameter values and the large standard deviations suggest there are local minima in the error
hyper-surface. The spectrum for the best set of smoothing parameters obtained by ModelM is presented in
Figure 6.30. Observe that CGLS attenuates the smoothing parameters associated with only three of the five
irrelevant input dimensions, 6, 7, and 10. A nearly equal smoothing parameter value was assigned to inputs
1, 2 and 4 which accurately reflect the balanced roll of x1 and x2 in equation (5.1). It did not however

attenuate 8 and 9. The LOO-CVE was 4.6811, the training MSE 0.8611 and the test MSE 5.7377.

6.5.1.3 DEALKR) Results

The DEALKRp smoothing parameter spectrum is presented in Figure 6.31. Notice that DEALKRp

accurately identified dimensions 1-5.as the most significant, and dimensions 6, 7, 8 and 10 as insignificant.
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Figure 6.29 Smoothing parameter histogram for G10D1_100 obtained by ModelM for 100 CGLS runs.

Figure 6.30 ModelM results for G10D1_100. Smoothing parameter spectrum for best bandwidths.
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Figure 6.31 DEALKRp smoothing parameter spectrum of best bandwidths obtained for G10D1_100.

Although variable 9 was not accurately identified as insignificant it is worth noting that given the scarcity
of the data, only 100 samples for 10 dimensions, the random nature of the values in dimension 9 are
correlated with the output which is indicated by the correlation coefficients: (0.3918, 0.4241, 0.0936,
0.6579, 0.2063,-0.0399, 0.0391, -0.0967, 0.1387, -0.0192). Variable 9 (0.1387) is more highly correlated
than variable 3 (0.0936). But DEALKp, did assign a bandwidth to variable 9 (0.1076) nearly an order of
magnitude larger than any of the bandwidths for 1-5. The LOO-CVE for DEALKRp, was 4.1648, the
training MSE was 0.8429, and the test MSE was 5.3271. The LOO-CVE was slightly higher than that for
CGLS, while both the training and test MSE were slightly lower.

A summary of the results for G10D1 is provided in Table 6.5
6.5.2 Cascade81_100 Data Set: Four Relevant and Four Irrelevant Variables

The Cascade81 100 data set has eight input dimension (4 relevant + 4 irrelevant). It takes the original
Cascadel 100 and adds four noisy input dimensions which are randomly sampled form a uniform random

distribution, xs- xs ~ U([0,1]).

6.5.2.1 Globalh

The global bandwidth parameter was selected by minimizing the LOO-CVE. A plot of the LOO-CVE
curve is presented in Figure 6.32 (a). The minimum LOO-CVE was 1.2933 for 2 = 0.1351 with training
MSE = 0.3554 and test MSE = 0.7695. Clearly use of a global bandwidth is useless for input selection as

the function approximation presented in Figure 6.32 (b) clearly indicates.
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Table 6.5 Summary of results for G10D1_100: 5 relevant and 5 irrelevant input variables.

130

Method Data Set G10D1 100
h-eye(10,10) - 0.0977 - eye(10,10)
Global LOO—CI./E.- 13.2184
MSE(Train): 1.3879
MSE(Test): 9.9720
(h, 00000000 07 [[00l096 0 0o o0 0 0 0 0 0 0 |
0h, 0000000 O 0 001130 O 0O 0O O O 0 0
0 0h; 000000 0 0 0 00429 0 0 0 0 0 0 O
000h,0 0000 O 0 0 0 00128 0 0 0 0 0 O
000 O0hs0 000 0 0 0 0 0 014120 0 0 0 O
0000 O0Ohy0O0O O 0 0 0 0 0 94° 0 0 0 0
?GL'S 00000 O’hm 00 0 0 0 0 0 0 0224 0 0 O
best 000000 0khgO O 0 0 0 0 0 0 0 08324 0 0
0000000 0hyO 0 0 0 0 0 0 0 0 0084 0
00000000 0/, | 0 0 0 0 0 0 0 0 0 3.0
LOO-CVE: 4.6811
MSE(Train): 0.8611
MSE(Test): 5.7377
B, 00000000 0] [0.01273 0 0 0 0 0 0 0 0 0]
0h,0 000000 O 0 00134 0 0 0 0 0 0 0 O
0 0h,0 00000 O 0 0 00497 0 0 0 O 0O 0 O
00 0h,00000 0 0 0 0 00149 0 0 0 0 0 O
000 O0hs0 000 O 0 0 0 0 005 0 0 0 0 O
0000 0hgOOO O 0 0 0 0 0 38180 0 0 0
DEALKR; 000000O0h,00 0 0 0 0 0 0 060680 0 O
000000 0hyg0 O 0 0 0 0 0 0 026140 0
0000000 O0hyO 0 0 0 0 0 0 0 0 01076 0
00000000 0/, | 0 0 0 0 0 0 0 0 0 9415
LOO-CVE: 4.1648
MSE(Train): 0.8429
MSE(Test): 5.3271
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Figure 6.32 Global bandwidth results for Cascade81 100: (a) Plot of LOO-CVE curve. (b) Function
approximation of cascade81 100 using the optimal global bandwidth parameter.

6.5.2.2 ModelM and CGLS Results

ModelM was used to check of local minima. The smoothing parameter histogram presented in Figure 6.33
and standard deviations of the smoothing parameter histogram are large suggesting the presence of multiple
minima. The smoothing parameter spectrum for the best set of bandwidth parameters is presented in Figure
6.34 (a) and the resulting function approximation is shown in Figure 6.34 (b). CGLS successfully
identified variables 5-8 as insignificant and variables 2-4 as significant. It also identified variable 1 as
having little correlation with the target variable. It had a LOO-CVE = 0.1375, a training MSE = 0.0015
and test MSE = 0.0126

6.52.3 DEALKR)

The DEALKRp smoothing parameter spectrum is presented Figure 6.35 (a). DEALKRp accurately
identified variables 5-8 as irrelevant and 2-4 as relevant. It also identified variable 1 as having very little
relevance to predicting the output. The LOO-CVE = 0.1375, training MSE = 0.0014 and test MSE =
0.0298.

A summary of the results for Cascade81 100 is provided in Table 6.6
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Figure 6.33 Smoothing parameter histogram for cascade81 100 data set obtained by MODLEM.
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Figure 6.34 (a) Smoothing parameter spectrum for the best set of bandwidth parameters obtained for the
cascade81 100 data set by ModelM and CGLS. (b) Plot of the smoothing parameters, LOO-CVE, MSE
(training) and MSE (test) for cascade81 obtained by CGLS.
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Figure 6.35 DEALKR results for Cascade81 100: (a) Bandwidth spectrum. (b) Function approximation.

Table 6.6 Summary of results for Cascade81 100: 4 relevant and 4 irrelevant input variables.

Method Data Set: Cascade81 100
h-eye(8,8) 0.1351-eye(8,8)
LOO-CVE: 1.2933
Global MSE(Train)- 0.3554
MSE(Test): 0.7695
(A, 0 0 0 0 0 0 0] [7.918 0 0 0 o 0 0o 0 ]
0h, 0 00 0 00 0 324e> 0 0 0 0 0 0
0 0hy 00 0 0 0 0 0 00059 0 0 0 0 0
00 04,00 00 0 0 0 00131 0 0 0 0
00 0 0hs0 0 0 0 0 0 0 04752 0 0 0
?b(i?t's 00 0 0 0k, OO 0 0 0 0 0 94 0 0
00000 0#h,O0 0 0 0 0 0 0 194 0
00 0 0 0 0 0 hy| | 0 0 0 0 0 0 0 395
LOO-CVE: 0.1375
MSE(Train): 0.0015
MSE(Test): 0.0126
(A, 0 0 0 0 0 0 0] 2755 0 0 0 0 0 0 0]
0h, 0 0 0 0 0 0 0 78 0 0 0 0 0 0
0 0hy; 0 0 0 0 0 0 0 00009 0 0 0 0 0
00 04,00 00 0 0 0 00139 0 0 0 0
00 0 0hs0 0 0 0 0 0 0 0542 0 0 0
DEALKR, 0000 0#hgOO 0 0 0 0 0 3152 0 0
0000 0 0#h,O0 0 0 0 0 0 0 22530
00 0 0 0 0 0 hy| Lo 0 o0 0 0 0 0 449]
LOO-CVE: 0.1375
MSE(Train): 0.0014
MSE(Test): 0.0298
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6.5.3 S4G1U10_100: Two Relevant and Eight Irrelevant Variables

Data set S4G1ul0 100 has ten input dimensions (2 relevant + 8§ irrelevant). It was created by taking the
original S4G1_100 data set (see Figure 6.36) and adding 8 noisy input dimensions sampled from a uniform

random distribution, x,- x,, ~ U([0,1]).

6.53.1 Globalh

The global bandwidth parameter was selected by minimizing the LOO-CVE. A plot of the LOO-CVE
curve is presented in Figure 6.37 (a). The minimum LOO-CVE was 0.2205 for £ = 2.1215 with a training
MSE = 0.1264 and test MSE = 0.2518. Clearly use of a global bandwidth is useless for input selection as

the function approximation presented in Figure 6.37 (B).

6.5.3.2 ModelM and CGLS Results

ModelM was used with a 10x10 grid of starting points to “map” the LOO-CVE surface and look for local
minima. Figure 6.38 (a) shows the smoothing parameter histogram results for ModeIM. Notice the spread
in the bandwidth spectra and the large standard deviations, both indicators of multiple minima. The
bandwidth spectrum for the best set of bandwidths obtained by ModelM is presented in Figure 6.38 (b).
CGLS correctly identified variables 1 and 2 as significant but incorrectly included variables 4, 9, and 10. It
also incorrectly specified as significant variables 3, 5, 6, 7, and 8. Notice the detrimental affect on the
function approximation presented in Figure 6.38 (c¢), which had a LOO-CVE = 0.1541, a training MSE =
0.0452 and a test MSE = 0.2717.

6.53.3 DEALKR,

The bandwidth spectrum obtained by DEALKRp is shown in Figure 6.39 (a). DEALKRp correctly
identified inputs 1 and 2 as relevant and variables 3-10 as irrelevant. The resulting function approximation
with a LOO-CVE = 0.0632, a training MSE = 0.0029 and test MSE of 0.0696, appeared to be unscathed by
the high level of input noise as indicated by the results in Figure 6.39 (b).

A summary of the results for S4G1ul0_100 is provided in Table 6.7.
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Figure 6.36 Correct response of the two relevant input variables for SG41ul0_100 and S4Glu 20 100

data sets.
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Figure 6.37 Global bandwidth results for S4G1ul0_100: (a) LOO-CVE plot. (b) Function approximation

contaminated by noisy input variables.
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Table 6.7 Summary of results for S4G1U10 100: 2 relevant and 8 irrelevant input variables.

Method Data Set: S4G1U10 100
h-eye(10,10) 2.1215- eye(10,10)
Global LOO-CVE: 0.2205
MSE(Train): 0.1264
MSE(Test): 0.2518
(A, 000 0 0 00 00 071707875 0 0 0 0 0 0 0 0 0 ]
0h, 00000 0O0 0 0 03474 0 0 0 0 0 0 0 0
0 0h, 000000 O 0 0 84" 0 0o 0 0 0 0 0
00 0/h,0 0000 0 0 0 0 01142 0 0 0 0 0 0
00 0 0hs0 000 O 0 0 0 0 37° 0 0 0 0 O
CGLS 000 0 0 0/heO OO0 O 0 0 0 0 0 54" 010 0 0 0
"best" 00000 O0h,00 O 0 0 0 0 0 0 18 0 0 0
0000 O0O0 O0MhgO O 0 0 0 0 0 0 0 31° 0 o0
00 0000 0 0#hy O 0 0 0 0 0 0 0 0 1642 0
00 00 0 0 0 0 0/, | 0 0 0 0 0 0 0 0 0 0547
LOO-CVE: 0.1541
MSE(Train): 0.0452
MSE(Test): 0.2717
(2, 0 0 0 00 0 0 0 0 | [00016 0 0 0 0 0 0 0 0 0
0h,0 000000 O 0 02476 0 0 0 0 0 0 0 0
0 0hy, 0 00000 O 0 0 51 0 0 0 0 0 0 0
00 0h,0 0 O0O0O0 O 0 0 012°0 0 0 0 0 0
00 0 0hs0 000 O 0 0 0 01l 0 0 0 0 0
000 00 0/heO OO0 O 0 0 0 0 0370 0 0 0
DEALKR, 00000 O0#h,00 0 0 0 0 0 0 0 14 0 0 0
00 0000 0/hyO O 0 0 0 0 0 0 01298 0 0
000000 0 0#hy O 0 0 0 0 0 0 0 0 1899 0
00 00 0 0 0 0 0/, | 0 0 0 0 0 0 0 0 0 8366
LOO-CVE: 0.06318
MSE(Train): 0.0029
MSE(Test): 0.0696
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6.5.4 S4G1U20: Two Relevant and Eighteen Irrelevant Variables

Data set S4G1u20 100 represents and even greater challenge with twenty input dimensions (2 relevant +
18 irrelevant). It was created by taking the original S4G1_100 data set (see Figure 6.36) and adding 18

noisy input dimensions sampled from a uniform random distribution, x,- x,, ~ U([0,1]).

6.54.1 Global h

The global bandwidth parameter was selected by minimizing the LOO-CVE. A plot of the LOO-CVE
curve is presented Figure 6.40 (a). The minimum LOO-CVE was 0.2378 for & = 3.449. The function
approximation had a LOO-CVE = 0.2378, a training MSE = 0.04517 and test MSE = 0.2691. The affects

of the noisy inputs is clearly seen in the plot of the function approximation in Figure 6.40 (b).

6.5.4.2 ModelM and CGLS Results

ModelM was used with a 10x10 grid of starting points to “map” the LOO-CVE surface and look for local
minima. Figure 6.41 shows the smoothing parameter histogram results for ModeIM. Again notice the
spread in the bandwidth spectra and the large standard deviations. The bandwidth spectrum for the best set
of bandwidths obtained by ModelM is presented in Figure 6.42 (a). In addition to correctly identifying
variables 1 and 2 as significant incorrectly included variables 3, 6, 7, 9, 10, 11, 12, 14, 16, 18 and 20. It
correctly specified variables 4, 5, 8, 13, 15, 17, and 19 as irrelevant. The impact on the function
approximation is even more devastating than in the S4Glul0O 100 case. The function approximation

shown in Figure 6.42 (a), had a LOO-CVE = 0.2103, a training MSE = 0.0001 and a test MSE = 0.4576.

6.543 DEALKR,

The bandwidth spectrum obtained by DEALKRy, is shown in Figure 6.43 (a). DEALKRp again correctly
identified inputs 1 and 2 as relevant and variables 3-20 as irrelevant. The resulting function approximation
had a LOO-CVE = 0.0835, a training MSE = 0.0001 and test MSE = 0.0948 and appeared unaffected by
the high level of noisy inputs as indicated by the results in Figure 6.43 (b)

A summary of the results for S4G1u20 100 is provided in Table 6.8
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Figure 6.40 Global bandwidth results for S4G1u20_100: (a) LOO-CVE plot. (b) Function approximation
contaminated by noisy input variables.
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Figure 6.41 Smoothing parameter histograms for S4G1u20 obtained from ModelM showing mean
standard deviations for each smoothing parameter.
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Figure 6.42 ModelM results for S4G1u20 _100: (a) Bandwidth spectrum for best set of bandwidths obtained
by ModelM. (b) Function approximation contaminated by noise from irrelevant inputs.
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Figure 6.43 DEALKRp, results for S4G1u20_100: (a) Bandwidth spectrum correctly identifies 1 and 2 as
relevant and 3-20 as irrelevant. (b) Resulting function approximation.



6.6 Real World Data 141

Table 6.8 Summary of results for S4G1U20 100: 2 relevant and 18 irrelevant input variables.

Method Data Set S4G1U20 100
Irrelevant:[3-20] : -
Relevant: [1,2]: 1-20
Global LOO-CVE: 0.2378
MSE(Train): 0.04517
MSE(Test): 0.2691
Irrelevant:[3-20] 4,58,13,15,17,19
Relevant: [1,2]: | 3,6,7,9,10,11,12,14,16,18 20
(':b(i;'s LOO-CVE: 0.2103
MSE(Train): 0.0001
MSE(Test): 0.4576
Irrelevant:[3-20] 3-20
Relevant: [1,2]: 1,2
DEALKRy LOO-CVE: 0.0835
MSE(Train): 0.0001
MSE(Test): 0.0948

6.6 Real World Data

We will now present the performance results on real world data sets. This section starts out describing the
superior performance of LRR compared to OLS, and ORR for a prediction task. Specifically it is shown
that LRR selectively damps or passes components based on their relative predictive capacity. The

remaining sections demonstrate the an inferential sensing capabilities of DEALRR and DEALKR.
6.6.1 Automobile Data: Predicting Acceleration

The automobile data set used in this example can be found at the University of California Irvine,
Repository of Machine Learning Database [11]. The dataset was first used in the 1983 American Statistical
Association Exposition and later used by Quinlan [175] to predict automobile gas mileage. It contains
information on 392 automobiles. The seven variables used are listed in Table 6.9. Our goal is to use the

first six variables, Figure 6.44 (a), to predict the seventh variable: the car's acceleration, Figure 6.44 (b).

6.6.1.1 Principle Component Analysis

Performing a Principal Components Analysis (PCA) on the standardized data results in the amounts of
variation incorporated in each the six Principal Components (PC) which are listed along with the singular

values in Table 6.10.
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Table 6.9: Automobile Data Set.

Variable Type
1: MPG continuous
2: Cylinders multi-valued discrete
3: | Displacement continuous
4: | Horsepower continuous
5: Weight continuous
6: Year multi-valued discrete
7. | Acceleration continuous
Gas Data -- Input variables x1-x6 Gas Data -- Acceleration
4 4 . . : :
MPG
— — Cylinders
3 ‘ —— Displacement 3+
[ | —— Horsepower
l Ll i Weight

1-6

Y (Acceleration)
o

[ m |l I3 Wl i
PRGN

7

(a) -

3 . . I I . . .
(b) 0 50 100 150 200 250 300 350 400
t t

Figure 6.44 (a) Six input variables of Automobile data set. (b) Output, acceleration, for Automobile data
set.

Table 6.10: Principal Component Analysis.

PC Singular % Variation
Values
1: 42.67 77.6
2: 18.40 14.4
3: 9.03 35
4: 7.86 2.6
5: 541 1.2
6" 3.75 0.6
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Examination of the principal components reveals:

e PC#1 is a weighted average of cylinders, displacement, power, and weight and negatively with
MPG.

e PC#2 is weighted towards the year.

e PC#3 is weighted towards MPG.

e PC#4 is a measure of the difference between the two variables cylinders and power.
e PCH#5 is weighted towards weight.

e  PC#6 is probably mostly noise.

The condition number of X'X, which is the matrix that is inverted when calculating the OLS solution, is

slightly ill-conditioned with a condition number of 130.

Table 6.11 presents the results of a correlation analysis of the principal components and the response
variable: acceleration. In this table we see that the first component is highly correlated with acceleration
and that components 3, 4, and 5 have slight correlations with acceleration. This is to be expected since
component two is year, and there were old and new cars with high and low accelerations. We may expect
that ridge regression will pass the first five components and that by passing component two, the predictive

performance will be slightly degraded.

6.6.1.2 DEALRR Results

We will now evaluate various models using Mallows' CL [DEALRR(CL)], GCV [DEALRR(GCYV)], and
ICOMPRPS [DEALRR(ICOMPRPS)] and truncating versions of each DEALRR(TCL), DEALRR(TGCV),
and DEALRR(TICOMPRPS) as estimators of the predictive error equation (4.2). Specifically, we will
evaluate these models against OLS, Principal Component Regression (PCR) with all and various
combinations of PCs, and Ridge regression with the regularization component optimized to be 0.8286.

This regularization parameter is optimal in the sense that it gives the minimum CL value.

Table 6.11 Correlation Analysis.

Principal Absolute
Component | Correlation

1: 0.5510
2: 0.0013
3: 0.3625
4: 0.3006
5: 0.3014
6: 0.0598
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The MSE and MPE results in Table 6.12 show that the model with the minimum MPE value (other than
DEALRR) is PCR with components 1, 3, 4, and 5. This agrees with the results expected from the

correlation analysis, which expect components 2 and 6 to be removed.

Similar results occur when these predictive models are used with a validation set. In that case, the odd
observations are used for training and the even observations are used for calculating the validation error.

The predictive error corresponds to the estimates given by DEALRR.

Note that the regularization coefficient of 0.8286 is significantly smaller than each of the singular values,
and will therefore pass all of the components. This regularization parameter reduces the condition number

from 130 to 120.

Table 6.13 lists the LRR parameters obtained via DEALRR(CL) optimization and their corresponding filter
factors. We see that the 2™ component (Year) is properly damped out, and that the last component is

partially damped.

Figure 6.45 is a plot of ridge filter factors, localized ridge filter factors, and correlation coefficients. Note
the very low correlation of the 2™ component (year) with the response variable. Standard ridge regression
allows that component to pass (filter factor near 1) while localized ridge effectively damps it out of the
solution (filter factor near 0). Referring to Table 6.12, we see that the DEALRR(CL) solution gives the best
CL value, which is an estimate of predictive error. Therefore, the DEALRR(CL) outperformed all other

linear prediction models for the automobile example.

Table 6.12: Prediction Results.

Method MSE MPE (CL)
OLS: | 2.8863 2.9746
AlIPCs[123456]: | 2.8863 2.9746
One PC[1]: | 5.2868 53138
[13]: | 4.2891 43329
[135]:| 3.5995 3.6546
[1345]:| 29134 2.9729
Ridge (alpha 0.8286): | 2.8869 2.9739
DEALRR(CL): | 2.8885 2.9577
DEALRR(GCV): | 2.8886 2.9590
DEALRR(ICOMPRPS): | 2.8954 3.0009
DEALRR(TCL): | 2.8863 2.9599
DEALRR(TGCV): | 2.8874 2.9762
DEALRR(TICOMPRPS): | 2.8863 2.9891
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Table 6.13: Localized ridge parameters and filter factors.

PC Singular Localized Ridge Localized Ridge
Values Parameters Filter Factors
1: 42.67 2.416 0.9968
2: 18.40 8899.3 0.0000
3: 9.03 0.779 0.9926
4: 7.86 0.819 0.9893
5: 5.41 0.562 0.9893
6: 3.75 2.286 0.7286

Filter Factars and Correlation Coefficients

1r R ———————
03¢
06 < Caorrelation Coefficients
2 Local Filter Factors
—— Ridge Filter Factors
04r 7o
] o
02F¢
o
0 L
-0.2 : : . : . .
o] 1 2 3] 4 S B 7
Component

Figure 6.45 Filter Factors produced by DEALRR(CL) and Correlation Coefficients.
6.6.2 Inferential Sensing

In this example we report on the ability of DEALRR and DEALKR to perform inferential sensing, which is
the prediction of a sensor value through the use of correlated plant variables. To demonstrate this we use
eight two variables recorded at a Tennessee Valley Authority (TVA) power plant, arranged in a data matrix
X (1,000 x 82) as predictor variables to infer a response variable Y (1,000 x 1) which the sensor under

surveillance. The data set is designated as TVA82Z2.

Two hundred samples were used for training and the entire set was used for testing. The training data is
shown in Figure 6.46 (a) and the test data is plotted in Figure 6.46 (b). The data ranges from a high of
1.9814e+003 to a low of -13.0056. Prediction accuracy was estimated for the following: ordinary least
squares  (OLS), localized ridge regression models: DEALRR(CL), DEALRR(GCV),
DEALRR(ICOMPRPS), truncated versions of LRR that completely pass or dump a variable:
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TVAB82Z2 Test Data Set TVAB82Z2 Training Data Set
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Figure 6.46 TVAS82Z2 data set: (a) Test set (1,000 points). (b) Training set (200 points).

DEALRR(TCL),DEALRR(TGCV), DEALRR(TICOMPRPS), localized kernel regression models: global
for He S, and CGLS and DEALKR for He D. TVAS82Z2 contains 1,000 samples of 83 sensors, 200
samples were used for training and the full 1,000 for testing. One of the sensors is treated as the target

variable, y, and the remaining 82 are used as predictor variables, x.

The data set is highly collinear as indicated by the large condition numbers: 8.4x10"" for TVA82Z2(test)
and 2.3x10"* for TVA82Z2(train).

6.6.2.1 Results

The results for the truncating and non-truncating case are plotted separately to prevent the plots form being
too cluttered. First let us look at the truncating case. The training results are shown in Figure 6.47 (a). All
methods appear to have fit the training data well with MSE results ranging from a high of 5.975 for LKR
using a global bandwidth to a low of 0.1226 for DEALKR. It is reasonable that DEALKR would have the
smallest MSE since the objective function used for training was LOO-CV. The prediction results for the
test data are shown in Figure 6.47 (b). The best results were obtained by DEALRR(TICOMPRPS) with a
MSE = 18.90 and the worst were for LKR using a global /# with a MSE=686.3. A summary of the training

and test MSE results and a ranking from lowest to highest is contained in Table 6.14

Next let us look at the non truncating versions of the LRR objective functions. The training results are
shown in Figure 6.48 (a). Again methods appear to have fit the training data well with MSE results ranging
from a high of 5.975 for LKR using a global bandwidth to a low of 0.1226 for DEALKR. The prediction
results for the test data are shown in Figure 6.48 (b).

It is worth noticing on the test data, DEALRR(ICOMPRPS), which is a linear technique, outperformed
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DEALKR, which is a non-linear technique, with MSE=2.543, and MSE=32.30 respectively. When we
examine the training results we see that DEALKR was the best performer with a MSE= 0.1226 and that
only DEALKR using a global / performed worse than DEALRR(ICOMPRPS) with a MSE=0.9085. This
can be attributed to two factors: 1) LOO-CVE does not penalize LKR enough (so even though it is non-
linear and should outperform a linear method it ended up fitting the training data too well) and 2)
ICOMPRPS provides the highest degree of penalization of the objective functions evaluated, which leads to
poorer training results but produces a model that generalizes better. ICOMPRS' greater penalization
produces a function that is smoother than those produced by any of the other objective functions, which is
why the training MSE is higher. The poorer performance of the other objective functions on the test data

indicates that they need to be penalized more (they are under-regularized). This suggests that application of

ICOMP to DEALKR would produce very good results for both linear and nonlinear data.
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Figure 6.47 TVA82Z2 results for truncating DEALRR objective functions: (a) Training data (200 points).
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Table 6.14: TVA82Z2 Prediction Results Ranking (from 1* to IO‘h).
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Figure 6.48 TVAS82Z2 results for continuous DEALRR objective functions: (a) Training data (200 points).
(b) Test data (1,000 points). (c) Test residuals.
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Chapter

Conclusion

7.1 Summary

his dissertation described the successful application of differential evolution to solving five
learning problems: 1) the localized ridge regression problem, ii) the localized kernel regression
problem, iii) the full bandwidth matrix optimization problem, iv) the relevant predictor variable
selection problem, and v) the local minima problem. The effectiveness of the solutions were demonstrated

on both artificial and real world data sets.

DEALRR: Differential Evolution automated selection of localized ridge regression parameters was shown
to solve the localized ridge regression problem. DEALRR was shown to out perform OLS, ORR, PCR on

two real world data sets.

DEALKRp and DEALKRg: Differential Evolution automated selection of bandwidth parameters for
localized kernel regression methods (diagonal and full matrix) were demonstrated to solve the localized
kernel regression and the optimization of the full bandwidth matrix problems. They were shown to
outperform LKR with a global bandwidth or a diagonal bandwidth matrix selected using CGLS for both

artificial and real world data.

DEALKRp was demonstrated as a solution to the relevant predictor variable selection problem. It
successfully identified relevant and irrelevant inputs for artificial data set with only 2 relevant inputs and as

many as 18 irrelevant inputs.

ModelM: Method of Detecting Local Minima was shown to be successful at identifying the presence of
local minima for multi-dimensional data. This technique could be used to not only determine that local

minima are present but also provide an estimate of how many there are.



Chapter 7 Conclusion 150
7.2  Future work

7.2.1 Method of Synchronized Differential Evolution for Multi-parameter

Optimization

Synchronized Differential Evolution for Multi-parameter Optimization (SDEMO) would build upon the
ideas used in ModelM.: 1) a population of seeds values or starting points is created, ii)) CGLS then
converges from each seed location to a local minimum, ii) the converged minima become the targets of
mutation and recombination instead of the initial seed points. By analogy, image attempting to create a
contour map of a mountain range. Classical DE would be like air dropping a population of "scouts" that
just stand where they land and report their present "elevation". Consequently DE ignores valuable
information about the gradient or slope of the surface upon which a "scout" stands. SDEMO will use
"scouts" that follow the gradient of the surrounding error surface until they converge to a minimum and

then use the "scout" at this elevation (value of the objective function) to create the next generation.

7.2.2 Using DE to Optimize its Own Parameters for Truncated Variable

Selection

An interesting topic would be the use of DE to select its own parameter settings. One scenario could be as

follows:

A truncating version of the DEALRR or DEALKRy, totally passes of dumps an input variable acting as a
quick relevance indicator to jump start the more comprehensive optimization (filter factors). It would be
interesting to create various sizes of binary sequences (since that is in essence what DE is optimizing in the
case of the truncating objective function.). DE could be used to alter the population strategy and values of
CR, F, and K, to find the optimal settings, based on the size of the data set and objective vectors being

optimized.
7.2.3 Apply DEALKR to Localized Polynomial Regression

A promising area of future research would be to extend the modeling capabilities of DEALKR to include
localized polynomial regression (LPR), DEALPR. DE would be able to optimize not only the bandwidths

of the polynomials but also the optimal polynomial order.
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7.2.4 Acceleration and Increased Performance

7.2.4.1 Vectorization

An immediate improvement in performance could be achieved by rewriting the code to take advantage of
vectorization. Preliminary results for a vectorized version of LKR using GCV as an objective function

indicate nearly 100-fold increase in speed over an implementation using for loops.

7.2.4.2 More Efficient Distance Calculation

Initialize the distance query matrix and then index it for subsequent calls instead of re-computing the
distance. This is especially important for larges data sets. It is worth noting that the DE based techniques
described in this work are very capable of optimizing higher dimension multivariate data sets, but their
speed decreases rapidly as the size of the data set increases. In the present implementation the speed seems
to be directly related to continual recalculation of the distance measure performed for every "query" point
and for every individual member of the population. This wasteful re-computation is the highest for LOO-
CV, and is recalculated for every population member and its associated trial vector repetitively generation
after generation. Since it is not the distance among neighbors and "query points" that is changing but the
"boundaries: of the neighborhood as the bandwidth parameters are optimized it makes since to compute an
initial distance matrix and then index only the "archived" distance data that lie in the neighbor hood defined
by the changing kernel bandwidth parameters. One would expect that the increase in performance of this

approach while significant for large data sets might be barely detectable for small data sets.

7.2.4.3 Parallelization

Parallelization of these techniques is another viable option to increase overall performance and more easily
handle larger data sets. DE is well suited to parallel implementation . Parallelization would be especially
compelling when computational time is dominated by execution of the objective function. This would
enable the execution of multiple simultaneous instance of and would conceivably benefit greatly by use of
parallel computing platforms. While there are many possibilities the approach presently being considered
is the use of a network cluster.. For the author the move in that direction is motivated by the attractive
possibility of continuing the development of this suite of techniques within a native MATLAB

environment.
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7.2.5 Use of other objective functions for DEALKR

It is well know that LOO-CV is computationally intensive and requires large amounts of memory
especially if this technique is to be applied to real world industrial data sets. One way to attack the

problem would be to incorporate other objective functions such as Mallows' CL, ICOMP and GCV.

7.2.5.1 ICOMP for LKR and Localized Polynomial Regression

The real-world data results, which were discussed in section 6.6.2.1, demonstrated the superior
performance of ICOMP over the other objective function evaluated and suggest that one of the most
promising areas of future research would be the development and application of an ICOMP objective
function for DEALKR and DEALPR. The added level of penalization and the fact that DEALPR would

be able to perform input variable selection and accurately model both linear and non-linear data.

7.2.5.2 Multi-objective Optimization

Another possibility would be to pursue multiple objective criteria or objective functions simultaneously.
DE has been successfully applied to multi-objective optimization problems. A suite of multiple fast
objective functions that complement and compensate for the short comings in others could be optimized in

parallel.
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A.1 MATLAB Code for ICOMPRPS Objective Function

function [ff,b_reg,c]=ga_ff_icomprps(y,U,s,V,d)
% GA_FF_ICOMRPS A FITNESS FUNCTION FOR GA OPTIMIZATION.

% IT SCORES ICOMPRPS FOR A GIVEN VECTOR

% OF REGULARIZATION PARAMETERS (EACH

% ELEMENT OF THE VECTOR CORRESPONDING

% TO A COMPONENT IN SVD DECOMPOSITION)

% THE LINEAR REGRESSION PROBLEM Y=X*B+E

% IS SOLVED BY GENERALIZED RIDGE THAT

% CAN DUMP PARTICULAR COMPONENTS.

%

% USAGE:

% [FFI=GA_FF_ICOMPRPS(Y,X,D);

% OR

% [FF,B_REG,C]=GA_FF_ICOMPRPS(Y,U,S,V,D)

% WHERE

% FF - ICOMPRPS VALUE

% B_REG - REGULARIZED REGRESSION COEFFICIENTS
% C - COEFFICIENTS THAT SHOW HOW MUCH EACH
% COMPONENT CONTRIBUTES TO THE SOLUTION
% B_REG = C(1)*V1 + C(2)*V2 + ... + C(M)*VM

% Y - AN (Nx1) RESPONSE VECTOR

% X - AN (NxM) MATRIX OF PREDICTORS

% U,S,V - SVD DECOMPOSITION OF X ST X=U*DIAG(S)*V".
% D -AN (Mx1) VECTOR OF REGULARIZATION PARAMETERS
% D(i)>=0.

% WRITTEN BY ALEKSEY URMANOV
% APR. 6, 2002 E-MAIL: URMANOV@UTK.EDU

if nargin<5, d=s;[U,s,V]=csvd(U);end
[n,m]=size(U);
if size(d,1)<m, d=d';end

% OLS noise estimate:
b_ols=V*diag(1./s)*U"™y;
r_ols=(y-(U*diag(s)*V')*b_ols);

s2=r_ols"r_ols/n;



A.1 MATLAB Code for ICOMPRPS Objective Function

b_reg=V*diag(s./(s.*2+d.*2))*U"y;
r_reg=(y-(U*diag(s)*V")*b_reg);
rho=r_reg"r_reg;
tr=trace(U*diag((s.?2)./(s.*2+d.2))*U");
v=1./(s.A2+d."2);

c1 = length(v)/2*(log(mean(v))-mean(log(v)));

ff=rho/n + 2*s2/n*(tr+c1);
c=diag(s./(s./2+d.*2))*(U"™y);

return
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A.2 MATLAB Code for Mallows' CL Objective Function

function [cl,b_reg,c]=ga_ff cl(y,U,s,V,d)
% GA_FF_CL A FITNESS FUNCTION FOR GA OPTIMIZATION.

% IT SCORES CL VALUES FOR A GIVEN VECTOR

% OF REGULARIZATION PARAMETERS (EACH

% ELEMENT OF THE VECTOR CORRESPONDING

% TO A COMPONENT IN SVD DECOMPOSITION)

% THE LINEAR REGRESSION PROBLEM Y=X*B+E

% IS SOLVED BY LOCALIZED RIDGE THAT

% CAN DUMP PARTICULAR COMPONENTS.

%

% USAGE:

% [CL]=GA_FF_CL(Y.,X,D);

% OR

% [CL,B_REG,C]=GA_FF_CL(Y,U,S,V,D)

% WHERE

% CL - MALLOW'S CL PREDICTIVE ERROR ESTIMATOR)
% B_REG - REGULARIZED REGRESSION COEFFICIENTS
% C - COEFFICIENTS THAT SHOW HOW MUCH EACH
% COMPONENT CONTRIBUTES TO THE SOLUTION
% B_REG = C(1)*V1 + C(2)*V2 + ... + C(M)*VM

% Y - AN (Nx1) RESPONSE VECTOR

% X - AN (NxM) MATRIX OF PREDICTORS

% U,S,V - SVD DECOMPOSITION OF X ST X=U*DIAG(S)*V".
% D -AN (Mx1) VECTOR OF REGULARIZATION PARAMETERS.

% WRITTEN BY ALEKSEY URMANOV
% NOV. 16, 2001 E-MAIL: URMANOV@UTK.EDU

if nargin<5, d=s;[U,s,V]=csvd(U);end
[n,m]=size(U);

if size(d,1)<m, d=d';end
b_ols=V*diag(1./s)*U"y;
r_ols=(y-(U*diag(s)*V')*b_ols);

s2=r_ols"r_ols/n;

b_reg=V*diag(s./(s.*2+d."2))*U"™y;



A.2 MATLAB Code for Mallows' CL Objective Function

r_reg=(y-(U*diag(s)*V')*b_reg);
rho=r_reg"r_reg;
Y%tr=trace(U*diag((s.*2)./(s.*2+d.*2))*U");
tr=sum((s.*2)./(s."2+d."2));

cl=rho/n + 2*s2/n*tr;
c=diag(s./(s./2+d.A2))*(U™y);

return
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A.3 MATLAB Code for GCV Objective Function

function [gev,b_reg,cl=ga_ff_gcv(y,U,s,V,d)

%
%
%
%
%
%
%
%
%
%
%
%

%
%

GA_FF_GCV A FITNESS FUNCTION FOR GA OPTIMIZATION.
IT SCORES GCV VALUES FOR A GIVEN VECTOR
OF REGULARIZATION PARAMETERS (EACH
ELEMENT OF THE VECTOR CORRESPONDING
TO A COMPONENT IN SVD DECOMPOSITION)
THE LINEAR REGRESSION PROBLEM Y=X*B+E
IS SOLVED BY LOCALIZED RIDGE THAT
CAN DUMP PARTICULAR COMPONENTS.

USAGE:
[GCV]=GA_FF_GCV(Y,X,D);
OR
[GCV,B_REG,C]=GA_FF_GCV(Y,U,S,V,D)
WHERE
GCV -GCV

B_REG - REGULARIZED REGRESSION COEFFICIENTS

C - COEFFICIENTS THAT SHOW HOW MUCH EACH
COMPONENT CONTRIBUTES TO THE SOLUTION
B_REG = C(1)*V1 + C(2)*V2 + ... + C(M)*VM

Y -AN (Nx1) RESPONSE VECTOR

X - AN (NxM) MATRIX OF PREDICTORS

U,S,V - SVD DECOMPOSITION OF X ST X=U*DIAG(S)*V".

D -AN (Mx1) VECTOR OF REGULARIZATION PARAMETERS.

WRITTEN BY ALEKSEY URMANOV
APR. 6, 2002 E-MAIL: URMANOV@UTK.EDU

if nargin<5, d=s;[U,s,V]=csvd(U);end

[n,

m]=size(U);

if size(d,1)<m, d=d';end

b_

reg=V*diag(s./(s.*2+d.*2))*U"y;

r_reg=(y-(U*diag(s)*V')*b_reg);

rho=r_reg"™r_reg;

tr=

sum((s.A2)./(s."2+d."2));
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gev=(rho/n)/(1-tr/n)*2;
c=diag(s./(s.*2+d."2))*(U"y);

return
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member of the RF and Microwave Systems Group in the Engineering Science and Technology Division.

He began attending the University of Tennessee in 1988, working towards a Master of Science degree in
Nuclear Engineering while continuing to work full-time at ORNL. He obtained his Master of Science

degree in Nuclear Engineering at the University of Tennessee in 1991.

He re-entered the University of Tennessee and began working toward a Doctor of Philosophy degree in the

fall of 1996. He received his Ph.D. in Nuclear Engineering in the spring of 2003.

While at ORNL he has served as the Principle Investigator and Program Manager (PI/PM) for a Cooperative
Research and Development Agreement between Lockheed Martin Energy Research Corporation and a major
oil service provider to develop a High-Temperature Smart Transducer Interface Node and Telemetry System.
He has also been PI on the NASA SFINX project, developing a Scalable Fault-tolerant Intelligent Network for
Xducers. He has served as PI/PM of the Advanced RADiation Sensors (ARADS) development group which
provides R&D support for the Navy RADIAC instrument program (1995-1998). He designed and developed
the first prototype of a plastic scintillator fiber optic based sensor used in the Continuous Automated Vault
Inventory Monitoring System (CAVIS) being field tested at Y-12. He developed the Gunite Tank Isotope
Mapping Probe (GIMP), a CsI(T1)+Si diode based gamma camera, being used to perform isotopic imaging of
the interior walls of the Gunite waste tanks at X-10. He developed a non-destructive assay system for real-
time monitoring of the reactor gas removal system at the Molten Salt Reactor Experiment at ORNL using
CdZnTe detectors and an adaptive neural-fuzzy inference engine. He received an R&D-100 award as co-
developer of the Harshaw Model 8800 Thermoluminescent Dosimetry System. He developed the passive
Combination Area Neutron Spectrometer, utilizing a combination of TLD and bubble detector technologies

under DOE EH-1 FWP EHHAO050.

He has authored or co-authored over 25 publications in the open literature. He is an active Member of the

IEEE, and has served as Secretary of IEEE IMS TC-9, and the vice-chair of the IEEE P1451.3 working group
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developing "A Smart Transducer Interface for Sensors and Actuators". He is presently serving on
International Committee for Information Technology Standards (INCITS) T20 Real Time Locating System
Working group. He has served as a member of the Virtual Socket Interface Alliance, System Level Design
working group, was a Lead assessor for the Department of Energy Laboratory Accreditation Program (1993-
1996), and served on the Program Committee for the 1999 IRIS Sensors and Data Fusion Specialty Group
Meeting.

Mark has 15 years of combined experience in electronic hardware and software systems design, Heath
Physics and radiation instrumentation, including novel radiation sensors, smart sensor networks, radios
platforms for mobile ad hoc networking and passive RFID applications for tagging and tracking of hazardous

materials.

Mark, his wife, Lisa and their three children, Sydney, Luke and Madeline, currently live in Oak Ridge,
Tennessee. They are active in the community, volunteering in the local public school their daughter
attends. And, they are active members of Covenant Presbyterian Church, PCA, where Mark serves as an

elder, and Sunday school teacher.





