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Abstract

The main purpose of this work is to present a coarse counterpart to the Freudenthal

compactification and its corona (the space of ends) that generalizes the Freudenthal

compactification of a Freudenthal topological space X (connected, locally connected, locally

compact and σ-compact) and its corona; then applying it to groups as coarse space to obtain

generalizations to many well-known results in the theory of ends of groups. To this end, we

present two constructions:

1. The Coarse Freudenthal compactification of a proper metric space which is a coarse

compactification that coincides with the Freudenthal compactification when the metric space

is geodesic.

2. The Freudenthal large scale compactification of a Hausdorff topological coarse space X

that coincides with the Coarse Freudenthal compactification when X is a proper metric space

equipped with the coarse structure induced by its metric.

Coarse spaces of special interest are coarse groups equipped with coarse structures

induced by a generating family, a class of groups that includes: finitely generated groups,

countable, metrizable groups, and topological groups.

Considering the space of coarse ends to coarse groups, we present generalization, under the

framework of coarse geometry, to classical results in the theory of ends of finitely generated

groups and the theory of ends of locally compact, metrizable connected groups; such as the

result that the number of ends is either is infinite of at most 2, and the result that, in such

groups, groups of two ends are characterized as having a copy of Z of either finite index (in

the case of finitely generated groups) or of compact index in the sense that coset space is

compact (in the case of locally compact, metrizable connected groups).
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We give the necessary and sufficient conditions for metrizability of the space of coarse

ends of a coarse group that is coarsely geodesic; and prove that if the space of coarse ends is

infinite and metrizable, then it is a Cantor space; which generalizes the fact that the space

of ends of a finitely generated group that has infinitely many ends is a Cantor space.
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Chapter 1

Introduction

1.1 From Freudenthal compactification and ends of finitely

generated groups to Freudenthal large scale compactifi-

cation and coarse ends of coarse groups

Historically, as noted in (11) on p.287, ends are the oldest coarse topological notion.

Internally, ends are described as follows:

Definition 1.1.1. A Freudenthal end is a decreasing sequence (Cn)n∈N of components of

X \Kn, where (Kn)n∈N is an exhausting sequence, i.e. Kn is compact, Kn ⊂ int(Kn+1) for

each n ∈ N, and
⋃
n∈N

Kn = X. The family of ends of X is denoted by ends(X).

Ends were used by Freudenthal in 1930 in his famous compactification (see (33)):

Theorem 1.1.2. Suppose X is a Freudenthal space (σ-compact, locally compact, connected

and locally connected Hausdorff space). It has a compactification X̄ such that X̄ \ X is of

dimension 0 and X̄ dominates any compactification X̂ of X whose corona is of dimension

0.

Notation 1.1.3. Given a Freudenthal space (X, T ). If U ∈ T , we define the subset:

Uend := {(Cn)n∈N ∈ ends(X) : Cn ⊂ U for some n ∈ N} and Ũend := Uend ∪ U .
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The family T ∪ {Ũend : U ∈ T } is a basis for a topology Tend on X ∪ ends(X). The

topological space X̄ := X ∪ ends(X) is a compactification of X called the Freudenthal

compactification. The space of ends ends(X) = X̄ \X is of dimension 0, and X̄ dominates

any compactification X̂ of X whose corona is of dimension 0. Moreover, the number of ends

of X is the supremum of mn ≥ 0 where mn is the number of all mutually disjoint unbounded

components of X \Kn, for all n ∈ N.

Initially, ends were useful as properties of topological groups:

Theorem 1.1.4. (Freudenthal) A path connected topological group has at most two ends.

Theorem 1.1.5. (Leo Zippin (44)) If a locally compact, metrizable, connected topological

group G is two-ended, then G contains a closed subgroup T isomorphic to the group of reals

such that the coset-space G/T is compact; moreover, the space G is the topological product

of the axis of reals by a compact connected set homeomorphic to the space G/T .

Theorem 1.1.6. (Freudenthal/Hopf) Let G be a finitely generated group. Then:

1) |ends(G)| is either infinite or at most 2.

2) |ends(G)| = 0 if and only if G is finite.

3) |ends(G)| = 2 if and only if G contains an infinite cyclic subgroup of finite index.

4) If |ends(G)| = ∞, then the space of ends ends(G) is a Cantor space.

Realizing that the space of ends of a finitely generated group is a Stone’s space (Compact

Hausdorff totally disconnected), and that its Boolean algebra of all clopen subsets is

isomorphic to the quotient Boolean algebra of the Boolean algebra consists of all almost

right invariant subsets by the ideal of finite subsets (A ⊂ G is called almost right invariant

if the symmetric difference A∆A · g is finite for all g ∈ G); E. Specker (40) defined the space

of ends of an arbitrary group as the Stone’s space of the quotient Boolean algebra of the

Boolean algebra of all almost right invariant subsets by the ideal of finite subsets. Specker

generalized the first three parts of 1.1.6:

Theorem 1.1.7. (Specker) Let G be an arbitrary group. Then:

1) |ends(G)| is either infinite or at most 2.

2) |ends(G)| = 0 if and only if G is finite.

3) |ends(G)| = 2 if and only if G contains an infinite cyclic subgroup of finite index.
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Also, considering Specker’s definition of space of ends, it is known that for infinite locally

finite groups the space of ends is either infinite or of cardinality 1.

Theorem 1.1.8. (Dicks-Dunwoody, Holt) Let G be an infinite locally finite group. Then:

1) |ends(G)| = ∞, if G is countable.

2) |ends(G)| = 1, if G is uncountable.

Part (1) is due to W. Dicks and M. J. Dunwoody (8); whereas the second part of the above

theorem is due to Holt (23). Adopting Specker’s approach, W. Dicks and M. J. Dunwoody

(8), they proved the following result that is a generalization of the famous theorem, for

finitely generated groups, of Stallings (42):

Theorem 1.1.9. (Dicks-Dunwoody) A group G has infinitely many ends if and only if one

of the following conditions holds:

1) G can be expressed as an amalgamated free product A ∗C B, where C is a proper finite

subgroup of A and B such that [B : C] ≥ 3, or;

2) G can be expressed as an HNN extension A∗C, where C is a proper finite subgroup of A.

Finiteness in coarse groups equipped with the coarse structure induced by the generating

set of finite subsets corresponds to boundedness in coarse groups in general.

When a group G is equipped with the coarse structure induced by the generating set of all

finite subsets, its almost right invariant subsets are exactly the coarsely clopen subsets of G,

and its finite subsets are exactly its coarsely bounded subsets. The concept of coarsely clopen

subsets is defined for any coarse space X. Furthermore, the family of all coarsely clopen

subsets CC(X) of a given coarse space X is a Boolean algebra. Consequently, it is natural to

define the space of coarse ends Ends(X) of a coarsely connected coarse spaceX as the Stone’s

space of the quotient Boolean algebra of CC(X) by the ideal of all bounded subsets. Evidently,

for a group G equipped with the coarse structure induced by the generating set of all finite

subsets, Ends(G) coincide with Specker’s space of ends; and therefore our construction of the

space of coarse ends of a coarse space naturally generalizes Specker’s space of ends of a group.

Beside being a Stone’s space, the space of coarse ends Ends(X) of a coarse space X has

the following properties:
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1. It is a coarse invariant of coarse spaces.

2. X ∪ Ends(X) is a large scale compactification of X, called the Freudenthal large scale

compactification, that coincides with the Coarse Freudenthal compactification of X, if X is

a proper metric space, and coincides with the Freudenthal compactification, when X is a

geodesic proper metric space.

3. If X is a Freudenthal space, there exists a coarse structure on X such that the space of

coarse ends and the space of Freudenthal ends of X are homeomorphic.

Many concepts involve finiteness can be generalized to the setting of boundedness. For

instance, we can define boundedly generated groups, subgroups of bounded index and locally

bounded groups as coarse counterparts of finitely generated groups, subgroups of finite index

and locally finite groups, respectively. Consequently, many results involving finiteness hold,

in general, in the realm of coarse groups.

Given a group G and a symmetric subset K ⊂ G generating G; G can naturally be

equipped with the norm |.|K : G→ [0,∞) given by:

|x|K =

0 iffx = 1G

inf{n ∈ N : x = x1 · . . . · xn and x1, . . . , xn ∈ K \ {1G}} ifx ∈ G \ {1G}

• The norm |.|K : G → [0,∞) on G induces a left-invariant metric dK : G × G → [0,∞)

given by dK(x, y) := |x−1y| and it is called the Cayley metric with respect to the subset K.

• The Cayley metric dK induces a graph Cay(G,K) = (V,E) called the Cayley graph of G

with respect to the subset K where V = G and {x, y} ∈ E if and only if dK(x, y) = 1 if

and only if y = a · x for some a ∈ K \ {1G}.

• Passing to the geometric realization XK , we can think of the Cayley graph as a geodesic

metric space.

When K is finite, the Cayley metric dK : G×G→ [0,∞) is a proper left-invariant metric

that induces its coarse structure. Moreover, G is coarsely equivalent to the geodesic metric

space XK . One can observe for any bounded subset B ⊂ G the following hold:
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(P1) G\B contains only finitely many unbounded (infinite)K-components (or 1-components)

and the union of all bounded (finite) K-components of G\B is bounded. By a K-component

of G\B we mean the largest subset C of G\B such that for all a, b ∈ C, there exists a finite

sequence g1, . . . , gn of elements of G such that a = g1 and b = gn with g−1
i · gi+1 ∈ K for all

i < n (equivalently dK(gi, gi+1) = 1 for all i < n).

(P2) B can be covered by finitely many subsets of the form g ·K, where g ∈ G.

However, in the realm of coarse groups, for a symmetric bounded subset K ⊂ G

generating G, the Clayey metric dK : G×G→ [0,∞) does not necessarily induce its coarse

structure. Moreover, even if dK : G×G→ [0,∞) induces its coarse structure, property (P1)

and property (P2) need not to be satisfied.

It turns out that the sufficient condition for a coarse group to be boundedly generated

is to satisfy the property (P1) for some symmetric bounded subset K ⊂ G. (P1) is also

the necessary and sufficient condition for the space of coarse ends of a boundedly generated

coarse group G =< K > with a coarse structure induced by a Cayley metric dK to be

metrizable. In the case when Ends(G) is metrizable, its ends can be described in a similar

manner as the Freudenthal ends.

We call coarse groups that satisfy property P2) coarse groups of bounded geometry. This

class of groups includes coarse groups with coarse structure induced by the generating set

of finite subsets as well as locally compact groups with the coarse structure induced by the

family of all relatively compact subsets. Being of coarse geometry is an important aspect

to generalize the fact that a group G is 2-ended if and only if it contains an infinite cyclic

group of finite index.

For a coarse group to be boundedly generated, for its coarse structure to be induced by a

metric or by a Cayley metric, to be of coarse geometry, and how these properties are related,

is the core of Chapter 8.

The main results about the space of coarse ends of coarse groups are obtained in Chapter

9. We generalize 1.1.5, 1.1.6 and partially generalize 1.1.8; that is, we give a coarse version
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of the following classical results:

1. Locally finite groups are infinitely-ended.

2. The space of ends of a finitely generated G is either infinite or it has at most 2 (discrete)

elements.

3. If the space of ends of a finitely generated G is infinite then it is a Cantor space.

4. A group G is 2-ended if and only if it contains an infinite cyclic group of finite index. In

case G is a locally compact, metrizable, connected topological group and two-ended, then G

contains a closed subgroup H such that the coset-space G/H is compact.

The coarse counterparts of these results are:

1. Locally bounded coarse groups with metrizable coarse structures are infinitely-ended.

2. If the coarse group G is a countable union {Gn}n∈N of coarse subgroups each of which

has a coarse structure, as a subspace of G, metrizable by a Cayley metric, and that every

bounded subset is contained in one of these subgroups; then the number of coarse ends of G

is either infinite or at most 2.

3. If the coarse group G is equipped with a coarse structure induced by a Cayley metric, and

its space of coarse ends is infinite and topologically metrizable, then it is a Cantor space.

4. Let G be a coarse group of bounded geometry that is σ-bounded. If G has 2 coarse ends,

then it contains an unbounded cyclic group of bounded index.

For completion, we also present a proof for 1.1.7, in the language of coarse geometry.

1.2 Outline

Chapter 2 is devoted to the study of compactifications of a topological space. More

specifically, it gives the necessary and sufficient conditions for a topological space to

admit a compactification; it discusses the domination relation between compactifications

of a completely regular space X; and it presents two (equivalent) ways to construct a

compactification of a completely regular space X. The first of which is by embedding it

in a compact Hausdorff space; and the second way is by means of C∗-algebra employing the

Gelfand Theorem that proves that every compactification of X is the maximal ideal space of

a unital C∗-subalgebra of Cb(X,C) separating points from closed sets, and the maximal ideal
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space of a unital C∗-subalgebra of Cb(X,C) separating points from closed sets determines a

compactification of X.

The Stone’s Representation Theorems is the topic of Chapter 3. It allows us to go back

and fourth between Boolean algebras and Stone’s spaces (Totally disconnected compact

Hausdorff spaces). Stone’s spaces are central to the theory of ends as both the space of

Freudenthal ends and coarse ends are Stone’s spaces. Additionally, every compactification

of a discrete space X can be realized as the Stone’s space of some sub-Boolean algebra of

the power set P(X) of X that separates points; and every sub-Boolean algebra of the power

set P(X) of X that separates points determines a compactification of X.

Chapter 4 is the motivation of the dissertation, and it is concerned with classical theory

of the Freudenthal compactification of a Freudenthal space (σ-compact, locally compact,

connected and locally connected Hausdorff space). It serves as a survey on the basic facts

about the Freudenthal compactification of a Freudenthal space in general and of a proper

geodesic metric space in particular. The ends of finitely generated groups are discussed in

that section.

We provide an explicit metric on the space of ends of a Freudenthal space and prove that

the space of ends, when it is infinite, is a Cantor space, which generalizes the fact that the

space of ends of a finitely generated group that has infinitely many ends is a Cantor space.

When the Freudenthal space is a proper geodesic metric space, we prove that its ends are

in one-to-one correspondence with the components of its Higson corona. This observation

enables to generalize the Freudenthal compactification to be the quotient space of its Higson

compactification obtained by collapsing its the components of its Higson corona to a single

point. This motivates the construction of the Coarse Freudenthal compactification, the spirit

of Chapter 6.

Chapter 5 is devoted to introductory material on coarse geometry and it builds an

appropriate framework that we use to construct and investigate the space of coarse ends.

A proper coarse space is defined in (36) as a coarse space X equipped with a Hausdorff

7



paracompact topology that is compatible with its coarse structure in the sense that the

diagonal is contained in an open entourage E ⊂ X × X and that every coarsely bounded

subset is relatively compact. We call a coarse space X, that is equipped with a topology such

that the diagonal is contained in an open entourage E ⊂ X×X, a topological coarse space;

and call a coarse space X, that is equipped with a topology such that every coarsely bounded

subset is relatively compact, a a coarsely locally compact space. Then we investigate each of

these space individually and prove that a Hausdorff topological coarse space that is coarsely

locally compact is indeed paracompact and hence it is a proper coarse space.

Then, we investigate groups as coarse space separately in Chapter 8. More precisely, we

study connectivity of coarse groups, metrizability of the coarse structure of coarse groups,

and we answer the question to when their coarse structure is induced by a Cayley metric.

The property that a coarse group possesses a bounded subset K such that every bounded

subset is covered by finitely many sets of the form g · K is of particular interest. We call

such coarse groups, coarse groups of bounded geometry.

We obtain our main results in Chapter 6, Chapter 7 and Chapter 9. More specifically, in

Chapter 6, we construct the Coarse Freudenthal compactification of a proper metric space

and apply it to countable groups equipped with some proper left-invariant metric. A further

generalization of the Freudenthal compactification is developed in Chapter 7. In Chapter 9,

we apply our generalization to coarse groups to unify the theory of ends of finitely generated

groups, the theory of ends of locally compact, metrizable connected groups as well as the

theory of ends of arbitrary groups in the sense of Specker’s definition under the framework

of coarse geometry. As a result, we obtain generalized versions of several classical results in

the theory of ends of groups.
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Chapter 2

Compactifications

Compactifications of a topological space is a central topic in this thesis. To make thesis

reasonably self-contained, we discuss the basic facts about compactifications that will be used

in the subsequent chapters. In this chapter, we give the necessary and sufficient condition for

the existence of a compactification, we study the relationship between compactifications, as

well as we give two ways to construct a compactification of a topological space that admits

a compactification. The basic reference for the first two sections of this chapter is (6).

2.1 Necessary and sufficient condition for the existence of a

compactification

A topological space X admits a compactification Y if Y is a compact Hausdorff space

that contains a dense subset homeomorphic to X. Clearly, X admits a compactification

if and only if it is embedded in a Hausdorff compact space. Therefore, the existence of

a compactification of X is equivalent to the existence of an embedding from X into some

Hausdorff compact space. In this section, we show that a space X admits a compactification

if and only if it is completely regular.

Definition 2.1.1. Let X be a topological space and F := {fα : X → Xα : α ∈ I} be a family

of functions where each Xα is a topological space:

• The family F is said to separate points if for each pair of distinct elements x, y ∈ X, there

9



exists fα ∈ F such that fα(x) ̸= fα(y).

• The family F is said to separate points from closed sets if for each closed subset F ⊂ X

and an element x ∈ X \ F , there exists fα ∈ F such that fα(x) /∈ clXα(fα(F )).

• The evaluation map determined by F is the function eF : X →
∏
α∈I

Xα that maps each x

to (fα(x))α∈I .

Definition 2.1.2. A topological space is completely regular if C(X,R) separates points from

closed sets, where C(X,R) is the family of all continuous real-valued functions on X. The

family of all continuous complex-valued functions on X is denoted by C(X,C).

Proposition 2.1.3. A topological space X is completely regular if and only if for every closed

subset F ⊂ X and an element x ∈ X \ F outside F , there exists a continuous function

g : X → [0, 1] such that g(x) = 0 and g(F ) = {1}.

Proof. Assume that X is completely regular, F ⊂ X is a closed subset and x ∈ X \ F .

There exists a continuous real-valued function f ∈ C(X,R) such that f(x) /∈ cl(f(F )) ⊂ R.

Choose ε > 0 such that (f(x) − ε, f(x) + ε) ∩ cl(f(F )) = ∅. The function h : R → [0, 1]

defined by:

h(y) = min{|y − f(x)|
ε

, 1}

is continuous. Let g = h ◦ f , then g : X → [0, 1] is continuous satisfying g(x) = 0 and

g(F ) = {1}. The other direction is evident.

Proposition 2.1.4. Let X be topological space, the following are equivalent:

(a) X is completely regular.

(b) The family F := {f : X → [0, 1] : f ∈ C(X,R)} separates points from closed sets.

(c) Cb(X,R) separates points from closed sets, where Cb(X,R) is the family of all continuous

bounded real-valued functions on X.

(d) C(X,C) separates points from closed sets.

Proof. (a) =⇒ (b): Apply 2.1.3.

(b) =⇒ (c): Straightforward.

(c) =⇒ (d): Let F ⊂ X be a closed subset and x ∈ X \ F . There exists a bounded

continuous real-valued function f ∈ Cb(X,R) such that f(x) /∈ clR(f(F )) ⊂ R. Since R is a
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closed subspace of C, then clR(f(F )) = clC(f(F )).

(d) =⇒ (a): Let F ⊂ X be a closed subset and x ∈ X \ F . There exists a continuous

complex-valued function f ∈ C(X,C) such that f(x) /∈ clC(f(F )). Choose ε > 0 such that

B(f(x), ε) ∩ clC(f(F )) = ∅. The function h : C → [0, 1] defined by:

h(y) = min{∥y − f(x)∥
ε

, 1}

is continuous. Let g = h ◦ f , then g : X → [0, 1] is continuous satisfying g(x) = 0 and

g(F ) = {1}. Hence, F := {f : X → [0, 1] : f ∈ C(X,R)} separates points from closed sets,

and a fortiori, C(X,R) separates points from closed sets.

By Urysohn’s Lemma, every normal space is completely regular . In particular, Hausdorff

compact spaces are completely regular. To show that if X admits a compactification, then

it is completely regular it suffices to show that a subspace of a completely regular space is

completely regular.

Proposition 2.1.5. Let A be a subset of a completely regular space X. Then, A, as a subspace

of X, is completely regular.

Proof. Let FA be a closed subset of A and x ∈ A \ FA. Choose a closed subset F such

that FA = F ∩ A. Notice, x /∈ F as x ∈ A \ FA and therefore there exists a continuous

function f : X → [0, 1] such that f(x) = 0 and f(F ) = {1}. The function g =: f |A is

bounded continuous function on A with g(x) = 0 and g(FA) = {1}. Hence, A is completely

regular.

The necessary and sufficient condition for a space X to admit a compactification is to be

completely regular.

Lemma 2.1.6. Let X be a topological space and F := {fα : X → Xα : α ∈ I} be a family of

functions where each Xα is a topological space:

(a) The evaluation map eF : X →
∏
α∈I

Xα is continuous if and only if each fα ∈ F is

continuous.

(b) If F separates points if and only if eF : X →
∏
α∈I

Xα is injective.
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(c) If F separates points from closed sets, then eF : X →
∏
α∈I

Xα is open.

Proof. (a) Assume that eF : X →
∏
α∈I

Xα is continuous. Since the projection function

πβ :
∏
α∈I

Xα → Xβ is continuous for each β ∈ I, so that fβ = πβ ◦ eF is continuous.

Conversely, assume that each fα : X → Xα is continuous. Let, U be a subbasis element of∏
α∈I

Xα, then U = π−1
α (Uα) for some open subset Uα of Xα. Now, e−1

F (U) = e−1
F (π−1

α (Uα)) =

(πβ ◦ eF)−1(Uα) = f−1
α (Uα) which is open in X.

(b) Evident.

(c) Let U be an open subset of X and a ∈ eF(U). We aim to find an open subset O of

eF(X) such that a ∈ O ⊂ eF(U). Let a = eF(x) for some x ∈ U ; and choose fα ∈ F such

that f(x) /∈ clXα(fα(X \ U)). Consider the open subset V = π−1
α (Xα \ clXα(fα(X \ U))) of∏

α∈I
Xα. Then, O := V ∩ eF(X) is an open subset of eF(X) containing a ∈ eF(U). We claim

that O is contained in eF(U). Seeking contradiction, assume that there exists y ∈ X \ U

such that eF(y) ∈ V . On one hand, as y ∈ X \ U , we have fα(y) ∈ fα(X \ U). On the

other hand, as eF(y) ∈ V = π−1
α (Xα \ clXα(fα(X \ U))), we have fα(y) = πα ◦ eF(y) ∈

Xα \ (clXα(fα(X \ U)) ⊂ Xα \ (fα(X \ U)), a contradiction. Therefore, a ∈ O ⊂ eF(U), as

desired.

Corollary 2.1.7. A topological space X is completely regular if and only if X admits a

compactification.

Proof. Assume that X is completely regular. Notice that F := {f : X → [0, 1] : f ∈

C(X,R)} separates points from closed sets, and since X is Hausdorff, it also separates

points. Therefore, eF : X →
∏
f∈F

[0, 1] is an embedding by above lemma. Since
∏
f∈F

[0, 1] is

compact, X admits a compactification.

Conversely, if X admits a compactification, then it is a subspace of a compact space.

The result follows from the fact that a compact Hausdorff space is completely regular and a

subspace of completely regular space is completely regular.

From now on, unless otherwise stated, all topological spaces are assumed to be completely

regular.
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2.2 Relationship between compactifications

Definition 2.2.1. Let α1X and α2X be compactifications of X:

• We say that α1X dominates α2X and we write α1X ⩾ α2X if there exists a continuous

function f : α1X → α2X such that f ◦ α1 = α2. A such function f : α1X → α2X is called a

domination and α1X is called dominated by α1X.

• We say that α1X and α2X are equivalent and we write α1X ≃ α2X if there exists a

homeomorphism f : α1X → α2X such that f ◦ α1 = α2.

Lemma 2.2.2. Given a topological space X, let CX be the family of all compactifications of

X:

(a) The relation ≃ on CX is an equivalence relation.

(b) Let α0X,αX, β0X, βX ∈ CX such that α0X ≃ αX and β0X ≃ βX. If α0X ⩾ β0X, then

αX ⩾ βX.

Proof. (a) If α1X ≃ α2X and α2X ≃ α3X then α1X ≃ α3X. Indeed, let f : α1X → α2X

and g : α2X → α3X be homeomorphisms such that f ◦ α1 = α2 and g ◦ α2 = α3. Them,

g ◦ f : α1X → α3X is a homeomorphism with (g ◦ f) ◦ α1 = α3.

(b) let f0 : α0X → β0X be continuous such that f0 ◦ α0 = β0; and φ : αX → α0X and

τ : β0X → βX be homeomorphisms such that φ ◦ α = α0 and τ ◦ β0 = β. The continuous

function f := τ ◦ f0 ◦ φ satisfies f ◦ α = β.

Notation 2.2.3. Let X be a topological space, the set of all equivalence classes of CX is denoted

by K(X).

We aim to show that the set K(X) is partially ordered by the domination relation ⩾.

Moreover, (K(X),⩾) admits a supremum and it has an infimum if and only if X is locally

compact. Clearly ⩾ is reflexive, and by 2.2.2, it is transitive. In order to see that ⩾ on

K(X), we first observe that every equivalence class in K(X) contains a compactification of

X in which X is embedded by the inclusion.

Lemma 2.2.4. Let (Y, TY ) be a topological space and X be a set. If f : X → Y is bijective,

then there exists a topology TXα on X such that f : X → Y is a homeomorphism.
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Proof. Take TX = {U ⊂ X : f(U) ∈ TY }.

Lemma 2.2.5. Let Z be a compact space and f : X → Z be an embedding. There exists a

unique (up to equivalent) compactification Y of X that contains X as a subspace and there

exists an embedding f̃ : Y → Z such that f̃ |X = f .

Proof. Notice that clZ(f(X)) is a compactification of X. Without loss of generality assume

that A := clZ(f(X)) \ f(X) is disjoint from X, and let Y := X ∪ A. Define the map

f̃ : Y → Z by:

f̃(x) =

f(x) ifx ∈ X,

x ifx ∈ A.

Clearly f̃ is bijective and hence TY = {U ⊂ Y : f̃(U) ∈ TZ} is a topology on Y . Moreover,

every open subset of X is contained in TY . Notice that f̃ : Y → Z is an embedding and

f̃ |X = f . Now, assume that Y ′ is a compactification of X that contains X as a subspace

such that there exists an embedding g : Y ′ → Z with g|X = f . Notice that f̃(Y ) =

f̃(clY (X)) = clZ(f(X)) and similarly one has g(Y ′) = g(clY ′(X)) = clZ(f(X)). Therefore,

f̃−1 ◦ g : Y ′ → Y is a homeomorphism with (f̃−1 ◦ g)|X = idX .

Corollary 2.2.6. Let αX be a compactification of X; then there exists a unique (up to

equivalent) compactification Yα of X that is equivalent to αX and contains X as a subspace.

Proof. Apply 2.2.5.

Lemma 2.2.7. Let A be a subspace of X and f : A → Y be a continuous map. f : A → Y

admits at most one continuous extension f̃ : clX(A) → Y .

Proof. Let f̃ : clX(A) → Y and f̃0 : clX(A) → Y be continuous extensions of f : A → Y .

Seeking contradiction, assume that there exists x ∈ clX(A) \ A such that f̃(x) ̸= f̃0(x). Let

U and V be disjoint open subsets of Y containing f̃(x) and f̃0(x), respectively. Choose an

open neighborhood O of x such that f̃(O) ⊂ U and f̃0(O) ⊂ V . Now, since O ∩ A ̸= ∅,

choose a ∈ O ∩ A. Then, f(a) ∈ U ∩ V , a contradiction.

An application of the above lemma is that if g : clX(A) → Y is continuous such that

g|A = idA, then g = idclX(A).
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Proposition 2.2.8. Let Y and Z be compactifications of X containing X. Y dominates Z if

and only if there exists a unique quotient map f : Y → Z such that f |X = idX .

Proof. Let f : Y → Z be a domination. Since X ⊂ f(Y ), f(Y ) is dense in Z. Let z ∈ Z, and

(zα)α∈I ⊂ f(Y ) be a net converging to z. For each α ∈ I, let yα ∈ Y such that f(yα) = zα.

Since Y is compact, the net (yα)α∈I has a convergent subnet (yβ)β∈J . Assume that (yβ)β∈J

converges to y ∈ Y . By the continuity of f : Y → Z, the subnet (zβ)β∈J of (zα)α∈I where

zβ = f(yβ), converges to f(y). (zα)α∈I converges to a unique point z and every subnet of

(zα)α∈I converges to the same point z, hence f(y) = z. Therefore, f : Y → Z is onto which

implies that f : Y → Z is a quotient map as it is closed. If g : Y → Z is a continuous map

such that g|X = idX , then as X is dense in Y , f = g.

Proposition 2.2.9. Let α1X and α2X be compactifications of X. The compactifications α1X

and α2X are equivalent if and only if α1X ⩾ α2X and α2X ⩾ α1X.

Proof. Assume that α1X ≃ α2X and let f : α1X → α2X be a homeomorphism such that

f ◦ α1 = α2. Clearly, α1X ⩾ α2X. Since f−1 ◦ α2 = α1, one has α2X ⩾ α1X.

Conversely, assume that α1X ⩾ α2X and α2X ⩾ α1X. Let Y1 and Y2 be

compactifications of X containing X such that α1X ≃ Y1 and α2X ≃ Y2. Since α1X ⩾ α2X

and α2X ⩾ α1X, then Y1 ⩾ Y2 and Y2 ⩾ Y1. Let f1 : Y1 → Y2 and f2 : Y2 → Y1 be continuous

such that f1|X = f2|X = idX . Now, as (f1 ◦ f2)|X = idX and (f2 ◦ f1)|X = idX , then by

2.2.7, f1 ◦ f2 = idY2 and f2 ◦ f1 = idY1 . Therefore, f1 : Y1 → Y2 is a bijective continuous map

between compact Hausdorff spaces and hence it is a homeomorphism. Since ≃ is transitive

and Y1 ≃ Y2, thus α1X ≃ α2X as wanted.

Corollary 2.2.10. Let X be a topological space, the domination relation ⩾ on K(X) is a

partial order relation on K(X).

Proof. Apply 2.2.9.

Let Cb(X,C) be the family of all bounded complex-valued functions on X, and for each

f ∈ Cb(X,C), let Bf be a closed ball in C containing f(X). Notice that if F ⊂ Cb(X,C)

separates points from closed sets, then eF : X →
∏
f∈F

Bf is an embedding. Therefore,
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eFX = cl(eF(X)) is a compactification of X, where the closure is taken in the compact

space
∏
f∈F

Bf . In particular, a subset F of Cb(X,C) that separates points from closed sets

determines a compactification eFX of X. Conversely, every compactification αX of X is

determined, up to equivalent, by a subset F of Cb(X,C) that separates points from closed

sets.

Theorem 2.2.11. Let αX be a compactification of X. There exists a subset Fα of Cb(X,C)

that separates points from closed sets such that eFαX ≃ αX.

Proof. Let Y be a compactification of X such that X ⊂ Y and Y ≃ αX. Set Fα := {f |X :

f ∈ C(Y,C)}. Clearly Fα is a subset of Cb(X,C) that separates points from closed sets as in

the proof of 2.1.5. Hence, eFαX is a compactification of X. We claim that eFαX ≃ αX. To

that end, it suffices to show that eFαX ≃ Y . Notice that F := C(Y,C) separates points from

closed sets of Y and therefore eF : Y →
∏
f∈F

Bf is an embedding. Clearly eF : Y →
∏
f∈F

Bf is a

continuous extension of eFα : X →
∏
f∈F

Bf and Y ≃ eF(Y ) = eF(clY (X)) = eF(X) = eFαX.

Thus, eF : Y → eFαX is a homeomorphism with eF ◦ idX = eFα .

So far, we have seen that if Yα is a compactification of X containing X, then the subset

Cα := {f |X : f ∈ C(Yα)} of Cb(X,C) determines Yα. Moreover, every compactification αX

of X is determined by the subset Cα := {f |X : f ∈ C(Yα,C)} of Cb(X,C), where Yα is a

compactification of X containing X and αX ≃ Yα. We conclude this section by showing

that α1X is dominated by α2X if and only Cα1 is contained in Cα2 .

Proposition 2.2.12. Let X be a topological space:

(a) If F1 ⊂ F2 ⊂ Cb(X,C) and F1 separates points from closed sets in X; then eF2X

dominates eF1X.

(b) α1X is dominated by α2X if and only Cα1 is contained in Cα2

Proof. (a) Let F1 ⊂ F2 ⊂ Cb(X,C). As in the proof of 2.1.6, the projection map πF1 :∏
f∈F2

Bf →
∏
g∈F1

Bg is continuous. Moreover, πF1(eF2X) = eF1X and hence πF1|eF2
X
: eF2X →

eF1X is continuous with πF1|eF2
X
◦ eF2 = eF1 . Therefore, eF2X dominates eF1X.

(b) If Cα1 ⊂ Cα2 , then by (a), α2X dominates α1X. On the other hand, if α2X dominates

α1X, then Yα2 dominates Yα1 . Let φ : Yα2 → Yα1 is a domination with φ|X = idX . If f ∈ Cα1 ,
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then f : X → Bf extends continuously to g : Yα1 → Bf . Notice that g ◦ φ : Yα2 → Bf is

continuous with (g ◦ φ)|X = g|X = f and hence f ∈ Cα2 .

Corollary 2.2.13. The family K(X) admits a supremum.

Proof. Let F := Cb(X,C), then eFX is the wanted compactification.

Definition 2.2.14. Given a topological space X, the Stone-C̆ech compactification is the

compactification eFX where F := Cb(X,C). The Stone-C̆ech compactification of X is

denoted by βX.

Let βX be the Stone-C̆ech compactification; by 2.2.11, Cβ = Cb(X,C) and therefore

every function of Cb(X,C) continuously and uniquely extends to βX. The Stone-C̆ech

compactification has the following universal property:

Proposition 2.2.15. A compactification αX is the Stone-C̆ech compactification of X if and

only if for any compact space Y , every continuous map f : X → Y extends continuously

f̃ : αX → Y .

Proof. Without loss of generality, we may assume that the compactifications αX and βX to

be containingX as a subset. Let αX be the Stone-C̆ech compactification ofX, Y be compact

and f : X → Y be continuous. Since Y is completely regular, as in the proof of 2.1.7, it

is embedded in [0, 1]I for some set I. Without loss of generality, assume that Y ⊂ [0, 1]I .

For each i ∈ I, put fi := πi ◦ f . As each fi : X → [0, 1] is continuous bounded, it admits

a continuous extension f̃i : αX → [0, 1]. Consider the continuous function f̃ : αX → [0, 1]I

that maps each x ∈ αX to (fi(x))i∈I . Notice that f̃(αX) = f̃(clαX(X)) ⊂ clY (f(X)) ⊂ Y

and hence f̃ : αX → Y is a continuous extension to f : X → Y .

Conversely, the inclusion ı : X → βX admits a continuous extension ı̃ : αX → βX which

is evidently a domination and hence αX ≃ βX.

Definition 2.2.16. A topological space X is locally compact if there exists a compact

neighborhood Kx for every x ∈ X; i.e., for every x ∈ X, there exist a compact subset

Kx and an open subset Ux such that x ∈ Ux ⊂ Kx. Equivalently, for all x ∈ X and an open

neighborhood Ux of x, there exists a relatively compact open neighborhood Vx of x such that
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x ∈ Vx ⊂ cl(Vx) ⊂ Ux. The family of all open relatively compact subsets of a locally compact

space X consists a bases for X.

Definition 2.2.17. A compactification Y of X is called a finite-point compactification if its

corona ∂YX := Y \X is finite. When |∂YX| = 1, Y is called (the) one-point compactification.

Lemma 2.2.18. Let (X, T ) be a non-compact locally compact space and ∞ be an arbitrary

point not in X. Set X∞ := X ∪ {∞}, then:

(a) The family T∞ := T ∪ {U ⊂ X∞ : ∞ ∈ U and X∞ \U is compact} is a topology on X∞.

(b) (X∞, T∞) is a compactification of X.

Proof. (a) Put B∞ := {U ⊂ X∞ : ∞ ∈ U and X∞ \ U is compact}. Notice that U ∈ B∞ if

and only if there exists a compact subset KU of X such that U = X∞ \KU . Now:

(1) ∅, X∞ ∈ T∞ as ∅ ∈ T and X∞ ∈ B∞.

(2) Let U, V ∈ T∞:

• if U, V ∈ B∞, then there exist KU and KV compact subsets of X such that U = X∞ \KU

and V = X∞ \KV . Notice U ∩ V = X∞ \ (KU ∪KV ) and hence U ∩ V ∈ B∞ ⊂ T∞.

• if U ∈ T and V ∈ B∞, then U ∩ V = U ∩ (X∞ \KV ) = U ∩ (X \KV ) for some compact

subset KV of X and hence U ∩ V ∈ T ⊂ T∞.

(3) If U ∈ T and V ∈ B∞, then U ∪ V = U ∪ (X∞ \ KV ) = X∞ \ (KV \ U) for some

compact subset KV of X and hence U ∪ V ∈ B∞ ⊂ T∞. Now, let {Uα : α ∈ I} ⊂ T∞ and

let I1, I2 ⊂ I such that I = I1 ∪ I2 with {Uα : α ∈ I1} ⊂ T and {Uβ : β ∈ I2} ⊂ B∞. Notice

that for all β ∈ I2, there exists a compact subset Kβ of X such that Uβ = X∞ \Kβ. Also,⋃
α∈I

Uα =
⋃
α∈I1

Uα ∪
⋃
β∈I2

Uβ = U ∪ V where U :=
⋃
α∈I1

Uα and V := X∞ \ (
⋂
β∈I2

Kβ). Since

U ∈ T and V ∈ B∞, so U ∪ V ∈ B∞ ⊂ T∞ as observed.

(b) Clearly X is an open dense subspace of X∞. So, we need to verify that X∞ is Hausdorff

compact space.

• X∞ is Hausdorff. Indeed, let x, y ∈ X∞ be two distinct points. If x ∈ X and y = ∞, we

can find a relatively compact open neighborhood U of x in X. Notice that V := X∞ \ clXU

is an open neighborhood of y and U ∩ V = ∅.

• X∞ is compact. Indeed, let {Uα : α ∈ I} be an open cover of X∞. Choose an open

neighborhood Uα of ∞ for some α ∈ I. There exists a compact subset Kα of X such that

18



Uα = X∞ \ Kα. Now, Kα can be covered by finitely many elements of {Uα : α ∈ I} and

hence X∞ = Uα ∪Kα is covered by finitely many elements of {Uα : α ∈ I}.

If Y is a compactification of X such that Y \X is finite, then X is an open subspace of

the locally compact space Y . This fact along with the above proposition give us the following

characterization for locally compact spaces.

Corollary 2.2.19. A topological space X is locally compact if and only if it admits a one-point

compactification.

All one-point compactifications are equivalent and therefore the one-point compactifi-

cation is unique up to equivalent. Moreover, it is dominated by every compactification in

K(X) and hence it is the infimum of K(X).

Proposition 2.2.20. Let (X, T ) be a non-compact locally compact space and let X∞ be a one-

point compactification of X. Then:

(a) If X∞0 is a one-point compactifications of X, X∞0 ≃ X∞.

(a) If αX is a compactification of X, then αX ⩾ X∞.

Proof. (a) Define the function f : X∞ → X∞0 by:

f(x) =

x ifx ∈ X,

∞0 ifx = ∞.

Clearly, f : X∞ → X∞0 is a bijective function between compact Hausdorff spaces and

f |X = idX . Moreover, let U be an open subset of X∞0 . If U ⊂ X, then f−1(U) = U is an

open subset of X∞. Assume that U ∩X∞0 \X ̸= ∅. Then, U = X∞0 \KU for some compact

subset KU of X. Hence, f−1(U) = f−1(X∞0 \KU) = X∞ \KU which is an open subset of

X∞. Thus, f : X∞ → X∞0 is a homeomorphism.

(b) Define the function f : αX → X∞ by:

f(x) =

x ifx ∈ X,

∞ ifx ∈ αX \X.
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For the continuity of f : αX → X∞, choose a neighborhood U of ∞ in X∞. Then, U =

X∞ \KU for some compact subset KU of X. Hence, f−1(U) = f−1(X∞ \KU) = αX \KU

which is an open subset of αX. Thus, f : αX → X∞ is a domination.

Corollary 2.2.21. If X is locally compact, then K(X) is a complete lattice.

Proof. The one-point compactification is the infimum of K(X) and the Stone-C̆ech

compactification is the supremum of K(X).

The converse is also true; that is if K(X) admits an infimum, then X is locally compact.

Proposition 2.2.22. Let X be a topological space. If K(X) admits an infimum, then X is

locally compact.

Proof. Let αX be the infimum of K(X). Without loss of generality, assume that X ⊂ αX.

Seeking contradiction, assume that X is not locally compact. If X is an open subset of αX,

then it is locally compact, a contradiction. Therefore, αX \ X must be infinite. Choose

distinct points a, b ∈ αX \ X and set Fα := {f |X ∈ Cα : f(a) = f(b)}. We claim that Fα

separates points from closed sets in X and that Fα is properly contained in Cα. Indeed, if

F ⊂ X is a closed subset and x /∈ F , then there exists a closed subset F ′ ⊂ αX such that

F = F ′ ∩X. Notice that F ′ ∪ {a, b} is closed and F = F ′ ∪ {a, b} ∩X, so we may assume

that a, b ∈ F ′. Choose a continuous real-valued function f : αX → [0, 1] such that f(x) = 0

and f(F ′) = {1}. Since f(a) = f(b) = 1, f |X ∈ Fα and hence Fα separates points from

closed sets in X. Moreover, since C(αX,R) separates points from closed sets in αX, it is,

a fortiori, separates points and hence there exists a continuous function g ∈ C(αX,R) such

that g(a) ̸= g(b). Thus, g|X ∈ Cα \ Fα as wanted. By 2.2.12, the compactification eFαX

is dominated by αX and it does not dominate αX, contradicting the fact that αX is the

infimum of K(X). Thus, X is locally compact.

Corollary 2.2.23. A topological space X is locally compact if and only if K(X) is a complete

lattice.

Our next goal is to show that the one-point compactification, if exists, is induced by the

family C0(X,C) of all continuous complex-valued functions that vanish at infinity; and that

C0(X,C) separates points from closed sets in X if and only if X is locally compact.
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Definition 2.2.24. Let X be a topological space. A complex-valued function f : X → C is

said to vanish at infinity if for every ε > 0 there exists a compact subset Kε of X such that

∥f(x)∥ < ε for all x ∈ X \Kε. The family of all continuous functions that vanish at infinity

is dented by C0(X,C).

Lemma 2.2.25. Let X be a topological space and αX be an arbitrary compactification of X;

then C0(X,C) ⊂ Cα.

Proof. Let f ∈ C0(X,C) and define the function g : αX → C by:

g(x) =

f(x) ifx ∈ X,

0 ifx ∈ αX \X.

We claim that g : αX → C is continuous. To this end, it suffices to show that g|αX\X is

continuous. Let a ∈ αX \ X and let ε > 0. Choose a compact subset Kε of X such that

∥f(x)∥ < ε for all x ∈ X \ Kε. Notice that U := αX \ Kε is an open neighborhood of a

in αX and for all x ∈ U , ∥g(a)− g(x)∥ = ∥g(x)∥ < ε. Hence g : αX → C is a continuous

extension of f : X → C and hence f ∈ Cα as desired.

Theorem 2.2.26. Let X be a locally compact space. The family C0(X,C) separates points

from closed sets in X and the compactification eC0(X,C)X is the one-point compactification.

Proof. Let F ⊂ X be a closed subset and x ∈ X such that x /∈ F . Since X \ F is an

open neighborhood of x and X is locally compact, there exists a relatively compact open

neighborhood U of x such that x ∈ U ⊂ cl(U) ⊂ X \F . Notice that F ⊂ X \ cl(U) ⊂ X \U .

Since X is completely regular, and X \U is closed not containing x, there exists a continuous

function g : X → [0, 1] such that g(x) = 0 and g(X \ U) = {1}. Let φ : [0, 1] → [0, 1] be

a homeomorphism such that φ(0) = 1 and φ(1) = 0. Let f := φ ◦ g, and notice that

f : X → [0, 1] is continuous with f(X \ cl(U)) = {0}, so f ∈ C0(X,C). Moreover, as

f(x) = 1 /∈ clCf(F ) = {0}, C0(X,C) separates points from closed sets in X. By 2.2.12 and

2.2.25, the compactification eC0(X,C)X is the infimum of K(X). Therefore, eC0(X,C)X is the

one-point compactification.
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Corollary 2.2.27. The topological space X is locally compact if and only if C0(X,C) separates

points from closed sets in X.

Proof. If X is locally compact then C0(X,C) separates points from closed sets in X by the

preceding theorem. On the other hand, if C0(X,C) separates points from closed sets in X,

then by 2.2.12 and 2.2.25, the compactification eC0(X,C)X is the infimum of K(X). By 2.2.22,

X must be locally compact.

We conclude this section by the fact that locally compact spaces are exactly the com-

pletely regular spaces having the property that the corona of any of their compactifications

is compact.

Lemma 2.2.28. Let X be a dense subspace of Y , F be a closed subset of Y and U is an open

subset of Y . If U ∩X ⊂ F , then U ⊂ F .

Proof. Notice that U ∩ X ̸= ∅ and that (U ∩ X) ∩ Y \ F ) = ∅. Seeking contradiction

assume that U \ F ̸= ∅. Then U ∩ (Y \ F ) is a non-empty open subset of Y and hence

(X ∩ U) ∩ Y \ F ) ̸= ∅, a contradiction.

Proposition 2.2.29. Let X be a locally compact dense subspace of Y . Then, X is an open

subspace. In particular, if Y is a compactification of X, then X is an open subspace of Y .

Proof. Let x ∈ X and choose a relatively compact open neighborhood U of x in X. Since

clX(U) is compact in X, it is compact in the Hausdorff space Y and hence it is a closed

subset of Y . Notice that there exists an open subset V ⊂ Y such that U = V ∩X ⊂ clX(U).

Hence, by above lemma, a ∈ V ⊂ clX(U) ⊂ X and thus X is an open in Y as desired.

Corollary 2.2.30. Let X be a completely regular space and αX be a compactification of X.

X is locally compact if and only if α(X) is an open subspace of αX.

Proof. Apply 2.2.29.

Theorem 2.2.31. Let X be a completely regular space and αX be a compactification of X.

The following are equivalent:

(a) X is locally compact.
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(b) X admits a one-point compactification.

(c) K(X) admits an infimum.

(d) C0(X,C) separates points from closed sets in X.

(e) X is an open subspace of αX.

(e) The corona ∂αX := αX \X is compact.

Proof. Apply 2.2.19, 2.2.23, 2.2.27 and 2.2.30.

2.3 Compactifications as maximal ideal spaces

For a locally compact space X, we utilize the Gelfand Theorem to find a duality between

the category of its compactifications and the category of the unital C∗-subalgebras of

Cb(X,C), that separate points from closed sets. The proof of Theorems 2.3.14, 2.3.16 and

2.3.17 are omitted as they involve the definition of terms which are not central to our purpose.

Reader who is interested in the proofs can find them in (29).

Definition 2.3.1. A ring (A,+, ·) is called a C-algebra if C acts on the abelian group (A,+)

and the action of C satisfies:

1. α(x+ y) = αx+ αy,

2. (α + β)x = αx+ βx,

3. α(x · y) = (αx) · y = x · (αy), for all α, β ∈ C and x, y ∈ A.

If the ring A is commutative, (A,+, ·) is called a commutative C-algebra, and if the ring A

has a multiplicative identity 1A, (A,+, ·) is called a unital C-algebra.

Definition 2.3.2. A C-algebra A equipped with a norm ∥.∥ : A→ [0,∞) satisfying ∥x · y∥ ≤

∥x∥ ∥y∥, for all x, y ∈ A, is called a normed algebra. The normed algebra A is called a

Banach algebra over C if A is a complete metric space with respect to the metric induced

by its norm ∥.∥ : A→ [0,∞).

Definition 2.3.3. A Banach algebra A over C is called a C∗-algebra if it is equipped with a

map λA : A→ A satisfying:

1. λA ◦ λA = idA,

2. λA(x+ y) = λA(x)λA(y),
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3. λA(x · y) = λA(y)λA(x),

4. λA(αx) = αλA(x),

5. ∥λA(x) · x∥ = ∥x∥2, for all x, y ∈ A and α ∈ C.

A C∗-algebra A is called a commutative C∗-algebra if A as a ring is commutative; A is called

a unital C∗-algebra if A as a ring has an identity 1A.

Definition 2.3.4. A map between φ : A→ B between C∗-algebras is called *-homomorphism

if:

1. φ(αx+ y) = αφ(x) + φ(y), that is φ : A→ B is a linear transformation.

2. φ(x · y) = φ(x) · φ(y), that is φ : A→ B is a ring homomorphism.

3. φ(λA(x)) = λBφ(x), for all x, y ∈ A and α ∈ C.

A ∗-homomorphism φ : A→ B is called a ∗-isomorphism if it is bijective.

Definition 2.3.5. A subset B ⊂ A of a C∗-algebra A is called C∗-subalgebra if B with the

operation inherited from A itself a C∗-algebra. Equivalently,

1. αx+ y ∈ B,

2. x · y ∈ B, for all x, y ∈ B and α ∈ C; and,

3. λA(B) ⊂ B.

Notation 2.3.6. The family of all bounded functions from the topological space X to the

metric space Y is denoted by B(X, Y ). The family of all bounded complex-valued functions

that vanish at infinity is denoted by B0(X,C).

Proposition 2.3.7. Equip the family B(X,C) with the supremum norm ∥.∥∞ : B(X,C) →

[0,∞) given by ∥f∥∞ = sup
x∈X

∥f(x)∥. Then:

(a) The normed algebra (B(X,C), ∥.∥∞) with the complex conjugation function λB(X,C) :

B(X,C) → B(X,C) is a commutative unital C∗-algebra.

(b) B0(X,C) is a closed ideal of B(X,C), and therefore a C∗-subalgebra.

(c) Cb(X,C) is a C∗-subalgebra of B(X,C).

(d) C0(X,C) is a closed ideal of Cb(X,C), and therefore a C∗-subalgebra.

(e) Let Y be a compactification of X containing X; then the family:

CY := {f ∈ Cb(X,C) : f extends continuously to Y } is a unital C∗-subalgebra of Cb(X,C).

Furthermore, as a C∗-algebra, CY is ∗-isomorphic to C(Y,C).
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Proof. Indeed for any metric space (Y, d), then the map d∞ : B(X, Y )× B(X, Y ) → [0,∞)

given by d∞(f, g) = sup
x∈X

{d(f(x), g(x))} is a metric on B(X, Y ) called the uniform metric.

If (Y, d) is a complete metric space, (B(X, Y ), d∞) is also complete. The completeness of

(B(X, Y ), d∞) follows from the fact that a convergent sequence in (B(X, Y ), d∞) converges

uniformly, and that the limit of a uniformly convergent sequence of bounded functions is itself

a bounded function. The space (Cb(X, Y ), d∞) is a closed subspace of (B(X, Y ), d∞) as the

limit of a uniformly convergent sequence of continuous functions is continuous. Therefore

(Cb(X, Y ), d∞) is itself complete. By taking Y = C, (a) and (c) are proved.

Notice that the constant function c1 : X → C mapping each x ∈ X to 1 ∈ C is the

identity of the ring B(X,C) and that c1 ∈ Cb(X,C). To see that B0(X,C) is a closed subset

of B(X,C), let (fn)n∈N be a sequence in B0(X,C) converging to f ∈ B(X,C). We claim

that f ∈ B0(X,C). Indeed, for ε > 0, choose N ∈ N such that ∥fn − f∥∞ < ε/2 for all

n ≥ N . Let K ⊂ X be a compact subset such that ∥fN(x)∥ < ε/2 for all x ∈ X \ K.

Then, ∥f(x)∥ ≤ ∥fN(x)− f(x)∥ + ∥fN(x)∥ ≤ ∥fn − f∥∞ + ∥fN(x)∥ < ε, for all x ∈ X \K;

hence, f ∈ B0(X,C). Moreover, assume f ∈ B(X,C) and g ∈ B0(X,C), and choose r > 0

such that ∥f∥∞ < r; and for ε > 0, choose a compact subset such that ∥f(x)∥ < ε/r for all

x ∈ X \K. Then, ∥(f · g)(x)∥ < ε for all x ∈ X \K, which proves that B0(X,C) is a closed

ideal of B(X,C). Similarly, C0(X,C) is a closed ideal of Cb(X,C).

Finally, define φ : C(Y,C) → Cb(X,C) by φ(f) = f |X . It is straightforward to see

that φ : C(Y,C) → Cb(X,C) is a ∗-homomorphism. Utilizing the fact that the image of a

C∗-algebra under a ∗-homomorphism is a C∗-algebra; we obtain that φ(C(Y,C)) is a C∗-

subalgebra of Cb(X,C). Notice that φ(C(Y,C)) = CY . Moreover, φ : C(Y,C) → Cb(X,C)

is injective by 2.2.7. By the First Isomorphism Theorem of C∗-algebras, we conclude that

CY is ∗-isomorphic to C(Y,C).

Observation 2.3.8. If X is a non-compact topological space, and f : X → C is a non-

zero constant function; then f /∈ C0(X,C). Moreover, as C0(X,C) is an ideal of Cb(X,C),

c1 ∈ C0(X,C) if and only if C0(X,C) = Cb(X,C). Therefore, c1 ∈ C0(X,C) if and only if

X is compact.
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Definition 2.3.9. Given a metric space (X, d). The function f : X → C is called slowly

oscillating if for any r, ε > 0 there is a bounded subset K of X such that if x, y ∈ X \K and

d(x, y) < r then ∥f(x)− f(y)∥ < ε. Equivalently, f : X → C is slowly oscillating if for any

sequence (xn) ⊂ X converging to infinity and (yn) ⊂ X a sequence such that d(xn, yn) < r

for some r > 0, ∥f(xn)− f(yn)∥ → 0. The family of all bounded slowly oscillating functions

is denoted by:

Bh(X,C) := {f ∈ B(X,C) : f is slowly oscillating},

and the family of all bounded continuous slowly oscillating functions is denoted by:

Ch(X,C) := {f ∈ Cb(X,C) : f is slowly oscillating}.

Proposition 2.3.10. Let (X, d) be a metric space. Then:

(a) The subset Bh(X,C) of B(X,C) is a unital C∗-subalgebra of B(X,C) containing

B0(X,C).

(b) The subset Ch(X,C) of Cb(X,C) is a unital C∗-subalgebra of Cb(X,C) containing

C0(X,C).

Proof. (a) It is straightforward to see that Bh(X,C) is a unital normed subalgebra of

B(X,C). We just need to prove that Bh(X,C) is a closed subset B(X,C) to conclude

that Bh(X,C) is a unital C∗-subalgebra of B(X,C). This follows directly from the

fact that convergent sequence in B(X,C) with respect to the supremum norm converges

uniformly. Indeed, if (fn)n∈N ⊂ Bh(X,C) such that fn → f ∈ B(X,C), then we

claim that f ∈ Bh(X,C). To this end, let r, ε > 0, and choose N ∈ N such that

∥f − fN∥∞ < ε/3. Since fN ∈ Bh(X,C), we can find a bounded subset K ⊂ X such

that for all x, y ∈ X \ K such that d(x, y) < r then ∥fN(x)− fN(y)∥ < ε/3. Notice

that ∥f(x)− f(y)∥ ≤ ∥f(x)− fN(x)∥ + ∥fN(x)− fN(y)∥ + ∥fN(y)− f(y)∥ < ε. Hence,

Bh(X,C) is a unital C∗-subalgebra of B(X,C). Assume that f ∈ B0(X,C), and ε > 0.

Choose a compact subset K ⊂ X such that ∥f(x)∥ < ε/2 for all x ∈ X \ K. Then,

∥f(x)− f(y)∥ ≤ ∥f(x)∥ + ∥f(y)∥ < ε, for all x, y ∈ X \ K. Since compact subsets are
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bounded in X, so B0(X,C) ⊂ Ch(X,C).

(b) Similar to (a).

Lemma 2.3.11. Given a non-empty set X and a family of functions F := {fα : X → Xα :

α ∈ I}, where each Xα is a topological space. The family S := {f−1
α (Uα) : Uα ⊂ Xα is open

in Xα, α ∈ I} is a subbasis for a topology on X called the weak topology on X generated

by F .

Proof. Straightforward.

Definition 2.3.12. A linear map L : A → B between normed C-vector spaces (A, ∥.∥A) and

(B, ∥.∥B) is called bounded if there exists M > 0 such that ∥L(x)∥B ≤ M ∥x∥A, for all

x ∈ A. When B = C, L : A → B is called linear functional. The dual of A is the family

A∗ := {f : A → C : f is bounded linear functional}. The dual space A∗ is equipped with

the supremum norm ∥f∥∞ := sup
x∈A

{∥f(x)∥ : ∥a∥A ≤ 1}. For each x ∈ A, the evaluation map

evx : A
∗ → C that maps each f ∈ A∗ to f(x). The weak-∗ topology TW∗ on A∗ is the weak

topology generated by the family {evx : A∗ → C : x ∈ A}.

Proposition 2.3.13. Let A be a normed C-vector space. The weak-∗ topology on A∗ is

Hausdorff.

Proof. Let f, g ∈ A∗ be distinct elements, and choose x ∈ A such that f(x) ̸= g(x). Let U

and V be disjoint neighborhoods in C of f(x) and g(x), respectively. As evx : A∗ → C is

continuous, ev−1
x (U) and ev−1

x (V ) are disjoint neighborhoods in TW∗ of f and g, respectively.

Lemma 2.3.14. (Alaoglu Theorem) Let A be a normed C-vector space. The closed unit

ball B1 := {f ∈ A∗ : ∥f∥∞ ≤ 1} of the normed space (A∗, ∥.∥∞) is compact in the weak-∗

topology TW∗ of A∗.

Proof. See (29).

Definition 2.3.15. Let A be a commutative unital Banch algebra; the family:

Ω(A) := {σ : A→ C : σ is linear functional and a ring homomorphism} is called themaximal

ideal space of A.
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The maximal ideal space Ω(A) is not only a subset of A∗, but it is a compact subset when

A∗ is equipped with the weak-∗ topology TW∗ .

Theorem 2.3.16. Let A be a commutative unital Banch algebra; then ∥σ∥∞ = 1, for all

σ ∈ Ω(A).

Proof. See (29).

Consequently, if A is a commutative unital Banch algebra; then Ω(A) is a closed subset of

closed unit ball B1 := {f ∈ A∗ : ∥f∥∞ ≤ 1} of the normed space (A∗, ∥.∥∞), and by Alaoglu

Theorem, it is a compact subset of the Hausdorff space (A∗, TW∗).

The evaluation map evx : (A∗, TW∗) → C is continuous for each x ∈ A. Therefore,

evx|Ω(A) ∈ C(Ω(A),C), for all x ∈ A. Therefore, we can define a map Γ : A → C(Ω(A),C)

mapping each x ∈ A to evx|Ω(A).

Theorem 2.3.17. (Gelfand Theorem) Let A be a commutative unital C∗-algebra. The

Gelfand Transformation Γ : A → C(Ω(A),C) given by Γ(x) = evx is an isometric

∗-isomorphism.

Proof. See (29).

We utilize the Gelfand Theorem to prove that every unital C∗-subalgebra of Cb(X,C),

that separates points from closed sets, determines a compactification of X.

Theorem 2.3.18. Let A be a unital C∗-subalgebra Cb(X,C) that separates points from closed

sets. The maximal ideal space Ω(A) is a compactification of X.

Proof. Notice that for each x ∈ X, the evaluation map ex : A→ C that sends each f ∈ A to

f(x) is a linear transformation and a ring homomorphism. Thus, ex ∈ Ω(A), for all x ∈ X.

Define ψ : X → Ω(A) by ψ(x) = ex.

Claim 1: ψ : X → Ω(A) is continuous and injective.

Proof of Claim 1: Notice that a subbasis element Ω(A) is of the form Uf := {σ ∈ Ω(A) :

σ(f) ∈ U} for some f ∈ A and U ⊂ C an open subset of C. Let (xα)α∈I be a net in X

converging to x ∈ X. Then, for each f ∈ A, f(xα) → f(x) and therefore exα → ex proving

that ψ(xα) → ψ(x). The injectivity of ψ : X → Ω(A) follows from the fact that A separates
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points from closed sets. Indeed, if ψ(x) = ψ(y), then f(x) = f(y) for all f ∈ A, and as A

separates points from closed sets, it separates points which implies that x = y.

Claim 2: ψ : X → Ω(A) is an open map.

Proof of Claim 2: Let O ⊂ X be an open subset. We aim to show that ψ(O) = {ex : x ∈ O}

is an open subset ψ(X) = {ex : x ∈ X}. Indeed, let σ ∈ ψ(O). Then, σ = ex for some x ∈ O.

Since, x /∈ F := X \O, and A separates points from closed sets, there exists f ∈ A such that

f(x) /∈ clC(f(F )). The subset U := C \ clC(f(F )) is an open subset of C containing f(x).

Therefore, the subset Uf ∩ ψ(X) = {σ ∈ Ω(A) : σ(f) ∈ U} ∩ ψ(X) is an open subset of

ψ(X) containing σ = ex. Moreover, if ey ∈ Uf ∩ ψ(X), then f(y) ∈ U = C \ clC(f(F ))

and hence f(y) /∈ f(F ). In particular, y /∈ F and thus y ∈ O, which implies that

ex ∈ Uf ∩ ψ(X) ⊂ ψ(O). Therefore, ψ(O) is an open subset of ψ(X).

Claim 3: ψ(X) is dense in Ω(A).

Proof of Claim 3: As X is homeomorphic to ψ(X), and by Gelfand Theorem A and

C(Ω(A),C) are ∗-isomorphic, we may assume without loss of generality that X = ψ(X)

and A = C(Ω(A),C). Seeking contradiction, assume that there exists a non-empty open

subset U of Ω(A) such that U ∩ X = ∅. Hence X ⊂ Ω(A) \ U and Ω(A) \ U is a closed

subset of the Hausdorff compact space Ω(A). By Urysohn’s lemma, there exists non-constant

continuous function f ∈ C(Ω(A),C) = A such that f(Ω(A) \U) = {0}. Hence, f(X) = {0},

a contradiction. Therefore, ψ(X) is dense in Ω(A).

Corollary 2.3.19. Let (X, d) be a proper metric space, then Ω(Ch(X,C)) is a compactification

of X.

Proof. By 2.3.10, Ch(X,C) is a unital C∗-subalgebra of Cb(X,C) containing C0(X,C).

Since X is locally compact, then by 2.2.26, C0(X,C) separates points from closed sets.

Consequently, Ch(X,C) is a unital C∗-subalgebra of Cb(X,C) that separates points from

closed sets. Apply 2.3.18.

Definition 2.3.20. Let (X, d) be a proper metric space, and Ch(X,C) be the C∗-subalgebra

of all continuous bounded complex-valued slowly oscillating functions. The Higson

compactification of X is the maximal ideal space Ω(Ch(X,C)) of Ch(X,C). The Higson
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compactification is denoted by hX and its corona by ∂hX. Its corona ∂hX is referred to as

the Higson corona.

Theorem 2.3.21. Let A, B and C be unital commutative C∗-algebras; and let X and Y be

topological spaces. Then:

(a) Every ∗-homomorphism φ : A→ B induces a continuous map φ̃ : Ω(B) → Ω(A) between

their maximal ideals spaces equipped with the weak-∗ topology defined by φ̃(g) = g ◦ φ. If

φ : A→ B is a ∗-isomorphism, then φ̃ : Ω(B) → Ω(A) is a homeomorphism.

(b) Every continuous function f : X → Y induces a ∗-homomorphism f̂ : C(Y,C) →

C(X,C). If f : X → Y is a homeomorphism, then f̂ : C(Y,C) → C(X,C) is a ∗-

isomorphism.

(c) If X and Y are compact, and if A = C(X,C) and B = C(Y,C), then X and Y are

homeomorphic if and only if A and B are ∗-isomorphic.

Proof. (a) Let φ : A→ B be a ∗-homomorphism. Define φ̃ : Ω(B) → Ω(A) by φ̃(g) = g ◦φ.

Clearly, g◦φ ∈ Ω(A). A subbasis element of Ω(A) is of the form Ux := {f ∈ Ω(A) : f(x) ∈ U}

for some open subset U of C. Notice that φ̃−1(Ux) = {g ∈ Ω(B) : g ◦ φ(x) ∈ U} = Uφ(x)

which is a subbasis element of Ω(B). Finally, if C is a unital commutative C∗-algebra and

ψ : B → C be a ∗-homomorphism, then ψ̃ ◦ φ = φ̃ ◦ ψ̃; moreover, ĩdA = idΩ(A) which proves

that if φ : A→ B is a ∗-isomorphism, then φ̃ : Ω(B) → Ω(A) is a homeomorphism.

(b) Straightforward.

(c) Notice that by 2.3.18, Ω(A) and Ω(B) are compactifications of the compact spaces X

and Y , respectively. Apply (a) and (b).

Corollary 2.3.22. Y is a compactification of X if and only if Y is the maximal ideal space of

the unital commutative C∗-subalgebra CY := {f ∈ Cb(X,C) : f extends continuously to Y }

of Cb(X,C).

Proof. Since Ω(Cb(Y,C)) is a compactification of the compact space Y , so Y = Ω(Cb(Y,C)).

On the other hand, applying part (d) of 2.3.7 and part (a) of 2.3.21, we have Y = Ω(CY ) as

wanted.

We conclude this section by describing the corona of a compactification of a locally

compact space. We need the following lemma to that end.
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Lemma 2.3.23. Let X be a locally compact space and Y be a compactification of X. A

continuous function f : X → C vanishes at infinity if and only if the extension f̃ : Y → C

given by:

f̃ =

f(x) ifx ∈ X,

0 ifx ∈ Y \X

is a continuous function.

Proof. Assume that f : X → C vanishes at infinity. By 2.2.25, f̃ : Y → C is continuous.

Conversely, assume that f̃ : Y → C is a continuous extension of f : X → C. For ε > 0, and

y ∈ Y \ X, choose a neighborhood Uy of y such that
∥∥∥f̃(x)− f̃(y)

∥∥∥ =
∥∥∥f̃(x)∥∥∥ < ε. Since

Y \X is compact, it can be covered by finitely many such neighborhoods, say Uy1 , . . . , Uyn .

Put U :=
n⋃
i=1

Uyi , then K := Y \U is a compact subset of X, with ∥f(x)∥ =
∥∥∥f̃(x)∥∥∥ < ε, for

all x ∈ X \K = Y \K. Thus, f ∈ C0(X,C) as desired.

Theorem 2.3.24. Let Y be a compactification of a locally compact space X, and let ∂YX :=

Y \ X be the corona of Y . Then ∂YX is the maximal ideal space of unital commutative

C∗-subalgebra CY⧸C0(X,C).

Proof. As ∂YX is a compact space, so it is the maximal ideal space of C(∂YX,C) by 2.3.18.

Define φ : C(Y,C) → C(∂YX,C) by φ(f) = f |∂YX . It is straightforward to see that φ :

C(Y,C) → C(∂YX,C) is a ∗-homomorphism. Given a continuous function f : ∂YX →

C, since ∂YX is a closed subset of the normal space Y , by Tietze extension theorem, it

admits a continuous extension f̃ : Y → C. Hence, φ(f̃) = f̃ |∂YX = f , which proves that

φ : C(Y,C) → C(∂YX,C) is surjective. Notice that Ker(φ) = {f ∈ C(Y,C) : f |∂YX ≡

0} = C0(X,C) by 2.3.23. Applying the First Isomorphism Theorem, we conclude that

C(∂YX,C) = C(Y,C)⧸C0(X,C) =
CY⧸C0(X,C).

Corollary 2.3.25. Let (X, d) be a proper metric space, then ∂hX is the maximal ideal space

of Ch(X,C)⧸C0(X,C).

Proof. Apply 2.3.24.
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Chapter 3

The Stone’s Representation Theorems and

compactifications of a discrete space

Stone’s spaces are central objects in this thesis. The Stone’s Representation Theorems

show that there is a duality between the category of Boolean algebras and the category of

Stone’s spaces. Compactifications of a discrete space can be constructed as the Stone’s spaces

of some sub-Boolean algebra of its power set. This chapter is based on the preprint of the

following paper: H. Rashed, The Stone’s Representation Theorems and compactifications of

a discrete space, arXiv:2112.07821 [math.GN].

3.1 Boolean algebras and their homomorphisms

Definition 3.1.1. A Boolean algebra (B,+, ·,¬) is a set B equipped with two binary

operations +, · and a unary operation ¬ called the complement, where the following are

satisfied:

(1) + and · are commutative and associative, that is:

• x+ y = y + x and x · y = y · x, for all x, y ∈ B.

• x+ (y + z) = (x+ y) + z and x · (y · z) = (x · y) · z, for all x, y, z ∈ B.

(2) + is distributive over ·, and · is distributive over +, that is:

• x+ (y · z) = (x+ y) · (x+ z), for all x, y, z ∈ B.

• x · (y + z) = (x · y) + (x · z), for all x, y, z ∈ B.
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(3) + and · are connected by the absorption law, that is:

• x+ (x · y) = x · (x+ y) = x, for all x, y ∈ B.

(4) There exist two elements 0, 1 ∈ B satisfying:

• x+ (¬x) = 1, for all x ∈ B;

• x · (¬x) = 0, for all x ∈ B.

Example 3.1.2. Consider the power set P(X) of X; then (P(X),+, ·,¬) is a Boolean algebra,

where + := ∪, · := ∩, 0 := ∅, 1 := X and ¬A := X \ A for all A ∈ P(X). The Boolean

algebra (P(X),∪,∩,¬) is called the power set Boolean algebra.

Definition 3.1.3. Let (B,+, ·,¬) be a Boolean algebra, a subset A ⊂ B is called a sub-

Boolean algebra if (A,+, ·,¬) is itself a Boolean algebra.

Example 3.1.4. Let X be a topological space. The family of all clopen subsets Clop(X) :=

{U ⊂ X : U is clopen} is a sub-Boolean algebra of P(X). The Boolean algebra

(Clop(X),+, ·,¬) is called the clopen Boolean algebra associated with X.

Example 3.1.5. Let G be a group acts on X; a subset A ⊂ X is called G-commensurated

or G-almost invariant if g · A∆A is a finite subset of X for all g ∈ G. The family of

all G-commensurated subsets of X is denoted by CommG(X). CommG(X) is a sub-Boolean

algebra of P(X) (7).

Example 3.1.6. Let G be a group acts on X; define a relation ∼ on CommG(X) by: for all

A,B ∈ CommG(X), A ∼ B if and only if A∆B is finite. Then:

(a) The relation ∼ is an equivalence relation on CommG(X).

(b) The family of all equivalence classes CommG(X)⧸∼ := {[A] : A ∈ CommG(X)} of

CommG(X) is a Boolean algebra with operations:

• [A] + [B] := [A ∪B];

• [A] · [B] := [A ∩B];

• ¬[A] := [X \ A].

The fact that the binary relations + and · being connected by the absorption law gives

us the following properties.
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Proposition 3.1.7. Let (B,+, ·,¬) be a Boolean algebra, the following are satisfied:

(a) · is idempotent, that is x2 := x · x = x, for all x ∈ B.

(b) + is idempotent, that is 2x := x+ x = x for all x ∈ B.

(c) 1 · x = x, for all x ∈ B.

(d) 1 + x = 1, for all x ∈ B.

(e) 0 + x = x, for all x ∈ B.

(f) 0 · x = 0, for all x ∈ B.

Proof. (a) Let y ∈ B, then x = x+ (x · y) and therefore x2 = x · (x+ (x · y)) = x.

(b) By part a) we have 2x = x2 + x2 = x · (x+ x) = x.

(c) x · 1 = x · (x+ (¬x)) = x.

(d) 1 + x = (x+ (−x)) + x = 2x+ (¬x) = x+ (¬x) = 1.

(e) 0 + x = x+ 0 = x+ (x · (¬x)) = x.

(f) 0 · x = x · 0 = x · (x · (¬x)) = x2 · (¬x) = x · (¬x) = 0.

Proposition 3.1.8. Let (B,+, ·,¬) be a Boolean algebra and x, y ∈ B. Then:

(a) If x · y = 0 and x+ y = 1, then y = ¬x.

(b) ¬(¬x) = x.

(c) ¬1 = 0 and ¬0 = 1.

Proof. Notice that part (b) and (c) follow from (a). Let x, y ∈ B, such that x · y = 0 and

x+y = 1. On one hand, one has ¬x = ¬x·1 = ¬x·(x+y) = (¬x)·x+(¬x)·y = 0+(¬x)·y =

¬x · y. On the other hand, ¬x = ¬x+ 0 = (¬x · y) + (x · y) = (¬x+ x) · y = 1 · y = y.

Proposition 3.1.9. Let (B,+, ·,¬) be a Boolean algebra, and define a relation ⩽ on B by:

x ⩽ y if and only if x+y = y for all x, y ∈ B. Then the relation ⩽ is a partial order relation

on B.

Proof. • Reflexivity: for all x ∈ B, x+ x = x2 + x2 = x · (x+ x) = x and hence x ⩽ x.

• Antisymmetry: for all x, y ∈ B, if x ⩽ y and y ⩽ x then x + y = y and x + y = x; thus,

x = y.

• Transitivity: for all x, y, z ∈ B, if x ⩽ y and y ⩽ z, then x + y = y and y + z = z. Thus,

x+ z = x+ (y + z) = (x+ y) + z = y + z = z which implies that x ⩽ z.
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Proposition 3.1.10. Let (B,+, ·,¬) be a Boolean algebra and x, y, x′, y′ ∈ B. Then:

(a) 0 ⩽ x ⩽ 1.

(b) x · y ⩽ x ⩽ x+ y and x · y ⩽ y ⩽ x+ y.

(c) If x ⩽ y and x′ ⩽ y′, then x · x′ ⩽ y · y′.

(d) If x ⩽ y and x′ ⩽ y′, then x+ x′ ⩽ y + y′.

(e) sup{x, y} = x+ y.

(f) inf{x, y} = x · y.

Proof. (a) Let x ∈ B, since x+ 0 = x and x+ 1 = 1, so 0 ⩽ x ⩽ 1.

(b) Let x, y ∈ B, since x+(x ·y) = x and x+(x+y) = 2x+y = x+y, hence x ·y ⩽ x ⩽ x+y.

Similarly, x · y ⩽ y ⩽ x+ y.

(c) Let x, y, x′, y′ ∈ B and assume that x ⩽ y and x′ ⩽ y′. Now, y · y′ ⩽ x · x′ + y · y′ ⩽

x · x′ + x · y′ + y · x′ + y · y′ = x · (x′ + y′) + y · (x′ + y′) = (x+ y) · (x′ + y′) = y · y′ and hence

x · x′ + y · y′ = y · y′ as desired.

(d) Let x, y, x′, y′ ∈ B and assume that x ⩽ y and x′ ⩽ y′, then (x + x′) + (y + y′) =

(x+ y) + (x′ + y′) = y + y′.

(e) Let x, y, z ∈ B such that x ⩽ z and y ⩽ z; then by part (b), x+ y ⩽ 2z = z.

(f) Let x, y, z ∈ B such that z ⩽ x and z ⩽ y; then by part (c), z = z2 ⩽ x · y.

3.1.10 tells us that every Boolean algebra is a distributive lattice.

Definition 3.1.11. Let (B,+, ·,¬) and (B′,+′, ·′,¬′) be Boolean algebras. A map

φ : B → B′ is called a homomorphism if for all x, y ∈ B:

• φ(x+ y) = φ(x) +′ φ(y),

• φ(x · y) = φ(x) ·′ φ(y),

• φ(0B) = 0B′ and φ(1B) = 1B′ .

Notice that for x ∈ B, since 0B′ = φ(0B) = φ(x ·(¬x)) = φ(x) ·′φ(¬x) and 1B′ = φ(1B) =

φ(x+ (¬x)) = φ(x) +′ φ(¬x), hence by 3.1.8, φ(¬x) = ¬′φ(x).

Example 3.1.12. The field Z2 is a Boolean algebra where the complement ¬ of its elements

is given by: ¬0 := 1 and ¬1 := 0. Moreover, Z2 is unique up to isomorphism; that is,
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any Boolean algebra with cardinality 2 is isomorphic to Z2. Z2 is called the two-element

Boolean algebra.

Now we associate a Boolean algebra to any given topological space with the property

that any continuous map between two topological spaces induces a homomorphism between

their associated Boolean algebras; and if the two topological spaces are homeomorphic, their

associated Boolean algebras are isomorphic.

Proposition 3.1.13. Let X be a topological space. Then:

(a) If f : X → Y is a continuous map between topological spaces, it induces a homomorphism

f̃ : Clop(Y ) → Clop(X).

(b) If f : X → Y is a homeomorphism between topological spaces, it induces an isomorphism

f̃ : Clop(Y ) → Clop(X).

Proof. (a) Let f : X → Y be a continuous map between topological spaces, and define

f̃ : Clop(Y ) → Clop(X) by f̃(U) = f−1(U) for all U ∈ Clop(Y ). Clearly, the map f̃ :

Clop(Y ) → Clop(X) is a homomorphism.

(b) Let g : Y → X be a continuous map such that g ◦ f = idX and f ◦ g = idY . By

part (b), g̃ : Clop(X) → Clop(Y ) is a homomorphism. Moreover, f̃ ◦ g̃ = idClop(X) and

g̃ ◦ f̃ = idClop(Y ).

The clopen Boolean algebra associated with a topological space X is the two-elements

Boolean algebra if and only if X is connected. The more components X has, the more

interesting the Boolean algebra Clop(X) is. Hausdorff compact spaces that are totally

disconnected are of a particular interests as every Boolean algebra is the clopen Boolean

algebra associated with a such topological space.

3.2 Stone’s space of a Boolean algebra

In this section, out of a given Boolean algebraB, we construct a compact Hausdorff totally

disconnected topological space called the Stone’s space associated with the Boolean algebra

B such that every homomorphism between two Boolean algebras induces a continuous map
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between their associated Stone’s spaces. One way to construct a such space is by taking

the set of all ultrafilters of B as the underlying set of the Stone’s space associated with a

Boolean algebra B. We first give a characterization of a totally disconnected space X, when

X is locally compact.

3.3 Characterization of locally compact totally disconnected

spaces

Definition 3.3.1. Let X a Hausdorff topological space:

• X is called totally disconnected if the connected components of X are exactly the

singletons. Obviously, every discrete topological space is totally disconnected; however, the

converse does not hold. Q as a subspace of R serves as an example of a totally disconnected

space that is not discrete.

• X is called a Stone’s space if it is compact and totally disconnected.

• X is called zero-dimensional if X admits a basis consists of clopen subsets.

Definition 3.3.2. Let X be a non-empty set and A ⊂ P(X). A is said to satisfy the finite

intersection property if the intersection of any finitely many elements of A is non-empty. It

is well-known that a topological space is compact if and only if
⋂
A∈A

A ̸= ∅ for every family

of closed subsets A that satisfies the finite intersection property.

Proposition 3.3.3. Let X be a topological space. If X is zero-dimensional then it is totally

disconnected.

Proof. Let A ⊂ X and x, y ∈ A be distinct elements. Since X is a T1 space, we can find a

clopen subset U containing x but not y. Let V := X \ U , then U and V are disjoint open

subsets containing x and y, respectively, and X = U ∪ V .

When X is locally compact, the concept of being totally disconnected coincide with the

concept of being zero-dimensional.
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Lemma 3.3.4. Let X be a Hausdorff compact space. For x ∈ X, let Cx be the component

of X containing x, and Ax be the family of all clopen subsets of X containing x. Then,

Cx =
⋂

A∈Ax

A.

Proof. Notice that every component of X that intersects a clopen subset of X is contained

in that clopen subset, so Cx ⊂
⋂

A∈Ax

A. To prove that
⋂

A∈Ax

A ⊂ Cx, it suffices to show that⋂
A∈Ax

A is connected. Put Ox :=
⋂

A∈Ax

A and assume that U1 and U2 are disjoint closed subsets

of Ox such that Ox = U1 ∪ U2. We aim to show that either U1 = ∅ or U2 = ∅. Since X is

normal, there exist disjoint open subsets V1 and V2 of X such that U1 ⊂ V1 and U2 ⊂ V2.

Put V := V1 ∪ V2; we claim that there exist finitely many elements A1, . . . , An ∈ Ax such

that
n⋂
i=1

Ai ⊂ V . Seeking contradiction, assume that the intersection of any finitely many

elements of Ax non-trivially intersects the closed subset X \ V . The family Ax ∪ {X \ V }

consists of closed subsets of the compact space X and it satisfies the Finite Intersection

Property, and hence Ox ∩ (X \ V ) ̸= ∅ which contradicts the fact that Ox ⊂ V . Let,

A1, . . . , An ∈ Ax such that
n⋂
i=1

Ai ⊂ V = V1 ∪ V2. Without loss of generality, assume

that x ∈ V1, and notice that A := V1 ∩
n⋂
i=1

Ai is an open subset of X. Furthermore, as

Ac = (
n⋂
i=1

Ai)
c ∪ (V c

1 ∩ V2) = (
n⋂
i=1

Ai)
c ∪ V2 is open, A = V1 ∩

n⋂
i=1

Ai is a clopen subset of X

containing x, and hence A ∈ Ax. This shows that Ox ⊂ A ⊂ V1 which implies that V2 = ∅

and, a fortiori, U2 = ∅. Thus, Ox is connected as desired.

Proposition 3.3.5. Let X be a compact totally disconnected space. Then X is zero-

dimensional.

Proof. Let Cx and Ax be as in 3.3.4. Notice that Cx =
⋂

A∈Ax

A = {x}. Let U be an open

neighborhood of x ∈ X. We can find finitely many elements A1, . . . , An ∈ Ax such that
n⋂
i=1

Ai ⊂ U . Since
n⋂
i=1

Ai is a clopen subset containing x, X admits a basis consists of clopen

subsets.

Theorem 3.3.6. Let X be a Hausdorff locally compact space. X is totally disconnected if and

only if X is zero-dimensional.

Proof. Assume that X is totally disconnected. For x ∈ X, let U be an open neighborhood

of x ∈ X. Since X is a Hausdorff locally compact space, we can find a relatively compact
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open neighborhood V of x such that V ⊂ cl(V ) ⊂ U . Now, cl(V ) itself is compact totally

disconnected as a subspace of X, and by 3.3.5, cl(V ) is zero-dimensional. Let A be a clopen

subset of cl(V ) containing x, then as A ⊂ V , A is clopen subset of X containing x and

contained in U . Hence, X is zero-dimensional. The other direction follows from 3.3.3.

Corollary 3.3.7. Let X be a Hausdorff compact space. X is a Stone’s space if and only if X

is zero-dimensional.

Proof. Apply 3.3.6.

One way to construct a totally disconnected space Y from a given topological space X

is to contract each component of X to a singleton.

Lemma 3.3.8. If q : X → Y is a quotient map with the property that the fiber of each y ∈ Y

is contained in some component of X. Then:

(a) q−1(D) is connected for all D component of Y .

(b) q : X → Y maps each component of X to a component of Y .

Proof. (a) Seeking contradiction, assume q−1(D) = U ∪ V where U and V are non-empty

disjoint open subsets of q−1(D), then q(U) and q(V ) are non-empty disjoint subsets of D

with D = q(U) ∪ q(V ). We claim that q(U) and q(V ) are open subsets of D. To this end,

notice that if x ∈ q−1(q(U)), then q(x) = q(a) for some a ∈ U . But, q(x) = q(a) = y ∈ D

(since q is onto) and hence a, x ∈ q−1(y) ⊂ U as U is clopen subset of q−1(D) and q−1(y) is

contained in a connected subset. Thus, U = q−1(q(U)) and similarly V = q−1(q(V )). Since

q−1(D) is a closed subset, q : q−1(D) → q(q−1(D)) = D is a quotient map which implies that

q(U) and q(V ) are open, a contradiction.

(b) Assume that C is a component of X, then q(C) is contained in a component D of Y .

Now, q(C) ⊂ D and thus C ⊂ q−1(q(C)) ⊂ q−1(D). By part (a), C = q−1(D) and hence

q(C) = D.

Proposition 3.3.9. Let X be a Hausdorff space. Define a relation ∼ on X by x ∼ y if and

only if x and y are in the same component of X. The relation ∼ on X is an equivalence

relation and the quotient space X/∼ is totally disconnected.
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Proof. Clearly the relation ∼ on X is an equivalence relation on X. For all x ∈ X, let

[x] := {y ∈ X : x ∼ y} be the equivalence class of x and consider the quotient map

q : X → X/∼ that maps each x to its equivalence class [x]. Notice that the fiber of each [x]

is contained in some component of X. Let D be a component of X/∼ and let [x], [y] ∈ D.

By above lemma, q−1(D) is connected and x, y ∈ q−1(D), and thus [x] = [y]. This proves

that D = [x] is a singleton and hence X/∼ is totally disconnected.

3.4 Stone’s space of a Boolean algebra as the family of its

ultrafilters

Now we construct the Stone’s space that is associated with a Boolean algebra using its

ultrafilters as the building blocks.

Definition 3.4.1. Let (B,+, ·,¬) be a Boolean algebra, and F be a nonempty subset of B;

F is called a filter of B if:

• For all x, y ∈ F , x · y ∈ F .

• For all x ∈ F and y ∈ B, if x ⩽ y, then y ∈ F .

• F is called a proper filter if it is a filter contained properly in B. Clearly, a filter F is

proper if and only if 0 /∈ F .

Definition 3.4.2. Let (B,+, ·,¬) be a Boolean algebra, and A ⊂ B, A is said to satisfy the

finite product property if for any finitely many elements x1, . . . , xn ∈ A, then x1 · . . . ·xn ̸= 0.

In the Boolean algebra (P(X),∪,∩,¬), a subset of P(X) satisfies the finite product

property if and only if it satisfies the finite intersection property. Furthermore, F ∈ P(X) is

a filter of the Boolean algebra P(X) if and only if it is a filter in the usual sense.

It can be evidently seen that every subset of a proper filter must satisfy the finite product

property. Moreover, every subset of of a Boolean algebra that satisfies the finite product

property is contained in a proper filter.

Proposition 3.4.3. Let (B,+, ·,¬) be a Boolean algebra and A be a nonempty subset of B that

satisfies the finite product property. Then, A is contained in a proper filter FA. Furthermore,

if F is a filter containing A, then FA ⊂ F .
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Proof. Set FA := {x ∈ B : x1 · . . . · xn ⩽ x for some n ∈ N and x1, . . . , xn ∈ A}. Then:

• FA ̸= ∅ as 1 ∈ FA.

• If x, y ∈ FA, then there exist n,m ∈ N and x1, . . . , xn, y1, . . . , yn ∈ A such that x1·. . .·xn ⩽ x

and y1 · . . . · ym ⩽ y. By 3.1.10, x1 · . . . · xn · y1 · . . . · ym ⩽ x · y and hence x · y ∈ FA.

• By the definition of FA, if x ∈ FA and y ∈ B such that x ⩽ y, then y ∈ FA.

Finally, it is clear that if FA is contained in every filter containing A.

Definition 3.4.4. Let (B,+, ·,¬) be a Boolean algebra and A be a nonempty subset of B

that satisfies the finite product property. The proper filter FA is called the filter generated

by A. When A = {x} is a singleton, Fx is called the principal filter generated by {x}.

Definition 3.4.5. Let (B,+, ·,¬) be a Boolean algebra, and F be a proper filter of B;

• F is called a prime filter if for all x, y ∈ B with x+ y ∈ F , then either x ∈ F or y ∈ F .

• F is called a maximal filter if it is maximal with respect to the inclusion.

• F is called an ultrafilter if for all x ∈ B, either x ∈ F or ¬x ∈ F and not both.

• The family of all ultrafilters of B is denoted by U(B).

Lemma 3.4.6. Let (B,+, ·,¬) be a Boolean algebra, and F ′ be a proper filter of B. For every

x ∈ B \ F , there exists a maximal filter M of B containing F ′ such that x /∈M .

Proof. The family F := {F ⊂ B : F is a proper filter containing F ′ and x /∈ F } is partially

ordered by the inclusion. Let C ⊂ F be a chain; then E =
⋃
F∈C

F is an upper bound of C in

F . By Zorn’s Lemma, F contains a maximal element M .

Lemma 3.4.7. Let (B,+, ·,¬) be a Boolean algebra, and F be a proper filter of B. F is an

ultrafilter if and only if it is a prime filter.

Proof. Assume that F is an ultrafilter of B. Let x, y ∈ B\F . Since F is an ultrafilter, one has

¬x,¬y ∈ F . Seeking contradiction, assume that x+y ∈ F , then (¬x) · (x+y) = (¬x) ·y ∈ F

and hence ((¬x) · y) · (¬y) = 0 ∈ F , a contradiction.

Conversely, If F is prime and x ∈ B \ F ; then as x + (¬x) = 1 ∈ F , ¬x must be in F

and hence F is an ultrafilter.

Lemma 3.4.8. Let (B,+, ·,¬) be a Boolean algebra, and F be a proper filter of B; F is an

ultrafilter if and only if it is a maximal filter.
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Proof. Assume that F is an ultrafilter of B. Seeking contradiction, assume that F is not a

maximal filter. Let M be a maximal filter containing F and let x ∈ M \ F . Since F is an

ultrafilter, ¬x ∈ F ⊂M . Thus, x,¬x ∈M and in particular x·¬x = 0 ∈M , a contradiction.

Conversely, let F be maximal and x ∈ B \ F ; notice that if a · x ̸= 0 for all a ∈ F , then

A := F ∪{x} satisfies the finite product property. By 3.4.3, F is contained in a proper filter

FA. Since F is maximal, F = FA which contradicts that fact that x ∈ B \ F . Therefore,

there exists a ∈ F such that a · x = 0. Now, a = a · 1 = a · (x + (¬x)) = a · (¬x) ∈ F , and

since a · (¬x) ⩽ ¬x, ¬x must be in F and hence F is an ultrafilter.

Corollary 3.4.9. Let (B,+, ·,¬) be a Boolean algebra, and F be an ultrafilter of B; if x ∈ B

such that x · a ̸= 0 for all a ∈ F , then x ∈ F .

Proof. Notice that A := F ∪ {x} satisfies the finite product property. Hence FA is a proper

filter containing F . By the maximality of F , one has F = FA as wanted.

Example 3.4.10. Consider the power set Boolean algebra (P(X),∪,∩,¬) and x ∈ X; the

principal filter Fx generated by x is an ultrafilter. Moreover, as ultrafilters are maximal, if

F is an ultrafilter containing {x}, then Fx = F .

Lemma 3.4.11. Let (B,+, ·,¬) be a Boolean algebra, and F be a proper filter of B; F is an

ultrafilter if and only if F = φ−1

F
{1} for some homomorphism φ

F
: B → Z2.

Proof. Assume that F is an ultrafilter, and define φ
F
: B → Z2 by:

φ
F
(x) =

0 ifx /∈ F

1 ifx ∈ F

We claim that φ
F
: B → Z2 is a homomorphism.

• Clearly, φ
F
(0B) = 0 and φ

F
(1B) = 1 as 1B ∈ F and 0B /∈ F .

• Let x, y ∈ B; on one hand, if x + y ∈ F then either x ∈ F or y ∈ F . Without loss of

generality assume that x ∈ F , then φ
F
(x) = 1 and φ

F
(x) + φ

F
(y) = 1 + φ

F
(y) = 1. Hence,

1 = φ
F
(x + y) = φ

F
(x) + φ

F
(y). On the other hand, if x + y /∈ F then x /∈ F and y /∈ F .

Hence, 0 = φ
F
(x+ y) = φ

F
(x) + φ

F
(y).

• Let x, y ∈ B; on one hand, if x · y ∈ F , then x ∈ F and y ∈ F . Hence, 1 = φ
F
(x · y) =
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φ
F
(x) · φ

F
(y). On the other hand, if x · y /∈ F , then either x /∈ F or y /∈ F . Without loss of

generality assume that x /∈ F , then 0 = φ
F
(x · y) = 0 · φ

F
(y) = φ

F
(x) · φ

F
(y). Therefore,

φ
F
: B → Z2 is a homomorphism and F = φ−1

F
{1}.

Conversely, let φ
F
: B → Z2 is a homomorphism, and let F := φ−1

F
{1}. Clearly, F is a

proper filter. If x ∈ B \ F , then φ
F
(¬x) = ¬φ

F
(x) = ¬0 = 1 and hence ¬x ∈ F .

Definition 3.4.12. Let (B,+, ·,¬) be a Boolean algebra; and I ⊂ B:

• I is called an ideal if for all a, b ∈ I and x ∈ R, then x · a, a+ b ∈ I.

• A proper ideal I is called a prime ideal if for all x, y ∈ B with x · y ∈ I, then either x ∈ I

or x ∈ I.

• A proper ideal I is called a maximal ideal if it is maximal with respect the inclusion.

Lemma 3.4.13. Let (B,+, ·,¬) be a Boolean algebra, and I be a proper ideal of B; I is a

prime ideal if and only if I = φ−1

I
{0} for some homomorphism φ

I
: B → Z2.

Proof. Assume that I is a prime ideal, and define φ
I
: B → Z2 by:

φ
I
(x) =

0 ifx ∈ I

1 ifx /∈ I

We claim that φ
I
: B → Z2 is a homomorphism.

• Clearly, φ
I
(0B) = 0 and φ

I
(1B) = 1 as 1B /∈ I and 0B ∈ I.

• Let x, y ∈ B; notice that x+ y ∈ I if and only if x, y ∈ I. Indeed, if x /∈ I and x+ y ∈ I,

then by the absorption law one has x · (x+ y) = x+ x · y = x ∈ I, a contradiction. Now, if

x+ y ∈ I then x, y ∈ I and hence 0 = φ
I
(x+ y) = φ

I
(x) + φ

I
(y). If x+ y /∈ I then x, y /∈ I

and hence 1 = φ
I
(x+ y) = φ

I
(x) + φ

I
(y) as 1 + 1 = 1.

• Let x, y ∈ B; if either x ∈ I or y ∈ I, then x ·y ∈ I and hence 0 = φ
I
(x ·y) = φ

I
(x) ·φ

I
(y).

If x, y /∈ I, then as I is prime x · y /∈ I and hence 1 = φ
I
(x · y) = φ

I
(x) · φ

I
(y).

Conversely, let φ
I
: B → Z2 is a homomorphism such that I := φ−1

I
{0}. Clearly, I is

a proper ideal. Seeking contradiction, assume that x, y ∈ B \ I such that x · y ∈ I, then

0 = φ
I
(x · y) = φ

I
(x) · φ

I
(y) = 1, a contradiction.
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Corollary 3.4.14. Let (B,+, ·,¬) be a Boolean algebra, and F ⊂ B. F is an ultrafilter of B

if and only if B \ F is a prime ideal.

Proof. Apply 3.4.11 and 3.4.13.

From 3.4.7, 3.4.8, 3.4.11 and 3.4.13, we have:

Corollary 3.4.15. Let (B,+, ·,¬) be a Boolean algebra, and F ⊂ B be a proper filter. The

following are equivalent:

(a) F is an ultrafilter.

(b) F is a prime filter.

(c) F is a maximal filter.

(d) B \ F is a prime ideal.

Notation 3.4.16. Let B be a Boolean algebra and x ∈ B, we put:

Ux = {F ∈ U(B) : x ∈ F}.

Lemma 3.4.17. Let (B,+, ·,¬) be a Boolean algebra. Then:

(a) For all x, y ∈ B, Ux ∩ Uy = Ux·y.

(b) If x1, . . . , xn ∈ B, then
n⋂
i=1

Uxi = ∅ if and only if x1 · . . . · xn = 0.

(c) For all x, y ∈ B, Ux ∪ Uy = Ux+y.

(d) For all x ∈ B, U(B) \ Ux = U¬x.

(e) The family {Ux : x ∈ B} is a basis for a topology TU(B) on U(B) in which Ux is a clopen

subset for all x ∈ B.

Proof. (a) Let x, y ∈ B, then F ∈ Ux ∩ Uy if and only if x · y ∈ F .

(b) By 3.4.3, 3.4.6 and 3.4.8, Ux = ∅ if and only if x = 0. Applying part (a),
n⋂
i=1

Uxi = ∅ if

and only if x1 · . . . · xn = 0.

(c) Let x, y ∈ B. If F ∈ Ux∪Uy, then either x ∈ F or y ∈ F ; in either case, x+ y must be in

F . Conversely, if F ∈ Ux+y, then x+ y ∈ F and hence either x ∈ F or y ∈ F as F is prime.

(d) Let x ∈ B, as F is an ultrafilter then x /∈ F if and only if ¬x ∈ F .

(e) The family {Ux : x ∈ B} being basis follows from part (a) and the fact that U1 = U(B).

Part (c) shows that Ux is a clopen subset for all x ∈ B.
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Theorem 3.4.18. Let B be a Boolean algebra, the topological space (U(B), TU(B)) is a Stone’s

space.

Proof. • U(B) is Hausdorff. Indeed, let F1, F2 ∈ U(B) be distinct ultrafilters and let x ∈

F1 \ F2, then ¬x ∈ F2 and hence F1 and F2 are contained in the disjoint open sets Ux and

U¬x, respectively.

• U(B) is compact. To this end, it suffices to show that for arbitrary collection C of closed

sets of U(B) that satisfies the finite intersection property, then
⋂
C∈C

C ̸= ∅. Notice that for

every C ∈ C, there exists AC ⊂ B such that C =
⋂

x∈AC

Ux. Put A :=
⋃
C∈C

AC , and notice

that as C satisfies the finite intersection property, the family {Ux : x ∈ A} satisfies the finite

intersection property and hence, by 3.4.17 part (b), A satisfies the finite product property.

Let FA be an ultrafilter of B containing A. Therefore, FA ∈
⋂
x∈A

Ux =
⋂
C∈C

C.

• Since (U(B), TU(B)) is locally compact and it admits a basis consists of clopen subsets, by

3.3.6 it is totally disconnected.

It is worth mentioning that if G is a group that acts on X; the Stone’s space of the

Boolean algebra CommG(X)⧸∼, given in 3.1.6, is called the space of ends of X (see (7)).

Notation 3.4.19. For A ⊂ X, the family of all principal filters Fa such that a ∈ A is denoted

by Pr(A); that is Pr(A) := {Fa ∈ U(P(X)) : a ∈ A}.

Proposition 3.4.20. Let F ∈ U(P(X)) and A ∈ P(X). A ∈ F if and only F ∈ cl(Pr(A))

where the closure is taking in the topological space U(P(X)).

Proof. Assume that A ∈ F , and let UB be a neighborhood of F . Since A,B ∈ F , A∩B ̸= ∅.

Pick a ∈ A ∩B, then Fa ∈ UB ∩ Pr(A).

Conversely, assume that F ∈ cl(Pr(A)). By 3.4.9, to show that A ∈ F , it suffices to show

that for every B ∈ F , A∩B ̸= ∅. Indeed, if B ∈ F , then F ∈ UB and hence UB∩Pr(A) ̸= ∅.

Therefore, there exists a ∈ A such that Fa ∈ UB, and hence a ∈ A ∩B as desired.

Corollary 3.4.21. Let B be a Boolean algebra and C be a clopen subset of U(B). There exists

x ∈ B such that C = Ux, where Ux = {F ∈ U(B) : x ∈ F}.

Proof. On one hand, C is an open subset of U(B), so C there exists a subset A ⊂ B such that

C =
⋃
x∈A

Ux. On the other hand, C is a closed subset of the Hausdorff compact space U(B)
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and hence it is compact. In particular, there exist x1, . . . , xn ∈ A such that C =
n⋃
i=1

Uxi . Put

x = x1 + . . .+ xn, then C = Ux as desired.

Theorem 3.4.22. Every homomorphism φ : B1 → B2 between Boolean algebras induces a

continuous map φ̃ : U(B2) → U(B1) between their associated Stone’s spaces. If, moreover, φ :

B1 → B2 is an isomorphism, then its induced map φ̃ : U(B2) → U(B1) is a homeomorphism.

Proof. First notice that if F is an ultrafilter of B2, then φ−1(F ) is an ultrafilter of B1.

Consider the map φ̃ : U(B2) → U(B1) that sends F ∈ U(B2) to φ−1(F ). Now, if Ux is a

clopen subset of U(B1), then φ̃−1(Ux) = Uφ(x) as F ∈ φ̃−1(Ux) if and only if φ̃(F ) ∈ (Ux)

if and only if φ−1(F ) ∈ (Ux) if and only if φ(x) ∈ F , an hence φ̃ : U(B2) → U(B1) is

continuous. It is straightforward to see that φ̃ : U(B2) → U(B2) is a homeomorphism when

φ : B1 → B2 is an isomorphism.

3.4.1 The Stone’s representation theorems

Every Boolean algebra (up to isomorphism) is the clopen Boolean algebra associated

with some Stone’s space; and conversely, every Stone’s space (up to homeomorphism) is the

space of all ultrafilters of some Boolean algebra. These tow facts are the core of the Stone’s

representation theorems.

Theorem 3.4.23. (Stone’s representation theorem for Boolean algebras) Up to

isomorphism, every Boolean algebra is the clopen Boolean algebra for some Stone’s space.

More specifically, if B is a Boolean algebra, then it is isomorphic to the Boolean algebra

Clop(U(B)).

Proof. Let (B,+, ·,¬) be a Boolean algebra; consider the map φ : B → Clop(U(B)) that

sends each x ∈ B to Ux ∈ Clop(U(B)). It is straightforward to see that φ : B → Clop(U(B))

is a homomorphism. It is, moreover, surjective by 3.4.21. Now, let x, y ∈ B be distinct

elements, then either x ⩽̸ y or y ⩽̸ x. Without loss of generality, assume that x ⩽̸ y, then

y /∈ Fx, where Fx is the principal filter generated by x. LetMx be a maximal filter containing

Fx such that y /∈ Mx. Notice that Mx ∈ Ux and Mx /∈ Uy; hence Ux ̸= Uy. Consequently,

φ : B → Clop(U(B)) is an isomorphism as desired.
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Lemma 3.4.24. Let X be a Stone’s space. Then:

(a) For every x ∈ X, the family F x := {U ∈ Clop(X) : x ∈ U} is an ultrafilter of the clopen

Boolean algebra Clop(X).

(b) If F is an ultrafilter of Clop(X), then
⋂
U∈F

U = {xF} for some xF ∈ X.

Proof. (a) Since X is totally disconnected, Clop(X) is a basis for X. Since X is Hausdorff

F x is a proper subset of Clop(X). Evidently, F x is a filter; and if V ∈ Clop(X) \ F x, then

U := X \ V is a clopen subset containing x and hence it is contained in F x. Thus, F x is an

ultrafilter.

(b) Let F be an ultrafilter of Clop(X). Since F is a family of closed sets of the compact space

X and that it satisfies the finite intersection property; hence
⋂
U∈F

U is non-empty. Seeking

contradiction, let x, y ∈
⋂
U∈F

U be distinct elements. Let Ux be a clopen set containing x

such that y /∈ Ux. Notice that Uy := X \ Ux is a clopen subset containing y. Since F is an

ultrafilter, either Ux ∈ F or Uy ∈ F . Without loss of generality, assume that Ux ∈ F , then

as y /∈ Ux, y /∈
⋂
U∈F

U , a contradiction.

Theorem 3.4.25. (Stone’s representation theorem for Stone’s spaces) Up to

homeomorphism, every Stone’s space is the ultrafilter space of some Boolean algebra. More

specifically, if X is a Stone’s space then it is homeomorphic to U(Clop(X)).

Proof. Let X be a Stone’s space. Exploiting 3.4.24(a), we define the map ψ : X →

U(Clop(X)) that sends each x ∈ X to F x. To show that ψ : X → U(Clop(X)) is

homeomorphism, it suffices to show that it is continuous bijective map as X and U(Clop(X))

are compact Hausdorff spaces.

• ψ is injective. Indeed, let x, y ∈ X be distinct elements. Since X is Hausdorff and

Clop(X) is a basis for X, there exists Ux ∈ Clop(X) containing x such that y /∈ Ux. Hence,

Ux ∈ F x \ F y.

• ψ is surjective. Indeed, let F be an ultrafilter of Clop(X), then
⋂
U∈F

U = {xF}, by 3.4.24(b).

Now, by 3.4.24(a), F xF is an ultrafilter and it is obvious that F ⊂ F xF . Since ultrafilters

are maximal, F = F xF .

• ψ is continuous. To this end, notice that a basis element of U(Clop(X)) is of the
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form UC = {F ∈ U(Clop(X)) : C ∈ F} for some a clopen subset C of X. Now,

ψ−1(UC) = {x ∈ X : F x ∈ UC} = {x ∈ X : C ∈ F x} = C and thus ψ is continuous.

Corollary 3.4.26. (a) Let B1 and B1 be Boolean algebras; then B1 and B1 are isomorphic if

and only if their Stone’s spaces U(B1) and U(B2) are homeomorphic.

(b) Let X and Y be Stone’s spaces; then X and Y are homeomorphic if and only if Clop(X)

and Clop(Y ) are isomorphic.

Proof. (a) Assume that the Stone’s spaces U(B1) and U(B2) are homeomorphic. By 3.1.13,

Clop(U(B1)) and Clop(U(B2)) are isomorphic. By 3.4.23, B1 and B1 are isomorphic. The

other direction follows from 3.4.22.

(b) If X and Y are homeomorphic, then by 3.1.13, Clop(X) and Clop(Y ) are isomorphic.

Conversely, assume that Clop(X) and Clop(Y ) are isomorphic, then by 3.4.22, U(Clop(X))

and U(Clop(Y )) are homeomorphic. Therefore, by 3.4.25, X and Y are homeomorphic.

3.5 Compactifications of a discrete space

In the case of discrete spaces, every compactification of a discrete space X is determined

by a sub-Boolean algebra B ⊂ P(X) that separates points of X; and conversely, every sub-

Boolean algebra B ⊂ P(X) that separates points of X determines a compactification of

X. Every compactification of X is totally disconnected. The domination relation between

any two compactifications of X is determined by the relation between their corresponding

sub-Boolean algebras.

Lemma 3.5.1. Let X be a non-empty set and B ⊂ P(X) be a sub-Boolean algebra. The

family {Fx : x ∈ X}, where Fx := {A ∈ B : x ∈ A}, is a dense discrete subspace of U(B).

Proof. Notice that a basis element of U(B) is of the form UA = {F ∈ U(B) : A ∈ F},

and that for x ∈ X, Fx := {A ∈ B : x ∈ A} is an ultrafilter of B. Now, for any a ∈ A,

Fa ∈ UA ∩ {Fx : x ∈ X} and hence {Fx : x ∈ X} is a dense subset of U(B). Moreover, for

any x ∈ X, the singleton {Fx} is an open set as {Fx} = U{x} is a singleton. Consequently,

{Fx : x ∈ X} is a discrete subspace of U(B).
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Definition 3.5.2. Let X be a non-empty set and B ⊂ P(X) be a subset. B is said to separate

points of X if for all x, y ∈ X such that x ̸= y, there exists A ∈ B such that x ∈ A and

y ∈ X \ A.

Theorem 3.5.3. Let X be a non-empty set and B ⊂ P(X) be a sub-Boolean algebra. If B

separates points of X, then U(B) is a compactification of X.

Proof. Define α : X → U(B) that sends each x ∈ X to Fx ∈ U(B).

• α : X → U(B) is continuous as X is discrete.

• It is injective since B separates points of X. Indeed, if x, y ∈ X are distinct, then there

exists A ∈ B such that x ∈ A and y ∈ X \A. Because A ∈ Fx and X \A ∈ Fy, α(x) ̸= α(y).

• α : X → U(B) is open as for all x ∈ X, α({x}) = {Fx} = U{x} by 3.5.1.

• α(X) = {Fx : x ∈ X} which is a dense subset of U(B). Therefore, U(B) is a

compactification of X.

Example 3.5.4. Let G be a group acts on X; then CommG(X) is a sub-Boolean algebra of

P(X) that separates points of X. The compactification U(CommG(X)) of X is called the

end compactification.

Example 3.5.5. Let X be a non-empty set, the family B0 := {A ∈ P(X) : A is finite or X \A

is finite} is a sub-Boolean algebra of P(X) that separates points of X. We will prove that

the compactification U(B0) is the one-point compactification of X (7).

3.5.1 The one-point compactification of a discrete space

Let Y := X ∪ {∞} be the one-point compactification of the discrete space X. It can be

easily seen that a subset A ⊂ Y is clopen if and only if either A is a finite subset of X or

Y \A is finite. We aim to show that the one-point compactification of X is the Stone’s space

of the Boolean algebra B0 := {A ∈ P(X) : A is finite or X \ A is finite}.

Theorem 3.5.6. Given a non-empty set X, the family B0 := {A ∈ P(X) : A is finite or

X \ A is finite} is a sub-Boolean algebra of P(X) that separates points of X. Moreover, as

a discrete space U(B0) is the one-point compactification of X.
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Proof. The first part is straightforward. Let Y := X∪{∞} be the one-point compactification

ofX. As noticed a subset A ⊂ Y is clopen if and only if either A is a finite subset ofX or Y \A

is finite. In particular, if A ∈ Clop(Y ), then A\{∞} ∈ B0. Define the map φ : Clop(Y ) → B0

that sends A ∈ Clop(Y ) to A\{∞}. It is straightforward to see that φ : Clop(Y ) → B0 is an

isomorphism and Y is a Stone’s space. Hence, by 3.4.26, Y = U(Clop(Y )) is homeomorphic

to the Stone’s space U(B0).

3.5.2 The Stone-C̆ech compactification of a discrete space

The compactification Y is called the Stone-C̆ech compactification if for any compact

Hausdorff space K, every continuous map f : α(X) → K admits a continuous extension

f̃ : Y → K. For the discrete space X, the topological space U(P(X)) is a compactification

of X; we aim to show that U(P(X)) is the Stone-C̆ech compactification of X. We first

give a characterization for the continuity of a map between topological spaces in terms of

convergence of filters.

Definition 3.5.7. Let X be a topological space, and F be a filter of P(X). We say that F

converges to x ∈ X if for every neighborhood U of X, there exists A ∈ F such that A ⊂ U .

Example 3.5.8. Let X be a topological space, and x ∈ X. The family N (x) of all

neighborhoods of x is a filter called the neighborhood filter of x. Clearly, N (x) converges

to x. Moreover, a filter F converges to x if and only if N (x) ⊂ F .

A function f : X → Y between sets maps filters (ultrafilters) of P(X) to filters

(ultrafilters) of P(Y ).

Lemma 3.5.9. Let f : X → Y be a function. Then:

(a) If F is a filter of P(X), then Ff := {f(A) : A ∈ F} is a filter of P(Y ).

(b) If F is an ultrafilter of P(X), then Ff := {f(A) : A ∈ F} is an ultrafilter of P(Y ).

Proof. (a) Let F be a filter of P(X); observe that for any B ∈ P(Y ), f(f−1(B)) = B. Now:

• Let B1, B2 ∈ Ff , then there exist A1, A2 ∈ F such that f(A1) = B1 and f(A2) = B2.

Since A1 ∩ A2 ∈ F and A1 ∩ A2 ⊂ f−1(B1 ∩ B2) and hence f−1(B1 ∩ B2) ∈ F . Therefore,

f(f−1(B1 ∩B2)) = B1 ∩B2 ∈ Ff .
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• B ∈ Ff and C ⊂ Y such that B ⊂ C. Let A ∈ F such that f(A) = B; since A ⊂ f−1(C),

then f−1(C) ∈ F and hence f(f−1(C)) = C ∈ Ff .

(b) Let F be an ultrafilter of P(X), then Ff is a filter of P(Y ). Moreover, if B ⊂ Y , then

either f−1(B) ∈ F orX\f−1(B) = f−1(Y \B) ∈ F and therefore either B = f(f−1(B)) ∈ Ff

or Y \B = f(f−1(Y \B)) ∈ Ff .

Lemma 3.5.10. A map f : X → Y between topological spaces is continuous if and only if for

every x ∈ X and every filter F of P(X) that converges to x, the filter Ff converges to f(x).

Proof. Assume that f : X → Y is continuous, and F is a filter of P(X) that converges to

x. Let V be a neighborhood of f(x), then f−1(V ) is a neighborhood of x and consequently

f−1(V ) ∈ F . Hence, V = f(f−1(V )) ∈ Ff which implies that Ff converges to f(x).

Conversely, assume that for every x ∈ X and every filter F of P(X) that converges to

x, the filter Ff converges to f(x). Since the neighborhood filter F = N (x) of x converges

to x, the filter Ff converges to f(x). Let V ⊂ Y be a neighborhood of f(x), then V ∈ Ff

and therefore there exists U ∈ F such that f(U) = V which proves that f : X → Y is

continuous.

Theorem 3.5.11. Let X be a non-empty set equipped with the discrete topology. The

compactification U(P(X)) of X is the Stone-C̆ech compactification.

Proof. By 3.5.3, U(P(X)) is a compactification of X. Let K be a compact Hausdorff space,

and f : α(X) → K be a continuous map, where α : X → U(P(X)) is the embedding defined

in the proof of 3.5.3.

Claim 1: For every F ∈ U(P(X)),
⋂
A∈F

cl(f(α(A))) is a singleton.

Proof of claim 1: Put g := f ◦ α. Notice that the family F satisfies the finite intersection

property and hence the family {g(A) : A ∈ F} satisfies the finite intersection property.

Therefore, the family of the closed sets {cl(g(A)) : A ∈ F} satisfies the finite intersection

property. Consequently,
⋂
A∈F

cl(g(A)) ̸= ∅, as K is compact. Since F is an ultrafilter, for

every O ⊂ X, either O ∈ F or X \O ∈ F ; in particular, if O1, O2 ⊂ X are disjoint subsets of

X, then there exists A ∈ F such that either A ∩O1 = ∅ and A ∩O2 ̸= ∅ or A ∩O1 ̸= ∅ and

A ∩ O2 = ∅. Seeking contradiction assume that a, b ∈
⋂
A∈F

cl(g(A)) are distinct, and choose
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two disjoint neighborhoods Ua and Ub of a and b, respectively. Since g−1(Ua) and g−1(Ub)

are disjoint, we may choose, without loss of generality, A ∈ F such that A ∩ g−1(Ua) ̸= ∅

and A ∩ g−1(Ub) = ∅. Hence, g(A) ∩ Ua ̸= ∅ and g(A) ∩ Ub = ∅, and thus b /∈ cl(g(A)), a

contradiction. Therefore, there exists aF ∈ K such that
⋂
A∈F

cl(g(A)) = {a
F
}.

Claim 2: Define f̃ : U(P(X)) → K by f̃(F ) = a
F
. Then f̃ is an extension of f .

Proof of claim 2: For x ∈ X, then f̃(Fx) = a
Fx
. On the other hand, Fx ∈ α(A) for all

A ∈ Fx and hence f(Fx) ∈
⋂
A∈F

f(α(A))) ⊂
⋂
A∈F

cl(f(α(A))) = {a
Fx
}.

Claim 3: cl(f̃(UA)) = cl(g(A)) for all A ∈ P(X); where:

UA = {F ∈ U(P(X)) : A ∈ F}.

Proof of claim 3: Let a ∈ f̃(UA), then there exists F ∈ UA such that a = a
F

where

{a
F
} =

⋂
A∈F

cl(g(A)) ⊂ cl(g(A)), and hence cl(f̃(UA)) ⊂ cl(g(A)). On the other hand, since

Fa ∈ UA for all a ∈ A, thus g(a) = f(Fa) = f̃(Fa) ∈ f̃(UA). Therefore, cl(g(A)) ⊂ cl(f̃(UA)).

Claim 4: f̃ : U(P(X)) → K is continuous.

Proof of claim 4: By 3.5.10, it suffices to show that if F is a filter of P(U(P(X))) that

converges to F ∈ U(P(X)), then Ff̃ converges to f̃(F ). Notice that for all A ∈ F , F ∈ UA,

and since F converges to F and UA is a neighborhood of F , UA must be in F . Consequently,

{f̃(UA) : A ∈ F} ⊂ Ff̃ . Since f̃(UA) ⊂ cl(f̃(UA)) = cl(g(A)) and Ff̃ is a filter, so

{cl(g(A)) : A ∈ F} ⊂ Ff̃ . Now, let O be a neighborhood of f̃(F ) = a
F
. Choose a relatively

compact neighborhood V of a
F
∈

⋂
A∈F

cl(g(A)) such that V ⊂ cl(V ) ⊂ O. As V ∩ g(A) ̸= ∅

for all A ∈ F and that Fg is an ultrafilter, hence, by 3.4.9, V ∈ Fg and therefore there

exists B ∈ F such that V = g(B). Thus, cl(V ) ∈ Ff̃ and cl(V ) ⊂ O which implies that Ff̃

converges to f̃(F ). As a result, U(P(X)) is the Stone-C̆ech compactification of X.

Corollary 3.5.12. Let X be a non-empty set equipped with the discrete topology, and Y be a

compactification of X, then Y is totally disconnected.

Proof. Let βX be the Stone-C̆ech compactification of X, then Y is a quotient space of the

totally disconnected space βX, and therefore Y is totally disconnected.
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When X is infinite, its Stone-C̆ech compactification is non-metrizable.

Theorem 3.5.13. Let X be an infinite discrete space. The Stone-C̆ech compactification βX

is non-metrizable.

Proof. Seeking contradiction, assume that βX is metrizable. Choose ω ∈ βX \ X and a

sequence (xn)n∈N of distinct elements of X that converges to ω. Let A := {x2n : n ∈ N},

and χA : X → {0, 1} be the characteristic function of A. Since χA is continuous, it admits

a continuous extension χ̃A : βX → {0, 1}. On one hand, we have χ̃A(clβXA) = {1}, and

hence χ̃A(ω) = 1. On the other hand, we have χ̃A(x2n−1) = 0 for all n ∈ N and (x2n−1)n∈N

converges to ω, a contradiction.

Now we prove the converse of 3.5.3.

Theorem 3.5.14. Let Y be a compactification of the discrete space X; there exists a sub-

Boolean algebra B ⊂ P(X) that separates points of X such that Y is homeomorphic to

U(B).

Proof. Without loss of generality we may assume that X ⊂ Y . Put B := {A ∩ X : A ∈

Clop(Y )}. It is straightforward to see that B ⊂ P(X) is a sub-Boolean algebra that separates

points of X. Therefore, U(B) is a compactification of X. Consider the a map φ : Clop(Y ) →

B that sends every A ∈ Clop(Y ) to A ∩ X. It is evident to see that φ : Clop(Y ) → B is

a surjective homomorphism. Furthermore, let A,B ∈ Clop(Y ) be distinct. Without loss of

generality assume that A \ B is non-empty. Since A \ B is an open subset of Y and hence

(A \B)∩X ̸= ∅. Thus, A∩X ̸= B ∩X, which shows that φ : Clop(Y ) → B is injective. By

3.4.26, Y is homeomorphic to U(B).

Corollary 3.5.15. Let X be a non-empty set equipped with the discrete topology. A topological

space Y is a compactification of X if and only if there exists a sub-Boolean algebra B ⊂ P(X)

that separates points of X such that Y is homeomorphic to U(B).

Proof. Apply 3.5.3 and 3.5.14.

Theorem 3.5.16. Let Y := U(BY ) and Z := U(BZ) be compactifications of the discrete space

X, where BY and BZ sub-Boolean algebras of P(X) that separate points of X. Y dominates

Z if and only if BZ is isomorphic to a sub-Boolean algebra of BY .

53



Proof. By 3.1.13, a continuous function f : U(BY ) → U(BZ) induces a homomorphism

f̃ : Clop(U(BZ)) → Clop(U(BY )) given by f̃(A) = f−1(A) for all A ∈ Clop(U(BZ)). It can be

easily seen that if f : U(BY ) → U(BZ) is surjective, then f̃ : Clop(U(BZ)) → Clop(U(BY )) is

injective. On the other hand, we may assume that BZ ⊂ BY . Now the inclusion φ : BZ → BY
is a homomorphism. By 3.4.22, it induces a continuous map φ̃ : U(BY ) → U(BZ) that sends

F ∈ U(BY ) to φ−1(F ) = F ∩ BZ . Notice that every ultrafilter FZ of BZ is contained in an

ultrafilter FY of BY with FZ = FY ∩ BZ which shows that φ̃ : U(BY ) → U(BZ) is surjective.

Moreover, since X is homeomorphic to {F Y
x : x ∈ X} and homeomorphic to {FZ

x : x ∈ X}

where F Y
x = {A ∈ BY : x ∈ A} and FZ

x = {A ∈ BZ : x ∈ A}, so φ̃ : U(BY ) → U(BZ) is a

domination.
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Chapter 4

Freudenthal compactification and ends of

finitely generated groups

This chapter is meant to study the construction of the Freudenthal compactification and

its corona for Freudenthal spaces in general and for finitely generated groups in particular,

and their basic properties that motivate our work. Although, this is an expository chapter, we

observed few things that may consider original. Namely, as an adaptation of the construction

of the explicit metric of the space of ends of a locally finite graph given in (26), we define a

metric on the space of ends of a Freudenthal space that induces its topology, and prove that

if the space of ends is infinite then it is indeed homeomorphic to a Cantor space. Another

observation that does not seem to appear in the literature is that the Freudenthal ends of

a proper geodesic metric space are in one-to-one correspondence with the components of its

Higson corona. Its proof is an adaptation of the fact that the Freudenthal ends are in one-one

correspondence with the components of the Stone C̆ech corona of X given originally in (18).

We conclude by adopting Specker’s approach of defining the space of ends of groups to

define the space of ends of any metric space. In case if the metric space is proper and

geodesic, we prove that the space of ends using the Specker’s approach coincide with its

Freudenthal corona. In the first three sections, we follow (18), whereas (11) and (3) cover

the basic facts of section 4 and section 5 of this chapter.
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4.1 Internal description of the Freudenthal Compactification

Definition 4.1.1. Let X be a Hausdorff topological space:

• X is σ-compact if it is a countable union of compact subsets of X.

• X is locally connected (locally path-connected) if it admits a bases of connected (path-

connected) subsets. Equivalently, every component (path component) of an open subset of

X is itself open.

• X is a Freudenthal space if it is a σ-compact, locally compact, connected and locally

connected space. A proper geodesic metric is an important example of a Freudenthal space.

• X admits an exhaustion by compact sets if there exists a sequence of compact subsets

(Kn)n∈N that covers X such that Kn ⊂ int(Kn+1) for all n ∈ N. The sequence of compact

subsets (Kn)n∈N is called an exhausting sequence.

• A subset Y ⊂ X is called bounded if it is relatively compact. Otherwise, Y is called

unbounded. The collection of all components of Y is denoted by C(Y ). The collection of all

unbounded components of Y is denoted by UC(Y ).

Proposition 4.1.2. If X is a σ-compact and locally compact space; then X admits an

exhaustion by compact sets.

Proof. Let X =
⋃
n∈N

Kn, where each Kn is a compact subset of X. Inductively, we construct

a sequence (Un)n≥0 of open relatively compact subsets such that cl(Un) ⊂ Un+1 for all n ≥ 0.

Put D0 = U0 = ∅ and assume that U1, . . . , Un are open relatively compact subsets such that

cl(Ui) ⊂ Ui+1 for all 1 ≤ i ≤ n− 1. Consider the compact subset K ′
n := cl(Un)∪Kn−1. Since

X is locally compact, K ′
n can be covered by finitely many open relatively compact subsets

V n
n1
, . . . , V n

nm
. Set Un+1 :=

m⋃
i=1

V n
ni
; Un+1 is an open relatively compact subset containing

cl(Un). The sequence (Ln)n∈N, where Ln := cl(Un), is an exhausting sequence.

Lemma 4.1.3. Let C be a connected subset of the topological space X and U be an open subset

of X such that C ∩ U ̸= ∅ and C ∩ U c ̸= ∅; then C ∩ ∂U ̸= ∅.

Proof. Seeking contradiction assume that C ∩ ∂U = ∅ and set V := X \ cl(U). Then,

VC = V ∩C and UC = U ∩C are non-empty, open and disjoint subsets of C that cover C, a

contradiction.
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The following lemma is a key player in the theory of ends. It says that if removing a

bounded subset K of a nice connected topological space X disconnects X \ K, then we

would have at most finitely many unbounded components of X \K, and that the union of

all bounded components of X \K is relatively small, in the sense that it is compact, and a

fortiori, bounded.

Lemma 4.1.4. Let X be connected, locally connected and locally compact. If K ⊂ X is a

compact subset contained in an open subset U ⊂ X. Then:

(a) |{C ∈ C(X \K) : C ⊈ U}| <∞.

(b) |UC(X \K)| <∞. If moreover X is unbounded, then 1 ≤ |UC(X \K)|.

(c) The subset X \ (
⋃

C∈UC(X\K)

C) is compact.

Proof. (a) Let A = {C ∈ C(X \ K) : C ⊈ U}. Choose an open relatively compact

neighborhood V of K such that K ⊂ V ⊂ cl(V ) ⊂ U . Set B = {C ∈ C(X \K) : C ⊈ V }

and notice that |A| ≤ |B|. The desired result can be obtained by showing that B is finite.

To this end, notice that every component C of X \ K is an open subset of X. Moreover,

since X is connected, C cannot be closed subset of X; in particular, if cl(C) ⊂ X \K, then

C = cl(C), a contradiction. Therefore, for all C ∈ C(X \K), cl(C) ∩K ̸= ∅. If C ∩ V = ∅,

then C would be contained in the closed subset X \ V , and hence cl(C) ⊂ X \ V ⊂ X \K,

a contradiction. For arbitrary component C ∈ B, one must have C ∩ V ̸= ∅ and C ∩ V c ̸= ∅

and hence by 4.1.3, C ∩ ∂V ̸= ∅. The subset ∂V ⊂ cl(V ) is a compact subset contained in⋃
C∈B

C, so there exist C1, . . . , Cn ∈ B that cover ∂V which implies that |B| ≤ n.

(b) Without loss of generality, we may assume that U is an open relatively compact

neighborhood of K. Notice that |UC(X \K)| ≤ |UC(X \ U)|. by part (a), |UC(X \ U)| ≤

|{C ∈ C(X \ K) : C ⊈ U}| < ∞. Finally, let C1, . . . , Cn be the all components of X \ K

that are not contained in U , then X \ U ⊂
n⋃
i=1

Ci. In particular, since X \ U is unbounded,

at least one of the components C1, . . . , Cn is unbounded and thus 1 ≤ |UC(X \K)|.

(c) Assume that U is a relatively compact neighborhood of K. By part (a), there are

finitely many bounded components C1, . . . , Cn of X \ K not contained in U . Put L :=

U ∪ (
n⋃
i=1

Ci). Notice that X \ (
⋃

C∈UC(X\K)

C) is a closed subset of cl(L) and hence compact as

wanted.
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Unless otherwise stated, we restrict ourselves to unbounded Freudenthal spaces. Given

a Freudenthal space X, it admits an exhaustion by compact sets (Kn)n∈N. For every n ∈ N,

there exists at least one unbounded component Cn of X \Kn. An end of X is defined to be a

decreasing sequence (Cn)n∈N of unbounded subsets, where each Cn is unbounded component

of X \Kn. The following lemma asserts the existence of ends of X.

Lemma 4.1.5. Let X be an unbounded Freudenthal space and (Kn)n∈N∪{0} be an exhausting

sequence, with K0 = ∅. Every unbounded component Cn of X \Kn contains an unbounded

component Cn+1 of X \Kn+1 and is contained in exactly one unbounded component Cn−1 of

X \Kn−1.

Proof. Let Cn be an unbounded component of X \Kn.

• Notice that Cn ∩X \Kn+1 = Cn \Kn+1 =
⋃
D∈A

C, where A ⊂ C(X \Kn+1). By 4.1.4 (a),

int(Kn+2) contains all but finitely many components of X \Kn+1. In particular, there exist

D1, . . . , Dm ∈ A such that Cn \Kn+1 ⊂ int(Kn+2)∪ (
m⋃
i=1

Di). Since Cn \Kn+1 is unbounded,

at least one of the Di’s, say Cn+1, must be unbounded.

• Cn is an unbounded connected subset of X \ Kn, hence it contained in an unbounded

component Cn−1 of X \Kn−1.

Definition 4.1.6. Let X be an unbounded Freudenthal space and K = (Kn)n∈N be an

exhausting sequence. An end of X is a decreasing sequence (Cn)n∈N such that each Cn

is an unbounded component of X \Kn. Such a sequence exists by 4.1.4 and 4.1.5. The set

of all ends of X is denoted by endsK(X).

We aim to equip the set X ∪ endsK(X) with a Hausdorff topology that extends the

topology on X such that X ∪ endsK(X) as a topological space is a compactification of X.

To this end, we introduce the following notations:

Notation 4.1.7. Given a Freudenthal space (X, T ). If U ∈ T , we define:

• Uend := {(Cn) ∈ endsK(X) : Cn ⊂ U for some n ∈ N},

• Ũend := Uend ∪ U .
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Theorem 4.1.8. Let (X, T ) be a Freudenthal space and K = (Kn)n∈N be an exhausting

sequence. The family B̃end := {Ũend : U ∈ T } is a basis for a Hausdorff topology

Tend on X ∪ endsK(X) that extends T . Moreover, (X, T ) is an open dense subset

(X ∪ endsK(X), Tend).

Proof. • B̃end is a basis for a topology on X ∪ endsK(X) as X̃end = X ∪ endsK(X) and for

all U, V ∈ T , Ũend ∩ Ṽend = ˜(U ∩ V )end. Let Tend be the topology on X ∪ endsK(X) induced

by B̃end. Notice that for any relatively compact subset U ∈ T , then Ũend = U ∈ Tend
and as (X, T ) is locally compact, T ⊂ Tend. Clearly, (X, T ) is an open dense subspace of

(X ∪ endsK(X), Tend).

• (X ∪ endsK(X), Tend) is a Hausdorff space. To this end, we consider two cases:

Case 1: Let (Cn)n∈N, (Dn)n∈N ∈ endsK(X) be distinct ends of X, then there exists n ∈ N

such that Cn∩Dn = ∅. Take the open neighborhoods Ũend and Ṽend of (Cn)n∈N and (Dn)n∈N,

respectively, where U = Cn and V = Dn. Obviously, Ũend ∩ Ṽend = ∅.

Case 2: Let x ∈ X and (Cn)n∈N ∈ endsK(X). Take m ∈ N such that x ∈ Km. Set

U := int(Km+1) and V := Cm+1. The open subsets Ũend and Ṽend are disjoint neighborhoods

of x ∈ X and (Cn)n∈N ∈ endsK(X), respectively.

Corollary 4.1.9. Let (X, T ) be a Freudenthal space and K = (Kn)n∈N be an exhausting

sequence. The subspace endsK(X) of X ∪ endsK(X) is second countable.

Proof. It is obvious that Bend := {Uend : U ∈ T } is a basis for the topology of endsK(X) as

a subspace of X ∪ endsK(X). The family {Uend : U ∈
⋃
n∈N

UC(X \Kn)} is a countable basis

for endsK(X).

So far we have seen that (X, T ) is an open dense subspace of the Hausdorff space (X ∪

endsK(X), Tend). It remains to show that (X ∪ endsK(X), Tend) is compact. Before doing so,

we show first that the subspace endsK(X) is compact.

Theorem 4.1.10. Let (X, T ) be an unbounded Freudenthal space and K = (Kn)n∈N be an

exhausting sequence. The space of ends endsK(X) is compact.

Proof. Notice that for all n ∈ N, the finite set UC(X \ Kn) equipped with the discrete

topology is compact, and hence
∏
n∈N

UC(X \Kn) is compact.
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Claim: The map φ : endsK(X) →
∏
n∈N

UC(X \Kn) defined by:

φ((Cn)n∈N) = (C1, C2, . . .) is an embedding and φ(endsK(X)) ⊂
∏
n∈N

UC(X \Kn) is a closed

subset of the compact space
∏
n∈N

UC(X \Kn).

Proof of the claim: Notice that φ : endsK(X) →
∏
n∈N

UC(X \Kn) is injective and the basis

of each UC(X \Kn) consists of singletons.

• φ : endsK(X) →
∏
n∈N

UC(X \ Kn) is continuous. Indeed, let
∏
n∈N

Vn be a basis element of∏
n∈N

UC(X\Kn). Then, Vn = UC(X\Kn) for all but finitely many natural numbers n1, . . . , nr,

Vni
= {Cni

} where Cni
∈ UC(X \Kni

) for some 1 ≤ i ≤ r. Put Uni := Cni
for all 1 ≤ i ≤ r,

then φ−1(
∏
n∈N

Vn) =
r⋂
i=1

Uni
end.

• φ : endsK(X) →
∏
n∈N

UC(X \Kn) is an open map. To that end, pick a basis element Uend

where U ∈ UC(X \Km) for some m ∈ N. Notice φ(Uend) =
∏
n∈N

Xn where Xn = UC(X \Kn)

for all n ∈ N \ {m} and Xn = U when n = m; and therefore φ(Uend) is open.

• φ(endsK(X)) is a closed subset of
∏
n∈N

UC(X \Kn). Indeed, let (C1, C2, . . .) be an element

of
∏
n∈N

UC(X \ Kn) \ φ(endsK(X)). We can find m ∈ N such that Cm+1 ⊈ Cm. Consider

the open subset U :=
∏
n∈N

Xn ⊂
∏
n∈N

UC(X \ Kn), where Xn = UC(X \ Kn) for all n ∈

N \ {m,m + 1} and Xn = Cn when n ∈ {m,m + 1}. Clearly, (C1, C2, . . .) is an element of

U ⊂ (
∏
n∈N

UC(X\Kn)\φ(endsK(X)) and thus φ(endsK(X)) is closed subset of
∏
n∈N

UC(X\Kn).

This shows that endsK(X) is compact.

The following observation serves two purposes. The first purpose is that it shows that

the space of ends is a Stone’s space. The second purpose is that it motivates us to define

the space of ends in a more general setting (the setting of coarse spaces as we will see later

in Chapter 7).

Observation 4.1.11. Let X be an unbounded Freudenthal space and K = (Kn)n∈N∪{0} be an

exhausting sequence, where K0 := ∅. Consider the family B where A ∈ B if and only A is

a finite union of components Cn1 , . . . , Cnr such that Cni
∈ UC(X \ Kni

) for all 1 ≤ i ≤ r,

or A = ∅. Define the complement ¬A := (
⋃

C∈UC(X\Kni )

C) \ A, where ni := max{n1, . . . , nr}.

Then:

(a) (B,∪,∩,¬) is a Boolean algebra with 1B := X and 0B := ∅.

(b) Every end (Cn)n∈N is contained in an ultrafilter of B and every ultrafilter of B contains
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exactly one end.

(c) The Stone’s space of B is homeomorphic to ends(X).

Proof. (a) It is straightforward to see that (B,∪,∩,¬) is a Boolean algebra.

(b) Let e = (Cn)n∈N be an end, for fixed n ∈ N, Cn is contained in some ultrafilter Fe.

Therefore, Cm ∈ Fe for all 0 ≤ m ≤ n. For N > n, if CN /∈ Fe, then
⋃

C∈UC(X\KN )\{CN}
C ∈ Fe,

but (
⋃

C∈UC(X\KN )\{CN}
C)∩Cn = Cn \CN /∈ Fe, a contradiction. Thus, (Cn)n∈N ⊂ Fe. Clearly,

no ultrafilter contains two distinct ends. Let F be an ultrafilter of B. Inductively, we find

an end contained if F . If n = 0, then C0 = X ∈ F . Assume that Cn ∈ F , for some n ∈ N.

Let UC(X \ Kn+1) = {C1
n+1, . . . , C

s
n+1}; and seeking contradiction assume that Cj

n+1 /∈ F ,

for all 1 ≤ j ≤ s. Put Dj
n+1 = ¬Cj

n+1, then Dj
n+1 ∈ F , for all 1 ≤ j ≤ s, and hence

s⋂
j=1

Dj
n+1 = ∅ ∈ F , a contradiction. Therefore, there is Cn+1 ∈ UC(X \ Kn+1) such that

Cn+1 ∈ F . We must have Cn+1 ⊂ Cn.

(c) By part (b), we can assign for each ultrafilter F ∈ U(B) of B, an end eF . Define

the map φ : U(B) → ends(X) that sends each ultrafilter F to the end eF . Let eF =

(Cn)n∈N and consider a basis element Uend, where U = Cn, for some n ∈ N . Clearly that

φ−1(Uend) = UCn = {F ∈ U(B) : Cn ∈ F} is a basis element of the Stone’s space U(B).

Thus, φ : U(B) → ends(X) is a homeomorphism.

A direct proof to the fact that ends(X) is totally disconnected is given in the following

proposition.

Proposition 4.1.12. Let X be an unbounded Freudenthal space, the subspace ends(X) is

totally disconnected.

Proof. Let K = (Kn)n∈N be an exhausting sequence, and (Cn)n∈N, (Dn)n∈N ∈ ends(X) be two

distinct ends ofX and let n ∈ N such that Cn∩Dn = ∅. Take U := Cn and V = (X\Kn)\Cn.

Since, Cn is a clopen subset of X \Kn, V is an open subset of X. In particular, Uend and

Vend are neighborhoods of (Cn)n∈N and (Dn)n∈N, respectively. Moreover, Uend and Vend are

disjoint and ends(X) = Uend ∪ Vend. Therefore, ends(X) is totally disconnected.

Urysohn’s metrization theorem asserts that the space of ends endsK(X) is metrizable.

We aim to give an explicit metric on endsK(X) that induces its topology. For the ends
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e = (Cn)n∈N, e
′ = (Dn)n∈N ∈ endsK(X), we define:

n(e, e′) =

min{n ∈ N : Cn ∩Dn = ∅} if e ̸= e′

∞ if e = e′

Lemma 4.1.13. Let (X, T ) be an unbounded Freudenthal space and K = (Kn)n∈N be an

exhausting sequence. Let f : N → [0,∞) be the function given by f(n) = exp(n) and define

the function d : endsK(X)× endsK(X) → [0,∞) by:

d(e, e′) := f(−n(e, e′)).

Then (endsK(X), d) is an ultrametric space.

Proof. Clearly the function d : endsK(X) × endsK(X) → [0,∞) is non-negative symmetric

and d(e, e′) = 0 if and only if e = e′. Let e1 = (Cn)n∈N, e2 = (Dn)n∈N, e3 = (En)n∈N ∈

endsK(X). We claim that:

d(e1, e3) ≤ max{d(e1, e2), d(e2, e3)}.

Without loss of generality, assume that e1 ̸= e3, max{d(e1, e2), d(e2, e3)} ≤ d(e1, e3) and

d(e1, e2) < d(e1, e3), and we aim to show that d(e2, e3) = d(e1, e3). To this end, it suffices

to show that d(e1, e3) ≤ d(e2, e3) which is satisfied if and only if n(e2, e3) ≤ n(e1, e3). Since

d(e1, e2) < d(e1, e3), one has n(e1, e3) < n(e1, e2) and hence Cn(e1,e3) = Dn(e1,e3). However,

Cn(e1,e3) ∩ En(e1,e3) = ∅ and therefore Dn(e1,e3) ∩ En(e1,e3) = ∅ which implies that n(e2, e3) ≤

n(e1, e3).

Theorem 4.1.14. Let (X, T ) be an unbounded Freudenthal space and K = (Kn)n∈N be an

exhausting sequence. The ultrametric d : endsK(X)×endsK(X) → [0,∞) given by d(e, e′) :=

f(n(e, e′)) = exp(−n(e, e′)) induces the topology of endsK(X) as a subspace of X∪endsK(X).

Proof. By 4.1.9, the family {Uend : U ∈
⋃
n∈N

UC(X \ Kn)} is a basis for endsK(X). Let

e = (Cn)n∈N ∈ endsK(X), and r > 0. We claim that the open ball Br(e) = {e′ ∈ endsK(X) :

d(e, e′) < r} is open subset of endsK(X) as a subspace of X ∪ endsK(X). Choose n ∈ N
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such that f(n) < r. Notice that Uend, where U = Cn, is an open set containing e and if

e′′ = (Dn)n∈N ∈ Uend, then n(e, e
′′) > n as Cn = Dn; and therefore, d(e, e′′) = f(n(e, e′′)) <

f(n) < r. Thus, e ∈ Uend ⊂ Br(e) as desired.

Conversely, pick a basis element Uend of endsK(X). Then, U = Cn for some Cn ∈

UC(X \Kn)}. Let e = (Cn)n∈N ∈ Uend, and choose m ∈ N such that m > n. Put r := f(m)

and let e′ = (Dn)n∈N ∈ Br(e), then f(n(e, e′)) = d(e, e′) < r = f(m) which implies that

m < n(e, e′). Consequently, Cm = Dm and as n < m, we must have Cn = Dn and hence

Br(e) ⊂ Uend.

The Brouwer’s Theorem says that a second countable totally disconnected compact

Hausdorff space with no isolated points is homeomorphic to the Cantor middle-third set.

Utilizing the Brouwer’s Theorem, we prove that the space of ends ends(X) is homeomorphic

to the Cantor middle-third set.

Corollary 4.1.15. Let X be a Freudenthal space and K = (Kn)n∈N be an exhausting sequence

of X. If |endsK(X)| = ∞, then endsK(X) is homeomorphic to the Cantor middle-third set.

Proof. We aim to show that every e ∈ endsK(X) is an accumulation point. Indeed, let e =

(Cn)n∈N ∈ endsK(X), and for r > 0 choose nr ∈ N such that exp(−nr) < r. Since ends(X)

is infinite, we can find N ∈ N such that nr ≤ N , and an end e′ = (Dn)n∈N ∈ endsK(X)

such that CN ∩ DN = ∅ and CN−1 ∩ DN−1 ̸= ∅. Now, as n(e, e′) = N ≥ nr, one has

d(e, e′) ≤ exp(−nr) < r and therefore e′ ∈ Br(e) ∩ (endsK(X) \ {e}).

Theorem 4.1.16. Let (X, T ) be a Freudenthal space and K = (Kn)n∈N be an exhausting

sequence. The space X ∪ endsK(X) is a compactification of X.

Proof. All we need to prove is that X ∪ endsK(X) is compact. Without loss of generality we

may assume that X is unbounded. Let {Vα : α ∈ I} be an open cover of X∪endsK(X). Since

endsK(X) is a compact subset and that the family {Uend : U ∈
⋃
n∈N

UC(X \Kn)} is a basis

for endsK(X), we can find a finite subset {α1, . . . , αr} ⊂ I such that endsK(X) ⊂
r⋃
i=1

Vαi

where Vαi
= Ũ i

end and U i = Cni
∈ UC(X \ Kni

). In particular, endsK(X) =
r⋃
i=1

U i
end.

Choose N ∈ N large enough such that N ≥ max{n1, . . . , nr} and that all components of
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X \ KN are unbounded. We claim that X \ KN ⊂
r⋃
i=1

U i. Seeking contradiction, assume

that DN ∈ UC(X \KN) such that DN ∩ U i = ∅ for all 1 ≤ i ≤ r. Notice that for all n ∈ N

any unbounded component DN+n of X \KN+n contained in DN then DN+n ∩ U i = ∅ for all

1 ≤ i ≤ r. Inductively, we can construct an end (Dn)n∈N /∈
r⋃
i=1

U i
end, a contradiction. Since

KN is a compact subset of X ∪ endsK(X), the open cover {Vα : α ∈ I} contains a finite

sub-cover for X ∪ endsK(X) as desired.

We are one step further from defining the Freudenthal compactification of a Freudenthal

space. All we need is to show that the topology Tend on X ∪ endsK(X) is independent from

the choice of the exhausting sequence K = (Kn)n∈N.

Theorem 4.1.17. Let (X, T ) be an unbounded Freudenthal space. If K1 and K2 are exhausting

sequence; then X ∪ endsK1(X) is homeomorphic to X ∪ endsK2(X).

Proof. Let Com(X) be the family of all nonempty compact subsets of X and P(X) be the

power set of X. Both P(X) and Com(X) are partially ordered by the inclusion. By 4.1.4

(b), for each K ∈ Com(X), there exists CK ∈ UC(X \K). By the axiom of choice define an

decreasing function f : Com(X) → P(X) mapping each compact subset K to an unbounded

component CK ∈ UC(X \ K). Notice that for all K,L ∈ Com(X) such that K ⊂ L, then

f(L) = CL ⊂ CK = f(K). Let F be the collection of all such decreasing functions that map

each compact subset K ∈ Com(X) to CK ∈ UC(X \K). For U ∈ T define the set:

• UF := {f ∈ F : f(K) ⊂ U for some K ∈ Com(X)} ∪ U .

• The family BF = {UF : U ∈ T } is a basis for a topology TF on X∪F . Indeed, XF = X∪F

and if UF , VF ∈ BF and f ∈ UF ∩ VF , then there exist K,L ∈ Com(X) such that f(K) ⊂ U

and f(L) ⊂ V . Now, K ∪ L ∈ Com(X) and f(K ∪ L) ⊂ U ∩ V leading to the equality

UF ∩ VF = (U ∩ V )F .

Let K = (Kn)n∈N be an arbitrary exhausting sequence; and notice that for all f ∈ F ,

(f(Kn))n∈N ∈ endsK(X). On the other hand, for every e = (Cn)n∈N ∈ endsK(X) we assign

a function fe in F by provoking the axiom of choice as follows:

For each K ∈ Com(X), choose n ∈ N such that K ⊂ Kn, and let CK ∈ UC(X \K) be

the component containing Cn. Define fe : Com(X) → P(X) by fe(K) = CK . Clearly, fe is
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decreasing and hence belongs to F .

Claim: X ∪ endsK(X) ∼= X ∪ F .

Proof of the claim: • The map φ : X ∪ F → X ∪ endsK(X) that fixes every element

of X and maps every f ∈ F to (f(Kn))n∈N is continuous. To this end, let f ∈ F and

(f(Kn))n∈N ∈ Ṽend. Notice that f(Kn) = Cn ⊂ V for some n ∈ N. Take U = Cn, then

f ∈ UF . Moreover, if g ∈ UF , then g(K) ⊂ U for some K ∈ Com(X). Choose m ∈ N such

that K ⊂ Km. We have g(Km) ⊂ g(K) ⊂ U ⊂ V , and hence φ(UF) ⊂ Ṽend.

• The map ψ : X ∪ endsK(X) → X ∪ F that fixes every element of X and maps every

e = (Cn)n∈N ∈ ends(X) to the function fe is continuous. Indeed, let e = (Cn)n∈N ∈

endsK(X) and fe ∈ VF . There is a compact subset K such that fe(K) = CK ⊂ V , where

CK ∈ UC(X \ K) and it contains an unbounded component Cm ∈ UC(X \ Km). Take

U = Cm, then (Cn)n∈N ∈ Ũend, and ψ(Ũend) ⊂ VF .

• Let f ∈ F and e = (Cn)n∈N ∈ endsK(X). Notice that if e′ = (Dn)n∈N = (f(Kn))n∈N and

K ∈ Com(X), then both f(K) and fe′(K) are unbounded components of X \K and that

Dm ⊂ f(K) ∩ fe′(K), for some m ∈ N. In particular, ψ ◦ φ(f) = f . On the other hand, if

e = (Cn)n∈N ∈ endsK(X), then for any n ∈ N, fe(Kn) = Cn and therefore φ ◦ ψ((Cn)n∈N) =

(Cn)n∈N.

Definition 4.1.18. Let (X, T ) be an unbounded Freudenthal space. The Freudenthal

compactification of X is X̄ := X ∪ endsK(X) for some exhausting sequence K := (Kn)n∈N

of X. The corona of X̄ is called space of ends of X and is dented by ends(X).

Corollary 4.1.19. Let (X, T ) be an unbounded Freudenthal space and (Kn)n∈N be an

exhausting sequence. Then |ends(X)| = sup{|UC(X \Kn)| : n ∈ N}.

Proof. By 4.1.17, the space ends(X) is independent of the choice of the exhausting sequence.

Moreover, |UC(X \ Kn)| ≤ |UC(X \ Km)|, for all n,m ∈ N such that n ≤ m and that

|UC(X \Kn)| ≤ |ends(X)|, for all n ∈ N.

Example 4.1.20. It is straightforward to see that |ends(Rn)| = 2 if n = 1; otherwise,

|ends(Rn)| = 1.
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Recall that a function f : X → Y between topological spaces is called proper if the

pre-image f−1(K) is compact for every compact subset K ⊂ Y . We conclude this section

with two facts about the Freudenthal compactification and its corona:

1. Continuous proper maps between Freudenthal spaces extends continuously to their

respective Freudenthal compactification.

2. If X and Y are Freudenthal spaces, then |ends(X × Y )| = 1 if both X and Y are

unbounded; and ends(X × Y ) = ends(Y ) if X is bounded.

Proposition 4.1.21. Let f : X → Y be a proper continuous function between topological

spaces.

(a) If (Ln)n∈N is an exhausting sequence of compact subsets of Y , then (f−1(Ln))n∈N is an

exhausting sequence of compact subsets of X.

(b) If X and Y are Freudenthal spaces then f : X → Y induces a continuous function between

their ends spaces. In particular, induces a continuous function between their Freudenthal

compactifications.

Proof. For (a), notice that (f−1(Ln))n∈N is an increasing sequence of compact subsets of X.

Moreover, f−1(Ln) ⊂ f−1(int(Ln+1)) ⊂ int(f−1(Ln+1)).

For part (b), consider the exhausting sequence (Kn)n∈N of X, where Kn := f−1(Ln), for

all n ∈ N. Now, let (Cn)n∈N be an end of X. Since f is continuous and proper, f(Cn)

is an unbounded connected subset of Y \ Ln and hence it is contained in some unbounded

component Cf
n of Y \ Ln. In particular, there exists a unique end (Cf

n)n∈N of Y such that

f(Cn) ⊂ Cf
n for all n ∈ N. Define the function:

fend : ends(X) → ends(Y ) by fend((Cn)n∈N) = (Cf
n)n∈N. Let V = Cf

n , then Vend a basis

set containing the end (Cf
n)n∈N. Let U := f−1(V ), then Uend is an open neighborhood of

(Cn)n∈N. Moreover, if (C ′
n)n∈N ∈ Uend, then C ′

m ⊂ U = f−1(Cf
n). Therefore, f(C ′

m) ⊂ Cf
n

which implies that Cf
n contains the component containing f(C ′

m), so fend(Uend) ⊂ Vend.

Thus, fends : ends(X) → ends(Y ) is continuous. Finally, the function f̃end := fend ∪ f :

ends(X) ∪X → ends(Y ) ∪ Y is continuous.

Proposition 4.1.22. Let X and Y be Freudenthal spaces, then X × Y is Freudenthal space.

Moreover:
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(a) X is bounded if and only if ends(X) = ∅.

(b) If X is bounded, then ends(X × Y ) = ends(Y ).

(c) If X and Y are unbounded, then |ends(X × Y )| = 1.

Proof. (a) Apply 4.1.3.

(b) Let (Kn)n∈N be an exhausting sequence of Y ; notice that (Ln)n∈N, where Ln := X ×Kn,

is an exhausting sequence of X × Y . On one hand, if Cn is an unbounded component of

Y \Kn, then Dn := X ×Cn is an unbounded component of X × Y \Ln. On the other hand,

if Dn is an unbounded component of X ×Y \Ln, it has the form Dn := X ×Cn for some Cn

an unbounded component of Y \Kn. In particular, the map φ : ends(Y ) → ends(X × Y )

that maps the end (Cn)n∈N to the end (Dn)n∈N, where Dn := X × Cn, is a bijective map

between Hausdorff compact spaces. Moreover, for a basis element Vend of ends(X × Y )

where V := X × Cn for some n ∈ N, then φ−1(Vend) = Uend where U = Cn. Therefore,

φ : ends(Y ) → ends(X × Y ) is a homeomorphism.

(c) Let (Kn)n∈N and (Ln)n∈N be an exhausting sequence of X and Y , respectively. Notice

(Kn×Ln)n∈N is an exhausting sequence of X×Y . We aim to show that X×Y \(Kn×Ln) has

exactly one unbounded component for all n ∈ N. For n ∈ N, fix a ∈ X \Kn and b ∈ Y \Ln.

Then:

X × Y \ (Kn × Ln) = (
⋃

x∈X\Kn

{x} × Y ) ∪ (
⋃

y∈Y \Ln

Y × {y})

= (
⋃

x∈X\Kn

({x} × Y ∪X × {b}) ∪ (
⋃

y∈Y \Ln

(X × {y} ∪ {a} × Y ))

which is a union of connected spaces with non-empty intersection, so the subset X × Y \

(Kn × Ln) is connected. Thus, |ends(X × Y )| = 1 as desired.

4.2 Maximally of the Freudenthal Compactification among

compactifications of totally disconnected corona

Our goal in this section is to show that the Freudenthal compactification is maximal

among all compactification whose corona is totally disconnected (zero-dimensional) in the
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sense that any compactification Y , whose corona is totally disconnected, is dominated by

the the Freudenthal compactification.

Lemma 4.2.1. Let X be an unbounded Freudenthal space, (Cn)n∈N ∈ ends(X) and Y be a

compactification of X. Then:

(a)
⋂
n∈N

clX(Cn) = ∅;

(b)
⋂
n∈N

clY (Cn) is non-empty connected subset of Y \X.

(c) Y \X =
⋃

(Cn)n∈N∈ends(X)

(
⋂
n∈N

clY (Cn)).

Proof. (a) Note
⋂
n∈N

clX(Cn) ⊂
⋂
n∈N

(X \ int(Kn)) ⊂ X \
⋃
n∈N

int(Kn) = ∅.

(b) Let (Cn)n∈N ∈ ends(X) and notice
⋂
n∈N

(clY (Cn) ∩X) =
⋂
n∈N

(clX(Cn)) = ∅ and therefore⋂
n∈N

clY (Cn) ⊂ (Y \X) which implies that
⋃

(Cn)n∈N∈ends(X)

(
⋂
n∈N

clY (Cn)) is contained in (Y \X).

Since X is connected, Cn is not closed. So, clY (Cn) ∩ (Y \ X) ̸= ∅. Now, the family

{clY (Cn) ∩ (Y \ X) : n ∈ N} satisfies the Finite Intersection Property (FIP) and by the

compactness of Y \X,
⋂
n∈N

clY (Cn) ̸= ∅. Finally, each Cn is connected and hence clY (Cn) is

connected in Y for all n ∈ N implying that
⋂
n∈N

clY (Cn) is connected as desired.

(c) Let y ∈ Y \ X and let U be the family of all open sets in Y containing y and let

UX := {U ∩ X : U ∈ U}. Notice that U ∩ X ̸= ∅ for all U ∈ U as X is dense in Y . Let

X̄ be the Freudenthal compactification. Since UX has the finite intersection property, the

family {clX̄(V ) : V ∈ UX} has the finite intersection property, and hence
⋂

V ∈UX

clX̄(V ) ̸=

∅. On the other hand, for any x ∈ X, by the Hausdorffess of Y , we can find disjoint

open neighborhood O and U ∈ U of x and y, respectively, and hence O ∩ (U ∩ X) =

∅. In particular,
⋂

V ∈UX

clX(V ) = ∅. Therefore,
⋂

V ∈UX

clX̄(V ) ⊂ ends(X). Let (Cn)n∈N ∈⋂
V ∈UX

clX̄(V ) ∩ ends(X). Notice, for any U ∈ U and n ∈ N, as (Cn)n∈N ∈ clX̄(U ∩ X) and

W̃ n
end is an open neighborhood of (Cn)n∈N where W n := Cn and hence W̃ n

end ∩ (U ∩X) =

Cn ∩ (U ∩ X) ̸= ∅, and a fortiori Cn ∩ U ̸= ∅. Hence, y ∈
⋂
n∈N

clY (Cn) which implies that⋃
(Cn)n∈N∈ends(X)

(
⋂
n∈N

clY (Cn)) ⊃ (Y \X).

Corollary 4.2.2. Let X be an unbounded Freudenthal space. Then:

(a) If e = (Cn)n∈N ∈ ends(X), then
⋂
n∈N

clX̄(Cn) = {xe} is a singleton.

(b) If (K1
n)n∈N and (K2

n)n∈N are exhausting sequences, and if (Ci
n)n∈N is decreasing sequence
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such that Ci
n ∈ UC(X \Ki

n), for i=1,2, and C1
n ∩ C2

n ̸= ∅ for all n ∈ N; then
⋂
n∈N

clX̄(C
1
n) =⋂

n∈N
clX̄(C

2
n).

Proof. Apply 4.1.12 and 4.2.1.

Theorem 4.2.3. Let X be an unbounded Freudenthal space and Y be a compactification of X

whose corona is totally disconnected; then it is dominated by the Freudenthal compactification.

Proof. We aim to find a continuous function f : X̄ → Y such that f |X = idX . Notice that,

by 4.2.1, for any e = (Cn)n∈N ∈ ends(X),
⋂
n∈N

clY (Cn) is non-empty connected subset of

Y \ X and since Y \ X is totally disconnected,
⋂
n∈N

clY (Cn) = {xe}. Define f : X̄ → Y by

f |X = idX and f(e) := xe for all e ∈ ends(X). Let U be an open neighborhood of xe in Y .

Since (clY (U) \ U) ∩ U = ∅,
⋂
n∈N

clY (Cn) ∩ (clY (U) \ U) = ∅. Since, (clY (U) \ U) is compact,

the family {clY (Cn) ∩ (clY (U) \ U) : n ∈ N} does not satisfy the finite intersection property.

Hence, there is N ∈ N such that clY (CN) ∩ (clY (U) \ U) = ∅. Now, as clY (CN) is connected

and clY (CN) ⊂ U ∪ (Y \ clY (U), so CN ⊂ clY (CN) ⊂ U . Let V := CN , then Vend is an open

neighborhood of e in ends(X) and f(Vend) ⊂ U which shows that f : X̄ → Y is continuous

and therefore Y is dominated by X̄.

Corollary 4.2.4. Let X be an unbounded Freudenthal space and Y be a compactification of

X whose corona is totally disconnected. Y is the Freudenthal compactification if and only if

for all y ∈ Y \X, y is contained in an open subset U ⊂ Y such that U ∩X is connected.

Proof. Assume that Y is the Freudenthal compactification. If e = (Cn)n∈N is an end; fix

n ∈ N. Then Ũend, where U = Cn, is an open neighborhood of e and Ũend ∩X = Cn which

is connected.

Conversely, assume that for all y ∈ Y \ X, y is contained in an open subset U ⊂ Y

such that U ∩ X is connected; we claim that the domination f : X̄ → Y given in 4.2.3 is

injective. Indeed, let e1 = (Cn)n∈N, e2 = (Dn)n∈N ∈ ends(X) such that f(e1) = f(e2) and

thus
⋂
n∈N

clY (Cn) =
⋂
n∈N

clY (Dn) = {xe}. Let n ∈ N, then xe ∈ clY (Cn) ∩ clY (Dn) ∩ (Y \X).

Pick an open neighborhood U of xe such that U ∩ X is connected. Now, (U ∩ X) ∩ Cn =

U ∩ Cn ̸= ∅, and therefore (U ∩ X) ⊂ Cn. Similarly, (U ∩ X) ⊂ Dn and hence Cn = Dn.
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In particular, (Cn)n∈N = (Dn)n∈N. Since X is dense in X̄ and Y , f is surjective. Hence,

f is homeomorphism as it is bijective continuous between compact Hausdorff topological

spaces.

4.3 External description of the Freudenthal Compactification

The following theorem tells us that the Freudenthal ends are in one-to-one correspondence

with the components of Y \X where Y is the Stone C̆ech compactification of X. In section

6, a similar result will be established between the ends of proper geodesic metric spaces and

the components of their Higson coronas.

Theorem 4.3.1. Let X a non-compact Freudenthal space and Y be the Stone C̆ech

compactification of X, then every component D of Y \ X has the form
⋂
n∈N

clY (Cn) for

some (Cn)n∈N ∈ ends(X). In particular, there is a one-to-one correspondence between the

elements of ends(X) and the components of Y \X.

Proof. We know that for all (Cn)n∈N ∈ ends(X),
⋂
n∈N

clY (Cn) is non-empty connected subset

of Y , and that Y \X =
⋃

(Cn)n∈N∈ends(X)

(
⋂
n∈N

clY (Cn)). LetD be a component of Y \X containing

(
⋂
n∈N

clY (Cn)) for some (Cn)n∈N ∈ ends(X). Seeking contradiction, assume that (
⋂
n∈N

clY (Cn))

is properly contained in D. There exist an end (Dn)n∈N ∈ ends(X) distinct from (Cn)n∈N

such that D∩
⋂
n∈N

clY (Dn) ̸= ∅. Choose n ∈ N such that Cn∩Dn = ∅. Note that X is locally

compact and σ-compact Hausdorff space and hence it is paracompact Hausdorff space which

implies that X is normal. Now, X \int(Kn+1) is a normal space, and as Dn is a clopen subset

ofX\Kn, the set A := Dn∩X\int(Kn+1) is a non-empty clopen subset ofX\int(Kn+1), thus,

by Urysohn’s Lemma, there exists a continuous function f : X \ int(Kn+1) → {0, 1} such

that f(x) = 1 for all x ∈ A and f(x) = 0 for all x ∈ (X \ int(Kn+1)) \A = Dn \ (int(Kn+1)).

By Tietze extension theorem, the continuous function f : X \ int(Kn+1) → {0, 1} admits

a continuous extension f̃ : X → {0, 1}; let g : Y → {0, 1} be the continuous extension

of f̃ : X → {0, 1}. Notice Dn+1 ⊂ A and Cn+1 ⊂ Ac = (X \ int(Kn+1)) \ A. Also,

g(clY (Cn+1)) ⊂ cl{0,1}(f(Cn+1)) = {0} and g(clY (Dn+1)) ⊂ cl{0,1}(f(Dn+1)) = {1}. However,

the pair U := g−1({0}) ∩ (Y \ X) and V := g−1({1}) ∩ (Y \ X) is a separation of Y \ X.

Moreover, D ∩ U ̸= ∅ and D ∩ V ̸= ∅, a contradiction.
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Corollary 4.3.2. Let X be a unbounded Freudenthal space. If |ends(X)| = 1 and Y is an

arbitrary compactification of X then its corona Y \X is a connected subspace. In particular:

(a) If |ends(X)| = 1, then the only possible finite-point compactification is the 1-point

compactification.

(b) If X1, . . . , Xn are Freudenthal spaces and at least two of them are unbounded, then the

corona of any compactification of X1 × . . .×Xn is connected.

As a result of 4.3.1, we can obtain the Freudenthal compactification by collapsing each

component of the Stone C̆ech corona Y \ X into a singleton. This gives us an external

description of the Freudenthal corona or the end space.

Corollary 4.3.3. Let X be a unbounded Freudenthal space and Y be the Stone C̆ech

compactification of X. Define a relation on Y by x ∼ x for all x ∈ X and for all x, y ∈ Y \X,

x ∼ y if and only if x and y are in the same component of Y \X. Then:

(a) ∼ is an equivalence relation on Y .

(b) The quotient space Y/∼ is a compactification of X with totally disconnected corona.

(c) The space Y/∼ coincide with the Freudenthal compactification X̄ of X.

Proof. Part(a) and (b) are straightforward. Notice that X̄ dominates Y/∼. Let f : X̄ → Y/∼

be a domination. f : X̄ → Y/∼ is a quotient map and Y/∼ = X̄/∼f
, where for all x, y ∈ X̄,

x∼fy if and only if f(x) = f(y). Now, if e1, e2 ∈ ends(X) are distinct ends, then they belong

to different components Ce1 and Ce2 of Y \X. Now, Ce1 and Ce2 collapse to different points

in the corona of Y/∼ = X̄/∼f
, and therefore f(e1) ̸= f(e2).

The following theorem gives us another way to externally describe the Freudenthal

compactification.

Theorem 4.3.4. (Compare with (9),Theorem 4.6) If X is a Freudenthal space, then its

Freudenthal compactification X̄ is the supremum of finite-point compactifications of X.

Proof. Let Y be the supremum of finite-point compactifications of X. Since the corona

of each finite-point compactification of X is discrete, X̄ dominates every finite-point

compactification of X and consequently dominates Y . Let f : X̄ → Y be the domination.

We claim that f : X̄ → Y is indeed injective. Seeking contradiction, assume that there exist
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distinct elements x, y ∈ X̄ such that f(x) = f(y). Clearly, x, y ∈ X̄ \X. Let U be a clopen

subset of the Freudenthal corona such that x ∈ U and y /∈ U . Let Z be the quotient space of

X̄ obtained by contracting the clopen set to a point X̄ and the clopen set (X̄ \X) \ U to a

point y. Clearly, Z is a finite-point compactifications of X. Let h : X̄ → Z be the quotient

map and g : Y → Z is a domination. Notice that g ◦ f : X̄ → Z is a domination. By 2.2.8,

g ◦ f = h. But, g ◦ f(x) = g ◦ f(y) and h(x) ̸= h(y), a contradiction. Thus, f : X̄ → Y is a

homeomorphism as desired.

Corollary 4.3.5. Let X be a Freudenthal space. If X is n-ended and Y is a finite-point

compactification, then |Y \X| ≤ n.

Definition 4.3.6. If X is a locally compact space; its generalized Freudenthal compactifi-

cation GF (X) is the supremum of finite-point Hausdorff compactifications of X. By 4.3.4,

when X is a Freudenthal space, its Freudenthal compactification coincide with its generalized

Freudenthal compactification.

It is well-known that an infinite discrete space admits n-point compactification for all

n ∈ N, see (28) on p.1081; and according to 4.3.6, its generalized Freudenthal corona is

infinite. While the generalized Freudenthal compactification in the above definition generalize

the Freudenthal compactification, and it can be defined for a larger class of topological spaces,

namely, locally compact spaces; its corona does not serve our purpose, namely, generalizing

the concept of ends of groups. For example, the corona of GF (Z2) is infinite, whereas Z2 as

a group is 1-ended. What makes the corona of the generalized Freudenthal compactification

not a good candidate to generalize the concept of ends of groups is the fact that the corona

of the generalized Freudenthal compactification is not a coarse invariant.

4.4 Space of ends of proper geodesic metric spaces

Definition 4.4.1. Given a topological space X;

• A continuous map α : [0,∞) → X is called a proper ray if the pre-image α−1(K) is

bounded for all K ⊂ X bounded.

• Two proper rays α, β : [0,∞) → X are said to represent the same end of X if for all

72



K ⊂ X bounded, there exist tK > 0 such that α([tK ,∞)) and β([tK ,∞)) are in the same

component of X \K. In that case we write α ∼ β.

• The relation ∼ on the family of all proper rays in X is an equivalence relation. The

equivalence class of the proper ray α : [0,∞) → X is denoted by end(α) and the set of all

equivalence classes is denoted by ϵ(X).

• For an open subset U ⊂ X, we put:

- Uϵ := {end(α) ∈ ϵ(X) : α([t,∞)) ⊂ U for some t > 0}, and

- Ũϵ := Uϵ ∪ U .

Proposition 4.4.2. Let (X, T ) be a Hausdorff, path-connected, locally path-connected, locally

compact and σ-compact. The family B̃ϵ := {Ũϵ : U ∈ T } is a basis for a Hausdorff topology

Tϵ on X ∪ ϵ(X) that extends T . Moreover, as a subspace, X is an open dense subspace of

X ∪ ϵ(X).

Proof. Without loss of generality, we may assume that X is non-compact. Clearly B̃ϵ covers

X ∪ ϵ(X) as X̃ϵ = X ∪ ϵ(X). Also, if Ũϵ, Ṽϵ ∈ B̃ϵ, then ˜(U ∩ V )ϵ = Ũϵ ∩ Ṽϵ, and therefore is a

basis for a topology Tϵ on X ∪ ϵ(X). Moreover, since X is locally compact, it admits a basis

consists of bounded sets. Notice that Tϵ contains every bounded open subset as if U ∈ T is

bounded, then U ⊂ X, Ũϵ = U and hence T ⊂ Tϵ.

Now we show that (X ∪ ϵ(X), Tϵ) is indeed a Hausdorff space. To this end, we discuss

tow cases:

Case1: Let end(α), end(β) ∈ ϵ(X) be distinct. There exists a compact subset K ⊂ X such

that for all t > 0, α([t,∞)) and β([t,∞)) are in different components of X \K. Choose t > 0

such that α([t,∞)) ∩K = ∅ and β([t,∞)) ∩K = ∅. Let C and D be distinct components

of X \ K containing α([t,∞)) and β([t,∞)), respectively. Notice C̃ϵ and D̃ϵ are disjoint

neighborhoods of end(α) and end(β), respectively.

Case2: Let x ∈ X and end(α) ∈ ϵ(X). Choose an open neighborhood O of x ∈ X such that

K := cl(O) is compact. Pick t > 0 such that α([t,∞)) ∩K = ∅ and let C be a component

of X \K containing α([t,∞)), then O and C̃ϵ are disjoint neighborhoods of x and end(α),

respectively.
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Corollary 4.4.3. Let (X, T ) be a Hausdorff, path-connected, locally path-connected, locally

compact and σ-compact. The subspace ϵ(X) is second countable.

Proof. Let (Kn)n∈N be an exhausting sequence. The family

{Uϵ : U ∈
⋃
n∈N

UC(X \Kn)}

is a countable basis for ϵ(X).

Theorem 4.4.4. Let (X, T ) be a Hausdorff, path-connected, locally path-connected, locally

compact and σ-compact. The topological space (X ∪ ϵ(X), Tϵ) is a compactification of X and

it coincide with its Freudenthal compactification.

Proof. Let X̄ be the Freudenthal compactification of X induced by the exhausting sequence

(Kn)n∈N. Given an end e = (Cn)n∈N of X, choose xn ∈ Cn \ Cn+1 for all n ∈ N. Notice that

the sequence (xn)n∈N diverges to infinity, as otherwise (xn)n∈N ⊂ KN for some N ∈ N and

hence xN+1 /∈ CN+1, a contradiction. Choose a path αn : [an, an+1] → Cn in Cn connecting xn

and xn+1. The concatenation of all these paths αe : [0,∞) → X is a proper ray. Indeed, for

any bounded subset K ⊂ X, then K ⊂ KN for some N ∈ N. In particular, xn /∈ KN for all

n ≥ N . Therefore, α−1
e (K) ⊂ [0, aN+1] which implies that α−1

e (K) is bounded. Furthermore,

if (yn)n∈N is a sequence chosen such that yn ∈ Cn \Cn+1 for all n ∈ N, and if βe : [0,∞) → X

is the concatenation of βn : [bn, bn+1] → Cn where each βn is a path in Cn connecting yn and

yn+1; then end(α) = end(β).

Consider the function φ : X ∪ ends(X) → X ∪ ϵ(X) that maps each end e ∈ ends(X) to

end(αe) ∈ ϵ(X) and that φ|X = idX .

• φ : X ∪ ends(X) → X ∪ ϵ(X) is surjective. Indeed, let end(α) ∈ ϵ(X). Choose t > 0 such

that α([t,∞))∩K1 = ∅. Without loss of generality, we may assume that α([t,∞))∩(C1\C2) ̸=

∅. Choose xn ∈ Cn \ Cn+1 for all n ∈ N, and let αe : [0,∞) → X be the concatenation of

αn : [an, an+1] → Cn for all n ∈ N, where αn : [an, an+1] → Cn is a path in Cn connecting xn

and xn+1. Then end(αe) ∈ ϵ(X) and end(αe) = end(α). Moreover, φ(e) = end(αe).

• φ : X ∪ ends(X) → X ∪ ϵ(X) is continuous. To this end, let e = (Cn)n∈N be an end of X,
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and Vϵ be a basis element containing end(αe), where V = Cn for some n ∈ N. The subset

Uend where U = Cn is a neighborhood of e and φ(φ) ⊂ Vϵ.

Now, φ : X ∪ ends(X) → X ∪ ϵ(X) is a continuous bijective function from a compact

space to a Hausdorff space and hence it is a homeomorphism as desired.

The next goal is to show that the Freudenthal corona of proper geodesic metric spaces is

quasi-isometry invariant.

Definition 4.4.5. Let (X, dX) and (Y, dY ) be metric spaces:

• A map f : X → Y is called a quasi-isometric embedding if there exist real numbers

λ, µ > 0 such that:

λ−1 · dX(x, y)− µ < dY (f(x), f(y)) < λ · dX(x, y) + µ,

for all x, y ∈ X.

• The maps f, h : X → Y is called a close if there exists r > 0 such that:

dY (f(x), h(x)) < r

for all x ∈ X.

• A map f : X → Y is called a quasi-isometry if it is quasi-isometric embedding and there

exists a quasi-isometric embedding g : Y → X such that g ◦ f is close to idX and f ◦ g is

close to idY . In this case, g : Y → X is called quasi-inverse of f : X → Y .

• X is called quasi-isometric to Y if there exists a quasi-isometry f : X → Y .

Example 4.4.6. • Let (X, d) be a metric space and A ⊂ X be a subspace; the inclusion map

ı : A→ X is is a quasi-isometric embedding.

• The map ȷ : R → Z sending each x ∈ R to ⌊x⌋ ∈ Z, where ⌊x⌋ is the largest integer less

than or equal to x, is a quasi-isometry where the inclusion map ı : Z → R is a quasi-inverse

of ȷ : R → Z. In particular, R and Z are quasi-isometric.

We have seen that a proper continuous function between topological spaces f : X → Y

extends continuously to their Freudenthal compactifications 4.1.21. What makes a proper
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continuous function f : X → Y extends to the coronas is the fact that we can find an

exhausting sequence (Kn)n∈N of X and an exhausting sequence (Ln)n∈N of Y such that it

maps every unbounded component of X \Kn to an unbounded component of Y \Ln. Quasi-

isometric maps between proper geodesic spaces has that property and that what makes the

Freudenthal corona preserved by the quasi-isometry.

Lemma 4.4.7. Let f : X → Y be a quasi-isometry between proper geodesic metric spaces.

There exist exhausting sequences (Kn)n∈N and (Ln)n∈N of X and Y , respectively, with the

property that: for any n ∈ N and C ∈ UC(X \Kn), there exists D ∈ UC(Y \ Ln) such that

f(C) ⊂ D.

Proof. Choose λ, µ ∈ N such that f : X → Y is (λ, µ)-quasi-isometry. For n ∈ N, set

Nn := (n + 2)λ2 + 2µλ and Mn := nλ + µ. Fix x0 ∈ X, and set Kn := B(x0, Nn)

and Ln := B(f(x0),Mn). Clearly that (Kn)n∈N and (Ln)n∈N are indeed exhausting

sequences of X and Y , respectively. Notice that for n ∈ N and C ∈ UC(X \ Kn), then

B(f(C), λ+ µ) ∩ Ln = ∅. Indeed, if y ∈ B(f(C), λ+ µ) ∩ Ln, then there is a ∈ C such that

dY (f(a), f(x0)) ≤ (n+ 1)λ+ 2µ. On the other hand, dY (f(a), f(x0)) ≥ λ−1dX(a, x0)− µ >

λ−1Nn − µ > (n+ 1)λ+ µ, a contradiction.

To conclude, we show that f(C) is contained in some component D ∈ UC(Y \ Ln). Let

y ∈ f(C) and D ∈ UC(Y \ Ln) be a component containing y. It is straightforward to see

that if d ∈ D and y′ ∈ Y such that dY (y, y
′) ≤ λ + µ, then y′ ∈ D. Let z ∈ f(C), then

there exist a, b ∈ C such that y = f(a) and z = f(b). As X is a geodesic space and C is a

path component, we can find a sequence a = x1, . . . , xp = b ∈ C such that dX(xi, xi+1) ≤ 1,

for all 1 ≤ i < p. In particular, dY (f(xi), f(xi+1)) ≤ λ + µ, which inductively implies that

z = f(xp) ∈ D.

Theorem 4.4.8. Let X, Y and Z be proper geodesic metric spaces.

(a) Every f : X → Y quasi-isometry induces a continuous map fend : ends(X) → ends(Y )

between their spaces of ends.

(b) If h : X → X is close to the identity map idX : X → X, then hend = idends(X).

(c) If g : Y → Z is quasi-isometry, then (g ◦ f)end = gend ◦ fend.

76



Proof. Appealing to 4.4.7, there exist exhausting sequences (Kn)n∈N and (Ln)n∈N of X and

Y , respectively, such that for all n ∈ N and C ∈ UC(X \ Kn), f(C) is contained in some

component Cf ∈ UC(Y \ Ln). By 4.2.2, if e ∈ ends(X) then there exists a decreasing

sequence (Cn)n∈N where

Cn ∈ UC(X \Kn)

for all n ∈ N such that
⋂
n∈N

clX̄(Cn) = {e}. Notice that
⋂
n∈N

clȲ (C
f
n) = {ef} is an end of Y .

Define the function fend : ends(X) → ends(Y ) that maps each end of X e ∈
⋂
n∈N

clX̄(Cn) to

the end ef ∈
⋂
n∈N

clȲ (C
f
n) = {ef}, where Ȳ is the Freudenthal compactification of Y . Clearly,

fend : ends(X) → ends(Y ) is continuous.

For part (b), notice first that h : X → X is quasi-isometry. Let r > 0 such that

dX(h(x), x) < r for all x ∈ X. By 4.4.7, we can find exhausting sequences (Kn)n∈N

and (Ln)n∈N of X and Y , respectively, such that for all n ∈ N and C ∈ UC(X \ Kn),

h(C) is contained in some component Ch ∈ UC(X \ Ln) and that if x ∈ Ch and y ∈ X

such that dX(x, y) < n, then y ∈ Ch. Now, let e = (Cn)n∈N ∈ ends(X) and N ∈ N

such that N > r. Then, hend(e) = eh ∈
⋂
n≥N

clX̄(C
h
n) = {eh}. Since h(Cn) ⊂ Ch

n and

for all x ∈ Cn, dX(x, h(x)) < r < n, so Cn ⊂ Ch
n for all n ≥ N ; and hence, by 4.2.2,

{e} =
⋂
n≥N

clX̄(Cn) =
⋂
n≥N

clX̄(C
h
n) = {eh}.

(c) By 4.2.2, one can observe that if (K1
n)n∈N and (K2

n)n∈N are exhausting sequences, and

if (Ci
n)n∈N is decreasing sequence such that Ci

n ∈ UC(X \Ki
n), for i=1,2, and C1

n∩C2
n ̸= ∅ for

all n ∈ N; then (C1
n ∩ C2

n)n∈N is decreasing sequence such that C1
n ∩ C2

n ∈ UC(X \K1
n ∪K2

n)

and
⋂
n∈N

clX̄(C
1
n ∩ C2

n) =
⋂
n∈N

clX̄(C
1
n) =

⋂
n∈N

clX̄(C
2
n).

Now, choose (Kn)n∈N an exhausting sequence of X, (L1
n)n∈N and (L2

n)n∈N exhausting

sequences of Y and (M1
n)n∈N and (M2

n)n∈N exhausting sequences of Z such that:

• for each C ∈ UC(X \ Kn), f(C) is contained in some component Cf ∈ UC(Y \ L1
n) and

(g ◦ f)(C) is contained in some component Cg◦f ∈ UC(Z \M1
n),

• for each D ∈ UC(X \ L2
n), g(D) is contained in some component Dg ∈ UC(Z \M2

n).

Let e be an end of X, then there exists a decreasing sequence (Cn)n∈N where Cn ∈

UC(X\Kn) for all n ∈ N such that
⋂
n∈N

clX̄(Cn) = {e}. Then,
⋂
n∈N

clȲ (C
f
n) = {ef}, where Cf

n ∈
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UC(Y \ L1
n) for all n ∈ N. Choose, a decreasing sequence (Dn)n∈N where Dn ∈ UC(Y \ L2

n)

for all n ∈ N and
⋂
n∈N

clȲ (Dn) = {ef}. On one hand, we have gend(ef ) ∈
⋂
n∈N

clZ̄(D
g
n) where

Dg
n ∈ UC(Z \M2

n), for all n ∈ N. On the other hand, (g ◦ f)end(e) ∈
⋂
n∈N

clZ̄(C
g◦f
n ), where

Cg◦f
n ∈ UC(Z \M1

n) for all n ∈ N. Notice that Cf
n ∩ Dn ∈ UC(Y \ L1

n ∪ L2
n) for all n ∈ N,

and g(Cf
n ∩Dn) ⊂ Cg◦f

n ∩Dg
n, for all n ∈ N. Hence,

⋂
n∈N

clZ̄(C
g◦f
n ) =

⋂
n∈N

clZ̄(D
g
n). This proves

that (g ◦ f)end(e) = gend ◦ fend(e), as desired.

Corollary 4.4.9. Let X and Y be proper geodesic metric spaces. If X and Y are quasi-

isometric, then ends(X) ∼= ends(Y ).

4.5 Ends of finitely generated groups

Given a group G (not necessarily finitely generated) and a symmetric subset K ⊂ G

generating G; G can naturally be equipped with the norm |.|K : G→ [0,∞) given by:

|x|K =

0 iffx = 1G

inf{n ∈ N : x = x1 · . . . · xn and x1, . . . , xn ∈ K \ {1G}} ifx ∈ G \ {1G}

• The norm |.|K : G → [0,∞) on G induces a left-invariant metric dK : G × G → [0,∞)

given by dK(x, y) := |x−1y| and it is called the Cayley metric with respect to the subset K.

• The Cayley metric dK induces a graph Cay(G,K) = (V,E) called the Cayley graph of G

with respect to the subset K where V = G and {x, y} ∈ E if and only if dK(x, y) = 1 if

and only if y = a · x for some a ∈ K \ {1G}.

• Passing to the geometric realization Geom(G,K), we can think of the Cayley graph as a

geodesic metric space.

Proposition 4.5.1. Let G be a group and K ⊂ X be a symmetric subset generating G. Then:

(a) (G, dK) is quasi-isometric to Geom(G,K).

(b) If K,L ⊂ G are finite symmetric subsets that generate G, then Geom(G,K) and

Geom(G,L) are quasi-isometric proper geodesic spaces.
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Proof. (a) Let ı : G → Geom(G,K) be the inclusion map. Clearly, the map ı : G →

Geom(G,K) is is a quasi-isometric embedding. Moreover, for all x ∈ Geom(G,K), x

belongs to a segment of length one connecting ax and bx for some ax, bx ∈ G and hence

dGeom(G,K)(x, ax) ≤ 1, for all x ∈ Geom(G,K) which shows that the map ı : G →

Geom(G,K) is a quasi-isometry.

(b) Let K,L ⊂ G be finite symmetric subsets that generate G. Clearly, Geom(G,K) and

Geom(G,L) are proper geodesic metric spaces. Consider the identity map idG : (G, dK) →

(G, dL). For x, y ∈ G, let dK(x, y) = n, dL(x, y) = m and M := max{dK(1G, b), dL(1G, a) :

(a, b) ∈ K×L}. So, x−1 ·y = a1 · . . . ·an and x−1 ·y = b1 · . . . ·bm where ai ∈ K and bj ∈ L, for

all 1 ≤ i ≤ n and 1 ≤ j ≤ m. Notice that dK(x, y) = dK(1G, x
−1 ·y) = dK(1G, b1 · . . . ·bm) and

that for 1 ≤ j < m, we have dK(b1 · . . . ·bj, b1 · . . . ·bj+1) ≤ dK(1G, b1 · . . . ·bj)+dK(1G, bj+1) and

therefore we obtain dK(x, y) ≤
m∑
j=1

dK(1G, bj) ≤ m ·M ; in particular, dK(x, y) ≤M ·dL(x, y).

Similarly, dL(x, y) ≤ M · dK(x, y). By part (a), Geom(G,K) and Geom(G,L) are quasi-

isometric.

A consequence of 4.5.1, finitely generated groups can be viewed as proper geodesic spaces

and that their Cayley graphs are independent of the choice of the finite generating set. Hence,

when G is finitely generated group, there is no ambiguity in writing Geom(G) to denote the

geometric realization of a Cayley graph of G with respect to some finite symmetric generating

subset of G.

Definition 4.5.2. Let G be a group finitely generated; the space of ends ends(G) of G is

the space of ends of the geometric realization of its Cayley graph. By 4.5.1 and 4.4.8, the

space of ends ends(G) is independent of the choice of the finite generating set, and hence is

well-defined.

Lemma 4.5.3. Let G be finitely generated group.

(a) If H is a subgroup of finite index in G, then ends(G) and ends(H) are homeomorphic.

(b) If G has finitely many ends then it has a subgroup of finite index acts trivially on on

ends(G).

Proof. (a) The inclusion map ı : H → G is a quasi-isometric embedding. Suppose that

[G : H] = n and let {1G = g1, g2, . . . , gn} be a subset of G such that G is the disjoint union
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of the right cosets H,H ·g2, . . . , H ·gn. Define the map ȷ : G→ H by ȷ(x·gi) = x for all x ∈ H

and 1 ≤ i ≤ n. Then ȷ : G→ H is a quasi-isometric embedding. Furthermore, ȷ◦ı = idH and

d(ı◦ ȷ(x ·gi), x ·gi) ≤M for all x ∈ H and 1 ≤ i ≤ n, whereM = max{d(gi, 1G) : 1 ≤ i ≤ n}.

(b) Let K ⊂ G be a finite symmetric subset generating G. Notice that for all x ∈ G, the

map σx : (G, dK) → (G, dK) given by σx(g) = x · g is an isomrty. By 4.4.8, the isometry

σx : (G, dK) → (G, dK) induces a homeomorphism σxend : ends(G) → ends(G). Consider

the group of all homeomorphisms Homeo(ends(G)) from ends(G) to itself. The map φ :

G → Homeo(ends(G)) defined by φ(x) := σxend is a homomorphism with H := Ker(φ) is a

subgroup of finite index in G that acts trivially on ends(G).

The rest of this section is dedicated to the Freudenthal-Hopf’s theorems for finitely

generated groups.

Theorem 4.5.4. Let G be a finitely generated group. G either has infinitely many ends or at

most it has two ends. Furthermore, |ends(G)| = 0 if and only if G is finite.

Proof. The later part of the theorem is straightforward. Assume that G is infinite, then

Geom(G) has at least one end. Seeking contradiction assume that Geom(G) there exist

three proper rays α0, α1, α2 : [0,∞) → Geom(G) that represent three different ends of

Geom(G). By concatenating 1G and the initial points α1(0), α2(0), we may assume that

α1(0) = α2(0) = 1G. Choose N ∈ N such that r0((N,∞)), α1((N,∞)) and α2((N,∞)) are

in different components of Geom(G) \ B(1G, N). Choose a subgroup H of finite index in

G that acts trivially on ends(G). Choose n ∈ N large enough such that α0(n) = h ∈ H

and d(h,B(1G, N)) > 2N . Notice that for all t, s ∈ [2N,∞), d(α1(s), α2(t)) > 2N . Now,

end(h · α1) = end(α1) and end(h · α2) = end(α2) since H acts trivially on ends(G). As,

h ·α1(0) = h ·α2(0) = h and h is in a different component than α1((N,∞)) and α2((N,∞)),

the proper rays h · α1 and h · α2 must pass through the ball B(1G, N). In particular, there

exist s, r > 2N such that h · α1(s), h · α1(t) ∈ B(1G, N) and hence d(h · α1(s), h · α2(t)) =

d(α1(s), α2(t)) ≤ 2N which contradicts the fact that for all t, s ∈ [2N,∞), d(α1(s), α2(t)) >

2N .

Theorem 4.5.5. Let G be a finitely generated group. G has two ends if and only it contains

an infinite cyclic subgroup of finite index.
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Proof. If G contains an infinite cyclic subgroup of a finite index it is quasi-isometric to Z

and hence it has two ends by 4.1.20 and 4.4.6.

Conversely, assume that G has two ends. Let αl, αr : [0,∞) → Geom(G) be two proper rays

that represent two different ends of Geom(G) with αl(0) = αr(0) = 1G. Choose N ∈ N such

that Geom(G)\B(1G, N) has exactly two disjoint components, the left component Cl and the

right component Cr containing αl((N,∞)) and αr((N,∞)), respectively. Let H ⩽ G be of

finite index and H acts trivially on ends(G). Choose n > 2N such that αr(n) = h ∈ H. Note

that for all t > N , d(αl(t), αr(t)) > 2N . Moreover, end(h · αl) = end(αl) and h · αl(0) = h

and therefore h moves αl : [0,∞) → Geom(G) to the right implying that it moves every

element to the right, and that h−1 moves every element to the left. Inductively, one has:

• hn ∈ Cr and h
−n ∈ Cl,

• hn+1 ·B(1G, N) ⊂ hn · Cr and hn+1 · Cr ⊂ hn · Cr,

• hn · Cl ⊂ hn+1 · Cl and hn+1 ·B(1G, N) ∩ hn ·B(1G, N) = ∅ for all n ∈ N ∪ {0}.

Consequently, the subgroup H ′ :=< h > is infinite cyclic subgroup and we claim that H ′ is

of finite index in G. To that end, notice that:

K := (B(1G, N)∪h ·Cl \Cl)∩G is a finite subset of G, and we aim to prove that G = H ′ ·K.

Let x ∈ G, and choose m ∈ N ∪ {0} such that:

d(x, hm · B(1G, N)) ≤ d(x, hn · B(1G, N)) for all n ∈ N. If d(x, hm · B(1G, N)) = 0, then

x ∈ K ⊂ H ′ ·K. Assume that d(x, hm ·B(1G, N)) > 0; then either x ∈ hm ·Cl or x ∈ hm ·Cr.

• If x ∈ hm ·Cl, then x ∈ hm ·Cl \hm−1 ·Cl. Indeed, if x ∈ hm−1 ·Cl, then as hm ·B(1G, N) ⊂

hm−1 ·Cr, so any path connecting x to hm ·B(1G, N) must pass through hm−1 ·B(1G, N) and

hence d(x, hm−1 ·B(1G, N)) < d(x, hm ·B(1G, N)), a contradiction. Thus, x ∈ hm ·Cl\hm−1 ·Cl
and hence x ∈ H ′ ·K.

• If x ∈ hm ·Cr, then x ∈ hm ·Cr \hm+1 ·Cr. Indeed, if x ∈ hm+1 ·Cr, then as hm ·B(1G, N) ⊂

hm+1·Cl, then any path from x to hm·B(1G, N) must pass through hm+1·B(1G, N), and hence

d(x, hm+1 ·B(1G, N)) < d(x, hm ·B(1G, N)), a contradiction. Thus, x ∈ hm ·Cr \hm+1 ·Cr ⊂

(hm+1 ·Cl \hm ·Cl)∪hm+1 ·B(1G, N) and hence x ∈ H ′ ·K. Thus, G = H ′ ·K, as desired.

As a result of 9.2.9, if G is a finitely generated group with |ends(G)| = ∞, then ends(G)

is the Cantor middle-third set (compare with (3), Theorem 8.32).
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4.6 Higson corona and the space of ends of a proper geodesic

metric space

In this section we show that, when X is a geodesic proper metric space, the Freudenthal

compactification is a coarse compactification; namely, it is dominated by the Higson

compactification. Moreover, the Freudenthal compactification is the quotient space of

the Higson compactification obtained by collapsing each component of the Higson corona

to a singleton. Consequently, one can generalizes the Freudenthal compactification to

be the supremum of finite-point compactifications that are dominated by its Higson

compactification. We begin this section with the concept of coarsely disjoint subsets of

a metric space first introduced in (12) (see Definition 2.1 of (12)).

Definition 4.6.1. Let A and C be subsets of a metric space X, A and C are coarsely disjoint

if for any r > 0, the subset B(A, r) ∩ B(C, r) is bounded. If A ⊂ X, A is called coarsely

clopen if A and Ac are coarsely disjoint. A is non-trivial coarsely clopen if A is coarsely

clopen with both A and Ac are unbounded.

Proposition 4.6.2. Let A and C be subsets of a metric space X, the following conditions are

equivalent:

(a) A and C are coarsely disjoint,

(b) for all r > 0, the subset B(A, r) ∩ C is bounded,

(c) for all r > 0, the subset A ∩B(C, r) is bounded,

(d) for all r > 0, there is a bounded subset Kr of X such that B(A \ Kr, r) ∩ B(C, r) is

empty,

(e) for all r > 0, there is a bounded subset Kr of X such that B(A, r) ∩ B(C \ Kr, r) is

empty.

Proof. Straightforward.

Proposition 4.6.3. Let (X, d) be a proper geodesic metric space, a ∈ X and n ∈ N.

(a) Every component Cn of X \B(a, n) is coarsely clopen.

(b) |ends(X)| ≥ 2 if and only if it has a non-trivial coarsely clopen subset.
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Proof. (a) For r > 0, let A := Cn and K := B(a, n + r). Notice that B(A \ K, r) ∩ Ac \

B(a, n) = ∅. This shows that Cn is coarsely clopen.

(b) Assume that |ends(X)| ≥ 2, and let n ∈ N such that Cn and Dn are unbounded distinct

components of X \B(a,N). Let A = Cn, then by part(a) A is a non-trivial coarsely clopen

subset.

Conversely, let A be a non-trivial coarsely clopen subset. Choose N ∈ N large enough such

that X \ Kn, where Kn := cl(B(a, n)), has at least two unbounded components and all

components of X \ Kn are unbounded, say, these components are C1
N , . . . , C

m
N . For r > 0,

the set B(A, r) is a non-trivial coarsely clopen and open subset. Note that B(A, r) \Kn is

unbounded clopen subset of X \ Kn, and hence any component intersects B(A, r) \ Kn is

contained in B(A, r) \ Kn. In particular, at least a component of X \ Kn is contained in

B(A, r) \Kn and at least a component is contained in B(A, r)c \Kn.

A subset A of a group G is called right G-commensurated or almost right invariant

if the symmetric difference A∆A · g is finite for all g ∈ G. In finitely generated groups

equipped with a Cayley metric, or more generally in countable groups equipped with left-

invariant proper metric, coarsely clopen subsets of G are exactly those subsets that are right

G-commensurated.

Proposition 4.6.4. Let G be a countable group equipped with a left-invariant proper metric

d : G × G → [0,∞). A subset A ⊂ G is coarsely clopen if and only if A∆A · g is finite for

all g ∈ G.

Proof. Notice first, as d : G × G → [0,∞) is left-invariant, for arbitrary subset A ⊂ G,

an element g ∈ G and r > 0, one has B(A · g, r) = A · B(g, r). Now, assume that A is a

coarsely clopen subset of G. Let g ∈ G and pick r > 0 such that d(g, 1G) < r. Notice that

A · g ∩ (X \ A) ⊂ A · B(1G, r) ∩ (X \ A) = B(A, r) ∩ (X \ A) which is bounded and hence

finite as d : G × G → [0,∞) is is proper. Similarly, A ∩ (X \ A · g) = A ∩ (X \ A) · g ⊂

A∩(X \A) ·B(1G, r) = A∩B((X \A), r) which is finite. Therefore, the symmetric difference

A∆A · g is finite.

Conversely, assume that A∆A · g is finite for all g ∈ G. Let r > 0, since d : G × G →
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[0,∞) is is proper, there exist g1, . . . , gn ∈ G such that B(1G, r) = {g1, . . . , gn}. Now,

B(A, r) ∩ (X \ A) = A ·B(1G, r) ∩ (X \ A) =
n⋃
i=1

(A · gi ∩ (X \ A)) which is finite.

Proposition 4.6.5. A subset A of a metric space X is coarsely clopen if and only if the

characteristic function χA of A is slowly oscillating on X.

Proof. Assume that A ⊂ X is coarsely clopen. If either A or Ac is bounded, then χA : X →

{0, 1} is obviously slowly oscillating on X. Assume that both A and Ac are unbounded. For

r > 0, take the bounded set Kr := B(A, r) ∩ B(Ac, r), and notice that for all x, y ∈ X \Kr

either x, y ∈ A or x, y ∈ Ac, and thus |χA(x)−χA(y)| = 0. This shows that χA : X → {0, 1}

is slowly oscillating on X.

Conversely, assume that χA : X → {0, 1} is slowly oscillating on X. Then A = χ−1
A ({1})

and Ac = χ−1
A ({0}). Let r > 0 and 0 < ε < 1, we can find a bounded subset Kr ⊂ X such

that for all x, y ∈ X \ Kr and d(x, y) < r, then |χA(x) − χA(y)| < ε. Therefore, for all

x, y ∈ X \Kr, either x, y ∈ A or x, y ∈ Ac, and thus B(A, r) ∩ Ac \Kr = ∅.

Definition 4.6.6. A function between metric spaces f : X → Y is called coarsely constant if

there exists a bounded subset K ⊂ X such that f |X\K is constant. Otherwise, f : X → Y

is called coarsely non-constant.

Corollary 4.6.7. A subset A of a metric space X is non-trivial coarsely clopen if and only if

the characteristic function χA of A is coarsely non-constant and is slowly oscillating on X.

Proposition 4.6.8. Let Y be a compactification of a metric space (X, d). Y is a coarse

compactification of X if and only if for all sequences (xn), (yn) ⊂ X with d(xn, yn) < r for

all n ∈ N, for some r > 0 and ω ∈ (Y \X)∩ clY ({xn : n ∈ N}); then ω ∈ clY ({yn : n ∈ N}).

Proof. Suppose that Y is a coarse compactification of X and (xn)n∈N, (yn)n∈N ⊂ X with

d(xn, yn) < r for some r > 0, for all n ∈ N. Suppose ω ∈ (Y \ X) ∩ clY ({xn : n ∈ N})

but ω /∈ clY ({yn : n ∈ N}). Choose a continuous function f : Y → [0, 1] sending ω to

0 and sending clY ({yn : n ∈ N}) to 1. Notice that for each m ∈ N, f−1[0, 1
m
) is an open

neighborhood of ω. By choosing xnm ∈ f−1[0, 1
m
)∩{xn : n ∈ N} for allm ∈ N, we may reduce

(xn) to a subsequence (xnm)m∈N diverging to infinity in X with f(xnm) → 0 as m → ∞.
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Since f |X is slowly oscillating, so |f(xnm) − f(ynm)| → 0. Thus, f(ynm) → 0 as m → ∞

contradicting f(clY ({yn : n ∈ N})) = 1.

Conversely, let f : Y → [0, 1] be a continuous function, and we aim to show that f |X is

slowly oscillating. Seeking contradiction, assume that there exist (xn), (yn) ⊂ X such that

(xn) diverges to infinity and d(xn, yn) < r for some r > 0, for all n ∈ N, with |f(xn)− f(yn)|

does not converge to 0. Passing to subsequences if necessary, we may assume that f(xn) →

a ∈ [0, 1] and f(yn) → b ∈ [0, 1] as n→ ∞ and a ̸= b. Pick Ua and Ub open neighborhoods in

[0, 1] of a and b, respectively, such that cl[0,1](Ua)∩cl[0,1](Ub) = ∅. Notice that f−1(cl[0,1](Ua)) is

a closed subset contains all but finitely many elements of (xn); in particular, (Y \X)∩clY ({xn :

n ∈ N}) ⊂ f−1(cl[0,1](Ua)). Similarly, (Y \ X) ∩ clY ({yn : n ∈ N}) ⊂ f−1(cl[0,1](Ub)), but

f−1(cl[0,1](Ua)) ∩ f−1(cl[0,1](Ub)) = ∅, a contradiction.

When (X, d) is a proper metric space, the coarsely disjoint subsets of X are exactly those

subsets with disjoint boundaries where the closures are taken in its Higson compactification

hX.

Proposition 4.6.9. If (X, d) is a proper metric space and A is a subset of its Higson

compactification hX and the Higson corona ∂hX := hX \X, then A ∩X is coarsely clopen

in X if and only if clh(A)∩∂hX and clh(A
c)∩∂hX are disjoint, where the closures are taken

in hX.

Proof. If C := A∩X is coarsely clopen, then clX(C)∩clX(X\C) is a bounded subset. Choose

a bounded open subset U ⊂ X containing clX(C)∩ clX(X \C). Notice that clX(C) \U and

clX(X \C) are closed disjoint subsets of X. By Urysohn’s lemma, the characteristic function

χclX(C)\U is continuous on X \ U . By Tietze extension theorem, it extends to a continuous

function f : X → {0, 1}. Clearly, the function f : X → {0, 1} is slowly oscillating, and hence

it extends continuously to the function g : hX → {0, 1}. Notice that g(clh(clX(C)\U)) = {1}

and g(clh(clX(X \C)) = {0}. Therefore, clh(A)∩∂hX ⊂ g−1{1} and clh(A
c)∩∂hX ⊂ g−1{1},

which implies that clh(A) ∩ ∂hX and clh(A
c) ∩ ∂hX are disjoint.

Conversely, assume that clh(A)∩∂hX and clh(X \A)∩∂hX are disjoint, and C := A∩X

is not coarsely clopen. There exist r > 0, S1 := {xn : n ∈ N} in C and S2 := {yn : n ∈ N} in
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Cc such that xn → ∞ (that means each bounded subset K of X contains only finitely many

members of the sequence) and d(xn, yn) < r for all n ∈ N. Notice that clh(S1) ∩ ∂hX and

clh(S2) ∩ ∂hX are disjoint, which contradicts 4.6.8.

Theorem 4.6.10. Let X be a proper geodesic metric space. There is a one-one correspondence

between the the ends of X and the components of ∂hX.

Proof. Let e = (Cn)n∈N be an end of X, then, by 4.2.1,
⋂
n∈N

clh(Cn) is a connected subset of

∂hX. Let Ce be the component of ∂hX containing
⋂
n∈N

clh(Cn), and C(∂hX) be the family of all

components of ∂hX. Define the map φ : ends(X) → C(∂hX) sending each end e = (Cn)n∈N

to the component Ce. It is surjective by 4.2.1. Let e1 = (Cn)n∈N and e2 = (Dn)n∈N be two

different ends. Let n ∈ N such that Cn ∩ Dn = ∅, and put A := Cn. By 4.6.3, A is a

non-trivial coarsely clopen subset. Moreover, by 4.6.9, clh(A) ∩ ∂hX and clh(A
c) ∩ ∂hX are

disjoint clopen subsets of ∂hX. Since Ce1 ∩ clh(A) ∩ ∂hX ̸= ∅ and Ce2 ∩ clh(Ac) ∩ ∂hX ̸= ∅;

hence Ce1 ⊂ clh(A) ∩ ∂hX and Ce2 ⊂ clh(A
c) ∩ ∂hX and therefore Ce1 and Ce2 are distinct

components of ∂hX. In particular, the map φ : ends(X) → C(∂hX) is bijective.

As a result of that correspondence, we can obtain the Freudenthal compactification by

collapsing each component of the Higson corona ∂hX into a Singleton. This gives us an

external description of the Freudenthal corona or the end space.

Corollary 4.6.11. Let X be an unbounded proper metric space and hX be the Higson

compactification of X. Define a relation on hX by x ∼ x for all x ∈ X and for all x, y ∈ ∂hX,

x ∼ y if and only if x and y are in the same component of ∂hX. The quotient space hX/∼ is

a coarse compactification of X with totally disconnected corona. If, moreover, X is geodesic,

then the compactification hX/∼ coincides with its Freudenthal compactification X̄ of X.

Proof. Similar to 4.3.3.

Theorem 4.6.12. If X is a proper geodesic metric space, then its Freudenthal compactification

X̄ is the supremum of finite-point compactifications of X that are dominated by the Higson

compactification of X.

Proof. Similar to 4.3.4.
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4.7 Specker’s approach to the space ends

Given a topological space X, the family Clop(X) := {U ⊂ X : U is clopen} is a sub-

Boolean algebra of P(X). If B is a Boolean algebra, the family of all ultrafilters of B is

denoted by U(B). The family {Ux : x ∈ B}, where Ux = {F ∈ U(B) : x ∈ F}, is a basis for

a topology TU(B) on U(B) in which Ux is a clopen subset for all x ∈ B, and (U(B), TU(B)) is

a compact Hausdorff totally disconnected space (Stone’s space). The Stone’s representation

theorems for Boolean algebras and Stone’s spaces assert us the following:

• Every Boolean algebra B is isomorphic to Clop(U(B)), and two Boolean algebras B1 and

B2 are isomorphic if and only if their Stone’s spaces U(B1) and U(B2) are homeomorphic.

• Every compact Hausdorff totally disconnected space (Stone’s space) X is homeomorphic

to U(Clop(X)), and two Stone’s spaces are homeomorphic if and only if their corresponding

Boolean algebras Clop(X) and Clop(Y ) are isomorphic.

Taking advantage of the fact that the space of ends ends(G) of a finitely generated

group G is a Stone’s space, and therefore it can be determined by the Boolean algebra

Clop(ends(G)), Specker(40) defined the space of ends for arbitrary groups as follows:

• Consider the family Comm(G) of all right G-commensurated subsets of the group G; the

relation ∼ on Comm(G) given by A ∼ B if and only if A∆B is bounded (equivalently

finite in discrete spaces), is an equivalence relation. The equivalence class of A ∈ Comm(G)

is denoted by [A], and the family of the equivalence classes of Comm(G) is denoted by

Comm(G)/∼.

• The 4-tuple (Comm(G)/∼,+, ·,¬) is a Boolean algebra, where 0 := [∅], 1 := [X] and the

operations are defined as follows:

* [A] + [B] = [A ∪B];

* [A] · [B] = [A ∩B];

* ¬[A] = [X \ A]; for all [A], [B] ∈ Comm(G)/∼.

• The space of of ends of G is the Stone’s space U(Comm(G)/∼).
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Our goal is to show that if G is finitely generated then ends(G) is indeed homeomorphic

to U(Comm(G)/∼). Let d : G×G→ [0,∞) be a proper left-invariant metric on G; as noticed

in 4.6.4, Comm(G) = CC(G), where CC(G) is the family of all coarsely clopen subsets of

(G, d). Moreover, the Freudenthal compactification of a proper geodesic metric is metrizable

and dominated by its Higson compactification and its corona is totally disconnected. To

accomplish our goal, we will show that if (X, d) is a proper geodesic metric space and Y is

the Freudenthal compactification, then ∂X = Y \X is homeomorphic to U(CC(X)/∼).

Definition 4.7.1. Let X be a coarse space and A,B ⊂ X. We say that A and B are called

coarsely identical and we write A ∼ B if their symmetric difference A∆B is a bounded

subset.

Lemma 4.7.2. Let X be a coarse space; the relation ∼ on the power set P(X) of X is an

equivalence relation. The equivalence class of A ∈ P (X) is denoted by [A].

Proof. Notice that A and B are coarsely identical if and if there exist bounded subsets

KA, KB ⊂ X such that A = (A ∩ B) ∪KA and B = (A ∩ B) ∪KB. Assume that B and C

are coarsely identical and let K ′
B, KC ⊂ X be bounded such that B = (B ∩ C) ∪ K ′

B and

C = (B ∩ C) ∪KC . Now, A \ C = (A ∩ B) ∪KB \ C ⊂ (B ∪KB) \ C ⊂ (B \ C) ∪KB and

C \A = ((B ∩C)∪KC) \A ⊂ (B ∪KC) \A ⊂ (B \A)∪KC . Therefore, A∆C is a bounded

and thus ∼ is a transitive relation.

Notation 4.7.3. Let X be a coarse space; the family of all coarsely clopen subsets of X is

denoted by CC(X). The family of all equivalence classes [A] where A ∈ CC(X) is denoted by

CC(X)/∼.

Lemma 4.7.4. The 4-tuple (CC(X)/∼,+, ·,¬) is a Boolean algebra, where 0 := [∅], 1 := [X]

and the operations are defined as follows:

• [A] + [B] = [A ∪B];

• [A] · [B] = [A ∩B];

• ¬[A] = [X \ A]; for all [A], [B] ∈ CC(X)/∼.

Proof. Notice that if A,B ∈ CC(X), then A ∩B,A ∪B,X \ A ∈ CC(X).
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When X is a proper geodesic metric space, then U(CC(X)/∼) is the space of ends of X.

Lemma 4.7.5. Let X̄ be the Freudenthal compactification of the proper geodesic metric space

(X, d) and K = (Kn)n∈N be an exhausting sequence. If A ⊂ X is a coarsely clopen subset

and e = (Cn)n∈N ∈ endsK(X) is an end, then there exists N ∈ N, such that either CN ⊂ A

or CN ⊂ X \ A.

Proof. Let r > 0, and choose N ∈ N such that Br(A) ∩ Br(X \ A) ⊂ KN . Put A′ :=

A \ int(KN), and notice that:

• A′ is a closed subset of X \KN as A′ = (X \ clX(X \ A)) ∩ (X \KN).

• A′ is an open subset of X \KN as A′ = (X \ int(X \ A)) ∩ (X \KN).

Therefore, A′ is a clopen subset of X \ KN , and hence the component CN of X \ KN is

either contained entirely in A′ or entirely in X \ (A∪KN). Since CN ∩KN = ∅, CN is either

contained entirely in A or entirely in X \ A as claimed.

Theorem 4.7.6. Let X̄ be the Freudenthal compactification of a proper geodesic metric space

X. Then:

(a) If U ⊂ X is coarsely clopen, then C = clX̄(U) ∩ ∂X is clopen subset of ∂X and

(clX̄(U) ∩ clX̄(X \ U)) ∩ ∂X = ∅.

(b) If a subset C ⊂ ∂X is clopen then there exists a coarsely clopen subset UC ⊂ X such that

C = clX̄(UC)∩∂X. Furthermore, if VC ⊂ X is coarsely clopen such that C = clX̄(VC)∩∂X,

then UC and VC are coarsely identical.

Proof. (a) Assume that U is a coarsely clopen subset of X. Pick r > 0, and choose a compact

subset K ⊂ X such that B(U, r) ∩ B(X \ U, r) ⊂ int(K). Put A := U \ int(K), and notice

that:

• cl(A) ∩ ∂X = cl(U) ∩ ∂X.

• cl(X \ A ∪ int(K)) ∩ ∂X = clX̄(X \ U) ∩ ∂X.

• A is a closed subset of X \ int(K) as A = (X \ clX(X \ U)) ∩ (X \ int(K)).

• A is an open subset of X \ int(K) as A = (X \ int(X \ U)) ∩ (X \ int(K)).

Now, since A is a clopen subset of X \ int(K), the characteristic function of A χ
A

:

X \ int(K) → {0, 1} is continuous. Moreover, since X \ int(K) is a closed subset of the
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normal space X, the continuous function χ
A

: X \ int(K) → {0, 1}, by Tietze extension

theorem, admits a continuous extension f : X → [0, 1]. By 4.7.5, we can define a function

g : X̄ → [0, 1] as follows: g|X = f and for e = (Cn)n∈N ∈ ends(X) let g(e) = 1 if Cn ⊂ UC for

some n ∈ N, and g(e) = 0 if Cn ̸⊂ U for all n ∈ N. Clearly, g(∂X) ⊂ {0, 1} and g : X̄ → [0, 1]

is continuous. Indeed, let e = (Cn)n∈N ∈ ends(X), we discuss two cases:

Case 1: If g(e) = 1, then Cn ⊂ UC for some n ∈ N. Put O = Cn, then Õend := Oend ∪O is a

neighborhood of e on which g is constant.

Case 2: If g(e) = 0, then by 4.7.5, we can find n ∈ N such that Cn ⊂ X \ UC . Put

O = Cn, then Õend := Oend ∪ O is a neighborhood of e on which g is constant. This

shows that g : X̄ → [0, 1] is a continuous extension of f : X → [0, 1]. Moreover,

g−1({1}) ∩ ∂X = clX̄(U) ∩ ∂X, and g−1({0}) ∩ ∂X = clX̄(X \ U) ∩ ∂X which shows that

C = clX̄(U) ∩ ∂X is clopen subset of ∂X and (clX̄(U) ∩ clX̄(X \ U)) ∩ ∂X = ∅.

(b) Assume that C ⊂ ∂X is a clopen subset. Since X̄ is normal, we can choose disjoint

neighborhoods U and V in X̄ of C and ∂X \ C such that clX̄(U) ∩ clX̄(V ) = ∅. Notice

that C = clX̄(U) ∩ ∂X. Indeed, if ω ∈ (clX̄(U) ∩ ∂X) \ C, then ω ∈ V , a contradiction.

Put UC := U ∩ X, and notice that if O ⊂ X̄ is a neighborhood of ω ∈ clX̄(U) ∩ ∂X,

then O ∩ U ̸= ∅. As X is dense subset of X̄, (O ∩ U) ∩ X = O ∩ UC ̸= ∅. Therefore,

C = clX̄(U) ∩ ∂X = clX̄(UC) ∩ ∂X.

Claim: UC is coarsely clopen.

Proof of the claim: since X̄ \U and C are disjoint closed subsets, there exists, by Urysohn’s

lemma, a continuous function f : X̄ → [0, 1] such that f(X̄ \ U) = {0} and f(C) = {1}.

Choose a, b ∈ (0, 1) such that a < b, and notice that K := f−1([a, b]) is a compact subset of

X̄. Moreover, as ∂X ⊂ (X̄ \ U) ∪ C, K is a compact subset of X. Seeking contradiction,

assume that UC is not coarsely clopen; hence, UC \ K and X \ (UC ∪ K) are not coarsely

disjoint. There exists r > 0, such that B(UC \ K, r) ∩ X \ (UC ∪ K) is unbounded. In

particular, we can find sequences (xn)n∈N ⊂ UC \K and (yn)n∈N ⊂ X \ (UC ∪K) converging

to infinity points ωx ∈ ∂X and ωy ∈ ∂X, respectively, such that d(xn, yn) < r for all n ∈ N.

Notice that (yn)n∈N ⊂ X \ (UC ∪K) ⊂ X̄ \U and hence f(yn) = 0 for all n ∈ N. Also, since

ωx ∈ clX̄(UC \ K) ∩ ∂X ⊂ C, f(ωx) = 1. Choose N ∈ N such that f(xn) ∈ (b, 1] for all
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n > N , then |f(xn)−f(yn)| > b for all n > N , which contradicts the fact that f : X → [0, 1]

is slowly oscillating function. Therefore, UC must be coarsely clopen as claimed.

Finally, assume that VC ⊂ X is coarsely clopen such that C = clX̄(VC) ∩ ∂X. Notice

that by part (a), (clX̄(VC) ∩ clX̄(X \ VC)) ∩ ∂X = ∅. Seeking contradiction, assume that

UC \ VC is unbounded; so there is an unbounded sequence (xn)n∈N ⊂ UC \ VC . Without loss

of generality, assume that (xn)n∈N converges to ω ∈ ∂X. On one hand, ω ∈ clX̄(UC)∩ ∂X =

clX̄(VC) ∩ ∂X. On the other hand, ω ∈ clX̄(X \ VC) ∩ ∂X, which contradicts the fact that

(clX̄(VC) ∩ clX̄(X \ VC)) ∩ ∂X = ∅. Thus, UC \ VC is bounded; and similarly, VC \ UC is

bounded.

Theorem 4.7.7. Let X be a proper geodesic metric space, and X̄ be the Freudenthal

compactification. The space of ends ∂X = X̄ \X is homeomorphic to U(CC(X)/∼).

Proof. By the Stone’s representation theorems, it suffices to show that the Boolean algebras

Clop(∂X) and CC(X)/∼ are isomorphic. By 4.7.6(b), for every C ∈ Clop(∂X) there exists

UC ∈ CC(X) such that (clX̄(UC) ∩ clX̄(X \ UC)) ∩ ∂X) = ∅ and C = clX̄(UC) ∩ ∂X. Define

the map φ : Clop(∂X) → CC(X)/∼ that sends each C ∈ Clop(∂X) to [UC ] ∈ CC(X)/∼.

• φ is well-defined by 4.7.6(b).

• φ is injective. Indeed, let C,D ∈ Clop(∂X) such that ω ∈ C \D. In particular, ω is not a

limit point of UD, and hence there exists unbounded sequence (xn)n∈N ⊂ UC \UD converging

to ω. Therefore, UC \ UD is unbounded.

• By 4.7.6(a), φ is surjective.

• φ is a homomorphism. To that end, notice that φ(∅) = [∅] and φ(∂X) = [X]. To show it is

a homomorphism it suffices to show that for C,D ∈ Clop(∂X), then [UC∪D] = [UC ∪UD] and

[UC∩D] = [UC ∩UD]. Notice that C ∪D = (clX̄(UC)∪ clX̄(UD))∩ ∂X = clX̄(UC ∪UD)∩ ∂X,

and hence [UC∪D] = [UC ∪UD]. Seeking contradiction, assume that [UC∩D] ̸= [UC ∩UD]. One

has C ∩D = clX̄(UC∩D) ∩ ∂X = (clX̄(UC) ∩ clX̄(UD)) ∩ ∂X. We consider two cases:

Case 1: Assume that UC ∩ UD \ UC∩D contains an unbounded sequence (xn)n∈N converging

to ω ∈ ∂X. Then ω ∈ clX̄(UC ∩ UD) ∩ ∂X and as clX̄(UC ∩ UD) ⊂ clX̄(UC) ∩ clX̄(UD),

ω ∈ clX̄(UC)∩clX̄(UD)∩∂X = clX̄(UC∩D)∩∂X which contradicts the fact that (clX̄(UC∩D)∩

clX̄(X \ UC∩D)) ∩ ∂X = ∅.
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Case 2: Assume that UC∩D \UC∩UD contains an unbounded sequence (xn)n∈N converging to

ω ∈ ∂X. Notice that ω ∈ clX̄(X\(UC∩UD))∩∂X = (clX̄(X\UC)∩∂X)∪(clX̄(X\UD)∩∂X).

Without loss of generality, we may assume that ω ∈ clX̄(X \ UC) ∩ ∂X. Therefore, ω /∈

clX̄(UC)∩ ∂X, which contradicts the fact that ω ∈ clX̄(UC ∩UD)∩ ∂X ⊂ clX̄(UC)∩ ∂X.
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Chapter 5

Coarse Geometry

Throughout this paper, all topological spaces are assumed to be Hausdorff spaces. The

basic reference for this chapter is (36).

5.1 Definitions and examples

Definition 5.1.1. The subset ∆ =
{
(x, x) : x ∈ X

}
of X × X is called the diagonal of X.

For E,F ⊂ X ×X, the product of E and F is denoted by E ◦ F and defined by E ◦ F ={
(x, z) : ∃y ∈ X, (x, y) ∈ E, (y, z) ∈ F

}
. The inverse of E is E−1=

{
(y, x) : (x, y) ∈ E

}
. A

coarse structure on X is a collection E of subsets E ⊂ X × X satisfying the following

conditions:

(1) ∆ ∈ E ,

(2) If E ⊂ F ∈ E , then E ∈ E ,

(3) If E,F ∈ E , then E ∪ F,E ◦ F,E−1 ∈ E .

An element of E is called an entourage or a controlled set. The set X equipped with

a coarse structure E is called a coarse space and denoted by (X, E). We say that (X, E) is

(coarsely) connected if {(x, y)} is an entourage for all x, y ∈ X.

Example 5.1.2. Let (X, d) be a metric space and r ≥ 0. We put:

Er := {(x, y) ∈ X ×X : d(x, y) ≤ r}.
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The family Ed := {E ⊂ X × X : E ⊂ Er for some r ≥ 0} is a coarsely connected coarse

structure called the bounded coarse structure induced by the metric d.

Example 5.1.3. Let X be a non-empty set and G be a group that acts on X from the right.

For a subset A ⊂ G and a subset Y ⊂ X, put EY
A := {(x, x · g) : x ∈ Y, g ∈ A}. Let Gfin be

the family of all finite subsets of G, then the family:

EG := {E ⊂ EY
A : Y ∈ P(X), A ∈ Gfin}

is a coarse structure on X called the coarse structure induced by the right action of

G on X. If the action of G on X is transitive, then (X, EG) is coarsely connected space.

Proof. Notice that ∆ = EX
{1G}. If Y, Z ∈ P(X) and A,B ∈ Gfin, then EY

A ∪ EZ
B ⊂ EY ∪Z

A∪B ,

and EY
A ◦ EZ

B ⊂ EZ
A·B. For g ∈ G, Y · g = {x · g : x ∈ Y }. Let Y ′ :=

⋃
g∈A

Y · g, then

(EY
A )

−1 ⊂ EY ′

A−1 . Finally, suppose that the action of G on X is transitive, and x, y ∈ X, then

there exists g ∈ G such that y = x · g, and hence {(x, y)} = E
{x}
{g} .

Definition 5.1.4. Let E and F be two coarse structures on X:

• We say that E is finer than F or F is coarser than E if E ⊂ F .

• A subset B ⊂ E is called a basis for E if for every E ∈ E , there exists E ′ ∈ B.

Example 5.1.5. Given a metric space (X, d), the family {En : n ∈ N} is a basis for Ed.

5.2 Metrizability of a coarse structure

Definition 5.2.1. A coarse structure E on X is called metrizable if there exists a metric

d : X ×X → [0,∞) on X such that E = Ed

Lemma 5.2.2. If a coarse structure E on X admits a countable basis, then it admits an

ascending basis consists of symmetric entourages.

Proof. Let A := {An : n ∈ N} be a countable basis for E , then B := {Bn : n ∈ N}, where

Bn = An ∪ A−1
n , is a countable basis consists of symmetric entourages. Put Cn =

n⋃
i=1

Bi;

then C := {Cn : n ∈ N} is a countable basis consists of symmetric entourages such that

Cn ⊂ Cn+1 for all n ∈ N.
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Theorem 5.2.3. A coarse structure E on X is metrizable if and only if E admits a countable

basis.

Proof. If E is metrizable by a metric d, then the countable family {En : n ∈ N}, where

En = {(x, y) ∈ X ×X : d(x, y) ≤ n}, is basis for Ed = E .

Conversely, by 5.2.2, we can choose a countable basis C := {Cn : n ∈ N ∪ {0}} consists of

symmetric entourages such that Cn ⊂ Cn+1 for all n ∈ N ∪ {0}, and C0 = ∆. Define a map

d : X ×X → [0,∞] by:

d(x, y) =


∞ if (x, y) /∈

⋃
n∈N∪{0}

Cn

min{n ∈ N ∪ {0} : (x, y) ∈ Cn} if (x, y) ∈
⋃

n∈N∪{0}
Cn.

d : X ×X → [0,∞] defines a metric on X and En = {(x, y) ∈ X ×X : d(x, y) ≤ n} = Cn,

for all n ∈ N ∪ {0}. Therefore, E = Ed, as wanted.

Definition 5.2.4. Let (X, E) be a coarse space, and A be a set, the maps f, g : A → X are

close if
{
(f(a), g(a)) : a ∈ A

}
∈ E .

Notation 5.2.5. Let U be a collection of subsets of X; we write EU =
⋃
U∈U U × U . For

a subset A ⊂ X, the star of A with respect to U is denoted by St(A,U) and defined by

St(A,U) =:
⋃

U ∈ U

U ∩ A ̸= ∅

U . Notice that EU [A] = St(A,U).

Definition 5.2.6. Let (X, E) be a coarse space. A subset K ⊂ X is called coarsely bounded

or just bounded if K × K ∈ E . In general, a collection U of subsets of X is said to be

uniformly bounded if EU =
⋃
U∈U U × U ∈ E . Clearly, every element of U is a bounded

subset of X. If, moreover, U is a cover of X, U is said to be uniformly bounded cover of X.

Definition 5.2.7. Let X be a set, with A ⊂ X, and a subset E ⊂ X×X; we define the E-ball

around A by:

E[A] =
{
x ∈ X : ∃a ∈ A, (x, a) ∈ E

}
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Lemma 5.2.8. Let (X, E) be a coarse space and K ⊂ X. The following are equivalent:

(a) K is bounded;

(b) K × {p} ∈ E for some p ∈ X;

(c) K = E[p] for some p ∈ X and E ∈ E;

(d) The inclusion map K → X is to a constant map c : K → X.

Proof. Assume that K = E[p] for some p ∈ X and E ∈ E . Notice that E ◦ E−1 ∈ E and

E ◦ E−1 = K ×K. The rest of the implications are straightforward.

Proposition 5.2.9. Let (X, E) be a coarse space. Then:

(a) For all p ∈ X, {p} is a bounded subset of X.

(b) If K is a bounded subset of X and L ⊂ K, then L is a bounded subset of X.

(c) If K ⊂ X is a bounded subset and E is an entourage then E[K] is a bounded subset.

(d) If L,K ⊂ X are bounded subsets of X such that L ∩K ̸= ∅, then L ∪K is a bounded

subset of X.

(e) If K0, K1, . . . , Kn are all bounded subsets of X such that Ki∩K0 ̸= ∅ for all i = 1, . . . , n,

then
⋃n
i=1Ki is bounded subset of X.

(f) If K1, . . . , Kn are all bounded subsets of X such that Ki∩Ki+1 ̸= ∅ for all i = 1, . . . , n− 1,

then
⋃n
i=1Ki is bounded subset of X.

(g) If L and K are bounded subsets X and L ∩K ̸= ∅, then L×K is is an entourage.

(h) If L and K are bounded subsets X and (X, E) is coarsely connected; then L ×K is an

entourage.

(i) Finite union of bounded sets of a coarsely connected coarse space X is a bounded subset.

Proof. (a) and (b) are obvious.

(c) Notice that if K ⊂ X, and E ⊂ X ×X, then E[K]× E[K] ⊂ E ◦ (K ×K) ◦ E−1.

(d) Assume that L,K ⊂ X are bounded subsets of X and that p ∈ L ∩ K. Notice that

E = L × {p} and F = K × {p} are entourages and therefore, by part (c), (E ∪ F )[L] is

bounded. Since L ∪K ⊂ (E ∪ F )[L], L ∪K is bounded.

(e) and (f) follow from part (d) along with the induction.

(g) Assume that L and K are bounded subsets X and p ∈ L ∩K. Notice that (L × {p}) ◦
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({p, p}) ◦ (K × {p}) ∈ E . Clearly, L×K ⊂ (L× {p}) ◦ ({p, p}) ◦ (K × {p}).

(h) Let L and K be bounded subsets X and choose a ∈ L and b ∈ K. Notice that as X

is coarsely connected, (L × {a}) ◦ ({a, b}) ◦ (K × {b}) ∈ E . Clearly, L × K ⊂ (L × {a}) ◦

({a, b}) ◦ (K × {b}), and hence L×K ∈ E as desired.

(i) By induction, it suffices to show that if L and K are bounded, then L ∪K is bounded.

Indeed, by part (h), we have L×K,K × L ∈ E , and therefore (L ∪K)× (L ∪K) ∈ E .

Remark 5.2.10. Let (X, E) be a coarse space. If X is bounded then E = P(X × X) the

power set of X ×X. In which follows, unless otherwise stated, X is always assumed to be

coarsely unbounded.

5.3 Maps between coarse spaces

Chapter 2 of (38) is the main reference of this section.

Definition 5.3.1. Let (X, EX) and (Y, EY ) be coarse spaces, and ϕ : X → Y be a map.

• The map ϕ is called coarsely proper if for each bounded subset B ⊂ Y , then ϕ−1(B) is

bounded subset of Y .

• The map ϕ is called controlled or bornologous if for each E ∈ EX , then (ϕ× ϕ)(E) ∈ EY .

• The map ϕ is called expanding if for each F ∈ EY , then (ϕ× ϕ)−1(F ) ∈ EX .

• The map ϕ is called coarse if it is coarsely proper and controlled.

• The coarse spaces X and Y are called coarsely equivalent if there exist coarse maps

ϕ : X → Y and ψ : Y → X such that ϕ ◦ ψ is close to idY and ψ ◦ ϕ is close to idX . The

coarse map ϕ is called a coarse inverse of the map ψ.

• The coarse map ϕ : X → Y is called a coarse equivalence if it has a coarse inverse.

• The map ϕ is called coarsely surjective if there exists F ∈ EY such that F [ϕ(X)] = Y .

Proposition 5.3.2. Let (X, EX) and (Y, EY ) be coarse spaces and let φ : X → Y be a map.

φ : X → Y is controlled if and only if for all E ∈ EX , there exists F ∈ EY such that

φ(E[x]) ⊂ F [φ(x)] for all x ∈ X.

Proof. Assume that φ : X → Y is controlled and that E ∈ EX ; then we have F := φ×φ(E) ∈

EY . Moreover, φ(E[x]) ⊂ F [φ(x)] for all x ∈ X.
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Conversely, assume that E ∈ EX and choose F ∈ EY such that φ(E[x]) ⊂ F [φ(x)] for

all x ∈ X. Notice that E =
⋃
x∈X

E[x] × {x} and F =
⋃
y∈Y

F [y] × {y}. Now, φ × φ(E) =⋃
x∈X

φ(E[x])× {φ(x)} ⊂
⋃
x∈X

F [φ(x)]× {φ(x)} ⊂
⋃
y∈Y

F [y]× {y} = F . Hence, φ : X → Y is

controlled.

Lemma 5.3.3. Let φ : X → Y and ψ : Y → X be maps, and consider the subsets Eφ◦ψ :=

{(φ ◦ ψ(y), y) : y ∈ Y } and Eψ◦φ := {(ψ ◦ φ(x), x) : x ∈ X}. Then:

(a) Eφ◦ψ ⊂ (ψ × ψ)−1(Eψ◦φ) and Eψ◦φ ⊂ (φ× φ)−1(Eφ◦ψ).

(b) For all E ⊂ X × X and F ⊂ Y × Y , (φ × φ)−1(F ) ⊂ E−1
ψ◦φ ◦ (ψ × ψ)(F ) ◦ Eψ◦φ and

(ψ × ψ)−1(E) ⊂ E−1
φ◦ψ ◦ (φ× φ)(E) ◦ Eφ◦ψ.

(c) For all E ⊂ X × X and F ⊂ Y × Y , (φ × φ)(E) ⊂ (ψ × ψ)−1(Eψ◦φ ◦ E ◦ E−1
ψ◦φ) and

(ψ × ψ)(F ) ⊂ (φ× φ)−1(Eφ◦ψ ◦ F ◦ E−1
φ◦ψ).

Proof. Straightforward calculations.

Lemma 5.3.4. Let (X, EX) and (Y, EY ) be coarse spaces and let φ : X → Y and ψ : Y → X

be maps such that φ ◦ ψ is close to idY . Then:

(a) If φ : X → Y is controlled, then ψ : Y → X is expanding.

(b) If φ : X → Y is expanding if and only if ψ : Y → X is controlled and ψ ◦ φ is close to

idX .

Proof. (a) Assume that φ : X → Y is controlled, and let E ∈ EX , then by 5.3.3 (b), we have

(ψ × ψ)−1(E) ⊂ E−1
φ◦ψ ◦ (φ× φ)(E) ◦ Eφ◦ψ, and hence (ψ × ψ)−1(E) ∈ EY .

(b) Assume that φ : X → Y is expanding, and let F ∈ EY , then by 5.3.3 (c), (ψ × ψ)(F ) ⊂

(φ×φ)−1(Eφ◦ψ ◦F ◦E−1
φ◦ψ) ∈ EX . Moreover, by 5.3.3 (a), Eψ◦φ ⊂ (φ×φ)−1(Eφ◦ψ) ∈ EX .

Corollary 5.3.5. Let (X, EX) and (Y, EY ) be coarse spaces and φ : X → Y be a map. The

following are equivalent:

(a) φ : X → Y is a coarse equivalence.

(b) φ : X → Y is controlled and there exists a controlled map ψ : Y → X such that ψ ◦ φ

close to idX and φ ◦ ψ is close to idY .

(c) φ : X → Y is controlled, expanding and φ ◦ ψ is close to idY for some map ψ : Y → X.

(d) φ : X → Y is controlled, expanding and coarsely surjective.
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Proof. (c) =⇒ (d) : Since φ ◦ ψ is close to idY , E
−1
φ◦ψ ∈ EY ; and as E−1

φ◦ψ[φ(X)] = Y ,

φ : X → Y is coarsely surjective.

(d) =⇒ (a) : Choose F ∈ EY such that F [φ(X)] = Y . Notice that for every y ∈ Y , there

exists xy ∈ X such that (y, φ(xy)) ∈ F . Define a map ψ : Y → X by ψ(y) := xy. Notice

that for all y ∈ Y , (y, φ ◦ ψ(y)) = (y, φ(xy)) ∈ F , and therefore, φ ◦ ψ is close to idY . By

5.3.4 (a), ψ : Y → X is expanding, and a fortiori, coarsely proper. By 5.3.4 (b), ψ : Y → X

is controlled and ψ ◦φ is close to idX . The other implications follow directly from 5.3.4.

Example 5.3.6. If G is a countable group equipped with two proper, left-invariant metrics d1

and d2; then (G, d1) and (G, d2) are coarsely equivalent.

Proof. The identity map id : (G, d1) → (G, d2) is a coarse equivalence. Indeed, notice that for

r > 0, Bd1(1G, 2r) is finite and therefore we can find s > 0 such that Bd1(1G, 2r) ⊂ Bd2(1G, s).

Now, for all x, y ∈ G, if d1(x, y) < r, then d1(1G, x
−1 ·y) < r and hence x−1 ·y ∈ Bd1(1G, 2r) ⊂

Bd2(1G, s) which implies that d2(x, y) < s. Thus, the identity map id : (G, d1) → (G, d2) is

coarse continuous and consequently a coarse equivalence.

Example 5.3.7. Let G be a group equipped with a left-invariant metric d. If H is a subgroup

of finite index in G, then G and H are coarsely equivalent.

Proof. The inclusion map φ : H → G is clearly a coarse map. Suppose that [G : H] = n and

let {g1 = 1G, g2, . . . , gn} be a subset of G such that G is the disjoint union of the right cosets

H,H ·g2, . . . , H ·gn. Define the map ψ : G→ H by ψ(x ·gi) = x for all x ∈ H and 1 ≤ i ≤ n.

Then ψ : G→ H is a coarse map. Furthermore, ψ ◦ φ = idH and d(φ ◦ ψ(x · gi), x · gi) ≤M

for all x ∈ H and 1 ≤ i ≤ n, where M = max{d(gi, 1G) : 1 ≤ i ≤ n}.

5.4 Coarse components and coarse path components

Lemma 5.4.1. Let (X, E) be a coarse space and define a relation ∼ on X by x ∼ y if and

only if (x, y) ∈ E for some E ∈ E. The relation ∼ on X is an equivalence relation.

Proof. Straightforward.
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Notation 5.4.2. If (X, E) is a coarse space, the equivalence class of x ∈ X is called the

coarse connected component of x and denoted by Cx. Clearly, X is coarsely connected

if and only if X = Cx for some x ∈ X .

Definition 5.4.3. Let (X, E) be a coarse space and E ∈ E be a symmetric entourage, and

x, y ∈ X:

• x and y are said to be E-related if (x, y) ∈ E.

• x and y are said to be E-connected and we write x ∼E y if there exists a finite sequence

x1, . . . , xn ∈ X such that x = x1, y = xn and (xi, xi+1) ∈ E for all 1 ≤ i ≤ n − 1. Clearly,

x ∼E y if and only if there exists a finite sequence x1, . . . , xn ∈ X such that x = x1, y = xn

and E[xi] ∩ E[xi+1] ̸= ∅ for all 1 ≤ i ≤ n− 1 if and only if y ∈ En[x] for some n ∈ N.

• X is said to be E-connected if for all x, y ∈ X, x and y are E-connected. It is obvious

that if X is E-connected then it is coarsely connected.

Lemma 5.4.4. Let (X, E) be a coarse space and E ∈ E be a symmetric entourage containing

∆. The relation ∼E on X is an equivalence relation.

Proof. Straightforward.

Notation 5.4.5. Let (X, E) be a coarse space and E ∈ E be a symmetric entourage containing

∆. The equivalence class of x ∈ X is denoted by CE
x and called the coarse E-path

component or just the E-component of x ∈ X. It can be easily seen that CE
x =

⋃
n∈N

En[x].

In the special case when (X, d) is a metric space equipped with the bounded coarse

structure induced by d, for r > 0, we say that x, y ∈ X are r-connected instead of Er-

connected and the Er-component is referred to as the r-component.

Definition 5.4.6. Let (X, E) be a coarse space, E ∈ E and A ⊂ X:

• A is called E-coarsely dense if E[A] = X and it is called coarsely dense if it is E-coarsely

dense for some E ∈ E .

• A is called E-separated if (a, b) /∈ E for all distinct elements a, b ∈ A.

• A is called extremely E-separated if E[a] ∩ E[b] = ∅ for all distinct elements a, b ∈ A.

Proposition 5.4.7. (a) If (X, E) is a coarse space, a subset A ⊂ X is coarsely dense if and

only if A is coarsely equivalent to X.
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(b) Let (X, EX) and (Y, EY ) be coarse spaces. The map φ : X → Y is coarsely surjective if

and only if φ(X) is coarsely dense subset of Y .

Proof. Straightforward.

Given a coarse space (X, E) and E ∈ E we aim to find subsets A and B such that A is

coarsely dense E-separated, and B is coarsely dense extremely E-separated.

Proposition 5.4.8. Let (X, E) be a coarse space, and E ∈ E be symmetric entourage

containing ∆. Then:

(a) X contains a coarsely dense E-separated subset A.

(b) X contains a coarsely dense extremely E-separated subset A.

Proof. (a) Let A := {Y ⊂ X : Y is E-separated}. As every singleton is vacuously E-

separated, A ≠ ∅. Partially order A by inclusion. Let C ⊂ A be a chain and put B :=
⋃
C∈C

C.

Clearly, B is an upper bound of C and B ∈ A. Indeed, if x, y ∈ B are distinct elements,

then there is C ∈ C such that x, y ∈ C and hence (x, y) /∈ E. By Zorn’s lemma, A contains

a maximal element A. We claim that E[A] = X. To this end, assume that there exists

x ∈ X \ E[A], then x /∈ A and for all a ∈ A, (x, a) /∈ E. Hence, A ∪ {x} is an E-separated

subset containing A properly, a contradiction. Therefore, E[A] = X as wanted.

(b) Let A := {Y ⊂ X : Y is extremely E-separated}. As every singleton is vacuously

extremely E-separated, A ̸= ∅. As in part (a), A contains a maximal element A. We need

to show that A is coarsely dense. Take F = E ◦E, then F [A] = X. Indeed, if x ∈ X \F [A],

then x /∈ E[A] and hence for all a ∈ A, (x, a) /∈ E. Notice that E[x] ∩ E[a] = ∅ as if

y ∈ E[x]∩E[a], then (x, y), (y, a) ∈ E and hence x ∈ E[A], a contradiction. Now, as x /∈ A,

A ∪ {x} is extremely E-separated containing A properly, a contradiction. Thus, we must

have F [A] = X.

5.5 Proper coarse spaces

A proper coarse space X is set that equipped with a coarse structure and a topology

where the coarse structure and the topology are compatible in some sense. The concept of

being a proper coarse space generalizes the concept of being a proper metric space.
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5.5.1 Topological coarse spaces

Definition 5.5.1. A topology on X is compatible with the coarse structure on X if there is

a uniformly bounded cover of X consisting of open subsets of X.

Observation 5.5.2. The simplest non-trivial topology compatible with a coarse structure is

the discrete topology.

Definition 5.5.3. A set X that is equipped with a topology T and a coarse structure E

simultaneously. We say that X is a topological coarse space if T is compatible with E .

Example 5.5.4. Any (X, E) coarse space equipped with the discrete topology is a topological

coarse space.

The topology of a topological coarse space admits a basis consists of coarsely bounded

subsets.

Lemma 5.5.5. Let (X, T ) be a topological space equipped with a coarse structure E. Then:

(a) If X has a uniformly bounded open cover if and only if X has a uniformly bounded cover

that is a basis for its topology.

(b) X has a uniformly bounded open cover if and only if the diagonal ∆ has an open

neighborhood in E.

Proof. (a) Let U be a uniformly bounded open cover of X. That is, EU =
⋃
U∈U

U × U

is an entourage, X =
⋃
U∈U

U and every U ∈ U is coarsely bounded and open subset of X.

For every O ∈ T and U ∈ U , put OU = O ∩ U ; and notice that
⋃
O∈T

OU = U × U . Put

B := {OU : O ∈ T and U ∈ U}. Clearly, B is a basis and it is uniformly bounded cover as

EB = EU is an entourage.

(b) Let U be a uniformly bounded open cover of X. Clearly, EU =
⋃
U∈U

U × U is an open

entourage containing ∆.

Conversely, let E be an open entourage containing ∆. A basis element of X × X is of

the form U ×V for some U, V ∈ T . In particular, there exists a subfamily T ′ ⊂ T such that

E =
⋃

U,V ∈T ′
U ×V . Put U := {U ∩V : U, V ∈ T ′}, then U is a uniformly bounded open cover

of X.
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Proposition 5.5.6. Let (X, T ) be a topological space equipped with a coarse structure E. X is

a topological coarse space if and only if its coarse structure E admits a basis consists of open

subsets of X ×X.

Proof. Assume that X is a topological coarse space, and F ∈ E , be an open neighborhood

of ∆. For every E ∈ E , put E ′ = F ◦ E ◦ F . Obviously, E ⊂ E ′. It is left to show that

E ′ is an open subset of X ×X. Indeed, let (x, y) ∈ E ′, then there exist a, b ∈ X such that

(x, a) ∈ F , (a, b) ∈ E and (b, y) ∈ F . Pick open neighborhoods Ux, Ua, Ub, Uy ⊂ X of x,

a, b and y, respectively; such that (x, a) ∈ Ux × Ua ⊂ F and (b, y) ∈ Ub × Uy ⊂ F . Then

(x, y) ∈ Ux × Uy ⊂ E ′, which shows that E ′ is an open entourage containing E. The family

{E ′ : E ∈ E} is a basis consists of open subsets of X ×X.

Proposition 5.5.7. If (X, E) is a topological coarse space, then it contains a closed discrete

coarsely dense subset D.

Proof. By 5.5.5, we can choose a uniformly bounded cover U of X that is a basis for its

topology. Put EU =
⋃
U∈U

U × U . By 5.4.8, choose D to be a coarsely dense extremely

EU -separated subsets of X. By construction, each U ∈ U contains at most one element

of D. Indeed, if a, b ∈ D are distinct contained in some U ∈ U , then a ∈ EU [a] ∩ EU [b], a

contradiction. Now, for x ∈ D, choose a basis element U ∈ U containing x, then U∩D = {x},

and hence D is discrete. If x ∈ X \D, choose a basis element U ∈ U containing x. Without

loss of generality, assume that U ∩ D = {a}, then V = U \ {a} is an open subset of X

containing x and V ∩D = ∅. Thus, D is a closed subset of X.

Notice that coarse connectedness of a topological coarse space dose not imply that it is

topologically connected; for instance, take a non-empty set X and equip it with the coarse

structure E = P(X) and the discrete topology. Then X is coarsely connected but not

topologically connected. However, if a topological coarse space is topologically connected,

then it is coarsely connected. To prove that fact, we need the following lemma.

Lemma 5.5.8. Let (X, E) is a topological coarse space, then the coarse connected component

Cx of x ∈ X is an open subset of X for all x ∈ X.
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Proof. Notice that if E ⊂ X × X is an open subset and A ⊂ X, then E[A] is an open

subset of X. Indeed, if x ∈ E[A], then (x, a) ∈ E for some a ∈ A. Let Ux and Ua be open

neighborhoods of x and a, respectively, such that Ux × Ua ⊂ E. Then Ux ⊂ E[A] which

proves that E[A] is an open subset of X. Now, notice that if E ∈ E , then E[Cx] ⊂ Cx. In

particular, if E is an entourage containing the the diagonal ∆, then E[Cx] = Cx. Now, let

F be an open entourage containing ∆, then as Cx = F [Cx], Cx is an open subset of X as

wanted.

Corollary 5.5.9. If X is a topological coarse space that is topologically connected, then it is

coarsely connected.

Proof. It follows from the fact that coarse connected components are open and partition

X.

Lemma 5.5.10. Let (X, E) be a topological coarse space and let U be a uniformly bounded

open cover of X. Let E =
⋃
U∈U

U × U , then the E-connected component CE
x of x ∈ X is a

clopen (closed and open) subset of X for all x ∈ X.

Proof. Since CE
x =

⋃
n∈N

En[x], CE
x is open. Let y ∈ cl(CE

x ) and Uy ∈ U be a neighborhood of

y. Then Uy intersects En[x] for some n ∈ N; hence Uy ⊂ En+1[x], which implies that CE
x is

closed.

Corollary 5.5.11. Let (X, E) be a topological coarse space. If X is topologically connected,

then X is EU -connected for any uniformly bounded open cover U of X, where EU =
⋃
U∈U

U×U .

Proof. The result follows from the fact CEU
x is a non-empty clopen subset of X for any

x ∈ X.

5.5.2 Proper coarse spaces

Definition 5.5.12. Let (X, T ) be a topological space equipped with a coarse structure E . X

is called coarsely locally compact space if every coarsely bounded subset of X is a relatively

compact subset.
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Definition 5.5.13. A topological coarse space (X, E) is called a proper coarse space if it is

coarsely locally compact.

Example 5.5.14. Let (X, d) be a metric space. For r > 0, set Er =
{
(x, y) ∈ X ×X : d(x, y) < r

}
.

The collection E =
{
Er : r > 0

}
is a coarse structure which is called the bounded coarse

structure. Furthermore, the coarse space (X, E) is proper coarse space if and only if the

metric space (X, d) is proper metric space.

Proposition 5.5.15. If (X, E) is a proper coarse space, then X is locally compact.

Proof. Since (X, E) is a topological coarse space, then by 5.5.5, its topology admits a basis

B consists of coarsely bounded subsets. As (X, E) is coarsely locally compact, each element

of B is relatively compact. Hence, X is locally compact.

Proposition 5.5.16. Let (X, E) be a proper coarse space. If X is coarsely connected, then a

subset of X is coarsely bounded if and only if it is relatively compact.

Proof. Since (X, E) is a topological coarse space, then by 5.5.5, its topology admits a basis

B consists of coarsely bounded subsets. Now, every relatively compact subset is covered by

finitely many elements of B, then by 5.2.9 (h), it is coarsely bounded.

Roe, in his book ”Lectures On Coarse Geometry” ((36)), defines a proper coarse space

X to be a Hausdorff paracompact topological space equipped with a coarse structure such

that every bounded subset is relatively compact and the diagonal is contained in an open

entourage. In this section, we show that the paracompactness hypothesis is redundant

by showing that every proper coarse space in the sense of Definition 5.5.13 is indeed

paracompact. Moreover, if the proper coarse space is U -connected for some uniformly

bounded open cover U of X, then X is σ-compact.

Lemma 5.5.17. If (X, E) is a proper coarse space with U is a uniformly bounded open cover,

the EU -connected component CEU
x of x ∈ X is σ-compact.

Proof. Since En
U [x]) is bounded for all n ∈ N, En

U [x]) is relatively compact for all n ∈ N and

hence cl(En
U [x]) is compact for all n ∈ N. Now, as CEU

x =
⋃
n∈N

En
U [x] is a closed subset of X,

we have CEU
x =

⋃
n∈N

cl(En
U [x]), which proves that CEU

x is σ-compact.
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Definition 5.5.18. Given a topological space X and collections U , V of its subsets:

• U is called locally finite if for every x ∈ X, there exist a neighborhood Ux of x that

intersects only finitely many elements of U .

• U is said to be a refinement of V if for every U ∈ U , there exists V ∈ V such that U ⊂ V .

• X called paracompact if every open cover U , there is a locally finite open cover V that

refines U .

Proper coarse spaces are locally compact. It is well-known that if a locally compact

space is σ-compact, then it is paracompact. Moreover, disjoint union of open paracompact

subspaces of a topological space is paracompact.

Corollary 5.5.19. Proper coarse spaces are paracompact.

Proof. Let (X, E) be a proper coarse space and let U be a uniformly bounded open cover

of X, and CEU
x be the EU -connected component of x ∈ X. Then X can be written as a

disjoint union of open sets X =
⋃
x∈X C

EU
x each of which is σ-compact, and hence X is

paracompact.

A topological space is called Lindelöf if every open cover of X admits a countable sub-

cover. σ-compact space is an example of a Lindelöf space.

Corollary 5.5.20. Let (X, E) be a proper coarse space. If X is EU -connected for some

uniformly bounded open cover U of X, then X admits a countable uniformly bounded open

cover.

Proof. For x ∈ X, X = Cx and hence X is σ-compact. Thus, X is Lindelöf.

5.5.3 Coarse structures induced by a compactification

Notation 5.5.21. Let Y be a compactification of X:

• For E ⊂ X ×X let E denote the closure of E in Y × Y .

• The corona of Y and its diagonal are denoted by ∂YX and ∆∂Y , respectively.

• EY := {E ⊂ X ×X : E ⊂ X ×X ∪∆∂Y }.
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We aim to show that for a topological space X and a compactification Y , the family EY
is a coarse structure on X. The following lemma will be used to that end.

Lemma 5.5.22. Let Y be a compactification of X, and E ⊂ X × X. The following are

equivalent:

(a) E ∈ EY .

(b) For every net (xα, yα)α∈I ∈ E, if either (xα)α∈I or (yα)α∈I converges to an infinity point

ω ∈ ∂YX then the other net converges to the same infinity point ω ∈ ∂YX.

(c) If ω ∈ ∂YX, then every neighborhood V ⊂ Y of ω contains a smaller neighborhood U ⊂ Y

of ω such that E ∩ (U × (X \ V )) = ∅.

Proof. (a) ⇐⇒ (b): Obvious.

(b) =⇒ (c): Let E ⊂ X × X such that every net (xα, yα)α∈I ∈ E and ω ∈ ∂YX; (xα)α∈I

converges to ω ∈ ∂YX if and only if (yα)α∈I converges to ω ∈ ∂YX. Seeking contradiction,

assume that there exists a neighborhood V ⊂ Y of ω ∈ ∂YX such that E∩(U×(X \V )) ̸= ∅

for every neighborhood U ⊂ V of ω ∈ ∂YX. For every neighborhood U ⊂ V of ω ∈ ∂YX,

choose (x
U
, y
U
) ∈ E∩(U×(X \V )). Note that the set N V

x := {U ⊂ X : U is a neighborhood

of x and U ⊂ V } ordered by reverse inclusion (i.e. U ≤ U ′ if and only if U ′ ⊂ U) is a directed

set. Thus, (x
U
, y
U
)
U∈NV

x
is a net. However, (x

U
)
U∈NV

x
converges to ω and (y

U
)
U∈NV

x
does

not converges to ω, a contradiction.

(c) =⇒ (b): Let (xα, yα)α∈I ∈ E be a net with (xα)α∈I converges to ω ∈ ∂YX. Pick an

arbitrary neighborhood V ⊂ Y of ω. We aim to find λ ∈ I such that yα ∈ V for all α ≥ λ.

To this end, choose a neighborhood U ⊂ V of ω such that E ∩ (U × (X \ V )) = ∅ and pick

λ ∈ I such that xα ∈ U for all α ≥ λ, then yα ∈ V for all α ≥ λ, as desired.

Theorem 5.5.23. Let Y be a compactification of X; then EY is a coarse structure on X and

the coarse space (X, EY ) is coarsely locally compact and coarsely connected.

Proof. Claim 1: EY is a coarse structure on X.

Proof of Claim 1: It is not hard to see that ∆X ∈ EY . Furthermore, if E,F ∈ EY and

E ′ ⊂ E, then E ′, E−1, E ∪ F ∈ EY . We need to show that E ◦ F ∈ EY . To this end, let

(xα, zα)α∈I ∈ E ◦ F be a net such that (xα)α∈I converges to an infinity point ω ∈ ∂YX. Let

(yα)α∈I be a net such that (xα, yα) ∈ E and (yα, zα) ∈ F for all α ∈ I. On one hand, since
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(xα, yα)α∈I ∈ E and (xα)α∈I converges to ω ∈ ∂YX; then, by 5.5.22 (b), (yα)α∈I converges

to ω ∈ ∂YX. On the other hand, since (yα, zα)α∈I ∈ F and (yα)α∈I converges to ω ∈ ∂YX,

(zα)α∈I , by 5.5.22 (b), must converge to ω ∈ ∂YX. By 5.5.22, E ◦ F ∈ EY .

Claim 2: (X, EY ) is coarsely locally compact and coarsely connected.

Proof of Claim 2: Notice that for every (x, y) ∈ X×X, then {(x, y)} = {(x, y)} which show

that (X, EY ) is coarsely connected. Now, let B ⊂ X be bounded. We aim to show that B is

relatively compact, i.e. clX(B). Since clY (B) is compact subset of Y , it suffices to show that

clY (B) ⊂ X. Seeking contradiction, assume that ω ∈ clY (B) \ X. As B ⊂ X is bounded,

B × {b} ∈ EY , where b ∈ B. Since V = Y \ {b} is an open neighborhood of ω, so by 5.5.22

(c), there exists an open neighborhood U ⊂ V of ω such that B × {b} ∩ (U × {b}) = ∅.

Notice that X \ V = {b} and therefore B × {b} ∩ (U × {b}) = ∅ implying that U ∩ B = ∅,

which contradicts the fact that ω ∈ clY (B). Hence, clY (B) ⊂ X and thus clX(B) = clY (B)

is compact. This proves that the coarse space (X, EY ) is coarsely locally compact.

Definition 5.5.24. If Y is a compactification of X, the coarse structure EY is called the coarse

structure induced by the compactification Y . In (36), EY is referred to as the topological

coarse structure associated to the compactification Y .

If Y is a metrizable compactification of a locally compact space X, then the coarse space

(X, EY ) is a proper coarse space. We need the following fact.

Lemma 5.5.25. Let A be a subset of a metric space (X, d). The function fA : X → [0,∞)

given by fA(x) = d(x,A) where:

d(x,A) := inf
a∈A

{d(x, a)},

is uniformly continuous and cl(A) = {x ∈ X : fA(x) = 0}. In particular, if A is a closed

subset, then fA vanishes exactly on A and takes positive value outside A; namely, fA(A) =

{0} and fA(x) > 0 for all x ∈ X \ A.
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Proof. Let ε > 0 and take δ = ε and assume that x, y ∈ X such that d(x, y) < δ. For

arbitrary a ∈ A, we have d(x, a)− d(y, a) ≤ d(x, y) and therefore

inf
a∈A

{d(x, a)} − inf
a∈A

{d(y, a)} = inf
a∈A

{d(x, a)− d(y, a)} ≤ d(x, y)

which implies that fA(x) − fA(y) ≤ d(x, y) < δ. Similarly, fA(y) − fA(x) < δ. Now, put

Z = {x ∈ X : fA(x) = 0}, and assume that x ∈ Z. If x /∈ cl(A), then we can find r > 0 such

that B(x, r)∩A = ∅ and hence d(x, a) ≥ r for all a ∈ A which implies that inf
a∈A

{d(x, a)} ≥ r,

a contradiction. Conversely, let x ∈ cl(A) and choose a sequence (xn)n∈N ⊂ A converging to

x. One one hand we have d(xn, A) = 0 for all n ∈ N; on the other hand, as fA is continuous,

the zero sequence d(xn, A) converges to d(x,A). Thus, d(x,A) = 0.

Proposition 5.5.26. If Y is a metrizable compactification of a locally compact space X, then

the coarse structure EY induced by Y is a proper coarse structure.

Proof. By 5.5.23, (X, EY ) is coarsely locally compact. To show that (X, EY ) is a topological

coarse space, we need to find an open entourage E containing ∆X . Notice that A = ∆Y

is a closed subset of Y × Y as Y is Hausdorff; also, as X is locally compact, ∂YX is a

closed subset of Y , and thus B = ∂YX × Y ∪ Y × ∂YX is a closed subset of Y × Y . By

5.5.25, we may choose continuous functions fA, fB : Y × Y → [0,∞) that vanish exactly

on A and B, respectively; and fA, fB : Y × Y → [0,∞) are positive outside A and B,

respectively. Now, the subset E := {(x, y) ∈ X × X : fA(x, y) < fB(x, y)} is open and

∆X ⊂ E. Moreover, if (xn, yn)n∈N is a sequence in E such that (xn)n∈N converges to ω ∈ ∂YX.

Since, fB : Y × Y → [0,∞) is continuous and fB(ω, yn) = 0 for all n ∈ N, and hence

fB(ω, lim
n→∞

yn) = 0. Since 0 ≤ lim
n→∞

fA(ω, yn) ≤ lim
n→∞

fB(ω, yn) = 0, so fA(ω, lim
n→∞

yn) = 0. As

fA : Y × Y → [0,∞) vanishes exactly on A = ∆Y , we must have ω = lim
n→∞

yn, and therefore

E is an entourage by 5.5.22.
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5.6 Coarse compactifications of proper coarse spaces

5.6.1 Higson compactification of proper coarse spaces

The concept of a complex-valued function f : X → C, on a metric space, to vanish

at infinity and to be slowly oscillating can be generalized for complex-valued functions f :

X → C defined on arbitrary coarse space. When the coarse space is proper and hence locally

compact, the Higson compactification can be defined in a similar fashion to 2.3.10 and 2.3.20.

Definition 5.6.1. Let (X, E) be a proper coarse space, and let f : X → C be a bounded

function:

• f : X → C is said to vanish at infinity if for all ε > 0 there exists a coarsely bounded

subset of K ⊂ X such that ∥f(x)∥ < ε for all x ∈ X \K.

• The collection of all continuous bounded functions vanishing at infinity is a C∗-subalgebra

of Cb(X,R) denoted by C0(X,C), while the collection of all bounded functions vanishing at

infinity is a C∗-subalgebra of B(X,C) denoted by B0(X,C), where B(X,C) is the C∗-algebra

of all bounded functions.

• f : X → C is called a Higson function if for each E ∈ E and ε > 0 there exists a (coarsely)

bounded subset of KE ⊂ X such that ∥f(x)− f(y)∥ < ε for all x, y ∈ X \K and (x, y) ∈ E.

• The collection of all bounded Higson functions is a C∗-subalgebra of B(X,C) denoted

by Bh(X,C), while the collection of all continuous Higson functions is a C∗-subalgebra of

Cb(X,R) denoted by Ch(X,C).

• The Higson compactification of X is defined to be the maximal ideal space of Ch(X,C)

and it is denoted by hX. The corona of hX is called the Higson corona of hX and denoted

by ∂hX.

Lemma 5.6.2. Let (X, E) be a coarsely connected proper coarse space. A continuous function

f : X → C is a Higson function if and only if ∥f(xα)− f(yα)∥ → 0 for any net (xα, yα)α∈I

contained in some entourage F with either (xα)α∈I or (yα)α∈I converges to an infinity point.

Proof. Assume that ∥f(xα)− f(yα)∥ → 0 for any net (xα, yα)α∈I contained in some entourage

F with either (xα)α∈I or (yα)α∈I converges to an infinity point. Seeking contradiction, assume

that there exists E ∈ E and ε > 0 such that for every bounded subset K ⊂ X, there exists
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(x, y) ∈ E ∩ (X × X \ K × K) such that ∥f(x)− f(y)∥ ≥ ε. Notice that as (X, E) be a

coarsely connected proper coarse space, a subset is bounded if and only if it is relatively

compact. Fix a bounded subset K1 ⊂ X and choose (x1, y1) ∈ E ∩ (X × X \ K1 × K1)

with ∥f(x1)− f(y1)∥ ≥ ε. Since X is locally compact, we can find a relatively compact

neighborhood K2 properly containing clX(K1∪{x1, y1}). Inductively, we construct a strictly

increasing sequence (Kn)n∈N of open relatively compact subsets and a sequence (xn, yn)n∈N ⊂

E such that (xn, yn) ∈ E∩(X×X \Kn×Kn), ∥f(xn)− f(yn)∥ ≥ ε and clX(Kn∪{xn, yn}) ⊂

Kn+1 for all n ∈ N. Notice that the sequence (xn)n∈N is unbounded. Indeed, notice that⋃
n∈N

Kn is a clopen subset as clX(
⋃
n∈N

Kn) =
⋃
n∈N

clX(Kn) =
⋃
n∈N

Kn; now, if (xn)n∈N is bounded,

then clX({xn : n ∈ N}) is compact and it is covered by
⋃
n∈N

Kn, and hence there exists N ∈ N

such that clX({xn : n ∈ N}) ⊂ KN , a contradiction. Without loss of generality, we may

assume that (xn)n∈N converges to an infinity point ω ∈ ∂hX, but ∥f(xn)− f(yn)∥ ̸→ 0, a

contradiction. Hence, f is a Higson function as wanted.

5.6.2 Coarse compactifications of proper coarse spaces

Definition 5.6.3. A compactification Y of the proper coarse space (X, E) is called a coarse

compactification if it is dominated by the Higson compactification associated to E .

Theorem 5.6.4. A compactification Y of a coarsely connected proper coarse space (X, E) is

a coarse compactification if and only if E ⊂ EY , where EY is the coarse structure induced by

Y .

Proof. Assume that Y is a coarse compactification of (X, E) and E ∈ E . We claim that

E ∈ EY . To this end, notice first that as Y is dominated by hX, one has C(Y,C) ⊂

C(hX,C). Now, assume that (xα, yα)α∈I ∈ E is a net such that (xα)α∈I converges to an

infinity point ω ∈ ∂YX. For arbitrary continuous function f ∈ C(Y,C), as f |X is a Higson

function, for every ε, we can find a bounded subset KE such that ∥f(x)− f(y)∥ < ε for

all (x, y) ∈ E ∩ (X × X \ KE × KE). In particular, f(ω) = f(limxα) = f(lim yα), for all

f ∈ C(Y,C). Since C(hX,C) separates points of Y , we must have lim yα = ω and hence, by

5.5.22, E ∈ EY .
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Conversely, assume that E ⊂ EY and f ∈ C(Y,C). We aim to show that f |X is a Higson

function. Indeed, assume that E ∈ E , and pick a net (xα, yα)α∈I ∈ E with (xα)α∈I converges

to an infinity point ω ∈ ∂YX. Since E ∈ EY , hence (yα)α∈I must converge to ω ∈ ∂YX and

thus ∥f(xα)− f(yα)∥ → 0. Therefore, by 5.6.2, f |X is a Higson function.

Theorem 5.6.5. Let Y be a metrizable compactification of a locally compact space X. The

Higson compactification of the proper coarse space (X, EY ) is Y itself.

Proof. To that end, it suffices to prove that Y dominates and is dominated by the Higson

compactification hX of the proper coarse space (X, EY ). By 5.6.4, Y is dominated by the

Higson compactification hX of the proper coarse space (X, EY ). Let fX → C be a continuous

Higson function (slowly oscillating), and we aim to find a continuous extension f̃ : Y → C

of f . For ω ∈ ∂YX, there exists a sequence (xn)n∈N converging to ω ∈ ∂YX. Let rω be an

accumulation point of the bounded sequence (f(xn))n∈N. Define f̃ : Y → C by:

f̃(y) =

f(y) if y ∈ X

ry if y ∈ ∂YX

• f̃ is well-defined. Indeed, assume that (yn)n∈N is another sequence converging to ω ∈ ∂YX,

then E := {(xn, yn) : n ∈ N} ∈ EY , and hence, by 5.6.2, lim
n→∞

f(xn) = lim
n→∞

f(yn).

• f̃ is a continuous extension by construction. Therefore, Y dominates the Higson

compactification hX of the proper coarse space (X, EY ).

Definition 5.6.6. Given a topological space X:

• The support of a real valued function f : X → R is defined to be supp(f) := clX(f
−1(R \

{0}). Notice that, a /∈ supp(f) if and only if there exists a neighborhood Ua of a such that

Ua ∩ (f−1(R \ {0}) = ∅ if and only if f(Ua) = {0}.

• A family of continuous functions {ρ
α
: X → [0, 1] : α ∈ I} is called a partition of unity if:

1. For every x ∈ X, there exists a neighborhood Ux of x such ρ
α
∣∣Ux

≡ 0 for all but finitely

many α ∈ I.

2.
∑
α∈I

ρ
α
(x) = 1, for all x ∈ X. In particular, if {ρ

α
: X → [0, 1] : α ∈ I} is a partition of

unity, then {supp(ρ
α
) : α ∈ I} is locally finite cover of X.
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• If U is a cover of X and {ρ
α
: X → [0, 1] : α ∈ I} is a partition of unity, we say that

{ρ
α
: X → [0, 1] : α ∈ I} subordinate to U if {supp(ρ

α
) : α ∈ I} is a refinement of U .

We utilize the well-known fact, that a topological space is paracompact if and only if

every open cover admits a subordinate partition of unity, to prove that every bounded Higson

function can be approximated by a continuous Higson function up to a bounded function

that vanishes at infinity, namely Bh(X,C) = Ch(X,C) +B0(X,C).

Lemma 5.6.7. Let (X, E) be a proper coarse space. For every f ∈ Bh(X,C), there exists

g ∈ Ch(X,C) such that f − g ∈ B0(X,C). In particular, Bh(X,C) = Ch(X,C) +B0(X,C).

Proof. Let U := {Uα : α ∈ I} be a locally finite uniformly bounded basis of X. Choose

a partition of unity {ρ
α
: X → [0, 1] : α ∈ I} subordinate to U . For each α ∈ I, choose

xα ∈ Uα and define the function g(x) =
∑
α∈I

ρ
α
(x)f(xα). Notice that ρ

α
(x) = 0 for all

but finitely many α ∈ I, and hence for all x ∈ X, g(x) is a finite linear combination of

elements of {ρ
α

: X → [0, 1] : α ∈ I}, thus g : X → C is bounded continuous. Let

E = (
⋃
U∈U

U×U)◦ (
⋃
U∈U

U×U). Since f ∈ Bh(X,C) and E ∈ E , so for any ε > 0, there exists

a bounded subset Kε ⊂ X such that ∥f(x)− f(y)∥ < ε for all x ∈ X \Kε and (x, y) ∈ E.

Moreover, for any x ∈ X, there exists Uβ ∈ U a neighborhood of x that intersects finitely

many elements of U , say Uα1 , . . . , Uαn . Notice that (x, xαi
) ∈ E, for all 1 ≤ i ≤ n, and

hence if x ∈ X \Kε, then ∥f(x)− f(xαi
)∥ < ε, for all 1 ≤ i ≤ n. Now, since

∑
α∈I

ρ
α
(x) = 1

for all x ∈ X, hence f(x) − g(x) =
∑
α∈I

ρ
α
(x)(f(x) − f(xα)). Therefore, for any ε > 0

and x ∈ X \ Kε, then ∥f(x)− g(x)∥ ≤ (
∑
α∈I

ρ
α
(x)) ∥f(x)− f(xα)∥ < ε, which implies that

f − g ∈ B0(X,C).

Corollary 5.6.8. Let (X, E) be a proper coarse space. The Higson corona ∂hX is the maximal

ideal space of Bh(X,C)/B0(X,C).

Proof. It is obvious that C0(X,C) = Ch(X,C) ∩ B0(X,C), and Ch(X,C) + B0(X,C) ⊂

Bh(X,C). By 5.6.7, we have Bh(X,C) = Ch(X,C) + B0(X,C). By 2.3.24, we know that

∂hX is the maximal ideal space of Ch(X,C)/C0(X,C). Notice that Ch(X,C)
C0(X,C) =

Ch(X,C)
Ch(X,C)∩B0(X,C) .

By the Second Isomorphism Theorem, we have Ch(X,C)
Ch(X,C)∩B0(X,C)

∼= Ch(X,C)+B0(X,C)
B0(X,C) = Bh(X,C)

B0(X,C) .

Therefore, by 2.3.21, ∂hX is the maximal ideal space of Bh(X,C)/B0(X,C).
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As a result, the Higson corona can be defined for arbitrary coarse space X as the maximal

ideal space of Bh(X,C)/B0(X,C).

Lemma 5.6.9. Let (X, E) and (Y,F) be proper coarse spaces, and φ : X → Y be a coarse

map. Then:

(a) g ◦ φ ∈ B0(X,C), for all g ∈ B0(Y,C).

(b) g ◦ φ ∈ Bh(X,C), for all g ∈ Bh(Y,C).

(c) The coarse map φ : X → Y induces a ∗-homomorphism φ∗ : Bh(Y,C) → Bh(X,C)

mapping each g ∈ Bh(Y,C) to g ◦ φ.

(d) If (Z,G) is a proper coarse space and γ : Y → Z is a coarse map, then (γ ◦φ)∗ = φ∗ ◦γ∗.

(e) If λ : X → Y is another coarse map that is close to φ : X → Y , then φ∗ and λ∗ agree

up to B0(X,C).

Proof. (a) Follows from the fact that g ∈ B0(Y,C) and the fact that φ : X → Y is coarsely

proper.

(b) Let E ∈ E and ε > 0, then φ×φ(E) ∈ F , and hence there is a bounded subset KY such

that ∥g(a)− g(b)∥ < ε for all a ∈ Y \KY and (a, b) ∈ φ× φ(E). Let KX = φ−1(KY ), then

∥g ◦ φ(x)− g ◦ φ(y)∥ < ε for all x ∈ X \KX and (x, y) ∈ E.

(c) Straightforward.

(d) Straightforward.

(e) Let λ : X → Y be a coarse map close to φ : X → Y and let F := {(φ(x), λ(x)) : x ∈ X}.

For g ∈ Bh(Y,C), we aim to show that φ∗(g) − λ∗(g) ∈ B0(X,C). To this end, for ε > 0,

choose a bounded subset KY of Y such that whenever a ∈ Y \KY , then ∥g(a)− g(b)∥ < ε

for all b ∈ Y with (a, b) ∈ F . Notice that KX := φ−1(KY ) is a bounded subset of X

and that for all x ∈ X \ KX , φ(x) ∈ Y \ KY and hence ∥g(φ(x))− g(λ(x))∥ < ε. Thus,

φ∗(g)− λ∗(g) ∈ B0(X,C) as desired.

Corollary 5.6.10. If (X, E) and (Y,F) are coarsely equivalent proper coarse spaces; then,

their Higson coronas are homeomorphic.

Proof. Let φ : X → Y be a coarse equivalence with a coarse inverse ψ : Y → X. By

5.6.9, they induces homomorphisms φ∗ : Bh(Y,C)/B0(Y,C) → Bh(X,C)/B0(X,C) and ψ∗ :

Bh(X,C)/B0(X,C) → Bh(Y,C)/B0(Y,C) defined by φ∗(g + B0(Y,C)) = g ◦ φ + B0(X,C)
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and ψ∗(f + B0(X,C)) = f ◦ ψ + B0(Y,C), respectively. By 5.6.9 part (d) and (e), φ∗ :

Bh(Y,C)/B0(Y,C) → Bh(X,C)/B0(X,C) is an isomorphism. By 2.3.21, ∂hX and ∂hY are

homeomorphic.

Theorem 5.6.11. Suppose X̄ is the Freudenthal compactification of a proper, connected, and

locally connected metric space X. X̄ is a coarse compactification of X if and only if for each

r > 0 and each bounded subset K of X there is a bounded subset L ⊃ K of X such that for

every x ∈ X \ L the r-ball B(x, r) is contained in a component of X \K.

Proof. Assume that X̄ is a coarse compactification of X and let (Kn) be an exhausting

sequence of X. Seeking contradiction, assume that there exists r > 0 and a bounded subset

K of X such that for each bounded subset L ⊃ K of X there exists x ∈ X \L such that for

any component C of X \ L, B(x, r) \ C is not empty. Choose m ∈ N such that K ⊂ Km

and let U be a relatively compact neighborhood of Km. Notice U contains all but finitely

many connected components of X \Km. Without loss of generality assume that U contains

all bounded components of X \ Km, and choose N ∈ N such that cl(U) ⊂ KN . Now, for

all n ≥ N , and x ∈ X \ Kn, let C
x
n be the component of x ∈ X \ Kn containing x. For

all n ≥ N , let Dn be a component of X \ Kn distinct from Cx
n , where xn ∈ X \ Kn, and

choose yn ∈ B(xn, r)∩Dn. Notice the components Cx
n andDn are contained in components of

X\KN , and sinceX\KN has finitely many components, we can find two distinct components

C and D of X \ KN containing all but finitely many elements of (xn)n≥N and (yn)n≥N ,

respectively. Passing to subsequences, if necessary, we may assume that (xn)n≥N ⊂ C and

(yn)n≥N ⊂ D. However, d(xn, yn) < r for all n ≥ N with (xn)n≥N ⊂ C and (yn)n≥N ⊂ D

converge to two different points of the corona (as X̄ is metrizable), a contradiction in view

of 4.6.8.

Conversely, let f : X̄ → C be continuous and we aim to show that f |X is slowly oscillating.

Let r > 0 and ε > 0, since X̄ \X is compact totally disconnected, there exist clopen subsets

U1, . . . , Un of X̄ that cover X̄ \ X with diam(f(Ui)) < ε, for all 1 ≤ i ≤ n. Without

loss of generality we may assume that Uj \
⋃
i ̸=j

Ui ̸= ∅. Notice the mutually disjoint family

Vj := Uj \
⋃
i ̸=j

Ui, 1 ≤ j ≤ n, is an open cover of X̄ \X and diam(f(Vi)) < ε, for all 1 ≤ i ≤ n.

Put Oi := Vi ∩ X, and notice that diam(f(Oi)) < ε and Oi ̸= ∅, for all 1 ≤ i ≤ n, as X
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is dense in X̄. Moreover, K := X \
n⋃
i=1

Oi = X̄ \
n⋃
i=1

Vi is a compact subset of X and hence

bounded. Therefore, we can find a bounded subset L of X containing K such that for every

x ∈ X \ L the r-ball B(x, r) is contained in a component of X \K =
n⋃
i=1

Oi. In particular,

for all X \ L, x, y ∈ Oi for some 1 ≤ i ≤ n, and thus ∥f(x)− f(y)∥ < ε. This shows that

f |X is slowly oscillating.

The above theorem provides an alternative proof to the fact that the Freudenthal

compactification of a geodesic metric space is a coarse compactification that was implicitly

given in 4.6.11.

Corollary 5.6.12. If X is a proper geodesic space, then its Freudenthal compactification is a

coarse compactification of X.

Proof. Given a bounded subset K of X and given r > 0, put L := B(K, r) and notice B(x, r)

is a subset of X \ K if x /∈ L. Therefore B(x, r) is a subset of a component of X \ K if

x /∈ L.

5.6.3 Coarsely disjoint and coarsely clopen subsets

The basic reference for this section is (34).

Definition 5.6.13. Let (X, E) be a coarse space, and A,B, U ⊂ X.

• The subsets A and B are called coarsely disjoint if for all E ∈ E , the subset E[A] ∩ E[B]

is a coarsely bounded subset of X.

• U is called a coarse neighborhood of A if for all E ∈ E , the subset E[A] \ U is bounded.

Lemma 5.6.14. Let (X, E) be a coarse space and A,B ⊂ X. Suppose that E ′ ⊂ E is a basis.

The subsets A and B are coarsely disjoint if and only if for all E ∈ E ′, the subset E[A]∩E[B]

is bounded.

Proof. Assume that for all E ∈ E ′, the subset E[A]∩E[B] is bounded. Let F ∈ E , there exists

E ∈ E ′ such that F ⊂ E. Since F [A] ∩ F [B] ⊂ E[A] ∩ E[B], F [A] ∩ F [B] is bounded.

116



A special basis of the coarse space (X, E), is the collection E ′ = {E∆ : E ∈ E}, where

E∆ = E ∪ E−1 ∪∆.

Proposition 5.6.15. Let (X, E) be a coarse space and A,B ⊂ X. The following are equivalent:

(a) A and B are coarsely disjoint.

(b) For all E ∈ E, there exists a bounded subset KE ⊂ X, such that:

E[A \KE] ∩ E[B] = ∅.

(c) For all E ∈ E, there exists a bounded subset KE ⊂ X, such that:

(E[A] \KE) ∩ E[B] = ∅.

(d) E[A] ∩ F [B] is coarsely bounded for all E,F ∈ E.

(e) For all E ∈ E, there exists a bounded subset KE ⊂ X, such that:

E[A \KE] ∩B = ∅.

(f) For all E ∈ E, there exists a bounded subset KE ⊂ X, such that:

(E[A] \KE) ∩B = ∅.

(g) E[A] ∩B is coarsely bounded, for all E ∈ E.

(h) X \B is a coarse neighborhood of A.

(i) For all E ∈ E, there exists a bounded subset KE ⊂ X, such that:

E[A \KE] ⊂ X \B.

Proof. (a) ⇐⇒ (b): Assume that A and B are coarsely disjoint and E ∈ E . Then E∆[A] ∩

E∆[B] = L is bounded. Set KE = E∆[L]. Seeking contradiction assume that x ∈ E[A\KE]∩

E[B], then x ∈ L and (x, a) ∈ E for some a ∈ A \KE. Since (a, x) ∈ E∆, we have a ∈ KE,

a contradiction. Conversely, let E ∈ E and choose a bounded subset KE ⊂ X such that
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E[A\KE]∩E[B] = ∅. Notice that E[A]∩E[B] = (E[A\KE]∪E[KE])∩E[B] = E[KE]∩E[B]

which is bounded.

(b) =⇒ (c): Let E ∈ E and choose K ⊂ X is bounded such that E[A \ K] ∩ E[B] = ∅.

Take KE = E∆[K], and notice that E[A] \KE ⊂ E[A \K].

(c) =⇒ (a): For E ∈ E and choose a bounded subsetKE ⊂ X such that (E[A]\KE)∩E[B] =

∅. Notice that E[A] ∩ E[B] = ((E[A] \KE) ∪KE) ∩ E[B] = KE ∩ E[B] which is bounded.

(a) ⇐⇒ (d): Assume that A and B are coarsely disjoint and E,F ∈ E ; then E ∪ F ∈ E

and hence (E ∪ F )[A] ∩ (E ∪ F )[B] is coarsely bounded and containing E[A] ∩ F [B]. The

converse is straightforward.

(a) ⇐⇒ (e): Let A and B be coarsely disjoint and E ∈ E . By part (b), we can find a bounded

subset KE∆
⊂ X, such that E∆[A \KE∆

] ∩ E∆[B] = ∅. Notice that E∆[A \KE∆
] ∩ B = ∅,

and a fortiori, E[A \KE∆
]∩B = ∅. Conversely, let E ∈ E , and put F = E∆ ◦E∆. Choose a

bounded subset KF ⊂ X, such that F [A\KF ]∩B = ∅. We claim that E[A\KF ]∩E[B] = ∅.

Indeed, seeking contradiction assume that x ∈ E[A\KF ]∩E[B], then (x, a), (x, b) ∈ E ⊂ E∆

for some a ∈ A \KF and b ∈ B which implies that (b, a) ∈ F and hence b ∈ F [A \KF ] ∩B,

a contradiction.

(a) ⇐⇒ (f): Follows by a similar argument to (a) ⇐⇒ (e) and (b) =⇒ (c).

(a) ⇐⇒ (h): Follows from part (d) and (f).

(a) ⇐⇒ (h): Straightforward.

(h) ⇐⇒ (i): Straightforward.

Proposition 5.6.16. Let (X, E) and (X, E) be coarse spaces, X ′ ⊂ X be a coarse subspace,

and φ : X → Y be a map. Then:

(a) If A,B ⊂ X are coarsely disjoint in X, then A ∩X ′ and B ∩X ′ are coarsely disjoint in

X ′.

(b) Let C,D ⊂ Y be coarsely disjoint in Y , and φ : X → Y be a coarse map; then φ−1(C)

and φ−1(D) are coarsely disjoint in X.

Proof. (a) Follows from the fact that if K ⊂ X is bounded, then K ∩X ′ is bounded subset

of X ′.

(b) Let C,D ⊂ X be coarsely disjoint in Y , and φ : X → Y be a coarse map. Seeking
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contradiction, assume that there exists an entourage E ∈ E such that E[φ−1(C)] ∩ φ−1(D)

is unbounded. By 5.3.2, there exists F ∈ EY such that φ(E[x]) ⊂ F [φ(x)] for all x ∈ X.

Since φ : X → Y is coarsely proper, φ(E[φ−1(C)] ∩ φ−1(D)) is unbounded. However,

φ(E[φ−1(C)] ∩ φ−1(D)) ⊂ φ(E[φ−1(C)]) ∩ φ(φ−1(D)) ⊂ F [φ(φ−1(C))] ∩ D ⊂ F [C] ∩ D

which implies that F [C] ∩D is unbounded, a contradiction.

Definition 5.6.17. Let (X, E) be a coarse space, and A ⊂ X. We say that A is coarsely clopen

if A and X \ A are coarsely disjoint. If, in addition, both A and X \ A are unbounded, we

say that A is non-trivial coarsely clopen. A function f : X → Y is called coarsely constant

if there exists a bounded subset K ⊂ X such that f∣∣X\K
is constant; otherwise, f : X → Y

is called coarsely non-constant.

Proposition 5.6.18. Let (X, E) be a coarse space, and A ⊂ X. Then,

(a) A is coarsely clopen if and only if the characteristic function of χA : X → {0, 1} is a

Higson function.

(b) A is non-trivial coarsely clopen if and only if the characteristic function χA : X → {0, 1}

of A is a Higson function.

Proof. (a) Suppose that A is coarsely clopen. For E ∈ E and ε > 0, take the bounded subset

K := E∆[A]∩E∆[X \A]. Then, for all x, y ∈ X \K such that (x, y) ∈ E, either x, y ∈ A or

x, y ∈ X \ A; hence, ∥χA(x)− χA(y)∥ = 0 < ε for all x, y ∈ X \K such that (x, y) ∈ E.

Conversely, assume that χA : X → {0, 1} of A is a Higson function, and let E be an entourage.

For 0 < ε < 1, there exists a bounded subset K ⊂ X such that for all x, y ∈ X \ K such

that (x, y) ∈ E then ∥χA(x)− χA(y)∥ < ε and therefore we must have either x, y ∈ A or

x, y ∈ X \ A. Thus, E[A] ∩ E[X \ A] = ∅.

(b) Straightforward.

Proposition 5.6.19. Let (X, E) be a coarsely connected coarse space. If A and C are coarsely

clopen subsets of X, then so are A ∪ C, A ∩ C and A \ C.

Proof. Let E ∈ E , and notice that E[A ∪ C] ∩ (A ∪ C)c = (E[A] ∪ E[C]) ∩ (Ac ∩ Cc) which

is bounded and thus A ∪ C is coarsely clopen. By symmetry, A ∩ C is also coarsely clopen.

Finally, as E[A \C]∩ (A \C)c = (E[A \C]∩ (Ac ∪C) ⊂ (E[A]∩Ac)∪ (E[Cc]∩C) which is

coarsely bounded and hence A \ C is coarsely clopen as desired.
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Definition 5.6.20. Let X be a coarse space. Two subsets A,B ⊂ X are said to be coarsely

identical if their symmetric difference A∆B := (A \B) ∪ (B \A) is a bounded subset of X.

Lemma 5.6.21. Let (X, E) be a coarsely connected coarse space, and A ⊂ X be coarsely clopen

subset of X.

(a) If F ∈ E is containing the diagonal ∆, then, F [A] is coarsely clopen, and the subsets A

and F [A] are coarsely identical.

(b) If F is containing ∆ and A ⊂ X is a non-trivial coarsely clopen, then F [A] is a non-trivial

coarsely clopen.

Proof. (a) Notice first that ifx ∈ X \ F [A], then x ∈ X \ A and therefore x ∈ F [X \ A].

Now, if E ∈ E , then E[F [A]]∩X \F [A] ⊂ (E ◦F )[A]∩F [X \A] which is bounded by 5.6.14.

Since A \ F [A] ⊂ A ∩ F [X \ A] and F [A] \ A = F [A] ∩ X \ A which are bounded, then A

and F [A] are coarsely identical.

(b) We aim to show that X \ F [A] is unbounded. Since A and F [A] are coarsely identical,

there exists a bounded subsetK ⊂ X such that F [A] ⊂ A∪K. Hence X\(A∪K) ⊂ X\F [A]

which is unbounded as X \ (A ∪K) is unbounded.
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Chapter 6

Coarse Freudenthal compactification and

ends of countable groups

As observed in 4.6.11, for a proper metric space X, the quotient space CF (X) of its

Higson compactification obtained by collapsing each component of the Higson corona to a

point is a coarse compactification of X that coincide with its Freudenthal compactification

when X is geodesic. In this chapter, we define that coarse compactification in a way similar

to the Higson compactification as a maximal ideal space of some C∗-subalgebra of Cb(X,C),

and we call it the Coarse Freudenthal compactification of X. The corona of the Coarse

Freudenthal compactification is a coarse invariant; that fact leads to defining the space of

ends for countable groups as the corona of their Coarse Freudenthal compactification.

6.1 Glacial oscillations

In this section we define a concept in the spirit of slowly oscillating functions and we use

it to introduce Coarse Freudenthal compactifications later on.

Definition 6.1.1. A glacial scale on a metric space X is a sequence of pairs {(Ki, ni)}∞i=1 of

bounded subsets of X and natural numbers such that for each pair (K, r) consisting of a

bounded subset of X and r > 0 there is i such that K ⊂ Ki and ni > r.

Given a glacial scale S = {(Ki, ni)}∞i=1, a chain of points x1, . . . , xn in X is called an

S-chain if for each i ≤ n− 1 there is m ≥ 1 such that xi, xi+1 /∈ Km and d(xi, xi+1) ≤ nm.
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Definition 6.1.2. A function f : X → C is glacially oscillating if for each ε > 0 there is a

glacial scale S with the property that ∥f(x1)− f(xn)∥ < ε for each S-chain x1, . . . , xn.

Observation 6.1.3. One can introduce the concept of a subset A of X to be S-connected and

reword the above definition as requiring that the diameter of f(A) is less than ε for each

S-connected subset A of X.

We give a characterization of coarsely clopen subsets of a metric space.

Proposition 6.1.4. Given a subset A of a metric space X the following conditions are

equivalent:

(a) The characteristic function χA of A is glacially oscillating,

(b) A is coarsely clopen,

(c) There is a glacial scale S with the property that any S-chain starting at a point of A is

completely contained in A.

Proof. (a) =⇒ (b): is clear as χA of A is glacially oscillating implies χA of A is slowly

oscillating which is equivalent to A being coarsely clopen by 5.6.18.

(b) =⇒ (c): Fix x0 ∈ X. For each n ∈ N choose a bounded subset Kn containing

B(x0, n) such that given two points x, y ∈ X \ Kn at distance less than n, x ∈ A implies

y ∈ A. Put S = {(Kn, n)}n∈N.

(c) =⇒ (a): Given ε > 0, notice that for any S-chain x1, . . . , xn in X one has χA(x1) =

χA(xn).

Corollary 6.1.5. Given finitely many coarsely clopen subsets A1, . . . , An of a metric space X,

there is a glacial scale S with the property that any S-chain starting at a point in Aj, for

some 1 ≤ j ≤ n, is completely contained in Aj.

Proof. For each j ≤ n pick a glacial scale Sj = {(Kj
i , k

j
i }i≥1 with the property that any

Sj-chain starting at a point of Aj is completely contained in Aj. Define Ki =
n⋃
j=1

Kj
i and

ki = min(k1i , . . . , k
n
i ). Notice that for S = {(Ki, ki)}i≥1 any S-chain starting at a point of

some Aj is completely contained in Aj.

Corollary 6.1.6. If (X, d) is a metric space, then any slowly oscillating function f : X → C

whose image is finite is glacially oscillating.
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Proof. Let f(X) = {z1, . . . , zn}, and Ai := f−1(zi), for all 1 ≤ i ≤ n. Notice X =
n⋃
i=1

Ai. We

claim that for all 1 ≤ i ≤ n, Ai is coarsely clopen. To this end, take ε := min{∥zi − zj∥ : i ̸= j

and 1 ≤ i, j ≤ n}. Since f : X → C is slowly oscillating, for any r > 0 there exits a bounded

subset Kr of X such that for all x, y ∈ X \ Kr, d(x, y) < r implies ∥f(x)− f(y)∥ < ε. In

particular, for any r > 0, B(A, r) ∩ (X \ A) \ Kr = ∅ and hence Ai is coarsely clopen as

claimed. By 6.1.4, there is a glacial scale S = {(Kj, nj)}j≥1 such that any S-chain starting

at a point of some Ai is completely contained in Ai. Notice that for any S-chain x1, . . . , xm,

then ∥f(x1)− f(xm)∥ = 0, proving that f : X → C is glacially oscillating.

In the case of geodesic spaces there is a simple characterization of glacially oscillating

functions.

Proposition 6.1.7. Let X be a geodesic space. The function f : X → C is glacially oscillating

if and only if for each ε > 0 there is a bounded subset K of X such that for every component

C of X \K the diameter of f(C) is at most ε.

Proof. Assume that f : X → C is glacially oscillating. Given ε > 0 pick a glacial scale

S = {(Ki, ni)}i∈N with the property that ∥f(x1)− f(xn)∥ < ε/2 for every S-chain x1, . . . , xn.

Put K = B(K1, n1) and notice that every two points x, y in a component C of X \K can

be connected by a geodesic and therefore by an n1-chain in X \K1. That chain is also an

S-chain, so ∥f(x)− f(y)∥ < ε/2 and diam(f(C)) ≤ ε.

Conversely, for each n ∈ N pick a bounded set Kn containing such that the diameter of

f(C) is at most 1/n for each component C of X \Kn. Given ε > 0 choose N ∈ N such that

1/N < ε. Fix x0 ∈ X and a strictly increasing sequence of natural numbers (mi)i∈N such

that Kn ⊂ B(x0,mn) and KN ⊂ B(x0,m1). Put Ln := B(x0,mn), for all n ∈ N. Then,

S = {(Li,mi)}i∈N is a glacial scale and each S-chain in entirely contained in a component of

X \ Ln, for some n ∈ N, and hence is contained in a component of X \Kn.

Lemma 6.1.8. Suppose {Ki}i≥1 is an increasing sequence of bounded subsets of a metric

space X, ni is a strictly increasing sequence of natural numbers, and Ai is a union of ni-

components of X \Ki for each i ≥ 1. If Ai \Ki+1 ⊂ Ai+1 for each i ≥ 1, then A :=
∞⋃
i=1

Ai is

a coarsely open subset of X.
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Proof. Notice Ai equals B(Ai, ni) in X \Ki for each i ≥ 1. Let r > 0 and j ∈ N such that

nj > r. We claim that B(A \Kj, r) ∩Ac = ∅. To this end, take i ∈ N, we discuss two cases:

Case 1: If i ≤ j, then Ai \Kj ⊂ Aj, and hence B(Ai \Kj, r) ∩ Ac ⊂ Aj ∩ Ac = ∅.

Case 2: If i > j, then ni > r and B(Ai \ Kj, r) = Ai ∩ Ac = ∅. This shows that B(A \

Kj, r) ∩ Ac = ∅.

Now we give a characterization of glacially oscillating functions making use of The

Lebesgue Number Lemma that says that for every open cover of a compact metric space,

there exists a number δ > 0 such that every subset of that metric space of a diameter less

than δ is contained in an element of that cover. δ is called a Lebesgue number for that

cover.

Proposition 6.1.9. Given a bounded function f : X → C on a metric space X, the following

conditions are equivalent:

(a) f is glacially oscillating.

(b) For every ε,M > 0 there exist a bounded subset K of X such that diam(f(U)) < ε for

every M-component U of X \K.

(c) For every ε > 0 there exist a bounded subset K of X and finitely many coarsely clopen

subsets Ui, i ≤ n, covering X \K such that diam(f(Ui)) < ε for each i ≤ n.

Proof. (a) =⇒ (b): Let f be glacially oscillating. For ε > 0, choose a glacial scale

S = {(Ki, ni)}i∈N such that ∥f(x1)− f(xn)∥ < ε/2 for each S-chain x1, . . . , xn. There

is j ≥ 1 such that nj > M . Put K = Kj, and notice that if U is an M -component of X \K

then any two points of U can be connected by an S-chain. Therefore diam(f(U)) < ε.

(b) =⇒ (c): Assume that for every ε,M > 0 there exist a bounded subset K of X

such that diam(f(U)) < ε for every M -component U of X \ K. Choose x0 ∈ X and fix

ε > 0. Since clCf(X) is compact, it can be covered by finitely many open balls I1, . . . , In of

diameter less than or equal to ε/3. Choose a strictly increasing sequence of positive numbers

ai converging to ε/3 and put bi+1 = ai+1−ai with b1 = a1. Let δi > 0 be a Lebesgue number

of the cover {B(I1, ai), . . . , B(In, ai)} of the compact metric space clCf(X). For every i ∈ N,

put εi := min(δi, bi). By the hypothesis, for each pair εi, i > 0, there exists a bounded subset
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Li of X such that diam(f(U)) < εi, for every i-component U of X \ Li. Choose a strictly

increasing sequence of natural numbers (ni)i∈N such that Li ⊂ B(x0, ni) for all i ∈ N. Put

Ki := B(x0, ni) and notice that diam(f(U)) < εi for every i-component U of X \Ki.

For each 1 ≤ j ≤ n and i ∈ N, let U i
j be the union of all i-components U of X \ Ki

such that f(U) is contained in B(Ij, ai). Notice U
i
j \Ki+1 ⊂ U i+1

j . Indeed, let x ∈ U i
j \Ki+1

and V be an (i+ 1)-component of X \Ki+1 containing x. Since diam(f(V )) < bi+1, one has

f(V ) ⊂ B(Ij, ai + bi+1) = B(Ij, ai+1).

Put Uj =
∞⋃
i=1

U i
j . By 6.1.8 each Uj is a coarsely clopen subset of X. Notice that

diam(f(Uj)) < ε as f(Uj) ⊂ B(Ij, ε/3) and U1, . . . , Un cover X \K1.

(c) =⇒ (a). Given ε > 0 choose a bounded subset K of X and finitely many coarsely

clopen subsets Ui, i ≤ n, covering X \K such that diam(f(Ui)) < ε for each i ≤ n. We may

assume Ui, i ≤ n, are mutually disjoint by applying 5.6.19. By 6.1.5 there is a glacial scale

S with the property that any S-chain starting at a point of some Uj is completely contained

in Uj. We may assume the first bounded set of S contains K. Therefore, for any two points

x, y ∈ X joinable by an S-chain one has ∥f(x)− f(y)∥ < ε as they are contained in one of

sets Ui, i ≤ n. Thus f is glacially oscillating.

Corollary 6.1.10. Every bounded glacially oscillating function f : X → C on a metric space

X is slowly oscillating.

Proof. Let f : X → C be a bounded glacially oscillating function and ε > 0. By 6.1.9, there

exists a bounded subset K of X and finitely many mutually disjoint coarsely clopen subsets

Ui, i ≤ n, covering X \K such that diam(f(Ui)) < ε for each i ≤ n. Let r > 0, for j ≤ n,

Uj and
⋃
i ̸=j

Ui are coarsely disjoint; in particular, there exists a bounded subset Kj of X such

that B(Uj, r)∩ (
⋃
i ̸=j

Ui) \Kj = ∅. Take L := (
n⋃
j=1

Kj)∪K. Note that for all x, y ∈ X \L and

d(x, y) < r implies that x, y ∈ Uj for some j ≤ n and hence ∥f(x)− f(y)∥ < ε.

When the metric space (X, d) is ultrametric, the converse of 6.1.10 holds in the sense that

every slowly oscillating is glacially oscillating and therefore the family of the bounded slowly

oscillating functions coincide with the family of the bounded glacially oscillating functions.

125



Proposition 6.1.11. If (X, d) is an ultrametric space, then every slowly oscillating function

f : X → C is glacially oscillating.

Proof. Recall that (X, d) is an ultrametric space if every triangle in X is isosceles and the

lengths of two equal sides are at least the size of the third side. Equivalently, d(x, y) ≤

max(d(x, z), d(y, z)) for all points x, y, z ∈ X.

If f : X → C is slowly oscillating and ε > 0, then we can choose an increasing sequence

{Kn}n∈N of non-empty bounded subsets of X such that B(Kn, n) ⊂ Kn+1 for each n ∈ N

and ∥f(x)− f(y)∥ < ε if x, y /∈ Kn and d(x, y) ≤ n. Let S := {(B(Kn, n), n)}n∈N and

suppose x1, . . . , xn is an S-chain. Pick j ≤ n − 1 such that d(xj, xj+1) is the maximum of

all d(xi, xi+1), i ≤ n − 1. Let M be the smallest integer satisfying d(xj, xj+1) ≤ M . Notice

xj, xj+1 /∈ B(KM ,M), the distance from x1 to either xj or xj+1 is at most M , the distance

from xn to either xj or xj+1 is at most M , hence d(x1, xn) ≤M . That implies x1, xn /∈ KM ,

in particular ∥f(x1)− f(xn)∥ < ε. That proves f is glacially oscillating.

Proposition 6.1.12. Suppose φ : X → X is close to idX and f : X → C is slowly oscillating.

If f ◦ φ is glacially oscillating, then so is f .

Proof. φ : X → X being close to idX means there is r > 0 such that dX(φ(x), x) < r for

all x ∈ X. Given ε > 0, since f is slowly oscillating, there is a bounded subset K ⊂ X

such that for all x, y ∈ X \ K and d(x, y) < r implies ∥f(x)− f(y)∥ < ε/3. On the other

hand, choose a glacial scale S = {(Ki, ni)}i≥1 so that ∥f ◦ φ(x)− f ◦ φ(y)∥ < ε/3 for any

x, y ∈ X that can be connected by an S-chain in X. We may assume that K ⊂ Ki for all

i ≥ 1 and that n1 > r by truncating S. Let S ′ = {(B(Ki, r), ni)}i≥1. Now, given any S ′-

chain x1, . . . , xn notice x1, φ(x1) and xn, φ(xn) are S-chains. Therefore, ∥f(x1)− f(xn)∥ ≤

∥f(x1)− f(φ(x1))∥+ ∥f(φ(x1))− f(φ(xn))∥+ ∥f(φ(xn))− f(xn)∥ < ε.

Proposition 6.1.13. Suppose φ : (X, dX) → (Y, dY ) is a coarse map and f : Y → C is a

function.

(a) If f is glacially oscillating, then so is f ◦ φ.

(b) If f ◦φ is glacially oscillating and φ is a coarse equivalence, then f is glacially oscillating.

Proof. (a) Given ε > 0 choose a glacial scale S = {(Ki, ni)}i≥1 so that ∥f(y1)− f(y2)∥ < ε

for any y1, y2 ∈ Y that can be connected by an S-chain in Y . Put Ci = φ−1(Ki) and letmi be
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the maximum of natural numbers such that dX(x1, x2) ≤ mi implies dY (φ(x1), φ(x2)) ≤ ni.

Notice C = {(Ci,mi)}i≥1 is a glacial scale in X and the image under φ of any C-chain is

an S-chain. Therefore, if x and y can be connected by a C-chain, φ(x) and φ(y) can be

connected by an S-chain and ∥f(φ(x))− f(φ(y))∥ < ε.

(b) Let ψ : Y → X be a coarse inverse of φ : (X, dX) → (Y, dY ). By (a), f ◦ φ ◦ ψ is

glacially oscillating and by 6.1.12, so is f .

Corollary 6.1.14. If (X, d) is a metric space of asymptotic dimension 0, then every slowly

oscillating function f : X → C is glacially oscillating.

Proof. As shown in (4) there is an ultrametric space coarsely equivalent to (X, d). Apply

6.1.13.

Knowing that the asymptotic dimension of a proper metric space of a finite asymptotic

dimension is exactly the topological dimension of its Higson Corona(cf. (10)); 6.2.13 provides

alternative prove to the above fact.

6.2 Coarse Freudenthal compactification

Notation 6.2.1. Let (X, d) be a metric space. The family of all bounded glacially oscillating

functions f : X → C is denoted by BF (X,C), and the family of all bounded continuous

glacially oscillating functions is denoted by CF (X,C). Clearly, CF (X,C) = BF (X,C) ∩

Cb(X,C).

Proposition 6.2.2. Let (X, d) be a metric space. Then:

(a) BF (X,C) is unital C∗-subalgebra of B(X,C) containing B0(X,C) and contained in

Bh(X,C).

(b) CF (X,C) is unital C∗-subalgebra of Cb(X,C) containing C0(X,C) and contained in

Ch(X,C).

Proof. (a) BF (X,C) is unital as it contains all constant functions. Let f, g ∈ BF (X,C)

and ε > 0. Set M := max{sup
x∈X

∥f(x)∥ , sup
x∈X

∥g(x)∥ , 1} and choose glacial scales Sf =

{(Ki,mi)}∞i=1 and Sg = {(Li, ni)}∞i=1 for f and g and ε/2M , respectively. Consider the
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glacial scale S = {(Ri, ri)}i≥1 where Ri = Ki ∪ Li and ri = min{ni,mi}, for all i ≥ 1.

Notice any an S-chain is an Sf -chain and an Sg-chain. Hence, for any two points x, y ∈ X

joinable by an S-chain one has ∥f(x)− f(y)∥ < ε/2M and ∥g(x)− g(y)∥ < ε/2M . In

particular, ∥(f + g)(x)− (f + g)(y)∥ < ε and ∥(f · g)(x)− (f · g)(y)∥ < ε. To show that

CF (X,C) is complete, we show that BF (X,C) is a closed subspace of B(X,C). Let (fn)n∈N
be a sequence in BF (X,C) converging to f ∈ B(X,C). For ε > 0, choose N ∈ N such

that ∥fN − f∥∞ < ε/3. Since fN ∈ BF (X,C), there exists a glacial scale S with the

property that for every S-chain x1, . . . , xn, then ∥fN(x1)− fN(xn)∥ < ε/3. Therefore,

∥f(x1)− f(xn)∥ ≤ ∥f(x1)− fN(x1)∥ + ∥fN(x1)− fN(xn)∥ + ∥fN(xn)− f(xn)∥ < ε. This

shows that BF (X,C) is a unital C∗-subalgebra of B(X,C). By 6.1.10, BF (X,C) ⊂ Bh(X,C).

To see that BF (X,C) contains the ideal B0(X,C), let f : X → C be a bounded function that

vanishes at infinity and ε > 0. ChooseK to be a bounded subset ofX such that ∥f(x)∥ < ε/2

for all x ∈ X \K. Take the glacial scale S = {(B(K, i), i)}∞i=1 and notice that for any two

points x, y ∈ X joinable by an S-chain one has ∥f(x)− f(y)∥ ≤ ∥f(x)∥+ ∥f(y)∥ < ε.

(b) Similar to (a).

Definition 6.2.3. The coarse Freudenthal compactification CF (X) of a proper metric space

X is the maximal ideal space of the C∗-algebra CF (X,C). Its corona ∂CFX := CF (X)\X is

a compact subset of CF (X). Moreover, ∂CFX is the maximal ideal space of the C∗-algebra

CF (X,C)/C0(X,C).

By 6.1.10, the Coarse Freudenthal compactification is a coarse compactification. Our

next goal is to show that the corona ∂CFX is a coarse invariant of a space.

Proposition 6.2.4. Let (X, d) be a proper metric space. Then:

(a) C0(X,C) = CF (X,C) ∩B0(X,C).

(b) BF (X,C) = CF (X,C) +B0(X,C).

Proof. The first part is clear. Let f ∈ BF (X,C) ⊂ Bh(X,C). By 5.6.7, we have Bh(X,C) =

Ch(X,C) + B0(X,C); so f = g + h for some g ∈ Ch(X,C) and h ∈ B0(X,C). Since

g is continuous and f, h ∈ BF (X,C), g = f − h ∈ CF (X,C). Therefore, BF (X,C) =

CF (X,C) +B0(X,C).
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Corollary 6.2.5. Let (X, d) be a proper metric space. The corona of the Coarse Freudenthal

compactification is the maximal ideal space of the C∗-algebra BF (X,C)/B0(X,C).

Proof. By 2.3.21, it suffices to show that BF (X,C)/B0(X,C) and CF (X,C)/C0(X,C) as

C∗-algebras are ∗-isomorphic. Using the Second Isomorphism Theorem along with 6.2.4, we

have CF (X,C)
C0(X,C) = CF (X,C)

B0(X,C)∩CF (X,C)
∼= CF (X,C)+B0(X,C)

B0(X,C) = BF (X,C)
B0(X,C) .

A consequence of 6.2.5, the Coarse Freudenthal corona can be defined for arbitrary

metric spaces. Moreover, defining ∂CFX as the maximal ideal space of the C∗-algebra

BF (X,C)/B0(X,C) is more suitable when working with coarse spaces as, in contrast to

boundedness of functions, the continuity of a function is a small scale property and it is not

preserved when taking the composition of a coarse map with a continuous function. The

following proposition demonstrates the usefulness of defining ∂CFX as the maximal ideal

space of the C∗-algebra BF (X,C)/B0(X,C).

Lemma 6.2.6. Let φ : X → Y be a coarse map between metric spaces; it induces a ∗-

homomorphism φ∗ : BF (Y,C) → BF (X,C) defined by mapping each f ∈ BF (Y,C) to f ◦ φ.

Furthermore, φ∗(B0(Y,C)) ⊂ B0(X,C) and if λ : X → Y is another coarse map close to

φ : X → Y , then φ∗ and λ∗ agree up to B0(X,C).

Proof. It is straightforward to see that φ∗(B0(Y,C)) ⊂ B0(X,C), and by 6.1.13 we have

φ∗(BF (Y,C)) ⊂ BF (X,C). Therefore, φ∗ is a well-defined ∗-homomorphism. Let λ : X → Y

be a coarse map close to φ : X → Y , and let r > 0 such that dY (φ(x), λ(x)) < r for all x ∈ X.

For f ∈ BF (Y,C), we aim to show that φ∗(f) − λ∗(f) ∈ B0(X,C). To this end, for ε > 0,

choose a bounded subset KY of Y such that whenever a ∈ Y \KY , then ∥f(a)− f(b)∥ < ε

for all b ∈ Y with dY (a, b) < r. Notice that KX := φ−1(KY ) is a bounded subset of X

and that for all x ∈ X \ KX , φ(x) ∈ Y \ KY and hence ∥f(φ(x))− f(λ(x))∥ < ε. Thus,

φ∗(f)− λ∗(f) ∈ B0(X,C) as desired.

Theorem 6.2.7. Coarsely equivalent metric spaces have homeomorphic Coarse Freudenthal

coronas.

Proof. Let φ : X → Y be a coarse equivalent map between metric spaces and ψ : Y → X

is its coarse inverse. Define φ∗ : BF (Y,C)/B0(Y,C) → BF (X,C)/B0(X,C) by mapping
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f +B0(Y,C) to f ◦φ+B0(X,C). By 6.2.6, φ∗ is a well-defined ∗-homomorphism. Moreover,

the induced ∗-homomorphism ψ∗ : BF (X,C)/B0(X,C) → BF (Y,C)/B0(Y,C) that maps

g+B0(X,C) to g ◦ψ+B0(Y,C) is an inverse of φ∗. By 2.3.21, the coronas ∂CFX and ∂CFY

are homeomorphic.

The following lemmas along with 6.2.10 tell us that there a correspondence between a

finite family of mutually disjoint non-trivial coarsely clopen subsets of X and a finite family

of mutually disjoint clopen subsets of ∂CFX. In particular, they give us a way to introduce

the number of ends of proper metric spaces (see 6.2.12).

Lemma 6.2.8. Let Y be a coarse compactification of a proper metric space (X, d), and ∂YX =

Y \X be its corona.

(a) If U is an open subset of Y such that C = clY (U)∩∂YX is a clopen subset of ∂YX, then

U ∩X is coarsely clopen in X.

(b) If C1, . . . , Cn are mutually disjoint clopen subsets of ∂YX covering ∂YX, then there

exist mutually disjoint open and coarsely clopen subsets U1, . . . , Un of X such that Ci =

clY (Ui) ∩ ∂YX. In such a case X \
n⋃
i=1

Ui is always bounded.

Proof. (a) Choose open neighborhoods V of C and W of ∂YX \ C in Y with disjoint

closures. We may assume V ⊂ U by replacing V with V ∩ U . Choose a continuous function

f : Y → [0, 1] such that f(clY (V )) ⊂ {0} and f(clY (W )) ⊂ {1}. Notice K := Y \ (V ∪W ) is

a compact subset of X. Seeking contradiction, assume that U∩X is not coarsely clopen, then

there exists r > 0 and unbounded sequences (xn)n∈N ⊂ U ∩X \K and (yn)n∈N ⊂ X \(U ∪K)

diverging to infinity with d(xn, yn) < r for all n ∈ N. Notice that (xn)n∈N ⊂ V ∩ X and

(yn)n∈N ⊂ X ∩W , and hence f(xn) = 0 for all n ∈ N, and f(yn) → 1, which contradicts the

fact that f |X : X → [0, 1] is slowly oscillating.

(b) Fix i ≤ n. For any j ≤ n such that j ̸= i, choose open neighborhoods Aji and B
i
j in

Y of Ci and Cj, respectively, such that cl(Aji ) and cl(Bi
j) are disjoint. Fix i ≤ n, and put

Oi =
⋂
j ̸=i

(Aji ∩B
j
i ). Notice that O1, . . . , On are mutually disjoint open subsets of Y and that

Ci = cl(Oi) ∩ ∂YX for all i ≤ n. Put Ui = Oi ∩ X, then U1, . . . , Un are mutually disjoint

open and cl(Ui) = cl(Oi) for all i ≤ n. Therefore, Ci = cl(Ui) ∩ ∂YX for all i ≤ n. By
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part (a), Ui is coarsely clopen for all i ≤ n as desired. Finally, since O1, . . . , On cover ∂YX,

X \
n⋃
i=1

Ui = Y \
n⋃
i=1

Oi is compact and hence bounded.

Lemma 6.2.9. Let Y = CF (X) be the Coarse Freudenthal compactification of the proper

metric space (X, d).

(a) If U is a coarsely clopen subset of X, then (clY (U)∩ clY (U c))∩∂CFX = ∅, and therefore

C = clY (U) ∩ ∂CFX is a clopen subset of ∂CFX.

(b) If U1, . . . , Un are mutually disjoint non-trivial coarsely clopen subsets of X, then Ci :=

clY (Ui)∩∂CFX are non-empty mutually disjoint clopen subsets C1, . . . , Cn of ∂CFX forming

its cover.

Proof. (a) Assume that U is a coarsely clopen subset of X. Pick r > 0, and choose a compact

subset K ⊂ X such that B(U, r)∩B(U c, r) ⊂ int(K). Put A := U \ int(K), and notice that:

• clY (A) ∩ ∂CFX = clY (U) ∩ ∂CFX.

• clY (X \ A ∪ int(K)) ∩ ∂CFX = clY (U
c) ∩ ∂CFX.

• A is a closed subset of X \ int(K) as A = (X \ int(U c)) ∩ (X \ int(K)).

• A is an open subset of X \ int(K) as A = (X \ clX(U c)) ∩ (X \ int(K)).

Now, since A is a clopen subset of X \ int(K), the characteristic function of A χ
A

:

X \ int(K) → {0, 1} is continuous. Moreover, since X \ int(K) is a closed subset of the

normal space X, the continuous function χ
A

: X \ int(K) → {0, 1}, by Tietze extension

theorem, admits a continuous extension f : X → [0, 1]. Obviously, f : X → [0, 1] is

glacially oscillating and therefore it admits a continuous extension g : Y → [0, 1]. Notice

that g(clY (U)∩∂CFX) ⊂ {1} and g(clY (U c)∩∂CFX) ⊂ {0}, so (clY (U)∩clY (U c))∩∂CFX = ∅,

and hence clY (U) ∩ ∂CFX is a clopen subset in ∂CFX as its complement in ∂CFX is

clY (U
c) ∩ ∂CFX.

(b) Let U1, . . . , Un be mutually disjoint non-trivial coarsely clopen subsets of X, by part

(a), each Ci = cl(Ui) ∩ Y \ X is clopen subset of ∂CFX. Moreover, each Ci is non-empty

subset as each Ui is unbounded. Notice that for all 1 ≤ i ̸= j ≤ n, Ui ⊂ U c
j and hence by

(a), Ci ∩ Cj = ∅.
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Theorem 6.2.10. Let Y = CF (X) be the Coarse Freudenthal compactification of the proper

metric space (X, d). Then, its corona ∂CFX is of dimension 0.

Proof. We aim to show that ∂CFX is totally disconnected. To this end, let x, y ∈ ∂CFX

be two distinct points, and we want to find a clopen subset C of ∂CFX such that x ∈ C

and y ∈ Cc. Let f : Y → [0, 1] be a continuous function such that f(x) = 0 and f(y) = 1.

By 6.1.9 and 6.1.5, for ε = 1/4 we can choose a glacial scale S with the property that any

S-chain in X is mapped by f to a subset of diameter less than 1/4. Put A1 = f−1[0, 1/4]∩X

and A2 = f−1(3/4, 1] ∩ X. Let Ui, i = 1, 2, be the set of all points of X can be connected

to Ai by an S-chain. Notice each Ui is coarsely clopen (see 6.1.4) and U1 ∩ U2 = ∅. Indeed,

if a ∈ U1 ∩ U2, then there exists xa ∈ A1 such that a and xa are joinable by a S-chain.

Similarly, there exists ya ∈ A2 such that a and ya are joinable by a S-chain. In particular,

|f(a)− f(xa)| < 1/4 and |f(a)− f(ya)| < 1/4. Since, 0 ≤ f(xa) ≤ 1/4 and 3/4 < f(ya) ≤ 1,

we have 1/2 < f(ya) − 1/4 < f(a) < f(xa) + 1/4 ≤ 1/2, a contradiction. Therefore

C1 := cl(U1)∩∂CFX and C2 := cl(U2)∩∂CFX are disjoint clopen in ∂CFX containing x and

y, respectively (see 6.2.9). In particular, we can take C = C1, and that proves ∂CFX is is

totally disconnected and hence of dimension 0.

Definition 6.2.11. The Coarse Freudenthal corona ∂CFX of a proper metric space (X, d) is

called the space of ends Ends(X), and its cardinality is called the number of ends.

Proposition 6.2.12. Let (X, d) be a proper metric space. The number of ends of X is the

supremum of n ≥ 0 such that there are n mutually disjoint non-trivial coarsely clopen subsets

of X.

Proof. If ∂CFX has at least n points, then it contains at least n non-empty clopen sets Ci

that are mutually disjoint. By 6.2.9, we can find mutually disjoint open coarsely clopen

subsets Ui of X such that Ci = cl(Ui) ∩ (∂CFX) for each i ≤ n.

Conversely, the existence of n mutually disjoint non-trivial coarsely clopen subsets of X

implies that ∂CFX contains at least n points.

The Freudenthal compactification of a Freudenthal space X is universal among all

compactifications of X whose corona is of dimension 0, in the sense that it dominates every
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compactification of X whose corona is of dimension 0. Analogous to the Freudenthal com-

pactification, the corona of the Coarse Freudenthal compactification is of dimension 0, and

that the Coarse Freudenthal compactification is universal among all coarse compactifications

whose corona is of dimension 0. In particular, when the Freudenthal compactification of a

Freudenthal space X is a coarse compactification, the Freudenthal compactification and the

Coarse Freudenthal compactification of X coincide.

Theorem 6.2.13. If Y is a coarse compactification of a proper metric space X such that the

corona ∂YX is of dimension 0, then Y is dominated by CF (X).

Proof. Given a continuous function f : Y → C suppose ε > 0. Since ∂YX is a compact

Hausdorff space of dimension 0, it is totally disconnected. Consider mutually disjoint clopen

subsets Ci, i ≤ n, covering ∂YX such that diam(f(Ci)) < ε/2 for each i ≤ n. Moreover,

for each i ≤ n, choose Ai and Bi open neighborhoods with disjoint closures in Y of Ci and

∂YX \
⋃
j ̸=i

Cj, respectively. Let Ii be a ball containing f(Ci) with diam(Ii) < ε/2; and take

A′
i := f−1(B(Ii, ε/4)). Notice that each Ui := Ai ∩ A′

i ∩ Oi, where Oi =
⋂
j ̸=i

Bj, is an open

subset of Y with Ci = cl(Ui)∩∂YX and Ci is a clopen subset of ∂YX, for all i ≤ n. By 6.2.8,

each Vi := Ui ∩X is coarsely clopen. Moreover, diam(f(Vi)) < ε as diam(f(A′
i)) < ε, for all

i ≤ n. Notice that as U1, . . . , Un cover ∂YX, and K := X \
n⋃
i=1

Vi is bounded. By 6.1.9 (c),

f |X is glacially oscillating.

Corollary 6.2.14. The Coarse Freudenthal compactification of a proper metric space X is the

maximal coarse compactification whose corona is of dimension 0.

Proof. By 6.2.10 the corona of the Coarse Freudenthal compactification is of dimension 0.

By 6.2.13 any coarse compactification whose corona is of dimension 0 is dominated by the

Coarse Freudenthal compactification.

The Coarse Freudenthal compactification is the quotient space of the Higson compactifi-

cation obtained by collapsing each component of its Higson corona to a singleton.

Corollary 6.2.15. Let X be a proper metric space and hX be its Higson compactification.

Define a relation on hX by x ∼ x for all x ∈ X and for all x, y ∈ ∂hX, x ∼ y if and
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only if x and y are in the same component of ∂hX. The quotient space hX/∼ is a coarse

compactification of X with totally disconnected corona. In particular, hX/∼ = CF (X).

Proof. Similar to 4.3.3.

Another way to define the Coarse Freudenthal compactification of a proper metric X is

as the supremum of finite-point coarse compactifications of X.

Corollary 6.2.16. The Coarse Freudenthal compactification of a proper metric X is the the

supremum of finite-point coarse compactifications of X.

Proof. Similar to 4.3.4.

The Coarse Freudenthal compactification of a proper geodesic metric space is its

Freudenthal compactification.

Corollary 6.2.17. If (X, d) is a proper geodesic space, then its Freudenthal compactification

is the Coarse Freudenthal compactification.

Proof. By 5.6.12, the Freudenthal compactification of X is a coarse compactification, and

its corona is of dimension 0. Therefore, it is dominated by the Coarse Freudenthal

compactification. On the other hand, the Freudenthal compactification dominates every

compactification of X whose corona is of dimension 0.

6.3 Ends of countable groups

By 5.3.6, if a countable group G is equipped with two proper, left-invariant metrics d1

and d2; then (G, d1) and (G, d2) are coarsely equivalent. By 6.2.7, the proper metric space

(G, d1) and (G, d2) have homeomorphic Coarse Freudenthal coronas. We know also, by 6.2.17,

that the Coarse Freudenthal compactification of a proper metric space X coincide with its

Freudenthal compactification when the metric space X is proper geodesic. Therefore, the

natural way to define the space of ends of a countable as the Coarse Freudenthal corona of

(G, d) for some proper left-invariant metric d : G×G→ [0,∞). All we need is to show that

a such metric always exists.
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Proposition 6.3.1. Let G be a countable group. There exists a proper left-invariant metric d

on G.

Proof. One way to introduce a proper left-invariant metric d on a countable group G that is

not necessarily finitely generated is as follows:

1. Choose a map ψ : G→ N ∪ {0} with the following properties:

i. ψ(g) = 0 if and only if g = 1G.

ii. ψ−1({n}) is finite for all n ∈ N ∪ {0}.

iii. g ∈ ψ−1({n}) if and only if g−1 ∈ ψ−1({n}).

2. Equip G with the norm |.| : G→ N ∪ {0} given by:

|g| := min{
n∑
i=1

ψ(gi)|g = g1 · · · gn ∈ G},

3. Define the metric d(g, h) := |g−1 · h|, then d is a proper left-invariant metric on G.

Definition 6.3.2. The number of ends of a countable group G is the cardinality of the space

of its ends Ends(G), where G is equipped with some proper left-invariant metric.

Clearly that if a countable group G is finitely generated, then the space of ends Ends(G)

as the Coarse Freudenthal corona coincide with the space of ends ends(G) as the Freudenthal

corona whereG is equipped with the work metric (Cayley metric) with respect to a symmetric

finite subset K ⊂ G generating G. Properties of countable groups will be discuss in a more

general setting as a special case of coarse groups. We first introduce ends in coarse space in

general in the next section, then we restrict ourselves to coarse groups.
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Chapter 7

Freudenthal large scale compactification

and coarse ends of coarse spaces

In this chapter we generalize the concept of Freudenthal ends to arbitrary coarse spaces.

See (14) for other ways to introduce ends in coarse spaces. All coarse spaces are assumed to

be coarsely connected. This chapter is based on Section 2 of (16).

7.1 Construction and properties of space of coarse ends

Definition 7.1.1. A topological coarse space is a set equipped with coarse structure and

with a compatible topology. Additionally, we assume that the coarse structure is coarsely

connected, i.e. the union of two bounded subsets of X is bounded.

Definition 7.1.2. A coarse end of a coarse space X is a family e of unbounded and coarsely

clopen subsets of X that is maximal with respect to the property of all finite intersections

being unbounded. Equivalently, e is a coarse end of the coarse space X if it is an ultrafilter of

the quotient Boolean algebra of CC(X) by the ideal of all bounded subsets, where CC(X) is

the family of all coarsely clopen subsets of X. The family of all coarse ends of X is denoted

by Ends(X).

Notation 7.1.3. Let X be a coarse space. If U is a coarsely clopen subset of X, we define

Uend := {e ∈ Ends(X) : U ∈ e} and Ũend := Uend ∪ U .

136



Proposition 7.1.4. Let T be the topology of a topological coarse space X. The collection

B̃ = {Ũend :U open coarsely clopen subset of X} is a basis for a topology Tend on X∪Ends(X)

that extends the topology T .

Proof. Clearly B̃ covers X ∪ Ends(X) as either X is unbounded open coarsely clopen and

X̃end = X ∪ Ends(X) or X is bounded and Ends(X) = ∅. Now, let Ũend, Ṽend ∈ B̃. Notice

Ũend∩ Ṽend = (Ũ ∩ V )end ∈ B̃. Since X is topological coarse space, by 5.5.5, it admits a basis

consists of coarsely bounded subsets. Finally, every bounded element of T is contained in B̃

which implies that T ⊂ Tend.

Corollary 7.1.5. Let T be the topology of a topological coarse space X. The collection BT =

{Uend :U open coarsely clopen subset of X} is a basis for the topology of Ends(X) as a

subspace of X ∪ Ends(X).

The topology on Ends(X) is independent of the compatible topology on the coarse space

X.

Lemma 7.1.6. Let X be a topological coarse space and A belongs to a coarse end e of X, then

there is an open set A′ ∈ e contained in A.

Proof. Let U be a uniformly bounded open cover of X, and put EU :=
⋃
U∈U

U × U . Notice

that for any bounded subset K ⊂ X, cl(K) ⊂ EU [K], and hence bounded. The subset

K := EU [A] ∩ EU [X \ A] is bounded. Therefore, A′ := A \ cl(K) is coarsely clopen and

it is in e. Moreover, if x ∈ A′, then EU [x] \ cl(K) is an open neighborhood of x and

EU [x] \ cl(K) ⊂ A′. Indeed, if y ∈ (EU [x] \ cl(K)) \ A, then there exists U ∈ U such that

x, y ∈ U . Hence x ∈ EU [X \ A] ∩ A ⊂ K, a contradiction. This shows that A′ is open.

Corollary 7.1.7. Given two compatible topologies on a coarse space X, the induced topologies

on Ends(X) coincide.

Proof. Let T be a compatible topology of a coarse space X. Let A be unbounded coarsely

clopen subset of X. We claim that Aend is open in the topology of Ends(X) induced by

the basis BT . Let e ∈ Aend, then A ∈ e and hence by 7.1.6, there exists A′ ∈ e open such

that A′ ⊂ A. Hence e ∈ A′
end ⊂ Aend which shows that Aend is open in the topology of

Ends(X).
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Lemma 7.1.8. Let e ∈ Ends(X) and A ∈ e, then int(A), cl(A) ∈ e.

Proof. By 7.1.6, there exists A′ ∈ e open and coarsely identical to A such that A′ ⊂ A.

Hence, A′ ⊂ int(A) ⊂ A, which implies that int(A) ∈ e. To show that cl(A) ∈ e, it suffices

to show that int(A) and cl(A) are coarsely identical. Let U be a uniformly bounded open

cover of X, and notice that cl(A) \ int(A) ⊂ EU [A] ∩EU [X \A] is bounded as A is coarsely

clopen.

Proposition 7.1.9. Let X be a topological coarse space. If X is Hausdorff, then the topological

space X ∪ Ends(X) is Hausdorff.

Proof. We consider two cases:

Case 1: Let x ∈ X and e ∈ Ends(X) and let U be a uniformly bounded open cover of

X. Choose U ∈ U such that x ∈ U . Notice that cl(U) is a bounded subset and hence

V := X \ cl(U) is open and coarsely clopen contained in e. Hence, U and Ṽend are disjoint

open neighborhood of x and e, respectively.

Case 2: If e1, e2 ∈ Ends(X) are two distinct coarse ends of X, then we can find A ∈ e1 and

B ∈ e2 such that A∩B is a bounded subset of X. Without loss of generality, we may assume

that A ∩ B = ∅. By 7.1.8, U = int(A) ∈ e1 and V = int(B) ∈ e2. Clearly, U and V are

disjoint and hence Ũend and Ṽend are disjoint neighborhoods of e1 and e2, respectively.

X is an open dense subspace of X ∪ Ends(X). Moreover, (X ∪ Ends(X), Tend) is

Hausdorff whence (X, T ) is Hausdorff. The question then arises: is (X ∪ Ends(X), Tend)

a compactification of (X, T )? The answer is positive in a coarse sense!

Definition 7.1.10. Let Y be a topological space andX ⊂ Y is a topological subspace equipped

with a coarse structure compatible with its topology. Y is large scale compact if for any

open cover {Us}s∈S of Y , there is a finite subset F of S such that Y \
⋃
s∈F

Us is a bounded

subset of X. Y is a large scale compactification of X if in addition to being large scale

compact, Y is Hausdorff and X is an open dense subspace of Y (see (15)).

Observation 7.1.11. When X is a proper metric space every large scale compactification is

indeed a compactification of X.

138



Lemma 7.1.12. For any family {U s}s∈I of coarsely clopen subsets of X such that Ends(X) ⊂⋃
s∈I

U s
end, there is a finite subset F of I such that X \

⋃
s∈F

U s is a bounded subset of X.

Proof. Let F be the collection of all finite subsets of I. Seeking contradiction assume that

for any F ∈ F , AF = X \
⋃
s∈F

U s is unbounded. The collection {AF : F ∈ F} is contained

in some coarse end e ∈ Ends(X). Hence, {AF : F ∈ F} ⊂ e ∈ U s
end for some s ∈ I which

implies that U s ∈ e and X \ U s ∈ e, a contradiction.

Theorem 7.1.13. Let X be a Hausdorff topological coarse space, the topological space X ∪

Ends(X) is a large scale compactification of X. Furthermore, Ends(X) is a compact totally

disconnected subspace of X ∪ Ends(X).

Proof. Let {Os}s∈I be an open cover X ∪ Ends(X), we can find a subset J ⊂ I such

that {Ũ s
end}s∈J is a sub-cover of {Os}s∈I that covers Ends(X). In particular, Ends(X) ⊂⋃

s∈J
U s
end. By the above lemma, there is a finite subset F of J such thatX\

⋃
s∈F

U s is a bounded

subset of X. We claim that Ends(X) ⊂
⋃
s∈F

U s
end. To this end, notice that if U ⊂ X is an

arbitrary coarsely clopen subset of X and V = X \U , then Ends(X) = Uend ∪ Vend. Indeed,

if e ∈ Ends(X) \ (Uend ∪ Vend), then we can find A,B ∈ e such that both A ∩ U and B ∩ V

are bounded. Hence, there exist K,L bounded subsets of X such that A ⊂ V ∪ K and

B ⊂ U ∪ L. In particular, A ∩ B is bounded, a contradiction. Now, seeking contradiction

assume that e ∈ Ends(X) \
⋃
s∈F

U s
end, then e /∈ U s

end for all s ∈ F . Therefore, by above

observation, X \ U s ∈ e for all s ∈ F which implies that
⋂
s∈F

(X \ U s) = X \
⋃
s∈F

U s ∈ e, a

contradiction. This shows that Ends(X) is compact and X∪Ends(X) is large scale compact

as (X ∪ Ends(X)) \
⋃
s∈F

Ũ s
end is bounded.

Finally, we show that Ends(X) is totally disconnected. Let e1, e2 ∈ Ends(X) be two distinct

coarse ends of X, then we can find A ∈ e1 and B ∈ e2 such that cl(A)∩B is a bounded subset

ofX. Without loss of generality, we may assume that cl(A)∩B = ∅. Clearly, U = int(A) ∈ e1

and V = X \ cl(A) ∈ e2. Moreover, Ends(X) = Uend ∪ Vend and Uend ∩ Vend = ∅.

Alternatively, one can show that the space of coarse ends Ends(X) is compact totally

disconnected Hausdorff space by noticing that Ends(X) is actually the Stone’s space (space

of ultrafilters) of the quotient Boolean algebra of CC(X) by the ideal of all bounded subsets.
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Definition 7.1.14. Let X be a Hausdorff topological coarse space. We call the space X ∪

Ends(X) the Freudenthal large scale compactification.

In (7), the space of ends of X on which the group G acts is defined as the Stone’s space

of the quotient Boolean algebra of all G-commensurated subsets (G-almost invariant) of X

by the ideal of all finite subsets. We show that there exists a connected coarse structure on

X such that the space of ends of X, in the sense of (7), is exactly the space of coarse ends

of X with respect to that coarse structure.

Proposition 7.1.15. Let X be a non-empty set on which the group G acts transitively. Equip

X with the coarse structure EG induced by the right action as in 5.1.3. A subset A ⊂ X is

coarsely clopen if and only if it is G-almost invariant, that is, A ·g∆A is finite for all g ∈ G.

Proof. Observe that for all g ∈ G, Y ⊂ X, then EY
{g} ⊂ A · g−1.

Let us show that Ends(X) is a coarse invariant of a space.

Lemma 7.1.16. Suppose f : X → Y is a coarse map between topological coarse spaces and

e ∈ Ends(X). Then, using the closure operation cl in Y ∪ Ends(Y ), the following hold:

(a) If e′ ∈
⋂
A∈e

cl(f(A)) is a coarse end of Y and V ∈ e′ is an open and coarsely clopen subset

of Y , then f−1(V ) ∈ e.

(b)
⋂
A∈e

cl(f(A)) is a singleton belonging to Ends(Y ).

Proof. By 5.6.16, f−1(D) is coarsely clopen in X if D is coarsely clopen in Y .

(a) If f−1(V ) /∈ e, then there is A ∈ e such that A ∩ f−1(V ) is bounded. Observe that

f(A∩ f−1(V )) = f(A)∩ V . Put K := f(A)∩ V ; since K is a bounded subset of Y , f−1(K)

is a bounded subset of X. In particular, A′ = A \ f−1(K) ∈ e and hence e′ ∈ cl(f(A′)). On

the other hand, notice that f(A′) ∩ V = ∅ and therefore f(A′) ∩ Ṽend = ∅, contradicting the

fact that e′ ∈ cl(f(A′)). Thus f−1(V ) ∈ e, as desired.

(b) First assume that y ∈
⋂
A∈e

cl(f(A))∩Y , and choose an open bounded neighborhood K

of y in Y . Then, f−1(K) is bounded in X. Hence A := X \ f−1(K) ∈ e. But, f(A)∩K = ∅,

which contradicts the assumption that y ∈ cl(f(A)). Therefore,
⋂
A∈e

cl(f(A)) ⊂ Ends(Y ).
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Secondly, assume that
⋂
A∈e

cl(f(A)) = ∅. Put BA = (Y ∪ Ends(Y )) \ cl(f(A)), then

clearly {BA : A ∈ e} is an open cover of Y ∪ Ends(Y ). Since Y ∪ Ends(Y ) is a large scale

compactification of Y , there exist finitely many Ai ∈ e, i ≤ n, such that (Y ∪ Ends(Y )) \

(
n⋃
i=1

BAi
) =

n⋂
i=1

cl(f(Ai)) is a bounded subset of Y , and a fortiori,
n⋂
i=1

f(Ai) is bounded.

However, A :=
n⋂
i=1

Ai ∈ e, and f(A) ⊂
n⋂
i=1

f(Ai) is bounded, a contradiction. Finally, if

e1, e2 ∈
⋂
A∈e

cl(f(A)) and e1 ̸= e2, then there exists two disjoint open and coarsely clopen

subsets V1 ∈ e1 and V2 ∈ e2. By (a), f−1(V1) ∈ e and f−1(V2) ∈ e, a contradiction.

Corollary 7.1.17. If f : X → Y is a coarse map between topological coarse spaces and

e ∈ Ends(X), then it induces a continuous function fend : Ends(X) → Ends(Y ) defined by

fend(e) ∈
⋂
A∈e

cl(f(A)).

(a) If f, g : X → Y are close, then fend = gend.

(b) If f is continuous, then f ∪ fend : X ∪ Ends(X) → Y ∪ Ends(Y ) is continuous.

Proof. Given an open, coarsely clopen subset V of Y , notice that f−1
end(Vend) ⊂ Uend, where

U = f−1(V ). Indeed, if fend(e) ∈ Vend then e ∈ Uend by (a) of 7.1.16. That proves continuity

of fend and of f ∪ fend if f is continuous.

Assume that f, g : X → Y are close, then F := {(f(x), g(x)) : x ∈ X} is an entourage

of Y . If there is e ∈ Ends(X) such that fend(e) ̸= gend(e), then we can choose open subsets

U ∈ fend(e), V ∈ gend(e) so that U ∩ F [V ] = ∅. Notice f−1(U) ∈ e and g−1(V ) ∈ e by

(a) of 7.1.16. Now, there is x ∈ f−1(U) ∩ g−1(V ), so f(x) ∈ U , g(x) ∈ V contradicting

U ∩ F [V ] = ∅.

Corollary 7.1.18. If two topological coarse spaces X and Y are coarsely equivalent, then

Ends(X) is homeomorphic to Ends(Y ).

Proof. It suffices to show that if f : X → Y and g : Y → Z are coarse maps between

topological coarse spaces, then (g ◦ f)end = fend ◦ gend. Indeed, let e ∈ Ends(X) such

that (g ◦ f)end(e) ̸= fend ◦ gend(e). There exist open disjoint subsets U ∈ (g ◦ f)end(e) and

V ∈ fend◦gend(e). Now, (g◦f)−1(U) ∈ e and f−1(V ) ∈ gend(e), by (a) of 7.1.16. In particular,

(g ◦ f)−1(U), (g ◦ f)−1(V ) ∈ e, a contradiction.

141



7.2 Freudenthal large scale compactification vs Coarse Freuden-

thal compactification

The aim of this section is to show that when (X, d) is a proper metric space, the

compactifications CF (X) and X ∪ Ends(X) of X are identical, where Ends(X) the space

of coarse ends with respect to the bounded coarse structure induced by its metric d.

Proposition 7.2.1. Let (X, d) be a proper metric space. The compactification X ∪ Ends(X)

of X is dominated by CF (X).

Proof. By 6.2.13, since the corona Ends(X) of X ∪Ends(X) is of dimension 0, it suffices to

show that X ∪ Ends(X) is a coarse compactification of X.

Suppose f : X ∪Ends(X) → C is a continuous function but f |X is not slowly oscillating.

There exists r > 0, and sequences (xn) and (yn) in X diverging to infinity such that

d(xn, yn) < r, but f(xn) → z, f(yn) → w and z ̸= w ∈ C. Put ε = ∥z − w∥ /3 and

cover Ends(X) with a finite family of mutually disjoint sets Ũ i
end, i ≤ m, where each U i is

open in X and diam(f(U i)) < ε for each i. Let V = U i for some i ≤ m such that V contains

infinitely many xn’s. Without loss of generality we may assume xn ∈ V for each n ∈ N. As V

is coarsely clopen, there exists a bounded subset Kr ⊂ X such that B(V, r)∩V c \Kr = ∅. In

particular, infinitely many yn’s must belong to V . There exists N ∈ N such that xN , yN ∈ V

and ∥f(xN)− f(yN)∥ > ε, a contradiction to diam(f(V )) < ε. This shows thatX∪Ends(X)

is indeed a coarse compactification and hence dominated by CF (X).

Lemma 7.2.2. If (X, d) is a metric space and f : X → C is glacially oscillating, then:

(a) For each compact subset C of an open set U ⊂ C there is a coarsely clopen subset A of

X such that f−1(C) ⊂ A ⊂ f−1(U).

(b) If, moreover, f : X → C is bounded, then for any coarse end e ∈ Ends(X) of X the

subset
⋂
A∈e

cl(f(A)) consists of one point.

Proof. (a) Choose ε > 0 such that B(C, ε) ⊂ U . Then choose a glacial scale S such that

|f(x) − f(y)| < ε if x and y can be connected by an S-chain. Define A as all points in X

that can be connected to f−1(C) by an S-chain. Clearly, f−1(C) ⊂ A ⊂ f−1(U) and A is
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coarsely clopen by 6.1.4.

(b) Choose r > 0 such that f(X) ⊂ B(0, r). Let e be a coarse end of X; the set

D :=
⋂
A∈e

cl(f(A)) is non-empty by the Finite Intersection Property. Suppose there are

two different points z, w ∈ D and put ε = ∥z − w∥ /4. By part (a), there is a coarsely

clopen subset A′ of X such that f−1(B(z, ε)) ⊂ A′ ⊂ f−1(B(z, 2ε)). We claim that A′ /∈ e.

Indeed, assume that A′ ∈ e, and notice that the inclusion A′ ⊂ f−1(B(z, 2ε)) implies that

f(A′) ⊂ f(f−1(B(z, 2ε))) ⊂ (B(z, 2ε)), so w /∈ cl(f(A′)), a contradiction. Now, let A ∈ e

such that A ∩ A′ = ∅. Notice that as A = A \ A′ ⊂ f−1(B(0, r) \ B(z, ε)), so cl(f(A)) ⊂

B(0, r) \ B(z, ε) and thus z /∈ cl(f(A)), a contradiction. Therefore, D :=
⋂
A∈E

cl(f(A)) is a

singleton as desired.

Proposition 7.2.3. If (X, d) is a proper metric space, then the coarse compactification X ∪

Ends(X) dominates the coarse Freudenthal compactification CF (X).

Proof. Let f : X → C be a continuous and glacially oscillating function. For any coarse end

e ∈ Ends(X) of X, put
⋂
A∈e

cl(f(A)) = {ae}, and extend f : X → C to f̄ : X∪Ends(X) → C

that maps each coarse end e ∈ Ends(X) to ae. Let ε > 0 and B(ae, ε) be a neighborhood

of ae, e being a fixed coarse end. There exists a coarsely clopen subset A′ of X such that

f−1(B(ae, ε/4)) ⊂ A′ ⊂ f−1(B(ae, ε/2)). Notice that A′ is unbounded as otherwise we

would have A \ A′ ∈ e for any A ∈ e, which is a contradiction as ae /∈ cl(f(A \ A′)). Let

O = int(cl(A′)), then O is an open set belonging to e.

Choose disjoint open neighborhoods Ũend and V of e and Ends(X) \ Õend, respectively.

Now, Õend ∩ Ũend is a neighborhood of e and f̄(Õend ∩ Ũend) ⊂ (B(ae, ε)). Hence, f̄ is

a continuous extension of f : X → C and therefore X ∪ Ends(X) dominates the coarse

Freudenthal compactification CF (X).

Corollary 7.2.4. Let (X, d) be a proper metric space equipped with the bounded coarse

structure induced by d. Then, X ∪ Ends(X) = CF (X). If, moreover, (X, d) be a geodesic

metric, then X ∪ Ends(X) = CF (X) = X̄, where X̄ is the Freudenthal compactification of

X.

Proof. Follows from 7.2.1, 7.2.3 and 6.2.17.
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We next show that the the space of Freundenthal ends of a Freundenthal space X is

actually the space of coarse ends Ends(X) with respect to some coarse structure E on X.

7.3 The space of Freundenthal ends as the space of coarse

ends

Th aim of this section is to construct a coarse structure EF on a Freudenthal space

X such that the space of Freudenthal ends and the space of coarse ends are topologically

homeomorphic. As observed in 4.1.11, we aim to construct a coarse structure EF on a

Freudenthal space X such that each Freudenthal end is contained exactly in one coarse end

and every coarse end contains exactly one Freudenthal end.

Lemma 7.3.1. Let X be a Freudenthal space. X admits an exhausting sequence (Kn)n∈N of

compact subsets such that both Kn and int(Kn) are connected.

Proof. Since X is σ-compact, it can be written as a countable union of compact subsets, say

X :=
⋃
n∈N

Ln. As X is locally compact and locally connected, each Ln can be covered by

finitely many open connected and relatively compact subsets. Therefore X is a countable

union of open connected relatively compact subsets, say X :=
⋃
n∈N

On. Now, we inductively

construct an increasing sequence (Un)n∈N∪{0} of open connected relatively compact subsets

satisfying clX(Un) ⊂ Un+1 for all n ∈ N ∪ {0}, and X :=
⋃
n∈N

Un. Put U0 := ∅, and assume

that U1, . . . , Un are open connected relatively compact subsets such that clX(Ui) ⊂ Ui+1 for

all 1 ≤ i < n. Since clX(Un) is compact, there exist On1 , . . . , Onm open connected relatively

compact subsets such that clX(Un) ⊂
m⋃
i=1

Oni
and clX(Un) ∩ Oni

̸= ∅ for all 1 ≤ i ≤ m.

Put Un+1 :=
m⋃
i=1

Oni
; since X is connected, clX(Un) is properly contained in Un+1. Moreover,

Un+1 is open connected relatively compact subset. Finally, since clX(
⋃
n∈N

Un) =
⋃
n∈N

clX(Un) =⋃
n∈N

Un, and X is connected, so X =
⋃
n∈N

Un.

Now, put Kn := clX(Un) for all n ∈ N. Notice that for any open subset U ⊂ X, one has

U ⊂ int(clX(U)). Notice that:

Un ⊂ int(clX(Un)) = int(Kn) ⊂ Kn = clX(Un) ⊂ Un+1 ⊂ int(clX(Un+1)) = int(Kn+1),
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and therefore, int(Kn) is connected for all n ∈ N, and (Kn)n∈N is an exhausting sequence

consists of compact connected subsets.

Lemma 7.3.2. Let X be a Freudenthal space, and F be the family of all covers of X that

consists of of open connected subsets of X such that for every relatively compact subset

K ⊂ X, EV [K] is relatively compact for all V ∈ F . The family EF := {E ⊂ X×X : E ⊂ EV

for some V ∈ F} is a proper coarse structure.

Proof. Put K0 := ∅. By 7.3.1, we can find an exhausting sequence (Kn)n∈N∪{0} of compact

subsets such that both Kn and int(Kn) are connected. Without loss of generality, we may

assume that every component of X \K1 is unbounded component. Put Un := int(Kn+2)\Kn

and U := {U ⊂ X : U is a component of Un, n ∈ N}. Since X is locally connected, every

U ∈ U is open connected and relatively compact subset. Moreover, every relatively compact

subset K ⊂ X is covered by finitely many open connected relatively compact subsets of the

form Un. Hence, EU [K] is relatively compact. Thus, EU ∈ EF , and therefore ∆ ∈ EF as

∆ ⊂ EU . It is straightforward to see that EF is a coarse structure and since EU is an open

entourage containing the diagonal, EF is a topological coarse structure. Finally, if B ⊂ X is

a coarsely bounded subset of X, then there exists x ∈ X and V ∈ F such that B ⊂ EV [x];

thus, B is relatively compact as EV [x] is. This shows that the coarse structure EF is a proper

coarse structure.

We call the proper coarse structure EF on the Freudenthal space X, the Freudenthal

coarse structure.

Lemma 7.3.3. Let X be a Freudenthal space equipped with the Freudenthal coarse structure

EF . Let EU as in 7.3.2. Then:

(a) The coarse space (X, EF) is EU -connected.

(b) For every coarsely bounded subset B ⊂ X, X \B has finitely many E-components, where

E = EU ◦ EU .

145



Proof. (a) Notice first that U is a component of Un := int(Kn+2) \ Kn if and only if U =

C ∩ int(Kn+2) for some C ∈ UC(X \Kn), for all n ∈ N. Indeed, notice that:

int(Kn+2) \Kn = int(Kn+2) ∩ (
⋃

C∈UC(X\Kn)

C).

Since int(Kn+2) is connected, int(Kn+2) ∩C is connected for all C ∈ UC(X \Kn). Now, fix

x0 ∈ K1, and let x ∈ X \K1. Since, X :=
⋃
n∈N

Un, there exists n ∈ N, such that x ∈ Un. In

particular, x ∈ Cn ∩ int(Kn+2), for some Cn ∈ UC(X \Kn). Notice that Cn is contained in

the component Cn−1 of UC(X \Kn−1); and that (Cn ∩ int(Kn+2)) ∩ (Cn−1 ∩ int(Kn+1)) =

Cn∩ int(Kn+1) ̸= ∅. Let xn+2 = x, and choose xi ∈ Ci∩ int(Ki+1), for all 1 ≤ i ≤ n. Clearly,

x = xn+2, xn+1, . . . , x1, x0 is an EU -chain.

(b) Let B ⊂ X be a coarsely bounded subset; then B is relatively compact and hence it

can be covered by finitely many open connected subsets U1, . . . , Um ∈ U . Fix b ∈ B, and

x, y ∈ X \ B. Choose x = x0, . . . , xs = b and y = y0, . . . , yr EU -chains connecting x with

b, and y with b, respectively. There exist O1, . . . , Os ∈ U and W1, . . . ,Wr ∈ U such that

xi−1, xi ∈ Oi and yj−1, yj ∈ Wj, for all 1 ≤ i ≤ s and 1 ≤ j ≤ r. Notice that the EU -chains

x = x0, . . . , xs = b and y = y0, . . . , yr must penetrate
m⋃
k=1

Uk. If for some 1 ≤ k ≤ m,

1 ≤ i ≤ s and 1 ≤ j ≤ r, one has xi, yj ∈ Uk \ B, then xi, yj ∈ EU [Uk \ B] and hence x and

y belong to the same E-component of X \B, where E = EU ◦EU . In particular, X \B has

at most m E-components.

Lemma 7.3.4. Let X be a Freudenthal space equipped with the Freudenthal coarse structure

EF . Let EU as in 7.3.2. Then:

(a) For every n ∈ N, if Cn ∈ UC(X \Kn) is an unbounded component of X \Kn, then Cn is

coarsely clopen. In particular, every Freudenthal end {Cn}n∈N is contained in a coarse end.

(b) If e is a coarse end and A ∈ e, and F ∈ EF is a symmetric entourage containing the

diagonal; then there exists a coarsely bounded subset B such that for every coarsely bounded

subset B′ containing B, A \B′ is a finite union of F -components of X \B′.

(c) For every n ∈ N, if Cn ∈ UC(X \Kn) is an unbounded component of X \Kn, then Cn is

contained in an EU -component.

(d) If A is an unbounded E-component of X \ Kn, for some n ∈ N, where E = EU ◦ EU ;
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then A contains an unbounded component Cn ∈ UC(X \Kn).

(e) Every Freudenthal end is contained in exactly one coarse end.

(f) Every coarse end contains exactly one Freudenthal end.

Proof. (a) Let n ∈ N and Cn ∈ UC(X \Kn) be an unbounded component of X \Kn, then Cn

is coarsely clopen. To this end, it suffices to show that if V ∈ F , then EV [Cn] ∩ (X \ Cn) ⊂

EV [Kn]. If x ∈ EV [Cn] ∩ (X \ Cn), then there exists a ∈ Cn such that (x, a) ∈ EV and

x ∈ X \Cn. Choose V ∈ V such that x ∈ V . If V ⊂
⋃

C∈UC(X\Kn)

C, then as V is connected, it

must be contained in the component Cn, which contradicts the fact that x ∈ V ∩ (X \ Cn).

Hence, V ∩Kn ̸= ∅ which implies that x ∈ EV [Kn], and therefore EV [Cn]∩(X\Cn) ⊂ EV [Kn].

Thus, EV [Cn]∩ (X \Cn) is coarsely bounded as desired. Therefore, Cn is contained in some

coarse end e ∈ Ends(X). If (Cn)n∈N is a Freudenthal end, then as for any m ∈ N, Cn and

Cm are coarsely identical, so Cm ∈ e, for all m ∈ N, which proves that (Cn)n∈N is entirely

contained in e.

(b) Let e be a coarse end, A ∈ e, and F ∈ EF be a symmetric entourage containing the

diagonal. Consider the coarsely bounded subset B := F [A] ∩ F [X \ A]. Now, assume that

B′ is coarsely bounded containing B. Clearly, A \ B′ ∈ e, and we claim that A \ B′ is a

finite union of F -components of X \ B′. Put A′ =: A \ B′; we claim that every F -chain

starts at a point in A′ is completely contained in A′. To this end, it suffices to show that if

x ∈ A′ and y ∈ X such that (x, y) ∈ F , then y ∈ A′. Seeking contradiction, assume that

y ∈ (X \ A′) = (X \ A) ∪ B′, then y ∈ X \ A, and hence x ∈ F [A] ∩ F [X \ A] ⊂ B′, a

contradiction.

(c) Similar to part (a) of 7.3.3.

(d) Let A be an unbounded E-component of X \Kn, for some n ∈ N, where E = EU ◦ EU .

Since A is unbounded, it must unboundedly intersect some Cn. But, Cn, by part (c), is

contained in EU -component of X \ Kn, and a fortiori in E-component of X \ Kn. Hence,

Cn ⊂ A.

(e) Let (Cn)n∈N be a Freudenthal end. Seeking contradiction, assume that e, e′ ∈ Ends(X)

are two different coarse ends both containing (Cn)n∈N. Choose A ∈ e and A′ ∈ e′ such that

A∩A′ = ∅, and N ∈ N such that A\KN and A′ \KN are union of E-components of X \KN .

Since there are only finitely many E-components of X \ KN , both A \ KN and A′ \ KN
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contain at least one unbounded E-component. By part (c), CN is contained in both A \KN

and A′ \KN , a contradiction.

(f) Straightforward.

Theorem 7.3.5. Let X be a Freudenthal space equipped with the Freudenthal coarse structure

EF . The space of coarse ends Ends(X) with respect to the Freudenthal coarse structure is

homeomorphic to the space of Freudenthal ends ends(X).

Proof. By 4.1.9, BF end := {UF
end : U ∈

⋃
n∈N

UC(X \ Kn)} is a basis for the topology of the

space of Freudenthal ends ends(X), where UF
end := {(Cn)n∈N ∈ ends(X) : Cn ⊂ U for some

n ∈ N}; and by 7.1.5, BCend = {ACend :A unbounded coarsely clopen subset of X} is a basis for

the topology of the space of coarse ends Ends(X), where ACend := {e ∈ Ends(X) : A ∈ e}.

For each coarse end e ∈ Ends(X), let (Ce
n)n∈N be the Freudenthal end contained in e. Define

the map φ : Ends(X) → ends(X) that sends each e ∈ Ends(X) to the Freudenthal end

(Ce
n)n∈N. By part (e) and (f) of 7.3.4, one can see that φ : Ends(X) → ends(X) is bijective.

Moreover, for a basis element UF
end of the space of the Freudenthal ends ends(X), where

U = CN for some N ∈ N and CN ∈ UC(X \ KN), then φ−1(UF
end) = UC

end which a basis

element of Ends(X), and therefore φ : Ends(X) → ends(X) is continuous. Thus, Ends(X)

and ends(X) are homeomorphic.
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Chapter 8

Coarse groups

This chapter is concerned with studying groups as coarse spaces equipped with coarse

structures induced by generating sets. The class of such groups include:

1. Metrizable groups,

2. Countable groups with proper left-invariant metrics,

3. Topological groups. This chapter is mainly based on Section 5, Section 7 and Section 8

of (16).

8.1 Definitions and basic properties of coarse groups

Most of the material of this section can be found in (2) and (38).

Definition 8.1.1. Let G be a group and G ⊂ P(G) \ {∅} be a family of non-empty subsets of

G. G is called a generating set of G if:

• A ∪B,A ·B,A−1 ∈ G, for all A,B ∈ G.

• If A ∈ G and A′ ⊂ A, then A′ ∈ G.

Proposition 8.1.2. Let G and K be groups, and G be a generating set of G. Then:

(a) If H ⩽ G is a subgroup, then G|H := {A ∩H : A ∈ G} is a generating set of H.

(b) If φ : G → K is a group homomorphism, then φ(G) := {φ(A) : A ∈ G} is a generating

set of K.

Proof. Straightforward.
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Proposition 8.1.3. Let G be a group equipped with a left-invariant metric d on G; for every

r > 0, put Br := {g ∈ G : d(1G, g) ≤ r}. The family Gd := {A ⊂ G : A ⊂ Br for some

r > 0} is a generating set of G.

Proof. For r, s > 0, one has Br ∪Bs, Br ·Bs ⊂ Br+s, and B
−1
r = Br.

Example 8.1.4. Let G be arbitrary group:

1. The family of all finite subsets Gfin of G is a generating set of G.

2. The family of all countable subsets Gcoun of G is a generating set of G.

Example 8.1.5. Let G be a topological group and let Gcom be the family of all relatively compact

subsets of G. Then, Gcom is a generating set of G.

Notation 8.1.6. Given a group G, a subset A ⊂ G, and a subset E ⊂ G×G, we put:

GA := {(g · a, g · b) : a, b ∈ A, g ∈ G},

and

AE := {y−1 · x : (x, y) ∈ E}.

Lemma 8.1.7. Given a group G and subsets A,B ⊂ G, then GA[B] = B · A−1 · A.

Proof. Let p ∈ GA[B], then (p, b) ∈ GA for some b ∈ B. There exist g ∈ G and x, y ∈ A

such that p = g · x and b = g · y. So, g = b · y−1 and hence p = b · y−1 · x ∈ B · A−1 · A.

Conversely, if p ∈ B · A−1 · A, then p = b · y−1 · x, for some b ∈ B and x, y ∈ A. Put

g = b · y−1, then (p, b) = (g · x, g · y) ∈ GA.

Proposition 8.1.8. Let G be a group and G be a generating set. The family:

EG := {E ⊂ G×G : E ⊂ GA, for some A ∈ G} is a coarse structure on G.

Proof. It is easy to see that ∆ ∈ EG as for A ∈ G containing 1G, then ∆ ∈ GA. Let E,F ∈ EG,

then there exist A,B ∈ G such that E ⊂ GA and F ⊂ GB. Now,

• E ∪ F ⊂ GA ∪GB ⊂ GA∪B;

• E ◦ F ⊂ GA ◦ GB ⊂ GA·B−1·B. Indeed, if (x, z) ∈ GA ◦ GB, then there is y ∈ G such

that (x, y) ∈ GA and (y, z) ∈ GB. Thus, there exist a, a′ ∈ A, b, b′ ∈ B and g, h ∈ G such
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that (x, y) = (g · a, g · a′) and (y, z) = (h · b, h · b′). In particular, g · a′ = h · b and hence

h = g · a′ · b−1 implying that (x, z) = (g · a, g · a′ · b−1 · b′) ∈ GA·B−1·B ∈ EG as A ·B−1 ·B ∈ G.

This proves that EG is a coarse structure on G.

The coarse structure EG on G is referred to as the coarse structure induced by the

generating set G.

Lemma 8.1.9. Let G be a group, G be a generating set, and E ⊂ G × G. The set AE =

{y−1 · x : (x, y) ∈ E} ∈ G if and only if E ∈ EG.

Proof. Assume that E ⊂ G×G such that AE = {y−1 · x : (x, y) ∈ E} ∈ G. Without loss of

generality, assume that 1G ∈ AE. Notice that F := {g · a, g) : a ∈ AE, g ∈ G} ⊂ GAE
∈ EG.

Moreover, if (x, y) ∈ E, then y−1 · x ∈ AE, and hence (x, y) = (y · y−1 · x, y) ∈ F . Thus

E ⊂ F ∈ EG, as wanted.

Conversely, assume that E ∈ EG, and choose A ∈ G such that E ⊂ GA. We claim that

GAE
⊂ GA ◦ G−1

A . Indeed, if (a, b) ∈ GAE
, then there exist (x1, y1), (x2, y2) ∈ E and g ∈ G

such that a = g · y−1
1 · x1 and b = g · y−1

2 · x2. Since (x1, y1), (x2, y2) ∈ E ⊂ GA and GA is G-

invariant, then (y−1
1 ·x1, 1G), (y−1

2 ·x2, 1G) ∈ GA and hence (g ·y−1
1 ·x1, g), (g ·y−1

2 ·x2, g) ∈ GA.

Therefore, (a, b) ∈ GA ◦G−1
A as claimed.

Proposition 8.1.10. Let G be a group equipped with a coarse structure EG induced by a

generating set G. Then:

(a) Every A ∈ G is coarsely bounded.

(b) A subset B ⊂ G is coarsely bounded if and only if B−1 ·B ∈ G.

Proof. (a) Straightforward.

(b) Assume that B is coarsely bounded, and choose A ∈ G and p ∈ G such that B ⊂ GA[p].

By 8.1.7, GA[p] = p·A−1 ·A. Hence, B−1 ·B ⊂ (p·A−1 ·A)−1 ·(p·A−1 ·A) = A−1 ·A·A−1 ·A ∈ G

and hence B−1 ·B ∈ G. Conversely, assume that B−1 ·B ∈ G. Notice that AGB
= B−1 ·B ∈ G,

hence by 8.1.9, GB ∈ EG. Pick b ∈ B, then B ⊂ GB[b] = b · B−1 · B, and therefore B is

coarsely bounded as GB[b] is coarsely bounded.

Proposition 8.1.11. Let G be a group equipped with a coarse structure EG induced by a

generating set G. Then:
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(a) (G, EG) is coarsely connected if and only if G =
⋃
A∈G

A.

(b) If (G, EG) is coarsely connected, then a subset B ⊂ G is coarsely bounded if and only if

B ∈ G.

Proof. (a) Assume that (G, EG) is coarsely connected, and x ∈ G. We aim to find B ∈ G

such that x ∈ B. Indeed, as (G, EG) is coarsely connected, {(x, 1G)} ∈ EG. Thus, there exists

A ∈ G such that (x, 1G) ∈ GA. Therefore, (x, 1G) = (g · a, g · b) for some a, b ∈ A and g ∈ G,

and hence x = b−1 · a ∈ B = A−1 · A ∈ G, as wanted. Conversely, assume that G =
⋃
A∈G

A

and (x, y) ∈ G × G. There exist A,B ∈ G such that x ∈ A and y ∈ B. Put C := A ∪ B,

then {(x, y)} ⊂ GC and hence {(x, y)} ∈ EG.

(b) Since (G, EG) is coarsely connected, G =
⋃
A∈G

A. In particular, {x} ∈ G for all x ∈ G.

Assume that B ⊂ G is coarsely bounded. By part (h) of 5.2.9, E := B × {x} ∈ EG for any

x ∈ G. By 8.1.9, AE = x−1 · B ∈ G. Since {x} ∈ G, x · AE = B ∈ G as wanted. The other

implication is obvious.

The following provides an alternative description of EG.

Notation 8.1.12. Given a group G and a subset A ⊂ G, we put:

EA := {(x, y) : x−1 · y ∈ A}.

Lemma 8.1.13. Let G be a group equipped with a coarse structure EG induced by a generating

set G, and A ⊂ G. Then, A ∈ G if and only if EA ∈ EG. Moreover, the family {EA : A ∈ G}

is a basis for EG.

Proof. Assume that A ∈ G. Without loss of generality, assume that 1G ∈ A. We claim that

EA ⊂ GA. Indeed, if (x, y) ∈ EA, then x
−1 · y ∈ A and therefore (1G, x

−1 · y) ∈ GA which

implies that (x, y) ∈ GA. Conversely, suppose that EA ∈ EG, then by 8.1.9, AEA
∈ G. Since

AEA
= A−1 and hence A ∈ G.

Finally, we know that {EA : A ∈ G} is a basis for EG. It suffices to show that for every A ∈ G,

there exists B ∈ G such that GA ⊂ EB. To this end, let A ∈ G and let (x, y) ∈ GA, then there

exist a, b ∈ A and g ∈ G such that x = g · a and y = g · b. Thus, x−1 · y = a−1 · b ∈ A−1 · A.

Take B = A−1 · A, then B ∈ G and GA ⊂ EB.
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The significance of above lemma lies in the fact that sets of the form EA are easier to

work with as the following lemma asserts us.

Lemma 8.1.14. Let G and H be groups, A,B ⊂ G, C ⊂ H, and φ : G → H be a group

homomorphism Then:

(a) E−1
A = EA−1.

(b) EA ◦ EB = EA·B. In particular, En
A = EAn, for all n ∈ N.

(c) EA[B] = B · A−1.

(d) A ⊂ B if and only if EA ⊂ EB.

(e) φ× φ(EA) ⊂ Eφ(A).

(f) (φ× φ)−1(EC) = Eφ−1(C).

Proof. Straightforward.

The above Lemma 8.1.14 gives us a simple characterization of coarsely disjoint and

coarsely clopen subsets of a coarse group.

Proposition 8.1.15. Let G be a group equipped with a coarse structure EG induced by a

generating set G, and let A,B ⊂ G be subsets. Then:

(a) A and B are coarsely disjoint if and only if (A ·K) ∩ (B ·K) is bounded for all K ∈ G.

(b) A is coarsely clopen if and only if (A ·K) ∩ (Ac ·K) is bounded for all K ∈ G.

Proof. Apply 8.1.14 (c).

Corollary 8.1.16. Let G be a group equipped with a coarse structure EG induced by a generating

set G, and let A,B ⊂ G be subsets. Then:

(a) A and B are coarsely disjoint if and only if (A ·K) ∩B is bounded for all K ∈ G.

(b) A is coarsely clopen if and only if (A ·K) ∩ Ac is bounded for all K ∈ G.

Proof. Apply 5.6.15 (g) and 8.1.14 (c).

Proposition 8.1.17. Let G be a group equipped with the coarse structure induced by the

generating set Gfin of all finite subsets of G. A subset A ⊂ G is coarsely clopen if it is

almost right invariant.

Proof. Apply 8.1.16.
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Observation 8.1.18. If G is a group equipped with a left-invariant metric d, then EGd
= Ed

is the bounded coarse structure induced by d. Moreover, if d is a proper metric then EGd
=

Ed = EGfin
.

Proposition 8.1.19. Let G and H be groups with the coarse structures EG and EH induced

by the generating sets G and H of G and H, respectively. If φ : G → H is a group

homomorphism, then:

(a) φ : G→ H is controlled if and only if φ(A) ∈ H, for all A ∈ G.

(b) φ : G→ H is coarsely proper if and only if φ−1(B) ∈ G, for all B ∈ H.

Proof. Apply (e) and (f) of 8.1.14.

Example 8.1.20. Given a coarse group (G, EG), and an element x ∈ G; the automorphism

σx : G→ G is a coarse equivalent with a coarse inverse σx−1 : G→ G.

Definition 8.1.21. Let G be a group equipped with the coarse structure EG induced by the

generating set G. A subgroup H is called of bounded index if G = A ·H for some coarsely

bounded subset A ⊂ G.

Observation 8.1.22. If H is a subgroup of G, and A ⊂ G, then G = A · H if and only if

G = H · A−1. Indeed, if G = A · H and x ∈ G, then x−1 ∈ G. So, x−1 = a · h for some

a ∈ A and h ∈ H. Thus, a−1 ·x−1 ∈ H and hence x · a ∈ H; say x · a = h′, for some h′ ∈ H.

Therefore, x = h′ · a−1 ∈ H · A−1.

Proposition 8.1.23. Let G be a group equipped with the coarse structure EG induced by the

generating set G. A subgroup H is coarsely equivalent to G if and only if G = A ·H for some

A ∈ G.

Proof. Assume that H coarsely equivalent to G. By 5.4.7, H is E-coarsely dense in G.

Choose A ∈ G such that E ⊂ EA. Then, G = EA[H] = H · A−1 and hence G = A · H as

desired.

Conversely, if G = A · H for some A ∈ G, then G = H · A−1 and hence G = EA[H].

Therefore, H is coarsely dense in G, and by 5.4.7, it must be coarsely equivalent to G.
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Corollary 8.1.24. Let G be a group equipped with the coarse structure EG induced by the

generating set G. If (G, EG) is coarsely connected, then a subgroup H is coarsely equivalent

to G if and only if it is of bounded index in G.

Proof. Apply 8.1.23, and 8.1.10.

8.2 Connectivity in coarse groups

In this section we introduce concepts needed to generalize being finitely generated to

being boundedly generated.

Definition 8.2.1. A coarse group G is boundedly generated if there is a symmetric bounded

set K that generates G.

Proposition 8.2.2. Let K be a symmetric bounded subset of a coarse group G containing 1G.

The coarse group G is boundedly generated by K if and only if it is EK-connected.

Proof. Assume that G =< K > and x ∈ G. Then, there exist a1, . . . , an ∈ K such that

x = a1 · . . . · an. Notice that (ai, 1G) ∈ EK for all 1 ≤ i ≤ n and hence G is EK-connected.

Conversely, assume that G is EK-connected and that x ∈ G. Choose a sequence 1G =

x0, . . . , xn = x such that (xi, xi+1) ∈ EK for all 1 ≤ i < n. Notice that x−1
i · xi+1 ∈ K for all

1 ≤ i < n, and x = (x−1
0 · x1) · . . . · (x−1

n−2 · xn−1) · (x−1
n−1 · xn).

Proposition 8.2.3. Suppose K is a symmetric bounded subset of a group coarse G. If, for

some bounded subset B of G, G \ B has finitely many unbounded EK-components and the

union of all bounded EK-components is bounded, then G is boundedly generated.

Proof. Let L be the union of K ∪B and of the following:

1. The union of all bounded EK-components of G \B,

2. One point from each non-empty unbounded EK-component of G \B.

Put M = L∪L−1 and notice G is EM -connected. Indeed, the EM -component of 1G contains

B and all EK-components of G \B. Therefore, G =< M > as wanted.

Observation 8.2.4. Let (G, EG) be a coarse group. If G is boundedly generated by a symmetric

bounded subset K ⊂ G that contains 1G; then:
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(a) For all g ∈ G and n ∈ N, the subset g ·Kn is EK-connected.

(b) Consider the Cayley metric dK : G × G → [0,∞) on G, then B(g, n) = g · Kn, for all

g ∈ G and n ∈ N.

(c) EdK ⊂ EG; in particular, GdK ⊂ G.

Proof. (a) Notice first that Kn is EK-connected, as if x, y ∈ Kn, then there exists

g1, . . . , gn, h1, . . . , hn ∈ K such that x = g1 · . . . · gn and y = h1 · . . . · hn. Then

g1 · . . . · gn, g1 · . . . · gn−1, . . . , g1 · g2, g1, 1G and h1 · . . . · hn, h1 · . . . · hn−1, . . . , h1 · h2, h1, 1G are

EK-chains in K
n connecting x and 1G; and y and 1G, respectively. Since, K

n is symmetric,

we can find c an EK-chain in Kn connecting x and y. Hence, g · c an EK-chain in g · Kn

connecting g · x and g · y.

(b) Straightforward.

(c) Straightforward.

Example 8.2.5. Consider the topological group of the rational numbers (Q,+), equipped with

the coarse structure induced from the generating set of all relatively compact subsets of G.

Q is boundedly generated by the compact K := { 1
n
: n ∈ N} ∪ {0}.

Example 8.2.6. Let Mn(R) be the set of n × n matrices over R. Topologically, Mn(R) is

homeomorphic to Rn2
. The special linear group:

SL2(R) := {A ∈M2(R) : det(A) = 1},

is a topological subgroup of M2(R) and it is compactly generated by:

K :=

{ 1 r

0 1

 : r ∈ R, |r| ≤ 1

}
∪

{ 0 1

−1 0

}
.

Therefore, SL2(R), equipped with the coarse structure induced from the generating set of all

relatively compact subsets, is boundedly generated.

156



8.3 Coarse groups of bounded geometry

In this section we introduce the concept of bounded geometry for coarse groups. Typically,

bounded geometry is defined for metric spaces by requiring that for each r > 0 there is

Nr ∈ N such that every r-ball contains at most Nr elements. We want a coarse invariant, so

we extend this definition to arbitrary coarse spaces as follows:

Definition 8.3.1. A coarse space (X, EX) has bounded geometry if it is coarsely equivalent

to a coarse space (Y, EY ) with the property that for each F ∈ EY there is NF ∈ N such that

every element of F [y] contains at most NF elements, for all y ∈ Y .

Observation 8.3.2. If (Y, EY ) is a coarse space with the property that for each entourage

F ∈ EY there is NF ∈ N such that every element of F [y] contains at most NF elements, for

all y ∈ Y ; then every bounded subset B ⊂ Y is finite. Indeed, let F = B × B and choose

NF ∈ N such that every element of F [y] contains at most NF elements, for all y ∈ Y . Notice

that B ⊂ F [y], where y ∈ B. Moreover, if Y ′ ⊂ Y , then, as a subspace, (Y ′, E ′
Y ) has also the

property that for each entourage F ∈ E ′
Y there is NF ∈ N such that every element of F [y]

contains at most NF elements, for all y ∈ Y ′.

Proposition 8.3.3. Suppose X and Y are coarse spaces and Y has bounded geometry. If there

is a coarse map f : X → Y , then X has bounded geometry. In particular, a subspace of a

coarse space of bounded geometry is also of bounded geometry.

Proof. Pick a coarse equivalence g : Y → Z, where (Z, EZ) is a coarse space that has the

property that for each entourage F ∈ EZ there is NF ∈ N such that every element of F [z]

contains at most NF elements, for all z ∈ Z. Observe that X is coarsely equivalent to

g(f(X)).

Theorem 8.3.4. A coarse group G is of bounded geometry if and only if there is a bounded

set K such that for every bounded subset B of G there are elements gi ∈ G, i ≤ n, so that

B ⊂
n⋃
i=1

gi ·K.

Proof. Suppose f : G → Y is a coarse equivalent, where (Y, EY ) is a coarse space that has

the property that for each entourage F ∈ EY there is NF ∈ N such that every element of
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F [y] contains at most NF elements, for all y ∈ Y . Since f : G→ Y is expanding, the subset

(f × f)−1(∆Y ) is an entourage of G. Choose a symmetric bounded subset K of G such that

(f × f)−1(∆Y ) ⊂ EK . Notice that for every y ∈ Y , and gy ∈ G ∩ f−1({y}), then such that

f−1({y}) ⊂ EK [gy] = gy ·K. Given a bounded subset B of G, f(B) is bounded, hence it is

finite and B ⊂
⋃

y∈f(B)

f−1(y) ⊂
⋃

y∈f(B)

gy ·K.

Conversely, suppose there is a bounded set K such that for every bounded subset B of

G there are finitely many elements gi ∈ G, i ≤ n, so that B ⊂
n⋃
i=1

gi ·K. We may assume

K is symmetric containing 1G. By 5.4.8, since EK2 is symmetric entourage containing the

diagonal, G has a coarsely dense EK2-separated subset Y ⊂ G. By 5.4.7, Y is coarsely

equivalent to G. To conclude, we prove that Y , as a coarse space of G, has the property

that for each F ∈ EY there is NF ∈ N such that every element of F [y] contains at most

NF elements, for all y ∈ Y . Indeed, F ∈ EY , then there exists a symmetric bounded subset

B ⊂ G, such that F ⊂ EB, and there exist finitely many elements gi ∈ G, i ≤ n, so that

B ⊂
n⋃
i=1

gi · K. Put NF = n, and we claim that |F [y]| ≤ NF , for all y ∈ Y . Notice that

F [y] ⊂ EB[y], and that EB[y] = y · B ⊂
n⋃
i=1

y · gi ·K. Now, if a, b ∈ Y ∩ y · B are distinct

such that a, b ∈ y · gi ·K for some 1 ≤ i ≤ n, then a−1 · b ∈ K2 and hence (a, b) ∈ EK2 which

contradicts the fact that Y is EK2-separated. This shows that each gi ·K has at most one

element of F [y], and thus |F [y]| ≤ NF .

Corollary 8.3.5. The following coarse groups are of bounded geometry:

1. Groups with generating set consisting of finite sets,

2. Locally compact topological groups.

Proof. In case 2), any relatively compact neighborhood K of 1G works.

Example 8.3.6. Consider the special linear group SLn(R) and the general linear group

GLn(R). They are both locally compact σ-compact groups as the determinant function

det : Mn(R) → R is continuous with det−1(R \ {0}) = GLn(R) and det−1({1}) = SLn(R).

Therefore, both SLn(R) and GLn(R), equipped with the coarse structure induced from the

generating set of all relatively compact subsets, are of bounded geometry.
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Proposition 8.3.7. Let G be boundedly generated coarse group of bounded geometry. There

exist a symmetric bounded subset K of G such that for every bounded subset L of G its

complement G \ L has finitely many EK-components.

Proof. Choose a bounded symmetric subset M ⊂ G such that 1G ∈ M , G =< M > and

every bounded subset of G is covered by finitely many subsets of the form g ·M . For arbitrary

bounded subset L ⊂ G, choose m ∈ N such that EM [L] ⊂
m⋃
i=1

gi ·M . If L = ∅, then G \ L

has exactly one EM -component. Fix a ∈ L and for each x ∈ G \ L choose a EK-chain cx

joining x to a. Let ix ≤ m be the first index of cx such that xix ∈
m⋃
i=1

gi · M \ L. For

y ∈ G \ L, if xix , yiy ∈ gi ·M , then x−1
ix

· yiy ∈ M2 and hence (xix , yiy) ∈ EM2 . Since x and

xix are EM -connected, and y and yyx are EM -connected, so x and y are E2
M -connected. Let

K =M2, then G \ L has at most m EK-components.

Proposition 8.3.8. Let G be a coarse group metrizable by the Cayley metric dK for some

symmetric bounded set K containing 1G. The following conditions are equivalent:

(a) G is of bounded geometry.

(b) There are elements gi ∈ G, 1 ≤ i ≤ n, so that K ·K ⊂
n⋃
i=1

gi ·K.

(c) For each s ≥ 1 there is Ns ≥ 1 such that for each m ≥ 1 the set Km+s can be covered by

at most Ns sets of the form g ·Km.

Proof. (a) ⇐⇒ (b): If G is of bounded geometry, then as K ·K is bounded, and therefore

K · K ⊂
n⋃
i=1

gi · K for some gi ∈ G, 1 ≤ i ≤ n. Conversely, notice that (K · K) · K ⊂
n⋃
i=1

gi ·K ·K ⊂
n⋃

i,j=1

gi ·gj ·K. Apply induction to get that for every m ≥ 1 there are elements

hi ∈ G, i ≤ m, so that Km ⊂
n⋃
i=1

hi ·K. Since every bounded subset B of G is contained in

some Kn, G is of bounded geometry.

(b) ⇐⇒ (c): By induction, one can see that For each s ≥ 1 there is Ns ≥ 1 such that

Ks+1 can be covered by at most Ns sets of the form g ·K. Therefore Km+s = Ks+1 ·Km−1

can be covered by at most Ns sets of the form g · K · Km−1 = g · Km. The converse is

trivial.
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8.4 Metrizability of the coarse structure of a group

In this section we discuss coarse groups whose coarse structure is metrizable or coarsely

equivalent to a geodesic space.

Definition 8.4.1. Let G be a generating set of G. A subset B ⊂ G is a called a basis for G if

for every A ∈ G, there exists B ∈ B such that A ⊂ B.

When EG is metrizable, it is induced by a left-invariant metric.

Theorem 8.4.2. Let G be a group equipped with a coarsely connected coarse structure EG
induced by the generating set G. The following are equivalent:

(a) EG is induced by a metric d : G×G→ [0,∞).

(b) G has a countable basis.

(c) EG is induced by a left-invariant metric.

Proof. (a) =⇒ (b): Follows from 8.1.14.

(b) =⇒ (c): Let B := {Bn : n ∈ N∪{0}} be a basis for G such that B0 := {1G} and (Bn)n∈N0

is a strictly increasing sequence of symmetric elements of G. Define the function |.| : G→ N

by |g| = min{n ∈ N : g ∈ Bn}. It induces a left-invariant metric d : G × G → [0,∞) given

by: d(g, h) := |g−1 ·h|. We claim that d induces EG. Indeed, notice that for g ∈ G and n ∈ N,

then B(g, n) = {h ∈ G : g−1 · h ∈ Bm and m ≤ n} ⊂ g · Bn ∈ G. On the other hand, for

arbitrary n ∈ N, choose g ∈ Bn and N > n2; then B(g,N) =
N⋃
i=1

g ·Bi = BN which contains

Bn. Hence, Gd = G as desired.

Definition 8.4.3. A coarse group G is σ-bounded if it is a countable union of bounded subsets.

When G is equipped with a metrizable coarse structure EG, it is σ-bounded. The converse

is true when G is of bounded geometry.

Proposition 8.4.4. If G is a σ-bounded coarse group of bounded geometry, then EG is

metrizable. Consequently, G has a countable basis of boundedly generated subgroups.

Proof. Pick a bounded symmetric set K containing 1G such that for every bounded subset

B of G there are elements gi ∈ G, i ≤ k, so that B ⊂
k⋃
i=1

gi ·K. Suppose G =
∞⋃
i=1

Bi, where
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each Bi is bounded and Bi ⊂ Bj if i < j. Each g ∈ G has an index n(g) such that g ∈ Bn(g).

Now, if B is bounded and B ⊂
k⋃
i=1

gi ·K, then for m ≥ n(gi) for all i ≤ n one has B ⊂ Bm ·K.

Therefore, {Bn ·K : n ∈ N} is a countable basis for G.

Definition 8.4.5. Let X and Y be coarse spaces. X is coarsely dominated by Y if there exist

φ : X → Y and ψ : Y → X controlled maps such that ψ ◦ φ is close to idX .

Theorem 8.4.6. Let G be a group equipped with a coarse structure EG induced by the generating

set G. The following are equivalent:

(a) G is boundedly generated by a symmetric subset K ∈ G and {Kn}n∈N is a basis for G.

(b) EG induced by a Cayley metric.

(c) G is coarsely equivalent to Cay(G,K) for some K ∈ G.

(d) G is coarsely dominated by a geodesic metric space.

Proof. (a) =⇒ (b): Assume that G =< K > for some symmetric subset K ∈ G such that

{Kn}n∈N is a basis for G. Consider the Cayley metric dK induced by K. We aim to show

that G = GdK . Notice that for g ∈ G and n ∈ N, then B(g, n) ⊂ g ·Kn, and Kn ⊂ B(x, n+1)

for any x ∈ K.

(b) =⇒ (c): The inclusion ı : G → Cay(G,K) is controlled, expanding and coarsely

surjective.

(c) =⇒ (d): Obvious.

(d) =⇒ (a): Let (X, d) be a geodesic metric space coarsely dominates G, and let φ : G→ X

and ψ : X → G controlled maps such that ψ ◦φ is close to idG. Notice that ψ×ψ(E2) ∈ EG
where E2 = {(x, y) ∈ X×X : d(x, y) ≤ 2}; and E = {(ψ ◦φ(g), g) : g ∈ G} ∈ EG. By 8.1.13,

There exists a symmetric subset K ∈ G such that E∪E−1∪ψ×ψ(E2) ⊂ EK . We claim that

{Kn}n∈N is a basis for G. Let L ∈ G containing 1G. Choose r > 0 such that φ(L) ⊂ B(x0, r),

where x0 = φ(1G). Choose a boundary point x of the ball B(x0, r). Pick N ∈ N and a chain

x0, . . . , xN on the geodesic connecting x0 to x such that d(xi, xi+1) < 1 for all 1 ≤ i < N .

Let g ∈ L and choose a chain x0, . . . , xn = φ(g) such that d(xi, xi+1) < 1 for all 1 ≤ i < n.

Clearly, n ≤ N and (xi, xi+1) ∈ E2, for all 1 ≤ i < n. Therefore, ψ(xi)
−1·ψ(xi+1) ∈ K. Notice

that ψ(φ(g)) = ψ(xn) = ψ(x0)·(ψ(x0)−1 ·ψ(x1))·(ψ(x1)−1 ·ψ(x2))···(ψ(xn−1)
−1 ·ψ(xn)). Since

(1G, ψ(x0)) ∈ EK , ψ(x0) ∈ K, and hence ψ(φ(g)) ∈ Kn+1. Moreover, as (ψ(φ(g)), g) ∈ EK ,
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ψ(φ(g))−1 · g ∈ K and hence g ∈ ψ(φ(g)) · K ⊂ Kn+2 ⊂ KN+2. In particular, L ⊂ KN+2

which shows that {Kn}n∈N is a basis for G.

A coarse group (G, EG) that satisfies one of the equivalent properties of 8.4.6 is referred

to as a coarsely geodesic group.

Proposition 8.4.7. If G is a boundedly generated coarse group of bounded geometry, then it

is coarsely geodesic.

Proof. Pick a bounded symmetric set K containing 1G such that for every bounded subset B

of G there are elements gi ∈ G, i ≤ k, so that B ⊂
k⋃
i=1

gi ·K. We may assume K generates G.

Each g ∈ G has an index n(g) such that g ∈ Kn(g). Now, if B is bounded and B ⊂
k⋃
i=1

gi ·K,

then for m ≥ n(gi) for all i ≤ n one has B ⊂ Km+1. By 8.4.6, G is coarsely geodesic.

Example 8.4.8. SL2(R), equipped with the coarse structure induced from the generating set of

all relatively compact subsets, is coarsely geodesic; whereas, the coarse structure of GLn(R)

induced from the generating set of all relatively compact subsets is metrizable.

Definition 8.4.9. A sequence of subgroups {Gn}n∈N of a coarse group G is a basis for

boundedly generated subgroups of G if every boundedly generated subgroup H of G is

contained in some Gn. Equivalently, for any bounded subset B of G there is n ∈ N such that

B ⊂ Gn.

Clearly, if a coarse group G has a metrizable coarse structure, then it can be expressed

as the union of an increasing sequence of boundedly generated subgroups {Gn}n∈N such that

{Gn}n∈N is a basis for boundedly generated subgroups. The converse is partially true; that

is if {Gn}n∈N is a basis for boundedly generated subgroups such that each Gn is coarsely

geodesic then the coarse structure of G is metrizable.

Proposition 8.4.10. Let G be a coarse group that has a basis {Gn}n∈N for boundedly generated

subgroups consisting of unbounded subgroups that are coarsely geodesic; then its coarse

structure is metrizable.

Proof. Notice for each Gn there exists a symmetric bounded subset Kn ⊂ G containing 1G

such that Gn =< Kn > and that (Km
n )m≥1 is a basis for Gn. In particular, {Km

n : n,m ∈ N}

is a countable basis for G.
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Definition 8.4.11. A coarse group G is locally bounded if for every bounded subset B of G

the subgroup < B > of G generated by B is bounded.

Lemma 8.4.12. Let φ : G→ H be a group homomorphism between coarse groups. If φ : G→

H is a coarse equivalence and H is locally bounded, then G is locally bounded.

Proof. It straightforward to see that, as φ : G → H is a group homomorphism, for every

subset A ⊂ G, φ(< A >) =< φ(A) >. Notice that as φ : G→ H is coarsely proper, if A ⊂ G

is unbounded, then φ(A) is an unbounded subset of H. Seeking contradiction, assume that

K ⊂ G is coarsely bounded such that < K > is unbounded subset of G. On one hand,

φ(< K >) =< φ(K) > in unbounded. On the other hand, since φ : G → H is controlled,

φ(K) is a coarsely bounded subset of H, and hence, as H is locally bounded, < φ(K) > is

coarsely bounded; a contradiction.

Proposition 8.4.13. An unbounded coarse group G is locally bounded and its coarse structure

is metrizable if and only if it admits a strictly increasing sequence {Gn}n∈N of bounded

subgroups that is a basis for boundedly generated subgroups.

Proof. Assume that the coarse group G is locally bounded and its coarse structure is

metrizable. For each n ∈ N, put Bn := B(1G, n). We inductively define the strictly increasing

sequence of bounded subgroups as follows:

G1 :=< B1 >, and Gn :=< Bn ∪ {xn} > for all n ≥ 2, where xn ∈ G \Gn−1. Then, {Gn}n∈N
is the desired sequence.

Conversely, assume that {Gn}n∈N is strictly increasing sequence of bounded subgroups

that is a basis for boundedly generated subgroups. It is a basis for its bounded sets, so

the coarse structure of G is metrizable. Moreover, every boundedly generated subgroup is

contained in some Gn, and hence bounded, so G is locally bounded.

Proposition 8.4.14. Let G be a coarse group G that is non-locally bounded and is not

boundedly generated. Its coarse structure is metrizable if and only if G admits a strictly

increasing sequence {Gn}n∈N of unbounded boundedly generated subgroups whose coarse

structures as coarse subspace of G are metrizable, and that {Gn}n∈N is a basis for boundedly

generated subgroups.
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Proof. Assume that G is non-locally bounded and its coarse structure is metrizable. For

each n ∈ N, put Bn := B(1G, n). We inductively define the strictly increasing sequence of

the subgroups as follows:

G1 :=< B1 >, and Gn :=< Bn ∪ {xn} > for all n ≥ 2, where xn ∈ G \ Gn−1. Notice for

any bounded subset B ⊂ G, there exists n ∈ N such that B ⊂ Bn and hence < B >⊂ Gn.

If each Gn is bounded then G is locally bounded, a contradiction. Therefor, there exists

N ≥ 1 such that Gn is unbounded for all n ≥ N . Without loss of generality, we may assume

that N = 1. It is clear that for each n ≥ N , the coarse structure of Gn is metrizable coarse

structure as a coarse subspace of G.

Conversely, assume that G admits a strictly increasing sequence {Gn}n∈N of unbounded

boundedly generated subgroups whose coarse structures as coarse subspace of G are

metrizable, and that {Gn}n∈N is a basis for boundedly generated subgroups. Let Bn be

a countable basis for the bounded subsets of Gn, for all n ∈ N. Then B :=
⋃
n∈N

Bn is a

countable basis for the bounded subsets of G. Clearly, G is non-locally bounded.
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Chapter 9

Space of coarse ends of coarse groups

In this chapter we apply the theory of coarse ends of coarse spaces to coarse groups. In

particular, we generalize 1.1.5, 1.1.6, and partially generalize 1.1.8; and give a proof for 1.1.7,

in the language of coarse geometry. This chapter is based on Section 9 of (16).

9.1 Space of coarse ends

We begin with a coarse version of the first part of 1.1.8.

Proposition 9.1.1. Let G be a coarse group equipped with a metrizable coarse structure. If G

is an unbounded and locally bounded group, then its number of coarse ends is infinite.

Proof. It suffices to show that G has infinitely many unbounded coarsely clopen subsets of G

that are mutually disjoint. By 8.4.13, G can be expressed as a union of a strictly increasing

sequence {Gn}n∈N of bounded subgroups that is a basis for boundedly generated subgroups.

Choose gn ∈ Gn+1 \Gn for each n ∈ N. Given an infinite subset I of natural numbers define

AI as
⋃
n∈ I

gn ·Gn. We claim that AI is unbounded coarsely clopen. Indeed, AI is unbounded

as for anyN ∈ N, there exists n ∈ I such that n > N and hence gn ∈ AI\GN . Since, {Gn}n∈N
is a basis for the bounded sets of G, AI must be unbounded. To show AI is coarsely clopen

assume B ⊂ G is bounded and choose n ∈ I so that B ⊂ Gn, and therefore {Gn : n ∈ I} is a

basis for the bounded sets of G. Notice for any i ∈ I, if i < n, then (gi ·Gi) ·Gn = Gn; and if

i ≥ n, then (gi ·Gi) ·Gn = gi ·Gi. In particular, AI ·Gn = Gn∪
⋃

i∈I,i≥n
gi ·Gi, so (AI ·Gn)∆AI
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is bounded, and hence AI is coarsely clopen. To complete the proof notice AI ∩ AJ = ∅ if

I∩J = ∅. Indeed, if g ∈ AI∩AJ , then there exist i < j such that gi ·h = gj ·h′, where h ∈ Gi

and h′ ∈ Gj, with i ∈ I and j ∈ J . Therefore gj ∈ Gj, a contradiction. Finally, since N can

be expressed as an infinite union of mutually disjoint infinite subsets of N, G has infinitely

many mutually disjoint unbounded coarsely clopen subsets and hence infinitely many coarse

ends.

Definition 9.1.2. Let G be a coarse group and A is a subset of G. We say that G acts trivially

on A if A and x ·A are coarsely identical for all x ∈ G; that is, if x ·A∆A is coarsely bounded

for all x ∈ G.

Lemma 9.1.3. Let G be a coarsely geodesic coarse group. If G contains three mutually disjoint

unbounded coarsely clopen subsets, then it acts trivially on at most one of them.

Proof. Let K ⊂ G be symmetric bounded subset containing 1G and generating G such that

the Clayey metric dK induces its coarse structure. Let A1, A2 and A3 be mutually disjoint

unbounded coarsely clopen subsets. Seeking contradiction, assume that G acts trivially on A1

and A2. Put A4 := G\
3⋃
i=1

Ai. Clearly that A4 is coarsely clopen disjoint from A1, A2 and A3.

Choose N ∈ N large enough so that for all x ∈ Ai\B(1G, N) and y ∈ (G\Ai)\B(1G, N) then

d(x, y) > 2, for all 1 ≤ i ≤ 4. If A4 is coarsely bounded, we may assume that A4 ⊂ B(1G, N).

Choose m ∈ N such that (Ai\B(1G,m))∩E2·N+2[G\Ai] = ∅, for all 1 ≤ i ≤ 3. In particular,

m > N and if x ∈ Ai such that dK(x, 1g) ≥ m, then B(x, 2 ·N + 2) ⊂ Ai, for all 1 ≤ i ≤ 3.

If A4 is unbounded, we assume also that (A4 \B(1G,m)) ∩ E2·N+2[G \ A4] = ∅. Notice that

if x ∈ Ai such that dK(x, 1G) ≥ m, then x ·B(1G, N) = B(x,N) ⊂ B(x, 2 ·N + 2) ⊂ Ai, for

all 1 ≤ i ≤ 3.

Now, pick x ∈ A3 such that dK(x, 1G) ≥ m. On one hand, as dK(x
−1, 1G) ≥ m, so

x−1 ∈ G \ B(1G, N) and hence B(x−1, N) is contained in exactly one coarsely clopen Ai for

some 1 ≤ i ≤ 3, if A4 is bounded; and B(x−1, N) is contained in exactly one coarsely clopen

Ai for some 1 ≤ i ≤ 4, if A4 is unbounded. As G acts trivially on A1, x · A∆A is coarsely

bounded, and thus we can choose g1 ∈ A1 such that dK(g1, 1G) ≥ m and x · g1 ∈ A1. Since

G =< K >, G is EK-connected, and hence we can find an EK-chain g1 = a0, a1, . . . , as = 1G

connecting g1 and 1G. Notice that dK(ai, ai+1) = 1 for all 0 ≤ i ≤ s− 1. Let as be the first
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element of the EK-chain that hits B(1G, N). Then, as dK(as−1, as) = 1, as ∈ A1 ∩B(1G, N)

and hence x · as ∈ A3. Since dK is left-invariant, the sequence x · g1 = x · a0, x · a1, . . . , x · as
is still a EK-chain connecting x · g1 ∈ A1 to x · as ∈ A3 and dK(x · ai, x · ai+1) = 1 for

all 0 ≤ i ≤ s− 1. Thus, x · g1 = x · a0, x · a1, . . . , x · as must hit B(1G, N), as otherwise,

we would have two consecutive terms x · ai and x · ai+1 of x · g1 = x · a0, x · a1, . . . , x · as
such that dK(x · ai, x · ai+1) > 2, a contradiction. Therefore, there exists x1 ∈ A1 such

that x · x1 ∈ B(1G, N) which implies that x1 ∈ B(x−1, N), and hence B(x−1, N) must be

contained in A1. On the other hand, as G acts trivially on A2, we can find x2 ∈ A2 such

that x · x2 ∈ B(1G, N) which implies that x2 ∈ B(x−1, N) and hence B(x−1, N) intersects

A2, which contradicts the fact that B(x−1, N) ⊂ A1. Consequently, G can act trivially on

at most one of the coarsely clopen subsets A1, A2 and A3.

It can be seen that if A is a coarsely clopen subset of the coarse group G, then for any

x ∈ G, x · A is coarsely clopen because if K ⊂ G is bounded ((x · A) ·K) ∩ (x · A)c ·K) =

x · ((A · K) ∩ (Ac · K)) which is bounded. If, moreover, A is unbounded, then x · A is

unbounded. In particular, if e ∈ Ends(G), then x · e = {x · A : A ∈ e} is also a coarse end;

and therefore, the action of G on itself by left multiplication extends to Ends(G). G acts

trivially on Ends(G) if x · e = e for all x ∈ G and e ∈ Ends(G).

Lemma 9.1.4. A coarse group G acts trivially on Ends(G) if and only if for all e ∈ Ends(G)

and A ∈ e, G acts trivially on A.

Proof. Assume that G acts trivially on Ends(G), e ∈ Ends(G) and A ∈ e. For x ∈ G, we aim

to show that A and x ·A are coarsely identical. Put Ends(G) = {eα : α ∈ I}, for some index

set I. Assume that e = eβ for some β ∈ I. As G acts trivially on Ends(G), A, x ·A ∈ eβ. For

all α ̸= β, we can find Aα ∈ eα such that x·A∩Aα = ∅. Since Ends(G) = Aend∪(
⋃

α∈I\{β}
Aαend).

By 7.1.12, there exists a coarsely bounded subset K ⊂ G such that G = A∪(
⋃

α∈I\{β}
Aα)∪K.

Therefore, (x ·A)\A ⊂ (x ·A)∩K which is coarsely bounded. Similarly, A\(x ·A) is coarsely

bounded and therefore A and x·A are coarsely identical. Consequently, G acts trivially on A.

Conversely, assume that for all e ∈ Ends(G) and A ∈ e, G acts trivially on A. It is

obvious that x · e = e, for all x ∈ G.
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Theorem 9.1.5. Let G be a coarsely geodesic coarse group. The number of the coarse ends

of G is either infinite or at most 2.

Proof. If G is bounded, then Ends(G) is empty. If G is locally bounded and unbounded,

then Ends(G) is infinite by 9.1.1.

Assume G is unbounded, non-locally bounded, and its number of the coarse ends m ≥ 3

is finite. Notice that, by 7.1.18, for any x ∈ G, the map σx : G → G that maps each g ∈ G

to x · g is a coarse equivalence, it induces a homeomorphism σxend : Ends(G) → Ends(G).

Let Homeo(Ends(G)) be the finite group of all homeomorphisms from Ends(G) to itself.

The map ρ : G → Homeo(Ends(G)) given by: ρ(x) = σxend is a group homomorphism with

H := Ker(ρ) is a subgroup of finite index in G. By 8.1.23, G and H are coarsely equivalent

and hence Ends(G) and Ends(H) are homeomorphic by 7.1.18. Moreover, H acts trivially

on Ends(H), with |Ends(H)| ≥ 3. Now, let e1, e2, e3 ∈ Ends(H) be three distinct ends, and

choose Ai ∈ ei for all 1 ≤ i ≤ 3 such that A1, A2 and A3 are mutually disjoint. By 9.1.4, H

acts trivially on A1, A2 and A3. This contradicts Lemma 9.1.3.

As a result, a locally compact compactly generated group G equipped with the coarse

structure EGcom induced by the generating set Gcom of all relatively compact subsets of G has

either infinitely many coarse ends or at most 2. For example, the topological group SL2(R)

has either infinitely many coarse ends or at most 2 coarse ends. We aim to generalize 9.1.8

to a larger class of coarse groups that includes:

• Locally compact σ-compact groups equipped with the coarse structure induced by the

generating set Gcom of all relatively compact subsets.

• Infinite countable groups equipped with the generating set of all finite subsets.

Although these two classes of coarse groups are not necessarily coarsely geodesic, they can

be expressed as a union of a sequence of coarsely geodesic unbounded subgroups where that

sequence is a basis for boundedly generated subgroups.

Lemma 9.1.6. Let G be a coarse group that has a basis {Gn}n∈N for boundedly generated

subgroups consisting of unbounded subgroups. If A is an unbounded coarsely clopen subset of

G, then there is n ∈ N such that A ∩Gn is unbounded.
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Proof. Let G1 be generated by a symmetric bounded subset B of G. Since (A · B)∆A is

bounded, there is m ∈ N such that (A · B)∆A ⊂ Gm. Notice that (A · B) \ Gm = A \ Gm.

If A \ Gm = ∅, we are done so assume A \ Gm ̸= ∅. Now, for each g ∈ A \ Gm and b ∈ B,

we have g · b ∈ (A ·B) \Gm = A \Gm. By induction, that implies g ·G1 ⊂ A \Gm. Choose

n ∈ N such that < B ∪ g >⊂ Gn, then g ·G1 ⊂ A∩Gn and hence A∩Gn is unbounded.

As a consequence, a coarse group G that can be expressed as a union of a sequence

of boundedly generated subgroups where that sequence is a basis for boundedly generated

unbounded subgroups, then |Ends(G)| ≤ sup
n∈N

|Ends(Gn)|.

Corollary 9.1.7. Let G be a coarse group that has a basis {Gn}n∈N for boundedly generated

subgroups consisting of unbounded subgroups. If m ≤ ∞ and each Gn has at most m ends,

then the number of ends of G is at most m.

Proof. The case m = ∞ is clear, so assume m <∞.

If G has (m+1) mutually disjoint unbounded coarsely clopen subsets Ai, 1 ≤ i ≤ m+1,

then by 9.1.6 we can find an index n such that each Ai∩Gn is an unbounded coarsely clopen

subset of Gn. Hence |Ends(Gn)| ≥ m+ 1, a contradiction.

Combining 9.1.6 and 9.1.7, we generalize 9.1.8.

Theorem 9.1.8. Let G be a coarse group that admits a basis {Gn}n∈N for boundedly generated

subgroups consisting of coarsely geodesic subgroups. The number of the coarse ends of G is

either infinite or at most 2.

Proof. Notice for each Gn there exists a symmetric bounded subset Ki ⊂ G containing

1G such that Gi =< Ki > and that (Kn
i )n∈N is a basis for the bounded subsets Gi. In

particular, {Kn
i : i, n ∈ N} is a countable basis for the bounded subsets of G, and hence

its coarse structure is metrizable. If G is bounded, then Ends(G) is empty. If G is locally

bounded and unbounded, then Ends(G) is infinite by 9.1.1.

Assume G is unbounded, non-locally bounded and its number of coarse ends is finite.

Notice that the boundedly generated groups cannot be all bounded. Choose N ∈ N such

that Gn unbounded for all n ≥ N . Let H1 :=<
N⋃
i=1

Ki >, and Hi := GN+i, for all i ∈ N.

Clearly, {Hn}n∈N is a basis for boundedly generated subgroups consisting of unbounded
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coarsely geodesic subgroups. Seeking contradiction, assume that G has m ≥ 3 coarse ends.

Without loss of generality, we may assume that G acts trivially on Ends(G). Notice that

G contains three disjoint unbounded coarsely clopen subsets A1, A2 and A3, on which, by

9.1.4, G acts trivially. By 9.1.6, there exists n ∈ N such that Ai ∩ Gn is unbounded for all

1 ≤ i ≤ 3. Moreover, Gn acts trivially on Ai ∩Gn, for all 1 ≤ i ≤ 3, which contradicts 9.1.3.

Hence, |Ends(G)| ≤ 2.

Corollary 9.1.9. Let G be a locally compact σ-compact topological group equipped with the

coarse structure induced by the generating set of all relatively compact subsets. The number

of ends of G is either infinite or at most 2.

Proof. Let (Kn)n∈N be an exhausting sequence of G. The sequence {Gn}n∈N, where Gn :=<

Kn > is a basis for boundedly generated subgroups consisting of subgroups that are coarsely

geodesic.

Example 9.1.10. Consider the topological groups G = SLn(R) and H = GLn(R) equipped

with the coarse structure induced from the generating set of all relatively compact subsets.

Then, G and H have either infinitely many coarse ends or at most 2.

Corollary 9.1.11. Let G be a countable coarse group equipped with the coarse structure induced

by the generating set of all finite subsets. The number of ends of G is either infinite or at

most 2.

Proof. G can be expressed as an increasing sequence of finitely generated subgroups.

9.1.11 can be generalized to arbitrary groups equipped with the coarse structure induced

by the generating set of all finite subsets. We first prove that if an uncountable locally finite

group has finitely many coarse ends with respect to the coarse structure induced by the

generating set of all finite subsets, then it has exactly one coarse end.

Lemma 9.1.12. Let G be a locally finite uncountable group equipped with the coarse structure

induced by the generating family of finite subsets. For every infinitely countable C ⊂ G and

non-trivial coarsely clopen subset A ⊂ G, there exists a countable subgroup H containing C

such that

A ·H \ A ⊂ H
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and

Ac ·H \ Ac ⊂ H.

Proof. Inductively, one can construct a strictly increasing sequence of finite subgroups

(Hn)n∈N∪{0} such that:

1. Hn contains at least n elements of C.

2. A ·Hn \ A ⊂ Hn+1.

3. Ac · Hn \ Ac ⊂ Hn+1. Indeed, put H0 := {1G}, and H1 :=< a1 > where a1 ∈ C \ {1G}.

Now, for n ∈ N, assume that Hn is strictly in the finite subgroup Hn+1 and that:

1. Hn contains at least n elements of C, and Hn+1 contains at least n+ 1 elements of C.

2. A ·Hn \ A ⊂ Hn+1.

3. Ac ·Hn \ Ac ⊂ Hn+1.

Let Hn+2 be the subgroup of G generated by (A · Hn+1 \ A) ∪ (Ac · Hn+1 \ Ac) ∪ {an+2},

where an+2 ∈ C \Hn+1. Since A is coarsely clopen and G is locally finite, Hn+2 is finite. Let

H :=
⋃
n∈N

Hn.

Theorem 9.1.13. Let G be a locally finite uncountable group equipped with the coarse structure

induced by the generating family of finite subsets. If G has finitely many coarse ends, then

it has exactly one coarse end.

Proof. By 8.4.12, there is no loss of generality in assuming that G acts trivially on its coarse

ends. Seeking contradiction assume that G has more than one coarse end. Then, G has a

non-trivial coarsely clopen subset A ⊂ G such that G acts trivially on both A and Ac, by

9.1.4. Let C be a countably infinite subset that contains countably infinite elements of A

and countably infinite elements Ac. By 9.1.12, we can choose a countably infinite subgroup

H that contains C such that:

A ·H \ A ⊂ H

and

Ac ·H \ Ac ⊂ H.

Now, let g ∈ G\H, then either g ∈ A or g ∈ Ac. Without loss of generality assume that g ∈ A.

Then, g ·H ⊂ A. Indeed, if g ·h ∈ Ac for some h ∈ H, then g = (g ·h) ·h−1 ∈ Ac ·H \Ac ⊂ H,
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a contradiction. Since g ·H ⊂ A, so H ⊂ g−1 ·A and therefore H ∩Ac ⊂ g−1 ·A ∩Ac. But,

H ∩ Ac is infinite, and g−1 · A ∩ Ac is finite because G acts trivially on A, a contradiction.

Hence, either A is infinite and Ac is finite or Ac is infinite and A is finite, which shows that

G has exactly one coarse end as desired.

Theorem 9.1.14. Let G be group equipped with the coarse structure induced by the generating

set of all finite subsets. If G has finitely many ends, then it has at most 2 ends.

Proof. Without loss of generality, assume that G is non-locally finite uncountable group that

has finitely many coarse ends. G has a subgroup H of finite index that has the same number

of coarse ends as G; and H acts on its coarse ends trivially. Suppose H has at least 3 coarse

ends. In that case we can find three mutually disjoint coarsely clopen subsets Ai of H,

1 ≤ i ≤ 3. Let Bi := Aci , and choose countable unbounded subsets Ci and Di of each Ai

and Bi, respectively. Since G is a non-locally finite group; H is a non-locally finite group, by

8.4.12. Choose a finite subset K of H such that < K > is infinite. Let H ′ be the subgroup

of H generated by K ∪
3⋃
i=1

(Ci ∪ Di). Notice that H ′ is countably generated and hence it

is countable. Moreover, each A′
i = Ai ∩ H ′ is an unbounded coarsely clopen subset of H ′

on which H ′ acts trivially. Now, since H ′ is non-locally finite, H ′ can be expressed as an

increasing sequence of infinite finitely generated subgroups {Hn}n∈N. By 9.1.6, there exists

n ∈ N such that each A′
i ∩ Hn, 1 ≤ i ≤ 3, is unbounded coarsely clopen subset of Hn on

which Hn acts trivially, contradicting 9.1.3.

Now we generalize the Specker’s theorem 1.1.7 that says that |ends(G)| = 2 if and only if

G contains an infinite cyclic subgroup of finite index; by showing that any group of bounded

geometry of two ends contains an unbounded cyclic subgroup of bounded index.

Lemma 9.1.15. Suppose K is a symmetric bounded subset of a coarse group G containing

1G, B is a bounded subset of G contained in a bounded EK-connected subset Q. If G \B has

two unbounded EK-components L and R on which G acts trivially, then G has an infinite

cyclic subgroup of bounded index.

Proof. By 8.2.3, G is boundedly generated. It is indeed generated by K. To this end, it

suffices to show that G is EK-connected. Choose aL ∈ L and aR ∈ R. Put g := aL · a−1
R .
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Since g−1 ·R∆R is bounded, there is x ∈ R such that g−1 · x ∈ R. Choose an EK-chain c in

R connecting aR and g−1 ·x. Notice g · c is an EK-chain connecting aL and x ∈ R. Therefore

G is EK-connected and B ̸= ∅. By switching to b−1 ·B, b−1 · L, and b−1 ·R for some b ∈ B,

we may assume 1G ∈ B ⊂ Q.

Claim 1: There exists g ∈ R such that g ·B ⊂ R, L ⊂ g · L, and g ·R ⊂ R.

Proof of the Claim 1: Choose g ∈ R \ (Q · Q−1 ∪ Q−1 · Q), then g · Q ∩ Q = ∅, and hence

g ·Q∩B = ∅. In particular, g ·Q is an EK-connected subset of G\B with g ∈ R∩g ·Q which

implies that g · Q ⊂ R. To see that L ⊂ g · L, notice that L ∩ g · B = ∅, and thus L is an

unbounded EK-connected subset of G\g ·B and therefore either L ⊂ g ·L or L ⊂ g ·R. Since

G acts trivially on L, we have L ⊂ g ·L. Finally, to prove that g ·R ⊂ R. Indeed, notice that

g−1 ·Q∩Q = ∅ and g−1 ·B ⊂ g−1 ·Q. So either g−1 ·B ⊂ L, or g−1 ·B ⊂ R. If g−1 ·B ⊂ L,

then B ⊂ g · L which implies that g · R ⊂ G \ g · L ⊂ G \ (L ∪ B) = R, and we are done.

Seeking contradiction, assume that g−1 ·B ⊂ R. Then, B ⊂ g ·R and therefore g ·L∩B = ∅.

Now, g · L is an EK-connected subset of G \ B, and g · L ∩ L ̸= ∅, so g · L ⊂ L leading to

g · L = L. Since G is EK-connected, we can find an EK-chain aR = a0, a1, . . . , ak = aL in G

connecting aR ∈ R to aL ∈ L. There exists 1 ≤ i ≤ k − 1 such that ai ∈ B and ai+1 ∈ L.

Since (g · ai, g · ai+1) ∈ EK , and g · ai+1 ∈ L, then g · ai ∈ L, as g · ai ∈ G \ B and L is

an EK-component of G \ B. In particular, g · Q ∩ L ̸= ∅, and hence g ∈ g · Q ⊂ L, which

contradicts the fact that g ∈ R. Therefore, g ·R ⊂ R as claimed.

Inductively, we have:

• gn · L ⊂ gn+1 · L,

• gn ·B ⊂ gn+1 · L,

• gn+1 ·R ⊂ gn ·R,

• gn+1 ·B ⊂ gn ·R,

• gn ·B ∩ gn+1 ·B = ∅, for all n ∈ Z.

The last equality tells us that g is of infinite order.

Claim 2: G has a cyclic subgroup of bounded index.

Proof of the Claim 2: Put H :=< g >, and K0 := (g ·L\L)∪ g ·B. Clearly, K0 is a coarsely

bounded subset of G. We claim that G = H ·K0. Given x ∈ G find m ∈ N ∪ {0} such that

dK(x, g
m ·B) ≤ dK(x, g

n ·B), for all n ∈ N. If dK(x, gm ·B) = 0, then x ∈ gm ·B ⊂ H ·K0.
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Assume that dK(x, g
m · B) > 0, then x /∈ gm · B, and hence either x ∈ gm · R or x ∈ gm · L.

We consider two cases:

Case 1: If x ∈ gm · R, then x ∈ gm · R \ gm+1 · R. Indeed, seeking contradiction, assume

that x ∈ gm+1 · R, then as gm · B ⊂ gm+1 · L, any EK-chain connecting x ∈ gm+1 · R

to x ∈ gm · B must pass through gm+1 · B and hence dK(x, g
m+1 · B) ≤ dK(x, g

m · B).

Moreover, as gm ·B ∩ gm+1 ·B = ∅, dK(x, gm+1 ·B) < dK(x, g
m ·B), a contradiction. Thus,

x ∈ gm ·R \ gm+1 ·R ⊂ (gm+1 · L \ gm · L) ∪ gm+1 ·B = gm · (g · L \ L ∪ g ·B) ⊂ H ·K0.

Case 2: If x ∈ gm · L, then x ∈ gm · L \ gm−1 · L. Indeed, seeking contradiction, assume

that x ∈ gm−1 · L, then as gm · B ⊂ gm−1 · R, any EK-chain connecting x ∈ gm−1 · L

to x ∈ gm · B must pass through gm−1 · B and hence dK(x, g
m−1 · B) ≤ dK(x, g

m · B).

Moreover, as gm−1 ·B ∩ gm ·B = ∅, dK(x, gm−1 ·B) < dK(x, g
m ·B), a contradiction. Thus,

x ∈ gm · L \ gm−1 · L = gm−1 · (g · L \ L) ⊂ H ·K0. Therefore, G = H ·K0 as desired.

Lemma 9.1.16. If A is a coarsely clopen subset of a coarsely geodesic coarse group G with a

coarse structure metrizable by a Cayley metric d; then there exists a bounded subset L of G

such that every 1-component of G \L intersecting A \L is completely contained in A \L. In

particular, A is a union of 1-components of G \ L.

Proof. Let L := (A ·K) ∩ (Ac ·K). If g ∈ A \ L, then g /∈ EK [G \ A]. Now, let h ∈ G such

that (g, h) ∈ EK , then h ∈ A. Indeed, if h ∈ G \A, then g ∈ EK [G \A], a contradiction.

Lemma 9.1.17. Let G be a boundedly generated coarse group of bounded geometry. G acts

trivially on a subset A and its complement Ac, for some non-trivial coarsely clopen subset

A ⊂ G, if and only if it contains an unbounded cyclic subgroup of bounded index that has

two coarse ends.

Proof. It is obvious that G is unbounded. If G is cyclic, then we have nothing to prove.

Without loss of generality, we may assume that G is non-cyclic and it acts on its coarse ends

trivially. By 8.4.7, G is coarsely geodesic group. Let dK : G × G → [0,∞) be a Cayley

metric induces its coarse structure, where K is a coarsely bounded symmetric subset of G

containing 1G. Let A ⊂ G be a non-trivial coarsely clopen subset. By 8.3.7 and 9.1.16, we

can find a coarsely connected subset L ⊂ G such that both A \ L and Ac \ L are union of

unbounded 1-components (which are EK-components) on which G acts trivially. As seen in
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8.2.4, Kn is EK-connected for all n ∈ N. Choose r ∈ N such that r > 1 and L ⊂ Kr. Pick

g ∈ A \ K2r. Assume that dK(g, 1G) = m. Notice that m > 2r and for any a ∈ K, then

dK(g · a, 1G) ≥ 2r − 1 and hence g · a ∈ A \ L. Moreover, as (g · a, g) ∈ EK , we have g · a.

Put g := a1 · . . . · am, where a1, . . . , am ∈ K, and let F (K) be the free group generated by

K; we discuss two cases:

Case 1: If g is cyclically reduced in the sense that a1 · am ̸= 1G, then (a1 · . . . · am)n =

(a1 · . . . · am) · . . . · (a1 · . . . · am) is a reduced word, for all n ∈ N. Since every element of

G is uniquely represented as a reduced word in F (K), we have dK(g
n, 1G) = m · n. Put

H :=< g >, then as seen in 9.1.15, gn ∈ A, for all n ∈ N, and H is infinite cyclic subgroup

of bounded index in G. Furthermore, gn /∈ Kn, for all n ∈ N, which proves that H is

unbounded.

Case 2: If g = a1 · . . . · am is not cyclically reduced; that is a1 · am = 1G; then as G =< K >

is not cyclic, there exists a ∈ K such that a1 · a ̸= 1G. In particular, g · a ∈ A \Kr and g · a

is cyclically reduced. Hence, H :=< g · a > is unbounded cyclic subgroup of bounded index

in G.

Finally, we prove that H =< g > has exactly tow coarse ends. Without loss of generality,

assume that g cyclically reduced and dK(g, 1G) = m. Then, dK(g
n, 1G) = n ·m, for all n ∈ N.

Clearly, AH = A ∩H is non-trivial coarsely clopen. Without loss of generality, assume that

AH = {gn : n ∈ N} and AcH = {gn : n ∈ Z\N}. Choose e1, e2 ∈ Ends(H) such that AH ∈ e1

and AcH ∈ e2. We claim that Ends(H) = {e1, e2}. To this end, we prove that for arbitrary

unbounded coarsely clopen subset C ⊂ H of H, then either C ∈ e1 or C ∈ e2. We may

assume that C is non-trivial coarsely clopen.

Claim: If C ∩ AH is unbounded, then C ∩ AH and AH are coarsely identical. Similarly, if

C ∩ AcH is unbounded, then C ∩ AcH and AcH are coarsely identical.

Proof of the Claim: Assume that C ∩AH is unbounded. Seeking contradiction, assume that

there exists an infinite subset I ⊂ N such that N \ I is infinite and C ∩ AH = {gn : n ∈ I}.

Clearly, we can write C ∩ AH = {gni : ni ∈ N} as I is infinite countable subset of N.

Notice that there are infinitely many non-consecutive pairs (ni, ni+1) in the sense that

ni < ni+1 < ni+1. Take N > m+1, then B(C,N)∩Cc is infinite and hence unbounded, as

Kr contains only finitely many elements of H for all r ∈ N; a contradiction. Hence, C ∩AH
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and AH are coarsely identical. Similarly, if C ∩AcH is unbounded, then C ∩AcH and AcH are

coarsely identical.

If both C ∩ AH and C ∩ AcH are unbounded, then H \ C is bounded which contradicts the

fact that C is non-trivial coarsely clopen. Thus, either C ∈ e1 or C ∈ e2 which implies that

H has exactly two coarse ends.

The converse is obvious.

Corollary 9.1.18. Let G be a σ-bounded coarse group of bounded geometry. G has two coarse

ends if and only if it acts trivially A and Ac for some non-trivial coarsely clopen subset

A ⊂ G.

Proof. If G has two coarse ends, then it acts trivially A and Ac for some non-trivial coarsely

clopen subset A ⊂ G, by 9.1.4. Assume that G acts trivially A and Ac for some non-trivial

coarsely clopen subset A ⊂ G. We consider two cases:

Case 1: If G is boundedly generated, then G has two coarse ends by and 9.1.17.

Case 2: Assume that G is not boundedly generated. By 8.4.14, G can be expressed as the

union of a strictly increasing sequence {Gn}n∈N of unbounded boundedly generated subgroups

and that {Gn}n∈N is a basis for boundedly generated subgroups. By 9.1.6, we may assume

that Gn ∩A and Gn ∩Ac are unbounded for all n ∈ N. By Case 1, each Gn has exactly two

coarse ends. Applying 9.1.7, we obtain that |Ends(G)| = 2.

Theorem 9.1.19. Let G be a boundedly generated coarse group of bounded geometry. If G

has two ends, then it contains an unbounded cyclic subgroup of bounded index.

Proof. Apply 9.1.4 and 9.1.17.

Lemma 9.1.20. Let G be a coarse group containing two unbounded cyclic subgroups H and

K. If H is of bounded index in G, then so is K.

Proof. Since there is a coarse equivalence f : G → H inverse to the inclusion i : H → G,

f |K : K → H is a coarse embedding, hence a coarse equivalence. Consequently, the inclusion

K → G is a coarse equivalence and K is of bounded index in G.
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Theorem 9.1.21. Let G be a σ-bounded coarse group of bounded geometry. If G has two

coarse ends, then it is boundedly generated.

Proof. Without loss of generality, assume that G acts trivially on its ends. By 8.4.4, its

coarse structure is metrizable. Since G has finitely many ends, it is non-locally bounded

by 9.1.1. Seeking contradiction, assume that G is not boundedly generated, then by 8.4.14

and 8.4.7, G admits a strictly increasing sequence (Gn)n∈N of unbounded coarsely geodesic

subgroups that is a basis for boundedly generated subgroups. Let A be a non-trivial coarsely

clopen subset of G. By 9.1.6, there exists n0 ∈ N such that A ∩ Gn0 and Ac ∩ Gn0 are

unbounded. Without loss of generality, assume that n0 = 1. Consequently, A ∩ Gn and

Ac∩Gn are unbounded, for all n ∈ N. By 9.1.15, each Gn has an unbounded cyclic subgroup

Hn of bounded index.

Claim : For all n ∈ N, there exists Nn ∈ N such that Nn > n, A ∩ GNn \ Gn ̸= ∅ and

Ac ∩GNn \Gn ̸= ∅.

Proof of the Claim : It suffices to prove that A and Ac cannot be contained in any Gn.

Seeking contradiction, assume that A ⊂ Gn for some n ∈ N. Choose z ∈ Gn+1 \Gn. On one

hand, if A ∩ A · z ̸= ∅, then we can find a, b ∈ A such that z = a−1 · b ∈ A−1 · A ⊂ Gn, a

contradiction. On the other hand, if A ∩ A · z = ∅, then that contradicts the fact that A is

unbounded coarsely clopen. Therefore, for all n ∈ N, there exists Nn ∈ N such that Nn > n

and A ∩ GNn \ Gn ̸= ∅. Similarly, for all n ∈ N, there exists Nn ∈ N such that Nn > n and

Ac ∩GNn \Gn ̸= ∅.

Now, put H1 :=< t >; as A∆A · t and Ac∆Ac · t are bounded subsets, there exists

m ∈ N such that A∆A · t, Ac∆Ac · t ⊂ Gm. Choose Nm ∈ N large enough such that

A ∩ GNm \ Gm ̸= ∅ and Ac ∩ GNm \ Gm ̸= ∅; and pick x ∈ A ∩ GNm \ Gm. Notice that

x · tn ∈ (GNm \ Gm) · tn = GNm \ Gm, for all n ∈ Z, as < t >⊂ Gm. We claim that

x · tn ∈ A ∩ GNm \ Gm, for all n ∈ Z. If x · t /∈ A, then x · t ∈ A · t \ A ⊂ Gm, a

contradiction. Assume that x · tn ∈ A ∩ GNm \ Gm, then x · tn+1 ∈ A · t. If x · tn+1 /∈ A,

then x · tn+1 ∈ A · t \ A ⊂ Gm, a contradiction. Therefore, x · tn ∈ A ∩ GNm \ Gm, for

all n ∈ Z as claimed. Put B := {x · tn : n ∈ Z}; then B ⊂ A ∩ GNm which implies that

H1 = x−1 ·B ⊂ x−1 ·A∩GNm . Since G acts trivially on A, x−1 ·A \A is bounded, and hence
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H1∩A is unbounded and H1∩Ac is bounded. One other hand, we can find y ∈ Ac∩GNm \Gm

such that y · tn ∈ Ac ∩ GNm \ GN . Put C := {y · tn : n ∈ Z}; then C ⊂ Ac ∩ GNm which

implies that H1 = y−1 · C ⊂ y−1 · Ac ∩ GNm . Since G acts trivially on Ac, y−1 · Ac \ Ac is

bounded, and hence H1 ∩ Ac is unbounded and H1 ∩ A is bounded; a contradiction.

Theorem 9.1.22. If (G, EG) is a coarse group of bounded geometry. Then, the following

conditions are equivalent:

(a) G is boundedly generated with 2 coarse ends.

(b) G is coarsely geodesic with 2 coarse ends.

(c) EG is metrizable and G has 2 coarse ends.

(d) G is σ-bounded with 2 coarse ends.

(e) G contains an unbounded cyclic subgroup of bounded index that has two coarse ends.

Proof. (a) =⇒ (b) follows from 8.4.7.

(d) =⇒ (e) follows from 9.1.19.

The other implications straightforward.

Corollary 9.1.23. Let G be a locally compact σ-compact topological group equipped with the

coarse structure induced by the generating set of all relatively compact subsets. If G is not

compactly generated, then either G is 1-ended or it has infinitely many ends.

Proof. Apply 9.1.22.

Corollary 9.1.24. Let G be a countable coarse group equipped with the coarse structure induced

by the generating set of all finite subsets. If G has two ends, then it is finitely generated and

contains an infinite cyclic subgroup of finite index.

Proof. Apply 9.1.22.

Example 9.1.25. The group of the rationals (Q,+) has exactly one coarse end.

Proof. Every finitely generated subgroup of Q is cyclic, and Q is not finitely generated.

Therefore, Q can be written as a union of strictly increasing sequence of cyclic subgroups.

From 9.1.7, and 9.1.24, |Ends(Q)| = 1.
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Theorem 9.1.26. Let G be a group equipped with the coarse structure induced by the generating

set of all finite subsets. G has tow coarse ends if and only if G is finitely generated and

contains an infinite cyclic subgroup of finite index.

Proof. If G is countable, then we are done. Seeking contradiction assume that G is

uncountable. If G is locally finite, then, by 9.1.14, it has one coarse end, a contradiction.

Without loss of generality, we may assume that G acts on its coarse ends trivially. Since

G is non-locally finite, there exists a finite subset K ⊂ G such that < K > is infinite

subgroup. Let A be a non-trivial coarsely clopen subset of G. Let B and C be countably

infinite subsets of A and Ac, respectively. Let H be arbitrary countable subgroup of G; then

H ′ :=< K ∪ B ∪ C ∪ H > is a countable non-locally finite subgroup of G. Moreover, H ′

acts trivially on A∩H ′ and Ac ∩H ′, with are unbounded coarsely clopen subsets of H ′. By

9.1.18, H ′ has exactly tow coarse ends. By 9.1.22, H ′ is a finitely generated subgroup of

G containing H. In particular, every countable subgroup H of G is contained in a finitely

generated subgroup H ′ that has two coarse ends.

Let H1 = H ′, and choose x1 ∈ G\H1, and a finitely generated subgroup H2 of two coarse

ends containing < H1 ∪ {x1} >. Inductively, we construct a strictly increasing sequence Hn

of finitely generated subgroups of G each having two coarse ends. Put G′ :=
⋃
n∈N

Hn. Clearly,

G′ is a countable subgroup of G. Moreover, G′ has two coarse ends as |Ends(G′)| ≤ 2,

by 9.1.7; and hence |Ends(G′)| = 2 as A ∩ G′ and Ac ∩ G′ are unbounded coarsely clopen

subsets of G′ that belong to two distinct coarse ends of G′. Therefore, by 9.1.22, G′ is a

finitely generated subgroup of G. However, any finite subset K ′ ⊂ G′ is contained in Hn,

for some n ∈ N, which contradicts the fact that G′ is finitely generated. Hence, G must be

countable.
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9.2 Metrizablity of the space of coarse ends of coarsely

geodesic coarse groups

We give the the necessary and sufficient conditions for the space of coarse ends Ends(G)

of a coarsely geodesic coarse group G to be topologically metrizable. Then, similar to 4.1.14,

we construct a metric on Ends(G) that induces its topology. When |Ends(G)| = ∞, we

show, in similar manner to 9.2.9, that the space of coarse ends is a Cantor space.

Lemma 9.2.1. If A is a coarsely clopen subset of a coarsely geodesic coarse group G with a

coarse structure metrizable by a Cayley metric d. Then:

(a) Every union of 1-components of A is coarsely clopen.

(b) There is a bounded subset L of G such that every 1-component of G\L intersecting A\L

is completely contained in A \ L.

Proof. (a) Let K = {g ∈ G : d(g, 1G) ≤ 1}. Notice that {EKn}n∈N is a basis for Ed, so it

suffices to show that EKn [C] ∩ G \ C is bounded for all n ∈ N. Since EK is an entourage

containing the diagonal, and A is coarsely clopen, then A and EK [A] are coarsely identical.

Without loss of generality, we may assume that EK [A] = A. Since C ⊂ A is a union of

1-components of A, EK [C] = C ·K = C. Therefore EKn [C] = C ·Kn = C for all n ∈ N and

hence EKn [C] ∩G \ C = ∅. Thus, C is coarsely clopen.

(b) Let L := (A ·K) ∩ (Ac ·K). If g ∈ A \ L, then g /∈ EK [G \A]. Now, let h ∈ G such that

(g, h) ∈ EK , then h ∈ A. Indeed, if h ∈ G \ A, then g ∈ EK [G \ A], a contradiction.

Proposition 9.2.2. Suppose G is a coarsely geodesic coarse group metrizable by a Cayley

metric d. Ends(G) is metrizable if both of the following conditions are satisfied:

1. For each bounded subset B of G the union of bounded 1-components of G \B is bounded.

2. For each bounded subset B of G its complement G \ B has finitely many unbounded 1-

components.

Moreover, Ends(G) can be described as the family of decreasing sequences {An}n∈N of

unbounded 1-components of G \ Ki, where {Kn}n∈N is an increasing sequence of bounded

subsets of G that is a basis of bounded subsets of G.
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Proof. Suppose {Kn}n∈N is an increasing sequence of bounded subsets of G that is a basis

of bounded subsets of G. By 9.2.1 every unbounded 1-component An of G \Kn is coarsely

clopen. Therefore each decreasing sequence {An}n∈N of unbounded 1-components of G \Kn

is contained in an end e of G. It cannot be contained in two different ends e and e′. Indeed,

in that case we can pick disjoint coarsely clopen subsets C ∈ e and D ∈ e′. By 9.2.1 there

are bounded subsets BC and BD of G such that C \BC is a union of 1-components of G\BC

and D \ BD is a union of 1-components of G \ BD. Find n ∈ N such that BC ∪ BD ⊂ Kn.

Notice An does not intersect at least one of C \BC or D \BD, a contradiction.

Suppose e ∈ Ends(G). By 9.2.1 there is a bounded subset B of G such that A \ B is a

union of 1-components of G\B. Find n ∈ N such that B ⊂ Kn. Now, A\Kn is the union of

1-components of G \Kn, so A must contain exactly one unbounded 1-component of G \Kn.

That shows Ends(G) has a countable basis, hence it is metrizable.

In particular, the space of coarse ends of a group that belongs to the class of coarsely

geodesic coarse groups of bounded geometry is topologically metrizable.

Corollary 9.2.3. The space of coarse ends of a boundedly generated coarse group of bounded

geometry is topologically metrizable. In particular, The space of coarse ends of a coarsely

geodesic coarse group of bounded geometry is topologically metrizable

Proof. Apply 9.2.2 and 8.3.7.

Our next goal is to prove that the converse of 9.2.2 holds. To that end, we use the well-

known facts that the number of ultrafilters of an infinite set X is 2|P(X)|, and that a first

countable separable Hausdorff space X has cardinality at most 2|N|.

Lemma 9.2.4. Let X be a coarse space and {An}n∈N be a family of mutually disjoint coarsely

clopen subsets of X. If for each infinite subset P of naturals N the union
⋃
n∈P

An is

an unbounded coarsely clopen subset of X, then the space of ends Ends(X) of X is not

metrizable.

Proof. Let B be the Boolean quotient algebra of P(N) by the ideal of all finite subsets of N.

Given an ultrafilter F of B consisting of infinite sets, notice that as F satisfies the Finite
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Intersection Property, the family {Ends(
⋃
n∈P

An) : P ∈ F} of closed subsets of the compact

space Ends(X) satisfies the Finite Intersection Property, and hence
⋂
P∈F

Ends(
⋃
n∈P

An) ̸= ∅.

For each ultrafilter F of B, choose a coarse end eF ∈
⋂
P∈F

Ends(
⋃
n∈P

An), and define the map

φ : U(B) → Ends(X) sending each ultrafilter F of B to eF . Given two different ultrafilters F1

and F2 there are disjoint P ∈ F1 and Q ∈ F2 resulting in eF1 ̸= eF2 . That means Ends(X)

contains at least 2|P(B)| points. Since 2|P(B)| > 2|N|, Ends(X) cannot be metrizable.

Proposition 9.2.5. Suppose G is a coarse group metrizable by a Cayley metric d. Ends(G)

is non-metrizable if and only if one of the following conditions is satisfied:

1. There is a bounded subset B of G such that the union of bounded 1-components of G \B

is unbounded.

2. There is a bounded subset B of G such that of G \ B has infinitely many unbounded

1-components.

Proof. In case of 1) choose a sequence An of bounded 1-components of G \ B such that

gn ∈ An and d(gn, 1G) → ∞. Notice that for each infinite subset P of naturals N the union⋃
n∈P

An is an unbounded coarsely clopen subset of G by 9.2.1. Therefore, by 9.2.4, Ends(G)

is non-metrizable. In case of 2) choose a sequence An of unbounded 1-components of G \B

that are mutually disjoint. Apply 9.2.1 and 9.2.4.

Corollary 9.2.6. Suppose G is a coarsely geodesic coarse group metrizable by a Cayley metric

d. The space of ends Ends(G) is topologically metrizable if and only if both of the following

conditions are satisfied:

1. For each bounded subset B of G the union of bounded 1-components of G \B is bounded.

2. For each bounded subset B of G its complement G \ B has finitely many unbounded 1-

components.

Moreover, Ends(G) can be described as the family of decreasing sequences {An}n∈N of

unbounded 1-components of G \ Kn, where {Kn}n∈N is an increasing sequence of bounded

subsets of G that is a basis of bounded subsets of G.

Proof. Apply 9.2.2 and 9.2.5.

Given a coarsely geodesic coarse group G metrizable by a Cayley metric d. If Ends(G) is

topologically metrizable, then there exists an increasing sequence K = (Kn)n∈N of bounded
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subsets of G that is a basis of bounded subsets of G, such that every decreasing sequences

(An)n∈N of unbounded 1-components of G \Kn determines exactly one coarse end, and that

every coarse end is determined by a such sequence. We utilize these facts to construct an

explicit metric on Ends(G) that induces its topology. For the coarse ends e, e′ ∈ Ends(G)

determined by the decreasing sequences (An)n∈N and (Bn)n∈N of of unbounded 1-components

of G \Kn, respectively; we define:

nK(e, e
′) =

min{n ∈ N : An ∩Bn = ∅} if e ̸= e′

∞ if e = e′

Lemma 9.2.7. Let G be a coarsely geodesic coarse group metrizable by a Cayley metric d.

Assume that Ends(G) is topologically metrizable. Fix an increasing sequence K = (Kn)n∈N

of bounded subsets of G that is a basis of bounded subsets of G, such that every decreasing

sequences (An)n∈N of unbounded 1-components of G \Kn determines exactly one coarse end,

and that every coarse end is determined by a such sequence. Define the function f : N →

[0,∞) by:

f(n) = exp(n)

and the function dK : Ends(G)× Ends(G) → [0,∞) by:

dK(e, e
′) := f(−nK(e, e

′)).

Then (Ends(G), dK) is an ultrametric space.

Proof. Clearly the function dK : Ends(G) × Ends(G) → [0,∞) is non-negative symmetric

and dK(e, e
′) = 0 if and only if e = e′. Let e1, e2, e3 ∈ Ends(G) be coarse ends determined

by the decreasing sequences (An)n∈N, (Bn)n∈N and (Cn)n∈N, respectively, where each An, Bn

and Cn is an unbounded 1-component of G \Kn. We claim that:

dK(e1, e3) ≤ max{dK(e1, e2), dK(e2, e3)}.
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Without loss of generality, assume that e1 ̸= e3, max{dK(e1, e2), d(e2, e3)} ≤ dK(e1, e3) and

dK(e1, e2) < dK(e1, e3). We aim to show that dK(e2, e3) = dK(e1, e3). To this end, it suffices

to show that dK(e1, e3) ≤ dK(e2, e3) which is satisfied if and only if nK(e2, e3) ≤ nK(e1, e3).

Since dK(e1, e2) < dK(e1, e3), one has nK(e1, e3) < nK(e1, e2) and hence AnK(e1,e3) = BnK(e1,e3).

However, AnK(e1,e3)∩CnK(e1,e3) = ∅ and therefore BnK(e1,e3)∩CnK(e1,e3) = ∅ which implies that

nK(e2, e3) ≤ nK(e1, e3).

Theorem 9.2.8. Let G be a coarsely geodesic coarse group metrizable by a Cayley metric d.

Assume that Ends(G) is topologically metrizable. Fix an increasing sequence K = (Kn)n∈N

of bounded subsets of G as in 9.2.7. The ultrametric dK : Ends(G) × Ends(G) → [0,∞)

given by dK(e, e
′) := f(nK(e, e

′)) = exp(−nK(e, e
′)) induces the topology of Ends(G) as a

subspace of G ∪ Ends(G).

Proof. Notice that the family:

{Uend : U is an unbounded 1-components of G \Kn for some n ∈ N} is a basis for Ends(G).

Let e ∈ Ends(G) be a coarse end determined by the decreasing sequence (An)n∈N, where

each An is an unbounded 1-component of G \ Kn. For r > 0, we claim that the open ball

BdK(e, r) = {e′ ∈ Ends(G) : dK(e, e
′) < r} is open subset of Ends(G) as a subspace of

G ∪ Ends(G). Choose n ∈ N such that f(n) < r. Notice that Uend, where U = An, is an

open set containing e and if e′′ ∈ Uend is a coarse end determined by the decreasing sequence

(Bn)n∈N, where each Bn is an unbounded 1-component of G \ Kn, then nK(e, e
′′) > n as

An = Bn; and therefore, dK(e, e
′′) = f(nK(e, e

′′)) < f(n) < r. Thus, e ∈ Uend ⊂ BdK(e, r) as

desired.

Conversely, pick a basis element Uend of Ends(G). Then, U = Ai for some an unbounded

1-component Ai of G \ Ki. Let e ∈ Uend be a coarse end determined by the decreasing

sequence (An)n∈N, where each An is an unbounded 1-component of G \ Kn, and choose

m ∈ N such that m > i. Put r := f(m) and let e′ ∈ BdK(e, r) be a coarse end determined by

the decreasing sequence (Bn)n∈N, where each Bn is an unbounded 1-component of G \Kn,

then f(nK(e, e
′)) = dK(e, e

′) < r = f(m) which implies that m < nK(e, e
′). Consequently,

Am = Bm and as i < m, we must have Ai = Bi and hence BdK(e, r) ⊂ Uend.
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Using the Brouwer’s Theorem which states that a second countable totally disconnected

compact Hausdorff space with no isolated points is homeomorphic to the Cantor middle-

third set, we will show that if |Ends(G)| = ∞, then Ends(G) is homeomorphic to the

Cantor middle-third set.

Corollary 9.2.9. Let G be a coarsely geodesic coarse group metrizable by a Cayley metric d.

Assume that Ends(G) is topologically metrizable. Fix an increasing sequence K = (Kn)n∈N

of bounded subsets of G as in 9.2.7. If |Ends(G)| = ∞, then Ends(G) is homeomorphic to

the Cantor middle-third set.

Proof. We aim to show that every e ∈ Ends(G) is an accumulation point. Indeed, let e ∈

Ends(G) be a coarse end determined by the decreasing sequence (An)n∈N, where each An is an

unbounded 1-component of G \Kn. For r > 0 choose nr ∈ N such that exp(−nr) < r. Since

Ends(G) is infinite, we can find N ∈ N such that nr ≤ N , and a coarse end e′ ∈ Ends(G)

determined by the decreasing sequence (Bn)n∈N, where eachBn is an unbounded 1-component

of G \Kn such that AN ∩ BN = ∅ and AN−1 ∩ BN−1 ̸= ∅. Now, as nK(e, e
′) = N ≥ nr, one

has dK(e, e
′) ≤ exp(−nr) < r and therefore e′ ∈ BdK(e, r) ∩ (Ends(G) \ {e}).
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