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Abstract

The main purpose of this work is to present a coarse counterpart to the Freudenthal
compactification and its corona (the space of ends) that generalizes the Freudenthal
compactification of a Freudenthal topological space X (connected, locally connected, locally
compact and o-compact) and its corona; then applying it to groups as coarse space to obtain
generalizations to many well-known results in the theory of ends of groups. To this end, we
present two constructions:

1. The Coarse Freudenthal compactification of a proper metric space which is a coarse
compactification that coincides with the Freudenthal compactification when the metric space
is geodesic.

2. The Freudenthal large scale compactification of a Hausdorff topological coarse space X
that coincides with the Coarse Freudenthal compactification when X is a proper metric space
equipped with the coarse structure induced by its metric.

Coarse spaces of special interest are coarse groups equipped with coarse structures
induced by a generating family, a class of groups that includes: finitely generated groups,
countable, metrizable groups, and topological groups.

Considering the space of coarse ends to coarse groups, we present generalization, under the
framework of coarse geometry, to classical results in the theory of ends of finitely generated
groups and the theory of ends of locally compact, metrizable connected groups; such as the
result that the number of ends is either is infinite of at most 2, and the result that, in such
groups, groups of two ends are characterized as having a copy of Z of either finite index (in
the case of finitely generated groups) or of compact index in the sense that coset space is

compact (in the case of locally compact, metrizable connected groups).



We give the necessary and sufficient conditions for metrizability of the space of coarse
ends of a coarse group that is coarsely geodesic; and prove that if the space of coarse ends is
infinite and metrizable, then it is a Cantor space; which generalizes the fact that the space

of ends of a finitely generated group that has infinitely many ends is a Cantor space.
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Chapter 1

Introduction

1.1 From Freudenthal compactification and ends of finitely
generated groups to Freudenthal large scale compactifi-
cation and coarse ends of coarse groups

Historically, as noted in (11) on p.287, ends are the oldest coarse topological notion.

Internally, ends are described as follows:

Definition 1.1.1. A Freudenthal end is a decreasing sequence (C),),en of components of
X\ K, where (K, ),en is an exhausting sequence, i.e. K, is compact, K, C int(K, ;) for

eachn € N, and |J K,, = X. The family of ends of X is denoted by ends(X).

neN

Ends were used by Freudenthal in 1930 in his famous compactification (see (33)):

Theorem 1.1.2. Suppose X is a Freudenthal space (o-compact, locally compact, connected
and locally connected Hausdorff space). It has a compactification X such that X \ X is of
dimension 0 and X dominates any compactification X of X whose corona is of dimension

0.

Notation 1.1.3. Given a Freudenthal space (X,T). If U € T, we define the subset:
Uend := {(Cp)nen € ends(X) : C, C U for some n € N} and Udna := Uena U U.



The family 7 U {ﬁend : U € T} is a basis for a topology Tena on X U ends(X). The
topological space X := X U ends(X) is a compactification of X called the Freudenthal
compactification. The space of ends ends(X) = X \ X is of dimension 0, and X dominates
any compactification X of X whose corona is of dimension 0. Moreover, the number of ends
of X is the supremum of m,, > 0 where m,, is the number of all mutually disjoint unbounded
components of X \ K, for all n € N.

Initially, ends were useful as properties of topological groups:
Theorem 1.1.4. (Freudenthal) A path connected topological group has at most two ends.

Theorem 1.1.5. (Leo Zippin (44)) If a locally compact, metrizable, connected topological
group G 1is two-ended, then G contains a closed subgroup T isomorphic to the group of reals
such that the coset-space G /T is compact; moreover, the space G is the topological product

of the azis of reals by a compact connected set homeomorphic to the space G/T.

Theorem 1.1.6. (Freudenthal/Hopf) Let G be a finitely generated group. Then:
1) |ends(G)| is either infinite or at most 2.

2) lends(G)| = 0 if and only if G is finite.

3) lends(G)| = 2 if and only if G contains an infinite cyclic subgroup of finite index.
4) If lends(G)| = oo, then the space of ends ends(G) is a Cantor space.

Realizing that the space of ends of a finitely generated group is a Stone’s space (Compact
Hausdorff totally disconnected), and that its Boolean algebra of all clopen subsets is
isomorphic to the quotient Boolean algebra of the Boolean algebra consists of all almost
right invariant subsets by the ideal of finite subsets (A C G is called almost right invariant
if the symmetric difference AAA - g is finite for all g € G); E. Specker (40) defined the space
of ends of an arbitrary group as the Stone’s space of the quotient Boolean algebra of the
Boolean algebra of all almost right invariant subsets by the ideal of finite subsets. Specker

generalized the first three parts of 1.1.6:

Theorem 1.1.7. (Specker) Let G be an arbitrary group. Then:

1) lends(G)| is either infinite or at most 2.

2) |ends(G)| = 0 if and only if G is finite.

3) |ends(G)| = 2 if and only if G contains an infinite cyclic subgroup of finite index.

2



Also, considering Specker’s definition of space of ends, it is known that for infinite locally

finite groups the space of ends is either infinite or of cardinality 1.

Theorem 1.1.8. (Dicks-Dunwoody, Holt) Let G be an infinite locally finite group. Then:
1) |ends(G)| = oo, if G is countable.
2) lends(G)| =1, if G is uncountable.

Part (1) is due to W. Dicks and M. J. Dunwoody (8); whereas the second part of the above
theorem is due to Holt (23). Adopting Specker’s approach, W. Dicks and M. J. Dunwoody
(8), they proved the following result that is a generalization of the famous theorem, for

finitely generated groups, of Stallings (42):

Theorem 1.1.9. (Dicks-Dunwoody) A group G has infinitely many ends if and only if one
of the following conditions holds:

1) G can be expressed as an amalgamated free product A x¢ B, where C' is a proper finite
subgroup of A and B such that [B : C| > 3, or;

2) G can be expressed as an HNN extension Axc, where C is a proper finite subgroup of A.

Finiteness in coarse groups equipped with the coarse structure induced by the generating
set of finite subsets corresponds to boundedness in coarse groups in general.

When a group G is equipped with the coarse structure induced by the generating set of all
finite subsets, its almost right invariant subsets are exactly the coarsely clopen subsets of G,
and its finite subsets are exactly its coarsely bounded subsets. The concept of coarsely clopen
subsets is defined for any coarse space X. Furthermore, the family of all coarsely clopen
subsets CC(X) of a given coarse space X is a Boolean algebra. Consequently, it is natural to
define the space of coarse ends Ends(X) of a coarsely connected coarse space X as the Stone’s
space of the quotient Boolean algebra of CC(X) by the ideal of all bounded subsets. Evidently,
for a group G equipped with the coarse structure induced by the generating set of all finite
subsets, Ends(G) coincide with Specker’s space of ends; and therefore our construction of the

space of coarse ends of a coarse space naturally generalizes Specker’s space of ends of a group.

Beside being a Stone’s space, the space of coarse ends Ends(X) of a coarse space X has

the following properties:



1. It is a coarse invariant of coarse spaces.

2. X U Ends(X) is a large scale compactification of X, called the Freudenthal large scale
compactification, that coincides with the Coarse Freudenthal compactification of X, if X is
a proper metric space, and coincides with the Freudenthal compactification, when X is a
geodesic proper metric space.

3. If X is a Freudenthal space, there exists a coarse structure on X such that the space of

coarse ends and the space of Freudenthal ends of X are homeomorphic.

Many concepts involve finiteness can be generalized to the setting of boundedness. For
instance, we can define boundedly generated groups, subgroups of bounded index and locally
bounded groups as coarse counterparts of finitely generated groups, subgroups of finite index
and locally finite groups, respectively. Consequently, many results involving finiteness hold,

in general, in the realm of coarse groups.

Given a group G and a symmetric subset K C G generating (G; G can naturally be

equipped with the norm |.|x : G — [0, 00) given by:

iffr = 1g
|z =
inf{fneN:z=x-...- 2, and xy,...,2, € K\ {lg}} ifxe G\ {lg}

e The norm |.|x : G — [0,00) on G induces a left-invariant metric dx : G X G — [0, 00)
given by dg(z,y) := |z 'y| and it is called the Cayley metric with respect to the subset K.
e The Cayley metric dg induces a graph Cay(G, K) = (V, E) called the Cayley graph of G
with respect to the subset K where V = G and {z,y} € F if and only if dg(z,y) = 1 if
and only if y = a - x for some a € K \ {14}
e Passing to the geometric realization Xy, we can think of the Cayley graph as a geodesic
metric space.

When K is finite, the Cayley metric dx : G X G — [0, 00) is a proper left-invariant metric
that induces its coarse structure. Moreover, GG is coarsely equivalent to the geodesic metric

space Xg. One can observe for any bounded subset B C G the following hold:



(P1) G\ B contains only finitely many unbounded (infinite) K-components (or 1-components)
and the union of all bounded (finite) K-components of G\ B is bounded. By a K-component
of G\ B we mean the largest subset C' of G'\ B such that for all a,b € C| there exists a finite
sequence gy, . .., gn of elements of G such that a = g; and b = g,, with g; ' - g;;; € K for all
i < n (equivalently dx(g;, gi+1) =1 for all i < n).

(P,) B can be covered by finitely many subsets of the form g - K, where g € G.

However, in the realm of coarse groups, for a symmetric bounded subset K C G
generating G, the Clayey metric di : G x G — [0,00) does not necessarily induce its coarse
structure. Moreover, even if dx : G x G — [0, 00) induces its coarse structure, property (P)
and property (FP;) need not to be satisfied.

It turns out that the sufficient condition for a coarse group to be boundedly generated
is to satisfy the property (P;) for some symmetric bounded subset K C G. (P;) is also
the necessary and sufficient condition for the space of coarse ends of a boundedly generated
coarse group G =< K > with a coarse structure induced by a Cayley metric dx to be
metrizable. In the case when Ends(G) is metrizable, its ends can be described in a similar
manner as the Freudenthal ends.

We call coarse groups that satisfy property P») coarse groups of bounded geometry. This
class of groups includes coarse groups with coarse structure induced by the generating set
of finite subsets as well as locally compact groups with the coarse structure induced by the
family of all relatively compact subsets. Being of coarse geometry is an important aspect
to generalize the fact that a group G is 2-ended if and only if it contains an infinite cyclic

group of finite index.

For a coarse group to be boundedly generated, for its coarse structure to be induced by a
metric or by a Cayley metric, to be of coarse geometry, and how these properties are related,

is the core of Chapter 8.

The main results about the space of coarse ends of coarse groups are obtained in Chapter

9. We generalize 1.1.5, 1.1.6 and partially generalize 1.1.8; that is, we give a coarse version



of the following classical results:
1. Locally finite groups are infinitely-ended.
2. The space of ends of a finitely generated G is either infinite or it has at most 2 (discrete)
elements.
3. If the space of ends of a finitely generated G is infinite then it is a Cantor space.
4. A group G is 2-ended if and only if it contains an infinite cyclic group of finite index. In
case (G is a locally compact, metrizable, connected topological group and two-ended, then G
contains a closed subgroup H such that the coset-space G/H is compact.

The coarse counterparts of these results are:
1. Locally bounded coarse groups with metrizable coarse structures are infinitely-ended.
2. If the coarse group G is a countable union {G, },en of coarse subgroups each of which
has a coarse structure, as a subspace of GG, metrizable by a Cayley metric, and that every
bounded subset is contained in one of these subgroups; then the number of coarse ends of G
is either infinite or at most 2.
3. If the coarse group G is equipped with a coarse structure induced by a Cayley metric, and
its space of coarse ends is infinite and topologically metrizable, then it is a Cantor space.
4. Let G be a coarse group of bounded geometry that is o-bounded. If G has 2 coarse ends,
then it contains an unbounded cyclic group of bounded index.

For completion, we also present a proof for 1.1.7, in the language of coarse geometry.

1.2 Outline

Chapter 2 is devoted to the study of compactifications of a topological space. More
specifically, it gives the necessary and sufficient conditions for a topological space to
admit a compactification; it discusses the domination relation between compactifications
of a completely regular space X; and it presents two (equivalent) ways to construct a
compactification of a completely regular space X. The first of which is by embedding it
in a compact Hausdorff space; and the second way is by means of C*-algebra employing the
Gelfand Theorem that proves that every compactification of X is the maximal ideal space of

a unital C*-subalgebra of C,(X, C) separating points from closed sets, and the maximal ideal



space of a unital C*-subalgebra of C,(X, C) separating points from closed sets determines a

compactification of X.

The Stone’s Representation Theorems is the topic of Chapter 3. It allows us to go back
and fourth between Boolean algebras and Stone’s spaces (Totally disconnected compact
Hausdorff spaces). Stone’s spaces are central to the theory of ends as both the space of
Freudenthal ends and coarse ends are Stone’s spaces. Additionally, every compactification
of a discrete space X can be realized as the Stone’s space of some sub-Boolean algebra of
the power set P(X) of X that separates points; and every sub-Boolean algebra of the power

set P(X) of X that separates points determines a compactification of X.

Chapter 4 is the motivation of the dissertation, and it is concerned with classical theory
of the Freudenthal compactification of a Freudenthal space (o-compact, locally compact,
connected and locally connected Hausdorff space). It serves as a survey on the basic facts
about the Freudenthal compactification of a Freudenthal space in general and of a proper
geodesic metric space in particular. The ends of finitely generated groups are discussed in
that section.

We provide an explicit metric on the space of ends of a Freudenthal space and prove that
the space of ends, when it is infinite, is a Cantor space, which generalizes the fact that the
space of ends of a finitely generated group that has infinitely many ends is a Cantor space.

When the Freudenthal space is a proper geodesic metric space, we prove that its ends are
in one-to-one correspondence with the components of its Higson corona. This observation
enables to generalize the Freudenthal compactification to be the quotient space of its Higson
compactification obtained by collapsing its the components of its Higson corona to a single
point. This motivates the construction of the Coarse Freudenthal compactification, the spirit

of Chapter 6.

Chapter 5 is devoted to introductory material on coarse geometry and it builds an
appropriate framework that we use to construct and investigate the space of coarse ends.

A proper coarse space is defined in (36) as a coarse space X equipped with a Hausdorff



paracompact topology that is compatible with its coarse structure in the sense that the
diagonal is contained in an open entourage £ C X x X and that every coarsely bounded
subset is relatively compact. We call a coarse space X, that is equipped with a topology such
that the diagonal is contained in an open entourage £ C X x X, a topological coarse space;
and call a coarse space X, that is equipped with a topology such that every coarsely bounded
subset is relatively compact, a a coarsely locally compact space. Then we investigate each of
these space individually and prove that a Hausdorff topological coarse space that is coarsely
locally compact is indeed paracompact and hence it is a proper coarse space.

Then, we investigate groups as coarse space separately in Chapter 8. More precisely, we
study connectivity of coarse groups, metrizability of the coarse structure of coarse groups,
and we answer the question to when their coarse structure is induced by a Cayley metric.
The property that a coarse group possesses a bounded subset K such that every bounded
subset is covered by finitely many sets of the form ¢ - K is of particular interest. We call

such coarse groups, coarse groups of bounded geometry.

We obtain our main results in Chapter 6, Chapter 7 and Chapter 9. More specifically, in
Chapter 6, we construct the Coarse Freudenthal compactification of a proper metric space
and apply it to countable groups equipped with some proper left-invariant metric. A further
generalization of the Freudenthal compactification is developed in Chapter 7. In Chapter 9,
we apply our generalization to coarse groups to unify the theory of ends of finitely generated
groups, the theory of ends of locally compact, metrizable connected groups as well as the
theory of ends of arbitrary groups in the sense of Specker’s definition under the framework
of coarse geometry. As a result, we obtain generalized versions of several classical results in

the theory of ends of groups.



Chapter 2

Compactifications

Compactifications of a topological space is a central topic in this thesis. To make thesis
reasonably self-contained, we discuss the basic facts about compactifications that will be used
in the subsequent chapters. In this chapter, we give the necessary and sufficient condition for
the existence of a compactification, we study the relationship between compactifications, as
well as we give two ways to construct a compactification of a topological space that admits

a compactification. The basic reference for the first two sections of this chapter is (6).

2.1 Necessary and sufficient condition for the existence of a
compactification

A topological space X admits a compactification Y if YV is a compact Hausdorff space
that contains a dense subset homeomorphic to X. Clearly, X admits a compactification
if and only if it is embedded in a Hausdorff compact space. Therefore, the existence of
a compactification of X is equivalent to the existence of an embedding from X into some
Hausdorff compact space. In this section, we show that a space X admits a compactification

if and only if it is completely regular.

Definition 2.1.1. Let X be a topological space and F := {f, : X — X, : a € I} be a family
of functions where each X, is a topological space:

e The family F is said to separate points if for each pair of distinct elements x,y € X, there



exists f, € F such that f,(z) # fa(y).
e The family F is said to separate points from closed sets if for each closed subset F' C X
and an element x € X \ F, there exists f, € F such that f,(z) ¢ clx, (fo(F)).

e The evaluation map determined by F is the function er : X — [[ X, that maps each x

60 (fal))acr.

Definition 2.1.2. A topological space is completely regular if C'(X,R) separates points from
closed sets, where C'(X,R) is the family of all continuous real-valued functions on X. The

family of all continuous complex-valued functions on X is denoted by C'(X,C).

Proposition 2.1.3. A topological space X is completely reqular if and only if for every closed
subset F' C X and an element x € X \ F outside F, there exists a continuous function

g: X —[0,1] such that g(z) =0 and g(F) = {1}.

Proof. Assume that X is completely regular, ' C X is a closed subset and x € X \ F.
There exists a continuous real-valued function f € C(X,R) such that f(z) ¢ cl(f(F)) C R.
Choose ¢ > 0 such that (f(z) — e, f(z) + &) Ncl(f(F)) = 0. The function h : R — [0, 1]
defined by:

h(y) = min

@)

is continuous. Let ¢ = ho f, then g : X — [0,1] is continuous satisfying g(xz) = 0 and

g(F) = {1}. The other direction is evident. O

Proposition 2.1.4. Let X be topological space, the following are equivalent:

(a) X is completely reqular.

(b) The family F :=={f : X — [0,1] : f € C(X,R)} separates points from closed sets.

(c) Cp(X,R) separates points from closed sets, where Cy(X,R) is the family of all continuous
bounded real-valued functions on X.

(d) C(X,C) separates points from closed sets.

Proof. (a) = (b): Apply 2.1.3.

(b) = (c): Straightforward.

(¢) = (d): Let F C X be a closed subset and x € X \ F. There exists a bounded
continuous real-valued function f € Cy(X,R) such that f(z) ¢ clg(f(F)) C R. Since R is a

10



closed subspace of C, then clg(f(F)) = clc(f(F)).

(d) = (a): Let FF C X be a closed subset and z € X \ F. There exists a continuous
complex-valued function f € C(X,C) such that f(x) ¢ clc(f(F)). Choose £ > 0 such that
B(f(x),e) Nele(f(F)) = 0. The function h : C — [0, 1] defined by:

ly — f(@)]
3

h(y) = min{ 1}

is continuous. Let ¢ = ho f, then g : X — [0,1] is continuous satisfying g(x) = 0 and
g(F) ={1}. Hence, F :={f: X = [0,1] : f € C(X,R)} separates points from closed sets,

and a fortiori, C'(X,R) separates points from closed sets. m

By Urysohn’s Lemma, every normal space is completely regular . In particular, Hausdorff
compact spaces are completely regular. To show that if X admits a compactification, then
it is completely regular it suffices to show that a subspace of a completely regular space is

completely regular.

Proposition 2.1.5. Let A be a subset of a completely reqular space X. Then, A, as a subspace
of X, is completely reqular.

Proof. Let F4 be a closed subset of A and x € A\ Fa. Choose a closed subset F' such
that Fy = FNA. Notice, x ¢ F as © € A\ F4 and therefore there exists a continuous
function f : X — [0,1] such that f(z) = 0 and f(F) = {1}. The function g =: f|4 is
bounded continuous function on A with g(x) = 0 and g(F4) = {1}. Hence, A is completely

regular. O]

The necessary and sufficient condition for a space X to admit a compactification is to be

completely regular.

Lemma 2.1.6. Let X be a topological space and F := {fo : X — X : a € I} be a family of
functions where each X, is a topological space:

(a) The evaluation map er : X — [] Xa is continuous if and only if each f, € F is
continuous. !

(b) If F separates points if and only if ex : X — [ X, is injective.

ael
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(c) If F separates points from closed sets, then ex : X — [] Xa is open.
acl

Proof. (a) Assume that ex : X — ][] X, is continuous. Since the projection function
s+ [ Xa — Xz is continuous foraeelach B € I, so that fz = ms o er is continuous.
Convei‘eslely, assume that each f, : X — X, is continuous. Let, U be a subbasis element of
[T Xa, then U = 7, 1(U,) for some open subset U, of X,. Now, ez'(U) = ez'(7;1(Uy)) =
?fr; oer) ' (U,) = f,1(U,) which is open in X.

(b) Evident.

(c¢) Let U be an open subset of X and a € ex(U). We aim to find an open subset O of
er(X) such that a € O C ex(U). Let a = ex(x) for some = € U; and choose f, € F such
that f(z) ¢ clx,(fo(X \ U)). Consider the open subset V = 7 1(X, \ clx, (fo(X \ U))) of
[] Xa- Then, O :=V Nexr(X) is an open subset of ex(X) containing a € ex(U). We claim
?ﬁ;t O is contained in ex(U). Seeking contradiction, assume that there exists y € X \ U
such that ex(y) € V. On one hand, as y € X \ U, we have f,(y) € fo(X \ U). On the
other hand, as ex(y) € V = 74X, \ cx, (fo(X \ U))), we have f,(y) = 7o 0 ex(y) €
Xo \ (clx, (fa(X\U)) C Xo \ (fo(X \U)), a contradiction. Therefore, a € O C ex(U), as

desired. O

Corollary 2.1.7. A topological space X 1is completely reqular if and only if X admits a

compactification.

Proof. Assume that X is completely regular. Notice that F := {f : X — [0,1] : f €
C(X,R)} separates points from closed sets, and since X is Hausdorff, it also separates
points. Therefore, ez : X — [] [0, 1] is an embedding by above lemma. Since [] [0,1] is
compact, X admits a compactjicfeigation. e
Conversely, if X admits a compactification, then it is a subspace of a compact space.

The result follows from the fact that a compact Hausdorff space is completely regular and a

subspace of completely regular space is completely regular. O]

From now on, unless otherwise stated, all topological spaces are assumed to be completely

regular.
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2.2 Relationship between compactifications

Definition 2.2.1. Let a; X and as X be compactifications of X:

e We say that a; X dominates ax X and we write oy X > ao X if there exists a continuous
function f : a3 X — asX such that foa; = as. A such function f: a3 X — a9 X is called a
domination and a; X is called dominated by a; X.

e We say that ay X and ap X are equivalent and we write a1 X =~ apX if there exists a

homeomorphism f : a; X — a3 X such that foa; = as.

Lemma 2.2.2. Given a topological space X, let Cx be the family of all compactifications of
X:

(a) The relation ~ on Cx is an equivalence relation.

(b) Let X, aX, 5y X, X € Cx such that apX ~ aX and By X ~ X. If X = foX, then
aX > pX.

Proof. (a) If ;X ~ apX and X ~ a3X then a; X ~ a3X. Indeed, let f: a1 X — axX
and g : s X — a3X be homeomorphisms such that foa; = as and g o as = a3. Them,
go f:a; X — a3X is a homeomorphism with (go f) o ay = as.

(b) let fo : apX — [oX be continuous such that fy oy = fo; and ¢ : X — X and
7 : foX — BX be homeomorphisms such that p o a = oy and 7o y = . The continuous

function f := 7o fy o p satisfies foa = . O

Notation 2.2.3. Let X be a topological space, the set of all equivalence classes of Cx is denoted
by K(X).

We aim to show that the set K(X) is partially ordered by the domination relation >.
Moreover, (K(X),>) admits a supremum and it has an infimum if and only if X is locally
compact. Clearly > is reflexive, and by 2.2.2, it is transitive. In order to see that > on
K (X), we first observe that every equivalence class in K (X) contains a compactification of

X in which X is embedded by the inclusion.

Lemma 2.2.4. Let (Y, Ty) be a topological space and X be a set. If f: X — Y is bijective,

then there exists a topology Tx,, on X such that f: X — Y is a homeomorphism.
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Proof. Take Tx ={U C X : f(U) € Ty'}. O

Lemma 2.2.5. Let Z be a compact space and f : X — Z be an embedding. There exists a
unique (up to equivalent) compactification Y of X that contains X as a subspace and there

exists an embedding ft Y — Z such that ﬂx = f.

Proof. Notice that clz(f(X)) is a compactification of X. Without loss of generality assume
that A := clz(f(X)) \ f(X) is disjoint from X, and let Y := X U A. Define the map
f: Y — Z by:

~ fz) ifx e X,

fz) =

x ifrx e A.

Clearly fis bijective and hence Ty = {U C Y : f(U) € Tz} is a topology on Y. Moreover,
every open subset of X is contained in 7y. Notice that fv: Y — Z is an embedding and
ﬂ x = f. Now, assume that Y’ is a compactification of X that contains X as a subspace
such that there exists an embedding ¢ : Y’ — Z with g|x = f. Notice that fv(Y) =

flcly(X)) = clz(f(X)) and similarly one has g(Y') = g(cly/ (X)) = clz(f(X)). Therefore,
flog:Y' =Y is a homeomorphism with (f~ o g)|y = idy. O

Corollary 2.2.6. Let X be a compactification of X; then there exists a unique (up to

equivalent) compactification Y, of X that is equivalent to aX and contains X as a subspace.

Proof. Apply 2.2.5. O

Lemma 2.2.7. Let A be a subspace of X and f : A — Y be a continuous map. f: A—Y

admits at most one continuous extension f: cx(A) =Y.

Proof. Let [ : clx(A) — Y and fy : clx(A) — Y be continuous extensions of f : A — Y.
Secking contradiction, assume that there exists z € clx(A) \ A such that f(z) # fo(z). Let
U and V be disjoint open subsets of Y containing f(x) and ﬁ](x), respectively. Choose an
open neighborhood O of z such that f(O) C U and fo(O) C V. Now, since O N A # 0,
choose a € O N A. Then, f(a) € UNV, a contradiction. O

An application of the above lemma is that if g : clx(A) — Y is continuous such that

g|A = idA, then g = 'idch(A).
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Proposition 2.2.8. Let Y and Z be compactifications of X containing X. Y dominates Z if

and only if there exists a unique quotient map f:Y — Z such that f|x = idyx.

Proof. Let f:Y — Z be a domination. Since X C f(Y), f(Y)isdensein Z. Let z € Z, and
(2a)aer C f(Y) be a net converging to z. For each « € I, let y, € Y such that f(ys) = za-
Since Y is compact, the net (y,)aer has a convergent subnet (ys)ses. Assume that (y5)ses
converges to y € Y. By the continuity of f : Y — Z, the subnet (23)ses of (24)aer Where
zg = f(yp), converges to f(y). (2a)aecr converges to a unique point z and every subnet of
(za)aer converges to the same point z, hence f(y) = z. Therefore, f : Y — Z is onto which
implies that f : Y — Z is a quotient map as it is closed. If g : Y — Z is a continuous map

such that g|x = idy, then as X isdense in Y, f = g. O

Proposition 2.2.9. Let ay X and as X be compactifications of X. The compactifications oy X

and as X are equivalent if and only if a1 X > as X and as X > a1 X.

Proof. Assume that a1 X ~ asX and let f : a1 X — a3 X be a homeomorphism such that
foa = ay. Clearly, ;X > a»X. Since f~! oy = oy, one has s X > oy X.

Conversely, assume that a; X > aX and axX > o X. Let Y] and Y5 be
compactifications of X containing X such that a; X ~ Y] and ap, X ~ Y,. Since oy X > ap X
and ap X > a1 X, thenY; > Yoand Ys > V). Let f; : Y] — Ys and f5 : Yo — Y] be continuous
such that fi|x = fo|x = idx. Now, as (f1 o fa)|x = idx and (f2 0 fi)|x = idx, then by
2.2.7, fio fy =1idy, and fy0 f; = idy,. Therefore, f; : Y7 — Y5 is a bijective continuous map
between compact Hausdorff spaces and hence it is a homeomorphism. Since =~ is transitive

and Y] >~ Y,, thus a1 X ~ ap X as wanted. O

Corollary 2.2.10. Let X be a topological space, the domination relation > on K(X) is a

partial order relation on K(X).

Proof. Apply 2.2.9. O

Let Cy(X,C) be the family of all bounded complex-valued functions on X, and for each
f € Cy(X,C), let By be a closed ball in C containing f(X). Notice that if 7 C Cy(X,C)

separates points from closed sets, then er : X — [[ By is an embedding. Therefore,
feF
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erX = cl(ex(X)) is a compactification of X, where the closure is taken in the compact
space [[ By. In particular, a subset F of Cy(X,C) that separates points from closed sets
detern{ien];s a compactification exX of X. Conversely, every compactification aX of X is
determined, up to equivalent, by a subset F of Cy(X,C) that separates points from closed

sets.

Theorem 2.2.11. Let aX be a compactification of X. There ezists a subset F, of Cp(X,C)

that separates points from closed sets such that ex, X ~ aX.

Proof. Let Y be a compactification of X such that X C Y and Y ~ aX. Set F, := {f]|x :
feC(Y,C)}. Clearly F, is a subset of C,(X, C) that separates points from closed sets as in
the proof of 2.1.5. Hence, ex, X is a compactification of X. We claim that ex, X ~ aX. To
that end, it suffices to show that ex, X ~ Y. Notice that F := C(Y, C) separates points from
closed sets of Y and therefore e : Y — [[ By is anembedding. Clearlyer:Y — [[ Byisa

fer feF
continuous extension of ez, : X — [[ By and Y ~ex(Y) = er(cly (X)) = ex(X) = er, X.
feF
Thus, er : Y — ex, X is a homeomorphism with er oidx = ex,. ]

So far, we have seen that if Y, is a compactification of X containing X, then the subset
Co :={flx: feCY,)} of Cp(X,C) determines Y,. Moreover, every compactification aX
of X is determined by the subset C, := {f|x : f € C(Ya,C)} of Cy(X,C), where Y, is a
compactification of X containing X and aX ~ Y,. We conclude this section by showing

that a; X is dominated by a X if and only C,,, is contained in C,,.

Proposition 2.2.12. Let X be a topological space:
(a) If Fi C Fo C Cy(X,C) and F, separates points from closed sets in X; then exr,X
dominates ex, X .

(b) a1 X is dominated by as X if and only C,, is contained in C,,

Proof. (a) Let Fi C F2 C Cp(X,C). As in the proof of 2.1.6, the projection map 7z, :

II Bf — [I B, is continuous. Moreover, 7r (er,X) = ex X and hence 7z,
feFs geF1
er X is continuous with g, oer, = er. Therefore, ez, X dominates er X.
2

er, X 16]:2X —

(b) If Cy, C Cl,,, then by (a), asX dominates a1 X. On the other hand, if as X dominates

a1 X, then Y, dominates Y,,,. Let ¢ : Y,, — Y, is a domination with ¢|x = idx. If f € C,,,

16



then f : X — By extends continuously to g : Y,, — By. Notice that go ¢ :Y,, = By is

continuous with (g o ¢)|x = g|x = f and hence f € C,,. H
Corollary 2.2.13. The family K(X) admits a supremum.
Proof. Let F := Cy(X,C), then exX is the wanted compactification. ]

Definition 2.2.14. Given a topological space X, the Stone-Clech compactification is the
compactification exX where F := Cy(X,C). The Stone-Clech compactification of X is
denoted by SX.

Let X be the Stone-Clech compactification; by 2.2.11, C3 = Cy(X,C) and therefore
every function of C,(X,C) continuously and uniquely extends to SX. The Stone-Clech

compactification has the following universal property:

Proposition 2.2.15. A compactification aX 1is the Stone-Clech compactification of X if and
only if for any compact space Y, every continuous map f : X — Y extends continuously

f:aX—>Y.

Proof. Without loss of generality, we may assume that the compactifications aX and X to
be containing X as a subset. Let aX be the Stone-Cech compactification of X, Y be compact
and f : X — Y be continuous. Since Y is completely regular, as in the proof of 2.1.7, it
is embedded in [0, 1)? for some set I. Without loss of generality, assume that Y C [0, 1].
For each i € I, put f; := m o f. Aseach f; : X — [0,1] is continuous bounded, it admits
a continuous extension f; : aX — [0,1]. Consider the continuous function f : aX — [0, 1)1
that maps each = € aX to (f;(x))ie;. Notice that f(aX) = f(clax (X)) C cy(f(X)) C Y
and hence f: aX — Y is a continuous extension to f: X — Y.

Conversely, the inclusion ¢ : X — SX admits a continuous extension 7z : X — X which

is evidently a domination and hence a X ~ 5X. O]

Definition 2.2.16. A topological space X is locally compact if there exists a compact
neighborhood K, for every x € X; i.e., for every x € X, there exist a compact subset
K, and an open subset U, such that z € U, C K,. Equivalently, for all z € X and an open

neighborhood U, of z, there exists a relatively compact open neighborhood V. of = such that
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x €V, Cc(V,) C U, The family of all open relatively compact subsets of a locally compact

space X consists a bases for X.

Definition 2.2.17. A compactification Y of X is called a finite-point compactification if its

corona Jy X := Y\ X is finite. When |0y X| = 1, Y is called (the) one-point compactification.

Lemma 2.2.18. Let (X,7T) be a non-compact locally compact space and oo be an arbitrary
point not in X. Set X, := X U{oo}, then:

(a) The family Too := T U{U C X : 00 € U and X, \ U is compact} is a topology on X.
(b) (Xso, Too) s a compactification of X.

Proof. (a) Put By, :={U C X« : 00 € U and X, \ U is compact}. Notice that U € B, if
and only if there exists a compact subset Ky of X such that U = X, \ Ky. Now:

(1) 0, X € Too as D € T and X, € B..

(2) Let U,V € Tx:

o if UV € By, then there exist Ky and Ky compact subsets of X such that U = X, \ Ky
and V = X, \ Ky. Notice UNV = X \ (Ky UKy) and hence UNV € B, C Too.

eif UeT and V € By, then UNV =UN (Xo \ Ky) =U N (X \ Ky) for some compact
subset Ky of X and hence UNV € T C To.

B)IU €T and V € By, then UUV = UU (X \ Kv) = Xoo \ (Ky \ U) for some
compact subset Ky of X and hence UUV € By, C To. Now, let {U, : o € [} C T, and
let Iy, I, C I such that [ =, U, with {U, :a € I} C T and {Us : 8 € I} C B. Notice
that for all g € I, there exists a compact subset Kz of X such that Uz = X \ K3. Also,
UUs= UUsU JUsg=UUV where U := |J U, and V := X\ () Kpz). Since
o€l acl BEL, ach pels

UeT andV € By,soUUV € B, C T as observed.

(b) Clearly X is an open dense subspace of X,. So, we need to verify that X, is Hausdorff
compact space.

o X, is Hausdorff. Indeed, let x,y € X, be two distinct points. If x € X and y = oo, we
can find a relatively compact open neighborhood U of z in X. Notice that V := X \ clxU
is an open neighborhood of y and U NV = ().

e X, is compact. Indeed, let {U, : a € I} be an open cover of X,. Choose an open

neighborhood U, of oo for some o« € I. There exists a compact subset K, of X such that
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U, = Xo \ K. Now, K, can be covered by finitely many elements of {U, : a € I} and
hence X, = U, U K, is covered by finitely many elements of {U, : a € I}. O

If Y is a compactification of X such that Y \ X is finite, then X is an open subspace of
the locally compact space Y. This fact along with the above proposition give us the following

characterization for locally compact spaces.

Corollary 2.2.19. A topological space X is locally compact if and only if it admits a one-point

compactification.

All one-point compactifications are equivalent and therefore the one-point compactifi-

cation is unique up to equivalent. Moreover, it is dominated by every compactification in

K (X) and hence it is the infimum of K(X).

Proposition 2.2.20. Let (X, T) be a non-compact locally compact space and let X, be a one-
point compactification of X. Then:

(a) If X, is a one-point compactifications of X, Xooy =~ Xeo-

(a) If aX is a compactification of X, then aX > X.

Proof. (a) Define the function f: X — X, by:

x ifr e X,
flz) =

oog ifr = oo.

Clearly, f : Xoo = X, 1s a bijective function between compact Hausdorff spaces and
flx = idx. Moreover, let U be an open subset of X . If U C X, then f~1(U) = U is an
open subset of X,. Assume that UN X, \ X # 0. Then, U = X, \ Ky for some compact
subset Kyy of X. Hence, [~ (U) = f71(Xw, \ Kvr) = Xo \ Ky which is an open subset of
Xoo. Thus, f: X = X, Is @ homeomorphism.

(b) Define the function f: aX — X by:

r ifreX,
flx) =
oo ifreaX )\ X.

19



For the continuity of f : aX — X, choose a neighborhood U of co in X,,. Then, U =
X \ Ky for some compact subset Ky of X. Hence, f~1(U) = f1(X, \ Ky) = aX \ Ky

which is an open subset of aX. Thus, f: aX — X, is a domination. m
Corollary 2.2.21. If X is locally compact, then K(X) is a complete lattice.

Proof. The one-point compactification is the infimum of K(X) and the Stone-Cech

compactification is the supremum of K (X). O
The converse is also true; that is if K (X) admits an infimum, then X is locally compact.

Proposition 2.2.22. Let X be a topological space. If K(X) admits an infimum, then X is

locally compact.

Proof. Let aX be the infimum of K(X). Without loss of generality, assume that X C aX.
Seeking contradiction, assume that X is not locally compact. If X is an open subset of a X,
then it is locally compact, a contradiction. Therefore, X \ X must be infinite. Choose
distinct points a,b € aX \ X and set F, := {f|x € Cy : f(a) = f(b)}. We claim that F,
separates points from closed sets in X and that F, is properly contained in C,. Indeed, if
F C X is a closed subset and = ¢ F, then there exists a closed subset F' C X such that
F = F'n X. Notice that F" U {a, b} is closed and F = F' U {a,b} N X, so we may assume
that a,b € F’'. Choose a continuous real-valued function f : aX — [0, 1] such that f(x) =0
and f(F') = {1}. Since f(a) = f(b) = 1, flx € Fo and hence F, separates points from
closed sets in X. Moreover, since C(aX,R) separates points from closed sets in aX, it is,
a fortiori, separates points and hence there exists a continuous function g € C(aX,R) such
that g(a) # g(b). Thus, g|x € C, \ Fa as wanted. By 2.2.12; the compactification er, X
is dominated by aX and it does not dominate aX, contradicting the fact that aX is the
infimum of K(X). Thus, X is locally compact. O

Corollary 2.2.23. A topological space X is locally compact if and only if K(X) is a complete

lattice.

Our next goal is to show that the one-point compactification, if exists, is induced by the
family Cy(X,C) of all continuous complex-valued functions that vanish at infinity; and that

Co(X, C) separates points from closed sets in X if and only if X is locally compact.
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Definition 2.2.24. Let X be a topological space. A complex-valued function f : X — C is
said to vanish at infinity if for every € > 0 there exists a compact subset K. of X such that
|f(x)]| < e forall z € X\ K.. The family of all continuous functions that vanish at infinity
is dented by Cy(X,C).

Lemma 2.2.25. Let X be a topological space and aX be an arbitrary compactification of X ;
then Co(X,C) C C,.

Proof. Let f € Cy(X,C) and define the function g : «X — C by:

f(z) ifzre X,
g(x) =
0 ifreaX\X.

We claim that g : X — C is continuous. To this end, it suffices to show that g|,x\x is
continuous. Let a € aX \ X and let ¢ > 0. Choose a compact subset K. of X such that
|f(x)]| < e for all x € X \ K.. Notice that U := aX \ K. is an open neighborhood of a
in aX and for all x € U, ||g(a) — g(x)|| = ||g(x)|| < €. Hence g : X — C is a continuous
extension of f: X — C and hence f € C,, as desired. O

Theorem 2.2.26. Let X be a locally compact space. The family Co(X,C) separates points

from closed sets in X and the compactification ec,(x,c)X is the one-point compactification.

Proof. Let FF C X be a closed subset and x € X such that x ¢ F. Since X \ F' is an
open neighborhood of x and X is locally compact, there exists a relatively compact open
neighborhood U of = such that x € U C ¢l(U) C X \ F. Notice that F* C X\ cl(U) C X \U.
Since X is completely regular, and X \ U is closed not containing x, there exists a continuous
function ¢ : X — [0, 1] such that g(z) = 0 and g(X \ U) = {1}. Let ¢ : [0,1] — [0,1] be
a homeomorphism such that ¢(0) = 1 and ¢(1) = 0. Let f := ¢ o g, and notice that
f X — [0,1] is continuous with f(X \ cl(U)) = {0}, so f € Co(X,C). Moreover, as
f(x) =1¢ ccf(F) = {0}, Co(X,C) separates points from closed sets in X. By 2.2.12 and
2.2.25, the compactification ec,(x,c)X is the infimum of K (X). Therefore, ecy(x,c)X is the

one-point compactification. ]
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Corollary 2.2.27. The topological space X is locally compact if and only if Co(X, C) separates

points from closed sets in X.

Proof. If X is locally compact then Cy(X,C) separates points from closed sets in X by the
preceding theorem. On the other hand, if Cy(X,C) separates points from closed sets in X,
then by 2.2.12 and 2.2.25, the compactification ec(x,c)X is the infimum of K(X). By 2.2.22,
X must be locally compact. O]

We conclude this section by the fact that locally compact spaces are exactly the com-
pletely regular spaces having the property that the corona of any of their compactifications

is compact.

Lemma 2.2.28. Let X be a dense subspace of Y, F' be a closed subset of Y and U s an open
subset of Y. IfUNX C F, then U C F.

Proof. Notice that U N X # (0 and that (UN X)NY \ F) = (. Seeking contradiction
assume that U \ F' # (. Then U N (Y \ F) is a non-empty open subset of ¥ and hence
(XNU)NY \ F) # 0, a contradiction. O

Proposition 2.2.29. Let X be a locally compact dense subspace of Y. Then, X is an open

subspace. In particular, if Y is a compactification of X, then X is an open subspace of Y.

Proof. Let x € X and choose a relatively compact open neighborhood U of x in X. Since
clx(U) is compact in X, it is compact in the Hausdorff space Y and hence it is a closed
subset of Y. Notice that there exists an open subset V' C Y such that U =V N X C clx(U).

Hence, by above lemma, a € V C ¢lx(U) C X and thus X is an open in Y as desired. [

Corollary 2.2.30. Let X be a completely reqular space and aX be a compactification of X.
X s locally compact if and only if a(X) is an open subspace of a X .

Proof. Apply 2.2.29. ]

Theorem 2.2.31. Let X be a completely reqular space and X be a compactification of X.
The following are equivalent:

(a) X is locally compact.
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(b) X admits a one-point compactification.

(c) K(X) admits an infimum.

(d) Co(X,C) separates points from closed sets in X.
(e) X is an open subspace of aX.

(e) The corona 0, X = aX \ X is compact.

Proof. Apply 2.2.19, 2.2.23, 2.2.27 and 2.2.30. O]

2.3 Compactifications as maximal ideal spaces

For a locally compact space X, we utilize the Gelfand Theorem to find a duality between
the category of its compactifications and the category of the unital C*-subalgebras of
Cy(X, C), that separate points from closed sets. The proof of Theorems 2.3.14, 2.3.16 and
2.3.17 are omitted as they involve the definition of terms which are not central to our purpose.

Reader who is interested in the proofs can find them in (29).

Definition 2.3.1. A ring (A, +,-) is called a C-algebra if C acts on the abelian group (A, +)
and the action of C satisfies:

1. a(z+y) = axr + ay,

2. (a+ Pz = ax + Pz,

3. afz-y)=(ax) - y=x-(ay), for all o, f € C and z,y € A.

If the ring A is commutative, (A, +, ) is called a commutative C-algebra, and if the ring A

has a multiplicative identity 14, (A, +,-) is called a unital C-algebra.

Definition 2.3.2. A C-algebra A equipped with a norm ||.|| : A — [0, 00) satisfying ||z - y|| <
|lz|| [|yll, for all z,y € A, is called a normed algebra. The normed algebra A is called a
Banach algebra over C if A is a complete metric space with respect to the metric induced

by its norm .|| : A — [0, 00).

Definition 2.3.3. A Banach algebra A over C is called a C*-algebra if it is equipped with a
map A4 : A — A satisfying:

1. Mg o Ag =idy,

2. Az +y) = Aa(z)Aaly),
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3. Aa(z - y) = Aa(y)ra(z),

4. M(ax) = ary(x),

5. |IAa(z) - x| = ||z||?, for all 2,y € A and a € C.

A C*-algebra A is called a commutative C*-algebra if A as a ring is commutative; A is called

a unital C*-algebra if A as a ring has an identity 14.

Definition 2.3.4. A map between ¢ : A — B between C*-algebras is called *-homomorphism
if:

1. p(ax +y) = ap(x) + ¢(y), that is ¢ : A — B is a linear transformation.
2. p(z-y) =¢(x) - p(y), that is ¢ : A — B is a ring homomorphism.

3. p(Aa(x)) = App(x), for all z,y € A and a € C.

A x-homomorphism ¢ : A — B is called a x-isomorphism if it is bijective.

Definition 2.3.5. A subset B C A of a C*-algebra A is called C*-subalgebra if B with the
operation inherited from A itself a C*-algebra. Equivalently,

1. ar+y € B,

2. x-y € B, for all z,y € B and a € C; and,

3. \(B) C B.

Notation 2.3.6. The family of all bounded functions from the topological space X to the
metric space Y is denoted by B(X,Y'). The family of all bounded complez-valued functions
that vanish at infinity is denoted by By(X,C).

Proposition 2.3.7. Equip the family B(X,C) with the supremum norm |.| : B(X,C) —
0,00) given by || flloc = sup [ ()]]. Then:

(a) The normed algebra (B(X,C),||.||,,) with the complex conjugation function Apxc) :
B(X,C) — B(X,C) is a commutative unital C*-algebra.

(b) Bo(X,C) is a closed ideal of B(X,C), and therefore a C*-subalgebra.

(c) Cyo(X,C) is a C*-subalgebra of B(X,C).

(d) Co(X,C) is a closed ideal of Cy(X,C), and therefore a C*-subalgebra.

(e) Let Y be a compactification of X containing X ; then the family:

Cy :={f € Cy(X,C) : f extends continuously to Y} is a unital C*-subalgebra of C(X,C).
Furthermore, as a C*-algebra, Cy is x-isomorphic to C(Y,C).
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Proof. Indeed for any metric space (Y, d), then the map d, : B(X,Y) x B(X,Y) — [0, 00)
given by doo(f,g) = sup{d(f(z),g(z))} is a metric on B(X,Y’) called the uniform metric.
If (Y,d) is a completi}e)r;etric space, (B(X,Y),dy) is also complete. The completeness of
(B(X,Y),ds) follows from the fact that a convergent sequence in (B(X,Y), dy) converges
uniformly, and that the limit of a uniformly convergent sequence of bounded functions is itself
a bounded function. The space (Cy(X,Y), dw) is a closed subspace of (B(X,Y),dy) as the
limit of a uniformly convergent sequence of continuous functions is continuous. Therefore

(Ch(X,Y),ds) is itself complete. By taking Y = C, (a) and (c¢) are proved.

Notice that the constant function ¢; : X — C mapping each x € X to 1 € C is the
identity of the ring B(X,C) and that ¢; € Cy(X,C). To see that By(X,C) is a closed subset
of B(X,C), let (fn)nen be a sequence in By(X,C) converging to f € B(X,C). We claim
that f € By(X,C). Indeed, for ¢ > 0, choose N € N such that ||f, — f||,, < ¢/2 for all
n > N. Let K C X be a compact subset such that || fx(z)| < ¢/2 for all z € X \ K.
Then, [|f(@)ll < lfw(@) = £+ L@l < 1o — Flos + Ifw(@l] < =, for all 2 € X\ K
hence, f € By(X,C). Moreover, assume f € B(X,C) and g € By(X,C), and choose r > 0
such that || f|| . < r; and for € > 0, choose a compact subset such that || f(z)|| < ¢/r for all
x € X\ K. Then, [|(f-g)(z)| <c¢forall z € X\ K, which proves that By(X,C) is a closed
ideal of B(X,C). Similarly, Cy(X,C) is a closed ideal of Cy(X, C).

Finally, define ¢ : C(Y,C) — Cy(X,C) by ¢(f) = f|x. It is straightforward to see
that ¢ : C(Y,C) — Cy(X,C) is a x-homomorphism. Utilizing the fact that the image of a
C*-algebra under a x-homomorphism is a C*-algebra; we obtain that o(C(Y,C)) is a C*-
subalgebra of C,(X,C). Notice that o(C(Y,C)) = Cy. Moreover, ¢ : C(Y,C) — Cy(X,C)
is injective by 2.2.7. By the First Isomorphism Theorem of C*-algebras, we conclude that
Cy is *-isomorphic to C(Y,C). O

Observation 2.3.8. If X is a non-compact topological space, and f : X — C is a non-
zero constant function; then f ¢ Cy(X,C). Moreover, as Cy(X,C) is an ideal of Cy(X,C),
c1 € Co(X,C) if and only if Co(X,C) = Co(X,C). Therefore, ¢; € Co(X,C) if and only if

X 158 compact.
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Definition 2.3.9. Given a metric space (X,d). The function f : X — C is called slowly
oscillating if for any 7, > 0 there is a bounded subset K of X such that if z,y € X \ K and
d(z,y) < r then ||f(x) — f(y)|| < e. Equivalently, f : X — C is slowly oscillating if for any
sequence (z,) C X converging to infinity and (y,) C X a sequence such that d(x,,y,) < r
for some r > 0, || f(z,) — f(yn)|| = 0. The family of all bounded slowly oscillating functions
is denoted by:

By (X,C):={f € B(X,C) : f is slowly oscillating},

and the family of all bounded continuous slowly oscillating functions is denoted by:

Ch(X,C) :={f € Cy(X,C) : f is slowly oscillating}.

Proposition 2.3.10. Let (X, d) be a metric space. Then:

(a) The subset Bn(X,C) of B(X,C) is a unital C*-subalgebra of B(X,C) containing
By(X,C).

(b) The subset Cy(X,C) of Co(X,C) is a unital C*-subalgebra of Cy(X,C) containing
Co(X,C).

Proof. (a) It is straightforward to see that Bj(X,C) is a unital normed subalgebra of
B(X,C). We just need to prove that B(X,C) is a closed subset B(X,C) to conclude
that By (X,C) is a unital C*-subalgebra of B(X,C). This follows directly from the
fact that convergent sequence in B(X,C) with respect to the supremum norm converges
uniformly. Indeed, if (fy)nen C Bp(X,C) such that f, — f € B(X,C), then we
claim that f € Bp(X,C). To this end, let r,e > 0, and choose N € N such that
If— fnlle < €/3. Since fy € B(X,C), we can find a bounded subset KX C X such
that for all xz,y € X \ K such that d(z,y) < r then | fx(z) — fn(y)| < /3. Notice
that [£(z) = F@)] < 11G) — Fx (@) + (@) — fv@ll + Iix(v) — F@)]| < e Hence,
Bn(X,C) is a unital C*-subalgebra of B(X,C). Assume that f € By(X,C), and € > 0.
Choose a compact subset K C X such that ||f(z)|| < ¢/2 for all x € X \ K. Then,
N f (@)= f)ll < |If@)| +1IfW)] < e, for all z,y € X \ K. Since compact subsets are
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bounded in X, so By(X,C) C C,(X,C).
(b) Similar to (a). O

Lemma 2.3.11. Given a non-empty set X and a family of functions F := {fo : X — X4 :
« € I}, where each X,, is a topological space. The family S := {f;*(Us) : Uy C X, is open
in Xo,ao € I} is a subbasis for a topology on X called the weak topology on X generated
by F.

Proof. Straightforward. m

Definition 2.3.12. A linear map L : A — B between normed C-vector spaces (A4, ||.||,) and
(B, ||.llg) is called bounded if there exists M > 0 such that ||L(z)||z < M ||z| 4, for all
xr € A, When B =C, L: A — B is called linear functional. The dual of A is the family
A* = {f: A — C: fis bounded linear functional}. The dual space A* is equipped with
the supremum norm || f|__ := sup{||f(z)]| : ||a]| 4 < 1}. For each z € A, the evaluation map
ev, : A* — C that maps each ;eé A* to f(x). The weak-x topology Ty« on A* is the weak

topology generated by the family {ev, : A* - C:x € A}.

Proposition 2.3.13. Let A be a normed C-vector space. The weak-x topology on A* is
Hausdorff.

Proof. Let f,g € A* be distinct elements, and choose x € A such that f(z) # g(x). Let U
and V' be disjoint neighborhoods in C of f(z) and g(z), respectively. As ev, : A* — C is
continuous, ev, ' (U) and ev, (V) are disjoint neighborhoods in Ty of f and g, respectively.

]

Lemma 2.3.14. (Alaoglu Theorem) Let A be a normed C-vector space. The closed unit
ball By == {f € A" : ||fll. < 1} of the normed space (A*,||.||..) is compact in the weak-*

topology Ty~ of A*.
Proof. See (29). O

Definition 2.3.15. Let A be a commutative unital Banch algebra; the family:
Q(A) :={o: A— C: oislinear functional and a ring homomorphism} is called the maximal

ideal space of A.
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The maximal ideal space €2(A) is not only a subset of A*, but it is a compact subset when

A* is equipped with the weak-* topology Tyy«.

Theorem 2.3.16. Let A be a commutative unital Banch algebra; then |||, = 1, for all

oeQA).
Proof. See (29). O

Consequently, if A is a commutative unital Banch algebra; then 2(A) is a closed subset of
closed unit ball By := {f € A*: || f||., < 1} of the normed space (A%, ||.||..), and by Alaoglu
Theorem, it is a compact subset of the Hausdorff space (A*, Ty« ).

The evaluation map ev, : (A", Tw+) — C is continuous for each x € A. Therefore,

evzlaay € C(2(A),C), for all x € A. Therefore, we can define a map I' : A — C'(Q2(A), C)

mapping each & € A to ev,|q(a).

Theorem 2.3.17. (Gelfand Theorem) Let A be a commutative unital C*-algebra. The
Gelfand Transformation I' : A — C(Q2(A),C) given by I'(z) = ev, is an isometric

x-1s0morphism.
Proof. See (29). O

We utilize the Gelfand Theorem to prove that every unital C*-subalgebra of C,(X,C),

that separates points from closed sets, determines a compactification of X.

Theorem 2.3.18. Let A be a unital C*-subalgebra Cy(X, C) that separates points from closed

sets. The mazimal ideal space Q(A) is a compactification of X.

Proof. Notice that for each x € X, the evaluation map e, : A — C that sends each f € A to
f(z) is a linear transformation and a ring homomorphism. Thus, e, € Q(A), for all z € X.
Define ¢ : X — Q(A) by ¥(z) = e,.

Claim 1: ¢ : X — Q(A) is continuous and injective.

Proof of Claim 1: Notice that a subbasis element Q(A) is of the form Uy := {0 € Q(A) :
o(f) € U} for some f € A and U C C an open subset of C. Let (x4)aer be a net in X
converging to x € X. Then, for each f € A, f(z,) — f(z) and therefore e, — e, proving
that ¥ (x,) — ¥(z). The injectivity of 1 : X — Q(A) follows from the fact that A separates
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points from closed sets. Indeed, if ¢(z) = ¢(y), then f(z) = f(y) for all f € A, and as A
separates points from closed sets, it separates points which implies that x = y.

Claim 2: ¢ : X — Q(A) is an open map.

Proof of Claim 2: Let O C X be an open subset. We aim to show that ¥(0) = {e, : € O}
is an open subset ¥(X) = {e, : ¢ € X}. Indeed, let o € ¥(0O). Then, o = ¢, for some z € O.
Since, z ¢ F := X \ O, and A separates points from closed sets, there exists f € A such that
f(z) ¢ clc(f(F)). The subset U := C \ clc(f(F)) is an open subset of C containing f(z).
Therefore, the subset U N¢(X) = {0 € QA) : o(f) € U} N¢(X) is an open subset of
(X)) containing o = e,. Moreover, if e, € Uy NY(X), then f(y) € U = C\ clc(f(F))
and hence f(y) ¢ f(F). In particular, y ¢ F and thus y € O, which implies that
e, € Ur NY(X) C (0). Therefore, (0O) is an open subset of 1(X).

Claim 3: ¢(X) is dense in Q(A).

Proof of Claim 3: As X is homeomorphic to ¥(X), and by Gelfand Theorem A and
C(QA),C) are #-isomorphic, we may assume without loss of generality that X = ¢ (X)
and A = C(QA),C). Seeking contradiction, assume that there exists a non-empty open
subset U of Q(A) such that U N X = . Hence X C Q(A)\ U and Q(A) \ U is a closed
subset of the Hausdorff compact space Q(A). By Urysohn’s lemma, there exists non-constant
continuous function f € C(2(A),C) = A such that f(Q2(A)\U) = {0}. Hence, f(X) = {0},
a contradiction. Therefore, ¥(X) is dense in Q(A). O

Corollary 2.3.19. Let (X, d) be a proper metric space, then Q(Cy(X,C)) is a compactification
of X.

Proof. By 2.3.10, C,(X,C) is a unital C*-subalgebra of Cy(X,C) containing Cy(X,C).
Since X is locally compact, then by 2.2.26, Cy(X,C) separates points from closed sets.
Consequently, Cp,(X,C) is a unital C*-subalgebra of Cy(X,C) that separates points from
closed sets. Apply 2.3.18. O]

Definition 2.3.20. Let (X, d) be a proper metric space, and Cj,(X,C) be the C*-subalgebra
of all continuous bounded complex-valued slowly oscillating functions. The Higson

compactification of X is the maximal ideal space Q(C(X,C)) of Cy(X,C). The Higson
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compactification is denoted by hX and its corona by 0, X. Its corona 0, X is referred to as

the Higson corona.

Theorem 2.3.21. Let A, B and C be unital commutative C*-algebras; and let X and 'Y be
topological spaces. Then:

(a) Every x-homomorphism ¢ : A — B induces a continuous map ¢ : Q(B) — Q(A) between
their maximal ideals spaces equipped with the weak-x topology defined by p(g) = go . If
¢ : A — B is a x-isomorphism, then ¢ : Q(B) — Q(A) is a homeomorphism.

(b) Every continuous function f : X — Y induces a *-homomorphism 7 C(y,C) —
C(X,C). If f : X — Y is a homeomorphism, then I C(Y,C) — C(X,C) is a *-
1somorphism.

(c) If X and Y are compact, and if A = C(X,C) and B = C(Y,C), then X and Y are

homeomorphic if and only if A and B are x-isomorphic.

Proof. (a) Let ¢ : A — B be a *-homomorphism. Define ¢ : Q(B) — Q(A) by ¢(g) = go ¢.
Clearly, gop € Q(A). A subbasis element of Q(A) is of the form U, := {f € Q(A) : f(z) € U}
for some open subset U of C. Notice that o~ '(U,) = {g € QB) : gop(x) € U} = Uy
which is a subbasis element of Q(B). Finally, if C' is a unital commutative C*-algebra and
1 . B — C be a x-homomorphism, then @m =po 7;5; moreover, i/ca = tdg(a) which proves
that if ¢ : A — B is a x-isomorphism, then ¢ : Q(B) — Q(A) is a homeomorphism.

(b) Straightforward.

(c) Notice that by 2.3.18, Q(A) and Q(B) are compactifications of the compact spaces X

and Y, respectively. Apply (a) and (b). O]

Corollary 2.3.22. Y is a compactification of X if and only if Y is the maximal ideal space of
the unital commutative C*-subalgebra Cy = {f € Cy(X,C) : f extends continuously to Y}
of Cp(X, C).

Proof. Since Q(Cy(Y,C)) is a compactification of the compact space Y, so Y = Q(Cy(Y, C)).
On the other hand, applying part (d) of 2.3.7 and part (a) of 2.3.21, we have Y = Q(Cy ) as
wanted. O

We conclude this section by describing the corona of a compactification of a locally

compact space. We need the following lemma to that end.
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Lemma 2.3.23. Let X be a locally compact space and Y be a compactification of X. A
continuous function f : X — C vanishes at infinity if and only if the extension f: Y - C
gen by:

~ flz) ifreX,

f=
0 ifreY\X

1S a continuous function.

Proof. Assume that f : X — C vanishes at infinity. By 2.2.25, f: Y — C is continuous.

Conversely, assume that f: Y — C is a continuous extension of f : X — C. For ¢ > 0, and

y € Y\ X, choose a neighborhood U, of y such that Hf(x) — f(y)” = Hf(x) < e. Since
Y\ X is compact it can be covered by finitely many such neighborhoods, say U,,,...,U,,.
Put U := U Uy, then K :=Y \ U is a compact subset of X, with || f(x)|| = Hf H < g, for
allxeX\K Y \ K. Thus, f € Cy(X,C) as desired. O

Theorem 2.3.24. Let Y be a compactification of a locally compact space X, and let Oy X =

Y \ X be the corona of Y. Then Oy X is the mazimal ideal space of unital commutative

C*-subalgebra CY/CO(X C)-

Proof. As 0y X is a compact space, so it is the maximal ideal space of C'(dy X, C) by 2.3.18.
Define ¢ : C(Y,C) — C(0y X,C) by ¢(f) = floyx- It is straightforward to see that ¢ :
C(Y,C) — C(0yX,C) is a *-homomorphism. Given a continuous function f : dy X —
C, since dy X is a closed subset of the normal space Y, by Tietze extension theorem, it
admits a continuous extension f: Y — C. Hence, go(]?) = ﬂay x = f, which proves that
¢ : C(Y,C) = C(0yX,C) is surjective. Notice that Ker(p) = {f € C(Y,C) : flsyx =
0} = Co(X,C) by 2.3.23. Applying the First Isomorphism Theorem, we conclude that
Covx,€) =V C 0 v o =N yx.o) O

Corollary 2.3.25. Let (X,d) be a proper metric space, then 0, X is the mazimal ideal space
Ch(X,C
of Ol )/CO(X, C)-

Proof. Apply 2.3.24. O]
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Chapter 3

The Stone’s Representation Theorems and

compactifications of a discrete space

Stone’s spaces are central objects in this thesis. The Stone’s Representation Theorems
show that there is a duality between the category of Boolean algebras and the category of
Stone’s spaces. Compactifications of a discrete space can be constructed as the Stone’s spaces
of some sub-Boolean algebra of its power set. This chapter is based on the preprint of the

following paper: H. Rashed, The Stone’s Representation Theorems and compactifications of

a discrete space, arXiv:2112.07821 [math.GN].

3.1 Boolean algebras and their homomorphisms

Definition 3.1.1. A Boolean algebra (B,+,:,—) is a set B equipped with two binary
operations +, - and a unary operation — called the complement, where the following are
satisfied:

(1) + and - are commutative and associative, that is:

erx+y=y+rxandz-y=y- -z, foral z,y € B.
er+(y+z)=(+y)+zandz-(y-2)=(z-y)-z forall z,y,z € B.

(2) + is distributive over -, and - is distributive over +, that is:

erx+(y-2)=(r+y) (xr+2), foral z,y,z € B.

ex-(y+z2)=(r-y)+ (x-z2),foral x,y,z € B.

32



(3) + and - are connected by the absorption law, that is:
er+(x-y)=x-(r+y) == foralzyecbB.

(4) There exist two elements 0,1 € B satisfying:

oz + (—x) =1, for all z € B;

oz (—-x)=0,forall z € B.

Example 3.1.2. Consider the power set P(X) of X; then (P(X),+,+, ) is a Boolean algebra,
where +:=U, - :=N,0:=0, 1:= X and ~A := X \ A for all A € P(X). The Boolean
algebra (P(X),U,N, ) is called the power set Boolean algebra.

Definition 3.1.3. Let (B, +,-,—) be a Boolean algebra, a subset A C B is called a sub-
Boolean algebra if (A, +, -, —) is itself a Boolean algebra.

Example 3.1.4. Let X be a topological space. The family of all clopen subsets Clop(X) :=
{U < X : U is clopen} is a sub-Boolean algebra of P(X). The Boolean algebra
(Clop(X),+,-, ) is called the clopen Boolean algebra associated with X .

Example 3.1.5. Let G be a group acts on X ; a subset A C X is called G-commensurated
or G-almost invariant if g - AAA is a finite subset of X for all g € G. The family of
all G-commensurated subsets of X is denoted by Commeg(X). Commg(X) is a sub-Boolean

algebra of P(X) (7).

Example 3.1.6. Let G be a group acts on X; define a relation ~ on Comme(X) by: for all
A, B € Commg(X), A~ B if and only if AAB is finite. Then:

(a) The relation ~ is an equivalence relation on Commeg(X).

(b) The family of all equivalence classes CommG(X)/N = {[A] : A € Commg(X)} of
Commg(X) is a Boolean algebra with operations:

o [A]+[B]:=[AU B];

o [A]-[B]:=[AN B,

o ~[A]:=[X\ A].

The fact that the binary relations + and - being connected by the absorption law gives

us the following properties.
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Proposition 3.1.7. Let (B, +,-,—) be a Boolean algebra, the following are satisfied:
a) - is idempotent, that is 12* .= x-x = x, for all v € B.

b) + is idempotent, that is 2x == x +x = x for all x € B.

)
Y1z ==, forallx € B.
d) 14+z=1, forall x € B.
e) 0+x=ux, forall x € B.

(
(
(c
(
(
(

f)0-z=0, for all x € B.

Proof. (a) Let y € B, then x = x + (x - y) and therefore 22 =z - (z + (z - y)) =

(b) By part a) we have 2r =2 + 2?2 =z - (v + ) = z.

()x-1=x-(r+ (-z)) ==

(d)1+zx=(x+(—2)+z=20+(-x)=x+ (-x) = 1.

(e)0+z=ax+0=a+ (- (-2)) ==z
(N0z=x-0=x-(x-(~x)) =2 (-z)=x-(-z) =0. O

Proposition 3.1.8. Let (B, +,-,—) be a Boolean algebra and x,y € B. Then:
(a) Ifx-y=0and x+y =1, theny = —x.

(b) =(—z) = x.

(¢) 21 =0 and =0 = 1.

Proof. Notice that part (b) and (c) follow from (a). Let x,y € B, such that z -y = 0 and
z+y = 1. On one hand, one has -z = —z-1 = -z (z+y) = (—x) -2+ (—x)-y = 0+ (—x) -y =
-z -y. On the other hand, ~x = -2 +0=(—z-y)+ (z-y)=(—z+z) - y=1-y=y. O

Proposition 3.1.9. Let (B,+,,—) be a Boolean algebra, and define a relation < on B by:
x <y ifand only if t+y =y for allx,y € B. Then the relation < is a partial order relation
on B.

Proof. e Reflexivity: for allz € B, z + x =2?+ 2> =z - (z + ) = x and hence = < z.

e Antisymmetry: for all z,y € B, if <y and y < x then z +y = y and = + y = x; thus,
xr=y.

e Transitivity: for all z,y,2 € B, if xr <y and y < 2, then z +y =y and y + 2 = 2. Thus,
r+z=x+4+(y+2)=(r+y)+2=y+ 2z =2 which implies that = < z. O
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Proposition 3.1.10. Let (B,+,-,—) be a Boolean algebra and x,y,z’,y € B. Then:

r<r4+yandr-y<y<r+y.

Ty < <
Ifr<yandx' <y, thenx-2' <y-y.
<

yandx' <y, thenx +2' <y+v.

Proof. (a) Let x € B,sincex+0=zxandz+1=1,s00< z < 1.

(b) Let z,y € B, since z+(x-y) =z and x+ (z+y) = 2x+y = z+y, hence z-y < z < x+y.
Similarly, z -y <y <z +y.

(c) Let z,y,2',y € B and assume that * < y and 2’ < 3. Now, y-y <z-2'+y-y <
v +r-y+y-d+y-y=x-@+y)+y- (@'+vy)=(r+y) (2’+v) =y -y and hence
-2 +y-y =y-y as desired.
(d) Let z,y,2',y € B and assume that x < y and 2’ < ¢/, then (z +2') + (y + ') =
(+y)+ @ +y)=y+y.
(
(

e) Let x,y,z € B such that = < z and y < z; then by part (b), z +y < 2z = 2.

y; then by part (c), z =22 <z -y.

NN

<
f) Let z,y, z € B such that z < z and z

3.1.10 tells us that every Boolean algebra is a distributive lattice.

Definition 3.1.11. Let (B, +,-,—) and (B’,+/,-/, =) be Boolean algebras. A map

¢ : B — B'is called a homomorphism if for all z,y € B:
e o(r+y) = p(@) + oY),
e oz -y) = p(x) " o(y),
® 0(0p) = 0p and p(15) = 1p.
Notice that for z € B, since 0p = ¢(0p) = p(z-(—2)) = p(z) ' p(—-x) and 15 = ¢(1p) =
o(x + (—x)) = p(x) + p(—x), hence by 3.1.8, ¢(—x) = —'p(x).

Example 3.1.12. The field Zy is a Boolean algebra where the complement — of its elements

1s gwen by: —0 := 1 and -1 := 0. Moreover, Zs s unique up to isomorphism; that is,
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any Boolean algebra with cardinality 2 is isomorphic to Zo. Zs is called the two-element

Boolean algebra.

Now we associate a Boolean algebra to any given topological space with the property
that any continuous map between two topological spaces induces a homomorphism between
their associated Boolean algebras; and if the two topological spaces are homeomorphic, their

associated Boolean algebras are isomorphic.

Proposition 3.1.13. Let X be a topological space. Then:

(a) If f : X — Y is a continuous map between topological spaces, it induces a homomorphism
F: Clop(Y) — Clop(X).

(b) If f: X — Y is a homeomorphism between topological spaces, it induces an isomorphism

IR Clop(Y) — Clop(X).

Proof. (a) Let f : X — Y be a continuous map between topological spaces, and define
[+ Clop(Y) — Clop(X) by f(U) = f~YU) for all U € Clop(Y). Clearly, the map f :
Clop(Y') — Clop(X) is a homomorphism.

(b) Let g : Y — X be a continuous map such that g o f = idx and fog = idy. By
part (b), g : Clop(X) — Clop(Y) is a homomorphism. Moreover, fo g = idciop(x) and

go [ =idciopy)- ]

The clopen Boolean algebra associated with a topological space X is the two-elements
Boolean algebra if and only if X is connected. The more components X has, the more
interesting the Boolean algebra Clop(X) is. Hausdorff compact spaces that are totally
disconnected are of a particular interests as every Boolean algebra is the clopen Boolean

algebra associated with a such topological space.

3.2 Stone’s space of a Boolean algebra

In this section, out of a given Boolean algebra B, we construct a compact Hausdorff totally
disconnected topological space called the Stone’s space associated with the Boolean algebra

B such that every homomorphism between two Boolean algebras induces a continuous map
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between their associated Stone’s spaces. One way to construct a such space is by taking
the set of all ultrafilters of B as the underlying set of the Stone’s space associated with a
Boolean algebra B. We first give a characterization of a totally disconnected space X, when

X is locally compact.

3.3 Characterization of locally compact totally disconnected
spaces

Definition 3.3.1. Let X a Hausdorff topological space:

e X is called totally disconnected if the connected components of X are exactly the
singletons. Obviously, every discrete topological space is totally disconnected; however, the
converse does not hold. QQ as a subspace of R serves as an example of a totally disconnected
space that is not discrete.

e X is called a Stone’s space if it is compact and totally disconnected.

e X is called zero-dimensional if X admits a basis consists of clopen subsets.

Definition 3.3.2. Let X be a non-empty set and A C P(X). A is said to satisfy the finite
intersection property if the intersection of any finitely many elements of A is non-empty. It
is well-known that a topological space is compact if and only if [ A # () for every family
of closed subsets A that satisfies the finite intersection property. e

Proposition 3.3.3. Let X be a topological space. If X is zero-dimensional then it is totally

disconnected.

Proof. Let A C X and z,y € A be distinct elements. Since X is a T} space, we can find a
clopen subset U containing x but not y. Let V := X \ U, then U and V are disjoint open
subsets containing x and y, respectively, and X = U U V. O

When X is locally compact, the concept of being totally disconnected coincide with the

concept of being zero-dimensional.
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Lemma 3.3.4. Let X be a Hausdorff compact space. For x € X, let C, be the component
of X containing x, and A, be the family of all clopen subsets of X containing x. Then,

C.= N A
AcAy

Proof. Notice that every component of X that intersects a clopen subset of X is contained
in that clopen subset, so C;, C ()| A. To prove that (| A C C,, it suffices to show that

(| Aisconnected. Put O, := Aeﬁlz A and assume tha’é4 eUfllmand U, are disjoint closed subsets
ngAOIz such that O, = U; U Us. AVG\%I aim to show that either U; = () or Uy = ). Since X is
normal, there exist disjoint open subsets Vi and V5 of X such that U; C Vi and Uy C V5.
Put V := V; U V,; we claim that there exist finitely many elements Aq,..., A, € A, such
that ﬁ A; C V. Seeking contradiction, assume that the intersection of any finitely many
elemé;tls of A, non-trivially intersects the closed subset X \ V. The family A, U {X \ V}
consists of closed subsets of the compact space X and it satisfies the Finite Intersection
Property, and hence O, N (X \ V) # () which contradicts the fact that O, C V. Let,

Ay, A, € A, such that (A, € V = V3 UV, Without loss of generality, assume
i=1

n
that € Vj, and notice that A := V; N [ A; is an open subset of X. Furthermore, as
i=1

(ﬂA) (VENV,) = (ﬂA) U Vs is open, A=V N ﬂA is a clopen subset of X
Contalmng x, and hence A € .,4 This shows that O, C A C V1 which implies that V5 = ()

and, a fortiori, Uy = (). Thus, O, is connected as desired. n

Proposition 3.3.5. Let X be a compact totally disconnected space. Then X 1is zero-

dimensional.

Proof. Let C, and A, be as in 3.3.4. Notice that C, = (| A = {z}. Let U be an open
A€A,

neighborhood of + € X. We can find finitely many elements Aq,..., A, € A, such that

ﬂ A; C U. Since ﬂ A; is a clopen subset containing x, X admits a basis consists of clopen

=1 =1
subsets. O

Theorem 3.3.6. Let X be a Hausdorff locally compact space. X 1is totally disconnected if and

only if X is zero-dimensional.

Proof. Assume that X is totally disconnected. For x € X, let U be an open neighborhood

of x € X. Since X is a Hausdorff locally compact space, we can find a relatively compact
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open neighborhood V' of x such that V' C ¢l(V) C U. Now, cl(V) itself is compact totally
disconnected as a subspace of X, and by 3.3.5, cl(V') is zero-dimensional. Let A be a clopen
subset of ¢/(V) containing x, then as A C V, A is clopen subset of X containing = and

contained in U. Hence, X is zero-dimensional. The other direction follows from 3.3.3. O

Corollary 3.3.7. Let X be a Hausdorff compact space. X is a Stone’s space if and only if X

18 zero-dimensional.
Proof. Apply 3.3.6. m

One way to construct a totally disconnected space Y from a given topological space X

is to contract each component of X to a singleton.

Lemma 3.3.8. If ¢ : X — Y is a quotient map with the property that the fiber of each y € Y
is contained in some component of X. Then:
(a) ¢ (D) is connected for all D component of Y.

(b) q: X =Y maps each component of X to a component of Y.

Proof. (a) Seeking contradiction, assume ¢~ (D) = U UV where U and V are non-empty
disjoint open subsets of ¢=*(D), then ¢(U) and (V) are non-empty disjoint subsets of D
with D = q(U) U ¢(V'). We claim that ¢(U) and ¢(V') are open subsets of D. To this end,
notice that if z € ¢~!(¢(U)), then ¢(z) = q(a) for some a € U. But, q(z) = q(a) =y € D
(since ¢ is onto) and hence a,x € ¢~!(y) C U as U is clopen subset of ¢7*(D) and ¢ !(y) is
contained in a connected subset. Thus, U = ¢ *(¢(U)) and similarly V' = ¢~!(q(V)). Since
g Y(D) is a closed subset, ¢ : ¢~ (D) — q(¢~'(D)) = D is a quotient map which implies that
q(U) and ¢(V') are open, a contradiction.

(b) Assume that C' is a component of X, then ¢(C) is contained in a component D of Y.
Now, ¢(C) € D and thus C C ¢ '(¢(C)) € ¢ (D). By part (a), C = ¢~*(D) and hence
q(C)=D. O

Proposition 3.3.9. Let X be a Hausdorff space. Define a relation ~ on X by x ~ y if and
only if x and y are in the same component of X. The relation ~ on X 1is an equivalence

relation and the quotient space X /.. is totally disconnected.
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Proof. Clearly the relation ~ on X is an equivalence relation on X. For all x € X, let
[z] == {y € X : x ~ y} be the equivalence class of z and consider the quotient map
q: X — X/. that maps each z to its equivalence class [z]. Notice that the fiber of each [z]
is contained in some component of X. Let D be a component of X/. and let [z],[y] € D.
By above lemma, ¢~*(D) is connected and z,y € ¢~'(D), and thus [z] = [y]. This proves
that D = [z] is a singleton and hence X/ is totally disconnected. O

3.4 Stone’s space of a Boolean algebra as the family of its
ultrafilters

Now we construct the Stone’s space that is associated with a Boolean algebra using its

ultrafilters as the building blocks.

Definition 3.4.1. Let (B, +,-,—) be a Boolean algebra, and F' be a nonempty subset of B;
Fis called a filter of B if:

etorallz,ye F,x-yeF.

etorallz € Fandy € B, if z <y, theny € F.

e [ is called a proper filter if it is a filter contained properly in B. Clearly, a filter F' is
proper if and only if 0 ¢ F.

Definition 3.4.2. Let (B, +,-,—) be a Boolean algebra, and A C B, A is said to satisfy the

finite product property if for any finitely many elements zy,...,z, € A, then zy-...-x, # 0.

In the Boolean algebra (P(X),U,N,—), a subset of P(X) satisfies the finite product
property if and only if it satisfies the finite intersection property. Furthermore, F' € P(X) is
a filter of the Boolean algebra P(X) if and only if it is a filter in the usual sense.

It can be evidently seen that every subset of a proper filter must satisfy the finite product
property. Moreover, every subset of of a Boolean algebra that satisfies the finite product

property is contained in a proper filter.

Proposition 3.4.3. Let (B, +,-, ) be a Boolean algebra and A be a nonempty subset of B that
satisfies the finite product property. Then, A is contained in a proper filter Fo. Furthermore,
if F'is a filter containing A, then Fy C F.
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Proof. Set Fy . ={x € B:xzy-... -2, <z forsomen € Nand zy,...,z, € A}. Then:

e Fy#Dasle Fy.

o lfx,y € Fy, then thereexist n,m € Nand x1,...,2,,y1,...,yn € Asuchthat x{-.. ..z, <=z
andy; ...y <y. By 3.1.10, 21 -...- 2 - Y1 ... - Y < 2 -y and hence z -y € Fjy.

e By the definition of Fjy, if x € F4 and y € B such that x <y, then y € Fj.

Finally, it is clear that if F4 is contained in every filter containing A. O

Definition 3.4.4. Let (B, +,-,—) be a Boolean algebra and A be a nonempty subset of B
that satisfies the finite product property. The proper filter F4 is called the filter generated
by A. When A = {z} is a singleton, F} is called the principal filter generated by {z}.

Definition 3.4.5. Let (B, +,-, =) be a Boolean algebra, and F' be a proper filter of B;

e F'is called a prime filter if for all x,y € B with x +y € F, then either x € F or y € F.
e F'is called a maximal filter if it is maximal with respect to the inclusion.

e [ is called an ultrafilter if for all x € B, either x € F' or =z € F' and not both.

e The family of all ultrafilters of B is denoted by U(B).

Lemma 3.4.6. Let (B, +,-,—) be a Boolean algebra, and F' be a proper filter of B. For every
x € B\ F, there exists a mazximal filter M of B containing F" such that x ¢ M.

Proof. The family F :={F C B : F is a proper filter containing F’ and = ¢ F } is partially
ordered by the inclusion. Let C C F be a chain; then F = |J F is an upper bound of C in

FeC
F. By Zorn’s Lemma, F contains a maximal element M. O

Lemma 3.4.7. Let (B,+,-,—) be a Boolean algebra, and F' be a proper filter of B. F is an
ultrafilter if and only if it is a prime filter.

Proof. Assume that F is an ultrafilter of B. Let x,y € B\ F. Since F is an ultrafilter, one has
-z, -y € F. Seeking contradiction, assume that x +y € F, then (—x)-(x+y) = (-x)-y € F
and hence ((—x) -y) - (-y) = 0 € F, a contradiction.

Conversely, If F' is prime and x € B\ F; then as x + (—z) = 1 € F, =z must be in F

and hence F' is an ultrafilter. O

Lemma 3.4.8. Let (B,+,,—) be a Boolean algebra, and F be a proper filter of B; F is an

ultrafilter if and only if it is a maximal filter.
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Proof. Assume that F' is an ultrafilter of B. Seeking contradiction, assume that F' is not a
maximal filter. Let M be a maximal filter containing F' and let x € M \ F. Since F is an
ultrafilter, -z € F C M. Thus, x,~x € M and in particular z-—x = 0 € M, a contradiction.

Conversely, let F' be maximal and = € B\ F; notice that if a -z # 0 for all a € F, then
A := FU{x} satisfies the finite product property. By 3.4.3, F' is contained in a proper filter
F4. Since F is maximal, F' = F4 which contradicts that fact that + € B\ F. Therefore,
there exists a € F such that a- 2 =0. Now,a=a-1=a-(z+ (-2)) =a-(—-x) € F, and

since a - (—x) < =z, -z must be in F and hence F' is an ultrafilter. ]

Corollary 3.4.9. Let (B, +,-, ) be a Boolean algebra, and F' be an ultrafilter of B; if v € B
such that x -a # 0 for alla € F, then x € F'.

Proof. Notice that A := F U {z} satisfies the finite product property. Hence F4 is a proper
filter containing F. By the maximality of F, one has F' = F4 as wanted. O]

Example 3.4.10. Consider the power set Boolean algebra (P(X),U,N,—) and x € X; the
principal filter F, generated by x is an ultrafilter. Moreover, as ultrafilters are mazximal, if

F is an ultrafilter containing {x}, then F, = F.

Lemma 3.4.11. Let (B, +,-,—) be a Boolean algebra, and F be a proper filter of B; F is an

ultrafilter if and only if F' = 90;1{1} for some homomorphism ¢ : B — Zs.

Proof. Assume that F' is an ultrafilter, and define ¢, : B — Zs by:

0 ifzx¢F
po(r) =
1 ifzeF

We claim that ¢, : B — Zy is a homomorphism.

e Clearly, ¢ (0p) =0 and ¢, (1p) =1 as 1z € F and 0p & F.

e Let x,y € B; on one hand, if x +y € F then either x € F or y € F. Without loss of
generality assume that z € F', then ¢ (z) =1 and ¢, (z) + ¢,(y) =1 + ¢, (y) = 1. Hence,
1 =g, (r+y) =p.(r) +¢,(y). On the other hand, if z +y ¢ F then v ¢ F and y ¢ F.
Hence, 0 = ¢, (z +y) = ¢,(z) + ¢,.(y).

e Let 2,y € B; on one hand, if z -y € F', then z € F and y € F. Hence, 1 = ¢ (7 -y) =
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¢ (%) - »,(y). On the other hand, if z -y ¢ F, then either z ¢ F or y ¢ F. Without loss of
generality assume that © ¢ F, then 0 = ¢ (z-y) = 0- ¢ (y) = ¢,(2) - ¢, (y). Therefore,
¢, B — Zs is a homomorphism and F' = gp:{l}.

Conversely, let ¢ : B — Zy is a homomorphism, and let F':= go;l{l}. Clearly, F'is a
proper filter. If z € B\ F, then ¢, (-z) = =, (z) = =0 =1 and hence ~x € F. O

Definition 3.4.12. Let (B, +, -, —) be a Boolean algebra; and I C B:

e [ is called an ideal if for all a,b € [ and z € R, then x-a,a+ b € I.

e A proper ideal [ is called a prime ideal if for all x,y € B with x -y € I, then either x € [
orz e l.

e A proper ideal I is called a maximal ideal if it is maximal with respect the inclusion.

Lemma 3.4.13. Let (B,+,-,—) be a Boolean algebra, and I be a proper ideal of B; I is a
prime ideal if and only if [ = 90;1{0} for some homomorphism ¢, : B — Zs.

Proof. Assume that I is a prime ideal, and define ¢ : B — Zs by:

0 ifeel
¢, (z) =
1 ifxegl

We claim that ¢, : B — Zy is a homomorphism.
e Clearly, ¢ (0p) =0 and ¢ (1g) =1 as 1p ¢ [ and Op € I.
e Let x,y € B; notice that z +y € I if and only if x,y € I. Indeed, if x ¢ [ and z +y € I,
then by the absorption law one has z - (r +y) =z + 2 -y = x € I, a contradiction. Now, if
z+y €l thenz,y €l and hence 0= (r+y) =9 (x)+¢,(y). Uo+y¢lthenz,y¢l
and hence 1 = ¢ (z+y) = ¢, (z) +¢,(y) as 1 +1=1.
e Let z,y € B;ifeither x € [ ory € I, then z-y € I and hence 0 = ¢ (z-y) = ¢ (x) - ¢,(y).
If 2,y ¢ I, then as I is prime z -y ¢ I and hence 1 = ¢ (2 -y) = ¢, (7) - ¢,(y).

Conversely, let ¢, : B — Zy is a homomorphism such that [ := <p;1{0}. Clearly, I is
a proper ideal. Seeking contradiction, assume that x,y € B\ I such that = -y € I, then

0= 801@ : y) = 901(96) . sOI(y) = 1, a contradiction. 0
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Corollary 3.4.14. Let (B,+,+,—) be a Boolean algebra, and F C B. F' is an ultrafilter of B

if and only if B\ F is a prime ideal.
Proof. Apply 3.4.11 and 3.4.13. O
From 3.4.7, 3.4.8, 3.4.11 and 3.4.13, we have:

Corollary 3.4.15. Let (B,+,-,—) be a Boolean algebra, and F' C B be a proper filter. The
following are equivalent:

(a) F is an ultrafilter.

(b) F is a prime filter.

(c) F is a mazimal filter.

(d) B\ F is a prime ideal.

Notation 3.4.16. Let B be a Boolean algebra and x € B, we put:
U,={Fe€eU(B):xz€F}.

Lemma 3.4.17. Let (B,+,-,—) be a Boolean algebra. Then:

(a) For all z,y € B, U, N U, = U,.,.

(b) If z1,...,x, € B, then ﬁ Uy, =0 if and only if x1 - ...z, = 0.

(c) For all x,y € B, U, U (}:12 Usty-

(d) For allx € B, U(B)\ U, = U-_,.

(e) The family {U, : x € B} is a basis for a topology Tusy on U(B) in which U, is a clopen

subset for all x € B.

Proof. (a) Let z,y € B, then F € U,NU, if and only if x - y € F.
(b) By 3.4.3, 3.4.6 and 3.4.8, U, = 0 if and only if x = 0. Applying part (a),

ay

Uy, =0 if

=1

and only if z1 -...-x, =0.

(c) Let z,y € B. If F € U, UU,, then either x € F or y € F} in either case,  +y must be in
F. Conversely, if F' € U,,, then x +y € F' and hence either x € I' or y € F" as F is prime.
(d) Let € B, as F' is an ultrafilter then = ¢ F' if and only if —x € F.

(e) The family {U, : z € B} being basis follows from part (a) and the fact that U; = U(B).
Part (c¢) shows that U, is a clopen subset for all x € B. O
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Theorem 3.4.18. Let B be a Boolean algebra, the topological space (U(B), Tu(m)) is a Stone’s

space.

Proof. e U(B) is Hausdorff. Indeed, let Fy, F» € U(B) be distinct ultrafilters and let = €
Fy \ Fy, then -z € F, and hence F; and F, are contained in the disjoint open sets U, and
U_., respectively.

e U(B) is compact. To this end, it suffices to show that for arbitrary collection C of closed
sets of U(B) that satisfies the finite intersection property, then [ C # (). Notice that for
every C' € C, there exists Ac C B such that C = [ U,. Puiejl := |J A¢, and notice
that as C satisfies the finite intersection property, th: Ef;fnily {U, 1z € Afz(;tisﬁes the finite
intersection property and hence, by 3.4.17 part (b), A satisfies the finite product property.
Let F4 be an ultrafilter of B containing A. Therefore, Fy € (\ U, = ) C.

e Since (U(B), Tu(p)) is locally compact and it admits a basize(?onsistScoefc clopen subsets, by

3.3.6 it is totally disconnected. O]

It is worth mentioning that if G is a group that acts on X; the Stone’s space of the

Boolean algebra €M (X) /| given in 3.1.6, is called the space of ends of X (see (7)).

Notation 3.4.19. For A C X, the family of all principal filters F,, such that a € A is denoted
by Pr(A); that is Pr(A) :={F, e U(P(X)) : a € A}.

Proposition 3.4.20. Let F € U(P(X)) and A € P(X). A€ F if and only F € cl(Pr(A))
where the closure is taking in the topological space U(P(X)).

Proof. Assume that A € F, and let U be a neighborhood of F. Since A, B € F', ANB # ().
Pick a € AN B, then F, € Ug N Pr(A).

Conversely, assume that F' € cl(Pr(A)). By 3.4.9, to show that A € F, it suffices to show
that for every B € ', ANB # (). Indeed, if B € F, then F' € Ug and hence UgN Pr(A) # (.
Therefore, there exists a € A such that F, € Ug, and hence a € AN B as desired. O

Corollary 3.4.21. Let B be a Boolean algebra and C' be a clopen subset of U(B). There exists
x € B such that C = U,, where U, = {F € U(B) : x € F}.

Proof. On one hand, C'is an open subset of U(B), so C there exists a subset A C B such that
C = |J U,. On the other hand, C'is a closed subset of the Hausdorff compact space U(B)

z€EA
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and hence it is compact. In particular, there exist z1,...,z, € A such that C = |J U,,. Put
i=1

r=x1+...+x,, then C' = U, as desired. O

Theorem 3.4.22. Every homomorphism ¢ : By — By between Boolean algebras induces a

continuous map ¢ : U(By) — U(By) between their associated Stone’s spaces. If, moreover, ¢ :

By — By is an isomorphism, then its induced map @ : U(By) — U(By) is a homeomorphism.

Proof. First notice that if F' is an ultrafilter of By, then ¢ '(F) is an ultrafilter of B.
Consider the map ¢ : U(B2) — U(B;) that sends F € U(Bs) to ¢ ' (F). Now, if U, is a
clopen subset of U(By), then ¢ '(U,) = Uy as F € ¢ 1(U,) if and only if ¢(F) € (U,)
if and only if ¢~ '(F) € (U,) if and only if p(x) € F, an hence @ : U(By) — U(By) is
continuous. It is straightforward to see that ¢ : U(By) — U(Bs) is a homeomorphism when

¢ : By — By is an isomorphism. O

3.4.1 The Stone’s representation theorems

Every Boolean algebra (up to isomorphism) is the clopen Boolean algebra associated
with some Stone’s space; and conversely, every Stone’s space (up to homeomorphism) is the
space of all ultrafilters of some Boolean algebra. These tow facts are the core of the Stone’s

representation theorems.

Theorem 3.4.23. (Stone’s representation theorem for Boolean algebras) Up to
tsomorphism, every Boolean algebra is the clopen Boolean algebra for some Stone’s space.

More specifically, if B is a Boolean algebra, then it is isomorphic to the Boolean algebra

Clop(U(B)).

Proof. Let (B,+,-,—) be a Boolean algebra; consider the map ¢ : B — Clop(U(B)) that
sends each x € B to U, € Clop(U(B)). It is straightforward to see that ¢ : B — Clop(U(B))
is a homomorphism. It is, moreover, surjective by 3.4.21. Now, let xz,y € B be distinct
elements, then either z £ y or y £ x. Without loss of generality, assume that z £ y, then
y ¢ F,, where F) is the principal filter generated by x. Let M, be a maximal filter containing
F, such that y ¢ M,. Notice that M, € U, and M, ¢ U,; hence U, # U,. Consequently,
v : B — Clop(U(B)) is an isomorphism as desired. O
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Lemma 3.4.24. Let X be a Stone’s space. Then:
(a) For every x € X, the family F* := {U € Clop(X) : x € U} is an ultrafilter of the clopen
Boolean algebra Clop(X).
(b) If F' is an ultrafilter of Clop(X), then UﬂFU = {xp} for some zp € X.
€

Proof. (a) Since X is totally disconnected, Clop(X) is a basis for X. Since X is Hausdorff
F* is a proper subset of Clop(X). Evidently, F* is a filter; and if V' € Clop(X) \ F*, then
U := X\ V is a clopen subset containing z and hence it is contained in F**. Thus, F** is an
ultrafilter.

(b) Let F' be an ultrafilter of Clop(X). Since F is a family of closed sets of the compact space
X and that it satisfies the finite intersection property; hence (] U is non-empty. Seeking
contradiction, let z,y € () U be distinct elements. Let U, gZFa clopen set containing x
such that y ¢ U,. NoticeUtehgt U, := X \ U, is a clopen subset containing y. Since F'is an
ultrafilter, either U, € F or U, € F'. Without loss of generality, assume that U, € F', then

asy ¢ U,, y ¢ UﬂF U, a contradiction. O
S

Theorem 3.4.25. (Stone’s representation theorem for Stone’s spaces) Up to
homeomorphism, every Stone’s space is the ultrafilter space of some Boolean algebra. More

specifically, if X is a Stone’s space then it is homeomorphic to U(Clop(X)).

Proof. Let X be a Stone’s space. Exploiting 3.4.24(a), we define the map ¢ : X —
U(Clop(X)) that sends each z € X to F*. To show that ¢ : X — U(Clop(X)) is
homeomorphism, it suffices to show that it is continuous bijective map as X and U(Clop(X))
are compact Hausdorff spaces.

e ¢ is injective. Indeed, let =,y € X be distinct elements. Since X is Hausdorff and
Clop(X) is a basis for X, there exists U, € Clop(X) containing = such that y ¢ U,. Hence,
U, € F*\ FY.

e ¢ is surjective. Indeed, let F' be an ultrafilter of Clop(X), then (| U = {zr}, by 3.4.24(b).
Now, by 3.4.24(a), F*F is an ultrafilter and it is obvious that ]g Eé F*r_ Since ultrafilters
are maximal, [’ = F7F,

e ) is continuous. To this end, notice that a basis element of U(Clop(X)) is of the
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form Us = {F € U(Clop(X)) : C € F} for some a clopen subset C' of X. Now,
Vv N Ug)={z€X:F*eUs}={re X :C e F} =C and thus 1 is continuous. O

Corollary 3.4.26. (a) Let By and By be Boolean algebras; then By and By are isomorphic if
and only if their Stone’s spaces U(By) and U(Bsy) are homeomorphic.

(b) Let X andY be Stone’s spaces; then X andY are homeomorphic if and only if Clop(X)
and Clop(Y') are isomorphic.

Proof. (a) Assume that the Stone’s spaces U(By) and U(Bs) are homeomorphic. By 3.1.13,
Clop(U(By)) and Clop(U(Bz)) are isomorphic. By 3.4.23, B; and B; are isomorphic. The
other direction follows from 3.4.22.

(b) If X and Y are homeomorphic, then by 3.1.13, Clop(X) and Clop(Y') are isomorphic.
Conversely, assume that Clop(X) and Clop(Y') are isomorphic, then by 3.4.22, U(Clop(X))
and U(Clop(Y')) are homeomorphic. Therefore, by 3.4.25, X and Y are homeomorphic. []

3.5 Compactifications of a discrete space

In the case of discrete spaces, every compactification of a discrete space X is determined
by a sub-Boolean algebra B C P(X) that separates points of X; and conversely, every sub-
Boolean algebra B C P(X) that separates points of X determines a compactification of
X. Every compactification of X is totally disconnected. The domination relation between
any two compactifications of X is determined by the relation between their corresponding

sub-Boolean algebras.

Lemma 3.5.1. Let X be a non-empty set and B C P(X) be a sub-Boolean algebra. The
family {F, : x € X}, where F, :={A € B:x € A}, is a dense discrete subspace of U(B).

Proof. Notice that a basis element of U(B) is of the form Uy = {F € U(B) : A € F},
and that for z € X, F, := {A € B: x € A} is an ultrafilter of B. Now, for any a € A,
F, e UsnN{F,: 2 € X} and hence {F, : x € X} is a dense subset of U(B). Moreover, for
any « € X, the singleton {F,} is an open set as {F,} = U,y is a singleton. Consequently,
{F, : x € X} is a discrete subspace of U(B). O
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Definition 3.5.2. Let X be a non-empty set and B C P(X) be a subset. B is said to separate
points of X if for all x,y € X such that x # y, there exists A € B such that z € A and
ye X\ A

Theorem 3.5.3. Let X be a non-empty set and B C P(X) be a sub-Boolean algebra. If B

separates points of X, then U(B) is a compactification of X.

Proof. Define o : X — U(B) that sends each x € X to F, € U(B).

e a: X — U(B) is continuous as X is discrete.

e [t is injective since B separates points of X. Indeed, if x,y € X are distinct, then there
exists A € Bsuch that x € Aand y € X \ A. Because A € F, and X \ A € F, a(z) # a(y).
e a: X = U(B)is open as for all z € X, a({z}) = {F,} = Uy by 3.5.1,

e o(X) = {F, : © € X} which is a dense subset of U(B). Therefore, U(B) is a

compactification of X. O

Example 3.5.4. Let G be a group acts on X; then Commeg(X) is a sub-Boolean algebra of
P(X) that separates points of X. The compactification U(Comme(X)) of X is called the

end compactification.

Example 3.5.5. Let X be a non-empty set, the family By := {A € P(X) : A is finite or X\ A
is finite} is a sub-Boolean algebra of P(X) that separates points of X. We will prove that
the compactification U(By) is the one-point compactification of X (7).

3.5.1 The one-point compactification of a discrete space

Let Y := X U {oo} be the one-point compactification of the discrete space X. It can be
easily seen that a subset A C Y is clopen if and only if either A is a finite subset of X or
Y\ A is finite. We aim to show that the one-point compactification of X is the Stone’s space

of the Boolean algebra By := {A € P(X) : A is finite or X \ A is finite}.

Theorem 3.5.6. Given a non-empty set X, the family By := {A € P(X) : A is finite or
X \ A is finite} is a sub-Boolean algebra of P(X) that separates points of X. Moreover, as

a discrete space U(By) is the one-point compactification of X.

49



Proof. The first part is straightforward. Let Y := XU{oo} be the one-point compactification
of X. Asnoticed a subset A C Y is clopen if and only if either A is a finite subset of X or Y\ A
is finite. In particular, if A € Clop(Y'), then A\{oco} € By. Define the map ¢ : Clop(Y') — By
that sends A € Clop(Y') to A\ {oo}. It is straightforward to see that ¢ : Clop(Y) — By is an
isomorphism and Y is a Stone’s space. Hence, by 3.4.26, Y = U(Clop(Y')) is homeomorphic
to the Stone’s space U(By). O

3.5.2 The Stone-Clech compactification of a discrete space

The compactification Y is called the Stone-Clech compactification if for any compact
Hausdorff space K, every continuous map f : a(X) — K admits a continuous extension
f:Y — K. For the discrete space X, the topological space U (P(X)) is a compactification
of X:; we aim to show that U(P(X)) is the Stone-Ceech compactification of X. We first
give a characterization for the continuity of a map between topological spaces in terms of

convergence of filters.

Definition 3.5.7. Let X be a topological space, and I be a filter of P(X). We say that F
converges to x € X if for every neighborhood U of X, there exists A € F' such that A C U.

Example 3.5.8. Let X be a topological space, and x € X. The family N(z) of all
neighborhoods of x is a filter called the neighborhood filter of x. Clearly, N () converges
to x. Moreover, a filter F converges to = if and only if N'(x) C F.

A function f : X — Y between sets maps filters (ultrafilters) of P(X) to filters
(ultrafilters) of P(Y).

Lemma 3.5.9. Let f : X — Y be a function. Then:
(a) If F' is a filter of P(X), then Fy:={f(A): A€ F} is a filter of P(Y).
(b) If F is an ultrafilter of P(X), then Fy:={f(A) : A € F} is an ultrafilter of P(Y).

Proof. (a) Let F be a filter of P(X); observe that for any B € P(Y), f(f~'(B)) = B. Now:
o Let By, By € Fy, then there exist Ay, Ay € F such that f(A;) = By and f(A2) = Bs.
Since Ay N Ay € F and A; N Ay C f71(By N By) and hence f~1(B; N By) € F. Therefore,
f(f7Y(BiNBy)) =B NDBy € Fy.
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e B€ Fyand C CY such that B C C. Let A € F such that f(A) = B; since A C f~1(C),
then f~1(C) € F and hence f(f*(C)) =C € Fy.

(b) Let F' be an ultrafilter of P(X), then F} is a filter of P(Y). Moreover, if B C Y, then
either f~1(B) € For X\ f~!(B) = f~(Y\B) € F and therefore either B = f(f~'(B)) € F}
or Y\ B=f(j7(Y\ B)) € Fy. a

Lemma 3.5.10. A map f : X — Y between topological spaces is continuous if and only if for

every x € X and every filter F' of P(X) that converges to x, the filter Fy converges to f(x).

Proof. Assume that f : X — Y is continuous, and F is a filter of P(X) that converges to
z. Let V be a neighborhood of f(z), then f~*(V) is a neighborhood of z and consequently
[~ (V) € F. Hence, V = f(f~1(V)) € F; which implies that F} converges to f(x).
Conversely, assume that for every z € X and every filter F' of P(X) that converges to
x, the filter F; converges to f(z). Since the neighborhood filter F = N (z) of x converges
to x, the filter F'; converges to f(z). Let V C Y be a neighborhood of f(z), then V € I}
and therefore there exists U € F such that f(U) = V which proves that f : X — Y is

continuous. OJ

Theorem 3.5.11. Let X be a non-empty set equipped with the discrete topology. The
compactification U(P(X)) of X is the Stone-Clech compactification.

Proof. By 3.5.3, U(P(X)) is a compactification of X. Let K be a compact Hausdorff space,
and f: a(X) — K be a continuous map, where a : X — U(P(X)) is the embedding defined
in the proof of 3.5.3.

Claim 1: For every F € U(P(X)), [ cl(f(a(A))) is a singleton.

Proof of claim 1: Put g := foa. flx\?gtice that the family F' satisfies the finite intersection
property and hence the family {g(A) : A € F} satisfies the finite intersection property.
Therefore, the family of the closed sets {cl(g(A)) : A € F'} satisfies the finite intersection
property. Consequently, [ cl(g(A)) # 0, as K is compact. Since F' is an ultrafilter, for
every O C X, either O € %Egr X\ O € F;in particular, if O1, Oy C X are disjoint subsets of
X, then there exists A € F such that either ANO; =0 and ANOy # 0 or ANO; # () and

AN Oy =0. Seeking contradiction assume that a,b € [ cl(g(A)) are distinct, and choose
A€F
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two disjoint neighborhoods U, and U, of a and b, respectively. Since g~ '(U,) and g~ '(U,)
are disjoint, we may choose, without loss of generality, A € F such that AN g~ (U,) # 0
and AN g ' (Uy) = 0. Hence, g(A) NU, # 0 and g(A) N U, = 0, and thus b ¢ cl(g(A)), a

contradiction. Therefore, there exists ar € K such that () cl(g(A)) = {a,}.
A€F

Claim 2: Define f : U(P(X)) — K by f(F) = a,. Then f is an extension of f.
Proof of claim 2: For z € X, then f(F,) = a, . On the other hand, F, € a(A) for all

A € F, and hence f(F},) € ﬂ fla(A))) C Q cd(f(a(A))) =Aa, }.
Claim 3: cl(f(U4)) = cl(g (A)) for all A e P(X

); where:

Us={F e€U(P(X)): Ae F}.

Proof of claim 3: Let a € f(UA), then there exists ' € Uy such that a = a, where
{an} = AQF cl(g(A)) C el(g(A)), and hence cl(f(UA)) C cl(g(A)). On the other hand, since
F,eUyforalla € A, thus g(a) = f(F,) = f(F.) € f(Ua). Therefore, cl(g(A)) C cl(f(Ua)).
Claim 4: f: U(P(X)) — K is continuous.

Proof of claim 4: By 3.5.10, it suffices to show that if F is a filter of P(U(P(X))) that
converges to I € U(P(X)), then F5 converges to f(F). Notice that for all A € F, F € Uy,
and since F converges to F' and Uy is a neighborhood of F'; U, must be in F. Consequently,
{f(Us) : A e F} C Fp. Since F(UL) C d(f(Uq) = c(g(A)) and F7 is a filter, so
{cl(g(A)) : A€ F} C F7. Now, let O be a neighborhood of F(F) = a,. Choose a relatively
compact neighborhood V of a,, € ﬂ cl(g(A)) such that V C (V) C O. AsVng(A) #0
for all A € F' and that Fj is an ultraﬁlter hence, by 3.4.9, V € F, and therefore there
exists B € I such that V' = g(B). Thus, c/(V) € F7 and cl(V) C O which implies that F7
converges to f(F). As a result, U(P(X)) is the Stone-Clech compactification of X. O

Corollary 3.5.12. Let X be a non-empty set equipped with the discrete topology, and Y be a
compactification of X, then Y is totally disconnected.

Proof. Let X be the Stone-Clech compactification of X, then Y is a quotient space of the

totally disconnected space SX, and therefore Y is totally disconnected. O
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When X is infinite, its Stone-Clech compactification is non-metrizable.

Theorem 3.5.13. Let X be an infinite discrete space. The Stone-C'ech compactification X

18 non-metrizable.

Proof. Seeking contradiction, assume that 5X is metrizable. Choose w € X \ X and a
sequence (x,)nen of distinct elements of X that converges to w. Let A := {x3, : n € N},
and x4 : X — {0,1} be the characteristic function of A. Since y 4 is continuous, it admits
a continuous extension x4 : SX — {0,1}. On one hand, we have xa(clzgxA) = {1}, and
hence xa(w) = 1. On the other hand, we have xa(z2,_1) = 0 for all n € N and (29,_1)nen

converges to w, a contradiction. O

Now we prove the converse of 3.5.3.

Theorem 3.5.14. Let Y be a compactification of the discrete space X ; there exists a sub-
Boolean algebra B C P(X) that separates points of X such that Y is homeomorphic to
UB).

Proof. Without loss of generality we may assume that X C Y. Put B:={ANX : A €
Clop(Y)}. It is straightforward to see that B C P(X) is a sub-Boolean algebra that separates
points of X. Therefore, U(B) is a compactification of X. Consider the a map ¢ : Clop(Y') —
B that sends every A € Clop(Y) to AN X. It is evident to see that ¢ : Clop(Y) — B is
a surjective homomorphism. Furthermore, let A, B € Clop(Y) be distinct. Without loss of
generality assume that A\ B is non-empty. Since A\ B is an open subset of ¥ and hence
(A\B)NX # 0. Thus, AN X # BN X, which shows that ¢ : Clop(Y') — B is injective. By
3.4.26, Y is homeomorphic to U(B). O

Corollary 3.5.15. Let X be a non-empty set equipped with the discrete topology. A topological
space Y is a compactification of X if and only if there exists a sub-Boolean algebra B C P(X)
that separates points of X such that'Y is homeomorphic to U(B).

Proof. Apply 3.5.3 and 3.5.14. O

Theorem 3.5.16. Let Y :=U(By) and Z :=U(Byz) be compactifications of the discrete space
X, where By and By sub-Boolean algebras of P(X) that separate points of X. Y dominates

Z if and only if Bz is isomorphic to a sub-Boolean algebra of By .
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Proof. By 3.1.13, a continuous function f : U(By) — U(Bz) induces a homomorphism
'R Clop(U(Bz)) — Clop(U(By)) given by f(A) = F7YHA) for all A € Clop(U(Byz)). It can be
easily seen that if f : U(By) — U(By) is surjective, then f : Clop(U(Bz)) — Clop(U(By)) is
injective. On the other hand, we may assume that B; C By. Now the inclusion ¢ : B; — By
is a homomorphism. By 3.4.22, it induces a continuous map ¢ : U(By) — U(Bz) that sends
F € U(By) to ¢ ' (F) = F N Bz. Notice that every ultrafilter F); of By is contained in an
ultrafilter Fy of By with F; = Fy N Bz which shows that ¢ : U(By) — U(B) is surjective.
Moreover, since X is homeomorphic to {F) : x € X} and homeomorphic to {F? : z € X}
where FY = {A € By :x € A} and FZ ={A € By : 2z € A}, 50 ¢ : U(By) — U(By) is a

domination. O
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Chapter 4

Freudenthal compactification and ends of

finitely generated groups

This chapter is meant to study the construction of the Freudenthal compactification and
its corona for Freudenthal spaces in general and for finitely generated groups in particular,
and their basic properties that motivate our work. Although, this is an expository chapter, we
observed few things that may consider original. Namely, as an adaptation of the construction
of the explicit metric of the space of ends of a locally finite graph given in (26), we define a
metric on the space of ends of a Freudenthal space that induces its topology, and prove that
if the space of ends is infinite then it is indeed homeomorphic to a Cantor space. Another
observation that does not seem to appear in the literature is that the Freudenthal ends of
a proper geodesic metric space are in one-to-one correspondence with the components of its
Higson corona. Its proof is an adaptation of the fact that the Freudenthal ends are in one-one
correspondence with the components of the Stone Cech corona of X given originally in (18).

We conclude by adopting Specker’s approach of defining the space of ends of groups to
define the space of ends of any metric space. In case if the metric space is proper and
geodesic, we prove that the space of ends using the Specker’s approach coincide with its
Freudenthal corona. In the first three sections, we follow (18), whereas (11) and (3) cover

the basic facts of section 4 and section 5 of this chapter.
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4.1 Internal description of the Freudenthal Compactification

Definition 4.1.1. Let X be a Hausdorff topological space:

e X is o-compact if it is a countable union of compact subsets of X.

e X is locally connected (locally path-connected) if it admits a bases of connected (path-
connected) subsets. Equivalently, every component (path component) of an open subset of
X is itself open.

e X is a Freudenthal space if it is a o-compact, locally compact, connected and locally
connected space. A proper geodesic metric is an important example of a Freudenthal space.
e X admits an exhaustion by compact sets if there exists a sequence of compact subsets
(K, )nen that covers X such that K, C int(K, ;) for all n € N. The sequence of compact
subsets (K, )nen is called an exhausting sequence.

e A subset Y C X is called bounded if it is relatively compact. Otherwise, Y is called
unbounded. The collection of all components of Y is denoted by C(Y'). The collection of all
unbounded components of Y is denoted by UC(Y).

Proposition 4.1.2. If X is a o-compact and locally compact space; then X admits an

exhaustion by compact sets.

Proof. Let X = |J K,, where each K, is a compact subset of X. Inductively, we construct
a sequence (Un)nT;ONof open relatively compact subsets such that cl(U,,) C U, for all n > 0.
Put Dy = Uy = () and assume that Uy, ..., U, are open relatively compact subsets such that
cl(U;) C Ujqq for all 1 <i <n — 1. Consider the compact subset K/, := ¢l(U,) U K,,_;. Since

X is locally compact, K/ can be covered by finitely many open relatively compact subsets

Vi oo Ve o Set Upyr = UV, Unya is an open relatively compact subset containing
i=1
cl(Uy,). The sequence (Ly)nen, where L, := cl(U,), is an exhausting sequence. O

Lemma 4.1.3. Let C' be a connected subset of the topological space X and U be an open subset
of X such that CNU # 0 and CNU® # O; then C NOU # (.

Proof. Seeking contradiction assume that C' N oU = @ and set V := X \ cl(U). Then,
Ve =V NnC and Uz = U NC are non-empty, open and disjoint subsets of C' that cover C', a

contradiction. ]
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The following lemma is a key player in the theory of ends. It says that if removing a
bounded subset K of a nice connected topological space X disconnects X \ K, then we
would have at most finitely many unbounded components of X \ K, and that the union of
all bounded components of X \ K is relatively small, in the sense that it is compact, and a

fortiori, bounded.

Lemma 4.1.4. Let X be connected, locally connected and locally compact. If K C X is a
compact subset contained in an open subset U C X. Then:

(a) {C €C(X\K):C LU} < .

(b) UC(X \ K)| < co. If moreover X is unbounded, then 1 < |UC(X \ K)|.

(¢) The subset X\ (U  C) is compact.
Ceuc(X\K)

Proof. (a) Let A = {C € C(X \ K) : C ¢ U}. Choose an open relatively compact
neighborhood V of K such that K CV C (V) CU. Set B={C € C(X\K):C ¢V}
and notice that |A| < |B|. The desired result can be obtained by showing that B is finite.
To this end, notice that every component C' of X \ K is an open subset of X. Moreover,
since X is connected, C' cannot be closed subset of X; in particular, if ¢/(C) C X \ K, then
C = cl(C), a contradiction. Therefore, for all C € C(X \ K), cl(C)NK £ 0. L CNV =0,
then C' would be contained in the closed subset X \ V', and hence cl(C) C X \V C X \ K,
a contradiction. For arbitrary component C' € B, one must have CNV # () and C NV £
and hence by 4.1.3, C N9V # (). The subset OV C cl(V') is a compact subset contained in
U C, so there exist C1,...,C, € B that cover 9V which implies that |B| < n.

ceB
(b) Without loss of generality, we may assume that U is an open relatively compact

neighborhood of K. Notice that [UC(X \ K)| < [UC(X \ U)|. by part (a), [UC(X \ U)| <
{C € C(X\K):C ¢ U}| < oo. Finally, let C,...,C, be the all components of X \ K
that are not contained in U, then X \ U C U C;. In particular, since X \ U is unbounded,
at least one of the components C1,...,C, is unbounded and thus 1 < [UC(X \ K)|.

(¢) Assume that U is a relatively compact neighborhood of K. By part (a), there are
finitely many bounded components Ci,...,C, of X \ K not contained in U. Put L :=
Uu (Lnjl C;). Notice that X\ ( |J  C) is a closed subset of c/(L) and hence compact as

CEUC(X\K)
wanted. O
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Unless otherwise stated, we restrict ourselves to unbounded Freudenthal spaces. Given
a Freudenthal space X, it admits an exhaustion by compact sets (K,,)nen. For every n € N,
there exists at least one unbounded component C,, of X \ K,,. An end of X is defined to be a
decreasing sequence (C),),en of unbounded subsets, where each C,, is unbounded component

of X\ K,,. The following lemma asserts the existence of ends of X.

Lemma 4.1.5. Let X be an unbounded Freudenthal space and (Kn)neNu{O} be an exhausting
sequence, with Ko = (). Every unbounded component C,, of X \ K,, contains an unbounded
component Cp 11 of X \ K,y1 and is contained in exactly one unbounded component C,,_; of

X\ K1

Proof. Let C,, be an unbounded component of X \ K.
e Notice that C, N X \ K;41 = C, \ Kpy1 = |J C, where A C C(X \ K,11). By 4.1.4 (a),
int(K, o) contains all but finitely many Com;)oerfents of X \ K,,+1. In particular, there exist
Dy, ..., D, € Asuch that C,, \ K41 C int(K,42)U (G D;). Since C), \ K41 is unbounded,
at least one of the D;’s, say C, 1, must be unboundeld:.1

e C, is an unbounded connected subset of X \ K, hence it contained in an unbounded

component C,_1 of X \ K. O

Definition 4.1.6. Let X be an unbounded Freudenthal space and K = (K,)n.en be an
exhausting sequence. An end of X is a decreasing sequence (C,)nen such that each C,

is an unbounded component of X \ K,,. Such a sequence exists by 4.1.4 and 4.1.5. The set
of all ends of X is denoted by endsi(X).

We aim to equip the set X U endsi(X) with a Hausdorff topology that extends the
topology on X such that X U endsc(X) as a topological space is a compactification of X.

To this end, we introduce the following notations:

Notation 4.1.7. Given a Freudenthal space (X,T). If U € T, we define:
o Ung :={(C,) € endsk(X) : C,, C U for some n € N},
d Nend = Ueng UU.
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Theorem 4.1.8. Let (X,T) be a Freudenthal space and K = (K,)nen be an exhausting
sequence. The family Bopa = {ﬁend U € T} is a basis for a Hausdorff topology
Tena on X U endsi(X) that extends T. Moreover, (X,T) is an open dense subset
(X Uendsi(X), Tena)-

Proof. e B,,.q is a basis for a topology on X U endsi(X) as Xopg = X U endsi(X) and for
all U,V €T, ﬁend N ‘an = (m)end. Let Tena be the topology on X U endsi(X) induced
by B... Notice that for any relatively compact subset U € 7T, then Ui = U € Tona
and as (X, 7)) is locally compact, T C Tenq. Clearly, (X,7T) is an open dense subspace of
(X Uendsi(X), Tena)-

o (X Uendsi(X), Tena) is a Hausdorff space. To this end, we consider two cases:

Case 1: Let (Cp)nen, (Dp)nen € endsi(X) be distinct ends of X, then there exists n € N
such that C, N D,, = (). Take the open neighborhoods U.pa and V., of (Cp)nen and (Dy)nen,
respectively, where U = C,, and V = D,,. Obviously, ﬁend N \an = (.

Case 2: Let z € X and (Cp)neny € endsx(X). Take m € N such that ©z € K,,. Set
U :=int(Km41) and V := C,, ;1. The open subsets ﬁend and Yan are disjoint neighborhoods

of x € X and (Cp)nen € endsi(X), respectively. O

Corollary 4.1.9. Let (X,T) be a Freudenthal space and K = (Kp,)nen be an ezhausting

sequence. The subspace endsi(X) of X Uendsi(X) is second countable.

Proof. Tt is obvious that Be,q := {Uenq : U € T} is a basis for the topology of endsi(X) as
a subspace of X U endsi(X). The family {Ue,q: U € |J UC(X \ K,,)} is a countable basis

neN

for endsi(X). O

So far we have seen that (X,7) is an open dense subspace of the Hausdorff space (X U
endsi (X)), Tena). It remains to show that (X Uendsi(X), Tena) is compact. Before doing so,

we show first that the subspace endsi(X) is compact.

Theorem 4.1.10. Let (X, T) be an unbounded Freudenthal space and K = (K, )nen be an

exhausting sequence. The space of ends endsi(X) is compact.

Proof. Notice that for all n € N, the finite set UC(X \ K,) equipped with the discrete

topology is compact, and hence [[ UC(X \ K,,) is compact.
neN
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Claim: The map ¢ : ends(X) — [[ UC(X \ K,,) defined by:
neN

©((Cp)nen) = (C1, Cy, . ..) is an embedding and ¢(endsi (X)) C [[ UC(X \ K,,) is a closed

neN
subset of the compact space [[ UC(X \ K,,).
neN
Proof of the claim: Notice that ¢ : endsi(X) — [[ UC(X \ K,,) is injective and the basis

neN

of each UC(X \ K,,) consists of singletons.
o ¢ :endsg(X) — [[ UC(X \ K,,) is continuous. Indeed, let [ V, be a basis element of

neN neN
[[ UC(X\K,,). Then, V,, = UC(X \ K,,) for all but finitely many natural numbers ny, ..., n,,
neN
Vo, = {Cy, } where C,,, € UC(X \ K,,,) for some 1 < i <7r. Put U" :=C,, forall 1 <i<r,

r

then @™ ([ Va) = N Uga:

neN i=1

e p:endsc(X) — [ UC(X \ K,,) is an open map. To that end, pick a basis element U4
neN

where U € UC(X \ K,;,) for some m € N. Notice o(Ueng) = [[ X, where X,, = UC(X \ K,,)

neN
for all n € N\ {m} and X,, = U when n = m; and therefore ¢(Us,q) is open.

e p(endsi (X)) is a closed subset of [[ UC(X \ K,,). Indeed, let (Cy,Cy,...) be an element
of JTUCX \ K,,) \ p(endsi(X)). %Ne can find m € N such that Cp,y € C,,. Consider
theneoNpen subset U := [] X, € J[UC(X \ K,,), where X,, = UC(X \ K,,) for all n €
N\ {m,m + 1} and XnniNCn whe?lei € {m,m + 1}. Clearly, (Cy,C,,...) is an element of
UC (][] UC(X\K,)\p(endskc (X)) and thus p(endsi (X)) is closed subset of [[ UC(X\K,).

neN neN
This shows that endsi(X) is compact. O

The following observation serves two purposes. The first purpose is that it shows that
the space of ends is a Stone’s space. The second purpose is that it motivates us to define
the space of ends in a more general setting (the setting of coarse spaces as we will see later

in Chapter 7).

Observation 4.1.11. Let X be an unbounded Freudenthal space and K = (Ky)nenvioy be an

exhausting sequence, where Ko := (). Consider the family B where A € B if and only A is

a finite union of components C,,...,Cy. such that C,, € UC(X \ K,,,) for all1 < i <,

or A =10. Define the complement —=A := ( U C)\ A, where n; :== max{ny,...,n,}.
CeUC(X\Kn,)

Then:

(a) (B,U,N, ) is a Boolean algebra with 15 := X and Og := 0.

(b) Every end (Cp)nen is contained in an ultrafilter of B and every ultrafilter of B contains
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exactly one end.

(c) The Stone’s space of B is homeomorphic to ends(X).

Proof. (a) It is straightforward to see that (B,U,N, =) is a Boolean algebra.

(b) Let e = (Cp)nen be an end, for fixed n € N, C,, is contained in some ultrafilter F,.

Therefore, C,, € F, for all 0 < m <n. For N > n, if Cy ¢ F,, then U CeF,
CeUC(X\KN)\{CN}
but ( U CYNC, = C,\Cy ¢ F., a contradiction. Thus, (Cy,)nen C Fe. Clearly,

CeUC(X\KNn)\{CN}
no ultrafilter contains two distinct ends. Let F' be an ultrafilter of B. Inductively, we find

an end contained if F. If n =0, then Cy = X € F. Assume that C,, € I, for some n € N.
Let UC(X \ Kny1) = {CL.1,...,C%, 1 }; and seeking contradiction assume that C7,, ¢ F,
for all 1 < j < 5. Put DfLH = ﬂC’ZH, then Di+1 € F, forall 1 < j < s, and hence

Dﬁ; .1 =0 € F, a contradiction. Therefore, there is Cyy1 € UC(X \ K,11) such that
=1

j
Chi1 € F. We must have C),1 C C,.

(c) By part (b), we can assign for each ultrafilter F° € U(B) of B, an end ep. Define
the map ¢ : U(B) — ends(X) that sends each ultrafilter F' to the end er. Let ep =
(Cp)nen and consider a basis element U,,y, where U = C,,, for some n € N. Clearly that
0 N Uena) = Us, = {F € U(B) : C,, € F} is a basis element of the Stone’s space U(B).
Thus, ¢ : U(B) — ends(X) is a homeomorphism. O

A direct proof to the fact that ends(X) is totally disconnected is given in the following

proposition.

Proposition 4.1.12. Let X be an unbounded Freudenthal space, the subspace ends(X) is

totally disconnected.

Proof. Let K = (K,)nen be an exhausting sequence, and (Cy,)nen, (Dy)nen € ends(X) be two
distinct ends of X and let n € N such that C,ND,, = ). Take U := C,, and V = (X \ K,,)\C,,.
Since, C), is a clopen subset of X \ K,, V is an open subset of X. In particular, U,,4 and
Vena are neighborhoods of (Cy,)nen and (Dp,)nen, respectively. Moreover, Ue,q and V,,, are

disjoint and ends(X) = Ueng U Vepg. Therefore, ends(X) is totally disconnected. O

Urysohn’s metrization theorem asserts that the space of ends endsi(X) is metrizable.

We aim to give an explicit metric on endsi(X) that induces its topology. For the ends
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e = (Ch)nen, € = (Dp)nen € endsi(X), we define:

min{n e N: C,,N D, =0} ife#¢

n(e,e') =
00 ife =¢

Lemma 4.1.13. Let (X,7T) be an unbounded Freudenthal space and K = (K,)nen be an
ezhausting sequence. Let f : N — [0,00) be the function given by f(n) = exp(n) and define
the function d : endsi(X) X endsi(X) — [0,00) by:

d(e,e') = f(—n(e,€)).

Then (endsi(X),d) is an ultrametric space.

Proof. Clearly the function d : endsi(X) X endsi(X) — [0,00) is non-negative symmetric
and d(e,e’) = 0 if and only if e = €. Let e; = (Cp)nen, €2 = (Dn)nen, €3 = (En)nen €
endsi(X). We claim that:

d(e1, e3) < max{d(ey,es),d(es,e3)}.

Without loss of generality, assume that e; # es, max{d(ey,es),d(ea,e3)} < d(ey,e3) and
d(e1,e2) < d(eq,e3), and we aim to show that d(eq,e3) = d(eq,e3). To this end, it suffices
to show that d(e1, e3) < d(eq,e3) which is satisfied if and only if n(ez, e3) < n(ey,es). Since
d(e1,e2) < d(e1,es), one has n(e;, e3) < n(er,ez) and hence Cpe, es) = Dn(ey,ey). However,
Ch(eres) N En(ere5) = 0 and therefore Diye, eg) N Ep(e, ey = 0 which implies that n(eg, e3) <
n(ey,es). O

Theorem 4.1.14. Let (X, T) be an unbounded Freudenthal space and KK = (K, )nen be an
exhausting sequence. The ultrametric d : endsi(X) x endsi(X) — [0, 00) given by d(e, €’) :=

f(n(e,e')) = exp(—n(e, €)) induces the topology of endsi(X) as a subspace of X Uendsi(X).

Proof. By 4.1.9, the family {U.,q : U € U UC(X \ K,)} is a basis for endsi(X). Let
e = (Cp)nen € endsi(X), and r > 0. We clalm that the open ball B,.(e) = {¢’ € endsi(X) :
d(e,e') < r} is open subset of endsi(X) as a subspace of X U endsi(X). Choose n € N

62



such that f(n) < r. Notice that Ue,q, where U = C,,, is an open set containing e and if
€” = (Dp)nen € Uepg, then n(e,€”) > n as C, = D,,; and therefore, d(e,e”) = f(n(e,e")) <
f(n) <r. Thus, e € Uepg C B,(e) as desired.

Conversely, pick a basis element Ue,q of endsi(X). Then, U = C, for some C, €
UC(X \ K,,)}. Let e = (Ch)nen € Uena, and choose m € N such that m > n. Put r := f(m)
and let € = (Dp)nen € By(e), then f(n(e,e')) = d(e,e’) < r = f(m) which implies that
m < n(e,e'). Consequently, C,,, = D,, and as n < m, we must have C,, = D,, and hence

Br(e) C Uepg. ]

The Brouwer’s Theorem says that a second countable totally disconnected compact
Hausdorff space with no isolated points is homeomorphic to the Cantor middle-third set.
Utilizing the Brouwer’s Theorem, we prove that the space of ends ends(X) is homeomorphic

to the Cantor middle-third set.

Corollary 4.1.15. Let X be a Freudenthal space and K = (K,)nen be an exhausting sequence
of X. If lendsi(X)| = oo, then endsi(X) is homeomorphic to the Cantor middle-third set.

Proof. We aim to show that every e € endsi(X) is an accumulation point. Indeed, let e =
(Cr)nen € endsi(X), and for r > 0 choose n, € N such that exp(—n,) < r. Since ends(X)
is infinite, we can find N € N such that n, < N, and an end € = (D,)neny € endsi(X)
such that Cy N Dy = ) and Cy_1 N Dy_1 # 0. Now, as n(e,e¢’) = N > n,, one has
d(e,e’) < exp(—n,) < r and therefore ¢’ € B,(e) N (endsi(X) \ {e}). O

Theorem 4.1.16. Let (X,T) be a Freudenthal space and K = (K,)neny be an exhausting

sequence. The space X Uendsi(X) is a compactification of X .

Proof. All we need to prove is that X Uendsy(X) is compact. Without loss of generality we
may assume that X is unbounded. Let {V,, : @ € I} be an open cover of X Uendsi(X). Since
endsi(X) is a compact subset and that the family {U.,q : U € |J UC(X \ K,,)} is a basis

neN

for endsi(X), we can find a finite subset {ay,...,a,} C I such that endsi(X) C | Vi,
=1

where V,,, = ﬁ;end and U' = C,, € UC(X \ K,,). In particular, endsi(X) = | U'ena-
i=1

Choose N € N large enough such that N > max{ny,...,n,} and that all components of
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X \ Ky are unbounded. We claim that X \ Ky C O U'. Seeking contradiction, assume
that Dy € UC(X \ Ky) such that Dy NU* = () for aﬁ:ll < ¢ < r. Notice that for all n € N
any unbounded component Dy, of X \ Ky, contained in Dy then Dy, NU* = {) for all
1 <4 < r. Inductively, we can construct an end (D,,)nen ¢ LTJ U'.na, & contradiction. Since

=1
Ky is a compact subset of X U endsi(X), the open cover {V,, : a € I} contains a finite

sub-cover for X U endsx(X) as desired. O

We are one step further from defining the Freudenthal compactification of a Freudenthal
space. All we need is to show that the topology Tenq on X U endsi(X) is independent from

the choice of the exhausting sequence K = (K, )nen.

Theorem 4.1.17. Let (X, T) be an unbounded Freudenthal space. If Ky and Ky are exhausting

sequence; then X U endsi,(X) is homeomorphic to X Uendsi,(X).

Proof. Let Com(X) be the family of all nonempty compact subsets of X and P(X) be the
power set of X. Both P(X) and Com(X) are partially ordered by the inclusion. By 4.1.4
(b), for each K € Com(X), there exists Cx € UC(X \ K). By the axiom of choice define an
decreasing function f : Com(X) — P(X) mapping each compact subset K to an unbounded
component Cx € UC(X \ K). Notice that for all K, L € Com(X) such that K C L, then
f(L)=CL C Ckx = f(K). Let F be the collection of all such decreasing functions that map
each compact subset K € Com(X) to Cx € UC(X \ K). For U € T define the set:

e Ur :={feF: f(K)CU forsome K € Com(X)} UU.

e The family B = {Uz : U € T} is a basis for a topology 7= on X UF. Indeed, Xz = XUF
and if Ug, Vr € Bx and f € Uz N Vg, then there exist K, L € Com(X) such that f(K) C U
and f(L) C V. Now, KUL € Com(X) and f(KUL) C UNYV leading to the equality
Ur Ve = (UNV)5.

Let £ = (K, )nen be an arbitrary exhausting sequence; and notice that for all f € F,
(f(Kp))nen € endsi(X). On the other hand, for every e = (Cy,)nen € endsi(X) we assign
a function f, in F by provoking the axiom of choice as follows:

For each K € Com(X), choose n € N such that K C K, and let Cx € UC(X \ K) be
the component containing C,,. Define f, : Com(X) — P(X) by f.(K) = Ck. Clearly, f. is
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decreasing and hence belongs to F.

Claim: X Uends(X) = X UF.

Proof of the claim: e The map ¢ : X UF — X U ends(X) that fixes every element
of X and maps every f € F to (f(K,))nen is continuous. To this end, let f € F and
(f(Kp))nen € Vona. Notice that f(K,) = C, C V for some n € N. Take U = C,,, then
[ € Ugr. Moreover, if g € Uz, then g(K) C U for some K € Com(X). Choose m € N such
that K C K,,. We have g(K,,) C g(K) C U C V, and hence ¢(Ur) C Vena.

e The map ¢ : X Uendsxg(X) — X UF that fixes every element of X and maps every
e = (Cp)nen € ends(X) to the function f, is continuous. Indeed, let e = (C)peny €
endsi(X) and f. € Vz. There is a compact subset K such that f.(K) = Cx C V, where
Ck € UC(X \ K) and it contains an unbounded component C,, € UC(X \ K,,). Take
U = C, then (Cp)nen € Ueng, and ¢(Upng) C Vir.

o Let f € F and e = (Cy)nen € endsi(X). Notice that if € = (Dy)nen = (f(Kn))nen and
K € Com(X), then both f(K) and f.(K) are unbounded components of X \ K and that
D,, C f(K)N fo(K), for some m € N. In particular, ¢ o ¢(f) = f. On the other hand, if
e = (Cp)nen € endsi(X), then for any n € N, f.(K,) = C,, and therefore ¢ o ((C},)nen) =
(Cr)nen. [

Definition 4.1.18. Let (X,7) be an unbounded Freudenthal space. The Freudenthal
compactification of X is X := X U endsc(X) for some exhausting sequence K := (K, )nen

of X. The corona of X is called space of ends of X and is dented by ends(X).

Corollary 4.1.19. Let (X,T) be an unbounded Freudenthal space and (K,)nen be an
ezhausting sequence. Then |ends(X)| = sup{|UC(X \ K,,)| : n € N}.

Proof. By 4.1.17, the space ends(X) is independent of the choice of the exhausting sequence.
Moreover, UC(X \ K,,)| < |[UC(X \ K,,)|, for all n,m € N such that n < m and that
UC(X \ K,,)| < |ends(X)|, for all n € N. O

Example 4.1.20. [t is straightforward to see that |ends(R™)| = 2 if n = 1; otherwise,
lends(R™)| = 1.

65



Recall that a function f : X — Y between topological spaces is called proper if the
pre-image f~!'(K) is compact for every compact subset K C Y. We conclude this section
with two facts about the Freudenthal compactification and its corona:

1. Continuous proper maps between Freudenthal spaces extends continuously to their
respective Freudenthal compactification.

2. If X and Y are Freudenthal spaces, then |ends(X x Y)| = 1 if both X and Y are
unbounded; and ends(X x Y) = ends(Y) if X is bounded.

Proposition 4.1.21. Let f : X — Y be a proper continuous function between topological
spaces.

(a) If (Ly)nen is an exhausting sequence of compact subsets of Y, then (f~(Ly))nen is an
exhausting sequence of compact subsets of X.

(b) If X andY are Freudenthal spaces then f : X — Y induces a continuous function between
their ends spaces. In particular, induces a continuous function between their Freudenthal

compactifications.

Proof. For (a), notice that (f~'(L,))nen is an increasing sequence of compact subsets of X.
Moreover, f~Y(L,) C f~ (int(Lny1)) Cint(f~ (Lns1)).

For part (b), consider the exhausting sequence (K, )neny of X, where K, := f~(L,), for
all n € N. Now, let (Cy)nen be an end of X. Since f is continuous and proper, f(C))
is an unbounded connected subset of Y \ L, and hence it is contained in some unbounded
component CJ of Y\ L,. In particular, there exists a unique end (C7),en of Y such that
f(C,) C Cf for all n € N. Define the function:

fena = ends(X) — ends(Y) by fend((Cr)nen) = (CH)pen. Let V. = C7, then V,,4 a basis
set containing the end (CY),en. Let U := f~1(V), then U,,q is an open neighborhood of
(Cp)nen. Moreover, if (C!)pen € Uena, then C! C U = f~Y(C/). Therefore, f(C') C C/
which implies that C/ contains the component containing f(C”), 80 fona(Uend) C Vena
Thus, fenas : ends(X) — ends(Y) is continuous. Finally, the function m = fena U f :
ends(X)U X — ends(Y)UY is continuous. O

Proposition 4.1.22. Let X and Y be Freudenthal spaces, then X XY is Freudenthal space.

Moreover:
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(a) X is bounded if and only if ends(X) = ().
(b) If X is bounded, then ends(X xY) = ends(Y).
(c) If X and Y are unbounded, then |ends(X x Y)| = 1.

Proof. (a) Apply 4.1.3.

(b) Let (K,)nen be an exhausting sequence of Y'; notice that (Ly,)nen, where L, := X x K,
is an exhausting sequence of X x Y. On one hand, if C, is an unbounded component of
Y\ K, then D,, := X x C,, is an unbounded component of X x Y\ L,,. On the other hand,
if D,, is an unbounded component of X x Y\ L,, it has the form D,, :== X x C,, for some C,
an unbounded component of Y \ K,. In particular, the map ¢ : ends(Y) — ends(X x Y)
that maps the end (C),)nen to the end (D,,)nen, where D, := X x C,,, is a bijective map
between Hausdorff compact spaces. Moreover, for a basis element V.4 of ends(X x Y)
where V := X x C, for some n € N, then ¢ '(Vonq) = Uepg where U = C,,. Therefore,
¢ :ends(Y) — ends(X x Y) is a homeomorphism.

(c) Let (K,)neny and (Ly,)nen be an exhausting sequence of X and Y, respectively. Notice
(K, X Ly)nen is an exhausting sequence of X x Y. We aim to show that X x Y\ (K,, x L,,) has
exactly one unbounded component for alln € N. Forn € N, fix a € X \ K, and b € Y\ L,,.

Then:
XxY\ (K, xL)=( U {z}xYV)u( U Y x{y})

2€X\Kn yeY\Lp

=( U Hapxyuxx{pphu( |J X x{yru{a xy))

X\ K, yeEY\Lyp,
which is a union of connected spaces with non-empty intersection, so the subset X x Y\

(K, x L) is connected. Thus, |ends(X x Y)| =1 as desired. O

4.2 Maximally of the Freudenthal Compactification among
compactifications of totally disconnected corona

Our goal in this section is to show that the Freudenthal compactification is maximal

among all compactification whose corona is totally disconnected (zero-dimensional) in the
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sense that any compactification Y, whose corona is totally disconnected, is dominated by

the the Freudenthal compactification.

Lemma 4.2.1. Let X be an unbounded Freudenthal space, (Cy)nen € ends(X) and Y be a

compactification of X. Then:

(a) N cx(C,) = 0;

neN
(b) N cly(C,) is non-empty connected subset of Y \ X.
neN

() Y\ X = U (N ey (Cr)).

(Cn)nen€ends(X) neN

Proof. (a) Note () clx(C,) € N (X \int(K,)) c X\ U mnt(K,)=10.

neN neN neN
(b) Let (Cp)nen € ends(X) and notice () (cly(Cy) N X) = ) (clx(C,)) = 0 and therefore
neN neN
N cly(Cy,) C (Y\ X) which implies that U (N cly(Cy)) is contained in (Y'\ X).
neN (Cn)nen€ends(X) neN

Since X is connected, C), is not closed. So, cly(C,) N (Y \ X) # (. Now, the family
{cly (C,) N (Y \ X) : n € N} satisfies the Finite Intersection Property (FIP) and by the

compactness of Y\ X, (N cly(C,) # 0. Finally, each C,, is connected and hence cly (C,,) is
neN
connected in Y for all n € N implying that () cly(C,,) is connected as desired.
neN
(c) Let y € Y\ X and let U be the family of all open sets in Y containing y and let

Ux :={UNX : U € U}. Notice that UN X # O for all U € U as X is dense in Y. Let
X be the Freudenthal compactification. Since Ux has the finite intersection property, the

family {clx(V) : V € Ux} has the finite intersection property, and hence () clgx(V) #
Velux

(). On the other hand, for any x € X, by the Hausdorffess of Y, we can find disjoint
open neighborhood O and U € U of = and y, respectively, and hence O N (U N X) =
(. In particular, [\ clx(V) = (. Therefore, () clx(V) C ends(X). Let (Cp)nen €

Veux Veux
) cx(V)Nends(X). Notice, for any U € U and n € N, as (Cy,)nen € clx(U N X) and
Veux

W™ nq is an open neighborhood of (C),),eny where W := C,, and hence ﬁ%end NUNX)=
C,N(UNX) # 0, and a fortiori C,, N U # (. Hence, y € [ cly(C,) which implies that

neN

U (N ey (Cr)) D (Y X). O
(Cn)nen€ends(X) neN

Corollary 4.2.2. Let X be an unbounded Freudenthal space. Then:
(a) If e = (Cp)nen € ends(X), then () clx(Cyn) = {x.} is a singleton.

neN
() If (K})nen and (K2),en are ezhausting sequences, and if (C)qen 18 decreasing sequence
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such that C! € UC(X \ K}), for i=1,2, and C} N C? # 0 for alln € N; then () clx(C}) =
neN
N clx(CR).

neN

Proof. Apply 4.1.12 and 4.2.1. m

Theorem 4.2.3. Let X be an unbounded Freudenthal space andY be a compactification of X

whose corona is totally disconnected; then it is dominated by the Freudenthal compactification.

Proof. We aim to find a continuous function f : X — Y such that f|x = idx. Notice that,
by 4.2.1, for any e = (Cp)nen € ends(X), () cly(C,) is non-empty connected subset of

neN

Y \ X and since Y \ X is totally disconnected, () cly(C,) = {x.}. Define f : X — Y by
flx =idx and f(e) := x. for all e € ends(X). fgtNU be an open neighborhood of z, in Y.
Since (cly (U)\U)NU =0, () cy(C,) N (cly(U)\ U) = 0. Since, (cly (U) \ U) is compact,
the family {cly (C,) N (cly(Un)EI\NU ) : n € N} does not satisfy the finite intersection property.
Hence, there is N € N such that cly (Cn) N (cly (U) \ U) = 0. Now, as cly(Cy) is connected
and cly (Cy) CUU (Y \ cly(U), so Cy C cly(Cy) C U. Let V := Cy, then V4 is an open
neighborhood of e in ends(X) and f(V,,q) C U which shows that f : X — Y is continuous

and therefore Y is dominated by X. O

Corollary 4.2.4. Let X be an unbounded Freudenthal space and Y be a compactification of
X whose corona is totally disconnected. Y is the Freudenthal compactification if and only if

for ally € Y\ X, y is contained in an open subset U C'Y such that U N X is connected.

Proof. Assume that Y is the Freudenthal compactification. If e = (C},)en is an end; fix
n € N. Then ﬁend, where U = (), is an open neighborhood of e and (NJGnd N X = C), which

is connected.

Conversely, assume that for all y € Y \ X, y is contained in an open subset U C Y
such that U N X is connected; we claim that the domination f : X — Y given in 4.2.3 is
injective. Indeed, let ey = (Cy)nen, €2 = (Dn)nen € ends(X) such that f(e;) = f(e2) and
thus ﬂN cy(Cy) = ﬂN cly(D,) = {z.}. Let n € N, then x. € cly(C,) Necly(D,) N (Y \ X).

ne ne

Pick an open neighborhood U of z, such that U N X is connected. Now, (U N X)NC, =
UnNC, # 0, and therefore (U N X) C C,. Similarly, (U N X) C D, and hence C, = D,,.
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In particular, (Cp)nen = (Dp)nen. Since X is dense in X and Y, f is surjective. Hence,
f is homeomorphism as it is bijective continuous between compact Hausdorff topological

spaces. ]

4.3 External description of the Freudenthal Compactification

The following theorem tells us that the Freudenthal ends are in one-to-one correspondence
with the components of Y\ X where Y is the Stone Clech compactification of X. In section
6, a similar result will be established between the ends of proper geodesic metric spaces and

the components of their Higson coronas.

Theorem 4.3.1. Let X a non-compact Freudenthal space and Y be the Stone Cech

compactification of X, then every component D of Y \ X has the form () cly(C,) for
neN

some (Cp)nen € ends(X). In particular, there is a one-to-one correspondence between the

elements of ends(X) and the components of Y \ X.

Proof. We know that for all (C,,)nen € ends(X), [ cly(C,,) is non-empty connected subset

neN
of Y, and that Y\ X = U (N cly(Cy)). Let D be a component of Y\ X containing
(Cn)nen€ends(X) neN

(N cly(Cy)) for some (C,)nen € ends(X). Seeking contradiction, assume that ( () cly (C))
is eleroperly contained in D. There exist an end (D,),en € ends(X) distinct frT(L)GIi (C)nen
such that DN () cly(D,) # 0. Choose n € N such that C,, N D,, = 0. Note that X is locally
compact and cf—eclimpact Hausdorff space and hence it is paracompact Hausdorff space which
implies that X is normal. Now, X \int(K, 1) is a normal space, and as D,, is a clopen subset
of X\ K,, theset A := D,NX\int(K,1) is a non-empty clopen subset of X \int(K,1), thus,
by Urysohn’s Lemma, there exists a continuous function f : X \ int(K,4+1) — {0,1} such
that f(z) =1forall x € A and f(z) =0 for all z € (X \int(K,41)) \ A = D, \ (int(K,41)).
By Tietze extension theorem, the continuous function f : X \ int(K,11) — {0,1} admits
a continuous extension f : X — {0,1}; let g : ¥ — {0,1} be the continuous extension
of f + X — {0,1}. Notice Dp; C A and Cpiy C A° = (X \ int(Kpi1)) \ A, Also,
g(cly (Crta)) C clioay(f(Crsr)) = {0} and g(cly (Dnt1)) C clioay(f(Dns1)) = {1}. However,
the pair U := ¢~ '({0}) N (Y \ X) and V := g7 ({1}) N (Y \ X) is a separation of YV \ X.
Moreover, DN U # () and DNV # (), a contradiction. O
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Corollary 4.3.2. Let X be a unbounded Freudenthal space. If |ends(X)| = 1 and Y is an
arbitrary compactification of X then its corona Y \ X is a connected subspace. In particular:
(a) If |lends(X)| = 1, then the only possible finite-point compactification is the 1-point
compactification.

(b) If Xy1,..., X, are Freudenthal spaces and at least two of them are unbounded, then the

corona of any compactification of X1 x ... x X,, is connected.

As a result of 4.3.1, we can obtain the Freudenthal compactification by collapsing each
component of the Stone Ceech corona Y \ X into a singleton. This gives us an external

description of the Freudenthal corona or the end space.

Corollary 4.3.3. Let X be a unbounded Freudenthal space and Y be the Stone Cech
compactification of X. Define a relation onY by x ~ x for allz € X and for all x,y € Y\ X,
x ~y if and only if x and y are in the same component of Y \ X. Then:

(a) ~ is an equivalence relation on'Y .

(b) The quotient space Y/, is a compactification of X with totally disconnected corona.

(c) The space Y/ coincide with the Freudenthal compactification X of X.

Proof. Part(a) and (b) are straightforward. Notice that X dominates Y/.. Let f: X — Y/
be a domination. f: X — Y/ is a quotient map and Y/ = X/Nf, where for all z,y € X,
x~yy if and only if f(z) = f(y). Now, if ey, e5 € ends(X) are distinct ends, then they belong
to different components C,, and C,, of Y\ X. Now, C,, and C,, collapse to different points
in the corona of Y/ = X/, and therefore f(e1) # f(e2). O

The following theorem gives us another way to externally describe the Freudenthal

compactification.

Theorem 4.3.4. (Compare with (9),Theorem 4.6) If X is a Freudenthal space, then its

Freudenthal compactification X is the supremum of finite-point compactifications of X .

Proof. Let Y be the supremum of finite-point compactifications of X. Since the corona
of each finite-point compactification of X is discrete, X dominates every finite-point
compactification of X and consequently dominates Y. Let f : X — Y be the domination.

We claim that f: X — Y is indeed injective. Seeking contradiction, assume that there exist
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distinct elements z,y € X such that f(z) = f(y). Clearly, 7,y € X \ X. Let U be a clopen
subset of the Freudenthal corona such that € U and y ¢ U. Let Z be the quotient space of
X obtained by contracting the clopen set to a point X and the clopen set (X \ X)\ U to a
point 7. Clearly, Z is a finite-point compactifications of X. Let h : X — Z be the quotient
map and ¢ : Y — Z is a domination. Notice that go f : X — Z is a domination. By 2.2.8,
go f=nh. But, go f(x) = go f(y) and h(x) # h(y), a contradiction. Thus, f: X — Y is a

homeomorphism as desired. O

Corollary 4.3.5. Let X be a Freudenthal space. If X is n-ended and Y is a finite-point
compactification, then |Y \ X| < n.

Definition 4.3.6. If X is a locally compact space; its generalized Freudenthal compactifi-
cation GF'(X) is the supremum of finite-point Hausdorff compactifications of X. By 4.3.4,
when X is a Freudenthal space, its Freudenthal compactification coincide with its generalized

Freudenthal compactification.

It is well-known that an infinite discrete space admits n-point compactification for all
n € N, see (28) on p.1081; and according to 4.3.6, its generalized Freudenthal corona is
infinite. While the generalized Freudenthal compactification in the above definition generalize
the Freudenthal compactification, and it can be defined for a larger class of topological spaces,
namely, locally compact spaces; its corona does not serve our purpose, namely, generalizing
the concept of ends of groups. For example, the corona of GF(Z?) is infinite, whereas Z?* as
a group is l-ended. What makes the corona of the generalized Freudenthal compactification
not a good candidate to generalize the concept of ends of groups is the fact that the corona

of the generalized Freudenthal compactification is not a coarse invariant.

4.4 Space of ends of proper geodesic metric spaces

Definition 4.4.1. Given a topological space X;
e A continuous map « : [0,00) — X is called a proper ray if the pre-image o '(K) is
bounded for all K C X bounded.

e Two proper rays «, 3 : [0,00) — X are said to represent the same end of X if for all
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K C X bounded, there exist t > 0 such that a([tx,o0)) and f([tx,00)) are in the same
component of X \ K. In that case we write o ~ (.

e The relation ~ on the family of all proper rays in X is an equivalence relation. The
equivalence class of the proper ray « : [0,00) — X is denoted by end(«) and the set of all
equivalence classes is denoted by €(X).

e For an open subset U C X, we put:

- Ue = {end(a) € €(X) : a([t,o0)) C U for some ¢t > 0}, and

-U.:=U.UU.

Proposition 4.4.2. Let (X, T) be a Hausdorff, path-connected, locally path-connected, locally
compact and o-compact. The family gg = {(76 : U € T} is a basis for a Hausdorff topology
Te on X Ue(X) that extends T. Moreover, as a subspace, X is an open dense subspace of

X Ue(X).

Proof. Without loss of generality, we may assume that X is non-compact. Clearly [5’1 Covers
X Ue(X) as 5(: = X Ue(X). Also, if ﬁe,‘z € B;, then (U/EV)E = U. mZ, and therefore is a
basis for a topology 7c on X Ue(X). Moreover, since X is locally compact, it admits a basis
consists of bounded sets. Notice that 7. contains every bounded open subset as if U € T is

bounded, then U C X, U.=U and hence T C T..

Now we show that (X U¢e(X),7;) is indeed a Hausdorff space. To this end, we discuss
tow cases:
Casel: Let end(a),end(B) € €(X) be distinct. There exists a compact subset K C X such
that for all ¢ > 0, a([t, 00)) and 5([t, 00)) are in different components of X \ K. Choose ¢t > 0
such that «a([t,00)) N K = 0 and S([t,00)) N K = (. Let C' and D be distinct components
of X \ K containing «([t,00)) and [([t,00)), respectively. Notice C. and D, are disjoint
neighborhoods of end(«) and end(f3), respectively.
Case2: Let x € X and end(«) € €(X). Choose an open neighborhood O of € X such that
K := cl(0) is compact. Pick ¢ > 0 such that «([t,c0)) N K = () and let C' be a component
of X \ K containing o([t,00)), then O and C, are disjoint neighborhoods of x and end(a),

respectively. O
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Corollary 4.4.3. Let (X,T) be a Hausdorff, path-connected, locally path-connected, locally

compact and o-compact. The subspace €(X) is second countable.

Proof. Let (K, )nen be an exhausting sequence. The family

{U.:U e | Juc(x \ K,)}

neN

is a countable basis for e(X). O

Theorem 4.4.4. Let (X,T) be a Hausdorff, path-connected, locally path-connected, locally
compact and o-compact. The topological space (X Ue(X),Te) is a compactification of X and

it coincide with its Freudenthal compactification.

Proof. Let X be the Freudenthal compactification of X induced by the exhausting sequence
(Kpn)nen. Given an end e = (Cy)nen of X, choose z, € C,, \ C,41 for all n € N. Notice that
the sequence (z,)nen diverges to infinity, as otherwise (z,)neny C Ky for some N € N and
hence xy.1 ¢ Cyy1, a contradiction. Choose a path «, : [a,, a,1] = C, in C,, connecting z,,
and z,+1. The concatenation of all these paths a. : [0,00) — X is a proper ray. Indeed, for
any bounded subset K C X, then K C Ky for some N € N. In particular, z,, ¢ Ky for all
n > N. Therefore, a;*(K) C [0, an1] which implies that a;!(K) is bounded. Furthermore,
if (yn)nen is a sequence chosen such that y, € C,, \ Cy,41 for all n € N, and if S, : [0,00) — X
is the concatenation of 3, : [bn, byy1] — C,, where each f3, is a path in C,, connecting y,, and
Ynt1; then end(a) = end(p).

Consider the function ¢ : X Uends(X) — X Ue(X) that maps each end e € ends(X) to
end(a.) € €(X) and that ¢|x = idx.

e p: X Uends(X)— X Ue(X) is surjective. Indeed, let end(a) € ¢(X). Choose t > 0 such
that a([t, 00))NK; = 0. Without loss of generality, we may assume that a([t, 00))N(C1\Cs) #
(). Choose x, € C, \ Cpyq for all n € N, and let a, : [0,00) — X be the concatenation of
Qp : an, ani1] — C, for all n € N, where «y, : [ay, an1] — C,, is a path in C), connecting z,,
and x,11. Then end(a.) € €(X) and end(a.) = end(a). Moreover, p(e) = end(a.).

e p: XUends(X)— X Ue(X) is continuous. To this end, let e = (C},)nen be an end of X,
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and V; be a basis element containing end(c.), where V' = C,, for some n € N. The subset
Uena where U = C,, is a neighborhood of e and ¢(p) C V..
Now, ¢ : X Uends(X) — X Ue(X) is a continuous bijective function from a compact

space to a Hausdorff space and hence it is a homeomorphism as desired. O

The next goal is to show that the Freudenthal corona of proper geodesic metric spaces is

quasi-isometry invariant.

Definition 4.4.5. Let (X, dx) and (Y, dy) be metric spaces:
e Amap f: X — Y is called a quasi-isometric embedding if there exist real numbers

A, po > 0 such that:

A dx(2,y) — p < dy (f(2), f(y) < A-dx(z,y) + g,

for all z,y € X.
e The maps f,h: X — Y is called a close if there exists > 0 such that:

dy (f(z), h(x)) <r

for all z € X.

e Amap f: X — Y is called a quasi-isometry if it is quasi-isometric embedding and there
exists a quasi-isometric embedding g : Y — X such that g o f is close to idx and f o g is
close to idy. In this case, g : Y — X is called quasi-inverse of f: X — Y.

e X is called quasi-isometric to Y if there exists a quasi-isometry f: X — Y.

Example 4.4.6. o Let (X,d) be a metric space and A C X be a subspace; the inclusion map
1: A — X is is a quasi-isometric embedding.

e The map 7: R — Z sending each © € R to |x| € Z, where |z| is the largest integer less
than or equal to x, is a quasi-isometry where the inclusion map 1 : Z — R is a quasi-inverse

of 9: R — Z. In particular, R and Z are quasi-isometric.

We have seen that a proper continuous function between topological spaces f : X — Y

extends continuously to their Freudenthal compactifications 4.1.21. What makes a proper
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continuous function f : X — Y extends to the coronas is the fact that we can find an
exhausting sequence (K, )neny of X and an exhausting sequence (Ly)neny of Y such that it
maps every unbounded component of X \ K,, to an unbounded component of Y\ L,,. Quasi-
isometric maps between proper geodesic spaces has that property and that what makes the

Freudenthal corona preserved by the quasi-isometry.

Lemma 4.4.7. Let f : X — Y be a quasi-isometry between proper geodesic metric spaces.
There exist exhausting sequences (Ky)nen and (Ly)nen of X and Y, respectively, with the
property that: for any n € N and C € UC(X \ K,,), there exists D € UC(Y \ L) such that
f(C)c D.

Proof. Choose A, u € N such that f : X — Y is (A, pu)-quasi-isometry. For n € N set
N, == (n + 2)A* + 2uX and M, = n\ + u. Fix zp € X, and set K, := B(T,Nn)
and L, = B(f(x0),M,). Clearly that (K,)uen and (Ly,)uen are indeed exhausting
sequences of X and Y, respectively. Notice that for n € N and C' € UC(X \ K,,), then
B(f(C),AN+p)N L, =0. Indeed, if y € B(f(C), X + u) N Ly, then there is a € C such that
dy (f(a), f(z0)) < (n+ 1)X + 2u. On the other hand, dy (f(a), f(zo)) > A tdx(a,xo) — pu >
AN, — > (n+ 1)\ + p, a contradiction.

To conclude, we show that f(C) is contained in some component D € UC(Y \ L,,). Let
y € f(C)and D € UC(Y \ L,) be a component containing y. It is straightforward to see
that if d € D and ¥ € Y such that dy(y,y’) < A+ p, then 3y € D. Let z € f(C), then
there exist a,b € C such that y = f(a) and z = f(b). As X is a geodesic space and C' is a
path component, we can find a sequence a = z1,...,2, = b € C such that dx(z;, z;41) < 1,
for all 1 < i < p. In particular, dy (f(z;), f(zi+1)) < A+ p, which inductively implies that
z= f(x,) € D. O

Theorem 4.4.8. Let X, Y and Z be proper geodesic metric spaces.

(a) Every f : X — Y quasi-isometry induces a continuous map fenq : ends(X) — ends(Y)
between their spaces of ends.

(b) If h: X — X is close to the identity map idx : X — X, then hepg = idends(x)-

(c) If g: Y — Z is quasi-isometry, then (g o f)end = Gend © fend-
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Proof. Appealing to 4.4.7, there exist exhausting sequences (K, )nen and (L, )nen of X and
Y, respectively, such that for all n € N and C € UC(X \ K,,), f(C) is contained in some
component C7 € UC(Y \ L,). By 4.2.2, if e € ends(X) then there exists a decreasing
sequence (C),)neny Where

C, e UC(X \ K,)

for all n € N such that [ clx(C,) = {e}. Notice that [ cly(C{) = {e;} is an end of Y.

Define the function fendn:egnds(X) — ends(Y') that mapZESach end of X e € N clx(C,) to
the end e; € () cly(CY) = {es}, where Y is the Freudenthal compauctiﬁcaﬂ:ionncffN Y. Clearly,
fend : ends(Xn)eN—> ends(Y') is continuous.

For part (b), notice first that h : X — X is quasi-isometry. Let r > 0 such that
dx(h(z),z) < r for all x € X. By 4.4.7, we can find exhausting sequences (K, )nen
and (Ly)neny of X and Y, respectively, such that for all n € N and C € UC(X \ K,),
h(C) is contained in some component C"* € UC(X \ L,) and that if z € C" and y € X
such that dx(x,y) < n, then y € C". Now, let ¢ = (Cp)peny € ends(X) and N € N
such that N > r. Then, hea(e) = e, € () cg(C") = {ey}. Since h(C,) C C" and

n>N
for all z € C,, dx(z,h(x)) < r < n, so C, C C" for all n > N; and hence, by 4.2.2,

{e} = N cx(Co) = N cx(C}) = {en}-
n>N n>N

(¢) By 4.2.2, one can observe that if (K!),en and (K?),cy are exhausting sequences, and
if (C%)nen is decreasing sequence such that C? € UC(X \ K7), for i=1,2, and C} N C? £ () for
all n € N; then (C! N C?),en is decreasing sequence such that C! N C2? € UC(X \ K} U K?)
and ) elg(C1NC2) = N clg(Ch) = N elx(C2).

neN neN neN

Now, choose (K,)nen an exhausting sequence of X, (Ll),cny and (L?),en exhausting
sequences of Y and (M!),eny and (M?),cn exhausting sequences of Z such that:
e for each C € UC(X \ K,,), f(C) is contained in some component C/ € UC(Y \ L}) and
(go f)(C) is contained in some component C9/ € UC(Z \ M}),
e for each D € UC(X \ L?), g(D) is contained in some component DI € UC(Z \ M?).

Let e be an end of X, then there exists a decreasing sequence (C),)n,en where C,, €

UC(X\K,) for all n € Nsuch that () clx(C,) = {e}. Then, () cly(CY) = {e;}, where C €

neN neN
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UC(Y \ L)) for all n € N. Choose, a decreasing sequence (D, ),eny where D,, € UC(Y \ L?)
for all n € N and () cly(D,) = {es}. On one hand, we have genq(ef) € () clz(D9) where
Dy € UC(Z \ Mg):tefir all n € N. On the other hand, (g o f)ena(e) € ﬂnecl?z(Cgof), where
C9°l e UC(Z \ M}) for all n € N. Notice that C/ N D,, € UC(Y \ L} ?JEI}%) for all n € N,
and g(CIND,) C C®TNDY, for all n € N. Hence, [ clz(C%®7) = () clz(DY). This proves
that (g0 f)end(€) = gend © fena(€), as desired. " " O
Corollary 4.4.9. Let X and Y be proper geodesic metric spaces. If X and Y are quasi-

isometric, then ends(X) = ends(Y).

4.5 Ends of finitely generated groups

Given a group G (not necessarily finitely generated) and a symmetric subset K C G

generating GG; G can naturally be equipped with the norm |.|x : G — [0, 00) given by:

iffx = 1q
7]k =
inf{fneN:z=x,-...- 2, and xy,...,2, € K\ {lg}} ifx e G\ {lg}

e The norm |.|x : G — [0,00) on G induces a left-invariant metric dx : G x G — [0, 00)
given by dg(z,y) := |[r~'y| and it is called the Cayley metric with respect to the subset K.
e The Cayley metric dg induces a graph Cay(G, K) = (V, E) called the Cayley graph of G
with respect to the subset K where V = G and {z,y} € F if and only if dg(z,y) = 1 if
and only if y = a -z for some a € K \ {1g}.

e Passing to the geometric realization Geom(G, K), we can think of the Cayley graph as a

geodesic metric space.

Proposition 4.5.1. Let G be a group and K C X be a symmetric subset generating G. Then:
(a) (G,dk) is quasi-isometric to Geom(G, K).
() If K,L C G are finite symmetric subsets that generate G, then Geom(G,K) and

Geom(G, L) are quasi-isometric proper geodesic spaces.
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Proof. (a) Let 1+ : G — Geom(G, K) be the inclusion map. Clearly, the map + : G —
Geom(G, K) is is a quasi-isometric embedding. Moreover, for all x € Geom(G,K), z
belongs to a segment of length one connecting a, and b, for some a,,b, € G and hence
dGeom(c,x)(%,a;) < 1, for all x € Geom(G, K) which shows that the map ¢+ : G —
Geom(G, K) is a quasi-isometry.

(b) Let K,L C G be finite symmetric subsets that generate G. Clearly, Geom(G, K) and
Geom(G, L) are proper geodesic metric spaces. Consider the identity map idg : (G, dg) —
(G,dp). For z,y € G, let dg(z,y) = n, dp(z,y) = m and M := max{dk(1g,b),d.(1g,a) :
(a,b) € KxL}. So,z™ 'y =ay-...-a, and 2! -y =by-...-b,, where q; € K and b; € L, for
all1 <i<mnand1<j<m. Notice that dx(z,y) = dx(1g, 27 -y) = dx(1g,b1-...-b,) and
that for 1 < j < m, we have dg (by-...-bj,by-...-bj11) < dg(lg,b1-...-b;)+dk(lg, bjt1) and
therefore we obtain dg (z,y) < i dk(1g, b)) < m-M;in particular, dg (z,y) < M -d(x,y).
Similarly, dp(z,y) < M - dK(mj,:yl). By part (a), Geom(G, K) and Geom(G, L) are quasi-

isometric. OJ

A consequence of 4.5.1, finitely generated groups can be viewed as proper geodesic spaces
and that their Cayley graphs are independent of the choice of the finite generating set. Hence,
when G is finitely generated group, there is no ambiguity in writing Geom(G) to denote the
geometric realization of a Cayley graph of G with respect to some finite symmetric generating

subset of G.

Definition 4.5.2. Let G be a group finitely generated; the space of ends ends(G) of G is
the space of ends of the geometric realization of its Cayley graph. By 4.5.1 and 4.4.8, the
space of ends ends(G) is independent of the choice of the finite generating set, and hence is

well-defined.

Lemma 4.5.3. Let G be finitely generated group.

(a) If H is a subgroup of finite index in G, then ends(G) and ends(H) are homeomorphic.
(b) If G has finitely many ends then it has a subgroup of finite index acts trivially on on
ends(G).

Proof. (a) The inclusion map ¢+ : H — G is a quasi-isometric embedding. Suppose that

|G : Hl =n and let {1¢ = ¢1, 62, ..,9n} be a subset of G such that G is the disjoint union

79



of the right cosets H, H-gs, ..., H-g,. Define the map 7: G — H by j(z-g;) = x forallz € H
and 1 <7 <n. Then y: G — H is a quasi-isometric embedding. Furthermore, jo: = idg and
d(roy(z-g;),x-g;) < M for all x € H and 1 < i < n, where M = max{d(g;,1¢) : 1 <7 <n}.
(b) Let K C G be a finite symmetric subset generating G. Notice that for all z € G, the
map o : (G,dg) — (G,dg) given by 0%(g) = x - ¢ is an isomrty. By 4.4.8, the isometry
o® : (G,dk) — (G, dg) induces a homeomorphism o% , : ends(G) — ends(G). Consider
the group of all homeomorphisms Homeo(ends(G)) from ends(G) to itself. The map ¢ :
G — Homeo(ends(G)) defined by ¢(x) := o2, is a homomorphism with H := Ker(y) is a

subgroup of finite index in G that acts trivially on ends(G). O

The rest of this section is dedicated to the Freudenthal-Hopf’s theorems for finitely

generated groups.

Theorem 4.5.4. Let G be a finitely generated group. G either has infinitely many ends or at
most it has two ends. Furthermore, |ends(G)| = 0 if and only if G is finite.

Proof. The later part of the theorem is straightforward. Assume that G is infinite, then
Geom(G) has at least one end. Seeking contradiction assume that Geom(G) there exist
three proper rays ag,aq,aq : [0,00) — Geom(G) that represent three different ends of
Geom(G). By concatenating 1g and the initial points a;(0), a2(0), we may assume that
a1(0) = a3(0) = 1g. Choose N € N such that ro((IV,00)), a;1((INV,00)) and as((N,00)) are
in different components of Geom(G) \ B(1lg, N). Choose a subgroup H of finite index in
G that acts trivially on ends(G). Choose n € N large enough such that oy(n) = h € H
and d(h, B(1g,N)) > 2N. Notice that for all ¢,s € [2N,00), d(ay(s),as(t)) > 2N. Now,
end(h - aq) = end(ay) and end(h - ag) = end(az) since H acts trivially on ends(G). As,
h-ai(0) = h-a3(0) = h and h is in a different component than a;((N,00)) and as((V, 00)),
the proper rays h - a; and h - ap must pass through the ball B(14, N). In particular, there
exist s, > 2N such that h-ay(s),h - a1(t) € B(1lg,N) and hence d(h - ay(s),h - as(t)) =
d(aq(s),as(t)) < 2N which contradicts the fact that for all ¢,s € [2NV,00), d(a(s), az(t)) >
2N. O]

Theorem 4.5.5. Let G be a finitely generated group. G has two ends if and only it contains

an infinite cyclic subgroup of finite index.
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Proof. If G contains an infinite cyclic subgroup of a finite index it is quasi-isometric to Z
and hence it has two ends by 4.1.20 and 4.4.6.

Conversely, assume that G has two ends. Let oy, a, : [0,00) — Geom(G) be two proper rays
that represent two different ends of Geom(G) with a;(0) = a,.(0) = 1. Choose N € N such
that Geom(G)\ B(1¢g, N) has exactly two disjoint components, the left component C; and the
right component C,. containing «;((V,00)) and «,.((IV, 00)), respectively. Let H < G be of
finite index and H acts trivially on ends(G). Choose n > 2N such that «,.(n) = h € H. Note
that for all ¢ > N, d(ay(t), a,-(t)) > 2N. Moreover, end(h - o) = end(ay) and h - a;(0) = h
and therefore h moves oy : [0,00) — Geom(G) to the right implying that it moves every
element to the right, and that A~! moves every element to the left. Inductively, one has:

e h" € C.and h™" € (),

o h"*1. B(lg,N) C h" - C, and A" .C, C h" - C,,

o - Cy C k™. Cpand B B(1g, N) O™ - B(1g, N) = 0 for all n € NU{0}.
Consequently, the subgroup H' :=< h > is infinite cyclic subgroup and we claim that H' is
of finite index in G. To that end, notice that:

K = (B(lg,N)Uh-C;\ C;)NG is a finite subset of G, and we aim to prove that G = H'- K.
Let = € G, and choose m € NU {0} such that:

d(z,h™ - B(1g,N)) < d(xz,h™ - B(1g,N)) for all n € N. If d(x,h™ - B(1g,N)) = 0, then
x € K C H'-K. Assume that d(z, h™- B(1g, N)) > 0; then either x € A -Cjor x € h™ - C,.
o If x € h™-Cy, then x € h™-C;\ h™~1-Cy. Indeed, if z € h™~1-Cy, then as h™ - B(1g, N) C
hm~1.(C,, so any path connecting x to ™ - B(1g, N) must pass through A™~!- B(1g, N) and
hence d(x, " *-B(1g, N)) < d(z,h™-B(1g, N)), a contradiction. Thus, x € h™-C;\h™1-C}
and hence x € H' - K.

oelfx e h™ C, thenx € h™-C,\ h™*.C,. Indeed, if x € K™ -C,, then as h™- B(1lg, N) C
h™FL.C), then any path from x to k™ B(1g, N) must pass through A1 B(14, N), and hence
d(z,h™ - B(1g,N)) < d(x,h™- B(1g, N)), a contradiction. Thus, x € h™-C,\ h™*'.C, C
(Rt C\ h™-C)UR™ . B(1g, N) and hence x € H'- K. Thus, G = H'- K, as desired. [

As a result of 9.2.9, if G is a finitely generated group with |ends(G)| = oo, then ends(G)
is the Cantor middle-third set (compare with (3), Theorem 8.32).
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4.6 Higson corona and the space of ends of a proper geodesic

metric space

In this section we show that, when X is a geodesic proper metric space, the Freudenthal
compactification is a coarse compactification; namely, it is dominated by the Higson
compactification. Moreover, the Freudenthal compactification is the quotient space of
the Higson compactification obtained by collapsing each component of the Higson corona
to a singleton. Consequently, one can generalizes the Freudenthal compactification to
be the supremum of finite-point compactifications that are dominated by its Higson
compactification. We begin this section with the concept of coarsely disjoint subsets of

a metric space first introduced in (12) (see Definition 2.1 of (12)).

Definition 4.6.1. Let A and C' be subsets of a metric space X, A and C are coarsely disjoint
if for any r > 0, the subset B(A,r) N B(C,r) is bounded. If A C X, A is called coarsely
clopen if A and A° are coarsely disjoint. A is non-trivial coarsely clopen if A is coarsely

clopen with both A and A¢ are unbounded.

Proposition 4.6.2. Let A and C' be subsets of a metric space X, the following conditions are
equivalent:

(a) A and C are coarsely disjoint,

(b) for all v > 0, the subset B(A,r) N C is bounded,

(c) for all v > 0, the subset AN B(C,r) is bounded,

(d) for all v > 0, there is a bounded subset K, of X such that B(A\ K,,r) N B(C,r) is
emply,

(e) for all r > 0, there is a bounded subset K, of X such that B(A,r) N B(C'\ K,,r) is
empty.

Proof. Straightforward. O

Proposition 4.6.3. Let (X, d) be a proper geodesic metric space, a € X and n € N.
(a) Every component C,, of X \ B(a,n) is coarsely clopen.

(b) |lends(X)| > 2 if and only if it has a non-trivial coarsely clopen subset.
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Proof. (a) For r > 0, let A := C,, and K := B(a,n + r). Notice that B(A\ K,r) N A°\
B(a,n) = 0. This shows that C,, is coarsely clopen.

(b) Assume that |ends(X)| > 2, and let n € N such that C,, and D,, are unbounded distinct
components of X \ B(a, N). Let A = C,,, then by part(a) A is a non-trivial coarsely clopen
subset.

Conversely, let A be a non-trivial coarsely clopen subset. Choose N € N large enough such
that X \ K,, where K, := cl(B(a,n)), has at least two unbounded components and all
components of X \ K, are unbounded, say, these components are Cy,...,C%. For r > 0,
the set B(A,r) is a non-trivial coarsely clopen and open subset. Note that B(A,r) \ K, is
unbounded clopen subset of X \ K,,, and hence any component intersects B(A,r) \ K, is
contained in B(A,r)\ K,. In particular, at least a component of X \ K, is contained in

B(A,r) \ K,, and at least a component is contained in B(A,r)°\ K,. O

A subset A of a group G is called right GG-commensurated or almost right invariant
if the symmetric difference AAA - g is finite for all ¢ € G. In finitely generated groups
equipped with a Cayley metric, or more generally in countable groups equipped with left-
invariant proper metric, coarsely clopen subsets of GG are exactly those subsets that are right

G-commensurated.

Proposition 4.6.4. Let G be a countable group equipped with a left-invariant proper metric
d:GxG—[0,00). A subset A C G is coarsely clopen if and only if AAA - g is finite for
all g € G.

Proof. Notice first, as d : G x G — [0,00) is left-invariant, for arbitrary subset A C G,
an element g € G and r > 0, one has B(A-g,r) = A- B(g,r). Now, assume that A is a
coarsely clopen subset of G. Let g € G and pick r > 0 such that d(g, 1¢) < r. Notice that
A-gn(X\A) C A-B(lg,r)N(X\ A) = B(A,r) N (X \ A) which is bounded and hence
finite as d : G x G — [0,00) is is proper. Similarly, AN (X \A-g) =AN(X\A)-gC
AN(X\A)-B(lg,r) = ANB((X\ A), r) which is finite. Therefore, the symmetric difference
AAA - g is finite.

Conversely, assume that AAA - g is finite for all ¢ € G. Let r > 0, since d : G x G —
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[0,00) is is proper, there exist g1,...,9, € G such that B(lg,7) = {g1,.-.,9,}. Now,

BAr)N(X\A) =A-B(lg,r)N(X\A) =UJA-gN(X\A)) which is finite. O
i=1

Proposition 4.6.5. A subset A of a metric space X is coarsely clopen if and only if the

characteristic function xa of A is slowly oscillating on X.

Proof. Assume that A C X is coarsely clopen. If either A or A is bounded, then x4 : X —
{0,1} is obviously slowly oscillating on X. Assume that both A and A¢ are unbounded. For
r > 0, take the bounded set K, := B(A,r) N B(A¢ ), and notice that for all z,y € X \ K,
either z,y € A or z,y € A, and thus |xa(z) — xa(y)| = 0. This shows that x4 : X — {0,1}
is slowly oscillating on X.

Conversely, assume that y4 : X — {0,1} is slowly oscillating on X. Then A = y;'({1})
and A¢ = x;'({0}). Let r > 0 and 0 < ¢ < 1, we can find a bounded subset K, C X such
that for all x,y € X \ K, and d(x,y) < r, then |ya(z) — xa(y)| < e. Therefore, for all
x,y € X\ K,, either z,y € A or x,y € A°, and thus B(A,r) N A°\ K, = 0. ]

Definition 4.6.6. A function between metric spaces f : X — Y is called coarsely constant if
there exists a bounded subset K C X such that f|x\x is constant. Otherwise, f: X — Y

is called coarsely non-constant.

Corollary 4.6.7. A subset A of a metric space X is non-trivial coarsely clopen if and only if

the characteristic function x4 of A is coarsely non-constant and is slowly oscillating on X.

Proposition 4.6.8. Let Y be a compactification of a metric space (X,d). Y is a coarse
compactification of X if and only if for all sequences (x,,), (y,) C X with d(z,,y,) < T for
alln € N, for somer >0 andw € (Y \ X)Nely({x, : n € N}); then w € cly ({y, : n € N}).

Proof. Suppose that Y is a coarse compactification of X and (2, )nen, (Yn)nen € X with
d(zp,yn) < r for some r > 0, for all n € N. Suppose w € (Y \ X) Nnely({z, : n € N})
but w ¢ cly({y, : n € N}). Choose a continuous function f : Y — [0, 1] sending w to
0 and sending cly ({y, : n € N}) to 1. Notice that for each m € N, f~![0, ) is an open
neighborhood of w. By choosing z,,,, € f[0, W%)ﬂ{xn :n € N} for all m € N, we may reduce

(x,) to a subsequence (z,, )men diverging to infinity in X with f(z,, ) — 0 as m — oo.
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Since f|x is slowly oscillating, so |f(zn,,) — f(Yn,, )] — 0. Thus, f(yn,) — 0 as m — oo
contradicting f(cly ({y, : n € N})) = 1.

Conversely, let f : Y — [0,1] be a continuous function, and we aim to show that f|x is
slowly oscillating. Seeking contradiction, assume that there exist (z,), (y,) C X such that
(x,,) diverges to infinity and d(x,,y,) < r for some r > 0, for all n € N, with |f(x,) — f(yn)]|
does not converge to 0. Passing to subsequences if necessary, we may assume that f(z,) —
a € [0,1] and f(yn) — b € [0,1] asn — oo and a # b. Pick U, and U, open neighborhoods in
[0, 1] of a and b, respectively, such that cljo 11(Us)Neljo,11(Us) = 0. Notice that f~*(cljo1)(Us)) is
a closed subset contains all but finitely many elements of (z,,); in particular, (Y \ X )Nely ({z, :
n € N}) C f~(cljo1(Us)). Similarly, (Y \ X) Nely({yn : n € N}) C f~(cljp.11(Up)), but
Ml (Ua)) N f~(cljo1(Up)) = 0, a contradiction.

0

When (X, d) is a proper metric space, the coarsely disjoint subsets of X are exactly those

subsets with disjoint boundaries where the closures are taken in its Higson compactification

hX.

Proposition 4.6.9. If (X,d) is a proper metric space and A is a subset of its Higson
compactification hX and the Higson corona O, X := hX \ X, then AN X is coarsely clopen
in X if and only if clp(A)NORX and clp(A°)NORX are disjoint, where the closures are taken
wm hX.

Proof. 1f C := ANX is coarsely clopen, then clx(C)Nelx (X \C) is a bounded subset. Choose
a bounded open subset U C X containing clx(C) Nelx (X \ C). Notice that clx(C) \ U and
clx (X \ C) are closed disjoint subsets of X. By Urysohn’s lemma, the characteristic function
Xelx(C)\U 18 continuous on X \ U. By Tietze extension theorem, it extends to a continuous
function f : X — {0,1}. Clearly, the function f : X — {0, 1} is slowly oscillating, and hence
it extends continuously to the function g : hX — {0, 1}. Notice that g(cl,(clx(C)\U)) = {1}
and g(cly(clx (X \C)) = {0}. Therefore, cl,(A)NOL,X C g {1} and cly(A°)NOLX C g {1},
which implies that cl,(A) N0 X and ¢l (A°) N O X are disjoint.

Conversely, assume that cl,(A) N0, X and clp(X \ A)N9pX are disjoint, and C':= ANX

is not coarsely clopen. There exist r > 0, S; := {x, : n € N} in C and S5 := {y,, : n € N} in
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C*° such that z,, — oo (that means each bounded subset K of X contains only finitely many
members of the sequence) and d(x,,y,) < r for all n € N. Notice that cl;(S;) N 9, X and
clp(S2) N O X are disjoint, which contradicts 4.6.8. O

Theorem 4.6.10. Let X be a proper geodesic metric space. There is a one-one correspondence

between the the ends of X and the components of 0, X.

Proof. Let e = (C},)nen be an end of X, then, by 4.2.1, [ ¢ls(C,,) is a connected subset of
OnX. Let C, be the component of 9, X containing | clh(nC’eS), and C(0,X) be the family of all
components of 9,X. Define the map ¢ : ends(X)ne—N> C(0,X) sending each end e = (C,)nen
to the component C,. It is surjective by 4.2.1. Let e; = (Cy)neny and e = (D, )nen be two
different ends. Let n € N such that C,, N D, = 0, and put A := C,. By 4.6.3, A is a
non-trivial coarsely clopen subset. Moreover, by 4.6.9, ¢l,(A) N 0, X and ¢l (A°) N OpX are
disjoint clopen subsets of 9, X. Since C,, Nclp(A) N O X # O and C,, N clyp(A°) N O X # 0;
hence Ce, C clp(A) N X and C,, C clp(A°) N X and therefore C,, and C,, are distinct

components of J,X. In particular, the map ¢ : ends(X) — C(0,X) is bijective. O

As a result of that correspondence, we can obtain the Freudenthal compactification by
collapsing each component of the Higson corona 0, X into a Singleton. This gives us an

external description of the Freudenthal corona or the end space.

Corollary 4.6.11. Let X be an unbounded proper metric space and hX be the Higson
compactification of X. Define a relation on hX by x ~ x for allx € X and for allz,y € 0, X,
x ~y if and only if x and y are in the same component of O, X . The quotient space hX /., is
a coarse compactification of X with totally disconnected corona. If, moreover, X is geodesic,

then the compactification hX/. coincides with its Freudenthal compactification X of X.
Proof. Similar to 4.3.3. m

Theorem 4.6.12. If X is a proper geodesic metric space, then its Freudenthal compactification
X is the supremum of finite-point compactifications of X that are dominated by the Higson
compactification of X.

Proof. Similar to 4.3.4. [
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4.7 Specker’s approach to the space ends

Given a topological space X, the family Clop(X) := {U C X : U is clopen} is a sub-
Boolean algebra of P(X). If B is a Boolean algebra, the family of all ultrafilters of B is
denoted by U(B). The family {U, : = € B}, where U, = {F € U(B) : x € F'}, is a basis for
a topology Ty(p) on U(B) in which U, is a clopen subset for all € B, and (U(B), Tu()) is
a compact Hausdorff totally disconnected space (Stone’s space). The Stone’s representation
theorems for Boolean algebras and Stone’s spaces assert us the following:

e Every Boolean algebra B is isomorphic to Clop(U(B)), and two Boolean algebras B, and
By are isomorphic if and only if their Stone’s spaces U(By) and U(Bsy) are homeomorphic.

e Every compact Hausdorff totally disconnected space (Stone’s space) X is homeomorphic
to U(Clop(X)), and two Stone’s spaces are homeomorphic if and only if their corresponding

Boolean algebras Clop(X) and Clop(Y') are isomorphic.

Taking advantage of the fact that the space of ends ends(G) of a finitely generated
group G is a Stone’s space, and therefore it can be determined by the Boolean algebra
Clop(ends(G)), Specker(40) defined the space of ends for arbitrary groups as follows:

e Consider the family Comm/(G) of all right G-commensurated subsets of the group G; the
relation ~ on Comm(G) given by A ~ B if and only if AAB is bounded (equivalently
finite in discrete spaces), is an equivalence relation. The equivalence class of A € Comm/(G)
is denoted by [A], and the family of the equivalence classes of Comm(G) is denoted by
Comm(G)/ .

e The 4-tuple (Comm(G)/~,+,-,—) is a Boolean algebra, where 0 := [(}], 1 := [X] and the
operations are defined as follows:

*[A]+[B] = [AU B];

*[A]-[B] = [ANn BJ;

* —[A] = [X \ A]; for all [A],[B] € Comm(G)/~.

e The space of of ends of G is the Stone’s space U(Comm(G)/.).
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Our goal is to show that if G is finitely generated then ends(G) is indeed homeomorphic
tod(Comm(G)/.). Let d: GXxG — [0,00) be a proper left-invariant metric on G as noticed
in 4.6.4, Comm(G) = CC(G), where CC(G) is the family of all coarsely clopen subsets of
(G, d). Moreover, the Freudenthal compactification of a proper geodesic metric is metrizable
and dominated by its Higson compactification and its corona is totally disconnected. To
accomplish our goal, we will show that if (X, d) is a proper geodesic metric space and Y is

the Freudenthal compactification, then 0X =Y \ X is homeomorphic to U(CC(X)/.).

Definition 4.7.1. Let X be a coarse space and A, B C X. We say that A and B are called
coarsely identical and we write A ~ B if their symmetric difference AAB is a bounded

subset.

Lemma 4.7.2. Let X be a coarse space; the relation ~ on the power set P(X) of X is an

equivalence relation. The equivalence class of A € P(X) is denoted by [A].

Proof. Notice that A and B are coarsely identical if and if there exist bounded subsets
Ka,Kp C X such that A= (ANB)UK, and B = (AN B)U Kg. Assume that B and C
are coarsely identical and let K5, K¢ C X be bounded such that B = (BN C) U K and
C=(BNC)UKec. Now, A\N\C=(ANB)UKp\C C(BUKp)\C C (B\C)UKp and
C\A=((BNC)UKg)\AC (BUKg)\AC (B\A)UKc. Therefore, AAC' is a bounded

and thus ~ is a transitive relation. O

Notation 4.7.3. Let X be a coarse space; the family of all coarsely clopen subsets of X is
denoted by CC(X). The family of all equivalence classes [A] where A € CC(X) is denoted by
CC(X)/~.

Lemma 4.7.4. The 4-tuple (CC(X)/~,+,, ) is a Boolean algebra, where 0 := [(], 1 := [X]
and the operations are defined as follows:

o [A]+[B]=[AUBJ;

o [A]-[B]=[ANBJ;

o —[A] = [X \ A]; for all [A],[B] € CC(X)/~.

Proof. Notice that if A, B € CC(X), then ANB,AUB, X \ A € CC(X). O
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When X is a proper geodesic metric space, then U(CC(X)/~) is the space of ends of X.

Lemma 4.7.5. Let X be the Freudenthal compactification of the proper geodesic metric space
(X,d) and K = (K,)nen be an exhausting sequence. If A C X is a coarsely clopen subset
and e = (Cy)nen € endsi(X) is an end, then there exists N € N, such that either Cy C A
or Cy C X\ A.

Proof. Let r > 0, and choose N € N such that B,(A) N B.(X \ A) C Ky. Put A" :=
A\ int(Ky), and notice that:

e A’ is a closed subset of X \ Ky as A" = (X \ clx(X \ 4)) N (X \ Ky).

e A’ is an open subset of X \ Ky as A’ = (X \int(X \ 4)) N (X \ Kn).

Therefore, A" is a clopen subset of X \ Ky, and hence the component Cy of X \ Ky is
either contained entirely in A’ or entirely in X \ (AU Ky). Since Cy N Ky = 0, Cy is either

contained entirely in A or entirely in X \ A as claimed. ]

Theorem 4.7.6. Let X be the Freudenthal compactification of a proper geodesic metric space
X. Then:

(a) If U C X s coarsely clopen, then C' = clg(U) N 0X is clopen subset of 0X and
(cx(U)Nelg(X\U))NoxX = 0.

(b) If a subset C' C X s clopen then there exists a coarsely clopen subset Uo C X such that
C =clx(Uc)NOX. Furthermore, if Vo C X is coarsely clopen such that C' = clg (Vo) NOX,

then Uc and Ve are coarsely identical.

Proof. (a) Assume that U is a coarsely clopen subset of X. Pick r > 0, and choose a compact
subset K C X such that B(U,r)N B(X \ U,r) C int(K). Put A:=U \ int(K), and notice
that:

o cl(A)NIOX =cl(U)Nn0X.

o cl(X\AUnt(K))NoX =clx(X\U)NoX.

e Ais a closed subset of X \ int(K) as A= (X \clx(X\U))N (X \int(K)).

e A is an open subset of X \ int(K) as A= (X \int(X\U))N (X \int(K)).

Now, since A is a clopen subset of X \ int(K), the characteristic function of A x, :

X \ int(K) — {0,1} is continuous. Moreover, since X \ int(K) is a closed subset of the
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normal space X, the continuous function x, : X \ int(K) — {0,1}, by Tietze extension
theorem, admits a continuous extension f : X — [0,1]. By 4.7.5, we can define a function
g: X — [0,1] as follows: g|x = f and for e = (C,,)nen € ends(X) let g(e) = 1if C,, C Uc for
somen € N, and g(e) = 0if C,, ¢ U for all n € N. Clearly, g(0X) C {0,1}and g : X — [0, 1]
is continuous. Indeed, let e = (C),)nen € ends(X), we discuss two cases:

Case 1: If g(e) = 1, then C,, C U¢ for some n € N. Put O = C,,, then Ound i= Oung U O is a
neighborhood of e on which ¢ is constant.

Case 2: If g(e) = 0, then by 4.7.5, we can find n € N such that C,, ¢ X \ Us. Put
O = C,, then 6end := Ogpg U O is a neighborhood of e on which ¢ is constant. This
shows that g : X — [0,1] is a continuous extension of f : X — [0,1]. Moreover,
g {1}) NIX = clg(U)NIX, and g~ ({0}) N 0X = clgx(X \ U) N X which shows that
C =clx(U)NIX is clopen subset of 90X and (clx(U) Nelgx(X \U)) NoX = 0.

(b) Assume that C' C 90X is a clopen subset. Since X is normal, we can choose disjoint
neighborhoods U and V in X of C' and X \ C such that clg(U) Neclg(V) = (. Notice
that C' = clg(U) N 0X. Indeed, if w € (clg(U) N 0X) \ C, then w € V, a contradiction.
Put Us := U N X, and notice that if O C X is a neighborhood of w € clg(U) N dX,
then ONU # 0. As X is dense subset of X, (ONU)NX = ONUs # 0. Therefore,
C=czU)NoX =clx(Us) NOX.

Claim: Ug is coarsely clopen.

Proof of the claim: since X \ U and C are disjoint closed subsets, there exists, by Urysohn’s
lemma, a continuous function f : X — [0,1] such that f(X \ U) = {0} and f(C) = {1}.
Choose a,b € (0,1) such that a < b, and notice that K := f~!([a,b]) is a compact subset of
X. Moreover, as X C (X \U)UC, K is a compact subset of X. Seeking contradiction,
assume that Ug is not coarsely clopen; hence, Uc \ K and X \ (Us U K) are not coarsely
disjoint. There exists r > 0, such that B(Uc \ K,7) N X \ (Uc U K) is unbounded. In
particular, we can find sequences (2, )neny C U \ K and (Y, )neny € X \ (Uc U K') converging
to infinity points w, € 0X and w, € X, respectively, such that d(z,,y,) < r for all n € N.
Notice that (yn)neny C X \ (Uc UK) C X \ U and hence f(y,) = 0 for all n € N. Also, since
wy € clx(Uc\ K)NoX C C, f(w,) = 1. Choose N € N such that f(z,) € (b,1] for all
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n > N, then |f(z,) — f(yn)| > b for all n > N, which contradicts the fact that f : X — [0, 1]
is slowly oscillating function. Therefore, Us must be coarsely clopen as claimed.

Finally, assume that Vo C X is coarsely clopen such that C' = clx(Ve) N 0X. Notice
that by part (a), (clx(Vo) Nelg(X \ Vo)) N0X = 0. Seeking contradiction, assume that
Uc \ Ve is unbounded; so there is an unbounded sequence (z,)nen C Ue \ V. Without loss
of generality, assume that (z,),en converges to w € X. On one hand, w € clg(Uc) NIX =
clx (Vo) NOX. On the other hand, w € clgx(X \ Vo) N OX, which contradicts the fact that
(cx(Ve)Nelg (X \ Vo)) NoX = 0. Thus, Us \ Ve is bounded; and similarly, Vo \ Ug is
bounded. O

Theorem 4.7.7. Let X be a proper geodesic metric space, and X be the Freudenthal
compactification. The space of ends 0X = X \ X is homeomorphic to U(CC(X)/.).

Proof. By the Stone’s representation theorems, it suffices to show that the Boolean algebras
Clop(0X) and CC(X)/~ are isomorphic. By 4.7.6(b), for every C' € Clop(0X) there exists
Ue € CC(X) such that (clgx(Uc) Nelg (X \Ueg))NOX) =0 and C = clg(Us) NOX. Define
the map ¢ : Clop(0X) — CC(X)/~ that sends each C' € Clop(0X) to [Uc] € CC(X)/ .

e  is well-defined by 4.7.6(b).

e  is injective. Indeed, let C, D € Clop(0X) such that w € C'\ D. In particular, w is not a
limit point of Up, and hence there exists unbounded sequence (x,,),en C Us \ Up converging
to w. Therefore, Us \ Up is unbounded.

e By 4.7.6(a), ¢ is surjective.

e 0 is a homomorphism. To that end, notice that ¢()) = [0] and ¢(0X) = [X]. To show it is
a homomorphism it suffices to show that for C, D € Clop(0X), then [Ucyp] = [UcUUp] and
[Ucnp) = [Uc NUp). Notice that CUD = (clx(Uc)Uclx(Up)) NOX = clx(UcUUp)NOX,
and hence [Ucyp] = [UcUUp]. Seeking contradiction, assume that [Ucnp| # [UcNUp|. One
has CND = clg(Ucnp) NOX = (clx(Uc) Nelx(Up)) NOX. We consider two cases:

Case 1: Assume that Uo N Up \ Ucnp contains an unbounded sequence (x,),en converging
tow € 0X. Then w € clg(Uc NUp)NOX and as clx(Uc NUp) C cx(Ue) Nelg(Up),
w € cx(Ue)Nelg(Up)NOX = clx(Ucnp)NOX which contradicts the fact that (clg(Ucnp)N
clg (X \ Uonp)) NOX = 0.
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Case 2: Assume that Usqp \ UcNUp contains an unbounded sequence (,),en converging to
w € 0X. Notice that w € clgx(X\(UcNUp))NOX = (clx(X\Uc)NOX)U(clx (X \Up)NoX).
Without loss of generality, we may assume that w € clx(X \ Ug) N OX. Therefore, w ¢
clx(Ug)NoX, which contradicts the fact that w € clg(UsNUp)NOX C clx(Uc)NoX. O
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Chapter 5

Coarse Geometry

Throughout this paper, all topological spaces are assumed to be Hausdorff spaces. The

basic reference for this chapter is (36).

5.1 Definitions and examples

Definition 5.1.1. The subset A = {(m,x) crc X} of X x X is called the diagonal of X.
For E, FF C X x X, the product of F and F' is denoted by E o F' and defined by F o F =
{(:L‘,Z) e X, (z,y) €E (y,2) € F} The inverse of E is E‘lz{(y,x) (z,y) € E} A
coarse structure on X is a collection £ of subsets £ C X x X satisfying the following
conditions:
(1) Aeég,
(2)If ECFe&, then E €€,
B)IfE,Fe& then EUF,EoF E7' €&.

An element of £ is called an entourage or a controlled set. The set X equipped with
a coarse structure £ is called a coarse space and denoted by (X, &). We say that (X, &) is

(coarsely) connected if {(x,y)} is an entourage for all z,y € X.

Example 5.1.2. Let (X,d) be a metric space and r > 0. We put:

E, ={(z,y) € X x X :d(z,y) <r}.
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The family £; := {E C X x X : E C E, for some r > 0} is a coarsely connected coarse

structure called the bounded coarse structure induced by the metric d.

Example 5.1.3. Let X be a non-empty set and G be a group that acts on X from the right.
For a subset A C G and a subset Y C X, put EY := {(z,x-g):x €Y,g € A}. Let G, be
the family of all finite subsets of G, then the family:

g ={ECE):YePX),AE€Gpn}

s a coarse structure on X called the coarse structure induced by the right action of

G on X. If the action of G on X is transitive, then (X, Eg) is coarsely connected space.

Proof. Notice that A = Ef ,. If Y, Z € P(X) and A, B € Gy, then EY U EZ C EY5E,
and FY o B4 C B4y Forge G, Y -g={z-g:xz €Y} LetY := JY -g, then

geA
(E¥) ' C E};’,l. Finally, suppose that the action of G on X is transitive, and z,y € X, then
there exists g € G such that y = z - g, and hence {(z,y)} = Eg}} O

Definition 5.1.4. Let £ and F be two coarse structures on X:
e We say that &£ is finer than F or F is coarser than £ if £ C F.
e A subset B C £ is called a basis for £ if for every E € &, there exists E' € B.

Example 5.1.5. Given a metric space (X,d), the family {E, : n € N} is a basis for &,.

5.2 Metrizability of a coarse structure

Definition 5.2.1. A coarse structure £ on X is called metrizable if there exists a metric

d: X x X —[0,00) on X such that £ =&,

Lemma 5.2.2. If a coarse structure £ on X admits a countable basis, then it admits an

ascending basis consists of symmetric entourages.

Proof. Let A :={A, : n € N} be a countable basis for £, then B := {B,, : n € N}, where

n

B, = A, U Al is a countable basis consists of symmetric entourages. Put C, = |J B;;
i=1

then C := {C,, : n € N} is a countable basis consists of symmetric entourages such that

C, C Cpyq forall m € N. O

94



Theorem 5.2.3. A coarse structure £ on X is metrizable if and only if £ admits a countable

basis.

Proof. It £ is metrizable by a metric d, then the countable family {F, : n € N}, where
E,={(z,y) € X x X :d(z,y) < n}, is basis for &, = €.

Conversely, by 5.2.2, we can choose a countable basis C := {C,, : n € NU{0}} consists of
symmetric entourages such that C,, C C,4; for all n € NU {0}, and Cy = A. Define a map
d: X xX —[0,00] by:

00 if(x,y) ¢ U Cn

d(x,y) _ neNU{0}
min{n € NU{0} : (z,y) € C,,} if(x,y)e U Cu.

neNU{0}

d: X x X — [0,00] defines a metric on X and E, = {(z,y) € X x X : d(z,y) < n} = C,,
for all n € NU {0}. Therefore, £ = &;, as wanted. O

Definition 5.2.4. Let (X, &) be a coarse space, and A be a set, the maps f,g : A — X are
close if {(f(a),g(a)) ca € A} eé&.

Notation 5.2.5. Let U be a collection of subsets of X; we write Fyy = Uy, U x U. For
a subset A C X, the star of A with respect to U is denoted by St(A,U) and defined by
St(AU) =: U U. Notice that Ey[A] = St(A,U).
UecUu
UNA#0(

Definition 5.2.6. Let (X, &) be a coarse space. A subset K C X is called coarsely bounded
or just bounded if K x K € £. In general, a collection U of subsets of X is said to be
uniformly bounded if £y = Uy, U x U € €. Clearly, every element of ¢/ is a bounded

subset of X. If, moreover, U is a cover of X, U is said to be uniformly bounded cover of X.

Definition 5.2.7. Let X be a set, with A C X, and a subset £ C X x X; we define the F-ball
around A by:

E[A]Z{xEX:EIGGA,(x,a)GE}
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Lemma 5.2.8. Let (X,E) be a coarse space and K C X. The following are equivalent:
(a) K is bounded;

(b) K x {p} € € for somep € X;

(c) K = E[p] for somep € X and E € &;

(d) The inclusion map K — X is to a constant map ¢ : K — X.

Proof. Assume that K = E[p] for some p € X and F € £. Notice that F o E~! € £ and
EoE~!' = K x K. The rest of the implications are straightforward. O]

Proposition 5.2.9. Let (X, &) be a coarse space. Then:

(a) For all p € X, {p} is a bounded subset of X.

(b) If K is a bounded subset of X and L C K, then L is a bounded subset of X.

(c) If K C X is a bounded subset and E is an entourage then E[K] is a bounded subset.
(d) If L, K C X are bounded subsets of X such that LN K # (), then L U K is a bounded
subset of X.

(e) If Ko, K1, ..., K, are all bounded subsets of X such that K;N Ky # 0 for alli=1,...,n,
then | J_, K; is bounded subset of X.

(f)If Ky, ..., K, are all bounded subsets of X such that K;NK;1 # 0 foralli=1,...,n—1,
then \J;_, K; is bounded subset of X.

(9) If L and K are bounded subsets X and LN K # (), then L x K is is an entourage.

(h) If L and K are bounded subsets X and (X,E) is coarsely connected; then L x K is an
entourage.

(i) Finite union of bounded sets of a coarsely connected coarse space X is a bounded subset.

Proof. (a) and (b) are obvious.

(¢) Notice that if K € X, and E C X x X, then E[K] x E[K] C Eo (K x K)o E~L.

(d) Assume that L, K C X are bounded subsets of X and that p € L N K. Notice that
E = L x {p} and F = K x {p} are entourages and therefore, by part (¢), (F'U F)[L] is
bounded. Since LU K C (FE U F)[L], L U K is bounded.

(e) and (f) follow from part (d) along with the induction.

(9) Assume that L and K are bounded subsets X and p € L N K. Notice that (L x {p}) o
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({p,p}) o (K x {p}) € €. Clearly, L x K C (L x {p}) o {p,p}) o (K x {p}).
(h) Let L and K be bounded subsets X and choose a € L and b € K. Notice that as X

is coarsely connected, (L x {a}) o ({a,b}) o (K x {b}) € €. Clearly, L x K C (L x {a}) o
({a,b}) o (K x {b}), and hence L x K € £ as desired.

(7) By induction, it suffices to show that if L and K are bounded, then L U K is bounded.
Indeed, by part (h), we have L x K, K x L € &, and therefore (LUK) x (LUK) € &. O

Remark 5.2.10. Let (X,€) be a coarse space. If X is bounded then & = P(X x X) the
power set of X x X. In which follows, unless otherwise stated, X is always assumed to be

coarsely unbounded.

5.3 Maps between coarse spaces

Chapter 2 of (38) is the main reference of this section.

Definition 5.3.1. Let (X, Ex) and (Y, Ey) be coarse spaces, and ¢ : X — Y be a map.

e The map ¢ is called coarsely proper if for each bounded subset B C Y, then ¢~*(B) is
bounded subset of Y.

e The map ¢ is called controlled or bornologous if for each E € Ex, then (¢ x ¢)(E) € Ey.
e The map ¢ is called expanding if for each F' € &y, then (¢ x ¢)"}(F) € Ex.

e The map ¢ is called coarse if it is coarsely proper and controlled.

e The coarse spaces X and Y are called coarsely equivalent if there exist coarse maps
¢: X — Y and ¥ : Y — X such that ¢ o1 is close to idy and v o ¢ is close to idx. The
coarse map ¢ is called a coarse inverse of the map 1.

e The coarse map ¢ : X — Y is called a coarse equivalence if it has a coarse inverse.

e The map ¢ is called coarsely surjective if there exists ' € & such that F[¢(X)] =Y.

Proposition 5.3.2. Let (X,Ex) and (Y,Ey) be coarse spaces and let ¢ : X — Y be a map.
@ X — Y 1is controlled if and only if for all E € Ex, there exists F' € &y such that
o(Ez]) C Flp(z)] for allx € X.

Proof. Assume that ¢ : X — Y is controlled and that E € Ex; then we have F := px¢(E) €
Ey. Moreover, p(FE[z]) C Flp(x)] for all x € X.
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Conversely, assume that F € Ex and choose F € &y such that p(E[z]) C Flp(z)] for
all x € X. Notice that £ = |J Efz] x {z} and F = |J F[y] x {y}. Now, ¢ x ¢(E) =

zeX yey

U wlBle) xAe(@)} ¢ U Flel@)] xdelx)} € U Fly x{y} = F. Hence, o0 X = ¥ is

controlled. O

Lemma 5.3.3. Let ¢ : X — Y and ¢ : Y — X be maps, and consider the subsets E oy :=
{(pod(y),y) :y €Y} and Eyoy :={(Y 0 p(),z) : © € X}. Then:

(@) Epoy C (¥ X )" (Eyop) and Eyoy C (¢ X )™ (Egoy).-

(b) Forall EC X x X and F CY XY, (p x p) ' (F) C quol@ o (¢ x Y)(F) o Eyoy, and
(6 x )" (E) € Bzl 0 (X 9)(E) © By

(c) Forall EC X x X and F CY XY, (p x 9)(E) C (¢ x ) Y Eyop 0 E o EJj(p) and
(¥ X Y)(F) C (X 0) (Egoypo FoE_).

Proof. Straightforward calculations. O]

Lemma 5.3.4. Let (X,Ex) and (Y, Ey) be coarse spaces and let o - X — Y andp:Y — X
be maps such that @ o s close to idy. Then:

(a) If ¢ : X — 'Y is controlled, then ¢ : Y — X is expanding.

(b) If ¢ : X — Y is expanding if and only if ¢ : Y — X is controlled and 1 o ¢ is close to

1dx.

Proof. (a) Assume that ¢ : X — Y is controlled, and let £ € Ex, then by 5.3.3 (b), we have
(6 x 6)(E) C Bz, 0 (9 X 9)(E) 0 Eyog, and hence (1 x ) (E) € &

(b) Assume that ¢ : X — Y is expanding, and let F' € &y, then by 5.3.3 (¢), (¢ x ¢¥)(F) C
(o X @) HEpoy oFoE;olw) € Ex. Moreover, by 5.3.3 (a), Eyo, C (o X 9) (Epoy) € Ex. O

Corollary 5.3.5. Let (X,Ex) and (Y,Ey) be coarse spaces and ¢ : X — Y be a map. The
following are equivalent:

(a) p: X =Y is a coarse equivalence.

(b) ¢ : X — Y is controlled and there exists a controlled map ¢ :' Y — X such that 1) o ¢
close to idx and @ o is close to idy .

(c) ¢ : X =Y is controlled, expanding and p o 1) is close to idy for some map Y — X.

(d) p: X =Y is controlled, expanding and coarsely surjective.
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Proof. (¢) = (d) : Since @ o 1 is close to idy, E;jw € &; and as E;olw[ga(X)] =Y,
¢ : X — Y is coarsely surjective.

(d) = (a) : Choose F' € &y such that Fp(X)] =Y. Notice that for every y € Y, there
exists x, € X such that (y,¢(z,)) € F. Define a map ¢ : ¥ — X by ¢(y) := z,. Notice
that for all y € Y, (v, 0 ¢(y)) = (y,¢(xy)) € F, and therefore, p o9 is close to idy. By
5.3.4 (a), ¥ : Y — X is expanding, and a fortiori, coarsely proper. By 5.3.4 (b), ¥ : Y — X
is controlled and 1) o ¢ is close to idx. The other implications follow directly from 5.3.4. [

Example 5.3.6. If G is a countable group equipped with two proper, left-invariant metrics d;

and dy; then (G,dy) and (G,dy) are coarsely equivalent.

Proof. The identity map id : (G, d;) — (G, ds) is a coarse equivalence. Indeed, notice that for
r > 0, Bg, (1g, 2r) is finite and therefore we can find s > 0 such that By, (1¢,2r) C By,(1g, s).
Now, for all z,y € G, if di(x,y) < r, then d; (1,27 -y) < r and hence 271y € By, (1¢,2r) C
By, (1¢g, s) which implies that do(x,y) < s. Thus, the identity map id : (G,dy) — (G, ds) is

coarse continuous and consequently a coarse equivalence. O

Example 5.3.7. Let G be a group equipped with a left-invariant metric d. If H is a subgroup

of finite index in G, then G and H are coarsely equivalent.

Proof. The inclusion map ¢ : H — G is clearly a coarse map. Suppose that [G : H] = n and
let {g1 = 1,92, ..., 9n} be a subset of G such that G is the disjoint union of the right cosets
H,H-gs,...,H-g,. Definethe mapvy : G — Hby¢(r-g;)) =xforallz € Hand 1 <i <n.
Then ¢ : G — H is a coarse map. Furthermore, ¢ o ¢ =idy and d(po(x-g;),x-¢g;) < M

for all x € H and 1 < i <n, where M = max{d(g;, 1¢) : 1 <i < n}. O

5.4 Coarse components and coarse path components

Lemma 5.4.1. Let (X,&) be a coarse space and define a relation ~ on X by x ~ y if and

only if (z,y) € E for some E € E. The relation ~ on X is an equivalence relation.

Proof. Straightforward. m
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Notation 5.4.2. If (X,€) is a coarse space, the equivalence class of © € X 1is called the
coarse connected component of v and denoted by C,. Clearly, X is coarsely connected

if and only if X = C, for some x € X .

Definition 5.4.3. Let (X, &) be a coarse space and F € £ be a symmetric entourage, and
x,y € X:

e r and y are said to be E-related if (z,y) € E.

e r and y are said to be F-connected and we write z ~pg y if there exists a finite sequence
x1,...,%, € X such that z = z1, y = x, and (z;,x,41) € F for all 1 <1i < n — 1. Clearly,
x ~p y if and only if there exists a finite sequence x1,...,z, € X such that z =z, y = x,
and E[z;] N Elx;q] # 0 for all 1 <7 <n —1if and only if y € E™[x] for some n € N.

e X is said to be E-connected if for all x,y € X, x and y are E-connected. It is obvious

that if X is F-connected then it is coarsely connected.

Lemma 5.4.4. Let (X, &) be a coarse space and E € € be a symmetric entourage containing

A. The relation ~g on X is an equivalence relation.
Proof. Straightforward. O

Notation 5.4.5. Let (X, &) be a coarse space and E € € be a symmetric entourage containing
A. The equivalence class of x € X s denoted by CF and called the coarse E-path

component or just the E-component of v € X. It can be easily seen that CE = | J E™[z].
neN

In the special case when (X,d) is a metric space equipped with the bounded coarse
structure induced by d, for r > 0, we say that x,y € X are r-connected instead of F,-

connected and the F,-component is referred to as the r-component.

Definition 5.4.6. Let (X, &) be a coarse space, £ € £ and A C X:

e A is called E-coarsely dense if E[A] = X and it is called coarsely dense if it is E-coarsely
dense for some E € £.

e A is called E-separated if (a,b) ¢ E for all distinct elements a,b € A.

e A is called extremely E-separated if Ea] N E[b] = () for all distinct elements a,b € A.

Proposition 5.4.7. (a) If (X,&) is a coarse space, a subset A C X is coarsely dense if and

only if A is coarsely equivalent to X.
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(b) Let (X,Ex) and (Y, Ey) be coarse spaces. The map ¢ : X — Y is coarsely surjective if
and only if (X)) is coarsely dense subset of Y.

Proof. Straightforward. O

Given a coarse space (X,€) and E € £ we aim to find subsets A and B such that A is

coarsely dense F-separated, and B is coarsely dense extremely E-separated.

Proposition 5.4.8. Let (X,&) be a coarse space, and E € & be symmetric entourage
containing A. Then:
(a) X contains a coarsely dense E-separated subset A.

(b) X contains a coarsely dense extremely E-separated subset A.

Proof. (a) Let A := {Y C X :Y is E-separated}. As every singleton is vacuously FE-
separated, A # (). Partially order A by inclusion. Let C C A be a chain and put B := |J C.
Clearly, B is an upper bound of C and B € A. Indeed, if x,y € B are distinct elergleeilts,
then there is C' € C such that z,y € C' and hence (z,y) ¢ E. By Zorn’s lemma, A contains
a maximal element A. We claim that E[A] = X. To this end, assume that there exists
x € X\ E[A], then x ¢ A and for all a € A, (x,a) ¢ E. Hence, AU {x} is an E-separated
subset containing A properly, a contradiction. Therefore, E[A] = X as wanted.

(b) Let A :={Y C X : Y is extremely E-separated}. As every singleton is vacuously
extremely E-separated, A # (). As in part (a), A contains a maximal element A. We need
to show that A is coarsely dense. Take F' = E o E, then F[A] = X. Indeed, if z € X \ F[4],
then = ¢ E[A] and hence for all a € A, (x,a) ¢ E. Notice that E[z] N Ela] = 0 as if
y € E[z] N Ela], then (z,y), (y,a) € E and hence x € E[A], a contradiction. Now, as = ¢ A,
AU {x} is extremely E-separated containing A properly, a contradiction. Thus, we must

have F[A] = X. O

5.5 Proper coarse spaces

A proper coarse space X is set that equipped with a coarse structure and a topology
where the coarse structure and the topology are compatible in some sense. The concept of

being a proper coarse space generalizes the concept of being a proper metric space.
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5.5.1 Topological coarse spaces

Definition 5.5.1. A topology on X is compatible with the coarse structure on X if there is

a uniformly bounded cover of X consisting of open subsets of X.

Observation 5.5.2. The simplest non-trivial topology compatible with a coarse structure is

the discrete topology.

Definition 5.5.3. A set X that is equipped with a topology 7 and a coarse structure £

simultaneously. We say that X is a topological coarse space if 7 is compatible with £.

Example 5.5.4. Any (X, &) coarse space equipped with the discrete topology is a topological

coarse space.

The topology of a topological coarse space admits a basis consists of coarsely bounded

subsets.

Lemma 5.5.5. Let (X,T) be a topological space equipped with a coarse structure €. Then:
(a) If X has a uniformly bounded open cover if and only if X has a uniformly bounded cover
that is a basis for its topology.

(b) X has a uniformly bounded open cover if and only if the diagonal A has an open
netghborhood in .

Proof. (a) Let U be a uniformly bounded open cover of X. That is, Eyy = |J U x U

Ueu
is an entourage, X = |J U and every U € U is coarsely bounded and open subset of X.
veu
For every O € T and U € U, put Oy = O NU; and notice that |J Oy = U x U. Put

OeT
B:={Oy:0 €T and U € U}. Clearly, B is a basis and it is uniformly bounded cover as

Ep = Ej is an entourage.
(b) Let U be a uniformly bounded open cover of X. Clearly, £y = |J U x U is an open
entourage containing A. e

Conversely, let E be an open entourage containing A. A basis element of X x X is of
the form U x V for some U,V € T. In particular, there exists a subfamily 7' C 7T such that
E= U UxV.PuwlU :={UNV :U,V € T'}, then U is a uniformly bounded open cover

uveT’

102



Proposition 5.5.6. Let (X, T) be a topological space equipped with a coarse structure €. X is
a topological coarse space if and only if its coarse structure £ admits a basis consists of open

subsets of X x X.

Proof. Assume that X is a topological coarse space, and F' € £, be an open neighborhood
of A. For every E € £ put B/ = FFo EoF. Obviously, F C E’. It is left to show that
E'’ is an open subset of X x X. Indeed, let (z,y) € E’, then there exist a,b € X such that
(x,a) € F, (a,b) € E and (b,y) € F. Pick open neighborhoods U,,U,, U, U, C X of z,
a, b and y, respectively; such that (z,a) € U, x U, C F and (b,y) € U, x U, C F. Then
(z,y) € U, x U, C E’, which shows that E’ is an open entourage containing £. The family
{E’: E € £} is a basis consists of open subsets of X x X. O

Proposition 5.5.7. If (X, &) is a topological coarse space, then it contains a closed discrete

coarsely dense subset D.

Proof. By 5.5.5, we can choose a uniformly bounded cover U of X that is a basis for its
topology. Put Eyy = |J U x U. By 5.4.8, choose D to be a coarsely dense extremely
Ejy-separated subsets onEZ;(. By construction, each U € U contains at most one element
of D. Indeed, if a,b € D are distinct contained in some U € U, then a € Eyla] N Eylb], a
contradiction. Now, for x € D, choose a basis element U € U containing x, then UND = {z},
and hence D is discrete. If z € X \ D, choose a basis element U € U containing x. Without
loss of generality, assume that U N D = {a}, then V = U \ {a} is an open subset of X

containing x and V N D = (). Thus, D is a closed subset of X. O]

Notice that coarse connectedness of a topological coarse space dose not imply that it is
topologically connected; for instance, take a non-empty set X and equip it with the coarse
structure £ = P(X) and the discrete topology. Then X is coarsely connected but not
topologically connected. However, if a topological coarse space is topologically connected,

then it is coarsely connected. To prove that fact, we need the following lemma.

Lemma 5.5.8. Let (X, E) is a topological coarse space, then the coarse connected component

C, of x € X 1s an open subset of X for all z € X.
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Proof. Notice that if £ C X x X is an open subset and A C X, then E[A] is an open
subset of X. Indeed, if © € E[A], then (z,a) € E for some a € A. Let U, and U, be open
neighborhoods of x and a, respectively, such that U, x U, C E. Then U, C E[A] which
proves that F[A] is an open subset of X. Now, notice that if £ € £, then E[C,] C C,. In
particular, if F is an entourage containing the the diagonal A, then E[C,| = C,. Now, let
F be an open entourage containing A, then as C, = F[C,], C, is an open subset of X as

wanted. O

Corollary 5.5.9. If X is a topological coarse space that is topologically connected, then it is

coarsely connected.

Proof. 1t follows from the fact that coarse connected components are open and partition

X. [l

Lemma 5.5.10. Let (X, &) be a topological coarse space and let U be a uniformly bounded
open cover of X. Let E = |J U x U, then the E-connected component CE of x € X is a

Ueu
clopen (closed and open) subset of X for all x € X.

Proof. Since C¥ = |J E"[z], CF is open. Let y € cl(C¥) and U, € U be a neighborhood of
neN

y. Then U, intersects E"[z] for some n € N; hence U, C E""[z], which implies that CF is

closed.

[]

Corollary 5.5.11. Let (X, &) be a topological coarse space. If X is topologically connected,

then X is Ey-connected for any uniformly bounded open coverU of X, where Eyy = |J UxU.
Ueu

Proof. The result follows from the fact CZ« is a non-empty clopen subset of X for any

z e X. O

5.5.2 Proper coarse spaces

Definition 5.5.12. Let (X, 7) be a topological space equipped with a coarse structure £. X
is called coarsely locally compact space if every coarsely bounded subset of X is a relatively

compact subset.
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Definition 5.5.13. A topological coarse space (X, &) is called a proper coarse space if it is

coarsely locally compact.

Example 5.5.14. Let (X, d) be a metric space. Forr >0, set E, = {(x, y) € X x X :d(z,y) < 7’}-
The collection £ = {ET > ()} 1S a coarse structure which is called the bounded coarse
structure. Furthermore, the coarse space (X,E) is proper coarse space if and only if the

metric space (X, d) is proper metric space.

Proposition 5.5.15. If (X, &) is a proper coarse space, then X is locally compact.

Proof. Since (X, £) is a topological coarse space, then by 5.5.5, its topology admits a basis
B consists of coarsely bounded subsets. As (X, ) is coarsely locally compact, each element

of B is relatively compact. Hence, X is locally compact. O

Proposition 5.5.16. Let (X, &) be a proper coarse space. If X is coarsely connected, then a

subset of X is coarsely bounded if and only if it is relatively compact.

Proof. Since (X, &) is a topological coarse space, then by 5.5.5, its topology admits a basis
B consists of coarsely bounded subsets. Now, every relatively compact subset is covered by

finitely many elements of B, then by 5.2.9 (h), it is coarsely bounded. [

Roe, in his book "Lectures On Coarse Geometry” ((36)), defines a proper coarse space
X to be a Hausdorff paracompact topological space equipped with a coarse structure such
that every bounded subset is relatively compact and the diagonal is contained in an open
entourage. In this section, we show that the paracompactness hypothesis is redundant
by showing that every proper coarse space in the sense of Definition 5.5.13 is indeed
paracompact. Moreover, if the proper coarse space is U-connected for some uniformly

bounded open cover U of X, then X is o-compact.

Lemma 5.5.17. If (X, ) is a proper coarse space with U is a uniformly bounded open cover,

the Ey-connected component CEu of v € X is o-compact.

Proof. Since EJj[x]) is bounded for all n € N, EJj[x]) is relatively compact for all n € N and

hence cl(E}}[z]) is compact for all n € N. Now, as CFu = |J EJ}[z] is a closed subset of X,
neN

we have CPu = | cl(E}}[z]), which proves that CFu is g-compact. O
neN
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Definition 5.5.18. Given a topological space X and collections U, V of its subsets:

e [ is called locally finite if for every © € X, there exist a neighborhood U, of x that
intersects only finitely many elements of U.

e !{ is said to be a refinement of V if for every U € U, there exists V' € V such that U C V.
e X called paracompact if every open cover U, there is a locally finite open cover V that

refines U.

Proper coarse spaces are locally compact. It is well-known that if a locally compact
space is o-compact, then it is paracompact. Moreover, disjoint union of open paracompact

subspaces of a topological space is paracompact.
Corollary 5.5.19. Proper coarse spaces are paracompact.

Proof. Let (X,€) be a proper coarse space and let U be a uniformly bounded open cover
of X, and CFu be the FEy-connected component of x € X. Then X can be written as a
disjoint union of open sets X = |J, .y CFEu each of which is o-compact, and hence X is

paracompact. O

A topological space is called Lindelof if every open cover of X admits a countable sub-

cover. og-compact space is an example of a Lindelof space.

Corollary 5.5.20. Let (X,&) be a proper coarse space. If X is Ey-connected for some
uniformly bounded open cover U of X, then X admits a countable uniformly bounded open

cover.

Proof. For x € X, X = C}, and hence X is og-compact. Thus, X is Lindelof. O]

5.5.3 Coarse structures induced by a compactification

Notation 5.5.21. Let Y be a compactification of X :
e For EC X x X let E denote the closure of E in Y x Y.

o The corona of Y and its diagonal are denoted by Oy X and Ay, , respectively.
ey ={ECXxX:ECXxXUAy,}

106



We aim to show that for a topological space X and a compactification Y, the family &y

is a coarse structure on X. The following lemma will be used to that end.

Lemma 5.5.22. Let Y be a compactification of X, and E C X x X. The following are
equivalent:

(a) E € &y.

(b) For every net (To,Ya)acr € F, if either (4)acr 07 (Ya)acr converges to an infinity point
w € Oy X then the other net converges to the same infinity point w € Oy X.

(c) If w € Oy X, then every neighborhood V- C Y of w contains a smaller neighborhood U C'Y
of w such that EN (U x (X \V)) = 0.

Proof. (a) <= (b): Obvious.

(b) = (c¢): Let E C X x X such that every net (24, Ya)acr € E and w € Oy X; (4)acs
converges to w € dy X if and only if (y,)aer converges to w € dy X. Seeking contradiction,
assume that there exists a neighborhood V' C Y of w € dy X such that EN(U x (X \V)) # 0
for every neighborhood U C V of w € 0y X. For every neighborhood U C V of w € dy X,
choose (z,,,y,,) € EN(U x (X\V)). Note that the set N} := {U C X : U is a neighborhood
of x and U C V'} ordered by reverse inclusion (i.e. U < U’ if and only if U’ C U) is a directed

set. Thus, (z,,y,) is a net. However, (xU)UGNX converges to w and (y,;) does

UeNy UeNy

not converges to w, a contradiction.

(¢) = (b): Let (Za,Ya)acr € F be a net with (z,)acr converges to w € dyX. Pick an
arbitrary neighborhood V' C Y of w. We aim to find A € I such that y, € V for all « > .
To this end, choose a neighborhood U C V' of w such that EN (U x (X \ V)) = 0 and pick
A € I such that z, € U for all « > A, then y, € V for all a > A, as desired. O

Theorem 5.5.23. Let Y be a compactification of X ; then Ey is a coarse structure on X and

the coarse space (X, Ey) is coarsely locally compact and coarsely connected.

Proof. Claim 1: &y is a coarse structure on X.

Proof of Claim 1: It is not hard to see that Ay € &y. Furthermore, if £, F € & and
E' C E, then E', E'', EUF € & . We need to show that £ o F € & . To this end, let
(Ta, Za)acr € F o F be a net such that (z,)ae; converges to an infinity point w € dy X. Let

(Yo )aer be a net such that (z4,ys) € E and (Yo, 24) € F for all « € I. On one hand, since

107



(Ta, Yo)acr € E and (4)acr converges to w € dy X; then, by 5.5.22 (b), (Ya)acr converges
to w € dy X. On the other hand, since (Yo, 2a)acr € F and (Ya)aer converges to w € dy X,
(2a)acr, by 5.5.22 (b), must converge to w € dy X. By 5.5.22, Eo F' € &y.

Claim 2: (X, E&y) is coarsely locally compact and coarsely connected.

Proof of Claim 2: Notice that for every (z,y) € X x X, then {(z,4)} = {(z,y)} which show
that (X, &) is coarsely connected. Now, let B C X be bounded. We aim to show that B is
relatively compact, i.e. clx(B). Since cly (B) is compact subset of Y, it suffices to show that
cly(B) C X. Seeking contradiction, assume that w € cly(B) \ X. As B C X is bounded,
B x {b} € &y, where b € B. Since V =Y \ {b} is an open neighborhood of w, so by 5.5.22
(¢), there exists an open neighborhood U C V of w such that B x {b} N (U x {b}) = 0.
Notice that X \ V = {b} and therefore B x {b} N (U x {b}) = 0 implying that U N B = 0,
which contradicts the fact that w € cly(B). Hence, cly(B) C X and thus clx(B) = cly(B)

is compact. This proves that the coarse space (X, y) is coarsely locally compact. O

Definition 5.5.24. If Y is a compactification of X, the coarse structure £y is called the coarse
structure induced by the compactification Y. In (36), &y is referred to as the topological

coarse structure associated to the compactification Y.

If Y is a metrizable compactification of a locally compact space X, then the coarse space

(X, Ey) is a proper coarse space. We need the following fact.

Lemma 5.5.25. Let A be a subset of a metric space (X,d). The function fs : X — [0, 00)

given by fa(x) = d(xz, A) where:
d(z, A) == inf{d(z, a)},

is uniformly continuous and cl(A) = {x € X : fa(x) = 0}. In particular, if A is a closed
subset, then fa vanishes exactly on A and takes positive value outside A; namely, fa(A) =

{0} and fa(x) >0 for allz € X \ A.
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Proof. Let ¢ > 0 and take 6 = ¢ and assume that z,y € X such that d(z,y) < J. For

arbitrary a € A, we have d(z,a) — d(y,a) < d(z,y) and therefore

it {d(z,a)} — inf {d(y, a)} = int{d(z,a) - d(y,a)} < d(z,y)

which implies that fa(z) — fa(y) < d(z,y) < §. Similarly, fa(y) — fa(z) < §. Now, put
Z ={x € X : fa(r) =0}, and assume that x € Z. If ¢ cl(A), then we can find r > 0 such
that B(z,r)N A = () and hence d(z,a) > r for all « € A which implies that Lilgg{d(x, a)} >,
a contradiction. Conversely, let x € ¢l(A) and choose a sequence (z,),en C A converging to
x. One one hand we have d(z,, A) = 0 for all n € N; on the other hand, as f, is continuous,

the zero sequence d(x,, A) converges to d(x, A). Thus, d(z, A) = 0. O

Proposition 5.5.26. If Y is a metrizable compactification of a locally compact space X, then

the coarse structure Ey induced by Y is a proper coarse structure.

Proof. By 5.5.23, (X, Ey) is coarsely locally compact. To show that (X, y) is a topological
coarse space, we need to find an open entourage F containing Ayx. Notice that A = Ay
is a closed subset of Y x Y as Y is Hausdorff; also, as X is locally compact, 0y X is a
closed subset of Y, and thus B = 0y X x Y UY X 0y X is a closed subset of Y x Y. By
5.5.25, we may choose continuous functions fa, fp : ¥ X Y — [0,00) that vanish exactly
on A and B, respectively; and fa,fp : Y XY — [0,00) are positive outside A and B,
respectively. Now, the subset E = {(z,y) € X x X : fa(x,y) < fg(z,y)} is open and
Ax C E. Moreover, if (2, Yn)nen is a sequence in E such that (z,,),en converges tow € dy X.
Since, fp : Y xY — [0,00) is continuous and fp(w,y,) = 0 for all n € N, and hence
fB(w’nhon Yn) = 0. Since 0 < JEEO falw,yn) < T}erolo fe(w,yn) =0, so fA(w,JLrgoyn) =0. As
fa:Y xY — [0,00) vanishes exactly on A = Ay, we must have w = nh_)rgo Un, and therefore

E' is an entourage by 5.5.22. [
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5.6 Coarse compactifications of proper coarse spaces

5.6.1 Higson compactification of proper coarse spaces

The concept of a complex-valued function f : X — C, on a metric space, to vanish
at infinity and to be slowly oscillating can be generalized for complex-valued functions f :
X — C defined on arbitrary coarse space. When the coarse space is proper and hence locally

compact, the Higson compactification can be defined in a similar fashion to 2.3.10 and 2.3.20.

Definition 5.6.1. Let (X, &) be a proper coarse space, and let f : X — C be a bounded
function:

e f: X — C is said to vanish at infinity if for all ¢ > 0 there exists a coarsely bounded
subset of K C X such that ||f(z)|| <eforallz € X \ K.

e The collection of all continuous bounded functions vanishing at infinity is a C*-subalgebra
of Cy(X,R) denoted by Cy(X, C), while the collection of all bounded functions vanishing at
infinity is a C*-subalgebra of B(X, C) denoted by By(X, C), where B(X, C) is the C*-algebra
of all bounded functions.

e f: X — Cis called a Higson function if for each E € £ and £ > 0 there exists a (coarsely)
bounded subset of K C X such that || f(z) — f(y)|| < e forall z,y € X \ K and (z,y) € E.
e The collection of all bounded Higson functions is a C*-subalgebra of B(X,C) denoted
by Bj(X,C), while the collection of all continuous Higson functions is a C*-subalgebra of
Cy(X,R) denoted by C,(X,C).

e The Higson compactification of X is defined to be the maximal ideal space of Cj,(X,C)
and it is denoted by hX. The corona of hX is called the Higson corona of hX and denoted
by 9, X.

Lemma 5.6.2. Let (X, &) be a coarsely connected proper coarse space. A continuous function
f: X — C is a Higson function if and only if || f(za) — f(ya)|| = O for any net (xa, Yo)acr

contained in some entourage F with either (4)acr 0r (Ya)acr converges to an infinity point.

Proof. Assume that || f(z.) — f(ya)|| — 0 for any net (24, Yo )acr contained in some entourage
F with either (z4)aer Or (Ya)aer converges to an infinity point. Seeking contradiction, assume

that there exists F € £ and £ > 0 such that for every bounded subset K C X, there exists
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(x,y) € EN(X x X \ K x K) such that ||f(z) — f(y)|| > . Notice that as (X,&) be a
coarsely connected proper coarse space, a subset is bounded if and only if it is relatively
compact. Fix a bounded subset K; C X and choose (z1,y1) € EN (X x X \ K; x K)
with || f(z1) — f(y1)|| > e. Since X is locally compact, we can find a relatively compact
neighborhood K, properly containing clx (K7 U{x1,y1}). Inductively, we construct a strictly
increasing sequence (K,),en of open relatively compact subsets and a sequence (,,, Yy )nen C
E such that (z,,y,) € EN(X X X\ K, x K,,), || f(zn) — f(yn)|| = € and clx (K, U{z,,yn}) C
K, for all n € N. Notice that the sequence (x,),en is unbounded. Indeed, notice that
J K, isaclopensubset asclx(|J K,) = U cx(K,) = U Ky; now, if (z,)nen is bounded,
Zﬁzn clx({xn, :n € N})is ComparzzetNand it isnégvered by Un?(i, and hence there exists N € N
such that clx({z, : n € N}) C Ky, a contradiction.ne\?l\\lfithout loss of generality, we may
assume that (z,)neny converges to an infinity point w € 9, X, but ||f(x,) — f(ya)|| # 0, a

contradiction. Hence, f is a Higson function as wanted. O

5.6.2 Coarse compactifications of proper coarse spaces

Definition 5.6.3. A compactification Y of the proper coarse space (X, &) is called a coarse

compactification if it is dominated by the Higson compactification associated to £.

Theorem 5.6.4. A compactification Y of a coarsely connected proper coarse space (X,E) is

a coarse compactification if and only if € C &y, where Ey 1is the coarse structure induced by

Y.

Proof. Assume that Y is a coarse compactification of (X,€) and £ € €. We claim that
E € &. To this end, notice first that as Y is dominated by hX, one has C(Y,C) C
C(hX,C). Now, assume that (4, Ys)acr € F is a net such that (z,)aes; converges to an
infinity point w € dy X. For arbitrary continuous function f € C(Y,C), as f|x is a Higson
function, for every e, we can find a bounded subset Kg such that || f(z) — f(y)|| < ¢ for
all (z,y) € EN(X x X\ Kg x Kg). In particular, f(w) = f(limz,) = f(limy,), for all
f e C(Y,C). Since C(hX,C) separates points of Y, we must have limy, = w and hence, by
5522 Ec&y.
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Conversely, assume that £ C & and f € C(Y,C). We aim to show that f|x is a Higson
function. Indeed, assume that F € &, and pick a net (2, Yo )acr € E with (24)aer converges
to an infinity point w € dy X. Since E € Ey, hence (y,)aecr must converge to w € dy X and
thus || f(za) — f(Ya)|| = 0. Therefore, by 5.6.2, f|x is a Higson function. O

Theorem 5.6.5. Let Y be a metrizable compactification of a locally compact space X. The
Higson compactification of the proper coarse space (X,Ey) is Y itself.

Proof. To that end, it suffices to prove that ¥ dominates and is dominated by the Higson
compactification hX of the proper coarse space (X,Ey). By 5.6.4, Y is dominated by the
Higson compactification hX of the proper coarse space (X, ). Let fX — C be a continuous
Higson function (slowly oscillating), and we aim to find a continuous extension f: Y - C
of f. For w € 0y X, there exists a sequence (z,),en converging to w € dy X. Let r, be an

accumulation point of the bounded sequence (f(2,))nen. Define f: Y — C by:

_ fly) ifyeX

fly) =
Ty ify e oy X

. fis well-defined. Indeed, assume that (y,),en is another sequence converging to w € dy X,
then E := {(zn,yn) : n € N} € &y, and hence, by 5.6.2, lim f(z,) = lim f(y,).
n—oo n—oo

e f is a continuous extension by construction. Therefore, ¥ dominates the Higson

compactification hX of the proper coarse space (X, Ey). O]

Definition 5.6.6. Given a topological space X:

e The support of a real valued function f : X — R is defined to be supp(f) := clx(f~1(R\
{0}). Notice that, a ¢ supp(f) if and only if there exists a neighborhood U, of a such that
U, N (fH R\ {0}) = 0 if and only if f(U,) = {0}.

e A family of continuous functions {p_: X — [0,1] : a € [} is called a partition of unity if:

1. For every x € X, there exists a neighborhood U, of z such p_, ~ = 0 for all but finitely

T

many « € I.
2. Y p (x) =1, forall x € X. In particular, if {p_: X — [0,1] : @ € I} is a partition of

acl
unity, then {supp(p ) : o € I'} is locally finite cover of X.
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o If U is a cover of X and {p_: X — [0,1] : @ € I} is a partition of unity, we say that
{p,: X = [0,1] : @ € I'} subordinate to U if {supp(p ) : a € I} is a refinement of U.

We utilize the well-known fact, that a topological space is paracompact if and only if
every open cover admits a subordinate partition of unity, to prove that every bounded Higson
function can be approximated by a continuous Higson function up to a bounded function

that vanishes at infinity, namely Bj,(X,C) = Cj,(X,C) 4+ By(X, C).

Lemma 5.6.7. Let (X,&) be a proper coarse space. For every f € Bp(X,C), there exists
g € Cp(X,C) such that f — g € Bo(X,C). In particular, B,(X,C) = Cr(X,C) + By(X, C).

Proof. Let U := {U, : « € I} be a locally finite uniformly bounded basis of X. Choose
a partition of unity {p_: X — [0,1] : a € I} subordinate to U. For each a € I, choose
To € U, and define the function g(z) = > p_(7)f(2). Notice that p (x) = 0 for all
but finitely many o« € I, and hence for allaexl € X, g(z) is a finite linear combination of
elements of {p : X — [0,1] : @ € [}, thus g : X — C is bounded continuous. Let

=(J UxU)o( Y UxU). Since f € By(X,C) and E € &, so for any € > 0, there exists
a boug(eibe{d subset IZGMC X such that ||f(z) — f(y)|| < e forall z € X \ K. and (x,y) € E.
Moreover, for any x € X, there exists Uz € U a neighborhood of = that intersects finitely
many elements of U, say U,,,...,U,,. Notice that (z,z,,) € E, for all 1 < i < n, and
hence if z € X'\ K, then ||f(z) — f(za,)|| <e, for all 1 <7 < n. Now, since > p_(z) =1
for all x € X, hence f(x) — g(z) = Zp (x)(f(x) — f(za)). Therefore, foczyregmy e >0
and z € X \ K., then ||f(z) — g(2)|| < (Z p ()| f(x) = f(za)|| < &, which implies that

f— g€ By(X,C). O

Corollary 5.6.8. Let (X, E) be a proper coarse space. The Higson corona 0, X is the maximal
ideal space of By(X,C)/By(X,C).

Proof. 1t is obvious that Cy(X,C) = Cr(X,C) N By(X,C), and C,(X,C) + By(X,C) C
Bh(X,C). By 5.6.7, we have By(X,C) = Cy(X,C) + By(X,C). By 2.3.24, we know that

OpX is the maximal ideal space of Cj,(X, C)/Cy(X, C). Notice that Ch&( 8 = Ch(Xcé)(fBCO

)
(X,0)"
Br(X,C)
Bo(X,€)

By the Second Isomorphism Theorem, we have o Xcé)(fé?( 5 o) o O (XB(?&B&(X € =
Therefore, by 2.3.21, 9, X is the maximal ideal space of B,(X,C)/By(X,C). O

113



As a result, the Higson corona can be defined for arbitrary coarse space X as the maximal

ideal space of By (X,C)/By(X,C).

Lemma 5.6.9. Let (X,&) and (Y, F) be proper coarse spaces, and ¢ : X — Y be a coarse
map. Then:

(a) goyp € By(X,C), for all g € By(Y,C).

(b) gop € Br(X,C), for all g € By(Y,C).

(c) The coarse map ¢ : X — Y induces a x-homomorphism ¢* : Bp(Y,C) — By(X,C)
mapping each g € By(Y,C) to go .

(d) If (Z,G) is a proper coarse space and v : Y — Z is a coarse map, then (yop)* = @*o~y*.
(e) If X : X — Y 1is another coarse map that is close to ¢ : X — Y, then ¢* and \* agree
up to By(X,C).

Proof. (a) Follows from the fact that g € By(Y,C) and the fact that ¢ : X — Y is coarsely
proper.

(b) Let E € £ and € > 0, then ¢ x p(F) € F, and hence there is a bounded subset Ky such
that ||g(a) — g(b)|| < e for all a € Y\ Ky and (a,b) € ¢ x p(E). Let Kx = ¢ 1(Ky), then
lgow(x) —gop(y)]| <eforallz € X\ Kx and (z,y) € E.

(¢) Straightforward.

(d) Straightforward.

(e) Let A : X — Y be a coarse map close to ¢ : X — Y and let F':= {(¢(x),\(x)) : x € X }.
For g € B,(Y,C), we aim to show that ¢*(g) — A*(¢) € Bo(X,C). To this end, for ¢ > 0,
choose a bounded subset Ky of Y such that whenever a € Y\ Ky, then ||g(a) — g(b)|| < ¢
for all b € Y with (a,b) € F. Notice that Kx := ¢ '(Ky) is a bounded subset of X
and that for all x € X \ Kx, ¢(z) € Y \ Ky and hence ||g(¢(z)) — g(A(x))|| < e. Thus,
©*(g9) — A\*(g) € Bo(X,C) as desired. O

Corollary 5.6.10. If (X,&) and (Y, F) are coarsely equivalent proper coarse spaces; then,

their Higson coronas are homeomorphic.

Proof. Let ¢ : X — Y be a coarse equivalence with a coarse inverse ¢¥» : ¥ — X. By
5.6.9, they induces homomorphisms ¢* : By (Y, C)/By(Y,C) — By(X,C)/By(X,C) and v* :
Bu(X,C)/By(X,C) = Bu(Y,C)/Bo(Y,C) defined by ¢*(g + Bo(Y,C)) = g o ¢ + Bo(X,C)
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and ¥*(f + Bo(X,C)) = f oy + By(Y,C), respectively. By 5.6.9 part (d) and (e), ¢* :
Br(Y,C)/By(Y,C) — By(X,C)/By(X,C) is an isomorphism. By 2.3.21, 9, X and 0,Y are

homeomorphic. |

Theorem 5.6.11. Suppose X is the Freudenthal compactification of a proper, connected, and
locally connected metric space X. X is a coarse compactification of X if and only if for each
r > 0 and each bounded subset K of X there is a bounded subset L D K of X such that for
every x € X \ L the r-ball B(z,r) is contained in a component of X \ K.

Proof. Assume that X is a coarse compactification of X and let (K,) be an exhausting
sequence of X. Seeking contradiction, assume that there exists r > 0 and a bounded subset
K of X such that for each bounded subset L D K of X there exists x € X \ L such that for
any component C' of X \ L, B(z,r) \ C is not empty. Choose m € N such that K C K,
and let U be a relatively compact neighborhood of K,,. Notice U contains all but finitely
many connected components of X \ K,,. Without loss of generality assume that U contains
all bounded components of X \ K,,, and choose N € N such that c/(U) C Ky. Now, for
all n > N, and z € X \ K,,, let CF be the component of z € X \ K,, containing x. For
all n > N, let D,, be a component of X \ K, distinct from C?, where z,, € X \ K,,, and
choose y,, € B(zy,,r)ND,. Notice the components C* and D,, are contained in components of
X\ Ky, and since X \ Ky has finitely many components, we can find two distinct components
C and D of X \ Ky containing all but finitely many elements of (z,),>n and (yn)n>n,
respectively. Passing to subsequences, if necessary, we may assume that (z,),>ny C C and
(Yn)n>n C D. However, d(zp,y,) < r for all n > N with (z,),>y C C and (y,)p>n C D
converge to two different points of the corona (as X is metrizable), a contradiction in view
of 4.6.8.

Conversely, let f : X — C be continuous and we aim to show that f|x is slowly oscillating.
Let r > 0 and ¢ > 0, since X \ X is compact totally disconnected, there exist clopen subsets
Ui,...,U, of X that cover X \ X with diam(f(U;)) < ¢, for all 1 < i < n. Without
loss of generality we may assume that U; \ |J U; # 0. Notice the mutually disjoint family
V;:=U;\J Ui, 1 <j <n,isan open cover Z?X\X and diam(f(V;)) <e, forall1 <i <n.

1#]
Put O; := V; N X, and notice that diam(f(0;)) < € and O; # 0, for all 1 < i < n, as X
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is dense in X. Moreover, K := X \ U O; =X\ U V; is a compact subset of X and hence
bounded. Therefore, we can find a bounded subset L of X containing K such that for every

x € X \ L the r-ball B(z,r) is contained in a component of X \ K = U O;. In particular,
for all X \ L, x,y € O; for some 1 < i < n, and thus ||f(z) — f(y)| < ; This shows that

flx is slowly oscillating. O

The above theorem provides an alternative proof to the fact that the Freudenthal
compactification of a geodesic metric space is a coarse compactification that was implicitly

given in 4.6.11.

Corollary 5.6.12. If X s a proper geodesic space, then its Freudenthal compactification is a

coarse compactification of X.

Proof. Given a bounded subset K of X and given r > 0, put L := B(K,r) and notice B(z,r)
is a subset of X \ K if x ¢ L. Therefore B(x,r) is a subset of a component of X \ K if
x ¢ L. O

5.6.3 Coarsely disjoint and coarsely clopen subsets

The basic reference for this section is (34).

Definition 5.6.13. Let (X, &) be a coarse space, and A, B,U C X.
e The subsets A and B are called coarsely disjoint if for all £ € &, the subset E[A] N E[B]

is a coarsely bounded subset of X.

e U is called a coarse neighborhood of A if for all £ € &, the subset E[A]\ U is bounded.

Lemma 5.6.14. Let (X, &) be a coarse space and A, B C X. Suppose that &' C £ is a basis.
The subsets A and B are coarsely disjoint if and only if for all E € &', the subset E[A]NE[B]

18 bounded.

Proof. Assume that for all E € &', the subset F[A]JNE[B] is bounded. Let F' € £, there exists
E € & such that F' C E. Since F[A]N F[B] C E[A]N E[B], F[A]N F[B] is bounded. O
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A special basis of the coarse space (X, &), is the collection & = {Ea : E € £}, where
Erx=FUE'UA.

Proposition 5.6.15. Let (X, &) be a coarse space and A, B C X. The following are equivalent:
(a) A and B are coarsely disjoint.
(b) For all E € &, there exists a bounded subset Kp C X, such that:

E[A\ Kg] N E[B] = 0.

(c) For all E € &, there exists a bounded subset Kp C X, such that:

(E[A]\ Kg) N E[B] = 0.

(d) E[A] N F[B] is coarsely bounded for all E,F € &.
(e) For all E € &, there exists a bounded subset Ky C X, such that:

E[A\KE]HBZQ).

(f) For all E € &, there exists a bounded subset K C X, such that:

(E[A]\ Kz) N B = 0.

(9) E[A] N B is coarsely bounded, for all E € E.
(h) X \ B is a coarse neighborhood of A.
(i) For all E € &, there exists a bounded subset Kp C X, such that:

E[A\ Kg] C X\ B.

Proof. (a) <= (b): Assume that A and B are coarsely disjoint and E € £. Then Ex[A] N
EA[B] = Lisbounded. Set K = Ea[L]. Seeking contradiction assume that z € E[A\ Kg|N
E[B], then x € L and (z,a) € E for some a € A\ Kg. Since (a,z) € Ea, we have a € Kg,

a contradiction. Conversely, let E € £ and choose a bounded subset Kr C X such that
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E[A\Kg|NE[B] = 0. Notice that E[A|NE|[B] = (E[A\Kg]|UE[Kg])NE[B] = E[Kz]|NE[B]
which is bounded.

(b)) = (c¢): Let E € £ and choose K C X is bounded such that E[A\ K] N E[B] = (.
Take Kr = Fa[K], and notice that E[A]\ Kg C E[A\ K].

(¢) = (a): For E € £ and choose a bounded subset Kz C X such that (E[A]\Kg)NE[B] =
(). Notice that E[A] N E[B] = ((E[A] \ Kg) U Kg) N E[B] = Kg N E[B] which is bounded.
(a) <= (d): Assume that A and B are coarsely disjoint and E, F € &; then EUF € &
and hence (E'U F)[A] N (E U F)[B] is coarsely bounded and containing E[A] N F[B]. The
converse is straightforward.

(a) <= (e): Let A and B be coarsely disjoint and E' € £. By part (b), we can find a bounded
subset K, C X, such that FA[A\ Kg,| N Ea[B] = (. Notice that EA[A\ Kg,| N B = 0,
and a fortiori, E[A\ Kg,]N B = (. Conversely, let E € £, and put F' = Ex o Ex. Choose a
bounded subset Kp C X, such that F[A\ Kr|NB = (). We claim that E[A\ Kr]NE[B] = 0.
Indeed, seeking contradiction assume that © € E[A\ Kg|NE[B], then (z,a), (z,b) € E C Ea
for some a € A\ Kr and b € B which implies that (b,a) € F and hence b € F[A\ Kr| N B,
a contradiction.

a) <= (f): Follows by a similar argument to (a) <= (e) and (b)) = (c).

<= (h): Follows from part (d) and (f).

h) <—

(
(a) (

(a) <= (h): Straightforward.

(h) (7): Straightforward. u

Proposition 5.6.16. Let (X,E) and (X, &) be coarse spaces, X' C X be a coarse subspace,
and ¢ : X =Y be a map. Then:

(a) If A, B C X are coarsely disjoint in X, then AN X' and BN X' are coarsely disjoint in
X',

(b) Let C,D CY be coarsely disjoint in'Y, and ¢ : X — Y be a coarse map; then ¢ (C)
and oY (D) are coarsely disjoint in X .

Proof. (a) Follows from the fact that if X' C X is bounded, then K N X" is bounded subset
of X'.
(b) Let C, D C X be coarsely disjoint in Y, and ¢ : X — Y be a coarse map. Seeking
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contradiction, assume that there exists an entourage E € £ such that E[¢~1(C)| N (D)
is unbounded. By 5.3.2, there exists F' € & such that p(E[z]) C Flp(z)] for all x € X.
Since ¢ : X — Y is coarsely proper, o(E[po ' (C)] N ¢~ 1(D)) is unbounded. However,
(Bl (O N (D)) C p(Elp(C)]) N (e~ (D)) C Flp(¢~(C)]ND C FICIND
which implies that F[C] N D is unbounded, a contradiction. O

Definition 5.6.17. Let (X, &) be a coarse space, and A C X. We say that A is coarsely clopen
if A and X \ A are coarsely disjoint. If, in addition, both A and X \ A are unbounded, we
say that A is non-trivial coarsely clopen. A function f : X — Y is called coarsely constant
if there exists a bounded subset K C X such that f’X\K is constant; otherwise, f : X — Y

is called coarsely non-constant.

Proposition 5.6.18. Let (X, &) be a coarse space, and A C X. Then,

(a) A is coarsely clopen if and only if the characteristic function of x4 : X — {0,1} is a
Higson function.

(b) A is non-trivial coarsely clopen if and only if the characteristic function x4 : X — {0,1}

of A is a Higson function.

Proof. (a) Suppose that A is coarsely clopen. For E € £ and € > 0, take the bounded subset
K := EA[A]N EA[X \ A]. Then, for all z,y € X \ K such that (z,y) € E, either x,y € A or
xz,y € X \ A; hence, ||[xa(z) — xa(y)|]| =0 < e for all z,y € X \ K such that (z,y) € E.
Conversely, assume that x4 : X — {0, 1} of A is a Higson function, and let F be an entourage.
For 0 < € < 1, there exists a bounded subset K C X such that for all z,y € X \ K such
that (z,y) € F then ||xa(z) — xa(y)|| < € and therefore we must have either =,y € A or
z,y € X \ A. Thus, E[A]N E[X \ 4] = 0.

(b) Straightforward. O

Proposition 5.6.19. Let (X, E) be a coarsely connected coarse space. If A and C' are coarsely
clopen subsets of X, then so are AUC, ANC and A\ C.

Proof. Let E € £, and notice that E[AUC]N (AU C)° = (E[A] U E[C]) N (A°N C°) which
is bounded and thus A U C' is coarsely clopen. By symmetry, AN C' is also coarsely clopen.
Finally, as E[A\ C]N(A\ C)¢ = (E[A\C|N(A°UC) C (E[A] N A°) U (E[C°]NC) which is

coarsely bounded and hence A\ C' is coarsely clopen as desired. O
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Definition 5.6.20. Let X be a coarse space. Two subsets A, B C X are said to be coarsely
identical if their symmetric difference AAB := (A\ B) U (B \ A) is a bounded subset of X.

Lemma 5.6.21. Let (X, E) be a coarsely connected coarse space, and A C X be coarsely clopen
subset of X.

(a) If F € £ is containing the diagonal A, then, F[A] is coarsely clopen, and the subsets A
and F[A] are coarsely identical.

(b) If F is containing A and A C X is a non-trivial coarsely clopen, then F[A] is a non-trivial

coarsely clopen.

Proof. (a) Notice first that ifr € X \ F[A], then x € X \ A and therefore x € F[X \ A].
Now, if £ € £, then E[F[A]|N X\ F[A] C (Eo F)[A]NF[X \ A] which is bounded by 5.6.14.
Since A\ F[A] C ANF[X \ A] and F[A]\ A = F[A] N X \ A which are bounded, then A
and F'[A] are coarsely identical.

(b) We aim to show that X \ F[A] is unbounded. Since A and F[A] are coarsely identical,
there exists a bounded subset K C X such that F[A] C AUK. Hence X\ (AUK) C X\ F[A]
which is unbounded as X \ (AU K) is unbounded. O
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Chapter 6

Coarse Freudenthal compactification and

ends of countable groups

As observed in 4.6.11, for a proper metric space X, the quotient space C'F(X) of its
Higson compactification obtained by collapsing each component of the Higson corona to a
point is a coarse compactification of X that coincide with its Freudenthal compactification
when X is geodesic. In this chapter, we define that coarse compactification in a way similar
to the Higson compactification as a maximal ideal space of some C*-subalgebra of C,(X, C),
and we call it the Coarse Freudenthal compactification of X. The corona of the Coarse
Freudenthal compactification is a coarse invariant; that fact leads to defining the space of

ends for countable groups as the corona of their Coarse Freudenthal compactification.

6.1 Glacial oscillations

In this section we define a concept in the spirit of slowly oscillating functions and we use

it to introduce Coarse Freudenthal compactifications later on.

Definition 6.1.1. A glacial scale on a metric space X is a sequence of pairs {(K;,n;)}2, of
bounded subsets of X and natural numbers such that for each pair (K,r) consisting of a
bounded subset of X and r > 0 there is ¢ such that K C K; and n; > r.

Given a glacial scale & = {(K;,n;)}2,, a chain of points zy,...,z, in X is called an

S-chain if for each ¢ < n — 1 there is m > 1 such that z;, x;11 ¢ K, and d(z;, xi11) < ngp,.
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Definition 6.1.2. A function f : X — C is glacially oscillating if for each € > 0 there is a

glacial scale S with the property that ||f(xz1) — f(z,)|| < € for each S-chain xy,. .., z,.

Observation 6.1.3. One can introduce the concept of a subset A of X to be S-connected and
reword the above definition as requiring that the diameter of f(A) is less than e for each

S-connected subset A of X.
We give a characterization of coarsely clopen subsets of a metric space.

Proposition 6.1.4. Given a subset A of a metric space X the following conditions are
equivalent:

(a) The characteristic function x4 of A is glacially oscillating,

(b) A is coarsely clopen,

(c) There is a glacial scale S with the property that any S-chain starting at a point of A is

completely contained in A.

Proof. (a) = (b): is clear as x4 of A is glacially oscillating implies y4 of A is slowly
oscillating which is equivalent to A being coarsely clopen by 5.6.18.

(b) = (c): Fix o € X. For each n € N choose a bounded subset K, containing
B(zg,n) such that given two points z,y € X \ K, at distance less than n, x € A implies
ye A Put S = {(K,,n) bnen.

(¢) = (a): Given ¢ > 0, notice that for any S-chain z1,...,x, in X one has xa(x;) =
xal(xy). O
Corollary 6.1.5. Given finitely many coarsely clopen subsets Ay, ..., A, of a metric space X,

there is a glacial scale S with the property that any S-chain starting at a point in A;, for

some 1 < j <mn, is completely contained in A;.

Proof. For each j < n pick a glacial scale §; = {(K.j kj}izl with the property that any

K/ and
j=1
ki = min(k},... k7). Notice that for § = {(Kj, k;)}i>1 any S-chain starting at a point of

S;-chain starting at a point of A; is completely contained in A;. Define K; =
some A, is completely contained in A;. m

Corollary 6.1.6. If (X,d) is a metric space, then any slowly oscillating function f: X — C

whose 1mage is finite is glacially oscillating.
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Proof. Let f(X) ={z1,...,2,}, and A; := f(2;), for all 1 <i < n. Notice X = Lnj A;. We
claim that for all 1 < ¢ < n, A; is coarsely clopen. To this end, take £ := min{||z; —Zz:]~1|| UFE
and 1 <i,j <n}. Since f: X — C is slowly oscillating, for any r > 0 there exits a bounded
subset K, of X such that for all z,y € X \ K,, d(x,y) < r implies || f(z) — f(y)|]| < e. In
particular, for any r > 0, B(4,r) N (X \ A) \ K, = 0 and hence A; is coarsely clopen as
claimed. By 6.1.4, there is a glacial scale S = {(K;,n;)};>1 such that any S-chain starting

at a point of some A; is completely contained in A;. Notice that for any S-chain x1, ..., z,,,

then || f(z1) — f(xm)] = 0, proving that f: X — C is glacially oscillating. O

In the case of geodesic spaces there is a simple characterization of glacially oscillating

functions.

Proposition 6.1.7. Let X be a geodesic space. The function f : X — C is glacially oscillating
if and only if for each € > 0 there is a bounded subset K of X such that for every component
C of X \ K the diameter of f(C) is at most €.

Proof. Assume that f : X — C is glacially oscillating. Given ¢ > 0 pick a glacial scale
S = {(K, n;) bien with the property that || f(z1) — f(z,)]| < €/2 for every S-chain 1, ..., z,.
Put K = B(K1,ny) and notice that every two points x,y in a component C' of X \ K can
be connected by a geodesic and therefore by an ni-chain in X \ K;. That chain is also an
S-chain, so ||f(z) — f(y)|| < /2 and diam(f(C)) < e.

Conversely, for each n € N pick a bounded set K,, containing such that the diameter of
f(C) is at most 1/n for each component C' of X \ K,,. Given ¢ > 0 choose N € N such that
1/N < e. Fix xyp € X and a strictly increasing sequence of natural numbers (m;);cy such
that K, C B(xg,m,) and Ky C B(xg,m;). Put L, := B(xg,m,), for all n € N. Then,
S = {(Li,m;) }ien is a glacial scale and each S-chain in entirely contained in a component of

X\ L,, for some n € N, and hence is contained in a component of X \ K,. ]

Lemma 6.1.8. Suppose {K;};>1 is an increasing sequence of bounded subsets of a metric

space X, n; is a strictly increasing sequence of natural numbers, and A; is a union of n;-
o0
components of X \ K; for each 1 > 1. If A;\ Kiv1 C Aiyq for each i > 1, then A= |J A; is

=1
a coarsely open subset of X.
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Proof. Notice A; equals B(A;,n;) in X \ K; for each ¢ > 1. Let r > 0 and j € N such that
n; > r. We claim that B(A\ K;,r) N A° = (. To this end, take i € N, we discuss two cases:
Case 1: If s < j, then A; \ K; C A;, and hence B(4; \ K;,r) N A C A;NA°= .

Case 2: If i > j, then n; > r and B(A; \ K;,r) = A; N A° = (). This shows that B(A\
K;,r)nA®=0. O

Now we give a characterization of glacially oscillating functions making use of The
Lebesgue Number Lemma that says that for every open cover of a compact metric space,
there exists a number 0 > 0 such that every subset of that metric space of a diameter less
than ¢ is contained in an element of that cover. ¢ is called a Lebesgue number for that

cover.

Proposition 6.1.9. Given a bounded function f : X — C on a metric space X, the following
conditions are equivalent:

(a) f is glacially oscillating.

(b) For every e, M > 0 there exist a bounded subset K of X such that diam(f(U)) < € for
every M-component U of X \ K.

(c) For every € > 0 there exist a bounded subset K of X and finitely many coarsely clopen
subsets Us, i < n, covering X \ K such that diam(f(U;)) < e for each i < n.

Proof. (a) = (b): Let f be glacially oscillating. For ¢ > 0, choose a glacial scale
S = {(K;,n;)}ien such that ||f(x1) — f(z,)|| < €/2 for each S-chain xq,...,z,. There
is j > 1 such that n; > M. Put K = K, and notice that if U is an M-component of X \ K

then any two points of U can be connected by an S-chain. Therefore diam(f(U)) < e.

(b) = (c): Assume that for every ¢, M > 0 there exist a bounded subset K of X
such that diam(f(U)) < e for every M-component U of X \ K. Choose o € X and fix
e > 0. Since clc f(X) is compact, it can be covered by finitely many open balls Iy, ..., I, of
diameter less than or equal to £/3. Choose a strictly increasing sequence of positive numbers
a; converging to €/3 and put b1 = a;41 — a; with by = a;. Let 6; > 0 be a Lebesgue number
of the cover {B(I1,a;), ..., B(I,,a;)} of the compact metric space clc f(X). For every i € N,
put €; := min(d;, b;). By the hypothesis, for each pair €;,7 > 0, there exists a bounded subset
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L; of X such that diam(f(U)) < ¢;, for every i-component U of X \ L;. Choose a strictly
increasing sequence of natural numbers (n;);en such that L; C B(xg,n;) for all i € N. Put
K; := B(xo,n;) and notice that diam(f(U)) < ¢; for every i-component U of X \ K.

For each 1 < j < n and : € N, let U} be the union of all i-components U of X \ K;
such that f(U) is contained in B(I}, a;). Notice U; \ Ky C sz"+1‘ Indeed, let z € U} \ Ky
and V be an (i 4+ 1)-component of X \ K;;1 containing z. Since diam(f(V')) < b;41, one has
f(V) C B(lj, a; + bir1) = B(l}, ai).

Put U; = Ej U; By 6.1.8 each U; is a coarsely clopen subset of X. Notice that
diam(F(U,)) < £ as F(U;) C B(I;,2/3) and U, ... U, cover X \ K.

(¢) = (a). Given € > 0 choose a bounded subset K of X and finitely many coarsely
clopen subsets U;, i < n, covering X \ K such that diam(f(U;)) < e for each i <n. We may
assume U;, © < n, are mutually disjoint by applying 5.6.19. By 6.1.5 there is a glacial scale
S with the property that any S-chain starting at a point of some Uj; is completely contained
in U;. We may assume the first bounded set of S contains K. Therefore, for any two points
x,y € X joinable by an S-chain one has ||f(z) — f(y)|| < € as they are contained in one of

sets U;, i < n. Thus f is glacially oscillating. O

Corollary 6.1.10. Every bounded glacially oscillating function f : X — C on a metric space

X s slowly oscillating.

Proof. Let f: X — C be a bounded glacially oscillating function and € > 0. By 6.1.9, there
exists a bounded subset K of X and finitely many mutually disjoint coarsely clopen subsets
Ui, i <mn, covering X \ K such that diam(f(U;)) < ¢ for each i < n. Let r > 0, for j < n,

U; and |J U; are coarsely disjoint; in particular, there exists a bounded subset K; of X such

i#]
that B(U;,r)N (U U;) \ K; = 0. Take L := (|J K;) UK. Note that for all z,y € X \ L and
i =1
d(z,y) < r implies that z,y € U; for some j < n and hence || f(z) — f(y)| <e. O

When the metric space (X, d) is ultrametric, the converse of 6.1.10 holds in the sense that
every slowly oscillating is glacially oscillating and therefore the family of the bounded slowly

oscillating functions coincide with the family of the bounded glacially oscillating functions.

125



Proposition 6.1.11. If (X, d) is an ultrametric space, then every slowly oscillating function

f: X — C is glacially oscillating.

Proof. Recall that (X,d) is an ultrametric space if every triangle in X is isosceles and the
lengths of two equal sides are at least the size of the third side. Equivalently, d(z,y) <
max(d(z, z),d(y, z)) for all points z,y,z € X.

If f: X — C is slowly oscillating and € > 0, then we can choose an increasing sequence
{K,}nen of non-empty bounded subsets of X such that B(K,,n) C K, for each n € N
and ||[f(z) — fy)|| < e if z,y ¢ K, and d(z,y) < n. Let S := {(B(K,,n),n)}en and
suppose i, ..., %, is an S-chain. Pick j < n — 1 such that d(z;, z;4+1) is the maximum of
all d(z;,z;41), i < n —1. Let M be the smallest integer satisfying d(xz;,z,+1) < M. Notice
xj, x4 ¢ B(Ky, M), the distance from z to either z; or x4 is at most M, the distance
from x,, to either z; or x4 is at most M, hence d(z1,z,) < M. That implies 21, z,, ¢ K,

in particular ||f(z1) — f(2z,)|| < e. That proves f is glacially oscillating. O

Proposition 6.1.12. Suppose p : X — X is close to idx and f : X — C is slowly oscillating.
If f o is glacially oscillating, then so is f.

Proof. ¢ : X — X being close to idy means there is r > 0 such that dx(¢(x),z) < r for
all x € X. Given ¢ > 0, since f is slowly oscillating, there is a bounded subset K C X
such that for all x,y € X \ K and d(x,y) < r implies || f(z) — f(y)|| < €/3. On the other
hand, choose a glacial scale S = {(K;,n;)}i>1 so that ||fop(z) — foe(y)] < e/3 for any
x,y € X that can be connected by an S-chain in X. We may assume that K C K; for all
i > 1 and that ny > r by truncating S. Let &' = {(B(K;,7),n;)}i>1. Now, given any S'-
chain z1,...,x, notice z1,¢(x;) and z,, ¢(x,) are S-chains. Therefore, || f(x1) — f(z,)| <

1f (1) = flo( )l + [ (e(z1) = Flelen))l + 11 (e(an) = fan)ll < e a

Proposition 6.1.13. Suppose ¢ : (X,dx) — (Y,dy) is a coarse map and f : Y — C is a
function.

(a) If f is glacially oscillating, then so is f o .

(b) If foyp is glacially oscillating and ¢ is a coarse equivalence, then f is glacially oscillating.
Proof. (a) Given € > 0 choose a glacial scale S = {(K;,n;)}i>1 so that ||f(y1) — f(ya)]| < e
for any y;, 92 € Y that can be connected by an S-chain in Y. Put C; = ¢!(K;) and let m; be
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the maximum of natural numbers such that dx(xy,z5) < m; implies dy (p(z1), p(x2)) < n;.
Notice C = {(C;,m;)}i>1 is a glacial scale in X and the image under ¢ of any C-chain is
an S-chain. Therefore, if  and y can be connected by a C-chain, ¢(z) and ¢(y) can be
connected by an S-chain and || f(p(z)) — f(e(y))]] < €.

(b) Let ¥ : Y — X be a coarse inverse of ¢ : (X,dx) — (Y,dy). By (a), fopo is
glacially oscillating and by 6.1.12, so is f. O

Corollary 6.1.14. If (X,d) is a metric space of asymptotic dimension 0, then every slowly

oscillating function f : X — C is glacially oscillating.

Proof. As shown in (4) there is an ultrametric space coarsely equivalent to (X, d). Apply
6.1.13. O

Knowing that the asymptotic dimension of a proper metric space of a finite asymptotic
dimension is exactly the topological dimension of its Higson Corona(cf. (10)); 6.2.13 provides

alternative prove to the above fact.

6.2 Coarse Freudenthal compactification

Notation 6.2.1. Let (X,d) be a metric space. The family of all bounded glacially oscillating
functions f : X — C is denoted by Bp(X,C), and the family of all bounded continuous
glacially oscillating functions is denoted by Cp(X,C). Clearly, Cr(X,C) = Br(X,C) N
Cy(X, C).

Proposition 6.2.2. Let (X, d) be a metric space. Then:

(a) Br(X,C) is unital C*-subalgebra of B(X,C) containing By(X,C) and contained in
By(X,C).

(b) Cr(X,C) is unital C*-subalgebra of Cy(X,C) containing Co(X,C) and contained in
Cu(X, C).

Proof. (a) Br(X,C) is unital as it contains all constant functions. Let f,g € Bp(X,C)

and ¢ > 0. Set M := max{sup| f(z)|,supllg(z)|l,1} and choose glacial scales S; =
zeX zeX

{(K;,m)}2, and S; = {(Li,ni)}52, for f and g and €/2M, respectively. Consider the
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glacial scale § = {(R;,7;)}i>1 where R, = K; U L; and r; = min{n;,m;}, for all ¢ > 1.
Notice any an S-chain is an Sy-chain and an Sj-chain. Hence, for any two points z,y € X
joinable by an S-chain one has || f(z) — f(y)|| < ¢/2M and ||g(z) — g(y)|| < ¢/2M. In
particular, [[(f +g)(z) — (f + g)(W)|| < € and [|(f-g)(x) — (f - 9)(¥)|| < e. To show that
Cr(X,C) is complete, we show that Bp(X,C) is a closed subspace of B(X,C). Let (f)nen
be a sequence in Bp(X,C) converging to f € B(X,C). For ¢ > 0, choose N € N such
that || fxv — fll., < ¢/3. Since fy € Bp(X,C), there exists a glacial scale S with the
property that for every S-chain my,...,x,, then |fy(z1) — fn(x,)]] < €/3. Therefore,
1 (1) = faa)ll < [1f (1) = In(z)ll + [n(2n) = In(a)ll + (v (2n) = fzn)l] < e This
shows that Br(X, C) is a unital C*-subalgebra of B(X,C). By 6.1.10, Bp(X,C) C B, (X, C).
To see that Br(X,C) contains the ideal By(X,C), let f : X — C be a bounded function that
vanishes at infinity and € > 0. Choose K to be a bounded subset of X such that || f(z)|| < &/2
for all x € X \ K. Take the glacial scale S = {(B(K,i),7)}2, and notice that for any two
points x,y € X joinable by an S-chain one has ||f(z) — f(v)|| < [[f @)+ || ()] < e.

(b) Similar to (a). O

Definition 6.2.3. The coarse Freudenthal compactification C'F'(X) of a proper metric space
X is the maximal ideal space of the C*-algebra Cr(X, C). Its corona 0pp X = CF(X)\ X is
a compact subset of C'F(X). Moreover, dcrX is the maximal ideal space of the C*-algebra
Cr(X,C)/Cy(X,C).

By 6.1.10, the Coarse Freudenthal compactification is a coarse compactification. Our

next goal is to show that the corona dop X is a coarse invariant of a space.

Proposition 6.2.4. Let (X, d) be a proper metric space. Then:
(a) Co(X,C) = Cr(X,C) N By(X,C).

Proof. The first part is clear. Let f € Br(X,C) C By(X,C). By 5.6.7, we have B,(X,C) =
Ch(X,C) 4+ Bo(X,C); so f = g+ h for some g € Cp(X,C) and h € By(X,C). Since
g is continuous and f,h € Bp(X,C), g = f —h € Cp(X,C). Therefore, Bp(X,C) =
Cr(X,C) + By(X,C). O
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Corollary 6.2.5. Let (X, d) be a proper metric space. The corona of the Coarse Freudenthal
compactification is the mazimal ideal space of the C*-algebra Br(X,C)/By(X,C).

Proof. By 2.3.21, it suffices to show that Bp(X,C)/By(X,C) and Cr(X,C)/Cy(X,C) as

C*-algebras are x-isomorphic. Using the Second Isomorphism Theorem along with 6.2.4, we

Cr(X,C) _ Cr(X,C) ~ Cr(X,C)+By(X,C) _ Bpr(X,C) []

have Co(X,0) — Bo(X,.O)NCr(X,C) Bo(X.C) = Bo(X,0) "

A consequence of 6.2.5, the Coarse Freudenthal corona can be defined for arbitrary
metric spaces. Moreover, defining OcpX as the maximal ideal space of the C*-algebra
Brp(X,C)/By(X,C) is more suitable when working with coarse spaces as, in contrast to
boundedness of functions, the continuity of a function is a small scale property and it is not
preserved when taking the composition of a coarse map with a continuous function. The
following proposition demonstrates the usefulness of defining dorX as the maximal ideal

space of the C*-algebra Br(X,C)/By(X,C).

Lemma 6.2.6. Let o : X — Y be a coarse map between metric spaces; it induces a *-
homomorphism ¢* : Bp(Y,C) — Br(X,C) defined by mapping each f € Bp(Y,C) to f o .
Furthermore, ¢*(Bo(Y,C)) C Bo(X,C) and if A : X — Y 1is another coarse map close to
v: X =Y, then ¢* and \* agree up to By(X,C).

Proof. 1t is straightforward to see that ¢*(By(Y,C)) C By(X,C), and by 6.1.13 we have
©*(Bp(Y,C)) C Br(X,C). Therefore, ¢* is a well-defined *-homomorphism. Let A : X — Y
be a coarse map close to ¢ : X — Y, and let r > 0 such that dy (¢(x), A(z)) < rforall z € X.
For f € Bp(Y,C), we aim to show that ¢*(f) — A*(f) € By(X,C). To this end, for ¢ > 0,
choose a bounded subset Ky of Y such that whenever a € Y\ Ky, then ||f(a) — f(b)|| < ¢
for all b € Y with dy(a,b) < r. Notice that Ky := ¢ !(Ky) is a bounded subset of X
and that for all x € X \ Kx, ¢(z) € Y \ Ky and hence || f(¢(z)) — f(A(x))]] < e. Thus,
©*(f) = A*(f) € By(X,C) as desired. O

Theorem 6.2.7. Coarsely equivalent metric spaces have homeomorphic Coarse Freudenthal

coronas.

Proof. Let ¢ : X — Y be a coarse equivalent map between metric spaces and ¢ : ¥ — X

is its coarse inverse. Define ¢* : Br(Y,C)/By(Y,C) — Bpr(X,C)/By(X,C) by mapping
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f+Bo(Y,C) to fop+ By(X,C). By 6.2.6, ¢* is a well-defined *-homomorphism. Moreover,
the induced *-homomorphism ©* : Bp(X,C)/By(X,C) — Br(Y,C)/By(Y,C) that maps
g+ Bo(X,C) to gop+ By(Y,C) is an inverse of p*. By 2.3.21, the coronas dcrX and dcpY

are homeomorphic. O

The following lemmas along with 6.2.10 tell us that there a correspondence between a
finite family of mutually disjoint non-trivial coarsely clopen subsets of X and a finite family
of mutually disjoint clopen subsets of 0o X. In particular, they give us a way to introduce

the number of ends of proper metric spaces (see 6.2.12).

Lemma 6.2.8. Let Y be a coarse compactification of a proper metric space (X, d), and Oy X =
Y\ X be its corona.

(a) If U is an open subset of Y such that C' = cly (U) N0y X is a clopen subset of Oy X, then
U N X 1is coarsely clopen in X.

(b) If Cy,...,C, are mutually disjoint clopen subsets of Oy X covering Oy X, then there
exist mutually disjoint open and coarsely clopen subsets Uy, ..., U, of X such that C; =

cly (U;)) N0y X. In such a case X \ |J U; is always bounded.
=1

(2

Proof. (a) Choose open neighborhoods V' of C' and W of dy X \ C in Y with disjoint
closures. We may assume V' C U by replacing V' with V NU. Choose a continuous function
f:Y —[0,1] such that f(cly(V)) C {0} and f(cly (W)) C {1}. Notice K :=Y \ (VUW) is
a compact subset of X. Seeking contradiction, assume that UNX is not coarsely clopen, then
there exists r > 0 and unbounded sequences (x,,)neny C UNX\ K and (y,)neny € X\ (UUK)
diverging to infinity with d(z,,y,) < r for all n € N. Notice that (z,)ney C V N X and
(Yn)nen € X N, and hence f(z,) =0 for all n € N, and f(y,) — 1, which contradicts the
fact that f|x : X — [0, 1] is slowly oscillating.

(b) Fix ¢ < n. For any j < n such that j # i, choose open neighborhoods Ag and Bj- in
Y of C; and Cj, respectively, such that cl(A?) and cl(B}) are disjoint. Fix i < n, and put
0; = N (A N BY). Notice that O, ..., O, are mutually disjoint open subsets of ¥ and that
C; :jc?;z(Oi) N oy X for all i < n. Put U; = O; N X, then Uy, ..., U, are mutually disjoint
open and cl(U;) = cl(0O;) for all i < n. Therefore, C; = cl(U;) N 0y X for all i < n. By

130



part (a), U; is coarsely clopen for all i < n as desired. Finally, since Oy, ..., 0O, cover 0y X,

X\ ‘L—J1 U=Y\ 'L—J1 O; is compact and hence bounded. O

Lemma 6.2.9. Let Y = CF(X) be the Coarse Freudenthal compactification of the proper
metric space (X, d).

(a) If U is a coarsely clopen subset of X, then (cly (U)Ncly (U¢))NOcrpX = 0, and therefore
C =cly(U)NOcrX is a clopen subset of OcpX .

(b) If Uy, ..., U, are mutually disjoint non-trivial coarsely clopen subsets of X, then C; :=
cly (U;)) NOcr X are non-empty mutually disjoint clopen subsets Cy, ..., C, of Ocp X forming

its cover.

Proof. (a) Assume that U is a coarsely clopen subset of X. Pick r > 0, and choose a compact
subset K C X such that B(U,r)NB(U¢,r) C int(K). Put A := U \int(K), and notice that:
o cly(A)NOcrX =cly (U) N OcrX.

o cly(X\AUint(K)) N OcrX = cly (U°) NOcrpX.

e A is a closed subset of X \ int(K) as A = (X \int(U°)) N (X \ int(K)).

e A is an open subset of X \ int(K) as A = (X \ clx(U°)) N (X \ int(K)).

Now, since A is a clopen subset of X \ int(K), the characteristic function of A x, :
X \int(K) — {0,1} is continuous. Moreover, since X \ int(K) is a closed subset of the
normal space X, the continuous function x, : X \ int(K) — {0,1}, by Tietze extension
theorem, admits a continuous extension f : X — [0,1]. Obviously, f : X — [0,1] is
glacially oscillating and therefore it admits a continuous extension g : Y — [0,1]. Notice
that g(cly (U)NOcrX) C {1} and g(cly (U*)NOcrX) C {0}, so (cly (U)Nely (U))NderX = 0,
and hence cly(U) N JcrpX is a clopen subset in OopX as its complement in JopX is

Cly(UC) N ach

(b) Let Uy, ..., U, be mutually disjoint non-trivial coarsely clopen subsets of X, by part
(a), each C; = cl(U;) NY \ X is clopen subset of 0orpX. Moreover, each C; is non-empty
subset as each U; is unbounded. Notice that for all 1 <4 # j < n, U; C Uf and hence by
(a), C;NCy = 0. O
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Theorem 6.2.10. Let Y = CF(X) be the Coarse Freudenthal compactification of the proper

metric space (X, d). Then, its corona OcrpX is of dimension 0.

Proof. We aim to show that dopX is totally disconnected. To this end, let x,y € JorpX
be two distinct points, and we want to find a clopen subset C' of 0orX such that x € C
and y € C°. Let f:Y — [0,1] be a continuous function such that f(x) = 0 and f(y) = 1.
By 6.1.9 and 6.1.5, for ¢ = 1/4 we can choose a glacial scale S with the property that any
S-chain in X is mapped by f to a subset of diameter less than 1/4. Put A; = f71[0,1/4]NX
and Ay = f71(3/4,1] N X. Let U;, i = 1,2, be the set of all points of X can be connected
to A; by an S-chain. Notice each U; is coarsely clopen (see 6.1.4) and U; N Uy = (). Indeed,
if a € Uy N U,, then there exists x, € A; such that a and z, are joinable by a S-chain.
Similarly, there exists y, € As such that a and y, are joinable by a S-chain. In particular,
|f(a) = f(za)] <1/4 and |f(a) = f(ya)| < 1/4. Since, 0 < f(z,) < 1/4 and 3/4 < f(ya) < 1,
we have 1/2 < f(y.) — 1/4 < f(a) < f(z,) + 1/4 < 1/2, a contradiction. Therefore
Cy = cl(Uy) NOcrX and Cy := cl(Uy) Ndcp X are disjoint clopen in dcpX containing x and
y, respectively (see 6.2.9). In particular, we can take C' = (4, and that proves dcpX is is

totally disconnected and hence of dimension 0. [

Definition 6.2.11. The Coarse Freudenthal corona dcpX of a proper metric space (X, d) is
called the space of ends Ends(X), and its cardinality is called the number of ends.

Proposition 6.2.12. Let (X, d) be a proper metric space. The number of ends of X is the
supremum of n > 0 such that there are n mutually disjoint non-trivial coarsely clopen subsets

of X.

Proof. If OcrX has at least n points, then it contains at least n non-empty clopen sets C;
that are mutually disjoint. By 6.2.9, we can find mutually disjoint open coarsely clopen
subsets U; of X such that C; = cl(U;) N (0crpX) for each i < n.

Conversely, the existence of n mutually disjoint non-trivial coarsely clopen subsets of X

implies that OcrX contains at least n points. O

The Freudenthal compactification of a Freudenthal space X is universal among all

compactifications of X whose corona is of dimension 0, in the sense that it dominates every
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compactification of X whose corona is of dimension 0. Analogous to the Freudenthal com-
pactification, the corona of the Coarse Freudenthal compactification is of dimension 0, and
that the Coarse Freudenthal compactification is universal among all coarse compactifications
whose corona is of dimension 0. In particular, when the Freudenthal compactification of a
Freudenthal space X is a coarse compactification, the Freudenthal compactification and the

Coarse Freudenthal compactification of X coincide.

Theorem 6.2.13. IfY is a coarse compactification of a proper metric space X such that the

corona Oy X is of dimension 0, then Y is dominated by CF(X).

Proof. Given a continuous function f : Y — C suppose € > 0. Since 0y X is a compact
Hausdorff space of dimension 0, it is totally disconnected. Consider mutually disjoint clopen
subsets C;, i < n, covering dy X such that diam(f(C;)) < /2 for each i < n. Moreover,
for each i < n, choose A; and B; open neighborhoods with disjoint closures in Y of C; and
Oy X \ U Cj, respectively. Let I; be a ball containing f(C;) with diam(/;) < €/2; and take
Al = }ﬂ(B(Ii,g/Zl)). Notice that each U; := A; N A; N O;, where O; = [ By, is an open
subset of Y with C; = cl(U;) N0y X and C; is a clopen subset of 0y X, for afﬁ <n. By 6.2.8,
each V; := U; N X is coarsely clopen. Moreover, diam(f(V;)) < € as diam(f(A%)) < e, for all
i < n. Notice that as Uy, ..., U, cover Oy X, and K := X \ Lnj V; is bounded. By 6.1.9 (¢),
flx is glacially oscillating. -

]

Corollary 6.2.14. The Coarse Freudenthal compactification of a proper metric space X 1is the

maximal coarse compactification whose corona is of dimension 0.

Proof. By 6.2.10 the corona of the Coarse Freudenthal compactification is of dimension 0.
By 6.2.13 any coarse compactification whose corona is of dimension 0 is dominated by the

Coarse Freudenthal compactification. O

The Coarse Freudenthal compactification is the quotient space of the Higson compactifi-

cation obtained by collapsing each component of its Higson corona to a singleton.

Corollary 6.2.15. Let X be a proper metric space and hX be its Higson compactification.
Define a relation on hX by x ~ x for all x € X and for all z,y € O, X, x ~ y if and
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only if x and y are in the same component of 0, X. The quotient space hX/. is a coarse

compactification of X with totally disconnected corona. In particular, hX/. = CF(X).
Proof. Similar to 4.3.3. O]

Another way to define the Coarse Freudenthal compactification of a proper metric X is

as the supremum of finite-point coarse compactifications of X.

Corollary 6.2.16. The Coarse Freudenthal compactification of a proper metric X 1is the the

supremum. of finite-point coarse compactifications of X.

Proof. Similar to 4.3.4. [

The Coarse Freudenthal compactification of a proper geodesic metric space is its

Freudenthal compactification.

Corollary 6.2.17. If (X, d) is a proper geodesic space, then its Freudenthal compactification

1s the Coarse Freudenthal compactification.

Proof. By 5.6.12, the Freudenthal compactification of X is a coarse compactification, and
its corona is of dimension 0. Therefore, it is dominated by the Coarse Freudenthal
compactification. On the other hand, the Freudenthal compactification dominates every

compactification of X whose corona is of dimension 0. n

6.3 Ends of countable groups

By 5.3.6, if a countable group G is equipped with two proper, left-invariant metrics d;
and dg; then (G,d;) and (G, ds) are coarsely equivalent. By 6.2.7, the proper metric space
(G, dy) and (G, dy) have homeomorphic Coarse Freudenthal coronas. We know also, by 6.2.17,
that the Coarse Freudenthal compactification of a proper metric space X coincide with its
Freudenthal compactification when the metric space X is proper geodesic. Therefore, the
natural way to define the space of ends of a countable as the Coarse Freudenthal corona of
(G,d) for some proper left-invariant metric d : G x G — [0, 00). All we need is to show that

a such metric always exists.
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Proposition 6.3.1. Let G be a countable group. There exists a proper left-invariant metric d

on G.

Proof. One way to introduce a proper left-invariant metric d on a countable group G that is
not necessarily finitely generated is as follows:

1. Choose a map 9 : G — NU {0} with the following properties:

i. ¥(g) =0 if and only if g = 14.

ii. Y1 ({n}) is finite for all n € NU {0}.

iii. g € ¢~ '({n}) if and only if g~* € 1 ({n}).

2. Equip G with the norm |.| : G — N U {0} given by:

gl :==min{) ¥(g:)lg =91 gn € G},
=1

3. Define the metric d(g,h) := |g~' - h|, then d is a proper left-invariant metric on G. O

Definition 6.3.2. The number of ends of a countable group G is the cardinality of the space

of its ends Ends(G), where G is equipped with some proper left-invariant metric.

Clearly that if a countable group G is finitely generated, then the space of ends Ends(G)
as the Coarse Freudenthal corona coincide with the space of ends ends(G) as the Freudenthal
corona where G is equipped with the work metric (Cayley metric) with respect to a symmetric
finite subset K C G generating G. Properties of countable groups will be discuss in a more
general setting as a special case of coarse groups. We first introduce ends in coarse space in

general in the next section, then we restrict ourselves to coarse groups.
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Chapter 7

Freudenthal large scale compactification

and coarse ends of coarse spaces

In this chapter we generalize the concept of Freudenthal ends to arbitrary coarse spaces.
See (14) for other ways to introduce ends in coarse spaces. All coarse spaces are assumed to

be coarsely connected. This chapter is based on Section 2 of (16).

7.1 Construction and properties of space of coarse ends

Definition 7.1.1. A topological coarse space is a set equipped with coarse structure and
with a compatible topology. Additionally, we assume that the coarse structure is coarsely

connected, i.e. the union of two bounded subsets of X is bounded.

Definition 7.1.2. A coarse end of a coarse space X is a family e of unbounded and coarsely
clopen subsets of X that is maximal with respect to the property of all finite intersections
being unbounded. Equivalently, e is a coarse end of the coarse space X if it is an ultrafilter of
the quotient Boolean algebra of CC(X) by the ideal of all bounded subsets, where CC(X) is
the family of all coarsely clopen subsets of X. The family of all coarse ends of X is denoted

by Ends(X).

Notation 7.1.3. Let X be a coarse space. If U is a coarsely clopen subset of X, we define
Uung == {e € Ends(X) : U € e} and Uppg := Upng U U.
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Proposition 7.1.4. Let T be the topology of a topological coarse space X. The collection
B = {ﬁend :U open coarsely clopen subset of X'} is a basis for a topology Tenqa on X UEnds(X)
that extends the topology T .

Proof. Clearly B covers X U Ends(X) as either X is unbounded open coarsely clopen and
X0 = X U Ends(X) or X is bounded and Ends(X) = (. Now, let ﬁend, Vona € B. Notice
ﬁendﬂ ‘an = (U/HT/)M c B. Since X is topological coarse space, by 5.5.5, it admits a basis
consists of coarsely bounded subsets. Finally, every bounded element of 7 is contained in B

which implies that 7 C Tepnq. O

Corollary 7.1.5. Let T be the topology of a topological coarse space X. The collection By =
{Uena :U open coarsely clopen subset of X} is a basis for the topology of Ends(X) as a
subspace of X U Ends(X).

The topology on Ends(X) is independent of the compatible topology on the coarse space
X.

Lemma 7.1.6. Let X be a topological coarse space and A belongs to a coarse end e of X, then

there is an open set A’ € e contained in A.

Proof. Let U be a uniformly bounded open cover of X, and put Ey := |J U x U. Notice
that for any bounded subset K C X, c¢l(K) C Ey[K], and hence bou(fledbéd. The subset
K := Ey[A] N Ey[X \ A] is bounded. Therefore, A" := A\ cl(K) is coarsely clopen and
it is in e. Moreover, if x € A’, then Eylz] \ ¢l(K) is an open neighborhood of x and
Eylz] \ c(K) C A'. Indeed, if y € (Eylz] \ cl(K)) \ A, then there exists U € U such that

x,y € U. Hence x € Ey[X \ A]N A C K, a contradiction. This shows that A" is open. [

Corollary 7.1.7. Given two compatible topologies on a coarse space X, the induced topologies

on Ends(X) coincide.

Proof. Let T be a compatible topology of a coarse space X. Let A be unbounded coarsely
clopen subset of X. We claim that A.,4 is open in the topology of Ends(X) induced by
the basis By. Let e € A.,q, then A € e and hence by 7.1.6, there exists A’ € e open such
that A” € A. Hence e € A',,q C Acpng which shows that A.,q is open in the topology of
Ends(X). O
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Lemma 7.1.8. Let e € Ends(X) and A € e, then int(A),cl(A) € e.

Proof. By 7.1.6, there exists A" € e open and coarsely identical to A such that A" C A.
Hence, A" C int(A) C A, which implies that int(A) € e. To show that cl(A) € e, it suffices
to show that int(A) and cl(A) are coarsely identical. Let U be a uniformly bounded open
cover of X, and notice that cl(A) \ int(A) C Ey[A] N Ey[X \ 4] is bounded as A is coarsely
clopen. O

Proposition 7.1.9. Let X be a topological coarse space. If X is Hausdorff, then the topological
space X U Ends(X) is Hausdorff.

Proof. We consider two cases:

Case 1: Let x € X and e € Ends(X) and let U be a uniformly bounded open cover of
X. Choose U € U such that x € U. Notice that c/(U) is a bounded subset and hence
V := X\ cl(U) is open and coarsely clopen contained in e. Hence, U and V,,q are disjoint
open neighborhood of x and e, respectively.

Case 2: If e, e € Ends(X) are two distinct coarse ends of X, then we can find A € e; and
B € ey such that AN B is a bounded subset of X. Without loss of generality, we may assume
that AN B = 0. By 7.1.8, U = int(A) € e; and V = int(B) € ey. Clearly, U and V are

disjoint and hence ﬁend and \an are disjoint neighborhoods of e; and e, respectively. O

X is an open dense subspace of X U Ends(X). Moreover, (X U Ends(X), Tena) is
Hausdorff whence (X,7) is Hausdorff. The question then arises: is (X U Ends(X), Tena)

a compactification of (X, 7)? The answer is positive in a coarse sense!

Definition 7.1.10. Let Y be a topological space and X C Y is a topological subspace equipped

with a coarse structure compatible with its topology. Y is large scale compact if for any

open cover {Us}ses of YV, there is a finite subset F' of S such that Y\ |J Us is a bounded
seEF

subset of X. Y is a large scale compactification of X if in addition to being large scale

compact, Y is Hausdorff and X is an open dense subspace of Y (see (15)).

Observation 7.1.11. When X is a proper metric space every large scale compactification is

indeed a compactification of X.
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Lemma 7.1.12. For any family {U*}sc; of coarsely clopen subsets of X such that Ends(X) C
U Uz, there is a finite subset F' of I such that X \ |J U® is a bounded subset of X.

sel seF
Proof. Let F be the collection of all finite subsets of I. Seeking contradiction assume that
for any F' € F, Ap = X \ |J U® is unbounded. The collection {Ap : F' € F} is contained

sEF
in some coarse end e € Ends(X). Hence, {Ap : F € F} C e € U, for some s € I which

Een

implies that U® € e and X \ U® € e, a contradiction. O

Theorem 7.1.13. Let X be a Hausdorff topological coarse space, the topological space X U
Ends(X) is a large scale compactification of X. Furthermore, Ends(X) is a compact totally
disconnected subspace of X U Ends(X).

Proof. Let {O®}ser be an open cover X U Ends(X), we can find a subset J C I such
that {/U\;end}sej is a sub-cover of {O®}sc; that covers Ends(X). In particular, Ends(X) C
U UZ,q- By the above lemma, there is a finite subset F" of J such that X'\ |J U* is a bounded
gil]oset of X. We claim that Ends(X) C |J UZ,,;. To this end, notice tlilealg if U C X is an
arbitrary coarsely clopen subset of X and SIE/F: X\ U, then Ends(X) = UgpgU Vepg. Indeed,
if e € Ends(X) \ (Uena U Vena), then we can find A, B € e such that both ANU and BNV
are bounded. Hence, there exist K, L bounded subsets of X such that A € V U K and
B Cc UU L. In particular, AN B is bounded, a contradiction. Now, seeking contradiction
assume that e € Ends(X)\ U U, then e ¢ U? , for all s € F. Therefore, by above
observation, X \ U® € e for alsleg € F which implies that () (X \U*) =X\ J U® € ¢, a
contradiction. This shows that Ends(X) is compact and X Sj%nds(X ) is large sscezﬂe compact
as (X UFEnds(X))\ U U ena is bounded.

Finally, we show thatseﬁgnds(X ) is totally disconnected. Let ey, es € Ends(X) be two distinct
coarse ends of X, then we can find A € e; and B € e, such that c/(A)N B is a bounded subset
of X. Without loss of generality, we may assume that cl(A)NB = (). Clearly, U = int(A) € e;

and V = X \ cl(A) € ey. Moreover, Ends(X) = Uepg U Vepg and Ugpg N Vepg = 0. O

Alternatively, one can show that the space of coarse ends Ends(X) is compact totally
disconnected Hausdorff space by noticing that Ends(X) is actually the Stone’s space (space
of ultrafilters) of the quotient Boolean algebra of CC(X) by the ideal of all bounded subsets.
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Definition 7.1.14. Let X be a Hausdorff topological coarse space. We call the space X U
Ends(X) the Freudenthal large scale compactification.

In (7), the space of ends of X on which the group G acts is defined as the Stone’s space
of the quotient Boolean algebra of all G-commensurated subsets (G-almost invariant) of X
by the ideal of all finite subsets. We show that there exists a connected coarse structure on
X such that the space of ends of X, in the sense of (7), is exactly the space of coarse ends

of X with respect to that coarse structure.

Proposition 7.1.15. Let X be a non-empty set on which the group G acts transitively. Equip
X with the coarse structure Eg induced by the right action as in 5.1.5. A subset A C X 1is
coarsely clopen if and only if it is G-almost invariant, that is, A-gAA is finite for all g € G.

Proof. Observe that for all ¢ € G, Y C X, then Efg} CA-g L. O
Let us show that Ends(X) is a coarse invariant of a space.

Lemma 7.1.16. Suppose f : X — Y 1is a coarse map between topological coarse spaces and
e € Ends(X). Then, using the closure operation cl in' Y U Ends(Y'), the following hold:
(a) If ¢ € ) cl(f(A)) is a coarse end of Y and V € €' is an open and coarsely clopen subset
of Y, thenAfefl(V) €e.
(b) Aﬂ cl(f(A)) is a singleton belonging to Ends(Y').

ce

Proof. By 5.6.16, f~1(D) is coarsely clopen in X if D is coarsely clopen in Y.

(a) If f71(V') ¢ e, then there is A € e such that AN f~1(V) is bounded. Observe that
AN 7Y V) = f(A)NV. Put K := f(A)NV; since K is a bounded subset of Y, f~}(K)
is a bounded subset of X. In particular, A’ = A\ f~'(K) € e and hence ¢’ € cl(f(A’)). On
the other hand, notice that f(A’) NV = 0 and therefore f(A’) N Ving = 0, contradicting the
fact that e’ € cl(f(A")). Thus f~1(V) € e, as desired.

(b) First assume that y € () ¢l(f(A))NY, and choose an open bounded neighborhood K
Ace

of yin Y. Then, f~}(K) is bounded in X. Hence A := X\ f~}(K) € e. But, f(A)NK =0,
which contradicts the assumption that y € cl(f(A)). Therefore, () cl(f(A)) C Ends(Y).

Aece
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Secondly, assume that () cl(f(A)) = 0. Put By = (Y U Ends(Y)) \ cl(f(A)), then

Ace
clearly {B4 : A € e} is an open cover of Y U Ends(Y). Since Y U Ends(Y') is a large scale

compactification of Y, there exist finitely many A; € e, i < n, such that (Y U Ends(Y)) \
(U Ba,) = Nd(f(A)) is a bounded subset of Y, and a fortiori, [ f(A4;) is bounded.
i=1 i=1

=1

However, A := (] A; € e, and f(A) C ) f(A;) is bounded, a contradiction. Finally, if
i=1

i=1

e, s € () cl(f(A)) and ey # eq, then there exists two disjoint open and coarsely clopen
Acge

subsets Vi € e; and V, € eq. By (a), f71(V1) € e and f~1(V3) € e, a contradiction. O

Corollary 7.1.17. If f : X — Y s a coarse map between topological coarse spaces and

e € Ends(X), then it induces a continuous function fenq : Ends(X) — Ends(Y) defined by
fena(e) € [ cl(f(A)).

Ace

(a) If f,g: X =Y are close, then fenq = Gena-
(b) If f is continuous, then fU fena: X U Ends(X) — Y U Ends(Y) is continuous.

Proof. Given an open, coarsely clopen subset V' of Y, notice that fe;lld(‘/end) C Ugpg, where
U= f~YV). Indeed, if fe,a(€) € Vong then e € Ugyg by (a) of 7.1.16. That proves continuity
of feng and of f U f..q if f is continuous.

Assume that f,g : X — Y are close, then F' := {(f(z),g(z)) : © € X} is an entourage
of Y. If there is e € Ends(X) such that feni(e) # gena(e), then we can choose open subsets
U € fona(€),V € gena(e) so that U N F[V] = @. Notice f~1(U) € e and g *(V) € e by
(a) of 7.1.16. Now, there is x € f~H(U)N g Y (V), so f(x) € U, g(x) € V contradicting
UNF[V]=0. O

Corollary 7.1.18. If two topological coarse spaces X and Y are coarsely equivalent, then

Ends(X) is homeomorphic to Ends(Y').

Proof. 1t suffices to show that if f : X — Y and g : Y — Z are coarse maps between
topological coarse spaces, then (g © f)ena = fend © gena- Indeed, let e € Ends(X) such
that (g o f)end(€) # fend © gena(€). There exist open disjoint subsets U € (g o f)ena(e) and
V' € fend©Genal€). Now, (gof)"H(U) € eand f~1(V) € gena(e), by (a) of 7.1.16. In particular,
(go £)"HU),(go f)"H(V) € e, a contradiction. O
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7.2 Freudenthal large scale compactification vs Coarse Freuden-
thal compactification

The aim of this section is to show that when (X,d) is a proper metric space, the
compactifications C'F(X) and X U Ends(X) of X are identical, where Ends(X) the space

of coarse ends with respect to the bounded coarse structure induced by its metric d.

Proposition 7.2.1. Let (X, d) be a proper metric space. The compactification X U Ends(X)
of X is dominated by CF(X).

Proof. By 6.2.13, since the corona Ends(X) of X U Ends(X) is of dimension 0, it suffices to
show that X U Ends(X) is a coarse compactification of X.

Suppose f : X U Ends(X) — C is a continuous function but f|x is not slowly oscillating.
There exists r > 0, and sequences (z,) and (y,) in X diverging to infinity such that
d(xp,yn) < 1, but f(z,) = 2, f(yn) — wand z # w € C. Put ¢ = ||z —w| /3 and
cover Ends(X) with a finite family of mutually disjoint sets U i & < m, where each U’ is
open in X and diam(f(U?)) < ¢ for each i. Let V = U® for some i < m such that V contains
infinitely many x,,’s. Without loss of generality we may assume z,, € V for eachn € N. As V'
is coarsely clopen, there exists a bounded subset K, C X such that B(V,r)NV¢\ K, = 0. In
particular, infinitely many y,,’s must belong to V. There exists N € N such that xy,yy € V
and || f(xn) — f(yn)|| > €, a contradiction to diam(f(V')) < e. This shows that X UFEnds(X)

is indeed a coarse compactification and hence dominated by CF(X). O]

Lemma 7.2.2. If (X,d) is a metric space and [ : X — C is glacially oscillating, then:

(a) For each compact subset C of an open set U C C there is a coarsely clopen subset A of
X such that f~1(C) Cc AcC f~YU).

(b) If, moreover, f : X — C is bounded, then for any coarse end e € Ends(X) of X the

subset [ cl(f(A)) consists of one point.
Aee

Proof. (a) Choose ¢ > 0 such that B(C,e) C U. Then choose a glacial scale S such that
|f(x) — f(y)] < e if = and y can be connected by an S-chain. Define A as all points in X
that can be connected to f~*(C) by an S-chain. Clearly, f~*(C) C A C f~(U) and A is
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coarsely clopen by 6.1.4.

(b) Choose r > 0 such that f(X) C B(0,r). Let e be a coarse end of X; the set
D := () cl(f(A)) is non-empty by the Finite Intersection Property. Suppose there are
two dilEfAeelfent points z,w € D and put € = ||z —w| /4. By part (a), there is a coarsely
clopen subset A’ of X such that f~1(B(z,¢)) C A’ C f~1(B(z,2¢)). We claim that A’ ¢ e.
Indeed, assume that A’ € e, and notice that the inclusion A’ C f~(B(z,2¢)) implies that
f(A) € f(f~H(B(z,2¢))) C (B(z,2¢)), so w ¢ cl(f(A")), a contradiction. Now, let A € e
such that A N A’ = (). Notice that as A = A\ A’ C f~1(B(0,r) \ B(z,¢)), so cl(f(A)) C
B(0,7) \ B(z,¢) and thus z ¢ cl(f(A)), a contradiction. Therefore, D := (O cl(f(4)) is a

AeE
singleton as desired. O]

Proposition 7.2.3. If (X, d) is a proper metric space, then the coarse compactification X U
Ends(X) dominates the coarse Freudenthal compactification CF(X).

Proof. Let f: X — C be a continuous and glacially oscillating function. For any coarse end
e € Ends(X) of X, put N cl(f(A)) = {a.}, and extend f : X — Cto f: XUEnds(X) — C
that maps each coarse é4nd e € Ends(X) to a.. Let e > 0 and B(a,,€) be a neighborhood
of a., e being a fixed coarse end. There exists a coarsely clopen subset A’ of X such that
f 1 (B(ae,e/4)) € A" C f~Y(B(ae,¢/2)). Notice that A’ is unbounded as otherwise we
would have A\ A’ € e for any A € e, which is a contradiction as a. ¢ cl(f(A\ A’)). Let
O = int(cl(A")), then O is an open set belonging to e.

Choose disjoint open neighborhoods U, and V of e and Ends(X) \ 5md, respectively.
Now, Oung O Uspa is a neighborhood of e and f(éend N ﬁend) C (B(ae,€)). Hence, f is
a continuous extension of f : X — C and therefore X U Ends(X) dominates the coarse

Freudenthal compactification C'F(X). O

Corollary 7.2.4. Let (X,d) be a proper metric space equipped with the bounded coarse
structure induced by d. Then, X U Ends(X) = CF(X). If, moreover, (X,d) be a geodesic
metric, then X U Ends(X) = CF(X) = X, where X is the Freudenthal compactification of
X.

Proof. Follows from 7.2.1, 7.2.3 and 6.2.17. O

143



We next show that the the space of Freundenthal ends of a Freundenthal space X is

actually the space of coarse ends Ends(X) with respect to some coarse structure € on X.

7.3 The space of Freundenthal ends as the space of coarse
ends

Th aim of this section is to construct a coarse structure £ on a Freudenthal space
X such that the space of Freudenthal ends and the space of coarse ends are topologically
homeomorphic. As observed in 4.1.11, we aim to construct a coarse structure £ on a
Freudenthal space X such that each Freudenthal end is contained exactly in one coarse end

and every coarse end contains exactly one Freudenthal end.

Lemma 7.3.1. Let X be a Freudenthal space. X admits an erhausting sequence (K, )nen of

compact subsets such that both K, and int(K,) are connected.

Proof. Since X is o-compact, it can be written as a countable union of compact subsets, say

X := U L,. As X is locally compact and locally connected, each L, can be covered by
neN
finitely many open connected and relatively compact subsets. Therefore X is a countable

union of open connected relatively compact subsets, say X := |J O,. Now, we inductively

neN
construct an increasing sequence (Up,)nenufoy of open connected relatively compact subsets

satisfying clx(U,) C U,y for all n € NU {0}, and X := |J U,. Put Up := 0, and assume

neN
that Uy, ..., U, are open connected relatively compact subsets such that clx(U;) C Uy for
all 1 <i < n. Since clx(U,) is compact, there exist O,,, ..., 0, open connected relatively

compact subsets such that clx(U,) C | O,, and clx(U,) N O,, # 0 for all 1 < i < m.
i=1

Put U,y = G O,,; since X is connected, clx(U,) is properly contained in U,,.;. Moreover,
U,41 is open Zczlnnected relatively compact subset. Finally, since clx(|J U,) = U clx(U,) =
J U,, and X is connected, so X = |J U,. "< <

nGNNow, put K, := clx(U,) for all nnéNN. Notice that for any open subset U C X, one has

U Cint(clx(U)). Notice that:

U, Cint(clx(Uy,)) = int(K,) C K,, = clx(U,) C Upy1 Cint(clx(Upy1)) = int(Kpi1),
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and therefore, int(K,) is connected for all n € N, and (K, )nen is an exhausting sequence

consists of compact connected subsets. O

Lemma 7.3.2. Let X be a Freudenthal space, and F be the family of all covers of X that
consists of of open connected subsets of X such that for every relatively compact subset
K C X, Ey|[K] is relatively compact for allV € F. The family Er = {E C X xX : E C Ey

for some V € F} is a proper coarse structure.

Proof. Put Ky := (. By 7.3.1, we can find an exhausting sequence (K, )nenuqoy of compact
subsets such that both K, and int(K,) are connected. Without loss of generality, we may
assume that every component of X \ K is unbounded component. Put U,, := int(K,12)\ K,
and U := {U C X : U is a component of U,, n € N}. Since X is locally connected, every
U € U is open connected and relatively compact subset. Moreover, every relatively compact
subset K C X is covered by finitely many open connected relatively compact subsets of the
form U,. Hence, Ey[K] is relatively compact. Thus, Fy € Ex, and therefore A € Ex as
A C Ey. It is straightforward to see that £r is a coarse structure and since Fj, is an open
entourage containing the diagonal, £r is a topological coarse structure. Finally, if B C X is
a coarsely bounded subset of X, then there exists x € X and V € F such that B C Ey|x];
thus, B is relatively compact as Ey[x] is. This shows that the coarse structure £ is a proper

coarse structure. O

We call the proper coarse structure £ on the Freudenthal space X, the Freudenthal

coarse structure.

Lemma 7.3.3. Let X be a Freudenthal space equipped with the Freudenthal coarse structure
Er. Let By as in 7.5.2. Then:

(a) The coarse space (X,Ex) is Ey-connected.

(b) For every coarsely bounded subset B C X, X \ B has finitely many E-components, where
E=FEyoEy.
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Proof. (a) Notice first that U is a component of U, := int(K,2) \ K, if and only if U =
C' Nint(K,42) for some C' € UC(X \ K,,), for all n € N. Indeed, notice that:

int(Kp2) \ K, = int(Kp) 0 (| O).
CeUC(X\Kn)

Since int(K,9) is connected, int(K, ) N C is connected for all C' € UC(X \ K,,). Now, fix
xg € Ky, and let © € X \ K. Since, X := |J U, there exists n € N, such that z € U,,. In
particular, x € C, Nint(K,2), for some C’Zeg UC(X \ K,,). Notice that C,, is contained in
the component C,,_; of UC(X \ K,,—1); and that (C, N int(K,42)) N (Croy Nint(Kyi)) =
CoNint(K,y1) # 0. Let 2,42 = z, and choose z; € C;Nint(K; 1), for all 1 <i < n. Clearly,
T = Tpio,Tpil,--.,T1, 2o IS an Fy-chain.

(b) Let B C X be a coarsely bounded subset; then B is relatively compact and hence it
can be covered by finitely many open connected subsets Uy,...,U,, € U. Fix b € B, and
x,y € X \ B. Choose © = xg,...,z, = b and y = yo, ...,y Fy-chains connecting x with
b, and y with b, respectively. There exist Oy,...,0s € U and Wy,..., W, € U such that
Zi—1,%; € O; and yj_1,y; € Wy, forall 1 <¢ < s and 1 <j <r. Notice that the £-chains
r = Tg,...,xs = band y = yo,...,y, must penetrate Lnj Ug. If for some 1 < k < m,
1<i<sand1l<j<r, onehas z;,y; €U\ B, then xl,kgzl € EylUx \ B] and hence = and
y belong to the same E-component of X \ B, where ' = Ey o Fy. In particular, X \ B has

at most m E-components. ]

Lemma 7.3.4. Let X be a Freudenthal space equipped with the Freudenthal coarse structure
Er. Let By as in 7.5.2. Then:

(a) For everyn € N, if C,, € UC(X \ K,,) is an unbounded component of X \ K, then C,, is
coarsely clopen. In particular, every Freudenthal end {Cp}nen is contained in a coarse end.
(b) If e is a coarse end and A € e, and F € Ex is a symmetric entourage containing the
diagonal; then there exists a coarsely bounded subset B such that for every coarsely bounded
subset B' containing B, A\ B’ is a finite union of F'-components of X \ B’.

(c) For everyn € N, if C,, € UC(X \ K,,) is an unbounded component of X \ K,,, then C,, is
contained in an Ey-component.

(d) If A is an unbounded E-component of X \ K,,, for some n € N, where E = FEy o Ey;
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then A contains an unbounded component C,, € UC(X \ K,,).
(e) Every Freudenthal end is contained in exactly one coarse end.

(f) Every coarse end contains exactly one Freudenthal end.

Proof. (a) Let n € N and C,, € UC(X \ K,,) be an unbounded component of X \ K,,, then C,
is coarsely clopen. To this end, it suffices to show that if V € F, then Ey[C,| N (X \ C,) C
Ev[K,]. If x € Ey[C,) N (X \ Cy), then there exists a € C,, such that (z,a) € Ey and
x € X\Cy. Choose V€ Vsuchthatz € V. If V C U C, then as V' is connected, it
CEUC(X\Kn)
must be contained in the component C,,, which contradicts the fact that z € VN (X \ C,).
Hence, VNK,, # () which implies that x € Ey[K,], and therefore Ey[C,|N(X\C,) C Ey[K,).
Thus, Ey[C,) N (X \ Cy,) is coarsely bounded as desired. Therefore, C,, is contained in some
coarse end e € Ends(X). If (Cp)nen is a Freudenthal end, then as for any m € N, (), and
C,, are coarsely identical, so C), € e, for all m € N, which proves that (C},),en is entirely
contained in e.
(b) Let e be a coarse end, A € e, and F € Er be a symmetric entourage containing the
diagonal. Consider the coarsely bounded subset B := F[A] N F[X \ A]. Now, assume that
B’ is coarsely bounded containing B. Clearly, A\ B’ € e, and we claim that A\ B’ is a
finite union of F-components of X \ B’. Put A’ =: A\ B’; we claim that every F-chain
starts at a point in A’ is completely contained in A’. To this end, it suffices to show that if
x € A" and y € X such that (z,y) € F, then y € A’. Seeking contradiction, assume that
ye (X\A)=(X\A)UBPB, theny € X\ A, and hence x € FIA|INF[X\ A C B, a
contradiction.
(¢) Similar to part (a) of 7.3.3.
(d) Let A be an unbounded E-component of X \ K, for some n € N, where F = E; o Fy,.
Since A is unbounded, it must unboundedly intersect some C,,. But, C,, by part (¢), is
contained in Fy-component of X \ K, and a fortiori in E-component of X \ K,,. Hence,
C, C A.
(e) Let (Cp)nen be a Freudenthal end. Seeking contradiction, assume that e, e’ € Ends(X)
are two different coarse ends both containing (C),)nen. Choose A € e and A’ € €’ such that
ANA" =0, and N € Nsuch that A\ Ky and A"\ Ky are union of E-components of X \ K.
Since there are only finitely many E-components of X \ Ky, both A\ Ky and A"\ Ky
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contain at least one unbounded E-component. By part (¢), Cy is contained in both A\ Ky
and A"\ Ky, a contradiction.

(f) Straightforward. -

Theorem 7.3.5. Let X be a Freudenthal space equipped with the Freudenthal coarse structure
Ex. The space of coarse ends Ends(X) with respect to the Freudenthal coarse structure is

homeomorphic to the space of Freudenthal ends ends(X).

Proof. By 4.1.9, Brena := {UF,: U € | UC(X \ K,,)} is a basis for the topology of the

neN
space of Freudenthal ends ends(X), where UL {(Ch)nen € ends(X) : C,, C U for some

end T

n € N}; and by 7.1.5, Beng = {AS,, :A unbounded coarsely clopen subset of X'} is a basis for

end

the topology of the space of coarse ends Ends(X), where AC  := {e € Ends(X) : A € e}.

end *

For each coarse end e € Ends(X), let (C¢),en be the Freudenthal end contained in e. Define
the map ¢ : Ends(X) — ends(X) that sends each e € Ends(X) to the Freudenthal end

(C%)nen. By part (e) and (f) of 7.3.4, one can see that ¢ : Ends(X) — ends(X) is bijective.

' of the space of the Freudenthal ends ends(X), where

) = US, which a basis

Moreover, for a basis element U,

U = Cy for some N € N and Cy € UC(X \ Ky), then o 1 (UF

end

element of Ends(X), and therefore ¢ : Ends(X) — ends(X) is continuous. Thus, Ends(X)

and ends(X) are homeomorphic. O
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Chapter 8

Coarse groups

This chapter is concerned with studying groups as coarse spaces equipped with coarse
structures induced by generating sets. The class of such groups include:
1. Metrizable groups,
2. Countable groups with proper left-invariant metrics,
3. Topological groups. This chapter is mainly based on Section 5, Section 7 and Section 8

of (16).

8.1 Definitions and basic properties of coarse groups

Most of the material of this section can be found in (2) and (38).

Definition 8.1.1. Let G be a group and G C P(G) \ {0} be a family of non-empty subsets of
G. G is called a generating set of G if:

e AUB,A-B,A '€ G, forall A, B cg.

e lf Ac Gand A’ C A, then A’ € G.

Proposition 8.1.2. Let G and K be groups, and G be a generating set of G. Then:

(a) If H < G is a subgroup, then Gy := {ANH : A€ G} is a generating set of H.

(b) If ¢ : G — K is a group homomorphism, then p(G) := {@(A) : A € G} is a generating
set of K.

Proof. Straightforward. O
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Proposition 8.1.3. Let G' be a group equipped with a left-invariant metric d on G; for every
r >0, put B, == {9 € G :d(lg,g9) < r}. The family G; .= {A C G : A C B, for some

r > 0} is a generating set of G.
Proof. For r,s > 0, one has B, U By, B, - B, C B,,s, and B! = B,. O

Example 8.1.4. Let G be arbitrary group:
1. The family of all finite subsets Gy of G is a generating set of G.

2. The family of all countable subsets Geoun of G is a generating set of G.

Example 8.1.5. Let G be a topological group and let G.,, be the family of all relatively compact
subsets of G. Then, Geom 1S a generating set of G.

Notation 8.1.6. Given a group G, a subset A C G, and a subset E C G x G, we put:

Ga:={(g-a,g-b):a,be A geG},

and

Ap ={y -z (z,y) € E}.
Lemma 8.1.7. Given a group G and subsets A, B C G, then G4[B] = B- A71 - A.

Proof. Let p € G4[B], then (p,b) € G4 for some b € B. There exist g € G and z,y € A

such that p=g-randb=g-y. So,g=b-y tand hencep=b-y'-x € B-A"'. A
Conversely, if p € B- A71- A, then p =b-y~ ! -2, for some b € B and z,y € A. Put

g=>b-y' then (p,b) = (g-z,9-y) € Ga. O

Proposition 8.1.8. Let G be a group and G be a generating set. The family:

Eg:={E CGXG:ECGyu, for some A€ G} is a coarse structure on G.

Proof. 1t is easy to see that A € &; as for A € G containing 1, then A € G4. Let E, F € &g,
then there exist A, B € G such that £ C G4 and F C Gg. Now,

e FUF CG,UGRE C Gaup;

e FoF C GyoGp C Gpp-1.p. Indeed, if (x,2) € G4 o Gp, then there is y € G such
that (z,y) € G4 and (y,2) € Gp. Thus, there exist a,a’ € A, b,0/ € B and g,h € G such
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that (z,y) = (¢g-a,9-d') and (y,z) = (h-b,h V). In particular, g - a’ = h - b and hence
h=g-da bt implying that (z,2) = (¢g-a,g-a’ - 071 -V) € Gup1p€EEsas A-B™1-Beg.

This proves that &g is a coarse structure on G. O

The coarse structure & on G is referred to as the coarse structure induced by the

generating set G.

Lemma 8.1.9. Let G be a group, G be a generating set, and E C G x G. The set Ap =
{ytz:(r,y) € B} €G if and only if E € &;.

Proof. Assume that £ C G x G such that Ag = {y~'-x: (z,y) € E} € G. Without loss of
generality, assume that 1¢ € Ag. Notice that F' := {g-a,g) :a € Ag,g € G} C G4, € &;.
Moreover, if (z,y) € E, then y™' -2 € Ap, and hence (z,y) = (y -y~ - x,y) € F. Thus
E C F € &g, as wanted.

Conversely, assume that E € &, and choose A € G such that £ C G 4. We claim that
Ga, C GaoGy'. Indeed, if (a,b) € Ga,, then there exist (z1,v1), (r2,42) € E and g € G
such that a = g-y; ' -2y and b= g -y, ' - 2. Since (21, y1), (v2,12) € E C G4 and G 4 is G-
invariant, then (y; ' 21, 1¢), (3 - -2, 1g) € G4 and hence (g-y; ' 21, 9), (g-y5 -T2, 9) € Ga.
Therefore, (a,b) € G40 G, as claimed. O

Proposition 8.1.10. Let G be a group equipped with a coarse structure Eg induced by a
generating set G. Then:

(a) Every A € G is coarsely bounded.

(b) A subset B C G is coarsely bounded if and only if B™*- B € G.

Proof. (a) Straightforward.

(b) Assume that B is coarsely bounded, and choose A € G and p € G such that B C Galp).
By 8.1.7, Galp] = p-A™'-A. Hence, B'-BC (p- A1 A~ (pp A1 A)=A"1 A A Aeg
and hence B~!- B € G. Conversely, assume that B~ B € G. Notice that Ag, = B™'-B € G,
hence by 8.1.9, Gg € &. Pick b € B, then B C Gg[b] = b- B™' - B, and therefore B is

coarsely bounded as Gp[b] is coarsely bounded. O

Proposition 8.1.11. Let G be a group equipped with a coarse structure Eg induced by a
generating set G. Then:
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(a) (G, Eg) is coarsely connected if and only if G = |J A.
Aeg
(b) If (G,&g) is coarsely connected, then a subset B C G is coarsely bounded if and only if

Beg.

Proof. (a) Assume that (G, &g) is coarsely connected, and x € G. We aim to find B € G
such that = € B. Indeed, as (G, &g) is coarsely connected, {(x,1g)} € . Thus, there exists
A € G such that (x,1g) € G4. Therefore, (z,1¢) = (9-a,g-b) for some a,b € A and g € G,
and hence z = b~ '-a € B= A"'- A € G, as wanted. Conversely, assume that G = |J A
and (z,y) € G x G. There exist A, B € G such that x € A and y € B. Put C := AALEJgB,
then {(z,y)} C G¢ and hence {(x,y)} € &.

(b) Since (G, E&g) is coarsely connected, G = [J A. In particular, {z} € G for all z € G.
Assume that B C G is coarsely bounded. By?aeagrt (h) of 5.2.9, E := B x {z} € & for any
r€G. By819, Ap =2!'-Beg. Since {zr} € G, v- Ap = B € G as wanted. The other

implication is obvious. [
The following provides an alternative description of &;.

Notation 8.1.12. Given a group G and a subset A C G, we put:

Eyi={(z,y): 27!y A}

Lemma 8.1.13. Let G be a group equipped with a coarse structure Eg induced by a generating
set G, and A C G. Then, A € G if and only if Ea € Eg. Moreover, the family {E4: A € G}

s a basis for Eg.

Proof. Assume that A € G. Without loss of generality, assume that 15 € A. We claim that
E4 C Ga. Indeed, if (z,y) € E4, then 271 -y € A and therefore (1g,27! - y) € G4 which
implies that (z,y) € Ga. Conversely, suppose that E4 € &g, then by 8.1.9, Ag, € G. Since
Ag, = A7! and hence A € G.

Finally, we know that {F4 : A € G} is a basis for &;. It suffices to show that for every A € G,
there exists B € G such that G4 C Ep. To thisend, let A € G and let (z,y) € G4, then there
exist a,b € Aand g € Gsuchthat t =¢g-aandy=g¢-b. Thus, 2! -y =a'-bec A7'. A
Take B=A"1'- A, then B€ G and G4 C Ep. O
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The significance of above lemma lies in the fact that sets of the form FE4 are easier to

work with as the following lemma asserts us.

Lemma 8.1.14. Let G and H be groups, A,B C G, C C H, and ¢ : G — H be a group
homomorphism Then:

(a) E;' = By,

(b) Eoo Eg = Eap. In particular, E% = Ean, for all n € N.

(c) Es[B]=B- AL

(d) A C B if and only if E4 C Ep.

(e) ¢ X p(Ea) C Ega).

(£) (¢ x 9)(Fe) = Epvc

Proof. Straightforward. O]

The above Lemma 8.1.14 gives us a simple characterization of coarsely disjoint and

coarsely clopen subsets of a coarse group.

Proposition 8.1.15. Let G be a group equipped with a coarse structure Eg induced by a
generating set G, and let A, B C G be subsets. Then:

(a) A and B are coarsely disjoint if and only if (A- K) N (B - K) is bounded for all K € G.
(b) A is coarsely clopen if and only if (A- K)N (A°- K) is bounded for all K € G.

Proof. Apply 8.1.14 (c). O

Corollary 8.1.16. Let G be a group equipped with a coarse structure Eg induced by a generating
set G, and let A, B C G be subsets. Then:

(a) A and B are coarsely disjoint if and only if (A - K) N B is bounded for all K € G.

(b) A is coarsely clopen if and only if (A - K) N A€ is bounded for all K € G.

Proof. Apply 5.6.15 (¢) and 8.1.14 (c). O

Proposition 8.1.17. Let G be a group equipped with the coarse structure induced by the
generating set Gy, of all finite subsets of G. A subset A C G is coarsely clopen if it is

almost right invariant.
Proof. Apply 8.1.16. O
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Observation 8.1.18. If G' is a group equipped with a left-invariant metric d, then g, = &4
is the bounded coarse structure induced by d. Moreover, if d is a proper metric then Eg, =

Ea= (‘:gfm.

Proposition 8.1.19. Let G and H be groups with the coarse structures Eg and Ey induced
by the generating sets G and H of G and H, respectively. If ¢ : G — H is a group
homomorphism, then:

(a) ¢ : G — H is controlled if and only if p(A) € H, for all A € G.

(b) o : G — H is coarsely proper if and only if ¢~ (B) € G, for all B € H.

Proof. Apply (e) and (f) of 8.1.14. ]

Example 8.1.20. Given a coarse group (G,&g), and an element v € G; the automorphism

o, : G — G is a coarse equivalent with a coarse inverse o,-1 : G — G.

Definition 8.1.21. Let GG be a group equipped with the coarse structure & induced by the
generating set G. A subgroup H is called of bounded index if G = A - H for some coarsely
bounded subset A C G.

Observation 8.1.22. If H is a subgroup of G, and A C G, then G = A - H if and only if
G =H-A"' Indeed, if G =A-H and v € G, then 27! € G. So, 27! = a - h for some
acAandhe€ H. Thus, a™'-27' € H and hence x-a € H; say x-a = h', for some h' € H.
Therefore, v = h'-a~' € H- A~

Proposition 8.1.23. Let G be a group equipped with the coarse structure Eg induced by the
generating set G. A subgroup H is coarsely equivalent to G if and only if G = A-H for some
Aecg.

Proof. Assume that H coarsely equivalent to G. By 5.4.7, H is E-coarsely dense in G.
Choose A € G such that E C E4. Then, G = E4[H| = H- A™! and hence G = A- H as
desired.

Conversely, if G = A- H for some A € G, then G = H - A™! and hence G = E4[H].
Therefore, H is coarsely dense in GG, and by 5.4.7, it must be coarsely equivalent to G. [
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Corollary 8.1.24. Let G be a group equipped with the coarse structure Eg induced by the
generating set G. If (G,&g) is coarsely connected, then a subgroup H is coarsely equivalent

to G if and only if it is of bounded index in G.

Proof. Apply 8.1.23, and 8.1.10. O]

8.2 Connectivity in coarse groups

In this section we introduce concepts needed to generalize being finitely generated to

being boundedly generated.

Definition 8.2.1. A coarse group G is boundedly generated if there is a symmetric bounded

set K that generates G.

Proposition 8.2.2. Let K be a symmetric bounded subset of a coarse group G containing 1g.

The coarse group G is boundedly generated by K if and only if it is Ex-connected.

Proof. Assume that G =< K > and x € G. Then, there exist aq,...,a, € K such that

x=ay-...-a, Notice that (a;,1g) € Fk for all 1 < i <n and hence G is Fx-connected.
Conversely, assume that GG is Fx-connected and that x € G. Choose a sequence 1 =

To, ..., T, = x such that (v;,7,,1) € Ex for all 1 <i < n. Notice that ;' - z;,; € K for all

1<i<n,andz = (x5 -21) ... (x5 -2 1) - (2,0, - 20). O

Proposition 8.2.3. Suppose K is a symmetric bounded subset of a group coarse G. If, for
some bounded subset B of G, G\ B has finitely many unbounded Ex-components and the

union of all bounded Ex-components is bounded, then G is boundedly generated.

Proof. Let L be the union of K U B and of the following:

1. The union of all bounded Ex-components of G\ B,

2. One point from each non-empty unbounded Ex-component of G\ B.

Put M = LUL™! and notice G is E-connected. Indeed, the Fj;-component of 1¢ contains

B and all Ex-components of G \ B. Therefore, G =< M > as wanted. n

Observation 8.2.4. Let (G,&g) be a coarse group. If G is boundedly generated by a symmetric
bounded subset K C G that contains 1q; then:
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(a) For all g € G and n € N, the subset g - K™ is Ex-connected.

(b) Consider the Cayley metric dx : G x G — [0,00) on G, then B(g,n) = g - K", for all
g€ G andn € N.

(c) Eaye C Eg; in particular, Gq,, C G.

Proof. (a) Notice first that K™ is FEg-connected, as if z,y € K", then there exists
J1y---s9nsh1,...,h, € K such that + = ¢, -... ¢, and y = hy - ... - h,. Then
Lo Gy Gl oo Gn1s---,91 92,91, lgand hy - ... hy,hy ... hp_1,...,h1 - ho, hy, 14 are
Ex-chains in K™ connecting x and 1¢g; and y and 1¢, respectively. Since, K™ is symmetric,
we can find ¢ an Fi-chain in K™ connecting x and y. Hence, g - ¢ an Ek-chain in g - K™

connecting ¢ -z and g - y.
(b) Straightforward.
(¢) Straightforward. O

Example 8.2.5. Consider the topological group of the rational numbers (Q,+), equipped with
the coarse structure induced from the generating set of all relatively compact subsets of G.

Q is boundedly generated by the compact K = {% : n € N} U {0}.

Example 8.2.6. Let M, (R) be the set of n x n matrices over R. Topologically, M,(R) is

homeomorphic to R™ . The special linear group:
SLy(R) :={A € My(R) : det(A) = 1},

is a topological subgroup of Ms(R) and it is compactly generated by:

1 r 0 1
K = reRr|<1U .
01 -1 0

Therefore, SLy(R), equipped with the coarse structure induced from the generating set of all

relatively compact subsets, is boundedly generated.
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8.3 Coarse groups of bounded geometry

In this section we introduce the concept of bounded geometry for coarse groups. Typically,
bounded geometry is defined for metric spaces by requiring that for each » > 0 there is
N, € N such that every r-ball contains at most /N, elements. We want a coarse invariant, so

we extend this definition to arbitrary coarse spaces as follows:

Definition 8.3.1. A coarse space (X, Ex) has bounded geometry if it is coarsely equivalent
to a coarse space (Y, Ey) with the property that for each F' € &y there is Np € N such that

every element of F'[y] contains at most Ng elements, for all y € Y.

Observation 8.3.2. If (Y,Ey) is a coarse space with the property that for each entourage
F € &y there is Np € N such that every element of F[y| contains at most Ng elements, for
all y € Y; then every bounded subset B C'Y 1is finite. Indeed, let F = B X B and choose
Nr € N such that every element of F[y| contains at most Ng elements, for ally € Y. Notice
that B C Fy|, where y € B. Moreover, if Y' CY, then, as a subspace, (Y’ &) has also the
property that for each entourage F' € &, there is Np € N such that every element of Fly]

contains at most N elements, for ally € Y.

Proposition 8.3.3. Suppose X and Y are coarse spaces and'Y has bounded geometry. If there
1s a coarse map f : X — Y, then X has bounded geometry. In particular, a subspace of a

coarse space of bounded geometry is also of bounded geometry.

Proof. Pick a coarse equivalence g : Y — Z, where (Z,€7) is a coarse space that has the
property that for each entourage F' € £ there is Nr € N such that every element of F[z]

contains at most Np elements, for all z € Z. Observe that X is coarsely equivalent to

9(f(X)). 0

Theorem 8.3.4. A coarse group G is of bounded geometry if and only if there is a bounded
set K such that for every bounded subset B of G there are elements g; € G, © < n, so that
i=1

Proof. Suppose f : G — Y is a coarse equivalent, where (Y, Ey) is a coarse space that has

the property that for each entourage F' € &y there is Np € N such that every element of
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F[y] contains at most Ng elements, for all y € Y. Since f: G — Y is expanding, the subset
(f x f)7'(Ay) is an entourage of G. Choose a symmetric bounded subset K of G such that
(f x f)"Y(Ay) C Ek. Notice that for every y € Y, and g, € GN f~'({y}), then such that
f({y}) C Fklg,] = g, - K. Given a bounded subset B of G, f(B) is bounded, hence it is

fimiteand BC U fyycC U g, K.
yef(B) yEf(B)
Conversely, suppose there is a bounded set K such that for every bounded subset B of

G there are finitely many elements g; € G, ¢ < n, so that B C LnJ g; - K. We may assume
K is symmetric containing 1g. By 5.4.8, since Fg2 is symmetrilc:::entourage containing the
diagonal, GG has a coarsely dense E2-separated subset Y C G. By 5.4.7, Y is coarsely
equivalent to G. To conclude, we prove that Y, as a coarse space of G, has the property
that for each F' € &y there is Nrp € N such that every element of F[y] contains at most
N elements, for all y € Y. Indeed, I’ € &y, then there exists a symmetric bounded subset
B C G, such that F C Ep, and there exist finitely many elements g; € G, i < n, so that

B C Jgi- K. Put Np = n, and we claim that |F[y]| < Np, for all y € Y. Notice that
i=1

Fly] C Egly], and that Eglyl =y-B C Jy-¢;- K. Now, if a,b € Y Ny - B are distinct
i=1
such that a,b € y-g;- K for some 1 <4 < n, then a~'-b € K? and hence (a,b) € Ex> which
contradicts the fact that Y is Fy2-separated. This shows that each g; - K has at most one

element of F[y], and thus |F[y]| < Np. O

Corollary 8.3.5. The following coarse groups are of bounded geometry:
1. Groups with generating set consisting of finite sets,

2. Locally compact topological groups.
Proof. In case 2), any relatively compact neighborhood K of 14 works. O

Example 8.3.6. Consider the special linear group SL,(R) and the general linear group
GL,(R). They are both locally compact o-compact groups as the determinant function
det : M,(R) — R is continuous with det™" (R \ {0}) = GL,(R) and det™*({1}) = SL,(R).
Therefore, both SL,(R) and GL,(R), equipped with the coarse structure induced from the

generating set of all relatively compact subsets, are of bounded geometry.
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Proposition 8.3.7. Let G be boundedly generated coarse group of bounded geometry. There
exist a symmetric bounded subset K of G such that for every bounded subset L of G its

complement G'\ L has finitely many Ex-components.

Proof. Choose a bounded symmetric subset M C G such that 15 € M, G =< M > and
every bounded subset of GG is covered by finitely many subsets of the form g- M. For arbitrary

bounded subset L C G, choose m € N such that Ey[L] C |J ¢g;- M. If L = (), then G\ L
i=1
has exactly one Ej-component. Fix a € L and for each z € G\ L choose a Fk-chain ¢,

joining z to a. Let i, < m be the first index of ¢, such that z;, € |Jg - M \ L. For
i=1
ye G\ L,ifz;,,y;, € g;- M, then x;l “Yi, € M? and hence (%i,,vi,) € Eape2. Since x and

z;, are Ej-connected, and y and y,, are Ey-connected, so x and y are E3;-connected. Let

z

K = M?, then G\ L has at most m Egx-components. O

Proposition 8.3.8. Let G be a coarse group metrizable by the Cayley metric di for some
symmetric bounded set K containing 1g. The following conditions are equivalent:

(a) G is of bounded geometry.

(b) There are elements g; € G, 1 <i<n, so that K - K C Lnjl gi- K.

(c) For each s > 1 there is Ny > 1 such that for each m > 1 the set K™** can be covered by

at most N sets of the form g- K™.

Proof. (a) <= (b): If G is of bounded geometry, then as K - K is bounded, and therefore
K -K C |Jgi K for some g; € G, 1 < i < n. Conversely, notice that (K - K) - K C
i=1

gi-K-K C |J ¢i-g;- K. Apply induction to get that for every m > 1 there are elements

i=1 ij=1

h; € G, i <m, so that K™ C |J h; - K. Since every bounded subset B of G is contained in
i=1

some K", (G is of bounded geometry.

Cs

(b) <= (¢): By induction, one can see that For each s > 1 there is Ny > 1 such that
K1 can be covered by at most N, sets of the form ¢ - K. Therefore K™ = Kst1. gm~!
can be covered by at most N; sets of the form g - K - K™™' = g- K™. The converse is

trivial. []
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8.4 Metrizability of the coarse structure of a group

In this section we discuss coarse groups whose coarse structure is metrizable or coarsely

equivalent to a geodesic space.

Definition 8.4.1. Let G be a generating set of GG. A subset B C G is a called a basis for G if
for every A € G, there exists B € B such that A C B.

When &g is metrizable, it is induced by a left-invariant metric.

Theorem 8.4.2. Let G be a group equipped with a coarsely connected coarse structure Eg
induced by the generating set G. The following are equivalent:

(a) Eg is induced by a metric d: G x G — [0, 00).

(b) G has a countable basis.

(c) Eg is induced by a left-invariant metric.

Proof. (a) = (b): Follows from 8.1.14.

(b) = (c): Let B:={B,, : n € NU{0}} be a basis for G such that By := {15} and (By,)nen,
is a strictly increasing sequence of symmetric elements of G. Define the function |.| : G — N
by |g| = min{n € N: g € B,}. It induces a left-invariant metric d : G x G — [0, 00) given
by: d(g,h) :=|g~'-h|. We claim that d induces . Indeed, notice that for g € G and n € N,
then B(g,n) ={h € G:g ' h € B, and m <n} C g-B, € G. On the other hand, for
arbitrary n € N, choose g € B, and N > n?; then B(g, N) = G g - B; = By which contains

=1

B,,. Hence, G; = G as desired. O
Definition 8.4.3. A coarse group G is o-bounded if it is a countable union of bounded subsets.

When G is equipped with a metrizable coarse structure &g, it is o-bounded. The converse

is true when G is of bounded geometry.

Proposition 8.4.4. If G is a o-bounded coarse group of bounded geometry, then Eg is

metrizable. Consequently, G has a countable basis of boundedly generated subgroups.

Proof. Pick a bounded symmetric set K containing 14 such that for every bounded subset

k 00
B of G there are elements ¢g; € G, i < k, so that B C |J ¢; - K. Suppose G = |J B;, where
i=1 =1
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each B; is bounded and B; C B; if i < j. Each g € G has an index n(g) such that g € B, ).
k

Now, if B is bounded and B C | g;- K, then for m > n(g;) for all i < n one has B C B,,- K.
i=1

Therefore, {B,, - K : n € N} is a countable basis for G. O

Definition 8.4.5. Let X and Y be coarse spaces. X is coarsely dominated by Y if there exist

p: X =Y and ¢¥: Y — X controlled maps such that ¢ o ¢ is close to idx.

Theorem 8.4.6. Let G be a group equipped with a coarse structure Eg induced by the generating
set G. The following are equivalent:

(a) G is boundedly generated by a symmetric subset K € G and {K"},en is a basis for G.
(b) Eg induced by a Cayley metric.

(c) G is coarsely equivalent to Cay(G, K) for some K € G.

(d) G is coarsely dominated by a geodesic metric space.

Proof. (a) = (b): Assume that G =< K > for some symmetric subset K € G such that
{K"},en is a basis for G. Consider the Cayley metric dx induced by K. We aim to show
that G = Gg,.. Notice that for g € G and n € N, then B(g,n) C g- K", and K" C B(z,n+1)
for any x € K.

(b) = (¢): The inclusion + : G — Cay(G, K) is controlled, expanding and coarsely
surjective.

(¢) = (d): Obvious.

(d) = (a): Let (X, d) be a geodesic metric space coarsely dominates G, and let ¢ : G — X
and ¢ : X — G controlled maps such that ¢ o ¢ is close to idg. Notice that ¢ x ¥(FEs) € &
where By = {(z,y) € X x X : d(z,y) <2}; and E = {(vop(g),g9) : g € G} € E. By 8.1.13,
There exists a symmetric subset K € G such that FUE Uy x (E;) C Ex. We claim that
{K"},en is a basis for G. Let L € G containing 1. Choose r > 0 such that ¢(L) C B(x, ),
where 2o = ¢(1g). Choose a boundary point  of the ball B(xg,r). Pick N € N and a chain
Zo, ...,y on the geodesic connecting xy to x such that d(z;, z;11) < 1forall 1 <i < N.
Let g € L and choose a chain z, ..., x, = ¢(g) such that d(z;,z;41) < 1 for all 1 <i < n.
Clearly,n < N and (2, z;11) € E», for all 1 <4 < n. Therefore, 1 (z;)"*-¢)(x;41) € K. Notice
that ¥ ((g)) = ¥(xn) = V(o) (Y(x0) " 1h(21))- (¥ (1)~ (@2)) -+ ((@n-1) " +9b(24)). Since
(16, ¥(x0)) € Ex, ¥(x0) € K, and hence 1(p(g)) € K™'. Moreover, as (1(¢(9)), 9) € Ex,
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“1.g € K and hence g € - K c K"? c KN*2 In particular, L C KN+2
Py g g v p
which shows that {K"},cy is a basis for G. O

A coarse group (G, Eg) that satisfies one of the equivalent properties of 8.4.6 is referred

to as a coarsely geodesic group.

Proposition 8.4.7. If G is a boundedly generated coarse group of bounded geometry, then it

15 coarsely geodesic.

Proof. Pick a bounded symmetric set K containing 14 such that for every bounded subset B
k
of G there are elements g; € G, i < k, so that B C |J g;- K. We may assume K generates G.
i=1
k
Each g € G has an index n(g) such that g € K™9. Now, if B is bounded and B C |J g; - K,
i=1
then for m > n(g;) for all i < n one has B C K™™', By 8.4.6, G is coarsely geodesic. ]
Example 8.4.8. SLy(R), equipped with the coarse structure induced from the generating set of
all relatively compact subsets, is coarsely geodesic; whereas, the coarse structure of GL,(R)

induced from the generating set of all relatively compact subsets is metrizable.

Definition 8.4.9. A sequence of subgroups {G,}.en of a coarse group G is a basis for
boundedly generated subgroups of G if every boundedly generated subgroup H of G is
contained in some G,,. Equivalently, for any bounded subset B of G there is n € N such that
B C G,

Clearly, if a coarse group GG has a metrizable coarse structure, then it can be expressed
as the union of an increasing sequence of boundedly generated subgroups {G, },en such that
{Gp}nen is a basis for boundedly generated subgroups. The converse is partially true; that
is if {G,, }nen is a basis for boundedly generated subgroups such that each G, is coarsely

geodesic then the coarse structure of G is metrizable.

Proposition 8.4.10. Let G be a coarse group that has a basis {Gp }nen for boundedly generated
subgroups consisting of unbounded subgroups that are coarsely geodesic; then its coarse

structure is metrizable.

Proof. Notice for each G,, there exists a symmetric bounded subset K, C G containing 14
such that G,, =< K,, > and that (K!"),,>1 is a basis for G,,. In particular, {K]" : n,m € N}

n

is a countable basis for G. O
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Definition 8.4.11. A coarse group G is locally bounded if for every bounded subset B of G
the subgroup < B > of GG generated by B is bounded.

Lemma 8.4.12. Let ¢ : G — H be a group homomorphism between coarse groups. If ¢ : G —

H is a coarse equivalence and H 1is locally bounded, then G is locally bounded.

Proof. 1t straightforward to see that, as ¢ : G — H is a group homomorphism, for every
subset A C G, p(< A >) =< ¢(A) >. Notice that as ¢ : G — H is coarsely proper, if A C G
is unbounded, then ¢(A) is an unbounded subset of H. Seeking contradiction, assume that
K C G is coarsely bounded such that < K > is unbounded subset of G. On one hand,
p(< K >) =< ¢p(K) > in unbounded. On the other hand, since ¢ : G — H is controlled,
©(K) is a coarsely bounded subset of H, and hence, as H is locally bounded, < ¢(K) > is

coarsely bounded; a contradiction. O]

Proposition 8.4.13. An unbounded coarse group G is locally bounded and its coarse structure
is metrizable if and only if it admits a strictly increasing sequence {Gy}tnen of bounded

subgroups that is a basis for boundedly generated subgroups.

Proof. Assume that the coarse group G is locally bounded and its coarse structure is
metrizable. For eachn € N, put B,, := B(1g,n). We inductively define the strictly increasing
sequence of bounded subgroups as follows:

Gy :=< By >, and G,, :==< B, U{z,} > for all n > 2, where z,, € G\ G,,_1. Then, {G,},en

is the desired sequence.

Conversely, assume that {G,, }nen is strictly increasing sequence of bounded subgroups
that is a basis for boundedly generated subgroups. It is a basis for its bounded sets, so
the coarse structure of GG is metrizable. Moreover, every boundedly generated subgroup is

contained in some G,,, and hence bounded, so G is locally bounded. O

Proposition 8.4.14. Let G be a coarse group G that is non-locally bounded and is not
boundedly generated. Its coarse structure is metrizable if and only if G admits a strictly
increasing sequence {Gp}nen of unbounded boundedly generated subgroups whose coarse
structures as coarse subspace of G are metrizable, and that {G,, }nen is a basis for boundedly

generated subgroups.
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Proof. Assume that G is non-locally bounded and its coarse structure is metrizable. For
each n € N, put B,, := B(lg,n). We inductively define the strictly increasing sequence of
the subgroups as follows:

G1 =< B; >, and G,, :=< B, U{x,} > for all n > 2, where z,, € G \ G,,_1. Notice for
any bounded subset B C G, there exists n € N such that B C B,, and hence < B >C G,,.
If each GG, is bounded then G is locally bounded, a contradiction. Therefor, there exists
N > 1 such that GG, is unbounded for all n > N. Without loss of generality, we may assume
that N = 1. It is clear that for each n > N, the coarse structure of G,, is metrizable coarse

structure as a coarse subspace of G.

Conversely, assume that G admits a strictly increasing sequence {G,, },en of unbounded
boundedly generated subgroups whose coarse structures as coarse subspace of G are
metrizable, and that {G,},en is a basis for boundedly generated subgroups. Let B, be
a countable basis for the bounded subsets of G,, for all n € N. Then B := |J B, is a

neN
countable basis for the bounded subsets of GG. Clearly, G is non-locally bounded. [
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Chapter 9

Space of coarse ends of coarse groups

In this chapter we apply the theory of coarse ends of coarse spaces to coarse groups. In
particular, we generalize 1.1.5, 1.1.6, and partially generalize 1.1.8; and give a proof for 1.1.7,

in the language of coarse geometry. This chapter is based on Section 9 of (16).

9.1 Space of coarse ends

We begin with a coarse version of the first part of 1.1.8.

Proposition 9.1.1. Let G be a coarse group equipped with a metrizable coarse structure. If G

s an unbounded and locally bounded group, then its number of coarse ends is infinite.

Proof. 1t suffices to show that G has infinitely many unbounded coarsely clopen subsets of G
that are mutually disjoint. By 8.4.13, GG can be expressed as a union of a strictly increasing
sequence {G, }nen of bounded subgroups that is a basis for boundedly generated subgroups.
Choose ¢, € G411\ Gy, for each n € N. Given an infinite subset I of natural numbers define
Aras | gn-Gn. We claim that A; is unbounded coarsely clopen. Indeed, A; is unbounded
as for glelle € N, there exists n € I such that n > N and hence g,, € A;\Gn. Since, {G,, }nen
is a basis for the bounded sets of G, A; must be unbounded. To show A; is coarsely clopen
assume B C G is bounded and choose n € [ so that B C G, and therefore {G,, : n € I} is a
basis for the bounded sets of G. Notice for any i € I, if i < n, then (g;-G;) -G, = G,; and if

i > n, then (g;- G;)- G, = g;-G;. In particular, A;-G,, = G, U |J g¢i-Gi, s0 (Ar-G,)AA;

i€l i>n
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is bounded, and hence Aj is coarsely clopen. To complete the proof notice Ay N Ay = ) if
INJ = 0. Indeed, if g € AN Ay, then there exist ¢ < j such that g;-h = g;-h’, where h € G;
and b € G, with ¢ € I and j € J. Therefore g; € G, a contradiction. Finally, since N can
be expressed as an infinite union of mutually disjoint infinite subsets of N, G has infinitely
many mutually disjoint unbounded coarsely clopen subsets and hence infinitely many coarse

ends. =

Definition 9.1.2. Let G be a coarse group and A is a subset of G. We say that G acts trivially
on A if A and x- A are coarsely identical for all z € G; that is, if x- AA A is coarsely bounded

for all x € G.

Lemma 9.1.3. Let G be a coarsely geodesic coarse group. If G contains three mutually disjoint

unbounded coarsely clopen subsets, then it acts trivially on at most one of them.

Proof. Let K C G be symmetric bounded subset containing 15 and generating G such that
the Clayey metric di induces its coarse structure. Let A;, Ay and A3 be mutually disjoint
unbounded coarsely clopen subsets. Seeking contradiction, assume that G acts trivially on A,
and Ay. Put Ay := G\ LBJ A;. Clearly that Ay is coarsely clopen disjoint from A;, A and As.
Choose N € N large engllgh so that for all z € A;\ B(1g, N) and y € (G\ A;)\ B(1g, N) then
d(xz,y) > 2, forall 1 <i < 4. If Ay is coarsely bounded, we may assume that Ay C B(1g, N).
Choose m € N such that (A;\ B(1g,m))NEaon12|G\ A;] =0, for all 1 <i < 3. In particular,
m > N and if x € A; such that dx(x,1,) > m, then B(x,2- N +2) C A;, forall 1 <i < 3.
If A4 is unbounded, we assume also that (A, \ B(lg,m)) N Ea.ny2[G \ A4] = 0. Notice that
if z € A; such that dy(x,1g) > m, then - B(1g, N) = B(x,N) C B(z,2- N +2) C A;, for
all 1 <17 < 3.

Now, pick € Az such that dg(z,1¢) > m. On one hand, as dg(z7!,1¢) > m, so
7! € G\ B(lg, N) and hence B(z™!, N) is contained in exactly one coarsely clopen A; for
some 1 < < 3, if Ay is bounded; and B(z~!, N) is contained in exactly one coarsely clopen
A; for some 1 < i < 4, if A4 is unbounded. As G acts trivially on Ay, x - AAA is coarsely
bounded, and thus we can choose g; € A; such that dx(g1,1g) > m and z - g; € A;. Since
G =< K >, G is Eg-connected, and hence we can find an Ex-chain ¢g; = ag,a4,...,as = lg

connecting ¢g; and 1g. Notice that dg(a;, a;41) = 1 for all 0 < i < s— 1. Let a, be the first
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element of the Ex-chain that hits B(1g, N). Then, as dx(as_1,as) =1, as € Ay N B(1lg, N)
and hence x - as € Az. Since dy is left-invariant, the sequence - g1 = x - ag, - ay,...,T - a
is still a Ex-chain connecting = - g1 € A; to - as € Az and dg(z - a;,x - a;41) = 1 for
all 0 <i < s—1. Thus, x-¢g; = x-ag,x-ay,...,x - a; must hit B(lg, N), as otherwise,
we would have two consecutive terms x - a; and x - a;4; of x - g1 = x - ag,x - ay,...,T - as
such that dg(x - a;,x - a;11) > 2, a contradiction. Therefore, there exists 1 € A; such
that = - x; € B(lg, N) which implies that x; € B(z™!, N), and hence B(x~!, N) must be
contained in A;. On the other hand, as G acts trivially on Ay, we can find zo € A, such
that = - 25 € B(1g, N) which implies that zo € B(z~', N) and hence B(xz™!, N) intersects
Ay, which contradicts the fact that B(z=!, N) C A;. Consequently, G can act trivially on

at most one of the coarsely clopen subsets Ay, A and As. n

It can be seen that if A is a coarsely clopen subset of the coarse group G, then for any
x € G, x - Ais coarsely clopen because if K C G is bounded ((z - A) - K)N(z-A)° - K) =
z-((A-K)n(A°- K)) which is bounded. If, moreover, A is unbounded, then z - A is
unbounded. In particular, if e € Ends(G), then z-e = {x- A: A € e} is also a coarse end;
and therefore, the action of G on itself by left multiplication extends to Ends(G). G acts
trivially on Ends(G) if - e = e for all z € G and e € Ends(G).

Lemma 9.1.4. A coarse group G acts trivially on Ends(G) if and only if for all e € Ends(Q)
and A € e, G acts trivially on A.

Proof. Assume that G acts trivially on Ends(G), e € Ends(G) and A € e. For xz € G, we aim
to show that A and x - A are coarsely identical. Put Ends(G) = {e, : « € I}, for some index
set I. Assume that e = eg for some § € I. As G acts trivially on Ends(G), A,x- A € eg. For

all & # 8, we can find A € e, such that - ANA® = (). Since Ends(G) = AenaU( U A2,).
acl\{5}
By 7.1.12, there exists a coarsely bounded subset K C G such that G = AU( |J A*)UK.
acl\{s}
Therefore, (z-A)\ A C (- A)N K which is coarsely bounded. Similarly, A\ (z-A) is coarsely

bounded and therefore A and - A are coarsely identical. Consequently, G acts trivially on A.

Conversely, assume that for all e € Ends(G) and A € e, G acts trivially on A. It is

obvious that x -e = e, for all x € G. O
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Theorem 9.1.5. Let G be a coarsely geodesic coarse group. The number of the coarse ends

of G is either infinite or at most 2.

Proof. If G is bounded, then Ends(G) is empty. If G is locally bounded and unbounded,
then Ends(G) is infinite by 9.1.1.

Assume G is unbounded, non-locally bounded, and its number of the coarse ends m > 3
is finite. Notice that, by 7.1.18, for any x € G, the map ¢” : G — G that maps each g € G
to x - g is a coarse equivalence, it induces a homeomorphism o? , : Ends(G) — Ends(G).
Let Homeo(Ends(G)) be the finite group of all homeomorphisms from Ends(G) to itself.
The map p : G — Homeo(Ends(G)) given by: p(xz) = o% , is a group homomorphism with
H := Ker(p) is a subgroup of finite index in G. By 8.1.23, G and H are coarsely equivalent
and hence Ends(G) and Ends(H) are homeomorphic by 7.1.18. Moreover, H acts trivially
on Ends(H), with |[Ends(H)| > 3. Now, let ey, e, e5 € Ends(H) be three distinct ends, and
choose A; € e; for all 1 <i < 3 such that A;, Ay and A3 are mutually disjoint. By 9.1.4, H

acts trivially on Ay, A and As. This contradicts Lemma 9.1.3. O

As a result, a locally compact compactly generated group G equipped with the coarse
structure &g, induced by the generating set G.,,, of all relatively compact subsets of G has
either infinitely many coarse ends or at most 2. For example, the topological group SLs(R)
has either infinitely many coarse ends or at most 2 coarse ends. We aim to generalize 9.1.8
to a larger class of coarse groups that includes:

e Locally compact o-compact groups equipped with the coarse structure induced by the
generating set G, of all relatively compact subsets.

e Infinite countable groups equipped with the generating set of all finite subsets.

Although these two classes of coarse groups are not necessarily coarsely geodesic, they can
be expressed as a union of a sequence of coarsely geodesic unbounded subgroups where that

sequence is a basis for boundedly generated subgroups.

Lemma 9.1.6. Let G be a coarse group that has a basis {Gp}nen for boundedly generated
subgroups consisting of unbounded subgroups. If A is an unbounded coarsely clopen subset of

G, then there is n € N such that AN G,, is unbounded.
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Proof. Let G; be generated by a symmetric bounded subset B of G. Since (A - B)AA is
bounded, there is m € N such that (A- B)AA C G,,. Notice that (A- B)\ G,, = A\ G,.
If A\ G,, =0, we are done so assume A\ G,, # 0. Now, for each g € A\ G,, and b € B,
we have g-b € (A- B)\ G, = A\ G,,,. By induction, that implies g - G; C A\ G,,,. Choose
n € N such that < BUg >C G, then g-G; C ANG,, and hence AN G,, is unbounded. [

As a consequence, a coarse group G that can be expressed as a union of a sequence
of boundedly generated subgroups where that sequence is a basis for boundedly generated

unbounded subgroups, then |Ends(G)| < sup |Ends(Gy,)|.
neN

Corollary 9.1.7. Let G be a coarse group that has a basis {Gy}nen for boundedly generated
subgroups consisting of unbounded subgroups. If m < oo and each G, has at most m ends,

then the number of ends of G is at most m.

Proof. The case m = oo is clear, so assume m < oo.
If G has (m + 1) mutually disjoint unbounded coarsely clopen subsets A;, 1 <i < m+1,
then by 9.1.6 we can find an index n such that each A; NG, is an unbounded coarsely clopen

subset of G,.. Hence |Ends(G,)| > m + 1, a contradiction. O
Combining 9.1.6 and 9.1.7, we generalize 9.1.8.

Theorem 9.1.8. Let G be a coarse group that admits a basis {G,, }nen for boundedly generated
subgroups consisting of coarsely geodesic subgroups. The number of the coarse ends of G is

either infinite or at most 2.

Proof. Notice for each G, there exists a symmetric bounded subset K; C G containing
l¢ such that G; =< K; > and that (K),en is a basis for the bounded subsets G;. In
particular, {K! : i,n € N} is a countable basis for the bounded subsets of GG, and hence
its coarse structure is metrizable. If G is bounded, then Ends(G) is empty. If G is locally
bounded and unbounded, then Ends(G) is infinite by 9.1.1.

Assume G is unbounded, non-locally bounded and its number of coarse ends is finite.
Notice that the boundedly generated groups cannot be all bounded. Choose N € N such
that G,, unbounded for all n > N. Let H; :=< U K; >, and H; := Gy, for all i € N.

Clearly, {H, },en is a basis for boundedly generated subgroups consisting of unbounded
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coarsely geodesic subgroups. Seeking contradiction, assume that G has m > 3 coarse ends.
Without loss of generality, we may assume that G acts trivially on Ends(G). Notice that
G contains three disjoint unbounded coarsely clopen subsets A;, As and Az, on which, by
9.1.4, G acts trivially. By 9.1.6, there exists n € N such that A; NG, is unbounded for all
1 <4 < 3. Moreover, GG, acts trivially on A; N G,,, for all 1 <14 < 3, which contradicts 9.1.3.
Hence, |Ends(G)| < 2. O

Corollary 9.1.9. Let G be a locally compact o-compact topological group equipped with the
coarse structure induced by the generating set of all relatively compact subsets. The number

of ends of G is either infinite or at most 2.

Proof. Let (K,)nen be an exhausting sequence of G. The sequence {G,, }nen, where G, :=<
K, > is a basis for boundedly generated subgroups consisting of subgroups that are coarsely

geodesic. O]

Example 9.1.10. Consider the topological groups G = SL,(R) and H = GL,(R) equipped
with the coarse structure induced from the generating set of all relatively compact subsets.

Then, G and H have either infinitely many coarse ends or at most 2.

Corollary 9.1.11. Let G be a countable coarse group equipped with the coarse structure induced
by the generating set of all finite subsets. The number of ends of G is either infinite or at

most 2.
Proof. G can be expressed as an increasing sequence of finitely generated subgroups. O

9.1.11 can be generalized to arbitrary groups equipped with the coarse structure induced
by the generating set of all finite subsets. We first prove that if an uncountable locally finite
group has finitely many coarse ends with respect to the coarse structure induced by the

generating set of all finite subsets, then it has exactly one coarse end.

Lemma 9.1.12. Let G be a locally finite uncountable group equipped with the coarse structure
induced by the generating family of finite subsets. For every infinitely countable C' C G and
non-trivial coarsely clopen subset A C G, there exists a countable subgroup H containing C'
such that

A-H\ACH
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and

A° H\ A° C H.

Proof. Inductively, one can construct a strictly increasing sequence of finite subgroups
(Hp)nenugoy such that:

1. H,, contains at least n elements of C.

2. A-H,\AC H,.;1.

3. A°- H, \ A° C H,1. Indeed, put Hy := {1¢}, and H; :=< a; > where a; € C'\ {lg}.
Now, for n € N, assume that H, is strictly in the finite subgroup H,,; and that:

1. H, contains at least n elements of ', and H,,; contains at least n + 1 elements of C'.

2. A-H,\AC Hpy1.

3. A°- H, \ A° C H,1;.

Let H, .2 be the subgroup of G generated by (A - H,11 \ A) U (A° - Hyiq \ A°) U {ania},
where a,,5 € C'\ H,,1. Since A is coarsely clopen and G is locally finite, H,, 5 is finite. Let

H:=J H,. 0

neN
Theorem 9.1.13. Let G be a locally finite uncountable group equipped with the coarse structure
induced by the generating family of finite subsets. If G has finitely many coarse ends, then

it has exactly one coarse end.

Proof. By 8.4.12, there is no loss of generality in assuming that G acts trivially on its coarse
ends. Seeking contradiction assume that G has more than one coarse end. Then, G has a
non-trivial coarsely clopen subset A C G such that G acts trivially on both A and A¢, by
9.1.4. Let C be a countably infinite subset that contains countably infinite elements of A
and countably infinite elements A°. By 9.1.12, we can choose a countably infinite subgroup
H that contains C' such that:

A-H\ACH

and

A°-H\ A°C H.

Now, let g € G\ H, then either g € A or g € A°. Without loss of generality assume that g € A.
Then, g- H C A. Indeed, if g-h € A¢ for some h € H, then g = (g-h)-h™' € A H\ A° C H,
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a contradiction. Since g- H C A, so H C g~! - A and therefore H N A¢ C g~' - AN A¢. But,
H N A€ is infinite, and ¢~ - A N A€ is finite because G acts trivially on A, a contradiction.
Hence, either A is infinite and A° is finite or A€ is infinite and A is finite, which shows that

GG has exactly one coarse end as desired. O]

Theorem 9.1.14. Let G be group equipped with the coarse structure induced by the generating
set of all finite subsets. If G has finitely many ends, then it has at most 2 ends.

Proof. Without loss of generality, assume that G is non-locally finite uncountable group that
has finitely many coarse ends. G has a subgroup H of finite index that has the same number
of coarse ends as GG; and H acts on its coarse ends trivially. Suppose H has at least 3 coarse
ends. In that case we can find three mutually disjoint coarsely clopen subsets A; of H,
1 <7 < 3. Let B; := Af, and choose countable unbounded subsets C; and D; of each A;
and B;, respectively. Since G is a non-locally finite group; H is a non-locally finite group, by
8.4.12. Choose a finite subset K of H such that < K > is infinite. Let H' be the subgroup
of H generated by K U E)J (C; U D;). Notice that H’ is countably generated and hence it
is countable. Moreover, zezzich Al = A; N H' is an unbounded coarsely clopen subset of H’
on which H' acts trivially. Now, since H’ is non-locally finite, H' can be expressed as an
increasing sequence of infinite finitely generated subgroups {H, },en. By 9.1.6, there exists
n € N such that each A, N H,, 1 < i < 3, is unbounded coarsely clopen subset of H,, on

which H,, acts trivially, contradicting 9.1.3. O

Now we generalize the Specker’s theorem 1.1.7 that says that |ends(G)| = 2 if and only if
(G contains an infinite cyclic subgroup of finite index; by showing that any group of bounded

geometry of two ends contains an unbounded cyclic subgroup of bounded index.

Lemma 9.1.15. Suppose K is a symmetric bounded subset of a coarse group G containing
lg, B is a bounded subset of G contained in a bounded E-connected subset Q). If G\ B has
two unbounded Ex-components L and R on which G acts trivially, then G has an infinite

cyclic subgroup of bounded indezx.

Proof. By 8.2.3, G is boundedly generated. It is indeed generated by K. To this end, it

suffices to show that G is Ex-connected. Choose ar, € L and agr € R. Put g := ay, - al_%l.
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Since ¢~ - RAR is bounded, there is x € R such that ¢~ -2 € R. Choose an Ex-chain ¢ in
R connecting ap and ¢g~'-x. Notice g-c is an Fx-chain connecting a;, and x € R. Therefore
G is Eg-connected and B # (). By switching to b=!- B, b=!- L, and b=! - R for some b € B,
we may assume lg € B C Q).

Claim 1: There exists g € R such that g- BC R, L Cg-L,and g- R C R.
Proof of the Claim 1: Choose g € R\ (Q-Q'UQ™!-Q), then g- QN Q = (), and hence
g-QNB ={. In particular, g- @ is an Ex-connected subset of G\ B with g € RNg-Q which
implies that g - Q C R. To see that L C ¢ - L, notice that LN g- B = (), and thus L is an
unbounded Ex-connected subset of G\ g+ B and therefore either L C g-L or L C g- R. Since
G acts trivially on L, we have L. C g- L. Finally, to prove that g- R C R. Indeed, notice that
gl QNQ=0and g '-BCg ' Q. Soeither g7'-BC L,org'-BCR. Ifg'-BCL,
then B C ¢ - L which implies that g- R C G\ ¢g-L C G\ (LU B) = R, and we are done.
Seeking contradiction, assume that g=!- B C R. Then, B C g- R and therefore g- LN B = {).
Now, g - L is an Ex-connected subset of G\ B, and g- LN L # 0, so g - L C L leading to
g-L = L. Since G is Ex-connected, we can find an Ex-chain ar = ag,ay,...,a; = ar, in G
connecting ag € R to ap, € L. There exists 1 <17 < k — 1 such that a; € B and a;,1 € L.
Since (g - @i, g - a;41) € Ex, and g - a1 € L, then g-a; € L, as g-a; € G\ B and L is
an Ex-component of G\ B. In particular, g - Q N L # 0, and hence g € g - Q C L, which
contradicts the fact that g € R. Therefore, g - R C R as claimed.

Inductively, we have:
eg"-LCg"t L,
eg"-BCg"t. L,
e g""'-RCyg"-R,
o' .BCg"-R,
eg"-BNg"-B=1, forallneZ.

The last equality tells us that ¢ is of infinite order.
Claim 2: G has a cyclic subgroup of bounded index.
Proof of the Claim 2: Put H :=< g >, and K := (¢- L\ L)Ug- B. Clearly, K, is a coarsely
bounded subset of G. We claim that G = H - K. Given z € G find m € NU {0} such that
di(x,g™ - B) < dg(z,¢g" - B), for all n € N. If dg(z,¢g™ - B) =0, then x € ¢"- B C H - K,.
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Assume that dg(z,¢9™ - B) > 0, then x ¢ ¢" - B, and hence either x € ¢" - Ror x € ¢" - L.
We consider two cases:

Case 1: If v € g™ - R, then z € g™ - R\ g™ - R. Indeed, seeking contradiction, assume
that z € g™ - R, then as ¢™ - B C ¢g™*'. L, any Eg-chain connecting z € g™ - R
to x € g™ - B must pass through ¢™*' - B and hence di(z, g™ - B) < dg(x,g™ - B).
Moreover, as g™ - BN g™ - B =0, dg(z,g™™ - B) < dg(x,g™ - B), a contradiction. Thus,
reg"-R\ g™ -RC (¢ -L\g"-L)Ug™™t-B=g™-(g-L\LUg-B)C H - K,.
Case 2: If v € g™ - L, then z € g™ - L\ g™ ' - L. Indeed, secking contradiction, assume
that © € ¢™ ! - L, then as ¢ - B C ¢"™ ! R, any Eg-chain connecting z € ¢g™ ! - L
to r € g™ - B must pass through g™ ! - B and hence dg(z,g™ ' - B) < dg(z,g™ - B).
Moreover, as g™ 1 - BNg™- B =10, dg(z,g™ ' - B) < dg(x,g™ - B), a contradiction. Thus,
reg"-L\g" ' -L=g"' (g-L\L)CH - K. Therefore, G = H - Ky as desired. O

Lemma 9.1.16. If A is a coarsely clopen subset of a coarsely geodesic coarse group G with a
coarse structure metrizable by a Cayley metric d; then there exists a bounded subset L of G
such that every 1-component of G \ L intersecting A\ L is completely contained in A\ L. In

particular, A is a union of 1-components of G \ L.

Proof. Let L:=(A-K)N(A°-K). If g€ A\ L, then g ¢ Ex[G \ A]. Now, let h € G such
that (g, h) € Ek, then h € A. Indeed, if h € G'\ 4, then g € Ex[G\ A], a contradiction. [

Lemma 9.1.17. Let G be a boundedly generated coarse group of bounded geometry. G acts
trivially on a subset A and its complement A°, for some non-trivial coarsely clopen subset
A C G, if and only if it contains an unbounded cyclic subgroup of bounded index that has

two coarse ends.

Proof. 1t is obvious that GG is unbounded. If G is cyclic, then we have nothing to prove.
Without loss of generality, we may assume that G is non-cyclic and it acts on its coarse ends
trivially. By 8.4.7, G is coarsely geodesic group. Let dyi : G x G — [0,00) be a Cayley
metric induces its coarse structure, where K is a coarsely bounded symmetric subset of G
containing 1. Let A C G be a non-trivial coarsely clopen subset. By 8.3.7 and 9.1.16, we
can find a coarsely connected subset L C G such that both A\ L and A°\ L are union of

unbounded 1-components (which are Ex-components) on which G acts trivially. As seen in
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8.2.4, K" is Ex-connected for all n € N. Choose r € N such that » > 1 and L C K". Pick
g € A\ K*. Assume that di(g,1g) = m. Notice that m > 2r and for any a € K, then
di(g-a,1g) > 2r — 1 and hence g-a € A\ L. Moreover, as (g - a,g) € FEx, we have g - a.
Put g :=ay - ... ay, where ay,...,a, € K, and let F(K) be the free group generated by
K; we discuss two cases:

Case 1: If g is cyclically reduced in the sense that a; - a,, # lg, then (a; - ... a,)" =
(@ «... am)-...-(ay-... ap) is a reduced word, for all n € N. Since every element of
G is uniquely represented as a reduced word in F(K), we have dk(¢",1¢) = m -n. Put
H :=< g >, then as seen in 9.1.15, ¢" € A, for all n € N, and H is infinite cyclic subgroup
of bounded index in G. Furthermore, ¢g" ¢ K™, for all n € N, which proves that H is
unbounded.

Case 2: If g=ay - ... a,, is not cyclically reduced; that is a; - a,,, = 1¢; then as G =< K >
is not cyclic, there exists a € K such that a; - a # 1g. In particular, g-a € A\ K" and g - a
is cyclically reduced. Hence, H :=< ¢ - a > is unbounded cyclic subgroup of bounded index
in G.

Finally, we prove that H =< g > has exactly tow coarse ends. Without loss of generality,
assume that g cyclically reduced and dk (g, 1g) = m. Then, dx(g",1g) = n-m, for alln € N.
Clearly, Ay = AN H is non-trivial coarsely clopen. Without loss of generality, assume that
Ag ={g¢" :n € N} and A, = {¢" : n € Z\N}. Choose €1, ey € Ends(H) such that Ay € e
and AS, € es. We claim that Ends(H) = {e1,e3}. To this end, we prove that for arbitrary
unbounded coarsely clopen subset C' C H of H, then either C' € e¢; or C' € e5. We may
assume that C' is non-trivial coarsely clopen.

Claim: If C' N Ay is unbounded, then C'N Ay and Ay are coarsely identical. Similarly, if
C' N A¢ is unbounded, then C'N A%, and AY, are coarsely identical.

Proof of the Claim: Assume that C'N Ay is unbounded. Seeking contradiction, assume that
there exists an infinite subset I C N such that N\ I is infinite and C N Ay = {¢" : n € I}.
Clearly, we can write C N Ay = {g™ : n; € N} as [ is infinite countable subset of N.
Notice that there are infinitely many non-consecutive pairs (n;,n;y1) in the sense that
n; <n;+1<n; ;. Take N > m+1, then B(C, N)NC* is infinite and hence unbounded, as

K" contains only finitely many elements of H for all » € N; a contradiction. Hence, C N Ay
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and Ay are coarsely identical. Similarly, if C'N A%, is unbounded, then C' N A%, and A$; are
coarsely identical.

If both C' N Ay and C N A, are unbounded, then H \ C' is bounded which contradicts the
fact that C' is non-trivial coarsely clopen. Thus, either C' € e or C' € e; which implies that

H has exactly two coarse ends.

The converse is obvious. O

Corollary 9.1.18. Let G be a o-bounded coarse group of bounded geometry. G has two coarse

ends if and only if it acts trivially A and A€ for some non-trivial coarsely clopen subset

AcCQG.

Proof. If G has two coarse ends, then it acts trivially A and A for some non-trivial coarsely
clopen subset A C GG, by 9.1.4. Assume that G acts trivially A and A€ for some non-trivial
coarsely clopen subset A C G. We consider two cases:

Case 1: If GG is boundedly generated, then G has two coarse ends by and 9.1.17.

Case 2: Assume that G is not boundedly generated. By 8.4.14, G can be expressed as the
union of a strictly increasing sequence { Gy, },en of unbounded boundedly generated subgroups
and that {G,, },en is a basis for boundedly generated subgroups. By 9.1.6, we may assume
that G,, N A and G,, N A¢ are unbounded for all n € N. By Case 1, each GG,, has exactly two
coarse ends. Applying 9.1.7, we obtain that |Ends(G)| = 2. O

Theorem 9.1.19. Let G be a boundedly generated coarse group of bounded geometry. If G

has two ends, then it contains an unbounded cyclic subgroup of bounded index.
Proof. Apply 9.1.4 and 9.1.17. O

Lemma 9.1.20. Let G be a coarse group containing two unbounded cyclic subgroups H and

K. If H s of bounded index in G, then so is K.

Proof. Since there is a coarse equivalence f : G — H inverse to the inclusion ¢ : H — G,
fIK : K — H is a coarse embedding, hence a coarse equivalence. Consequently, the inclusion

K — @ is a coarse equivalence and K is of bounded index in G. n
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Theorem 9.1.21. Let G be a o-bounded coarse group of bounded geometry. If G has two

coarse ends, then it is boundedly generated.

Proof. Without loss of generality, assume that G acts trivially on its ends. By 8.4.4, its
coarse structure is metrizable. Since G has finitely many ends, it is non-locally bounded
by 9.1.1. Seeking contradiction, assume that G is not boundedly generated, then by 8.4.14
and 8.4.7, G admits a strictly increasing sequence (G,,)nen of unbounded coarsely geodesic
subgroups that is a basis for boundedly generated subgroups. Let A be a non-trivial coarsely
clopen subset of G. By 9.1.6, there exists ny € N such that A NG, and A°N G, are
unbounded. Without loss of generality, assume that nyg = 1. Consequently, A N G,, and
A°N G, are unbounded, for all n € N. By 9.1.15, each G, has an unbounded cyclic subgroup
H,, of bounded index.

Claim : For all n € N, there exists N,, € N such that N, > n, ANGy, \ G, # () and
AN Gy, \ G, # 0.

Proof of the Claim : It suffices to prove that A and A° cannot be contained in any G,,.
Seeking contradiction, assume that A C G,, for some n € N. Choose z € G,,11 \ G,,. On one
hand, if AN A -z # (), then we can find a,b € A such that z =a !-bec A1 ACG,, a
contradiction. On the other hand, if AN A -2z = (), then that contradicts the fact that A is
unbounded coarsely clopen. Therefore, for all n € N, there exists NV,, € N such that N,, > n
and ANGy, \ G, # 0. Similarly, for all n € N, there exists N,, € N such that N,, > n and
AN Gy, \ G, # 0.

Now, put Hy :=< t >; as AAA -t and A°AA° -t are bounded subsets, there exists
m € N such that AAA -t, A°AA° -t C G,,. Choose N,, € N large enough such that
ANGn, \ G # 0 and AN Gy, \ G # 0; and pick x € AN Gy, \ G, Notice that
x-t" € (Gn,, \ Gn) - t" = Gn,, \ Gy, for all n € Z, as < t >C G,,. We claim that
x-t"e€ ANGn, \Gp, foraln € Z. If x-t ¢ A, thenz-t € A-t\ A C Gy, a
contradiction. Assume that z -t" € AN Gy,, \ G, then z - "™ € A-t. If z-t"T & A,
then z - t"™ € A-t\ A C G, a contradiction. Therefore, z - t" € AN Gy,, \ G, for
all n € Z as claimed. Put B := {x -t" : n € Z}; then B C AN Gy,, which implies that
H =2t BcCax 't ANGy,. Since G acts trivially on A, z71- A\ A is bounded, and hence
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H;N A is unbounded and H;N A€ is bounded. One other hand, we can find y € A°NGy,, \ G
such that y - t" € A°N Gy, \ Gy. Put C := {y-t" : n € Z}; then C C A°N Gy,, which
implies that H; = y~!-C C y~!- A°N Gy,,. Since G acts trivially on A¢, y=!- A°\ A°is
bounded, and hence H; N A€ is unbounded and H; N A is bounded; a contradiction. O]

Theorem 9.1.22. If (G,&g) is a coarse group of bounded geometry. Then, the following
conditions are equivalent:

(a) G is boundedly generated with 2 coarse ends.

(b) G is coarsely geodesic with 2 coarse ends.

(c) Eg is metrizable and G has 2 coarse ends.

(d) G is o-bounded with 2 coarse ends.

(e) G contains an unbounded cyclic subgroup of bounded index that has two coarse ends.

Proof. (a) = (b) follows from 8.4.7.
(d) = (e) follows from 9.1.19.

The other implications straightforward. m

Corollary 9.1.23. Let G be a locally compact o-compact topological group equipped with the
coarse structure induced by the generating set of all relatively compact subsets. If G is not

compactly generated, then either G is 1-ended or it has infinitely many ends.
Proof. Apply 9.1.22. O

Corollary 9.1.24. Let G be a countable coarse group equipped with the coarse structure induced
by the generating set of all finite subsets. If G has two ends, then it is finitely generated and

contains an infinite cyclic subgroup of finite index.
Proof. Apply 9.1.22. O
Example 9.1.25. The group of the rationals (Q,+) has exactly one coarse end.

Proof. Every finitely generated subgroup of Q is cyclic, and Q is not finitely generated.
Therefore, Q can be written as a union of strictly increasing sequence of cyclic subgroups.

From 9.1.7, and 9.1.24, |Ends(Q)| = 1. O
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Theorem 9.1.26. Let G be a group equipped with the coarse structure induced by the generating
set of all finite subsets. G has tow coarse ends if and only if G is finitely generated and

contains an infinite cyclic subgroup of finite indez.

Proof. If G is countable, then we are done. Seeking contradiction assume that G is
uncountable. If G is locally finite, then, by 9.1.14, it has one coarse end, a contradiction.
Without loss of generality, we may assume that G acts on its coarse ends trivially. Since
G is non-locally finite, there exists a finite subset K C G such that < K > is infinite
subgroup. Let A be a non-trivial coarsely clopen subset of G. Let B and C be countably
infinite subsets of A and A°, respectively. Let H be arbitrary countable subgroup of GG; then
H =< KUBUCUH > is a countable non-locally finite subgroup of G. Moreover, H’
acts trivially on AN H" and A°N H', with are unbounded coarsely clopen subsets of H'. By
9.1.18, H' has exactly tow coarse ends. By 9.1.22, H' is a finitely generated subgroup of
G containing H. In particular, every countable subgroup H of G is contained in a finitely

generated subgroup H’ that has two coarse ends.

Let H; = H', and choose x; € G\ Hy, and a finitely generated subgroup Hs of two coarse
ends containing < H; U {z1} >. Inductively, we construct a strictly increasing sequence H,
of finitely generated subgroups of G each having two coarse ends. Put G’ :== |J H,. Clearly,
G’ is a countable subgroup of G. Moreover, G’ has two coarse ends as |E?€§ds(G’ )| < 2,
by 9.1.7; and hence |Ends(G’)| = 2 as AN G" and A°N G’ are unbounded coarsely clopen
subsets of G’ that belong to two distinct coarse ends of G’. Therefore, by 9.1.22, G’ is a
finitely generated subgroup of G. However, any finite subset K’ C G’ is contained in H,,
for some n € N, which contradicts the fact that G’ is finitely generated. Hence, G must be

countable. O
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9.2 Metrizablity of the space of coarse ends of coarsely
geodesic coarse groups

We give the the necessary and sufficient conditions for the space of coarse ends Ends(G)
of a coarsely geodesic coarse group G to be topologically metrizable. Then, similar to 4.1.14,
we construct a metric on Ends(G) that induces its topology. When |Ends(G)| = oo, we

show, in similar manner to 9.2.9, that the space of coarse ends is a Cantor space.

Lemma 9.2.1. If A is a coarsely clopen subset of a coarsely geodesic coarse group G with a
coarse structure metrizable by a Cayley metric d. Then:
(a) Every union of 1-components of A is coarsely clopen.
(b) There is a bounded subset L of G such that every 1-component of G\ L intersecting A\ L

is completely contained in A\ L.

Proof. (a) Let K = {g € G : d(g,1¢) < 1}. Notice that { Exn}nen is a basis for &, so it
suffices to show that Ex«[C] NG \ C is bounded for all n € N. Since Fk is an entourage
containing the diagonal, and A is coarsely clopen, then A and Ex[A] are coarsely identical.
Without loss of generality, we may assume that Ex[A] = A. Since C' C A is a union of
1-components of A, Ex[C] = C - K = C. Therefore Exn[C] = C - K" = C for all n € N and
hence Ex«[C]N G\ C = 0. Thus, C is coarsely clopen.

(b) Let L:=(A-K)N(A°-K). If g€ A\ L, then g ¢ Ex[G\ A]. Now, let h € G such that
(9,h) € Ek, then h € A. Indeed, if h € G\ A, then g € Ex[G \ 4], a contradiction. O

Proposition 9.2.2. Suppose G is a coarsely geodesic coarse group metrizable by a Cayley
metric d. Ends(G) is metrizable if both of the following conditions are satisfied:

1. For each bounded subset B of G the union of bounded 1-components of G\ B is bounded.
2. For each bounded subset B of G its complement G \ B has finitely many unbounded 1-
components.

Moreover, Ends(G) can be described as the family of decreasing sequences {Ap}tnen of
unbounded 1-components of G\ K;, where {K,}nen is an increasing sequence of bounded

subsets of G that is a basis of bounded subsets of G.
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Proof. Suppose {K, },en is an increasing sequence of bounded subsets of G that is a basis
of bounded subsets of G. By 9.2.1 every unbounded 1-component A, of G \ K, is coarsely
clopen. Therefore each decreasing sequence { A, },en of unbounded 1-components of G'\ K,
is contained in an end e of G. It cannot be contained in two different ends e and ¢’. Indeed,
in that case we can pick disjoint coarsely clopen subsets C' € e and D € ¢/. By 9.2.1 there
are bounded subsets B¢ and Bp of G such that C'\ B is a union of 1-components of G'\ B¢
and D \ Bp is a union of 1-components of G \ Bp. Find n € N such that B U Bp C K,,.
Notice A,, does not intersect at least one of C'\ B¢ or D\ Bp, a contradiction.

Suppose e € Ends(G). By 9.2.1 there is a bounded subset B of G such that A\ B is a
union of 1-components of G\ B. Find n € N such that B C K,,. Now, A\ K, is the union of
1-components of G'\ K,,, so A must contain exactly one unbounded 1-component of G'\ K.

That shows Ends(G) has a countable basis, hence it is metrizable. O]

In particular, the space of coarse ends of a group that belongs to the class of coarsely

geodesic coarse groups of bounded geometry is topologically metrizable.

Corollary 9.2.3. The space of coarse ends of a boundedly generated coarse group of bounded
geometry is topologically metrizable. In particular, The space of coarse ends of a coarsely

geodesic coarse group of bounded geometry is topologically metrizable
Proof. Apply 9.2.2 and 8.3.7. ]

Our next goal is to prove that the converse of 9.2.2 holds. To that end, we use the well-
known facts that the number of ultrafilters of an infinite set X is 2Pl and that a first

countable separable Hausdorff space X has cardinality at most 2/N.

Lemma 9.2.4. Let X be a coarse space and { Ay, }nen be a family of mutually disjoint coarsely

clopen subsets of X. If for each infinite subset P of naturals N the union |J A, is
nepP

an unbounded coarsely clopen subset of X, then the space of ends Ends(X) of X is not

metrizable.

Proof. Let B be the Boolean quotient algebra of P(N) by the ideal of all finite subsets of N.

Given an ultrafilter F of B consisting of infinite sets, notice that as F satisfies the Finite
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Intersection Property, the family {Ends( |J A,) : P € F} of closed subsets of the compact
space Ends(X) satisfies the Finite Intersggfion Property, and hence [\ Ends( | An) # 0.
For each ultrafilter F of B, choose a coarse end ex € (| Ends( |J Aijjrand de?iflz the map
¢ : U(B) — Ends(X) sending each ultrafilter F of B tg fa]; Givegetzvo different ultrafilters 7,
and F» there are disjoint P € F; and @ € F; resulting in ex, # ez,. That means Ends(X)

contains at least 2/PB) points. Since 2FB) > 2N Ends(X) cannot be metrizable. ]

Proposition 9.2.5. Suppose G is a coarse group metrizable by a Cayley metric d. Ends(G)
is non-metrizable if and only if one of the following conditions is satisfied:

1. There is a bounded subset B of G such that the union of bounded 1-components of G\ B
s unbounded.

2. There is a bounded subset B of G such that of G \ B has infinitely many unbounded

1-components.

Proof. In case of 1) choose a sequence A, of bounded 1-components of G \ B such that
gn € A, and d(gp, 1g) — 0o. Notice that for each infinite subset P of naturals N the union
J A, is an unbounded coarsely clopen subset of G by 9.2.1. Therefore, by 9.2.4, Ends(G)
neP

is non-metrizable. In case of 2) choose a sequence A,, of unbounded 1-components of G \ B

that are mutually disjoint. Apply 9.2.1 and 9.2.4. O

Corollary 9.2.6. Suppose G is a coarsely geodesic coarse group metrizable by a Cayley metric
d. The space of ends Ends(G) is topologically metrizable if and only if both of the following
conditions are satisfied:

1. For each bounded subset B of G the union of bounded 1-components of G'\ B is bounded.
2. For each bounded subset B of G its complement G \ B has finitely many unbounded 1-
components.

Moreover, Ends(G) can be described as the family of decreasing sequences {A,}nen of
unbounded 1-components of G \ K,, where {K,},en is an increasing sequence of bounded

subsets of G that is a basis of bounded subsets of G.

Proof. Apply 9.2.2 and 9.2.5. O]

Given a coarsely geodesic coarse group G metrizable by a Cayley metric d. If Ends(G) is

topologically metrizable, then there exists an increasing sequence K = (K,,),en of bounded

182



subsets of G that is a basis of bounded subsets of (G, such that every decreasing sequences
(An)nen of unbounded 1-components of G'\ K, determines exactly one coarse end, and that
every coarse end is determined by a such sequence. We utilize these facts to construct an
explicit metric on Ends(G) that induces its topology. For the coarse ends e, e’ € Ends(G)
determined by the decreasing sequences (A, )nen and (B,,)nen of of unbounded 1-components

of G\ K,, respectively; we define:

min{n € N: 4, N B, =0} ife#¢
ni(e,e) =
00 ife=¢

Lemma 9.2.7. Let G be a coarsely geodesic coarse group metrizable by a Cayley metric d.
Assume that Ends(G) is topologically metrizable. Fix an increasing sequence K = (K, )nen
of bounded subsets of G that is a basis of bounded subsets of G, such that every decreasing
sequences (A )nen of unbounded 1-components of G\ K,, determines exactly one coarse end,
and that every coarse end is determined by a such sequence. Define the function f : N —
[0,00) by:

f(n) = exp(n)

and the function d : Ends(G) x Ends(G) — [0, 00) by:

dic(e,€') == f(—nx(e, €)).

Then (Ends(G),dx) is an ultrametric space.

Proof. Clearly the function di : Ends(G) x Ends(G) — [0,00) is non-negative symmetric
and di(e,e’) = 0 if and only if e = €. Let ey, ez, e3 € Ends(G) be coarse ends determined
by the decreasing sequences (A, )nen, (Bn)nen and (Cy)nen, respectively, where each A, B,
and (), is an unbounded 1-component of G \ K,,. We claim that:

dic(e1, e3) < max{di(er, e2), dx(ea, €3)}.
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Without loss of generality, assume that e; # e3, max{di(ey,e2),d(eq,e3)} < d(e1,e3) and
di(e1,e2) < di(e1,e3). We aim to show that di(eq, e3) = dic(e1,e3). To this end, it suffices
to show that di(e1,e3) < di(e2, e3) which is satisfied if and only if nx(eq, e3) < ni(es, e3).
Since di(e1, €2) < di(eq, e3), one has ni(er, e3) < ni(er, e2) and hence Ay, (e, e5) = By (er,es)-

However, Ay, (e1,e5) N Cn )y = 0 and therefore B, (e ,e5) N Cny(er,e5) = @ which implies that

ic(e1,e3

nic(ez, e3) < nic(er, e3). O

Theorem 9.2.8. Let G be a coarsely geodesic coarse group metrizable by a Cayley metric d.
Assume that Ends(Q) is topologically metrizable. Fiz an increasing sequence K = (K, )nen
of bounded subsets of G as in 9.2.7. The ultrametric dx : Ends(G) x Ends(G) — [0, 00)
given by dic(e,€') := f(nk(e,e')) = exp(—nk(e,€’)) induces the topology of Ends(G) as a
subspace of G U Ends(G).

Proof. Notice that the family:

{Uena : U is an unbounded 1-components of G \ K,, for some n € N} is a basis for Ends(G).
Let e € Ends(G) be a coarse end determined by the decreasing sequence (A, )nen, where
each A, is an unbounded 1-component of G\ K,,. For r > 0, we claim that the open ball
By (e,r) = {€ € Ends(G) : di(e,e’) < r} is open subset of Ends(G) as a subspace of
G U Ends(G). Choose n € N such that f(n) < r. Notice that U.,q, where U = A, is an
open set containing e and if ¢” € U,,q is a coarse end determined by the decreasing sequence
(Bn)nen, where each B,, is an unbounded 1-component of G\ K, then ni(e,e”) > n as
A,, = B,; and therefore, di(e,e”) = f(ni(e,e”)) < f(n) < r. Thus, e € Uepng C By, (e,r) as
desired.

Conversely, pick a basis element U,,4 of Ends(G). Then, U = A; for some an unbounded
l-component A; of G\ K;. Let e € U,nq be a coarse end determined by the decreasing
sequence (A, )nen, where each A, is an unbounded 1-component of G\ K,, and choose
m € N such that m > i. Put r := f(m) and let € € By, (e,r) be a coarse end determined by
the decreasing sequence (B,,),en, Wwhere each B, is an unbounded 1-component of G\ K,
then f(ni(e,e')) = di(e,e’) < r = f(m) which implies that m < ni(e,e’). Consequently,

A,, = By, and as i < m, we must have A; = B; and hence By, (e,7) C Uepna. O

184



Using the Brouwer’s Theorem which states that a second countable totally disconnected
compact Hausdorff space with no isolated points is homeomorphic to the Cantor middle-
third set, we will show that if |Ends(G)| = oo, then Ends(G) is homeomorphic to the
Cantor middle-third set.

Corollary 9.2.9. Let G be a coarsely geodesic coarse group metrizable by a Cayley metric d.
Assume that Ends(G) is topologically metrizable. Fiz an increasing sequence K = (K, )nen
of bounded subsets of G as in 9.2.7. If |Ends(G)| = oo, then Ends(G) is homeomorphic to
the Cantor middle-third set.

Proof. We aim to show that every e € Ends(G) is an accumulation point. Indeed, let e €
Ends(G) be a coarse end determined by the decreasing sequence (A, ),en, where each A, is an
unbounded 1-component of G'\ K,,. For r > 0 choose n, € N such that exp(—n,) < r. Since
Ends(G) is infinite, we can find N € N such that n, < N, and a coarse end ¢’ € Ends(G)
determined by the decreasing sequence (B, )nen, where each B, is an unbounded 1-component
of G\ K,, such that Ay N By =0 and Ay_y N By_1 # 0. Now, as ni(e,e’) = N > n,, one
has dic(e, ¢') < exp(—n,) < r and therefore ¢’ € By (e,r) N (Ends(G) \ {e}). O
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