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Abstract

Let pu[mu] be a nonnegative Borel measure on the boundary T[unit circle] of the unit

disc and define ¢, [phi mu] to be the harmonic function

1 — |z|?*[square]

ou(z) = / [integral] Czota] — 22 du ().

The harmonically weighted Dirichlet space D(u) is defined as the space of all analytic

functions on the unit disc D[unit disc] such that

/D () Ppu(2)dA(2)

is finite. When g is the Lebesgue measure on T, then D(u) is the Dirichlet space
D.

The harmonically weighted Dirichlet spaces were introduced by Richter in [50] as he
was studying analytic two-isometries. These spaces have been studied extensively
throughout the years, see e.g. [3], [21], [22], [23], [24], [52], [53], [62], [63], [64], [66]
and [67].

The weak product of D denoted by D ® D[DdotD] is the following set:

D ® D = {h € [in]Hol(D) : h = Z [sum] f;g;,

> lIflllgill < ocfinfinity], fi, g; € D}.



The dual of D ® D has been characterized in 2010 by Arcozzi, Rochberg, Sawyer and
Wick [9] as the space X[script X](D) of analytic functions b on D such that |V'|*dA

is a Carleson measure for the Dirichlet space.

In this dissertation we show that for functions f in proper weak*-closed M,[M sub z|*-
invariant subspaces of X' (D), the functions (zf)" are in the Nevanlinna class of D and
have meromorphic pseudocontinuations in the Nevanlinna class of the exterior disc.
We then use this result to show that every nonzero M, -invariant subspace N [script N]

of D ® D has index 1, i.e. satisfies dim N /zN = 1.

In the second part of this dissertation, we study the corona theorem for the
D(u) spaces when g is a finitely atomic measure. If p is a finitely atomic
measure, we use the observation from Richter and Sundberg [52] that M(D(u)) =
D(p) N [intersection| H* (D) to show that the set of multiplicative linear functionals
consisting of evaluations at points of D is dense in the maximal ideal space of
M(D(u)). Furthermore, we obtain the corona theorem for infinitely many functions

in M(D(n)).
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Chapter 1

Introduction

In this introduction we will establish the definitions and background results that
are necessary for our main theorems. In Section 1.1 we will talk about weak product
spaces, how they arose and have been used in the literature and why we are interested
in them at this time. Our new main theorems about weak product spaces will be
presented in Chapter 2. In Section 1.3 we will introduce another main topic of this
dissertation, namely maximal ideal spaces and the corona theorem. In Chapter 3
we will prove our generalization of the corona theorem to some of the harmonically

weighted Dirichlet spaces.

1.1 Weak products of Hilbert spaces

Let d > 1,9 C C? be a nonempty set, and let H be a Hilbert space on §2. Suppose
that for each point z € €2, evaluation at z is continuous. Therefore there is an element

k. € H with the property

(f.kyu=f(z), VfeH



The vector k., is called the reproducing kernel at z, and H is called a reproducing
kernel Hilbert space (see [11] for a detailed discussion of reproducing kernel Hilbert
space). Suppose {f;}icz is an orthonormal basis for H, then by Parseval’s identity,

we have

ka(2) =Y iV i(2),

i€Z
and ky(z) = (kx, k.)u = k.(N), i.e. k is symmetric.

Considered as a function on €2 x €2, the kernel function k, is positive definite, i.e. for

any finite set {z1,- -, 2,} C  and any complex numbers {ay, - , a,}, we have
n n n
Z ala_]kzz(zj) - <Z aikzi’ ajk2j>7'l
ij=1 i ]

n
=Y aika i = 0.
7

Conversely we can start with a kernel and construct a Hilbert space that has the
given kernel as its reproducing kernel.

Theorem 1.1.1 (Moore [46]). Suppose k is a symmetric, positive definite kernel on
a set Q). Then there is a unique Hilbert space of functions on € for which k is a

reproducing kernel.

Let d > 1,92 C C? be an open, connected, and nonempty set, and let H C Hol(Q2) be
a reproducing kernel Hilbert space with kernel k., the weak product of ‘H denoted by
H © H is defined as

HOH={heHol(Q):h=>" figiy | fillullgllz < oo, fi, g: € H}.
=1 i=1



If h € H®H, the norm of h in H ® H is defined to be

Rl = nf 0>\ fillsllgilla : =" figi, fi,9: € H}. (1.1.1)
i=1 =1

Weak products first appeared in the work of Coifman, Rochberg and Weiss [25].
They arise in connection with the Hankel operators and they are used to establish
the duality between L! (D) and the Bloch space and the duality of H'(0B,) and BMO.
Later Ferguson and Lacey [31], Lacey and Terwilleger [37] studied the weak product
of H%(D?), they showed that a Hankel form with symbol b is bounded on H?(D?) if
and only if b is in BMO(D4).

Let D be the Dirichlet space of holomorphic functions f for which

A
/ |f,|2d_ < 00,
D 7

and let Dj be the harmonic Dirichlet space, which consists of functions of the form

f+7gfor f,g € D.

In 2010, Arcozzi, Rochberg, Sawyer and Wick [9] characterized the dual space of the
space of weak products of Dirichlet functions D ® D. their result also involves the
boundedness of the Hankel operators and it implies the characterization of the dual
of D, ® Dy. The characterization of Dy ® Dy also follows from results of Maz’ya
and Verbitsky [44]. This was observed by Richter and Sundberg [55], and they also

studied the space of weak products systematically:

note that from (1.1.1) we have
h(2)| < [1E: 13071l

and it was shown in [55] that HO®H is a Banach space of analytic functions, thus HOH

is a Banach space of analytic functions such that point evaluations are bounded.



If Hol(27) is densely contained in H, define
X(MH) ={be M :3C>0,[{ey,0)] < Cllellll¥ll, Ve, 4 € Hol(27)}.

If b€ X(H) write ||b]|x for the infimum of all C' > 0 such that |{(p, b)| < Cllg||||¢||
for all ¢,1 € Hol(Q27). It is clear that X' () is a Banach space (see [55]).

For a vector subspace £ C H let
ﬁéﬁ = {Zfzgz : fla"' 7fn7gl7”' y9n € E,TL € N}
i=1

be the set of finite sums of products of elements in £ and define a norm on £LOL

by
hlloz = inf > NI fillallgillae : =" figi, firgi € L}
=1 =1

Under mild assumptions on #H, the space H ® H always has X'(H) as a dual space,
and indeed we have the following theorem (see [55]):
Theorem 1.1.2 (Richter, Sundberg). Let Hol(2™) be dense in H, and suppose there
is a linear subspace L C Hol(2™) which is dense in H and which satisfies |||« =
@llez for all p € LOL. Then (H © H)* = X(H). This means if for b € X(H), we
define Ly on H by

Ly(h) = (h,b)»

then Ly extends to be bounded on H © H, and the map b — Ly is a conjugate linear

isometric isomorphism of X (H) onto (H © H)*.

We can also embed ‘H ® H into some Hilbert space.



Theorem 1.1.3 (Richter, Sundberg). If H = H(k) C Hol(2) has reproducing kernel
k, then

HoHCHE,

with ||h|lu@z) < ||R|ls for all h € H © H, where H(k?) is the Hilbert space with the

reproducing kernel k*.

In Chapter 2, we consider weak products of different spaces, and we also have the
following theorem:
Theorem 1.1.4. If H = H(kM) C Hol(Q2), £ = L(k*) C Hol() have reproducing

kernel k™ and k* respectively, then
HOLCHE KF),

with ||hl|lygmrey < Rl for allh € HO L, where H(kM - k<) is the Hilbert space with

the reproducing kernel kM - k~.

Let H satisfy the conditions in Theorem 1.1.2. Then for each b € X(H), the rule
Hy(p, ) = (pt, by, ¢, € Hol(27) extends to be a bounded bilinear form on HHH.
This bilinear form defines a bounded operator Hj, the Hankel operator with symbol
b. More precisely, if we let H = {f : f € H},||fllz = ||f|l», then for b € X(H), we
have Hy : H — H, (Hyp, V)3 = Hy(p,9) = (g1, by for all o, ¢ € Hol(Q27).

If f € H, welet [f] be the smallest invariant subspace of the operator of multiplication

by z. A function f € H is called a cyclic vector if [f] = B.

For the Dirichlet space D, we show in Chapter 2 that every nonzero M, -invariant
subspace M of D is the kernel of a Hankel operator, and then we use this fact to
prove that if f € D, then f is cyclic in D if and only if f is cyclic in D ©® D. We will

give a few motivations in the next section.



1.2 M.-Invariant Subspaces

Let €2 C C be nonempty, open and connected. Let B ba a Banach space of analytic
functions on €2 such that point evaluations are continuous, and B is M, -invariant, i.e.
for every f € B, we have M, f = zf € B. If for every A € Q, M, — X is bounded below
on B, then for every M,- invariant subspace M of B we define the index of M to be
the dimension of M/zM, i.e.

indM = dim M /2 M.

If f € B, welet [f] be the smallest invariant subspace of the operator of multiplication
by z. Thus [f] is the closure of the polynomial multiples of f. A function f € B is
called a cyclic vector if [f] = B.

For p > 0, let H?(ID) be the Hardy space of analtytic functions f on D such that

d
11 =sup [ 1705 <

let L2(D) be the Bergman space of holomorphic functions f(z) = > 7, f(n)z" such
that

dA |
/m2 Z n—l—l

and let D be the Dirichlet space of holomorphic functions f(z) = 3.°°, f(n)z" for
which

Ly = onsor <

It can be shown that for every A € D, M, — X is bounded below on H?(D), LZ(D) and
D.



By the factorization theorem, every function f in HP(DD) can be written as f =

BSF, where B(z) = H‘.X’ Qi i 2 g the Blaschke product, «;’s are the zeros of f,

=1 |o<,-| 1-a;2

it . . . . .
S(z) = exp(— T elfz do(t)) is the singular inner function for some measure o which is

smgular with respect to the Lebesgue measure, and F(2) = exp( [, %= log | f(e)| L)

ett—z

is an outer function.

The Beurling’s famous theorem says that every nonzero M, -invariant subspace M in
the Hardy space H%(DD) is singly generated, and it has the form M = ¢ H?(D) = [¢],
where ¢ = BS is an inner function with B a Blaschke product and S a singular inner
function (see [59, Page 348]). Beurling’s theorem fully characterizes the M., -invariant
subspaces in H?(D), it also tells us that indM = 1 for every M, -invariant subspace
M in H*(D) and f € H*(D) is cyclic if and only if f is an outer function.

Since then there have been a lot of articles in the literature studying the M- invariant
subspaces in the Banach space of analytic functions, see e. g. [8], [16], [18], [29], [30],
[34], [35], [36], [48], [49] and [53]. One of the surprising facts is that in the Bergman
space L2(D), if n € NU{oo}, then there is an M,-invariant subspace M in L?(D) such
that ind M = n (see [8], the authors in [8] proved this fact using abstract theory).
Later, Hedenmalm ([35]) constructed an invariant subspace in L2(ID) with index 2

using the span of zero set based invariant subspaces.

It turns out that for the Dirichlet space D, we have similar result as in the Hardy
space H?(D): every nonzero M, -invariant subspace M in D is singly generated, and
it has the form M = pD(my) = [¢], where dmy(2) = |¢(2)|*52 921 and ¢ is a multiplier
of D (see [49], [53]). But there is still an open question about the cyclic vectors in
D:

Conjecture 1.2.1 (Brown-Shields [16]). Let f € D, f is cyclic in D if and only if

f is an outer function and its boundary zero set is of capacity zero.

Some authors have studied this conjecture and they obtained some partial results,

see e.g. [29], [30], [34] and [53].



Recall that D ® D is the space of weak products of functions of D, i.e.

DoD={heHol(Q):h=Yfig,y Ilfilplgllp <o, fig: € D}.

i=1 i=1

Note that by the Riesz factorization theorem, every function in H!(D) is a product
of two H?(D) functions, we have H'(D) = H*(D) - H*(D) = H*(D) ® H*(D). Thus
we can think of D ® D as an analogue of H!(D) and it may be needed for a complete
theory of the Dirihclet space.

The dual of D ® D has been characterized in 2010 by Arcozzi, Rochberg, Sawyer,
and Wick [9] as the space X (D) of analytic functions b on I such that |[b'|?dA is a

Carleson measure for the Dirichlet space.

In Chapter 2, we use the tools Cauchy dual, pseudocontinuation to study the index of
M ,-invariant subspaces in D® D (see section 2.3 for the definitions, see also [27] for the
background on pseudocontinuations). We show that for functions f in proper weak*-
closed M}-invariant subspaces of X (D), the functions (zf)" are in the Nevanlinna
class of D and have meromorphic pseudocontinuations in the Nevanlinna class of
the exterior disc. We then use this result to show that every nonzero M, -invariant

subspace N of D ® D has index 1, i.e. satisfies dim N /2N = 1.

Note that for functions f € D ® D, we don’t necessarily have (zf)" are in the
Nevanlinna class of . Also when a function f is in the Nevanlinna class of D, it
doesn’t necessarily have a pseudocontinuation in the Nevanlinna class of the exterior

disc. We attack those difficulties in section 2.3.



1.3 Corona Theorem

By the Gelfand theory every abelian Banach algebra A is isomorphic to a subspace of
C(A), where A is a compact Hausdorff space. It is called the maximal ideal space of
A. In the following we denote the maximal ideal space of A by M 4. If A= H*(D),
then the open unit disc I is homeomorphic to a subset of My and for f € H>*(D)
the identification of f|p with its image in C(Mpy) is just the identity. Thus we will
just write D C Mpye and H*(D) C C'(Mpg). Carleson’s famous corona theorem
(see [19]) says that D is dense in Mpe. It is well-known that this theorem has an
analytical reformulation which is as follows: If {¢1, ..., ¢, } is a finite set of functions

in H>°(D) satisfying
Z lp;j(2)?>n>0, ze€D, (Corona condition). (1.3.1)
j=1

then there are functions {fi, ..., fn,} € H>®(D) with

ij(z)gpj(z) =1, ze€D, (Bezoutequation). (1.3.2)
j=1

Carleson’s proof of the corona theorem was very complicated. He introduced what
are now know as Carleson measures. They are an important tool in complex and

harmonic analysis.

In 1979 Thomas Wolff gave a simplified (but unpublished) proof of the corona theorem
using the d-technique (see [32]).

If H(k) is a reproducing kernel Hilbert space of analytic functions on some region

Q) C C% d > 1, then the multiplier algebra M (H(k)) is defined by

M(H(k)) = {p € H(k) : of € H(k),Vf € H(k)}.



For ¢ € M(H(k)), we denote it by M, the multiplication operator by ¢, and let M}
be the adjoint of the operator M,,. Then for any f € H(k), z € 2 we have

(Mkey Fyamy = (ks My Faay = 0(2) f(2) = ((2)kz, Fam),

thus M7k, = ¢(2)k., which implies |p(z)| < [|[M|| = ||M,|. Taking the supremum
over all z € , we have ||| g < || M,||, therefore M(H(k)) is always contained in
H>(Q).

Notice M (H(k)) is always an abelian Banach algebra and that H>°(D) is the multiplier
algebra of H*(D) and LZ(D). On the other hand if H(k) = D or H(k) = H3, then
M(H(k)) # H>®(D). Here H3 is the reproducing kernel Hilbert space with kernel
kx(z) = % on the unit ball of C%. Tt is called the Drury-Arveson space. Thus
for our understanding of the function theory on the spaces where M (H(k)) does not
equal H>*(DD) it becomes an interesting question whether or not a corona theorem

holds for such a multiplier algebra.

It was shown that the corona theorem also holds for many other function algebras,
such as M (D) (see Tolokonnikov [69], Xiao [76]), M (H?) (see Costea, Sawyer and
Wick [26]) and so on. In all of these cases the algebra is the multiplier algebra of a
space with a complete Nevanlinna-Pick kernel (see Agler and McCarthy [2], also the
definition below).

Definition 1.3.1. Let By be the unit ball in C*. A reproducing kernel k on By is
called a complete Nevanlinna-Pick kernel if ko(z) = 1 for all z € By and if there exists

a sequence of analytic functions {b,}5°, on By such that

1

L ee

D " bu(2)ba(N)  for all X,z € By.
n=1

10



Thus since Shimorin [67] showed that for any Borel measure g on T, D(u) has a

complete Nevanlinna-Pick kernel, one wonders whether the corona theorem holds for
M(D(p))-

Also the corona theorem has been generalized to infinitely many functions in H>°(ID)
and M(D) (see Rosenblum [58], Tolokonnikov [69] and Trent [73]). The infinite
version, given by Rosenblum [58] and Tolokonnikov [69], can be formulated as follows
(see Trent [72]):

Theorem 1.3.2. Let {p;}32, € H>*(D). Suppose that

0<é <Z|g0j (2)]* <1, forall z€D.

Then there exists {e;}52, € H*(D) such that °2 | pje; = 1 and sup,ep y 24 |ej(2)[* <

S ln L, where Cy is a constant.
2 €27

In this dissertation, we study the corona theorem for the D(u) spaces when pu is a
finitely atomic measure. Fix pu = g, a finitely atomic measure, we observe that by
[52, Lemma 5.3] we have M (D(ux)) = D(ug) N H°(D). We will see that a corona
theorem holds for M(D(uy)) if and only if every ¢ € Myp(u,)) extends to some
) € Mpye (see Theorem 3.1.12 which is due to Sundberg), we only need to show that

every ¢ € My (p(,)) has an extension to some ¢ € Mpe.

As to infinitely many functions in M (D(u)), we consider Dp2(py), or @°D(uy),
which can be considered as [?-valued D(uy) space. If F = (fi, fo,...) € ®°D (),
then the norm is defined by

11155 Dy

e 2 F(e") - FQIR dt
= [Ty« [ [T TOE Ra)

Jj=1

11



Given {p;}32, € M(D(ux)), we let ®(z) = (p1(2), p2(2),...). We use Mg to denote
the (column) operator from D(uy) to @3°D(uy) defined by

Mo (f) = {pif152, for f e D(u).

Note that the pointwise hypothesis >, |¢;(2)|> < 1 in Theorem 1.3.2 implies that
the operator Ty defined on H%(DD) in analogy to that of Mg is bounded and ||Ts| =
SUp,ep (D521 |g0j(z)|2)%. Since M(D(ux)) = D(ux) N H*(D), the pointwise upper
bound hypothesis will not be sufficient to conclude that Mg is bounded from D (1)
to ©7°D(uy). Thus, we will replace the assumption 322, |p;(z)[* < 1 for z € D by
the condition ||Mg|| < 1, and we have the following theorem:

Theorem 1.3.3. Let {p;}>2, € M(D(ux)). Suppose that

7=1

Ms|| <1 and 0< et < go-zz for all z € D.
J

j=1
Then there exists {b;}32, € M(D(u)) such that

(i) ®(2)B(2)"T =1 for all z € D, and

€

theorem in M (D(ug—1)).

1/2
(i) [[Mp] < l(2 + 16HMB;€,1H2> ., where By_y is the solution for the corona

12



Chapter 2

Weak Products and Index

2.1 Weak Products

We will follow the general theory in [55, section 2].

Let d > 1,9 C C¢ be a non-empty open connected set. Suppose B,& C Hol()) are
Banach spaces such that point evaluations in €2 are bounded, let B*,£* be the dual
spaces of B, € respectively. For z € Q, let k5" € B* be the point evaluation map from
Bto C,i.e kB (f) = f(2),Vf € B. Similarly we let k" be the point evaluation map
from & to C.

We define B ® £ to be the weak products of functions in B and & as follows
BoE={h=> fgi:fi€B.gec& Y |fillsllgle < oo}
i=1 i=1
The norm in B ® £ is defined by

1ol = mf(Y N fillsllgille - h =) fig:}, he BOE.
i=1 =1

13



Lemma 2.1.1. If B,E C Hol()) are Banach spaces such that point evaluations in
Q are bounded, then (B® E,| - ||«) is a Banach space of analytic functions such that

point evaluations in €1 are continuous.

Proof. As in [55], we note that |h(z)| < ||h]].||kE kg

B e forall h € BG®E, and

z € €. This implies that if ||h|« = 0, then A = 0. The proof of completeness is the

same as in [55].

We only show that the norm in B®E satisfies the triangle inequality. Let h, k € BOE,
Ve > 0, we can find f;,a; € B, g;,b; € € such that h =Y .2, figi,k = > | a;b; with
1Pl = 222 I fillsllgille — & Ikl = 3252 Nlaillslbille — €. then
h + k= Zfzgl -+ Cljbj,
2
thus ||h + k|« < |||« + ||k]l« + 2¢, letting € — 0, we see that the norm satisfies the
triangle inequality:. O]
Remark 2.1.2. (1) Let B = & = H'(D), then H' (D) ® H'(D) is a Banach space,

and HY?(D) C HY(D) ® HY(D).

(2) Of course, one could define a weak product for some other Banach spaces. If B =
P ={a= ()|l =07 lalP <ool,p>1, then P C1°° with ||a < ||a|e.

Forp,q=>1, and = (B;) €I,y = (v;) €14, let B -~ = (B;7:), then we define
Poll={a=>Y B87: Y |Billelvlu < oo,8 €7 €1}
=1 =1

the norm is defined by

ladlle = nf > 1Bl llvsllie 0= 85+ it
j=1 j=1

14



Then for every i, |a;| < |||, thus |||« = 0 if and only if o = 0. Therefore [P ® 14

1s a Banach space, p,q > 1.
Similarly, we have 2Ccitoll.
Let A C B, L C & be vector subspaces, we define
AGL={h = figi: fi € B,g; € E,n €N},
i=1

and the norm is defined by
1hfle = EO> " N fillsllgille : h=>" figi}, h € ASL.
i=1 i=1

Then AOL C B® & and ||h]l, < ||h|s for every h € A®L. If we use (AOL), to
denote the completion of A®L with respect to the norm || - ||,, then the inclusion of

AGL into B® & extends to be a contraction V : (A®L)y = BOE.

The following three results are the Banach space analogues of Hilbert space results
that were proved in [55]. The same proofs will establish the following Lemma and
Theorems.

Lemma 2.1.3. If A C B, L C & are dense vector subspaces, then AOL is dense in

B®E in the | - ||« norm and
bl =t 0" [ fllsllglle - b= 3" fugn fi € Agi € £}, he BoE.
i=1 i=1

Theorem 2.1.4. If A C B,L C & are dense vector subspaces, then V is onto and

the induced map V : (AOL)s/ ker V — B ® & is isometric.

For d > 1, let B, denote the open unit ball in C¢, for 0 < r < 1,z € By, let
fr(2) = f(rz). Write Hol(B,) for the algebra of all functions f on B, such that f

extends to be analytic in a neighborhood of the closure of B,.

15



Theorem 2.1.5. Let B,E C Hol(B;) be Banach spaces of analytic functions which

satisfy the following conditions
(a) Point evaluations in B, are bounded and B is reflexive.
(b) B contains Hol(B).

(¢) If fu, f € Hol(By) such that f, — f uniformly in some open neighborhood of
By, then f, — f in B.

(d) There is a C > 0 such that if 0 < r < 1 and if f € B, then f. € B and
1f-lls < Clifls.

Then Hol(B) is dense in B® & and

12l = l1Blle = fOY 1 fillsllgille : b= figis fi 9: € Hol(B;)}
i=1 i=1

for all h € Hol(B).

Let d = 1,2 C C be open, connected and nonempty set. Let H C Hol({2) be a
reproducing kernel Hilbert space, i.e. point evaluations in 2 are bounded. If H is

M, -invariant, let

K=(zH)' ={(zf)": f € H},

and the norm in K is defined by ((zf)’, (29) )k = (f, 9)n-

If Hol(27) is densely contained in H, we define

X(H,K) ={beH:3C>0,[pzv), (2b) )| < Cllpllullvll,
Vo, € Hol(27)},

for b € X(H,K), write ||b||x@z,) for the infimum of all ¢ > 0 such that
(=), (2b) hic| < Cligllalllla for all p,4 € Hol(Q7).
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Lemma 2.1.6. If H C Hol(Q?) is a reproducing kernel Hilbert space, and if Hol(2™)
is densely contained in H, then X (H,K) is a Banach space of analytic functions on

Q such that

()] < [blleceso |2 el Ll

Proof. Note that Hol(Q7) is dense in H and b(w) = (b, k)5 = ((2b), 1 - (zk})" )k,

w

the inequality follows.

Also
1115, = [1(zb)'[lx = (1 (2b)', (2b)")ic < [[1[lallbll 1Bl 2.

thus [6fl3; < |[1fla[lbll x e

The completeness follows from the same argument as in Lemma 2.2 in [55]. It is clear

that || - [|x(zx) is a norm in X (H, K). O

Theorem 2.1.7. Let Hol(Q2™) be dense in H, let K = (zH)', and suppose there is a
linear subspace A C Hol(2™) which is dense in H and which satisfies ||¢]l« = ||¢]|e
for all p € AO(2A)". Then (H® K)* = X(H,K), this means if b € X(H,K), define
Ly on KC by

Ly(k) = (k, (2b)),

then Ly extends to be bounded on H ® K and the map b — Ly is a conjugate linear

isometric isomorphism of X (H,K) onto (H ® K)*.

Proof. We will follow the argument in [55, Theorem 1.3].
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Let b € X(H,K), h € A®(zA) C Hol(Q2™) C K. Then h = Y7, fi(zg;)’ for some
fi,gi € A, i=1,...,n, and

| Lo(h)| = !<Z fi(zg)', (20)')x| < Z |(fi(29:); (2b) )il

< S llxgese l fillllgslls

=1

thus |Ly(h)| < [|bllx@ei)llPlle = [10lx@ei)llh]ls. By Lemma 2.1.3 it follows that L,
extends to be bounded on H © K with ||Ly|| < |0 x.x)-

If L e (H oK), then for (zf) € K we have

|G <AL e < NEN el

thus 3(z0)" € K, such that L((zf)") = ((2f), (2b)" ) := Ls((2f)").

If p,9 € Hol(27), then

[{o(z00)", (2b) )il = [Lp(20)) < LI (z9) |l

< LAl

thus b € X(H, K), and [[b]| xge0) < [ L] = |[ Lo |- =

Remark 2.1.8. If H s a reproducing kernel Hilbert space satisfying the four
conditions (a) — (d) in Theorem 2.1.5. If H is M,-invariant, then K = (zH)
also satisfies the four conditions (a) — (d) in Theorem 2.1.5, and so by Theorem
2.1.5, we have ||¢|« = ||¢lle for all ¢ € Hol(Q27). Thus, in this case we have
(HoK)*=X(H,K).

Proof. 1t is clear that /C satisfies conditions (a) — (¢) in Theorem 2.1.5.

18



For any (zf) € K, suppose f(z) = ", f(n)z", then
[(2f)1r(z) = D> _(n+ 1) f(n)r"=" = (2£,)(2),

n=0

thus [(zf)'], € K and

TG T lle = NF) e = 1Ll < ClLf Nl
= Cllzf)x

[]

If H C Hol(Q?) is a reproducing kernel Hilbert space such that Hol(€27) is densely

contained in H, define

X(H)={beH:3C >0, [{e0,b)n] < Cllollnlvlln,
Ve, € Hol(27)},

and for b € X(H), write [|b]|x() for the infimum of all C' > 0 such that |(pi, b)y| <
Cllellzll [l for all @, € Hol(Q27).

If H C Hol(f2) is a reproducing kernel Hilbert space, we say a positive Borel measure
pon € is a Carleson measure for H, € CM(H), if there is a C' > 0 such that for all
fen,

/ﬂ FPdu < CH|SIL.

The smallest such C' is the Carleson measure norm of .
Remark 2.1.9. (a) It is shown in [55] that X(H) is a Banach space of analytic
functions and it is the dual of H ©® H, that is (H© H)* = X(H).
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(b) Let a € 0,1], Do = {f € Hol(D) : || I3, = S5 o(n + 12| f(n)[? < o0}. Let

C(D,) = {f € Dy : |f)?(1 — |2|*)'"*dA is a Carleson measure for

Da}.

It is shown in [75] that (Do ® (2D,)')* = C(D,,).

(c) If H = H? is the Hardy space, then H*> ® H*> = H', and by the well known
Fefferman’s theorem (see [32]), (H')* = BMOA, thus X(H?) = BMOA. By the
result in [75], we have H? ® (zH?)' = OH', and X (H?,(2H?)") = BMOA = X(H?).
(d) If H = D is the Dirichlet space, then by the result in [9], we have (D®D)* = C(D),
thus X(D) = C(D). By the result in [75], we have D ® (zD)" = 9(D ® D), and
X (D, (zD)) = C(D) = X(D).

(e) In (c) and (d), we see that for a« = 0,1, X(D,, (2D,)") = X(D,). Then we have
the following question:

Question 2.1.10. For a € (0,1), is X(D,, (2D,)") = X(Dy,)?

The following Theorem can be derived from Theorem 3.1 in [55].

Theorem 2.1.11. If H = H(k™) C Hol(Q), L = L(k*) C Hol(Q2) have reproducing

kernel k™ and k* respectively, then
HOLCHE KR,

with ||hl|lygmrey < R« for allh € HO L, where H(kM - k<) is the Hilbert space with

reproducing kernel kM - k*.
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2.2 Hankel Operators and Cyclicity

In this section, we prove that every nonzero M, -invariant subspace M of D is the
kernel of a Hankel operator, and then conclude that: If f € D, then f is cyclic in D
if and only if f is cyclic in D ® D. This is a joint work with Stefan Richter.

Recall that if H C Hol(f) is a reproducing kernel Hilbert space such that Hol(27)

is densely contained in H,

X(H)={beH:3C >0, [{et,b)u| < Cllpllallvll;
Ve, € Hol(27)}.

The following Theorem is in [55] and it is stated as Theorem 1.1.2 in the introduction,
we include it here for the convenience of the reader.

Theorem 2.2.1. Let Hol(2™) be dense in H, and suppose there is a linear subspace
L C Hol(Q7) which is dense in H and which satisfies ||¢|« = [|¢|loz for all o € LOL.
Then (H© H)* = X(H). This means if for b € X(H), we define L, on H by

Ly(h) = (R, b)

then Ly extends to be bounded on H © H, and the map b — Ly is a conjugate linear

isometric isomorphism of X (H) onto (H © H)*.

Let I be the open unit disc with boundary T and let p be a nonnegative Borel

measure on the closed unit disc, define

D(p)={f € H*D): [ Dr(f)du()) < oo},

D-
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where Dy(f) = [; |%|2% is the local Dirichlet integral of f at A € D~. The
norm of f in D(u) is defined by

120 = £ + / Da(f)du(N).
s

For u supported in T, D(u) spaces were introduced by Richter in [51] as he was
studying analytic two-isometries, and then they were generalized by Aleman [3] to

the p on the closed unit disc. When p = £ D(4L) is the Dirichlet space D (see

[50], [52]). We can verify that D(u) spaces satisfy all the conditions in Theorem
2.2.1.

Let H satisfy the conditions in Theorem 2.2.1. Recall that H = {f : f € H}, || fl7 =
| f|l2, then for b € X(H), we have Hy : H — H, (Hyp,V)zz = Hy(p, 1) = (09, b)x
for all ¢, € Hol(Q27).

Also recall that M () is the multiplier algebra of H, i.e.
MH)={peH: : of € H,Vf € H}.

Lemma 2.2.2. Suppose Hol(2™) is densely contained in H, and Hol(27) C M(H).

Ifbe X(H) and [ € H, then for every p € Hol(2™) we have
(Hyf, @)z = (o f ) = (f, MZb)a. (2.2.1)

* J

Thus ker Hy = {f € H : (f, M}b)3 = 0,Yp € Hol(2")} = [b]s-, where [b]. denotes the

smallest subspace that contains b and is invariant under M for every ¢ € Hol(2™).
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Proof. Let ¢, € Hol(27) and ¢, — f in H, as n — oo, then for ¢ € Hol(Q27) we

have
= Jim (v, Byw = (. B
= <f7 M;b>%7
thus f € ker H, if and only if f € [b]+ and the lemma follows. O

Remark 2.2.3. If for A € Q we have ky € Hol(2™), then

Hyf(N) = (Hof k) = (flox, D)

Furthermore, if f € Hol()™), then

thus Hy, f = (f, k.)uk. is a rank one operator.

If B is a Banach space, and T" € B(B), we let LatT be the lattice of T-invariant
subspaces of B. The following Theorem is in [50].

Theorem 2.2.4. Let H be a Hilbert space and T' € B(H) satisfy

() T"H = (0), (2.2.2)
n>0
| + 1 T%2|* < 2| T2|?, Vo€ H. (2.2.3)

If M € LatT, then [ker(T|m)*]lr = M, where [ker(T|pm)*|r is the smallest T-

invariant subspace of H that contains ker(T|am)*.
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The following Theorem is known to experts, but we cannot locate a reference, we
include a proof here for completeness.

Theorem 2.2.5. Let H be the D(u) space and let T = M,, then T satisfies (2.2.2)
and (2.2.8) in Theorem 2.2.4 (see [3]). ¥YAg € D, let Ty, := (T — No)(I — A\oT) 74,
then T\, also satisfies (2.2.2) and (2.2.3), and ker(Th,|m)* = ker((T'— Xo)|m)*. Thus
VM € Lat(M,, D(p)), M = [ker(Th,[p)*]ry, = [ker((T"— Ao)|m) 7

Proof. YAg € D, let A =T5 Ty, — I, and A* =T*T —I.

Note that o(T) C D~ (see [50]), where o(T') is the spectrum of T. Vz € D(u), let
y = (1—XT) 'z, then 2 = (1 — A7)y and we have

Tl = ol = (T = Ao)yl® = 11 = XDy

= (ITyl1* = 2Re(Ty, doy) + ol 1y

~ (llyl1* — 2Re(y, XTy) + oI Tw?)

= (1= PoP)(ITyI> ~ llyl®)

= (1= Do) (IT(1 = XT) 2l = (1 = XoT)"a?),

this implies A2 = (1 — [A|*)(1 — AT™) " PA2(1 — A T) 71

Note that we have the following equivalent relationships:

T3, A% T < A%,

S (T = Xo) A5 (T — No) < (I = XNTH)A3, (I — AoT)
ie. TEAS T — NT* A5 — M3, T + | ho? A%,

<A = NTHAY = AT + Mo’ T AT

& (1= [M[)T AT < (1= AS,

i.e. (1 —| NI — XNoT*) M T*A2T(1 — NT) 7!

< (1 =[Nl = AT*) 1A% (1 = A T) 7,
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by the assumption, we have T*A*T < A?, thus T3 A Ty, < A3, Also (I3 H =
n>0

(0).

Therefore, the conclusion follows from Theorem 2.2.4. n

Lemma 2.2.6. M(D(u)) C X(D(w)).

Proof. Note that by Theorem 1.9 in [3, p74], we have

Da(f)du()) = / F(2) PU(2)dA(2),

D-

l—wz
z—w

w —|Z 2
where U, (z) = [, log 1df|(w|)2 + J1 ﬁw_'Z‘Pdu(w).

If o € M(D(u)), then ¢ is bounded and f¢' = (fy) — f'¢. Hence the measure

|¢'|?U,dA is a Carleson measure for D(u). This property implies that ¢ € X (D(p)).
[

Theorem 2.2.7. Let H be a Hilbert space, suppose polynomials are multipliers and H
has the following wandering subspace property: If N is a non-zero multiplier invariant
subspace, then dimN & zN =1 and [N © 2N = N. Let ko denote the reproducing
kernel for 0. If M is a multiplier invariant subspace such that 0 is not a common

zero of all functions in M, then
ML — [PMJ_I{Z()]*

Proof. Since Py kg € M+ we have [Priikols C ML, For the reverse inclusion we

let N = [Ppkoli. Then M C N, and N is a nonzero multiplier invariant subspace.
Thus by the hypothesis it suffices to show that M © z2M =N © 2N

Since 0 is not common zero of all functions in M we have that Py ko is a basis for the
1-dimensional space M © 2 M. We have to show that Pyko € N © 2N. We clearly
have Pyko € N, thus it suffices to show that (Pyko, 2f) = 0 for all f € N. Since
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M*ky = 0 we have M} Pyky = —M? Py ko € Nt. Thus
<PMk07Zf> = <MZ*PM]€07f> = <_MZ*PMLI{:07f> =0.

O

Proposition 2.2.8. If H is a reproducing kernel Hilbert space on D with a complete
Nevanlinna-Pick kernel ky, then YA\g € D, Pyky, € M(H), where M C H is a

multiplier invariant subspace.

Proof. 1f k) is a complete Nevanlinna-Pick kernel, then for any multiplier invariant
subspace M C H, we have [,(z) := P’;&’tgz) is positive definite. Then by a Theorem
of McCullough and Trent ([45]), we have YAg € D, I, € M(H). Also by [33, Lemma

2.2], we have ky, € M(H), thus Pyky, = lx,kx, € M(H), Vo € D.

Proposition 2.2.9. If o € M (D), then so is M}p.

Proof. Note that M;z" = "Hln=1 = zn=1 4 [Y(tz)"=Ldt, n > 0.

Let Lf = f_Tf(O) be the backward shift, then Vf € D, M f = Lf + fol(Lf)tdt, where
fi(z) == f(tz).

If o € M(D), then Ly € M (D), also 3C, such that Vf € D, |¢:fllp < C|lofllp, the

result follows. O

Now we show that every nonzero M,-invariant subspace M of D(pu) is the kernel of
some Hankel operator with symbol b € X(D(p)).

Proposition 2.2.10. Suppose M € Lat(M,, D(u)), M # 0, then there is a function
be M(D(u)) N ML, such that [b]. = ML and ker H, = M.

Proof. Suppose zg ¢ Z(M), and ¢ € MO (z — z9) M, ||¢| = 1.
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Note that k., = Puk., + Py k., Puk., = cp, where c is a constant, let b = Py k.,
we konw that by Shimorin’s result ([67]), D(u) has a complete Nevanlinna-Pick kernel,
then by Proposition 2.2.8, we have b € M (D(u)). We will show that [b], = M™.

Let g = (M} — %), then for any p polynomial, (g, py) = (¢, (z — 20)py) = 0, which
implies g € M+, so [g]. € M*.

Let £ = [g]+, then M C L. Note that for any f € L, (¢, (z — 20)f) = (g, f) = 0, by
Theorem 2.2.5, M = [p] = L, thus [g], = M™*.

From (M} —Z5)b = (M} — Z5)(k,, — cp) =0 — (M} — Z5)p = —cg, we get

M+ D Span{b, (M} — %)b,...} D Span{g, (M} — Z)g, ...}

z z

therefore [b], = M*, and ker H, = M by Lemma 2.2.2.
[

Remark 2.2.11. (a) If M € Lat(M,,D(u)),M # 0 and 0 &€ Z(M), then b :=

Py ko = 1—p(0)p, where ¢ € MSzM is the extremal function. Then the conclusion
of Proposition 2.2.10 follows from Theorem 2.2.7.

(b) If v is the Lebesque measure on T, then D(u) = D. Note that by proposition
2.2.9, If p € M(D), then M € M(D). In this case, we can let b = (M} —Zy)¢p in
Proposition 2.2.10.

Lemma 2.2.12. Let M be a multiplier invariant subspace of D(u), let M be its
closure in D(p) @ D(p). Let N = M7 D(u), then N is closed in D(u) and
N =M”.

Proof. Let f, € N, f., — f in D(u), then f, € MQ, and note that || f, — fll« <
fr — fllpgy — 0 as n — oo, thus f € M", and so f € N
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Note that M C M~ N D(u) = N, we have M~ C N°. On the other hand, let
f e /T/Q, there exist f,,’s in NV, such that f, — f in D(u) ® D(u) as n — oo, note
that f, € WQ, thus f € M. ]

Corollary 2.2.13. Let M, N be multiplier invariant subspaces of D(u), M # N,
and let M” and N'© be their closures in D(p) ® D(p). Then M #* N,

It follows that for any M we have M = M7n D(p).

Proof. Without loss of generality we suppose that there is an f € N such that
f & M. By Proposition 2.2.10 we pick b € X(D(u)) such that ker H, = M. Then
the functional that b defines in the dual of D(u) ® D(u) annihilates M and hence it
annihilates M. However, since f € N\ ker H, we have H,f # 0. Then there is a
¢ € Hol(D™) such that (¢ f,b)p) = (Hof, ?)pgy # 0. Thus b does not annihilate all
of N°. O

Theorem 2.2.14. Let f € D(u). Then f is cyclic in D(u) if and only if f is cyclic
in D(p) © D(w).

Proof. Since for any polynomial p, |[pf — 1|« < [[pf — 1||p, it is clear that cyclic
vectors in D(u) are cyclic in D(u) ® D(u).

If f is not cyclic in D(u), then we can take M = [f] and N = D(u) and apply the

previous Corollary to conclude that f is not cyclic in D(u) © D(pu). O

We see that in Proposition 2.2.10, for any M € Lat(M,, D(u)), M # 0, there is
ab e M(D(u)), such that ker H, = M. But in general, for an Hilbert space H,
and M € Lat(M,,H), M # 0, we may not find a function b € X(#), such that
ker H, = M.

Example 2.2.15. Consider H?(ID?), the Hardy space on the bidisc,
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i) M ={f € H*(D?) : f(0,0) =0} = {z,w}] = zH*(2) ® Y .-, w"H?(z), then
ML = span{1}, where span{1} is the space spanned by 1. Let b = 1, H, : H*(D?) —

H2(D?), then ker H, = [1]} = {f € H*(D?) : (fg,1) = 0,Vg € M(H>(D?))} = M.

(ii) If M = 22H*(2) @ Y02 w"H?(z), then M+ = span{l,z}. Let b = z, then
ker H, = [2]} = M.

Let H be a Hilbert space, 11,7, € B(H). For a subset £ of H, we denote by [€]r, 1,
the smallest invariant subspace of #H for both 7} and 75 containing £. If [E]n, 1, = H,
then &£ is called a generating set for operators 7T} and 7. The minimum number of
elements in generating sets is called the rank of H for 77,75, and we denote it by

rank ¢ 1,3 H.

(iii) Let {¢,(2)} be a sequence of inner functions in H*°(2) such that ¢, (2)/¢ni1(2) €
H*>(z)(n > 0), and functions in {¢,(z)} have no nonconstant common inner divisors.

Let M =70 ©w"pn(2)H?(2), then M+ =377 s dw" (H?(2) © ¢n(2)H*(2)).

When ¢o(z) is a Blaschke product, it is shown in [38] that rank a: a:) M* varies

from 1 to oo:

rank (M = sup#{n : (,(a) = 0,n > 0},

aeD

where (,(2) = @fz—(lz()z).

If ¢,,(2) is mutually prime (i.e., there are nonconstant common inner divisors of (,(z)
and (;(z) with n # ), then rank gps a3 M- =1 (see [39]). It is also shown in [39)]
if {a,} is a positive sequence and {a,} € I*, then b = >  @a,w"M;p,(z) € M+,
and [b], = M=, In this case, it is easy to see that b € H>*(D?) ¢ BMOA(H?*(D?)) =
X (H*(D?)) (where X (H?*(D?)) is the dual space of H*(D?*) ® H*(D?)), and ker H, =
bl = M.
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But if rank (s ar: 3 M* > 2, since ker H, = [b];, there is no b € X (H?*(D?)) such that
ker Hy, = M.

For the Bergman space L?(ID), we have a similar result.

If M € Lat(M,, L2(D)), we write

M, B
0 PuyiM|ue

M, =

with respect to the decomposition L?(D) = M & M*.

The following Lemma is in [5].

Lemma 2.2.16. Let M € Lat(M,,L2(D)), M # L2(D),\ € D. Then M}|yx — A is
a semi-Fredholm operator, and ind M = 1 — ind(M |y — A).

Theorem 2.2.17. There exists an M € Lat(M,, L2(D)), such that ker H, # M for
all b € X(L2(D)).

Proof. Let M € Lat(M,, L2(D)) with indM > 3 (see [8], [36]). Suppose that there
exists a function b € X(L?(D)) such that ker H, = M, then from Lemma 2.2.2, we
have M = [b]{. Thus M+ = [b],, and so ind M|y € {—1,0,1}, which contradicts

Lemma 2.2.16. Therefore the conclusion follows. O
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2.3 Index of Invariant Subspaces in D ® D

Recall that the Dirichlet space D is the space of holomorphic functions f(z) =
> o f (n)z™ for which

/uﬁ“‘ > nlfm <

The norm on D is given by || |3 = [|f|%2 + fp [F/*% = 307 y(n+ 1)| £(n)[>. When
g€ D,

o = (Lo + [ f’?%

in—l—l (n).

A positive Borel measure p on D is a Carleson measure for D, u € CM(D), if there

is a C' > 0 such that for all f € D,

Av&mscwma

The smallest such C' is the Carleson measure norm of .

In this section we show that every nonezero M, -invariant subspace in D ® D has
index one. A part of this is a joint work with Stefan Richter.
Definition 2.3.1. (a) Let D be the open unit disc with boundary T and D, = C,\D~

be the exterior disc, where D™ is the closure of D and C., is the Riemann sphere.

(b) Let N(D) and N(D,) be the set of Nevanlinna functions (i.e., the quotients of two

bounded analytic functions) on D and D, respectively.
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(¢) For p >0, let H?(D) be the Hardy space of analtytic functions f on D such that
dg
11 =sup [ 105 <

(d) A function F € N(D,) is called a pseudocontinuation of f € N(D) across T, if
f(e®)y = F(e") a.e..

By Privalov’s uniqueness Theorem ([41, p. 82-84]), whenever a pseudocontinuation

exists, it is unique.

By Lemma 2.1 in [55], D ® D is a Banach space of analytic functions such that point
evaluations at points of D are continuous, and it is clear that D ® D is M, invariant.

Moreover, we have
Lemma 2.3.2. Ifh € D ® D and h(\) =0 for some A € D, then there is a function
g € D® D such that (z — X)g = h.

Proof. Suppose h € D® D and h(\) = 0. Note that the norm of h in D® D is defined
by (?77?), and

<f+g)2 B (f —9y2,

fg= 5 5

Thus we have Ve > 0, 3f/s € D, such that h = > f2 with ||h]l. > D |Ifill% —
Then h(\) =Y f2(\) = 0 and

2

-3 E ARG o0

12— 2O
.

LA p < G fillos 10+ £ o < lfillo + 1] < G fillo

for some constants C7(\) and Co(N).

then

Thus || 25|« < C1(A)Co(N)(||A]|+ + €), which shows -2 € D® D. Let g =
(z—=A)g = h. O

z>\’
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From Lemma 2.3.2, we see that for A € D, there is a constant C'(\) such that ||(M, —
Mhlls = C(N)||h||« for any h € D ® D. Thus for any M, -invariant subspace N of
D® D, we have (M, — \)| is a semi-Fredholm operator, and by the Fredholm theory,
dim(N/(z — M)N) does not depend on A € D (see [48]). We then define

ind(N) = dim(N /zN).

2.3.1 Duality

It is shown in [9] that (D ® D)* = X (D) (see also [20]), the dual pairing is with
respect to the Dirichlet pairing, and

X (D) = {b € Hol(D) : |'|*dA is a Carleson measure for D},

and the norm in X(D) is [|b]|5py = [6(0)* + [[[V'*d Al cmr(m)-

Let Y = {(2b) : b € X(D)}, the norm in Y is defined by

1(z0)'lly = 11bllx(p)-

Let S ={(zh)" : h € D ® D}, the norm in S is defined by

1(zh)'lls = 7]l pen-

By Corollary 1.4 in [9], S = (0D) ® D = 9(D ® D).

Let V : X(D) — Y, Vb = (2b)/, then V is an isometry. Similarly, U : D ® D — S,

Uh = (zh)' is an isometry.
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Lemma 2.3.3. Y is the dual space of D ® D realized by the H? pairing, i.e., for
he D®D,(zb) €,

2w

L dt
(h, (Zb)/>(D®D’y) = lim h(re”)(zb)’(re”)Q—.

r—1- 0 T
Proof. Note that (p,q)p = (p, (2q)") g2 for all polynomials p and g¢.

Let (20) € ), then b € X(D), and (h, (2b)')(pep,y) = (h,b)p for h € D ® D. Then

(R, (20)) (pop,y)| = [ (R, b))
< |10l (p)
= |2/ 1(20)' ||y,

thus (z0) € (D ® D)*.
Let T' € (D ® D)*, then there is a b € X(D), such that T'(h) = (h,b)p,h € D ® D.
Then (2b)" € Y, and T'(h) = (h, (20)")(pepy),h € D ® D. It is clear that the map

T +— (2b) from (D ® D)* to ) is bounded and one-to-one, and so we can identify T
with () € V. O

Because of Lemma 2.3.3, we call ) the Cauchy dual of D ® D, see [4, section 5] for

a detailed discussion of Cauchy dual.

Let L3(D) = {f € Hol(D) : | fl172m) = Jp [f[?% < oo} be the Bergman space, then
we have

Lemma 2.3.4. Y is the dual space of S realized by the L? pairing, i.e., for (zh) €
S, (2b) €Y,

(0, )iz = [ (0 T A,

D T

Proof. Note that (p,q)p = ((2p)’, (2q)") L2(») for all polynomials p and gq.
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Let (2b)" € Y, by the same arguments as in Lemma 2.3.3, we have (2b)" € S*.

Let T' € 8*, then by [75, Theorem 1], there is a b € X' (D) with b(0) = 0, such that
T((zh)) = [ (zh)V(2)%22 where (zh) € S.

dA(z)

s

Let ¢ = 2, then T((2h)') = [, (zh)¥(2) A% = [ (2h)(zc)(2)

T

It is easy to see that ¢ € X' (D), and the map T+ (zc¢)" from &* to Y is bounded and

one-to-one, and so we can identify 7' with (z¢)’ € V. O

Let he D® D,be X(D), and let H = (zh)’, B = (2b)’, then

(M_h,b)p = (h, M;b)p = (h, (zM})")(peD,y)
= (h, VMb)(pop,y)
= (H,VMb)r2m),

and

(zh,b)p = (2h, B)(poD,y)
2

= lim (zh)(e“)B(re“);l—t

r—1— 0 m

= (h, LB)(pop.y)
= (H,LB)1z(m)

= (H,LVb)r2m),

where LB(z) = w is the backward shift, therefore VM} = LV, which says

M| x(p) is isometrically isomorphic to Lfy.

Note that X(D) is continuously embedded in D, which implies ) is continuously
embedded in L2(D). It is clear that ) is M, invariant, and 1 € Y.

Lemma 2.3.5. Y satisfies the following three conditions:
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(i) VA €D, LY C Y, where Lyf = 1),

z

(ii) Y ={g € Hol(D) : 3C' > 0, for all f € D, [ |fg|*dA < C| flD}.
(iii) o(M.]y) =D".

Proof. ( )
f

Since D ® D is M, invariant and VM} = LV, we have LY C ), where
Lf = ),

(©

Note that for any A € I, M, — X is not onto on D® D, which implies o(M,|pep) 2 D~.
Vh € D® D,\ €D, we have —=-h € D ® D, thus o(M.|pep) =D".

Therefore o(M:|x(p)) = D™, which implies VA € D, (I — AL)~! exists. An elementary
calculation shows that (I — AL)"'Lf = &N — [\ ¢ Thus Vf € Y, L f € V.

(ii) It is clear that (ii) is true, we include a proof here for completeness.

Note that if b € X (D), then b € D and there is a C such that for all f €
D, [, |fbPdA < C||f||3. Thus if g = (2b) = b+ 2V € Y, applying the triangle
inequality, there is a C' such that for all f € D, [, |fg|*dA < C|f[|%-

On the other hand, suppose g € Hol(D) and there is a C' such that for all f €
D, [ |fglPdA < C||f||,. Then g € LE(D).

Let b € Hol(D) be (zb)’ = g, then b € D and &' = £°. Let f € D with f(0) = 0,

/D\ng_deAgC(/D%gy?dA+/D|£b\2dA)

f
SCH;H%

then

< ClIflI5,

thus for f € D,
/Ifb’| dA = /|f Praa < cfIp.
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and so b € X' (D) which implies g € V.

(ili) If A € D, g € Y, then | 2| < for all z € D. Thus for f € D,

- \)\|
[l poPia < s 1
9 )
p1-Az R W) i
this implies =zb € Y, therefore o(M.|y) 2 D™,
Note that, 1 € Y implies VA € D, M, — A is not onto, thus o(M,|y) =D~. O

From Lemma 2.3.5, we see that o(L|y) = D™, and so

VM € Lat(L, ), o(L|p) D™,

where Lat(L,)) is the lattice of L-invariant subspace of ).

2.3.2 Pseudocontinuation method 1

In this subsection we show that if M is a weak*-closed L-invariant subspace of )
with M # Y, then every f € M is contained in the Nevanlinna class N(ID) and has

a pseudocontinuation in N (D).

First, we introduce the Cauchy transform.

For A € C, p € M(D™), the complex regular Borel measures with support in D,
define the Newtonian potential U,()\) = [, CTL“'/\ZR Then U, € Lj,.(dA). Let E, =
{r € (0,00) : U,(r¢) € L*(T, |d§\)}, then by Fubini’s Theorem, E,, has full measure
in R* (see [4, p. 239)).

loc

Since U, € L},.(dA), we can (at least [dA] — a.e.) define the Cauchy transform of p

loc

by C.(A) = [5- dz“_ It is clear that C,()) is analytic off the support of p. In fact,

it is well-known that the Cauchy transform of any measure with support in T is in

H?(D) and H?(D,) for all p < 1 (see [28, p. 39]). Let u € M(D™), by considering the
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sweep of p into T, we see that C, € H?(ID,) for any 0 < p < 1. This also follows from
the following Lemma. Let CJ(C ) be the nontangential limit values of this function

which exists a.e. ( € T.

The following Lemma is the Lemma 3.2 in [4].
Lemma 2.3.6. Let pn € M(D™). Then for each 0 < p < 1, there is a constant ¢, > 0
with

|[dAN\VP ¢
( /A| G < P, e B,

2rr

Lemma 2.3.7. The polynomials are weak™ dense in X (D).

Proof. Let M be the weak™ closure of the polynomials in X'(D). Let f € D ® D,
fetM={ge Do D,(g,b)p =0,Yb € M}, and suppose f(z) = > a,z", then
n=0
0={(f,2p=(+1)a;i=0,1,---, thus f =0 and so M = X (D). ]
Recall S = {(zh) : h € D ® D}, and the norm in S is defined by ||(zh)'||s =

1Pl pep-
Lemma 2.3.8. Let f € Y, ¢ € S, then ¢, f¢ € L'(D), where L'(D) = {f : [, | f|dA <

Proof. Let ¢ € S, then there exists an h € D ® D, such that ¢ = (zh)". Suppose h =
ST f2, fi € D with _ || fill% < oo. Since fi, f/ € LZ(D), we have ¢ = (zh) € L'(D).
i=1 i=1
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By Lemma 2.3.5, if f € I, we have
[1rsiaa= [ 1scryiaa= [ if S 2+ 2241
<o ([ lrtars [ Ir5sia)
<o [(f npaara(f ras
+ ([ 1£8Eaay [ |fPaay
<Ol <

[]

Proposition 2.3.9. Let f € Y, ¢ € S. Let djy = fodA, dus = ¢dA, where dA is the

dpi(z)
z—A

area measure on D. Then Cy,, (X) = [y is continuous on D, i =1,2.

Proof. Note that if g € L°(dA) has compact support, then [ %d/l(z) is continuous
on D.

Let A € D, suppose |A| < r < 1, then

I, is continuous at A since fox|,<r € L®(dA). By Lemma 2.3.8, f¢ € L'(D), we
have I, is also continuous at A. Thus C,, (\) = [, @dA(Z) is continuous on D.

Similarly, Cy,(\) = [, @dA(z) is continuous on D.
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We now prove the main Theorem about the pseudocontinuations of the functions in
the proper weak*-closed L-invariant subspace of )). The proof is similar to Theorem
4.8 in [4], the main difference being that we need to work with weak™ continuous linear
functionals instead of continuous functionals. Also, there are certain simplifications
in our case, because the authors in [4] consider more general measures.

Theorem 2.3.10. Let M be a weak*-closed L-invariant subspace of Y with M # Y.

Then every f € M s contained in the Nevanlinna class N(D) and has a

pseudocontinuation in N(D,).
Proof. Note that *M ={h € D® D : (h, f)popy) = 0,Yf € M}. Let
A=UM)={peS:¢=(zh),hec M}, (2.3.1)

where U : D ® D — S, Uh = (zh)’ is isometric. Then tM = U1 A, and for ¢ € A,
there is an h € * M, such that ¢ = (zh)/,

(¢, Flrzw) = (b, flpepy) =0, feM. (2.3.2)

Let f € M, note that when [A| < 1,722 = (1 — AL|y)"'L|sf € M. Thus for

nonzero ¢ € A, by (2.3.2), we have (%&)‘),gb)Lg(D) =0 for all |A\| < 1.

By Proposition 2.3.9, we have for each r € (0,1) and |¢| =1

¢ JA(2) = fo

160 | [ T sdAG), (2.3.3)

For 7 € (0,1), |A| < 1 define ®,(\) = [ _ 2ELdA(2).

lz|<r Z—r/A
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By Lemma 2.3.8, f € M,¢ € S implies f¢,¢ € L'(D), and by Lemma 2.3.6, @, €
HP(D) for all 0 < p < 1 and

||| e < cp/ |p|dA, Vr e (0,1). (2.3.4)
D
Moreover ®,(A) — ®(N) := [, £ 1/AalA( z) uniformly on compact sets as r — 17. By
Fatou’s Lemma and (2.3.4) Vs <1
27 27
Lo dt ity AL
/ (s P < liminf/ 1B, (se)|P L < (cp/ |¢|dA>p, (2.3.5)
0 21 r—1 0 21 D

thus © € H?(D).

Using power series we have ®(A\) = —A > A" [ Z"¢(2)dA(z). Since the polynomials
n=0
are weak® dense in X(D) and (h, 2=)p = (¢, 2")12(n), We have [ Z"¢(2)dA(z) =

) ntl

0,Vn implies ¢ = 0. But M # ), we conclude that ® # 0 whenever ¢ # 0.

z—r/¢
z—r/(s0)

convergence theorem shows that the non-tangential boundary values of ®,. are given

“dCH_a'e' by (I)T(C) f| |<r z— r(dA< )

Note that if s < 1,]z] <r < 1, then

‘ < 2. An application of the dominated

Now we show that for any 0 < p <1

/|< ORI (2.3.6)

is uniformly bounded for r € (0, 1).

Note that since ¢ is analytic, we have f| 9() dA(z) = 0, then

|[>r z—r¢
1B,(0)] = |—]/H<T

)dA()

‘_‘ p2—1C
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By (2.3.3), we get for any 0 < p < 1

1RO = )f(rc 9 )

DZ—TC

p

dA(2)

) D z—rC

thus for any 0 < p <1

r()®,.(O)|Pld¢| =
[ weae@raa= [

< cp/ |fo|dA by Lemma 2.3.6,
D

f(2)é(2)

p 2—1¢

aA(2)| la¢

therefore (2.3.6) is uniformly bounded for 0 < p < 1 and r € (0,1).
Now we can show that f € N(D).

The uniform boundedness of (2.3.6) implies that f(rA)®,()\) is uniformly bounded
on compact subsets of D (see e.g [28, p. 36]). Hence by a normal family argument
f(r,A)®,, (A) — H(A) uniformly on compact sets for some sequence r, — 1 with

€ (0,1). By Fatou’s Lemma, H € H?(D). Note that ®,(\) — ®()\) uniformly on
compact sets as r — 17 and & € H?(D), ® # 0, we have f® = H with ® # 0 and so

f = H/® is a Nevanlinna function.
Now, we show that f has a pseudocontinuation across T.

Let duy(2) = f(2)0(2)dA(2), dus(2) = ¢(2)dA(z), where ¢ € A, then by Corollary
3.4 in [4], Cy,(r¢) — CF(() in measure [|d(|] as r — 17, i = 1,2, where C}f(() are
In.i=1,2.

the nontangential limit values of C,

Note that by (2.3.3), for [A| < 1, f(A fD
CH(¢),ae]ldC]], asm— 17,

dA fD o vdA, therefore C+ (O f(r¢) —

zZ—
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When [A| > 1, C\,,(A) = [, 255dA = 5 z & [y 2" 6(2)dA(2), then C,,(\) # 0 in

n=0

D.. Note that by Lemma 2.3.6, C,, € H?(D.),i = 1,2 for any 0 < p < 1, thus

CM (\)
1y (V) 1D

is a pseudocontinuation of f. m

e

2.3.3 Pseudocontinuation method 2

In this subsection we use the idea in [54] to show that if M is a weak™*-closed
L-invariant subspace of )} with M # ), then every f € M is contained in the
Nevanlinna class N (D) and has a pseudocontinuation in N(D,).

Lemma 2.3.11. Let g € Hol(D), then |¢'|*dA is a Carleson measure for D if and
only if

[ireroeZ <cispvs e,

(

where D.(g) = [; l9(zx)—g(w)|? |dw]|

|z—w|? 27

18 the local Dirichlet integral of g at z.

Proof. Note that D.(g) = [, |9 (w)[? Lofwl? dAW) (g0 [52]), we have

[1-—zwl?

/T FERD S ~ [ 1Pl
- [1s / P s o~ L)) )

Zw|? 27 T

= [1gwr s - (w2

< A llglD,

where in the second to the last inequality we used f € D implies f € BMOA, the

conclusion follows. OJ

Lemma 2.3.12. Let h€ D ® D,b € X(D), then D¢(h,b) € L*(T) and

[ o = [wema el
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where De(h,b) = [, C)=hOIECI=HE) ldui

I¢—wl]?

Therefore (h,b)p = [ h(2)b(2)1ZL + [ De(h, b) %l

Proof. Let P = {p: pis a polynomial}, then P is dense in D and P C Hol(D™). By
Theorem 1.3 in [55], we have POP is dense in D ® D.

If he POP,h = z f:g:, then
=1

D¢ (h, b) :/ (R (w) = h(Q) (b(w) — b(C)) |dw]

|¢ — w|? 27
:/Z(f( )gi(w) J;g(C_)iU(é))(( ) (C))\ZW!

[ (0:0) — 0OV =K
—;</Tfl< ) e i

n /Tgi(é) (fi(w) = fi())(b(w) = b(C)) \dwl)

¢ — w]? o

If b € X(D), then apply Holder’s inequality,

/|D<hb@

SN ICIENONE w<gi>>%';ljf'

<3l / ) PDu0) jf‘ﬁ( / Dw<g@->'§i‘;’>%

/ G NCESHYENGESD

< S Cllflolalo.
i=1

where in the last inequality we used Lemma 2.3.11.

44



For any h € D ® D, using Fatou’s Lemma, we have [..|Dc(h, b)|% < 0.

Note that
(9i(w) — gi(Q)) (b(w) = b(¢)) |duw] |d]|
//fi(w) |¢ —w|? 21 2w
1—|z|? dA(z) |dw|
/fl / () )|1 wz|> 7 2w
; ) 1= |2 |dw| dA(z)
/gZ () /fl —wz]2 2r 7
-/ ﬁ(z)gﬂz)b/@ﬁ,
D m
we have for any h € POP, [ D¢(h,b) |d<| = [, (= (z). Thus, [; D¢(h, b)% =

U

iy ()0 (2) 222 holds for any h € D @ D andbeX( )

Lemma 2.3.13. Let h€ D ® D,b € X(D), then

e” , —|dz| dt
— h(re™))(b(z) — b(ret)) == |— <
o [ S0 - e T e

Proof. For r € (0,1), let

Teits y —|dz| dt
b= 1] G S ) — e B R S

1— re”
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Suppose h = Y f;g;, where f;,g; € D, then
j=1

o0

I - / / NN (2)gs(2) — f(re)gs(re))-

(1 —reitz)? <=
J_
——|dz| dt
b(z) — b(re)) 12 28
(6 — i) o | o

|
- 1] s o [60ae) - s

Jj=1

B — 0o + g, ) (5(2) — i(re))
) - b(reit))} el 2
o dt

= 9i(2) = g;(re") 1
<> [ [inen [ 12Ty

7=1

/| ) — b(re') |2 dt)l |dz|
—reit 2

; fi(z) — f;(re) \dz\

+ [lgyeni [ EEZLG I
/| z) —bre’t ’2|dz|) L dt
— rett or ' 2m

b(re') ‘2 dt |dz|

< )2 3
_j; /’fj ’/’ — rett 27T27r)
//|g] — g;(re) |2 dt |dz|)%
— rett 2 27

b(re') |2|d,z| dt 1

zt 2
/|gJ re)l /’ ret 27 27r)

//|fj — fi(re™) |2|dz| dt) ]
— reit 21 27w

note that b(z) exists a.e. on T, and for a.e. z € T, (i l;(w) € H?*(D), thus

)= ) o Qplddl _
[t o [P =R ),

[NIES
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Also by Lemma 3.3 in [52], for any f € H*(D), A € D,

— f(A A
B < oni(h), where ¢ = -
Thus
> dz| 1
LY [ 160PD0 o+

Jj=1

C( [ lay(re") D)3 15

(Clslollgsllo + gl ol £l )

Cllillollgsllp,

oo
<2
J=1
oo
<
Jj=1

where in the second to the last inequality we used Lemma 2.3.11, and g;,(2) = g;(rz).

Therefore sup I, < oc. O]
0<r<1

Using Lemma 2.3.12, we have the following corresponding Lemma as the Lemma 2.1

Lemma 2.3.14. Leth € D® D,b € X(D),A € D, and o, 5 € C. Then

(1 5hbo = [ (W + D)
Az ——|dz]
-/ e srUOLOY =3

and

|dz|
2

Az ——|dz| 2 .
/