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ABSTRACT

The purpose of this thesis is to compare the performance of two finite element

formulations when applied to nonlinear dynamic system analysis. One of these formulations

is a new approach to the finite element method based on Hamilton's law of varying action.

That approach will be called a bilinear approach or method in this thesis. Its performance will

be compared against that of a widely used in nonlinear systems dynamics variational approach

to the finite element method.

This study evaluates the convergence characteristics and speed (CPU time) for these

two approaches in application to such single and two-degree-of-freedom dynamical systems

as mass-damper-spring systems and a helicopter blade modeled as a rigid body with flap and

lead-lag degrees of freedom. It is shown that the bilinear approach is slower than the

variational approach in terms of CPU time. On the other hand, the bilinear approach

produces steady-state solutions more often than the variational approach, particularly for

systems with strong nonlinearities.

Also, the program based on the bilinear approach is easier to use because the only

change necessary to analyze different dynamical systems is a modification of subroutines

computing inertia, damping, stiffiiess and forcing function arrays. This is not the case for the

computer implementation of the variational method. That approach requires defining separate

linear and nonlinear mass, damping and stiffness matrices. That may be very difficult for

complex dynamical systems.
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NOMENCLATURE

= Linear operator on vA(v)

= Section lift curve slopea

B(q, v) = Bilinear operator on q, v

= Damping matrixC

Cd = Drag coefficient

= Lift coefficientCl

= Blade chord, mc

= Coefficients in the expression for ClCo, Cl

do, dj, dj = Coefficients in the expression for Cd

= Matrix, special error functionalE

= Forcing function amplitude, NFo

Q, Qnl = Linear, Nonlinear force vector

G = Test function matrix

= Shape function matrixH

= Blade moment of inertia, kg m^I

K = Stiffness matrix

kp, k(- = Spring rate about flap and lead-lag hinges, respectively

= Inertia matrix, generalized aerodynamic moments in Equation (51), Nm

= Generalized momentum, kg/s

M

P

= Nodal displacement vector in bilinear methodP

X



= Displacement vector, meterq

= Approximation to qq

= Rotor radiusR

= Radial distance along elastic axis in Equation (52), m, and vector of arbitraryr

constants in Equations (23) and (25)

= Kinetic energy, NmT

= Blade cross section air velocity components, m/sUp,Ut

= Velocity, m/su

= Potential energy function. Joules and blade cross section resultant airV

velocity, m/s

GREEK SYMBOLS

= Angle of attack, rada

P = Blade flapping angle, rad

6(.) = Variation of (.)

6T, 6 V = Variation of kinetic and strain energies

C = Blade lead-lag angle, rad

Cp. Cc = Viscous damping ratio in flap and lead-lag hinges, respectively

= Blade pitch at 0.75 of blade radius0

k = Lagrange multiplier and induced inflow in Equation (54)

= Advance ratio
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5 = Nodal displacement vector in variational method

= Vector of test functionsV

= Dimensionless rotating flap natural frequency'’p

= Vector of test function approximationsV

= Air mass densityP

= Local time coordinateT

= Nondimensional time, w .t, and azimuth (position of a rotor blade), degree'I'

Q = Rotor blade angular velocity, rad/s

= Natural frequency, rad/s(O

= Nondimensional, nonrotating flap frequency(Op

= Nondimensional, nonrotating lead-lag frequency(0
c

d
(•)

dt
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CHAPTER 1

INTRODUCTION

The analysis of rotating blade dynamics in flight is difficult due to the complexity of

rotor structure, and variations in inflow velocities and resulting air loads. These airloads

are in most cases periodic and affect in-plane, out of plane and torsional blade motions.

The system of equations describing the motion of helicopter or wind turbine rotor

blades can be described using a system of nonlinear ordinary differential equations. The

stability of such a system can be analyzed using  a system of equations linearized about the

steady state solution of the nonlinear system.

One of the most popular methods to investigate the dynamic response of rotor blades

is the variational time finite element method based on Hamilton's principle (Panda and

Chopra, 1986) and the Galerkin-type finite element method (Straub and Friedmann, 1981).

Other methods that can be found in recent publications are the variational finite element

method based on weak Hamilton formulation (Borri et.al, 1985) and the bilinear finite

element method based on Hamilton's law of varying action (Izadpanah, 1986 ,and Kawiecki

and Sivaneri, 1994). These finite element methods, which have been widely used in the

structural analysis problems, have a great potential to solve complex (e g., rotor blade)

dynamics problems.

One of the most promising methods to investigate the response of dynamical systems

is the bilinear formulation of Hamilton's law of varying action. Izadpanah (1986), and Peters

and Izadpanah (1988) used the bilinear formulation to analyze the response of a single degree
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of freedom linear system. Kawiecki and Sivaneri (1994) extended the bilinear formulation to

nonlinear systems and applied it to analyze the dynamics of a rotor blade modeled as

nonlinear multiple degree of freedom system.

a

Objective

The main objective of this thesis is to compare the performance of the variational

time finite element approach based on Hamilton's principle with the performance of the

bilinear finite element in time approach of Hamilton's law of varying action to analyze

nonlinear system dynamics. This study will estimate the convergence characteristics and

speed (CPU time) for these two approaches in application to one and two degrees of freedom

mass, damper, and spring nonlinear systems. The performance of both investigated methods

applied to the rotor blade dynamics problem is also investigated. The rotor blade is modeled

as a rigid body with flap and lead-lag degrees of freedom.

Literature Review

The following literature review is limited to studies analyzing applications of the

variational approach and the bilinear approach to investigate the dynamic response of rotating

blades.

Application of the Variational Approach to Helicopter Rotor Blade
Dynamics Analysis

Panda and Chopra (1986) examined the aeroelastic stability of flap bending, lead-lag

bending and torsion of hingeless and bearingless rotor blades in forward flight using the finite
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element in time formulation. The blade was modeled as an elastic beam and discretized into

beam elements. Each element had fifteen degrees of freedom.

The system of nonlinear, periodic differential equations was transformed to the

modal space using six or seven (depending on a particular case) most significant

eigenvectors. The resulting system was solved iteratively using Floquet transition matrix

theory.

The blade stability solution was obtained using the periodic perturbation equations

linearized about the steady state equilibrium position. These blade perturbation equations

then were transformed to six or seven normal mode equations. The details of the formulation

can be found in Sivaneri and Chopra (1982 and 1984).

Results of that study showed that four beam elements were sufficient to obtain

satisfactory response and stability solutions for  a hingeless rotor blade, but six elements were

needed to get satisfactory solutions for a bearingless rotor blade, as shown by the

convergence study.

Friedmann and Kottapalli (1982) investigated the aeroelastic stability and response

of an elastic-isolated (hingeless) blade in forward flight. The spatial dependence of partial

differential nonlinear equations of motion was discretized using a multimodal Galerkin's

method. The nonlinear time dependent equilibrium position or steady state response was

obtained by solving a sequence of linear periodic response problem (quasilinearization). That

investigation showed that converged solutions could be obtained within three revolutions.

Panda and Chopra (1987) investigated the aeroelastic stability and response of flap

bending, lead-lag bending and torsion (three-degree of freedom) of a four-blade hingeless

3



rotor made of composite materials in forward flight using a finite element formulation based

on Hamilton's principle. Nonlinear periodic equations were solved for steady blade response

(periodic) solution using two different methods. The first method, used to calculate the

initial conditions, was an iterative procedure based on Floquet theory. The second method

was a time finite element formulation. Cubic and quadratic shape functions were used. It was

found that the finite element method was more computationally efficient. That investigation

also evaluated the influence of composite plies orientation on rotor dynamics.

Application of the Variational Approach to Wind Turbine Rotor Blade
Dynamics Analysis

Friedmann (1976) derived the nonlinear differential equations of motion for a single

pretwisted cantilevered wind turbine blade. His formulation included distributed torsional

stffiiess without root torsional flexibility. He noted that the torsional degree of freedom was

less important than in helicopter blade aeroelastic problem because of a high torsional rigidity

of a wind turbine configuration.

The system of nonlinear partial differential equations for the coupled flap-lag torsional

motion of the blade was derived using Houbolt and Brooks's (1958) approach . Resulting

partial differential equations of motion were used to obtain the aeroelastic stability

boundaries for a single wind turbine blade. The mathematical formulation of this problem was

not given in that paper.

Kottapalli (1979) et.al. formulated a system of coupled flap-lag-torsion, periodic,

nonlinear differential equations motion of an isolated horizontal axis wind turbine blade.

That work was based on the following assumptions; (a) the blade material was isotropic, (b)
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the cross-sectional blade shape was unaffected by deformations, (c) deflections, strains, and

rotations (slopes) were small, (d) the blade-tower coupling was neglected.

Chopra and Dugundji (1979) used Lagrange's equations to derive nonlinear

equations of motion for an isolated three-degree-of-ffeedom rotor blade. The resulting

nonlinear algebraic equations were solved numerically using the Newton-Raphson iterative

technique. The limit cycle analysis for forced oscillations due to periodic forces from the

gravity field and wind shear was performed.

Application of the Bilinear Approach to Helicopter Rotor Blade
Dynamics Analysis

Izadpanah (1986), and Peters and Izadpanah (1988) applied the time finite element

to a single-degree-of-freedom flapping motion of  a rotor blade in hover and forward flight.

That study has demonstrated that the trailing terms in the numerical formulation of Hamilton's

law of varying action must be applied in terms of momenta to guarantee the convergence of

initial value problems.

Sivaneri and Kawiecki (1989) used the bilinear time-finite-element approach to

obtain an approximate solution of the steady response of a rotor blade problem. In that paper,

the finite element method based on Hamilton's principle was used to discretize the spatial

dependence of the equations of motion and the bilinear approach of Hamilton's law of varying

action was used to discretize the temporal dependence of the equations of motion.

Kawiecki and Sivaneri (1994) applied the finite element method in time based on the

bilinear approach to analyze a nonlinear multidegree of freedom dynamical model of a rotor

blade. Similarly as in their earlier work, they used the bilinear formulation of Hamilton's law
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of varying action to discretize the temporal dependence of the equations of motion. The blade

was modeled as a rigid body.

Two approaches to discretization of the temporal dependence of the equations of

motion were used in that study. The first approach was used to obtain the response of general

dynamic system using marching in time. This method was applied to find the Floquet

transition matrix to test the stability of the blade motion. The second approach was used to

obtain the solution of a helicopter blade steady state periodic-response problem using an

assumption that the solution was identical at the beginning and the end of one revolution. Test

functions based on the Legendre polynomials were used.

6



CHAPTER 2

DERIVATION OF VARIATIONAL AND BILINEAR METHODS

In this chapter, both the variational approach and the bilinear approach to the finite

element method are outlined.

The Variational Method

The variational time finite element method is based on Hamilton's principle. A

mathematical statement of Hamilton's principle is

h

6^(0 -T)dt = 0 (1)

where U : the potential energy and

T : the kinetic energy.

A more general statement of Hamilton's principle is Hamilton's law that expresses dynamic

equations . This Hamilton's law can be expressed as

h h

6 JCU -T) dt - JftW dt = 0 (2)

‘i

where 6U, 6T, 6W are the variation of strain energy, the variation of kinetic energy, and the

virtual work done, respectively.
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Discretization in Time

The equations of motion in the modal space have the following form

[M] {q} . [C (¤)] {4} .[K (Hr)] {q} = {Q (+)} (3)

where [M] :  inertia matrix

[C] ;  damping matrix

[K] ;  stiffness matrix

[Q('l')] • ^ force vector containing nonlinear and periodic terms.

:  azimuth and'I'

{q} :  a nodal displacement vector.

Multiplying Equation (3) by (6q} and integrating it by parts for i|r we arrive at

I {6q}M[M] {q} . [C] {4} . [K] {q} - (Q (Hr)}} dHr (4)= 0

Rearrange Equation (4) to obtain

r  r{Q (Hr)} -[C] {4} -[K] {ql

J U64}i 1 [M] {4} }dijr = {0 } (5)

♦i

where

{Q (*)} -[C] {4} -[K] {q}
[M] {4}{ }{Q} =

and

8



{6Y}

which reduces to

♦f

|{6YF {Q} d!|r (6)= 0

In the linearization process, Q function can be expressed using a first order Taylor series

expansion of {Q} about {Q}, as follows

(  K - \ ( K -\{Q } {Aq}. {Q} {A4}....
I, fi {q} V 6^}

{Q} = {Q}. (7)

where {Q} is the value of the Q function as well as all its derivatives at point tjj = i|fo.

Equation (6) can then be written in the incremental form

|{6YF {Q} di|r . [kj {AY} di|i (8)= 0

♦i ♦i

This is an energy expression for the entire system, where

6{Q} a{Q}-[K] . [C] .
6{q} 6{<i}

0 [M]

9



A time period corresponding to one revolution is discretized into N time elements and the

displacement vector in each element is expressed in terms of shape functions and nodal

displacements, namely

(9){q} = [H(i|r)] il).

The velocity vector can be written as

in) - [HWl U). (10)

Substituting these two equations into equation (8), we will arrive at

{Q^"} . [Kf] = 0 (11)

where

♦i.1 T

-  H(i|r)
{Q}'

H(

H(i|r)«  N r K
iQ 1 = E .i-l J KH

(12)dt|r
i|r)(i|r)

*i

♦i.1 T
H(i|f) H(i|r)N  r t

= E ( .J [h(+)
(13)dijr

H(,|r)
♦i

are lower and upper time integration limits for element i, respectively.and i|i. and ip

and (A 5°) is the incremental global vector of normal coordinates. Then, we apply the

i.I

periodic boundary condition .0)}. {5°(i|r .2n)}( one revolution from 0 to 2

n), so

10



{Q""} . {K®} {A5®} = 0 (14)

The steady-state response vector {$°) is obtained iteratively. The details of this procedure

can be found in Sivaneri and Chopra (1982), and Panda and Chopra (1987).

The Bilinear Method

This formulations is based on the work by Peters and Izadpanah( 1988). Details are

given in Izadpanah (1986), Sivaneri and Kawiecki (1989), and Kawiecki and Sivaneri (1994).

Discretization in Time

The discretization in time is performed using Hamilton's law of varying action.

Consider the equation of motion given in Equation  3 which is multiplied by a test function and

integrated over domain (0, i|;), so that

¤ ¤

Jlv) ([M]{q} . [C] {4} . [K] {q}) d+ = Jlv} {Q (i|r)} diir (15)

0

Integrating by parts and rearranging yields

/i::Fi
0

[C]{4}.[K]{q}

- [M] 14} } di|r =

il-/cr(
[M] {4} Q(ik)}

dHr (16)
{0} {0}

0

11



The momenta at the beginning and end of the time period are

[M] { 4 (0) } = {P,}

(17)

[M] in (¤) } = {P^}

In the bilinear form, Equation (16) has the form of B(q, v) = A(v) where

} !:;r fC] {4} . [K] {q}-  [M] {4} } (18)B(q,v) = dUr

0

A(v) = (19)di|r

0

The above results show that Equations (18) and (19) are equivalent to Equation (3) or

¤

B(q,v) - A(v) = |{v} ([M] {4} . [C] {4} MK] {q} -  1 Q(4r)}) di|r
0

- {v(0)} { {PJ - [M] 14(0)} } . {v(i|r)} { {P^} - [M] {4(4r)} } = 0 (20)

The error equation for this formulation can be found if the exact solution (q) is substituted

by a trial function vector (q), so that

E (q.v) . B (q,v) - A (v) (21)

12



For initial value problems with { } known and { } unknown (v (^r)) -0 must be chosen

to eliminate the unknown from the error equation and (v (0)) 0 should be chosen to

allow the natural convergence of {P^) - [M ] ) to the initial value condition. The

details are given in Izadpanah (1986).

The displacement and test functions are next discretized in the time domain,

{ql = [H(*)] ip) (22)

Ivl = [G(i|f)] Irl (23)

where [G(i|f)] and [H(i|;)] . the shape function matrices such that Gij(i|;) ̂  Hij(\l;)

:  the nodal displacement vectors

:  the vector of arbitrary constants.

Because this discretization deals with an initial value problem, the displacement vector {q}

and the generalized momenta vector {P} are known only at the first mode of the time

element. Therefore the constraints are

{p}

{r}

q (0) = [H(0)] {p} = q„ (24)

V (¤) = [G(i|f)] {rl = 0 (25)

Substituting Equations (24) and (25) to Equation (20) and introducing a vector of the

Lagrange multipliers, X, we obtain

13



J{A}[B] [G(i|r)] l{p}

.[H(0)] [0] J [{^) (26)

This equation is solved over several revolutions in order to obtain a steady-state periodical

solution. Further details are given in Kawiecki and Sivaneri (1994).

14



CHAPTER 3

APPLICATION OF VARIATIONAL AND BILINEAR METHODS

TO A NONLINEAR DYNAMICAL ANALYSIS

The performance of these two methods are compared by applying them to obtain the

response of two different spring-mass-damper nonlinear systems and of a helicopter rigid

blade system. Existing programs are used. The programs are modified by writing new

subroutines generating linear mass, damping, stiffness and force matrices and nonlinear

damping, stiffhess and force matrices for the variational algorithm. Programs based on fifth

order Runge-Kutta and Gear's algorithms available in IMSL FORTRAN libraries are used

to validate the investigated imposed periodicity methods. The CPU time used by both

investigated algorithms is measured using calls to the processor clock inserted at the

beginning and at the end of main programs. The objectives of this study involve

(a) the comparison of the efficiency of both algorithms based on their speed (CPU time), and

(b) the comparison of their convergence characteristics when applied to the analysis of

nonlinear systems dynamics.

A Single Degree of Freedom System

The algorithms described above are used to analyze a simple one degree of freedom

system. This is a spring-mass-damper system shown in Figure 1. The equation of motion

describing this system is

15



[m] {q} . [c] {4} . [k] {q} = {Q(4f)} (27)

where Q(i);) = FqCos (a).il;). Next, the spring is made nonlinear by defining k = (N/m) and

Equation (27) becomes Duffing's equation, see Thompson and Stewart (1986). The

numerical values for the problem are as follows

m = 1.0 kg Fo = 0.2 N

<i) = 1.0 rad/s c = 0.08 Ns/m

////////////A

k
c

m

T

I q

Q(v)

Figure 1 A Schematic of a Spring-Mass-Damper System
(Single Degree of Freedom)

The Variational Method

If the nonlinear term is moved to the right-hand side, the Equation (27) becomes

[m ] {q } ̂ [c ] {4 } = {Fp Cos (o). i|r) J - {q^ } (28)

16



From Equation (8), one obtains

F^.Cos («.♦) - {q*}- [c] {4}

[“ 1 { 4 }
{Q} = (29)

- {3qM -[c]
[0] [m]

(30)[kj =

*{»(♦){$}}

*{«(♦) {U}.
{6Y} = (31)

where

H. = 1 -
a

(32)
’

By substituting Equations (29)-(32) into Equation (11), we obtain a system of linear

equations that can be solved iteratively for nodal displacements {q} and velocities {q }.

The Bilinear Method

For one degree of freedom, two shape functions, and one element, the equations for

a spring-mass-damper system can be presented as

♦

/
H,(i|r) H,(^)

H,(+) H,(t|r)

G,(i|r) G,(+)

G,(i|r) Gj(i|r)

P.(+)
G,(i|r)

k  c Pi
di|r

0  - m Pi
0

X
[H,(0) H,(0)] 0 0

(33)

17



rG,(*) G,(+) jQ
] Gj(i|r) G,(t) 0

G,(0) G,(0)

G^CO) G,(0)

[m].«i
1

di|r +
0

0

[P,]

For Hi(0) = G,(i|i) = 1 and HjCO) = GjCij;) = 0, the above equation can be rewritten as

B.. B
11

A112 1

(34)B., B
21

0 h22

^2X1  0 0

Hff'J pj I ■ “ 4

+ c q
where (35)B = di|r,

0

-/tr
0

v,(0)r

VjCO)
(36)[Q]di|r ¤ [m]

Az = Pi,

X = [m ] .

(37)

By considering Equations (22) and (23), the shape functions become

H,(i|r) = 1 - and H,(i|f) = ^
A  A

G,(i|r) = and G,(*) = 1
A

¤
A

(38)

(39)

18



In the above equations p, and f>j are known, while pj. A, and pj are unknown.

A Two Degrees of Freedom System

The previously outlined methods are also used to investigate the dynamics of the two-

degree-of- freedom mass-spring-damper system shown in Figure 2.

//////////
Cl

m
1

V2t  >^2
Qm

m 2

U

Figure 2. A Schematic of a Spring-Mass-Damper System
(Two Degrees of Freedom)

The stiffness coefficients of the springs are defined as

k, = a, q, + b

^2

a, =2.0N/m^ b, = 5.0N/m

aj =5.0N/m^ b2 = 2.0N/m

where

The equations of motion for this system are given by

19



[m,] {ii,}. [c,

[m,] {(,}. |c,I {4,}. [c,] {(!,}- [t,] [k,] {q,}- {Q.W

=1 M- [',1 (Ii) - [‘i- ‘-I {I.} - f'‘=i {q.}-+ c

(41)

The numerical values for this system are chosen as

= 5.0 kg mj = 8.0 kg Fo= 1.0 Nm1

= 5.0 Ns/m Cj = 8.0 Ns/m o) = 1.0 rad/sCl

= 6° Q,(tl») = 0.0 Q2(’1') = Fo Cos(fa) t)•lep

The Variational Method

Equations (40) and (41) can be written in the matrix form

If1
0 4.m 04)1

» _

{Q:(i|f)0
-

“2 42 -^2 42

or

[M] {q} . [C] {4} ̂ [K] {q} = {Q(+)} (42)

0m
1

where [M] :  inertia matrix.
0  nij

C, ¤ C2 - C2
[C] ;  damping matrix,

-^2 <=2

(43)

k, . k2 - kj
[K] :  stiffness matrix.

-^2 1^2

20



Q,(+)

Q,(t)
:  force matrix.[Qm =

After expanding and simplifying the nonlinear and linear terms, {Qnl} can be represented as

2 2 2

0 * ®2‘J2‘»1 - »2<ll - * *2^1 <l2
Qnl = (44)

Fq Cos (co t) 2 2

»2‘ll - ^2^2% ̂  «2‘l2 - »2%<i2

b, . b, - b,
where the last term of Equation (44) is defined as [K]nl, while [KJl =

- *>2 1>2

From Equation (44), we get

(2 a,q, - 2 a^q,. 2 a^q^) -(2 a^q, - 2 a^q^)

-(2a,q,-2a,q2) -(2a,q,-2a,q,)

6Q
NL

(45)
6q

where

{q} = |H,(*) H3(ilr)] {5}

{4} = fH,( + ) H,(,!,)] {i}

By substituting these equations into Equation (11), we obtain a system of linear equations

which can be solved iteratively to obtain the vectors of nodal displacements (q) and

velocities {4 } for the above system.
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The Bilinear Method

From Equation (42) and using Equations (16), (22), and (23), we obtain

¤

/
G,(+) G2(+) [K] [C] |p
G,(i|r) G,(i|r) L® [MlJ [ H,(i|r) H,(i|r) [p^

I

■di|r =

(46)0

*

/ G,(i|r) G,(+) [Q,(t)
Q,(<l')G,(i|r)

G,(0) G,(0)

G,(0) G,(0)

|[M]<i(0)|
- di|r ^

0

where [M], [C], and [K] are defined by Equations (43). Let

♦

/
G,(ik) G,(i|r)

G,(+) G,(i|r)

«,(♦) H,(+)

H,(+) Hj(+)

[K] [C]

0  -[M]
[B] = dt|r

(47)0

G,(0) G,(0)

Gj(0) G,(0)

G,(i|r) G,(i|r)

G,(i|r) G,(^r)

Q,(+)

Q,('|r)

[M]q(0)
[A] = di|r *

0

0

then the bilinear formulation for a two-degree-of-freedom system results in the following

system of equations

B
22 A, B,. B

21P2 Pi24 23

(48)
B B A, B BP4 P342 41 43

From the above equation, we find the nodal displacements P2 and P4. The Lagrange

22



multipliers are

Pi P2
=  [AJ - [B -  [B B.4]11 n

Pj P4

(49)

Pi P2
= [A3] - [B B33I [B„ B,,]31

P3 P4

with
¤

Ai G,(i|r)Q,(i|r) “11 4,(0)

A, 0 0
di|r . (50)

A3 G3(+)Q3(i|r) “2243(0)

A4 0 0

0

k
1where Hi(0) = 1, H2(0) = 0, G,(i|;) = 1, and G2(i|;) = 0. Nodal velocities are 1^3(111) =

m
11

^2and ii/i|r) =
m

22

Application to a Rigid Blade Model

A comparative study of both methods performance when applied to the analysis of

rotor blade dynamics is performed. The blade model used in this study was developed by

Kaza and Kvatemik (1979). That model had flap and lead-lag degrees of freedom, as shown

in Figure 3.
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Axis of
Rotation

■lag A A Lead-lag
hinge

* Fla|>ping

^Flapping
hinge

Figure 3. A Schematic of a Flapping and Lead-Lag
Degree-of-Freedom System

(A Rigid Blade Model)

Equations of motion for this flap-lag blade model are

I P . 2Q I O . 2Cp Vp Q I 0 . vj QM p = Mp

(Oj Q I C - QM C = MjI C - 2Q I 0 p ^ 2C c

(51)

where
R

1Mp = - p c Cos (O Jr (Cl V - Cj, V Up) dr
0

R

1Mj . - - p c /r (C, V U, . V U,) dr
0

and

Cl = Co + Cl a

Cd ^ do + di a + dj a}

= <^p^ + 1, «p^ = kp/fl^I, and = k^/Q^I
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Dividing both sides of Equation (51) by produces the nondimensionalized equations of

motion

yCo6(0e . 2 t p . 2C, V, f . (1 . qJ) p . / ' V (C, U,
0

^/rV(C,U,.
0

2a

C

-  U,) dr

(52a)

C - 2 M ̂ 2Cf (Oj C * a>J C = - pU,)dr (52b)

where

U-r = r ( C + Cos P) + p(Cos i|; Cos p Sin C + Sin ijr Cos C) + A Sin p Sin C

Up = r ( p Cos C + Sin p Sin C ) + p Cos ijr Sin  P - A Cos p

V = /u^
(53)

and

A = p Sin a - Aj

(54)

Up
a =0- where

Ut
0 =00-0, Cos i|f - 02 Sin ij;.

Further details on the derivations of Equations 52 a and 52 b are given in Kaza and Kvatemik

(1979).

The steady-state response of the rigid blade model is obtained for the following blade

properties:

Co = 0.0 c, =5.7 do =0.01 d, = d2 =0.0
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Y =5.0 a =5.7 vp = 1.15 Cp =0.0

C( = 0.0 (Op = 1.14 0),= 1.5
(

X, =0.03744

\i =0.3 00 =0.1884 0. = 0.017231 01 =-0.116

In matrix form. Equation (52) becomes

(1 . a>J) 02P0 MP 0m P11

(55)
2P0  m c Pc0 a>22

where m,, = mjz = 1

Mp : the right-hand-side term of Equation (52a),

M j : the right-hand-side term of Equation (52b).

The Variational Method

Linear and nonlinear terms in Equation (55) have the following forms

2 Cp Vp 0 0  2 p

2 p 0
[C]l = [C]ML

0

(l.a>;) 0
[K]i.= [K]nl = [0] (56)

2
0 Ci>

c

M M

[Q(4»)]l = [Qm - [C]ML NL

“c NL
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6Mp 6M

ft C

6M„ 6M
-2P

6P 6C6Q 6Q
NNL L (57)

6<i .  *<1 .6Mj 6Mj
-2P

6p 6C

Equations (53) and (54) show that terms Uj, Up and A, depend on each other. To simplify the

problem of calculating derivatives of nonlinear terms as shown in Equations (57), it is

assumed that A, = p Sin 0 - A,j. The term UpAJ^- in Equation (54) is also neglected. That means

that the effect of inflow velocity components on the angle of attack is neglected.

The Bilinear Method

Matrices [M], [C], [K] and [Q(\|/)] can be defined using Equation (55). These matrices

have the following form

0 2CpVp 2P

2p 2CfO)f

m
11

[M] = [C] =
0  m

22

(l.o>J) 0
[K] = [Qm = _

2
0 M,b)

c

The bilinear method does not require separating the nonlinear terms from the linear

terms. That is usually a very tedious task and, thus, the bilinear algorithm is much easier to

use.
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CHAPTER 4

VALIDATION

In this chapter, the computer programs based on variational and bilinear algorithms

will be validated against known solutions of nonlinear problems. The known solutions used

in this study have been published by Thompson and Stewart (1986).

Duffing's Equation

Thompson and Stewart (1986) have produced several solutions of Buffing's equation

different sets of initial conditions. Solutions of the following equationwith

q*c <l + q^ = FpCos (t) where c = 0.08 and Fq = 0.2 are shown in Figure 4.

y ¤ k8 ¤ X* s Bcos t } k«0»o¥ B » 0»2 ( 5 coexisting oltractors
AltI  kUftfa'a <a,l MlutiM
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Figure 4. Solutions of Buffing's Equation by Thompson and Stewart (1986)
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The results shown in Figure 4 indicate clearly that the choice of initial conditions can

affect both the amplitude of a solution of a nonlinear equation and its period. Rows 1 and 2

show solutions with the same period but different amplitudes. Rows 3, 4, 5 show solutions

with period equal to two and three period lengths of the forcing function.

Verification

Selected solutions shown in Figure 4 are reproduced using variational and bilinear

algorithms. Figures 5 and 6 demonstrate the steady-state solution of Duffmg's equation

shown in the second row of Figure 4 obtained using variational and bilinear algorithms,

respectively. Similarly, Figures 7 and 8 show the solution of Duffmg's equation displayed in

the fourth row of Figure 4 obtained using the two investigated algorithms.

The agreement between solutions obtained by the imposed period algorithms and the

solutions presented by Thompson and Stewart (1986) is very good. Therefore, the bilinear

and variational algorithms are considered to be correct. Next, the speed (CPU time) and

convergence characteristics of both algorithms as applied to nonlinear dynamical systems

analysis are investigated.

29



(0
£

(D3
c
o<!>

O) .52
c
3 (0

>q:

OZL

099

E

•■E009 o
o
<
CO

ow §
•i
•c
CO
>08fr »

02t^ O)
®  c■O .2
^ «09€ £ &
3 UJ
E «

g>
ooe ^ e

o

o

o

o
(0

081- lO

.w
osi.

09

lo 0
lO O in in

Id 9 I

(ui) s^ueuieoeidsiQ

30





(0
is
3

ni<D
0)C3)
cc

3
q: m

I

T
osz

099

S
E

009
•■£
o
a>
<

OW (D

O

a
>08t^
«

£

02^ *5 =
0) D

S I
099 5 §

I ^C  v)

009 3
o
o

ovz c
o

1
o
(0

081.
r>-

£
.S>

OZl u.

09

0
GO <D CM O CM 'M- CO

do o o 9 9 9

(lu) s^uauiaoeidsjG

32



(D
ts
=>

I
CO<D
0)o>
cc

3
CQ

I

T F OZl

: 099

009 E

••E
o

<ow
(0
0)
c

m
08^

I

ost^ d> 3
0)
■O .

«>

3099

E g
00£ ^

O

O^Z .2
•S
o
(0

081. oo

£
3
O)

osi.

09

0
oo (D CNJ o CM ■M- CD
d d 9o o 9 9

(uj) s)ueujaoe|ds!a

33



CHAPTER 5

RESULTS

In this chapter, both the variational and bilinear approaches to the time finite element

method are applied to single and two degrees of freedom nonlinear dynamical systems

analysis. Numerical results obtained using both methods as well as CPU times and

convergence characteristics are compared. All computations were performed on a Digital vxt

2000 station.

A Single Degree of Freedom System

Algorithms based on variational and bilinear formulations are used to solve Equation

(27). This is DuflSng's Equation with two initial conditions (a) q = -0.67, 4 = 0.02 and (b)

4 = 0.30. Solutions of this equation for selected initial conditions can be foundq = -0.46,

in Thompson and Stewart (1986). First, Thompson and Stewarts' (1986) solutions are

reproduced by using a fifth order Runge-Kutta algorithm available in IMSL library. Second,

the last two of the five revolutions of these solutions are used as initial conditions for both

investigated approaches. Next, it is shown that for constant coefficients of Duffing's

Equation, the convergence characteristics of solutions for these nonlinear dynamical mass-

damper-spring systems depend on their initial conditions. Comparisons between results

obtained using the two investigated approaches are shown in Figures 9 and 10, and Tables

1 and 2.

a. Initial Conditions: q = -0.67 and 4 = 0.02
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Figure 9 shows the comparison between the results obtained using the two

investigated methods. Runge-Kutta solution computed for initial conditions q = -0.67, 4

= 0.02 was used as the initial condition. The length of the solution period equals to the length

of two forcing-function periods. Table 1 shows the comparison of their CPU time and

convergence characteristics.

Table 1. Solution Characteristics for Initial Conditions q = -0.67 and 4 = 0.02

ConvergenceMethods CPU Time (seconds)

Good agreement with the accurate steady
-state solution shown in Figure 4.

Bilinear 84. 638

Variational 9. 449

b. Initial Conditions: q = -0.46 and 4 = 0.30

Figure 10 shows the comparison between variational and bilinear algorithm results

computed using the Runge-Kutta solution obtained for initial conditions q = -0.46 and 4 =

0.30 as the initial condition. Table 2 shows the comparison of their CPU time and

convergence characteristics.

Table 2. Solution Characteristics for Initial Conditions q = -0 46 and 4 = 0.30

Methods CPU Time (seconds) Convergence

Bilinear 115. 642 Good agreement with the accurate steady
-state solution shown in Figure 4.

Variational 9. 606

A Two-Degree-of-Freedom System

Both approaches are applied to solve a system of equations used in this study to

model the following two-degree-of-freedom nonlinear dynamical systems: a mass-damper-
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spring system and a rigid body representation of  a helicopter rotor blade.

A Mass-Damper-Spring System

The two investigated algorithms are used to obtain a solution for Equations (40) and

(41). First, the solution of a linearized system is obtained using the bilinear algorithm. This

was done by neglecting nonlinear terms in inertia, damping, stiffiiess and forcing function

matrices. The displacement-velocity solution for the end of one revolution is used as the set

of initial conditions for the Runge-Kutta algorithm. Runge-Kutta solution over the first

revolution (the transient) solution was used as the initial condition for both investigated

algorithms. The comparison between resulting solutions is shown in Figure 11 and Table

3. Both algorithms show a good agreement with a high precision Runge-Kutta solution

(tolerance for error control = 0.1 E-09).

Table 3. Comparison between Results Obtained Using Variational and Bilinear
Approaches for Constant Coefficients a and b in Equations (40) and (41)

CPU Time (seconds) ConvergenceMethods

Bilinear Good agreement with Runge-Kutta solutions.8. 345

Variational Good agreement with Runge-Kutta solutions.1.659

Figures 12 and 13 show steady-state solutions obtained using the Runge-Kutta and

both investigated algorithms plotted over five revolutions. To gain an insight into the

convergence characteristics of both investigated algorithms, they are used to solve Equations

(40) and (41) for different stiffness-modifying coefficients a and b. The parameters used in

Equations (40) and (41) are as follows :

mi = 10.0 kg Qi ('I') = Fo Cos(q,) Cos(a) t) N ki= a, q,+b, N/m

mj = 15.0 kg Q2 ('!') = 0.0 ^2 ^ Q2 ^2 N/m
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(i) =1.0 rad/s C2 = 10.0 Ns/mCl =0.0 Ns/m

where a,, b,, aj, bj and F,, for different runs are given in Table 4. Results of this study are also

given in Table 4.

Table 4. Comparison between Results Obtained Using Variational and Bilinear
Approaches for Variable Coefficients a, b and Fp in Equations (40) and (41)

CPU Time (seconds)
No b bi F. Commentsa *21

Bilinear Variational

N. C. = Not Converged’^N. C.1 0.2 10 1 2 80 121.95

2 0.2 10 1 2 10 37.159 4.764

3 N. C.5 20 5 50 40 58.89

4 5 20 5 40 168.086 N. C.3

5 5 20 5 404 59.064 N. C.

6 5 20 5 40 85.426 N. C.60

7 5 20 5 80 40 58.474 N. C.

8 5 20 4 5 40 57.673 9.533

9 5 20 3 40 58.312 29.340*50 ♦Converged to different
steady-state solutions.

10 5 20 1 50 40 246.141 44.931*

11 5 50 40 N. C. N. C.40 3

12 5 40 3 25 40 161.365 N. C.

13 5 3 4020 25 49.397 8.27

14 2010 5 25 40 87.609 8.386

15 10 20 10 25 40 156.749 10.679

16 13 20 10 N. C.25 40 N. C.

17 13 20 257 40 122.886 13.012

(SO

1) The solution is assumed to be converged if. < 0. lE-03 for less than 500 iterations.
'  i-i
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Table 4 shows that the parameters of Equations (40) and (41) affect strongly

convergence characteristics for both algorithms. The Runge-Kutta method usually produces

a converged solution after marching through four to five periods. Figure 14 shows the results

determined using the variational method and bilinear method compared against the transient

solution (over the first period) obtained using the Runge-Kutta algorithm for case number

2 of Table 4. Imposed peridicity algorithms seem to converge to a steady-state solution

different than the solution obtained using the Runge-Kutta algorithm. Figure 15 shows a

comparison between results determined using both investigated methods and the converged

results obtained using the Runge-Kutta algorithm. The agreement is excellent. In this case,

the results obtained using the Runge-Kutta algorithm over the fifth revolution are shown.

Now, let us look at cases 1 and 3 of Table 4. Figure 16 and 18 show a comparison

between bilinear solutions and solutions obtained using the Runge-Kutta algorithm for the

cases number 1 and 3 of Table 4. Note that for those sets of parameters the variational

method did not converge at all. Figure 16 shows the comparison among the solutions

obtained using the bilinear algorithm the steady-state solutions obtained using Runge-Kutta

and Gear's algorithms. Although the steady-state solutions obtained using the bilinear method

and Runge-Kutta and Gear's algorithm are different, all of them are correct. According to

Thompson and Stewart (1986), the solution of a nonlinear, ordinary differential equation with

a linear, periodic forcing function depends on the initial conditions. The different solutions

shown in Figure 16 correspond, therefore, to different initial conditions. Since we have no

way to find out what initial conditions would give a Runge-Kutta solution identical to the
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bilinear solution, we reverse the problem and we use the converged Runge-Kutta solution as

the initial condition for the bilinear algorithm. The steady-state solution obtained in this way

was identical with the converged Runge-Kutta solution, as shown in Figure 17. We can notice

that in this case the bilinear algorithm initially converged to a different steady-state solution

because it was fed with a different initial guess. Figure 18 shows that the solutions obtained

by the bilinear and Runge-Kutta algorithms are identical for case number 3 of Table 4. In this

case, apparently, the initial conditions used for the Runge-Kutta program correspond to the

steady-state solution obtained using the bilinear algorithm with the solution of a linearized

system as an initial guess. Figure 19 shows results obtained using both investigated methods

against results obtained using the Runge-Kutta algorithm for the case number 10 of Table 4.

The results obtained by the variational algorithm converged to a steady-state solution different

than the results obtained by the bilinear and Runge-Kutta algorithms. The bilinear solution

was in good agreement with the results obtained using the Runge-Kutta algorithm. This is

another case of different, but equally legitimate steady-state solutions. In order to show that

the variational algorithm could also produce the converged Runge-Kutta solution, the latter

was used as an initial guess for the program based on the variational method. The converged

results obtained in this way were in excellent agreement with the Runge-Kutta solution, as

shown in Figure 20.

A Rigid Blade Model

A solution of a system of nonlinear differential equations modeling a rigid helicopter blade
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is attempted using both the bilinear and variational methods. A set of initial conditions for the

Runge-Kutta algorithm is obtained using the linearized bilinear algorithm. Then, the transient

Runge-Kutta solution is used as the initial condition for both methods.

Solutions were produced for p = 0.1, p = 0.2 and  p = 0.3. The program based on the

variational method failed to produce converged results. That is why Figures 21 to 26 show

comparisons between only two solutions: one obtained using the Runge-Kutta method and

the other produced using the bilinear algorithm. The corresponding CPU times for p = 0.3

were 14.457 seconds for Runge-Kutta algorithm and 330.230 seconds for the bilinear

algorithm. CPU times for p = 0.1 and p = 0.2 were very similar to those observed for p =

0.3.

The results obtained using the Runge-Kutta method and the bilinear algorithm are

different, but consedering our experience with the mass-damper-spring system analysis, we

know that they represent two correct solutions for this problem. However, it is evident that

the Runge-Kutta solution has a period equal to two period lengths of the forcing function

whereas the period of the bilinear solution is equal to the period of the forcing function. The

practical experience shows, see Friedmann and Kottapalli (1982), that the period of a

helicopter blade motion is equal to the period of the forcing fiinction-aerodynamical

disturbance due to the rotation of the rotor. Therefore, the bilinear solution is closer to the

physical reality.
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CHAPTER 6

CONCLUSIONS

The conclusions of this thesis are as follows;

1. Both the time finite element method which is based on the variational approach and the

time finite element method based on Hamilton's Law of varying action (bilinear approach)

can be used to solve systems of ordinary differential equations of motion modelling

nonlinear dynamical systems.

2. The bilinear algorithm is a convenient-to-use tool to analyze both linear and nonlinear

systems because it does not require the generation of two separate subroutines for

both nonlinear and linear terms as in the case for the variational algorithm.

3. Considering the results shown in Tables 1, 2,  3 and 4, the variational algorithm is faster

than the bilinear algorithm but it fails to converge to a steady-state solution more often

than the bilinear algorithm.

4. To summarize, the bilinear algorithm is slower than the variational algorithm but it is more

convenient to use and it seems to be more reliable for problems with strong nonlinearities.
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APPENDIX



PROGRAM VARIATIONAL
Q************************************************************************************

THIS PROGRAM IS SOLVING A SYSTEM OF ORDINARY, NONLINEAR DIFF.
EQUATIONS MODELLING A DYNAMICAL SYSTEM REPRESENTED BY INERTIA,
DAMPING, STIFFNESS AND NONLINEAR FORCING FUNCTION, VARIATIONAL
TIME FINITE ELEMENT IS USED.
IT CAN READ THE SOLUTION VECTOR FROM
OTHER PROGRAMS AND USE IT AS THE INITIAL GUESS.

C

C

C

C

C

C

DECLARE VARIABLESC

INTEGER IRCODE_B
INTEGER IPATH ! PATH INDICATOR IN DLSARG, 1=>AX=B SOLVED
INTEGER ITERNU ! ITERATION NUMBER

INTEGER LAI IDO LOOP 105 COUNTER

INTEGER LAI VEL ! CURVEL VECTOR ELEMENT PROPER NUMBER (LOOP 105)
INTEGER LIMLOW ! MULTIPLIERS TO GET THE LENGTH OF ONE PERIOD
INTEGER LIMUPP!

INTEGER MAXITR ! MAXIMUM NUMBER OF ITERATIONS
INTEGER NEDSIZ !=NUSHFU*NUMELE: NUM. OF ROWS IN ELEMENT DISPL. MX
INTEGER NELCSF ! NUMBER OF TIME ELEMENTS CONSIDERED SO FAR

INTEGER NELROW !=NLCSIZ*NUMELE : NUMBER OF ROWS IN STACKED ARRAYS
INTEGER NFINSL !=(NUSHFU -1)*NUMELE:NUM. OF ROWS IN FIN. SOL. MX.
INTEGER NGLSIZ !=NUMDOF*NUMELE*(NUSHFU-l): SIZE OF THE GLOBAL MX.
INTEGER NGLSPO NNGLSIZ+1 : NUMBER OF COLUMNS IN THE AUGMENT. MX.

INTEGER NLCSIZ !=NUMDOF*NUSHFU; SIZE OF ELEMENT COEFF. MATRIX

INTEGER NRELAS ! LAST ROW OF ELEM. COEF. MX. FOR GIVEN TIME EL.

INTEGER NRELFI! FIRST ROW OF ELEM. COEF. MX. FOR GIVEN TIME EL.

INTEGER NRELMC ! NUMBER OF ROWS OF ELEM. COEF. MX. CONSID. SO FAR

INTEGER NRFSMX ! ROW NUMBER IN THE FINAL SOLUTION MATRIX

INTEGER NRWCSF ! NUMBER OF STACKED MATRIX ROWS CONSIDERED SO FAR

INTEGER NRWEFV ! ROW NUMBER OF THE EFFICIENT SOLUTION VECTOR

INTEGER NRWSMX ! ROW NUMBER IN THE STACKED MATRIX

INTEGER NUDOFD !=NUMDOF*2; DOUBLE NUMBER OF TIME ELEMENTS

INTEGER NUMDOF ! NUMBER OF DEGREES OF FREEDOM

INTEGER NUMELE ! NUMBER OF TIME ELEMENTS

INTEGER NURCSF ! NUMBER OF ELEMENT DISPL. MX. CONSIDERED SO FAR

INTEGER NURODV ! ROW NUMBER IN THE DISPLACEMENT VECTOR

INTEGER NUSHFU ! NUMBER OF SHAPE FUNCTIONS

INTEGER NUSHMl !=NUSHFU-1 ; NUMBER OF SHAPE FUNCTIONS MINUS ONE

INTEGER I, J, K, L, M , N, lA, JA, KA, LA, MA, NA! DO LOOP COUNT.
INTEGER IB, JB, KB, LB, MB, NB, IC, JC, KC, LC! DO LOOP COUNTERS

-II-

C

PARAMETER (NUMDOF = 1, NUMELE =120, NUSHFU = 2, NEDSIZ =240)
PARAMETER (NGLSIZ =120, NLCSIZ = 2, NUDOFD = 2, NELROW =240)
PARAMETER (NGLSPO =121, NFINSL =120)
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Q*****************************************************************t***1HL^^L^**tL*^t^t*

c

REAL*8 ACCUM_A, ACCUM_B, USED_TIME
REAL*8 AMXCEM( NELROW, NLCSIZ) ! MX. CONTAINING STACKED ELEMENT MX
REAL*8 DACURM( NUMDOF, NUMDOF)! CURRENT DAMP. MX. FOR GAUSS PT.
REAL*8 DAMPMX( NUMDOF, NUMDOF)! DAMPING MATRIX
REALMS DANLMX( NUMDOF, NUMDOF) ! - FORCING FUN. DER. W.R.T. VEL.
REAL*8 DANLPT( NUMDOF, NUMDOF)! NONLINEAR PART OF THE DAMPING MX.
REAL*8 DISPIN( NFINSL, NUMDOF)! VECTOR OF INITIAL DISPLACEMENTS
REAL*8 ELCFMA( NLCSIZ, NLCSIZ)! ELEMENT COEF. MX USED IN ASSEMBLY
REAL*8 ELCFMX( NLCSIZ, NLCSIZ)! ELEMENT COEFFICIENT MATRIX
REAL*8 ELDIMX( NEDSIZ, NUMDOF)! ELEMENT DISPLACEMENT MATRIX
REAL*8 EMCKFI( NLCSIZ, NLCSIZ)! FINAL COEFFICIENT MATRIX
REAL*8 EMCKMX( NUDOFD, NUDOFD)! SYSTEM COEFFICIENT MATRIX
REAL*8 EMCKTR( NLCSIZ, NUDOFD) !=SHDTRM*EMCKMX
REAL*8 ETANMX( NUDOFD, NUDOFD)! TANGENTIAL MATRIX (K SUB T)
REAL*8 FINSLM( NFINSL, NUMDOF)! FINAL SOLUTION MATRIX
REAL*8 GLCFAU( NGLSIZ, NGLSPO)! AUGMENT. MX. USED IN GAUSS-JORDAN
REAL*8 GLCFMX( NGLSIZ, NGLSIZ)! GLOBAL COEFFICIENT MATRIX
REAL*8 MASSMX( NUMDOF, NUMDOF)! INERTIA MATRIX
REAL*8 SHDERM( NUDOFD, NLCSIZ)! SHAPE FUNCT. AND DERIVAT. MATRIX
REAL*8 SHDTRM( NLCSIZ, NUDOFD)! TRANSPOSED SHAPE FUNCT. DERTV. MX
REAL*8 STCURM( NUMDOF, NUMDOF)! CURRENT STIF. MX. FOR GAUSS PT.
REAL*8 STIFMX( NUMDOF, NUMDOF)! STIFFNESS MATRIX
REAL*8 STNLMX( NUMDOF, NUMDOF)! - FORCING FUN. DER. W.R.T. DISPL.
REAL*8 STNLPT( NUMDOF, NUMDOF)! NONLINEAR PART OF STIFFNESS MX.
REAL*8 TEMEDM( NEDSIZ, NUMDOF)! TEMPORARY ELEMENT DISPLAC. MX.
REAL*8 TEMPORC NGLSIZ, NGLSIZ)! TEMPORARY MX. USED IN GAUSS-JOR.
REAL*8 VELOIN( NFINSL, NUMDOF)! INITIAL VELOCITY VECTOR

C REAL*8

REAL*8 AVCCEV( NELROW)! VECTOR CONTAINING STACKED RH SIDES
REAL*8 CURDISC NUMDOF)! DISPLACEMENT VECTOR FOR GIVEN GAUSS PT
REAL*8 CURVEL( NUMDOF)! VELOCITY VECTOR FOR GIVEN GAUSS PT.
REAL*8 CURRHS( NUDOFD)! VECTOR OF FORCES IN THE SYSTEM
REAL*8 DANLVC( NUMDOF)! NONLIN. CONTRIBUTION FROM DAMPING TO F(T)
REAL*8 DEGVAL( NUMELE)! VECTOR OF TIME INTERVAL ENDS
REALMS DISLOC( NUDOFD)! DISPLACEMENT AT LOCAL GAUSS POINT VECTOR
REAL*8 ELDIVE( NLCSIZ)! ELEMENT DISPLACEMENT VECTOR
REAL*8 ELRHVA( NLCSIZ)! ELEMENT DISPL. VEC. USED IN ASSEMBLY
REAL*8 ERHSVC( NLCSIZ)! ELEMENT RIGHT HAND SIDE VECTOR
REAL*8 FIRHSV( NLCSIZ)! FINAL RIGHT HAND SIDE VECTOR
REAL*8 FORCEV( NUMDOF)! FORCE FUNCTION VECTOR
REAL*8 GAQPNT( 6)! GAUSS QUADRATURE POINTS VECTOR
REAL*8 GAQWGT( 6)! GAUSS QUADRATURE WEIGHTS VECTOR
REAL*8 GRHSVC( NGLSIZ)! GLOBAL RIGHT HAND SIDE VECTOR
REAL*8 SHDERV( NUSHFU)! SHAPE FUNCTION DERIVATIVE VECTOR
REAL*8 SHFUNV( NUSHFU)! SHAPE FUNCTION VECTOR

)!
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REAL*8 SOLVEC(NGLSIZ)! SOLUTION VECTOR
REAL*8 STNLVC( NUMDOF)! NONLIN. CONTRIBUTION FROM STIFF. TO F(T)
REAL*8 UNDIVE( NGLSIZ)! UNKNOWN DISPL. V. IN MORE EFFICIENT FORM
REAL*8 VECFOR( NUDOFD)! RHS VECTOR CONTAINING FORCE VECTOR
REAL*8 VECMOD( NUDOFD) !=VECFOR + CURRHS: FORCES RESIDUA VECTOR

C REAL*8

REAL*8 AMPLIT ! FORCING FUNCTION AMPLITUDE

REAL*8 AZGLOB ! GLOBAL AZIMUTH COORDINATE IN TIME ELEMENT
REAL*8 AZLOCA ! LOCAL AZIMUTH COORDINATE IN TIME ELEMENT
REAL*8 CAI ! NONLIN. SPRING # 1 CHARACTERISTICS SLOPE
REAL*8 CB1 ! NONLIN. SPRING # 1 CHARACTERISTICS INTERCEPT
REAL*8 CA2 ! NONLIN. SPRING #2 CHARACTERISTICS SLOPE
REAL*8 CB2 ! NONLIN. SPRING #2 CHARACTERISTICS INTERCEPT
REAL*8 COEFFI! NOT USED

REAL*8 CONINI! INITIAL DISPL. CONST. OVER AZIMUTH
REAL*8 CURAZI! NOT USED

REAL*8 DUMMYV ! DUMMY VARIALBLE

REAL*8 ENDNOD ! END NODE COORDINATE

REAL*8 EPSILN ! ACCEPTABLE DIFFERENCE BETWEEN TWO SOLUTIONS
REAL*8 FLNGLS ! FLOATING POINT NGLSIZ=NUMDOF*NUMELE*(NUSHFU-I)
REAL*8 FLNUEL ! FLOATING POINT NUMBER OF ELEMENTS
REAL*8 FOURTH ! ONE FOURTH OF PI RADIANS
REAL*8 FREQUE ! FORCING FUNCTION FREQUENCY
REAL*8 GAULOC ! GAUSSIAN POINT IN LOCAL COORDINATES
REAL*8 LINTLI! LOWER ELEMENT INTEGRATION LIMIT
REAL*8 LOWLIM ! LOWER INTEGRATION LIMIT IN GLOBAL COORDINATES
REAL*8 PINUMB ! PI NUMBER

REAL*8 SONORM ! SOLUTION VECTOR NORM
REAL*8 TIELEN ! TIME ELEMENT LENGTH
REAL*8 UINTLI! UPPER ELEMENT INTEGRATION LIMIT
REAL*8 UPLUSL ! SCALING FACTOR FOR TRANSFORMATION TO GLOB. COOR.
REAL*8 UPMINL ! SCALING FACTOR FOR TRANSFORMATION TO GLOB. COOR.
REAL*8 UPPLIM ! UPPER INTEGRATION LIMIT IN GLOBAL COORDINATES

C REAL*8

)!

I

COMMON /STIFCF/ CAI, CBI, CA2, CB2
Q*********************************t**itit*t***********************i^**1tL,t^t^iti,^t**********

COMMON AVORKSP/ RWKSP

REAL RWKSP( 180930)
CALL IWKIN( 180930)

c

CALL CPUTIME (ACCUM_A, IRCODE_A)! Call "A"

READ ( 5, 1040) AMPLIT, FREQUE, EPSILN, CONINI, COEFFI
READ ( 5, 1010) LOWLIM, UPPLIM, MAXITR
READ ( 5, 1030) CAI, CBI, CA2, CB2

C
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READ ( 5, 1050) (DEGVAL( I), DISPIN( I, 1),
VELOIN( I, 1),

WRITE( 6, 2040) AMPLIT, FREQUE, EPSILN, CONINI, COEFFI
WRITE( 6, 2010) LOWLIM, UPPLIM, MAXITR
WR1TE( 6,2030) CAl, CBl, CA2, CB2
WRITE( 6,2050) (DEGVAL( I), D1SPIN( I, 1),

1= 1,NFINSL)

& 1=1,NF1NSL) VAR01440

& VELOIN( I, 1),
C

AMPLIT = AMPLIT ¤ l.OD+00
FREQUE = FREQUE * l .OD+00
EPSILN = EPSILN ¤ l.OD+00
CONINI = CONINI * l.OD+00

LOWLIM = LOWLIM * 1.0I>K)0

UPPLIM = UPPLIM * l.OD+OO

CAl =CA1 *1.0I>K)0

CBl =CB1 * l.OD+OO

CA2 =CA2 ♦l.OD+OO
CB2 =CB2 * l.OD+OO

C

c DEFINE THE VECTOR OF GAUSSIAN QUADRATURE POINTS

CALL GAQPAW ( GAQPNT, GAQWGT)

c DEFINE SYSTEM ARRAYS

CALL INERTI (NUMDOF, MASSMX)
CALL DAMPIN (NUMDOF, CURAZI, CURDIS, CURVEL, COEFFI, DAMPMX)
CALL STIFFN (NUMDOF, CURAZI, CURDIS, CURVEL, COEFFI, STIFMX)

c DEFINE CONSTANTS
Q***********************************************1frHHf^^***t**********************^L^***

ITERNU = 0
NUSHM1=NUSHFU- 1
FLNGLS = DFLOAT( NGLSIZ)
FLNUEL = DFLOAT( NUMELE)
FOURTH = DATAN( l.ODO)
PINUMB = 4.0D0 * FOURTH
SONORM = lO.ODO
UINTLI = UPPLIM
TIELEN = (UINTLI - LINTLI) / DFLOAT( NUMELE)

c TEST THE CONDITIONS

IF (NUSHFU .NE. 2) THEN
PRINT *, ’ CHECK NUSHFU. STOPPED AT THE BEGINNING'
PRINT ♦,' THIS VERSION IS DESIGNED FORNUSHFU=2'
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STOP

ENDIF

C

IF ( SONORM .LE. EPSILN) THEN
PRINT ♦,' CHECK SONORM AND EPSILN. STOPPED AT THE BEGINNING'
PRINT *, ’ SONORM MUST BE .GT. EPSILN AT THE BEGINNING'
STOP

ENDIF
Q^^^r^^i^^t*****************************************************************************

DEFINE THE VECTOR OF TIME ELEMENT END POSITIONS AR02000
IN DEGREES

C
C
Q**^***^^****************************************************************************

CALL DEGVEC (NUMELE, TIELEN, PINUMB, DEGVAL)

c GENERATE THE COEFFICIENT MATRIX

CALL GENECM (NUDOFD, NUMDOF, MASSMX, DAMPMX, STIFMX, EMCKMX)
Q*W:*********************^^******************************i^***** i^*****^i*t^**^iiHl^lJ|ii|^*^H^^t*t

CALL GICEDM (NUMELE, NUSHFU, NUMDOF, NEDSIZ, NFINSL, DISPIN,
ELDIMX)&

c ENTER THE ITERATION LOOP
(2********^*************************^*******************^i*************mint******t**t***

DO 30 WHILE ( SONORM GT. EPSILN)
ITERNU = ITERNU + I
UPPLIM = LINTLI

Q********************************************************t******^*1^*Di**^^^^i^^^:^^^^t**

c INITIALIZE GLOBAL ARRAYS
Q***************t********************tt**************************1lL^**it*1HL*^Htr>:ilt^^t****

CALL INITMX (NGLSIZ, NGLSIZ, GLCFMX)
CALL INITVE (NGLSIZ, GRHSVC)

c ENTER THE LOOP OVER THE NUMBER OF TIME ELEMENTS
Q*****************************t^****************^HL**tD,t************************i^t*****

DO 40 L = I, NUMELE
NELCSF = L -1
NRWCSF = NELCSF ♦ NLCSIZ
LOWLIM = UPPLIM
UPPLIM = LOWLIM + TIELEN

c INITIALIZE ELEMENT ARRAYS
Q***********************tHf********:^***1,t**********t****t***ti**tr^t*t^**^*^tt**********

CALL INITMX (NLCSIZ, NLCSIZ, ELCFMA)
CALL INITMX (NLCSIZ, NLCSIZ, ELCFMX)
CALL INITVE ( NLCSIZ, ERHSVC)
CALL INITVE (NLCSIZ, ELRHVA)

Q**********************************t*********t****l)L^i^**t********************^*t^:^^^1tit

66



c DEFINE THE SCALING FACTORS FOR THE

TRANSFORMATION FROM GLOBAL TO LOCAL COORDINATESC

UPLUSL = (UPPLIM + LOWLIM) * 0.5D0
UPMINL = (UPPLIM - LOWLIM) * 0.5D0

([^*««******«********4<****«<li***«*«*«**«*«*********«*«**«*****«***«*«**»****«««««**««***

c EXTRACT THE DISPLACEMENT VECTOR CORRESPONDING

TO GIVEN TIME ELEMENTC
Q*******************t***t************ti****^n,****^ftt***************if************innn,Wit

CALL EXTEDV( NUSHFU, NUMDOF, NUDOFD, NELCSF, NLCSIZ, NEDSIZ,
ELDIMX,ELDIVE)&

Q*****t**************m************************************itt*****rin^*nnf**inm******:^:t**

c ENTER THE INTEGRATION LOOP
Q************t**^s****i*<$*******tfnf************************t*********tnnft*t***ili*********

DO 70 lA = 1, 6
GAULOC = GAQPNT( lA)
AZGLOB = UPLUSL + UPMINL ¤ GAULOC
AZLOCA = AZGLOB - LOWLIM

c GENERATE THE FORCING VECTOR FOR THIS GAUSS PT.

CALL FORCIN (NUMDOF, AZGLOB, CURDIS, CURVEL, AMPLIT,
FREQUE, FORCEV)&

Q,*************************************’lf**********1f1t;^1^*^itt************t***************

c GENERATE THE MATRIX CONTAINING THE SHAPE FUNCT.
AND SHAPE FUNCT. DERIVATIVESC

CALL GENSHD (NUSHFU, AZLOCA, TIELEN, SHFUNV, SHDERV)
CALL SHFDRM (NLCSIZ, NUDOFD, NUMDOF, NUSHFU, SHFUNV,

SHDERV, SHDERM)&
Q*************************************************************t****^*****************

c TRANSPOSE THE SHAPE FUNCTION AND DERIVATIVE MX.
Q****************************>lL**t**t1Hit^tt**************1:******t*1ii>ii^^i*t*Ht*tit**********

DO 80 JA = 1, NUDOFD
DO 90 KA = 1, NLCSIZ
SHDTRM( KA, JA) = SHDERM( JA, KA)
CONTINUE

CONTINUE

90

80

C************************************************************************************

c GENERATE THE INTEGRANDS OF ELEMENT COEFFICIENT
MATRIX AND RHS VECTORC

Q*****************************t*^i1ft*********************i,****t**^*t******************

CALL MATMUL ( SHDERM, ELDIVE, DISLOC, NUDOFD, NLCSIZ, 1)
Q***************i^******************i^*iH^*****t*^l^t******************************ti^****

c EXTRACT CURRENT DISPLACEMENT VECTOR AND CURRENT
VELOCITY VECTOR FROM DISLOC VECTORC
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DO 105 LAI = LNUMDOF
LAIVEL = LAI + NUMDOF

CURDIS( LAI) = DISLOC( LAI)
CURVEL( LAI) = DISLOC( LAIVEL)
CONTINUE105

(^«***********************************************************************************

GENERATE THE NONLINEAR CONTRIBUTION TO THE

FORCING VECTOR

C

C
Q^^l^t^^t*****************************************************************************

CALL STMXNL (NUMDOF, AZGLOB, CURDIS, CURVEL, COEFFI,
AMPLIT, FREQUE, STNLPT)

CALL DAMXNL (NUMDOF, AZGLOB, CURDIS, CURVEL, COEFFI,
DANLPT)

CALL MATMUL (STNLPT, CURDIS, STNLVC, NUMDOF, NUMDOF, 1)

&

&

C INITIALIZE RIGHT HAND SIDE VECTOR CONTAINING

FORCE VECTORC

CALL INITVE (NUDOFD, VECFOR)

c FILL THE UPPER PART OF RHS VECTOR WITH FORCING

FUNCTION VECTORC
Q*****************************************************************t*****************t

DO 100 LA = 1, NUMDOF
VECFOR( LA) = FORCEV( LA) - DANLVC( LA) - STNLVC( LA)
CONTINUE100

(2********************************************************if*)li*t*ifttilHHHtt**************

CALL MATMUL (EMCKMX, DISLOC, CURRHS, NUDOFD, NUDOFD, 1)
DO 110 MA = 1, NUDOFD
VECMOD( MA) = -1.0D0*(VECFOR( MA) + CURRHS( MA))
CONTINUE

CALL MATMUL ( SHDTRM, VECMOD, FIRHSV, NLCSIZ, NUDOFD, 1)
110

Q***********************t***0****7)L*^l^ttt***********t*****1Hf********ill^L*t***************

c GENERATE THE TANGENTIAL MATRIX ETANMX FOR GIVEN
GAUSSIAN POINTC

CALL STIFNL (NUMDOF, AZGLOB, CURDIS, CURVEL, COEFFI,
AMPLIT, FREQUE, STNLMX)

CALL DAMPNL (NUMDOF, AZGLOB, CURDIS, CURVEL, COEFFI,
DANLMX)

CALL MATAD ( STIFMX, STNLMX, STCURM, NUMDOF, NUMDOF)
CALL MATAD (DAMPMX, DANLMX, DACURM, NUMDOF, NUMDOF)
CALL GENECM (NUDOFD, NUMDOF, MASSMX, DACURM, STCURM,

ETANMX)
CALL MATMUL ( SHDTRM, ETANMX, EMCKTR, NLCSIZ, NUDOFD,

NUDOFD)
CALL MATMUL (EMCKTR, SHDERM, EMCKFI, NLCSIZ, NUDOFD,

&

&

&

&
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NLCSIZ)&
Q^^t*********************************************************************************

INTEGRATEC
Q************************************************************************************

DO 120 NA = 1, NLCSIZ
ERHSVC( NA) = ERHSVC( NA) + FIRHSV( NA) * GAQWGT( lA)

♦UPMINL
DO 13016= 1, NLCSIZ

ELCFMX( NA, IB) = ELCFMX( NA, IB) + EMCKFI( NA, IB)
* GAQWGT( LA) • UPMINL&

CONTINUE
CONTINUE

CONTINUE

130
120
70

c ADD THE INTEGRATED COEFFICIENTS MATRICES AND
RIGHT HAND SIDES TO THE STACKED ARRAYSC

DO 140 JB= 1, NLCSIZ
NRWSMX = NRWCSF + JB
AVCCEV( NRWSMX) = ERHSVC( JB)
DO 150 KB = 1, NLCSIZ

AMXCEM( NRWSMX, KB) = ELCFMX( JB, KB)
CONTINUE

CONTINUE
40 CONTINUE

150
140

c ASSEMBLE THE GLOBAL SYSTEM AND SOLVE
Q******************************************t*******^*t*********t*t*t*****************

CALL ASSEMB (NUMDOF, NUSHFU, NUMELE, NELROW, NGLSIZ, NLCSIZ,
AVCCEV, AMXCEM, ELRHVA, ELCFMA, GLCFMX, GRHSVC)&

IPATH = 1
CALL DLSARG (NGLSIZ, GLCFMX, NGLSIZ, GRHSVC, IPATH , SOLVEC)

(2****************************************t***********************tt***t:mt***********

C EVALUATE THE NORM OF SOLUTION
(2*************************t*****t*tt*t****^tttt**************************t****^,t*****

SONORM = O.ODO
DO 160 LB = 1, NGLSIZ

SONORM = SONORM + DABS( SOLVEC( LB))
160 CONTINUE

SONORM = SONORM/FLNGLS

c CONVERT THE SOLUTION VECTOR TO THE MORE
EFFICIENT FORMATC

Q**************************t***t****************t*:liii****t*******************tt*****t^

CALL CUTFUT (NGLSIZ, NUSHFU, NUMDOF, NUMELE, SOLVEC, UNDIVE)

c CONVERT THE EFFICIENT SOLUTION VECTOR TO THE
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c FORMAT OF DISPLACEMENT MATRIX

CALL UDVEDM (NUMELE, NUSHFU, NUMDOF, NEDSIZ, NGLSIZ, UNDIVE,
TEMEDM)&

c ADD THE CURRENT MODIFICATION TO PREVIOUS
APPROXIMATIONC

Q********************************tnf**t***********************t******************W:****

DO 170 MB = I, NUMDOF
DO 180 NB= I, NEDSIZ
ELDIMX( NB, MB) = ELDIMX( NB, MB) + TEMEDM( NB, MB)

180 CONTINUE

170 CONTINUE
VAR03910

VAR03920
Q***********************************^t****************t**************************^****

c TEST THE NUMBER OF ITERATIONS

PRINT *,
IF (ITERNU .GE. MAXITR) THEN
PRINT *, ’ TO MANY ITERATIONS, STOPPED IN LOOP 30'
STOP

ENDIF

30 END DO

ITERNU, SONORM

C GENERATE THE FINAL SOLUTION VECTOR
C****************************************************************^*******************

CALL GEFSOV ( NUMELE, NUSHFU, NUMDOF, NEDSIZ, NFINSL, ELDIMX
FINSLM)&

C

PRINT *,' n
PRINT *, -NUMBER OF TIME ELEMENTS =', NUMELE
PRINT *, -NUMBER OF ITERATIONS =-, ITERNU
PRINT *, -FINAL NORM = -, SONORM

C

DO 220 KC = 1, NUMELE
WRITE (6, 1022) DEGVAL(KC), FINSLM(KC, 1)

220 CONTINUE

C********************************1r*i,**t************1frli*:^1Hf:*i^**^W:*******t********r^^tt**
1000 FORMAT (3F10.0)
1010 FORMAT (2F10.0,I5)
1020 FORMAT (IX, 15, IX, E10.3, IX, E13.6)
1021 FORMAT (IX, E10.3, IX, E13.6, IX, E13.6)
1022 FORMAT (IX, E10.3, IX, E13.6)
1030 FORMAT (4F10.0)
1040 FORMAT (2F10.0, IFIO.O, 2F10.0)
1050 FORMAT ( 3( IX, E13.6))
2040 FORMAT (IX, - AMPLITUDE =', E10.3, IX, -FREQUENCY =' ElO 3/
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& IX, ’ MAX. NORM =', E10.3, IX, 'IN. DISPL.=', E10.3/
IX,' DAMPING COEFFICIENT C =', El0.3)

2010 FORMAT (IX,' LOWER LIMIT=', E13.6, IX,' UPPER LIMIT=', EI3.6/
IX,' MAX. NUMBER OF ITERATIONS =', 15)

2030 FORMAT (IX,' A(l) =', E13.6,' B(l) =', E13.6/
IX,' A(2) =', E13.6,' B(2) =', E13.6//)

2050 FORMAT (3( IX, EI3.6))

&

&

&

C

CALL CPUTIME(ACCUM_B, IRCODE_B) ! Cair'A

C  CALCULATING THE CPU TIME USED

IF (IRCODE_A.NE.8.AND.IRCODE_B.EQ.O) THEN
USED_TIME = ACCUM_B - ACCUM_A
PRINT*

PRINT *, USED_TIME,'Microseconds of CPU time were used.'
END IF

STOP

END

C

SUBROUTINE ASLAST (NUMDOF, NUSHFU, NUMELE, NELROW, NGLSIZ, NLCSIZ,
AVCCEV, AMXCEM, ELRHVC, ELCFMX, GLCFMX, GRHSVC)&

c THIS SUBROUTINE INSERTS THE LAST ELEMENT MATRIX IN THE GLOBAL
COEFFICIENT MATRIXC

c DECLARE VARIABLES
Q***************************************^**^*iHl,t***********tt******************,^*****

INTEGER NLCSIZ ! =NUMDOF*NUSHFU, SIZE OF ELEMENT MATRIX
INTEGER NACTRW ! POSITION OF THE ROW OF THE GLOBAL COEFFICIENT

MATRIX TO WHICH AN ELEMENT OF THE ELEMENT
COEFFICIENT MATRIX IS ADDED

INTEGER NGLSIZ ! NUMDOF*(NUMELE-l)
INTEGER NUMDOF ! NUMBER OF DEGREES OF FREEDOM
INTEGER NUSHFU ! NUMBER OF SHAPE FUNCTIONS
INTEGER NCOLMI ! CONSIDERED DEGREE OF FREEDOM MINUS ONE (IN

INSERTION COLUMN CALCULATION)
INTEGER NROWM1 ! CONSIDERED DEGREE OF FREEDOM MINUS ONE (IN

INSERTION ROW CALCULATION)
INTEGER NGLCOL ! INSERTION COLUMN NUMBER FOR RIGHT SUBMATRIX
INTEGER NLCCOL ! INSERTION COLUMN NUMBER FOR LEFT SUBMATRIX AND

INSERTED COLUMN NUMBER FOR RIGHT ELEMENT
SUBMATRIX

INTEGER LELCOC ! INSERTED COLUMN NUMBER OF LEFT ELEMENT
SUBMATRIX

INTEGER NGLROW ! INSERTION ROW NUMBER FOR LOWER SUBMATRIX

C &

C &

C &

C &

C &

C &

C &
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INTEGER NLCROW ! INSERTION ROW NUMBER FOR UPPER SUBMATRIX AND

INSERTED ROW NUMBER FOR LOWER ELEMENT

SUBMATRIX

INTEGER LELROC ! INSERTED COLUMN NUMBER OF UPPER ELEMENT

SUBMATRIX

INTEGER NELROW ! =NLCSIZ*NUMELE, NUMBER OF ROWS IN THE MATRIX
CONTAINING STACKED ELEMENT COEFFICIENT MATRICES

INTEGER LJ,K,L ! DO LOOP COUNTERS

C &

C &

C &

C &

C

REAL*8GRHSVC(NGLSIZ) ! GLOBAL RIGHT HAND SIDE VECTOR
REAL*8AVCCEV( NELROW) ! VECTOR CONTAINING STACKED RIGHT HAND

SIDE VECTORS

REAL*8ELRHVC(NLCSIZ) ! ELEMENT RIGHT HAND SIDE VECTOR
REAL*8 AMXCEM( NELROW, NLCSIZ) ! MATRIX CONTAINING STACKED

ELEMENT COEFFICIENT MATRICES

REAL*8GLCFMX(NGLSIZ,NGLSIZ) ! GLOBAL COEFFICIENT MATRIX
REAL*8 ELCFMX( NLCSIZ, NLCSIZ) ! ELEMENT COEFFICIENT MATRIX

C &

C &

C EXTRACT THE LAST ELEMENT MATRIX FROM

THE ASSEMBLED MATRIX CONTAINING ALL ELEMENT MATRICESC

DO 101= I, NLCSIZ
NACTRW = NLCSIZ*(NUMELE-1) +1
ELRHVC( I) = AVCCEV( NACTRW)
DO 20 J = 1, NLCSIZ
ELCFMX( I, J) = AMXCEMC NACTRW, J)
CONTINUE

10 CONTINUE

20

c INSERT THE LAST ELEMENT MATRIX INTO
THE GLOBAL COEFFICIENT MATRIXC

DO 30 K = 1, NUMDOF
NROWMl =K -1

NGLROW = NGLSIZ - NUMDOF + K

NLCROW = NROWMl ¤ NUSHFU + 1
LELROC = NUSHFU*K

GRHSVC( NLCROW) = ELRHVC( LELROC) + GRHSVC( NLCROW)
GRHSVC( NGLROW) = ELRHVC( NLCROW) + GRHSVC( NGLROW)
DO 40 L = 1, NUMDOF
NCOLMl=L-1

NGLCOL = NGLSIZ - NUMDOF + L

NLCCOL = NCOLMl ¤ NUSHFU + 1
LELCOC = NUSHFU * L

GLCFMX( NLCROW, NLCCOL) = ELCFMX( LELROC, LELCOC) +
GLCFMX( NLCROW, NLCCOL)

GLCFMX( NGLROW, NLCCOL) = ELCFMX( NLCROW, LELCOC) +
&
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GLCFMX( NGLROW, NLCCOL)
GLCFMX( NLCROW, NGLCOL) = ELCFMX( LELROC, NLCCOL) +

GLCFMX( NLCROW, NGLCOL)
GLCFMX( NGLROW, NGLCOL) = ELCFMX( NLCROW, NLCCOL) +

GLCFMX( NGLROW, NGLCOL)

&

&

&

40 CONTINUE

30 CONTINUE

C

RETURN

END

C

SUBROUTINE ASECON (NUMDOF, NUSHFU, NUMELE, NELROW, NGLSIZ, NLCSIZ,
AVCCEV, AMXCEM, ELRHVC, ELCFMX, GLCFMX, GRHSVC)&

Q**t1t*****1ll^7lHHi^t********************************************************************

C THIS SUBROUTINE INSERTS SECOND ELEMENT MATRIX IN THE GLOBAL

COEFFICIENT MATRIXC

DECLARE VARIABLESC

INTEGER NLCSIZ ! =NUMDOF*NUSHFU, SIZE OF ELEMENT MATRIX
INTEGER NACTRW ! POSITION OF THE ROW OF THE GLOBAL COEFFICIENT

MATRIX TO WHICH AN ELEMENT OF THE ELEMENT

COEFFICIENT MATRIX IS ADDED

INTEGER NGLSIZ ! NUMDOF*(NUMELE-l)
INTEGER NUMDOF ! NUMBER OF DEGREES OF FREEDOM

INTEGER NUMELE ! NUMBER OF ELEMENTS

INTEGER NUSHFU ! NUMBER OF SHAPE FUNCTIONS

INTEGER NCOLM1 ! CONSIDERED DEGREE OF FREEDOM MINUS ONE (IN
&  INSERTION COLUMN CALCULATION)
INTEGER NROWMl ! CONSIDERED DEGREE OF FREEDOM MINUS ONE (IN

INSERTION ROW CALCULATION)
INTEGER NGCCNT ! INSERTION COLUMN NUMBER FOR RIGHT SUBMATRIX

INTEGER NGLCCN ! INSERTION COLUMN NUMBER FOR LEFT SUBMATRIX

INTEGER NLCCOL ! INSERTED COLUMN NUMBER OF LEFT ELEMENT

SUBMATRIX

INTEGER LELCOC ! INSERTED COLUMN NUMBER OF RIGHT ELEMENT

SUBMATRIX

INTEGER NGRCNT ! INSERTION ROW NUMBER FOR LOWER SUBMATRIX

INTEGER NGLRCN ! INSERTION ROW NUMBER FOR UPPER SUBMATRIX

INTEGER NLCROW ! INSERTED ROW NUMBER OF UPPER ELEMENT

SUBMATRIX

INTEGER LELROC ! INSERTED ROW NUMBER OF LOWER ELEMENT

SUBMATRIX

INTEGER NELROW ! =NLCSIZ*NUMELE, NUMBER OF ROWS IN THE MATRIX
CONTAINING STACKED ELEMENT COEFFICIENT MATRICES

INTEGER I,J,K,L ! DO LOOP COUNTERS

&

&

&

&

&

&

C &

C &

C

C

C

C

C

C

c
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c

REALMS GRHSVC(NGLSIZ) ! GLOBAL RIGHT HAND SIDE VECTOR
REAL*8AVCCEV(NELROW) ! VECTOR CONTAINING STACKED RIGHT HAND

SIDE VECTORSC &

REAL*8ELRHVC(NLCSIZ) ! ELEMENT RIGHT HAND SIDE VECTOR
REAL*8AMXCEM(NELROW,NLCSIZ) ! MATRIX CONTAINING STACKED

ELEMENT COEFFICIENT MATRICES

REAL*8 GLCFMX( NGLSIZ, NGLSIZ) ! GLOBAL COEFFICIENT MATRIX
REAL*8 ELCFMX( NLCSIZ, NLCSIZ) ! ELEMENT COEFFICIENT MATRIX

C &

c EXTRACT THE LAST ELEMENT MATRIX FROM

THE ASSEMBLED MATRIX CONTAINING

ALL ELEMENT MATRICES

C

C

DO 101= 1, NLCSIZ
NACTRW = NLCSIZ +1

ELRHVC( I) = AVCCEV( NACTRW)
DO 20 J = 1, NLCSIZ
ELCFMX( I, J) = AMXCEM( NACTRW, J)
CONTINUE

10 CONTINUE

20

c INSERT SECOND ELEMENT MATRIX INTO
THE GLOBAL COEFFICIENT MATRIXC

Q*************************************^**********************************************

DO30K= l.NUMDOF
NROWMl=K-l

NGLRCN = K * NUSHFU

NLCROW = NROWMl ¤ NUSHFU + I
NGRCNT = NLCSIZ+ K

LELROC = NUSHFU * K

GRHSVC( NGLRCN) = ELRHVC( NLCROW) + GRHSVC( NGLRCN)
GRHSVC( NGRCNT) = ELRHVC( LELROC) + GRHSVC( NGRCNT)
DO 40 L = 1, NUMDOF
NCOLMl=L-1

NGLCCN = L * NUSHFU

NLCCOL = NCOLMl * NUSHFU + I

NGCCNT = NLCSIZ+ L

LELCOC = NUSHFU ♦L
GLCFMX( NGLRCN, NGLCCN) = ELCFMX( NLCROW, NLCCOL) +

GLCFMX( NGLRCN, NGLCCN)
GLCFMX( NGRCNT, NGLCCN) = ELCFMX( LELROC, NLCCOL) +

GLCFMX( NGRCNT, NGLCCN)
GLCFMX( NGLRCN, NGCCNT) = ELCFMX( NLCROW, LELCOC) +

GLCFMX( NGLRCN, NGCCNT)
GLCFMX( NGRCNT, NGCCNT) = ELCFMX( LELROC, LELCOC) +

GLCFMX( NGRCNT, NGCCNT)

&

&

&

&
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40 CONTINUE

30 CONTINUE

C

RETURN

END

C

SUBROUTINE ASTHIR (NUMDOF, NUSHFU, NUMELE, NELROW, NGLSIZ, NLCSIZ,
AVCCEV, AMXCEM, ELRHVC, ELCFMX, GLCFMX, GRHSVC)&

THIS SUBROUTINE INSERTS SECOND ELEMENT MATRIX IN THE GLOBAL

COEFFICIENT MATRIX

C

C
Q*********************************************************^*1i* î*iHHHHt****************

c DECLARE VARIABLES
Q*************m******************************************^*****7̂ ***1f***^t^itt****ifitt***

INTEGER NLCSIZ ! =NUMDOF*NUSHFU, SIZE OF ELEMENT MATRIX
INTEGER NACTRW ! POSITION OF THE ROW OF THE GLOBAL COEFFICIENT

MATRIX TO WHICH AN ELEMENT OF THE ELEMENT

COEFFICIENT MATRIX IS ADDED

INTEGER NGLSIZ ! NUMDOF*(NUMELE-l)
INTEGER NUMDOF ! NUMBER OF DEGREES OF FREEDOM

INTEGER NUMELE ! NUMBER OF ELEMENTS

INTEGER NUSHFU ! NUMBER OF SHAPE FUNCTIONS
INTEGER NCOLMl ! CONSIDERED DEGREE OF FREEDOM MINUS ONE (IN

INSERTION COLUMN CALCULATION)
INTEGER NROWMI ! CONSIDERED DEGREE OF FREEDOM MINUS ONE (IN

INSERTION ROW CALCULATION)
INTEGER NGLRWC ! INSERTION COLUMN NUMBER FOR RIGHT SUBMATRIX
INTEGER NGLCLC ! INSERTION COLUMN NUMBER FOR LEFT SUBMATRIX
INTEGER NLCCOL ! INSERTED COLUMN NUMBER OF LEFT ELEMENT

SUBMATRIX

INTEGER LELCOC ! INSERTED COLUMN NUMBER OF RIGHT ELEMENT
SUBMATRIX

INTEGER NGL21C ! INSERTION ROW NUMBER FOR LOWER SUBMATRIX
INTEGER NGLl 1C ! INSERTION ROW NUMBER FOR UPPER SUBMATRIX
INTEGER NLCROW ! INSERTED ROW NUMBER OF UPPER ELEMENT

SUBMATRIX

INTEGER NELROW ! =NLCSIZ*NUMELE, NUMBER OF ROWS IN THE MATRIX
CONTAINING STACKED ELEMENT COEFFICIENT MATRICES

INTEGER LELROC ! INSERTED ROW NUMBER OF LOWER ELEMENT
SUBMATRIX

INTEGER NUMEMl ! NUMBER OF ELEMENTS MINUS ONE
INTEGER I,J,K,L,M ! DO LOOP COUNTERS

&

&

&

&

&

&

&

&

&

C

C

C

C

C

C

C

C

C

C

REAL*8 GRHSVC( NGLSIZ) ! GLOBAL RIGHT HAND SIDE VECTOR
REAL*8 AVCCEV( NELROW) ! VECTOR CONTAINING STACKED RIGHT HAND

SIDE VECTORS&C
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REAL*8 ELRHVC( NLCSIZ) ! ELEMENT RIGHT HAND SIDE VECTOR
REAL*8AMXCEM(NELROW,NLCSIZ) ! MATRIX CONTAINING STACKED

ELEMENT COEFFICIENT MATRICES

REAL*8GLCFMX(NGLSIZ,NGLSIZ) ! GLOBAL COEFFICIENT MATRIX
REALMS ELCFMX( NLCSIZ, NLCSIZ) ! ELEMENT COEFFICIENT MATRIX

C &

C

NUMEM1=NUMELE- 1
([^**«**************************«*****************«********«****#***««**«*********«***#

C LOOP OVER THE TIME ELEMENTS

BETWEEN THE SECOND AND THE LASTC

DO I0I = 3,NUMEM1

c EXTRACT THE ELEMENT MATRIX FROM

THE ASSEMBLED MATRIX CONTAINING
ALL ELEMENT MATRICES

C

C
Q*********************************nf********:^****t^t****************************^*****

DO20J= LNLCSIZ
NACTRW = NLCSIZ * (I - 1) + J
ELRHVC( J) = AVCCEV( NACTRW)
DO 30 K = 1, NLCSIZ
ELCFMX( J, K) = AMXCEM( NACTRW, K)
CONTINUE

CONTINUE

30

20

C****************************************^.**tttt*t******************^*i^t^*tL^:4i^t^^,^:1it*

c INSERT THE ELEMENT MATRIX INTO
THE GLOBAL COEFFICIENT MATRIXC

Q*********************************1,*******i*t^.t^*t******************iH^***tmit:i,^^t*******

DO 40 L = 1, NUMDOF
NROWMl=L - 1

NGLl 1C = NLCSIZ + (I - 3) ¤ NUMDOF + L
NLCROW = NROWMl * NUSHFU + 1
NGL21C = NGL11C + NUMDOF

LELROC = NUSHFU *L

GRHSVC( NGLl 1C) = ELRHVC( NLCROW) + GRHSVC( NGLl 1C)
GRHSVC( NGL21C) = ELRHVC( LELROC) + GRHSVC( NGL21C)
DO 50 M = 1, NUMDOF
NCOLMl = M- 1

NGLCLC = NLCSIZ + (I - 3) * NUMDOF +M
NLCCOL = NCOLMl ¤ NUSHFU + 1
NGLRWC = NGLCLC + NUMDOF

LELCOC = NUSHFU ♦M
GLCFMX( NGLl 1C, NGLCLC) = ELCFMX( NLCROW, NLCCOL) +

GLCFMX( NGLl 1C, NGLCLC)
GLCFMX( NGL21C, NGLCLC) = ELCFMX( LELROC, NLCCOL) +

VAR02640
GLCFMX( NGLl 1C, NGLRWC) = ELCFMX( NLCROW, LELCOC) +

GLCFMX( NGL21C, NGLCLC)

&
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& GLCFMX( NGLl 1C, NGLRWC)
GLCFMX( NGL21C, NGLRWC) = ELCFMX( LELROC, LELCOC) +

GLCFMX( NGL21C, NGLRWC)

VAR02660

&

50 CONTINUE

40 CONTINUE

10 CONTINUE

C

RETURN

END

C

SUBROUTINE ASSEMB (NUMDOF, NUSHFU, NUMELE, NELROW, NGLSIZ, NLCSIZ,
AVCCEV, AMXCEM, ELRHVC, ELCFMX, GLCFMX, GRHSVC)&

c THIS SUBROUTINE ASSEMBLES THE GLOBAL COEFFICIENT MATRIX AND
GLOBAL RIGHT HAND SIDE VECTORC

Q**************************«**********t************************t*******t:*l^i^t*********

c DECLARE VARIABLES

INTEGER NUMDOF ! NUMBER OF DEGREES OF FREEDOM
INTEGER NUSHFU ! NUMBER OF SHAPE FUNCTIONS
INTEGER NUMELE ! NUMBER OF TIME ELEMENTS
INTEGER NGLSIZ ! =NUMDOF*(NUMELE-l), SIZE OF GLOBAL ARRAYS
INTEGER NLCSIZ ! =NUMDOF*NUSHFU, ELEMENT MATRIX SIZE
INTEGER NELROW ! =NLCSIZ*NUMELE, NUMBER OF ROWS IN THE MATRIX

CONTAINING ELEMENT MATRICES
INTEGER NACTRW ! ACTUAL ROW NUMBER IN ASSEMBLED MATRIX

CONTAINING ELEMENT MATRICES
INTEGER NUMEMl ! NUMBER OF TIME ELEMENTS MINUS ONE
INTEGER I,J,K,L ! DO LOOP COUNTERS

C &

C &

C

REALMS GRHSVC( NGLSIZ) ! GLOBAL RIGHT HAND SIDE VECTOR
REAL*8 AVCCEV( NELROW) ! VECTOR CONTAINING STACKED RIGHT HAND

SIDE VECTORS

REAL*8 ELRHVC( NLCSIZ) ! ELEMENT RIGHT HAND SIDE VECTOR
REAL*8AMXCEM( NELROW, NLCSIZ) ! MATRIX CONTAINING STACKED

ELEMENT COEFFICIENT MATRICES
REAL*8 GLCFMX( NGLSIZ, NGLSIZ) ! GLOBAL COEFFICIENT MATRIX
REAL*8 ELCFMX( NLCSIZ, NLCSIZ) ! ELEMENT COEFFICIENT MATRIX

C &

C &

EXTERNAL ASLAST, ASECON, ASTHIR

c ZERO THE GLOBAL COEFFICIENT MATRIX AND
THE GLOBAL RIGHT HAND SIDE VECTORC

C*********************************************************^^t*****************i^**iHH^t

DO 101= I, NGLSIZ
GRHSVC( I) = O.OD+00
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DO 20 J = 1, NGLSIZ
GLCFMX( I, J) = O.OEHOO
CONTINUE

10 CONTINUE

20

c INSERT THE FIRST ELEMENT MATRIX INTO

THE GLOBAL MATRIXC
Q**************************************1H,t*******************************************

DO30K=l,NLCSIZ
GRHSVC( K) = AVCCEV( K)
DO 40 L = 1, NLCSIZ
GLCFMX( K, L) = AMXCEM( K, L)
CONTINUE

30 CONTINUE

40

c INSERT THE REMAINING ELEMENT MATRICES
INTO THE GLOBAL MATRIXC

IF (NUMELE .EQ. 2) THEN
CALL ASLAST (NUMDOF, NUSHFU, NUMELE,NELROW, NGLSIZ, NLCSIZ,

AVCCEV, AMXCEM, ELRHVC, ELCFMX, GLCFMX, GRHSVC)&

ELSE

IF (NUMELE .EQ. 3) THEN
CALL ASECON (NUMDOF, NUSHFU, NUMELE,NELROW, NGLSIZ, NLCSIZ,

AVCCEV, AMXCEM, ELRHVC, ELCFMX, GLCFMX, GRHSVC)
CALL ASLAST (NUMDOF, NUSHFU, NUMELE,NELROW, NGLSIZ, NLCSIZ,

AVCCEV, AMXCEM, ELRHVC, ELCFMX, GLCFMX, GRHSVC)

&

&

ELSE

CALL ASECON (NUMDOF, NUSHFU, NUMELE,NELROW, NGLSIZ, NLCSIZ,
AVCCEV, AMXCEM, ELRHVC, ELCFMX, GLCFMX, GRHSVC)

CALL ASLAST (NUMDOF, NUSHFU, NUMELE,NELROW, NGLSIZ, NLCSIZ,
AVCCEV, AMXCEM, ELRHVC, ELCFMX, GLCFMX, GRHSVC)

CALL ASTHIR (NUMDOF, NUSHFU, NUMELE,NELROW, NGLSIZ, NLCSIZ,
AVCCEV, AMXCEM, ELRHVC, ELCFMX, GLCFMX, GRHSVC)

&

&

&

ENDIF

ENDIF

C

RETURN

END

C

SUBROUTINE CUTFUT (NUNDIS, NUSHFU, NUMDOF, NUMELE, SOLVEC
UNDIVE)&

C************************************************************************************

c

c THIS SUBROUTINE CONVERTS THE SOLUTION VECTOR (SOLVEC) FROM
CURRENT FORMAT TO MORE EFFICIENT FORMATC
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c DECLARE VARIABLES
Q^Hitt***********************************************************************^^********

INTEGER NUNDIS !=(NUSHFU-1)*NUMD0F*NUMELE; NUMBER OF UNKNOWN
DISPLACEMENTS (INPUT)

INTEGER NUSHFU ! NUMBER OF SHAPE FUNCTIONS

INTEGER NUMDOF ! NUMBER OF DEGREES OF FREEDOM

INTEGER NUMELE ! NUMBER OF TIME ELEMENTS

INTEGER NRFESV ! ROW NUMBER FOR FIRST ELEMENT IN SOLUTION VECTOR

INTEGER NRUDIV ! ROW NUMBER IN UNKNOWN DISPLACEMENTS VECTOR

INTEGER NRUDCT ! UNKNOWN DISPLACEMENTS VECTOR ROW COUNTER

INTEGER NRSLVC ! ROW NUMBER IN SOLUTION VECTOR

INTEGER NUSFMl ! NUMBER OF SHAPE FUNCTIONS MINUS ONE

INTEGER NUSFM2 ! NUMBER OF SHAPE FUNCTIONS MINUS TWO

INTEGER NSTRSV ! NUMBER OF STARTING ROW IN SOLUTION VECTOR
INTEGER NSTRUD ! NUMBER OF STARTING ROW IN UNKNOWN DISPL. VECTOR

INTEGER NUDCSF ! NUMBER OF UNKNOWN DISP. VEC. ROWS CONSID. SO FAR

INTEGER NSVCSF ! NUMBER OF SOLUTION. VEC. ROWS CONSIDERED SO FAR
INTEGER NRUDVC ! ROW NUMBER IN THE UNKNOWN DISPLACEMENT VECTOR

INTEGER NRSVEC ! ROW NUMBER IN THE SOLUTION VECTOR

INTEGER NUSTSV ! NUMBER OF STARTING ROW IN SOLUTION VECTOR
INTEGER NUSTUD ! NUMBER OF STARTING ROW IN UNKNOWN DISPL. VECTOR
INTEGER NUINTE ! NUMBER OF INNER TIME ELEMENTS

INTEGER NURWTC ! NUMBER OF ROWS TO CONSIDER

INTEGER NSVERW ! ROW NUMBER IN SOLUTION VECTOR
INTEGER NUDVRW ! ROW NUMBER IN UNKNOWN DISPLACEMENTS VECTOR
INTEGER I, J, K! DO LOOP COUNTERS
INTEGER L, M, N! DO LOOP COUNTERS

C

C

REAL*8 SOLVEC (NUNDIS)! SOLUTION VECTOR IN CURRENT FORMAT
REAL*8 UNDFVE (NUNDIS)! SOLUTION VECTOR IN MORE EFFICIENT FORM.

C

NUSFMl = NUSHFU - 1

NUSFM2 = NUSHFU-2

NUINTE = NUMELE-2

c CONVERT VECTOR ELEMENTS CORRESPONDING TO FIRST
TIME ELEMENT

CONVERT FIRST NODES FOR EACH TIME ELEMENT

C

C

DO 10 I = 1, NUMDOF
NRFESV = (I - 1) * NUSHFU + 1
NRUDIV = NUNDIS - (NUMDOF -1) * NUSFMl
UNDrVE( NRUDIV) = SOLVEC( NRFESV)

10 CONTINUE

C CONVERT REMAINING NODES FOR EACH TIME ELEMENT
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NRUDCT = 0

C

DO20J= 1,NUMD0F
NUDCSF = (J - 1) * NUSHFU
DO 30 K = 2, NUSHFU
NRSLVC = NUDCSF+ K

NRUDCT = NRUDCT+1

UNDIVE( NRUDCT) = SOLVEC( NRSLVC)
30 CONTINUE

20 CONTINUE

Q*************************************************************************,^**********

c CONVERT VECTOR ELEMENTS CORRESPONDING TO INNER
TIME ELEMENTSC

C************************************************************************************

IF (NUINTE .GT. 0) THEN
NUSTSV = NUSHFU * NUMDOF

NUSTUD = NUSFMl * NUMDOF

NURWTC = NUINTE ¤ NUSFMl * NUMDOF
C

DO 60 N = 1, NURWTC
NSVERW = NUSTSV+ N

NUDVRW = NUSTUD + N

UNDIVE( NUDVRW) = SOLVEC( NSVERW)
60 CONTINUE

ENDIF

C

RETURN

END

C

(2************************************^**tt***********}t:**t***************^i*tt*********

SUBROUTINE DAMPIN (NUMDOF, CURAZI, CURDIS, CURVEL,
DZCOEF, DAMPMX)&

c THIS SUBROUTINE CALCULATES THE DAMPING MATRIX.
Q***********************************t*t********************Lt********t***************^

c VARIABLES;

NUMDOF ; NUMBER OF DEGREES OF FREEDOM (INPUT).
CURAZI: CURRENT AZIMUTH - TIME (INPUT).
CURDIS ; CURRENT DISPLACEMENT VECTOR (INPUT).
CURVEL : CURRENT VELOCITY VECTOR (INPUT).
PCOEFF : DIMENSIONLESS ROTATING FLAP FREQUENCY. (INPUT).
DAMPMX . DAMPING MATRIX (OUTPUT).
DBCOEF : VISCOUS DAMPING RATIO IN FLAP.
DZCOEF ; VISCOUS DAMPING RATIO IN LEAD-LAG.
FBNROT NONDIMENSINAL,NONROTATING FLAP NATURAL FREQUENCY.
FZNROT : NONDIMENSIONAL, NONROTATING LEAD-LAG NATURAL FREQUENCY.

C

C

C

C

C

C

C

C

C

C

80



c DECLARE VARIABLES.
Q***************************^***tt**************i^*******^^**Lit^^^t^*ti******************

INTEGER NUMDOF

REAL*8 CURAZI, CURDIS(NUMIX)F), CURVEL(NUMDOF), FBNROT, FZNROT
REAL*8 DBCOEF, DZCOEF, PCOEFF
REAL*8 DAMPMX( NUMDOF, NUMDOF)

c DUFFING'S EQN., J.M.T. THOMPSON,
"NONLINEAR DYNAMICS AND CHAOS",P.8,IO.C

C***************************t**t*******t^n,^^t**************************^*t*m^^,tt*****

DAMPMX( I, I) = 0.08D+00
C

RETURN

END

C

C************************************************************************************

SUBROUTINE DAMPNL (NUMDOF, CURAZI, CURDIS, CURVEL,
DZCOEF, DAMPMX)&

C************************************************************************************

c

c THIS SUBROUTINE CALCULATES THE DERIVATIVE W.R.T. VELOCITY
VECTOR OF THE NONLINEAR FORCING VECTOR.C

c REMEMBER THAT A NEGATIVE VALUE OF THE DERIVATIVE MUST BE
GENERATED. THE REASON IS THAT THE DERIVATIVE IS ADDED TO
THE DAMPING MATRIX, NOT SUBTRACTED AS IT SHOULD !!!

CURAZI: CURRENT AZIMUTH - TIME (INPUT).
CURDIS : CURRENT DISPLACEMENT VECTOR (INPUT).
CURVEL : CURRENT VELOCITY VECTOR (INPUT).
PCOEFF : DIMENSIONLESS ROTATING FLAP FREQUENCY. (INPUT).
DAMPMX : DAMPING MATRIX (OUTPUT).
DBCOEF ; VISCOUS DAMPING RATIO IN FLAP.
DZCOEF . VISCOUS DAMPING RATIO IN LEAD-LAG.
FBNROT : NONDIMENSINAL,NONROTATING FLAP NATURAL FREQUENCY.
FZNROT : NONDIMENSIONAL, NONROTATING LEAD-LAG NATURAL FREQUENCY.

C

C

C

C

C

C

C

C

C

C

C

c DECLARE VARIABLES.

INTEGER NUMDOF

REAL*8 CURAZI, CURDIS(NUMDOF), CURVEL(NUMDOF), FBNROT FZNROT
REAL*8 DBCOEF, DZCOEF, PCOEFF
REAL*8 DAMPMX( NUMDOF, NUMDOF)

c DUFFING'S EQN., J.M.T. THOMPSON,
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c "NONLINEAR DYNAMICS AND CHAOS",P.8,10.

DAMPMX( I, I) = 0.00D+O0
C

END

C
Q********************^***t*t********************^i**tHi^***t**^t*^H:L*^:tif*1H^**}ttt*********

SUBROUTINE DAMXNL (NUMDOF, CURAZI, CURDIS, CURVEL,
DZCOEF, DAMPMX)&

Q************************************************iHf*******«****n^***^**t*inHft*********

c

c THIS SUBROUTINE CALCULATES THE NONLINEAR PART OF THE DAMPING
MATRIXC

Q**********************^i*1Hit*t*************************t**t*1HHHt**************t****t

C VARIABLE

C NUMDOF : NUMBER OF DEGREES OF FREEDOM (INPUT).
C  CURAZI; CURRENT AZIMUTH - TIME (INPUT).
C  CURDIS : CURRENT DISPLACEMENT VECTOR (INPUT).
C  CURVEL : CURRENT VELOCITY VECTOR (INPUT).
C  PCOEFF : DIMENSIONLESS ROTATING FLAP FREQUENCY. (INPUT).
C DAMPMX : DAMPING MATRIX (OUTPUT).
C DBCOEF . VISCOUS DAMPING RATIO IN FLAP.
C DZCOEF : VISCOUS DAMPING RATIO IN LEAD-LAG.
C  FBNROT : NONDIMENSINAL,NONROTATING FLAP NATURAL FREQUENCY.
C  FZNROT : NONDIMENSIONAL, NONROTATING LEAD-LAG NATURAL FREQUENCY.

(^************************************************************************************

C DECLARE VARIABLES.
C************************************************************************************

INTEGER NUMDOF

REAL*8 CURAZI, CURDIS(NUMDOF), CURVEL(NUMDOF), FBNROT, FZNROT
REAL*8 DBCOEF, DZCOEF, PCOEFF
REAL*8 DAMPMX( NUMDOF, NUMDOF)

c DUFFING'S EQN., J.M.T. THOMPSON,
"NONLINEAR DYNAMICS AND CHAOS",P.8,IO.C

DAMPMX( 1,1) = O.OOD+00
C

RETURN

END

Q************************if**1Ht***imt*****************^**t*1r**t**r)tt*^*^*t^:^^^t***t****

SUBROUTINE DEGVEC (NUMELE, TIELEN, PINUMB, DEGVAL)

C THIS SUBROUTINE DEFINES THE VECTOR OF TIME INTERVAL END
POSITIONS IN DEGREESC

Q****************^^**********^^*i^t***^HH,*^L:^^^it********l^^H^*^^^HH^********************t**^L*
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DECLARE VARIABLESC
Q^^i^i^^^t*****************************************************************************

INTEGER NUMELE ! NUMBER OF TIME INTERVALS

INTEGER I ! DO LOOP 10 COUNTER

C

REAL*8 PINUMB ! PI NUMBER

REAL*8 TIELEN ! TIME ELEMENT LENGTH

REAL*8 ANGRAD ! TIME ELEMENT END POSITION IN RADIANS

REAL*8 DEGVAL( NUMELE)! VECTOR OF TIME INERVAL END POSITIONS
C

ANGRAD = TIELEN
Q^^ii^iiL^^,0^4nnrt*******************m***************************************************

CALCULATE THE VECTOR OF END POSITIONSC

DO 10 I = I, NUMELE
DEGVAL( I) = ANGRAD/PINUMB * I80.0D0
ANGRAD = ANGRAD + TIELEN

10 CONTINUE

C

RETURN

END

C
^♦•♦♦•♦♦♦♦♦♦♦♦♦♦♦♦♦♦♦♦♦♦♦♦♦♦♦♦♦♦♦♦•♦♦♦•♦♦♦♦♦♦♦♦♦♦♦••♦♦******************4>************

SUBROUTINE EXTEDV( NUSHFU, NUMDOF, NUDOFD, NELCSF, NLCSIZ, NEDSIZ,
ELDIMX, ELDFVE)&

Q**tf*1^*1^***1f*t***********************************************************************

c
THIS SUBROUTINE EXTRACTS THE FULL DISPLACEMENT VECTOR
CORRESPONDING TO GIVEN TIME ELEMENT FROM THE ELEMENT
DISPLACEMENT MATRIX

C
C
C
Q*****im*******************tiHf*******************t***********************************

c DECLARE VARIABLES
Q************************************************************************************

INTEGER NUSHFU ! NUMBER OF SHAPE FUNCTIONS
INTEGER NURODV ! ROW NUMBER IN THE DISPLACEMENT VECTOR
INTEGER NUDOFD !=NUMDOF*2; DOUBLE NUMBER OF TIME ELEMENTS
INTEGER NELCSF ! NUMBER OF TIME ELEMENTS CONSIDERED SO FAR
INTEGER NLCSIZ !=NUMDOF*NUSHFU: SIZE OF ELEMENT COEFF. MATRIX
INTEGER NRELMC ! NUMBER OF ROWS OF ELEM. COEF. MX. CONSID. SO FAR
INTEGER NRELFI! FIRST ROW OF ELEM. COEF. MX. FOR GIVEN TIME EL.
INTEGER NRELAS ! LAST ROW OF ELEM. COEF. MX. FOR GIVEN TIME EL.
INTEGER NEDSIZ !=NUSHFU*NUMELE: NUM. OF ROWS IN ELEMENT DISPL. MX
INTEGER NUMDOF ! NUMBER OF DEGREES OF FREEDOM
INTEGER I, J IDO LOOP COUNTERS
REAL*8 ELDIMX( NEDSIZ, NUMDOF)! ELEMENT DISPLACEMENT MATRIX
REAL*8 ELDrVE( NLCSIZ)! ELEMENT DISPLACEMENT VECTOR
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EXTRACT THE DISPLACEMENT VECTOR CORRESPONDING

TO THE GIVEN TIME ELEMENT
C

C
Q^^tt********************************************************************************

NURODV = 0

NRELMC = NELCSF ¤ NUSHFU
NRELFI = NRELMC+ 1

NRELAS = NRELMC + NUSHFU

DO 101= I,NUMDOF
DO 20 J = NRELFI, NRELAS
NURODV = NURODV + I

ELDrVE( NURODV) = ELDIMX( J, I)
CONTINUE

CONTINUE

20

10

C

RETURN

END

C

DOUBLE PRECISION FUNCTION FICDFl (VARIAB)
Qif****iHt*}IHHft************************************************************************

c THIS FUNCTION GENERATES THE INITIAL VALUES AT TIME NODES (IN
GLOBAL COORDINATES) FOR DOF #1C

Qt******^**********t*t:**^:i^*t*********************************************************

c DECLARE VARIABLES

REAL*8 VARIAB ! FUNCTION VARIABLE
Q********************it***t>*1f^*t*********************************************t********

c GENERATE THE NODAL VALUE
Q***********’***************tnnf****************************************************tnf*

FICDFl = l.ODO

C

RETURN

END

C

SUBROUTINE FORCIN (NUMDOF, CURAZI, CURDIS, CURVEL, AMPLIT, FREQ,
FORCEV)+

c THIS SUBROUTINE CALCULATES THE FORCING FUNCTION VECTOR.

VARIABLES:

NUMDOF : NUMBER OF DEGREES OF FREEDOM (INPUT).
CURAZI: CURRENT AZIMUTH - TIME (INPUT).
CURDIS : CURRENT DISPLACEMENT VECTOR (INPUT).
CURVEL : CURRENT VELOCITY VECTOR (INPUT).
AMPLIT : FORCING FUNCTION AMPLITUDE (INPUT).
FREQ : FORCING FUNCTION FREQUENCY (INPUT).
FORCEV : FORCING FUNCTION VECTOR (OUTPUT).

C

C

C

C

C

C

C

C
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c GAM : GAMMA (LOCK NUMBER).
TETO ; TETA 0 (PRETWIST).
XMU : MU (ADVANCE RATIO).
XLAM : LAMBDA (NONDIMENSIONAL INFLOW).
XLAMI . LAMDAI (NONDIMENSIONAL INDUCED VELOCITY).
XNU : NU (FLAPPING FREQUENCY).

C

C

C

C

C

C DECLARE VARIABLES.

INTEGER NUMDOF

REAL*8 CURAZI, CURDIS(NUMDOF), CURVEL(NUMDOF), AMPLIT, FREQ,
FORCEV( NUMDOF), GAM, TETO, XMU, XLAM, XLAMI, XNU, FI, F2,
F3, F4, F5

+

+

Q*****************t^***t*************«********ti**^t***1Hft***t*i^t*********************

c DUFFING'S EQN., J.M.T. THOMPSON,
"NONLINEAR DYNAMICS AND CHAOS",P.8,IO.C

FORCEV( I) = AMPLIT ¤ DCOS( CURAZI * FREQ)
C

RETURN

END

C

Q************************************************************************t***********

SUBROUTINE GAQPAW (GAQPNT, GAQWGT)
Q*********************^***************************t*********tHit**********************

C THIS SUBROUTINE DEFINES VECTORS OF GAUSS QUADRATURE POINTS AND
WEIGHTSC

Q**************************^****^^Hf*******tHHL;^^tt****************************t*m*tJli**

c DECLARE VARIABLES
(^♦♦♦♦♦♦♦*****************************************************************************

INTEGER I! DO LOOP 10 COUNTER
INTEGER J ! SYMMETRIC GAUSS WEIGHTS COUNTER
INTEGER 13! GAUSS WEIGHT DATA SPACER

C
REAL*8 GAUVEC( 6)! VECTOR OF DATA FOR GAUSS POINTS & WEIGHTS
REAL*8 GAQPNT( 6)! VECTOR OF GAUSS POINTS
REAL*8 GAQWGT( 6)! VECTOR OF GAUSS WEIGHTS
DATA GAUVEC/.93246951420315D0, .66120938646627D0,

.23861918608320D0, .17132449237917D0,

.36076157304814D0, .46791393457269D0/
&
&

C
DO 101=1,3
J = 7-I

13 = I + 3
GAQPNT(I) = - GAUVEC(I)
GAQPNT(J)= GAUVEC(I)
GAQWGT(I)= GAUVEC(I3)
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GAQWGT(J)= GAQWGT(I)
10 CONTINUE

C

RETURN

END

C

SUBROUTINE GAUJOR (NGLSIZ, NGLSPO, COEFMX, RHSVEC, A, B, X)
Q***********************************^**t******************^*^*,t:*^t**********^********

c DECLARE VARIABLES
C************************************************************************************

INTEGER NGLSIZ ! GLOBAL MATRIX SIZE
INTEGER NGLSPO ! GLOBAL MATRIX SIZE PLUS ONE, NUMBER OF COLUMNS

IN THE AUGMENTED MATRIX&C

INTEGER M, K, I, J
INTEGER JJ, lA, JA

C

REALMS A( NGLSIZ, NGLSPO)! AUGMENTED MATRIX
REAL*8 COEFMX( NGLSIZ, NGLSIZ)! GLOBAL COEFFICIENT MATRIX
REAL*8 B( NGLSIZ, NGLSIZ) ! TEMPORARY MATRIX
REAL*8 RHSVEC( NGLSIZ)! RIGHT HAND SIDE VECTOR
REAL*8 X( NGLSIZ)! THE SOLUTION VECTOR
REAL*8 AB

REAL*8 BIG

REAL*8 TEMP

c GENERATE THE AUGMENTED MATRIX

DO 20 lA = 1, NGLSIZ
A( lA, NGLSPO) = RHSVECC lA)
DO 30 JA = 1, NGLSIZ
A( lA, JA) = COEFMX( lA, JA)

30 CONTINUE

20 CONTINUE

C

M = NGLSIZ + 1

6K = M- 1

IF(K .EQ. 1) GO TO II
JJ= 1

BIG = DABS( A( 1, 1))
DO 8 I = 2, K
AB = DABS( A( 1, 1))
IF ( BIG - AB) 7,8,8
7 BIG = AB

JJ = I

8 CONTINUE

IF (JJ - 1)9,11,9
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9D0 10J= 1,M
TEMP = A(JJ, J)
A(JJ,J) = A(1,J)

10A(1,J) = TEMP
11 DO 12J = 2,M
DO 12I = 2,NGLSIZ

12 B( I-l, J-1) = A( 1, J) - A( 1, J) ¤ A( 1,1) / A( 1,1)
DO 13 J = 2,M

13 B( NGLSIZ, J-1) = A( 1, J) / A( 1, 1)
M = M- 1

DO 14 J = 1, M
DO 141= 1, NGLSIZ

14A(I,J) = B(I,J)
IF (M -1)6,15,6

15 CONTINUE

DO 901 = 1, NGLSIZ
X(I) = A( 1,1)

90 CONTINUE

RETURN

END

C

SUBROUTINE GEFSOV (NUMELE, NUSHFU, NUMDOF, NEDSIZ, NFINSL,
ELDIMX, FINSLM)&

C THIS SUBROUTINE GENERATES THE FINAL SOLUTION VECTOR FROM THE
STACKED MATRIX OF ELEMENT DISPLACEMENTS.C

C DECLARE VARIABLES
Q*******************************************************************^*****tHHf^:t1t*****

INTEGER I, J, K! DO LOOP COUNTERS
INTEGER NEDSIZ !=NUSHFU*NUMELE: NUM. OF ROWS IN ELEMENT DISPL. MX
INTEGER NFINSL !=(NUSHFU -1)*NUMELE:NUM. OF ROWS IN FIN. SOL. MX.
INTEGER NRFSMX ! ROW NUMBER IN THE FINAL SOLUTION MATRIX
INTEGER NRWEFV ! ROW NUMBER OF THE EFFICIENT SOLUTION VECTOR
INTEGER NUMDOF ! NUMBER OF DEGREES OF FREEDOM
INTEGER NUMELE ! NUMBER OF TIME ELEMENTS

INTEGER NURCSF ! NUMBER OF ELEMENT DISPL. MX. CONSIDERED SO FAR
INTEGER NUSHFU ! NUMBER OF SHAPE FUNCTIONS

C

REAL*8 ELDIMX( NEDSIZ, NUMDOF)! ELEMENT DISPLACEMENT MATRIX
REAL*8 FINSLM( NFINSL, NUMDOF)! FINAL SOLUTION MATRIX

Q***************************************************************************4L^m******

c GENERATE THE FINAL SOLUTION VECTOR

NRWEFV = 0

DO 10 I = 1, NUMELE
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NURCSF = (I -1) * NUSHFU
DO20J = 2,NUSHFU
NRFSMX = NURCSF+ J

NRWEFV = NRWEFV+1

IX)30K=1,NUMDOF
FINSLM( NRWEFV, K) = ELDIMX( NRFSMX, K)
CONTINUE

20 CONTINUE

10 CONTINUE

30

C

RETURN

END

C

SUBROUTINE GENECM ( NUDOFD, NUMDOF, SINERM, SDAMPM, SSTIFM,
EMCKMX)&

(;^**********#*************************************************************************

THIS SUBROUTINE GENERATES THE COEFFICIENT MATRIXC
(^♦♦♦♦♦♦♦*****************************************************************************

C DECLARE VARIABLES
Q***t*^l***nLtttHf**}IH:******’lf**********************j^**************************l^*********

INTEGER NUMDOF ! NUMBER OF DEGREES OF FREEDOM
INTEGER NUDOFD ! DOUBLE NUMBER OF DOF'S (INPUT)
INTEGER I, J ! DO LOOP COUNTERS
INTEGER ILOWER ! COUNTER FOR THE LOWER PART OF THE COEFF. MATRIX
INTEGER JRIGHT ! COUNTER FOR THE UPPER PART OF THE COEFF. MATRIX

C
REAL*8 SINERM( NUMDOF, NUMDOF)! SYSTEM INERTIA MATRIX
REAL'»8 SDAMPM( NUMDOF, NUMDOF)! SYSTEM DAMPING MATRIX
REAL*8 SSTIFM( NUMDOF, NUMDOF)! SYSTEM STIFFNESS MATRIX
REAL*8 EMCKMX( NUDOFD, NUDOFD)! COEFFICIENT MATRIX

c GENERATE THE COEFFICIENT MATRIX

DO 101= l,NUMDOF
ILOWER = NUMDOF +1

C
DO 20 J = 1, NUMDOF

JRIGHT = NUMDOF+ J
EMCKMXC I, J) = -SSTIFM( I, J)
EMCKMX( ILOWER, J) = O.ODO
EMCKMX( I, JRIGHT) = -SDAMPM( I, J)
EMCKMX( ILOWER, JRIGHT) = SINERM( I, J)
CONTINUE20

C
10 CONTINUE

C
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RETURN

END

C

Q*********************************************t**************** Ĥt*:^nLiH***^t***********

SUBROUTINE GENSHD (NUSHFU, GPLCRD, TIELEN, SHFUNV, SHDERV)
C♦♦**♦♦**♦♦***♦***♦'|‘**♦*♦*•♦*♦*♦♦♦*•♦♦♦♦♦**••*♦♦♦♦**♦*♦**♦♦♦♦♦♦*♦♦♦*♦*****♦*****♦♦*♦♦

c THIS SUBROUTINE GENERATES THE VECTORS OF SHAPE FUNCTIONS
AND SHAPE FUNCTION DERIVATIVESC

c DECLARE VARIABLES

INTEGER NUSHFU ! NUMBER OF SHAPE FUNCTIONS
C

REAL*8 GPLCRD ! GAUSSIAN POINT IN LOCAL COORDINATES
REALMS TIELEN ! TIME ELEMENT LENGTH
REAL*8 SHFUNV( NUSHFU)! SHAPE FUNCTION VECTOR
REAL*8 SHDERV( NUSHFU) ! SHAPE FUNCTION DERIVATIVES VECTOR

C************************************************************************************

c VERIFY THE NUMBER OF SHAPE FUNCTIONS

IF (NUSHFU .NE. 2) THEN
PRINT *, ' NUMBER OF SHAPE FUNCTIONS MUST BE NUSHFU = 2 !'
PRINT *,' STOPPED IN SUBROUTINE GENSHD'
STOP

ENDIF
(2***************************^**ttL*iHHf****t********:^***************^L****ti^i^t^HL^Lit:**i^***^

c GENERATE SHAPE FUNCTION VECTORS AND
SHAPE FUNCTION DERIVATIVES VECTORSC

Q*****************************^********^*i^rlf**^t*********************t********it:**t****
SHFUNV( 2) = GPLCRD/TIELEN
SHFUNV( 1) = l.ODO - SHFUNV( 2)
SHDERV( 2) = l.ODO/TIELEN
SHDERV( I) = -SHDERV( 2)

C
RETURN
END

C
Q********************************i,*******t**:***************t** i>L****:^**m^H,1t^,^t********

SUBROUTINE GICEDM (NUMELE, NUSHFU, NUMDOF, NEDSIZ, NFINSL,
FINSLM, ELDIMX)&

Q*************************if********^**t*****************t**t*^i**^^t^it******t******t**

c
c THIS SUBROUTINE GENERATES THE STACKED MATRIX OF ELEMENT

DISPLACEMENTS FROM THE FINAL SOLUTION VECTOR.C

c DECLARE VARIABLES
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INTEGER I, J, K! DO LOOP COUNTERS
INTEGER L, M, N! DO LOOP COUNTERS
INTEGER II IDO LOOP COUNTER

INTEGER NEDSIZ !=NUSHFU*NUMELE: NUM. OF ROWS IN ELEMENT DISPL. MX
INTEGER NFINSL !=(NUSHFU -1)*NUMELE:NUM. OF ROWS IN FIN. SOL. MX.
INTEGER NRFSMX ! ROW NUMBER IN THE FINAL SOLUTION MATRIX
INTEGER NRFSPI ! NRFSMX + 1

INTEGER NRWEFV ! ROW NUMBER OF THE EFFICIENT SOLUTION VECTOR
INTEGER NUMDOF ! NUMBER OF DEGREES OF FREEDOM
INTEGER NUMELE ! NUMBER OF TIME ELEMENTS

INTEGER NUMEMI ! NUMELE - I

INTEGER NURCSF ! NUMBER OF ELEMENT DISPL. MX. CONSIDERED SO FAR
INTEGER NUSHFU ! NUMBER OF SHAPE FUNCTIONS

C

REAL*8 ELDIMX( NEDSIZ, NUMDOF)! ELEMENT DISPLACEMENT MATRIX
REAL*8 FINSLM( NFINSL, NUMDOF)! FINAL SOLUTION MATRIX

c GENERATE THE FINAL SOLUTION VECTOR

NRWEFV = 0

NUMEM I = NUMELE - I

DO 10I=1,NUMEMI
NURCSF = (I -1) * NUSHFU
DO 20 J = 2, NUSHFU
NRFSMX = NURCSF+ J

NRWEFV = NRWEFV + 1

DO 30 K = I, NUMDOF
ELDIMX( NRFSMX, K) = FINSLM( NRWEFV, K)
CONTINUE

CONTINUE

30

20

Q****************************************^t*****************t*t************t****t***tt

c FILL THE EXTRA ROW OF ELDIMX

NRFSP I = NRFSMX + 1

DO 40 L= I, NUMDOF
ELDIMX( NRFSP I, L) = FINSLM( NRWEFV, L)

40 CONTINUE

10 CONTINUE

c FILL THE ROWS IN ELDIMX CORRESPONDING TO THE

LAST TIME ELEMENTC

NURCSF = NUMEM 1 * NUSHFU

DO 50 M = 2, NUSHFU
NRFSMX = NURCSF+ M
NRWEFV = NRWEFV + 1

DO 60 N = 1, NUMDOF
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ELDIMX( NRFSMX, N) = FINSLM( NRWEFV, N)
60 CONTINUE

50 CONTINUE

(2*****************************iHL****imtt***************************it******ti^t********

C FILL THE FIRST ROW OF ELDIMX
C******'******************************************************************************

NRFSPI = NRFSMX + 1

DO70II = l,NUMDOF
ELDIMX( 1, II) = FINSLM( NRWEFV, II)

70 CONTINUE

C

RETURN

END

C

SUBROUTINE INITMX (NUMROW, NUMCOL, TINMAT)
Q***************************t*iHi*******1tit‘******************************^iiLt***t*******

THIS SUBROUTINE INITIALIZES A MATRIX

C  I, J : DO LOOP COUNTERS
C NUMROW : NUMBER OF ROWS

C NUMCOL ; NUMBER OF COLUMNS

C  TINMAT : INITIALIZED MATRIX

C

Q**************************tnnHf****ini:tfnf*^t********iL******iL*t*****^t******************

c DECLARE VARIABLES

INTEGER I, J, NUMROW, NUMCOL
REAL*8 TINMAT( NUMROW, NUMCOL)

C

DO 101= I, NUMROW
C

DO 20 J = 1, NUMCOL
TINMAT( I, J) = O.OD+00

20 CONTINUE

C

10 CONTINUE

C

RETURN

END

C

SUBROUTINE INITVE (NUMDOF, DISTN)
Q********************************t*****tt***********t****t******:*****^H^t*************

C  THIS SUBROUTINE INITIALIZES VECTOR OF DISPLACEMENTS
C VARIABLES:

C l : DO LOOP 10 COUNTER.
C NUMDOF : NUMBER OF DOF'S.
C DISTN ; INITIALIZED VECTOR.
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Q*********************************************************ti*****iHf*******************

c DECLARE VARIABLES.

INTEGER I, NUMDOF
REAL*8 DISTN( NUMDOF)

C

DO 101= 1, NUMDOF
DISTN( I) = O.OD+00

10 CONTINUE

C

RETURN

END

C

SUBROUTINE INERTI ( NUMDOF, MASSMX)
Q******t0**t****iH^*^,**itHl1H,*:t:****************************iHHHf**********:^Hft************

c THIS SUBROUTINE CALCULATES THE INERTIA MATRIX.
Q**********************************t*t**tif*t**********************i^**********^******t

C VARIABLES;

C NUMDOF ; NUMBER OF DEGREES OF FREEDOM (INPUT).
C MASSMX : MASS MATRIX (OUTPUT).

C DECLARE VARIABLES.

INTEGER NUMDOF

REAL*8 MASSMX( NUMDOF, NUMDOF)
Q************************************************************************************

c DUFFING'S EQN., J.M.T. THOMPSON,
"NONLINEAR DYNAMICS AND CHAOS", P.8,10C

Q***************************************************************1r****m***************

MASSMX( 1, 1)= l.OEHOO
C

RETURN

END

C
(2************************t***^tDitttt**********************^t*t**t********************

SUBROUTINE MATAD (A, B, C, N, M)
IMPLICIT REAL*8(A-H, 0-Z)
DIMENSION A(N, M), B(N, M), C(N, M)
DO 10IR= 1,N
DO 10IC= 1,M
C(IR, IC) = A(IR, IC) + B(IR, IC)

10 CONTINUE

RETURN

END

SUBROUTINE MATSUB (A, B, C, N, M)
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IMPLICIT REAL*8(A-H, 0-Z)
DIMENSION A(N,M), B(N,M), C(N,M)
DO I0IR= I,N
DO 10 IC = I, M
C(IR, IC) = A(IR, IC) - B(IR, IC)

10 CONTINUE

RETURN

END

C

SUBROUTINE MATMUL (A, B, C, L, M, N)
IMPLICIT REAL*8(A-H,0-Z)
DIMENSION A(L,M), B(M,N), C(L,N)
DO 10 1=1, L
DO I0J=I,N
C(I, J) = O.ODO
DO I0K= I,M
C(I, J) = C(I,J) + A(I,K)*B(K,J)

10 CONTINUE

RETURN

END

C

SUBROUTINE SHFDRM (NLCSIZ, NUDOFD, NUMDOF, NUSHFU, SHFUNV,
SHDERV, SHDERM)&

c THIS SUBROUTINE GENERATES THE MATRIX CONTAINING THE SHAPE

FUNCTIONS AND THE DERIVATIVES OF THE SHAPE FUNCTIONSC

c DECLARE VARIABLES

INTEGER NLCSIZ !=NUMDOF*NUSHFU, COEFFICIENT MATRIX SIZE
INTEGER NUDOFD ! DOUBLE NUMBER OF DOF'S (INPUT)
INTEGER NUMDOF ! NUMBER OF DOF'S

INTEGER NUSHFU ! NUMBER OF SHAPE FUNCTIONS

INTEGER NMDFMl ! NUMBER OF CONSIDERED DOF'S

INTEGER ILOWER ! ROW NUMBER IN THE LOWER PART OF COEFF. MATRIX

INTEGER I, J IDO LOOP COUNTERS
INTEGER NUMCOL ! PROPER NUMBER OF A COLUMN

C

REAL'»8 SHDERM( NUDOFD, NLCSIZ)! MATRIX WITH SHAPE FUNCTIONS AND
DERIVATIVES OF SHAPE FUNCTIONS

REAL*8 SHFUNV( NUSHFU)! SHAPE FUNCTION VECTORS
REAL*8 SHDERV( NUSHFU) ! SHAPE FUNCTION DERIVATIVES VECTOR

C

C INITIALIZE THE MATRIX CONTAINING

SHAPE FUNCTIONS AND DERIVATIVES OFC
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SHAPE FUNCTIONSC
Q^*^*^,^^t****************************************************************************

CALL INITMX (NUDOFD, NLCSIZ, SHDERM)
Qifttftt^t1Httt**i***********************************************************************

GENERATE THE MATRIX CONTAINING

SHAPE FUNCTIONS AND DERIVATIVES OF

SHAPE FUNCTIONS

C

C

C
Q*t**********************************************************************************

DO 101 = I, NUMDOF
NMDFM1=I-I

ILOWER = NUMDOF +1

C

DO 20 J = 1, NUSHFU
NUMCOL = NMDFMl * NUSHFU + J

SHDERM( I, NUMCOL) = SHFUNV( J)
SHDERM( ILOWER, NUMCOL) = SHDERV( J)

20 CONTINUE

C

10 CONTINUE

C

RETURN

END

C
Q*^***W:*******^**********************************************************************

SUBROUTINE STIFFN (NUMDOF, CURAZI, CURDIS, CURVEL,
FZNROT, STIFMX)&

C

c THIS SUBROUTINE CALCULATES THE LINEAR PART OF THE STIFFNESS

MATRIX.C
Q***********t*****t******************************************************************

c VARIABLES;

NUMDOF : NUMBER OF DEGREES OF FREEDOM (INPUT).
CURAZI: CURRENT AZIMUTH - TIME (INPUT).
CURDIS : CURRENT DISPLACEMENT VECTOR (INPUT).
CURVEL : CURRENT VELOCITY VECTOR (INPUT).
COEFF : STIFFNESS TERM COEFFICIENT - USED FOR 1 DOF (INPUT).
STIFMX : STIFFNESS MATRIX (OUTPUT).
SPRINl : SPRING #1 CONSTANT.

SPRIN2 : SPRING #2 CONSTANT.

CA1 ; COEFFICIENT OF NONLINEARITY, K1 = CA1 ¤ X + CB1
CBl : COEFF. OF NONLIN..

CA2 : COEFFICIENT OF NONLINEARITY, K2 = CA2 * X + CB2
CB2 ; COEFF. OF NONLIN..

FBNROT : NONDIMENSIONAL, NONROTATING FLAP NATURAL FREQUENCY.
FZNROT : NONDIMENSIONAL, NONROTATING LEAD-LAG NATURAL FREQUENCY.

C

C

C

C

C

C

C

C

C

C

C

C

C

C

C
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COMMON /STIFCF/ CAl, CBl, CA2, CB2
C
Qt***********************************************************************************

DECLARE VARIABLES.C
Q^i:^^tft*******************************************************************************

INTEGER NUMDOF

REAL*8 CURAZI, CURDIS(NUMDOF), CURVELCNLIMDOF), COEFF
REALMS FBNROT, FZNROT
REAL*8 STIFMX( NUMDOF, NUMDOF), SPRINl, SPRIN2, CAl, CBl, CA2, CB2

DUFFING’S EQN., J.M.T. THOMPSON,
"NONLINEAR DYNAMICS AND CHAOS",P.8,10.VAR11250

C

C
Q^^^t********************************************************************************

c

STIFMX( 1, 1)= O.OD+00
C

RETURN

END

C
Qii^^0^nHf^^*if^*innm*t**iiit*************************************************************

SUBROUTINE STIFNL (NUMDOF, CURAZI, CURDIS, CURVEL,
FZNROT, AMPLIT, FREQUE, STIFMX)&

Q**^fiftt******************************************************************************

c

THIS SUBROUTINE CALCULATES THE DERIVATIVE W.R.T. DISPLACEMENT

VECTOR OF THE NONLINEAR FORCING FUNCTION VECTOR.

C

C

C REMEMBER THAT A NEGATIVE VALUE OF DERIVATIVE MUST BE GENERATED.

THE REASON IS THAT THE DERIVATIVE IS ADDED TO STIFFNESSC

MATRIX, NOT SUBTRACTED AS IT SHOULD !!!C

C VARIABLES:

NUMDOF : NUMBER OF DEGREES OF FREEDOM (INPUT).
CURAZI: CURRENT AZIMUTH - TIME (INPUT).
CURDIS : CURRENT DISPLACEMENT VECTOR (INPUT).
CURVEL : CURRENT VELOCITY VECTOR (INPUT).
COEFF : STIFFNESS TERM COEFFICIENT - USED FOR 1 DOF (INPUT).
STIFMX : STIFFNESS MATRIX (OUTPUT).
SPRINl : SPRING#! CONSTANT.

SPRIN2 : SPRING #2 CONSTANT.

CAI : COEFFICIENT OF NONLINEARITY, K1 = CA1 * X + CB1
CBl ; COEFF. OF NONLIN..

CA2 : COEFFICIENT OF NONLINEARITY, K2 = CA2 ¤ X + CB2
CB2 : COEFF. OF NONLIN..

FBNROT : NONDIMENSIONAL, NONROTATING FLAP NATURAL FREQUENCY.
FZNROT : NONDIMENSIONAL, NONROTATING LEAD-LAG NATURAL FREQUENCY.

C

C

C

C

C

C

C

C

C

C

C

C

C

C

C
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COMMON /STIFCF/ CAl, CBl, CA2, CB2
C
Q^t**********************************************************************************

DECLARE VARIABLES.C
^♦♦♦♦♦*******************************************************************************

INTEGER NUMDOF
REAL*8 CURAZI, CURDIS(NUMDOF), CURVEL(NUMIX)F), COEFF
REAL*8 FBNROT, FZNROT, AMPLIT, FREQUE
REAL*8 STIFMX( NUMDOF, NUMDOF), SPRINl, SPRIN2, CAl, CBl, CA2, CB2

Qttt*********************************************************************************

DUFFING'S EQN., J.M.T. THOMPSON,
"NONLINEAR DYNAMICS AND CHAOS",P.8,10.

C
C
Q1,il,t^tHLtt****************************************************************************

C
STIFMX( 1, 1) = lD+00 * (S.OD+OO * CURDIS( 1)**2)

C
RETURN
END

C

SUBROUTINE STMXNL (NUMDOF, CURAZI, CURDIS, CURVEL,
FZNROT,AMPLIT, FREQUE, STIFMX)&

c
c THIS SUBROUTINE CALCULATES THE NONLINEAR PART OF STIFFNESS

MATRIX.C

c VARIABLES:
NUMDOF : NUMBER OF DEGREES OF FREEDOM (INPUT).
CURAZI; CURRENT AZIMUTH - TIME (INPUT).
CURDIS : CURRENT DISPLACEMENT VECTOR (INPUT).
CURVEL : CURRENT VELOCITY VECTOR (INPUT).
COEFF : STIFFNESS TERM COEFFICIENT - USED FOR 1 DOF (INPUT).
STIFMX : STIFFNESS MATRIX (OUTPUT).
SPRINl : SPRING#! CONSTANT.
SPRIN2 : SPRING #2 CONSTANT.
CA1 : COEFFICIENT OF NONLINEARITY, K1 = CA1 * X + CB1
CBl : COEFF. OF NONLIN..
CA2 : COEFFICIENT OF NONLINEARITY, K2 = CA2 ♦ X + CB2
CB2 ; COEFF. OF NONLIN..

C
C
C
C
C
C
C
C
C
C
C
C
C FBNROT : NONDIMENSIONAL, NONROTATING FLAP NATURAL FREQUENCY.

FZNROT : NONDIMENSIONAL, NONROTATING LEAD-LAG NATURAL FREQUENCY.C

COMMON /STIFCF/ CAl, CBl, CA2, CB2

c DECLARE VARIABLES.
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INTEGER NUMDOF

REAL*8 CURAZI, CURDIS(NUMDOF), CURVEL(NUMDOF), COEFF
REAL*8 FBNROT, FZNROT, AMPLIT, FREQUE
REAL*8 STIFMX( NUMDOF, NUMDOF), SPRINl, SPRIN2, CAl, CBl, CA2, CB2

c DUFFING’S EQN., J.M.T. THOMPSON,
"NONLINEAR DYNAMICS AND CHAOS",P.8,IO.C

STIFMX( I, I) = CURDIS( I) ** 2
C

RETURN

END

C

SUBROUTINE UDVEDM (NUMELE, NUSHFU, NUMDOF, NEDSIZ, NUNDIS,
UNDIVE, ELDIMX)&

Q***********************************************lL*******t****tiiHfili***t*****rlf1ft********

c THIS SUBROUTINE CONVERTS THE UNKNOWN DISPLACEMENT VECTOR IN THE

MORE EFFICIENT FORM TO ELEMENT DISPLACEMENT MATRIX (ELDIMX)C

c DECLARE VARIABLES
Q************************************************^^***********************************

INTEGER NEDSIZ !=NUSHFU*NUMELE, NUMBER OF ROWS IN ELEMENT DISPL.
MATRIX (INPUT)

INTEGER NUNDIS !=(NUSHFU-I)*NUMDOF*NUMELE: NUMBER OF UNKNOWN
DISPLACEMENTS (INPUT)

INTEGER NUSHFU ! NUMBER OF SHAPE FUNCTIONS

INTEGER NUMDOF ! NUMBER OF DEGREES OF FREEDOM

INTEGER NUMELE ! NUMBER OF TIME ELEMENTS

INTEGER NUMEMl ! NUMBER OF TIME ELEMENTS MINUS ONE

INTEGER NUSHMI ! NUMBER OF SHAPE FUNCTIONS MINUS ONE

INTEGER NREDMX ! ROW NUMBER IN ELEMENT DISPLACEMENT MATRIX
INTEGER NURCSF ! NUMBER OF ROWS CONSIDERED SO FAR

INTEGER NELCSF ! NUMBER OF ELEMENTS CONSIDERED SO FAR

INTEGER NDFCSF ! NUMBER OF DOF'S CONSIDERED SO FAR

INTEGER NRUDVE ! ROW NUMBER IN UNKNOWN DISPLACEMENTS VECTOR

INTEGER I, J, K! DO LOOP COUNTERS
INTEGER L, M, N! DO LOOP COUNTERS

C

C

C

REAL*8 ELDIMX( NEDSIZ, NUMDOF)! ELEMENT DISPLACEMENT MATRIX
REAL*8 UNDIVE( NUNDIS)! UNKNOWN DISPLACEMENT VECTOR

c TRANSFER ELEMENTS FROM THE UNKNOWN DISPLACEMENT

VECTOR UP TO THE BEFORE-LAST TIME ELEMENTC

NUMEMl = NUMELE - I

NUSHMI = NUSHFU - I
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NUNDIS = NUSHMl • NUMDOF * NUMELE

C

DO 101= l.NUMEMl
NURCSF = (I -1) * NUSHMl * NUMDOF
NELCSF = 1-1

DO 20 J = 1, NUMDOF
NDFCSF = (J- 1)*NUSHM1
NREDMX = NELCSF * NUSHFU + 1

DO 30 K=l, NUSHMl
NRUDVE = NURCSF + K + NDFCSF

NREDMX = NREDMX+1

ELDIMX( NREDMX, J) = UNDIVE( NRUDVE)
CONTINUE

NREDMX = NREDMX+1

ELDIMX( NREDMX, J) = UNDIVE( NRUDVE)
20 CONTINUE

10 CONTINUE

30

TRANSFER ELEMENTS FROM THE UNKNOWN DISPLACEMENT

VECTOR FOR THE LAST TIME ELEMENT

C

C

NURCSF = NUMEMl * NUSHMl * NUMDOF

DO 40 L = 1, NUMDOF
NDFCSF = ( L - 1)*NUSHM1
NREDMX = NUMEMl * NUSHFU + 1

DO 50 M = 1, NUSHMl
NRUDVE = NURCSF + M + NDFCSF

NREDMX = NREDMX + 1

ELDIMX( NREDMX, L) = UNDIVE( NRUDVE)
50 CONTINUE

ELDIMX( 1, L) = UNDIVE( NRUDVE)
40 CONTINUE

C

RETURN

END
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