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Abstract

The architecture of present day computers consists of very-large-scale integrated

(VLSI) chips. VLSI technology is used in designing high-performance multipro

cessors for the purpose of parallel computing. In addition, VLSI technology is

used in the design of semi-conductor storage to achieve fast memory access. Of

particular interest here is the use of computers to aid in the routing stage of VLSI

design. We focus on one aspect of this routing process, namely, the river routing

problem.

Popular classes of routings for the river routing problem include internal rout

ings, internal-external routings, and mixed routings. Each class is a superset of

the preceding class. Optimization criteria typically used in the VLSI river routing

problem are area of enclosing rectangle, vertical density (number of tracks), num

ber of jogs, maximum individual wire length, and total wire length. An algorithm

exists to produce internal routings with minimum total wire length, but total wire

length has not been considered as an optimization criterion for internal-external or

mixed routings. Here, we present a new polynomial time algorithm that produces

internal-external routings with minimum total wire length.
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1  Introduction

Given two parallel rows of n terminals each the beisic river routing problem is to

connect in a single layer each corresponding pair of terminals. The traditional

river routing model restricted the connecting wires to paths between the terminal

rows {internal routings) [4, 5, 6, 8, 9, 12]. In [7] this restriction was relaxed to

allow wires to be routed outside the terminal rows {internal-external routings).

In [2] the restrictions on the routings of wires were even further relaxed {mixed

routings). The lifting of restrictions has produced models that allow for richer

classes of routings.

The goal of the river routing problem is to produce a routing in which the

corresponding pairs of terminals are wired together in an optimal fashion. Op

timization criteria typically used in the VLSI river routing problem are area of

enclosing rectangle, vertical density(number of tracks used), number of jogs, max

imum individual wire length, and total wire length. Total wire length has been

used as an optimization criteria for the class of internal routings. However, the

literature [2, 7] pertaining to the internal-external routings and the mixed rout

ings has concentrated on the area of the enclosing rectangle and vertical density,

two closely related criteria. Here, we focus on the internal-external routings with

total wire length as the optimization criterion. The motivation for using total

wire length as an optimization criterion is that long wires have greater resistance,
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therefore short wire lengths are desirable.

First, we review the algorithms presented in [2, 7] for producing internal-

external routings. The method used in the algorithm produced in [2, 7] is the

greedy routing method, and it produces greedy internal-external routings. We es

tablish that this existing algorithm does not produce an optimal routing (minimum

total wire length), but we then define a relationship between the greedy internal-

external routing and an optimal routing. From this relationship, we develop a

polynomial time algorithm to produce an optimal internal-external routing.

In the next section we describe the traditional river routing model and the

no component constraint model, and we also introduce the necessary terminology

and notation. Section 3 reviews the algorithm presented in [2, 7]. A discussion of

optimization criteria and an objective function for minimizing total wire length is

presented in Section 4. Our algorithm is then presented in Section 5.



2 Background

Many of the descriptions and definitions in this section follow closely those given

in [2, 7].

2.1 The River Routing Problem and Terminology

The basic configuration for the river routing problem consists of a unit square

grid with terminals restricted to grid intersection points and arranged in two rows

parallel to the x-axis. Interconnections are made in a single layer using wires that

are restricted to paths along the grid lines.

An instance of the river routing problem consists of two horizontal rows of n

terminals, with fixed horizontal positions for the terminals in each row (Figure 1).

The i"* terminal, from left to right, of the upper (lower) row is denoted by f/,

{Li). For each 1 < i < n, the pair of terminals {Ui,Li) make up net i. Wire IF,

connects net i.

The leftmost terminal has a horizontal position of zero. The horizontal position

of each other terminal (on either row) is equal to the number of vertical grid lines

that the terminal is away from this leftmost terminal. The symbol C/,- (L.) will be

used to represent the horizontal position of the terminal C/, (T,). For the instance

shown in Figure 1, t/j = 0 and U4 = Ls = 6.

The offset of net i is \Ui — L,|. Net i is offset-by-one if \Ui — T, | = 1. Net i has a



channel

Ui U2 U3
■9—f—9-

Li Z/2

U.

Z/3 La Lk

C/5 u.

internal tracks

Blocks: {(£/i,Li),(C/2,l2),(t^3,Z^3)} - a left block
{(C/4,Z/4),(£/5,Z/5)} - a right block
{{Ue, Le)} - a straight block

Figure 1: Basic configuration.



right orientation if U{ > Li. Likewise, it has a left (straight) orientation if t/, < Li

{Ui = Li). None of the results presented in this paper rely on any properties

that are inherent to a particular orientation (right, left, or straight) of the nets.

Thus, in presenting the results we will assume that all nets are right oriented. The

modifications necessary for left and straight oriented nets are straight-forward.

A block is a maximal set of consecutive nets such that every net in that block

has the same orientation. A block is a right (left, straight) block if the nets in the

block are right (left, straight) oriented nets (Figure 1).

Every horizontal grid line is a track. The tracks between the terminal rows,

as well as the terminal rows themselves, are internal tracks. The region defined

by the two tracks containing the terminal rows and the two vertical lines passing

through the leftmost and rightmost terminals is the base.

The horizontal routing region between the terminal rows is the channel. The

channel width is the number of tracks between the upper terminal row and lower

terminal row. The upper terminal row is defined as track 0. In Figure 2 the

lower terminal row is track 9, thus the channel width for this instance is 9. The

separation is the number of internal tracks utilized in the routing. If routing is

allowed on the terminal rows then the separation is equal to the channel width,

otherwise given a channel width s the separation is s — 1. Thus, in Figure 2 the

separation 8. The channel width for a particular river routing instance may be a



fixed channel width or a variable channel width, that is, we have the freedom to

specify the channel width.

By restricting the nature of wires in a routing, we obtain a class of routings.

The traditional river routing model requires that every interconnecting wire be

internal to the channel. An interconnecting wire that is internal to the base is an

internal wire. A routing that consists solely of internal wires is an internal routing

(Figure 2).

Ui U2 Us U, Us Ue U7 Us Us C/jo

L\ L2 Ls L4 Ls Lq Lj Ls Ls L10

Figure 2: Internal Routing

2.2 The No Component Constraint Model

In the no component constraint (NCC) model it is assumed that the only objects

(other than the wires) in the routing layer are the terminals. That is, the active



circuits of each component are effectively insulated from the routing layer. Unlike

the traditional river routing models, this allows wires to travel along paths that

utilize the area above the upper terminal row and below the lower terminal row, as

well as utilizing the area between the terminal rows. To simplify the presentation,

the model does not allow wires with horizontal segments on the terminal rows.

The arguments for restricting wires to the area between the terminal rows

(the traditional model) are based on the assumption that the modules where

the termiucds originate also utilize the routing layer. However, this need not be

the case. Wires can be routed outside the terminal rows without placing any

additional restrictions on the layout of the modules (e.g. in a nMOS VLSI chip) if

the terminal rows are extended away from the modules by a layer (e.g. polysilicon)

electrically unrelated to the layer (e.g. metal) used for routing.

In the NCC model (Figure 3) the entire routing area is divided into three

horizontal regions. Now, in addition to the channel between the terminal rows

for routing there is the upper channel (area above upper terminal row), and the

lower channel (area below lower terminal row). The tracks in the upper channel

and lower channel are external tracks.

The NCC model allows for an additional class of wires. Wires are classified

according to the region(s) they intersect. As stated in the previous section, an

internal wire is routed completely within the base. A wire that intersects the



upper channel jj^

middle channel.

lower channel Li L2

U.

L3 L4 Ls

Us U  external tracks

internal tracks

Lr external tracks

Figure 3: No Component Constraint Model

base only at its endpoints is an external wire. By allowing external wires, the

NCC model allows for a richer class of routings. A routing consisting of internal

wires and external wires is an internal-external routing (Figure 4). The class of

internal-external routings forms a superset of the class of internal routings.

The NCC model is a more attractive model than the traditional river routing

model because it is less restrictive. Using the traditional model with a fixed chan

nel width, it may be that no internal routing exists for a particular instance. The

same instance using the NCC model may have a valid internal-external routing.

Thus, river routing instances with a fixed channel width that could not be routed

under the traditional model are now routable using the NCC model.

There are several additional considerations which make this model
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Ux U2 Us Ue Us u. t/10
C/4 Ur

^  [Lr
Li L2 L3 I Ls Lq I Lg Lq L

Figure 4: Internal-External Routing

attractive[2]. First, the model is consistent with the "one-active-level" realization

of three-dimensional VLSI proposed by Rosenberg[ll]. In that realization, active

components are present only on one level of the chip and all additional levels are

used solely for routing. Second, the generalized model lends itself to the routing

of printed circuit boards (PCBs), since the absence of constraints on the layout of

the modules is inherent to the routing problem for PCBs. Finally, the generalized

model is consistent with the models typically used for single row problems [1, 10].

This consistency is useful not only for the additional variety it affords, but also

because it places the one and two row problems on a uniform footing. (To date,

routing techniques have not carried over from one type of problem to the other).



3 Greedy Routing Method

In Section 2.1 and Section 2.2 we reviewed two types of river routing models, and

the cleisses of routings they allow. In this section, we review a popular method

for producing routings. This method is known cis the greedy routing method,

and the routings it produces are referred to as greedy routings. This method was

introduced in [4] and later used in [2, 7]. We begin our discussion by reviewing the

greedy method for internal routings and the concept of conflict numbers. Then in

Subsection 3.2 we examine how the technique is used to produce internal-external

routings, and we discuss how the concept of conflict numbers is expanded so it is

applicable to routings with external wires. In Subsection 3.1 and Subsection 3.2

we limit our dicussion to instances with fixed channel width.

3.1 Internal Routings and Conflict Numbers

Here, we consider the greedy routing method for producing internal routings only

for instances with n terminals that have a fixed channel width s. The algorithm

used in [4, 7] divides the process into two steps.

1. Find the minimum separation for which an internal routing exists. The

minimum separation can be found in 0{n).
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2. Compare the minimum separation required with the fixed channel width s. If

s < the minimum separation then state no internal routing exists, otherwise

produce the routing in the following manner. Route each wire VK,, starting

at I = 1 and proceeding right until the last net z = n, as follows: Beginning

with C/,, a wire drops one track and then travels left as far as it can without

intersecting another wire or the vertical grid line containing L,, it drops

vertically until it can again start travelling left; otherwise it drops vertically

to meet its lower row terminal. This is repeated until the net i is connected.

This is the greedy method, and it requires O(n^) time in the worst case.

The method for finding the minimum separation described in [4] and utilized

in [2, 7] is based on the concept of conflict numbers. The description below of

conflict numbers is taken directly from [2].

For two nets i and j (in a right block^) the conflict number c{i,j) is defined

as follows:

"(ij) =
0  if {i < j and C/,- — i + j < Lj) or {i > j)

j — i + I otherwise.

Intuitively, a conflict number c{i,j) represents the number of internal wires, be

tween the i"* and j"' wires inclusive, that force the placement of the lowest hori-

^The remainder of the definition presented in [4] pertains to left and straight blocks.
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zontal segment of wire j in a greedy routing. That is, it is the number of tracks

necessary to route internal wires i through j. For example, in the instance shown

in Figure 5(a), c(2,4) = 3 and 3 tracks would be necessary to route wires 2 through

4 in isolation.

u, Uj u, u, U5 u, u, u, u, u„J O O <» J 4) O O O O

• •
L| 1^ L3 L4

o V o i «» V
Lj Ltf L7 L| L9 Lio

(a)

U, U2 Uj I U3 u. u, I u, u,

] T "J

I  U
V V 4 •
L. L, T

i 1 IT
Ls L3 L, L

• •

(b)

Figure 5: An example instance to illustrate conflict numbers, (a) An internal
routing, (b) An internal-external routing.

Conflict numbers relate specific information about the tracks containing hori

zontal segments in a greedy internal routing. The following is the formal statement

of this property as presented in [2].

Property 1 The conflict number c[i,j) ̂  0 if and only if in a greedy routing

there is a horizontal segment of wire j that is on the c{i,j) — f track below the

rightmost horizontal segment of wire i?

^Since nets are right oriented, the "rightmost horizontal segment of wire i" in a greedy routing
is the one with a right endpoint at horizontal position C/,.
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For net j, the maximum conflict number C{j) is defined eis:

C{j) = max{c(i,j) for I < i < n}.

Note that C(j) = c{i,j) for only one index i. The symbol p{j) will represent the

i for which C{j) = c{i,j). Columns 4 and 5 respectively of Table 1 give the p{)

and C() values for all of the nets in the instance shown in Figure 5.

Table 1: Original and modified conflict numbers for nets in the example.

j L, pU) C{j) Mj) ^i(i) PiU) Cz(j)

1 2 0 1 1 1 1 1 1

2 3 1 1 2 1 2 1 2

3 4 2 1 3 1 3 1 3

4 5 3 1 4 — — —

5 7 5 1 5 1 4 5 1

6 8 6 1 6 1 5 5 2

7 9 7 1 7 1 6 5 3

8 10 8 1 8 — — —

9 11 10 5 5 1 7 9 1

10 12 11 5 6 1 8 9 2

The minimum separation for an internal routing is equal in number to the

largest maximum conflict number. This result relating minimum separation and

maximum conflict numbers easily follows from Property 1. This property also

holds for greedy internal-external routings. The intuition behind this result is

13



that if wires 1 through i — 1 are routed internal in a greedy fashion, then wire j

can be routed internal if at least C{j) tracks are available in the channel. For the

example, the minimum separation is C(8) = c(l,8) = 8, indicating that 8 tracks

are necessary to route the wires internally. The reader is referred to [4] for details.

3.2 Internal-External Routings and Modified Conflict

Numbers

Here, we describe the greedy method for producing internal-external routings for

an instance with a fixed channel width s.

1. Using the modified conflict numbers as described below, each wire is marked

internal or external. Once every wire has been marked the routing proceeds.

2. Each internal wire is routed in the same fashion described in Subsection 3.1.

3. Each external wire is routed around one of the ends of the base. More

formally, let m be the number of external wires and let j be any number

such that 1 < j < m. Each external wire E,- for 1 < i < i is routed by

proceeding upward from Ui until it reaches the i"' external track above the

upper terminal row, then it moves left until it reaches the vertical grid

line past Li, then it drops to the i"' external track below the lower terminal

row, then it moves right until it reaches the vertical grid line containing its

14



lower terminal Li, then it moves upward until it reaches the lower terminal

row. Each external wire Ek for j + 1 < k < m \s routed by proceeding

upward from Uk until it reaches the (m — A: + l)"* external track above the

upper terminal row, then it moves right until it reaches (m — A: +1)"' vertical

grid line past then it drops until it reaches the (m — fc + l)"* external

track below the lower terminal row, then it moves left until it reaches the

vertical grid line containing Lk, then it moves upward to the lower terminal

row.

Here, we describe the modified version of conflict numbers presented in [2].

The modification made in [2] was to account for the existence of non-internal

(external) wires. Let I C {1,... ,n} be the subset of wires that are to be routed

internal and let E = {1.. .n} — I be the subset of wires that are to be routed

external. (Thus, E is the complement of I.) The characteristic function Xi() of

set I is defined as follows.

1  if j € I
Xiij) = ]

0 otherwise.

The modified conflict numbers effectively ignore the existence of all nets j for

which Xi{j) = 0. For j 6 I, the normalized index function 7rj(j) is the number of

15



internal nets to the left of net j inclusive. That is,

^lO') =
k=l

In modified conflict numbers, the normalized index function will be used in lieu

of indices i and j whenever i and j refer to a count of internal wires rather than a

specific wire. Thus, given a particular set of internal wires I, the modified conflict

number for i,j £ I is defined by

,  0 if {i < j and £/,■ - 7ri(t) + ^^{j) < Lj) or {i > j)

^i(i) ~ ^i(0 + 1 otherwise.

For j £ I, the modified maximum conflict numbers are defined by

Ci{j) = max{ci(i, j) for 1 < f < n, i € I}.

As before, note that Ci{j) = Ci(i,j) for only one index i. We use symbol pi(j) to

represent the i for which Ci{j) = when j £ I. Referring back to our ex

ample, consider the routing shown in Figure 5(b) where I = {1,2,3,5,6, 7,9,10}.

Columns 6 through 9 of Table 1 show the functional values used in the calculation

of modified maximum conflict numbers.
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In addition to the above definitions, [2] introduced equivalent definitions that

use a more suitable notation for our purposes. Let /i < /j < ... < Ir represent

the indices of the nets in I. Thus from [2] we have, 1^ = z if and only if 7ri(z) = r.

For the example we have L = 1,12 = 2,13 = 3,14 = 5,..., Ig = 10 where r — 8

is the number of internal wires. This representation of internal wires gives rise to

the following equivalent definitions for conflict numbers.

Cl(Ip,Ig) —
0  if (Ip < I, and Ui^-p + q< LiJ or (Ip > I,)

q — p + 1 otherwise.

Ci(I,) = max{ci(Ip,I,) for Ip < IJ.

The definitions of modified conflict number provide three different notations that

refer to the same net or wire: i, and Ir where 7ri(z) = r. As in [2] we will

always use i or 1^ to represent the net i or wire i. The normalized index 7ri(z) = r

will be used only when we need a count of the number of internal wires up to and

including wire i. Thus, in the condition for Ci(Ip,I,) = 0, the inequality Ip < I,

means that net Ip is to the left of net I,, while the value q-p+1 = 7ri(I,) - 7r,(Ip) +1

is the number of internal wires forcing the placement of a horizontal segment in

wire I,.

17



In addition to the definition of a modified conflict number, a linear time al

gorithm MARK-INTERNAL was presented in [2] to produce the sets I and E

using the modified conflict number. The details of MARK-INTERNAL are given

below.

Algorithm MARK-INTERNAL

INPUT: A set of n right oriented nets and a channel width d > 0.

OUTPUT: Each wire is marked I or NI, so that all I wires can be

routed internal using a channel width of d. Moreover, the number of

wires marked I is maximized.

METHOD: As the algorithm proceeds, it will always be the case that

all wires marked I can be routed internal using a channel width of d.

The wires are processed from left to right. Wire j is processed by

computing the maximum conflict number Ci{j). This number is used

to determine whether wire j will "fit" in the channel. If so, then j is

marked I, otherwise it is marked NI. Details are given in Figure 6.

Throughout the remainder of this paper, unless otherwise stated, the use of the

terms conflict number and maximum conflict number will mean modified conflict

number and modified maximum conflict number respectively.

18



01 7ri(0) 4- 0; i •<— 1
02 for j 4— 1 to n do
03 7ri(j) 4- 7ri(j - 1) + 1
04 mark(j) 4- I
05 while (mark(i) = NI) or (t/,- — 7ri(i) + < Lj) do
06 I ̂  i + 1

07 if TTili) — 7ri(i) > d then
08 TTiij) ̂  7ri(j) - 1
09 mark(j) 4— NI

Figure 6: Details of the algorithm MARK-INTERNAL.

We will also make reference to a very useful property about conflict numbers

that was established in [2]. This property states that for fixed Ig the defined, non

zero conflict numbers Ci(Ip,I,) form a decreasing sequence of consecutive integers

ending with 1. In fact, if Ip is the i for which c(i, Ig) is maximum then any Ir such

that Ir < Ip or Ir > Ig implies c(/r, /,) = 0. The following Property is the formal

statement from [2].

Property 2 For Ip = pi(/,),

ci(/p,4) = g-p+1;

ci(/p+i,/,) = 9 — (p-I-1)-I-1;

Ci{Ip+2,Iq) = 9-(p + 2) + 1;

19



= 9-(P+(9-p)) + l = 1-

Moreover, for all Ir G I— {Ip, /p+i,..., /,}, Ci(/r, /,) = 0.

These definitions and properties of conflict numbers will be crucial to the

results presented in this paper. We will also make use of the algorithm MARK-

INTERNAL.

20



4 Optimization Criteria

The goal of the river routing problem is to produce a routing in which the corre

sponding pairs of terminals are wired together in an optimal fashion. Optimiza

tion criteria typically used in the VLSI river routing problem are area of enclosing

rectangle, vertical density (number of tracks used), number of jogs, maximum

individual wire length, and total wire length. Total wire length has been used

as a criterion for optimization in traditional river routing. The motivation for

using total wire length cis an optimization criterion is that long wires have greater

resistance, therefore short wire lengths are desirable. Recent literature [2, 7] per

taining to the NCC model has concentrated on the area of enclosing rectangle

and vertical density as optimization criteria, two closely related criteria. Our goal

for this paper is to produce an internal-external routing, for any given instance

with fixed channel width, that has minimum total wire length. Thus an optimal

internal-external routing for a given instance with fixed channel width is one with

minimum total wire length. In Subsection 4.1 we present the motivation for de

veloping a new routing algorithm, and in Subsection 4.2 we present the objective

function by which a new routing algorithm may minimize total wire length.
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4.1 Motivation for a New Routing Algorithm

In Section 3, we discussed a popular routing method known as the greedy routing

method. Here, we examine whether the greedy routing method always produces

an optimal routing. First, we consider the topology of wires in a greedy internal-

external routing.

4.1.1 Monotonic wires

Consider the greedy internal-external routing in Figure 7. Recall that given an

instance with fixed channel s width the greedy method (using conflict numbers)

produces two disjoint sets of wires. Let (E'^) be the set of wires to be routed

internal (external) using the greedy method. Thus in Figure 7, and would

J
Ui U2 Us Us Ue Us Us Uio

U,

_ r^4 \lj
Li Z/2 Ls I Lg Lq

Uy

r
Lg Lg Lio

Figure 7: Greedy Internal-External Routing

be as follows:
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= {W4,W7}

Observe the topology of every wire in 7*^. Every wire in is routed in a

greedy fashion, and every wire in is a monotonic internal wire. An internal

wire is monotonic if and only if it never backtracks horizontally or vertically. Thus

the greedy method for routing internal wires produces monotonic internal wires.

This follows directly from the description provided in Section 3.1. The length of

any monotonic internal wire can be defined as follows:

Length{Wi) = (C/, — T,) + s, for each Wi £ I.

Recall that the NCC model defines an external wire to be a wire that intersects

the base only at its endpoints. Therefore, an external wire must be routed around

the outside of the base (either to the left or right of the base). It is obvious that

an external wire must backtrack, thus the definition of a monotonic external wire

cannot be the same definition given for a monotonic internal wire. The definition

of a monotonic external wire is divided into three parts, and an external wire is

monotonic if and only if all three parts of the definition are true. The definition

of a monotonic external wire is as follows:

1. The continuous portion of wire in the upper channel never backtracks hori-
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zontally, and it backtracks only once in the vertical direction.

2. The continuous portion of wire in the middle channel never backtracks hor

izontally or vertically.

3. The continuous portion of wire in the lower channel never backtracks hori

zontally, and it backtracks only once in the vertical direction.

Figure 8a thru Figure 8c highlight the different portions of a monotonic external

wire. Clearly, the greedy method described in Section 3.2 produces only monotonic

external wires.

J

1
TT

.L.J.

1

n

(a) (b) (c)

Figure 8: An example to illustrate monotonic external wires (a) the continuous
portion of wire in the upper channel (b) the continuous portion of wire in the
middle channel (c) the continuous portion of wire in the lower channel (d) a non
monotonic external wire.

Any routing composed solely of monotonic wires (internal and external) is a

monotonic routing. We will restrict our attention to monotonic routings, but not
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necessarily greedy routings.

4.1.2 The greedy method and optimal internal-external routings

The greedy routing method has been the method of choice in much of the literature

pertaining to the river routing problem. It was shown in [4] that the greedy

method would produce an internal routing with minimum area for both the fixed

and variable channel width problems. In addition, the greedy method was shown

in [2, 7] to produce an internal-external routing with minimum area and minimum

vertical density by routing half the external wires to the left of the base and the

other half to the right of the base. This was true for both the fixed and variable

channel width problem. An example of a greedy routing for fixed channel width

3 is given in Figure 9.

Ui U2 Ih [ UsUe
J

Ju [ls
Li L2 Ls I Ls Le L? I L9

fil 1 1 1 1 1 1 1 1Y1 1 1

1 1 1 1 1 Lio I  I I Lii I  I I I

Figure 9: A greedy internal-external routing with minimum area and minimum
vertical density.

Consider the greedy routing method for minimizing total wire length for a

given instance with fixed channel width s. The results of [7] indicate that if an
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internal routing is produced then it is of minimum total wire length. This follows

directly from the monotonicity condition. This can be formally stated as the

following property.

Property 3 Given a river routing instance with a fixed channel width s, the length

of any monotonic internal wire Wi is of minimum length. Moreover, if IT, is

internal for all i then the routing has minimum total wire length.

Proof: Since the channel width is fixed at s then that is the minimum vertical

distance that Wi must travel to connect Ui and Li. The horizontal distance be

tween Ui and Li is the offset, which is defined as {Ui — Li). Thus {Ui — Li) + s

is as short as Wi can be and still connect the corresponding terminals £/, and L,.

Clearly, if every Wi is of minimum length then the sum is minimized. |

The results in [7] do not state whether a greedy internal-external routing for

an instance with fixed channel width hcis minimum total wire length. Observe

the internal-external routings (fixed channel width) in Figure 10. Figure 10a

illustrates the sets and E'^ produced by the greedy method for this instance

with a fixed channel width of 4, where the wires in E'^ are routed around the

ends of the base using the method described in [2, 7]. The total wire length in

Figure 10a is 112. The internal-external routing shown in Figure 10b has sets

I and E such that I ̂  and E ̂  E'^ for the same instance. The routing in
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Figure 10: A example to show that an optimal greedy internal-external is not
always possible (a) A greedy routing (b) An optimal internal-external routing.
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Figure 10b has a total wire length of only 96, which is smaller than that of the

routing in Figure 10a. In fact, the reader may verify that internal-external routing

in Figure 10b is optimal by trying all other possible routings. Thus, the sets

and produced by the greedy routing method do not always admit an optimal

routing.

Clearly, the monotonicity condition of external wires is not sufficient to guar

antee minimum total wire length. The choice of external wires also determines

whether an internal-external routing will be optimal as does the end of the base

around which each external wire is routed.

4.2 An Objective Function for Minimizing Total Wire

Length

In this subsection we present the objective function for minimizing total wire

length. It is clear from Section 4.1.2 that to minimize total wire length we must

focus on our choices for external wires.

According to Property 3, if an internal routing exists for a given instance with

a fixed channel width s then it is of minimum total wire length. We may then

consider every internal-external routing for a given instance with fixed channel

width s to consist of a total base cost plus a total additional cost, where cost is
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measured in terms of wire length. We may define the total base cost as follows:

total base cost = ̂  base costiWi)
t=i

t=i

Notice that the total base cost is just the sum of the minimum lengths of all wires.

Consider the total additonal cost for an internal-external routing of a given

instance with fixed channel width s. Let E be the set of external wires in an

internal-external routing, and let £■! < E2 < ... < Em be the indices of the

external wires in E. The total additional cost incurred by a particular set E can

be defined cis follows:

total additional cost = additional cost(Ei).
t=i

To define the additional cost of an individual external wire Ei we need the following

lemma.

Lemma 1 If Ei is routed left around the base then Ei, E2, Ei-i are routed left

around the base, and if Ei is routed right around the base then Ei+i, Ei+2 Em

are routed right around the base.

Proof: The proof of this lemma comes directly from the definition of the NCC
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model. The routing of all wires in any given instance takes place in one layer,

and no overlap between wires are allowed. Thus, it is not possible for Ei to be

routed left around the base and Ej such that j < i he routed right around the

base, because then either there would be an overlap between the two wires or the

wire would must be routed internal to the base, which is not allowed. Thus, the

routing produced would not be valid. |

The monotonicity requirement and Lemma 1 provides for the following defi

nitions of the additional cost of a single external wire Ei. Recall that Ei may be

routed left or right around the base. Therefore, we give a definition for the addi

tional cost of routing Ei left around the base, and a definition for routing Ei right

around the base. The additional cost of Ei is defined to be the minimum of the

left and right definition, or the left routing if their additional costs are equivalent.

left[Ei) = 2{{LEi — Li) -h i) -f 4z;

right{Ei) = 2{{Un - Usi) + {m - i + 1)) + A{m - i + l);

additional cosi{Ei) = Min{left(Ei), right{Ei)).

The reader may verify this definition by considering the external wires in

Figure 11. The highlighted portion of each external wire is its additional cost.
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Figure 11: An example to show the additional cost of an external wire.

The remaining portion of wire is the base cost of the wire.

From Property 3, the total base cost of an internal-external routing for a given

instance with fixed channel width s cannot be reduced. Thus for producing an

optimal internal-external routing our objective function is to choose / and E so

as to minimize total additional cost.
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5 An Algorithm For Optimal Internal-External

Routings

In this section, we present an algorithm that produces sets and ^ where

[E^) is the set of internal (external) wires, such that an optimal internal-external

routing for a given instance with fixed channel width s may be produced.

It was shown in Section 4.1 that the greedy routing method did not necessar

ily produce an optimal internal-external routing for a given instance with fixed

channel width. However, there are two legitimate reasons for not abandoning the

greedy method altogether. The first reason is the concept of conflict numbers.

Recall that MARK-INTERNAL produces the sets and where 7*^ {E^) is

the set of internal (external) wires of a greedy routing, in linear time. Secondly,

the greedy routing method produces a minimal set of external wires for a given

instance with fixed channel width. It seems reasonable (though not necessarily

true) that a minimal set of external wires would imply a minimum total additional

cost.

Our algorithm will make use of the algorithm MARK-INTERNAL, and its

development will be presented in two phases. In Subsection 5.1 we present an al

gorithm that minimizes the total additional cost for a fixed number m of external

wires, where m = \E^\. That is, the algorithm will find a set of external wires
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such that \E^\ = {E*^] and the total additional cost is minimized. In Subsec

tion 5.2, we remove the restriction that \E^\ = We show, with this slight

modification, that our algorithm will produce and E^ such that and

E^ = E^, where 1° (E^) is the set of internal (external) wires that can produce

an optimal internal-external routing for a given instance with fixed channel width

5.1 An Algorithm for a Fixed Number of External Wires

In this subsection we present a description of our algorithm, we examine its time

complexity, and then we provide a proof of correctness.

5.1.1 Description of MOVE_EXTERNAL

Given a right block instance of n nets with a fixed channel width s, our algorithm

first uses MARK-INTERNAL to obtain initial sets of internal and external wires

Recall that If < < ... < If are the indices of the nets in I^, and let

Ef < Ef < ... < Ef be the indices of the nets in E^. Our algorithm produces

new sets I^ and E^ from and E^. This production is done by the algorithm

MOVE_EXTERNAL.

MOVEJEXTERNAL produces I^ and E^ through two intermediary steps.

At the lower level it tries to find the optimal net location for wire Ef^ for some i.
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Here, we state the following property without proof to illustrate the possible net

locations for wire and still maintain m external wires. (Lemma 2 provides

the proof).

For all 1 < i < m, - (s - 1) < Ef < Ef.

This property states that E^ must be within s —1 nets left of Ef for all i, therefore

MOVEJEXTERNAL tries Ef' at every net within that range for each particular

i.

Consider the example in Figure 12. Here, it suffices to show only the upper

terminal row of aji instance. Initially, MOVE-EXTERNAL may start with Ef =

Ef. In trying to find the optimal net location for Ef, MOVE-EXTERNAL

considers a net, initially Xi, left of Ef. If Xi € then net Xi is "switched"

with Ef for the location of Ef. Temporary sets, and are built

by MOVE-EXTERNAL in the following manner. MOVE-EXTERNAL initializes

Etemp contain Ef thru Ef^ plus net Xi, and it initializes Z'®'"? to contain every

net currently in 7^ prior to net Xi. MOVE-EXTERNAL then builds T;'®"*? and

jtemp marking all nets right of Xi using the standard greedy method (MARK-

INTERNAL). Once completed, the total additional cost of is calculated as

described in Section 4.2. If = \E^\ and its total additional cost is less

than or equal to that of then and 7^ are replaced with and Z'®"*?,

respectively. For the instance in Figure 12, MOVE-EXTERNAL continues to
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switch with each net Xi thru X5, skipping over Once E^j^ has been

skipped, the greedy method can only be used to mark nets right of E^^. That is,

the location of Eff^ is fixed.

G t
Hi - (s-1) X4 X3 X, X, J

M

Em

Figure 12: An example to illustrate the movement of E^.

The fact that external wires are not counted in the s — 1 nets left of Ef presents

no problem. That is, Ef — (s — 1) < Ef^ < Ef will still be true. This must be

since we have defined E^ < E^ < ... < E^.

The lower level steps are performed in order for each external wire in E^.

After the final sets and E^ are produced, MOVEJEXTERNAL finds the j

such that E^ is the first external wire to be routed right around the base. This j

is found by using the formula, described in Section 4.2, for the additional cost of

an external wire and marking the first wire for which the minimum is the right-

routing. Lastly, MOVE-EXTERNAL calls a greedy router, which was described

in Section 3, that produces the actual routing.

Algorithm MOVE-EXTERNAL

INPUT: A set of n right oriented nets and a channel width s > 0.
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OUTPUT: The sets and , where (E^) is the set of internal

(external) wires such that = 1^*^! and the total additional cost

is minimized.

METHOD: Run MARK-INTERNAL to obtain the sets 1° and E°.

Save the information regarding the conflict numbers, maximum con

flict numbers, and the normalized index function. Assign and E^

as the initial values of and respectively. The following steps

are repeated for each E^ G E^, starting with i = 1 and proceeding

until i = m. Consider the net X immediately left of E^. If X E E^

continue moving left until a net X is found such that X G /^. Create

the sets and Initialize to contain every net in

up until net X. Initialize to contain the external nets E^ thru

Effi plus net X. Run MARK-INTERNAL2 with an input of E^ to

complete sets and MARK-INTERNAL2 is a slightly mod

ified version of MARK-INTERNAL. It takes a net as input and marks

only nets strictly to the right of that net. If any external nets were

skipped, then mark net Efi^ so that it remains the input to MARK-

INTERN A L2 for all further iterations on this particular i. Compute

the total additional cost of both and If the total additional

cost of is less than or equal to that of E^, then replace
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and with and ^ respectively. If any external nets were

skipped then initialize for the next iteration on this i, to con

tain the current net E^. Once the final sets of and E^ have been

produced, calculate the j such that Ef^ is the first net to be routed

right. The net j is found by calculating the additional cost of each

net as described in Section 4.2, and marking the first net for which

the right routing incurs the smallest additional cost. Once j has been

found, call the greedy router described in Section 3. Figure 13 gives

the details of the algorithm.

For example, consider Figure 14a. We initially have

= /® = {Wi,W2,W3,W6,W7,W8,}

E^ = f;° = {W4,W5,W9,Wio}.

In the first iteration of MOVE-EXTERNAL, we have E^ = 4.

MOVEJEXTERNAL begins by eissigning the following:

4- {Wi,W2}

^ {Wa}.
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01 run MARK-INTERNAL

02 E'^ <-

03 for i 1 to m do

04 GreedyNet E^
05 SwitchNet ̂  E^ — 1
06 SkipExternal ■<— FALSE
07 /"""P ^ 4,
08 if {E^ > Ef -{s- 1)) then
09 for j ^ 1 to (s — 1) do
10 ki-l
11 while (SwitchNet 6 E^) do
12 SwitchN et <— SwitchNet — k
13 ki-k+l
14 if (k > 1) then
15 SkipExternal f- TRUE
16 ^ jtemp y _ {SwitchNet})
17 for net <— (GreedyNet -f-1) to n do
18 if net € then
19 - {net}
20 E*""" (E'^ - {GreedyNet, Ef^}) \J{SwitchNet}
21 run MARK-INTERNAL2(GrcedyNet)
22 TAC(jE'*') total additional cost(E^)
23 TAC(£"""'') i- total additional cost(E*'""P)
24 if (TAC(E"""P) < T:kC(E'^)) and (IE""""?) = \E"\) then
25 jM ^ Jtemp ^ ^temp

26 if SkipExternal then
27 [SwitchNet]
28 else
29 GreedyNet i-E^ - I
30 <f>
31 SwitchNet <— SwitchNet — 1
32 i 1
33 while (i < m) and (right = 0) do
34 if right(E^) < left(E^) then
35 right <— i
36 else
37 j •<— »-h 1
38 run GREEDY-ROUTER(/^,E^)

Figure 13: Details of the algorithm MOVEJEXTERNAL.
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MOVE_EXTERNAL completes and on line [21] in Figure 13. The

result of this first iteration is shown in Figure 14b, which indicates that total

additional cost of as calculated in line [23] of Figure 13, wa.s less than

for . Thus, and E^ were replaced with and respectively.

Next, E^ is tried at nets 1 and 2, but at these net locations the total additional

cost of is greater than that of E^. Therefore, net 3 is chosen for E^.

Now, MOVE-EXTERNAL finds the best location for E^. After finding the best

location for E^, E^ is still located at net 5. First, MOVE-EXTERNAL tries

E^ at net 4, and then it skips net 3, maintaining this location for wire E^^ and

tries E^ at both nets 1 and 2. The final choice for E^ is shown in Figure 14c.

This process is repeated for all the external wires, but the routing in Figure 14c

is also the final routing.

5.1.2 Time complexity of MOVE-EXTERNAL

In this section we calculate the time complexity of MOVE-EXTERNAL.

The first line in MOVE-EXTERNAL is a call to MARK-INTERNAL, and

in [2] it was shown that MARK-INTERNAL is 0{n). Line [2] takes 0{n) time

since lists of total size n are being copied. The outermost loop (line [3]) executes m

times, where m is the number of external wires produced by MARK-INTERNAL.

Lines [4] thru [8] take constant time. The first inner loop (line [9]) is executed s — 1
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Figure 14: An example to illustrate MOVE-EXTERNAL (a) a greedy routing
(b) after one low-level step in MOVE-EXTERNAL (c) after MOVE-EXTERNAL
completes.

40



times, where s is the fixed channel width. The while loop (line [11]) is executed

at most m times. Each statement within the while loop takes constant time.

The lines [14] and [15] take constant time. Like line [2], line [16] is a copy that

takes 0{n) time. The for loop of line [17] is executed at most n times, and each

statement within the for loop takes constant time. Line [20] takes 0{n) time. Line

[21] is a call to MARK-INTERNAL2. MARK-INTERNAL2 is a slightly modified

version of MARK-INTERNAL, and it is also of 0{n). Both lines [22] and [23]

take 0(m) time, the description of this subroutine is given in the equation for

total additional cost. The lines [24] thru [32] take constant time. The while loop

(line [33]) executes at most m times. The statements within this while loop take

constant time. The last line is a call to a greedy router, which was shown to be

C)(n^) in [2, 7]. MOVE_EXTERNAL at the inner most level is of 0(n), and at

the second level is of 0(s), and at the outermost level is of 0(m). Thus, we may

conclude that the time complexity of MOVE-EXTERNAL is 0{m ■ s ■ n). Note

that m < n, and s < n. Therefore, the time complexity is no worse than 0{n^).

5.1.3 Proof of correctness

In this subsection we prove that MOVEJEXTERNAL minimizes total additional

cost for routing with a fixed number of external wires m, where m is the number

of external wires produced by MARK-INTERNAL.
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Theorem 1 Let m be the number of external wires in a greedy routing for

fixed channel width s. The algorithm MOVE.EXTERNAL produces an optimal

internal-external routing with m external wires for a channel width of s.

Let s be a fixed channel width and m be the number of external wires produced

by the greedy internal-external routing. We will show that of all internal-external

routings with channel width s and m external wires, the routing produced by

MOVE-EXTERNAL is optimal. First it is necessary to establish the possible net

choices for external wires in an optimal internal-external routing with m external

wires.

Consider a right block instance of n nets with a fixed channel width of s and

fixed number of external wires of m, where m is the number of external wires

produced by the greedy routing. Let E^ = {E^ , ..., be the set of indices

of external wires in the greedy routing such that Ef < < ... < E^. In

addition, let E^ = {E^, E^ , E^} be the set of indices of external wires in an

optimal routing such that E^ < E2 < ... < E^. and are defined similarly,

except they contain the indices of the internal wires for the greedy and optimal

routings, respectively. Lemma 2 defines the possible net choices for the external

wires in the optimal routing in relation to their positions in the greedy routing.

Lemma 2 For all 1 <i <m, Ef — (5 — 1) < Ef < Ef such that \E'^ \ = \E'^\.
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Proof(Part I: Ef - (5 - 1) < ,V i): By way of contradiction, we will prove

Ef — {s — 1) < E^ V i. Assume 3 an optimal routing where E^ — (s — 1) <

E^ W k such that k < i, hut Ef < Ef - {s - 1). We will show in this case

3 an Ef^i < Ef V Ef,j>i. This would mean there are m + 1 external wires

in the optimal routing, which is a contradiction since we are maintaining a fixed

number of external wires, m. The proof will be an induction on j.

Basis(j = i, show Ef.^ < Ef): Recall that we have assumed Ef < Ef — {s — 1).

If Ef^i > Ef then the nets Ef + 1 thru Ef inclusive must be routed internal in

the optimal routing of the same instance.

Consider the greedy routing. Recall that is the set of internal wires in the

greedy routing. The net Ef was marked external in the greedy routing because

3 If E such that c^{lf,Ef) > s. According to Property 1 this means there

would be a horizontal segment of Ef on or below the lower terminal row. Con

sequently Trf{Ef) — 'Trf{lf) + 1 > s, therefore If < Ef — {s — 1). According to

Property 2, since cf{lf, Ef) ̂  0 and If < Ef — (s - 1) it must be the following:

cf{Ef-{s-l),Ef)^Q. (1)
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Equation 1 implies the following:

c?(£;?-(^-l).£:f) = n'f(E?)-nf{I^)+l (2)

= ̂  (3)

Since we have assumed < Ef — (s — 1) then, as we stated above, Ef + 1 thru

Ef inclusive must be routed internal in the optimal routing. This being the case

we have encountered the same number of internal wires by and inclusive of net

Ef' in the optimal routing. That is,

'fiEf) = T?(Ef). (4)

If Ef < Ef — (s — 1) and Ef,^ > Ef then by net Ef — (s — 1) in the optimal

routing we have encountered exactly one less internal wire by the same net in the

greedy routing. Thus, we have:

nf{Ef - (s - 1)) = T^fiEf - (s - 1)) - 1. (5)
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Now consider the conflict number cf{Ef — {s — 1), Ef). By equations 4 and 5 we

have the following

c?(£;p-(s-l),Ef) = 7rF(£;f)-(7rf(£;f-(s-l))-l) + l

= nf{E^)-l-nf{Ef-{s-l)) + 2

= cf{Er-{s-l),Ef) + l

> cf{E^-{s-l),Er).

Thus, from equation 2 we have

c^{Er-{s-l),Er) > s.

There is no routing on the terminal rows, thus Ef" will not fit internal in the

optimal routing. Therefore, Ef^^ < Ef.

Induction Step: We have shown Part I of Lemma 2 holds for j = i. Assume it

holds for t,...,j — 1. We will show that 3 an Ef^i < Ef. Assume Ef^^ > Ef.

Consider the greedy routing, where Ef is routed external because 3 if €. such
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that c^{Ip,Ef) > s. By the induction hypothesis < E^,...,Ef < Ef_^.

Consequently, by every net after net Ef up until net Ef_i in the optimal routing

we have encountered one additional external wire, and one less internal wire. Thus,

Tr'i^Ef) = 'K^{Ef) — 1 if Efj^^ > Ef in the optimal routing. Consider , Ef)

such that 1° = Ip if Ip € 7*^, otherwise it is the nearest internal to the right

of Ip in the greedy routing. Clearly, nf{I^) = Trf(Ip). To calculate c'j{I^,Ef)

we have two cases to consider. The first case to consider is when 7® < Ef. In

this case, we can use an argument analogous to that given in the basis to show

that cf{Ef — {s — l),Ef) > s. Thus, in this case Ef must be routed external

in the optimal routing. The second case is when If > Ef. In this case we have

T^f{lf) — 1. Therefore, we can say the following:

c°i{I?,Ef) = nf{Ef)-^f{lf) + \

> nf(Ef) - 1 - (;rf (7,^) - 1) + 1

> nf{Ef)-nf{lf) + l

> cfilf^Ef).

Since cf{lf,Ef) > s, then cf{lf,Ef) > s. Thus, we have shown in both cases

that Ef must be external in the optimal routing, thus Ef^^ < Ef. |
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Proof(Part II: Ef < Ef, V i): By way of contradiction, we will prove E^ <

Ef V i. This proof will be an induction on i.

Basis(t = 1, show E^ < Ef): We will show this by way of contradiction.

Assume Ef > Ef. Since we have defined Ef < Ef < ... < Ef, we know Ef is

the first external wire in the optimal routing. Thus, all Wj such that 1 < i < Ef

must routed internal in the optimal routing. However, we know from the results

in [7] that if wires 1 through Ef — 1 are internal then Ef cannot be internal.

Thus, Ef could not be the first external wire in the optimal routing. Therefore,

Ef < Ef.

Induction Step: We have shown Part II of Lemma 2 to hold when i = 1. Assume

it holds for — 1, we will show that it holds for i. By way of contradiction

we will show Ef < Ef. Assume Ef > Ef. Consider the greedy routing, where

Ef was routed external because 3 If € such that cf{lf,Ef) > s. Ef

must be routed external, because according to Property 1 its interconnecting wire

would have a horizontal segment on or below the lower terminal row. By the

induction hypothesis and Part I of Lemma 2 we know that Ef — (s — 1) < Ef <

Ef,..., Ef_i - (s - 1) < Ef_i < Ef_i. Therefore, if Ef > Ef then by net Ef in

the optimal routing we have encountered the same number of external wires as in

the greedy routing by net Ef. In addition, by the net If in the optimal routing

we have encountered the same number of external wires or perhaps more external
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wires than in the greedy routing by net 1^. Let 7® = 7® if is routed internal

in the optimal routing, otherwise let 7® be the closest internal net to the right of

Ip in the optimal routing. Then using the same argument a.s used in the proof of

Part I of Lemma 2, Thus, we have:

= 7r?(7;P)-7rf(7°)4-l;

> Trf (f;P) - Trf (7«) + 1;

In the greedy routing cf{Ip,Ef) > s, therefore c^{I°,Ef) > s. Thus, Ef^ must

be routed external in the optimal routing, therefore Ef < Ef. |

Lemma 2 established the only possible net locations for the external wires in an

optimal routing. Given the results of Lemma 2, we may now prove the correctness

of MOVE-EXTERNAL. First, we restate Theorem 1.

Let m be the number of external wires in a greedy routing for fixed

channel width s. The algorithm MOVE-EXTERNAL produces an

optimal internal-external routing with m external wires for a channel

width of s.
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Pro of (Theorem 1): By way of contradiction we will prove that the additional

cost of MOVE-EXTERNAL is no greater than that of the optimal routing. As

sume that the positioning of Ef constitutes a savings in additional cost over that

of the position of .

Consider the same right block instance as described for Lemma 2. In addi

tion to sets E°, 1°, and E^ defined for the greedy and optimal routings, let

E^ be the set of indices of external wires produced by MOVE-EXTERNAL such

that E^ < E^ < ... < E^, and let be the set of indices of internal wires

produced by MOVE_EXTERNAL such that < ... < The par

ticular optimal routing we are referencing is identical to the routing produced by

MOVE-EXTERNAL up until some net i. Our goal is to prove that the additonal

cost incurred by MOVE-EXTERNAL is no greater than that incurred by the op

timal routing. In order to prove that, we must examine the eight possible caises for

that scenario. The first four cases assume that E^ = z, and these four cases then

take into account the different possible routings in the above assumption. The

last four cases assume that E^ = z, and these four cases then take into account

the different possible routings in that cissumption.
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Case 1{E^ = i and both and Ef are routed left): In this case net i €

E^ in the routing produced by MOVE-EXTERNAL, and the same net i 6

in the optimal routing, thus E^ < Ef since the routings match until that point.

We also know that E^ — (s — 1) < E^ < Ef since MOVE-EXTERNAL starts

with net Ef and only attempts to place the external wire within that range. We

also know Ef — {s — 1) < Ef < Ef according to Lemma 2. Since E^ < Ef and

both wires are routed left, we know that the additional cost of wire Ef^ is less

than that of wire Ef. However, the position chosen for Ef constituted a savings

in the total additional cost. There are only two ways this savings could have been

achieved.

By leaving Ef right of E^ the right-routed external wires Ef thru Ef, where

Ef is the first external wire to be routed right in the optimal routing, did not ac

cumulate cis large an additional cost as the right routed wires Ef^ thru Eff, where

Ef^ is the first external to be routed right in the MOVE-EXTERNAL routing.

Consider how MOVE-EXTERNAL works, it starts with the greedy routing. It

then creates a temporary routing that matches the greedy routing up until net

Ef — 1, it marks Ef — 1 external and recalculates the conflict numbers for the

remaining nets to complete the sets and It then calculates the to

tal additional cost of the greedy routing and that of the temporary routing. If

and only if the total additional cost of the temporary routing is less than that of
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the greedy routing then and E'^ = otherwise and

= E^. This process is repeated until each of the 5 — 1 nets left of the net

Ef have been marked external and a new routing produced. Therefore, Ef' was

placed at the net that achieved minimum total additional cost. By performing

a greedy routing on the nets following the net E^ we know the rightmost net

positions for E^ thru E^. MOVE-EXTERNAL chose the net position for Ef

that minimized the total additional cost, therefore the wires E^ thru E!^ could

not have gained enough in their additional costs to increase the total additional

cost. If the total additional cost had increased E^ would not have been placed

where it was. In fact, if Ef had achieved a savings in total additional cost then

E^ would have been positioned at the same net as E'j . Since E^ ̂  E^ then no

savings was achieved.

There is one other way that savings in total additional cost could have been

achieved by leaving Ef right of Ef^, and that is if the left-routed external wires

Ef^i thru Ef_i were allowed to move further left than thru E/lfj. First,

consider when the nets Ef and Ef^ are not within s — 1 nets of the net Ef^^ in

their respective routings. Then we know that the furthest left either of Ef^i A

and E^i could move is to the net Ef^^ — (s — 1). Consider why could not

be positioned at Ef^^ — (s — 1). When Ef^ is positioned it can only cause

to move left, and if net is not moved as far left as Ef^i — (s — 1) that was
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determined by the greedy routing that followed its placement. That applies for

all the external nets that follow . Thus, the net choice for position Ef does

not prevent any leftward movement of the external wires that follow it, therefore

the net choice for Ef did not create any savings in additional cost for left routed

external nets. Now consider the case when E^ is within the s — 1 nets left of net

in the optimal routing. By definition Ef < then the furthest left Ef^-^

could be is net Ef +1. Similarily, the furthest left E^i could be is Ef^ +1. Since

Ef < Ef implies that {Ef + 1) < {Ef + 1). Thus, Efi could move further left

than Ef_^_i, which would only be prevented by the greedy routing that followed.

In this case the net choice for Ef prevented leftward movement of Ef^i- Thus,

no savings in additional cost could have been achieved.

It has been shown that savings in additional cost was not achieved by the net

choice for Ef. This is contradiction.

Case 2{Ef = i, and Ef is routed left while Ef is routed right): Assume

that the total additional cost of the optimal routing is strictly less than that of

the routing produced by MOVE-EXTERNAL. According to Lemma 1, if Ef is

routed right then Ef^i thru Ef must also be routed right. Since the optimal

and the MOVE-EXTERNAL routings match up until net Ef then the savings

in additional cost achieved by the optimal routing had to come from its choices
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for Ef thru E^. Since the optimal routing chose to route them right then the

rightmost positions for these external wires would achieve the minimum addi

tional cost for each of these wires. After the placement of E^_i a greedy routing

of the following nets would have place Ef thru Ef in their rightmost positions.

However, these would also be the initial choices for MOVE-EXTERNAL after it

had placed E^^ since Efii = Ef_i. Therefore, MOVE-EXTERNAL would have

only replaced this routing with one achieved by its placement of Ef^ if and only if

this routing had a lower total additional cost. This is a contradiction. Therefore,

MOVE-EXTERNAL would not have chosen net i for Ef^, or the total additional

cost of the optimal routing is not less than that of the MOVE-EXTERNAL rout

ing.

Case Z{Ef* = i, and Ef^ is routed right and Ef is routed left): Assume

that the total additional cost of the optimal routing is strictly less than that of

the MOVE-EXTERNAL routing. Since the routings match up until net i, the

savings achieved by the optimal routing had to come from the external wires Ef

thru Ef. Consider how MOVEJEXTERNAL works. When MOVE-EXTERNAL

places Ef^ at net i, it routes Ef^ in the direction that minimizes the additional

cost of Ef^. If the best routing for Ef^ is right around the base at net i, then we

know that net Ef would have achieved even more savings if it had been chosen
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for . We know the location for wa^ not forced left of Ef since the two
J  3 J

routings match up until net i. Therefore, MOVEJEXTERNAL would not have

chosen net i for E^.

Case 4(Ej^ = i, and E^ and Ef are both routed right): Since Ef is routed

right, we know that E^^ thru E^ are also routed right. The same can be said

for Ef thru E^. This is true because this is a single-layer routing, and no wires

are allowed to cross each other. By chosing to move E^ to the left of the Ef we

know that it increased its additional cost since it is routed right. In addition, this

could have only caused the additional costs of wires thru E^ to be greater

than or equal to their corresponding wires Ef^^ thru E^ additional costs. Since

all the nets prior to E^ are routed exactly the same as in the optimal routing we

know the net choice for E^ was not forced to its position by an earlier routing,

therefore MOVE-EXTERNAL would not have chosen this net for E^.

Case 5(Ef = i, and Ef and Ef^ are both routed left): Assume that

the total additional cost of the optimal routing is strictly less that that of the

MOVE-EXTERNAL routing. This implies that by moving Ef left of the net Ef^

the optimal routing achieved some savings in total additional cost. Consider then

how the savings in total additional cost could have been achieved by the optimal
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routing. The savings could not have been achieved by any right-routed external

wires E'^ thru where is the first external wire to be routed right, since

they may be no further right than their corresponding external wires Ejf thru

E^. In addition, the two routings match up until net Ef, therefore no savings

could have been achieved by external wires Ei thru Ef_i. Thus, the only external

wires that can account for the savings of the optimal routing are the left-routed

external wires Ef^j^ thru E^_i.

Given that the only wires that can account for the savings of the optimal rout

ing are the left-routed external wires Ef^^ thru E^_i, consider how that savings

was achieved. By placing the j*'* external wire at net Ef, the optimal routing

allowed nets Ef^^ thru Ef_i to move further left than their corresponding wires

E^i thru E^i. However, from Case 1 we know that unless Ef^ is within the s — 1

nets left of Ef^i its placement cannot affect the placement of the (j -f l)"* external

wire. Consider when Ef^ > Ef^_i — (5 — 1). In this case, MOVE_EXTERNAL just

skips over Ef^ without counting it as one of the s — 1 nets left of Ef^i, and then

runs MARK-INTERNAL2 only on the nets following E^. By running MARK-

INTERNAL2 only on the nets following Ef^, MOVEJEXTERNAL maintains its

net location for Ef^. Therefore, given the optimal net location for Ejl^ left of

Ef^ we must show that it would achieve no savings to try moving E^ further left,

again.
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Assume that if we moved further left that a savings is achieved. If we move

further left, say to net A:, then we are trying E^ at a location that it had

been previously tried at in an earlier iteration of MOVE-EXTERNAL. Compare

this attempt to place E^ at net k with its earlier attempt.

First, consider the earlier attempt to place E^ at net k. Since E^ is routed

left, we know that E^ at net k would have achieved a savings in the additional

cost of the ji"' external wire over its current net choice for Ef^. The results of

placing E^ at net k was that the savings achieved by the j"* external wire and

the other left-routed external wires following net k was less than the gain incurred

by the right-routed external wires. Therefore, net k was not chosen for E^.

Consider the effect that the placement of E^i would have on an attempt to

place Ej^ at net k. If a savings were to occur on this attempt to place Ef^ at net

k then the placement of Ef^i would have to allow the left-routed external wires

following net k to move further left. Consider the nets such that pi{net) =

prior to this net being marked external. It can be seen from the definition of

conflict numbers in Section 3.2 that the relationship between the maximum conflict

numbers of these nets for the current attempt and the prior attempt is as follows:

current ~ (^prior{'^^i) T (6)
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Thus, any external wires within these nets could not move leftward from the prior

attempt to the current attempt. This is true because leftward movement is forced

by an increase in maximum conflict numbers of earlier nets. Now, consider all nets

such that Pi (net) = when it is marked internal. Again, from the definition of

conflict numbers the relationship between the maximum conflict numbers of these

nets for the current attempt and the prior attempt is as follows:

current ~ CprioriP'^t^ "I" !• C^)

Thus, every net that was forced external by net k+1 in the earlier iteration is also

external in this iteration, and any net with a horizontal segment on the lowest

track above the terminal row in the earlier iteration is forced external in this

iteration. For example, if was at net x in the earlier attempt to place E^ at

net k, then on this attempt E^ is at net x — \ and Efl-^ is at net x. Since net k

was not chosen for E^ in the earlier attempt, the savings achieved by moving E^

to net k and Ef^ to net x and any movement of the other left-routed wires did

not outweigh the gain incurred by the right-routed wires. The external wire now

at net x was a wire routed further to the right than E^, and if on this attempt

there is a savings we know it was achieved by moving E^i to a net following net

X. Therefore, an even greater savings could be achieved by stopping short of net
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X. This is known from the results of the earlier attempt. Therefore, we know that

by attempting to move left, again, we cannot achieve the greatest savings in

total additional cost. That is the choice for Ef^ is best at its fixed location.

We have shown that if the optimal routing could have achieved a savings in the

manner described then we are not comparing the j"* external wire of the optimal

routing to the j"* external wire of the MOVE-EXTERNAL routing. Thus, we

have a contradiction.

Case 6{Ef = z, and Ef is routed left and Ef^ is routed right): As

sume the optimal routing achieves a savings in total additional cost over the

MOVE-EXTERNAL routing. We have two cases to consider. The first being

that the additional cost of wire Ef is less than that of wire Ef^, and the second

being that it is greater than that of wire Ef^.

Assume wire Ef routed left has a smaller additional cost than that of E^.

Given this assumption, MOVE.EXTERNAL would have only placed Ef^ right of

Ef if the additional cost in the right-routed wires E^^ thru E^ gained more in

additional cost than Ef saved. The routings match up until net Ef, therefore

the savings had to come from external wires Ef thru Ef. The savings could only

be achieved if the optimal external wires Ef^^ thru — Ef is the

maximum number of internal nets available between Ef and Ef^) were allowed
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to move left past , and they achieved the savings by being routed left. We

may use the same argument as in Case 4 to show either no savings was achieved,

or we are no longer comparing the external wire in the optimal routing to the

external wire in the MOVE-EXTERNAL routing.

Assume Ef routed left has a greater additional cost than that of Ej^ routed

right. Again, the savings had to come from nets Ef thru Ef. Since Ef is left of

Ef^ we know that Ef^i thru Ef could be no further right than their corresponding

external wires E^i thru E^. Thus, the additional cost of the optimal external

wires Ef thru Ef is greater than or equal to their corresponding external wires

Ej^ thru E^. Thus, the optimal routing could not have achieved any savings in

total additional cost over the MOVE-EXTERNAL routing.

Case 7(Ef = i, and Ef is routed right and Ef^ is routed left): Assume

that the total additional cost of the optimal routing is strictly less than that of

the MOVE-EXTERNAL routing. Since the routings match up until net i, the

savings achieved by the optimal routing had to come from the external wires Ef

thru Ef. Consider how MOVE.EXTERNAL works. When MOVE-EXTERNAL

places Ej^ at net t, it routes E^ in the direction that minimizes the additional

cost of Ef^. This implies that Ef^ has a smaller additional cost than Ef. Since

wire Ef is routed right from Lemma 1 we know Ef^^ thru Ef must also be
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routed right. By placing Ef left of , the locations of Ef^i thru E^ can be no

further right than their corresponding wires in the MOVE-EXTERNAL routing.

Therefore, any right-routed wires in the optimal routing can achieve no savings in

additional cost. Thus, the optimal routing achieved no savings in total additional

cost over the MOVE-EXTERNAL routing.

Case 8(Ef = i, and Ef and E^ are both routed right): Assume that by

moving Ef further left, even though it is routed right, a savings in total additonal

cost was achieved. This is only possible if the left-routed external wires to the

left of Ef were allowed to move further left, but we know that this is not true

since the optimal routing and the routing produced by MOVE-EXTERNAL are

exactly the same until net Ef. Thus, no savings could have been achieved. |

We have shown that MOVE-EXTERNAL produces an optimal routing for a

given instance with fixed channel width s such that = \E'^\.

5.2 An Algorithm for an Arbitrary Number of External

Wires

In the previous subsection we presented an algorithm MOVE-EXTERNAL that

minimizes the total additional cost for a given instance with fixed channel width
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s and a fixed number of external wires m, where m = Here, we consider

whether a set of external wires guarantees that it is possible to produce

an optimal routing. Observe the internal-external routings (fixed channel width)

in Figure 15. Figure 15a is an internal-external routing with minimized total

additional cost for an instance with a fixed channel width of 3 and 1 external

wire. Figure 15b is an internal-external routing of the same instance except with

2 external wires , and the routing in Figure 15b hcis a smaller total additional cost

than the routing in Figure 15a. In fact, the reader may verify that this routing is

optimal by trying all other possible routings.

Here, we show that with only a slight modification that MOVE-EXTERNAL

will produce an optimal internal-external routing for a given instance with fixed

channel s without regard to the number of external wires. The only modification

necessary for MOVE-EXTERNAL is the removal of the requirement that \E^\ =

\E°\ in line [24]. There are two things we must show that will prove that this is

true. First, we must show that Lemma 2 holds for an optimal routing with an

arbitrary number of wires. Second, we must show that if we allow an additional

wire to go external that it is always routed right. That is, it would never create

a savings to intentionally attempt to move it left.

Here, we restate Lemma 2 as Lemma 3 without the restriction on |£°l-

Lemma 3 For all 1 < z < m, — (-s — 1) < Ef < Ef.
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Figure 15: An example to illustrate the effect of |£?| (a) the best routing given a
minimal set E (b) an optimal routing where E is not a minimal set.
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Proof: Although we have shown that an optimal routing may have more external

wires than the best routing with m external wires, it will suffice to show the savings

cannot be achieved by marking any Ef < Ef — (s — 1). From Lemma 2, we know

there must be at lea^t one external wire in each of these ranges. Thus, there

will be a corresponding external wire in the optimal routing for every E\"^ in the

range of Ef — (s — 1) thru Ef. We know from Theorem 1 that we can produce

a routing that minimizes the total additional cost. That is, we can position these

wires within their respective range to minimize total additional cost for a routing

with m external wires. Then wire Ef could not produce any savings. |

MOVEJEXTERNAL only attempts to move m wires, therefore we must show

that any additional wire can never achieve any savings by moving left. That is,

any additional wires are always routed right.

Lemma 4 If the optimal internal-external routing contains more external wires

than the best internal-external routing with a fixed number of external wires m,

where m = \E^\, then the additonal external wires must be routed right of the

base.

Proof: Assume that the placement of Ef forced an additional external wire,

say Ef^i- This could only be a savings over the best internal-external routing

with m external wires if the savings made by Ef and the left-routed external

wires following Ef achieved a savings greater than the additional cost of Ef^^.
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Consider if is routed left, then the the additional cost of would be as

follows,

left{Ei) = 2((L£o^^ - Li) + (m + 1)) + 4(m + 1). (8)

Consider only the factor {Lpo — Li) of equation 8. Clearly, this factor alone
^  m+1

would contain the total savings made by the placement of Ef. Therefore, either

must be routed right or the optimal routing contains only m external wires.

I

From Lemma 3 and Lemma 4, we can conclude that the modification described

earlier is the only modification necessary. This must be true since the proof

presented for Theorem 1 never refers to the number of external wires directly.
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6 Future Work

In this section we conclude this paper by exploring the areas into which our work

may be expanded.

6.1 Variable Channel Width

Here, we restricted our investigation to internal-external routings with fixed chan

nel width. There is an obvious method for extending our algorithm to the variable

channel width problem. That is, given an instance of n terminals apply our al

gorithm for all reasonable channel widths. The reasonable channel widths are

1 thru n. This would produce an optimal routing over all possible routings for

that instance. This approach would produce an algorithm with a time complexity

of 0(n^ • s • m). Therefore, it would be worthwhile to investigate whether an

alternative approach can improve upon the performance.

6.2 Mixed Routings

Our algorithm will produce an optimal internal routing if one exists for a fixed

channel width, and it will produce an optimal internal-external routing for a

fixed channel width. In the previous subsection we explained how the algorithm

would work for internal-external routings with a variable channel width. However,

further investigation is required to see how it can be adapted for mixed routings.
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6.3 Performance Bounds

In Subsection 6.1 we gave an approach to produce optimal routings for instances

with a variable channel width. The next logical step is to investigate the relative

performance of the internal-external routings and the internal routings. In [2],

it was shown for optimization criteria of area of the enclosing rectangle and ver

tical density that each successively richer class of routings achieved significant

improvement over the others. The mixed routings achieved an improvement of

0{y/n) over internal routings, and it achieves 0{y/^ over internal-external rout

ings. It would be interesting to see if the same level of improvement holds when

the optimization criterion is total wire length.
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