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ABSTRACT

C. Fefferman [1], [2], [3] has shown that the two-dimensional
Fourier series of an f ¢ LP , p <2, may diverge a.e. when summed
over expanding circles, but converges a.e. when summed over expanding
polygonal arcs. We show this dichotomy does not prevail for
two-dimensional Walsh-Fourier series.

To prove our results we prove the unboundedness of a Targe

class of multiplier operators on LP s P 2.
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INTRODUCTION

The Walsh functions wo, ¢1, ... form a complete orthonormal
system on [0, 1) . In Chapter I we review basic properties of
this system.

In Chapter II we obtain an N-dimensional version of the Paley
inequalities. We then use this fundamental result to obtain Stein's
necessary condition for a.e. convergence in the setting of N-dimen-
sional Walsh analysis.

In Chapter III we investigate the half plane multiplier operator

D0 defined by

Df= ) %(m, o b,
g n<om m’n
for o >0 . We shall prove for p # 2 , that D0 is not bounded
on LP([0, 1) x [0, 1)) .
We also consider partial sums for double Walsh-Fourier series

~

f(m, n)v v,
(m, n)evs mn

S f
Y

3]

defined for any region S in the first quadrant of R2 and any
vy >0 , where YS vrepresents dilation of S by vy . We shall prove
for p <2 and S with boundary not always parallel to the coordi-
nate axes, that there exists f e LP([0, 1) x [0, 1)) , such that

SYf diverges a.e. and in LP » @5 Y > ®




CHAPTER 1

FUNDAMENTALS OF WALSH FOURIER ANALYSIS

The material included in Chapter I is well known. A good
general reference is Fine's original article on the Walsh functions

[4]. For section F (Annihilators) see Rudin [7].

A. Definition gf_the Walsh Functions.

Every x in [0, 1) has a binary expansion,

[eo]

(1) = 2
X kzo Xy

-(k+1)

in which each Xy is equal to 0 or 1 . If we specify that 1lim
ko

Xy # 1, then this expansion is unique. Each Walsh function wn(x)

is defined in terms of the binary expansion (1) of x . Any time we
write x = ] X p-(k+1)

k=0 K
above uniquely determined expansion unless otherwise stated.

or a similar expression we shall mean the

Walsh functions are convgnient1y defined in terms of Rademacher
functions, a proper subset of the Walsh functions. Thus we begin
with a discussion of the Rademacher functions.

Let N=4{0,1, 2, ...} . The nth Rademacher function rn(x)

is defined by

(2) rn(x) = (-'I)xn neN



where Xn is the nth binary digit of x as in (1). We can extend
the domain of the Rademacher functions to all of R by periodicity.

One then can see that

(3) rn+](x) = rn(2x) neN.
Thus

1 x € [0, 3)
(4) rolx) =

A x €[5 1)
and
(5) rn(x) = ro(znx) neNlN .

With the Rademacher functions in hand we can define the Walsh
functions to be the possible finite products of Rademacher functions.

We specify the nth Walsh function by using the binary expansion of n :

8

(6) n= I n2¥

where each Ny js 0 or 1 and, of course, all but a finite

number of the nk‘s are 0 . The nth Walsh function is



(7) Y, = E (ry

(2) and (7) show that

(o]

(_])ank .

=

8 (x) =
(8) vy, () &

B. The Dyadic Group.

The measure space ([0, 1), dx) , where dx is Lebesque measure,
is equivalent as a measure space to the dyadic group G with its
Haar measure. Many of the properties of the Walsh functions arise
more naturally when their domain is taken to be G rather than
[0, 1) . More particularly, the results obtained in this paper depend
on the group structure of G . For this reason we now discuss the
dyadic group, its basic properties, and its relationship to [o, 1)
and the Walsh functions. Furthermore, after this section we take G
to be the domain of the Walsh functions. With reluctance, we will
hardly mention the interval [0, 1) . However, most results obtained
can be transferred immediately to [0, 1) .

The dyadic group is a set of sequences,
G={x= (xk)k=0|xk =0 or 1}.

Addition is component-wise modulo 2 . Thus x + y= (lxk - yk[):=0 .

It is clear that G is an abelian (additive) group. Defining G by



6, = {xe€ G|xk =0, k=0, ... ,n =1},

we easily see that Gn is a subgroup of G . Notice that the index

. . . . ) _ N
[Gn-1'Gn] of G in G is 2 . So, in fact, [G: Gn] 2 .

n n-1
Furthermore G = Gy= G, @ GZD - nEO Gn = {0} . Thus G used
as a neighborhood base at 0 in G gives G a Hausdorff topology.
Each Gn and each coset of Gn is open by definition and thus is
also closed since the complement of a coset of Gn is a union of
cosets of Gn (which are open). If x = (xk):=0 is in G with
x, =0 for k<n,but x = 1, then we define |x| =27 . In
other words |x| = 27" if and only if x € G ~ G .4 . MWe set
|0] = 0. Notice that |x + y| < |x] + |y[ and in fact [x + y| =
max(|x], |y|) if |x] # y] . We obtain a metric on G by letting

|x - y| be the distance from x to y . Since
6y = O] x| < 2™y = i Ik <27

we see that this metric agrees with the topology given by the Gn .
An elementary argument shows that G 1is sequentially compact. So in
fact, since G 1is metrizable, we have that G is compact.

An alternate way to see that G 1is compact is to note that G
(initially as a set) is the countable product of copies of the two
element group Z/2Z = {0, 1} . Now note that the topology generated
by Gn and their translates is the product topology. Thus Tychonoff's

theorem yields that G is compact.



Let u be the Borel measure on G determined by setting
u{x + Gn) =2 forall xe G, neN. Then u is translation-
invariant; thus u is the unique Haar measure on G normalized by
p(G) =1

We wish now to show that (G, u) is equivalent to ([0, 1), dx)
as a measure space. Define amap A : [0, 1)~ G by A(x) = (XO’ X1 s

-(k+1) (see (1), page 2). Since

Xy ...) where x = 7} X, 2
x'1(Gn) =[0,2™") and A'1(x + Gn) = dyadic interval of length 2"
in [0, 1) determined by specifying that the first n binary digits
are to be the first n coordinates of x , we see that X s

measurable. From these equalities we also see that A carries

Haar (Lebesgue) measure on [0, 1) to Haar measure on G : u(r(E)) =
|E| where |E| denotes the Lebesgue measure of Ec= [0, 1) . It is

clear that A is one-to-one. A 1is onto all but a countable subset

of G . The exceptional set is

*
G. : = {x € G{1limx, =1} .
0 ‘k k

Thus A([0, 2)) = G, ~ G; and

AMIk2™, (k+1)2™) = (Ake™) + 6 )~ G; if k<2,

It follows that A'1

: G~ Gy > [0, 1) ismeasurable. So (G, u)
is indeed equivalent to ([0, 1), dx) as a measure space via the

map XA .



We can now define the Rademacher and Walsh functions on G .
_ - n
nr k . Notice
k=0 K
that, for x ¢ [0, 1) , we have rn(x) = rn(A(x)) and thus

X
Let rn(x) = (-1)" for all x € G and let V=

wn(x) = wn(k(x)) . That is to say, the definitions of r_ and Y

on G are equivalent to their definition on [0, 1) via composition
with the map A . The Lp-spaces on G are carried in this way to the
LP-spaces on [0, 1) for 1 < p < = . One should note however that

£f(2(x)) need NOT be continuous on [0, 1) when f(x) is continuous

on G . For example any Walsh function (other than wo) js continuous

on G but not on [0, 1) . For the remainder of this paper we will
work with functions defined on G . In particular dx will from
now on denote Haar measure on G . If E is measurable in G we

let |E| denote the Haar measure of E .

C. The Characters of G .

. Each Rademacher function is a character of G , i.e. a continuous
group homomorphism from G to the set of complex numbers of modulus
one. The finite product of characters is also a character as is the
complex conjugate (the multiplicative inverse) of any character. It
follows that the set of characters on G forms a group under multip-
lication. This group is called the dual group of G and is denoted

G. It follows that each Walsh function wn is in G .

If ye é , then for any x € G we have that

1 = 9(0) = v(x + x) = p(x)p(x) .



Thus ¢(x) = #1 . Trivially then w'1(1) = w']{lee(z) > 0} .

Continuity of ¢ now implies w'](1) =’Gn for some n . We have
showm ¢ is identically 1 on some Gn . Any v identically 1
on Gn is determined by its values on ej for 3 =0, 1, 25 ¢vcvs
n-1; where e; is defined to be the sequence (6kj):=0 . Thus
there are at most 2" characters identically 1 on Gn . But the

Walsh functions wk for 0 <k < 2" are identically 1 on Gn

and thus v must be one of these Walsh functions. We have proven
é = {Walsh functions} .
If m and n are integers, then L is another Walsh

function. We use m + n to denote the subscript of this Walsh

function:

If we use (7) we see that

w m, n ® m, +n ® |m, -n, |
k k k 'k k 'k
py = 1T (r,) " @ (r) " =1 (r) = 1 (r)
mnsp K k=0 K k=0 K k=0 K
where the last equality is obtained by noting that (rk)l is 1 if

5 isevenand is r  if ¢ isodd. Since Im -l =0 or 1,

P =1 (r)
k=0 K

unique, we have that (m + n) = lmk - nk| . Or

min , and the binary expansion of an integer is

8



Thus to perform the operation m +n we add the binary digits of

m and n with no carry.

D. Fourier Analysison G.

If fe L](G) we define the nth Walsh Fourier coefficient of

f by
%(n) = JGf(x)wn(x)dx n=0,1,2, ... .

More generally if u 1is a finite Borel measure on G we let

~

u(n) be defined by
) = J b () n=0, 1,2 .. .
G

The Walsh-Fourier series of f ¢ L](G) (or of u € B(G)) is a formal

series given by

fx) v § Flndy, (x) .
n=0
If f dis in some Banach space of functions on G , then an important
question is whether the Fourier series of f converges to f(x)
in the norm of the Banach space. Another important but more difficult
question is whether the Fourier series of f converges to f(x)
pointwise for all x or pointwise almost everywhere., Before we can

9



address these questions we need to establish some of the basic facts
of Walsh functions.
In a standard way one can easily prove that b, are orthogonal.

Indeed

Jka(X)wQ(X)dx = Jka(X)wl(X)dx = Jka;Q(X)dx .

So it suffices to show J wn(x)dx =0 if n# 0. Toward this end,
G
note there is Xq such that wn(xo) #1 (since n#0). So

J v (x)dx = J v (x + x,)dx (by translation invariance of dx) =
g " g " 0

!

G

wn(x)wn(xo)dx = wn(xo)JGwn(x)dx . We must therefore have that
wn(x)dx = 0 or we obtain the contradiction that wn(xo) =1 .
The first 2" Walsh functions are identically 1 on Gn and

are easily seen to form a subgroup of G . Obviously

2" A1
I ou (x)
k=0

2" on 6, . Ye claim this sum is 0 off 6 . Indeed

suppose x € G is not in Gn . Choose v, such that wz(x) £1

with 2 < 2" . Then

n 2n zn n

2" -l -1 PR
kgo v (x) = kzo Vprg(X) = kzo ¥y (xJv g (x) = v, (x) kzo ¥ (x)

which forces Zwk(x) to be 0 as desired.
k
For an alternate proof we note that
2" 1

J (T w(x))’ax = J (2")%ax = |6 |22" = 272" = "
Gn k=0 Gn n

10



But by orthogonality we have

2"-1 ) 2" 2"-1
[T wnZex=" 1 |
G k=0 k=0

2"
Thus we must have ) wk(x) =0 off G finishing the proof.
k=0

We have shown, therefore, that

2n on G + x
2" 1 2" -1 no 0
ZO wk(XO)wk(X) = kzo lbk(X + XO) =

k

0 off Gn + x0

Thus the span of the first 2" Walsh functions includes the charac-
teristic functions of the cosets of Gn . From this fact we see that
the Walsh polynomials (i.e. finite linear combinations of Walsh
functions) are dense 1in L](G) . The Riemann-Lebesque Lemma can be
proved from this last statement. Indeed let f € L](G) be given.
Choose a finite sum Zakwk which approximates f in L1-norm by € .

For any ) not appearing in the sum we have
IJG fwﬁl = IJG(f - Zakwk)¢2| (since v, is orthogonal to each vy,
in the sum) i'JGlf - Zakwk] < €.
Actually it is also immediate that the Walsh polynomials are
dense in C(G) . From this we can prove the completeness of ¥ in
f
B(G) .- Suppose y € B(G) and J ydu = 0 for all n . Then
G
J, Pdy = 0 for any Walsh polynomial P . For an arbitrary f ¢ C(G)
G

we may choose Walsh polynomials Pj > f uniformly. Thus

f
J fdy = J Tim P.dy = 1im j Psdu =0 . (We have used Lebesque
G G

G jow Joroo

11




dominated convergence.) It follows that wu

that the completeness of wﬁ in B(G) implies the completeness in
L2(G) . So we have proven ¢ is a complete orthonormal system in

L2(6) .

E. Higher Dimensions.

Let GN be the product of N copiesof G . If x ¢ GN

we write x = (x(1), x(z), cees x(N)) reserving the subscript
N)A = (GA)N , where

(n() RIONY

notation for binary expansions. We have (G

s eevae

wn(x) = wn(])(x) . e wn(N)(x) , with n =
The basic definitions we made above for G extend to GN . Thus
we have

%(n) = JGN f(x)y_(x)dx for f e L](GN)

) = [ g (0du0for € B

we write

f(x) ~ £(n)v_(x) or
ngmN n

-
—
>
~—
14

Wy f(n)y (x) ,

identifying N' with (&%)

vious section can be proven in much the same way for GN . For

example, {wn}nelNN js complete in B(GN) and forms a complete
26"

orthonormal system in L™(G

12

0 . Now let us note

Several of the theorems in the pre-



Let us at this time define and discuss conductors. In section C
we showed any character of G 1is identically 1 on some Gn . The
same argument shows any character ¢ of GN is identically 1 on
some G: . The largest such Gﬂ is called the conductor of V¢ ,
denoted cond (v) . If G: = cond(y) we will also call n the

conductor of ¢ . No confusion results. Let an integer n >1 be

given. Notice that cond(wk) <n if and only if k satisfies

k(j) < 2" for 1 <j<N.

Nn N(n-1)

Al so cond(wo) = 0 ., Thus there are 2 -2 characters of
conductor n for n >1 and one character of conductor 0 .

If H C:GN is a closed subgroupand ¥ € ﬁ we can define the
conductor of ¢ (with respect to GN ) to be the largest Gﬁ such
that w'](1):3 GE NH. That such G: exists is shown in the same
way as for G or GN . An important application of this fact is the
following:

Lemma 1. Any character ¢ of a closed subgroup H< &' can be
extended to a character of GN

Proof: Let n = cond(y) . Define w(Gu) =1 and y(h + Gﬁ) = y(h)

for any h e H. Note that ¢ is well defined on GE + H . One can
easily verify now that y ¢ (G: + H)A . Since Gﬂ + H 1is open in
GN it has finite index in GN . Thus to finish our proof we need

only show we can extend ¢ to any group properly containing Gﬁ + H.

Toward this end, simply choose x ¢ Gﬁ + H and define ¢ on

(6) + H) U (x + 6) + H) by setting y(x + h) = y(h) for h¢ 6+ H .
13



One can easily verify this definition extends ¢ appropriately and

the Temma is finished.

F. Annihilators.

We let N be fixed for this discussion. Let H be a closed
subgroup of GN . We define the annihilator of H by

A
ann(H) = {v ¢ G | wIH =1} .

Ann(H) 1is easily verified to be a subgroup of (GN)A . Furthermore
any v € ann{H) gives a character of GN/H “via w(x + H) = u(x) .
Conversely any element ¢ of (GN/H)A gives an element of

N)“

ann(H) = (G via the same equation. Thus we may identify ann(H)

with (&V/H) .

N
In a similar way, for subgroups T of GN , we define

ann(r) = {x € GN| p(x) =1 for all y¢ T} .

Ann(Tr) is a closed subgroup of GN . Note that any element of
(GN)A/P gives a well-defined character of ann(r) by letting

NA

(v » T)(x) = ¢(x) for any v in (G') and any x in ann(T) .

Furthermore w]ann(r) = $]ann(r) implies y.r= ¥ - r as elements

of (anntr)) . Thus (GN)A/r‘= (ann(r))" . By Lemma E.1 any
character of (ann(r)) is of the form y . r (since rlann(p)z 1) .
So we have proven (GN)A/r ¥ (ann(r))” . Let us summarize the results

obtained thus far in this section in the following theorem.

14




Theorem 1. ann(H) = (6"/H)" and

(ann(F))A 5 (GN)A/F .

To obtain more detailed information about annihilators we
introduce a bit more notation. Let L be the collection of closed
subgroups of GN . Let L be the collection of subgroups of (GN)A .
Both L and Z form lattices with set inclusion providing the partial
ordering. Our preceding discussion shows ann : L > i and

A

ann : L > L ., It is easy to see that

H1 c:H2 implies ann(H]): ann(Hz)
H, in L and

e 1, implies ann(I‘])D ann(I‘z)

for all Tys r2 in L . That is to say, ann reverses the partial

>
.

ordering of L and One can also easily verify that

ann(ann(H)) = H and
ann(ann(r)) or .

In fact equality holds as indicated in the following.
| Theorem 2. ann : L » [ s an (anti) isomorphism of lattices with

inverse ann : L > L . To prove the theorem we will need two lemmas.

15



Lemma 3. If H€L and x € H, then there is ¢ € ann(H) such
that (x) # 1 . |

Proof: Since H s closed and x ¢ H , there is n such that

(x + Gﬁ) N H#P . Note that H + Gﬁ is open since G: is open.
Thus H + Gﬁ €L. Also x¢ H+ Gﬂ . Thus, be replacing H by

H + G& if necessary, we may assume H is open. Now we may define
v by w(x + H) = -1 and w(y) =1 for yé x+H. Since H 1is
open (and closed) we easily see that v is continuous. Since

x + X = 0 we have furthermore that ¢ 1is in (GN)A and in fact

v ¢ ann(H) . Lemma 3 is finished.

Lemma 4. If T ¢ L and v £ T , then there is x € ann(T) such
that (x) #1 .

Proof: From Theorem 1 we see that distinct elements of (GN)A/F
give distinct characters of ann(r) . Since % + T £T it follows
that there is x in ann{(r) with (v - T)(x) # I'(x) , i.e.

v(x) #1 . Thus Lemma 4 is finished.

Proof of Theorem 2: These two lemmas give us the theorem immediately.

Indeed Lemma 3 implies ann(ann(H))= H for all HE€ L while Lemma 4

implies

A

ann{ann(r))e=r for all T €L

The opposite inclusions were noted above. Thus equality holds and
the theorem is proven. We wish to extend Theorem 2 by showing that

ann preserves index:

16
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Theorem 5. Suppose H1 R H2 € L and F1 R F2 € L . Suppose

H and I‘1 o 1‘2 . Then

> H

1 2

(1) [ann(HZ) : ann(Hl)] = [H] : H2] and

(2) [ann(rz) : ann(P1)] =

|
—
b |
—
=i
[a]
(-

where we allow possibility of infinite index.

Proof: If x ¢ H] , X £ H2 , then (x + H2) U H2 € L and
H]=> (x + H
(x + H

2)UH2=>H2.

U H2 is 2 . We can successively obtain larger groups of

Furthermore the index of H2 in

5)
index 2 to get

_'\1 ")
H2:HO<:H.|<:
N
If at some point we have HN = H] , then [H] : H2] = 2N and Theorem 2
Y

N
shows [ann (HZ) : ann(H1)] = 2N . If H0 c:H] =... 1is infinite,

then [H] : H2] = » and Theorem 2 shows [ann (Hz) : ann(H1)] = w
(2) can be proved in the same way as (1) or one can simply apply
Theorem 2 to (1) to get (2 ). Theorem 5 is proved.

As a first application of annihilators we generalize the result
2" -1
that ¥ P =2 on G, and is 0 off G . Notice that

n A~
{wk}i=61 is a subgroup of G and Gn is the annihilator of this
subgroup. These facts suggest the following generalization.
N A
)

b

Theorem 6. If T 1is a finite subgroup of order 2" in (G

then
17




LI
wgrw =2 Xann(T)

where x denotes characteristic function.

Proof 1: Clearly Ty o= 2" on ann(r) . Let x ¢ ann(r) and
V€T
choose ¢ € I such that T(x) #1 . Then

Tulx) = ¥ Px)w(x) = $(x) I w(x) . Since ) £ 1,
yel yer Per

we must have ) ¢(x) = 0 . Proof 1 is finished.
PeT
Proof 2: Again note that b= 2" on ann(r) . Now [GN : ann(r)] =
YET
[r:{0}]=2". Thus |anmn(r)| =27 . Thus

(2")2 = lann(T)| - 22N . 2'n-22n

(1) -
jann(r) wér Jann(l‘)

But by orthogonality we have J N( ) w)z = ) 1= " % Y
G €T yel ver
must be 0 off ann(r) . Proof 2 is finished.
Theorem 6 is well known, but never-the-less it is a fundamental
element of our proof of Theorem III.B.1.
Theorem II1.B.1 also requires the following result.
Proposition 7. Llet H be a compact abelian group. Let u be
Haar measure normalized so nu(H) =1 . Let X], cens XM be
characters of H taking on the values +1 and only these values.
(In particular no Xj is identically 1.) Then the following are
equivalent.
i) X;» «..» Xy are independent random variables.

18



ii) For j =1, ..., M there is X5 such that Xj(xj) = -1,
and Xk(xj) =1 for k#3J.
iii) The group of functions T generated by X], cees XM under
pointwise multiplication has order ZM

Proof: First note that for any J , X51(1) is a proper subgroup

of H with index 2 . So u(xJT‘(n) =1§=u(Xj-1(-'l)).
i) =1i1) u{Xj =1, X =1 for k#j}

= u{Xj =

1
1
——
(-
L ]
=2
=
—~—
><
S
]
—t
—
1
~nN

i
]
—_
-
><
]
—

In particular {Xj = for k # 3} #0 . This first

implication is proven.

ji) =>1iii) Since each Xj has order 2 we must have order T 5_2M .

But 1ii) easily implies order T Z_ZM . So indeed ii) = iii)

jii) = i). The 2M characters in T are orthogonal. (This fact
can be proved just as for G .) Thus they are linearly independent.
Since these characters are constant on cosets of ann(r) there must
be at least M cosets of ann(r) . That is to say [H : ann(r)] >
M

2 Now suppose Xj(x + ann(r)) = X;(y + ann(r)) for all j .

J
Then Xj(x) = Xj(y) for all j ,

X(x) = X{y) for all X¢r,
X(x - y) =1 for all X e¢T so that
x + ann(r) = y + ann(r) .

Thus {Xj}?=] separates cosets of ann(r) . Since {Xj}?=] can
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separate at most ZM cosets we have [H : ann(r)] 5_2M . Combining
with the reverse inequality above, we have

[H : ann(T)] = 2M .

Since there are 2M cosets, the Xj separate these cosets, and

there are only ZM possible sequences (aj)?=1 with aj = 3
we must have for each such sequence an x ¢ H such that Xj(x) = aj .
Furthermore {Xj =2 for jM= 1, ..., M} = x + ann(T) which has
measure = u(ann(r)) =2 " = = u{X; = aj} . iii) = i) is proved.
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CHAPTER I1

PALEY INEQUALITIES AND A.E. CONVERGENCE

A. The Paley Inequalities.

Some of the deepest results in Walsh analysis are contained in
the Paley inequalities [6]. The purpose of this section is to give
a more or less self-contained proof of these inequalities. Little
that we present here is new. However we felt it wise to include the
material because of its overall significance in Walsh analysis,
and because our approach is in some ways more modern and more
direct than other proofs in print.

We shall use the Calderon-Zygmund decomposition in the dyadic
setting and therefore begin with a proof of it.

Llet G = the dyadic group. Let N be a positive integer. We
shall refer to cosets of Gu (for any n ) as dyadic cubes. Let H
be a separable Hilbert space. If y ¢ H , we let |y| denote the
H-norm of y .

The following is a dyadic version of the well-known Calderon-
Zygmund decomposition (see [9]).

N

Theorem 1. Given f ¢ L](GN, H) and o« >0 , G may be decomposed

as follows.

iy 6&N=Fua, Fne=9.

ii) f(x) <o almost everywhere on F .

iii) @ is the disjoint union of dyadic cubes Q such that

a) a < T%T JQ | £] 5_2Na and
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b) ol << I £l

o

Proof: Let o > 0 be given. Let A be the collection of dyadic

cubes Q such that

1) ‘T%T-j |f| > « and yet for any Q' containing Q we have
Q

1
f .
?) To—-rJQ. flze
Since two cubes Q, Q' have intersection that is either empty or

equal to Q or Q' , we have that the Q's in A are pairwise

disjoint. Let ©= U Q. Thus by 1) and 2)
Q¢ A

where Qd = the N-fold double of Q . Also we have

la] =) Q] <} L J |f| = 1 J | £] g_l | fll; . So iii) is proved.
Q Q% ’q * Jyg . 1

Let F=0%. Then F is closed and by Lebesque's theorem on dif-
ferentiation of integrals (see [9, pp. 4 and 5]) we have |f| <«

a.e. on F . The proof of the Calderon-Zygmund decomposition is

finished.
Now let
f(x) for x ¢ F
h(x) = .
1
T(_)T JQf for x € Q € A
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o a.e. in F
. c _
2 o for x in F~ =@

We have that h(x) ¢ L2(GN, H) since in fact

p

2 2 2
02 < [ nZ+ | ini
F Q

)
alh| + 22N o2|q]
JF

| A

N 2N
all flly + 22N allfll; = (0 + 2l

| A

We let b(x) = f(x) - h{x) . Thus b(x) =0 on F . Also

J b(x) = 0 for all Q¢ A .

! In our proof of the Paley inequalities we shall apply the
Calderon-Zygmund decomposition to L1(GN, H) for H =10 and

for H =42 = {(Bj)§=_]|8 ¢ €} . Notice we begin our index Jj for
elements of 22 at j=-1. O0f course, if H =10 , then

L, Hy = L) .

Definitions: For f¢ L1(GN) , let

1 1
Af(x) = J f - —-——-J f
J N Ni(x N N(x
65471 Gj£1) 1651 /6 )
where Gg(x) = G? +x . Let A_]f(x) z J N f . Define an operator
G

U L2y - L2aN, 22y by
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Note that U is an isometry (but is NOT onto). The dyadic
Littlewood-Paley g-function is defined by g(f)(x) = |Uf](x) .
Theorem 2: U : L1(GN) — weak L1(GN, 22) boundedly, i.e. U,
originally defined on LZ(GN) , extends to an operator U on
L1(GN) which is of weak type (1, 1) . (This extension is unique
since L2(GN) is dense in L1(GN) .)

Proof: Llet f¢ L](GN) and let o >0 be given. Let f=b+h
according to the discussion immediately following the Calderon-

Zygmund decomposition. Since j b=0 forany Q in A and b =0
Q

a.e. on F we have that Ub =0 on F . (See the definition of U

and of Aj .} Of course Uf

{JUf] > a} ={|Uh| > o} U Q. So [{JUf| > a}| < |[{]un] > a}] + |g]

Ub + Uh . Hence
]
< |lub] > ] + = |If]l; . But [luh ], = Ihll, so that

2N
1 2 1 2 1 +2
[Jun] > e}l < Sl unlf - L g <A 22 pey,
So [{|UF| > a}] < (2 + 22Ny % £ l; . The proof of Theorem 2 is
complete.

In a similar manner let us define

v 2N, 02y > 26Ny by

e

f = (f Af. .

Vo 4 > )
J J“1 J'=_-l JJ

Note that V is onto with norm 1 , but is not one-to-one.
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N

R 22) — weak L1(GN) bounded1y.

Theorem 3. V : L' (6
Proof: Let fe L2(G", 12) (A dense subset of L'(6", 2%).) Let
f=b+h as in the discussion following the Calderon-Zygmund de-
composition. As for U we have Vb =0 on F . Also Vf=Vb+ Vh.
Hence

{|vf] > a} = {|Vh] > 2} U o  and
[LIVF] > o} < [{|Vh] > o }| + |2
1
< lelvhl > o3| + Ly
But [[vh ||, g_thl2 so that
2N
1 2 ] 2 1+ 2
unl > odf < L fvn g < ognd < 02 ey
a a
So [{|Vf] > a}] < (2 + 22N)% || £ H] . Nowextend V to all of
L1(GN, 22) by continuity. Theorem 3 is proven.
The Marcinkiewicz interpolation theorem [see 9 p. 272, for
example] gives that
U: LP@EY) > LP(6Y, 22) boundedly 1<p<2.

and Vo Lp(GN, 22) > Lp(GN) boundedly 1 <p<2.

We will now show that U and V are adjoints. Let f ¢ LZ(GN)

2(GN 2) .

and g ¢ L , 2 Then
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{Uf, g>2 N 2) = JGN Z (Uf)j(x)gj(x)dx

L°(G", 2 j=-

(o]

L (85500 (8595) (x)dx

< I tey00ggtae = [y T

j=1

= jGN qu f(X)(AJQJ)(X)dx = jGN f(x)vg(x)dx

= (f, V .
< g>L2(GN)

So indeed U and V are adjoints.

For 2<q<® and %~+ % -1 tet fe L96Y =126y .

We have
105l = 0y [ 4 0rt0. 00y 5 o
Ml <

SZP'JGN O R A

so U : LP(6V) > LP(a", 22) boundedly for 1 <p <« . Thus we

have shown f - |Uf| = g(f) is bounded from Lp(GN) to Lp(GN) for

1

+—-=1,1
g et

1<p<w», Similarly, for 2< q< « and %
fe e, 22y 126N, %) . Ve have
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Fvelly = suepLz(GN) IJGN VF(x)g(x)dx]|

ol o

sgleGN {F(x), Ug(x)>22 dx|

1A

sup [ Il o 2, °

| ugl| <c | fll, -
g 96N, « P, /= 9

So, V: Lp(GN, 2%y - Lp(GN) boundedly for 1 < p <« . Thus, if f,

N

is a sequence of Walsh polynomials on G  (with values in € ) such

that Ajfj = fj and such that
(T1a5F518) 2 e Py 1 <p e

then there is (unique) f € Lp(GN) such that Ajf = fj .
We now summarize the main results obtained thus far:
Theorem 4. (The Paley-inequalities) The map f - g(f) 1is weak
(1, 1) and the LPonorm of g(f) is equivalent to the LP-norm of £ for

1 <p<w , i.e. there are positive constants Ap and Bp such that

Allf f By f f ®
pil Ilp E_ll g( )||p < p'l ||p or 1 <p<

As an application of the Paley-inequalities, let us show that
Rademacher series have all LP -norms equivalent.
Theorem 5. If F = 'EO ajrj is a (formal or non-formal) Rademacher
series, then for 1 ;jp < o there is Ap (independent of the
Rademacher series) such that
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]
Il < 1Pl <mlFl.

In particular, if Zlajlz = » , then Zajrj is not a Walsh-Fourier
series for any function in L](G) .
Proof: g(F) = | FIl, . Thus [ g(F)[,

p . The theorem now follows immediately from the Paley-inequalities.

I F||2 is independent of

An alternate proof for Theorem 5 is possible based simply on
the fact that the Rademacher functions are independent random

variables. See [9, pp. 276-278].

B. Stein's Necessary Condition for Almost Everywhere Convergence.

let G = dyadic group. A1l integrals below are with respect to
Haar measure on GN

Stein's theorem in [8] applies to a general compact abelian group
and a general sequence of operators on LP  which commute with
translations. We restrict our attention to GN and special "partial
sum" operators sufficient for our purposes. This allows us a shorter

proof. (See Theorem 1 below.)
N
Remember that G = {wn} with n an integer lattice point of
the first "octant" of RN .

Definition. Let S be a bounded region in the first octant of R"
containing 0 . let y >0 be given. Then the partial sum operator

S defined and bounded on L](GN) is given by S.f= ] f(n)y .
Y * Y ney$S n
The maximal operator S f 1is defined to be sup |Syf| . Notice in
* v>0
the definition of S that the supremum can be taken over a countable

~

*
set since (GN) is discrete. Thus S f 1is measurable.
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0f course the operators SY (and S*) commute with trans-
lations.

Throughout the rest of this section S will réfer to a bounded
region in the first octant of R" containing 0 . Of course

1im S.f = y is equivalent to 1im S_ f(x) = y for any sequence of
Y- m-><o Ym

positive reals Y tending to ~ as m approaches « .

Theorem 1. Let S be given. If for every f ¢ Lp(GN) s 1<ps<2,

*
1im S f exists for almost every x € GN , then S is weak (p, p) .
’Y-—)-OO
Corollary. Let S be given. If the operators SY are not uniformly

p
bounded on some L 0 s 1 < Py < 2 , then for any p such that

1 <p<py, there is fe LP at Vim SYf(x) does NOT exist for
‘Y—)GO
all x in a set of positive measure.

Proof of Corollary: Otherwise 1im SYf(x) exists almost everywhere

p Po 2 e *
for every fe LP=>L "= L°. Thus by Theorem 1, S is weak
(p, p) and weak (2, 2) . The Marcinkiewicz interpolation theorem

*
implies that S s bounded on L9 for q such that p<qg<2.

. * Po
In particular S s bounded on L .

But then the operators SY
Po

are uniformly bounded on L giving a contradiction. The proof is
thus finished.

Our proof of the theorem follows closely the proof of the case
N=1,p=2, 6 =circle group in Zygnund [13], Vol. II, p. 165.
Before we begin the proof let us introduce the following notation:

For any f e L] and o« >0, let E(a) = E(a, f) = {S*f > al .

*
Proof of the Theorem: Suppose by way of contradiction that S s

not weak (p, p) . Then for each n =1, 2, ... there is a function
f (x) and numbers w(n) and o = such that | fn”p =1, wn) > e,
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|E{a

n? fn)l > w(n)ar:p . According to Lemma 2 below we see that we may

assume the fn's are polynomials. Now we note that w(n) >~ implies
@y > . Thus upon discarding a finite number of the fn's we may

assume that > 1 . We may now subtract %n(O)wo from fn .

a
n
Then || f, - F(0)upll) <2 and Elo, -1, £ - £ (0)vg) = Elay, £,)

Replacing f_ by (f - fn(O)wo)/H foo- fn(O)Hp we see that we may.

n
assume with no loss of generality that ?n(o) =0.

Using the fact an > and applying Proposition 3 below, we can
find a non-decreasing sequence {nk};:=1 (with possible repetition)
such that Za;E < » and Zw(nk)a;p = » , The last equation implies

k
that J|E(a_ , f_ )| diverges. We relabel to get
"o Mk

(1) Za;p < w Zw(n)u;p =« , and J|E(c, fn)l = w
Let & denote dilation by 2 . Thus ka(x) = f(2kx) (where
we assume f 1is "extended by periodicity" as a function on [0, ).

Since fn(O) = 0 , we may inductively choose integers kn which in-

k
crease with n so rapidly that the polynomial & nfn does not over-

K
lap with § e, , j <n and also does not overlap with U S
J Y
where Ln is chosen so that S (& ij) = sup S (s ij) when
YE.[O, Ln] Y
k
j<n . Thus it surely follows that degree (s n-1 fn_1) 5_2M < first

k
non-zero Fourier coefficient of & nfn for some integer M . Replac-

k

ing § nfn by fn we may assume {fn} satisfy this last condition

as well as (1). (We are using the fact that S, (6k . f) = Gk(Syf)
2 .y
to get that [E(a , fn)l = Elog, kan)l for any integer k .)
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Now we apply Lemma 4 to obtain a sequence {xn} in GN

N belongs to infinitely many of

1

such that almost every x in G

the sets x + E(o_, fn) . Now let Pn(x) = fn(x - xn)an

-1
n

n

. - v P .
Notice that ||Pn||p a5 SO that nZ1H Pnllp < w , Thus we

obtain that

v 20/2 . % 2\p/2
j(ng] AL <| I D legrl®

2\p/2 . 7 4P p
(F 1ap [ < T AP <=
j j Jn n=1 p n'p
where we have used the Paley inequalities for the second inequality.

We have that (Ajpn )(Aan ) =0 for any n # Ny . Thus again

1 2 P
applying the Paley inequalities gives that f = ] Pn € Lp(GN) .
n=1
Finally, if x - x € E(an, fn) » then there are vy, and v,
-1
such that SY f(x) - SY f(x) exceeds oo = 1 . Thus SYf

1 2
diverges at each point belonging to infinitely many Xn + E(an, f

) ]

n

i.e. diverges almost everywhere. This completes the proof of the
theorem.

Lemma 2. Let S be given. Let o« >0 and fe LP be given.
If |E(a, f)| > C for some number C , then there is 2" _square

partial sum f, of f such that [E(a, fM)I > C (and of course

M
EARENEN
Proof: For each y >0 Tlet E = {lsyfl >a} . Then

E(a, f) = U E_ . Since |E(as f)] > C , there is L such that
v>0

| U E|™>C . Choose M so large that S f, =S f for all

ve[0,L1 7Y Y Y

0 <y<L . The desired conclusion follows. The proof of Lemma 2

is finished.
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Proposition 3. If 0<a -0 and w(n) > « then there is a
non-decreasing sequence n, (with possible repetition) such that

Ya <= while Powinda, =«.

k Tk k

Proof: Set A, = an1 where n, s chosen so that an1 < %

and w(n]) >2 . Set By= A]w(n]) = an] . w(n]) . Choose R =R,
repetitions of A1 so that (R - 1)A] < %-< R » A1 . Note R >2
and R« By >R -2 - Ay > 1 . In general (by induction on k)
choose n, > n, , so that A = ank < 2% and w(n,) > o

Set B = Akw(nk) . Take Ry repetitions of A, so that

(Rk - 1)Ak <27k . R A (So certainly Ry > 2 .) We have

R, » B = RA win) > 2™ < 2% =1 Thus JR.B == . Meanuhile,

IRA =T A+ IR =1A <2 IR -1A <2 72K <o . Prop-
osition 3 is proven.
lemma 4. If E <G satisfies J[E | ==, then 3(x} such that
almost every x € GN belongs to infinitely many xn + En .

Our proof comes from Zygmund [13, Vol. II, p. 166].
Proof: We will write C(E) for the complement of E in G .
For any given {Xn} , the set of points belonging to only a finite
number the sets Xy F En is

-] [+]

UonoClx, *E
p=1ne1 " P

)

and thus is contained in

© p2,+]

Uu n C(Xn + En) for any choice of 0 = py < Py < Py < ...

2=0 n=p2+1
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Let xn(t) be the characteristic function of C(En) . Then the

characteristic function of f

n C(xn + En) is

x](t + x]) . xz(t + x2) R xp (t +x_ ).

Now

e {J X (t + xq) e oo.oo X (t+ x_ )dtldx, ... dX
JGN JGN N ! Py Py ! Py

St D0
= q x (t¥dt = = (1 - JE_|) .
I n=1 n
| Py
The hypothesis that J|E | = = implies that = (- |E1l) < %
n=1

if Py is chosen large enough. (This is a standard fact about

products.) It follows that AXps eees xp such that

p 1
[ n Clx + En)l < %». Similarly, we can select p, and
n=1 P
Xg 412 =or X so that n? C(xn + En) has measure less than
Py P2 n=p, +1

(%)2. Continuing, we conclude that

oo Pos1
T lon  Clx +E)| <o
2=0 n=p£+1 n n
which easily implies that lpg1 ng1 C(Xn + Ep+n)| =0.

Lemma 4 is proven.
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CHAPTER III

A.E. DIVERGENCE OF TWO-DIMENSIONAL WALSH SERIES

A. Subgroups of G x G Lying Near Straight Lines.

o> >
> .
[}

In this section we describe certain subgroups of Two

such subgroups can be used to designate a subgroup of
which is particularly useful for our purposes.

Llet M be a positive integer. Let increasing powers of 2
be given:

2
A =2, A, =2

ces Py with 0 < 2

O< LI BN ] M-'I

Let positive integers sj be given for j =20, ..., M-1 . Suppose

that

(1) s.A. < A.

Ay <Ry for 30, L M-2.

Example 1. If Aj =2) for all j , then our condition on S5

forces sj =1 for all Jj.

Example 2. Suppose we specify sj = s = some fixed positive

integer for all j . Then we may satisfy (1) by setting Aj = AJ
where A = 22 is some fixed power of 2 > s .
Recall that if a 1is a nonnegative in&eger < ZM , then aj
2M -1 .
for 5=0, ...,M-1 is definedby a= ) a2 ,a,=0 or]
j0 9 N
We shall have occasion to denpte the finite sequence S1s +ees Sy

by s .
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Define T (a subgroup of G , as we will verify) by

ro= (M, A, osg) = o Z AJI a=0,1, ..., 2'-1} . (For

JJ

example, if AJ 2J for all j , then T = {0, ..., 2M-1}.)

Obviously T has order 2M and 0e T . To verify T 1is a sub-
group we need only verify that T is closed under the + operation.

However our condition sjAj < A shows that

J+

sjAj + sj+1Aj+1 = sjAj + Sj+]Aj+1 .

Now by an easy induction on k we obtain

§ ki] k§1 . E (.)

s:A. = 53 A. + s A (+) s.A. + s,A = +) s.A. .
j20 33 520 J k"k 3=0 3 k'k 350 JJ
Since each aj is 0 or 1 it follows that ZaJ Py = Y (+) a;SiAy
Thus

.s.AL) 4+ + .S.A.) + .S.A.
(2)  (JajssA;) + (Ibysshy) = L(+)(ays;As) (byssA;)]
= T(a. + b.)s:A: = J(a + b).s:A; .
Z(aJ + bJ)sJAJ T(a b)JsJAJ
So T is indeed a subgroup. In fact for a =0, ..., 2M -1 3

define ZaJ . Then (2) actually shows
I(a) + I(b) = I(a + b) , i.e. I: (6/6) — T isa + isomor-
phism onto T . One sees immediatley that I 1is order preserving,

i.e. a < b implies I(a) < I(b) .
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To obtain a subgroup of é x é we need the following data:

% 4 v
the positive integer M ; Ay =2 ", A =2, ..., Ayg =2
with 0 < 20 < 21 < L.l < 2M-1 ; and positive integers sj, tj for
j=0, ..., M=-1 . We suppose that

sjAj < Aj+1 and

tjAj < Aj+1 for 3 =0, ..., M-2.

Let T be defined by

|
n
—
—
=
v
>
-
w
-
(o
S
1]

3> S50t { ZO aJ(sJ, t. )A |a=0,1, ..., 2

e (5., t.) s AL = , If we 1
where a (s tJ) AJ (aJsJAJ a t A R we let

J J
M-1 M-
I = .s.A. = , roi .
(a) 'ZO aJsJAJ and 1I,(a) ) aJtJA then is the image
3=t j=0
of (G/GM) under the group homomorphism Is X It . (IS x It(a)

is defined to be (Is(a), It(a)) . Thus T 1is a subroup of

G x G and IS x It : (G/GM)A — T s an isomorphism onto.
Example 1. If Aj =23, S5 = tj =1, then T 1is the diagonal

M

subgroup: T = {(a, a)] a=0,1, ..., 2 =1} .

Example 2. If A; = A = (27, s;=s,and ty=t, then

J
M-1
r=1{7} aj(s, t)Aj} and every element (m, n) of T Ties on
j=0
the Tine y = =

For Theorem 1 below we need the following classical result

of Kronecker:
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Theorem (Kronecker) [12, Vol. II, p. 20] Given any real x there
2

are infinitely many fractions

p/q

such that |x - p/q] < q~

Theorem 1. Let o be a positive real number. Let € >0 be given

and let M be a positive integer.

of éxé, r = r(M, AJ., S., t.)

J

J

Then there is a subgroup T

for some A., S., tj ; such that

J°

any (m, n) din T has vertical distance < ¢ from the line

y = oX :

In -=oml <€ (myn)eT .

Proof: Use induction on M,

Let

M>0 begiven. If M=1,

let g = {0y . If M>1, then assume by induction that

r =1 (M-1,
0 = ToM-Ts Ags 555 8y

for all (m, n) ¢ Ty - Choos

e AM-1

€
s S:y t.) is given satisfying |n - om| < 5

, a power of 2 , so large that

and

If M=1, we et A0 =1 or let A0 be arbitrary. By Kronecker's

theorem, there are integers

ItM_-l - USM_-II < (/

ThUS ltM-] . AM-] - OSM_'I

SM -1

and t

M-1 Such that

2 Ay -

- Ayl < €/2 . We claim that

r =T(M, Aj, S tj) satisfies the theorem. Indeed

J
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« A

r=r M-]

;(s

u(r

0 0

Furthermore since Ay ,

for any (m, n) € T, we have

0

T+ (syy * Aygs ta * Awa)

That is to say

(m, )+ (syq * Ayays g " Ana)

M1 twa

= To * (swg

¢ AM-])) .

is a power of 2 and AM-] >m, n

+ A - A

Mt Awa)

= (my ) * sy g Ayt “ Ayg)

for any (m, n) ¢ Ty - We now obtain:
[0+ tyq = Ayg) - olmt sy - Ayl <
€, &
[no-om| + lty g s Ay s osyg t Aygl <z &
for any (m, n) € Ty - The case M =1 is proved. Also we have

proved the requisite induction step.

proved by induction.

Remark. If o 4s rational, say o

s. s , t. = where

J J
2 greater than s

 and A, = AI
t , an j A
and t .

on the 1line y = ox and we therefore

(See Example 2 above.)

Thus the entire theorem is

t/s , then we may take
A is some fixed power of
I then lies

get the theorem with €= 0

without the use of Kronecker's theorem.
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B. Unboundedness of Half-plane Multipliers.

Let a positive real number o be given. Let €= % . Llet

M be a positive integer. Choose T = T(M, Aj’ 54> tj) according

s It be given as before Theorem 1 so that
IS x It : (G/GM)A — I is an isomorphism onto. To shorten

notation we let J(a) =1

to Theorem 1, Let I
g X It(a) . For j=0, ..., M=-1; Tet

r. = {3a)] a; = 0) = dl{a € (6/6,) | aj = 03) .

Now {a € (6/Gy) | aj = 0} 1isa subgroup of (6/Gy)" and further-

more it has index 2 in (G/GM)A . Since J 1is an isomorphism it
follows that rj has index 2 in T for j =0, ..., M-1,
Let H = ann(r) and let Hj = ann(Fj) for j =0, ..., M=-1 .

The general theory of annihilators in Chapter I shows that Hj # Hk

for j # k and [Hj : Hl =2 . It follows that Hj n Hk = H if

j # k. Welhave (see Theorem I.F.6) that

i) =2" on vl 2M"a

Iov= =1 v
YeT 0 otherwise k=0 Is(k)’ It(k)

Using our identification of G with the nonnegative integers, we

define a function Rj(x) as follows: Rj(x) = Is(Zj) =¥ . (x) =

1(27)

image of the jth Rademacher function rj(x) =y j(x) under IS .
2

To avoid writing the arguments (x, y) of numerous functions below,
it is convenient to view Rj as a function on G x G independent
of the second variable y . We now define a function fj = fM

J
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by f. =R, ) vy and note that

J J ve T

« R. on H

J 0 otherwise

From the definition of T and Rj in terms of IS and It

see that we also. have

Mo

ik Mgk el 1

-
|

Note that k + 23 > k if kj =0, i.e. if J(k)e T and

k+2) <k if kg =1, fee. if J(K) €T Ty,

Thus, since IS is order preserving, we have
. j .
Is(k +2°) > Is(k) if J(k) ¢ rj

and (k + 29) < (k) if JK)ernT; .

I
S
Since 2 distinct integers differ by at least one we obtain

I+ 2)) 2 1 (k) +1 4fF (k) € Ty

and Is(k ¥ 2j)

In

Is(k) -1 if JHk)e T~ rj .

Thus ol (k +2%) > oI (k) + 0 > I.(K) - 5+ 02 I (k)

40
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if J(k) ¢ Pj and

ollk +2)) <ol (K) = 0 < (k) + § - 0 < 1,(K)

if J(k) e T~ rj . If we define an operator D = D{(c) on a Walsh

polynomial P on G x G by D(P) = } a(k, z)wk ¢ then the

<ok
above computations show
( 2Mi] )
D(f.) = ¥ P = R, P
J k=0 Is(k +2Y), It(k) J e .
J(k)eT, J
J
M-1
= .| « R, e X, =2 R, X
J J HJ- J HJ
(XH = characteristic function of Hj ) . Now define f by
J M-1
Ffle ] fF . Then
j=0
? on H (not needed in the sequel)
M M-1
D(f) = J D(f,) ={ R, 2 on H, ~H
PE j J
0 otherwise
Ml Ml 1/p p(M-1) ., M\1/p
so floHll, = (1 (277) o [Hy v R = (M. 2 -27)
j=0
1 y
1
p

|
|
where q=1 - -,
4



We need to compute || pr . Tovard this ve note that f,

and hence f itself is supported on H . We shall use that

P

N
¥ ann(r) = H (see Theorem I.F.1) to "pass to an analysis

6"y /r
of f on H ." Actually we shall use more than (GN)A/P = H by
making use of the function Rj(x) and Proposition I.F.7. Llet

us proceed. Recall that we view Rj(x) = Rj(x, y) with Rj being
constant for each fixed x , i.e. we take G x G as the domain

of each R, .

J
Letmus define a map b (G/G )A x (G/GM)A > 6 x6 by
(a, b) 3, (Is(a) + I (b), I (b)) Let T, be the image of 3 .
Since IS and It are one-to-one, it follows immediately that 3
is one-to-one. Thus |F0| = I(G/GM)A x (G/GM)A| = 2 Note that

(0, b)—+—(IS(b), It(b)) =J(b) . S0 Tc L Also note that
(a, 0) = (Ia), 0) . In particular (27, 0)— (Ig(2"), 0) = Ry(x)
under our convention that Rj(x) is a function of x and y

constant for fixed x . So {Rj}‘: Tg - Let T' be given by
I'' = group generated by {Rj} = {(Is(a), 0)] a =0, ..., 2M-1} .

Since an element in FO can be written uniquely as

(14(a), 0) + (I15(b), T, (b))

it follows that ro is the direct sum of T' and T . Now we

obtain:

42




~ ~

¥yt (ann(l")/ann(l“o))h = (Wann(rg)) <

(Is(a)’ 0) - (Is(a)s 0) + T > (Is(a)s O)Iann(r) = (Is(a)’ 0)|H .

In particular the elements of T' remain distinct when restricted
to H . Thus order(r'|H) = order(T') = ZM . Remembering that
{RjIH} generate F'|H , we may use Proposition I.F.7 to obtain that
{RjIH} are linearly independent. The above isomorphism acting on
Rj is simply Rj — Rj'H . We may combine the above isomorphism

with 1 to see that

S

(6/6y) * (Hann(rg)) " via
a — (Is(a), 0)|H or for a = 23 we have

ry — leH .
This isomorphism induces an isomorphism from G/GM to H/ann(Fo)
which takes Haar measure on G/GM to Haar measure on H/ann(T') .
We thus in turn obtain an isometry of L2-span(G/GM)A with

L2-span(r') which are, of course, finite dimensional vector spaces

contained in LZ(G) and L2(H) respectively. Since rs corresponds
-]
to leH under this isometry we obtain that ZM Z rj corresponds
20
M-1 J
to M Y RjIH = f|, . Note that |6 x G/H| = M o that normalized
j=0

ML, .
Haar measure on H eaquals 2 times normalized Haar measure on
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G x 6 restricted to H . Thus, finally, we have

M-1
_ o M/p _ o M/py oM
=27 Pl =270 20§ v
Lp(H) : J

e,
L (G x G J:O

LP(e)

At this time we invoke Theorem II.A.5 which says Rademacher series

have all LP -norms equivalent. We obtain that

M-
MM ]

[l P i20 rj” LZ(G)

(G=G)

- Cp RPUIS I VA=) RUA Vi Cp . Ma 172

=1 - %—. Thus for all

where Cp is independent of M and %

M we have

I I Y ] R N L ARV AR A AR

1 . M(1/P -1/2)
5 .
p

If p <2, then this last quantity approaches « as Mo+ = .
Duality shows D{c) 1is unbounded on all LP s Pt 2.

We now summarize this result in the following theorem. The
case o =1 1is proved in [12].
Theorem 1. Let o >0 be given. Define the operator D = D(o¢) by

o(F) = T flk, )y,  for felf(e) .
2<cok i

Then D 1is not bounded on any LP other than L2 .
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C. Partial Sum Operators and A.E. Divergence.

We wish to use the preceding result to show that certain
partial sum operators are not uniformly bounded on Lp(G x G) ,
p#2 . Let an integer M be given. We consider integers k <M.
M-ty +sk=2M-k -1, since 2" -1 has binary
expansion Mil Zj . If welet m= ZM -k -1, then (k, 2)
<

Note that

J
satisfies & < ok if and only if (m, 2) satisfies

om + & < o(ZM - 1) . Let us define EM = ﬁh(o) by

— - 2, G xG
Dy(f) = T flm, )y for f e L°(r—mbn) .
M omte<o(2M-1) m, 2 Gy > Gy
_ : . 2, G x G .
Ltet D = D(o) be as above, but restrict D to L (G——;—E—J , 1.8,
M M
p 2, Gx G
D(f) = ¥ f(k, 2)v for f € L°(7/—7)
p<ok ks Gy x Gy

Then the following relationship holds between D and BM :

vy (ODAY0G ) = vy () T Flk, 2)v, , (x, ¥)
My TR T, Lo kot 0
-7 Rk, 2) - (x, y) = fM om o, ) (x,
onk ) M Y om§2<o(2M-1) " W, o (%5 ¥)
M
Ma, | _
LI LR U L UPRCERCEDE

In short, o y (x)D(f) = BM(w M (x)f) . In words: Multiplying
-1 2 -1

2
by ¥ (x) intertwines D and ﬁM on LZ(G§—§—%—) and, of
2 -1 M M
course, multiplication by v M (x) preserves Lp-norms for
2" -1
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1 <p<o. It follows that IIDMllp’p = I|Dl|p,p (D restricted

2, G x G 2, Gx G
to L°(m7—=) ). ( )
GM x GM GM X GM

let g be defined as g(x, y) = ¢ M (x) f(x, y) . Then certainly
2 -1

loll, = I fll,

More explicitly, let f & L be given,

| A

p <« . And our computation above shows

1oy, = o), -

In any case (for fixed o) it follows from our previous theorem that
{EM(O)};=O is not a uniformly bounded collection of operators on

LP(6 x 6) .

let o be fixed. Let S = triangle on é x G plane determined

by the 1ine y = -ox + 1 and the two coordinate axes. Thus SY

is the triangle determined by the two coordinate axes and the line

>0 ° In fact, DM

y = 0(2M - 1) . The preceding discussion proves the following

y=-ox+vy. S0 {DM(O)}M=0<= {SY} = SY with
theorem:

Theorem 1. {SY} are not uniformly bounded on Lp(G x G) ,

v>0
p#2.
Corollaries. The uniform boundedness principle implies there is
some f € Lp(G x G) such that SYf does not converge to f in
LP -norm (p # 2) . Finally, Stein's theorem given above, implies,
for p <2, that there is f ¢ LP(6 x 6) such that lim S f(x, y)
does not converge for a set of (x, y) having positivg+;easure in
GxG.

Now Tet h{(x) be continuous and nonnegative on some interval

[a, b] =[0, =) . Suppose also that h'(x) existson (a, b) and
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is continuous and negative on (a, b) . Thus h(x) is strictly
decreasing on [a, b] . Suppose the graph of h is a part of the

v
boundary of a bounded region S containing 0 in the first quadrant of

R2 . S E gives rise to the partial sum operators EY s v>0.
For simplicity, we suppose that the interior of the angle with
vertex (0, 0) and sides passing through, respectively, (a, f(a))
and (b, f(b)) intersect the boundary of g only in the graph of
h(x) .
It follows there is line y = % x through the origin with
rational slope % which intersects the graph of h say at the

hic) _ e
_'c—_do Letd,e,

point (c, h{c)) with a <c<b. Thus
and ¢ be fixed, Let -0 =h'(c), o>0.

For any vy > 0 , we let hy(x) =y . h(é) . Thus
h;(x) = h'(%) and hy.$(x) z Yh$($) . The graph of hY(x) forms
a part of the boundary of SY .

Now, as in the preceding theorem, let S be the triangle
in the é x é plane with sides equal to the x-axis, the y-axis,
and the 1ine y = -ox + 1 . According to our previous theorem
{SY}Y>0 are not uniformly bounded on LP s P72 . We shall

show for certain relevant functions and certain v , B8 > 0 that

n
the action of SY and S, are the same. We thus obtain the non-

B
n
uniform boundedness of {SY}Y>0 . Indeed et M be a positive
integer and suppose f = fM(_ LZ(EE—E—%—J satisfies
M M

I ﬁh(f)Hp /| pr > C(M) where Dy =Dy(c) and C(M) is large for
large M . Such fM exist by the preceding theorem. We shall
V)
show that SB(wf) = Sy(wf) for appropriate 8, vy > 0 and
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appropriate v é x é . We let such functions fM be hereby

fixed until the end of this proof.

Notice for v~ = o2 = 1) that we have S. =D, . In fact,
0 YO M

since é x é is discrete in the first quadrant, we have SY o EM
0
for all w satisfying 0 < w< Wy for some Wy >0 . We can
assume yq - Wy > 0. Let this Wy > 0 be fixed.
W

Set €= Z'M 39-. Choose 6 >0 so that a<c -8<c+8<b
and so that

Ih'(x) + o] <€ when |x -c| <3&. Thus
(1) Ih;(x) + 0| <€ when |x -vyc| <vy§ forany y>0.

Set éL—= h(c) + oc > 0 . We obtain successively that

>
)
o
—
it
'
Q
o
+
'.._.

Choose Yo SO that Y1 Y > 2M/5 . Notice that

h (ve) = 31— hY1 (v;¢) = -Yl;— [<o(vyc) + 1] = =olyc) + ;Y-]- :

In short
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(2) hY(YC) = -o(yc) + :YYT .

Now let vy > Yyt Yy If x is such that |x - yc| < 2M <vys ,

then the mean value theorem together with (1) implies that

(3) Ih (x) + ox - L] < € - M - !9 when
Y g 2
M
Y > VY, and Ix—yc| <2 .

We have shown the geometrically intuitive result that for vy large,

hY(x) has graph very close to the line y = -ox + #L- for all x
1

in a wide interval (of length ZM) .
For any positive integer L , let vy = y(L) be given by
W
v = nlvg -+ otdd + Le™] . With this choice of v we

obtain:

M

(4) The 1ine y = -ox + éi- passes through ((Ld +1) « 27 -1,
1
M Y
L e 2 -'2—)
To verify (4) we need to show
M Yo M
Le 2" « o= g[(Ld+1) .2 1]+ XL,
In view of the definition of Y this becomes
W W
Le2M--2—0=-oLd2M-c(2M—1)+[YO-—20—+oLd2M+Le2M],
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which is equivalent successively to

M
0 =-old2 0(2M -1) + o ¥ 0Ld2M

M

0 = -o(2" -1) + Yo

g = -s(27 -1) .
This Tast equation is simply the definition of Yo and thus (4)
is verified.

Choose L so large that v > vqv, . So (3) holds when

|x - yel| < M.

(5) The line y = -ox + 3; passes also through (vc, hY(YC)) by (2) .
1
(6) The line y = g»x passes through (Ld - 2M, LeZM) and
h_(yc)
: e _ hic) _ ¥
(ye, hY(YC)) since g = —=*= = <

From (4), (5), and (6) it follows that

M < yc < (Ld + 1)2M -1.

(7) Ld2
Thus (3) holds when x is in [Ld2™, (Ld + 1)2" -1] .
The partial sum operator SY/Y is determined by the line
1
y = -ox + L while %Y is determined by h. . But (3) implies,

'Y'I "

for x din[L +d 2" (Ld+n2M <17, that h(x) differs from

50



W
-ox + e by less than 2 . The choice of Wy and the fact that

v

1 2

W
y = -ox + el passes through ((Ld + 1)2M -1, Le2M - 7?0 imply that

1

(8) SY ) SY/Y]

as operators acting on functions with Fourier transform support
having first coordinate in [LdZM, (Ld + 1)2M -1] . Let

y=v . Recall f= M satisfies f(m, n) =0 if
Lede2V Lew2

m or n 3_2M . Thus

~ M

(9) Tm+tL -d-Mnet e

= %(m, n) .

Thus Y¥f has Fourier transform support with first coordinates

between Ld - 2M and (Ld + 1) - 2M . By (8) we have

3 (vf) = S (vf) .

(10) SY Y/Y]

Finally we get the following succession of equalities:

WDM(f) = WSY (f) by definition of O

¥S_ (f) = ¥S

(f) by choice of w, .
Y0 Yo %o/ 2 0

¥S by (9) .

(f) =S M M (vf)
YO-WO/Z Yo~ 0/2+ch2 +Le2

This last quantity equals SY/Y (vf) by definition of vy .
1

S
Y/ Y]
5

_ N
(yf) = Ey(wf) by 00). 1In summary we have ¥By,(f) = S (¥f) .




thus |8, (o)L /1 efll = I By, /I £ll, - The non-uni form
v

boundedness of {SY}Yip follows from that of ’{ﬁh};=0 . We have

proved the following theorem:

v

Theorem 2. {S_}

JJyso are not uniformly bounded on LP(e x 6) ,
p#2.

As before we get corollaries:

Corollaries. The uniform boundedness principle implies there is
v

some f ¢ Lp(G x G) such that SYf does not converge to f

in  LP-norm (p # 2) . Stein's Theorem II,B.1 above implies, for

. p .Y
p <2, that there is f e L"(G x G) such that 1im S_f(x, y)
yoo Y

does not converge for a set of (x, y) having positive measure in

G xG .,
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