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ABSTRACT

A two-dimensional analysis 1is presented for the steady heat
transfer from a set of parallel isothermal tubes of arbitrary
diameters and positions located in a semi-infinite medium. The plane
surface 1is exposed to uniform convective environment. The analysis
uses a special form of boundary integral equations, developed
specially for circular interior boundaries, for the solution of
two-dimensional Laplace's equation. Three computer programs are
developed for the solution of the stated problem in its general form,
the problem with two tubes, and the problem with two tubes with
symmetry conditicns. Criteria used for the selection of segment
length, plane convective surface length, and the location of the axes
are discussed. For illustration purposes, several problems of interest
are solved. The results are presented and discussed. Also, the

temperature distribution on the plane convective surface is presented.
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CHAPTER I

INTRODUCTION

There are many problems of engineering interest which require the
solution of Laplace's equation in the regions with interior circular
boundaries. Some of the well known examples are flow of an invisicid
incompressible fluid around circular cylinders, heat conduction in
dies or moulds with cylindrical heating or cooling lines, buried heat
exchanger tubes of ground-coupled heat pumps, and elastic torsion in a
bar with circular holes. To be specific, the wuse of buried utility
lines for mass or energy transport is commonly encountered in various
applications such as heat transfer from ground-coupled heat exchanger
tubes[1,2], buried electric power cables[3], and buried pipe lines for
the transportation of fluids involving thermal effects. For example,
the buried heat exchangers of ground-coupled heat pump systems use
ground advantageously as a superior heat source or sink relative to
ambient air.

The use of integral methods for solving these problems have been
a subject of interest for many investigators for several years. The
fundamental method used in the potential theory for solving the
integral equation associated with Laplace's equation is the use of
Green's function{4]. In earlier times, the application of this method
was confined to those problems involving simple geometry and boundary
conditions although the method itself is quite general. In recent

times, this method is modified and this modified version was found to



be less complex and more practical when compared to the previous

version[5-7].

Review gf Pertinent Literature

The use of boundary integral equation techniques has become
popular in recent years. Russian mathematicians ‘such as Mikhlin(8]
made these techniques popular in Westeren Europe. The boundary
integral techniques became popular with engineers by the continued
work of Jaswon[5], Symm[7], and many others[8,9]. These authors first
applied integral equations for the solution of problems governed by
Laplace's equation.

Considerable amount of research on boundary integral equation
methods was conducted in Southampton University and several important
conferences on boundary element methods were held there. The
researchers at the Southampton University, where the words "Boundary
Elements" were first used, came up with the first book in 1978
entitled "The Boundary Element Method for Engineers"[9]. The
proceedings of those conferences were edited by
Brebbia, C. A. (Ed)[10,11] and are now used as standard references.

Boundary element method(BEM) has been used successfully to solve
problems in potential theory, unsteady conduction heat transfer, and
some fluid flow problems. Thus, the method can be used to solve
boundary value problems of engineering interest. One example of recent
application has been for the solution of time-dependent problems.
Chang, et al. [12] solved the problem in time domain using piecewise

constant values for the space and time variables. Wrobel and



Brebbia[13] have used the approach in [12] to solve problems involving
irregular boundaries. BEM was also used for solving the fluid flow
problems governed by the Navier-Stokes equations{10,11,13].

Cruse[14] applied the BEM to problems in Elasto-dynamics,
Elasto-statics, and Fracture mechanics. Some useful expressions, for
use in BEM, for strains and stresses in three dimensional bodies was
published by Bui[15] in 1978.

The 3rd international conference on boundary element method was
held in California during July, 1981. From the proceedings of this
conference, one can observe the significant progress made in the
application of BEM to many fields of engineering.

One of the primary topics of discussion by several authors in
this conference was numerical integration. Some practical ideas have
been put forward. A number of papers dealt with potential flow
problems in this conference. The solution of time dependent diffusion
problem by the integration over time as well as in space was also
addressed[16].

Recent developments in numerical integration techniques has made
this method a more useful tool now known as the boundary integral
equation(BIE) method [10,11,13,17]}.

The BIE method was applied to a variety of steady conduction heat
transfer problems by Khader and Hanna[l18,19]. This method has also
been extended for the solution of the time dependent
problems{12,20-22]. The established numerical procedures by the
finite-difference method as well as the finite-element method would
require discretization of the entire interior and the boundary of the

3



region, and would involve the solution of very large systems of
algebraic  equations especially for two- and three-dimensional
problems. Thus, these two methods generate solutions at all internal
nodes whether such information is needed or not. From an engineering
point of view, in many problems, only the solution on the boundary is
of interest. Boundary integral equation method is well suited for such
problems.

In addition to the boundary values in some problems, interior
values at specific positions may be of interest. In such cases, once a
problem is solved for boundary values using the BIE method, the
solution required at any interior point can be calculated from the
boundary values explicitly[18].

The conventional boundary integral equation methods which solve
problems of this type do not take explicit advantage of the circular
nature of the internal boundaries. Therefore, they wusually require
fine discretization near the hole boundaries, which in turn increases
the number of simultaneous equations needed to generate a reasonably
accurate solution. Such fine discretization could lead to conditioning
problems especially when the region is very large relative to the size
of the holes.

In a recent paper, Barone and Caulk[23] derived a system of
special boundary integral equations for solving Laplace's equation in
two-dimensional regions with circular holes. In their paper, the
integrals around the circular boundaries were evaluated analytically,
thereby eliminated the need for fine discretization normally required
on such boundaries and the associated numerical conditioning problems.

4




They applied the method to solve an optimization problem[24]. Arimilli
and Parang[25] have wused the method and analyzed the problem of two
parallel tubes each at the same constant temperature and buried under
the ground with convective boundary condition at the surface of the

ground.

Outline of the Work to be Presented

In the present thesis, a general two-dimensional problem of
steady conduction heat transfer from a set of parallel tubes of
arbitrary diameters, positions, and temperatures, located in a
semi-infinite medium exposed to convective environment is formulated
by using the method developed by Barone and Caulk[23]. This problem is
analyzed, solved, and results are presented and discussed. A special
case of the general problem involving two parallel tubes of same
diameter and temperature in a semi-infinite medium are also analyzed
and results are discussed. Criteria for selecting the
parameters(segment length,etc.) of the numerical formulation are
developed. Each of the tubes is considered to be at a uniform surface
temperature in the above problems. The plane surface is assumed to be
exposed to a specified uniform convective environment. The general
nature of this analysis makes it applicable to a wide variety of
problems. For example, this analysis can be applied to the design and
optimization of heat exchangers of ground-coupled heat pump systems or
to determine their performance characteristics under various operating

conditions. Another application of this analysis 1is that of the

calculation of thermal effects in a field of utility lines for power




and fluid transport. The criteria for the selection of maximum length
used to represent the infinite region( gmax) and segment length( Af)
is developed and discussed.

The BIE method, based on Green's second identity, formulates the
temperature at any point in terms of the boupdary values of the
temperatures and their normal derivatives over the domain of interest.
This identity when applied to the discretized boundaries of the domain
usually leads to a set of linear algebraic equations involving these
variables. Furthermore, in this analysis a special procedure,
developed by Barone and Caulk[23], is employed for interior regions
with  circular boundaries where its temperature and its normal
derivative of temperature are analytically integrated. This procedure
eliminates the need for discretization on the circular boundaries, and
thus avoids the numerical conditioning problems associated with the
fine discretization normally required on such boundaries.

In this approach, boundary quantities on the holes are expanded
in  circular harmonics with unknown coefficients. These unknown
coefficients represent normal derivative of temperature on the
circular holes. The governing equations are first nondimensionalized.
The nondimensional equations are applied to the problem in its general
form, i.e., arbitrary locations, diameters, and temperatures. The
integrals over the outer boundary are discretized and analytically
integrated over each segment.

In the present thesis, zeroth- and first-order terms of the
expansion are included and as such the results presented represent the

first-order approximation. A computer program named GENTUBE is
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developed to solve for the unknown expansion coefficients on the
circular boundaries and the temperature distribution at the convective
plane surface for this general problem.

As a special case of the general problem, the nondimensional
equations are reduced for the problem of two circular tubes of equal
diameters and temperatures located at the same depth from the plane
convective surface in a semi-infinite medium. A computer program
called TWOTUBE is developed for this two-tube problem without invoking
the symmetry conditions present in this problem. Separately, the
equations of the two-tube problem are further simplified by making use
of the symmetry conditions present in the problem. A computer program
called TWOSYMM 1is developed in order to solve these simplified
equations for the unknown expansion coefficients and the temperature
distributions. This TWOSYMM program involves half as many unknowns as
the TWOTUBE program and, therefore, requires substantially less
computational time than the TWOTUBE program. The TWOSYMM program can
be validated by comparing the results with those from TWOTUBE program
for symmetric problems. Further, the results of these two programs can
be used to validate the GENTUBE program for special two-tube problem.

For illustration purposes, several problems of interest are
solved. The results obtained for various tube arrangements are
presented in a form suitable for use by designers of thermal systems.

Even though only a selected number of problems of special
interest are solved, the GENTUBE program itself is quite general and
can be used for any tube configuration having the same type of

boundary conditions used in this formulation.
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CHAPTER II

FORMULATION OF INTEGRAL EQUATIONS

Let R be a two-dimensional semi-infinite region of the physical
problem of interest as shown in Figure 1. A sketch of the geometry and
notation is shown in Figure 2. Consider a steady-state conduction heat
transfer problem in a medium of constant thermal conductivity. The

governing equation for this steady conduction heat transfer problem is

V2¢ =0 (Laplace's Equation)

where ¢ is a harmonic function representing temperature in R which
satisfies boundary conditions on 3R and ac%.

The function ¢ is said to be harmonic within the region R, if the
function ¢(£, n) and its first derivatives are single-valued and
continuous within and on the boundaries of region R, if second

derivatives exist, and if the function ¢ satisfies the Laplace's

equation

The problem can be formulated in terms of the boundary integral

equation known as the Green's second identity which is written as

A6 (Y) + (438 - g8 45 - 0 (1)
Boundary

where Y is a position vector of points on boundary, ¢ (Y) is the
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Figure 1. The Schematic of two-dimensional circular tubes in
a semi-infinite medium. The dimensional form.



Figure 2. Two-dimensional region with circular tubes:
geometry and notation(from reference 23)
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temperature at y, g(X,Y) is a second harmonic function over the region

of interest and is defined as
g9(x,y) = - 2 10 |
’ 57 109 |Xx - y|

and

1 ,.YeR

s ¥ e {3R, 3™

N —

0 , y¢{Rr, 3R, ac™)

The harmonic function ¢ in equation (1) satisfies boundary
conditions on the circular boundary(aca } and the outer boundary of
the region(3R ). The integral term in this equation(l)can be written
as two terms, one for integration over external boundary and the other
for summation of the integrals over each of the internal boundaries.
The constant X in equation (1) becomes 1 if v belongs to the entire
region but here the interest is only in internal and external
boundaries where ) is 1/2.

For the problem shown in Figure 1, this equation (1) can be

written as

where ¢a and q% are values of ¢ and its outward normal derivative on

the hole 3C% .
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The integral over the external boundary can be discretized by
dividing the boundary into N segments. The integrals over the interior
boundaries can be evaluated analytically following the approach of
Barone and Caulk[23]. For each point Y on the boundary, the
discretization yields one algebraic equation in terms of all of the
boundary values of temperature and their normal derivatives. Thus N
equations can be written for the N points on the boundary.

Barone and Caulk[23] take advantage of the circular geometry of
the tube. On each of the circular interior boundaries they
represent ¢a and qa by a finite sum of circular harmonics on 3C% in

the following form:

K

¢* = ¢8 + nzl (¢>c]1n sin n 6% + ¢>gn cos ne%) (3-a)
L

q® = qg + ngl (q?n sin n 6% + qgn cos n 6%) (3-b)

a=1,2, ..., M

Here ¢% and qg are constants representing the zeroth-order terms. K
and L represent the order of approximation, and Ba is the polar angle
centered at éu, measured relative to the X-axis. Here M denotes the
number of interior tubes. In general, the order of approximation need
not be the same for all the holes.

Substituting equations(3) into equation(2) and performing the

integration for y ¢ {3R, BCB} , the equation(2) reduces to[23]
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(¢%% —9 ds - Z [ Z l-b ¢1 sin n y* + ¢2 cos n v*)

G(Y) +
JBR as1 ne1 2 ©

n

K
a 1 -
- au{q0 Tog Yy " Z T qln sin n y* + q2 cos n y*)1] = 0 (4)

where(see Figure 2)

a
ba=y—a,Ya=lY-£al ,wOL:eOL(Y)a
ot
¢(Y) sy Y e R
G(Y) =
2 oY), ¥ e(aR, act)
For isothermal conditions on each circular tube, ¢a = ¢% .  Now
equation(4) reduces to
[
G(Y)+J (632 - g 22) g5 4 za{qology
oR
- 1 'n
1 a . a a a -
nzl T bn(q1n sin ny” + gy cos ny°)) 0 (5)

The integral term over the external boundary( 3R) in
equation (5) contains N unknown values of ¢j {or qj), where ¢ . is
temperature approximating the segment j and j+1 on plane convective
surface, for N discretized segments. Similarly, the summation term
over the holes(aCa ) in equation (5) has (M+2LM) number of unknown

values (Q%r Q?n' and qgh) for M number of tubes and L number of order
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of approximations. Thus, for first-order approximation, equation (5)
will have (N+3M) number of unknowns for N number of discretized
segments on the external boundary and M number of tubes. However, for
N discrete segments on external boundary, equation (5) yields only N
number of equations. The additional 3M equations required to complete
the equation set can be generated by considering different set of

integral equations with the following choice of Kernel functions.

g5 (x) = g(x, ¢°)
B _-__sin ne® . (6)
e

With the substitution of these special functions, the equation(2)

now gives

B B

3a M 39
f (¢ra—,?-98-gi§) ds + J (¢°‘—an—0—9‘5‘q°‘) ds = 0 (7)
oR o=l /oo

B B

99 M 99

A B3 a °Hn LB oy,
[ (opah - gf 20 g s L[ 2o das -0 (g
3R a=1 5%

Equation (8) represents two eguations corresponding to the cases

of X=1 and X = 2.
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In general, equation (7) involves M number of equations for M
number of tubes. Equation (8) involves ML number of equations for each
value of A, where L is the order of approximation and M is the number
of tubes. Thus, equations (7) and (8) together represent M(2L+1)
number of equations. Substitution of equations (3b), {(6) and the
condition ¢a = ¢8 into (7) and (8) yield(see[23] for details) the

following two equations.

3 M
0 _ B3y 4s + 8 +afa, loga, + a
JSR (¢ - 99 3n) 95 * %0 * 9 2 109 3 QZ] 2,19 tog v, -

99, B 9% 1n g N 8 o
- ds = 0 (1
e an In 3n) 95 - T a0 oy 21 J L A (10)
I 3R Otf 3C
afB

where

Equation (10) vanishes if only the zeroth-order approximation is

considered.
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Levels of Approximations

In general, the normal heat flux on each tube boundary can be
represented by any finite number of harmonics in equation (3-b) and it
is reasonable to expect the accuracy of the solution to improve as
this number is increased. The zeroth-order representation is qa = qg .

In this case,equations(5) and (9) reduce to

|
7 6 (Y) + JBR {6 _S. 5%) ds + z a {qg log Y,} =0, ye3R (11)

B
f E)gO B 3¢ B a
JBR (o n " % an) ds + % * 9 aB Tog % ¥
H a
= 12
aZ] a {qy Tog YaB} 0 (12)

aff

The equations (11) and (12) are referred to as the zeroth-order
equations and their solution the zeroth-order solution.

But as discussed in [23], the accuracy of the results may not be
reasonable. To improve the accuracy, first-order equations are
considered in this thesis. For the first-order approximations(L=1),
equation (3-b) can be written as

Qa

q =q‘5+q‘,"sine°‘+qgcose°‘

With the substitution of this, equations (5), (9) and (10) reduce to

M
1 6 99 _ 4 3¢ a
5 6. (Y) + JBR o3 afh e ] e ony, -

- %—b (q? sin wa + q% cos wa)} =0, ye 3R
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8 M
o, % 82 B 4 o2 a -
(¢ =n "9 20) gs + ¢ * 9p 2 Tog 2 +aZ1 a_1q log Yo8

J 0 5n
oR a#B
1 .
7 bGB(Q? sin B + qg cos y®8)) = 0 (14)
~ B
f °9 B3¢ B M a i 0B
J (¢?ﬁr - 9 an) ds - Il qy + 1 Z {Zbae 9y siny +
3R a=1
aff
+ bgs(qg sin 248 - q? cos 2y°%)} = 0 (15)
B
392 M
re € _ B 3¢ - B o af
JaR ¢ = 9, an) ds - I qQ, + I az1 {ZbaB qy Cos - 4
afB
bz(a : 208 0» aR
a9 sin 20 + g3 cos 24°F) = g (16)

Equation (13) is a result of using g(X,Y) as the Kernel function.
It represents N algebraic equations corresponding to the N points on
the external boundary. Eguations (14), (15), and (16) are the result
of using gg(x), gf:X), and gs(x) as the Kernel functions,
respectively. For M tubes in the region, equations (14), (15), and

(16) each represent M equations.

17



Thus, the total number of resulting algebraic equations is (N+3M)

for the formulation involving the first-order approximation.
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CHAPTER III
BOUNDARY CONDITIONS AND NONDIMENSIONALIZATION

It should be pointed out, before proceeding with the
nondimensionalization, that the ¢ appearing 1in the various forms of
the boundary integral equations(1 through 37) should be interpreted as
a temperature difference. In other words, ¢ represents temperature
above some fixed reference temperature.

Consider a general steady-state conduction heat transfer problem
in a semi-infinite medium as shown in Figure 3.

In the absence of tubes, in this general problem, the
semi-infinite medium is considered to be in thermal equilibrium with
the ambient medium. In other words, the temperature within the medium
is uniform and is equal to T, the temperature of the ambient medium.
Thus, under steady-state conditions, the heat transfer through the
medium is zero. But when isothermal tubes at temperatures different
from Ta are present in the medium, under steady-state conditions, the
far-field temperature within the medium would remain at Ta and heat

transfer at the plane surface would be by convection.

The governing equation for this problem is
v = 0 (17)

where ¢ = T - Ta

The boundary conditions for this problem are the following:

At far field, o =0
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Plane Surface (Convective boundary)
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) I/

Figure 3. The Schematic of two-dimensional circular tubes
in a semi-infinite medium. The dimensional form.
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On the a th tube surface, ¢ = ¢ = T .7

At the plane surface, heat transfer is by convection and is given by

_B_Q :-h¢)
an n=d k n=d

Let g denote gﬁ
n

The dimensional form of the four governing equations (13), (14),
(15), and (16) representing first-order approximation of the problem

in Figure 3 can now be written in the discretized form as

1 N 99,
5 o ¥ Z [o; Jc S0 95 - 9 Jc. g, ds]

J J
M o 1 o ai a i
+ OLZ1 aiu[qO log Yoi T 7 boﬂ.(q] sin vy + q, cos w1 =0 (18)
B
N 9g
% . 8 B, B8
jz] {(bj JC. = ds a; JC gy ds} + b9 * 9 2 Tog a,
J J
+ ? a [q% o cdb (o sin u® 4 ¢ cos y®B)] = 0 (19)
oL o 99 %9 Yag " 7 Pup'% v Gp O ¥ B
ofB
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N T
1 8
{6 — ds - -
sh e, ey ey e -Taye
J J
M
1 2b a .. QB 2, a .
az1 [ ag 9g STN Y™ + bae(qz sin 2wa8 _ q? cos ZwaB)] - 0(20)
afB
B8
N g
2 _ B
'Z] fo; J an J J 9, ds} - T g,
J C. C.
J J
M
+ 10 2 a o 2 o . o 0 af -
021 [2b,, ag cos v +bo,(a) sin 20 + df cos 20™)] =0 (21)
af#B

where the parameters are as defined in the nomenclature.

Defining the nondimensional temperature,

- - ¢)(€, n) - T(gs T‘r) = Ta

O ) T - Ta

where T and T are constants representing the far-field temperature,
a T
and the temperature of the reference tube, respectively.

Nondimensionalizing n and d with the reference tube radius A,

=_n
nER
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ol
"
>l

The nondimensional form of governing equation becomes,

The nondimensional boundary conditions are:

At far field, ¢

1]
o

On the o th tube surface,

o o
o = EL - Tt Ta
o " Tp - Ty
At plane surface,
E'El;;d‘ = % q’];;g
an
Defining Biot number, Bi = hA/k and using q to denote normal
derivative,
- _ 3%
q=—
on

the boundary condition at the plane surface can now be written as
ql— — = _Ri * —_——
qln=d Bi ¢ln=d

As can be seen from nondimensional boundary conditions, the
nondimensional temperature at far-field goes to zero. The other length
and geometric parameters can now be nondimensionalized with the
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reference tube radius A. However, if two or more tubes have the same

highest temperature, then the tube with the largest radius is taken as

the reference tube in this formulation.

s=3
= o Jai
Yai = A
_ T
=0
AT Vo
T3
= §

The governing equations (18) through (21) <can now be
nondimensionalized using the above dimensionless parameters. But first

the nondimensionalization of the typical terms

appearing in those

equations is shown below:

o5 T Op 7 %
G0 Y

J
. 20
—_a_q)_‘]:q) o__l
qJ-an r an
2
A
by ) —
= 5 (-Bi on )



1 > =
= -2y Uog(E; - E5) + og A)

a
o . %%
q0 n
0 a¢8
A an
_a
4 . 9% _
o (Define = qq)
¢Y‘ -0
W59
¢
a_ r—o
9" YD
Tai = Ay
a a
- _ 0 __a
ol Yoi Yoﬂ'
. D
. al a
sin Y~ = —
Voi
. (E, -%5)
cos y*i = i . a
al
g5 = 9(x, f) = - L log |, - €8] = - .L (10g)E. - £8
0 ’ 2 j 77 (1og]es - £°] + log A)
. _ )
9%8(5) - sin g - ~s1n ?B - -B ——
e -1 Al - B g - B
R - _ C0s9 _ cos © g -5
gZ(g) - B - - ’6 = \l ?B 2
le - &7 A!gj - & ey - ey
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Substituting these terms into equations (18) through (21),

dividing each equation by ¢r,

and writing the known terms on right

hand side of each of the eguation will result in the following

dimensionless equations.

. N
1 Bi -
5 ¢, - 53— d. | .
2 1 2n Z] j J . {!OQIEJ

- Ei] + Tog A} dig- - gil

—

d .
+ Z [a,{1og ¥ ; + Tog A} & - g sing @

D = Depth of «
[0}

tube from plane convective surface

th

§a = Distance from a-axis to the center of «a tube

parallel to the

plane convective surface

. N E:+1
81 fJ —_ —
-7 1o J—— {loglE, - T°| + Tog A}I(E, - EF)
=1 Y UEE, ) )
J
— —0
3, 1og{a + Tog A} q0 + Z [a,(Yog ¥ o + Tog A) a
O.f;,
32 -2
a2 sin P - L % s ¢ 0 = o (23)
2 > 1 2 > 2 0
af af
where .
— —= =12 - _ 7
Yoo =W/(D8 - D))" + (g - s3a)



N .
AR C I LIPS ST}
=1 R A - A
J
M a
+ 1 Z] [72\—_—50‘ inwaeag +
a= Y
a#B ob
s a2
¢ 2 sin 2™ . g5 - 2 cos ¥ 1= 0 (24)
A Yog A Yog
N £y
B ) oy [ — 4 -T) - F T
3=1 =E; Algy - &7
M a
+ ] R eos ¢ 4
o=1 Yag
ofB
) 32
F—2 sin g™ @+ —2% cos ¥ 1= 0 (25)
n . 2 17 2
YaB Yag

The equations (22) through (25) represent the dimensionless form
of equations (18) through (21), respectively, and the integrals over
the discretized segments will be evaluated analytically in the next

chapter.
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CHAPTER IV
THE TWO-TUBE PROBLEM

In this chapter, the first-order equations (22-25) are reduced
for the case of two circular tubes of same diameter and uniform
temperature located at the same depth from a plane convective surface
in a semi-infinite medium. The first-order circular harmonic expansion
for the normal derivatives is used.

The external boundary is divided into N discrete segments, and
the integrals of the Kernel functions will be evaluated analytically
over the boundary segments. Jaswon and Symm[5,7] have developed a
method for integration of logarithmic functions on a straight line.
The details of that method are discussed in Appendix A.

The sketch for this two-tube case is shown in Figure (4).

1i 1i (£; - s)
sin = H cosy = —
N (€, - 9)° Yol + (z, - 9)°

=i

: = . (E; +7%)
in 21 = D 5 cos w21 = .
sin ¢ Ve« (?]_+§)7 152+(€1.+

v

o

S o Ly VP E 3

My T i ’
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1 { k-1 k L+l J (¢

convective plane surface

$=0
q=0 .
Far =
Far i
field\L |
A\
‘j%
4 % =0; q=0; Far field o
V/j 2/
Figure 4. The schematic of two tubes in a semi-infinite
medium.
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Since diameter is same for both of the tubes, the nondimensional

radius of tubes becomes equal to 1. With the substitution of these

values, equation (22) becomes

. N
1 Bi - =
5 % - % jz1 ¢j[Tij] + {log Y15 + log A} 0
- 2 10 -1 10 =
tllog vy tTog Al gy - 554 -5 =5 T
14 21
2T =2 YT 9 0.0 (26)
Y1 2
where
Tij = uij for 1 <
Tij = -uij for i >3 and i #j+ 1
Ty * }E&+] - T, [{1og!€j+1 - €51 - 1) + Tog A] for i = j
Tijz |€J-€1I {1og |ZJ-€1‘ - 1+ log A} for 4 =3 +1
and

- [IEJ 'E-]I{]Oglgj -E'i| -1} + |EJ - Ei]'log A]

Y12 =25 =y,

sin w]Z = sin 180°

=0
sin y2! = sin 0° = 0
cos wlz = cos 180° = -]
cos wZ] = cos 0° = +]
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Performing the same type of integration as done for equation
(22), the equation (23) can be written as two equations, one when i is
at the center of the first tube( B =1 case) and the other when i is at

the center of the second tube( B =2 case).

For B =1
2 = 2
s J) - (£j+] - S) }
=1 2(E54y - )
Y= 2 2
[log (gj - s)2 + D - 1o§Vng+2 -5)" + D]

_ —2 _
N (g = S) + (g +1 3
—Sl Loy [ J J
J
S N . S R L
! {(gj -s) ¢ (Ej+1 -3 ’ J+'l2 i’y
« COS - —
NE, -9+ Dd"[(ijﬂ -35)°+D
—2
— —_2 — - \2 (T, )
-1 (C - S) + (EJ*’] = 53) (€J+] 5) }]}
{sin[cos { - — -
ZW/?%S - E) + D (€j+] - Ej)
T 5 + log A) G
+ log A[(§j+] - Ej)]] + (log 25 + log A) q
‘ 1
‘ - ]——1—62 =-0 (27a)
2 %5 2 0
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1Y 2(.

J
J+] = -E-‘)

2 —
['logV(gJ. +s)" + 02 - 1ogfg3+2 +s D2]

MGRERARIE LTI R

T . =\ - =2 w2 2
=] {(EJ'*‘S) + (£J+1+S) + 2D - (EJ'H -EJ) }

2wl(€3 +35)° + D£~/(gJ+1 4+ 5)° + °

* COS

€ +5)2+ By -2 - (T 492
{sin[cos'1{ J b J J*] 1313

YAy
+3)7 + (T34 - )

(z;

™
™

_ _ _ 1
+ log A[(£j+1 - Ej)]] + (log 25 + Tog A) G,

11 =

1.
-s—20q, = - o)
2 2s 2

(27b)

Similar to equation (23), equation (24) has two equations, one

for i at the center of each tube.
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Equation (24) now becomes, for B =1

j£3+1
sin 6 = =f
= d(Z, - %)
TR T
T.
j+1 D 1 - -
= - d(g' = S)
J‘ﬁ— (T. - 5)2 + 02 A\/kzﬂ - §)2 + D J
J J J
1 -1 D . =1 D
= = [-sin { -} + Sin { _jJ
" NE,y -5+ 0 NE -9+ D
and for g =2,

(T - 5) terms in the above equation become (T + 3)

Performing the necessary integration,

For g =1,
il g ¢.[sin " { D ) - sin'1{ D 3]
T S P . T i . -3 ’
j=1 (€J+1 5)° + U2 (gJ s)° + D
n =1 1 1 <=2
- q -=—5 qQ =0 (286)
A1 A 452 ]
For =2,
N D )
Bi } - sin { 1]
- = ¢.[sin  {— 7 — . =\2
A jzl J (E. . +5) ¢+ v (€; +5)0 T
1 -2 § 1 =1_ (eet.
T T A
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(A programming note: Some facts need to be considered in equation
(28) while evaluating the unknown values. Because of the way it was
taken to compute the summation terms, the sign of this term should be
changed to get the correct values if E% is less than . It should
also be noted that there may be a special case of 53 less than s
and E&+] greater than 5, in which case 2*sin (1.) should be
subtracted from the second term before multiplying by Bi/A. All this
has been taken care of in the computer program developed for this
two-tube problem.)

Equation (25) has 2 equations for two-tube problem, one for i at

the center of the each tube.

For g =1,

fjﬂ 0890 4(F; - E,) -
'g:g‘] AIEJ - gBl

Jg— &, -5 F e,

- Jp In((E; - )% + Uzng”

2A
For g =2
- —\2
(_éj - 35)° terms become (gj +73)
Equation (25) is now written as
For £ =1
. N
Bi = .2, W .52 4
5% jZ] ¢;[70g (€5, - $)° + T} - Toal (E 5) }]
I =1, I =2 i -2 _ 201



and for g =2

N
Bi 3)
A jZ1 ¢.[1og (€J+] +9)2 4+ 7% - Tog{(Z; +5)° + )]
I -2, 1 =1 ) =1 _
TR TRt 7 20 (29b)

Thus (N+6) algebraic equations for (N+6) unknown values have been
developed. These (N+6) unknowns are qé, 6%, q; 5%, qf, and qéxxtube
surface, and @1 s @2 cee ®N on the convective plane surface. The
above algebraic equations are solved numerically. Thus, the
temperature or its normal derivative at the boundaries alone are
determined and determination of the variables at interior points is
avoided in this boundary integral technique.

A computer program has been developed for this problem of
two-tubes to evaluate these unknown values. The criteria used to
choose the values of Eﬁax (the maximum value used in the computer
program to represent the distance to the far field on the plane

surface) and Af (segment length) is discussed in chapter VI of this

thesis.
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Symmetry Considerations

As two tubes are located at the same depth, and are having the
same temperature and diameter, some symmetrical conditions can be
deduced. From the Figure (4), it can be seen that ﬁé ='ﬁg, 'ﬁi = qu ,
and q% = :q%. With the substitution of these symmetry conditions, the
six equations (27a-28b) reduce to three equations, thus reducing the
number of equations to be solved from (N+6) to (N+3). A symmetry
condition also exists on the plane convective surface. This symmetry
condition can be explained in the following manner. Suppose K is a
nodal point which is located at the same distance from each tube on
the plane convective surface. This means K-th node is at the center of
the plane convective surface considered for evaluation purposes since
same length of the convective surface is considered on either side of
the tubes because of the tube symmetry. Because of these symmetrical
conditions, the temperature between the nodes K and (K+1) should be
equal to the temperature between the nodes K and (K-1). Similarly, the
temperature between the nodes (K+1) and (K+2) should be equal to the
temperature between the nodes (K-1) and (K-2), and so on. This
symmetry condition further reduces the number of equations from (N+3)
to (N/2+3). For the convenience, N is selected as even number.

The equations (26-29) which represent seven equations now reduce
to four equations for the two tube problem when symmetry is taken into

accourt. The first of these equations representing equation (26) now

becomes eguation (30).
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N
1 Bi - - =1
-5 % - 5p jz1d>j[T1.j] + (log Y15 * 109 5. + 2 Tog A)qo
£y -s5) (g +5s)
VOIS UYL -y g
2’2 T2 T2 =2 2
i Y2 1i T2i
= 0.0 (30)

where Tij is as defined following equation (26).

Overall, equation (30) represents N equations corresponding to
the N points on the plane boundary. These equations are reduced to N/2
equations with the use of the symmetry conditions.

The second equation representing equation (27) when symmetry 1is

taken into account becomes equation (31):

€ -2+ Eppq -F)° - €0y -9

2

-§i§¢.[{ }
2j='l']

['IogV(EJ. - '5)2 + D% - 1ogv(fj+1 - ?)2 + 52]

+ (- Fp) Q0aVEpy - 92+ 02 - 1)+, - 97+

- - = += 2
(Zj - 5)2 + 5j+1 - 5)2 + 202 - (Ej+] - Ej)

N - 97+ 0 (g - DT

1

{ }

. coS
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1308 ¥

—.2 -
-]{(Ej -5)" + (EJ‘*"I- 'EJ)Z - (€J+1 - 5)2

{sin[cos
VE - 57+ 0y, - Ty

€ 457+ (€ - E)° - (€05

)2

[‘IogV(Ej + )2 + D° - 1ogv@j+2 +73)¢ + 7%

s .r — 7.5 | PR
¢ (Ejy - E5) (09 W(ETjy + s?‘ + D5 - N AVE +) 4D

—2 — —\2 =2 = 12
R ('Ej-}- ) +(gj+]+s) + 2D -(EJ-HW-EJ-)

e cos .
2 (E + )7+ 0 V(E+ D+ T

€+ 52+ ()= T;)° - (Ejq +3)°

{sm[cos']{J 113
E— y —
MEJ + 5) + D (E‘j'ﬂ = E"J)
- _ =1

+210g A[(Eﬁ.| - 5j):]] + (log 25 + log A) q,

11 -] 1
- —— T - ¢ .

2 55 92 0 » _ (31)
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The third equation representing equation (28) when symmetry is

taken into account becomes equation (32):

B g o.[sin”! D } - sinT D }
-5 . — — ~ T — —\Z
A E SN (O Vg, -9+
. =1 D . =1 D
+ sin @ { ’ w} - sin {=— vi ]
SE + T VE +5)+ D
i 1y = o
The special situations which were discussed earlier following

equation (28) also are applicable to equation (32) and need to be
considered.

The fourth equation representing equation (29) when symmetry is

taken into account becomes equation (33).

2

. N
3 s e 7 —2 , =2
%% jzk ¢5010g0(E5,q - 8)" + D7) - Tog{(E, - 5)" + D7)

2

gl - +2 + T L2, TR
- 1091 (E;,q + ) + 5%} - 10gl(E; +5)° + 7))

7 -1 1
tieT % " %

(1421 Gy = 0 (33)
4s
Therefore, the total number of equations to be solved are (N/2+3)
instead of (N+6). This vrepresents a considerable reduction of
computational time, especially if the distance, 2§, between the tubes
is large. The reduction in number of equations also improves the

accuracy of the solution as the round-off errors are minimized.
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CHAPTER V

THE GENERAL PROBLEM

In the previous chapter the problem of two tubes of equal
diameter and temperature located equidistant from the plane surface is
formulated. However, the more general problem of wuse to practicing
engineers may involve arbitrary number of isothermal tubes with
arbitrary diameters and locations. The tubes may be at different
temperatures. The equations for such a general problem are developed
in this chapter. Tubes maintained at different temperatures can be
found in buried utility 1lines which transport fluids or power
involving thermal effects. The equations are developed for the
analysis of two-dimensional heat transfer from a set of parallel tubes
of arbitrary diameters and positions, located in a semi-infinite
medium. The surface temperature of each tube is considered to be
uniform. Similar to the two-tube problem, the plane surface is
considered to be exposed to uniform convective environment. The
notation may slightly vary from that of two-tube and symmetry problems
because of the complexity involved in this problem. The same
nondimensionalization parameters have been used as in the case of
two-tube problem.

A sketch of the cross-section of two dimensional circular tubes
embedded in a semi-infinite medium in its nondimensional form is
presented in Figure 5. As stated earlier, this is a steady-state

problem with constant thermal conductivity.
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Figure 5. A sketch of the two-dimensional problem and
boundary conditions in nondimensional form.

The nondimensional equations (22 - 25) can be used to derive the
equations for this problem.

In equation (22) the parameters which need to be evaluated
differently from that of two-tube problem are redefined here with the
notation shown in Figure 5.

Tai TV -3 T

al

where D depth of o th tube,

§y = distance from the n -axis to o  tube parallel to

the plane surface. If SaC is specified by user

instead of Sy + So Can be evaluated by
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o ac a B
. ai Da
sin ¢y~ = —
Yai
cos wai = EE};;;:ZEZ
Yui

With these parameters, equation (22) becomes

. N N
1 Bi — — —
5 & - o .Z ®j[T1j] + Z] [a,{log ¥ . + Tog A} T
j=1 o
122, D 132 G -5 ©] = 0.0 (34)
28 T "2 T 7% T =2 2
Yoi Yoi

As discussed in the two-tube problem, the second term of this

equation changes depending on relative position of i and j. i.e.

whether i jor i=3j+l or i > j#1 or i < j. It changes in the same
manner as it did in the problem of two tubes.

This equation (34) yields N number of equations corresponding to
N discretized segments of the plane wall boundary.

Now some terms in equation (23) are defined here with new

notation.

where DB and Da are the depths of 8 and @ tubes, respectively. g is
the tube where i is centered and, §B is the distance from the n -axis

to B th tube parallel to the plane suriace.
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sin 8

cos v

With this new notation and previously defined terms, equation (23) now

becomes for general problem.,

- 2 -
. N (B, =57 + (B - E5)" - (Byq - 5
JBLy g L2 A LA J

=Y 2(Z5,0 - Ty

- Y S—
{109\/(Ej - 75'8)2 + Ué - 109\(&\].“ - SB) +'D‘é }

|
—— 7
— -
F (G5 - Ep) (oaMEpyy ~ F) IR AL
< 2 .
-] { ) + ZUZ J'H SB) - (EJ'” 5) )
ms w/z(zj—— +U2‘\/(£ - 3,)° + T
- _ 2
{sinfcos = { ;
zf(zj -5 Ty (e - )
- = - 8
By - Eﬁ) log A] + {3g(10g 3, + Tog A)}ag +
—2
M ac(0_-T7)
+ §7 [{a_(log ;-B + log A)} ag - %-—9——%57——ﬁi-a?
o= 'YCXB
af®
12l tl (35)
2% T =2 % 0



Thus, this equation (35) yields M number of equations for K

number of tubes.

Similar to equations (22) and (23), some of the terms in

equations (24) and (25) are defined here with new notation.

(D, - D,)
sin ZwaB = sin[2 sin'1 - _9 - g — 2]
~ (0, -5,)°+ (5, - 5,)
o8 -1 (;B - Sy
cos 2y "= cos[2 cos '{ Em— 2}]
(D_B -D )"+ (sB-sa)

b ? ¢.[sin”'{ % } - sinT! { % }]
BRI = =7 .2 =2, 2
5 Ny -5+ T N, 507+ T
M 2T a D -D
gme [ g
a=1 of
a#B
—2
a D -D
{ &1' -%——{sin(Z sin'1 {—QL———EJ)}}G%
;EB ng
D 4G5
o2 . 2 fcos(2 cosT {—= 13112 = 0 (36)
A 1
YuB YaB
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Bi 2 2 2 2 T —R
0 - - - L
5T jz] @50109{(E ,y = 5g)7 + Dgd - Togl(Ey - 5,0 + D1l - 1 4,
+ E:" [{ZH aOL .—'I— (SB_- Sa) a(ox
a=1 Yag aB
ofB
O o P D)
t{g > sin(2 sin Ve 1
YaB
) -
a 1 (sp - 5.) ,
+ {—2 cos(2 cos™) —E )19 =0 (37)
AT Vog 2
Yo
(A programming note : As discussed in the two-tube problem, here

tco, two special cases occur while evaluating the first terms of the
equations (36) and (37) and they need to be dealt with in a similar
manner. The first case when E& < XT(L) and'55+] > XT(L) and second

case when Eh and ij both 1less than XT(L) where XT(L) 1is the

+]
location of the L number tube parallel to the convective surface.

In addition to the above, another special case occurs while
evaluating the coefficients of T* and ﬁB . i.e. when XT(K) is less

than XT(L) where K represents $ th tube and L represents o th tube. In

this case, the sign of coefficient in equation (36) and the sign of
g 2 q

g

been taken care in the computer program that was developed for general

coefficient in equation (37) need to be changed. This situation has

problem.)
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Equations (36) and (37) yield M number of equations each for M
number of tubes. Thus equations (34) - (37) yield (N+3M) number of
equations for (N+3M) number of unknown values.

The unknown wvalues, temperatures at different nodes on the
convective surface and § s on tube surfaces given phe temperatures on
tube surfaces can be evaluated numerically by using the computer
program that was developed.

The criteria used for the selection of AE', Eﬁ % and location of

axes are discussed in the next chapter.




CHAPTER VI

CRITERIA USED FOR THE SELECTION OF LOCATION OF THE

COORDINATE AXES, & AND A
! Emax ' g

The Location of the Coordinate Axes

In the general problem it is desirable to locate the coordinate
axes approximately at the center of array of the tubes. In the case of
two-tube problem, it has always been placed halfway between the center
of the two tubes to take advantage of the symmetry in the problem.
However, this may not be exactly possible in the general problem as
the tube array may not even have an axis of symmetry. For this reason,
a criteria was established in the computer program of general problem

to move the axes approximately to the center of the tubes. Such a

choice is helpful in the selection of maximum length used( max

) to
represent the infinite region to near minimum value so that the number
of equations can be kept small in order to reduce the computational
time. The user can prescribe the tube positions relative to an
arbitrary location of the coordinate axes. The computer program will

move the center of the coordinate axes to the approximate center of

the array cf tubes.

Selection of Emax from the Results of Two-Tube Problem

In the numerical formulation, the point £ -»=° is represented

with £ -> maxwhere Emax

is sufficiently large. Thus, for

computational purposes a finite region is chosen to represent the

infini egion.
infinite region. As max

is decreased, the computational time will be
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decreased when segments of constant length are used to discretize the

plane-wall boundary. Thus, the proper selection of minimum value

°f Lrax

is necessary for significant reduction in the number of
equations to be solved and hence the computational time. Numerical
experiments were conducted to establish appropriate criteria for the
selection of Eﬁax.-These are discussed below indetail.

Many solutions were obtained for two-tube problem for different
values of input parameters, each time varying the value of Eﬁax and
keeping other parameters constant, and the effect of zmaxvalue on the
accuracy of the results was determined. Some of these results are
shown in Tables 1 and 2. From these values, it can be seen that

selection of Emax value has a definite effect on the accuracy of the
solution. Therefore, it would be desirable to determine the optimum
value for Ehax that would yield a solution within a prior prescribed
accuracy of, say, 1 %. It should also be noted that in general
as Eﬁax value 1is increased, the number of equations would increase
representing the increased number of segments on the convective plane

surface. This in turn would require more computational time to solve

for the unknown coefficients.

From the results shown in Tables 1 and 2, an attempt was made to
develop suitable criterion that can be readily incorporated in the

general computer program. As can be seen from these results, the

driving parameters in the selection of gmax

value should be the
depth, the distance to the center of the farthest located tube
(XTmax ) and Biot number. Separately, a small computer program, based

on least squares method, was developed for selecting the best fit
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Table 1 : Results for one two-tube problem to illustrate the effect of
Emax on the accuracy of the solution.

(BI = 0.5; AE =0.4; D =6.0; 28 = 10.0)

*

% accu- % accu-" % accu- Temp. % accu-
T q, racy of q racy of racy of at rac f
Emax 9 é 9 é qz é T=6.0 TZm;
0 1 2 )

10 0.1843 - 0.1190 - -0.0042 - 0.4024 -

18 0.2741 32.75 0.0%964 23.41 0.0308 113.67 0.2628 53.16
28 0.3010 8.94 0.0843 14.31 0.0382 19.40 0.2331 12.70
38 0.3091 2.62 0.0802 5.16 0.039% 4.21 0.2250 3.60
54 0.3136 1.43 0.0778 3.08 0.0407 1.97 0.2207 1.85
62 0.3146 0.32 0.0773 0.65 0.0408 0.25 0.2197 0.46
72 0.3154 0.25 0.0768 0.65 0.040% 0.24 0.2189 0.37
30 0.3162 0.25 0.0764 0.57 0.0410 0.26 0.2182 0.32

Table 2 : Results_for a second two-tube

effect 5maxon_}he accuracy of

problem to illustrate the
the solution.

(BI = 1.0; AE=1.0; D= 25.0; 2s = 10.0)
* *
% accujk % accu- % accu~ Temp. % accu-
Eﬁax 'qb racy of 1;1 racy of 'qz racy of __at racy of
g q T £ =11,0 Temp.
0 1 2
10 0.0762 -- 0.9260 -- 0.0105 -- ~- --
18 0.1189 35.9 0.0250 4.16 0.0200 47.67 0.0622 --
28 0.1454 18.23 0.0221 13.26 0.0264 24.27 0.0376 65.73
38 0.1586 0.833 0.01% 12.70 0.0296 10.82 0.0306 22.55
60 0.1705 6.98 0.2166 18.00 0.0324 8.46 0.0259 18.41
90 0.1756 2.90 0.2151 10.08 0.0334 3.20 0.0242 7.08
110 0.1769 0.73 0.01486 3.42 0.0337 0.89 0.02386 2.54
126 0.1775 0.34 0.0144 1.39 0.0338 0.30 0.0235 0.43
150 0.1782 0.39 0.9142 1.41 0.0340 0.59 0.0233 0.86
180 0.1786 0.22 0.0140 1.08 0.0341 0.26 0.0232 0.65

* percentage difference

from the previous value.
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equation to select Eﬁax . Three types of «curve fits representing
linear, exponential, and power functions were used in this program.
Using this curve fitting computer program with the results in Tables 1
and 2, it was found that power function yielded the best fit of the
three functions(see Appendix-E for details).

The results in Tables 1 and 2 yielded the following best-fit

relationship in the sense of least squares.

— )
g = N3/ X > D

In the computer program developed for two-tube problem, the

starting value of Eﬁax has been taken as

0.87 * 11,3 * XTmax * D

and in the second iteration, it has been increased to

1M.3*/%XT__*D

max

If the difference between ﬁbvalues for these two iterative values

of E s less than 1 %, the value of E' that was selected in the

max* max

later iteration is considered as satisfactory and that no further

adjustments in gmax are needed. If not, the wvalue of gmax is
increased by 12.5 % for each iteration after the second iteration till

the difference in the values of present iteration and previous

iteration falls below 1 %. In most of the problems, it was observed

N

that the 1 % accuracy criterion is satisfied within two iterations.
However, in few problems, where depth of tubes and Biot number are
very small, three or more iterations were needed to meet the required
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accuracy. Thus, the prescribed accuracy for heat transfer rate is
achived by wusing the iterative technique to select the wvalue

for .
max

4

But it is also observed that the above criterion for Eﬁax

while highly satisfactory for determining the heag transfer from the
tubes, is not satisfactory if the solution of interest is the
temperature distribution at the plane convective surface which should
satisfy the far-field boundary condition that ¢ -+ (Q as & - Eﬁax.
This can be seen clearly in Figures 6 and 7. The temperature starts
raising at about 0.75‘Ehax. However, it can be seen from the results

shown in Figures 8 and 9 that this temperature distribution is a

function of .
max

It is observed from these Figures that it is
necessary to take Eﬁax values equal to 20 to 25 depths to satisfy the

far-field boundary condition.

max = 23D

T_o=1.3*/XxT *D

max max

\aat

In summary, equation (a) gives good accuracy for both q
and ¢ solutions, where as equation (b) gives good accuracy for @
solutions only. However, the CPU time when equation (a) 1is wused 1is
typically 16 times that required when equation (b) is used. Thus, the
iteration technique developed earlier can be used much more
economically, without any reservation, when the heat transfer from the

tubes is only of interest.
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0.06f BI = 0.5; 28 = 10.0;
M=2; XTpay = 5.0;
= = * * D
gmax = 11.3 XTmax D
0.05
0.04
¢
0.03
0.02
100.0
0.01
0.00 1 1 B
0.0 50.0 100.0 __  150.0 200.0 250,
3
Figure 6. Temperature distribution on the plane convective

surface using &p.. = 11.3*VXTpax™D criterion
for two tubes in a semi-infinite medium. TWOTUBE
results. (TWOSYMH yielded identical results)
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1 i | I 1

0.0 50.0 100.0 150.0 200.0 253.0
. ' 'g N

Figure 7. Temperature distribution on the plane convective
surface using Eﬁax: 11.3*\/Xﬂnax*§ criterion
for two tubes in a semi-infinite medium.TWOSYMM

results.
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| BI = 0.5; M = 2;
| 0.06 %
25 = 10.0; D = 25.0;
XTpay = 50
0.05 *
0.04 |
)
0.03 F
Emax =
* * D
11.3 XTmax D
0.02 F |
0.01 _
10 D _
12.5 D _ _
15D 17.5D _
) Y
0.00 A1 1 . | » i
0.00 100.0 200.0 3 300.0 400.0 500.0

Figure 8. Temnerature distribution as a function of F and
Emax (range of Emaxf 11.3*y’¥Tmafo to
20 D) for two tubes in a semi-infinite
medium. TWOSYMM results.
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n BI = 0.5; 25 = 10.0;
D=5.0;, M= 2;
XTpax = 5.0
gmax -
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€
Figure 9. Temoersture distribution as a function of T and
Emax! Emax range: 10 D to 20 D) for two tubes

at a siiallow depth in a semi-infinite medium.
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Selection of AE from Results of Two-Tube Problem

With the criteria established for the selection of Ehax , it is
possible to establish a criterion for selection of segment
length( AE ). From the results shown in Tables 3 and 4, it is clear
that AL is not a function of either Biot number or'Eh . Same trends
were observed at these two Biot numbers and Eﬁax . As can be
expected, Af was found to be a function of depth of the tubes. From
these results at different tube depths for different AE , it was
concluded that the selection of value of AE as one fifteenth of depth

of the tube that is nearest to the plane convective boundary.

Having established criteria for the selection of max

and AE values in the problem of two tubes, these criteria can now be
applied to determine its applicability for two test problems that are
representative of the general case. The three tube problem of Figure
10 is chosen as the first test problem and the results are shown in
Table 5. In this Table, two values are given for heat transfer rate §
s for each tube. The first value is obtained with the first iteration
and the second value 1is obtained with the second iteration. The
problem of five tubes shown in Figure 11 is chosen as the second test
problem and the results are given in Table 6. At each AE , there are
five values given for ¥ s. The first values represent the T s from
tube 1 of Figure 11 and second value from tube 2 and so on. The values
tabulated are for the final iteration which turned out to be the
second iteration. From these results, it can be seen that the criteria
established for two-tube problem is equally satisfactory for the
general problem. Therefore, the same criteria which has been
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Table 3 : Results for one two-tube problem showing the
influence of AE on the accuracy of the solution.
(BI = 0.5; B = 18.0; 2% = 8.0;

£ = 113* /XT %D = 9.0

max

1 1 Surface

AE T T, T Temp. at

> 0 E=40.0
0.5 0.1913 0.0201 0.0451 0.0166
0.7 0.1913 0.0201 0.0451 0.0166
0.875 0.1913 0.0201 0.0451 0.0163
1.0 0.1913 0.0201 0.0451 0.0165
2.0 0.1913 0.0201 0.0451 0.0165

Table 4 : Results for a second two-tube problem showing the

influence of AE' on the ac/unasy_gi_ibe solution.

(BI = 1.0; & . vXT = 164.0;
b = 30.0, JBX 14 o)

1 Surface
rE al 1 q; temp. at
£= 30.0
1.0 0.1777 0.0116 0.0240 0.0122
2.0 0.1777 0.0116 0.0240 0.0120
3.0 0.1778 0.0116 0.0240 0.0119
4.0 0.1778 0.0116 0.0240 -~
5.0 0.1778 0.0116 0.0240 0.0115
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Figure 10. Sketch of the problem considered to illustrate

the effect of Emaxcriterion on the accuracy
of the GENTUBE solution.

7 {7

(4
7/

Figure 11. Sketch of the problem considered to
illustrate the effect of AL on the
accuracy of the GENTUBE solution.
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Table 5 : Results of the problem of Figure 10 showing the effect
of Emax criteria (developed from the two-tube problem)
on the accuracy of the solution.(BI = 0.1; D =10.0;

XTmax =6.0; F = 11.3 * /XTmax *x p = 87.5)

max

% q
differ-
- ence
Emax Tube EO between q ﬁz
No. itera- 1
tions
87.5 1 0.1208 0.0348 0.0004
0.1218 0.82 0.0343 0.0004
87.5 2 0.1804 0.0342 0.0631
0.1821 0.93 0.0337 0.0637
87.5 3 0.1801 0.0340 -0.0629
0.1817 0.88 0.0335 -0.0635

59



Table 6 : Results for the problem of Figure 11 showing the effect
of Af criteria(developed from the two-tube problem) on
the accuracy of the solution.(BI = 0.3;

= . = . T - /——_—*-
b =30.0; XT___ = 7.5; Enax 11.3 * XToax © D)

i3 z 5 T T, Temp. at
£ max 0 1 2 T 00
0.0584  0.0254  0.0000
0.0670  0.0581  0.0129
1.2 169.2 0.0670  0.0581 -0.0129  0.0212
0.0980 -0.0210  0.0576
0.0980 -0.0210 -0.0576
L
0.0584  0.0254  0.0000
0.0670  0.0581  0.0129
1.875 168.75 |0.0670  0.0581  0.0129  0.0211
0.0980 -0.0210  0.0576
0.0980 -0.0209 =-0.0575
b
-
0.0584  0.0253  0.0000
0.0670  0.0581  0.0129
2.4 170.40 10.0670  0.0581 -0.0129  0.0209
0.0980 -0.0210  0.0576
0.0980 -0.0210 ~-0.0576
| .
%.0584 0.0253  0.0000
0.0670  0.0581  0.0129
3.0 171.00 }0.0670  0.0581 -0.0129  0.0207
0.0981 -0.0210  0.0576
0.0980 -0.0210 =-0.0576
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incorporated into the computer program of two-tube problem is also
utilized in the computer program of general problem. This iteration
technique is especially useful in the general problem where tube
locations can be arbitrary. It should be emphasized that the criterion
is based on 1 % accuracy on § s. Should the tempergture distribution
is of the interest in the general problem, it would become necessary
much higher values for Eﬁax as discussed in two-tube case.

With the equations developed, computer programs written, and the
criteria for the selection of different values established and
incorporated, it is now matter of running different problems and
compile the results. To check the accuracy of the results obtained

from the numerical schemes developed, the results are compared with

the exact solution of a single tube problem for a wide range of

depths. These and other results are compiled in the next two chapters.




CHAPTER VII
VALIDATION OF COMPUTER PROGRAMS

The wvalidity of computer programs that were developed for
two-tube problem (TWOTUBE and TWOSYMM) and genera} problem(GENTUBE)
were checked. There is a plane of symmetry in the two-tube problem
since both tubes are located at a vertical depth of D from the plane
convective surface. Because of the symmetrical location of these two
tubes, the following conditions should be satisfied: 5% = ﬁ%, ﬁ% ='§§
and so on where k is

, and gl = -§2 and also b =
q2 q2 a s ¢

K= %10 ka1 T %2
the center node of the plane surface and ¢ represents the temperature
of k and k+1 segment. It was observed that these conditions have been
satisfied by the results obtained by using the TWOTUBE program(Refer
Fig 4 and Table 7).

Results are also obtained for this two-tube problem by using the
TWOSYMM program which is formulated with the symmetry conditions
included in it. These results were compared with the results obtained
from the TWOTUBE program for the same input values. It was observed
that the results are matching very well (Refer Table 8). Thus, it was
assumed that the computer programs developed for two-tube problem are
working well and are valid to use.

The GENTUBE program is validated in the following manner. First,
the results were obtained for two tubes by keeping the same conditions
as was in the two-tube problem and found the results were matching
with the results obtained from the TWOTUBE program. Next, various tube

configurations were taken with symmetrical conditions between the
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Table 7 : Two-tube results of problem shown in Figure 4 showing the
symmetry 1n the solutlon

(Tt=7 T = -5, ®145=%-6)(BI = 0.5;
220 1o°o ’ng-lﬁ/lé 32 C N3 XTI T )
maXx max
F = =7 1 _2 21 _2
tmax D T, qp q q; q) 2 ¢ b

138.75 30.0 0.1657 0.1657 0.0113 0.0113 0.0320 -0.0320 0.06389 0.0387
174.00 48.0 0.1432 0.1432 0.0064 0.0064 0.0281 -0.0281 0.0220 0.0220
195.0 60.0 0.1344 0.1344 0.004% 0.0049 0.0264 -0.0264 0.0169 0.0168

Table 8 : Two-tube results of problem shown in Figure 4 illustrated to
compare the solutions of TWOSYMM and TWOTUBE programs.(BI=0.5
25 = 10.0; AE=D/16; T =11.3*,/%xT *p )
Emax 3 XTmax D

Enax D %Z-T) 'q%sm) qlkz-T) ql}sm) q%Z-T) q%sm) q’ggfr) q)]((iagm)

138.75 30.0 0.1657 0.1658 0.0113 0.0113 0.0320 0.0320 0.0389 0.0389
174.0 48.0 0.1432 0.1432 0.0064 0.0064 0.0281 0.0281 0.0220 0.0220
195.0 60.0 0.1344 0.1343 0.0049 0.0049 0.0264 0.0264 0.0169 0.0169

2-T Indicates value from two-tube computer program.

SYM indicates value from symmetry computer program.
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tubes and the results were compared and was found matching well. To
show the results, an example problem with the tube arrangement as
shown in Figure 12 is taken and the results are given in Table 9 for
each tube. The temperature and diameter of all tubes are the same in
this problem. The results shown in Table 9 for the problem of Figure
12 is a good indication of the validity of the computer program
developed for the general problem.

These computer programs were checked for many other values of
input and tube confiqurations to see the validity of these computer
programs even though a limited number of cases are presented in this
thesis. The solution accuracy is checked with a known exact solution

for a single tube.

Comparison with an Exact Solution

In order to establish the accuracy of the present
method, consider the model problem of a tube of radius a that is at a
constant surface temperature of ¢t and located at a depth D from the
plane convective surface (maintained at ¢ = 0)

The exact solution for this problem in dimensional form is given

by
o

a cos~1ln (g)

Qy =

Changing this 9 to nondimensional ﬁb ,

s ¢y
a 0 a cos~1p (g)
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Table 9

: GENTUBE results for the problem in Flgure 12 show1n

the symmetry in the solution. ( ﬁ qo 8

(BI = 0.5; AE =1.5; ¢, =212 F; A % 15 20.09338;
g™ 0.08317; E "- 11,3 *,/ ‘%kﬁj

Tub XY (I YT(I g g, g
ube no (1) (1) % q q,
1 7.5 0.0 0.0690 0.0037 0.0291
2 -7.5 0.0 0.0690 0.0036 -0.0291
3 5.0 12.0 0.1160 0.0449 0.0268
4 -5.0 12.0 0.1160 0.0448 -0.0268
5 4.0 -12.0 0.0682 -0.0215 0.0214
6 -4.0 -12.0 0.0683 -0.0215 -0.0214
7 #
5 ole 5 JL———1
I
T oy ©
36
12 l
b= O
7.5 -
f—7. >t 7.5 1
\\
3 f— s —

(4

4______2?

74
7/

Figure 12. Sketch of the problem considered to
validate the GENTUBE computer program.
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For a single tube problem ¢r = ¢t. Therefore,

50=*1____.
cos™Th (E)

The convective plane boundary problem formulated in this thesis
can be reduced to the above problem in the limit of Bi—-¥ =2, Using Bi =
10, the solution by the present method with a step size of D/16
yielded a =zero dimensionless surface temperature everywhere on plane
wall. The results of this present method are compared with the results
obtained from an exact solution and are given in Table 10. As can be
seen from the Table, that the prensent method results are matched the
exact solution within 1% accuracy for upto D equal to 100. In general,

the accuracy is found to improve even more with decreasing D.
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Table 10

: Comparison of the results of present

method with the results obtained from the
exact solution of a single tube problem.
(Bi = 10%; a = 1.0; XTp,4= 10.0;

Emax = 11.3*SQRT((XTpax*D)))

% diff-
rence

) Gl q between

0 o 'q
(exact) (numerical) anQKaCt
0,numerical

25 0.2556 0.2547 0.36
30 0.2443 0.2432 0.41
40 0.2282 0.2270 0.51
50 0.2172 0.2156 0.73
60 0.2089 0.2075 0.67
80 0.1970 0.1954 0.83
100 0.1887 0.1869 1.02
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CHAPTER VIII

RESULTS AND DISCUSSION

The methods developed in the previous chapters have been applied
to many example problems. The number of tubes in these problems was
varied from one tube to as high as eight tubes. However, the computer
program can be used for any number of tubes. Problems of variable
diameter and variable temperature are also considered here. The

results are presented in an appropriate form and are discussed below.

Single Tube Problem

The first problem considered and solved is the problem of heat
transfer from a single tube located at a depth D below convective
boundary with a radius of a and temperature of . Figures 13 and 14
represent the zeroth order(ﬁbs) and first order(qls) solution of
normal derivative of temperature at tube surface for this problem. The
second coefficient of expansion aZs is identically zero for this
problem due to vertical symmetry in the problem. Here 'HO represents
the overall nondimensional heat transfer rate from the tube surface.
The results for aOs and qls are plotted as a function of Biot
number, Bi, and normalized depth, D. It is observed that, in
general, both ao and 61 decrease with decreasing Biot number and
increasing depth. This result can be justified with the argument that
decrease in Biot number means decrease in heat transfer coefficient at

the boundary, since thermal conductivity and tube diameter are

constants, which means less heat transfer at the convective boundary
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which inturn results in the decrease of heat transfer from the tube.
It is also observed that changes in heat transfer at the convective
boundary have progressively smaller effect with increasing depth as
expected. The values of the zeroth-order term of the expansion, qo,
are at least 25 times bigger in magnitude than that of’the first-order
term, ql.

Figures 15 and 16 represent the temperature distribution at the
convective surface for this problem as a function of depth and Biot

number, respectively. Here, in both cases, the plane convective

surface length( max

) is taken as 23 depths. As can be seen from the
Figures, the nondimensional is ¢ reaching to zero value

max and beyond that there is a small temperature rise.

at £ -» 0.95 ¢
Thié rise is limited to less than 2 % of the peak value. It is to be
noted that, the temperature drop is steep. It drops from near peak
values at'f = 0 to values less than 10 % of peak value at'g = 5D. As

expected, the temperature everywhere on the plane surface decreases

with the increasing depth and Biot number.

Two-tube Problem

Next, a problem of 2-tubes located at a depth D below convective
boundary and spaced at a distance 25 as shown in Figure 1 is
considered. Both tubes are assumed having the same diameter and
temperature.Figures 17, 18, and 19 represent the zeroth-order(gy) and
first-order(ﬁi and ﬁz) solution of normal derivative of temperature at
the tube surface for this problem. These results are plotted as a

function of Biot number and depth, D. In Figure 19, ﬁé is taken
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Figure 15. Variation of temperature along the plane convective
surface at different tube depths for a single

tube in a semi-infinite medium.
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Figure 16. Variation of temperature along the plane convective
surface at different Biot numbers for a single
tube in a semi-infinite medium.

13




0.6

005 -

10.0

1.0

0.2 ] ] | ] | ]
25.0 30.0 40.0 50.0 60.0 80.0 100.0 120.0
D
Figure 17. Variation of total value of §, with

nondimensional depth at different
Biot numbers for two tubes.

74



0.05C p= 25

10.0;

0.010

0,008

0.006

0.004 1 | | ! i
25.0 47,0 60.0 80.0 120.0 200.0

D

Figure 18. Variation of total value of g with
nondimensional depth at different
Biot numbers for two tubes.

75



0.05 p—

0.02 1 1 1 | 1

10.0;

1.0

1

25.0 30.0 40,0 50.0 60.0 80.0

Figure 19. Variation of total value of al with
nondimensional depth at different
Biot numbers for two tubes.
(note : q% = -3 )

76

100.0

120.0



instead of 2&2 since q; = -qg. It can be seen from these Figures that
all ab, Ei and ﬁ} decrease with decrease in Biot number and increase
in depth. This can be justified with the same reasoning as was
discussed in the problem of single tube. It is also observed that the

values of qo are at least 10 times bigger than‘qlﬁand 5 times bigger
than aé.

The heat transfer results for a constant Biot number are plotted
as a function of tube spacing(2%¥) and depth, D. Figures 20, 21, and 22
represent the solution for ﬁo, ql, and 'q’zfor this problem. It is
observed that both qo and q& increase with increasing spacing and
decreasing depth but Ezdecreases with incresing spacing and increasing
depth. Once again, the magnitude of the value of GO is at least 10
times bigger than ai.

Figures 23 and 24 represent the temperature distribution on the
convective surface as a function of depth and Biot number,
respectively, for the problem of two tubes at fixed spacing and
constant temperature. For D > 25, the trends of these temperature
distributions are similar to those observed and discussed in the
single tube problem. These Figures indicate that for the spacing
chosen(28 = 10.0), the peak in the temperature distribution occurs at
the origin, and not directly above the center of the tubes(z¥=§) as
one might expect. This is perhaps indicaive of the fact that the
depths considered in this are not sufficiently small. Here too, the
temperature falls rapidly from its peak value at £ = 0 to 10 % of the
peak as [ goes to only 5D. As observed in the results of the single
tube problem, the temperature on the plane surface of the two-tube

problem also decreases with increase in Biot number and depth.
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The problem of two tubes that are kept at a shallow depth is also
of special interest. The temperature distribution solutions for this
case is shown in Figure 9. For the shallow depth chosen(D = 5), the
peak value of temperature on plane convective surface occurs directly
above the location of the tubes. This trend is expected as the tubes
are very close to the surface. The temperature distributions in
Figures 8 and 9 indicate that for D values some where between 5 and
25, the peak in the temperature distribution can be expected to shift
from a position directly above the center of the tubes to the plane of

symmetry.

Special Cases of General Problem

Horizontal Array of Tubes(M =1,2,...8)

Figures 25, 26, and 27 show the results for ﬁo, ﬁl, and ﬁz for M
= 1 through M = 8 cases for the problem of M horizontal
constant-diameter tubes located at a depth of D below the convective
boundary. All the tubes are assumed to have identical constant
temperature and equal spacing(2%8) as shown in Figure(3la). In all
these cases, Bi = 0.5 and 2§ = 5.0 were taken as typical values
encountered in buried heat exchanger tubes. Also, the sum of § _for M
tubes in each case is normalized with respect to M times the heat
transfer EO from a single tube at same conditions(MGbs). These
normalized values of total ﬁb are presented as a function of D and are
as shown in Figure 25. The results show the same qualitative behaviour
as in the case of previous problems i.e. decreasing heat transfer with

decreasing depth. However, it is clearly observed that the increase in
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the number of tubes gives a progressively decreasing value for the
normalized 50 which is expected since the middle tubes in an array
have a significantly lower heat transfer than the tubes located at the
outer regions of the array. For example when M=2, under similar
conditions, the presence of a second tube results iq a cumulative heat
transfer that is only 25 % higher than the heat transfer that would
occur when only a single tube is present. The ordinate in Figure 25
may be viewed as the ratio of total heat transfer from a given number
of tubes at the specified spacing to the heat transfer from the same
number of tubes spaced far apart such that each tube effectively
performs as an isolated single tube. So, one should take into account
the installation and equipment costs before proceeding with two or
more tubes.

In Figure 26, the total values of El of M number of tubes are
given as a function of D for arrays of M = 1 through M = 8. The
results show that ai decreases as D increases and also 'ﬁl is
significantly smaller than‘qo. It is also observed that ﬁi values are
positive for all values of M.

Figure 27 represents the values of aé as a function of D. Due to
the symmetry condition, the ﬁé values are zero for M = 1, as mentioned
earlier. For all configurations with even number of tubes, the
symmetry condition gives positive values of EE for half of the
tubes(located on the positive side of the horizontal axis) and
negative values with same magnitude for half of the tubes(located on
the negative side of the horizontal axis). Likewise for all

configurations with odd number of tubes, the symmetry condition gives
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q2 = 0 for the center tube and positive and negative values with the
same magnitude for tubes located on the positive and negative side of
the horizontal axis, respectively. For this reason, only the sum of
positive wvalues of 62 are presented in Figure 27 for each case. Thus

for a total of M tubes, the vertical axis in this Figure 27 represents

]

121 (7Y and Z T -
for even and odd values of M, respectively. The results show that for
large values of M(M > 4), the change in the value of"c'jZi becomes
insignificant. As expected and discussed before, the total wvalue of
qéi is seem to decrease with increase in depth, D. The value of Qé is
bigger than ql_but significantly lower than Eb.

Similar trends are observed when Biot number is changed to 0.05,
and the results are presented in Figures 28 and 29 for ﬁb and'ﬁl,
respectively. It is observed that while the trends of these ‘ﬁo and

q1 are similar to those observed in the previous problem(Bi = 0.5),

their magnitude turn out to be different.

24 Special Four-Tube Problem

The next problem was chosen to illustrate the effect of variation
of tube diameter on heat transfer rates. The two sub-problems
presented in Figures 30a and 30b were considered. Here the total heat
transfer rate from a set of four constant diameter tubes as shown in
Figure 30a was compared to the total heat transfer rate from a set of

four tubes  illustrated in Figure 30b. The tube surface
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temperature, spacing, and average depth(ﬁ in both cases are

avg)
assumed equal, but the tube diameters are taken to be different in the
two cases as shown in Figures 30a and 30b. As is the case in all the
remaining problems, all the length scales were nondimensionalized with
respect to the tube radius in Figure 30a(all tubes have the same
diameter) and with respect to the maximum tube radius in Figure
30b(all tubes do not have the same diameter) since the temperature is

same on all the tube surfaces. The results for ﬁb, ﬁi, and ﬁé are

presented in Table 11 for tubes numbered 1, 3, 5, and 7. The symmetry

conditions can be readily used(i.e. al = 62, ﬁl = ﬁz, and §]'=
0 0 1 1 2
-ﬁg etc.) to obtain the values for tubes marked 2, 4, 6, and 8. It is

observed that the arrangement of Figure (a) gives higher rate of heat
transfer(approximately 12.50 % increase in total heat transfer
rate). Then, the large diameter tubes and small diameter tubes in
Figure 30b were interchanged and heat transfer rates were observed.
Arrangement of Figure 30(a) still yields higher rate of heat

transfer(approximately 10 % increase in total heat transfer rate).

Problem of Different Arrangements of Six Tubes

The next problem was selected to illustrate the effect of
arrangement of tube arrays on the heat transfer rates. The problems
sketched in Figure 3la and 31b were considered. All tubes were assumed
to have the same diameter, surface temperature, and spacing. The
average depth in the second case (b) was kept the same as the depth of
the single array case (a). The total heat transfer rate of an

horizontal array of six tubes(Figure 3la) is compared to that of two




Table 11

: Results for 60,'§i, and @9 for various tubes in

configurations shown in Fig. 30a and Fig. 30b.

Tube Depth Radius
. a q q
no <E;vg/ max) (a/amax) 9, q, q,
1 50.0 1.0 0.1099 0.0137 0.0291
3 100.0 1.0 0.0831 -0.0033 0.0223
5 33.33 0.33 0.2649 0.0192 0.0353
7 66.67 1.0 0.0804 -0.0032 0.0313
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arrays of three tubes(shown in Figure 31b). The results for total
values of ﬁb are presented as a function of nondimensional depth, D in
Figure 32. The results clearly indicate the advantage of single array
arrangement at all the depths in maximizing the total heat transfer
rate. The increase of heat transfer rate in the arrangement of Figure
3la from that arrangement of Figure 31b is about 14.5 % at a depth of
25 and 12.14 at a depth of 120. It is also understood that increasing
depth results in lower heat transfer rates. This trend is observed

consistantly in all the other problems presented in this thesis.

Problem of Variable Diameter and Temperature

The next problem was chosen to illustrate the effect of variation
of temperature from one tube to another tube. It should be noted that
the temperature on each tube surface is uniform. The tube diameters
are also varied. The problem sketched in Figure 33 was considered. The
results are tabulated in Table 12. Tubes 1, 2, 5, and 6 give negative
ﬁo values. This may be because of tubes 1 and 2 are very close to 7
and 8 which have the highest temperatures on their surfaces, and 5 and
6 have the lowest surface temperatures and are close to tubes
1, 2, 3, and 4. However, all tubes have positive ﬁi values, and half
tubes have positive 62 values and other half tubes have negative
62 values because of the symmetry conditions between the tubes. Tubes
3,4, 7, and 8 have the positive ﬁo values. Tubes 7 and 8 have the
highest ﬁb values as expected since they are having the highest
temperature as well as the largest diameter among those tubes. The

total heat transfer rate of tubes 7 and 8 is approximately 88 % higher
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Table 12

: GENTUBE results for q , g

and q for various tubes

in the problem of Flgure %3 %esu %§ 1gd1caE§ solution
symmetry (gL q0, Gp = do. 90 = T Gp= Go etc.).
(Reference Qube no. 7; Reference tube temp. = 425 F;
Reference tube radius = 3.0 )
Tube Temp. Radius gq q ﬁz
No. o (a(1)) 0 1
1 0.7647 0.67 -0.0742 0.1805 -0.0194
2 0.7647 0.67 -0.0742 0.1805 0.0196
3 0.7647 0.67 0.0332 6.1171 0.0065
4 0.7647 0.67 0.0332 0.1171 -0.0063
5 0.5765 0.50 -0.03717 0.0890 -0.0151
6 0.5765 0.50 -0.0377 0.0890 0.0155
7 1.0000 1.00 0.1909 0.0569 0.0826
8 1.0000 1.00 0.1910 0.0569 -0.0823

98



than that total heat transfer vrate of tubes 3 and 4. This type of
problems usually occur in buried utility lines. The method developed
in this thesis can be used effectively to find the heat transfer rate
for any tube configuration of arbitrary tube diameters,locations and

temperatures.
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CHAPTER IX
CONCLUSIONS

A two-dimensional analysis of steady heat transfer from a set of
parallel isothermal tubes of arbitrary diameter§ and positions,
located in a semi-infinite medium is presented. The plane surface is
exposed to wuniform convective environment. The boundary integral
equations were nondimensionalized, discretized, and the integrals were
evaluated analytically. A numerical model based on the boundary
integral equation method was developed for the steady problem. Several
criteria were developed for the selection of the segment length, and
the length of the plane convective surface. The criteria were
discussed in detail and are incorporated in the computer programs.
Based on numerical model and the criteria, three main computer
programs were developed. The first one is for the problem of two
tubes, second one is for the problem of two tubes with symmetry
conditions incorporated, and the last one is for the general problem
of arbitrary number of tubes, tube locations, temperatures and
sizes. These programs were used, for demonstration purposes, to solve
six problems of interest. Each problem was solved for a wide range of
parameters. The zeroth- and first-order heat transfers from the tubes
were determined and presented as a function of depth, spacing, and
Biot number. Temperature distributions on the plane convective surface
were evaluated and presented as a function of depth and Biot
number. The effect of selection of convective plane surface length on
the solution of the temperature distribution was discussed and the
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results were presented in a graphical form. Using a model problem with
a known closed-form solution, the accuracy of the numerical model was
found to be less than 1 percent.

From the results, it was observed that the numerical boundary
integral method gives high accuracy results. The computer program that
was developed for general problem is very flexible and can be used for
any tube configuration, size and temperature. The computer program
that was developed for two-tube problem with symmetrical conditions
helps in reducing the computational time by reducing the number of
points needed to nearly half of the points needed in two tube computer
program without symmetry conditions.

The high accuracy of the results and the efficiency associated
with the boundary integral method make the model presented a highly

useful tool in solving the class of problems discussed.
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EVALUATION OF LOGARITHMIC INTEGRALS

Consider Figure A-1 to show the method of integration[5,7]

P

Figure A-1. Sketch for the evaluation of logarithmic
integrals.

Consider the interval of integration over the staight 1line
segment AB. Let h be the distance between points A and B, Y be the
subtending angle for the straight line AB at point P, and a and b

represent distances from P to A and p to B, respectively.

2+b2

-1 ,a
( 2ab

Y = COS
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8 = cos

1 (a

2ah - =

h
-J Tog |p - a] ds
0

—
11

a cos 6(log a - log b) + h(log b - 1) + ay sin 6

This is known as straight-line integration formula.

The following special cases need to be considered

(i) When P, A, and B are collinear, 8 =0 or I
sin 6 =0 cos 8 =1 or -1
Specifically,
when § = 0, a = (htb) and the position of the points

would be as shown below:

A B P

Thus, T = a(log a - 1)-b(log b -~ 1)
wheng = ], h = (b-a) and the position of the points

would be as shown below:

P A B

Thus, T = b(logb - 1)-a(log a - 1)-

(ii) For a case of P = A, or P = B,
108



T = h(logh - 1)

where for P = A, h=Db, and for P = B, h = a

Using this method, the integral terms of equations (22) and (23)
are evaluated.

From the above, it can be seen that the two-tube problem will

have the following four special cases:

when (1) i < 3,

(ii)

[N
v

j(but i#j+1),

-
1

(iii) j, and
(iv) 1 = j+1

As it is evident from the equations, the cases (i) and (ii) are

negative of each other.
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TWOTUBE COMPUTER PROGRAM

D10 0:0,0:0,0,00:0:0:9:0:9:0:9:0.9:0.:9.9:0:0:9:0:0.0.9. 0 0.0, 0:0:0:9:0.0.9:0:9:9:9:9:6:0:9.0.9.6.0.¢

TWOTUBE COMPUTER PROGRAM DEVELOPED TO CALCULATE
TEMPERATURE DISTRIBUTION ON THE PLANE CONVECTIVE
SURFACE AND NORMAL DERIVATIVES OF TEMPERATURES

ON TUBE SURFACES FOR A PROBLEM OF TWO TUBES OF
SAME DIAMETER AND TEMPERATURE, AND LOCATED AT THE
SAME DEPTH FOR A PROBLEM IN A SEMI-INFINITE MEDIUM
(WITHOUT ASSUMING SYMMETRY)

D0:9:0:0:0:9:0:0:0:0:0:6:0:0:0,0:,0:9,0.:0:9,¢:0.0,0:0,0:0:0:9:9:9:9.9:0:9.9:9:4:9:9:9.9,9.9,0.9.¢
INPUT USED

KRR KKK KKK KK KKK KKK KKK RN KKK I KKK KAK KKK KKK KK

NON-DIM. LENGTH IN XI-DIR. FROM

POINT 1 TO THE POINT WHERE I LIES.
A(I,J)= MATRIX OF ORDER J BY I.

XI(I)

R1(I) = NON-DIM. DISTANCE FROM THE CENTER OF
THE TUBE 1 TO THE POINT WHERE I LIES
R2(I) = NON-DIM. DISTANCE FROM THE CENTER OF

THE TUBE 2 TO THE POINT WHERE I LIES
N = NUMEER OF DISCRETIZED POINTS(THAT 1S
FOR (N-1) DISCRETIZED SEGHMENTS, THERE
WILL BE N NUMBER OF POINTS.
Al = TUBE DIA. WHICH IS USED TO NON-DIM.
ALL LENGTH PARAMETERS.

S = NON-DIM. DISTANCE BETWEEN THE TUEE
CENTERS ON XI-DIR.

D = NON-DIM. DEPTH OF THE TUBE.

BI = BIOT NUMBER.

PHIT = TUBE SURFACE TEMP.

PHIA = FAR FIELD TEMP.

I AND J = J MOVES ALL OVER THE BOUNDARY
FOR EACH FIXED I.

DELXI DISCRETIZED SEGMENT LENGTH.

)9:0°0:9:0:0:0.9:0:0:0:9:0:9:0:9.9:0:0:0:0:0:0:9.0:0,0:0:000:9:6:0:9.0:0.0.0:90.9::9.9.0:9.9:0 4

DIMENSION XI(260),A(260,260),R1(260),R2(260)
DIMENSION C(260),WKAREA(260)

DIMENSION F1(260),F2(260),F3(260),F4(260),F5(260)
DATA N,D,S,BI,M/250,25.0,5.0,1.0,2/

DATA Al2,PHID,PHIA/1.0,274.0,62.0/

DO 5 LL=1,4

READ (21,%)

pa—n
—
b
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700
750

170

160
190

180

10

NSPECI = N

S = S/Al2

D = D/Al2

PHIT = (PHID-PHIA)/(PHID-PHIA)
Al = Al12/Al2

FIND XTMAX (HERE S = XTMAX)
FAC = 11.3%0.87

IR =0

IF(IR.EQ.1) FAC =11.3
QOOLD = QONEW

XI(1) = -FAC*(SQRT(D*S))

N = NSPECI

FIND SEGMENT LENGTH DELXI
EQUAL SEGHMENTS HAVE BEEN USED.

DELXI
DELXI

D/16.
1.0

CALCULATE NO. OF POINTS REQUIRED
NREQ = (AES(XI(1))/DELXI)*2

IF NREQ IS GREATER THAN N,STOP THE
PROGRAM AND CHANGE THE DIMENSIONS,
OTHERWISE N=NREQ. MAKE SURE N IS
ODD NUMEZER(SINCE WE ARE DENOTING
FIRST POINT AS 1)

IF(NREQ.EQ.N) GOTO 180
IF(NREQ.LT.N) GOTO 160
WRITE(23,170)NREQ
FORMAT(1H ,'NREQ = ',16)
STOP

NN = N

NN = NN-2

IF(NN.GT.NREQ) GOTO 190
IF(NN.EQ.NREQ) GOTO 180
IF(NN.LT.NREQ) NREQ=NN+2
N = NREQ

XI(1) = -(N/2*DELXI)

EVALUATE LENGTHS AT EVERY POINT.
DO 10 I=1,N

XI(I+1) = XI(I)+DELXI

CONTINUE
PI = 3.1415926
D2 = D*D

D2S = D/(2*S)
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25

30
20

40

45

EQUATION 26

BOTH I AND J ARE MOVING ON THE BOUNDARY
EVALUATE COEFF. OF PHI(J)

DO 20 I=1,N

DO 30 J=1,N

Cl = ABS(XI(J+1)-XI(I))

Bl = ABS(XI(J)-XI(I))

IF(C1.EQ.0.0)A(I,J)=-BI/(2.*PI)*B1*(ALOG(Bl)-1.)
IF(B1.EQ.0.0)A(I,J)=-BI/(2.*PI)*C1*(ALOG(Cl)~-1.)

IF((C1.EQ.0.0).0R.(B1.EQ.0.0)) GOTO25

A(I,J) = -BI/(2.*PI)*(C1*(ALOG(C1)~1.)-Bl*
(ALOG(B1)-1.))

IF(I.GT.J+1) A(I,J)=-&(I,J)

IF(I.EQ.J) A(I,J)=0.5+A(I,J)

CONTINUE

CONTINUE

EVALUATION OF COEFF. OF Q0,Q1, AND Q2 FOR 2 TUBES.

DO 40 I=1,N

R1(I) = SORT((XI(I)-S)**2+D2)

R2(I) = SQRT((XI(I)+S)**2+D2)

AS LONG AS D NOT EQUAL TO ZERO,WE SHOULD
NEVER HAVE R1 OR R2 EQUAL TO ZERO.

A(I,N+1) = BLOG(R1(I))
A(I ,N+2) = -0.5%(A1*(D/R1(I1)**2))
A(I,N+3) = -0.5%(A1*((XI(I)-S)/R1(I)**2))

A(I,N+4)=ALOG(R2(I))
A(I,N+5)=-0.5%(a1*(D/R2(I)**2))
A(I,N+6)=-0.5*(A1*((XI(I)+S)/R2(1)**2))
CONTINUE

J MOVING ON THE BOUNDARY WHERE I IS AT THE
CENTER OF THE TUBE

- - - - - - - - - e N M. - -

EVALUATE COEFF.PHI(J)

DO 45 J=1,N

F1(J) = XI(J+1)-S
F2(J) = XI(J+1)+S
F3(J) = XI(J)-S

F4(J) = XI(J)+S

F5(J) = XI(J+1)-XI(J)
CONTINUE

DO 50 J=1.,N

Z1=((F3(J)**2+F5(J)**2-F1(J)**2)/(2.*F5(J)))
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50

o NoNeNe]

61

62

*(ALOG(SQRT(F3(J)**2+D2))-ALOG (SQRT
(F1(J)**2+D2) ) )+F5(J)*(ALOG(SQRT
(F1(J)**2+D2))-1.)

Z2=R1(J)*ACOS((F3(J)**2+F1(J)**2+2.*D2-
F5(J)**2)/(2.*R1(J)*SQRT(F1(J)**24D2)))*SIN
(ACOS ((F3(J)**2+F5(J)**2-F1(J)**2)/
(2.*R1(J)*F5(J))))

A(N+1,J)=-BI/(2.*PI)*(21+ZZ)

Z3=((F4(J)**2+F5(J)**2-F2(J)**2)/(2.*F5(J)))
* (ALOG(SQRT(F4(J)**2+D2) )-ALOG(SQRT
(F2(J)**2+D2)))+F5(J)*(ALOG(SQRT
(F2(J)**2+D2))-1.)

Z4=R2(J)*ACOS((F4(J)**2+F2(J)**2+2.*D2-
F5(J)**2)/(2.*R2(J)*SQRT(F2(J)**24D2)) )*SIN
(ACOS ((F4(J)**2+F5(J)**2-F2(J)**2)/
(2.*R2(J)*F5(J))))

A(N+2,J) = =-BI/(2.*PI)*(Z3+24)

CONTINUE

EVALUATE COEFF. OF Q0,Q1 AND Q2 FOR 2 TUBES.

A(N+1,N+1)=0.0

A(N+1,N+2)=0.0

A(N+1,N+3)=0.0

A(N+1,N+4)=ALOG(2.*S)

A(N+1,N+5)=0.0

A(N+1,N+6)=-(1./(4.%S))

L(N+2,N+1)=ALOG(2.%*S)

K(N+2,N+2)=0.0

A(N+2,N+2)=1./(4.%S)

A(N+2,N+4)=0.0

A(N+2,N+5)=0.0

A(N+2,N+6)=0.0

EVALUATE COEFF. OF PHI(J)
TH1=2.%*ASIN(1.)
S1 = -S
DO 60 J=1,N
IF(¥I(J).LT.S.AND.XI(J+1).GT.S) GOTO 61
A(N+3,J) = -BI*(ASIN(D/(SQRT(F1(J)*F1(J)+D2)))
-ASIN(D/(SQRT(F3(J)*F3(J)+D2))))
IF(XI(J).LT.S) A(N+3,J) = -A(N+3,J)
GOTO 62
A(N+3,J) = -BI*(ASIN(D/(SQRT(F1(J)*F1(J)+D2)))
+ASIN(D/(SQRT(F3(J)*F3(J)+D2)))-TH1)
IF(XI(J).LT.S1.AND.XI(J+1).GT.S1) GOTO 65
A(N+4,J) = -BI*( ASIN(D/(SQRT(F2(J)*F2(J)+D2)))
-ASIN(D/(SQRT(F4(J)*F4(J)+D2))))
IF(XI(J).LT.S1) A(N+4,J) = -A(N+4,J)
GOTO 60
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65

60

0000

70

OO0 0A0n

80

O

A(N+4,J) = -BI*( ASIN(D/(SQRT(F2(J)*F2(J)+D2)))
+ASIN(D/ (SQRT(F4(J)*F4(J)+D2)))-TH1)

CONTINUE

EVALUATE COEFF. OF Q0,Q1, AND Q2 FOR 2 TUBES.

A(N+3,N+1)=0.0

A(N+3,N+2)=-PI

A(N+3,N+3)=0.0

A(N+3,N+4)=0.0

A(N+3,N+5)==(PI/(4.*S**2))

A(N+3,N+6)=0.0

A(N+4 ,N+1)=0.0

A(N+4 ,N+2)=-(PI1/(4.%S**2))

A(N+4 ,N+3)=0.0

A(N+4 ,N+4)=0.0

A(N+4 ,N+5)=-PI

A(N+4,N+6)=0.0

EVALUATE COEFF. OF PHI(J)

bo 70 J=1,N

A(N+5,J) = 0.5*BI*(ALOG(F1(J)*F1(J)+D2)

-ALOG(F3(J)*F3(J)+D2))

A(N+6,J)=0.5*BI*(ALOG(F2(J)*F2(J)+D2)
-ALOG(F4(J)*F4(J)+D2))

CONTINUE

EVALUATE COEFF.OF Q0,Q1. AND Q2 FOR 2 TUBES.

A(N+5,N+1)=0.0

A(N+5,N+2)=0,0

A(N+5,N+3)=-PI

A(N+5,N+4)=PI/S

B(N+5,N+5)=0.0

A(N+5,N+6)=PI/(4.%S%%2)

A(N+6,N+1)=-(PI/S)

A(N+6 ,N+2)=0.0

A(N+6 ,N+3)=PI/(4.%5%*%2)

A(N+6,N+4)=0.0

A(N+6,N+5)=0.0

A(N+6 ,N+6)=-PI

DO 80 I=1,N
C(I) = 0.0
CONTINUE
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90

520

110

120

130

[ S S -

C(N+1) = -1.0

C(N+2)= -1.0
EQ. 28
C(N+3) = 0.0
C(N+4)=0.0
EQ. 29
C(N+5) = 0.0
C(N+6)=0.0

SOLVE MATRIX

NN = N+6

IDGT IS AN INPUT OPTION. )

IF IDGT IS GREATER THAN ZERO, THE
ELEMENTS OF MATRIX AND R.H.S.
VECTOR ARE ASSUMED TO BE CORRECT
TO IDGT DECIMAL DIGITS AND ROUTINE
PERFORMS AN ACCURACY TEST.

IF IDGT EQUAL TO ZERO, THE ACCURACY
IS BYPASSED.

IDGT = 4
CALL LEQT1F(A,1,NN,260,C,IDGT,WKAREA, IER)
PRINT ALL INPUTS USED ON OUTPUT.
WRITE(23,90)
FORMAT(1H1//1X,75(1H*)//15X,
"INPUT QUANTITIES'//1X,75(1H*),//)
WRITE(23,520) N,BI,DELXI,PHIT,Al,D,D2S
FORMAT(1H ,'N = ',13,2%,'BIOT NO. = !',F10.3,
2X,'SEGMENT LENGIH = ',Fl10.4,//1X,
'MAX. TEMP. = ',F10.4,2X,'RADIUS',
' OF MAX. TEMP. TUBE = ',F10.6,//1X,
'DEPTH OF THE TUBE FROM THE PLANE CONVECTIVE',
'SURFACE = ',F10.6,2X,'D/25 = ',F8.3)
PRINT OUTPUT
WRITE(23,110)
FORMAT(1H1,//1X,75(1H*), /15X,
'OUTPUT QUANTITIES',//75(1H*),//)
PRINT ERROR MESSAGES FROM MATRIX SOLVER
IF(IER.EQ.129) WRITE(23,120)
FORMAT(1H ,15X,'ERROR MESSAGES',//75(1H*),
//'MATRIX IS ALGORITHMICALLY SINGULAR')
IF(IER.EQ.34) WRITE(23,130)
FORMAT(1H ,15X, 'ERROR MESSAGES',/75(1H*),
//2X,'ACCURACY TEST FAILED.THE COMPUTED
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1 ,'SOLUTION MAY BE IN ERROR BY',/2X' MORE THAN CAN'
,' BE ACCOUNTED FOR BY THE UNCERTAINITY OF
1 ,'THE DATA',//)

IR = IR+l

WRITE(5,*)IR

[

c PRINT HEAT TRANSFER SOLUTION.

WRITE(23,140) C(N+1),C(N+2),C(N+3)
140 - FORMAT(/5X,'Q0l1 = ',F10.6,5X%,'Qll = ',F10.6,
1 5X,'Q21 = ',F10.6,//)

WRITE(23,146) C(N+4),C(N+5),C(N+6)
146 FORMAT(/5%, 'Q02 = ',F10.6,5X,'012 = ',F10.6,
1 5%,'022 = ',F10.6,//)

QONEW
Q1TOT
Q2TOT

C(N+1)+C(N+4)
C(N+2)+C(N+5)
C(N+3)+C(N+6)

WRITE(23,555) QONEW,Q1TOT,Q2TOT
555 FORMAT(//2%, 'QOTOTAL = ',F10.6,2X,'01TCT = ', F10.6,
1 2¥,'Q2TOT = ',F10.6)
IF(IR.EQ.1) GOTO 700
IF(IR.EQ.7)GOTO 575
ODIFF = QONEW-QOOLD
PERCEN = (QDIFF/QONEW)*100.0
IF(PERCEN.LT.1.0)GOTO 575
FAC = 1.125%FAC
GOTO 750

575 WRITE(23,573)IR,PERCEN
573 FORMAT(//,2X,'NO. OF ITERATIONS = ',k I3,3X,
1 '% DIFF. = ',F6.3)

PRINT TEMP. DISTRIEUTION

0NN

WRITE(23,841)
841 FORMAT(1H ,3%,'I',10X,'XI',7X, 'TEMPERATURE'

1 L1, ,7X, 'XI',8X, 'TEMPERATURE'!

1 ,12X,'T',9%, 'X1',8X, ' TEMPERATURE'//)
NN3 = N/3
NN4 = NN3*3
NNS = N-NN4

IF(NNS.EQ.1) GOTO 871
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875

874

876

861

865

864

866

881

IF(NN5.EQ.2) GOTO 861
IF(NN5.EQ.0) GOTO 881

N2 = NN3

I11 = 1

II2 = NN3+2
II3 = NN3*2+2

DO 874 I=1,N2
WRITE(23,875)II1,XI(II1),C(II1),II2,
XI(II2),Cc(I12),113,
XI(II13),C(II3)
FORMAT(2X,13,2X,F12.5,4%,F10.7,
11X,13,2X%,F12.5,4%,F10.7,
11X,13,2X,F12.5,4%,F10.7)

II1'= II1+1
IIZ2 = TI2+1
II3 = II3+1
CONTINUE

NN6 = NZ2+1

WRITE(23,876)NN6,XI(NN6),C(NN6)
FORMAT(2X,I13,2X,F12.5,4%,F10.7)
GOTO 3900

N2 = NN3

II1 =1

IIZ = NN3+2
II3 = NN3*2+3

DO 864 I=1,N2
WRITE(23,865)II1,XI(II1),C(1I1),I12,
XI(II12),C(I12),113,
XI(I13),C(II3)
FORMAT(2X,I3,2X,F12.5,4X,F10.7,
11X,13,2X,F12.5,4X,F10.7,
11%X,13,2X,F12.5,4%X,F10.7)

II1 = ITI1+1
II2 = II12+1
II3 = II3+1
CONTINUE

NN6 = N2+1

N3 = N2+NN6+1

WRITE (23,866 )NN6,XI(NN6),C(NNE),

N3,XI(N3),C({N3)

FORMAT (2X,I13,2%,F12.5,4%,F10.7,
11X,13,2%X,F12.5,4X,F10.7)

GOTO 3800

NZ = NN3

II1 = 1

II2 = 1+NN3
II3 = 1+NN3*2

DO 884 I=1,N2
WRITE(23,885)II1,XI(II1),C(II1),II2,
XI(I112),C(112),11I3,
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1 XI(II3),C(I13)
885 FORMAT(2X,I3,2X,F12.5,4X,F10.7,
11X,13,2X,F12.5,4X,F10.7,

[

1 11X,13,2X,F12.5,4X,F10.7)
II1 = II1+1
IIZ2 = II2+1
II3 = II3+1
884 CONTINUE
c5 CONTINUE
900 STOP
END

119



APPENDIX C



OO0 NM OO0 o000 0000000nN000000000nnn

(@]

TWOSYMM COMPUTER PROGRAM

) 00,00, 0:9:0.0,8.0.9.:9.9.0.0.:0:0:9:6:0:4:0:0:0.0.:0,:0.0,0.0.:0.:0.0.0.0:0.0:0.0:9:0.0.09.:9,,6,0.0.0:¢

TWOSYMM COMPUTER PROGRAM DEVELOPED TO CALCULATE
TEMPERATURE DISTRIBUTION ON THE PLANE CONVECTIVE
SURFACE AND NORMAL DERIVATIVES OF TEMPERATURES

ON TUBE SURFACES FOR A PROBLEM OF TWO TUBES OF
SAME DIAMETER AND TEMPERATURE, AND LOCATED AT THE
SAME DEPTH FOR A PROBLEM IN A SEMI-INFINITE MEDIUM
(WITH INSERTING SYMMETRY CONDITIONS,I.E. Q01=002,
Q11=012, Q21=022)

D:9:0:0:0.0,0.0:9:9:0:9:9:0:0:0:9.0:9,0,0:9:¢:9:9:0:0:0:0:0:0:0:9.0:.0.9:0:0:9:0:0:0.0:0:0:0,:0:0.9.9{
INPUT USED

$:9:0:9,9:9:9:0,9:0:0.0.0::9:0:9:9:0:0:0.0,0:9:0:9:0.9:0,0:0.9:0:0:0:9:9.9.0.4,4:0.0:0,0,¢:$:0.0.0,¢

XI(I) = NON-DIM. LENGTH IN XI-DIR. FROM
POINT 1 TO THE POINT WHERE I LIES.

A(I,J)= MATRIX OF ORDER J BY I.

R1(I) = NON-DIM. DISTANCE FROM THE CENTER OF
THE TUBE 1 TO THE POINT WHERE I LIES

R2(I) = NON-DIM. DISTANCE FROM THE CENTER OF

THE TUBE 2 TO THE POINT WHERE I LIES

N = NUMBER COF DISCRETIZED POINTS(THAT IS
FOR (N-1) DISCRETIZED SEGMENTS, THERE
WILL BE N NUMBER OF POINTS.

Al = TUBE DIA. WHICH IS USED TO NON-DIM.
ALL LENGTH PARAMETERS.

S = NON-DIM. DISTANCE BETWEEN THE TUBE
CENTERS ON XI-DIR.

D = NON-DIM. DEPTH OF THE TUBE.

BI = BIOT NUMBER.

PHIT = TUBE SURFACE TEMP.

PHIA = FAR FIELD TEMP.

I AND J = J MOVES ALL OVER THE BOUNDARY

FOR EACH FIXED I.
DELXI = DISCRETIZED SEGMENT LENGTH.

$:0:0:9:0:9:0.0:9:9:9:0:9,0,0:0:0:9:9:9:9:9:9.0:0:9:0:0:0.0:0.9:0,0:9:9:0:0:0.4,9:9.0:0,0:0:0.9:0.0:¢.4

DIMENSION XI(200),A(110,110),R1(110),R2(110)
DIMENSION C(110),WKAREA(110)

DIMENSION F1(110),F2(110),F3(110),F4(110),F5(110)
DATA N,D,S,BI/190,30.0,5.0,0.5/

DATA Al2,PHID,PHIA/1.0,274.0,62.0/

DO 5 LL=1,4

READ (21,%)
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NSPECI = N
S = S/Al2
D = D/Al2
PHIT = (PHID-PHIA)/(PHID-PHIA)
Al = Al12/A12
FIND XTMAX (HERE S = XTMAX)
FAC = 11.3%0.87
IR = 0
700 IF(IR.EQ.1) FAC =11.3
750 QOOLD = QONEW
XI(1) = -FAC*(SQRT(D*S))
N = NSPECI

FIND SEGMENT LENGTH DELXI
EQUAL SEGMENTS HAVE BEEN USED.

DELXI
DELXI

D/16.
3.1

CALCULATE NO. OF POINTS REQUIRED
NREQ = (ABS(XI(1))/DELXI)*2

IF NREQ IS GREATER THAN N,STOP THE
PROGRAM AND CHANGE THE DIMENSIONS,
OTHERWISE N=NREQ. MAKE SURE N IS
ODD NUMBER(SINCE WE ARE DENOTING
FIRST POINT AS 1)

IF(NREQ.EQ.N) GOTO 180
IF(NREQ.LT.N) GOTO 160
WRITE(22,170)NREQ
170 FORMAT(1H ,'NREQ = ',I6)
STOP
160 NN = N
190 NN = NN-2
IF(NN.GT.NREQ) GOTO 190
IF(NN.EQ.NREQ) GOTO 180
IF(NN.LT.NREQ) NREQ=NN+2
180 N = NREQ
XI(1) = -(N/2*DELXI)
K = N/2+1
EVALUATE LENGTHS AT EVERY POINT.
DO 10 I=1,N
XI(I+1) = XI(I)+DELXI
10 CONTINUE
PI = 3.1415926
D2 = D*D
D2S=D/(2.*S)
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25

27

30
20

40

BOTH I AND J ARE MOVING ON THE BOUNDARY
EVALUATE COEFF. OF PHI(J)

KI=

DO
KI
KJ
JL
DO
KJ
Cl
Bl

IF(C1.EQ.0.0)AIJ1=-BI/(2.*PI)*B1*(ALOG(B1)-1.
IF(B1.EQ.0.0)AIJ1=-BI/(2.*PI)*C1*(ALOG(Cl)-1.

0

20 I=K,N

KI+1

0

K

30 J=K,N

= KJ+1

= ABS(XI(J+1)-XI(I))
= ABS(XI(J)-XI(I))

IF((C1.EQ.0.0).0R.(B1.EQ.0.0)) GOT025
AIJ1 = -BI/(2.*PI)*(C1*(ALOG(Cl)-1.)-B1*

(ALOG(B1)-1.))

IF(I.GT.J+1) AIJ1=-AIJl
IF(I.EQ.J) AIJ1=0.5+AaIJ1

JL
c2
B2

IF(C2.EQ.0.0)AIJ2=-BI/(2.*PI)*B2*(ALOG(B2)-1.)
IF(B2.EQ.0.0)AIJ2=-BI/(2.*PI)*C2*(ALOG(C2)-1.)

JL-1
ABS(XI(JL+1)-XI(I))
ABS(XI(JL)-XI(I))

o

IF((C2.EQ.0.0).0R.(B2.EQ.0.0)) GOTO 27
AIjJ2 = -BI/(2.*PI)*(C2*(ALOG(C2)-1.)-B2*

(ALOG(B2)-1.))

IF(I.GT.JL+1)AIJ2=-A1J2
IF(I.EQ.JL)AIJ2=0.5+AIJ2
A(KI,KJ) = AIJ1+AIJ2
CONTINUE

CONTINUE

EVALUATION OF COEFF. OF Q0,0Q1, AND Q2.

JL=

DO

JL=

0.0
40 I=K,N
JL+1

R1(JL) = SQRT((XI(I)-S)**2+D2)

R2(JL)

AS

SORT( (XI(I)+S)**2+D2)
LONG AS D NOT EQUAL TO ZERO,WE SHOULD

NEVER HAVE R1 OR R2 EQUAL TO ZERO.
A(JL,K) = ALOG(R1(JL)*R2(JL))

A(JL,R+1) = -0.5%(A1*(D/R1(JL)**2)+A1*(D/R2(JL)**2))

A(JL,K+2) - -0.5*(A1*((XI(I)-S)/R1(JL)**2)-

AL*((XI(I)+S)/R2(JL)**2))

CONTINUE

J MOVING ON THE BOUNDARY WHERE I IS AT THE

CENTER OF THE TUBE

EVALUATE COEFF.PHI(J)
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45

50

JL =0

DO 45 J=K,N
JL=JL+1
F1(JL)
F2(JL)
F3(JL)
F4(JL)
F5(JL)
CONTINUE

JL=0

DO 50 J=K,N

JL =JL+1

21=((F3(JL)**2+F5(JL)**2-F1 (JL)**2)/(2.*F5(JL)))
*(ALOG (SQRT(F3 (JL)**2+D2) ) -ALOG (SQRT
(F1(JL)*%2+D2) ) )+F5(JL)* (ALOG (SQRT
(F1(JL)**2+D2))-1.)

Z2=R1(JL)*ACOS ((F3(JL)**2+4F1 (JL)**2+2.*D2-
F5(JL)**2)/(2.*R1(JL)*SQRT(F1(JL)**2+D2)) )*SIN
(ACOS ((F3(JL)**2+F5(JL)**2-F1(JL)**2)/
(2.*R1(JL)*F5(JL))))

23=((F4(JL)**2+F5(JL)**2-F2(JL)**2)/(2.*F5(JL)))
* (ALOG (SQRT (F4 (JL)**2+D2) ) ~ALOG (SQRT
(F2(JL)**2+D2) ) )+F5(JL)*(ALOG(SQRT
(F2(JL)**2+D2))-1.)

24=R2(JL)*ACOS ((F4(JL)**2+F2(JL)**2+2,*D2-
F5(JL)**2)/(2.%R2(JL)*SQRT (F2(JL)**2+D2)) )*SIN
(RCOS ((F4(JL)**24F5(JL)**2-F2 (JL)**2)/
(2.*R2(JL)*F5(JL))))

A(K,JL) = -BI/(2.*PI)*(21+22+23+24)

CONTINUE

EVALUATE COEFF. OF Q0,Ql AND Q2

A(K,K) = ALOG(2.*S)

XI(J+1)-5
XI(J+1)+S
XI(J)-S
XI(J)+S
XI(J+1)-XI(J)

noa

A(K,K+1) = 0.0
A(K,K+2) = 1./(4.%s)
EQ.28

EVALUATE COEFF. OF PHI(J)

IF J GREATER THAN OR EQUAL TO K BUT
LESS THAN S, TAKE TS5 EQUAL TO NEGATIVE
OF T5. THIS IS BECAUSE THAT MY ALGEBRA
SAYS SIN(THETA) = SIN(PI-THETA) BUT
COMPUTER WHEN TAKING ARCSIN, TAKE IT
AS THETA.

TH1=2.*ASIN(1.)

JL=0

DO 60 J=K,N

JL=JL+1
IF(XI(J).LT.S.AND.XI(J+1).GT.S) GOTO 55

124



55

58

60

o N N]

70

aaono0n

80

(@]

O

(o N @]

T5 = ASIN(D/(SQRT(F1(JL)*F1(JL)+D2)))
-ASIN(D/(SQRT(F3(JL)*F3(JL)+D2)))

IF(XI(J).LT.S) T5=-T5

GOTO 58

T5 = ASIN(D/(SQRT(F1(JL)*F1(JL)+D2)))
+ASIN(D/ (SQRT (F3(JL)*F3(JL)+D2)))-TH1

T6 = ASIN(D/(SQRT(F2(JL)*F2(JL)+D2)))
-ASIN(D/(SQRT(F4(JL)*F4(JL)+D2)))

A(K+1,JL) = -BI*(T5+T6)

CONTINUE

EVALUATE COEFF. OF Q0,01, AND 02

A(K+1,K) = 0.0

A(K+1,K+1) = -PI*(1.+1./(4.*S**2))

A(K+1,K+2) = 0.0

EQ 29
EVALUATE COEFF. OF PHI(J)

JL=0

DO 70 J=K,N

JL=JL+1

A(K+2,JL) = 0.5*BI*(ALOG(F1(JL)*F1(JL)+D2)
-ALOG(F2(JL)*F2(JL)+D2)-ALOG(F3(JL)*F3(JL)
+D2)+ALOG(F4 (JL)*F4 (JL)+D2))

CONTINUE

EVALUATE COEFF.OF QO0,0Q1. AND Q2

A(K+2,K) = PI/S

A(K+2,K+1) = 0.0

A(K+2,K+2) = -PI*(1.+1./(4.%5%%2))

IL=K-1

DO 80 I=1,IL
C(I) = 0.0
CONTINUE

WRITE(5,*)BI
C(IL+2) = 0.0
WRITE(S5,*)BI
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C(IL+3) = 0.0
SOLVE MATRIX

NN = N/2+3

IDGT IS AN INPUT OPTION.

IF IDGT IS GREATER THAN ZERO, THE
ELEMENTS OF MATRIX AND R.H.S.
VECTOR ARE ASSUMED TO BE CORRECT
TO IDGT DECIMAL DIGITS AND ROUTINE
PERFORMS AN ACCURACY TEST.

IF IDGT EQUAL TO ZERO, THE ACCURACY
IS BYPASSED.

IDGT = 4
CALL LEQT1F(A,1,NN,110,C,IDGT,WKAREA, IER)

PRINT ALL INPUTS USED ON OUTPUT.
WRITE(22,90)

FORMAT(1H1,//1X,55(1H*),1X, ' INPUT PARAMETERS',1X,55(1H*))
WRITE(22,100) N,DELXI,S,D,BI,D2S

FORMAT(/2X,'N = ',I4,';',3X,'DELXI = ',F10.4,
';',3%,'S =',F10.4,';',3%X,'D = ',
F10.4,';',3X,'BI = ',F10.4,';',

3%X,'D/2S = ',F10.6)

PRINT OUTPUT

WRITE(22,102)

FORMAT(/1X,60(1H*),1X, 'OUTPUT',1X,60 (1H*))
WRITE(22,106)

FORMAT(1H ,/1X, 'ACCURACY TEST FAILED.THE COMPUTED '
, 'SOLUTION MAY BE IN ERROR BY',/,' MORE THAN CAN'
,* BE ACCOUNTED FOR BY THE UNCERTAINITY OF '
,'THE DATA',/)

IR = IR+l

PRINT HEAT TRANSFER SOLUTION

QONEW = 0.0

M11=N-K+2

M22=N-K+3

M33=N-K+4

WRITE(22,140) C(M11),C(M22),C(M33)

FORMAT(5X,'Q0 = ',F10.6,5%,'Ql = ',F10.6,

5%,'02 = ',F10.6,//)

QONEW = C(M11)

IF(IR.EQ.1) GOTO 700

IF(IR.EQ.7)GOTO 575

QDIFF = QONEW-QOOLD
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171

174

176

PERCEN = (QDIFF/QONEW)*100.0
IF(PERCEN.LT.1.0)GOTO 575

FAC = (QONEW/QOOLD*4.0-3.0)*FAC
FAC = FAC+2.0

FAC = 1.125%FAC

GOTO 750

WRITE(22,573)IR,PERCEN
FORMAT(//,2X,'NO. OF ITERATIONS = ', 1I3,3X
1'% DIFF. = ',F6.3)

’

PRINT TEMP. DISTRIBUTION IN THREE COLUMNS.

WRITE(22,141)
FORMAT(1H ,3%,'I',7X,'XI',7X,'TEMPERATURE'
J11%,'1',7X, 'X1',8X, ' TEMPERATURE '

J11X,'10,7X, 'XI!' , 8%, 'TEMPERATURE'//)

NN2 = N-K+1
NN3 = NN2/3
NN4 = 3*NN3+NN2
NN5 = N-NN4

IF(NN5.EQ.1) GOTO 171
IF(NN5.EQ.2) GOTO 161
IF(NN5.EQ.0) GOTO 181
N2 = K+NN3-1

II1 = K

IIZ2 = K+NN3+1
II3 = K+NN3*2+1
M44 = TII1-K+1
M55 = II2-K+1
M66 = II3-K+1

DO 174 I=K,N2
WRITE(22,175)M44,XI(II1),C(M4a4) ,U55
XI(I12),C(M55),M66,
XI(II3),C(M66)
FORMAT(2X,I3,2X,F10.5,4%,F10.7,
11X,13,2X,F10.5,4%X,F10.7,
11X,13,2X,F10.5,4%,F10.7)

’

M44 = M44+1
M55 = M55+1
Me6 = M66+1
II1 = II1+1
I1I2 = II2+1
II3 = II3+1
CONTINUE
NN6 = N2+1
NN7 = NN3+1

WRITE(22,176)NN7,XI(NN6),C(NN7)
FORMAT(2X,13,2X,F10.5,4X,F10.7)
GOTO 200
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IIZ = K+NN3+1
II3 = K+NN3*2+2
M44 = IT1-K+1
M55 = II2-K+1
M66 = II3-K+1

DO 164 I=K,N2
WRITE(22,165)M44 ,KI(II1),C(M44) M55

’

1 XI(I12),C(M55),M66,
1 XI(II3),C(M&6)
165 FORMAT(2X,I3,2X,F10.5,4%X,F10.7,
1 11X,13,2X,F10.5,4X,F10.7,
1 11¥,13,2X,F10.5,4%,F10.7)
M44 = M44+1
M55 = M55+1
M66 = Mb66+1
IT11 = I11+1
I1I2 = II2+1
II3 = 11341
164 CONTINUE
NN6 = N2+1
NN7 = NN3+1
N3 = N2+NN7+1
NN8 = 2%NN7

WRITE(22,166)NN7,XI(NN6),C(NN7),
1 NN8,XI(N3),C(NN8)
166 FORMAT(2X,13,2X,F10.5,4%,F10.7,

1 11X,13,2X,F10.5,4%X,F10.7)
GOTO 200
1381 N2 = K+NN3-1
IT1 = K
II2 = K+NN3
II3 = K+NN3*2
M44 = II1-KR+1
M55 = II2-K+1
M66 = II3-K+1

DO 184 I=K,6N2

161 N2 = K+NN3-1
II1 = K
WRITE(22,185)M44 ,XI(II1),C(M44),6M55,

1 XI(II2),C(M55),M66,
1 XI(II3),C(M66)

185 FORMAT(2X,I3,2X,F10.5,4X,F10.7,
1 11X,13,2%,F10.5,4X,F10.7,
1 11X,13,2X,F10.5,4%,F10.7)

Ma4 = M44+1
M55 = M55+1
M66 = M66+1
II1 = II1+1
112 = 1I2+1
II3 = II3+1
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CONTINUE
STOP
END

184
200

129
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GENTUBE COMPUTER PROGRAM

FAAKAIAARAARAKAKRAKAARKRARAAKARARKAAARKAARAAAKARA KA AAhkk

GENTUBE computer program developed to compute
temperature distribution on the plane convective
surface and normal derivative of temperature on
tube surfaces for a general problem of arbitrary
tube locations, diameters and temperatures in a
semi-infinite medium.

KhKRARKRKAKARAARARAARAARKAAAAR AR ARk Ak kkhkhhhkhkhhhkhkhkk

DIMENSION XI(370),R(370,6),A(370,370)
DIMENSION C(370),WKAREA(370),RAB(6,6)
DIMENSION G1(6,6),62(6,6),XT(6),¥YT(6)
DIMENSION F1(6,370),F2(6,370),F3(6,370)
DIMENSION AA(6),PHIT(6)

REAL LARGE

MAKE SURE THAT THE DIMENSIONS ARE
EQUAL TO (N+3*M)

N = NUMBER OF DISCRETIZED POINTS ON THE PLANE
CONVECTIVE SURFACE

M = NUMBER OF TUBES.

Y = DEPTH OF LOCATION OF THE TUBE FROM THE PLANE

CONVECTIVE SURFACE.
PHIA = FAR-FIELD TEMPERATURE USED FOR
NONDIMENSIONALIZATION.

YT = LOCATION OF THE TUBE WITH RESPECTIVE TO AXIS
XT = LOCATION OF THE TUBE WITH RESPECTIVE TO AXIS
AA = TUBE RADIUS

PHIT = TUBE TEMPERATURE

DATA N,BI,M/352,1.0,6/

NSPECI = N

DATA Y,PHIA/24.0,62.0/

DATA YT(1),XT(1),AA(1),PHIT(1)/0.0,0.0,1.0,274.0/

DATA YT(2),XT(2),AA(2),PHIT(2)/0.0,6.0,1.0,274.0/

DATA YT(1),XT(1),AA(1),PHIT(1)/0.0,4.0,1.0,274.0/

DATA YT(2),XT(2),AA(2),PHIT(2)/0.0,-4.0,1.0,274.0/
DATA AA(3),YT(3),XT(3),PHIT(3)/1.0,12.0,5.0,274.0/

DATA
DATA
DATA
DATA
DATA

FIND
THAT

AA(4),YT(4),XT(4),PHIT(4)/1.0,12.0,-5.0,274.0/
AA(5),YT(5),XT(5),PHIT(5)/1.0,-12.0,4.0,274.0/
AA(6),YT(6),XT(6),PHIT(6)/1.0,-12.0,-4.0,274.0/
AA(7),YT(7),XT(7),PHIT(7)/3.0,-12.0,5.0,425.0/
AA(8),YT(8),XT(8),PHIT(8)/3.0,-12.0,-5.0,425.0/

MAX. TEMP. AND RADIOUS OF
MAX. TEMP. TUBE.
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96

PHID = 0.0

THIS DO LOOP IS USEFUL IF ALL
TEMPERATURES ARE NEGATIVE.

DO 200 I=1,M
IF(PHIT(I).LT.PHID)PHID=PHIT(I)
CONTINUE

DO 210 I=1,M
IF(PHIT(I).LE.PHID) GOTO 210
AD = AA(I)

PHID = PHIT(I)

CONTINUE

TO CHECK WHETHER THERE ARE MORE
THAN ONE TUBE HAVING MAX. TEMP.
IF THERE ARE, WE SHOULD TAKE THE
RADIOUS OF THE MAX. RADIOUS TUBE
AMONG THOSE TUBES FOR NON-DIM.
PURPOSE.

DO 220 I=1,M
IF(PHID.NE.PHIT(I)) GOTO 220
IF(AA(I).GT.AD)AD=2A(I)
CONTINUE

NON-DIMENSIONLIZE TEMPS. AND LENGTHS.
DO 225 I=1,M
PHIT(I) = (PHIT(I)-PHIA)/(PHID-PHIA)

AA(I) = AA(I)/AD

XT(I) = XT(I)/AD

YT(I) = YT(I)/AD

CONTINUE

Y = Y/AD

DO 12 K=1,M

DO 14 L=1,M

IF(K.EQ.L) GOTO 14

G1(K,L) = (Y-YT(L))-(Y-YT(K))
G2(K,L) = XT(K)-XT(L)

RAB(K,L) = SQRT(G1(K,L)**2+G2(K,L)**2)
CONTINUE
CONTINUE

CHECK WHETHER ANY TUBE IS INTERSECTING
WITH ANY OTHER TUBE.

DO 92 K=1,M

DO 94 L=1,M

IF(K.EQ.L) GOTO 94

XTOT = AA(K)+AA(L)+0.05
IF(RAB(K,L).GE.XTOT)GOTO 94
WRITE(22,96)K,XT(K),L,XT(L)
FORMAT(1H ,'XT('I3') = ' ,F7.2,
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2X,'XT('I13') = ',F7.2)
CONTINUE

CONTINUE

DO 97 K=1,M

DO 98 L=1,M

IF(K.EQ.L) GOTO 98

XTOT = AA(K)+AA(L)+0.05
IF(RAB(K,L).GE.XTOT)GOTO 98
STOP

CONTINUE

CONTINUE

CHECK WHETHER ANY TUBE IS ABOVE THE SURFACE.
IF IT IS,STOP THE PROGRAM AND CHECK. NO TUBE
SHOULD BE ABOVE THE SURFACE FOR THIS CASE.

DO 110 I=1,M

IF((YT(I)+AA(I)).LT.Y) GOTO 110
WRITE(22,120) I,YT(I)

FORMAT(1H ,'YT('I3,') = ',F7.2)
CONTINUE

DO 130 I=1,M

IF((YT(I)+AA(I)).LT.Y) GOTO 130

STOP

CONTINUE

TO FIND WHERE THE LOCATION OF AXIS
SHOULD BE AND ABS(MAX(XT(I)))

PP = ABS(MAX(XT(I)))

SMALL = 0.0

LARGE = 0.0

NOW FIND LARGE AND SMALL WHERE LARGE

IS THE LONGEST DISTANCE TUBE ON R.H.S.
OF ETA(Y) AXIS AND SMALL IS THE LONGEST
DISTANCE TUBE ON L.H.S. OF ETA AXIS.

DO 20 I = 1,M
IF(XT(I).GT.LARGE) LARGE
IF(XT(I).LT.SMALL) SMALL
CONTINUE

NOW CHECK HOW MANY TUBES ARE L.H.S.
OF ETA-AXIS. IF 95 PERCENT OF NO. OF
TUBES OF ONE SIDE ARE GREATER THAN
THE OTHER SIDE, THEN THE AXIS SHOULD
BE MOVED TO THE SIDE WHERE THERE ARE
MORE TUBES UNTIL THIS 95 PERCENT
CRETIRIA IS SATISFIED.

XT(I)
XT(I)

KN=NO. OF TUBES ON L.H.S. OF ETA-AXIS
KP=NO. OF TUBES ON R.H.S. OF ETA-AXIS

KN =0

KPp = 0

PP = 0.0
XNEG = SMALL
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XPOS = LARGE

DO 30 I=1,M
IF(ABS(XT(I)).GT.PP) PP=ABS(XT(I))
IF(XT(I).LT.0.0) GOTO 40
IF(XT(I).GT.0.0) GOTO 50
IF(XT(I).EQ.0.0) GOTO 30

KN = KN+1

IF(XT(I).GT.XNEG) XNEG=XT(I)
GOTO 30

KP = KP+1

IF(XT(I).LT.XPOS) XPOS=XT(I)
CONTINUE

KN1 = 0.95*KN

KP1l = 0.95*KP

IF(KN1.GT.KP) GOTO 60
IF(KP1.GT.KN) GOTO 70
IF((KN1.LE.KP).AND. (KP1.LE.KN))GOTO 100
DO 80 I=1,M

XT(I) = XT(I)-XNEG

CONTINUE

GOTO 10

DO 90 I=1,M

XT(I) = XT(I)-XPOS

CONTINUE

GOTO 10

TO FIND THE TUBES OF MAX AND MIN DEPTHS
FROM THE PLANE CONVECTIVE SURFACE.

CHANGE = Y-YT(1)

DO 140 I=1,M
IF((Y-YT(I)).LT.CHANGE)CHANGE=Y-YT(I)
CONTINUE

SHORT=THE NEAREST TUBE DISTANCE.

SHORT = CHANGE

YL = MAX. DEPTH TUBE

YL = CHANGE

DO 145 I = 1,M
IF(Y-YT(I).GT.YL)YL=(Y-YT(I))
CONTINUE

SELECT LENGTH IN SUCH A WAY THAT
ABS OF XI(N) AND XI(1) SHOULD BE
10 TIMES GREATER THAN ABS(MAX(XT(I)))

IF(M.EQ.1.AND.XT(1).EQ.0.0)PP = 10.0
XI(1) = -14.*PP

QONEW=0.0

FAC = 11.3%*0.87

IR=0
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700
750

150

170

160
190

180

230

IF(IR.EQ.1)FAC=11.3
QOOLD=QONEW

XI(1) = -FAC*(SQRT(YL*PP))
N = NSPECI

DELXI SHOULD BE SELECTED IN SUCH A
WAY THAT IT IS 1/10 OF THE DISTANCE
OF THE NEAREST TUBE FROM THE GROUND
SURFACE.

CHANGE = MIN(YT(I))

DO 150 I=1,M
IF((YT(I)-Y).GT.SHORT)SHORT=(YT(I)-Y)
CONTINUE

FIND SEGMENT LENGTH DELXI
EQUAL SEGMENTS HAVE BEEN USED.

DELXI
DELXI

ABS (SHORT)/16.
4.0

CALCULATE NO. OF POINTS REQUIRED
NREQ = (ABS(XI(1))/DELXI)*2

IF NREQ IS GREATER THAN N,STOP THE
PROGRAM AND CHANGE THE DIMENSIONS,
OTHERWISE N=NREQ. MAKE SURE N IS
ODD NUMBER(SINCE WE ARE DENOTING
FIRST POINT &S 1)

IF(NREQ.EQ.N) GOTO 180
IF(NREQ.LT.N) GOTO 160
WRITE(22,170)NREQ
FORMAT(1H ,'NREQ = ',I6)
STOP

NN = N

NN = NN-2

IF(NN.GT.NREQ) GOTO 190
IF(NN.EQ.NREQ) GOTO 180
IF(NN.LT.NREQ) NREQ=NN+2
N = NREQ

XI(1) = =-(N/2*DELXI)

D2S = Y/(ABS(XT(2)-XT(1)))

EVALUATE DISTANCE TO VARIOUS POINTS
FROM ETA-AXIS.

DO 230 I=1,N
XI(I+1)=XI(I)+DELXI
CONTINUE

PI = 3.1415926

EVALUATE COEFFICIENTS OF PHI(J),
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270

Q0, Q1, AND Q2.

BOTH I AND J ARE MOVING ON THE
BOUNDARY .

COEFF. OF PHI(J)

T = 2.*PI
DO 240 I=1,N
DO 250 J=1,N
Cl = ABS(XI(J+1)-XI(I))
Bl = ABS(XI(J)-XI(I))
IF(C1.EQ.0.0)A(I,J) = -BI/T*
(B1*(ALOG(B1)-1.)+B1*ALOG(AD))
IF(B1.EQ.0.0)A(I,J) = -BI/T*
(C1*(ALOG(C1)-1.)+C1*ALOG(AD))
IF((C1.EQ.0.0).0R.(B1.EQ.0.0)) GOTO 260
A(I,J) = -BI/T*((C1*(ALOG(C1)-1.)+C1*
ALOG(AD))-(B1*(ALOG(B1)-1.)+
B1*ALOG(AD)))
IF(I.GT.J+1) A(I,J) = -A(I,J)
IF(I.EQ.J) A(I,J)=0.5+A(I,J)
CONTINUE
CONTINUE

COEFF. OF QO, 01, AND Q2.

DO 255 I=1,N

M1 = N+1

DO 265 L=1,M

R(I,L) = SQRT((XI(I)-XT(L))**2+(Y-YT(L))**2)
a(1I,M1) = AA(L)*(ALOG(R(I,L))+ALOG(AD))

A(I,M1+1) = -(0.5%AA(L)**2*(Y-YT(L)))/(R(I,L)**2)
A(I,M1+42) = =(0.5*RA(L)**2*(XI(I)-XT(L)))/(R(I,L)**2)
M1 =M1+3

CONTINUE

CONTINUE

COEFF. PHI(J)

DO 270 L=1,M
R(N+1,L) = S
CONTINUE

DO 280 L=1,M

QRT( (XI(N+1)-XT(L))**2+(Y-YT(L))**2)
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290
280

294
292

320

330
310
300

DO 290 J=1,N

F1(L,J)=(XI(J)-XT(L))

F2(L,J)=(XI(J+1)-XI(J))

F3(L,J)=(XI(J+1)-XT(L))

Z1=((F1(L,J)**2+F2(L,J)**2-F3(L,J)**2)/
(2.*F2(L,J)))*(ALOG(R(J,L))-ALOG(R(J+1,L)))
+F2(L,J)*(ALOG(R(J+1,L))~-1.0)

Z2=R(J,L)*ACOS((R(J,L)**2+R(J+1,L)**2
-F2(L,J)**2)/(2.*R(J,L)*R(J+1,L)))
*SIN(ACOS((F1(L,J)**2+F2(L,J)**2
-F3(L,J)**2)/(2.*R(J,L)*F2(L,J))))

A(N+L,J) = -BI/T*((21422)+F2(L,J)*ALOG(AD))

CONTINUE

CONTINUE

COEFF. OF QO, Q1, AND Q2.

DO 292 K=1,M

DO 294 L=1,M

IF(K.EQ.L) GOTO 294

G1(K,L) = (Y-YT(L))-(Y-YT(K))
G2(K,L) = XT(K)-XT(L)

RAB(K,L) = SQRT(G1(K,L)**2+G2(K,L)**2)
CONTINUE
CONTINUE

DO 300 K=1,M

M1 =1

DO 310 L=1,M

IF(K.EQ.L) GOTO 320

A(N+K,N+M1) = AA(L)*(ALOG(RAB{K,L)+ALOG(AD)))

A(N+K,N+M1+1) = -(0.5%AA(L)**2*G1(K,L))/
RAB(K,L)**2

A(N+K,N+M1+2) = -(0.5*%AA(L)**2*G2(K,L))/
RAB(K,L)**2

GOTO 330

A(N+K,N+M1) = AA(K)*(ALOG(AD)+ALOG(RA(K)))

A(N+K,N+M1+1) = 0.0

A(N+K,N+M1+2) 0.0

M1 = M1i+3

CONTINUE

CONTINUE

g i g e R

COEFF. OF PHI(J)

TH1 = 2.*ASIN(1.)

DO 340 L=1,M

DO 350 J=1,N
IF(XI(J).LT.XT(L).AND.XI(J+1).GT.XT(L)) GOTO 345
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345

350
340

385

380

390
370
360

410
400

A(N+M+L,J) = -(BI/AD)*(ASIN((Y-YT(L))/R(J+1,L))
=ASIN((Y-YT(L))/R(J,L)))

IF(XI(J).LT.XT(L)) A(N+M+L,J) = -A(N+M+L,J)
GOTO 350

A(N+M+L,J) = -(BI/AD)*(ASIN((Y-YT(L))/R(J+1,L))

+ASIN((Y-YT(L))/R(J,L))-TH1)

CONTINUE

CONTINUE

COEFF. OF QO, Q1, AND 02.

DO 360 K=1,M

Ml =1

DO 370 L=1,M

IF(K.EQ.L) GOTO 380

A(N+M+K,N+M1) = (2.*PI*AA(L)*G1(K,L))/
(AD*RAB(K,L)**2)

A(N+M+K,N+M1+1) = -((AA(L)**2*PI)/(AD*RAB(K,L)**2))
*(C0S(2.*ACOS(G2(K,L)/RAB(K,L))))

IF(XT(K).LT.XT(L)) GOTO 385

A(N+M+K,N+M1+2) = -((AA(L)**2*PI)/(AD*RAB(K,L)**2))
*(SIN(2.*ASIN(G1(K,L)/RAB(K,L))))

GOTO 390

A(N+M+K,N+M1+2)

-((AA(L)**2*PI)/(AD*RAB(K,L)**2))
*(-(SIN(2.*ASIN(G1(K,L)/RAB(K,L)))))
GOTO 390
A(N+M+K,N+M1) =
A(N+M+K,N+M1+1)
A(N+M+K,N+M1+2)
M1 = M1+43
CONTINUE
CONTINUE

.0
-PI/AD
0.0

nno

COEFF. PHI(J)

KKK = 2*M

DO 400 L=1,M

DO 410 J=1,N

A(N+KKK+L,J) = (BI/2.*AD)*(ALOG(R(J+1,L)**2)
-ALOG(R(J,L)**2))

CONTINUE

CONTINUE

COEFF. OF QO0, Q1, AND Q2.

DO 420 K=1,M

Ml = 1

DO 430 L=1,M
IF(K.EQ.L) GOTO 440
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445

440

450
430
420

460

470

A(N+KKK+K,N+M1) = (2.*PI*AA(L)*G2(K,L))/
(AD*RAB(K,L)**2)

IF(XT(K).LT.XT(L)) GOTO 445

A(N+KKK+K,N+M1+1) = ((PI*AA(L)**2)/(AD*
RAB(K,L)**2))*(SIN(
2.*ASIN(G1(K,L)/RAB(K,L))))

A(N+KKK+K,N+M1+2) = ((PI*AA(L)**2)/(AD*RAB(K,L)**2))
*(C0S(2.*ACOS (G2(K,L)/RAB(K,L))))

GOTO 450

A (N+KKK+K,N+M1+1) = ((PI*AA(L)**2)/(AD*
RAB(K,L)**2))*(~(SIN(
2.*ASIN(G1(K,L)/RAB(K,L)))))

A(N+KKK+K,N+M1+2) = ((PI*AA(L)**2)/(AD*RAB(K,L)**2))
*(C0S(2.*AC0S(G2(K,L)/RAB(K,L))))

GOTO 450

A(N+KKK+K ,N+M1) =

A (N+KKK+K,N+M1+1)

A(N+KKK+K,N+M1+2)

M1 =M1+3

CONTINUE

CONTINUE

.0
0.0
-PI/AD

n o

DO 460 I=1,N
C(I) = 0.0
CONTINUE

DO 470 L=1,M
C(N+L) = -PHIT(L)
CONTINUE

DO 480 L=1,M
C(N+M+L) 0
CONTINUE

n

.0

DO 490 L=1,
C(N+KKK+L)
CONTINUE

n =

0.0

SOLVE MATRIX

NN = N+3*M
IDGT = 4
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510

520

522

525
523

530

550

540

555

e e

CALL LEQT1F(A&,1,NN,370,C,IDGT,WKAREA, IER)

IF(IER.EQ.34) WRITE(22,500)

FORMAT (1H ,/2X,'ACCURACY TEST FAILED'/)

IF(IER.EQ.129) WRITE(22,510)

FORMAT(1H ,2X, 'MATRIX IS ALGORITHMICALLY',
'SINGULAR')

WRITE(22,520) N,BI,DELXI,PHID,AD,Y,D2S

FORMAT(1H ,'N = ', I3,2X,'BIOT NO. = ', F10.3,
2X,'SEGMENT LENGTH = ',F10.4,//1X,
'MAX. TEMP. = ',F10.4,2X, 'RADIUS',
' OF MAX. TEMP. TUBE = ',F10.6,//1X,

'LOCATION OF THE AXIS FROM THE PLANE CONVECTIVE',
'SURFACE = ',F10.6,2X,'D/2S = ',F8.3)

WRITE(22,522)

FORMAT(//1H ,2X,'I',9%,'AA(I)',7X,
VRT(I)',7X,'YT(I)',7X, 'PHIT(I)'/)

DO 523 I=1,M

WRITE(22,525)I, AA(I),XT(I),YT(I),PHIT(I)
FORMAT(/1H ,I3,5X,4F12.6)

CONTINUE

IR = IR+l

WRITE(S,*)IR

PRINT HEAT TRANSFER SOLUTION.

QONEW = 0.0

Q1TOT=0.0

Q2TOT=0.0

WRITE(22,530)
FORMAT(/2X'TUBE',7X,'Q0',10X,'0l"',7X, 'Q2")

M1l = N+1

M2 = M1+1

M3 = M1+2

DO 540 L=1,M

WRITE(5,*)L,C(M1),C(M2),C(M3)
WRITE(22,550)L,C(M1),C(M2),C(M3)
FORMAT(/1X,13,5X,3F10.6)

QONEW = C(M1)+QONEW
QITOT = C(M2)+Q1TOT
Q2TOT = C(M3)+Q2TOT

CM1 = C(N+1)
CM2 = C(N+2)

= C(N+3)
M1+3
M1+1
M3 = M1+2
CONTINUE
WRITE(22,555) QONEW,Q1TOT,Q2TOT
FORMAT (//2X, 'QOTOTAL = ' F10.6,2X, 'Q1TOT = ', F10.6,
2X,'02TOT = ',F10.6)
IF(IR.EQ.1) GOTO 700
IF(IR.EQ.7)GOTO 575

=
.—l
wou
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QDIFF = QONEW-QOOLD
PERCEN = (QDIFF/QONEW)*100.0
IF (PERCEN.LT.1.0)GOTO 575

C FAC

c FAC = FAC+2.0
FAC 1.125*FAC
GOTO 750

(QONEW/QOOLD*4.0-3.0)*FAC

575 WRITE(22,573)IR,PERCEN
573 FORMAT(//,2X,'NO. OF ITERATIONS = ',I3,3X,
1 '% DIFF. = ',F6.3)
FOLLOWING 4 LINES FOR 3-TUBE CASE
QORAT = CM1/QONEW
Q1RAT = CM2/Q1TOT
Q2RAT = CM3/Q2TOT
WRITE(22,610)Q0RAT,Q1RAT, Q2RAT
610 FORMAT(//2X,'QOCEN/SIGQO = ' ,F10.6,2X,
1 'QICEN/SIGQl =',F10.6,2X,'Q2CEN/SIGQ2 = ',6F10.6//)
FOLLLOWING © LLINES FOR 4 TUBES CASE.
0012 = C(N+1)+C(N+4)
0034 = C(N+7)+C(N+10)
Q112 = C(N+2)+C(N+5)
Q134 = C(N+8)+C(N+11)
WRITE(22,615)0012,0Q034,0112,0134
615 FORMAT(//2X,'Q012 = ',F10.6,2X,
1 '0034 ',F10.6,2X,
'Q112 ',F10.6,2X%,
1 '0134 = ',F10.6//)

[

PRINT TEMP. DISTRIBUTION

WRITE(22,560)
560 FORMAT(//1H ,3X,'I',8X,'XI',
1 11X, ' TEMPERATURE'/)
DO 570 I=1,N
WRITE(22,580)I,XI(I),C(I)
580 FORMAT(2X,I3,3X,F13.6,5%X,F10.7)
570 CONTINUE
WRITE(22,841)
841 FORMAT(//1H ,3X,'l',10X,'XI',7X, 'TEMPERATURE'

OOO0O0O000O0000000O00n0O00000000000n00non

1 LA1X, I ,7X, 'XI' ,8X, 'TEMPERATURE'

1 ,12X,'1I',9X,'XI',8X, 'TEMPERATURE'//)
NN3 = N/3
NN4 = NN3*3
NN5 = N-NN4

IF(NN5.EQ.1) GOTO 871

IF(NN5.EQ.2) GOTO 861

IF(NNS5.EQ.0) GOTO 881
871 N2 = NN3

II1 = 1
| II2 = NN3+2
II3 = NN3%*2+2
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874

876

861

865

864

866

881

885

884

DO 874 I=1,N2
WRITE(22,875)II1,XI(II1),C(II1),II2,
XI(I12),C(1I2),113,
XI(I13),C(II3)
FORMAT(2X,13,2X,F12.5,4%,F10.7,
11X,13,2X,F12.5,4%,F10.7,
11X,13,2X%,F12.5,4%,F10.7)

II1 = IIl1+1
II2 = 11241
II3 = 11341
CONTINUE
NN6 = N2+1

WRITE (22,876 )NN6,XI(NN6),C(NN6)
FORMAT(2X,13,2X,F12.5,4%,F10.7)
GOTO 900

N2 = NN3

II1 =1

IT2 = NN3+2
II3 = NN3#*2+3

DO 864 I=1,N2
WRITE(22,865)II1,XI(II1),C(II1),112,
XI(112),C(I1I12),113,
XI(II3),C(II3)
FORMAT(2X,13,2%X,F12.5,4%,F10.7,
11X,13,2X,F12.5,4%,F10.7,
11X,13,2%X,F12.5,4%,F10.7)

II1 = I11+1
I1I2 = IIZ2+1
II3 = II3+1
CONTINUE
NN6 = N2+1

N3 = N2+NN6+1

WRITE (22,866 )NN6,XI(NN6),C(NN6),

N3,XI(N3),C(N3)

FORMAT(2X,13,2X,F12.5,4%,F10.7,
11X,13,2%X,F12.5,4%,F10.7)

GOTO 900

N2 = NN3

II1 =1

II2 = 1+NN3
II3 = 1+NN3*2

DO 884 I=1,N2
WRITE(22,885)II1,XI(II1),C(II1),II2,
XI(II2),C(112),113,
XI(II3),C(II3)
FORMAT(2X,13,2X,F12.5,4X,F10.7,
11X,13,2X,F12.5,4%,F10.7,
11X,13,2%,F12.5,4X,F10.7)

IT1 = II1+1
II2 = I12+1
II3 = II3+1
CONTINUE
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900 STOP
END
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APPENDIX E



LEAST SQUARE FITS

The three equations used for developing criteria to find the

value of T are
max

A*X + B

(1) Straight line Y

(2) Exponential Y = A*(exp(B*X)) and
(3) Power law y = ax xB
where Y = Emax
= *
X XTmax D

and A,B are Constants

A computer program is developed to find these constants A and B
for the given set of input, and standard error for these three
equations have been found. From a number of computer program runs for
different sets of input, it has been observed that Logarithmic
equation has low standard error(S.E.).

From the computer program, it has been calculated that the values

of A and B are 11.3 and 0.5, respectively.

Therefore, the equation for Eﬁax is written as

— * N
Emax = 11.3 * XTmax D
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