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ABSTRACT

The clustering, or aggregation, of algal cells plays an important role in the

dynamics of oceanic algal populations. A model of the algal aggregation

process was presented by Ackleh, Hallam, and Smith (1994) for a specific

phytoplankton species, diatoms. The model represents algal aggregation

and several related factors including nitrogen levels, a predator

population (zooplankton), and settling or sedimentation of aggregates.

The purpose of the current study is twofold: 1) to decrease the time

required for a simulation run, and 2) to create a more realistic, flexible

mechanism for handling cell reproduction in which aggregates may

increase in size due to reproduction of their constituent cells. It was

found that these objectives necessitated other minor modifications in the

modeling methodology.
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Chapter 1.

Introduction

The situation considered in this study is centered around the clustering

or "aggregation" of algal cells in the ocean. A useful image of the

aggregation process is to imagine standing on the bottom of the shallow

portion of the ocean looking up, during which a phenomenon known as

marine snow might be witnessed. Small clusters of organic material,

consisting largely of algal cells but also including fecal pellets and other

debris, descend from the life-supporting surface layer of the ocean. Algae

on the surface layer of the ocean are likely to die for one of two reasons.

One major cause of mortality is sinking, because algae depend on

photosynthesis for their life processes and there is insufficient light to

support them below a certain depth. Algae are more likely to sink if tied

up in an aggregate. A second major cause of mortality for algae is being

eaten by predators known as zooplankton. Algal cells tend to be less

vulnerable to predation when in aggregates.

Algal aggregation dynamics are of interest to biologists on at least two

levels. Because algae are important populations in the oceans in their

own right, biologists are interested in knowing which cause of mortality

dominates, if either. There is also a larger picture, and that is the global

carbon cycle. Ordinarily, organic material is recycled: when an organism



dies, it is eaten or decomposes to provide nutrition for other organisms.

However, phytoplankton cells that settle to the bottom of the ocean stay

there, leaving the global carbon cycle until they are recycled. The settling

or sedimentation of algal aggregates may be one of the major global

carbon sinks, which is a second reason why the dynamics of algal

aggregation are of interest.

An experiment was performed in 1993 at Santa Barbara known as the

SIGMA Tank Experiment (Alldredge et al., 1994). In this tank, the

clustering of a particular algal species, diatoms, was tracked over time. As

this experiment is an important and useful source of data, the conditions

of the tank study drive many of the decisions and assumptions made for

the model discussed here.

1.1. The Biology

There are elements included in the algal aggregate model besides the

algae itself. The model must consider a zooplankton population, the

predators in the system. The nutrient source available to the algae,

nitrogen in this case, must be tracked. The algae are modeled on two

levels: at the individual level and as aggregates. While all individual

cells are assumed to have the same physiological characteristics in the

model, different age or maturity cohorts are followed. On another level,

the model includes algae as the building blocks for aggregates.



Figure 1 depicts the elements of the model and the interactions between

them schematically. The densities of nutrients, zooplankton,

singlephytoplankton cells, and phytoplankton aggregates of various sizes

are tracked over time. Nitrogen in the water starts at a certain

concentration and is reduced over the simulation time through

consumption by both free algal cells and algal cells tied up in aggregates.

Our model contains no source of additional nitrogen during the

simulation; the entire nutrient supply originates in an initial "pulse."

This condition was chosen to mimic the conditions in the SIGMA Tank

Experiment described above.

The single cell population is influenced by the availability of nutrients for

growth and reproduction. The density of these "free" phytoplankton cells

is decreased by the process of coagulation, whereby cells move into the

class of aggregates. It is positively influenced by the breakup of aggregates,

which can produce single cells, and by reproduction, both of free cells and

of cells in aggregates—some of the daughter cells produced by cells in

aggregates "fall off" to become free cells. Phytoplankton cells are also lost

as they sink below the surface layer of the ocean, where there is

insufficient light. The last single cell sink is consumption by

zooplankton.

Algal aggregates are subject to many of the same factors as are single cells.

The density of algal aggregates is reduced by grazing of zooplankton,

though larger aggregates are less prone to consumption (depending upon

the species of zooplankton present). On the other hand, aggregates are
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more vulnerable to sinking and sedimentation. The density of aggregates

is increased by the process of coagulation of single cells and reduced when

single cells result from aggregate breakup.

The zooplankton population model is unstructured. While a structured

zooplankton model would be more biologically accurate, at this stage an

unstructured model is considered an acceptable approximation. The

zooplankton population density is positively influenced by the

availability of phytoplankton for nourishment, both in the form of single

cells and in the form of aggregates. The zooplankton population is

controlled by density-dependent mortality.

Finally, there are several forces operating within the "aggregates" box

itself to affect the size distribution of aggregates. Clustering between

aggregates from one cell (4000 jim^) up to a volume of 1 mm^ tends to

push the size distribution towards the larger end of the spectrum.

Breaking up or disaggregation of aggregates tends to have the opposite

effect. Some of the cells in aggregates are alive and reproducing: while

some of their offspring fall off the aggregates to become free cells, (in the

model as revised in this study) some remain to make individual

aggregates larger.

This completes a broad overview of the physical and biological elements

of the model and the forces operating on them over time.



1.2. The Components of the Model

To be more specific about the model, an additional assumption needs to

be made. A specific species of phytoplankton must be selected; we use the

diatom species. Two characteristics of diatoms are important for this

study: diatom cells form a carapace or shell known as a siliceous test.

The test has a fixed volume during the lifetime of the cell, so the external

size of the cell remains unchanged; however, the carbon content of the

cell increases as it matures. The other important characteristic of diatoms

is that, due to their physical configuration, when cells join together they

form chains. Thus, the aggregates studied here are roughly one-

dimensional clusters.

1.2.1. Individual Cells

In this model, the state of an individual phytoplankton cell is

characterized by its carbon content C(f), where t represents time. The

volume u of a diatom's siliceous test does not change during its lifetime,

though its biomass does. This is the model for individual cell growth:

dt k^+N

The rate of all cell activity is a function of the availability of nutrient
NNit), which explains the factor ; is the nitrogen half saturation

kfj+N

constant. Growth is constant, in proportion to the cell's (fixed) surface

area with constant of proportionality a—hence the first term, av^. The

second term - bC represents cell maintenance costs, which are

proportional to the cell's carbon content with constant of proportionality



b. The values, units, and sources for a, b, kj^, and other constants used in

the model are presented in Table 1.

According to our characterization of a diatom's life cycle, during its

lifetime its organic material or carbon content doubles. When the carbon

content reaches twice that of a newborn cell, the cell divides into two

cells, each of which starts life with half the carbon content of its "parent."

1.2.2. An Aggregation Model

The first influence on the size distribution of algal aggregates that we

consider is the process of clustering, both between individual cells and

between aggregates. Ackleh, Hallam, and Smith (1994) use the following

equation to describe this effect:

= jf^Pix-y,y)p{t,x-y)p{t,y)dy (1)
-pit, x)j^Pix, y )p(t,y)dy

where p(f,x) is the density of aggregates of size x at time t and A is the

maximum aggregate size included in the model. Here the first term on

the right-hand side represents aggregates gained at size x from encounters

between two smaller aggregates. The second term represents a loss in

density of aggregates at size x due to encounters with other aggregates,

forming a larger aggregate. The function Pix,y) incorporates two

processes: the physical factors determining the probability that particles of

size X and y will collide, and the "stickiness" of these algal aggregates. The

representation of the former process is adapted from studies of other

aggregation processes—further details are available in Ackleh, Hallam,



Table 1. Parameter Values and Units

Symbol Interpretation Value (Unit) Reference

V volume of cell

X volume of aggregate (mm^)
t time (day)
N nitrate concentration ipM)

No initial nitrate concentration 20 (fjM)

K half saturation 0.5 ipM) Scheffer 1991

Jackson and Lochmann
1992

a cell growth rate (pm pm d~^ derived in Ackleh,
Hallam and Smith

1994

b cell maintenance rate 0.0084 (d'^) Lancelot et al. 1991

initial carbon mass of cell 208.4 (pg)

pit,x) density of aggregates (# mtn'^ l~^)

Pix,y) stickiness times coagulation

p

1

1

kernel

(none) portion of active cells in
aggregates

0.3

portion of new cells sticking to
aggregate

0.3

D depth of surface layer 50 (m)

Zo initial density of zooplankton .00003 (# mm~^)
z density of zooplankton

V zooplankton ingestion rate 10^ (cells d~^

zooplankter"^)

Raymont 1983

5 zooplankton assimilation
efficiency

0.6 Raymont 1983

m zooplankton mortality rate 0.105 (d"^) Lancelot et al. 1991

fix) grazing probability

X
mflX

maximum aggregate size 300 (ptn diameter) Lancelot et al. 1991

ingested by zooplankton

K algal half saturation constant 0.12 (# mm~^) Steele and Henderson
H for feeding 1981

Frost 1987



and Smith (1994). "Stickiness" refers to the probability that two particles

will adhere to one another if they collide. In the case of algal aggregation,

there is no direct experimental value available for "stickiness" from the

literature. In one study, Ackleh, Hallam, and Muller-Landau (1995)

utilize parameter estimation techniques in conjunction with the SIGMA

tank data to obtain an estimate of the stickiness constant.

Equation (1) describes an essential dynamic affecting p, but there are

other factors which come into play; disaggregation or breaking up of

aggregates, the effect of predation by zooplankton, and sinking or

sedimentation. These elements will be included in a comprehensive

version of (1) below.

1.2.3. Zooplankton

Zooplankton can eat both individual diatom cells and algal aggregates.

An unstructured model is used to model zooplankton population

dynamics:

iZ , jy(x)p(t,x)dx (2)
— = V^-7a Z-mZ^jj{x)pit,x)dx + kp

Here, Z(t) is the density of zooplankton while f(x) is the probability

density function for an individual zooplankter eating an aggregate of

various sizes. Thus, the integral j^fix)p{t,x)dx represents, in some sense,

the effective amount of food available to these grazers.

It is assumed that there is an aggregate size above which zooplankton will

not ingest aggregates, so f{x) is defined to be 0 for x > x^^^; we take



^max = 0.04 mnv'. In equation (2), p represents an average zooplankter's

ingestion rate while 5 is its assimilation efficiency, m is a density-

dependent mortality coefficient, and kp is the trophic response half

saturation constant.

1.2.4. A More Complete Aggregate Growth Model

A partial differential equation for aggregate dynamics containing

representations for the processes of aggregation, disaggregation, sinking,

and grazing is:

^ 2 - y)p(^y%

-p{t,x)j^P{x,y)p{t,y)dx/

-^fj(x,y)p{t,y)dy
A-+lrlx,y)p{t,x + y)dy

.zv{x)
-p{t,x)-

-pS-
j

D

f(x)p(t,x)

j(y)p(iry)dy + kp

The fifth term on the right-hand side represents sinking or

sedimentation: w(x) is the settling velocity of an aggregate of size x and

D is the depth of the surface layer. Thus, an aggregate is assumed to die

and leave the system once it drops below a depth of D. w(x) is an

increasing function in x, as larger aggregates sink faster. The sixth term

represents loss of aggregates to zooplankton grazing. The elements of this

term were introduced above.
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The third and fourth terms represent aggregate fragmentation, as

introduced by Ackleh (1995). The third term represents loss of aggregates

of size X due to breakup into smaller aggregates while the fourth

represents gains at size x due to breakup of larger aggregates.

This completes the overview of the mathematical model employed.

1.3. Numerical Methods and Issues

To analyze the representation of the aggregation process, the set of

ordinary and partial differential equations which constitute the model

must be solved. Previously, a linear spline-based collocation method

(Gelbard and Seinfeld, 1978) was used to reduce the system to a set of

ordinary differential equations. In the course of addressing the issues of

this study, it was found that a different procedure is more appropriate, a

step function-based collocation method. In either case, the objective is to

approximate the partial differential equation describing the aggregate

dynamics (3) by a set of ordinary differential equations with respect to

time. Then, a package obtained from NETLIB called LSODE (August 13,

1981 version; Hindmarsh, 1980) is used to solve the resulting set of

ordinary differential equations.

In the linear spline-based collocation method, p{t,x) is approximated by a

linear spline, which may be written in the form:
N

p'it,x) = ̂a^it)K,^ix)
k=l

11



where the are the linear spline basis functions and N is the number of

points at which collocation will occur.

A special property of the basis functions Tty is that, if are the

collocation points, = 1 but Ki^(Xj) = 0 for each j ̂k. This set of

collocation points is referred to as the grid. Thus, if we

substitute p' for p in (3), we get:

=i[pix-y,y)^a,{t)K,ix-yy^a,it)7t,{y)dy
*=1 k=l

rA ^
-^(x^it)n^{x)l p{x,y)^a^ {t)n^{y)dy

k=\ lt=l

If* ^
"2 Jn

t=i

fA-x ^
it)7t^{x + y)dy (4)

k=\
N

f{x)^a^{t)n^{x)

-r^^TA—
Jo /(y)X«t(0^,(y)^^y + fcp

k=l

12



If one is interested in finding the rate of change at a particular gridpoint

Xj, the equation simplifies:
doit ) 1 rx ^

— 2 -y)£a,(tK(y)dy
k=l k=l

-cCj{t)\y(x^,y)Y, 0C;,(t)K, {y)dy
it=i

k=l

"^r y(^i'y^l!,^k(iK(Xj + y)dy
k=l

r/(y)x ai,{t)7t,{y)dy + kp
Jt=l

Using trapezoidal approximation for the integrals, i.e. the approximation

f"f{y)dy -X,), the first term on the right-hand side
l=m 2

of (5), for instance, becomes:
N  N

pix.-x„x,)^a;^{t)7t^{xj-xi)'^a^it)7j:^ix,)-^
k=l k=l

N  N

. pixj -x,^„x,,,)^a,{t)7c,{x.-x„,)^a,{t)Tc,{xi^,)

2^
k=l k=-l

/

(6)

(Xm-X,)./+1

=1 ^

In the case of a uniform grid, this simplifies to:
N  N

P(xj_, ,x,)^a^{t)7t,^ (x )X a* (x,) +
k=1 k=1

N  N

j P{Xj_,_i,Xi^^ crj.(f);rj.(xy_,_j 0Ci^(t)7ri^(x,^j)

2^
*=1 *=i

72^ X,,

1=1

13



or

1=1

The application of the trapezoidal approximation and similar

simplifications to the other terms of equation (5) results in:

= 4 S [P^^H' )«/-((Oa, (f)+P(x._,_,, )a {t)a„, (f )]xidt

-aj{t)^^[p{xj,x, )a,(f) + /J(x )a/+i(0]^i
1=1

N

1=1

i

- 4 Z [ + r(^; / )«/.! (f
1 Sr 1

+ 2 ̂  / ̂/ )«;>/ (0 + /(a:^ , (f )Jxi

-aAt) '—
'  D

/U )a (f) 7
-pd— Z, j = 1,...,N.

i^[fix,)a,(t)+f{x,Ja^Jt)])c,+kp
1=1

This system is a set of N ordinary differential equations. These together

with the differential equations for zooplankton dynamics form the stiff

system which is solved using the package LSODE. Notice that

p{t,Xj)= aj(t), so we are in effect solving for the value of p at the

gridpoints.

1.4. Decisions Made in Implementation

In the sample computer implementation used for comparative studies,

ten separate "cohorts" of individual cells are followed. The biological

characteristics of the cohorts are the same (i.e. as described earlier, the

model is unstructured on an individual physiological level); the

14



difference lies in their level of maturity (they are of different ages).

Initially, members of the first cohort are young, while members of the

tenth cohort are on the verge of reproducing.

Cell reproduction is a not a continuous process, thus the simulation over

time of the continuous processes must be interrupted periodically to

check for reproduction. The individual cell model is sufficiently simple

that it may be solved explicitly and thus need not be numerically solved

using LSODE (Ackleh, Hallam, and Smith, 1994). When numerical

solution by LSODE of the continuous processes is periodically interrupted

(we use a "period" of one hour of simulation time), the nutrient level

N{t) and the carbon content C(f) for each cohort of individual cells are

updated using the explicit solution of C(f). If the carbon content has

increased sufficiently in members of one of the cohorts to trigger

reproduction, cell counts are updated. Previously, due to the simplifying

assumption mentioned earlier regarding the behavior of reproducing

cells within aggregates, this affected only the number of free cells. The

new method, where both the number of free cells and the aggregate size

distribution may be affected, is described in detail in the methodology

section.

1.5. Objectives

This study had two major objectives. The first was to reduce the

execution time required to run a simulation. Previously, a simulation

run used by the researchers could easily take two hours (Ackleh, personal

15



communication). The speed of running the simulation is particularly

important in parameter estimation studies (Ackleh, Hallam, and Muller-

Landau, 1995 and Ackleh, 1995) because results from a number of

simulations are required to get one set of estimates. The second major

objective was to make the simulation more realistic by eliminating the

simplifying assumption that the size of aggregates will be unaffected by

reproduction of their constituent cells. The additional biological accuracy

gained from this modification continues the series of incremental

improvements to the model that have been and continue to be done by

other researchers working on this algal aggregation model.

Two different strategies were used to attack on the problem of speeding

up the simulation. The first was to eliminate the necessity of using a

uniform grid of aggregate sizes. A uniform grid is inefficient because

there is much more "activity" in the smaller grid sizes. It is important to

track the aggregation at smaller sizes closely, as the densities of these

aggregates change very quickly, while the changes in densities of larger

aggregates are slower and of smaller magnitude. The uniform grid

restriction was initially introduced because some of the calculations are

simpler with a uniform grid, and because experimental data is often

categorized along a uniform grid. Using a non-uniform grid instead

allows the simulation to cover the entire range of aggregate sizes of

interest with a smaller set of equations, while retaining adequate

resolution at the smaller aggregate sizes. A smaller set of equations can

be solved much faster. The second strategy for attacking the issue of

16



program speed was the design and implementation of a parallel version

of the computer program.

The second major objective was to eliminate the simplifying assumption

concerning the effect of cell reproduction on the size of aggregates.

Previously, it was assumed that when cells in aggregates reproduce (split

in two), exactly one of those cells will remain with the aggregate while

the other will be released as a free cell. This assumption implies that the

size of aggregates will be unaffected by reproduction of their constituent

cells, so only the number of free cells is affected by reproduction. It is

desirable for the simulation to model the more complex and realistic

situation in which some of the cells generated by reproduction in an

aggregate would fall off the aggregate while some would stay, resulting in

a larger aggregate. Thus, in this improved scenario, reproduction affects

not only the number of free cells, but also the size distribution of

aggregates. The methods used to address these objectives, as well as

issues that arose in designing and implementing the necessary changes,

are described in the following chapter.

17



Chapter 2.

Methodology

2.1. Non-uniform Grid

The use of a uniform grid required approximating p, the density of

aggregates of different sizes over time, on an ordered set of aggregate sizes

as introduced in Section 1.3. In that method, {x,,...,x^} are

equally spaced, which simplifies the analysis. The first term in the partial

differential equation representing aggregate growth (3) is

rp{x-y,y)p{t,x-y)pit,y)dy, and, as described previously, p was initially
Jo

considered to be a linear spline: we have values for p at the gridpoints;

between gridpoints the value of p lies on the line segment connecting

the values at neighboring gridpoints.

The obstacle to using a non-uniform grid lies in the term p{t,x-y). We

must consider the discrete approximation of this term (refer to equation

(6)): p(f,Xy -X,), where I will range over If the grid is uniform,

Xj -X, = Xj_i and since that is just a grid point, we have a value for p

there. If the grid is not uniform, Xj - x, could lie between gridpoints. So

we do not immediately have the value of p at that point. The solution is

18



to figure out which gridpoints lie to either side of - x, and interpolate

linearly between them to find the value of p at Xy -x,.

One reason the investigators had not implemented this additional

flexibility previously was concern that finding this intermediate value of

p would require an excessive amount of computer time. One would first

think that to evaluate the integral, the program would need to figure out

which gridpoints are adjacent to x- -x, for each term /—this would

involve a loop each time—and determine where Xy - x, is located between

the adjacent gridpoints. But in fact this information can be determined

during the program's initialization stage and stored for use during the

simulation. The information was stored in a pair of arrays providing the

index of the adjacent gridpoint and the relative location of Xy - x, between

the adjacent gridpoints for each pair A tradeoff is made here,

sacrificing a little additional stored information (memory use) for a

significant time savings when calculating the right-hand side of the

ordinary differential equation, a calculation which is performed a large

number of times during a simulation run.

2.1.1. Distinction Between # of Aggregates And Density

In making this change and understanding the results it yielded, Ackleh

(personal communication) pointed out that there is a distinction between

the number of aggregates in a particular size class (namely, [ ' p{y)dy, or

according to the trapezoidal approximation, ^\xy -Xy_j)) and
the density of aggregates of a particular size p(xy). When the grid was

19



uniform, these quantities were equivalent up to a scaling factor, but this

is no longer the case when the grid is non-uniform. The continuous

processes simulated only involve the density of aggregates, but the effect

of reproduction depends on the numbers of aggregates, as this determines

the number of cells present.

Observing this distinction can make a large difference in the results. In

particular, at a place in the grid where the space between gridpoints (i.e.

size classes) is large, a particular density or value of p at a gridpoint will

represent a larger number of aggregates than that same density would at a

place in the grid where the gridpoints are more closely spaced. For

example, if pixi^)=.l, p{x^^^)=.3, and -Xi^=l, then [ p{y)dy, the

number of aggregates of size between x^ and x^^^, is 0.2. On the other

hand, if -Xj. is only .01, then f''p(yMy = 002. Such a difference in

gridpoint separation is realistic, since our choice of non-uniform grid is to

have an exponentially increasing distance between gridpoints.

During the simulation time that the continuous processes are operating,

only the density, p, is important. At those times when the continuous

processes are stopped in order to update the available nutrient level, the

carbon content of cells in each maturity cohort, and to check for and

handle reproduction, the current densities must be used to calculate the

number of aggregates in each size class. Based on these numbers, the new

numbers of aggregates in each size class is calculated after reproduction

20



and used to find the new densities. This leads to a numerical approach

described in the next section.

2.1.2. Step Functions Rather Than Linear Splines

Typically after the effect of reproduction has been calculated, because a

portion of the new cells born to cells in aggregates "fall off" and become

free cells, the number of free cells (or aggregates of a single cell) is much

larger than the number of aggregates in the next larger aggregate size

class. With p approximated as a linear spline, this causes a problem

when, after reproduction yields new numbers of aggregates in different

size classes, we want to translate back to densities p at gridpoints.

The number of aggregates in a size class j is, by definition, j ' p{y)dy, and
•'*^1

according to the linear spline approximation, ^ '\xi It is
assumed that there are no aggregates of size 0. If we denote the number

of free cells, otherwise known as aggregates of size 1, by Nj, we have:

Jp(y)dy = Xip(xi)/2 = Ni
0

And thus p(Xj) is determined by:

p(xj) = 2Ni/Xi.

There are no difficulties thus far. The problem comes when we try to

figure out pfxj) based on Nj and p(x,), which is fixed by the above

considerations. As above:

|p(y My ■= (x, - X,) = N,

21



so

pix2) = ̂^^—p(x,). (8)
X2-X,

This can cause pix^) to be negative in the (typical, if reproduction has

occurred) case that p(xj) is larger than the first term. Certainly, a negative

density is nonsensical.

One might think that this problem could be solved by simply setting

p(x, ) = 0 if (8) results in a negative value. Perhaps this loss of

information is an acceptable byproduct of approximating p.

Unfortunately, besides the compromise in numerical correctness, this

only passes the problem of negative densities on to further points on the

grid: consider that if p(x,) = 0, with a modest number of aggregates in the

size class between X2 and x^, pix^) will have to be large to compensate for

p{x2) being 0. If there is a smaller number of aggregates in the size class

between x^ and x^, which is the normal situation, pix^) will be negative.

Thus a better solution is needed. It turns out that it is appropriate to give

up the linear spline approximation in favor of simply treating p{t,x) as a

step function in x. One reason it is an appropriate choice is that the

SIGMA tank data used to provide initial aggregate densities and for

comparison in parameter estimation studies (Ackleh, Hallam, and

Muller-Landau, 1995), consists of aggregate density information for size

classes. A linear spline approximation would be more appropriate if the

data were in the form of densities at a set of individual size points.
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2.2. Aggregate Growth Due to Cell Reproduction

Another restriction addressed was the simplifying assumption

concerning the behavior of cells resulting from reproduction within

aggregates. The simplifying assumption was that exactly one of each pair

of "daughter" cells leaves the aggregate to become a free cell, while the

other stays: this means that each aggregate consists of the same number

of cells after reproduction as before. In this case, reproduction only affects

the number of free cells; the size of non-trivial aggregates (their size

distribution) is unaffected by reproduction. Because it seems unlikely

that this simplified situation is an accurate representation of reality, it is

desirable to parametrize the probability that new "daughter" cells fall off.

This way, if biological data for this probability were to become available, it

could be used in the simulation. Alternatively, a future study might

estimate this parameter using tank data, as has previously been done

with other model parameters (Ackleh, Hallam, and Muller-Landau,

1995). There is more on this topic in the Discussion section.

In the simulation, ten cohorts of cells which are at the same maturity

levels are tracked. When the cells in a maturity cohort reproduce,

certainly reproduction by free cells increases the number of cells which

are free. The number of free cells in that maturity cohort doubles. We

must also consider the effect of reproduction of cells which are not free,

those which are tied up in an aggregate.
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For the moment, restrict consideration to a single size class of aggregates

(i.e. a range of aggregate sizes Just within this aggregate size

class, the portion of cells in an aggregate that lie in a specific maturity

cohort is tracked. Thus, the number of cells in each aggregate that will

reproduce is known. A new model parameter is introduced: q, which

controls what proportion of the new daughter cells stick to the aggregate.

The rest fall off. Thus il-q)x 100 percent of the new daughter cells

become free cells, and this number of cells is added to the free cell count.

q X100 percent of the new daughter cells stay with the aggregate, causing

it to increase in size. Note that this does not affect the number of

aggregates in the size class; rather, it increases the size of the aggregates

which were (formerly) in the size class under consideration.

We know how many aggregates there are, and we know the new size of

this size class. But we can not change the value of x^, which would mean

changing the grid distribution, to suit this new size. Somehow this effect

must "shift" the size distribution numbers (i.e. p{Xj) for 1 < / < N) to the

right. In fact what is done is to first identify the two gridpoints on either

side of the new aggregate size: if z is the new aggregate size, we locate the

two neighboring gridpoints, that is, k such that Xi^<z< . Then we split

the aggregates, whose number is the same as before reproduction, but

which are of a new size, proportionally between pix,^) and pix^,^^^).

Since p is generally smaller for larger aggregate sizes, the effect of this

right shift caused by reproduction of cells within aggregates is, on the

whole, to increase the number of larger aggregates. A small amount of
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aggregate biomass or information may be lost to the model in this

process, if the increase in size of the largest aggregates due to reproduction

of some of their constituent cells causes their new size to be larger than

the largest aggregate size class that we track. If this occurs, the portion of

the aggregates which are larger than Xf^ will be "thrown away." In the

continuous model language, this largest aggregate size which we track is

A. A similar loss to the model of a small amount of aggregate biomass

occurs in the continuous processes, when aggregation causes some

aggregates to become larger than size A.

2.3. Parallel Implementation

2.3.1. Introduction

In discussing parallelization of an existing non-parallel code, the first

question is where potential for parallel execution exists. A related

question is whether the algorithm as written contains enough inherent

parallelism, or whether a different algorithm should be sought or created.

In the implementation described here, the algorithm of the program is

essentially not changed. The potential for alternative approaches to

parallelization is deferred to the discussion section.

2.3.2. Description Of Sequential Code

The sequential simulation code is built around a public domain package

for solving systems of ordinary differential equations called LSODE.

Essentially, after some initialization is done, the package LSODE is
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repeatedly called over a period of simulation time to numerically solve

the set of ordinary differential equations in time which make up the

continuous part of the model. Between calls to LSODE, the

discontinuous part of the model, reproduction of individual cells, is

handled. However, in discussing speed of execution, it is important to

realize that the lion's share of processing time is spent by LSODE solving

these differential equations.

When LSODE is solving the differential equations, it needs numerical

values for the right-hand sides of the ordinary differential equations. The

way this is accomplished is that LSODE, which has been asked by the

main program to solve the equations for a specified amount of

simulation time, in turn calls a subroutine we have written which, given

values for all the necessary variables, returns a value for each derivative.

In other words, LSODE asks our subroutine to calculate the right-hand

side of equations (3) and (2) (or their discrete approximations). This set of

calculations must be done many times over the course of an entire

simulation: in one sample run they were done 18,531 times. This

accounted for 95% of the total runtime. In fact, 75% of the execution time

was spent calculating just the first term on the right-hand side of (3)

alone. Because the time usage is so heavily concentrated here, it is a good

place to look for potential speed-up.

2.3.3. Description Of Strategy/Implementation

When LSODE calls our subroutine to calculate the right-hand sides, for

each gridpoint there is a corresponding right-hand side of equation (3) to
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be calculated. In a typical simulation we use twenty gridpoints, which

means that there are twenty right-hand sides to be calculated for equation

(3). Equation (2) represents one additional calculation, but the time

required is negligible in comparison.

The parallel machine chosen for the first implementation of a parallel

algorithm is the Thinking Machines CM-5 located at the University of

Tennessee. It has 32 processors. We only take advantage of twenty of

them, one for each right-hand side. Basically, the entire program executes

on each processor, which duplicates a lot of work except at the point that

LSODE asks for the right-hand sides of the twenty-one differential

equations. At that point, each of the first twenty processors calculates one

right-hand side concurrently. When they have all finished, the

information is shared around. In CM-5 language, each processor that has

calculated a right-hand side broadcasts its result, while each of the others

waits until it receives the result.

2.3.4. Speedup Possible Using This Strategy

Since 95% of the program's execution time is involved in this

parallelization, being spread across 20 processors, we might initially hope
0.95that the program would run in 0.05 + -^^ = 0.0975 times the time the

sequential version takes to run. That would be a dramatic speedup—more

than tenfold. However, there are a couple of factors that this estimate

fails to consider. One is the friction of parallel computation:

communications overhead. Recall that the right-hand sides are

calculated 18,531 times. Thus, a result must be broadcast by one processor
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and received by all the others 18,531x20 = 370,620 times during a

simulation. While each individual communication is extremely fast, the

communication overhead does add up.

There is another consideration which prevents the speedup from being as

good as one would initially hope. We must examine the right-hand side

of equation (3) more closely, specifically the first term. Since we are

considering the discrete approximation, in fact equation (7) is more to the

point. We see that to calculate the first summation on the right-hand

side, for a specific a^, there are j terms in the sum. Thus, calculating the

right-hand side of takes approximately twenty times longer than
at

calculating the right-hand side of ag there are twenty terms in the
dt

first sum on the right-hand side of but only one in So the
^  dt ^ dt

processor which must calculate will be the limiting factor, the
dt

processor on which the others must all wait.

We can make a rough calculation of how much of the work this

processor must do. The total work is on the order of

20 +19+...+2 +1 = 10X(20 +1) = 210 additions, as there are that many terms

in all of the first sums on the right-hand sides put together. One

processor must do 20 parts of this work, so the maximum speedup in

calculating the right-hand sides considering this limitation would be
20
= 2/21. Overall, the best possible time would thus be

0.950.05 + ̂ ^ = 0.14 times the sequential speed, or a roughly sevenfold
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speed-up. This is only a rough estimate because we are disregarding the

other terms of the right-hand sides, as well as all the bits of constant

overhead which must be done for each summation, regardless of how

many terms it has.

The FORTRAN code for both the sequential and the parallel CM-5

versions of the simulation described above are available. Contact

Professor Tom Hallam, Mathematical Ecology, Department of

Mathematics, University of Tennessee, Knoxville, TN.
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Chapter 3.

Results

3.1. Effect Of Aggregate Growth Due To Cell Reproduction

Table 2 shows the effects of varying two model parameters related to

reproduction. The first column shows what portion of the cells in

aggregates are growing and reproducing. The remaining cells in

aggregates are inactive. The second column shows what portion of the

additional cells resulting from reproduction in aggregates stay on the

aggregate. This is the parameter introduced in this study, referred to as q.

The other portion of the new cells, as explained above, "fall off" to

Table 2. Dependence Of Nutrient Depletion On Model Parameters

Portion Of Cells In

Aggregates That Can

Reproduce

Portion Of New Cells

Sticking to Aggregate,

% of Nutrient

Remaining After;

10 days 20 days

0.8 0.8 64 0

0.8 0.2 18 0

0.2 0.8 86 60

0.2 0.2 81 41
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become free cells. By new cells, we mean the additional cells resulting

from reproduction, above and beyond the cells that were already in the

aggregate. The third and fourth columns show the dependent variable,

the percent of the initial nutrient pulse remaining after ten and twenty

days, respectively. The initial nitrogen concentration in these

simulations was 45 jdM.

We see that if a larger portion of the cells in aggregates are growing and

reproducing, the nutrient is depleted faster. This is because the cells in

aggregates which are inactive do not consume nitrogen, allowing the

initial nutrient pulse to last longer. The table also indicates that if more

new cells stay with the aggregate (i.e. q is greater), nutrient is depleted

more slowly. This may be explained by the fact that if more cells stay with

the aggregate, more of them are inactive, so fewer of the new cells are

growing, reproducing, and consuming nutrient. All of the new cells that

are released as free cells will continue to consume and reproduce, while

only a portion (as indicated in the first column) of those that stay with the

aggregate will continue to consume and reproduce. Thus in the case of

lower q, there will be more consuming cells and the nutrient will be

depleted sooner.

3.2. Timing of Non-uniform Grid Version

The times given in Table 3 are for a 25 day simulation performed on a

Sparc 20 Model 61. For the uniform grid simulation, 100 gridpoints were

used; their separation was 0.01 mm^, so the volume of the largest
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Table 3. Execution Time Required For Different Grid Types

Uniform Grid Non-uniform Grid

CPU Time (Minutes) 126.2 1.4

aggregate size tracked was 1 mm^. In the case of the non-uniform grid

simulation, each of the twenty gridpoints was double the volume of the

previous gridpoint. As a result, the largest aggregates tracked were just

over 2 mm^, making the non-uniform grid simulation superior in the

sense of range of aggregate sizes tracked. There are other differences

between the two implementations, including the fact that the uniform

grid simulation is based on a linear spline-based approximation while the

non-uniform grid simulation is based on a step function-based

approximation. However, the faster non-uniform grid program is the

more recent, superior program.

3.3. Timing of Parallel Version

Timing data for the parallel implementation is presented in Table 4. CPU

Time is the amount of time the central processor spent executing the

Table 4. Comparative Timing Data

(Minutes) CM-5 Sequential CM-5 Parallel Sun Sequential

CPU Time 6.3 1.3 1.4

Elapsed Time 12.9 2.8 1.5
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simulation, while elapsed time is the amount of time that passed

between initiation of the execution and its termination. All the

simulations had the same input parameters. In this case 5 hours of

simulation time were modeled; sinking and predation were active. The

Sun simulations were run on a Sun Sparc 5 Model 85, at a time when no

other users were making significant demands on the system. The CM-5

simulations were run during the middle of the afternoon on a weekday,

and there was at least one other user making demands on the system.

The information in the table shows several things. Elapsed time is how

long one must wait for the execution to complete; the entries in this row

indicate that for practical purposes, running the simulation on a Sun

workstation is the best choice with conditions as described. The CPU

times for the CM-5 Sequential and for the Sun programs, 6.3 and 1.4

respectively, represent the difference in speed between individual CM-5

processors and the Sun processor for this task. The more modern Sparc 5

CPU is approximately four times faster on this task than an individual

CM-5 CPU.

Another observation worth making is that the discrepancy between CPU

time and elapsed time on the CM-5, in both the Sequential and Parallel

columns, is clearly much greater than on the Sun workstation. This is

due to the fact that other users are making demands on the CM-5, while

the Sun workstation is devoted to this task.
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There are two encouraging results in the table. First, the parallel program

runs much faster than the sequential version on the CM-5. This indicates

that communication overhead is not overwhelming the efficiency gains

from splitting calculations between processors. In fact, an almost fivefold

advantage is gained from the parallelization. While this is less than the

roughly sevenfold theoretical upper limit on the efficiency gain discussed

above, it is not far off. The other encouraging result in the table is that

the CPU time that the parallel program requires is actually less than the

Sun simulation requires. Thus the efficiency gained from parallelization

can "pay for" the necessary communication overhead and still more than

make up for the slower processors on the CM-5.
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Chapter 4.

Discussion

4.1. Possibility For Further Improvement In Parallelization

4.1.1. Theoretical: Inside or Beyond LSODE

In "The Potential for Parallelism in Ordinary Differential Equations," C.

W. Gear (1988) defines two potential sources of parallelism: "across the

method" and "across the system." By parallelism across the method he

means that "different parts of the method are executed on different

processors." That is, ODE solution methods generally involve a number

of steps, and in some cases different steps may be executed

simultaneously. By parallelism across the system he means that since

there is more than one differential equation, operations that must be

done to each of them may be done simultaneously. The parallel

implementation described above falls in this category~the right-hand side

of all of the differential equations in the system are found

simultaneously.

An implementation which would take advantage of parallelism across

the method was not attempted. Here a further distinction may be made
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between two different possible strategies. One strategy would be to locate

and harness latent parallelism within LSODE (Hindmarsh, 1981), which

is used as an implementation of the Backward Differention Formula

(BDF) algorithm (Fatunla, 1988). The other strategy would be to consider

alternate algorithms. An important restriction here is that our system of

ordinary differential equations is a stiff system. Most of the algorithms

available for solving systems of DDEs are inappropriate for use with stiff

systems; this is the main reason LSODE is used.

It appears that an efficient parallel algorithm for solving stiff systems of

DDEs has yet to be invented. There are other algorithms for solving stiff

systems of ODEs, but BDF appears to be the most robust and most widely

used method. My search of the world wide web (WWW) and the

literature revealed no publicly available "package" for parallel solution of

stiff systems of ODEs. There are a number of packages for sequential

solutions of such systems—LSODE is but one of many, but absence of a

parallel package suggests that a parallel algorithm for this task has yet to

be found, as do comments made by Gear (1988): "In large-scale

parallelism, communication between processors is costly, yet we have

seen that communication is apparently essential in the case of stiff

integration." Gear provides justification to support that statement, but a

deeper discussion of the topic is beyond the scope of this study.

4.1.2. Fine Tuning

There is clearly still room for improvement in the parallel

implementation. In addition to the difficult but potentially more
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rewarding broad algorithm changes contemplated above, there are

opportunities to "fine tune" the parallelization. While these

improvements would probably yield improvements in speed, their value

should be judged with the understanding that execution speed is not

currently a sticking place. The gains in execution speed resulting from

this kind of improvement are also likely to be modest, on the order of

tens of percents at best. As was discussed in the parallel implementation

section above, some of the right-hand sides take longer to execute than

others. One might take these right-hand sides, specifically the first term,

and split their calculation across processors. Since the CM-5 at the

University of Tennessee has 32 processors and there are only twenty

equations, twelve processors are unused when each processor calculates

one right-hand side. We might take the twelve equations which take the

longest to calculate and let one of these previously unused processors

perform half the calculation, then add the two halves to get the full right-

hand side. Or we might split three equations into three pieces, which

would utilize six of the previously unused processors, and split another

six equations in half. There are many possibilities, and one of them is

probably optimal in some sense. What holds us back from significant

speed gains here is what holds us back overall as well: communication

costs. Each additional split requires that more information be shared

between processors, which cuts into the gains made by dividing the work

more widely.
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4.2. Possibility of Estimating Reproduction Parameter

Ackleh, Hallam, and Muller-Landau (1995) estimate several model

parameters by using a least squares methodology with experimental data

obtained from the SIGMA Tank Experiment. Parameters estimated

include "stickiness" and contact efficiencies. At some point in the future,

this methodology and data could be used to similarly estimate the new

parameter q. Such an analysis would yield information about the

physical and biological processes of aggregation that reflects a biological

reality, but would be difficult to measure directly experimentally.
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