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ABSTRACT

In this thesis all of the conservation laws dependent
only on Vu for a system of equations are found. These laws
are found from nontrivial solutions of the Euler-Lagrange
equations &(u)=0 of a 1linearized equation in three
dimensional elasticity. The derivation of these equations
from a physical situation 1is first shown. Next, the
derivation of the laws linear and then quadratic in Vu is
developed followed by the proof that no other laws of higher
order exist. The conservation laws found here will generalize
previous results from a situation in classical linear
elasticity. Lastly, characteristics of the system of
equations and their relation to the conservation laws through

the calculus of variations and Noether's Theorem are examined.
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I. Introduction

In this paper the conservation laws for a particular
system of equations will be found. The system in question is
a set of linear partial differential equations encountered in
elasticity (cf. Simpson and Spector [12], [13]). Through the
study of the calculus of variations and its primary theoren,
Noether's Theorem, and underlying symmetries within the system
of equations, conservation laws for the system can be derived.

Study along the same lines has been done by Olver [11].
He derived all conservation laws in the special case of
classical linear elasticity in three dimensions (Gurtin [4]),
this case being a special case of our results. The process
and results in this thesis will parallel those of his.

In the chapter to follow, first we will derive the system
of equations in question. Second, all conservation laws
linear and quadratic in Vu will be found under mild
hypotheses. These include the Eshelby energy-momentum tensor
(Eshelby [2], Knowles and Sternberg [5], Olver [9]). Third,
a proof that no other conservation laws exist will follow.
Lastly, the relationship of these laws to Noether's Theorem

and to Olver's results [11] will be examined.



II. Results

We are 1looking for the conservation 1laws of the
equations found by linearizing a boundary value problem in
three-dimensional nonlinear elasticity. This is the problem
in which a compressed cylinder loses its stability when the
linearized equations have a nontrivial solution. Then we
compute the conservation laws for these equations.

In its 1initial position, an elastic body occupies a

region QcR’ in three dimensions. At this initial position
the body is unstressed and undeformed. When force is applied
to the body, a point x€Q is moved. The movement of Xx is

governed by a function ¢ called the deformation, ¢:Q-R3,

and X will move to ¢(x)€R}. Here a requirement will be

that deC? and detVd>o0 (the second requirement is

necessary to insure ¢ is locally one-to-one and orientation
preserving to prevent inversions and interpenetration of
matter). Vb is the deformation gradient which is a 3x3

matrix function of x who's components are

o,
(V¢)ij=a;il

J

for 1i,j=1,2,3.

To measure the potential energy per unit volume after

deformation ¢, the stored energy function ¢ is used, and



o:MM*-R where M*® is the set of 3x3 matrices; ¢(V$(x))
measures this energy. In elasticity it is assumed that ¢
depends only on V¢ - the material is called hyperelastic,
cf. Ciarlet [1]. The total potential or stored energy V is

measured by V=fo(V¢(x))dx, where dx=dx,dx,dx, 1is the
Q

volume element. The Principle of Minimum Energy (Ciarlet [1})
requires that 174 is minimized over all admissible ¢

described above.

The stress tensor T is defined by T=[T;;], where
Tij(F)=a°(F) for FeM® i,7=1,2,3; (1)
here T: M3-M3, Under deformation o, T(Vd(x)) will

measure stress (force per unit area) in all directions in the
body.
In a model problem (cf. Simpson and Spector [12] and

(13]), an elastic cylinder occupying the space Q=Bx(0,L),
where B={(x,,x,):x{+x{<R? 1is initially unstressed. In this
cylinder, the bottom is on the frictionless X, X,-plane, the

sides are stress free, and the top is compressed by a

frictionless plane to a new position x,=AL. At the initial

position x,=L, A 1is the compression ratio or load modulus




and 0<A<1l. The equation of equilibrium is

DivT=0 4 (2)
in Q with corresponding boundary conditions on 9Q. These

boundary conditions include Tp=0 on the sides where n is

Mw

T..n.

the outward unit normal and (Tn);= 1575 -

On the top we

j=1

have that (Tn),=(Tn),=0 and ¢,=AL; and, on the bottom we
have that (Tn),=(Tn),=0 and ¢,=0. Here the vector DivT

is defined by

3
(DivT) ;= L 2T, (Vo (x) i=1,2,3. (3)
j=l aXJ
We assume
0(F)=%F-F+‘P(detF) for FeM? (4)

where ¥ is a convex function and ¥:(0,%)-R (cf.Simpson
and Spector [12]). The function in (4) satisfies the
condition of isotropy and Galilean-invariance

0 (QF) =0 (FQ) =0 (F) for all FeM?,
where ©Q is a proper orthogonal matrix and detF>0 (cf.

Ciarlet([1]). 1In (4) AB 1is a scalar product in M® and

3

AB=tr(ATB) = I A, B,

i,7=1

where tr stands for trace, A=[A;;1€eM?, and B=[B;;1eM*. The



stress tensor T can be computed from (4) via (1) and is
T(F) =F+%¥/(det F) cofF (5)
in which cofF=(FT)detF, the cofactor matrix (F T=(F1)7).

The above equations (2) have a solution of the form

X
P°(x) ={BX,| X=(x,,X,,X%)€ER, p>o
Ax,
with (6)
TR
Vol (%) =|0 p Oj=diag(p, p,A) .
00 A

Since V¢° is constant, ¢° is called homogeneous. The side
boundary conditions will give W as a function of A and
the other conditions are satisfied trivially. Physically the
cylinder is deformed by compression ¢° to a new cylinder
with height AL and radius uR.

As can be shown, the solution (6) becomes unstable when

A attains a critical value A.,€(0,1) (cf. Simpson and

Spector [12]). At this point, the cylinder buckles or barrels
(flattens) to another deformed state. This 1is found by
seeking nontrivial solutions of the linearized equations from

(2). To find the linearized equations, replace ¢ in (2)
with ¢°+u for u a small perturbation function, where

u:Q-R’> and Vu 1is also small (cf. Logan [6]). Next, we



expand T about Vu=0 in a Taylor series and Keep those

terms linear in Vu. Using (5), T is replaced by E(Vu),

where E(H), the elasticity tensor, is

_, 0
E(H) = (W'T(F))H

(7)

=H+¥/(detF) (detF) [(FTH) F T-FTHTFT) +¥/" (detF) (cofFH) cofF;

HEM® and F=diag(p,p,A) cf. Simpson and Spector [12]. Note

3
E:M>~M> is linear and E(H);;= I 9 T;;Hy, for HeM?. The
k. 1=1 OFy,

linearized equations are now
DivE(Vu) =0 in Q. (8)
The boundary conditions will be linearized as well. Now, we
must find nontrivial solutions u to (8). To do this first
put
&(u) =DivE(Vu) , (9)

(cf. equations (3), (7)), where &(u)=(&(u),,&(u),, &u),) and

1 for 1i=1,2,3. (10)

Here k=Y"(p2A)p2?, c¢,=c,=A, c,=p. &(u) can thus be written

as

E(u) =Au+kcV(cVu)



0 0? 02

and A= + +

for C=diag(A,A,p) = cot F

oxi 9x? Oxf

that in the derivation of (10) -

Div[{(FTVu)FT-FTVuTFT) =0

Notice

(11)

i.e. (FTVu)FT-FTVuTFT is a null divergence (or trivial

conservation law) as we define later. The proof of (11) goes

as follows. We have
FT-Vu=tr(F*Vu) .
Let v=F'u and I=3x3 identity matrix. Then

FT.Vu=trVv=Vv'T

= (FT-Vu)FT-F TVuTFT=FT[(Vv-I) I-Vv 7]
= Div[(FT-Vu) FT-FIVuTF T =F TDiv [(Vv-I) I-VvT] .
Now,

Div[(Vv-I) I-VvT], )3:53_[(% 1 8i- (V7))
3

_ 9 , 9v;
3% X, (Vv-I) le-é'x—j(a—xi) '

§ denotes the Kronecker delta. This becomes

3 3 an 33 ov.
-y _9 J

Div[{(VvI)I-VvT] =

since Vv:I=trVv=V.v= Z implies

?T_

(11")



, 3 2.
aij axg

3
Div[(VvI)I-VvT] =2

- =0.
Substituting this into (11') yields (11). ||
We use the notation
du, ]
uj = 3 i, 1,7=1,2,3.
X5
Also, &;;, denotes the Levi-Civita symbol. All functions

that follow are assumed infinitely differentiable.
The equations é&(u) =0 ((8),(9)) constitute the Euler-

Lagrange equations for the quadratic functional

L (u) = [W(Vu(x)) dx (12)
Q
for
W(H) =%H'H+%R[C°H] 2, HeM:. (13)
We will take the general case of C=diag(c,,c,,C;), for c;eR.

The objective is to find all the conservation laws for

&(u) =0.

Definition: A triple A= (A%, A% A%) is a conserved quantity

for a differential equation &=(é&,&,, &)7=0 if and only if



3 b
DivA=X 0A7 _
J=1 aXJ

0 is a consequence of &(u) =0.

Olver [9] proves that the statement in the definition is

equivalent to the existence of some Y= (¢,,¥,,¥,)T such that

3
DivA=¢y-&(u) = X ¢,&(u) ; (14)

i=1
identically;here, ¢ 1is a function of x,u,Vu. We say a
conservation law A is trivial (also called a null

divergence) if and only if DivA=0 holds identically

irrespective of &(u) =0. For example, A=(0,u;,-u;) has

o%u o%u
8?{ uy 90 ,i- - L =0 identically. These laws are
2

DivA= - u, =
dx, ° 0Jx,0x, 0x,0x,

consequences of symmetry of second order partial derivatives,
cf. Olver [9] for a characterization. We say a function
w(Vu) is a null Lagrangian if its Euler-Lagrange equation is
identically zero. By Theorem 4.7, Olver [9], this is true if
and only if w=DivR for some R=R(Vu).

For our purposes we will assume that A=A(Vﬁ) , i.e. A
is dependent only on Vu. This in turn implies that Y=y (Vu)

by Olver [10, p.122]. We note that Olver [11] examines the

special case u=A=1, C=I. 1In his case, k=—p‘ﬁi for his



notation where i, 4 are the Lamé moduli and it is assumed

k+0,-1. Then Ww(Vu) reduces to %Vu-Vu+—;—k(I'Vu)2 which

differs from %(Vu+Vu Ty - (Vu+Vu?) +2_x|1 (I-Vu)?2 in Olver's
notation by a null Lagrangian proportional to Vu:VuT- (I-Vu)?2

- note a misprint in equation (2.1) Olver [11] (multiply

[Vu+VuT|2 by % and a factor of {Ii has been divided out).

This is the situation of classical linear elasticity (cf.

Gurtin (4], Muskhelishvili [7]) obtained by linearizing the
equations about ¢= identity map.

Some conservation laws can be derived from symmetries of

(12) . Suppose x,u are transformed to new variables X, I by

a one-parameter transformation group

X=8(x,u,¢)

(15)

for small ¢ with E=(E,E,,E,)T and ®=(9,,9,,®,)7, cf.

Olver (9], Gelfand and Fomin [3]. We now examine when this
represents a group of symmetries of (12). The resulting

transformation of Vu to Vi is given by

~

(Vi) ij:% =i/=0,,(x,u,Vu,e)

10



3

where 6,;,=3 (D,®,) (J'),;. Here J is the 3x3 matrix with
k=1

components J;.=D.E. and D;= 0 +-§ uw—jtq for 1,j3=1,2,3,
A 7 0x; m1 7 du,

is the total derivative operator. Define

OE,; 0P, . . .
E;= 5 l.., and ¢i=‘§gﬁew for 1i=1,2,3. ¥<(u) 1is said to be

invariant under the transformation group (15) if and only if
¥(u) 1is wunaffected by the previous change of variables

x,u,Vu, i.e.,

fW(Vﬁ(}?) ) d)?=fW(Vu(x) ) dx ;
Qi Q

3 is the transform of Q for € small. This generates a

conservation law according to (cf. Olver [9], Gelfand and

Fomin (3], and Noether [8])

Noether's Theorem: Suppose the transformation group (15) is a

one-parameter group of symmetries of (u), i.e. <(u) is
invariant under (15). Then there exists A= (A%,A42,43) such

that DivA=0 is a conservation law for the Euler-Lagrange

equations é&(u); the components of A are given by
i 3 ow : oW ,
Ai= ¥ E.uk -EW-Z ¢ i=1,2,3 (16)
s gk T ke S guk

11




and DivA=y-&(u) from (14) where ¢=(¥,, ¥,,¥,)7,

3
‘I’k=25jujk—¢k k=1,2,3. (17)
j=1

Now W 1in (13) is independent of both x and u which

implies that & (u) is invariant under the translations

x+x+ea and u-~u+eb for arbitrary fixed a,beR?. From

Noether's Theorem conservation laws for &(u) =0 can be
derived via these symmetries. In what is to follow, all
conservation laws will be calculated and their relation to
symmetries will be examined.

The condition of ellipticity is sometimes placed upon the
Euler-Lagrange equations &(u) =0. This condition requires
the tensor E  to be strongly elliptic according to the
following definition and yields inequalities which must be

satisfied by the coefficients.

Definition: The tensor E in (7) is strongly elliptic if and

only if (a®pb)-E(a®b)>0 for all a,beR3’, a,b*Q where
a®beM?® is the matrix ab? with components (a®b) ;;=a;b;
(Ciarlet [1] and Simpson and Spector [12]).

Define a;=1+kc},

B;;=kc;cy,

12



Proposition: E is strongly elliptic if and only if

«;>0, i=1,2,3.

Proof: To characterize the strong ellipticity of E, we

compute (a®b) - E(a®b) .
Let ga,beR?®. From (7), we have

(a®b) ‘E(a®b)
= (a®b) {(a®pb) +P/(detF) detF[ (F T (a®b) ) FT-FT(a®b) TFT]

+¥/(detF) (cofF (a®b)) cofF)}

= (a®b) - (a®b) +¥/(detF) detF[(FT-(a®b)) ( (a®b) -FT)

-(a®b) (FT(a®b) TF-T)] +P" (detF) (cofF-(a®b)) (a®b) -cofF.

Now,
3
(.a®b) 'F—T=F'T° (ﬁ@b) = X (ﬁ®b) ij (F_T) ij
ij=1
3 . 3
=(pA) ™t T a;bdjc;=(pr) X a;b;c;

i,j=1 i=1

and,

3 3 3
(a®b) *[FT(a®b)TF T =(pA) 2 £ a;b;c;ab;c,=(pA) 2L ab,c; B a;b;c
i=1 j

;. 1 1
i,7=1 J J J =1

111

=(p.A)‘2(233a-b,c,)2.
i=1

13



We substitute and obtain

(a®b) -E(a®b)
3 3
= (a®b) - (a®b) +P/ (detF) detF(pA) 2[( X a;b,;c,)2-( Zlaibici) ?]
i=1 i=

+¥/"(detF) (cofF-(a®p) )2

a;b+P"(detF) ((detF) FT-(a®p))2.

2
:C3@;)

Thus, (a®b) - E(a®b) =|bl* £ 8ia,a,+ ¥ (detr) u? (3 b
1,31 i=1

3 ) 3 3
=IblF I 85a;a,+k B bca; L bica;

i,j=1 i=1 j=1

3 . 3
=|bJ?2 = dja;a;+k T b,b.c,c.a,a, Ibl?=b-b.
i,3-1

N 1 I i ’
i,7=1 J J J

Let M= (5§Hb||2 +kb;b;c,c;, so

jo

1

(a®h) ‘E(a®pb) = ¥ M.a.a
e J=

ij<i1
iog 17

Next we observe (a®p) -E(a®p) is positive for all a,b#0
if and only if M= [M;;] is positive definite for all b#0,

i.e. all eigenvalues of M are positive. Now,

M=I|b|?+k(cb® Cb)

has eigenvalues

1617, 1617,  |b)? + k| Cbl?




of which the first two eigenvalues are positive. Thus, E
is strongly elliptic if

[bl?2+k|Ch|?2>0 for all beR3, b=0,

Muw

i.e.,

3
bi+kX (c;b,)2>0.
i=1

i=1

We choose b=(1,0,0)7, (0,1,0)7, (0,0,1)T to get

1+kc?>0, 1+kc2>0, 1+ke2>0

which implies 1+kci=a;>0.
Conversely, these imply

IbI? + k|Cbl?2min (1+kci) |bJ?>0 for b#Q.
1

Note that physically ¢, c,,c,, k>0 (k>0 since ¥ convex,

¥”7>0), so the strong ellipticity condition holds for this
case. In our theorem, we will assume the weaker condition:
«;#0, 1
B;;#0 1i,7=1,2,3.
In the following theorem, we determine all conservation laws
depending solely on Vu for
&(u) =Au+kCcV(c-Vu) =0 (18)

from (8), (9), and (10). Here, C=diag(c,,c,,c;), keR.

15



Theorem: Suppose c;€R, @;#0,1, PB;;#0 for i,j=1,2,3.

Suppose DivA=0 is a conservation law for &(u) =0 in (18), A=A4(Vu)
depending only on Vu. Then A is a 1linear, constant

coefficient combination of the following quantities:

a) Nontrivial, linear

SJ'i = uji "'6;: Z B nln (19)
m=1
b) Trivial, linear
ik _ o Kk
B; ‘E‘leijlul (20)

. 3 . 3 . 3
le= z ul{nuJ{n_'_uiJ Elﬁjmunlyn_%a_;' ?1 [Ulmulm*'BmlU”’,nUll] (21)
m= m, 1=

., (a.a.-l)ﬁ. .
uguf -—31J Zufuf
a'_l aj_l

k _k k. _1q1
u; u;+= ——— U U; *Y.,, U U]} 22
0 -1 il Iy U YixaUk Uj ] (22)
.o, -1  o,0,-1
where R (2 k + 11 -1)
Ylkl ﬁkl ak_l al_l
d) Trivial, quadratic
Aji= ) € jxn€ 51U X UT (23)
k,1,m, n=1 7

16



e) Constants.

Note that (19) and (21) can be written

S=18§1=Vu+k(c-Vu)C

P=[P{]=VuTVu+k(C-Vu) (CVu) T~ 2 (Vu-Vu+k(C'Vu)?) T

Bik, {i,k=1,2,3.

. i 1 . .
Proof: As in Olver [11], let A k= &A.. Since we are assuming
Jouy
A=A(Vu), then
. 3 , 3 i ; d‘u
Diva=Zpai= 3 %A 0 . 94
- P i k= J 0x,0x
i=1 l,],klauk kY
so,
DivA
11 1 11 1 11 1 12 2 13 3 1z 2 12 2 13 3 13 3 21 1
SA MUy A Pup +A Gy +A TUp +A U YA Uy +A PUsy A 2Up A U A tug,
23 1 21 1 22 5 22 2 22 5 23 3 23 3 23 3 31 1 31 1
+A Uy +A PU3p+A MUptA Uy +A PUsptA U YA PUsp+A U, A UL +A fug,
3t 32 32 5 32 5 33 33 3 31 3
+A PU33+A ‘U3 +A 2Upy+A PUs+tA MUy tA 2Usy+A (U;, .
As noted earlier, A 1is a conserved quantity for &=&(u) =0

In (19), Sf stands for three conserved quantities

s, s2, s* with Si=(s/,sf,s), i=1,2,3; similarly for (21),

(22), (23) and (20) yields nine conserved quantities



if and only if there exists ¢ =(y,(Vu),¥,(Vu),¢,(Vu))T such

that (cf. (10) and (14)).
DivA=y-&=¢,& +¥,&, +y,&,
=y, [u111+u212+u313 +kc12u111+kc1c2u122 +kc,Cy U133]

2,2 2 1 2 2 3
¥, [ugy +uss +usz + ke o up; +kcs ug, +ke, oy up;]

3 3 3 1 2 2.3
+, [Ugy +Uz, +usy +ke, ¢, usy ke, c,us, +Kes Usa]

Now, equate coefficients of uﬁ< in DivA=y-‘e and note

uj=ul. We obtain
1, 1 2, _ 2
upn: A -1|’1+kc1‘«|’1-‘1’1(1+kc1) ’

2, 2§_ 2, _ 2
Upz: A _q’2+kc2w2_q’2(l+kc2) [

3 33_ 2, _ 2
U33: A —W3+kC3W3_W3(1+kC3) .

These yield the equations

1

A §é¢1(1+kcf)=alwi. (24)

Similarly the coefficients of u),, uj, uf, ul, u), ul, yield
the equations
Ji1

A=y, for i#j ; (25)

the coefficients of

1 1 1 1 2 2 2 2 3 3 3 3
Uy (=ugp) , ugs (=usy) , ug (=ufy), us; (=us,), us; (=Ug3) , Usz (=Uy;)

18



yield the equations

iy Ji J ]
A T+A i=l|!ikCiCj=pijwi for 1#7i (26)

and, the coefficients of uj; (=us,), us (=ud), u,(=u;;) yield
the equations
i K . s
A k+a i=Q for 1i,3j,k distinct. (27)
From (24)-(27), we get a system of 18 equations with 27

iy
unknowns (A *).

A ‘t=ayy, (28a)
ali-y,, (28b)
Ai§+Aj?=ﬁijwi, (28¢)
ateatiog, (284)

where 1,j,kell,2,3} and 1,j,k are unequal. From (28a)-
(28d), we can derive all of the conservation laws (19)-(23)
previously mentioned. Trivial conservation laws can be

derived from Y,=¢,=¢,=0. We divide the proof into three

parts: deriving the conserved quantities which are linear and

then those which are quadratic in Vu and showing all third
order derivatives of A< are identically zero completing the

list of laws.

19



To find the conserved quantities which are linear in Vu,

i.
we note that Ai are constants. Since there are 18

. 1
equations with 27 unknowns, there are at least nine Ak
which are independent. We arbitrarily choose nine independent

iy

1 3
A* tobe AZ A3, A3 Al Al Az Al a1, A% and show the

_i :
other A * can be solved in terms of these and the vy,

s - T . s
quantities. We have Ai= X A *u/= linear combination of
J.k=1

q’ll wzl w3l A 2l A 3! A 3’ A J.l ‘A ll A 2’ ‘A 1’ 'A 1' A 2.
To find the coefficient of ¢, in this linear combination,
i.
let ¢,=1, ¥,=¢,=0, and the nine independent A k=0 Solving

(28a)-(28d) yields the following
13 21 31 1z 13 iy
At=a,, A?=1, A3=1, A*=$,,, A*=B,,, and all other A *=0.
Now,
1 1 1 2 3
A= (AY,A%,4%) = (A ‘ul+A fu2+a Sud, Atul, AMud)
1

_ 1 2 3 1
A=(aju; +PBuy +Paus . uy . uy).

Let S! stand for this conserved quantity.
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Similarly, to find the coefficient of y,, let

iy
k

Y,=1, ¥,=¢,=0, and the nine independent A *=0.

(28a)-(28d) yields

2 1 2 3 2
A=(u; , Pyu+a,us+P,ou; , uy).

Define this as S2.

To find the coefficient of ¥,, let W,=1, Y, =1,

iy
k

the nine independent A *=0, yielding

3 1 2 3
A=(u; , uy; , PByup +Pyus +ayu;) .

Define this as §3.

S', S%, §* comprise the three nontrivial,

Solving

=0, and

linear

conserved quantities (19). As can be seen using o;=1+p;;

. . . 3 . . 3
Sj =uj +kb3 Elcicmu,;"=ujl +83Z B un.
o -

i
Finding the coefficients of the nine independent A X

terms will yield the nine trivial, linear conservation laws

1
(20) . We begin by finding the coefficient of A i, To do so,

1 i
let ¥,=0, A'’=1, and all other independent A4 }=0.

Solving

21



(28a)-(28d) yields

1; 21
A?=-A'=1, all other A

iy
k:

0.
Now,

=123__.1§1211
A= (A A% A% =(A *u,,A 'u;,0)

A=(u; , -uf, 0)

and we let B3! stand for this row vector.

Similarly, the coefficients of

yield
(uy , 0, =-ui)=-B2, (0, u?, -ul)=B12,
(-uf , uf, 0)=-B%2, (-u; , 0, u;)=B2,
(0, -uy, uy)=-B¥, (-ufy, 0, ui)=B?2,
(-u; , uy, 0)=-B%3, (0, -usr, ul)=-BU

As can be seen, each Bik=(Bfk,Bfk,Bfk) can be derived from

, 3 , .
the formula Bfk=2]eﬁluf. These nine Bik constitute
1=1

22




trivial conservation laws (20). All conserved quantities

linear in Vu will thus be linear combinations of the $?

quantities and Bi* quantities (with constant coefficients).

To find the quadratic conservation laws, the same

equations (28a)-(28d) will be used. We put

Ao oAl ‘
dudu,
) . ij1 i1 ]
which will be constants; note A *=A m, There will be two

ij1
classes of these second order derivatives A b.

Class 1: 1i,3j,k,1,m contain at most two different values,

};l%% };233
e.qg. ' .
Class 2: 1i,j.k,1,m contain all three values, e.q.

122 112

A31[ All.

First, we examine those derivatives in Class 1.

Differentiating equations (28a)-(28c) with respect to uf

yields the following (i#3j):
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P from (28a),
aul-l
. a .
Ajﬁ= w{ from (28b),
auil
1ji jji awl

from (28c).

: oy .
Now, we eliminate awi from each of the above equations to
U
yield
114 Jii ooy iys iy
Adizg A= L (A 7Tie 00y (29)
1j

Differentiating equations (28a)-(28c) with respect to u

N,

yields the following:

i1y oy
A 13 :ai wl‘ ’

J

al.lj

Ji ,
LTy

J

an

oy,

J
au_-i

Eliminating from each of these yields

i1y Jig
A 1J=aiA JJ =

o, iyj F11
i(AT+a"1y, (30)

17
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Interchange indices i,j in (28a)-(28c) to arrive at the

following (i#3j):

Jy
A=y, (28a')
iy
Al=y,, (28b")
Ji iy
ATi+A I=B . (28c")

Differentiating (28a')-(28c') with respect to uf will give

oy
dui

J

Eliminating

from the previous equations gives

Jii iji e, Jir dug
A T=0,A =L (A {i+a ), (31)
ij

Differentiating (28a')~-(28c') again but with respect to uf

o,
and eliminating W; gives

aui
Jii i3 @, Jig 11y
AF=ga e 1 (a7 ) (32)
Bi;

25



Now (29)-(32) yields

ii; Jii a. i1 Ji1
A t=q.A Ji=—2 (A 71+4 ), (33a)
Bij
isy jis o, iy Ji3
Ail=q.A ji= 4 (A :'§+A d) , (33b)
ﬁij
Jii iji 0y Jig  iig
A §J=ajA 17:: J (A +A 77) , (33¢c)
B
Jj i3 o, Jij isy
AVi=q.ati= G fealy, (334)
ij

with i+7j. This is a system of eight equations in ten

131 . .
unknowns. Therefore, two A will be independent. We

13 Jig
choose these two to be A 1 and A 77, Let

i3 Jij

A T=p.., A=q,, i,j7ef1,2,3}, i#3j. Now, solve the system

i1
(33a)-(33d) for all A * (Class 1) in terms of pj;, Q;;:

jfj
A j=pij' (34_1)
Jig
AVi=q,, (34-2)
iji s
A=Y , (34-3)
o5
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I BisPii~Qy
[

A i 34-7
a (34-7)
J
iy
111 A o AP N O A0 AP | -

A 11:“1( ﬁljplj ( 177 )qlJ), (34_9)

;B ;

2 _ -

A1;§= ((Bu) aiaj+1)qij ﬁj_jpij, (34-10)

;B

with 1#7.

Now, let's examine Class 2 in which all three indices

i1
appear in A ™, 1In this class there are two subcases.

112 322
Subcase i: Two indices appear twice, e.g. A 23, A 11,

Subcase ii: One index appears three times, e.q,

112 212

A1, A2,

27



i1
The A in in Subcase ii will later be shown to be zero.

Those in Subcase i, though, will be needed to find the
1j1
conservation laws quadratic in Vu. All A * in Subcase i

are derived as follows. 1In the sequel 1,7,k are distinct.
First, in (28b) and (28c) replace i with k and J with

i. Thus,

ali=y,, (28b' ")

ki ii
Ai+a k=B, y,. (28c' ")

Differentiating both equations with respect to ui and

eliminating

0
w; yields

an

kij 14y Jij

A T+ kj:pikA i,

Jkj
From (34-2), A 7=q,;. Substituting into this results

kij iij
A T+A W=Bq,,. (35)

Now, differentiating equation (28d) we have
151 kji
A KM+A =0
iji kji

- AH=-21,

28



Also in equation (28d) switching i and j, we have

Ji kj

Ak+a i=0. (28d')
Differentiating (28d') with respect to uf gives

a’Hia"oo
and therefore,

PRI I T
Let the above be equal to ¢;:
Jiy ey g .o s
A K=-AJi=A M=t (1,7,%k distinct). (36)

kijy kyi
Note ¢, does not depend on 1i,j since A 71=a"15, Using

(28a) and (28c), we differentiate with respect to uf and

oy,

1
auk

eliminate

to get

From (34-1), we know A ik=p,., so

' Dys - (37)

Thus, we have the following equations (from (35)-(37)):
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(38-1)

(38-2)

(38-3)

i,37,k distinct.

We solve these equations. First

fy Py S 4
A J=—Ef;%i—A 1 from (38-1) and A ik=¢

¢ from (38-2) gives
1

A kj =

iij ..
1 g:]pki_tk' (39)

1

ki

Then, A dzBiH%d_A £ from (38-3) and using (39) yields

2 kg @B @y~ B0k +

o

Ere (40)

i1 )
To derive the rest of the A km in this subcase, we

begin with (28b) and replace j with i and i with k

yielding

ik
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Differentiating with respect to u/ results in

A D=

J
aUJ'

k3 awk

From differentiation of (28b'') with respect to u7

Jiy 0
A ﬂ=h5$§. Combining these yields
u.

7

Iky Jkj
A 1.7'=A ¥
ki
From (34-2), A-”=qb
Ikj
= A 1j=qkjo

, we know

(41)

Now, in equation (28d) replace i with k, j with i, k

with j to get the following equation

ki Ji
A J+A k=0,

Differentiating with respect to uj gives

kii Jii
A jj+A kj:o
kis Jii
= A Hi=-4 ki,

Differentiating equation (28b) with respect to uj

Jir Oy,
A ”=L5E§. Making this substitution we get
Uk

yields
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kii j .
AN 9
du,

1

From differentiating equation (28a) with respect to u;, we

oy,

du,

Iii
ik

=-£LA ik We make this substitution
i

know

previous equation to get

kii Jii 1 a4

114
From (34-2) A i*=p,;,, we get

kis Jii ,
A ;‘i=_A kj:-f.’& .

In (28d) interchange k, j to get
ik Jk

A J+A i=0.

Differentiating with respect to uf yields the

equation
ki Jki
A JT+aTliz
ki Jki
= A Ji= -A iJ .

into the

(42)

following

From (28b) differentiating with respect to uf gives
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We substitute to get

P e L
duf

By differentiation of (28a) with respect to ujf, we know

o =iAlﬁ
duf ¢
ik Jki 1 lik
= A Jj:-A ij=-_—. 2 i1
o

Utilizing the result in (34-2) gives

A di=-p’ho dut (43)

& ;

ij1
Now, all possible A * in this subcase have been found and

solved in terms of p, g, t. They are (36),(39)-(43) below:

Jig iy dgd
A I=-A Ji=2 J=tk, (44—1)

~ty (44-2)
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Akﬁ: 3P 1k Tki =B 1Pxs ft,, (44-3)

o,
Iky

A ij=qkj, (44-4)

kii j ,
A V=g Pr (44-5)

a;
Al.‘;;:z—AJl;;::—_qk‘i’ (44-6)

o

i,7,k distinct.

From the ten equations (34-1)-(34-10) derived earlier and
the eight equations (44-1)-(44-6) just derived, all the
conservation laws quadratic in Vu can be found (recall the
derivatives in Case 2ii will be shown to be zero later).

First, some identities must be established.

Lemma : Mﬁmi—l, (B;;)2=(a;-1) (a;-1), 1,7,kelr,2,3)
Jjk

Proof: From f;;=kc,;c;, permuting indices we get

ByiBix _ (kcyc;) (kejcy)
Bjk (ijCk)
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=kci=a,-1.

i
Also,

(@;-1) (@;-1) = (kci) (kcj) = (kc;c) 2= (By;) 2

Now, we establish a relationship among the g;; quantities.
This relationship stems from consistency requirements which
must be imposed upon equations (34-9) and (44-3). From (34-9)

2l %i(Byybyy+ (@05 -1) ;)
osB sy

, 1#7.

]
[N
=
oy
®
3

Look at the case 1

Now j 1is not specified, so j=2 or j=3 in this formula.

So,
@) (Bypppp* (aye,-1)qy,) _ oy (Byypys+ (@ye5-1) qy5)
“2612 a3[313
- bz | (ay0,-1) gy, _ Py + (“1“3_1)‘113‘ (45)
«, @B, o 3Py,
From (44-3)
kijy oD e VP s s . s ,
A 1= 1B1qu_7 Bl]pkl +tkl l,j,k dlStlHCt.

o
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Examine the case k=1. Thus,

g 0;BiiG;BasPys t,.
a

o]

b

] iy 151 . A . . .
Since A =471 interchanging i, J should result 1in

equivalent equations. Putting i=2, j=3 and vice versa

@,B,,d15 = Basbi + @3P,,q:, B30y

£, = +t
a, 1 a, 1
621 1 ﬁ31 1
- -2t - =_2= -—D,.. 46
B,. Q13 a2p12 B, Q12 a3p1‘ (46)

Add (45) and (46) and use the lemma to get

o, 0, -1 a, o, -1
—42 — - (a,-1) Q12 _f %1% - (a;-1) K]
P Biz o, Bis

. @ 1), (871,
ﬁ12a2 12 ﬁ13a3 a
a,-1
Let d; ==L —. (47)
Bisa;

We have just shown ¢,,q,,=¢,,9,5, and we can show by analogous
calculations that

b;39:5 =61k (48)
holds for all i, j,k distinct. Thus, ¢ijq1-j is independent

of j for fixed i, and we let
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qi=¢ijqij i,j€{1,2,3}: i+3, (49)

which yields

We make this substitution into equations (34-1)-(34-10) and

(44-1)-(44-6). Next we let

iii (ﬁijpjj+(aiaj_l)qij)=a,r. i=1,2,3 (50)
itir re

1=
A =aey a.f..
Jvrijg

iii

which is valid since A ‘¥ depends only on 1i. This gives

q.

B..p;s+ (o, .-1) 1

pooBupist (agey-1)gy; 7 T T by

1 .

«;Bs; 5B
Solving for p;; yields
o.(a.a;-1)q;

Py =05y~ T (51)

Make these substitutions as well. Thus, equations (34-1) -

(34-10) and (44-1) - (44-6) can be written in terms of

I Q0 b

aj(aiaj—l)qi

3L aj—l ' (52-1)
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(52-2)

(52-3)

(52-4)

(52-5)

(52-6)

(52-7)

(52-8)

(52-9)

(52-10)

(52-11)

(52-12)
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A 7= 1 ~B..r, +t 52-13
Bl] aj_l ai 1 qk le k k1t ( )
ik 0y
252 %P (52-14)
o, -1
J
kii Jir o0, -1
AV=-pa0=_"K1 g _r, (52-15)
ai—l
iy Bl
A Ji=-2 11=—a — (52-16)

with 1,7,,kel1,2,3}, 1,7,k distinct. From these the nine

conservation laws quadratic in Vu can be found. To find the

P? quantities, we will substitute r;=1, q;=0, t,=0. To

find the conserved quantity, P, let
r,=1, r,=r,=0, g;=0, t,=0. Solving equations (52-1) - (52-16)

yields the following:

_ (2 1.1 1,11 1. 1.1 1 2.2 1 3.3,1,2.2,1_ 3 3_ 2.3
1..3..3 1.2 .2 2 .2 1.2 1..1 2 .3 3..3 3 3
—SUpUp —SUs Uy o, usus P usus uug +Bousus tus Uy, e Uyt

1.3, 1.1 32,2 .2
Biuius +usu; +PB,,ur uy +usuy) .

Similarly, we have (with r,=1, r, =r,=0, q;=0, £,=0)

2 52 p2
P2=(P11P21P3)
_ 1.1 2 .1 2 2 1.3 3..3 1,111,121 .3 3 1 1.1
= (@ uyug +Py Uy uy tus Uy +Py U U YUz Uy Sl ¥ Uz Uy 26, Uy Uy
1 3,31 2,.2_1,2,.2_1_ 2 2 1,3 1,1 1_1,3 3 303
—3a3u3u3+3a2u2u2—3u3u3—Eulul—Bmu1u3—3u3u3-3u1u1, o, U; U;

2..03...2. 2 301,11
+B, Uz Uy vus Uy +PBy us ug Uz uy)
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1, r,=r,=0, q;=0, t,=0)

and (with r,=

3 3 3 3
P _(P1,P2,P3)
1.1 3.1, 3.3 12,2 2 2 3
(o uzuy +Py usus +uguy +fusuy +uzy; |, @,u; Uz +932U3 U3 +U2U3
1,1,1,1..2,.2_1 1 _ -
SUz U+ UsUy — 20, Ui Uy 3a2u2u2 3U1U1 ;U;»Uz

2.1, .11
+B, usuy tuyuy,

1 3.3 1.2 1,11 1 2
+‘2—a3U3 U3_Blzu1 U2 31.12 U2 Eul ul) .

lgi o m
51' Z [ujuy ﬁmlumul
m,1=1

. 3
i_
As can be seen P;= 21u1 uj' +u/ E Bjmum
m= m=1

(21) .
Likewise, the Qi's can be found. Letting

0! conserved quantity.

q;=1, r;=0, t,=0 will yield each

To find ©Q!, let g =1 and all other variables equal zero.

The following conserved quantity results when equations (52-1)
-(52-16) are solved:

ol= (07, Qzl, Q31)

plz pu 3
= U U Uy Uy —=
( 1Up P U Us a,-1

_ 1 @3-l 33 aayf,, L2029 PP
11~ P 1U1+—“U1U2 ey Wil

1‘513 1.1

1 az(ﬁlz‘*“laz 1) 2,2 1 ay(Bhite0y-1) 3 3 1 ﬁ12
*2 ay-1 Uz ¥ P UsUs *5 u2 Uz +3 a1 U
al(al-l) o uz 1 00,71 2 2 1 ala, 1.3 3 a,(a,0,-1) 2 2
u u += U, += u, u ——u u
) uzus 2 a1 BTy W 2,1 11U

+BZ3 -1

o 1 2 @,0 1.2 (e ey-1) 2 3 a 1.3 o0 3.3
+ LFPLP u, ug - 1 2‘312 usul- Bas 2 ufu; + 3'313 uyu; - 1%37 U1 u;
a,-1 u2-1 ay-1 -1 ay-1
_aylejey-1) 3 3, o a0
ﬂlz U3 U3 ﬂ13 u u2 , 3 3 u1 U3 ﬁl! 3 u U3 1 3513 ul U1
a2 3 a,-l
(a,0,-1) 3 2 1.2 a,o 2.2 1 2
—_ p23 1%3 ul uz + azpllz U3 uz > 21 u]_ U3 BIJ u2 u + ﬂlz u2 U3 ) .
- 2 ay-

ay-1

Similarly with g,=1 and all other variables equal zero, we

get
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02= (0%, 02, 0%)

o, (aya,-1) 521“1 2 1_aaBy 2 1_ Bialezay-1) 1 3, “3523
=El——U U u -2y U, -———— u Ll
( a,-1 2 1 1 1 1+l a,-1 2 1_1 2 3 143
a03-1 3 B2y B23 2. .3 B2 ﬂz: 3..2_1 “2“1 1 1.1
- u U Ll U, L+ U, u u ll + u Uy ————Uu
a1 et T a1 Bty e R Ml
o0 3, aya,p 2 1, aa 2.3 oy (P3y*+a a,-1) 1
1 &a2057 u2u2+ 2121u2u1+ 23523u2u3+l 1921 1%2 U1U1
2 oy o,-1 -1 2 ;-1
2 2
1 “3(923*"‘2“3'1) 33,1 B3 2 2.1 Bz 2 2 “3(“2‘1) 2“1 3
e ————— U, Uy += u, u, += U, Uy t+ + u U
2 a,-1 33 T a1 AL e 3R Bisl 51 «, luru;
a,a,-1 11 a,a;-1 3 3 a,(a,a,-1) B,y aab
1 %284 u, uy + 1 %385 uju; , - 3050, u2u3+ z::u3u 2323u2u2
2 ay-1 2 a3-1 %y-1 a, «;-1
B1a(@ya3-1) 3 “1521 2,01 @y~ 1 1 ﬂzs 521
S R Ml PR PR s B T W U u1 u; + ~ Uy )
1 1

a,-1

and with g;=1 instead

03 =(07,0,,03)

o, (aa,-1) 1 a a,p 1 (dq,0,~1) 1 2 & 3.2
= (- ____31__u3u1 “31 1U1 ul _1£u3u ﬁ”#u3uz+ﬁuluz
@, -1 oy -1 a,-1
_ 03a,-1 Bn 532 a,(aya,-1) Bie, 3 2 aayfs,
a1 I3 u1 uz uy + Uz ul ' —0‘2:1——”3 Uz — U2 Uy ~ —Uz U3
Bio(ase,-1) 2 1531 301 _eye;-1 101 Py 0302 By 301 Bay 1 3
Lt IR Py u; u uy U, ——2ujus +—tu; u uzu
a,-1 3 1 1 2“1 @, -1 3 2 a,-1 11 a, -1 142+« @, -1 341
8 2.3 L3V ] 1 1.1 Ga,-1 2 2 ay0,f Y 3.2
+. P32 usu; - -1 %% Uu; Us -1 %1%, ujus+ 1 31u u; 1, % zpzzu3 u;
Q-1 2 11 2 ay-1 ;-1 a,-1
2 2
1 e (Phrvasay-1) 11 1 ay(Blirayes-1) 202 g B3, 3,1 B3; 3 3
S net RLE) Rhat bt Wokdl § ol § Pubt ek L2 Mt 2at Ml § o §| +——-——L1 u{ += u, u
2 @ -1 19175 ay-1 272 "1 1L T e, 272
o, (ay-1) a0y -1 1.2, 1 @e;-1 1 1 1 €0, 2 2
+ + u + = u .
By, a1 a1 Tuju, > 2 U 1 A 1)

As can be seen (0 can be found from

(@jo;-1) k a7 k k
BJk J_ &k uXu

i “xBix ko1 51k B.; i j_
; —Uplus t+ U Ll ——=U; Ug U Uj ;
QJ k,1=1 ( ak-l k™5 ] os-1 k °‘j 1 k ﬁk‘l J
1 00,71 k 1
+2651 P ufuf Y g ucuil)

where y,;= ﬁkl(“a“‘_‘l %ﬂl—l) (22) (cf. Lemma).

The only laws left to derive in this case are the trivial

quadratic ones. These can Dbe found by letting

tx=2, r;=0, @;=0. These yield
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#1 1 F1y _ 2.3, 2 3 3,22 3 2.3_.3 2
(A Ay Ay) =2(-usuy +uyus , Uyus—UslUs , UsUp—UjUp),

X2 _(R2 F2 F2y _ 3..1 1..3 1.3 1.3 1.3 3,,1
A _(Al’AZ’A3) —2(1.121.13-1.121.13 ’ ‘U3u1+u1U3 ’ uZul_uZul) ’

F3_ (A3 X3 F3y _ 2,.1 1.2 1,.2 2 .1 1.2 1.2
A= (A1 ,A2 ,A3) -2(1.131.12 "U3 uZ ‘ U3 ul_U3u1 ’ —u2u1+ulu2) -
x4 3 k. n :
Thus, A =k_12 ]fimﬁfmulum (23). These nine laws are all
. 1,m, 0=

the possible conservation laws quadratic in Vu (21) - (23).

At this point we must show that in Class 2, subcase ii:
where one index appears three times and the others

i,j, k are distinct.

once each. In what is to follow

Differentiating (28a) and (28c) with respect to uf and

oy .

eliminating Wf gives
ouf
iij o . Iky ki
A th= 21 a7k (53)
Bix

uf and
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We make these two substitutions into (53) to get

7 ;s N k 7
Alﬁc_—_ o (-A 1§+Alif) .

Bix

Differentiating (28a) and (28b) with respect to

AT

ouy

eliminating yields

kg kg
1 = 11
A K=q, A

We make this substitution into (54):

A Hc= 1 (_a A ii+A 1.1)
Pix
i3y o, (l-o 1jk
- PR BLICRLY (55)

Now, we will establish a second equation using (28a), (28b)

and differentiating with respect to ug,

iij kii

A k=g Ak (56)

Differentiation of (28b) and (28c) with respect to uﬁ gives

Jki kks o
A ks A Jk:ﬁjk J

ouy
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and kk=_ ~J
1

We make this substitution into (56) to get

1ij Tki ki
2 % 5
p]k

(57)

We differentiate (28d) with respect to Ug and (28a)

and (28b) with respect to uf to get

Mr_a0H
= -A k=A ‘
kix 1 ik
and A M=_—A7 i3,
o

We make these substitutions into (57) to get

. k; i
Yip ke L 278, (58)
5k Gk

i1y
A ik=_

We use (28a) and (28b) and differentiate with respect to uf

o8
dui

J

and eliminate

to get
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kx1 Tki
A “i=akA I,

Substitute this result into (58) to get

iy A 4 JFki i1k
Atk 2% p i, 1 a7t (59)
Jjk Bjk

We use (28a) and (28b) again but differentiate with respect to

k

oy,
u; and eliminate w;,

We make this substitution into (59):

Alﬁ:_ akAif§+_l A ij

jk ﬂjk
iy 1l-a,  lik
= A‘ik= = TkpaTiy, (60)
Bk
gk ; i1 ik C , .
In (55) A = P ix A 4. AH is symmetric in j, k which

o;(1-0,)

means that interchanging Jj. k will yield an equivalent

result

Bij i1k Bix iy
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i (1-0g) By 144
= J22=A i,
(1-oy) By

= A

We substitute this result into (60) to get

i (A=) By, iy

A
Bijpjk
We use the lemma to get
Ao 17,0
(!J—l
ij;]
- 24 k=0
i_i]
= A “‘=0 .

This and calculations above also show

Ik Kicj ki Ijk

A ii=p kKizp kiz=p kk=( |

kii
There are still two in this subcase left to show zero: A 1/

i1
and A %, We differentiate (28b) and (28c) with respect to

1ii kii iki

= A K+ A ”:pikA i,

Iki
From previous results A /=0, so
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1

We use (28d) and differentiate with respect to u; to get

kii Jii
A Ji=-pTk,
These two equations give
isg Jii
A W-ATik=0, (61)

Now, differentiate (28a) and (28c) with respect to u{

ji i .
- althea o Py
o
. JFii
Again from above we have A 7*=0, so
Jii iii
A k+A Jk=0, (62)

ij ii
Add (61) and (62) to get A ﬁ=0. Then (61) yields A *i=0.

i
This establishes that all A i in this subcase are equal to

zero.
To prove there are no other conservation laws for this

1jln
system, we show that all third-order derivatives A *» are

ij1
Ij1n kn ij1n 9
zero, where A Lw=£§L;—. We adopt the symbol A ”m=P1i£g),
Up

cf. Olver [11].
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Case I: The first case is when at most two index values appear

in i,j,k,1,m,n,p. If we have such a symbol, it can be
written as a linear combination of symbols with all three
indices appearing.

Here is an example:

=_J2_(EE£§) from (52-3)

Using (52-14) we get

21p «,-1 oul\ @B,
- 1(pjizn)
o 32p

Likewise, if r, appears we use (52-14) and (52-15). Thus,

all derivatives 1in this case can be written as 1linear
combinations of derivatives in which all three indices appear.
It suffices to show all of the latter are zero which is the

next case.

Case II: This is the case where all three indices appear in

the symbol. The term inversion will mean that column entries

are interchanged, i.e., the column (i) would become @a.

Here a column lies to the right of the bar in the symbol.
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The "3-1-1 rule" will be used extensively throughout this

proof. Suppose that in 1i,j,k,I1,m, m n,p among I and two

columns, one index appears three times and the other two once

each, for example in i,t@,cg. Then we utilize Case 2ii

ij1 j
previously examined which gives A h=0. This implies @Jiég)

1iy1
must also be zero since (|ién) 9 a'h,
Pl ayn

A direct result of this rule is that if any index appears

five or more times then that symbol is zero.

Case IJa: In this case we will consider those symbols in which

one index value occurs exactly four times in 1,j,k,1,m, n,p.

These synmbols are
(|11” (Illk ( iii |llj 111)(kHij kiii)
ikjl’ ij7l" Fik) Vliik) JijK i1ij}’ i1j33]"'
and also those symbols found through inversions of columns.

Here and throughout the rest of the proof, i,7.,k are

s . IIR\ (e 113\ [y 113\ _(,I111)\_
distinct. First, we have (1 i77 —(1 jjk)—(j ijk)"(k ijj)_o due

to the 3-1-1 rule in II above. To prove the rest are zero,

we use equations (28a) - (28d). Now,

(1134) =558
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Differentiating (28a) and(28b) with respect to

154 i1
= A ik=q A Tk,

Then,
ii7 a ,Ji
i o, —AJ
( 1k.7) laujJ
117 giiF
- (21533)=edd1543)
We use the 3-1-1 rule to get
iij
(Jljkj) 0
- |llj
ikj|~ -

This also holds if columns are inverted.

Next,

(Jlﬁi) %Ajﬁ'

We use (28c) and differentiate with respect to

ug

Uil

gives

to

(63)

get
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Jig iyg ov .
A 11=_A j1+Bij q’]
auil

Then,

(i g)--2a %, 2 (f""j]

ou} 7 dud| ouf
=-{:111J J
=-{7|534)+ —_—
( Ijlk) aukau

1

We differentiate (28a) with respect to u; to get

so,
Pl i) 22 5™
-{i1§3)- 226134
- (Illj)
11k

by the 3-1-1 rule and (63). This also hold with inversions.

Lastly,

( Illj) 0 i
117 *
auf

By (28b) and (28c) differentiating with respect to u;

yields
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We make this substitution into the above to get

(x1339)-- aiﬂ h*ﬂlkiAlﬁ
-(i1x39) paliti))

=0

by (63). This proves all symbols in Case IIa are zero.

Case IIb: In this case we consider those symbols in which two

indices appear exactly three times and the third index once.

These symbols are
(11554 (@1553) (@3 (0553). (0253

and their inversions. Using the 3-1-1 rule in the above

group,
(11353) =213 39 (k13533 o

Now for the rest. We start with

52
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( l“i)= Alﬁ. (64)

JJ dul
By (52-10)
. 2
1i1_ .ij
A ”-Hqi—ri. (65)
From (52-2) and (52-1)
o.-1  Jiy
g = J A jjl
t ey
r =iAJ§3+ aiaj_lq
1 o «;-1 7

So, by (64) and then using the 3-1-1 rule

(l'ﬁ%ﬁ?ﬁ“jﬂ( 57)- e 1327) =o. (66)

Inversions of this symbol are also zero by a similar argument.

Last in this case is

From (28d) we get
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kii Jii
A I=-2"k

So, by substitution and (66) we get

(333) -5t -

The same holds for inversions. Thus, all symbols in Case IIb

have been shown to be zero.

Case IIc: The only case left to consider is that in which one

index appears three times and the others twice each. These

symbols are as follows:
11 117 iii 117 117 17
(1338 Glied)- G5 (EERd) ([@5ed)- (@13 (@132,

and their inversions. By the 3-1-1 rule we get that the

following and their inversions are zero:
(Wiij (|llj |l]j
Jlikk Fkk) T\t ikk ™

Considering the rest, we start with

wiiky_ o ,7ik
(Jlijk)~ du B (67)

From (28b) and(28c), we get

Jik ks .

A ik=-2 j:+p alp]
ki if

aul-
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So (67) yields

qiiky__ 9 3,k
170 =258 Hep,=2a

RaZENRCE]

Using the 3-1-1 rule we get
Jljjf):o. (68)

The same holds for inversions. Next we examine

ijk 14
( lljk) auk"A )
By (28a) and (28b)
-11] JJ.J
A i7=¢qg AT

We make this substitution to get

(#1173 za ™
~ {1534
=0

since j appears four times (Case IIa). Now,
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By (28b) and (28c)

o i 75t
A = _A + BlkA ’

SO
()= e pargira™
={K13i3) Pk 53]
- [1i£)-o (o)

by (68) and the 3-1-1 rule. This argument allows inversions
in the second and third columns but not in the first. This

symbol must be examined separately:

[i5id)-552

From (28a) and (28b) we get

o1
A k=_— A kk;
o

therefore,
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(5 & 52
k)
=0

since k occurs four times (Case IIa). The only symbol
remaining is (j ;]ldl() and its inversions (j 'Jlll(l (with

inversions of the first two columns), and (]Illdl(g)

11k b Jix
We have (Jll-l -)= A K
Jki duj
From (28d)
Jki Ikj
A ik=_A Jk
11k 9 , ik
( Ijkl) - :iA 7
- J
_(kii
={117%3):
Using the 3-1-1 rule we get
(F1335)=0- (70)

The first two columns may be inverted. Now,

[likd) =524,
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From (28d) we get

Jii ki
A ke=-—A JKk

Making this substitution yields

(Illj) b} Akﬁ

kki auij
- fx1E17),
= {lFicd)
and by (70)
117
[lxxd) =0
Lastly,

Substituting, we get

O
51+ g
Using (69) and (71),
pid)-o

(71)
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Thus, all third order and higher derivatives are zero.

Consequently, there are no other conservation laws.

The conserved quantities si, pi, pik, A1 and their

relation to Noether's Theorem will now be examined. First,

$(u) in (12) is invariant under the group of translations in

u since W(Vu)=i
2i

3 . . . .
2 [ujuj+P,uijuf]l  (13) is independent of
J=1

u. This translation is defined as u~u+ebh for arbitrary

beR3, From this and (15), E(x,u,¢e)=x, P(x,u,e)=u+eh,
which in turn implies §,=0, ¢,=b,. From Noether's Theoren
there exists a conserved quantity A with
Div A=0, Ai=—231bk L (16) . Choose

b= (_11010)T/ (01_110)T1 (010:_1)T

giving conserved quantities

ow

A, A%, A%, aAt=(a,al,a0), aj=-"%, fori,j=1,2,3.
Uj
i_ OW _ i sisg m
These are exactly 5j —a < =Uj +3j Elﬁimum in (19). Then
u m=
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DivS=0 coincides with the Euler-Lagrange equation &(u) =0

(cf. (10) and Olver [9, pp.281-3]). Note S(Vu) differs from |

E(Vu) (7) by a constant multiple of the null divergence
(FT-Vu)F'T-FTVuTFT, cf. (11) (DivS=&(u) =DivE(Vu)).
Second, < (u) is invariant under translations in x
since ¢ (u) is independent of x. This translation is given
by X-xX+€d for any aeR3. This gives
E(x,u,e)=x +ea, ®(x,u,e)=u (15), which implies |

§,=a;, ¢,=0. Noether's Theorem will now give

Choose a=(1,0,0)7, (0,1,0)%, (0,0,1)7 giving conserved

quantities

Pl, le P3, pPi= (Plll le, PBl) T/ _pJ:1 =k¥l [uikuf'*ﬂjku}fuij] —§§W

for 1i,j=1,2,3. These form the Eshelby energy-momentum tensor

. 3 9pi
with Divpi=3% 2

e =0 i=1,2,3, cf. Olver([9, pp.281-3],
Jj=1 0X;

Eshelby [2], Knowles and Sternberg (5].

Lastly, we examine the trivial conservation laws
Bik, A1 which are null divergences. Proposition 4.24 in

Olver [9] states that A is a null divergence if and only if
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3
A.=XD,V,. for some V(x,u,Vu), Vii==Vii for i,7=1,2,3.

Example: B''=(0,u;,-u,) satisfies this when V=

0 -udu? uluf
A' has v=2ludu?Z 0 -udul?|. Notice that
~udu? uluZ o
Lo~ d(u,, u,) Jo(u,,u olu,,u ) )
DivA =22 Uy, U;) | 9 Olup,uy) + 9 2 Us) =0 is a Jacobi-
ox, d(x,,%;) 0x, d(x,,x;) 0x, 9(x,,x,)

2
u;

2
Uj

d(u,, u,)

33, %) =det

type identity where

A final note: letting c¢;=c,=c,=1 (C=I) reduces &(u)

to a constant multiple of the Lamé-Navier equations in

Olver[11, (2.2)]. Sf, Ef reduce to those in Olver [11,

(3.6), (3.4)] except for a factor of {i. However, Q in

(22) becomes [i2[0i-(3i+A)PI] in Olver's notation. Thus,
J J

the conserved quantities (19)-(23) include those of Olver as

a special case (cf. Proposition 3.1 in Olver [11}).
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III. Conclusion

As has been shown, using the results of the calculus of
variations the conservation laws of a system of equations can
be found. Here all such laws depending only on Vu have been
derived for a system in which the equations governing the
compression of a cylinder have been linearized.

The results found here generalize those in Olver [11].

The parallel argument yields conserved quantities equivalent

to those found in Olver [11]. These are the tensor Si, the
Eshelby tensor Pi, the trivial or null divergences A? and

Bik, and the tensor Q°.

These, as has been shown, are the only such laws
dependent only on Vu corresponding to a functional quadratic

in Vu arising from the equations of elasticity.
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