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ABSTRACT

The baryon octet is modeled using relativistic and nonrelativistic Hamiltonians with
interquark confining potentials. Using the works of Crater, a nonrelativistic three-body
Hamiltonian is obtained where the corresponding eigenvalue equation will be shown to
be separable and can be treated as three two-body like systems. Next, using relativistic
constraint dynamics, our eigenvalue equation is treated relativistically following the works
of Sazdjian and Yang. Using the free-mass-shell Hamiltonian constraints, Yang gives us
an effective energy and reduced mass of relative motion for two particle systems which we
expand to a three body case. With the help of work done by Sazdjian, we get a generalized
3-body eigenvalue equation in which the energy and reduced masses of effective particles
of relative motion are expanded to obtain a form for the eigenvalue equation that can be
solved analytically. Because we are dealing with only part of the entire baryon spectrum
in which the particles are of the same spin and baryon number, attention will be focused
upon confining forces and the development of potentials that are independent of spin and

the relative momenta of the fermions.
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1 Introduction

1.1 Background

This research is in the area of theoretical physics and centers on relativistic, as well as
nonrelativistic, classical and quantum mechanics. In particular, this research problem
involves the study of the Lagrange and Hamiltonian formulation of the mechanics of three
particles under direct mutual interactions.

The purpose of this paper is to investigate some of the basic building blocks of matter
by modeling hadrons using the quark model for three-quark baryon systems, under direct
mutual interactions. The question at issue is, how can baryons be modeled using a quan-
tum mechanical generalization of the Lagrange triangle solution with a generalized power
rule confining potential? Another way to ask this question is, how can a generalized power
rule confining potential together with the generalized Lagrange point model give baryon
mass values comparable to the experimental values given in Table 1 on page 27 Explicitly
we desire results close to the listed observed values. Note in the quark content column the
up quark is given the notation u and the down quark the notation d, while the strange
quark is given the notation s; Y represents hypercharge.

The assumptions are that a generalization of the Lagrange equilateral triangle con-
figuration exists for types of forces other than gravitational: for example, ones coming
from harmonic and generalized power potentials. Evidence for Lagrange points are found
from the Lagrange configuration in our solar system, which is composed of the equilateral

configuration of the Sun, Jupiter, and the Trojan asteroids.

1.2 Scope of Present Work

We begin by first studying the baryon spectrum arising from a bound three-quark sys-
tem in the framework of a nonrelativistic spin-independent phenomenological model. The
confining potential of interest uses one of the general power laws such as the one used by

Martin in his paper "A fit of upsilon and charmonium Spectra.[1]. By use of a generaliza-



tion of the Lagrange equilateral triangle solution as motivation to nongravitational forces
[2], a confining potential is applied to obtain the corresponding baryon spectrum. What
is found is that the nonrelativistic model suggests the need for a relativistic treatment.

This will be done by use of previously published works of Sazdjian [3] and Yang [4].

1.3 Literature Review

A good motivational starting point for our model is provided by Crater [2]. Studying the
dynamical interactions of three-bodies, Crater discovered that given special conditions the
equations of motion satisfy what he calls a separability condition. With this condition, the
corresponding Hamiltonian can be treated as three separate two-body like subsystems that
have exact solutions, which can be generalized to other interactions involving world scalar
and vector approximations for quark confinement other than gravitational forces. A power
potential, A(Ar)”, can be applied to approximate the energies provided experimentally
[5]. Extending into quantum mechanics, a nonrelativistic eigenvalue is derived with a
separable Hamiltonian which can be solved numerically. However, a relativistic treatment
is necessary. Considering only the spin one-half baryon octet described in [6], we attempt
a spin-independent nonperturbative approximation. Therefore the Lambda particle is
discarded from the approximation because its makeup is identical to the Sigma zero. The
variance in mass stems from the differences in the individual spin values of their three
constituent particles and is outside the scope of this thesis.

Crater and Yang [4] demonstrated how generalized mass shell constraints can provide
a total system Hamiltonian that agrees with our previous conditions, provided the Hamil-
tonians of each body in the system satisfy the compatibility condition, {H;, Ha} ~ 0.
Crater and Alstine [7] showed how a relativistic description of two-body interactions can
provide canonical momentums similar to those describing our classical Lagrangian sys-
tem, independent of the particle spin. Todorov and Van Alstine [8] lead us to find the
energies of the individual particles in the c.m. system and this is used for our relativistic

corrections on the two-body kinematics, and dynamic constraint condition. By use of qua-



sipoteintials proposed by Yang [4], relativistic energies and masses of effective particles of
relative motion were arrived at from constraint dynamics together with Wheeler-Feynman
dynamics. Applied to our Hamiltonian, which satisfies the compatibility condition, the
quasipotential may provide a simpler two-body Schrodinger-like equation that incorpo-
rates the relativistic corrections. It was Sazdjian’s work on relativistic N-body mechanics
[3] that gave us motivation to attempt a three-body adaptation of the 2-body constraint
formulation. Coupled with Crater’s separability condition and our previous constraints
and potential models; it may be possible to derive a reasonable model that approximates

the ground state baryon octet.



Table 1: Experimental baryon values.

Baryon  Quark Content Rest mass MeV/c? Spin Charge Y
Proton uud 938.3 1/2 1 1
Neutron ddu 939.6 1/2 0 1
Sigma + s 1189.4 1/2 10
Sigma 0 uds 1192.5 1/2 0 0
Sigma - dds 1197.3 1/2 -1 0
Cascade 0 uss 1315 1/2 0 -1
Cascade - dss 1321 1/2 -1 -1
Lambda uds 1115.6 1/2 0 0




2 Equations of motion for three interacting particles with

arbitrary two-body scalar potentials

2.1 Motivation

It is known that one of the simplest solutions to the gravitational three-body problem
is the Lagrange equilateral triangle. In the gravitational three-body problem there are
special configurations that allow exact solutions. Using this as motivation, the goal of
this paper will be to explore the possibility that such special configurations exist for
the nongravitational strong force holding together three quarks inside baryons. The most
general case for the Lagrange configuration is desired. Therefore a general triangle solution

is considered.

2.2 General equations of motion

We wish to perform a symmetric reduction of the three-body problem. We will find that
this can be accomplished by using the relative coordinates of the three particles. Let R be
the position vector of the center of mass. The equations of motion will be written in the
center-of-mass (C.M.) system R =0 = R = R and will be symmetrical in three variables.
The following is a review of material in Ref.[2].

We begin with the Hamiltonian for a system of three mutually interacting point par-

ticles:

2

3 ' 1 3
=1

2mi 25

The forces arise from action at a distance and are assumed to be velocity independent.

The form of the potential in the Hamiltonian then leads to the equation of motion:



miti = —Vig;;([ri — 1)) — Vigy(|ri — i)
r,—r; r, —rp ./ .. .
= _ﬁ(szﬂri —1j]) - m%ﬂri —rg); 1k cyclic, (2)
where ¢’ is the derivative of ¢ with respect to its argument. The first integral of the

equation of motion comes from summing these three equations:

3
MR = Zmzrl = const, (3)
i=1

where M = my + mgs + ms . The constant can be set to zero with R representing the
position of the center of mass with respect to some origin. This also can be set to zero,
i.e. at the origin. Our first condition is imposed symmetrically by introducing the relative

coordinates:

u;, =rj —rg, 67k cyclic. (4)

These variables can be related by a singular matrix:

up 0 1 *1 r
w|=|-1 0 1 ro |- (5)
us 1 -1 0 r3

This stems from the fact that the variables u; are not independent:

u; +u +uz = 0. (6)

Note here that Eq.(3) implies the r; variables are not independent. Because the matrix
in Eq.(5) is singular we cannot directly invert the equation to solve for r; but we can use

the identity



myuag — mE;
M * (")

r;

To serve as the means to obtain the inverse, we use Eq.(7) and set R at the origin.

The inverse of Eq.(5) is then:

r 0 —ms3 My ux

1
Tro = M ms 0 my U9 . (8)
r3 —1my mi 0 us

Note that the matrix above has zero determinant. If we substitute Eq.(8) into Eq.(5) we

obtain:

u; me + M3 —m —m u;
M us = —m ms + mq —Mms u | (9)
us —ms3 —ms m1 + ms us

essentially a restatement of Eq. (6) .

2.3 Separability condition

We may now rewrite our first equations of motion in terms of our new u variables by
taking the second time derivative of Eq. (8) and substituting into Eq. (2). This leads to
the new form
aws,
i; + Vim =m;Z; 1,7,k in cyclic order, (10)

2

where V; = V.. The three effective reduced masses are defined

Wi = m;\;n k- (1,j,k cyclic) (11)

and



7 — V1¢os(u1) + Va3 (u2) + V3¢15(us3)
mams msmy mims

(12)

These new forms of equations of motion, proposed by Arenstorf in private communi-
cations with Crater[9], contain the center of mass restriction R = 0 and are symmetrical
in three variables. Note also that they are independent of the nature of the potential. For
orbital configurations in which Z = 0, the equations of motion Eq.(10) separate into three
uncoupled two-body-like equations.

The general equations of motion Eq.(10) also follow by applying Hamilton’s equation

to the Hamiltonian Ref.[2]:

P, — Py)? P, — P3)? P; — P;)?
0o (Py 2)+(2 3)+(3 1) (13)
2ms 2my 2ma

+oz(u1) + ¢13(u2) + d1a(us).

This Hamiltonian is an alternative expression of the Hamiltonian of Eq.(1). It is
written in terms of the canonically conjugate variables u; and P; = m;my1; /M, not to be
confused with p; used in Eq.(1). The potential V' (u1,ug2,us) is the separable sum of our
general potentials ¢;,(u;). The second Hamiltonian Eq.(13) has the properties of being
symmetrical in the relative variables [uj,us,us]; the constraint u; + ug + uz = 0 is a
consequence of the equation of motion; it is in the center of mass frame. The derivation

of Eq.(13) is given in Appendix A.



3 Gravitational interaction

3.1 Application

To demonstrate a realistic situation from known potentials let us apply this concept to
the Lagrange equilateral triangle solution for gravitational interactions.

It is known that for gravitational forces the potential is of the form:

KM

luy|

We apply our equation of motions in terms of variable u and obtain for the gravitational

gbzy(“k) == , 1,J,k cyclic. (14)

potential:
M
ii; | ’T;Z —miZ, i=1,2,3 (15)
u;
or
up uz us
Z=x < + + > . (16)
wl® o uef o fugf?
3.2  Separability satisfied
Let us assume the equilateral condition |u;| = |ug| = |us| = |u|. Then Eq.(16) becomes
K
Z = W(ul—i-uQ—i—u;;) =0, (17)

and Eq.(15) separates into three two-body problems. The three sets of two-body equa-
tions indicate that the relative motion can be identical circles or ellipses. The motion will
be parabolas and hyperbolas for unbounded motion. For our bound equilateral case the
periodic motion will be described as a rotating equilateral triangle with either fixed sides
or periodically varying sides. These are known as the Lagrange equilateral triangle solu-
tions. The condition Z = 0 is synonymous with the Lagrange solution for gravitational

interactions of this specific three-body type system.



3.3 Hamiltonian

The triangle constraint (u; + ug + u3) = 0 follows from the first of Hamilton’s equations
applied to Eq.(13). The separability of Eq.(15) is imposed by requiring the Z = 0 condi-
tion. These same separable equations, Eq.(15) together with Z = 0, can be obtained by
applying Hamilton’s equation to the following separable Hamiltonian in which the u; are

regarded as independent:

_ P% P% P% | KMmumg  KMpmg  KMgmy

H —2
2 2pg 2p3 |us| | ||

(18)

and again p; = mjmy/M (i,j,k cyclic). Here the triangle constraint as well as the
Z = 0 condition is imposed on the solutions. These and the constraints of section 7.1
are the only conditions under which Eq.(18) yields the separable equations of motion,
(see appendix A). Whereas the separability of the equations of motion Eq.(15) is imposed
by requiring the Z = 0 condition and combining this with the triangle constraint, the

separability condition for the equations of motion that follow from Eq.(18) are automatic.

10



4 Harmonic and General Power Law Potentials

4.1 Confining Power Law Potentials

In this section the baryon spectrum of quark systems are studied in the framework of
a nonrelativistic spin-independent phenomenological model. As a simple example we
take the confining potential to be a power law potential, the harmonic oscillator potential
being the most well known example. Our separable equations of motion allow us to
obtain analytical solutions for the baryon spectrum. The interests of this section are the
strong interaction of quarks forming bound states called hadrons and the possibilities of
considering baryons as nonrelativistic bound states of quarks.
From the Virial theorem we have
1 9V

If the potential is a power law function of r, then

V =A(Ar)?,p > 0. (20)

In natural units the constant A has units of mass or energy or inverse length so that V'

has the dimensions of energy. Now

—r=pV, (21)

and we have the proportionality

T="—V. (22)

Going back to our separable condition Z, our general potential has as its derivative

with respect to its argument

11



¢(ur) = pAP T [uy 77 (23)

Plugging into Eq.(12) gives

u; pArt! |u1|,0*1 uy pArtl |u2|p*1 ug pArtl |u3|,0*1

7 — (24)
|u1| moms |UQ| msami |U3| mimso
or
p—2 p—2 p—2
u u u
7 = Ap+1p[ 1 u; + us + 113]. (25)
moms mg3mq mims

If we set the ratio’s of the three vector terms equal to each other, u/ -2 /mams = u§_2 /mamy
u§_2 /mima, then we obtain the separability condition Z = 0. This ratio condition fixes
the relative sizes of each triangle side, which is the same as defining the triangle'. The
following separable Hamiltonian leads to three separable two-body equations Eq.(10) with

Z=0:

PP B

H
2y 2p9 2p3

+ A(Aur)? + A(Auz)? + A(Aug)”. (26)

4.2 Harmonic oscillator potential

As a special case consider the harmonic oscillator potential

_l, . 1 2
V= 2kr = 2A(Ar) . (27)

The goal was the observation of the Lagrange-like point model with generalized confin-
ing potential. We generalize the confining potential to that of an unknown power p. For
the harmonic oscillator case p = 2. It should also be pointed out that for the harmonic
oscillator case, the separability condition follows from Eq.(25) only if all three masses are

identical; i.e., m1 = mo = ms.

!Note, we will not be considering the stability of the triangular configuration.

12



In terms of the relative coordinates our potential is defined

o(rig) = 3l (28)

The derivative with respect to its argument is thus

¢ij(ur) =k [ug] . (29)

Here 1,5,k are cyclic.

Assuming only the condition uj + uz + uz = 0 and using

gz _ W P3(ua) L i1 (u2) LW ¢32(U3), (30)
\ul\ moms ‘UQ‘ msmi ‘U3‘ mi1msa

we have the separability condition

7 — ku1u1 ]{IUQLIQ ku:ﬂlg ‘ (31)
lui|mamsz ~ |ug|mamy  |ug|mima
For equal masses
k
7 = W(ul +ug + 113). (32)

By the generalized triangular configuration u; 4+ us + uz = 0 the separability condition
Z = 0 is automatically satisfied.

Then the equations of motion are

Mk

msmy

; +u; = 0; where 1,5,k are cyclic. (33)

Treating the system as color independent, our equations of motion become

/LuZ = —kui. (34)
From the relation F = —V¢, we have F = —ku such that ¢(u) = ku?/2. The correspond-

13



ing Hamiltonian that leads to these equations of motion is

H
2 2pg 2p3 0 2 2

14

2
kus

5

(35)



5 Quantum Mechanics for the three body problem

5.1 Separable Hamiltonian

We now wish to present the separable quantum equations resulting from the general power
rule and determine from this the eigenvalues of the baryon spectrum. We use the gener-
alized Lagrange point diagram, figure 1, page 16, for the basis of our nonrelativistic color
and spin independent phenomenological model.

For the nonrelativistic potential the general power law is used:
¢(rij) = A(Ariz)P. (36)
Substitution into Eq.(10) gives the equation of motion

- AP p—1
W+ % = miZ. (37)

From this we rederive

g W pAP g P ag pAPT w7 g pAPH [ug

o w] mams lua|  mgmy luz|  mima

(38)

which for certain ratios of the lengths of the sides has already been demonstrated to satisfy
the separability condition Z = 0.2 Recall that the above equations of motion as well as

the condition uj; + us + uz = 0 can be derived from the Hamiltonian

(P; —P3)?  (P2—P3)? (P3—Py)?
H = A(Au)? + A(Ausg)? + A(Aus)”.
oms + oy + s + A(Aup)? + A(Aug)? + A(Aus) (39)

Recall also that the separable equations of motion corresponding to Z = 0 can be derived

from the separable Hamiltonian

*See paragraph below Eq.(25).

15
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H I% I% I% P P p 0
——+—+—+AAU +AA11 +AA11 . 4
2 1 2 9 2 3 ( 1) ( 2) ( 3) ( )

This is just the sum of three independent two body like Hamiltonians (;7 + A(Aw;)P).

7

5.2 Deriving the binding energies
Attention will now go to deriving the binding energies beginning with the non-separable

Schrodinger equation

2 2 2
P71 n P> P3

= A(Au1)? 4+ A(Aug)? + A(Aus)? )W 41
B = (57 4 52 2 A () A(Aua)’ + A(Aug)) (41)
where
0
;= —i—. 42
P o (42)

An equivalent non-separable Schrodinger equation is given by

P, —P,)? P, — P3)? P — Py)2
(P —Py) +( 2 — P3) +( 3 —P1) (43)
2m3 2m1 2m2

EV = (

+A(Aur)? + A(Auz)? + A(Aus)?) U,

where

0
811@' '

P, =—i (44)

We wish to examine the separable Schrodinger equation corresponding to the separable

classical Hamiltonian in Eq.(40)

B = (BL L PE L PE )+ A(u)? 4 A(Aus)) (45)
S 2y 28y 2pg ' ’ ’ '

17



To do this we need to solve the separate Schrodinger equations®

P2

S

+ A(Aul)p)\IJ(u,) = EZ\IJ(UZ) (46)

We use dimensional arguments to obtain analytic eigenvalue solutions of the separate
power law potentials resulting in considerable simplicity.
For the power law potential, we wish for the dimensions to match of both the kinetic
and potential terms of the Schrodinger equation
P2

(Z + A(Au)?)¥ = EV. (47)

Thus with A having the dimension of energy , i.e., MeV’s or mass or inverse length in

natural units then Ar must be dimensionless. We let

x=rA"u P (48)

In the equation above z is dimensionless so that when substituted into our Schrédinger

eigenvalue equation it gives

P2
BU = [ (A2 2570 4 (A1) ], (49)
Here,
P, = iai (50)

is a dimensionless operator.
To determine both a and 3, we demand that the dimensions of each term in brackets be
identical. This means that the powers of the first term are equal to the second. Therefore

set the powers of A equal to each other as they are independent of the mass:

3Using natural units the measurements of time, energy, and space are related so that the constants A
and c¢ are unity.

18



—2a = p+1+pa

—a2+p) = p+1

or

Similarly, for the powers of the mass and p,

—28-1 = pp
—62+p) =1
or
1
P="5

Note that as expected from Eq.(48), a + 3 = —1.

By substituting o and /3 into our energy equation Eq.(49) we obtain

2

EV — A%/uﬁ(% +xP)U.

(51)

(53)

(54)

(55)

2
With ¥(x) the dimensionless eigenfunction (since (% + x”) is dimensionless), we have

2p+2

A +2

E(A, p, p) = ——c(p, s, 1).

M2+P

Here,

19
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P2
c(pnnd) = [ dav* (2 + ) (57)
is dimensionless and dependent only on the power p, the number of nodes n,. of the wave
function and the angular momentum quantum number [. In this thesis we will work only
on the ground states where n, = = 0. Since A is a free parameter, we absorb ¢(p,0,0)

into A. The resulting binding energy is
2p+2  p
E(A, p,p) = A2 [pZe. (58)

The total ground state energy is then the rest mass energy of the three quarks plus the
above binding energy. Since A has dimensions of mass, the above has the dimensions of
mass or energy.

The total energy for the three independent two-body like baryon system is simply the
rest mass energy of each quark plus the binding energies for the three separate two-body

systems

2p+2 P _P_ _pP
w o= mi+ma+my+ A2 (1pF7 41/ +1/ud), (59)

where p; = mjmy/M.

We now have a generalized model for the energy spectrum for a three quark baryon
system. The question confronting us now is how to determine if the above nonrelativistic
expression can reasonably fit the spin one-half baryon spectrum for appropriate choices
of the three quark masses, the parameter A, and the power potential parameter p. To do

this we use the method of least square fit.
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6 Least square

6.1 Method Outline

To attempt to fit the energies of our specific baryon octet we employ the method of least
squares fit. The method of least squares uses the assumption that the best fit for a curve,
with a given function, is a curve with minimal sum of deviations squared (least square
error) from a set of given data points. Let the data points be (x1,y1), (22,42), ..., (xn,yn),
as a general example, where z is the independent variable and y the dependent variable.
A fitting curve f(z) has the deviation d from each point, d1 = yl — f(z1),d2 = y2 —
f(x2),...,dn = yn — f(xn). The parameter ¢ is the experimental error of each test run
that will be ignored in our model since we are dealing only with an approximate equation.

According to the method of least squares, the best fitting curve has the property that:

2 2 2 2 - 2 - f(@i) —vi 2 L
=di+d .+ di = d: = = . 60
X L ey ; ! Z,Z;[(SE:L’peT’imental 67’1“07“] & THm (60)

For the baryon spectrum we use a x?2 of the form*

n

Theoretical result — Experimental result [ f (@) —vi]?
=Y N e R

- Experimental result -

6.2 Fit to Baryon Spectrum

Let the theoretical results be our energy eigenvalues in Eq.(59) for seven baryons. We are
not concerned with the A particle in the baryon octet because its makeup is identical to
that of the X0, Its difference in mass stems from the spin of their constituent masses which
is beyond the scope of this paper. The experimental results are the known baryon masses.

This data is retrieved from a table of baryons taken from Serway chapter forty-seven [5]

4In ordinary least sqauare approximations the experimental error is accounted for. This ensures a high
degree of accuracy. However, the model presented in this thesis is only a approximation and so we only
desire to see if the results are reasonable and are not looking for an exact solution.
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shown in Table 1.

The baryons of interest are the p,n, ¥t, X0, ¥~ 20 and Z~. The masses of these
individual baryons we define as b;. The individual quarks of interest in this specific model
are the up, down, and strange quarks. The quark masses are labeled my, mo, and mg for
each of the seven baryon and represent the different combinations of up, down and strange
quarks. The reduced masses are defined, u; = EJ\% The proper expression for x2, our

baryon spectrum model, is now, using Eq.(59),

X2 (ma1, ma, ms, A, p) (62)
(A=Y 3t P
_ Z[AP“ (/™ +1/p3™" +1/pg )+m1+m2+m3-*bz‘]z
: bi .
=1

How do we find the values of our parameters mi, ma, ms, A and p that give the smallest
possible value of x?? By applying the gradient and creating a step function, we find
the direction of greatest decrease in 2. The assumption is that y? can be viewed as a
hyperdimentional surface, hyper meaning more than three dimensions. Vx? will quickly
find the local minimum. of x2. Thus our step function will be in the direction of the

lowest point on the surface x2?(m1, ma, m3, A, p). See appendix B.

6.3 Grid Point Method

To avoid a local minimum, a grid of various parameter values along a reasonable span of
x2(mq,ma, m3, A, p) is taken in order to thoroughly cover the possible minimums. Various
values of x? are ranked so that we begin the gradient with the starting point of the ten
best approximate values. It is after evaluating over a reasonable limit and narrowing our
search that the top nine of many points were obtained. The results are summerized in

table 2 on page 23.
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Table 2: Nonrelativistic grid method results for baryon octet.

Rank A u d s p X2

1 128 77 74 355 1.25 .000207
2 128 77 77 355 1.25 .000223
115 77 74 370 1.75 .000293
128 74 74 355 1.25 .000297
128 74 77 355 1.25 .000298
1128 77 71 355 1.25 .000298
115 74 74 370 1.75  .0003

115 77 71 370 1.75 .000306

© o N o Ot = W

115 74 71 379 1.75 .000372
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6.4 Stepping Method

Next we use a stepping function that will take us in the direction of greatest change of
x2. This step function is defined in such a way that it will always take us in the direction
of a local minimum of the function. We define this step function in vector notation
X(UQ, do, S0, AQ, po) = X(] + sn. (63)
The vector Xy is our starting position vector, determined by our grid method described
above
Xy = u()/i\l + d()/i\g + So/i\g + AO/i\4 + po/i\5. (64)

The second term is the gradient of x? with respect to its arguments

aux2f1 + adxfi\z + 35)(2?3 + (9AX2€4 + 8,,)(2?5
\/8ux22 + 3dX22 + 85X22 + 8AX22 + 8pX22 ’

ﬁ:

(65)

The scalar s is simply a constant which can be varied to increase or decrease the step size.
In other words we can approach the local minimum faster with a larger s value®. The
results of our step function is another position vector to be defined as our new starting
position vector X = X,,¢py. The process is repeated with Xg = X,,¢y,. The parameters
of both the position vector and the step function are the magnitudes of the resulting
individual vector components of the previous step function X(uq,d1, s1,A1, p;). The new

position vector is denoted

X/(Ula dy, SlaAlapl) = Xpew + ST (66)

The point whose gradient gives the lowest value of x2(m1, ma, m3, A, p) would be taken

as the best approximation but it was found that the values were identical and independent

°Tt is a good point to note that if s is too large the step function will overstep the local min and it must
be decreased till the step function begins to reach a constant value. When this happens we have reached
the local min of x.
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of the points used. For each point x? had the same results summarized in table 3, page
26. An averaged comparison of the results to known values are given in figure 2, page 27.

Though the model gives a good approximation of the baryon spectrum, the binding
energies were found to be large compared to the rest masses which suggest the need for a
relativistic treatment. With the up, down and strange masses being so low compared to
the binding energies ranging from 450 MeV to 650 MeV, we must consider a small mass
confined in a very small volume with a large potential. A small mass within a high binding
energy implies that high speeds will occur within the system. In the following sections we
will incorporate relativistic corrections. Starting with Einstein’s mass shell constraint we
construct an effective two-body Hamiltonian in the center of momentum frame (c.m.). We
then give the conditions that must be satisfied for a separable three-body model to work.
Reduced mass of relative motion and energy equations are obtained and then expanded
into the generalized three body form to predict the energies of our seven chosen baryon

systems.
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Table 3: Nonrelativistic gradient method results.

x> u d s A p

000352 74 71 379 115 1.74
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Numerical Experimental

1319 MeV =" =0 1318 MeV == =0
1202MeV = 3~ 30 30 1192 MeV 3 ) 3
930 MeV p N 939 MeV P N

Figure 2: Averaged nonrelativistic comparison spectrum.
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7 Relativistic model of the ground state baryon octet

7.1 Generalized Mass Shell Constraints

Here we discuss how we extend the separable nonrelativistic three body model to the
relativistic case. We use the methods of constraint dynamics. First we discuss the two-
body case. Our discussion is a review of material presented in References [12],[4],and [10].
To see where the constraints for the relativistic case arise consider the Lagrange for a

single free particle

L= fm\/—ii?. (67)

Its momentum is written in terms of the partial of the Lagrangian with respect to the

time derivative of the position

oL ma
p=—= 2a (68)
ox :
—z
SO
p>+m?=0. (69)

However, the Legendre Hamiltonian H; = p-x — L = 0. Thus since H = Hp+

constraints, the above functional constraint therefore serves as the Hamiltonian

H = Ap? +m?) (70)

for a single particle.
For two particles, using the free mass shell conditions pi2 =+ m? =~ 0 as a starting point,

we define a two-body Hamiltonian

H= A1H1+A2Ho, (71)
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where the coefficients \; are Lagrange multipliers and

H = p%+m%+<1)1(:£‘,P) ~0,

Hy = p2+m3+ &y(z, P) = 0. (72)

These are generalized mass shell constraints, where P = p; + p2 is the total momentum
with w = v/— P2 the total c.m. energy, and « = z1 —z5 is the relative position coordinate.
The invariants ®;(x, P) are the c.m. energy-dependent potentials called quasipotentials
and account for the deviations from the free mass shell conditions. These constraints
must be compatible. This follows from the requirement that the time rate of change of
the constraints be conserved in time.

The proper time derivatives are given by the Poisson bracket condition

I irmy (73)

In the above equation, f is an arbitrary dynamical variable. The time rate of change of

the constraints are

dHy
dT {Hl’H}
= {Hi, M PH+ M {H, Ha + {Hu, Ao Ho + Ao{Ha, Ha}
SV {Hl, HQ}, (74)

similarly,

dHs N
7 ~ M {Haz, H1}. (75)

®The symbol ~ (called a weak equality) means that the constraint is to be imposed only after Poisson
brackets have been worked out.
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The constraints are thus constant in the system proper time if they satisfy the com-

patibility condition {Hi, Ha} ~ 0. In terms of the constraints in Eq.(72) we have

2p1 - {p1, P2} + 2p2 - {P1, po} + {®1, P2} = 0. (76)

Assume the quasipotentials to be of the form

2 (E2
— e (L T
@Z—®2(2 , 2,w) (77)

z- P
_ n
z) P2 P
o = ot - xﬁ = (" + P“P”)x,,
P r, = 0. (78)

Substitution of the above relationships into Eq.(76) gives the compatibility condition

6‘192 6‘192 6(1)1 6(1)1
—Apy -z — —Ap1 X)) =5 —4dpe 1 —5 —4py - T=—5 D1, Po} = 0. 79
PTG AT o7 P2 TiGy P23 o7 +{®1, 2} (79)
The simplest solution is
gl
¢ =Py = @12(7710)7 (80)

which is analogous to Newtons third law. The compatibility condition is now expressed

in terms of the quasipotentials

£E2
0P12(5~, w)

{H1, Ho} =~ —4P -z, axi

=0. (81)
In analogy to what is done in the nonrelativistic two-body problem, Todorov, Crater,
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and Van Alstine developed a relativistic Hamiltonian approach based on the above con-

straints using a relative momentum conjugate to x [7]. It is given by

="+ PHPYYp,. (82)

Here’,

(e2p1 — €1p2)
w

w = €1+¢&2

& = Si(w). (83)

The variables ¢; are the energies of the individual particles in the c.m. system and since

{$7P}:07

N = {Tp,Pv}- (84)

In terms of our relative momentum p we have the forms

po= 2P+
I3

P = —=P—p. (85)
w

The condition described in Eq.(80) serves as the relativistic counterpart of Newtons’s third

law and provides the kinematical constraint

Hy —Ho =2P -p+ (e2 — e1)w +m3 —m3 = 0. (86)

In the c.m. system

"Note this relative momentum is the relativistic counterpart of the nonrelativistic form p =

mop; —mjps __ mMjmo _ —
mi-+mo T mi+mo (Vl Vg) = Qv
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P’ = (ple2 — e1p3) /w = (e162 — €261)/w = 0, (87)

and so

P-p:pr:O. (88)

On the constraint hypersurface

€1 — €9 = (m? —m3)/w. (89)

Alternatively we could define the constituent energies

w2+m%—m§
g = —=
2w
2 2 2
w” 4+ my —mj
= —= =, 90
&2 2w (90)

Their relations with respect to the total center of momentum energy is thus

e1—e = (mi-md)/w
€1+ = w. (91)
Then,
Hi —Ho=2P-p=0 (92)

becomes a general constraint.

7.2 Hamiltonian

Going back to our constraints, Eq.(72) the Hamiltonian is Eq.(71) with the Lagrange

multipliers A; determined so that with 7;, the proper time of particle ¢,
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dat! dei?:sid—x?;izl,Z,

J o
dr; i dr; dr dr

b, = my

(93)

and the energy and mass are related by the ratio of the system proper time (= dt in c.m.

frame) to the individual particle proper times

dr
dr;’

gi =m

Considering the simple case of ® = 0 to recover the free particle results

dx}f w i Iz
it = ei{al' /H} = e2\ipl" = pl.

The Lagrange multipliers have the form Eq.(71)

so that

:p%+m%+‘b12+p§+m%+‘b12

~ 0.
281 262

H

Using Eq.(85) we obtain

P.p p?+0p+m?—c? p?4dig+md— e}
+ +
w 2e1 2e9
p2+®12+m%—€% p2+®12+m§—€§
+
2e1 2e9

H =

Q

where we have used the constraint (92). But using Eq.(90)

o _ w—2(mi + mBw? + (mf —m3)? _

e _ml=c2—m3= = b%(w).

4w?
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Thus our dynamic constraint condition ‘H =~ 0 becomes

H = (p? + By — b2)——. (100)
£1€2

Note that for the free two-particle condition we have

p? ~ b2 (101)

Solving this algebraically leads to

w:\/p2+m%+\/p2+m§. (102)

In the c.m. system the constraint Eq.(92) implies p = (0, p) so that the above equation
expresses exact two-body relativistic kinematics, generalizing the total energy condition

of

E=+/p2+m?2, (103)

for a one body system.

7.3 Models for the Quasipotential ¢

In this section we use an analogy with the one-body system to obtain a model for ®[4].
Introducing world scalar and vector interactions in the free mass shell constraint Hy =

p? +m? ~ 0 for a single particle one finds

H=2A(p—-A)?+(m+5)?=Ap*+m?+ 3] = 0. (104)

Our one-body quasipotential can therefore be written as

d=-2p A+ A%+ 2mS + 52 (105)
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Using a time like vector model A = (V,0) with p = (E,p), we have by substitution the

potential interaction

®=2EV —V?42mS + 52, (106)

and so

(E-V)2=p%+ (m+5)? (107)

or

p? +2EV — V? 4 2mS + 52

Sy ) (108)

The next step is to derive the interaction ®12 between two bodies analogous to the one
body ®. A two-body energy and mass expression must be obtained in order to proceed to
the three body case. Recall that our nonrelativistic three body problem is formulated in
terms of three two-body interactions. We wish to use constraint dynamics to arrive at a
relativistic generalization of this nonrelativistic formulation of the three body problem.

In what has been called the classical counterpart of the two-body elastic sector of
a quantum field theory taken from Wheeler-Feynman dynamics and in the form of the
Fokker Tetrode action for world scalar and vector interactions, Yang [4] has developed the

following two-body generalization in the c.m. frame of the one-body expression Eq.(107)

(tw — V)2 =p? 4 (my + 5)%, (109)

where (V,0) and S are world vector and scalar interactions. For time-like vector interac-

tions (which are considered in this thesis) we have then

p? + 2,V — V2 + 2my, S + 52

= p’+ g =i, —mi, = b*(w) (110)
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with

P19 = 2my,S + S? + 26,V — V2. (111)

The variables &y, m,, , introduced by Todorov and called the energy and mass of the

effective particle of relative motion satisfy

e2 = bv2(w) + m2 (112)

and are given by

w? —m? —m3
Ey = ————=
2w
my = -2 (113)

w

Reference [4] showed how their invariant forms could be derived by comparing constraint
and Wheeler-Feynman dynamics. In the equation above b(w) is the square of the relative

momentum p of the two particles in the c.m. system in the absence of interactions.

7.4 Quantum Mechanical Relativistic Two-Body Problem

We first note that the quantum version of Hamiltonian Eq.(100) can be written in the

form 8

HY = (p? + 1 — b*)U = 0. (114)

Going back to Eq.(110) and substituting our potential model V =S = %(Ar)p , we have

the quasipotential

w? — (my —ma e2 +e2) — (mg —ma)?

2(81 + 62)

By = )ZA(A = A(Ar)? (115)
12 = r)f = r)P.

2w

8In Dirac’s theory of constraints quantization takes place by replacing constraints in the the classical
dynamical variables with wave equations in the quantum dynamical variables ,i.e. H; = 0 replaced with
H; ¥ = 0.
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This is the relativistic version of Eq.(??). Note that with this choice of V,S the quasi-

potential ®15 has the same form as appears in the two-body nonrelativistic Schrédinger

equation. Recall from the two-body nonrelativistic limit

w = myp+mg+F,

E < <mi,ms.

In this limit we have a potential of the form

$19 = ————A(Ar)? = 2uA(Ar)P.

This limit tells us an appropriate designation is

w? — (myq —mg)?
Hoy= Tw )

and so with

@12 = QMWA(AT‘)’D

our quantum two-body Schrodinger-like equation is

(p? + 2py A(AT)P)T = b2,

(116)

(117)

(118)

(119)

(120)

The equation is quite similar in form to the nonrelativistic two-body Schrodinger equation

(47) used to describe the three body baryon system. In the following section we will begin

with the general N body eigenvalue equation proposed by Sazdjian [3] and how our above

eigenvalue equation can describe the three body problem as three two-body subsystems.
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7.5 Adaption to the Three-Body problem

In order to motivate the Sazdjian relativistic N-body equation, we multiply Eq.(114) by

2e1e9/w to bring it to the form

2+ 2+
[2(17 ;;112)+2(p ;;212)

Zgzl 1/2¢p

+m? — e+ m3 — &3]V (x12) = 0. (121)

This is the same form that Sazdjian has proposed for the general N body eigenvalue

equation

N 2

®,)/2¢e,
Sl kP2 e oy, <0 (122)
et > p—11/2e8

This equation only applies to interacting particles in which each body cannot escape the
system and is thus totally confined[3], which is the case we are considering here.

The eigenvalue equation for the 3 body problem can be written as

2
2 2 pu_-l-@l
s —ms —3
G e1 (1/e1 + 1/e2 + 1/e3)
2
5, + Do
+e2—m2 -3
’ ? 52(1/51+1/€2+1/53)
2
4e2 _m2_3 V(w19 ,T231,T ) 193
3 3 53(1/51+1/€2+1/€3)] (12J_ 231 31¢) ( )
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The epsilons are found by Sazdjian [3] to be

= % + é 14 (w— M)/(ml;n:(I/Zi +1/mg +1/mg3))
T = M)/(ml;ngl(l_/:z +1/mso + 1/m3))

2= % * % 1+ (w— M)/(mz:;;(l_/:vni +1/mg +1/ms))
ST G M) G 1 T i T 1)

=T % %1 + (w — M)/(mggf(z/zi + 1/mg + 1/mg3))

+1 mz — ma
31+ (w—M)/(mgma(l/my + 1/ma + 1/m3))’

or

€1 = ma +’U}f1(E,m1,m2,m3)

gy = M2 +Ef2(E7mlam2am3)

€3 = Mmg3 +Ef3(E,m1,m2,m3),
where

Sm?m% + 3m§mkmi + 3mjmim; + mmﬁE

fi=

2mimy E + 2mj Em; + miEm; + my, E*m;

3(mimj + mymy + mgpm; + mp E) (mym; + mjmy, + mpm; + mjE)

3(mimj + mimy + mpm; + mkE) (mimj + mimyg + mpm; + ij) ’

with

&=
Il

w— M

M = my+ms+mg,
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(127)
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where w is the baryon energy and

Q1 = Dia(x121,€1,62) + Pig(z131,€2,€3)
Py = Po3(wa31,€2,63) + Por(x211,€3,€1)
P3 = P3i(ws11,e3,61) + P3a(w321,€1,€2). (130)

For our model the variables p; | x;; | are relativistic analogues of the nonrelativistic mo-
mentum and position vectors and are essentially three dimensional since their components

perpendicular to the total momentum are zero:

pijL-P =0

For that to be true

pil = pi+tpi-PP=p;—¢&P

TijL = T+ Tij PP
~ P
P =
/—P2
and P = p;+ p2+ ps3. (132)

A more familiar form of the eigenvalue equation similar to the nonrelativistic form Eq.(45)

is desired.

Rewrite the bound state equation as
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2
6}
(2 — m2)(1/ey + 1/ez + 1/eg) — 3L T

€1
2
+®
+(e5 —m3)(1/e1 + 1/ea + 1/e3) — 3%
2
2
p3, +P
+(e5 —m3)(1/e1 + 1/ + 1/e3) — 33L6—33]\If(x1u, To31,2311)
- (133)

Using our previous relations and substituting into our bound equation we are left with

{E[f1b1 + faba + f3b3]
_pi+<1>12+<1>13 _ P2+ Pog + Py _ P2+ P31 + Pao
2e1 2e9 2e3

P (121,231, %311)

= 0, (134)

where
€ +my

bi:bi(E,ml,mg,mg) = (1/51+1/52+1/53). (135)

From our previous section the substitution V = 5 = %(Ar)p gave us a correlation for
the potential in terms of the two-body nonrelativistic limit?. In analogy to the two-body

expression Eq.(115) for our three body case let

(I)Z] = 2/“”8¢+8jA(ATij)p

e + &) = (mi —my)? Ny
_ ) A(Ar)P. (136)

Thus the eigenenergy takes the form

9See Eq.(115)-Eq.(119) in the quantum mechanical relativistic two-body problem section.

41



2 2 2
Py, | P21 | P3y
261 282 263

3
[ei + &]* = (mi —my)? L\
+ Z 2[51‘ + Ej]Ez‘ A(ATU)

ij=1
= E[fib1 + faba + f3b3]¥(z121, %231, 2311 ). (137)

Simplifying further, let

M;(E,mi,mg,m3) = ¢&F

[ej + ex]® = (my — my)?
Oi Ea ) ) = y 138
(E,m1, mg,ms) Y (138)

where

F(E,m1,ma,m3) = fib1 + faba + f3bs. (139)

Therefore ignoring spin and using time-like and scalar interactions similar to the two-

body case we obtain our eigenvalue equation for the three body system

2
[ le_
2M1(Ea my,ma, m3)
i p%J_
2My(E, my, ma, m3)
2
i P31

2Ms(E, m1, m2, m3)
+01((E, m1, ma, m3)A(Az12,)”

+0:2((E, m1, ma, m3)A(Azaz,)”
+03((E, m1, ma, m3)A(Azs1 1 ) |V (2121, X231, 311 )

= FEV(z121,%231,2311)- (140)
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What we are left with is a relativistic eigenvalue equation (140), which, unlike the nonrel-
ativistic version, we need to solve iteratively since the eigenvalue appears in the potential
and kinetic energy terms.

In analogy to the steps that led in the nonrelativistic case from the three body Eq.(43)
to the cluster of nonrelativistic two-body equations (?7), we now solve for the individual

clusters of two-body equations

[ Pk?J_
2Mk‘(Ea my,ma, m3)

+ OR(E, m1, ma, m3)A(Axi; 1 )1V (251 ) = EpV(zi0),  (141)

where in analogy to Eq.(11) and Eq.(40)

M;(E, mq,ma, m3) (142)

M;(E, mi,mg,m3) M (E, mi, ma, m3)
M, (E, my,mg, m3) + My(E, mi, mg, m3) + M3(E, my, ma, m3)’

and the energy ¥ = Fq + Es + Es.

Stepping back and observing our eigenvalue value equation, it is of the form

2

[;W + OAAF)]O(r) = EW(r). (143)

This bears a striking resemblance to Eq.(47), which is nothing less than the nonrelativistic
limit of Eq.(143). For our relativistic case, we absorb the dimensionless variable O into

A since A is a variable parameter. That is we define A” T OAPH or A = OV(+0)A o

that

K(2+2p)/(2+p) — O2/(2+20) \(2+20)/(2+p) (144)

By using dimensional arguments similar to those used in the nonrelativistic case that led

to Eq.(58), the energy eigenvalue for our two-body Hamiltonian equation is now
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) A(2+2p)/(2+p)

YGE) (145)

E; = 02/(2+P

The parameters A, mq,mo, ms, p shall be determined from the minimization of the
n — 1 iteration with respect to their initial values. This is done by applying two methods,
a random point and single variable step method. Our fitting function is the sum of seven
squared terms, each composed of the difference between our derived theoretical function

w and the rest energies ¢ of seven baryons from the +(1/2) baryon octet, so that

X* = Z <w’”ﬁ—f”>2 (146)

Jj=1

The theoretical function w,, is

w, = mi+me+ms+FE
3 02/(2+P)

E,my1,mg, m3)
E = FEy+ Ey+ E; = A220)/(2+0) i (B, ma, mg,m3)
1 : ’ ;Mi(E,ml,mQ,mg’)P/er?

(147)

The (,’s are the masses of the P, N, Y's, and Z’'s. The rest mass energies my, ms, ms

are the corresponding quark combinations of quarks up, down, and strange.
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8 Numerical Fit

8.1 Random point minimization

For this method we begin with a reasonable range of five parameters similar to the grid
point method. As the random method suggests, random points in a set range of parameters
are chosen, and then the binding energies are used to compute a value of x2. This process
is repeated and each value of x? is ranked and the top ten points chosen to proceed with
our final method, the single variable step method.

What sets this apart from the previous methods is that the points randomly chosen
can lead us out of any local minimum we may be in and pursue the global minimum we
desire. Our random number generator is defined RD, where 0 < RD < 1. The reason we
use this method in the relativistic case is because we are zoning in on the global minimum.
We no longer need a wide grid as we should be within the vicinity of our desired point of
minimization.

Given a set of ranges for our variables, we define the values of each according to the
following. For the following our variables (u,d, s, A, p) are denoted (z1, 2, x3, x4, x5). Let

the range of variable x; be defined from ; min t0 Z;max. Our variable is defined

Ti = Timin + BD + (Timax — Timin); 1= 1,2,3,4,5. (148)

These variables are then used to compute the nonrelativistic energies

3 fIfEfxs +2)/($5 +2)

(0) — R
E'i ($1a$2a$3a$4al‘5) = T Toj(a4an) i=1,..7,
=t H
;T
— J
where p; =

x1+x2+ T3

Using this to express our relativistic energies
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(225+2)/(25+2)

BBy, w,wg, w0, w5) = OF OF Sy =1 T n =123, (149)
M
which are then averaged
o BB
T 2 9

and the averaging continues until it converges using the previous energy value instead of

the nonrelativistic energy value

(n) (n—1)
7 2 .
This process continues generating various values of 2 which are ranked and then used as

starting points for the single variable step method.

8.2 Single Variable Step Method

Starting with our initial parameter values obtained above, (moi,mogz, mos, Ao, po), we
attempt to minimize x? further by cycling through each parameter z;, i = 1,2,3,4,5,
and stepping in whichever direction, z;, + Ax;, that takes us towards a local min. For
instance take our first parameter mj. To minimize, simply vary the first parameter,
m1, by , mi1 + Am;. We determine if this "step" decreases the function by evaluating
x2(m1 + Amgy,ma,m3, A, p). If it does not, we return to our original value mjand try
decreasing by m1; — Amy and evaluate the function with this value to determine if the
function minimizes. We continue in whichever minimizing direction mj + Amy until we
come toward a local minimum. Once the parameter step method reaches the local min.
we continue to repeat the process for the next parameter all they way through to the final
parameter p. Our final results are shown and ranked in table 5, page 47. For a quick

reference the random point generator results are given in Table 4, page 46.
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Table 4: Random point generator results.

Rank x? u d S A p

1 00511 179 166 422 112 441
2 00513 829 109 406 127 4.73
3 00526 124 150 413 120 3.96
4 .00528 152 148 418 117 3.56
5 00556 224 226 454 89 1.97
6 .02 175 176 356 115 4.29
7 0.1 236 136 583 759 4.69
8 .169 272 134 291 939 4,51
9 274 153 240 167 107 2.77
10 3 52.5 404 635 67.7 4.41

47



Table 5: Relativistic single variable step results.

Rank 2 u d S A p

1 00492 130.32 139.8 413 120 10.39
2 .00495 165 168 422 112 8.51
3 .00505 146.04 151.35 413.3 117.31 6.57
4 .00505 147.48 152.48 413.82 117 6.59
5 00506 221.76 223.74 449.46 89 2.29
6 00526 90.67  108.99 410.94 127 6.44
7 0085  255.53 202.48 458 91.7 7929.38
8 .01 314.45 272.99 47426 4394 1.51
9 0411 285.87 1324  408.14 105.79 4.54
10 0849  170.69 254.76 335.12 12546 2.77
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8.3 Simplex Method

The Simplex, or downhill simplex method, was designed by Nelder and Mead [13]. It is the
fastest way to get results when faced with a Hyperdimentional function. This is because
the method does not require derivatives, only function evaluations. The Simplex method
takes advantage of the geometry of a simplex. Let N denote the number of dimensions the
simplex encloses. The simplex is a geometrical figure that consist of N dimensions and
has N+1 vertices. a two dimensional simplex is a triangle, a three dimensional simplex is
a tetrahedron.

To start the method we require N+1 points to define our simplex. Each point in the
simplex is defined by our five parameters with a computed value of x2. For the baryon
fit N = 5 and the number of vertices is then 54+1=6. The algorithm is designed to make
its own way to a minimum. Here the initial points are denoted Py; and the step in the

direction of the minimum is denoted P;

P;, = Py + \ie;. (150)

Above equation describes the step as the initial point Pg plus a unit vector e; times a
scalare )\; which determines the direction and step size. Much similar to the step in the
gradient method. The steps continue towards a minimum, reversing directions when the
function y? increases. These steps are called reflections and are disengaged to conserve
the volume of the simplex. If a maximum is contained within the volume the simplex
contracts in all directions and centers around the local minimum. Each time this occurs
the points converge to a minimum point as the simples decreases in volume. In cases where
non-convergence occurs it may be useful to change the directions of the unit vectors, rotate
them, and restart the procedure. The results are outlined in Table 6, page 49. Note that

they are comparable but better than the variable step method results.
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Table 6: Simplex Results.

X2 u d s A p

00499 174 180 429 108 3.91
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9 Conclusion

For the basis of our conclusions; the best approximation from the Variable step method is
used, see Table 7 page 52. The accepted experimental values used throughout the thesis
has been that of the baryon values taken from the hyperphysics website. Figure 3, page
51, allows for a comparison of the experimental and theoretical averaged values of the
ground state baryon octet 0.

The percent errors range from between zero and two point eight. The higher of the er-
rors coming from the ¥ baryons. This is due to the small contributions from the relativistic
center of energy and reduced mass terms. The difference between the up/down masses
and the strange mass is significant enough to cause the theoretical model to fall short of
the experimental values. The power p ranges from 2 to 10.4 with the latter giving slightly
better results. This would suggest the need for a better approximation that accounts for
differences in power in the near and far field ranges. No one has ever seen an isolated
quark. The binding force appears to increase rapidly when one of the three baryons are
pulled away from the system. The behavior corresponds to other potential approximations
[1] and the long ranged nonperturbative quantum chromo dynamics potentials proposed
for the strong force.

The deviations in this approximation reflect the fact that it is a very simplified model,
ignoring a lot of quantum numbers and inter-particle dynamics. It should also be noted
that the nonrelativistic model better approximates the spectrum than the relativistic one.
This would suggest that the relativistic dynamics of three body interactions is still not
fully understood. For a more general baryon spectrum modeling one must deal with
several more isomultiplets. This will result in a more thorough model with dependence of
various quantum numbers. The results of this paper are good enough to encourage further

investigation into a more detailed model in the future.

10Recall that there are only seven baryons in the figure because the A baryon has the exact makeup as
the ° which is due to spin, a variable that is ignored in the approximation, and is thus excuded.
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Numerical Experimental

1348 MeV = =0 1318 MeV = =0
1158 MeV X~ 0 it 1192MeV 3~ 50 Wik
963 MeV P N 939 MeV P N

Figure 3: Averaged final results comparison of ground state baryon octet.
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Table 7: Comparison of simplex, step and experimental baryon masses.

Baryon Simplex Step Experimental

P 953.34  960.96  938.3
N 956.92  965.24  939.6
»t 1151.98 1154.47 1189.4
0 1155.53 1158.66 1192.5
¥ 1159.07 1162.85 1197.3
=0 1351.16  1346.7 1315

[1]

- 1354.68 1350.78 1321
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Appendix A: Symmetric center of momentum
Hamiltonian derivation

The Lagrangian corresponding to our first Hamiltonian Eq.(1) is,

3
1 .9
L= 52_;mzrz - (Z)(I‘l —I9, Iy — I3, I3 — 1‘1). (151)
Using Eq. (7) yields,
L:T—¢:L(R,l‘ll,l‘lg,l‘lg,uhu%u:s), (152)

Without imposing the constraints u; 4+ ugz + uz = 0 and R =0 = R the kinetic energy is

1 o 1mima(mi+ma) .o 1mamsz(me+m3) .,
T = §MR +§ M2 U3 5 M2 ul
1mgmy(mg +mi) .9
2 M2 2
mimems .. . . .
—1T223(U_1-UQ+112-113+113-111). (153)
3 3

Assume now R =0, but the constraints > 1; =0 = ) u; are not imposed. We can

i=1 =1
now define the canonical momentum conjugate to u; as

msmea; . mi1msaoims

P =V, L= 7

(fll —i—flg—i—flg), 1,7,k cyclic. (154)

If the second constraints are imposed then P; = m;m;0,;/M. Note that for this case,
these are not independent canonical momenta.

Express the Legendre Hamiltonian as

3
H=)P;-u—L (155)
=1

The Lagrangian with use of Eq(152) gives the total Hamiltonian,
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H:T+¢(U1,UQ,U3), (156)

as before, T' is given by Eq(153). On the other hand, from Eq(154) follows

P1 — P2 mao1ns —msmi 0 fll

1
Pg — P3 = M 0 mims —mami flg . (157)
P3 - P1 —m3imnmy 0 mimso ﬁ3

From these vectors we obtain our second Hamiltonian:

P, - Py)? (Py—P3)? (P;—P,)?
g P1=P2)" (P2 —Ps)* (P3P + (ur, ug, us). (158)
2ms 2my 2ma

This is the Hamiltonian in the c.m. frame because we have made the assumption R =0.

99



Appendix B: Non relativistic flow charts

Below is a flow chart outlining the numerical methods used to approximate y? nonrel-

ativistically.
Kange or
mes et parameters5- 1000
3
| Find ten lowest points. |
Least sguare fit defines function to be evaluated.
GridMethod | _— (mmm, i0=3I05 (-2 + L+ L yomem m~BF.
| FE B e

| Evaluate = foreach point.

Use gradient to evaluate »* at new point

.{'Er-ad.ientl I".-'FEthDd — Xy 51 AP ) = Kaee =

_Ft ank results

Figure 4: Non-relativistic program outline.
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Appendix C: Flow chart for random method

Below is a flow chart outlining the random method fit for 2.

:Ram:lnrn pDI nts Generated {

| — ,,

For each point, |

gverage Binding energies. Is _v_
St i S S &___ 2z |

(I TN LS i I I
| variable [terativestep method | X=X £ Ay [ .| Is
. e -H'"" yes
Mextvariable
f
e X
| Rank best
ten points

Figure 5: Random method outline.
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Appendix D: Variable Step Method Flow Chart

Below is a flow chart outlining the variable step method fit for y2.

‘u'afiableﬁtep'
i

Set previous x2
results

s starting value |
T

|
Stepith parameter valueto

minimizex2
M=da2dy [=1..5

B L
| Rankyx2's |

.‘_.:sl Average Binding Energies |

|xi=qux ﬂx| |Cnmp:itex2|

|
¥

Continue
tomin.

Figure 6: Variable step method outline.
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