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ABSTRACT

A class of numerical schemes for inviscid transonic
flows are studied in this thesis. They are based on second
order accurate central difference approximations(box-scheme)
to the viscous-transonic equation. A successive line relaxa-
tion method (SLR), an alternating direction implicit method
(ADI) and a multigrid ADI method are developed for solving
the non-linear difference equations. Inviscid transonic
flows over a symmetric airfoil at zero-angle of attack in an
infinite domain and in a wind-tunnel environment with wall
suction are computed using the three relaxation schemes.

Both subcritical and supercritical flows are calculated. Con-
vergence histories of the approximate solutions show that the
ADI method is about three times faster than the line relaxa-
tion method and multigrid ADI method is about twice as fast

as the ADI method.
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SYMBOL
Cp = pressure coefficient
fk = residue on Gk
?k = apprcximate nonhomogeneous term on Gk
f(x) = Dbody shape function
F = slope of body shape f(x), or nonhomo-
geneous term of a differential equation (Ch.4)
Fk = nonhomogeneous term of g difference equa-
tion on G
gj = grid size in y-direction
k _ .
G = Xth grid-level
hi = grid size in x-direction
I§+l = 1Injection operator
% = 1Interpolation operator
k+1
Ki = inviscid-transonic similarity parameter
Kv = viscous~transonic similarity parameter
L = operator for partial differential equation
L = characteristic length
LX = partial differential operator in x only
Ly = partial differential cperator in y only

M = linearized LX
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SYMBOL

M, = mach number at infinity

P = Prandtl number based on 4"

t = time

uk,ﬁk = approximate solution on Gk

u,v = freestream velocity components in x-direction
and y-direction,respectively

U = small perturbation velocity component in x-
direction, or exact solution of a differen-
tial equation (Ch.4)

Uk = exact solution of a difference equation

Gw = freestream velocity at infinity

v = small perturbation velocity component in y-
direction

vk = correction to uk

w = ¢xx

X,y = nondimensionalized coordinates

X,y = cartesian coordinates
Greek Symbols

A = small increment

€ = perturbation parameter

Y = gspecific heat ratio

A = stretch factor

U = absolute viscosity
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order of magnitude

small perturbation velocity potential

ncndimensionalized thickness ratio
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Subscripts
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wall
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CHAPTER I

INTRODUCTION

In this thesis we develop finite difference itera-
tive methods to compute inviscid transonic flows past air-
foil configurations. A small disturbance equation with a
compressive viscosity term in it, known as the viscous-
fransonic equation, is approximated by a second order accur-
ate central difference scheme. Boundary-layer viscosity is
not considered. A system of finite difference equations is
set up to approximate the partial differential equation and
the boundary conditions. Different relaxation algorithms are
adopted to solve this system of equations. A successive line
relaxation (SLR) scheme is one such algorithm. An improved
algorithm with faster convergence 1s an alternating direction
implicit (ADI) method. Convergence is further speeded up by
the use of a multiple grid algorithm together with the ADI
method.

In a relaxation scheme for solving a system of
finite difference equations the error is composed of a dis-
crete spectrum of wave lengths, which range from the width
of the region to the width of a mesh cell. The high fre-
quency components of error are smoothed out quite rapidly in
a relaxation procedure, but the low freguency components do

not dissipate so quickly. Hence, the convergence rate be-



comes asymtotlcally very slow. The idea of the multiple
grid method is based on the fact that after several itera-
tions on fine grids when the high frequency errors dimin-
ish, the relaxation sweeps are moved to a coarse grid. A
"residual” equation is then solved on the coarse mesh.
The resulting correction is added to the last approxima-
tion on the fine mesh. Similar procedure can be repeated
to approximate solutions of "residual" equation on even
coarser grids. It follows that the solution process in-
volves three main steps:

(1) relaxation sweeps on each level

(2) fine-grid-to-coarse-grid transfers of

residuals
(3) coarse-grid-to-fine-grid interpolations
of corrections.

This 1s the "correction storage (CS)" method and is only
suitable to linear problems. For nonlinear cases a modi-
fied method called "full approximation storage (FAS)"
scheme 1s adopted. 1In this method, instead of storing the
corrections, the full current approximations are stored
and, instead of the residual equation, a corrected equation
which is an approximation. to the difference equation on
fine grids is solved on coarse grids. Then the same proce-
dure is followed as in the CS algorithm.

The success of multiple grid method depends on

the use of a relaxation algorithm, which rapidly reduces



fhe high frequency errors. Since noint and line relaxa-
tlon schemes do not reduce these errors so quickly in a
general stretched mesh, where the mesh aspect ratio varies
from very small to very large values [1,2], it 1s proposed
to use an alternating direction implicit (ADI) method as
the iteration algorithm.

Since an iteration method can be regarded as a
time-dependent relaxation scheme where time is a relaxa-
tion parameter. A time-dependent term can be added to the
viscous-transonic flow equation. Then the ADI method is
applied to this time-dependent relaxation equation. The
ADI method is a two-step method in which horizontal and
vertical line relaxation sweeps in x and y directions are
carried out alternately for a two-dimensional flow problem.
The intermediate solution after each of the horizontal line
relaxation sweeps is corrected by the vertical line relaxa-
tions. Thus the final result after these two partial steps
is an approximate solution for one time-step. This process
is continued till the time-dependent term approaches zero.

Three kinds of methods will be developed in this
thesis: successive horizontal line relaxation method, ADI
method, and multiple grid method. The convergent rates of
these different methods will be compared by using the resi-
due norm and A¢ norm for several test problems dealing with
subcritical flows and supercritical flows in a semi-infinite
domain with free flow far field boundary conditions and in

a confined domain in a wind tunnel.



CHAPTER IT

DIFFERENCE SCHEME AND A SUCCESSIVE

LINE RELAXATION METHOD

The inviscid-transonic equation

(K=(y+1)6,) ¢y, + ¢, = 0 (1)
which 1s the small disturbance approximation of the com-
pressible potential flow equations, is a mixed elliptic-
hyperbolic type. Mixed difference schemes are used exten-
sively to solve such an equation. Murman and Cole[ 3,4]

have originated this approach and Jameson [5 ]has developed
more sophisticated versions of this scheme. In this method
the velocity is tested to determine whether the flow is sub-
sonic or supersonic at each point during an iteration process.
In the supersonic region a central difference scheme is used
to approximate the derivatives. This implies that the domain
of dependence of an elliptic equation extends in all direc-
tions. 1In supersonic region where the equation is hyperbolic,
a backward difference scheme is employed in view of the fact
that the domain of dependence is in the upwind direction.
Special parabolic and shock-point operators are used at points
where the {low enters and leaves the supersonic zone, respec-

tively. Because of the different orders of truncation errors



introduced by the central difference and backward difference
schemes, artificial viscosities are induced in the super-
sonic region.

The viscous transonic (V-T) equation is a small
disturbance approximation of the Navier-Stokes equations,
and includes the effects of compressive viscosity across
shock regions but not the effects of boundary layer visco-
sity. It is originally derived by Liepmann, Ashkenas, and
Cole (1948). Sichel has given its derivation and reviewed
its properties and applications in a review article [6].
The viscous-transonic equation for a flow past a symmetric

airfoil given below is in Sichel's notation.

Ky Oxxx ¥ (Ki - ¢x> Opx * ¢yy =0 (2)

where

1"

K. = — u <1 + 1—'—},)
V BwaLT2/3Mwu/3(Y+l)2/3 PI’

is the viscous-transonic similarity parameter,

1-m°

LT 2 33

is the usual inviscid transonic similarity parameter,

and



¢ is the perturbation velocity potential,

[ is the characteristic length,
x = x/L ,
y = Ay/L,

T = T/L is the thickness ratio,

3
A= €e/T,
TR % U+ ' is the longitudinal viscosity,

Pr" is a prandtl number based on u",

1l + eU where U

CWCI
]
1
-

= A€V where v

il
©

§:w<|

The boundary conditions (Fig.l) are
¢y(x,0) = f(x)
where f(x) is the slope of the body shape, and

$ 0 as r = Vx ty >

The pressuré coefficlent is

-212/3
173 273 *x

Cp = _2€¢X =

(3-2)

(3-b)

(4)
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Figure 1. Flow field and its Boundary Conditions.

The viscosity term Kv¢xxx is the contribution
of the compressive viscosity which is prominent across a
shock. The parameter KV i1s rather small for high Reynolds
number flows. A small KV makes the equation extremely
stiff. The equation, however, is parabolic of higher or-
der everywhere and thus may not require mixed differencing
in principle. For subsonic far field, the equation would
still require boundary conditions all around the domain of
computation like an elliptic problem. The size of KV af-
fects mainly the shock thickness. In numerical computa-
tions extremely small KV makes the calculations 1l1i-

conditioned. We use a moderately small KV which can still

produce a thin shock region without making the system



overly stiff. Thus Kv¢xxx term, in a sense, plays the
role of an artificial viscosity term in the numerical cal-
culations. This approach, however, as will be seen later,
would help preserve second order accuracy for all the flow
variables in the numerical scheme.

Keller has developed a "box scheme" to solve a
large class of parabolic problems fﬂ. The following method
was developed by Reddy[SJto solve the viscous-transonic
equation with the application of the box scheme.

Let U = ¢x , V = ¢y s W = and the viscous-

Opy
transonic equation can be rewritten as a system of first-

order partial differential equations.

o, = U (5-a)

Ux =W, (5-b)
L2y = -

(Kvw + KU - %U )X = -Vy . (5-c)

It may be noted that the third equation which represents
the V-T equation 1s in conservation form.

In problems where shocks are expected, we are
really looking for the so called weak solutions of the
system. In this problem while the shock region is not a
discontinuity, it is a region of sharp gradients approach-

ing a discontinuity. Difference approximations of the



conservation form of the p.d.e. approximate the integral

conservation laws and thus can yield weak solutions with

near discontinuities, if they exist, with proper shock

Jjumps.

The finite difference approximations to the

first order system, equations(5), are written at the point

(x, _

in the x,y directions.

where

and

A can be

s U

%,yj), where 1i,j are the grid point indices (Fig.?2)

(6-a)

(6-b)

(6-c)

: = ; . ¥
1-%,5+% i_é,J-%)/(gJ gj+l) ’

+
, and (KVW K

i

U - 30°)

3
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hy = x4 - X1
gJ - yj - yj—l
In this method since

order system by a second order

knowns are ¢ , ¢. , and ¢xx at

X
are computed simultaneously to

11

=(¢-1 s =

1-23,J ¢i-1/2,.j"l)/gJ )

we approximate the first
difference scheme, the un-
all grid points and these

second order accuracy.

| The boundary conditions (Fig. 3) are approxi-

mated as

:

} (11) ¢ =0 at j=

‘ (i1i) ¢ = 0 at 1
(iv) ) =W =0

(7-a)

s xy >
JE s (7-b)
=1 , (7-¢)
at 1 = IE (7-d)
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Figure 3. Numerical Flow Field and its Boundary Conditions.

The asymptotic solution of ¢ has the property: ¢:O(%) for
large r and thus the derivatives of ¢>o0 faster than ¢

Hence in the numerical computations where the semi-infinite
domain is replaced by a finite region, it is advantageous
to replace ¢ = o by ¢xx = 0 at the right boundary as shown

above.

The nonlinear system of equations for o , U ,
and W at the grid points are solved by a successive line
relaxation (SLR) method. Solutions on each horizontal line
are relaxed in the y-direction successively. The latest
values of P , U , and W are used in every relaxation.

First the equations (4) are linearized on each

horizontal line j by Newton's method.
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1,3 1,3 i,J
fio1,5 T Riaa, YO g
where A can be ¢ , U, and W . Inserting these into the equa-

tions (4) and ignoring the quadratic terms in AA, we obtain

h.
i
, - \ L) - = A T, = Rl
(804 5 = 0837 50 = = (8Uy 4 + A0, 4 )
(8-a)
where R1 = —hi(Dx¢i—%,j - Ui-z,J) s
hi
AU - AU, - = (AW. ., + AW = R2
( i,] A 1—1,3) 2 ( i, -l,J) (8-b)
where R2 = —hi(DX 1-3,5 " wi_é,J) ,
\ . + + .
and al ’JA¢1_1’J a21,JAUi—1,J a3i,JAwl—l 3
Y S AU, .+b3, AW, ., = R 8-
bll,JA¢l’J bZi’JAUl,J 31’JA 13 3 (8-c)
hi
where al; =/ - at j=1
1,7 g,(g,+85) ’
h.
- i



a21’j = =K, t Ui-l,J s
a3i,j = —KV s

bll,J = ali’J ,

2y, 5 = Ky=Us 5
31,5 = K,

14

- [ L2 ]
and R3 = -h; * D (K WK, U-5U"), 5 s+ RY |,
where RY =/ 2 ¢i-1/2’j+l-¢i—1/2’vj ¢i'/2:.]—¢i"1/2:j"l
- at j>2,
2 P15,27% 5,1 b ie1
g1+8, g, i-% JTL
L
where F, , = <df)
1-%5 d_X
i3
Boundary conditions become
80y 5 =0 (9-2)
AWl ’j O L] (9"b)
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Biig 5 =0 (9=-c)

The coefficient matrix of this linear system
of equations is in block-tridiagonal form. Thus A¢ , AU,
and AW can be solved on the jth horizontal line. The
iterations can be repeated on each line for the Newton
iteration to converge. As the calculation proceeds for a
while, 1t does not take more than two or three iterations
for the Newton iteration to converge on each line. How-
ever, since several hundred sweeps of the whole region are
necessary for the line relaxation method to converge, it
is really not necessary to carry out more than one Newton

iteration on each line.
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CHAPTER III

ALTERNATING DIRECTION IMPLICIT METHOD

Alternating direction implicit (ADI) method is
one in which a horizontal line relaxation and a vertical
line relaxation are alternated in every sweep. This method
has the potential of reducing the errors faster than the
line relaxation methods. Peaceman and Rachford [9] have
first developed an ADI method for solving multi-dimensional
heat transfer and Laplace equation problems. There is a
vast amount of literature on the application of various kinds
of ADI hethods to time dependent probiems or relaxation prob-
lems. ADI methods can also be interpreted as time-splitting
methods and approximate factorization methods. Jameson [10]
has used ADI to solve 2D and 3D transonic flow problems.
Beam and Warming [ll] use the approximate factorization and
ADI techniques to solve the time dependent Navier-Stokes
eguations.

To develcop an ADI method for the V-T equation, we
introduce a time derivative, where time 1s really a relaxa-

tion parameter. Let

2

9 U-%U )X + Vv

ot

(K. W+K
v

1 y

Lo + Ly¢

Lo . (10)
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where LX¢

{]
N
=
S
+
=]
’_J'
-
[}
N
-
1}
N

. . 2
K W+K,U-2
v 1L sU )x ’

and L
Y¢ v

"
<
I
-

It may be noted that we intend to make %% - 0 or L¢ »0
as t becomes sufflciently large.

Let the temporal variable t be discretized as
t = nAt where At 1s the discrete time increment and
o(t) = ¢o(nat) = ¢n . The equation (10) is approximated
at the time-step (n+%)At by

N r
3 r1+/2_ 1 8(1) n 8(1) n+l 2 (
(%) = ﬁ{(ﬁ> + <W + 0(AtS) . (11)

By Taylor series expansions, we can write

36 n+1_ 39 n 3 ég_n P
(§€> = (§€ * szlat) At 0(At™)

n n
=32 AL (39 2
(ac) + At(t> At + 0(AES) (12)
39 ﬂ+%_ n+l n 5
(_ﬁ) Qﬁ—-* 0(AtS)
_ A" 2
= 8-+ oat?) . (13)
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By inserting equations (12) and (13) into (11) we obtain

n n
r? = At(%%) + %; A(%%) + 0(at3) (14)

and substituting the equation (10) into (4) leads to

re't - %} ALoM) = atLo®™ + 0(atd) (15)

n n n n n
where AL¢ = AL + AL d A(L =L A
¢ %9 y¢ an ( y¢ ) v o R

since Ly is a linear operator. Since LX operator has a
non-linear term, we apply Taylor series to linearize the

non-linear term to give

= (¢ 2)n+1_ ( X2)n

X X ¢

- (U2)n+l _ (U2)n

2.\n
(M U s 4 o(at?) |- (U

2.\n
ot )

207aU + 0(ate) . (16)

The error due to linearization of the non-
linear term 1s of the same order as that of the time
tuncation error and would not be detrimental to the basic

scheme. Hence, a linear operator MX can be defined as
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n n n .n,.n
MXA¢ = (KVAW - KiAU - U'A0 )X . (17)
Replacing A(Lx¢n) by MXA¢n , equation (15) can be fac-

torized as

At At
(I - > MX)(I - TTLy)A¢

D2 oatne® + o(atd) L (18)

2 3 n 3
By ignoring é%— MXLyA¢n = At a9 bt

3¢
T by e T T kly 5T
Which is O(At3). Thus the formal accuracy of the equa-
tion (15) is not upset by the approximate factorization
scheme of the equation (18).

The factored scheme (18) can be implemented by

the alternating direction sequence:

*
(T - S )8¢" = atLe” (19-2)
(I - %§Ly)a¢n = A" (19-b)

*
where A¢ 1s an intermediate quantity in the ADI scheme

and has no real significance.

Two points should be noted:

(1) 1Ir ¢n+l = ot , 1.e., A¢n = 0, the factored

equation (18) will r=due %o L¢n = 0 which 1is the original
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steady flow equation. It means that the equation (18)
represents an iterative method for solving the steady flow.

(i1) The time increment is nothing but an itera-
tion parameter. It can be varied from iteration to itera-
tlon in a cyclic manner to speed up the convergence of the
scheme.

The first step, equation (1%-a) can b%e rewritten as

* * * 1
A - %[KVAW (¥, - u™)au ]X = AtLe" (20)

which can be approximated at point (i-%,j) by a second-order
central difference box scheme as before and multiplied by

—hi/At on both sides to obtain

#
Ad +a2., AU

1, A, . . .
a 1,3771-1,7 i,d i-1,] i,J

* * *
+ bl, .A¢ ., .+b2. . , ++b3, AW . . =R 1
© 13J ¢ lsJ b l;JAU lyJ 31’:] 1,d 3 (2 )
where ali,j = - hi/2At s
= _1 -
a21,j 2<Ki Ui—l’J) 3
ol = al s
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= L -
b2 i szi J1,3> s
b . = -
31,3 a3l,J >
and R3 = -h.Lo"
177 1-%,

Together with the difference schemes for QX, o,

X

i.e., equaticns (8-a), (8-b), and the btoundary conditions
(9) we obtain a block-tridiagonal system of egquations
which are similar to the one obtained in the preceding
chapter except for the coefficients al, a2, ---, b3 which
are different.

In the vertical sweeps, 1.e. the second time step
(19-b), we put the lower boundary on line j=1 (Fig.id-a)
instead of on line j=% for our future convenience in multi-
ple grid method and change the upper boundary condition to

accomodate the porosity of a wind tunnel wall at that

boundary or a free flow conditfion as before.

The lower boundary condition ¢y = %% = F(x) on
line j=1 can be reduced to
%1 0 % %1y 0 T 285F1 (22)

by using a central difference for ¢y and assuming 818,

where 1line j=0 1s only an imaginary line. Thus we obtain



2(e e (23)

)

i-% 2
&
>1 g5

by using a central difference for ¢yy and equation (22).

The R3 of equation (21) on line j=1 becomes

2

_ n - n n,.mn
R3 = -n,Le", , ) kﬁ_vaw +E, U507 )

7
i_%’l+R1]
(24)
where RY = (¢ ). , given by eguation (23).
yy i-%,1
The upper boundary condition is changed to

¢y = a(x) where a(x) at discrete points along the line

J=JE (Fig. U-b) may be measured by experiments in a wind

tunnel. 1In a free flow problem where the upper boundary
-1 1 ) T“‘-€> I JE+1
& JE+1 l
. , L L L
43 O j=2 %‘.LA JBE
g5 %JE
*7777W7§77T777j=l S JE-1
| I ‘
1
i o
1 o 3=0 oy :
(a). Lower boundary. (b). Upper boundary.

Figure 4. Upper and Lower Boundaries.
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is far away from the airfoil, we set o(x) = 0 which amounts
to ¢y = 0 . This is just as valid as ¢ = 0 at that boun-

dary for free flow problems. Similarly we can derive

(o) _ 20 gm0y 0E) | P
yy i-%,JE 2 g
’ SIE JE
(25)

In this case R3 on top line can be obtained from (24)
by substituting (25) into RY and replacing j=1 Dby j=JEND.

The second step equation (19-b) 1s approximated

at (ilj) by
pae™, . +ane®. Ltchol. ...=Ae . . (26)
1, J—l 1, J 19J+l 1, J
where b = - z At R
1(gs+85,7)
At At
a =1+
gJ+l(gJ+gJ+l) SJ(gJ+gJ+l)
At .
c = - for 2<j<JE-1 ,
8y41(85%8547)

%
and A¢ 1,3 1s known from the horizontal sweep.
3

Boundary conditions for A¢ in the vertical

sweep are



]

giving

and

- -

AV, p = (840, 4 = 0

AV, = (Ad ). =
JJE y'1,JE

Abs, 0 = 85 5

By JE+ 1 7 894 g5 - 1

equation (26) we obtain

at j=JE

24

(27-a)

(27-b)

(28-a)

(28-b)
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The system of equations on the ith vertical line is in a
scalar tridiagonal form and can be solved efficiently.

To summarize, in the ADI method we can split
our solution scheme into two steps. One in the x-
direction and one in the y-direction. After solving the
block-tridiagonal systems in horizontal sweeps Tthrough the
whole region, we make use of the intermediate increment A¢*
to solve the tridiagonal system of equations in vertical
sweeps. Adding the resulting A¢n to our original ¢n we
finish one time-step forward. This process is repeated
till it converges. This scheme is much faster than the
successive horizontal line relaxation method of the previous
chapter. It is further speeded up by using variable At's
cyclically. It is about three to five times faster than the
SLR scheme depending on the Mach number, as discussed in

Chapter V.
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CHAPTER IV

MULTIPLE GRID METHOD

In the multiple grid method, a sequence of grids
with geometrically decreasing mesh sizes are used to accel-
erate the convergence of a relaxation algorithm. It was
first proposed by Federenko [12] subsequently analyzed by
Bakhvalov [13] and Brandt [14,15] and applled to transonic
flow problems by Jameson [l], and Brandt and South [2].

1 2

Suppose there is a sequence of grids G~, G ,=-=--,

GM which discretize a domain @ with increasing mesh sizes

n¥ = 2Kyl | That is, the grid-lines of G¥X are every other
grid-lines of Gk—l (Actually this is not necessary, but
makes it convenient). Consider a linear differential
equation

LU =F in Q . (29)

The difference approximation on each grid level Gk is of

the form
LU = F" in Q (30)

where Uk is the exact solution of the difference equation.
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Let uk be an approximation of the solution to Uk and Vk

be the correction to U such that U¥ = uk+vk satisfying

the difference equation (30). Since L is a linear opera-

tor, equation (30) can be replaced by
Lv: = f (31)
k K
where £= = F° - L"™u (32)

is the residue left by uk in satisfying the equation (30).

Then the equation to be satisfied by the correction func-

k+1

tion on the coarser grid G * is approximated by

ktl k+l _ oktl | LkHlok (33)

L K

§+l is an injection operator which represents

either a straight injection of wvalues of fk to the coarse

grid Gk+l from the corresponding points on the fine grid

Gk or a transfer of a weighted average of values of f‘k on

where I

neighboring points. Once the equation (33) is solved, its

. . . . k
solution is used as an approximate correction to u

k _ k Kk k+1
unew - uold + Ik+l v (34)

where Ii_l is an interpolation operator from the coarse

k+1 k

grid G to the fine grid G The same procedure can be
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used for solving the eguation(33) using a yet coarser grid
Gk+2 . Thus a sequence of grids can be used. This is the
so called "Correction Storage (CS)" scheme for linear opera-
tor, in which one needs to store all corrections vk on each
grid level Gk in the fine-to-coarse process for future use
in the coarse-to-fine process. The storage required for
this algorithm is only a fraction more than the number of
locations, n say, required to store corrections on the
finest grid level. Since each level has 1/2d as many grids

as the last finer grid level for a d-dimensional problem,

the total required locations for corrections are

d, ,=-2d

(1+27%2729 __yn<(2%/2%1)n<on . (35)
Hence, for a 2-D flow case, only n/3 more storage locations
are required than the single grid methocd. The flow chart
of the scheme is shown in Fig-5.

Generally for nonlinear problems we should store
the full current approximation ﬁk in all grids instead of

the corrections vk . The corresponding scheme 1s as follows.

Equation (30) can be rewritten as

LU = F = £ + LU (36)

where f‘k=Fk-LkUk . Let ﬁk be an approximate solution of
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the equation (36) for U". We are going to find improve-
ments to Ek by going to a coarser grid Gk+l and later
coming back to the grid Gk . Since the operator Lk+l in

. k+1 | - .
the coarser grid G will have more truncation error than

the operator Lk in grid Gk » We approximately correct this

additional error as we approximate the equation (36) in the

coarser grid Gk+l as follows. An approximation to the

k+l

equation (36) on the coarser grid G is of the form

ktlek+l _ zk+1

L £ (37)
where FXL - I?'lf'k + Lk+lI§+lﬁk . In the above approxi-
mation, the term fk+1 can be interpreted as follows:

fk+l - IE+1(fk_Lkak)+Lk+lIi+lﬁk

(38)
- I§+lfk + (Lk+lI§+lak _ I§+1Lkﬁk)

The last term on the right 1s the compensating term for

the difference in the truncation errors of the operators

k k+1

L™ and L

k+1

When the solution u to the equation (37) is

k+1

obtained on the coarser grid G s, we can go back to the

~

finer grid uk to find an improved solution for ik by
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-k _ =k k -k+1 _k+l-k
Ypew = Y514 T Ik+l(u -y uold) (39)
where (ﬁk+l—Ik+*ﬁK .) 1s the correction term and note
k old
1 - -
that T TSP GF # 3% generally. This is the "mull

Approximation Storage (FAS)" algorithm.

The FAS mode has the same flow chart as the CS
algorithm as shown in Fig.5 except that the equations (33),
(32), and (34) are replaced by (37), (38), and (39), res-
pectively. It is flow-charted in Fig-6.

Acceleration in convergence of the multiple grid

method 1s based on two reasons:

(1) Only high-frequency components of errors are
needed to be reduced on each level; therefore,
the convergence rate is faster.

(2) The number of mesh points on the coarse-grid-
level 1is much less than that on the fine-grid-
level; therefore, the required number of opera-
tions decreases.

In effect, high frequency components of the errors

are dissipated on fine grid and lower frequency components
are reduced on the coarse grids, thus speeding up the over-

all convergence of the iterations.
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CHAPTER V

RESULTS AND CONCLUSICNS

All the calculations are done for a flow rast a
symmetric circular airfoil with thickness ratio 1/6 in a
rectangular domain under various conditions. Two kinds of
flow conditions are studied: subecritical case (M _=C.€96)

and s

[t

percritical case (M_=0.721). 1In the subcritical

case the flow 1s Iin a wind tunnel with normal velocity
ocundary condition imposed at the wall. In the supercrici-
cal case we have considered two different domains: one 2

semi-infinite domain with free flow

Fy

ar field boundary

onditions and another a confined domain in a wind tunnel.

(¢}

The domains in all cases are discretized into a 129 x 33
grid except for the semi-infinite dcmain case in which 1%

is a2 12¢ x 41 grid. 1In the semi-infinite domain case, ror

ct

he upper toundary condition normal velccity is set to zero
To simulate the free flow. In other cases ncrmal velocity

distributions as measured in wind tunnel tests are imposed

ct

the upper toundary.

)



~

Tha C

sults by all relaxation schemes are shown in Figures

and 13, for various flow conditicns. The convergs

are compared by plotting the L, norms of residue in Figures
P

8, 11, and 14, and the L,
.
and 15 against the work units.

oy <ne equivalent number of sweeps on the finest grid.
Therefere the work units are just equal to the
sweers fcr the SLR method and the ADI method.

grid method each level has about 1/4 as many grid roints

as the next finer grid level.

k

{,

Thus

the work nesded

norms of A¢ in Figures G, 1

numoer

In the

1

. , A i
sweep on G is only 1/4 of the next finer level &

T

-1

2,

o

C1L

The work units are measursd

multi-

for each

JEND JEND
l1z]] ={¢Z z |Z2, . laa, .]/A
1=1 §=1 29 1,4
wnere Z, . can be either the residue or 4¢ at point (1,]),
Yy
A, , 1s the cell area at (i,J), and A is the total area cof
i,d
the domain
The Inviscid-transconic similarity parameter K,

is calculated by eguation (2) and the viscous-transonic

similarity parameter Kv
k
method the KV on G
1 =
grig ¢°°°
rend to the value of K

is 4 times the Kv on the next

a4

, ctut ultimactely the converged results corre

(C.01) on the finest grid.

is set to be 0.01. In multigrid

er
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he time-increment At in the straight ADI methcd

of Ats. In cur case we adopt 0.01, 0.02, ©.04,
ically. The convergence rate is much faster than
rixed At. In nmultigrid methcd At is “ixed on

1 Gk and 1s 2 times that of the next finer grid

From the residue-work plots it can be seen the

d is abcut 3 times faster than the SLR method and
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The following ccnclusions may te drawn from the

schemes presented in this thesis.

(1) The small disturbance transonic equation
can be solved by second order accurate
central diffesrence approximations, ty
considering the compressive viscosity term
like an artificial viscositiy.

(11) Successive line relaxastion (SLR) methods
are successful In solving the non-linear
iifference equaticns. But ths convergence

rate can be speeded up by a factor of 3 <o
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(iii)

supercritical flows than in the suberitical
flows. TFurthsr work i1s needed tc introduce
acceleration parameters and optimize them
to speed up the ADI method further.
Convergence rate of the ADI method is
speeded up by a factor of 2 or more by

the use of multiple grid scheme. However

mcre work is reguired to make this scheme

)

aster and more reliable.
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